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Jèma 1.(20 BajmoÐ) RÐqnoume èna sunhjismèno z�ri n forèc (n ≥ 2). Na breÐte:

(a) thn pijanìthta na emfanisteÐ toul�qiston dÔo forèc o arijmìc 6 kai

(b) thn pijanìthta na emfanisteÐ toul�qiston dÔo forèc o arijmìc 6 kai na mhn emfanisteÐ kajìlou
o arijmìc 1.

Jèma 2.(20 BajmoÐ) Mi� k�lph perièqei 10 sfairÐdia apì ta opoÐa ta 4 eÐnai maÔra kai ta 6 eÐnai
�spra. Epilègoume èna sthn tÔqh, to epistrèfoume sthn k�lph, kai prosjètoume �lla 990 pou
èqoun to Ðdio qr¸ma me autì pou epilèxame. 'Epeita epilègoume èna sfairÐdio apì thn k�lph (me thn
nèa sÔnjesh plèon).

(a) Poia h pijanìthta to sfairÐdio pou epilègoume sto tèloc na eÐnai maÔro?

(b) An to sfairÐdio pou epilègoume sto tèloc eÐnai maÔro, poi� eÐnai h pijanìthta to sfairÐdio
pou epilèxame arqik� na eÐnai �spro?

Jèma 3.(25 BajmoÐ) H (suneq c) tuqaÐa metablht  X èqei sun�rthsh puknìthtac pijanìthtac
pou dÐnetai apì ton tÔpo

f(x) =

{
3
7x

2, x ∈ (1, 2),
0, diaforetik�.

Jètoume Y = X2. Na brejoÔn:

(a) H mèsh tim  thc Y .

(b) H sun�rthsh puknìthtac pijanìthtac thc Y .

(g) H sundiakÔmansh, C(X,Y ) = Cov(X,Y ), twn X kai Y .

Jèma 4.(25 BajmoÐ) 'Estw X diakrit  tuqaÐa metablht  me mh arnhtikèc akèraiec timèc kai pija-
nogenn tria

PX(t) := E(tX) =
2

3
e2(t−1) + ce5(t−1)

gia k�je t ∈ R, ìpou c eÐnai mia stajer�. Na upologistoÔn:

(a) H tim  tou c.

(b) Oi E(X), V (X).

(g) H pijanogenn tria thc 2X.

Jèma 5.(25 BajmoÐ) (a) 'Estw X mÐa tuqaÐa metablht  me sun�rthsh puknìthtac pijanìthtac

f(x) =

{
|x| an x ∈ (−1, 1),
0 an x ∈ R \ (−1, 1).

Na upologistoÔn oi ropèc E(Xk) gia k ∈ N, kai na deiqjeÐ ìti V (X2) = 1
12 .

(b) 'Estw (Xn)n≥1 akoloujÐa anex�rthtwn kai isìnomwn tuqaÐwn metablht¸n kajemÐa me sun�rthsh
puknìthtac pijanìthtac ìpwc sto Er¸thma (a). Jètoume T = X2

1+X2
2+· · ·+X2

1200. Na upologisteÐ
proseggistik� h pijanìthta P (T ∈ (575, 615)).

Timèc apì ton PÐnaka thc Tupopoihmènhc Kanonik c, N(0, 1):

Φ(0.5) = 0.6915, Φ(1) = 0.8413, Φ(1.5) = 0.9332,
Φ(2) = 0.9773, Φ(2.5) = 0.9938, Φ(3) = 0.9987.

'Arista eÐnai to 100. Di�rkeia 21
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LUSEIS

Jèma 1 (a) 'Estw X = pl joc emfanÐsewn tou 6 stic n rÐyeic. H X akoloujeÐ thn diwnumik 
katanom  me paramètrouc n kai p = 1/6. 'Eqoume

P (X ≥ 2) = 1− P (X ≤ 1) = 1− P (X = 0)− P (X = 1) = 1−
(

5

6

)n

− n
1

6

(
5

6

)n−1
.

(b) JewroÔme ta endeqìmena

A : = {den emfanÐzetai kajìlou o arijmìc 1},
B : = {emfanÐzetai toul�qiston 2 forèc o arijmìc 6} = {X ≥ 2}.

Tìte P (A ∩B) = P (A)− P (A ∩Bc), P (A) = (5/6)n, kai

P (A ∩Bc) = P (A ∩ {X < 2}) = P (A ∩ {X = 0}) + P (A ∩ {X = 1}) =

(
4

6

)n

+ n
1

6

(
4

6

)n−1
.

O teleutaÐoc ìroc prokÔptei giatÐ èqoume n epilogèc gia thn rÐyh kat� thn opoÐa ja emfanisteÐ h
monadik  èndeixh 6, èpeita èqoume thn pijanìthta 1/6 na emfanisteÐ to 6 sthn sugkekrimènh rÐyh,
kai tèloc to (4/6)n−1 pou eÐnai h pijanìthta stic upìloipec rÐyeic na mhn emfanisteÐ to 1   to 6.

Jèma 2 (a) JewroÔme ta endeqìmena

A1 : = {to sfairÐdio pou epilègoume arqik� eÐnai �spro},
A2 : = {to sfairÐdio pou epilègoume arqik� eÐnai maÔro},
B : = {to sfairÐdio pou epilègoume sto tèloc eÐnai maÔro}.

Tìte

P (B) = P (A1)P (B|A1) + P (A2)P (B|A2) =
6

10
× 4

1000
+

4

10
× 994

1000
=

4

10
.

(b) [To er¸thma autì eÐnai tupik  efarmog  tou tÔpou tou Bayes.] QrhsimopoioÔme to apotèlesma
tou erwt matoc (a).

P (A1|B) =
P (A1 ∩B)

P (B)
=

P (A1)P (B|A1)

P (B)
=

6
10 ×

4
1000

4
10

=
6

1000
.

EÐnai logikì to ìti aut  h pijanìthta eÐnai polÔ mikr .

Jèma 3 (a)

E(Y ) = E(X2) =

∫
R
x2f(x) dx =

3

7

∫ 2

1
x4 dx =

3

35
(25 − 1).

(b) Gia y ∈ R h sun�rthsh katanom c eÐnai FY (y) = P (X2 ≤ y) pou profan¸c isoÔtai me 0 gia
y ≤ 1, kai me 1 gia y ≥ 4 giatÐ P (X ∈ (1, 2)) = 1. Gia y ∈ (1, 4) èqoume

√
y ∈ (1, 2), kai �ra,

qrhsimopoi¸ntac to ìti h X paÐrnei mìno jetikèc timèc, paÐrnoume

FY (y) = P (X ≤ √y) = FX(
√
y).

H par�gwgoc thc teleutaÐac sun�rthshc sto (1, 4) eÐnai

fX(
√
y)

1

2
√
y

=
3

14

√
y.
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H FY eÐnai suneq c sto R (afoÔ kai h FX eÐnai suneq c) kai paragwgÐsimh me suneq  par�gwgo
sto sumpl rwma enìc peperasmènou sunìlou, sugkekrimèna sto R\{1, 4}. 'Epetai apo ta pio p�nw
ìti mia puknìthta gia thn katanom  thc Y eÐnai h

fY (y) =
3

14

√
y 1y∈(1,4).

(g) C(X,Y ) = E(XY ) − E(X)E(Y ) = E(X3) − E(X)E(X2). 'Eqoume apì to (a) ìti E(X2) =
93/35. EpÐshc

E(X) =
3

7

∫ 2

1
x3 dx =

45

28
,

E(X3) =
3

7

∫ 2

1
x5 dx =

3

7
× (26 − 1)

6
=

9

2
.

Jèma 4 (a) Epeid  PX(1) = E(1X) = 1, èpetai ìti 2/3 + c = 1, dhlad  c = 1/3.

(b) E(X) = P ′X(1) = (2/3) × 2 + (1/3) × 5 = 3. E(X(X − 1)) = P ′′X(1) = 8/3 + 25/3 = 11.
V (X) = E(X(X − 1)) + E(X)− E(X)2 = 11 + 3− 9 = 5.

(g) Gia k�je t ∈ R, èqoume P2X(t) = E(t2X) = E((t2)X) = PX(t2) = ...

Jèma 5 (a) An k ≥ 0 perittìc akèraioc, tìte E(Xk) =
∫
R xkf(x) =

∫ 1
−1 |x|x

k dx = 0 wc

olokl rwma thc peritt c sun�rthshc x 7→ |x|xk sto summetrikì (wc proc to 0) di�sthma (−1, 1).

An k ≥ 0 �rtioc akèraioc, tìte E(Xk) =
∫ 1
−1 |x|x

k dx = 2
∫ 1
0 xxk dx = 2/(k+2). Qrhsimopoi same

to ìti h sun�rthsh x 7→ |x|xk t¸ra eÐnai �rtia.

Qrhsimopoi¸ntac ton pio p�nw upologismì, brÐskoume

V (X2) = E((X2)2)− (E(X2))2 = E(X4)− (E(X2))2 = (2/6)− (1/2)2 = 1/12.

(b) H (X2
i )i≥1 eÐnai mia akoloujÐa anex�rthtwn kai isìnomwn tuqaÐwn metablht¸n. Gia k�je n ≥ 1,

jètoume Sn := X2
1 + · · · + X2

n. Epeid  apì to (a), E(X2
1 ) = 1/2 kai V (X2

1 ) = 1/12 < ∞, to
Kentrikì Oriakì Je¸rhma dÐnei ìti gia meg�lo n, h katanom  thc tuqaÐac metablht c

Sn − (n/2)√
n/12

eÐnai proseggistik� h tupik  kanonik , N(0, 1). Gia n = 1200, o paronomast c tou teleutaÐou
kl�smatoc isoÔtai me 10. 'Ara

P (575 < T < 615) = P

(
−2.5 <

S1200 − 600√
1200/12

< 1.5

)
≈ Φ(1.5)− Φ(−2.5) = Φ(1.5) + Φ(2.5)− 1


