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  Abstract   This chapter brings together two intersecting areas of research in 
mathematics education: teaching and learning with dynamic geometry environ-
ments (DGEs) and the teaching and learning of proof. We focus on developments in 
the literature since 2001 and, in particular, on (a) the evolution of the notion of 
“proof” in school mathematics and its impact on the kinds of research questions and 
studies undertaken over the past decade—including increasing use of DGEs at the 
primary school level; and (b) the epistemological and cognitive nature of dragging 
and measuring as they relate to proof.      

   Section A: Introduction 

 This chapter brings together two intersecting areas of research in mathematics 
education: teaching and learning with dynamic geometry environments (DGEs) and 
the teaching and learning of proof. Given that both of these areas of research have 
been predominantly related to the study of geometry, our chapter focuses mainly on 
this strand of the curriculum. 

 We begin by making a comment on terminology, and some brief remarks on 
recent history. In this chapter we use the term “dynamic geometry” broadly. The 
phrase was originally invented (and trademarked by Key Curriculum Press) to 
describe  The Geometer’s Sketchpad  (Jackiw,  1991  ) .  Sketchpad  and  Cabri-Géomètre  
(Baulac, Bellemain, & Laborde,  1988  )  were independently invented in the late 
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1980s, and were the  fi rst software systems to offer the dragging capacity described 
by the term. There now exist many software packages that use these seminal ideas. 
Our paper loosely targets all of them, but given the importance of intellectual attri-
bution in academic writing, we feel it important to acknowledge similarly the 
sources of software innovation within our  fi eld. We have opted for the term 
 dynamic geometry environment  (which has been used at least since 1996) over 
 dynamic geometry software  to underscore the fact that we are dealing with micro-
worlds (including pre-existing sketches and designed tasks) and not just a soft-
ware program. 

 The  Second International Handbook of Mathematics Education  (Bishop, 
Clements, Keitel, Kilpatrick, & Leung,  2003  )  included several chapters focussing 
on the use of digital technologies. Within these, Chapter 9 (Hoyles & Noss,  2003  )  
considered DGEs in particular and documented the way in which research was 
focussing less on geometric constructions and more on the way DGEs mediate 
explanation, veri fi cation and proof. The authors commented on the “commonplace” 
understanding that students often spontaneously articulate when using DGEs, but 
opined that it was “not obvious that the facility to drag and conjecture will necessar-
ily encourage an engagement with proof” (p. 335). They cited research showing 
how novel activities aimed at generating surprise and uncertainty can strengthen 
students’ need for deductive proof (Hadas, Hershkowitz, & Schwartz,  2000  ) ; how 
12-year-old students can move from everyday to mathematical explanations through 
DGE interactions (Jones,  2000  ) ; and, how DGEs can help 14–15-year-old students 
connect their informal geometric explanations with logical, deductive arguments as 
long as the tasks used are undertaken with teacher support, including a teacher-
introduction to writing proofs (Healy & Hoyles,  2001  ) . 

 The present chapter thus focusses on developments in the literature since 2001 
and, in particular, on (a) the evolution of the notion of “proof” in school mathematics 
and its impact on the kinds of research questions and studies undertaken over the 
past decade—including increasing use of DGEs at the primary school level; and 
(b) the epistemological and cognitive nature of dragging and measuring as they 
relate to proof—thus taking up the Hoyles and Noss issue. 

 In preparing this chapter, we found several other overview studies in each of our 
primary areas of focus. Mariotti  (  2006  )  provided an overview of the past 30 years of 
research reports presented at the annual conferences of the International Group for 
the Psychology of Mathematics (PME) on “Proof and Proving in Mathematics 
Education,” and this included a signi fi cant section on the role of DGEs. Similarly, 
Hollebrands, Laborde, and Sträßer  (  2008  )  offered a chapter on “Technology and the 
Learning of Geometry at the Secondary Level,” which focussed primarily on DGEs 
and included a signi fi cant section on proof and proving. This chapter also includes a 
detailed account of the main theoretical approaches currently being used in research 
on the role of DGEs in proving. The two main approaches are instrumental genesis, 
which draws on the work of Rabardel  (  1995  ) , and Verillion and Rabardel  (  1995  ) , and 
has been elaborated by Mariotti  (  2002  ) , and semiotic mediation, which draws on the 
work of Vygotsky  (  1978  ) . These two approaches are discussed in detail in Drijvers, 
Kieran et al.’s  (  2010  )  overview chapter in the ICMI Study on Technology. 
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 Brie fl y, a DGE can be seen, in an instrumental framework, as an “artefact” in the 
hands of the users. The DGE artefact can be transformed into an “instrument” by the 
user, according to the “schemes of use” that are activated. And the instrument 
obtained thus differs among users and contexts according to the particular schemes 
of use activated. Several studies have documented how this works in the contexts of 
DGE (see, e.g., Olivero,  2006 ; Baccaglini-Frank & Mariotti,  2010  ) . If the students 
“internalize” (Vygotsky,  1978  )  the use of a DGE, the artefact DGE becomes a means 
of semiotic mediation (Mariotti,  2010  )  that gives rise to problem resolution. 

 In Section B below, we outline the perspective on proof that has emerged in the 
mathematics education literature during the past decade. We connect this literature 
to the previous theorizing on the epistemological and cognitive status of DGE dia-
grams and tools. While some of this theorizing dates back to the late 1990s, it was 
not taken up in the  Second International Handbook  and its connection to emerging 
perspectives on proof is new. 

 In section C, we identify and connect previous studies on the use of DGEs in 
proving in terms of the particular and distinctive tools shared by all the more widely 
used DGEs. We have chosen this somewhat unusual approach in order to emphasize, 
as well as better understand, the epistemological, cognitive and didactic implica-
tions of these tools—implications that have been studied in much more depth over the 
past decade than in previous research. This section will enable us to investigate the 
effects of DGEs on the proving process. 

 Having analyzed the tools in this way, we turn in section D to two case studies in 
which we illustrate instances of the proving process in which these tools play a 
signi fi cant role. Our goals are threefold: at one level, we aim to exemplify the most 
common theoretical perspectives, methodologies and protocols currently used—
instead of merely reporting results from existing studies, we would like to show the 
context in which these results have emerged, as they are central to the  fi ndings prof-
fered. At a second level, these case studies can permit us to enter into a level of 
detail about the proving process using DGEs that would otherwise not be possible. 
At a third level, given our focus on the particular tools of section C, we hope that the 
case studies more authentically illustrate the way in which these tools are often used 
in concert by learners. 

 In the  fi nal section, we highlight some of the major themes of sections C and D, 
and point to emerging questions and theoretical approaches that are likely to take 
centre stage in the next decade, with a particular focus on the role of teachers in 
classrooms using DGEs.  

   Section B: Proof as a Process 

 Policy makers, curriculum designers and researchers concurrently agree with the 
necessity of proof not only at the high levels of schooling, where it has traditionally 
occupied an important position, but also, for better continuity, at the primary level 
(see Bartolini Bussi,  2009 ; Stylianides,  2007 ; Stylianou, Knuth, & Blanton,  2009  ) . 
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In many countries, teachers are being encouraged to offer activities favouring 
exploration, conjecture, argumentation, discussion and also proof (see, e.g., Centre 
de Recherche sur l’Ensignement des Mathématiques,  1995 ; Japanese Society of 
Mathematics Education,  2000 ; Ministry of Education and People’s Republic of 
China,  2001 ; National Council of Teachers of Mathematics,  2000 ; Unione 
Matematica Italiana,  2004  ) . 

 The notion of proof in school mathematics has changed enormously during the 
past century—see Herbst  (  2002  )  and Sinclair  (  2003 ,  2008  )  for overviews. The 
shift is due in part to a greater awareness of the way in which proving is done in 
the mathematics discipline (see Borwein & Bailey,  2008 ; Hanna, Jahnke, & Pulte, 
 2010  )  and, in part, we believe, to the affordances of new digital technologies, 
which greatly facilitate experimentation (de Villiers,  2010  ) . 

 In this chapter, we have opted to frame our discussion about proof and proving 
in terms of the notion of the “proving process,” which has been de fi ned as a process 
of constructing and entering the relation “B follows from A” until the agents are 
satis fi ed with the explanation for the truth of the statement (see Rav,  1999  ) . This 
explanation is a proof if it satis fi es the rules of logical consequence. 

 The proving process consists of two phases: the formulation of a conjecture and 
the construction of a proof (Arzarello, Olivero, Paola, & Robutti,  1999 ; Leung & 
Or,  2007  ) . In the  fi rst phase, a person explores the situation and formulates a conjec-
ture, and searches for elements (e.g., properties) that will be organized later on. 
In the second phase, these elements are to be put in order according to the rules of 
logical consequence. As we emphasize below, the shift to the focus on the “proving 
process” is especially relevant to DGEs in the sense that the  fi rst phase of the pro-
cess differs radically from pencil-and-paper environments, which, in turn, affects 
the way in which the second phase evolves. 

 The proving process also involves back-and-forth moves between the spatio-
graphical  fi eld and the theoretical  fi eld (Laborde,  2004  ) . Given the back-and-forth 
nature of the proving process, it is not viable to abandon visual representations in 
order to encourage the move toward the theoretical  fi eld—instead, learners need 
to be able to coordinate different semiotic resources (Duval,  2006  ) . Once again, as 
we elaborate below, the status of the dynamic diagrams supported in DGEs, as well 
as their insistence on the spatio-graphical  fi eld, presents both opportunities and 
challenges when working with learners on the proving process. 

   The Proving Process in DGE 

 In terms of the back-and-forth nature of the proving process, we focus on the 
status of geometric objects in DGEs. Laborde  (  2000  )  considered dynamic diagrams 
(such as a dynamically draggable parallelogram) as scaffolding the drawing/ fi gure 
divide in the sense that it remains a material object (albeit virtual on the screen), but 
the invariances it carries in dragging can represent its basic properties. 

 But Jones  (  2000  )  argued that learners in DGEs “can get ‘stuck’ somewhere 
between a drawing and a  fi gure” (p. 58). This led Battista  (  2008  )  to conclude both 
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that the drawing/ fi gure distinction might not be suf fi cient in working with geometry 
objects and that more attention needs to be paid to the ways in which learners 
 perceive  and think about DGE objects. We focus here on the latter issue: Battista 
drew attention to two subtly different perspectives. One was captured by Marrades 
and Gutierrez  (  2000  )  when they wrote: “The main advantage of DGS learning envi-
ronments” is that “students have access to a variety of examples that can hardly be 
matched by non-computational or static computational environments” (p. 95). This 
theoretical perspective tends to treat examples as  representations  of the  fi gure. The 
second theoretical perspective, articulated by Laborde  (  1992  )  and Battista  (  2008  ) , 
focusses on the continuous transformation of the draggable object rather than on the 
set of characteristics that can be abstracted from a given set of examples. This sec-
ond perspective treats the object as an entity whose behaviour can be investigated 
and described—not as an entity that can be represented by particular diagrams. 

 It is still unclear whether learners somehow naturally see the draggable diagrams 
as a series of examples or as one continuously changing object, and whether this 
depends on their previous exposure to the static geometric discourse of the typical 
classroom (see also Lehrer, Jenkins, & Osana,  1998  ) . Whatever the case may be, 
there is strong evidence to show that dynamic diagrams support students’ transition 
from an exclusively spatio-graphical  fi eld to a more theoretical one by helping them 
attend to the visual invariance of the dynamic diagram, which can be verbally medi-
ated through classroom discussion or teaching intervention (Battista,  2008 ; Laborde, 
Kynigos, Hollebrands, & Sträßer,  2006 ; Sinclair, Moss, & Jones,  2010  ) . 

 Dynamic draggable diagrams can strongly affect the proving process in the sense 
of mediating what kinds of conjectures will be made ( fi rst phase), and what kinds of 
properties will be identi fi ed and then organized (second phase). In this sense, the 
diagram constructed in a DGE and the schemes of use activated on it by the students 
can be considered an actual mediator between the  fi rst and second phases, thus pro-
viding continuity—despite the epistemological discontinuity—between a conjec-
ture (hypothetic statement) and the corresponding proof (logical deductive sequence 
of statements). The internalization of the schemes of use in the artefact and its trans-
formation into an instrument help them in building the proof as  fi nal product 
(Arzarello, Micheletti, Olivero, Paola, & Robutti,  1998 ; Boero, Garuti, Lemut, & 
Mariotti,  1996 ; Olivero,  2002  ) . 

 The role of DGEs in the proving process also depends on the underlying goal of 
proof, as perceived by teachers and students. Some have suggested that the use of 
DGEs could inhibit proof since students may think that a fact is empirically evident, 
and they do not feel the necessity of proving it (Frant & de Costra,  2000  ) . However, 
as many studies have shown, exploratory experiences with DGEs do not necessarily 
jeopardize the development of deductive proof (Bruckheimer & Arcavi,  2001 ; 
Christou, Mousoulides, Pittalis, & Pitta-Pantazi,  2005 ; Guven, Cekmez, & Maratas, 
 2010 ; Hadas et al.,  2000 ; Healy & Hoyles,  2001 ; Mariotti,  2006 ; Oner,  2008,   2009  ) . 
The work of de Villiers  (  1990,   1997,   1998  ) , in articulating the different functions of 
proof, has brought some nuance to the question of whether or not DGE’s inhibit 
proof. He listed the following functions: veri fi cation, explanation, systematization, 
discovery, communication and intellectual challenge. The explanatory function of 
proof has been particularly prevalent in the DGE literature. In particular, proving 
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through surprise involves appealing to the explanatory function of proof, as described 
by de Villiers  (  1990,   1997,   1998  ) . For example, instead of questioning the convic-
tion empirical methods can give, de Villiers invited students to accept the evi-
dence, but then to ask  why  the relationships they were seeing must hold. In answer 
to that question they were expected to  fi nd a logical chain for going from hypoth-
esis to thesis. 

 DGEs are used not only in Euclidean geometry but also in non-Euclidean geometry 
as a means of offering representations and interactive models (such as the Poincaré 
disc model of hyperbolic geometry) that are more powerful than paper (Jones, 
Mackrell, & Stevenson,  2010  ) . Hollebrands, Conner and Smith  (  2010  )  examined 
the structure of arguments that students created using a DGE in light of Toulmin’s 
theory and presented evidence of the supporting value of DGEs in such a context. 

 This section has focussed on the general role of DGEs in the proving process 
and, in particular, the important role of open problems and the teacher’s insistence 
on explanation in supporting this proving process. In the next section we examine in 
more detail the nature of the dynamic geometry tools that relate to the process of 
proving.   

   Section C: Roles of Different Instruments Typical in DGEs 

 The role of the tools students have at their disposal in a DGE (as for example 
dragging, measures, locus, trace, and so on) can be that of a bridge between the 
spatio-graphical and the theoretical way of looking at a diagram. This point of view 
is supported by data from teaching experiments at different school levels (Arzarello 
et al.,  1998 ; Jahn,  2002 ; Laborde,  1998,   2004 ; Olivero & Robutti,  2007 ; Sinclair 
et al.,  2010 ; Vadcard,  1999  ) . In the next three sections, we focus on two central tools 
of DGEs, that of dragging and measuring, isolating each of them (even if they can 
be used together in exploration), in order to provide a more  fi ne-grained analysis of 
the epistemological, cognitive and didactical implications of each one. 

   Focus on the Dragging Tool 

 Dragging is the most central and distinctive tool of DGEs and allows users to 
select one or more objects and to move them continuously on the screen. We are 
concerned with the way the dragging may mediate the process of proving, in par-
ticular focussing on the epistemological and cognitive implications of it. (There are 
also didactical implications, but these will be considered in section D.) 

   Epistemological implications of dragging.   Dragging changes the  fi gural aspect 
of a construction such as an equilateral triangle (the representation changes) but not 
the conceptual one (since all the properties of the equilateral triangle are being 
maintained). This duality does not arise in a static pencil-and-paper environment, 
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since the  fi gural aspects are handled in a visual register and the conceptual one in 
the discursive register. 

 Since geometric proofs are meant to concern theoretical objects—and not just 
speci fi c drawings—the role that dragging can play in managing the  fi gural/concep-
tual duality is of particular interest. Making a conjecture about any con fi guration 
depends on the expectation of some sort of invariance under  fi gural change. And 
any conjecture about an equilateral triangle must assume that the conjecture will 
hold true for any con fi guration of an equilateral triangle. 

 Taken as a tool of semiotic mediation, Mariotti  (  2006  )  wrote that dragging fos-
ters students’ access to the world of Geometric theory, citing Jones’  (  2000  )  study of 
students working with quadrilaterals, with the task of constructing a quadrilateral 
and modifying it into a special case with dragging. By dragging a rectangle, say, the 
students could observe that “A rectangle … becomes a square” and “You can make 
a rectangle into a square by dragging the side shorter …” At the end of the unit, 
when asked to classify quadrilaterals into a family tree, the students were also able 
to answer questions of the form “why is one quadrilateral a special case of another?” 
However, they persisted in saying that the set of more general quadrilaterals to 
which they were referring excluded the special case. This reveals an epistemologi-
cal gap between the pragmatic, inductive argument enabled by the dragging (a 
square is a special case of a rectangle because you can turn the rectangle into a 
square) and the property-based, deductive inference required for a proof (a square is 
a special case of a rectangle because a square has four right angles). 

 Erez and Yerulshalmy’s  (  2006  )  study showed that with some guidance from the 
teacher, drawing attention to the relevant properties, 5th grade students (aged 10 and 
11) can, with dynamic geometry, view a square as a rhombus. In his study of Grade 
5 children using the  Shape Maker  microworld, Battista  (  2007  )  theorized the effec-
tiveness of dragging in terms of a two-folding assumption: fi rst, subconscious visual 
transformations “are one of the mental mechanisms by which we spatially structure 
shapes” (p. 150). For example, the opposite sides of a parallelogram are subcons-
ciously seen as parallel through a translation of one side onto another. 

 Battista’s second assumption, which he called the  transformational-saliency 
hypothesis , related more centrally to dragging. This hypothesis essentially stated 
that people notice invariance. As students drag the rhombus maker, they notice what 
stays invariant, namely the fact that all four sides are equal. For Battista, it was not 
just that one  might see  invariance in dragging but that one cannot help but notice it. 
He thus conjectured that “investigating shapes through  Shape Maker  transforma-
tions make the essence of the properties more psychologically salient to students 
than simple comparing examples of shapes as in traditional instruction” (p. 152). 
Dragging thus changes the way shapes are perceived, moving from a static visual 
apprehension to a temporal attention to what remains invariant. This hypothesis 
might explain the tendency students have to compare shapes using transformations, 
as reported both in DGE environments (Jones,  2000 ; Sinclair et al.,  2010  )  and in 
non-DGE ones (Lehrer et al.,  1998  ) . 

 Leung’s  (  2008  )  approach to theorizing dynamic geometry experiences—and 
particularly the temporal and spatial changes involved in dragging—also accorded 
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a central role to invariance. Leung  (  2008  )  used Marton & Booth’s ( 1997 ) theory of 
variation to analyze the different ways in which dragging might help a learner come 
to know mathematics. According to Leung ( 2003 ), “in DGE, it is possible to 
de fi ne a way of seeing (discernment) in terms of actually seeing invariant critical 
features (a visual demarcation or focussing) under a continuous variation of certain 
components of con fi guration” (p. 198). He elaborated Marton and Booth’s notion of 
 simultaneity —experiencing different temporal or spatial “instances” of a phenom-
enon at the same time—which he saw as a promising agent to help bridge the gap 
between experimental and theoretical mathematics. Leung described two different 
types of simultaneity: (a) the spatial type involves experiencing different features of 
the same thing simultaneously; and (b) the temporal type involves experiencing 
instances that have previously been encountered at different points in time, at the 
same time (for example, seeing three animations that had been viewed one after the 
other, all at the same time). Interestingly, these loosely correspond to Battista’s two 
perspectives on dynamic diagrams: the spatial type corresponds to the multiple 
example perspective and the temporal type to the continuous transformation 
perspective. In Leung’s example of the temporal simultaneity, two things were 
varying simultaneously and the observer was trying to identify some kind of invari-
ance. The spatial simultaneity will involve comparing and contrasting the similari-
ties and differences among the four types dragging experiences. Dragging is central 
to both types of simultaneity, as is the experience of invariance. Indeed, simultaneity 
can only enable discernment and awareness if invariances can be seen, an assump-
tion that relates strongly to Battista’s  transformational-saliency hypothesis . 

 Leung’s  (  2008  )  case study showed how these two types of simultaneity not only 
lead to the generation of a conjecture but also to the construction of what he calls a 
“DGE proof” (p. 146). Although Leung did not dwell on the transition from conjec-
ture to “DGE proof,” it is worth attending to the epistemological nature of the transi-
tion, particularly in terms of the role of dragging. The conjecture identi fi es an 
invariance. In Leung’s case study, very brie fl y, the problem is as follows: For a 
quadrilateral  ABCD , under what conditions is ∠ ABC  = 2∠ ADC  (see Figure  19.1a ). 
Through explorations in dragging, Leung saw that if  A, B, C  are left  fi xed and  D  is 
dragged, then ∠ABC = 2∠ADC when  D  seems to be on a circle passing through  A  
and  C . Moving to a DGE proof then, involves  fi rst constructing the circle  c  

4
  through 

 A ,  B  and  C , then constructing the perpendicular bisector of  AC , then  fi nding the 
intersection  E  of this perpendicular bisector with  c  

4
  (see Figure  19.1b ). If  D  is 

merged to the circle passing through  A  and  C , centred at E, then ∠ ABC  = 2∠ ADC .  
 The role of dragging has shifted from interrogation to declaration. The construc-

tion process is  declarative,  in that it asserts the circle, as well as  demonstrative  
in that it shows how the geometric con fi guration can be put into action (much like 
Euclid’s  fi rst proposition, which shows how an equilateral triangle can be con-
structed). As Jackiw  (  2006  )  wrote, the DGE proof follows a long tradition of 
mechanical demonstration in the history of science and mathematics, one that is 
replete with personal agency and aesthetic satisfaction. While not providing the 
propositional sequence of deductions required in a formal, written proof, the “DGE 
proof” is epistemologically much closer to the explanation than to veri fi cation and, 
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as such, may fruitfully become an object of study in further research on the role of 
DGEs in the proving process.  

   Cognitive implications of dragging.   Dragging can be seen as semiotic tool used 
to express meanings and solve problems (Mariotti,  2002  ) . It can also reveal students’ 
thinking processes as they work on tasks. By observing students solving open 
problems, Arzarello, Olivero, Paola, and Robutti  (  2002  )  identi fi ed several distinct 
dragging modalities that were used, and that revealed speci fi c features of their 
thinking. They have been widely cited and used by researchers trying to understand 
students’ problem solving and proving activity. We highlight some of them here in 
order to stress the links to proving. Consider the blackbox situation given in 
Figure  19.2 . If students are asked to identify the transformation leading from  A  to 
 A  ¢ , they may begin by wandering dragging in which they drag point  A  more or less 
randomly on the screen. They have no plan yet, and no conjectures about how  A  and 
 A  ¢  are related. In their wandering dragging, they may notice that there are places 
where the two points meet. They may therefore engage in “dummy locus” dragging 
in which they attempt to drag  A  along a path that keeps  A  and  A  ¢  together; here they 
are following a hidden path (the dummy locus, in this case a line) even without 
being aware of it. In order to keep track of these places where  A  and  A  ¢  overlap, they 
may engage in line dragging, in which they draw new points on the spots of overlap, 
or in guided dragging, in order to obtain and observe a particular situation (for 
example moving  A  towards  A  ¢ ). They will thus see that the spots form a line, at 

  Figure 19.1.    ( a ) The general con fi guration; ( b ) Under what conditions is ∠ABC = 2∠ADC.       

 



580 Sinclair and Robutti

which point they may construct a line and use linked dragging to merge the point to 
the line and move it along that line.  

 These drag modalities structure a situated hierarchical scheme that, as suggested in 
the above example, are indicative of different modes of thinking such as exploring, 
forming conjectures, testing conjectures, and verifying conjectures. 

 The  fi nal type of dragging identi fi ed by these researchers is called the  dragging 
test , and involves dragging points in order to verify whether a  fi gure keeps its initial 
properties: if a student constructs an equilateral triangle, he/she then uses the drag 
test to see whether moving one vertex maintains the triangle as equilateral. 

 These modalities can be grouped in two broad categories, characterizing the 
moves between the spatio-graphical  fi eld and theoretical  fi eld: dragging for exploring/
conjecturing and dragging for validating a conjecture or proof. In the  fi rst case, 
students drag objects observing the  fi gure in search for regularities and invariants 
(e.g., wandering dragging): once they have found one and they express it through a 
conjecture, they shift from the spatio-graphical  fi eld to the theoretical  fi eld. And 
vice versa, they shift backward if they drag objects to check a conjecture already 
discovered (e.g., guided dragging). 

 To this list of drag modalities, Leung  (  2008  )  added one that relates to the para-
metric colour tool, which enables users to make the colour of an object depend on a 
measured quantity. For example, one could have the colour of a circle depend on its 
distance from a  fi xed point: dragging the circle, its colour would thus change. While 
this  spectral dragging  often involves moving the mouse (as in the example given 
above), it is not fundamentally about motion; rather, its power is more in the chro-
matic feedback offered. Leung’s study focusses less on the cognitive dimension of 
dragging than, as he says, on the mathematical relevance of dragging strategies. He 
identi fi ed different types of dragging that are based on different ways of attending 
to variation: dragging for contrast, for separation, for generalization and for fusion. 
As with the dragging modalities of Arzarello et al.  (  2002  ) , these are all related to 
conjecturing and proving.   

   Focus on the Measurement Tool 

 Measuring is a powerful tool of dynamic geometry environments, and also a 
complex one that requires appropriate management and interpretation, and may be 

  Figure 19.2.    Moving from wandering to dummy dragging.       
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used by students with varying degrees of con fi dence and awareness. Actually, 
students using a DGE in geometry tasks can utilize measures in different ways, 
according to the description given for dragging: in the spatio-graphical  fi eld, if they 
are more concerned with the perception of the drawing, or in the theoretical  fi eld, if 
they are more concentrated with the properties of the  fi gure. According to their use 
of measurements, students can construct mathematical meanings, formulate conjec-
tures, check them or use them to construct a proof, in a continuous process from 
exploration to the  fi nal product of a formal proof. 

   Epistemological implications of measurements.   One of the speci fi c features 
available in a DGE, the measuring tools, within the context of open geometry 
problems, can offer deep insight on the  fi gures and ideas for the formulation of 
conjectures, especially if used with the dynamicity offered by dragging. However, from 
an epistemological point of view, the double meaning of measuring (in mathematics 
and in physics) can also cause misunderstanding or con fl ict in the proving process, 
in the interplay between theoretical and graphical aspects of  fi gures. Actually, if we 
consider the meaning of measures in mathematics, we have a function that gives a 
unique real number associated to a quantity (that can be rational or irrational): for 
example, in the case of diagonal of a square measured with its side, it is irrational 
(the square root of 2). Measuring in physics and experimental sciences has a different 
epistemological status, because it depends on the kind of tool and its sensibility, on 
the number of measurements, and on calculation of uncertainty. In this case, 
measuring never provides an irrational number, but always a rational number, with 
a precision (number of signi fi cant digits) that depends on the tool and on the process, 
and gives as result a number in an uncertainty interval. 

 When using a DGE, things are more complex, and go further than this double 
meaning, because measurements are given as in physics (using a virtual ruler), but the 
software simulates a geometric environment (the Euclidean one) where the measure 
is mathematics (Olivero & Robutti,  2001  ) . In a DGE, users can construct geometric 
 fi gures according to Euclidean properties, but it is not the Euclidean plane, because 
there is no continuity, but a  fi nite number of pixels. In this plane, computations do 
not have in fi nite precision, but they are approximate. For these reasons, coordinates 
of points, amplitudes of angles, and measurements in general are written with a 
 fi nite number of decimal digits. The user can increase that number of digits, how-
ever the precision of the tool does not increase, because there is a technological 
limit to the precision of the measuring tools: the dimension of the pixel. 

 The outcome of these features is that many different things may happen when 
students are measuring in a DGE (length of segment, amplitude of an angle, and so 
on). For example, one might see on the screen two equal lengths corresponding to 
segments that are known to be not equal from a theoretical point of view, or the 
additive property of measures is not always satis fi ed (Figure  19.3 ). These examples 
show that some geometric properties may appear not to be satis fi ed when looking at 
measurements in a DGE.  

 When students approach problems in a DGE and  fi nd a situation like the one in 
Figure  19.3 , they may remain stuck and attribute the mistake to the software, or may 
re-consider again their work from the beginning, thinking they have made a mistake. 
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Otherwise, if they are aware of the epistemological implications of the use of 
measures in a DGE (approximation, pixels, calculation, and so on), they can look at 
their  fi gure in a theoretical way, in order to interpret it with the constraints of soft-
ware use. From a didactic point of view,    de Villiers ( 1999 ) showed that one can also 
use the  fi nite limitations of a DGE to design speci fi c situations where students are 
not absolutely certain in order to motivate a need for proof as a means of further 
veri fi cation.  

   Cognitive implications of measures.   The epistemological implications 
described above imply a complexity where measure interpretation and management 
surely creates opportunities for construction and exploration, but it can also be a 
source of con fl ict. Actually, the double meaning of measure in a DGE is not always 
transparent to students, and can sometimes act as a black box, where students accept 
as “true” a value of a measurement they read on the screen, without treating it 
contextually with some uncertainty or approximation. Students’ competence in 
managing measures depends on their awareness of their epistemological status, for 
which the teacher’s role is fundamental. 

 As for dragging, also for measure in a DGE, the different uses of the tool can 
correspond to different cognitive activity, from a spatio-graphical level to a theoreti-
cal one, or backwards. In fact, students may use the measure tool at times for dis-
covering and conjecturing and at times for validating a conjecture. This was shown 
by Vadcard  (  1999  ) , in his study on the use of measuring in  Cabri , which distin-
guished between  mesure exploratoire , used mainly as a heuristic tool and  mesure 
probatoire , used as a checking tool. Furthermore, it is possible to split each category 
in different modalities (Olivero & Robutti,  2007  ) . The  fi rst category ( mesure explor-
atoire ), related to the shift from the spatio-graphical  fi eld to the theoretical  fi eld, can 
be divided into different modalities. One of them is  wandering measuring , when 
students do not have any precise ideas about the con fi guration—so they explore the 
situation randomly: they take measurements of some elements of the con fi guration, 
in the same way as they might use wandering dragging, in order to identify quantita-
tive relations, invariants, congruencies, etc. Of course, it seems to be important 
 which  quantitative relationships will be identi fi ed: as Sinclair  (  2002  )  argued, only 
certain ones will be deemed interesting enough—for example, in wandering dragging 
that involves measuring angles, certain values (such as 90°, 120°, etc.) will seem 
much more relevant than others, because of an aesthetic component in conjecturing, 

  Figure 19.3.    The length of AB is not equal to the sum of the lengths of AC and CB.       
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in the sense that only some con fi gurations, invariances, or measures are worth 
attending to. If students trust measurements and they believe measurements are 
absolutely exact, they stay at a spatio-graphical  fi eld. Instead, if they use the informa-
tion provided by the reading of the measurements to formulate a conjecture in the 
standard form “if … then …” and in a general case (“generic example,” in the sense 
of Balacheff,  1987  ) , they connect the spatio-graphical  fi eld with the theoretical one. 

 Another modality is  guided measuring  (echoing guided dragging), when stu-
dents do a guided exploration of the con fi guration, examining particular cases one 
after the other: measurements are used in order to obtain a particular  fi gure from a 
generic con fi guration; for example a generic quadrilateral can be transformed into a 
parallelogram by looking at the length of the opposite sides. This modality can be 
useful to put in order (Guala & Boero,  1999  )  a set of different cases, with the aim of 
exploring them—from, for example, the most particular to the most general. 

 A third is  perceptual measuring , when students use measurements as a means of 
checking the validity of a perception: having the intuition on a property, but not 
being sure of it, they use measurements to validate the perception, by transforming 
a qualitative relationship into a quantitative one, and remain in the spatio-graphical 
 fi eld. They may jump to the theoretical  fi eld if they then transform that perception 
into a conjecture. 

 On the opposite side, the second category is related to the shift from the theoreti-
cal  fi eld to the spatio-graphical  fi eld, when students need to check the validity of an 
intuition, a conjecture, even a proof, and use  mesure probatoire . In the  validation 
measuring  modality, students use measures to check whether a conjecture should be 
accepted or refuted. This use is very similar to the dragging test, for checking a 
construction. Another modality is  proof measuring , not frequently used, where 
students go back to the DGE after having constructed a proof, in order to check it or 
gain conviction. In this case, new experiments are made in the DGE and measure-
ments are used to “validate” the proof from an experimental point of view, or to 
have data against the proof itself. 

 Students’ competencies in using measurements discriminate their approach to 
proof. If they read values in the DGE, giving them a proper approximation and 
range of uncertainty, it could be useful both in the passage from spatio-graphic to 
theory and backwards, otherwise some problems may occur (one is described in the 
data below). In terms of the use of the measuring, researchers have studied the ways 
students use measures in the proving process (perceptually or theoretically?), with 
their awareness in doing so (knowing its epistemological status and its role in a 
proof or not?), and the relation of their use of measures to the construction of a proof 
(support or against?). We exemplify some  fi ndings of this research in section D.   

   Other DGE Tools 

 The dragging and measurements tools are central in DGEs, and have been studied 
extensively, but they are not the only ones: there are many other tools at a learner’s 
disposal including trace, locus, transformation, animation, parametric colours, 
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macro-constructions or custom tools, iteration and graphing. Mariotti  (  2002  )  
described the way in which tracing and locus can work together with the former 
providing exploratory evidence of a relationship and the latter a con fi rmatory con-
struction. While trace guides a student to the solution of the problem, locus supports 
investigation on speci fi c characteristic of the  fi gure or relationships among its compo-
nents. Locus and tracing have been shown to be effective in problems where students 
construct and use transformation, and are engaged in  fi nding invariants (Jahn,  2002  ) , 
or in problems where they are involved in guessing what kind of transformation is 
at the basis of a given construction—as in Laborde’s  (  2001  )  black boxes. While 
dragging and measurement will remain the focus of attention, we anticipate more 
work in the next decade on the use of these other tools in the proving process.   

   Section D: Protocols in DGE Research Around Proving 

 In this section we offer two case studies of student interactions with a DGE. 
In section C we focussed on the two tools of dragging and measuring, charting out 
their cognitive and epistemological implications across a range of topic areas and 
grade levels—particularly as they relate to the proving process. Here we consider 
particular classroom situations dealing with speci fi c content, tasks and grade levels, 
as well as speci fi c theoretical lenses that can be used to study geometric thinking. 
The  fi rst example, reported by Sinclair et al.  (  2010  ) , involved primary grade chil-
dren engaging in geometric argumentation in the context of a whole classroom 
exploration around identifying triangles. Dragging is a central feature of this exam-
ple but the analysis focusses less on the modality of dragging used than on the dis-
cursive changes in students’ talk about triangles. The second example, reported by 
Olivero and Robutti  (  2007  ) , involved high school students working at a more sophis-
ticated level of the proving process, in the context of a teaching experiment in which 
pairs of students solved an open problem that centrally involved the use of the mea-
sure tool. 

   Dragging at the Elementary School Level 

 This case study involves children 4–5 years old who had never seen the software 
before, and had not engaged in any formal work on geometry at that point in the 
year (January). The task was designed in such a way to promote exploration, con-
jecturing and argumentation. Although the episode is not directly about proof, we 
include it because we see it as belonging to the initial stages of the proving process, 
including the move to the theoretical and the use of de fi nitions. The episode involved 
students engaged in identifying triangles. We focus attention on the different ways 
that students talked about the shapes they see and their developing discourse as they 
encountered a broader range of dragged triangles.
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  The teacher began by asking “What is a triangle?” The children use their hands and 
bodies to form triangles. There was no reference to speci fi c properties of the shape. The 
teacher then constructed a triangle with its vertex facing down using the segment tool. Most 
of the children did not think this was a triangle. Some turned around, and said it was a tri-
angle only if they looked at it upside down. The teacher then dragged one of the vertices of 
the triangle.  

 34.  T:  I’m going to ask you to tell me what you see when I’m doing this. 
 35.  Ss:  Ooh. Wow. [ some laughing ] 
 36.  T:  What do you see? 
 37.  Abigail:  That’s actually a triangle. 
 38.  Leah:  A triangle. 
 39.  John:  It is. 
 40.  T:  Why is it a triangle? [ continuing to drag ] 
 41.  Robert:  You can stretch it out. 
 42.  T:  And that’s what makes it a triangle? 
 43.  Robert:  Yeah. 
 44.  Dasia:  Every triangle 
 45.  John:  You’re going to make 
 46.  T:  Just wait. Dasia, what are you saying? 
 47.  Dasia:  Every triangle could be, um, a different shape but it just has three corners. 

 Although brief, this exchange was long enough to show a process of discourse 
change in real time. The change was signalled with a collective expression of sur-
prise (see “Ooh. Wow” in [35]). Abigail’s statement “That’s actually a triangle” [37] 
signalled that what so far was considered to be a triangle only  potentially , pending 
a person’s position with respect to the shape, now became a triangle as-is, uncondi-
tionally. Since it was now obvious, even if not actually shown, that this animated 
thing could easily reincarnate into the canonical shape she had always considered as 
a triangle, that canonical shape became but one of the possible images of the  moving  
object called triangle. The follow-up comments by Leah [38] and John [39] sug-
gested the same interpretation. Most notably, Robert explicitly signalled having 
changed his mind when he explained that whatever he could see on the screen, 
including the original “upside-down” shape, was a triangle simply because it could 
be obtained from one basic triangular shape by “stretching it out” [41]. A signi fi cant 
aspect of the children’s talk was that it shifted toward the hypothetical and the 
abstract: so far, a triangle used to be something that was present visually, but the 
children now spoke of it as an object that changes over time. 

 Dasia’s talk stood out in three respects. First, she spoke in plural, mentioning 
many triangles rather than just one (see her expression “every triangle” in [44]). 
Second, she referred explicitly to properties of a triangle (see her mention of “three 
corners” in [47]; this is similar to, but still different from Abigail’s earlier mention of 
three sides). Finally, she turned Robert’s statement around into a more general 
description of a triangle. On the basis of [47] we can conclude that having three 
corners was, for her, the only condition a shape had to ful fi l to be called “triangle.” 
With the word “just” in her requirement of “just has three corners” Dasia communicated 
the idea that a triangle can have many other characteristics (be upside down, stretched, 
etc.), but having three corners was the only property that was really indispensable. 
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 Wishing to elicit the dif fi culty that children might have in identifying stick-
shaped triangles as triangles, the teacher asked the students to close their eyes so 
that she could drag the triangle into a more “monstrous” (very long and skinny) 
shape. When asked whether it is a triangle, some students say “no” and others “yes.” 
After some discussion, Morgan remained the only dissenter.    

 82.  Dasia:  It’s a triangle for me though. 
 83.  Robert:  It’s a triangle for me too. 
 84.  Other Ss:  Me too. 
 85.  T:  But we have to try and explain why it’s a triangle for Morgan. You have 

to convince her. Why do you think it’s a triangle because she’s not sure? 
 86.  Dasia:  Because it has three corners. 
 87.  T:  What else does it have? 
 88.  Nadia:  Three lines. 
 89.  T:  We need to come up with a de fi nition we all agree on and so far your 

de fi nition is three vertices, or you can call them corners, and three sides. 
 90.  Michael:  Well it’s a triangle as long as it has a point and as long as it had three dots 

and as long as it has three lines. 
 91.  Leah:  Yeah whatever you do with it, it’s still a triangle. 

 Dasia, whose utterance [86] showed once again that for her deciding whether a 
drawing was a triangle required just checking whether it was showing three corners. 
In contrast, Morgan’s use of triangle included a broader class of transformations of 
the canonical one, the routine of identi fi cation was still exclusively visual, with no 
appeal to properties. The rest of the class, however, could now speak about a  family  
of triangles rather than a single one, and the family was uni fi ed by common proper-
ties. Dasia’s and Michael’s utterances [82] and [90], respectively, showed an inter-
esting discursive gap: whereas Dasia appealed only to properties that were both 
necessary and suf fi cient, Michael added to the “three dots” the requirement that 
there must also be “a point” and “three lines,” thus making his statement more of a 
description than a de fi nition. 

 The children’s talk bore clear evidence of its being developed in a DGE. With the 
phrases “as long as,” (Michael, [90]) and “still” (Leah, [91]) the children communi-
cated their reliance on transformability in trying to identify a triangle—thus sup-
porting Battista’s hypothesis. Leah, in particular, used a dynamic, material language 
in which a triangle was something you could do to things. Her “whatever you do” 
referred to what could be done with one of the triangle’s corners. Unlike Michael, 
she did not draw on the properties; her statement spoke to the variability she thought 
the triangle had. 

 We see this episode as relevant to the proving process in that the development 
of the notion of triangle is not achieved through memorization of vocabulary 
but, instead, through a back-and-forth between the visual and discursive registers. 
In prompting the students to use words, to compare their visual identi fi cations with 
their verbal statements, and to consider counter-examples, the teacher supported the 
use of explanation. The students moved toward deductive statements such as “that 
shape is a triangle  because  it has three sides.” Further, this excerpt revealed the way 
in which the work on identifying shapes as simple as triangles, in the primary grades, 
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can be vectored toward the development from description to de fi nition—a crucial 
one in the proving process.  

   Measurement in a High School Setting 

 Students in the 10th grade were involved in a teaching experiment aimed at 
introducing the proving process as a continuing activity from construction of a 
 fi gure in a DGE and its exploration until the formulation of a proof, via some con-
jectures. The teacher emphasized the need for proof as the explanation of  why  a 
statement is valid within some hypothesis. The students, adopting this didactic con-
tract, knew that once they have found one or more conjectures in the geometric situ-
ation, they had to justify and explain them. The research study started from the 
hypothesis (Arzarello et al.,  1998,   2002  )  that the DGE can support a cognitive con-
tinuity from conjecturing to proving, whereas conjecture and proof have two differ-
ent epistemological statuses 

 In the classroom sessions (each of them lasted about two hours) the students 
were engaged in solving an open problem working in pairs with  Cabri  and sharing 
their solution at the end of the group session. Discussion was coordinated by the 
teacher. Data collected were  fi eld notes and videotapes of the work, made in  Cabri  
and in paper and pencil. With these data, researchers can pay attention to students’ 
approaches to measurements and to their cognitive role during the activity. The data 
showed students’ frequent passages from the spatio-graphical to the theoretical  fi eld. 

 In the example we present here, two students (Alessandra and Tiziana) in their 
working group explored a geometric situation, made conjectures and proved one of 
them. After having done this, they used measurements to check their proof. So, they 
did a passage from their theoretical approach (doing the proof) to a spatio-graphical 
approach again (checking the proof with measures), which showed the use of the 
measurement tool in modality  proof measuring  of the list above. At this point, students 
were surprised to  fi nd that the two results, coming from theory and experiment, 
were not coherent (Olivero & Robutti,  2002,   2007  ) . These students were medium 
achievers; they had not used  Cabri  very often before, and had no substantial experi-
ence with open problems before this one. 

 The problem given to the students is “Varignon’s problem,” formulated as follows: 
Draw any quadrilateral  ABCD . Draw the midpoints  L, M, N, P  of the four sides.

    1.    Which properties does the quadrilateral  LMNP  have?  
    2.    Which particular con fi gurations does  LMNP  assume?  
    3.    Which hypotheses on the quadrilateral  ABCD  are needed, in order for  LMNP  to 

assume those particular con fi gurations? Make conjectures and prove them.     

 At the beginning the two students explored the situation in  Cabri  and formulated 
the following conjecture: if the external quadrilateral is a square, the internal quad-
rilateral is a rhombus. After that, they proved the conjecture, based on Figure  19.4  
drawn on paper. Note that it is not surprising that the students  fi rst call the “inside” 
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shape a rhombus, because their shape identi fi cation strategies were visually oriented, 
namely based on a visual association with a prototypical shape—they do not call it 
a “square” because its sides are not vertical and horizontal.     

 181     Tiziana  All this stuff…these…they are congruent (the halves of the sides of  ABCD ). 
[ Then Tiziana writes down the thesis :  LM equals   MN ,  equals NP ,  equals 
PL .  Meanwhile Alessandra uses a ruler to measure  the sides of  LMNP .) ] 

 189  Tiziana  So  NC  is congruent to  MC PAL  (angle) is congruent to  NCM  (angle) 
because  ABCD  is square [ she writes down all this ]. And so it has got 
right angles, right? [ She marks the right angles in ABCD ]. We didn’t 
write this in the hypothesis, but shall I explain this? 

 193  Tiziana  So  PL  equals  MN . The same for  PDN  triangle and  LBM  triangle then  PN  
equals  LM . Should I do a cross comparison?  PDN  triangle and  PAL  
triangle then  PN  equals  PL . What’s missing? These two are done, these 
two are done 

 195  Tiziana   NCM  triangle and  MBL  triangle so  NM  congruent to  ML  
 197  Tiziana  They all have equal sides. So it is a rhombus! OK! 

 The students constructed a proof with all the logical passages required at their 
school level. They used the congruence of triangles in which the  fi gure was decom-
posed (Figure  19.4 ) and the congruence theorem SAS. At the end of their proving 
process, they were sure of the validity of their conjecture, because they had proved 
it, i.e., they had deduced the thesis (the quadrilateral inside the square is a rhombus) 
from the hypothesis (the starting quadrilateral is a square)—thus appealing to the 
veri fi cation function of proof. 

 To be convinced of their theoretical approach, at this point, after the construction 
of their  fi nal proof, the two students went back to  Cabri  to look for validation—that 

  Figure 19.4.    Proving that 
“If ABCD is a square then 
HKLM is a rhombus.”       
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is, empirical evidence. So, a new episode started up, marking a passage from the 
theoretical to the spatio-graphical  fi eld:    

 207  Tiziana  Try to make  ABCD  a square 
 208  Alessandra  [ Drags A and B trying to obtain a square with a side of  6.17  cm ] 
 209  Tiziana  Is it a rhombus? 
 210  Alessandra  Well … [Alessandra points at the sides of  LMNP ]. A rhombus 

has got equal sides oh no! It’s not a rhombus! (see Figure  19.5 ) 

 The two students dragged  ABCD  into a square (using guided dragging, along 
with a guided use of measurements), to check if  LMNP  is a rhombus. And to do this, 
they dragged  ABCD  not randomly, but checking measures of its sides, in order to 
obtain equal values. They were transforming a generic quadrilateral  ABCD  into a 
square just by dragging (and looking at the side measures), not by constructing it. 
Moreover, they used the  proof measuring  modality in that they wanted to  fi nd the 
empirical evidence of their theoretical  fi nding. This passage from theoretical to 
spatio-graphical was not so unusual (even for mathematicians!) and could give dif-
ferent results. The two students were surprised when they found that such numbers 
were not equal ( PN  and  PL , for example, in Figure  19.5 ). These students had more 
con fi dence in the measurements taken by  Cabri  than in the correctness of their 
proof. In fact, they immediately checked each passage of the proof but concluded 
that the software was right—and so they rejected their proof:     

 257  Tiziana  Because if this is the midpoint [ she points at P ] then it divides this side 
in two equal parts.[ She points at AD  and  AP  and  PD ]. 

 263  Tiziana  So it should be: if it is a square, the quadrilateral inside is a square too. 
 264  Teacher  Right! 
 265  Tiziana  Why doesn’t the  fi gure show that? 
 274  Teacher  I’ll try to pose the problem from a different perspective: this  fi gure. 

[Points at the Figure  19.4  on the screen] Is it a square? Really? 

  Figure 19.5.    Measuring the 
sides of the inner 
quadrilateral.       
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 The teacher’s intervention focusses students’ attention on the link between the 
spatio-graphical and the theoretical, helping them to realize that their  fi gure 
(Figure  19.5 ) was  not  properly a square. Furthermore she suggested that they  con-
struct  a square, and check if it was in accordance with the proof. In the sense of 
Laborde, these students were looking at a square as a sketch, not at a  Cabri -square 
(a dynamic construction). After the teacher’s suggestion, the students constructed a 
square and thus overcome the con fl ict. The use of measurements described above 
seemed to detach the students completely from the theoretical  fi eld and made them 
dependent on the spatio-graphical one. 

 For these students, the intervention of the teacher was crucial for overcoming the 
con fl ict and using the  fi gure in a theoretical way, accepting the proof and going 
further in solving the problem. This case study thus illustrates the epistemological 
and cognitive implications of the measuring tool in relation to the proving process 
and offers a speci fi c example of the kind of work that a teacher must do to support 
this process.   

   Section E: Conclusion and Implications 

   Didactic Implications of DGEs 

 As observed in Hoyles and Noss’s  (  2003  )   Second Handbook  chapter, research 
has focussed not just on the affordances of the tool, but also on the role of the 
teacher in the classroom. In both of the case studies shown above, the teacher played 
a crucial role in emphasizing relationships between objects, while trying to intro-
duce students to the theoretical world of geometry, which is similar to Mariotti’s 
 (  2000  )  thesis. However, as shown in Sinclair and Yurita  (  2008  ) , it can be challeng-
ing for teachers to play this role, particularly when their way of thinking and talking 
about geometry is static in nature. Although it is clear that teachers must help stu-
dents move towards explanation and deduction, there is still a great deal of research 
to be done on how teachers should deal with the epistemological and cognitive 
implications of DGE tools such as dragging and measuring. Should, for example, 
the various dragging modalities be modelled by the teacher? How might a teacher 
choose tasks that can scaffold dragging modalities in such a way to better support 
the proving process? Do teachers need to be more careful about how and when they 
introduce measure tools? How can teachers carry out in class an instrumentation 
of the different tools present in a DGE, in the sense of giving students schemes of 
use of these tools and awareness of their use according to the kind of problem 
(construction, exploration, modelling, and so on)? 

 The orchestration of different materials and technologies (Trouche,  2004  ) , and the 
use of new teaching practices (working groups, discussions, distance education), are 
dif fi cult and can create confusion for teachers. However, many national and interna-
tional projects of teacher education are directing their efforts at supporting teachers in 
changing (see Sinclair, Arzarello, Gaisman, & Lozano,  2009  ) . More research, along 
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the lines of Laborde’s  (  2001  ) , needs to focus on developing better teacher integration, 
including supporting the development of new tasks that are suitable to DGE use and 
new modes of assessment that do not simply fall back to pencil-and-paper testing.  

   Research Implications of DGEs 

 Hoyles and Noss  (  2003  )  stated that “attention is turning away from the investiga-
tion of the process of construction and conjecturing with DGS, and towards consid-
eration of how the new tools mediate the nature of explanation, veri fi cation and 
even proof” (p. 335). Since the early 2000s, we have seen a strong emphasis on how 
those two processes are related, which has led to an increasing range of contexts of 
study, across the grade levels (from primary school to university level, including 
pre-service teacher education—see Lassak,  2009  ) . This may lead to more longitudi-
nal research on the way in which the proving process might develop over the school 
curriculum—such longitudinal studies have been quite rare in the  fi eld of technol-
ogy, but they would be particularly helpful in elucidating the nature of the proving 
process. In particular, as anticipated in the  fi rst case study, we need new models, or 
learning trajectories, that can account for the impact of DGE use in the development 
of student thinking. 

 Attention is also turning to the ways by which DGEs can mediate the objects of 
geometric investigation and the ways students can think about these objects, as dis-
cussed in section C. With the  fi ne-grained analyses of dragging and measuring already 
undertaken, we tried to show that the dynamicity and the measure give students the 
opportunity to pass from the exploration phase, characterized by conjectures, to the 
proving phase, characterized by the construction of proof, with continuity. 

 Over the past decade, researchers have identi fi ed some of the more subtle aspects 
of learning to use and teach with DGEs. For example, the literature suggests that 
teachers need to help students develop “schemes of use” (Rabardel,  1995  ) —not just 
how to drag a point, but why a point or an object is not draggable, how and when to 
use a measure to infer a property, how to read a measure in a proper way, and how 
to use dragging to obtain a particular con fi guration. This awareness of the schemes 
of use enables students to master the problem, from the hypothesis to the thesis, 
during the various solution phases (Sträßer,  2009  ) . More research is needed to study 
how (and how much) teachers should “instrument” their students in the use of tech-
nologies. A delicate balance is needed since, on the one hand, it is important to 
introduce schemes of use in a cognitive and metacognitive way, but on the other, this 
activity should not become a sequence of instructions and rules, but an investigation 
methodology. In fact, tools are active elements of the culture in which they are used 
as they involve cognitive structures (schemes) and also introduce cultural systems 
that are products of cultural evolution. For this reason, we have to examine the 
closeness of the notion of “scheme” to that of “situated abstraction” (Noss & Hoyles, 
 1996  )  as a complex product of activity, context, history and culture. And we have to 
examine the complexity of the relation between humans and technology (Borba & 
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Villarreal,  2005  ) —not only as one subject interacting with one tool, but as  more 
subjects  interacting together and with  more tools . 

 For what concerns  more subjects , Trouche  (  2004  )  notes that: “an instrument is 
the result of a construction by a subject, in a community of practice, on a basis of a 
given artifact, through a process, the instrumental genesis” (p. 289). The social 
dimension of the tool can be analyzed according to different theoretical perspec-
tives, such as semiotic mediation (Mariotti,  2010  )  or the human, embodied, cultural 
and multimodal perspectives put forward by Radford  (  2010  )  and Arzarello and 
Robutti  (  2010  ) . These frames consider all the signs introduced by students (verbal 
utterances, gestures, bodily movements, actions on the computer, etc.), during a 
classroom activity to be relevant for understanding cognitive processes. 

 In terms of  more artefacts , we again point to Trouche’s emphasis on the impor-
tance of “instrumental orchestration,” which involves the design of tasks, the guid-
ance of students’ instrumental genesis, and the environmental organization (Trouche, 
 2004  ) . Instrumental orchestration is achieved by “didactic con fi gurations” (layout 
of available artefacts in the environment), “exploitation modes” of these 
con fi gurations (decisions for carrying out the activities with artefacts) and “didactical 
performance” (ad hoc decisions taken while teaching on how actually to perform in 
the chosen didactic con fi guration and exploitation mode). Recent trends in research 
study the types of instrumental orchestration that emerge in technology-rich class-
room teaching and to what extent are teachers’ repertoires of orchestrations related 
to their expressed views on mathematics education and the role of technology 
(Drijvers, Doorman, Boon, Reed, & Gravemeijer,  2010  ) . They should inform 
research on the use of DGEs in the proving process.       
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