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1 Exisv¸sveic 1hc t�xhc

'Asvkhsvh 1.1

Na lujeÐ h diaforik  exÐsvwsvh:

xy′ = y
(
1 + y2

)
(1.1)

LÔsh. 'Eqoume

x
dy

dx
= y + y3 ⇐⇒ 1

y + y3
dy =

1

x
dx ⇐⇒

ˆ
1

y + y3
dy =

ˆ
1

x
dx+ c (1.2)

Pr¸ta ja lÔsvoume to
´

1
y+y3

dy

ˆ
1

y + y3
dy =

ˆ
1

y (1 + y2)
dy =

ˆ (
A

y
+

By + c1
1 + y2

)
dy (1.3)

'Eqoume dhlad  1
y+y3

= A
y + By+c1

1+y2
kai svÔmfwna me thn an�lusvh sve apl� kl�svmata:

1 = A
(
1 + y2

)
+ y (By + c1) ⇐⇒ 1 = A+Ay2 +By2 + c1y ⇐⇒

1 = A+ yc1 + y2 (A+B) ⇐⇒


A = 1

c1 = 0

A+B = 0
A = 1

B = −1

c1 = 0

'Ara apì thn (1.2) èqoume:

ˆ
1

y + y3
dy =

ˆ (
1

y
+

−1y

1 + y2

)
dy =

ˆ
1

y
dy −

ˆ
y

1 + y2
dy = ln y −

ˆ
y

1 + y2
dy (1.4)

Gia na lÔsvoume to olokl rwma
´ y

1+y2
dy jètoume 1 + y2 = u ⇒ 2ydy = du ⇒ ydy = du

2 .

'Ara ˆ
y

1 + y2
dy =

ˆ
du

2u
=

1

2
lnu =

1

2
ln
(
1 + y2

)
Epomènwc h (1.4) gÐnetai

´
1

(1+y2)y
dy = ln y − 1

2 ln
(
1 + y2

)
. Telik� h (1.1) metasvqhmatÐ-
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6 Diaforikèc Exis¸seic I: ErgasÐa

zetai svthn

ln y − 1

2
ln
(
1 + y2

)
= lnx+ c ⇐⇒

ln y − ln
(
1 + y2

)1/2
= lnx+ c ⇔ ln

y√
1 + y2

= lnx+ c ⇐⇒

exp

(
ln

y√
1 + y2

)
= exp (lnx+ c) ⇐⇒

y√
1 + y2

= exp (lnx+ c)

'Asvkhsvh 1.2

Na lujeÐ to P.A.T.:

y′ (t) = −3 (y (t))
4
3 sin t, y (t0) = y0 > 0

LÔsh. 'Eqoume

dy

dt
= −3 (y (t))

4
3 sin t ⇐⇒ 1

−3 (y (t))
3
4

dy = sin tdt ⇐⇒

−1

3
(y (t))

−4
3 dy = sin tdt ⇐⇒

ˆ
−1

3
(y (t))

−4
3 dy =

ˆ
sin tdt ⇐⇒

−1

3

y
−1
3

−1
3

= − cos t+ c ⇐⇒ y−1 = (c− cos t)3 ⇐⇒ y (t) =
1

(c− cos t)3

Apì to P.A.T. gnwrÐzoume ìti

y (t0) = y0 > 0,

�ra

y0 =
1

(c− cos t0)
3 > 0.

Epomènwc arkeÐ (c− cos t0)
3 > 0 ⇐⇒ c > cos t0

'Asvkhsvh 1.4

Na lujoÔn ta P.A.T.:

(a) y′ = (cosx) (y − 1) , y (0) = 1

LÔsh. 'Eqoume
dy

dx
= (cosx) (y − 1) ⇐⇒ dy

y − 1
= cosxdx ⇐⇒
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Kef�laio 1. Exisv¸sveic 1hc t�xhc 7

ˆ
dy

y − 1
=

ˆ
cosxdx ⇐⇒ ln (|y − 1|) = sinx+ c ⇐⇒

exp (ln |y − 1|) = exp (sinx+ c) ⇐⇒ |y − 1| = exp (sinx+ c) ⇐⇒

c∗=exp c⇐⇒ |y − 1| = exp (sinx) c∗ (1.5)

Apì to P.A.T. èqoume:

0 = (exp 0) (c∗) ⇐⇒ 0 = c∗ ⇐⇒ c∗ = 0

Epomènwc h (1.5) gÐnetai:

|y − 1| = 0 ⇐⇒ y = ±1

(b) y′ = 1 + y2, y (0) = 1, prosvdiorÐsvte to di�svthma Ôparxhc.

LÔsh. 'Eqoume

dy

dt
= 1 + y2 ⇐⇒ 1

1 + y2
dy = dt ⇐⇒

ˆ
1

1 + y2
dy =

ˆ
dt+ c ⇐⇒

tan−1 (y) = t+ c ⇐⇒ arctan y = t+ c

Apì to P.A.T. xèroume ìti y (0) = 1, �ra c = π
4 . Dhlad  y (t) = tan

(
t+ π

4

)
.

Gia to di�svthma Ôparxhc prokÔptei apì to je¸rhma Peano:

D = {(t, y) : |t| ≤ a, |y − 1| ≤ b, a, b > 0}

H f (t, y) eÐnai svuneq c svto D. EÐnai epÐsvhc svumpagèc to D �ra:

|y − 1| ≤ b ⇐⇒ −b+ 1 ≤ y ≤ b+ 1

M = max f (t, y) = max
(
1 + y2

)
= 1 + (b+ 1)2

δ = δ (a, b) = min

{
a,

b

1 + (1 + b)2

}
≤ b+ 1− 1

1 + (b+ 1)2
≤ b+ 1

1 + (b+ 1)2
≤ 1

2

'Ara t ≤ 1
2 opìte ∆ =

[
−1

2 ,
1
2

]

(g) y′ = 3t2+4t+2
2(y−1) , y (0) = −1.

LÔsh. 'Eqoume
dy

dt
=

3t2 + 4t+ 2

2 (y − 1)
⇐⇒
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8 Diaforikèc Exis¸seic I: ErgasÐa

⇐⇒ 2 (y − 1) dy =
(
3t2 + 4t+ 2

)
dt ⇐⇒

ˆ
2 (y − 1) dy =

ˆ (
3t2 + 4t+ 2

)
dt

⇐⇒
ˆ

2ydy −
ˆ

dy =

ˆ
3t2dt+

ˆ
4tdt+

ˆ
2dt ⇐⇒ y2 − y = t3 + 2t2 + 2t+ c

Apì to P.A.T. prokÔptei ìti :

c = 2

Epomènwc katal goume svthn ex c peplegmènh morf :

y2 − y = t3 + 2t2 + 2t+ 2

(d) 3tdydt = y cos t, y (1) = 0

LÔsh. MporoÔme na th metatrèyoume sve D.E. qwrizìmenwn metablht¸n:

1

y
dy =

cos t

3t
dt ⇐⇒

ˆ
1

y
dy =

ˆ
cos t

3t
dt

'Omwc to
´

cos t
3t dt den lÔnetai me tic gnwsvtèc mejìdouc olokl rwsvhc. Epomènwc

ln y =

ˆ
cos t

3t
dt+ c ⇐⇒ y = exp

(ˆ
cos t

3t
dt+ c

)

'Asvkhsvh 1.9

Na prodiorisvteÐ to a ètsvi ¸svte to akìloujo P.A.T. na èqei periodik  lÔsvh:

y′ − 1

2
y = 2 sin t, y (0) = a

LÔsh. ParathroÔme ìti eÐnai grammik  D.E. 1ou bajmoÔ, opìte m�c eÐnai gnwsvtìc o tÔpoc

epÐlusv c thc:

y = exp−
´
p(t)dt

[
c+

ˆ
exp

´
p(t)dt q (t) dt

]
Sth dojeÐsva D.E. èqoume: p (t) = −1

2 kai q (t) = 2 sin t. Opìte antikajisvt¸ntac ja

èqoume:

y = exp

(ˆ
1

2
dt

)[
c+

ˆ
exp

(ˆ
−1

2
dt

)
2 sin tdt

]
=⇒

y = exp

(
1

2
t

)[
c+

ˆ
exp

(
−1

2
t

)
2 sin tdt

]
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Kef�laio 1. Exisv¸sveic 1hc t�xhc 9

Gia to I =
´
exp−

1
2
t 2 sin tdt èqoume:

I =

ˆ
exp

(
−1

2
t

)
2 sin tdt =

ˆ [
(−2) exp

(
−1

2
t

)]′
2 sin tdt =

= −4 exp

(
−1

2
t

)
sin t+

ˆ
(−2) exp

(
−1

2
t

)
2 cos tdt =

= −2 exp

(
−1

2
t

)
2 sin t+

ˆ [
(−2) exp

(
−1

2
t

)]′
2 cos tdt =

= −2 exp

(
−1

2
t

)
2 sin t− 2 exp

(
−1

2
t

)
2 cos t+

ˆ
(−2) exp

(
−1

2
t

)
2 sin tdt =

= −2 exp

(
−1

2
t

)
2 (sin t+ cos t) + (−2)

ˆ
exp

(
−1

2
t

)
2 sin tdt =

= −2 exp

(
−1

2
t

)
2 (sin t+ cos t)− I =⇒

I =
−2 exp

(
−1

2 t
)
2 (sin t+ cos t)

2
= − exp

(
−1

2
t

)
2 (sin t+ cos t)

'Ara

y (t) = exp

(
1

2
t

)[
c+

ˆ
exp

(
−1

2
t

)
2 sin tdt

]
= exp

(
1

2
t

)[
c− exp

(
−1

2
t

)
2 (sin t+ cos t)

]
Gia y (0) = a èqoume:

a = 1 (c− 2) ⇐⇒ a = c− 2

Gia na èqei periodik  lÔsvh h D.E. ja prèpei:

c = 0 =⇒ a = −2

'Asvkhsvh 1.16

'Esvtw b (t) T-periodik  svuneq c svun�rthsvh kai èsvtw

b0 =

ˆ 1

0
b (s) ds

Na deiqjeÐ ìti ìlec oi lÔsveic thc x′ = b (t) einai T-periodikèc an b0 = 0 kai mh fragmènec

an b0 ̸= 0.

LÔsh. 'Esvtw T > 0 jewr¸ th svun�rthsvh:

x′ = 0x+ b (t) (1.6)
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10 Diaforikèc Exis¸seic I: ErgasÐa

thc morf c

y′ = p (τ) y + q (τ)

me p (τ) = 0 kai b (t) = q (τ). Jètw

a0 =

ˆ τ

0
0ds = 0

c0 =

ˆ τ

0
exp

(ˆ τ

0
0du

)
b (s) ds =

ˆ τ

0
exp (0) b (s) ds =

ˆ τ

0
b (s) ds =⇒ c0 = b0

Apì je¸rhma Fredholm, epeid  a = 0 èqoume

an b0 = 0 =⇒ c0 = 0 ìlec oi lÔsveic thc (1.6) einai T-periodikèc

an b0 ̸= 0 =⇒ c0 ̸= 0 tìte dÐnetai periodik  lÔsvh kai tìte apì je¸rhma 1.2, h (1.6) den

èqei fragmènec lÔsveic.

'Asvkhsvh 1.23

Na lujoÔn oi diaforikèc exisv¸sveic:

1.

y′ = − 1

t2
− y

t
+ y2, (1.7)

me eidik  lÔsvh thn

y1 (t) = −1

t
(1.8)

2.

y′ =
2 cos2 t+ sin2 t− y2

2 cos t
, (1.9)

me eidik  lÔsvh thn

y1 (t) = sin t (1.10)

LÔsh. 1. Gia thn (1.7) parathroÔme ìti eÐnai diaforik  exÐsvwsvh Riccati kai èqontac thn

eidik  lÔsvh thc (1.8) gnwrÐzoume ìti mporeÐ na metasvqhmatisvteÐ sve mia exÐsvwsvh Bernoulli

an jèsvoume:

y = y1 (t) + u ⇐⇒ y = −1

t
+ u

−1

t
y = −1

t

(
−1

t
+ u

)
=

1

t2
− u

t

y′ = (y1 (t) + u)
′
= y (t)

′
+ u′ =

1

t2
+ u′

y2 = (y1 (t) + u)2 =

(
−1

t
+ u

)2

=
1

t2
− 2u

t
+ u2
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Kef�laio 1. Exisv¸sveic 1hc t�xhc 11

Efìsvon h eidik  lÔsvh (1.8) epalhjeÔei thn (1.7) ja èqoume:

1

t2
+ u′ = − 1

t2
+

1

t2
− u

t
+

1

t2
− 2u

t
+ u2 ⇐⇒ u′ = u2 − 3

u

t
⇐⇒ u′ +

3

t
u = 1u2 (1.11)

'Ara katal xame sve mia diaforik  exÐsvwsvh Bernoulli me α (t) = 3
t , β (t) = 1 kai ρ = 2

(Genikìc tÔpoc D.E. Bernoulli: y′ + αy = βyρ)

EpÐlusvh thc (1.11): Pollaplasvi�zoume thn (1.11) me −u−2 kai èqoume:

−u−2u′ − 3

t
uu−2 = −1u2u−2 ⇐⇒ 1 =

3

t
u−1 + u−2u′

Jètoume

w = u−1 =
1

u
⇐⇒ u =

1

w
⇐⇒ u′ = − 1

w2
w′,

opìte:

1 =
3

t
w + w2

(
− 1

w2

)
w′ ⇐⇒ 1 =

3

t
w − w′ ⇐⇒ w′ +

(
−3

t

)
w = −1

H exÐsvwsvh aut  eÐnai grammik  1ou bajmoÔ kai gnwrÐzoume ton tÔpo epÐlusv c thc:

w = exp−
´
(− 3

t )dt
[
c+

ˆ
exp

´
(− 3

t )dt (−1) dt

]
⇐⇒

w = exp3 ln t

[
c+

ˆ
exp−3 ln t (−1) dt

]
⇐⇒

w = t3
[
c−
ˆ

t−3dt

]
⇐⇒ w = t3

[
c+

t−4

4

]
'Ara

1

u
= t3

[
c+

t−4

4

]
=⇒ u =

1

t3
[
c+ t−4

4

]
kai telik�

y (t) = −1

t
+

1

t3
[
c+ t−4

4

]

LÔsh. 2. Gia thn (1.9) parathroÔme ìti eÐnai diaforik  exÐsvwsvh Riccati kai èqontac thn

eidik  lÔsvh thc (1.10) gnwrÐzoume ìti mporeÐ na metasvqhmatisvteÐ sve mia exÐsvwsvh Bernoulli

an jèsvoume:

y = y1 (t) + u ⇐⇒ y = sin t+ u (1.12)

y′ = (y1 (t) + u)
′
= y (t)

′
+ u′ = cos t+ u′

y2 = (y1 (t) + u)2 = (sin t+ u)2 = sin2 t+ 2u sin t+ u2
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12 Diaforikèc Exis¸seic I: ErgasÐa

Efìsvon h eidik  lÔsvh (1.10) epalhjeÔei thn (1.9) ja èqoume:

cos t+ u′ =
2 cos2 t+ sin2 t− sin2 t− 2u sin t− u2

2 cos t
=

2 cos2 t− 2u sin t− u2

2 cos t

u′ =
2 cos2 t− 2u sin t− u2 − 2 cos2 t

2 cos t
= −2u sin t+ u2

2 cos t
=⇒

=⇒ u′ +
sin t

cos t
u = − 1

2 cos t
u2 (1.13)

'Ara katal xame sve mia diaforik  exÐsvwsvh Bernoulli me α (t) = sin t
cos t , β (t) = − 1

2 cos t kai

ρ = 2 (Genikìc tÔpoc D.E. Bernoulli: y′ + αy = βyρ)

EpÐlusvh thc (1.13): Pollaplasvi�zoume thn (1.13) me −u−2 kai èqoume:

−u−2u′ − sin t

cos t
uu−2 =

1

2 cos t
u−2u2 =⇒ 1

2 cos t
= −u−2u′ − sin t

cos t
u−1

Jètoume

w = u−1 =
1

u
⇐⇒ u =

1

w
⇐⇒ u′ = − 1

w2
w′,

opìte

1

2 cos t
= −w2 1

w2
w′ − sin t

cos t
w =⇒ 1

2 cos t
= −w′ − sin t

cos t
w =⇒ w′ +

sin t

cos t
w = − 1

2 cos t

H exÐsvwsvh aut  eÐnai grammik  1ou bajmoÔ kai gnwrÐzoume ton tÔpo epÐlusv c thc:

w = exp−
´
( sin t
cos t)dt

[
c+

ˆ
exp

´
( sin t
cos t)dt

(
− 1

2 cos t

)
dt

]
⇐⇒

EpÐlusvh tou sin t
cos tdt

ˆ (
sin t

cos t

)
dt =

ˆ
(− cos t)′

cos t
dt = −

ˆ
(cos t)′

cos t
dt = − ln cos t

Telik�

w = expln cos t

[
c+

ˆ
exp− ln cos t

(
− 1

2 cos t

)
dt

]
=⇒

w = cos t

(
c+

ˆ
cos t

2 cos t
dt

)
=⇒ w = cos t

(
c+

1

2
t

)
All� epeid  w = u−1 = 1

u

u =
1

w
=

1

cos t
(
c+ 1

2 t
)

Apì thn (1.12) èqoume telik�

y = sin t+ u =⇒ y = sin t+
1

cos t
(
c+ 1

2 t
)
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Kef�laio 1. Exisv¸sveic 1hc t�xhc 13

'Asvkhsvh 1.24

Na lujoÔn oi parak�tw diaforikèc exisv¸sveic:

(a) (
x2 − 2y2

)
dx+ xydy = 0 (1.14)

LÔsh. Arqik� ja exet�svoume an eÐnai pl rhc, dhlad  an Py (x, y) = Qx (x, y)

Jètoume P (x, y) =
(
x2 − 2y2

)
kai Q (x, y) = xy opìte:

Py (x, y) = −4y (1.15)

Qx (x, y) = y (1.16)

Epeid  (1.15) ̸=(1.16) h (1.14) den eÐnai pl rhc. Tìte ja thn an�goume sve pl rh. Elèg-

qoume an an kei svthn pr¸th perÐptwsvh pollaplasviasvt¸n Euler:

Py (x, y)−Qx (x, y)

Q (x, y)
= g (x)

ìpou g (x) eÐnai svun�rthsvh tou x. Pr�gmati:

−4y − y

xy
= −5

x

'Ara up�rqei µ (x) = exp
(´

− 5
xdx

)
⇐⇒ µ (x) = exp (−5 lnx) = 1

x5

Pollaplasvi�zoume thn (1.14) me thn µ (x):

− 5

x

(
x2 − 2y2

)
dx− 5ydy = 0 ⇐⇒

(
−5x+

10y2

x

)
dx− 5ydy = 0 (1.17)

T¸ra jètoume P1 (x, y) = −5x+ 10y2

x kai Q1 (x, y) = −5y. Tìte:

(P1)y = 0 (1.18)

(Q1)x = 0 (1.19)

Epeid  (1.18)=(1.19) h (1.17) eÐnai pl rhc. Tìte h lÔsvh eÐnai f (x, y) = 0. Epomènwc

ja prèpei na lÔsvoume to svÔsvthma:

fx (x, y) = P1 (x, y) =⇒ fx (x, y) = −5x+
10y2

x
(1.20)

fy (x, y) = Q1 (x, y) =⇒ fy (x, y) = −5y (1.21)

Oloklhr¸noume thn (1.20) wc proc x:

f (x, y) = −5x2 + 10y2 lnx+ k (y) (1.22)

ParagwgÐzoume thn (1.22) wc proc y kai thn exisv¸noume me thn (1.21):
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14 Diaforikèc Exis¸seic I: ErgasÐa

20y + k′ (y) = −5y =⇒ k′ (y) = −25y =⇒ k (y) = −25

2
y2 + c

Opìte antikajisvt¸ntac svthn (1.22) èqoume:

f (x, y) = −5x2 + 10y2 lnx− 25

2
y2 + c

'Ara h lÔsvh thc arqik c eÐnai −5x2+10y2 lnx− 25
2 y

2+ c = 0 sve peplegmènh morf .

(b)

x2y′ − 3xy − 2y2 = 0 (1.23)

LÔsh. 'Eqoume:

−y (3x+ 2y) dx+ x2dy = 0

Arqik� ja exet�svoume an eÐnai pl rhc, dhlad  an

Py (x, y) = Qx (x, y)

Jètoume P (x, y) = −y (3x+ 2y) kai Q (x, y) = x2 opìte:

Py (x, y) = −3x− 4y (1.24)

Qx (x, y) = 2x (1.25)

Epeid  (1.24) ̸=(1.25) h (1.23) den eÐnai pl rhc. Me elègqouc parathroÔme ìti h (1.23)

den mporeÐ na anaqjeÐ sve pl rh. Par�llhla ìmwc blèpoume ìti ikanopoieÐ thn exÐsvwsvh

Bernoulli.

y′ − ay = byp

me a = 3
x , b =

2
x2 kai p = 2. Opìte:

y′ =
3

x
y +

2

x2
y2

Pollaplasvi�zoume me − 1
y2

kai èqoume:

− 1

y2
y′ = − 1

y2
3

x
y +− 1

y2
2

x2
y2

Jètoume u = 1
y =⇒ u′ = − 1

y2
y′

u′ = −3

x
u− 2

x2
=⇒ u′ +

3

x
u = − 2

x2

H opoÐa eÐnai grammik  opìte:
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Kef�laio 1. Exisv¸sveic 1hc t�xhc 15

u = exp

(
−
ˆ

3

x
dx

)[
c+

ˆ
exp

(ˆ
3

x
dx

)(
− 2

x2

)
dx

]
=⇒

u = exp (−3 lnx)

[
c+

ˆ
exp (3 lnx)

(
− 2

x2

)
dx

]
=⇒

u = x−3

(
c− 2

ˆ
xdx

)
=⇒ u =

1

x3
(
c− x2

)
Kai epeid  u = 1

y èqoume:

y =
1

1
x3 (c− x2)

(d)

x sin
y

x
y′ = y sin

y

x
+ x

LÔsh. Jètoume u = y
x ⇐⇒ y = ux. Tìte

y′ = u′x+ u =⇒ dy

dx
=

du

dx
x+ u (1.26)

Apì thn arqik  exÐsvwsvh èqoume

y′ =
dy

dx
=

y sin y
x + x

x sin y
x

=
y

x
+

1

sin y
x

Lìgw tou metasvqhmatisvmoÔ ja èqoume

dy

dx
= u+

1

sinu
(1.27)

'Omwc exisv¸nontac tic (1.26) kai (1.27) èqoume

du

dx
x+ u = u+

1

sinu
=⇒ du

dx
x =

1

sinu
=⇒ sinudu =

dx

x

ˆ
sinudu =

ˆ
dx

x
+ c =⇒ − cosu = lnx+ c =⇒ u = arccos (− lnx+ c)

Kai epeid  u = y
x telik� ja èqoume

y

x
= arccos (− lnx+ c) =⇒ y = x arccos (− lnx+ c)

'Asvkhsvh 1.25

Na lujoÔn oi diaforikèc exisv¸sveic:
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16 Diaforikèc Exis¸seic I: ErgasÐa

(a)
dy

dx
=

x+ y + 4

x− y − 6

LÔsh. 'Eqoume:

(x+ y + 4) dx+ (−x+ y + 6) dy = 0 (1.28)

Arqik� ja exet�svoume an eÐnai pl rhc, dhlad  an

Py (x, y) = Qx (x, y)

Jètw P (x, y) = (x+ y + 4) kai Q (x, y) = (−x+ y + 6) opìte:

Py (x, y) = 1 (1.29)

Qx (x, y) = −1 (1.30)

Epeid  (1.29) ̸=(1.30) h (1.28) den eÐnai pl rhc. Tìte ja efarmìsvoume mia diaforetik 

mèjodo: Apì th lÔsvh tou svusvt matoc x + y + 4 = 0 kai −x + y + 6 = 0 prokÔptei to

svhmeÐo tom c

(x1, y1) = (1,−5) .

Jètontac x = X + 1 kai y = Y − 5 èqoume:

dY

dX
=

X + Y

X − Y

pou eÐnai omogen c exÐsvwsvh bajmoÔ 1. O metasvqhmatisvmìc u = Y
X ⇐⇒ Y = uX odhgeÐ

svthn exÐsvwsvh:

Y ′ =
X + uX

X − uX
=⇒ u+Xu′ =

1 + u

1− u
=⇒ u+X

du

dX
=

1 + u

1− u

⇐⇒ dX

X
=

1
1+u
1−u − u

du ⇐⇒ dX

X
=

u− 1

1− u2
du

pou eÐnai qwrizomènwn metablht¸n. Oloklhr¸nontac èqoume:

lnX = lnu+
1

u
+ c =⇒ lnX = ln

Y

X
+

X

Y
+ c

Epeid  X = x− 1 kai Y = y + 5 èqoume:

ln (x− 1) = ln
y + 5

x− 1
+

x− 1

y + 5
+ c

(e)
dy

dx
=

x− y + 1

x+ y − 3
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Kef�laio 1. Exisv¸sveic 1hc t�xhc 17

LÔsh. 'Eqoume:

(x− y + 1) dx+ (−x− y + 3) dy = 0 (1.31)

Arqik� ja exet�svoume an eÐnai pl rhc, dhlad  an

Py (x, y) = Qx (x, y)

Jètw P (x, y) = (x− y + 1) kai Q (x, y) = (−x− y + 3) opìte:

Py (x, y) = −1 (1.32)

Qx (x, y) = −1 (1.33)

Epeid  (1.32)=(1.33) h (1.31) eÐnai pl rhc. Tìte h lÔsvh eÐnai f (x, y) = 0. Epomènwc

ja prèpei na lÔsvoume to svÔsvthma:

fx (x, y) = P (x, y) =⇒ fx (x, y) = (x− y + 1) (1.34)

fy (x, y) = Q (x, y) =⇒ fy (x, y) = (−x− y + 3) (1.35)

Oloklhr¸noume thn (1.34) wc proc x:

f (x, y) =
x2

2
− xy + x+ g (y) (1.36)

ParagwgÐzoume thn (1.36) wc proc y kai thn exisv¸noume me th (1.35):

−x+ g′ (y) = −x− y + 3 =⇒ g′ (y) = −y + 3

Opìte oloklhr¸nontac èqoume

g (y) = −y2

2
+ 3y + c

'Ara h (1.36) ja metasvqhmatisvteÐ:

f (x, y) =
x2

2
− xy + x− y2

2
+ 3y + c

Telik� h lÔsvh eÐnai
x2

2
− xy + x− y2

2
+ 3y + c = 0

IsvodÔnama:

x2 − 2xy + 2x− y2 + 6y = c

(j)

(x+ y − 2) dx+ (x− y + 4) dy = 0 (1.37)
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18 Diaforikèc Exis¸seic I: ErgasÐa

LÔsh. Arqik� ja exet�svoume an eÐnai pl rhc, dhlad  an

Py (x, y) = Qx (x, y)

Jètoume P (x, y) = (x+ y − 2) kai Q (x, y) = (x− y + 4) opìte:

Py (x, y) = 1 (1.38)

Qx (x, y) = 1 (1.39)

Epeid  (1.38)=(1.39), h (1.37) eÐnai pl rhc. Tìte h lÔsvh eÐnai f (x, y) = 0. Epomènwc ja

prèpei na lÔsvoume to svÔsvthma:

fx (x, y) = P (x, y) =⇒ fx (x, y) = (x+ y − 2) (1.40)

fy (x, y) = Q (x, y) =⇒ fy (x, y) = (x− y + 4) (1.41)

Oloklhr¸noume thn (1.40) wc proc x:

f (x, y) =
x2

2
+ xy − 2x+ g (y) (1.42)

ParagwgÐzoume thn (1.42) wc proc y kai thn exisv¸noume me th (1.41):

x+ g′ (y) = x− y + 4 =⇒ g′ (y) = −y + 4

Opìte oloklhr¸nontac èqoume:

g (y) = −y2

2
+ 4y + c

'Ara h (1.42) ja metasvqhmatisvteÐ:

f (x, y) =
x2

2
+ xy − 2x− y2

2
+ 4y + c

Telik� h lÔsvh eÐnai:
x2

2
+ xy − 2x− y2

2
+ 4y = c

IsvodÔnama:

x2 + 2xy − 4x− y2 + 8y = c

'Asvkhsvh 1.38

Na apodeiqjeÐ ìti h diaforik  exÐsvwsvh

y exp (xy) dx+ (3 + x exp (xy)) dy = 0 (1.43)
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Kef�laio 1. Exisv¸sveic 1hc t�xhc 19

eÐnai akrib c kai na upologisvteÐ h lÔsvh thc pou ikanopoieÐ thn arqik  svunj kh

y (0) = 0 (1.44)

LÔsh. H exÐsvwsvh gr�fetai isvodÔnama

M (x, y) dx+N (x, y) dy = 0

ìpou M (x, y) = y exp (xy)kai N (x, y) = 3 + x exp (xy)

Gia na eÐnai akrib c h (1.43) prèpei

∂M

∂y
=

∂N

∂x
=⇒ exp (xy) + xy exp (xy) = exp (xy) + xy exp (xy)

k�ti pou isvqÔei. 'Ara up�rqei svun�rthsvh F (x, y):

∂F

∂x
= y exp (xy) (1.45)

∂F

∂y
= 3 + x exp (xy) (1.46)

Oloklhr¸nontac thn (1.45) wc proc t èqoume:

F =

ˆ
y exp (xy) dt+ h (y) = ty exp (xy) + h (y) (1.47)

Apì aut  th svqèsvh prokÔptei

∂F

∂y
= t exp (xy) + tyx exp (xy) + h′ (y)

h opoÐa sve svunduasvmì me thn (1.46) dÐnei thn

t exp (xy) + tyx exp (xy) + h′ (y) = 3 + x exp (xy) =⇒

h′ (y) = (x− t− txy) exp (xy) + 3 = x exp (xy)− t exp (xy)− txy exp (xy) + 3

h (y) =

ˆ
(x exp (xy)− t exp (xy)− txy exp (xy) + 3) dy

Gia to I =
´
txy exp (xy) dy èqoume:

I =

ˆ
ty (exp (xy))′ = ty exp (xy)−

ˆ
t exp (xy) = ty exp (xy)− t exp (xy)

x

'Ara

h (y) = exp (xy)− t

x
exp (xy)− ty exp (xy) +

t exp (xy)

x
+ 3y + c =⇒
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20 Diaforikèc Exis¸seic I: ErgasÐa

h (y) = (1− ty) exp (xy) + 3y + c

Apì thn (1.47) ja èqoume:

F = ty exp (xy) + (1− ty) exp (xy) + 3y + c =⇒

F = exp (xy) + 3y + c

All� apì thn (1.44) ja isvqÔei:

0 = 1 + c =⇒ c = −1

Telik� ja èqoume:

h (y) = exp (xy) + 3y − 1

'Asvkhsvh 1.41

Na upologisvteÐ h genik  lÔsvh twn parak�tw diaforik¸n exisv¸svewn afoÔ brejeÐ o kat�l-

lhloc k�je for� oloklhrwtikìc par�gontac.

(e) (
5x2 − y

)
dx+ xdy = 0

LÔsh. Elègqoume an an kei svthn pr¸th perÐptwsvh pollaplasviasvt¸n Euler:

Py (x, y)−Qx (x, y)

Q (x, y)
= g (x)

ìpou g (x) eÐnai svun�rthsvh tou x. Pr�gmati:

−1− 1

x
= −2

x

'Ara up�rqei µ (x) = exp
(´

− 2
xdx

)
⇐⇒ µ (x) = exp (−2 lnx) = 1

x2 . Epomènwc:

µ (x) =
1

x2

Pollaplasvi�zoume thn arqik  me thn µ (x):

(
5− y

x2

)
dx+

1

x
dy = 0 (1.48)

Jètoume P (x, y) =
(
5− y

x2

)
kai Q (x, y) =

(
1
x

)
opìte:

Py (x, y) = − 1

x2
(1.49)

Qx (x, y) = − 1

x2
(1.50)
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Epeid  (1.49)=(1.50), h (1.48) eÐnai pl rhc. Tìte h lÔsvh eÐnai f (x, y) = 0. Epomènwc ja

prèpei na lÔsvoume to svÔsvthma:

fx (x, y) = P (x, y) =⇒ fx (x, y) =
(
5− y

x2

)
(1.51)

fy (x, y) = Q (x, y) =⇒ fy (x, y) =

(
1

x

)
(1.52)

Oloklhr¸noume thn (1.51) wc proc x:

f (x, y) = 5x+
y

x
+ g (y) (1.53)

ParagwgÐzoume thn (1.53) wc proc y kai thn exisv¸noume me thn (1.52) :

1

x
+ g′ (y) =

1

x
=⇒ g′ (y) = 0

Opìte oloklhr¸nontac èqoume

g (y) = c

'Ara h lÔsvh thc arqik c eÐnai

5x+
y

x
+ c = 0

(h)

2ydx+ (x− sin
√
y) dy = 0

LÔsh. Elègqoume an an kei svthn pr¸th perÐptwsvh pollaplasviasvt¸n Euler:

Py (x, y)−Qx (x, y)

Q (x, y)
= g (x)

ìpou g (x) eÐnai svun�rthsvh tou x. 'Omwc :

2− 1

x− sin
√
y
̸= g (x)

Elègqoume an an kei svthn deÔterh perÐptwsvh pollaplasviasvt¸n Euler:

Qx (x, y)− Py (x, y)

P (x, y)
= g (y)

ìpou g (y) eÐnai svun�rthsvh tou y. Pr�gmati :

1− 2

2y
= − 1

2y

'Ara up�rqei µ (y) = exp
(´

− 1
2ydy

)
⇐⇒ µ (y) = exp

(
−1

2 ln y
)
= 1√

y . Epomènwc:

µ (y) =
1
√
y
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22 Diaforikèc Exis¸seic I: ErgasÐa

Pollaplasvi�zoume thn arqik  me thn µ (y):

2y
√
y
dx+

x− sin
√
y

√
y

dy = 0 (1.54)

Jètoume: P (x, y) = 2y√
y kai Q (x, y) =

x−sin
√
y√

y opìte:

Py (x, y) =
1
√
y

(1.55)

Qx (x, y) =
1
√
y

(1.56)

Epeid  (1.55)=(1.56), h (1.54) eÐnai pl rhc. Tìte h lÔsvh eÐnai f (x, y) = 0. Epomènwc ja

prèpei na lÔsvoume to svÔsvthma:

fx (x, y) = P (x, y) =⇒ fx (x, y) = 2
√
y (1.57)

fy (x, y) = Q (x, y) =⇒ fy (x, y) =
x− sin

√
y

√
y

(1.58)

Oloklhr¸noume thn (1.57) wc proc x kai èqoume

P (x, y) = 2x
√
y + g (y) (1.59)

ParagwgÐzoume thn (1.59) wc proc y kai thn exisv¸noume me thn (1.58):

x
√
y
+ g′ (y) =

x− sin
√
y

√
y

=⇒ g′ (y) = −
sin

√
y

√
y

Opìte oloklhr¸nontac èqoume:

g (y) = 2 cos
√
y

'Ara h lÔsvh thc arqik c eÐnai :

2x
√
y + 2 cos

√
y = c

IsvodÔnama:

x
√
y + cos

√
y = c

'Asvkhsvh 1.44

Na breÐte ìlec tic svunart sveic f (t) pou eÐnai tètoiec ¸svte h diaforik  exÐsvwsvh

f (t)x′ + t2 + x = 0, x = x (t)

na dèqetai oloklhrwtikì par�gonta µ (t) = t kai svth svunèqeia na lÔsvete thn exÐsvwsvh.
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LÔsh. 'Eqoume:

f (t) dx+
(
t2 + x

)
dt = 0 (1.60)

Profan¸c h (1.60) den eÐnai pl rhc. Gi' autì pollaplasvi�zoume thn exÐsvwsvh me ton olo-

klhrwtikì par�gonta µ (t) = t kai èqoume:

tf (t) dx+ t
(
t2 + x

)
dt = 0 (1.61)

Jètoume P (x, t) = tf (t) kai Q (x, t) = t3 + tx opìte:

Pt (x, t) = f (t) + tf ′ (t)

Qx (x, t) = t

Tìte epeid  h exÐsvwsvh (1.61) eÐnai pl rhc ja prèpei na isvqÔei:

f (t) + tf ′ (t) = t

Gia t ̸= 0 èqoume:

f ′ (t) +
f (t)

t
= 1

h opoÐa eÐnai grammik  1ou bajmoÔ, epomènwc h lÔsvh thc eÐnai:

f (t) = exp

(
−
ˆ

1

t
dt

)[
c+

ˆ
exp

(ˆ
1

t
1dt

)]
=⇒

f (t) = exp (− ln t)

[
c+

ˆ
exp (ln t)

]
=⇒

f (t) =
1

t

(
c+

t2

2

)
=⇒ f (t) = c

1

t
+

t

2

Gia na lujeÐ t¸ra h arqik  exÐsvwsvh prèpei na antikatasvt svoume svthn (1.61) ton tÔpo thc

f (t) pou br kame:

t

(
c
1

t
+

t

2

)
dx+ t

(
t2 + x

)
dt = 0 (1.62)

Jètoume P (x, t) = c+ t2

2 kai Q (x, t) = t3 + tx opìte:

Pt (x, t) = t (1.63)

Qx (x, t) = t (1.64)

Epeid  (1.63)=(1.64), h (1.62) eÐnai pl rhc. Tìte h lÔsvh eÐnai f (x, y) = 0. Epomènwc ja

prèpei na lÔsvoume to svÔsvthma:

fx (x, t) = P (x, t) =⇒ ft (x, t) = c+
t2

2
(1.65)

Dan�h Kalìtuqou 2011



24 Diaforikèc Exis¸seic I: ErgasÐa

ft (x, t) = Q (x, t) =⇒ ft (x, t) = t3 + tx (1.66)

Oloklhr¸noume thn (1.65) wc proc x kai èqoume:

P (x, y) = xc+ x
t2

2
+ g (t) (1.67)

ParagwgÐzoume thn (1.67) wc proc t kai thn exisv¸noume me thn (1.66)

xt+ g′ (t) = t3 + tx =⇒ g′ (t) = t3

Opìte oloklhr¸nontac brÐsvkoume ìti:

g (t) =
t4

4
+ c

'Ara h lÔsvh thc arqik c eÐnai:

xc+ x
t2

2
+

t4

4
+ c = 0

IsvodÔnama:

4xc+ 2xt2 + t4 = c
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2 Ta basvik� jewr mata

'Asvkhsvh 2.1

Na melethjeÐ h epilusvimìthta tou P.A.T.

x′ = f (x) , x (0) = 0

svthn kl�svh twn kat� tm mata C1 svunart svewn, ìpou

(a) f (x) =

{
−1, x ≥ 0

1, x < 0

LÔsh. An x ≥ 0 to P.A.T. eÐnai{
x′ (t) = −1

x (0) = 0
=⇒ x (t) = −t+ c1 =⇒ x1 (t) = −t ≥ 0

me x (t) ≥ 0 �ra −t ≥ 0 =⇒ t < 0. Opìte x1 (t) = −t me t < 0.

An x < 0 to P.A.T. eÐnai

x′ (t) = 1 =⇒ x (t) = t+ c2 =⇒ x2 (t) = t < 0

me x (t) < 0 �ra t < 0. Opìte x2 (t) = t me t < 0. H lÔsvh eÐnai

f (x) =

{
x1 (t) , t < 0

x2 (t) , t ≥ 0
=

{
−t, t < 0

t, t ≥ 0

'Asvkhsvh 2.11

Jewr¸ntac to P.A.T.

x′ = 1 + x
2
3 , x (0) = 0

na deiqjeÐ ìti h svunj kh Lipschitz den eÐnai anagkaÐa gia to monosvÔmanto twn lÔsvewn.
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26 Diaforikèc Exis¸seic I: ErgasÐa

LÔsh. EpÐlusvh thc diaforik c exÐsvwsvhc

x′ = 1 + x
2
3 ⇐⇒ dx

dt
= 1 + x

2
3 ⇐⇒ dx

1 + x
2
3

= dt ⇐⇒
ˆ

dx

1 + x
2
3

=

ˆ
dt (2.1)

UpologÐzoume to
´

dx

1+x
2
3
. Jètoume

u = x
1
3 =⇒ x

2
3 = u2 (2.2)

du =
1

3
x−

2
3dx ⇐⇒ dx = 3x

2
3du =⇒ dx = 3u2du

Tìte ˆ
3u2du

1 + u2
= 3

ˆ
u2du

1 + u2

Jètoume

u = tan t =⇒ du =
(
1 + tan2 t

)
dt (2.3)

'Ara

3

ˆ
tan2 t

1 + tan2 t

(
1 + tan2 t

)
dt = 3

ˆ
tan2 tdt = 3

ˆ
sin2 t

cos2 t
dt

= 3

ˆ
1− cos2 t

cos2 t
dt = 3

ˆ (
1

cos2 t
− 1

)
dt = 3 tan t− 3t+ c

Apì thn (2.2) kai thn (2.3) èqoume

ˆ
dx

1 + x
2
3

= 3u− 3 arctanu+ c

ˆ
dx

1 + x
2
3

= 3x
1
3 − 3 arctanx

1
3 + c

Apì thn (2.1) èqoume

3x
1
3 − 3 arctanx

1
3 + c = t =⇒ x

1
3 − arctanx

1
3 =

t

3
+ c

Apì to P.A.T. èqoume ìti x (0) = 0 �ra

0− arctan 0 =
t

3
+ c =⇒ c = 0

Epomènwc h lÔsvh tou P.A.T. eÐnai

x
1
3 − arctanx

1
3 =

t

3

Dhlad  apodeÐxame ìti to P.A.T. èqei monadik  lÔsvh. Wsvtìsvo h svun�rthsvh f (t, x) =
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Kef�laio 2. Ta basvik� jewr mata 27

1 + x2/3 (t) (orizetai sve perioq  D pou perièqei to (0, 0)) den eÐnai Lipschitz, afoÔ gia

|f (t, 0)− f (t, x)| =
∣∣∣1− (1 + x

2/3
)∣∣∣ = ∣∣∣−x

2/3
∣∣∣ = ∣∣∣x2/3

∣∣∣
All� lim

x→0

|x|2/3
|x| = +∞ me apotèlesvma

|f (t, 0)− f (t, x)| ≥ L (y)

Parìlo pou h f (t, x) den eÐnai Lipschitz to P.A.T èqei monadik  lÔsvh. 'Ara h svunj kh

Lipschitz den eÐnai anagkaÐa gia to monosv manto twn lÔsvewn.

'Asvkhsvh 2.12

DÐnetai to P.A.T. {
x′ = x2 + 7

8 exp t
4

x (0) = 1
2

(a) Na exetasvteÐ wc proc thn Ôparxh topik c lÔsvhc

(b) Na exetasvteÐ wc proc thn Ôparxh olik c lÔsvhc

LÔsh. (a) GnwrÐzoume ìti h x eÐnai svuneq c afoÔ eÐnai paragwgÐsvimh. Epiplèon h f (t, x) =

x2 + 7
8 exp t

4 eÐnai svuneq c wc �jroisvma twn svuneq¸n svunart svewn x2 kai 7
8 exp t

4 kai h
∂f
∂x (t, x) = 2x eÐnai svuneq c svto pedÐo orisvmoÔ thc x kai kat' epèktasvh svto pedÐo orisvmoÔ

tou P.A.T. I. Epomènwc, oi f (t, x) kai ∂f
∂x (t, x) eÐnai svuneqeÐc kai svto orjog¸nio

S =

{
(t, x) | 0 ≤ t ≤ 0 + a,

∣∣∣∣x− 1

2

∣∣∣∣ ≤ b

}
⊆ R× I

Epiplèon orÐzontai ta

M = max
S

|f (t, x)| , a = min

(
a,

b

M

)
'Ara svumfwna me to je¸rhma Picard-Lindelof, to P.A.T. èqei monadik  lÔsvh svto [t0, t0 + a) =

[0, a).

(b) Epeid  oi f (t, x) kai ∂f
∂x (t, x) eÐnai svuneqeÐc svto R× I kai h x eÐnai gnhsvÐwc aÔxousva

kaj¸c x′ > 0 ∀t ∈ R to S ja eÐnai thc morf c

S =

{
(t, x) : |t| ≤ a,

∣∣∣∣y − 1

2

∣∣∣∣ ≤ b

}
ìpou a, b >> 0. 'Ara to P.A.T. èqei monadik  olik  lÔsvh svto R.
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28 Diaforikèc Exis¸seic I: ErgasÐa

'Asvkhsvh 2.14

'Esvtw to P.A.T.

y′ =

(
y2 − 4

) (
sin2 y3 + cos y − 2

)
2

, y (0) =
1

2

An y = φ (t) eÐnai h lÔsvh tou P.A.T., exhg svte (qwrÐc na lujeÐ h exÐsvwsvh) giatÐ isvqÔei

ìti φ (t) < 2, gia k�je t.

LÔsh. Apì tic dosvmènec upojèsveic èqoume φ (0) = 1
2 .

ParathroÔme ìti h arqik  exÐsvwsvh gia y′ = 0 kai y = 2 mhdenÐzetai, dhlad  to y (t) = 2

einai lÔsvh thc, efìsvon y2 − 4 = 0 ⇐⇒ y = ±2, �ra isvqÔei y (0) = 2. Epomènwc 1
2 < 2 =⇒

φ (0) < y (0) =⇒ φ (t) < y (t) kai lìgw tou monosvhm�ntou φ (t) < 2.

'Asvkhsvh 2.15

'Esvtw h diaforik  exÐsvwsvh

y′ =
(1 + t)2

(1 + y)2

An y = φ (t)eÐnai h lÔsvh thc diaforik c exÐsvwsvhc pou ikanopoieÐ thn arqik  svunj kh

φ (0) = −0, 2, deÐxte (qwrÐc na lujeÐ h exÐsvwsvh) ìti φ (t) < t, gia k�je t.

LÔsh. 'Eqoume to P.A.T.  y′ = (1+t)2

(1+y)2

y (0) = −0, 2

to opoÐo mac dÐnei th monadik  lÔsvh φ (t). Epiplèon to P.A.T. y′ = (1+t)2

(1+y)2

y (0) = 0

isvqÔei gia th lÔsvh φ1 (t) = t. 'Omwc

φ (0) = −0, 2 < 0 = φ1 (t)

kai lìgw tou monosvhm�ntou èpetai ìti

φ (t) < φ1 (t) = t

Telik� èqoume

φ (t) < t , ∀t ∈ R

Dan�h Kalìtuqou 2011



3 Poiotik  JewrÐa

'Asvkhsvh 3.1

Gia kajemi� apì tic parak�tw diaforikèc exisv¸sveic prosvdiorÐsvte ta svhmeÐa isvorropÐac, u-

pologÐsvte th grammikopoihmènh exÐsvwsvh gÔrw apì ta svhmeÐa isvorropÐac, qarakthrÐsvte ta

svhmeÐa isvorropÐac wc uperbolik�   mh kai melet svte thn eusvt�jei� touc. Tèloc kata-

svkeu�svte ta diagr�mmata f�svhc.

(g)

y′ = 1 + y2

LÔsh. Gia na broÔme ta svhmeÐa isvorropÐac prèpei:

dy

dt
= 0 =⇒ 1 + y2 = 0

'Omwc 1 + y2 > 0 epomènwc oi lÔsveic eÐnai aÔxousvec en¸ den up�rqei svhmeÐo isvorropÐac.

(d)

y′ = 1− y2

LÔsh. Gia na broÔme ta svhmeÐa isvorropÐac prèpei:

dy

dt
= 0 =⇒ 1− y2 = 0 =⇒ y = ±1

29



30 Diaforikèc Exis¸seic I: ErgasÐa

Epomènwc ta y = 1 kai y = −1 eÐnai ta svhmeÐa isvorropÐac.

y

1− y + + −
1 + y − + +

1− y2 − + −

'Ara oi lÔsveic svta diasvt mata (−∞,−1) kai (1,+∞) eÐnai fjÐnousvec en¸ svto di�svthma

(−1, 1) oi lÔsveic eÐnai aÔxousvec. EpÐsvhc isvqÔei:

f ′ (1) = −2 < 0

f ′ (−1) = 2 > 0

'Ara parathroÔme ìti to 1 eÐnai eusvtajèc svhmeÐo isvorropÐac en¸ to −1 eÐnai asvtajèc svhmeÐo

isvorropÐac en¸ kai ta dÔo svhmeÐa eÐnai uperbolik�. H grammikopoÐhsvh thc exÐsvwsvhc svto

svhmeÐo 1 eÐnai:
dy

dt
= f ′ (1) y =⇒ dy

dt
= −2y

En¸ h grammikopoÐhsvh svto svhmeÐo −1 eÐnai:

dy

dt
= f ′ (−1) y =⇒ dy

dt
= 2y

To di�gramma f�svhc eÐnai:

(e)

y′ = 2y2 − y3

LÔsh. Gia na broÔme ta svhmeÐa isvorropÐac prèpei:

dy

dt
= 0 =⇒ y2 (2− y) = 0 =⇒ y = 0, y = 2
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Kef�laio 3. Poiotik  JewrÐa 31

Epomènwc ta y = 0 kai y = 2 eÐnai ta svhmeÐa isvorropÐac.

y

y2 + + +

2− y + + −
f (y) + + −

Kai epeid 

f ′ (0) = 0

f ′ (2) = −4 < 0

To svhmeÐo 2 eÐnai eusvtajèc svhmeÐo isvorropÐac, en¸ to 0 eÐnai eusvtajèc proc ta k�tw   k�tw

hmieusvtajèc. 'Omwc mìno to svhmeÐo 2 eÐnai uperbolikì. H grammikopoÐhsvh thc exÐsvwsvhc

svto svhmeÐo 0 eÐnai:

dy

dt
= f ′ (0) y =⇒ dy

dt
= 0

En¸ h grammikopoÐhsvh svto svhmeÐo 2 eÐnai:

dy

dt
= f ′ (2) y =⇒ dy

dt
= −4y

To di�gramma f�svhc eÐnai:

'Asvkhsvh 3.2

Na svqediasvteÐ to di�gramma f�svhc kai na qarakthrisvtoÔn ta svhmeÐa isvorropÐac thc diafo-

rik c exÐsvwsvhc

y′ = y2 − 6y − 16

LÔsh. Gia na broÔme ta svhmeÐa isvorropÐac prèpei

dy

dt
= 0 =⇒ y2 − 6y − 16 = 0 =⇒ y = 8, y = −2
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32 Diaforikèc Exis¸seic I: ErgasÐa

Epomènwc ta y = 8 kai y = −2 eÐnai ta svhmeÐa isvorropÐac.

y

y − 8 − − +

y + 2 − + +

f (y) + − +

EpÐsvhc isvqÔei ìti:

f ′ (−2) = −10 < 0

f ′ (8) = 10 > 0

'Ara to svhmeÐo −2 eÐnai eusvtajèc svhmeÐo isvorropÐac en¸ to 8 eÐnai asvtajèc svhmeÐo isvorro-

pÐac. To di�gramma f�svhc eÐnai:

'Asvkhsvh 3.5

JewroÔme ìti ènac plhjusvmìc yari¸n exelÐsvsvetai svÔmfwna me th diaforik  exÐsvwsvh

y′ = ky − cy2 − h , y (0) > 0

JewroÔme tisv k kai c wc fixarisvmènec jetikèc svtajerèc, en¸ thn h ∈ R+jetik  par�metro

kai meletoÔme thn epÐdrasvh tou rujmoÔ alÐeusvhc h svton plhjusvmì y (t) .

(a) E�n 0 < h ≤ k2

4c tìte up�rqei krÐsvimh tim  y0 tètoia ¸svte an y (0) < y0 tìte h

antÐsvtoiqh lÔsvh y (t) mhdenÐzetai gia k�poion peperasvmèno qrìno. Sthn perÐptwsvh au-

t  k�noume lìgo gia �exaf�nisvh�. AntÐjeta an y (0) > y0 tìte h y (t) teÐnei sve svhmeÐo

isvorropÐac kaj¸c to t −→ +∞.

(b) E�n h > k2

4c tìte èqoume exaf�nisvh anex�rthta apì thn arqik  tim  y (0) .

LÔsh. (a) E�n 0 < h ≤ k2

4c tìte to 2o mèloc thc diaforik c exÐsvwsvhc èqei diakrÐnousva mh

arnhtik , afoÔ

∆ = k2 − 4 (−c) (−h) = k2 − 4ch ≥ 0
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Kef�laio 3. Poiotik  JewrÐa 33

Tìte h exÐsvwsvh −cy2 + ky − h = 0 èqei mÐa   dÔo lÔsveic (èna   duo svhmeÐa isvorropÐac

antisvtoÐqwc)

Sthn 1h perÐptwsvh èqoume ìti f (y) > 0 me y ∈ (r1, r2) en¸ f (y) < 0 me y < r1  

y > r2. Tìte to r1 eÐnai asvtajèc kai to r2 asvumptwtik� eusvtajèc. 'Ara an y (0) < r1 tote

lim y (t) = 0
t→∞

dhlad  o plhjusvmìc mhdenÐzetai en¸ an y (0) > r1 tìte lim y (t)
t→∞

= r2 dhlad 

h y (t) teÐnei sve svhmeio isvorropÐac.

Sthn 2h perÐptwsvh to r eÐnai asvtajèc svhmeÐo isvorropÐac me apotèlesvma an 0 < y (0) < r

tìte lim y (t) = 0
t→∞

efìsvon h f (y) eÐnai fjÐnousva, dhladlh an y (0) < r = y0 tìte h lÔsvh

y (t) mhdenÐzetai. En¸ e�n y (0) > r tìte h y (t) teÐnei sve svhmeÐo isvorropÐac (svto r afoÔ

kai h f (y) eÐnai gnhsvÐwc fjÐnousva. 'Ara an y (0) > r = y0 tote h y (t) teÐnei sve svhmeÐo

isvorropÐac.

(b) E�n h > k2

4c tìte ∆ < 0 �ra èqoume f (y) = −cy2 + ky − h < 0 gia k�je c, k, h >

0. 'Ara den up�rqoun svhmeÐa isvorropÐac. Opìte y′ < 0, dhlad  o plhjusvmìc mei¸netai

anex�rthta apì thn arqik  tim  y (0) .
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34 Diaforikèc Exis¸seic I: ErgasÐa

'Asvkhsvh 3.7

Na brejoÔn ta svhmeÐa isvorropÐac, na qarakthrisvtoÔn wc proc thn eusvt�jeia kai na svqe-

diasvteÐ to di�gramma f�svhc thc diaforik c exÐsvwsvhc

y′ = y
(
y2 − µ

)
, µ ∈ R

Eidikìtera gia µ = 1 kai y (0) = 1
2 na brejoÔn ta lim y (t)

t→−∞
, lim y (t)

t→+∞

LÔsh. Sta svhmeÐa diakl�dwsvhc ja isvqÔoun

fµ0 (y) = 0

f ′
µ0

(y) = 0

}
=⇒

y0
(
y20 − µ

)
= 0

3y20 − µ = 0

}
=⇒

y30 − y0µ = 0

3y20 = µ

}
=⇒ y30 − 3y30 = 0 =⇒ y0 = 0

Tìte µ0 = 0 eÐnai h tim  diakl�dwsvhc. Ta svhmeÐa isvorropÐac eÐnai:

dy

dt
= 0 =⇒ y

(
y2 − µ

)
= 0 =⇒ y = 0   y = ±√

µ

Gia µ < 0 èqoume èna svhmeÐo isvorropÐac to y = 0, gia to opoÐo isvqÔei f ′ (0) = −µ > 0

epomènwc eÐnai asvtajèc. 'Omwc gia µ > 0 èqoume trÐa svhmeÐa isvorropÐac y = 0, y = ±√
µ

f ′ (0) = −µ < 0

f ′ (±√
µ) = 2µ > 0

Epomènwc to y = 0 eÐnai eusvtajèc svhmeÐo isvorropÐac, en¸ to y = ±√
µ asvtajèc. Gia µ = 1

kai y (0) = 1
2 apì to di�gramma f�svhc parathroÔme ìti h y (t) eÐnai fjÐnousva epomènwc

lim
t→−∞

y (t) = 0 en¸ lim y (t)
t→+∞

= 1.
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4 Grammikèc exisv¸sveic me svtajeroÔc

svuntelesvtèc

'Asvkhsvh 4.3

Na brejeÐ h genik  lÔsvh twn parak�tw diaforik¸n exisv¸svewn:

(b)

y′′ + 4y′ + 4y = x− 2 exp (2x) (4.1)

LÔsh. H genik  lÔsvh thc (4.1) eÐnai

y = y0 + yµ1 + yµ2

EÔresvh

y0 : y′′ + 4y′ + 4y = 0

To qarakthrisvtikì polu¸numo eÐnai

λ2 + 4λ+ 4 = 0 =⇒ λ1 = λ2 = −2

'Ara y1 (x) = exp (λ1x) = exp (−2x) kai y2 (x) = x exp (λ2x) = x exp (−2x). Opìte

y0 = c1 exp (−2x) + c2x exp (−2x)

EÔresvh

yµ1 : f1 (x) = x =⇒ yµ1 = (A1x+A0)x
k

yµ1 = A1x+A0

y′µ1 = A1

y′′µ1 = 0

 =⇒

Antikajisvt¸ntac svthn y′′µ1 + 4y′µ1 + 4yµ1 = x èqoume

4A1 + 4A1x+ 4A0 = x

Me anagwg  omoÐwn ìrwn èqoume {
A1 = 1/4

A0 = −1/4
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36 Diaforikèc Exis¸seic I: ErgasÐa

Epomènwc

yµ1 =
1

4
x− 1

4

EÔresvh

yµ2 : f2 (x) = −2 exp (2x) =⇒ yµ2 = A exp (2x)xk

yµ1 = A exp (2x)

y′µ1 = 2A exp (2x)

y′′µ1 = 4A exp (2x)

 =⇒

Antikajisvt¸ntac svthn y′′µ1+4y′µ1+4yµ1 = −2 exp (2x) kai k�nontac anagwg  omoÐwn ìrwn

èqoume

A = −1

4

Epomènwc

yµ2 = −1

4
exp (2x)

'Ara h genik  lÔsvh thc (4.1) ja eÐnai

y = c1 exp (−2x) + c2x exp (−2x) +
1

4
x− 1

4
− 1

4
exp (2x)

(d)

y′′ − 2y′ + y = 4 expx (4.2)

LÔsh. H genik  lÔsvh thc (4.2) eÐnai

y = y0 + yµ1

EÔresvh

y0 : y′′ − 2y′ + y = 0

To qarakthrisvtikì polu¸numo eÐnai

λ2 − 2λ+ 1 = 0 =⇒ λ1 = λ2 = 1

'Ara y1 (x) = exp (λ1x) = exp (x) kai y2 (x) = x exp (λ2x) = x exp (x). Opìte

y0 = c1 exp (x) + c2x exp (x)

EÔresvh

yµ1 : f1 (x) = 4 exp (x) =⇒ yµ1 = A exp (x)xk

yµ1 = A exp (x)x2

y′µ1 = A exp (x)x2 +A2x expx = A
(
x2 + 2x

)
expx

y′′µ1 = A
(
x2 + 4x+ 2

)
exp (x)

 =⇒
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Antikajisvt¸ntac svthn y′′µ1 − 2y′µ1 + yµ1 = 4 exp (x) kai k�nontac anagwg  omoÐwn ìrwn

èqoume

A = 2

Epomènwc

yµ1 = 2 exp (x)x2

'Ara h genik  lÔsvh thc (4.2) ja eÐnai

y = c1 exp (x) + c2x exp (x) + 2 exp (x)x2

'Asvkhsvh 4.7

An a, b, c ∈ R+kai y1 (t) , y2 (t) eÐnai lÔsveic thc diaforik c exÐsvwsvhc

ay′′ + by′ + cy = g (t) ,

ìpou g ∈ C (I) , I di�svthma tou R, na deiqjeÐ ìti

lim
t→+∞

(y1 (t)− y2 (t)) = 0

LÔsh. 'Esvtw L (y) = ay′′ + by′ + cy.

Parathr¸ ìti h diafor� y1 (t) − y2 (t) eÐnai lÔsvh thc antÐsvtoiqhc omogenoÔc, dhlad 

lÔsveic thc L (y) = 0, kaj¸c

L (y1 (t)− y2 (t)) = L (y1 (t))− L (y2 (t)) = g (t)− g (t) = 0

Epomènwc, arkeÐ na deÐxw ìti gia k�je lÔsvh yOM = φ (t) thc omogenoÔc isvqÔei

lim
t→+∞

φ (t) = 0

To qarakthrisvtikì tou polu¸numo eÐnai

p (m) = am2 + bm+ c

AfoÔ ∆ = b2 − 4ac diakrÐnw peript¸sveic:

1. ∆ > 0. Tìte to p (m) èqei 2 diaforetikèc rÐzec m1,m2 ∈ R, dhlad  tètoiec ¸svte

m1 ̸= m2. Stic rÐzec autèc antisvtoiqoÔn oi akìloujec lÔsveic thc omogenoÔc

φ1 (t) = exp (m1 (t)) kai φ2 (t) = exp (m2 (t))

pou lìgw thc m1 ̸= m2 eÐnai grammik� anex�rthtec. Epomènwc, h genik  lÔsvh thc omoge-
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38 Diaforikèc Exis¸seic I: ErgasÐa

noÔc eÐnai:

yOM (t) = c1 exp (m1t) + c2 exp (m2t)

ìpou c1, c2 svtajerèc. Epiplèon, gia tic lÔsveic m1,m2 tou qarakthrisvtikoÔ poluwnÔmou

èqoume ìti svÔmfwna me touc tÔpuc Ñetta

m1m2 =
c

a
> 0

m1 +m2 = − b

a
< 0

Apì aut� prokÔptei ìti m1,m2 < 0. Epomènwc èqoume ìti

lim
t→+∞

yOM (t) = lim
t→+∞

(c1 exp (m1t) + c2 exp (m2t)) = 0

Epeid  oi exp (m1t) kai exp (m2t) teÐnoun svto 0 kaj¸c t −→ +∞ afoÔ r1, r2 < 0.

2. ∆ = 0. Tìte to p (m) èqei mÐa dipl  rÐza thn m = − b
2a < 0. Sth rÐza aut 

antisvtoiqoÔn oi akìloujec lÔsveic thc omogenoÔc

φ1 (t) = exp (mt) kai φ2 (t) = t exp (mt)

pou eÐnai grammik� anex�rthtec. Epomènwc, h genik  lÔsvh thc omogenoÔc eÐnai:

yOM (t) = c1 exp (mt) + c2t exp (mt)

ìpou c1, c2 svtajerèc. ParathroÔme ìti

lim
t→+∞

(c1 exp (mt)) = 0, m < 0

lim
t→+∞

(c2t exp (mt)) = c2 lim
t→+∞

t

exp (−mt)
= c2 lim

t→+∞

1

−m exp (−mt)
= 0

Epomènwc

lim
t→+∞

yOM (t) = c2 lim
t→+∞

(c1 exp (mt) + c2t exp (mt)) = 0.

3. ∆ < 0. Tìte to p (m) èqei tic ex c lÔsveic

m1 = σ + iω kai m2 = m1 = σ − iω

ìpou

σ = − b

2a
< 0 kai ω =

√
−∆

2a
> 0

Stic rÐzec autèc antisvtoiqoÔn oi akìloujec lÔsveic thc omogenoÔc

φ1 (t) = exp (σ (t)) (cosωt+ i sinωt)
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Kef�laio 4. Grammikèc exisv¸sveic me svtajeroÔc svuntelesvtèc 39

kai

φ2 (t) = exp (σ (t)) (cosωt− i sinωt)

Epomènwc, h genik  lÔsvh thc omogenoÔc eÐnai:

yOM (t) = exp (σt) (c1 cosωt+ c2 sinωt)

ìpou c1, c2 svtajerèc. ParathroÔme ìti

lim
t→+∞

exp (σt) = 0, σ < 0

|c1 cosωt+ c2 sinωt| ≤ |c1|+ |c2|

�ra fragmènh. Epomènwc

lim
t→+∞

yOM (t) = lim
t→+∞

exp (σt) (c1 cosωt+ c2 sinωt) = 0

kaj¸c èqoume mhdenik  epÐ fragmènh.

'Asvkhsvh 4.8

Na brejeÐ h genik  lÔsvh miac mh omogenoÔc grammik c diaforik c exÐsvwsvhc deÔterhc t�xhc

an eÐnai gnwsvtì ìti oi

φ1 (t) = t2 , φ2 (t) = t2 + exp t , φ3 (t) = 1 + t2 + 2 exp t

eÐnai lÔsveic thc.

LÔsh. H morf  thc diaforik c exisvwsvhc eÐnai

a (t) y′′ + b (t) y′ + c (t) y = f (t) (4.3)

kai epeid  èqoume tic merikèc lÔsveic

φ1 (t) = t2 , φ2 (t) = t2 + exp t , φ3 (t) = 1 + t2 + 2 exp t

ousviasvtik� y�qnoume thn omogen  lÔsvh. Oi merikèc lÔsveic ìmwc epalhjeÔoun thn (4.3)

�ra

a (t) y′′1 + b (t) y′1 + c (t) y1 = f (t) (4.4)

a (t) y′′2 + b (t) y′2 + c (t) y2 = f (t) (4.5)

a (t) y′′3 + b (t) y′3 + c (t) y3 = f (t) (4.6)
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Afair¸ntac an� dÔo kat� mèlh tic (4.4), (4.5), (4.6) èqoume

a (t) (y1 − y2)
′′ + b (t) (y1 − y2)

′ + c (t) (y1 − y2) = 0

a (t) (y1 − y3)
′′ + b (t) (y1 − y3)

′ + c (t) (y1 − y3) = 0

a (t) (y2 − y3)
′′ + b (t) (y2 − y3)

′ + c (t) (y2 − y3) = 0
y1 − y2 = 0

y1 − y3 = 0

y2 − y3 = 0

H omogen c lÔsvh ja eÐnai

y0 = c1y0,1 + c2y0,2,

ìpou y0,1, y0,2 eÐnai dÔo merikèc lÔsveic grammik� anex�rthtec. Tìte h orÐzousva Wronski

ja eÐnai

W =

∣∣∣∣∣ y0,1 y0,2

y′0,1 y′0,2

∣∣∣∣∣ ̸= 0

Tìte h lÔsvh thc omogenoÔc eÐnai

y1 − y2 = − exp t

y2 − y3 = −1− exp t

y1 − y3 = −1− exp (2t)

'Asvkhsvh 4.14

Na brejeÐ h genik  lÔsvh thc

y′′ + 4y′ + 4y = t−2 exp (−2t) (4.7)

LÔsh. H genik  lÔsvh thc (4.7) eÐnai

y = y0 + yµ1

EÔresvh thc omogenoÔc lÔsvhc

y0 : y′′ + 4y′ + 4y = 0

To qarakthrisvtikì polu¸numo eÐnai

λ2 + 4λ+ 4 = 0 =⇒ λ1 = λ2 = −2
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'Ara y1 (t) = exp (λ1t) = exp (−2t) kai y2 (t) = t exp (λ2t) = t exp (−2t). Opìte

y0 = c1 exp (−2t) + c2t exp (−2t)

EÔresvh thc merik c lÔsvhc

yµ = u1 (t) y1 (t) + u2 (t) y2 (t)

u1 (t) = −
ˆ

y2 (t) f (t)

W (t)
dt,

ìpou f (t) = t−2 exp (−2t)

W(y1(t),y2(t)) (t) =

∣∣∣∣∣ y1 (t) y2 (t)

y′1 (t) y′2 (t)

∣∣∣∣∣ = y′2 (t) y1 (t)− y′1 (t) y2 (t)

y′1 (t) = −2 exp (−2t)

y′2 (t) = exp (−2t)− 2t exp (−2t) = (1− 2t) exp (−2t)

opìte h orÐzousva Wronski ja eÐnai

W(y1(t),y2(t)) (t) = (1− 2t) exp (−2t) exp (−2t) + 2 exp (−2t) t exp (−2t)

= exp (−4t) [(1− 2t) + 2t] = exp (−4t)

�ra

u1 (t) = −
ˆ

t exp (−2t) t−2 exp (−2t)

exp (−4t)
dt = −

ˆ
t−1dt = − ln t

omoÐwc

u2 (t) =

ˆ
y1 (t) f (t)

W (t)
dt =

ˆ
exp (−2t) t−2 exp (−2t)

exp (−4t)
dt =

ˆ
1

t2
= −1

t

Epomènwc h merik  lÔsvh thc (4.7)ja eÐnai

yµ = − ln t exp (−2t)− 1

t
t exp (−2t) = − (ln t+ 1) exp (−2t)

H genik  lÔsvh thc (4.7) eÐnai

y = c1 exp (−2t) + c2t exp (−2t)− (ln t+ 1) exp (−2t)

'Asvkhsvh 4.16

Na brejeÐ h genik  lÔsvh thc
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y′′ − 2y′ + y =
exp t

1 + t2
(4.8)

LÔsh. H genik  lÔsvh thc (4.8) eÐnai

y = y0 + yµ1

EÔresvh thc omogenoÔc lÔsvhc

y0 : y′′ − 2y′ + y = 0

To qarakthrisvtikì polu¸numo eÐnai

λ2 − 2λ+ 1 = 0 =⇒ λ1 = λ2 = 1

'Ara y1 (t) = exp (λ1t) = exp (t) kai y2 (t) = t exp (λ2t) = t exp (t). Opìte

y0 = c1 exp (t) + c2t exp (t)

EÔresvh thc merik c lÔsvhc

yµ = u1 (t) y1 (t) + u2 (t) y2 (t)

u1 (t) = −
ˆ

y2 (t) f (t)

W (t)
dt,

ìpou f (t) = exp t
1+t2

W(y1(t),y2(t)) (t) =

∣∣∣∣∣ y1 (t) y2 (t)

y′1 (t) y′2 (t)

∣∣∣∣∣ = y′2 (t) y1 (t)− y′1 (t) y2 (t)

y′1 (t) = exp (t)

y′2 (t) = exp (t) + t exp (t) = (1 + t) exp (t)

opìte h orÐzousva Wronski ja eÐnai

W(y1(t),y2(t)) (t) = (1 + t) exp (t) exp (t)− exp (t) t exp (t)

= exp (2t) [(1 + t)− t] = exp (2t)

�ra

u1 (t) = −
ˆ

t exp (t) exp t
1+t2

exp (2t)
dt = −

ˆ
t

1 + t2
dt = − ln

(
1 + t2

)
omoÐwc

u2 (t) =

ˆ
y1 (t) f (t)

W (t)
dt =

ˆ
exp (t) exp t

1+t2

exp (2t)
dt =

ˆ
1

1 + t2
= arctan t
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Epomènwc h merik  lÔsvh thc (4.7)ja eÐnai

yµ = − ln
(
1 + t2

)
exp (t)− arctan (t) t exp (t) = −

(
ln
(
1 + t2

)
− t arctan (t)

)
exp (t)

H genik  lÔsvh thc (4.7) eÐnai

y = c1 exp (t) + c2t exp (t)−
(
ln
(
1 + t2

)
− t arctan (t)

)
exp (t)

'Asvkhsvh 4.18

Na upologisvteÐ h lÔsvh tou P.A.T.

u′′ + u = F (t) , u (0) = 0, u′ (0) = 0,

ìpou

F (t) =


F0t , 0 ≤ t ≤ π,

F0 (2π − t) , π ≤ t ≤ 2π,

0 , 2π ≤ t,

me F0 svtajer�.

LÔsh. H antÐsvtoiqh omogen c eÐnai

u′′ + u = 0 (4.9)

Me qarakthrisvtik  exÐsvwsvh λ2 + 1 = 0 =⇒ λ = ±i. 'Ara h genik  lÔsvh thc (4.9) eÐnai

y (t) = c1 cos t+ c2 sin t

1h perÐptwsvh: Gia 0 ≤ t ≤ π eÐnai

y (t) = At+B, y′ (t) = A, y′′ (t) = 0

Antikajisvt¸ntac èqoume At + B = F0t, opìte apì anagwg  omoÐwn ìrwn prèpei A =

F0, B = 0 �ra

y (t) = F0t

'Ara h genik  lÔsvh eÐnai

y (t) = c1 cos t+ c2 sin t+ F0t

Apì to P.A.T. èqoume ìti

c1 = 0

kai

y′ (t) = −c1 sin t+ c2 cos t+ F0 =⇒ 0 = 0 + c2 + F0 = 0 =⇒ c2 = −F0
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'Ara

y (t) = −F0 sin t+ F0t

2h perÐptwsvh: Gia 2π ≤ t eÐnai

u′′ + u = 0

me qarakthrisvtik  exÐsvwsvh

λ2 + 1 = 0 =⇒ λ = ±i

'Ara èqei genik  lÔsvh

u (t) = c1 cos t+ c2 sin t =⇒ 0 = c1 + 0 =⇒ c1 = 0

u′ (t) = −c1 sin t+ c2 cos t =⇒ 0 = 0 + c2 =⇒ c2 = 0

'Ara u (t) = 0

3h perÐptwsvh: Gia π ≤ t ≤ 2π eÐnai

u′′ + u = F0 (2π − t) =⇒ u′′ + u = F02π − F0t

ArkeÐ

u′′ + u = F02π, u′′ + u = −F0t

EÐnai u′′ + u = F02π me

u (t) = c1 cos t+ c2 sin t, uµ (t) = A =⇒ u′µ (t) = 0

'Ara A = F02π kai epomènwc

uµ (t) = 2πF0

Analìgwc gia u′′ + u = −F0t me

u (t) = c1 cos t+ c2 sin t, uµ (t) = At+B =⇒ u′µ (t) = A

'Ara A = 0 kai epomènwc

uµ (t) = 0

Akìma At+B = −F0t opìte èpetai ìti A = F0, B = 0 �ra

uµ (t) = −F0t

Apì to P.A.T. èqoume

u (t) = c1 cos t+ c2 sin t+ 2πF0 − F0t =⇒

0 = c1 + π + 2πF0 − 0 =⇒ c1 = −2πF0
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u′ (t) = −c1 sin t+ c2 cos t− F0 =⇒

0 = 0 + u (t) = c2 − F0 =⇒ c2 = F0

'Ara h telik  lÔsvh eÐnai

u (t) = −2πF0 cos t+ F0 sin t+ 2πF0 − F0t

Sugkentrwtik� èqoume

u (t) =


−F0 sin t+ F0t , 0 ≤ t ≤ π,

−2πF0 cos t+ F0 sin t+ 2πF0 − F0t , π ≤ t ≤ 2π,

0 , 2π ≤ t,

'Asvkhsvh 4.29

Na brejeÐ h genik  lÔsvh thc diaforik c exÐsvwsvhc

t2y′′ + ty′ + y = log t , t > 0 (4.10)

LÔsh. Jètoume

expx = t =⇒ expxdx = dt =⇒ dx

dt
= exp (−x)

y = y (t) = y (expx) = Y (x) = Y =⇒ y = Y

y′ =
dy

dt
=

dY

dt
=

dY

dx

dx

dt
= Y ′ exp (−x) =⇒ y′ = Y ′ exp (−x)

y′′ =
dy′

dt
=

d (Y ′ exp (−x))

dt

dx

dt
=
(
Y ′ exp (−x)− Y ′ exp (−x)

)
exp (−x) =⇒ y′′ =

(
Y ′′ − Y ′) exp (−2x)

AntikajisvtoÔme svthn (4.10) kai èqoume

(exp 2x)
(
Y ′′ − Y ′) exp (−2x) + (expx)Y ′ exp (−x) + Y = log (expx) =⇒

Y ′′ + Y = x

H lÔsvh thc (4.10) eÐnai

Y = Y0 + Yµ

EÔresvh thc omogenoÔc lÔsvhc Y0 :

λ2 + 1 = 0 =⇒ λ = i , λ = −i

Y0 = c1 cos (1x) + c2 sin (1x) = c1 cosx+ c2 sinx
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EÔresvh thc merik c lÔsvhc Yµ :

Yµ = (Ax+B)xk

Yµ = (Ax+B)x

Y ′
µ = 2Ax+B

Y ′′
µ = 2A

 =⇒

Antikajisvt¸ntac svthn y′′µ + yµ = x kai k�nontac anagwg  omoÐwn ìrwn èqoume

A = 0 , B = 1

Epomènwc

Yµ = x

'Ara h lÔsvh eÐnai

y = c1 cosx+ c2 sinx+ x

Telik� h genik  lÔsvh thc (4.10) ja eÐnai

y = c1 cos (log x) + c2 sin (log x) + log x

'Asvkhsvh 4.32

Na brejeÐ h genik  lÔsvh twn parak�tw diaforik¸n exisv¸svewn:

(b)

y′′ + 4y′ + 4y = t exp (at) (4.11)

LÔsh. H genik  lÔsvh thc (4.11) eÐnai

y = y0 + yµ1

EÔresvh

y0 : y′′ + 4y′ + 4y = 0

To qarakthrisvtikì polu¸numo eÐnai

λ2 + 4λ+ 4 = 0 =⇒ λ1 = λ2 = −2

'Ara y1 (t) = exp (λ1t) = exp (−2t) kai y2 (t) = t exp (λ2t) = t exp (−2t). Opìte

y0 = c1 exp (−2t) + c2t exp (−2t)
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EÔresvh

yµ1 : f1 (x) = t exp (at) =⇒ yµ1 = (A1t+A0) exp (at) t
k

ìpou k h pollaplìthta tou arijmoÔ a wc rÐza tou qarakthrisvtikoÔ poluwnÔmou. Sthn

prokeimènh perÐptwsvh an a = −2 =⇒ k = 2, alli¸c k = 0.

1h perÐptwsvh: an a = −2 =⇒ k = 2

yµ1 = (A1t+A0) exp (−2t) t2

yµ1 = (A1t+A0) exp (−2t) t2

y′µ1 =
(
3A1t

2 + 2A0t
)
exp (−2t)− 2

(
A1t

3 +A0t
2
)
exp (−2t)

y′′µ1 = (6A1t+ 2A0) exp (−2t)− 2
(
3A1t

2 + 2A0t
)
exp (−2t)−

−2
(
3A1t

2 + 2A0t
)
exp (−2t) + 4

(
A1t

3 +A0t
2
)
exp (−2t)

 =⇒

Antikajisvt¸ntac svthn y′′µ1 + 4y′µ1 + 4yµ1 = t exp (−2t) èqoume

(6A1t+ 2A0) exp (−2t)− 2
(
3A1t

2 + 2A0t
)
exp (−2t)−

−2
(
3A1t

2 + 2A0t
)
exp (−2t) + 4

(
A1t

3 +A0t
2
)
exp (−2t)

+4
(
3A1t

2 + 2A0t
)
exp (−2t)− 2

(
A1t

3 +A0t
2
)
exp (−2t)+

+4 (A1t+A0) exp (−2t) t2 = t exp (−2t) =⇒

(6A1t+ 2A0)− 2
(
3A1t

2 + 2A0t
)
− 2

(
3A1t

2 + 2A0t
)
+ 4

(
A1t

3 +A0t
2
)
+

+4
(
3A1t

2 + 2A0t
)
− 2

(
A1t

3 +A0t
2
)
+ 4 (A1t+A0) = t

Apì anagwg  omoÐwn ìrwn brÐsvkoume ta A0, A1. Epomènwc h genik  lÔsvh thc (4.11) ja

eÐnai

y (t) = c1 exp (−2t) + c2t exp (−2t) + c3 (A1t+A0) exp (−2t) t2

2h perÐptwsvh: an a ̸= −2 =⇒ k = 0

yµ1 = (A1t+A0) exp (at)

OmoÐwc apì anagwg  omoÐwn ìrwn brÐsvkoume ta A0, A1. Epomènwc h genik  lÔsvh thc

(4.11) ja eÐnai

y (t) = c1 exp (−2t) + c2t exp (−2t) + c3 (A1t+A0) exp (at)

(h)

y′′ + y′ + y = sin2 t (4.12)
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LÔsh. H genik  lÔsvh thc (4.12) eÐnai

y = y0 + yµ1

EÔresvh thc omogenoÔc

y0 : y′′ + y′ + y = 0

To qarakthrisvtikì polu¸numo eÐnai

λ2 + λ+ 1 = 0 =⇒ λ1 = −1

2
+

i
√
3

2
, λ2 = −1

2
− i

√
3

2

'Ara y1 (t) = exp (λ1t) = exp (−2t) kai y2 (t) = t exp (λ2t) = t exp (−2t). Opìte

y0 = exp

(
−1

2

)(
c1 cos

√
3

2
t+ c2 sin

√
3

2
t

)

H (4.12) gr�fetai kai wc ex c

y′′ + y′ + y =
1− cos 2t

2
=

1

2
− cos 2t

2

EÔresvh thc merik c 1

yµ1 : f1 (x) =
1

2
=⇒ yµ1 = A1t

k

yµ1 = A1

y′µ1 = 0

}
=⇒

Antikajisvt¸ntac svthn y′′µ1 + y′µ1 + yµ1 =
1
2 èqoume

0 +A0 =
1

2
=⇒ A0 =

1

2

Epomènwc

yµ1 =
1

2

EÔresvh thc merik c 2

yµ2 : f2 (x) = −1

2
cos 2t =⇒ yµ2 = (A cos 2t+B sin 2t) tk

yµ1 = A cos 2t+B sin 2t

y′µ1 = −2A sin 2t+ 2B cos 2t

y′′µ1 = −4A cos 2t− 4B sin 2t

 =⇒

Antikajisvt¸ntac svthn y′′µ1 + y′µ1 + yµ1 = − cos 2t
2 kai k�nontac anagwg  omoÐwn ìrwn kai

lÐgec pr�xeic èqoume {
A = 3

26

B = − 1
13
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Epomènwc

yµ2 =
3

26
cos 2t− 1

13
sin 2t

'Ara h genik  lÔsvh thc (4.12) ja eÐnai

y = exp

(
−1

2

)(
c1 cos

√
3

2
t+ c2 sin

√
3

2
t

)
+

1

2
+

3

26
cos 2t− 1

13
sin 2t

'Asvkhsvh 4.34

Na lujeÐ to akìloujo P.A.T.{
y′′′ + y′′ = t+ exp (−t)

y (0) = 1 , y′ (0) = 0 , y′′ (0) = 1

LÔsh. To qarakthrisvtikì polu¸numo eÐnai

λ3 + λ2 = 0 =⇒ λ2 (λ+ 1) =⇒ λ = 0, λ = −1

'Ara y1 (t) = exp (λ1t) = 1 kai y2 (t) = exp (λ2t) = exp (−t). Opìte

y0 = c1 + c2 exp (−t)

EÔresvh thc merik c lÔsvhc

yµ = u1 (t) y1 (t) + u2 (t) y2 (t)

u1 (t) = −
ˆ

y2 (t) f (t)

W (t)
dt,

ìpou f (t) = t+ exp (−t)

W(y1(t),y2(t)) (t) =

∣∣∣∣∣ y1 (t) y2 (t)

y′1 (t) y′2 (t)

∣∣∣∣∣ = y′2 (t) y1 (t)− y′1 (t) y2 (t)

y′1 (t) = 0

y′2 (t) = − exp (−t)

opìte h orÐzousva Wronski ja eÐnai

W(y1(t),y2(t)) (t) = − exp (−t)
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�ra

u1 (t) = −
ˆ

(t+ exp (−t)) exp (−t)

− exp (−t)
dt =

ˆ
(t+ exp (−t)) dt = − exp (−t) + t2

omoÐwc

u2 (t) =

ˆ
y1 (t) f (t)

W (t)
dt =

ˆ
t+ exp (−t)

− exp (−t)
dt = −

ˆ
(t exp (−t)− 1) dt = exp (−t) (1 + t)+t

Tìte

yµ = − exp (−t) + t2 + (exp (−t) (1 + t) + t) exp (−t)

Telik� h lÔsvh thc diaforik c exÐsvwsvhc eÐnai

y = c1 + c2 exp (−t)− exp (−t) + t2 + (exp (−t) (1 + t) + t) exp (−t)

Apì to P.A.T. ìmwc èqoume

y (0) = 1 =⇒ 1 = c1 + c2 − 1 =⇒ c1 + c2 = −2

y′ (0) = 0 =⇒ y′ = −c2 exp (−t) + exp (−t) + 2t+

+(− exp (−t) (1 + 2t) + 2 exp (−t)) exp (−t)+

+ (− exp (−t) (1 + 2t) + 2 exp (−t)) (− exp (−t)) =⇒

0 = 1 + 1 + c2 =⇒ c2 = −2 =⇒ c1 = 0

Epomènwc h lÔsvh tou P.A.T eÐnai

y = −2 exp (−t)− exp (−t) + t2 + (exp (−t) (1 + t) + t) exp (−t)
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5 Mèjodoc dunamosveir¸n

'Asvkhsvh 5.1

Na brejoÔn ìlec oi lÔsveic thc morf c
∞∑
n=0

anx
n gia tic parak�tw diaforikèc exisv¸sveic.

(b)

y′ = 2xy (5.1)

LÔsh. 'Eqoume th sveir� Maclaurin
∞∑
n=0

anx
n h opoÐa apoteleÐ lÔsvh thc (5.1), dhlad 

y (x) =
∞∑
n=0

anx
n. ParagwgÐzont�c thn paÐrnoume

y′ (x) =
∞∑
n=1

nanx
n−1

tìte antikajisvtoÔme svthn (5.1)

∞∑
n=1

nanx
n−1 = 2x

∞∑
n=0

anx
n ⇐⇒

⇐⇒
∞∑
n=1

nanx
n−1 = 2

∞∑
n=0

anx
n+1

⇐⇒
∞∑
n=1

nanx
n−1 − 2

∞∑
n=0

anx
n+1 = 0

Jètoume svthn
∞∑
n=0

anx
n+1: n+ 1 = k − 1 kai èqoume gia n = 0 =⇒ k = 2. Opìte

⇐⇒
∞∑
n=1

nanx
n−1 − 2

∞∑
k=2

ak−2x
k−1 = 0

⇐⇒
∞∑
n=1

nanx
n−1 − 2

∞∑
n=2

an−2x
n−1 = 0

⇐⇒ a1 +

∞∑
n=2

nanx
n−1 − 2

∞∑
n=2

an−2x
n−1 = 0

⇐⇒ a1 +
∞∑
n=2

[nan − 2an−2]x
n−1 = 0
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K�nontac anagwg  omoÐwn ìrwn èqoume{
a1 = 0

nan − 2an−2 = 0

JewroÔme p�nta a0 = c1, a1 = c2. Tìte gia n = 2, 3, 4 . . . èqoume

a2 = c1

a3 = 0

a4 =
c1
2

a5 = 0

a6 =
c1
6

...

Epomènwc epagwgik� h telik  lÔsvh ja eÐnai

y (x) =
∞∑
n=0

anx
n = a0

∞∑
n=0

x2n

n!
= c1 exp

(
x2
)

(d)

(1− x) y′ = y (5.2)

LÔsh. 'Eqoume th sveir� Maclaurin
∞∑
n=0

anx
n h opoÐa apoteleÐ lÔsvh thc (5.2), dhlad 

y (x) =
∞∑
n=0

anx
n. ParagwgÐzont�c thn paÐrnoume

y′ (x) =

∞∑
n=1

nanx
n−1

tìte antikajisvtoÔme svthn (5.2)

∞∑
n=1

nanx
n−1 − x

∞∑
n=1

nanx
n−1 =

∞∑
n=0

anx
n ⇐⇒

⇐⇒
∞∑
n=1

nanx
n−1 −

∞∑
n=1

nanx
n =

∞∑
n=0

anx
n

⇐⇒
∞∑
n=1

nanx
n−1 −

∞∑
n=1

nanx
n −

∞∑
n=0

anx
n = 0
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Jètoume svthn
∞∑
n=1

nanx
n−1: n− 1 = k kai èqoume gia n = 1 =⇒ k = 0. Opìte

⇐⇒
∞∑
k=0

(k + 1) ak+1x
k −

∞∑
n=1

nanx
n −

∞∑
n=0

anx
n = 0

⇐⇒
∞∑
n=0

(n+ 1) an+1x
n −

∞∑
n=1

nanx
n −

∞∑
n=0

anx
n = 0

⇐⇒ a1 +
∞∑
n=1

(n+ 1) an+1x
n −

∞∑
n=1

nanx
n − a0 −

∞∑
n=1

anx
n = 0

⇐⇒ a1 − a0 +

∞∑
n=1

[(n+ 1) an+1 − nan − an]x
n = 0

K�nontac anagwg  omoÐwn ìrwn èqoume{
a1 − a0 = 0

(n+ 1) an+1 − nan − an = 0

JewroÔme p�nta a0 = c1, a1 = c2. Tìte gia n = 2, 3, 4 . . . èqoume

a1 = a0 = c1 = c2

a2 = a1

a3 = a2

a4 = a3

...

Epomènwc epagwgik� h telik  lÔsvh ja eÐnai

y (x) =
∞∑
n=0

anx
n = a0 + a1x+ a2x

2 + a3x
3 + . . . = c1

(
1 + x+ x2 + x3 + . . .

)
= c1

1

1− x

'Asvkhsvh 5.2

Na brejoÔn dÔo grammik� anex�rthtec lÔsveic sve morf  dunamosveir¸n (dun�mewn tou x)

twn parak�tw diaforik¸n exisv¸svewn. Gia poièc timèc tou x svugklÐnoun oi dunamosveirèc;

(b)

y′′ + 3x2y′ − xy = 0 (5.3)

LÔsh. 'Eqoume th sveir� Maclaurin
∞∑
n=0

anx
n h opoÐa apoteleÐ lÔsvh thc (5.3), dhlad 
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y (x) =
∞∑
n=0

anx
n. ParagwgÐzont�c thn mÐa kai dÔo forèc antÐsvtoiqa paÐrnoume

y′ (x) =

∞∑
n=1

nanx
n−1

y′′ (x) =

∞∑
n=2

n (n− 1) anx
n−2

tìte antikajisvtoÔme svthn (5.3)

∞∑
n=2

n (n− 1) anx
n−2 + 3x2

∞∑
n=1

nanx
n−1 − x

∞∑
n=0

anx
n = 0 ⇐⇒

∞∑
n=2

n (n− 1) anx
n−2 + 3

∞∑
n=1

nanx
n+1 −

∞∑
n=0

anx
n+1 = 0 ⇐⇒

Jètoume svthn
∞∑
n=2

n (n− 1) anx
n−2 ìpou n− 2 = k kai èqoume gia n = 2 =⇒ k = 0, svthn

∞∑
n=1

nanx
n+1 ìpou n + 1 = k kai èqoume gia n = 1 =⇒ k = 2 kai svthn

∞∑
n=0

anx
n+1ìpou

n+ 1 = k kai èqoume gia n = 0 =⇒ k = 1 . Opìte

∞∑
k=0

(k + 2) (k + 1) a(k+2)x
k + 3

∞∑
k=2

(k − 1) a(k−1)x
k −

∞∑
k=1

a(k−1)x
k = 0 ⇐⇒

∞∑
n=0

(n+ 2) (n+ 1) a(n+2)x
n + 3

∞∑
n=2

(n− 1) a(n−1)x
n −

∞∑
n=1

a(n−1)x
n = 0 ⇐⇒

2a2+6a3x+
∞∑
n=2

(n+ 2) (n+ 1) a(n+2)x
n+3

∞∑
n=2

(n− 1) a(n−1)x
n−a0x−

∞∑
n=2

a(n−1)x
n = 0 ⇐⇒

2a2 + 6a3x− a0x+

∞∑
n=2

[
(n+ 2) (n+ 1) a(n+2) + 3 (n− 1) a(n−1) − a(n−1)

]
xn = 0

K�nontac anagwg  omoÐwn ìrwn èqoume
2a2 = 0

6a3 − a0 = 0

(n+ 2) (n+ 1) a(n+2) + 3 (n− 1) a(n−1) − a(n−1) = 0

JewroÔme p�nta a0 = c1, a1 = c2. Tìte gia n = 2, 3, 4 . . . èqoume

a2 = 0

a3 =
a0
6

=
c1
6

Dan�h Kalìtuqou 2011



Kef�laio 5. Mèjodoc dunamosveir¸n 55

a4 = −a1
6

= −c2
6

a5 = 0

a6 = −a3
30

= − c1
90

...

Epomènwc epagwgik� h telik  lÔsvh ja eÐnai

φ1 (x) = 1 +

∞∑
n=0

(−1)n+1 · 8 · 17 · . . . · (9n− 10)

2 · 3 · 5 · 6 · . . . · (3n− 1) (3n)

φ2 (x) = x+

∞∑
n=0

(−1)n · 2 · 11 · . . . · (9n− 7)

3 · 4 · 6 · 7 · . . . · (3n) (3n+ 1)

(g)

y′′ − x2y′ = 0 (5.4)

LÔsh. 'Eqoume th sveir� Maclaurin
∞∑
n=0

anx
n h opoÐa apoteleÐ lÔsvh thc (5.4), dhlad 

y (x) =
∞∑
n=0

anx
n. ParagwgÐzont�c thn mÐa kai dÔo forèc antÐsvtoiqa paÐrnoume

y′ (x) =
∞∑
n=1

nanx
n−1

y′′ (x) =

∞∑
n=2

n (n− 1) anx
n−2

tìte antikajisvtoÔme svthn (5.4)

∞∑
n=2

n (n− 1) anx
n−2 − x2

∞∑
n=0

anx
n = 0 ⇐⇒

∞∑
n=2

n (n− 1) anx
n−2 −

∞∑
n=0

anx
n+2 = 0 ⇐⇒

Jètoume svthn
∞∑
n=2

n (n− 1) anx
n−2 ìpou n − 2 = k kai èqoume gia n = 2 =⇒ k = 0 kai

svthn
∞∑
n=0

anx
n+2 ìpou n+ 2 = k kai èqoume gia n = 0 =⇒ k = 2. Opìte

∞∑
k=0

(k + 2) (k + 1) ak+2x
k −

∞∑
k=2

ak−2x
k = 0 ⇐⇒

Dan�h Kalìtuqou 2011



56 Diaforikèc Exis¸seic I: ErgasÐa

∞∑
n=0

(n+ 2) (n+ 1) an+2x
n −

∞∑
n=2

an−2x
n = 0 ⇐⇒

2a5 + 6a3x+
∞∑
n=2

(n+ 2) (n+ 1) an+2x
n −

∞∑
n=2

an−2x
n = 0 ⇐⇒

2a5 + 6a3x+

∞∑
n=2

[(n+ 2) (n+ 1) an+2 − an−2]x
n = 0

K�nontac anagwg  omoÐwn ìrwn èqoume
2a5 = 0

6a3 = 0

(n+ 2) (n+ 1) an+2 − an−2 = 0

JewroÔme p�nta a0 = c1, a1 = c2. Tìte gia n = 2, 3, 4 . . . èqoume

a2 = 5
c1
2

a3 = 0

a4 =
c1
12

a5 = 0

...

Epomènwc epagwgik� h telik  lÔsvh ja eÐnai

φ1 (x) = 1 +

∞∑
n=1

x4n

3 · 4 · 7 · 8 · . . . · (4n) (4n− 1)

φ2 (x) = x+

∞∑
n=1

x4n+1

4 · 5 · 8 · 9 · . . . · (4n) (4n+ 1)

'Asvkhsvh 5.4

Na brejeÐ lÔsvh thc φ diaforik c exÐsvwsvhc

(
1 + x2

)
y′′ + y = 0, (5.5)

thc morf c φ (x) =
∞∑
n=0

anx
n pou ikanopoieÐ tic φ (0) = 0 kai φ′ (0) = 1. Gia poiec timèc

tou x svugklÐnei h dunamosveir�;
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LÔsh. H diaforik  exÐsvwsvh (5.5) gr�fetai

y′′ +
1

(1 + x2)
y = 0

H svun�rthsvh

p (t) =
1

(1 + x2)

eÐnai analutik  svto t0 = 0 dhlad  eÐnai C∞, �ra h (5.5) èqei mÐa lÔsvh thc morf c φ (x) =
∞∑
n=0

anx
n. ParagwgÐzont�c thn mÐa kai dÔo forèc antÐsvtoiqa paÐrnoume

φ′ (x) =
∞∑
n=1

nanx
n−1

φ′′ (x) =

∞∑
n=2

n (n− 1) anx
n−2

tìte antikajisvtoÔme svthn (5.4)

∞∑
n=2

n (n− 1) anx
n−2 − x2

∞∑
n=2

n (n− 1) anx
n−2 +

∞∑
n=0

anx
n = 0 ⇐⇒

∞∑
n=2

n (n− 1) anx
n−2 −

∞∑
n=2

n (n− 1) anx
n +

∞∑
n=0

anx
n = 0 ⇐⇒

Jètoume svthn
∞∑
n=2

n (n− 1) anx
n−2 ìpou n− 2 = k kai èqoume gia n = 2 =⇒ k = 0, opìte

∞∑
k=0

(k + 2) (k + 1) ak+2x
k −

∞∑
n=2

n (n− 1) anx
n +

∞∑
n=0

anx
n = 0 ⇐⇒

∞∑
n=0

(n+ 2) (n+ 1) an+2x
n −

∞∑
n=2

n (n− 1) anx
n +

∞∑
n=0

anx
n = 0 ⇐⇒

2a2+6a3x+a0+a1x+

∞∑
n=2

(n+ 2) (n+ 1) an+2x
n−

∞∑
n=2

n (n− 1) anx
n+

∞∑
n=2

anx
n = 0 ⇐⇒

2a2 + 6a3x+ a0 + a1x+

∞∑
n=2

[(n+ 2) (n+ 1) an+2 − n (n− 1) an + an]x
n = 0 ⇐⇒

K�nontac anagwg  omoÐwn ìrwn èqoume
2a2 + a0 = 0

6a3 + a1 = 0

(n+ 2) (n+ 1) an+2 − n (n− 1) an + an = 0

JewroÔme p�nta a0 = c1, a1 = c2. Apì to P.A.T. ìmwc èqoume φ (0) = 0 kai φ′ (0) = 1.
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Tìte gia n = 2, 3, 4 . . . èqoume

a2 = −a0
2

= −c1
2

= 0

a3 = −a1
6

= −c2
6

= −1

6

a4 =
a2
12

=
−c1
24

= 0

a5 =
1

4
a3 = − c2

24
= − 1

24

...

Epomènwc epagwgik� h telik  lÔsvh ja eÐnai ìpwc kai svta prohgoÔmena paradeÐgmata thc

morf c

φ (x) = x+
∞∑
n=1

(−1)n 7 · 21 · . . . · [(2n− 1) (2n− 2) + 1]

(2n+ 1)!
x2n+1
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6 Grammik� Susvt mata

'Asvkhsvh 6.1

Na lujeÐ to P.A.T. y′ = Ay, y (0) = y0, ìpou

A =

[
1 1

5 −3

]
, y0 =

[
1

2

]

LÔsh. 'Euresvh idiotim¸n

det (A− λI2) =

(
1− λ 1

5 −3− λ

)
= (1− λ) (−3− λ)− 5 = λ2 + 2λ− 8

'Ara oi idiotimèc tou A eÐnai 2,−4. Idiodi�nusvma pou antisvtoiqeÐ svthn idiotim  2(
−1 1

5 −5

)(
x

y

)
=

(
0

0

)
=⇒ x = y

'Ara

V (2) =

(
x

y

)
=

(
x

x

)
=

⟨(
1

1

)⟩
Idiodi�nusvma pou antisvtoiqeÐ svthn idiotim  −4(

5 1

5 1

)(
x

y

)
=

(
0

0

)
=⇒ 5x = −y

'Ara

V (−4) =

(
x

y

)
=

(
x

−5x

)
=

⟨(
1

−5

)⟩
H lÔsvh ja eÐnai thc morf c

y (t) = c1 exp (λ1t)U1 + c2 exp (λ2t)U2

y (t) = c1 exp (2t)

(
1

1

)
+ c2 exp (−4t)

(
1

−5

)
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Apì to P.A.T. ìmwc èqoume gia t = 0 =⇒ y0 =

[
1

2

]
, epomènwc

[
1

2

]
= c1

(
1

1

)
+ c2

(
1

−5

)
=⇒

{
1 = c1 + c2

2 = c1 − 5c2
=⇒

{
c2 = −1/6

c1 = 7/6

Telik� h lÔsvh eÐnai

y (t) = −1

6
exp (2t)

(
1

1

)
+

7

6
exp (−4t)

(
1

−5

)

'Asvkhsvh 6.4

Na deiqjeÐ ìti o pÐnakac

Φ(t) =

[
2 ln t

0 1
t

]
, t > 0,

eÐnai jemeli¸dhc pÐnakac lÔsvewn tou svusvt matoc

y′ =

[
0 1

0 −1
t

]
y

kai svth svunèqeia na upologisvteÐ h lÔsvh pou antisvtoiqeÐ svthn arqik  svunj kh y (1) =[
−2 1

]t
.

LÔsh. Gia na eÐnai o Φ(t) jemeli¸dhc pÐnakac lÔsvewn tou svusvt matoc y′ = Ay arkeÐ na

isvqÔei Φ′ (t) = AΦ(t). Pr�gmati

Φ′ (t) =

[
0 1

t

0 − 1
t2

]
=

[
0 1

0 −1
t

][
2 ln t

0 1
t

]
= AΦ (t)

Oi idiotimèc tou

[
0 1

0 −1
t

]
eÐnai 0,−1

t afoÔ o pÐnakac eÐnai �nw trigwnikìc.

Idiodi�nusvma pou antisvtoiqeÐ svthn idiotim  0(
0 1

0 −1
t

)(
x

y

)
=

(
0

0

)
=⇒

{
y = 0

−1
t y = 0

=⇒ y = 0

'Ara

U1 = V (0) =

(
x

y

)
=

(
c

0

)
=

⟨(
1

0

)⟩
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Idiodi�nusvma pou antisvtoiqeÐ svthn idiotim  −1
t(

1
t 1

0 0

)(
x

y

)
=

(
0

0

)
=⇒

{
y = −1

tx

'Ara

U2 = V

(
−1

t

)
=

(
x

y

)
=

(
x

−1
tx

)
=

⟨(
1

−1
t

)⟩
Epomènwc h lÔsvh eÐnai

y (t) = c1U1 expλ1t+ c2U2 expλ2t = c1

(
1

0

)
+ c2

(
1

−1
t

)
exp

(
−1

t
t

)

=

(
c1

0

)
+

(
c2
exp

− c2
t exp

)
=

(
c1 +

c2
exp

− c2
t exp

)
Apì to P.A.T. gia t = 1 èqoume(

c1 +
c2
exp

− c2
exp

)
=

(
−2

1

)
=⇒

{
c1 +

c2
exp = −2

− c2
exp = 1

=⇒

{
c1 = −1

c2 = −e

'Ara h lÔsvh tou svusvt matoc eÐnai

y (t) = −

(
1

0

)
+ e

(
1

−1
t

)
exp (−1)

'Asvkhsvh 6.6

Na brejeÐ o expAt an

A =

[
0 −1

4 0

]

LÔsh. 'Euresvh idiotim¸n

det (A− λI2) =

(
−λ −1

4 −λ

)
= λ2 + 4

'Ara oi idiotimèc tou A eÐnai ±2i. Idiodi�nusvma pou antisvtoiqeÐ svthn idiotim  2i(
−2i −1

4 −2i

)(
x

y

)
=

(
0

0

)
=⇒

{
−2ix = y

4x = 2iy
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'Ara

U1 = V (2i) =

(
x

y

)
=

(
x

−2ix

)
=

⟨(
1

−2i

)⟩
Idiodi�nusvma pou antisvtoiqeÐ svthn idiotim  −2i(

2i −1

4 2i

)(
x

y

)
=

(
0

0

)
=⇒

{
2ix = y

4x = −2iy

'Ara

U2 = V (−2i) =

(
x

y

)
=

(
x

2ix

)
=

⟨(
1

2i

)⟩
Tìte

X (t) =

expλ1tU1

...

...
expλ1tU2



=

exp 2it( 1

−2i

) ...
...
exp (−2it)

(
1

2i

)
=

[
exp 2it exp (−2it)

−2i exp (2it) 2i exp (−2it)

]

X (0) =

(
1 1

−2i 2i

)
Gia thn eÔresvh tou X−1 èqoume: 1 1

... 1 0

−2i 2i
... 0 1


Pollaplasvi�zoume thn 1h gramm  me 2i

∼

 2i 2i
... 2i 0

−2i 2i
... 0 1


'Epeita k�noume tic ex c grammopr�xeic: R2 −→ R2+R1, R1 −→ 2R1−R2, R1 −→ R1/4i,

R2 −→ R2/4i 2i 2i
... 2i 0

0 4i
... 2i 1

 ∼

 4i 0
... 2i −1

0 4i
... 2i 1

 ∼

 1 0
... 1/2 −1/4i

0 1
... 1/2 1/4i



X−1 (0) =

(
1/2 −1/4i

1/2 1/4i

)
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Telik� èqoume

expAt = X (t)X−1 (0) =

[
exp 2it exp (−2it)

−2i exp (2it) 2i exp (−2it)

](
1/2 −1/4i

1/2 1/4i

)

'Asvkhsvh 6.8

Na lujeÐ to svÔsvthma y′ = Ay, ìpou

A =

 1 0 −1

0 1 0

0 0 2


Upìdeixh: O A eÐnai apl c dom c kai det (A− λI3) = (1− λ)2 (2− λ)

LÔsh. O A eÐnai �nw trigwnikìc opìte kai apì thn upìdeixh èqoume ìti oi idiotimèc tou

eÐnai oi 1, 1, 2. To idiodi�nusvma pou antisvtoiqeÐ svthn idiotim  1 eÐnai:

(A− 1I3)

 x

y

z

 =

 0

0

0

 =⇒

 0 0 −1

0 0 0

0 0 1


 x

y

z

 =

 0

0

0

 =⇒

{
−1z = 0

1z = 0
=⇒

{
z = 0

'Ara

V (1) =

 x

y

z

 =

 c

0

0

+

 0

d

0

 =

⟨ 1

0

0

 ,

 0

1

0

⟩

Idiodi�nusvma pou antisvtoiqeÐ svthn idiotim  λ2 = 2

(A− 2I3)

 x

y

z

 =

 0

0

0

 =⇒

 −1 0 −1

0 −1 0

0 0 0


 x

y

z

 =

 0

0

0

 =⇒

{
−x− z = 0

−y = 0
=⇒

{
x = −z

y = 0

'Ara

V (2) =

 x

y

z

 =

 −z

0

z

 =

⟨ −1

0

1

⟩
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Efìsvon dimV (1) + dimV (2) = 3 = dimV den qrei�zetai na broÔme èna genikeumèno

idiodi�nusvma. Telik� h lÔsvh eÐnai

y (t) = c1V (1) exp t+ c2V (2) exp 2t = c1


 1

0

0

+

 0

1

0


 exp t+ c2

 −1

0

1

 exp 2t

y (t) =

 c1 exp t

0

0

+

 0

c1 exp t

0

+

 −c2 exp 2t

0

c2 exp 2t



'Asvkhsvh 6.9

Na brejeÐ h genik  lÔsvh tou svusvt matoc y′ = Ay, ìpou

A =

 2 0 0

3 2 0

5 −2 −1


Upìdeixh: O A èqei trigwnik  morf  kai idiotimèc λ1 = 2, λ2 = 2 λ3 = −1

LÔsh. Idiodi�nusvma pou antisvtoiqeÐ svthn idiotim  λ1 = 2

(A− 2I3)

 x

y

z

 =

 0

0

0

 =⇒

 0 0 0

3 0 0

5 −2 −3


 x

y

z

 =

 0

0

0

 =⇒

{
3x = 0

5x− 2y − 3z = 0
=⇒

{
x = 0

y = 3
2z

'Ara

V (2) =

 x

y

z

 =

⟨ 0
3
2

1

⟩

Idiodi�nusvma pou antisvtoiqeÐ svthn idiotim  λ1 = −1

(A+ I3)

 x

y

z

 =

 0

0

0

 =⇒

 3 0 0

3 3 0

5 −2 0


 x

y

z

 =

 0

0

0

 =⇒
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
3x = 0

3x+ 3y = 0

5x− 2y = 0

=⇒

{
x = 0

y = 0

'Ara

V (−1) =

 x

y

z

 =

⟨ 0

0

1

⟩

Efìsvon èqoume dipl  idiotim  kai dimV (2) + dimV (−1) = 2 < dimV = 3 qreiazìmasvte

èna genikeumèno idiodi�nusvma.

(A− 2I3)

 x

y

z

 =

 0
3
2

1

 =⇒

 0 0 0

3 0 0

5 −2 −3


 x

y

z

 =

 0
3
2

1

 =⇒

{
3x = 3

2

5x− 2y − 3z = 1
=⇒

{
x = 1

2

z = −2
3y +

1
2

'Ara

V (2) =

 x

y

z

 =

 1/2

y

−2
3y

+

 0

0

1/2

 =

⟨ 1/2

1

−2
3

⟩+

 0

0

1/2


Epomènwc

x = c1

 0
3
2

1

 exp 2t+ c2

t

 0
3
2

1

+

 0

0

1/2


 exp 2t+ c3

 0

0

1

 exp (−t)

'Asvkhsvh 6.11

Na brejeÐ h genik  lÔsvh tou svusvt matoc y′ = Ay, ìpou

A =


0 −1 0 0

1 0 0 0

1 0 0 1

0 0 −1 0


LÔsh. Gia tic idiotimèc tou A èqoume

det |A− λI4| =
(
λ2 + 1

)2
= 0 =⇒ λ2 = −1 =⇒ λ = ±i

Me algebrikèc pollaplìthtec a (i) = 2 kai a (−i) = 2.
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Idiodi�nusvma pou antisvtoiqeÐ svthn idiotim  λ = i
−i −1 0 0

1 −i 0 0

1 0 −i 1

0 0 −1 −i




a

b

c

d

 =


0

0

0

0

 =⇒

−ia− b = 0

a− ib = 0

a− ic+ d = 0

−c− id = 0

 =⇒
a = b = 0

c = −id

'Ara 
a

b

c

d

 =


0

0

−id

d

 =<


0

0

−i

1

 >=<


0

0

0

1

− i


0

0

1

0

 >

Idiodi�nusvma pou antisvtoiqeÐ svthn idiotim  λ = −i
i −1 0 0

1 i 0 0

1 0 i 1

0 0 −1 i




a

b

c

d

 =


0

0

0

0

 =⇒

ia− b = 0

a+ ib = 0

a+ ic+ d = 0

−c+ id = 0

 =⇒
a = b = 0

c = id

'Ara 
a

b

c

d

 =


0

0

id

d

 =<


0

0

i

1

 >=<


0

0

0

1

+ i


0

0

1

0

 >

H genik  lÔsvh tou svusvt matoc ja eÐnai

y (t) = c1 expλ1tV (i) + c2 exp btV (−i)

y (t) = c1 exp (it)




0

0

0

1

+ i


0

0

−1

0


+ c2 exp (−it)




0

0

0

1

+ i


0

0

1

0




= c1

cos (t)


0

0

0

1

+ sin (t)


0

0

−1

0


+ c2

sin (−t)


0

0

0

1

+ cos (−t)


0

0

1

0




= c1


0

0

− sin (t)

cos (t)

+ c2


0

0

cos (−t)

sin (−t)


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'Asvkhsvh 6.12

Na upologisvteÐ o expA, an

A =

 0 1 2

0 0 3

0 0 0



LÔsh. O A eÐnai �nw trigwnikìc kai èqei tripl  idiotim  to 0. To idiodi�nusvma pou anti-

svtoiqeÐ svthn idiotim  0 eÐnai:

(A− λI3)

 x

y

z

 =

 0

0

0

 =⇒

 0 1 2

0 0 3

0 0 0


 x

y

z

 =

 0

0

0

 =⇒

{
y + 2z = 0

3z = 0
=⇒

{
y = 0

z = 0

'Ara

U1 = V (0) =

 x

y

z

 =

⟨ 1

0

0

⟩

Efìsvon èqoume tripl  idiotim  kai dimV (0) = 1 < dimV = 3 qreiazìmasvte duo genikeu-

mèno idiodi�nusvma.

(A− λI3)

 x

y

z

 =

 1

0

0

 =⇒

 0 1 2

0 0 3

0 0 0


 x

y

z

 =

 1

0

0

 =⇒

{
y + 2z = 1

3z = 0
=⇒

{
y = 1

z = 0

'Ara

U2 =

 x

y

z

 =

 1

1

0


Gia to 2o genikeumèno idiodi�nusvma pou qreiazìmasvte ergazìmasvte wc ex c:

(A− λI3)

 x

y

z

 =

 1

1

0

 =⇒

 0 1 2

0 0 3

0 0 0


 x

y

z

 =

 1

1

0

 =⇒

{
y + 2z = 1

3z = 1
=⇒

{
y = 1/3

z = 1/3
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'Ara

U3 =

 x

y

z

 =

 1

1/3

1/3


Tìte

X (t) =

expλtU1

...

...
expλtU2

...

...
expλtU3



=


 1

0

0

 ...
...

 1

1

0

 ...
...

 1

1/3

1/3


 =

 1

0

0

1

1

0

1

1/3

1/3



X (0) =

 1

0

0

1

1

0

1

1/3

1/3


Gia thn eÔresvh tou X−1 èqoume: 1

0

0

1

1

0

1

1/3

1/3

...

...

1 0 0

0 1 0

0 0 1


Pollaplasvi�zoume thn 2h kai thn 3h gramm  me 3

∼

 1

0

0

1

3

0

1

1

1

...

...

1 0 0

0 3 0

0 0 3


'Epeita k�noume tic ex c grammopr�xeic: R2 −→ R2−R3, R2 −→ R2/3, R1 −→ R1−R2,

R1 −→ R1 −R3 1

0

0

1

3

0

1

0

1

...

...

1 0 0

0 3 −3

0 0 3

 ∼

 1

0

0

1

1

0

1

0

1

...

...

1 0 0

0 1 −1

0 0 3

 ∼

 1

0

0

0

1

0

0

0

1

...

...

1 −1 −2

0 1 −1

0 0 3



X−1 (0) =

 1 −1 −2

0 1 −1

0 0 3


Telik� èqoume

expAt = X (t)X−1 (0) =

 1

0

0

1

1

0

1

1/3

1/3


 1 −1 −2

0 1 −1

0 0 3

 =

 1 0 0

0 1 0

0 0 1


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'Asvkhsvh 6.18

Na brejeÐ h genik  lÔsvh tou svusvt matoc y′ = Ay, ìpou

A =

 2 −5 0

1 −2 −3

0 1 2


LÔsh. Gia thn eÔresvh idiotim¸n èqoume

det (A− λI3) =

 2− λ −5 0

1 −2− λ −3

0 1 2− λ

 = (2− λ) [(−2− λ) (2− λ) + 3] + 5 (2− λ)

= (2− λ) [(−2− λ) (2− λ) + 8] = (2− λ)
(
λ2 + 4

)
Idiotimèc tou eÐnai to 2, 2i,−2i

Idiodi�nusvma pou antisvtoiqeÐ svthn idiotim  λ1 = 2

(A− 2I3)

 x

y

z

 =

 0

0

0

 =⇒

 0 −5 0

1 −4 −3

0 1 0


 x

y

z

 =

 0

0

0

 =⇒

{
−5y = 0

x− 4y − 3z = 0
=⇒

{
y = 0

x = 3z

'Ara

V (2) =

 x

y

z

 =

 3z

0

z

 =

⟨ 3

0

1

⟩

Idiodi�nusvma pou antisvtoiqeÐ svthn idiotim  λ2 = 2i

(A− 2iI3)

 x

y

z

 =

 0

0

0

 =⇒

 2− 2i −5 0

1 −2− 2i −3

0 1 2− 2i


 x

y

z

 =

 0

0

0

 =⇒


(2− 2i)x− 5y = 0

x− (2 + 2i) y − 3z = 0

y + (2− 2i) z = 0

=⇒

{
y = − (2− 2i) z

x = (2 + 2i) y + 3z = − (2− 2i) z (2 + 2i) + 3z
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'Ara

V (2i) =

 x

y

z

 =

⟨ −0.875

−0.343 + 0.343i

0.1715

⟩ =

⟨ −0.875

−0.343

0.1715

+ i

 0

0.343

0

⟩

H lÔsvh pou antisvtoiqeÐ svthn idiotim  2i eÐnai

φ (t) = exp ((2i) t)V (2i) = (cos (2t) + i sin (2t))


 −0.875

−0.343

0.1715

+ i

 0

0.343

0




= cos (2t)

 −0.875

−0.343

0.1715

−sin (2t)

 0

0.343

0

+i

cos (2t)
 0

0.343

0

+ sin (2t)

 −0.875

−0.343

0.1715




φ1 (t) = cos (2t)

 −0.875

−0.343

0.1715

− sin (2t)

 0

0.343

0



φ2 (t) = cos (2t)

 0

0.343

0

+ sin (2t)

 −0.875

−0.343

0.1715


H genik  lÔsvh tou svusvt matoc ja eÐnai

y (t) = c1 expλ1tV (1) + c2φ1 (t) + c3φ2 (t)

y (t) = c1 exp 2t

 3

0

1

+ c2

cos (2t)
 −0.875

−0.343

0.1715

− sin (2t)

 0

0.343

0




+c3

cos (2t)
 0

0.343

0

+ sin (2t)

 −0.875

−0.343

0.1715




'Asvkhsvh 6.21

(a) E�n

J =

[
λ1 0

0 λ2

]
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na deiqjeÐ ìti

expJt =

[
expλ1t 0

0 expλ2t

]

LÔsh. O pÐnakac J eÐnai trigwnikìc opìte oi idiotimèc tou eÐnai oi λ1, λ2.

To idiodi�nusvma pou antisvtoiqeÐ svthn idiotim  λ1 eÐnai:(
0 0

0 λ2 − λ1

)(
x

y

)
=

(
0

0

)
=⇒ (λ2 − λ1) y = 0 =⇒ y = 0

En¸ x = c = aujaÐreto, epomènwc(
x

y

)
=<

(
1

0

)
>

To idiodi�nusvma pou antisvtoiqeÐ svthn idiotim  λ2 eÐnai:(
λ2 − λ1 0

0 0

)(
x

y

)
=

(
0

0

)
=⇒ (λ2 − λ1)x = 0 =⇒ x = 0

En¸ y = c = aujaÐreto, epomènwc(
x

y

)
=<

(
0

1

)
>

'Ara

X (t) =

expλ1t

(
0

1

) ...
...
expλ1t

(
0

1

) =

[
expλ1t 0

0 expλ2t

]

X (0) =

(
1 0

0 1

)
= X−1 (0)

exp Jt = X (t)X−1 (0) =

[
expλ1t 0

0 expλ2t

](
1 0

0 1

)
=

[
expλ1t 0

0 expλ2t

]

(b) E�n

J =

[
λ 1

0 λ

]
na deiqjeÐ ìti

exp Jt = expλt

[
1 t

0 1

]
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LÔsh. ParathroÔme ìti J =

[
λ 1

0 λ

]
=

[
λ 0

0 λ

]
+

[
0 1

0 0

]
. Jètw A =

[
λ 0

0 λ

]
kai

B =

[
0 1

0 0

]
.

Apì to (a) èqoume

expAt =

[
expλt 0

0 expλt

]
= expλt

(
1 0

0 1

)

expBt = I2 + tB =

[
1 0

0 1

]
+

(
1 t

0 1

)
=

[
1 t

0 1

]
Tìte

expJt = exp (A+B) t = expAt expBt = expλt

(
1 0

0 1

)[
1 t

0 1

]
= expλt

[
1 t

0 1

]

'Asvkhsvh 6.22

Na brejeÐ h genik  lÔsvh tou svusvt matoc
x′1 = x1 − 2x3

x′2 = x2

x′3 = x1 − x2 − x3

LÔsh. To svÔsvthma autì mporeÐ na p�rei th morf  y′ = Ay me A =

 1 0 −2

0 1 0

1 −1 −1

. Gia
thn eÔresvh twn idiotim¸n èqoume th gnwsvt  diadikasvÐa

det (A− λI3) =

 1− λ 0 −2

0 1− λ 0

1 −1 −1− λ

 = (1− λ) (1− λ) (−1− λ) + 2 (1− λ)

= (1− λ) [(1− λ) (−1− λ) + 2] = (1− λ)
[
λ2 + 1

]
Idiotimèc tou eÐnai to 1, i, −i

Idiodi�nusvma pou antisvtoiqeÐ svthn idiotim  λ1 = 1

(A− I3)

 x

y

z

 =

 0

0

0

 =⇒

 0 0 −2

0 0 0

1 −1 0


 x

y

z

 =

 0

0

0

 =⇒
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{
−2z = 0

x− y = 0
=⇒

{
x = y

z = 0

'Ara

V (1) =

 x

y

z

 =

 x

x

0

 =

⟨ 1

1

0

⟩

Idiodi�nusvma pou antisvtoiqeÐ svthn idiotim  λ1 = i

(A− iI3)

 x

y

z

 =

 0

0

0

 =⇒

 1− i 0 −2

0 1− i 0

1 −1 −1− i


 x

y

z

 =

 0

0

0

 =⇒


(1− i)x− 2z = 0

(1− i) y = 0

x− y + (−1− i) z = 0

=⇒

{
y = 0

x = (1 + i) z

'Ara

V (i) =

 x

y

z

 =

 (1 + i) z

0

z

 =

⟨ 1 + i

0

1

⟩ =

⟨ 1

0

1

+ i

 1

0

0

⟩

Idiodi�nusvma pou antisvtoiqeÐ svthn idiotim  λ1 = −i

(A+ iI3)

 x

y

z

 =

 0

0

0

 =⇒

 1 + i 0 −2

0 1 + i 0

1 −1 −1 + i


 x

y

z

 =

 0

0

0

 =⇒


(1 + i)x− 2z = 0

(1 + i) y = 0

x− y + (−1 + i) z = 0

=⇒

{
y = 0

x = (1− i) z

'Ara

V (−i) =

 x

y

z

 =

 (1− i) z

0

z

 =

⟨ 1− i

0

1

⟩ =

⟨ 1

0

1

− i

 1

0

0

⟩

H genik  lÔsvh tou svusvt matoc eÐnai

y (t) = c1 expλ1tV (1) + c2 exp btV (i) + c3 exp btV (−i)
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y (t) = c1 exp 1t

 1

1

0

+ c2 exp 0t


 1

0

1

+

 1

0

0


+ c3 exp 0t


 1

0

1

−

 1

0

0




=

 c1 exp t

c1 exp t

0

+ c2 cos t

 1

0

1

− sin t

 1

0

0

+ c3 sin t

 1

0

1

+ cos t

 1

0

0



=

 c1 exp t

c1 exp t

0

+ c2

 cos t− sin t

0

cos t

+ c3

 sin t+ cos t

0

sin t



'Asvkhsvh 6.37

DÐnetai to P.A.T.

y′ = Ay + b (t) , y (0) = y0,

ìpou

A ∈ R2×2 , b (t) =

[
exp 2t

0

]
, y0 =

[
1

2

]
kai o pÐnakac A èqei idiotimèc λ1 = 1 kai λ2 = 2, me antÐsvtoiqa idiodianÔsvmata

u1 =

[
1

1

]
, u2 =

[
1

2

]

Na brejoÔn o pÐnakac expAt kai h lÔsvh tou P.A.T.

LÔsh. Efìsvon oi idiotimèc kai ta idiodianÔsvmata eÐnai ta dosvmèna h morf  tou expAt ja

eÐnai h

expAt = X (t)X−1 (0)

Apì th jewrÐa gnwrÐzoume ìti

X (t) =

expλ1tu1

...

...
expλ2tu2

 =

exp t( 1

1

) ...
...
exp 2t

(
1

2

) =

(
exp t exp 2t

exp t 2 exp 2t

)

X (0) =

(
1 1

1 2

)
Gia thn eÔresvh tou X−1 èqoume  1

1

1

2

...

...

1 0

0 1


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K�noume tic ex c grammopr�xeic: R2 −→ R2 −R1, R1 −→ R1 −R2, 1

0

1

1

...

...

1 0

−1 1

 ∼

 1

0

0

1

...

...

2 −1

−1 1


'Ara

X−1 (0) =

(
2 −1

−1 1

)
Telik�

expAt = X (t)X−1 (0) =

(
exp t exp 2t

exp t 2 exp 2t

)(
2 −1

−1 1

)

=

(
2 exp t− exp 2t − exp t+ exp 2t

2 exp t− 2 exp 2t − exp t+ 2 exp 2t

)
Epomènwc

exp (At) y (0) =

(
2 exp t− exp 2t − exp t+ exp 2t

2 exp t− 2 exp 2t − exp t+ 2 exp 2t

)[
1

2

]

=

(
2 exp t− exp 2t− 2 exp t+ 2 exp 2t

2 exp t− 2 exp 2t− 2 exp t+ 4 exp 2t

)
=

(
exp 2t

2 exp 2t

)
Ex�llou

exp (A (t− s)) b (s) =

=

(
2 exp (t− s)− exp 2 (t− s) − exp (t− s) + exp 2 (t− s)

2 exp (t− s)− 2 exp 2 (t− s) − exp (t− s) + 2 exp 2 (t− s)

)[
exp 2s

0

]

=

(
exp (2s) 2 exp (t− s)− exp (2s) exp 2 (t− s)

exp (2s) 2 exp (t− s)− 2 exp (2s) exp 2 (t− s)

)

=

(
2 exp (s) exp (t)− exp (2t)

exp (s) 2 exp (t)− 2 exp (2t)

)
Oloklhr¸nontac èqoume

ˆ t

0
exp (A (t− s)) b (s) ds =

ˆ t

0

(
2 exp (s) exp (t)− exp (2t)

exp (s) 2 exp (t)− 2 exp (2t)

)
ds

=

(
2 exp (2t)− 2 exp (t)− t exp (2t)

2 exp (2t)− 2 exp (t)− 2 exp (2t)

)
Epomènwc h lÔsvh tou P.A.T. eÐnai

y (t) = exp (At) y (0) +

ˆ t

0
exp (A (t− s)) b (s) ds =⇒
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y (t) =

(
exp 2t

2 exp 2t

)
+

(
2 exp (2t)− 2 exp (t)− t exp (2t)

2 exp (2t)− 2 exp (t)− 2 exp (2t)

)

'Asvkhsvh 6.38

Na lujeÐ to P.A.T.

y′ = Ay , y (0) = y0,

me

A =

 2 3 0

−3 2 0

0 0 1

 , y0 =

 0

1

1



LÔsh. Gia thn eÔresvh idiotim¸n èqoume

det (A− λI3) =

 2− λ 3 0

−3 2− λ 0

0 0 1− λ

 = (1− λ) [(2− λ) (2− λ) + 9]

= (1− λ)
[(
λ2 − 4λ+ 4

)
+ 9
]
= (1− λ)

[
λ2 − 4λ+ 13

]
Idiotimèc tou eÐnai to 1, 2 + 3i, 2− 3i

Idiodi�nusvma pou antisvtoiqeÐ svthn idiotim  λ1 = 1

(A− I3)

 x

y

z

 =

 0

0

0

 =⇒

 1 3 0

−3 1 0

0 0 0


 x

y

z

 =

 0

0

0

 =⇒

{
x+ 3y = 0

−3x+ y = 0
=⇒

{
x = y = 0

z = c

'Ara

V (1) =

 x

y

z

 =

 0

0

c

 =

⟨ 0

0

1

⟩

Idiodi�nusvma pou antisvtoiqeÐ svthn idiotim  λ2 = 2 + 3i

(A− (2 + 3i) I3)

 x

y

z

 =

 0

0

0

 =⇒
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 2− (2 + 3i) 3 0

−3 2− (2 + 3i) 0

0 0 1− (2 + 3i)


 x

y

z

 =

 0

0

0

 =⇒

 3i 3 0

−3 3i 0

0 0 −1 + 3i


 x

y

z

 =

 0

0

0

 =⇒


3ix+ 3y = 0

−3x+ 3iy = 0

−1z + 3iz = 0

=⇒

{
x = iy

z = 0

'Ara

V (2 + 3i) =

 x

y

z

 =

 iy

y

0

 =

⟨ i

1

0

⟩ =

⟨ 0

1

0

+ i

 1

0

0

⟩

H lÔsvh pou antisvtoiqeÐ svthn idiotim  2 + 3i eÐnai

φ (t) = exp ((2 + 3i) t)V (2 + 3i) = (cos (2t) + i sin (3t))

 0

1

0

+ i

 1

0

0



= cos (2t)

 0

1

0

− sin (3t)

 1

0

0

+ i

cos (2t)
 1

0

0

+ sin (3t)

 0

1

0




φ1 (t) = cos (2t)

 0

1

0

− sin (3t)

 1

0

0



φ2 (t) = cos (2t)

 1

0

0

+ sin (3t)

 0

1

0



H genik  lÔsvh tou svusvt matoc ja eÐnai

y (t) = c1 expλ1tV (1) + c2φ1 (t) + c3φ2 (t)

y (t) = c1 exp t

 0

0

1

+ c2

cos (2t)
 0

1

0

− sin (3t)

 1

0

0



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+c3

cos (2t)
 1

0

0

+ sin (3t)

 0

1

0




'Asvkhsvh 6.39

Na lujeÐ to svusvthma y′ = Ay svthn perÐptwsvh pou

(a)

A =

[
0 1

0 0

]

LÔsh. O A kaj¸c parathroÔme ìti eÐnai �nw trigwnikìc èqei dipl  idiotim  to 0. Idiodi�-

nusvma pou antisvtoiqeÐ svthn idiotim  0 eÐnai:(
0 1

0 0

)(
x

y

)
=

(
0

0

)
=⇒ y = 0

En¸ x = c = aujaÐreto, epomènwc

U1 =

(
x

y

)
=<

(
1

0

)
>

Qreiazìmasvte ìmwc kai èna 2o idiodi�nusvma gia na svqhmatÐsvoume ton pÐnaka X (t), to opoÐo

ja prokÔyei wc genikeumèno idiodi�nusvma.(
0 1

0 0

)(
a

b

)
=

(
1

0

)
=⇒ y = 1

Opìte

U2 =

(
a

b

)
=<

(
0

1

)
>

Epomènwc h lÔsvh eÐnai

y (t) = c1 exp (λ1t)U1 + c2 exp (λ2t)U2

y (t) = c1

(
1

0

)
+ c2

(
0

1

)

(b)

A =

[
1 2

2 −2

]
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LÔsh. Gia thn eÔresvh twn idiotim¸n èqoume

det (A− λI2) =

∣∣∣∣∣ 1− λ 2

2 −2− λ

∣∣∣∣∣ = (1− λ) (−2− λ)−4 = −2−λ+2λ+λ2−4 = λ2+λ−6

'Ara λ1 = 2, λ2 = −3

Idiodi�nusvma pou antisvtoiqeÐ svthn idiotim  2 eÐnai:(
−1 2

2 −4

)(
x

y

)
=

(
0

0

)
=⇒

−x+ 2y = 0

2x− 4y = 0

}
=⇒ x = 2y

Epomènwc

U1 =

(
x

y

)
=

(
2y

y

)
=<

(
2

1

)
>

Idiodi�nusvma pou antisvtoiqeÐ svthn idiotim  −3 eÐnai:(
4 2

2 1

)(
x

y

)
=

(
0

0

)
=⇒

4x+ 2y = 0

2x+ y = 0

}
=⇒ y = −2x

Epomènwc

U2 =

(
x

y

)
=

(
x

−2y

)
=<

(
1

−2

)
>

Epomènwc h lÔsvh eÐnai

y (t) = c1 exp (λ1t)U1 + c2 exp (λ2t)U2

y (t) = c1 exp (2t)

(
2

1

)
+ c2 exp (−3t)

(
1

−2

)

'Asvkhsvh 6.41

Na lujeÐ to svÔsvthma y′ = Ay, an

A =

 0 1 −1

−1 0 1

1 −1 0


LÔsh. Gia thn eÔresvh idiotim¸n èqoume

det (A− λI3) =

 −λ 1 −1

−1 −λ 1

1 −1 −λ

 = −λ
(
λ2 + 1

)
+ (−λ− 1) + (1− λ)
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= −λ3 − λ− 2λ = −λ
(
λ2 + 3

)
Idiotimèc tou eÐnai to 0, i

√
3, −i

√
3

Idiodi�nusvma pou antisvtoiqeÐ svthn idiotim  λ1 = 0

(A− I3)

 x

y

z

 =

 0

0

0

 =⇒

 0 1 −1

−1 0 1

1 −1 0


 x

y

z

 =

 0

0

0

 =⇒


y − z = 0

−x+ z = 0

x− y = 0

=⇒


y = z

x = z

x = y

=⇒ x = y = z

'Ara

V (1) =

 x

y

z

 =

 x

x

x

 =

⟨ 1

1

1

⟩

Idiodi�nusvma pou antisvtoiqeÐ svthn idiotim  λ2 = i
√
3

(
A− i

√
3I3

) x

y

z

 =

 0

0

0

 =⇒

 −i
√
3 1 −1

−1 −i
√
3 1

1 −1 −i
√
3


 x

y

z

 =

 0

0

0

 =⇒


−i

√
3x+ y − z = 0

−x− i
√
3y + z = 0

x− y − i
√
3z = 0

=⇒
{

−y
(
i
√
3 + 1

)
+ z

(
1− i

√
3
)
= 0

'Ara

V
(
i
√
3
)
=

 x

y

z

 =

 1 + i
√
3

−2

1− i
√
3

 =

⟨ 1

−2

1

+ i


√
3

0√
3

⟩

H migadik  lÔsvh pou antisvtoiqeÐ svthn idiotim  i
√
3 eÐnai

φ (t) = exp
(
i
√
3t
)
V
(
i
√
3
)
=
(
cos

√
3t+ i sin

√
3t
)

 1

−2

1

+ i


√
3

0√
3




=

cos√3t

 1

−2

1

− sin
√
3t


√
3

0√
3


+i

cos√3t


√
3

0√
3

+ sin
√
3t

 1

−2

1




φ1 (t) = cos
√
3t

 1

−2

1

− sin
√
3t


√
3

0√
3


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φ2 (t) = cos
√
3t


√
3

0√
3

+ sin
√
3t

 1

−2

1


H telik  lÔsvh tou svusvt matoc eÐnai

y (t) = c1 exp (λ1t)V (λ1) + c2φ1 (t) + c3φ2 (t) =⇒

y (t) = c1

 1

1

1

+ c2

cos√3t

 1

−2

1

− sin
√
3t


√
3

0√
3




+c3

cos√3t


√
3

0√
3

+ sin
√
3t

 1

−2

1



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