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1. 'Estw x ∈ R kai (Bt)t≥0 kÐnhsh Brown me B0 = x.

(i) Poi� h puknìthta thc tuqaÐac metablht c Bt?

(ii) 'Estw pt(x, ·) h puknìthta apì to prohgoÔmeno er¸thma. Na deiqjeÐ ìti wc sun�rthsh twn
(t, y) ikanopoieÐ sto (0,∞)× R th merik  diaforik  exÐswsh
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2. 'Estw u : [0,∞) × R → R sun�rthsh paragwgÐsimh wc proc t kai dÔo forèc paragwgÐsimh
wc proc y me tic ∂u/∂t, ∂2u/∂y2 suneqeÐc pou ikanopoieÐ sto (0,∞) × R th merik  diaforik 
exÐswsh
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(t, y) = −1

2

∂2u

∂y2
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Epiplèon upojètoume ìti up�rqoun stajer� C kai sun�rthshR(t) ¸ste |∂u/∂y(t, y)| ≤ R(t) eC|y|

gia k�je y ∈ R kai t ≥ 0. Tìte h sun�rthsh A(t) = Exu(t, Bt), (t ≥ 0) eÐnai stajer  wc proc t.
Ex eÐnai h mèsh tim  ìtan h B eÐnai kÐnhsh Brown me B0 = x.

3. 'Estw B tupik  kÐnhsh Brown kai (ak)k≥0 akoloujÐa jetik¸n arijm¸n. Gia n ≥ 1 jètoume
An := {|Bk+1 − Bk| ≤ ak gia k�je k = 0, 1, . . . , n − 1}. Na deiqjeÐ ìti limn→∞P(An) > 0 an
kai mìno an

∞∑
n=1
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2 <∞.

4. 'Estw B tupik  kÐnhsh Brown kai t > 0. Na deiqjeÐ ìti h tuqaÐa metablht  X =
∫ t

0
Bs ds

akoloujeÐ thn katanom  N(0, t3/3).

5. 'Estw B tupik  kÐnhsh Brown. Na upologisteÐ h mèsh tim  thc tuqaÐac metablht c

X :=

∫ 1

0

BtB1−t dt.

6. 'Estw B tupik  kÐnhsh Brown kai a > 0. Na deiqjeÐ ìti h anèlixhX meX(t) := B(a−t)−B(a)
gia k�je t ∈ [0, a] eÐnai tupik  kÐnhsh Brown sto [0, a].

7. 'Estw anelÐxeic (Xt)t≥0, (Yt)t≥0 oi opoÐec me pijanìthta 1 èqoun suneq  monop�tia, kai se
k�je peperasmèno di�sthma h X èqei fragmènh kÔmansh, en¸ h Y èqei tetragwnik  kÔmansh
(peperasmènh   �peirh). Na deiqjeÐ ìti h X + Y èqei tetragwnik  kÔmansh

〈X + Y,X + Y 〉[0,t] = 〈Y, Y 〉[0,t]
gia k�je t > 0.



UpodeÐxeic

2. (ii) DeÐxte ìti h A èqei par�gwgo mhdèn. A(t) =
∫
R u(t, y)pt(x, y) dy. H par�gwgoc wc proc

t pern�ei mèsa apì to olokl rwma. Qrhsimopoi ste thn prohgoÔmenh �skhsh.

3. Pìte èna apeiroginìmeno sugklÐnei se jetikì arijmì?

4. Upìdeixh gia aut  thn �skhsh up�rqei stic shmei¸seic.


