
Stoqastikìc Logismìc

Exètash 2 OktwbrÐou 2014

Stic ask seic 2-5, B eÐnai mia tupik  monodi�stath kÐnhsh Brown.

1. (20 BajmoÐ) 'Estw (Xn)n≥1 martingale wc proc th di jhsh (Fn)n≥1 ¸ste oi Xn ≥ 0 gia k�je
n ≥ 1. Na deiqjeÐ ìti

E(X3X2X1) ≥ E(X3
1 ).

2. (20 BajmoÐ) Gia t > 0, na brejeÐ h katanom  thc tuqaÐac metablht c B2t +Bt.

3. (20 BajmoÐ) Poièc apì tic parak�tw anelÐxeic eÐnai kai poièc den eÐnai tupikèc kin seic Brown?

(a) X1(t) :=
1
3
B3t.

(b) X2(t) :=
1
2
B4t.

(g) X3(t) := Bt2+t −Bt2 .

(d) X4(t) := −Bt.

4. (20 BajmoÐ) Na ekfrasteÐ to stoqastikì olokl rwma
∫ t

0
B3

s dBs wc sun�rthsh tou
∫ t

0
B2

s ds
kai thc tim c Bt.

5. (20 BajmoÐ) (a) 'Estw a ∈ R me a 6= 0. Na lujeÐ h stoqastik  diaforik  exÐswsh

dXt = aXt dt+
√
t dBt,

X0 = 1.

Upod.:UpologÐste to d(e−atXt).

(b) Gia th lÔsh X apì to (a), na upologisteÐ h Var(Xt) gia k�je t ≥ 0.

'Arista eÐnai to 100. H di�rkeia thc exètashc eÐnai 21
2
¸rec.

KALH EPITUQIA!



Apant seic

2. Eidik  perÐptwsh �skhshc apì tic shmei¸seic. B2t+Bt = (B2t−Bt)+2Bt ∼ N(0, 2t−t+4t).
Oi (B2t −Bt), 2Bt eÐnai anex�rthtec.

3. Oi (b), (d) eÐnai. Oi (a), (g) den eÐnai.

4. TÔpoc Ito sthn B4
t .

d(B4
t ) = 4B3

t dBt +
1

2
· 3 · 4B2

t dt.

Se oloklhrwtik  morf , afoÔ B0 = 0, gr�fetai

B4
t = 4

∫ t

0

B3
s dBs + 6

∫ t

0

B2
s ds.

5. (a)

d(e−atXt) = ... = σe−at
√
t dBt

Oloklhr¸nontac, brÐskoume

Xt = eat + eat
∫ t

0

e−as
√
s dBs.

(b)

Var(Xt) =
e2at − 1− 2at

(2a)2


