KegpdAato 1

Y maxoAovVieg xal Booixeg
AXOAOVLVIEC

1.1 Yroaxolouvdiec

Ogiopoc 1.1.1. Eotw (ay) wa axohoudio mporypatixdy aptdpodv. H axolou-
Mo (by) Aéyeton vrakodovdia tne (an) av undpyet Yvnoing atEovoa axohoudio
puotx®y apiuwy ki < ko < -+ < kp < kpi1 < -+ wotE

b, = ay, Y xdde n € N.

Me &hha Aoy, ot Gpot g (by) elvar ot ag,, Gy, - -, Gk, s - - -, OTOUL k1 < ko <
s < by < kpgr < ool Tevixd, wa axohoudia éyet todéc (ouvidog dneipeg
10 TAR00c) SragopeTixéc unaxohoudiee.

Iopadeiypata 1.1.2. Eotw (a,) wa axohovdia tpayuatindy aptdpody.

(o) H unaxohoudia (az,) twv «dptiwy dpwvy e (an) éxer bpous Toug
az,as, ag, - - . -

ESG, ky = 2n.

(B) H vraxohoudio (agn—1) TV «mEpTT@Y dpwvy e (an) €xer bpous Toug
ai,as,as, . ...

Edé, ky = 20 — 1.

(v) H vrnaxohovdia (a,2) g (an) éxet bpouc toug
ai,aq4,a9, . ...

E8G, ky = n2.

(8) Kdde tehxd twhua (am, Gm41, Gm+2, --.) e (an) eivar vraxohouvdio tng
(an). B8, kp =m+n—1.
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IMopathpnon 1.1.3. Eotww (k,) wa yvnoine adlovoa axohouvdia puotxdv
aprdpcdv. Téte, ky > n vy xdde n € N.

Anédaén. Me enaywyh: agol o ki elvar guoixdg aptdude, eivar gavepd ot
k1 > 1. T 1o enayoyixd BAua unodétovpe 61t ky > m. Agod n (ky,) etvou
ywnoiog abfovod, Eyoupe Kkmy1 > km, Gpat kg1 > m. Aol ot kpypq xow m
efvat guotxol aprdpol, énetar 6t k1 > m + 1 (Yupndeite 61 avdpeoa otov
m xot otov m + 1 8ev undpyet dGAhog puoixde). O

H endpevn Ipdtaon delyver ot av wa axolovdio cuyxhivel o mporypatind
aptdud t6te OAeg ot unaxoiovdieg g lvar cUYXAIVOUGES Xt GUYXAIVOUY GTOY
[d10 mparypatind apiyo.

Ilpétaon 1.1.4. Ay a, — a tdte ya kdde vraxorovdia (ay,) tns (an) wylea
ar. — Q.

n

Anédeln. 'Eow € > 0. Agol a, — a, undpyet ng = no(e) € N ye my ¢
1BoTnTAL:

T %89 m > ng wyler |am —al < e.
And v Hopathpnon 1.1.3 yia xdde n > ng €yovue k, > n > ng. O¢tovtag
ooy m = k,, oty nponyoluevy oyéorn, naipvouye:

T xdde n > ng 1woylet |ag, —al <e.

Autd anodexvietl 6Tt ag, — a: Yy o TUYOY € > 0 Perxaue ng € N dote 6hot

OL 6POL Ay s Ay 15 - - - NS (A, ) VO AVAXOLY 07O (a —€,a +€). O

IMapatienon 1.1.5. H nponyoduevn Hpdtaom eivon mohld yerown av Véhouue
va dei&oupe 61t ot axohovdia (a,) dev ouyxMiver o€ xavévay TpayaTixd apl-
Vub. Apxel va Bpolue 800 unaxohovdies tne (ay) ot onoieg va €youv dlagope-

TIXd OplaL.
T napdderypa, ag Yewproouye v (a,) = (—1)". Téte, ag, = (—1)?" =
1 —1xaag, 1= (—1)2""1=-1- —1.

Ac vnodéooupe 61t an, — a. Ot (azn) xou (azn—1) efvon unaxorovdies tne
(an), mpénel homdy va 1oy leL agy, — @ XU Gop—1 — a. And 1r govadixdtnta
T0u oplov ¢ (az,) mafpvoupe a = 1 xar and 1 povadxdtnta Tou oplou e
(a2n—1) mafpvoupe a = —1. Anhadh, 1 = —1. Koatah#aue oe drono, dpa 7
(an) 8ev ouyxAivel.

1.2 Ocwpnua Bolzano-Weierstrass

Ocdpnpa 1.2.1 (Bolzano-Weierstrass). Kdie gpayuévn axorovdia éyer
Touddyiotoy uia vrakodoviia mov ovykAiver o€ mpayuatiké aprdud.
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Ou dwoouye 800 anodeilelg autol Tou Oewpriuatoc. H npotn Paciletar oto
YEYOVOSg 0Tt xde povdTtovn xon gpayuévr axohovdia ouyxhiver. Ia va Poolye
ouyxhivouoa umaxoloutia utog @poypévne axoroudiog apxel vo Bpolue wia
povotovn uraxohoutia tng. To teheutaio toylel eVIEADS YEVIXY, OTwS Dely Vel
TO ENOUEVO Oewpnua:

Ocwpnua 1.2.2. Kdle akodovdia éyer tovddyiotov uia povitovn vrakodov-
Oia.

Arddeln. Oo yperacTolue TNV €vvola ToU oTUEloy xopUYHC wag axoroudiac.

Optopoc 1.2.3. Eotw (ay) po axohovdia npaypatixay aprdumy. Aéue 6Tt o
am eivar onpeio x0pLPAS e (an) AV am > ay, Yo xdde n > m.

[T v eZoxerwiteite pe tov oproud eréyite ta e€hc. Av n (ay) eivar giivouoo
61 %4e bpog g elvar onueio xopughic Te. Av 1 (an) ivar yvnoing abZovoa
161€ Bev €yel xavéva ornueio xopughc.]

‘Eotw (an) wa axohovdia npoypatixdy aprduody. Ataxpivoupe 600 neptn-
TOOEIC:
() H (apn) éxea dnepa to mAndos onueia xopupric. Téte, undpyouv guotxol
apripol k1 < ko < -+ < kp < kpy1 < -+ OOTE ONOL OL OQOL Ay s« vy Ay - -
va efvan onpela xopughc e (ay) (Enyhote yioti). Aol ky < knyq yia xdde
n € N, n (a,) elvoar vnaxohovdia e (an). And tov opoud tou orpeiou

xopuhc BAérovye ott yia xde n € Noyler ay, > a, ., (éyovue knp1 > ki

n+1
X0l 0 ay, eivon onpeio xopughic e (an)). Anhady,

Aky 2 Oy = -+ 2 A, 2 Ay = 00

"Apa, 1 vraxohoudio (ag,) eivar gdivouoa.
(B) H (an) éxer nenepacuéva to mhijlos onpeia kopugrs. Téte, uvndpyet N € N
pe v eZfic Widtnta: av m > N 161€ 0 apy, ev eivar onpeio xopughc e (ay)
(ndpte N =k + 1 6mou ay 1o teheutaio onueio xopughic e (an) 4 N =1 av
dev undpyouv onueia xopuPAc).

Me [3dom tov oploud tou onpeiou xopughc autd onuaiver ot av m > N
TOTE UTAPYEL T > T OOTE Gy > Uiy

Egapuélovpe dradoyixd to nopamdvew. Ofétouue k1 = N xa PBploxoupe
ko > k1 wote ag, > ag,. Katémy Bploxovye k3 > ko GoTE ag, > ag, xou 001w
xade€hc. Tndpyouy dnhadh k1 < ko < -+ < kp < kpy1 < --- GOTE

Ay < Ay < - < A, < Oy <o

Térte, 1 (ag,) eivar yvnoing abEovoa uraxohovdia e (ay). O



4 - THAKOAOTQIEE KAI BAYXIKEY AKOAOTOIEE

Mrnopolue topa va anodei€ouvpe 10 Oewpnua Bolzano-Weierstrass.

Anddaén tov Ocwpripatos 1.2.1. Eotww (ap) @payuévn axorovdia. Arnd 1o
Ockpnua 1.2.2 1 (an) éxer povétovn unaxohovdia (ak,). H (ax,) eivor pové-
TOVY XUl PEAYUEVY), CUVETMS OUYXAIVEL GE TpayUaTixd optipo. O

1.20"  Amoéoein pe xpnon tng apxns Tov xPuTIcRod

H debtepn anddeiln tou Oewphpoatoc Bolzano-Weierstrass yenotponotel tnv
apy’ TV xPotiowévey dotnudtov. ‘Eoto (an) wa gpaypévy axoloudi-
a Tpaypatixodv aprdudy. Téte, undpyer xhewotd ddotnue [bi, c1] oto onolo
avixouv 6hot ot 6pot ay,.

Xwpiloupe to [b1, 1] o€ B0 dradoytxd Sraothpat Tou £Youy To [Blo pfixog

%: To {bl,bl%} ol {blgcl,cl . Kdmnowo and autd ta 8o daotriuato

neptéyet dnepoug 1o TAHYoc bpouc e (ay). Ilaipvovtag oav [ba, ca| autéd o
urodidotnua tou [b, ¢1] éyouue deiler to edic.

Trdpyer xhetotd drdatnua [ba, ca| C [b1, ¢1] To onolo nepiéyet dnetpoug
bpouc e (an) xat €xer phxog
Cc1 — bl

CQ—bQZ 9 .

Yuveyiloupe pe tov ido 1péno: ywpilovpe To [be, 2] ot dbo dradoyixd

ca—ba . botco ba+tca
2 - 2 2

SraoThYOTA PAXOUC To |ba, nat C2:|. Aol 10 [ba, ¢
Teptéyel dmetpouc bpouc e (an), x4mow and autd To dUO Bl TAAT TEP-
éyer dnepoug 1o mARdoc bpouc e (an). Ialpvoviac cav [bs,cs] avtd to

urodidotnua tou (b, ca] éyouue deiler to edic.
Trdpyer xhetotd ddatnua [bs, cz] C [be, c2] To onolo nepiéyet dnetpouc
bpoug e (an) xot éyel whxog

ca—by 11—
2 22 7

c3— bz =

Suveyilovrag pe tov {dlo 1péro opilovye axoroudia ([bp, cm)) N XAEOTOVY

me
BLUCTNUATWY oV txavorotel Ta e€NG:

(i) T x&e m € N woylet [bm+1, Cmt1] C [bm, Cm)-
(ii) T xdde m € Noyber ¢y — by, = (1 — by)/2m L.

(iii) T xdde m € N undpyouy dretpot dpot e (an) 070 (b, Cm).
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Xenotponowdvtag v teitn cuviixy, unopolye vo Peodue uraxohovdio
(ak,,) e (an) pe v Wbtnro: v xdde m € N woyber ag,, € [bm,Cm).
Hpdypatt, undpyet ki € N @ote ag, € [b1,c1] — Yo v axpifewa, hot ot bpot
™ (an) Peloxovtat oo [b, ¢1]. Topa, agol 10 [b, 2] Tepiéyer dnetpouc bpouc
™ (an), x&motoc and avtole €xet detxtn peyahltepo and k1. Anhady, undpyet
ko > k1 dote ag, € [ba, c2]. Me tov (B0 tpémo, av éyouy opiotel ki < -+ <k,
wote ak, € [bs,cs] i xdde s = 1,...,m, unopolue va Bpolue kmy1 > km
WOTE Ap,yy € [bng1, Cmyt] (01611, 10 [brg1, Cmy1] mEpéyel dmetpoug dpouc
e (an)). Etor, opiletar wo unaxohovdia (ak,,) e (ap) mou xavornotel 1o
{nrovyevo.

Ou deifoupe 61t M (ag,,) ovyxhiver. And v apyh TV xPeTIOUEVEDY di-
aoTnudtwy (xat Aoyw e (ii)) undpyer povadixéc a € R o onofog avixer oe
6ha Tl xhetotd SraotAuATd (b, ¢y ). Ouundeite 6t

lim b, =a= lim c¢,,.
m—0o0 m—0o0

Aol by, < ag,, < ¢ Yo x80E M, TO XPLTNPIO TWYV LGOGUYXAIVOUCKY IXOAOU-

m

v delyver 6T ag,, — a. O

1.3 AvoTepo xot xaTwTERO 6plo axolovdiog

Yxondg pag oe authy v Hapdypago eivar vo JEAETHACOUYE TO TPOCEXTIXA
TI¢ unaxohoudieg wag geaypévng axohoudiag. Ouundeite dtt av 1 axorouvdia
(an) ouyxhiver ot xdnotov tpayuatixd aprdud a tote N xatdotaor eivar TOAD
amhf. Av (ag, ) elvar tuyoloa vraxohoudio tne (ap), TOTE ak, — a. Anhadn,
6heg ot unaxohoudieg plag cuyxhivovoag axolovdiag cuyxhivouv xat pdiioTa
oto 6pto g axohoudiog.

Opiopoc 1.3.1. Eotww (a,) wo axoloudio. Aéue 61t o € R eivar opr-
ax6 onpeio (| vrakolovthaxd dpio ¥ opiakd onueio) e (an) av undpyet
vraxohoudia (ag,) e (an) wote ag, — .

To optaxd onueia wag axohovdiac yapaxtnellovtar and to enduevo Afuua.

Adppo 1.3.2. O x eivai opraxd onpeio tng (an) av kar pévo av ya kdde e > 0
ka1 ya kde m € N vrdpyer n > m dote |a, — x| < €.

Anddaén. Yrnodétouue mpdta 61 o = eivar optaxd onpeio e (an). Trdpyet
howndv unaxohovdia (ag,) e (an) Gote ag, — .

‘Eotww € > 0 xat m € N. Trdpyet ng € N @dote |ag, — 2| < € v xdde
n > ng. Oewpolpe tov np = max{m,ng}t. Téte ky, > n1 > m xou ny > no,
dpa |ag,, — x| <e.
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Avtiotpoga: Tlaipvovpe € = 1 xau m = 1. And v vnddeon undpyet ki >

1 Gote |ag, — 2| < 1. St ouvéyen rafpvoupe € = 3 xau m = ki + 1.

Egopuélovtac vy undeor Bploxovpe ko > ki + 1 > ki dote |ap, — 2| < %
Enoywymxd Beloxovue k1 < kg < --- <k, <--- wote

1
lak,, — x| < —
n

(xdvete ubvol oag 1o enaywyxd prua). Eivar gavepd 6t ay, — . O
‘Ecto (an) wa gpaypévn axohoudia. Anhadf, undpyer M > 0 dote |a,| <
M vy xéde n € N. Oewpolye 10 6hvoho

K = {z € R : z eivar oplaxd onueio g (an)}

1. To K efvar un kevé. Anbd 1o Octpnua Bolzano-Weierstrass undpyet
Touhdytotoy pla vraxohoudio (ag,) e (an) mou cuyxhiver oe mpaypaTind
aprdpd. To 6pto e (ag,) eivar €€ optopol otoyeio Tou K.

2. To K etvar gpaypévo. Av x € K, undpyet ax, — = xat agol —M < ay, <
M vy xéde n, éneton 61t —M <z < M.

Ané 1o adivpa g TAnpdTnTac mpoxinTel 6Tt undpyouv Ta sup K xat inf K.
To endpevo Afupa delyvel 61t 1o K €yl uéytoto xat eAdytoto ototyelo.

Adppa 1.3.3. Eotw (an) gpaypérn akolovdia kai
K = {z € R : x elvai opiaxé onpeio tng (an)}.
Tore, sup K € K ka1 inf K € K.

Arnédaén. 'Eotw a = sup K. O¢houpe va dei€ouye 61t 0 a eivon optaxd onuceio
e (an), xot oOppwva pe 1o Afuua 1.3.2 apxel va Sobue 6Tt yia xdde € > 0
xou vt xdde m € N undpyet n > m wote |ay, —a| < €.
Eotw € > 0 xaw m € N. Agod a = sup K, undpyet v € K Gote a — § <
r < a. Oz elvar oplaxd onyeio e (an), dpa undpyet n > m wote [a, —x| < §.
Tote,
e €
lap, —a| < lap —z|+ |z —al < §+§=5.

Me avéhoyo tpémo detyvouue 6t inf K € K. O
Oplowoe 1.3.4. 'Eoto (ay) wa gpoypévn axohoudio. Av

K = {x € R : z elvor opraxé onueio e (an)},

opiloupe
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(i) limsupa, =sup K, 10 avedtepo 6p10 1< (ay),
(ii) liminfa, = inf K 10 xatdtepo 6pt0 e (ay).

Yopgova ye to Adupa 1.3.3, to limsup a,, eivon 1o yéytoto otoryeio xat to
liminf a,, eivar To eAdytoto arotyelo Tou K aviiotorya:

Oevdenua 1.3.5. Eotw (a,) gpaypuévn axolovdia. To limsupa, €var o
peyaAiTepog npaypatikds apiduds x ya tov oroio vrndpyer vnakodovdia (ay,,)
s (an) pe ag, — x. Toliminf a, efvar o pukpdrepos mpaypatinds apripds y
yia tov ornolo vrdpyel vrakodovdia (ay,) tng (an) ue a;, — y. O

To avdhtepo xat T0 XATOTERO 6plo Wiag Qeoywévng axohoudiog meprypd-
(povTaLl PECK TWV TEPLOYWY TOUS We eENC:

Oevenua 1.3.6. Eotw (an) gpayuévn axodovdia mpaypatikdy apidudy ka
éotw ¢ € R. Tore,

(1) z < limsupa, av ka1 pévo av: ya kdde e >0 to ovodo {n e N: z —e <
an} etvar drepo.

(2) x > limsup a,, av kar pévo av: ya kde e >0 o ovvolo {n e N: x+¢ <
an} €lvar temepaoiévo.

(3) > liminf a,, av ka1 pévo av: ya kdde € > 0 to ovvoro {n € N : a, <
x + e} efvar dreipo.

(4) < liminfa, av ka1 pévo av: ya kdde ¢ > 0 to ovvoro {n € N : a, <
xr — e} elvar temepacuévo.

(5) z = limsupa, av ka1 udvo av: ya kde e >0 w{n e N:z —e < a,}
efvar drepo ka1 o {n € N:z + ¢ < a,} elvar nerepaopévo.

(6) x = liminf a,, av ka1 pévo av: ya kde ¢ >0 w0 {n € N:a, <z +¢}
etvar drepo kar to {n € N:a, < x — €} elvar nenepaouévo.

Anddaén. (1:=) Eow ¢ > 0. Tndpyer vraxohoudio (ak,) e (an) pe
ar, — limsup a,, dpa undpyet ny Wote Yo x&de 1 > ng

ap, > limsupa, —€ > x —¢.

‘Enetor 61t 10 {n:a, >z — e} elvon drerpo.

(2:=) Eotw € > 0. Ac unodéoouye 6t undpyouv ki < kg < -+ < ky < ---
pe ag, > x +¢e. Tote, n unaxohouvdia (ak,) e (an) éxer Ghouc toug bpouc
g yeyohltepoug and = + <. Mropolye va Ppoldue ouyxhivouoa unaxoloudia
(ak,, ) ™g (ag,) (and o Oedpnua Bolzano-Weierstrass) xat téte ap,, — y >
r+e. ‘Ouwg tote, 1 (ag,, ) eivar unaxohoudia e (a,) (e€nyfote yiatl), ondte

limsupa, >y > x+¢e > limsupa, + €.
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Auté eivon drono. ‘Apa, 10 {n : a, > x + e} elvar nenepaopévo.

(1: <) Eotw 61t > limsupa,. Téte undpyet € > 0 wote av y = — € va
€youpe x > y > limsup a,. Anéd vy vnddeot| pac, 1o {n € N:y < a,} eivo
dretpo. Opowe y > limsup a, ondte and my (2: =) 10 obvoho {n € N:y <
an} elvar menepaopévo (ypddte y = limsupa, + €1 v xdnow €1 > 0). Ot
000 1oy uplopol épyovtar oe avtigaon.

(2:<) 'Opora, vrovétouye 61t & < limsup a, xat Bpioxovye y dote v < y <
limsup ay. Aol y > z, suunepaivovye 61t to {n € N : y < a,} elvar nenepac-
wévo (auth eivar 1 unddest| pac) xou agob y < limsup a,, cugrepaivoupe 6Tt T0
{n e N:y < ap} v dnepo (and my (1:=).) Etol xatalfyoupe o€ dtomno.
H (5) eivou dueon ouvéneta wwv (1) o (2).

Ma tic (3), (4) xou (6) epyaldyacte duota. O

4 4 : : : 2 4 ’
Mua evahhatiny) neptypay) Tov lim sup a,, xot lim inf a,, diveton and to enduevo
Vedpnua:

Oehdpnpa 1.3.7. Eotw (an) gpaypévn axokovdia.
(o) Oérouue b, = sup{ay : k > n}. Tdre, limsup a,, = inf{b, : n € N}.
(B) ©¢rouue v, = inf{ay, : k > n}. Tére, liminf a, = sup{y, : n € N}.

Anédaén. Aceiyvouye npdra 6t ot aprdyol inf{b, : n € N} xat sup{vy, : n €
N} opiovron xahd:

Ma xdde n € N, wyber v, < an < by (e€nyfote yiotl). Enione, n (by)
eivar gdivouoa, evd 1 (a,) eivar abdlovoa (e&nyrote yiatl). Agol n (an)
efvar @parypévn, énetar 61t ) (by) elvar @divovoa xot xdtw Qpayuévn, eve
(7n) elvar abZouca xot dve @paypévr. At to Vedpnua chYXMOoTNC LOVOTOV®Y
axohouhdv oupnepaivoupe 6t by, — inf{b, : n € N} := b ot v, — sup{y, :
n € N} :=~.

Ou detlouvye 6Tt limsupa,, = b. Ané to Afppa 1.3.3 undpyet vraxohouvdio
(ak,) e (an) pe ag, — limsup a,. Opoc, a, < by, xat by, — b (e€nyfote
yroti). ‘Apa,

limsup a,, = limag, <limbg, =b.

Tty avtiotpogn aviodtnta deiyvoupe 61t o b eivar opraxd onueio e (ay).
Eotw € > 0 xou éotww m € N. Trdpyet n > m @ote [b—by| < 5. AN,
bn = sup{ay : k > n}, dpo undpyet k > n > m @ote by, > ap > by, — 5 Snhod
|bn, — ax| < §. 'Enetar 6t

g g
|b_ak|§|b_bn|+|bn_ak|<§+§:5.

Anb to Afppa 1.3.2 o b elvar oplaxd onueio e (an), xar ouvende, b <
lim sup a,,.
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Me avéhroyo tpémo deiyvoupe 6t liminf a, = 1. O
Kieivoupe pe évay yopoxtnetowd tng obyxhiong yia gpayuéves axohoudies.

Oehpnua 1.3.8. Eotw (an) gpayuévn axodovdia. H (ay) ovykdiva av kai

Hovo ay limsup a, = liminf a,,.

Anddaén. Av ap, — a t61€ Y xdde vnaxohovdia (ak,) e (an) €youpe
ag, — a. Enopévwe, o a eivar to povadixd optaxd onpeio tne (an). Eyoupe
K = {a}, dpu

limsup a,, = liminf a,, = a.

Avtiotpoga: éotw € > 0. And 10 Ocvpnua 1.3.6 o aprdude a = limsup a,, =
liminf a,, éyet v eZrc W6TTA:

Ta ctvora {n € N:a, <a—c} xu {n € N:a, >a+ce} ehn
TEMEQUACUEVOL.

Anhadt, to chvoho
{neN:la, —a| >¢e}

z Z 7, I 4 I
elvar memepaopévo. loodUvapa, undpyet ng € N pe v widtnror v xde
n = no,

lan, —al <e.

Agot 10 € > 0 Arav tuydy, énctan 6Tt @, — a. O

IMopathenon 1.3.9. Ac unodéooupe 61t 1 axohoudio (a,) dev elvar gpaypév.
Av 7 (an) dev elvor dvew gpayuévn, téte undpyet utaxohoudia (ak,) e (ap)
Oote a, — +oo (doxnon). Me dhha Aoyia, 0 +00 givon «optaxd omnueioy
e (an). e authv v mepintwon eivar hoywd va oplooupe limsupa, =
+o0o. Evtedddc avdhoya, av 1 (a,) Oev eivon xdte @paypévn, tdHte undpye
vraxohoudia (ag,) ™e (an) Gote ap, — —oo (doxnon). Anhadtf, o —oo eivat
«oprox6 onueio» tne (ap). Téte, opiloupe liminf a,, = —o0.

1.4 Axolouvdieg Cauchy

O oproude e axoroudiag Cauchy éyel ocav agetnpla v e€r¢ mapatipnon:
ag vnovéooupe 6Tt a, — a. Téte, ov bpot Tng (an) elvar Telxd «xovtdy 6710 a,
Gpor elvor Tehxd xon «petadld Toug xovtdy. [ va exgpdooupe auatned auth
™V Topathenot, ac Yewpfiooupe tuydy € > 0. Trdpyet ng = no(e) € N dote
vl xdde n > ng va toyet |a, — al < 5. Tote, yo xdde n,m > ng éyoupe

e €
]an—am]§|an—a]+]a—am\<§+§:5.
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Optopoc 1.4.1. M axorouvdia (ar,) Aéyetar axolovdia Cauchy (¥ Bacixy
axohovdia) av yio xdde € > 0 undpyer ng = no(e) € N dote:

av m,n > ny(e), tdre |an, —anm| < e.

ITopathenon 1.4.2. Av 1 (ay) eivar axohoudia Cauchy, téte yia xdde € > 0
undpyet ng = no(e) € N dote

av n > ng(e), t6te  |an — ant1| < €.

To avtiotpogo dev toylet: av, and xdnotov delxtn xat wépa, dadoyxol bpot ei-
vat xovTd, dev émetat 6Tt 1 axohoudio efvonr Cauchy. I topdderypa, Yewprote

my

Tére,

oty m — 00, Opwe
1 vn

o — Gp| = ———=+ + —— > ——=Y— >+
[@2n nl vn—+1 \V2n V2n V2

btav n — oo, an’ émou Brénouye ot 1 (ayn) dev eivar axohoudio Cauchy.

3

(.¢]

Hpdypott, av i (an) Arav axohovdia Cauchy, Vo énpene (egapudloviac tov
optoud pe € = 1) yio yeydha n,m = 2n vo toyvel

v

V2

lagn — an] <1 dnhadh <1,

10 onolo odnyel oe dtomo.

Yxomog pog elvar vo def&oue 6Tt wa axohoudio Tparydatixwmy aptdumy eivat
ouyxhivoucsa av xor wévo av eivar axohouvdia Cauchy. H andderln yivetar oe

Tplor BruaTa.
Ilpbtaom 1.4.3. Kdde axodovdia Cauchy elvar ppaypévn.

Anddatn. 'Eotww (an) axohoudio Cauchy. Ildpte ¢ = 1 > 0 otov optoud:
vrdpyet ng € N dote |ap — apm| < 1 yia xédde n,m > ng. Edixbtepa, |an —
ano| < 1 vy xdde n > ng. Anhadi,

lan| <14 |an,| vy %80 n > ng.
©¢tovpe M = max{|ail,...,|any|, 1 + |an,|} %ot edxoha enahniedovye bt
lan| < M

yia xdde n € N. O
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Ipéraon 1.4.4. Av e axodovdia Cauchy (ay) éxer ovykdivovoa vrakodov-

Oia, tote n (ayn) ovykAiver

Anddaén. Trovétouue 61t 1 (ay) elvan axoroudio Cauchy xou 61t 1 vnaxolou-
Mo (ag,) ovyxhiver oto a € R. Oa deifovye 6Tt ay — a.

‘Eotw € > 0. Agol a,, — a, undpyet n1 € N date: yia xdde n > nq,

€
lag, —al < 7

Aol 7 (ap) eivon axohoudio Cauchy, vrdpyet no € N dote: yio xdde n,m >
ng

£
lan, — am| < 7

O¢étoupe ng = max{ni,na2}. Eotw n > ng. Téte ky, > n > ng > nq, dpa

ax, —al <
ag, —a| < =.
kn 9
Eniong kn,n > ng > na, dpa
£

lak, — an| < 7

‘Enetou 61t
e €
lan, — a| < lan — ag, | + |ag, —a| < sty =¢

Anhadh, |an — a| < € yio xdde n > ng. Avtd onuaiver 6t a, — a. O

Oebpnua 1.4.5. Mia axodoviia (ay,) ovykdiva av ka1 pdvo av elvar axolovdia
Cauchy.

Anédaén. H ulo xatedduvor anodelytnue oty eloaywyr authc TG Tapo-
Yedpou: av utodécoupe OTL a, — a xat av Vewproouue Tuyo6v € > 0, undpyet
no = no(e) € N dote yia xdde n > ng va woylet |an, —al < 5. Tére, yio xdie
n,m > ng £YOVUE

e €
]an—am|§|an—a]+|a—am\<§+§=5.

Apa, 1 (ap) etvor axohovdia Cauchy.

oty avtiotpogn xatedduvon: éotw (an) axohovdia Cauchy. And tnv
Hpbtaon 1.4.3, 1 (an) elvor gpaypévn. And 1o Oedpnpo Bolzano-Weierstrass,
1 (an) éyer ouyxhivouoa vraxohovdia. Téhog, and v Ilpbtacy 1.4.4 énetan
6t 1 (an) ouyxhiver. O

Auté 10 xprthipto alyxhong eivar okl yerowo. [loAhéc opéc Vélouye va
eCaopakioovue v Omapdn oplou yia wior axohoudia ywelc vo uag evitapépet
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n 1y tou oplou. Apxel va detloupe 611 1 axohoudia eivar Cauchy, dnhadr
OTL oL Opol NG elval «xXovTdy Yio Yeydhoug deixteg, x4t mou dev amoutel va
wovtédoupe ex Twv TpoTépwy 1ot eivar 1o 6pto. Avtiveta, yia va doukédouue
UE Tov oploud Tou oplou, mpémet HoN va E€poupe motd eivar To umodrplo dpto
(ouyxpivete Toug BV optopolc: «a, — ay xa «(a,) axohovia Cauchyy.)

1.5 *Tapdptnua: culhtnon yio To afiwpa tne TANEOTNTAS

‘Okn pag n douvkerd Eexwvder pe v «opadoyry 6t o R elvar éva dratetary-
wévo ooua mou wavonotel to alivpo TN TANpdTHTaG: xdlde un xevod, dve
Ppayuévo UTOGUVOAS Tou €xel EAAYIGTO dved @pdyua. XENOWOTOIOVTIS TNV
Unopgr supremum def€ape TRV Apytuhdeto idrdTnTA:

(¥) Ava € R xu e > 0, undpyer n € N dote ne > a.

Xpnowonowdvtag xot mdAt to allwpo g TAnedTnTag, Oelloue 6TL Xd-
Ve povotovn xou gpayuévy axohoudia ouyxhiver. Xov cuLVETEW THEOUE TO
Ocwpnpa Bolzano-Weierstrass: xdve gpayuévn axohoudia €yel ouyxiivouoo
vraxohoudio. Autd pe tn oclpd tou pog enétpede vo deilouue TNy «tdrdTNTA
Cauchy» twv npaypatixwy apriumy:

(xx) Kdde axohovdia Cauchy npaypotix@y aptducy ouyxhivel ot
TEAYHATIXG optiud.
e autiv Vv mapdypago Ya detlouue dtt To ainya TN TANEOTATAC Elva
Aoy, ouvéneta tov (k) xat (k). Av dnhadn deytodue o R oav éva drate-

TaYUEVO DU Tou Eyel TNV Apytundeta tdtotnta xat Ty 1dtnta Cauchy, tote
unopodue va anodei&oupe to «adinyo g TANEOTNTACY oav VeMpnUL:

Ocswpnpa 1.5.1. Fotw R* éva hatetayuévo odpa mov nepiéyer to Q xar éye,
emmAéov, Ti§ axdlovie§ 1010TnTES:

1. Ava € R* ka1 e € R*, € > 0, tdre vndpyer n € N dote ne > a.

2. Kde axoroviia Cauchy oroeiwy tov R* ovykdiva oe oroyeio tov R*.
Téte, kdle un kevé ka1 dvo gpaypévo A C R* éyer eddyroto dve ppdyua.
Arndoeén. 'Eotw A un xevé xat dve @paypévo utochvoro tou R*.

Eexwdpe pe tuydy otoyeio ap € A (undpyer agol A # (). 'Eotw b dvw
ppdypa Tou A. And v Zuvinun 1, undpyet k € N yio tov onolo ag + k > b.
Anhadt|, undpyet Quotxog k ye tnyv iddtnTa

viexdde a € A, a<ap+ k.

And v apyn tou ehayiotou énetar 6Tt UTdEYEL EAdYIOTOC TETOLOC QUOIXOC.
Ac¢ tov nolpe ki. Tore,
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o T xdde a € A woylbet a < ag + k.
e Trdpyer a1 € A wote ap + (k1 — 1) < ay.

Enayoywd Ya Seotye ag < a1 < ... < a, < ... ot0 A xou k, € N mou
IXAYOTOLOUY Tl €EAC:

o T xdde a € A woylet a < ap—1 + 2521.

kn—1
® ap_1+ 271,—1 < an.

Andoaln tov enaywyikot Bipatog: ‘Eyouue ap, € A xat and tmv Zuvifxn 1
UTdPyYEL EANAYIOTOS PUOIROE Kpy1 PE TNV BLdTNTH: Yio x&e a € A,

kn—f—l

a < ap+ on

Autéd onuaiver 611 uTdpyel an41 Pe

+ kn+1 -1

on < an+1-

Gn

Ioyvpiowés 1: H (ay,) eivar axohoudio Cauchy.
Ipdryportt, €youpe

kn—1 < kn,
an—1+w X Qn <an—1+ﬁv
Gpa
1

‘an — an_l‘ < F

Av howrnov n,m € N xar n < m, t61¢

‘am - an‘ < ‘am - am—l‘ + ‘am—l - am—Z‘ +oF ‘an—i-l — Qn
1 1 1 1
=1 Tom=2 Tt on < oumi
Av ta n,m eivonr apxetd peydia, autéd yivetar 6co Héhoupe uxpd. Iho ouy-

NEXPULEVAL, AV Wag dwoouy € > 0, urdpyel ng € N 1.0 1/2"071 < £ ondte yia

x&0e n,m > ng EYOLYE |am — ap| < €. O
Agol to R* éyet v dt6tnta Cauchy, undpyet o a* = lim a,.
Ioyvpiopodg 2: O a* elvar 1o eAdytoTo dve @pdypa tou A.

(o) O a* eivan v ppdypa Tou A: ag unodécouye 61t undpyet a € A pe a > a*.
Mrnopotue va Bpotue € > 0 dote a > a* + €. Ouwg,

n <an+

a<ap-1+ on—1 — on—1
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vt xdde n € N. "Apa,

a*+6<an+ﬁ

1
« .
— a +5§11m<an+2nl>
= a"+e<ad,
T0 onolo givar drono.
(B) Av a*™* elvon dve @pdypa tou A, téte ™ > a*: €youpe a** > ay, yio xdde
n € N, doa

a™* > lima, = a”.

Ané o (o) xou (B) eivar oagéc étt a* = sup A. O

1.6 Aoxvoeg
A. Epwtrosic xatavonong

EZetdote av ot nopuxdtw mpotdoels eivar ahnleic ¥ geudeic (artiohoyfiote
TAAPWS THY ARAVTNOT 00C).

1. ap — 400 av xat pévo av yio xdde M > 0 undpyouyv dnetpot Gpot e (an)
Tou elva peyokitepot and M.

2. H (ay,) dev eivar dvew gpaypévy av xat uévo av undpyet vrnaxohoudio (ag,,)
e (an) Gote ay, — +o00.

3. Kave vrnoxorovdia piag ouyxhivouoag axorovdiog ouyxhivet.

4. Av po axohoudia dev yer gpiivouoa unaxohoudia téte €yel pla yvnolng
7 7
ab&ovoa uraxorouvdia.

5. Av 1 (a,) eivar gporypévn xar a, 7 a tdte undpyouv b # a xon uraxorovdia
(ak,) ™ (an) dote ay, — b.

6. Trdpyet ppayuevn axohoudia mou dev €yl ouyxhivovoa unaxohoudio.
7. Av 1 (ap) Sev eivon ppaypévr, T61e dev Eyel pparyrévr utaxohoudio.
8. 'Eotw (a,) abZovoa axohovdia. Kdlde vraxohovdia tne (an) eivar ablouoa.

9. Av 1 (an) elvar abZouca xar yia xdnota utaxolovdia (ag, ) e (an) éxoupe
ag, — a, TOT€ ay — a.

10. Av a, — 0 té1e undpyet vraxorouwdia (ak,) e (an) dote nlay, — 0.

B. Baouxég aoxnoeic
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1. Eotww (ap) wa axohoudio. Aeilte 61 ay — a av xot pbdvo av oL UTUXONOU-
Wieg (agk) xou (agk—1) ouyxhivouy o7o a.

2. Eoto (apn) wo axohouvdia. Trodétoupe b1t ot unaxoroudies (agk), (agk—1)
xat (asg) ouyxhivouy. Acllte 6t
() im agr = lim agr—1 = lim agy.
k—o0 k—o0 k—o0
(B) H (an) ovyxhiver.

3. Eotw (ay) wo axohoudia. Yrolétoupe 6Tt agy < agpto < Gont1 < Aon—1
vio xdde n € N xat 611 nli_)rrgo(agn_l — agy) = 0. Téte n (an) ovyxhiver oe
AATOOY TEAYHATIXO AplUUd @ o IXAVOTOlE! TNV a2, < a < agp—1 Yio xdde
n € N.

4. 'Eoto (an) wa axohoudio xat é0tw (x) axohouvdia optaxdy onpeinv tne
(ap). TroYétoupe ot 2 — x. Acilte ou o x eivan opraxd onueio e (ay).

5. Acilte 611 n axolouvdio (a,) dev ouyxhiver tov mpaypatind aptdud a, ov
xo povo av urndpyouy € > 0 xat urnaxohoudio (ak, ) e (an) dote |ag, —a| > ¢
vt xdde n € N.

6. Eotww (a,) axoloudio mpaypatxdy aprdudy xat éotw a € R. Acite 6t
ap — a av xat pévo av xdde vraxoloudio tne (an) éxer unaxohoudia mou

ouYxAivel 010 a.

7. OpiCouye wa axohoudia (an) pe ar > 0 xat

=1 .
Anp4-1 +1+Gn

Agigte 611 o1 vnaxohoudies (agg) xat (agk—1) Eival LOVOTOVES Xt PpoyUEVES.
Beeite, av undpyet, 1o lim ay,.
PELTE, PYE, TO I dp,

8. Bpeite 10 aviTEpo X0t TO XATOTERO GPLO TWV AXOAOLVIDY

an = (—1)"H! <1+1>,

n
™ 1
b = eon () 4 o
(=D + 1) +2n+1
Yo = i :

9. Eotww (ay), (by) gpoypévec axolovdiec. Acilte ot

liminf a, 4+ liminfb, < liminf(a, + by)

A

lim sup(a, + b,,) < limsup a,, + limsup by,.
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10. Eotw a, > 0, n € N.
(o) Aei&te ot

Anp+41 An+1

lim inf

< liminf /a,, < limsup {/a, < limsup

an an

(B) Av lim *25 =z, téte {/an — w.

11. 'Ecto (an) @paypévy axolovdia. Aeilte ou

limsup(—a,) = —liminfa, xw liminf(—a,)= —limsupa,.

12. XpnotwonodvTag Ty aviedTnTo

1 + 1 n + 1 1
n+1l n+2 on — 2’

oct&te 6t 1 axorovdia a, = 1 + % + -+ % dev elvat axorouvdio Cauchy.
Yuprepdvate 6Tt ay — +00.

13. 'Eoto 0 < p < 1 xar axohoudia (a,) yra tv onofa 1oy et

|an+1 - an‘ < M|an - an—l‘v n > 2.

AceiZte 61 1 (an) elvon axorovdia Cauchy.

antan—1
2

14. Opilouye a1 = a, az = b xat apt1 = ,n > 2. EZetdote av 1 (an)

eivar axohouvdia Cauchy.

I'. Aoxnosig

1. 'Eotww (ap) wa axohoudia. Av sup{a, : n € N} =1 xat a,, # 1 yia
x&0e n € N, téte undpyet yvnoiwe abZovoa vraxohoutia (ak,) e (a,) dote
a, — 1.

2. Eotw (ay) axohoudio Yetixdv apdumy. Oewpolpe to olvoro A = {ay, :
n € N}. AvinfA = 0, dei€te b1 n (an) €xer @divovoa urnaxohoudio tou
ouyxhivel oto 0.

3. OpiCoupe wa axorovdia wg e&hg:

a2n—1
ap =0, agpy1 = 3 + agp, agp = 5

Bpeite 6ha o opraxd onpeio e (a,). [Ynédeén: Tpddte touc déxa mpwToug
bpoue e axoloudiog.]
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4. Eotww (x,) axohovdia ye tnv idétnta Tpt1 — zn — 0. Av a < b eivar 00
optoxd onueia e (2,), Seilte du xdle y € [a, b] etvon opraxd onueio e (zy).
[Yrédeitn: Anaywyy, oe dtono.]

5. 'Eotww (a,) wa axolouvdia. Opilouye
bn, = sup{|an+x — an| : k € N}

Agigte 61 (an) ovyxhiver av xo pévo av by, — 0.



