
Stoqastikìc Logismìc

Telik  Exètash, 3 IoulÐou 2012

Stic parak�tw ask seic, (Bt)t≥0 eÐnai mia tupik  (monodi�stath) kÐnhsh Brown orismènh se
ènan q¸ro pijanìthtac (Ω,F ,P). Oi martingales kai local martingales anafèrontai sthn di jhsh
pou par�gei h kÐnhsh Brown.

1. (20 BajmoÐ) 'Estw (Xi)i≥1 akoloujÐa anex�rthtwn isìnomwn tuqaÐwn metablht¸n me

P(X1 = 0) = P(X1 = 2) =
1

2
.

Jètoume F0 := {∅,Ω}, Fn := σ(X1, X2, . . . , Xn) gia k�je n ≥ 1, kai

R0 := 1,

Rn := X1X2 · · ·Xn gia n ≥ 1,

M0 := 1,

Mn := R2
n − (R2

1 + · · ·+R2
n−1) gia n ≥ 1.

Na deiqjeÐ ìti h (Mn)n≥0 eÐnai martingale wc proc thn (Fn)n≥0.

2. (20 BajmoÐ) Gia t > 0 jètoume Xt :=
∫ t
0
1Bs>0 dBs. Poi� eÐnai h diaspor� thc Xt?

3. (30 BajmoÐ) (a) 'Estw u ∈ C2,1(R× [0,∞)) ¸ste

∂u

∂t
(x, t) +

1

2

∂2u

∂x2
(x, t) = 0

gia k�je (x, t) ∈ R×(0,∞). Na deiqjeÐ ìti h anèlixhMt := u(Bt, t), t ≥ 0 eÐnai local martingale.

(b) Na brejoÔn sunj kec stic paragwgÐsimec sunart seic α, γ : [0,∞) → R ¸ste h anèlixh
Zt = α(t)eγ(t)B

2
t na eÐnai local martingale.

4. (30 BajmoÐ) (a) 'Estw a ∈ R, kai f, g : [0, 1) → R paragwgÐsimec me suneq  par�gwgo, kai
me f(t) 6= 0 gia k�je t ∈ [0, 1). JewroÔme thn anèlixh

Xt := f(t)

{
a+

∫ t

0

g(s) dBs

}
, t ∈ [0, 1).

Na deiqjeÐ ìti

dXt =
f ′(t)

f(t)
Xt dt+ Zt dBt

gia kat�llhlh anèlixh (Zt)t≥0.

(b) Gia k > 0, na lujeÐ h stoqastik  diaforik  exÐswsh

dXt = − k

1− t
Xt dt+ dBt, gia t ∈ [0, 1).

X0 = 0.

(g) Gia thn lÔsh X apì to prohgoÔmeno er¸thma, na upologisteÐ h Var(Xt) gia t ∈ [0, 1).

'Arista eÐnai to 100. H di�rkeia thc exètashc eÐnai 21
2
¸rec.

KALH EPITUQIA!



LÔseic

1. Profan¸c h (Mn)n≥0 eÐnai prosarmosmènh, kai

E|Mn| ≤
n∑
k=1

E(R2
k) ≤ n2n <∞.

EpÐshc, gia n ≥ 1 èqoume

Mn+1 −Mn = R2
n+1 − 2R2

n = X2
n+1R

2
n − 2R2

n,

kai parathroÔme ìti h Ðdia sqèsh isqÔei kai gia n = 0. 'Ara gia n ≥ 0 èqoume

E(Mn+1 | Fn)−Mn = E(Mn+1 −Mn | Fn) = R2
nE(X2

n+1 | Fn)− 2R2
n

= R2
nE(X2

n+1)− 2R2
n = 0,

pou apodeiknÔei to zhtoÔmeno. Qrhsimopoi same to ìti h Rn eÐnai Fn-metr simh, h Xn+1 eÐnai
anex�rthth thc Fn, kai E(X2

n+1) = 2.

2. H anèlixh (1Bs>0)s∈[0,t] eÐnai stoiqeÐo tou H2[0, t] afoÔ eÐnai fragmènh apì to 1. 'Ara E(Xt) =
0, kai

Var(Xt) = E(X2
t )− {E(Xt)}2 = E

{(∫ t

0

1Bs>0 dBs

)2
}

= E

{∫ t

0

(1Bs>0)
2 ds

}
=

∫ t

0

P(Bs > 0) ds =

∫ t

0

1

2
ds =

t

2
.

Qrhsimopoi same thn isometrÐa Itô, kai to ìti h Bs èqei katanom  N(0, s) (h opoÐa eÐnai summe-
trik  wc proc to 0).

3. (a) O tÔpoc Itô, kai me qr sh thc upìjeshc, dÐnei ìti

dMt =
∂f

∂t
(Bt, t) dt+

∂u

∂x
(Bt, t) dBt +

1

2

∂2u

∂x2
(Bt, t) dt =

∂u

∂x
(Bt, t) dBt.

Epeid  me pijanìthta 1 h t 7→ ∂u
∂x

(Bt, t) eÐnai suneq c, èqoume ìti h anèlixh (t, ω) 7→ ∂u
∂x

(Bt, t)
eÐnai stoiqeÐo tou H2

LOC . Kai to sumpèrasma èpetai apì gnwstì je¸rhma (Prìtash 12.5 stic
shmei¸seic).

(b) Ja qrhsimopoi soume thn ikan  sunj kh tou (a). 'Eqoume ìti Zt = u(Bt, t) me u(x, t) =

α(t)eγ(t)x
2
. Zht�me loipìn oi α, γ na eÐnai suneq¸c paragwgÐsimec, kai èpeita gia k�je (x, t) ∈

R× (0,∞) na isqÔei

0 =
∂u

∂t
(x, t) +

1

2

∂2u

∂x2
(x, t)

= α′(t)eγ(t)x
2

+ α(t)eγ(t)x
2

γ′(t)x2 + α(t)γ(t){eγ(t)x2 + 2x2γ(t)eγ(t)x
2}

= eγ(t)x
2{α′(t) + α(t)γ(t)}+ eγ(t)x

2

x2{α(t)γ′(t) + 2α(t)γ2(t)},
dhlad 

{α′(t) + α(t)γ(t)}+ x2α(t){γ′(t) + 2γ2(t)} = 0.

Autì isodunameÐ me to na èqoume

α′(t) + α(t)γ(t) = 0

α(t){γ′(t) + 2γ2(t)} = 0

gia k�je t > 0. Kai autì eÐnai dekt  ap�nthsh sto jèma.



Ed¸ ìmwc ja lÔsoume autèc tic exis¸seic. H pr¸th, isodunameÐ me (α(t)e
∫ t
0 γ(s) ds)′ = 0, dhlad 

up�rqei stajer� C1 ∈ R ¸ste

α(t) = C1e
−

∫ t
0 γ(s) ds

gia k�je t ≥ 0.
• An C1 = 0 tìte èqoume α ≡ 0, γ mporeÐ na eÐnai opoiad pote suneq¸c paragwgÐsimh

sun�rthsh, kai Zt = 0 gia k�je t ≥ 0.

• An C1 6= 0, tìte α(t) 6= 0, kai h deÔterh exÐswsh tou sust matoc gÐnetai

γ′(t) + 2γ2(t) = 0.

Kat� ta gnwst� apì diaforikèc exis¸seic, h exÐswsh èqei wc lÔseic thn γ ≡ 0, kai tic (γC)C>0

ìpou

γC(t) =
1

2t+ C
gia k�je t ≥ 0. [Praktik�, an γ(t) 6= 0 gia k�je t > 0, tìte h exÐswsh gr�fetai isodÔnama

γ−2(t)γ′(t) = −2⇔ (1/γ(t))′ = 2⇔ 1/γ(t) = 2t+ C ⇔ γ(t) =
1

2t+ C
,

kai epeid  h γ orÐzetai sto [0,∞) èpetai ìti C > 0.] Tìte
∫ t
0
γC(s)ds = {log(2t+C)− logC}/2.

Sthn perÐptwsh loipìn pou C1 6= 0 èqoume gia to zeug�ri α, γ tic lÔseic

α(t) =
C2√

2t+ C
,

γ(t) =
1

2t+ C
,

gia stajerèc C > 0, C2 6= 0.

4. (a) Efarmìzontac ton kanìna gia diaforikì ginomènou (Prìtash 13.7), brÐskoume

dXt = f ′(t)

{
a+

∫ t

0

g(s) dBs

}
dt+ f(t)g(t)dBt + f ′(t)g(t)dtdBt

=
f ′(t)

f(t)
Xtdt+ f(t)g(t)dBt,

pou eÐnai h zhtoÔmenh me Zt = f(t)g(t).

(b) Me b�sh to (a), h

Xt := f(t)

{
a+

∫ t

0

g(s) dBs

}
ikanopoieÐ thn pr¸th exÐswsh arkeÐ oi f, g na ikanopoioÔn

f ′(t)

f(t)
= − k

1− t
, f(t)g(t) = 1.

H pr¸th apì autèc èqei lÔseic akrib¸c tic sunart seic thc morf c f(t) = C(1 − t)k me C 6= 0
stajer� [H epÐlush xekin�ei parathr¸ntac ìti exÐswsh gr�fetai (log |f(t)|)′ = k(log(1 − t))′].
'Ara g(t) = (1− t)−k/C, kai h Xt gÐnetai

Xt = C(1− t)k
{
a+ C−1

∫ t

0

(1− s)−k dBs

}
.

EpÐshc, isqÔei X0 = 0 an a = 0. Opìte mÐa lÔsh thc dosmènhc stoqastik c diaforik c exÐswshc
eÐnai h

Xt = (1− t)k
∫ t

0

(1− s)−k dBs, t ∈ [0, 1).



EÐnai m�lista h monadik  lÔsh giatÐ oi sunj kec tou jewr matoc monadikìthtac ikanopoioÔntai.

(g) Gia t ∈ [0, 1) h anèlixh ((1 − s)−k)s∈[0,t] eÐnai stoiqeÐo tou H2[0, t], opìte E(Xt) = 0. 'Ara
qrhsimopoi¸ntac thn isometrÐa Itô, èqoume

Var(Xt) = E(X2
t ) = (1− t)2kE

{(∫ t

0

(1− s)−k dBs

)2
}

= (1− t)2kE
{∫ t

0

(1− s)−2k ds
}

= (1− t)2k
∫ t

0

(1− s)−2k ds.

Gia ton upologismì tou teleutaÐou oloklhr¸matoc, diakrÐnoume tic peript¸seic k 6= 1/2 kai
k = 1/2.


