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MEANING AND FORMALISM IN MATHEMATICS

ABSTRACT. This essay is an exploration of possible sources (psychological, not mathe-
matical) of mathematical ideas. After a short discussion of plationism and constructivism,
there is a brief review of some suggestions for these sources that have been put forward by
various researcher (including this author). These include: mental representations, deductive
reasoning, metaphors, natural language, and writing computer programs.

The problem is then recast in terms of the relation between meaning and formalism. On
one hand, formalism can be seen as a tool for expressing meaning that is already present
in an individual's mind. On the other hand, and the discussion of this point is the main
contribution of this paper, it is not only possible, but a standard activity of mathematicians,
to use formalism to construct meaning and this can also be a source of mathematical ideas.

Although using formalism to construct meaning is a very difficult method for students
to learn, it may be that this is the only route to learning large portions of mathematics at
the upper high school and tertiary levels. The essay ends with an outline of a pedagogical
strategy for helping students travel this route.
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The purpose of this essay is to explore the possible sources of mathe-
matical concepts in the minds of people who understand them and those
who are trying to learn them. Thus | am not concerned wittthematical
sources but rather with thesychologicalquestion of how an individual
can develop her or his understanding of mathematical ideas. The obvious
relation of such an inquiry to teaching and learning is an important issue
that, although not a primary focus of this discussion, will not be ignored.

Quite a bit has been written on the psychological sources of mathe-
matical concepts and | will comment on some of this literature. My
focus, however, will be on two themes: the relations between meaning
and formalism in mathematics and the transition between elementary
and advanced mathematical concepts. Considering the role of formalism
in mathematics can contribute to our understanding of the gap between
school mathematics and collegiate mathematics. The role of formalism
may be quite different in these two domains, and | suggest that the nature
of this role could go a long way towards characterizing and explaining the
gap between them.

Before going any further, | would like to acknowledge the fact that
these two key terms, meaning and formalism are subject to a variety of

;l‘ International Journal of Computers for Mathematical Learnibg 211-240, 2000.
i~ © 2000KIluwer Academic Publishers. Printed in the Netherlands.



212 ED DUBINSKY

interpretations. | will use them both in a very narrow sense which will
be explained in detail in Section 2.1. Roughly speaking, meaning will
refer to various aspects of an individual's understanding. They include the
physical world, familiar experiences, connections, calculations and mental
images. Formalism will refer to representation of mathematical objects and
operatons by external means such as strings of symbols or diagrams. It
will surprise no one who has thought about these things that the relation
between meaning and formalism is far from simple. A part of knowing
something is knowing what it is not. Therefore, we need to think about
meaning in mathematics in the absence of formalism as well as any role
that formalism can play with a (relative) absence of meaning. Of course,
the heart of the matter is what is going on when both are present. It seems to
me that in this case, we must ask the following questions: what formalism
can arise from meaning and how does that come about; and what meaning
can come from formalism and how does that come about?

| would like to begin with a discussion of some of the literature about
the psychological sources of mathematical concepts. | will then discuss
meaning and formalism (in the narrow sense referred to above), beginning
with a brief, relatively unsophisticated explanation of what | am talking
about when | use these two terms. | will proceed then to a systematic
discussion of possible relationships between these two concepts. Finally,
| will explore what implications my comments might have for research in
mathematics education and for teaching mathematics.

1. THE SOURCES OF MATHEMATICAL IDEAS

There seems to be an almost universal agreement that mathematical
concepts arise, initially, out of human experience. As Piaget points out,
for example, the idea that the cardinality of a finite set is independent of
the order of its elements comes for young children from counting a set
of similar objects (e.g., stones, marbles, coins, cousins, etc.), rearranging,
counting, and so on, always getting the same count (Beth and Piaget, 1966,
p. 231). Other authors agree with this initial source (e.g., Davis and Maher,
1997) for very elementary concepts. But what, then, are the sources of
more sophisticated ideas that are not so directly connected with normal
human experience. Le® be the set of positive integers and consider, for
example, the convergence of a sequengg ¢f (say, real-valued) func-
tions, defined on a common domalh to a functionf. There are at least

two relevant mathematical concepts: pointwise convergence, defined as,

VxeD, Ve >0, ANe P sn>N=|f(x) — [,(x)] <k,
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and uniform convergence defined as,
Ve >0, INe P sVxeD,n>N = |f(x) — f,(x)] <e.

For the reader who is not a mathematician, let me explain these two
ideas about the possible convergence of a sequence of functions. The first
step is to consider each point in the common domain of the functions and,
by evaluating each function at that point, obtain a sequence of numbers.

For example, if the sequence of function$)¢1.2.... is given by £, (x)
= x" and the domain is taken to be all real numbers between 0 and 2, then
if you choose the poin% in the domain, you get the sequence of numbers,

1111
2°4°8 16"
if you choose the point.9, you get,

9 81 729 5861
10’ 100° 1000° 10000 "
and if you choose 1, you get,

1,1,1,1,...

Notice that the first sequence converges to 0. The second does as well,
but you have to go out further for any measure of closeness. The third is a
little special in that the values reach the limit immediately. Of course for
some choices (e.g., 2) the sequence will not converge at all.

It is important to realize that each point in the domain gives rise to a
different sequence of numbers. One can investigate the convergence of
these numerical sequences. Roughly speaking, a sequence of numbers
converges to a number as its limit if, no matter how close you would
like the numbers in the sequence to be to the limit, you can achieve this
closeness by going out far enough in the sequence. Of course, since each
point in the domain gives rise to a different sequence, how far out you have
to go to achieve a particular closeness depends on the sequence, that is, on
the point of the domain. This is the idea of pointwise convergence. On the
other hand, it will happen for some sequences of functions and domains,
but not others, that how far out you have to go donesactually depend
on the point in the domain. When this occurs, we say that the sequence of
functions not only converges pointwise, but also it converges uniformly.

It should be clear that every uniformly convergent sequence of function is
pointwise convergent, but the reverse may not hold.

Clearly one can point out that the idea of these two definitions arose
out of considerations of continuity of the limit of a sequence of continuous
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functions — which Cauchy apparently got wrong (Lakatos, 1976). | am
not asking about source in the sense of how this idea entered the body of
mathematical knowledge, what we might call tmathematical source

I am concerned with thgsychological sourceThere is a big jump
from normal human experience to these two apparently similar, but very
different definitions. How does a person make, in her or his mind, such a
jump?

It might be reasonable to define ‘elementary’ and ‘advanced’ in this
context. The former might be taken to refer to mathematics that arises out
of reflection on normal human experience, whereas some sort of cognitive
jump might be required in order to make the transition to the advanced
level. | would go so far as to suggest that school mathematics (levels K-12
in the US) should focus on what | am calling here elementary mathe-
matics, at most working towards a transition to what | am calling advanced
mathematics which should be the main concern of post-secondary
studies.

Let me turn now to a consideration of what some other people have said
about the transition.

1.1. Platonism vs. Constructivism

As Hersh (1986) suggests, investigating the source of mathematical ideas
is one reason why we should pay serious attention to the philosophy of
mathematics. For example, a Platonist philosdpmight suggest that
mathematical ideas, whether elementary or advanced, have their own inde-
pendent existence and it is a question of an individual absorbing them
into her or his mind. For some people, this supports the psycholog-
ical/epistemological notion that learning occurs mainly through listening
to or reading carefully crafted explanations, or looking at appropriate
pictures. Others, who reject the Platonist view, believe that mathematical
ideas exist only in the minds of individuals, perhaps as shared, social
knowledge and that a person has to construct these ideas (or at least an
understanding of them) for her or himself.

Let me digress briefly and consider this notion of constructivism and
the tension between it and Platonism. The constructivist idea does not
mean that a person is free to make up her or his ideas about mathematical
concepts in any manner and with any results whatsoever. Not only must
an individual's understanding of a particular concept fit with that of the
community of mathematicians (von Glasersfeld, 1987), but it must also be
compatible with mathematical phenomena, experiences and methods such
as proof and counterexample.
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Nor does a constructivist position entail the requirement that an indi-
vidual discover all mathematical knowledge for her or himself, without
relation to others. Constructivist epistemologists of varying points of view,
from Piaget to Vygotsky, have insisted that the mental constructions
that a person uses to understand a mathematical concept are made in a
social context and with considerable intervention from teachers and fellow
students. It is true that constructivists generally consider the opportunity
to discover a mathematical idea to be a powerful stimulus for making
mental constructions, but the overall set of mechanisms for doing this are
far more complex (see Piaget and Garcia, 1989, Asiala et al., 1996 for
further discussion of these mechanisms) than discovery alone.

Platonism and constructivism have been taken as two competing philo-
sophical positions and philosophers of mathematics have asked which is
‘correct’. Piaget (Beth and Piaget, 1966) suggests, however, that this is
an unreasonable question. He argues that if we observe a person moving
from not understanding a concept to understanding it, we might be able
to see what mental mechanisms are employed, but we cannot tell if these
mechanisms are being used to construct the concept or to gain access to
it. For example, even when a person is learning an idea by listening to
a lecture about it (which certainly happens on occasion), we cannot tell
if the speaker is in some sense taking this idea from an ideal Platonic
world and transferring it through her or his mind and mouth to the ears
and mind of the listeners, or if the speaker is creating a situation to which
some listeners may react by making appropriate mental constructions.
Thus Piaget concludes that it is just as unreasonable to deny Platonism
asitisto assert it.

My personal conclusion from this is to retain both points of view. |
would suggest that when you are doing mathematical research and trying
to obtain new ideas, or solutions to problems, you almost have to think
(Platonically) that you are looking for something that is ‘there’. By the
same token, if you are trying to understand an idea that is new for you, or if
you are working with students to help them learn mathematics, experience
strongly suggests to me that nothing is learned by individuals unless they,
ultimately, construct the ideas in their minds and ‘make them their own’.

In a sense, then, a resolution of the Platonism/constructivism dichotomy
amounts to a personal choice, perhaps depending on the situation. If we
decide to adopt a Platonist point of view, then we still must determine
the mechanisms by which an individual gains access to the mathematical
ideas that exist in some ideal world, and if we are thinking in constructivist
terms, we still must work out the mechanisms by which the individual
constructs those ideas.
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1.2. From Human Activity to Mathematical Concepts

As | have already noted, there seems to be a considerably widespread
agreement that mathematical ideas begin with human activity and move
from there to abstract concepts. Thus, the mechanisms we are searching
for are those by which this movement takes place. Here there is a variety
of suggestions that have been made. | will describe some of them from
the literature and relate what has been suggested to the example of conver-
gence of a sequence of functions. In particular, | am interested in how
effective the suggested mechanisms might be for moving from a first intu-
ition of convergence to an understanding that there is an issue connected to
the dependence of convergence on the domain point and that two important
and different ways of resolving this issue are pointwise and uniform
convergence.

1.2.1. Mental representations

According to Davis and Maher (1997), the key mechanism for an indi-
vidual to obtain new mathematical meaning is for her or him to construct
mental representations of direct experiences. For example, they report on
an experiment by Machtinger in teaching kindergarten children to under-
stand the concept of even and odd numbers. The teacher had the children
walk out of the classroom and along corridors in pairs and reflect on the
phenomenon that sometimes there was a child left over and sometimes not.
The pupils were assumed to have represented those experiences in their
minds and Machtinger was able to use this approach to get the children
to conjecture and (it is claimed) even prove properties about such matters
as the parity of the sum of two even numbers or of an even plus and odd
number.

The mechanism for moving to more sophisticated mathematical
concepts in this point of view is to develop more sophisticated human
experiences that can be represented. Included among these experiences
are those supported by notational systems used as representations of
mathematical operations. Although one might imagine such experiences
and notations appropriate for the concept of convergence of a sequence
of numbers, it is hard to see how to do this for pointwise vs. uniform
convergence.

1.2.2. Deductive reasoning

MacLane (1981) may agree with Davis and Maher for the most elementary
mathematical concepts, but he focuses on more advanced mathematical
topics and introduces formalism as a mechanism. According to MacLane,
the mathematician extracts from human activities certain notions essential
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to them, expresses these notions symbolically and embeds them in an axio-
matic system, which is then studied by deductive methods including rigor.
The formalization and deduction can reveal deep and non-obvious prop-
erties of the original activities. He applies this idea to argue that human
activities such as measuring, shaping, estimating and proving are, respec-
tively, the sources of meaning for mathematical topics such as analysis,
topology, probability, and logic.

One consequence of this point of view is that rigor is not just an exercise
that mathematicians like to insist on, but is an essential aspagcidsr-
standingmathematics. Another component is the level of sophistication for
human activities required by this point of view. MacLane makes a short list
of these activities which he feels are sufficient to lead to the full range of
mathematical concepts. He includes in this list relatively simple activities
such as counting, measuring, shaping, moving and grouping. But he also
includes forming as in architecture, estimating, calculating, proving and
puzzling.

Thus MacLane might suggest that a student trying to understand
convergence of a sequence of functions would engage in human activities
such as estimating, calculating and proving, in order to make sense of
the convergence, for example, of the sequefe of functions defined
on [0, b] where f,(x) = x" andb might be taken variously as®or 1.

In ‘puzzling’ about the difference in the two limit functions (e.g., one
is continuous and one is not) the student might realize that the ‘rate of
convergence’ depends in some sense on the valueanfl this could lead

to formalizations such as the two definitions for pointwise and uniform
convergence given above. At this point deduction could produce a full
mathematical treatment of these concepts.

MacLane focuses on more advanced mathematical concepts than do
Davis and Mabher. This raises two important issues. The first may well
be the main point of difference between mathematicans and mathe-
matics educators and the second may be critical to the post-secondary
mathematics education enterprise, from the point of view of either
group.

The firstissue is the relative balance in our concerns between the nature
of post-secondary mathematics and the possibility of learning it. Would it
be fair to say that for a mathematician, as such, the prime concern is, and
ought to be, that the goal of post-secondary mathematics education is for
students to get to the world MacLane is describing, including of course, the
relationship of that world to the ‘physical’ world that we access through
our senses (and aids thereto); whereas for a post-secondary mathematics
educator, as such, the prime concern is, and ought to be, to help as many
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students as possible to approach this world? Clearly, we could succeed
more with the educator’s goal if we watered down MacLane’s world and
we could achieve greater success with the mathematician’s goal if we
accepted that only a small percentage of the population will achieve it.
It would, I think, be relating to the best that is in us if we rejected both
of these ‘shortcuts’ and put our creative energies to achieving both sets of
goals. It may be that the greatest hope for this lies in the efforts of those
who see themselves as part of both groups of professionals.

Important as this issue may be, my concern in this paper is with the
second issue raised by the ideas of Davis and MacLane and that has to
do with the human experiences required in both kinds of analysis. There
are critical social, economic and politica | problems that must be solved to
ensure that a broad segment of the world population is able to have the kind
of ‘everyday’ experiences that, in the thinking of Davis, Piaget, Dewey,
Vygotsky and just about everyone else, is the basis for developing an
understanding of elementary mathematics. The role of school, in my view,
is to get students to reflect on these experiences and use them to develop
knowledge, facility and understanding of the concepts and procedures of
elementary mathematics.

Exactly the same statements can be made, and | think they are true, for
advanced mathematics. But there is something else and this is the issue
which | want to dwell on in this article. The human experiences posited
by MacLane are not ‘everyday’ and cannot be provided by everyday social
interaction. There is a learning issue here. How can an individual move
from the everyday experiences of Davis to the more sophisticated human
activities listed by MacLane? This is important because, as every teacher
knows, many students are not able, at least initially, to engage in all of
MacLane’s activities. What are the mechanisms by which these abilities
develop and why does it go further for some students than for others? A
more direct question for education is: How can we enhance human activ-
ities beyond the mundane so as to help our students develop an experiential
basis for the sophisticated concepts and procedures of post-secondary
mathematics?

The remainder of this article is an attempt to explore that question. We
begin with a description of some possible approaches and corresponding
mechanisms that have been suggested in the literature. These include
building metaphors, discourse in natural language, and writing computer
programs. After these preliminaries, | am ready to discuss the main issue
of this article: the relationships between meaning and formalism. In partic-
ular, I will argue that formalism can be used to construct meaning. Finally,
| will suggest that a synthesis of formalism and writing computer programs
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is a potentially powerful new way in which students can learn to go beyond
elementary mathematical concepts to more advanced material not directly
related to everyday experiences.

1.2.3. Grounding and linking metaphors

Lakoff and Nufez (1997) suggest that all mathematical concepts can be
formed through a combination of two kinds of metaphors: grounding and
linking. The general notion of mental representation of human activity
considered by Davis and Maher is replaced by that of grounding metaphor.
The mechanisms of MacLane’s formalism and axiomatization for thinking
about advanced concepts is, in some cases, also replaced by these meta-
phors. In other situations, when the advance involves relating one branch of
mathematics to another, use is made of what are called linking metaphors.

The claim that all mathematics can be obtained by their metaphors is
illustrated by Lakoff and Nufiez with a vast array of examples. In their
view, “grounding metaphors allow us to ground our understanding of
mathematics in familiar domains of experience.” Thus, the human activity
of grouping objects into conceptual containers becomes a metaphor for
sets as in ‘A Set Is A Container’, for elements of sets as in ‘An Object In
A Container’ and for subsets as in ‘A Container Within A Container’. An
important conceptual advance that allows sets to be considered as elements
of other sets is the metaphor that “Sets Are Objects”.

Metaphors such as ‘Numbers are Points on a Line’, ‘Zero is the Origin’,
‘Quantities are Distances’, ‘Greater Is Above’ are taken to map “truths
of Euclidean Geometry onto Arithmetic” and therefore serve to link the
domains of Geometry and Arithmetic.

More advanced mathematical concepts are included in this metaphor
analysis as well. For example the limit of a function at a point is expressed
metaphorically as, ‘Approaching A Limit Is Preservation Of Closeness
Near a Point.’ Essentially the same metaphor is used to express continuity
of a function at a point and continuity throughout an interval. Because of
the claim of completeness, one assumes that similar metaphors can be used
for (pointwise and uniform) convergence of a sequence of functions.

Although they give them a far less central role than does MacLane,
Lakoff and Nufiez also include formalizations of metaphors, such as the
€-6 definition of limit. As opposed to MacLane, they deny that such a
definition (or, indeed, any formalization) adds rigor to the arithmetiza-
tion of calculus. They consider it rather to be no more than a precise
characterization of certain components of the metaphorical definition of
this concept.
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Appealing to the way mathematicians talk about various ideas, Lakoff
and Nufiez argue that their metaphors form the source of mathematical
ideas. Hence, their answer to our question of moving from elementary
to advanced mathematical concepts, from direct physical experience to
more abstract notions, is to express the latter as metaphors and to think
in such terms. To the extent that they are correct, it would provide a simple
pedagogical strategy for helping students understand these ideas — explain
the metaphors.

In this point of view there is really no jump from elementary to
advanced mathematics. Since all of the metaphors are taken from human
experience, the metaphors needed for university mathematics are not
different in kind from those required for school mathematics.

1.2.4. Natural language
Sfard (1997) is even more explicit about the role (and power) of metaphor
to “create for us the world we live in — including the most remote and
esoteric regions of abstract mathematics.” As an example she observes that
“the notion of rational number results from an interaction between several
‘concrete’ metaphors such &maction as portitioning fraction as piece
andfraction as numbet

This is not very different from the view of Lakoff and Nufez, but
what is new is the close connection Sfard makes between metaphor and
natural language as mechanisms for creating meaning. She makes the
overall assertion that “the attention to metaphor is an attention to language”
and writes that “I view the discourse on metaphor as inseparable from
the discourse on language. It is the way we speak, the way we transplant
linguistic expressions from one context to another, which shapes our way
of looking at the world” (Sfard, 1997, p. 343). In the case of fraction,
for example, “Incorporation of fractions into the discourse on numbers
... helped to determine the way they were subsequently used and oper-
ated.” On the specific question of how one can come to understand a
process as an object, for example in going from a function conception of
an input/output machine to functions as objects that can be acted upon, she
claims that “Introduction of nouns into those places where till now people
have only been talking about processes refocuses the discourse.” In fact,
she writes, “If we write a new hame or a new symbol in the slot reserved
for objects — the new signifier will eventually bring about an emergence of
a new mathematical object.”

It is perhaps not an accident that Sfard, unlike Lakoff and Nufiez,
restricts her examples to relatively elementary mathematical concepts, not
very far from notions arising directly from physical experience, such as
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dividing things up, or taking a part of something. Although | would agree
with Sfard that constructing mental processes and objects is a key to devel-
oping an understanding of mathematical concepts, | am not convinced that
talking about them, even in very sophisticated terms, is the essential step in
actually making these constructions, at least not at the university level. As
Hersh (1986) suggests, we would not expect someone to develop a feel for
music by reading the notes. In any case, | certainly don't think that either
the approach of Lakoff and Nufiez or that of Sfard can help very much
with a concept such as convergence of a sequence of functions. Indeed,
it is not hard to talk about the distinction between pointwise and uniform
convergence and even to express this point metaphorically. | believe many
teachers and texts try do this extensively. Why then, do so many people,
even some of our brightest students, have so much difficulty with it? | think
that something more is needed.

Perhaps the fundemental difference | have with these authors rests on
Sfard’s contention that “. . . the way we speak . .. shapes our wayhkirig
at the world.” My experience and research suggests that it is the other way
around.

1.2.5. Mediation by a computer

It could be that representing a situation on a computer and using software
that supports sophisticated operations can help students expand their reper-
toire of the human activities called for by Davis and Maher and required by
MacLane. Moreover, the syntax of a programming language might mediate
the students’ transition from mental representation to axiomatization and
formalization that is essential to MacLane’s point of view.

According to Noss (1997), mathematical meaning can come from an
individual's awareness that a particular expression can be recognized by
a computer. Thus, entering formal statements on the computer, testing
and running them induces the student to construct meaning for these
statements.

Noss gives examples in which students use the softwaabri
Geomeétreto investigate the composition of two reflections of a geometric
shape and a Logo Microworld to explore the concept of ratio in mixing
(paint) and scaling (rug sizes) problems.

To do this for our example of convergence of a sequence of functions,
one would have to work out ways of representing such a sequence on
a computer. One might, for example, use a programming language such
as ISETL which supports representing a function with a procedure that
depends on a parameter. Thus, one might write,
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F:= func(n);
return func(x);
return x**n;
end;
end;

Once this has been entered and run, commands such as

f3 := F(3);
plot (£3);

can be used to construct the third function in the sequence, name it, and
then graph it. One might do something like the following to graph the first
four of the functions in the sequence on the domair2]0

plot ([F(1), F(2), F(3), F(4)], 0, 2);

The picture (see Figure 1) suggests how the convergence of this sequence
of functions depends on the domain point. The student might even guess
from it that the sequence converges pointwise on the closed intendd| [0
uniformly on any closed interval conatined in the half-open interval]JO

and does not converge at all on any domain that includes numbers larger
than 1.

One can argue that it is the graphical environment that provides the
main help for the student here. This may be, but it is my conjecture
that the fact that the graph comes from mathematical objects constructed
(through programming) by the student significantly enhances her or his
understanding. This is a research question and the results summarized in
Clark et al. (in review) tend to support my contention.

New experiences for students can arise from working with a (finite)
sequence of these functions such as,

[F(n) : nin [1..100]];
together with the sequence of numbers,
[F(n)(a) : nin [1..100]];

where the code can be edited to use different values afid reflect on
the various numerical sequences so obtained and how they seem to be
converging.

For more details and other examples of using ISETL in this way, see
Dubinsky (1995).
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Figure 1.

Considering, in this approach, the transition from school mathematics
to university mathematics, there seems to be a continuity rather than a
jump. At both levels, computer tasks are used and the only thing that
changes are the particular programs the students are asked to write. A
closer look at such programs, however, reveals a more abrupt change. At
the school level, for example, it would be reasonable to ask students to
write programs which accept numerical parameters and produce numbers
or geometrical figures. It is perhaps only at the university level that one
can expect the majority of students to be comfortable with a program that
accepts a positive integer and produces a function. | base this suggestion



224 ED DUBINSKY

first on the experiences | (and others) have had in working with students
who are trying to write such programs and on the fact that writing a
computer program that returns a function involves an understanding of a
function as an object which can be the result of an operation (computer
program any other kind of operation). Researchers seem to agree that
object conceptions in general and of functions in particular can be very
hard for students to develop (see, for example Sfard, 1992, 1994).

An area of research that is currently very active is the study of the
mental representations students make after working with such computer
constructions. These investigations also try to relate these mental construc-
tions to success in learning mathematical concépts.

1.2.6. APOS Theory

There is a theory behind the use of computer activities as described in
the previous section. This theory postulates that learning mathematics
involves, among other things, making certain mental constructions to use
in dealing with perceived mathematical problem situations. The mech-
anisms involve mental steps such as interiorization to reinterpret an
action as a process, encapsulation to understand a process as an obiject,
and encapsulation/de-encapsulation for the process/object dialectic. These
ideas are part of what we have calleBOS Theorysee Asiala et al., 1996

for more details). That paper also describes some pedagogical strategies
based on this theory, using computer programming and cooperative
learning, for helping students make these mental constructions.

One can certainly make &POSanalysis of convergence of a sequence
of functions. An object conception of function, referred to above, would be
key here as would the mental construction of processes that transformed
these function objects. The general pedagogical approach based on this
theoretical perspective and described in various papers in the literature
could certainly be applied to this topic and research to study its effect
would be very interesting.

In this paper, however, | would like to consider an alternative approach
for this specific concept and in general for the transition from elementary
mathematics at the school level to advanced mathematics at the university
level. The alternative combines the application offdPOSanalysis with
the use of formalism to construct mathematical meaning. Before turning
to that discussion, let me hasten to point out that | have not yet developed
an explicit pedagogical approach to implement the ideas | am about to
discuss, although some of my work may be so interpreted. Nevertheless,
| think that at this point, my remarks are by way of a conjecture on how
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mathematicians construct meaning. Hopefully, later work will apply these
ideas to teaching practice.

2. MEANING AND FORMALISM

In this section, | will begin by explaining what | mean by these two terms.
Then | will consider the four possible combinations of them that can be
used.

2.1. Clarification of Terms

Both of the terms, meaning and formalism, are complex and can have
different interpretations from various points of view. Therefore, it is
important to clarify the sense in which | will be using these terms
throughout this section.

2.1.1. Meaning

The idea of meaning is a deep philosophical concept about which many
things have been written by many people. For the purposes of discussion
in this paper, | would like to take a fairly unsophisticated point of view
and describe a few categories which | think most people would agree to
include in an interpretation of the term.

The physical world. The term ‘real world” has been used but | think that it
can be confusing. Constructivists and Platonists will argue about what
is ‘real’ and others might point out that one person’s reality might be
completely alien to another. Although these issues are important, |
don't think they relate very much to the questions | am considering
in this essay and | would like to avoid them. Instead, let me be fairly
narrow and suggest that meaning includes, but is not restricted to,
those phenomena to which we have access through our five senses.

Familiar experiences Another part of meaning for an individual is the
set of personal experiences he or she has had and can call up to
consciousness through memory. In this category, an individual makes
sense out of a situation by relating it in some way to one or more of
these experiences.

Connections Both Vygotsky (1978) and Skemp (1976) have suggested
that the meaning an individual gives to a concept consists in the rela-
tionships he or she makes between that concept and other concepts.
In mathematics then, the meaning of the concept of derivative might
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consist in its relation to the concept of function, to various situations
such as rates of change or slopes of tangents, and to the concept of
integral or area.

Calculations. Calculations form an essential part of mathematics and we
can include in our understanding of meaning the calculations one
might make in a particular situation. Thus, for example, a part of
the meaning of the concept of derivative resides in the calculations
one might make in determining an expression for the derivative of a
function given by a polynomial, or some other expression.

Mental images Although he or she may not always be aware of it, a part
of a person’s thinking about a concept is based on mental images.
Most people have a picture of the set of positive integers, for example,
and a part of understanding the concept of limit is a mental process
involving motion of a domain value, motion of a range value, and the
connection between the two by means of a function (Cottrill et al.,
1986).

There is one attribute that is generally assigned to meaning and that is
its dynamic nature. Most of the above categories can involve some sort of
motion. Our sensual access to phenomena includes — indeed, according to
Piaget, consists in — transformation. We sense the weight of an object by
hefting it, or trying to move it. Our memories of familiar experiences and
many of our mental images are often movies, rather than photographs. Itis
certainly the case that calculation is active, not static.

2.1.2. Formalism

It is perhaps a little easier to say what | mean by formalism. The key, of
course, is notation. By formalism, | am referring to sets of symbols, put
together according to certain rules of syntax or organization, intended to
represent mathematical objects and operations. In the case of character
strings, the objects include characters and words referring to number, sets,
functions, booleans, etc. The operations include not only standard opera-
tions on numbers and functions such as arithmetic, derivative, integral,
but also the logical operations of first and second order propositional
calculus. These latter include the standard boolean operations of disjunc-
tion, conjunction, implication, negation, and also the existential and
universal quantifiers.

There are other kinds of symbols that should be considered formalism.
For example, | would include diagrams which are arranged according to
certain rules depending on the mathematical context and computer code
which, of course, must satisfy very specific rules of syntax.
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There are some observers who consider formalism to be static in the
sense that the symbols remain motionless on a piece of paper or a black-
board, whereas, as | indicated above, meaning is considered dynamic in
the sense that a mental image is like a motion picture with mathematical
objects moving around. There is less than universal agreement on such
interpretations and | will have more to say about that below.

2.2. Combinations of Meaning and Formalism

These two terms are important individually and in combination with each

other. Thus, | will consider: meaning alone, the effect that meaning can
have on formalism, the effect that formalism can have on meaning, and
formalism alone. It is interesting that all four occur and are important. |

will discuss each of them separately.

2.2.1. Meaning alone
As | have pointed out earlier in this paper, mathematics begins with direct
human experience. For some people, unfortunately, it stops there.

One of the problems of mathematics education is that many people
almost exclusively use meaning alone in their thinking. That is, a situ-
ation will be understood entirely in terms of remembered or imagined
personal experience. An indication that this is what is happening is the
complaint, that we have all heard from our students who are unable to deal
with a problem situation such as, for example, expressing a word problem
symbolically: “I know what it means, | just can’t write it in math.”

This phenomenon can occur in dealing with all kinds of situations, both
within mathematics and in ordinary discourse. For example, in a recent
study (Dubinsky and Yiparaki, 2000), we asked a number of students
to interpret certain statements (involving two quantifiers) about everyday
situations and about mathematical situations. We were interested in seeing
how students interpeted quantified statements in natural language and in
comparing this with how they dealt with similarly structured statements
in mathematics. On a questionnaire, we gave them several statements and
asked if they were true or false and why. Selected students were inter-
viewed to find out how they thought about such statements and what
it might take to help them understand such structures better. Our hope
was that they might transfer their ability to understand such statements
in natural language to a mathematical context.

Following are three of the statements.

There is a fertilizer for all plants.
For every positive number, there is a positive numbeérsuch thab < a.
There is a positive numbérsuch that for every positive numberb < a.
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Unfortunately, we found that the students had serious difficulty with
all such statements, including those like the first. Thus, in explaining what
it meant and deciding if it was true or false, many students, on both the
written questionnaire and subsequent interviews, focused on their experi-
ence and the fact that ‘you can’t grow plants without fertilizer’. The issue
of whether this statement asserts that given any plant there is a (possibly
varying) fertilizer, or that there is a (single) fertilizer that can be used with
all plants was very far from their consciousness. In some cases, they did
not seem to be able think about anything other than their remembered
experiences and did not address this point, even when the interviewer asked
them about it explicitly.

The last two statements gave the students more difficulty. Some thought
they meant exactly the same thing, many others simply ignored the second
quantification.

The limitations of focusing only on the meaning were indicated in the
same study. Most students were unable to make much sense of mathema-
tical statements with two quantifiers. For Davis and Maher, one way to
learn mathematical concepts is to enhance human experiences, at least at
the elementary, pre-college levels. Except for a brief mention of notation
such as using superscripts for exponentiation, these authors say very little
about experiences that go beyond the most mundane.

2.2.2. Meaning drives formalism

If meaning alone is not enough to understand mathematical situations, we
can also consider formalism as well. One way to introduce formal notation
is to use it to express the meaning one sees in a situation, to capture an
idea in a formal expression, which is, of course MacLane’s idea. Thus, for
example, children who can perform arithmetic might think of a calculation

in which one of the numbers involved is not known, but could be deter-
mined by the result of the calculation. With this kind of conception, it is
possible to work on problems such as,

If 5 times a number is 12 less than 3 times that number, what is the number?

For some people, this problem is more tractable if a letterxsesyused
for “the number” and one writes,

5x =3x - 12

One can then use manipulations of symbols to find the value &ull
understanding of this situation might be considered to consist in using the
approach of formal manipulation, simultaneously thinking of the situations
in the verbal terms with which they were originally expressed.
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Consider now the more difficult problem that is one of the classical
‘applications’ of calculus.

A woman is in a boat 3000 meters from her house on the shore along a line perpendicular
to the (straight) shoreline. A lighthouse is 2000 meters down shore from her house. She
intends to go to the lighthouse by rowing to a point on the shore between her house and the
lighthouse and walking the rest of the way. If she rows at 2 kilometers per hour and walks
at 4 kilometers per hour, where should she land so as to minimize the time it takes her to
get to the lighthouse?

For this problem, one might begin to think in the same way as in the
previous problem. That is, given a point on the shore at which she will
land, the time it takes her to row is a certain distance divided by 2 and the
time it takes her to walk is a certain distance divided by 4. Using a letter at
firstin the same way as before, one might writlor the distance from the
house at which she lands and express the total time it takes the woman as,

Vx2+9x 106 2000— x
2 + 4
At this point, the issue is no longer to use this expression directly to find
the value ofr and this change can present serious difficulties for students.
It is not uncommon for students to reach this point in the problem, set the
expression equal to 0 and try to solve farThey are trying to apply the
methods they are familiar with and have used successfully to solve this
new problem. But those methods do not work here and a different concep-
tion is needed. Returning to the problem to review this hew conception,
one can think of the situation as, given a position of the landing point,
find the distance traveled by sea and the distance traveled by land, divide
each by its appropriate speed and add the two times to obtain the total
time of travel. Given the formal expression, one must think now about
x not so much as standing for an unknown number to be found, but as
a place holder for possible positions. One might then express this more
complicated conception as a functidngiven by,

Vx2+9x 106 2000— x
2 + 4

Graphing techniques can then be applied to obtain an approximation
for the landing position which minimizes time or calculus can be used to
obtain it exactly.

Thus we see how the use of formalism to express meaning can be
an aid to solving algebraic equations. In more complex situations, one
can use formalism to define a function whose properties can be studied
using calculus. In either case, it is true here that mathematics serves as a

T(x) =
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language. If a situation is understood, then mathematical formalism serves
as a language to express that understanding. This is entirely analogous to
the early language learning. Once the child understands a chair, say, as a
permanent object with various properties and uses, the parent can point to
this object and say “chair”. Because the chair is something that exists for
the child and is understood by her or him, the parent is able to transmit her
or his knowledge that the symbol ‘chair’ expresses this understanding.

In mathematics, this use of formalism as language does even more. It
is not so easy to perform manipulations in a dynamic situation, to trans-
form a process while it is in motion. A formal expression can capture
this dynamism, ‘tie it down’ so to speak, so that manipulations such as
arithmetic, or operations such as differentiation, can be applied to it.

Asking a student to express a situation formally for such purposes
can provide a problem situation to influence a learner in moving from
elementary to more sophisticated mathematical concepts. One example of
this is a function defined in parts. Consider the following problem.

Arock is sliding down a slope. The distané€in feet) traveled by the rockseconds after
it started sliding is 6 times for the first 3 seconds and 9 plus the square tifereafter.
Find the velocity of the rock 3 seconds after it starts sliding.

This problem can be solved by expressing the situation as a funttion
which gives distance as a function of time, and calculating the derivative
of d atr = 3. The function can be expressed as,

ot ifr <3

d(t):{9+t2 ifr>3

Using either the definition of derivative at a point, or a theorem about
one sided derivatives, one can find the desired velocity fairly easily.

MacLane takes the position that all advanced mathematical concepts
can be understood by expressing complex human actions formally and
then arguing logically and rigorously about the formal statements. In
our examples, the formal expressions consisted in an algebraic equa-
tion or a function and the rigorous arguments involved manipulations to
solve the equation or taking derivatives of functions given by expressions.
In general, including the most sophisticated situations, MacLane (1981)
asserts that “mathematics started from various human activities which
suggest objects and operations (addition, multiplication, comparison of
size) and thus lead to concepts (prime number, transformation) which
are then embedded in axiomatic systems (Peano arithmetic, Euclidean
geometry, the real number system, field theory, etc.).”

The difficulty with this idea of trying to move forward in mathema-
tical understanding by expressing a situation or human activity formally
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and reasoning about or manipulating the formal expression to reveal deep
properties of the original situation is the danger of losing sight of the
relation between the formal expression and the situation it expresses. It
is certainly true that the situation is dynamic, involving transformations
and motions, while the formal expression, once written down is entirely
static, consisting of pencil marks on paper or chalk marks on a blackboard.
Itis indeed, as | indicated above, this static nature that allows manipulating
the situation and reasoning about it. But a price must paid and that is that
care is necessary to maintain the connection between a situation and the
formalism that expresses it. When educators object to the formal aspects
of mathematics as consisting in meaningless strings of symbols that make
no sense to students, | do not think the difficulty lies in the nature of the
formal expressions, but rather in the loss of the connections between them
and the situations.

Let me pursue this point in terms of the example of the sliding rock. Itis
clear what | mean by the formalism in this case — it is the expression used
to define the function in parts. By the dynamic situation, however, | am
not referring to the motion of the sliding rock. Rather, | mean the mental
dynamics of taking a particular time, determining whether it is less than
or equal to 3 or if it is greater than 3, and using this dichotomy to choose
one of the two expressions in which the valuer ¢ substituted and the
calculation made. For an individual who connects, in her or his mind, the
formal expression with the process of evaluation, the expression is not a
static string of meaningless symbols, but rather an expression of the full
dynamics of the situation.

Unfortunately, this connection can be difficult for students to make.
An intermediate step in going from the situation to the expression and
maintaining an awareness of the connection between the two can be to
express the situation as a computer program. Thus the distance function
for the sliding rock can be embodied in a computer program as follows,

d := func(t);
if t <= 3 then return 6*t;
else return t**2 + 9;
end;
end;

It seems that writing such a program and thinking about what the
computer does when asked to evaluate, §8¥,5) helps students under-
stand and maintain an awareness of the connection between the formal
expression and the process it embodies. There is evidence that such an
approach can lead to significant enhancements of mathematical under-
standing. Some of the results can be found in the RUMEC Web page
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mentioned above and there is a work in progress that will summarize all
that is presently in the literature (Clark et al., in review).

2.2.3. Formalism drives meaning

In the previous section | considered how formalism can be used to capture
the meaning that arises out of experience. In that point of view, formalism
acts like alanguage to describe the meaning that already exists for a person,
and then the manipulations that can be made with formal expressions
are tools that can be used to deepen understanding of the mathematical
experiences. It is possible to go in the opposite direction, to use formalism
to create meaning. In this section, | would like to introduce and begin to
explore this alternative means of creating meaning.

One of the tentative conclusions reached in the study Dubinsky and
Yiparaki (in review), was that many students dealt with complex state-
ments (involving quantifications, for example) by calling up familiar
experiences and relating them, not always in a completely accurate
manner, to the statement. Then, all of the subsequent thinking by these
students was about the situation and not about the statement. For example,
two of the statements we asked the students to interpret were the following.

For every positive number there exists a positive numbgisuch that < a.

and

There exists a positive numbgisuch that for every positive numberb < a.

A number of students in this study and in other studies (e.g., Dubinsky
et al.,, 1989) were able to interpret the first statement reasonably accu-
rately, and then insisted that the second statement was the same as the
first. When an interviewer pointed out the difference between what the two
statements actually said (e.g., that the order of quantifiers was reversed),
some students reported explicitly what appeared to be true of most students
— they did not pay attention to the syntax of the statement.

Paying attention to the syntax is what seems to be missing for the
students who equated the two statements. | want to suggest here that some
people who avoid this error do it by working with the formal syntax of
an expression in order to make sense out of complicated mathematical
statements. Moreover, with appropriate pedagogy, other students can learn
to do this. They can learn to make and use a close and detailed analysis
of the formal expressions in a statement to create the meaning which the
formal expression describes. This is, of course, exactly the opposite direc-
tion of what was described in the previous section. Nevertheless, | think it
is worthwhile to consider more than one way students might construct their
understanding of a concept. In the formulation | will describe, the mental
constructions of actions, processes and objects still plays a central role, but
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it shares the stage with the formalism in the statement which determines
which mental constructions are to be made and how they interact with each
other.

As an example, let me return to the concepts of pointwise and uniform
convergence of a sequence of functions and describe how | think such
an analysis can be made. Here, again, are the formal definitions of the
concepts. Recall that we are considering a sequefigeof real-valued
functions all defined on a common domdin

Pointwise convergence to a functighon D:

VxeD, Ve >0, ANe P sn>N=|f(x) — [,(x)] <e,
Uniform convergence to a functiofi on D:
Ve >0, dINe P asVxeD,n>N = |f(x) — f,(x)| <e.

Since my conjectured analysis will be in the framework of A&f2OS
theory, the key abilities | am attributing to the individual trying to make
sense out of these statements is to understand functions as objects; to be
able to interiorize a process by reading a description of it — provided that
those concepts the process transforms do exist for the individual as objects;
to be able to encapsulate a process the individual has constructed so that
it becomes an object; and, in the latter case, to be able to de-encapsulate
that object back to the process from which it came. Of course this raises
the question, which | will deal with briefly at the end of this essay, of how
these abilities can be developed by students.

According to this analysis, for each statement, the individual thinks of
the values ok, ¢, N as fixed and constructs a process (by first constructing
an action and then interiorizing it) of iterating through all positive
integers greater thaN. For each of these values mthe individual thinks
of forming the numbet f(x)— f,(x)| and checking if it is less thaa or
not. This amounts to constructing a function, as a process, which assigns
to eachn > N the boolean valugrue or false This process is encapsulated
to an object so that a universal quantification (owgican be applied to
obtain an object which is a boolean value that depends on the values of
€, N. Finally, passing from a construction made with fixed values, &f,

N, the individual constructs a function from e, N to 8 = {true, falsé.

Now, for the first statement, describing pointwise convergence, the indi-
vidual begins with a fixed value of in its domain and a fixed value of
€ > 0 and constructs a process of iteratisighrough all positive integers,
checking for eachV the value of the function constructed in the previous
paragraph (using the now fixed valuesxok). This gives a function, as
processN — B. The process is then encapsulated to obtain an object to
which an existential quantification (ovaf) is applied to obtain a function
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x, e — B. Next, keepingx fixed, the individual constructs a process
€ —> 8B, using the value of the function, ¢ —> B, encapsulates this
process and applies a universal quantification (ey¢o obtain a function
(first as process, then as objeety— 8. Finally, a universal quantifica-
tion (overx) is applied to this function to obtain a boolean value which is
the truth value of the statement.

Of course, no actual value is obtained unless the investigation is being
made of a particular example. The general situation is a process in which
the individual can imagine doing all this if a sequence of functions and
a candidate for the limit function were in hand. The total construction is
considered to be the meaning of pointwise convergence.

For uniform convergence, the preliminary construction of the function
(x,e, N)— &B is again made. Then, exactly the same construction is
repeated except this time, N are kept fixed and the first process construc-
tion is an iteration over to which a universal quantification is applied.
Then, in turn, there is an iteration ovl¥rfollowed by an existential quanti-
fication and an iteration overfollowed by a universal quantification. This
construction is the meaning, for the student, of uniform convergence.

My assertion is that it is possible (see, for example, Dubinsky, 1997 for
data that supports this contention) for students to learn to make such mental
constructions and when they do, they can reflect on this overall process
they have constructed and see that if they rearrange things, for example
instead of iterating in the ordet, ¢, N, they could use the sequenceN,

x, then the mental proces$isey constructs different from the original. A
discussion of the distinction between pointwise and uniform convergence
is then more likely to be meaningful than if these mental constructions had
not been made.

Incidentally, this ‘inside-out’ construction is not the only way to apply
the construction of processes and objects and the formalism of quanti-
fication to such a problem. One can also posit an ‘outside-in’ approach. In
this approach, for pointwise convergence, the individual would construct
a processP; of successively assigning to a variahleesach value in the
domainD. Every time an assignment is made, a prod@sis constructed,
using that value ok. This process assigns to the variableach positive
number and again, with each assignment a prodgsss constructed
consisting of assigning to the variablé each positive integer. Now, with
this value of N (and the same values ofande) the individual constructs
yet another proces®, consisting of assigning to the variable every
positive integer larger thaiV and checking whethgrf (x)— £, (x)] is less
thane.
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Now, the individual reviews this collection of nested processes. The
processP, is encapsulated and a universal quantification is applied to
obtain the resultrue or false This allows the encapsulation of the process
P3 and the application of an existential quantifier to obtain a boolean value,
and so on, to obtain a single boolean value for the entire expression.

As in the first case, a similar operation can be constructed for the second
statement and the student has a chance of seeing the difference between the
two.

The research referred to above in Dubinsky (1997), uses a mixture of
the ‘inside-out’ and ‘outside-in’ approaches. It would be interesting to have
research that compared the two approaches.

| acknowledge that what | have just described is rather difficult to
comprehend and requires relatively powerful mental activity. | suggest,
however, that for many people, such thinking is exactly what is required
to understand these two kinds of convergence and the distinction between
them. The fact that this thinking is difficult is my explanation for why
convergence of functions is a difficult mathematical concept.

Let me note that the kind of thinking required to use formalism to
construct meaning as suggested here may be one characteristic of mathe-
matical thinking that separates advanced from elementary, school (or
street) mathematics from advanced mathematics. Note also that this leads
to one point of view relative to the question of whether a formal statement
is static or dynamic. It is not possible to disagree with the observation
that a string of symbols written on a piece of paper is static. But the
nature of anything is never in the thing itself, but in the relation between
it and an individual who observes it. If what | am describing does actually
occur, then whatever the nature of the formal statement in the absence of
human thought, when an individual is using it to construct meaning then
the formal expression is full of the dynamism of the several processes the
individual constructs. My conclusion is that those who speak of meaning-
less formalism are not talking about the concept, but of the people who are
failing to use it to construct meaning.

The two relations between meaning and formalism | have discussed
in this and the preceeding section can help put into focus the relation
between language and meaning. My view is that once meaning has been
constructed, language can be used to describe it and this forms a powerful
tool for thinking about that meaning. On the other hand, although the
necessity to express an idea linguistically can be a motivation and provide a
drive for constructing meaning, the use of language is not a mechanism for
making that construction. This must be done some other way, for example
constructing processes and objects and using them to analyze the formal
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expression directly as | have described here. Or to use the words of L.
Tolstoy (1903) to express what | am saying succinctly, “There is a word
available nearly always when the concept has matured”.

Finally, let me say that although | have described the bi-directional
relationship between meaning and formalism as two separate relations,
this is, so to speak ‘the laboratory description’. What probably happens
‘in nature’ is that there is a dialectic in which meaning drives formalism
and formalism drives meaning at the same time, or in an oscillation, each
affecting the other.

2.2.4. Formalism alone

Completeness requires that we consider the case of formal statements
alone with little or no meaning attached to them — strings of symbols
with rules of manipulations but with no interpretations for the symbols
or the manipulations — or, if interpretations exist, with little or no attention
paid to them. Anyone who is not aware that such exists in the minds of
many people has not tried to teach mathematics. We all have seen calculus
students whose total understanding of differentiation consists in pieces of
‘knowledge’ such as,

The meaning of the derivative af is that you move the 3 down and put it before the
and reduce the exponent by 1 to get?S

At first thought, we reject this level of understanding and devote all of
our pedagogical efforts to helping students go beyond such a primitive
level of thought and pay attention to the internal semantic of a formal
expression. But it is perhaps a truism in mathematicsahgidea which
is persistent in the minds of individuals, even if they are only our weakest
students, is never completely useless. We can think of at least one context
in which it is useful to think about formal manipulations without paying
attention, at least for a time, to any meaning.

Consider for example the general question: Does every function come
from an expression? In calculus, we are fully aware that not only is this
statement false, but also that getting our students to reject it and expand
their view of function is a major pedagogical challenge. But in other
contexts, the situation can be different. Suppose we are considering func-
tion in the sense of a boolean-valued functiom toolean variables. Does
every such function come from an expression?

It is interesting that not only is the answer to this question yes, but the
proof consists in thinking about expressions and manipulations without
paying much attention to meaning. Roughly speaking, the argument begins
with forming all expressions in the variablesps, p», ..., p, of the form
of conjunctionsx; A x2 A ... A x, Where eachy; is either p; or not p;.
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There are 2 such expressions. Using them, one can form a total’of 2
expressions by taking a subset of these ‘monomials’ and connecting them
with disjunctionsv. They all form different functions. On the other hand,

by representing a boolean valued functionzdboolean variables with a
table, it is easy to see that there are exactlys2ich functions.

This proof of the assertion that can be paraphrased as saying that
in this context, all meaning (functions) comes from formalism (boolean
expressions), is made mainly with meaningless (but far from mindless)
manipulation (including counting) of symbols. This illustrates a focus on
formalism as opposed to meaning in two ways: first, the fact that every
function comes from a formal expression and second, that the proof uses
no meaning beyond plugging (boolean) values into an expression. Hence,
this form of thinking so dear to our students cannot be totally rejected.

Al Cuoco has referred to thinking like this in suggesting that one of the
characterizations of abstract algebra is as a study of the forms of manipula-
tions of formal expressions. With his permission, | quote his comment from
a private communication.

Gradually, over the past 150 years, algebraists have developed a ‘systems approach’ to
the analysis of operations. The things studied in algebra have evolvedtéamiques

for solving equations, to a study of tipeoperties of operationthat allow one to develop
techniques for solving equations, to a study of ensiystemsn which one can calculate

(and hence solve equations). Thedgebraic structuredhave become the primary focus

of modern algebra. An algebraic structure is a collection of objects together with one or
more operations that can be used to calculate with the objects. ... The structural approach
to algebra has enormously widened the kinds of systems in which algebraists work, and
hence has changed the face of what's considered ‘algebra.’

3. IMPLICATIONS FOR RESEARCH AND PEDAGOGY

What does all of this say for research and its applications to pedagogy,
especially as regards advanced mathematical thinking and the transition
from learning school mathematics to learning university level mathe-
matics? What we have here are competing philosophical, epistemological,
and pedagogical positions, and although for each of these positions there
is evidence that tends to support it, there is nothing like a set of decisive
results. Therefore, a choice among these positions must be a matter of
personal opinion, informed as much as possible by existing research. What
follows are my own opinions on these matters.

Because we are talking about learning mathematics (as opposed to
working on unsolved problems or creating new mathematical concepts) |
take the constructivist position that an individual must, in a social context,
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construct her or his understanding of mathematics and it must fit with
generally accepted understandings. | do not feel that human experiences
in the physical world can be sufficient to form the bases of representations
that lead to understanding advanced mathematical concepts.

Although | find the ideas of grounding and linking metaphors very
interesting from a theoretical point of view, | am seriously disturbed that
these ideas do not seem to lead to any pedagogy other than using such
metaphors in discourse with students and suggesting they think in such
ways. This is not really different from what many college mathematics
instructors do and | think the vast experience over the last few decades
shows clearly that this will not be very helpful for many students other than
those who would succeed in learning more or less under any pedagogical
system.

Although the idea of using metaphors to create mathematical concepts
in the minds of individuals is very attractive in that it can give mathe-
matics an aesthetic literary flavor, | remain convinced that language is
a tool whose real value is the expression of ideas which an individual
already has constructed. | do not feel there is any reason to believe that
it is powerful enough to be useful in creating more than the simplest
mathematical concepts.

What remains are the ideas of MacLakd?OSTheory and the use
of formalism to create meaning. | would propose a combination of these
three mechanisms. It could look something like this. The starting point
for getting students to move from elementary to advanced mathematical
thinking would be to consider that the population we are talking about is
sufficiently able to create actions relative to even fairly complex mathema-
tical situations, provided these situations can be presented in reasonably
concrete forms — such as computer code. The first step then is to help
them develop the ability to interiorize actions to processes, encapsulate
the resulting processes to objects, de-encapsulate the objects back to
processes, and organize all these constructions in coherent schemas. There
exist methods for doing this using computers and cooperative learning and
these are described in the literature. There may be other methods that can
be developed.

The next step would be for students to learn to analyze complex formal
statements in mathematics and construct meaning based on these formal-
isms. That is, they must learn to use the syntax of a formal statement in
a conscious manner to direct specific constructions of actions, processes,
objects and schemas. Again, writing computer programs can help here.

At the same time, a parallel development would take place in which
students would learn to express, in formal language, meaning they
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have already constructed. Writing, running, and reflecting on computer
programs to express mathematical concepts can be an important mech-
anism for achieving this.

The two relationships between meaning and formalism would then be
coordinated in a manner that points, as a goal, to the use of axiomatization
and rigorous deductive reasoning about formal statements (which, at this
point, would all have meaning for the students) to reveal — and prove —
deep properties of the concepts expressed formally. In other words, to
implement MacLane’s program.

| would like to close by recommending the continuation of research
that develops this approach and applies it to specific material in the univer-
sity mathematics curriculum using pedagogy based on this development.
Large-scale research studies could then investigate the extent to which this
theoretical approach resonates with what students need to help them learn
advanced mathematics and with the exigencies of teaching practice that
tries to meet those needs.

NOTES

1 Terms such as Platonism and constructivism in philosophy are, like meaning and
formalism, subject to a variety of interpretations. In this paper, | will use interpretations
appropriate for mathematics as given, say, in Hersh (1986) and MacLane (1981).

2" Much of this work is being conducted by the members of a group known as RUMEC
(Research in Undergraduate Mathematics Education Community) and the interested reader
can consult the Web page at http://www.cs.gsu.edu/ rumec/
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