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Meégog 1
H yevixn dewpla

1 H yeopetpla twv yoewyv Hilbert

1.1 Boaowol opiopol

Opopodg 1.1.1 Ovoudlovue xpo €0wTepikol Ywvopévou évay ypapuuiko xwpo X md-
vw oto C epodiaopévo ue pia areicévion (-, ) : X x X — C ya v onola wyvel

1) e+ py,2) =Nz, 2) +uly, 2), z,yeX, ApeC

(i) (z,y)={y2), wyeX
(i) (z,z) >0 ka1 (x,x) =0 <= x=0.

Ta mopandve cuverdyovtat

(iv) (2, Ay + pz) = Mz, y) + i{z,2), 2,y € X, \peC
(v) (z,0)=(0,z) =0, ze€X.

IMopdderypa 1.1.2 Ot mopoxdte Yoot eival YmMeol ECWTERIXOU YIVOUEVOU:
(1) To C™ ye 10 ecwTEPXS YIVOUEVO

o) =Y e r= () g = ).
i=1
(2) O ypouuxoe yweog
> = {(w1,79,73,...) : i |z, |* < +o00}
n=1
UE TO EOWTEPLXO YIVOUEVO

(@,9) = Tln.
n=1

Hopatnpelote 6T N oepd cuyxhiver ool |z,yn| < (|zn|* + [ynl?) /2.
(3) O ywpoc C([0,1]) 6wV v cuveydy cuvapthioewy 6o [0, 1] pe 10 contepd YI-
VOUEVO

(f.g) = / F(a)a@)de.

(4) O ywpoc C1([0,1]) 6hwv TV TapaywYloWwy CUVIPTACEWY PE TapdywYO CUVEYH
oto [0, 1], epoBlacUévoc Pe T0 ECOTERIXG YIVOUEVO

(f.g) = / ()50 + F ()7 @) e
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Av cTov (B0 yweo opicouue

1
(o) = | F@g@s,
0
t61€ 10 (-, -) Bev eivan ecwtepind yvéuevo. Tl ;

Ocebpnpa 1.1.3 (avicdtnta Cauchy-Schwarz) Ia kdOe x,y € X wyve

| (@ y) |< (@ 2) Py ).

Anédaén. Av (x,y) = 0 161€ T0 {nrolduevo mpogavic wylel. Eotw (z,y) = Re'.
'Eotw tuyév r € R xou éoto A = re?. ‘Eyouue
0 < (x4 N\y,x+ \y)
(@, 2)+ | A {y,y) + My, @) + Mz, y)
= lll® +2Rr +r*|ly[*.

Aol autd woylet yia xdde r € R, 1 Sloplvouca Tou Tpuwvipou etvon un-Uetixr, oniadt
4R? — 4jz|]||ly]|* < 0, xou o {nroduevo éneta. O

IMapddeiypa 1.1.4 H avioétnra Cauchy-Schwarz egopuolépevn oto C([0, 1]) ouve-
TdyETAL TNV YEY O AVloOTNTY

(/01 | f(w)g(a:)|d;p>2 < (/01 | f(z) |2d$>(/01|g(q;) 2 da;).

Ilpbtaom 1.1.5 KdOe ywpos eowtepikol yivopévou yivetar vopuikos Xwpos av opi-
ooupE

|z = (@, )",

Améoeién. H torywviny| oviootnta eivon 10 uévo pn-tetplupévo onueio. ‘Eyouue

lz+yll* = N2l + () + {y,2) + |yl
= |lz]|* + 2Re (z,y) + Iyl

< 2l + 2l [yl + lyl®
= (llzll + llylh*.
(]
‘Eyovtac opioet tnv vopua || - || n avicdtntor Cauchy-Schwarz molpver v amholotepn
popept)
| (f.9) 1= £l

IMapatenon. Ye xdlde yhpo eowTepixol Yivouevou Loy Vel

lz £ yl1* = [l + [ly]* & 2Re (z, ).
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ITpbtaon 1.1.6 (xavévag Tou mopaAAnhoyedupov) loyvea

Iz + yll* + llz = yll* = 2[|z]I* + 2lly[|*, ya xdbe 2,y € X.

Anéoeiln. Amhéc mpdlelc. O

ITpotaor 1.1.7 (moAuxh TawtotnTa) loyve

4z,y) =z +yl* = o — ylI* +ille +iyl* —ille —iyl*, ya kdbe 2,y € X.

Andédeadn. Anhéc mpdleic. O

IMTopatripnon 1.1.8 H mopondve tautodTnta Yog AL 6TL G EVay YOP0 E0LTERIXOV
YLWVOUEVO TO ECWTEQRIXO YVOUEVO TEOGOLOPILETOL LOVOSTUAVTOL AT TNV VORUAL.

IMapathenon 1.1.9 Anodewvieton 10 e€hc: 1 voppa || - || evde vopuxol yweou X
elvon 1 VOpUOL TTOU ETEYETAL OO EVOL ECWTEPLXO YIVOUEVO OV XAl HOVO oV Loy DEL YLol TNV
| - |l o xovévog Tou ook AnhoyeduoL.

Optopodg 1.1.10 Evag mAnpng xwpos eowteptkol ywouévou ovopdletar xwpos Hil-
bert.

‘Apa xde yopog Hilbert etvar xou yopog Banach xow 6hn 1 Yewpla twv ywewy Banach
umopet vo egapuocTel xou ot yweoug Hilbert. Oa acyornlolue ue w1d6tTNnTeS TWV Y®EOY
Hilbert mou ev yevel 6ev woybouy ot va yweo Banach.

Ac Yewpricoupe Toug yOpoug cmTepXoL Yvouévou Tou Hapadelypatog 1.1.2. Tote

1. OCN UE TO E0WTEPXO Yvoueva tou Topadetypatoc 1 ebvan ywpog Hilbert.
2. O 1% etva yweoc Hilbert.
3. O C([0,1]) 8ev eivon ytdpoc Hilbert.

H minedtnta Tou CN etvon cuvéneta Tou 6Tt xdde VOPUIXOG Y(WPOG TETEPAOUEVNG OLdoTo-
ong eivon TAxeng. o o dhha 600 ypedleton andoeln.

Ipétaomn 1.1.11 O ydpos I? pe to eowtepikd ywdpevo (x,y) = > oo &7, €val
évag dwaywpioos ywpos Hilbert.

Arddeén. (i) (IDwnpdtnta) Eotw (a,) pla axoloudia Cauchy otov 2. Ilpéner vo
anodeifoupe 61t 1 (a,) ouyxhiver o xdmoto bplo otov [2. Kéde a,, etvon pior aprdunticd
axohovia,

A = (Api) = (An1, An2, A3, - - .)



Ani ’2

xou €€ oploUol a, € 2 onuaivel ZZ
oxohoudia (an;)n. Eyouue

< 00. 'Eotww i € N xau a¢ Yewprioovye tnv

oo
[ ni = ami | < (O | tng — am; )Y
j=1

= Han - am”

— 0 oty n, m — Q.

‘Apa yioe xdde @ 1 axohoudio (ay; ), etvar oxolovdia Cauchy oto C xou dpa cuyxhiver oe
xémoto 6pto b;. 'Eotw b= (b;). Ou delfovye 6t b € 1* xou 6T a,, —> b o0V 12

Agol n (an) elvon axohouvdia Cauchy eivon o gporyuévn, |la,| < M. Eow j € N.
‘Eyouue
J J

ST Ib P = S im ) =HmS [
=1

=1 i=1

o
< hinz; | ani [=lim [la,||* < M2,
1=

Apa b € I?. 'Eoto topa € > 0. Trdpyer N € N dote n,m > N vo cuvendyeton
lan — aml|| < €. Eotww topa j € N otadepd odhd tuyaio. T n,m > N éyouue

J oo

Z'am’_ami|2 S Z|am_ami|2

=1 i=1
= |lan — anl® < €.
Kpatdvtog 10 n otodepd xou aghivoviog m — 00 TolpVoulE
J
E | @pi — b |°< €2, v xdde n > N,
i=1

xou ooV To j elvon TUY OV,
o
E | @i — b; < €%, v %dde n > N,
i=1

Sihadt,
lla, — b|| <€, vy xdde n > N.

‘Apa a,, — b, xou 1 TANEOTNTY amodelyUnxeE.
(ii) (Awywpowoétnra) o n € N opilouue
An = {(al,a2,...,an,0,0,...) | a; € Q+ZQ}
xou Yétoue A = UA,,. Ipogavig 1o A elvan apriuriouo cbvoro. Oa anodeilouvye OTL

etvon muxvo. ‘Eotw honéy b € 12 xaw € > 0. Trdpyer N € N dote Yoo vy | b [P< €.
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Emméov, yio xéde ¢ = 1,..., N unopolue va Beolue a; € Q +1Q dote | a; — b; |<

¢/NY2. H axohovdic a = (ai,...,ay,0,0,...) téte avixel 670 olvoro A xou
N 00
la—=b> = D> Ja—bP+ D [b]
i=1 i=N+1
N

< > (E/N)+ e =2

=1

ITpbtaomn 1.1.12 O ydpos C([0,1]) epodiaouéros ue to €0wtepiké ywouevo

(f.g) = / f(2)g()da

dev efvar ywpos Hilbert.
Anéoadn. Oewpolye v axohovdia (f,) dmou

0, —-1<z<0,
falx) =< nz, 0<z<1/n,
I, 1/n<z<1.

Aghveton wg doxnan va devydet ot (f,) ebvon oxohoudior Cauchy yia v avtiotouyn
vopua, dnhadh Ty || - [l2. Oo yenoylonotiooude anayoyh €ig dtono. Ag unoUEécoue
hownév 6 undpyer f € C([—1,1]) dote || f, — fI] — 0. Eotw tdpa 6 > 0. Trdpyet
N e N oote

n>N= f,(r) =1070 [4,1].

"Apa

/5|1—f(x)| dr = /6|fn(93)—f(l°)| dx
< o1

— 0 6tav n — oo.
Agob to TpihTo ohoxhfpwua eivon aveldpTnTo Tou n TEENEL Vo elvar {00 ue UNndEY yeyovoce
Tou ouvendyetar 6t f(x) = 1 oo [4,1]. Apa f(x) =1 o7o (0, 1] oot to § Aoy Tuydv.
Me tov 8o tpémo deiyvoupe 6t f(x) = 0 oto [—1,0). Apa 0 f ebvon acvveyhc oo
x =0, drono agol éyouue unodécel 6t f € C([—1,1]).
1.2 Kodetotnta
Oplopog 1.2.1 Avo duaviouata x,y € X ya ta omoia w0yUel

(z,y) =0

z 4 Z z /
ovoudlovtar opoywria 1 kdleta peta&l tous.
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ITpbtaon 1.2.2 (ITudaydpeo Yedpnua) Av w duviouata 1,2, ..., T, € X
etvar avd Vo opOoywria, tote

lon + 22+ 2all® = o)+ flaal® + - 4 .

Arnédeadn. Anhéc mpdieic. O

Optowdeg 1.2.3 Eow (X, d) perpikés ydpos. H andotaon d(a, K) evds onpeiov
a € X and éva un-kevé ovvolo K C X opiletar wg

d(a, K) = inf{d(a,z) | z € K}.

Opioupog 1.2.4 ‘Eva un-rkevé vrootvolo K evog ypapuixol ywpouv V' ovoudletal kup-
6 av ya kdle v,y € K ka1 kd9e X € [0,1] wyve Ax + (1 — Ny € K.

ITpbtaom 1.2.5 Eotww K kAewotd kar kypté vrotvoro tov ywpou Hilbert H. I'a kdOe
a € ‘H vrdpyer povaciké x € K wote

la =z = d(a, K).

Anéoaén. (i) (Tnapén) Eotww (x,) axohouvdia otowyelwy tou K tétow dote |a —
Ty|| — d = d(a, K). Egapuélovtag tov xavéve Tou napodAnhoyeduuou 6to Stavioa-
TOL @ — Ty, XOUL @ — Ty, XL YENOWOTOLOVTAC TO YEYOVOC OTL (T + T,) /2 € K éyoupe

20 —zml® = 2lla = z[” + 2)la — 2l = 120 — 2 — 20|
< 2lla — 2| + 2||a — z||* — 4d?
— 2d* +2d* —4d* =0
xodwg n,m — 0o. Apa n (z,,) ebvor axorovdia Cauchy. Eotw x 1o 6p16 tne. Tote

z € K xou
la — z|| = lim ||a — z,| = d(a, K).

(ii) (Movadwédtnra) Ac unodéooupe 6t yioo o ototyeio x, 2’ € K wylel ||a — x| =
|la —2'|| = d(a, K). Téte (x+2')/2 € K xou dpa
x4+
SEALA
1 1
< gla—al+ 5o~ =d

d < Ja

Onhadr) o atoyelo (x + ') /2 éxyel xou awtd Y WidTTa TN TedTacnc. Egapudlovtac
TOV XAVOVOL TOU TORUAANAOYEAUUOU GTar Bloviouata @ — & xot a — &' Talpvouye

e =7 = 2la— |+ 20— ~ 20—z |
= 2ol + 2 — o) ~ 4fla — T
= 2d* +2d* — 4d* =0,
xou Gpa & = . O



ITpbtaom 1.2.6 Eoww K kAeotds ypapjxis vroywpos tov H kar a € H. Ia to
mAnoiéotepo onueio x € K touv mponyolpevov Jewpnpatog 10y Vel

(a —z,y) =0, yia kdOe y € K.

Anédaén. 'Eotww y € K. Xwpic nepoplopd tne yevixdtntag unodétoupe ot ||yl = 1.
‘Eotw
A= {a—x,y).

Tote x + Ay € K xou dpa

? < |la —x — )\y||2
la —z||* + |A]* — 2Re (a — z, \y)
la —z)* — AP

= d2 - |/\|27

xan dpa A = 0. O

Oplopog 1.2.7 To opboydvio ouumdAnpwua €vos un-kevol owvidov M C H opiletar

ws
M*+={yeH |(r,y) =0, yaxidex € M}.

Ilpbtaon 1.2.8 To M L etvan KA€10TOS vmoypos Tov H.

Améoeién. H anddeiln etvon ToA) amhr xa apriveton G doxnom. O

Topdderypo 1.2.9 Ytov yopo [? 9ewpolpe Tov XAEGTH UTOYMEO
M ={zx = (x1,29,...) : 1 = 2}.

Tote
M+ ={(a,—a,0,0,...) : a € C}.

Opiouog 1.2.10 Eotw M, My, Msy kAewotol vnoydpor tov H. Aéue ét1 o M eivar to
evdU dOpowopa twv My kar My, M = My © M, av kdOe otoryeio v tov M umopel va
ypagel katd povadiké tpomo ws dipowoua v = x1 + x9 ue x; € M;.

Eivar edxolo va det xaveic 6t av M = My & My téte My N My = {0}. Otav M =
M, @ My, nwoobtnia & = 21 + T2 YpdpeTon XU & = 1 D To.

IMeoétaon 1.2.11 Ta kdOe kAaotd vrnoydpo M tov H woyve H = M & M*.



Anéoeaén. Eyouue 7on del 6T yio xde & € H undpyet povadixd x1 € M wote
lz =2 = d(a, M)
xaL OTL TOTE
(x —x1,y) =0, ywxddey e M,
ONAaO T9 1= — x1 € M+, "Apa

T =X+ X9

ebvor par avdAuom g {ntoduevng popgric. Eotw tdpa 611 umdpyet xou delteRn TéTOL
avéhuon, © = xh + xh, pe 7y € M, xy € M+. Téte xy — af € M, xou enlong o — 2 =
(x —x9) — (x —2h) = 2, — w9 € M+, "Apa

oy — 24| = (@1 — 2, 21 — 2)) =0,

X0l OUVETC X1 = T, ONOTE XU Tg = T, O

IIp6taom 1.2.12

(i)  Av M C N tére N* c M+
) Mc M
(iii) M = Mt ay ka1 udévo av to M etvar kkewrtdg vroypos tou H.
) Av to M efvar mukvé tére M+ = {0},
)

Av to M etvar vroypos ka1 M+ = {0} tére to M eivar mukvé.

Andoeién. To (i), (ii) amodetxviovton ToA) €0xola.

(ili) H xotetduvon (=) eivon dueon ouvénewr tng Hpdtaone 1.2.8. T 1o avtiotpogo,
¢otw x© € M. Mnopolue va ypddoupe & = @1 + 22 pe 1 € M xou 32 € M*.
[TofpvovTac ecWTERIXO YIVOUEVO UE TO Ty CUUTEQUVOUUE OTL X9 = 0, xou dpox = 21 € M.
(iv) BEotw x € M*. Trdpyer oxoroudia (z,) C M n onola cuyxhiver oo x. Tote
(x,x,) = 0, xou mabpvovtog 10 dpto n — 0o cuunepatvouue 6Tl z = 0.

(v) To M eivor x)hetotdc UTIOY (P0G, Xl dpol UTOPOUUE Vo Yedouue

H=MaoM .
‘Apa xdd)s_a: € H ypdpeton w¢ ¥ = x1 + Ty YE T € M xou xo € M= {0}. "Apa
x =1 € M %o dpa to M elvon muxvo. O
1.3 OpYoxavovixég Baoelg

Y10 €&hg Vo cupPoriloupe pe H éva doywpiowo yopeo Hilbert.



Optopdg 1.3.1 Eotow (z,) C H. Adue dnunoepd Y 7 | x, ouykdiver av 1) axodovlia

(S;) twv pepikdv alpowoudror, S; = Y7,
ypdgoupe

an =Y
n=1

ka1 to y ovoudletar dfpoioua tng oeipds. Aéue ot n oeipd ovykAiver aréAvta av

(o.)
Dl < oo
n=1

ITpbtaom 1.3.2 Av uia oeipd ovykAiver anéAvta téte ouykAiver

n=1
LTn, O’U)/K/\U/Gl. Av Yy etvar to OplO s,

Arédeaén. T j > @ €youue

J
I1S; =Sl = 1 Y aal

n=i+1
J
< 3 ol
n=i+1
— 0, oTaY i, j — 00.

‘Apa 1 oxohovdia (S;) etvon Cauchy xou GUVETHOE oUYXALvEL.
Ogwopoc 1.3.3 Eva ovvolo {e,} Aéyetar opfokavoviké av (e, €m) = Opm.-

Optowdeg 1.3.4 Eoww {e,} oplokavoriké ovvoro kar x € H. O apiduol
Tp = <l’, en)
ovopdlovtar owvtedeatés Fourier tov © ws mpog to ovotnua {e,}.

ITpbtaon 1.3.5 (ocvz.cor'q‘coc Bessel) Eotw {e,})_;, N € NU {oo} opfoxavoviké
ouvodo. T'a kdOe x € H 10y Vel

N

Dl en)l® < .

n=1

Anéoedn. Oewpolue v mepintwon N = oo, n neplntwon N € N elvan amholotepn.
[o xéde M € N €youue

M M
0 < (z— Z(x, €n)en, T Z T, €m)Em)
n=1 m=1

M M M
= 2l = e (en ) = D (wem) (@ em) + Y (2, en) (@, em) (en, em)
n=1 m=1 n,m=1

M
= el =D K, ea),
n=1



onAad
M
2 2
D e en) P< |l2).
n=1

Agrvovtac M — 0o malpvouye 1o {ntoluevo. O

Aqppa 1.3.6 Ta kdle v € H n oeipd 27{\[:1 (x,er)e, ouykivel kai to dOpoioud g,

éotw Y, 1Kavomolel
N

lyll = (D e en) )2 < .

r=1

n

Anéoaén. Trodétouye ndh 61t N = oco. '‘Eoto y, =Y ._, (x,er)e,. And to Tudoyo-
el Vemprnuo xaL TNV cUYXMGoT TNE Oelpds TNne aviootnrag Bessel €youue

m

lyn =yl = 1 Y (wenel?

r=n+1
m

= 3 el P

r=n-+1
— 0 otav m,n — 0.

‘Apa 1 (y,) ebvon Cauchy xau yio to dptd e y €youpe

lyI* = lim [jy,|]
n—oo

n
= lim Y [{re) P
r=1

00

A
El

O

Opwowocg 1.3.7 H ypappuxn Onxn linA evés ovvérov A C H eivar o ypaujukdés vno-
Xpos
linA={MNz1+---+ Nz, | neN ... 2, € A N,..., N\, € C}

To otvolo linA ovoudletar ket ypappuxr) Onkn touv A.

‘Aoxrnor 1.3.1 Na derydel 61t n (xhetot) ypopuuxi Vixn tou A eivor o pxpdTepoC
(xheloTdC) YpuUxoS LToYHEOC ToL TeptéyeL To A.



Adppa 1.3.8 Eoto {e,} opfokavoviké avolo, L = lin{e,} kary =Y~ (x,e,)e,.
Qs npog Ty avdilvon H = L & L+ égouvue

r=yd(z—y)

Iapatripnon. Ané tny Ilpdtacn 1.2.5 éncton 6Tt T0 ¥ elvon 0 onueio Tou L o TAnocié-
GTEPO OTO Z.
Anédaén. Apxel va dellel xovelc 61y —x € L+ O

Oedenua 1.3.9 Eotww {e,}2,, opfokavoviké otvoro. Ta mapaxdtw elvar wwodvaua:

(1) Z T, en)e, yia kdle x € H.
n=1

2 |z|* = Z| z,e,)|* ya kdde v € H.

(3) Av (z, en> =0 ywa kdOe n, tére v = 0.
(4) O L =lin{e, |n=1,2,...} elvar mukrds vroydpos tov H.

Anédaén. (1) = (2) Hpoxinter apéowe and 1o Afupa 1.3.6.
(2) = (3) Apeoo. )
3) = (4) BEow x € H. ©étoue z = Y~ (x,ey)ey,, ondte z € L. T xdde m

—~

(z —z,ep) = Z (x,en){en,em) — (T, ey) =0.

n=1

Ané tnv urddeon (3) éneton z = 2. Buvenie & € L xon dpa o L efvon muxvéc.
(4) = (1) BEowy=3Y ", (z,e,)e,. Tote

(x —y,e,) =0, vy xdde m,
oot
(x—y,2) =0, ywxdde ze L,
xon ouvenoe © —y € L. Opoc Lt = {0} opol L munvo. Apo z = y. O

Ogewopoc 1.3.10 Eva opBokavoriké aivolo {e,} ywa to omolo wyvouvr o1 ovviikeg
tou Ocwpnpatog 1.3.9 ovoudletar mAnpes opokavoviké alvoro 1 oplokavovikr) Bdon.

IMapdderypa 1.3.11 1. Av o ywpog H €xel TENEQUOUEVT BLAG TUOT) TOTE 1) €VVOLA TOU
TAfipoug opoxavovixol cuvérou cuumintel pe TN Yvwoth and T ooy AlyeBoa
evvola Tng opdoxavovixrc Bdong.

2. YTtov Xd)po 2 oupﬁo)\iloups E e, TNV axoloudia tTng omolag Aol oL bpol etvan W}Bév
extéc and n-001o6, o onolog elvan (oog ue éva. To alvoro {e,}n, elvan mpogovie uio
optoxavovixt| Bdon. H Bdon avth ovoudletar o cuvAing 1 xavovixr opdoxoavovinn
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Béon tou 12
3. Xtov yodpeo C([—m, 7)) ue 10 eowtepixd yvouevo tou Iapodeiypoatoc 1.1.2 (3) opi-
Couue Yy n € Z TNy ouvdeTnoN
1
en(T) = e
(@) = 7%=

Eivor ebxoho vor anodetydet 61t 1o 6Ovoro {e, tnez eivar oploxavovind. Eivou éva amd o
Baowd Yewphuota tne avdiuone Fourier o 6t o oOvoho elvon xou mhrpee.
Hapatripnon: Eidape otny Ilpéraon 1.1.12 éu o C([—m,7]) dev eivar yopos Hilbert.
Qotéo0 o1 1016TnTes (1)-(4) éxour évvoa.

‘Aoxrnor 1.3.2 Acite 61 10 0Ovoro {e, }nez TOU TpiTOL TOPUDELYHATOC Elvar TEdYHOTL
opYoxavovixd cOVoOAO.

ITpotaot 1.3.12 (opBoxavovixonoinon Gram-Schmidt) Eoww {y,} éva a-
priunoipo vrootvolo tov H. Yrdpyer opfokavoviké atvolo {e,} téroo dote

lin{e,} = lin{y,}.

Anéoeadn. Xwplc meploplodd Tng YEVIXOTNTAS UTOPOUUE Vo UTOVECOLUE OTL TA ¥y, Elval
Yoouuixd aveldptnra. Ilpdyuott, ov Oev elvor TOTE UTOPOUUE Vo AVTIXAUTOC THOOUUE TO
obvoro {y,} and to alvoro {y,} mou opileton we e&nc:

/

yl = yn1
OTIOU Yy, EVOL TO TEWTO UN-UNOEVIXO Yp,
/ JR—
Y2 = Yna;s
OTOU Yp, EIVOL TO TRMTO Y, TOU BEV AVAXEL OTN YRUUUIXT VXN TOU ¥, Xo, Yevixd,
r_
Y = Yng»

OTOU Yy, EVAL TO TEMTO Yy, TOL BEV ovixel oo lin{y, ..., y;_1}. And v xotooxeut
outh éneton 6t lin{y,, } = lin{y, } o ottt ), elvon ypouuxd aveZdptnro.
Trodétouue Aotnbv 6Tt T Yy, ebvon ypauuxd aveldptnta. Opilouye ta Swviouata {e,}
0¢ e€hc:

Uy
Uy = Y, €1 = 7>
[Jua |
U2
Uy = Y2 — <y2,€1>617 €2 = m7
AL ETAYWYIXS
n—1 u
Up = Yn — <yn;€r>€ra €n = m
n

r=1

11



Hopatneeiote 61t o xde Brua uropolue vo dlapéooupe Ye [jug|| ool uy # 0 ond
Yoo avelaptnoto tou ouvorou {y, }. Toylel téte linfey, ... en} = lin{y1, ..., yn}
v xdde N and tnv xatooxeur]. T va ohoxdnpwiel 1 anddeln apxel vo deiloupe ot
(Un, Up,) = 0 6Ty 1 > m. Autd Ha derydel ye enaywyr oto n. T n =1 elvo pavepd
6t oyvet. ‘Eotw 6t woybet yion € {1,..., N}. Oo deilouye ot toyvel yion = N + 1.
Hpdrypott yior xdde m < N + 1 €youue

N
(Uns1,tm) = (YNt tUm) = > (Yngrs ) (Er, )
r=1
(UN+1, Um) — (UN+1, €m) (€m), Um)
(yN+17Um> - (yN+17um>

= 0.

Ocwpnua 1.3.13 Evag ywpos Hilbert elvar diaywpioipos av ka1 pdvo av mepiéyer uia
apriunoun opfokavovikr) Bdon.

Anédaén. 'Enctar and 1o mponyoluevo dedpnua (twg;) ot av o H elvor Saywplouog
ToTE mepiyel pla aprduriown optoxavovixr| Bdor. Avtictpoga, £0Tw 6Tl 0 H TEpLEYEL

uio oprdunown opdoxavovixd| Bdon {e, }o2,. Opiloupe
An = {Zaiei | a1y ...,0y € @‘I’ZQ}
i=1

xou A =U2 A,. Téte 1o A eivor aprdurioo xou (doxnor) nuxvé utocivoho tou H.

Opiopodg 1.3.14 Eotw Hy, Ha 0Vo ywpor Hilbert. Mia aneixévion U @ Hy — Ha
ovoudletar w0opop@rouds av datnpel tny doun tov ywpov Hilbert dniadn av eivar 1-1,
€ml, YPauUMIKY) Kal emmAéoy

(Uz,Ux), = (z,2),;, ya kdle x € H;.
Av vndpyer évas wwopopprouds U = Hy — Hy tére o1 Hy kar Hy ovopdlovtar 106uopgor.

Ebvar gavepd 611 1 1oopopgla elvon pio oyeor iooduvauiag oTn xAdon OAWY TV YOEOY
Hilbert.

ITpbtaom 1.3.15 VAot o1 ameipodidotaror, daywpioior ywpor Hilbert efvar i10dpopgpor
peta&v Tous.

Anédaén. Anédeiln. [Yrmddeitn: Amodellte 6n xdle Swywplowoc ywpoc Hilbert H
ebvor 1obpopgoc pe tov 12 wg efhc: Jewpelote pla opdoxavovixh Béon {e,} C H xou
oplote U : 12 — H péow g oyéone U(z,) = Y, Tnen. 110 cLVEYELW ENEYETE OTL O
U elvon 1oopopglondg yoewv Hilbert.

Y7o €€vg Ja unodéToupe 6TL Ohot ol avapepopevol yweor Hilbert ei-
vou Sraywelorot, xar dpa 6Tl TERLEYOLY it AplIUACLULY) 0pTOoXAVOVLXT

Béom.
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2 Teleotég oe ywpeoug Hilbert

2.1 Boaowxeg oiotnTeg

Oplopog 2.1.1 Hotw H, F ydpor eowtepikol ywouévov. Mia ypapjuxr) areikdvion
T :H — F Aéyetar ypap koS teAeotrs.

I xdde yoauuind terecth T' opiCoviar T chvora
Ker(T)={x€eH : Tx=0} , Ran(T)={Tx :z € H},

Yoouuxol utoyweol Twv H xar F avtiotoyo. Ou undyweot autol ovoudlovton muprvog
xan exova Tou T avtictouya.

IMapathenon. O opioudc Tou Yeouuxol TeEAeoTY| eivan cuY VA ELPVUTEPOC, ETULTEETOVTAC
10 TEdio optopo Vo uny eivon 6hog 0 H ahhd xdmolog UTOYwEog Tou H, cuvAng TUXVOCS.
Euelc mpog o mapdv Yo acyoknolye e tehectég mou opilovian o 6hov Tov H.

Ilpbtaom 2.1.2 Ia évav ypapjuxé tekeotn T : H — F ta napaxdtw eivar 10006Vva-
pa:
(i) T Lipschitz ouvexris
(i) T owreyng oto 0
(i)  Yrdpyet M > 0 dove ||Tz|| < Mjz||, yia kdle © € H

Anédaén. (i) = (ii). Hpogavéc.
(i) = (iii). H ouvéyeir oo 0 ouvendyeton ot undpyet § > 0 Mote

[yl <6 = [Tyl < 1.

'Eotw x # 0 € H. To didvuoua
wavorotel [ly|| <4, dpa

Srpadr| [Tl < 6z
(iii) = (i). Ano To (iii) éneton 6Tt

[Tz =Tyl < Mz —yll, vy xdde z,y € H,

xan dpa o T etvon Lipschitz cuveyrc. O
Opwopde 2.1.3 Evag ypaujukos T Aéyetar gpaypévog av ikavoroleital uia (ka1 dpa
deg) and ts mapandvw ovvdnkes. Tov ypaupkd xdpo GAwy Twy QpayHévwy ypapuKoy
tedeotv T : H — F Oa o ovufolilovpe oo e€ng pe B(H,F).
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[N xdde T' € B(H, F) opiletan o aptiudc

T :=inf{M | |Tz|| < M|=x|, yioaxdde x € H}.

ITpbtaom 2.1.4 Ioyvea

I

su M T

sup{[[ Tz = [l«] <1}

sup{[[Tz| : [lz] = 1}
T

min{M : % < M, y kdOe x # 0}
T

min{M : ||[Tz| < M, ya ki x ue ||z|]| < 1}
min{M : ||[Tz|| < M, ya kd0e x ue ||z|| = 1}.

Anéoeaén. ‘Aoxnon

Ocewpenpa 2.1.5 H araxdvion || - || eivar vépua otov ypaupuké xapo B(H, F) cAwy
TV PpayHévar ypaupikdy tekeotdy and tov H otov F kar o B(H, F) ue avtrj T vépua
etvar yadpos Banach. EmmAéov, av A € B(H,F) ka B € B(F,K) vére BA € B(H,K)

rar || BAJ| < || BI|[|All

Anéoaén. To ot | - || elvon mpdyuatt vopua agphveton g doxnorn. Ou det&oupe OTL
o yoeoc B(H,F) eivar mhene yioo Ty mopamdve vopuo. Eotw (1),) uio axohoutio

Cauchy otov B(H, F). T xdde x € H éyoupe

xou oo (Th,2) etvon axohoudior Cauchy otov F. Agol o F eivon mhrieng, undpyet y € F
wote T,x — y. Ebvar edxoho va del xavelc 6Tt o y e€aptdron Yoouuxd and To T, onoTe

||Tnx - me” < HTn - TmHHxH’

optleTon €vog YRoUUIXOS TEAEGTAC

T:H— F, Tr =y.

Oo amodeifouye 6Tt o T' etvan pporypévoe xou 6t |1, — T'|| — 0.
Aot 1 (T,,) etvon Cauchy undpyer M dote ||T,|| < My xdde n. Apo

[T = lim [Tz < Mjz]],

xou dpo o T' elvon paypévos. Eotw twpa € > 0. Trdpyer N € N wote

n,m>N = ||T,, — Tp| <e¢

xa dpar yior TEToa 1, m xa xde x € H 1oy Vel

[To = T < el

14



Agrivovtac m — oo cuumepaivoule 6Tl
1Tz — Tl < ellz],

xou dipot
T, —T| <e yio xdde n > N.

Apa T,, = T. O

Mopdderypo 2.1.6 Eoto Q avowxtd utoohvoho tou RY. Ytov yopo L2 (Q) éotw T
0 TEAECTAC

Tf(x) = h(x)f(z),

6mou h gporyuevn xan ouveyfic ouvdptnon oo ). Téte o T' elvon pparyuévog xou

IT[| = sup [A].
Q

[Ma va to Set&oupe autd ag Yéooupe M = supg, |h|. Eyouue
1 = [ 1Tl
S ALCHCIE

M? 2d
< / f(2)Pda
= M| f)2

xou dpat o T etvon gpaypévoe xoun [|T']] < M. T to avtiotpogo Yewpolue tuydv € > 0.
Adyw tne ouvéyetag g h umdpyel ToTe pmdha B C €2 tétolo woTE

|h(z)| > M — e, v xdde x € B.
'Eotw x 1 yopoxtnptotixfy cuvdptnon tou B. Téte x € L*(Q) xou

I 7x1[*

[

Jp | h(@)x (@) |* de
Jp I x(@) [? da

> (M — €)%

I7°|I*

Agol to € > 0 Aoy avdaipeto ouunepatvouyue ot ||| > M.

IMapathenon 2.1.7 To Jewpnua eoxohovldel va loylel ue tny acvevéc tepn undoveo
6 h € L®(Q). Xy nepintwon oauth woylet [|T|| = ||h]| 1o, émou

||| e = EssSup|h| = inf{M > 0 : |h(z)| < M oyedbv navtol oo }.
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2.2 O ouvluync tehecTg

Oedpnua 2.2.1 (Yedpnua avarnapdotacng tou Riesz ) Eow n: H — C
ypauikos kar gpayuévos. Tndpyer povadiké y € H wote

m(z) = (z,y), yua kide x € H. (2. 1)
EmmAéov wyve ||| = ||yl

Anédaén. (i) Movodudtnto. Av ta otowyela yi, y2 €xouv tn {ntoluevn toTnTo, cUV-
Youpe 6Tl Y1 = Yo Vewp®VToS T0 T(Y1 — Ya).

(ii) Trmoegn. Av m = 0 t61€ 10 Yedpnua civon tpogavéc. ‘Eotw howmdv m # 0. Toéte o
nupfvog Ker(m) eivon xdetotdc unoydpog tou H xon tepiéyeton yviowr otov H. ‘Eotw
z € Ker(m)*, 2 # 0. Téte vy x89e x € H oy Vel

m(x)z — w(z)x € Ker(n),

oo
(m(z)z —7m(2)z,2) =0, vy xdde v € H

Ol CUVETC

Apa 10 y = (m(2)/]|2]|?)z éxer T nrotpevn Widtnta. To 6t |7 < |ly|| ebvou dpeoco,
EVe 1 avTioTpogn aviodTnTa TpoxUTTEL emhéyoviag =y oty (2. 1). O

Oedpnua 2.2.2 Eoww T € B(H,F). Trdpye povadikés tedeotris T* € B(F,H)
WoTe

(Tx,y) = (z,T"y), ya kd0ex € H, yeF.

Améoeiln. 'Eotww y € F. Ou oploouvue 10 T™y. Eotw 10 ypouuxd cuvapTnoloeldéc
m:H—C
m(x) = (Tz,y), v xde x € H.

Tote
[ (@) < (| Tz [yl < Ty,

xou Gpar to 7 ebvon poryuévo xou ||| < ||T||lyl|. And to Yedpnuo avanapdotacng tou
Riesz éneton 6t undpyet povadwd z = 2(T,xz) € H we ||z|| = ||| < [|T]|]|z|| @dote
() = (z,z) Y xéde xz € H, dnhadh

(Tz,y) = (z,2), yio xde x € H.
Efvar ebxolo va Bel xavelc OTL 1) amexdvion y — 2 elvol Yeouuxr, xaL €youle o1 Ot 6TL

elvon gparypévn. Apa oplleton vag yoouuxog xou geayuévog tehecthc 1+ F — H omd
™ oyéon z = T*y. Ipogavoe | T < [|T|, xou o T* €yer ) {ntoduevn Widtnta. O
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Opiopog 2.2.3 O tedeotiis T ovoudletar ouluyrc Tou T

‘Aoxnorn 2.2.1 Ytov yopeo Hilbert CV (ue o ovvndeg ecwtepind yvopevo) va Beedet
o ouluyhc mivaxag evog mivoxo A = (ai;).

ITpotaon 2.2.4 Eow 11,1, € B(H,F), S € B(F,K). Tdre

~—

i) (+ L) =T17+T5
(i) (\T)* = \T™*

(i) (ST)" = T*S*

(iv) T =T

) T = |17

(vi) 7T = |IT|*

~—

(vii) Av o T eivar avuiotpénjios téte kai o T

etvar avniotpépos kar (T*)~1 = (T—1H)*.

Anéoaén. Ou amodeifoupe povo 1o (vi), tor undhoimo aprivovial we doxnor. ‘Eyouue
17T < T[T = IT]*. Enione
T = sup 17|
= sup (T"Tz, )

llzl|=1

< sup [[T°Tf|]|=]

llzfl=1

= |77,

Mopddewrypa 2.2.5 1. 'Eotw T otov L*(2) o telesthc mou dpa tolamhactdloviog
ue h € L>(R2). Téte

T f(z) = hx) f ().

2. O teheothc debids petatdmong otov 12 opiletoan amd tn oyéon
S(Il, T2,T3, . . ) = (O,LL’l, T2,T3, . . )

Tote
S*(y17y27 Ys, .. ) = (y273/3> . )

O S* ovoudleton TEAECTNC TNS APIOTEPT)S HETATOTIONS.
3. Ttov L*(0,1) éotw

Bfw) = [
Bgla) = [ glt)ar
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Ipétaon 2.2.6 Ia kide T € B(H,F) wyvel

Ker(T*) = Ran(T)", Ran(T*) = Ker(T)".

Anéoeén. Aoxnon,. O

2.3 Ewdwxol TOToL TEAECTOYV

2.3.1 Movadiaiol TeAecTEG KU LoOPETRIES

‘Eotww H, F yweol Hilbert.

Opwouwoéeg 2.3.1 (i) Ervag wedeotric A :+ H — F ywa wov omolo wyve ||Az| =
|lz||, © € H, ovoudletar wopetpia. (ii) Evas ioopoppiouds yapwr Hilbert U : H — F

ovoudletar povodiaioc TeAeotiis.

Anhady) o U ebvon povodiatog av ebvor 1-1, enl, ypopupixde xou

(Uz,Uy) = (x,y), x,y€H.

Kdée povadiaioc teheothic elvan xou toopetpla, T0 aviioTpopo dunme dev toylet.  §)g
ToeddeLy ot Vewpeio te Tov TEAEGTH S TN 6e€LC HETUTOTIONE GTOV 2 (Hopdderypo 2.2.5).
O S eivan woopetplor xan S*S = I, duwe SS* # I, doo o S dev eivan povadiaiog.

Ilpbtaom 2.3.2 Mia wouetpia U efvar povadiaios teAeotns av kair udvo av efvar emi.

Andéoedn. ‘Aueon cUVETELL TWY 0PLOUMY. O

Ilpoétaon 2.3.3 O tedeotis U € B(H, F) eivar povadiaios av kar pévo av
U'U =1y ka UU* = [£.

Anéoeén. Aoxnon,. O

2.3.2 OpYoywvieg npoBoAég

‘Eotw M »kewot6c unoyweoc tou yweou Hilbert H. 'Eyouue det 611 xdde o € H
YEAUPETOL XATE LOVABIXO TEOTO C

T =21 D

ue 1 € M xou w9 € M*.
Efvar edxoho va det xavelc 6TL 0 amewxdévion & +— 1 ebvon ypauuxy|, deo optlel évay
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(Yoouuxd) teheath P otov H, Px = x1. Emmiéov, o P eivar gparyuévoe xau || Pl =1,
extéc and TNy el tepintwon émou M = {0} ondte P = 0. Ilpdypart,

2[1* = flza|* + ll2all* > Nl [I* = [|P]®

eved Py =y vy xde y € M.

Opwopde 2.3.4 O tedeotris T' mou opioajie ovopdletar opdoyohvia tpoBoly| mdvw otov
M.

IMopathenon 2.3.5 (i) Enetou and ta nopondvew ot yoo g € M éyoupe Pg = g,
evo Y g € M+ éyouvue Pg = 0. Me d\ha hoyia, o P meplopiopévoc oto M elvor o
TUUTOTIXOG TEAEC TG, EVG TEPLOPIOUEVOS GTov M L etvar o UNdeEVINGC TEAEOTAC. AuTo
oLY VA TO EXPEACOUNE YRAPOVTAS OTL UTO TNV avdhuo

H=MeoM"
€Y OUUE
P=I1&0.
(if) Etvar govepd 6Tt i opdoymvia Tpofolf Téve otov xhetotd umoyweo MT ebvor n
I—-P.
(ili) Etvon enione govepd ot

Ran(P)=M ,  Ker(P)=M" .

BOewpnua 2.3.6 Eotw P n oploydvia mpofodn mdvew otov kA€woté vroywpo M tou
H. Tére P = P? = P*. Avtiotpoga, av T €ivar évas ppaynévos tedeotis yia tov omolo
wyva T = T? = T*, tére o vnoywpos N := Ran(T) eivar khewtds kar o T elvar n
opOoydvia mpofodr) tdvew otov N.

Anéoeadn. Eotw x = x1 + T2, Yy = y1 + y2 000 ototyela Tou H. 'Eyouue
P?z = P(P(x, + 23)) = Pr; = v, = Pz,
xou Gpo. P? = P. Axdua

(Px,y) 1,9 + Y2)
51017y1>
T, + T2, Y1)

(
(
=
(z, Py)

xau dpa P = P*.

e 0 avtiotpogo, éotw T évac gpayuévoc xou T'=T? = T*. 'Eotww Tx, — y. Tote

T:vn:TZ:Bn—>Ty,
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Gpo y = T'y xou ouvende o Ran(T') ebvar xhetotoc.
[ vor ohoxdnpwVel 1 anddeln apxel vo det€oupe 6Tt v xdde x éyovue (I — Tz €
Ran(T)*. Eotww howmév y € H. Eyouue

=0

7 Z
xoL To CYTEOUMEVO ETETAL. O

IMopdderypa 2.3.7 Eivor dueon ouvéneto tou Afupatog 1.3.8 ot av {e,} elvon éva
optoxavovixd chvoho, ToTe

Pz = Z (x,en)en

n

ebvar 1 opoydvia mpofoly| oo lin{e, } (Ewdixdtepa, av to {e, } elvoan mhfipeg téte P = 1
xou avoxtoVue To (1) tou Bewpruatoc 1.3.9).

‘Acxnor 2.3.1 Stov L(Q) éotw o nodamhaoctactixds teheothc T'f (x) = h(z) f(z),
6mou h € L>(§2). Beeite pio ieovi xan avaryxodor ouvdrixn yio tny cuvdptnon h HoTe o
T va etvon opoydvio mpoBoht. Heprypddte toug unoydpouc Ran(T") xa Ker(T) (btav
o T eivou opBoydvior TeoPBoAY).

2.3.3 Avutoouluyeic tehecTég

Oplopog 2.3.8 Evag tedeotris T € B(H) ya wov onolo wyve T* = T Aéyetar
autoculLYTC.

Apa o T' etvon avtoouluync av xou wévo av (T'x,y) = (z, Ty) yio xdde z,y, € H.

Ov auvtoouluyelc TeheoTég lvon plar TOM) oNUAVATIXT XATNY ORI TEAEGTHY GTOUG OTOlOUG
Yo enavéddoupe xaw 0T cuvEyELd. Edo avagepouue amhog Tig Pactxég Tou WOTNTES.

ITpbtaom 2.3.9 Ioydour ta €€rjs:

(i) N, T oo =T+ T ao.
(
(

(v) av T a.o. tore (Tx,z) € R ya kdle x € H.

i) 71,1y ao. = (T1Th a.o. < 11, Thpetatidervtar)
)

(i) Tao., e R= AT a.o.
iv) av (T,) a.o. ka1 T,, = T téte T 0.

1v

Améoein. "Aoxnon.
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ITpétaoy 2.3.10 OT eivar avroovluynis av kat uovo av (Tx, x) € R ya kde v € H.

Anéoaén. Andéoen. o xdde x,y € H €youue
UTzy) = T(z+y)z+y —(T(x—y),z—y)
+ i(T(x+1iy),x +iy) —i(T(x —iy),x — iy)
(ehéy&te TV Topamdve oyéon: elvon yevixeuon tne molng TavwtotnTag, Hpdtaon 1.1.7)
X0l TOPOUOLL

Ko, Ty) = (z+y,T(x+y) —(z—y.T(x—-y)
+ ilx + iy, T(x +iy)) —ilx — iy, T(x — 1y)).

Aré6 to 6T

(Tz,2) =(Tz,z) = (2,Tz), yaxdde z € H,
éneton To {nroluevo. O
ITpotaot 2.3.11 Av o T elvai avtoouvluyris tote (1) dAes o 1wtinés tov T elvar mpay-

patikés kai (ii) 1bodarvouata tov avtiotoroly o€ SlapopeTikés 1010TIUES elvar oploydria
peta&v Tols.

Améoein. 'Eotw A wotun, Te = Az. Ané v nponyoluevn npdtaot €youus

T
A= (Tz.2) x’? eR.
]

Enlong, av Ty = uy, t61e
(Tz,y) = Mz, y)
ahhd emiong
(Tz,y) = (z,Ty) = p(z,y)

xou Gpa A # p ovvendyeton (z,y) = 0. O
2.4 To gpdoua

Optowodg 2.4.1 Fow T € B(H) To emivtixd obvoro p(T') touv T opiletar ws to
otvolo dAwv twv z € C ya ta onoia 0 zI — T (1 ya ovvropia z — T) eivar 1-1 ka1 ent

ka1 o avtiotpogos (z —T) ™t elvar gpaypévog. To @dopa o(T') etvar To otvoro C\ p(T).

IMopdderypo 2.4.2 Av o H €yel tenepaouévr BldoTaoT TOTE TO YAUCUN GUUTITTEL UE
TO GUVOAO TWV OOTIUOY TOU TEAEOTY.

‘Acxnor 2.4.1 Anodeilte 6Tl
o(T")={z|z€a(T)}.
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Afppa 2.4.3 Eoww T gpayuévos pe |T|| < 1. Tére I — T eivar avuotpépios e
ppaypévo avtiotpogo (6nkadny 1 ¢ o(T')) ka

n=1

AméoeiEn. Eréyyouue 6Tt 6vieg to 0edl uéhog eivon avtiotpogog tou I —T'. H extiunon
NG VOPUAS TEOXUTTEL OO TNV TELYWVIXT OVIOOTNTA. O

Ilpbtaon 2.4.4 Ia kdOe ppayuévo teAeotn) T otor H 10y Vel
o(T)c{z€C : [z <|T|}

Kai 1
Itz =)l < EEak ya xdde |z > || T.

Anébaén. Apxel vo deiloupe 6t av |z| > ||T|| tote 2z € p(T). Aodévtog tétoou 2
éxouye ||z M| < 1 xou dpa o I — 21T elvon avtiotpédrpoc xon

o

(I—="'T) =) (')

n=0

~! ouurepaivoupe 6t 0 z — T elvon avtioTeédipoc pe

Horamhaotdlovtag ue 2
(z=T)'=2"Y1-2"T)" ! Z (z7'T)"

xou €youye eniong

IA

I(z = T)7H| 27 T
n=0

1
1= [T
1
|2l = I

= |27

Apa o (z — T)~! undpyet, etvon pporypévoc xou €youde Ty {ntoluevn extiunon vl T
VOQUOL TOU. O

IMpétaoy 2.4.5 (i) To gpdoua evés ppayuérvov teAeotn elvar ouumayés vmtooUvolo tou
C. (ii) H arewxdérion C\ o(T) 2 z— (2 = T)~' € B(H) etvar avalvuixrj.
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Anédaén. (i) Eyouvue fon anodeilel 6t 10 o(T) elvon pparyuévo dpa mpémel vor amodel-
Eoupe Ot elvan xheot6. BOu detloupe 61t 10 p(T) = C\ o(T') eivar avoixtd. Eotw
oy zp € p(T). Oa detloupe 6Tt av T0 2 Elvan apxeTd xovTd 610 2 toTE 2 € p(T).
[Mpdrypart, yia xdde z € C €youue

z=T=(-T)+(z—2)=[I+(z—20)(20—T) (20— T) .

Yuvende v va ebvon 0 z — T avtiotpéduioc opxel va efvon o I + (2 — 2z0)(20 — T)7*

avtiotpéduog, xou dpa, and to Afupa 2.4.3 apxel va éyoupe |z — 20| < |[(z0 —T) 7|7t
AceZope howmdy 61 1o p(T) ebvon avoxto.

Emumiéov, yw |z — 20 < ||[(z0 — T)7||7!

€Y OLUE

YENOWOTOLOVTUC Xot AL To Afjupo 2.4.3,

-1

(=T)7" = (2 =T) I+ (z = 20) (20— T)7']

oo

= (20—T)") (z=20)"(20—T)™"

n=0
To yeyovée 6t 1o (2 — T) 7! tedeotic ypdypeton (Tomnd) we duvapooeipd onuaiver (eZ
optopol) 6t to (2 — T) ! ebvon avahutixd) ouvdptnon tou z € C\ o(T). O
Ilpbtaomn 2.4.6 To o(T) elvar un-kevé ya kde ppayuérvo tedeotny T.
Andoein. 'Eyovpe Set 6t av |z] > ||T'|| téte 2 & o(T') xon

1
Iz = T)7H < -
|2 | =Tl
‘Apa v z Tétota WoTe 2| > 2||T'|| éyoupe
1
Iz =) < e
17

Ac unodéooue 6t o(T) = 0. Tote o emhutic (2 — 1)t opileton xou ebvan pparyuévoc

v xde z € C. 'Eotw tuyoévia x,y € H xo éotw f: C — C n ouvdptnon

f(2)={(z=T)""z,y).

To 61t o (z — T)~! ebvon avehutixd) cuvdptnor cuverdyeton 6L 1 f(2) efvon avahuTixd
ouvdpTnon o 6ho to C, elvan dnhadt| axéparo ouvdptnom. Eivor gpayuévn oto clivoro
{2z |z] > 27|} agol n ||[(z — T) || etvon pporyuévn exel , xou elvan gparyuévn oo
{z 1 ]2] <2||T||} we ouveyhc ouvdptnon oe oupnoyéc. ‘Apa 1 f eivar otadepr; and to
Ocwpenua tou Liouville. Opwc f(z) — 0 xadog | 2 |[— oo, dea 1 f elvon towtotind
UNOEY, dNADT

(= =T) " 2,y) = 0.

Aol o z xon y Hrav Tuyede, (2 — 1)1 = 0 vy xdide z € C, dromo. O

To Topamdve GUUTUXVOYOVTOL 6TO oxdhouto
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Ocwpenua 2.4.7 To pdoua evés ppaypévou tekeotn T elvar jn-kevé ouumayés vno-
otvodo tov C kar mepiéyetar oto kAewté dioko {z | | z |< ||T]|}. Emiong n areixérion
2 (2= T)7 ! elvar avalvuikny ovvdptnon oto C\ o(T) pe tpés oto B(H).

Iopdderypo 2.4.8 Ytov yodpo L2(a,b), 6mou —oo < a < b < o0, opllovye tov
teheoth T g

Tf(x) = h(x)f(x), v xdde f € L*(a,b),x € (a,b),

6mou h(x) elvon @paypévn, uryadixr xau cuveyc cuvdpetnon oto (a,b). Tote

o(T) = Ran(h).

[N voe 1o Bolue autd, og Vewpricovue éva A € Ran(h). To Ran(h) eivon oupmoyée
uToGUVOLO TOL, dpa UTdEyeL & > 0 woTe

A=z >4, yxdde z € Ran(h).

Ewwdtepa | A — h(x) [> 6 i x&de = € (a,b), dpa opileton 1 ouvdpmon (A — h) ™! xa
€YOUUE
1
(A = h(x))7Y < 5 e x&e x € (a,b).
‘Enetan 611 0 avtioToryog ToAATAACIac TiXOS TEAEGTAC S,
Sf=(\—h)""f, v xéde f € L?

elvon pparypévoc. Eivou eniong dueco 6t

SAN—=h)=(A—h)S =1
Apa A & o(T). Aetlope hownéy 6n o(1') C Ran(h).
Avtiotpoga, éotw A € Ran(h). Ac untodéooupe 6t A # o(T'), dnhadr) 61t o A — T éyel
peayuévo avtiotpopo S. Eotw € > 0. Agol n cuvdptnon h eivon cuveyrg, umdpyet
UN-%evo, QeayUévo, avowto vroddotnuoa U C (a,b) tétoo dote

| A —h(z) |<e, v xée x € U.
‘Eotw x n yapoxtneio x| cuvdpetnorn tou cuvohou U. Téte

(A —h(x))Sx(z) = x(x), v x&e x € (a,b)
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xon elddtepa & € U ouvendyeton A — h(z) # 0 xou Sx(z) = (A — h(z))™t. Apa

S 2
”SH2 — su || f|l
fEL2, f#£0 Hf”

1Sx|I?

[Ix]1?

21 Sx(@) |? da
S x(2) |2 do

> \U|—1/U|<A—h<x>>—1|dx

> |U|_1/e_2dm
U

—2

= €

Auté oylel v xdde € > 0, dromo agol o S elvar @poryuévos. O

‘Aoxnor 2.4.2 'Eoto (a,) € I® xu A : 2 — [? 0 weheothc Az = y, énou ¥y, =
anZy. Iod ebvan n vépua ||A|| 5 Tlowo eivan to @dopo o(A);

Ocebpnpa 2.4.9 Av o T eivar avroovluyrs téte o(T) C R.

Anédeaén. 'Eotww z = a+ b ¢ R. Ilpgénel va 6etlouye 6TL 0 teheotic 2 — T ebvan
AVTIO TEEPLIOG UE PRAYUEVO avTIoTEOYO.
O z =T eivr 1-1 agol av (z — T)x = 0 yw xdmow = # 0 t61€ 0 T Va elye pio
un-mparyportix) Wotur, dromo Adyw tou (i) tne Hpdtaong 2.3.11. Oo anodeloupe ot
Ran(z —T') = H oetyvovtoc 6t 10 Ran(z — T') ebvon (1) xhetoté xou (ii) muxveé.
(i) "Eyouye

(T —a—ib)z|* = (T —a)z|®+b*||*

> 1a®

Apa ov (2 — T)x, —> y, T61€ N (25,) ebvor axohovdio Cauchy. Av z = limz,, éneton
6ny = (2 —T)zx. Apo to Ran(z — T') eivar xheoto.
(ii) Eotw y € Ran(z — T)*. Tw xdde x € H éyoupe té1E

0=((z—T)x,y) = (z,(Z—T)y)

xou emiéyovtag ¢ = (2 — T')y ovunepatvouye 6t (2 — 1)y = 0. Apo y = 0 ool 10 Z
0ev pmopet va efvan wiotyr) touv 1. Anodeiaye howdv 6t 10 Ran(z — T') etvon munvo.
Ané o (i) xou (ii) énetor 6w Ran(z — 1) = H.

Téhoc, n aviodtnta ||(z — T)x|| > |b]||z]| cuvendyeton 6t o (2 — 1)~ efvon pporypévoc,
xon péhota |[(z = T) 7 < 1/]0]. 0

Optowdeg 2.4.10 Eoww H kar F 6o ydpor Hilbert. Avo tedeotés T € B(H) xar
S € B(F) Aéyovrar povodioda toodbvapor av vrdpyer povadiaios tekeotig U : H — F
T€TO10G HOTE

T=U"'SU.
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IIpétaon 2.4.11 Eoww du o1 ypappuxol tedeéotés T € B(H) kar S € B(F) eivar
povaodwaia wodUvapor. Tdte

(i) oT eivar 1-1 avv o S eivar 1-1
(ii) oT eivai eni avy 0 S elvar end

(iii) o T ka1 S* eivar povadiaia 10odUvajion

(iii) (7] = I5]]

(iv) o(T)=0a(9)

(v) o1 p(T) ka1 p(S) etvar povadiaia 1wodtvapior yia kde molvdvupo p.

iv
Anéoeaén. Aoxnon,. O

3  Qaocpatixr Yewpla yio cvunoayels awtoculu-
YEIC TEAECTEC

3.1 Xvunayelc teAeoctég

‘Eotww H, F yweol Hilbert.

Opiwopog 3.1.1 Evag tedeotisT : H — F Aéyetar ovunayns av yia kdOe ppaypévn
axooviia (x,) C H, n axokovdia (Tx,) éxea pia ovykAivovoa vraxolovdia (otov F).

ITpétaomn 3.1.2 To ovvoro C(H,F) Awv twy ouutaydy teAeotdy and tov H otov
F etvar ypappukés vnoyadpos tov B(H, F).

IMopdderypa 3.1.3 1. Kdde tedeotic nenepaopévne téene (téln evoe teheoth T
ovoudletar 1 didotoon e edvoc Ran(T')) elvon oupmayhc.

2. Mio opdoyomvia tpoolt| P elvor cuumoryfig av Xt HOVO o 1) EXOVAL TNG EYEL TEMEQI-
OUEVT) OLldo Tao).

3. Apeon ouvvénewa tou lapadelypatog 2. elvor 6Tt 0 TALTOTIXOC TEAEOTAC OE Evay
arnetpodidotato yweo Hilbert dev etvon cupnaync teAectic.

To 1. elvou dueorn cuvéneia Tou 6Tl xdle *AELGTO XU PEAYHEVO GUVORO GE €V VORUIXO
YWEO TETEPAUOUEVNC DIAOTUOTG Elval CUUTAYEC.

H plo xoredduvorn tou 2. énetan and 1o mponyoluevo mopddetyuo. o to avtictego,
unovétoupe 6Tt to Ran(P) éyet dnepn Sidotoon. ‘Eotw {e, 22, ula opoxavovixr Bdon
tou Ran(P). Ac vnodéooupe 6Tt o P eivon oupmoayic. Tote n axohoudia (e,) = (Pey,)
mepLEyel pla cuyxAivouca uraxoloudia. ‘Oune yia n # m 1oy lel

len — emll* = lleall® + llem||* = 2,

oo M (en) Bev popel va meptéyet pior utoxoroudia Cauchy, dromo.
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Ocedpenua 3.1.4 O C(H) eivar 16ecddes tov B(H), 6nAadr) av o T elvar ovunayng kai
0 S gpayuévos, téte o1 tedeotés T'S ka1 ST efvar kar o1 6Vo ouuTayElS.

Anédaén. 'Eotw (x,) pio @eaypévn axohoudio otov H. Toéte xou n (Szy,) ebvon gpory-
wévn, xau dpo n (1'Sw,) éyer ouyxhivouoa umoxoloudio. Apa o teheotic T'S eivan
ovunoyfc. Emlong, n (T'z,,) éyer pio ouyxhivouvoo uroxorovdia (T, ), xar agod o S
ebvan pparyuévog éneton oL 1 (STxy, ) ouyxhiver. Apo xou o ST elvan cuunayhc. O

Oedpenua 3.1.5 O C(H) H elvar kheiotds vroypos tov B(H).

Anédaén. 'Eotww (T,) axolovdia cuumory®dy TEAEGTOV 1 omola cuyxhivel o€ xdmotov
teheoth T € B(H). Oa anodeilovye 61t o T elvon ovunayhc. Eotw howmdv (x,) pio
pearyuévn axoroudia. Xwplc TEPLOPIOUO TNG YEVIXOTNTUC UTOPOUNE Vo UTOVEGOUPE OTL
|z, || < 1. ©a anodei&ouue 61t 1 oxohoudio (Txy,) €xer uior cuyxhivouoo urtaxohoudio.
Agol o T} ebvan cuumay g, utdpyel umoxohovdia (Zn, , )k ™S (7,) Tétota dote N (11, , )
vor ouyxAivel. Agol o T; elvon cuumaryfic, undpyet axoroudio (:L’nm)k, umoohoudior TG
(Tny )k TéTOW WOTE N (Totn,,) Vo cbvar ouyxhivouca. Yuveyiloviag enaymyxd, Yio
xdde i = 1,2,... opileton pia axorouvdia S; = (7, )k xou woylet 6t (i) n S; ebvau
uroxohowdiar Tng Si—q xou (i) 1 oxohovdia (Tixy, , )k oUYxAver Y xdie 1 = 1,2,.. ..
OpiCoupe
Y = Tny .-

Hpogavae 0 (yx) etvon umoxolovdio tne (). Emlong, n oxohoudior (yqx )k €tvon umo-
xohoudia e (n, , ) it xde @ € N. [Eva ddrypopuoa mdavae va cag Bondfoer va
Eexadoploete yiotl toyber autd] Ou amodeilouye 6t 1 (Ty;) ouyxhiver Betyvovtag 6t
elvoaw Cauchy. 'Eotw howndv € > 0. Tndpyet 16t i € N wote

IT -7 <.

Aol n (Yigr)r ebvon utaxoroudia e (Tn, , )k ¥t N (Tian, , )k oLYXAVEL, cuYXhivel o
N (TiYisk )k, dpo undpyer N = N(i) dote

‘Apa v n,m > N (i) éyouue

< €ellynll + €+ €llyml
< 3e.
‘Apa 1 (T'yx) etvar Cauchy, to onoio frav o {nroduevo. O

ITpbtaom 3.1.6 Eotww éuioT € B(H) eivar ovunayng tekeotis ator aneipodidotato
xpo Hilbert H. Tére (i) kdOe un-undevikn 1wniun) tov T' éyer nenepaoérn mola-
mAdtnza kai (ii) 0 € o(T).

Anéoeén. Aoxnon,.
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3.2 Teleotéc Hilbert-Schmidt

‘Eotw T € B(H,F) ppayuévoc xou {e,} pla opdoxavovixr Bdon tou H. H nocdtna
Yo 1Ten|)? (n omolo unopel vo ebvan ion pe +00) efvor aveZdptntn Tne ouyxexpévng
Béone {e,}. T vor to Bolpe autd, ag Yewprooupe pia tuyoio opdoxavovixn Booh { f,}

wou F. Tote
SoTenll =D [ (Ten, fi)
n n k
= e T ) =D 1T il
n,k k

Apa X | Tenl|? = >, T, |I* v x&de Vo opoxavovixéc Bdoeic {e,}, {e,} tou H.
H rocétnta

ITllus = (Y IITeal?)"?

ovoudleton Hilbert-Schmidt vopuo touv T xan ot tekecs tég yia Toug onofoug ||T'||ps < 400
ovopdlovton tereotéc Hilbert-Schmidt.

‘Aoxrnor 3.2.1 (i) Anodeilte 61 10 oOvolo twv teheotov Hilbert-Schmidt eivon
Yeopuxde uroydpeog tou B(H,F) xou 6t n || - |lus elvon mpdypott vépuo otov yoheo
outo. (i) Aetgte ot ||T|| < ||T||us yro x&de Hilbert-Schmidt teheotn T

ITpotaoy 3.2.1 Av o T € B(H,F) eivar Hilbert-Schmidt tote elvar ouunayrs.

Anédein. 'Eotw 6t o T eivan Hilbert-Schmidt xou éote {e,} pla opdoxavovixs Bdomn
tou H. T xdde r = 1,2,... n oyéon

Tr(i apen) = i ay,Te,
n=1 n=1

opilet évay teheath T, € B(H,F). Hpogoavoe xéde T, éye nenepaopévn té&n (< r) xau
o etvon oupmoyfic. T xdde . = ) ane, € H éyoupe

ITe =Tl = || D anTen||

n=r+1

< Y fan || Ten]
n=r+1

< (>0 Tan )P 1 Ten|?)?
n=r+1 n=r+1

< () 1 Tenl®)?

n=r+1
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xal deor

IT =T < () IITeal’)* — 0.
n=r+1
‘Ovtag 10 6plo cuunayoy tTeEAecTtwy o T elvon xou autde oupnoyrc (Oedpnua 3.1.5). O

Ilpétaoy 3.2.2 (Ohoxhnpwtixol tehectéc) Eotw H = L*(0,1) xa
k:(0,1) x (0,1) — C

pia ovveyns ovvdptnon oto (0,1) x (0,1) wetowa dote

1
/ / | k(z,y) |* do dy < co.
o Jo

O teAeotis T' mov opiletar €vag tedeotns T amd tny oyéon

zﬁwzlkmwmwy

| Klus = {/R | k(z,y) \2}1/2.

Amndoein. o xdde = € (0,1) ac oploovpe ky(y) = k(z,y). 'Eotw {e,} pla opdoxavo-
v Béor tou L*(0,1). Téte

etvar Hilbert-Schmidt ka1

1
Ken(x)Z/ k(z,y)en(y)dy = (ks €n).
0
Apoc
1 1
wmwz/|KMMFw=/|%@mwx
0 0

Ol GUVETUOC

[e's) oo 1
}]WM2=§1/H%@FW
n=1 n=1 0
1 o0
= [ ) o
0 n=1

1
= [ Ik
0

1
= / / | k(x,y) |* do dy < . O
o Jo

H ouvdptnon k(z,y) ovopdleton xar odokAnpwtikés myprvag tou teheoth 1.

‘Aoxnon 3.2.2 Av K eivar évag ohoxhnpwtinde tehectic e tupriva k(z, Y), TOTE xou
o K™ elvar ohoxANpo TGS TEAEGTAG %ot oL 5U0 TUPHVES GUVOEOVTOL UE TN OYEoT

K (z,y) = k(y, ).
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3.3 @Poacpatind Jedpnua yia cuunayelc avtoouvluyelc te-
AecTEQ

Opiopodg 3.3.1 Eoww M évas kAeiotds vmoywpos tou H. Aéue ot o tekeotrs T
apnver tov M avaAdoiwto av x € M owvendyetar Tx € M. Aéue ét1 o T avéyel tov M
av agrver avalloiwto ka1 tov M ka1 Tov M+

Anadh o T avéyer M av 1 dpdorn tou T otov M xou 1 dpdon tou otov M=+ elvor
aveldptnTeg UeTaly Toug. Autd exgpdleton xar w¢ e€ng: xataupyhy T6co o M 660 xau
o M~ etvar yopor Hilbert w¢ xhewotol utoympol tou H. Av o T avéyer tov M té1e
undpyouv terectéc A € B(M) xou D € B(M*) doe

H=MaeM*
T(x®y) =Axr® Dy. (3. 2)
[Fpdpoupe toTE
T=A®D

xou xahoVpe tov T evdV dOpotoa twv A xau D.
‘Evog dhhog tpémog vor 8olue Tar Topomdve etvar 0 e€Xg: av pag dovel 0 XAeloToOC UTo-
ywpog M xon o teheothc T', opiCovton oL TeEAecTEC

A:M—-M, B:M*—M, C:M—M" D:M"— M

OoTE

T(z ®y) = (Az + By) & (Cz + Dy), veM,ye M,

pdpoupe tote
A B
T - ( 45 )

Ebvar gavepd oti o M avdyer tov M av xan uévo av B = 0 xou C' = 0, onote

A0
=(05)

onAaoY| 0 T €yel BlorydViar UTAOX LOP@N.

Av pog dovel évag teheotic T xon unopécouye va Boolue Evay XAl T6 uToyheo M Tou
avdyeton and tov T', 1ote opiCovton ol mapandve tehectéc A xou D xon 1 perétn tou T
avdyeton TAYews oV UEAETN Twv A xou D. Auté elvar onuovtind 6gehog, agod xdie
évog amd toug A, D etvan ev yével amhovotepog amd tov 1.

Fevixdtepa, Aéue 6tL 0 H elvon to oploymvio eudl dlpoloua TV XAEIGTOV UTOYGEMY
{M,}_, (N € NU{oo}) av o1 M, etvor avd 500 opdoyvior xau av x&de z € H ypdpeTon
QS

N
T = g Tn, Tn € M,.
n=1
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H ypapn auty| elvon téTE povadnt| xau woylel z,, = Bz, 6tou P, 1 opoy®via mpoBohn
Tdvey oTov uToyweo M,,. I'odgouue toTE

N N
’H:@Mn, x:@xn.
n=1 n=1

Av évog tehectic T avdyer xdde M, téte opllovian tehectéc T, : M,, — M, dote

N
Txr = @Tnxn,
n=1
onAao
N N
T(@ a:n> = @ Thx,.
n=1 n=1

Téte ypdgouue
T=T.. (3. 3)
n=1

xou N UeAéTn Tou 1" avdryeton Thipwe 6Ny PeAétn twv tereatwy T,. H (3. 3) ovoudletan
paopatikn) avdlvon touv T xau givon 10 {NTOVUEVO TWV QUOUATIXOY VEWENUATOV.

IMopdderypa 3.3.2 Av P civan 1 optoydwia Teoolt| tévew otov M téte 1 P avdyel
Tov M xou ¢ mpog TNy avdhuon H = M @ M+ gyoupe P =1@0.

‘Aoxnom 3.3.1 Aci€te 6t av woylel n avdhuon (3. 3) tote

@) T =swp||Tull, (1) o(T)> Uoa(T).

Aqppa 3.3.3 Av o T' efvar avtoouluyris, téte avdyer GAouS TOUS 1010 DPOUS TOU.
Améoeién. 'Eotw A plo ot tou T' xou

M={z |Tx = \z}

o avtioTotyog Woywpeoc. Eiva dueco 6L o T agriver Tov M avorrointo. TEotw tohpa
y € M~*. Oéroupe va detlouue 6t Ty € M. Tlpdypatt, dodévtoc x € M éyoupe

(2, Ty) = (T'z,y) = Mz, y) = 0.

AAupoa 3.3.4 Av o tedeotiis T € B(H) elvar avtoovluyris, téte

1T = sup [(Tz,x)].

[lz]l=1
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Anédeaén. Eotw M o 8el péhog tne {nrovuevne oyéone. INo xdlde x € H €youpe
(T, z)| < || Tx|l]lz]| < (T[],

xou dpor M < ||T||. Tdrea, yo xde x,y € H €youye
(T(x+y)z+y —(T(x—y)z—y)

= 2Tx,y) +2(Ty, )
= 4Re (T'z,y),

xalL Gor
4|Re (Tz,y) | < Mz +yl* + M|z -yl
= 2M(l=]I* + [ly]1*)-
‘Encton 6t av ||z]|, lyll < 1 téte |Re (Tz,y)| < M xau dpa vy tuydvia z,y € H
[Re (T'z, y)| < M||z[[[[y]-
Emiéyovtac y = T nalpvouue
IT2|* < Mljz|l||T|

xou étot ouunepatvouue ot || 17| < M. O

Aqppa 3.3.5 Av oT elvar ouurayns kar avtoouv{uyns tote évag Touddy10Tov amd Toug
apiipots ||T|| kar —||T'|| eivar 1b6otiur) tov T

Anéoeén. Mropolue vo utodécouue 6Tt T' # 0. And to Afjuua 3.3.4 €ncton OTL UTdpEyEL
oxohovdia (zy,) e ||2,] = 1 xou tétoo Hhote

(T, )| — T

Ewxotepa 1 oxohovdiar ((Txy, 2,)) etvon @porypévn oto R xou dpo €yer plar suyxhivouoa
uTaxolouvdia,

(T, Tny) —> A
omou |A| = ||T]| xou dpoe A = ||T|| A4 A = —||T|| (apo' (Txy, ) € R).
Ou omodeiloupe 6Tt 10 A eivan oty tov T T amhdtnra petovopdlovue v (4, )
oe (x,,). Eyouue

Tz, — )\anZ = HTan2 —2X(Txp, x,) + A2
< 207 = 2\(T'zp, z,) — 0.

Aot o T eivar ouunayie, 0 (T'xz,,) éyer pio ouyxhivouoa vrtaxoroudia, 1 omola unopolue
var utoVéooupe 6Tt ebvon 1 B ) (T'xy,), T, — y. Eneton t61€ 1L A, — Y xou dpat

Tz, — A\ 'Ty.

Yuunepaivouue 6Tt Ty = Ay xou dpo To A ebvan wototiur agol y # 0. O
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Ocedpnua 3.3.6 (Pacpatind Jewdpnua yia cvpnayeic avtooculuyeic te-
Aectég) Eoww T ouunaynis kar avtoouluyrs teAeotns atov anelpodidotato kar Hia-
xwpiowo xapo Hilbert H. Téte vndpyer pia opfoxavovikr) fdon tov H mov anoteAeital
ané 16wdavvouata wov T.  Eniong, av n Pdon avty) ypagel ws {¢n} U {¢,}, dmov
{n} C Ker(T) kar {¢,} o1 16otipés mov avniororyolv oti§ pun-pndevikés 1010TUES Ay,
Tpn, = Ann, 60U |A1] > |Aa| > |A3] > ..., TdTe ) akodovlia (\,) €fve eivar memepaoévn
efte ovykAiver oto 0. Emiong éyovue

(6émou n oepd ovyrAiver otov B(H)). Télos, wyvea o(T) = {\,} U {0}.

IMopathpenon. 'Eotw T évac gpayuévog tehecThc 6Tov H xou £0Tw {en} pla opdo-
xovovixt Béon tou H. Ovopdloupe mivaka tou T w¢ mpoc v Bdon {e,} tov (dmelpo)
nivaot {a;}i jen mou opileTon we

Clij = <T€j>€i>-

EOxoha PAémel xovelg 6Tt av Tx = y to1e

(y,e:) = Zaij<xa €j),
J

oyEor mou Belyvel 6Tl 1) Evvola auTy| ebvon YEVIXELGT TNG CUVATOUC EVVOLA TOU TV (G
mpog [Bdon mou Eépoupe and v oo AlyeBpa.
To gaoyatixd Vempnuo pac Aéer ovolaotixnd 6Tt undpyet pio opdoxavovixr Bdon (n
{on} U {th,}) ¢ mpoc v omoiu o mivaxag tou T eivor o Starydviog mivaxag e ototyeio
(A1, A2,...10,0,...). (To mfdoc twv undevixdv toobvtar ye tn dSidotoaon tou Ker(T)
xou umogpel va efvon xdmotog uoxog > 0 N o’mapo.)
Amooeiln. O yenoyonoiocouue plo emaywywr pédodo. ‘Eotw Hy = H, T1 = T.
Ané 1o Afupa 3.3.5 éneton 6Tt undpyet oty Ay = £||T'|| touv T}, xou éotw @1 éva
Wodtdvuopa pe ||é1]| = 1. O Ty avdryer tov Ha := {¢1}+ xou dpo 0 TerecThC

To =T |y,

umopel va Yewpniel we tehecthc otov Ha. Elvon edxolo va del xavelg 6t o Th ebvon
ouurayfc xor autoouluyhe. Av Ty # 0 té1e 0 T éyet pio Wiotwh Ao = || Thll, xou
€0Tw @ Uio avtioTouyn Wioouvdptnor. Eyouue

[Ao| = T2l < T3l = [Aal-
Oétoupe ToOpa Hy = lin{er, go} xou Ty = T |3, xou cuveyilovue emarywyd xotdu-
T6V 10V TP6T0. 210 n-06T6 Brua €youpe éva opdoxavovixd oivoro {¢1,. .., ¢, } mou

omoteheiton amd wioTwé Tou T xan yior Tic avtioTotyeg Woouvapthioes {A,} toylet

MY .

33



Opllovpe 16t Hpt1 = lin{er, ..., dn} xou tov teheoth Thi1 610V Hp1 o€ Ty =

T ’Hn+1 N
Awaxpivoupe 600 TEQIMTOOELS, AvIAOYX UE TO av 1 dtadwacior auty| Tepuatiletan 1 oyt.

ITepintwon 1. H Swdiaocio teppatileton. Tndpyet t6te xdmoog r > 1 tét010¢ OOTE
Trq1 = 0, dnAadn

T ’"Hr+1 T ‘hn{¢1, S}t T 0.
‘Ouwe v xde € H €youue

r

T — Z <xa ¢n>¢n € Hr+17

n=1

doo
T(x— Z (T, n)pn) =0

n=1

Ol GUVETUOC
To = (z,¢,)Té, = Z An(
n=1

Ye auth| TV mepinTwon Aowmdv o T' €yel tencpacuévn Tdln, lon ue 7.

Ilepintwon 2. H dwdixacio cuveyiletan e’ drepov. Oo amodelloude Tp®Ta OTL 1)
oxohoudia (A,) ouyxiiver oto 0. Ilpdyuartt, ac vnodéooupe 6Tt Bev ouyxiiver ato 0.
Téte undpyel € > 0 tétoto BGote [N, > € yioa xdde n. Autd cuvendyeton 6Tt Yo xde
n, m Ue n # m oy Vel

= | An |2 + | Am, |2
> 262,

‘Apa 1 axohoutio (T'¢y) Bev unopel va €yel cuyxiivousa unaxohouvdia, To onolo eivor
dromo agol o T etvor cuumoryng.

‘Eotw topa x € H xou ag Yécouye

r—1

Tr =T — Z <l‘, ¢n>¢n

n=1

Afhadh z, = P,x 6mou P, ebvar 1 opdoymvia tpoforry otov H,. Apa

H (T - i >‘n¢n ® ¢n> SBH = ||T (x - i: <$v ¢n>¢n> ”

n=1
= Tz
[
[l
| A ||
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HOL CUVETC
r—1

n=1

%o 1 — 00, ONhadH

n=1

6mou 1 oeLEd GUYXAVEL e TEoC TNV Vopua Tou B(H).

Ye xdie nepintwon (Snhady eite n drodixacio tepuatileton elte oyt) €youe

n=1

émou 1 < 400 (Ilepintwon 1.) # r = +oo (Hepintwon 2). e xdde nepintwon énetan
ot Y xdde x € ‘H to ddvuoua

y=x—= Z <J}, ¢n>¢n

n

avixet otov Ker(T'). "Apa, av {1y, } ebvou pior opdoxavovixr Bdon tou Ker(T'), tote

Yy = Z <y7 wn>¢n = Z <£L’, V) Un,

n n

xa dpal

T = Z <$, ¢n>¢n + Z <l‘, %Wn

Ané to Oedpnuo 1.3.9 autd cuvendyetar T 10 opdoxavovind aivoro {¢, } U {1, } etvan
TATipES, Xou €YOUUE amodEllel To Vewpnua. O

3.4 Egappoyn: to npoBAnua Sturm-Liouville

Optopde. Mia ouvdpon u : [a,b] — C ovoudleton amdhuta cuveyhc av yia xdde
€ > 0 undpyet 6 > 0 wote v xéde n € N xau yio xdde n Swothata [, Y] C [a, b
vo Loy Vet OTL

n

v Z(yk —xp) <d TOTE \fyx) — flzr)] <e.

k= k=

Efvan dueon ouvénela tou oplopol 6t xde Lipschitz ocuvdptnomn elvar amdiuvta cuveytc
xou OTL %&de amdAUTO GUVEY TG CLVEETNOT ElVOL OPOLOPOE(I GUVEYTC.

Ebtva yvwoth and v Hpaypatedy Avdivon n axdrouin
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Ilpbtaom 3.4.1 Av n u elvar andluta ovveyns oto |a,b] tote eivar oyedér mavtol
napaywyioun, n tapdywyos u' avrker oo L'(a,b) ka

elvar arodvta ouvexns kat wyve u' = v oyedor mavtol.

Ogtopdg Ovopdloupe teresti Sturm-Liouville otov yopo Hilbert L?(0,1) éva tehe-

ot L tne popgnic 0
U

Lu(w) = - ()

+ qu,
poli ue cuvoplaxég cUVITXES
au(0) + o/u'(0) =0
Bu(l) + f'u'(1) =0,

OTou:

(i) p xou g ouveyelc ouvopthoelc pe Tparypatxés Tuée xou p(x) > 0 oto [0, 1].
(i) 7 p' undpyer xou etvor ouveyrc oto [0, 1].
(iii) «a,a, B, B, eivon mparypotixol aprdpot xon o + o # 0, 52 + 52 # 0.

To redlo opopol tou L dev ebvon dhog o yodpoc L*(0,1), to onolo elvon avopevopevo
ol to Lu dev opileton yio x8de u € L?(0,1). Opioupe to nedio opiopéu D(L) tou L
©¢ T0 6OVOro GhwY Twv u € L*(0,1) mou etvor téTolec OGTE:

(

i) nu undpyet xou eivon anéhuto ouveyrc oo [0, 1]
(ii) 7 u” avixer otov L*(0,1)

(ili) n u wavornotel Tic cuvoptaxée cuviixeg (iii).

‘Apa vy u € D(L), to Lu etvon xohd optopévo xau avxet otov L2(0,1). o tpoxtixoic
AoYoug xdvoupe emmAéoy TV (TeYVixn) unddeon 6Tt to 0 Sev elvon dtoTr Tou L, dnhadh

uwe D(L), Lu=0=u=0.

O teheotric L dev ebvan pparypévog, xou dpa tinota amd 11 Yempio Tou u€ypel Thpa EYOUUE
oL 0ev pmopet va egapuooTtel yioo Tov L. ‘Onwg Yo dolue dung, umopolue vo udouue
TOMG Yot Tov L UEAETOVTAC TOV L™ o omoloc eivor PeayHEVOC.

Oewpnpa 3.4.2 O tedeotis L efvar 1-1 ka1 erd, ka1 o avtiotpopos L=t efvar ouunayris
ka1 avtoovluyng.
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Anéoeadn. And tnv Yewplo TV cuvidwy dSlapopxdy e€lo®oewy YVwpllovue 6Tt uTdp-
YOUV CUVUPTACELS U, Ug € C’Q(O, 1) ot omoieg elvon Aoewc e dLapopixrc elowong

_i( du;
R,

)+qu; =0, i=1,2
ue avtioToryeg cuvoplaxeg cuVINxNG
auy(0) + o'uf (0)

Bua(1) + fluy(1) =

xow oL MOGELS efvon un TETPLUPEVES, dnhodH ul( )2+ uy(0)? #£ 0, ug(1)? + uh(1)? # 0.
OplCoupe Vv opilouca

‘Evog amhog urtohoylouog pag oivel
(—pW) =0, ywxddete (0,1),

xou Gpor —p(x)W(z) = ¢ yia x&e x, émou ¢ eivon piot otadepd. Oo deioupe ot ¢ # 0.
Ac¢ unotéooupe avtideta 6t ¢ = 0. Agol p(x) # 0, éyouue W(x) = 0 vy xdde = xou
ELOXOTER

u1(0)usy(0) — ug(0)uy(0) = 0.

‘Ouwg ui(0) # 0 % ui(0) # 0. Ac urodéoouue 6T uy1(0) # 0, n mepintwon uy(0) # 0
avTpetoniletar Ye avdhoyo teomo. ‘Eyouue
)

u1(0)
Ul(O)

= (auy(0) + a'uy(0))
= 0.

=)

aus(0) + d'uy(0) = aug(0) + o < us(

Aol 1 uy elvon 8o cpopsq chxpocyoaytotm xou 1) uy ebvon ouvsxng, émetan 6T ug € D(L)
xow Luy = 0, 10 omolo €pyetan o avtigaon pe tnv unoveorn ot to 0 dev elvon WBtoTuN
Tou L. Apa mpdrypatt ¢ # 0.
OplCoupe topa TOV OAANEWTIXG TUEY VAL
cluy(2)ug(t), ava <t
K(z,t) = { clug(B)ug(z), avit <.

Aol oL uy, uy elvan cuveyeic ato [0, 1], €youue

1 1
/ / (e, t) 2 da dt < oo.
0 0

k(x,t) = k(t, x).

Ebvau enlong mpogaveg ot
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‘Apa 0 tekeotic K mou oplleTon amd TOV OAOXANEOTIXG TURHVAL k(x,t),

Kf(z) = / (e, 0)f(2)dt,

etvon tedeotrc Hilbert-Schmidt xow avtoouluyrc. Oa amodelCouye OTL 0 L elvon ovti-
oteédipog xou L'=K.

'Eoto f € L*(0,1) xou ag Yéoovue g = K f. Ou delfovue 61t g € D(L) xou Lg = f.
o to oxond autd 0pllovye TIC GUVIPTATELS

vi(z) =c /(f w(t) f(t)dt, wvo(x) = c_l/ us(t) f(t)dt

X0l TORUTNEOUUE OTL
g = U1Ug + UgV1.
HMapaywyiCovtog nalpvouue

/ / / / /
g = UU2 + UV F UyV1 + UV

/ /
= UpV2 + UyV1.

Ewwotepa n ¢’ ebvon ouveync. Hopaywyilovtag dAAn pla gopd €youue

g = —c Musf + ulvy + ¢ rugub f + vyl (3. 4)
xaou dpo g” € L*(0,1) ool bhot oL bpot 670 BeEL péhog tne (3. 4) avixouy otov L(0, 1).
Emmiéov, agol v1(0) =0,

ag(0) +a’g'(0) = aui(0)vz(0) + a’u}(0)ve(0)
= [au1(0) + a'uy (0)]v2(0)
=0

xou mopdpot Bg(1) + 6'¢'(1) = 0. Apa g € D(L). "Eyoupe

(pg) +a9 = —(puivs +puynr)' +qg
= —(puy)'vz — (puy)'vr — p(ugvy + uyvy) + qg
= —quivy — qugvy + pe H(ubuy — wus) f + qg
= —qg—pc ' Wf+qg
— f
‘Apo Lg = f, onhady LK f = f.
Hpémer axdun va det€oupe 61t K Lg = g ywaxdde g € D(L). Ipdrypatt, éyouvue LK Lg =

Lg »ou dpa
LIKLg—g]=0.

H vnddeon 6t 1o 0 dev eivon ot tou L cuverdyetan 6t K Lg = g, mou elvon 0
{ntoluevo. O
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Opiowodeg 3.4.3 H ouvvdptnon k(x,t) ovoudletar ouvdptnon Green tov mpopAnuatog
Sturm-Liouwille.

Oedpenua 3.4.4 Trdpye éva mAnpes opfokavoviké ovotnua {¢,} mov aroteleftar ané
1bwovvaptrioes touv L. Or avtiotoryes 1010Tiués {1, } éxouv dAes memepaouévn moAanAd-
TnTa Kai fi, — 0.

Anoédeadn. Apxel vo ehéyZel xaveic 6Tt o A # 0 elvon WioTiur Tou K e dlocuvdptnon ¢
av xon u6vo ov to AT efvon ot tou L pe Wocuvdptnon ¢. To dedpruo toTe éneto
av €Qoplécouue oTov K 1o goaouatind Yedpenua yioo cuunoyeic autoouluyelc TEAEOTEC.
O

‘Acxnor 3.4.1 No Beedolv ot cuvapthoelg Green xod®g %ot Ol LOLOTUES oL LOLOGU-
VOPTACELS YIo TOV TEAECTY

Lf=-f"

oto (0, 1), ue ouvoptoxéc ouvirxec.

f(0) =0, 3f(1) + f'(1) =0.

4  Oewpnuo Lax-Milgram »ow petafohixd ngoBA7-
naLTat

Optopode 4.0.1 Ovopdlovue (3/2)-ypappukn popen oe éva xdapo Hilbert H pua arer-
kovion A : H x H — C ya v omofa 10y Ve

(i) Az + py,z) = M(z, 2) + pA(y, 2),
(i) Az, \y + puz) = MA(z, y) + gA(z, 2),
yia kdOe x,y € H ka1 A\, jp € C.
H (3/2)-ypappuxiy popeny A Aéyetar:
o gpayuérn, av vndpyer A > 0 dote |A(u,v)| < Aljul|||v]| yia kdOe u,v € H
I

e clarukn, av vrdpyer A > 0 dote Re A(v,v) > c||v]|* ya kdOe v € H.

Ocedpnua 4.0.2 (Oebdpnua Lax-Milgram) Eoww A(-, ) pia (3/2)-ypappuxr) gpay-
pévn el artikn uoppn ovov H. I'a kdOe ppaypévo ovvaptnoaxé m : H — C vndpye

Hovaoiko u € H wote
A(v,u) = m(v), yia kd0e v € H. (4. 5)

EmmAéov n areikdévion m — u efvar ovveyrs.
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Anédeaén. 'Eotw u € H. H anewdvion
v A(v,u) (4. 6)
elvon Yooy and tov H oto C. Ernloneg
|A(v, w)| < Mul[fjv]],

G m (4. 6) elvon €va poryuévo Ypauuixd cuvapTNotaxd oTov H, Ue vopuo UxpdTepn 1
fon tou M||ul]. Anb to ©éwenua Avanapdotaonc tou Riesz émeton 61t undpyer w € H
WOTE

A(v,u) = (v,w) , v xdde v € H.
Ioyter tote ||w]| < M ||ul|, dpo optleton évag pporyuévos ypouuaxos TeheaThc S amd
oyéon Su = w. Apa hoimov

A(v,u) = (v, Su) , u,veH.

Eniong, ndht and 1o Owpnuo Avanopdotaong tou Riesz, undpyet f € H dote m(v) =
(v, f), veH. Apan (4. 5) yedpeton 10odVvaa

(v, Su) = (v, f), yio xde v € H,

xou dpo To {nTolduevo avdyetar oto va Peedel u wote Su = f. Apxel va 6etouue 6TL 0
S elvon avtioteédiuog ue peoyuévo aviioteogo. Iapatnpolue xotapyhyv 6Tt

Alz]|* < Re Az, 2) = Re (S, ) < || Sz| |||,
xa dpal
1Szl = Allll, =z eH. (4. 7)
O S eivon 1-1. Auto elvon dueon ouvénewar tne (4. 7).

H ewéva Ran(S) eivan xhetotog undywpos. Autd eivan eniong ouvéneta e (4. 7), axpl-
Boc 6mwe oty anddeln Tou Ocwpruatog 2.4.9.

H ewcdva Ran(9) ebvor tuxvég undywpoc. ‘Eotw © € Ran(S)*t. Téte

c|z]]* < Re A(x,z) = Re (Sz, 1) =0,

xan dpar & = 0.
Yuvenog o S eivon avtioteédipoc. To étL o avtictpogocg S~ etvan peaypévog EmeTan
and v (4. 7), xou wdhota ||STH| < 1/ O

Oedenua 4.0.3 Eotww A(-,-) pia gpayuévn elanuxry (3/2)-ypaupuxr) popen ooy
H ywa Ty omoia 1wy ver emmAéov

Az, y) = Ay, z).

‘Eotw m éva ppayuévo ypappkd ovvaptnoiaxéd otov ‘H. H ouvvdptnon
1
J(u) = §A(u,u) —Ren(u), uweH,

éxer éva povadiko ekdyroto atov H to omoio Aaufdretar axkpifas otn Adon u tov Jewpr)-
pazos Laz-Milgram
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Anédaén. Eoto u n hbon tou Oewprjuotoc 4.0.2 xou v € H. Eyouue té1e

J() — J(u) = %(A(v,v) ~ Auu)) ~ Rem(v — u)
_ %(A(v, v) = A, u)) ~ Re Av — u,u).
Ouos
Re A(v — u, u) = %(A@ C ) + Ao — ) = %(A(v, W) + Alu, v)) — Alu, u),
oo

J(v)—J(u) = é(A(v,v)—l—A(u,u)—A(v,u)—A(u,v)) = %A(v—u,v—u) > %HU—UHQ

xot T0 {NToUUEVO EmETL. O
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Meégog 11
Eopapuoyeg otic Mepixeg
Awopopixeg ECiowoelg

5 Xwpot Sobolev xou acVeveic Adoeig

‘Eotw 2 éva avoxtd ywpelo (= avouxtd xou ouvextixd oOvoro) tou R™. Aéue 61 to
obvohro U mepiéyeton ouumoyws oto 2, xan yedpoupe U CC £ av

(i) UcQ
(ii) U oupnoyéc ovvoro

ITpétaoyn Eotww U C Q. Ioybet U CC Qav xou pévo av U gpayuévo xou dist(U, 0€2) >
0.

Anéoedn. Aoxnon,. O
[No 1 < p < oo opiloupe

Lp

e() ={u: Q= C : wyetphown xu u € LP(U), yio xdde U CC Q}
OpiCoupe eniong

CrQ)={u:Q—C : ueC™®(Q) xu supp(u) CC Q}

Iapaznpnon. Eivou dueco ot

(1) Li(2) C I,

(i) L) CLi.(Q), 1<p<oo
() LE(Q) C O(9Q)

loc

(Q), yiaxdde 1 <p<g<o0

(To (i) éneton and v oviodtnta Holder)

5.1 Oporomointeg
‘Eotw Q C R™ (dyt anapattnta gporyuévo). o e > 0 opilouye
Qe ={z e : dist(z,00) > €}

AL

Qf = {x e R" : dist(z,00) < €}.
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©éTouue
Cexp(—l%) lz| <1
g 7‘x| ! ’
p(z) { 0, o] > 1,

omou 1 otadepd C emhéyeton étor Hote [ p(z)dr = 1.

[N e > 0 opiCouye oTn cuvéyew
pe(x) = €plzfe), wER”

H owoyévela ouvaptAoewy (pe) ovoudletan OUANOTIOINTAG Ko EYEL TIG AXOAOVVES LOLOTT
TEC:

(i) pe€ C*(R")
(i)  supp(pe) = B(0,¢)
(iii) /n pe(x)dr =1

'Eoto u € L}, (Q). Tw xdde € > 0 opilovue

u(r) = /Qpe(x —y)u(y)dy = A/—ccl« pe(r —yu(y)dy , =€ Q.. (5. 8)

IoodUvapa, emexteivovtag Ty u VEtovtde v (on ue undév oto R™ \ Q, éyoupe

e = (pe *u) Q. -

omou f * g cudBoMlel TN CLVEALT CUVUPTACEWY. MUVETEW TIC OVIGOTNTUC Young ol
0L 6T ||pel|z1 = 1 ebvon bt av w € LP(QY) t61€ ue € LP(S2) %o

[tellLrn < llullzre) - (5. 9)

Ileétaoyn 'Eoto u € L, (). Ioybouy ta edfc:

(i)  ue € C®(Q) xau yio xdde mohudeixtn o, Du, = (D%u),
(ii) Av u € C(Q) té1€ ue — u 0pOLOUOPPA GTA GUUTAYT) UTOGUVORA ToU (2
(iii) Av u € LP(Q) t6t€ ||ue — ul| oo, — 0.
Ewwoétepa ue — u otov LP(U) yio xdde U CC L

Anédaén. (i) Oa deloupe apyxd 6Tt

ou, _ 8p6x_ ()
W=] v,

8xk o aCL’k
ONAaoY
Quec  Ope
i . 1
Oz <8xk {le (5. 10)
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‘Eotww x € Q¢ xou § apxetd pixpd wote B(z, [d]) C Q.. Opilouye

A(S) = L (ue(x o) — u(x) — 6 / ggz (- y)u(y)dy>

0 ly—a|<e
xou apxel va det&oupe 6Tt A(0) — 0 xaddde 6 — 0.
‘Eyouue howndy
1

a0 =5 [atrrsa) - al—n —ogl - p]uwr.

‘Ouwc, and tov tono tou Taylor éyoupe v xdde y € B(x,€),

dpe
8xk

Y xdmoto onpeio &, € [x —y,x — y + dey]. 'Eotw M > 0 tétoo wote ||Hessp || < M.
‘Eyouue tote

1
pe(x+der, —y) = p(x —y) +6 (x —y)+ 552Hesspe(§y)ek ek,

—y) — —y) — —)| <
pe(x + ey —y) — pe(r —y) 5axk(:v y)| < )

"Apa

1 M§?
A) < X / u(y)ldy — 0.
o 2 ly—z|<e

xoddg 0 — 0, xou To {nrovuevo EneTol.

[apodyota amodetxvieTon 1 OTopdn Topay®ywy xde TdEnc: oy Vel YeVxd
(D*u)(2) = /| D)) u(o)dy
y—x|<e€

v %8 moaudeixtn v € (NU {0})™. Apot howndv u, € C®(€2). 0
(ili) 'Eotww U CC Q. Eotw n < dist(U, 0Q) xa e < n. ['o z € U éyouvpe to1€

ud(x) = ul)| < / Pt =)~y

Bl(e

< sup sup [u(x — y) — u(x)|
z€U yeB(e)

< sup |u(a’) = u()|
x,@' €US/2 |z—a’|<e

= C€

— 0,

AOY® %O TNG OHOLOUORYTG CUVEYELNS TNG U 6To cUvoho U™,
(iv) Eotw u € LP(Q) xa 6 > 0. Eivor yvowoté and v Ipayyatxy Avéivon 6t
undpyet ouvdptnon v € C.(2) tétola WoTe

0
||u — U||Lp(Q) < g
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‘Eotw K = supp(v)

[o ) ouvdptnon v Yewpolue Tic avticTolyec oyohomotnuévee ouvapthoelc v.. Tote,
arnd To (iii),
Ve —> v, ouoldpoppa oto K,

Y xdde n < dist(supp(v), 92) (ool yior autd to n to K7 elvon cuunayéc untocivoro
Tou ).

Yuvenoe v € < 1 < dist(supp(v), 092), enetdr| ot v, ve undevilovton extoc Tou K7,

[ve — vl|zon) = [|ve = V)| oy < ||ve — ]| poogaen | K7

xal dpa
)
[ve = ][ r(0) < 3
av TO € Elval APXETA UXEO.

LUvenwe yio apxetd pxpd € > 0, yenotpomowdvtog xat ™y (5. 9) éyoue

[ue = ullr@y < llue = vellr@o + lve = vllzr@o) + lv = ullLr(a,)
< 2[v — ullze + [[ve — vl o)
S 57
xou dpor amodelyUnxe o {ntoduevo. O

5.2 Xwpot Sobolev
'Eotw u € CH(Q). Buuilovye 61t ohoxhipwon xatd topdyovtes pog dive
[ u@)on @iz =~ [ w(@)o@rts
Q 0
Y x&e ouvdptnon ¢ € C2(Q).

Optlopdeg 5.2.1 Aéue éu n ovvdptnon u € L}, (Q) etvar aoOevds mapaywyioun av

vndpyour cUVapTHOES gu, - - -, g € L}, (Q) TéTotes dote

[ u@norts =~ [ gi@)ota)da
Q Q
yia kde 1 <1i <n ka1 yia kde ¢ € C°(Q).

Adppa 5.2.2 Av nu e L, (Q) evar térow dote [ updr =0 ya kdde ¢ € C(Q),

tote u =0 oo §).
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Anédeaén. HopoeineTon. O

‘Eneton and 1o Afjuua 5.2.2 611 av 1 u ebvon ao¥evirg mopoywyloun TOTE oL GUVAPTAHCELS
g1y -+ -, Gn Ebvon povadixée (péypt ovvola pétpou undév). Tic ovopdlovye téte aoVeveic
HEQIXES TORAYDYOUS TNG U %o TG GUUPBOMIOLUE YE Uy, .

Hapaznpnoes. (1) Eivou dueco dtu av 1w ebvan moparywylown ye v xhoooixr évvola,
TOTE elvan xan acVeEVKS TopaywYlown xon ot acVevels uepéc Topdywyol TauTi{ovTon Ue
TIC XAAOIXEC UEPLXES TIOROY (YYOUC.

(2) 'Eneton dueoa and 1o Afupa 5.2.2 1L n évvota tng aofevolc mapory@you elvat Tomikr),
ONAdY) oty oL u xa v bvon aoVeve Topoywyiotues 6To 2 xon 1 = v o€ €val avoLxTd GUVOLO
U C Q to6te uy, = v,, oto U.

(3) Av n u ebvar acdevie napaywylown oo § xou xhaoixd tapoywylown ato avoxTto
obvoho U C 2, t6te 1 ao¥eviic xan xhaotny| mopdywyog cupninttouy oto U.

Hapabetypara: (1) H ouvdptnon u(t) = 1 + |t| eivon acdevie napayoylown oto R xau
o)1, <0,
u(t)_{ 1, ¢t>0.

(2) H ouvdptnon
) = { 0 <0

1 >0
oev ebvan aolevie Tapaywylown.

ITpbtaocyn Av ol f,g eivon aoVevie napoywylotues tote xou ot f + g, cf (¢ € R) elvau
acVEVOS ToEAY WY IOYES Xo

(f +g)zi = f:m + 9 (Cf>$z = Cf:fi :

YNy enbuevn doxnon yenothonoloUue To cupfoliold tou oplopol (5. 8).

‘Aocxnom 5.2.1 Av nu elvar aolevds napaywyionn oo € téve

(ue)xk = (u:pk)e 5 oo ).

Opiopog. OplCoupe

WHP(Q) = {u € LP(Q) : u aodevic nopoywylown xou u,, € LP(Q)}.

O WP (Q) elvon ypoupixde yhpoc xon ovoudletar ydpog Sobolev. Edxola ehéyyet xavelc
OTL M

1/p
ol = | (P +19u)dg) (5. 11)
Q
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etvor voppa otov WHP(Q). Ebvau dueco 6t

up — u, otov LP(Q),

1 ,
up — w otov WHP(€2) av xou uévo av .
F () t Uz, — Uy, oOTOV LP(Q),i=1,....,n

(610U Ug z; = (Uk)z,;)-
Oewpnpa 5.2.3 O WHP(Q) epodaouévos pe tn vépua (5. 11) efvar ydpog Banach.

Arédaén. 'Eoto (uy) pio axorovdia Cauchy otov WHP(Q). Téte o oxohoudieg (uy) xou
(Ukz,) (0 =1,...,n) ebvar oxohoudiec Cauchy otov LP(2). Apo undpyouy cuvaptrhoels
Uy G1y- -+, gn € LP(Q) doTE

U = U, Uk, —> Gl sy Uz, — Gn, 0T0V LP(Q), xadog k — +oo . (5. 12)

‘Eotw topa ¢ € C2(Q). TN xdde k € Nxowi=1,...,n éyouye

/ukgbmidx = —/ukxlgb dx .
Q Q

[Tofpvovtag To dplo k — 400 mpoximTEL

/ngbzidx:—/ﬂgigzﬁdx.

Agol 1 oyéon auth oylel yio xdde ¢ € CX(Q), n u elvon aodevig mopaywyiown xat
Uz, = gi. Apou € WHP(Q). Téhog, n (5. 12) poli pe tic oyéoewc u,, = g; oLVETdYETL
6t up — u otov WHP(Q). Apa howndv o WHP(Q) elvor ydpoc Hilbert. O

Optopode O ydpoc WyP(Q) opiletor v 1 xhetoth Hixn Tou C2(Q) we tpog T vopua
I llwrs) -

[Mpétaocn 5.2.4 Ioyva W, P(R?) = Wh2(R™).
Arédaén. Tpéner vo amodetZouye 6t to C°(R™) elvon muxvéd otov WHP(R™).
Brua 1. Eotww u € WHP(R"). Oewpolye cuvdptnon ¢ € C°(R™) tétoto hdote

() b)) =1ywle| <1
(i) o(2)=0yfa] > 2

xou oplCoupe

Un(x) =0(x/n),  un(r) = Pn(@)u().
‘Eyouue tote

[un = ullLony = [|(1 = ¥n)Vul| Logny — 0
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Nl
[V, — Vu| go@ey < |[(1 = n)ul|ze@e) + |V Lo @ny

O mpiTog 6pog o710 B pEhog Telvel oTo Pndev xadwg n — 0o. I'a Tov 6elTepo Eyoule
1
[NV 2o @ny < [Jullze@e) | Von |l o @n) = EHUHL?(RH)||V¢n||L°°(Rn) — 0.

Brjua 2. Apxel va 6ei&ouye 6Tt 0 yidpog C2°(R™) elvon Tuxvog 6T0 YhpOo TV GUVIPTACEWY
otov WIP(R™) pe oupnayh gopéa. 'Eoto howmby u plo tétowe ouvdptnon. Ocwpolpe
TOUC OPOAOTIONTES pe(T) xou 0piloupe

Ue = Pe * U.
‘Eyovue téte u. € C°(R™). Ioyler eniong (R™)e = R™, xou dpor
|we — u|| Lrrny = 0.
[apduola, yenoylomoiwvtag xou Ty ‘Acoxnon 5.2.1,
[(te)ay, = thay Loy = [1(tey)e = tay || Lory = 0.

‘Apa howrtdy u, — u otov WHP(R™), xou GUVETAC xoue 0 {NnTolpevo. O
Oedpnua 5.2.5 (avicdtnta Poincaré) Eoww Q2 gpayuévo. Trdpye ¢ > 0 dote
IVullo@ > clullne ,  weWy™(Q).

Anédein. Apxel va amodeilouye v avicétnta yioo u € CP(Q). 'Eotw 6t to

TepLEyETAL avdueoa oto uTEpeTineda z1 = 0 xou 7 = . Enextelvouue v u o 6ho 10
R™ détovtde tn lom pe undév extog tou (2. T o € 2 €youpe

z1
lu(z)] = ‘/ uwl(t,xg,...,xn)dt'
< / |ty (t, o, . .., )| dE
0

i o 1/p
< avr (/ ]uxl(t,xQ,...,:cn)]pdt> :
0

Tdhdvovtag TNy p BOVAUN X0t OAOXANEOVOVTAS WS TEOS T1 To{PVOUUE

(0% (0%
/ lu(zy, ..., 20)|Pdey < P! / |ty (t, o, ..., x,)|Pdl
0 0
(0%
< @ [Vttt
0

%o T0 {NTOVUEVO EMETAL OAOXANPOVOVTAS WS TPOC Ta, . . . , L. O

IMapathenon. ‘Erncta and v avicétnta Poincaré dtu av to €2 ebvar gporyuévo toTe 1)
u = ||Vl o) eivon vépua otov Wy (Q) 1wodivoyn pe ™y Sobolev vépuo.
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Ocedpenua 5.2.6 (avicdtnta Sobolev) Eoww 1 < p < n ka1 p* = pn/(n — p).

Trdpyet ¢ = c(n,p) > 0 dote

]| o oy < || Vullo@ny ,  w € WyP(R™).

Anédaén. Apxel va amodeiloupe v aviodtnta Yoo xde u € C°(R™).

Brua 1. Trmodétoupe 6Tt p = 1. Aol 1 u €yel ouumoyt| @opéa, €YOUUE yio xdie

1=1,...,n,

ulz)] < / V@, sy )|y,

[e.9]

xaL dpat
1

Sﬁ(/oo [Vu( xl,...,yi,.._,xn”dyi)nﬂ

OAOXANROVOUUE TWEO WE TEOC L1

/ |u(m)|nﬁ1dx1 §/ / \Vu(zy, ..,y x )|dyz> dzl

—00

_ (/_ |Vu|dy1) e /_OOH</OO|Vu(x1,...,yi,...

(/ |Vu|dy1 - H/ / ]Vu|dx1dyl
= (/ |Vu\aly1)ﬁ1_[[im
> i=2

271 GUVEYELL OANOXATPOVOUUE WG TPOS Ta:

/ / 5 diydes

/_Oo [(/_ |vu|dy1)" IHI" ] dzs

— /°° [(/ |vu|dy1)" 1H1n ] ds

< 1”1 / / |Vu|dy1dm2 " 112[(/_001@@)"11

- (/_00|Vu|dx1dy2 / / |vuydy1dx2
f!(/: /_Z /_Oo]Vu]dxldasgdyi>M
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onAad

[ [ w@ianas,
(/ / (Vuldzidz, ) “H / / / |Vu|d:v1d$2dyz>
—0oQ —0o0 =3

v x&e (x3, ..., T,).

Ve 7/ / / /4 7/ /
Yuveytlovtag xatd auTtéy TOV TEOTO XATAAYYOUUE TEAXS OTL

n

|u(z)| 7T dr < ( |Vu|dx> "
R" R7
xou €youde to {nroluevo yio p = 1.

Bnua 2. ©ewpolue topa Tt mepintwon 1 < p < n. Egopuélovye 10 mopandve o1
ouvdptnon v = |u|?. Hoipvoupe

(/n |u|7?—nldac>nn1 < /Rn |V|ul”|dx

= ”y/ |u| " | Vu|dx
R"

(y=1)p el

< o [l ar) " ( Rnwuv’dx)*l’

EZiodvovtag tou 800 exdéteg tng |u|, Snhady| emhéyovag

_p(n—1)

n—p

TeoxUTTEL To {NTOVUEVO. O

5.3 'Iyvn

Oedpnpa 5.3.1 Fotw Q éva ywplo pe C* olvopo ka1 1 < p < n. H anemoz/zm?
ToU nepzoayov oto OR™ utag owvdptnons u € CHRY) emextetvetar e évav ppaypévo
ypau Ko tereotr

Tr : W'P(R}) — LP(ORY).

Anédaén. Bhua 1. 'Eotw ploa ouvdptnon u € CHRY). Tpdwoupe = (2/,z,) ue
' € Rz, > 0. T & & éyoupe téTE

g
/ - / O P
)P = a0+ [ 5

= \u(x’,0)|p+p/ lu(2, )P~ 2u(a’, t)uy, dt
0

(', t)["dt
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X0l TEQVOVTAS OPLO Ty, — +00,

+oo
e 0P <p [ Jula P Vae )t
0

/ lu(2’,0)|Pdz’ < p/ / ulP~ | Vu|dx
Rt T JRY

YUVETOC

< p(/m |u|f"dx>p;1</]Ri |Vu|pdx>;
< p[%(/m |u|pd$> + %(/R1 |Vu|pdx>}
<

CHuH;;Vl,p(Riy

Briua 2. ©ewpolpe téhpa tuydy u € WHP(RY). Enextelvouue v u o€ plo cuvdptnom
v ot0 R"™ Mote va elvan dpTior ¢ Tpog ) PeTaBANTh 2. Téte v € WHP(R™) [t dev
elvon mpogavég xou dev Yo To omo'(‘)siiouye]. Ané v Ilpbtaon 5.2.4 éncton OTL UTdpPYEL
oxohoudia (v,) C C°(R™) dote

||UTL - UHWl,p(]Rn) — 0
‘Eote topa u, o nepoploudc e v, oto RY. Tote u, € CF (M) oL
||Un — uHWLp(Ri) — 0.

Yuverie o CX(R%) ebvor muxvée undywpog tou WIP(R™). Apo o tehecThc fyvouc
emexteiveton xatd povodixd teémo and tov C°(RY) oe évav gpoypévo tehesth and tov
WP(R") otov LP(OR"). O

IMopatripnon. To napamdve Vempnuo uag AeL Twe TUEOTL 0L GUVAPTHOELS TOU AVAXOUY
otov WHP(R™) efvon oplopéveg oyeddv movtol, AapBdvouy, ue wio ouyxexptuévn évvola,

7 ’ L ’ n / ’ 7 ’ n
TWES 0T PndeVxol uEtpou olvoro IR, To (dlo woylel yevixdtepa av avti tou RY
€youpe éva ywelo £ ue ouard clvopo.

Ilpétaoy 5.3.2 Eotww u € WH(R™). Ioyvea

ueWyP(R") <= Tr(u)=0.

Anédaén. H ouvemoywyh = tou (i) ebvor dueon and toug oplopolc xat to Oedpnua
5.3.1. To avtioTtpogo mapakeineTan. O

‘Aoxmnor. Anodeilte 6Tt av 1 < p < n 16T€ 0 TEAEOTHC fyvoug oplleTon xan etvan
p(n—1

)
ppaypévoc and o WHP(R™) oto L »r (IR?). [Tnédeln. Axohovdeiote tny anddeln
Tou Baotxol Yewpruatoc Yo o fyvog, avTxaho THOVTIG To p and xotdAinio r > 1.
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5.4 Oewpenpa cvundyeiag tou Rellich

Aqppa 5.4.1 Toyvea
HUG - UHLP(RTL) S €||u|lwl,p(Rn) (5 ].3)

yia kdde € > 0 ka1 u € WIP(R").

Andoeitn. 'Eotw € > 0. Ac vnodéoouye apywxd ot u € C°(R™). 'Eyouue t61€ Yo
xqe x € R™,

() — u(z)] < /| G y) ~ o)l

" d
/0 Eu(m — ty)dt| dx

IN

1
o[ o) [ 10t~ t)litas.
ly|<e 0
"Apa

uc(z) — u(z)Pdx

o[ ( / ) / [Vl - ty>|dtdy)pd:c
(Holder) < ¢ /R [(L|<Epe(y)dy>p_l (/ly<ep€(y) {/01 |Vu(x—ty)ydt}pdy)] dx
(Holder) < & /R n ( /y ) /0 1|Vu(:v—ty)|pdtdy> dr

1
_ e / ply) / / V(e — ty)Pda dt dy
ly|<e 0 n
1
= OIVully [ o) [ atdy
0

ly|<e
= | VullZ,,

IN

R") *

H yevudh nepintoon u € WyP(R?) énetan and v mopandve mpooeyyiloviag Ty u
e plo oxohoudior (ug) C C(R™). T vor yiver ypnottonoloVe xot o YEYOVOS OTL 1
amewévion u — u, elvar suveyfic and tov WHP(R™) otov LP(2), to onofo elvor ouvéneto
e (5. 9). Tuvende 1 (5. 13) woyler v xdde u € WHP(R™). O

Ouuiloupe €6 6Tt av X elvan évac ouunoyée urtoclvoro tou R™, 161 0 YpouuxoC
Y WOEOC
C(X)={f: X —=C : fouveyrnc}
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elvan yowpog Banach av egodiaotel pe ) vopua

| fllon = max{|f(z)| : z€ X}.

Optowde. 'Eva unocivoro S C C(X) Aéyetan tooouveyéc av yia xdle € > 0 undpyet
0 >0 wote

av |z —y| <§ tote |f(x) — fly)| <€, ywxdde f e S.

Ocvpnpa 5.4.2 (Arzela-Ascoli) Fotw X ouurayns petpixds ywpos. Av to advo-
Ao S C C(X) efvar ivoouvexés kal ppaypévo, téte 1 kAewotr) tov Onkn S elvar ovunayés
uroovrolo tou C'(X).

Anédaén. Tlpéner va Bet€oupe ot n tuyoda oxohovdia (f,) C S éyel ouyxhivovoo
uroxohoudia. Eotw howmdv (f,) C S.

Ioyveiopodg. O X éyel éva apriuroyo muxvd utocivoro A.
Arédeién tov Ioyuvpiuov. o xde n € N to ohvolo

{B(x,%) crxe X}

ebvou Pt avouxt) xdhudn tou X. Apa tepiéyel plo tenepaocuévn unoxdhudn. ‘Eotw A, to
oUVOAO TWV XEVTRPGOY NG utoxdiudne. Téte to olvoro A = U, A, civan éva aprduriowo
ol TLXVO LTTooUVOAO Tou X.

Iedgpovue A = {y1, 92, ...} xou ouveyilouye pe v andden tou Yewphuatoc. H axo-
hovdia (fr,(y1)) ebvon gporypévn, dpo and to Ocwpenuo Bolzanno - Weierstrass éyet pio
ouyxilvouoa oxohoudio (f1,(y1))-

Hopduota, 1 oxorovdia (fi,(y2)) lvon peayuévn dpo €yel pio cuyxhivouoo axorouvi-
o (fon(y2)). Xuveyiloviac étot optletar v xdde k € N o oxohoudio (fin)n. H
xataoxeur etvan Tétolo wote Y xdde k € N

(i) 1 oxohovdia (frn)n etvon utoxorovdia TN (fe—1,n)n
(ii) 1 oxohovdia (frn(Yk))n ebvor cuyxhivouoa
Optloupe 10 gy = frn- H (gn) ebvan téte Unoxorovdia e apyixic axoroudiog (fy)

xot emAéov N (gn(yk)) ebvar ouyxhivouoo v xdde k € N — ioodbvopa, 1 (gn(y))n bvan
ouyxhivouoo yio xde y € A. Oa deloupe 6T 1 (g,,) ebvon Cauchy otov C(X).

‘Eotww € > 0. Trdpyer tote M € N ©ote

1 € ,
ooyl < = @ - <5. e fes
Agol to Ay ebvan menepacuévo urtooivoro Tou A, undpyet N € N dote

nym > N zﬂ%@—%wn<§, yio e y € Ay .
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‘Eotw topa x € X. YTndpyet t61€ y € Ay pe |z —y| < 1/M. T n,m > N éyoupe
TOTE

(y )|+Ign( ) = Gm(W)] + |9m(y) — gm ()]

gn(2) = gm(z)] < Ign(ff)

< 4+

In
€
3 3 3

Apa ywr n,m > N €youue ||gm — gnllre@) < €. Anodeilaye hownd 6t 1 (g,) ebvon
Cauchy otov C'(X). O

Ocewpenpa 5.4.3 (Rellich) Av o ywpio Q C R™ elvar ppayuévo, téte n epfdntion
H3(Q) C L*(Q) efvar ovunayris.

Anddatn. Tlpéner va delfouye 6Tt %8s goorypévn oxoroudia (u,) otov WyP(Q) éyet
unaxohoudio cuyxhivousa otov L2(Q). Eote howmdv (u,) vpayuévn atov W, P ().

Ioyveiopodg. T xdde 6 > 0 undpyet viaxohovdia (U, )r TNG (Un)n GOTE
lltn,, — tnyllz2 <6, k,l€N.

Amooeién touv Ioyypiopot. Enextetvouue xdie u, ¥€Tovtde TN (on Ye 10 Undév extog
Tou Q, onéte xéde u, avhxet oto WH(R™). 'Eotw 6 > 0. 'E6te Uy, 1 ogolonompévn
ouvdptnon mou avtioTtoyel oty u, (Bh. (5. 8) ). Kdle u, €yer t6te @opéa mou
nepéyeton oo QF. Amd to Aduua 5.4.1 éyouue

|tne = Un | o) < ||tn,e — Un|lLr@n) < €|V |l r@ny = €|| Vgl r) < Ce , n>1.
Trdpyet dpo € = €(d) > 0 dote

J
| tn.e = Unl|Lr() )< 3> n=12,.... (5. 14)

Aol to Q ebvar paypévo 1 oxohoudior (uy,) ebvon gpayuévn otov L1(Q). And v
avicdTNTo Tou Young €youue TOTE

[tnell Lo my < Nlpellzoe [l < ce™™

xou apopota, and v (5. 10),

—n—1

H(un,E)wiHLm(R”) < ”(IOE)IiHLOO”unHLl < ce
‘Apa 1 oxohovdia (uy, ) etvan tloocuveyhic oto R yua xdde € > 0. Eniong, dhec oL cuvap-
TAGELS Up, e £YOLV POREN TIOL TEPIEYETAL G TO ouUToYEC oUvoho {z € R™ : dist(x, Q) < €}.

Mrnopolpe emopévng va egopudcoude to Vempnuo Arzela-Ascoli. Iafpvoupe ott unde-
xer utaxohoutiol (U, )k TS (Un,e)n 1 OTOlL CLUYXAIVEL opolduopgo oto {z € R" :
dist(z, Q) < €}, dpo xou oo . ‘Apa cuyxhivel xou otov LP(€2), dpa etvon Cauchy otov
LP(Q). Xuvenne undpyet kg = ko(d) dote

)
kyl Z k:O e ||unk,e - unl,eHLP(Q) < g .
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Yuvenwe undpyet utoxohoudiol (tn, )i ™S (Un,.e)r GOTE
1

Wl >

Hunki,e - unkj,eHLP(Q) S ) Z?] = 1727 s

Ioylel tote vy xdde 4, j € N,

||unkZ - unkj ||LP(Q) < ||unkl - Unki,eHLP(Q) + Hu’ﬂki,ﬁ - U/nk].,eHLP(Q) + ||unk]~,6 - unkj ||LP(Q)
< 0 N ) N 0
-3 3 3
= 0.

O Ioyuptouodg amodetydnxe.

Ou epapudoouye tov Ioyuptoud enoywywd ya § = 1/n. Ia n = 1, undpyet oxoloudio
(w1 )k, Vaxohoudio tne (uy,), Hdote

uie — vigllr@) <1, kel

‘Ouota, utdpyel oxohovdia (g k )k, Utoxorovdia tne (urk)k, OOTE

1
ok — u2i||Lr@) < 5 k,l € N.

Y10 i-Prua €youue dtL undpyet axohovdia (u;k )k, LTaxohoudio TS (U1 )k, OOTE

| —

i — wig|lpry < =, klelN

~

‘Eotw topa 4,7 € N ye i > j. 'Botw axdua k,I € N. Trdpye téte m € N wote
Ui = Ujm- ApO( )

[wige = wjallLe@) = ujm — will o) < 7
Optloupe topa v = upy. H axohoudio (vg) eivar t61E LTAXOhOUDiN NG UEYXNS axO-
oudiag (uy,). Eotww | > k. Téte

1
lor — vkl o) = [|wg — kel o) < T
"Apa 1 oxohovdia (vg) etvon Cauchy otov LP(€2), dpa ouyxhivet. O

5.5 IIpolBAAuata cuvoplax®y Ty - acVevelg ADoeLg

1x0omog pog ebvon Vo UEAETHOOUUE TO TEOBANUA

* =i (@i (@), = f(2), ©€Q
) { u(®) < g(x), ” o,

6mou Q @eaypévo ywpelo (= avoixtd xou cuvexTind oUvoho) atov R™, a;;, f xou g 6edo-
MEVEC CUVOIPTACELS XO U 1) Ay VOO TN CUVAETNOT).
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Iopathenon. Eoto 6t a; € CHQ), f € C(Q) xu g € C(0N). 'Eotw axdun u €
C2(Q)NC(Q) plo (xhaowh) Mo tou tpofhfuatoc (*). Tlodamhaotdlovye T dtepopixth
e&iowon e pla ouvdptnon ¢ € C°(£2), ohoxhnedvouue aTo £ xaL OROXANEMOVOLUE XoTd
mopdyovteg. Koatahryouue 6Tt

/Q i Qi (T iz, P, A = /Qf(x)¢(x)dx.

ij=1

H mopamdve oyéon amotekel tn Bdon tou optopod tng actevoig Aiorg.

Kévoupe tic axdroudec unotéoeic:

YroOéoeig. O mnivaxac {a;;()}, © € Q, elvon ocuppeTEXdS, TEOYUATIXOC XU @i €
L>(€). Enlonc undpyouv A, A > 0 dote

)\‘5’2 S Zazj(x)glgj S A’ﬂz ) VS Qaf € Rna
2%

TroWétoupe axdun ot f € L*(Q) xou g € H'(Y), e mporypatinéc Tiuée.

Opiopodc Mio ouvdptnon u € H' () Méyeta aodevic hoom tou mpofiiuatoc (x) av
u—g € H}(Q) xu

|3 as(@hno, do = [ fayola)da,
Q=1 Q
Yo x&e ¢ € C°(Q2), # 10odlvapa yio xdde ¢ € Hy ().

Oedpnua 5.5.1 To npdfAnua (x) éxear povadiki aolevry Aon u € HY(Q) n orola,
emmAéov, efaprdtar katd ovvexn tpomo and TS f Kkai g.

Arddeén. Ltov yopo Hilbert H'(Q) dewpolue Ty (3/2)-ypoup popeh
A(v,w) :/ Z i (T) Uy, Wy dox. (5. 15)
Q=1

[Mopatneolue 6T
A(v,w) = A(w, v).

Enlong, and tic unodéceg otov mivoxa {aij} éneton OTL
A, w)] < AV 20 [0l < Allollim o ol o,

onAadh 1 wopen A elvon poryuévr. Zntolue OTapdrn xal LoVadXOTNTA CUVARTNONG U €
HY(Q) oo
{ A, @) = (. D) oy« Y1t xéide & € HE(Q),
u—yg € Hg(Q),
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Iood0vaua, Yétovtoc v = u — g, {ntolue OTaEEN XU UOVUBXOTNTO CUVERTNONG U €
H}(Q) wote

A(Ua QS) - <f7 ¢>L2(Q) - A(97 ¢) y Y %d(ﬂE ¢ € H3<Q)7

T0 omolo Ue TN oed Tou Efvor 16odUVOUO UE

A(¢7 U) = <¢7 f>L2(Q) - A<¢7 g) y YW )(6038 ¢ S H&(Q)

To ouvaptnotaxod

ﬂ-((ﬁ) = <¢7 f>L2(Q) - A<¢7 g) ) (b € Hé<Q)a

IXAVOTIOLEL

17(0)] 1z llll 22 + AVl L2 Vgl 22

<
< (I llz2@) + MVgll2@) 1l 1)

dpa efvon évar gparypévo yeouuxd ouvaptnotxd otov H(Q) pe |7l < || fllrz@) +
AVl 2. Eniong, éyouue

Re A(v,v) = A(v,v) > X[ Vo721q v e Hi (),

xou dpa 1) popgh A(-, ) ebvor elhertinl otov Hi () (rnopdTt dev ebvan edheintind otov
H(Q)) Moy e nopotfipnone tou éneton tne oviednrog Poincaré.

‘Apa Aoy 1 Omapdn xou povadwotnta acdevolc Abong énetar amd to Vewpnua Lax-
Milgram. H ouveyrc e&dptnon tng u elvanr 10od0voun Ye T ouveyr| e€dptnon g v 1
omola ernlong éneton and to Yewpnuo Lax-Milgram:

1 1
ol < Sl < 5 (1Fle20) + AVl

‘Apa €youue To {nToluevo. O

6 PoaopATINY] AVAALOT] YL YEAUULXOVS EANELTTL-
¥xoVC TEAEC TEC.

O oxonde pag o€ auTAY TNV EVOTNTA Elval VoL BINTUTIWCOVUE TO TOEATdve TeoBAnuo ()
0S¢ €va TpoBinua Ocwpiog TeAeoTMVY xou 6T CUVEYEL VoL ATOBEIEOVUE €V QPUOUATING
Yewpnua yia Tov aviioTolyo TEAECTH).

6.1 Poocpatind Yewpnua Yio EAAELTTIXOVS dlapoplxoVg Te-
Aectég

Ocwpolue eva peayuévo ywelto @ C R™. Tlapouévouue oto mAaioto tng meonyolueYng
evoTNTG, AN uodétouue Aoy 6Tl g = 0. I'vwpilouue hoimdy and to Ocwpnua 5.5.1
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NV UToeén xou povadwotnTa aodevolc AOong Tou TeoBhuaTog

- Z?j:l(aij(x)umi)mj = f(z), z€Q
{ u(z) =0, © € 0. (6. 16)

Autd dnec eldape onpaiver dTL undpyel povadh cuvdptnon u € Hy () wote
Alu, @) = ([, @) 2y, T x8de ¢ € H3(Q).

6mou A(-, ) 1 (3/2)-ypapux) popgr| (5. 15).
Oa Yewp|OOLUE T TUEATEVE OE EVa EAAPEXOS BLapopeTind TAdloto. OEhoupe va oplcouue
évay teheoth L : L* () — L*(Q) dote n (6. 16) va ypdpeton 10odvaypo Lu = f.

Optopdg. O teheothc L opiletan otov L) we e€fic: 1o medlo oplopol tou D(L)
anotehetton omé 10 GUVoho TV Aicewy Tou (6. 16) xadac 1 f dtpéyer Tov LA(Q):

D(L)={u € Hy(Q) : 3f € L*(Q) : A(u,¢) = (f, D)2+ Yo x&e ¢ € H; ()}

Moo w € D(L) n nopondve f etvor povodxr xou opilouue t6te Lu = f.

Efvau dueon cuvémeia Tou oplopol 6Tt

Alu, ¢) = (Lu, §) 12q) (6. 17)

v x89e u € D(L) xou ¢ € Hy(Q). Tpdpouye

n

Lu=— Z(aijuxi)xj ulog =0
ij=1
xou Aéue 6Tt o L ixavorotel (opoyeveic) ouvoptaxée ouviixeg Dirichlet oo 052

IMopathenon. H cuvoptaxh cuviiun ulsn = 0 nepléyetar otov oplogd tou Teheo T
MECW TOL TEDBIOL OELOUOY TOu.

Ané 1o Ocdpnua 5.5.1 éneton 6t o L etvan 1-1 xaou ent and to D(L) otov L*(Q). Apu
oplletan 0 avtiotpogoc teresthc L1 1 L*(Q) — L?(2) e edlo oplopol tov LA(Q) o
nedlo Ty to D(L).

Oedpnpa 6.1.1 H araxdvion f +— u, L*(Q) — H(Q) etvar ypappukry kar cuveyrs,

onAadry o L1 efvar ppayuévos av Gewpniel wg tedeatris and tov L*(Q) otov Hy ().
Erbikérepa, vndpyer ¢ > 0 wote

IVl < ellfllzze- (6. 18)

Arddeaén. H ypopuxdnta ebvon dpeon. ‘Eoto topa f € L*(Q) xou u = L f. Ioylet

A, 6) = (f.0) . ywwdde ¢ € HY(S).
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Emieyovtag ¢ = u €youue

/\HVUH%Q(Q) < A(u,u)

= (f,u)

< [fllez@ llul 2@
< | fll2lVullz2g)

pdeil d(pO( ||Vu||L2(Q) < CA71||f||L2(Q). O

Oedpnpa 6.1.2 Fotw Q C R™ gpayuévo. O tedeotris L1 : L2(Q) — L*(Q) evar
ouurnayns kar avtoouluyrs.

Arédaén. 'Eotw f,g € L*(Q2). Téte

(f.L7'g) = (LL7'f,L"g)
= A(L7'f,L7'g)
= A(L1g,L71f)

= (9,L7'f)
= (L7'f,9).

‘Apa o L7 etva auTooLLUYHC.

T v amodet€oupe T ouundyeto Tou L1 dewpolpe wo gporypévn axohoudio (f) C
L*(Q). 'Eoto uy = L™ fi,. 'Eneton and v (6. 18) 611 n axohoudia (uy,) ebvon pparypévn
otov Hj(Q). And 1o Oewpnua 5.4.3 éyouvue téte 61t 1 (uy) €xer unoxohouda (un, )
ouyxiivouca otov L*(2). ‘Apa L™t cupnoyfc. O

Ochpnua 6.1.3 (pacpatixd Yemdpnue) Trdpye pua opdokavovikry Pdon {¢n}

tou L*(Q) n orofa aroteAetrar and 1bwovvaptioeg tov L.

Anédeadn. Avéhoya ue tnv amddelln Tou Oewpnuatoc 3.4.4: epapudlovue To Pacuatind
Octpnua 3.3.6 otov L1 you YENOWOTOLOUUE TO YEYOVOS OTL Ol L o Lt €youv Ti¢ (OLeg
LOLOCLVORTYOELG UE AVTIOTROYES WOTWES: Lo, = A\p¢p v xou HOVO oy LY, = X1,
O

Téhog, €youpe TIc axdlouieg emmhéov WOLOTNTES Tou L:
ITpbtaom 6.1.4 Ioydour ta €€ns:

(i)  Ovwonués {\,} tou L elvar Oetikés, éxyouv menepaouérn noAdamAdtnta
kai lim \,, = +o0.

(ii)  To medio opiopod D(L) efvar yvrioiog tukvds undywpos tou L ().

Anéoaén. (i) H detxdtnra twv otiudy éneton and tny elketntixdtnos
0< A(¢n7 ¢n) = <L¢n7 ¢n> = A .
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To 611 1 moAamAoTnTo X&E WBOTIWAC elvon Tenepaouévn éncton oo Ty [lpdtaon 3.1.6.

(ii) O D(L) mepiéyeton yviora otov L(Q) awod D(L) C H(Q), xou elvon muxvde otov
L?(Q2) agpol meptéyet wor opBoxavovixt| Béon. O

ITpbtaom ‘Toylet
D(L)={ue L*(Q) : > Aif{u,¢n)|* < 00}
n=1

xou yoe xée u € D(L),
n=1

Anéoeaén. ‘Aoxnon.

Egoappoy?: to nopaBoiixd mpdBAnuo
1x0TOG Elval VoL EQUQUOCOVUE TO PACUATIXG Ve@ENUa oL amodelyUnxe Tapamdve G711
HEAETN TOL ToRUBoA0) TEOBAAUATOC

= szzl(aij(:c)umi)mj, t>0,2€0

Ut
u(t,z) =0, x € 0N, (6. 19)
u(0,z) = v(z), z €,

6mou v € L*(Q).

Ou eppnvetoouue to TEOBANUa (6. 19) wg éva npdBinua Cauchy ctov L*(Q). Luyxe-
xpwéva, Yewpolue Ty dyvwotn cuvdetnon u(t, z), t > 0, z € §, wc pla cuvdptnon
u(t), t > 0, ye tpéc otov L*(Q). Tedyoue td1€ 10 (6. 19) 3¢

{u:—Lu, t>0, (6. 20)

Optlopdg. Mio ouvdptnon u : Ry — L*(Q) elvar Aon tou tpoPhfuatog (6. 20) av
(i) Ioyler u(t) € D(L) yi xéde t > 0
(i) H u eivon naporywylown oe xdde t > 0
(iii) '(t) = —Lu(t), ywxddet>0
(iv) wu(t) = v xaddet — 0+ .

Oedpnua 6.1.5 Ta kdde v € L*(Q) to mpdPAnua apxikdy - ouvvopakdy Ty (6.
20) éyer povadikry Avon, n ormola divetar and tn oxéon

u(t) =3 e, ¢, >0,

n
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Anédaén. To 6u u(t) € Dom(L) yio xéde t > 0 éneton and tnv Ilpdtoon 6.1 o€
GUVOLOCUO XAl UE TO OTL 1) GUVERTNOM x2e ™% glvan PEAYUEVN OTO R*. T va amodei&oupe
o (ii), (iii) opxel va dei€ouyue bty xdde ¢ > 0,

u(t+9) — u(t)
)

—Lu(t), xadocd—0,

6mou To bpto etvar dpto otov L (). 'Eotw howmdy t > 0 xau éotw enlong d ue |6] < t/2.
Tote

u(t +0) — u(t) S —ont| L e 2 2
s+ Lu(®) :,;e U5 = 1)+ M| (v, du)

[ vo extiufooude T oelpd auth| Yo YENOLOTO|COUUE TO YEYOVOS OTL

r—1
c - 1\ <2lz|, we(-1/2,1/2). (6. 21)
T
Ané v (6. 21) éneton 6Tt
|
5 + Al < A2|6] 6ty A, < ﬁ

Tedpoupe S-02 =S+ 3" 6mou 3 mepiéyet 10 n yie to omota A, < 1/(2]6]) xon >
Teptéyet autd yior Ta omolor A, > 1/(2|9]).

Eotw € > 0. Xpnowonoihviag xot 1o yeyovoe 6t n ouvdptnon zte 2 etvon gporypévn
oto R éyouue t61e

/

o€ =1 2 2 2 , 4 _—oant 2
S e < 8D e (v, )]
cd?
< t—4||U||§
< €
27

opxel To |6 vo etvon opxeTd pixpo.
Enlong

—And 1

J

2

+An| (v, @) [*

6—2)\n5

"
3 1
< 23 e (St ) (w6l
"
< 2 Z e 2t (4)\262)‘n|5| + 5)\i> (v, du)|?
17 "
< 8 AZe (v, dn) [P H10) D AZe (v, o)
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O 8Vo teheutaiee oelpéc ouYXAivoLy, ocpoz T0 ocﬂpowpoc Z unopel va yivel pixpdtepo ond
€/2 av 1o |0] elvon opxeTd Uxpod (To Z ebvan 1 oupoc utog ouyxiivouoac oelpdc). Apa
omodetydnxoy tor (ii) xou (iii). H anddeiln tou (iv) elvon euxoldtepn xou mopaheineTol.

Méver va amodeiCoupe 0 povadixdtnto g Along. T xdde ¢ > 0 ac opicoupe Tov
TEAEOTH)

Tow =Y e (w, ¢n) ¢y - (6. 22)

‘Apa howdv n Moo tou mpoPiuatog (6. 20) mou éyoupe oploet eivan 1 u(t) = Tyv.

Ac vnodéooupe dtL undpyer xou pia dedtepn Aon u(t). Oewpolue t > 0 otadepd xau
opiCoupe TN ouvdptnon
w(s) =Ti-su(s), 0<s<t.

Tote
w'(s) = —LT;_gu(s) + Ty_sLi(s) = 0,

6mou yenowonoooue xou o yeyovog ot ot Ty xan L petatidevron. ‘Apa n w(s) ebvan
otadepr| oo (0,t). Aev eivar dUoxoho va det xavels 6Tt

lim w(s) =T lim w(s) = a(t).

s—0+ s—t—
Apa u(t) = Tyv = u(t). 0
IMopathpnon. H owoyévew teheatdwv Ti, t > 0, mou oplotnxe and ) (6. 22) T
LOLOTNTES

(i) Tis=TTs, ywxddet,s>0
(ii) T — v, xodoc t — 04, v x&de v € L*(Q).

Mot oixoyE€vela QpayUEVLY TEAEGTMY TOU €YEL TIC 8U0 AUTEC LOLOTNTES OVOURLETOL J10VO-
TaPaLETPIKN) NHUIOHAOA TEAEOTWY.

‘Aoxnom. Nu Serydel 6T yia Ty nuioudda terect@y (6. 22) Sev toyler 1 xortd vopuo
oUyxhon Ty — I xododg t — 0+.
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