Emyeienotaxy ‘Epeuva: Ltoyaotind Moviéia

PuIkEBlo Aoxfoewy 1 (Baoixdv), éxboor 1/3/2018, Evgethpio Aboewy

Avtadvne Ouxovouou






1

Y revivuloeig and Tig [Itdavotnteg

1. 'Evag gortntic €yt n BifSiia, aprdunuéva g 1,2,...,n. To Bifhio k éyer axpr-
Bog i tunoypagxd Madn pe mdavotnto k'/(k + 1), dnov i = 0,1,2,... xou
k=1,2,...,n. O gontic dwéyer éva Bihio oty tOyn (opotdbpoppa) xou To
o1of3dler. Na Bpedel 1 uéon tiun xou 71 diaomopd Tou apttgo) TWY TUTOYEAPIXGDY
hoddv mou Vo Pet.

Buwvteodidiedn poadnuatog 24 - Xwelo A

2. M xdhmn meptéyel a heuxd xon b padpa opoupidio. Agol tpafriloupe éva ogat-
oldto, 1o emavatonovetolbue oty xdhan av eivar Aeuxd. Av, duwg, eivor uadpo,
61 Bélovpe otn Véon tou éva heuxd (amd xdmowa dhhn xdhnn). ‘Eoto X, o
aptdudC TV AELXGOY GPUEDILY TNV XIATY, apol 1 diadixactio Eyer emavalnpiet
n Qopéc.

1. Anodeite 6Tt
1

a+b

E[X,1] = (1 - ) E[X,]+1.

2. Bpeite évav ‘xhewotd’ tOno vty E[X,].

Ynpewwoelg TnAedidacxaiiog cuvavinong 4 - Xwelo 4

3. Kdle qopd mou pintetor €va vOUIOUA, TPOCYEIOVETU WS ‘XEQUAT ue mbavoTnTa
P xot ¢ ‘Ypdppata pe mbavotnta 1 —p. Na urnohoyiotel o péoog apidudc pldewv
wéyper v mapatnendel wio oelpd and T CUVEYOUEVES XEPARES.

Ynueinoelg tTnAedidaocxaliog cuvdvtnons 1 - Xwplo 2

4. 'Botw X wa pn-apvntixd axépona Tuyola petaBAnty we mdavoyevvitpla
c
Py(z) = — .
x(2) 6—2z— 22
No npocbloptotel 1 otadepd c.
Na vrohoytotel n péon tuh E[X].
Na unohoyiatel y ouvdptnon mbavétnrag fx(z) = P(X =), 2=0,1,2,....
Na vrohoyiotel n mdavétnra P(X etvon dptiog).

W=

Ynpeltnoelg tTnAedidacxaliog cuvdvtnone 3 - Xwplo 2
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5.

YrevOuuioeg and ts Ihfavétntes

‘Eotww X,Y xu Z aveldptnreg exdetuxéc tuyaieg uetofAntéc ye pudpolc A, A
xou o avtiotorya, ue A # p. Na Ppedel o yetaoynuatioués Laplace-Stieltjes tng
X +Y + Z xou  ouvdptnorn muxvotntog miavotntdc ng.

Ynpeinoelg tTnAedidacxaliog cuvavinone 3 - Xwelo 4

. 'Eva abotnua €yel duo e€aptrhuato xou yohder HOA xdnolo and 1o eCupThuo-

o yahdoel. O ypovog Lwhg tou mpdtou edupthpatog axolovdel tny exldett-
xf, xatavoury Exp(N) (Snhadh pe ouvdptnon muxvétnrae mdavétnrae fi(t) =
Ae Mt > 0), eved o ypdvoc Lwfic tou deltepou elapthuatos axohoudel tny
xotavopr, Gamma(n, 1) (dnhadh cuvdptnon nuxvétntoe mdavétntae fa(t) =
prtt e /(n — 1)1, t > 0). Trodétovtag 61t ot ypdvor Lwhc twv eLuptnudtwy
elvon ave€dptnteg tuyaleg uetaAntés, va Bpeldel o péoog ypodvog Lwhg tou ou-
OTAUATOS TWV OUO ECAPTNUATOY.

Ynpewwoelg TnAedidacxkaiiog cuvdvinons 5 - Xwelo 4
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AvavewTIXEC OLAdLXACIES

1. BEotw avaveotxy| Swdxaoio {N ()} pe xatavopr, evdidueowy ypdvwy Exp(A),
ONAadY|, UE CUVARTNOY TUXVOTTTOC THAVOTNTAC

fx()=Xxe ™, t>0.

Na vroloytotolv 1 GUVEETNOT XxATAVOURC TOU YeOVou Tou k-00ToU YEYOVOTOC,
Fs, (t), n ouvdptnon miavdtrrac Tou apdpol twy yeyovétoy tnotiyui t, (pr(t) :
k > 0), xar 7 avavewtixh ouvdptnon m(t). No unohoytotoly, eniong, ot avtiotol-
Yol petaoynuotiouol Laplace - Stieltjes Fg, (s), (px(s) : k > 0) xou m(s).
Buwteodidiedn padnuatog 5 - Xwelo 7

2. Eotww avavewntx Swdwaoio { N (t) } ue xatavops, evdidpecny yeoévey Erlang(r, ),
OnAad”, Ue cUVAPTNOY TUXVOTNHTOSC THAVOTNTAUC

r—1
At)
Fx(t)=1-) e’\t(j') , t>0.
3=0 :

Na unohoyiotoly 1 cUVAETNOY XaUTAVOUTC Tou Ypedvou Tou k-00Tol Yeyovotog,
Fs, (t) xar n ouvdptnon mdavétntog tou apriuod twv yeyovdtey tn otyul t,
(pr(t) : k> 0). Now amodetydel 61t 1 avavewtixr} cuvdptnom divetar and tov tomo

m(t)—Z{l— ie‘”ofl)j}, t>0.

k=1

No unohoyiotoby, enfong, or avtiotoyyor petaoynpoutiopol Laplace - Stieltjes
Fs, (), (pe(s) : k > 0) xou m(s).
Ynpewnoelg TnAedidacxaiiag cuvdvtnong 5 - Xwplo 2

3. Eoww avavewter] dtodixaocio {N(t)} pe xatavour, evbidpeowy ypdvwy Hype-
rexp(p, 1—p, A, 1), dnhodn, pi&n dvo xatavoudv Exp(A) xoaw Exp(p), pe ndovétn-
te¢ p xou 1 —p avtiotorya. H ouvdptnon nuxvétntog mdavotntog Twy eVOLGUESHY
XEOVLV €lval, ETOPEVKC,

fx@) =pre ™+ (1 —ppe ™, t>0,

v
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Avavewtikés dadikacieg

X0 1) GUVIPTNOT XATAVOURS Efvart
Fx(t)=pl—e ™)+ (1 —-p)L—e), t=0.

Na unohoyiotolv ot pswoxnpaucpoi Laplace - Stieltjes Fsk( ) (ﬁk( )k >0)
xou M(8), TNS GLVAPTNONE XATAVOURS TOU YpdVou Tou k-00T00 YeYovHTOC, Fsk( )
¢ ouvdptnong mbavoTnTac Tou aptdgol eV YeYovotwy Tr oty t, (py(t) :
k > 0) xat g avavewtixric ouvdptnone m(t), avtiotorya. No ozrcoBe:Lxﬂef ot 1
AVAVEWTIXY OLVAETNOT elval TNG POPYPHC

m(t) = A+ Bt + Ce QU-PITut ¢ > ()

xat v utohoytotovy ot atalepéc A, B xau C.
Buvteodidiedn padruatoc 5 - Xwplo 8

‘Eotw avaveotxh dwdixacia {N(t)}, 6nou évac evdiduecoc ypdvoc avavénong
evar 0 pe mdavétnta p, xon €xer tnv Exp(A) xotavous ye mdoavétnta 1 — p.
Anhadi, 1 cuvdptnon xatavopunc tou elvar wixty, ye wdla mdavétntag p oto
0 %o ouvdptnorn muxvotnrac mdavétntae (1 — pre M t >0 H oLVaPTNOT
xotavourg Tou elvan

Fx(t)=p+(1—-p)1—-e?), t>0.

Na unohoyiotolv ot pswoxnpancpoi Laplace - Stieltjes Fsk( ) (ﬁk( )k >0)
xou M(S), TNS GLVAPTNONE XATAVOURS TOU YpdVou Tou k-00T00 YeyovdTOC, Fsk( )
¢ ouvdpTnong mavoTnTac Tou aptdgol TV YeYovotwy T oty t, (pk(t) :
k > 0) xat tng avavewtixric ouvdptnone m(t), avtiotorya. No ozrcoBe:Lxﬂef oTL 1
AVAVEWTIXY GLVAPTNOT elvan TNG POPYPHS

m(t) = A+ Bt, t>0,
xou var utohoytotolv ot otadepéc A xa B.
Ynpeldoelg TnAedidacxaliog cuvavinone 5 - Xwelo 3
‘Eotw avavewtixd Stadixacto { N (1)} pe xatavour evdidyeowy ypdvwy Uniform([0, 1]),
OnAad”, ue cuVdPTNOY TUXVOTNHTOC THaVOTN TS
fx(t)=1,0<t<1.
No anoderydel 6Tt yia v avavewtixh ouvdptnon m(t) woyle
m(t)=e¢ -1, 0<t<1.
Buwteodidiedn padniuatos 6 - Xwplo 8
‘Eotw po avavewtixt| Swdxaoio { N ()} ye xatavour| evdidueowy yeévoy Fy (),

e wéom ph o xow ote h(t) = E[Snw41], t > 0. No Situnwdel o avavewtix
elowon v v h(t) xat, Novovtde tny, va arnodetyei ot

h(t) = p(1 +m(t), t>0,

6mou m(t) n avavewtxh ouvdpTnoT,.



7.

10.

Avavewtikés dadikacieg vii
Ynpeiwoelg tTnAedidaocxaliog cuvdvtnons 7 - Xwpelo 2
‘Eotw wa avavewtixd dwdixacia {N(t)} pe xatavour evdidueowy ypbvewv Fx (1)

xou éotw h(t) = E[N(t)(N(t)—1)], t > 0. Na Swrtunewdei pa avavewtixt| eicwon
yioe Ty h(t) xon, Movovtde v, va anodeydel 6t

h(t) = 2(m +m)(t), t> 0,

6mou m(t) 1 avavewTxh cuVaETNOT).
Buwvteodidiedn padruatos 9 - Xwpelo 3

. 'Eotw wo avavewtixd Stadixaoio { N (1)} ue ouveyh xatavour| eviidueswy ypdvav

Fx(t) xou éotw h(t) = Pr[N(t) neprttdc], t > 0. No Siwtunwiel pa avavewtixt
elowon yia v h(t) xou vo hudel. Na Bpedel 1o dpto limy_,o A(1).
Buwvteodidiedn poadruatos 24 - Xwelo B

. 'BEotw wo avavewtxd, dtadixaoio {N(t)}, ye ypdvoue yeyovétwy Sy, S, ..., ue

ouveyh xatavour eviidpecwy ypdvewy Fy(t) xa avavewtuxh ouvdptnon m(t).
‘Eotw R(t) = Sn@y+1 —t 0 UTOREITOUEVOS YpbVOS avavéwong T oTiypr| t. Ocw-
poUpE xdrmoto otadepd © > 0 xon é6tw h(t) = Pr[R(t) > ], t > 0. Na Srrtunwiet
wa avaveotxy e&lowon v v h(t) xat, Aovovtde v, va anodetyel ot

h(t) = Pr[R(t) > z] = 1— Fx(z +1) —i—/t(l — Fx(x+t—u))dm(u), t,xz>0.

Na anodetyvel, eniong, out

lim h(t) = lim Pr[R(f) > o] = 4= (L= Ex(@)de

t—o0 t—o0 H

‘Eotw A(t) = t—Sn() 0 napelday ypdvog avavéwong t oty t. Awatohoyriote
v woéthTa evdeyopévay {A(t) > x} = {R(t — z) > x} %o, YENoIUHOnOOVTIC
™V, Peeite o lim,_,o Pr[A(t) > z]. Opolwe, Seilte 6t
= (1= Fx(u))du
lim Pr[A(t) >z, R(t) > y] = ot x(w) , x,y>0.

t—o0 M

Buwteodidhedn padfuatoc 8 - Xweio 8 (wévo to lo pépog mou
agopd tnv R(t)) + Enueidoeic tniedidacxariog cuvdvinone 8 -
Xweio 1 (yio T0 20 pépog).

"Eotw wa avaventixd| dtodixaocio { N (1)}, ue ouvey xatavopr| evoidueony ypdvwy
Fx(t) pe péon uph p € (0,00) xau daonopd o2 € [0,00). Eotw, eniong, m(t)
1 avavewtiad ouvdptnon xat h(t) = m(t) — &, t > 0. No anoderydet 61t 1 h(t)
iavorotel Ty avavewtxt| eélowon

h(t) = d(t) + /t h(t — w)dFyx (u) = d(t) + (h* Fx)(t), t>0,



viii Avavewtikés dadikacieg

d@pi[<1—z>ﬂ&my—lw;ﬂ&m)
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Eniorng, anodeilte 61t

lim A(t) = lim (m(t) - t) = - M27

t—00 t—00 W 2#2

0?2

Onhadh n evdeia it + %5 efvar Tyt aodunToty tne m(t).
Buwteobidiedn podnuatos 9 - Xwelo 4
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Arwxdxacia Poisson

. Botw {N(t) : t > 0} wa Swdixaoio Poisson pe pudud A. No unohoytotel v yéon
T
EIN@(N(#) = 1)(N(#) =2)---(N(t) =k +1)].

Ynpeiwoelg tTnAedidacxaliog cuvdvinong 9 - Xwpelo 2

. Botww {N(t) : t > 0} wo Swdxacia Poisson pe pudud A. No vrnohoyiotel 7
oUYOLIXOUAVOT)

Cov[N(t), N(s)].
Buwvteodidiedn podnuatoc 15 - Xweio 4

. 'Eotww {N(t) : t > 0} wo Swdixacia Poisson pe pudud A. Noa vrnohoyiotel 7
udavétnto P(N(t) etvou nepittde), t > 0.
Ynpeldoelg TnAedidacxaliog cuvavinone 9 - Xwelo 3

. Trodétovpe 611 mehdtee @¥dvouy oe uia tpdnela oluQwv pe Wwa Sodixactia
Poisson pe putpd 8 neddteg tny opa. Na unoloyiotoly o axdéhovda:

1. H péon ] xou 1 Sloomopd tou aptpol TV TEAAT®Y TOU UTolVouv oTnV
Todnela Yeoo o€ €va oxTdwpo Aettovpylag tng tednelag.

2. H moavétnra xavels nehdtng vo un pret oty tednela to teheutala 15 hentd
wag gpydoung uépag.

3. H ouvbiaxtyoavon tou aprdyol 1wy teAatdy mou praivouy otny tednela petadld
9.00 o 11.00 %ot tou aprdyol 1wV TEAATGY Tou urnatvouy 6Ty Tednela TNV
O pépar petadt 10.00 xon 11.00.

4. H ouvdaxbpoven tou aprduol Ty TEAaTeV Tou unaivouy otny tpdnela petadld
9.00 o 11.00 %ot tou aprdyol 1wV TEAATGY Tou unotvouy 6Tny Tednela TNV
emopevn pépa wetall 10.00 »ou 11.00.

Ynpeiwoelg TnAedidacxaliog cuvavinong 9 - Xwelo 4

. Oewpolue {Ny(t) : t > 0} xou {Na(t) : t > 0} duo aveZdptnres dradixascies Pois-
son pe puiolC Ay xou Ay avtiotorya. Eotw A; va etvar o aprdudc twv yeyovotwvy
ot dradixacia {V;(t)} mptv t0 mpdTo yeyovde atny daky Sradixaota, i = 1,2.

1. No unohoytotolv ot cuvaptioelg mbavotntag twv A;, i = 1,2.
2. Na egetaotel av ot Ay xan Ay elvon aveldptnTeg.

ix



10.

11.

12.

Awabikaocia Poisson

Ynpetwoelg tTnAedidacxaliog cuvavinone 10 - Xwelo 3

. 'Eotw wa Swdaoio Poisson(A), 0 < s < ¢ xaw n un apvnuxde axépaos. Na

vrohoytotolv ot miavétntee Pr[N(s) = k|N(t) = n], 0 < k < n. Tt xatavour,
efvar 1 Seopeupévn xatavopr, e N(s) dedouévou tou 61t N(t) = n; Mnopeite
Vol gpunvedoeTe SloucUnTXd To AmoTENEGUA;

Buwvteodidiedn padruatog 10 - Xwelo 8

‘Eotw duo aveldptntec Swadixaoiec Poisson, {N1(t)} xau {N2(t)}, pe pudpoiec A\
xot Ay, avtiotoya. ‘Eotw, enlone {N(t)} n unépdeon touc. Na unoloyistolv ot
mdavétntes PrNy(t) = k[N (t) = n], 0 < k < n. T xatavops, eivou 1 Secpeupévn
xatavopr, e Ni(t) dedopévou tou bt N(t) = n; Mnogeite va epunveboete
dloucUnTind 1o anotéheou;

Buwteodidiedn podnuatog 14 - Xwelo 4

. 'BEotw {N(t)} wo Swdixaoia Poisson(\) xou X pio tuyaio petointh, aveldptny

e {N(t)}, ue xatavopr, Exp(u). Eotw N 1o tAfloc twy yeyovdtoy tne {N(t)}
oto (tuyaio) ddotnua [0, X|. Na unoloyiotel 1 ouvdptnor mdavdtnrac e N.
Tt xatavouy| ebvou;

Buwteodidiedn padniuatog 14 - Xweio 5

. ‘Botw {N(t)} wa drodixaoio Poisson(A) xo Sy, S, ... ot ypbvol 1oV YEYOVOTRY

<. No unohoytotel o p€oog ypdvog Tou TEAEUTAIOY YEYOVOTOS TPV T OTIYUY ¢,
onhadh 0 E[Sn ).
Buwvteodidiedn padruatoc 13 - Xwelo 2

Eotw {N(t) : t > 0} wa dwdixaoia Poisson pe pudud A xau S; o ypdvoc tou
TpwTou YEYOVOTOC TN Na unohoytotel v Seopeupévn péorn T E[S:|N(t) > 1].
Buwvteodidiedn padruatog 12 - Xwelo 8

‘Eotww {N(t) : t > 0} wo drodixacio Poisson pe pudud X xou Sy, s, ... ot ypdvot
WY YEYOVOTWY TS, No uTohoYIoTel wg ouVAPTNOY Tou A xou Tou t, 1 uéon T

N()

E[Z S,].

Ynpewwoels TnAedidacxaiiag cuvavinons 11 - Xweio 1

Oewpolye 611 tehdteg QUdvouy ot Eva cUC TNUA alupLva e wa dtodixacio Pois-
son pe pudud A. Kdalde neddtng pyevet oto clotnua yio exdetind ypovo pe mo-
PAUETEO 1 X xaTOTIY avaywpeel. Ot exdetixol ypdvol TapaUovAS TV TEAATOV
Yewpolvtar aveldptnteg tuyaleg yetaPAntéc. Anodeite 61t 0 yéoog apriudg me-
Aty 6T0 ohotnpe T oTiyun ¢ eivor %(1 — e M.
Buwvteodidiedn podruatoc 23 - Xweio 3



13.

14.

15.

16.

Awabikaocia Poisson xi

'Eotw 61t éva unydvnua €yet extetind ypdvo {wnc Ue TopdUeTpo A xou 6Tt UTOpEEL
’ ’ 7 7 ’ 1 7 ’
var emtdewpeiton xatd PEso 6po xde T = - Y povixES Lovddeg,
1. elte otic ouypéec 0, 7, 27, 37, . . . wog vietepuvio Tixig dtadixaotag entdewprioe-
v,
2. elte onig ouypég wag Poisson dadixaciog emiewprioewy ye puiud L.

‘Eotw Y, xou Yz 0 ypbévog otov onoto Ya avoxahugidel 6Tt to unydvnua eivon ya-
haouévo pe Tic Swdixaoies (a) xa (5) avtiototya, dnhads ot oTiypés Twy Tph TV
eMVEWPHOEWY UETA TO TEPAS TOL Ypovou Lw1g Tou unyaviuatoc. Na vnoloyioto-
Ov ot EY,] xa E[Yp]. ITowd dadixacia emiewphoewy eivar tpotiwbdtepn;
Ynpewwoelg TnAedidacxaiiag cuvivinons 9 - Xwelo 5

Eotw {N(t) : t > 0} wo dwdixacioa Poisson pe pudpd A Kdde yeyovéde e
{N(t)} raraypdgetar we tunov 1 pe mdavotnia p xat g tonou 2 ye mdavdTn-
o 1 — p, aveZdptnra and ta undhoina yeyovota. Eotw {Ni(t)} n anoprduite
dradixaoio twy yeyovétwy timou 1 xar {No(t)} n anaprdprteia Sadixaoia twv
yeyovotwy t0nou 2. 'Eotw, enlong, 11 xou Th ol ypdvol Tpdtwy YEYOVOT®Y 0TI
{N1(t)} xon {N5(t)} avtiotoya. No urohoyiotel 1 and xowol ouvdptnomn xorta-
vourc twv 11, Ts, dnhadn 1 cuvdptnon

Fr,r,(t1,t2) = P(Ty < t1,T5 <ty).

Ynueltwoelg TnAedidaocxaliog cuvavinone 11 - Xwelo 3

‘Eva clotnua undxertar 6e k dragopetind eidn nhextpwy dtatapoywy (shocks).
Ot nhextpixés dratapayés TwV B1apopeY TOTwY cupfaivouy aveZdoTrnTa xou YaAL-
ota oL nhextpixéc datapayés TOTou ¢ ouuBaivouy cupgeva pe uio Poisson dio-
duxaota e pulud A, i = 1,2,... k. Mia nhextpns| dratopary?y TOTOU ¢ TpoxaAe
BAEBN 010 abotnua pe mlavotnTa p;, aveldptnta and oudnnote dAro. 'Eotw T o
xpdvoc Lwhc tou ouothuatog (Snhady o ypbdvoc uéypet va tédder BAGBY and xdmowa
nhextpw| datapayr)) xon S 1o efdog e Nhextpiic dlatapoayic Tou Tpoxdhece
™ BAGBY. Na unoloyiotel 1 mbavétnto

P(T >t,5=1).

Ynpewwoels TnAedidaocxaiiag cuvavinons 11 - Xwelo 4

Eotw {N(t) : t > 0} wo ddixacioa Poisson pe pudud A. Kéde yeyovéde ne
{N(t)} raraypdpetar pe mdavotnra 1/3 aveldpinta and ta vndhota yYeyovota
otn ddixacio {N1(t)}. And v dAhn peptd Yewpolue tn dradixaoio {No(t)}
Tou xataypdper wovo ta k-ootd yeyovéta tne {N(t)}, 6nov to k eivar todha-
Thdoto tou 3, dnhady| To 3o, To 60, T0 Y0 xAT. YeYOViC. Enopévwe xar n {No(t)}
xotorypdpel pe mdavotnta 1/3 ahhd byt aveldptnta and ta undhotna YEYOVOTAL.

1. Eivau n {N2(t)} Sradixaoio Poisson;
2. Na unohoytotel i mdavétnta P(Ny(t) = 3| Nao(t) = 1).

Ynueltnoelg tTnAedidacxaliog cuvdvtnong 11 - Xwelo 5
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17.

18.

19.

20.

21.

Awabikaocia Poisson

‘Eotw {N(t)} un-opoyevic ddixacia Poisson pe ouvdptnon puduod A(t), t > 0.
Na unohoyiotel 1 deopeupévn ouvdptnon xatavours Tou yedvou S Tou TEOTOY
yeyovétog dedopévou 6t N(t) = 1, dnhadr n ouvdptnon P(S; < z|N(t) = 1),
x > 0.

Eotw {N(t)} un-opoyevic dradixaocia Poisson ye ouvdptnomn puduod A(t) = A,
t > 0 (ypapuxd ouvdptnomn pudpol). Eotw S o ypdvoc tou npdtou yeyovétoc.
No unohoytotel n E[N(t)] xu n E[S;].

‘Eotw {N(t)} pn-opoyevic dradixaoio Poisson pe pudud A(t) = Ayt € [0,1]U
[2,3]U[4,5]U... xe A(t) =0 ywx t € (1,2) U (3,4) U (5,6)U.... Ectw S o
XPOVOS TOU TPMTOL YEYOVOTOG.

1. Na vrohoytotel n xatavous tou Sy, P(S; < x), z > 0.

2. No vnohoytotel n xatavops, tne N(t), t > 0.

3. Nu unohoytotel 1 Seopeupévn yéon tuh E[S1|N(t) =n] yia 0 <t < 2.

‘Eotww {N(t)} Swdwxooio Poisson pudpol A xav Zy, Zs, ... aveldptnieg 1o6vo-
weg oxépoueg un-opvnuixéc tuyaieg petaBintéc ue ouvdptnon miavotntac p; =
P(Z, = j), j = 0,1,2,..., mdavoyewitpia Pz(z) = 3277 p;27, péon tipn
E[Z,] = puz xu dwonopd Var[Z,] = o3, n = 1,2,.... Oétouge {Z(t)} pe
Z(t) = Zg:(tl) Zn, t > 0 va ebvar 1 avtiotoyn odvietr dadixacioa Poisson.

1. Na vnohoyiotolv 1 E[Z(t)] xaw vy Vaar|[Z(t)] (ouvapthoer twv A, pz xou oz).
2. Na unohoyiotel n mdavoyevwhtpa Py (2) tng Z(t).

3. NoanodefZete 61 ot mbavétnree ry(t) = P(Z(t) = k), k =0,1,2,... Sivovta

and TO AVABROUIXS TY AP

TO — e*)\t(lfp()),
A\ k—1 -

‘Eoto {N(t)} dwdixaoia Poisson pultpot A xoaw Zi, Zs, . .. aveZdptntes 106vopes
axépoues pn-apvnTixés tuyaies petofintéc ye ouvdptnon mbavétntac P(Z, =
j)=(1—a)"ta,j =1,2,... (yewpetpxh xatavour). Oétovpe {Z(t)} pe Z(t) =
Zg:(tl) Zn, t > 0 va elvon 1 avtiotolyn ovvietn dadixaoio Poisson. No anodetiete
ot
k
E—1 At)"
( )ar(l o a)k—re—)\t( ) )

P(Zt)y=k) =)

_ |
1r1 r!

T
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AvavewTixEg OLadxacieg e XOOTY

1. Xe wo otdon hewgopeinv @idvouv emBdteg obupova e wo dadixaocioa Poisson
ue pudpd . H etonpeia mou e€unnpetel 1 ouyxexppévn otdon €yet duo tinoug
Aew@opetwy, anhd xut uoolveg, Tou Tepvoly EVOANEE and T otdon. O ypdvog
and TV avayeenor aniol Aewgopetiou uéypl v dpiln guoolvas eival T yEovi-
*EC LOVADES, EVE O YPOVOS ATd TNV VO OENOY) PUGOUVIS UEYEL TNV APLEN amhob
Aewpopetou etvon y ypovixég povades. To xbéotog avd entoxedn otn otdon ankob
Aewpopetou etvon K xar 10 xd6ot0¢ avd exioxedn guooivag etvon Ky. To x6o10¢
AVOPOVTG EVOS TEAATT avd ypovixt| povada etvar h. No Bpedel o paxponpddeouog
péoog puipdg x6oToug xan Vo Bpetody oL TIIEC TV T XUl Y TOU TOV EAXYICTO-
TOLOUY.

Buwvteodidiedn padruatog 25 - Xwelo A

2. TIeldtec @Odvouv oe éva xoatdotnua, obugwva ue pio dtadixacio Poisson(\),
xou {ntdve éva ouyxexptuévo mpoidv. To apyixd anddeya Tou mpoidvtog 010 Xo-
tdotnua eivon S. Kde nehdtng nou @ddver 010 xatdotnua ixavornoteiton dueoa
av umdpyel andvepo TEoldvTog, oAMme ydvetar. Mohic 1o anddepo Tou xato-
othpatog eCaviindel, 1o xatdoTnua napayyEhvert S povddes mEoidvTog and Tov
TpopnUeuTH TOU, oL oTtoleg Tou TapadidovTal UETd amd TuY Ao Ypbvo UE PEoT TN
L. Trotdétouye 6Tt 10 x60T0¢ anoUArEVoNE Ve LOVEDY TROTOVTOS Xa YEOVIXT UO-
vada oo xatdotnua etvon h. To x6a10¢ ayopds evéC TEoIOVTOC omd TO XATAC T
ebvor ¢ xan 1) T TodAnong ebvan p. To xbéotog diennepainwong pag taporyyehiog e-
tvou d aveZdptnta and to uéyeddc tne. No unoloyiotel o paxponpdieopog uéoog
eLBUOC ®E€PBOUC TOU XUTAG THUATOC.

Buwrteodidiedn podnuatos 25 - Xweio B

3. Mo etoupeior mpoo@épel ouyfolonar poxpds dtapxelac 0ToUC TENATES NS Yid €Vl
CUYXEXPIUEVO TEOTOY TOU EUTOPEVETAL. LUYXEXQUEVA, 0E xde TMEANATN NS UE
oupfohato poaxpds dapxelag npocépel TNV axdioudn mohitixy eyyinong: Avti-
%x16 T8 TO TPOTOY BWEEAY 0CEGONTOTE YOPES YANAOEL UEGA GE YPOVIXOG OLAC TNUd
g and Ny ayopd tou. Av T0 TEOIdY YUAJoEL YET amd YPOVo g amd TNV oyopd
TOU, TOTE O MEAATNG TMPETEL YA AYOPAOEL €V VEO TPOIOV e TNV (Dot ToALTIXY Y-
yimone. Eotw 61t o1 ypbévor Loc tou npoibvtog etvon Exp(A) xa 61 ¢ ebvon 7
T ayopdc evée mpoidvtog (dtav dev avuxadiotator dwpedv). Eotw erione d
(d < ¢) t0 xéoT0C xuTaoKEVHC EVOC TPOIGVTOC Yior TNV eToupeia. Not unohoytotel o
poxponpddecuog péoog puluds xO6oToUS Yo €vay TEAATY TG eTonpeiag o omofog

xiii
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Avavewtikés dadikaoies ue kéotn

el ouuPohato poxpdc Sropxelag e authy, xoog xou o paxponpdleouog puludg
%€£€pB0oUug amd TOV TEAATY aUTO Yo TNV €Toupeia.
Buwvteodidiedn padruatog 23 - Xwelo 2

. 'BEotww wo anodhxn mou e€etdletoar atnyv apyh xdde ypovixhc MEpLOdOU WS Tpog

0 anddepa evég Tpoidviog. Eotw X, 1 otddun tou anodépatog otny apy e
ypovihc meptédou n xar X1 = S > 0 (S yvwotdg apriudc). LuuBoiillouvpe pe
Y, ™ {ftnom tou mpoidvtog T yeovixt meplodo n. Trovétouue 6TL oL Tuyaleg
petaintéc Y7, Ys, . .. elvan aveZdptntec xou tobvopeg pe xatavour Fy (x). Mbhic
0 andepa téoel xdte and s (s Yvwotog apiude e s < S) té1e avamhnpoveTa
apéong oe Log S. Anodeilte 61t

lim Pr[X, > a] = (5= 2)

- — <zx<§
oo 1—}—my(S—s)’ SST SO,

6mou my (x) 1 avavem Tl ouvdptnon avavemtxic dtadixaciog e eVOLUESOUC
yeovoug T Y1, Yo, .. ..

. Oewpolpe éva clotnua eZunneétnong oo onolo ot TeAdteg UAvouY clUPLYA

pe wo dadixacia Poisson(A) xou 1o onofo éyer évav undhinho. Kdde mehdng
Tou PBeloxet Tov unddinio ehedhdepo apyiler va e€ummpeteiton xat 0 yeoévog €€u-
mneétnotic tou éyer xatavouh, Fx(z). Kdlde nehdtne mov Bploxel tov unddinio
anaoy OANUEVO avayweel dueoa and to oo Tnua xou ydveton Yo navta. No Peedetl
TO PoxpoTeGUECUO HEGO TOCOCTO TWV YOUEVRDY TENATMY.

Buwteodidiedn padruatog 25 - Xwelo T

. Oewpolye éva obotnpa eEunnpétnong 6To onolo ot tehdteg PUEVoLY GUUPLVA UE

ot ovavewTixy Stadixaoion ye xatavouy| evdiduecny ypdvwy Fa(z) xou to onolo
€yet évay undhinho. Kdave nehdtng mou Bploxet tov undhhnho eheliepo apyilet
va eZumnpeteiton xon 0 ypodvog eZunnpétnornc tou eivan Exp(u). Kdde nehdtne nou
Beloxer Tov undhAnho anacyoAnpévo avaywpeel dueoa and 1o GOGTNHUI Xal YAVETOL
yio mévta. No Bpedel 1o paxponpdieouo uéco 1060016 TV YOUEVRY TEAATMY.
Buwvteodidiedn padnuatog 25 - Xwelo A

‘Eotw avavewtixs dtadixacio {N ()} pe ypdvouc yeyovotwy S, xat evdiduesoug
xedvoug yeyovétwy X,. 'Eotw, eniong, {C,} axohouvdia tuyaiov yetaBintdy ye
(X0, Cr), n > 1, aveZdptntes xou tobvoyes pe ouvdptnon xatavouns Fy o(z,y).
To C,, elvon 10 0VOYaoTIXG XOGTOC TOU GUGOWEEVETU GTOV N-0GTG AVAVEDTIXO
%€0%ho xou TAnpadVETOL 0To Téhog Tou. Trodétoupe 6Tt Ta x0Ty anonhndweilovton
we évav ouveyn aronindweiot) o > 0. '‘Eotw T'C 10 cuvohixd anonindwptopévo
%€060TOC GTOV dnelpo ypovixd opilovta, dniady

TC =Y e *"C,.
n=1
No anodeiete 6Tt
E[Ce>¥]

BIIC) = 1~ gy
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Ovpeg avapovng

. Oewpriote wa M /M /c ouvpd pe puiud apifewmv 5 nehdtec Ty Opo xat L€oo ypdvo
eCumnpeétnong avd TeAdTy 78 Aemtd.

1. Ilowdg eivar o ehdyiotog apripdg UTNEETWY ¢ Tou ypeldleTton Yoo var efvan To
obotnua evotadés (Snhadh va uny aneipiletar 1 ovpd);

2. Towog eivar 0 eNdytotog aprdude UTNEETOY TOL YEeldleTal oV 1) EPYUTIXY] VO-
woveoio emBdhher xde unnpétne va elvor anaoyornuévos o okl to 80% tou
YeOVou Tou;

Buwvteodidiedn padnuatos 26 - Xweio A

. Nu Ppeite Tic opraxéc xatavouée (pn), (a,) xou (d,) Tov oprdpody TV TeENaTdY
OE GLVEYT YPOVO, OE OTIYUES UPIEEWY Xl OE OTIYHES OVAYWENoEWY, avTioTOlyd,
oe wo evotod M/M/1 ouvpd pe pudud agifewv A xar pudud eunnpétnone i,
Yernowonolwvtag to vopo tou Little xouw tnv dt6tnta PASTA. T 1o oxoné autod
VewphoTe w¢ ‘abotnua’ TNy ¢ V€on Tou cuoTAuatog eGunneetnong Yot = 1,2, .. ..
Buwvteodidiedn padruatog 21 - Xwelo 3

. Bpette tov oproxd péco apiud tehatdv oto obotnua, E[Q] atnv GI/GI/oo ovpd
ue wéoo evdidueso ypdvo agllewy a xo uéoo ypbvo e&unnpétnong b.
Buvteodidiedn poadfuatos 26 - Xwelo B

. Oewpotiye éva olotua eEunnEETnong Ue €vay uTnEETY, 0T0 0Tolo xATaPUdVoUY
nehdteg 800 tOmwy 1 ot 2, obpgpwva pe duo avedptnteg dladixaoieg Poisson pe
euduole A xou Ay avtiotoyo. Kéde neddtne, avelaptitwe tinou éyer Exp(pu)
xeovo egumnpétnone. Ot neldtec tomou 1 €youv andAuty TpoTepondTNTA EVavTt
TV TEAATOV TOTOU 2, dnhady 6tav undpyouy meAdteg titou 1 oto clotnua o
unneétne eCumnpetel autolg xar apy(let va e€unnpetel tehdteg TOmOL 2 uévo HTay
dev undpyouv Tehdteg TOmou 1. Emniéov, av évag tehdtng thmou 2 efunnpeteiton
xou aprydel Tehdtng TOmou 1, o LTNEETNS BIaXOTTEL TNV EEUTNEETNOT XaL Ty oiVEL
va eEumnpethoet Tov veoupydévta tehdty tonou 1. Na Bpedoly ot yéool optaxol
aprdpol tehatodv tOnwy 1 xa 2, E[Q:] xa E[Qs], avtiotouyo.

Buwteodidiedn padruatog 26 - Xweio T’

. Oewpotiye €va oUo A eCUTNEETNONG TO onolo SodéTel Evay UTNEETY XL ATELET
ywenuxotnta. H Swodixacio agiewy etvar Poisson pe napduetpo A, eved ot ypdvol

XV
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Ovpés avapovng

eCumnpétnone éyouv v xatavour Exp(u). Kdde gopd nouv 1o cbotnua adet-
4ler o umneétne anevepyomoteitan. Me v d@iln evég mehdtn oe xevd aboTnua,
o unneéTng unaivel ot diadcaoio evepyomnoinong. O ypdvog mou ypeidletar va €-
vepyonowmnlet (ondte o Yo opyioet va napéyet xavovixd eEunnpétnon) axolouiet
v xatavour, Exp(f). Katd ) didpxeta tou ypdvou autol or agiZes ouveyilo-
vton xavovixd. To obotnua autd avagépetar wc 1 M/M/1 ovpd pe exdetixoic
ypbvoue exxivione. Beeite tov optaxd yéoo aptdud telatdv oto ovotnua, E[Q)],
X0l TO PEOO YpOVO Tapauovhc evéc neldtn ot autd, E[S], ypnotporoudvTas Ty
avaluom uéong Tiunc.

Buwvteodidiedn podnuatog 22 - Xwelo 1

. Oewpolye éva obotnua eEunneétnong To onolo drodétel Evay UTNEETN xan GmELET)

ywentixotnta. H Sadixasia agilewy eivor Poisson ye pudud A, evd ot ypdvot
eCunmnpétnone axolovdolv ty xatavour Exp(p). O vaneétne evadldoetor yueta-
&0 mepLodmv Aettoupyiog xar apylag. Ot ypdvor Aettoupyiog €xouv Tny xoatavoun
Exp((), eve ot ypbdvor apylac v xatavopr, Exp(f). Ov apiZec 610 olotnua
yivovtan xovovind, aveZdptnta av o utneétng eivan o€ neplodo Aettoupylog 1 ap-
viog. ‘Opng, egumnpétnon napéyeta wévo 6tav o unneétng Beloxeta oe neplodo
Aertovpyioc. To obotnua avtd avagépetor ws 1 M/M/1 oupd ye evarlhaoodye-
vee exdetinéc meptddouc Aettoupylac xou apylac. Bpeeite tov oplaxd péoo apriud
Tehatdv 6o obotnua, E[Q)], xou to uéoo ypbdvo napapovic evoc tedty oe auto,
E[S], yenotponowdvtag v avdhuon péone nunc.

Ocwpolye éva olotnua eEunneétnong To omoio Sadétel Evay umnEéTy xon unde-
vixd ywpo avopovic. Ot tedteg @idvouv abugova ye pa drodixacta Poisson pe
eudud A, evade ot ypdvol eZunnpétnone twy nehatodv eivar Exp(p). ‘Evoe mehdtng
Tou xatd Ty apiy) Tou Beloxel Tov unneéTy ehediepo apyilet dueca va eEunnpe-
telton. Av, dpwe, Beet Tov umneétyn xatethnuévo, 1ote avaywpeel and 10 cloTua
xou mpoormadel apydtepa uéypt tehxd va eumnpetniel. Ot ypbvol uetall dlobo-
YOV enavanpooTadeldy evos nehdrr éxouvy v xatavour Exp(y).To olotnua
avtd avagépeton we 1 M/M/1/1 oupd ue exdetxéc enavanpoondieie. Bpeite tov
optaxd péco aptdud nehatdv 6to olotnua, E[Q], xu 10 péoco ypdvo napopovic
evoe mehdtn oe autd, E[S], yenowonowwvtog Ty avdhuor péone tufc.

. Oewpolye Ty tpononoinom tne M /M /1 ovpdc e pudud agifewv A xa Exp(p)

Yeovoug eCumnEETNoNg, OO O YEOVOS UTOUOVHS XAUE TEAATN TOU TEQIUEVEL GTO
Y &po avapovhc €yet TNy xatavouh Exp(r) xou péhic autde cupninpwiel o mehdtng
avayweel. o Ty eldur nepintwon v = p, Beeite ) otdoun xatavouy, Tou
aptduol TV TEAATOV OE GUVEYY YPOVO.

. Oewpolye v tporonoinon e M/M/1 oupdc pe pudud apifewv A xar Exp(p)

YEeOvVoug eEUINEETNONG, UE amoVappUVOUEVOUG TEAATES, OTOU xdle TEAATNG TOY
Bploxel n meAdteg xotd T d@iEr Tou avoyweet pe TAVETNTA G, UE go = § X0l
gn = 2 vy n > 1. Na Beedody

1. n ouvifxn evotddelac (otacdTnrag) Y to ohoTnua



10.

11.

12.

Ovpés avapovng xvii

2. n xotavou?; (p,) ToU aptdpold TwV TENATOV o€ GuveyY| YpdVo.

Ocewpolpe v M/M/c ovpd pe pudud apifewv A xar Exp(p) ypdvoue e&unr-
eénong. Na Bpedoiv

1. n ouvifixn evotdidelac (otaodTnrac) Y To ohoTnua

2. m xotavous| (p,) Tou aptipold TV TENATOY 0 ouVEYY YpOVO.

Buwvteodidied podruatog 23 - Xwelo 4

Ocewpolye v M /M /oo oupd pe pudud agifewv A xor Exp(p) ypdvoug egunr-
eétnong. Na Beedoiy

1. 1 ouvifxn evotdieiac (otaodTnTag) Yia To choTnua

2. m xotovous, (p,) Tou aptdpold TV TENATOV o€ GuVEYY YpOVO.

Ocewpolpe v tpornonoinon e M/M/c/c oupdc pe Poisson diadixacio agiewy
eudpol A xaw Exp(u) yebdvouc e€unnpétnomne, 6nou oplopévol ReAdTes avaywpolyv
and 10 olotnua auéows wohe agrydoly, ywpeic vo eZunnpetnioly (anoduppu-
vépevol meddtec). Luyxexpiéva, xdle tehdtne nou Bploxelt n dAha dtopa 6To
ohoTnua xatd TNY dEICH Tou avayweel we mavotnta 2, 0 <n <c.

1. Na Bpedel n otdown xatavour| (p,) ToU apiduold TV TENATOV 6T0 oUOTNHUA
{Q(t)}. Ti eidoue xatavoun eiva;

2. Na Bpedel 10 paxponpddecuo 10600Td TWV JUECH ATOYWEOUVIWY TEAATOV
(YUUEVWY TENATDY).

3. Nu Bpedel o péooc ypbvoc napapovhc evoc nekdtrn oto obotnua, E[S], Aay-
Bavovtag unddn dhoug toug agiydévieg neddtec. Na Peedel o yéoog ypdvog
Tapapovic evoe nehdtne oto obotnua, E[S], hopfdvovtac unddn uévo toug
TENXS ELCEPYOUEVOUS TEALTES.

4. No Bpedel 0 péoog xOxhog anaoybinone tou ovothuatos, E[Z].



