I'evixevpéva ONoxAnpopato

Y10V oploud 1tou ohoxhnpwuatog Riemann
b
/f(a:) dx

e To didotnpa ohoxhfipwong [a, b eivon gporyuévo.

xdvoupe Tic €€%g 800 unovésels.

o I cuvdptnom f elvar gpoyuévn oto SldoTnua OAOXATPKOTS.

r z 4 7 e 7 7 z 4 I’ 4
Eyoupe yevixeuuévo ohoxhfipwua 6tay TOUAdytoTov Wia and autég Tig dUo ouvirixeg mapaBialeTan.

1. OAOKAHPQOMATA $E MH $PATMENA AIASTHMATA

?f(:r)d:r, /a f(z)dz, 7f(x)dac

A. T o npthto ohoxhipwpa, unodétoupe 6t ) f elvar cuveyric oo [a, 00). Opiloupe

Tt onpaivouy ta

omou a € R?

Lfﬂ@dxzﬁg;7%@ﬁh (1)

4 4 I 4 2 4 4 4 4 Z

btav 10 bpto undpyet 6o R U {—00,00}. Av 10 dpto elvan mparypoatinds aptduds héue 6Tt T0 YEVIXELUEVO
4 4 4 2 7 2 4 4 2

ohoxhfipwpo cuyxhiver. Av 1o 6pio eivar 0o (avtiototya, —o0) Aéue 6Tt 10 OAOXAPWUA ATOXAIVEL GTO 0O

(avtioToya, ot0 —00).

B. T'a 10 dettepo ohoxhfpwya, ouota oplloupe

K——o0

/af(x)d:c: lim /af(x)d:c (2)
—o0 K

av 10 6pto undpyel oto R U {—o00, 00}. T4t unodétouue 6t v f eivan ouveyfic oo (—oo, al.
I'. T to tpito ohoxhfipwpa, vnovétoupe o1t 1 f eivan ouveyhc oto R. Emkéyouue xdmowo a € R xo

optloupe
[ t@do= [ s@ iz [ 1@ as,

we v mpotnddeon étt ta 8o ohoxhnpoduata UTdEYOLY Xou To lpoloud Toug urnopel va optotel (dnhady
8ev toolTat To éval ue 00 Xou TO dhho pe —00). O optopds v 800 autdv ohoxhnpuudtwy éyer dodel mo
wéve. Tpocoyh, to [ f(x) dx ev opiletan we

M—o0

M
lim / f(x) dx.
M
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IIAPAAEITMATA
1) [y e 3 de =1/3.
Dot yioe M > 0 €youpe,

T 1 T 1

/8_333 dr = = /(—6_3$)/dl' = (" —e3M)
3 3

0 0

yioo M — oo.
2) [,S1/xde = o0

Tott yio M > 0 €youpe,
M

1
/dm:logM—log2—>oo
x

2
o M — oo.

3) [ sinz da dev cuyxhivel.

Tatt yioo M > 0 €youpe,
M
/sinmdaj = —cos M + cos0
0

70 onofo dev €yel 6plo yia M — oo.

"

(e o]

1
/e‘mdx: Ta] av a < 0,

oo ava>0.

0
It yioo M > 0 €youpe,
M
1¢,aM _ 0
=(e*™ —e av a # 0,
/ea””: dr = al ) 7
5 M av a = 0.

H tehevtaio nocdta telver oto dmetpo yio a > 0 xou oto —1/a vy a < 0,

5) [IOAY SHMANTIKO]

o0

1 %1 ava > 1,
7d$: a
/ z 00 av a < 1.
Tl
r * 0— —1- 1<0
/x“dx:[ 1 l‘a+1:| _ — = v —a+1<0,
1 —a+l 1 Oo—ﬁ av —a+1>0.
Evo vy a = 1, éyoupe floo x Vde = log z|3° = oc.
6)
o0
1
LT
1+ 2 2
0
Tl
i 1
o -1 oo_ﬂ' _7T
/de—[tan w]o—g—o—g.
0

tan~! cupBoiilet Tnv avtiotpogn cuVdpTNOT TOL TEPLOEIOROL TNC EPURTOREVNC, tan, oTo SidoThua (—7/2,7/2).
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o0 2 7 / 7 ’ 0 o o0 _ 7
7) fiooxdx oev ouyxhivel yiotl ebxoha Bploxouue ot fiooa:dm = —00, fo rdr = 00, TV onolwy To
ddpotopa dev opileton.

IMapatrpenom. Ly mpdly, dev elpaote 1600 TUTLXOl OTWE OTA TEMOTO TUPUOELY AT, VO TOPVOUUE
]\/{ 4 /)\ M E /ﬂ z M Ié C 7

o [7 xou petd va otéhvoupe o M o610 0o. Tuvidec, avti tou M ypdgouyue 0o, xat 10 govtalouaoTe

¢ €vay geydho aprdpd. ‘Otav €plet 1 oTiypn Vo To avTUIXATAC THOOVUE, TUPVOUNE ATAOS Oplo OTO dNELRO.

Autd xdvape ota mapadetypata 5 xou 6 mo mhve.

2. OAOKAHPOMATA MH $PATMENON TYNAPTHIEQN

Tt onuaiver To ohoxAfpwua
1

1
/dx?
z
0

E8¢ n ouvdptnon f(x) = 1/ eivan un gpaypévn oto (0, 1].

A. Ay éyoupe a < b npaypatixoie aptdpoie, xar ula ouvey) ouvdptnon f @ (a,b] — R, téte opilovye

c—at

/b f(z)dz = lim /b f(z)dz (3)

btay to 6plo undpyet oto R U {—00, 00}, xar Aépe 611 1o ohoxhipwpa ouyxhiver. Tpooégte étt 10 oho-
xMpwua mov epgaviletor 6o 6pto (3) etvar éva ouvnbiouévo ohoxdfipwpo Riemann yioti yio ¢ € (a,b) 7
f ebvar suveyric oo [c, b].

B. Av éyoupe a < b npaypatixoie aprdpoic, xar pio ouvey| cuvdptnon f : [a,b) — R, t6te 0 avtiotoryoc
0pIoUO¢ vl

c—b—

/b f(z)dz = lim / f(z) dz (4)

brav to 6pto undpyel oto R U {—o0, 00}
I'. Av éyovpe a < ¢ < b npaypatixoie aprdpolc xat f : [a,c) U (¢, b] — R ouveyn (otic evdiogpépouoeg

TEQITTOOELS, xdnowo and ta bpta e f 610 ¢ etvon dneipo), téte opilouye

/bf(x)dx:/cf(:c)dx+/bf(m)dx

we v mpolnddeon bt ta 8Vo ohoxhnpoduata UTdpyouY xou To dlpoloud Toug uropel va optotel (Snhady
dev tooltat To éval UE 00 X TO Ghho pe —o0). O optopde Twv 800 autdy ohoxhnpuudtwy éyel doldel o
V.

Fevixbtepa, btav wa ouvdptnon f opileton oe éva ddotnua [a,b] extéc and nenepacuévo mhfdog
onueiov tou [a, b], 1o ohoxhipeua f; [ oplleton avdhoya 6nwg otny nepintwon I' méd ndvew.

IIAPAAEITMATA
1
D Jo pde=2.

Tott yio e > 0 €youye,

1
]_ 1
/dm:2\/a? 992

x e
vy e — 07,

2) fol log x dx = —1.
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It yoe e > 0 éyoupe,

1
1

/logxdm = (zlogr —z)] =—-1—cloge+e—0
g
15

yiee — 07,

3) [[IOAY SHMANTIKO]
1
1 L wvac< 1,
/a d$ = I—a
] T o0 av a > 1.

Noati yiwa € Rye a # 1,

1
1 1
/xadx:[ 1 ;L‘a+l:| _ TH—O ocv—a+1>0,
0

—a+1 0 _alH—(—oo) av —a+1<0.

Evo vy a = 1, éyoupe fol z7ldz =logz|§ =0 — (—00) = .

4) To ohoxhhpwya

2
1
—d
/ 23
-1
dev pmopel va optotel. Tt f02 z3dr = [—%:}3_2](2) =—1/8 — (—00) = 00, xa GuoLo f?l 73 dx = —oo.

Ede npénel va mpoaéel xavelc vo uny unoloyloel

2 2
/ 1 p I 1 1 3
— ar = ——X = —— — —_— = —.
z3 2 1 8 2 8
Auté etvan Addog. To detitepo Vepehiiddeg Yedpnuo Tou OMOXANEWTIXOY AOYIoUOD BEV UTOPEL Vo EQUOUOCTEL
ed yiott i 273 Bev opiletan o€ 6ho to didotnua [—1,2], heirner éva ecwtepind onpeio.

IMapatrenor. Ltoug mo mdve optogols {ntovoaue 1 f va elvon ouveyfc. Autd eivar unepPolixd.
Xpewlbpaote anhode to ohoxhnpouata Riemann nouv epgaviovia ota 8e€id péhn twv oyéocov (1), (2),
(3), (4), va umdpyouv. H xatdhinhn npobnddeon eivar 1 touxh Riemann ohoxhnpwodtntd e f oto
aviiotolyo didotnua, [a,00), (—oo,al, (a,b], % [a,b). Auvth n évvour opiletar we e€rc.

Mié ouvdptnom f: I — R, ue nedio opropot éva didotpa’ I C Rty Mue tomikd Riemann odoxAn-
pooun av yio xdde tenepaouévo xAetoté unodidotnua J C I, 1 f etvou Riemann oloxinpdoiun oto J
(to onolo npobnodéter 61 f elvan gpaypévn oto J). Lo euxoria, mo xdte, wa tétow cuvdptnon Vu

TNV AEUE TOTUXA ONOXATPAOGIUY).

3. OAOKAHPOMATA MEIKTOY TYIIOY

Eivan duvatédv éva ohoxhripopa va €yel xou to 800 mpoAfuota Tou eidaye GTIC TPoNYOVUEVES TupaYPd-
poug. Aniody|, xat dnelpo ywpelo xou un geayuévy cuvdptno. To napdderyyo

7 1
/\/56_2 de
0

Ye tétolec TepInTMOoELS, ETAEYOUNE €va (0TOlodHTOTE) oNUEiD @ 010 EOWTEPIXS TOU DUCTAUATOC ONOXAY-
owone I. To onueio dond to ddotnua oe 800 dwothuata 1 == I N (—oo,al, Iy := I Na,00). To
ohoxhipwpo 610 I opiletan we To dipolopa TwV ohoXANE®UdT®wY 6T0 11 xot 670 Iz €@b6GoV aUTd Pnopolv

lﬂsnepaopévo N dmetpo, avoixtéd N xhetotd Y nuixdeoto.
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va optoTohy xat To Glpolopa Toug eniong wropel vo optotel, dnhady dev ebvor tng poperc oo + (—o0).
ANeg, o ohoxhpwua oto I dev opiletar.
IMo nopdderypo

Ipogavee
oo
1 —x —x
— e Ydxr = lim — e dx.
\/5 e—0t, M~>oo
0

4. YTTKAILH TENIKETMENON OAOKAHPOMATON

Edw Yo dolyue ouvifxeg xdtw and 1ig onoleg To dpto mou opllet Eva YEVIXEUPEVO OAOXATPOUO UTAQYEL.
Ta Yewproata nou avapépovpe eivor avdioya Vewpenudtwy yia abyxiior oelpwy. Alvouue Tig ex000€lg

7 £(z) da

Avdhoyo Yewphuata toybouy yio To UTONOITA €51 YEVIXEUUEVWY ONOXANOWUAT®Y.

TOUG YLl TO OAOXATOWUL

Ocpnua 1. Av n ouvdptnon f elvar Tonixd ohoxANEAOGLUT Xt U dpVNTIXY, TOTE TO OAOXATPLUA

7of(x) dz

undpyet xou etvan évag aprdpde oto [0, 00) U {oo}.
Mpogavae, agol 1 ouvdptnon H(M) = faM f(z) dx eivon adZouoa, xat enopévnc éyel 6pto Yoo M — 0o
(t0 omofo 0ot Ye sSupr~, H(M)). Evdéyeton Béfona 1o dpro va elvon oo.

To endyevo Yevdpnua eivon €va Vedpnpo olyxplons, avdhoyo autol yia oelpéc. H anddelrn tou eivor
e0XOAT.

Oedpnua 2. 'Eow f,g: [a,00) = R tomxd ohoxhnpdotpes pe
0< f(z) <g(z) ywxdde z € [a,o0).

[e.o]

/g(x)dx<oo:>/oof(x)dx<oo.

a

701"(3;) dz = 00 = 709(93) dz =

Ocswpnua 3. Av 1 f elvar Tomxd OhOXANEGGIYN Xou

/ f(@)] dz < oo,
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161 TO OAOXAPWPA

7f(x) dx

To Oehprnua 2 elvar Toh) ypriowo yia nepInT®oelg mov 1) f dev dtatnpel mpdonuo. Eivor to avdroyo

umdpyet xat etvan €vog Tporypatixds aptiuos.

TOu OTL oV Wit GELpd ouYXAivel anoAbTwg, TOTE ouyxhivel, AmodexvieTor xou aUTG YENOLOTOIWVTISC TO

yeyovée 6t xdle Poowxr, axohoutia 6to R ouyxhiver (xar udhiota oe npaypatind aptdud).

IIAPAAEITMATA

O e€eTATOVPE WS TEOS TNY CUYXMOT ToL OAOXANEWUATA.

log

o o0 o 1
dx 3 e V7 dg 4 /dm
Vi1 / Vitalogs " >O/ ') )

3 00
/ 7)/taletdt, aeR /smx
Vil —z) J —:L‘! ) @

0

1)

O\H w\g

1) To ohoxhfpwpe cuyxhiver oe mpaypatind aprdud. To wbvo mpdPinua etvon to un Ppayuévo didotnua

ohoxMipwone. £10 00 1 GuvdpTnon cupreppépeta oav Ty /2

xou 1o anotéheopo €netar and TO
Mapdderypa 5 tne Mapaypdpou 1. Tumind, tdue g e&hc. Enedh limy, o logz/2%1 = 0, undpyer M > 1

wote logr < 291 vz > M. Topa, yio x € [M, oo) éxoups

log T f
2
/x3

To cuurnépacpa éneton and 1o Hapaﬁswpa 5 e Hopaypdgpou 1 (agob 1.4 > 1), xa and 1o Oedpnua 2

().

2) To ohoxhfpwpa anoxhiver, wwobtor pe oo. Diati urdpyer M > 3 dote logz < 29! yiw 2 > M.

Enopévee yio x > M éyoupe
1 1 1 11

> =
V1+zlogr = 2y/xa%t 2206

Kat 1o ouvunépacpa éneton and 1o Lopdderypa 5 tne Hopaypdpou 1 (apod 0.6 < 1), xou and 10 Ocodpnua
2 ().

3) To ohoxhpwya ouyxhiver ot Tporypatind apdpd. Autd yioti n e VZ giiver mo ypryopa and Ty =

-2

7 omnola éyer nenepacpévo ohoxhipwpa oto [1,00) Aéyw tou Tapadelypoatoc 5 and v Iapdypago 1.
Tumixd, undpyer otadepd M dote x2eV® < M yia xdde = € [1,00), agod 1 z2e™VZ eivon ouveyric oe
exetvo To BidoTnua ye Temepaouévo bpto oo 0o (6pio 0 udhiota). Agol ko e VE < M/2? 610 [1,00),
0 ouurépaoya énetar and to llopdderypo 5 e Ilapaypdpou 1 xat 10 Ocdpnua 2 ().

4) To ohoxhfpwpa ouyxhiver ot npaypatixd aptdud. Apxel va to Selloupe autd yior T OhOXANEOLOTA

/\F /\Flwdx'

Ou euxaheotolpe 10 Oedpnua 2(a). Tha 10 mpdTo OhoXMApwUd, YENOWLOTOOVUE TO Tl 0 OAOXATPWTEOS

ppdooeton dvw and v 1/y/x 1 onola éxel nenepacyévo ohoxhhpwpa oo [0, 1] (Tlapdderypa 3 tne Mapo-

3/2

Yedpou 2). I'a 1o deltepo, ypnotponoolye 6Tt 0 ohoxinpwtéos gedoceta dvw and v 1/2°/< v onota
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éyer menepaouévo ohoxhipwua oto [1,00) (Ilapdderypo 5 tne Hopaypdpou 1). Anhadh tapatnpolue 61t

670 0 0 ohoxhnpwTtéog ouurepLpépeTal cav TNV 1/3/Z evé oTo oo cav Ty 1/23/2.

5) To ohoxhipwua cuyxhiver oe mpaypatixd aprdud. Apxel va 1o Seifoupe autd yior Ta ohoxAnpduoTo

/mdﬁ/m

1/2

Tl T0 TPMTO, YENOLOTOOVYE 8Tt 0 OhoXANPWTEOC PpdooeTar dvew amd Tnv v/2/1/T 1 onola éyel nerepa-
ouévo ohoxhipwua oto [0,1/2] (apdderypa 3 tne Hapaypdpou 2). T to debtepo ypnotponowolye bt
0 ohoxhnpwtéog ppdocetor dve amd v V2/4/1 — x 1 orola éyel merepacpévo ohoxhipwpa oto [1/2,1].
IMo tov tekeutaio loyuplopd, xdvoupe TNy odhayt) UETAPANTAC ¥ = 1 — &, xal AVAYOUUGTE O YVWOTH

nepintwon.

6) To ohoxhipwpa anoxhivet, tooltar pe 0o. Autd yati xaéva and ta

1 3
1 1
/ dl’7/d$
|1 — x| |1 — x|
0 1

toolTan pe oo. IL y., yia 0 Tp®To ohoxApwua voloyilovpe

1 1
11— 1
— =logl—1log(0") = —(—o0) = 0.
[ ot [ = 0m1 —10m(0%) = ~(-o0) = o
0 0

7) H tipn autod tou ohoxhnpopatoc cupforileton pe I'(a), opilet tny ouvdptnon Tdupa. Eiva nerepaopévo

yioe a > 0, ot 10odton pe oo yr a < 0.
Ed6 €youue un gpayuévo ywelo ohoxhipwong, xou tpdfinua oto 0 av a — 1 < 0.
pdpoupe ooy

0 1 0
/t“_le_t dt = /t“_le_t dt—i—/ta_le_t dt.
0 0 1

To ohoxhfipwpa

o0
/ et dt
1
ouyxhiver yio xdde a € R yiart limy o 19 e™2 = 0. Onére undpye pla otadepd C € (0,00) Gote
t7Le™t2 < O yio udbe t € [1,00), xou dpa
00 00
/t“_le_t dt < C’/e_t/2 dt < oo.
1 1
I'a 1o ohoxhMipwya oto [0, 1] napatnpodye 6t
1 1 1
_l/ta_ldt < /t“_le_tdt < /t“‘l dt,
0 0 0
xat To ouunépacpa éncton and 1o Mopdderypa 3 e MHoupaypdpou 2. Ouclaotind, 1 ouvdpinon e ! eivou
eviehde adtdpopn oo [0, 1] dtav 1o epdTnpa ivar 1 obyxhon Tou cuyxexpLpévou ohoxhnpwuatos. Hroy
buwe TohD onpavtixh dtay To ywelo ohoxihpwong fitay to [1,00).

8) To ohoxhfipwua ouyxhiver oe npaypatixd aptdpd. To ohoxhfpwpa oo [0, 1] undpyer agol n cuvdptnon
efvar oLVeEYHc 010 XhetoTé BidoTnua (€yet bpto 1 yio  — 0, dpo dev undpyer TEdBAnua oto 0).
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I'a 1o ohoxhMipwya 6to [1, 00), unokoyiloupe yio M > 1,

M M M
i 1

/ S0P e = / (cosz) dz = cos1 — o8 / cosx dzx.
x

1 1

To 6pto Tou Teheutaion ohoxinpwpatog Yo M — oo undpyet oto R yiotl ocuyxAiver anoldteg agod

/ dx</d:c——

O 1oyvptopde pag éncton and 10 Oedpnuo 3 T Tdvw.

=1< 0.

00
1

Etvor piar anhy) doxnon va del xavelg 6Tt 10 apyixd ohoxhipwua deV cuyxAivel anolltws, dnhadt
[e.o]
sin x
/ [sinz| , _
x
0
ondte dev pnopoloape va SetEouue TNV oUYXAIOT TOU apYiX0U OAOXATPOUATOS UECK ATOAUTNG OUYXAIONG.

IMapatrhpnon. And 1o nopadelypoata autod Tou puikadiov, unopel va pelvel xavelc pe tny eviinwon
6T i tomxd ohoxhnpwotun f : [a, 00) — R pe un apynuxéc npéc yio vo €ye

7f(t) dt < oo,

Va mpéner v ixavonoet limysoo f(t) = 0. Autd dev eivon 0wotéd (eved To avdhoyo yia oepés woydet).
nopdderypa, Yewpotue Ty f : [0,00) — R e onolag to ypdonua eivan 1o e€hc. T xdde n € N\ {0}, oto
SidoTuet [n,n + =] 0 Ypo’«pnpoz elvan ot foeg mAeupEg EVOC 100oAEAOUE Tply VoL Tou omolou 1) Bdon €yet
xopugéc ota onuela (n,0), (n+ £, 0) xou Ooc 1. Anhodr o tpfywvo éyet epfaddy 1/2". Lto unbhoino
tou [0,00) 1 f noipver v i 0. Téte

eved limy o0 f(t) = 1.
Av bpoq pall pe Tic

f >0 xu /f(t)dt<oo

vroléoouye emnhéov 6t v f etvon giivovoa, téte eivon edxoho va det xaveic 6t limyyo f(t) = 0 (‘Aoxn-

o).
Téhoc, av o 6pto limy o f(t) undpyet xou wwobton e ¢ # 0, t61e pe ypron touv Oewphuatoc 2(B)

7f(t) gt — —o00 ave <0,
J o0

Beloxouye 6Tt

av c > 0.



