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Jèma 1.(20 BajmoÐ) RÐqnoume èna sunhjismèno z�ri n diadoqikèc forèc, n ≥ 3. Na brejoÔn:

(a) H pijanìthta na emfanisteÐ h èndeixh {1} (toul�qiston mÐa for�).

(b) H pijanìthta na up�rqoun toul�qiston dÔo Ðdiec diadoqikèc endeÐxeic.

(g) H pijanìthta na emfanistoÔn kai oi treic endeÐxeic {1}, {2} kai {3} apì toul�qiston mÐa
for� h kajemÐa.

Jèma 2.(20 BajmoÐ) Diajètoume dÔo fainomenik� ìmoia nomÐsmata, plhn ìmwc, to èna fèrnei {K}
me pijanìthta p1 = 3/4 (kÐbdhlo) en¸ to �llo me pijanìthta p2 = 1/2 (dÐkaio). Dialègoume èna
nìmisma sthn tÔqh, kai to rÐqnoume dÔo anex�rthtec forèc.

(a) Poia h pijanìthta na fèroume kai tic dÔo forèc {K}?

(b) An kai stic dÔo dokimèc èqei emfanisteÐ {K}, poia eÐnai h pijanìthta na eÐqame dialèxei to
dÐkaio nìmisma?

Jèma 3.(30 BajmoÐ) H (suneq c) tuqaÐa metablht  X akoloujeÐ thn omoiìmorfh katanom  sto
di�sthma (1, 2). Jètoume Y = 1/X. Na brejoÔn:

(a) H mèsh tim  kai h diaspor� thc Y .

(b) H sun�rthsh katanom c kai h sun�rthsh puknìthtac pijanìthtac thc Y .

(g) H sundiakÔmansh, C(X,Y ) = Cov(X,Y ), twn X kai Y , kai h diaspor� thc tuqaÐac meta-
blht c X + Y = X + 1/X.

Jèma 4.(30 BajmoÐ) (a) 'Estw ρ ≥ 0 kai a > 0. Na upologÐsete th ropogenn tria MX(t) =
E(etX) thc (suneqoÔc) tuqaÐac metablht c X me sun�rthsh puknìthtac pijanìthtac

f(x) =
1

Γ(a)
(x− ρ)a−1e−(x−ρ), x > ρ.

(b) Qrhsimopoi¸ntac th ropogenn tria pou br kate sto Er¸thma (a), na prosdiorÐsete thn sun�r-
thsh puknìthtac pijanìthtac thc Y = X1+X2+. . .+Xn, ìtan oi X1, X2, . . . , Xn eÐnai anex�rthtec
kai isìnomec, kajemÐa me sun�rthsh puknìthtac pijanìthtac ìpwc sto Er¸thma (a).

Jèma 5.(20 BajmoÐ) (a) Na brejeÐ h mèsh tim  kai h diaspor� thc tuqaÐac metablht c X me
sun�rthsh puknìthtac pijanìthtac

f(x) =


x an 0 < x ≤ 1,

2− x an 1 ≤ x < 2,
0 an x ∈ R \ (0, 2).

[Σημείωση: Gia na dieukolunjeÐte stic pr�xeic, mporeÐte na qrhsimopoi sete, qwrÐc apìdeixh, to
gegonìc ìti h parap�nw tuqaÐa metablht  X èqei thn Ðdia katanom  me thn tuqaÐa metablht  U+V ,
ìpou oi U, V eÐnai anex�rthtec, kajemÐa me omoiìmorfh katanom  sto di�sthma (0, 1).]

(b) Na breÐte kat� prosèggish thn pijanìthta ìpwc to �jroisma 150 anexart twn kai isonìmwn
tuqaÐwn metablht¸n, kajemÐa me sun�rthsh puknìthtac pijanìthtac ìpwc sto Er¸thma (a), den
uperbaÐnei ton arijmì 145.

Timèc apì ton PÐnaka thc Tupopoihmènhc Kanonik c, N(0, 1):

Φ(0.5) = 0.6915, Φ(1) = 0.8413, Φ(1.5) = 0.9332,
Φ(2) = 0.9773, Φ(2.5) = 0.9938, Φ(3) = 0.9987
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LUSEIS

Jèma 1 (a)

P (emfanÐzetai to 1 toul�qiston mÐa for�) = 1− P (den emfanÐzetai to 1) = 1− 5n

6n
.

(b)

P (up�rqoun toul�qiston dÔo Ðdiec diadoqikèc endeÐxeic)

= 1− P (den up�rqoun Ðdiec diadoqikèc endeÐxeic) = 1− 6× 5n−1

6n
= 1− 5n−1

6n−1
.

Sthn teleutaÐa pijanìthta, oi eunoðkèc epilogèc gia thn pr¸th rÐyh eÐnai 6, en¸ gia kajemÐa apì
tic epìmenec eÐnai 5, giatÐ kajemÐa prèpei na eÐnai diaforetik  apo thn prohgoÔmenh thc.

(g) JewroÔme ta endeqìmena Ai := {emfanÐzetai h èndeixh i toul�qiston mÐa for�} me i = 1, 2, 3,
pern�me sto sumplhrwmatikì endeqìmeno, kai efarmìzoume thn arq  egkleismoÔ-apokleismoÔ.

P (A1 ∩A2 ∩A3) = 1− P (A′1 ∪A′2 ∪A′3)

= 1−
3∑
i=1

P (A′i) +
∑

1≤i<j≤3
P (A′i ∩A′j)−

∑
1≤i<j<k≤3

P (A′i ∩A′j ∩A′k)

= 1− 3P (A′1) + 3P (A′1 ∩A′2)− P (A′1 ∩A′2 ∩A′3)

= 1− 3

(
5

6

)n
+ 3

(
4

6

)n
−
(

3

6

)n
.

Jèma 2 (a) JewroÔme ta endeqìmena

A1 : = {epilègw to dÐkaio nìmisma},
A2 : = {epilègw to kÐblhlo nìmisma},
B : = {oi dÔo rÐyeic fèrnoun {K}}.

Tìte

P (B) = P (A1)P (B|A1) + P (A2)P (B|A2) =
1

2

(
1

2

)2

+
1

2

(
3

4

)2

=
13

32
.

(b) [To er¸thma autì eÐnai tupik  efarmog  tou tÔpou tou Bayes.] QrhsimopoioÔme to apotèlesma
tou erwt matoc (a).

P (A1|B) =
P (A1 ∩B)

P (B)
=
P (A1)P (B|A1)

P (B)
=

1/8

13/32
=

4

13

Jèma 3 (a) H puknìthta thc X eÐnai f(x) = 1x∈(1,2). 'Ara E(Y ) =
∫ 2
1 1/x dx = log 2, E(Y 2) =∫ 2

1 1/x2 dx = 1/2, kai V (Y ) = E(Y 2)− (E(Y ))2 = 1/2− (log 2)2.

(b) Gia y ∈ R h sun�rthsh katanom c eÐnai FY (y) = P (1/X ≤ y) pou profan¸c isoÔtai me 0 gia
y ≤ 1/2, kai me 1 gia y ≥ 1 giatÐ P (X ∈ (1, 2)) = 1. Gia y ∈ (1/2, 1) èqoume 1/y ∈ (1, 2), kai �ra

FY (y) = P (1/X ≤ y) = P (X ≥ 1/y) = 2− (1/y).

H FY eÐnai suneq c sto R kai paragwgÐsimh me suneq  par�gwgo sto sumpl rwma enìc pepera-
smènou sunìlou, sugkekrimèna sto R \ {1/2, 1}. 'Epetai me parag¸gish apo ta pio p�nw ìti mia
puknìthta gia thn katanom  thc Y eÐnai h fY (y) = y−21y∈(1/2,1).
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(g) C(X,Y ) = E(XY )− E(X)E(Y ) = 1− (3/2) log 2. Kai

V (X + Y ) = V (X) + V (Y ) + 2C(X,Y )

=
(2− 1)2

12
+

1

2
− (log 2)2 + 2

(
1− 3

2
log 2

)
=

31

12
− (log 2)2 − 3 log 2.

Jèma 4 (a) Gia t ∈ R èqoume

MX(t) =
1

Γ(a)

∫ ∞
ρ

etx(x− ρ)a−1e−(x−ρ) dx
y=x−ρ

=
etρ

Γ(a)

∫ ∞
0

etyya−1e−y dy

=
etρ

Γ(a)

∫ ∞
0

ya−1e−y(1−t) dy.

ProkÔptei apo thn teleutaÐa èkfrash ìti M(t) =∞ akrib¸c gia t ≥ 1. En¸ gia t < 1 èqoume

MX(t) =
etρ

Γ(a)

∫ ∞
0

ya−1e−y(1−t) dy
z=y(1−t)

=
etρ

Γ(a)

Γ(a)

(1− t)a
=

etρ

(1− t)a
.

(b) Epeid  oi Xi eÐnai anex�rthtec metaxÔ touc, h ropogenn tria tou ajroÐsmatoc touc isoÔtai me

MY (t) = MX1(t)MX2(t) · · ·MXn(t)

to opoÐo isoÔtai me ∞ akrib¸c gia t ≥ 1, en¸ gia t < 1 isoÔtai me

etρn

(1− t)an
.

EpÐshc, h katanom  me puknìthta ìpwc sto (a) me paramètrouc na, nρ antÐ twn a, ρ èqei akrib¸c thn
Ðdia ropogenn tria, kai aut  h tautìthta twn ropogennhtri¸n isqÔei se mia perioq  tou 0. 'Epetai
ìti h puknìthta thc Y eÐnai h

fY (y) =
1

Γ(na)
(y − nρ)na−1e−(y−nρ)1y>nρ.

Jèma 5 (a) MporoÔme na upojèsoume ìtiX = U+V ìpou oi U, V eÐnai anex�rthtec me omoiìmorfh
katanom  sto (0, 1). 'Ara E(X) = E(U) + E(V ) = 1/2 + 1/2 = 1, kai lìgw anexarthsÐac èqoume
V (X) = V (U) + V (V ) = 1/12 + 1/12 = 1/6.

(b) 'Estw (Xi)i≥1 akoloujÐa anex�rthtwn kai isìnomwn tuqaÐwn metablht¸n, kajemÐa me katanom 
pou èqei puknìthta ìpwc sto (a). Gia k�je n ≥ 1, jètoume Sn := X1+ · · ·+Xn. Epeid  E(X1) = 1
kai V (X1) = 1/6 <∞, to Kentrikì Oriakì Je¸rhma dÐnei ìti gia meg�lo n, h katanom  thc tuqaÐac
metablht c

Sn − n√
n/6

eÐnai proseggistik� h tupik  kanonik , N(0, 1). 'Ara

P (S150 ≤ 145) = P

(
S150 − 150√

150/6
≤ −1

)
≈ Φ(−1) = 1− Φ(1) = 0.1587


