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Abstract This article explores ways of conceptualizing the design of innovative learning
tools as emergent from dialectics between designers and learner-users of those tools. More
specifically, I focus on the reciprocities between a designer’s objectives for student
learning and a user’s situated activity in a learning environment, as these interact and co-
develop in cycles of design-based research. Recent investigations of technology-supported
mathematics learning conducted from an ‘instrumental’ perspective provide a powerful
framework for analyzing the process through which classroom artifacts become conceptual
tools, simultaneously characterizing the ways students come to both implement and
understand a device in the context of a task. Similarly, design-based approaches to
investigating instructional activity offer epistemological grounds for treating the process of
designing artifacts to support learning as unfolding in concert with rather than concluding
prior to situated student use. Drawing on each of these perspectives, I describe the design
and initial implementation of a set of software artifacts intended to support students’
collaborative problem solving through locally networked handheld computers. Through
detailed analyses of three classroom episodes, I report on the ways one student group’s
innovative and unexpected use of these tools served as an opportunity to both examine
student learning in the context of that novelty and to refine the software design. This
account provides an empirical example through which to consider the potential for
instrumental genesis to inform design, and for design research epistemology to broaden the
scope of instrumental theory.
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1 Introduction

Investigations of technology-in-use in a variety of contexts have stressed that users in a
particular setting negotiate meanings for a tool that can be quite different from those
attributed by designers prior to the artifact’s arrival in that setting (Suchman 1986;
Suchman et al. 1999). For example, the study of organizations has helped to show the dual
nature of technologies as both constituted by and constitutive of social practices (Orli-
kowski 1992). Researchers examining the new arrival of desktop computers in classrooms
have similarly suggested that teachers and students organize the role of the tool in ways
that interact with but are not determined by any of the tool’s inherent features (Mehan
1989). Together, these various portrayals illustrate the practices associated with tools as
deeply situated, arising in distinctive and sometimes surprising ways from the settings in
which they occur.

This situated character of technological meaning has important implications for the
design of new classroom artifacts. If the application of a tool is inevitably underdetermined
by its design, specifying the ways that tool might support learning will require careful
consideration of its use by students in instructional activities and contexts. Though the
complexities associated with anticipating tool use pose challenges for design, they may
also constitute opportunities. Learners’ capacities to craft creative and unexpected math-
ematical meaning from and with tools may provide a powerful resource for informing
revision or identifying alternative implementations. Indeed, unanticipated tool uses and
task environments in which they proliferate may represent design objectives in their own
right.

This article explores ways of conceptualizing the design of innovative learning tools as
emergent from dialectics between designers and learner-users of those tools. More spe-
cifically, I focus on the reciprocities between a designer’s objectives for student learning
and a user’s situated activity in a learning environment, as these interact and co-develop in
cycles of design-based research. Recent investigations of technology-supported mathe-
matics learning conducted from an ‘instrumental’ perspective provide a powerful frame-
work for analyzing the process through which classroom artifacts become conceptual tools,
simultaneously characterizing the ways students come to both implement and understand a
device in the context of a task. Similarly, design-based approaches to investigating
instructional activity offer epistemological grounds for treating the process of designing
artifacts to support learning as unfolding in concert with rather than concluding prior to
situated student use. These perspectives each attend carefully to the situated and emergent
meaning of instructional artifacts, but from different analytic standpoints, one focused on
the ways a learner makes sense of an artifact and the other on ways of designing artifacts as
resources for making sense of learners. The objective of this article is to explore potential
synergies between instrumental genesis theory and design research methodology with an
eye toward enriching both approaches. After outlining each of these perspectives in detail,
I describe a set of software artifacts designed as tools to support students’ collaborative
problem solving with networked handheld computers. I then present a sequence of three
classroom episodes through which a student group’s innovative and unexpected use of
these tools served as an opportunity to both examine student learning in the context of that
novelty and to refine the software design.
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Debugging Artifacts 3

2 Theoretical and Empirical Perspectives
2.1 Instrumental Genesis

Verillon and Rabardel’s (1995) account of instrumental genesis, the process through which
artifacts become tools to be utilized in the accomplishment of a task, provides a powerful
analytic framework for examining student learning in technology-rich environments. From
this perspective, an instrument represents the union of an objective artifact, such as a
physical device or software component, with a particular user’s conceptual scheme for
implementing that artifact in a specific activity situation. Instruments thus emerge through
a dialectical interplay between the technical demands of mastering a device and the
conceptual work of making that device meaningful in the context of a task (Artigue 2002).
This linking of the technical and the conceptual offers considerable utility for analyzing
mathematics learning with classroom technologies, as evidenced by a number of recent
investigations making use of the instrumental genesis perspective to examine tools such as
graphing calculators (Guin and Trouche 1999; Lagrange 1999), computer algebra systems
(Artigue 2002; Ruthven 2002), spreadsheets (Haspekian 2005), dynamic geometry envi-
ronments (Mariotti 2002) and dynamic simulations (Hegedus 2005).

The dialectic between conceptual and technical aspects of tool use in instrumental
genesis unfolds through the intertwined processes of instrumentalization, oriented toward
the artifact, and instrumentation, oriented toward the user (Trouche 2004). Through in-
strumentalization, an artifact becomes a means of achieving an objective, solving a
problem, completing a task—it becomes meaningful to an activity situation, and thus has
been transformed into an instrument. This transformation of the artifact pairs with the
simultaneous transformation of the user, as through instrumentation the user develops the
schemes and techniques through which the artifact can be implemented in purposive
action. As Trouche remarks, “instrumentation is precisely the process by which the artifact
prints its mark on the subject... One might say, for example, that the scalpel instruments a
surgeon” (p. 290, emphasis in original). Instrumentation involves forming a utilization
scheme that provides a predictable and repeatable means of integrating artifact and action
(Verillon and Rabardel 1995). Trouche emphasizes that utilization schemes comprise not
only the rules and heuristics for applying an artifact to a task, but also the understanding of
the task through which that application becomes meaningful to the user. That under-
standing takes the form of “theorems-in-action” which specify the knowledge underlying a
particular scheme. In classroom mathematical activity, theorems-in-action take shape as
the domain-specific propositions on which learners rely as they interpret the capabilities
and constraints of a tool in relation to the features of a problem-solving task. Herein lies the
particular utility of the instrumental genesis perspective for classroom research: hypoth-
esizing about the theorems-in-action guiding a learner’s engagement with tasks and tools
provides a mechanism for linking that learner’s instrumented activity with learning goals
and curricular content.

Instrumental genesis thus both makes artifacts meaningful in the context of activity, and
provides a means by which users make meaning of that activity. This perspective is
compatible with other recent accounts of classroom devices (e.g. Meira 1998), and has its
origins in the cultural-historical theory of Vygotsky (1978), in which human activity is
distinguished by the mediating role of symbolic artifacts in regulating “higher psycho-
logical processes.” Mediating artifacts both constitute and are constituted through activity;
an artifact is imbued with meaning—shaped as an instrument—through its implementation
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Fig. 1 The instrumented activity
system model (Verillon and
Rabardel 1995)

Subject

in a specific task, toward a particular end. Correspondingly, the study of an instrument is
the study not of an object, but of a process, the genesis of its significance to a particular
user and for a particular purpose. Figure 1, from Verillon and Rabardel (1995), illustrates
the triadic relationships between subject, object and mediating artifact that comprise an
instrumented activity systeml.

This emphasis on the process through which the meaning of an artifact is constituted
through goal-oriented activity has important methodological consequences. From this
perspective, examining processes of instrumental genesis in classroom mathematical
activity amounts to a microgenetic analysis of the mathematical meaning of an instrument
in relation to a problem-solving task. Guin and Trouche (1999) have argued that the
analysis of learners’ instrumented activity can contribute to the design of instruction by
highlighting the mathematical knowledge involved in its use. In a similar spirit, analyzing
the processes through which instruments emerge may shed additional light on the forms of
mathematical learning they support.

Importantly, those processes take time; prior work on the instrumental genesis of class-
room artifacts rightly emphasizes the length and complexity of the process through which
sophisticated devices become meaningful mathematical tools for students (Artigue 2002).
Moreover, the path from artifact to instrument is unlikely to unfold as a simple linear tra-
jectory; Verillon and Rabardel (1995) note that the microgenesis associated with learning to
apply a tool to a task is not likely to be “a simple process of the subject’s assimilation-
accommodation of an artifact,” but rather “a double elaboration that is both progressive and
interdependent: that of the properties of the technical system, and that of the properties of the
reality to be transformed” (p. 25). In searching for effective and efficient means of imple-
menting an artifact, learners can be expected to progressively reinterpret both the emerging
instrument and the activity situation, gradually and successively revising their utilization
schemes as they work to more effectively orient their instrumented actions toward the
accomplishment of the task. As such, the emergent negotiations through which learners
instrumentalize and are instrumented by devices may reveal as much about their developing
conceptions of the objects on which they act—in the form of unfolding theorems-in-action
underlying those successive schemes—as of the instruments that mediate those actions.

! Similar triangular diagrams play a central role in the account of mediated activity provided by cultural-
historical activity theory (Cole and Engestrom 1993; Cole 1996). These respective models derive from the
same Vygotskian origins, but differ in terms of analytic focus; while the activity-theoretic perspective
emphasizes the constitutive role of artifacts in human activity, the Verillon—Rabardel framework elaborates
the ways mediating artifacts are constituted through activity systems.
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2.2 Tool Design and Design Research

The theory of instrumental genesis emphasizes the nature of instruments as fluid and
emergent phenomena, the meanings of which are negotiated and renegotiated by particular
users in the context of particular activities. By contrast, the artifacts themselves remain
static, even as they may be instrumentalized in very different ways. While an artifact might
become a very different instrument for one user or task than it had been for another, those
changes do not entail any necessary changes to the physical characteristics or structural
properties of the artifact itself. This characterization of artifacts should certainly prove
adequate to the investigation of classroom tools such as commercially available calculators
and computer software packages, which can be expected to remain stable over the course
of their classroom use and across different classroom settings.

But those classroom artifacts invariably have histories of their own; they were shaped
with purpose, and for purposes, perhaps including ends quite different from those to which
they might be put by students and teachers. Yerushalmy (1999) notes that “the design of a
tool reflects the designer’s intentions, thoughts, and compromises. Design represents a
point of view and reflects in some way the purpose for which the tool was created” (p.
171). Thus while the meaning of an instrument emerges from the aim toward which a given
subject applies an artifact, that artifact also embodies an objective envisioned by the
designer. For example, Yerushalmy distinguishes between tools common to the mathe-
matics classroom that were intended to provide efficient solutions to problems, and those
designed to support the exploration of curricular concepts. These different intentions both
enable and constrain learner actions in quite different ways. Consequently, instruments can
be seen as always jointly emerging from the aims of two subjects, a designer and a user.

Moreover, the arrival of a device in the classroom need not mark the conclusion of a
design process. Indeed, many contemporary research efforts focus on classroom technol-
ogies that are still in development, and even emphasize successive designs as a method-
ological principle. The still-emerging paradigm of design-based research takes the iteration
of theory-driven development, classroom deployment, and data-driven redesign cycles to
be one of its hallmarks (Design-Based Research Collective 2003). Design research in
education treats technological, pedagogical and curricular innovations as opportunities to
investigate the new forms of learning they facilitate and make salient (Cobb et al. 2003).
The very novelty of these innovations makes the new phenomena to which they give rise at
once both possible and unpredictable; early efforts to implement new designs will inevi-
tably yield some unexpected results. Successive iterations of implementation and redesign
allow for the new insights gleaned from such results to be incorporated into the progressive
refinement of the design “until all the bugs are worked out” (Collins et al. 2004, p. 18).

But in design research, the process is as important as the products, and sometimes the
bugs can become the phenomena of interest. diSessa and Cobb (2004) draw on two case
studies to illustrate the process of “ontological innovation” through which design
researchers developed explanatory constructs in order to accommodate the emergence of
unexpected phenomena during classroom investigations. In each case, researchers drew on
retrospective analyses of video and other data to make sense of a surprising occurrence,
and ultimately reorganized their immediate and subsequent designs and investigations
around the new constructs and categories spawned by those analyses.

The unexpected occurrence I will analyze in this article was more modest in its con-
tributions to ontological innovation than those presented by diSessa and Cobb. The
immediate phenomenon revealed by the event involved a particular software design ele-
ment, namely a bug in the program, rather than an aspect of student learning or classroom

@ Springer



6 T. White

Fig. 2 Design research as
instrumented activity

Designed
Artifact

Designer- Learner

Subject

activity. As such, it presented a complex set of technical, pedagogical, and logistical
challenges and questions relating to whether, how and when the bug should be fixed in the
midst of a rapid instructional sequence. Within a few days, and through the frantic efforts
of several research team members, the software was revised and the devices updated, and
instruction continued virtually uninterrupted. However, subsequent and more detailed
retrospective analysis of this event, which I present below, revealed additional and more
intriguing layers to the phenomenon. While the discovery of this software bug was both a
surprise and a crisis to be resolved, the more significant revelation involved the ways that a
group of students, unaware that it was anything other than an intended feature of the
software, began treating the bug as an affordance of a problem-solving tool. The resulting
story provides a way to examine the relationships between the design of artifacts and the
genesis of instruments, particularly as these processes might productively intertwine in
support of student mathematical learning. The next section proposes a framework for
conceptualizing the reciprocities between the instrumentation and design of instructional
artifacts.

2.3 Dialectics of Instrumentation and Design

In the previous section, I argued that the meaning of classroom mathematical instruments
might be seen as jointly figured by the intentional activity of a designer® and a learner-user.
This section elaborates that argument to further explore the ways a focus on design might
broaden the scope of instrumental genesis theory, and the reciprocal contributions of that
theory to the epistemology of design-based research. The instrumented activity system
model of Fig. 1 highlights the ways a mediating artifact can transform subject, object, and
the relations between them. In the case of instructional devices, the relevant subject is
presumably a learner oriented toward a problem-solving objective or other classroom task.
But such devices may also and simultaneously be understood as serving to mediate another
subject-object dynamic, as a designer or educator instruments a designed artifact to
accomplish instructional objectives oriented toward a learner (Fig. 2).

2 My use of the term “designer” here is specific. I primarily have in mind design researchers, for whom
designed artifacts serve the dual purposes of supporting and investigating student learning. I have used the
broader term, however, in order to be inclusive of any developer of learning tools, or any educator who
crafts instructional tasks around such tools—anyone for whom those tools might serve as resources for both
bringing about and learning from instances of learner’s instrumented activity.
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Fig. 3 Dialectics of
instrumentation and design

Learner-
Subject

Designed
Artifact as
Instrument

Designer-
Subject

As in the case of a learner’s instrumented activity, the instructional implementation of a
designed artifact might be understood both in terms of instrumentalization, as the designer
clarifies the meaning of the tool in relation to desired learning objectives for the student,
and in terms of instrumentation, as the designer’s view of the learner evolves in relation to
the latter’s engagement with the artifact. In this way, the dual orientation of the artifact
toward both subject and object characteristic of instrumental genesis is also a hallmark of
design-based research, as the latter seeks to both catalyze learning experiences for the
student, and inform the design researcher’s understanding of that student’s learning.

In design research efforts involving innovative tools, the same artifacts simultaneously
mediate the researcher-designer’s engagement with a learner and the learner’s engagement
with the object of an educational task. Figure 3 merges the triangles of Figs. 1 and 2 in
order to depict the dual meaning of these designed instructional artifacts, constituted in
relation to both the task-oriented activity of learner-users and the instructional and
empirical objectives of design researchers. Fully apprehending the meaning of these
instruments requires attending to these dual roles as they emerge in relation to one another.
In particular, the effectiveness of designed artifacts for supporting student learning may
ultimately depend on the extent to which a designer-educator’s instructional objectives
and a user-learner’s task-orientation—the instructional and instrumental meanings of an
artifact—can be brought into alignment.

3 The Code Breaker Learning Environment
3.1 Design Features: Linking Multiple Roles and Representations

This article draws on data collected during the first classroom implementation of a learning
environment situated in a classroom network of wireless handheld computers. Intended to
support mathematical learning through collaborative problem-solving activities, this de-
signed environment attempted to capitalize on two features of the handheld devices: their
capacities to simultaneously display multiple linked representations of a mathematical
function, and to connect multiple students through a local wireless device network. A
handheld client application, called Code Breaker, allowed students to edit parameters of a
polynomial function, and to examine corresponding changes in a linked array of graphical,
tabular and numerical displays, each of which provided different resources relevant to an
open-ended problem-solving task. Through a desktop server application, the teacher as-
signed the devices of students who were seated together in groups of four to a corre-
sponding server-defined group. Changes to the function on one student’s handheld
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automatically propagated to the devices of the other group members. Consequently, though
a single device could display only one or two of those linked artifacts at a time, a group
could collectively examine the full array of representations simultaneously.

A curricular unit accompanying this handheld network asked students to imagine
themselves as cryptographers, and to collaborate with the other members of their small
group on daily problem-solving activities involving the making and breaking of codes. To
generate these codes, letters in the alphabet were assigned to their ordinal values 1-26, and
then mapped through a polynomial function to produce a set of output values comprising a
numerical cipher text alphabet. Decryption activities commenced when a group down-
loaded a string of numbers representing a message that had been encrypted by the teacher
or by another student group. The problem-solving process involved using the Code
Breaker software to match an editable ‘candidate function’ to the unknown ‘encoding
function’ from which the encrypted message had been generated.

The Code Breaker interface allowed students to choose from among an array of repre-
sentational views displaying elements of the candidate function and the encrypted message.
These representations included a symbolic expression, cipher- and plaintext displays, a
graph, function tables, and letter and word frequency charts. Together, these artifacts
provided a set of resources students could collectively employ to analyze the mathematical
properties of the candidate and encoding functions in order to decode a message. The
characterization of representations in this environment as ‘artifacts’ requires some clarifi-
cation. Because these representations were linked both within and across devices, and
because solving decryption problems invariably required groups to coordinate multiple
representations, the representations constituted both stand-alone artifacts that students
applied to the analysis of codes, and also components of a distributed software artifact that
the group collectively brought to bear on code-breaking tasks. The episodes below highlight
individual representational artifacts as emerging mathematical instruments; importantly,
however, these processes also intertwined in the genesis of a collaborative and multi-
representational code-breaking tool. Five Code Breaker representational artifacts that figure
centrally in the analyses presented in this article are described in detail below.

3.1.1 The Candidate Function

Both the candidate and encoding functions were always of the form y = ax” + ¢, where ¢
could be any integer, a any non-zero integer, and b could equal one, two, or three. One
student in each group was assigned responsibility for editing the candidate parameters from
their default settings (a = 1, b = 1, ¢ = 0) by tapping on either the top or the bottom half of
the number on their handheld screen, causing the value to increment or decrement by one
unit. This student was referred to as the group’s ‘publisher,” and the role was rotated
among group members daily.

3.1.2 The Inverse Function Table

The instructional intent behind the inverse function table was to illustrate the bidirectional
flow of functional relationships, so that if encoding a message creates a mapping between
plain and cipher text, then decoding that message amounts to inverting that function by
mapping the outputs back to their original inputs. The range of values in an encrypted message
is displayed in the Y-column of the inverse function table, as shown in Fig. 4 for an encoding
function of y = 5x + 7. Each of these cipher text values is then mapped through the inverse of
the current candidate function (y = 17x—29, in the example of Fig. 4), with the result
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Fig. 4 The inverse function Letter X Y Letter X Y
table

2.4 12 5.6 67

2.7 17 5.9 72

C 3 22 6.5 82

3.6 32 6.8 87

4.2 42 7.7 102

4.5 47 H 8 107

4.8 52 8.3 112

displayed in the corresponding cell of the X-column. When this process yields an integer from
1 to 26, the corresponding plaintext letter appears in the “Letter” column.

The version of Code Breaker implemented in this study featured an overlooked software
bug with significant implications for the behavior of the inverse function table, and for the
cases presented below. In order to provide additional code-breaking utility, the inverse
mapping through the candidate function was designed to include a limited tolerance within
which values that were nearly but not exactly integers from 1 to 26 were rounded to those
integers. This rounding feature was intended to apply only to relatively large cipher text
values generated by fairly complex quadratic and cubic encoding functions. In fact, a late
revision of the rounding feature had the unexpected side effect of including al/l non-integer
values with a greatest integral part between 1 and 26 within the rounding tolerance. In
linear cases where the coefficient of the candidate function was greater than that of the
encoding function, the table displayed multiple cipher text values mapped to the same
letter. Figure 5 reveals what the ‘buggy’ table actually displayed, given the encoding and
candidate functions from Fig. 4.

3.1.3 The Graph

The Code Breaker graph displays the candidate function curve in a window scaled in
accordance with the encoding function. The x-axis of the graphing window is always fixed
to the alphabetic domain, spanning from 0 to 26. The y-axis, on the other hand, adjusts
automatically around the range of values included in the coded text message. Each of those
cipher text values is also represented in the graph by a horizontal line stretching from the
y-axis until it intersects the candidate curve. A corresponding vertical line, drawn from this
intersection to the x-axis, reflects the mapping of the cipher text value through the inverse

Fig. 5 The inverse function Letter X Y Letter X Y

table (with rounding bug)
B 21 12 E 5.1 67
B 21 17 E 5.1 72
C 3 22 F 6.1 82
C 3.1 32 F 6.1 87
D 41 42 G 71 102
D 4.1 47 H 8 107
D 41 52 H 8.1 112
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Fig. 6 The graph Function:
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of the candidate function. When the output of this inverse mapping is an integer between 1
and 26, students can click on the associated letter and highlight the trace lines and the
ordered pair they connect, as shown in Fig. 6.

3.1.4 The Function and Frequency Tables

The function table is one of the representations that is based entirely on the candidate
function. Shown in Fig. 7, this table shows a static X-column with the numbers 1-26, and a
dynamic Y-column that updates with each adjustment of the candidate function, showing
the set of numbers to which that polynomial would map each of the X-values. As shown in
Fig. 8, the frequency table is composed of three columns (as with the function and inverse
function tables, these columns are divided in half, with the two halves placed side-by-side to
preserve screen space). The Y-column displays all the numbers that appear in the coded text
of the encrypted message currently being decoded. The “Count” column specifies the

Fig. 7 The function table Function Table;
X Y ¥ ¥
1 26 14 40,400
2 152 15 60,758
3 404 16 73,736
4 1,160 17 88,442
5 2,258 18 104,984
i} 3,896 19 123,470
7 6.182 20 144,008
8 9,224 21 166,706
9 13,130 22 191,672
10 18,008 23 219,014
11 23,966 24 248,840
12 31,112 25 281,258
13 30,554 26 316,376
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Fig. 8 The frequency table Frequency Table;
X ¥ | Count ¥| Y | Count
513 1 130,321 3
2 152 1 19 4
4,104 1 13.851| 4
25,289 1 110,808 4
175959 2 1216 6
6517 2 152,000 6
32832 3 52,136 7
231,173 3 2375 7
9728 3 64,125 10

number of times that each of those coded text values appears in the encrypted message.
Importantly, the table is sorted according to the count, from least to most frequent, rather
than according to the relative numerical values of the coded text characters in the Y-column.

3.2 Description of the Study

The Code Breaker environment was implemented in a middle school mathematics class-
room during a 5-week summer school session. Lessons and activities during the first week
of the instructional unit introduced the function concept and the cryptography context, and
students were oriented to the handheld computers and the Code Breaker software during
the second week. Equipped with these resources, students spent the remaining three weeks
collaborating in small groups to make and break codes. As they grew familiar with the
different representational artifacts in the Code Breaker software, students in each group
were encouraged to work together to develop their own strategies for using those resources
to solve increasingly challenging decryption problems.

The analysis below will examine a series of excerpts from one small group’s problem-
solving activities with the Code Breaker handheld network. This group was videotaped
each day during the final three weeks of the instructional unit. These video records, along
with server logs, researchers’ observation notes, and students’ written records, were ana-
lyzed with regard to the problem-solving strategies enacted and the mathematical ideas
expressed by the students in each decryption activity. The group was comprised of four
students: CJ, Jason, Reggie, and Vince. These students were quite diverse in terms of prior
mathematical achievement, and the nature and extent of their contributions to the col-
laborative activities varied widely. Nonetheless, for the purposes of this article I treat the
group as the relevant unit of analysis; the group was the level at which tasks were
undertaken, at which multiple representational artifacts were collectively applied to those
tasks, and at which the negotiations of instrumental meaning presented here were made
visible through student discourse. Variations among the experiences of students within
groups in this environment are examined in detail in White (2006).

4 Analysis
I analyze three successive episodes in the unfolding process of instrumental genesis

through which one student group came to use Code Breaker as a tool for solving
decryption tasks. The handheld devices in the Code Breaker environment presented
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students with a network of linked but distinct representational artifacts, each with different
affordances and constraints relative to the decryption tasks. Consequently, the instrumental
process involved negotiating meanings and uses for each of these artifacts in relation to the
task. Each of the three episodes highlights one or more different representational artifacts,
and explores the group’s fashioning of those representations into decryption instruments.
Episode one depicts the group’s unexpected instrumentation of a software bug underlying
the inverse function table. Episode two reveals the path the group followed, through that
same bug, from their use of the inverse function table toward a preference for the graph. In
the third episode, the group worked to coordinate a familiar representational artifact, the
frequency table, with the new function table added during a redesign.

In keeping with the instrumental approach, I present each of these episodes in two parts.
The first part of each case analysis emphasizes instrumentalization, detailing the group’s
efforts to direct the representational artifact toward the decryption task. The second part
focuses on instrumentation, exploring the apparent relations between students’ utilization of
the artifact and their emerging understanding of the function concept. Of the three episodes,
only the first endeavors to present a comprehensive analysis of instrumental genesis. The
bug as instrument is of particular interest and importance to the argument of this article;
moreover, in contrast to the other representational tools, use of the software bug was
confined to a sufficiently small range of uses over a relatively short span of time, and thus
more amenable to full consideration within the scope of the article. The other two episodes
are not intended to fully represent the ways the group applied and understood the graph or
the function and frequency tables relative to the constraints and affordances of those arti-
facts. Rather, they offer snapshots of significant moments in the genesis of these respective
instruments in order to both provide contrasts to, and to complete the story of, the inverse
function table bug. All three cases are linked through both the group’s efforts to instrument
the software to solve decryption tasks more effectively and through changes in the software
design prompted by this group’s work. After presenting these three episodes, I discuss their
linkages from the alternate perspectives of instrumental genesis and design research.

4.1 Episode One: Instrumenting a Bug

This episode details the first recorded appearance of the rounding error in the inverse
function table (see Sect. 3.1.2). The episode took place on the second day of decryption
activities, when the groups had still made only limited use of the representational array,
and had yet to discuss or discover a use for the inverse function table. This software bug
had managed to elude earlier detection by researchers, and its eventual discovery was
precipitated by the events detailed below. The students and the teacher took the repeating
letters associated with the bug to be a normal feature of the software, and it was only
during the author’s review of this episode a few hours later that the phenomenon and the
program error behind it were actually identified. Without recognizing the presence of the
bug in the software, the group nonetheless engaged it in a process of instrumental genesis,
crafting it into a tool and applying it with some success to problem-solving tasks in the
Code Breaker environment.

4.1.1 Instrumentalization of the Inverse Function Table

The following excerpt finds Jason, in the role of publisher, editing the candidate function as
CJ and Vince watched for changes in the other representational artifacts. The students
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scrutinized their devices in silence for a few minutes before CJ began to give the following
series of reports based on his view of the inverse function table:

CJ: We have two D’s, two G’s, and two I’s, at the moment. Two B’s, two E’s, two F’s,
and two J’s. Ok, two H’s. Three F’s. You’re getting closer.

Teacher: (passing by the group’s table) How do you know you’re getting closer?

CJ: Because the letters...update. It’s kind of hard to explain. The technology is kind of
strange.

Though neither CJ nor the teacher knew it, these multiple appearances of the same
letter—“two D’s, two G’s” and so forth—in the inverse function table resulted from the
software’s rounding bug. Given that he was simply reading what appeared on the screen,
CJ’s identification of these repeated letters themselves was unremarkable. But the infer-
ence he drew from those repetitions, namely that the group’s candidate function was
“getting closer” to the solution, reflects the beginnings of a scheme through which he and
the group attempted to make strategic use of this accidental software feature.

The teacher overlooked the presence of the bug, but not the significance of CJ’s
comment. He happened to be passing by the group’s table just as CJ told Jason he was
“getting closer,” and stopped to inquire about the decryption strategy they were using. CJ
provided the following explanation:

CJ: I can tell that when two line up and I’'ll have AA, BB, CC, DD, EE, FF, GG, HH,
that’s bad. We have A, well, A is alone, and H and I and K and certain letters are alone,
which is good. We don’t want to have repeats.

Teacher: So you don’t want repeats?

CJ: Right.

As Jason, the publisher, adjusted parameters in the candidate function, CJ watched the
inverse function table. When he saw two of the same letter “line up” vertically in the
table’s output column, he inferred that the candidate was “bad.” By contrast, if the letters
that appeared in the table were “alone,” if there were no “repeats,” that was “good.”

Of course, a tool that simply allowed users to distinguish the single correct encoding
function from the infinitely many possible incorrect ones would be of limited code-breaking
utility, and other resources in the software already facilitated the same assessment. But CJ’s
reports to Jason clearly involved a more finely grained distinction than this explanation
reveals, namely that some candidate functions were “closer” to the encoding function than
others. Vince further elaborated the method in a subsequent conversation with the teacher:

Teacher: So how do you know if it’s getting worse or better?
Vince: Well, it, if there’s like more doubles, or like triples even, then that’s bad. So we
go back.

If one repeated letter, or “double,” was bad, two were worse, and “triples” of the same
letter would be worse still. So as the publisher gradually incremented or decremented a
candidate function parameter, the student observing the inverse function table watched for
corresponding changes in that display. When repeating letters appeared with increasing
frequency, the students inferred that the parameter was being adjusted in the wrong
direction, and that they should “go back.”

As the group continued to work with the software over the course of the class period,
their developing criteria for closeness with regard to their interpretation of the inverse
function table became clearer:
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CJ: WehaveaB,C,E,F, H,LJ,K,L, M, N, O, P, Q, R, anyway. That’s good because
there are more ones.

Vince: So just a couple more.

CJ: That means we’re getting close.

In reading off this string of letters, CJ was identifying those which appeared only once
in the inverse function table. He reported this information as “good” because it featured
“more ones”—more singly appearing letters than previous candidates had yielded. With
“a couple more” such letters they would have matched a letter to each distinct numerical
character in the encrypted message, and thus presumably broken the code.

These successive articulations of the group’s efforts to use the repeated letters in the
inverse function table as decoding resources reveal steady refinements in the group’s
instrumentalization of those accidental artifacts. In his initial description of the approach,
CJ characterized the repeating letters as tools for telling “bad” candidate functions from
“good” ones. Later, Vince articulated a specific strategy corresponding to these assess-
ments, namely that they should reverse course in the editing of a given candidate function
parameter. And finally, CJ described not only the inverse function table states they should
edit away from, but also the one they should move toward.

From an instrumental perspective, these inferences took a set of artifacts, the
repeated letters, that were aberrant and accidental in the eyes of the designers, and
transformed them into meaningful problem-solving tools for the students. The meaning
of those tools emerged only through the course of their application to a specific task,
namely the group’s effort to determine an encoding function. These repeating letters
were not intended for such use; they were not intended to exist at all, and their
application in this way was certainly not obvious—it did not occur to any of the other
student groups participating in the study. The group’s interpretation of the repeated
letters as problematic was not an entailment of any feature of the inverse function table
itself. Rather, it reflects aspects of the ways they perceived the larger code-breaking
task, and the nature of the codes as mathematical functions. I will take up these issues
in the following section.

4.1.2 Instrumentation of the Inverse Function Table

Whereas the previous section emphasized the ways these learners instrumentalized the
rounding bug into a problem solving tool, this section focuses on the ways they instru-
mented that software artifact—the ways they came to relate the table and the repeated
letters to their developing understanding of functions in the Code Breaker context. Though
“buggy,” these repeating letters were certainly not without mathematical significance. By
associating two distinct characters in the cipher text with the same plaintext letter, the
rounding error gives the impression that the candidate function maps a single input to
multiple outputs. Because functions map domain elements uniquely, the presence of
“repeats” in the inverse function table would imply that the candidate was not a function at
all. The group’s descriptions of “repeats,” “doubles” and “triples” as “bad,” and “ones”
or letters appearing “alone” as “good,” indicate that their criteria for evaluating candidates
related to this property of functions. Vince elaborated this interpretation of the repeating
letters while explaining the group’s instrumentation of the inverse function table to Reggie,
a student in the group who had been absent during the genesis of that instrumentation on
the previous day:
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There’s no such thing as two different numbers for one letter... So, we just, if there’s
like one A, one B, one C, that’s good. If there’s like two A’s, that’s bad. Cause
there’s only one code for an A...you can’t have two codes for one letter.

Vince’s rationale for rejecting candidates that produce repeating letters is consistent with a
definition of function. He stressed that “there’s no such thing as two different numbers for
one letter”—two different outputs for one input—because “there’s only one code for an
A.” In other words, the scheme by which the group made use of the rounding bug involved
determining whether the mapping of cipher text values to plaintext letters displayed in the
inverse function table implied that the candidate was in fact a function, and so possibly the
encoding function they sought. As he continued describing the approach to Reggie, Vince
modeled the application of such an inference in a decryption task:

Vince: Ok, cause there, for one letter, there’s one code, right? Pretend, like, A, it’s one.
It can’t be two or three. So right here it says A, it’s negative one...you changed it. Watch.
Make it wrong, make it wrong.

Jason: It’s already wrong.

Vince: Ok, you see? There’s two C’s...there’s three and five. That’s wrong, cause there’s
only one number for one letter. You get it?

Reggie: Yeah, I get it.

Describing the unique numerical codomain element associated with each letter, Vince
explained that if A mapped to one, it could not also map to “two or three” because “for
one letter, there’s one code.” Attempting to show Reggie what he meant as the two boys
leaned in to look together at one device, Vince pointed to an A, which the inverse function
table showed mapping from negative one only. Surprised because the table had also
associated A with additional cipher text values a moment before, Vince complained that
Jason had “changed it.” Vince instructed Jason to “make it wrong”—to enter a candidate
function that would again cause multiple A’s to appear in the inverse function table. On
Jason’s insistence that the candidate currently displayed was “already wrong,” Vince
scanned further down the table and found that the letter C appeared twice. These repeti-
tions of C were associated with two distinct values in the cipher text, three and five.
Consequently, the candidate function was clearly “wrong” because it should show “only
one number for one letter.”

These excerpts suggest that the group’s instrumentation of the rounding error and the
resulting repeated letters hinged on the definition of a mathematical function. To implement
the bug in the inverse function table as a tool for assessing candidate functions, the students
enacted certain assumptions about the relationships between the inputs and outputs of an
encoding function represented in the table. These assumptions, such as “there’s only one
number for one letter,” are examples of the theorems-in-action guiding this utilization
scheme. By creatively drawing on this knowledge of functional relationships, the group
managed to transform the repeated letters from the nonsensical artifacts they represented
relative to the intended software design into meaningful and useful resources relative to the
objective of encoding function identification presented by the decryption task.

4.2 Episode 2: Debugging an Instrument

While the group made admirable progress in instrumenting the rounding bug into a
decryption tool over the course of the class session, they never did successfully use the
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resulting tool to break a code. The information they gleaned in this fashion helped the
group to determine more and less fruitful directions for varying a linear coefficient, but
never revealed precise values of any parameters in the encoding function. The next excerpt
took place during the same code breaking session as the previous episode, and finds the
group again engaging the rounding bug, this time in the context of the graphing feature.
While they employed the graphical version of the bug just as they had the tabular one, they
also began to make use of other features of the graph in ways that would prove consid-
erably more effective for breaking codes.

4.2.1 Instrumentalization of the Graph

Shortly prior to this episode, CJ had abandoned his view of the inverse function table to
study the graph instead. Struck by what he had observed there, he urged his group mates to
shift to the graphical view as well:

CJ: You guys scroll up to the...graph. Ok?

Vince: Ok.

CJ: Click on H.

Vince: H.

CJ: See how they’re, like, the lines hit it and branched off? That’s bad. We want to get
rid of that. You need to make that negative number there, your negative twenty-nine
higher. And your seventeen lower.

Jason: For the negative, do I make it like a higher negative, or a lower negative? More
towards a big negative?

CJ: More towards zero. Make the twenty-nine, start making the twenty-nine more
towards zero. And seventeen more towards zero as well.

Vince: Ok, you’re getting real close.

CJ: You're getting much closer.

When Vince, at CJ’s prompting, tapped his stylus on the letter H that appeared below
the number eight on the graph’s x-axis, the trace lines associated with H were highlighted
in red. As Fig. 9 shows, the vertical red line that extended up from the x-axis to “hit” the
candidate function curve “branched off” from this intersection into horizontal red lines
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leading to two distinct values on the y-axis, 107 and 112, which represented two different
characters in the coded text. This phenomenon was a result of the same rounding error that
associated multiple numbers with a single letter in the inverse function table, and CJ
interpreted it in the same way, as something “bad” that they needed “to get rid of.”

Though he implemented the graphical manifestation of the rounding bug just as he had
the tabular version, to reject an incorrect candidate function, CJ also went considerably
further here. Rather than simply telling Jason whether he was “getting closer,” CJ this time
described much more precisely how to edit the candidate function parameters by making
the constant term of “negative twenty-nine higher” and the linear coefficient of “seventeen
lower.” Though he did not say as much, he likely did so by drawing inferences from other
affordances of the graphing feature as well as those associated with the bug. In the days
immediately following this episode, the group would begin making extensive use of the
graph as a tool for “fitting” a candidate curve to the viewing window dimensions that had
been determined by the encoding function. For example, by examining the graph displayed
in Fig. 9, CJ might have deduced that the linear coefficient of 17 made the candidate line
too steep to span the full alphabetic domain over the range of cipher text values displayed
on the y-axis. Such inferences allowed the group to identify candidate function parameters
with considerably greater accuracy in subsequent tasks, and probably this one as well, than
had their earlier use of the inverse function table.

I highlight this episode in order to show how the group’s use of the rounding bug in the
inverse function table was situated in a larger process of instrumenting the array of artifacts
in the handheld software as they gradually developed more effective ways of specifying an
encoding function. While they achieved some initial success through their instrumentation
of the inverse function table, that success had its limits, and they soon discovered other
resources with greater utility for their task. Though the rounding bug and the inverse
function table were both removed from the software soon after these events played out, the
group appears here to have been on its way to abandoning those artifacts in favor of more
useful instruments even prior to that redesign.

4.2.2 Instrumentation of the Graph

In order to elaborate the scheme that appears to have been governing the group’s emerging
use of the graph, I examine a subsequent episode in which the group more fully articulated
the instrumentation. The following excerpt comes from a code-breaking activity that took
place more than a week after the inverse bug discovery:

Vince: How’s that?
Jason: Terrible. There has to be one for each num... for each letter.
CJ: For each letter in the code.

Figure 10 shows the graphical display Jason and CJ observed as they provided feedback
to Vince. Jason asserted that this candidate function was “terrible” because there should be
“one” input, represented by a vertical trace line, to complement “each [cipher text] letter”
displayed as a horizontal line. CJ’s follow-up clarified Jason’s observation by adding that
there needn’t necessarily be 26 different vertical trace lines, but rather just enough to match
the 11 distinct letters in the encrypted message. Together, they recognized the need for one
input value corresponding to each cipher text letter-output.

Jason articulated this reasoning more explicitly during a subsequent interview with a
researcher:
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Fig. 10 Graph of a “terrible” 130
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the graph, it wasn’t really...complete. It was only a little bit of the way up, so the top
lines...they’re like just straight across, and they weren’t really assigned to any letters
or anything, so that meant that...the coefficient had to be higher, so it completed the
graph.

Jason’s explanation emphasizes two important and related aspects of this utilization
scheme: that the graph of the candidate function should “complete” the viewing window,
and that it should “assign” each horizontal trace line and its corresponding cipher text
value to a plaintext letter. In other words, the group used both the software’s scaling
features and the trace lines to establish boundaries within which they might fit a candidate
curve. In doing so, they relied on the one-to-one correspondence between the input and
output values of an encoding function as a resource for evaluating each candidate. In
Episode 1, the group was making use of the functional status of substitution codes, as
requiring “only one” cipher text character for one plaintext letter, to instrument the inverse
function table bug. Similarly, this episode demonstrates how their instrumentation of the
graph relied on the surjectivity of those substitution codes, such that “there has to be one”
input for each output.

4.3 Episode 3: Redesigning an Artifact

On discovering the rounding bug, the author and other research team members were faced
with a dilemma: to rapidly revise the software at the risk of disrupting implementation of
the instructional unit, or to leave the bug in place and risk the learner confusion and
misconceptions to which it might contribute. Pedagogical concerns soon tilted the balance
in favor of revision; initial observations of inverse function table use across many groups
suggested that students examining this representation tended to focus on the plaintext
letters, repeating or not, and ignored the numerical cipher text values and the possible
functional relationships that produced them. These tendencies may have reflected the
table’s pairing of a dynamic letter display with a static display of the numerical outputs; as
the elements of the representation that changed with adjustments to the candidate function
parameters, the letters were natural objects of interest. The resolution involved eliminating
both the buggy rounding feature and the inverse function table altogether, and replacing the
latter with a function table (see Sect. 3.1.4). Because this new representation paired static
alphabetic inputs with dynamic candidate outputs, we hoped it would more effectively
support both students’ decryption efforts and our learning goals. The episode that follows
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took place after this change in the software, and captures the efforts of Vince and Jason to
shape this new representational artifact into a code-breaking tool.

4.3.1 Instrumentalization of the Function Table

In the following excerpt, the group had already been working for several minutes on this
code, and had used the graph and other resources to deduce a cubic candidate function with
a lead coefficient in the high teens. Upon changing the lead coefficient to a value of 18,
Vince asked Jason whether the values in the resulting function table were approaching
those of the frequency table:

Vince: OK. Tell me if I'm close. How’s that?

Jason: Yeah, it’s close.

Vince: Do I have any...

Jason: Yeah, you have a match, right here [points to the frequency table on his PDA].
Vince: I do? One?

Jason: Yeah.

Vince: Ok. How about now?

Jason: Wait. Um, it’s a little bit off...Keep on going... Off, down. We’re pretty close.
[Jason talks off-topic with another student for a moment while Vince adjusts his view to
compare the tables himself]

Vince: Ok. Our lowest number is 24, then the real lowest number is...one hundred...eh,
no, the real lowest number is 20. I'm going... OK, we got it.

First confirming that the candidate function was “close,” Jason then reported that he
had found “a match,” a pairing of identical, rather than merely similar, values in the
function and frequency tables. Vince confirmed that there was only “one” such match, and
then returned to editing the candidate by adjusting the coefficient to 19. Jason continued to
provide feedback based on the tables as Vince sought an appropriate constant value for the
new coefficient. Jason noted that an unspecified function table value was “a little bit off” its
counterpart in the frequency table, and that Vince should “keep on” adjusting the can-
didate “down.” Upon observing the tables himself, Vince compared a low value of 24 in
the function table with a “real” low of 20 in the frequency table. He then reduced the
constant from five to one, announcing that “we got it” as the correct plaintext message was
revealed.

In the first episode, the group’s use of the inverse function table focused on scrutinizing
that representation to identify problematic features associated with a candidate function,
and then editing away from that candidate so as to eliminate those features. By contrast,
their technique here involves directly comparing candidate output values in the function
table with the cipher text values displayed in the frequency table in order to edit the
candidate toward the encoding function. The students sought potential “matches” between
values in the two tables, checked to see if a given candidate produced only one such match
or many, and edited the candidate function to bring near-matches into exact alignment.
Importantly, the group’s efforts to decode the message in the above excerpt also relied
heavily on the instrumentalization of the graph described in the previous episode. Infer-
ences from the window dimensions and trace lines had allowed Vince to determine the
correct exponent and approximate the coefficient prior to his and Jason’s efforts here to
fine-tune the latter parameter and specify the constant using the frequency and function
tables.
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4.3.2 Instrumentation of the Function Table

In comparing values in the frequency and function tables, Vince and Jason focused
closely on the relationship between candidate function parameters and numerical output
values. In doing so, they demonstrated two important aspects of the group’s utilization
scheme for this instrument. First, they distinguished between candidates that matched
one and multiple function table values with the array of cipher text values in the
encrypted message. Vince’s rejection of the candidate function with only one match
follows from the inability of a single ordered pair to uniquely determine the encoding
function. Moreover, his choice to edit the coefficient rather than the constant reflects
the fact that any translation of the candidate would only achieve a new match at the
expense of the current one.

When that change in the coefficient produced an array of near-matches, Vince focused
on one pair of those “close” values and adjusted the constant until they were identical.
This act highlights a second key feature of the group’s utilization scheme. Rather than
directly calculating the output values to which a candidate function mapped various inputs,
Vince relied on the capacity of the function table to compute and display those outputs
automatically. In reducing the constant of five to a one to produce a corresponding
reduction in the output, he used the parameter as a tool for translating the set of candidate
function outputs in relation to the cipher text values. In other words, the scheme through
which these students utilized the function table treated changes in the candidate function
not simply in terms of operations on a single input value, but as transformations of a set of
output values.

4.4 Discussion

Taken together, these episodes highlight some of the ways the theory of instrumental
genesis can serve as a resource both for accounting for unexpected learning outcomes—
here made particularly salient by their reliance on an unintended tool feature—as emergent
consequences of mediated activity, and for examining the dialectic between goal-driven,
tool- and task-specific processes, and complex concepts like mathematical functions. At
the same time, they also illustrate the emergent interplay between learners’ tuning of an
instrument toward a problem-solving task, and designers’ tuning of an artifact toward a set
of learning objectives underlying both task and tool design. In this section, I summarize
and reflect on lessons from these three episodes, first from the standpoint of instrumental
genesis, and then in terms of the emergent design of a learning environment.

4.4.1 Decryption Instruments and Function Characteristics

The dual processes of instrumentalization and instrumentation provide a framework for
simultaneously examining both the successive techniques through which students apply
artifacts to achieve problem-solving goals, and the ways they engage curricular objec-
tives through those techniques. Table | summarizes key features of the group’s
engagement with the decryption tasks, and with aspects of the function concept, as they
worked with different representational elements of the Code Breaker software over the
three episodes.

Over the course of the instructional unit, these students worked together to develop and
refine strategies for solving an array of increasingly difficult function-based decryption
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Table 1 Code Breaker instruments and aspects of function

Representational Inverse function table Graph (Episode two) Function table (Episode
artifact (Episode one) three)
Instrumentalization Look for “repeats” in the Look for letters that Identify similar values in the
inverse function table “branch off” to frequency and function
multiple numbers tables
Edit candidate function Edit the candidate to: ~ Determine whether one or

parameters in the direction
that produces fewer
repeats and more “ones”

— fit graph to a viewing multiple values “match”
window determined  Edit exponent and coefficient
by the encoding to generate matches, edit
function constant to translate nearly

— connect horizontal matching values

and vertical “trace
lines” in the graph

Instrumentation Emphasizes the unique Emphasizes the one-to- Multiple ordered pairs
mapping from plaintext to  one mapping required to uniquely
cipher text elements between plaintext determine an encoding

and cipher text function
elements

Candidate parameters as
transformations of a set of
output values

tasks using the Code Breaker software on their networked devices. The three episodes
above illustrate ways those strategies used various representational artifacts provided by
the handheld software to match a candidate function with an unknown encoding function.
Through microgenetic processes only partly elaborated in the accounts reported here, these
artifacts emerged as three quite distinct instruments in the group’s decryption activity.
These instruments reflected not only very different ways of applying the software tools to
the code-breaking tasks, but also very different ways of engaging the function concept. In
episode one, the group’s instrumentation of the inverse function table depended on a
defining characteristic of mathematical functions, as unique mappings from each input
value to an associated output value. That property of encoding functions was made salient
by a distinctive feature of the inverse function table, namely the “buggy” tendency to
associate multiple outputs with a single input for certain incorrect candidate functions.
Similarly, in episode two the group instrumented the graph through a scheme emphasizing
the one-to-one correspondences between plain and cipher text elements specified by an
encoding function. Once again, this instrumentation emerged in concert with the instru-
mentalization of characteristics of the Code Breaker graphical interface that reflected this
one-to-one correspondence, namely the dimensions of the viewing window and the trace
line feature. And finally, in episode three the group instrumentalized the function table’s
capacity to automatically compute and display the complete set of outputs to which a given
candidate mapped the alphabetic inputs by coupling this dynamic representation with a
static array of cipher text values in the frequency table. The accompanying instrumentation
followed both from the multiple ordered pairs necessary to uniquely specify a polynomial
function, and from the links between adjustments to candidate function parameters and
transformations of the set of function table outputs.

Each of these instruments reflects emergent properties of the intersection among stu-
dents, software constraints, and task components. For example, the group’s developing
utilization schemes for the inverse and function tables and the graph all reflected ways
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those representations interacted with unique aspects of the candidate function interface
through the process of seeking an encoding function. Because candidate parameters must
be unitarily incremented or decremented from their current values rather than entered
directly, the process of editing a parameter often made patterns associated with those
gradual changes, such as the steady increase in a slope or translation of a graph, partic-
ularly salient. In the case of episode one, the mere appearance of repeated letters in the
inverse function table likely would not have supported the students’ inferences regarding a
direction in which to edit the candidate. But the appearance of more or fewer such repeats
as they adjusted candidate parameters, coupled with their recognition of those repeats as
inappropriate to the mathematical context, provided a backdrop against which the group
interpreted the changes relative to the problem-solving task. Similarly for the second
episode, the instrumental meaning of the candidate graph reflected the process through
which the editing of parameters led toward or away from a “complete” fit between curve
and viewing window. And in episode three, changes to candidate parameters became
meaningful in simultaneous relation to both transformed function table values and a static
frequency table display. The ideas about function associated with these various schemes
thus each emerged through a particular interplay of artifact and goal-oriented activity,
literally as theorems-in-action, related to those manifestations of the candidate and
encoding functions provided in each representation.

Some of these instruments achieved the students’ problem-solving objectives more
effectively than others. While their use of the inverse function table never led to the
successful decryption of a message, the group drew heavily on the graph in breaking
several codes throughout the unit. And their instrumentalization of the function table was
the critical step that allowed them to solve the most challenging codes they broke.
Moreover, their instrumentation of the function table was arguably the richest among those
presented here with regard to the breadth and depth of understanding about functions and
their representations that it demonstrated. Of the three instruments summarized in Table 1,
only that involving the function table featured students’ examination of candidate function
parameters in relation to specific numerical output values. And only that instrumentation
highlighted changes to those parameters in terms of transformations on those output values,
or the multiple ordered pairs required to uniquely specify a function. Finally, while the
other instruments involved coordinating the algebraic candidate function expression with
one other representation, this one depended on the simultaneous use of two other repre-
sentations, in the form of the function and frequency tables. So in addition to greater
efficacy as a tool for solving, the redesigned software with the function rather than inverse
function table appears to have provided a more effective tool for learning. The next section
explores this point in greater detail, and from the standpoint of the emergent design of the
Code Breaker tools.

4.4.2 Emergent Design: Aligning Users’ and Designer’s Objectives

From another perspective, these three episodes detail the emergent design of a learning
environment. The first episode helped bring to light both a technical and a conceptual flaw
in the Code Breaker design, the former in the form of the bug and the latter in terms of the
match between the inverse function table and the objectives for student learning about
functions. Each of the Code Breaker representations was intended to make certain aspects
of function particularly salient to learners; together, this set of representations and the
collaborative decryption tasks were intended to emphasize connections among represen-
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tational modes and to broadly support students’ developing understanding of functions.
Within this larger set of student learning objectives, the inverse function table was de-
signed to emphasize the analogy between decrypting a message and inverting or undoing a
function. Moreover, the table included a rounding feature intended to make the repre-
sentation more useful in decryption tasks. Ironically, though, the very utility of this feature
with or without its bug appeared to undermine rather than achieve the learning objective
behind the design; students focused on whether, which and how many letters appeared in
the table rather than on the relationship between an algebraic candidate function and any
particular numerical mapping from output to input. In fact, the instrumentation of the
rounding bug into a tool for identifying unique function mappings by the group described
here was the most successful use, with regard to both the problem-solving and instructional
objectives, of the inverse function table made by any of the groups in the class. And in that
case the desired student learning, in the form of a utilization scheme based on aspects of
function, emerged only when the table, because of the bug, failed to correctly depict the
inverse relationship it was devised to illustrate.

This failure demonstrates the pivotal relationship between utility and instructional
efficacy, or between task-oriented and learner-oriented activity, at the heart of the dialectic
of instrumental genesis and design research. Tools for learning achieve their educational
objectives when their instrumentalization—their orientation by the user-learner toward a
task—invites an instrumentation that incorporates those objectives. The inverse function
table may have provided a rich representation of decryption as undoing from the standpoint
of designers acquainted with those aspects of function, but it did not provide task-relevant
utility that made that acquaintance necessary or those aspects salient to learners. At best,
and thanks to a bug, it supported an instrumentation that featured an important but partial
account of functional relationships—specifically, that instrumentation emphasized the
unique mapping from input to output, but not the reciprocity with inverse mappings
intended by the designers. So the group’s instrumentalization of the bug helped to reveal
ways the design of the inverse function table constrained the possibilities for its instru-
mentation, and thus led to its replacement with the function table.

This new design abandoned a focus on inverse in order to capitalize on the students’
demonstrated tendency to draw inferences from multiple simultaneously displayed table
values. Both the function and inverse function tables were intended to be read horizontally,
to emphasize the between-variable relationships illustrated across the rows of each table.
The students’ instumentalization of the inverse function table instead relied on reading
vertically, focusing on the within-variable relationships of the letter column. While the
table also in principle afforded a meaningful horizontal reading, this vertical emphasis
emerged as a consequence of the dynamic relationship between candidate function
parameter change, letter displays, and task objective. By instead making dynamic the
column displaying a set of numerical output values, the function table capitalized on a
similarly emergent relationship between tool and task. Now, however, students’ vertical
reading of the function table combined with a vertical reading of output values in the
frequency table—a between-columns comparison that better supported both learners’ and
designers’ objectives. In other words, the new table reflected a revised orientation toward
the learner that took into account the learner’s orientation of the previous artifact toward
the decryption task.

Of course, the students showed signs of anticipating that design shift in episode two, when
they began favoring the graph over the inverse function table as a decryption resource.
Because they found ways of using the graph that allowed them to converge on an accurate
approximation of the candidate function more efficiently and effectively than they had with
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the inverse function table, they had already begun using the graph more and the table less
when the latter representation was replaced in the software. In other words, the group began to
debug an instrument even before the designers debugged the corresponding artifact, aban-
doning the inverse function table in search of better ways of applying the array of Code
Breaker representational tools to the decryption tasks. Thus, while the group re-instrumen-
talized that set of artifacts in search of better tools for breaking codes, the researchers
redesigned the software in search of better tools for supporting student learning.

5 Conclusion

This article recounts the discovery by a group of students of a software bug in a novel
learning environment. The episode occasions the unfolding of two distinct but overlapping
stories. The first of these tales features the group’s surprisingly successful efforts to fashion
the bug into a meaningful mathematical instrument in the context of an assigned problem-
solving task, and their subsequent abandonment of that instrumented bug in favor of
another tool with greater efficacy relative to that task. The second focuses on the designers’
decision to replace the buggy feature with a different artifact, and the group’s instru-
mentation of that new tool as it emerged relative to the learning objectives of the problem-
solving activity and environment. Each of these stories begins with the appearance of the
bug, and ends with the abandonment of the buggy artifact, though the respective narrative
journeys are quite different. Together, the two vantage points from which these events are
recounted suggest a way of characterizing the emergence of classroom tools as resulting
from dialectical interactions between processes of design and instrumentation. In other
words, as a set of software artifacts was designed and redesigned by researchers, learners
crafted a succession of mathematical instruments from those artifacts. And through
observation and analysis of the ways learners shaped problem-solving tools from those
successive artifacts, researchers gleaned insights to guide their redesign efforts, both during
and after that round of implementation.

Conceptualizing the design and investigation of innovative learning tools in terms of
this dialectic has the potential for contributing both to the theory of instrumental genesis
and the epistemology of design-based research. While artifacts in the theory of instru-
mental genesis tend to appear as black boxes, design research requires continually
reopening those boxes and reevaluating the features and constraints of an artifact in the
light of new empirical insights. Focusing on design thus adds another productive set of
tensions to the instrumental dialectic—namely between the educator-designers of class-
room tools and the learner-users of those tools. At the same time, the instrumental theory
provides a potentially compelling resource to design researchers, particularly in the form of
the links between instrumentation and instrumentalization. This framework is powerful
precisely because it integrally intertwines emerging conceptual understanding with a
learner’s goal-oriented tool use. In the case of the rounding bug, for example, attending to
the ways the focus group applied the repeating letters to the decryption task provided a
window into the group’s emerging understanding of function, particularly as that appli-
cation emphasized key aspects of functional relationships other than the learning goals
about inverse mapping specified by the designers. And replacing the inverse function table
with the function table reflected a change in the designers’ orientation of the artifact toward
the learner in order to account for the latter’s orientation of that artifact toward the task,
such that the learner’s instrumented activity and the designers’ overarching goals for
student understanding of function were brought into closer alignment.
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The episode involving the discovery of the bug demonstrates this compatibility between
the instrumental genesis and design research perspectives by lending particular salience to
aspects of both. The group’s embrace of this accidental software feature emphasizes the
nature of tool use as emergent from features of an instrumented activity system rather than
predetermined by design intentions. The point is not so much that the software included a
bug as that the presence of that bug made particularly visible the capacity of these users to
make unexpected use of features of the artifact, even features the designers did not know
were there or intend to include. Instrumental genesis always includes the potential for
unexpected forms of tool use, but the unexpected use of an unknown bug makes that
potential particularly visible in this episode. Indeed, instrumental theory not only offers a
conceptual framework for interpreting the mathematical meaning students made from this
bug, but also explains its serendipitous discovery. By characterizing tools as emerging not
only from a design, but also from negotiations between particular users and tasks, the
instrumental genesis perspective provides a way to account for and analyze the novel and
unexpected ways students might make use of classroom artifacts.

This article details the instrumentalization-in-process of an artifact-in-progress, telling
a story about the simultaneous fluidity of designed artifacts, as subject to successive cycles
of debugging and redesign, and instruments, as subject to successive cycles of genesis.
Admittedly, most classroom artifacts are far less fluid, and new instruments can emerge at
most only as frequently as students are provided with either new tools, or new and suf-
ficiently rich tasks to require applying familiar devices in new ways. But instrumental
geneses should be seen as learning opportunities for designers and other educators as much
as for students. The capacities of the students and designers described here to learn from
working with and working past the flaws in a tool constitute valuable resources for pro-
cesses of design and instruction alike. Yerushalmy’s distinction between tools for solving
and for exploring may point to a powerful way for capitalizing on those resources. The
Code Breaker environment represents an attempt to provide both—presented with a set of
artifacts for solving open-ended problems, students must explore strategies for making
those artifacts into meaningful and effective tools. As a first iteration of that design, the
environment certainly requires further revision, followed by subsequent rounds of inves-
tigation into the forms and the degree of support for mathematical learning; this work is
underway. But the version presented here, bugs and all, speaks to the potential utility for
designers, and the surprising mathematical richness, of learners’ unscripted tool use. Such
instances of instrumental genesis might be productively seen not as disruptions, but as
objectives in the process of designing tools for learning.
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