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Meégog 1
H yevixn dewpla

1 H yeopetpla twv yoewyv Hilbert

1.1 Boaowol opiopol

Opopodg 1.1.1 Ovoudlovue xpo €0wTepikol Ywvopévou évay ypapuuiko xwpo X md-
vw oto C epodiaopévo ue pia areicévion (-, ) : X x X — C ya v onola wyvel

1) e+ py,2) =Nz, 2) +uly, 2), z,yeX, ApeC

(i) (z,y)={y2), wyeX
(i) (z,z) >0 ka1 (x,x) =0 <= x=0.

Ta mopandve cuverdyovtat

(iv) (2, Ay + pz) = Mz, y) + i{z,2), 2,y € X, \peC
(v) (z,0)=(0,z) =0, ze€X.

IMopdderypa 1.1.2 Ot mopoxdte Yoot eival YmMeol ECWTERIXOU YIVOUEVOU:
(1) To C™ ye 10 ecwTEPXS YIVOUEVO

o) =Y e r= () g = ).
i=1
(2) O ypouuxoe yweog
> = {(w1,79,73,...) : i |z, |* < +o00}
n=1
UE TO EOWTEPLXO YIVOUEVO

(@,9) = Tln.
n=1

Hopatnpelote 6T N oepd cuyxhiver ool |z,yn| < (|zn|* + [ynl?) /2.
(3) O ywpoc C([0,1]) 6wV v cuveydy cuvapthioewy 6o [0, 1] pe 10 contepd YI-
VOUEVO

(f.g) = / F(a)a@)de.

(4) O ywpoc C1([0,1]) 6hwv TV TapaywYloWwy CUVIPTACEWY PE TapdywYO CUVEYH
oto [0, 1], epoBlacUévoc Pe T0 ECOTERIXG YIVOUEVO

(f.g) = / ()50 + F ()7 @) e
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Av cTov (B0 yweo opicouue

1
(o) = | F@g@s,
0
t61€ 10 (-, -) Bev eivan ecwtepind yvéuevo. Tl ;

Ocebpnpa 1.1.3 (avicdtnta Cauchy-Schwarz) Ia kdOe x,y € X wyve

| (@ y) |< (@ 2) Py ).

Anédaén. Av (x,y) = 0 161€ T0 {nrolduevo mpogavic wylel. Eotw (z,y) = Re'.
'Eotw tuyév r € R xou éoto A = re?. ‘Eyouue
0 < (x4 N\y,x+ \y)
(@, 2)+ | A {y,y) + My, @) + Mz, y)
= lll® +2Rr +r*|ly[*.

Aol autd woylet yia xdde r € R, 1 Sloplvouca Tou Tpuwvipou etvon un-Uetixr, oniadt
4R? — 4jz|]||ly]|* < 0, xou o {nroduevo éneta. O

IMapddeiypa 1.1.4 H avioétnra Cauchy-Schwarz egopuolépevn oto C([0, 1]) ouve-
TdyETAL TNV YEY O AVloOTNTY

(/01 | f(w)g(a:)|d;p>2 < (/01 | f(z) |2d$>(/01|g(q;) 2 da;).

Ilpbtaom 1.1.5 KdOe ywpos eowtepikol yivopévou yivetar vopuikos Xwpos av opi-
ooupE

|z = (@, )",

Améoeién. H torywviny| oviootnta eivon 10 uévo pn-tetplupévo onueio. ‘Eyouue

lz+yll* = N2l + () + {y,2) + |yl
= |lz]|* + 2Re (z,y) + Iyl

< 2l + 2l [yl + lyl®
= (llzll + llylh*.
(]
‘Eyovtac opioet tnv vopua || - || n avicdtntor Cauchy-Schwarz molpver v amholotepn
popept)
| (f.9) 1= £l

IMapatenon. Ye xdlde yhpo eowTepixol Yivouevou Loy Vel

lz £ yl1* = [l + [ly]* & 2Re (z, ).

1



ITpbtaon 1.1.6 (xavévag Tou mopaAAnhoyedupov) loyvea

Iz + yll* + llz = yll* = 2[|z]I* + 2lly[|*, ya xdbe 2,y € X.

Anéoeiln. Amhéc mpdlelc. O

ITpotaor 1.1.7 (moAuxh TawtotnTa) loyve

4z,y) =z +yl* = o — ylI* +ille +iyl* —ille —iyl*, ya kdbe 2,y € X.

Andédeadn. Anhéc mpdleic. O

IMTopatripnon 1.1.8 H mopondve tautodTnta Yog AL 6TL G EVay YOP0 E0LTERIXOV
YLWVOUEVO TO ECWTEQRIXO YVOUEVO TEOGOLOPILETOL LOVOSTUAVTOL AT TNV VORUAL.

IMapathenon 1.1.9 Anodewvieton 10 e€hc: 1 voppa || - || evde vopuxol yweou X
elvon 1 VOpUOL TTOU ETEYETAL OO EVOL ECWTEPLXO YIVOUEVO OV XAl HOVO oV Loy DEL YLol TNV
| - |l o xovévog Tou ook AnhoyeduoL.

Optopodg 1.1.10 Evag mAnpng xwpos eowteptkol ywouévou ovopdletar xwpos Hil-
bert.

‘Apa xde yopog Hilbert etvar xou yopog Banach xow 6hn 1 Yewpla twv ywewy Banach
umopet vo egapuocTel xou ot yweoug Hilbert. Oa acyornlolue ue w1d6tTNnTeS TWV Y®EOY
Hilbert mou ev yevel 6ev woybouy ot va yweo Banach.

Ac Yewpricoupe Toug yOpoug cmTepXoL Yvouévou Tou Hapadelypatog 1.1.2. Tote

1. OCN UE TO E0WTEPXO Yvoueva tou Topadetypatoc 1 ebvan ywpog Hilbert.
2. O 1% etva yweoc Hilbert.
3. O C([0,1]) 8ev eivon ytdpoc Hilbert.

H minedtnta Tou CN etvon cuvéneta Tou 6Tt xdde VOPUIXOG Y(WPOG TETEPAOUEVNG OLdoTo-
ong eivon TAxeng. o o dhha 600 ypedleton andoeln.

Ipétaomn 1.1.11 O ydpos I? pe to eowtepikd ywdpevo (x,y) = > oo &7, €val
évag dwaywpioos ywpos Hilbert.

Arddeén. (i) (IDwnpdtnta) Eotw (a,) pla axoloudia Cauchy otov 2. Ilpéner vo
anodeifoupe 61t 1 (a,) ouyxhiver o xdmoto bplo otov [2. Kéde a,, etvon pior aprdunticd
axohovia,

A = (Api) = (An1, An2, A3, - - .)



Ani ’2

xou €€ oploUol a, € 2 onuaivel ZZ
oxohoudia (an;)n. Eyouue

< 00. 'Eotww i € N xau a¢ Yewprioovye tnv

oo
[ ni = ami | < (O | tng — am; )Y
j=1

= Han - am”

— 0 oty n, m — Q.

‘Apa yioe xdde @ 1 axohoudio (ay; ), etvar oxolovdia Cauchy oto C xou dpa cuyxhiver oe
xémoto 6pto b;. 'Eotw b= (b;). Ou delfovye 6t b € 1* xou 6T a,, —> b o0V 12

Agol n (an) elvon axohouvdia Cauchy eivon o gporyuévn, |la,| < M. Eow j € N.
‘Eyouue
J J

ST Ib P = S im ) =HmS [
=1

=1 i=1

o
< hinz; | ani [=lim [la,||* < M2,
1=

Apa b € I?. 'Eoto topa € > 0. Trdpyer N € N dote n,m > N vo cuvendyeton
lan — aml|| < €. Eotww topa j € N otadepd odhd tuyaio. T n,m > N éyouue

J oo

Z'am’_ami|2 S Z|am_ami|2

=1 i=1
= |lan — anl® < €.
Kpatdvtog 10 n otodepd xou aghivoviog m — 00 TolpVoulE
J
E | @pi — b |°< €2, v xdde n > N,
i=1

xou ooV To j elvon TUY OV,
o
E | @i — b; < €%, v %dde n > N,
i=1

Sihadt,
lla, — b|| <€, vy xdde n > N.

‘Apa a,, — b, xou 1 TANEOTNTY amodelyUnxeE.
(ii) (Awywpowoétnra) o n € N opilouue
An = {(al,a2,...,an,0,0,...) | a; € Q+ZQ}
xou Yétoue A = UA,,. Ipogavig 1o A elvan apriuriouo cbvoro. Oa anodeilouvye OTL

etvon muxvo. ‘Eotw honéy b € 12 xaw € > 0. Trdpyer N € N dote Yoo vy | b [P< €.
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Emméov, yio xéde ¢ = 1,..., N unopolue va Beolue a; € Q +1Q dote | a; — b; |<

¢/NY2. H axohovdic a = (ai,...,ay,0,0,...) téte avixel 670 olvoro A xou
N 00
la—=b> = D> Ja—bP+ D [b]
i=1 i=N+1
N

< > (E/N)+ e =2

=1

ITpbtaomn 1.1.12 O ydpos C([0,1]) epodiaouéros ue to €0wtepiké ywouevo

(f.g) = / f(2)g()da

dev efvar ywpos Hilbert.
Anéoadn. Oewpolye v axohovdia (f,) dmou

0, —-1<z<0,
falx) =< nz, 0<z<1/n,
I, 1/n<z<1.

Aghveton wg doxnan va devydet ot (f,) ebvon oxohoudior Cauchy yia v avtiotouyn
vopua, dnhadh Ty || - [l2. Oo yenoylonotiooude anayoyh €ig dtono. Ag unoUEécoue
hownév 6 undpyer f € C([—1,1]) dote || f, — fI] — 0. Eotw tdpa 6 > 0. Trdpyet
N e N oote

n>N= f,(r) =1070 [4,1].

"Apa

/5|1—f(x)| dr = /6|fn(93)—f(l°)| dx
< o1

— 0 6tav n — oo.
Agob to TpihTo ohoxhfpwua eivon aveldpTnTo Tou n TEENEL Vo elvar {00 ue UNndEY yeyovoce
Tou ouvendyetar 6t f(x) = 1 oo [4,1]. Apa f(x) =1 o7o (0, 1] oot to § Aoy Tuydv.
Me tov 8o tpémo deiyvoupe 6t f(x) = 0 oto [—1,0). Apa 0 f ebvon acvveyhc oo
x =0, drono agol éyouue unodécel 6t f € C([—1,1]).
1.2 Kodetotnta
Oplopog 1.2.1 Avo duaviouata x,y € X ya ta omoia w0yUel

(z,y) =0

z 4 Z z /
ovoudlovtar opoywria 1 kdleta peta&l tous.
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ITpbtaon 1.2.2 (ITudaydpeo Yedpnua) Av w duviouata 1,2, ..., T, € X
etvar avd Vo opOoywria, tote

lon + 22+ 2all® = o)+ flaal® + - 4 .

Arnédeadn. Anhéc mpdieic. O

Optowdeg 1.2.3 Eow (X, d) perpikés ydpos. H andotaon d(a, K) evds onpeiov
a € X and éva un-kevé ovvolo K C X opiletar wg

d(a, K) = inf{d(a,z) | z € K}.

Opioupog 1.2.4 ‘Eva un-rkevé vrootvolo K evog ypapuixol ywpouv V' ovoudletal kup-
6 av ya kdle v,y € K ka1 kd9e X € [0,1] wyve Ax + (1 — Ny € K.

ITpbtaom 1.2.5 Eotww K kAewotd kar kypté vrotvoro tov ywpou Hilbert H. I'a kdOe
a € ‘H vrdpyer povaciké x € K wote

la =z = d(a, K).

Anéoaén. (i) (Tnapén) Eotww (x,) axohouvdia otowyelwy tou K tétow dote |a —
Ty|| — d = d(a, K). Egapuélovtag tov xavéve Tou napodAnhoyeduuou 6to Stavioa-
TOL @ — Ty, XOUL @ — Ty, XL YENOWOTOLOVTAC TO YEYOVOC OTL (T + T,) /2 € K éyoupe

20 —zml® = 2lla = z[” + 2)la — 2l = 120 — 2 — 20|
< 2lla — 2| + 2||a — z||* — 4d?
— 2d* +2d* —4d* =0
xodwg n,m — 0o. Apa n (z,,) ebvor axorovdia Cauchy. Eotw x 1o 6p16 tne. Tote

z € K xou
la — z|| = lim ||a — z,| = d(a, K).

(ii) (Movadwédtnra) Ac unodéooupe 6t yioo o ototyeio x, 2’ € K wylel ||a — x| =
|la —2'|| = d(a, K). Téte (x+2')/2 € K xou dpa
x4+
SEALA
1 1
< gla—al+ 5o~ =d

d < Ja

Onhadr) o atoyelo (x + ') /2 éxyel xou awtd Y WidTTa TN TedTacnc. Egapudlovtac
TOV XAVOVOL TOU TORUAANAOYEAUUOU GTar Bloviouata @ — & xot a — &' Talpvouye

e =7 = 2la— |+ 20— ~ 20—z |
= 2ol + 2 — o) ~ 4fla — T
= 2d* +2d* — 4d* =0,
xou Gpa & = . O



ITpbtaom 1.2.6 Eoww K kAeotds ypapjxis vroywpos tov H kar a € H. Ia to
mAnoiéotepo onueio x € K touv mponyolpevov Jewpnpatog 10y Vel

(a —z,y) =0, yia kdOe y € K.

Anédaén. 'Eotww y € K. Xwpic nepoplopd tne yevixdtntag unodétoupe ot ||yl = 1.
‘Eotw
A= {a—x,y).

Tote x + Ay € K xou dpa

? < |la —x — )\y||2
la —z||* + |A]* — 2Re (a — z, \y)
la —z)* — AP

= d2 - |/\|27

xan dpa A = 0. O

Oplopog 1.2.7 To opboydvio ouumdAnpwua €vos un-kevol owvidov M C H opiletar

ws
M*+={yeH |(r,y) =0, yaxidex € M}.

Ilpbtaon 1.2.8 To M L etvan KA€10TOS vmoypos Tov H.

Améoeién. H anddeiln etvon ToA) amhr xa apriveton G doxnom. O

Topdderypo 1.2.9 Ytov yopo [? 9ewpolpe Tov XAEGTH UTOYMEO
M ={zx = (x1,29,...) : 1 = 2}.

Tote
M+ ={(a,—a,0,0,...) : a € C}.

Opiouog 1.2.10 Eotw M, My, Msy kAewotol vnoydpor tov H. Aéue ét1 o M eivar to
evdU dOpowopa twv My kar My, M = My © M, av kdOe otoryeio v tov M umopel va
ypagel katd povadiké tpomo ws dipowoua v = x1 + x9 ue x; € M;.

Eivar edxolo va det xaveic 6t av M = My & My téte My N My = {0}. Otav M =
M, @ My, nwoobtnia & = 21 + T2 YpdpeTon XU & = 1 D To.

IMeoétaon 1.2.11 Ta kdOe kAaotd vrnoydpo M tov H woyve H = M & M*.



Anéoeaén. Eyouue 7on del 6T yio xde & € H undpyet povadixd x1 € M wote
lz =2 = d(a, M)
xaL OTL TOTE
(x —x1,y) =0, ywxddey e M,
ONAaO T9 1= — x1 € M+, "Apa

T =X+ X9

ebvor par avdAuom g {ntoduevng popgric. Eotw tdpa 611 umdpyet xou delteRn TéTOL
avéhuon, © = xh + xh, pe 7y € M, xy € M+. Téte xy — af € M, xou enlong o — 2 =
(x —x9) — (x —2h) = 2, — w9 € M+, "Apa

oy — 24| = (@1 — 2, 21 — 2)) =0,

X0l OUVETC X1 = T, ONOTE XU Tg = T, O

IIp6taom 1.2.12

(i)  Av M C N tére N* c M+
) Mc M
(iii) M = Mt ay ka1 udévo av to M etvar kkewrtdg vroypos tou H.
) Av to M efvar mukvé tére M+ = {0},
)

Av to M etvar vroypos ka1 M+ = {0} tére to M eivar mukvé.

Andoeién. To (i), (ii) amodetxviovton ToA) €0xola.

(ili) H xotetduvon (=) eivon dueon ouvénewr tng Hpdtaone 1.2.8. T 1o avtiotpogo,
¢otw x© € M. Mnopolue va ypddoupe & = @1 + 22 pe 1 € M xou 32 € M*.
[TofpvovTac ecWTERIXO YIVOUEVO UE TO Ty CUUTEQUVOUUE OTL X9 = 0, xou dpox = 21 € M.
(iv) BEotw x € M*. Trdpyer oxoroudia (z,) C M n onola cuyxhiver oo x. Tote
(x,x,) = 0, xou mabpvovtog 10 dpto n — 0o cuunepatvouue 6Tl z = 0.

(v) To M eivor x)hetotdc UTIOY (P0G, Xl dpol UTOPOUUE Vo Yedouue

H=MaoM .
‘Apa xdd)s_a: € H ypdpeton w¢ ¥ = x1 + Ty YE T € M xou xo € M= {0}. "Apa
x =1 € M %o dpa to M elvon muxvo. O
1.3 OpYoxavovixég Baoelg

Y10 €&hg Vo cupPoriloupe pe H éva doywpiowo yopeo Hilbert.



Optopdg 1.3.1 Eotow (z,) C H. Adue dnunoepd Y 7 | x, ouykdiver av 1) axodovlia

(S;) twv pepikdv alpowoudror, S; = Y7,
ypdgoupe

an =Y
n=1

ka1 to y ovoudletar dfpoioua tng oeipds. Aéue ot n oeipd ovykAiver aréAvta av

(o.)
Dl < oo
n=1

ITpbtaom 1.3.2 Av uia oeipd ovykAiver anéAvta téte ouykAiver

n=1
LTn, O’U)/K/\U/Gl. Av Yy etvar to OplO s,

Arédeaén. T j > @ €youue

J
I1S; =Sl = 1 Y aal

n=i+1
J
< 3 ol
n=i+1
— 0, oTaY i, j — 00.

‘Apa 1 oxohovdia (S;) etvon Cauchy xou GUVETHOE oUYXALvEL.
Ogwopoc 1.3.3 Eva ovvolo {e,} Aéyetar opfokavoviké av (e, €m) = Opm.-

Optowdeg 1.3.4 Eoww {e,} oplokavoriké ovvoro kar x € H. O apiduol
Tp = <l’, en)
ovopdlovtar owvtedeatés Fourier tov © ws mpog to ovotnua {e,}.

ITpbtaon 1.3.5 (ocvz.cor'q‘coc Bessel) Eotw {e,})_;, N € NU {oo} opfoxavoviké
ouvodo. T'a kdOe x € H 10y Vel

N

Dl en)l® < .

n=1

Anéoedn. Oewpolue v mepintwon N = oo, n neplntwon N € N elvan amholotepn.
[o xéde M € N €youue

M M
0 < (z— Z(x, €n)en, T Z T, €m)Em)
n=1 m=1

M M M
= 2l = e (en ) = D (wem) (@ em) + Y (2, en) (@, em) (en, em)
n=1 m=1 n,m=1

M
= el =D K, ea),
n=1



onAad
M
2 2
D e en) P< |l2).
n=1

Agrvovtac M — 0o malpvouye 1o {ntoluevo. O

Aqppa 1.3.6 Ta kdle v € H n oeipd 27{\[:1 (x,er)e, ouykivel kai to dOpoioud g,

éotw Y, 1Kavomolel
N

lyll = (D e en) )2 < .

r=1

n

Anéoaén. Trodétouye ndh 61t N = oco. '‘Eoto y, =Y ._, (x,er)e,. And to Tudoyo-
el Vemprnuo xaL TNV cUYXMGoT TNE Oelpds TNne aviootnrag Bessel €youue

m

lyn =yl = 1 Y (wenel?

r=n+1
m

= 3 el P

r=n-+1
— 0 otav m,n — 0.

‘Apa 1 (y,) ebvon Cauchy xau yio to dptd e y €youpe

lyI* = lim [jy,|]
n—oo

n
= lim Y [{re) P
r=1

00

A
El

O

Opwowocg 1.3.7 H ypappuxn Onxn linA evés ovvérov A C H eivar o ypaujukdés vno-
Xpos
linA={MNz1+---+ Nz, | neN ... 2, € A N,..., N\, € C}

To otvolo linA ovoudletar ket ypappuxr) Onkn touv A.

‘Aoxrnor 1.3.1 Na derydel 61t n (xhetot) ypopuuxi Vixn tou A eivor o pxpdTepoC
(xheloTdC) YpuUxoS LToYHEOC ToL TeptéyeL To A.



Adppa 1.3.8 Eoto {e,} opfokavoviké avolo, L = lin{e,} kary =Y~ (x,e,)e,.
Qs npog Ty avdilvon H = L & L+ égouvue

r=yd(z—y)

Iapatripnon. Ané tny Ilpdtacn 1.2.5 éncton 6Tt T0 ¥ elvon 0 onueio Tou L o TAnocié-
GTEPO OTO Z.
Anédaén. Apxel va dellel xovelc 61y —x € L+ O

Oedenua 1.3.9 Eotww {e,}2,, opfokavoviké otvoro. Ta mapaxdtw elvar wwodvaua:

(1) Z T, en)e, yia kdle x € H.
n=1

2 |z|* = Z| z,e,)|* ya kdde v € H.

(3) Av (z, en> =0 ywa kdOe n, tére v = 0.
(4) O L =lin{e, |n=1,2,...} elvar mukrds vroydpos tov H.

Anédaén. (1) = (2) Hpoxinter apéowe and 1o Afupa 1.3.6.
(2) = (3) Apeoo. )
3) = (4) BEow x € H. ©étoue z = Y~ (x,ey)ey,, ondte z € L. T xdde m

—~

(z —z,ep) = Z (x,en){en,em) — (T, ey) =0.

n=1

Ané tnv urddeon (3) éneton z = 2. Buvenie & € L xon dpa o L efvon muxvéc.
(4) = (1) BEowy=3Y ", (z,e,)e,. Tote

(x —y,e,) =0, vy xdde m,
oot
(x—y,2) =0, ywxdde ze L,
xon ouvenoe © —y € L. Opoc Lt = {0} opol L munvo. Apo z = y. O

Ogewopoc 1.3.10 Eva opBokavoriké aivolo {e,} ywa to omolo wyvouvr o1 ovviikeg
tou Ocwpnpatog 1.3.9 ovoudletar mAnpes opokavoviké alvoro 1 oplokavovikr) Bdon.

IMapdderypa 1.3.11 1. Av o ywpog H €xel TENEQUOUEVT BLAG TUOT) TOTE 1) €VVOLA TOU
TAfipoug opoxavovixol cuvérou cuumintel pe TN Yvwoth and T ooy AlyeBoa
evvola Tng opdoxavovixrc Bdong.

2. YTtov Xd)po 2 oupﬁo)\iloups E e, TNV axoloudia tTng omolag Aol oL bpol etvan W}Bév
extéc and n-001o6, o onolog elvan (oog ue éva. To alvoro {e,}n, elvan mpogovie uio
optoxavovixt| Bdon. H Bdon avth ovoudletar o cuvAing 1 xavovixr opdoxoavovinn
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Béon tou 12
3. Xtov yodpeo C([—m, 7)) ue 10 eowtepixd yvouevo tou Iapodeiypoatoc 1.1.2 (3) opi-
Couue Yy n € Z TNy ouvdeTnoN
1
en(T) = e
(@) = 7%=

Eivor ebxoho vor anodetydet 61t 1o 6Ovoro {e, tnez eivar oploxavovind. Eivou éva amd o
Baowd Yewphuota tne avdiuone Fourier o 6t o oOvoho elvon xou mhrpee.
Hapatripnon: Eidape otny Ilpéraon 1.1.12 éu o C([—m,7]) dev eivar yopos Hilbert.
Qotéo0 o1 1016TnTes (1)-(4) éxour évvoa.

‘Aoxrnor 1.3.2 Acite 61 10 0Ovoro {e, }nez TOU TpiTOL TOPUDELYHATOC Elvar TEdYHOTL
opYoxavovixd cOVoOAO.

ITpotaot 1.3.12 (opBoxavovixonoinon Gram-Schmidt) Eoww {y,} éva a-
priunoipo vrootvolo tov H. Yrdpyer opfokavoviké atvolo {e,} téroo dote

lin{e,} = lin{y,}.

Anéoeadn. Xwplc meploplodd Tng YEVIXOTNTAS UTOPOUUE Vo UTOVECOLUE OTL TA ¥y, Elval
Yoouuixd aveldptnra. Ilpdyuott, ov Oev elvor TOTE UTOPOUUE Vo AVTIXAUTOC THOOUUE TO
obvoro {y,} and to alvoro {y,} mou opileton we e&nc:

/

yl = yn1
OTIOU Yy, EVOL TO TEWTO UN-UNOEVIXO Yp,
/ JR—
Y2 = Yna;s
OTOU Yp, EIVOL TO TRMTO Y, TOU BEV AVAXEL OTN YRUUUIXT VXN TOU ¥, Xo, Yevixd,
r_
Y = Yng»

OTOU Yy, EVAL TO TEMTO Yy, TOL BEV ovixel oo lin{y, ..., y;_1}. And v xotooxeut
outh éneton 6t lin{y,, } = lin{y, } o ottt ), elvon ypouuxd aveZdptnro.
Trodétouue Aotnbv 6Tt T Yy, ebvon ypauuxd aveldptnta. Opilouye ta Swviouata {e,}
0¢ e€hc:

Uy
Uy = Y, €1 = 7>
[Jua |
U2
Uy = Y2 — <y2,€1>617 €2 = m7
AL ETAYWYIXS
n—1 u
Up = Yn — <yn;€r>€ra €n = m
n

r=1

11



Hopatneeiote 61t o xde Brua uropolue vo dlapéooupe Ye [jug|| ool uy # 0 ond
Yoo avelaptnoto tou ouvorou {y, }. Toylel téte linfey, ... en} = lin{y1, ..., yn}
v xdde N and tnv xatooxeur]. T va ohoxdnpwiel 1 anddeln apxel vo deiloupe ot
(Un, Up,) = 0 6Ty 1 > m. Autd Ha derydel ye enaywyr oto n. T n =1 elvo pavepd
6t oyvet. ‘Eotw 6t woybet yion € {1,..., N}. Oo deilouye ot toyvel yion = N + 1.
Hpdrypott yior xdde m < N + 1 €youue

N
(Uns1,tm) = (YNt tUm) = > (Yngrs ) (Er, )
r=1
(UN+1, Um) — (UN+1, €m) (€m), Um)
(yN+17Um> - (yN+17um>

= 0.

Ocwpnua 1.3.13 Evag ywpos Hilbert elvar diaywpioipos av ka1 pdvo av mepiéyer uia
apriunoun opfokavovikr) Bdon.

Anédaén. 'Enctar and 1o mponyoluevo dedpnua (twg;) ot av o H elvor Saywplouog
ToTE mepiyel pla aprduriown optoxavovixr| Bdor. Avtictpoga, £0Tw 6Tl 0 H TEpLEYEL

uio oprdunown opdoxavovixd| Bdon {e, }o2,. Opiloupe
An = {Zaiei | a1y ...,0y € @‘I’ZQ}
i=1

xou A =U2 A,. Téte 1o A eivor aprdurioo xou (doxnor) nuxvé utocivoho tou H.

Opiopodg 1.3.14 Eotw Hy, Ha 0Vo ywpor Hilbert. Mia aneixévion U @ Hy — Ha
ovoudletar w0opop@rouds av datnpel tny doun tov ywpov Hilbert dniadn av eivar 1-1,
€ml, YPauUMIKY) Kal emmAéoy

(Uz,Ux), = (z,2),;, ya kdle x € H;.
Av vndpyer évas wwopopprouds U = Hy — Hy tére o1 Hy kar Hy ovopdlovtar 106uopgor.

Ebvar gavepd 611 1 1oopopgla elvon pio oyeor iooduvauiag oTn xAdon OAWY TV YOEOY
Hilbert.

ITpbtaom 1.3.15 VAot o1 ameipodidotaror, daywpioior ywpor Hilbert efvar i10dpopgpor
peta&v Tous.

Anédaén. Anédeiln. [Yrmddeitn: Amodellte 6n xdle Swywplowoc ywpoc Hilbert H
ebvor 1obpopgoc pe tov 12 wg efhc: Jewpelote pla opdoxavovixh Béon {e,} C H xou
oplote U : 12 — H péow g oyéone U(z,) = Y, Tnen. 110 cLVEYELW ENEYETE OTL O
U elvon 1oopopglondg yoewv Hilbert.

Y7o €€vg Ja unodéToupe 6TL Ohot ol avapepopevol yweor Hilbert ei-
vou Sraywelorot, xar dpa 6Tl TERLEYOLY it AplIUACLULY) 0pTOoXAVOVLXT

Béom.
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2 Teleotég oe ywpeoug Hilbert

2.1 Boaowxeg oiotnTeg

Oplopog 2.1.1 Hotw H, F ydpor eowtepikol ywouévov. Mia ypapjuxr) areikdvion
T :H — F Aéyetar ypap koS teAeotrs.

I xdde yoauuind terecth T' opiCoviar T chvora
Ker(T)={x€eH : Tx=0} , Ran(T)={Tx :z € H},

Yoouuxol utoyweol Twv H xar F avtiotoyo. Ou undyweot autol ovoudlovton muprvog
xan exova Tou T avtictouya.

IMapathenon. O opioudc Tou Yeouuxol TeEAeoTY| eivan cuY VA ELPVUTEPOC, ETULTEETOVTAC
10 TEdio optopo Vo uny eivon 6hog 0 H ahhd xdmolog UTOYwEog Tou H, cuvAng TUXVOCS.
Euelc mpog o mapdv Yo acyoknolye e tehectég mou opilovian o 6hov Tov H.

Ilpbtaom 2.1.2 Ia évav ypapjuxé tekeotn T : H — F ta napaxdtw eivar 10006Vva-
pa:
(i) T Lipschitz ouvexris
(i) T owreyng oto 0
(i)  Yrdpyet M > 0 dove ||Tz|| < Mjz||, yia kdle © € H

Anédaén. (i) = (ii). Hpogavéc.
(i) = (iii). H ouvéyeir oo 0 ouvendyeton ot undpyet § > 0 Mote

[yl <6 = [Tyl < 1.

'Eotw x # 0 € H. To didvuoua
wavorotel [ly|| <4, dpa

Srpadr| [Tl < 6z
(iii) = (i). Ano To (iii) éneton 6Tt

[Tz =Tyl < Mz —yll, vy xdde z,y € H,

xan dpa o T etvon Lipschitz cuveyrc. O
Opwopde 2.1.3 Evag ypaujukos T Aéyetar gpaypévog av ikavoroleital uia (ka1 dpa
deg) and ts mapandvw ovvdnkes. Tov ypaupkd xdpo GAwy Twy QpayHévwy ypapuKoy
tedeotv T : H — F Oa o ovufolilovpe oo e€ng pe B(H,F).
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[N xdde T' € B(H, F) opiletan o aptiudc

T :=inf{M | |Tz|| < M|=x|, yioaxdde x € H}.

ITpbtaom 2.1.4 Ioyvea

I

su M T

sup{[[ Tz = [l«] <1}

sup{[[Tz| : [lz] = 1}
T

min{M : % < M, y kdOe x # 0}
T

min{M : ||[Tz| < M, ya ki x ue ||z|]| < 1}
min{M : ||[Tz|| < M, ya kd0e x ue ||z|| = 1}.

Anéoeaén. ‘Aoxnon

Ocewpenpa 2.1.5 H araxdvion || - || eivar vépua otov ypaupuké xapo B(H, F) cAwy
TV PpayHévar ypaupikdy tekeotdy and tov H otov F kar o B(H, F) ue avtrj T vépua
etvar yadpos Banach. EmmAéov, av A € B(H,F) ka B € B(F,K) vére BA € B(H,K)

rar || BAJ| < || BI|[|All

Anéoaén. To ot | - || elvon mpdyuatt vopua agphveton g doxnorn. Ou det&oupe OTL
o yoeoc B(H,F) eivar mhene yioo Ty mopamdve vopuo. Eotw (1),) uio axohoutio

Cauchy otov B(H, F). T xdde x € H éyoupe

xou oo (Th,2) etvon axohoudior Cauchy otov F. Agol o F eivon mhrieng, undpyet y € F
wote T,x — y. Ebvar edxoho va del xavelc 6Tt o y e€aptdron Yoouuxd and To T, onoTe

||Tnx - me” < HTn - TmHHxH’

optleTon €vog YRoUUIXOS TEAEGTAC

T:H— F, Tr =y.

Oo amodeifouye 6Tt o T' etvan pporypévoe xou 6t |1, — T'|| — 0.
Aot 1 (T,,) etvon Cauchy undpyer M dote ||T,|| < My xdde n. Apo

[T = lim [Tz < Mjz]],

xou dpo o T' elvon paypévos. Eotw twpa € > 0. Trdpyer N € N wote

n,m>N = ||T,, — Tp| <e¢

xa dpar yior TEToa 1, m xa xde x € H 1oy Vel

[To = T < el

14



Agrivovtac m — oo cuumepaivoule 6Tl
1Tz — Tl < ellz],

xou dipot
T, —T| <e yio xdde n > N.

Apa T,, = T. O

Mopdderypo 2.1.6 Eoto Q avowxtd utoohvoho tou RY. Ytov yopo L2 (Q) éotw T
0 TEAECTAC

Tf(x) = h(x)f(z),

6mou h gporyuevn xan ouveyfic ouvdptnon oo ). Téte o T' elvon pparyuévog xou

IT[| = sup [A].
Q

[Ma va to Set&oupe autd ag Yéooupe M = supg, |h|. Eyouue
1 = [ 1Tl
S ALCHCIE

M? 2d
< / f(2)Pda
= M| f)2

xou dpat o T etvon gpaypévoe xoun [|T']] < M. T to avtiotpogo Yewpolue tuydv € > 0.
Adyw tne ouvéyetag g h umdpyel ToTe pmdha B C €2 tétolo woTE

|h(z)| > M — e, v xdde x € B.
'Eotw x 1 yopoxtnptotixfy cuvdptnon tou B. Téte x € L*(Q) xou

I 7x1[*

[

Jp | h(@)x (@) |* de
Jp I x(@) [? da

> (M — €)%

I7°|I*

Agol to € > 0 Aoy avdaipeto ouunepatvouyue ot ||| > M.

IMapathenon 2.1.7 To Jewpnua eoxohovldel va loylel ue tny acvevéc tepn undoveo
6 h € L®(Q). Xy nepintwon oauth woylet [|T|| = ||h]| 1o, émou

||| e = EssSup|h| = inf{M > 0 : |h(z)| < M oyedbv navtol oo }.
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2.2 O ouvluync tehecTg

Oedpnua 2.2.1 (Yedpnua avarnapdotacng tou Riesz ) Eow n: H — C
ypauikos kar gpayuévos. Tndpyer povadiké y € H wote

m(z) = (z,y), yua kide x € H. (2. 1)
EmmAéov wyve ||| = ||yl

Anédaén. (i) Movodudtnto. Av ta otowyela yi, y2 €xouv tn {ntoluevn toTnTo, cUV-
Youpe 6Tl Y1 = Yo Vewp®VToS T0 T(Y1 — Ya).

(ii) Trmoegn. Av m = 0 t61€ 10 Yedpnua civon tpogavéc. ‘Eotw howmdv m # 0. Toéte o
nupfvog Ker(m) eivon xdetotdc unoydpog tou H xon tepiéyeton yviowr otov H. ‘Eotw
z € Ker(m)*, 2 # 0. Téte vy x89e x € H oy Vel

m(x)z — w(z)x € Ker(n),

oo
(m(z)z —7m(2)z,2) =0, vy xdde v € H

Ol CUVETC

Apa 10 y = (m(2)/]|2]|?)z éxer T nrotpevn Widtnta. To 6t |7 < |ly|| ebvou dpeoco,
EVe 1 avTioTpogn aviodTnTa TpoxUTTEL emhéyoviag =y oty (2. 1). O

Oedpnua 2.2.2 Eoww T € B(H,F). Trdpye povadikés tedeotris T* € B(F,H)
WoTe

(Tx,y) = (z,T"y), ya kd0ex € H, yeF.

Améoeiln. 'Eotww y € F. Ou oploouvue 10 T™y. Eotw 10 ypouuxd cuvapTnoloeldéc
m:H—C
m(x) = (Tz,y), v xde x € H.

Tote
[ (@) < (| Tz [yl < Ty,

xou Gpar to 7 ebvon poryuévo xou ||| < ||T||lyl|. And to Yedpnuo avanapdotacng tou
Riesz éneton 6t undpyet povadwd z = 2(T,xz) € H we ||z|| = ||| < [|T]|]|z|| @dote
() = (z,z) Y xéde xz € H, dnhadh

(Tz,y) = (z,2), yio xde x € H.
Efvar ebxolo va Bel xavelc OTL 1) amexdvion y — 2 elvol Yeouuxr, xaL €youle o1 Ot 6TL

elvon gparypévn. Apa oplleton vag yoouuxog xou geayuévog tehecthc 1+ F — H omd
™ oyéon z = T*y. Ipogavoe | T < [|T|, xou o T* €yer ) {ntoduevn Widtnta. O
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Opiopog 2.2.3 O tedeotiis T ovoudletar ouluyrc Tou T

‘Aoxnorn 2.2.1 Ytov yopeo Hilbert CV (ue o ovvndeg ecwtepind yvopevo) va Beedet
o ouluyhc mivaxag evog mivoxo A = (ai;).

ITpotaon 2.2.4 Eow 11,1, € B(H,F), S € B(F,K). Tdre

~—

i) (+ L) =T17+T5
(i) (\T)* = \T™*

(i) (ST)" = T*S*

(iv) T =T

) T = |17

(vi) 7T = |IT|*

~—

(vii) Av o T eivar avuiotpénjios téte kai o T

etvar avniotpépos kar (T*)~1 = (T—1H)*.

Anéoaén. Ou amodeifoupe povo 1o (vi), tor undhoimo aprivovial we doxnor. ‘Eyouue
17T < T[T = IT]*. Enione
T = sup 17|
= sup (T"Tz, )

llzl|=1

< sup [[T°Tf|]|=]

llzfl=1

= |77,

Mopddewrypa 2.2.5 1. 'Eotw T otov L*(2) o telesthc mou dpa tolamhactdloviog
ue h € L>(R2). Téte

T f(z) = hx) f ().

2. O teheothc debids petatdmong otov 12 opiletoan amd tn oyéon
S(Il, T2,T3, . . ) = (O,LL’l, T2,T3, . . )

Tote
S*(y17y27 Ys, .. ) = (y273/3> . )

O S* ovoudleton TEAECTNC TNS APIOTEPT)S HETATOTIONS.
3. Ttov L*(0,1) éotw

Bfw) = [
Bgla) = [ glt)ar
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Ipétaon 2.2.6 Ia kide T € B(H,F) wyvel

Ker(T*) = Ran(T)", Ran(T*) = Ker(T)".

Anéoeén. Aoxnon,. O

2.3 Ewdwxol TOToL TEAECTOYV

2.3.1 Movadiaiol TeAecTEG KU LoOPETRIES

‘Eotww H, F yweol Hilbert.

Opwouwoéeg 2.3.1 (i) Ervag wedeotric A :+ H — F ywa wov omolo wyve ||Az| =
|lz||, © € H, ovoudletar wopetpia. (ii) Evas ioopoppiouds yapwr Hilbert U : H — F

ovoudletar povodiaioc TeAeotiis.

Anhady) o U ebvon povodiatog av ebvor 1-1, enl, ypopupixde xou

(Uz,Uy) = (x,y), x,y€H.

Kdée povadiaioc teheothic elvan xou toopetpla, T0 aviioTpopo dunme dev toylet.  §)g
ToeddeLy ot Vewpeio te Tov TEAEGTH S TN 6e€LC HETUTOTIONE GTOV 2 (Hopdderypo 2.2.5).
O S eivan woopetplor xan S*S = I, duwe SS* # I, doo o S dev eivan povadiaiog.

Ilpbtaom 2.3.2 Mia wouetpia U efvar povadiaios teAeotns av kair udvo av efvar emi.

Andéoedn. ‘Aueon cUVETELL TWY 0PLOUMY. O

Ilpoétaon 2.3.3 O tedeotis U € B(H, F) eivar povadiaios av kar pévo av
U'U =1y ka UU* = [£.

Anéoeén. Aoxnon,. O

2.3.2 OpYoywvieg npoBoAég

‘Eotw M »kewot6c unoyweoc tou yweou Hilbert H. 'Eyouue det 611 xdde o € H
YEAUPETOL XATE LOVABIXO TEOTO C

T =21 D

ue 1 € M xou w9 € M*.
Efvar edxoho va det xavelc 6TL 0 amewxdévion & +— 1 ebvon ypauuxy|, deo optlel évay
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(Yoouuxd) teheath P otov H, Px = x1. Emmiéov, o P eivar gparyuévoe xau || Pl =1,
extéc and TNy el tepintwon émou M = {0} ondte P = 0. Ilpdypart,

2[1* = flza|* + ll2all* > Nl [I* = [|P]®

eved Py =y vy xde y € M.

Opwopde 2.3.4 O tedeotris T' mou opioajie ovopdletar opdoyohvia tpoBoly| mdvw otov
M.

IMopathenon 2.3.5 (i) Enetou and ta nopondvew ot yoo g € M éyoupe Pg = g,
evo Y g € M+ éyouvue Pg = 0. Me d\ha hoyia, o P meplopiopévoc oto M elvor o
TUUTOTIXOG TEAEC TG, EVG TEPLOPIOUEVOS GTov M L etvar o UNdeEVINGC TEAEOTAC. AuTo
oLY VA TO EXPEACOUNE YRAPOVTAS OTL UTO TNV avdhuo

H=MeoM"
€Y OUUE
P=I1&0.
(if) Etvar govepd 6Tt i opdoymvia Tpofolf Téve otov xhetotd umoyweo MT ebvor n
I—-P.
(ili) Etvon enione govepd ot

Ran(P)=M ,  Ker(P)=M" .

BOewpnua 2.3.6 Eotw P n oploydvia mpofodn mdvew otov kA€woté vroywpo M tou
H. Tére P = P? = P*. Avtiotpoga, av T €ivar évas ppaynévos tedeotis yia tov omolo
wyva T = T? = T*, tére o vnoywpos N := Ran(T) eivar khewtds kar o T elvar n
opOoydvia mpofodr) tdvew otov N.

Anéoeadn. Eotw x = x1 + T2, Yy = y1 + y2 000 ototyela Tou H. 'Eyouue
P?z = P(P(x, + 23)) = Pr; = v, = Pz,
xou Gpo. P? = P. Axdua

(Px,y) 1,9 + Y2)
51017y1>
T, + T2, Y1)

(
(
=
(z, Py)

xau dpa P = P*.

e 0 avtiotpogo, éotw T évac gpayuévoc xou T'=T? = T*. 'Eotww Tx, — y. Tote

T:vn:TZ:Bn—>Ty,
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Gpo y = T'y xou ouvende o Ran(T') ebvar xhetotoc.
[ vor ohoxdnpwVel 1 anddeln apxel vo det€oupe 6Tt v xdde x éyovue (I — Tz €
Ran(T)*. Eotww howmév y € H. Eyouue

=0

7 Z
xoL To CYTEOUMEVO ETETAL. O

IMopdderypa 2.3.7 Eivor dueon ouvéneto tou Afupatog 1.3.8 ot av {e,} elvon éva
optoxavovixd chvoho, ToTe

Pz = Z (x,en)en

n

ebvar 1 opoydvia mpofoly| oo lin{e, } (Ewdixdtepa, av to {e, } elvoan mhfipeg téte P = 1
xou avoxtoVue To (1) tou Bewpruatoc 1.3.9).

‘Acxnor 2.3.1 Stov L(Q) éotw o nodamhaoctactixds teheothc T'f (x) = h(z) f(z),
6mou h € L>(§2). Beeite pio ieovi xan avaryxodor ouvdrixn yio tny cuvdptnon h HoTe o
T va etvon opoydvio mpoBoht. Heprypddte toug unoydpouc Ran(T") xa Ker(T) (btav
o T eivou opBoydvior TeoPBoAY).

2.3.3 Avutoouluyeic tehecTég

Oplopog 2.3.8 Evag tedeotris T € B(H) ya wov onolo wyve T* = T Aéyetar
autoculLYTC.

Apa o T' etvon avtoouluync av xou wévo av (T'x,y) = (z, Ty) yio xdde z,y, € H.

Ov auvtoouluyelc TeheoTég lvon plar TOM) oNUAVATIXT XATNY ORI TEAEGTHY GTOUG OTOlOUG
Yo enavéddoupe xaw 0T cuvEyELd. Edo avagepouue amhog Tig Pactxég Tou WOTNTES.

ITpbtaom 2.3.9 Ioydour ta €€rjs:

(i) N, T oo =T+ T ao.
(
(

(v) av T a.o. tore (Tx,z) € R ya kdle x € H.

i) 71,1y ao. = (T1Th a.o. < 11, Thpetatidervtar)
)

(i) Tao., e R= AT a.o.
iv) av (T,) a.o. ka1 T,, = T téte T 0.

1v

Améoein. "Aoxnon.
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ITpétaoy 2.3.10 OT eivar avroovluynis av kat uovo av (Tx, x) € R ya kde v € H.

Anéoeaén. Andoeiln. o xdde x,y € H €youue
KTz,y) = (Tx+y)e+y —(T(x—y),z-y)
+ i(T(x+1iy),x +iy) —i(T(x —1y),x — iy)

(ehéy&te TV Tapamdve oyéon: elvon yevixeuon tne molng tavtotnag, Ipdtaon 1.1.7)
X0l TOPOUOLL

o, Ty) = (w+y,T(x+y) —(z—y.T(xz—-y))
+ i(x +iy, T(x +iy)) —ilx — iy, T(x — 1y)).

AT to 6T

(Tz,z) =(Tz,z) = (2,Tz), yia xdde z € H,

éneton To {NToVUEVO. O

ITpotaot 2.3.11 Av o T elvai avtoouvluyris tote (i) dAes ot 10w0Tinés Tov T elvar mpay-
patikés kai (ii) 1bodarvouata tov artiotooly o€ SiaPopeTikés 1010TIUES elval oploydria
peta&v Tous.

Améoein. 'Ecotw A wotun, Te = Ax. Ané tny nponyoluevr npdtaoT youus

T
\ = < x’? e R.
| ]|

Enlong, av Ty = uy, t61e
(T'z,y) = Mz, y)
ahAd emtiong
(Tx,y) = (x, Ty) = p(z, y)

xou Gpor A # p ouvendryeton (z,y) = 0. O
2.4 To ¢pdoua

Ogwopoc 2.4.1 Eoww T € B(H) To emhvuxd obvoro p(T') wov T opiletar ws to
otvolo dAwy twv z € C ya ta onoia 0 zI — T (1} ya ovvropia z — T') eivar 1-1 ka1 ent

ka1 o avtiotpogos (z —T) ™! elvar ppaypévos. To @dopa o(T) etvar to ovvoro C\ p(T).

IMopddeiypo 2.4.2 Av o H éyel tenepaouévr BldoTaoT TOTE TO YAUCUN CUUTITTEL UE
TO GUVOAO TWV IOOTWUOY TOU TEAEOTY.

ITpbtaom 2.4.3 Ioyvea
o(T*)={z|z€a(T)}.
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Anéoeaén. Aoxnon,.

Afupo 2.4.4 Eoto T gpayuévos ue |T|| < 1. Tére I — T elvar avniogpéipios e
ppayuévo avtiotpogo (6nkadn 1 ¢ o(T)) kai

(I—Tr1:§3T¢

Amdoeiln. Eréyyoupe 6Tt dvteg to 0edl uéhog eivan avtiotpogog tou 1 —T'. H extiunon
NG VOPUAS TPOXUTTEL OO TNV TELYWVIXT OVIOOTNTAL. O

Ilpbtaom 2.4.5 I'a kdOe ppaypévo teheotn) T otor H 10yve
o(T) c{zeC: [z <|T[}

Kai

I(z=1T) yia kdOe |z| > ||T.

_ 1
< ST
2| =[]

Anédaén. Apxel vo deiloupe 6t av |z| > ||T|| téte 2z € p(T'). Aodévtog tétoou 2
éyoupe ||z M| < 1 xou dpar o I — 27T elbvon avtiotpédruog xon

o)

(I—="'T) =) (')

n=0

1

IHohhamhaotdlovtog Ye 2~ cuunepalvoule 6Tt 0 z — T elvon avTtio Teédiuog ue

(z—T)y'=zY1—-2z'T)t =" Z(Z_IT)”

n=0

xou €youye enfong

Itz = 1)~

IN

oo
Bl il
n=0

1
1—[z7HT]
1
=l = I

= |27

Apa o (z — T)~! undpyet, etvon pporypévoc xou €youde Ty {ntoluevn extiunon vl T
VOQUOL TOU. O

ITpotaoy 2.4.6 (i) To pdoua evis gpayuévou teAeotn elvar ouunayés vnooivolo tou
C. (i) H arexdrion C\ o(T) 2 z — (2 = T)~' € B(H) etvar avalvtxh.
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Anédaén. (i) Eyouvue fon anodeilel 6t 10 o(T) elvon pparyuévo dpa mpémel vor amodel-
Eoupe Ot elvan xheot6. BOu detloupe 61t 10 p(T) = C\ o(T') eivar avoixtd. Eotw
oy zp € p(T). Oa detloupe 6Tt av T0 2 Elvan apxeTd xovTd 610 2 toTE 2 € p(T).
[Mpdrypart, yia xdde z € C €youue

z=T=(-T)+(z—2)=[I+(z—20)(20—T) (20— T) .

Yuvende v va ebvon 0 z — T avtiotpéduioc opxel va efvon o I + (2 — 2z0)(20 — T)7*

avtioteéduioc, xou dpa, and to Afupa 2.4.4 apxel va éyoupe |z — 20| < |[(z0 —T) 7|7t
AceZope howmdy 61 1o p(T) ebvon avoxto.

Emumiéov, yw |z — 20 < ||[(z0 — T)7||7!

€Y OLUE

YENOWOTOLOVTUC Xot AL To Afupo 2.4.4,

-1

(=T)7" = (2 =T) I+ (z = 20) (20— T)7']

oo

= (20—T)") (z=20)"(20—T)™"

n=0
To yeyovée 6t 1o (2 — T) 7! tedeotic ypdypeton (Tomnd) we duvapooeipd onuaiver (eZ
optopol) 6t to (2 — T) ! ebvon avahutixd) ouvdptnon tou z € C\ o(T). O
Ilpbtaom 2.4.7 To o(T) elvar un-kevé ya kde ppayuérvo tedeoty T.
Andoein. 'Eyovpe Set 6t av |z] > ||T'|| téte 2 & o(T') xon

1
Iz = T)7H < -
|2 | =Tl
‘Apa v z Tétota WoTe 2| > 2||T'|| éyoupe
1
Iz =) < e
17

Ac unodéooue 6t o(T) = 0. Tote o emhutic (2 — 1)t opileton xou ebvan pparyuévoc

v xde z € C. 'Eotw tuyoévia x,y € H xo éotw f: C — C n ouvdptnon

f(2)={(z=T)""z,y).

To 61t o (z — T)~! ebvon avehutixd) cuvdptnor cuverdyeton 6L 1 f(2) efvon avahuTixd
ouvdpTnon o 6ho to C, elvan dnhadt| axéparo ouvdptnom. Eivor gpayuévn oto clivoro
{2z |z] > 27|} agol n ||[(z — T) || etvon pporyuévn exel , xou elvan gparyuévn oo
{z 1 ]2] <2||T||} we ouveyhc ouvdptnon oe oupnoyéc. ‘Apa 1 f eivar otadepr; and to
Ocwpenua tou Liouville. Opwc f(z) — 0 xadog | 2 |[— oo, dea 1 f elvon towtotind
UNOEY, dNADT

(= =T) " 2,y) = 0.

Aol o z xon y Hrav Tuyede, (2 — 1)1 = 0 vy xdide z € C, dromo. O

To Topamdve GUUTUXVOYOVTOL 6TO oxdhouto
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Ocwpnua 2.4.8 To pdoua evés ppaypévou tekeotn T elvar pn-kevé ouumayés vno-
otvodo tov C kar mepiéyetar oto kAewté dioko {z | | z |< ||T]|}. Emiong n areixérion
2 (2= T)7 ! elvar avalvuikny ovvdptnon oto C\ o(T) pe tpés oto B(H).

Iopdderypo 2.4.9 Ytov yodpeo L2(a,b), 6mou —o0o < a < b < o0, opilovye tov
teheoth T g

Tf(x) = h(x)f(x), v xdde f € L*(a,b),x € (a,b),

6mou h(x) elvon @paypévn, uryadixr xau cuveyc cuvdpetnon oto (a,b). Tote

o(T) = Ran(h).

[N voe 1o Bolue autd, og Vewpricovue éva A € Ran(h). To Ran(h) eivon oupmoyée
uToGUVOLO TOL, dpa UTdEyeL & > 0 woTe

A=z >4, yxdde z € Ran(h).

Ewwdtepa | A — h(x) [> 6 i x&de = € (a,b), dpa opileton 1 ouvdpmon (A — h) ™! xa
€YOUUE
1
(A = h(x))7Y < 5 e x&e x € (a,b).
‘Enetan 611 0 avtioToryog ToAATAACIac TiXOS TEAEGTAC S,
Sf=(\—h)""f, v xéde f € L?

elvon pparypévoc. Eivou eniong dueco 6t

SAN—=h)=(A—h)S =1
Apa A & o(T). Aetlope hownéy 6n o(1') C Ran(h).
Avtiotpoga, éotw A € Ran(h). Ac untodéooupe 6t A # o(T'), dnhadr) 61t o A — T éyel
peayuévo avtiotpopo S. Eotw € > 0. Agol n cuvdptnon h eivon cuveyrg, umdpyet
UN-%evo, QeayUévo, avowto vroddotnuoa U C (a,b) tétoo dote

| A —h(z) |<e, v xée x € U.
‘Eotw x n yapoxtneio x| cuvdpetnorn tou cuvohou U. Téte

(A —h(x))Sx(z) = x(x), v x&e x € (a,b)
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xon elddtepa & € U ouvendyeton A — h(z) # 0 xou Sx(z) = (A — h(z))™t. Apa

S 2
”SH2 — su || f|l
fEL2, f#£0 Hf”

1Sx|I?

[Ix]1?

21 Sx(@) |? da
S x(2) |2 do

> \U|—1/U|<A—h<x>>—1|dx

> |U|_1/e_2dm
U

—2

= €

Auté oylel v xdde € > 0, dromo agol o S elvar @poryuévos. O

‘Aoxnor 2.4.1 'Eoto (a,) € I® xu A : 2 — [* 0 weheothc Az = y, énou ¥y, =
anZy. Iod ebvan n vépua ||A|| 5 Tlowo eivan to @dopo o(A);

Oebpnpa 2.4.10 Av o T elvar avroovluyris téte o(T) C R.

Anédeaén. 'Eotww z = a+ b ¢ R. Ilpénel va 6eilouye 6TL 0 teheotic 2 — T elvan
AVTIO TEEPLIOG UE PRAYUEVO avTIoTEOYO.
O z =T eivr 1-1 agol av (z — T)x = 0 yw xdmow = # 0 t61€ 0 T Va elye pio
un-mparyportix) Wotur, dromo Adyw tou (i) tne Hpdtaong 2.3.11. Oo anodeloupe ot
Ran(z —T') = H oetyvovtoc 6t 10 Ran(z — T') ebvon (1) xhetoté xou (ii) muxveé.
(i) "Eyouye

(T —a—ib)z|* = (T —a)z|®+b*||*

> 1a®

Apa ov (2 — T)x, —> y, T61€ N (25,) ebvor axohovdio Cauchy. Av z = limz,, éneton
6ny = (2 —T)zx. Apo to Ran(z — T') eivar xheoto.
(ii) Eotw y € Ran(z — T)*. Tw xdde x € H éyoupe té1E

0=((z—T)x,y) = (z,(Z—T)y)

xou emiéyovtag ¢ = (2 — T')y ovunepatvouye 6t (2 — 1)y = 0. Apo y = 0 ool 10 Z
0ev pmopet va efvan wiotyr) touv 1. Anodeiaye howdv 6t 10 Ran(z — T') etvon munvo.
Ané o (i) xou (ii) énetor 6w Ran(z — 1) = H.

Téhoc, n aviodtnta ||(z — T)x|| > |b]||z]| cuvendyeton 6t o (2 — 1)~ efvon pporypévoc,
xon péhota |[(z = T) 7 < 1/]0]. 0

Optowdeg 2.4.11 Eoww H kar F 6o ydpor Hilbert. Avo tedeotés T € B(H) kar
S € B(F) Aéyovrar povodioda toodbvapor av vrdpyer povadiaios tekeotig U : H — F
T€TO10G HOTE

T=U"'SU.
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IIpétaon 2.4.12 Eoww du o1 ypappuxol tedeotés T € B(H) ka S € B(F) eivar
povaodwaia wodUvapor. Tdte

(i) oT eivar 1-1 avv o S eivar 1-1
(ii) oT eivai eni avy 0 S elvar end

(iii) o T ka1 S* eivar povadiaia 10odUvajion

(iii) (7] = I5]]

(iv) o(T)=0a(9)

(v) o1 p(T) ka1 p(S) etvar povadiaia 1wodtvapior yia kde molvdvupo p.

iv
Anéoeaén. Aoxnon,. O

3  Qaocpatixr Yewpla yio cvunoayels awtoculu-
YEIC TEAECTEC

3.1 Xvunayelc teAeoctég

‘Eotww H, F yweol Hilbert.

Opiwopog 3.1.1 Evag tedeotisT : H — F Aéyetar ovunayns av yia kdOe ppaypévn
axooviia (x,) C H, n axokovdia (Tx,) éxea pia ovykAivovoa vraxolovdia (otov F).

ITpétaomn 3.1.2 To ovvoro C(H,F) Awv twy ouutaydy teAeotdy and tov H otov
F etvar ypappukés vnoyadpos tov B(H, F).

IMopdderypa 3.1.3 1. Kdde tedeotic nenepaopévne téene (téln evoe teheoth T
ovoudletar 1 didotoon e edvoc Ran(T')) elvon oupmayhc.

2. Mio opdoyomvia tpoolt| P elvor cuumoryfig av Xt HOVO o 1) EXOVAL TNG EYEL TEMEQI-
OUEVT) OLldo Tao).

3. Apeon ouvvénewa tou lapadelypatog 2. elvor 6Tt 0 TALTOTIXOC TEAEOTAC OE Evay
arnetpodidotato yweo Hilbert dev etvon cupnaync teAectic.

To 1. elvou dueorn cuvéneia Tou 6Tl xdle *AELGTO XU PEAYHEVO GUVORO GE €V VORUIXO
YWEO TETEPAUOUEVNC DIAOTUOTG Elval CUUTAYEC.

H plo xoredduvorn tou 2. énetan and 1o mponyoluevo mopddetyuo. o to avtictego,
unovétoupe 6Tt to Ran(P) éyet dnepn Sidotoon. ‘Eotw {e, 22, ula opoxavovixr Bdon
tou Ran(P). Ac vnodéooupe 6Tt o P eivon oupmoayic. Tote n axohoudia (e,) = (Pey,)
mepLEyel pla cuyxAivouca uraxoloudia. ‘Oune yia n # m 1oy lel

len — emll* = lleall® + llem||* = 2,

oo M (en) Bev popel va meptéyet pior utoxoroudia Cauchy, dromo.
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Ocedpenua 3.1.4 O C(H) eivar 16ecddes tov B(H), 6nAadr) av o T elvar ovunayng kai
0 S gpayuévos, téte o1 tedeotés T'S ka1 ST efvar kar o1 6Vo ouuTayElS.

Anédaén. 'Eotw (x,) pio @eaypévn axohoudio otov H. Toéte xou n (Szy,) ebvon gpory-
wévn, xau dpo n (1'Sw,) éyer ouyxhivouoa umoxoloudio. Apa o teheotic T'S eivan
ovunoyfc. Emlong, n (T'z,,) éyer pio ouyxhivouvoo uroxorovdia (T, ), xar agod o S
ebvan pparyuévog éneton oL 1 (STxy, ) ouyxhiver. Apo xou o ST elvan cuunayhc. O

Oedpenua 3.1.5 O C(H) H elvar kheiotds vroypos tov B(H).

Anédaén. 'Eotww (T,) axolovdia cuumory®dy TEAEGTOV 1 omola cuyxhivel o€ xdmotov
teheoth T € B(H). Oa anodeilovye 61t o T elvon ovunayhc. Eotw howmdv (x,) pio
pearyuévn axoroudia. Xwplc TEPLOPIOUO TNG YEVIXOTNTUC UTOPOUNE Vo UTOVEGOUPE OTL
|z, || < 1. ©a anodei&ouue 61t 1 oxohoudio (Txy,) €xer uior cuyxhivouoo urtaxohoudio.
Agol o T} ebvan cuumay g, utdpyel umoxohovdia (Zn, , )k ™S (7,) Tétota dote N (11, , )
vor ouyxAivel. Agol o T; elvon cuumaryfic, undpyet axoroudio (:L’nm)k, umoohoudior TG
(Tny )k TéTOW WOTE N (Totn,,) Vo cbvar ouyxhivouca. Yuveyiloviag enaymyxd, Yio
xdde i = 1,2,... opileton pia axorouvdia S; = (7, )k xou woylet 6t (i) n S; ebvau
uroxohowdiar Tng Si—q xou (i) 1 oxohovdia (Tixy, , )k oUYxAver Y xdie 1 = 1,2,.. ..
OpiCoupe
Y = Tny .-

Hpogavae 0 (yx) etvon umoxolovdio tne (). Emlong, n oxohoudior (yqx )k €tvon umo-
xohoudia e (n, , ) it xde @ € N. [Eva ddrypopuoa mdavae va cag Bondfoer va
Eexadoploete yiotl toyber autd] Ou amodeilouye 6t 1 (Ty;) ouyxhiver Betyvovtag 6t
elvoaw Cauchy. 'Eotw howndv € > 0. Tndpyet 16t i € N wote

IT -7 <.

Aol n (Yigr)r ebvon utaxoroudia e (Tn, , )k ¥t N (Tian, , )k oLYXAVEL, cuYXhivel o
N (TiYisk )k, dpo undpyer N = N(i) dote

‘Apa v n,m > N (i) éyouue

< €ellynll + €+ €llyml
< 3e.
‘Apa 1 (T'yx) etvar Cauchy, to onoio frav o {nroduevo. O

ITpbtaom 3.1.6 Eotww éuioT € B(H) eivar ovunayng tekeotis ator aneipodidotato
xpo Hilbert H. Tére (i) kdOe un-undevikn 1wniun) tov T' éyer nenepaoérn mola-
mAdtnza kai (ii) 0 € o(T).

Anéoeén. Aoxnon,.
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3.2 Teleotéc Hilbert-Schmidt

‘Eotw T € B(H,F) ppayuévoc xou {e,} pla opdoxavovixr Bdon tou H. H nocdtna
Yo 1Ten|)? (n omolo unopel vo ebvan ion pe +00) efvor aveZdptntn Tne ouyxexpévng
Béone {e,}. T vor to Bolpe autd, ag Yewprooupe pia tuyoio opdoxavovixn Booh { f,}

wou F. Tote
SoTenll =D [ (Ten, fi)
n n k
= e T ) =D 1T il
n,k k

Apa X | Tenl|? = >, T, |I* v x&de Vo opoxavovixéc Bdoeic {e,}, {e,} tou H.
H rocétnta

ITllus = (Y IITeal?)"?

ovoudleton Hilbert-Schmidt vopuo touv T xan ot tekecs tég yia Toug onofoug ||T'||ps < 400
ovopdlovton tereotéc Hilbert-Schmidt.

‘Aoxrnor 3.2.1 (i) Anodeilte 61 10 oOvolo twv teheotov Hilbert-Schmidt eivon
Yeopuxde uroydpeog tou B(H,F) xou 6t n || - |lus elvon mpdypott vépuo otov yoheo
outo. (i) Aetgte ot ||T|| < ||T||us yro x&de Hilbert-Schmidt teheotn T

ITpotaoy 3.2.1 Av o T € B(H,F) eivar Hilbert-Schmidt tote elvar ouunayrs.

Anédein. 'Eotw 6t o T eivan Hilbert-Schmidt xou éote {e,} pla opdoxavovixs Bdomn
tou H. T xdde r = 1,2,... n oyéon

Tr(i apen) = i ay,Te,
n=1 n=1

opilet évay teheath T, € B(H,F). Hpogoavoe xéde T, éye nenepaopévn té&n (< r) xau
o etvon oupmoyfic. T xdde . = ) ane, € H éyoupe

ITe =Tl = || D anTen||

n=r+1

< Y fan || Ten]
n=r+1

< (>0 Tan )P 1 Ten|?)?
n=r+1 n=r+1

< () 1 Tenl®)?

n=r+1
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xal deor

IT =T < () IITeal’)* — 0.
n=r+1
‘Ovtag 10 6plo cuunayoy tTeEAecTtwy o T elvon xou autde oupnoyrc (Oedpnua 3.1.5). O

Ilpétaoy 3.2.2 (Ohoxhnpwtixol tehectéc) Eotw H = L*(0,1) xa
k:(0,1) x (0,1) — C

pia ovveyns ovvdptnon oto (0,1) x (0,1) wetowa dote

1
/ / | k(z,y) |* do dy < co.
o Jo

O teAeotis T' mov opiletar €vag tedeotns T amd tny oyéon

zﬁwzlkmwmwy

| Klus = {/R | k(z,y) \2}1/2.

Amndoein. o xdde = € (0,1) ac oploovpe ky(y) = k(z,y). 'Eotw {e,} pla opdoxavo-
v Béor tou L*(0,1). Téte

etvar Hilbert-Schmidt ka1

1
Ken(x)Z/ k(z,y)en(y)dy = (ks €n).
0
Apoc
1 1
wmwz/|KMMFw=/|%@mwx
0 0

Ol GUVETUOC

[e's) oo 1
}]WM2=§1/H%@FW
n=1 n=1 0
1 o0
= [ ) o
0 n=1

1
= [ Ik
0

1
= / / | k(x,y) |* do dy < . O
o Jo

H ouvdptnon k(z,y) ovopdleton xar odokAnpwtikés myprvag tou teheoth 1.

‘Aoxnon 3.2.2 Av K eivar évag ohoxhnpwtinde tehectic e tupriva k(z, Y), TOTE xou
o K™ elvar ohoxANpo TGS TEAEGTAG %ot oL 5U0 TUPHVES GUVOEOVTOL UE TN OYEoT

K (z,y) = k(y, ).
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3.3 @Poacpatind Jedpnua yia cuunayelc avtoouvluyelc te-
AecTEQ

Opiopodg 3.3.1 Eoww M évas kAeiotds vmoywpos tou H. Aéue ot o tekeotrs T
apnver tov M avaAdoiwto av x € M owvendyetar Tx € M. Aéue ét1 o T avéyel tov M
av agrver avalloiwto ka1 tov M ka1 Tov M+

Anadh o T avéyer M av 1 dpdorn tou T otov M xou 1 dpdon tou otov M=+ elvor
aveldptnTeg UeTaly Toug. Autd exgpdleton xar w¢ e€ng: xataupyhy T6co o M 660 xau
o M~ etvar yopor Hilbert w¢ xhewotol utoympol tou H. Av o T avéyer tov M té1e
undpyouv terectéc A € B(M) xou D € B(M*) doe

H=MaeM*
T(x®y) =Axr® Dy. (3. 2)
[Fpdpoupe toTE
T=A®D

xou xahoVpe tov T evdV dOpotoa twv A xau D.
‘Evog dhhog tpémog vor 8olue Tar Topomdve etvar 0 e€Xg: av pag dovel 0 XAeloToOC UTo-
ywpog M xon o teheothc T', opiCovton oL TeEAecTEC

A:M—-M, B:M*—M, C:M—M" D:M"— M

OoTE

T(z ®y) = (Az + By) & (Cz + Dy), veM,ye M,

pdpoupe tote
A B
T - ( 45 )

Ebvar gavepd oti o M avdyer tov M av xan uévo av B = 0 xou C' = 0, onote

A0
=(05)

onAaoY| 0 T €yel BlorydViar UTAOX LOP@N.

Av pog dovel évag teheotic T xon unopécouye va Boolue Evay XAl T6 uToyheo M Tou
avdyeton and tov T', 1ote opiCovton ol mapandve tehectéc A xou D xon 1 perétn tou T
avdyeton TAYews oV UEAETN Twv A xou D. Auté elvar onuovtind 6gehog, agod xdie
évog amd toug A, D etvan ev yével amhovotepog amd tov 1.

Fevixdtepa, Aéue 6tL 0 H elvon to oploymvio eudl dlpoloua TV XAEIGTOV UTOYGEMY
{M,}_, (N € NU{oo}) av o1 M, etvor avd 500 opdoyvior xau av x&de z € H ypdpeTon
QS

N
T = g Tn, Tn € M,.
n=1
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H ypapn auty| elvon téTE povadnt| xau woylel z,, = Bz, 6tou P, 1 opoy®via mpoBohn
Tdvey oTov uToyweo M,,. I'odgouue toTE

N N
He @M, =D
n=1 n=1
Av évog tehectic T avdyel xdde M, t6te opllovian tehectéc T, : M,, — M, dote
N
Ty = @ T.x,,
n=1

BrhadH

N N
T (EB xn> = T,x,.
n=1 n=1
Téte ypdgouue
T=T.. (3. 3)
n=1

xa 1) MEAETT Tou T" avdyeETaL OTNY MEAETT TV ATAOUCTERWY TEAEGTWY T,.

IMopdderypa 3.3.2 Av P civa n optoyodvia tpofolt| méve otov M tote 1 P oavdyel
Tov M xou ¢ mpog TNy avdhuon H = M @ M+ eyovue P =1@ 0.

‘Aoxnon 3.3.1 Aci€te 61 av woylel n avdivon (3. 3) tote

@) Tl =sup[[Tall, () o(T) > Uoa(T).

Aqppa 3.3.3 Av o T efvar avtoouluyrs, téte avdyer GAous TOUS 1010 DPOUS ToU.
Anédeaén. Eotw A plo wbotiur tou T xou

M={z |Tx = \z}

o avtloToryog woynpeos. Eivow dueco 6t o T agprver Tov M avarrointo. Eotw tohpa
y € M+. ©éroupe va detlouue 6t Ty € M+, Tlpdypatt, dodévtoc x € M éyoupe

(2, Ty) = (Tz,y) = Mz,y) = 0.

ARppa 3.3.4 Av o tedeotiis T' € B(H) elvar avroouvluyris, tdte

1T = sup [(Tz,x)].

[lzf|=1
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Anédeaén. Eotw M o 8el péhog tne {nrovuevne oyéone. INo xdlde x € H €youpe
(T, z)| < || Tx|l]lz]| < (T[],

xou dpor M < ||T||. Tdrea, yo xde x,y € H €youye
(T(x+y)z+y —(T(x—y)z—y)

= 2Tx,y) +2(Ty, )
= 4Re (T'z,y),

xalL Gor
4|Re (Tz,y) | < Mz +yl* + M|z -yl
= 2M(l=]I* + [ly]1*)-
‘Encton 6t av ||z]|, lyll < 1 téte |Re (Tz,y)| < M xau dpa vy tuydvia z,y € H
[Re (T'z, y)| < M||z[[[[y]-
Emiéyovtac y = T nalpvouue
IT2|* < Mljz|l||T|

xou étot ouunepatvouue ot || 17| < M. O

Aqppa 3.3.5 Av oT elvar ouurayns kar avtoouv{uyns tote évag Touddy10Tov amd Toug
apiipots ||T|| kar —||T'|| eivar 1b6otiur) tov T

Anéoeén. Mropolue vo utodécouue 6Tt T' # 0. And to Afjuua 3.3.4 €ncton OTL UTdpEyEL
oxohovdia (zy,) e ||2,] = 1 xou tétoo Hhote

(T, )| — T

Ewxotepa 1 oxohovdiar ((Txy, 2,)) etvon @porypévn oto R xou dpo €yer plar suyxhivouoa
uTaxolouvdia,

(T, Tny) —> A
omou |A| = ||T]| xou dpoe A = ||T|| A4 A = —||T|| (apo' (Txy, ) € R).
Ou omodeiloupe 6Tt 10 A eivan oty tov T T amhdtnra petovopdlovue v (4, )
oe (x,,). Eyouue

Tz, — )\anZ = HTan2 —2X(Txp, x,) + A2
< 207 = 2\(T'zp, z,) — 0.

Aot o T eivar ouunayie, 0 (T'xz,,) éyer pio ouyxhivouoa vrtaxoroudia, 1 omola unopolue
var utoVéooupe 6Tt ebvon 1 B ) (T'xy,), T, — y. Eneton t61€ 1L A, — Y xou dpat

Tz, — A\ 'Ty.

Yuunepaivouue 6Tt Ty = Ay xou dpo To A ebvan wototiur agol y # 0. O
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Ocedpnua 3.3.6 (Pacpatind Jewdpnua yia cvpnayeic avtooculuyeic te-
Aectég) Eoww T ouunaynis kar avtoouluyrs teAeotns atov anelpodidotato kar Hia-
xwpiowo xapo Hilbert H. Téte vndpyer pia opfoxavovikr) fdon tov H mov anoteAeital
and 16daviouata wov T. EmnAéov, av n Bdon avtr ypagel ws {¢,} U {1, }, dmov
{n} C Ker(T) kar {¢,} o1 161otipés mov avniororyolv oti§ pun-pHndevikés 1010TUES Ay,
Tpn, = Ann, 60U |A1] > |Aa| > |A3] > ..., TdTe ) akodovlia (\,) €fve eivar memepaoévn
efte ovykAiver oto 0. Emiong éyovue

T=> Xtn® . (3. 4)

(émov n oepd, av éyer drepous dpovs, ovykAiver otor B(H)). Téog, wyve o(T) =
{\}u{0}.

IMopathenon. Eotw T évoac gpoyuévoc tehectic otov H xou éotw {e,} pla opdo-
xovovixt| Bdon tou H. Ovopdloupe mivaka tou T' w¢ mpog v Bdon {e,} tov (dmelpo)
nivaxar {a;j bi jen mov opileTon g

aij = <Tej7€i>~
Edxoha PAemel xovelg 6Tt av T'x = y 11
(y,€;) = Z%‘j(% €j),
J
oyéon mou Belyvel Tt 1) évvola auTH lvon yevixeuon tng cuviloug Evvola Tou Tivoxo we
mpog [Bdon mou Eépoupe and Ty ooy AlyeBpa.
To gaoyatixd Yempnuo pac héer 6L undpyet plo opdoxavovixr Baon (n {¢n} U {n})
0¢ Tpog TNy omola o Tivaxag tou T elvar o Starywviog Tivaxag e ototyeio (A1, Ag, . .. |
0,0,...). (To mdoc twv undevixwdv wolton ye t didotaon tou Ker(T') xou unopel vo
elvan xdmotog puotxog > 0 1 dmerpo. )

Améoeiln. Av T = 0 16te mpoavis woylel to {ntoduevo. Trodétoupe Aowmdy OTL
T # 0. Ou ypnowonomooupe enoywyxry pédodo. Eotw Hi = H, Th = T. Anb 1o
Afupa 3.3.5 éneton 6t undpyet Wotwh Ay = £||T7|| tou T3, xat éotw ¢ €va 1dtodtdvuoua
e |||l = 1. O Ty avdryer tov Ha := {¢1 }* xoun dpa 0 tehectic

T2 = Tl ’Hz
umopet va Yewpniel we teAeotic otov He. 'Etotl, ¢ mpog tnv avdiuo
H = (¢1) ® Ho

€Y OLUE
T=MNDT5.
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Etvon edxoho va del xavelc 6t o Th, ¢ teplopiopog tou T' efvor 1 autdg cuumary g 1o
avtoovluyhc. Av Ty # 0 téte 0 Ty éyer pla Wotph Ay = £|| T, xou éote ¢o pia
avtioTotyn Woouvdptnon e ||¢2| = 1. Eyoupe

Aol = T2l = T3 | || < T3]} = Al

Oétoupe topa Hy = lin{¢, po}* xou T3 = T |, xon cuveyilovyue emorywyixnd xotdu-
TOV TOV TPOT0. 310 n-00T6 Brua €youde éva oploxavovixé oivoro {¢, ..., ¢, } Tou
amoteheiton amd Wiotwée Tou T' xan yior Tic avtioTotyeg Woouvaptioee {A,} toylet

A1l > A2 >3] > ... > A

Optloupe t6t€ Hpt1 = lin{en, ..., ¢u}* xou t0v tehesth Tyt 010V Hypq ¢ Thpr =
T |3,,,- Eyovue tote

H = <¢1> S% <¢2> b---D <¢n> @Hn-i-l

(avdhuon oe eudd dlpotoua ovd 500 XEVETWY UTOYDEMV) XAt WS TEOS TNV avdAUGT auTy
o T ypdpeTan
T:)\I@A2@@>\n@Tn+l

Auaxpivoupe Topo 800 TEQITTMOOELS, avd oY UE To av 1) Bladixacio auty TepuatileTon 1
oYL
IMTepintwon 1. H dwdwaocta teppotiCetar, undpyel dnhadt| xdmolo n > 1 tétol0 KoTe
Thp = T|Hn+1 =0.
Téte Hyp1 = Ker(T). 'Eyouue t61e TNV avéluon
H = (¢1) ® (¢2) & ... D (¢n) & Ker(T)
xou avtioTotya

Qdc mpog TNV avdAuoT auTY| To TUYOV T € H ypdpeTon K¢

n

v = (@,00)61 + (2, 0)n © . & (2,620, @ (1= D (2, 60)0n )

k=1
Ol CUVETC
Tz = M(z, ¢1)¢1 + Aoz, 92) P2 + ... + A2, G Dn
Onhadn toytel 1 (3. 4) (to ddpotoua eivor TeEnEpUOUEVO GTNV TERITTOOT OUTH).

ITepintwon 2. H Swdixacio cuveyiletar e’ dnewpov. Oo amodellouye mp®Ta OTL 1)
oxohoudia (A,) ouvyxhiver oto 0. Ilpdypott, oc unodéoouue dtL Bev cuyxhiver ato 0.
Téte undpyel € > 0 tétol0 BGote |A,| > € v xdde n. Autd cuvendyetar 6t yio xdde
n,m Ue n # m oy Vel

= | An |2 + ‘ Am, ’2
> 262,
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‘Apa 1 axohoudio (T'¢,) Bev unopel va €yet ouyxiivouoa uraxohouvdia, To onolo eivor
dromo agol o T elvor cuumoryhg.

Oéhoupe va deifoupe v (3. 4). Eotw howdv T, = D7 Mk @ ¢, 1 axohoudio
uepeY adpotoudtwy Tng oepds. ‘Eotw tohpa v € H. O<toupe

n

Tp :Z<x7¢k>¢k ) Yp = T — Ty

k=1
‘Apa T0 x,, elvar 1 opoydvia TpoBorf ToU T GToV (P1, P, . . ., Pn) XOL GUVETHOS TO Yy )
optoywvia Teofokr} Tou 6ToV Hyyg.

LoyOer T,x = T'xy, xan dpa

1Tz = Toxll = [IT(z — 2]
[Ty

1T 19|
HTnJrIHHynH
Anpal[l]

IAINA

Ol GUVETUOC
HT - Tn“ < |)‘n+1| — 07

xog n — 00, Gpa Selydnxe n (3. 4).

Ye xdie nepintwon (Snhady eite 1 drodixacio tepuatileton elte oyt) €youue

n=1

émou r < 400 (Hleptntwon 1.) fr = 400 (Hepintwon 2). 'Eatw {1, } pla opdoxavovixs
Béon tou Ker(T'). Téte 10 obvoro {¢,} U {1y} eivar opoxavovixd.

‘Eotww z € H. To didvuoya

Yy=x— Z<xv¢n>¢n

n

avixet otov Ker(T'), dpo

Y= Z <y>wm>wn = Z <win>wm

m

YUVETOC

xTr = Z <$, ¢n>¢n + Z <37, wn>¢n

Ané 1o Oedpnua 1.3.9 éneton 61 to optoxavovixd alvoro {¢,} U {1, } elvon mhrpec,
%o €YouUE amodellel To Yempnua. O
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3.4 Egappoyn: to npoBAnua Sturm-Liouville

Optopde. Mia ouvdptnon u : [a,b] — C ovoudleton amdhuta cuveYhHc av yia xdde
€ > 0 undpyet 6 > 0 wote v xéde n € N xau yio xdde n Swothata [, Y] C [a, b]
vo Loy Vel OTL

n n

o Z(yk—xk)<5 TotE Z|f(yk)—f(xk)|<e

k=

Ebvan dueomn ouvéneia tou oplopot 6t xde Lipschitz cuvdptnomn ebvar amdiuvta cuveyrc
%o 6Tt xde amdOAUTA CLUVEY TG CUVAETNOT Elval OUOLOUOPYPU CUVEYTC.

Eiva yvowoth and v Ipaypating Avdiuvon n axorouin

ITpotaoy 3.4.1 Av n u elvar atdlvta owvexris oto [a,b] tdte eivar oyeddy mavtol
tapaywyioun, n rapdywyos u' avijker oto L' (a,b) rai

u(z) = ula) + /I u'(t)dt x € la,b)].

Avtiotpoga av v € L'(a,b) tdre n ouvdptnon

elvar artoAvta ouvexns kat wyve u' = v oyedor tavtol.

Ogtopdg Ovopdloupe teresti Sturm-Liouville otov yopo Hilbert L?(0, 1) éva tehe-
oth L e poppric

poli ue cuvoploxés cUVITXES

OTOoUL:

(i) p xou g ouveyelc ouvopthoelc pe Tparypatxés Tuée xou p(x) > 0 oto [0, 1].
(i) 7 p' undpyer xou etvor cuveyrc oto [0, 1].
(i) «a,a, B, B, eivon mparypotixol aprdpot xou o + a # 0, 52 + 52 # 0.

To nedlo opopol tou L dev eivon 6hoc o yipoc L*(0,1), to onolo elvar avauevopyevo

apol o Lu Sev opileton yia x8de u € L*(0,1). Opiloupe o nedio optopdéu D(L) tou L
©¢ T0 6UVOAO GhwY Twv u € L*(0,1) mou elvor téTolec OO TE:

(i) nw undpyer xou elvon améAuta cuveyhc oo [0, 1]
(ii) 7 u” avixer otov L*(0,1)

(ili) n u wavornotel Tic cuvoptaxée cuviixeg (iii).

36



‘Apa vy u € D(L), to Lu etvon xohd optopévo xau avhxet otov L2(0,1). Do tpoxtixoic
AoYoug xdvoupe emmAéoy TV (TeYVixn) unddeon 6Tt to 0 Sev elvon dloTr Tou L, dnhadh

ue D(L), Lu=0=u=0.

O teheothic L dev ebvan pparypévog, xou dpa tinoto amd ) Vewmpio mou uéypl Todpa £Youue
0L dev pmopet va egapuocTtel yioo Tov L. ‘Onwe Yo dolue duwe, urmopolue vo uddouue
TOMG yiat ToV L UEAETOVTAS TOV L~ o onoloc etvar PEAYHEVOC.

Oewpnpa 3.4.2 O tedeotris L efvar 1-1 ka1 erd, ka1 o avtiotpopos L=t elvar ouunayrig
ka1 avtoovluyng.

Anéoeaén. Anéd tnv Yewplo TV cuvilwy dlapopxy eElo®oewy YVwpllovue 6T uTdp-
YOUV CUVORTHOELS Ui, Ug € 02(0, 1) ot omolec etvar Aoelg e Spopinric elowong

_i( du;
itV a

)+qu; =0, i=1,2
ue avtioToryeg cuvoplaxeg cuVINxNG
aui(0) + o'uf(0) =

Bua(1) + fup(1) = 0

xou oL Nooel efvon ) TeTplupéves, dnhadh ul( 12+ uy(0)% #£ 0, ug(1)? + uh(1)? # 0.
OpiCoupe v optlovoa

‘Evoc amhéc utohoylouodg pac divet
(—pW) =0, ywxddete (0,1),

xou Gpor —p(x)W (z) = ¢ vy x&de x, émou ¢ ebvon pio otadepd. Oo deioupe dtL ¢ # 0.
Ac vnodéoouye avtideta 6t ¢ = 0. Aol p(z) # 0, éyouue W (z) = 0 yia xdde = xa
ELOXOTER

u1(0)u5(0) — ua(0)uy (0) = 0.

‘Opwe u1(0) # 0 ¥ w1 (0) # 0. Ac urnodéoouue 6t u1(0) # 0, n nepintwon u;(0) # 0
avTipetoniletar Ye avdhoyo teomo. ‘Eyouue

aug(0) + d'uy(0) = aug(0) + o (Zigg;ww)

= (ou1(0) + a'uy (0))
= 0.

Aol 1 uy clvon B0 cpopsg chxpocywytotm xou 1) uy ebvon ouvsxng, émetan 6T ugp € D(L)
xw Luy = 0, 10 omolo €pyetan o avtigaon pe tnv unoveorn ot to 0 dev elvon WBtoTuN
Tou L. Apa mpdrypatt ¢ # 0.
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OpiCoupe Topa ToV 0AxAnpwTind Tuprva

] clug(@)ug(t), ava <t
k(z,t) = { cluy(us(z), avt <.

Aot ot ug, ug elvon cuveyeic oo [0, 1], éyouue

11
/ / | k(z,t) |* do dt < co.
o Jo

k(z,t) = k(t, z).

‘Apa 0 tehectic K mou oplletar amd tov ohoxhnentind tuprva k(w, ),

Ebvau enlong mpogaveg ot

Kf(z) = / Ko, 1) f(1)dt,

etvon teheotrc Hilbert-Schmidt xouw avtoouluyric. Oa amodellouye Ot 0 L elvon avti-
otpédpoc xou L1 = K.

'Eotw f € L*(0,1) xou ac ¥éoovue g = Kf. Ou detfoupe 6t g € D(L) xou Lg = f.
o to oxond autd 0pllovye TIC GUVIPTATELS

vi(z) =c? /Ox w (t) f(t)dt, wvo(x) = c_l/ ug(t) f(t)dt

X0l TORUTNEOUNE OTL
g = U1Ug + UgV1.
apaywyiCovtog moalpvouue

/ /! / !/ /
g = UV + U U5 F UV + UV

= ujvy + uyvy.
Ewuxotepa 1 ¢’ ebvon ouveyrc. Taporywyilovtog dhhn uio gopd €youue

" 1

g = —c Musf + ulvy + ¢ rugub f + viud (3. 5)
o dpa " € L*(0,1) agol Ghot o dpot 6o de&l péhoc e (3. 5) avixouv otov L(0, 1).
Emmiéov, agpol v1(0) = 0,
ag(0) +a'g'(0) = aui(0)vz(0) + a'u}(0)ve(0)
= [ou1(0) + a'ui (0)]v(0)
=0
xou opdpot Bg(1) + 6'¢'(1) = 0. Apa g € D(L). "Eyoupe

(pg") +aq9 = —(puivs+pusyn) +qg

—(pui)'ve — (pus)'vi — p(ugvy +ujvy) +qg
—quyvy — quavy + pe (uhuy — uhug) f + qg
—qg—pc W f+aqyg

= f

38



‘Apo Lg = f, onhady LK f = f.
Hpémer axdun va det€oupe 61t K Lg = g ywa xdde g € D(L). Ipdrypatt, éyovue LK Lg =
Lg »ou dpa

LIKLg—g]=0.

H vunddeon 6t 1o 0 dev eivon ot tou L cuverdyetan 6Tt KLg = g, mou elvon 0
(nroluevo. O

Opwowoéeg 3.4.3 H ouvvdptnon k(x,t) ovoudletar ouvdptnon Green tou mpofAnuatog
Sturm-Liouville.

Ocedpenua 3.4.4 Trdpye éva nAnpes opfokavoviké ovotnua {¢,} mov arotelefvar and
1wovvaptrioes touv L. O avtiotoryes 1010Tiués {1, } éxouv dAes memepaouévn moAanAd-
TnTa Kai fi, — 0.

Anédeadn. Apxel vo ehéyZel xaveic 6Tt o A # 0 elvon WoTiur Tou K e wblocuvdptnon ¢
av xot povo av to A etvar ot Tou L pe wbocuvdptnon ¢. To Yedpnuo téTe éneton
av eQuplécouue otov K 1o goaouatind Yedpenua yior cuunoyeic autoouluyels TEAEOTEC.
([l

‘Aoxnom 3.4.1 Na fBeedoiv ol cuvoptrioeg Green xodog xon oL LBLOTES X LOLOCU-
VOPTACELS YId TOV TEAEC T

Lf:_f//

oto (0, 1), ue ouvoptoxéc cuviixec.

f(0) =0, 3f(1) + f'(1) = 0.

4 Oewpnpo Lax-Milgram o petofSolixd ntpoBAv-
naLToL

Ogwopoc 4.0.1 Ovoudlovue (3/2)-ypapjuxr) popen o€ éva yaopo Hilbert H pua amer-
kovion A : H x H — C ya v omofa 10y ve

(1) AT+ py, 2) = A(z, 2) + pAly, 2),

(ii) Az, Ay + pz) = A(z,y) + BA(z, 2),
yia ke x,y € H ka1 A\, jp € C.
H (3/2)-ypapjukn popen A Aéyeta:
o gpayuérn, av vrdpyer A > 0 dote |A(u,v)| < Aljul|||v]| yia kdOe u,v € H
I

o cMarnukn, av vrdpyer A > 0 dote Re A(v,v) > c||v]|* ya kdOe v € H.
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Ocedpnua 4.0.2 (Oebdpnua Lax-Milgram) Eotw A(-, ) pia (3/2)-ypappuxr) gpay-
pévn el eartikn) poppn otov H. I'a kdle ppaypévo ovvaptnoaxé m : H — C vndpye

povaoiko u € H wote
A(v,u) = m(v), yia kd0e v € H. (4. 6)
EmnAéov n areikévion m — u elvar ovvexrns.

Anéoeaén. 'Eotw u € H. H anewdvion
v A(v,u) (4. 7)
elvon ypouuxy| amd tov H oto C. Ernlong
|A(v,w)| < Mul[fjv]],

Goo M (4. 7) elvon €var pporyuévo Ypauuixd cuvapTnotaxd oTov H, Ue vopuo Uxedtepn 1
fon tou M||ul|. And to ©éwenua Avanapdotaonc tou Riesz émeton 61t undpyer w € H
WOoTE

A(v,u) = (v,w) , v xdde v € H.

Ioyter tote ||w]| < M ||ul|, dpo optleton évac pporyuévoc ypouuaxoe TEheaThc S amd
oyéon Su = w. Apa Aoty

A(v,u) = (v, Su) , u,veH.

Eniong, ndht and 1o Owpnuo Avaropdotaone tou Riesz, undpyer f € H dote m(v) =
(v, f), veH. Apan (4. 6) yedpeton 10odVvVaa

(v, Su) = (v, f), v xde v € H,

xou dpar To {nTodpevo avdyeton 6To vo Beedel u wote Su = f. Apxel va dei€ouye 6TL 0
S etvan avtioteéduuog ye gpayuévo avtioteogo. Iupatneolue xatopyhy OTL

Alzl* < Re A(z,x) = Re (Sz, z) < [|Sz| [|],

xou dipot
[Szll = Al ;= eH. (4. 8)
O S eivan 1-1. Auté eivan dueon ouvénewo tng (4. 8).

H exéva Ran(S) elvon wheiotoc undywpeoc. Autd eivon emione ouvéneto tne (4. 8), oxpt-
B 6mwe 6Ty amodelln Tou Oewprdatog 2.4.10.

H exéva Ran(9) ebvon muxvég undyweoc. ‘Eotw z € Ran(S)*t. Téte

c|z|* < Re A(x,z) = Re (Sz,z) =0,

7
xou dpar v = 0.

Yuvende o S ebvan avtiotpédipoc. To dT o avtlotpogoc S~ elvon ppoypévoc éneto
ané v (4. 8), xou udhiota ||STH| < 1/ O
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Ocedenua 4.0.3 Eoww A(-,-) pia gpayuévn elanuxr) (3/2)-ypaupuxr) popen ooy

H ywa Ty omoia 1wy ver emmAéov

Az, y) = Aly, 2).
Eotw m éva ppayuévo ypappkd ovvaptnoiaxéd otov ‘H. H ouvvdptnon

J(u) = %A(u, W)~ Rer(u), uweH,

éxer éva povadiko ekdyroto otov H to omoio Aaufdvetar akpifos otn Adon u tov Jewpr)-
pazos Laz-Milgram

Anéoeaén. Eote u n hon tou Oewprjuotog 4.0.2 xou v € H. Eyouue toé1e

J(v) = J(u) = %(A(U, v) — A(u, u)) —Renm(v—u)
= %(A(U,’U) — Alu, u)) —Re A(v — u,u).
‘Ouwc
Re A(v —u,u) = %(A(v —u,u) + A(u,v —u)) = %(A(v, u) + Au,v)) — A(u, u),
dpa
1 1 A ,
J(v)—J(u) = i(A(v,U)—l—A(u,u)—A(v,u)—A(u,v)) = §A(v—u,v—u) > §\|v—u\| )

7 4
XL To CY]TOU}LSVO ETETAL. O

41



Meégog 11
Eopapuoyeg otic Mepixeg
Awopopixeg ECiowoelg

5 Xwpot Sobolev xou acVeveic Adoeig

‘Eotw 2 éva avoxtd ywpelo (= avouxtd xou ouvextixd oOvoro) tou R™. Aéue 61 to
obvohro U mepiéyeton ouumoyws oto 2, xan yedpoupe U CC £ av

(i) UcQ
(ii) U oupnoyéc ovvoro

ITpétaoyn Eotww U C Q. Ioybet U CC Qav xou pévo av U gpayuévo xou dist(U, 0€2) >
0.

Anéoedn. Aoxnon,. O
[No 1 < p < oo opiloupe

Lp

e() ={u: Q= C : wyetphown xu u € LP(U), yio xdde U CC Q}
OpiCoupe eniong

CrQ)={u:Q—C : ueC™®(Q) xu supp(u) CC Q}

Iapaznpnon. Eivou dueco ot

(1) Li(2) C I,

(i) L) CLi.(Q), 1<p<oo
() LE(Q) C O(9Q)

loc

(Q), yiaxdde 1 <p<g<o0

(To (i) éneton and v oviodtnta Holder)

5.1 Oporomointeg
‘Eotw Q C R™ (dyt anapattnta gporyuévo). o e > 0 opilouye
Qe ={z e : dist(z,00) > €}

AL

Qf = {x e R" : dist(z,00) < €}.
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©éTouue
Cexp(—l%) lz| <1
g 7‘x| ! ’
p(z) { 0, o] > 1,

omou 1 otadepd C emhéyeton étor Hote [ p(z)dr = 1.

[N e > 0 opiCouye oTn cuvéyew
pe(x) = €plzfe), wER”

H owoyévela ouvaptAoewy (pe) ovoudletan OUANOTIOINTAG Ko EYEL TIG AXOAOVVES LOLOTT
TEC:

(i) pe€ C*(R")
(i)  supp(pe) = B(0,¢)
(iii) /n pe(x)dr =1

'Eoto u € L}, (Q). Tw xdde € > 0 opilovue

u(r) = /Qpe(x —y)u(y)dy = A/—ccl« pe(r —yu(y)dy , =€ Q.. (5. 9)

IoodUvapa, emexteivovtag Ty u VEtovtde v (on ue undév oto R™ \ Q, éyoupe

e = (pe *u) Q. -

omou f * g cudBoMlel TN CLVEALT CUVUPTACEWY. MUVETEW TIC OVIGOTNTUC Young ol
0L 6T ||pel|z1 = 1 ebvon bt av w € LP(QY) t61€ ue € LP(S2) %o

[uell oo < llullzre) - (5. 10)

Ilpétaoyn 'Eoto u € L, (Q). Ioybouy ta elfc:

(i)  we € C®(Q) xau yio xdde modudeixtn o, Du, = (D%u),
(ii) Av u € C(Q) té1€ ue — u o0pOLOUOPPA GTa GUUTAYT| UTOGUVORA ToU (2
(iii) Av u € LP(Q) t6t€ ||ue — ul| oo, — 0.
Ewwétepa ue — u otov LP(U) yio xdde U CC L

Anédaén. (i) Oa deloupe apyxd 6Tt

ou, _ 8p6x_ ()
W=] v,

8xk o aCL’k
ONAaoY
Quec  Ope
i . 11
Oz <8xk {le (5 )
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‘Eotww x € Q¢ xou § apxetd pixpd wote B(z, [d]) C Q.. Opilouye

A(S) = L (ue(x o) — u(x) — 6 / ggz (- y)u(y)dy>

0 ly—a|<e
xou apxel va det&oupe 6Tt A(0) — 0 xaddde 6 — 0.
‘Eyouue howndy
1

a0 =5 [atrrsa) - al—n —ogl - p]uwr.

‘Ouwc, and tov tono tou Taylor éyoupe v xdde y € B(x,€),

dpe
8xk

Y xdmoto onpeio &, € [x —y,x — y + dey]. 'Eotw M > 0 tétoo wote ||Hessp || < M.
‘Eyouue tote

1
pe(x+der, —y) = p(x —y) +6 (x —y)+ 552Hesspe(§y)ek ek,

—y) — —y) — —)| <
pe(x + ey —y) — pe(r —y) 5axk(:v y)| < )

"Apa

1 M§?
A) < X / u(y)ldy — 0.
o 2 ly—z|<e

xoddg 0 — 0, xou To {nrovuevo EneTol.

[apodyota amodetxvieTon 1 OTopdn Topay®ywy xde TdEnc: oy Vel YeVxd
(D*u)(2) = /| D)) u(o)dy
y—x|<e€

v %8 moaudeixtn v € (NU {0})™. Apot howndv u, € C®(€2). 0
(ili) 'Eotww U CC Q. Eotw n < dist(U, 0Q) xa e < n. ['o z € U éyouvpe to1€

ud(x) = ul)| < / Pt =)~y

Bl(e

< sup sup [u(x — y) — u(x)|
z€U yeB(e)

< sup |u(a’) = u()|
x,@' €US/2 |z—a’|<e

= C€

— 0,

AOY® %O TNG OHOLOUORYTG CUVEYELNS TNG U 6To cUvoho U™,
(iv) Eotw u € LP(Q) xa 6 > 0. Eivor yvowoté and v Ipayyatxy Avéivon 6t
undpyet ouvdptnon v € C.(2) tétola WoTe

0
||u — U||Lp(Q) < g
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‘Eotw K = supp(v)

[o ) ouvdptnon v Yewpolue Tic avticTolyec oyohomotnuévee ouvapthoelc v.. Tote,
arnd To (iii),
Ve —> v, ouoldpoppa oto K,

Y xdde n < dist(supp(v), 92) (ool yior autd to n to K7 elvon cuunayéc untocivoro
Tou ).

Yuvenoe v € < 1 < dist(supp(v), 092), enetdr| ot v, ve undevilovton extoc Tou K7,

[ve — vl|zon) = [|ve = V)| oy < ||ve — ]| poogaen | K7

xal dpa
)
[ve = ][ r(0) < 3
av TO € Elval APXETA UXEO.

Yuvene yio apxetd pxpd € > 0, yenotpomowdvtog xat v (5. 10) €youue

[ue = ullr@y < llue = vellr@o + lve = vllzr@o) + lv = ullLr(a,)
< 2[v — ullze + [[ve — vl o)
S 57
xou dpor amodelyUnxe o {ntoduevo. O

5.2 Xwpot Sobolev
'Eotw u € CH(Q). Buuilovye 61t ohoxhipwon xatd topdyovtes pog dive
[ u@)on @iz =~ [ w(@)o@rts
Q 0
Y x&e ouvdptnon ¢ € C2(Q).

Optlopdeg 5.2.1 Aéue éu n ovvdptnon u € L}, (Q) etvar aoOevds mapaywyioun av

vndpyour cUVapTHOES gu, - - -, g € L}, (Q) TéTotes dote

[ u@norts =~ [ gi@)ota)da
Q Q
yia kde 1 <1i <n ka1 yia kde ¢ € C°(Q).

Adppa 5.2.2 Av nu e L, (Q) evar térow dote [ updr =0 ya kdde ¢ € C(Q),

tote u =0 oo §).
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Anédeaén. HopoeineTon. O

‘Eneton and 1o Afjuua 5.2.2 611 av 1 u ebvon ao¥evirg mopoywyloun TOTE oL GUVAPTAHCELS
J1s -5 Gn EVOL LOVAOLXES (péxpt coUVOAXL UETPOU pnBév). T ovoudlouye t6TE aGVEVELC
HEQIXES TORAYDYOUS TNG U %o TG GUUPBOMIOLUE YE Uy, .

Hapaznpnoes. (1) Eivou dueco dtu av 1w ebvan moparywylown ye v xhoooixr évvola,
TOTE elvan xan acVeEVKS TopaywYlown xon ot acVevels uepéc Topdywyol TauTi{ovTon Ue
TIC XAAOIXEC UEPLXES TIOROY (YYOUC.

(2) 'Eneton dueoa and 1o Afupa 5.2.2 1L n évvota tng aofevolc mapory@you elvat Tomikr),
ONAdY) oty oL u xa v bvon aoVeve Topoywyiotues 6To 2 xon 1 = v o€ €val avoLxTd GUVOLO
U C Q to6te uy, = v,, oto U.

(3) Av n u ebvar acdevie napaywylown oo § xou xhaoixd tapoywylown ato avoxTto
obvoho U C 2, t6te 1 ao¥eviic xan xhaotny| mopdywyog cupninttouy oto U.

Hapabetypara: (1) H ouvdptnon u(t) = 1 + |t| eivon acdevie napayoylown oto R xau
o)1, <0,
u(t)_{ 1, ¢t>0.

(2) H ouvdptnon
) = { 0 <0

1 >0

oev ebvan aolevie Tapaywylown.

Ilpbtaom 5.2.3 Av o1 f, g evar aolevis tapaywyionues tére kar o1 f+g, cf (c € R)
etvar aoOeva)s mapaywyionjies kai

(f + g)zi = fui + a0 (Cf>xz = Cfa, -
Opiopog. OpiCoupe
WhP(Q) = {u € LP(Q) : u aodevic mopoywylown xou u,, € LP(Q)}.

O WP (Q) elvon ypopupixde Yo xon ovoudletar ydpog Sobolev. Edxola ehéyyet xavelc
OTL M

1/p
Jullwioior = [ ((uP +19up)da) 6. 12)
Q
efvon vépua otov WH2(Q). Ebvau dueco étt
1Lp , Up — U, otov LP(Q),
ur, — u otov WHP(Q) av xou uévo av { Wew — g, oTov IX(Q), i =1, .m

(610U Ug z; = (Uk)z;)-
Oedpnua 5.2.4 O W'P(Q) epodaopévos pe w vépua (5. 12) etvar ydpos Banach.
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Arddeén. 'Eoto (ug) plo oxohouvdio Cauchy otov WHP(§2). Téte or axoroudiee (uy) xou
(Ukz;) (0 =1,...,n) ebvar oxohoudieg Cauchy otov LP(2). Apo undpyouy cuvapThoEels
Uy G1y- -+, gn € LP(Q) doTE

U = Uy Uk, —> Gl yeey Uz, — Gn, 0T0v LP(Q), xadog k — +oo . (5. 13)

‘Eotw topa ¢ € C2(Q). TN xdde k € Nxowi=1,...,n éyouye

/uk(bmid:c = —/uk,xi¢da:.
Q Q

[Tofpvovtac to dplo k — 400 TpoxUTTEL

/Quqﬁxidx:—/ggigbdx.

Agol 1 oyéon auth woylel yio xdde ¢ € C(Q), n u elvon aodevoe Topaywyiown xa
Uy, = gi. Apou € WHP(Q). Téhog, n (5. 13) pali pe tic oyéoeic u,, = g; ouvendyeTw
ot u, — u otov WHP(Q). Apo howdv o WHP(Q) ebvon ydpoc Hilbert. O

Aqupa 5.2.5 Av nu efvar aoOevas Tapaywyioun tote

(u€)xk == (uxk)e 3 oTo Qe.

Andoeitn. 'Eotww x € Q.. Oétouye p¥(y) = p(x — y). Eyovue téte

() (1) = / pean (7 — y)uly)dy
= - /Q Pt 2. (W) u(y)dy

= / pe(r — y)ug, (y)dy
Q
= (Ug,)e(z).
O

Optopode O ybpoc WyP(Q) opiletor v 0 xhetoth Hixn Tou C2 () we tpog T vopua
I l[wrs) -

[pbTacn 5.2.6 Ioyva W, P(R") = Wh2(R™).
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Arddaén. Tpémer va anodelZovpe 6t 1o C°(R™) elvar tuxvd otov WHP(R™).
Brua 1. Eotw u € WH(R™). Oewpolue cuvdptnon ¢ € C(R™) téton doTe
) () =1y e <1
() @) =0ya o] >2

xou oplCouue
Un(x) =Y(x/n),  un(z) = Yp(2)u().
‘Eyouye t61€ and to Oevpnua Kuptapyoluevne Xoyxhione tou Lebesgue
| tn — ul|Lo@ny = [[(1 = ¥n)ul|Logny — 0

pdeil
||Vun — VUHLP(RTL) < ||(1 — ¢n)vu||Lp(Rn) + HuvwnHLp(Rn)

O mpitog 6pog 010 [ péhog Telvel oTo Pndev xadwg n — 0o. T'a Tov 6elTepo €youue
1
[uNV Y| Lo @ny < [[ullze@e) | Von |l o @n) = E||U||Lp(Rn)||V¢||L°°(R") — 0.

Brjua 2. Adyw tou Bruatog 1 apxel va 8elZoupe 6Tt 0 ydpog C°(R™) eivar muxvog 610
Yo Twv ouvopTthoewy otov WP (R™) ue ouuroyt| gopéa. Eotw howméy u plo tétoto
ouvdeTNoT. Oewpolue Toug ouahonoinTtés p(x) xon opillouue

Ue = Pe * U.
‘Eyovue téte u. € C(R™). Ioyler eniong (R™)e = R™, xou dpot
|tte = w||Lr@ny = 0.
Hapopola, yenowwonowwvtag xon To Afuua 5.2.5
1)y, — thay[[Lr@ny = (| () )e = tay || oy = 0.

Apa howntdy ue — u otov WHP(R™), xou cUVERdC €xouue o {nTolpevo. O
Ocedpnua 5.2.7 (avicdtnta Poincaré) Eoww Q gpayuévo. Tndpyer ¢ > 0 dote

||Vu||Lp(Q) > c||u||Lp(Q) , U € Wol’p(Q).

Anddaén. Apxel vo anodeifouye Ty avicotnta Yo u € CX(Q). Eow 6t 10
TepLEYEToL avdpeca ota unepenineda 21 = 0 xan x1 = a. Emextelvouye tnv u o 6ho 10
R™ détovtde tn lom pe pundev extodg tou (2 T w € 2 €youpe

1
lu(z)] = / uxl(t,xg,...,wn)dt'
< / |t (t, o, ... x| dE
0
p—1

L @ 1/p
< av (/ |u$1(t,x2,...,xn)|pdt> .
0
4
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Tdovouue otny p 8OV %ot OAOXANEMVOUUE WS TEOS T, TORUTNEMVTAS 6Tl To 3" uéhog
e Teheutadog aviootntag etvan aveldptnto Tou x1. Ilafpvouue

/ lu(zy, ... x,)[Pdey < ap/ |tz (t, o, ..., x,)|Pdt
0 0
< @ [ Vultas, )P
0

%ot T0 {NTOUUEVO ETETOL OAOXATEWVOVTOS WC TEOS T2, - . ., Ty O

IMapathenon. ‘Erncta and v avicétnta Poincaré dtu av to 2 ebvar gporyuévo tote 1)
u > ||Vl ooy ebvon véppa ooy Wy (Q) 16080veun pe Ty Sobolev vépua.

Ocedpnua 5.2.8 (avicdtnta Sobolev) Eoww 1 < p < n ka1 p* = pn/(n — p).
Yrdpyer ¢ = c(n,p) > 0 wote

]| o oy < || Vull oy,  w € WoP(R™).

Anédaén. Apxel va amodeiloupe v aviodtnta yioe xdde u € C°(R™).

Brua 1. Trmodétouye 6Tt p = 1. Agol n u éyel ovumoyn @opéa, €youus yio xde
1=1,...,n,

ul)] < / V@, oy )|dys

[e.9]

xa dpal
1

f[(/_oo |Vu( 1'1,...,yi,...’xn”dyi)n—l

OAOXANROVOUUE TWEO WE TEOC L1

/OO |u(x)|n711dx1 < /OO H </OO |Vu(zy,. .. ,yi,...,xn)|dyi>md:v1

= (/_ |Vu|dy1) = /Mﬁ</oo IVu(zy, ... Y, - -,wn)|dyi)ﬁdac1
< (/_ |VUIdy1 / / Vu|dyld:c1 "t

_ (/OO |Vu\dy1)mH[iﬁ,
-0 =2

onou yenowonooaue xou TNy aviootnto. Holder

1

/ lg2 ... gnldzy < (/ |gg|"_1dx1>ﬁ... (/ |gn|"_1dx1>ﬁ

o0
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271 GUVEYELL OAOXATPMVOUUE WG TPOG Ta:

/ / 2|71 dydas
/_oo [(/_ |vu|dy1)" 11‘[1” ] dzs
_ [n%/oo [(/ |vu|dy1)” 1H1” ] dzs
< 1"1 / / ]Vu]dyld@ B 1f[</_ool-dx2)"il
- (/ \Vu\dxldyg / / |vuydy1dx2
f[ / / / |Vu|dx1dx2dy,>
St -

/ / lu(z)|71 dzyday
e 0o 0o 2 n o) 0o 00 %
(/ / \Vu|dx1dx2) o (/ / / |VUIdx1d:v2dy¢> "
—0 J -0 i—3 —o00 J—00 J -0

]

IN

v x&e (x3,. .., T,).

Ve 7/ / / /4 7/ /
Yuveyllovtag xatd auTéV TOV TEOTO XATAAYYOUUE TEAXS OTL

n

()71 d < ( 5 \vu\dx)

R
xou €youde to {nrolpevo yio p = 1.

Bnrua 2. ©cwpolye tohpa Tt tepintwon 1 < p < n. Egoapuélovye 1o mapamdve o1
ouvdptnon v = |u|?. Tlaipvoupe

(/n|uyiﬂdx>n"l < /Rn\wupm

= fy/ |u| " | Vu|dx
RTL

< 7(/71 |u|(vp 1>pdx)_l</Rn |Vu|pdx>;

EZiodvovtag tou 800 exdétec tne |u|, Snhadr| emhéyovtac

_p(n—1)

n—p

4 /
TEOXUTITEL TO CY]TOU[J.EVO. O
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5.3 'Iyvnm

Oedpnpa 5.3.1 FEotw Q éva ywplo pe C* otvopo ka1 1 < p < n. H araxdvion
tov Teptoopov oto IR uiag ouvvdptnons u € CL(RY) enextelvetar oe évav gpaypévo
YPap UK TeAeoTn

Tr : WHP(R}) — LP(ORY).

Anédetn. Bhua 1. Eotw pia ouvdptnon u € CHRL). Tedgoupe x = (2/,2,) ye
¥ € R 2, > 0. To xdde €Y OUNE TOTE

(e, ) :|w%mv+/” O \u(a, 1) Pt
0 a.r

Z\MfﬂW+p/ (!, )P 2u(e!, o, dt
0

n

X0l TEQVOVTAS OPLO Ty, — +00,
+oo
e P <p [ el O Tl ).
0

PUVETOC

/ lu(z',0)Pdz’ < p/ / lulP~ 1 Vu|dx
RASE T JRY

p—1 1
p/ ulPdx) * / VulPdx )"
(f, ) ™ ([ 9upr)

(] i) 2( [ e

<

IN

n
+

CHUH];VLP(Riy

Briua 2. ©ewpolpe téhpa tuydy u € WHP(R™). Enexteivouye v u o€ pio cuvdptnom
v o070 R™ dote va ebvon dptior ¢ mpoc T petaBANT 2. Tote v € WHP(R™) [awtd Bev
ebvar mpogovée xan Sev Yo to amodeiouye]. And tny Hpdtoon 5.2.6 éneton 6Tt uTdEyEL
oaxohoudia (v,) C CP(R™) dote

an — U”Wl,p(]Rn) — 0.
'Eotw tdpa uy, 0 Teploplouds g v, o1o R, Tote u, € CF (R™) xon

||Un — UHWl,p(Ri) — 0.
Yuvende o OX(R%) ebvon muxvée UTbYwEOC tou WHP(RY). "Apa o teheotic {yvoug
emextelveTon xatd povadixd tpémo and tov C(RY) oe évav gporyuévo tekes T omd Tov

WP(R") otov LP(ORY). O
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IMapathenon. To mopamdve Yedprnuo pag el Twe TUEOTL 0L GUVIRTHOELS TTOU OV XOUV
oTov Wl’p(Rﬁ) elvo 0pLoPEVES OYEDGY TTavToU, AopfBdvouy, UE Ula CUYXEXQLIEVT] EVVOLd,

/ ’ L ’ n / ’ / / n
TWéc oto pndevixol pétpou ovvoro IR, To Blo woylel yevixotepa av avtl tou RY}
€Youue €va ywpelo 2 ue ouord clvopo.

IIpdtaon 5.3.2 Eotw u € WH(R™). Ioyle

we WyP(R") <= Tr(u)=0.

Anéoaén. H ouvemoywyn = tou (i) elvon dueon and toug oplopolc xar to Oedpnua
5.3.1. To avtioTpogo mapakeineTou. O

‘Aocxnomn. Amodellte 6Tt av 1 < p < n T6T€ 0 TEheoTAC (yvoug opiletan xan elvon
p(n—1

)
pparypévoc and o WHP(R™) oto L 7 (IR7). [Trbdeln. Axohovdeiote tny anddeln
T0U PBoaoctxol Yewpruatog Yo To {yvog, avTixahoTwvTag To p and xotdhAnio r > 1]

5.4 Oewpenpa cuundyeiag tou Rellich

Adppo 5.4.1 Ioyve

yvia kdde € > 0 ka1 u € WHP(R").

Anédaén. 'Eotww € > 0. Ac vnodéooupe apyxd 6t u € CX(R™). 'Eyouue tdte yio
x&de x € R™,

() — u(z)] < /| Pl ) )y

L d
—u(x — ty)dt| d
/Odtu(x Y) ‘y

IA
=
A
)
(o)
s
N
>
=
<
£
8
|
~
s
=
~
QU
<

IN

1
: / p(y) / V(e — ty)|dt dy.
ly|<e 0
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IA
m
bS]
T
G\
A
»
S
o\
it
<
g
8
|
~
E
=y
=
QU
<
N————
S
S
8

(
(Holder) < Ep/Rn [(/ykepe(y)dy)pl (/|y<epe(y){/01|Vu(x—ty)|dt}pdy)] d
(

1
(Holder) < ep/ / pe(y)/ |Vu(x—ty)|pdtdy) dx
R™ ly|<e 0

H yevinr| mepintwon u € Wl’p(R”) EMETAL am6 TNV ToEAndvew Teooeyyiloviag Ty u
e plo oxohoudior (ug) C CP(R™). T vor yiver ypnottonoloVe xon o YEYOVOS OTL 1
amexovion U — . etvor cuveyfic ard Tov WHP(R™) otov LP(§2), o onolo elvar cuvéneta
e (5. 10). Buverde 7 (5. 14) wyver yio xdde u € WHP(R™). O

Ouuiloupe €6 6Tt av X eivon évac ouunoayée urtoclvoro tou R™, 161 0 YpouuLxoC
YOEOC
C(X)={f: X —=C : fouveyrnc}

elvon ywpog Banach av egodiactel ye ) vopua

[ lloe) = max{[f(z)| = z € X}

Optopde. 'Eva unocivoro S C C(X) Ayetan tooouveyéc av yia xdle € > 0 undpyet
0 >0 wote

av |z —y| < tote |f(x) — f(y)| <€, ywoxdde f € S.

Ocvpnpa 5.4.2 (Arzela-Ascoli) Eoww X C R" ouunayés. Av to otvodo S C
C(X) elvar icoovvex€s kar ppaypévo, téte n ket touv Orjkn S elvar ouurayés vnooy-
vodo tou C'(X).

Anéoaén. Tlgéner va Bet€oupe ot 1 tuyata oxohoudio (f,) C S €yel ouyxhivovoo
unoxohoudio. Eotw howmdv (f,) C S.

Ioyveiopoc. O X éyel éva aprdurioyo muxvé utocivoro A.
Aréoeitn tov Ioyupiuov. o xde n € N to chvolro

{B(x,%) cx e X}
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elvon pLor avouxtr) xdhudn tou X. ‘Apa mepiéyet ula tenepaouévn utoxdhudn. ‘Eotw A, to
oOVORO TwV XEVTEKY NG LToxdAudng. Téte 10 clvoro A = U, A, civan éva apriuriowo
xat Tuxvo unocLvoro tou X. Ilpdyuatt, éotw o € X. I'd xdde n € N 1o clvoro

(Bly.) : ye A

ebvan xdAun touv X, dpa utdpyel y, € A, dote x € B(yn, 1/n). H axohoudio (y,) etvan
T6TE oxohoutio oTotyelwy Tou A xar cuyxhivel 6To .

Fedpovpe A = {y1, 9, ...} xou cuveyilouue ye v anddelln touv Yewpruatoc. H axo-
houdior (fr(y1)) elvon @paypévn, dea and to Oetdpnuo Bolzanno - Weierstrass €yet pio
ouyxhivouoa oxohoudia (f1,(y1))-

Hopduota, 1 oxorovdia (fi,(y2)) elvon ppayuévn dpo €yet pio cuyxhivouoo axohouvdi-
o (fon(y2)). uveyilovtac étor opiletan yio xdde k € N wa oxohovdior (fin)n. H
xataoxeur ebvan T€tolo wote Yo xdde k € N

(i) 1 axohoudior (fin)n ebvar utoxohoudion e (fe—1.n)n

(ii) 1 oxohovdia (frn(Yk))n ebvor cuyxhivouoa

Opilouyue e gn = frn- H (gn) elvon t61te Unaxohoudia tng apyxhic axorovdiag (f;)
xou emimhéov 1 (gn(yr)) €tvan cuyxhivouoo v xéde k € N — 10o80vaua, 1 (gn(y))n €bvan
ouyxhivouoo yio xde y € A. Ou deloupe 6T 1 (g,,) ebvon Cauchy otov C(X).

‘Eotw € > 0. Trdpyel tétc k € N dote

1 € ,
poyl<p = @) -f@I<S,  yeosdkfes
Agobl to Ay, ebvan memepaopévo urtocivoro tou A, undpyet ng € N dote

nm>ng = lg(y) — () < 5. yeoddey € Ay

‘Eotww thpa z € X. Trdpyel t6te y € Ay, e |z —y| < 1/k. T n,m > ng éyouye t61€

~—

n(W)]F 190 (y) = g ()] + |9m(y) — gm ()]

= €.

gn(2) = gm(z)] <
<

n\ T

+

wlog
N

_|_

Wl m
Wl ™

Apat yion, m > ng EYOVPE ||gm — gnllc(x) < €. Anodel&oye hownd 6tL 1 (gy) eivon Cauchy
otov C(X). O

Ocedpenua 5.4.3 (Rellich) Av to ywpio @ C R" eivar gpayuéro, téte n epPdntion
Hi(Q) C L*() elvar ovunayris.

Anédeaén. Tpéner va deifouue 6Tt %8s @payuéwn axoroudio (u,) otov WyP(Q) éyel
unaxohoudio cuyxhivousa otov LP(Q). 'Eote howmdv (u,) epoyuévn atov W, P ().
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Ioyveiopog. T xdde § > 0 undpyet viaxohovdia (U, )k TNG (Un)n GOTE
Hunk_uanLQ S(S 9 kJZeN

Anodeién wouv Ioyupiopol. Enexteivouye xdle u, 9étovtde tn lon ye to undév extoc
Tou (1, ondTE AdE Uy AVIXEL OTO WP(R™). 'Eotw § > 0. 'Eotw Up,e ) OUAAOTIOUNUEVT)
ouvdptnon mou avtiototyel oy u, (BA. (5. 9) ). Kdéde u, éyer té1e @opéor mou
nepéyetor 1o Q°F. Ané to Afuua 5.4.1 éyouue

|tn,e = Un || r() < |tne = tnllr@n) < €||Vun | r@ny = €| Vg| r@@) <Ce, n>1

Trdpyet dpo € = €(d) > 0 dote

||un7€—unHLp(Q) < R n = 1,2,... . (5 15)

Wl >

Aol 1o Q elvar gpaypévo 1 oxohoudior (uy,) ebvon gpayuévn otov L(Q). And v
avicdTNTA Tou Young €youue TOTE

[tn el oo @my < el zoe [lunl| L1 < ce™.

xou mapopol, and v (5. 11),

Nt ey < (o)l llmllr < ce .

‘Apa 1 oxohovdia (uy, ) etvan tloocuveyhic oto R yua xdde € > 0. Eniong, dhec oL cuvap-
TAGELS Up, e £YOLV POREN TIOU TEPIEYETAL GTO ouUTaYEC oUvoho {z € R™ : dist(x, ) < €}.

Mrnopolpe emopévng va eqgopudcoude To Vempnua Arzela-Ascoli. Ilafpvoupe ott unde-
yer utaxohoutiot (Un, )k TS (Une)n 1 OTOLL CLYXAIVEL opolduopgo oto {z € R” :
dist(z, Q) < €}, dpa xou oo . Apa cuyxhivel xou otov LP(€2), dpa etvon Cauchy otov
LP(Q). Xuvenne undpyet kg = ko(d) dote

)
k7l Z kO - ”unk,e - unl,eHLP(Q) < g .
Yuvenwe undpyet uroxohoudio (unkle)l NG (Uny,e )k OOTE

||unki,e - unkj,e”LP(Q) < ; Z7.] = 1)27 cee e

Wl >

Ioylel tote vy xdde 4, j € N,

Hunkz - unkj ||LP(Q) < Hunkl - unki,eHLP(Q) + Hunki,ﬁ - unkj,ﬁuLp(Q) + Hunkj,e - unkj HLP(Q)
< 0 n ) N )
-3 3 3
= ).

O Ioyuptopodg amodetydnxe.
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Ou epapudoouye tov Ioyuptoud enoywywd ya § = 1/n. INa n = 1, undpyet oxoloudio
(w1 )k, VTOXohoudio e (uy,), Hdote

i, — vigllzr@) <1, kleN

‘Ouota, undpyet oxohovdia (ug i)k, Utaxorovdia tng (urk)k, OGOTE

1
ok — uai||Lr@) < 3 k,l € N.

Y10 i-Bripo éyoupe 6L umdpyet axohoudia (u; )k, Utoxohoudior g (Ui—1k)k, OOTE

| —

i — wigllpry <=, k,lelN

~

‘Eotw topa 4,7 € N ye i > j. 'BEotw axdua k,I € N. Trdpye téte m € N wote
Ui e = Ujm- ’ApO( .
[wige = wjll o) = l[ujm — ujalle@) < ;

Optloupe tpa v, = upy. H axohoudio (vg) eivar t6tE UKo ouDior TE oEytxAc axo-
oudiag (uy,). Eotww | > k. Téte

1
lor = villzei@) = llug — wkillee) < o
"Apa 1 oxorovdia (vg) etvon Cauchy otov LP(€2), dpa cuyxAivet. O

5.5 IIpoBAAupata cuvoplax®y TLnwyY - acVevelg ADoeLg
Yxomog pog ebvon Vo UEAETHOOUUE TO TEOBANUA

* =21 (T)ug,)e, = f(z), €Q
@ g v e o0,

6mou Q gporypévo ywelo (= avotd xau cuvextnd olvoho) otov R™, a;;, f xou g dedo-
MEVEC CUVOPTACELS X0t U 1) 4y VOO TN GUVAETNOT).

Iopathenon. Eotw 6t a; € CHQ), f e C(Q) xu g € C(0N). 'Eotw axdun u €
C2(Q)NC(Q) plo (xhaowh) Mon tou mpofhfatoc (*). Tlolamhaotdlovye Tn diepopixth
e&lowon pe pla cuvdptnon ¢ € C(€2), 0hoXANEMYOLUE GT0 £ X0t OAOXANEWYOUUE XoTd.
mopdyovtes. Kotahryouue 6Tt

/QZ i (¥t Bz, A = /Q f(2)d(w)da

ij=1

H mopamdve oyéon amotekel tn Bdon tou optopod tng actevoic Aiorng.

Kévoupe Tic axdrovieg unodéoelc:
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YroOéoeiwc. O nivaxac {a;j(x)}, z € Q, elvor ouppeTEXdS, TEOYUATIXGOS XU a;j €
L>(Q). Enionc undpyouv A, A > 0 dote

AgJ? < Zaij(x)fiﬁj < AJgJ?, reN,§eR,

Yrodétouue oaxdun 6t f € L*H(Q) xow g € H(), pe mporypartinéc tyléc.

Optopdg Mio cuvdptnon u € HY(2) Aéyeto aodevic Aon Tou tpohAuatoc (x) ov
u—g€e HY} Q) xu

/Qi ij (T) Uy, p; dv = /Qf(:c)gb(a;)da;, (5. 16)

ij=1

Y xde ¢ € C°(9).
Hapaztrpnon. Av n u etvar acdevic hor téte 1 (5. 16) woylet ya xdde ¢ € Hy ().

Oedpnpa 5.5.1 To npdPAnua (x) éyea povadikh aolevry Adon u € HY(Q) n orota,

emmAéov, efaprdtar katd ovveyn tpomo and TS f Kkai g.

Arédaén. T v, w € HY(Q) opiloupe

n

A(v,w) = /Q Z ij (T)Vp, Wy, dx. (5. 17)

i,j=1

‘Eyouue tote 611
)\/ (Vo2 dz < A(v,v) < A/ |Vo|*dx ve HY(Q).
Q Q

H A(v, w) opopévn otov H'(Q) éyel dhec Tic IBOTNTES TOU ECHTERIXOY YIVOUEVOU EXTAHC
ond yio, UTdeyouy un-undevixéc cuvopthoelc (ot atadepéc) yio Tic omoleg A(v,v) = 0.
Av buoc Yewpniel n A(v,w) otov Hy(Q) téte elvar ecwtepxd yvopevo (Aoyw tne
avicdtnrag Poincaré : av v € Hi(Q) xou ||[Voll2@0) = 0 t6t€ v = 0). Emnhéov 7
EMOYOPEVT] o6 aUTO TO ECWTEPXG YWVOPEVO vopua oTov Hi () (Snhadh 1 v/ A(v, v))
efvou 10odUvaun e T ouvAdn vopua tou Hy ().

Znrovye Uapdn xa povadixdtnta cuvdptnone u € H'(Q) wote

{ A(u, @) = (f, )20y, Yo xée ¢ € Hy(Q),
u—ge H&(Q)v

Iood0vaua, Yétovtog v = u — g, {nTolue OTaEdn XU UOVUBXOTNTO CUVERTNONG U €
H(Q) wote

A(Uu ¢) = <f7 ¢>L2(Q) - A(g7 ¢) y Y %6(198 ¢ € H3<Q)>
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T0 omolo Ue TN OEd Tou Efval 16OBUVOUO UE

A(¢7 U) = <¢7 f>L2(Q) - A<¢7 g) y YW xdrde ¢ S H&(Q) (5 18)

To ouvaptnotaxod

w(¢) = (6, f)ra) — Al 9) . ¢ € Hy(Q),

IXOVOTIOLEL

17(0)] 12 llll 22 + AVl 2@ Vgl 22 @)

(If 122 + AVl r2@) ol m e,
dpa etvan évor gporyuévo yeaupixd ouvaptnotaxd otov Hy(Q) pe [[7]| < ei(|| fllrz@) +
IVallz2)-

Egapuélovpe to Oempnua avonapdotoonc tou Riesz v tov yopo Hilbert HJ () pe
TO E0WTEPIXO YWOUEVO A(-,+) ot Yl TO CLUVOPTNOLOXO T X TEPVOUUE TNV UToREn Xat
Hovadixétnta cuvaptnone v € Hi(Q) vy v onolo woyver 1 (5. 18). Emmhéov oy el

<
<

o) < ellmll < es(llflle2e) + IVYll2@)-
xa dpat
ullzr ) < [Jvlla@) + l9llar@) < ealllfllzz@) + llgllar @),
€youpe dNAadY| TN cuveyr e€dptnon Tne v amd Tic f xa g. O

Hapatripnon. Av o nivoxoc {a;;(x)} dev eivon ouypetpixde tote 1 amewxdvion A(v, w)
dev etvan eowtepind Yvopevo otov Hy (). To amotéheopo eCaxohoudel va toylet, yio
NV anddelln opng Yo meénel xaveic va ypnotponotioel 1o Oewperua Lax-Milgram ovti
ToL Ocwpnuatog Avanapdotaong tou Riesz.

6 QPaoCUATINY] AVAALOT] YL YEAUULXOVS EANELTTL-
xoVC TEAEC TEC.

O oxomndc pog o auTAY TNV EVOTNTO EfVAL VO BLATUTOCOUUE TO TORUTANVE TEOBATUL (%)
0¢ éva TeoBinua Ocwpiog TeAeoTMVY xou 6T GUVEYEL VoL ATOBEIEOUUE €V QPUOUATING
Yewpnuo yia Tov aviiotolyo TeAec T,

6.1 Poocpatind Jewpnua Yiot EAAELTTIXOVS dLaPOopLXoVg Te-
AecTéC

Ocewpovue eva peayuévo ywelto @ C R™. Iapouevouue oto mAciolo Tng TeonyYolUEYNg
evoTNTag, oA uto¥étoupe Aoy oTL g = 0. I'vwpilouue Aoy and 1o Oepnua 5.5.1
™V OmapdTn xou povadxoTnTo acevois AOoNne Tou TRoBARUATOC

=2 jm (@i (@)us,)e; = f(2), ©€Q
LT 619
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Auté dnec eldape onpaiver dTL utdpyer povadh cuvdptnon u € Hy () wmote

A(u, @) = (f,0) 12y, Y10 xd0e ¢ € Hy(Q).
Oa VewpHOOULUE T TUEATEVE OE EVa EAAPEKOS BLapopeTnd TAdlcto. O€houpe Vo oplcouue
évay teheot) L : L2(Q) — L*(Q) dote n (6. 19) va ypdgeton toodlvapa Lu = f.

Optopds. O teheothc L opiletan otov L) wec e€fic: 1o medlo opopol tou D(L)
anotedelton omd 0 6Uvoro Twv Aoewy tou (6. 19) xadoe n f datpéyer tov L2 (Q):

D(L) ={u€ Hy(Q) : 3f € L*(Q) : A(u,¢) = (f, D)2y » Yot xdde ¢ € Hy(Q)}

INocw € D(L) n napondve f ebvor povodxr| xou opiCouue 161 Lu = f.

Ebvau dueomn cuvereia Tou oplopol 6Tt

Alu, ) = (Lu, ¢) 1 q) (6. 20)

v %8¢ u € D(L) xou ¢ € Hy (). Tpdgoupe

n

Lu=— Z(aiju@)xj ulgn =0

ij=1
xou Aéue 6Tt o L ixavorotel (opoyeveic) ouvoptaxéc ouviixeg Dirichlet oo 052

IMopathenon. H cuvoploxh cuviiun ulsn = 0 nepléyetar otov oplogd tou Teheo T
MECW TOL TEDBIOL OELEUOY TOu.

Ané 1o Oedpnua 5.5.1 éneton 6t o L etvan 1-1 xou ent and to D(L) otov L (). Apu
oplletan 0 avtiotpogoc teresthc L1 1 L*(Q) — L?(2) e edlo oplopol tov LA(Q) xou
nedlo Ty o D(L).

Oedpnpa 6.1.1 H araxdvion f +— u, L*(Q) — Hy(Q) evar ypappukry kar cuveyris,
onAadry o L™t etvar ppayuévos av Gewpnlel wg tedeatris and tov L*(Q) otov Hy ().

Eibicotepa, vndpyer ¢ > 0 wote
IVull2@) < el fllz2)- (6. 21)
Arddeén. H ypopuxdnta ebvon dpeon. ‘Eoto topoa f € L*(Q) xou u = L f. Ioylet
Al 6) = (f,6), yoxdde 6 € HY(Q).
Emiéyovtac ¢ = u €youue

MNVullZe@ < Alu,u)
= (fiw)
< | fllza@llull 2@
< | fll2lVull L2y

xan dpot ||Vl 2 ) < C)\_l”fHLQ(Q). O
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Oedpnua 6.1.2 Fotw Q C R™ gpaypévo. O tedeotris L1 : L*(Q) — L*(Q) evar
ouurnayns kai avtoou{uyrs.

Arédaén. 'Eotw f,g € L*(Q2). Téte

(f,.L7'g) = (LL7'f,L'g)
= A(L7'f,L7'g)
= A(L7lg,L71f)

= (g9,L71f)
= (L7'f,9).

Apa o L1 ebvon avtoouluyrc.

T v amodetoupe ) ouundyeto Tou L1 Yewpolue wo gporypévn axohoudio (f) C
L*(Q). 'Eow uy = L™ fi. ‘Enetor and ty (6. 21) 6t 1 oxohoudia (uy) ebvon pporyuévn
otov Hj(Q). And 1o Oedpnua 5.4.3 éyouue téte 61t 1 (uy) €xer unoxohouda (un, )
ouyxiivouoa otov L*(2). ‘Apa L™ oupnoayfc. O

Ocedpnua 6.1.3 (pacpatixd Jewdpnua) Yrdpye pa oploxavovikr) Bdon {¢n}

tov L?(Q) n omota anoteAefrar and boowvaptiicers tov L.

Améoeién. Avédhoya ye Ty amodelln tou Ocwprdatog 3.4.4: egapuolouue to Pacuatind
Octpnua 3.3.6 otov L1 o YPTOUWOTOLOUUE TO YEYOVOS OTL oL L %o Lt €youv Tic (Oleg
WrocuvapThoelc pe avtiotpoges WoTwée: Lo, = A\pdy av xaw pévo av Lo, = A1,
O

Téhog, €youpe Tic axdlouieg emmhéoy WOLOTNTES Tou Lt
ITpbtaom 6.1.4 Ioydour ta €€ns:

(i)  Ovwwonués {\,} tou L elvar etikés, éxyouv menepaouérn noAdamidtnta
kai lim \,, = +o0.
(ii)  To medio opiopod D(L) eivar yvrioiog tukvds undywpog tou L ().

Anéoaén. (i) H detxdtnra twv Sotiudy éneton and tny elketntindtnos

To 6t 1 toAhamAoTnTA XdE WBLoTIWAS elvon Tenepaocuévn éncton oo Ty [lpdTaon 3.1.6.
(ii) O D(L) mepiéyeton yviora otov L(Q) agod D(L) C Hy(2), xou efvon nuxvde otov
L*(Q) ago nepiéyet o opdoxavovixh Béon. O
ITpbtaon Toylel

D(L)={ueL*(Q) : > Nf(u,¢n)* < +o0}
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xou v xdde u € D(L),

n=1

Améoeitn. "Aoxnon.

Egoappoy”: to nopaBolixd mpoBAnua
1x0TOG Elval VO EQUQUOCOUUE TO PAUCUATIXO Ve@Enua oL amodelyUnxe Tapandve 1T
HEAETN TOL ToRUBoA0) TEOBAAUATOC

Uy = ZZ] l(al]( )uxz‘)xj, t>0, e
u(t,z) = x €00, (6. 22)
( ,%):’U(:C)’ er,
6mou v € L*(Q).
Ou gpunvedoouue o TEdPANUa (6. 22) wc éva tpdBhnua Cauchy otov L*(2). Tuyxe-
xpwéva, Yewpolue Ty dyvwotn ouvdpetnon u(t,z), t > 0, z € Q, wg pla cuvdptnon
u(t), t > 0, pe téc otov L*(Q). Tpdgoupe to1€ 10 (6. 22) 03¢

{u:—Lu, t>0, (6. 23)

Ogtopdg. Mio ouvdptnon u : Ry — L*(Q) etvor Mon tou tpoPhfuatog (6. 23) av

(i) Ioyveru(t) € D(L) yiow xéde t > 0
(i) H u eivon naporywylown oe xdde t > 0
(i) u'(t) = —Lu(t), ywxddet>0
(iv) wu(t) = v xadodgt — 0+ .

Oedpnpa 6.1.5 Ta kdde v € L*(Q) to mpdPAnua apyikdy - ouvopakdy iy (6.
23) éxer povadikn Avon, n ormota divetar and tn oyéon

Ze Yo, pn)dn, t>0.

Anédeitn. To 6u u(t) € Dom(L) yw xdde t > 0 éneton ond v Ilpbtoon 6.1 oe
GLUYOLAOUOG XAl UE TO OTL 1) CUVEETNOT) x2e % glvan pearyHéVn 6TO R*. T va amodei&oupe
o (ii), (iil) opxel va Bet€oupe ot yio xdde ¢ > 0,

u(t +0) — u(t)
5 —

6mou 10 bpto etvar bpto otov L (). 'Eotw howmdy t > 0 xau éotw enlone d pe |6] < t/2.
Téte

—Lu(t), xododcd — 0,

2

(e — 1) + Ao 100, 6.

u(t+0) — u(t)
5 + Lu(t)

S !

n=1
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[ vo extiufooude T oelpd auTh Yol YENOLOTO|COUUE TO YEYOVOS 6TL

T
c - 1‘ <2a|, we(=1/2,1/2). (6. 24)
x
Ané v (6. 24) éneton 6Tt
e — 2 1
3 + | < A0 Otay )\n<m.

Fpoccpoups Z =S435 émou Y mepiéyel to n v to omola A, < 1/(28]) xon S
TEQLEYEL AUTA YLO( ta onola A, > 1/(2/0]).

'Ectw € > 0. Xpnowonoudviog xot To YEYovdc 0Tt 1) cuvdptnot zte 2" elvon gporypévn

oto RT éyouue t61e

: e~ 0 — 1 2 /
Yo | (0,00 < 82 AP (v, 60)
052
< vl
e
< 5,
opxel o |J] vor elvor apxeTd pixpod.
Enlonc
" ~And
_ e’ —1 2
S e T Pl sl

—2X\n

< zz (4 L) )
< 2 Z et <4)\262’\"|5| + 5A2) (v, ) |

< 8ZA2 v, dn) |2+1OZA2 “2 (v, )|

O1 8Y0 teheutaleg oelpéc auyxhivouy, doa to ddpotopa Y unopel vo Yivel tixpdtepo and
17

€/2 av 1o |0] elvon oipxeTd pxpd (to Y elvon 1t oupd " Wiog cuyxhivoucag oelpds). Apa
omodety oy tor (ii) xon (iii). H anddeiln tou (iv) elvon euxoldtepn xou mopaheineTol.

Mével va amodelouue TN povadixétnta g Abong. Ta xdde ¢t > 0 ag oplooupe Tov
TEAEGTH

Taw =Y e (w, ¢n) ¢y - (6. 25)

‘Apa hotmov 1 Aoon tou poAruatoc (6. 23) tou éyoude oploet elvon 1 u(t) = Tv.

Ac vnodéoouue dtL undpyel xou pla Bedtepn Aon u(t). Oewpolue t > 0 otodepd xau
optloupe N cuvdpeTno
w(s) =Ti_su(s), 0<s<t
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Tote
w'(s) = —LT;_gu(s) + T,_sLu(s) = 0,

6mou ypnowonotfioape xot To Yeyovog 6t ot Ty xon L petatiVevton. ‘Apo 1 w(s) ebvan
otadepr| oo (0,t). Aev eivar dUoxoho va del xavelc 6Tt

Slg&w(s) =Tw , slgtri w(s) = u(t).

Apa u(t) = Tyv = u(t). O
IMopathenon. H owoyévewr teheotdwv Ti, t > 0, mou oplotnxe and ) (6. 25) Tic
LOLOTNTES

(i) Tis=TTs, ywxddet,s>0
(i) T — v, xodoc t — 0+, v x&de v € L*(Q).

Mot ooyEvela PeayHEVLY TEAEG TGV TOU €YEL TIC BUO AUTEC WOLOTNTESC OVOUALETOL JLOVO-
TapaUETPIKN NUIOUAOa TEAETTOY.

‘Aoxnom. Nu derydel 6T yia Ty nuioudda tereot@v (6. 25) Sev toylet 1 xotd vopuo
oUyxhion Ty — I xadwg t — 0+,
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[Mopdetnua. O ydpeog L)

1. Yrowyeia yevixrig Oewplag Meétpou

Opiopog 0.1.1 Eotw X éva un-kevé ovvolo. Ovoudlovpe o—dAyefpa oto X éva
ouvolo A to omolo amoteAettar ané vroolvola tou X kai yia to omoio 10y Vowv ta €€ns:
i) X e A
i) FeA=X\FEcA
(ili) AvE,€e A,neN, el E, € A.

Ovopdlouye yopo uétpou ula tewdda (X, A, 1) 6mouv A eivan il o—8hyeBpo otov X
xou p o A — [0, 00] ebvan pior ameixdvion (to pétpo) tétown dote yio xdle apriunotun
ouhhoyh {E,} Eévev avd 800 otouyelwy tou A va toyle

w(JED) = k).

To otowyela Tou A ovopdlovton petprionua obvoha. Mia cuvdptnon f + X — C réyeta
ueTphown av to ovoro fH(U) ebvon petpriowo yio x&de avoxtd U C C. Téhoc, hépe
oTL plo Wbt oy el oxeddy TavTol o.m. av 1o 6UVOAO TV T € X yio o omolo 1)
LOLOTNTA BEV Loy Vel Eivol UETEHOLIO XAl EYEL UETPO UNDOEV.

ITpbtaom 0.1.2 Av o1 f ka1 g eivar petprioiues, tove kai o1 ovvaptroes f+ g, fg kai
|f| evar pezpnoues.

To oloxAjpwuo.

Ye xde ydpou pétpou (X, A, du) propolue vo oplcoude pio xaTtdhhnhn €vvoto OhOXAT-
pwuatog, o onoio cuufolilouue e fX [ dp. O opioude diveton oe dradoyxd Bridato:

1. To ohoxAfpwua tiag amAric cuVAETNONG (Bn)\o@r’] ulag cuvdptnong 1 omola elvar ypou-
WXOC GUVBUAOUOS YURUXTNPIO TIXDY CUVARTAGENY UETENOWWY GUVOAWY) Elval

T s

[(Sonerin=Fanie

=1 i=1

2. Av n f elvon un-opvnrind, tote optllouye

[ i =sup{ [ piu : p o, pla) < fia), 2 € X),
X

(Autd uropel va eivar (0o pe +00.)
Mio petpriown pryadud ouvdpetnon f yioo Ty onola woyber [y | fldp < oo héyetar odo-
KANpOTun.
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3. Av n f elvon ohoxhnpwon pe mporylaTiés Té ToTe opllouye

/X fp = /X Frod - /X [

6mou fi = max{f,0} xu fo = max{—f,0} elvou avtiotowyo to Yetxd xou apvnuxd
uépog e f.
4. Av 1 ebvar ohoxhnpoowun Ue uryadés tiuée t6te opiloue f

[ sdn= [ Re pau+i [ pya

IMpotaocm 0.1.3 Eotw f un-apvnukrj petprioqn ovvdptnon oto X. Ioyve [ fdp =
0 av ka1 poévo av f(x) =0 o.m. .

O yopog L*(X, p).

Aodévtog evog ydpou étpou (X, A, i) oplleton o ypouuxdc yweog

L2(X, A, p) = {f petpfown : /X | f > dp < o0}

Suyvd yedpouue amhae L2(X) dtav o A xau p evvoolvon. Edxoha dlamo toveton 6t
T ATEOVION

/fgdu, f9 € LX),

wavorotel Tic widtnTee (i) xou (ii) tou optcpou TOU ECWTEPLXOU YIVOUEVOU, OXL opwe mv
(iii) ol alupwve pe v Hpdtaon 0.1.3 n oyéon (f, f) = 0 cuvendyeton pévo f(z) =
oyed6v mavtol xou oyt f = 0.

Avuté avtipetoniletou we e€hc: optlouue ula oyéon looduvayiog ~ GTov £2(X) BYétovToc

f~g < f(z)=g9g() om. (0. 26)

‘Eotw topa L*(X) = L3(X)/ ~ o aviioToryo cOvoho-tnhixo. To L*(X) yiveton
YEUUUIXOC YWEOEC XATE PUOLONOYIXO TEOTO, Xt 0pllouue

(FLUD =00 fe LX),

Anodewvietar 6Tt T0 (-, ) elvon xoAd OpLOUEVO Xon elvor €Vol ECWTEPIXO YIVOUEVO GTOV
Yoo L*(X).

Oedpnua 0.1.4 O L*(X, A, i) elvar xdpos Hilbert.
IMopdderypa 0.1.5 Eotww X = N, A = P(N) (1o Suvopocivoro tou N) xou éotw
p(E) o mindderdpoc tou E C N. H tpudda (N, P(N), i) etvon tote ytdHpog uétpou xau

umopet va 6t xavelc 6Tl o LQ(N, A, j1) ouurinter ye to yoHpo 2.

65



To pétpo Lebesgue ctov R".

Oedpnua 0.1.6 Trdpye éva povadixé uézpo (R, M, i) oto R™ pe ng €€rjs 1iden-

TeC

(i) w0 M mepiéyer dAa Ta avoiktd vrooutvola tou R™.
(i) w(B) =|B| (o ouwndng dyros) ya kile avoiktrj undda B C R"

(ili) o p eivar Mihpee, onAadn av A € M ka1 i(A) = 0 tére B € M ya kdfe B C A.

To mapamdve pétpo ovoudleton uétpo Lebesgue otov R™ xou o1 cuvapTAOEIC TOU oV
xouv oty o-hyelpa M ovoudlovtar Lebesgue-uetpriowes 1 amhode peteriowes. To
ohoxhpwua we meog to péteo Lebesgue ovoudletoan ohoxirpwua Lebesgue xou Yo to

ouppoiilouvye pe [, f(x)dz.
Ogtopdg 0.1.7 O ydpos LA(R™) opiletar wg o L*(R™, M, p).

Avéhoya oplleton xon 0 yodpoc L () yio xdde petpriowo ovvoho 2 C R™.

IopatneAoec. (1) Tty npdén dewpolue to ototyeio Tou L*(R™) (4 tou L*(Q))
(¢ CUVOPTACELS Topd ¢ XAJOES cuVaRTHoEwY. 'Eyouue dung mévta 6to vou yog 6Tt
oLVOPTAOELS ToL elvan (oeC oyEBOY TavToL elvan avTipeTwilovto o¢ (oeg. T mapddety-
Ho, U1 ouvdeTnoT Tou undeviCetor TavTol eXTOC amd €va GUVOAO UETEOU UNBEV elvan N
UNOEVIXY| GUVEETNOT).

Yto mhaioto autd, dtav Aéue 61t plo ouvdptnon u € L2(Q) eivor ouveyrc (4 C*(Q) A
C*(Q) ) evvolpe 6L uTdpyel xdmotloc avTimpdowToc oty xhdom [u] o omoloc efve
ouveyfc (f CH(Q) A C*(Q) o).

(2) H petpnowdtnto dev ebvon x4t mou Yo Uag onaoyOhel: Ol CUVIPTACELC TTOU EUQO-
viCovton otny mpdlr, TouldyloTov oTo Thaiola auTol Tou potuatog, Yo eivon mavTa
ueteriowes. MdhMoTa Bev elvon amhd Vo XUTAGHEVIOEL XOVELS Yol UN-UETEOWY) CLUVSE-
™on. Apa 1 puévn cuvirixn mou yeeldleton vor EAEYEOUUE TPOXEWEVOU VoL BOUUE oV id
ouvdptnon f etvar otov L? ebvon n ouvdixn [ |f]*de < oco. Koy va omodei€ouye
x4t T€Tolo Yo YenoonololUE TIC SUVATELS WOLOTNTES TV OAOXANEWUATWY XaddS o
Tic uedéd0uC UTOAOYIGUOU TOUC.

Ocewpenpa 0.1.8 Kdle ouvdptnon oto R"™ n omoia eivar odokAnpaoun katd Riemann
efvar Lebesgue-olokAnpwoiun kar ta 600 0AOKANPOMATE CUUTITTOUY.

Opiopog 0.1.9 Opilovue
L2(R) = LA(R, M, ).
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Iopathenorn 0.1.10 (1) Tougwvo pe howmdv pe tov opiopd, o ototyela tou L (R)
elvol XAAOELC LOOBLVUUING CUVAPTACEWY XU OYL CUVORTNOELS. XLTNV TEdln woTO00 Tu
oTotyelo T aVTYETOTILOVUE (¢ CUVAPTAOELS. Ou TEETEL OUWS Vo YUUOUUCTE 6TL av ia
€Ol ‘cuvdptnon teomorotniel o €var GUVOAO UNdeVIXOL pETpou TOTE 1) ‘cuvdpTnon
nopauével 1 (Bl (ool €youpe wdtnTa oyeddy movtol). Me dhho Adyia, UmopoVUE vo
VEWPHOOUPE ToL OTOLYEI TV YWOEWY LQ(R) ¢ CUVOPTNOELS OL OTOLEG €Vl OPLOUEVES
oYEDOV TTavTOV.

(2) Etnv npdén (m.y. ooxrfoeic) dev ypetdleton vor avnouyolUe yiol To oV Wiot cuvdp-
o™ elvar UETEAOWT, Xod®C OAEC GYEGOV Ol GLVOETACES Tou cuVRlng eugaviCovtan
elvon petprioyec. MdhoTa dev elvar edxoho va oploel xavels cuvapToeic Tou dev elvar

METENOWES.

67



BB oypapia

To mapoxdtey etvon xdmowor Bihio and tor omola unopel xavelc va yeietrhioer Ty Yewpla
Teheo TV og yweoug Hilbert.

1. Hislop P.D. xou Sigal I.M. Introduction to spectral theory. Springer 1996.

2. Kreyszig E. Introductory functional analysis with applications. J. Wiley & Sons
1989.

3. Reed M. xou Simon B. Methods of modern mathematical physics, I. Functional
Analysis. Academic Press 1980.

4. Young N. An introduction to Hilbert space. Cambridge University Press 1988.

68



EKIIA, Tpruo Madnuotixmy
EM6. Egagpoocuévn Tuvaptnoiaxry Avdivor (2018-19)
ITpoBAuaTa
Yo topaxdtey cupBoiiloupe pe H éva dworywpelowo yoeo Hilbert.
1. No devydel 6T 1 vopua
[flloo = max{|f(t)] : 0 <t <1}
otov C([0,1]) 8ev npoépyeton amd xEmolo ECWTEPUS YIVOUEVO.
2. 'Eotww M xou N xhewotol undywpeotl tou H. Na deydel ot

i) WMnN)tr=ML+NL  ({) (M+N*+=M"NN-
3. Ytov L*(—1,1) Yewpolue Toug xheloToUS UTOYWEOUS
Ly=A{f€L*(-11) : f(-t)=f(t) o}
Ly ={feL*(-1,1) : f(-t)=—f(t) or}
Na derydet 6w L2(—1,1) = L2 @ L2.

4. Botww M o xkeiot6¢ UTOYWEOS Tou 2 mou amotehelton amd axohoudiec NG HopPTC
x = (21,221, 23,0,75,0,27,...). (i) Na Bpedel n yevind| poper| twv ototyelwv tou M=+,
(ii) AoVévtoc evéc x € 12 va Boedoly Ty € M xou z € M+ nou ebvon tétota HoTe
r=y+z.

5. (#x) (i) 'Eotww Hi, Ha yoeot Hilbert. Opiloupe
H1 @Hg = {($1,[E2) X € 7‘[1 , Lo € HQ}

To cOvolo autd YiveTon XaTd QUOLXS TEOTO YRUUUXOS YWeoc. Aclgte 6Tl av oploouue
X0l TO ECWTEQIXO YLVOUEVO

(w1, 22), (Y1,92)) = (¥1,91) + (T2, Y2),

161 0 ‘H1 @ Ho yivetan ywpoc Hilbert. (ii) Enexteivete tov mopandve optopd otny
nepintwon plog axohoudiog (H,,)o2, ywewv Hilbert xou opicte tov @5 H,,. Anodeilte
otL 0 @2 Hy, ebvan ywpoc Hilbert. Amodeite enlong 6t av ohot o H,, n € N, etvan
oloywelotot, ToTe xou 0 Bo H,, elvon dtarywpeloog.

6. Eotww A € B(H) tehectic yio tov omolo undpyet ¢ > 0 wote [|Az|| > cf|z|| vy xdde
x € H. Na anoderydel 6T n eixdvo Ran(A) eivar xhetotog undywpog tou H.

7. Na derydel 61t 0 teheothc A otov L*(0, 1), 6mou

(ne = [ ' %dt

elvon pparypévoc.



8.

10.

11.

12.

13.

‘Eotw 2 avouxtd unocivoro tou R™. To ouciddee supremum piog Tpoyotixic HETET-
owune cuvdptnonc h oto Q oplleton we

esssupgg = inf{M >0 : g(x) <M o7 o710 Q}

Mio petpriown ouvdptnon b : Q@ — C Aéyeton ouotwdie gporypévn av esssup|h| < +oo.
O x®pog OAwV TV 0UCLWOME PEAYUEVKDY CUVIPTACENY 0T0 £ cuuPoAileTon ue L>(Q)
xou ebvan yopog Banach av egodiactel ye tn vopua

||| Los () = esssupg|hl.
‘Eotww h € L®(Q) xu éoww My, o avTioTOLY0C TOAATAAGCLAC TIXOS TEAEGTHG GTOV
L*(Q),

(M f)(x) = h(z)f(z).

No devydet ot (i) o My, ebvan porypévog xau || My|| = [|h||pe(q). (ii) o(M}y) = essranh
omou essranh 1 ovowONg €kérva Tng cuvdETNoNS h,

essranh = {/\ eC: ,u({x € |h(x) =A< e}> >0, v xdde € > 0}.
[ u(A) ovBohrilel to pétpo Lebesgue tou A]

No Beedolv ol BLoTIES Xt To QAoud TWY TEAEGTOV TNG OeELEC oL UPIG TEPNC METATO-
monc S xou S* ooy [2.

‘Eotw P xou @ ot opioywvieg mpoforéc mdvew ctoug xAeloTtolg utoyweoug M xow N
avtioTtorya. No detydel 6tu tar axdhovda elvon todivoua:

(i) (Pz,z) <{(Qz,z), xz€H
(i) [Pzl <[lQzll, zeH
(ii) PQ=QP=P
(iv) M CN.
Eotw (a,) gpayuévn oxohoudio uryodxdv aprduny xouw A : 2 — 12 o avtioToryoc
TOMNATAUCLUC TIXOG TEAEOTAG,

A(l’l, o, .. ) = (CL1{L'17 agTa, . . ) .

No Seydei 6t o T eivon oupmoryic ov xou wévo av a, — 0. [Tédeln: yoo ) pio
%xtel YUV YENOWOTOEIGTE TNV XAELOTOTNTA TOU YWPEOU TWV CUUTHYWY TEAEGTOV. T
TNV GAN YeNowoTnotelo Te anaywyY| ot dtomo.

‘Eotw u : @ — R aotevide napaywylown xou ¢ € C*°. No detydel 6TL 1 cuvdptnon
wy elvon acvevng mapaywylowrn oto 2 xou 1oy lel 0 YVOoTOE TOTOG Yo TNV Toedy Yo
Ytvouévou.

‘Eotww u(x) = |z|*, v € B(1). No Beedel vy nowo o € R n w:
(i) Etvar C* ot B(1)

(ii) Etvar acdevide mopaywyiown

(iii) Avixer oto WP(B(1)), érou p > 1.



14. No derydet 6tL 1 avicétna Sobolev
[ull cony < el Vullo@ny . we WyP(R).

OEV Loy VUEL VLol XOVEVYL g 7# P*.



