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Chapter 1

Some Elements of Hilbert Space
Theory

1.1 Vector spaces

A set V of elements u, v, w, ...is called a vector space (over the complex numbers) if

1. For every pair of elements u € V', v € V we define a new element w € V', their

sum, denoted by w = u + v.

2. For every complex number A\ and every u € V we define an element w = Au €V,

the product of A and w.
3. Sum and product obey the following laws:

i VuyoeV:utv=v+u.

ii. Vu,v,w eV : (u+v)+w=u+(v+w).
iii. 30 € V such that u + 0 =u, Vu € V.

iv. Vu € V 3 (—u) € V such that u+ (—u) = 0.
v. l-u=u, YueV.

vi. AMpu) = (Ap)u, Yu € V' and complex A, f.
vil. (A4 p)u = M+ pu, for w € V) A, p complex.

viil. A(u 4 v) = Au + Av, for u, v € V| X complex.



The elements u, v, w, ...of V are called vectors.

An expression of the form
)\1U1 + )\2’&2 + ...+ )\nun,

where \; complex numbers and u; € V' is called a linear combination of the vectors wu;,
1 <i < n. The vectors uq,...,u, are called linearly dependent if there exist complex

numbers \;, not all zero, for which:
)\1U1 + )\2’&2 + ...+ )\nun =0.

They are called linearly independent if they are not linearly dependent, i.e. if A\ju; +
Aous + ... + Ayu, = 0 holds only in the case Ay = s =... =\, = 0.

A vector space V is called finite-dimensional (of dimension n) if V' contains n
linearly independent elements and if any n+ 1 vectors in V' are linearly dependent. As
a consequence, a set of n linearly independent vectors forms a basis of V', i.e. it is a set
of linearly independent vectors that spans V', i.e. such that any u in V' can be written

uniquely as a linear combination of the basis vectors.

1.2 Inner product, Norm

A vector space V is called an inner product space if for every pair of elements u € V,
v € V we can define a complex number, denoted by (u,v) and called the inner product

of u and v, with the following properties:
1. VueV: (u,u) >0. If (u,u) =0 then u = 0.

2. (u,v) = (v,u), Yu,v € V, where Z is the complex conjugate of the complex

number z.
3. (A\u+ pv,w) = Mu,w) + p(v,w) for u,v,w € V, A\, u complex.

As a consequence of (2) and (3) (u, \u) = A (u,v) for u,v € V and A complex. The
vectors u, v are called orthogonal if (u,v) = 0.

For every u € V' we define the nonnegative number ||u|| by
1
Jull = (u,u)?,
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which is called the norm of u. As a consequence of the properties of the inner product

we see that:
i. [Jul| > 0 and if |ju|| = 0, then u =0
ii. V complex A\, u € V: ||Aul| = |A] [Jull
iii. Yu,v € Vi |lu+o| < |lul| + ||v]| (Triangle inequality).
To prove (iii) we first prove the Cauchy—Schwarz Inequality:
iv. |(u,0)| < ||u|| |||, Yu,v € V.
(u,0)

To prove (iv) we may assume that (u,v) # 0. We let now 6 = oy We find then for

any real A\ that
0 < (Qu + M, Ou + M) = N (v,v) + 2\ | (u, v)| + (u, w).

Hence for any real A the quadratic on the right hand side of the above inequality is

nonnegative. Hence, necessarily,
[(w, )] < (u,u) (v,0),
which gives (iv). To prove now the triangle inequality (iii) we see that
lu+v]|? = (u+v,u+v)=(u,u)+ (v,v)+ (u,v) + (v,u)

2 2 2 2
<l loll™ + 2 {(w, o) < Jlull” + [lolI™ + 2 [Jull o]

= (llull +llv)*,

from which (iii) follows. (Supplied only with a norm that just satisfies properties

(i)—(iii), V' becomes a normed vector space).

1.3 Some topological concepts

In V' we define the distance p of two vectors u and v as p(u,v) = |lu — v|]. If g
is a fixed vector in V and § a given positive number, then the set of vectors v in V
which satisfy ||[v — ug|| < § is called the open ball with center ug and radius §. The set

|lv — upl| < ¢ is the closed ball with center ug and radius §. We say that a sequence of
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vectors uq, ug, us, ... in V is convergent if there exists a vector u € V such that, given

€ > 0 there exists a positive integer N = N (e) for which:
|lun, — ul| < e, forall n > N.

We call u the limit of the sequence {u;};>; and write lim, u, = u or u, — u in V as
n — o0o. It is easy to see that a convergent sequence has only one limit. Obviously
U, > uin'V & Jlu, —ul| — 0 as n — oo.

A sequence of vectors wuy,us, us, ... is said to be a Cauchy sequence if given any

€ > 0, there exists an integer N = N (¢) such that
|un — um|| <€, for all m,n > N.

It is easy to see that every convergent sequence is Cauchy. The converse is not always
true. We will say that V is complete whenever every Cauchy sequence in V' is conver-
gent. A subset A of V is called a dense subset of V' if for every u € V' there exists a
sequence uq, g, U3, . .. € A such that u,, — u as n — oo.

Exercise: If u,, — u, v,, = v in V then:
(a) lim, (Au, + pv,) = Au+ po for complex A, p.

(b) limy,(un,v,) = (u,v) (and as a consequence we say that the inner product is a

continuous function of its arguments).
() Timy, [Jun[| = [ful].

(d) lim, \,u, = Au for every convergent sequence A, — A of complex numbers. ¢

1.4 Hilbert space

A complete inner product space V' is called a Hilbert space. In other words, a Hilbert
space is an inner product space in which a Cauchy sequence is always convergent. We
will usually denote Hilbert spaces by H.

A subset S of a Hilbert space H is called a subspace of H if u € S, v € S imply
that \u+ pv € S, for any complex numbers A, p. S is said to be a dense subspace of H

if it is a dense subset of H and a subspace of H. S is said to be a closed subspace of H
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if S is a subspace of H with the following property: let {u,} be a convergent sequence

in H such that u, € S, n=1,2,3,.... Then u = lim,, u,, belongs to S too.

Exercise: A dense, closed subspace of H coincides with H. O
Given any (noncomplete) inner product space V' we can prove that by adding new

elements to V' we can extend V' to a (complete) Hilbert space H such that V' is a dense

subspace of H. The process is referred to as completion of V or as closure of V in H.

1.5 Examples of Hilbert spaces

A. H = C" with the Euclidean inner product (u,v) = Y ", u;7; and norm |jul| =
n 1/2

(Xoisy [ual) 2

B. I,

We denote by 5 the set of all complex sequences u = {uy, ug, us, ...} = {u;}2, which

satisfy the inequality
Z |uj|? < oo.
j=1
In Iy we define u + v, Au and (u,v) in the following way:

w=u+v with w = {w;}3°,, w; = u; + v;.

z=Au (A complex number) z = {z}2,, z; = \u;.
(u,v) = i u;;-
j=1
Then it follows that 372 [2j|* < oo and Y777, |w;|* < oo because
il = [y +v;]* < 2Ju ] + 2]y,
The convergence of the series defining the inner product follows from
5] = llley] < S Llusl? + |},

By verifying the axioms one by one we easily conclude that the set of all vectors
u, v, w, ... with the above mentioned properties and the given operations form an inner

product space. (The zero vector is the sequence 0= {0,0,...}). The space Iy is a



2)
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complete inner product space and hence a Hilbert space. To show that let u™®), uf

be a Cauchy sequence in [y with

{U1 ,u2 ,}

Then given € > 0

N[

[u™ — ™| = (™ — w0 4™ — M)z = <Z |u; () _ .m 2) <e (1.1)

for all n,m > N(e). In particular it follows that

(n)

|u; —ugm)| <, for all n,m > N(e) and every j =1,2,3,....
Fix 7. Then the sequence u§ ) , 52), ... is convergent. We denote the limit of this
sequence by u;, i.e.
ngolou”_uj for j =1,2,3,.... (1.2)

Now it follows from (1.1) that for every positive integer k
k
Z > < ¢ for all n,m > N(e).
Letting m — oo in the above, since it is a finite sum, we obtain by (1.2) that

k
Z|U§'n) —u;|* < € for all n,m > Ne).

j=1
Letting now £ — oo in the above, we obtain that
Z |u§n) —u;|? < € for all n,m > N(e). (1.3)
j=1
We set now u = {uy, uy,...}. By (1.3), u — u'™ € l,. Hence u = (u — u™) + u™ € I,.
By (1.3) it also follows that

.- 3
|u™ — || = <Z |u§n) — uj|2) < e for all n > N(e).
j=1

Hence there exists u € Iy such that ™ — u as n — oo. We conclude that the

Cauchy sequence {u(l),u(2), ...} is actually a convergent sequence. Therefore Iy is



complete and hence a Hilbert space. We remark that the Cauchy—Schwarz inequality

|(u, )] < [lul[[[o]] becomes

S ) < (z w) (z mv)
j=1 j=1 j=1

The triangle inequality ||u + v|| < ||u|| + ||v|| becomes

1 1 1
[ee] 2 [ee] 2 o0 2
<z|uj+w> < (zw) +(zw)
7=1 7j=1 7j=1

Let €2 be an open set of R™. We describe the points in R"™ by n—tuples x = (21, xa, ..., Z,)

C. Ly()

and denote the (Euclidean) length of the vector x by:

We now consider the set of complex—valued continuous functions u(x) = u(xy,...,z,)
defined on 2. Addition u+ v and multiplication Au by a complex number A are defined,
as usual, by:

w=u+v, wx)=ulx)+v(x),

z=Mu, z(x)= Iu(zx)

We define now an inner product for such functions by:

(u,v) = /ﬂu(x)v(x)dx, (1.4)

where dx is the volume element in €2, i.e. dr = dxidx,...dz, and fQ ... dx is the

multiple integral (in the Riemann sense)

/- dx—/// o,

Since €2 is an arbitrary open set of R™ | the integral in (1.4) defining the inner product
may not exist. We restrict therefore our attention to complex—valued functions u(z),

defined on €2, with the property that

/Q]u(x)]Qd:c < 00.



Let now V' be the above-described vector space, i.e. let
V' = {u | u continuous on (2, / lu(z)|? dw < oo}.
Q

V' is an inner product space with the inner product defined by (1.4). To see this, note
that

[u(z) +v(@)|* < 2(lu(@)|* + Jv(@)]?).
It follows that w € V, v € V = u+v € V and easily, Au € V for A complex. Finally

the existence of the integral in (1.4) is proved by noting that Vz € :

2lu(z)|lv(z)] < Ju(z)|* + [v(2)]*.

Hence, integrating:

ol = | [ uepolaldel < [ u(o)llofa)ids
< §/Q|u(x)|2dx+§/g|v(x)|2dx.

By verifying now the axioms one by one we confirm that V' is an inner product space.

The norm on V' is given by

1

full = et = ([ uolae)’

The zero element in V' is the function u(z) = 0, = € Q. For u,v € V, the Cauchy—

Schwarz and the triangle inequalities take the form:

|/ w@)dz| < (/ lu(z 2dx>% (/ v(;v)%lx)é |
(/ () + vl de> (/ lu(z 2dx>2+(/9|v(:c)|2da:>2

The functions uy, usg, ... € V form a Cauchy sequence in V' if Ve > 0

1

i =l = ([ fi(o) = o))<

for all m,n > N = N(e¢). The sequence is convergent if there exists a function u € V'

such that for every e > 0 there exists an integer N = N(e€) such that

tn — ul) = (/Q () — u(:v)mx)é <e

8



holds for all n > N(e).
The space V' is not complete. To see that let Q2 = (—1,1) in R and let V' be the set
of continuous, real-valued functions u defined on (—1, 1) such that f_ll lu(z)|? de < oo.

Let (u,v) be defined as fjl w(z)v(z)dz and let ||lul| = (u,u)2. Consider the sequence

U1, Uo, . .., where
-1 for —-1<z< —%
uj(z) = jr for —1<z<:
1 for % <z <l1.
Exercise: Prove that {u;}52, is a Cauchy sequence in V. O

However, there is no continuous function u on (—1,1) for which ||lu, — u|| — 0 as
n — oo. It is easy to see that ||u, — f|| = 0 as n — oo where f is the discontinuous

function
—1 for —1<z<0

flz) = 0 for x=0
1 for O<z<1.

Thus, V' is a non—complete inner product space. By our assertion in §1.4 we can
complete the space V by ‘adding’ new elements to it. This extended complete space
we call Ly(Q2). The elements that we add to V' can be considered as representatives of
those Cauchy sequences of V' for which there do not exist functions u € V' such that
|un, — ul| = 0. Some of those ‘additional’ functions may be piecewise continuous but
in general they will be highly discontinuous functions defined on €. (For example f,
above, belongs to La(£2)).

It is well-known that Lo(2) is isometrically isomorphic to the set of (equivalence
classes of) complex—valued Lebesgue measurable functions u on §2 for which the (Lebe-
sgue) integral [, |u(z)|*dx is finite. The inner product (understood in the Lebesgue
sense) is given again by (1.4).

As a consequence of the process of completion of V:
(i) La(€2) is a complete inner product space (a Hilbert space).

(ii) V is dense in Ly(Q2), i.e. for every u € Lo(2) there exists a sequence {u,}>° ; of

functions in V such that ||u, — ul| = ([, [un(z) — u(x)|2dx)% — 0 as n — o0o.



1.6 The Projection Theorem

The following result provides important information about geometric properties of a

Hilbert space.

Theorem 1.1 (Projection Theorem) Let G be a closed subspace of a Hilbert space
H, properly included in H. Then, given h € H there exists a unique element g € G
such that:

1) ||h — g|| = inf ||h — @||.

(@) lIh=gll = in 11— o]
Moreover

(i7) (h—g,¢) =0 for each ¢ € G.

h-g

Figure 1.1:

Proof. Let h € H such that h € G (if h € G pick g = h and the theorem is proved).

Now, since for all ¢ € G, ||h — ¢|| > 0, there exists a sequence ¢,, € G such that
i — =i — 9|l = 1.
Jim || — ¢nl| = Inf [|h — o] =0 (1.5)

We first show that {¢,}n>1 is a Cauchy sequence. Let fy, fo € H. Then the parallelo-

gram law holds:

20 f117 + 2 217 = Lo + foll 2+ 11 /1 = fol*-

(Proof: Exercise). Set fi = h — ¢, fo = h — ¢,,. Then

60— Gull? = 20— 0l + 20— 6,12 4ln — P2 P2 g

Now
Om + O

1 1
< <|lh - m =|lh — n
O < ik =l + 5l1h — ol

Ih —

10



and by (1.5),

: Pm+n, 1o 1
1 h— < 2§+ =-6=0.
o sup | 2 153075
But by definition of 9,
lim inf b — 229 > 5
m,n—00 2

Hence lim,, ;00 |2 — 22522 || = §. Then by (1.6) and (1.5) we conclude that
m ||y, — énl|? = 207 + 207 — 40 = 0.
m,n—00

Hence {¢, }n>1 is a Cauchy sequence in G. Since G is closed, the sequence is convergent
in GG, i.e. there exists g € GG such that ¢,, — g as n — 0o. We show that this g satisfies
|h =gl = infyeq [h— ¢ = 0. Obviously [ —gl| < [|h—nll+[lg— ¢ull and taking the
limit of both sides as n — oo we get that ||k — g|| < J. By definition of ¢, ||h — g|| > 9.
Hence ||h — g|| = ¢ as required. We also show that ¢ is unique. Indeed, let g;, 92 € G,
g1 # go have the property that

0 =inf [|[h—g| = ||h — = ||h — g2]|.
inf [lh = gll = [|h = gill = I — g
Then, since (g1 + g2) € G = 6 < ||h — 3(g91 + g2)||. But by the triangle inequality
1 1 1 1 1
h— = < —||h— —|lh—gal| = =6+ =0 = 4.
I = S+ )l < Sl — il + Sk - gall = 2o+

Hence

1 1 1
h— - =0=—-||h — —I|lh —

i.e. the triangle inequality holds as equality. Now for any y, € H such that xy # 0,
v #£0, |Ix+ ¢ = lxll + |2l & x = M, for some X > 0. (Proof: Exercise.) Hence
there exists A such that h — g1 = A(h — ¢2), 1.e. A(l = A)=g1 —Ago. fA=1, g1 = ¢
(contradiction). If X # 1, h = (911%192) i.e. h € G (contradiction). Hence g is unique
and we proved (i) above.

To prove (ii), with g constructed as above, suppose that there exists ¢, # 0 in G

for which (ii) fails, i.e (h — g, ¢«) # 0. Define the element g, € G by:

_ g0
g =9+ (G 62) O

11



Then

h—g*2 = (h—g— Gy h — g — o8
ol = [AE R
— (h—gh—g)— D P) iy p
(h—g.h—g) (@¢0(¢ 9)
— —(h—g,0)+ (s, b4)
(6.6 A
[(h—g,¢:)[?
— ||h—g|? - IO
L PN
Hence
|h — g.]]| < |lh —g| = inf ||h — ¢|| (contradiction).
¢€G
Hence (h —g,¢) =0, V¢ € G and we have (ii). O
Exercise: Prove that if for some g € G, (h — g,¢) = 0 V¢ € G, then (i) in Theorem
1.1 holds. O

Given h € H we call g, the existence and uniqueness of which is guaranteed by
Theorem 1.1, the orthogonal projection of h on the closed subspace G or the best

approzimation of h in G. If we denote by f = h — g, then we can write
h=f+g¢g wherege G and (f,¢)=0, Vo€ G.

Hence f is orthogonal to all vectors of the closed subspace G. Let G* be the set of all

such vectors, i.e. let
Gt={ueH: (u,0) =0 Yo € G}.

G* is called the orthogonal complement of G and it is a closed subspace of H. To see
that let u, € G+ such that u, — u. Then (u,¢) = (u,¢) — (un, ®), for all ¢ € G
since (un, ) = 0. Hence for all ¢ € G |(u, d)| = [(u — upn, @)| < ||Ju — u,]|||@|| — oo as
n — oo, i.e. (u,¢) =0=u e G+. Hence G+ is closed. (To show that it is a subspace
is trivial). It is easy to see that G N G+ = {0}. Hence we can write H as the direct
sum of G and G*

H=Ga&G,

meaning by that that there exist two disjoint closed subspaces G and G such that

every element h € H can be written uniquely as the sum of ¢ € G and f € G*,

12



h =g+ f, as above.

Exercise: With g, f defined as above prove the Pythagorean theorem:

1R [* = llgl* + 111%

O
A particular case of importance occurs when G is finite—dimensional. Then G is
closed (Proof: Exercise). Let {1, ¢, ..., s} be a basis of G. Given h € H we can

explicitly construct the best approximation g of h in G as follows: By (ii), g satisfies:
(h—g,9)=0 Vped.
Hence
(h—g,0)=0, i=12...,s. (1.7)
Let g = > i, cipi. We seek the coefficients {¢;};_;. By (1.7), the ¢;’s satisfy the
following linear system of equations:

> Mijej = (hyg;) 1<i<s, (1.8)
j=1

where M = {M;;} is the s x s Gram matriz (or mass matriz) associated with the basis

{pi}s_, of G and defined by
Mij:((Pj,@i)? 1§Z,]§S

To see that M is invertible, suppose that for some complex s—vector d = [dy, ... ds]"

we have that M d = 0. Thus
> Miyd; =0= (> djgj, 1) =0 Vi:1<i<s.
Jj=1 j=1

Hence we conclude easily that the vector u = 22:1 d;p; € G is orthogonal to all p € G,
ie. u€ GF*NG = u=0. Hence 2;21 d;p; = 0 and by the linear independence of the
pj's=d; =0,Vj=d=0. Hence Md=0= d =0, ie. M is invertible. Actually,
M is positive-definite (Exercise).

Example: Let Q = (0,1) and H = L*(0, 1) (real-valued). Suppose f is a given element
of L?(0,1) and let G be the subspace of H consisting of all real-valued polynomials of

degree < n — 1, n > 1. Find the best approximation to f in G.

13



Solution. A basis for G obviously consists of the functions ¢;(z) = 2771, 1 < j < n.
Let g be the best approximation (orthogonal projection) of f in G. Suppose that
g=_;_1ajp;. Then g satisfies:

(9= fipi) =0, 1<i<n,

from which

> Mya; = (f,¢:), 1<i<n, (1.9)
j=1
where M is the n x n Gram matrix,
1 1 1
Mij = (i, 05) = /0 YiP; = /0 e = H]——l
M is positive-definitive but very ill conditioned. ([l

1.7 Bounded (continuous) linear functionals on a
Hilbert space

Let H be a Hilbert space. By a functional F on H we mean a function from H into

the complex numbers C, i.e. a map which assigns to every ¢ € H a unique complex
number F(¢),
F:H—C, ¢— F(¢).

A functional F' on H is called a linear functional if for every ¢, € H and A\, u € C :
F(A6 + ) = AF(6) + nF ().

A functional F' on H is called bounded if

IF(0)]
osacy 19l

< 00

If a functional F' on H is bounded we define its norm, denoted by ||F'|| (do not confuse

with the norm of ¢ € H, ||¢]|) by

|F'|| = sup M (1.10)

oxeeH ||@]l
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Let F' be a bounded, linear functional on H. Then it is easy to see that F' is a

continuous function of its argument. Indeed, let ¢,, — ¢ in H. Then

[F(¢n) = F()] = |F(dn — )| < |Fllllgn — ol =50

Hence F(¢,) — F(¢) in C, i.e. F is continuous. (Note that the inequality

(o)l < [IF]]¢l]

follows from the definition of the norm (1.10) ||F|| of F.)

Conversely, let I’ be a linear functional on H and suppose that F' is a continuous
function of its argument on H. We shall show that F' is bounded. Indeed, if F' is
continuous at ¢y € H, then for each € > 0 there exists a 6 > 0 such that |F(¢g) —
F(h)| < € for ||h — ¢p|| < 0. Now let ¢ # 0 be an arbitrary element of H. By the

linearity of F' we obtain that

ro) =107 () = 1547 (g +o0) —Fow f

| ¢ | ¢y = h, satisfies the relation ||h — ¢g|| < 6 we have that |F(¢)| <

Since the vector H o]

Slloll, ie. IITII)I < 5. Fix e = ¢ > 0. Then § = d(eo) = o, and since €, Jy are
independent of ¢ we see that

|F|| = sup
oxecH |9l do

i.e. F is bounded.
Hence we proved that for a linear functional f on H, boundedness < continuity.

We speak thus of a bounded (continuous) linear functional (b.1.t.).

Exercise: Let F' be a b.lL.f. on H. With the norm | F||defined by (1.10) show that

|Fl|= sup [F(¢)l= sup [F(¢)|.
pEH: [|¢]<1 pEH: ||¢]|=1

O

Now let F', GG be b.1.f.’s on a Hilbert space H. We can define the sum of two b.1.f.’s

F+G=Lby L(¢p) = F(¢) + G(¢) for each ¢ € H and the scalar product \F' as
AF =G, G(¢) = AF(6).

Exercise: We denote by H' the space of bounded linear functionals F,G,... on a
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Hilbert space H. (H' is called the dual of H). With addition and scalar multiplication
defined as above show that H’ forms a vector space. Then ||F||, defined by (1.10) is
a norm on H' i.e. H'is a normed linear space. Finally show that H' is complete, i.e.
every Cauchy sequence in H' converges to an element in H'. O

An example of a bounded, linear functional on H is furnished by the inner product
on H of the elements of H with a fixed element f € H. Given f € H, define for every
¢ € H, F(¢) by

F(¢) = (¢, [).

Clearly F'is a linear functional on H. To see that it is bounded observe that

[E(o) = (&, N < lloll [I.f1]

So for all ¢ # 0:
|F'(9)]

i Sl < oo

9]l
Hence

|F(¢)|

|F|| = sup ——== <|f]l.
ozeeH |9l

In fact, since F(f) = ||f||* we see that the sup is attained for ¢ = f € H. Hence
IE = [f1]-

It turns out that the converse of the above statement is also true. Namely that
every bounded linear functional on H has the form (¢, f) for some f € H. This is the

content of:

Theorem 1.2 (Riesz Representation Theorem) FEvery bounded (continuous) li-
near functional F' on a Hilbert space H can be expressed in the form F(¢) = (¢, f), for

each ¢ € H, where f is an element of H which is uniquely determined by F'; moreover,
IE = [.f]]-

Proof. We denote by G the set of all elements ¢ € H such that F(g) = 0, i.e.
G = KerF'. Obviously G is a subspace of H. Moreover G is a closed subspace of H. To
see that let g, — g with g, € G. Then F(g) = F(g9 — g,) + F(9,) = F (9 — g»). Hence

[F()] < [1F[lllg = gnll =0 asn — o0, ie. F(g) =0 g€

There are two possibilities now: either G = H or G C H (properly included in H).

In the first case F' is the zero functional on H and the theorem is proved with f = 0.
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Hence, assume that G € H. In this case G contains non—zero elements. Let fy € G,
fo # 0. For ¢ € H, consider the vector F(¢)fy — F(fo)¢. This vector belongs to G
because F(F(p)fo — F(fo)d) = F(d)F(fy) — F(fo)F(¢) = 0. Hence, since fo € G+,
we see that for all ¢ € H:

(F(9)fo — F(fo)o, fo) = 0.
Hence F(¢)]| foll 2= F(fo) (¢, fo) from which

F(¢) = (¢ F(fo) f0> , forall¢e H.

lfoll?

We set now

)
TN ERL

and the equality above provides the required representation, i.e. we have existence of

f.
To prove that f is unique, suppose that there exist two vectors f; # fo such that

for all ¢ € H: f(p) = (¢, /1) = (¢, f2). Hence (¢, f1 — f2) = 0 for all ¢ € H. In

particular, set ¢ = f; — fo from which it follows that f; — fo = 0. It remains to prove

that ||F'|| = || f||. We immediately obtain from F(¢) = (¢, f) that

F
F@) = (6.5 < Iollf] éﬁ < 17l
Hence
F
171 = sup L g
o£eer |9

On the other hand taking ¢ = f we see that F(f) = (f, f) = ||f]|?, from which

LA < NEIIA e £ < 11

Hence |[F| = [|f]] 0

1.8 Bounded (continuous) linear operators on a Hil-
bert space

Let H be a Hilbert space as usual. Let M be a subspace of H. By a linear operator

T : M — H we mean a function defined on M with values in H which assigns to the
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vector u € M the (unique) vector Tu € H and which satisfies:
T(Au+ pv) = XT(u) + puT'(v) foru,v € M, \,up e C.

The subspace M of H on which T is defined is called the domain of T" and is denoted
by D(T). The range of T is the set of vectors v € H to each one of which there

corresponds at least one u € D(T') such that Tu = v, i.e.
Range(T) = Ran(T) = {v € H : Ju € D(T) such that Tu = v}.

We also define
Ker(T) = {u e D(T) : Tu = 0}.

The operator T is called one—to—one (1-1) if uy # us = Tuy # Tus. Equivalently, T is
one-to—one if Tu; = Tuy = w3 = uy. T is called onto if Ran(T") = H, i.e. if for every
v € H we can find a u € D(T) such that Tu = v.
Exercise: Ran(7") is a subspace of H. So is Ker(T). O

A linear operator T' defined on the whole of H, (i.e. D(T) = H) will be called
a linear operator on H. Unless otherwise indicated we will assume henceforth that
D(T) = H. A linear operator T on H is said to be bounded if

T
AT

Let T' be a bounded linear operator (b.l.op.) on H. We define the norm of T' by

T
||| = sup ITo) (1.11)

v
(It follows that ||T'¢| < [|T||||¢|] Vo € H).
A linear operator T on H is continuous if whenever f,, — fin H then |Tf,—Tf| —
0. As in the case of bounded linear functionals we can prove (Exercise) that a linear
operator 1" on H is bounded if and only if it is continuous. As in the case of bounded
linear functionals we can show (Exercise) that

T[] = sup  |T¢l = sup [T
00€H: ¢l <1 oeH: 8|1

Now, let T, S, ... be b.l.op’s on H. We define their sum 7'+ S as that (linear) operator
W on H, such that W¢ =T¢ + S¢p, V¢ € H. Similarly \T' = S, where S¢ = AT'¢. It

18



is easy to see that with these definitions of addition and scalar multiplication, the set
of b.l.op’s on H forms a vector space.
Exercise: With the norm defined by (1.11) the vector space of b.l.op’s on H becomes
a normed linear space. O
We denote this normed linear space by B(H).
Exercise: B(H) is a complete normed linear space. O
Now, let TS be b.l.op’s on B(H). Their product T'S is defined as the function
D : H — H which maps the element u € H on the element 7'(Su). It is easily seen
that (T'S)u = T'(Su) defines a linear operator on H. Moreover T'(S;+S2) = T'S1+T'S,
ete, while in general T'S # ST. Since | TSu|| = |T(Su)|| < [|T||[|Su] < (ITIS]w],
we see that ||T'S]| < |T|||S||, i.e. T'S € B(H).
Referring to the Projection Theorem 1.1, set ¢ = Ph, where g is the orthogonal
projection (best approximation) of h on a closed subspace G of H. P is called the
projection operator onto G.

Exercise: Show that
(i) P is a linear operator on H.
(ii) P is a bounded linear operator on H.

(iii) RanP = G, KerP = G+, Ran(I — P) = G+, Ker(I — P) = G, where I is the
identity operator [u = u, Vu € H (obviously I € B(H) with ||| = 1).

(iv) P2=P,||P| = 1.

(v) I — P is the projection operator onto G*. O

1.9 The Lax—Milgram and the Galerkin theorems

Henceforth we will usually consider real Hilbert spaces, i.e. complete inner product

spaces over the real numbers with (Af, ng) = Au(f,g), YA, p real, f,g € H, and
(f,9)=1(9,1),Vf,g€H.

A (real) bilinear form on a real Hilbert space H is a map from H x H into R denoted
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by B(f,g) for f,g € H, which satisfies:

B(Aifi + Xaf2,9) = MB(f1,9) + A2 B(f2,9)
B(f, p1g1 + p2ge) = pB(f, 91) + p2B(f, g2)

for f;, f,9i,9 € H, u;, \; € R. In general, B(f,g) # B(g, f), i.e. B is not symmetric.

The following theorem will be central in the sequel:

Theorem 1.3 (Lax—Milgram Theorem) Let H be a (real) Hilbert space and let
B(.,.): Hx H — R be a bilinear form on H which satisfies:

i) [Blg, ) <alollvll Voo e H
(ii) B(¢,¢) > e ¢]|? VoeH,
where ¢y, ca are positive constants independent of ¢, € H.

Let F : H — R be a given (real valued) bounded linear functional on H. Then there

exists a unique u € H satisfying
B(u,v) = F(v) forallv e H.

Moreover,

1
< —||F]|.
lull <~ 7l

Proof. Let ¢ € H be fixed. Then & : H — R | defined for every v € H by
®(v) = B(¢,v), defines a continuous linear functional on H. (Linearity follows from

the fact that B is a bilinear form. For boundedness observe that for each v € H:

[@(v)] = [B(¢,v)| < al[g]l[o]-

Hence @] < cif|] < oc).
By the Riesz Representation Theorem (1.2) therefore, there exists a unique element
qg € H such that
®(v) = B(¢,v) = (v,¢) for every v € H. (1.12)

Hence for every ¢ € H, we define a ¢ € H by (1.12) and denote the correspondence
b ¢ by ¢ = Ag, ie.

B(¢,v) = (v, Ag), Vo € H, Vv e H. (1.13)
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Now A is a linear operator defined on H. To show linearity, observe that, given

¢, € H for every v € H and A, p real we have that

(0, A + 100)) = BOAG + ), v) = AB(,v) + pB(th,v) =
= A(v, A9) + (v, AY) = (v, A + pAW).

Hence A(Ap + pp) = MA@ + pA <= A is linear.

We claim now that A, defined by (1.13) has a range Ran(A) which is a closed
subspace of H. It is (easily) a subspace. To show that it is closed, let ¢An = A¢, be
a convergent sequence, such that ¢, — ¢. Now, since B(¢n,v) = (v, Ad,) Vv € H
= B(¢n — Om,v) = (Ap, — App,v) Yv € H. Choose ¢,, — ¢, = v and using (ii) get
|on — Ol < éHA@L — Al Hence {¢,} is a Cauchy sequence in H, i.e. there exists
¢ € H such that ¢, — ¢. We now show that ¢ = A¢, thus showing that ¢ € Ran(A),
i.e. that Ran(A) is closed.

Now |B(¢n,v) — B(¢,v)| < Cil¢n — 8|[[|v]| gives that

lim B(¢,,v) = B(¢,v) Vv € H.

n—o0

Al50 (A, 0) = (6, 0) = (&, v) since (G, v) — (&, )] < [|du—lllel]- Since B(gn,v) =
(A, v) Yv € H = B(,v) = (p,v) Vv € V, ie. ¢ = Ag, by definition of A. Hence
Ran(A) is closed. We now claim that Ran(A) = H. Suppose that Ran(A) is properly
included in H, so that 32 # 0 € (Ran(4))*. Hence (z,v) = 0 Vv € Ran(4). In
particular V¢ € H, B(¢,z) = (A¢,z) = 0. Hence for ¢ = 2, 0 = B(z,2) > cof|z|?
= z = 0 (contradiction). So Ran(A) = H.

Now, given F, a b.l.f. on H, by Riesz representation, 3!y € H such that F(v) =
(x,v) Yv € H. Since Ran(A) = H, Ju € H such that Au = x. Hence Ju such that

F(v) = (Au,v) = B(u,v) Vv € H

and we have existence of u as claimed in the statement of the theorem.
For uniqueness, suppose that Ju; # ug such that B(uy,v) = F(v) = Bl(us,v)
Vv € H. Hence

B(uy — ug,v) =0V¥v € H= 0= B(u; — Uy, us — ug) > callug — usl|* = uy = us.
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Finally since B(u,u) = F(u), (i), (ii) give that (u # 0) co||u/|? < |F(u)|, from which

[u| < LE®L Hence
ez ull

lull < sup = F @)
D e ol

1
= —||F].
Co

O
We finally present a basic theorem for the Galerkin approximation (see below for
definition) u;, to the solution u of B(u,v) = F(v) guaranteed by the Lax—Milgram

theorem.

Theorem 1.4 (Galerkin) Let H be a real Hilbert space and let B(.,.): Hx H — R

be a bilinear form on H which satisfies:

(1) [B(o, )| < cillollliell Vo, ¢ € H,
(i)  B(¢,9) = ca||d]|? VoeH,

for some positive constants c1, co independent of ¢, 1 € H. Let F be a given real—
valued b.1.f. on H and let u be the unique element of H, gquaranteed by the Lax—Milgram
theorem, satisfying B(u,v) = F(v), Vv € H.

Let {Sy} for 0 < h <1 be a family of finite—dimensional subspaces of H. For every h

there exists a unique uy such that
B(uh,vh) = F(Uh) Vvh S Sh. (114)

We call uy, the Galerkin approximation of u in Sy.

Moreover we have the error estimate
C1 .
— < — inf — ||
lu = uall < = inf flu =X

Proof. The existence—uniqueness of u, € Sj is guaranteed by the Lax-Milgram the-
orem applied to the Hilbert space (S, || - [|). Alternatively, let {¢;}72, be a basis for
Sh, where m = m(h) = dimS), and try to find u, € Sy, in the form u, = Z;”:l cjd;.
By (1.14) u,, satisfies

B(ch¢jv¢i> = F(¢) 1<i<m= Y ¢;B(¢;,¢;) = Fl¢y), 1<i<m.
=1 i=1
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Hence if A is the m x m matrix given by A;; = B(¢;, ¢:), 1 <14,j < m, the ¢;’s are the

solution of the linear system
j=1

The associated homogeneous system Z;"zl Ajjc; = 0, 1 < i < m, has only the zero
solution. (Since Y 7", Aj;j¢; = 0= B(3_IL, ¢dj,¢:) =0, 1 <i <m, = B(vp,vp,) =0,
where v, = Y%, ¢;¢;. Hence, by (ii) vy = 0 = & = 0.) Therefore A is invertible and
(1.15) has a unique solution, i.e. (1.14) has a unique solution u;, € S,. (Exercise:
Show that A is positive definite.)

For the error estimate observe that by (ii)
collu — up||? < Blu — up,u — up) = B(u — up, u) (1.16)

(since B(up,v) = F(¢) = B(u,v) Vi € S, = B(u —up, ) =0 Vb € Sp). For the

same reason, for any x € S,
Bl — upyw) = Blu— up,u — x) < exlJu — wn] Jlu— xI
using (i).

By (1.16) we conclude therefore that co|lu — upl]* < ¢pl|lu — upl| ||u — x|, i-e.

c .
Ju—unl| < C—:Hx—u\l Vx € S, le.
C1 . 1
_ < = inf _ = 2Py —
Ju—unl| < inf [[x — ull 02|| e — ulfl,

where P, is the projection operator on Sj. 0

Here is an immediate corollary to Galerkin’s Theorem 1.4.

Corollary 1.1 With notation introduced in Theorem 1.4, suppose that the family Sy
of subspaces satisfies

lim inf ||u— x| =0.
i = =o
Then limy,_ ||u — upl| = 0. O

Finally we mention that in the case of a symmetric, bilinear form B, i.e. when (in

addition to (i), (ii) of Theorem 1.3)
(ii)  B(u,v) = B(v,u) Yu,v € H
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we can obtain a variational formulation of the problem of finding u € H such that
B(u,v) = F(v) Yv e H,

where F' is a bounded linear functional on H.
For v € H consider the following (nonlinear) functional J : H — R defined by

J(v) = %B@, v) — F(v) (1.17)

and the associated problem of finding z € H such that

J(z) = min J(v). (1.18)

veH

We have the following theorem:

Theorem 1.5 (Rayleigh—Ritz) Suppose B is a symmetric, bilinear form which sat-
isfies the hypotheses (i), (ii) of Theorem 1.3. Then, the problem (1.18) of minimizing
over H the functional J defined by (1.17) has a unique solution which coincides with

u, the existence—uniqueness of which was quaranteed by the Lax—Milgram Theorem 1.3.

Proof. Let u be the solution of the problem B(u,v) = F(v) Vv € H. Then Yw € H:

1
Ju+w) = §Bu+w u+w) — F(u+w) = (due to the symmetry of B) =

- (% (u)) + (% B(w,w)) + (B(u, w) = F(w))

= )+ = 5 B(w w), since B(u,w) = F(w) by Theorem 1.3.

Hence
1
T+ w) = J(w) + 5 Blw,w) > J(u) + %ku? by (ii).
Therefore Vw € Hyw # 0: J(u+w) > J(u) ie.

J(u) =minJ(v) and J(v) > J(u) if v # u.

veH
O

Immediately, we have the following corollary, which is the analog of Theorem 1.4.

Corollary 1.2 (Rayleigh—Ritz, Galerkin) With notation introduced in Theorem 1./
and the additional hypothesis of symmetry of B, the problem of minimizing the func-
tional J defined by (1.17), over Sy, i.e. finding uy € Sy, such that

J(up) = min J (y)
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has a unique solution uy, which coincides with the Galerkin approximation in Sy, of u,

constructed in Theorem 1.4. O
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Chapter 2

Elements of the Theory of Sobolev
Spaces and Variational Formulation
of Boundary—Value Problems in

One Dimension

This chapter (and chapter 4) follows closely the analogous material in H. Brezis, Anal-
yse fonctionelle, théorie et applications, Masson, Paris, 1983. (For the translation in

Greek and the new English edition, see the References)

2.1 Motivation

We consider the following “two-point” boundary-value problem in one dimension. Find

a real-valued function u(z), defined for = € [a, b] and satisfying

(*) _<p(l’)u’(q;))/ + Q(l’)u(x) = f(g;)’ a<z< b.
u(a) = u(b) = 0.

Here p(z), q(z), f(z) are real-valued functions defined on [a, b] such that p € C1([a, b]),
p(x) > a >0 for x € [a,b], ¢ € C([a,b]), ¢(x) >0V z € [a,b], f € C([a,b]). A classical
(or strong) solution of the boundary—value problem (b.v.p.) (%) is a function u of class

C?*([a, b]) which satisfies (%) in the usual sense.
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If we multiply the equation in () by a function ¢ € C*([a,b]), such that ¢(a) =
¢(b) = 0 and integrate by parts we obtain

b b b
(xx) /pu’gb’d:z:+/ qugbd:v:/ fodr, Yo € C[a,b]), ¢la) = ¢(b) = 0.

Note that (**) makes sense for u € C'([a,b]) e.g. (as opposed to (*) which requires
u € C*([a,b])). In fact (xx) just requires that u,u’ be integrable functions. One may
say (vaguely) that a solution u € C*([a,b]) (such that u(a) = u(b) = 0) of (xx) is (one
kind of) a weak or generalized solution of (x).

The wvariational method for solving (i.e. proving existence and uniqueness of solu-
tions) problems such as (%) — and also boundary—value problems for partial differential

equations proceeds roughly as follows:

(i) We define precisely what we mean by a weak solution of (x). Typically it will
be the solution of a weak (or variational) form of the problem (x), such as (xx),
or, equivalently the solution of an appropriate minimization problem. Here the

Sobolev spaces will play a central role.

(ii) We show existence and uniqueness of the weak solution, for example by the Laz—
Milgram theorem; note that (xx) suggests the variational problem
B(u,¢) = [ (pu'e’ + que) = F(¢) = [} f¢, Vo € C'([a,b]), such that ¢(a) =
o(b) = 0.

(iii) We then prove that the weak solution is sufficiently regular. For example here we

must prove that the weak solution is in C?([a, b]).

(iv) We finally prove that a weak solution, which is in C?([a, b)), is a strong (classical)

solution of (x).

Note that a weak formulation of the problem provides us also with a method
(Galerkin) for approximating its weak solution in a suitably chosen finite-dimensional
subspace of functions with good approximation properties, that are also suitable for

numerical computations.
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2.2 Notation and preliminaries

We now introduce some notation on function spaces that will be used in the sequel and
collect (without proof) some useful facts about L2

We let  denote an open subset of RY; for this part of the notes take, for example,
Q2 to be an open interval (a,b) in R . For simplicity we shall consider only real-valued

functions defined on Q or 2. We define:
C'(Q2) = space of continuous functions on ).

C*(Q) = space of k—times differentiable functions on €2, i.e the space of those functions
f(z), x € Q such that W are continuous functions on 2 for all integers
1 - N

0<a; <k, 1<i< N such that a; + ay + -+ ay < k. Put C°(Q) = C(Q).

C.(92) = space of functions in C'(2) whose support is a compact set included in €. (If
f € C(2), support of f = suppf = {z € Q: f(z)# 0}). Hence these functions

vanish outside a compact set (strictly) included in €.

CHQ) = CF(Q) N CLQ).

[

C2(Q2) = C*(Q) N C.(22). Often the notation C§°(2) is used instead of C°(£2).

[

We recall a few facts about the spaces LP(£2). Let dx denote the Lebesgue measure
in R" . By L'(Q) we denote the space of (Lebesgue) integrable functions f on €, i.e.

the functions for which

I fller =1l = /Q |f(x)] dx < oc.

(We denote usually [, f = [, f(z)dz).
Let 1 < p < oco. Then

L(Q) = {f : Q= R |f]? € LN}

We put

I fllze = | fllr () = (/Q |f($)|pdm) ’
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For p = oo we define L>*(Q) = {f : @ — R, f measurable such that there exists a
constant C' < oo such that |f(z)| < C a.e. (almost everywhere) in 2, i.e. such that
|f(z)] < C for all x € Q except possibly for some x belonging to a subset of Q of

Lebesgue measure zero}. We put

| fllzee = || fllzee(@) = inf{C : |f(z)] < C a.e. in 2}

and note that |f(x)| < ||f||z~ for every x € Q — O, where O has measure 0. (The
quantities || f]|z», 1 < p < oo are norms on the respective spaces L. We have already
introduced the Hilbert space L? = L?*(Q)).

We shall mainly be concerned with L?(€). We would like to emphasize that the
“functions” f(x) € L*(Q2) are not really functions but equivalence classes of functions,
where the equivalence f ~ g holds if and only if f(z) = g(z) a.e. in Q. For example,
when we say that f = 0 as an element of L*(Q), we mean that f(z) = 0 for all =
outside a set of measure zero in €2, i.e. that f(x) = 0 a.e. in ; contrast with the
situation f € C(Q), f=0= f(x) =0Vz € Q.

The following results (see Brezis for proofs) will be used in sequel. (Lj,.(Q) will
denote the functions f on Q for which [, |f(z)|dz < co for every compact set K C Q.
For example f(z) =< € L}, .((0,1)) but f & L*((0,1)).

loc

Lemma 2.1 If f € L, (Q) such that
/qu:0 Vu e C.(9),
then f =0 a.e. in ).
Lemma 2.2 The space C.(Q) is dense in L*(Q), i.e.
VfEeLXQ), Ve>0 IF€C(: If— fll <e

Definition 2.1 A regularizing sequence (or a sequence of mollifiers) is a sequence of

functions {p,}, n=1,2,... such that:
pn € CZ(RY),

pn >0 on RN,

N 2
1 1
. C B(0,—) ={z e RN : = 2] <=
suppp ( ,n) {z || (E 33) < n}7

/ pndr = 1.
RN
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Such functions clearly exist. E.g. in R | let

e 1 if lz| <1
p(x) =
0 if |z| > 1.

Clearly p(z) is continuous on R and
1
e =22 |z <1,

where II;(z) are polynomials. Since y/e ¥ — 0 as y — +oo we see that p(z) € C>(R).

Of course suppp = [—1,1]. Let

Define
pul) = O plnz).
Then
€ CX(R). pula) 2 0on B, supppy = (2] [~ pude =1
In RY define

1
els’-1 if |z| < 1

0 if |z| > 1.

p(r) =

(where |z| = (32N, 22)1/2) and

=11

pu(@) = C N p(nz), C = (/RN o(z) d:c)_l |

Denote the convolution of two functions f(x), g(z) defined on RY as the function

o)) = [ Fo=v)at)dy

(provided the integrals exist).

Lemma 2.3 (i) Let f € C.(Q). Eaxtend f by zero on the whole of RY. Then, for

sufficiently large n,
pux [ € CZ(Q)

and  sup|f(z) — (pn* f)(z)] = 0, n— oo.
z€eQ
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(ii) Let f € C(RN). Then p, x f € C®(RY) and p, x f — f uniformly, on every

compact set K C RY, i.e.

2161113|f(90)—(0n*f)(33)| —0, n—=o0
VK compact C RN,
(iii) Let f € L*(RYN). Then p, * f € C°(RN) N L*(RY) and
|pn * f — f||L2(RN) =0, n— o0

Finally we mention:

Lemma 2.4 C°(Q) is dense in L*(Q), i.e.

VEeLXQ),Ve>03fecC®Q): ||f — flle <e

2.3 The Sobolev space H'(I)

Let I = (a,b) be an open interval in R . (We will mainly use a bounded interval (a, b)
in the applications but here we may suppose that I could be unbounded, i.e. that

possibly @ = —oo and/or b = 00).

Definition 2.2 The Sobolev space H(I) is defined by

HY(I)={u e L*(I): 3g € L*(I) such that /uqb’:—/ggb, Vo e CHI)L.
I I

For w € HY(I) we denote g = v’ and call g the weak (generalized) derivative of u (in
the L? sense).

Remarks.

(i) When there is no reason for confusion we shall denote H' = H(I), L?> = L*(I),

ete.

(ii) It is clear that the generalized derivative ¢ in the above definition is wunique.
For suppose 391,92 € L*(I) such that [,(g1 — g2)¢ = 0, Vo € CL(I). Since
C>(I) ¢ CHI) c L*(I) and since (by Lemma 2.4) C2°(1) is dense in L*(I),
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it follows that C}(I) is dense in L?(I). Tt follows that g; — g = 0 in L*(I).
(N.B. In general in a Hilbert space H, where D C H dense in H, we prove that
(9,0) =0Vp € D = g =0, since I¢; € D such that ¢; — g, i — oo in H.
Therefore 0 = (g, ¢;) — (g9,9) = g = 0). We emphasize again that g; = g, in L?

means that g;(z) = go(z) a.e. in I.

(iii) The functions ¢ € C}(I) in the definition of g are called test functions. One could
take C2°(I) to be the set of test functions instead of C}(I). (The only thing to
show is that if [,u¢’ = — [, g¢, for u,g € L*(I), holds for every ¢ € C(I),
then it will hold for every ¢ € C!(I). This follows from the Cauchy—Schwarz
inequality and the facts that ¢ € C(I) = p, *x ¢ € C®(I) and p, * ¢ — &, e.g.
in L?(I), and also that (p, x ¢) = p, * ¢’ € C°(I) and p, * ¢’ — ¢’ in L*(I)).

(iv) Tt is clear that if u € CY(I)N L*(I) and if the (classical) derivative u’ of u belongs
to L*(I), then integration by parts gives that [,u¢’ = — [,u'¢ V¢ € CI(I), i.e.
that « is the weak derivative of u, i.e. that u € H'(I). Of course, if I is bounded,
then u € CY(I) = u,u’ € L*(I) and we have C*(I) C H'(I).

(v) There are other ways of defining the Sobolev space H'. Using e.g. the theory of
distributions we may conclude that every u € L?(I) has a distributional derivative
!/

u'. We say that w € H'(I) if u' coincides as a distribution with a function

u € L*(I). If I = R we may also define H! using Fourier transforms.
Examples.

(i) Consider u(z) = |z| on I = (—1,1). Clearly u € C(I), u € L*(I), but u fails to

have a classical derivative at x = 0. Consider the function

-1 if —1<z<0
g(x) =
1 if O<z<l.
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Clearly, g € L*(I). In addition for each ¢ € C1(I),

-/ @) = - / (1) g(a) do - / () dr

1

. i)~ [ (0 do = — [(~2)o()),

- o+ [ (ot [ o

-1

= [ o= [ ot i

1

It follows that u(z) = |z| € H*((—1,1)) and v’ = g is the weak derivative of u.

(ii) More generally, if I is a bounded interval and u € C(I) with u’ (classical deriva-
tive) piecewise continuous on I (as would be the case e.g. if u is a piecewise
polynomial, continuous function on I), then u € H'(I) and its weak derivative

coincides with the classical derivative a.e. in I.
(iii) As in (i) the function

z ifx>0

1
u@) = (el +0)={
0 ifx<0

on I = (—1,1) belongs to H' and its weak derivative ' is the function

H(z) = 0 if —1<x<0

1 if O<ax<l,
which is called Heaviside’s function. Clearly H € L?(I). Does H belong to
H'(I)? The answer is no: Suppose that H € H'(I). Then there must exist
v(x) € L*(I) such that [, H¢' = — [,vé, V¢ € CL(I), i.e. av € L*(I) such
that [*,vp = — [T, He' = — [ o' = —(1) + ¢(0) = 6(0) Yo € CX(I). Take
then such a ¢ with support in the interval (—1,0). It follows that ff]l vp =
f_ll v(z)p(z) = 0 Vo € CH((—1,0)). Since C!((—1,0)) is dense in L*((—1,0)), as
in Remark (ii), p. 30, we see that v(z) = 0 a.e. in (—1,0). Analogously, taking
¢ € C}0,1) we prove that v(z) = 0 a.e. in (0,1). We conclude therefore that
v =0 a.e. in (—1,1). But that would contradict f_ll vp = ¢(0) Yo € CHI).
(Of course, as a distribution, H(z) has a distributional derivative which coincides

with the d—“function”, H' = &,. We just proved that &y ¢ L*(I)).
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It is clear that H'(I) is a linear subspace of L*(I), since if u, v € H'(I) and v/, v/
are their weak derivatives, then Au’ + pv’ is the weak derivative of A\u + pv. Hence
(Au+ pv) € HY(I), and (A\u + pv) = M/ + po’ for A\, p € R. We denote by (-, "),
| - ||, respectively, the inner product, norm of L? = L*(I), i.e. we let, for u, v € L*(I),

(u,v) = [;u(x)v(x)dz, ||u|| = (u,u)2. Then, for u, v € H'(I) we define

(u,v); = (u,v) + (u,0),

1 1
(all® + 1l 1%)* = (w, )3 -

lelly

It is clear that (-,-); defines an inner product on H* = H*(I) and || - ||; the induced
norm on H'(I). (To be precise, sometimes we shall denote || - |1 = || - [z etc.).

Hence H'(I) becomes an inner product space.
Theorem 2.1 The space (H',|| - ||1) is a Hilbert space.

Proof. We only need to show that H'(I) is complete in the norm || - ||;. Let

{tn}n=12, . € H'(I) be a Cauchy sequence in the norm || - ||, i.e. let

lIm ||ty — unlls = 0.
m,n— 00

By the definition of || - ||; it follows that {u,} and {u/} are Cauchy sequences in L.
Since L? is complete it follows that Ju,g € L*(I) such that u,, — v in L? u], — ¢ in
L?. Now, by definition, (u,,¢’) = —(ul,,¢) V¢ € C}(I) forn=1,2,3,....

Since V¢ € C}(I)

|(tn; 97) = (u, 9)| < Jlun = ul[l|¢[] =0, n — o0

and

|(up; @) = (g, 0)| < ||, = glllIgll = 0, n — oo,

it follows that (u,¢’) = —(g,¢) V¢ € CX(I), i.e. that u € H'(I) and v/ = g.

It remains to show that u,, — w as n — oo in H'. But this follows from
[ = ullf = Jlun = wll* + [Jug, = '[|* = [Jun —wll* + [|uj, = glI* = 0 as n — oo.

Hence Ju € H'(I) such that u,, — u in H', i.e. H'(I) is complete. O
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Remark: Consider the map 7 : H' — L? x L? given by Tu = [u,u/], u € H'.
Equipping L? x L? with the norm ((u,u) + (v,v))*? we see that T is an isometry of
H*' onto a closed subspace of L? x L?. It follows that H! is separable, since L? is.

The following theorem will be very important in sequel:

Theorem 2.2 Ifu € H'(I), then 34 € C(I) such that u =1 a.e. in I and

w(x) —aly) = /r u'(t)dt, Yo,y el

Before proving the theorem we make some comments on its content. Note first
that if w € H'(I) and v = v a.e. on I, then v € H'(I). Then Theorem 2.2 tells us
that in the equivalence class of an element u € H'(I) there is one (and only one since
u,v € C(I), u=v ae. on I = u(z) =v(z) Vo € I) continuous “representative” of u,
denoted in the theorem by @. Hence, when there is need to do so, we shall use instead
of u its continuous representative . For example as the value u(z) for some x € I (not
well-defined if u € L?) we mean the value of @ at that z. Sometimes we shall replace u
by % with no special mention or by just noting that u is continuous, “upon modification
on a set of measure zero in I”. We emphasize that the statement “Ia € C(I) such
that u = u a.e. in [” is different from the statement that “u is continuous a.e. in I”.

For the proof of Theorem 2.2 we shall need two lemmata.

Lemma 2.5 Let f € L}, .(I) such that

loc

[rer=0 wec
I
Then, there exists a constant C such that f = C a.e. in I.

Proof. Let ¢ be a fixed function in C,.(1) such that [, ¢ = 1. We shall show that, given
w € C.(I), there exists ¢ € Cl(I) such that ¢’ = w—( [, w)y. Indeed, given w € C,(I),
consider h(x) — (J;w)¥(z). Clearly h € C.(I). Put ¢(z) = [ h(z)dz. Let
supph C [c,d] C (a, b) = I. Clearly, for a <y < ¢, ¢(y) = [’ h(x) dx =0,

and ford <z <b

¢(z>—/zh<>d$‘/ d””‘/ /(w_/ )
= Jr=tfmf- / o



It follows that ¢ € C.(I). Also ¢'(x) = h(z) € C.(I), i.e. ¢ € C.(I), and ¢’ = h =
w — (f;w). Now, by hypothesis, [, f¢’ = 0 V¢ € C}(I). In particular, for each
w e C.(I),

[o(e o) = oo [ fumom o i
o (5 [)ueo

By Lemma 2.1 we conclude that f(z) = [, fi a.e. on I. ie. f(z) =C = [, f¢ ae.
on I. 0J

Lemma 2.6 Let g € L},.(I). Foryo € I fized, put

v(x):/mg(t)dt, x el

Yo

Then v e C(I) and
Jvor== [90 woc i
I I

Proof. That v € C(I) when g € L} (I), is a well-known fact from measure theory.

loc

t=x

We now have for ¢ € C!(I) that

/[w' _ /I</ng(t)dt) o'(x) da
_ /ayo da (/:Og(t) dt) 6'(z) + /yb do (/y:g(t) dt) 6'(x).
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Now

~[Cae ([Toar) o) - /dw/ (g

= (since g(t)¢’(x) is integrable on A)

_ —/g() ©) dadt — /yodt/ dzg(t)

- _/ dt/ ¢'(x / g(t)o(t) dt.
Similarly we may prove that
/yb dr (/y:g(t) dt) ' (z) = — /y:g(t)(b(t) "
We conclude that

/quﬁ’:—/ayom—/y:W:—/jgd) Vo € C(I).
0

Proof of Theorem 2.2. Fix y, € I. Note that since u € H'(I) = v € L*(I) = v €
LL (I). Put

loc

By Lemma 2.6 @ € C(I) and [,u¢’ = — [,u'¢ Y$ € CL(I). But by definition of v/,
— [juo= [up’ Vo e Cg( ). Therefore

/I(u —u)g' =0 Vo € CL(I).

By Lemma 2.5, we conclude that there exists a constant C' such that © —u = C a.e.
on I. Define now i(x) = u(z) — C. It follows that & € C(I) and @ = u a.e. on I.

Moreover for z,y € I,

i) —ily) = alx) - aly) = /—

0

x Yo T
= / u + u= [ W(t)dt

Yo Yy Y

U
Remark: Lemma 2.6 gives in particular that the primitive (antiderivative) v of a
function g € L*(I) is in H'(I) provided v € L*(I). (The latter fact is always true if T
is bounded).

The following theorem gives a technical tool that will be often used in sequel.
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Theorem 2.3 (Extension operator) There ezists an extension operator
E:HY(I) = H'(R),
linear and continuous, such that

(i) Bul; =u Yu € H'(I), (f|r denotes the restriction of f to I).
(1) || Eullgrwy < Cllullgry Yu € HY(I).

(In (i) we can take C' = 2v/2 and in (iii) C = Co(1+1/u(I)), where Cy some constant,
independent of u and I, and pu(I) the length of I — possibly p(I) = o).

Proof. We begin with the case I = (0,00). We will show that the extension operator
defined by even reflection about x = 0, i.e. by

u(z) ifz>0
(Bu)(r) = u*(x) = _
u(—z) if z <0,

u € H'(I), solves the problem. Indeed

0 [e'e)
s 22 sy = / (u(—2))? da + / (u())? dz = 2Jul g

So (ii) is satisfied. (Obviously £ is linear and satisfies (i)). Now put

u(x) ifx>0
v(x) =
—u/(—z) if x <0.

Clearly v € L*(R) since ||U|’iz(R) = 2““’”%?(1)- By Theorem 2.2 we also have that

u*(z) — u(0) = /Ow u'(t) dt = /Oxv(t) dt for x > 0.

Also, for x < 0,

u*(az)—u(O):/O_xu’(t)dt:/ox —u’(—t)dt:/oxv(t)dt.

Hence, u*(z) — u(0) = [ v(t)dt, € R. Since u* € L*(R) and v € L*(R), it follows

by Lemma 2.6 (see remark after end of proof of Theorem 2.2) that u* € H'(R) and

(u*)" = v. Hence

* * 2 2 2 2
lu ||%{1(R) = [lu ||2L2(R) + ||U||L2( re) = 2 <||U||L2(1) + ||UI||L2(1)> = 2||u||H1(I)'
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Hence in the case I = (0,00), with Eu = u*, (ii) and (iii) are satisfied (as equalities)
with C' = v/2. (The proof holds for any unbounded interval of the form (a,c0) or
(—oc0,a), a € R. For example, for u € H'((a,00)), define Eu by reflection evenly

about x = a, i.e. as
u(z) if x> a
(Bu)(r) = _

uw(2a —z) ifz<a,

and the proof follows — with the same constants C — mutatis mutandis).
We now go to the case of a bounded interval. It suffices to consider the case of

I =(0,1). Consider a fixed function n € C*(R), 0 < n(z) <1 Vz € R such that
1 ifx <

n(z) =
0 ifx> %,

and for every f defined on (0,1) denote by f its extension by zero to (0,00), i.e. put

Fla) = f(x) %f z e (0,1)
0 ifz>1.

Now if u € H*(I) it follows that ni € H'((0,00)) and that (i) = n'é 4 nu’, where
by u/ we mean the extension by zero to (0,00) of ' € L2((0,1)). To see this, note first

that na € L*((0,00)) since

3
o0 1
- 2
/ n*(a)? < / u? < ||U||L2((0,1))'
0 0

Moreover, for any ¢ € C!((0,00)) we have that

[Tuaer = [ = [utaoy oo = [ utwoy - [ o

= (since ¢ € C;((0,00)) = n¢ € C2((0,1)), and u € H'((0,1)))
= —/0 U’<n¢>)—/0 ¢ = —/0 (U'n+un’)¢=/0 99,

un+un if x € (0,1)

where
g(x) =
0 ifx>1.
Now g € L*((0,00)) since

1 1 )
bolisiomy = [ in+un <2 ( L+ [one)
0 0 0
1 1 2
N2 ’ 2 9
= 2(/0 ()" + pax [ (z)] /o“> < Cullull 3y
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(Note that we can easily arrange that maxo<,<; |77'(z)| be equal to e.g. 2.5). Moreover
g = 0G4 nu'. Tt follows that ni € H'((0,00)) and (i)’ = g = 7't + nu'. Returning
to the proof of the theorem, for u € H'(I), I = (0, 1), write u as

u=mnu+ (1 —mn)u, n as above.

The function nu can be extended to (0,00) by na as before. Clearly na € H*((0,00))

~ 2
and ||77U||%2((0700)) S ||U||L2((0,1))- AlSO, as above

_ > 2 2
||(T]u),||%2((0,oo)) = /0 g° <2 (HU/HLz(z) + 0213%(1 |77/($)|2||U||L2((o,1))>

2
< Cullullzn -
It follows that
178|5((0,00)) < Collwll g1y
Now, extend nu € H'((0,00)) as in the first part of the proof to a function vy (z) €
H'(R) by even reflection about x = 0. It follows that

o1l 22wy = V2IInill 2 0,00y < V20l 12y
and that
o1l i1y = V200l 10,001 < V2C2ttll 1 p)-

(It is clear that vi|; = nu and that the operation nu — vy is linear in u).
Analogously the function (1 —n)u (for which (1 —n)u =0 for 0 < z < 1/4), can be
extended to (—o0,1) by (1 — 1)t where

u(z) if0<ax<l

0 if —co<ax<O.

We obtain again (1 —n)a € H'((—o0, 1)) with

1L = m)all 2oy < Nll 2y
and
(L = )| 1 ooy < Collull g ry-

Extend now (1 — 1)a to a function v, € H'(R) by (even) reflection about z = 1. Tt
follows that
2l 2y = V2I(1 = )il 22((=o0,1)) < V200l 121y
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and that
vl i my = \/§||(1 - 77)1:4||H1((—oo,1)) < \/§C2||U||H1(1)»

that ve|; = (1 — n)u and that (1 — n)u +— vy is linear.

We define now the operator E as Eu = vy +vs. Clearly E satisfies (i) and is linear;
(ii) and (iii) follow by the above and the triangle inequality. (Note that when I = (a, b),
1 must be redefined as

r—a

na,b(m) = 77(:6 - b)’

so that
1 r—a
/ _ /
na,b(x) - h— a77 (I'—b)>

O
The following result is a basic density theorem for H'(I) and will be used very often

in sequel.

Theorem 2.4 Let u € H'(I). There exists a sequence {up,}n=12. . of functions in

C>®(R) such that

gooe

Up|r — w in HY(I), n — oo.

Comment: The theorem asserts that if I = R, then C°(R) is dense in H'(R).
Otherwise, C2°(1) is not dense in H'(I) — in fact we shall see later that the closure of
C>(I) in H(I) is the space H Lconsisting of those functions of H'(I) which are zero
at the boundary of I. If I is bounded, Theorem 2.4 asserts that there is a sequence of

functions u,, € C=(I) such that u, — u in H*(I).

Proof of Theorem 2.4. First note that it suffices to consider the case / = R. For
suppose that the result holds for R. If I C R extend u to Eu in H'(R) as in Theorem
2.3. Then there exists a sequence u,, € C°(R) such that ||u, — Eul| @) — 0, n = oo.

But then
tnlr = wl| gy = [Jun — Eull gy < |Jun — Bul|gr@wy — 0, n— oo,

i.e. the result holds for I.
Hence consider the case I = R. The approximating sequence is constructed by

reqularization and truncation as u, = G,(p, * u). Here {p,}, n = 1,2,... is the
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regularizing sequence defined in Def. 2.1 and ¢, = (,(z) € CP(R) is a truncation

function, defined for n =1,2,... by

Gl =¢ (%)

n
where ((z) is a fixed function in C2°(R) such that
1 if o] <1
0 if x| > 2.

Hence (,(x) =1 for |z| <n and (,(z) = 0 for |z| > 2n. Moreover,

1 C
@) =~ 1< (5) < =, where € = max|¢/(x)].

rzeR
Note, by Lebesgue’s dominated convergence theorem, that we have (,,f — f asn — oo
in L? for every f € L*(R). Let now u, = (,(p, * u). Clearly u, € C°(R) since
G € C°(R) and p, x u € C°(R), cf. Lemma 2.3. We have

Un — U= Culpn *u) —u = Cul(pn * u) — u] + (Guu — u).

It follows that

| tn — U||L2(R) < ||Cn[(ﬂn *u) — U]HL?(R) + | Cau — U||L2(JR)

< lpn *u — ul| 2@y + [[Gou — ul| 2@y = 0, n = o0

by the above and Lemma 2.3(iii). Now u/, = (,(pn * u)’ + ¢ (pn * u). (Note that for
u € HYR), pp, *u € HY(R) and (p, * u)’ = p, * u': The interested reader may verify
that for ¢ € C1(R) the following equalities hold

/_OO (pn ¥ u)o’ = /_OO u(pn(—x) * ¢') = /00 u(pp(—z) * ¢) = — /OO W (pn(—2) % &)

o0 [e.e] —0o0 —00

= — [ nruie)

[e.e]

Hence, since u!, — u' = (,(pn * ') + . (pn * u) — v/, we have

uy, — vl 2@y < NG (on * W)l 2@y + [1Gal(on * ') — W]l 2wy
+ G’ = 2@ < max |G ()] [lpn * ull 2wy

+ oo * ' — || 2@y + [|Gott’ — || 2y — 0 as n — oo,

by Lemma 2.3, since ||p, * u||L2m), n = 1,2, 3, ... is bounded. O

We are able now to prove Sobolev’s imbedding theorem for H'(T).

42



Theorem 2.5 There exists a constant C' (depending only on (1) < o) such that
[l ooy < Cllull gy Vu € HY(I). (2.1)

(We say that H'(I) C L=(I), i.e. that H'(I) C C(I) — in view of Theorem 2.2 — if I

bounded, with continuous imbedding).

Proof. Again it suffices to prove the result for I = R. (For suppose it holds for R and
let w € H'(I). Extend u to Fu in H'(R) as in Theorem 2.3. Then

ull ooy < 1EU[l e @) < C | Bullm@) < C [lull gy,

using (iii) in Theorem 2.3 and (2.1) for I = R). Suppose first that v € C°(R). Then
for every x € R:

Ax) = / (v?) =2 / 00’ < 200l 1 oge

—0o0 —00

2 2 2
< vlle@y + 1V 2@ = 10l @)-

Hence [[v]| ey < [Vllg) Yo € CF(R), ie. (2.1) holds on C°(R). Now given
u € H'(R), since C>°(R) is dense in H'(R) (Theorem 2.4), we can find a sequence
{tun}n=12, . in CX(R) such that u, — u in H'(R). It follows that u, — u in L*(R).
Therefore there is a subsequence of w, (denote it again by w,, i.e. consider that
subsequence to be the original sequence) such that u,(z) — u(z) a.e. on R as n — oo.
By (2.1), which was established on C2°(R), we have that u, is Cauchy in L>*(R) (since
it is Cauchy in H'(R)). Therefore it converges in L™ to some element @ € L>(R).
It follows that v = @ a.e. on R, i.e. that v € L>(R). Taking limits in ||uy||Le®) <

|| 1 (r)y We obtain (2.1). O

Remarks.

(i) If I is bounded, the imbedding H'(I) C C(I) is compact. This follows from
Theorem 2.2: If u € N (=the unit ball in H'(I) with center zero), we have

(I)
Yy

Hence Yu € N, |u(x) — u(y)| < |z — y|*/? and the conclusion follows from the

Arzela—Ascoli theorem.
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(ii) (2.1) for I = R implies that if u € H*(R), then

lim u(x) = 0.
|z|—o00

For if C*(R) 3 w, — w in H'(R), then [ju, — ul/po@) — 0, n — oo. Hence
Ve > 0 3N such that ||uy — ul|r~m) < € = |u(x)| < € for |z| sufficiently large,

since uy € CP(R), ie. im0 u(z) = 0.

The following two propositions follow from Theorem 2.5 and they are useful in the

applications.

Proposition 2.1 Let u,v € H'(I). Thenuv € H'(I) and (uwv)’ = v'v+uv'. Moreover

we can integrate by parts:

/ym u'v = u(z)v(z) — uy)v(y) — /yz w' Vayel

Proof. Since u € H'(I) 2%’ 4 € L>®(I). Hence v € L*(I) = uwv € L*(I). Now let

Un, Vn, 1= 1,2, ... be sequences in C>°(R) such that u,|; — v in H'(I) and v,|; — v
in H'(I) as n — oo (Theorem 2.4). It follows by Theorem 2.5 that w,|; — w in L>®(I)

and v,|; — v in L>®(I). Now

||Un1)n — UUHLZ([) S ||UnUn — Un'UHLZ(]) + ||UnU — UU||L2([)

n—oo

< ||Un||L°°(I)||Un - U||L2(1) + ||U||L°°(I)||Un - U||L2(I) — 0.

Hence u,v,|; — uv in L?(I).
In addition (u,v,) = u, v, +u,v,, = vv+uv' (€ L*(I)) in L*(I). (To see this note

e.g. that

|upvn — Woll2y < |Jupvn — w'vn |20y + [|[W'vn — W'v| 201

< ol nlluy, = u'llzzay + /e llvn = vllze@y == 0.

Similarly w,v!, = uv’ in L*(T)).

We now have a sequence ¢, = u,v,|; in H*(I) such that ¢, L—2> ¢ = uv, and such
that ¢/, N Y =wv' +u'v, ¢ € L*(I). Hence ¢, is Cauchy in L? and ¢/, is Cauchy in L?
= ¢, is Cauchy in H' = ¢, — w in H'. Hence ¢, — w in L?* = w = ¢ and ¢/, — v’

in L2 = w' = 4; thus ¢’ = (uv)' = ¢ = v'v + wv’. The integration by parts formula
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follows by integrating both members of (uv)’ = u'v + uv’ and using, since uv € H*(I),
Theorem 2.2. 0
Remark: It is well known that u, v € L*(I) % uv € L*(I). (Take e.g. I = (0,1), u =
v =a1). Hence {L3(I), || - || 2(n)} is not a Banach algebra whereas {H'(I), || - |z}
1S.

Proposition 2.2 Let G € C'(R) such that G(0) = 0 and let w € H'(I). Then
G(u) € HY(I) and (G(u(z))) = G'(u(x))u/(x).

Proof. Since u € H'(I) = u € L*(I). Let M = |[ul| (yy- Since G € C'(R) and
G(0) = 0, by the mean value theorem, given s there exists 0 : G(s) = G'(0)s. Hence,

given § > 0, there exists a constant C' = C'(M, G, §) such that
|G(s)] <C|s| for s € [-M — 6, M + 6]. (2.2)

Since |u(z)| < [lullpo(yy ae. on I, it follows that —M < wu(z) < M a.e. on I, i.e. that
|G(u(x))| < Clu(x)| a.e. on I. Since u € L*(I) it follows that G(u) € L*(I). Also by
(2.2) we have that |G'(u(z))] < C a.e. on I. It follows that |G'(u)||v/| < Clu| a.e.
= G'(u)u' € L*(I) since v’ € L*(I). It remains to show that

Jewer == [cwns voecin.

I

Since u € H'(I), it follows by Theorem 2.4 that there exists a sequence {u,} € C°(R)
such that u, — wu in H'(I). Moreover, by Theorem 2.5 we have that u, — u in
L>(I). By continuity, G(u,) — G(u) in L*(I). Since |up||poe(r) = [[ul oo py it follows
that for n large enough, ||u,|| < M + 0. Hence (2.2) gives that for n large enough
|G (uy)| < Clun| = G(uy,) € L*(1) and |G (un)| 12() < C'||ull p2(y)- By the dominated
convergence theorem it follows that G(u,) — G(u) in L*(I). Hence V¢ € CI(I)
[, G(un)o" = [, G(u)¢’, as n — co. Now

16 ()it — G oy < 16 (uaut, — G ()il 201y +
HIG )’ = G @y < NG )=l — o) +
G () = G )y

Now, [ju), — /|| z2(ry = 0 since u, — w in H'(I). Also, for n large enough ||y || re () <

M + % and therefore |G/ (u,)||r=() < C. Since u, — u in L*(I), by continuity we
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have that G'(u,) — G'(u) in L*>°(I). Tt follows that G'(u,)u!, — G'(u)u' in L*(I);
hence — [, G'(uy)ul,p — — [, G'(u)u'¢ Vo € C.(I). Since ¢ € CI(I), u, € CZ(R) we
have that

/[G(un)gb’ = —/IG'(un)u;lgb, n=123....

Letting n — oo we obtain the desired equality

/I Glu)g’ = — /[ G (',

2.4 The Sobolev spaces H™(I), m =2,3,4, ...

In analogy to H'(I) we define for m > 2 integer the space

H™I) = {ueL?*(): 3g; € L*(I),i=1,...,m such that

Jus =1 [go.1<i<m voeczy
I I

Here

. d ..
oV = ()’

It follows easily that H™(I) C H(I) and that g, = v/, that «/ € H'(I), and that
(u') = gy ete. .., and that finally

w™ Y = (((w')Y..!) e HYI) and that u™ = (u™ V) = g,..
—

m—1 times

We call g; the (uniqueness easy) weak (generalized) derivative of order i (in the L2

sense) of u € H™(I) and define
Diuzu(i)zgi, 1< <m.
It follows easily that for m > 1
H™I)={uec H" (1) : v € H™ (I)}.

Here H°(I) = L*(I). We can easily construct examples of functions in H™(I). For
example, on a bounded interval if v € C'(I) with u” (classical derivative) piecewise

continuous on I, then u € H%(I) and its weak second derivative coincides a.e. with u”.
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We equip H™(I) with the inner product (-, -),,, where

(U, ) = Z(Dju, Div), (u® = D% =), Yu,v € H™(I).

Jj=0

This inner product induces the norm

1
m 2
1 ‘
[l = (u, u)i = (Z HDZUHQ> :
i=0
An obvious modification of Theorem 2.1 shows that {H™(I), (-, )} is a Hilbert space.

By definition and Theorem 2.2, it follows that if w € H™(I), then there exists @ €
C™=Y(I) such that u = @ a.e. on I and

Dii(z) — Diii(y) :/ D () dt, VeyeT, i=0,1,2,. .. m—1.
)

Also, given u € H™(I), there exists a sequence {u,} € C>(R) such that u,|; — u in

H™(I) (density) and that H™(I) c C™Y(I) with

3

| D7ty < Cllull gy Y € H™(D)

Il
o

J
If w,v € H™(I), then uv € H™(I) and

[ m . .
D" (uv) = Z | D’uD™ v, m > 1 (Leibniz’s rule).
j=0 J

These results follow easily with techniques similar to the ones used in their H' coun-
terparts.

We finally mention without proof the following interpolation result. If 1 < 5 < m—1,
then Ve > 0 3C. = C(e, u(I) < 00) such that

ID7ull < el D™ull + Cellull - Yu € H™(I).

It follows that the quantity ||u||+ || D™u|| for w € H™(I) is a norm on H™(I), equivalent

to [|ul]m-

2.5 The space Poll(])

Definition We define ]-}1(]) to be the closure of CXH(I) in H'(I), i.e. the (closed)
subspace of HY(I) whose elements are limits in H*(I) of sequences of functions in

CcHI).
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It follows that {I—OI Y(I),(-,-)1} is a complete Hilbert space (separable).

Remarks.

(i)

(i)

(iii)

If I = R, since C*°(R) C C}HR) C H'(R) and C>°(R) is dense in H'(R) (cf. The-

orem 2.4) it follows that C}(R) is dense in H*(R) = ]?Il(R) = H'(R). However

if I # R, then H 1(I) ¢ H'(I). For example, on a bounded interval I consider
)

u(z) = c1e” + cpe™ € C(I) for which v = u. Hence

O:(u"—u,qb):/l(u —u)¢ /uqb’ /u¢— (u,¢)1 Vo € CHI).

Hence u is orthogonal in H'(I) to C}(I), which therefore cannot be dense in

H\(I).

In fact C°(I) is dense in FOII(I). To see this, let, for u € }OII(I), e>0,0eCHI
be such that ||u—¢||; < §. Now extending ¢ € C}(I) by zero outside its support
to the whole of R, we have ¢ € C}(R) and p,, * ¢ € C°(I) for sufficiently large
n (cf. Lemma 2.3). Moreover, (cf. Remark (iii), p. 30) ||¢ — pn * &||m1() — 0 as
n — oo. Therefore choose n so that ||¢ — p, * ¢[|; < §, from which it follows that

lu — pn * |1 <€, ie. that C(I) is dense in IS[l(I).

Let us also remark that v € HY(I) N C.(I) = u € I—?fl(I). In fact, if u €
HY(I) N C.(I), extending u by zero outside I to the whole of R, we have, by
Lemma 2.3, that, for n sufficiently large, p, *x u € C®(I) and (cf. Proof of

Theorem 2.4), |[u — p, * ul[; — 0 as n — oo. Hence by (ii) above, u € 1{)[1(]).

These remarks have prepared the ground for the following theorem which characterizes

0
the functions in H'(I) in a very useful way.

Theorem 2.6 Let u € H'(I). Then u € ﬁl(I) if and only if u = 0 on OI (= the
boundary of I).

Comments: Again for u € H'(I) the statement “u = 0 on 9I” is well understood, in

the sense of Theorem 2.2 — see the remarks there. Theorem 2.6 makes then I?[ YI) a

very useful space, in which homogeneous (zero) boundary conditions are automatically

satisfied for u|gy, i.e. a space in which “weak” solutions of boundary—value problems

such as (x), p. 25 may be naturally sought. Again assume I # R, since H'(R) = ﬁl(R).
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Proof. If u € I-Oll(I), then there exists a sequence {u,} € C}(I) such that u, — u in
H*'(I). By Sobolev’s Theorem 2.5 u,, — u in L>(I), i.e., if i(x) € C(I), & = u a.e. on
I = sup,¢; |un(z) — a(x)| = 0, n — co. Since u,|or =0 = @lor =0 < ulyr = 0.
Suppose now that « € H'(I) and u|5; = 0. We shall show that u € }0[1(1').
First, let us examine the case of a bounded interval and take, with no loss of

generality, I = (0,1). Consider the intervals

11 2 4
Ki=(-=2),1=(01), Ko=(=,-]).
1 <373>7 <07 )7 2 (373>

Then, we may find functions ¢; € C*°(Ky), ¢g € C2(I), ¢po € C°(K3) such that
0 < ¢; <1 and (extending them by zero outside their intervals of definition) ¢, (z) +
¢o(x) + ¢o(x) = 1, Vo € I. (The functions ¢; form a partition of unity corresponding
to the open cover { K7, I, K3} of I, and can be constructed e.g. as follows:

It is clear that given any interval (a,b) we can find ¢ € C2°(a, b) such that (for § > 0

55 5 5 5 b

small enough) ¢(z) =1 for a +20 <z < b—2§ and ¥(z) = 0 for z € (a,a + 0] and
z € [b—4,b). With the same 6 (take any 0 < § < 55) construct such functions ¢, (z) for
(=3, %), Yo() for (0,1), ta(z) for (2,3). It is clear then that o (z)+ 11 (z) +1a(z) > 1,
x € [—3+206,5 — 2.

Let w(z) be such a function (with the same e.g. §) for the interval [—26, 1+ 26]. Then

W W %) )
\/ o e \/wz
0 \ 1/3 2/3 / 1 4l3

-1/3

W Y Yo Yo

let
oy - Y@
%) = 0w

It is easily seen that the ¢;’s satisfy the desired properties).

w(z), i=0,1,2.

Let now w;(z) = u(z)¢;(x), i = 0,1,2, so that

2

u(z) = ZU2($)7 x el

1=0
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Now ug(z) = u(z)do(z). Since u € HY(I), ¢9 € CX(I) = vy € H'(I) N C.(I)
(identifying uy with its continuous representative). By Remark (iii) p. 46, ug € H L(1).
We consider now u;(z) = u(x)p;(x). Extending ¢; by zero to the whole of I, we

see that u € H'(I), ¢1 € C(—3,1) = wy € H'(I). By hypothesis we also have that

uq

) W

I T 1

0 /3 1

u1(0) = u(0)p1(0) = 0- ¢ (0) = 0. Also suppuy C [0, 5). Extend now u; by zero to R,
i.e. consider the function
u(z) ifexel

0 ifzxégl.

Uy () =

This function belongs to H*(R), since, for any ¢ € C°(R),
> ~ ! ; Prop.2.1 ! ’
[ e = [ w1 o) - m0)60) - [l
0 0

—00 N~~~ N~
oo ~
- [ e
—0o0

=0 =0
where }, the extension by zero outside I of u/, is in L2(R) since uy € H'(I).

Now, for any function f on R let for h > 0 75, f denote the right h—translate of f,

(0f)(x) = [ (x = h).

Since u; € H'(R) it follows that 7,1 € H'(R) and
]lzl_r)% ||7'hd1 — EIHHl(]R) = 0

(To see this, given € > 0 let ¢ € C°(R) be such that ||u; — @||g1(r) < 5. It follows, for

any h > 0, that
€

| Thtiy — Th|| ) = [ — @l r) < 3
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But it is obvious, since ¢, 7, € C°(R), that there exists hg such that

0<h<hy = |mh¢ — ¢llmm <

Wl ™

Hence, given € > 0 4 h such that
0<h<hy = HThlzl — ’LZ]_HHI(]R) <€

by the triangle inequality). Now, the restriction 74|, for h sufficiently small, belongs
to H'(I) N C.(I) (possibly upon modification it on a set of measure zero). Hence, by
Remark (iii), p. 46, m,1|r € POII(I). Therefore, given € > 0 we have that 3¢ € C°(I)
such that |71 — || g1y < §. Since limy,o ||7p%1 — U1 || 1) = 0 = 3 h such that

€

|Thtin — 1| gy = |70ty — wa| gy < 5

It follows that ||uy — ¢||p1(r) <€, ie. that u; € ﬁl(I).

Entirely analogous considerations show that us € I—?f Y(I). Since u = ug + uy + uy it
follows that u € [%1([) QED.

For a semi-infinite interval the proof follows in the analogous manner. Let I =

(0,00), with no loss of generality. Construct ¢; € C°(—3,3), ¢o € C°(0,00) with

suppog C [, 00), a > 0 sufficiently small, so that 0 < ¢; < 1 and so that (extending
¢1 by zero to [5,00)) ¢1(x) + ¢o(x) = 1 for & € [0,00). (This can be achieved as on p.
47, by taking 1y as before and extending ¢(z) and w(z) by setting them equal to 1
for z > £). Again with u; = ug; we have as before that, since ug = 0, u; € ]-(.)71((), 00).

Consider ug = ugy. Extend it by zero to the whole of R, i.e. put

() up(z) if 0<z< oo
Ug\T ) =
0 if —oco<x<O.

It is clear that 1wy € H'(R) (since ug € H'(I)). Since ug it has support in [a, 00),
a > 0, it is not hard to see that for n sufficiently large, p, * 1y, has support in [/, 00),

o’ > 0, belongs to C*(R) N H'(R) and, of course,
|0 — pn * o || 1) = ||wo — (pn * o) ||| g2 () — 0 as n — oo.

Consider now the functions

Uo,n = Cn’[(pn * 'LZ())’[,
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where ¢, ()| is the restriction to I = [0, 00) of the truncation function ¢, (x) introduced
in the proof of Theorem 2.4. It follows that for n sufficiently large, ug, € C°(I). A

similar calculation to the one used in the proof of Theorem 2.4 shows finally that
w0, — ol g1y — 0 as n — oo.

Hence ug € }0[1(1'). O
Remark: Essentially the proof above shows the following characterization of ]-(.)l L(I)
which is of interest by itself. For u € L*(I) let a(x) be its extension by zero to the

whole real line, i.e. let
u(z) ifxel
0 ifrxeR-1I.

Then, u € Poll([) if and only if w € H'(R).
We finally mention a result which will be very useful in the existence — uniqueness

theory of weak solutions of boundary—value problems.

Proposition 2.3 (Inequality of Poincaré—Friedrichs) Suppose that I is a
bounded interval. Then, there exists a constant C, (depending on (1)) such that

0
lull, < Cullw'll Vu € HY(I), (2.3)
0
in other words, the quantity ||[u'|| is a norm on H*(I), equivalent to ||ul|,.

Proof. If u € [%1([) = foll(a, b) we have, by Theorems 2.2 and 2.6 that for z € T

T b
|WM=MM@M§/WWﬁswwMM.

Hence
b
Jall” = [ eyde < (b= a2
and (2.3) holds with C, = (1 + (b — a)?)'/2. O
Remarks:

(i) It follows that on H 1(I), I bounded, the expression (u’,v") defines an inner prod-

uct.
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0
(ii) Entirely analogously one may define, for m > 2 integer, the spaces H™(I) as
completions of C2°(I) in H™(I). One may show that

0
H™"(I)={ue€ H™(I): u=Du=---=D""'u=0o0ndl}.

We should keep in mind the distinction between e.g.

}32(1) ={ue H*(I): u=Du=0ondl}

and

HXDNHY () = {ue HXI): u=0on dI}.

2.6 Two—point boundary—value problems

We return now to the two—point boundary—value problem (%) (p. 25) (also called a
Sturm—Liouville problem). We shall mainly discuss homogeneous (zero) Dirichlet and

Neumann boundary conditions and follow the “variational method” outlined in 2.1.

2.6.1 Zero Dirichlet boundary conditions.

We let I = (a,b) be a bounded interval. We consider the problem of finding u(x),
x € [a,b] such that

_(pu/), +qu = f in (av b)? (24)

u(a) =u(b) = 0, (2.5)

where p,q, f are given functions on I such that p € C'(I), p(z) > a > 0 Vx € I,
q € O(I) such that g(x) > 0 Yz € I and where we shall assume f € C(I) (sometimes
just f € L*(I)). Based on the discussion on p. 26 we make the following

Definition Let f € C(I). Then a classical solution of (2.4), (2.5), is a function
u(z) € C2(I) which satisfies the D.E. (2.4) in the usual sense for each x € I and which
also satisfies the b.c. (2.5) in the usual sense. (We shall say that “u satisfies (2.4)
and (2.5) in the usual sense”). If f € L*(I), then a weak solution of (2.4), (2.5), is a

function u € [—%1(]) which satisfies

/pu’v’+/quv = /fv Vv e [371([). (2.6)
I I I
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Following the program outlined on pp. 25-26 we prove a series of results:
(i) A classical solution of (2.4), (2.5) is a weak solution of (2.4), (2.5) as
well.
Let u satisfy (2.4), (2.5) classically. Since u € C?(I) and u(a) = u(b) = 0 = u €
H*(I)N }0]1(1). We multiply the D.E. (2.4) by any v € ]?Il(]) and integrate on I. By

Proposition 2.1, p. 42, since pu’ € H' we can integrate by parts and obtain

/fv = /(pu)v+/quv— —pu'v)® + /pu’v’+/quv
I I
/puv —i—/quv,
I

sincev e H' = H 1(I) (we suppress I from the symbols of the function spaces). Hence
u is a weak solution.

(ii) Existence and uniqueness of the weak solution.

Let f € L*(I) and let B(v,w) = [,pv'w’ + [, quw. Clearly, by our hypotheses B(-,")

0 0
is a bilinear, symmetric form on H' x H! (i.e. on H' x H'). Moreover, for v,w € H'

we have
B(o,w)] < / Ipl[w|[o/] + / gllwllo]
< max|p(@)| /]| || + max |g(@)] o] o]
xel xel
< aloll, flwlh, (2.7)

where ¢; = max, 7 |p(z)| + max,7|¢(z)|. Hence B is continuous on H' x H'.

0
Now, for v € H' we have, by our hypotheses on p and ¢ that

B = [0+ [0t =20 [@) >l (2.8)

where ¢o = a/C?, with C, being the constant in the Poincaré-Friedrichs inequality,
which was used (since v € H 1) in the last step.

Hence the bilinear form B satisfies, on the Hilbert space {POI L1l }, the hypotheses
(i) and (ii) of the Lax—Milgram theorem (p. 19). In addition it is straightforward to
see that in the R.H.S. of (2.6), F(v) = [, fv is a continuous, linear functional on

0 0

' since |[F(v)| < [[f[lllvll < [Ifllllv]l, Yo € H'. (Note that ||| F[[| < [|f]| where by
|F(v)|

o;éveHl vl

0
||| F'||| we denote the norm of the b.l.f. F on H', i.e. the sup ). Hence the
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Lax—Milgram theorem applies and shows that the problem
0
/pu’v’ + quv = /fv, ie. B(u,v)=F(v)VYveH!,
I I
0
has a unique solution u € H'. Moreover

lull, < é||f||- (29)

Since a classical solution is a weak solution and we have shown now uniqueness of the
weak solution, it follows that there is at most one classical solution.

(iii) Regularity of the weak solution.

Let f € L*(I). Then (2.6) gives that if u is the weak solution, then

/pu’v’:/(f—qu)v Vo € H.
I I

Hence
Jpet = [ =auo voeczm),
which shows that pu’ € H', since pu’ € L? and since there exists g (= qu — f), g € L?
such that [, pu'¢’ = — [, 9¢ Yo € C(I). It follows that pu’ € H' and (pu')’ = qu— f.
e. —(pu') + qu = f holds in L.

Now, since p(z) > a > 0, x € I, p € C(I), it follows that 7 € CY(I). Hence
u = %(pu’ ) € H', since pu’ € H' and p~! € H'. Tt follows that the weak solution
u (shown to be in ﬁl by the Lax—Milgram theorem) actually belongs to H? N ]-(.)71.

Moreover, since —(pu’)’ + qu = f in L?, we have now pu” = —p'u’ + qu — f. Hence
allu”|] < max P (@) ||| ijEBLXIQ( Ml + 1711

This estimate coupled with (2.9) (|jull, < ;[ f]), shows that there exists a constant
c3 = c3(p, q, I), such that for the weak solution u € H? NH" of (2.4), (2.5) we also have

[ully < esllf1l- (2.10)

(Estimates such as (2.10)are called “elliptic regularity” estimates (H? — L?) for equation

(2.4)).
Now, let f € C(I). We shall show now that the weak solution u is in C2(I)
(u € Poll([) guarantees that u(a) = u(b) = 0 in the sense of Sobolev’s theorem). Since
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u € H*(I) = v’ € C(I) (take the continuous representative of u'). Hence u € C*(I).
But pu” = —p'v/+qu—f (in L?). Since f € C(I), the R.H.S. is continuous = u” € C(I)
by our hypotheses on p(z). Hence u € C?(I).

(iv) If f € C(I), the weak solution is a classical solution.

Since f € C(I) the above shows that u € C*(I). Now (2.6) gives that

Jwe+ [auo= [ 10 voeczm.

Integrating by parts, since v € C?(I), we have that
[ty +qu=po=0 voecEm,
I
Since C°(I) is dense in L*(I) = —(pu') +qu — f = 0 a.e. on I. (This also follows
from the fact that —(pu') +qu— f = 0 in L?). But —(pu') +qu— f € C(I). Therefore
—(pu') +qu = f Vz € I. Since u(a) = u(b) = 0 as well, it follows that for f € C(I)

the weak solution is also classical.

Remarks

(i) Since B(u,v) is symmetric, the weak solution of (2.4), (2.5), i.e. the solution of

the variational problem
0
B(u,v) = (f,v) YveH!',
may be characterized as the (unique) solution of the minimization problem

J(u) = migl J(v),

veH?
where J is the energy functional
1 1 2 2
J©) = 2 Bo,v) - Fw) = = [ p()?+q* — | fo.
2 2 J; I
This follows from the Rayleigh-Ritz Theorem 1.5 and is known in the present

context as Dirichlet’s principle.

(ii) It is evident that the weak solution of (2.4), (2.5), i.e. the solution of (2.6), exists
under much weaker conditions on p and ¢ than those assumed. For example, the

two integrals appearing in the definition of B(v,w) exist if e.g. p, ¢ € L®(I).
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(iii)

Similarly (2.7) and (2.8) hold only under the additional assumptions p > o > 0,
g > 0 a.e. on I. Moreover the right—hand side F'(v) makes sense (interpreting
(f,v) properly) as a bounded linear functional on H with much more general
f (than f € L?). More precisely, f may belong to the dual of Iif ! the so called
“negative” Sobolev space H™1(I); e.g. the delta function is an H~! “function” in
1 dimension. It is evident that such weak conditions guarantee only existence—
uniqueness of u in PO[ L. To obtain more smoothness for u, i.e. to show that u € H?
or that u € C2(I), it is clear that one has to assume more smoothness for the
coefficients p, ¢ and f. In the same vein of thought one may allow ¢(z) to take
on negative values as long as q(z) > 3, Vo € I, where j is such that in (2.8),
B(v,v) > co|jv]|} for some ¢; > 0. (A lower bound on 8 may be easily found
in terms of 0 < o = minge; p(x) and the constant p of Poincaré’s inequality

J;v* < p f;(v')% Tt is not hard to see that the best such constant y is equal

1

to 5-, where A; is the smallest eigenvalue of the problem —u” = Au with zero
Dirichlet b.c. at a and b, i.e. A\; = ﬁ)

Using (2.9) and Sobolev’s inequality we have that under our hypotheses the weak
solution u belongs to L*>°(I) and that ||u||;. < ¢||f||. Using the elliptic regularity
(2.10) and Sobolev’s inequality we can conclude that ' € L> and ||u/||; - < c||f||-
Finally, using the equation we conclude that ||u”||r~ < ¢||f]|, i.e. that the weak
solution u € H? N I?[ 1 actually belongs to a space of functions with bounded
generalized derivatives. For u € C?(I), the classical solution, we then have

max (Ju + [u| + [u"]) < cmax|f].

wel wel
Consider again the weak solution, i.e. u € H solving B(u,v) = (f,v) Vv € H
for f € L?. The map f + u is linear; let us denote it by T'f = u. T', the “solution
operator” of the problem (2.6), is, by the above, a bounded linear operator from
L% into H? N H': we interpret (2.10) as | Tf||2 < cs]|f]]. T is then the inverse
of the “elliptic” operator Lu = —(pu’)’ + qu defined on H* N H'. Note that T is
defined by

B(Tf,0) = (f,0), YoeH'
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for each f € L?. T is actually a bounded, self-adjoint operator from L? into L?;
that it is bounded follows from (2.10). To see that it is self-adjoint, note that
for f,ge L? Tg e H2N H' and

(f.,Tg)=B(Tf,Tg) =BTy, Tf)=(9,Tf)=(Tf9).
Note that TL = I on H> A H" and LT = I on L (I = identity). Note also that

(Tf, f)=B(Tf, Tf)>c|Tfl?. UTf=0=u=0= f=0,ie T is positive
definite.

(v) The case of the b.v.p. with non homogeneous Dirichlet boundary conditions
u(a) = ay, u(b) = ay easily reverts to the problem (2.4), (2.5). Let ¢(x) be a
linear function (or any other function in C?(I)) such that ¥(a) = ay, ¥(b) = as.
Then if u is the solution of the nonhomogeneous b.v.p., the function v = v — 1

satisfies the homogeneous b.c. v(a) = v(b) = 0 and the D.E.

—() tqu=yg:=f—-Lb=f+ ) - q,

i.e. a D.E. of the same form with new R.H.S. g = f — Ly € C(I).

2.6.2 Neumann boundary conditions.

We now consider the problem

—(pu) +qu = f in (a,b), (2.11)
u'(a) =d'(b) = 0, (2.12)

i.e. the (homogeneous) Neumann b.c. problem. Again we let p € C*(I), p(z) > a > 0
Vo e 1, f€C(I) (or f € L*(I)), but now we assume that ¢ € C(I) witht ¢(z) > 8> 0
Vv € I. (Note possible nonuniqueness if ¢ = 0: e.g. consider p =1, f =0, ¢ =0, i.e.
—u” =0, v/(a) = 0, «(b) = 0, which has any constant as its solution). It is not hard

to motivate the following

Definition Let f € C(I). Then a classical solution of the Neumann b.v.p. (2.11),
(2.12), is a function u(x) € C*(I) which satisfies (2.11), (2.12) in the usual sense. If
f € L3(I), then a weak solution of (2.11), (2.12), is a function v € H'(I) such that

/Ipu’v’+/quv—/fv Vo e HY(I). (2.13)



Following the steps of the Dirichlet b.c. case we have:
(i) A classical solution of (2.11), (2.12) is a weak solution as well.
Proof obvious as before (now multiply by v € H' and use the “natural” b.c. u/(a) =
u'(b) = 0 on u; (2.13) follows).
(ii) Existence and uniqueness of the weak solution.
Let f € L*(1) and B(v,w) = [, pv'w’ + [, quw. By our hypotheses B(-,-) is a bilinear,
symmetric form on H' x H'. (2.7) holds with the same constant ¢; as on p. 52. For

v € H' we have

B(v,v) = / p(v')? + / > a / (W) + 8 / V> ool (2.14)

where ¢, = min{a, 8} > 0. Since F(v) = [, fvis a b.lf. on H' there follows, from
the Lax—Milgram theorem that there exists a weak solution u € H' of (2.13) and that
ull, < éH fll. (Note that since u € H' we cannot give meaning to the point values
u/(a), v'(b) unless we prove that the weak solution is in H?, something that we do in
the next step).

(iii) Regularity of the weak solution.

For f € L?(I) the weak solution u satisfies

/pu'v':/(f—qu)v Vv e H'.
I I

/Ipu’qﬁ’:/(f—qu)qﬁ Vo € O (1),

I
It follows, as on p. 53, that pu’ € H' and that —(pu’)’ + qu = f holds in L?. Since

Hence, a fortiori,

u = %(pu’), it follows , as on p. 53, that v € H?. Returning now to

/pu’v’:/(f—qu)v Yo e HY,
I I

since pu’ € H' and v € H!, integration by parts gives (note that we can assign meaning
to the values v/(a), u/(b) = the values of the continuous representative of v’ € H' at
a, b) that

/I(—(pU’)’v +quv — fv)dz + p(b)u' (b)v(b) — p(a)u'(a)v(a) = 0

holds, for each v € H'. Since we already saw that —(pu')’ + qu = f in L?, it follows
that p(b)u/(b)v(b) — p(a)u'(a)v(a) = 0 Vv € H' = «/(b) = 0, u/(a) = 0. (Choose e.g.
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v(x) =z —aor v(xr) = x —b). Hence the weak solution (2.11), (2.12), which exists
uniquely by Lax—Milgram in H!, actually belongs to H?, satisfies —(pu’)’ + qu = f in
L* and «/(a) = «/(b) = 0. Moreover, exactly as before we obtain ||ul|, < ¢||f]| (“elliptic
regularity”).

Assume now f € C(I). Then exactly as in the Dirichlet b.c. case, use of Sobolev’s
theorem gives that u € C2(I) for the weak solution.
(iv) If f € C(I), the weak solution is classical.
The proof that —(pu') + qu = f a.e. = —(pu/) + qu = f everywhere in I, i.e. that
the weak solution (which is C? if f € C(I)) is classical, is identical to the one of the

Dirichlet b.c. case. Of course u/(a) = u/(b) = 0 already for the weak solution (in H?).
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Remarks.

(i) The weak solution is characterized now (by the Rayleigh-Ritz theorem) as the

solution of the minimization problem

J(u) = min J(v), J(v)zl/lp(v')Q%—qu—/lfv, ve H.

veH! 2

This follows from the symmetry of B.

(ii) Analogous remarks to the Dirichlet b.c. remarks (ii)—(v) follow, mutatis mutan-

dis.

(iii) We can consider of course other homogeneous b.v. problems for the equation
—(pu') + qu = f on (a,b) as well. For example the problem with b.c. (assume

Dirichlet b.c. assumptions on p, q)
u(a) =0, u'(b) =0, (“mixed” b.c.)
has the following weak formulation: Let
g 1
H,={ve H(I): v(a) =0}.

0

Clearly {H,, || - ||1} is a Hilbert space (a closed subspace of H'(I) that includes
0

Igfl). We then seek u € H, such that

0
B(u,v) E/pu'v'—i—/quv:/fv holds Vv € H, .
I I I

The Lax—Milgram theorem shows existence—uniqueness of the weak solution since
0 0 -
B(:,-) is bilinear, bounded and coercive on H, x H,. The rest (f € C(I) = u

classical etc.) follows easily.

The problem with b.c.
u'(a) — ku(a) =0 (k const.), u(b) =0

0

has the following weak formulation on H, = {v € H(I) : v(b) = 0}:
0

Seek v € Hy, such that

B (u,v) = /pu"v’—ir/quv +pla)ku(a)v(a) = /f'u Yo € fOIb.
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It is straightforward to see that By(-,-) is bilinear, symmetric, continuous on

0 0

H, x H,, (by Sobolev’s theorem) and coercive, provided k£ > 0 (or k < 0 with |k|
0

sufficiently small). Hence a weak solution u € H, exists and its classical analog

follows.

The periodic boundary condition problem, i.e. the problem with b.c.’s

may be similarly treated with the following weak formulation: Seek u € H}!

(assume p(a) = p(b))

/(pu’v’+quv):/fv, Vv e HY,
I

I
where H! = {v e H'(I) : v(a) = v(b)}, the so called “periodic” H'.

Let us also remark here that with the machinery already developed in this section
(and the added fact that the injection of H(I) < L?(I) is compact — for bounded
I — ) we can use the spectral theorem for the bounded, self-adjoint, positive
definite operator T' (cf. remark (iv), p. 55) — T is compact, as an operator from
L? into L? - to prove e.g. theorems about Sturm-Liouville eigenproblems. For
example, we may thus prove that, with p € CY(I), p(z) > a > 0, ¢ € C(I),
there exists a sequence of reals {\,}22; such that A, — oo when n — oo, and a
complete orthonormal system {¢,}°%, in L2(I), such that ¢, € C%(I) and such
that forn =1,2,3,...

_(p¢,n>, + Q¢n = >\n¢n> in /

The numbers A, are called the eigenvalues and the functions ¢,,(x) the eigenfunc-

tions of the Sturm-Liouville operator L(-) = —% (p%(-)) +q-, with homogeneous

Dirichlet boundary conditions.
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Chapter 3

Galerkin Finite Element Methods
for Two—Point Boundary—Value

Problems

3.1 Introduction

We consider again the two—point boundary—value problem on a bounded interval (a, b)

with homogeneous Dirichlet b.c.’s:

—(puY +qu = f in (a,b) =1, (3.1)

u(a) = u(b) = 0, (3.2)

for which we assume, as in §2.6, that p € C*(I), p(z) > a >0in I, ¢ € C(I), g(z) > 0
on I. We recall that if f € L?(I), there exists a unique weak solution of (3.1), (3.2)
satisfying

we H(I), Blu,v) = (f,v) Yoe H(I), (3.3)

where

b b
B(%w):/(pvlwl—i-qvw), v,we HY(I), (U,w):/ vw.

0 0
In fact, u € H?> N H' (suppress the I in the notation H'(I) etc.) and we have the

elliptic regularity estimate

Jull, < C | f1I, (3.4)
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where C' is a nonnegative constant independent of u and f. If f € C(I), then the
(unique) weak solution is in fact in C?(I) and solves (3.1), (3.2) in the classical sense.
The Galerkin method for the approximation of the weak solution, i.e. of the solution

of (3.3), follows the abstract framework of §1.9. We note that B satisfies (see §2.6)

[Bo,w)| < Ciloll lwly Yv,we HY(I), (3.5)

B(v,v) > Cyllul> Vve H, (3.6)

where in fact e.g. C1 =| p |lo + || ¢ lloo, Co = a/C?, where C, is the constant

in the Poincaré—Friedrichs inequality. Hence, if S;, 0 < h < 1, is a family of finite—
0

dimensional subspaces of H', Galerkin’s Theorem 1.4 gives that for each h, there exists

a unique element u, € Sy, the Galerkin approximation of u in Sy, satistying
B(uh,vh) = (f, 'Uh) Yo, € Sy, (37)
Moreover, uy, satisfies the H'-error estimate
G
— < — inf — . 3.8
[ u—un 1< G, oot lu—¢|h (3.8)

The discrete problem (3.7) (discrete version of (3.3)) is equivalent to a linear system of
equations. Let N = N, = dimS), and {qbz}fil be a basis of S},. Then, as we saw in Ch.
1, the coefficients {¢;} of uy with respect to the basis ¢;, i.e. the numbers ¢;:

N

un(z) =) cii(x) (3.9)

i=1
satisfy the linear system

Ac=f, (3.10)

where A is the N x N matrix with elements A;; = B(¢;,¢;) = f;(p¢;¢; + qo;0i),
1<i,j<N,c=lct,....en|Ts fo=1[(f,¢1), ..., (f, &n)]T. The matrix A is symmetric
and positive definite on R¥due to our assumptions on B (i.e. on p and q).

The question is, of course, how to choose the finite—dimensional subspace Sj of

H '(I). The choice should be such that

o infycg, || u—¢ |1 is small (cf. (3.8)), i.e. that we can approzimate well elements

wof H2 N H by elements of Sj,.
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e The system (3.10) is easy to solve.

A classical choice (Ritz, Galerkin, “spectral methods”) is to let S;, = Sy be the span
of the first N eigenfunctions ¢; of the S-L operator Lu = —(pu')’ + qu with zero b.c.’s
at x =aand x = b. If \,,, ¢, are the eigenvalues, resp. eigenfunctions, of this problem

(cf. concluding remarks of Ch. 2 ), then the system (3.10) may be solved explicitly by

C;, = . ,1§Z§N,

1

and the Galerkin approximation u, = uy = Y., ¢;¢s(x) has good approximation
properties; in particular

0
inf ||u—¢]|i—0, as N — oo forue H*NH".
PESN

The difficulty in this approach is of course that it requires the explicit knowledge of
the eigenpairs (\;, ¢;), 1 <i < N, which are, in general, not easy to find analytically.
Another obvious choise that will also guarantee good approximation properties is
to choose S) as the vector space of the polynomials of a fixed degree that vanish at
the endpoints. The problem with this approach is that, in general, the condition of the
linear system (3.10) will be bad. Moreover, the matrix A will be, in general, full, since
the polynomial basis functions ¢; will not be of small support in I. Since we expect N
to be large for approximability, we conclude that, in general, the system (3.10) will be
very hard to solve accurately. Moreover, since N ~ degree of polynomials in .S, we
will run into problems trying to compute u;, as a polynomial function of large degree.
A good choice turns out to be piecewise polynomial functions (consisting of polyno-
mials — of small degree — on each subinterval of a partition of I) continuous on I and
endowed with basis functions of small support. In this way, we obtain various finite

element subspaces Sy, of ﬁl([).

3.2 The Galerkin—finite element method with piece-
wise linear, continuous functions

Leta =20 <21 <3 <...<any < xys1 = bdefine an arbitrary partition of [a, b] with

N interior points z;, 1 <1 < N. Let h; = z;41 — x;, 0 <4 < N and put h = max; h;.
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(For uniform partitions h = h; = (b—a)/N+1). Let S, be the vector space of functions

defined by

Sp={¢ : ¢€Cla,b], d(a) =¢(b) =0, ¢ is a linear

polynomial on each (x;,x;11), 0 <i < N} (3.11)

(we write the last condition as ¢ |(4, 4,,,)€ P1).
0
It is not hard to see that S}, is a finite dimensional subspace of H! and that dimS), =

N. The latter follows e.g. from the fact that the set of functions {¢;}Y, defined by
{¢:i € Sh, di(x;) = 6y},

or, explicitly, for 1 <7 < N, as

—;.__J::lla if <z
gi(z) = e i m<e<min (3.12)

O, if xe 7\ (Ii_l, xi—i—l)

forms a basis of Sy,: Obviously ¢; € S,.

oN /i

o7y 9 /i

axXp X X2 Xji-1 Xi  Xjs1 XN-1 XN XN+1=b

Moreover, if Zi\; cipi(r) = 0V € I, putting . = z;, 1 < j < N, we see that

¢; =0, i.e. that {¢;} are linearly independent. In addition, since for each ¢ € Sy,

N
P(r) = Z c;i¢i(x), where ¢; = ¢(x;),
=1

i.e. since each ¢ in Sy is uniquely determined by its nodal values ¢(z;), 1 <i < N, we

conclude that {¢;} spans Sj,.

axp X3 X Xiet Xi Xiw XN XNs1=h
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Evaluating the elements A;; = fab (pgd; + q¢j¢i) of the matrix A of the system
(3.10) yields that (since suppg; = [ri_1,2i+1]) A # 0, 1 < i < N, A;;41 # 0,
Ay, #0,1 < ¢ < N —1, while all other A;; = 0. Hence, due to the small support
of the basis functions, the matrix A is sparse; in this case tridiagonal. Since it is also
symmetric and positive definite, the system (3.10) may be efficiently solved e.g. by a
banded (tridiagonal) Cholesky algorithm. In the special case p = ¢ = 1 and a uniform
partition of / = (0,1) with h = 1/(N + 1), A is the sum of the stiffness matrix S,
where S;; = fol ¢.¢;, and the mass matrix M, where M;; = fol ®j¢;. Indeed, S and M

are then the tridiagonal, symmetric and positive definite matrices

2 -1 0 4 1 0
-1 2 -1 1 4 1
1 h
S == M="=
h ’ 6
0 -1 2 -1 0 1 41
1 2 1 4

We now return to the error estimate (3.8). As h — 0, i.e. as dimS;, — oo, we would
like to prove that infyeg, ||u — @|l1 — 0, where v € H* N H' is the weak solution of
(3.1), (3.2). In fact, we shall prove that there is a constant C, independent of h and v,
such that infyeg, |[v— @ll1 < Ch|]v”| for any v € H?> N H.

A simple and convenient way to do this is to study the properties of the interpolant
of v in the space S},

The interpolant (I,v)(z) of a continuous function v(x) (such that v(a) = v(b) = 0)

in the space Sy, is defined as the (unique) element of ), satisfying

(Ipv)(z;) = v(z;), 1 <i<N, (3.13)

axg X X Xi-g Xi X1 XN Xns1=h

i.e. as the element (I,v)(z) = 2N, v(z;)¢s(x) of Sj,. Hence Iy : H' = Sy, is a linear

0
operator on H' (the interpolation operator onto Sj,).
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0
Lemma 3.1 Let v € H'. Then I,v satisfies

(i) (Iyw—v),¢)=0VepeSs,, (3.14)

(i) [lv = Ipoll < Chll(v— Ihw)| (3.15)
for some constant C' independent of h and v.

Proof. (i) Let ¢ € S;. Then

N

roonN b o o o o o

((Inv —v),¢") = (Ihv—v)gpdaz—z (Inv —v)' ¢ dx =
@ i=0 v i

N

= S {io-verz - [T - v <o

i=0 i
since (Ipv)(z;) = v(x;), 0 <i < N+ 1, and ¢”
(ii) Since ([pv —v)(x;)) = 0,0 < i < N+1, v —v € ﬁ[l(xi,:cHl) for each

[zizip1] ™ 0.

i=0,1,...,N. By the proof of Proposition 2.3 (the Poincaré-Friedrichs inequality),

we conclude that there is a constant C', independent of the x; or v such that
||]hv - U||L2(Ii7$i+l) < C (mi+1 - xl) ||<]hv - U>/||L2($i,$i+1)

for all 4 (in fact the best value of C'is 1/7). We conclude that

N N
1w =ol> = Y w0 = vlieg e,y < CR° Y IIn = 0) G2 m0) =

=0 =0

= C2R|(Iw —)|? qed.

O
Using Lemma 3.1 we may now prove the following approximation properties of the

interpolant Iv:

Proposition 3.1 There is a constant C independent of h such that

(i) o= Il + hll(v — Iw)'|| < Ch|V|| Vv e };1, (3.16)

(i) v — Ll + Bll(v — Lw)|| < CR2 ||| Yo e HEAH'.  (3.17)

Proof: (i) For v € POII, (v = L) || < ||V + ||(Ipv)||. But, by (3.14), ((Ipv),¢') =
(v, ") YV € Sp. Put ¢ = I,v and obtain

I(Zno)' I = (v, (Ino)) < W)l e 1)1 < 0]
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We conclude that [|(v — Iv)'|| < 2||v'||. Hence, by (3.15)
lv =Tl < Chl(v—Tno)[| < 2Ch |0,

proving (3.16).
(ii) Let now v € H*N H, Then,

I(v = L)l < Ch"] (3.18)
for some constant C' independent of h and v. To see this, we have
(v = L)' || = (v = L)', (v = L)) = (v, (v = Tyv)')  (why?)
b b
= / v (v—Lw) = (v— Ihv)]z - / V" (v — Iv)
(since v’ € H', v — Iyv € H)

b by(3.15)
=—/ v (v = Iwo) < llv=Tpol < CR[P[(v = Iho) .

We conclude therefore that ||(v — Iv)'|| < Ch|[v”||. This gives, in view of (3.15),
|lv — Il < CRh?|]v"]]. Hence (3.17) holds q.e.d. O

In view of Proposition 3.1, we now have, since

dof (o=@l +All(w=¢)l) < llv— Tl + k= L),
h

that

f (o= ol +hl(v=o)l) < C h* || Dol (3.19)
for k=1,2 ifverﬂfOIl.
Hence,

: . < " )
inf flo—ol < Cho” (3.20)

0
for v e H*N H.
We are now ready to prove error estimates in the H' and the L? norms for the error

u — uy, of the Galerkin approximation u, € Sy, of u, the weak solution of (3.1), (3.2).

Theorem 3.1 Let u be the weak solution of (3.1), (3.2) and up € Sy its Galerkin
approximation in Syp. Then,
lw—unlly < Chlju”] (3.21)

and  |lu—uy|| < Ch* ||| (3.22)

for some constant C' independent of h and u.
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Proof: (3.21) follows from (3.8) and (3.20). The proof of (3.22) follows from the
following duality argument (Nitsche trick). Set e = u —uy, € H'. Let 1 be the solution
of the problem

B(y,v) = (e,v) Yv € [—?Tl, (3.23)

i.e. the weak solution of the problem —(py’)’ + ¢ip = e in (a,b), ¥(a) = ¥(b) = 0.
We know that v exists uniquely in ]-OI Land in fact v € H? N IPI L and that it satisfies
(elliptic regularity)

[¥ll2 < C el (3.24)

Put v = e in (3.23); then

lel* = (e.e) = B(¢,e) = Ble,y) = B(u — up, ¥) = Ble,y — x)

for any x € Sj, (why?). Take x = 3. Then

) by(3.17)
lel” = Ble,w = Iny) < Cillefli || — Iy <

Cillels ORI < C helly llell, (by (3.24)).

Hence, |le]| < C"hlle|l; and (3.22) follows from (3.21). O
Remarks:

1. Property (3.14) characterizes uniquely the interpolant as an element of Sj. L.e. the
equation

((on =), ¢') =0 Vo € Sy (3.25)

0
(given v € H'), has a unique solution v;, € Sy, which, by Lemma 3.1 (i), coincides
with the interpolant Iv of v. To prove uniqueness, note that (3.25) may be written

/

as (vy,¢") = (V,¢') Vo € Si. Hence, if there existed two such elements v}, we would

have

p=vl—v?
(0p —v2),¢) =0 Yp eS8, =" ||(vy —v})|| = 0= v = v}

by the Poincaré—Friedrichs inequality.
Equation (3.25) also states that in our case, I v is the projection of v on S, with

0
respect to the inner product (u’,v") on H!. We conclude that

IUro = o)} = inf {lv" =]l

70



Hence, by Poincaré—Friedrichs
[ho —vlly < Cl[(Lw =)'l < C inf [lv— o).
PESH
Since, obviously, inf eg, ||[v — ¢|1 < |[Inv — v]|1, we finally obtain that
inf |lv— < || Tpv — < C inf ||jv—
inf o=l < 0~ vl < C inf ol

i.e. that I,v is a quasi—optimal approximation of v in S, (just as the Galerkin solution
uy, is a quasi-optimal approximation of u in Sy). Hence, nothing essentially was lost
by using the upper bound ||Z,u — u||; of inf,eg, ||u—¢||; in (3.8) — which led to (3.21).
2. It may be proved that the exponents of h in the estimates (right hand sides)

[hw—ully < Crhu”]

Hhu —ul < Cob? ||

IN

Crh "l

[[un = ull

lun =l < CyR* [[u"]),

i.e. the powers 1 (for H' norms) and 2 (for L? norms) in the errors of Iu and uy,
(viewed as approximations of v € H* N ]E)[ 1) are optimal, i.e. they cannot be increased
in general.

We may also derive error estimates in other norms. For example, if the solution u
of (3.1), (3.2) belongs to C?[a,b] (if it is a classical solution, that is), we may prove

that there exists a constant C, independent of A and u such that
lun = ulloo + hljuy, = u'l|oc < Ch? [[0"[|oo.

(Again, the interpolant satisfies a similar estimate. E.g. it is obvious (Lagrange inter-
polation) that ||[Tyu — ullee < (h?/8) ||t”]|s0)-

3. Other boundary conditions. Let us consider for example (3.1) with the Neu-
mann b.c.

u'(a) = u'(b) =0, (3.26)

where we assume now ¢(z) > 8 > 0, x € [a, b] for uniqueness. As the space in which
the weak solution lies now is H!, we consider subspaces of H' in which we seek the

Galerkin approximation u, of wu.
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Let @ = 9 < 21 < ... < xny1 = b be an arbitrary partition of [a,b] and let

h = max;(z;11 — ;) as before. The finite-dimensional space

S~h:{¢: ¢€C[aab]7 (b

(wi,$i+1)€ ]P)l}

is a subspace of H! and has the basis {gzﬁ,}fv;gl consisting of the “hat” functions ¢;,

1 < i < N, that were defined by (3.12), plus the end—point “half-hat” functions ¢y,

¢N+1

axp X X2 Xi-1 Xj X1

defined as follows:

¢o € Sh, do(z0) =1, do(z;) =0, 5 #0, dnii(zni1) =1, dnsa(r;) =0, j # N+ 1.

Hence, dimS, = N + 2.
Defining again the interpolant v of a continuous function v on [a, b] by the formula

N+1

(Io)(x) = Y v(@:) dulx),

=0

i.e. as the unique element of Sj, that satisfies
(Iw)(x;) = v(x;), 0<i < N+1,
we may prove again that:
(i) (), ¢) = (',¢) Yve H', ¢ €S, (3.27)
(The proof is identical to that of Lemma 3.1 (i))
(i) [1(Zh0)|I* + (v = Lyo)'[* = [['||* Vo € H". (3.28)

(This follows from (i) by putting ¢ = Iv)

With these in mind we may now see that
(v = Lw)| < ||V, Yve H. (3.29)
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(A simple consequence of (3.28)). Since for each i, v — I,v € ﬁ[l((x,-,xiﬂ)), we have

again, as in Lemma 3.1, that
v — Iyl < h|(v—Lw)| Yve H. (3.30)
As a consequence of (3.29) and (3.30),
v — Iyl < AV Yoe H (3.31)
Now, we have that for v € H?,
(v — Iw)||? = — (v — L, v"). (3.32)

The proof of (3.32) is identical to that given for I, after the estimate (3.18).

As a consequence of (3.32), we have
' = (Lo)'I* < o = Inoll 0",
which, when combined with (3.30) yields
" — ()] < h|V"| Yo e H? (3.33)

Using (3.33) in (3.30) we see that for v € H?

lo = Tnvl| < B2 [0"]. (3.34)
We conclude therefore that
v — Lol + k(v —Lw)| < Cyh|V| Yoe H (3.35)
and
v — Lol + h||(v— L) | < Cyh?||0"|| Yve H>. (3.36)

These inequalities are the analogs of (3.16) and (3.17) and lead e.g. to the estimate

inf ||[v—oll; < |jv—Tw|i < Ch|W'|, ve H (3.37)
¢S

The Galerkin approximation uy, of u in Sj, is defined again as the (unique) element of

§h that satisfies
B(uh7¢) = (f7 (b) vd) € ghv
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o N+1 :
and may be found again in the form w, = > ;6" c;é;, where ¢ = [cg, ..., enp]” is

the solution of the linear system Ac = f;, where the (IV 4 2) x (N 4 2) (symmetric,
positive definite) tridiagonal matrix A is given by A;; = B(¢;, ¢;), and fj, is the vector
[(f,¢0), -, (f,dne1)]T. As before, if u is the weak solution of (3.1), (3.26), then

_ < O inf llu—
le =l < € Inf flu— ol
which yields, in view of (3.37) the H'-error estimate

lu = unlly < Chlu"], (3.38)

since u € H?. The error bound (O(h)) is of optimal rate.

The L? error estimate (of optimal rate as well)
lu—un]l < Ch*[lu”| (3.39)

follows again by a duality argument, exactly as in the proof of (3.22) in Theorem 3.1.
(Use is made of the elliptic regularity inequality for the Neumann problem).
Analogously, we may approximate the solution of other two—point boundary—value
problems with (3.1) as the underlying differential equation. For example, with the
boundary conditions u(a) = 0, «/(b) = 0 we use the finite element space (defined on

our usual partition):

{¢ € Cla,b], ¢(a) =0, ¢

(xi,IiJrl)E Pl}?

which is a finite-dimensional subspace of the Hilbert space {v : v € H*(a,b), v(a) = 0}
etc.
4. A note on implementation. (From Brenner—Scott, pp. 10-12)

A basic computational problem in the finite element method is the evaluation, or
assembly, of the matrix and the right—hand side of the system A ¢ = f; of the Galerkin

equations, and in general, of the inner product (f,v) and the bilinear form

B(ow) = [ (o) @)u(a@) + ala)ol@yu(o) do

given v,w € Sp. We will discuss this problem in its present simple 1-dimensional

context; the strategy extends in a natural way to the multidimensional case.
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Given the partition @ = 29 < 11 < 23 < ... < zx < xn11 = b of [a,b] we will
simply refer to a subinterval I, = [xy_1, k] as an element. Hence in our problem we

have N + 1 elements,

i I le IN+1

axXg X1 X Xe-1  Xe XN XN+ =D

the subintervals I, = [z._1, %], e = 1,2,..., N + 1. Each element [,

le

o

j=0 j=1

has two nodes, its endpoints, corresponding to the values of the local node index 7 =0
(for the left endpoint z._1) and j = 1 (for the right endpoint z.). The element number
e and the local index j determine the global index ¢ for the node z;. In our case we
have

i=ile,j)=e4+j—1 e=12,...,N+1, j=0,1.

Thus the left endpoint of the element [;5 has global index ¢ =15+ 0 — 1 = 14, i.e. it
is the node x4, which of course coincides with the right endpoint of the element Iy4
(given by e=14, j=1).

Let us consider the basis {¢;}Y 4" of “hat” functions, introduced as basis of the
subspace S, used for the Neumann problem, i.e. the basis for the finite element space
of piecewise linear, continuous functions with no boundary conditions imposed. Each

function v(z) in this subspace may be written as

v(x) = Z v(x;)ei(x) = Z vipi(x), v =v(xy).

There is a particularly effective way of describing v(x) (for the purposes of efficient
assembly of (f,v) and B(v,w)) in terms of its nodal values v(z;) and the “local” basis
functions 5, j = 0,1. The latter are simply the restrictions on [z, 1, z.] of the basis

functions ¢._1(x), (), respectively, and may be described in terms of two fixed
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functions ®¢, ®; on the “reference” element [0,1], as follows: First define ®q, ®; as

1l—y if0<y<1 y if0<y<1
Po(y) = . DY) =
0 otherwise 0 otherwise.
Associated with I, = [z._1, 2| (defined by the affine transformation z = h.y + x._1,
0 <y <1, where h, = . — x._1, that maps the reference element [0,1] onto I..), define

the local basis functions ¢f, ¢f as

o) = Po(y), ¢i(x) = P1(y), whenever & = hey + Te_1,

l.e. as

(Consequently, p5(r) =0 for z & I.).
A function v(z) in the finite element subspace may be described now as

1

= Z Z Vice.j) 5 (2 (3.40)

If © € (ze_1,2.) (3.40) reduces to

(@) = vemrp5(7) + vepi(2),
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which is the correct description of v(x) restricted to I.. However, (3.40) is not a correct
expression at the nodes. For example, at x = 1, the right—hand side of (3.40) is equal

to

Uz‘(l,l)@%(xl) + Uz‘(z,o)sf?g(iﬁl) = vy + v = 20y,

instead of correct value v; = v(x1). This inconsistency will not affect the assembly of
B(v,w) or (f,v), which involve integrals over the I.’s.
The assembly e.g. of B(v,w) (for v, w in the finite element subspace) is now done

as follows. We write

w) = B.(v,w), (3.41)

where B.(v,w), is a locally defined bilinear expression given by
Bufo,w) = [ po'ul  quo = [ (e @'(a) + ala)o(a)u(@) da
I Te—1

where ' = di

Using (3.40) we write

Be(v,w) = /ze p(z) (ZUZ(GJ 90] > (ZwZ(EJ QOJ ) dx

J

i / (va% ><sz<emj )d:c.

Using the map = +— y = (r—x._1)/he we may transform the integrals above to integrals

over the reference element [0,1]:

Bu(v,w) = hi / plhey + 7o) (Zvi(e,j)cbj(y)) (Zwi@,ﬁ@j(y)) dy

+ he/o q(hey + Te-1) (szw@ )(sze] )d,%

J
where now the prime ' denotes differentiation with respect to y. Letting pe(y) =
p(hey+xe 1), Ge(y) = q(hey +xe_1) (Pe and §. depend on e), we may rewrite the above

in matrix—vector form

Wi(e,0) Wi(e,0)

+ he (Ui(e,0)7 Ui(e,l)) Me s (342)

1
Bufo,0) = 1 (00 o) S
e Wi(e,1) Wi(e,1)
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where S, is the 2 x 2 local stiffness matriz given by
Jo De(®0)? [ peP®) L 1 -1
Se = °~// o ) Z/pe(y)dy
fo peq)lq)o fo De (I)l 0 -
and M, is the 2 x 2 local mass matriz defined as
fo A fo GeLo®s
fo (jecblcb0 fo (jeq)%

The formula (3.42) is quite effective for computing the local bilinear form B.(v,w). It

M, =

reduces to a few matrix — vector operations and the evaluation of the integrals in the
entries of S, and M,. These integrals are evaluated on the reference finite element [0, 1],

in practice by some numerical integration rule. For example, use of the trapezoidal rule

/f )-;f()

yields an approximate local stiffness matrix S, given by

p(@er) +p(xe) [ 1 1

S, =
2 1 1

and a diagonal (“lumped”) local mass matrix M, (why?)
~ 1 q(‘%’e,l) 0
0 ql)

(It may be proved that using e.g. the trapezoidal rule in computing the elements of the
matrix and the right—hand side of the Galerkin system A c = f,, yields a new Galerkin
approximation i, that satisfies again |[uj, — ully = O(h), || — ul| = O(h?), i.e. the

same type optimal-rate error estimates).

3.3 An indefinite problem

(After Schatz, Math. Comp. 28 (1974), 959-962).
Let & > 0 be a constant and f € L?(a,b). Consider the model two—point boundary—
value problem for the “one-dimensional” Helmholtz equation, given by
—u" —k*u = f(z), a<x<b, (3.43)
u(a) = u(b) = 0. (3.44)
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The weak formulation of this problem is to find u € }OI 1 so that
(W, 0) — K2 (u,0) = (f,v) Yve H (3.45)

is satisfied. The corresponding Galerkin—finite element approximation is to seek u; €
0

Sp, where S), a finite-dimensional subspace of H' (for definiteness let us take S, as

the space of continuous, piecewise linear functions on the arbitrary partition a = xy <

r1 < Ty < ...<xy41 = b, that vanish at z = a and b), satisfying

(wh, @) = K*(un, @) = (f,9) Vo € Sp. (3.46)

The bilinear form B(u,v) = (v/,v') — k* (u,v) corresponding to this problem is still
continuous on H' x H' but since B(v,v) = |[v/||*—k? ||v||?, it is not coercive (elliptic) on
H'. Hence the Lax—Milgram theorem for the existence-uniqueness of the weak solution
of (3.43)—(3.44) cannot be used. In fact, a unique solution may even fail to exist. This
happens e.g. if f = 0 and k? is one of the eigenvalues of —% with zero b.c. at x = a
and x = b, i.e. one of the numbers \, = %, n =1,2,3,.... However if k? # )\,
(equivalently if f = 0 = u = 0) we can easily see, by solving (3.43)—(3.44) using the

Green’s function integral representation of the solution, that a unique classical solution

exists. More generally, we can state the following lemma:

0
Lemma 3.2 Suppose that for f =0, (3.45) has only the trivial solution v =0 in H".
0
Then for each f € L?, there exists a unique solution u € H' of (3.45), which, actually,
belongs to H* N H' and satisfies

[ull, < CL(E) [I£]- (3.47)
O

(In the sequel we shall denote constants that depend on k by Cy(k), Ca(k),.... Con-
stants independent of k£ will be generically denoted by C.).

We proceed now to analyze the Galerkin approximation u, € S;, of u. Because
the bilinear form B(:,-) of the problem is indefinite, the bilinear system that must be
solved to determine wuy, in terms of its coefficients with respect to the usual hat function
basis {¢;}Y, may not have a unique solution (its marix is symmetric but indefinite).

We shall show however that if h is sufficiently small, then, provided that k2 # \,,
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0
(3.46) has a unique solution uj, € S, which converges to u at the optimal rates in H!

and L2, as h — 0. We will prove the following result:

Theorem 3.2 Suppose that f and u satisfy the conditions of Lemma 3.2. Then, there
exists a constant Cy(k) such that if Co(k) h < 1, (3.46) has a unique solution uy, € Sy,
Moreover, for constants Cs(k), Cy(k) we have

[ —unlly < Cs(k) bl (3.48)
and lw—up| < Cu(k)h* || (3.49)

Proof. Under our hypothesis, (3.45) has a unique solution u. Suppose for the moment
that (3.46) has a solution ;. Set e = u — uy € H Then, subtracting (3.45) and
(3.46) yields

(¢,¢)) — k*(e, ) =0 Vo € S (3.50)

Now

el = K2llel|* = (€.¢') = k*(e,e) = (¢/,u' — up) — K*(e,u —un) = (by (3.50))
= (,u) — K*(e,u).

Hence, by the Cauchy—Schwarz inequality we have
le'l* = &2[lell* < lle'[ll + &*lellllul]-

Applying in the right hand side of the above, the elementary inequality o § < %oﬂ +

1 32
3 B%, we see that

1 1 k2 k>
€12 = K2lel < Sl + 5 el + o el + 5l

from which we obtain that

'l = 3&[lell® < [lu/||” + &2[lul. (3.51)

Now, still under the hypothesis that u; exists, by a duality argument we may prove

that there is a constant C'(k) such that

lell < C(k) hll€']l (3.52)
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Indeed, let ¥ € I—?f ! be the (unique) solution of the problem
(W) — K2(,0) = (e,v) Vo€ HY. (3.53)
By Lemma 3.2 ¢ € H2N H' and
[Pl < Ci(k)|ell- (3.54)

Putting v = e in (3.53) we see that
(e;e) = (¥,€) = K (¥,e) = (¢ ¢) — k(e ) = (see (3.50))
= (¢ = (L)) = K (e,v — Inyh),

where [,1) is the S,—interpolant of v. By the estimates of §3.2 we see that

I = Inyll < CR* WL, 10" = ()l < Chlg"],

for a constant C' independent of h and ¢ (and k). Therefore, by the above
lel* < C Rl + & el € p* [¢"| < C Rl Nl[w"] (1 + CE*R),

where use was made of the Poincaré inequality. Hence by (3.54), assuming h < 1, we
have e.g.

lel* < € Ci(k) [lell (1+Ck?) [|€']| b,

whence ||e|]| < C(k)h ||, i.e. that (3.52) holds with C(k) = C(1 + Ck*)C, (k).
We combine now (3.51) and (3.52) and obtain

'l < ' I” + K2[lull® + 3k2 (C(k))*R2[l€'|1?,

i.e.

(1= 3K2CHR2) € < >+ K2)Jul” (3.55)

Let now C)(k) = V3kC(k). It follows from (3.55) that if A is sufficiently small, so

that C4(k) h < 1, then

1
el < @(HU’HQWL K lull®), (3.56)

where 0 < 8/ =1 — (C4(k) h)>.
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After all these preliminary estimates, we now prove that the linear system repre-
sented by the equations (3.46) has a unique solution. For this purpose, consider the

homogeneous system associated with (3.46), i.e. the equations
(uy, @) = K?(un, @) =0 Vo € Sy, (3.57)

and suppose that (3.57) has a solution u;, € S;. Let f = 0. Then, by our hypothesis
that (3.45) has a unique solution, v = 0. Let h be sufficiently small so that C4(k) h < 1,
i.e. B > 0. Then, since u;, a solution of (3.57), may be considered as a Galerkin
approximation of u, all estimates leading to (3.56) hold, and (3.56) gives ||¢/|| < 0,
which implies that e = 0, i.e. u, = 0, since u = 0. We conclude that under the
hypothesis C4(k) h < 1, the homogeneous system of equations represented by (3.57)
has only the trivial solution. Therefore the nonhomogeneous system (3.46) has, for
each f, a unique solution uy, the nodal values of which may be computed e.g. by
Gauss elimination with pivoting of the matrix—vector form of (3.46).

We now turn to the proof of the error estimates (3.48) and (3.49). Note that (3.48)
and (3.52) imply (3.49) with Cy(k) = C5(k)C (k). Hence, it suffices to prove (3.48).

We have

e/l = Il = un)'II* = llu’ =} +up — w|* < 20w’ =y * + 20wy —w ||, (3.58)

where u; denotes the S,—interpolant of u, and where use was made of the elementary
inequality (o + ()% < 202 + 232
To estimate the second term in the right—hand side of (3.58), note that (3.50) with
¢ = ur — uy, gives
(u —ufy,ufy —u)) — K (u —up,up —up) = 0=
/

(0 = ) + (= ) = w3) = K (= wr) + (= ) = ) = 0 =

(' — vy — ) + |y —up|]? — k*(u— ur,up — up) — k*|ur — up)|® = 0.

Hence
||u/_u/||2_k2”u_ 2 I P k2 o .
T h r—upll” = (v —up,uy —w,) + k*(u —ur,ur —up)
<l =l =l + B lu = wrllllur —
1 1
< ol = g e — w1+
2 k?
+ 3HU—U1H2+ EHUI_Uth'
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Hence, we obtain an “analog” of (3.51), namely that
s = will® = 3K [lur — wnll* < [l — i l|* + K2[lu — ug]]*.

Hence,

Iy —will® < 3K lur — wnll® + [Ju = wil* + B[l — wg?
< 3Kur —utu— 4l — P+ R e — )
e
—~
<6k — [P 4l — ) A+ TR —
(3.52)

6(C(k)? K2R || + ||u — uh||? + TE2||lu — ur]|®. (3.59)
We use now (3.59) in (3.58), obtaining:

']l < 126 (C(R)* 2[l€'||? + 4l — uf ]| + 14K°||lu — us]* =

(11262 (CO2R2) 1P < Al — i + 1483w = |

A

C h2 Hu//||2 + C k'2 h4 Hu” H 2 (error of the interpolant)

< COA+E)R||> (ifh<1);

where C' is independent of h and w.
Letting now Cy(k) = 2v/3kC(k) (note that C, = 2C%), and supposing that
Cy(k)h < 1 — which is slightly stronger than C4(k)h < 1, the inequality needed

for existence of u;, — we have that
/12 1 2 2 "2
[e']® < 30(1“€ ) hZ{[u"[]7,
where 8 =1 — 12k (C(k))2h? > 0, i.e.
le']l < Cs(k) hllu”|,

where C3 = (C (1 + k?)/8)Y2.
Hence (3.48) is proved. O
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3.4 Approximation by Hermite cubic functions and
cubic splines

In this section we will construct two examples of finite dimensional subspaces of H'(I)
(or [if Y(I)), I = (a,b), consisting of piecewise cubic polynomials. The Galerkin approx-
imation wuy, of u, the solution of (3.1),(3.2) or of (3.1),(3.24), will have higher order of
accuracy. For example, it’s L? error ||u — uy|| will have an O(h?*) bound, provided u is

in H(I).

3.4.1 Hermite, piecewise cubic functions

b—a

On I = [a, b] we consider, for simplicity, the uniform partition of meshlength h = §=%,

defined by z; =a+1th,2=0,..., N + 1, and the associated vector space of functions
H=1{¢:¢c C'a,b], ¢is a cubic polynomial on each (z;,7,4,), 0 <i < N}.

The space H is called the vector space of Hermite, piecewise cubic functions on I,
relative to the partition {z;}.
It is not hard to see that H is a (2N + 4)-dimensional subspace of H?*(I). To

construct a suitable basis for H we define two functions, V' and S on [—1, 1] as follows:

Ve C'-1,1], S e Cl-1,1],

v|[—1,o]’ v|[0,1} € P, S}[—Lo]’ S‘[O,l] € P,
V(=1)=0, V/(=1) =0, V(0) = 1, S(=1) =0, §'(-1) =0, S(0) =0,
V'(0) =0, V(1) =0, V'(1) =0, S'(0)=1, S(1) =0, S’(1) =0.

Since a cubic polynomial is uniquely defined by its values and the values of its deriva-
tive at two points, it follows that the functions V and S exist uniquely. In fact, they

are given by the following formulas:
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r(r—1)% 0<z<1, 1/6

Using V and S we define the functions {V},S;}, 0 < j < N + 1, on I as follows:
For j =1,..., N we let:

V(m) B % (Uﬁfhivg) Tjio1 <x < xji4 S(m) B hS (x*h%) Tjio1 <x < Tjp
’ 0 otherwise ’ ’ 0 otherwise

We also define Vj, Vi1, So, Snyi1 as

V(E2 <zx< <z <
) =g VO s g ) aswson

0 otherwise 0 otherwise

>
N

—~
8
=1
Q

V(L) zy <z <b hS (22) zy <ax<b
Vii(z) = <h) M=t , Snyi(r) = (h) M=t )

0 otherwise 0 otherwise
We may easily verify that V;, Sj € H, 0 < j < N+1, and that Vj(zy) = dj, V] (2x) = 0,

1 Vo %1 Vj Vn Vi1
| | | | |
| | | | |
| | | | |
| | | | |
| | | | |
| | | | |
1
To=a 1 T2 Tj—1 T Tj+1 TN-1 IN Ty41=Db

So S Sj

To—a

¢
>

1 To l‘jq\/$j Tjt+1 TN-1 $N+1:b

Sni1

The 2N + 4 functions {V}, S;}, 0 < 7 < N + 1, form a basis of H. Indeed, any

function ¢ € H may be written in the form

N+1

¢(r) = Z ¢(;)Vj(x) + ¢'(x;)S;(x), =€, (3.60)
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since, on the interval [xy, x| the cubic polynomial qb‘m o is uniquely determined

+1]
by the values ¢(xy), ¢'(zk), ¢(xr41) and @' (xg11). On the other hand, the right-hand
side of (3.60) is a cubic polynomial on [z, xg11], whose values at z, z,.1 are ¢(zy),
¢(xx41), respectively, and whose derivative values are ¢'(xy) and ¢'(xpy1) as well. In

addition, since the relation

N+1

> ¢iVi(w) + d;Si(x) = 0,

=0
implies (set z = x, 0 < k < N + 1) that ¢, = 0 all k, and that

N+1

Z ¢;Vi(x) + d;Si(x) = 0.
=0

(from which, similarly, d; = 0 all j), we conclude that the set {V}, S;} is linearly
independent.

Note that supp(V;) = supp(S;) = [rj_1,2j+1] for 1 < j < N. Hence, the functions
Vj, S; have the minimal support possible in H: A function in H with support in one
interval [xy, zj41] is identically zero.

If we are given now a function f € Ct[a,b], there is a uniquely determined element

f € H such that

flx)) = fla;), fla)=Fla;), 0<j<N+L (3.61)

f is called the cubic Hermite interpolant of f (relative to the partition {x;} of I) and
is given by the formula

N+1
fle) =" fla)Vi(@) + f(z))S(x), zel. (3.62)
j=0
We shall study the approximation properties of the Hermite interpolant. Denote by
| - |lx the norm on the Sobolev space H* = H*(I). Then, the following theorem holds:

Theorem 3.3 There exists C > 0 (independent of h), such that for each f € H™,

m = 2,3 or4, we have

If=flle SCR™ %™, k=0,1,2. O (3.63)
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Before proving it, let us remark that m = 2 since, otherwise, f’(x)) may not have a
meaning. In addition, since f € H? but f ¢ H? in general, we take k < 2. If f is taken
in H*, then we have the best order of accuracy, O(h**) in H* k = 0,1,2. This rate
cannot be improved even if f is smoother.

Theorem 3.3 follows from two lemmas:

Lemma 3.3 Let f € H? and k =0 or 1. Then we have for 1 < j < N +1

1D (f = Pllzaeyre < RIDHE = Fllz2eyrie (3.64)

Proof: Since for k = 0 or 1, D*(f — f)(x;) = 0, all j, we have D*(f — f)(z) =
[ (D= D) @ < e <y,

Hence, for x € [z;_1,%j11], from the Cauchy-Schwartz inequality:

ID*(f — f)(2)] < / D (f = F)l dt < VRIDM(f = F)llr2ye)-

j—

Therefore

1D = Pl oo S [ (D= D) e S RIS = Pl
Q.ED.O i
Lemma 3.4 Let f € H", m =2,3, or4. Then

ID*(f = Pl < ™2 D™ f]]. (3.65)

Proof: For 1 < j < N+1 we have the ‘orthogonality’ relation fj?'_l D(f—f)D*f = 0.
(This follows from the observation that f;_j_l D*(f — f )D? f= (integrating by parts

and using D(f~f)(z;) =0 all j ) = = [ D(f=)D*f = = |(f = P)(x)D*f(x) :+
ij (f — f)D4f = 0, since (f — f)(x]) = 0, all 5, and D4f}[ = ( since

Zj—1 Tj-1,2;]

f € Pslaj_1,25].)
This ‘orthogonality’ relation implies, for f € H™, m =2, 3, or 4

ID*(f = Dz, ey < 1D = Dzt 1o ID™ fllize, 1wy, 1<J<N+1
(3.66)
To see (3.66), consider

1D = Dl 1oy = [ D7 = DDA = ) = Corthogonality’) =
— [ D -pprr = [ o= poy,
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where the last equality is trivial for m = 2, requires one integration by parts and use
of the fact that D(f — f) (z;) = 0 all j if m = 3, and one more integration by parts and
the fact that (f — f)(z;) = 0 all 5, if m = 4. The Cauchy-Schwarz inequality yields
now (3.66).

If m = 2, (3.66) gives || D*(f — Fllz2@, 1.0 < |D*fllr2(e; 1.0;)- Hence, squaring

and summing over j we get

N+1 N+1

ID*(f = DIF = Y ID*(f = DiEee, sy < D NP FllZoe, iy = IDSI,
j=1 j=1
which is (3.65) for m = 2. If m = 3, (3.66) and (3.64) for k = 1, give

ID*(f = D2z, 1wy < NP = Dz, rap 1P Flli2@, )
= h||D2(f - f)||L2(Zj_1,27j)||D3f||L2(Ej—1,Ij)‘

N

Hence, | D?(f = F)llr2(e; 1e;) < RIID*fll12(; ), Which gives (3.65) after squaring and
summing over j. Finally, if m =4, (3.66), and (3.64) for £ = 0 yield

ID*(f = Nz, ray < I = Fllzzi, o 1D fll 2,1 .0p)

S hHD(f - f)”LZ(:E]'_LIJ')”D4f||L2($j—1,SCj)'

Again, by (3.64) for k = 1, we obtain

ID*(f = DEeyrwy < PID*(F = Dz 2o ID ezt 1)

ie. |D*(f — f)||Lz(m]._17Ij) < W2 D*fllz2(2;_1,0,)- Squaring and summing we get (3.65).
O
Proof of Theorem 3.3: It follows from Lemma 3.3 and 3.4 easily. For example,
if m = 4, we have:
k=0: [If=fll < (Lemma3.3) <h|D(f—f)| < (Lemma 3.3)
<PD(f = )| < (Lemma 3.4) < A'|DYf].
k=1 [(f=FY] < (Lemma3.3) <h|D(f—f)| < (Lemma 3.4)
< n*|D*f].
Hence ||f — fIIf < ((")* + (h*)?) [|ID*f||* < C h°||D* £,
k=2: |IDX(f= /)| < (Lemma34) <p*|D'f| =
If = flla < CR?|D*f]].
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The cases m =2, 0< k<2, m=3,0<k <2, also follow analogously. [
We conclude that given f € H™ (m = 2,3, or 4), there exists an element x € H (we
took x = f) such that

2
DRI = xlle < CRTD™ . (3.67)
k=0

We turn now to the Galerkin solution of the 2-pt. b.v.p. for the d.e. (3.1). Considering
first Neumann boundary conditions, i.e. the b.c. (3.24), we see that uy, is the unique

element of H that satisfies
B(un,¢) = (f,0) VoeM,
for which, as usual (taking as our Hilbert space H*(I) ), there follows that
lu = unlly < C inf fu— @[l
Hence, by (3.67) we conclude that if u € H™, m = 2,3, or 4, then
|u — uplls < CH™ | D™l (3.68)

By a duality argument (‘Nitsche trick’) it follows, just as in the proof of Thm 3.1 (with
0
H' instead of H'), that in L? we have

lu — up|| < CB™|| D™ (3.69)

Hence, the (optimal) rate of accuracy one may achieve for wuy, is 4 in L? (3 in H'),
provided u, the solution of (3.1), (3.24), is in H*. (If for example p € C™ !, ¢ €
C™m=2, f € H™ 2 for some m < 2, it may be shown that the elliptic regularity estimate

(3.4) generalizes and gives that u € H™ and

HMMéCMﬂmq)

In the case of homogeneous Dirichlet boundary conditions, i.e. the problem (3.1)-(3.2),
we may take as our subspace of }OII(I) the vector space 7(-)[: {¢p: p€H, ¢(a) = ¢(b) = 0}.
It is easily seen that 7(-)[ is a (2N +2)-dimensional subspace of H? ﬂ}OI L. Tts basis consists
of the elements V;, 1 < j < N, and S, 0 < 7 < N + 1. We may define the interpolant

f of a function f € H2N H' in the natural way, and show as before that
If = flle < CR™F[D™f], k=0,1,2,
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provided f € H™ N I?Il, and m is 2,3, or 4. The analogous estimates to (3.68) and
(3.69) still hold, i.e. we have

e = unlly < CR"ZD™ ]|, j=0,1,
provided u, the solution of (3.1),(3.2), belongs to H™ N H' .
The system that defines the Galerkin equations is now of size (say, for the Neu-
mann problem) (2N + 4) x (2N + 4). Ordering the basis vectors {1, ..., pan1a} as

{Vo, S0, V1,51, ..., VN1, Sny1}, we see that e.g. the Gram matrix (with elements
ff ¢i¢;) is block-tridiagonal with 2x2 blocks. Its general ‘line’ of blocks is:

JViVice [ViSiaa | | SV VS| | [ViVil [ ViSim
JSiViee [S;Sia | | [S;Vi J(S)?| | [SiVien [ S;Sin

The cubic Hermite elements will, then, give an accuracy of O(h?) in L? (if u € H*)
at the expense of solving a (2N + 4) x (2N + 4) 7-diagonal linear system.
We close this section with two remarks:
(i) We may define Hermite piecewise cubic functions on a general partition a = xy <
1 < ...<xn41 =bof [a,b]. The associated basis {V},5;}, 0 < j < N +1 may be de-
fined in a straightforward way; its members have support in [z;_1,x;41] for 1 < j < N,
etc. An interpolant may be defined in the natural way. The estimate (3.63) still holds
with h := max(z;41 — ;).
(ii) The cubjic Hermite functions are a special case of the space
H,, = {¢ e " ab], 9|,

imation is O(h?™) in L?.

€ Pyq }, on which the error of the Galerkin approx-

T4, Ti1]

3.4.2 Cubic splines

The dimension of H, the space of Hermite cubics is, as we saw, 2N +4. This, in
particular, leads to rather large linear systems that have to be solved for the Galerkin
approximation u,. A natural idea is to lower the dimension of the space by requiring

more continuity at the nodes x;. In the cubic polynomial case this leads to the space

S:={¢: ¢ €C%a,b €P3;, 0<i< N},

]’ ¢’[xi,x¢+1]
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of the so-called cubic splines. (We suppose that the {z;} define a uniform partition of
la,b] with xy = a, zy4+1 = b, of meshlength h = (b —a)/(N +1). )

A count of the free parameters and the constraints of functions in S leads to the
conjecture that S is a (N +4)-dimensional subspace of H3((a,b)). To prove this fact,
we shall construct a basis of S, in fact a basis with elements of minimal support.

It is not hard to see that there are no nontrivial elements of S vanishing outside
less than four adjacent mesh intervals. (For example, prove that the only element of
S which vanishes identically outside [z;_1, x| is the zero element.) In addition, it is
easy to see that there is a unique function S € C?[—2, 2|, such that supp(S) = [—2, 2],
S| ppsr € Po for k= =2,=1,0,1, S(#2) = §'(+2) = $"(+2) = 0, $(0) = 1. This

function is given by the formula

¢

iz +2)° —2< <1,
T1+3@+1)+3@+1)2=3(x+1)*] —-1<z<0,

S)=9 114301 -2)+301-2)°-31-2)* 0<z<l1, (3.70)
12-x) 1<z<2
0 r€R—[-2,2]

\
|
I
|
I
\
|
\
It
-2 -1 0 1 2
Using S(z), we define the functions {¢;}, j = —1,0,1,..., N + 2, on [a, b] as follows:

We introduce the extra nodes x_y :=a — h, zy,2 := b+ h and put

o =5 (252)

T—Tj

(the restriction of S (*522) to [a,b]). It may be seen immediately that each ¢;, —1 <

—1<j<N+2,

Y

[a,b]

j < N + 2, is a cubic polynomial on each interval [zy, 2411, 0 < k < N, belongs to
C?[a,b], and hence ¢; €S, 1 < j < N +2.
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Moreover, supp(¢;) = [xj_2, Zj42], for 2<j < N —1,

¢_1  vanishes for x € [a,b] — [zg, x1],

¢o  vanishes for z € [a,b] — [xq, x2],

¢1  vanishes for x € [a,b] — [xg, x3],

¢y  vanishes for © € [a,b] — [zn_2, TN11],
¢n+1  vanishes for x € [a,b] — [tn_1, TN11],

¢n+2  vanishes for x € [a,b] — [N, Tn11],
In addition, ¢;(z;) =1for 0 <j < N+ 1.

b0 91 P2

qu ¢N—1 (bN ¢N+1

To=a T Ty T3 Ty Tj-2 Tj—1  Tj  Tjgl Tjp2 Ty g Ty, Ty, Ty Ty, =Db

The N + 4 functions ¢;, —1 < 7 < N + 2, are known as B-splines, since they form a

basis of S. We shall show this in a series of lemmatas

Lemma 3.5 The {¢, ;V:+—21 are linearly independent.

Proof: Suppose that for real constants ¢;, —1 < j < N + 2, we have

N+2

Z cjoj(x) =0, x€la,b].

i=-1

Then, in particular we have

N+2
> cigilar) =0, k=0,... . N+1, (3.71a)
j=-1
N+2
and > ¢;d(zp) =0, k=0,... N+1. (3.71h)
j=—1
Using the facts that
1 if j=k,
¢j(zr) =4 1 if |j—kl=1,
0 if [j—Fklz2,
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we may write the relation (3.71a) as
Tohor o+ a1 =0, k=0,...,N+1. (3.72)

Now, using the fact that S is even (about zero) and therefore that S’ is an odd function,

we conclude from the definition of ¢; that
¢i(x;) =0, @i(xj1) = —j(xj41), B(zr) =0, [ — k| >2.
Therefore, (3.71b) for k = 0 gives
c 10" 1(xg) + 191 (29) =0 = c_1=1¢. (3.73a)
In addition, (3.71b) for k = N + 1 gives
NPy (Tn41) + vy o(@ni) =0 = ey = enyo. (3.73b)

The relations (3.73a) and (3.73b) are used to eliminate the unknowns c_; and cyo

from the linear system (3.72), which takes the form
Ac =0, (3.74)

where ¢ = [cg, ..., cy1)t and A is the (N + 2) x (N + 2) tridiagonal matrix

4 2 0
1 4 1
Al
1 4 1
0 2 4

The matrix A is strictly diagonally dominant and therefore is invertible by Gerschgorin’s
lemma. Therefore, ¢; = 0, 0 < j < N + 1, since ¢ solves the homogeneous problem
(3.74). By (3.73a) and (3.73b) cyi2 = 0, ¢4 = 0. We conclude that the {¢;},
—1 <5 < N+ 2, are linearly independent. []

We let now M := (¢_1,...,dn12) be the subspace of S which is spanned by the elements

of the set {¢;}V 2. We shall show that in fact M = S , thus completing the proof
7113 1

that {¢, jv:tzl is a basis for S. This will be accomplished by two intermediate results

of interpolation:
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Lemma 3.6 Let f € Cta,b]. Then, there exists a unique element f € M satisfying

the interpolation conditions

flxj) = flz;), 0<j<N+1,
f(a) = f'(a), (3.75)

Proof:
The functions {¢, };V: *+2, form a basis for M. We seek therefore a function f = Zj\:izl cjo; € M
which satisfies (3.75), i.e. the linear system (for its coefficients ¢;):

N+42 \

> cibi(ae) = flar), 0<k<N+1,

_ (3.76)

c10"4(a) + ar¢i(a) = f'(a),
Ny (b) + enra@ly2(0) = f(b) .

The linear system (3.76) has a unique solution, since the associated homogeneous
system (obtained by putting f(zx) = 0,0 <k < N +1, f'(a) = f'(b) = 0 in (3.76)),
has only the trivial solution as we argued in the proof of Lemma 3.5. We conclude that

there is a unique element f € M satisfying the interpolation conditions (3.75). O

Lemma 3.7 Let f € C'la,b]. Then, there is a unique element § € S which satisfies

the analogous to (3.75) interpolation conditions

S(xj) = fla;), 0<j<N+1,
§'(a) = f'(a), (3.77)
§'(b) = f'(b).
Proof: See Akrivis-Dougalis “Introduction to Numerical Analysis”, Thm. 4.7. The
function §(x) is explicitly constructed by the values of its second derivative at the
points z;, 0 <j < N+ 1. O
We may now conclude that the {¢;} span S i.e. that M = S:

Theorem 3.4 The {¢; jV:fl are a basis of S.

Proof: In view of Lemma 3.5 we need only to show that S C M. Let f € §. Then, by
Lemma 3.6, there is a unique element f € M that satisfies the interpolation conditions

(3.75). But M C S, hence f € §. However, by Lemma 3.7 there is a unique element of
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S that satisfies the interpolation conditions (3.77) which are the same as (3.75). This
element coincides with f since f € S. We conclude that f = f. Hence f € M, i.e.
ScM. O

Given f € Clla,b], we call f (= §) its cubic spline interpolant (with “first derivative”
end-point conditions f'(a) = f'(a), f'(b) = f'(b).) It is not hard to see that if we are
given f”(a), f"(b), we may construct a cubic spline interpolant f: satisfying, in addition
to the conditions f (xj;) = f(z;), 0 < j < N + 1, the endpoint “second derivative”
boundary conditions f”(a) = f"(a), f”(b) = f"(b). Similarly, for periodic f € C[a, ]
we may construct the “periodic spline” interpolant etc. All these interpolant functions
satisfy error estimates of O(h?') accuracy in L? provided f € H*(I). For example,
we shall prove the following result for the interpolant with first-derivative boundary

conditions:

Theorem 3.5 There exists a constant C' > 0 (independent of h), such that for each

feH™ m=2, 3, or4, we have

If = Ffle <CR™ 1 f™), k=0,1,2 O (3.78)

As before , we shall prove the theorem using two intermediate results. First, we prove

the analog of Lemma 3.3; but now the norms are global, i.e. they are the L?(a,b) norms.

Lemma 3.8 Let f € H?> and k = 0 or 1. Then, there exists a constant C' independent
of h and f, such that

ID*(f = DIl < CRIID*(F = Pl - (3.79)

Proof: For k = 0 we may prove the local result as well. Since f coincides with f at the

nodes zj, 0 < j < N + 1, we have, for z € [z;_1, z;], for some 1 < j < N + 1, that

fo) =i = [ D= Hiw dy.

Hence, for x;_; < x < x;, using the Cauchy-Schwarz inequality,

NI

=PI < [ 106 - Dwlds < Vi —a0 (2, (0 - D) )
< \/E ”D(f - f)||L2(:vj_1,xj) .
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Therefore,
1 = Flz2e, 1) S 2 ID(F = Dllzza,-a - (3.80)
from which, by squaring and summing, we get (3.79) for k = 0 with C' = 1.
To prove (3.79) for k = 1, we note that since

d(z;) =0, 0<j<N+1,

where ¢ := f — f, there follows, by Rolle’s theorem, that there exist & € (x;_1, ;)
1 <j<N+1, where ¢'(§;) = 0.
o & & i1 EN+1 EN+2

To=a T l‘j_l $j J}j+1 TN TN+1 :b

(Note that ¢ € H?[a,b]; hence, ¢ € C'[a,b]). Note also that, by definition of f,
¢ (x0) = ¢'(xn41) = 0. Introduce then & := xy and §N+2 i= Tn41, SO that ¢'(§;) =0,
0 < j < N + 2. Therefore, for x € [§;_1,§;], fg ¢"(y) dy. Hence |¢'(z)| <

V(@ =& )" 2206 = V(5 — §-1)|0” ||L2(£j71,£j) < V20| ¢" L2,y .¢;) - We con-

clude that

19/ 2,1y < (& — &G-S T2, ) S 4P7 10" I Toe, )

Hence,
N+2 N+2

l¢'11* = ZHMLz (&1.6)) <4h22!l¢”!lm 616 = 7["1°

We conclude that (3.79) is valid for k =1 as well, with C'=2. [

We proceed now to the analog of Lemma 3.4:

Lemma 3.9 Let f € H™, m =2, 3 or 4. Then, for some C independent of h and f:
ID*(f = f)Il £ C hm 2D ]| (3.81)
Proof: First we prove the orthogonality relation
D*(f - f)D*f=0. (3.82)
We have, using the endpoint condition f'(a) = f'(a), f'(b) = f'(b),
/a D - D = (- A7) - / i
= — /b(f — f)'f". (Note that f € H3(a,b)) .
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Tj+1 N

Now / (F=DF" =2 / == {[(f — Pz -

‘ (f - f)D‘*f} =

0, since (f — f)(z;) =0,0<j < N+1, and f € Py in each [z}, 2,41]. Thus, (3.82) is

Tjyl

proved. Using now (3.82) we have by Cauchy-Schwarz

ID(f = NI = / D*(f - [)D*(f ) = / D(f = [)D*f < |D*(f = HIID*fI.

Hence, (3.81) holds, if m = 2, with C' = 1. If now m = 3, we have, integrating by parts

once and using the endpoint derivative conditions:

b b b -
e A L R I N AT o
= - [Ww-ipr < - plp.

from which, by (3.79) k = 1,||D(f — /)||? £ C h||D*(f — /)| ||D?f]|, which shows that
(3.81) holds if m = 3. Finally, if m = 4, we may integrate by parts once more; using
the interpolation conditions f(a) = f(a), f(b) = f(b), we have:
. b . . b b .
e T e (VL= e e Vo
b
=/ (f = HDY <\ = FIHID I < CR2 | D*(f = AP -
(In the last step, we used Lemma 3.8 twice). We conclude that (3.81) holds as well for
m=4.

Proof of Theorem 3.5: 1t is straightforward to see that (3.78) follows from the results
of Lemmata 3.8 and 3.9 . [J

We conclude that given f € H™, (m = 2, 3, or 4), there exists an element y € S (take
X = f), such that

2
ST = xlle < CH™ D (3.83)

k=0

As before, it follows for the Galerkin approximation u; to u, the solution of the b.v.p.
(3.1),(3.24), that
lu = unllx < CR™ | D™l] (3.84)

for k =0, 1, provided u € H™, m = 2, 3 or 4. In the case of homogeneous Dirichlet

b.c.’s, i.e. of the problem (3.1),(3.2), we take as subspace of ]?Il(l) the vector space
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§: {p: 0 €S8, ¢(a) =¢(b) =0} . It is easily seen that § is a (N +2)-dimensional
subspace of ]?I YN H3. A basis of this subspace consists of the previously defined B-
splines ¢;, 2 < j < N — 1, plus four functions bo, D1, ON, Q;N_H Eg, taken as
(independent) linear combinations of the ¢_1, ¢o, ¢1 and ¢y, dni1, Oni2 B-splines,
which are such that ¢g(a) = 0, ¢1(a) = 0, ¢n(b) = 0, ¢n41(b) = 0. For example, we
take

do 1= go—4d_1, h = -1 etc.
Given f € H N H?, we construct again an interpolant f €§ satisfying f (x;) = f(x4),
0<i<N+1,and f'(z0) = f'(z0), f'(xn41) = f'(xn41), for example. The error
estimates are entirely analogous. (The linear system that defines the Galerkin equations
has now a seven-diagonal, banded matrix B(¢;, ¢;). )

As before, we may prove the error estimates (3.83), (3.84) etc. for cubic splines
defined on a general partition {z;} of [a,b]. Also, one one may define higher-order

smooth spline spaces, as follows: For m = 2 we let

S(m) - {gb gb € Cm[a’7 b}v ¢|[-77i71'i+1] S ]P)Qm—l} )

in which we may prove L? error estimates for the Galerkin approximations of O(h*™).
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Chapter 4

Results from the Theory of Sobolev
Spaces and the Variational
Formulation of Elliptic

Boundary—Value Problems in RV

In this chapter we let 2 be a bounded domain in RY (i.e. an open, connected, bounded
point set in RY). Many of the results that we shall quote hold for arbitrary open sets
in {2 but we do not strive for generality here, having in mind applications in the case of
boundary—value problems on bounded domains. Let x = (xy,...,2x) denote a generic

point of Q or RY. All functions are real-valued.

4.1 The Sobolev space H!(1).
Definition. The Sobolev space H = H'(Q) is defined by
HY(Q) = {ueL*Q): 3g,g,...,9v € L*(Q),such that

/ua(b:—/gi(b, Vo e CF(Q), Vi: 1<i< N},
o Ox; 0

For w € H' we denote g; = g—; and call g; the weak (generalized) partial derivative of

u with respect to x;.

(Note e.g. that this definition does not need that €2 be bounded).
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Remarks.

(i) Using Lemma 2.4 we conclude that each generalized partial derivative g; in the

above definition is unique, as in the case of one dimension.

(ii) Again, C}(©2) may be used in place of C°(Q) for the test functions ¢.

(iii) It is clear that if uw € C'(Q) N L*(R2) and if the classical partial derivatives 88;1_
belong to L?(Q) for i = 1,2,..., N, then the weak derivatives exist and coincide
with the classical; in particular u € H'(2). Of course C'(Q) € H'(f). It can be
shown with some care that, inversely, if u € H'(Q2) N C(Q) and if the generalized

derivatives 2“ belong to C(€2) for 1 <i < N, then u € C*(Q).

(iv) Since u € L*(Q) = u € L} (), we can define the distributional derivatives of

9u in the sense of the theory of distributions. We can say that H' is the

u’(’?_xz

set of elements of L?*(Q2) whose distributional derivatives %, 1 <7< N, are

represented by functions in L2

It is clear that H' is a subspace of L?. Denoting by (-,-), || - || the inner product,

respectively the norm, on L?(2), we introduce the quantities:

(u,v);1 = (u,v —i—Z(gu (%)’ u,v € HY,
T ;

’L
Hu”l = (

ou :
, ue HY
which clearly define an inner product, resp. (the induced) norm, on H'. Hence H' is

a normed linear space.
Theorem 4.1 The space (H'(Q), || - ||l1) is a Hilbert space.

Proof. Adapt the 1-dim. proof. [J
Remark. (H'(Q),|| - ||1) is separable.

In the case of one dimension we had shown (Theorem 2.4) that the restrictions on
Q = I of functions in C°(R) form a dense set in H'. In more than one dimensions

this is not true for an arbitrary 2. We list below several “density” results:
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1. (Friedrichs) Let u € H'(Q). Then, there exists a sequence {u,} € C(RY)
such that:

(@) up|lo — uin L*(Q)

(8) i Oy, o O

— |, in L*(w) for every precompact w C €.

%
ﬁxi ‘w 8@

2. (Meyers — Serrin) If u € H'(Q), then 3 sequence {u,} € C*(Q) N H'(Q) such
that u, — u in H().

3. If Q is an arbitrary open (or even open and bounded) set and if u € H'(), in
general there does not exist a sequence u,, € C!(R"Y) such that u,|q — u in
H'Y(Q). (The problem is at the boundary; however, compare with Theorem 4.2
below).

With the aid e.g. of Friedrichs’ result (1), above, we can show the following analog

of Proposition 2.1:

Proposition 4.1 Ifu,v € H'(Q) N L*>(Q), then wv € H' N L*> and

0 ou ov

- 1 <¢<N.
oz (uv) oz, U+u8xi’ <<

As in the case of one dimension, many properties of H' are established easier if O = RV,
Then an extension result is needed to establish the same property for an  C RY. Such
extensions (of functions i.e. of H'(Q) to functions of H'(RY))are not always possible
to construct, unless the set {2 has a “regular” boundary 02 in a certain sense.
Definition. Let Q be a bounded domain in RY. We say that ) is of class C' if there
exist finitely many open balls B; C RN, i =1,2,..., M such that

(i) 00 Cc UM, B;, B;NoQ # (.

(i) There is for each i, 1 <i < M, a function y = f(x) in C*(B;) which maps the
ball B; in an one—to—one and onto way onto a domain in RN so that 0QN B; gets
mapped onto a subset of the hyperplane yy = 0 and QXN B; into a simply connected

domain in the half-space {y : yny > 0}. Moreover the Jacobian determinant

() _
det (afk ) does not vanish for x € B;.

ox;

The C* property of Q permits for example the advertized “extension” result:
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Proposition 4.2 Suppose that Q is of class C* (or that Q =RY | = {z e RN : oy >
0}). Then there exists a linear extension operator P : H*(Q) — H'(RY) such that,

(i) Pulg=u Yu € H'(Q).
(it) 3C such that || Pu || 2qzy)< C | u ||2(0), Yu € H'(S2).
(iti) 3C" such that || Pu || my< C' || u |10y Yu € HY(S).
Using e.g. this extension one may show the following important density result:

Theorem 4.2 If Q) is of class C* and u € H'(Q), then, there exists a sequence u,, €
C2(RN) such that u,|q — u in H'. That is to say, the restriction to Q of functions

in C®(RY) are dense in H*(Q).

For the purposes of studying boundary—value problems, it is important to study the
behavior of functions in H'(2) at the boundary 92 of Q. We suppose to this effect that
Q is of class C'. Then we can “measure” (in the sense of the above definition of the C"*
domain) the content of pieces on the “hypersurface” 92 (through measuring “plane”
surface pieces on the hyperplane yy = 0, i.e. measuring the “area” of the images of the
pieces of O that are mapped on yy = 0 by the functions y = f@(z)). One may define
open sets on OF) as intersections of 9§ and open sets in R"V. These open sets on 952 one
can then complete into a o—algebra and then extend the elementary “content measure”
into the Lebesque measure on 0X). With respect to this measure we may define the
surface integral [, g(y)dy. Consequently, one may consider the Hilbert space L*(99)

of functions defined on 0f) with norm

1

19 o= ( / ) dy) for g € L(0).

One may show first that the following result holds for smooth functions:

Lemma 4.1 Let Q be of class C'. Then there exists a constant C' such that for all

functions f € C*(Q2) we have

| flle2eey< C || f e -

This lemma, along with Theorem 4.2, permits us to define boundary values for functions

in H(Q) for C* domains Q. Let f € H(Q). Then 3 f, € C*(Q) such that f, — f in
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H'(Q) (Theorem 4.2). By Lemma 4.1 {f,} is Cauchy in L*(992). So f,, — g in L*(99).
(It is easily seen that this ¢ is independent of the chosen sequence f,,). This limiting
function g we denote by f|sq and call it “boundary value” on 92 of f, or trace of f on
0 (sometimes we say that g = f|gq is the boundary value of f in the sense of trace).

We summarize in the following theorem.

Theorem 4.3 (Trace theorem) Let Q be of class C*. Then, every f € HY(Q) pos-
sesses boundary values in the above sense (also denoted by f), which belong to the

Hilbert space L*(092). Moreover there exists a constant C such that
I f llz200) < C || f ey ¥ f € H(9).
Remarks.

(i) It can be shown that under our hypotheses on (2, the boundary value f|sq of
a function f € H'(Q) actually belongs to the so—called “fractional-order” space

H'Y2(09), an intermediate space defined by interpolation between the spaces

H°(0Q) = L*(09) and H'(09Q).

(i) Let Q be a C! domain. Then we may show that Green’s formula (Gauss’s theo-

rem) holds: Vi: 1 <i< N

auv——/uav —|—/ uvy;d
Q@.fz Q 3:151 a0 ’ y

for u,v € H'(Q). Here dy is the surface Lebesgue measure constructed on 9

as above and v; = 77 - ¢ is the i*" component of the unit outward normal 7i(y)

defined on the boundary of the C!' domain 2. (Note that since u,v € H'()

= %, g—; € L*(Q), u,v € L*(0Q) and all terms in the above equality make
sense).

4.2 The Sobolev space PO[l(Q)

Definition. We define the space }1}71(9) as the completion of C°(Q2) with respect to
the H'(2) norm.

Hence (POII(Q), Il - Hl) is a Hilbert space (a closed subspace of H'). (We may show
that the completion of C2°(RY) under the || - || g1 g~y norm is H'(RY) itself, i.e. that
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I-Oll(RN) = H'(RY). But for Q C R" we have in general that I—?fl(Q) C H'(Q)). More
precisely, we may show that for sufficiently smooth 99 (e.g. C') then H 1(Q) consists

precisely of those functions in H'(Q) which vanish (in the sense of trace) on 9€.

Theorem 4.4 Let Q be of class C*. Then

0

HY(Q) ={ve HY(Q): v|gq =0},

(where by v| g0 = 0 we mean that the trace of v on Q (a function in L*(09)), is equal
to the zero function in L*(052)).

On }OF(Q) we also have the analog of Proposition 2.3:

Proposition 4.3 (Inequality of Poincaré—Friedrichs) Let ) be a bounded domain.
Then, there ezists a constant C, = C,(Q2) such that

N
Jull < C. (Z |
i=1

1/2 0
In particular the expression (ZZ]\LI | 2 ||2> is a norm on H'(QY), equivalent to the

0 : 0
a;- ||2) Vu € HY(Q).

norm || - ||1 on ﬁl(Q) The quantity [, (ZN Ju Dv ) dx is an inner product on ﬁl(Q)

i=1 Ou; Ou;
Remark. As in the 1-dim case, if Q is of class C!, then u € Poll(Q) if and only if the

extension

u(x) ifxre)
0 ifzeRY\Q

u(z) =

belongs to H'(RY). (In such a case also % =)

4.3 The Sobolev spaces H™()), m =2,3,4, ...

For m > 2 an integer we can define the spaces H™((2) recursively by

0
H™ = H™(Q) = {u € H™Y(Q) : a“ e H"Y(Q), Vi=1,2,...,N}.
T
We introduce some notation. A multiindex o = (aq,...,ay) is an N-vector of non-
N

negative integers op; > 0, 1 <1i < N. If o is a multiindex we let | a |= >_;_; a;. Then,
the partial derivatives of a function of N variables may be denoted by

o Ay
v ot .. 0N

D
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It follows that H™ is the set:

H™=H™(Q) = {ucL*Q): Yawith |a|<m, g, € L*(Q) such that
/uD%: (—1)'“'/%% Vo € CZ(Q)}-
Q Q

We call g, the generalized partial derivative of order v of u and denote g, = D%u.

The space H™ with the norm

lall,, = > ID%w|?] ,

0<|a|<m
induced by the inner product
(U, V) = Z (D%u, D)
0<|al<m
is a Hilbert space. One may show that if 9Q is sufficiently regular (C' will certainly

suffice), then the norm || - ||, on H™ () is equivalent to the norm

2

lal®+ > | D*u |)?

laf=m
In effect one may show that Vo, 0 <| o |[< m and ¢ > 0, there exists a constant
C = C(a,€,9Q) such that the interpolation inequality
ID*ul<e Y || DPull +C flull, Yue H™(Q)
|Bl=m

holds.

Now, since u € H™ = D*u € H'(Q) for each a: 0 <| a |< m — 1, we can define by
the trace theorem, boundary values on 99 (for €, say, of class C') for all derivatives
D%u, 0 <| o |[< m — 1 of u. In this sense we can define e.g. the normal derivative on

0Q of a function v € H?(2) as the linear combination

ou N o

8_71 a i1 8:1:1

’69 nq,

where 7i(y) is the unit outer normal on 9Q. For v € H*(Q), 5% € L*(9Q). One has

another formula of Green’s too:
N
ou Ov ou
— [ Auv = — —ody, V H?(Q).
/Q U /lelaxz o manv y, Yu,v€ H(Q)
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One may define again I—?m(Q) as the completion of C2°(2) in the || - ||, norm. For 02
sufficiently smooth (e.g. for 2 a domain of class C™ — replace C'! by C™ in the definition
of C' domain) one may show that I:;) ™(§2) is equal to the subspace of H™(Q2) for which
u € h?m(Q) < u e H™(Q) and D%|sq = 0 (in the sense of trace), 0 <| a [< m — 1.

Again we note the difference between the spaces
2~ 7 2
HﬂHII{UGH :u]aQ:O}

and

0 ou
H? = H*: =
{U - U| 90 81’2

lao = 0}.

4.4 Sobolev’s inequalities.

In one dimension we had proved that H'(I) C C(I) for a bounded interval I and that
lull o1y < C |ltfl g1 (py- In more than one dimensions this is no longer true. There is

a wealth of imbedding theorems of which we quote two results:
Theorem 4.5 (Sobolev) Let Q be of class C'. Then

(a) If N =2, H' C LP ¥p, 1 < p < oo.
]fN>2,H1Cprher61§p§%.

(b) If m > & we have H™(2) C C*(Q) where 0 < k <m — & and

sup | D%(z) | < Cull,, Yue H™(Q).
z€Q, 0<|a|<k
This theorem tells us that if N > 1 the functions in H'(§2) are no longer continuous
(in the sense of a.e. equality as usual). For example if N = 2 we need to go to H%(Q)
to obtain continuous functions in . As a counterexample in this direction we may
verify that the function
log — ) ith0<a<zs, O {r e R?: | \<1}
u=|log— | wi a< = ={x xl< <
STa ] 2 2

belongs to H'(€2) but it is not bounded because of the singularity at z = 0.
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4.5 Variational formulation of some elliptic boundary—

value problems.

4.5.1 (a) Homogeneous Dirichlet boundary conditions.

We consider the following problem. Let Q C RY be a C!' domain. We seek a function

u: Q — R satisfying

N (92
~Au+u = f in Q, A:Za—
=1

~ (4.1)

u = 0 on 09, (4.2)

where f is a given function on . The boundary condition © = 0 on 0f2 is called
homogeneous (zero) Dirichlet b.c.

Definition Let f € C(Q). Then, a classical solution of (4.1), (4.2) is a function
u € C*Q) satisfying the P.D.E. (4.1) and the b.c. (4.2) in the usual (pointwise)
sense. Let now f € L*(Q). Then, a weak solution of (4.1), (4.2) is a function u € H
which satisfies the weak form of (4.1), (4.2), i.e. the relation

Y ou v 0
_ 1
/Q ( 9z, Oz, +uv> dzx = /va Yve H. (4.3)

=1

(i) A classical solution of (4.1), (4.2) is a weak solution.

Let f € C(Q) and let u € C*(Q) be a classical solution of (4.1), (4.2). Then, since
u € HY(Q) and u = 0 on 99, it follows that u € H. Multiplying —Au +u = f by a
function ¢ € C2°(£2) we have, using Green’s theorem (cf. p. 88) that

N
ou Oy B
/Q( 3xi8xi+u¢> dx_/gfgo

=1

0
holds. Since now C'(2) is dense in (H',]|| - ||1) (4.3) follows by the above by approxi-
0
mating in H', v € H'(Q) by a sequence ¢; € C°(Q). Hence u is a weak solution.
(ii) Existence and uniqueness of the weak solution.

Let f € L*(Q2) and consider the bilinear form a(v,w) defined on H' x H' by

a(vw)—/ i@v aw+vw dx (4.4)
’ n o\ 8@ 8951 ) .
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0 0
By our hypotheses, a(:,-) is a bilinear, symmetric form on H' x H'. Moreover, for

ov 0
Z/'a;a: /'“”
S Z| 81}

< o\ (s 2 el
B i=1 Oz i=1 Oz ol

< 2 wlllw (4.5)

0
v, w € H' we have

IN

a(v,w)

0 0
i.e. that a(v,w) is continuous on H' x H'. Also

o) = 3 [ G [ 5 [ G

> eloll, ¢ 0 (4.6)

using the Poincaré-Friedrichs inequality. Hence a(-,-) satisfies the hypotheses of the
0
Lax-Milgram theorem on the Hilbert space H'. Since f — [, fv is a bounded linear

0 0
functional on H', it follows that (4.3) has a unique solution v € H' that satisfies
lull, < C A

(Note that by the symmetry of a(-,-), the weak solution can be also characterized as

0
the (unique) element of H' that solves the minimization problem

J(u) = inf J(v),

0
veEHL(Q)

J(v):%/g<§;(§;)2 +v2> _ /va.

This is “Dirichlet’s principle”).

where

(Note also that simply a(v, w) = (v,w); on H' x H'. Hence an appeal to the Riesz
theorem would solve the problem. Of course, a(v,w) < |[v||, || w ||; and a(v,v) = [jv]|;
too. But the proof of (4.5), (4.6) above indicates the general way of proving (4.5) and
(4.6) in the case e.g. of a positive definite form with variable coefficients).

(iii) Regularity of the weak solution.

108



If fe L*Q) and Q is a domain of class C? and if u € H' is a weak solution of (4.1),
(4.2), i.e. a solution of (4.3), then one may show that in fact v € H*() and that
|ully, < C || f (“elliptic regularity” estimate). Here C' is a constant depending only
on €. More generally, if Q is of class C™ 2 and if f € H™(Q), then u € H™™(Q) and
ullyro < Cm || f |lm- (In particular, using Sobolev’s Theorem 4.5 we may conclude
that if m > &, then u € C*(Q)).

(iv) If the weak solution is in C?(f), then it is classical.

Let u, the weak solution of (4,1), (4.2) be in C?(Q) and let f € C(Q). Since u €
H'N C%(Q) we conclude that u|go = 0 (in the classical sense). Applying Green’s

formula we have now from (4.3)

/Q(—Au+u)vdx:/ﬂfv Yo € C2(9)

from which —Au+u — f = 0 a.e. in Q since C>°() is dense in L*(Q). We conclude,
by our hypotheses that —Au +u = f Vx € Q). Hence u is a classical solution.

Remarks

(i) The above discussion extends with no extra difficulties to the case of a linear,
self-adjoint elliptic operator with variable coefficients. Consider the problem of

finding v : @ — R such that
N
Z ”0 )+ apu = fin Q (4.7)
u =0 on OQ, (4.8)

where we suppose that a;;(z) = a;;(z) are functions in C*(€2) such that the matrix

a;; is symmetric and uniformly positive definite, i.e. that the ellipticity condition

N N
Z aij()&i&; > OZZQZ
ij=1 i=1

holds for some o > 0 Vo € Q, £ € RY. We also suppose that ay € C(Q2) and that
ap(r) > 0 on Q. We define a classical solution of (4.7), (4.8) to be a function
u € C?(Q) satisfying (4.7), (4.8) in the usual sense, while a weak solution is an

0
element of H' satisfying

B ou v B 0,
Au,v) = /Q (Z “”a_xia_xi + amw) =(f,v) Yve H". (4.9)



For f € L*(Q2) we may show that (4.9) has a unique solution u € H: 1t is easy
to see that A(u,v) < Cy||ull, ||[v||, Yu,v € H' and A(u,v) > Cy 0] Yo € H' for
C1,Cy > 0. The regularity in H? also holds under our hypotheses on a;;, ap. In
general, form > 1if f € H™(), a;; € C™(Q), ag € C™(Q) yieldsu € H™2(Q)
(elliptic regularity).

(i) The fact that the weak solution of (4.1), (4.2) is in C?(Q) if f € H™ with m > &
follows from Sobolev’s theorem. There is a sharper theory based on Schauder’s
estimates which states that if Q2 is of class C** (Holder spaces) with 0 < a < 1 and
f € C%(Q), then 3 u € C?%(Q), unique solution of (4.1), (4.2) in the classical
sense. Moreover of () is of class C™*2(Q) (m > 1 integer) and f € C™%(Q), then

u € C™24(Q)) and an analogous elliptic regularity result holds. Here

Q) = {ueC(), sup [ u(@) — uly) | < oo}

z,yeQ,aty |z —y |

cm(Q) = {ueC™(Q), DPue C™(Q) VB:|f|=m}.

4.5.2 (b) Homogeneous Neumann boundary conditions.

We now consider the problem of finding u : Q — R such that

~Au+u = fin Q (4.10)
g—z = 0 on 090 (4.11)

with f given on €. As usual g—z = Vu - is the normal derivative at the boundary 0f2
(again Q is of class C1). A classical solution of (4.10), (4.11) (for f € C(Q))is a C*(Q)
function u satisfying (4.10), (4.11) in the classical sense. A weak solution is an element

u € HY(Q) satisfying (for f € L*(Q) say)

N
a(u,v) E/Q (Z 88; S;J +uv> dr = /va Vv e H'(Q). (4.12)
i=1 v T

(i) Every classical solution is weak.

Let u € C%(Q) be a classical solution of (4.10), (4.11). Then Green’s formula gives

N 9u ov —
Auv = — E —uoud ().
/Q o /Qz-zl Ox; Oz; /asz anv v Yoe ™)
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Hence (4.10), (4.11) yields that

N ou v —
/g(Z@iEiﬁxijLUU):/va Vv € C*(Q)
=1

and density of C*°(Q) in H'(Q) yields then that (4.12) is satisfied.

(ii) An immediate application of the Lax—Milgram theorem yields that there ezists a
unique weak solution.

(iii) More refined theory yields again the regularity of the weak solution. Exactly the
same results as in the Dirichlet b.c. case hold.

(iv) If the weak solution is in C?(Q), then it is classical.

For if this case we have by (4.12) that (f € C(Q) here)

Ou

/(_Au-i-U)v—i- vdy:/fv Yo € C™(Q).
Q Q

a0 8n

Choosing v € C2°(Q2) we obtain as in the Dirichlet b.c. case that —Au 4+ u = f in Q.
It follows that [, 2% vdy =0 Vo € C*(Q) = %% =0 on 5.
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Chapter 5

The Galerkin Finite Element
Method for Elliptic

Boundary—Value Problems

5.1 Introduction

Let © be a bounded domain in RY. Consider the boundary-value problem of finding

u = u(z), x € Q, such that

Lu=f, x€Q
d (5.1)
u=0, x€df)
where L is the elliptic operator given by
N
Lu= — 6%@ (alj(:c)g—u) + ap(z) u

As in the previous chapter, we assume that for 1 < i,5 < N a;(z) = a;(x), z € €,

that 3¢ > 0 such that
N N
D ay(@)g > ¢y & VEERY,
i,j=1 i=1

that a;;, ap are sufficiently smooth functions of z, and that ¢y > 0 in Q. Under
these hypotheses, and if f € L*(Q), we have shown that there exists a weak solution

u € IS[l(Q) of (5.1) satisfying
B(u,v) = (f,v) Yve Pofl, (5.2)
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where

B(u,v) = /Q (Z aij(x)%% —I—ao(x)uv> dz.

ij=1

We shall assume that the data are such that the unique solution u of (5.2) belongs to
0

H?N H' and satisfies the elliptic regularity estimate that for some C' > 0, independent

of f and u, we have

[ull, < CI LI (5.3)

As we have seen in Chapters 1 and 3, the (standard) Galerkin method for approximating
the solution u of (5.2) amounts to constructing a family of finite—dimensional subspaces
Sy of ﬁ ! say for 0 < h < 1, and seeking u;, € S satisfying the linear system of
equations

B(uh,vh) = (f, Uh) Y, € Sy, (54)

Under our hypotheses, we have seen that a unique solution wu; of (5.4) exists and
satisfies

| u—wupli< Cinf [[u—x L (5.5)
XESh

for some constant C' independent of h. Assuming e.g. that
inf (lo=x T +hllv=xlh) < Chlloll, YoeH*NH, (5.6)
we obtain from (5.5) the optimal-rate H'—error estimate
[u—up L < Chllul,. (5.7)

The L?-error estimate is obtained again by the “Nitsche trick”, by letting e = u — u,

and considering w € H? N }OI ! the solution of the problem
0
B(w,v) = (e,v) Yve& H. (5.8)

Then, || e ||>= (e,e) = B(w, e) = Be,w) = B(e,w — x) for any x € S), — we used (5.2)
and (5.4) —. By the continuity of B in H' x H' we have then

) by(5.6)
lel"< Cllelilw=xli < Clelihlfwlo< Chllelifel.

Hence [ e[| < Ch | elr< Ch?|ully by (5.7)
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In general, assuming that for some r > 2 (integer) we have

0
inf (Jo=xl+hllv=xl) < Chl, voeH NH, (5.9)
XESh
and that the weak solution u of (5.2) isin H" N foll, we see that (5.5) and the Nitsche

argument give

u—wun || +h ]| w—up < Chull,. (5.10)

0
Hence, our task is to construct subspaces of H' (endowed with bases of small support
so that the linear system (5.4) is sparse) so that (5.6) or, in general, (5.9) holds. In
what follows we shall consider the subspace of piecewise linear, continuous functions

on a polygonal domain in R? (subdivided into triangular elements).

5.2 Piecewise linear, continuous functions on a tri-
angulation of a plane polygonal domain

(This section is largely based on Ciarlet (1978), chapter 3).
We consider a convez polygonal domain €2 in R? and the elliptic b.v.p. (5.1) associated
with it. Although © is not C, it is known that (5.3) still holds.

We subdivide € into triangles 7;, 1 <7 < M, M = M (h), forming a triangulation
Tn = {7} of Q. We assume that the 7; are open and disjoint, that max;(diam ;) < h,
0 < h < 1, and that Q = Int(UM,7;). The vertices of the triangles are called nodes
of the triangulation. We shall assume that 7}, is such that there are no nodes in the

interior of the interior sides of triangles:

L

We let now S;, be the vector space of continuous functions on § that are linear on

each 7; and vanish on 012, i.e. let

Sp = {¢ € C<§)7 ¢

n=a;+ fix+ vy (e ¢ € Pi(n)), ¢ |sn= 0}.
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Let N = N(h) be the number of interior nodes P; of the triangulation (i.e. those
nodes are not on 0€2). Since these points which are not collinear define a single plane,
it follows that an element ¢ € S, is uniquely defined by its values ¢(P;), 1 < j < N.
(This means that dimS, = N). A suitable basis of Sj, (for our purposes) consists of

the functions ¢; € Si, 1 < i < N, such that

It is clear that the support of ¢; consists exactly of those triangles of 7, that share
P; as a vertex. The ¢; are linearly independent, since if vazl ¢;0;(x) = 0, then putting
x = x; yields ¢; =0, 1 < j < N. Moreover, given ¢ € Sj,, we can write

N

w(ﬂf) = Z@D(PJ) ¢j(x)7 S ﬁ? (5'11)

j=1
since both sides of (5.11) are elements of S, that coincide at the interior nodes P,
1 <j < N. Hence, {¢;}Y, form a basis for Sj,.

Sy, is a subspace of H 1(Q): Obviously, S, C L%*(2) and the elements of S;, vanish
(pointwise) on 9. Hence, to show that v € S), belongs to H'(2), it suffices to prove
that there exist g; € L?(Q), i = 1,2, such that

dp

v g
Q Ox;

/giqﬁ Vo e Co(Q), i=1,2. (5.12)
Q

Let v(™) be the restriction of v to 7 € T;,. For i = 1,2 let g; € L*(2) be defined as the

piecewise constant function given by

0
gz—axi

(™) i=1,2, ifzxer (5.13)

115



There follows that for ¢ € C°(Q)

riw - )

Z Qj’ (Gauss thgrem on T)
(’33:Z

TETH TET
= —Z/gz¢dx+2/ v o dy,
€T TETH

( (1) (T))

where 7 = (1,7, vy is the unit outward normal on the boundary 07 of 7.

U]

The first term of the right-hand side of the above equality is equal to — fQ g;¢dz, where
gi € L*(Q) was defined (piecewise) by (5.13). The second term vanishes. To see this,

note that the second term is eventually the sum of terms

/U(T) o) VZ-(T) dy

where s any side of any triangle 7. If s C 02, then the corresponding term is zero
since ¢ = 0 on 0f). If s = AB is an interior side, suppose it is the common side of two

adjacent triangles 7 and 7.

In that case, there are precisely two terms in the sum ) _ .. fs ... involving AB,

namely

/ U(Tl)gzﬁui(ﬁ)dy and/ U(T2)¢I/Z-(T2)dy,
AB AB

which cancel each other since v(™) |ap= v(™) |ap (v is continuous in Q as an element
of Sp), ¢ € C2(Q), and ™) = — ™) i =1,2. We conclude then that (5.12) holds,
i.e. that v e H'(Q), q.e.d.
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Given v € C(Q), v |so= 0, we define the interpolant Iv of v in S),, as the unique
element I,v of S;, that coincides with v at the interior nodes P;, 1 < ¢ < N, of the

triangulation Ty, i.e. as

N
(Inv)(x Zv z e Q.

=1

It will be the objective of this section to show that for v € H*(2) N POP(Q) (note that

v € C(Q), v |sgo= 0), we have, for some constant C independent of h and v:
|v—Tw]| +h|v—Lv|[i< Ch* |vlg - (5.14)

(Given v € H™(w), where w is a subdomain of €, we define

|U‘07w - ||v||L2(w
1
ov 2
ol = (1 o + 1 5 B )
1
’ oo1toe
2
e = | S 10 | - 0= G
a|=m

Then | v |, 1s in general a semi-norm on H™(12)).

If (5.14) is established, then (5.6) holds and, as a consequence, we have our optimal—
order L? and H' error estimates for u — wy,.

The estimate (5.14) will be proved as a consequence of two facts:

(i) A local L? and H' estimate for the interpolant:

Given a function v € C(7T), where 7 is the triangle with vertices Pj, P, Ps define
the (local) interpolant I,v € Py(7) as the unique linear polynomial in zy, x5 on 7 such
that

(Lo)(P) =v(F), i=1,23.

Note that if v € C(2), then Iv |,= Lv.
Following Ciarlet, we shall prove that there exists a constant C, independent of 7
and Ty, such that for each v € H?(7), 7 € Ty,
2

h
|v—Lv|m, < C— v, m=0,1, (5.15)
pm

T
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where h, = diam7 = the length of the largest side of the triangle 7, and p, is the

diameter of the inscribed circle in the triangle 7.

(ii) The regularity of the triangulation:
We shall assume that the triangulation 7y is regular, in the sense that there exists
a constant o > 0, independent of 7 and 75, such that

h,

(The regularity condition (5.16) essentially states that h = max,h, — 0, i.e. the
triangulation is refined, if and only if max p, — 0 i.e. all triangles tend to become
‘points’ and not ‘needles’, (for which Z—: would become unbounded). It may be shown
that (5.16) is equivalent to requiring that there exists a 6, > 0 independent of T,
such that 6, > 6y V7 € Ty, where 6, is the minimum (interior) angle of 7. It is also
equivalent to requiring that Jcy, independent of Ty, such that u(7) > coh? V7 € Ty,
where u(7) = area(r)).
Indeed, if (5.15) and (5.16) hold, we have

1 o 1 m
— < T s <
Pr hy p7

D“|Q
ﬂgv

so that (5.15) gives
|0 = L0 s < Con B2 |0 ey, m=0,1, Yo € H*(7), (5.17)

for constants Cy, C; independent of Tj,.
We conclude then for v € H?(2) N ﬁl(ﬂ) (= v € C(Q) by Sobolev’s theorem)

lo=Tw|* = [v=Twlig= > lv-Lvl,< CY hlvl]},
TE€ETH T€TH
< CRR'Y vl = Cih'lvl3g .
TETH
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Hence

|v—ILow||< Ch*|vl|ag (5.18)

for some constant C' independent of 7j,.

In addition, analogously

lo—Twle = S lv-Iof, < 2SR v,

T€TH 7€Th
< CRY vl = R v
TeTh
Therefore
|v—Tw |1 o< Ch|vl|aq, (5.19)

for some C' independent of 7.

The estimates (5.18) and (5.19) yield then (5.14) as advertized. We turn then to
proving (5.15). To accomplish this we shall need a series of results and definitions:
Definition: Let (), Q) be two bounded domains in RN. We say that  and Q are affinely
equivalent if there exists an invertible affine map F : & € RN — F(2) = B +b e RY
such that F() = Q.

In the definition of the invertible affine map B is an N x N invertible matrix of
constants and b € RY. Hence, if z € RY, 2 = F~'(z) = B~ 'z — B~ 0.

Hence i € Q& = F () € Qand if 0 : Q — R is a real valued function defined on
Q, then defining v = 90 F~1: Q — R, we have if z € Q, z = F(2), ie. if & = F(z),
that

v(z) = (0o F7H)(z) = o(F ' (z)) = 0(2).

(Note that if v =00 F~': Q = R, then 6 =vo F : Q) = R).

Using this notation we may prove:

Lemma 5.1 Let €2, Q be two affinely equivalent bounded domains in RN and let F be
the associated affine map such that F(Q) = Q. Then v € H™(Q), m > 0 integer, if
and only if v =vo F € Hm(Q) Moreover, there exist constants C and C depending

only on m and N such that

~

|0 |ma

and | vlme < C|B7H["detB |2] 0,4 . (5.21)

IN

C| B|™ detB | 2| v |ma (5.20)
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Here | B | denotes the matriz norm induced by the Euclidean vector norm in RN i.e.

RN>z+#£0 ‘ ’

1

N 3
| B|= sup |BI‘,whe7“e |z |= sz
t =

Proof: We shall prove (5.20) for m = 0 and m = 1. Recall that whenever x = F(2) =
BZ + b, i.e. whenever & = B~'z + ¢, c = —B~'b, then 9(2) = v(z). Hence

[ #@rds= [ 2 1] de

where J is the determinant of the Jacobian matrix of the transformation & = B~ 'z +c.

Hence J = det(B™') = (det(B))~! and we conclude that

|6 Hgﬁ:/ﬂﬁ(f) di = | detB |~} /QUQ(;L«) dr = | detB [ [o]2 .

which implies (5.20) with m =0, C' = 1.
Let now m = 1 and 0 € H'(Q). Then, if z = F(&) and 1 <i < N,

v, . 8:16] F;(z)
o, ) = Z@x] 0, Z@x] aa;Z ’

where z; = F;(2) = Zk 1, BjrZr + bj. Hence 61;( 8 = Bj; and we conclude that

0z;

which we may write as

(V0)(2) = BT (Vv)(z), (5.22)

~ 00 o6\ ov ov \ 7"
V'U—(a—i‘l,...,%) and V’U—(a—xl,,%) .

From (5.22), taking Euclidean norms we see that

where

[ Vo <| BT || Vul=| B Vv (5.23)
since | BT |=| B |. (To see this, recall that
| B |= max \/\i(BTB) = max \/\(BBT) =| B" |,

since BBT and BT B have the same eigenvalues).
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Hence, using (5.23) we have

a 00 ,.\\* -
Z/( A(gs)) di:/|V@|2 di g|B|2/|W|2|J|dx
i1 Y OT; O Q

= | BP|detB || v[ig,

KR

which is (5.20) for m = 1.
The rest of the proof is analogous. O

Given two bounded, affinely equivalent domains €2 and Q) we let

h = diam) = SUDP; 4eq | £—0 |, p = diameter of the inscribed ball in Q= sup{diamg, S

is a ball contained in Q}, and h, p be the corresponding quantities for €2.

Lemma 5.2 Let €2, QO be two affinely equivalent bounded domains in RN such that

~

Q=F(Q), F(z) = Bt +b. Then

h
|B|§_A7 ’B_1|§

(5.24)

SRR

Proof: An easy scaling argument yields that

| B |= sup | BE |

1
P ¢cIRN [¢|=p

Now given ¢ € RY such that | £ |= p, we may find two points §, 2 € Q such that
y— 2 =& (see Fig. 5.6). For these points we have that F(y) — F'(2) = By — Bz = B¢,
with F(3), F(2) € Q. Hence SUDgemN gj—p | BE | < h. We conclude that | B | < %. O
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Let us consider now our triangulation 7;, = {7} of the polygonal domain € in R

O
F; Q3
QZ
Q Q
! Q

It is clear that any triangle 7 of the triangulation is affinely equivalent to a fixed
reference triangle 7. (E.g. we can take 7 to be the triangle with vertices (0,0), (0,1),

(1,0). Indeed we have for each 7 € T,
F.(1)=r1

for some invertible affine map F,. (%) = B;2+0b,, & € 7, depending on 7. (We construct
the map F, by requiring that Q; = FT(Qi), 1 <i <3, where Q;, Q;, i = 1,2,3, are
the vertices of 7, 7, respectively. These three 2—vector equations determine uniquely
the six constants which are the entries of the matrix B, and the vector b,. Then we
may easily check that Q1Qs = FT(Q1Q2) etc., and that each point z in 7 is mapped
onto a uniquely defined point x in 7, and that each point & € 07 is mapped onto
a corresponding point x on d7. The idea is to work on 7 and obtain corresponding
estimates on 7 (such as the required (5.15)) by using the properties of the interpolant in
spaces of piecewise linear continuous functions as well as the scaling and transformation
inequalities of Lemmata 5.1 and 5.2.

To this effect, define the interpolant I: on the reference triangle 7 as the map

I; : C(7) — Py(7) such that
(I:0)(Qi) =0(Q;), 1<i<3. (5.25)

for any continuous real-valued function v defined on 7. Our basic step towards proving

(5.15) is the following

Lemma 5.3 Let © € H*(7). Then, there exists a constant C(7) such that for m =
0,1,2
| 0= L0 s < C(7) | 0 |27 - (5.26)

T =
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Proof: The estimates (5.26) will be proved as a consequence of three important facts:

(i) The linear map I. preserves linear polynomials, i.e. Vp € Py(7), I;p = p.

This is obvious and implies that for any © € H?(7) and any p € P;(7)
V—Lo=0—p— Lo+ Lp=(0—p)— L;:(0—p). (5.27)

(i) I; is “stable” on H?(#). By this we mean that there exists a constant C' = C(7)
such that

| L |25 < C(7) | @0 [|lo Vi € HA(7). (5.28)
(To see this, let b; € P, (7) be the “hat” basis functions associated with the vertices
Q; of 7, ie. let ¢; € P, (7) be defined for ¢ = 1,2, 3 by the relations
0i(Q)) = by, 1<, <3

Then, for w € H*(7)

3
| L [l = | @(Q1)1 +©(Q2)dz + @(Q3)3 |27 < Z Q) |l 1 llz+

< CO'(f) max | w(z) | < C(7) | @ ||2s, by Sobolev s theorem in R?).

TeT

As a consequence of (5.27) and (5.28) note that for m = 0,1,2 and © € H*(7)

| 0= L0 s < | 0=Dlms + | L:(0=0) s < || 0= |l2s + || 1:(0— D) [|25
< |0 =5 |lag +CE) | 0= p |2
< CF) | 0—p s VD EPLUR). (5.29)

We invoke now the

(iii) Bramble—Hilbert Lemma, which in our case asserts that there exists a constant

C*(7) such that:

min || 6 —p llos < C*(F) | 0 |op Vi € H*(7). (5.30)

pEP1(7)

(We postpone for the moment the proof of this important result; we shall prove it later
in more generality).

Putting together (5.29) and (5.30) yields now

| 0= L0 s < C(F) min || 0=p |22 < C(F) | D |as,
peP(7)
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which is the advertized result (5.26). O
Before turning to the proof of (5.30) we first complete the argument and show how
(5.26) implies (5.15). To do this, recall that if w is defined on 7, then for z = F.(&) we
have (%) = w(z), where w is the image function, i.e. where w = w o F.-!, defined on
7. Note that the ~ operation is linear, in the sense that umv = pu+ Ao, pu, A € R.
(Indeed (g + M) (&) = (u + M)(z) = pu(e) + Mo(z) = wi(@) + \o(2)).
Hence, if I,v is the (local) linear interpolant on P;(7) of v € H?*(7), we have

—~

(v— L) =0 — L. (5.31)

Now, I/T\v = I:0. To see this, note that for ¢ = 1,2, 3

~

(m)(Qz) = (Lv)(Qs) = v(Qs) = @(Qz) = (1:0)(Qy)

ie. Lvand [:d (which are real-valued functions defined on 7) coincide at the vertices
Q; of 7. However I:0 € P;(#) and (I/T\v)(:%) = (l;v)(z) = (I,v)(F;(2)) € Py(7). Hence
(I/T\v)(i’) = (1;0)(2) V& € 7. Therefore, (5.31) gives that

(v— L) =0 — L. (5.32)
Now, using (5.21) for m = 0, 1,2, we have (h; = diam(7))

C'| B2 ™| detB; |2| (v — Lv)" |ms

IN

’ U —= -[TU |m,7—
~ h 1
(by (524), (5.20), (532) < C L | detBr |2 C(7) | 0 s

T

IN

1
C'(#) — | detB, |2] 0 |z
e
1 1
(using again (5.20)) < C"(#) — | detB, |2| B, |*| detB; | 2| v |,
Pr
1"~ h-zr 1
by (520) < "B Loy,
pT pi—
h2
< C"(F) v lar
pr

which is (5.15), since C"(7) = C is a constant depending only on the fixed reference
triangle 7 and is, hence, independent of 7.
We finally turn to proving (5.30). This will be done in some generality in the

following Proposition in which €2 is assumed to be a bounded, Lipschitz domain in RY.
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Prpoposition 5.1 (Bramble—Hilbert/Deny—Lions) For k > 1 there exists a con-
stant Cy, = Cy(Q) such that for every u € H*(Q)

min || u+p (< Cr|luli . (5.33)
pEPL_1

Remark: (5.33) may be viewed as a type of “Taylor’s theorem”. Also, note that
obviously | u | < mingep, , || w+ p |[x. Hence (5.33) implies that | - | is a norm,
equivalent to the quotient norm minyep, , || - +p ||x on the space H*/P;_;. (From now
on H* = H*(Q)).

Proof. The estimate (5.33) is a direct consequence of two facts:

(i) For each u € H” there exists a unique q € P,_; such that

Va:|a|< k-1, /Do‘qd$:/Daudx. (5.34)
Q Q

(ii) There exists Cj, = Cy(Q) such that Yu € H":

N

2
lull, < Ce Qlulz+> (/ Daudx> . (5.35)
Q

|| <k

Indeed, if (i) and (ii) hold, then for u € H* with ¢ as in (i),

1
2

(ii) 2
: 2 « «@
min flutpli < Ju—gli< G |u—q|k+2(/Q<Du—Dq>dm)

B lo| <k

)
= Crlu—qle= Cu|ulp

since ¢ € P,y = D =0for |a|=k

Therefore, (5.33) is a consequence of (i) and (ii).

We now prove (i) and (ii).
(i). Let u € H* be given. We shall construct a polynomial ¢ € P,_; such that the
relations (5.34) hold. Let ¢ be of the form

e

We shall determine the unknown coefficients c,, | a |< k — 1, from the relations (5.34)

gl
|I|
gl

a1 .02 aN
E Cay.an®] Ty’ o TN -

which represent a linear system of equations for the ¢, of size My x My where M}, is the
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number of multiindices a = (v, ag, ..., ay) with | a |[< k — 1. We first determine the
coefficients ¢, multiplying the terms z® of highest degree, i.e. the ¢, with |« |= k — 1.

For a multiindex a with | @ |= k — 1 we have

D%q = D* Z cgz’ | + D” Z cpr’ | = caal,
B: |Bl=k—1 B:|BI<k—1

€Pk_2
where a! = aqlag! . .. an! for a = (ag,ag, ..., ay).

(To see the last equality, consider any one term D%(Csx”) of the sum

D* Z g’

8: Bl=k—1
Hence, for such a term, | o |=| 8 |= k — 1. If a # B then D%(Cs2”) = 0. For if
a # 3 there must exist an index j, 1 < 7 < N, such that 8; # «;. Then for the

aj .
corresponding factor in D%z we will have <%) ’ 1:?7 = 0. Now, if « = 8 we have
J
(51 aN
D¥(zP) = D*(2%) = (6%1) o (%) 2 = oqlan! .. ay! = al).

Hence, the relation (5.34) for « such that | a |= &k — 1 yield

/Do‘udx:/Daqu:/caa!dx:caa!,u(Q):>
Q Q Q

fQDaudx
w = =k—1, 5.36
o = ot ol (5.36)

i.e. the coefficients of ¢ with | & |= k — 1 have been determined.

Write now gj_1(x) = Z|a\:k;—1 CaZ® (qr—1 18 now known). Hence

gx) = Y car™ + g + s(x),
|a|=k—2

where s € Py_3, from which, for | a |= k — 2, as before
D% =cy,al + DY_1.
Therefore, (5.34) for | a |= k — 2 yield

/ D%udx = cq al p(2) + / D% dx
0 Q

from which the ¢,, | a |= k — 2 are determined. We continue in the same fashion to

determine all ¢,.
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Note that the polynomial ¢ satisfying (5.34) is necessarily unique: if two such
01, q2 € Py exist, then ¢ = ¢ — ¢ will satisfy [, D*qdx =0, | o |[< k— 1, which is a
homogeneous linear system for the associated ¢,. The formulas (5.36) would yield now
¢a =0, | a|=k—1. Therefore q_1 =0, i.e. ¢, =0, | @ |= k — 2, and so on, implying
finally that ¢ = 0.

(ii). We argue by contradiction: Suppose (5.36) does not hold. This means that for
any constant C' > 0 there exists a u € H* such that

1
2

2
lull, > C < |ul;+ Z </§2Daudx) ,

lal<k

i.e. such that

1

2y 2

2 D*udzx

o | u |§ N 2 jag<k (o . ) <L
el [

This implies that for any constant C' > 0 there exists a v € H* with ||v||, = 1 (take

v = u/||ul,) such that

2
C ]v|i+2(/QD%d$> < 1.

lal<k
Take C' =n, n = 1,2,.... Hence, there exists a sequence {u,} of functions in H* with
| wn ||k= 1, such that

2+ Z (/ D%y da:)2 < i (5.37)

| wn [k =\ n n2

We now use the fact (“Rellich’s theorem” cf. Adams) that for a domain such as 2
(in fact for any bounded, Lipschitz domain) and for & > 1, H* may be compactly
imbedded in H*~!, in the sense that every bounded subset of H* is relatively compact
when viewed as a subset of H*~!. This means that every bounded sequence in H* has
a subsequence which converges in the H*~! norm. Therefore the bounded sequence
u, € H* (|| u, ||x= 1) has a subsequence, which we denote again by u, without loss of
generality, and which converges in H*~!. But (5.37) yields that | u, [z— 0, n — oo,
i.e. that D®u,, — 0in L? for | a |= k. Since u,, converges in H*~! already, we conclude
that u, converges in H*. Let the limit of {u,} in H* be denoted by w. Since || u, |[z= 1
= w ||x= 1. But since D*u,, — 0in L?, | o |= k, we conclude that D®w = 0, | a |= k,

ie wé€E ]P)kfl.
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Now, (5.37) also yields 3, . (fo D%n dx)2 — 0, n — oo, i.e. that
/Do‘undx—>0, for |a|<k-—1
Q

We conclude, since u, — w in H* that [, Dw = 0 for | a |[< k — 1. Since the
polynomial w € P,y satisfies [, D*w = 0 for | a |< k — 1, the construction in (i)

yields that w = 0, a contradiction, since || w ||x= 1; q.e.d. O

5.3 Implementation of the finite element method
with P, triangles

In this section we shall study the details of the implementation of the standard Galerkin
/ finite element method for a simple elliptic boundary—value problem on a polygonal
plane domain, based on the ideas of MODULEF, cf. Bernadou et al., 1985. We seek
u(z) = u(wy,75) defined on Q, where Q is a convex, polygonal domain in R2?, and
satisfying
—Au+ a(z)u = f(x), = €Q,
u =0, x € 0f.

(5.38)

Here f, a are given, say continuous, functions on Q with a > 0. The weak formulation

of the problem is, as usual, to seek u € H = }OII(Q), such that
/(VU~VU—|— a(a;)uv)da;:/fvdx, Vo e HY. (5.39)
Q Q

Let S} be a finite-dimensional subspace of ]?I L The standard Galerkin method for the

approximation of the solution of (5.39) consists in seeking u;, € Sy, such that

/(Vuh -V, + a(x) upvp) de = / fopdz, Yu, € Sy. (5.40)
0 Q

We take S}, to be the space of continuous functions on Q that vanish on 09 and are
polynomials of degree at most 1 on each triangle 7 of a triangulation 7, of 2. (For
notation cf. Section 5.2). Accordingly, we refer to (5.40) as the “standard Galerkin /

finite element method with P; triangles”.
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(i) Local degrees of freedom.

—

-
N

On each triangle 7 € Ty, uy, is represented in terms of the local basis functions 7 (x),

J =1,2,3, (which are P, polynomials on 7 such that ¢7(P]) = 6;;, 1 <i,j < 3) as

up(z) = Z@;(x) un(Pj), x€T.

(5.41)

The values {un(P])}, 1 < j < 3, coefficients of 7 (z) in the linear combination of the

{#7(x)} in the r.hs. of (5.41), are, in our case, the “local degrees of freedom” that

determine uy(x) uniquely on 7. (In general, there are N, degrees of freedom — not

all function values of wuy, necessarily — on each triangle 7. In our case N, = 3 V7).

Introducing the 1 x 3 matriz of local basis functions ®™ = &7 (z) by

07 = 01 (2), p5(x), 3 ()]
and the 3 x 1 vector
U™ = [un(PT),un(Py), un(P§)]"
of the local degrees of freedom, we may rewrite (5.41) as
up(x) =07 () U.

Let Vuy, = [g% %]T denote the gradient of uy,. Then, (5.41) gives

8“h:i:a¢;u (PT), i=1,2
8.1'1‘ f= 81’1 A ) 4y

i.e. that
Vup(z) = DO (x) - U™, x €T,

where D®™ = D®7(z), x € 7, denotes the 2 x 3 matrix

0p]  0pi  0p%
D®™ = Ox1 ox1 Ox1
901 0p)  0p%
0z Ox2 Oz
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(5.43)

(5.44)

(5.45)
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The Galerkin equations (5.40) become, since Q0 = U, 7. 7,

Z (Vuy, - Vo, + a(z) upvp) de = Z f(x)vdz, Vv, € Sp. (5.47)

€T 77T €T YT

We shall write (5.47) in matrix—vector form in terms of the local basis functions and

the local degrees of freedom {U7} and {V 7} of uy, and vy, respectively. Writing
u, =0, v, =0"V", xer,
we have
R — (@TUT)(@TVT) — (VT)T((I)T)T@TUT’ r E T
Vu, - Vo, = (DO7UT)-(DOVT) = (DOVTT(DO™U)
= (VOHH(DO)'DO™U™, z €.
fon = fOVT = (V)T = (V)T(@)Tf, zeT.

Using these expressions in (5.47) we have

S [ {v)" (D) DU + a(x)(VT)T (@)U} d =

€T, VT

= > [ (V)@ f(x)dz, Vop € Sh. (5.48)

T€TR YT

Let K7, M™ denote, respectively, the 3 x 3 local stiffness and mass matrix. These are

given by the formulas
K™ = / (DT D7 dx, (5.49)
M7= / o(z) ()T &7 da. (5.50)
Let also A := K™ 4+ M7, and b” be the 3 x 1 vector
b / (@) (@77 da. (5.51)

Using these local quantities in (5.48) yields the desired matrix—vector form of (5.47):

S WHTAU = (V)TV, Vo, €S (5.52)

TETH TETH
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(ii) The global - to - local degrees of freedom map.

Suppose that the triangulation 7, consists of N nodes (vertices) (including the nodes
on the boundary 0f2), that are denoted by P;, i = 1,2,..., N, in some global indexing
scheme. Then the vertices P[, P, P{ of of a given triangle 7 € 7, correspond to the
points P, P,,, P;,, respectively, in the global enumeration. We would like to find an
efficient way of expressing the correspondence P;,, — P/. Specifically, we are realy

interested in expressing the local degrees of freedom, i.e. in our case the values uy,(Py),

E = 1,2,3, in terms of the global degrees of freedom, i.e.
1,2,...,N.

the values uy(F;), i
Let us consider an example: let 2 be the rectangle (0, a) x (0, ). Subdivide it in 20
rectangles of size Axy X Azy, where Axy = ¢, Awy = g and then in 40 equal triangles

as shown, by bisecting the rectangles.

(0,Bhs 7 6 5 4 3
32 34 36 38 40 P;
31 33 35 37 39 { P
19 o} 1 2 10
22 24 26 28 30
21 23 25 27 29
20 6 7 8 9
12 14 16 18 20 T T
11 13 15 17 19 P P,
21 4 8 { p { p
2 4 6 8 10 6 7
1 3 5 7 9
2

(0,0

23

24

25

26 27
(a,0)

We number the triangles 7 from 1 to 40 as shown and introduce the following global
indexing scheme for the nodes: The interior nodes are the points P, shown, with

1 =1,2,...,12, and the boundary nodes are the points P;, i = 13,...,30. Here N = 30,
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therefore. For example, the triangle with 7 = 25 is defined by the nodes Py, P; and Py
in the global numbering. These coincide with the local nodes Py, Pj, P, (1 = 25),
respectively. For 7 = 25, let the local degrees of freedom be represented by the 3 x 1
vector U™ = [UT, Uz, U3|" (U] = un(P]), j = 1,2,3). The global degrees of freedom
up(B;), i = 1,2,...,N = 30, are arranged in the 30 x 1 vector U = [Uy,...,Us)T.

Clearly, we have U™ = G" U, where G” is a 3 x 30 matrix whose elements are 0 or 1

(Boolean matrix). In our case, i.e. for 7 = 25, we have

Uy
6th  Tth 10th
Ul 6000001 o 00 o O0...0 Uy
ug 1=100000 0 1 00 O O ... 0 Us
U3 0oo0oo0o000 O0OO0O 1T O0...0
Uso

In general, let T;, be the triangulation consisting of triangles {7} that we label, abusing

notation a bit, as 7 =1,2,...,J. For each 7, let

i=g(7,7)

be the map that associates the local index j, 1 < j < 3, of the local vertices P to the
global index i, 1 <4 < 30, of the corresponding points P;. Then g is a function defined
on the set {1,2,...,J} x {1,2,3} with values onto the set {1,2,..., N} that can be

easily stored. In our example, the values of ¢ for 7 =25 and j = 1,2, 3 are

9(25,1) = 6,
9(25,2) = 7,
9(25,3) = 10.

Let G7, for each 7, denote the 3 x N matrix whose elements are given by

ggl = 69(77k),l 1 S k S 37 1 S l S N7 (553>

where ¢, ; is the Kronecker delta, ie. 6;; = 1if 7 = j, ;; = 0if ¢ # j. Then, the
relation between the global degrees of freedom vector U, U; = up(F;), 1 <i < N, and

the local degrees of freedom vector U™ on 7, U] = uh(PjT), j=1,2,3, is expressed as
U =g"U. (5.54)
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Substituting (5.54), and the corresponding expression V7 = G7 V| into (5.52), we have

S VHGNTAGU =D VTGV, Vv, €S,

TETH TET

or, since V', U do not depend on T,

v { megf} U=V S (G, Vo € 5,

TETH TETH

Hence, (5.52) in terms of global degrees of freedom may be written as
VIAU =VTb, VYV €RY such that v, € Sh,
where A is the N x N matrix defined by

A= :E::(£;T>T>4T§;T7
TETH
and b the N x 1 vector given by
b= (7).
TET

(iii) Assembly of A and b.

(5.55)

(5.56)

(5.57)

The matrix A and the vector b defined by (5.56) and (5.57) should be assembled from

their local contributions A™ and ™. In doing this we should not form G and perform

the indicated matrix—matrix and matrix—vector operations, since this would be very

costly in terms of storage and number of operations. Instead, recalling the definition

(5.53) of G7, we have, for the vector b = {b;}, 1 <i < N:

= 3 (@), X (L650) - X (Sdaeat ).

T€TH T€TH TETH

We conclude that the following algorithm computes the b;:

[ For:=1,2,...,N do:
b =0
[ Fori=1,2,..., N do:
For 7 € T, do:

For 7 =1,2,3 do:

bi = bz + 59(T’j)7i b;—
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Since dy(-j); = 0 unless i = g(7,j), the last term contributes only to the b; with

i = g(7,j). Hence, the above algorithm can be written, more compactly, in the form:

[ For:=1,2,...,N do:
b; =0
| For 7 € T, do: (5.58)
For y =1,2,3 do:

by(r.j) = bg(rj) + b},

i.e. the b7 is added to the previous value of that b; that has i = g(7,7). Similarly by
(5.56) we have

3 3
Ay =) (Z G Al %) =y (Z Og(rk)i ARy 5g<ml),j> :

TETH \k,l=1 TETR \k,l=1
i.e. the term Af, contributes to the element A;; if i = g(7, k) and j = g(7,{). Conse-

quently, the following algorithm may be used to assemble the matrix A:

_Fori:1,2,...,Ndo:
[ For j=1,2,..., N do:
A =0
[ P:or T € Ty, do: (5.59)
[ For £k =1,2,3 do:
For [ =1,2,3 do:

Agr ) gr) = Agiriygryy + Agp-

The algorithms (5.58) and (5.59) implement the assembly of the (global) matrix A and
vector b in the equations (5.55) from their local parts A™ and b".
(iv) Reduction of (5.55) to a linear system of equations.
The components of the global vector of degrees of freedom U € RY, may be ordered

(although this is not necessary always) so that U be of the form
U= [Ula U27 R UN*NO? UN*NO‘F].? R UN]T7

so that the degrees of freedom Uy, Us,...,Un_p, are the values of u; at the interior
nodes Py, P, ..., Py_n, and Uy_ny+1, - - . , Un are the values of u;, at the Ny boundary

nodes Py_pny+1,---, Py. (In the example on p. 114, Ny = 18, N = 30).
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Then, writing

U
U= ! . with Uy € RNN Upp € RN,

Urr

and partitioning conformably V', A and b in (5.55), we can write it in the form

Arr Arn Ur br

— [VIT Vﬁ] ., Yo € 5. (5.60)
Arnr A Urr brr

Vi Vil

Since S, is such that v, € S, & V; € R¥N"No_ V;; = 0 in RN, and since u;, € S}, as

well, we rewrite the above as
VE A U = Vb YV e RNV No,
which is of course equivalent to the (N — Ny) x (N — Np) system
AU = by (5.61)

The reduction of the N x N system (5.60) to the system (5.61) is usually referred to
as “taking into account the boundary conditions of the problem”.

(v) Computing K7, M™ and b".

There remains one important issue of implementation, namely the computation of the
local stiffness and mass matrices K™ and M7, as well as the computation of the (local)
b7, cf. (5.49)—(5.51). This can be accomplished efficiently by letting 7 be the affine map
of a fixed reference triangle 7 and transforming the integrals in the formulas (5.49)—

(5.51) to 7. To this end we will use the notation introduced in Section 5.2.

P_(0,1)
: Fr Py 63

/\

X PZT Kix3)
N p T,1,1
P,(0,0) P10 1 tax2)

X1

Let P,P,P; be the unit right triangle with vertices (0,0), (1,0), (0,1). Let 7 € T

be an arbitrary triangle in the triangulation with vertices P/, 1 < j < 3, where
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Pl = (27, 23), 7 = 1,2,3. Consider the affine map F, that maps 7 onto 7 and is

defined by the requirements that P/ = F..(F;), j = 1,2,3. Then F} is of the form
r=F.(2)=B; T + ¢, (5.62)

where B, is the 2 x 2 invertible matrix

2 1 .3 1
I —Ty Ty — I

B, =

2 1 .3 1
Ty — Ty Ty — Xy

and ¢, = (z},21)T. Notice that | detB, |=2 | 7 |:= 2area(r).

Recall that functions on 7 are transformed to the corresponding functions on 7 by

9(2) = v(z), whenever x = F, (). Le. 9(%) = v(F,(2)) and v(x) = 0(F*(z)). (Under

our assumption on B;, the map F; is invertible, with & = F~1(z) = B-lx — B-lc,).

(In our example (p. 114) the triangle 7 = 25 has
Az; 0 2 Axy

B, = , = ,  where Ax; = g, Axy =
0 Az 2 Az, g

).

RSN

Let ¢;(2), 1 <1i < 3 be the local basis functions on the triangle 7, i.e. let ¢; € P, be

~

defined by the relations ¢;(F;) = d;;. Then, we easily see that

@1<i‘17§:2> =1- j\jl - ',*%27

A

903(1“1,562) = .

It is easy to see that the corresponding local basis functions on 7, i.e. the elements of

Py that satisfy ¢f (P]) = dij, 1 <4,j < 3, are given by the relations
or () = ¢i(Z), whenever x = F,(Z).
Defining the 1 x 3 matriz of reference basis functions o by
= &() = [p1(2), Pa(2), ()], (5.63)
we see that ®7(x) = &(2), whenever 2 = F,(i), where ®7(x) is the matrix of the local

basis functions on 7 defined by (5.42).
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We now compute the quantities b”, M™ and K7 in terms of integrals of functions
defined on 7. We already seen that the area element transforms so that doz =| detB; | dz

i.e. dv =2 | 7| dz. Then we have

/ f@) (@ (@) de=2|7]| [ f(&) (D))" di. (5.64)

Hence, to compute b” we must evaluate the integral on 7 of the vector—valued function
F(F-(2))(®(2))7, where ® is defined in (5.63). Unless f(#) is a very simple function,
such integrals are evaluated numerically by an integration rule on 7. A simple but

effective rule is the barycenter rule, which is exact for P, polynomials and states that
/@(fc) di = | 7| o(M),

where | 7 |= area(7) = 1/2 and M = (1/3,1/3) is the barycenter of 7. Hence using

/@(:@) di = %@(1/3,1/3)
n (5.64) we see that
1/3
T 7| f(1/3,1/3) | 1/3 | ie b= %f(FT(l/?,,l/?,)), 1<i<3.
1/3

Similarly, we may easily compute the elements of M7. Since

MT:/CL(I)(@T( N 7z d:c—2|r|/ ) (D) D7) di,
we have, for 1 <14,5 <3
MG =217 | [ alF (@) 4ia) (@) di
(If numerical integration with the barycenter rule is used, we have that
M = %Q(FT(l/?), 1/3)), 1<4,5 <3).
The computation of

K™ = / (DO ()] [DO" ()] dx
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requires transforming the matrix D®”. We have, for 1 <1i,7 <3

Ot ’
(Do), =250 = P Z

&>

In analogy to (5.46) let D®(&) be the 2 x 3 matrix with elements

. 00 (i
(Db(a),; = 220

In addition, note that from # = B-'z — B-'c,, we infer that

0Ty,

Hence,

i.e.

We conclude that

A

KT:Q\T\/}D@@»TB;wB;UTﬁ¢@ym.

The quantities inside the integral are independent of . Indeed,

-1 10
-1 0 1

Dd(z) :=J =

and therefore

K =|7|J"(B'B,)™'J
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Chapter 6

The Galerkin Finite Element
Method for the Heat Equation

6.1 Introduction. Elliptic projection

In this chapter we shall construct and analyze Galerkin finite element methods for the
following model parabolic initial-boundary-value problem. Let €2 be a bounded domain

in R?, d =1, 2, or 3. We seek a real function v = u(z,t), x € Q, t >0, such that

u—Au=f xe€Q, t>0,
u=0, €0, t>0, (6.1)

u(z,0) = u’(z), z€Q.

Here f = f(z,t) and u° are given real functions on € x [0,00) and €, respectively.
We shall assume that the initial-boundary-value problem (ibvp) (6.1) has a unique
solution which is sufficiently smooth for the purposes of the analysis of its numerical
approximation. For the theory of existence-uniqueness and regularity of problems
like (6.1) see [2.2] - [2.5]. In this chapter we will just introduce some basic issues of
approximating ibvp’s like (6.1) with Galerkin methods. The reader is referred to [3.6]
and [3.7] for many other related topics.

The spatial approximation of functions defined in Q will be effected by a Galerkin
finite element method. For this purpose we suppose that for h > 0 we have a finite-

dimensional subspace Sj, of H' =M 1(Q2) such that, for integer r = 2 and h sufficiently
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small, there holds
inf {[lv—x|[+7[V(v=x)I[} = Ch*|[v]}y for veH N H', 2<s<r (62)
XEOh

where C' is a positive constant independent of h and v. (In (6.2) we have used the

notation ||Vo| = |v| =< ) 2 Vo Vudz)'? = (Vo, Vo)/2). F
= |v]; = Zizl”@xi —(fQ v - Vo x) = (Vv,Vu)'/?). For

example, (6.2) holds in R? when Sy, = {¢ e C@), ¢,eP VreTi 0|y o= o},

where €2, is a polygonal domain included in €2 and 7, a regular triangulation of €,
with triangles 7 with A = max(diam 7) whose vertices on 02, lie on 09, cf. [3.5].

Given v € H', we define Ryv, the elliptic projection of v in Sy, by the linear mapping
Ry, : H' — S, such that

(VRyv,Vy) = (Vou, V), Vx € Sy . (6.3)

Given v € H' it is easy to see that Rjv exists uniquely in S), and satisfies [|[VRyv|| <
|Vvl|. The following error estimates follow from (6.2) and (6.3). (We have essentially

seen their proof in Section 5.1 but we repeat it here for the convenience of the reader).

0
Proposition 6.1 Suppose that v € H* N H', where 2 < s < r. Then, there exists a

constant C' independent if v and h such that
|Rrv — v|| + h||V(Rpv —0)|| < CR%|vlls, 2<s<r. (6.4)

Proof. We have, by (6.3)

IV(Ryv —v)||* = (V(Ryv — v), VRyv — Vo)
= —(V(Rpv —v),Vv) = (V(Ryv — v), Vx — Vv)
for any x € Sj,. Hence, by (6.2)
IV (Byv = )| £ [V(Byv = 0)[[ [V(v = )| < ClIV(Bro — o)l Bl ,

from which the H' estimate in (6.4) follows. For the L? estimate we use Nitsche’s trick.

Given g € L? = L*(Q), consider the bvp

—AyY =g in

=0 on 0f) .

140



0
This problem has a unique solution ¥ € H* N H' such that ||| < C ||Av]| = C||g]|
0
(Elliptic regularity). For v € H* N H!, 2 < s < r, we have by Gauss’s theorem and
(6.3)

(Rpv — v, 9) = —(Rpv — v, A) = (V(Rpv — v), Vo) = (V(Rpv — v), V() — X))

for any x € S;,. Hence, the H' estimate in (6.4), (6.2), and elliptic regularity imply
that
(Rpo — v, g9) < Ch*7 [l sh||[]ls < CR*|lvllsllgll -

Taking g = Ruv — v gives that the L? estimate in (6.4). O

6.2 Standard Galerkin semidiscretization

(In this and in the sections 6.2 and 6.3 we generally follow Thomée, [3.6, Ch.1])

0
Multiplying the pde in (6.1) by a function v € H', and integrating over € using

Gauss’s theorem, we see that
(ut,v) + (Vu, Vou) = (f,v), t>0. (6.5)

Motivated by (6.5), for each ¢t > 0 we approximate u(t) = u(-,¢) by a function uy(t) =
up(-,t) in Sy, called the (standard Galerkin) semidiscrete approximation (or spatial

discretization) of u in Sy, and defined by the equations

(unt, ®) + (Vup, Vo) = (f, ¢), Vo €Sy, t >0, (6.6)
up(0) = uf ‘

where ) is an approximation of u® in S, to be specified later.
The equations (6.6), that will be called the (standard Galerkin) semidiscretization of
(6.1) in Sy, are equivalent to a linear system of ordinary differential equations (ode’s).

To see this, let {¢; }jV:hl be a basis of Sy, where N, = dimS}, , and let

up(r,t) = Zaj(t)ﬁbj(x)
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be the unknown semidiscrete approximation of u. Substituting this expression for uy,

in (6.6) and taking ¢ = ¢, k =1,..., Np, we see that
Za (65, 0%) + a5 ()(V;, Vou) = (frdn), 1<k <Ny, 20,

a;(0) =al, 1<j <N,

where up = 37 M a%;. Hence the vector of unknowns a = a(t) = [ai,...,an,]|T
satisfies the initial-value problem
Ga+ Sa=F(t), t>0,
(6.7)

a(0) = a°,
where G = (G};) is the Ny x N}, mass (Gram) matrix defined by Gy; = (¢, ¢:), S = (5i5)
the N, x N, stiffness matrix given by S;; = (Vo;, V), and F; = (f, ¢;). As we know,
G and S are real, symmetric, positive definite matrices. In particular G is invertible
and the ivp (6.7) has a unique solution «(t) for all £ =2 0. We conclude that the Galerkin
semidiscrete approximation wuy, exists uniquely for all £ > 0.
For each ¢t > 0 choose ¢ = uy, in (6.6). Then
(une, un) + [ Vun|* = (f,un) -

Since (unt, up) = 3 [, 00 (Ui (-, 1)) da = 13 |luy(t)||?, we have

1d

sl +IVunl® = (fyun) < [ flHluall, 20

Recall the Pointcare-Friedrichs inequality, i.e. that
ol < Cy V0], v e H(Q), (6.5)
valid for some C, = C,(£2). Using (6.8) in the above gives
o2
2dt”uh”2 + [ Vunl® < Gy [ fIHIVun]l < o ||f||2 + %HVUhHQ’
from which
S lunll + 19 < GZIFI% 120,

We conclude that for any ¢ > 0 there holds that

o+ [ [Vun(o)as < ol +03 [ 76) 17 (69)
In particular, for f =0, we get ||ux(t)]] < [[ul|| for ¢ = 0, i.e. that uy is stable in L?.

We now prove the main error estimate of this section.
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Theorem 6.1 Let uy, u be the solutions of (6.6), (6.1), respectively. Then, there

exists a constant C' > 0, independent of h such that
fun(®) w0 < =+ 0 (1ol + [ ulhas), e20. 610
Proof. Following Wheeler (SIAM J. Numer. Anal., 10 (1973), 723-759), we write
up—u=60+p, (6.11)

with 6 = u, — Ryu, where Ry, is the elliptic projection operator onto .S;, defined by
(6.3), and p = Rpu — u. Note that § € Sy, for t > 0, and in order to estimate [|u;, — ul|

we should estimate [|@]| and ||p||. For the latter, we have
el = |1 Rpu(t) — w®)|| < CR [[u(t)l, =0,

0
by (6.4). Since u(z,t) = u’(z) + fot ui(z,s)ds, assuming ' € H" N H' and w; €
0 0
H™ N H! for t > 0 with f[f |ugl|,ds < oo, we see that u € H" N H* for t > 0 and
t
lu®)llr < 1wl + fo lluellr ds.

Therefore
t
ool = cr (1) + [ Julias) ore>0. (6.12)
0
In order to get an equation for 6 note that for t > 0 and any x € .S;, we have

(9,5, X) + (VQ, vX) = (uht7 X) + (vuha VX) - ((Rhu)t7 X) - (VRhu7 VX) .

Hence, using (6.6), (6.3), and the fact that ((Ryu)i, x) = (Ruue, x) for x € Sy, (this
follows from (6.3) by differentiating both sides with respect to t), we have

(9757 X) + (vea VX) = (fa X) - (Rhut7X) o (VU, VX) :
Therefore, by (6.5) and the definition of p, we see that
(6, ) + (VO,VX) = —=(pe. ), VX E S, 20 (6.13)

Given t > 0, take x = € in the above to obtain

Ld

S 161 + V61 = ~(o1,0) (6.14)

We would like to argue now that 3-<3[|6]|* = [|6]|<]/6]| and conclude from (6.14) that

160(t)| < ||0(0)||+f(f | pe]lds, but we don’t know whether & ||6(t)]| exists if 6 = 0 for some
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t. Therefore we argue as follows: For all e > 0 we have from (6.14) $L{|6]|> = 1 4 (]|g2+

e?) < llpell 11011 Hence \/[10]2 + 25 /1101% + 2 < [lpell 10]] < [l pell\/110] + €2. There-
fore, $\/]|0]]> + 2 < ||p|| for all ¢ > 0, from which /[|6(t)[]> + &> < fOthtHds +
|6(0)]|2 + £2. Letting e — 0 we obtain the desired inequality

HW)IIS/O lpellds +[16(O) [}, ¢ =0 (6.15)

Since p;y = Rpu; — ug, we have fg lpellds < Ch” f(f ||ue||-ds form (6.4). On the other
hand,

10O = fluy — u® | + | Bp” — | < fluy, — u®[| + CR" [,

Therefore, (6.15), (6.11) and (6.12) yield the desired estimate (6.10). O

Remarks

a. Theorem 6.1, and subsequent error estimates, depend on assumptions of sufficient
reqularity of the solution u of the continuous problem. Such assumptions will not
normally be explicitly made in the statements of theorems but will appear in the con-
clusions or in the course of proofs of the error estimates. For example, in the case of
the estimate at hand the proof requires that u® € H™ N H' and u(-,8) € H N H for
0 < s < t. These assumptions guarantee in particular that the bound of ||up(t) — u(t)||
in (6.10) is of the form [|u) — u°|| + O(h") where the O(h") term is of optimal order of
convergence in L? for Sy, as evidenced by the approximation property (6.2).

b. The initial value u) may be chosen in various ways so that ||u? — u°|| = O(h"). For
example, we could choose it as u) = Ryu® or u) = Pu® (the L? projection of u" onto
Sp) or equal to an interpolant of u® in S,. For example, if one of the first two choices
is made, (6.2) and (6.4) yield that ||u) —u°|| < Ch"||u’||,, provided u® € H" ﬂ]—?fl, and

the overall optimal-order accuracy O(h") is preserved in the right-hand side of (6.10).

Exercise 1. In the proof of Theorem 6.1 take in (6.11) up, — u = 6 + p, where, for
example, = u, — Pu, where P is the L?-projection operator onto Sy, or 6 = uy;, — Iu,
where I,u is an interpolant of u in Sy, satisfying ||v — Iyv|| 4+ h||V (v — Iv)|| < CR"||v]|,
for v € H" N ﬁ ! For these choices show that the best L?-error estimate that one

could obtain is of O(h"!), i.e. of suboptimal order. Try to understand from these
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considerations why Wheeler’s choice 6 = uj, — Ryu is crucial.

We now prove an optimal-order H! estimate for uy,.

Proposition 6.2 Under the hypotheses of Theorem 6.1, there holds

t 1/2
1l + u®)], + ( / ||ut||2_1ds) ],t >0,
0

(6.16)

IV (un(t)—u(®))]| £ ||V (ug—u)||[+Ch" !

Proof: As before, we write V(u, —u) = VO+ Vp, where 6 = u, — Ryu, p = Rpu — u.
Note that |Vp|| < Ch™ 7 |ul|,. From (6.13) with x = 6; it follows that

1d

0 2
o + 5+

1
IVOI* = = (1 00) = Sllpell® + 11611

DN | —

Therefore

d
NI AR

form which 1o
t
Vo) < [[VO(0)]| + (/0 Hpt||2d8) , t>0.

We conclude that
: 1/2
190 = | < V0 + ([ IlPas) o+ 191
’ t 1/2
<1900 = o)+ 9 =)+ 190+ e ([ )

from which (6.16) follows. O

Exercise 2. Consider instead of (6.1) the initial-boundary value problem with Neu-
mann boundary conditions:

u—Au=f x€Q t>0,

@:0, xred), t>0,

on

u(z,0) =u’(z), z€Q.

Construct the standard Galerkin semidiscretization for this problem in a finite-dimensional
subspace Sy, of H! and prove an analog of Theorem 6.1. (Define now an elliptic projec-

tion Ry : H' — S;, by the equations a(Ryv, x) = a(v,x), Vx € Sy for v € H!, where
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a(v,w) = (Vv, Vw) + (v,w) for v,w € H. )

Exercise 3. Generalize the results of this section to the case of the initial-boundary
value problem with variable coefficients

( d

0 Ju
w—y o, (aiﬂ‘(ﬂ?)a—%> +ao(r)u= f(z,t), z€Q, =0,

4,j=1

u=0on, t>0,

L ul(e.0) = wp(2), z€0

where the functions a;; satisfy a;;j(z) = aj(z), z € Q and szzl ag&l; > co 0 €2,
Vo € Q, V& = (£1,...,&) € R, for some positive constant ¢y independent of  and &,
i.e. when the matrix-valued function a;; is symmetric and uniformly positive definite
for x € Q, and where ap(x) >0, z € Q. Assume that the coefficients a;j, ao are smooth

R 0
enough on . The weak formulation of this ibvp is to find u € H! for ¢+ > 0 such that

(ur,0) + a(u,v) = (f(£),v), Voe H'. t>0,

u(0) = ug,

where a(u,v) := szzl Jo aijuvdx + [ aguv dz. (Establish first that there exist pos-
itive constants C, Cy such that |a(v,w)| < Cy|jv|j1]|w|y Yv,w € }011, and a(v,v) >
Coljv]]? Vv € 19[1, and introduce now the elliptic projection of v € H' onto Sy by
a(Rpv,x) = a(v,x) ¥x € Sp. Use the Lax-Milgram theorem and Nitche’s trick to
prove analogous properties of R, to those of Section 6.1, assuming elliptic regularity,

i.e. that [Julls < C|f]| holds for the associated elliptic bvp

d

0 ( 8u> ~
-3 T (ag(@) o ) +ao(x)u= flz), xe,
i,jzlaxi T O
u =0 on 0f) .
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6.3 Full discretization with the implicit Euler and
the Crank-Nicolson method

To solve the o.d.e. system (6.6) (or (6.7)) we need to discretize it in ¢ and obtain
a fully discrete method. This may be done by various time-stepping techniques. In
this section we shall examine two of them, the implicit Euler and the Crank-Nicolson
methods, that are 'unconditionally stable’ in a sense that we shall make precise.

Let At = k be the length of the (uniform) timestep and t" = nk, n =0,1,2,....
The implicit Euler full discretization of (6.16) is defined as follows. We seek for n =
0,1,2,... approximations U™ € Sy, of u(t") that satisfy

Uur — Un—l
k

0_,0
U” =y,

,x) (VUL YY) = (F7y), V€ Sk > 1.
(6.17)

where f* = f(-,t").

Finding U™ for n > 1, given U™ !, requires solving a linear system for the coefficients
of U™ with respect to the basis {(bj};y:’”'l of Sp. Let U™ = SN a¢;, where o =
(af,...,af ) € RM. Then, putting xy = ¢;, 1 <j < N, in (6.17) gives

(G+EkS)a" = Ga" ' +kF", n>1, (6.18)

where F"* = (", ¢;), 1 < i < Nj,. Thus, computing " requires forming the right-
hand side of (6.18) and solving a N, x N, linear system with the matrix G + kS, which
is symmetric positive definite, and has the sparsity structure of G and S. If a direct
method, like Cholesky’s method, is used to solve this linear system, the LLT analysis
of G 4+ kS may be done only once and o” computed for each n using two backsolves
with L and LT. In more than one spatial dimensions such linear systems are usually
solved by a preconditioned conjugate-gradient type method.

Putting x = U™ in (6.17) gives
U2+ E[VUI* = (U5 U") + k(7,0 < (10 + R0
Hence, ||U"|| < |U™ Y| + k|| f™||, for n = 1,2,.... This implies that

o < W0l + kY NPl n=12,

j=1
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If f=0 we see that ||[U"| < ||U|, i.e. that the implicit Euler scheme is L?-stable. In
fact for each n we have |[U™]| < ||[U™ Y|, i.e. the L? norm of U™ is non-increasing. In
particular, if f* =0, U"! = 0, we see that U™ = 0, i.e. that the homogenous linear
system of equations of the form (6.18) has only the trivial solution, implying that (6.18)
has a unique solution; this is an alternative to the matrix argument used previously
to show the same result. Note that the L? stability of the scheme was proved without
any assumption on the timestep k, i.e. that the scheme (6.17) is unconditionally stable
in L2

As expected, the implicit Euler method is first-order accurate in the time variable

as the following estimate suggests.

Theorem 6.2 Let U™, u(t) = u(-,t), be the solutions of (6.17), (6.1), respectively.
Then, there exists a positive constant C', independent of h, k, and n, such that for

n>0
t’rb

tn
MW—uuwu§m£—MW+ow[mﬂu+/’me@}+k/’HWM%. (6.19)
0 0

Proof: As in the proof of Theorem 6.1 we write U™ — u(t") = 0™ + p", where " =
U™ — Rpu(t™), p* = Rpu(t™) — u(t").
Using (6.4) we see that

tn
wwscwmwmscwhwmaénwwﬂ, (6.20)

and it remains to estimate [|0"|. Let OU™ := +(U™ — U"'). By (6.17), (6.5) and for
X € S, we have

=(f(t"),x) = (ORpu(t"),x) — (Vu(t"), Vx)
(w,(t") = Rudu(t"), x),

1.e.

(00", x) + (VO",Vx) = —(w", %), VX € Sp n>1, (6.21)
where

W™ =Rpou(t™) — uy(t")

=Ry — DOou(t™) + (Qu(t™) — u,(t")) =: Wi + wi. (6.22)
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Putting x = 6™ in (6.21) gives
(90",0") + [[VO"||* < [lw"[[10"]] ., i.e.
071 = (0m*,0m) < h|lw"[| 6" , from which

6™ < (j0" | + Ekljw™||, n>1.

Therefore, in view of (6.22), summation with respect to n gives
loml < 161+ kD Nwdll + 5D lledl, n>1.
j=1 j=1
Now

] =(o,~ DFu(t) = (B — 1) (u() — u(®'™)
o _

j—1 j—1

=1y [ wlsias =3 [ (= Dudoas,

Therefore by (6.4)

hot g
il < % [ ullds, giving
ti—1

J

n tn
el <o [ s,
i=1 0

For the last term in (6.23) we note

wh = Ju(t!) — u () =

(w(t’) —u™)) — w(t).

T =

For a real function v = v(t) recall Taylor’s theorem with integral remainder:

v(t) = v(a) + (t — a)v'(a) + ... + %

ti—1

w1 = u(t?) — ku () + / (#77 — s)uy(s)ds.

ti

We conclude

. 1
wy = _E/ (1 — s)uy(s)ds,
tJ

from which

. 1 [ - t
dll < ¢ [ =0 ua()ds < [ Jun()lds.

i1 -1
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(6.24)

p 1 [t
v®(a) + o / (t — s)PoPTV (s5)ds .



yielding
tTL
0

ES Il Sk [ ()]s, (6.25)
=1
Since [|0°]| = ||U® — Rpu®|] < [|ud — u®|| + C h"||u®||,, we conclude from (6.23), (6.24),
(6.25) that

tn tn
ngn@—uW+cw[m%fgé mmm4+kl lus(s)llds, n >0,

which, in view of the inequality ||[U™ — u(t")| < [|6"|| + ||p™]| and (6.20) gives (6.19).

Remark. The inequality (6.23) is essentially a stability inequality for the ‘error’ equa-
tion (6.21), whereas the estimates (6.24) and (6.25) are bounds on the spatial and
temporal ‘truncation’ errors in the right-hand side of (6.23) and express the consis-
tency of the fully discrete scheme in that the tend to zero as h — 0, & — 0 under
the implied regularity assumptions on u. In fact, they imply that the spatial accuracy
of the scheme in L? is of O(h") and the temporal accuracy of O(k). Thus the proof
of Theorem 6.2 is an illustration of the general principle that ‘stability 4+ consistency
= convergence’. Such a statement has to be verified in any given particular case and
depends on the choice of norms and the regularity of solutions.

We turn now to the Crank - Nicolson scheme for discretizing (6.6) in ¢ with second-
order accuracy and retaining unconditional stability. We seek for n > 0 approximations

U™ € Sy, of uy(t™) satistying

ur—uynt 1 n n—1 n—1/2
T7X +§(V(U +U >7VX):<f >X>7 VXEShu n < 17

0_ .0
U” = uy,

(6.26)

where f"71/2 = f (- ,t" — £). Using our previous notation, we see that for n > 1 the

matrix-vector representation of (6.26) is
k n k n—1 n—1/2

where again a” is the vector of coefficients of U™ with respect to the basis of S;,. The
matrix G —|—§S is again sparse, symmetric and positive definite, and similar remarks hold

for computing o™ as in the case of the implicit Euler scheme. Putting y = U™ 4+ U""!
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in (6.26) gives for n > 1

n n— k n n— n— n n
("7 = TP + SIV U + U = k(20 4+ U7

< kY2 o) -
Hence ||U™|| £ U™ Y| + k|| f/2||, for n = 1, implying that

O < 000+ 6 STIF2L =12,

j=1
From these relations, if f = 0, we see that the Crank-Nicolson method is L?-stable and
that ||U™|| is non-increasing, unconditionally. In particular, if f*~1/2 = 0, U""! = 0,
it follows that U™ = 0, which means that the homogenous linear system of the form
(6.27) has only the trivial solution, implying that (6.27) has a unique solution given

a" ' and F* /2. We proceed with an error estimate for the scheme.

Theorem 6.3 Let U™, u(t) = u(-,t), be the solutions of (6.26), (6.1), respectively.

Then, there exists a positive constant C, independent of h, k and n, such that forn > 0

n

tr t

|07 —u(t) ]| < lu ]| +C b [nuﬂnr + [ Hutnrds} 4O [ (] + 18] ds.
0 0

(6.28)

Proof: We write again U™ — u(t") = 0" + p", where 6" = U™ — Ruu(t"), p" =
Rpu(t™) — u(t™) and note that

tn
1" < O [nuonr ; / ||ut||rds} . (6.29)

From (6.26), (6.5) and for y € S;, we have

@00 + 5 (V0" + ), 9)
= (F(7772),%) = (Riult™), ) — 5 (V((t™) + u("™), 9x)
= (f("712), ) = (u(t"2), %) + (Au(t™12), x)
F ) = RBu(),x) — (Bu(t %) — SAG() +ult™ ), x).

where we used Gauss’s theorem (integration by parts) in the last term. Hence

1
(aen’ X) + §(V(6‘n + en—l)’ VX) = _(wn’ X)a VX € Sha n 2 17 (630)
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where

w" = Wi +wy + wh = (R, — 1Ou(t™) + (Qu(t") — ut(t”_l/z))

1
+ A(u(t"‘1/2) - é(u(t”) + (")) . (6.31)
If we put x = 6" + "' in (6.30), we obtain, as in the stability proof of the scheme,
l6ml < 000+ kD Nl + kDNl + 5D lledll, n>1. (6.32)
=1 j=1 j=1
As in the case of the implicit Euler scheme (cf. (6.24)), we have

n A tn
By wfl < on / e ds (6.33)
j=1 0

To estimate w) we note that for j > 1

w) = Ou(t?) — u (%) = — (u(t?) —u(@™h)) —u (%)

| =

Using Taylor’s theorem gives

. , koo k2 1
Y = w2y 1 2 (1912 (t'~ 1/2 - d
U( ) 'U,( ) + 2'U/t( ) + Y 4utt + o o 1/2 uttt(S) S,
U(tj_l) — u(tj—l/Q) k (t] 1/2) i ]{32 Ut tj 1/2 _|_ l Uttt(S)dS
2 214 2 J- 1/2 ’

so that

1i—=1/2

o t . .
W) = — / (7 — 8)*upy(s)ds +/ (5 — 71wy (s)ds| .
2k 1i—1/2 i1

Therefore, for 1 < j

) 1 [ k2 t3=1/2 k tJ
Wi £ — —/ U ds—l——/ Ugge||ds :—/ U ||ds
ol < 57 ([, Tl Juellds ) =5 [l

tn

k Wil < —/ Upe||ds . 6.34
Sl <5 [ (6.3)

i.e.

For wg, 7 <1, we have

wh = A(u(tj_l/Q) - %(u(tj) + u(tj_l))> :
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By Taylor’s theorem

tJ

u(t!) = u(®™?) + gut(tj_l/z) + / (/= s)un(s)ds,

ti—1/2

ti—1

u(tj_l) _ u(tj—l/Q) _ gut(tj_l/Q) + / (tj_l — s)uy(s)ds,

ti—1/2

so that
1 1i=1/2

‘ v ‘ 1 ,
wi = —5/ (t) — s)Auyds — 5/ (s — /1) Auyds .
t t

j—1/2 Jj—1

Therefore

n ) k2 "
k Wil < —/ Auyllds.
;H sl = 1), | Ay |

(6.35)

The desired estimate (6.28) follows now from the inequalities (6.29), (6.32)-(6.35), and
the fact that [|6°]] = ||[U°— Rpuol| < [Jul) —ul||+||u’ — Rpu|| £ ||ud —uO||+C h"||°||, . O

Exercise 1. Let %

( (Un _ Unfl

- ,x> + (V(@U" + (1 = a)U"), Vx)

0_,0
U =,

Show that the schemes are L?-stable and prove error estimates of the form

< a £ 1 and consider the following family of fully discrete schemes

= (af(t")+ (1 —a)f(t"1),x) VYx€Sp n>1,

U™ —u(™)| < ||ul —u®|| + O(kP + h"), where p = 1if 1/2 < o < 1 and p = 2 if

a=1/2.

Exercise 2.Consider the implicit Euler method with wvariable step k,, where k, =

tn—t"ln > 1:
Uur — Unfl
Ky,

0_,0
U’ =y, .

,x) (VU V) = (F(E),x), W € Shy m > 1,

Show that the scheme is L?-stable and prove an error estimate of the form (6.19) with

k = max, k.
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6.4 The explicit Euler method. Inverse inequalities
and stiffness

The explicit Euler full discretization of (6.6) is the following scheme: We seek for
n=0,1,2,... approximations U™ € S}, of u,(t") that satisfy

ur—-ur! n—1 n—1
Tax +(VU 7VX) :(f aX)? VXGS}M nZ 17
(6.36)
U° =l
Finding U™ for n > 1, given U™"!, requires solving the linear system
Ga"=(G—-kS)a" ' +kF" ! n>1, (6.37)

where GG, S, F™ have been previously defined and o is as usual the vector of coefficients
of U™ with respect to the basis of Sj,. (Note that although the time-stepping method
is explicit as a scheme for solving initial-value problems for ode’s, we still have to solve
linear systems with the mass matrix G at each time step.) Obviously the linear system
(6.37) has a unique solution o™ given o' and F"~ 1.

In order to study the stability of the scheme put y = U™ in (6.36). Then, for n > 1
we have

|U™]? = (U, U") + k (VUL VU™) = k("7 U").
Use now the identities
i O R (Lo O o s OF
(VU V0™ = LIV + U~ LIV - o)
to obtain
e N R A VR e T
2k (U™, n>1. (6.38)

In the left-hand side of this identity the troublesome term is —%||V (U™ —U"~1)||? which

is non-positive. To resolve this problem we write (6.38) in the form
n n— n n— k n n—
[o" = U P+ Un P = U £ SO+ U

k — n— n
= SIV@" =D+ 2k (U7
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and use the inverse inequality (valid for quasiuniform partitions of €2)

C.

IVl < Sl x €8, (639
where C, is a constant independent of A and Y, in the first term of the right-hand side
to get

n n—||2 n||2 n—11|2 ka n n—11|2 n—1 n
" = U7+ NUPF = N7 < 52 10" = U+ 2k (LT
ie.

1_&0_3 Un_Un—l 2 U 2 Un—l 2<2k n—1 Un
25 ) | 17+ MU = U™ < 2k [ HIO™ ]

Therefore, if

k
3 < (6.40)

QU

*

the above inequality gives
U2 = TP < 2k (Mo < 2k (L7 (o) + o)

from which

o < o=+ 2k n=1,
and finally

n—1
oI < U +2k > 171,
7=0

which is the required L2-stability inequality, analogous to those that were derived for
the implicit Euler and the Crank-Nicolson schemes. However, whereas such inequalities
in the case of the previous schemes were valid unconditionally, the explicit Euler scheme
needs a stability condition of the form (6.40). This condition is very restrictive in that
it requires taking k = O(h?), i.e. very small time steps. It can be shown that such a
condition is also necessary for stability. (A simple numerical experiment with piecewise
linear functions in 1D gives a clear indication !).

We postpone for the time being the proof of the inverse inequality (6.39) in order

to prove an L? error estimate for the fully discrete scheme (6.36):

Theorem 6.4 Suppose that (6.39) and (6.40) hold and let U™, u be the solutions of
(6.36), (6.1) respectively. Then, there exists a positive constant C, independent of h, k

and u, such that for n >0
t’n

tn
|W“—wﬂmsn@—u%+cw[wwfg/ mmm4+2@/ el ds. (6.41)
0 0
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Proof: Writing again U" — u(t") = 0" + p", 6" = U™ — Ryu(t™), p" = Ryu(t™) — u(t™),

and noting that (6.29) holds for p™, we obtain for n > 1 and any y € S,
(06", x) + (V"1 Vx) = —(w",X) ,
where
w" = wi 4+ wh = (R — DOu(t™) + (u(t™) — w(t" ).

Putting x = 6" we see, as in the derivation of (6.38), that

n n— n n— k n n— k n n— n gn
16712 =10 P+ 116" = 6" P + IV (6" +0" DI = SNV (6" =6 )|* =2k (", 6")

2
< Ao o2k o)
(6.39)

Therefore, using (6.40), as in the stability proof
1671 < 16°0 + 2k Y llw’ll < 16°) + 28D Nl + 28D llwi]l - (6.42)
=1 =1 j=1

For the w] term we have as in (6.24)

n A tn
EY Wil < Cnr / Jeaellls
j=1 0

Since by Taylor’s theorem

tJ
kwy =u(t’) —u(t™) — ku (™) = / (t/ = s)uu(s)ds, j =1,

ti-1

we see that
n tn
eSSl <k [ s,
j=1 0

and (6.41) follows from (6.42). O

We proceed now with verifying the inverse inequality (6.39). This is straightforward
to do in 1D. Consider an interval (A, u) with 4 — A < 1 and let P, be the polynomials
of degree < k. Then for some constant C' = C'(k) independent of A and p it holds that

C(k
6l < Ok oll, 0 € P (6.43)

To see this, observe that there exists a constant C' = C(k) such that

|l ar00) < Cléll20,1), Vo € Py, (6.44)
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as a consequence of the fact that [Py, is a finite-dimensional vector space and the norms
|-l 20,1y and ||+ || 20,1y are equivalent on P (0, 1). To derive (6.43) from (6.44) requires
just a change of scale. Write the inequality (6.44) for ¢ € P, as

[ @+ @@ [ o

and make in the integrals the change of variable x — vy, y = (1 — \)x + A, that maps
[0,1] onto [A, u]. Then the above inequality becomes
L e v (Lw) < S5 [ o
- Y = -y Y= y)ay,
= A Jx dy — A

(u—A)2/;[¢2(y)+(jj( >)]d <o [ e,

since we assumed 1 — A < 1. Hence (6.43) follows.

giving

Let now (a,b) be any fixed finite interval and let a = zg < 21 < ... < x4 = b
be an arbitrary partition of [a,b]. Letting h; = x;41 — x;, 0 < i < J, we obtain from
(6.43) that

C(k
||¢||H1($i,zi+1) < f(L ) ||¢||L2(zi7$i+1)7 VQS € ]P)k(sz, xi-f-l) . (645)

Let now S;, = {qﬁ € Cla,b] : qb’[x o] € Pk}. Since S;, C H', using (6.45) we get for
any ¢ € Sy

J

J
1
100500y = D N0l S C) Y o l0lEaamry - (6.46)
=0

i=0
We now assume that the partition {z;} of [a,b] is quasiuniform, i.e. that there is a
constant v independent of the partition (in the sense that as the partition is refined v

does not change) such that

|I/\

h
=Y Vi, (6.47)
where h = max; h;. In view of (6.47), (6.46) gives

23
h

@@ = =~ Dll2(apy, Vo € S, (6.48)

with C, = C'(k) v, from which (6.39) follows in 1D.
In order to prove (6.39) in 2D, we assume that € is a polygonal domain and let

Tn = {7} be a regular (cf. (5.16)) triangulation of 2. We recall from section 5.2 that
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any triangle 7 of the triangulation is affinely equivalent to a fixed reference triangle 7.

As in the case of 1D, there exists a constant C; = C}(7, k) such that

Ielliz < Culldllos, Vo € Bu(F), (6.49)

as a consequence again of the fact that Py(7) is a finite-dimensional space and that
|-z =1 ||H1(; and || - |los = || - ||z2() are norms on Py(7). Suppose now that
Sp = {(b cC(Q gb‘ € Py( )} and let I be the affine map that maps 7 one-one onto
7. Following the notation of section 5.2 we write F.(T) = B,Z+0b,, for T = (71,%2) € T,
where B; is a 2 x 2 invertible matrix and b, a 2-vector. If ¢ € Py(7) we define ¢ € P, (7)
by ¢(z) = &5\(57\), where = = (z1,x9) and x = F.(¥) as usual. Then for ¢ € Py(7), using
the transformation norm inequalities (5.20), (5.21) and (6.49) we get
61+ < C(k)|B; || det B, | (6] -
< Gy C(k)|B; | | det B[ [|6llo»
< C(k,7)|B; || det Bo['/? - | det B |72 | ¢]lo.- -

Therefore, using the regularity of the triangulation and (5.24) we see that there exists

a constant C' independent if 7 such that

|¢|1T >~ ||¢||0,7‘7 V¢€Pk(7)7

where h, = diam(7). Since Sj, C Hl(Q) we see that

Blig=> I}, £C*>° —||¢||0T, Vo € Sy

€T TETh

If the triangulation is quasiuniform in the sense that for some constant v independent
of the partition

h

W Sv, VreT,, (6.50)

where h = max, h,, we see that
Cv
|P|10 < TH¢||O,Q> Vo € Sp, (6.51)

from which (6.39) (and also ||¢]|; < Ch™Y||¢] ) follows.
We mention that similar scaling arguments yield, for quasiuniforms partitions, the

more general inverse inequalities
IxXlla < CR=Ixllg,  Vx € Sh,
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provided «, 3 are nonnegative integers so that § < « and S, C H%(2), and
Ixlloo < CR™2[IxIl, ¥x € Sh
for € R Of interest is also the nonstandard inverse “almost Sobolev” inequality
Ixlloo < ClAI"2 X[l VX € Sh,

valid for Q C R? cf. [3.6, p.68].

We close this section with a few remarks about stiff systems of ode’s and the in-
terpretation of the stability condition (6.40) as a restriction on the time step related
to the size of the eigenvalues of the matrix G™1S. Let A be a symmetric and positive
definite real m x m matrix and consider the ode ivp for y = y(t) € R™

y+Ay =0, t>0,
(6.52)

y(0) =wo.
Let 0 < Ay < Ay < ... < )\, be the eigenvalues of A. Then from the theory of
numerical solution of ode’s, we know that if a method for the numerical solution of
ivp’s has interval of absolute stability [—c, 0], where a > 0 (a = 400 if the method

is Ag-stable), it will give stable approximations, when applied to (6.52), provided the

time step At is chosen so that (—\;)At € [—a,0] for all i, i.e. so that At = ;.
We recall that for the explicit Euler method o = 2, while @ = 400 for the implicit
Euler and the trapezoidal method. Hence, the latter two methods are suitable for stiff
systems, i.e. systems for which A\; = O(1) and \,, >> 1.

Consider now the ode system (6.7) corresponding to the Galerkin semidiscretization
of the ibvp (6.1). For f = 0 we write the system as

Gy+Sy=0, t>0,
(6.53)

y(0) = o,

where y € R™ with m = N}, = dimS),. This system is of the form (6.52) with A = G™1S
but G7'S is not symmetric. To transform the system into the form (6.52) with a
symmetric positive definite matrix, consider the matrix G'/2. Since G is symmetric

and positive definite, G'/? is defined e.g. using the spectral representation of G' and is
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symmetric and positive definite. Multiplying by G~'/2 both sides of the ode system in
(6.53) we have
G1/2y- + G—l/QS G—1/2 G1/2y -0 ’

or

P4 Az=0, t>0, (6.53")

where z(t) = GY%y(t), and A = G~Y/2SG~1/2 is easily seen to be symmetric and
positive definite. Let 0 < A\; < Ay < ... < A\, be the eigenvalues of A. Then they

satisfy
G128 G V2 = N, (6.54)

where z € R™ is a corresponding to \; eigenvector. It follows that S G~/2z = \,GY/?x.
Therefore, with G='/%2z = w, i.e. Gw = G2z, we see that the eigenvalue problem

(6.54) is equivalent to the generalized eigenvalue problem
Sw = \Gw (6.55)

and so the \; are eigenvalues of G™1S. Tt follows from (6.55) that

wlGw
Let now ¢ = > w;¢; € Sp, where {¢;} is the chosen basis of S;. Then ||¢]|? = w'Guw,
|Vo||* = whSw, and \; = %. Therefore, if the inverse inequality (6.39) holds, we
have that

02
A = Amax(G719) < ﬁ . (6.56)

Hence, a sufficient condition for the stability of the explicit Euler scheme for the ivp
(6.53") or, equivalently, for the ivp (6.53), is, since (—%j) k < (—=Am)k, k = At, that
—i—gk > =2, ie & < C%, which is precisely the restriction (6.40) found by the energy
method. For the implicit Euler or the Crank-Nicolson (i.e. the trapezoidal) scheme for

which a = 400, there is no restriction.
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