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Outline of the course

This course provides theory and practice of the Bayesian approach
to statistical inference. Applications are performed with the
statistical package R.
Topics:

» Bayesian Updating through Bayes' Theorem

» Prior Distributions

» Multi-parameter Problems

» Summarizing Posterior Information

» The Multivariate Normal Model

» Prediction

» Asymptotics

» Markov chain Monte Carlo Methods
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The Multivariate Normal Distribution

Definition

Let X be a p x 1 real random vector. X follows the multivariate
normal distribution with mean vector ;1 and covariance matrix ¥,
i.e. X ~ Np(p, %), if and only if its pdf is

AU 1, ) = (20) PRIE 2 exp {5 = 2k - )

where 1 is a p x 1 real vector and ¥ is a p X p symmetric and
positive definite matrix.
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Frequentist Approach

Random Sample from the Multivariate Normal Distribution

Let x1,X2,...,X, be an i.i.d sample from a random variable
X ~ Np(p. E).

The pdf of the ith observation, x;, is
1
F(xi | p, X) = (2m) P/? | det(X) | 7/% exp —5xi = )= (xi — )|

where 1 is the p X 1 mean vector and ¥ is the p X p symmetric
and positive definite covariance matrix.
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Frequentist Approach

Random Sample from the Multivariate Normal Distribution

Let x1,X2,...,X, be an i.i.d sample from a random variable
X ~ Np(p. E).

The pdf of the ith observation, x;, is
1
F(xi | p, X) = (2m) P/? | det(X) | 7/% exp —5xi = )= (xi — )|

where 1 is the p X 1 mean vector and ¥ is the p X p symmetric
and positive definite covariance matrix.

We will use the multivariate random sample to estimate the
unknown parameters, u, X, of the multivariate normal model.
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Frequentist Approach

The Likelihood Function

The likelihood function of the observed data is

Lip,X) = H f(xi | p,X)
i=1

=TI #"? | det(E) |2 exp [—;(x,- )T - )
i=1

= (2m) "% | det(%) | "2
1o 1
Xexp | —5 ’;(x;—u)’i (x,-—u)]

Note that the likelihood function is well-defined only if det(X) is
strictly positive. This reflects the assumption made above that ¥
is positive definite, which implies that the search of a maximum
likelihood estimator of X is restricted to the space of positive
definite matrices.

Loukia Meligkotsidou, University of Athens Bayesian Inference



Frequentist Approach

The Log-likelihood Function

The log-likelihood function is

n

I(5,%) = =2 In(2r) — 2 in(det(£)) — 3 D xr — pY T — )
i=1

For convenience, the log-likelihood function can be also
parameterised in terms of the precision matrix, ¥ 71, i.e.

n

(.57 = =2 In(2r) 4 In(det(E )3 ()T (xin)
=1
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Frequentist Approach

Preliminaries: Linear Algebra

» If c is a scalar, then the trace of ¢ equals c: tr(c) = c.

» If two matrices A and B are such that the products AB and
BA are both well defined, then tr(AB) = tr(BA).

> The trace is a linear operator: if A and B are two matrices and
a and b are two scalars, then tr(aA + bB) = atr(A) + btr(B).

» The gradient of the trace of the product of two matrices A
and B with respect to A is %tr(BA) =B

» The gradient of the natural logarithm of the determinant of A
is -2 In(det(A)) = (A1)

» If xisa p x 1 vector and A is a p X p symmetric matrix, then
%X,AX = 2Ax.
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Frequentist Approach

The Log-likelihood Function Revisited

n

(.57 = =2 In(2r) 4 In(det(E )3 ()T (xi—n)
i=1
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Frequentist Approach

The Log-likelihood Function Revisited

n

(.57 = =2 In(2r) 4 In(det(E )3 ()T (xi—n)
i=1

= % In(27) + g In(det(= 1)) — %tr ;(x; — )T (xi = p)
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Frequentist Approach

The Log-likelihood Function Revisited

n

(.57 = =2 In(2r) 4 In(det(E )3 ()T (xi—n)
i=1
_ P n@2m) + D in(det(E 1)) — ;tr _;(x, R )
= % In(27) gln(det(z_l)) — %tr _;(x, —p)(x; —p)'T 1_
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Frequentist Approach

The Log-likelihood Function Revisited

n

(.57 = =2 In(2r) 4 In(det(E )3 ()T (xi—n)
i=1
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Frequentist Approach

Maximum Likelihood Estimation

To obtain the maximum likelihood estimators of y, > we need to
solve the system
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Frequentist Approach

Maximum Likelihood Estimation

To obtain the maximum likelihood estimators of y, > we need to
solve the system

Ol(p, X1
BED s 0w
Ol(p, ¥1
ED e =0 @
n 1 n
—_— _1 '—A pr— A:7 ':_
(1) = -% g(x, ) =0=p ”,-zlx' X
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Frequentist Approach

Maximum Likelihood Estimation

To obtain the maximum likelihood estimators of y, > we need to
solve the system

Ol(p, X1
b e =0
oI, £
WED s =0 @
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Bayesian Conjugate Analysis

Conjugate Analysis for the Multivariate Normal Model

The Inverse Wishart Distribution
Let > be a p x p symmetric and positive definite matrix. ¥ follows
the inverse Wishart distribution, i.e. ¥ ~ IW(A, d), if and only if
its pdf is
1
NZ):k—mqwﬂerﬂﬁﬂﬁam{—2nz4A},

where k = 2P/2zP(P=/4TTP_ T((d +1—1i)/2), Aisa px p
symmetric and positive definite matrix and d is a positive scalar.
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Bayesian Conjugate Analysis

Conjugate Analysis for the Multivariate Normal Model

The Normal - Inverse Wishart Distribution

(1, X) ~ NIW(A,d,a,c), where Ais a p x p symmetric and
positive definite matrix, a is a p x 1 real vector and d, ¢ are
positive scalars.

Joint distribution for (4, X) of the form

F(1,T) = F(u | D)F(E)

where f(X) = IW(A,d) and f(u | ) = Np(a, c1T).
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Bayesian Conjugate Analysis

Conjugate Analysis for the Multivariate Normal Model

Let X1, X5,..., X, be a random sample from the multivariate
normal distribution N,(u, X).

Likelihood of x = (x1, X2, ..., Xp):

D) o T 20 {500 - 0T 0 1)

i=1

= |Z|7"exp {—; Z(Xi — )T (X — M)}

i=1
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Bayesian Conjugate Analysis

Conjugate Analysis for the Multivariate Normal Model

Let X1, X5,..., X, be a random sample from the multivariate
normal distribution N,(u, X).

Likelihood of x = (x1, X2, ..., Xp):

: 1
D) TTIE2em { =300 — 00— )
i=1

= |Z|7"exp {—; Z(Xi — )T (X — M)}

i=1
_ —n/2 oyl oy M1
|| exp { z(u X)) (p—X) 2trZ S, }

where x = 1570 S =15 (% —%)(x —X)".
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Bayesian Conjugate Analysis

Conjugate Analysis for the Multivariate Normal Model

Let D7 (xi — M)’zfl(Xi —p)=C. Then

n
C = ndX u—nx'Sy—np/s %+ ZX,{Z_IX,'
i=1
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Bayesian Conjugate Analysis

Conjugate Analysis for the Multivariate Normal Model

Let D7 (xi — M)’zfl(Xi —p)=C. Then

n
C = ndX u—nx'Sy—np/s %+ ZX,{Z_IX,'
i=1

= n(p—x)T Y pu-Xx)- Tk + ZX{Z*IX,-
i=1
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Bayesian Conjugate Analysis

Conjugate Analysis for the Multivariate Normal Model

Let D7 (xi — M)’zfl(Xi —p)=C. Then

n
C = ndX u—nx'Sy—np/s %+ ZX,{Z_IX,'
i=1

= n(p—x)T Y pu-Xx)- Tk + ZX{Z*IX,-
i=1

— n(p =R (a2 + Y (- I - %)

Bayesian Inference

Loukia Meligkotsidou, University of Athens



Bayesian Conjugate Analysis

Conjugate Analysis for the Multivariate Normal Model

Let >0 (xi — )T 1(x; — p) = C. Then
n
C = /T —nXE - TR+ ZX,{Z_IXI
i=1

= n(p—x)T Y pu-Xx)- Tk + ZX{Z*IX,-
i=1

— n(p =R (a2 + Y (- I - %)

= n(p—X)THp-%)+> trZ(xi — 2)(x — %)
i=1
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Bayesian Conjugate Analysis

Conjugate Analysis for the Multivariate Normal Model

Let > (xi — )T~ Y(x; — p) = C. Then
C = ndX u—nx'Sy—np/s %+ ZX,{Z_IX,'
i=1
= n(p—x)T Y pu-Xx)- Tk + ZX{Z*IX,-
i=1
= n(p =T p-%)+) (%) Hx %)
i=1
= n(p—X)THp-%)+> trZ(xi — 2)(x — %)
i=1
= n(p—x)TYpu—X)+ntrr-1s

where x =150 S =151 (% —%)(x —X)".
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Bayesian Conjugate Analysis

Conjugate Analysis for the Multivariate Normal Model

Likelihood of x:
FOx | 1) o [Z17" 2 exp { = (1 = YT (u— %) = ST S|
Conjugate prior for (1, X): Normal-Inverse Wishart
ur) o (E @ e LS ayE (- a) - jrmta)
= NIW(A,d,a,c),

where A is a p X p symmetric and positive definite matrix, a is a
p x 1 real vector and d, ¢ are positive scalars.
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Bayesian Conjugate Analysis

The Joint Posterior

F(u, | x) o F(x | s D)F (, ) oc || FPH2E02 exp{ - Q2]

Q = tri Y S+A) +c(p—a)r(u—a)+n(u—x)L Hu—x)
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Bayesian Conjugate Analysis

The Joint Posterior

F(u, | x) o F(x | s D)F (, ) oc || FPH2E02 exp{ - Q2]

Q = tri Y S+A) +c(p—a)r(u—a)+n(u—x)L Hu—x)
try S+ A) + /'S i+ cadrta— /s la—cadr
4’ + nX STk — Tk — nx'S
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Bayesian Conjugate Analysis

The Joint Posterior

F(u, | x) o F(x | s D)F (, ) oc || FPH2E02 exp{ - Q2]

Q = tri Y S+A) +c(p—a)r(u—a)+n(u—x)L Hu—x)
= X Y SH+A + Tt cd T ta— 't ta -l
4’ + nX STk — Tk — nx'S
= X Y SH+A +(c+nT - (cat nx) T p
— W'Y ca+ nx) + cadrta+ nX'T %
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Bayesian Conjugate Analysis

The Joint Posterior

F(u, | x) o F(x | s D)F (, ) oc || FPH2E02 exp{ - Q2]

Q = tri Y S+A) +c(p—a)r(u—a)+n(u—x)L Hu—x)
= X Y SH+A + Tt cd T ta— 't ta -l
4’ + nX STk — Tk — nx'S
= X Y SH+A +(c+nT - (cat nx) T p
— W'Y ca+ nx) + cadrta+ nX'T %

trEHAY) + ¢ (p - a*) T (- ),

where ¢* = ¢+ n, a* = (c + n)"!(ca + nx) and
A*=A+S+nc(c+n)t(a—x)(a—x).
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Bayesian Conjugate Analysis

Joint and Conditional Posteriors

* 1
S [x) o 5] F o= (u—a VI M- a') — S5 AT
= NIW(A*, d* a%, c"),

where d* =d +n, ¢* = c+n, a* = (c + n)~Y(ca + nx) and
A*=A+ S+ nc(c+n)"Ha—x)(a—x).
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Bayesian Conjugate Analysis

Joint and Conditional Posteriors

* 1
Fn 1x) o (25 ep(- (u— 2 VI M- ") - Strm A
= NIW(A*, d* a%, c"),
where d* =d +n, ¢* = c+n, a* = (c + n)~Y(ca + nx) and
A*=A+ S+ nc(c+n)"Ha—x)(a—x).

*

Fu] X, x) exp{—%(u — @) (- a*)} = Ny(a*, ez Y
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Bayesian Conjugate Analysis

Joint and Conditional Posteriors

* 1
Fn 1x) o (25 ep(- (u— 2 VI M- ") - Strm A
= NIW(A*, d* a%, c"),
where d* =d +n, ¢* = c+n, a* = (c + n)~Y(ca + nx) and
A*=A+ S+ nc(c+n)"Ha—x)(a—x).

*

Fu] X, x) exp{—%(u — @) (- a*)} = Ny(a*, ez Y

*

_d c * — * 1 —1 g%
(X ] pu,x) o< |7 2 exp{—?(u— aYrY(p—a*) - EtrZ 1A%}

_dr 2 1 — * * *
= [T7 7 ep{—Strr LAY} = IW(AL, d* + 1),
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Bayesian Conjugate Analysis

Marginal Posterior of ¥

f(X]x) o /f(,u,Z|x)d,u

* * 1
x / ]Z|*d S exp{—%(,u — )T (- a*) - EtrzflA*}c
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Bayesian Conjugate Analysis

Marginal Posterior of ¥

f(X]x) o /f(,u,Z|x)d,u

* * 1
x / ]Z|*d S exp{—%(,u — )T (- a*) - EtrzflA*}c

d* +p+2

1
= |X|7 2 exp{—itrZ_IA*}

<[ exp{~ 5 (1~ )T — 2"
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Bayesian Conjugate Analysis

Marginal Posterior of ¥

f(X]x) o /f(,u,Z|x)d,u

* * 1
x / ]Z|*d S exp{—%(,u — )T (- a*) - EtrzflA*}c

d* +p+2

1
= |X|7 2 exp{—itrZ_IA*}

<[ exp{~ 5 (1~ )T — 2"

d* +p+2
2

1
exp{—itrZ*IA*} X |Z|l/2

d*+p+1
2

1
exp{—itrZ_IA*} = IW(A*, d*)
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Bayesian Conjugate Analysis

Marginal Posterior of p

flulx) o /f(u,Z\x)dZ

* 1
x /|z|—" i exp{— trT A7} dT
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Bayesian Conjugate Analysis

Marginal Posterior of p

flulx) o /f(u,Z\x)dZ

* 1
x /|z|—" i exp{— trT A7} dT

x ’AZ|(d*+1)/2

= A+ (= a)(p— )|
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Bayesian Conjugate Analysis

Marginal Posterior of p

flulx) o /f(u,Z\x)dZ

* 1
x /|z|—" i exp{— trT A7} dT

x ’AZ|(d*+1)/2

= A"+ (p—a)(u— 2ty D2
* 1 *
= tgy1-p(a » A )
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Bayesian Conjugate Analysis

Marginal Posterior of p

flulx) o /f(u,Z\x)dZ

* 1
x /|z|—" i exp{— trT A7} dT

~ ’AZ|(d*+1)/2
— A (- ) (- a2
= tir1-p(a", éA*)

This is a non-central multivariate Student-t distribution with

d* + 1 — p degrees of freedom, mean equal to a* and covariance

matrix equal to mA*.
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