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					ΠΡΟΚΑΤΑΡΚΤΙΚΑ, 
			Εχουμε ηδη διαπραγματευθη
	6002, 6003, 
			ΕΡΓΑΣΙΕΣ προς διαπραγμετευσιν, 
1004 ηλιοκεντρικο, 5001 (4001) κυβικες ριζες του 1, 8001 δευτερος ορος, 


1.1.1 			ΚΕΝΤΡΙΚΗ ΙΔΕΑ ΤΗΣ ΛΥΣΗΣ 3βαθμιας εξισωσησ, 
	Το ολον ζητημα ευρισκεται στο πλασιο των «πραγματικων», (όχι των γεωμετρικων μεγεθων). 
	Περαιτερω τα κεντρικα σημεια ειναι
1.1.1.1 		Απόδειξη μέσω στερεομετρίας, του 
(s+t)3 -3st(s+t) –(s3 +t3) =0

. ΓΕΩΜΕΤΡΙΚΗ ΑΠΟΔΕΙΞΗ, Αραβικη επιρροη. 
Εγνωριζε τον ΕΥΚΛΕΙΔΗ, ΔΕΝ εγnωριζε τον ΔΙΟΦΑΝΤΟ. 
GEOMETRIC PROOF, 
https://www.pinterest.com/pin/299489443969463718/, 

[image: cube1]
[image: cube2]

ΣΧΟΛΙΟΝ. Βλ. και, Cubic equation, https://en.wikipedia.org/wiki/Cubic_equation, 

1.1.1.2 		 αναγωγη σε δευτεροβαθμια εξισωση
Εξισωση            x3      +px           +q       =0
Ταυτοτητα        (s+t)3 -3st(s+t) –(s3 +t3) =0

Αν βρω s, t τετοια ωστε 
-3st=p   και –(s3 +t3)=q,  
tote EXΩ την λυση x=s+t !!!

	ΟΜΩΣ, τοτε τα s, t, ικανοποιουν 
st=-p/3  και s3 +t3 =-q,  η
s3t3=-(p/3)3  και s3 +t3 =-q,  
δηλ. για τα  s3 , t3,  ξερω αθροισμα και γινομενον είναι λυσεις 2-βαθμιου εξισωσεως (!) που ξερω πώς να την λυσω.
Είναι η y2 +qy-(p/3)3 =0  
Αφου βρω τα s3 , t3,  θα εξαγαγω τις κυβικες ριζες, οποτε βρισκω τα s, t και το (s+t) είναι η ζητουμενη ριζα ! (Αυτό ΔΕΝ «γινεται» «γεωμετρικα»).

Βλ. κατωτερω, 
1.1.1.3 		ΣΧΟΛΙΑ, 
	ΓΕΩΜΕΤΡΙΚΗ ΘΕΩΡΗΣΙΣ
Εστω x, s, t, μηκη, p εμβαδον, q ογκος.
s3t3=-(p/3)3  δεν εχει αμεσον γεωμετρικον νοημα,  
	
	ΠΝΕΥΜΑ ΑΝΤΙΛΟΓΙΑΣ: Μια στιγμη. Αν η ως ανω 2-βαθμια εξισωση ΔΕΝ εχει (πραγματικες) ριζες, τοτε «τινος» «θα εξαγαγω τις κυβικες ριζες» ?
ΠΝΕΥΜΑ ΑΙΣΙΟΔΟΞΙΑΣ: Ελα μωρε τωρα, λεπτομερια, κατι θα βρεθει !. 


1.1.1.4 		ΠΑΡΑΔΕΙΓΜΑ, Βλ. Ars Magna p. 99, 
	(x-2)(x2 +2x+10) =(x3 + 6x-20), 
Opote oi rizes einai 2, 1+i31/2 ,  1-i31/2 ,  
Η εξισωση αυτή εχει την πραγματικη ριζα 2
Σελ. 99
[image: x3 + 6x=20], 




1.1.1.4.1 	ΑΝΑΛΥΣΗ, 
	
Srinivasa Ramanujan, Srinivasa Ramanujan, 
[image: C:\Users\user\dwhelper\Downloads\χχ103.jpg]
	Fysika h isothyta ayth apodeiknyetai mesω πραξεων. Υπαρχει θεμα του «πως μας ηρθε», το οποιον θα συζητησουμε καπως και κατωτερω. 
	
	Ώστε εδώ απεδειχθη ότι αυτό του βρισκει και o CARDANO, einai ontωs h riza 2, που το ξεραμε από την αρχη.
Όμως …
	


		«ΜΙΚΡΗ ΑΝΑΛΥΣΗ»

[image: C:\Users\user\dwhelper\Downloads\χχ089.jpg]



1.1.2 			ΣΓΠ, ΛΥΣΗ ΕΞΙΣΩΣΕΩΝ ΒΑΘΜΟΥ 3, 
Συστηματικα, με την σημερινη οπτικη, 
1.1.2.1 		ΠΡΟΚΑΤΑΡΚΤΙΚΑ, 
	
	Στα κατωτερω τυπικα θεωρουμε εξισωση
			x3 + px+q=0,
	Με p, q είναι πραγματικοι, . 

Κατωτερω Επιλεγουμε ω=(-1 ± (31/2 )i )/2



1.1.2.2 		Υπαρξη κυβικης ριζας μιγαδικου
	
[image: SGP085]

	r(cosθ+isinθ), 
( r1/3(cos(θ/3)+isin(θ/3) ) )3 = r(cosθ+isinθ),
de MOIVRE formula. 


1.1.2.3 		ΤΥΠΟΙ CARDANO, 

[image: SGP086]




[image: SGP087]


1.1.2.4 		ΣΧΟΛΙΟ ΤΗΣ ΑΠΟΔΕΙΞΗΣ, 
	
[image: SGP088]



1.1.2.5 		ΡΟΛΟΣ ΔΙΑΚΡΙΝΟΥΣΑΣ, 
[image: SGP089]

1.1.2.6 		ΠΟΙΟΤΙΚΗ ΔΙΑΦΟΡΑ ΜΕΤΑΞΥ β/θμιων και τριτο/βαθμιων Εξισωσεων
Η αναγκη υπαρξης ευρυτερου «κοσμου», για τις τριτο/βαθμιεσ Εξισωσεισ


1.1.2.7 		Αναγκη εκφρασης Πραγματικων ριζων, μεσω πραξεων επι μιγαδικων. 
	
[image: SGP090]



1.1.2.8 		Προβληματα στην εξαγωγη κυβικης ριζας μιγαδικων,
	
[image: SGP091]



1.1.2.9 		Προβληματα στον υπολογισμο του συνθ, γνωστου οντως του συν3θ, 
	
[image: SGP092]



1.1.2.10 		Παραδειγμα πληρους εξισωσης, 
	
[image: SGP093]
ΣΧΟΛΙΟ. Τα δυο 3, που είναι ξεχωρα στο δεξιο ακρο να γινουν 31/2 , 



[image: SGP094]




[image: SGP095]




[image: sgp96]




[image: sgp97]




1.1.2.11 		ΑΣΚΗΣΕΙΣ, 
[image: sgp98]




[image: sgp99]




[image: sgp100]




1.1.3 			ΣΥΓΚΕΚΡΙΜΕΝΑ ΠΑΡΑΔΕΙΓΜΑΤΑ, 

1.1.3.1 		x3 + 6x=20, 
Βλ. Ars Magna p. 99, 
Η εξισωση αυτή εχει την πραγματικη ριζα 2
	(x-2)(x2 +2x+10), 
Opote oi rizes einai 2, 1+i31/2 ,  1-i31/2 ,  
	Ο ΙΕΡΩΝΥΜΟΣ, γραφει 
[image: x3 + 6x=20]

Ας δουμαι τι δινουν οι τυποι του CARDANO. 
	



ΣΓΠSrinivasa Ramanujan, Srinivasa Ramanujan, 

Συνεχιζουμε το παραπανω
[image: C:\Users\user\dwhelper\Downloads\χχ103.jpg]
Ώστε εδώ απεδειχθη ότι αυτό του βρισκει και o CARDANO, einai ontωs h riza 2, που το ξεραμε από την αρχη.
Όμως …
	



		Παρακατω το αποδεικνυουμε στην μορφη ΣΓΠ
[image: cardano]
ΟΥΦ !, στην τελευταια γραμμη ξεχασα το 1 στο (1-31/2 )
Επισης ξεχασα τον εκθετη 3 στο, (1-31/2 )
		ΣΧΟΛΙΟ ΣΓΠ, .
	Οι τυποι του ΙΕΡΩΝΥΜΟΥ, ενιοτε δινουν πραγματικες ριζες σε ΠΟΛΥΠΛΟΚΗ ΜΟΡΦΗ, 



1.1.3.2 		x3 -7x+6=0

Θεωρουμε την ως ανω εξισωση. Την φτιαξαμε από το γινομενο
(x-1)(x-2)(x+3)= x3 -7x+6, ριζες 1, 2, -3.
	Κατά την ως ανω μεθοδο του CARDANO, οι ριζες περιγραφονται ως κατωτερω. 
Κανοντας τις πραξεισ 
Α=-81+30(31/2 )i, Β==-81-30(31/2 )i, 
ΘΕΤΟΝΤΑΣ ω=(1+(31/2 )i)/2.
	H πορεια του CARDANO (με μεταγενεστερες βελτιωσεις), δινει τις τρεις ριζες
ρ1 =(1/3)(Α1/3 +Β1/3 )
ρ2 =(1/3)(ωΑ1/3 +ω2Β1/3 )
ρ3 =(1/3)( ω2Α1/3 +ωΒ1/3 )
	Κανοντας απλα τις πραξεις, όπως καταλαβαινουμε τους μιγαδικους σημερα, διαπιστωνουμε τις ισοτητες
((3+ 2(31/2)i)3 =A kai ((3- 2(31/2)i)3 =B
οποτε
  ρ1 = (1/3) ((3+ 2(3 1/2)i+ ((3- 2(3 1/2)i ) )=2
ρ2 =(1/3)(ωΑ1/3 +ω2Β1/3 )=1
ρ3 =(1/3)( ω2Α1/3 +ωΒ1/3 )=-3
Η ΑΠΟΔΕΙΞΗ ΤΕΛΕΙΩΣΕ, 

	πως όμως «μαντεψαμε» το ((3+ 2(31/2)i) και 
(3- 2(31/2)i) είναι οι κυβικες ριζες των Α και Β,  ?

		Ας δουμε πως βρισκουμε την «κυβικη» ριζα του Α=-81+30(31/2 )i,
Ξεκιναμε με την ελπιδα; Ότι υπαρχουν ακεραιοι α, β, ώστε
 (α + β31/2i )3 =-81+30(31/2 )i, 
Μετα από καποια αναζητηση, διαπιστωνουμε ότι τα α=3 και β=2, είναι λυσεις, και προχωρουμε με αυτές.
	Τα παραπανω λιγο-πολύ με poly δισταγμο ηταν το στυλ του BOMBELLI (όχι του CARDANO)
Παρεμφερει υπολογισμους κανει και ο ΚΑΤΖ p. 406.

	ΣΧΟΛΙΟΝ ΣΓΠ. Ενιοτε οι τυποι του ΙΕΡΩΝΥΜΟΥ δινουν πραγματικες ριζες με πραξεις μεσω ΜΙΓΑΔΙΚΩΝ.
Εδώ εμφανιζεται συγκεκριμενα η ΠΟΙΟΤΙΚΗ ΔΙΑΦΟΡΑ μεταξυ β/βαθμιων και τριτοβαθμιων εξισωσεων
	Συγκρισης με δευτεροβαθμια εξισωση, 
ΜΕΤΑΞΥ β/θμιων και τριτο/βαθμιων Εξισωσεων
Η αναγκη υπαρξης ευρυτερου «κοσμου», για τις τριτο/βαθμιεσ Εξισωσεισ


1.1.4 			ΠΑΡΑΤΗΡΗΣΕΙΣ ΕΠΙ ΤΟΥ ARS MAGNA, 

		
p. vii, 
	FOREWORD by Oystein Ore
[image: cardano]

	p. xiii
[image: ]

1.1.4.1 		DEDICATION to ANDREAS OSIANDER, 
	p. 2

[image: ]
1.1.4.2 	THE ARAB, 
p. 7

[image: ]




1.1.4.3 		Αναγνωριση πρωταιρεοτητων
p. 8, 
[image: ]
	ΣΧΟΛΙΟΝ. Αναγνωριση πρωταιρεοτητων. 


1.1.4.4 		ΑΡΝΗΤΙΚΟΙ ΑΡΙΘΜΟΙ, 
p. 10
[image: ]




1.1.4.5 		ΜΙΓΑΔΙΚΟΙ ΑΡΙΘΜΟΙ, 
	p. 219,  
[image: ]
[image: ]
		INFO, 
	subtlety λεπτότητα, επιδεξιότητα
	refined, εκλεπτυσμένος, εξευγενισμένος

1.1.4.6 		casus irreducibilis, 
			ΕΡΩΤΗΜΑ. 
	Αν εξισωση 3ου βαθμου εχει 3 ριζες πραγματικες, είναι δυνατον να υπαρξουν τυποι που να δινουν τις 3 ριζες με πραξεις που εχουν ΜΟΝΟΝ τα συμβολα +, επι, δια, ριζικα. ?



	https://en.wikipedia.org/wiki/Pierre_Wantzel, 
	Wantzel was also the first person who proved, in 1843,[6] that when a cubic polynomial with rational coefficients has three real roots but it is irreducible in Q[x] (the so-called casus (περιπτωση) irreducibilis), then the roots cannot be expressed from the coefficients using real radicals alone (ΣΓΠ. i.e. radicals Επι πραγματικων αριθμων), that is, complex non-real numbers must be involved if one expresses the roots from the coefficients using radicals.  This theorem would be rediscovered decades later by (and sometimes attributed to) Vincenzo Mollame and Otto Hölder.

1.1.4.7 	ΣΥΓΚΡΙΣΗ με δευτεροβαθμιες.
Για να βρουμε τις 3 πραγματικες ριζες, εχουμε αναγκη την υπαρξη ενοσ ευρυτερου σωματος περαν των πραγματικων.



1.1.4.8 	ΤΙ ΕΚΑΝΕ ΤΗΝ ΔΙΑΦΟΡΑ, 
«περισσοτερη «αλγεβρικοτης»»
	ΔΕΝ υπηρχε καποιο νέο εργαλειο. Πιο επιδεξια χρηση των παλαιων. 



1.1.5 			CARDAN BIO, 
1.1.6 				WIKIPEDIA, 
https://en.wikipedia.org/wiki/Gerolamo_Cardano,  

Gerolamo Cardano (Italian: [dʒeˈrɔːlamo karˈdaːno]; also Girolamo[3] or Geronimo;[4] French: Jérôme Cardan; Latin: Hieronymus Cardanus; 24 September 1501– 21 September 1576) was an Italian polymath, whose interests and proficiencies ranged through those of mathematician, physician, biologist, physicist, chemist, astrologer, astronomer, philosopher, writer, and gambler.[5] He was one of the most influential mathematicians of the Renaissance, and was one of the key figures in the foundation of probability and the earliest introducer of the binomial coefficients and the binomial theorem in the Western world. He wrote more than 200 works on science.[6]

Cardano partially invented and described several mechanical devices including the combination lock, the gimbal consisting of three concentric rings allowing a supported compass or gyroscope to rotate freely, and the Cardan shaft with universal joints, which allows the transmission of rotary motion at various angles and is used in vehicles to this day. He made significant contributions to hypocycloids, published in De proportionibus, in 1570. The generating circles of these hypocycloids were later named Cardano circles or cardanic circles and were used for the construction of the first high-speed printing presses.[7]

Today, he is well known for his achievements in algebra. In his 1545 book Ars Magna, he made the first systematic use of negative numbers in Europe, published with attribution the solutions of other mathematicians for the cubic and quartic equations, and acknowledged the existence of imaginary numbers.
		SGP. Ta anωterω einai yperbolika, 
		SGP. ΣΧΟΛΙΑ. “first systematic use of negative numbers in Europe”.
FibonacciSiglerLiberAbaciS.pdf, p. 320. On a Purse Found by Five Men. Einai kapos asafes. To ekshgei kallitera o KATZ, p. 345.
		ΣΧΟΛΙΑ. «acknowledged the existence of imaginary numbers»
See CardanoArsMagnaTranWitmerS.pdf, p. pdf 243-244. 


So progresses arithmetic subtlety (εκλεπτισμενοσ),  the end of which, as is said, is as refined (εξευγενισμενοσ), as it is useless.

1.1.6.1 Early life and education

Cardano was born on 24 September 1501[8] in Pavia, Lombardy, the illegitimate child of Fazio Cardano, a mathematically gifted jurist, lawyer, and close friend of Leonardo da Vinci. In his autobiography (De propria vita, 1821), Cardano wrote that his mother, Chiara Micheri, had taken "various abortive medicines" (p. 4) to terminate the pregnancy; he said: "I was taken by violent means from my mother; I was almost dead." She was in labour ? for three days.[9] Shortly before his birth, his mother had to move from Milan to Pavia to escape the Plague; her three other children died from the disease.
From CardanoGirolamoBookΟfMyLifeDeVitaPropriaLiber]
After a depressing childhood, with frequent illnesses, and the rough upbringing by his overbearing father, in 1520, Cardano entered the University of Pavia against the wish of his father, who wanted his son to undertake studies of law, but Girolamo felt more attracted to philosophy and science. During the Italian War of 1521–1526, however, the authorities in Pavia were forced to close the university in 1524.[10] Cardano resumed his studies at the University of Padua, where he graduated with a doctorate in medicine in 1525.[11] His eccentric and confrontational style did not earn him many friends and he had a difficult time finding work after his studies had ended. In 1525, Cardano repeatedly applied to the College of Physicians in Milan, but was not admitted owing to his combative reputation and illegitimate birth. However, he was consulted by many members of the College of Physicians, because of his irrefutable intelligence.[12]

1.1.6.2 Early career as a physician

Cardano wanted to practice medicine in a large, rich city like Milan, but he was denied a license to practice, so he settled for the town of Piove di Sacco, where he practiced without a license. There, he married Lucia Banderini in 1531. Before her death in 1546, they had three children, Giovanni Battista (1534), Chiara (1537) and Aldo Urbano (1543).[9] Cardano later wrote that those were the happiest days of his life.

With the help of a few noblemen, Cardano obtained a teaching position in mathematics in Milan. Having finally received his medical license, he practiced mathematics and medicine simultaneously, treating a few influential patients in the process. Because of this, he became one of the most sought-after doctors in Milan. In fact, by 1536, he was able to quit his teaching position, although he was still interested in mathematics. His notability in the medical field was such that the aristocracy tried to lure him out of Milan. Cardano later wrote that he turned down offers from the kings of Denmark and France, and the Queen of Scotland.[13]

1.1.6.3 Mathematics
Portrait of Cardano on display at the School of Mathematics and Statistics, University of St Andrews

Gerolamo Cardano was the first European mathematician to make systematic use of negative numbers.[14] He published with attribution the solution of Scipione del Ferro to the cubic equation and the solution of Cardano's student Lodovico Ferrari to the quartic equation in his 1545 book Ars Magna, an influential work on algebra. The solution to one particular case of the cubic equation a x 3 + b x + c = 0 ax^3+bx+c=0[15] (in modern notation) had been communicated to him in 1539 by Niccolò Fontana Tartaglia (who later claimed that Cardano had sworn not to reveal it, and engaged Cardano in a decade-long dispute) in the form of a poem,[16] but del Ferro's solution predated Tartaglia's.[13] In his exposition, he acknowledged the existence of what are now called imaginary numbers, although he did not understand their properties, described for the first time by his Italian contemporary Rafael Bombelli. In Opus novum de proportionibus he introduced the binomial coefficients and the binomial theorem.
ARS MAGNA p. 8. 

Cardano was notoriously short of money and kept himself solvent by being an accomplished gambler and chess player. His book about games of chance, Liber de ludo aleae ("Book on Games of Chance"), written around 1564,[17] but not published until 1663, contains the first systematic treatment of probability,[18] as well as a section on effective cheating methods. He used the game of throwing dice to understand the basic concepts of probability. He demonstrated the efficacy of defining odds as the ratio of favourable to unfavourable outcomes (which implies that the probability of an event is given by the ratio of favourable outcomes to the total number of possible outcomes).[19] He was also aware of the multiplication rule for independent events but was not certain about what values should be multiplied.[20]

Cardano was notoriously short of money and kept himself solvent by being an accomplished gambler and chess player. His book about games of chance, Liber de ludo aleae ("Book on Games of Chance"), written around 1564,[17] but not published until 1663, contains the first systematic treatment of probability,[18] as well as a section on effective cheating methods. He used the game of throwing dice to understand the basic concepts of probability. He demonstrated the efficacy of defining odds as the ratio of favourable to unfavourable outcomes (which implies that the probability of an event is given by the ratio of favourable outcomes to the total number of possible outcomes).[19] He was also aware of the multiplication rule for independent events but was not certain about what values should be multiplied.[20]

1.1.6.4 Later years and death

In 1553 Cardano traveled to Scotland to treat the Archbishop of St Andrews who suffered of a disease that had left him speechless and was thought incurable. The treatment was a success and the diplomat Thomas Randolph recorded that "merry tales" about Cardano's methods were still current in Edinburgh in 1562.[24] Cardano wrote that the Archbishop had been short of breath for ten years, and after the cure was effected by his assistant, he was paid 1,400 gold crowns.[25]
INFO. GOOGLE What is a Scottish church called?
Church of Scotland, national church in Scotland, which accepted the Presbyterian faith during the 16th-century Reformation. John Knox. Areas Of Involvement: Reformed and Presbyterian churches Related People: John Knox Alexander Henderson.

Medallion portrait of Cardano aged 49 by Leone Leoni (1509–1590)

Two of Cardano's children — Giovanni Battista and Aldo Urbano — came to ignoble ends. Giovanni Battista, Cardano's eldest and favorite son was arrested in 1560 for having poisoned his wife,[13] after he had discovered that their three children were not his. Giovanni was put to trial and, when Cardano could not pay the restitution demanded by the victim's family, was sentenced to death and beheaded. Cardano's other son Aldo Urbano was a gambler, who stole money from his father, and so Gerolamo disinherited him in 1569.

Cardano moved from Pavia to Bologna, in part because he believed that the decision to execute his son was influenced by Gerolamo's battles with the academic establishment in Pavia, and his colleagues' jealousy at his scientific achievements, and also because he was beset with allegations of sexual impropriety with his students.[9] He obtained a position as professor of medicine at the University of Bologna.

1.1.6.4.1 Cardano was arrested by the Inquisition in 1570 
after an accusation of heresy by the Inquisitor of Como, who targeted Cardano's De rerum varietate (1557)  (ΔΙΑΦΟΡΑ ΠΡΑΓΜΑΤΑ) .[26] The inquisitors complained about Cardano's writings on astrology, especially his claim that self-harming religiously motivated actions of martyrs and heretics were caused by the stars.[27] In his 1543 book De Supplemento Almanach, a commentary on the astrological work Tetrabiblos by Ptolemy, Cardano had also published a horoscope of Jesus. Cardano was imprisoned for several months and lost his professorship in Bologna. He abjured (απεποιηθην), and was freed, probably with help from powerful churchmen in Rome.[27] All his non-medical works were prohibited and placed on the Index.[27]
[27] RegierJonathanReadingCardanoWithTheRomanInquisition, 




1.1.7 			ΣΥΜΠΛΗΡΟΜΑΤΙΚΑ, 
	
	Κατωτερω παραθετουμε, ποιοι είναι οι τυποι του CARDANO, poy briskontai kai parapano.
	Βλ. SGP3kai4bathm σελ. 85, στον ΥΠΟΦΑΚΕΛΟ ΒΙΒΛΙΟΓΡΑΦΙΑ του φακελου ΕΓΓΡΑΦΑ. Εκει υπαρχουν ολες οι αποδειξεις. 
	H arxikh ejisvsh einai 
x3 +px + q=0
Κατωτερω καταγραφουμε τα αποτελεσματα.

Το Δ λεγεται ΔΙΑΚΡΙΝΟΥΣΑ (DISCRIMINANT), .


		ΠΡΟΤΑΣΗ. 
Α) αν Δ>0, τοτε οι τρεις ως ανω ριζες είναι ΠΡΑΓΜΑΤΙΚΕΣ !
Β) αν Δ<0, τοτε οι τρεις  ως ριζες είναι ΜΙΑ ΠΡΑΓΜΑΤΙΚΗ και οι δυο ΜΙΓΑΔΙΚΕΣ συζυγεις, 

1.1.7.1 		ΜΑΘΗΜΑΤΙΚΑ Γ΄ Τάξης Γενικού Λυκείου
Ομάδας Προσανατολισμού Θετικών Σπουδών
και Σπουδών Οικονομίας & Πληροφορικής
Β´ ΜΈΡΟΣ
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Cube 2, one-third of 6, making 8; square 10, one-half the constant;
100 results. Add 100 and 8, making 108, the square root of which is
V/108. This you will duplicate: to one add 10, one-half the constant,
and from the other subtract the same. Thus you will obtain the
binomium V108 + 10 and its apotome V'I08 — 10. Take the cube
roots of these, Subtract [the cube root of the] apotome from that of the
binomium and you will have the value of x:

For example,

VVI08 + 100 — V VI
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lo +6J3 = (a+€f—)
= o3 43a2€\)—+3q€3+5’4 l/—
:(q3+3q523)+(3q €+3€3)F
Av o€ pnTe\ QENEY

3
16= o+ qa€> | €= 3026+ 3€
BN7iun Noga Vapnen  CoL= : -1 eveu

a Rpegavus EMXeLY.
Nodaby 104673 = (wd”)
S AYS Mag na cel. 99, @ C',o\\rotctvw ®
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A.7.EEIZQIEIZ TPITOY BASMOY

£TO HE@dAALO autd da Sovue mwg Bplowovue TLg PLTEC EVOC
TPLTORESULOL ToAUwVOLOL. H Sewplo pog elval SLatumwpévn yia
MoAVGVLLA HE TPAYHOTLUOUC Mol MLyaSiuolg IuvTeAeoTég, aArd
LoYVEL YLO pLa EUPOTEPN KATNYOoPla EWUATWV. :

£To nepdiaro avtd, R elval ou Mpayupatixol apLduol uat
Cc elval oL Miuyadixol aptduol. Fio ta R,C, &exduoote 6TL LOXO~
ouvv Ta TapardTw SewPnHuATA.

A.7.1.8edpnua. To R elvai Ifiua ue AldtaEn, Smou, yiLa
ud9 aeR, a>0, undpxouvv B,YER, GOTE

Bz=o., v3=a.

(Enueiwon. Aniadh, udde deTind otoLxelo Tou R, €XEL uiLa TOLAG-
xLoTov "Tetpaywviuh P(Ta" (Square Root), KoL WLO TOUA&XLOTOV
"KuBtufy PiZa" (Cubic Root)).

A.7.2.8chpnpa. Tia xédde aeC, undpxet YEC, €TOL GOTE

Y3=u.

(ZInuelwon. Aniadh, udde Miyadiudg apidudg Exer uia TOUAAYXLOTOV
Muyadiun KuBuury Pila).

Ta mapandve Bewpiuata omoSeluviovtatl oe BiBila MadSnuatiuic
AvdaAvong.

HOpocoxd. 'OAc. Ta MOAUGVULLG TOU nepaialov avtol €xouvv
Mpayuatikodg 1 MiLyadinods CUVTEAEOTEG.

TTo KEQdAaLO aLTS, JEWPOVUE TO ﬁoluévuuo

g pe a#0. Iuondg uag

A.7.3. £(x)=6+yx+BxHax
elvaL vo Bpodue tomoug yia tLg plleg tov f. Ta a,B,Y,8, €lval
Opayuatikol B Miyadinol.

OewPOVUE TO TOAVOVLLO, f(x——%) S Kdvovtag TLS mPdEeLg,
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Bplonouvue OtTL £ (x-é%) =0.x3+I‘X:+A

énov, r=p?/3a2-28/3a+y), A=(-83/27a3+82/902-B/3a+5) .

Elvat apretd va Bpolue TiLg plleg Tou- f(x—% ), 8L6TL av
ek

XXy Xq, elvaLr oL pllegc Ttou f(x—3a )ir Tére
(xl-%)' (xz-%), (x3—35—a elvat oL pllegc tou £ (%),

(Fiatl;). To f(x-%) elvaL anlovotepo and to £ (x), SLdTL
8ev €xelL SeLTEPOPBAIULO GUVTEAECTH. ONSTE TEALUd, €XOUME va
Bpodue tTLg PLllEC TOU MOALWVOUOU.

B

A.7.4. g(x)=éf(x—3-a—)=x3+px+q, ) p:&, q=§,

A.7.5. Opioudg. ‘ECT® 0;,0,,03 €lvaL pileg evég mo-
Avwvouou £, tpltou Bc.efuox').» Téte opllouue

A(f)=((p;-p,) (Py=P3) (p3-pl))2.
To A(f) ovoudZetar Araupivouvoa (Discriminant) TOU TOALVWVO-
wov f.

OplCouue, A=—4p3-27q2. AnodeiLuvietal 6tL  A=A(g),
(BAéne ‘Aounon A.7.5.).

Me to olbuBoio \(\-—3{8\)\)001’)115 évav  uryadiud apLdud
nou €xeL Tnv L&LéTnTA (V32 )2 = = 3A,
duoLud, ouviidwg uvndpxouv Suo uLyadiuol apLduol mouv va. €xouv
avth TNV L&LétnTa, (BAéne ‘Aownon A.7.2.) To m’JuBvo\y’-?,/
SnAdVEL Tov €vav and autolg, mov Tov Sitaréyovue €o’dnaf yia

To EQPdAaLO avTd. EZTnV cuvéxera oplfouvue TLE MoodTNTEC

A=-277q+—g~v =-3A nai

-2 3\ Ton,

Kdvovrac tic mpdEerc elvar eVuoro va 64 uavelg btTuL

A.7.6.AMupa. Elval, A-B=—33p3

To mponyoluEVO Afuua uag SelXvel OTL UTOPOVUE Va HEAVOLUE
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enLAoyh uUBLUOY PLTOV, (BAéme ‘Aownon A.7.6.),
3 A, 3\)’1; WOTE (3\/7\‘)' (3\J_§J=—3p
(duoLud o elvar ( ifi')3=A wot V7§)3=B). Kdvouue AoLTov
ULO. EMLAOYH TLUGV YLO. TQ %IX noL %fg and TLg TPELC TLHEC
nou undpyouv Yia dde uia. To WOPLO CLUUTEPACUA AUTOU TOU KE=
@alalouv elval

A.7.7.6edpNuo.. (TOnoL tTou cardano). To TLOAVOVULO

x3+PX+q

éxeL TLg €Bfic pllec:

1 3 3

=§ VA +7\B)

1 3 23

=§ \ /B )

L 23 3
x3_3( A +0:3B)

(2nu. o elval uLa uLyadLun wuBLrl plCa Tov 1. (BAéme ‘ Aounon
A.7.4.)). ]
AndSeLEn. Apnel va amodeLxdovv oL oxéoeig, (Tomou Vieta),
x1+x2+x3=0

2+xx+xx =p

21 Za a3l

Stole!
AuTé amoSELKVOOVTAL Mdvovtag Tig TPdEeLg. TMpdywati
x PRy txgmh  (ore?) - Y +(eered) . VB =0,
oTNnV CUVEXELO
x1x2+x2x3+x3x1 X, (x +x )+x 3
=-x2+x2x3
L VB R E 2 Ya - B ) -
1 2 3 =) 4-3 3 3 3
+-9-(w \]:-\,Bﬂn Ja - B+m(\[—)+m(\r' ))
=-2(-3p)+§ (6P 40) - (-3P)

=P
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Térog
xyxpxa=gzoa’ ( X + B+ Y7 0 3 )¢ Vz 423
=3 (a+Hor) JA( V) %k - 35 (33)Y

1
P

=% - (-27q)

=q

Inuelwon. MoAAéc wopéc ota MadnTiud, SuoTuxdE, N avdyun Tng
aupLBoroylag umal avotnedtntog YLveTaL artia va UPLOTH N uev-
Towuf Lééa uLac anddelEnc. H mponyoduevn anddeLEn elvar éva
TETOLO TMAPESELYUR. 80 CULNANPOOOLLE AUTS TO HEVO uE UEPLUE
oxdéAita mou Yo anoAoudhcouv. H Alon e eElowong tpltouv Baduov
SnuocLEVTNXE Yia TPOTN @opd OTO oUYyypauuo Ars Magna (1545) tou
G.Cardano (1501-1576). H xevtpLufl L6éa ATav n edpnon tng Tav-
TédTnTOag

(s+ty3-3st (s+t) - (s3+£3) =0,
Ag OUYKP(VOULE TNV Napamdve TALTATNTA, WE v eElowon mov é-
XOUUE va Aloouvue
x3+px+q=0
BAénouvpe 4TL av umopodue va, Bpodue apLduodc s uaL t dote
st=—%p nat 53+t3=-q,
T6Te 0 s+t elvalr Abon Tng TPpLToBAduLag eElowong. To mapand-
v ocbotnua, oényel oto
s3t3=-2—17- s3+t3=-q
ondte ,6nwg elval yvwotd uair and to Fvuvdoiro, ta s7,t> elval
pilec Tng SeutepoBdduLac eElowong
v +Ry-a=0

NV onola Abvouue. OvoLaotLud, avth v andSeLEn Sdoaue, uat
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3.3 A B
otnu 9on Twv s7,t7 foav Ta 5%, 33

H enduevn npdtaon xapartnpllet Tnv moidinta Twv pLidv
TOU TOALWVOUOL g.

A.7.8.6sdpnua. 'ECT®w OTL TO g €XEL TPAYUGTLUOUS CUVTE-
Aeotég. TétTE Loyxbouv

(a) Av A<0, téte To g €xeL TPelc dvioeg plleg, mouv
elvalL n uLa mpayuatikd wal ov diiec Svo elval uryadiuég ouvluyelg.

(B) Av A=0, téte SAec oL pllec Tou g elvalL TPEAYUATLHEC
uar pia and avtég elval ToAlamAn.

(Y) Av A>0 Tt6TE TO g €XEL TPelg TMpayuatLuég 5L0.‘M.EH.DL1.L¢-
veg plleg.

AndSeLEn. Av A<O TéTE Ta A Mat B elval GviooL TPAYMHATL-
wol apLduol. To ovunépacuc Byalvel and Toug TUMOULC TOL TEONYOU-—
pevou Sewphuatog naL tTnv ‘Aounon A.7.5.

(B) Elvar ednoro

(y) Av A>0 t6TEe 9o elvar p<0 uat ta A,B elvaL &vioot
ovluyelg utyadinol. Ondte TO %JZ B 3[B sa etvar dvicoL ou-
Tuyelg uryadiuol (Crati;). KaL To ouunépacuo EMeTat €VKOAQ.

. H ovouacla Aiaxpivouoa, yiLa TOo A, TPonAde awplLBwg and
To YEYOVSS OTL N A xapautnplletr to eldog Twv pLldv tng eElow-
ong. g

To nponyoVuevo dempnua entonualvel uLa neplepyn watdoto-
on. AnAadh, étav A>0, evd elvalr OSAeg oL plLEC TMPAYUATLUES
ev ToVTOoLg autég eupavilovtal ue tTVMoug mou éxouv eEaywyég
ptTodv enl uLyadiudv apLdudv, Tev A nat B. Agc To SOUVUE HAAAL-
TEPQ AUTO O éva TapPddelyua.

A.7.9.Mapdberypa. Na Auvdel n eElswon

x3—7x+6=0
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AYon. Av Eexdoouue, mpoc oTLywdiv, Toug TUmoOug Tou PBerina-
UE OTO KOUUATL aUTS, UNOPOUUE VO SOKLUACOULE Vo BPOVUE TLC PNTEC
AboeLg Tng eElowong avthc, av BéRaiLa LTAPXOUV, XPNOLUOTOLWVTAC
v uédoso mou amnodeinvietal ond Tnv "Aounon A.5.9. TOTE BAE-
novue 4TL n mapandve €Eflowon €xetr plleg toug apLduovg 1,2,-3.
Ac SoUpe Aolmdv Tdpa, TL 90 pog Sdoouv oL TOMOL TOU TMAPATAVW®
Sewprinatoc. ITO MAPASELYUO UAC, EXOLUE p=-7 naL g=6, omndte
A=400 uou A=-81+30\3 -i, B=-81-30\3 -i

3
ondTE TMEOWVNTEL TO EPGTNUA: TL elval To %(X =V -81-30(3 -i

Kal mwg oényolueda otig pileg 1,2,-3 and Toug TUMOUG TOL mMaAPA-
ndve dewpiuatog. H andvinon elval anif xol anoyonTteuvTiun:
Aev unidpxet TEOMOg va. "&olue" tig pllec 1,2,-3 uéoa and ToUC
noA¥nAokoug TUMOULC TOU JEWPHUATOC MHag. BéBaia oL TdMOL Tou Je-
wpriuatog avtod &lvouv Tig plTec 1,2,-3, AAAL PECW TOALTIAOHWY
EUPPAOEWY EEAYWYHC KUBLUGOV PLTdV el ULYASLUOV aplLdudv, KOTE
va unv elvatr eugavéc 6tL ou pllec elvar antol auépaiol aptduol.
KadoényolbuevoL and 1o yeyovdg &tL Eépoune 116n morég elval oi
plTeg, naL meLpapatiTOuevoL ALydul ue optopéveg Souluég mpdEewv,
BAénovpe 6Tt (3+2\3 -1)3=-g1+30\3 -i
OWBTE unopoVue va emntAédEovue

Y7 =3+2\31 war B =3-2\3 -i

Ondte oL TOMOL Tou dewpiuatog 3 Slvouv
it 3 3 =
x=t( Yx+ V5)=2
e e 3 23 o
xz_i(m \}A + \}B )=1

(ma.l pvovue w=li¥§;—£

il 5 )-- ~
x3-3(m A +o B )=-3

To 8¢pa elvat &1L, @ddoaue oTLg PLTEC TOU MOALWVOLOL HAC, UECW
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Tev TOTOV TOu Sewphuatoc uag Baolléuevol otnv dialodnon xal
otnv ®aAf uag tOXn. To yeyovdg OtTL oL TOnoL Tou Cardano UAG
S5{VOUV TLC MPEAYHOTLKES AUCELS TPLTOBGSULOU EELOGOEWS HECW
TOnwv Tou eunpavifouvv wuBLud pLiLud eml LLYOS L ROV ap LY,
£9cwEnON LEYAAO pELOVEXTNUO TNV emoxh exelvn yia &G0 Adyoug:
Opdtov: OL ToMoL autol Hoav mAéov, TMOAG ALYo XPHOLUOL YLG TLg
coapuoyée (m.X. ToLywvopetpla). AEOTEPOV oL wVPLOV, OL uadn-—
patirol TOL 16°° audva moAd Alyn mioTn €lxov OTOUG ULYASLHOUEC
apLdpove. "EyiLvav mpoonddeLec vo Bpedobv dArol TOMOL TOoL va
unv éxouv autd TO UELOVEXRTNUA, &nAadT va. UMopodV va EXEEACOLV
Tig TpayuaTLHés PLTeEC uéow AAYEBPLUGOV TEAEEMY Kol eEaywy®dv
oLTdY eni mpoypatixdy apLdudv. OL TPooTdSeLec aQuTég améTuXaV
%ot ofuepa Efpoupe OTL Mtav poLpalo va anotdxovv SLéTL TéTOoLOoL
TOnoL 8ev undpyouv. H anddelEn avtod TOouL npdyuatog XPeLAleTal
Alyo  Tpoxwpnuévn dewpla CLUATOV HAL EepeVyeL Twv oplwv avTol
Tou BLBALOL. TLa Vo ATAAABOUUE HEMWE KOAALTEPA TO npéBAinua, ag
Sovue To €ENg 800 enl uépoug mpEoBARuaTa.

A.7.10. DpéBAnua. 'EocTw o,B meayuotLkol apLduol nar 9=~
AoLUE Va BPoUUE TEAYUATLUOUC apLduolde K, A GoTE

a+Bi= (k+ri) 3
(AnAadh, vo Bpobue v wuBLud plla uLyadLuod apL9uov) . Kdvovtag
AoLTéV TLC TPAEELC MaL oTa 800 uéin tng Lodintag, nal pvovue
a=3-3ua? war  p=awZa-ad

Av Aoumdv elval B#0, (n mepimtwon B=0 elvar TetpLupévn), TOTE

g=u3-3ukz
B 7 3 uat Y Twvrag
3UTA-A
2N =2 {
=y V=g ma.l pvouvue
3
u=k 23x A

3x7-1
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(a) x3-3u.x2—3x+u=0

‘Iowc auth Tn oTLyud éxel wavelc TNV amatnAhl eviomwon ST 094~
caue oTo TEAOC TOL Oouomov uag, SLATL O UToAOYLOUAE TOU x avé-
YETOL OTNV AVon tPLToBdduLOU eElowong, Tou uddape vo AHvoulEe
Tthpa udiLc, omdTeE av BpoVuE TO x UETE 9a Bpodue uaL T k ’-
Auoruxd;g 8ev elval étoL Ta mpdyuata, 6LOTL N TPLTORASULA EE(-
owon otnv onola uatoAREape elvai and exelveg nouv éxouvv Tpelg
meayuatirée PLTec naL oL omoleg ENuLOLPEYOUV TOo TEABANLA. Avutd,
€E dAlov, avauevdtav SLETL Eépovue, (and tnv Avdiuon) &tL udde
uLyadiude apLdude #0, éxer tPelc wuBLuéc pllec dpa 80. TPENEL
Vo UTAPXOUV TPELC TMPAYUATLUEC TLuEC Tou x=—1;f. Ag 8oVue Smwg
enanpLBdc Srati n eElowon auth éxel tpelc mpaypatinée pllec.

KAVOULE TOV LETACXNUATLOUS
x=y+u
SLa va analoiyouvue Tov SeuTepPoBEduLo bpo, ondTe n €ELowon
(a) avdyetat otnv
v3-3 w2+1) y-2u (u2+1)=0.
H Sianptivouoa avthc tng Terevtalag eElowong elval
a=23.32(u241) %50,
dpa n (a) éxe. TPelc mpayuatiuée plleg. Anladn, @aviog wdulog.
A.7.11.TpéBANpa. Av & elvat uia yovia va Bpedel To ouvvd
6tav yveplZovue to ocuv 39.
(Enuetwon. IotopLud,To MESBANLA aUTS énoiEe ueydAo pélo oto
va &nuiovpyndr evbLagépov xkal va ueAeTnd To 9ua Tng Avong
ToLToBadulwv eELodoewy) .
Abon (;) Eépoupe and TNV TELYwvouETPLQ
cuv33=4ouv38-3cuv8.

8étw x=0UV® wxaL o=ouv3s®, ondte €xouue npog Adon TNV TPLTO-
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Bdduia eElowon

4x3—3x-('1=0
3 35 o
14 xT=7x-7 0.

H eElowon avth €xeL Sivanplvouoa
=21(1-a%)30

An)»asﬂ,. mdAL Sev €XOUUE YEVLKOUC "mpayuHaTLwoOg" Timoug mou va
ex@pdlouvv To cuvd® cuvdptnon Tou ouv3d.

Ag Solue unat éva dAlo mapdSeLyua.

A.7.12.MapdSeLypa. No Bpedolv ov pllec tng eElowong

O -5x2+8x-6=0
AUGon. KAVOULE TO UETACYXNUATLOUS x=y+%, yLa va anaiol-

Yovue Tov SeutepoBdduLo dpo. Ondte malpvouvue tnv eElowon

351052
Y m¥eog oo

Topa, EEAPUOTOLUE Toug tOnouvg Tou Cardano, ONMOTE E€XOUUE

s=-4(-3)3-27 (-3%)%=-100
dpa

38 =10\3, a=26+15\3, B=26-15\3 .

E&8G n eElowon éxet uia plla mpayuatiuh ual S00 uLyadiuég ov-
Cuyelg. EEanoroudolv va undpxouvv npofiiuata docov apopd TnV
éuppaon Twv pLldv. TL elval dpaye Ta 3\}7, 3\/?; Yndpxet
uopptd anAy éuepaon; Tuvidwg, Sev da umMAPXEL ULa amAh éweppacn
KoL da MPEMEL va YPAPOUUE

3 26+15\{3  , w.A.m.
ELSLud €6, mapatnpolue OTL

(243 )3=26+15 3

(2-\3 )3=26-15 3

‘Apa, unopolue vo entA€Eouvue

. a3, Yz =23
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ondéte oL TVUMOL TOUL Cardano, &6({vouv TiLg pPlleg
‘Apa oL plleg tng apxiung eElowong elval ol
x1=y1+%=3, x2=y2+%=2+i nat x3=2—i
To mopandve Napddetyuo pag Selyxvel OTL auduo uaL oTnv
neplnTwon mou Sev euppaviloviatr KuBiuég pllec MLyaSLudv apoLSud
andua nal TéTE, EVEEXOUEVWC, N ANAOVOTEPN MHOPPH Twv PLTdv,
elval duvvatdv, vo pagc SLa@dYEL.
Ac 8oVue éva andpa mapadelyuo.
A.7.13.0apdbeLypa. Na Bpedodv oL pllegc TOU TOALWVOLOV,
x3-ox+28.
Abon. 8a egapudoovue TOug TUMOLE Tou Cardano. Elval
a=-4(-9)3-27.28%=-18252
dpa \F34 =234, a=-27, B=-729, 3[a =-3, 3/B=-9. ‘Apa
x)==4, x=2+\3i , x3=2—\/'37i ¢
Ztnv ‘Aounon A.7.8. nepLypdoeTal €vag dAloc TPAMOC AVON(
TPLTOBASULOG eEic@ong, Tov ogelAétaL otov J.Lagrange
(1736-1813), oL @uoLud, odnyel ota (6La amoteAéouata.
Ag Sobue Thpa pLo GAAN mMESTAOoN TOU aeopd To ELSOC TV

pLldv evég MoALwVOLOL TElTOL PBaduol.

A.7.14.7pétoon. 'ECTW TO TOALGVULUO

3+(1x2+6x+v

f=x
ToL éXEL TMPAYUATLUOUE CUVTEAECTEG MaL plleg pl,pz,p3. oL
plleg tou f €xouv apvnTiud TpayuaTLud uépoc, TOTE HaL udévo
. TotE STAv
a>0, aB-y>0, vY>0

(Znuelwon. Av z=u+Ai, uUE ¥, A MEAYUATLHOOC, TOTE O ¥ €lvalL TO

Ipayuatind Mépog (Real Part) Tou MiyaSiuo® aptduod z. TupBo-
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AlTetaLr  Rez).

AndseLEn. ©€Tw B=aB-y. Téte elval
a==(p,+0,+05)
B=aB—Y=-(ol+02+p3)(ploz+plp3+ozp3)+plpzo3

T ==(pye,) (py+e4) (Pytos)

Y='010203
NMpota da anodelEovue &tL n cvvdiun elvair Avayraia.
Avauplvouvpe 80V0 MEPLTTOOELS. ' EoTw Rep, ;Rep, ,Rep3<0.

(a) 'Eotw pl,pz,p3<0. TéTE, TPOEAVOS a,B,y>0.

(B) 'Eoctw pl<0 HAL OL  D,sP4 efvalr uryadiuég ovluyelg
uaL  Rep,,Rep3<0  uaL OL P, ,P, Sev elval mpayuatTirol aptduol.
Téte p,+Py=2Rep,<0, emiong pzp3=|p2|2>0. ‘Apa a,y>0.
Eniong (pl+p2)-(pl+p3)=]pl+92|2>0, dpo. B>0.

THop 9a anodelEovue 4TL n- cuvdiun elvar Inavh. Aranpi-
vouue, mMaAL, &Vo mepintwoetg. ‘Eotw a,B,y>0.

(a) 'EoTw PyrPo1Py elvaL mpayuatinég. Enetdy y>0
9o mpénetr n pra plla va elvatr apvnTiuy uot ot dAAeg 600 mpenel

va elvol oudonueg. "Eotw pl<0 nat pz,p3>0. 8o, nataifEovue

oe dtomo. Elval

~P17P,=P3>0
dpa., pl+pz<—p3<0
dpa., 01+O3<-02<0
4po., B=(p;+p,) (Py+P3) (PytP4) >0,

mou elval dtomo
(B) 'Eoctw =N TPAYURTLHKY HOL OL Py iP3 utyadiuég ouvluyelg
nat OxL mpayuatixéc. Agod y>0, 9a elval pl<0. Elvat
2 . .
(ol+pz)(pl+p3)=lpl+02[ >0, d&pa agol B>0, Sa eival (p,+p5) <0

dpa. 2Rep,<0.
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Inuelwon. Itnv ‘Aounon A.7.8., MEPLYPA@ETAL ULO GAAR and-
SeLEn yia TNV napandve mpdtacn.
Znuelwon. H veviun tpLToBdduLa eElowon AUSMKE uatd TOV

160\)

atdva. M'pw and to 9ua Tng npotepauéinrag, éyLve apretdg
novYdg, aArd avtd, MOAL Alyo uag evéiapépel. H Abon mou e&d
TEPLYPAPOLUE SNUOCLEVTNKE YLa TPOTN @opd and To J.Cardano
(1501-1576) oto meplgnuo épyo tou Ars Magna (1545). Av oxe-
©30o0ue 6tL eELodoeLlg SeuTépou Baduod AVINKav and Toug apxoloug
BaBuAwviovg (2000 m.x.), TéTe xwplc aueLBoAila uag udvel evtinw-
on to vYeYyovdg OTL xperdotnuav 3.500 xpdvia yia va oue@dolv ot
dvdpwnoL Toug amniolg UMOAOYLOUOUE TouL napououdoaué oe auvtd TO
xe@dlaLo. To mpdBAnua mdeL udnov BadbTEpa. AuTo TOU éTOL
ovoudlouvue, "AAYEBPLuS AoyLoud", 8ev elval TOAD mOANG avoudAws . O
AokAnpddnke udALg YVpw oto 1600. Ta xpdvia Tou Cardano o AA-
YeBpLudg Aoyioudg, mou xpnoiuwonoiel "ypdupata" xat éxL uévo
OUYKEXPLUEVOUC apLduolg, Sev elxe andua eVNALKLWIEL. AuTd nTAv
TO ueydlo eunddLo, mou Sev . enéTPePe OTOLE MAdMUATLKOUC VA TPOo-
xwerioouv. Ov efLobdoeLg TeTdPTOL Baduod AVINMKav Alyo HETd TLC
TPLTOBAdULEC €ELOMOELE. OL AGON TOUG MEPLYPAPETAL OTO EMOUEVO
HEQPAAALO. OMOTE, €PXETAL QUOLOAOYLHA TO €POTNUA: TL YLVETAL UE
TLC EELOGOELE MEYAAOTEPOL BadUol; To epdTNua avtd EUELVE ava-
ndvinto, yvia dila 300 xpdvia meplnou. Katd TO MEdGTO HLOS TOL
nepacuévouv airwva, oL Lagrange-Abels-Galois, anédetEa, OTL

Yia eELodoeLg Baduod peyYaAuTEPOU TOU TETEPTOU, SEV UMOPOVUE va
eAnilouvue 6T Sa Bpodue YEVLKOUG TUMOLE TOU va EXEEATOLV TLg
AboELg, TUTMOUC TOU va MEPLEXOUV HEVOV TOUC CUVTEAECTEC TNG

eElowong, aivyeBpiuég mpdEeitg xat pLliud. H uerétn tou Siou
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npoPAfuatoc odfynoe oe uia and TLg TMLS BadeLég avauaidyeig
ota Madnuatiud twv &0o TeEAevtalwv alLdvwv: Tnv Secwpla Twv

Ouddwv .
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A7, AT KHIETIZ

1. Na anodeitxdel 6tTL udd€ etTindg Mpayuatindg, €XeL aupL-
Bbg 600 Mpayuatinée Tetpaywvinée plleg, mou elval n uia avtide-—
T TNg 4AAng.

2. Na anobeLxdel OTL udde Miyadiudc apLdudc éxeL uLa Tou-
AdxLoTOV Miyadiuri Tetpaywvinhd plla. Av o Miyadiuudg avtde elvar
#0, toTE éxeL anpLBig 600 MiyaSinég Tetpaywvixég PLLeg, mou
elval n uta avtidetn tng &AAng. (YndselEn. ‘Eotw
(x:*yi)2=u+8i, x2—y2=u, 2xy=B n.A.Tm.)

3. Kdde Miyabindg apLdudg #0 €xeL aupLBhdg TPElg MLyadiuég
KuBuuég pllec. (Ynds. Av x3=o.3, téte  (x-a) (x2+a.x+a2)=0) .

4. 'EOT® w uta Miyaduuhd muBiud pila tou 1, mou elvat #1.

TéTE elval

(@) w=—1—2§131 » -H\’Fi

(B) To m2 elvat wuBLur plla touv 1, mou elvatL Sitdgopn
oL 1.
(y) OuL tpelc nuBLuég uLyadiuég plleg touv 1, elvar oL l,w,wz.
(6) Ou w,mz elvar ovluyelg.
(e) Ioyxve., o)2+m+1=0.
(T) Av a elvar uryadiudg xar B elvar ura xvBuxh plfa Tou,
B
téte oL uuBLuég pilec Tou a elvaL oL B,Bw,ﬂmz.
5. H Ataxplvovoa tou MoAvwvOuou A.7.4. elvaL 7,

—4p3

—27q2. (YnééeLEn. TOmoL Vieta, x1+x2+ x3=0) .

6. 'Ectw a,BeC wuaL a.B=y3. No anodetxdel &TL undpxouvv
A,B ue A3=a., B3=B, AB=Y. (Ynéb6eLEn. BAéne, mponyovuevn ‘Aoun-
on A.7.4.(0).).

7. Na Bpedolv oL pllegc Twv MAPAKATW MOAVWYVOLWY
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3

(@) 3x3+2x%+5x+6

(B)  4x3=x%+x-5

(y) xS x2-2x+3

8 8cwpolue TNV TPLTOoBAdULa €Elowon

x3+a.x2+6x+y=0

dmov a,B,Y elval mpayuatixol aptduol. Na anodeixdel btL, OAeg
oL pllec Tng €Elowong €xouv apvnTiud MPEAYUATLHS HEPOC TOTE
KU.L. wévov téTE Stav a>0, B>0, Y>0 wuatr aB>y. (Ynddei.En. pdh-
Ta anodeituvdovue 6TL n SeutepoBdduia x2+ux+)\=0, éxeL ptleg ue
apVNTLKS TPayuatiud uépog TETE KoL uévo TéTE av >0, A>0.
Metd Eenivéue and To OTL UAdE TPLTORASLLO TOALGVLMO YPAVETAL
(x+u) (x2+ux+>\). ondte W,%,A>0 uaL a=u+Kr, P=A+ux xaL C=uA.
"Apa aB-c=x (A+n24un) >0) .

®=-1

. ’ n .
9. 'EOT® TO TMOAUGVLUO a.ta. X+...+0 X +x, TOL ELVAL

0 71 u-1
£va TOAUGVULO UE TPAYHATLKOUE OUVTEAEOTEC HGL OAEC OL HLYASLHES
plLec Tou éxouv apvnTikd mpayuatixd pépoc. Na anodeixdel éljt
&AOL OL OUVTEAEOTEC TOU TMOALWVUUOUL éivm detinol aptduol. (Y-
né6eLEn. Emaywynd wg mpog tov Badud) . (Enuelwon. Aexduacte, TO
SeUEALOEEC éed:onua g ‘AiyeBpag) ..

10. AelEte O6TL O UETAOXNUATLOWOC
x=y—73ﬂy
oényel oe Avon tng e€Elowong

x3+px+q

(YndseLEn. Metd and mpdEeig, @ddvouue otnv

3
y>- _L3 +q=0
27y
11. 'Eotw 6TtL n €Elowon

x3+ax2+8x+y=0

éxeL pileg Xy rXpiXqe Na unoloyLodel To
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2
[(xl—xz)(xz-x3)(x3—lej
ouvdptnon twv a,B,Y. (Andvtnon. LooUtaL ue:

3y—4B3+18uBy—27Y2. H noodtnta avty elvar n Srauplivouvoa

azﬂz-da
TOU ToAVwVLLOUL) .
12. 'Ectw n eElowon
x3+px+q=0,
mov €xeL TPElC mpayupatikég pllec. No anodeixdel &tTL n eElcw—
on avthh unopel va Avdel pe Bdon tnv LodInTa
ouv38=4cuv38—300v3,
¥ Twvtag ouv38=—:213—— . (Yné6eLEn. Elvalr, -4p3—27q2>0).
-p3/27
(Znuelwon. Auvth n uédodog Avong tpLtoBdduLag eElowong, mou

Sev elval AAyeBpiun, ogeiletar oto F.Vieta (1540-1603).
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It has often been pointed out that three of the greatest masterpicees
of science created during the Rinascimento appeared in print almost

simultaneously : Copernicus, De Revolutionibus Orbium Coelestium (1543);
Vesalius, De Fabrica Humani Corporis (1543), and finally Girolamo
Cardano, Artis Magnae Sive de Regulis Algebraicis (1545). But while the
two first works have been readily available in magnificent editions and
excellent translations, Cardano’s Ars Magna has remained relatively
obscure, its material confined to early and now rare Latin editions.
The Ars Magna has always been highly praised as a milestone in the
history of mathematics, yet it is true that the number of modern scholars
who can claim to have examined it in detail is extremely small. Thus
the present translation, making it available to a much wider circle of
readers, is a most significant addition to the literature of the history of
science.
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faith. However, this was the time of the Counterreformation, and one
of the items specified during the process may well have been Cardano’s

Not only had Osiander been
one of the aggressive leaders within the German Reformation, but he
was also known to have written the preface to Copernicus’ De Revolutioni-
bus Orbium Coelestium, a work under strong suspicion of being heretical.

Oystein Ore|

New Haven, Connecticut
July, 1968
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[DEpICATION]

Girolamo Cardano, Physician, to the most erudite Andreas Osiander,
greetings:

T have considered nothing so deeply, learned Andreas, as the names
of those who, by their writings, deserve to be commended to posterity.
1 have especially asked whether they combine liberal learning with
erudition. Hence, since I know that you have a far from mediocre
knowledge not only of Hebrew, Greek, and Latin letters but also of
‘mathematics and since, moreover, [you are] the most humane man
have ever encountered, it seemed to me that this, my book, could be
better dedicated to no one than you by whom it may be corrected
(if my pen has gone further than the power of my mind), read with
pleasure, understood, and, indeed, recommended authoritatively.
Unless I am mistaken, others will follow this example and dedicate
their works [to you], whatever branch of learning they pursue. Accept
this, therefore, as a perpetual testimonial of my regard for you, of your
assistance to me, and, above all, of your distinguished scholarship.
And, although you may well be such that your merits are known to all
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CHAPTER 1

On Double Solutions in Certain Types of Cases

1. This art originated with Mahomet the son of Moses the Arab.’
‘statement.? There

remain, moreover, four propositions of his with their demonstrations,
which we will ascribe to him in their proper places.® After a long time,
three derivative propositions were added to these. They are of uncertain
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In our own days
of the cube and first power equal to a constant, a very elegant and
admirable accomplishment. Since this art surpasses all human subtlety
and the perspicuity of mortal talent and is a truly celestial gift and a
very clear test of the capacity of men’s minds, whoever applies himself
to it will believe that there is nothing that he cannot understand. In
emulation of him, my friend Niccold Tartaglia of Brescia,® wanting
not to be outdone, solved the same case when he got into a contest
with his [Scipione’s] pupil, Antonio Maria Fior,” and, moved by my
many entreaties, gave it to me.® For I had been deceived by the words
of Luca Paccioli, who denied that any more general rule could be
discovered than his own.® Notwithstanding the many things which I
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xis4or —4. And if

* =81,

x equals 3 or —3. To set out other even powers is not necessary, since
[even] x* belongs to the derivative cases.

Now if you will pay strict attention to what I am saying you can
satisfy a wish of yours with this rule. For if the square and the square
of a square are equated to a number, the result will be the same as in
the simple case; that is, there are two solutions, one plus and one
minus, which are equal to each other." Thus, if

5 4 3% = 28,
x equals' 2 or —2.
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‘of a negative. I will give an example: If it should be said, Divide 10
into two parts the product of which is 30 or 40, it is clear that this case
is impossible. Nevertheless, we will work thus: We divide 10 into two
equal parts, making each 5. These we square, making 25. Subtract 40,
if you will, from the 25 thus produced, as I showed you in the chapter
on operations in the sixth? book, leaving a remainder of —15, the

square root of which added to or subt: from 5 gives parts the
product of which is 40. h

DEMONSTRATION
In order that a true understanding 4 c B
of this rule may appear, let AB be-a
line which we will say is 10 and which
is divided in two parts, the rectangle
based on which must be 40. Forty,
however, is four times 10; wherefore D
we wish to quadruple the whole of AB.
Now let AD be the square of AC, one-half of 4B, and from AD subtract
4AB, ignoring the number.* The square root of the remainder, then

— if anything remains — added to or subtracted from AC shows the
iirts.b

that is, the difference between AD and 44B — which you
add to or subtract from AC, and you will have that which you seek,
namely 5 + V25 — 40 and 5 — V25 — 40, or 5 + V=15 and
5 — V=T5. Putting aside the mental tortures involved,* multiply

#1570 and 1663 have “fourth.”

* absque numero.

* dimissis incruciationibus. We may perhaps suspect Cardano of indulging in a play on
words here, for this can also be translated *“ the cross-multiples having canceled out,”
with the whole sentence then reading, “Multiply 5 + V=15 by 5 — V=15 and,
the cross-multiples having canceled out, the result is 25 — (—15), which is +15.”
Cf. the translation of this passage by Professor Vera Sanford in David Eugene Smith,
A Source Book in Mathematics (New York, 1959 reprint), I, 202.
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5+ V=15 by 5 — V=15, making 25 — (—15) which is +15.
Hence this product is 40. Yet the nature of AD is not the same
as that of 40 or of AB, since a surface is far from the nature of a
number and from that of a line, though somewhat closer to the
latter. This truly is sophisticated,® since with it one cannot carry out
the operations one can in the case of a pure negative and other
[numbers). [Likewise,] one cannot determine what it [the solution] is
by adding the square of one-half the [given] number to the number to
be produced and to or from the square root of this sum adding and
subtracting half that which is to be divided.” For example, in this case
you could divide 10 into two parts whose product is 40; add 25, the
square of one-half of 10, to 40, making 65; from the square root of
this subtract 5 and also add 5 to it; you then have parts with the
likeness of /65 + 5 and v/65 — 5. [But] while these numbers differ
by 10, their sum is v/260, not 10.
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A visual proof of the cubic binomial formula (p + q)3= p® + 3pg? +
3p2q+q°




