
TMHMA MAJHMATIKWN

Diaforikèc Exis¸seic I (4/9/2013)

Na apant sete kai sta tèssera akìlouja bajmologik� isodÔnama jèmata:

Jèma 1:

(a) Na lujeÐ to Prìblhma Arqik¸n Tim¸n: y′′(t) + 3y′(t) + 2y(t) = e−t + sin t, y(0) = y′(0) = 0.

(b) Na breÐte ìlec tic sunart seic f(t) ¸ste h diaforik  exÐswsh: f(t)y′(t)+tn−1+y(t) = 0, (n ∈ N),
na epidèqetai oloklhrwtikì par�gonta µ(t) = t kai sth sunèqeia na lÔsete thn exÐswsh.

Jèma 2:

(a) DÐnetai h diaforik  exÐswsh: y′′(t) + p(t)y′(t) + q(t)y(t) = 0, ìpou p(t) kai q(t) eÐnai suneqeÐc
sunart seic sto di�sthma I = (α, β) ⊆ R. 'Estw ìti y1(t) kai y2(t) eÐnai lÔseic thc diaforik c
exÐswshc sto di�sthma I. DeÐxte ìti an y′′1(ξ) = y′′2(ξ) = 0, ξ ∈ I, (p(ξ), q(ξ)) ̸= (0, 0), tìte oi
y1(t) kai y2(t) eÐnai grammik� exarthmènec sto I.

(b) DeÐxte ìti h sun�rthsh y1(t) = t−1 eÐnai lÔsh thc diaforik c exÐswshc: 2t2y′′(t)+3ty′(t)−y(t) = 0
sto di�sthma I = (0,∞). Qrhsimopoi¸ntac sun�rthsh thc morf c: y2(t) = y1(t)u(t) (h me
�llo trìpo), na brejeÐ deÔterh lÔsh thc exÐswshc, y2(t), grammik� anex�rthth apì thn y1(t) sto
di�sthma I.

Jèma 3:

(a) 'Estw ϕ(t) h lÔsh tou PAT: y′′(t) − αy′(t) − 2α2y(t) = 0, y(0) = 1, y′(0) = β, ìpou α, β ∈ R.
Na brejeÐ sqèsh thc morf c β = f(α) ¸ste ϕ(t) → 0 kaj¸c t → ∞. Exet�ste thn epÐdrash
sth sÔgklish thc sun�rthsh ϕ(t) miac diataraq c thc arqik c tim c y′(0) = f(α) sthn tim 
y′(0) = f(α) + ϵ, ìpou |ϵ| ̸= 0 (all� aujaÐreta mikrì).

(b) (i) Na brejoÔn ta shmeÐa isorropÐac, na qarakthrisjoÔn wc proc thn eust�jeia kai na sqediasjeÐ
to di�gramma f�shc thc exÐswshc: y′(t) = 1− y2(t). (ii) Na exetasjeÐ h asumptwtik  sumperifor�
(t → ∞) thc lÔshc thc exÐswshc, y(t), pou ikanopoieÐ thn arqik  sunj kh y(0) = y0 ∈ R, an:
y0 ∈ I1 = (−∞,−1), y0 ∈ I2 = (−1, 1), kai y0 ∈ I3 = (1,∞), antÐstoiqa. (iii) Na brejeÐ h
analutik  lÔsh tou Probl matoc Arqik¸n Tim¸n: y′(t) = 1− y2(t), y(0) = y0, kai na sqediasteÐ
h grafik  thc par�stash (proseggistik�) an y0 ∈ Ii, i = 1, 2, 3.

Jèma 4: Na lujeÐ to P.A.T.: −→y ′(t) = A−→y (t) +
−→
b , ìpou:

A =

 1 0 −1
0 1 0
0 0 2

 , −→y (0) =

 1
0
0

 ,
−→
b =

 0
1
0

 .

Kal  EpituqÐa!
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