
A
Pijanìthtec II

Exètash 5 NoembrÐou 2011

1. (25 BajmoÐ) 'Estw ìti oi tuqaÐec metablhtèc X, Y èqoun apì koinoÔ puknìthta

f(x, y) =

{
−xy an (x, y) ∈ (−1, 0)× (0, 1) ∪ (1, 2)× (−1, 0),
0 diaforetik�.

(a) Na upologisteÐ h pijanìthta P (X + Y < 0).

(b) Na upologisteÐ h mèsh tim  E(XY ).

(g) EÐnai oi X, Y anex�rthtec?

2. (30 BajmoÐ) 'Estw X, Y anex�rthtec tuqaÐec metablhtèc kajemÐa me katanom  N(0, 1).

(a) Poi� eÐnai h apì koinoÔ puknìthta tou zeÔgouc (U, V ) := (X/Y, Y )?

(b) Poi� eÐnai h puknìthta thc tuqaÐac metablht c X/Y ?

3. (25 BajmoÐ) 'Estw (Xi)i≥1 akoloujÐa anex�rthtwn tuqaÐwn metablht¸n, pou kajemÐa ako-
loujeÐ thn omoiìmorfh katanom  sto (−1, 1). Kai èstw N tuqaÐa metablht  anex�rthth apì tic
{Xi : i ≥ 1} kai h opoÐa akoloujeÐ thn katanom  Poisson me par�metro λ > 0. Jètoume S0 = 0
kai Sn := X1 + · · ·+Xn gia k�je jetikì akèraio n.

(a) Na upologisteÐ h ropogenn tria MX1(t) := E(etX1) thc X1 gia k�je t ∈ R.
(b) Na upologisteÐ h ropogenn tria thc tuqaÐac metablht c SN .

4. (15 BajmoÐ) 'Estw (Xn)n≥1 akoloujÐa tuqaÐwn metablht¸n ¸ste gia k�je n ≥ 1 h Xn na
akoloujeÐ thn ekjetik  katanom  me par�metro n, dhlad  me puknìthta fXn(x) = ne−nx1x>0.
Na deiqjeÐ ìti Xn → 0 kat� pijanìthta kaj¸c n→∞.

5. (20 BajmoÐ) 'Estw (Xn)n≥1 akoloujÐa anex�rthtwn kai isìnomwn tuqaÐwn metablht¸n, me
kajemÐa na akoloujeÐ thn ekjetik  katanom  me per�metro 1. Gia k�je n ≥ 1 jetikì akèraio,
jètoume Wn := max{X1, X2, . . . , Xn} kai Zn := Wn− log n. Na deiqjeÐ ìti h akoloujÐa (Zn)n≥1
sugklÐnei kat� katanom  sthn tuqaÐa metablht  Z me sun�rthsh katanom c FZ(t) := e−e

−t
(t ∈

R).
Upìdeixh: Me b�sh ton orismì, arkeÐ na deÐxoume ìti FZn(t) := P (Zn ≤ t) → FZ(t) kaj¸c

n→∞ gia k�je t ∈ R.
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2
¸rec. KALH EPITUQIA!



LÔseic

1. Se aut  thn �skhsh, bohj�ei polÔ na sqedi�sei kaneÐc to qwrÐo B pou h puknìthta f eÐnai
diaforetik  apì to 0.

(a) Oloklhr¸noume thn f sthn tom  twn qwrÐwn

A : = {(x, y) ∈ R2 : x+ y < 0},
B : = {(x, y) ∈ R2 : f(x, y) 6= 0} = (−1, 0)× (0, 1) ∪ (1, 2)× (−1, 0).

H tom  eÐnai to trÐgwno me korufèc (−1, 1), (−1, 0), (0, 0), kai ekeÐ h f èqei ��eniaÐo tÔpo��, isoÔtai
me −xy. 'Ara

P (X + Y < 0) = P ((X, Y ) ∈ A) =
∫∫
A

f(x, y) dxdy =

∫ 0

−1

∫ −x
0

(−xy) dydx = −
∫ 0

−1
x3 dx =

1

4
.

(b) UpologÐzoume dÔo dipl� oloklhr¸mata.

E(XY ) =

∫∫
R2

xyf(x, y) dydx =

∫ 0

−1

∫ 1

0

xy(−xy) dydx+
∫ 2

1

∫ 0

−1
xy(−xy) dydx = ... = −8/9.

(g) Oi X, Y den eÐnai anex�rthtec, kai autì mporeÐ na deiqjeÐ me polloÔc trìpouc.

1oc trìpoc. UpologÐzei kaneÐc tic perij¸riec fX , fY kai deÐqnei ìti den isqÔei f(x, y) =
fX(x)fY (y) se ìlo

1 to R2.

2oc trìpoc. EÐnai safèc ìti A1 := {x ∈ R : fX(x) 6= 0} = (−1, 0) ∪ (1, 2) kai A2 := {y ∈ R :
fY (y) 6= 0} = (−1, 0)∪(0, 1). An oiX, Y  tan anex�rthtec tìte h ja eÐqame f(x, y) = fX(x)fY (y)
kai �ra B = {(x, y) ∈ R2 : f(x, y) 6= 0} = A1 × A2 pr�gma pou den isqÔei. To B to èqoume
gr�yei sto er¸thma (a) kai den eÐnai kartesianì ginìmeno dÔo sunìlwn, eÐnai ènwsh kartesian¸n
ginomènwn.

3oc trìpoc. 'Estw C1 = (1, 2), C2 = (0, 1) tìte P (X ∈ C1, Y ∈ C2) = 0 en¸ P (X ∈
C1)P (Y ∈ C2) > 0. 'Ara P (X ∈ C1, Y ∈ C2) 6= P (X ∈ C1)P (Y ∈ C2).

2. (a) Gia ton metasqhmatismì T (x, y) := (x/y, y), èqoume (U, V ) = T (X, Y ), kai T−1(u, v) =
(uv, v). O T−1 èqei iakwbian  JT−1(u, v) = v. 'Ara èqoume

fU,V (u, v) = fX,Y (T
−1(u, v))|JT−1(u, v)| = 1

2π
e−

1
2
u2v2− 1

2
v2|v| = 1

2π
e−

1
2
(u2+1)v2|v|

gia k�je (u, v) ∈ R2.

(b) Gia u ∈ R èqoume

fX/Y (u) =

∫
R
fU,V (u, v) dv = | = 1

π

∫ ∞
0

e−
1
2
(u2+1)v2v dv

w=v2
=

1

2π

∫ ∞
0

e−
1
2
(u2+1)w dw

=
1

π

1

(u2 + 1)

∫ ∞
0

1

2
(u2 + 1)e−

1
2
(u2+1)w dw =

1

π

1

(u2 + 1)

pou eÐnai h puknìthta thc katanom c Cauchy. Gia thn teleutaÐa isìthta qrhsimopoi same to ge-
gonìc ìti h posìthta pou oloklhr¸noume eÐnai, wc sun�rthsh tou w, h puknìthta thc ekjetik c
katanom c me par�metro (u2 + 1)/2.

3. (a) Gia k�je t ∈ R \ {0} èqoume,

MX1(t) =

∫
R
etxfX1(x) dx =

1

2

∫ 1

−1
etx dx =

et − e−t

2t
,

1
Σε κάποια συγκεκριμένα x, y ίσως να ισχύει η ισότητα, αλλά αυτό δεν αρκεί για να αποδείξει κανείς ανεξαρτησία.



kai profan¸c MX1(0) = E(e0) = 1.

(b) O tÔpoc gia thn MSN
eÐnai sthn jewrÐa tou maj matoc, kai sunoptik� h apìdeix  tou eÐnai

MSN
(t) = E(etSN )) = E(E(etSN |N)) = E((MX1(t))

N).

T¸ra gia thn perÐptwsh mac, upologÐzoume gia k�je a ∈ R ìti2

E(aN) =
∞∑
n=0

ane−λ
λn

n!
= e−λ

∞∑
n=0

(aλ)n

n!
= eaλ−λ.

'Ara MSN
(t) = eλ(MX1

(t)−1), ìpou to MX1(t) èqei upologisteÐ sto er¸thma (a).

4. Jèloume na deÐxoume ìti gia k�je ε > 0 isqÔei limn→∞ P (|Xn| > ε) = 0.
Gia dedomèno ε > 0, èqoume

P (|Xn| > ε) = P (Xn > ε) =

∫ ∞
ε

fn(x) dx = ... = e−nε → 0

gia n→∞.
Enallaktik�, me qr sh thc anisìthtac Markov (h Xn paÐrnei mh arnhtikèc timèc, opìte h anisì-
thta mporeÐ na efarmosteÐ)

P (Xn > ε) ≤ E(Xn)

ε
=

1

nε
→ 0

gia n→∞.

5. 'Estw t ∈ R. Gia n > e−t èqoume

FZn(t) := P (Zn ≤ t) = P (max{X1, X2, . . . , Xn} ≤ t+ log n) = P (X1 ≤ t+ log n, . . . , Xn ≤ t+ log n)

= P (X1 ≤ t+ log n)n = (1− e−t−logn)n =

(
1− e−t

n

)n
.

Sthn trÐth isìthta qrhsimopioÔme to ìti oi Xi eÐnai anex�rthtec kai isìnomec. Sthn tètarth
isìthta to ìti t + log n > 0 kai to ìti h X1 akoloujeÐ thn ekjetik  katanom  me par�metro 1.
'Ara limn→∞ FZn(t) = e−e

−t
= FZ(t) gia k�je t ∈ R.

2
Αυτό είναι κάτι γνωστό από την θεωρία. Η πιθανογεννήτρια της Poisson.


