
Stoqastikìc Logismìc

ErgasÐa 1

ProjesmÐa upobol c: Pèmpth 19 IounÐou

1. 'Estw X1, X2, . . . , Xn tuqaÐec metablhtèc se koinì q¸ro pijanìthtac me timèc sto R. Jètoume
Sk = X1 +X2 + · · ·+Xk gia k�je 1 ≤ k ≤ n. Na deiqjeÐ ìti

σ(X1, X2, . . . , Xn) = σ(S1, S2, . . . , Sn).

2. 'Estw X ∈ L1(Ω,F ,P) me X(ω) 6= 0 gia k�je ω ∈ Ω. IsqÔei aparaÐthta E(X | G) 6= 0 me
pijanìthta 1?

3. 'Estw (Xn)1≤k≤n anex�rthtec kai isìnomec tuqaÐec metablhtèc me E|X1| < ∞. Jètoume
G := σ(X1 +X2 + · · ·+Xn). Na deiqjeÐ ìti

E(X1 | G) =
X1 +X2 + · · ·+Xn

n
.

[Upìdeixh: E(Xi | G) = E(X1 | G) gia k�je i = 1, 2, . . . , n]

4. (a) 'Estw {Xn,k : n ≥ 0, k ≥ 1} anex�rthtec isìnomec tuqaÐec metablhtèc me timèc sto N kai
mèsh tim  µ > 0. Jètoume Z0 := 1, kai gia n ≥ 0,

Zn+1 :=

{∑Zn

k=1Xn,k an Zn > 0,

0 an Zn = 0,

EpÐshc, jètoume

F0 := {∅,Ω},
Fn := σ(Z1, Z2, . . . , Zn) gia n ≥ 1.

H akoloujÐa Zn katagr�fei thn an�ptuxh enìc genealogikoÔ dèndrou. Zn eÐnai o arijmìc twn
atìmwn pou apoteloÔn thn n genni�. To k-sto �tomo thc n geni�c genn�ei Xn,k �toma. 'Etsi h
n + 1 geni� èqei

∑Zn

k=1Xn,k = Zn+1 �toma. An ìla ta �toma mi�c geni�c den af soun apìgono,
tìte ìlec oi metèpeita gennièc èqoun 0 �toma.

(a) Na deiqjeÐ ìti
E(Zn+1 | Fn) = µZn

gia k�je n ≥ 0.

(b) Na deiqjeÐ ìti h (Zn/µ
n)n≥0 eÐnai martingale wc proc thn (Fn)n≥0.

5. 'Estw (Sn)n≥0 o aplìc tuqaÐoc perÐpatoc sto Z kai (Fn)n≥0 h di jhsh ìpwc sto Par�deigma
3.2 twn shmei¸sewn. Jètoume

J0 = 0,

Jn :=
n−1∑
k=0

1Sk=0 gia k�je n ≥ 0.

Dhlad  h Jn metr�ei ton arijmì twn episkèyewn tou perip�tou sto 0 wc to qrìno n − 1 (xeki-
n¸ntac apì to qrono 0). Jètoume epÐshc Mn = |Sn| − Jn gia k�je n ≥ 0.

(a) Na deiqjeÐ ìti h (Mn)n≥0 eÐnai martingale wc proc th di jhsh (Fn)n≥0.

(b) 'Estw a jetikìc akèraioc, kai T := min{k ≥ 0 : |Sk| = a}. Na deiqjeÐ ìti E(JTa) = a.



6. 'Estw B tupik  kÐnhsh Brown, µ > 0, kai x ∈ R. JewroÔme thn anèlixh X me

Xt := x+Bt + µt

gia k�je t ≥ 0. H X onom�zetai kÐnhsh Brown me t�sh µ pou xekin�ei apo to x. Gia r ∈ R,
orÐzoume Tr := inf{s ≥ 0 : Xs = r} kai φ(r) := e−2µr. Na deiqjeÐ ìti:

(a) H anèlixh Mt := φ(Xt) eÐnai martingale wc proc th di jhsh Ft := σ({Bs : s ∈ [0, t]}).
(b) P(Ta ∧ Tb <∞) = 1.

(g) Gia a < x < b isqÔei

P(Ta < Tb) =
φ(b)− φ(x)

φ(b)− φ(a)
.

(d) Gia x = 0 kai a < 0 isqÔei P(Ta < ∞) = e2µa. Dhlad  ìtan prosjèsoume mia jetik 
t�sh sthn kÐnhsh Brown, ekeÐnh endèqetai na parameÐnei gia p�nta dexi� tou arijmoÔ a < 0, se
antÐjesh me thn tupik  kÐnhsh Brown.

(e) 'Estw x = 0, a < 0, kai R := inf{Xt : t ≥ 0} ∈ [−∞, 0]. Na deiqjeÐ ìti h −R akoloujeÐ thn
ekjetik  katanom  me par�metro 2µ. Parathr ste ìti R > −∞ me pijanìthta 1.

Parat rhsh: Sta erwt mata 4(a) kai 5(a) qrhsimopoi ste praktika to ti shmaÐnei dèsmeush
wc proc mia s-�lgebra, kai upologÐste desmeumènec mèsec timèc ìpwc k�name stic Pijanìthtec
I.


