[IIGANOTHTEY. . AYKHIEIY

1. KAASIKOE OPIZMOY THS IIOANOTHTAS

1.1. e wo toAn n + 1 atépwy éva dtopo emhéyel Tuyola €vo amd Tor uTOAoLTaL XL AEEL Lol
gnuoroyio. To dedtepo drouo xdvel To (Blo, %o 1 dadtxacio cuveyiletan dpota. No Feedolv ot
miavoTnTES

() H gpnuoroyio va etnwdel 1 popéc ywels Vo yuploel oe auTOY TOU TNV GEYLOE.

({3) H gnuoroyio va ertexdel 7 < n gopéc ywplc vo axovotel ano xdmolo dtouo mou v EEpel

1o

1.2, (ITpéBhnua T'odthaiou) Piyvouue 3 ocuvnbopéva (oo (o) Ilowo etvon 1 mbavétnta to
ddpotopa Twv evdeifemdv toug va tooltan pe 9; (B) Ilow etvan 1 mdavétna to ddpotopa tTwv
eVOelZewy Toug v loolton e 10;

1.3. 'Eva Aewgopeio exvdel amo tny agetnplo ue k QOLTNTES Xou TEPVAEL Ao N GTACELS.

(o) Now xoraoxevootel xotdhAnhog Betylatixde Yweog yor Tic Suvaté anoBBdoelc Twy gottr-
TOV.

(B) Na vrohoyiolel o aprdude Twv Suvatdy auTthV amoPiBdoewy.

() No unohoytotel n mdovétnta Touldytotov oe o otdon va anoPBuctoly TeplocdTepot
ATO EVOUY QOLTNTES.

1.4. Ye wa té@én k padntov {a, ag, . .., ax} o eivon n mdavdtnto o a1 va €yet yevédho Tnv
(Ol pépar Ye xdmolov amd Toug undroitoug k — 1 poinTég;

1.5. Ye éva pdgu tomodetobvtan pe tuyala oelpd 6 Pi3ilo yadnuoatixay, 4 BiBiia guowic, 3 Bl
wotoplog, 7 BiBAia Eévwv Yhwoooy, xar 10 Aeixd. Tlow etvan n mioavéTnta ha tar BiBAla Tou (Brou
eldoug vo tonovetniolv pali;

1.6. (O gudtpog oypdupatoc) Ta yeduporto pog mvoxidag mou éypage OHIO USA oe 800
oelpéc (oepd 1n: OHIO, oepd 2n: USA) €youv néoet. Evac QrhoTYOC arypduuatog Tor TotoveTel
oty oy, 4 oV TN oepd xar 3 oTn oelTepn. Kdle ypduua to tonoldetel elte owotd ye
mdoavotnta 1/2 elte avdmoda (otnv xddetn Sievhduvon) e mbavotta 1/2 (ty. to 5 avdmoda Va
uotdlel pe 7 yweic TNy tehela). Bpeite ™y mhavotnTa

(o) H mpcdtn MéEn va ebvon owo .

(B) H debtepn héZn vo elvar 660 TH.

1.7. (Houyidr Franc-carreau) To mouyvidt awtd rfrav dnuoguréc otn Todhior tov 180 auchvor xou
nodleton ¢ e€nc. ‘Evo vououa plyveton tuyaio oe wio oxoxépa (Yewpriote tny aneptopiot). O
Toux TG xepdilel av To vouloua TEcEL €& OAOXAHPOU PECO OE XATOLO TETPAYWVO TNG OXAXIEROC.
Oep®VTAC 6TL TO VOULopa efvar xUXAxd SlopéTeou d xan 6Tt xdde TETPAY®WVO NG oxatépag EYEL
Thevpd a Y a > d, va Peette v mbavotnTa vixng oe wa pidn.

AwcagnviCouue Ty «tuyola plhny Yewpndvtag 6Tt 1 VE€cT ToU (EVTEOU TOU VOUIoUATOS ETLAEYE-
o TUY L UECOL OE EVOL CUYXEXPUEVO TETPAYWVO TNG oXoxépac («Tuyodoy onuaivel 6Tt UTocUVOA
TOU TETPAYWYOU UE {on emupdvela €youy (o mioavotnta).

1.8. Avo gikol cuupwvoLY Vo cuvayTYoLY Yo xopé xdmota o Ty HETaEL 12 xou 1 o yeonuéptl.
O xordévoc drahéyel aveldptnTo amd Tov dAAOY xou Tuyado Eval Yeovixd oNueio 6To BLEoTNU AUTO
xou epgaviletar 610 pavteBou. Ilow etvan 1) mbdavoTnTa xaveic amd Toug Vo QIAoUS VoL uny «<cTUel>
Teploo6TERO amd 10 AemTd mepUUEVOVTOC;
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1.9. Emiéyouue otnv Ty 600 onuela A, B mdve otny mepupépeta evog xixiou. Noa Bpedet 7
mioavoTnTa 1) yopdh AB va €yel ufixog peyollTepo and TNV TAEURH EVOC EYYEYQEAUUUEVOL LGOTAEUPOU
TELYWVOU GTOV XUXAO.

1.10. 'Eyoupe plo Bacilomto ye n xoppdtiar xan gior 0upd 1 atouwy. Mg Eva oaxpl3eg xopudtt
untdpyet €va vouioua. ‘Eva dtopo (extdc tne oupdc) potpdlet Tor xouudtio éva Tpog €vol EMAEYoVTaG
x&e popd éva oty ToyM. T Bedouévo r € {1,...,n}, noeg elvon ot mdavoTnTeg

(o) To vouopa vo Beedel oty m-00TH doxiur.

(B) To vouopa vo unv Beedel we v r-00Th doxuun.

1.11. 'Eyoupe r doyelo xon xdde popd emAéyouue éva oTtny TUYN xou Totodetolue Evay Bolo ot
outéd. H dradicacio otopatder 6tav éva doyceio €yet 800 Bdrouc. o etvar ) mboavdTnTo awtd var
ouuPet ue Tov n-0oTto POro;

1.12. Mia xdhmn mepiéyer 100 podpa xon 200 dompa ogoupidia. Bydlouue tuyala 100 oponpldio.
oo eivon 1 miavotnta va €youue emhélel axp3ng 10 podeo;

1.13. Mo xdhnn nepieyer 1000 opoupidio amo tor omolar T 25 ebvon yadpa, tor 30 dompar, xon To!
945 xdxxva. Emhéyouue tuyaio 15 oot amo v xdAmn. ol ebvar ) moavdtnto vo Eyouue
eMAEEEL

(o) oxpLBedg 3 xbdxxvor opanpidLa;

(B) axpBde 2 padpor xon 3 dompa;

() oxpiPadc 4 xbxavor xon ToLRdYLeTOY 2 Poded;

1.14. 16 ouddeg, cupmepthopfBavouévmy tou Iavodnvaixol xo tou Olupmiaxol, Talpvouy uépog
o€ €Vol TOUPYOUY XUTEAAOU UE GUGTNHO VOX-00UT Ttou dlopxel yia 4 yOpoug. Xe xdlde yipo, Ta
Cebyn TV oUddwY yia xdie aywvo oynuotiCovTon ue xhfpwon.
(o) Howr ebvar  mdavomnta o Iavodnvoixde e tov Oluvumiond vo avopetendody atov lo
Y0p0;
(B) How etvon n miovotntar 0 Movardnvoixde pe tov Ohupmoxd vo avopetentody 61ov Tehxd;
(Yrotideton 611 o€ xde arycdova elvon e€icou mdavd vo xepdioet pla omd Tic dVo ouddec.)

1.15. Xe évav dlarywviopd Talpvouv pépog n mavtpeuéva (euydpla. Av mpdxeiton vo amoveuntoly
Tuyala oToug 2n darywwilouevoug n Beofela, ol etvor 1 mavotnTa vor el Bpafeio oeBdg
€vor amod T 6LO dTouo o xde Evar amd Tor LEUYdPLY;

1.16. And n avdpdyuvo xotaoxdTewy (2n cuvolxd dtoua) Btakéyoude oty ToyN k dtopo yio Vo
Tor ouumepAdBoupe o€ pio wuoTiny| amooTtohn. Ioteg etvon ol mbavéTnteg

(o) Na oupmeptingdoly oxpBoe j dvOpec 6Tny oo ToAY;

(B) Nounv ocuunepiingioly dropa tou (Blou avdEOYUVOL G TN ATOC TOAY;

1.17. 'Eva hewgopeio Eexvder and v agetnela pe 13 @ortntég xou nepvdel and 4 otdoeic. Na
umohoytotel 1 mdavotnTa 6TV TE®TN oTdon Vo anofiBacToly 3 gortntég, ot d0eltepn 4, oTny
Teltn 4, xou 6TV TETAUPTN 2 PorTNTEC.

1.18. 'Eva hewgopeio exwvder and v agetnpla ue k > 3 goltnTtég xou TEpVAeL and n GTACELS
(n > k —2). No vrnohoyiotel n mdavotnta oe oxpBog wio otdon vo anofiBactody oo 3
poltnTES v oe xoepla amd TIg utdAoiteg 6Tdoelg va anofBactel To TOAD £vag PoLTNTAS.

1.19. Emiéyoupe dwdoyxd ywelc emavdieon 5 oganpldia arno pia xdAmn pe 60 opoupidio aprd-
unuéva 1, 2,..., 60. 'Eotw 61L o evdelleic toug ebvon ki, ka, ..., ks, e tn ocpd ue tnv omoia
e€dyovTal.

(o) TTotor ) mdavoTnToe v toyVer ky < ko < kg < ky < ks ;



(B) ot n mbovoTnTa vor oy Vet ks > max{ky, ko, k3, ka} ;

1.20. (o) o toevdeydueva A, B yvwpilouye 6t P(A) = 0.6, P(B) = 0.9. ITow eivor 1 uéyto
X0 ToLoL 1 EAGYLo TN T Tou uropet vor tdpet n davotnta P(AN B); Do xdde yuor omd owtég Tig
TWES, XATUOKEVEOTE YWpo midavotntag £ xou evdeydueva A, B C Q wote n P(AN B) va nafpve
oUTY| TNV T,

(B) Anodei&te 6t yevixd P(AN B) > P(A) + P(B) — 1.

1.21. Piyvouue éva cuvndopévo Ldpt n popég (n > 2). Nu Beedolv or miavotnTeg
(o) Nat epgaviotel Touldytotov 800 @opéc o aptiudc 6.
(B) No epgaviotel tovkdyiotov 800 @opéc o apriudc 6 xan Vo unv eu@oviotel xoohou o
aprduoe 1.

1.22. Piyvouue n ouvnhopéva Capla. Tk € {1,2,...,6} va utohoyiotolv ot mdavotnteg

(o) H peyohitepn évoeln (and tic n) va woobvton pe k.
(B) H pixpdrepn évdeiln (and tic n) vo toolton e k.

1.23." Ano pe xnpotide Tou tepéyer n hayvoic apdunuévouc 1,2, ..., n e&dyeton éva hayvoc,
XATOYPAPOVUE TO VOUUEQO TOU, oL TOV ETOTEEQOUUE. EmavohauBdvouue tn dodixacio £ > 3
popéc. Na Beetolv o mbavotnteg

(o) Noemheyel o Aayvéc 1 touddytotov pla @opd.

(B) Na emheyolv ot hayvol 1, 2, 3 TouldyioTov o popd o xadévac.

1.24. (ITouyidt Chuck-a-luck) ¥to cuyxexpévo maryvidt twv xalivo, 3 (el mepéyoviar o€
ULt TEPLOTREPOUEVY) xANnpwTida. Evoc malxtng otorynuatiler o évay apriud and to 1 w¢ o 6.
Katomy 1 xinewtido nepiotpépeton xan to 3 Ldpla pintovton. O mouxtng xeediler av o oprdudc mou
oTolynudtioe eugovictel o xdmoto amd ta 3 Chplo. To xalivo dugnuiouy To mowyvidL we dixato
(mdovotntar vixne tou maixtn 1/2) vroBdhhovtog Ty Wéa 6Tt apol 1 miavdTNTo Vo EPPAVIO Tel
o aprdude mou ooy nuatioTnxe ot éva and To {dpta TNS xAnpwtidog etvon 1/6, 1 mdovoTnToL Vo
epgpavioTel o aprdude oe xdmoto and to 3 Ldpta ebvan 3 - (1/6) = 1/2. Eivor owotéd owtd;

1.25. Ané toug apripoic 1,2,...,1050 Swiéyouue évay oTtny TOYT).

(o) Howx n mdavétnra o emheyuévoe aprdude vo Sloupeiton pe TOUREYLGTOV évary omd Toug
aprduolg 3 1 5;

(B) How n mdavétnra o emheyuévoe aptdude vo Sroupeiton pe TouRdyLoTov évay omd Toug
aprduolc 3 5 N T;

1.26. Piyvouue n gopéc 6o cuvniiouéva Cdpto. Ilow n mbdavotnTor vo elgavicToly OAeg oL
duthéc Captée (1,1),(2,2),...,(6,6) and touldytotov pio popd 1 xodepio;

1.27. 15 touploTeg pag Touplo TIXAC EXBROUNS, UE BuVATOTNTA Blopovic o Eval and 4 Eevodoyela
WIS CLUYXEXQIEVNG TOANG, Blahéyouy oTny Toyn xou aveldotnta evodoyelo. Trovétoupe ot
xdie Eevodoyeio Eyel xavt| dtadeodtnTa Vo Toug e€untneeTioel Ghoug av ypeetaoTtel. No Bpedel 7
mdavoTnTa ToLAdyloTov Eva Eevodoyelo va unv emheyel and xavévay.

1.28. Ilowx eivor 1 miovotnTo o1 dolpaold uiag ouvidoug tednoviag 52 UMWY ot 4 maixteg
(13 @O oTov xodévar), TO Yépl EVOC CUYXEXQWEVOL TIOEXTY VoL UNV TEQLEYEL TOUAYLOTOV Vol

Yeoua amd o OO

1.29. Tlow eivon n miavotTnTor 61N wotpactd plag cuVAoPEVNS Tedmouhag 52 QUANGY o€ 4 TaixTeg
(13 QUM GTOV xodéva), To YEQL EVOC CUYXEXQLIEVOU TIOlXTY) VoL TEQLEYEL XOU TOL 4 YEOUATA EVOG
eldoug (aptduol 4 J, Q, K, A);

10w aowrhoeic 1.23-1.30, 1.36 eivor epopuoyéc tne dpyfic eYXAELOUOV-0TOXAEIOHOD
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1.30. TN n SwpopeTinég MO TOAEG €TOWALOUPE TOUG avTioToLoug Poxéloug. e xGUE ETGTOAY
avTioTolyel evag ouyxexpylevog @dxerog. Tomodetolue Ttuyola TIC EMCTOAEG GTOUG PaxENOUG
(Onhod” xdde pia omo tic n! tonoVetnoeig evon toomdovn). Iloto etvor  mdavdTnTor xopio EMoTOM
vo. uny €yet Tontovetniel oTov @dxeho Tou TG avVTIGTOLYEl;

1.31. (Kotavopés ogaipdinv oe xehid). ‘Eyouue n xehd oto onoio xotavépoupe k opouplSia.
(o) Oewpolye 6T tar oganpidior ebvan dopopetind. T mopdderypor, o apripodye. Na Bpedel to
TARDOC TWV BLUPOPETIXMY XATOVOUMY TWV CPUELDIwY 6T XM o xadéva amd o €€V oevdpla
(1) xdde xell elvon amepLOPIOTNG YWENTIXOTNTOL,
(i) xdde xell yweder ubvo éva opapdio,
*(iii) xdde xehl etvon ameptéplo g YweNTXOTNTAC Xot o€ xd¥e xehl mpémel vo TomoVeTHoOUNE
TOUAYLOTOV €var GonpldLo.
(B) ©ewpolye 6Tt ta opanpidio etvon duoto. Anhoady| utar xatavoun yapoxtneiletot and to Siévuopo
(81,82,...,8n) 6mOU s; eivar T0 TAADOC TV oPoupdiwy Tou TEpEyovTor To XeAL i Aev éyel
onuaota molo ooupidia etvar oe xdde xeAi, povo to mAfdog toug. Na Bpedel to mAdog Twv
SLUPOPETINY XATAVOUMY TV OOLWY o@ouptdiny oo xehd oe xadéva and ta oevdpto (i), (ii), (iii)
O V.
Kot otic 800 nepintioeic, yia to (ii) unodétoupe 61t k < n eved yio o (iii) unodétouvue bt k > n.

1.32. No Peedei to mAlog v cuvapthoeny f: {1,2,...,k} = {1,2,...,n} nou eiva

(o) oTdnmoTE,
3 1-1,
(Y) ywnoiwe adouoec,
(8) avZouoec,
(e) av€ouoeg xou e,
*(Q) eni.
1o (B), (v) vnodétouue ot k < n evod ot (€), (L) 6t k > n.
1.33. 'Eyouye évo menepacpévo oOvolo {ay, as,...,as} ye s otoyeian, n € Nt xar guoixoic
T1,72, ..., s E T1+To4+ - +175 = n. PTdyvouue dlateToryU€VeS n-adeC HOTE XA Ular Vo TEQLEYEL
71 QOPEC TO a1, To QPOPEC TO Ag, ..., Ts POPES TO as. Na deryvel 6Tt To TARUOC TWV BLUPORETIXMDY
TETOLWY N-00WY elvor
n!
rilrgl eyl

1.34. Avelxvotipac Eexwvdel ye k dtopo amd To 106yl n-6po@ne owodopnc. Trodétovtog 6Tt
Oheg oL amoPiBdoeig etvon eioou mdavée, va utohoyioBoly ol mavoTnTeg
(o) ‘Ohar ot GTopoa anoPiBactoldy oe BlapoeETIXOUS 0pOPOUG.
(B) Axp3ig ki dropa anofiBacioly 6Tov mp®Tto 6pogo, axp3ns ko dtoua atofiBactoly 6oy
8e0TERO 6p0YO, .. ., axpIBAOC Ky, droua anoPiBucioly 6Tov n-00T6 bpogo (e8¢ ki + - - - +
k, =k).

1.35. *(a) Zeuydpowua tov oToyelwy Tou cuvéhou {1,2,...,2n} Mue xdde chvoro Tne uopphc”

{{a1,a2},{as,as}, ... {asn_1,a2,}},

OToU aq, Ay, . . ., gy, cbvor Ta oToyela Tou {1,2,...,2n} . Na deyydel 61t to mAfdoc twv Spope-
v Levyapoudtoy tou {1,2,...,2n} eivo

(2n)!

nl2n -’

2% éva Levydpopa, Sev éxel onuasia 1 oelpd tov Leuyapidy, obte undpye oeipd péou oe xdde Leuydpt, Yia
QAUTO X0 YEYNOWOTOLOVUE SyXLoTEA XU OYL TUPEVIECELS
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(B) Kodévo amd n Euldoao tar omdpe o évor uixpd xat évor peydho xopudtt. Ta 2n xopudtio tou
meox0TTouY (EUYapMOVoVTOL Tuyala xon dnuovpyolvTon 1 Luldia. No Beedoldy ol miavotnteg

(i) Kdde xoppdtt Leuyapdvetal ue exelvo Ye To 0Tolo HTOY TELY GUYXOMATUEVO.
(ii) Kdde peydho xoppdtt Leuyopmdveton Ue Uxeo XOUUSTL.
1.36. Aéxa navtpeuéva Ceuydplo taipvouy yépoc oe toupvoua umettl. Ou cuuraixtec oto umpttl

Cevyopwvovton otny toyn. How eivan n mdovotnro 6L xavévae /xopio dev Vo et yior cuumaixT
™)/Tov 6Oluy6 Tou/TNG;



2. AESMEYMENH IIIOANOTHTA KAI ANEZAPTHSIA

2.1. Ilow etvan 1 Beopeupévn mbdoavoTnta puor St Lapld vo etvan e€dpec dedouévou 6T yvwpllouue
OTL TEPLEYEL TOUAAY Lo TOV Evar €CL;

2.2. Teec padntéc, o Avtaovng, n Bdow, xa o I'dvvng, naipvouv yépog oe éva dlaydvioua.
Ov mdavotntee va yeddouv dptota ebvon 1/3,1/4, xau 1/5 avtictorya. Iowo eivon 1 Beoueupévn
mhovoTtnTa o Aviodvng va uny yedel doiota 6edouévou OTL duo uadnTtéc Eypadoy doloTa;

2.3. O uwpdc Novvdnng €yet BLamo TOoEL 6TL OTaY POTAEL XETL TOV TUTEPX TOU AUTOG TOU ATAUVTAEL
owotd pe mdavdtnra 90/100 eved 6tav pwTdEL TOV BAOXOAG TOU QUTOC TOU OmoVTE GWOTE UE
mdovotnta 80/100. O TMavvdxng LoMC pdToe xat Toug Suo oy 1 OUTEéAd EQEVREVNXE omd TOV
TChptC Mriuep xon o matépac Tou To0 elne vou eved o ddoxarog eine dyt. [low ebvon 1 miovoTnTa
VoL EIVOL OWO TOS O TUTERAS TOU ('f)eoopd)vmg OTL OL ATV THOELS TATERO-0AOXANOU Efvant owsio’cprmeg).

2.4. 'Eotw 611 xdmotog plyvet éva dixono voutopa 3 @opéc. Aedouévou ot plo amd Tic pleic fede
XEQahT, ot ebvon 1 mdoavoTNTa TOLAdY o TOV Wi amd Tig dhheg pldeic va épdel xepahn;

2.5. 'Eotw ot oe évav maixtn popdletar éva yéet 13 @OMwy amd cuvidn tedmoula 52 UAAGY.
ot 1 deopeuuévn mdavotnta OTL To YEpL TEPLEYEL axEPMS EVay doCo BEDOUEVOL OTL TEQIEYEL
TOUAGLoTOV €vay doco; Towa 1 deoucupévn miavotnTo 6Tl To YEpL TEPLEYEL axEBOg Evay doco
0EBOUEVOL OTL TIEPLEYEL TOV doT0-oTod;

2.6. No Auvdetl 7 ’Agxncn 1.10 ye ypfiomn Tou TOANAATAACLAC TO) TOTOU.

2.7. 1 gotntéc s xan QothTElES BploxovTon €€w amd TN yeauuateior Tou Madnuoatixol mepiué-
vovTog va eyypapoly. Kdlde @opd emhéyeton éva atopo otny TOYT, EYYRAPETAUL, Xou QEVYEL Ao
Vv avopovr. Ilow n mbavétnta oTic TpdTeEC 2k eyYpapéc va £YOUUE GUVEYY| EVOAAXYY| POROL.
Trovétoupe otLr, s > k > 1.

2.8. 'Evog punaoxetunoliotog mpdxetton vo exteréoet 100 Boréc. Xtny npodépuavon extehel 500
Bokéc amo Tic omoleg 1 plor etvon emiTuyNuéVN xan 1 GAAN Oyt T xadeplo amd Tic yeténeta 100
Borée, n mavotnTo emTuyiog LlOOUTUL UE TO TOGOOTO EMTLUYIAG TOU WE TOTE PETEWVTUG XUl TIC
0Vo PoAeg tng mpodépuavong. o mopdderyya, otny TN Bohn exel mavdtnTa emtuyiog 1/2,
xou oy efvon emtuyior, Yo éyer yior T devtepn Poh miavotnta emtuyiog 2/3.

(o) How n mdovoTnTar oL Tpwtee k Bohéc va elvar emtuyle xat oL UTOAOLTES omoTLYlES;

(B) How n mdavétnro k emtuyiec va oupfolv otig Véoec 11,12,13,...,10 + k eved ot uné-

howeg Bohéc va elvon amotuyleg;
() ot n mdavéTnra vo éyet k axpiBede emtuyieg;

Y10 (B) umodétoupe 6t k < 90, eved ot (), (y) 6t k € {0,1,...,100}.

2.9. o xdhmn mepLEyel 5 dompa xon 7 dodpa ogoneldlor Ve Lo OeLTERPN XAATN TEQLEYEL 3 doTpa
x5 podpa ooneida. EmAéyouue tuyaio €var ogoupldio and tny memTn xot To 10Tmo¥eToluE G
ocutepn. ‘Eneita emAéyoupe tuyalo éva ogoupidio aro tn dedtepn xdAny. [low ebvon 1 miovotnTa
70 0elTEPO oPapidlo va elvan domEo;

2.10. Piyvouye éva Cdipt plor popd xon av 1) €voelln etvan ¢ SLoAEyoupE Eva opoupidlo amd Uia XIAT
Tou TepEyEL 21 dompa xon 14 — 24 padpa oponpldio. Ye o TeayaToToinoT) auToU ToU TELRIUATOC,
mota efvar 1 mhovoTnToL To GPoneidio Tou emAEyYoUNE Vo eivan doTEO;

2.11. "Eva xoutl mepiéyet n > 2 Slaxexpylévous oy voug aprdunuévouc amd to 1 uéypl to n.
'Evac hayvog emhéyeton otny tOyn xou 61n cuvéyela plyvouue éva tiuo (dpL tooeg aveldptnTeg
popéc b6oeg NTav 1) Evdelln Tou hayvol mou emiéydnxe. Ilow eivon 1 mdavotnTo epgpdviong xou
TwY 000 eVOEIEEwY 3 xaL 5 amd TOLAAYIGTOV Wiot Qopd 1) xoeULd;
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2.12. Tpewc gilor A, B, C' To€lde00UV € AEQOTAGVO Ylal TRGTY QORd Xa €YoV XAeloel avTioTory o
TIg Veoeg mapdiupo, peoalo, xat SLEBEOUOS GTNY UL TERT) TASUEE ULAG OELRAC (Bn)\o@f] o B xddeton
6eg1d Tou A xou o C 8e&id tou B). OvemPBdtec A xou C' Sev umdpyetl tepintwon vo xdvouy Addog
070 6€olo TV Lovay, ahhd o B uropel va 6éoel Addog T Lodvr Tou maipvovtag To 6edi e€dpTnua
Tou A xau to oplotepd tou C' (av ebvan xon o 8Vo Srodéoua) pe mhoavotnto 50/100. YTrodétovrag
OTL oL TRELC lhoL TLdvoLY TIc VETEIC Toug €vag évag ot Tuyaio Bidtagn), mota etvon 1 mdovoTnTa Vo
yiver Addog oo BEcuo;

2.13. Mo xdhnn nepiéyet k dompa xou n — k podpo ogonpldia. E&dyouue dlaboynd 3 opopidio
o¢ €&hc. Metd amd xdde e€orywyr), av To opaipidio eivon doTeo, To EMOTREPOLUE G TNV XEATT), EVEK
av ebvan padpo, to avixohiotolue pe dompo. Iow etvon 1 miavotnTo To TeiTo GYarpldlo va etvor
oTopielo}

2.14. 'BEvoc emPdtne taddeter and v Avfva ot MelBolovn pe evbiducoeg oTdoelc otny
Kwv/mokn (1n) xou oty Lryxannoven (2n). ‘Eyxel nopaddoet o Bakitoo 1 onolo o xde acpo-
Spouto petapépeTtan and Eva 0gpOTAGVO oe GAN0. Lto agpodpduta tne Atvoe, tne Kwv/moing xou
¢ Lyxamoleng 1 mavoTnTo AMMAELNS Lo AmooxeL|c elvon avtioTolya 5/100, 3/100 »ou 2/100.
oo etvon 1 mdoavétnTa 0 emBdtng va unv Peet ™ Poiitoa tou oty MehBolpvn; Av dev ) Peet,
mowa 1 mdavétnta va ydinxe oty Kov/mohn;

2.15. M oudda GUUHETEYEL OE €Val TOUPVOUS. e GUCTNUA VOX-00UT Tou dlapxel yio 4 yOpoug. Av
1 ouddo ptdoet oo Yipo 4, N miavdTnTa Vo tepdoet oTov enduevo YUpo eivon P, i =1,2,3,4 (P
n movéTnTa Vixng cTov telxd). o ewvou 1 0coUeLPEVY) THVOTNTOL 1) OUEDA VO ATOXAEIG TNXE
07O YUPO 1 BEBOUEVOL OTL BEV elval 1) TEAXTA VIXATELY;

2.16. O=cwpolpue dVo xdAteg X, Y pe tnyv e&ric obvieon:

X: 5 padpa xon 5 dompa oponpldia,

Y: 1 podpo xan 9 dompa opanpidlo.
‘Eva dropo emhéyer tuyaio (e fon miovotnra) plo and tic 800 xdhne, xon e€dyel ano authv
T0 évol YETA To dhho pe emavddeon 4 opoupidior (Snhadr| ueTd amo xdde eaywyy|, EMOTEEPEL TO
oQoupidlo TNy XdATn). e eudc, amo OAn Tn dladixacio, gavephvetal WOVo OTL xaL To TEGCEQRY
opoupidia etvor dompa. Aedopévou autol, mota eivon 1 mbavotnTo va etye emheyel oty apyn 1)
xdhmn X

2.17. Xe évav manduoud, 1o 0.1% ndoyet amo pa actéveion X. ‘Eva teot xdver Addog didyvwon
070 5% TWY TEPITTOCEWY OV TO dTOYO TOU XAVEL TO TEGT €YEL TNV aoUEVELXL eV Xdvel hddog
oto 1% v TeptnTtdoeny Tou To dtopo eivor vy, Emiéyouue oty toyn éva dToyo ano tov
TANOUoUO %ol TO TECT ONAGVEL OTL TO dTouo €yel TNy acVévela. Aedouévou autol, ol elvor 1)
THavOTNTAL TO ATOUO OVIWE VoL EYEL TNV ACVEVELY;

2.18. "Eva @uuxd Ceuydipt evog podnuatixod tou avoxotvaver 6tt to 100/100 o&iomioto unepnyo-
Yedpnua Tou éxave €BeEE OTL TEOXELTAL VoL amoxTAcoUY diduua ayopla. Emmiéov, dtav pwtnoay
TO YuvaxohdYo Toug ot efvat 1) TlaveTNTa HOVOWIXGDY (GUOLWY YEVVETIXG) BLOUUWY, O YIoTEoS
elne Tw¢ TO YOVO Tou Yvwpeilel elvan OTL TO TOGOCTO TWV XUACEWY HOVOWIX®DY OOVU®Y ETTL TKV
AUNOEWY OLOVUWY Elvar 1/3. I'vwptlovtag 6Tt T povowixd diduua efvan TévTo Tou (Blou UL EVE
o0 eTepolUYLTIXG efvor (Blou 1 BlopopeTtinol @Ulou we mbavotnto 50/100 — 50/100, umopeite va
unoloyloete Ty miavétnta mou {ftnoe 1o {euydpl; Ocwpolue 6Tt 6ToTe UTdEYEL afeBondTnTa Yio
T0 QUNO VO Toudloy, auté eivon aydpet pe mdovotnta 50%.

2.19. 'Eyouue tplo yaptid o onota xoholue AA, MM, AM. To AA éyel xau tic 600 TAeupéc
YpwuaTiopéves dompeg, 1o MM xon Tig 600 padpeg, eved To AM €yel ) pla TAcURd ypwuaTiouévn
domen xou TNV GAAN pduern. ‘Evag gihog pog emaéyer éva yopti oty TOyN xou pog Oetyvel povo
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oTL 1) ploe Thevpd Tou ebvan domen. Mo To Tolo Thevpd TN xdpTag emAyeL va pog Oeilet, Yewmpolue
0L0 exOOYEC.

(o) Eméyer oty ‘E\’)X7]3 o amd g 500 TAeupEC.

(B) Emiéyer ndvtote dompn mheupd av undpyet dtodéotun.
[ %dde pior amd autég Tig 800 exdoyEg, va utoloyiotel 1 miavoTnTa 1 dAAN TAeLEd TOL YaETIOD
Tou eldae vor lvor Yoden.

2.20. To ocuptdpl X1 TEPEYEL 3 YPUOd Xt 3 aEYUES VOUIOUATO EVEM TO CUETAEL Yo TEPLEYEL 3
Yeuod xa 6 opyupd. Kiéptne (ota oxotewd) avoiyel éva cuptdpl otny toyn xou opndlel 800
voplouato oty ToyM.
(o) Howa n mbovoTnTar var efvon xon tar 800 ypuUad;
(B) Av dmotwiel (xatd tn oA Tov) 6TL Eyer xhéer dUo YpuUad voiouporta, Tolo elvan 1
mdavotnTa va lye avollel To cupTdpl Y]

2.21. O aogpoloTinég etoupeleg xatatdocouy toug odnyols oe 10 xatnyoples, Ay, As, ..., Ao,
ovdAOY o UE TNY TWHAVOTNTOL VoL XYoLV ATOY UL GTT) OLIEXEL TOU £TOUC. LUYXEXQUIEVL, EVOC 00T
Yoc tne xatnyoplac Ay (k€ {1,2,...,10}) éyer mbavétnra k/100 va mparyyatonoioer oty
o1 OdipxeLo ToL €Toug. TToUETOUUE OTL OTN CUYXEXQUIEVT) AoQUNC TIXT| ETonpela Ta k/55 twv 00-
Y&V Tou acgaiilel avixouy otny xotnyopia Ag, k= 1,2,...,10. Av évag 0dnyog, ac@alouévog
0TI CUYXEXPWEVT EToupEld, avapépel atlynu oTn BLdpxela Tou £Toug, Tola efvar 1 ioavdTnTo Vo
avixer oTnV xotnyopla k;

2.22. Ao evdeyopeva A, B ye P(A), P(B) > 0 Myovtu Yetind ouoyetiouéva av P(A|B) >
P(A), evéd opvntid cuvoyetiopéva av P(A| B) < P(A).
(o) Now Sevydel 6t av ta A, B ebvon Yeuxd ovoyetiopéva, t6te P(B|A) > P(B) xou P(AN
B) > P(A)P(B) (npogavée xou ot Teelc neploplopol eivan toodivopot epécov P(A), P(B) >
0).
(B) Piyvoupe éva Ldpt 8ub gopéc xan opilouue Tor evdeydUeEVaL
A+ = {Eugovileton 1 Touldytotov yior gopd},
B : = {Ou 800 evbeileic elvan dropopeTtinéc},
C : = {H npchtn évoeiln dev eivon 1}.

Eivar to0 A, B detind ¥ apvntind ouoyetiopéva; Ta A, C

2.23. (Aéopeuon Seopeupévne miavétntog) Eotw (2, A, P) yopoc mdavdtnrag, xa I' € A pe
P(I') > 0. H ouvdptnon pr : A — [0,1] ye pr(A) = P(A|T) vy xdde A € A eivon cuvdptnon
mdavotroact. Av pr(B) > 0, tote v A € A opiletan xaté o Yvewo T 1 deopeupévn mdavétnTa
pr(A|B). Na Seyydel 6t

pr(A|B)=P(A|BNT).
Anhady) oty mAnpogopla 6Tt 1o I' cuVERN mpooTideTon 1 TANEOYOopio 6T X To B cuVERT).

2.24. (Oedpnua ohxrc miovotntag Yo deouevuévn mdavotnta) ‘Eotw evdeydueva A, T', By, By,
ue { By, B} Swuéplon tou derypotixol yweov, xaw P(I'N By), P(I' N By) > 0. Na Sewyvdel 6t

PA|T)=P(B,|I)P(AITNBy)+ P(By|I)P(A|T' N By).

2.25. Eotww evdeyoueva A, B ye P(A) > 0. No Sevydel ot
(a) PANB|AUB) < P(ANB|A).
(B) P(B|BUA)> P(B|A).
3AMdH mdavéa 1/2 yia xéde mheupd. Tevixd btav éyoupe menepaouévo Thdoc emhoydy xon héue 6Ty

eMAEYOUPE GTNV TUYY, eEvvolUe OTL oL emAoyéc dheg elvan loomidaveg.
AAMadH peavoroel o oiduata tou Kolmogorov, §2.3 oo BAio tou S. Ross.
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2.26. Av ta A, B etvon aveZdotnto va detyvel 6t xardéva amo tar axdrouto Lebyn elvon aveldptnTa
(o) A, B¢, (B) A%, B, (y) A°, B°.

2.27. Ozwpolpe k > 1 pleic evog auepOANTTOU VOUIOUATOS XAl Tl EVOEYOUEVAL
A xon oL 06 oeic eppavileTon TOUASYIOTOV iot QoEd.
B : 1 évoeiln xopwva epgaviletar To ToAD yior Qopd.

[ moteg Tyég tou k eivon tar A, B ave&dptnta;

2.28. H unrtépa tne Maploc yio vor Ty eviappivel 6To TEVWIC, TG TROCPEREL EVOL BWEO oV XEQ-
OloEL OE TOUAYLOTOV 2 GUVEYOUEVA Taky VIBLoL GE VoL TOUEVOUE. 3 Taky VIBLOY Tou Yo avTYETWTIoEL
N unTépa TS xan Tov mpomovnTyh Tne evolhdg. H Moapio umopel va emié&el va matlel T oelpd
avundiwyv Mntépa-Ilporovntic-Mntépa A Ilponovntic-Mntépa-Ilponovntrc. I'vepeilel 611 0 Tpo-
TOVNTAC ebvor xahOTEROS TouxTNG amd Tn untépa Tne (BnAadh n mdoavotnto va Tov xepdioel ot €va
oy (6L ebvon wixpdteen omd v mdavdTnTo vor xepdioer T untépa g). Ilow oelpd avtindiwy
TEETEL VoL ETMAEEEL YLOL VOL UEYIC TOTOLACEL TNV THavOTNTA Vo XEEDIOEL TO BKHPO;

2.29. Awdétoupe 0o gorvouevixd ouota voplopata Ni, Na, Thnv opng, to éva gépvel <Ky e
mdavétnTo p1 = 1/2 (8ixato) eved 10 Ao pe mdovétnta po = 3/4 (x(Bdnro) . Awléyoupe éva
voouo 6Ty Ty %ot To plyvoupe 600 aveldpTnTeg Popes. Oewpolue To EVOEYOUEVA

Ay o = {n mpwtn pidn eivon K},
Ay = {n debtepn pidm etvar K}.

Eivou tor Ay, A aveldptnra;

2.30. T du6 madfoec o, 3, ebvar YVOOTO 6Tl TO TOCOGTO TWV ATOUWY TOou TANUUOUOY Tou
ndoyouy wévo ond v o eivon 0.6%, autdv Tou tdoyouy uévo amo ™ B etvon 0.5%, xou aUTOY TOU
ndoyouv ot ano Tic dVo eivan 0.2%. Efvar ot 66 Tod|oelC aveEdpTNTES;

2.31. 'Eva nelpayo €yer mbavotnta emtuylac p € (0,1). Exteholue yio axoroudia aveldotntomv
BOXLUWY TOU TELOGUATOG.

(o) Now Betydel ot n mbovdtnro vor éyoude k emttuyieg oTic mpdteg n doxtuée ebvan

ny g n—k
1-— .
Ocwpolue 611 0 < k < n.

(ﬁ) Na detydel 611 n mbavotnta oe dAeg Tig doxuég g axohouvdiog va €youpe amotuylo elvou
0.

() No unohoyiotel n mbavétnto n npdtn entuyio va cuufoivet oty k doxaun, émov k € NT.

(6) Noumoloytotel n miovoTnTo Vo Yeelao Tovy ToUAd Lo Tov k Boxéc we TNy TeTn emttuyia,
6mou k € NT.

*2.32. Tpewc noixteg, oL ay, az, as, modlouv 1o e€ic mouyvidt. Piyvouv diadoyixd évo ouvnopévo
VOULOUOL UE TN OEWRA. a1, G2, A3, 1, G2, A3 X.0.X., XoL XEEOILEL auTOG oL Vol PEREL TRMTOC XOPDVAL.
‘Eotw p; n mioavotnta va xepdioet To mouy vidt o maixtng j. Na deilete 0Tt pa = p1/2 %o p3 = pa/2,
X0l VoL GUUTERAVETE OTL p1 = 4/7, po = 2/7 xou p3 = 1/7.

2.33. (Awywviopaw TOMNNAUTATG em)\ow’]g) ‘Evag dlaywvi{oUevog amavTdel 6 n epwTHOEIC TOA-
Aamhic emAoyhc. Xe xdle €pidTNCT UTEEYOLY J BLPORETIXES AMAVTACELS oo TIC oToleC uiot ebvon 1)
owoTh. O dlorywwiloyevog emAéyel pio amdvinomn oty Toyn av 8ev Yvwpellel T 6o Ty amdvinom
— TEOPAVAS ETAEYEL TN OWOTY amdvTnoT 6tay 1 Yvopllel. Trolétouue 6Tt 1 TpocToylacia Tou
e€etalopevou xadopiler wo mdavotnta p € (0,1) vo yvwpilel T 660 TH andvtnoT o€ OToWdHTOTE
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epdTNoT. Trodétouye enlong 6Tl évag cuyxexplévoc eCeTalOUevog €YEL TPOETOWACTEL ETOL (O TE
p=1/2.
(o) How n movoTnTar Vo amavtiioel owotd ot k (amd Tic n) epwTthoeL;
(B) Aedopévou 6L amdvinoe cwotd ot k cpwTAoelc, mow 1 mioveTnTa Vo YVoetle oTnV
TeayHaTxdTTO a3 s epwthoels; (s € {0,1,...,k})

*2.34. (Anpoodoxntn avelouptnoio) Amo pior xdAmn Tou teptéyet n ogaupidia aprdunuéva 1,2, ..., n
e&dryoule To €val UETA TO dhho Tuyaio Tor 1 oanpidia. ‘Eotw k; 1 évoeiln tou ogaipidiov mou maipe-
Vouue otV ¢ e€orywyY). Aéue 6TL oty © e€orywy Y| €Y OUUE pEXOR OV TO GPIE(BLO TN EYEL UEYUADTERT)
€vdelln omo ta mponyoluevo ogaipidio, dnhadn av i = 1 H av ¢ > 1 xau k; > max{ky,..., ki_1}.
OewpolUE T EVOEY OUEVA

A; = {Xmv i eZoywyh éyoupe pexdp},
vyt =1,2,...,n.
(o) Now dewydei 6t P(A;) =1/j ywwj=1,...,n.
(B) Na dewydei ot tor Ay, Ag, ..., A, elvan ovd B0 aveZdptn o
(v) No derydet 611 tor Ay, Ay, ..., A, elvon TAApw aveZdpTnra.
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3. YTNAPTHLH KATANOMHS, MESH TIMH I'TA AIAKPITEY TTXAIEY METABAHTES

3.1. 'Eote tuyaio uetoffants X pe cuvdptnon xatavournc

0 avt <0
F t: 2 ’
x(t) {1—et av t > 0.

ITow 1 ouvdpTNOT XoTavoUAC Yior TNV Tuyada peTaAnTh Y = e;

3.2. Bow f(x) =c/2" yio 2 € Z xou f(x) =0 vy 2 € R\Z, énou 1 ¢ eivon o otadepd.
(o) T motor Tr) e ¢ ebvon 1 f ouvdptnon mdavoTnTag poag Stoxptthc Tuyadac wetaBANTAg;
(B) T v 1 e ¢ tou epwtiuatoc (o), ot ebvor 1 cUVEETNOT XoTavouc TNg Tuydag
ueTOBANTYC Tou avticToyel otV f;

3.3. No eetaotel av oplleton 1 yéomn T e Tuyodac petofAntic X ov auty €yel cuvdptnon
mavoTnTog

2L awvzeZuz<0,
B) flz) = 21% av x € Z,x > 0,

0 0 5.
HpopETLE 0 OLOUPOPETIXAL.

(@) flz) = {W—B’QI—E av x € Z\{0},

3.4. And yo xdhmn mou mepléyel n xApoug apriunuévous 1,2, ..., n e&dyovTon dtadoyixd ywelc
enavddeon k xhfpot (1 < k < n). Eotww X o yeyolitepog aprdudc mov e€dyetar. No utohoyt-
ooV
*(a) H ouvdptnon mioavétntoc e X.
(B) H péon tpn e X.

3.5. Aud maixteg moflouv to £&Xc mouyvidl. Piyvouv cuveywe éva (dpt uéypl vo epgpavioTel yia
men TN gopd 1 évoeln 1 A 2. Eotw X o apriyog tov doxuoy mou anutodvion. Av o X ebvou
TEELTTOC, TOTE 0 A Xepdilel xou malpvel S Eup and tov B evdy av o X elvon dptiog, T6tE 0 A ydvel
xan divel o Evpy otov B.

(o) How etvan 1 ouvdptnon mdavéTtac e Tuyaiog YetoPAnthc X;

(B) oo ebvan n mdavoTnTo Vor xepdioet to Tawyvidt o A;

(v) Mo mpémet va etvor 1) oyéon petold o xan f Gdote 1o Towyvidt va etvon dixao;

3.6. (To napddoo e Avyioc Iletpotnohne) Iailoupe o eZhc mouyvidt. ‘Evo ayepdbhnnto vou-
oua plyveton dtadoyixd, xou av 1) EVOEllr xopova el@avileTar yior TEWTN Qopd oty k oidn to61E
xepdilouue 2k Evpw. oo eivon 1o yéco x€pdog tou mawyvidol; Oo €dvec 50 Evpd yiar var tatelg
TOo Touy vidy;

3.7. 'BEotw X doxputy] tuyalo YetaBAnTs ye cuvdptnon miavotntog
1 + —
f(z) = 4 @D reNt={1,2,...}
0 r € R\NT.
[ ot a € R woyver E(X®) < 00 ;
3.8. Exteholue axolovdia aveldptntov piewy voptoudtwy. Xt n-ooth plgn (n > 1) piyvouue
éva vouiopo tou @épvel <Ky pe mbavétno p, = a/(n + 1), émou a € (0,2] eivon o otadepd.

'Eotw Z 1 mpotn pldn otny onola €pyeton «K». Na Beedel n ouvdptnorn mdavotntoc e Z xou
va Oetydel 61t E(Z) < 0o < a > 1.

3.9. Y70 téhog PG xaTtao Teo@rg, amd 2n avipnnoug tou anoteholoay 1 (EuydoLa £Youy TEVAVEL
m (m < n). Trodétoviac 6T xdie dvipwnoc and toug 2n eivar e&icouv mdavd va éyel neddvet,
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va Beedel 1 péon T tou TARdoug twv emloviwy {euyopldy (tpoBinuo tou Daniel Bernoulli,
1768).

3.10. (To povtéro didyuone tou Daniel Bernoulli 1769) M xdhmn K nepiéyet n xdxavo ogou-
eldtor xou wior xdhmn M mepiéyel n umhe ooupidio. Xe xdide oTddio, éva opapidio emAéyeton Tuyaia
amd xde wdATn xou Tar duo emheyVévTa opaipidia aAAdlouy xdhteg. Bpeite tov péco apriuod
A1OOVY oatotdiny oty xdinn K peta 1o k-o6Tt0 GTdot0.
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4. EIAIKEY AIAKPITEY KATANOMEY

4.1. Korooxeudlouye évay aprdud oto [0, 1) pe 80 Sexadind ¢npio emiéyovtog xadéva amo oautd
aro 10 {0, 1,...,9} opotduoppo (Bniadt, 6o tor hngpio éxouv Ty Bla mdavotnta emroyhc). Tow
ebvon 1 xaTovour) Tou oEriUo) TOV EUQAVIGEWY TOU 3 XL TOLL 1) UECT]) TNG TLY;

4.2. Ao Cdpla A xan B piyovton 90 gopéc. Ilow etvan 1 cuvdptnon miovotntog Tou aptduod tomv
elewv mou 1 €voelln Tou A Cemepvdel Ty €voelln Tou B xatd 500 puovddec TouAdyLoTOV;

4.3. 'Evog oxomeutrg plyver 10 forég npog éva otoyo. H mavétnta va netdyel tov otodyo 4
popeg elvor TptmAdotlo Tng mavoTrnTag vo Tov tetuyel Teel. Na utoloyiotel 1 euotoyla Tou oxo-
TEVUTH, ONAXDY| N mavoTrTa Vo TETUYEL ToV 0TOY0 o€ plo dedouévr o). ‘Eneita va untoloylo oy
ot miavotnTeg o 5 Boréc va TeTOYEL TOV 0THYO

(o) Ao ToLRdyIoTOV POgEC.

(B) H ohec f xopior popd.

(v) To mohb 4 gogéc av eivar YvwoTtod dTL TETUYE TOLAAY Lo TOV BVO PopEC.

4.4. Mu ogponopixi etoupeia €yel mopatnehoet 6t 5% dowv €youv aryopdoet ewotthpto Sev eupovi-
Ceton yio va wELBéL[)eL T onpepwr’] TTHoY exTEAEL Eva ocsporc)\d(vo ue 200 Yeoeig xou 1 smtpaioc EYEL
nou)\noa 203 swoutrpra. TTowr etvon n TiavoTNTOL VoL UV UTORESEL Vo siunnpamoa evay emBdTn
ue ewottfipto; Trovéote ot av A; elvor To evoEyOUEVO Var euavioTel o emBATNS ¢, To EVOEYOUEVAL
{A4; 11 <1 <203} giva ave doTnToL.

4.5. 'Eotw axohoudio aveldptntwy doxwov Bernoulli, n xdde pio ye mdavotnta emruyiog p
x €0t X 0 opuiude TV doxumy uEyel xou T deltepn emtuyla.  No feedel 1 cuvdptnon
mdavotnTag, fx, e Tuyolag uetoAnthc X xon va eheyydel ot ZmeR fx(z)=1.

4.6. Ocwpolye pa axohovdio aveldptnTwy plthewy evog Tiuou TeTEaEdpou xat €6Tw X o apriudg
TV plhewv péypl va eupovioTel yia 21 @opd 1 EVoelln «3y. XN cLVEyEw, and éva xouTl Tou
TEPLEYEL T xOXvaL xou 3 Tedotva oonpldla emhéyouue Tuyado ue enavddeon X ogaipldia xon €0tw
Y o aprdudc twv xdxxvev ogouptdiey tou emhéyovtor. No unohoytotel n moavotnta P(Y = 1).

4.7. Plyvouue éva {dipL péypet yior TpadTn Qopd va epgovioTel 1) EvBelln «5» xan €0tw X o aprduog
TV 00XV TTou amoutolvTal uéypel vor cupfel auto. No Peelte:
(o) Tov avopevépevo oprdud doxiuny, N ouvdptnom miavotnTag Tng Tuyaiag uetaAnTAc X,
X0l TN OLOTORd. TNG.
(B) Ty mboavéTnro var uny epgavio tel 1 EvBeldn «3», av elvan YVwotd 6Tl 10 «5» UavicTnxe
(Y TpddTn @opd) oty k doxaun (v k € NY).
(v) Tnv mdoavotnro va epgaviotel o «3» (ToukdytoTov uio popd).
(6) Trv mdavoTta va eppoviatody xou oL 8U0 eVOElZels «3» o «6» omd TouldytoTov Ui popd
N xoewd (mptv épdet To «5»).

4.8. 'Av n X oxolouvlel 0 Suwvupixn xatavour pe napopéteous n, p pe p € (0, 1), va devydel 6t

1 >_1—<1—p)"+1
X+1)  (n+1)p

E(t) =@t +q", E (
via xde t € R, 6mov g =1 — p.

4.9. O apriudc Twv AnoTewwdy tou yivovtaw oc 6ha ta xatac thpata tne TedneCac ABC oe évav
ufva oxohoudel tnv xoatavour) Poisson. Av n mavétnta va cupfel to moAd wo Anotelo oe évay
unfvo tooltan pe 12 gopeg tnv mavotnta va cupfolv axpog 2 Anoteleg, va Peedel n miavotnTa
vo cupfel Touldytotov pla Anotelo o Eva urjva.
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4.10. (E){)\émuvcn g Poisson) O oprduoc X TV TEAUTMV TTOU EIGEQYOVTAL O EVH XATAC TN
ot OuWdipxela oG pépag axoroudel Ty xatavour Poisson ue yéon tur) 120. Kdde neddtng, ave-
EdpTnTor amb Toug LTGAOLTOUS, TANEGOVEL UE XdpTor he mdoavotnta 1/4 ¥ ue petpentd (pe mdavdTnro
3/4). 'Eotw Y o aprdudc twv melatddv mou mAneovel Ue xdpTo ot Sudpxetor pog nuépas. Na
detydel 6T Y oxohoudel Ty xatavour) Poisson ye péon tyy (1/4) - 120 = 30.

4.11. 'Evoc acgahotic acgariler 100 odnyole yu pla ypowid. Koldévag and toug odrnyoic
TpoxoAel ortlymua T dedouévn ypovid pe tdavotnta p = 1/1000. 'Eoto X o aprdudc twv odnyoy
Tou poxahoVV atlynuo exeivn ) yeovid. Na utoloytotoly ot mdavotntee P(X < 1), P(X =
3), P(X = 10), xou émetta ot TEOGEYYIOEIC TOUC YENOLIOTOLOVTAS TNV TEOCEYYIOT| TNG XUTAVOUTG
e X amo xatdhhnAn xotavour Poisson.

4.12. (o) Av n tuyodo petaPnmi X oxoloudel v xotavour|; Poisson ye napduetpo A > 0, va
oeyvel 6Tt

E(Xh(X))=AE(h(X +1)) (1)
yioe xéde b : R — [0, 00).
(B) Av n tuyodo petainti X modpver un opvntixés axéponeg TWég xou umdpyet A > 0 wote n X vo
wavorotel Ty (1) yio xdde b : R — [0, 00), va Serydel 6t i X oxoroudel tny xatavour Poisson
ue moedueteo A > 0.

4.13. Mia xdAmn mepiéyet 20 podpo xou 60 dompa oganpidia. E&dyoupe ogorpidia to éva uetd
0 dMo pe enavddeon. (o) How eivon n mdavétnTe T0 7o opaupidio vo ebvar t0 TEGOTO Padpo
ogopidlo mou e&dyeton; (B) Mot ebvon 1 mdavoTnTa vou yeetaotolv Toukdytotov 10 e€aymyes i
var eppoviotel padpo ogoupldlo. (y) Howr etvon 1 péon tun tou aprduod v dompny o@ouptdiny
Tou epgaviovial TEY TNV TEOTN EPPAVIOT) LadpoL GPOLELGIOL.

4.14. Ocwpolue axohoudia plhewv evog auepdinmtou Loapol. Ilepyévouue Gomou va eupovi-
oToUV xai oL Vo evdellelg 3 xou 4. T mopddeLypa, €var BUVITO CEVARLO TV ATOTEAEOUATOY TNG
axohouvioc elvat

5,1,1,4,6,5,4,2,6,3
xou tote otopotdue. Eotw X o aprdudc twv plhewy tou anutodvton (o710 topdderyua, X = 10).

ot 1 péon T tne Tuyadog petaBanTthic X;

4.15. (O opviAuwy toupiotoc) Evac toupiotag emtduuel vo emoxegpiel 4 tpwtebovoeg A,B,I'A.
Awéyel o oty TOY N xou Ty emoxénteton Ty 1n pépa. Tn 2n pépa Slodéyel par amd TIc 3 Tou
oev emoxépinxe v 1In wépa. Tnv 3n pépa Sloakéyel pa and Tic 3 mou dev emoxépinxe Ty 21
uépa (0AAG pmopel var Eovaemioxe@iel auth Tou emoxépinxe v 1n uépa). Beeite ) péon A
Tou oprluol TwV Nuep®yY N uéypl va €yel emoxe@Uel OAEC TIC TEOTEVOUGES TOVAAYLOTOV [la POEd.

4.16.(To mpdfinua tou cLAREXTN xouTovidv) Trolétoupe 6Tt LTdpEYoLY N EldY SlaPopETIXCDY
XOUTIOVL®Y, X0 XGVE (Qopd oL xdmotog ayopdlel éva xouTovt, autd umopel va elvar toomidova
OTOLOONTOTE amo ToL 1 OlopopeTd €idm. ot ebvon 1 YEGT TWN fiy, TOU ELIUOU XOUTIOVIWY TOU
TEETEL VoL oyORdOEL XOVElS (O TE v €yel oUMEZEL éva xoumdwt amo xde eidog; Ilow eivon 7
QCUUTITWTIXY| GUUTERLPORY TNG [hy YL T2 — OO;

Trodeln: 'Eotw Y; n ayopd xatd tnv onoia Bploxouue T0 i-0T0 VEO XOUTOVL. ZNTAUE TNV
E(Y,). How elvon 1 xoovoury xoepiog and tic dtapopée Yo — Yy, ..., Y, — Y, _q;

4.17. Kataoxevdlouye évay aptdud x = 0. ajazas... oo [0, 1) emhéyovtog to dexadixd tou ¢mepla
amo aploTERS TPOS oL 0eLd To évar ueTd to dhho omo 1o {0,1,...,9} opodpopypa. 3tov opdud
mou oy nuatileton molog elvol 0 aVaUEVOUEVOS apLdUOC BEXAUBXDY Nnpiwy

(o) ITpbv oo v epgpdvion yior meaTy @opd tou Pnpiou 7.

(B) Ipw tnv eppdvion yio Tea Ty Qopd evog ano To Pnela 2, 4, 6.



(v) Hpw v 8n epgdvion tou Pnepiou 4.
(8) MéyptL tnv 4n eugdvion Luyod dnepiou.
(e) Méypt Vv eugdvion xon twv Ty Ineiwy 3, 5, 6.

15
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5. YTNEXEIY KATANOMEY

5.1. 'Eva Bevlvddixo yeuilel mhfpog 0 delopevi| Tou pa opd tnv efdopudda. Av o efdopadialog
OY%0¢ TWAACEWY G YIALAdeg Altpar ebvon o Tuyaior UETUBANTY UE TuXVOTN T

_ st ava e (0,1),
flz) = {0 av z € R\(0, 1),

TOON TEETEL VoL ElVaL 1 YWENTXOTNTA TNS dedouevrc wote 1 miovotnta va e€aviAntoly to ano-
Oéuarta xatd tn Bidpxetor pag ouyxexpuévne efdouddos va etvon ion ue 1/100;

5.2. H tuyalo yetaPinth X €yl tuxvotnta fx (x) = cx™"1,>1, 6TOVL 0L ¢, 1 elvon VeTinéc oTade-
OEC.

(o) ITotec ebvon ot emTEENTéS TWES TOU T}

(B) No Beedel n tun tne otodepdc ¢ cuVOETHTEL TOL T

(v) T moteg tpée tou r oyler EX < oo;

(6) T'io Bedopévo r > 1, v moteg Tiéc Tou a € R woyler E(X®) < oo;

5.3. Av n X oxoloudel opotduopen xatavour oe xdmowo dwdotnua (a,b), X ~ U(a,b), xou
EYEL Yeon T 4 = 5 xou OlaoTopd o? = 3, va Beelte toug apriuols a,b xou Ty mdoavoTnToL
P(|X —5| > 2).

5.4. Piyvouue éva (dpL xon ov e@avioTel 1 €voelln 4, TOTe dlahéyouue Tuyala Evay oprdud, €0Tw
X, and 1o didotnuo (0,7) (cugmva ue Ty opotduopen xatavour U(0,7)). Beeite v tuxvotnta
e X. Kotd peoo dpo nolov aprdud Slaheyoups;

5.5. 'Eoto 61t X ~ N(u,0%). Av P(X > 1.85) = 0.2 xau P(X > 1.70) = 0.9 va Beedolv ta
w, 0%, Atveton 61t @71(0.8) = 0.85,¢71(0.9) = 1.29

5.6. To Bdpoc X evog xouTiol avarhuxtinol axoroudel xovovixr xatovour| e uéon Ty 1 = 330gr
xon Tut| améxhion o = 10gr. Beelte
(o) Ty mdavotnra éva tuyada emheypévo xouti va éyet Bdpog yeyahitepo twv 340gr.
(B) Tnv mdavétnra éva tuyaia emheyuévo xouti vo éyet Bdpog wixpdtepo twv 310gr.
(v) Tnv mdovétnro évo tuyoda emheypévo xouti vo éyel Bdpoc petald twy 310gr xar twy
340gr.
(8) Trv mdavoTnTa eTaldh déxo Tuyala ETAEYUEVKDV XOLTIWY, TO TOAD 8 and auTd vor Exouv
Bdpog uxpdtepo twv 340gr.
(e) Tov avopevopevo aptiud xouTtody, LETOED BEX TUYiol ETIAEYUEVMY XOUTIRY, TIOU €YOUV
Bdpog uxpodtepo twv 340gr.

5.7. To o cuvey Y| xatavour|, o apriude a Aeyetan S1dUecos TNG XATAVOURG oV P(X > a) =
P(X < a), 6mou 1 tuyoio petofinth X axohoudel tn Sedopévn xatavour.

(o) Now Betydei otL xdde ouveyhc xatavour) el TOUAEYLGTOV EVay BIEUETO.
(B) Hotoc eivon évac didpecoc v v xazavopr) N (p, 02); Etvar povadinde;

5.8. Av n tuyala petoBAnt X €yel muxvotnto f mou elvon ouppeTeixy Yopw omd to i € R,
onhadY| f(n+x) = f(p — ) yio xdde x € R, dellte 611 10 1 ebvon diduecog tne X. Av emmiéov
E|X| < o0, bel&te 6t E(X) = p.

5.9. Av X ~ N(0,1) xou f: R = R eivon moparywyiown pe ouveyy| mopdywyo xa ye {x € R :
f(x) # 0} gporyuévo, vo detydel ot

E(f'(X)) = E(Xf(X)).
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5.10. Troloyiote Tic amdAuteg ponéc E|Z|P, p > 0, étav n Z oxoloudel TNy TumOTOINUEYY
xovovxy N(0, 1) ouvopthoer e ouvdptnone [dupo xou 8eiéte 6t E|X — p| = o4/2/7 bty
X ~ N(p,0?).

5.11. H tuyoala yetafBintd X oxoloudel tnv exdetinr| xatovour e xdmola mopdueteo 6 > 0.
H X mnapotdver tov ypedévo (wrc (o€ ém) evog nhextpovixol efopthuatoc. O xataoxevaotic
TEOCPEPEL EYYUNON @ = 2 ETGV Xou oWTH bvor To PE€YIOTO @ €TOL WO TE TOLAE Lo ToV T 95% TKV
eCOPTNUATOVY VO AELTOUEYOUY TOUALYLOTOV PEYEL TO YEOVO EYYUNoNG (®ote va unv yeewdaleton vo
T ozvuxozworf]oa). Iotog ebvor 0 pécog ypdvog Lemg eV eC0pTNUATWY XL oL 1 SLUoTIopd aLTOU
ToU Ypovou LwNg;

5.12. Na Peedel évag diduecog yior TNV EXVETIXY XATAVOUT| UE TUEAUETEO .

5.13. Av X ~ exp(A), va derydel ot yro xde k € N oy et
k!
E@%:F.

Y TNAPTHYH TTXAIAY METABAHTHS

5.14. Av n tuyado yetahnth X éyel muevotnia fx(2) = 5i5 1ig>1, vor Bpedel 1 muxvétnto tne
Y = X2

5.15. Av n tuyala yetafBanth X €yel muxvotnta fx (x) = e *1,50, VO Beevel n muxvoTnTA TNC

X av X <1,
/X v X > 1

5.16. H tuyaio petoBanth X axohoudel tnv opotduopen xatavoun oto didotnua (1,2). Oétoupe
Y =X+ % No npoodiopiotody v v Y n uéon wui E(Y), n ouvdptnon xotovouic Fy, xat
N TuXvoTNTA fy

[Trdetln yio Ty ebpeon e Fy: Kévte ) ypogpnd tapdotoon tne « — = + 227! oo [1,2]]

5.17. Av n tuyada petoPhnt X éyer muxvétnra fx(z) = Ae 1,50 6mou A elvon o YetinA
otadepd”, va mpoodlopiotel 1) xatavouh tne Y = [X] (oocépono pépoc tou X). Tow ebven 1 péon
T e Y
5.18. (o) Av n U oxoloudei tnv opotdpopen xotovour ato didotnua (0,1), tote yw a < b n

X=a+b—-a)U
axohovdel TV opotdpopen oo (a,b).
(B) Av n X axohoulel ogotbuoppn xotovour; oto Sidotnua (a,b), 6mov a < b, téte 1)

X —-a

U := —

axoloviel TV ouolopopen xotavouy ato (0, 1).
(Y) Av n U axohrovdel tnv opotduopen xotovour) ato didotnua (0,1), té6te xau n Y :=1—-U
axohovlel TV opoLdpopen xatavoun oto dtdotnua (0, 1).

5.19. 'Eotw 0 > 0. Trodétoupe 6TL 1 tuyaio petofAnth U axohouldel tnv ouotduopdn xatavour
oto dudotnue (0,1).

(o) AmodelZte ot 1 Tuyador petoAnth X = —log(U) /6 axoroviel tnv exdetins xortovour| e
TaEAUETEO 0.

5An)\oc67’] n X oxohoudel Tnv exdetinn xatovour Ue TUpdUETEO A.
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(B) Beeite tnv muxvétntor tne tuyodog psmﬁkmﬁgfj Y :=log (%)
5.20. Av X ~ N(0,1), va dewydet 6t X2 ~T'(1/2,1/2).

5.21. (Katavoury Weibul) ‘Eotw ¢ > 0. ‘Otav n X oxoloudel exdetin| xotovour| ue napduetpo
0 > 0 t6te Mépe 6T 1 Tuyako yetaBanTth Y = X axonouvdel Vv xatavour; Weibul pe nopapétpoug
¢ xou 6. Bpelte ) ouvdptnon muxvétntac g Y.

5.22. Av 1 tuyodo petoBAnth axohoudel tnv xoatavopr| I'(a, A) xaw r elvon évag Yetinde mporypo-
Txog apriuoe, tote n Y = rX axohoudel tnv xotavopr| I'(a, A/7).

5.23. Av n F eivon ouvdptnon xatovouhc o Tuyolag PETOBANTAS, TOTE EEPOUUE OTL IXAUVOTOLEL
To €CAC:

(i) ebvor avZovoa,

(i) etvon 8eid ouveyTc,

(iii) lim,— o F'(z) =0,

(iv) lim, o F(z) = 1.
Avtiotpoga thpa, vnodétouye dtL wo F' @ R — R wavornotel tig (i)-(iv) xou emmhéov dtu elvou
yvnolwg adfovoa xow ouveyhic. Ko éotw U tuyala uetoBAnT Ue xotorvour| TNV OUoLOUop®r 6To
(0,1). OpiCoupe tnv Tuyaio petaBinT

X = FU).

N detydet 6ti n X €yel ouvdptnon xatavourc F.

Yy oiwo: H unodeon ot n F etvan yvnoiwe adlouoa xar cuveyrc dev ypedleton. Xwplc authy,
opilet xaveic vy t € [0, 1]
F~Yt) :=inf{z € R: F(z) > t}.
Kot omodenevieton téh 6t 1) F~HU) éyer ouvdptnom xotavopnhc F.
Yuunepatvouue Aotmov Ot

(o) Kéde F mou wxavorotet tic (i)-(iv) ebvon ouvdptnon xoatavouhc xdmotag tuyolag YetoBAnTAC,
Ty, Tne FH(U). Ko enopévec ot ouvdixeg (i)-(iv) elvon txavéc xon avoryxadec dote wo ouvdip-
TNom va elvol GUVAETNOT XATUVOUNE Lo Tuyodag UETOBANTAC.

(B) Av éyoupe évay unyavioud tou apdyet por Tuyoko PeTUBANTA U e xorTovouy| OUoLopopn 6To
(0,1), t6t€ punopolUe va TapoydyOUUE OTOLOTOTE GAAY Tuyala UETOBANTH HECW TOU UETOO) MU
Tiopol FHU). Apxel BéBoua vor umopolpe va utohoyicovue Ty F1. Autéd xdvope otny doxnon
5.19(a).

OH suyxexpiévn Y Méue bt axorouvdel ) Aoyiotx (Logistic) xoavoys.
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6. IIOATAIASTATEY TYXAIEY METABAHTEY

6.1. E&dyouue dodoywnd yweic enavdieon €61 opaipidiar amo yior xdhnn mou teptéyet 50 oponpidio
oprdunuéva 1,2,...,50. 'Eotw X n uxpdteen évoelln xat Y 1 yeyahltepn évdelln ano tic 6. No
Beedel n ouvdptnon mdavotntac g BLdotatne Tuyaiog wetoPanthc (X, Y).

6.2. 'Eotww 6t ot X, Y €youv and xowvol muxvotnta

) 6zy  av (z,y) € (0,1) x (0,1),
J@y) = {0 v (z,y) € R2\(0,1) x (0,1).

(o) How 1 T g otadepds c;
(B) No Beedovv ot meprinptes e (X, Y).
(v) Na Beedolv o mbavotnee P(X < 1/3), P(Y > 2X).

6.3. H and xowvol cuvdptnon tuxvotntog miavotntag v tuyainy yetaintov X xau Y dlveton
amd Tov TUTO

c (mQ + %) av (z,y) € (0,1) x (0,2),

fxy(z,y) = {0 av (z,y) € R2\(0,1) x (0,2).

Troloyicte
(o) Trv otodepd c.
(B) Ty neprdcdpla cuvdptnon muxvétntog e X.
(y) Tnpv P(X >Y).
(d) Tnv P(Y > 1|X < ).
(e) Tnv E(X).

6.4. O opwipol B, C emhéyovtan tuyobo xou aveEdptnto and to (—1,1). Iow etvon n mdavdtna
1 deutepoldiua e€lowon 224+ Bz+C =0 va €yel mpaypotixée plleg; Abote To (o TEdBAnua
6tov avti tou (—1, 1) yenotponoteitar to (—g, q) Yo xdmoto ¢ > 0.

*6.5. 'Eotw 6t eméyoupe éva onueio (X, Y') ouyotouoppo oo (0,1) x (0, 1) Iow n mdavdtnra
0 eyyUtepog axéponog otov Y /X va elvon dptiog; Abveton OTL 1 avTio TEOQN EQUTTOUEVT tan™! :
R — (—m/2,m/2) éyet 10 e€hc avdmTuyua o€ SUVIULOELRd

;) o (_1)k$2k+1 )
tan xzz%—ﬂ v xde x € [—1,1].
k=0

6.6. Awdétouyue éva evdiypoauuo tpAua AB prxouc 1 1o omolo xéBouue tuyaia ot teio xopudTio.
oo etvon 1 mdoavoTnTa Tor Tplor xouudTia Tou Yo TpoxdPouy Vo umopoly va eivol oL TAEURES EVOC
TELYWVou uTovéTovtag 6Tl T0 x6uo Tou TUAATOC YiveTon Ye Toug e€rg BUO TEOTOUC.
(o) Emdéyouye pe avedptnto tpomo ot oUotopoppa 2 onueio méve oto TuRua xat oE exelva
Tot onuela TO xOBOVUE.
(B) Emiéyouye opotbpoppa évo onueio ato tufua, to x6Boupe exel xou Bédlovue otny dxen to
TUda mou meptéyel To A. ‘Encita emAéyouue opoldpoppa €va onucio oTo Turua Tou €yel
uebver xan To x6Bouue ot exelvo to onucio.

6.7. 'Eotw X,Y and xowol cuveyeic tuyaiec petafintéc ye muxvotnta f(-, ). Na deiydel ot
P(X =Y) =0, dnhadr| dev €youpe noté cluntwan/tconuiio twv X, Y.

Ewuw nepintowon etvon 6tav ov X, Y ebvan aveldptnteg ouveyelc tuyaieg uetaBAntég xon €youv
%0 oL BUG TOUC TUXVOTNTOL.

6.8. Totww X,Y aveldptnrec tuyaleg petafintéc pe tpés oto R xou ouvdptnom xatavourg
Fx, Fy avtiotoiya. Na Peedoldyv
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(o) H ouvdptnon xatavouric e X A Y := min{X, Y}

(B) H ouvdptnon xatavophic e X VY := max{X,Y}.

(v) H ané xowol cuvdptnon xotavourc wwv X AY, X VY.
6.9. Eotww X1, Xy, X3, Xy aveldptntec xou 1odvoueg cuveyelc tuyaleg yetafBantée, xodeula e
muxvétnto f(+). No dewydel 6t yio onoodnnote petddeon v (iq, 42, i3, 44) v (1, 2, 3, 4), T.y.
(il, ’iQ, ig, Z4) = (2, 4, 3, 1), LOX‘:)EL

1
Tl
ITowo etvor T0 avdhoyo amotéheoya OTay £Youpe n Tuyaieg PETOBANTES;

P()(le < )(Z‘2 < Xi3 < Xi4)

6.10. 'Eotw 61t ot X, Y €youv and xowol) muxvotnta

1

- wl<y<z<l,
f(x7 y) = /
0 OpopeTind.

(o) Now Betydel ot mpdypott 0 f ebvon cuvdptnon TuxvoTnToC.
(B) No umoroyiotolv ol deopeuuéveg tuxvotntes fx |y (-|y), fr | x(-|z) yw dha ta 2,y € R
Yior o omolal €Y0LY VOTUAL.

6.11. 'Eotw X,Y, Z aveldptntec opolduoppec oo (0, 1) tuyaies yetofSantéc.
() Bpette v amd xowvol cuvdptnon tuxvotntag mavétnroc tov U = XY xou V = Z2.
(B) YTroroyiote v P(XY < Z?).

6.12. 'Ectww X ye opotbéuoppn xatavour oto (0,1) xou Y e exdetind xotovour| Ue napduetpo
1. Na Beedolv ot cuvaptioelc xatavourc v Z = X +Y xa W = X/Y, 6tav oo XY ebvan
avedpTnTEC.
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7. TTHOAOTIEMOY MEZON TIMON, STNATAKTMANEZEQN, STNTEAEETON EYEXETIEHY

7.1. 'Eotww X, Y tuyoleg YeTaBANTEC UE amd XOWVOL TUXVOTNTA

Sry, 0<r<y<l,
f<m7 y) = 4
0 OLUPOPETIXG.

(o) Eivon ov X, Y aveldptnrec;

(B) No vroroyiotel nj E(Ye™).

(v) No vroroyistodv ot Cov(X,Y), p(X,Y).
7.2. Ye 3 pldeg evog tluou vopiopatog, é0tw X 0 aptiudg TV XeQulody oTIC 2 Tp®TES pidElg
xou Y o oprdude xegouiwy oTig 2 tedeutaieg pidelc. O€touye
v x&e (z,y) € R?, v and xowol cuvdptnon mdavétnroc tov (X,Y).

(a) Trohoyloete Ty f(x,y) vy xdde (z,y) € R
(B) Tmohoyiote tnv mbavéomua P(Y =1 X =1).
(v) YTmoloylote tn ouvdloxipavon Cov(X,Y).

7.3. 'Eotw ot ot Tuyaleg petafintéc X, Y €youv and xowvol muxvotnta

—zy  ov (z,y) € (—1,0) x (0,1)U(1,2) x (=1,0),
f@y):{o o (2,0) € (1O X (0D V(12 x (1)
LOUPOPETIXG.

(o) Nowumohoyiotel n mdovotnta P(X +Y < 0).

(B) No umohoyiotel n péon th E(XY).

(v) Etvar oo X, Y aveZdptnrec;
7.4. 'BEow (X,Y) dibidototn tuyaio yetoBAnty ue ouvdptnon mdovotntag

C

r+y—1(@+y(r+y+1

fX,Y(x7y> = (

) 1x,yEN+ .

Beelre:
(o) T otadepd C.
(o) Tic mepriddplec ouvaptiioec mbavottag fx (), fy(y) v X, Y avtictowya.
(v) Ty ouvdlaxduavon Cov(X,Y).
(6) Tn ouvdptnon mdavétnroe fy e U = X + Y.

7.5. O apuiudc X 1wV TEAATOV TOU EIGERYOVTOL O EVOL XAUTACTNUA O TY) DIAEXELL LG UEQOS 0XO-
houvdel Ty xatavour| Poisson pe péorn tiun 120. Kdde nehdtng, aveldptnta and toug undroinoug,
TANE®VEL pe xdpta pe mdavotnta 1/4 4 pe petentd (pe mbavétnta 3/4). ‘Eotw Y o aprdude wwyv
TEAUTWY TOU TANPOVEL UE xdpToL 0TN dLdpxeta Wiag Nuépag. No Boelte

(o) TN péom A e Y,

(B) ™ dwomopd e Y, xau

(Y) tov ouvtekeoth) cuoyétione p = p(X,Y) tov X, Y. Eivar ou X, Y avedptnrec;

7.6. Ou Ttuyaiec petafntéc X, Xy elvon aveldptnteg xou 1o6voueg xan xodepla axoloudel tny
exetinh xatavoun pe péon tun p. No Beeite tn ouvbloxdpovon Cov(Xy + Xo, 2X7 +3X5) xodag
xou Tov ouvteheotr) ouoyétione p(Xy + Xo, 2X5 + 3X,). Ebvar o tuyaiec petafintéc X + X,
xon 2X7 + 3Xy aveldptnreg;

7.7. 'Botww X,Y 06voueg tuyaleg PETUBANTEG UE TEMEQUOUEVT 0L U1 UNOEVIXY| OLUCTIORd KoL
OUVEAEG TY] GUCYETIONG p(X,Y) # —1,1. Na Beelel 0 cuvteheotrc cuoyEtiong twv X + Y xa
X =Y, p(X+Y,X =Y). Tvouunepaivete yio Tic tuyaleg yetafPhntéc X +Y, X —Y;
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7.8. 'Botw X,Y, Z wuyalec petoPhntéc e E(X?), E(Y?) < oo, Z ~ N(0,1), Cov(X,Y) = 1,
xou 1 Z oveEdptntn ano i X, Y. No unohoyotel n Cov(XZ2Y + Z).

7.9. Oewpolye dub Tuyalec PETUPBANTES Ue emepaouéveg poTég Beltepne Tadng. Na deydel ot
Cov(X, E(Y|X)) = Cov(X,Y).

7.10. Oewpolye g tuyateg yetofintéc Xq, Xo ye Var(X;) = Var(X,) = 1 xa Swonopd tou
adpolopatoc Var(X; + X,) = 3. Eivar ov Xy, Xy aveldptnres; Av elvor yvooto ot yio xdmola
otadepd ¢ o Tuyaleg YeTaBAntéc X xow Xo — X elvon aveldptnrteg, Tt ouunépaoua BydleTe yia
N otodepd ¢;

7.11. 'Eow X, I aveldptnrec tuyaicc petofintéc ye X ~ N(0,1) xow v I v nafpver xodepio
and Tic tpée —1, 1 pe mdavotnra 1/2. Oétoupe ¥V = X1,

(o) Now Betydel 6Tt Y ~ N(0,1).

(B) No umoroyiotel n Cov(X,Y). Eivaw or X, Y avedptnrec;

7.12. Eotww X, aveldptnrec tuyaleg petafintéc pue tnv X va €yer muxvotna fx(z) =

ﬁe*xmlpo xou v I vo modpver xodepion and tig tpée —1, 1 pe mbovotnto 1/2. No Sevydet

ot N Tuyda pETUPBANTH Y = VX €YEL TUXVOTNTA 1) OTtolal XaL VoL TPOGOLOPLG TE.

7.13. 'Eotww X1, X, ..., X, aveldptnteg %o 1o6vopeg Tuyaleg ueToBAnTég xardepion e uéon Ty
E(X;) = 2 xu dwonopd Var(X;) = 8, ¢ = 1,2,...,n. No npocdlopicete otodepéc v, € R
xa [, > 0 1ol oote 1 tuyado ueTaBANTH a4+ Y va €xel péon tiur) 0 xon daomopd 1, 6mou
Y - Z?:l 3i_1Xi.

7.14. Eméyouue évav aprdué X opotbuoppa tuyaia oo obvoro {1,2,...,20} xou Yétouyue
Y =21 - X.

(o) Houa 1 xorovour| Tng tuyaiog uetaBintic Y

(B) Tv npdonuo mepuévoupe va éxel n Cov(X,Y); No anodeydel tumixd noto ebvan autd.

7.15. n > 1 dropa emfPiBdlovton tuyala ot éva agpomhdvo n VEGEMY ayvowvTag TNy avdieon
Veong mou Aéel n xdpta emPBifooctic Toug. ‘Eotw W o aprdude autov mou xddovran (ouuntopaTtixd)
ot Y€on mou Toug avatédnxe. Octouue X; = 1 av o i emPding xdinoe oty Veorn mou avapépet
1 xdpTo Tou xan X; = 0 SropopeTixd.
(o) Now umoroyiotel 1) ouvdlaxtpavon Cov(X;, X;) v @ # j. Ilde oyohdlete to npdonud
™e;
(B) No umoroylotodv ou E(W), Var(W).

7.16. Piyvouue éva auepoinmto (dor n > 1 gopéc. 'Eotw Z o aprdudc tev gopy mou eugoviCeto
2 xou W o opriuog v gopnv mou eugaviletoa to 3. Na urnoroyiotel ) Cov(Z, W).

7.17. Mo xdhmn mepléyel n oganpldlor apriunuéva and 1o 1 g 10 n. k ogoupldior emiéyovTon
ywelc emavdideon. No Bpeldel n péon twur xou 1 dlaonopd Tou adpolouatog TV EVOEILEWMY TOUC.

7.18. 'Eotww 6t emiéyouue otnv toyn duo n—rgoug apripolc ye Pnpioe and to cOvoho
{1,2,...,9}. Av o Boc o k-gngioc apriudc eppaviletor oty o Béom xon otoug 2 apripoic
Aeue OTL el MdPBet ywpa o k-oluntwon. 1Ly, yia n = 10, éotw 6Tt dlohédoue Toug apLiuoic
1291744189 xon 1328744123. Téte undpyouv tévte l-cuuntooec (otg Véoewc 1,5,6,7,8), névte
2-ouvuntooelg (ot Véoewc 5,6,7 (74,44, 41)), dYo 3-ouuntdoec (otig Véoewc 5,6 (744, 441)), xou
uto 4-otuntwon (ot Véon 5 (7441)).

‘Eotw X o apripog twv k-ouuntdocwy 000 Ttuyaiov n-ghguov apuiuoy pe ¢melo artd to
{1,2,...,9}. Na Beedoiv n E(X) xou n Var(X).
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7.19. 'Eotww A, B evdeyoueva oe évav yopeo miavotntag xow 14, 1 ol deixtpiec cuvapthoelg
touc. Noumoroyiotel n Cov(1ya,1p).

7.20. Oewpolpe Tic tuyalec petoPantéc Xi, Xo vy Tic onoleg Eépouye pévo o6t Var(Xp) =
3,Var(X2) = 2.

(o) o etvan n péytotn xou motor 1 eEAdyto Ty Ty mou uropet vo wdpet 1 Var(X; + Xo);

(B) Hoxe oyetiovtar otig 800 axpalec meptntioelc Tou epwthuatos (o) ot Xq, Xo;

7.21. 'Eotww tuyaio petoBint X ye Swonopd Var(X) = a € (0, 00).
*(a) T ¢ € [0, 1] SeBopévo, vor xotaoxeuootel Tuyaio petoBAnt) Y tétowr wote p(X,Y) = c.
(B) T c € [—1,0] 6edouévo, va xoataoxevaotel Tuyola petointh Y tétow dote p(X,Y) = c.

7.22. 'Botww X1, X, ..., X, aveldptnteg Tuyaieg uetaBAnTég Ye TV (Bl xotavoun, e Yéom Tyl
f, xou draxdpavon o2 € (0, 00). Oétoupe

- Xi+Xo+...+X 1 -
X = 1+ X2+ + n) 52: Z(XZ_X)2

n n—14%
No detydet ot

(o) B(X) = p, Var(X) = o2 /n.
©) B(s?) = 0"
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8. AAAATH METABAHTHE XE IIOAAES AIASTASEIS

8.1. Eoww a,b, A > 0 xou X, Y aveZdptnrec tuyaiec petofintéc e X ~ I'(a, A) xu Y ~ T'(, ).

OéTtouye
OV) = [~ x4y
’ L X + Y7 .
Not evydel 6t o U,V eivon aveldptnreg, U ~ BAta(a, b), xau V ~T'(a + b, \).

8.2. Ou tuyoiec petafintéc X, Y éyouv and xovol ocuvdptnon nuxvotntae fxy (-, ).
(o) Nat Sewydei o1t 1 omd xovod muxvdTnTor TV TUYAiY HETOBANTOY

U=X+Y,
V=X-Y
loolToL UE
1 U+v u—v
fU}V(U,U) - §fX,Y ( 9 3 9 >

v xdde u,v € R.

(B) Av ou X, Y eivon aveldptnteg xadepio pe xatavopr N (0, 1) va dewydel éti ot X +Y, X —Y
etvan ove&dpTnteg xan xadepla axohovdel tnv xotavour; N(0,2).

(v) Av ou X, Y eivon avedptnrec xadepla ye xatavour exdetinf ue nopduetpo A > 0, mow
ebvon 1 amd xowol muxvotnta Twv X +Y, X =Y Eivar oo X +Y, X =Y aveldptnreg; Tt
xatovour) axoloudel xadeud Toug;

(6) Avou X,Y eivou aveZdptnteg xodepion ue xotovour opotéuopen oo (0, 1), oo etvor 1 amd
xowvoL muxvotna Twv X + Y, X — Y Tlow eivon To obvoho 610 omolo ebvan detuxr);

8.3. Av o XY e aveldptnree, ye xodepd toug va oxohovlel tnv exdetint| xatovour Ue
TUEAUETEO A,

(o) Na Bpetdel n and xowvol tuxvétna wy X +Y, X/Y. Eivaw aveZdptnreg;

(B) Na Beedel n muxvétnro tne X/Y.

8.4. Fotw a,b,c > 0, xauv X, Y aveldptnreg tuyaiec yetoPAntée, pue tnv X vo axohoudel tnv
xorovour) Bta(a, b) xou tv Y vor oxohoudel tny Brita(a + b, ¢). No Setydei 6t n XY axohoudel
v Brta(a, b+ ¢).
8.5. 'Eotw X,Y aveldotnteg Tuyaleg petofAntéc ue xodepion Toug va axoloudel tnv xatavour
N(0,1).

(o) Na Bpetdel n and xowol tuxvotna wy X, X/Y.

(B) Na deyydei 6t n X/Y oxorouvdel tny xatavopr; Cauchy. Aniadh €yet muxvotnta

1 1
o) = avay
(Y) Avn Z axohouldel tnv xatavour) Cauchy, va Sevydet dtu xon 1 1/2Z oxohoudel tny xortovou

Cauchy.

8.6. 'Eotw X, Y aveldptnteg Tuyaicg yetaBAntéc e xodepla Toug vo oxohoudel Tnv opoLouopon
xatavopf; 670 (0,1). No Beedel 1) oand xowvol nuxvétnta tov R = vV X? + Y2 0 := tan ' (Y/X).
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9. AESMETMENH MESH TIMH

9.1. 'Eoctw 6Tt ot X, Y €youv amd xowvo) TuxvotnTa

1

s awvl<y<z<I,
f(x’ y) = 7
0 OpopeTixd.

(o) Now detydei ot mpdypott 0 f ebvon ouvdptnon TuxvoTnToC.

(B) No umoroyiotolv ol deopeupéveg tuxvotntes fx v (-|y), fr | x(-|z) yw dha ta 2,y € R
yioe Toe omolor Eyouy vonuaL.

(v) No unohoyiotolv ot péoeg twéc E(Y), E(X?|Y =vy), E(e¥ | X = z) vy 2,y € (0,1).

9.2. Beeite tn deopeupévn muxvotnta fyx (y|z) tne Y Sotévtog 61t X = x xau v avtiotoyn
deopevpévn uéon T E(Y|X = z) oty nepintwon mou 1 Sbido oty tuyado petaBinty (X,Y)
elvol CUVEYTC UE OUVBRTNOT| TUXVOTNTAS

(@) fxy(z,y) = Ne Mlocyey.

B) fxy(a,y) = ze "W 1,50,50.

9.3. 'Eotw ot éva vouopa ye miavotnta p va gépel K o xde pldn pinteton 2n gopéc. Na
Beevel o deoueuuévoc péoog aptiuog evdeilewy K oTic mpwteg n pleic dedopévou OTL GUVOAIXS
€pepe m Qopéc TNy €voeln K.

9.4. 'Botww X,Y, Z aveldptnreg exfeTinéc xatavouéc Ue TopaéTeous A,u,v avtiotorya. Beeite
myv P(Y <Z)xu v P(X <Y < Z).

9.5. M unyavr poag oiver éva vououa mou @épver K ue tuyaio mdavotnta p. To p ebvon
SyvwoTo OE pog, dAAS EEpoupe amd TOMAES TUEATNEYOEIC TWV VOULOUATOY Tou eCAYEL 1) Uy avN
OTL 1) XATAVOUT| TNG TuY oG TUEUUETEOL P EIVOL 1) OUOLOUOPYT O TO (0,1). Piyvouue 1o vouloua 500
popec. Na umohoyiotoly ol mavotnteg:

(o) v mpodytn pidm to vououa pépvel K.

(B) Ko otic 800 pleic to vouopa pépver K.
9.6. M xdhnn mepiéyel apyixd a dompeg xan b padpeg pmdheg. E&dyouue Tuyaior pior pumdhor xan
av elvar doTEn TNV ETOTEEPOUUE GTNY XEATN eV av efvan poden Ty avtixaho ToVUe ue pla domen
TOL TalEVOLUE amd Lol GAAN xdATY. ‘Eotw X, to Ao Twv dompwy UTaAdY 6Tay 1) TEONYOUUEVT
oadcactor tparypatomoinUel n popéc.

(o) Na detydel 6Tt yia xdde n > 1 1oy bet

1

a+b

E(Xn’anl) == (1— )Xn1+1

(B) No dewydei 6t yio xdde n > 0 oy et

1 n
E(X,) = b—b(1-— .
(Xn) =a+ ( a+b)

(v) ot etvon n mbavétta n undda tou emiéyoupe xatd to n + 1 Brua vo eivon domen;

9.7. Piyvouue éva cuvriiouévo e&dedpo dixato {dipt xou oTn cuvéyeta plyvouue Eva dixono vouloua
boeg popéc €delle to Ldpt. Na Bpedel o uéoog apliudg popdy ToL TO VOULoUN EUPAVIOE TNV EVOELET
K.

9.8." 'Eotw X tuyado ueteBAnte| pe xotoavopd tn yewpetod pe tapdpeteo p € (0,1). No Boedel
1N péon T Tng X UE ¥eRom TOL VOUoL TNg OmArg péong Tung.

el Aoxhoeic 9.8-9.14 authc tne mapaypdpou givon teoBhiuata ota onola divet Abor o vépoc g dimhAc wéong
nhe, E(E(X|Y)) = E(X), ahhd ypeeidleton vo emhéZet xaveic xatdhinhn tuyola petofints Y.
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9.9. Ye éva mouyvidl o mapouctac T Holpdlel Tuyala oe teia xoutd A, B, I', teelc goxéhoug 1,
2,3. O 1 Acel 6L 0 madnTng mpEneL va TAnpaaoet 5 Eupw, o 2 é1u npénet va mhnpaoet 6 Eupo, o 3
Aéel 6TL 0 madxTng xeEdiler éva avtoxivito. O malxtng emiéyel éva amod o Tela xovtid A, B, T,
ue mavotnta 1/3 1o xadéva xou axohoutel TNV eVIOAN TOU AéEL O PAXEAOC TOU TEQLEYETOL G TO
xoutl. Xtdyog Tou eivon va Bpel Tov @dxeho 3, ondte Yetd and xdie amoTuyNUEVN TEooTdEL
Eavomallel To mouyvidl. BéBoua o mapoustacthc avapotpdlel Toug gaxéhoug ot xoutid. ‘Eotw
X 10 1006 1ou Yo TANpKoEL 0 TaixTng wonou va Beel Tov pdxelo 3 (mpogavae n X eivor Tuyala

uetofAntn). No Beedel n E(X).

9.10. Piyvouue cuveyng éva cuvniiouévo (ol u€ypl Vo eavioTel Yo TeadTn @opd 1 Evoelln 1.
No unohoyiotel 1 yéorn tuy| Tou adpoloyatoc GAwY TwV eVOeilewy Tou Egepe o Ldpt.

9.11. "Evo vouiopa éyer mbavotnta p va @épet yedppoto (I') oe pla pidn. To plyvouue cuveywe
(OOTOU VoL EPPAVIGTOUV xa ot 600 dlaopeTixég evdeilec K, I'. Na Peedoiv:

(o) O avapevopevog aprduos plhewy

(B) H mbavétnro n tehevtada pldn va etvon K.

9.12. O Nixog €yel éva onltt ye pnpog xou mlow mopta. Bdlel n (euydplo tamolvtola o xdie
mopta. [ xdie mepinato dwiéyel otny TOYN wa tépTa, Bdlet éva (euydpl TarolTola and auTd
mou Pploxovton oe auTH TNV TOETA, XoL ETOTEEPEL Blaréyovtog oTtny oy mopta. No Peedel o
uéocog apriuog mepimdtwy Yéypl o Nixog va unv eet mamoltol 6ty mépta Tou emEAEEE Yo vl
opyloel Tov ENOUEVO TEPITAUTO TOU.

9.13. Teeg dvipwror ™ yeovixr otiyur; 0 Peloxovior oTic TEEC BLUPORETINES XOPUPES EVOC
Tely®Ovou. Xe xdie otiyur t = 1,2, ... xdie dvilpwnog SluAéyel xdmota and TG XOPUPES EXTOC TNG
Teéyoucag Véong Tou, oTnV TOyT, Xt YeTofalvel o€ auTr aveldpTnTo amd Toug dAAoUE avlpdTouC.
‘Eotww M o ypévoc (oprdudc yOpwyv) péyet mou vo cuvavtnoly xou oL Tee dvilpwrol GTNV
B xopugr|. Beelte v miavoyevvAtela tng M, tn yéorn Tiur, T OLaomopd, xaL TN cuVEETNOT
mdavoTnTde TNC.

9.14. Oewpolye Ti¢ aveldpTnTeg CUVEYOUEVES plhelc evog dixanou vouiouatog. No Beedolv:
(o) O avopevépevog apriude plhewy péypt va eggaviotoldy duo cuveydueva K (vo eugpoviotel
Yo et @opd 1 «héZny» KK)
(B) O avayevéuevoc aptdude pidewmv péypt va eupoviotel yia mpodt @opd K axohouvdoluevo
and I' (vou epgpovio tel yior mpwt @opd 1 «héZny KI).
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10. IIIOANOTENNHTPIEY KAI POIIOTENNHTPIEY

10.1. (a) Eotww X ouveyfhc tuyada petafinth ye nuxvétna f(x) = 272 1,51, N now t € R
etvan 1) poroyewhtolr Mx (t) = E(e™) nenepoopévn;

(B) No xataoxevaotel tuyaia yetofinth X wote My (t) = oo xdde yo t # 0.

10.2. Eotww X tuyola yetaBAnTd ye muxvotnta
o lz|  ov |z <1,
J) = {O av |z| > 1.

o etvor 1 pomoyevvitplo Mx tne X;

10.3. Tlow and Tig mapaxdtey CUVUETACELS Elvol POTOYEVVTELA Xamotag Tuyolag YetaBAnThg; Xen-
OLUOTIO|OTE TOV TUVAXO POTIOYEVVITOLOY Y VWO TGV XATAVOUMY X0l WOTNTES TWV QOTOYEVVNTELOV.

)3/5

(@) 35 Leca + 0oLz, (B) (3%)" Lica + 0oLz, (0) e e Licy + 0oLz,

(@) (7). () cost.

10.4. H tuyola yetofSAnt X €yel pomoyevvitola

Mx(t) = E(etx) =

11—t
vt € (—1,1).
(o) Now umohoyloete ) péon T xow ) Stoomopd e X.
(B) No eiZete 6t toyler n avicdTnTa
P(X<1)< S
10.5. Eotww n > 1 guowxdg apiudg xon 600 tuyaleg yetafBantéc X, R (o€ xowb Y®eo miovoTn-
T0¢) Wote N R vo axohouldel Ty opotopoppn xatavopr oto (0,1) eved v v X Eépouue 6L 1
deapeupévn xatavopury X | R = r elvon Siovupxy| pe mopauétooue n, r yio xdde r € (0,1).
(o) Now umohoytotel 1 portoyevviteta e X.
(B) Me yefon tou (a) vo Peedet 1 xatavour| tne X.
10.6. () 'Eoto 6t n tuyaio petointh X axolouvdel v xatavouy| Poisson e napdueteo A > 0.
Na utohoyioete v mdavoyevhtetd tne, Py (u) = E(u), xo and authv va cuvdyete tic B(X)
xou Var(X). T mowa w € N efvan nenepacyévn;
(B) 'Eotw detixéc otadepéc Ay, Ag, . .., Ay xou {X;:1<i<n} ave&dptnTeg Tuyaleg UETABANTES
ue X; ~ Poisson(\;) ywo xédde i =1,2,...,n. Na derydei 6Tt

X;+ Xo+ -+ X, ~ Poisson(\)
pe A=3"1 A

10.7. Bpelte g moavoyevwhTtpleg Tou avTloTolyoly o Tig axdlouleg ouvapTAoels TiavoTnTog.
Troloyiote TI¢ PEOEC TWES XAl TIC BLUOTIOPES TV AVTICTOLY WV TUYALWY PETUBANTOY.

(2) P(z) = ("*;’_ 1)])"(1 ) 2 =0,1,2, .

_ =1,2,..
l‘(il?—l—l),x ) <y
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1—p
m O(VZE:O,
(v) P(x) = 2(1 = p)p*
ﬂ avr=1,2,..,
1+p
10.8. Trdpyet a € R dote pio and Tic cuvopThoe
at — 1 5t2 +a

)= f(t) =

(mptoptcpévn og €va OLdoTNUo YUPW Ao TO 0) va gbvou n miavoyevvitola Px xdmotag tuyadog
uetoPAntic X; Ta auth Ty Tun Tou a

(o) Now mpooBloptotel 1 xortovour| outhc tne tuyadac petaBintic X.

({3) No unoroyiotolv e ypron tne Px 1 p€omn tyr| xou 1 dluomopd tng X

10.9. I tuyoio petaBintsh X mou axohoudel v xatavour| N (0, 0?), vo. utohoyoTolY, UE xenon
¢ ponoyevwntelg e X, ol ponéc i, == E(X") yio xdide axépono r > 0.

10.10. (o) 'Eotw 6t 1 tuyada petofinth X axohouldel tny xotavour I'(a, A) (6mou a, A > 0),
ONAAOY| TNV XATAVOUY| UE TUXVOTNTA

f(l‘) - F(a) xa—le—)\:p 1m>0-
Na unoloyioete tn poroyewhted e, Mx () = E(e"). T o ¢ etvor n My Tenepaopévn;
Xenotwonowsvtag Ty, unohoyiote tic E(X) xou Var(X).

(B) 'Eotww detixéc otodepéc ar, as, ..., an, A xou {X; : 1 <@ < n} aveldptnrec tuyoleg peta-
antéc pe X; ~ T'(a;, A) yioo xéde ¢ = 1,2,...,n (dnhodn pe xowr| dedtepn napduetpo A). No
oeyvel 6Tt

X1+ Xo+- -+ X, ~T(a,\)
o= 0
(v) No 8ei€ete ot 6tav oL tuyadeg uetaBAntéc X; elvon aveldptnteg xou 1oévoueg Exdetinée ue

(xown) mapduetpo 6 > 0, T6TE 0 derypatinog Toug péoog X = (Xy + Xo+... + X,,) /n axohoudel
xortovout) I'(an, Ap) ye xotdhniec otodepés a, xou A, T OTOIEC X0 VoL TPOCOLOPICETE.

10.11. Av 7 tuyola yetaBint axohovdel Ty xatavoun I'(a, A) xou r eivon évag Hetinde mporyua-
Txog apiuog, tote n Y = rX axohovdel tnv xotavour| I'(a, A/7).

10.12. 'Eotww X1, Xo, . ... X, tuyaio deiypo and v opotduopen xatavopr oto (0, 1).
(o) Houwa ebvan 1 xatavour e — log Xi;
(B) How eivan n xatavopr e Y := —log(X1 Xy - - X,,);
(v) No derydel 6t n 2Y axoroudel tny xoatavopr x? pe 2n Baduole ehevdeploc.

10.13. (o) Eotww 61t X ~ N(u,0?), Trohoylote Tnv poroyewrtpd tne, Mx(t) = E(e™X). T
ol ¢ ebvon TETEPAOPEVT); Luvdyete arno authy Tic potéc B(XF) yio k= 1,2, 3.

(B) No 8ei€ete ot dtav ov tuyaleg petofintéc {X; : 1 < i < n} elvon aveldptnreg o X; ~
N(pi,07), yu x80e i = 1,2,...,n, t6t€ T0 ddpolopd touc oxohovdel tnv xatavopr N (u,o?)
omou =" i xon 0% =" oF.

(v) Tevixdtepa, va Sei€ete 6t 6tav o {X; : 1 < i < n} ebvan omwe 610 epwtnua (B), ToTE
Yl onoteodAnote otadepéc ¢, @ = 0,1,...,n, ye > |e;] > 0, n toyaio petoPinti X = ¢o +
St X axohoudel Ty xoavour N(p, 02) 6mou w = co + Y 1 i xou o2 = > 1" clo.

(8) ot efvor N xarmavopr| Tou derypatcod péoov X, = (X1 +Xo+...+X,,)/n étav ot tuyaieg
vetaPantéc Xy, ¢ =1,2,. .., n elvon ave€dptntec xau todvopec xavovixée N(u, o) xau mota ebvon 1)
XOTAVORY TOU TUTOTIOLUEVOU Betypatiol péoou Z, = /n(X, — u)/o;
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11. ANIZOTHTA MARKOV. KENTPIKO OPIAKO OEQPHMA

11.1. 'Ecto X tuyeie yetohnth pe E(X) = 3 xou F(X?) = 13. No dewydel 6t

11.2. 'Ecto X un apvnuixd tuyeio petofintd e EX = 4 xou E(X?) = 18. T dve gppdypato
nodpvouye o Ty mhoavotnto P(X > 5) and tic avioétnteg Markov xar Chebyshev;

11.3. Av X elvou pa tuyador petaint e tpéc oto (0,00) o E(X) = p € (0,00), Var(X) =
1/2, va Sevydel 6t

Plp—1<X <2u) >

N | —

11.4. 'Eow X Swxprth tuyaio yetaBint pe twée oto N\{0}, pe ouvdptnon mdavémrag f,
oo te N oxohovdio (f(k))e>1 vo ebvan pdivousa. Na Sewydel ot
E(X)
P(X=k)<2 12

yio xdde k€ N\{0}.

11.5. 'Eotww X ocuveylc tuyada yetoBinth ye tpée ato [0,00), ye nuxvotnta f, wote 1 f vo
etvan pdivouoa ato [0,00). Na dewydel 61t

vio xqe x > 0.

11.6. Eotw n «peydhogy guonde apududg xouw X tuyaio uetofBAnt| mou moadpvel uévo i tuég 0
xow n? pe mdavétnree 1 —n~t n~t avtiotoya, Snhadh ue cuvdptnon mavdtnroc

, av x # 0,n

fz) =

-1 avax=0,
n

OCVLU:TL2.

I|= = O

No Serydet 61t EX = n, vo unohoytotel n Var(X) xodadg xou n mdovétnro P(X > 0.8 1), Snhodn
n X vouny ebvar ToAd pxpdTteRn amo TN HEOT TNG THY.
11.7. 'Eotww X pf apvnuixr tuyoia yetoBinth pe EX < oo xaw a € (0,1). Térte

(a)

Var(X)
PX SaBX) S g— oty

*(B) (Avicétnto Paley-Zygmund)

[\

P(X >aEX)>(1- a)2(E£§§g

~—

(v) Tuv gedrypata Sivouy ot (o), (B) v ™y mdavétnto P(X > 0.8n) and v nponyoluevn
doxnon;
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11.8. 'Eotw X tuyolo petoPhntd, xot é0tw 6L yio xdmoo a > 0 wyler E(e*) < oco. No
dewydel 61 undpyer C' > 0 otodepd wote Yo xde ¢ € R va woyter P(X > t) < Ce™™. Anhadn
n nocotnta P(X > t), mou ex tov mpotépwy Zépoupe OTL @iiver oo 0 yio & — 00, @iiver
TOUAGyLoTOV EXVETING.

KENTPIKO OPIAKO OEQPHMA

11.9. To outrdato Tou @TdvouY Gt Evay server €youv To xadéva Tuyaio ypdvo eCuTnEETNONE ToU
axohoudel TV exdetind xotavops pe tapdueteo 6 = 1/2 (dnhadh tuxvétna (1/2)e /21,0, 10
x oe hentd). O server unopel vo amooyoheiton e uévo éva aftnua oe xdve dedopévn otryps|. Iow
elvan TpooeEYYIoTIXd 1) mdovoTnTa var e€unneethoet To tewTa 100 antruata pLog dedouévng pépag
o€ oUVOAIXG YPOVo To ToAD 220 Aemtd; Aivovtar $(1)=0.8413, ®(1.5)=0.9332, ®(2)=0.9773.

11.10. Oewpolye uio axorovdia plhewv evog auepodnmTou Lapol. o j Yetind axéparo Vétouue
X; =1 av 1o anotéheopa g j doxprng bvon 5 A 6 xan X; = 0 dopopeTtind.
(o) Now umohoyiodet 1 uéon tun xou n draonopd e X;.
(B) Eotww o apriude twv anotekeoudtov b 1 6 otic mpodtee 1800 pideic. Now utoroyioel xortd
npoaéyylon n miovotnto P(580 < T' < 640). [Aivovton ®(1) = 0.8413, ®(1.5) = 0.9332,
®(2) =0.9773.]

11.11. 'Eotw X1, Xo, ..., Xgo aveldptnrec xa 1odvoueg tuyaieg uetofAntéc xordeulon Ue Sloxptty
opotouopen xatavour oto {1,2,3,4}. No Beedel npooeyyiotind n mdavotnta to ddpotoud toug
va Bploxeton oto Btdotnua [190,220]. [Atvovton ®(1) = 0.8413, ®(1.5) = 0.9332, ®(2) = 0.9773.]

11.12. Troloylote xatd tpocéyyion Ty mbavotnto oe 100 aveldptntes pihelc evog vouiopatog
v epoviotolv to oAl 40 gopéc yeduuata. [Atvovton ®(1) = 0.841, ¢(1.5) = 0.933, ¢(2) =
0.977]

11.13. O apulude Tunoypapay Aadwv ulag oehidog plag ouyxexpwévng egnuepidag axoroulel
Vv xatavouy| Poisson pe péon i A = 0.7. Av n epnueplda €yel 64 celldeg, mota efvan xotd
tpocéyyion N mdavdTnTa To ToAD 36 GeABeC vor uny €youv xaddhou h&dn; [Atvovtor e 7~ 1/2,
O(1) = 0.8413, (2) = 0.9773, ®(3) = 0.9987.]

11.14. To o@dlya uétenone evog opYAvou oxOROLUEL OUOLOUOPPY XATAVOUY| GTO BLAC TN
[—0.05,0.05]. Ilow ebvon xatd mpocéyylon n miovétnto T0 opdhua U€Tenons yio to ddpolopo
300 petprioewy vo eivar xot amdluty T Wixedtepo tou 0.25;  [Abvovton ®(0.5) = 0.6915,
$(0.8) = 0.7881, (1) = 0.8413.]

11.15. Aub opddec gortntov A xou B pe 200 péhn n xodeplo mpdxetton vor ypdpouv uio e€étaom.
O emdooeic Toug ebvan aveldptnteg Yetadd Toug xat EEPOUUE OTL AUTEC TWV QPOLTNTOVY TNS OUAdIC
A axohoudolv xowr xatavopr pe ueon T 9 xou Swomopd 1/6 eved yior Ty oudda B 1 uéon
A ebvon 8.5 xau 1 Sraomopd ebvou 1/3. 'Eotw My, Mp ou géoor 6pot twv 0o opddwyv. No
Beedel n mdavdTnto va €youpe My — Mp € [0.5,0.65]). Aivovtan ®(1) = 0.8413, &(2) = 0.9773,
®(3) = 0.9987.

[Heocoyr. H eZétaon dev €yet oupPel axdua. Ot emdooEelC TwY QortnTedv xodde xon o0 My, Mp
etvan Tuyaieg petoPAntéc. Metd tnv e&étoom, Yo ndpouy cuyxexpWEVES TIWES xou Bev Yo uTdpyEL
xoplor offefandtnta/tuyondtnto. To mo méve epdtnua yioo to My — Mp 10 xdvoupe ety YIvEL 1
e&étoon.]

11.16. No derydet ot
n/2 on

lim

1
" e dt = .
n—oo Jq (TL — ].)' 2
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Arnaviroeic §1

1.1. (o) H mdavomnta elvo
n(n—1)""!
nr

To nelpapa mou e€etdlouue eivon oL mpwteg 1 dladdoelc. o Tic duvatéc emioyée, o xdde pla
amd TIC T OLOOOELS, TO dTopo €yel m emhoyEc. ['tar Tic euvoixég emAOYEC, TO TEMTO dTOUO EYEL
n emAoYEg, eve xodéva and to endueva 1 — 1 dropa €yel n — 1 emoyéc yiotl and toug n + 1
xaTolx0ug TNE TOANG, TO dTOUO OEV UTopEl Var Xxdvel TV BLdBOoY GTOV €EAUTO TOU 00TE GTO dTOHO
mou v Zexivinoe (n —1=n+1-2).

(B) Tt awtd t0 evdeyduevo To TAYHoC TwV BuvaTOY emAoY®Y eivon T8AL n” (eluacte aTo Blo
nelpoo, 5ToV (B8L0 BELYUATIXG Y(DPO OTIWE OTO TEOTYOUUEVO EQMTNUA), EVG TO TARTOS TWV EUVOIXMY
emhoywv etvon (n),. atl xdde Swddoon otnv onola dev éyouue enavorfels avtiotoryel oe i
Sidten TV n atopey® avd r (xo amhoixd: O mpdtog Priupothc éxel n emhoyée, o deltepog
n — 1, ). ‘Apo 1y {nrodpevn miovotnto ebvan

(n)r
n’
1.2. (o) 25/6%. () 27/6%. Metpdue Tic xatdhhnhec Slutetoryuévec ToLddec.
3. (o)
Q:={(a1,a9,...,a) 1 a; € {1,2,...,n}} = {1,2,...,n}"
O apiude a; Aéel oe mowa otdon xatelaivel o gortnTic 4. O BeryoTindg ywpog anoteheltar and
oloteTaypéveg k-adeg yatl ol gortnTég ebvan SlapopeTind avTixelpeva.
() N(Q) =n".
(Y) Eotw A 1o evdeyduevo ot piot Toukdylotov 6 tdom va omoBiBac tody Toukdytotov 800 goltntég

(Bnhadh A eivon o 6OVOLO TV k-aBwv Tou avixouy 6To ) xou GTIC OTolEC TOLAY Lo TOY 500 ATo
TIc ouvteToyUévee Toug ebvan (Bleg, Ty, as = az). Téte P(A) =1 — P(A°) =1 — Oy

n

1.4. 'Eotww A to evdeyduevo oty epwnor. Tote
365 x (364)% 364\
(365)k B 365 '

Auté yotl, xatd tov utoloytopd e P(A°), ota euvoixd anotehéoporta, o ai €xel 365 emhoyéc,
xan v xdie emAoyr Tou, xoevag amd Toug undhottoug k — 1 yadnteg Exel 364 emoyec.

P(A)=1— P(A%) =1

1.5. H Cnroduevn mdoavétnta ebvou
5!'614!3!7110!
30!

To mAdoc twv duvatey totodetAoewy eivon 30! T var moparydyoupe Wiar euvoixy| Tonodétnon
amoguoiCouye TEMOTA TN OElpd Ye TNV omota Yo umoly ot 5 opddeg BBAiwv. Eyouue 5! tpémoug
Yot quTo, Y., ToToVETOVUE amd aploTERd TPog Tar BeCLd oTo pdpL Puouxr, Madnuoatixd, Ilotopla,
Eéveg Yhhooeg, Aedind. ‘Enetta, yéoo otny ouddo tov BiBAlwy yadnuatixdy éyoupe 6! tpémoug
VoL Tot TOTOUETACOUUE, AVAAOYOS UTOAOYIGUOG LOYUEL XaL Yol TIC UTOAOLTEG ouddeg BiAlwy. 'Etot
TpoxUTTEL Ue Bdom TNV ToANATAAGIAG TIXT 0y T} O aEiUNTAC TOU TO Tve) XAACUATOG.

1.6. Ta yeduuota H,1,0,S pévouv Bl eite Tor TotoveThoEl 6woTd eite avdmoda, eve o U, A
oyt To mhfdoc twv duvatmy tortodethoewy etvan 7! - 27 (totodetolpe Ta Ypduuota oe oelpd ue
7! tpomoug xan petd Bdloude To xadéva 6KOTA 1) avdmodo Ue 2 tpomoug). T va ebvou OWO TN
n M&n OHIO oty 1n oeipd undpyouy 2 -2 - 2 - 2 - 2 guvoixéc nepnthoelc (600 emAoYEC Yl
0 oo O Vo Bdlovye TE®TO xou YETE 50O EMAOYES YId TOV TEOCUVATONOHO XEVE YOEHUUATOC).
Ta U, S, A propolv va prouv pe 3! - 2% tpémouc (dnwe va ‘vou) ot 21 oepd. Apa o1 guvoixeg

8EZoupotue autéy mou apyiler Ty Biddoon
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etvor 2° - 3!+ 2% = 31+ 28, ‘Opow, o ThAdoc twv tTotodethoewmy Tou 1) deltepn héLn elvar cwo ™
etvar 24 - 41 - 2. "Etol o {nrodpevee mbavétnree ebvon (o) (28 - 31)/(27 - 71) = 1/420 xou (B)
(25 - 41)/(27 - 71) = 1/840.

1.7. H 9éomn tou voplopatog xadopiletar ue tnv emhoyy| evog Tuyaiou onuelou ot éva GUYXEXQEL-
Uévo TeTpdywvo tne oxaxiépoc (oe autéd To onuelo tonodeteltan To ®€VTpo Tou voulopatog). O
derypotinog yopog evon Q= {(z,y) : 0 <z <a, 0 <y <a}. To vououa tépter e£oloxhfpou
UECO OTO TETEAYWVO OV TO XEVTRO TOU TEGEL OE andoToon HeYahlTeEn omd d/2 and Tic Theupég
TOU TETPAYMVOU, BNAADT| TO ELVOIXS EVOEYOUEVO AVTIGTOLYEl GTO TETEAYWVO

d d d d
A= Q: - S _Z
{(z,y) € ; <e¥<a—g, ;<y<a 2}
ue eufadd E(A) = (a — d)? evad to eufadd tou Q ebvan E(Q) = a?. Enopévec 1 mavdmto vixng
E(A) _ (a—d)?
EQ) a2

oTo Ty VoL etvan

1.8. To mpdfAnua avtiotoryel otny Tuyla emAoYT onueiou o€ TeTpdywvo Thevpds 1. H tetunué-
V1] TOU GTUEIOL OVTIG TOLYEL GT1) YPOVIXT| O TLYY| TOU ETEAEEE O €vag PIAOC Xou 1) TETAYPEVT O TNV ETI-
Aoy1) Tou dhhou. O Berypatinde yodpog etvon o ouvoro Q={(z,y): 0 <z <1, 0 <y < 1}evd o
EVOEYOUEVO XAVELC VoL UMV <G THTELY TOV GAAO Tdve amd 10 Aemttd (BnAadh 1/6 tne dpoc) avtioTolyel
oto obvoro A = {(z,y) € Q: |x—y| < 1/6}. To euPodd tou A etvan E(A) =1—(5/6)* = 0, 3056

A)
By = %3056

eve E(Q2) = 1. Xuvene, n {nroduevn miovotnto ebvan

1.9. Mnopolue va Yewpricoude 6Tl Te®Ta ETAEYOURE TO A Xou 1) Lo XOpL@T) TOU LGOTAELEOU
TeLy@vou ebvor oo A (av ypelaoTel, tepto Tpépoupe To Tplywvo péca oTov x0xho). Ac ovopdoouue
I, A g 600 dAhec xopugéc tou teryokvou. H yoedn AB Yo eivor yeyohitepn amd tny micupd I'A
oy xou uovo av to onuelo B emieyel oto t6&o 120° petoll twv I', A. Apa, av ovoudoouue r Ty
oxtivar Tou x0xhov, 1 {nToluevn mavotnTo eivor

ufxoc té6<ou I'A (1/3)27r 1

WAXOC TEPLPERELOS XUXAOU 27r 3

Yxoho: (dc cuvéyela auThAC TG doxnong, dwBdote oto Wikipedia yio o topddolo tou Ber-
trand. Av 1 tuyado yopdr) AB emhéyeton ye dhho teoTo, 1 mavoTnTa Vo £YEL UX0S HEYORDTEQO
om6 v A nafpver dhheg tuée.

1.10. Ebivar mo BoAixd va xortdoupe Tn wotpaotd uévo uéypt to 1 Brua. Ko ta 800 evdeydueva
apopoLY 4Tt oL eCupTdToL POVO amd To Bruata 1,2, ... 7.
(o) H Inrodpevn mdavdTnro etvo

(n—1),_1 x1 1

(n), n

Kdrje uolpooua xoppatidyv oto meodta 7 dropo ebvor uio 01dtaln twy n xoppatiov avd r. ‘Etot
TEoXUTTEL 0 TopovopacThc. ‘Eva yolpacpo mou divel o xodéva amd tar tpwtor 7 — 1 dtopa Eva
XOUUATL TOU BeV €yEL To vouLoua ebvor ol SLdTadn Twv 1 — 1 XOPPATIOY ToL BEV £Y0UV VOULoHO ovd
r—1. 'Emeito yiot To 1 xoupdtt mou divetan, umdpyet uévo uio euvoixr duvotétnta. ‘Etol mpoxintel
o apriunTrc.

Koo eivon var 8et xavelc autole toug unohoytlopolc xa €€ apyfc, ywelc enixinon tou tOnou
TV BTEEEWY, BNAXDY| UE ATOBELLT TOU GTO CGUYXEXQIIEVO GEVEQLO.
(B) Tdpor tor euvoind potpdopoto ebvar exelvar oo oolor Tor TETOL XoPUETLaL SEV TEQLEYOUY 0T UE
0 véuopa. Bpioxoupe 6mwe mowv v mbavétne (n — 1),./(n), = (n —1r)/n.
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1.11. H {nrodpevn miovotnto etvan

(r)n-1(n —1)
rn '
[otl xdde Bdho éyoupe r emhoyée (oe mod Soyelo Yo ndet), étot to mhidog Twv Suvatdy Tomo-
Yetroewy elvon 7. Tat TNV XoTaoxeuT| diog euvoixrc TomodETnong €youpe xot opyde plor dtdtoadn
TV 7 doyelwv avd n — 1 mou avtioTolyel 6TV ToTOVETNOT TV TEHOTWY BOAWY OE BLUPORETIXY
doyela. ‘Eneita, 0 n-ootog forog €xel n—1 emhoyeg, yiatl TpEneL Vo TdEL OE £Vl 0T XATELATUUEVO
doyelo, xaL undpyouv n — 1 TE€Tola.

Enlong Yo unopolooue va xdvouue tov tekeutalo utohoytopd amo tny opyh. O mpohtog Bwhog
€yel r emhoyéc, o Oeltepogc r — 1, .., on—1éyerr—(n—2) =r —n+ 2. O televtaio,
n — 1 emdoyéc. H modamiactinn apyy| divel 7(r — 1) -+ (r —n 4+ 2)(n — 1), 10 onolo 1oovtan e
(r)n—1(n —1).

Ynueiwon: Av n > r + 2, t6te E€poupe ex TwV TEoTERWY OTL 1) {nroluevn miavotnTa etvon 0.
Auté biver xou o TOTOC ToU Bprixae.

1.12. H {nroduevn mioavotnta etvan
100Y /200
(5) (o)
300\
(100)
Q¢ Berypotind yweo £ modpvouue tor utooUvoha tou {1,2,...,300} e 100 ototyeia (ta oTotyeio
tou (2 ebvan woornidava). To TAlog twv Suvatdy anoteheoudtoy, Snhady| 1o N (£2), lwoltal ye Tov
TOEOVOUAO TH) TOU Tio TévVL xAdouatos. ‘Eva euvoixd arnotéheoya etvar €va oivoro e 10 dompo xou
90 padpa oparpldio. o va To gTidoupe meénet va emhé€oupe 10 podpa oponpldio xon 90 dompa.
[o TNy emAOYH TV TEOTWY €YOUNE (11%0) EMAOYEC EVED YO TNV ETAOYT TV OEUTEPWY €Y OUUE
(29%0) emioyéc. ‘Eneita e@opuoloupe TV TOAMATAACLIC TIXT dpyY| XoL TROXVUTTEL O aptdunTrAg Tou
XAAOUOTOC.

1.13. (o), (). To npdta 800 epwTAuNTo AOVOVTOL OIS GTNY TEONYOUUEVY doxnon xot divouy
TIC OMAVTNOELG
945\ (55 25\ (30Y (945
() () GGG
(1000 xu (1000y
15 15
avtioTolya.

() H Intoduevn mdavotnta ioobtan pe

COLED - () = () Go) b

(%) |

Ytov oprduntr) Véloupe vo yetpricoupe to TARUOS TwV UTOCLVOLGY Twv 1000 opoupdiny pe 15
oTotyela Tou TEPLEYOLY axEBOC 4 xdxxva xot ToUAdYIGToV 800 podpa oporpldia. o Ty emAoyn
TWV XOXUVWY GPALEdlwY €youue (935) emhoyéc. To undhoina 11 cponpldio TEETEL VoL ETAEYOLY
and o olvoro S v 55 un xdxavwy ogupdiny (25 padea, 30 dompa). ‘Eotww N (k) to mhidog
WV UTOCUVOA®Y Tou S ue k poadpa xou 11 — k dompa ogaipid. O aprdude utocuvorwy tou S
xardéva amd To omola €yel 11 ototyela amd Tor omolor TouAdyioTov 2 elvon padpa LlooUToL e

() xo-w-(3)- () (2)(2)

Anhadn and tov apriud AV TwV UTooUVOAWY Tou S ue 11 oTouyeia agorpolue To TAdog ATy
TOL OEV Eyouv TNV emtiuunT UG TUON,.

1.14. «) Hafpvouue we melpopo TOyNe TV emhoyt| Tng ouddac mou Yo aywviotel oTov 1o yipo
ue tov IHoavodnvaixd. O avtioTtoryog detypotinde yweog ebvar T61€ T0 6UVOAO TV 15 ouddmv
mhnv tou IHavadnvoixod xau ta otoryela ebvar mpogavag wontiave. Enouyevee n mdavotnta va
avopetendel o Iavodnvoixde e tov Ohvpmaxd otov lo yipo eivar 1/15. Evodhaxtxd (mo
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nepinhoxa) Vo unopoloe va Vewpeniel we nelpapa thyne 1 ouvolixr xhhewon otov 1o yipo. Téte
0 avTioToly0g BELYUUTIXOS YWOPOC Eival TO GUVOAO TV Oltpécewy TwVY 16 ouddwy ot 8 2-clvoha,
EVK To eVdEYOUEVO Vo cuvavTioly o TTavednvainog pe tov Ohuumioxd otov 1o yipo, avtioToryel
070 GUVOAO TWV BLUEECEWY TV 16 ouddwy o 8 2-cUvola ex TV omolwy 1o €va 2-cOvoho elvar
10 {Ohupmode -Tlavordnvoixdc }. ‘Apa ot Suvaté TEPITTMOELS Efvol GUVOALXS

16\ (14 2\ 16!
2 )\ 2 2] (2)®
(Xpnowonotolue TNy TOAMTAACLUG XY apy 1. LTO TeKOTO 0TAd0 ETAEYOUNE 2 ouddes amd Tic 16

yioe Tov 1o orywva ue (126) TEOTOUC, 0TO 20 OTAOLO 2 ouddeg and T uTdhoineg 14 yia o 20 aywva
xox). Ot ELVOIXEC TEQITTWOELS EfVOL GUVORXS,

() ()3

(Xpnowonotolpe Ty tolamhactao T apyY|. 210 1o 0Tdd0 ENAEYOUUE TOLOC AY(HVOS oTd TOUC
8 tou mpwtou YVpou Va eivon o petad OAuvumoxol xan Hovodnvoixold. Metd, yio Tic UTOAOLTES
14 opddec, Sovhebouue 6TwS Yo Tic duvatéc mepnthoec.) Emopévoc, 1 {nrovuevn mdavotnTa
elvau

B) Ornotodrinote Lebyoc ouddmv eivon e€icou mdavd vo @tdoel otov TeAixd. Enouévee Yewpolue
¢ BELYUATING YMEO TO 0UVORO TwV LELYOY ouddwy mou éyet (1) = (16 - 15)/8 = 120 otouyslo.
‘Apa ) mdavotnta o Tlavodnvoixde e tov Ohvumond vo avapetendolyv otov tehxd ebvon 1/120.
Evadhooctind, n mdavdnto o Hoavednveixde vo gpréoet oto tehind ebvon (1/2)3 = 1/8 (va vixfoet
oe 3 ay®veg vox-aout). Aedopévou OTL £yelL YTACEL GTOV TEAIXG OTOLOCONTOTE avTinohog ebvor

e€ioov mdavog pe miovotnta 1/15. Apa 1 {nroduevn mbavotnta etvan (1/8) - (1/15) = 1/120.

1.15. O Berypotixde yodpog eivon 10 TARYog Twv utoouvorwy tou {1,2,...,2n} ye n ototyela.
H {nroduevn mioavotnra etvon
2n

()
O nopovopacthg etvar 1 TAndudTnTa TOU BeypaTIXoD Yweou. Emeita, yia Tnv xataoxeur evog
£UVOIX00 UTIOGUVONOL (1 oToLyEinV) TEénel and xdde Leuydpl va emhéEoupe éva dtopo. Ta xdide
Ceuydipt €youle 2 eMAOYES, £TOL A TNY TOMNATAAGLAC TXT| oY1) TEOXUTTEL TO 2" GTOV apLiunTy.

1.16. (a) Me oxentxd énwc otig aoxnoeg 1.12, 1.13 mo ndvo, Beloxoupe 6tL 1 {nroluevn
mdovoTnTa LlooUTL [E
(7))

(B) H {nroduevn mioavotnto toodton e

(%)
[ éva euvoixd urocivoro, emhéyouue et k (evydpta, énetta and xdde (evydipt emhéyouue
évor amé o péhn Tou. Auth 1) dodixastia Topdyet (})2% utootvola, Tou etvor axpBng Tor ELVOLX
UTOGUVOAQL.

1.17. To mAfdog TV BuVATOY XATAVOUKOY Elvor 413 T v pTIGEoVUE plar EUVOIXT| xoTavoun
EMAEYOUUE TEOTA TOUC 3 YolTNTéS Tou Yol amoPiBacTody GTNY TE®TN 6TdoT, auTod YiveTon Ye (133)
teomoug . ‘Emerta emiéyouue toug 4 gortntég mou Yo amofBacTtoldv 61N deUTERY GTAOT), AUTO

yiveton pe (') tpdmouc (vt #dn Teelc éyouv glyer Yo THY TpdTn oTdon xou éyouv uetver 10).
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Emiéyoupe toug 4 gortntéc mou Yo anofiBactoly otny Teltn oTdor, autd yivetan Je (Z) TEOTOUC.
Téhog, emhéyouue toug 2 gortntég mou Yo amoPiBacTody GTNV TETAPTN OTAoY), AUTO YiveTal e
(2) = 1 tpénouc. Me Bdom tnv molhamhaclac iy apyr, To TARUOC TV ELVOIXGY TEOTWLY elvol

2
13\ /10 /6 /2 _ 13! 10! 6! 2! 13
3 4 J\4)\2/) 31104164121 210! 31414121

‘Apa 1 {nroduevn mdavotnTa eivo

1 13!
413 31414121

H yevixn neplntwon authic tng doxnong sivon 1 ’Aoxnon 1.33 méd xdtow.

1.18. To mA\dog twv duvat®y amof3docwy etvor nF. ‘Olec ot guvoiréc amofi3doelg QTidy vovTo
0g e¢hc. Emiéyouye mpwta to mota 6tdon Yo €yel Toug 3 QorTnTég (n emhoyéc), emAéyoule Toug
3 goitntéc mou anofiBdlovton exel ((’;) eTAOYEC), apriVoupE xoevay and Toug utdroinoug k — 3
portnTég va emAéZel T otdon mou Vo amoPiBuctel, ohd dev emitpénovton enavahfdes ((n—1)_3
emhoyéc). Me autr ) Sdixacio talpvoude dheg Tic euvoixée anofiBdoeic, xon xoula Toug dev
TEOXOTTEL TavVw and pla gopd. Apa 1 {ntoluevn mdavotnto elvor

w1y

1.19. (o) H Inrodpevn mdavdnro etvo

() 1

(60)s 5!
"Evor duvortéd omotéheopa (ki, ko, . .., ks) eivon axpBog wo didtadn twy 60 avd 5. Etot tpoxintel
O TOPOVOHUCTAG. XE €V ELVOIXO aTOTEAEOUN, ONAAOY) plar TEVTADN (1, ko, ... ks) pe by < ky <

-+ < ks avtiototyolue 1o unoclvoho {ki, ks, ..., ks} tou {1,2,...,60} ye 5 otoyyela. Auth n
avtiotolyton etvon 1-1 xou ent (av pac Sdoouv éva utochvolo pe b atolyela, tote Bploxoupe )
Srortetarypévn e€4do mou to mopY|yorye Bdlovtac ot oelpd To 5 doouéva aTotyEela).

(B) And xéde euvoixh nepintwon (ki, ks, . . ., ks) Tou (o) mapdyovton 4! tne nepintwong pog. ‘Ooeg
xou ot petoéoelc v (ky, ko, ks, kq) Yot 1 OLETOE N TOV TEOTOY TECOERMY ATOTEAECUITOV OEV
o evolapépet. Eyouue BéBara e€eopalioer 6Tt xan o Téooepa eivon puxpdtepa and to ks. Apa 1)
(ntoduevn miavotnta bvor

(54 1

(60); 5
To (a), (B) amodeviovton eniong xa pe évor emyeionuo cuupetelag.

1.20. Encidr) 1o AN B nepiéyetan xou 010 A xou 670 B, éneton 6Tt 1 mdavotnTd Tou Unopet va
etvar to okl min{P(A), P(B)} = 0.6 o 10 xdtw gpdyua, to peyahdtepo xouudtt tou A mou
uropet va efvan extoéc B etvon 1 — P(B), 1o unéhowno P(A)—(1—-P(B)) = P(A)+P(B)—1=0.5
neptéyeton oto B. Auth etvon 1 ehdyotn T mou umopel va dpet n P(ANB) [tumny| anddeln oto
(B)]- T tnv xataoxewr| mopadetyudtwy mou ot oxpales Tyée mdvovta, nafpvoude = [0.1] xou P
va 8iver To pfxog xdle unoouvéhou tou Q. Tot tn péyiotn Ty tadpvoupe A = [0,0.6], B = [0,0.9]
EV® Yo TV eAdytotn madpvoupe A = [0,0.6], B = [0.1, 1].
(B) H Tnroduevn yedgetow P(A) + P(B) — P(AN B) < 1, mou woyVet yioti 10 oplotepd Yéhog
ooVt pue P(A U B), 1o omolo eivar < 1 w¢ mdavotnra.
1.21. "Eotww X = nAfdog eugavicewy tou 6 oTic n picpagg. ‘Eyouue
n n—1
HXZQ%ﬂfJ%XgDzl—ﬂXzO%J%XzDzl—%—ﬁjai—

90a dolye apydtepa bTL 0 Tuyaioc aprdube X evan o Tuyalo UETABANTH ToU oohoudel T Suwvuph xaTovour
UE TopaUETEOUS 1L xou p = 1/6.
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O teheutalog bpog mpoxUnTel YTl €éyoupe n emhoyég Yy T pldn xatd v omola VYo epgovio el
1 povadixy| €voelln 6. T exetvn tn pln undpyel udvo ulo emhoyn yio 1o amotéheoua (TeEmel va
oletL 6), eved yioe xde pio and Tic undlotneg n — 1 eleig undpyouv 5 emhoyéc.

(B) ©cwpolye ta evdeybueva

A = {8ev epgavileton xotdhou o opLduoe 1},
B : = {epgavileton toukdyiotov 2 popéc o apriuog 6} = {X > 2}.
Tote
P(ANB)=P(A) — P(AN B°)
ue P(A) = (5/6)" xou
4n  p e 1-4nd
P(ANBY)=PAN{X <2})=PAN{X =0})+ PAN{X =1}) = 6_”+6—”'
O tedeutalog bpog mpoxinTel YTl €youpe n emhoyég i T pldn xatd v onola VYo epgovio el
1 Hovodixr| évdelln 6. Mo exetvn ) pldn undpyet ubévo pio emAoyy| Yo to onotéheoya (TEETEL Vol
oVeL 6) eve yiot xde pio and Tic undhotmeg n — 1 oldeic undpyouv 4 emhoyég (amoryopeldeTton o 1
xot 1o 6).

1.22. (o) ©érouue Ay := {6hec o1 n evdeilewc eivan < k}. Zntdue tnv mdavdTnto tou Ap\Ag_1.
Enewdn) Ap—1 C Ag, Bploxouue xatd ta yvootd

P(ANA_1) = P(A) — P(A_,) = (%)n - (%)n

[N to unoloytopd tou Ay, mapatneolue ot xadéva and to n (e éyel 6 emhoyéc (xou €tot
TPOXUTTEL 0 TapovoUaoThc 67) xau k euvoixéc emhoyée, tic {1,2,...,k}.

(B) ©étoupe By = {6hec o n evbellelc ebvar > k}. Zntdue tny mdovotTnTol TOU EVOEYOUEVOU
Bi\By11. Enewdn P(Bg) = (7 — k)/6)" vy xdde k € {1,...,6}, Bpioxovye P(By\Byy1) =
(7= k)/6)" = ((6 — k)/6)".
1.23. («) Oewpolue 1o evdeyduevo A = {0 hoyvoc 1 emhéyeton Touldylotov pio popd}. Tote
(n—1)*

nk

P(A)=1—P(A) =1—

"o Tov uohoYLou6 Tou TARTOUS TWY EUVOIXMY TEQITTOCENY GTO EVOEYOUEVO AC, Tapatneolue 6Tt
éyoupe k eCoywyéc xan o xoepio and autéc €youpe n — 1 emAoyéc (o hoyvog 1 omcxyopebsrou).
"Etol npoxintet o aprdunthc (n — 1)F.

(B) ©ewpotye o evdeydueva A; = {o hayvoc i emhéyeton Touldylotov yio popd}, ¢ = 1,2,3.
Téte P(AiNA;NA;s) =1 — P((ANA;NA3)°) =1 — P(A] U A5 U AS) xou 1 teheutada
mdavotnTa, Ue Bdon TNV apy | EYXAEIGUOV-UTOXAEIGHOD, IGOUTAL UE

P(ATU AU AS) = P(AT) + P(A3) + P(A3) — P(A] N AS) — P(A5 N AS) — P(A N AS)

(-1 -2 -3

+P(AT N AT N AG) =3 o o~

"o Tov unohoytopd m.y. tne P(AS N A$), ta euvoixd anotehéopata eivor ot Statetoryuéves k-odeg
(ve Tic emavolderc v emtpénovtan) and 1o {1,2,...,n} mou dev teptéyouv Toug Aayvoic 1 xau 3.
To mdog autmy TV k-adwy eivor (n — 2)F.

1.24. Oy ebvor Mddoc. H mdavdtnra vo xepdioet o naixtng etvon P(A; U Ay U Az) omou A; ebvou
T0 €VOEYOUEVO To (dpl @ v pépel Tov aprdud Tou oToyynudtioe o naixtne. Tote

P(A1UAUA3) = P(A1)+P(Ay)+P(As)—{P(A1NAs)+P(A1NA3)+P(AsNA3) }+P(A1NANA3).
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TTCO)\O'YECOUP.E P(Al) = P(AQ) = P(Ag) = 1/6, P(Al ﬂAQ) = P(AlmAg) = P(A2 ﬂAg) = ]./62,
P(Al N A2 N Ag) = 1/63, OTOTE
1 1 1
P(AJUAUA3)=1-—- -3 — 4+ — ~0.421
(ALUA, Udy) =1- 2 =3 o0+ e 04213
To xalivo unofdiier v 6éa 6Tt P(A; U Ay U A3) = P(A;) + P(As) + P(Aj3), mou eivar Addog,
ool Tor EVOEYOUEVY BeV bvan ava 500 acuuPiBacTa.
1.25. Apy1 eyxdetopov-anoxespyo. (o) Eotw

Az ={ie{l1,2,...,1050} : 7o i drupeiton ye to 3},

As ={ie{l1,2,...,1050} : 7o i Swnpeiton ye t0 H}.
Tote

P(A3U A;) = P(A3) + P(45) P(AﬂA)—1+1 L7
ST T ’ T35 15 15

Mo tov unohoylopd T.y. e P(AsNAs). To A3NAs nepiéyet toug aprdpoic oto {1,2,...,1050}
TOL BLUEOUVTOL XAl UE TO 3 X0 UE TO 5, 10odLVaa, auTtolg Tou dlonpolvton ue to 15. To mirdocg
toug ebvor 70=[1050/15] (axépono uépoc). Apa P(As N As) = 70/1050 = 1/15 xadét 1 emhoy
etvon opotopopyn (6hot ot oxépator oto {1,2,...,1050} ebvar wwomnidavot).

(B) Optloupe emmiéov
A7 ={ie{l,2,...,1050} : 7o i dwnpeiton ye t0 7}.
Zntdpe v mdavotnTa
P(A3U A5 U A7) = P(A3) + P(As) + P(A7) — P(A3 N As) — P(As N A7) — P(A3N Ay)

1 1 1 1 1 57

1
P(AsNA: N A = - _ o
+ P(A3 045 0 A7) 577 1 21 3 T105 105

L
3
1.26. Apyr eyxdeopol-anoxieopol. o i =1,2,...,6, ¥étouue
A; = {epgovileton 1 Suthy) Laptd (i,4) o€ xdmotor omd Tic n Soxiéc}.
Znrdue Ty mavoTnTa
P(AiNAyN...NAs) =1—P(AJUASU... U Ap).
Me [3dom v apyh €YAAELOUOV-ATOXAELGUOY,

6
P(ASUASU...UAG) =D (-1 > P(AS MAS DL NAS).
k=1 1<t <9< <1 <6

[ xdde k Beixtec 4y < iy < --+ < ig amo 10 {1,2,...,6}, éyouue P(A; NA5,N...NAS) =

(%)” vl and o 36 amoteréopata pog eidng twv dYo lapudv amoyopeovial ot k SIAEg

(41,41), - ., (K, i). Eniong, undpyouv (2) emhoyéc k téTolwy dextwv. Omote
: 6 E\"
PASUASU...UAS) =Y (—1)F! 1——
A0 uap =30 () (1 5)

xou 1 {nrovuevn miavdtnto toolton pe P(A; N Ay N ... Ag) = 22:0(—1)k(2) (1 — %)n

1.27. "Evo anoTéAeoUa TOU CUYXEXPWEVOU TELOGUUTOS TUYNG TEQLYPAPETOL OO Lol DLUTETUYUEVT
15-60a (21, 21, ..., 215) M 2 € {1,2,3,4} vy 7 = 1,2,...,15 énou 10 2, Belyver v emhoyn
Eevodoyelou Tou TouploTa 7. ‘Apol 0 BELYUOTIXOC YWOEOS EYEL N(2)=4" OTOLYElD YO TPOPAVS
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etvon Ao toomidava. Eotw A; To evoeyduevo vo uny emheyel and xavévay to i evodoyelo. Tote
1 {nroduevn mdavotnTo elvor

4
=P(AUA UAZUA) = (=118,

k=1

(opyh eYxhelopoU- omox)\aopo()) omou Sy elvon T0 ddpoloua TV THAVOTATWY OAWY TOV TOPGY
v A; avd k (cuvohxd ( ) npocVetoiot). Eivou

N({(z1, ..., z15) t 2 € {1,2,3,4)\{i},r =1,1,2,...,15}) (4 — 1)
N(Q) 418

vy i = 1,2, 3 4. Opow, P(A;NA)) = (4 —2)1/4" vy xdde 4,7 = 1,2,3,4 ye i # j .
Tehxd, P = Z( 1F=1(3) (455)1° ~ 0.0533
k=1

P(A;) =

1.28. ¢ derypatnd yopo molpvoulue T0 GUVOAO OAWV TWV UTOCUVOAGY TV 52 @OAAWY UE
manduotnTa 13, ‘Oha owtd o untocUvora ebtvon tloomiVava. i = 1,2, 3,4, éotw A; T0 evdeyduevo
OTL TO YEpL TOU Takx Ty Oev Exel UM antd To Ypwua i. Tote

(1)
P(A;) = 2550, ywi=1,2,3,4,

\_/\_/

13
26
13

P(A;NAj) = , et g =1,2,3,4 e i # 7,

A~~~
U= = = Ot
W w wN

—" —

P(ANA;NA) = , Yt 7,k =1,2,3,4 diopopeTind YeTall Toug,

/\
OJ[O

1s)

P(AlﬁAgmAgﬂA4):0

‘Apa amd TNV 0y 1) EYHAEIOULOV-0mOXAEIGUOL 1) {ntouevn miavoTnta etval

3 4 (52 13k:)

k:l (13)

1.29. 'Eotw A; 10 eVOeYOUEVO TO YEPL TOU GUYXEXPWEVOU TAlXTN Vo TEQLEYEL Xal ToL 4 YEWUATOL
Tou eldouc @, pe i = 1,2,...,13 (4,2,..,10, K, Q, J). H Tnroduevn mdavomta Beioxeton ye tnv
oY Y| EYHAELOUOU-ATOXAEIGUOY %ol efvan

13

P=P(U3Z4) = Z(_l)kflsls,k

k=1
6mou Sy ebvar 1o ddpolopo GhwV TV THAVOTATOY TV ToU®V Twv A; avd k (cuvolxd (lkg)
npocVetaiot). Trohoyilouye

5)

~—

P(A;) = -yt = 1,2,..., 13,
1
4
P(A;NA)) =255 yod,j=1,2,..,13 pe i # j,
1
4
1
752\
1

P(A,NA;NA) = vy i, 5,k =1,2,...,13 dwgopetixd petald Touc.

\_/\_/\_/\_/\_/

2
3
4
2
3
0
2
3

(
(
(
()
(
0

P(NierA;) = vy I C{1,2,...,13} pe [I] > 4.



39
‘Apo TEMXE

. ?_Dk_l (19 (722 (32) - (05~ @2 2(;5) )

13

1.30. ApyY| eyxhewopol-anoxhetopol. Ta i =1,...,n, ¥étouue
A; = {n i €ETOTOAY TooVeTElTAL OTOV PAXELO TIOU TNQ avtiotouyet }.

Ioyber P(AfNASN---NAS)=1—-P(AUAU---UA,), xa

P(AyUAU-—-UA)=> (=)' Y P4, Nn4,N...N4,)

1 1<i1 <9< <ip <n

() S

k=1 k=1

Kdmoieg e&nyroeic. Trdpyouv (Z) emhoyég Bextov 1 < iy < ig < -+ < 4 < m, pla yio xdde
vrooUvoho tou {1,2,...,n} pe k otoryelo. o wo étowr emhoyr, n mdovémta P(A;, N A;, N
A, ebva cxxplﬁcog n mﬂocvomw o€ Lo Tuyoda xon'owopn v emotohov {1,2,...,n} vau éxouv
Torcoﬂermf)st OWOTE OL i1, 1, . . ., i (OevV E€poupe Tt €YIve UE TIC BAAEC EMOTONEC, 68\) omcxyopeuatoa
wdmolec amd exebvec vo Tonoﬁemﬂnxav owotd). To mhAdoc twv Buvat®y xoTovouny eivor n!
EVE TV ELVOIXADY elvor (n — k)! yiatl ot 1,19, ..., 9 ToToVETOUVTOL QUTOUATA GTOUG OWOTOUS
poxéhoug xou umdpyet ehevidepio uévo oty TomodéTnon Twy undlomwy n — k.
Tehxd Beloxouue

C C C 1
PASNASN---NAS) = E (—1)’“5.
k=0 ’

H tedevtado toodtnta telvel oto et xadde n — 0o (amd 1o avdmTuypa e € o€ SUVOHOGELRE).

1.31. (o) Otav 1 opon{dLoL etVor DLUXEXPUUIEVOL, ULOL XUTAVOUT] TOUS G TOL XEALY TIEQLY RAPETAL TAYIOWS
and 1o Sdvuopa D = (r1,72,...,7%) 6TOU T; Elvon TO GVOUO TOU XEMOU TOU TEPLEYEL TO ogapidlo
1.

(i) Xe auth TV nepintwon, to Sidvuouo D etvon puar Sidtadn twv n avé k pe enavdindn (yo Ty
T x&e 1; Eyoupe n emhoyéc). ‘Apa 1o TARYOC QUTOY TV BlavVUoUATLY Elvol nk.

(ii) Tdpa, emeldn xde xehl ywedet povo Eva oeupldlo, 6To SLAVUCUN BEV ETITRENETAL VoL €Y OUUE
enovafdec. ‘Etol to D eivan o Sidtadn n twv avd k (yoplc enavéindn. To npdto opoupidio
éxet n emhoyég, to devtepo n — 1, xox). To mAAdoc autdy TV dlavuoudtwy etvan (n)g.

(iii) 'Eotw S 10 6Uvoro GGV TV XATOVOUMY Xl A; T0 GOVORO TWV XATAVOUGY XATd TIC OToleg
70 7 xeAl pével ddeo. Tote

XalL 1) oY1) EYUAELOUOV-UTOXAEIGUOD YLl T CUVARTNON nknﬁmémwg olvet

N(AjUAy--UA,) =) (-1)*" > N(A;, NA,N...NA)

s=1 1<i1 <@g <+ <is<n
n
= E ( ) (n — s)".

‘Apa 0 {ntoluevoc aptdudc eivor ZSZO(—l)S(Z) (n — s)*.
(B) Otav ta ogopidior ebvar Guota, Wior XAUTavVoUr| ToUug aTol XeNd TeEpLypdgeTton TApwe ond To

14 /4 7. 7 7’ Z 7
oudvuoua £ = (s1, S2,...,58y), 010U §; eivar T0 TAYOC TV GQaLELdiy TOU TEPIEYOVToL GTO XEAL
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i. IoodOvapa, meprypdpeton TAfEKS amd Evay GUVOLAOUO PE ETAVIANDT oL TEPLEYEL 5; PORES TO
ototyelo i (Bnhady| néoec opéc eMAEYOUYE TO XEAL 7).

(i) To mipdoc v xatavoudy tolta Ye To TARYOC TwV GUVBLACUMY PE ETaVEANdY TwV N avd
k, onhadh ("+]]z_1).

(i) E8¢ éva xehl umopel vor emheyel plo 1 xopior (popd, dpor pior xorovour] twy oeouptdiwy loodu-
VOEL JE EVary GLVBLIOUS Ywpeic emavdhndn. O cuvduaoudg amoteheiton axpBOg amd To XeALE ToU
gyouv éva ogarpidlo. Emouévng 1o mhdog autyv twv xatavouy eivo (Z)

(iii) Tio vor xotaoxeLdooUpE piat TéTola xatavour|, plyvouue apyixd ot x8de xehl éva opaupidio’.
Auto yiveton pe évay pévo teémo ol ta oonpidia etvan duota. Ko pag uévouv k — n ogaipidia
VoL HOLROG TOUY 0ToL 1o e, AuTé yiveTton e ("H]::Z*l) = (::i) Tp6TOUC (OUVBUNOUOL TWV T avd

k —n ye emavdhndr). Apa to {nroduevo Ao elvo (’;:i)

1.32. (a), (B). Ov néc tne f opilouv éva didvuopa (f(1), £(2),..., f(k)). Auvtd to Bidvuopo
elvon 010 gpwTNuo (o) o Sidtadn pe enavdAndn twv n avd k, eve oto gpwtnuo (B) por Sidtadn
ywplc emavéhndn twv n avéd k. ‘Etot o Lntolpeva mhidn ebvor n® xou (n)), avtioTouyo.

(v) Hopatnpotue étu wa yvnolwg adZouco cuvdETNoN e TESo OPIOUOY Xot TYMY OTWS GTNY
expovnon xadopileton povoohuovta and ty exoéva tne, { f(1), £(2),..., f(k)}, ywoti to wxpdrepo
otowyelo tng emdvag etvan o f(1) To apéonc ueyohidtepo 1o f(2) x.0.x. Xe xdle tétow cuvdpTnon
avtiotoryiloupe Ty exdva Tne, To omolo eivor éva utocvvolo tou {1,2,...,n} pe k otouyela.
Avth n avtiotoiylon etvan 1-1 %o ent. ‘Apa to {nrovuevo mhridog 1oolton e (Z)

(6) T v Eépoue wa ab€ovoa ouvdptnon f = {1,2,...,k} = {1,2,...,n} dev apxel va E€poupe
NV exova e yroth umopet Wi Ty vo todpvetan ToAAES popéc. Eivon mhfpwe xodoptouévr duwme
av E€poupe Tooeg opéc Talpvel xodepla amd Tic TweéS 1,2, ..., n. o mapdderypa av E€pouue 6T
madpvel Ty T 1 800 gopéc, TNy T 2 xopio popd, TV T 3 xopulo popd, xon Ty Ty 4 TeElc
gopéc, tote f(1) = f(2) =1, f(3) = f(4) = f(5) =4, eved> ow enbuevec Twéc f(6), f(7) xhm Yo
elvan UeYahOTERES 1) [oeg Tou 5. Emouévng pa ad&ouoa cuVEETNoT OTWE THO TEVE AVTIOTOLYEL OF
évary oUVBLAOWS Ye emavdhndm TV n oToyeiwy Tou cuvohou {1,2, ..., n} avd k. To néoec popéc
TEPLEYEL O GUVOLAOUOS TOV apLlUd i dnhwvel TooeC Qopeg Exel 1 f we Twwn to . H avtioTolyion

7. 7’ 4 /7 14 7 7 k*l
ebvon 1-1 xon el xan dpar T0 TARUVOC TWV CUVIPTAGEWY TOU HoG ATAo)y0A0UY Efval (”*k )

(e) ‘Onwe oto mponyoluevo epdtNUe, ot xdde adEouca GUVEETNOY AVTIOTOLYOUUE EVOY GUYXE-
%pWEvo cuvduaoud Ue emavdhndn. To va elvon 1 cuvdptnon enl onuaiver 6TL xde cTolyelo amod
0 {1,2,...,n} nepéyeton otov ouvduooud. ‘Apa 10 TARDOC QUTWY TV CUVIETACENY LooUTo
UE TO TARUOC TWV XATAVOUGDY k OUOLWY CQUEIY OE 1 XENLY ATEQLOPLOTNG YWENTXOTNTAS (OO TE
x&e xehi v teptéyer Touldytotov éva ogonpidio. Me Bdon to epwtnuoe (B)(iil) tne mpornyoluevng

doxnong, To TAHYOG AUTMY TWV XUTAVOUWY LGOUTUL UE (k:n .

(€) Mio ouvdptnon eni avtiototyel oe plo xatavour k Stoxexptuévev opaptdiny oe n xehd o-
TEPLOPLOTNG Y WENTIXOTNTAS WO TE xdUe xeAl va TeplEyel ToudytoTov éva ogaipidlo. Me [don
0 gpodtnua (o) (iil) e mpomnyoluevne doxnong, to TAAYOC AUTOV TV XOTOVOUMY LooUTol UE

201 (7)) (n = 9).

1.33. T TV xaTaoxewy| wag TETotag n-ddag, dlahéyouue Tpwta Ti¢ 1y Yol tou Yo torodetn-
Yolv Ta ay, Enerta Ti¢ 7o Véoeig mou Yo TonodeTnioly Ta ag, xAm. T va Sraké€oupe Tig Véoels yia
To @y €YOUUE (Z) emoyéc. ‘Eneita, yia vo StohéEoupe Tic VECEIS Yiol To ag €)Y OUUE (";2”) ETAOYEC
agol 11 VEoeg Eyouv xataanglel amd tor ar. ‘Opota xou yior Tor utoloima ototyeta. Me Bdon tny

10AUT6 10 TP Bev Boudeler TNy mEpinTLON TV Bloxexpévev apoptdioy. T
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TOMOATAAGLAG TIXY| oY1, TO TARUOC TWV N-G0WY UE TIC CUYXEXPWUEVES TEOOLYPapES lvor

(n)(n—r1>(n—r1—rg> (n—Tl—T’Q—"'—Tn_2> (n—Tl—T’Q—"'—Tn_1>
r1 T2 T3 T'n—1 T'n

n! (n—ry)! (n—r; —1my)! n—ry—rg— -+ —1p_q)!
Crdm—r) il —r =)l (n—r =1 =) (= =1y — o —1,)!
n!
7"1!7"2!"'7’n!

O deltepog 6p0OC GTOV TUPOVOUAGTH TOU TEAEUTAIOU XAAOUATOS OT OEUTERY YEOUUY LoOUTOL UE
0! =1.
1.34. (o) (n)p/nk.

(B) H {nroduevn mioavotnto toodton Ue

AR L k
n’“ _nk klkg kn )

To mAloc TwV EUVOIXDY TEQITTOOE®Y, Tou eugauviletor 6ToV apLiUNTh TOoU TEMOTOU XAACUATOC,
umopet va To utohoyioel xavelc €€ apyic 1| e Yeron TNG TEONYOVUEVNS doxNoNg, YLl Tor dTopa, Ue
N ETAOYY| 0pOPWY, SNULOVEYOUY ia BlaTeToryUéVn k-dda tou ot éor @ €xel Tov 6poo emAOYHG
TOU 7 ATOUOU.

1.35. (o) (i) 'Eotww Zy, 10 0vvolo tov (euyopwudtoy twy ototyeiny tou {1,2,...,2n} xou Mo,
T0 6UVOAO TwV UeTadéocwy Tou (Blov cuvohou. BOewpolue TNy amewxovion T : My, — Zay, UE

T((le'l, To, ... ,513'2”)) = {{Il, %2}, {£C3, .1'4}, ceey {l’gn,l, Izn}}

Anhadr éyovtac Bdhel Toug opduoie 1,2, ..., 2n oe po oelpd, Ty (21, T2, - . - , Z2n), LEUYUPOVOUNE
xdde apriud o mepltTy| Vo ue Tov apriud mou Peloxeton oty auéows enouevn Véorn. Me Alyn
oxén Bréner xavelc otL n amewdvion ebvor n!2" tpoc 1. ‘Apa [ Mo, | = n! 2™ | Zy,,|, Snhod

(2m) _
e = (@n—1)(2n—3)--3-1.
(B) Eotw Za, t0 clvolo mou oplotnxe oo mponyoluevo epwtnuoe. (i) H {ntoduevn miavotnra
etvow 1/|Zs,]. (i) H {nrodpevn mdovétnta etvon

‘Z2n| =

n! 2"

7 = Ty

Zon - (3))
Auto yotl yor Ty xataoxeur) evog euvoixol (euyap®uatog apiduolue Tar UEYGAO XOUUdTIAL UE
toug apipole 1,2,...,n, 1o Bo xou to uxpd. ‘Enerta yio xdde petddeon (s1,S2,...,8,) TV

{1,2,...,n} Ceuyapmdvouye 10 i peydho Euhdn Ue To s; uxpd. Tpoxtind, Béloupe to peydho Eu-
Awor o ot awdodpeTtn oetpd xou amévovtt Toug BAloude o oelpd Ta pixpd Euhdnaa (o uetddeon).
Kdrde peydho Culdn to (euyopvoupe e To pxeod mou Beloxeton anévavti Tou.

1.36. O<¢toupe n = 10. Eotw My, Za,, T 61e¢ xan oty nponyoLuevr doxnor. To otouyelo
2i — 1 xou 2i avomopotoly to Ceuydpt i (i € {1,2,...,n}). O deryuatindc ymeog eivor 10 Za,.
‘Eotw A; 10 evdeyduevo 6Tt oL culuyol tou Tavtpepévou (euyaplol ¢ (EUYUPMVOVTOL ¢ GU-
umaixtee. Zntdue v mdavotnTa
n
P=PANAN.NA) =Y (1),
k=0
6mou Spo = 1 xou Sy, ebvon 0 dpotopa Twv TUVOTATWY OAWY TwY ToPdY TV A; avd k (cuvolxd
(1) mpocdetaior).
[ TV xataoxeur) yiog euvoixnc yetdideong (uetddeon mou 1 exdva g péow tng 1T elvou
euvoixd (euydpopa) Yo o evdeyouevo A; NA;, N---NA;, (wac ond tic (}) Topée tov A; avd k)
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apxel va BtohéZoupe Véoec Yo ta Leuydiptat iy, do, ..., i P (n), = n(n—1)--- (n—k+1) tpdmoUC.
Med éyoupe va Bdhouue yia xde Ceuydpl menta Tov cUCuyo 1) T o0luyo e 2 tponoug. Téhog, va
TonoVeTAoOUNE Toug uTdAottoug 2n — 2k avipntoug oTIC UTOAOLTES VEGELS UE (2n—2k)! tpémouc.
"Etot, éyoupe axpBog (n)(2n — 2k)!12% euvoixéc petadéoeic. Autéc, uéow tne T, divouv axpBoq
o euvoixd Leuyopouata, To onola enouévac éyouv TARdoc (n)x(2n — 2k)!12%/(n12™) agold n T
ebvon n!2" mpog 1. Apa,

(n)x28(2n — 2K)!/(n12%)  (n)i2%(2n — 2k)!

Emouévoc,

&, (1 ()28 (20 — 2K)!
Py ()

Arnaviroeig §2

2.1. 'Eotw A 7o evdeyduevo o 1o Ldpt va pépet 6 xon B 10 evdeyduevo to 20 {dpt va gépel 6.
Zmtépe v mdavétnto P(AN B|AU B). 'Eyoue

_P(AnB) P(ANB) B 1/36 1
P(ANBIAUB) = P(AUB)  P(A)+ P(B)—P(ANB) 1/6+1/6—1/36 11’

2.2. O Serypatide yopoc etvan Q = {(i,7,k) = 1,7,k € {A,0}} 6mou 10 A avuctoyer oo
dorota xou T0 O 070 Oyt dPLOTOL XAl OL GUVTETAYUEVES 4, J, k avTioTolyolv otoug Aviwvr, Bdow,
[évvn avtioTorya. O mdavotnteg Twv detypatixwy onueiwy etvot:

P{AAAY) = 32, P{AA0}) = S - (1 - 1)

3 5
rgooon = (1-3) - (1-3) (1-3)

To evdeyduevo I' o Avtdvne v uny ypdipet dptota etvar 1o {OAA, OAO, OOA, OOO} eves o ev-
deyduevo A duo podntée va ypddouv dpota etvan to {AAO, AOA, OAA}. Enopévag 1 Intoduevn

/ 7
mdoavotnTa etvor

P(TNA) P({OAA}) _
PIIA) = =pA) = P{AAOT) & PUAOA}) + P{OAAT) —

2 1
E 2

2.3. 'Eotw A, B 1o evdeyOUEVOL VoL EVAL GOOTOC O TATEQUS XL O OAOXAUNOC avTioTOLY L. ZNTAUE
™mv

PAN[(ANB°)U(A°N B)])
P((ANB¢)U (A°N B))
P(AnN B°) B 0.9-0.2 ~0.18
P(ANBe)+P(ANB) 09-024+0.1-08 0.26

P(A|(ANB°)U(A°NB)) =

~ (0.692
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2.4. O derypatxde yodpoc evar o = {KKK, KKT, K'K, KIT, TKK, T KI',TTK,I'TT} xou

oho o onpeio ebvan woontdove pe mdavotnTa 1/8. H (nroduevn miavotnta bvor

P(8uo touhdytotov xe@oléc)

P(8U0 TOLNEYLOTOY XEPOAES | Lol TOUNYLOTOY XEQOAY|) = P (i 0uhdpio 0w %)
T oTOV

 P{KKK,KKT,KTK,TKK})
a P(O\{I'TT}) -

4
7

[CIESI[IIS

[Tohhot xdvouv tov Adog cuALOYIOUO

P(duo touhdyotov K oe tpeig piheic | 1 toudytotov K oe 3 pieic)

3
= P(1 touhdyotov K oe 2 plec) = 1

2.5. O derypoatinde Y»eog TEPLEYEL O ToL BUVUTH (?;) uToGUVOAa 13 QUANGY amd TNV TEATOUAN
xou x&e derypotind onuelo (utoalvoro) elvan eioouv mdavd. ‘Eotw A 1o evdeyduevo 1o yépl va
TEPLEYEL axEBOC Evay doco, B to evdeyduevo To yépl va TEpLEYEL TOUAdyLIGTOV évay doco xou C
TO EVOEYOUEVO TO YEQL VAL TIEPLEYEL TOV doco-omai.
H mpotn deopcupévn mbavétnta elvou
bt ) PAOE) P (/G odsss
P(B) P(B) 1-()(5)/(3) — 0.6962

0/ \13 13

~ (.6304,

7 7 7.
EVL 1) SSUTEPT] glval

P(A|C) = P(ANC) _ (? (g)/(ig) 01097

Py )6/ 02
H mo axpBric minpogogio (6Tt to yépt nepiéyet Tov doco-omodi) pewdver tn deopeupévn mdavdTnTo
VoL TEQLEYEL HOVO EVaY dGTO.

= 0.4388

2.6. 'Eoww A; := {To véuopoa Beloxeton otnv @ doxh} v i € {1,2,...,n}.
(o) Ioyter A, C AfNA5N---NAS_,. 'Etol o ntolomhactactinds tomog divel
P(A,) = P(ATNASN---NAT_ NA,)
= P(A7) P(A3| A7) P(A3| AT NVAS) - - P(AT L [AT O - - N AT ) P(A|AT N - N AT)
n—1 n—-2 n—(r—1) 1 1

n n—-1 n—(r-2) n—(r—1 n
(B) Topa Lntdpe v mbavotnra P(Af N ASN--- N A N AS), n onola toodton ue
P(AT) P(A3|AT) P(As|AT N AS) - - P(A7 AT O - N AZ ) P(AT[AT O - - NAT)

n—1 n—-2 n—(r—1) n—r n—r

n n—-1 n—(r—2) n—(r—1) n

2.7. To npw1o dropo and ta 2k unopel vo ebvan gortntrg A porthtelo. 'Eotw hoindy to evoey dueva

A = {To nptrto droyo eivan gortntrc xou oxohoudel cuveyfc evahhoyn GOAoL},
B : = {To npdto dtopo eivar gotthteto xou oxohoudel cuveyhc evodhayh GUAOL},
A; : = {To i dropo eivau gortntrc}t,

B; : = {To i dropo eivor goithtpta}.
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Tote
P(A)=PAiNByNA3N -+ N Ag,—1 N Bog)
= P(A1)P(Bs| A1) P(A3|A; N By) ++ - P(Boy| Ay N Ba -+ - N Agp_1)

T s r—1 s—(k—=1)  (")(s)h
S rds r+s—1 r+s5—2 rd+s—2k—1) (r+s)u

Tnv B tpn €yer xou n P(B), ondte n {nroduevn movotnto ebvan P(A U B) = 2P(A) =
2(r)i(s)k/ (1 + $)k-

Ov moavotnteg P(A), P(B) unohoyilovton xou Ue TOV 0ptold Tng xhooxhc mdavdTnrag ot
xoropétenon. ILy., y tnv P(A), 1o tAflog twv evieyduevmy npdtwy 2k eyypapdy eivan (1 +
s)ak. To midog twv euvoixmy etvar (1)5(S), xou €Tl TpoxbnTel o tinog yio Ty P(A).

2.8. 'Eotw E; to evdeyoduevo 1 eidn ¢ va etvan emituyla.
()
k
P(ENE;N---NE,NE;,N---NEfy) :P(El)HP(Ei‘ElﬂEQﬂ-~-ﬂEi_1)
i=2
100
x P(Ej |ExNExn---nEy) [[ PESIE\NEN---NE N Eg, N---NE )

i=k+2
1 2 3 k 1 2 100 — &k kN100 — k)! 1
=—-X=-X-X-X X X cee X = —.
27374 k417 k+2 " k+3 101 1000 101

(B) H idio 6mewc o710 ().
(v) 1/101 vy xdde k € {0,1,...,100}.

2.9. 'Eotw B 10 evoeyouevo oty mentn e€aynyT vo Byrixe dompo opaipidio xou A to evdeyouevo
o 6e0tepn e€orywyn va Byel dompo ogoupidio. Egapuélovue to Yedpnua ohxhc mdavotntog yio
™ Swéplon { B, B} tou yopou mdavdtnroc.

5 4 7 3 4

P(4) = P(ANB)+ P(ANBY) = P(B)P(A| B) + P(B*)P(A| BY) = 2 x 5+ 75 % 5 = o=,

2.10. Oeprnuo ohixric miavoTnToC. Z?Zl %% = %
2.11. Eotw C; (yw i = 1,2,...,6) 10 evdeyduevo va éplel TOUAyIoTOV ot Qopd 1 €VOell
i otig pleic Tou Lapol. 'Eotw eniong Ay 10 evOeOUEVO 0 Aoy VoS TOU ETLAEYOUUE VoL EYEL TNV

evdeltn k. Tote P(C5NCs) =Y 1 _, P(Ar)P(Cs N Cs|Ay) xon yia xdde k > 2 éyoupe
P(C3 N C5[A) = 1= P(C5U C5|Ay) = 1 — {P(C5]Ay) + P(C5|Ax) — P(C5 N C5lAg) }

() ()

[k = 1 BéBoua P(C5NC5|Ag) = 0 oot o Lpt plyveton pdvo uua gopd, oAhd xat 0 TeoTYoUUEVOS
TOTOg Bivel TNV (Bl amdvTnon, 0, yio k = 1, dpa meptéyet Oheg Tic tepintoelc. Etot, adpoilovtog
TIC YEWUETPXES Tpobddoug, Peloxouue

1 5\" 2\"
P(CsNC5) = — —-8410(=] —2(= .
@nc =i {r-sen(g) —2(5) )
2.12. 'Eoww 1o evdeydpeva L = {mpoxintet Mdoc 610 déowo}, A; = {o B xddetu i-oToc},
i = 1,2,3. Ané ta dedopéva, umdpyel duvatdTnTa va meoxdler Addog déoio povo 6tav o B



45

xdrdeton mpwToc. Apa
3
P(L) =Y P(A)P(L|A;) = P(A1)P(L|Ay) =

i=1

Wl
DN | —
[«

2.13. Oeoprnuo ohxic miavotntoc. Ielpouo oe tola Briwatoa. Acouedouue w¢ TEog TO T €YLve
ot 600 mpwTa Bridate. [ad = 1,2, 3 Yewpolue to evdeydueva

A; » = {To ogupido tne i eoywync eivar donpo},
M; : = {To cgoupido e i eaywyhc elvar popo}.
Eqapuolouue to Yempnuo ohxric mdavotnTog Yo Tr Slouépton
{A;1 N Ay, Ay 0 My, My N Ay, My 0 M}
TOU YWEOL THaVOTNTAC.
P(A3) = P(A1NAs)P(As| A1 N Ay) + P(A; N Ms)P(As | Ay N M)
+ P(M; N Ag)P(As | My N Ag) + P(My N M) P(As | My N M)
:EEE+E(n—k)(l{+1) N (n—Fk)(k+1)(k+1) N (n—k)(n—k—1)(k+2)

nnn n n n n n n n n n

2.14. 'Eotww Aj, Ay, A 1o evdeyopeva 1 Boitoa va yddnxe oty Adfva, otny Kov/tohn, o
ot Mryxamoen aviictowya. Téte

P(Anohewr tne Bohitoag) = P(A1 U A, U Ag) =1 — P(AT N A5 N AS)
=1— P(A])P(AS|A])P(A§|AT N AS) =1—10,95-0,97-0,98
= 0,09693
‘Encita
P(Anoiewr tne Bakitoog oty Kwv/mokn|Andieta Bakitoog)
P(A,)  P(AS)P(A3]A5)  0,95-0,03

_ _ _ — = 0,294
P(Asl AU AU Ag) P(A;UA,UAs)  P(AiUA,UA;)  0,09693 0,2940

2.15. 'Eotww A; 10 evdeyduevo 1 oudda va anoxielctnxe otov yopo 7, 1 = 1,2,3,4 xou A 10
EVOEYOUEVO VoL uny elvar 1 Teher) vixrtplo. BéBawo A = A1 U Ay U Ag U Ay, Zévn évwor. Zntdue
v P(A;|A) xou Siveton 6t P(AS|ATN---NAS ) =P, ywei=1,2,3,4. Eyoupe

P(A;)  P(ATNAS---NAS NA)

P(A;lA) = =
A =5 PLA)
B P(ASMASN--- N AS N A;) _ PPy---P(1-P)
1 — P(AS)P(AS|AS)P(A5|AS N Ag) P(AS|AS N Ag N AS) 1— PPPP,
2.16. TUroc Bayes.
15%
2 104 ~
1o, 1o 008
2 104 2 104

H mioavomnto auth efvan wixpr) xou autd dev dog xdvel eviimoon.
2.17. TUroc Bayes.

0.001 x 0.95 B 95
0.001 x 0.95 4 0.999 x 0.01 95 4 999
2.18. Ocwpolpe Ta eVOEYOUEVLL Uiot d{BuUT x0Nom
o) VoL opopd povowixd diduua (M),
B) vo apopd etepoluymtixd didupa (M),

~ 0.086
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Y) va aopd TandLd (Brou phhou-orybpta (A),
8) va aopd mandLd (Brou poou-xopitota (K),
€) va apopd moudLd StopopeTixol @iou (A).
Ta dedopéva Tou TeofAfuatog lvor

1 o 2
P(M) = 3, P(M*) = 5,
P(AIM) =, P(K|M) =
ey L o 1 o1
P(AIMY) = 3, P(KIM) = 3, P(AIM®) =

To Levydpl Inuder v P(MA). Egopuéloupe tov timo tou Bayes.

P(ANM) _ P(M)P(AM) _ 53
P(A)  P(M)P(A|M)+ P(M¢)P(A|Me) L+.142.

P(M|A) =

=
SN[
I

2.19. TUroc Bayes. Oewpolye ta evOeyOUEVAL
A = {o gihog pog, pdc Selyver dompn mhevpd )
By : = {o ¢ihog pac emhéyet 1o oMo AA},
By : = {0 gihog poc emhéyel to oMo AM },
B; : = {o ¢ihog pac emhéyet 1o @OMo MM }.

Avalntolue v mdavotnta

P(ByNA) _ P(By)P(A| By)

P(A) P(B1)P(A|By) + P(Bs)P(A| By) + P(B3) P(A| By)

(o) 1o mpdhTo GEVApLO, TO O TAVE XAGOUA LoOUTOL UE

P(B2’A):

X

W=
N [—=
[a—y

1 1,11 9
3 x 14 3 X 5 + 3 x 0 3
(B) Xto devtepo oevdplo, awtd mou odhdlet eivor 1 mdavotnta P(A| By). Topa o gihoc yog
ETUOLOXEL vau Oebyvel dompn TAeupd, otdte auth N ThavotnTa etvar 1. Kot to xAdoyo yiveton
$x1 1

1 1 1 =5
§X1+§X1+§X0 2

2.20. Eotw A 10 evdeyOUeEVO 0 XAEPTNG VoL AVOIEE TO GLETAPL X1 xat B To EVOEYOUEVO Vo THEE

800 ypuod voulopata. (o) E@opuélouvue to Jedpnuo ohxric miavotnroag yior tn dtopépton {A, A}
TOU YWEOL THAVOTNTAG.

1B, 1 (G _1 1

P(B) = P(A)P(B|A) + P(A)P(B|A°) = = x 222 4+ — x 220 = — x —

26 2 () 25

(B) Eg@apuélouye tov tomo tou Bayes. H {ntodpevn mbavotmnta eivon

1

2 o 2/ 1

P(A‘B):P(ADB):P(A)P(B|A): 2706 _ 1w 12
P(B) P(B) P(B

Tnv mdavémta P(B) v urtoloyiooye 610 gpdtnua (o).

2.21. TUmoc Bayes. ©étoupe Cy, := {o 0dnyoc avixel otny xatnyopio Ax} vk =1,2,...,10,
xou B := {0 0dnybec avapépet atdymua}.
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P By= PEBNG) _ _ PBICHPC)  _ s _ *
P(B) YU PB|C)P(Cy) N L 385

2.22. (B) Ta A, B eivar Yetixd ouvoyetiopéva evey ta A, C' elvor apynuxd cuoyetiouéva.

2.23. Me Bdon tov optopd NG deopEVUEVNE TiavoTnTog,
P(ANBMT)

pr(ANB) PANBIT)  —»pmy P(AnBNT)
pr(A|B) = pr(B) — PBIT) Pg??;) = T PBATL) =P(A|BNT).

2.24. Enedn n ouvdptnon pr : A — [0,1] ye pr(A) = P(A|T) eivar yétpo mdavdnrog, toyvet
yioe autrhv To Vewpnuo ohxic mavotntac. Anioady
P(A|T) = pr(A) = pr(B1)pr(A| Bi) + pr(Bz2)pr(A| By)
= P(B1|[T)P(A|TNDB;)+ P(By|T)P(A|T N By)
[o tnv teleutaio loOTNTA, YENOWOTOLOUUE TO ATOTEAECUN TNG TEONYOUUEVNS BOXNoTNC.
2.25. (o) Enedy (ANB)N(AUB) =ANBxu (ANB)NA= AN B, n {nroduevn oyéon
tlooduvouel ue
P(ANB) < P(ANB)
P(AUB) = P(A)
mou woyVet agol P(AN B) > P(A).
(@) Me yerion Tou oplopol g decUELPEVNG TIAVOTNTOC, 1) AVIOOTNTA YEAPETOL LOOBUVOUNL
P(B) - P(BNA)
P(BUA) = P(A)
< P(A)P(B) 2 P(ANB){P(A) + P(B) — P(AN B)}
< P(A)P(B) — P(A)P(ANB)— P(B)P(ANB)+ P(ANB)P(ANB) >0
< (P(A) = P(ANB))(P(B) — P(ANB)) = 0.

H teheutaio oyéon woylel mpogavex.

& P(A)P(B) > P(AN B)P(AU B)

2.26. Aciyvouye pévo to (o). Ta (B), (v) énoviou and autd.
P(ANB®) =P(A)— P(AnB)=P(A)— P(A)P(B) = P(A)(1 — P(B)) = P(A)P(B°).

H npwtn wotnta woyder ywtt T oOvora AN B, AN B¢ eivan Eéva ue évwon to A. X1 dedtepn,
yenowonoolue TNy aveloptnoio twv A, B.

2.27. 'Eyouue
1 1 1 k k+1
P(A)_l_Qﬁzl_%7P(B):ﬁ_}'ﬁ:?,P(AmB):?.
Téte
, k 1 k41
A, B avegdptnta < P(ANB) = P(A)P(B) & 7% = (1 _ W) < o )
1 1
l———=1l-—=&2"'=k+1& k=3
T T E o1 tle

‘Apa o0 A, B etvan ave&dptnta povo yio k = 3.

2.28. 'Eotw m n miavotna n Mopla vo xepdloet T untépa tne o €va mouy oL xou p 1 miovotnta
VoL XEEOloEL TOV TPoTOVNTH TG o€ €var mowy VoL Etvar m > p. Opilouye tor evdeydueva

Ay 91 H Moapio xepdiCel tar mouyvidiar 1 xon 2.

Ay 30 H Moapio xepdilel tar mouyvidia 2 xon 3.

Zntdpe Ty mdavotnto Tou Ag o U Ag 3 %dtw and Tic 6o Swodéowueg emhoyéc. [o tnv emioyy
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Mntépa-Ilpomovntrc -Mntépa yenowonowlue 1o cbyoro P eve yw tnv emioyr Ilponovntig
-Mntépa-IlponovnTAg yernowonotolue 1o oluBolo P. ‘Eyoupue

P(ALQ U A273) = P(ALQ) + P(Ag’g) — P(Al’g N A2?3> = 2mp — mpm

p(ALQ U A273) = p(ALQ) + p(A273) — p(Al,Z N A273) = 2mp — pmp.

Enedr) mpm > pmp, éncton OTL 1) 0e0Tepn emAoyY| Exel YeyarvTepn mavotnTta xou dpo 1 Mopia
TEETEL VoL ETAEEEL QUTNV.

2.29. Aev eivor aveddpTnTa.

Iwe to oxegtopacte: Ag Jewpriooude to axpolo oevdpio mou xou tor 800 vouioyato Ny, Ny
etvan x(BOnAa we pr = 999/1000, p2 = 1/1000 xou xdvoupe to melpopo ToU ovapépel 1 doxnon.
Emhéyouue otnv toyn €va and tor 600 voplopata xon €YOoUUE oTa yépta Eva VOULoUA Tou onolou
v miavotnta emtuyiag 8ev E€poupe. To piyvouue pio popd xar €otw oTL épyeTton K dnhadn
oupPotvet o Ay Tu xatahofoivoupe amd autd;  Ipogavie dtu xpatdue 1o vouopo Ny (8ev
elyaocTe olyoupol oAAd €youpe TepdoTio Bardud ﬁsﬁwo’mwg). Auté emneedlel v mdoavoTnTol
mpaypatonoinong tou As. Ilovtdpouue ye oryovpld dtL xou ot 6ebtepn popd Va épdel K. Eved av
0ev BAETaUE TO TEMOTO AmOTEAEOU, Oev Vol TOVIGPUUE e UEYAAN otyouptd oTt Ya oupfel To As.
Anhadn P(Az|A1) > P(Ay). To anotéleoya tne mewtne pldng pag €dwoe xdmola mhnpogopio yia
Vv (dyvootn) mdavotnta emiTuyiog TOU VOUIOUOTOC TOU XPUTAUE Xt Gpor ULar EXTIUNOY Yiol TO
anoTéAeoua Tng BelTeEENC PlnC.

Téte 1 onuadver To 6TL Tparypatomololue 600 aveldptnTeg pleic; Lnpalvel 6TL Tor amoteréouata
v 800 pidewv elvon avedptnta dedowévou ot éyoupe emhélel to vouopa Ny (f 1o Na).
Anhod

P(A; N As | éyoupe emné€er to Ny) = P(A; | éyoupe emhéiet 1o Np)P(A;y | éyoupe emhéel to Ny)
= P1p1-
H o amédeiln tne un aveloptnoioc: Emotpépouus oto cevdplo tng doxnomng xou Yewpolue
TaL EVOEY OUEVYL
By : = {emhéyw 1o véuoua Ny},
By : = {emhéyow o vououa No}t.

Toéte
1/1\* 1/3\° 13
P(A;NAy) =P(B)P(AiNAy | B)) + P(B)P(A NAy|By) == (=) +=(5) ==,
2\ 2 2\ 4 32
pideis
1 1 1 3 5
P(A1) = P(By) P(Ay| Bi) + P(Bo) P(A1| Bo) = 5 x 5+ 5 x 5 = .

‘Opota, P(Az) =5/8. Kou 6mewe mepruévoye,
P(A1NAy) # P(A))P(Asg).

Mdéio o

P(As | Ay) 26

S U 2,

P(A) 25

onhadr) P(Ay | Ar) > P(A,).
2.30. 'Eotw A 10 evdeyOUeVO €va GTOUO VoL TEOYEL Ao TNV AGVEVEL o Xt B T0 EVOEYOUEVO VL
mdoyel amo TNy ac¥éveia 3. Alveton oTu

P(A\B) = 0.6,/100,
P(B\A) = 0.5/100,
P(AN B) = 0.2/100.
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Beloxoupe 61t P(A) = P(A\B) + P(AN B) = 0.8/100, xo éyota, P(B) = 0.7/100. Ta A, B
Oev etvan aveddpTnTaL.
2.31. 'Ecww Ej, 10 evdeydpevo 6Tt n k doxaun elvon emtuylo, xow Ag(= Ef) 10 evdeyduevo 6L 1)
k doxwun| elvon amotuyio.
(B) T x&de n > 1 guoxd, €youue
P(6hec ot Soxpéc divouv anotuyiec) < P(ot mpdtec n doxiuée divouv uévo amotuyiec) = (1—p)™.
H teleutala todtnta npoxdntet ano 1o (o). Opwe (1 —p)* — 0 yuan — oo ened 1 —p € (0, 1).
(Y) Zntdpe v mdavoTnTa

P(AT N AN Ag 1 N Ey) = P(A)P(Ag) -+ P(Ae—1) P(Eg) = (1= p)*'p
Yy mpdTn W0éTNTA Yenowonotioade TNy avelaptnola v Ai, Ay, - -+ Ap_1, B
(6) To va ypetaoTtolv ToUNGYLoTOV Kk Soxtuéc tooduvopel ue o ot TpwTteg k — 1 Boxiéc va etvon

amotuyiec. ‘Etol n mdavétnta mou {ntdue elvou
P(Al N AQ Mn--- Akfl) = P(Al)P(Az) e P(Akfl) = (1 — p)kil.

2.32. Eow A; = {xepbdilet to nauyvidi 0 a;} yio i = 1,2,3 xou B = {n mpwyn pihn eivon
XOPOHVOL}.
1

Auto vl 6edouévou OTL 1 TEKOTN pldn NTay yeduuota, To TokyvidL etvor oo va Eavapy (e, ue
¥éom Tou a; vou TV TadpVEL 0 as. ‘Opota p3 = pa/2. Ao 1o (ﬁ) ¢ ‘Aoxnong 2.31, xdnow oTiypr
Yo €piel xopdva (dpa olyoupa xdmotog Yo xepdioet), ondTe py + pa + ps = 1. Bploxoupe €tal 1o
p1.

To p; unoloyileton xan dueca we e€nc. O a; xepEdiler uoévo av QEpeL oTNV opYT XOPWOVA 1 av
(pépeL YpduUaTa, Ol ETOMEVOL VO YpduUaTa (OOTE Vo €pyeTol AL 1) OELPd TOU), ot Vo XEPOICEL
070 VEo mouyvidL mou Va Lexwvrioel ToTE. Aniady,

1 1 1 111 1 1
— P(A) = P(A; N B) + P(A; N BY) = = + ~P(A, | BY) = = + ~~=p1 = = + ~py.
p1 (A1) (A1N B) + P(A; N BY) 513 (A1| B) 5t 55501 =5 T gh

2.33. (o) Xpnotpornowolue v ‘Aoxnon 2.31(a). o pua Sedopévn epdtnomn amo tic n VéToude
= : = {o drywvilopevog Eépel Ty gpdnon},
2 = {o Suryowloduevog anavtdel omoTE TNV EpdTNON}.
P(£) = P(S|2)P(E) + P(S|Z°)P(E") = 1 x %+]1 x % - % (1 + 1) —a.
Ané v ‘Aoxnon 2.31(a) mpoxnTeL 6T

P (0 Swryowilouevog anavtdel 6motd o€ k pwToEL) = (Z) a®(1 —a)" ",

(B) 'Eotww
A = {o drywwiloyevoc andvinoe owotd ot k epwthoelc},
B : = {o dwryowloyevoc Eépel s epmTHOEIC].
‘Eyoupue
_P(AnB) P(A|B)P(B)
P(B|A) = P PA) ) (2)

O napovouao g eivar Yvwotog ond to (o). Emnlong, oo v Aoxnon 2.31(«a),
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=) Q) -0

yrortl €youde n Boxiuéc evog melpduaTog Ye miovotnTa emtuylac 1/2, eved

raim=(2) () (-5)

Auto, vl Eépovtac 6Tt Yvwpllel s EpOTACELS, UEVOUV 1L — S oo TIC OTOLEC ETAEYOUUE TIC ETULTAEOVY
k — s mou amavtdel owotd oty TOyN. Agol emhé€ouue Tic kK — 5 TOU amaVTUEL OWOTA GTNY
TOYN, ToAhamAacLECoupE PE TNV TAVOTNTA GE QUTEC VO AMAVTAGEL CWOTY XUl OTIC UTOAOLTES
n—s—(k—s)=mn—k voanavticet Addoc.

Avtixohotdviag ot (2), Beloxouue

P(B|4) - (i) (%)k (1—%)M (1) (3)" _ (k)( j )( 1 )’“

RICHNCI A
k ¥ 2]

2.34. O derypatindg yopog £ elvor T0 GUVOAO TV PETAIEGEWY TWV GTOLYEWY TOU GUVOAOU
{1,2,...,n}. Tl av xataypddoupe toug aprdyolc twv o@oupdiewy Pe TN oelpd Ye Ty onola
Byatvouv and TNy xdhmn, nafpvouue pio petdideon twv {1,2,...,n}. o Aéyoug ouypetpiog, dAo
ot n! duvatol Tpdmol e€aywyrc elvar toomidovor.

(o) Ot euvoixée eZoywyée éyouv TAHdoc (;‘) (7 — Dl(n — j). Tl gudyvouye pio petddeon we
edfc. Emhéyouue mpddto mota j otoryeio Yo xatahdfBouv Tic mtpayteg j Véoeig ((’;) TROTOL YLoL AUTO).
‘Enetta, vt j 9éon ndel to peyahitepo and autd (uio emhoyrn), Bédlovye ta undhotna j — 1 o€
oed ((§ — 1)! tpémot o autd), xou dpota Badlovyue oe oelpd T n — j oToLyEld oL €xouv Uelvel
Yoo vo xatoddBouy Tic Véoec j 4+ 1,5 +2,...,n ( (n — 7)! tpomol v autd). Apa n {ntoduevn
mdavotnTa etvor

(?)(J — Di(n —j)! - j!(:ij)!<j — Di(n —j)!

1
n! n! J
(B) Heémel va dei€ouye 6Tt P(A; N A;) = 1/(ig) ywoxdde 1 < 4,5 < npei#j.

Arnaviroeigc §3

X<y =0 mpogaves av y < 0, eve vy > 0,
P(eX <y)=P(X <logy) = Fx(logy).

0 avy <1,
FY<y) = {1 _ 6—(10gy)2 av Yy 2 1.

3.2. (o) Ipénet

1:2;‘(3:):(;(200 2—|’f|+i2-’f) :c<i2—j+i2—k> =c3

TEZ k=-1 k=0

Apa ¢ =1/3.
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(B) Eotw X n tuyoio petointh tou avtiototyel oty f.

2]
Fz)=P(X <z)=) f(y) Zf(k):...:{

y<zx k=—o00

- av x <0,
L ava>0.

3.3. Xto () éyoupe (X*) = E(X7) = oo, dev opileton 1 péon mun. 310 (B) éxouue
E(XT) <00, B(X7) =00, dpo EX = E(X™") — E(X ) = —o0.
3.4. (0) P(X=r)=P(X <r)—P(X <r—1). Ilpogavirg X > k ndvtote xu yla k <r <n
éyouue P(X <r) = (7)g/(n).
(B) Xenowonowwvtag to (o), EYouue

n n n—1
EX=> rP(X=r)=) r{P(X<r)-P(X <r-1)}

r==k r=k

T

[ to Tereutaio dpotoua LTdEYEL ATAOVG TERT) EXPEUCT). XENOWOTOLOVTUS T OYEC (r—l— Dgr1—
(1)k+1 = (r)k(k + 1) mov woyel yia xdde 7,k > 1 (xou elvon un tetpipévn yioo r > ) Todpvoupe

(T)k _ (’r + 1)k+1 - (’r)k—i-l.

k+1
‘Apa e TnheoxomxdTnTa 10 ddpotopa Byaiver (n — k)/(k + 1) xou n uéon tpn
EX — (n+ 1)k
kE+1
3.5. (o) f()) :=P(X =1t)=(2/3)"1(1/3) avt e NT ={1,2,...} xu f(t) =0 av ¢ ¢N.
(B) P(X €2Nt —1) =>"" P(X =2k +1)=..=3/5.

(Y) To mawyvidr eivon dixono av xou pévo av to Y€co xépdog xde maixtn eivon 0. Ko opxel vo
oy Ve autd Yo Tov A agol T x€pdn twv A, B adpollouv oo 0. H mdavotnta va xepdloet o A
vt py = 3/5 ondte 10 péco tou xépdog elvar pafl — (1 — pa)a = (38 — 2a) /5, t0 omolo eivor
undév axpBie otav a = 33/2.

o (B) Byaiver eniong 6mwe 1 "Aoxnon 2.32 ano v [apdypogpo 2 autol Tou Guikadiou, Snhadn
ue yeron Seopeupévne miovotnroc. o tn {nroduevn mbdavétnta p detyvouye 6t p = 1/3 +

(2/3) - (2/3)p.
3.6. 'Eotw Z n mpcdTn doxiun xato Ty omola epgavileton 1 évoedn K. Tote

EX=Y 2"P(X=2")=) 2"P(Z=n)=) 2'27" =c0.
k=1 k=1 k=1
To mopddolo elvon OTL eV 1 u€on Tyt ebvon ATELEN XKoL EMOPEVKS OTOLIONTOTE TETEPACUEVT] THUN
elva PEYEAT EXTTwon), xovelg Bev mpotidetar var 8Koel Yeydho mood yua vo modlet. 50 Eupw
Yewpelton axeiBr TWn Yo To mowy vioL.
To mapddoo datuneydnxe to 1713 and tov Nicolas Bernoulli. Awfdote hentouépeiec 610
dovpo tne Wikipedia yio to 9épo. http://en.wikipedia.org/wiki/St._ Petersburg- paradox

3.7. H X eivou Sranxprtr) tuyadar uetoBAnTd, xou i X Sraxprtr) Tuyodar uetoBAnTe ur opvntiny. Apa
N wéomn Ty tne X undpyet (nenepacpévn 1) dmetpn) xou Siveton omd Tov TONO

a o C a 1

z€R

H televtada oepd eivon oucaotind 1 > e k%72 n omolo ouyxiiver cxxptfxbg yiooa —2 < —1,
81}%0{87’} a < 1. TIa TY]V UG TNEY omoBsLEn, XPNOWLOTOLOUUE TO XPLTARLO GUYXELONG Yol TIC 8uo

oewpée Yooy ke /(k(k +1)), 3000, k72
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3.8. H ouvdptnon mdavétntae, fz, e Z eivan fz(z) = 0 vy xdde z € R\NT eve) y k € N*T
elvan

f2b) = P(Z =0 = p [T - )

‘Oc0 agopd tn péon | E(Z), delyvouue ot fz(k) ~ ¢/k*T xadoc k — 0o, k € N (yio xdmowa
Vet otadepd ¢) xou to {nroluevo éneton.

3.9. Kdle Ceuydpr emlel ye mboavéTnta

(Zn — 2)
\SEPA R AY

2n 2n 2n —1

m
‘Eotw I; ) tuyala petoBAnts mou malpvel Ty Ty 1 av 1o {euydpt @ emPiwoe xou v tiur 0 av
Oxt. To midog twv emlodvioy CLevyopdy eivar T = ) 1;. Xenotlonoi)dvtog T Yeauuxo Tt
i=1

NG UEOT) TUUNG EYOUUE

E(T) = E<ill> = iE(Ii) =nE()=nP(,=1)=n (1 _ ﬁ) [__m .

i=1 i=1 2n 2n —1

1=

HpooéZte 6t ov I;,i = 1,2,...,n, dev etvon aveldptntec. Etol dev unopolue va molue ot n T’
oxohoLel T SLwVUULXT xaTavour] (ETOUEVY TRy EUPOS AoXNTEWY).

3.10. 'Eotw IF pror 0-1 tuyodor petoBhnt mou Selyver av 10 i xdxxwvo ogaupidio elvon oTnv xdhmn
K petd 1o k-oct0 6tdd0. Tote IZQ =1, 1 <1 < n agol oha ta xdxxva opanpidlar efvan opyxd
oty xéhnn K. Enfone, yia k > 1, éyoupe 6t IF = 1 av xow pévo av 7o i opoupidio éyel emheyel
yiow ahAay ) xIATNG dpTio apriud popayv ota otddta 1,2,....k. ‘Ouwe oe xdle otddio 1 mdavotnra
emhoyhc tou ¢ ebvar p = 1/n agol ol xdineg €youv n oupldla. Emopévee, n miovétnto to
opoupidlo va éyet emAeYel m Qopéc elvon ¢, 1= (Z)pm(l — )™ Eotw Sy = Y. ey Sy =

m dpTiog
> . Tote
m TepLtToC
Yk
S, + S, = (1 — ) = 1—pF=1
+ mzo(m>p( p) (p+1-pr=1,
b k
Se—S==) (-1)" T1—p) = (—p+ (1 —p))F=(1-2p)"
S ()= = e () = (-2

onéte P(IF=1)= 38, = {1+ (1 —2p)*}/2.
To mdog v xbavev cpupiny otny xdirn K petd to k-0ot6 otédo eivon Ty = > IF.
i=1

Enopévec
E(T,) = E(i[f) - zn: E(IY) = =nE(I) = nP(IF = 1) = n{1 + (1 — 2p)*}/2

ue p=1/n.

Anaviroeig §4

4.1. H xorovour eivan diwvupixr| pe mopapétpouc n = 80,p = 1/10 xou dpo ye péon s np = 8.
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4.2. 'Eyouyue 90 aveldptnrec doxuéc evoc melpduatog mou €yel miavotnta emtuyiog

p = P(n évdeln tou B Zenepvdet authiy tou A xata 800 LOVEBES TOUAAYIGTOV)
4 +3+2+1 5
36 BET)
O Unroluevog aptiude plhewv axoloudel 0 Biwvuuixy xotavour ye mopauéteoug n = 90 xou
p=5/18.

4.3. 'Eotw p n miavoTtnta 0 6xXomeUTrC Vo TETUYEL T0 6T0Y0 o€ [la Oedouévr Bor|. Alvetar 6Tt

(140)194(1 —p)° = 3(130)p3(1 -

ar’ 6mou Peloxouye Yetd ano amionotfoelg 6t p = 12/19.

() PIX>2)=1-P(X=0)—-PX=1)=1-(1-p)°—5p(1—p)*

(B) P(X =0)+ P(X =5) = (1—p)”+p".

()

PR2<X<4) PX=2)+P(
P(X>2) P(

O napovopoaothc éxel utohoylotel 610 (o). O apriunthc tobta pe

<2>p2(1 -+ (2)p3(1 — )+ <i>p4(1 _p)

4.4. 'Eotw S 10 mhjdoc twv emPBatcyv mou dev eugaviCovtar. Me Bdon ta dedopéva, 1 S ebvou
Tuyada YeToBANTA Ye xatavopr| Stwvuuixr| ye mopapétpouc n = 203,p = 0.05 (S = Z?ﬁi 1ae,
adpotopo aveZdoTNTwy 10éVopmY Tuyainy PeToAntey ye xotovour Bernoulli(p)). Zntdue tnv

mdavotnTa

P(X <4|X >2)=

P(S<3)=P(S=0)+P(S=1)+P(S=2)

n
=1 —p)"+np(l—p)" '+ (2)p2(1 —p)"? ~ 0.00205803

4.5. H X rnolpver tipéc oto A :={2,3,...} = N\{0,1}. Ta k € R\A, fx(k) = P(X =k) =0
eved v k € A éyoupe
P(X =k) = (k- 1)p*(1 - p)" >

H wootnra ednyeiton ¢ e€rc. Koitdue tic mpwteg k pldeic xan H€houue va etvan emituyla n teheutaio
xon oxopo pio and g 1,2, ...,k — 1. To mdavd oevdplo eivon tar Ay, Ay, ..., Ag—q, 6mou A, elvou
TO EVOEYOUEVO VoL £YOUNE ETTUYIEC 0TI BoXéS 1 xou k xan amotuyleg oTig undlowmee. Autd
o oevdpla ebvon Eéva avar dVo xan xdde A, éyer mdavétnta p?(1 — p)F? vt o doxipéc etvou
aveZdptnree xou xdie emtuyla Eyer mbavdTnTo p eved xde anotuyla éyer mdavétnra 1 —p (ot
VE0EIC TWV EMTUYLOY Xt amoTuyLdy bvar xaoptouévee).

‘Ercita,

S k) =Y k- 11— p 2““279:” Pl

k=2 k=2

Xpnowonotoope Tov €XC UTOAOYLOUO

j=1 j=0
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mou oylel yi x € (—1,1). Xty npdtn woétnto enexteivape v dbpoton xou 6to j = 0 (mpoodé-
Tovtag to 0) GoTe va €youde Ty tapdynyo tou 1/(1 — ) xou 6yt tou /(1 — z) (to mpwto eivan
mo Bohxd).

4.6. H X mofpver twéc oto N\{0,1} xou P(X = k) = (k — 1)p*(1 — p)* 2 yioa x&0e k €
N\{0, 1} (8ec nponyoluevn doxnon). ‘Encita éotw py = 7/10, n mdavdtnra vo emAéEoupe xOxxvo
ooupido oe pia eCoywyr. Emedr] ot eaywyéc eivon ue enavdideor, ta amoteAdéopotd Toug ebvor
aveZdptnta xou to6voua, €tol 1 Y| X = k €yel tn Siwvupixr xatavopr| pe mopopéteous k xat po.
Aol éyouue melpapa oe 500 Bripata, @apuolouue To Vempnuo ohxrc TiovoTnTag BECUENOVTOG
(¢ TEOG TO UMOTEAECUA TOU TEMOTOU BHUaTog.

=Y PX=kPY =1X=k=> (k- — )" 2kpo(1 — po)*!
k=2 k=2
=p’po(1—po) Y k(k— —p)(1—po)
k=2
2 ~2p%po(1 — po)

2
= 1 - = .
L (S | E A PR e

Xpnotuonotiooye Tov €A UTOAOYIGUO

Zk — 1)z Zk — 1)z (g#)llz(liaj)nz(lfz)g,

mou woylet yo x € (—1,1).

4.7. (o) And ) Jewpior €youpe 6Tt 1 X axohoulel 0 YEWUETEIXY XOTOVOUT| UE TUPGUETEO
p = 1/6. H ouvdptnon mdavétnrac ebvor fx(z) = (1 — p)* 'ploen+, n péon tne wh ebvon 1/p,
xou 1) Sroomopd (1 — p)/p?.

[Mo o o %dtw epwthuata, cuuBoiilouue ye A; To YEYOVOC Vol EUPAVICTEL 1) €VOEIET @ TOUAG-
YLOTOV Lol PORGL TIOWY EUPAVIOTEL Yior TEWTY Popd 1) €voelln 5, v i = 1,2,3,4,6.

(B)

. P(ASN{X =k
P(AS|IX = k) = ( ;(X{: m )
P(Xuc Soxpéc 1,2, ...,k — 1 dev epgoviletan 3 1 5 xou oty k eugavileton 5)

(5/6)*1(1/6)

_(4/6)1(1/6) _ (g)
(G/6F1(1/6)  \5)
(v) P(As) = 1 — P(AS) ot

[e.9]

O AT T O

k=1 k=

SE

—_
—_

‘Apa P(A3) =1/2.
(8)
P(A3N Ag) =1 = P(A3U AG) = 1 — {P(A3) + P(A5) — P(A5 N AG)}

00 00 3 k—1 1

:p(AgmAg)=ZP(A§NAEW{X=1?}):Z(6) 6:%'

k=1
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Xenowonoooye to 6t P(A§) = P(A§) = 1/2 (ouppetplio xou to mponyoluevo epdtnua). ‘Enetta,
0 evdeyduevo A N AN {K = k} onuaiver 61t otic k pleic, ot tpdteg b — 1 Sev @épvouy Tic
evdelZeic 3, 6, 5 eved n k efvor 5. Autd éyer mdavora (3/6)%1(1/6).

4.8. T v mpo T péon Ty, utoloyilouyue

t¥) = gt’“ (Z)p’“ﬂ —p)" = ;0 (Z) () (1 —p)" " = (pt +q)"

Mo tn Beltepn péon T, évag tpomog eivar o e€fc. ©étouue 6 = p/(1 — p). Tote

(X+1) Zk+1(> (1=p)" U_wai@:i

k=0
(1 o p>n+1 /9 n n N (1 - p)n-l—l /9
_ _ = -7 1 "d
. i ; L dz . i (14 2)"dz
(1 _p)n+1 (1 + 9)n+1 -1 B 1— (1 _p)n+1
B P n+1  (n+1)p

4.9. Av n nopdpetpoc tnc Poisson eivor A, t6te ano to dedopéva et + Ae ™ = 12e7*\?/2. Ko
enetdf A > 0, mpoxUmtet 61t A = 1/2. Enerta P(X > 1) =1—-P(X =0) =1 — e /2,

4.10. 'Ectww A =120,p =1/4. T k € N €youye

3=0 j=k
=Xk - >\_ J! Nk _ 7A/\ki k - Nk 1_ p)i—*
j:
B! L (Ap)*
=Mkt ko A(1—p) A
=e "\ k'p e’V P =¢ p—k!

[t Ty mpwTn LodTnTar TNE TEASLTULAS YRUUTS XEVaUE TNV avTxatdotacn n = j—k oTo ddpotoua
XL YENOWOTONCOUE T BUVAHOoERd TG €. Yuuncpaivouue 6Tl 1 Y oxohouvdel tnv xatovoun
Poisson pe mapdpetpo Ap = 30.

4.11. Ioyter X ~ Bin(100,p). H Poisson nouv tnv npooeyyilet eivar 1 Y ~ Poisson(\) ue
A =100p = 0.1. 'Ercita

P(X<1)= P(X =1)=(1-p)" +100p(1 — p)* ~ 0.995362,
P(X ( )p T~ 1467 x 1077,
1
P(X = 10) < 00) (1—p)* ~ 1581 x 1072,

Ov avtioTowyeg mpooeyyioeg etvon
PY<1)=PY =0 +PY =1)=e " +¢7%0.1 = 0.995321,
P(Y =3) =¢e%40.1)/3! ~ 1508 x 107,
P(Y =10) = e %1(0.1)'°/10! ~ 2493 x 107,
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4.12. (o) Enedn) n h nodpver etinée tée, n uéon wuh E(Xh(X)) opileton xou éyouue

E(Xh(X)) =) kh(k) w% => h(k)e? (ki i > h(r+1) A

rl

[e.e] r

A
=AY h(r+1) e*AF = AE(h(X +1)).
r=0 ’
(B) Eotw ar = P(X = k) yiu xdde k € N. T k € N, egopudlovtac v (1) ya tn ouvdptnon
h pe h(k) =1 xou h(xz) = 0 y x&de = € R\{k}, naipvouue

kP(X = k) = AP(X =k —1).

An\adh ar, = a1 A/k ywo xdde k € Nt. "Apa aj, = ao% v xdde k€ Noxow 1 Y p jap = 1 Sive
ap = e . Anhodt
AN

P(X = k/') =e y
v xdde k € N.
4.13. Emewdn xdde gopd n cOvdeon tng xdhnng ebvan B, og xdlde eloywyr), n mdavétnta to
opoupidto va etvan podpo ebvor p = 20/(60 + 20) = 1/4. Ovoudloupe X tov oprdud twv Soxtudv
WS TNV TEMTY EUPAvVIoT Lodpou cgorpdiov. H X elvon yewuetpun pe mapdueteo p = 1/4.
(@) P(X =7) = (1-p)°p.
(B) P(X > 10) = P(o npidtec 9 doxwpée ebvon amotuylec) = (1 — p)”?.
() B(X = 1) = (1/p) —1 = 3.

4.14. 'Eotw X = aptduog doxyuov og Ty eu@dvion evog and o 3, 4 xan Xy = aprduog tov
ETUTAEOY DOXYOY WG TNV eU@dvion Tou dAlou and ta 3, 4. Tote

Xi ~ Dewpetpxh(1/3),
Xy ~ Tewpetphi(1/6).

Auté vl n X yetpdet Soxéc we Ty TenTn emtuyia, Ye emtuyio va onpolvel eugdvion tou 3
1 tou 4. H mdavétnra pac tétolog emtuylag etvon 2/6=1/3. 'Encita, av Ty elpaviCeton TE®TO
10 4, 1 Xy PETEAEL DOXWES (G TNY TEWTT EMLTUY LY, UE ETLTUY LN TOPA VoL OTUALVEL TNV EUPEVIOT) TOU
3. H mdavétnro autic e emtuylog eivan 1/6.

Eneor) X = X + X, n ypopuxotnta tng péong tiung olvel

EX)=EX)+E(Xy)=(1/3)""+(1/6)"'=3+6=09.

4.15. N =Yy +Y, +Y5+ Y3 6nou Y, o oprdude tov nuep®v yior vo ETIoXeQUEL oxoua Lot
TEWTELOUCA TIOL Bev ExEl emoxepel dTav Exel NON emoxepel i SLaPopeTIXES TEWTEDOUCEC.
Hpogava, Yy = Y; = 1.Eniong
Y5 ~ T'ewypeteni(2/3),
Y5 ~ Tewpeteni(1/3).
13

3
OJT(/)TEE(N):1+1+§+3:?.

4.16. Eotw X o oprdudc TwV anotTOUUEVODY BOXIUOY (OOTOU VoL DOUHUE XL To 1. OLPORETIXG
XOUTOVI, Xt Yt = 1,2,...,n, é0Tw X; 0 oprdudc TV SoXOY Tou amaiTteltol and TN oTIyn
ToU €youue Ol i — 1 BlapopETNd xOUTOVIAL UEYPL TN O TLYUT ToL Yo SOUUE EVOL VEO DLUPORETIXG OTO
o mponyolpeve. H X etvan yewpetpu| Tuyador uetoBAnts ye mopdueteo p; = (n— (i —1))/n, xo
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emopévoc Ye péon wuf 1/p; = n/(n —i+1). Enedl X = Xq + -+ + X,,, n ypopuxdtnto tne
ueong Tirg obvet

ZE Zn—LH—l_nZ ~ nlogn

Yo peydho n. Ilepioodtepa yio Ty tedeutala tpocéyyion deg otny Ilpdtaon 21.21, Aneipoctindg
Aovyouoe, Touoc 11, Neypendvine-Twtonourog-Tavvoxodioe.

4.17. («) 10—1=9. (B) 10/3—-1=7/3. (y) 8-10—1. Apvntuer) dwvouwer. (8) 4-2. Apynuxn
OLVUULXT).

(e) Ebw éyoupe to mpofAnua Tou GUAAEXTN xoUToViOY ywelc var {ntdue va olue Ghot T Sla-
(POPETIXA XOLUTOVLAL, amAWS Teio ouyxexpéva. Me To (Blo oxentnd Bploxoupe OtL 1 uéomn TN

elvou 0 10 .
— + —+10=18 + —-.
3 + 2 * + 3

Arnaviroeic §5

5.1. 'Botw X 1 tuyola petaAntd mou Bivel ToV 6yX0 TV TOACEWY oUTH TN CUYXEXQWEVT
eBdopdda xou a 1 ywenTxdTNTa TNg delauueviic. Oéhouue

P(X >a) =102

Hpocpocvd)g a € (0,1), odhude t0 aplotepd uéhog tne obtntoc Vo toodton pe 0 7 1 (apod n X
nodpver tpéc oo (0,1)). ‘Etot,

1072 /f x—5/(1—x)d —(1-2)°t=01-a).

Apoa=1— 102/5,

5.2. Xe auth TV doxnor Yo YeNOYOTOLACOUUE TO YEYOVOS OTL TO YEVIXEUUEVO OAOXAARGUA
[° a2 d etvon memepacpévo av xou uovo av a < —1 (A doxnon. Trdpyet 670 QUALGDIO TG
N-TéENg mou €yel Véua ToL YEVIXEUUEVAL o)\ox)\r]po’gpozw).

(o) TIpogavee mpénet var woyler ¢ > 0. O delloupe 6TL ol emtpentée Twée ebvon > 1. Autd
yiott meénet 1 fx va €yer ohoxhfpwua 1. Troroyilouue

/fo(t) dt = c/loo £ dt.

Me Bdon tnv napatrhienon otny apy’ Tne Abong, autd To oAoxhhpwuo eivol TETEPUOUEVO oV %ol
uovo —r < —1. Anhadnq r > 1. Ko t61€ emiéyovtoc xatdhiinho tnv T tne otadepdc ¢
%xTopU®VOLUE TO OhoxAfpwua Vo toouton Ye 1. ‘Otav r < 1, T0 ohoxAfjpwua LloovToL UE 00 Yid
omoldNmoTe emAoYT| TN oToepdc ¢ > 0. ‘Apa xdde Tun r < 1 elvon un emteenty.

(B) T 7 > 1, umohoyiloupe

oo t—r-{-l o 1
c/ t7"dt=c————~| =c¢|[0-— - _¢ )
1 (—r—l—l)1 —r+1 r—1

(v) EX = [Fa(r — Da"de = (r — 1) [ 2" dz. Me Bdon v nopatfenon otny opyn tne
AOoNG, €YOUKE OTL TO TEAEUTALO OAOXATIPWUA EfVOL TETEPAUGUEVO oV o uovo oy 1 —1 < —1. Anhad
av r > 2.

(8) 'Eyovue E(X*) = (1 —r) [T 2*"dz. Opow émws oo (y), auté 10 ohoxhfpwua efvo
TEMEQUOUEVO AV XoU HOVO oy @ — 1 < —1, dnhadf av a < r — 1.

Apoc=1r—1.
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5.3. Ouelonoec (a+b)/2 =5, (b — a)?/12 = 3 divouv a = 2,b = 8. H {nroduevn mdavdtnia
elvou

P(X =5 >2) = P(X € (2,3)) + P(X € (7,8)) = %(1 +1) = %

5.4. 'Eyoupe nelpopa oe 600 Brjwota. Q¢ ouvAdug, deoueloude K¢ TEog To TL EYLVE 6T0 TEWTO 1)
uo. ‘Eotw N 1 tuyaio petoafBAnty| mou xatoypdget To anotéheoua e pldne tou Laplov. Tlpogavie
Fx(t) =0yt <0xou Fx(t) =1yt >6, evd yo t € [0,6] éyouue

6

P(th):ZP<X9|N=@'>P<N=¢>:%§6;M:1([tmf; l).

7 6 7
i=1 i=1 t<i<6

H tpltn éxgpoon éxgpacn yio T cuvdptnon xatavouric Tng X Oelyvel 6Tt auty| elvon cuveyric. H
teheutada Sefyver 6t n Fx ebvon Sagopiown oto R\{0,1,...,6}. Apo o muxvotta v tny X
elvou 1

Felt) = {%Zii%% av t € (0,6),

0 OLUPOPETIXG.
Ererta, E(X) = [ptfx(t)dt = ... = 7/4. O vnohoyloude autdg eivor mo GUEGOS Ue Yo TS
deopeupévne péone Tie, Ty omola Yo xahdoupe opydtepa ato pdinua (Seg, m.y., Aoxnon 9.7).
5.5. H wyala yetofinth Z := (X — p)/o oxohowdei v xatavoury N(0,1). Ano to dedouéva,
1.85 — 1.85 — 1.85 —
02="P (Z > —’”‘) —1-0 <—“) — O (—“> = 0.8 = (0.85).
o o o

Kou emedr| n @ ebvan 1-1, malpvouue
1.85 —p
o

= 0.85 (3)

‘Opola, Beloxouye 6T

1.70 -
o <M) —01=1-09=1-d(129) = &(—1.29).

o

O tedevtaiog UTONOYIOUOS UTOYOPEVETAL OO T YpapY| Topdo taoT Tne muxvotntac tne N (0, 1).
"Apa
L70 —p

———=-129 (4)

Bpioxoupe ané tic (3), (4) 6w p~ 1.79,0 ~ 0.07

5.6. Ou yeNnoyonotiooule o 6Tt 1) Tuyaio UeToBANTH Z := (X —p) /o = (X —330)/10 axohouiel
TNV TUTIXY XAVOVIXT| XOTOVOUT] YLOL VoL EXPEACOUNE OAEC TiC {NTolueveg THavOTNTEC CUVIPTHOEL
¢ ouvdptnong xotavourc, @, tne N (0, 1).

(0) P(X >340) = P(Z > 1) =1—®(1) ~ 0.158
(B) P(X < 310) = P(Z < —2) = ®(—2) ~ 0.023
(y) P(310 < X < 340) = P(—2 < Z < 1) = ®(1) — ®(—2) ~ 0.818

(6) O aprduéc N twv xovtwy ano to 10 tou €youv Bdpoc uxpdtepo and 340gr axohoudel T
Steovup xatavoun ue mopapétpouc n = 10 xou p := P(X < 340) = ®(1) ~ 0.84. "Apa

P(N<8) =1-P(N>8)=1-P(N=9)—P(N=10)=1-10p" (1 —p) —p".

(e) E(N) = np ~ 8.41 61ou 10 p éyel UTOAOYIOTEL GTO TEONYOUUEVO EQWTNHOL.
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5.7. (a) Enedd n xatavoun eivar ouveyihe, éxoupe P(X = a) = 0 xou P(X > a) = P(X > a).
"Apa

0 a ebvau didpecoc < P(X < a) = P(X > a)

&2P(X <a)=P(X >a)+P(X <a) < 2F(a) =1.

Enedr) n F elvar ouveyhc (avtiototyel o€ cuveyh xotovour|, Sev €yel GAUATA) Xa
F(—00)=0<1/2<1=F(00),
an6 to Vewpnua evdidueone Tuhc, undpyet a € R pe F(a) = 1/2. "Apo touldyiotov évag diduecog

uTdpyEL.

(B) Ano ta emyephuata 610 (o) mpoximtel 61t 0 a € R elvon évac Biduecog ov xou pévo ov
F(a) = 1/2. Stny neplntowon tne xazavouhc N(u, 02), n F elvor yvnoiog aouoa (Exet tuxvotnta
et oe 6ho 10 R), ondte undpyel Lévo évag diduecoc. Ou deifouye dTL tooltan Ye ) uéon T
. "Eyouue

X — 1

F(,u):P(Xg,u):P( “go):—.

o 2

H tehevtaion wootnta woyel yiotl ) (X — p)/o éyer xatavopr; N(0,1)
EYEL TUXVOTNTA GOTLOL CUVEETNOT).

xou ytor TRV EEPOuE OTL

5.8. TrnoloyiCouue

Px <= [ s = [ - s)as

/fu+ +/ f(x)de = P(X > ).

To cuunEpaoua ETETOL ATd TOV OPLOUO TOU DLUUETOL.

‘Encwta, n f1(z) == f(pu+x) eivou 1 nuxvémw e X —peven fo(x) = f(p—x) ebvar 1 Tcuxvémw
e p— X. E(pooov fi=fa, € Xoups ot ot X — i, it — X €youv TNV (BLor XUTAVOUY| XAl ETOUEVEG
xou Ty (Bt péom tn (undpyet and Ty unddeon). Apa E(X) — p = p— E(X), nou Siver 1o
{ntoduevo.

Evahhaxtind, uvtoloyilouue

500 = [ af@dn= [ @t = [ @ o) da
— [ -2 = - B(X),

xou dpor E(X) = p.

5.9. Eotw a < b npoypatixol dote f = f' =0 oto (—o0,a] U [b,00). Téte

B0 == [ Fwer i = e -k [ ety

b
= \/%/ flx)ze ™ de = B(X f(X)).
Yy mopayoviix ohoxhipwor, yenoyonotooue to 6t f(a) = f(b) = 0.
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5.10. Tmohoyilouue
E|\Z|P = / |96\p—1 e 2 dy = \/g/mxp6“2/2d:cx —
R V2 T Jo VT
op/2 1
_ T p(REr) (5)
NZ3 2

Ewdwéc neplntwoeic:

Il
Il
)
<
[\
3
=
o
O\,.
8
Q/\
3
=
~
o
Cb\
<
N
<

(o) p = 2k ye k un opvnixd axépao. Xenowornotolue ) oyéon ['(z + 1) = 2I'(z), mou wylel
v xdde x> 0, xou v I'(1/2) = /7.

2k 1 2k 1 3 1 1
E(Z*) = =T ) == (k—-= — =) =T (=
7= (keg) = () (2)ar ()
=02k—-1)(2k—-3)---3-1.

Autéy tov apriud tov éyoupe cuvavtioet ato PUARESIo 1, Aoxnon 25 (o). Eivor to mhdoc twyv
OLPOEETXAY (EUYUPWUATWY 2K BLOPORETINWY AVTIXEWEVOV.
(B) p=2k+1, pye k un apvnuixd axépao. Xenowonotolpe ndht tn oyéon ['(x + 1) = 2 T'(z) xo
0 61t ['(1) = 1.

. ok+3 k+3%
E(|Z =—I(k+1) = k!
(2P = == Tk +1) = ==

Topa, av X ~ N(p,0?), éyouvpe 6t Z := (X — p)/o ~ N(0,1), onéte

2
E\X —pul=0E|Z| = 0\/i.
T

Xenowonooope ty (5) yoo p = 1.

5.11. To péyoto a mou wavornoel Ty P(X > a) > 0.95, dnhadh tnv e~ > (.95, eivar T0
a= —log%. Ané 1o 0edopéva, ot elvan o 2. Enopévec

~log0.95

0= ~ 0.02564.

O péooc bpoc tne xan 1 domopd tne X etvan avtiotorya 1/60 ~ 39, 1/6?% =~ 1520.

5.12. Av o a eivou évag diduecoc, T6Te

log 2
A

"Apa uTdipyEL UOVO €Vag BIIUECOS, TO OTOlO YTUY AVAUEVOUEVO YTl 1) cLVAETNOT XaTtavourc £ tng
extetixhc ebvon yvnolwe adZouca ato [0,00) ue F(0) =0, F(oo) = 1.

PIX>a)=P(X<a)= e =1—¢?=q=

5.13. I k = 0 woylel tpogavng. Av oylet yio évay k > 0 guowo, tote
E(XM) = / e Ne ™ do = / oF T (=Y do = (k + 1)/ zFe N dr
0 0 0

E+1 [ . kE+1 (k+1)!
= i " Ne dx:T s

TNV TopAYovVTIXY| OMNOXAHIPWOT] YENOWOTOWCUUE TO OTL lim, o phtle=A = ( enedn A > 0.

E(XF) =

5.14. Trohoyiloupe 1 ouvdptnon xatavourc e Y. Ta t € R €youue
Fy(t):=P(Y <t)=P(X*<t),
1o omolo givon 0 yra t < 0. T t > 0,

P(X? <t) = P(|X| < V1) = P(—Vt < X <Vt) = Fx(Vt) — Fx(—V1).
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Enedr) n nuxvotnta tng X elvon acuveyric wovo ota —1,1, €yovue otL 1 Fy xou dagoployn oTo
R\{0,1} pe Fy-(t) =0y t < 0 evdd yiet > 0,t # 1 éyoupe

1 1
Fy(t =< Vi) + —\/¥>—=— V).
10 = (P + 1x(-VD) 57 = (V)
H teleutado nocénra woodton pe 0 o t € (0,1), xou pe t%2/2 yio t > 1. 'Emeton 6L o
nuxvéTnTo Yo Ty Y ebven ) fy (8) = (1/2)t73/21,5,.

5.15. ‘Opoto énwe oty mponyoluevn doxnon, Fy (t) =0yt < 0 xou Fy (t) =1yt > 1, evod
v t € [0, 1] éyoupe

Frt)=PY <t)=PY <t X<1)+PY <t,X>1)=PX <t)+P(1/X <)
=Fx(t)+1— Fx(1/t).

Yn deltepn oot Yenoyonotiooue to Yedpnuo ohxhc miovotntoc. ot € (0,1) n tedeutaia
oyéon yw v Fy dlvel ye mopay@yion

FL(t) = fx(t) +t2fx(1/t) = et + 172711,

‘Apa ptar TuxvOTNTA Yior Ty Y elvan 1)

ettt 2e MVt avte(0,1),
0 av t € R\(0,1).

5.16. Tmohoyilouue
2 2
E(Y)=E(X)+2E(1/X):/ xdx—i—Q/ ' dz = 3/2 + 2log 2.
1 1

1

yvnolog adfouca 61o [v2, 1] ue exdva téht o [2v/2, 3] Nay e [\/_ n e€lowon h( ) =1y éyel
800 pilec mou avixouv oo [1,2], uc z1(y) = (¥ — /y? — 8)/2,22(y) = (y + \/y? — 8)/2. 'Etot,

€Y OUUE OTL

H ouvéptnon h(z) = z + 227! eivar ywnolog gdivousa oo [1,v/2] pe edva 1o [2v/2, 3] %o
1]

1 avy >3,

0 avy< 2V/2

EVE) chx y € [2v2,3) éyovpe Fy(y) = P(W(X) < y) = P(X € [11(y), 22(y)]) = 22(y) — 21 (y) =
Vy? — 8. H Fy elvar cuveync pe mopdywmyo

y
Fy(y) = ﬁl(wﬁ,&%) (v)

TIOL UTYEYEL GTO R\{2v/2, 3}, xau 1 mapdywyog ebvar cuvey g o€ auTd To cUvoho. Katd to yvemotd,
wtar TuXvOTNTA Yioe TV Y elvan 1
t

fY(t) = ﬂl(zﬂ@) (t)

5.17. Enedh P(X > 0) =1, éyouue 6t 0 Y ebvan pe mdavotnta 1 évag un apynuixdc oxépotoc.
lNo k €N,

k1
P([X]=k)=Pk<X<k+1)= )\/ e N dy = e M — g7 MEFD — o7 AR (] o)
k

=(1-p)p,

uep=1-—e?
Ynueiwon: Edxola Brénouye 6Tt 1 Y + 1 axohouvlel 1 YEOUETEXT XaTavoUY| UE TUPAUETEO P.
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5.19. (B) It € R,

U e 1
F(t)=P <e|=P < = .
r(®) (1—U_e) <U—1+et) 1+et
[Muxvéra fy (6) = Fy (1) = e (1 +e7) 72 v xdde t € R.

5.20. 'Eotww Y = X2 H ouvdptnon xatavourhc g Y wolto pe 0 6o (—00,0) vl P(Y <
0) = P(0) = 0. Opota, Fy(0) = P(Y <0) = P(X =0) = 0 yorti n X éyet ouveyr| xatavoun.
INo x>0,

Fy(z) = P(X? <) = P(—V/r < X < V1) = ®(V1) — ®(—/2).
Av f etvou 1 muxvotnro e N(0, 1), tapoyeyiloude Ty teheutola LoOTNTO X0t TolpVOUE
1 1 1
= — x + —A\/x ) —_ x) = —I_I/QG_I/Q.
5 (FVD + F(v)) = = f (V) =
‘Etot, n Fy eivan ouveyric (010 R) xou napoyoyiown oto R\{0} ye nopdywyo nmou elvon cuveyhic
o auT6 To chvoro. Apa 1 Y €yel muxvoTnT
L - (1/2)2 1 -
_ /2 —x/2 _ 1 —z/2
)= —ux 'e l,o0=——"—1x2 "¢ 1,50,
fY< ) \/% >0 F(1/2) >0
1 onofa etvor 1 muxvotna tne I'(1/2,1/2). Xenowonowfooye to 61 I'(1/2) = /.

Fy (x)

5.21. ‘Opota 6nwe oty ‘Aoxnon 5.14, Fy(t) = 0y t <0, evéd yior t > 0 €youpe
Fy(t) = P(XV¢ <t) = P(X <t = Fx(t°).
[ot > 0 n tehevtado oyeon yio TNy Fy Olvel ue moporywylom
Fy(t) = fx(t°) et
Kotd tor yvootd, €meton 0Tt ior TuxvotnTa Yo Ty Y ebvan 1)

fy (t) = ch_etctc_l ]-t>0~

5.22. 'Eotww fx n nuxvotnuo tne X. Eoxola Beioxoupe 1t n nuxvétnro tne Y ebvan fy (y) =
Lfx (). Xenowonowdviog Tov tomo yio Ty fx (Snhodn fx(z) = %ma_le_)‘mlpo), Peloxoupe
6t muxvotnTo e Y ebvon auth e I'(a, /7).
5.23. Tt € R €youpe

Fx(t):=P(X <t)=P(F YU)<t)=PU< F(t)) = F(t).
Yy tehevtado oot yenowonotiooue to Ot 1) U axoloulel tny opolouopen xotavour| 61o
(0,1) xou 61t 0 F(t) eivan évog apripdc oto (0,1). Ltnv tpltn wodtnta yenotuonothooue to 6Tt 1
F etvau yvnoine av&ovoa pe abvoro Ty to (0, 1), ondte yiot € R xaw U € (0,1) €youpe

FHU)<t<=UZ<F(t).

Anavtioeic §6
6.1. awz,y € {1,2,--- ,50} ye y —x > 5,

6x5x(y—x—1),
f(z,y) (50% :
Awgopetind, f(x,y) = 0. Oewpouue 611 xataypdpouue to opapidlor U T oelpd Ye v omola
eldyovton, €youpe OMAadY| ddtaln. Xtov apriunt, o 6 clvar To TAHloC TV ETAOYGY Yio TN
Véomn otnv omola eugavileton n €voeln ¥, o 5 elvon to TARYog TwV eMAOYOY Yio TN Véon oTNY
omolo epgaviletar 1) évoeln x. Mévouy 4 Véoeic otic onoleg Vo Bdhouye par dudtaln 4 opapldicyv
ue apriuolg yvnoluwg avdueca ota , y.
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6.2. (o) c=2.
(B) fx(z) =32 1oc0), fr(x) = 2yLyeo,)-
(v) 'Eotw
Ar={(z,y) € (0,1)* : 2 < 1/3},
B:={(z,y) € (0,1)* : y > 2z}
Téte

1 13
P(X < 1/3):/Af(:c,y)da:dy:/0 /0 62%y drdy = (1/3)* = 1/27,

1 py/2 1 y4
P(Y>2X):// f(x,y)dxdy:/ / 6x2ydxdy:/ Zdyzl/QO.
B o Jo 0

[ Tov mpocdloptoud TV oplwy g oloxArewong, Pondder ToAD vo xdvouue oyfuo. T Ty
TeoO TN TavdTNTH uTopEl xavels va yenowonotioel Ty Tepriopeta Tng X, ohAd TEOTWEUE TNV o
Tvey yevixr| uédodo.

ool

6.3. (o) H muxvétnra npénet va éyer ohoxhfipwua 1. ‘Etol

1 T y2
1—/ fxyxyd:cdy—// 2+ dydx—c/ Py+=-L| de
R2 0 2 2 y=0

2z 7
= 2 dr = — =c-.
c/o(x—ir:z:):z: c{3+2L:0 g

Apa ¢ =6/7.
(B) Koatd ta yvwotd, n X EXEL ot fx(z) = [; fxy(@,y)dy vy xdde z € R mou eivon
capne 0y z € R\(0, 1) eved ywo z € (0, 1) Loouroa e

2 2
o[ 31+ Bt 4] -5
=0

(v) H Intoduevn mdavotnta etvo
P(X >Y) :/ fxy(z,y)dedy —/ / 2+ xy) dydzx
{(@y)eR2>y) 2

1
B 61, T vy B 51_15
—/07{353/—1-2 } / dr = T

(8) "Eyoupe
plx<tyst 2 P2z 2]” g
<3 ¥>3) BRseepaw Blovesg] e
P(Y>§’X<§>: 1 2 6(222 1) = 1 :
P(X<—) Syt 2 g [32° +52%]2
_JP @ e —ga® — ) de 3(5)°+5(5)° - 5(3)° — 5(3)°
nts wts
(e) Eyouue
1 1 4 371
6 6 | 2x T 1
E(X) = _9 9.3 2 _ bz 27 1
(X) /Ofo(x)dx 7/0(w + 2%)dx 7[4 + 3L:0 5

6.4. T'o ¢ = 1, 1o meipapo TOYMG avtioTotyel oty Tuyaia (ouotduopyn) emhoy onueiov and to
obvoho Q = {(z,y) : —1 <z <1, =1 <y<1}. Toevdeybuevo n e&iowon va éyel mparyUatixés
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Aoeig avtioTolyel 6to ohvoho A = {(z,y) € Q: 2? —4y > 0}. To epBoadd Tou Q ebvar £(Q) = 4
eve tov A, E(A) =2+ f (2?/4)dx = 13/6. Tehxd, n {nrodpevn mdoavétnta ebva

13
< 13
A8 8 s
YR 0,5417
Z‘m YeEVIXY mpim(oan mou ot aptipol B,C emiéyoviar and o (—¢,q) douvhebouye uota (éva
oYU ﬁonﬁocet) xou exoupe oL N Cmoupevn mdovotnTo etvor

2q° —I—Qf 2 d oy
E(A) 4q2 _§+ﬂ av 0 < g <4,
EQ@) 2q2+2[2f§§idx+q(q—2¢a)]

\ 0 7 :1—3—\/a av g > 4.

6.5. 'Evo oyfua Bonddet. To obvoho towv (x,y) oto (0,1) x (0,1) yio T omoflar 0 axéponog mou
elvan eyyUTEPR 0T0 TNAIXO Y/ elvan évac amd toug 0, 2, 4,... elva évwon Eévwy yetal Toug
tpryovev. H {ntoduevn miovotnto wwodton ye (5 — ) /4.

6.6. H v xon avoryxodar cuvifnn yio voo amoTtehoLy Tlo TUAMNTA UE Uxn ¢, d, € TI¢ TAEUPES
EVOC TELYWYOU EVOL VAL IXOVOTIOOUVTAL Ol TEELS TEYWVIXES ovicOTNnTeS (ebvon piar omhf doxnom
yewpetplog), Snhady| xodéva va elvar uxpotepo ond To dipotoua TmV UNXGOY Ty 600 GA LY. Ko
EMEDT) 0 TNV TERIMTOOT TOL UEAETANE, TO dbpotopa TwV unx@y eivon 1, BAémouue 6Tl autd Looduvopet
ue to xodéva amd T Tplar TUAUaTa vor €yet pixog oto (0,1/2) (t.y. ne < d+e =1—cooduvoyel
ue ¢ < 1/2).

() 'Eotw X,Y ot anoctdoeic v 800 onuelwv ond to A. And vy unddeon, ot X, Y eivan
aveZdptnTee Ye xotovouy| opotpopyn oto (0,1). Eotw 6u nafpvouv g twée z,y. Av e <y
e c=x,d=y—z,e=1—yxou Yhovpe z < 1/2,y —x < 1/2,y > 1/2 evdd av y < x t61€
mpénet y < 1/2,x —y < 1/2,2 > 1/2. Oétovtog

C:={(z,y) € (0,12 <1/2,y—a<1/2,y>1/2y<1/2,x —y<1/2,2 >1/2}

(%vte oyfua) €youue otL 1 Lnroduevn mbavdtnta eivan {on pe P((X,Y) € C) = epPodov(C) =
1/4.

(B) Eotww Uy, Uy aveldptnteg tuyoiec YetoAntéc e xotovouy| ogotdpopyn oto (0,1). Tote ta
tota tpfpote ebvon ta 1 — Uy, UhUs, Uy (1 — Us) (1 — Uy ebvon t0 mpdhto xouudtt mou x6Boupe) xou
1 amaitnon va €youv To xadéva Ufxog UixpdTERO TOU 1/2 LloOOUVOEL e

1
U > - U < —,1— .
L7972 > oy, 2U,

H mioavotnta autod tou evdeyouévou elvor

Ploic/ni-— << —/1 Lo (12 2)) dr = tog2— 2
! T ) T e o 20r) ) T RET Y

6.7. 'Eotww nevdeio A := {(z,z) : © € R}, dnhadr| 1 8tyoTtdUOC TOU TEMTOL X0t TETOU TETOPTN-
woptou (Aéyeton xau Srydoviog tou R?). Téte

P(X=Y)=P((X,Y) €A) :/Af(x,y)dxdy:O

yuatt etvor évor BimAd ohoxhipwuo Tévew oe wior ypopun (n omola €yel epPadov 0).
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6.8. () ' xdde t € R éyoupe
Fxny() = P(XAY <t) =1 - P(XAY >t)=1—P(X >t,Y > 1)
=1-PX>t)P(Y >t)=1—(1—Fx(t)(1 - Fy(t))
= Fx(t) + Fy(t) — Fx(1)Fy (?)
(B) T xdde t € R éyoue
Fxyy(t)=P(X VY <t)=P(X <t,Y <t)=P(X <t)P(Y <t) = Fx(t)Fy(t).
(v) T xdde s,t € R éyoupe

FX/\Y,XVY(Sat) :P(X/\YSS,X\/Y St) :P(X\/Ygt)—p(X/\Y>S,X\/Y St)
=Fx(t)Fy(t) — P(s< X <t)P(s <Y <t).
H mdavétnra P(s < X <t) ebvon 0 av s > ¢ eved av s < t ool pe Fx(t) — Fx(s). Avdhoyn
nopathpnon toylel Y tny P(s <Y <t). Onéte
Fx(t)Fy
Fx(t)Fy

t) av s > t,

Fxnyxvy(s,t) = { s)+ Fx(s)Fy(t) — Fx(s)Fy(s) oavs<t.

(
(
6.9. 'Ectw
Ap := {xdmotec and tic X1, Xo, X3, X elvon {oec}.
Téte and v Aoxnon 6.7,
P(A4)< ) PX;=X;) =0
1<i,j<4 i

Topa, yio omowdnrote petddeon (i1, ia, i3, 1) TV {1,2,3,4} woydel

P(le < XZ'2 < Xig < Xi4) = P(X1 < X2 < X3 < X4) (6)
Yt m (tetpadidotatn) tuyedo petointh (Xi, Xy, Xig, Xiy) €xer v O xomovops| pe v
(X1, X, X3, X4), éxouv xou oL 0ud TuxvoTN T f(x y,z,w) = f(x)f(y)f(z)f(w). [Eva avéhoyo
xau amAolcTepo cevdpto. Plyvouue éva (ol 5 @opéc xou yedpoupe Tor amoTeEAEOUATO UE TN OELRd
ue v omola eugoviCovtar. H miovétnta vor pépoupe (6, 3, 6, 2, 5) eivon 1 (Bla ue to var pépoupe
(3, 6, 6, 5, 2)]
‘Eotw Sy 10 60voro tov petadéoewy twy {1,2,3,4}. Enedy

0= AO U U {le < X’iz < Xi3 < X’i4}
(il,ig,i3,i4)€S4
etvan €vwon EEvmv avd 800 cuvolwy (Sapépton tou ) xar P(Ag) = 0 (éMeuhn woonahidv), éneton
Moyw g (6) ot
1:|S4| XP(X1<X2<X3<X4):4!P(X1<X2<X3<X4),
oMnAadY| To {nTolUEVO.
‘Otav €youue n aveldotnteg Tuyaieg UETUBANTES UE XOWVT CUVEY T XUTAVOUY|, TOTE
1
P(XZ'1<X1‘2< <X> -
n!

v xdle petddeon (iv, 4z, ..., 10,) v {1,2,--- ,n}.
6.10. () Trohoyilouye mpwta tic muxvotnteg Twv X, Y. Bpioxouue

fx(x) = Lo1)(2),
fr(y) = —logy Lo (y),
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v xdde x,y € R. Apa ou deopeupéveg tuxvotntes fx v (-|y), fr|x(-|z) éyouv vonua oxpiBg
v z,y € (0,1) xou 1oodvton pe

1

—1

fX\Y(x‘y) = -

1
frix(ylz) = p Lo.x)(y)-
Hopatnpotue 6t n Y | X = & axohoudel v opolduoppn xatavour; oto (0, ).

6.11. (a) O U,V ebvou ave&dptntee étol fyy (u,v) = fu(u)fv(v) yia xdde u,v € R. Bploxoupe
romov e fu, fv.
Eivor gavepd ot n U madpver tée oto [0,1]. T 0 < u < 1 €youpe

Fy(u) = P(XY <u) = P(XY <u,Y <u)+ P(XY <u,Y >u) =
1
:P(Ygu)+P(Xgu/Y,Y>u):u+/ Yy = u(1 - logu).
w Y

H Fyy elvan ouveyric oo R xon naparywyioyn oto R\{0} pe cuveyn napdywyo exel tny — log ulye(o,1).-

‘Etouv o nuxvotna yioo ty U ebvan 1 fy(u) = —logulyeo1y. Kotd ta yvwotd, Peloxouue ot
wor Toxvétre vty Vo= Z2 ebvon 1 fy (v) = (1/(2v/0))1ue,)
(B) Exouue
—1
P(XY < 7%) = P(U < V) //fyvuv dudv—/ / Ogudud
u<v
1 1 v 1 1
=— lo ududv:—/ ulgdv
/0 M/o ° o 25 L

——/1 ! (vlogv —v)dv = _>

B NG g ==y
Lo dueoa,

pv ez = [ [ [ wie= [ [0 dydx_/ol(l_ﬁ[gg]l I

-/ (f)m

6.12. Fy(z) =0y z < 0 yroti ot X, Y naipvouy detnée twée. T z > 0 éyoupe

P(X < 2 y)fy (y)dy = / “P(X < 2=y (y)dy.

Fy(z)=P(Z<2)=P(X+Y < 2) :/°o

oo

H tehevtolo iootnta yiatt ot ov X, Y malpvouv Yetinée tipéc. ARG

1 —u>1
z—y wl<z—y<l1
‘Apa
z z_ . 1 _ 7yd 0 < o1
Fz(2) :/ min(1, z —y)e Ydy = fOZHlan < )e Y ) av 0 <z <1,
’ dy + [ (= —y)evdy  avz>1,

)z —1+4e av 0 <2<,
S l1-eFe—1), avz>1.
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Lyetd Ue tnv Fy(w), wolto ue 0 vy w < 0yt ov X, Y modpvouy etinéc tiuée eved yuo
w > 0 €youue

Fivlw) = POYY < w) = PV 2 Xfw) = [ POV 2 ofw)fx(o)da
— /1 ey = w(l — e’i).

Arnaviroeg §7

7.1. (o) Aev eivon ave€dptnrec. Autd npoxintel, T.Yy., ano to 6t 1 tuxvotnta f(z,y) e (X,Y)
dev unopel v ypagel we ywouevo h(z)g(y) (n Sxonordynomn eivan edxohn). ‘Eva mo dioucdntind
emyelpnua eivon 1o e€hc. Ou yenowonotiooupe to 61t P(X < Y) = 1. Emiéyouye xotddhnia
oOvola A, B xau detyvoupe P(X € A,Y € B) # P(X € A) P(Y € B). ILi6 ouyxexpyéva,

P(X <2/3,Y <1/3) P(Y < 1/3) B 1 .
P(X <2/3)P(Y <1/3) P(X<2/3)P(Y <1/3) P(Y <1/3) 7

B)
Loy ! 200
E(YeX) = // ye® f(x,y) dedy = / / ye"8xydrdy = ... = 8/ v (yeV—eV+1) dy = ?—246.
R2 o Jo 0

OhoxANE®VOUPE x0Tl TAUEAYOVTES UPXETES (POPES.

(Y) ‘Opota 61w oo (B), Beloxoupe 61t yior 1 > 0 1oy el

8 4 4
E(X)=——° By =—— E(XY)=-.
(X7) (r+2)(r+4) (") r+4’ (XY) 9
"Apa
484 4
X.Y)=E(XY)-EXEY == — 2 %
Cov(X,Y) = B(XY) 9 155 225’
1 8\? 11
X)=EX) - (EX)?’==—-(—) =—
Var(X) = B(X*) - (BX = 3 - (1) =
2 16 2
VarlY) =3 = 55 = 75
Cov(X,Y 4/225 4
pXY) = SV (ﬁ()v )(Y): {@ RENGS)
ar ar 3x15

7.2. (o) H f(x,y) etvon 0 yioe Oho et (2, y) € R*\{0,1,2}2 eved ou tipée tne o (2, y) € {0, 1,2}2
elvon otov e&fic mivaxa

z\y|0 |1 |2
0 1/8[1/8]0
1 1/8]2/3]1/8
2 0 |1/8[1/8

P PY=1X=1)=PX=1Y=1)/P(X=1)=(2/8)/(4/8) =1/2.
() Bploxouye E(X) =0-(2/8)+1-(4/8)+2-(2/8) =1, E(Y) = E(X) Aoyw ovuuetpiog, xou
E(XY)=1-(2/8)+2-(2/8) +4-(1/8) = 10/8. Onéte Cov(X,Y) =10/8 —1-1 = 1/4.

7.3. Xe aut TV doxnor, Bonddel ToAl va oyedidoel xavelg To ywplo B mou 1 tuxvotnta f elvan
oapopeTxh and to 0.
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(o) Ohoxdnpdyvoupe TV f oy Tou TV Ywpelwy
A:={(z,y) eR*: z +y < 0},
B:= {<x>y> € Rz : f(xay) 7& O} = <_170) X (Oa 1) U (1a2) X (_170)

H topr eivon to tpiywvo pe xopugéc (—1,1), (—1,0), (0,0) o exel n f éyer «eviaio tOn0Y, 1000t
ue —zy. ‘Apa

P(X+Y < 0) = P((X,Y) eA)://f(x,y)dxdy:/j/o_x(—xy)dydx:—%/ix?’dx:%.

(B) TrohoyiCouue 600 BLTAS OAOXANEWUOTOL.
0 f1 2 0
E(XY) = // xyf(x,y) dydx :/ / xy(—xy) dyd:v+/ / xy(—zy) dydx = ... = —8/9.
-1Jo 1 -1
R2

(v) Ou X, Y Bev elvon aveldptnteg, xar autéd pmopet vo detydel ue morholc tpdmouc.

log tpomog. Trnohoyile xavelc Ttic meprdwptes fx, fy xau Seiyver 6t dev woyler f(x,y) =
fx(x) fy (y) yio O\t (2, y) ot0 R2.

20¢ tpomog. EdO expetareudpacte T poper tou yweiov B. Eotw C; = (1,2),Cy = (0,1)
6t P(X € C1,Y € () = 0eve P(X € C)P(Y € Cy) > 0. Apa P(X € C1,Y € Cy) #
P(X S Cl>P(Y S CQ)

7.4. (®), (B) Bpioxoupe mpdta tic neprioptee fx, fy. Adyw ouppetpiog wolvton. Tz € NF
€)Y OUNE

fx(x)=P(X=w>=;P(X=%Y=y>:ZE{(x_yH)(Hy) - <x+y)(:c+y+1>}

y=1
B C o1 1
S 2r(z+1) 2 \x x+1)°

To teheutaio ddpoloua oy TEOTN Yeouuy lvon TnAeoxomixo. ‘Eneita

(e}

1 1
Apa C =2 xa fy(x) = fx(z) = <; T 1) Loen+-
(¥) Eyovue

> 1 1 =1
E(X):Zx(g_x—i—l):;x%-lzoo

=1
‘Apa 1 Cov(X,Y) bev opileton.

(6) Xagpde fu(u) =0 avue R\{2,3,...} eved yiou € {2,3,...} éyouue

[y

folw) = PIX Y =) =Y P(X =k Y =u—k)= Y (u—l)i(u—l—l) :u(uil)'

i

7.5. ©étouue A = 120,p = 1/4. Ou ypetactolue 10 6Tt 1 Y| X axohoudel tn Brwvupin| xatavour
ue mopapéteoug X xan p. Autd mpoximTel and TNV TEELYEoPY| apol xdie évag amd Toug X meAdTES
TANeoVEL pe xdpta pe miavotnta p. Eniong Yo yenoworoicouue toug timoug yia ) puéon Tin
%0 DLICTIOPA TNG BLVLULXAS XATUVOUNS Xt TNE xatavouric Poisson.

(o) E(Y) = E(E(Y|X)) = E(Xp) = pA.
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®)
Var(Y) = E(Var(Y]X)) + Var(E(Y|X))
= E(Xp(1 = p)) + Var(pX) = p(1 = p)A + p°A = pA.
() YTmoloyiloupe
B(XY) = B(B(XY|X)) = B(XE(Y|X)) = E(XpX) = pB(X?) = p(3® + ),

onéte Cov(X,Y) = p(A2 4+ X) — ApA = pA xou p(X,Y) = /p. Ov X, Y Bev elvar ave&dptnreg
POV EYOLY U1 UNOEVLXY) GUVOLUXDUAVOT).

7.6. H owomopd xodeplac and tic Xy, Xy ebvon 2 O YPNOWOTOLAGOUNE TO XAt OTL AOYW
aveZoptnoiog éyoupe Cov(Xy, Xo) = 0.

COV(Xl + XQ, 2X1 + SXQ) = QCOV(Xl, Xl) + SCOV(Xl, XQ) + 2COV(X2, X1> + SCOV<X2, X2)
=202 + 0+ 0+ 3u% =52
‘Enewta, Var(2X,43X3) = Var(2X;)+Var(3X,)+6 Cov(X1, Xs) = 13u?. Opota, Var(X;+X3) =
2%, ‘Eneton 61 p(X1 + X5,2X1 4+ 3X,) = ... = 5//26.

O Tuyatee petaffintéc X + Xy, 2X; + 3X, Oev etvon aveldptnree yiotl €youv cuvdloxOUavo
OLapopeTt| ano 1o 0.

7.7. XpnowlonouwvTog Tr Slypaix6TnToL TS oLVOLaXdpavong, utoloyilouue
Cov(X+Y, X—-Y) = Cov(X, X)—Cov(X,Y)+Cov(Y, X)—Cov(Y,Y) = Var(X)—Var(Y) = 0.
H tehevtado todtnta toyVet yratl ou X, Y etvon todvoueg. Eniong

Var(X +Y) = 2Var(X) + 2Cov(X,Y),

Var(X —Y) = 2Var(X) — 2Cov(X,Y).
Av n mpdtn dloomopd ebvar 0, tote p(X,Y) = —1, eved av n debtepn donopd eivor 0, téTE
p(X,Y) = 1, 1o onola amoxhelovtan ond v unddeon. Apa n p(X + Y, X —Y) opileton o
ue Bdomn tov mapamdvey utoroyloud ebvar fon pe 0. Muumepatvoupe 6Tt o X + Y, X — Y elvau
acLoyETioTeg. Acev elvan ouwe amapaltnTo aveldeTnTES. ¢ AVTITOEAOELY O UTOPOVUE VOl TEOOUUE

X, Y aveZdptnree xadeplo pe xatavour) Bernoulli(1/2) (Snhodr naipver xdde wa and tic tpée 0,
1 ye mbavotnta 1/2). Agrveton w¢ doxnon o 6t ot X +Y, X — Y elvon eZoptnuévec.

7.8. Enedr) n Cov elvon drypayixy), €youue
Cov(XZ%Y + Z) = Cov(XZ%Y) + Cov(X 22, Z)
=E(XYZ* - E(XZ)E(Y)+ E(XZ*) — E(XZ*)E(Z)
= E(Z*)(E(XY) - E(X)E(Y)) + E(X)E(Z*) — E(XZ*)E(Z)
=Cov(X,Y) = 1.

Xenowonotfoope v aveloptnola tne Z amd tic X,Y xou 0 6w E(Z) = E(Z*) = 0, E(Z?) =
Var(Z) = 1. O wyupopéc E(Z?) = 0 mpoxintel and to 6Tt 10

1 o 2
E(Z%) = \/_2_7T/ e 2 dx

elvo OAOXAPWUAL LIS TEPLTTAS CLVAPTNONG OF Ywelo GUPHETEWO YOpw amd To 0.
7.9.

Cov(X, E(Y|X)) = E(XE(Y|X)) — E(X)E(E(Y|X))
= E(E(XY|X)) - E(X)E(Y) = E(XY) — E(X)E(Y) = Cov(X,Y).
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Xenowonoooue 1o 61t E(g(X)Y|X) = g(X)E(Y|X) vy onowdfnote g : R — R av ot péoec
Tiéc opilovtal.
7.10. Av frav aveZdptnree, tote Yo énpene Var(X; + X3) = Var(X;) + Var(X,) = 2, to onolo
elvou drono. Emimiéov
Var(X; + X3) = Var(X;) + Var(Xz) 4+ 2Cov(X;, Xo) = Cov(Xy, Xs) = =
‘Eneita €youue
0 = Cov(X7, Xo — cXj) = Cov(Xy, Xo) — cCov(Xy, X;) = % —cVar(X;) = % —c.
Apa c = 1/2.
7.11. (o) o t € R unoloyilouye
PY<t)=PI=-1)PY <tiI=-1)+PI=1)P(Y <t|I=1)

=%U%¥2—ﬂ+Puwa=%H%a¥§w+mxgw}:mxgw.

‘Enetan 611 n Y €yer v B xoatovour| pe v X, dnhadn ty N (0, 1).
)

Cov(X,Y) = E(X?I) - E(X)E(XI)=E(X*)E(I)-0=0
yrott ov X, I etvon ave€dptnteg pe péon tun 0. Ov X, Y dev etvon aveldptnteg. Tlpaxtd, pordoi-
vovtag T ia, Eépouue apéowe TNy amdhutn Twh TS GAANe. Tumxd, av frav aveldptnteg, Va
EMpETE
P(X €[1,2],Y € [3,4]) = P(X € [1,2])P(Y € [3,4]).

To 8e&l pyéhoc etvar Hetixd eved to opiotepd etvon 0. ‘Atoto.

IMapathenon: Ilpocélte 61t oo X, Y elvon xavovixég pe undevinr| cuvoloxiuavor ahhd oyt
avedpTnTEC.

7.12. T t € R unohoytlouye Tn cuvETNON XoTAVOUNC, Fy(t), e Y.
Fr()=P(Y <t)=P(I=-1)PY <t|{I=-1)+PI=1)PY <t|I=1)
1
:ﬁpwyz—o+m¢ygw}
"Apa
H1-Fx()} vt <0
B =110 4 pee >
1L+ Fx(t%)} vt > 0.
H Fy eivar ouveyic (oaxdua xou oto 0 yrotl Fx(0) = 0). 'Encito elvon napoywylown ye ouveyn
ToEdYWYO

1 2
FL(t) = |t £2) = —t2/2 — 2
Apa n Y €yel muxvotnTa xan auth ebvon 1 fy = F . Hapotneotpe 61t Y ~ N(0,1).
Yuyxplvete aut v doxnon ue v 5.20.

7.13. TrnoloyiCoupe 6t

E(Y)=>) 37'2=203""-1)/2=3"—1,

i=1

xaL Aoy aveloptnotog,

Var(Y) = Xn:var(si—lx,-) - i(?f’ Y2Var(X;) = 8291 L9 —1.
=1

=1
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1 = Var(a, + 3,Y) = f2Var(Y) = 2(9" — 1) = B, = (9" — 1)~/
not

0=FEla, +6.Y)=a,+6,3"-1) = a,=—3"-1)/vI" -1

7.14. (o) Ot twéc mou unopel vor tépet 1 Y ebvor o otolyelor tou ouvérou A = {1,2,...,20}. H
ouvdptnon mdavotnrag g ebvan fy (k) =0 av k € R\A evod ya k € A éyoupe fy (k) = P(Y =
k) = P(X =21 — k) = 1/20 agol n X axolovlel tnv oyotouoppn xotovour) oto A. 'Eneto
Aotmov 6Tl xou 1 Y axohoudel tny {Btar xortavour| pe v X.

(ﬁ) Hepévouue 1 cuvdlocdpavor va ebvar apvnter, Yot otay 1 X molpver peydheg Tweg, n Y
modpver uxpég, xou 6tay n X modpvel uixpég Twée, n Y madpvel yeydieg. H tiun tng ouvdlacdpavong
elvou
Cov(X,Y) = Cov(X,21 — X) = Cov(X,21) — Cov(X, X) = —Cov(X, X) = —Var(X).
H Swomopd tne X etvan Yetir| yroti n X ev eivan otadepd. Apa Cov(X,Y) < 0.
7.15. (o)
Cov(X;, X;) = E(X;X;) — E(X;))E(X;,))=P(X;,=X;,=1) - P(X; =1)P(X; =1)
(n=2! (-—D'n-1! 1 1 1

n! n! nl nln—1) n* n2(n-1)

Kdmnotec e&nyrioeic yio tov unoroyloud. H tuyala petoBAnty X; X, naipvel yovo g typée 0 xon 1,
xou Ty Ty 1ty madpver axpBag 6tay xan X xou 1 X woolvtan pe 1. Onote

‘Opota dixarohoyolue xou Ty E(X;) = P(X; = 1). To undrowna elvon cuvduactixr (euvoixés Sl
SUVOITEC TIEPLTTMOELS.... ).

Apa ov X, X; elvon Yetind ouoyetiopévec. Autd ebvan avouevouevo yott 6tav 1 X; madpvet
ueydhn Ty (dnhady| 1) etvon mo mdavé xou n X; va mdpet eniong Yeydhn tun. Av o emfBdTng ¢
xadloel otn owo T Y€on, petnver Tic Adog emhoyeg Yo Tov j, xou €Tol Tov Pondder va xadioet
xou autog ot Véon mou tou avahoyel. Opolwe, dtav 1 X; modpver pixer| Tur (dnhadr 0) ebvan o
mhoavd xou 1 X va mdipet entiong per| Ty Av o emfBdtng ¢ xadioel o Addog Véor), evoeyouévwe
va xad{oel o authy ToL J xou €Tot va emPBdiel X; = 0.

(B) ©a ypewotolue 1o 6Tl Y xdle ¢ € {1,2,...,n},

11
Var(X;) = — — —

n n?
ou 1oy et vl 1 X; modpver pévo tpéc 0 xon 1, ondte X7 = X; xaou
Var(X;) = B(X?) — (B(X)* = B(X)) — (B(X)* = (1/n) = (1/n)*.

Enelon
i=1

YENOWOTOLOVTUG TN YROUUXOTNTA TNG UECTC TWNAG XOU TN OLYQOUULXOTNTA TNG CUVOLUXOUAVOTS,
Beloxouue

n

E(W):ZE(Xi):Z%zl

=1
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xou
Var(W) = Cov(W, W) = Cov (Z X, ZXZ> ZCOV (X;, X;) +2 Z Cov(X;, X5)
1= i=1 1<i<j<n
n(n —1) 1 1 1
—nVar(X,) + 2 -S4 =1
nVar(X,) + 2 n’(n-1) n i n

Yxo6Ao: Ou unopoloe xaveic va Peet tpwto Ty xatavour e W, dnhodn tic twée P(W = k)
v k=0,1,2,...,n, xou petd tic E(W), Var(W). Autd dunc dev eivor amhi) unddeon (Unopet va
umohoytotel Ye ypron e apy e eyxAciopov-anoxieicuol. O unohoylopds autde Peloxeton 6To
Hopdderypa 1.21, oeh. 53, oto Liio tou x. Xapohounidn, Ocwpela Idavothtwy xou Egapuo-
véc). Hpooé€te nwe 1 ypapn (7) xou ot wiétnTee v E, Cov xdvouy tov unohoytoud tne E(W)
TETPIPEVO Xou auTév e Var(W) edxoho.

7.16. OpiCoupe tic tuyaiec petoBhntée {Z;, W; 1 1 <1 < n} wg elhc

0  OpopeTind, 0 OBopopeTixd.

7 _ {1, av oty @ pln eupaviCeTon 2, W {1, av oty @ pldn eupaviCeTon 3,

Totwe Z =214+ Zy, W =Wi+---+W,, 00 Z;, W; ye @ # j ebvon ave€dptnteg yiotl apopotv
OLapopeTinéC plielg, xou dpar
Cov(Z,W) =) Cov(Z;, Wy).
i=1

‘Ouwc Cov(Z;, W;) = E(Z;W;)—E(Z;))E(W;) =0—(1/6)(1/6) = —1/36 ywti Z;W; = 0 nédvtote
(onv 7 pidm Bev etvon Suvartdv va eppaviotel xon 2 xa 3). ‘Apa Cov(Z, W) = —n/36.

Ed6 to apvntind mpdonuo tne cuvdlaxduavong etvan avouevouevo. Meydheg Twéc tng Z emf3d-
houy uxeeg Tweg g W, eved uixpeg TWwES Z Tng EuvooLy peYdAeg Teg tne W

k
7.17. 'Eotww T 7o dipotoyo twv evdellewy, onhadh 1T' = > X, 6mou X ebvan n évoelln Tou
i=1

i—00Tou ogaptdiou Tou enehéyn. Ipogavag, xdde X; etvou &Zxxpm'] opotéuopen oo {1,2,...,n}

onoTE
Z n+1) 1 n+1
] —_ =
n 2

v xde 1 = 1,2, ...,n. Apa
k

E(T) = E(ZX) = kE(X,) = @

Eniong, xéve Ceuydpt (X5, X;) ye 1 <i,j < n,i# j éxer tnv (B xatavoun pe to (X1, X»), ondrte

[(ZXH E(X?) + k(k — 1) E(X1X).

‘Ouwe
E(X?) _Zf%_ n(n+1)6(2n+1) .%_ (n+1)é2n—|—1)7
R ;j%:# Ta(n=1) " n(n—1) Z:; < 2 )

—
[\

_ 1 (nz(n+1)2 n(n+1)(2n —1—1)) _ (n+1)Bn+2)
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En+1)2n+1) k(k—1)(n+1)(3n+2)
6 - 12

ondte E(T?) = . Enopévec

Var(T) = E(T?) — (BE(T))* = k(n + 1) {%(271 +1) + %(k’ —1)(Bn+2) — ik(n + 1)}

1
= E(n + 1)k(n — k).
7.18. Etvou X = Uy + Uy + ... + Up—p41 010U Y xd0e ¢ = 1,2,...,n, opllovue U; vo ewvan 1 1
0 avéhoyo pe o av apyiler pa k-cbuntwon ot 9éor i 1 oyt Hpogovare P(U; = 1) = 1/9% xau
PU;=0)=1-1/9"yiaxddei=1,2,...,n—k+1xuU; =0yian—k+1 <i<n. Etopévec
n—k+1
E(X)= > EU)=Mn-k+1)97"

i=1

Enfong
n—k+1
Var(X) = > Var(U;)+2 Y Cov(Uy,Uj).
i=1 1<i<j<n—k+1
‘Eyouue
Var(U;) = E(U?) — E(U;)? = P(U; = 1) — P(U; = 1)* = % - 9—;

vy xdde i =1,2,...,n —k+ 1. Enlonc Cov(U;,U;) =0y j > i+ k ago0 téte ot Uy, Uj4q ebvan
avel dpTNTES (ETCELSY’] avapépovton ot k-turuata Tou aprduod Tou 6EV E£YouV ol a])ncpiu). "Enetta,
vior=1,2,...,k—1,
COV(Ul, U1+7") = COV(U]', Uj—i—r)

yoaxdde juel <j<n—k+1l—r. Avr>n—k+1,1w€ U, =0yaxdde j =1,2,...,n—7.
Enopévec

k—1

Var(X) = (n — k+ 1)Var(Uy) + 2> (n—k+1—r)"Cov(U;, Urs,)
r=1

Nol<r<k—1xur<n-—kechu

1
Cov(Ur, Upr) = E(Uilps1) = BUDEWUpsa) = POz = 1) = o
1
= P(ot 0o aprdyoi cuurnintouvy otig Yéoeic 1 we r+ k) — g%

R T VA T
_9r+k_ﬁ_& g_@

Telxd, 9étovtog m = min{k — 1,n — k}, éyouue
1 1 = 1 /1 1
Var(X):(n—/{:—i-l)g—k(l—g—k) 2;(n—k+1—7’)9—k(&—&>

1 ] — 1 1 1 1
1——)%—2—T1 ((n—k’—l—l)y—(n—k+1)&—r§+r§)

(1—9*’")_n—k+1m_i9m—9—8m+m(m+1)
8 9k gm 64 2.0k '
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7.19. Xpnowonowlue 1o 6t av 10 C' eivor evdeyduevo otov yohpo miavétntoc (£2,.A, P), xa
1c: Q2 — R ebvor 1 deixtprd tou (Snhadn 1o(w) =1 avw € C xou 1o(w) =0 av w € N\C'), td1e

E(1¢) = P(C).
Auto vyt ) 1¢ naipver Ty Tn 1 oto obvoro C xou v tiwn 0 oto NC. Apa
E(1lc) =1x P(C)+0x P(NC) = P(C).
Enfong 14-1p = Lanp. Apa
Cov(1a,15) = E(141p) — E(14)E(1p) = E(1ang) — E(14)E(1p)
= P(ANB)— P(A)P(B).

7.20. () YTroloyiloupe
Var(X; + X5) = Var(X;) + Var(Xs) + 2Cov (X1, X5)
= Var(X,) + Var(Xy) + 2¢/ Var(X;)Var(Xs)px, x,
=3+ 24 2V6px, x,-
H yéyiotn Ty tou px, x, ebvar 1 xou n eddyotn —1. Apa
Var(X; + X3) € [5—2V6,5 + 2V6].

"Evor oevdipto 1o omolo netuyaivel T péytotn Ty etvan 10 Xo = /2/3X; (6nhadn n X dedopévn
ue doomopd 3 xon 1 Xy optopévn uéow tne Xi). Autd dviwg éyel Var(Xy) = 2. Tote Xy + Xy =

(1+4/2/3)X; e doonopd

(1++/2/3)*Var(X,) = (V3 + v2)? = 5+ 2V6.
e t0 oxe@Thixaue auTd TO GEVAELO; ZEEOUUE OTL UEYIOTO CUVTEAEGTY) CUCYETIONG €Y OUNE OTAY
n Xy ebvon éva Yetind modhamhdoto tne X (xou €merta pla petatémon, av 9éhoupe). Ilaipvouue
ooy Xy = aXy. To a > 0 buwe dev unopel vo etvar omotodhrote yioti teéner Var(Xy) = 2,
dnhadh 2 = a*Var(X;). 'Etol Bploxovue a = /2/3.
‘Opola, Eva oeVdplo Tou TETLYULVEL TNV eyt Tr TYY| ebvon To0 Xy = —/2/3X;.

(B) Otav px, x, = 1, t61€ mpéner Xo = aXy + b vy xdmoeg otodepéc a > 0,b. Ko enedn
Var(X;) = 3, Var(X3) = 2 éneton 611 @ = 1/2/3. "Apa yia xdde b € R éyoupe éva oevdplo mou
TeTUYodVEL TO UEYIGTO, BNhad)

Xy =+/2/3X, +b.

Kou awtd etvon tor povar oevdiptar mou to netuyaivouv. ‘Ouola, ta oevdplo yia To EAdyoTo elvol Ta
Xo=—2/3X1+b
omou b € R.

7.21. (o) Ocwpolye tuyala YeToBAnth Z, aveldptnn tne X, pe Swomopd 1. T r € [0,1]
Vétoupe YV := /1 —rX + \/ry/aZ. Téte Moyw avelaptnoloa,

Var(Y) = Var(v1 — rX) + Var(v/rvaZ) = (1 —r)a +ra = a,
Cov(X,Y) = Cov(X, V1 —rX +rvaZ) = av1 —r,

~ Cov(X)Y) -
pXY) = V/Var(X)Var(Y) b

"o dedopévo ¢ € [0, 1], emréyoupe 7 €tol wote /1 —r = c.

(B) Ané o (), Beloxouye pia Y pe p(X,Y) = —c. HY := =Y wavoroiei 10 {ntoluevo.
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7.22. (o) And ) ypouuixdTNTa TG YoM TWAC EYOUPE
— 1
E(X) = E<EX1 +- 4+ EX,) = u,

/ 7 4 7
xou eldn ot (X;)1<i<n Ebvon aveZdptntee, €youue

0.2

— 1 1
Var(X) = ﬁVar(Xl +o 4 X)) = E(Var(Xl) + 4 Var(X,)) = —.

n

(B) Tpdpoupe

(n-1)8=Y (X?-2XX + X ) = <Z Xf) — XX +nX

i—1 i=1
n
9 —2
= E X7 ) —nX".
i=1
Topo, naipvovtoc Yéoeg TYéS, Yenoylortotodvtac 10 6Tt ot (X;)1<i<y EiVol IGOVOUES ot TO EpMTNUA
(o), maipvoupe

(n— 1)B(S?) = nE(X2) — nE(X") = n(Var(X,) + B(X})?) — n(Var(X) + E(X)?)
=n(o® +u®) —n (% - ,u2) =(n—1)0?

mou elvon To {nToluEvo.

Arnaviroeic §8

8.1. O petaoynuotiopde 1" : (0,00) x (0,00) = (0,1) x (0,00) pe T'(z,y) = (z/(z +y), z +y)
etvor 1-1 xaweni xon (U, V) = T(X,Y). Enerta T (u, v) = (uv, v(1—u)) xou 0 T~ éyet IaxoPBrové

mtivaal
v U
JT_l(u,v)—(_U 1—u)'

H opiCovoa tou 1ooltan ye v. ‘Apa pe Bdomn to Yewpnuo ahhayfic LETUBANTOY,
1
I'(a)L(b)

Enedr) auth n tuxvétnta ebvan yvopevo g(u)h(v), éneton 6t ot U, V' ebvan aveldptntec. Xpnotuo-
TOLWVTAS TN OYEo

fov(u,v) = fxy (T (u,v))|det Jp-1(u,v)| = ... = u N (1—u)" o e L 0.1) Loson

1
B = a—1 1 — b—1 —
e R
umohoyilouue T Tuxvotnteg Twv U,V xou mpoxintel 6t
U ~ Bfjta(a,b), V ~T'(a+0b,N).
8.2. (a) I tov petaoynuotiopd T'(z,y) = (x + y,x — y), égove (U, V) = T(X,Y), xou
T Hu,v) = ((u+v)/2, (u—v)/2). O Jp-1 éxer opilouou
det Jp-1(u,v) = —1/2.
‘Apa pe Bdon to Yedpnua oAlay g UETABANTOY, €YOUNE
fU,V(u7 U) = fX,Y(T_I(u7 U))| det Jp— (u7 U)|7

10 omoio eivon To {nTolyevo.
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(B) Xtov timo amd to (@), yenoylonowotue v avelaptnoio twv X, Y, xou aviixoho tdvtog Ty
TUXVOTNTA TOUG, [Bploxouue

o= (4 (55

10 omolo elvar To ywvouevo g(u)g(v) ye v g va ebvon 1 muxvotra tne N(0,2). Etor tpoxintel
glxoha T0 {NTOVUEVO.

M
(S

() Opowr énwc oo (B), Beloxouye

1 _ u4v _ uU—v ]_ —u
fU,V(u7U) = 5)‘6 )\( ° )1“—;‘,’“>0)‘6 )\< : >1“%“>0 = 5)‘26 A 1u+v>01u7v>0

2 _—Au
= -\ 1u>0,—u<v<u-

2

Bonlder vor xdver xavele éva oyfua yioo 1o ywelo {(u,v) : u+v > 0,u —v > 0}. Ot nepricdpteg
elvou

0 av u <0
— d — u — — )\2 7)\11,1”
Jo(w) /RfU’V(U7U) ! {’\7 f_u e Mdy = Nue ™ avu>0 e =0
xou Guota (madpvovtag meptntioelg v > 0,v < 0) Bploxouye
A
fv(v) = 5 e A

v xde v € R. Ilpogavade fu v (u,v) # fu(u)fv(v), ondte ou U,V dev eivan avedptnrec.

8.3. (o) I tov petaoynuotioud' T'(z,y) == (z+y, z/y), éxovpe T (u,v) = (uwv/(v+1),u/(v+
1)) xou n ToxexProv Tov T ebvou n)

det Jp-1(u,v) = — CESIER

‘Apa to Levydpt (U, V) =T(X,Y) éyer muxvotnra
1 1
(/U 1)2 IL,U>0‘

Enedn n nuxvotnta fyy yedgetar og ywouevo g(u)h(v), énctan 6t ow U, V' elvon aveZdptnreg.

(&)

fov(u,v) = fxy (T (uw,0))|Jp-1 (u,v)| = Nue ™

1

fv(v):/RfU,V(u,v)du:...:mlwo.

8.4. ITperos TPonOE. H anewévion T'(z,y) = (xy,y) éxer T~ (u,v) = (u/v,v) xon 1 LoxoBovh
e T 1 ebvon 1/v. "Apa 1o Levydpr (U, V) :=T(X,Y) = (XY,Y) éyer nuxvoTnta

fov(w,v) = fxy(ufv, U>|71| - fX<U/U)fY(U)|Ui|
xal dpat
1
fxv(u) = fu(u) = /fo(u/y)fy(y) mdy'

O fx, fy etvon un undevixéc wévo oo (0, 1), xou étol npoxdmtet Ly u ¢ (0, 1) woyler fxy (u) =
0, yrotl yia xdde y € R toukdytotov évag amd toug u/y, y Ya eivon extég tou (0,1). Tew € (0,1

Heewpotye nedio oplopol tou T o (0,00) x (0,00) yiatl exel nofpver Tiée to Leuyder (X,Y).
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TO O TAVe ohoxhhpwiua yiveTal

1 1 1 w\ ! w\ "t 1 b ol
Doy Ix00)50t0) - = / T (5) (1—5) B

O<y<1

1 1 e b—1 —1
— a — 1—y)  dy.
oy e ol RUR RV
Y10 teheutado ohoxAMpwua, elodyouue véo LeTUBANTA, Ty s, Bétovtoac y = (1 —u)s + u, GoTe vo

meoxOer ohoxhApwua pe dxpa 0, 1, xou yetd amd unoroyiopolc Peioxouue 6Tt

1
fxv(u) = Blab+o)

w1 — )Tt

AEYTEPOS TPOIIOE. Me Tpw, yenowonowwsvtoag Ty Acxnon 8.1. Ilaipvouue teeic aveldptnteg
tuyaieg petoPantéc Xq, Xy, X3 wote Xy ~ I'(a,N), Xy ~ I'(b,A), X5 ~ I'(c, A). Me Bdon tnv
‘Aoxnon 8.1, n X é€yet v Bo xatovouny we my Z = X /(Xq + Xz) xou n Y tnv (Sl xorrovou
ue v W= (X5 + X5) /(X1 + Xo + X3). Emnhéov, (and v Aoxnon 8.1) ot Z, X7 + X, eivon
aveZdptntee, dpo (ool xou 1 Xz elvon aveldotntn and g Xi, Xo) o Z, W eivon avedptnrec.
Enopévwe to Ceuydpt (X,Y) éxer v o xatavour) ye to (Z,W). "Apa i XY éyer tnv B
xotovoury we v ZW = X1/(X1 + Xo + X3), n onola pe Bdon tny ‘Aoxnon 8.1 éyet xotovour
B(a,b+ c).

8.5. (o) T tov petaoynuatioud’ T'(x,y) = (z,x/y), éouvue T Hu,v) = (u,u/v) xou 7

ToxewpProv Tov T ebvou 1)
u

det Jp-1(u,v) = ——.
v
‘Apa 1o Levydpt (U, V) =T(X,Y) éyer muxvétnra
1

_ I 1p2iu20-2) (U
o n:0) = Fror (7, o) ()] = e bemto Lty

(B) Me yprion tou epwthpoatog (o) éyouue
1 1
fX/Y(U) = /RfU,V(U,U) du = % : 211
1 omola ebvon o TuxvoTrTa Tng xotavourg Cauchy (&occpépa UOVO ot €va onueio amd TN YVWo T
muxvotnta e Cauchy).
(v) HpoxOmter and to (). Evodhaxtixd, e tn yvooTrh Teyvixy Tne mopaypd@ou 5 autdy twy
AONCEWY.

11}#07

8.6. H amewdvion™ T(z,y) = (y/22 + y?, tan"t(y/z)) éxer T 1(r,0) = (rcosf,rsinf) xou n
ToxwpProvi tne T woodtan pe r. Apa to Levydpt (R, 0) :=T(X,Y) éyet nuxvétnro

fre(r,0) = fxy(rcosd,rsinf)r =rlggpeca

OTOV
1
A= ((0,1] x (0,7/2)) U{(r,0) € (1,v2) x (0,7/2) : tan"* (/12 — 1) < 0 < tan™( > 1)}
re —
Auto yotl fxy(2,y) = Lay)eo1)x0,1) ¥ (rcosd,rsinf) € (0,1) x (0,1) av xa uévo av

(r,0) € A.

120ewpotye nedio opiopot tou T 1o R x (R\{0}) yiatl pe mdavétnta éva exel noadpver tiée o Leuydpr (X,Y)
xau oe exelvo o medlo oplouol o T elvon avtio Teédulog.
13Me nedio opiopol 1o (R\{0}) x R.
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Arnaviroesic §9
9.1. (B) Trohoyiloupe mpwta Tic TuxvétTnTes v X, Y. Bploxouue

fx(z) =1 (z),
fy(y) = —logy 1) (y)

v xdde x,y € R. Apa o1 deopeupéves tuxvotntes fx v (-|y), fr|x(-|z) éyouv vonua oxpiBoe
v z,y € (0,1) xou toodvton pe

1
xlogy

fxiv(xly) = - Liyn)(),
1
frix(y|z) = o L02)(¥)-
Hopatneotye 6t n Y | X = & axolovdel v opotdpopen xatovour ato (0, ).

() YTmoloyiloupe

E(Y)I/Ryfy(y)dyz—/o ylogydy:---zi,

1 1 1
(XY =y) /Rxfx'ymy) v L rlogy ™ oyt V)
1 et —1
E<eY|X=x>:/eny|X<y|x>dy=/ LY ity
R 0 i i

9.2. (a) Eyoupe fx(z) = [T XNeMdy = Xe ™ yiwz > 0 xon fx(2) =0 yioo 2 < 0. Enopévag
N fyix(y|z) optleton axpiBde v > 0 xou 1oolTton Ue

frixlyle) = P2 ooy,

Apon (Y|X = z) éyer tnv Blor xatavops| ye Ty Z 4+, 6mou Z ex¥eTinf) XoTavour| Ue TUpSUeETRO
A Ao E(Y|X =2) =E(Z)+x=X"+2z. Av dev xdvel xavelc auth v tapatiienon, uropet
vo Beer v E(Y|X = x) vrohoyilovtag to ohoxhipwua [o 4 fyix (y]z) dy.

Eyouue fx(z) = [ xe @t Ddy = e yio z > 0 xou fx(z) = 0 yiw z < 0. Enouévec
XOVH 0 t N
Jyix (y|z) oplleton axpiBcde yioe x> 0 xou 1oolTon Ue

frix(ylz) = fx—(x) = ze” 150

Apa 1 (Y|X = ) éyer exdetinnf xatavour e nopdueteo = xaw enoyévee E(Y|X =) =1/x.

9.3. 'Eotw X 10 mifdog tov evdellewy K oTic n mpdteg pleig xan Y 1o mifdog twv eviellewy
K omig teheutaleg n piderg. Tote oo X xan Y ebvon aveldiptnteg tuyaleg YeTAfBANTES UE Blewvuuixy
XOTOVOUT PE TapaéTEoug m xat p xou To {ntoluevo eivar 1 ebpeon g E(X|X +Y =m).
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1oz TPomIOL: H tuyaio petofint| Z = X +Y oxoloudel T Siwvupind xatavour Ue TopauéTeoug
2n xou p, OTOTE €Y OUUE

E(X|X+Y =m)=EX|Z=m) pr = z|Z =m)

xP(X:x,Y:m—x)
P(Z =m)
L= P (T g
(z:z)pm(]_ _ p)2n—m
2(2) ()
2n .
1 (m)
H teheutaio Exppoot avTioTolyel ot HEON TIUT UTEQYEMUETEIXAS XAUTAVOUNS TOU HOVIEAOTOLEL
™V emhoyY|, ywelc emavdieor, m ogapdiny and 2n ogouupldia 2 TOTWY, N TOU TEKOTOU X N
TOU OEUTEPOL %o PETEAEL TOV dpLiUd TV oQUEWiwY TOU TEHOTOU TUTOU. LUVETWS TAlOVOUUE
EX|IX+Y =m)=m/2.
203 TPOIIOS: YXuveyilouye amd Ty (8) Xpnotponouﬁwwg LOLOTNTES TWYV DLWVUIIXGDY CUVTEAEC TWV:
m n n m n (n—1 n m—1
2n - 2n -
=1 (m) =1 (m) m y=0 —1- Yy
_n <2n— 1) n(*]) m
Cy\m—1) 2@~ 2
omou i TNV Teltn WdTNTA Yenotuorotioaue Tov Tuto Tou Cauchy.

30z TPONOS: ot Aoyoug cuppetpiog, eivor cagéc 61t E(X|X +Y =m) = E(Y|X +Y =m).
‘Apa

2EX|IX+Y =m)=EX|X+Y=m)+EY|X+Y =m)=EX+Y|X+Y =m)=m

X0l TO CUUTEQUOUO ETETAL.

NE

0

8
Il

NE

8
Il
=)

NE

(8)

8
Il

9.4. Egapudloupe t oyéon P(A) = [ P(AIW =t) fw(t) dt mou wylel yio xdide cuveyr| Tuyoia
uetoAnth W e muxvétnra fir (S. Ross, oyéon (5.8) oto Kepdhawo 7, oeh. 362) xau t0 61U 1)
X|W =t éyer tnv Bro xatavopr ye tnv X av ot X, W eivor aveldpntec. Etot

PY < Z) :/ Py < Z) fy(y)dy =/ e e dy = M/ e~y = K
0 0 0 BtV

P(X<Y<Z):/0 Ple <Y < Z)fx(x dx—// fr ()dy fx (2)dz

/ / e M e Mdydr = )\u/ / ~O Y gy e

_)\H/ e € (N+V)J3dx_ )\,u /OO —(Aptv) ¢ dr — >\/'L ‘
0 p+ v pm+vJo (L+v)A+p+v)

9.5. («) 'Eotww A := {n npdtn pidn @épver K}, xon f, n muxvétnro tne tuyaiog petoPAntic p
(n omoio etvon 1 opolduopyn oto (0,1)). Téte, yenowonowdviag v Blo oyéon 6nwe xat oTNY
Tponyolpevn doxnon (oyéon (5.8), oeh. 362 otov S. Ross), éyoupe

P(A):/O P(A\p:x)fp(x)dx:/o rdr =1/2.
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(B) Eotw B := {xu ot 800 pleic pépvouv K}. ‘Onwe oto gpwtnua (o), Beioxoupe
1 1
P(B) = / P(B|p =) fy(x)dz = / a?dr =1/3.
0 0

9.6. (o) w2z € {0,1,--- ,a+ b}, n xatavour e X, | X,,—1 = @ ebvon Sraxplt| Tou maipver Ty
Twh z pe mdavétnre 2/ (a + b) xou v ph « + 1 pe mdovétnra 1 — z(a+ b) L Apa

z x 1
11— =1 11—
+b+(ij )( a+b> +x< a+b>’

1
EX, | X, 1)=m(X,1)=14+X, 1 (1——].
06 | o) = (o) = 14 X (1 )

m(z):= E(X,| X,.1=12) = z-

nol

(B) Eotww a, == E(X,) xu c=1- (a+b)~". Eredf E(X,) = E(E(X,|X,_1)), toipvovtac
UEDT) TYT| OTN OYECT TOU PO YOLUEVOL epmTAUATOS Boloxouue

ap = Cap_1 + 1 yian € NT
eV ag = a. Awnpwvtog ye ¢ Peioxouye

a, 1 Ap—_1

cn cn cn— 1°

Apo yioen € N,
an 1 1 1 agp
I S R
OTOTE, ETEWY| ag = a,
-1

an=14c+ -+ +ac" =

7 +ac" =—(a+0b)(c"—1)+ac" =a+b—bc".
C_

Hpogavax, o Blog TiTog toyveL xou yio n = 0.

() Eotw A := {H undha mou emhéyouue xatd o n + 1 Brua eivon domen}. Tote
P(A) = E(14) = E(E(14] X,)) = E(P(A| X,)).
Ioyter P(A| X, =z) =z/(a+0b). Apa P(A] X)) = X,,/(a+ b), xou
P(A):E( Xn ) L opxy=1-2 <1 ! ) |

a+b a+b a+b\" a+b

9.7. 'Eotw Y o apriude mou €gepe 1o (dpL xon X o oprdudg eugavicewy tng évoelng K. ‘Eyouue
6t Y ebvou Broneprth| opotduopen oto {1,2,...6} eved 1 Seopeupévn xatovour tne X 6edouévou
6Tt Y = y ebvon Suovuund pe mopopéteouc ¥ (o aprdube twv doxyudv Bernoulli) xou p = 3

2
(mdovotnta emtuylac). Aeoyebovtag we Teog Y éyoupe:

y=1

6
B y 1 1 1 6.7 7
_22 6 1223/ 12 2 "1
y=1 y=1

Xenowonotfoope 1o 6t BE(X|Y =y) =y - 1.

9.8. H X petpdel to mAflog twv aveldpTntwy TEAYHATOTOMNCEWY EVOC TEWAUATOS UEYPL TNV
Teo TN emTuyio e 6edouévo 6Tl xdle mporyuatomoinor Eyel mavotnTa emituyiag p. Opilouue v



81

Tuyada PeToANT Y wg edhic: Y = 1 av n mpdTn mparyUatoroion Atay emituyla xon Y = 0 av Htav
amotuyla. Tote
E(X) = E(E(X]Y)) =pE(X]Y =1)+ (1 - p)E(X|Y =0)
—p-1+ (1= p)(1+ E(X)) = 1+ E(X) - pE(X),
n omofa diver 6Tt E(X) = 1/p. Xpnowonooope 16 6t n X|Y = 0 éyer tnv (Bta xartavour| e tny
14+ X (wo omnoio ypdgpouue X|Y =0 L4 X) yoti e dedopévo 6Tl 1 TedTN TEaryUaToToino
frav anotuyie, xataypdpouue wa (amotuynuévn) mpaypatonoinon xon To «mouyvidly opyilet ond
v apyh. Tuyoleg petafintéc pe o xatavouy| éyouv v Bio péon tr, étor E(X|Y = 0) =
E(l+X)=1+ E(X).
9.9. Eotww Y o apripdg tou gaxélou mou emhéyel o maixtng TNV meoTn @opd mou mallel To
mowyviol. Tote
E(X)=E(E(X]Y))
=FEX|Y=1DPY =1)4+EX|Y=2)PY=2)+EX|Y =3)P(Y =3)
1
:g{E(X|Y:1)+E(X|Y:2)+E(X|Y:3)}. (9)
Topo
EX|Y =1)=5+ E(X),
E(X|Y =2)=6+ E(X),
EX|Y =3)=0.
H mpdytn e€lowon oy et yiatl dedopévou 6TL o taixtng didheée Tov pdxelo 1, mApwoe 5 Eupd, dev
Berixe to autoxivito, o 1 Swadacia apyiler and v apyn. Mdhota 1 xotovou tne X |Y =1
etvan oxeBe 1 Bt e 5+X7, dmou X' elvan 10 x665T0¢ oL Vot TANPEGOEL 0 TadX TN WoToU Vo Peet
TO QUTOXIVNTO AV TOU YoEWOTEL 1 TEWTY uavTeEdLd Tou eldaue NdN 6T ebvon amotuyMuévn. Tlpogavig
n X' éyel v O xatavour| ue Ty X (amhwe To Ty viot Ecxvocpxi{a).
‘Opoa duixanoloyolue xan Tn 6eUtepn ediowon, v 1 Tteltn mpoxUntel ywtl 6tav Y = 3, o
nodxtne Berxe 1o awtoxivnto xou otopotder va toilet. Etol i) egiowaon (9) bivel
2 11
EX)=-E(X)+ —.
(X) = ZB(X) + =
Enopévwe E(X) = 11.
9.10. 'Eotw S 10 d¥poloua 1wy eVOElEewy TV plhewv uéypl xaL TNy TeaTr ELPAVIOT) TNS EVOELENS
1. 'BEotew X n évdeln tne mpotng eldng. ’Exoups

E(S) = E(E(S|X})) Z P(X E(S|X, = k)

_ é<1 + ;{k + E(S)}) _ ; +2E(S),

Bploxoupe howndy 6t E(S) = 21. Xpnowonothoope to 6tt, v k € {2,3,...,6}, n S| Xy =k
el TNV Bl xatovour| e Ty k4 5. Tt €yer épdet €voeiln k xou ol evdellelg and €6 xaL oTo
e (amd ) pidm 2 xou petd) domou va éplet 1 yior Tptn gopd €youv TNy Bla xatavour| 6w oL
evdei&elg exvavtag amd T pldn 1 oe éva mawyvidL mou apyilel amd v oy,
9.11. (o) Eotw X o opriude pidewv uéyper tny eugpdvion xar twv 80o evdellewy xon 1 tuyada
ueTaBANTA

v 0 avnmpoTn pidn etvan T

B 1 meo TN eldn ebvan K.
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Tote

E(X) = B(E(X|Y)) = pE(X|Y = 0)+ (1 —p) B(X|Y = 1)

1
=pl+1-p) H+A-pA+p H=14+——.
(I+1=p) )+ (1 =p) ) =7

Xpnowonotoope to 6Tt 1) xatovopr e X Y =0 elvan 7 B pe auty| g 142, 6mou 1 Z ebvan o
oELIUOC TV BOXWAOY YEYEL TNV TENOTN eugdvior tTne évoeline K oe wa dAAn axohoudio pihewyv pe
70 (B0 vouopa. H xatavour tng Z elvon yewpetewr ue napdueteo 1 —p (ouvdpmon mdovoTnTog
fz(k) =1 —pp* k=1,2,...). Avdhoyo avtetonillovue v E(X|Y =1).
(B) H teheutaio pin eivon K av xou pévo av 1 mpaytn pln etvor I', to ontolo oupfBaiver pe mdavotnra
P.
9.12. 'Eotw T; o aprdudc twv TEPITATLY TOU amoUévouy uéypl Vo unv Beet tamoltola, utovéto-
VTaC 6TL TR0 UTEpY 0LV @ TamolTola 6T urpoo v tépta (xar 2n—i oty nlow) xuw m; = E(T;).
Aeopebovtag 0to Tt umopel va oupfel polic cuuminewiel o enduevog Tepinatog (emAOYT| TORTOC
Yot To Eextvnuor xou TOETAC YL TNV EMOTEOPY|) €YOUNE

1 1 1

m; = —(14+mi—1) + (1 +m;) + —(1 + mypq)

4 2 4

yioo 1 <7 < 2n — 1. Anhoody

M1 — 277”LZ +m_ = —4. (10)
Enlong
1 1 1
Wm:§ﬂ+zﬂ+mﬁ+zﬂ+m@

mou Bvel 3mgy = 2+my. Téhoc m; = Mgy, 0 < i < 2n hoyw ouypetplog. H yevnr) Aon e (10)
0 yeauuxrg avadouxrc e&lowong 2ng tddng ye otadepolc ouVTEAEoTES elvan m; = a + bi — 22
(Bpioxoupe ) yevixr Aon tng opoyevoic xon pa e Abor tne (10)). Xenowonowwdvtag Tig
3mg = 2 + my xou m; = May,—; nodpvouue a = 2n,b = 4n. ‘Apam; = 2n +4ni — 2i*. Twi=n
nodpvouue m, = 2n(n — 1).

9.13. 'Eotw N o ypbévog (aprdude yopwv) péyet va cuvavtrndodv xat ot Teelg dvilpmnol 6Tny
(Bt xopugy Bedouévou 6Tt Twpa elvon polpacuévol oe 2-1 (Bniadn 2 otnv Blor xopuen, 1 o
GAAn xopu@n, xou 1 Teitn xopuYH xevh). Acouebovtagc oty enouevn xivon v 3 avipmdroy (8
TEPLTTWOELS) EYOUNE OTL

3
4

14+ M pe mdavétna i,
1+ N pe mdavotnto

OTToL EYEL TNV LOLA XATAVO c Tnv pido1R TNV LOoLo XATAVO c Tnv . oLwC
omou n M' éyer tny B uh pe v M oxou n N’ v {5 wh pe tnv N. Opolox,

1 ue miovotnTa é,

N=<1+N pe mdavétnto 2,

14+ M  pe mdavoma .

Eoto Pu(s) = E(sM), Py(s) := E(
TUEATIEVE OYECELS EYOUNE

sN) ot miavoyevviteleg Twv M, N avtictoiya. Amo Tic

Pur(s) = 3 Pur(s) + %PN(S),
Py(s) =5+ %PN(S) + 3 Puls).
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B 352
32— 285 — 2
E(M) = Py (1) =12
Var(M) = E(M?) — E(M)*> = E{M(M — 1)} + E(M) — E(M)?

Advovrog, matpvoude Phy(s) . 'Emeita, xotd 1o yvwotd,

332
= P(1) + Py(1) — Py = 22
H ouvdptnon miavotntog Peloxeton avantiocovtag tny Py(s) og anhd xhdoyata. Lodpoupe
3s 3s

PM(S) = —

Seyss—32 (s —s1)(s — s2)
omou 1 = —14 — 24/57, 59 = —14 + 2/57 xou €nerta

3871 1 389 1 3s 1 1
PM<S):_8 - = s s
S1—S928— 81 S1—S9S8— Sy Sg9—s1 \1—= - =

3s i ( 1 1> . 3 ( 1 1 ) N
52 = 814 sy st 83 — 81 4+ sh=t gkt

"Apa 1) cuvdpTtnon miavotnTog e M etvor

PM=k)=—> (1 - ,3_1)

S2 — 81 8’2“_1 EH

v k € NT xou toolton pe 0 yio k € R\NT.

9.14. 'Eotww X; 10 mhfjdog twv plhewv péypl va epgpaviotel  Aé&n KK xow Xy to mhfdog 1wy
elewv péypl va epgaviotel N AéEn KI'. Zntdue tic £(X7) xou E(Xy).
‘Eotw Y1, Ys 1o anotehéopata v 6uo tewmtwy plbewy. Tote deouedovtog otic Vi, Ys €youue

E(Xy) = PYi=K)EXi|Y1=K)+PY, =T)EX;]Y; =T)
(XY = K) + L E(X\|Y; =T)

1 1
EXi|lY1=K,Ys=K)+ §E(X1|Y1 =K Y, = F)) + §E(X1|Y1 =1

— N =

2
3
—-E(X
4 ( ]-)7
OTIOU YENOWOTOLACOUE GTNV TETAUPT LOOTNTA TIC OYECELS
B\ =K, Y,=K) = 2,
EXi|Y1=T) = 14+ E(Xy).
H mpdtn elvon dueon eved ol daieg duo mpoxdnTouy Yol Yetd Ty eugdvion evog I, elvon coav va
Eexwvdel to melpopa omd Ty apyn. Advovtoc Ty e€iowon v Ty E(X;) nadpvoupe E(X;) = 6.
Ouolwe €youue
E(X)) = P(Yi = K)E(Xa|Yy = K) + P(Yi = D)E(Xa[Yy = T)

1 1
= JEGY = K)+ BV =1),.

Z o4 %(2 + E(Xl))) + %(1 + E(X1))

W N~ NI~ N

+

‘Opwc
E(XpY1=K)=1+2,
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vt av Y = K, n npotn epgdvion tng Aéng KI' Yo eugaviotel dtav Yo mpoxdel o mpdTo
I'. Yuverag 1 deoucupévn xatavour| Tng Xo — 1 do¥évtog 61t Yy = K axoloudel tn yewueTpxn
xotavopt) P(Xo — 1 = Y, = K) = (1), j = 1,2,... pe péon wur BE(X, — 1|Y; = K) = 2.
Enfong,
E(XsY) =T) =1+ B(Xy),
apol YeTd TNV eugdvion evog I, ebvan cav va Eexavder To melpopar TOyNG amd v apyr. Emopévoc,
madpvoupe TNy e&lowon
3 1 1

xou Aovovtag madpvoupe E(Xs) = 4.
Hopatmehote 6t E(Xq) # E(X3). H Sopr e Mé&nc tnv omola mepuévouye va oynuatio Tel
emneedlel Tov péco apriud pidewv. Aev apxel va yvewpilovye To unixog Tng.

Arnavtioeig §10

10.1. (o) Etvan menepoouévn uévo yiot < 0. Tart

*° 1
MX(t) :/ em—2 dl’,
1 x
xaw otav £ > 0, n ouvdptnon mou ohoxhne®vouue xavotolel lim, o 72 = oo. ‘Apa 10

YEVIXEUPEVO 0hoxhhpwpa toolton e 0o. Tat < 0 éyouvue Mx(t) < Mx(0) =1 < oo.
(B) ©cwpolye ™y X ye muxvoTnTo
- > 1
(o) = 17 av |z| > 3
0 OLOUPOPETIXA.

Avéloyo emyelprupoto 6mwe oto (o) amodexviouy to {nToluevo.
10.2. Tw t € R\{0},

1 0 1
Mx(t) = E(e*) = / |z dx = —/ ze'™ dx —i—/ e dr = ...
-1 —1 0

2= (e Het) +t(ef —e)
— t2

eve) Mx(0) = 1.
10.3. Pomnoyevvhtpieg ebvan ot (b), (c), (d). H (a) dev ebvan yiotl n T tng oto 0 dev ebvon 1 eved
N (e) Bev ebvan yiotl molpver apynTixéc Tuée.

10.4. (o) Koté 1o yvootd, F(X) = M'(0) = 4, E(X?) = M"(0) = 18. "Apa Var(X) = 2.
(B) Egapuélouye v avioétnta Chebysev.

P(X <1)=P(X — BE(X) < -3) < P(|X — B(X)| > 3) < Vag(zx) - g
10.5. 'Eyoupe E(e'*) = E(E(e"X | R)) = E(m(R)) pe
m(r) = E(e™ |R=7r)= (re' +1 —r)"
v xée 1 € [0, 1]. Apo
E(m(R)):/1(7‘et+1—r)”dr:...: Lo - (L+e+e 4+ +e).
0 n+1 e —1 n+1

A& 1 tedeutador Exgpaon elvon 1 pomoyevvATela TG Tuyakag peTABANTAC Y e PY = k) =
1/(n+1) v k=0,1,2,...,n. At 10 Jebdpnua LovadixOTNTaC Yo pOTOYEVVATRLES, ENETat OTL 1)
X €yer tnv {dto xoatavour| ue Ty Y.
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10.6. (o) N xdde u € R éyouye

N Au )k .
PX(u):E(uX):Zuke )‘y:e ’\Z ( k') = MU,
! k!

H mdavoyevvhtpla ebvon memepacuévn yia xdde u € R. Enopéveg, mopaynyillovtag we mpog u 6po
TEOS 6RO TN BLVAUOOCELS BVO PopES, Taipvouue Yo xdlde u € R

Pi(u) = B(XuX™1) = \eMeD),

PY(u) = B(X(X — 1)u™* %) = XD,
Do u =1, o1 8Yo autéc oyéoeic divouv E(X) = A\, E(X(X — 1)) = A% Apa E(X?) = A2 + )\ xou
Var(X) = E(X?) — (E(X))*= \.

YxoAo: Xpnowonowolue and tov Amelpoctind Aoyioud 6Tt av Lo SUVUUOCELRS EYEL oxXTival

olyhone R > 0, t6te 1 nopdywyog tne 610 (—R, R) mpoxVntel Ue naporydyton 6po mpog 6po.
(B) H mdavoyevvitelo tou adpoiouatog oe xdide u € R ool pe

Py 4oyx, (u) = E(UX1+"'+X”) = E(qu) e E(an) — M=) | Anl(u—l)

_ e)\(u—l)‘

H tehevtaio etvon n mdavoyevvitpior tne Poisson(\). Zépoupe (mdh and Amewpootind Aoyioud)
oTL av 600 Tuyalec petoPAntéc X, Y maipvouy Tiwéc oo N xon ot miavoyevvAteleg toug, Py, Py,
ouppevoly ot wa tepoy ) Tou 0 (dnhadh Py (u) = Py (u) Y u € (—¢,€) yo xdnowo € > 0), téte
éxouv v (Bt xotavopr|. Apa X7 + Xo + -+ + X, ~ Poisson(A) pe A = >0 | A

10.7. «)

=0
_ p !
1—(1—p)2)™ =
-9 = (=)
6mou oy Tpltn WéTNT Ypenowonooupe To avdmTuype . [1]t7 = (1 — )" yio xdde ¢ pe
=0
| < 1.
8) P(2) = 30— 0 dpoc — moowimrer av ohexnpGooUE Tov 251 Bu0 Gogée 6
z) =Y ———. O 6poc ———— TpoxVTTEL AV ONO COUUE TOV 2 0 Qo
Z @+ 1) pga:(x+1) e ne M Popee WG
mpoc z. ‘Etot, Eexwdps UE TN YEWPETEWY oelpd. T |t] <1 éxoups
- o FLoc |u|<1 z—1 u®
= rdi= [ a3 g1 -
> [y =30 =~ loal1 )
N |z]<1 u”®
= —du = — log(1 —u)d
/ Z —du /0 og(l —u)du
ii [—ulog(l —w)]Z_, /zu ! du
g z(z+1 4= o l—wu
N 1
:—zlog(l—z)+/ (1—1 )du:—zlog(l—z)—l—z—l—log(l—z)
0 —u

1 —
= P(z) =1+ ——log(l — 2).




86

1— = 2(1 —p)p® 1— 2(1 — 2
Pl) =12 A=—pp® , _1-p 2(0-p) _pz
1+p gt 1+p 1+p 1+p 1—-pz
[Mo i yéoeg TE €youue

)

: 2(1—p) p(l—p2) - pZ(—p)] 2p
E(X)=P(1) = : -
0= { L+p (1 —p2)? = (=17
Tt Tic Sraomopée, duola yenoonowwvog tn oyéon Var(X) = P’(1) 4+ P'(1) — (P'(1))2

10.8. Avantdcovtog Tnv g o€ duvopooed ue x€vtpo To 0, Peloxouye OTL Ol CUVTEAECTES TwWY
OpwV 3n ue n > 1 ebvon apyntiol, dpo dev etvar duvatdy va ebvon Tdavoyevvitelo.

[ va ebvan 1y f mdoavoyevvhteta, avaryxodor cuviixn etvar 1y f(1) = 1, an’ émou Beloxoupe a = 1.
Dot auth Ty T Tou a xon Yot xovtd 670 0 (udhiota £2/7 < 1 ebvon apxetd), uroroyilovue

> ¢on 1

1 1 1 > =5
)= =(5t2+1 = _(5t2+1 — = o o2
FO =368 1D =360 DY =D mmm 7 e

B
7

1 omolo elva Uit BUVOPOCELRE e Un apvnTixolg cuvtekecs Tég (oL omolotl adpoilouvy oto 1 Aoyw Tng
f(1)=1). Apa yie a = 1 1 f elvon mdavoyevvitpLo.
(o) H xatavoury tne X npoodiopileton and tn cuvdptnon mdavotntde e we egnc.

/7 avk=5nyen €N,
P(X=k)=<5/T""" avk=5n+2peneN,
0 OLUPOPETIXG.

(B) Katd o yvwotd, E(X) = Py(1—-) = 5/2 xau E(X(X — 1)) = Pg(1—) = 55/6. "Apa
Var(X) = E(X(X — 1)) + BE(X) — (E(X))* = 65/12.

10.9. H ponoyewrtpla tne X woolton pe Mx(t) = e’ /2, Tenepaopévn oe 6ho to R (Brodtepo
OE [LOL TEPLOYY| TOU 0). Apat Ghec ot poméc i, Eivan TEMEPUCUEVES Xo

00
Hr yr

rl
r=0

Mx(t) =

/ Ié 7. 242 4 z Z
Ané v &, avalvovtag Ty €7’ /2 e duvopoaoelpd ue x€vtpeo To 0, €youue

1 (2" =0, = (2n)le™ 1,
MX(t)Z;H( 2) :annt :z% PETRNCT TR

n=0

0 av r € N mepittoc,
lur = (2n)!0’2n . 1 3 on B
e = 1xX3x - x(2n—1)x0o™ avr=2nucn€N.
10.10. (o) It € R éyoupe

M)((t> — F)(\a) /0 €t$l’a_1€_>\$ dr = ﬁ/o xa—le—x()\—t) dr.
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HpoxOnter amo TNy Teheutaio Exppacn OTL M(t) = o0 oxeBog Yt > X eved yiort < A €youpe

D —2(—t) AC [ gyt ]
M _ a—1_—z(A—t) Y % / Y
x(?) r<a>Jg re e M@y =i A=t

R A
(A=t AN
Eneor) n Mx ebvan nenepaopévn oe neployr| Tou 0, umopolue var €youpe o€ exelvn) TNV Teptoyy

E(XeX) = M5 (t) = a7 (1 —txhHo !,
E(X?%e™) = MY (t) = a(a + A2 (1 —tA™H) 772,

O¢tovtag t = 0 nadpvoupe E(X) = a\™, E(X?) = a(a + 1)A 2. Apa Var(X) = a2
(B) H ponoyevvtpio tou adlpolopatoc oe xdde t € R oovtan pe
M, 1t x, (£) = B(e0HX0) — B(etr) ... B(etn)

Aoyw aveloptnotac. Amo To (o) €YOUUE OTL oUTY| 1 TOCOHTNTA Efval TETEPUCUEVY) OXEIBWE OTAY
t < A Ko yo oqwtd to t €youpe

0 (-0 () () T ()

Eniong, n xatavopr I'(a, ) éxer axpiBde tnv (Blor pomoyevvhteta, xat auTh 1 TUTOTNTO TWV po-
ToyevwnTElwy Woylel o uio tepoyn Tou 0. ‘Emeton and yvwotr| npétacn 6t n Xy + - + X,
axohoudel v xoatavoun I'(a, A).

(v) Kéde pror omd e tuyaieg petofintéc X;/n,i =1,...,n axohovdel tnv exdetins xotovour| e
napdpetpo nf (vt yio > 0 éyoupe P(Xi/n > x) = P(X; > nx) = e "...), n onola ebvan 7
['(1,n0). Hpoximtet omd o (B) 61t 1 X axxohoudel v xotavopn I'(n, nb).

10.11. 'Eotw fx n muxvétnro tne X. Edxoha Bploxoupe dtu n nuxvotnra tne Y ebvon fy (y) =
L fx(¥). Xenowonowdvrag tov Tomo yo Ty fx (Snhodh fy(z) = F’\(Z)xafle*)‘xlwo), Beloxouue
6t muxvétno g Y oebvon auth e I'(a, A/r).

Eveoxtind, ye ypron ponoyevvnteiov. H pomoyevvitoa tng Y elvon

AN t\ "
My (1) = E(@Y) = B(e™) = Mx(rt) = (1 -2} = (1- -
lt) = () = B™) = by = (1- 5 e
v xdde t < A/r. Xenowwonooode tov tOno Yl T ponoyevhtele e X. Enedd n My ebvan
nenepoouévn oe meptoyr Tou 0 xou toolton exel e Tt pomoyevvhteio tne I'(a, A/r), éneton to
CUUTEPAUOUOL.

10.12. (a) Kotd to yvwotd, Beioxoupe 61t 1 ouvdptnon xatavophc e —log X etvou n F(t) =
(1 —e7") 14=0 mou eivan oauth Tne exdetnrc pe mopdpetpo 1. Apa —log X7 ~ exp(1l) = I'(1,1).

(B) Adyw tou (), éyoupe 6Tt N Y eivon ddpotoua aveZdptntwy ['dupo ye xowr debtepn napduetpo.
‘Apa 1 xotovou!) g ebvoan I'(1+1+---4+1,1) =T'(n, 1).

(v) 'Emeton and 1o (B) xou v mpornyoluevn doxnon 6t 1 Y axoloudel tnv xatavour| I'(n, 1/2) 7
omola elvar 1 X2 ue 2n Podpoieg ercudeplag.

10.13. () Oewpolpe v tuyada petafinti Z = (X — p)/o n onolo axohouvdel TNy xotovouh
N(0,1). Tote X = p+0Z, xou

MX(t) = E(etX) = E(etu—i-taZ) = GtuE(ewz) = et“Mz(tU) = @Mt+%02t2.
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Xenowornoooue 10 611 Mz(t) = e”’/? yia xdde t € R. ‘Emerta, yio k € N éyouvpe E(X*) =
M)((k)(O). HapaywyiCovtog, Beloxouue
M (t) = (n+ 0%t) Mx (2),
M (t) = (0 + (n+ 0t)") Mx (1),
M (1) = {20" +200%) + [07 + (u+ 0°t))(u + 0°) } M (1),
xou Spo B(X) = p, E(X?) = 0% + p?, E(X?) = 3uo® + p°.
(B) H ponoyevvhtpio tou adpolopatog oe xdde t € R 1oobtan pe
MX1+~-~+Xn (t) _ E(et(X1+...+Xn)) _ E(utxl) . E(utX") _ eu1t+%o'2t2 o eﬂnt*‘%"%ﬁ
— lmttun)tt g (of o)
H tehevtala elvon n pomoyevvrtola tng N(p,0?) UE 1,0 OTWE OTNY EXPOYNON TNG dOXNOTS.
Zépoupe OTL av 600 Tuyaleg uetoBAnTée X, Y €youv METEPUOUEVES POTIEYEVVHTRIEC OE [LOL TIEPLOY
oL 0 (dnhadry cUvoho Tne Lop®hc (—€,€) yio xdmoto € > 0) xou cuPPEVOLY exEl, TOTE Eyouv TNV
(Bl xatovopr). To ouunépaoya éneto.
() Opowa 61ec 6T TEONYOUUEVO EQMTIUAL.
(8) Me Béon o nponyolpevo, n X ~ N(p' o) pe pf/ =30 tp=p,0? =3, Lo? =0o%/n.
Kotd o yvootd, n tunonoinon onowodhinote xavovixhc axorovdel tny N(0,1). H tunonoinon
™me X ebvon n
X, — i X, — 1
A= v

o

= Zy.

Arnaviroeig §11

11.1. YTrohloyilouue 61t Var(X) =13 — 32 =4 eqpopuolouue TNy oviootnta Chebysev.
P(—2<X<8)=P(-5<X-FEX)<5)=P(X-FEX)|<5)=1-P(|X - E(X)| >5)
o1 Var(X) _ E
. 52 25
11.2. Troloyilouye 6t Var(X) = E(X?) — (EX)* = 18 — 16 = 2. H ovisdnra Markov
eqapuoleton (yott n X ebvon pn opvnuixr) xou divel tor ppdryartar
EX 4 E(X?) 18
P(X>5)<— =, P(X>5)=P(X*>25) < =
(X25) <55 =5 PX25) = POC 225 < =) = o
eve 1 Chebyshev bivet P(X > 5) < P(|JX—EX| > 1) < Var(X)/1 = 2, 1o onoio elvar teTpiupévo
(Eépoupe 6Tt puar mbavdTrTa ebvon puixpdTteen Tou 1). ‘Apa 10 xahOTERO PEdy o TOU TOPVOUUE Efvol
T0 18/25.

11.3. H Intodpevn avicdTnta YpdpeTon 1ooduvVaud

P(X <p—1)+P(X >2u) <

1
3"
Iafpvouue 800 TEQIMTWOELS YLl TO L.

Av pp < 1, t67€ enedn) n X malpvel pn opvnTixéc TWES, N Te®Tn TavOTNTE 0TV TO TEVL
oyéon eivar 0 eved 1 Seltepn etvan uxpdtepn and E(X)/2pu = 1/2 Noyw tne aviedtnrag Markov
(Tt yenotponotoue 6t 1 X maipver un opvnTiés TWEC).

Av g > 1, t61€ 10 dpLoTERO UENOC TNE THO TAVE OVIGOTNTOC YRAPETIL
Var(X) 1
122

PX—p<-1)+PX—p>p) <PX—p[>1) <

[pooéZte ot o olvoha {X — p < —1},{X — p > p} ebvou Eévar
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11.4. 'Eyouue

B(X) =3 rf0) = 3 rf ) = 3w = r D s gy 2

r=1 r=1

r=1
H deltepn aviodtnro woylet agol n (f(k))k>1 ebvar @divouca. To anotéheopo éneton.
11.5. 'Eyoupue

I2

B = [ wwaz [0 [ @i = @) 5
0 0 0
H deltepn aviodtnra toylet agol 1 f eivon @iivouoo oo [0,00). To anotéheopo éneton.
11.6. EX = 0f(0) + n?f(n®) = 0 x (1 — 3) +n?L =n. E(X?) = 0%f(0) + n'f(n?) = n’.
Var(X) = F(X?) — (EX)> =n® —n? =n’(n—1). P(X > 0.8n) = P(X = n?) = 1/n, no\)
uer) TiovoTnTaL.
11.7. (o)
P(X <aEX)=P(X -EX < —(1—-a)EX)

Var(X)

< PX ~ BX| 2 (1= 0)BX) < =g s

Xenowonoooye to 6t (1 —a)EX > 0.
(B) Eotww A:={w: X(w) >aEX}.
EX = E(X14) + E(X14) < aEX + E(X)YV2P(A)Y? =
(1—-a)EX < E(X*)Y2P(A)Y2 = P(A) > (1 —a)(EX)?*/E(X?)
Egapudoaue tnv avioétnta Cauchy-Schwarz.

(y) Var(X) = E(X?) — (EX)? = n® —n? To () ¢pdler tny mdavétnTa ToU SUUTANPOUATOS
aro to (n —1)/(0.2)? mou ebvou dypnoto v n peydho yrati eivon > 1.

To (B) diver xdtw gpdrypa (0.2)/n. Eivo 1 owoth t8&n peyédouc. Zépoupe OTL 1) mporyUortixy
T e mdavotntog evon axpBoe 1/n.

Yyono: H'Aoxnon 11.7 epeuvd tnyv e€c epwtnom. Mmopetl n uéon tiuy| o tuyodog uetaBAnTtic
VoL JOiC DWOEL TANPOQORIEC Yior TNV «TuTXT» cuuneptpopd g X; Elvow avouevouevo n X va
Beloxeton pe peydhn moavétnta yopw aro tn uéon g Twr; O avicdtnteg Markov, Chebyshev
otvouv dve gedypo oty miavotnta X vo ebvar paxpld amo T Yéomn g Tuh. Av ouwe To
pedrypa Tou divouv ebvar peyokltepo Tou 1, TéTe ebvan dypenoTo xon dev TalpvouUE XATK ey
yior Ty oot 1) Tuyaior ueToBANnTy va ebvon xovtd ot wéon e T, H 11.7(B) Siver ndvtote
WA TETPYHEVO %8t ppdypa, apxel va oyver B(X?) < oo.

11.8. P(X > t) = P(aX > at) = P(e"* > e) < E(e"X)/e. Talpvouue C = E(e™) €
(0, 00).

11.9. I'wi > 1, é0tw X; 0 ypovog eEumneétnong Tou 7 auTdatos. Ao Tig iBOTNTES TNE EXVETIXTG
xatavopufic éyoupe E(Xy) =1/ =2, Var(X;) = 1/6? = 4. Ectww S, = X1 + Xo + -+ + X, yw
xdde n > 1. To xevipind oploxd Vemprnuo At 6TL 1

S, — 2n
Vian

TPooEY Yo TG oxolouvlel Ty xatavour N(0,1).
Znrdue TNy mavoTnTa
S100 — 200 <

P <220)=P
(S100 < 220) ( 0

1) ~ P(Z <1)=o(1)~ 0.8413.
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Y1ic mo mhve 106TNnTeEg, N Z ebvor piar Tuyador LEToBANTY mou axolovlel Ty TuTXr xovovixd

xotovoury N (0, 1), xou yenotuomooule To xeVTpixd oplaxd Vedpnuo.

11.10. (a) Eyouvue P(X; = 1) = 1/3,P(X; = 0) = 2/3. Anhadr xdde X; éyel xomovouh

Bernoulli pye p = 1/3. Apa E(X;) =1/3, Var(X;) = p(1 — p) = 2/9.

(B) ©étoupe S, == X1+ -+ X, yiuxdde n > 1. O {X, : i > 1} eivou aveZdptnres xou lodvopeg.

Enfong Z = Sigoo xou

Siso0 — 1800 (1/3)
1800 (2/9)

=®(2) +P(1) — 1~ 0.8186

P(580 < Sys00 < 640) = P (—1 < 2) ~ B(2) — d(—1)

11.11. 'Eotww (X;)i>1 po oxohoudior aveldptntomy 1o6vounmy Tuyaienv UETUBANTOV UE XoTOVOUT
ouotopopyn oto {1,2,3,4} xa S, = Xi + -+ + X, v xdde n > 1. O 800 mpdteg ponée g
X elvon

1 5

1 1
E(X}) = 1(12 +22 434+ 4%) = 35
Apa Xy éyer péon Th 5/2 xou memepoopévn daoropd o = E(X?) — (E(X1))? = 5/4. To
XEVTEIXO 0pLoxd Vepruor AEEL OTL Yiar 1 UEYAAO, 1) Tuyako LETABANTA
S, —bn/2

NN

axoloviel TpooeytoTixd Ty TuTXY| xovovixy xatovour, N (0, 1).
[ n = 80, éyoupe 5n/2 = 200 xou /(5/4) n = 10, ondte

SSO

P(190 < Sy < 220) = P (-1 < 1;0200 < 2) ~ B(2) — B(—1) = B(2) + B(1) — 1 ~ 0.8186

H npoceyyion ot dedtepn Lo6TNTa TEOXUTTEL U0 TO XEVTPIXO 0pLaxd YEWENUAL.
11.12. ©touue

¥ 1 av n i pldn ebvon ypduuata,
"7 ]0 BupopeTid.

Téte X; ~ Bernoulli(1/2), dpo p := E(X;) = 1/2,0% := Var(Xy) = 1/4. Ov (X;)i>1 ebou

aveZdptnTeg xou todvopes. O€touue S, = X; + - + X,,. T n peydho, n (S, —n/2)/y/n/4

axohoviel mpooeyyoTnd v xatavour; N(0,1) (and 1o xevtpixd oploxd dedpnua). Apa

Si00 — 50
P(S100 < 40) = P(S100 —50< —10) = P [ 2= < -2 | & ®(=2) =1 — ®(2).
\/100/4
11.13. Aovkeoupe dmwe xan TNy Teonyoluevn doxnorn. Ectw Y; o apriudc hadodv otn oehido
7, %Ol

X 1 av n oehida i 0ev €yel xadohou A,
"0 Bwpopstind.

Eépoupe 6Tt Y; ~ Poisson(0.7). H X; oxoloudei tny xatavounr Bernoulli(p) pe p = P(Y; =0) =
e 07(0.7)° /0l = e %" & 1/2. E(X;) =p~1/2,Var(X;) = p(1l — p) = 1/4. "Apa

Sea — 32 < 1) ~ ®(1).

P(Se1 < 36) = P(Sgy —32<4) =P
(S6a < 36) = P(S6s — 32 < 4) ( 611
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H npdytn iodtnro ebvon tpocéyyton yioti yenotuonothooue Tic Tpooey Yo txéc Tiuéc yia to (X, ), Var(Xq).
H teheutaio lo6Trnta mpoxOnTeL and To xevTpixd oplaxd Jempnua.
11.14. Xuvontxh Aon. Eotw X; to anotéleopa g @ pétpnone. E(X;) = 0, Var(X;) =
(0.1)2/12 = 0.01/12. 'Eto

Sz00 — 300 x 0 0.25

P(’Sgoo’ S 025) = P 300 i S
/300 x 0.01/12 /300 x 0.01/12
= ®(0.5) — &(—0.5) =29(0.5) — 1

6mou Z ~ N(0,1) xou yenOHLOTOAOUUE TO XEVTEXO 0pLaXG VEMETUAL.

11.15. 'Eotww {X;: 1 <7 <200} o {Y; : 1 <@ <200} ot emBOOES TV QOLTNTGY TV OUEdwY
A xau B avtiotoya. ©étovge Wi = X; —Y; v xdde i € {1,2,...,200}. Tére

) ~ P(|Z| < 0.5)

1 200 1 200 1 200
My~ Mp = ~— Xi R P
AT 900 4 200 Zl 200 &

Ou{W,; : 1 <1i <200} ebvau ocvsio’(pmrsg pswik’) TOUG %o €Y0UV OREC TNV (Blar XaTavot|, HE HEDT)
i p=EW) =E(X;) — E(Y)) =9—8.5=0.5 xou dromopd

1 1
Var(W;) = Var(X; —Y;) = Var(X;)+ Var(Y;) —2Cov (X7, Y;) = Var(X;)+ Var(Y;) = 6+§ =

N | —

Aoy aveoptnotac twv X, Y.
Onote

200 200
1 1
P(My—M 0.5,0.65)) =P | — E W; €10.5,0.65 | =P | — g W; —0.5 € |0,3/20

200 200

W, — 200 x 0.5

—P(ZW—200><05€030) (Z” . E[O,S])
- /200 x 1,2

~ P(Z €[0,3]) = = ®(3) — 1/2 = 0.4987,

6mouv Z ~ N(0,1).

11.16. H nocdtnta yéoo oto ohoxAfipwua eivon 1 TuxvotTnTa plag Tuyolas YetaBAntic Y pe
xorovour) I'(n, 2) %o 10 ohoxhfpwua eivar np mdavétnra P(Y < n/2). And ug didtnteg g
xatovounc I'dppa, n Y éyelr v Bla xatavour| omwe éva ddpolopa Sy, = Xy + Xo +--- + X, ano
aveZdptntee xat tobvopes X1, Xo, . .., X, e xadepia X; vo éyer tny xotavour| I'(1, 2) n onofo eivor
n exdete e mapduetpo 2. Apa p = E(X;) = 1/2,0% := Var(X;) = 1/4 xa 10 ohoxhMipwya
YedpeTon

Sp —np

vVno?

P(S, <n/2) = P(S, —nu < 0) :P( <o> "2 0(0) = %

Eqgapudoaue 1o xevtpixd oplaxd Jempnua.
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YuuBohoude: Tlavtol oe autd 1o uAEBIo cupPoriloupe pe N to olvoro {0,1,2, ...} v un
opvnTIX®Y oxepalwy. A C B onuaiver 61 T0 A elvon utocivoro tou B oy amapaitnTo yvrioto
(emtpéneton A = B).

Y HMEIQTH

Auth ebvan o sulhoyr aoxfoewy vl to pdinuoe Hdavétnree I (Modnuotind Tufua EKIIA).
Fodgptnray pe o oxentxnd n UeAETN Toug Vo apXel Yol TNV eunédwor tng Vemplag Tou potfuatog
xou yio Ty emtuyio otig e€etdoeic. AdUnxe mpocoy HOTE Yiol TV TAEOPN@la TwY AoXACEWY 1)
AOOT VoL YRUPTEL OYOAUCTIXG, X0l CUVIGTATAL TPOCOY Y OTO KOS BIVETOL Wiat TAYPNG oUTLOAGYNO),
TS OVAUPECOUPE Xol BIXUOAOYOUNE Xde TL TOL YEetdleTon YLor EVay LoYURLGHO.

Ov aoxrioeic mpoéxuday amd Tic €€ TnyEc.

o To BiBAa mou avopépovtar TapoxdTe.

o Aoxroeic and Ti¢ TapaddoES ToL oLVEBEAPOU AvTiivr) Oovouou Tou Uou €BKOE daxTu-
ANOYQUPTUEVES.

o Yulntioec pe Toug ouvadérgoug Nixo Ilormaddto xar Muydhn Aouhdum,.

o Ofpata efetdoewy oto Madnuatind Tufuo and toug cuvadérgouc ‘Egn Boyyeidtou,
Kwoth Mnhohddnm, Avtovn Owovépou, Nixo Ianaddrto, Edun TeéBelo.
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