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Preface

A textbook presents more than any professor can cover in class. In contrast,
these lecture notes present exactly” what I covered in Harmonic Analysis
(Math 545) at the University of Illinois, Urbana—Champaign, in Fall 2008.

The first part of the course emphasizes Fourier series, since so many
aspects of harmonic analysis arise already in that classical context. The
Hilbert transform is treated on the circle, for example, where it is used to
prove LP convergence of Fourier series. Maximal functions and Calderén—
Zygmund decompositions are treated in R, so that they can be applied again
in the second part of the course, where the Fourier transform is studied.

Real methods are used throughout. In particular, complex methods such
as Poisson integrals and conjugate functions are not used to prove bounded-
ness of the Hilbert transform.

Distribution functions and interpolation are covered in the Appendices.
I inserted these topics at the appropriate places in my lectures (after Chap-
ters 4 and 12, respectively).

The references at the beginning of each chapter provide guidance to stu-
dents who wish to delve more deeply, or roam more widely, in the subject.
Those references do not necessarily contain all the material in the chapter.

Finally, a word on personal taste: while I appreciate a good counterex-
ample, I prefer spending class time on positive results. Thus I do not supply
proofs of some prominent counterexamples (such as Kolmogorov’s integrable
function whose Fourier series diverges at every point).

I am grateful to Noel DeJarnette, Eunmi Kim, Aleksandra Kwiatkowska,
Kostya Slutsky, Khang Tran and Ping Xu for TEXing parts of the document.

Please email me with corrections, and with suggested improvements of
any kind.

Richard S. Laugesen EmAIL: Laugesen@illinois.edu
Department of Mathematics

University of Illinois

Urbana, IL 61801

U.S.A.

“modulo some improvements after the fact



Introduction

Harmonic analysis began with Fourier’s effort to analyze (extract informa-
tion from) and synthesize (reconstruct) the solutions of the heat and wave
equations, in terms of harmonics. Specifically, the computation of Fourier
coefficients is analysis, while writing down the Fourier series is synthesis, and
the harmonics in one dimension are sin(nt) and cos(nt). Immediately one
asks: does the Fourier series converge? to the original function? In what
sense does it converge: pointwise? mean-square? LP? Do analogous results
hold on R? for the Fourier transform?

We will answer these classical qualitative questions (and more!) using
modern quantitative estimates, involving tools such as summability meth-
ods (convolution), maximal operators, singular integrals and interpolation.
These topics, which we address for both Fourier series and transforms, con-
stitute the theoretical core of the course. We further cover the sampling
theorem, Poisson summation formula and uncertainty principles.

This graduate course is theoretical in nature. Students who are intrigued
by the fascinating applications of Fourier series and transforms are advised
to browse [Dym and McKean]|, [Kérner] and [Stein and Shakarchi], which are
all wonderfully engaging books.

If more time (or a second semester) were available, I might cover ad-
ditional topics such as: Littlewood—Paley theory for Fourier series and in-
tegrals, Fourier analysis on locally compact abelian groups [Rudin] (espe-
cially Bochner’s theorem on Fourier transforms of nonnegative functions),
short-time Fourier transforms [Grochenig], discrete Fourier transforms, the
Schwartz class and tempered distributions and applications in Fourier analy-
sis [Strichartz], Fourier integral operators (including solutions of the wave
and Schrodinger equations), Radon transforms, and some topics related to
signal processing, such as maximum entropy, spectral estimation and predic-
tion [Benedetto]. I might also cover multiplier theorems, ergodic theorems,
and almost periodic functions.
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Part 1

Fourier series






Chapter 1

Fourier coefficients: basic
properties

Goal

Derive basic properties of Fourier coefficients

Reference

[Katznelson] Section 1.1

Notation

T = R/27Z is the one dimensional torus

LP(T) = {complex-valued, p-th power integrable, 2m-periodic functions}
1flleeery = (&[5 1 @E)P dt)l/p where [, can be taken over any interval of
length 27

Nesting of LP-spaces: L>(T) c L*(T) c L*(T)

C(T) = {complex-valued, continuous, 27-periodic functions}, Banach space
with norm ||| Lo (1)

Trigonometric polynomial P(t) = Zi\f:_ N ane™

Translation f.(t) = f(t — 1)



10 CHAPTER 1. FOURIER COEFFICIENTS: BASIC PROPERTIES

Definition 1.1. For f € L}(T) and n € Z, define

~

f(n) = n-th Fourier coefficient of f

/ f(t)e ™ dt. (1.1)
The formal series S[f] = 3 f(n)e™ is the Fourier series of f.
Aside. For f € L*(T), note f(n n) = (f,e™) where (f, g) = 5= [ f(t)g(t) dt is

that L? inner product. Thus f ( ) =amplitude of f in dlrectlon of emt. See

Chapter 5.

Theorem 1.2 (Basic properties). Let f,g € LY(T),j,n € Z,c € C,7 € T.

Linearity (f + g)(n) = f(n) +9(n) and (cf)(n) = cf(n)

Conjugation f(n) = f(—n)

Trigonometric polynomial P(t) = 2N\ ane™ has P(n) = a, for |n| < N

and P(n) =0 for |n| > N

™ takes translation to modulation, f, (n ) =e " f(
f(t

()
= takes modulation to translation, [f(t)e’ [ (n) = f(n — j)

T LYT) — €°°(Z) is bounded, with |f(n)| < ||fllr1(m)
Hence if f — f in LN(T) then fu(n) — f|

Proof. Exercise. |

Fl) (uiformly n ) as m — oo,

Lemma 1.3 (Difference formula). For n # 0,

. 1 '
f(n) = = /T[f(t) — f(t —m/n)]e " dt.
Proof.
f(”) = —% i f(t)emmntrm/n) gy since e = —1
1 .
= _%/Tf(t —m/n)e”" di (1.2)

by t +— t — 7/n and periodicity. By (1.2) and the definition (1.1),

~

fln) = 5f(n) + %fA(n) = % /T[f(t) — f(t —7/n)] e ™ dt.
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Lemma 1.4 (Continuity of translation). Fiz f € LP(T),1 < p < co. The
map

¢: T — LP(T)

T fr
18 continuous.

Proof. Let 1y € T. Take g € C(T) and observe

Hf‘l’ - fTQHLP(T) < Hf‘r - gTHLp(T) + HQT - gToHLP(T) + ngo - fToHLP(T)
=2[|f = gllzrer) + lgr — groll o)
— 2| f = gllze(r)

as T — Tp, by uniform continuity of g. By density of continuous functions in
LP(T),1 < p < oo, the difference f — g can be made arbitrarily small. Hence
limsup, . ||fr — frllze(r) = 0, as desired. O

~

Corollary 1.5 (Riemann-Lebesgue lemma). f(n) — 0 as |n| — oc.

Proof. Lemma 1.3 implies

~ 1
[f(n)| < S = famllie),

which tends to zero as |n| — oo by the L!-continuity of translation in
Lemma 1.4, since f = fj. ]

Smoothness and decay

~ -~

The Riemann-Lebesgue lemma says f(n) = o(1), with f(n) = O(1) explicitly
by Theorem 1.2. We show the smoother f is, the faster its Fourier coefficients
decay.

Theorem 1.6 (Less than one derivative). If f € C%(T),0 < a < 1, then
f(n) = O(1/|n[*).

Here C“(T) denotes the Holder continuous functions: f € C*(T) if f €
C(T) and there exists A > 0 such that |f(t) — f(7)| < A|t — 7|* whenever
|t — 7| < 2.
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Proof.
N 1 —in
Fl) = 4 [ 150 = f = mfmle ™ a
T Jr
by the Difference Formula in Lemma 1.3. Therefore
1 e const.
< —Alf[ o =22
fool < a7 om = 0

O

Theorem 1.7 (One derivative). If f is 2mw-periodic and absolutely continuous
(f € WHY(T)) then f(n) = o(1/n) and |f(n)] < |f'llzir)/Inl-

Proof. Absolute continuity of f says

ﬂw—ﬂm+ﬁvwwh

where f’ € L'(T). Integrating by parts gives

—int

~ 1 —int 1 [e ,
= — nt g = — t)dt
Flo) = 5= [ e = o= [ —r
By Riemann-Lebesgue applied to [,
~ 1 1 1
= — f/ = — ]_ et —_
Fin) = - Fin) = o(1) = o),

with . )
7 <—A’ < — "l 71em.
o) < ol Pl < ol e

]

Theorem 1.8 (Higher derivatives). If f is 2m-periodic and k times differen-
tiable (f € W"(T)) then f(n) = o(1/|n|*) and |f(n)] < [[f®r1r)/In]*.

Proof. Integrate by parts k times. O]

Remark 1.9. Similar decay results hold for functions of bounded variation,
provided one integrates by parts using the Lebesgue—Stieltjes measure df (t)
instead of f'(t) dt.
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Convolution

Definition 1.10. Given f,g € L(T), define their convolution

(e =5 [ fe=riglr)dr. te,

Theorem 1.11 (Convolution and Fourier coefficients). If f € LP(T),1 <
p < oo, and g € L'(T), then f x g € LP(T) with

ILF * gllzocry < [ fllzeemliglorr) (1.3)

and - ~
(f*g)(n) = f(n)g(n),  ne.
Further, if f € C(T) and g € L*(T) then f * g € C(T).

Thus ~ takes convolution to multiplication.

Proof. That f % g € LP(T) satisfies (1.3) is exactly Young’s Theorem A.3.
Then by Fubini’s theorem,

(7@(%) = i/ (%/ ft—7)g(r)dr)e " dt

27T/ f —zn(t—T) dt)g(,r)e—im- dr
= f( )g(
Finally, if f € C(T) and g € L'(T) then f * g is continuous because (f *
g)(t+06) — (f*g)(t) as 6 — 0 by uniform continuity of f. O

Convolution facts [Katznelson, Section 1.1.8]

1. Convolution is commutative:

(F+9)0) = 5= [ Ft=mo(r)dr
= % f(0)g(t —0)do where 7 =t —0,dr = —df
= (g% )

Convolution is also associative, and linear with respect to f and g.
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2. Convolution is continuous on LP(T): if f,, — f € LP(T),1 < p < oo, and
g € LY(T) then f,, x g — f * g in LP(T).

Proof. Use linearity and (1.3), to prove f,, x g — f g in LP(T).

3. Convolution with a trigonometric polynomial gives a trigonometric poly-
nomial: if f € L'(T) and P(¢) = > 7__, a;je”" then

n

(P f)(t) =D a;f(j)e" (1.4)

j=—n

Proof.

(P00 = 3w [ 7 p(rdr

j=—n

=" a;el' f(j).
j=-—n
[Sanity check: (Fﬁ)(g) = ajf(j) = P(j)f(j) as expected.]
More generally, (1.4) holds for P(t) = > 0 _ a;e”" provided {a;} € (1(Z).

j=—o0



Chapter 2

Fourier series: summability in
norm

Goal

Prove summability (averaged convergence) in norm of Fourier series

Reference

[Katznelson] Section 1.2

Write
(Suf) () = D F(i)e?
j=-—n
= n-th partial sum of Fourier series of f.

In Chapter 9 we prove norm convergence of Fourier series: S,(f) — f in
LP(T), when 1 < p < co. In this chapter we prove summability of Fourier
series, meaning o, (f) — f in LP(T) when 1 < p < oo, where

() = PS5 (1 W)

n—+1 n—+1

j=—n

= arithmetic mean of partial sums.

Aside. Norm convergence is stronger than summability. Indeed, if a sequence
{sn} in a Banach space converges to s, then the arithmetic means (sq+---+
sn)/(n+ 1) also converge to s (Exercise).

15
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Definition 2.1. A summability kernel is a sequence {k, } in L'(T) satisfying:

1
— | k,(t)dt =1 (NORMALIZATION)
2 T
1
sup / k()| dt <00 (L' BOUND)
n 27T Jp
lim |kn(t)| dt =0 (L' CONCENTRATION)

N0 Jis<|t|<n}
for each § € (0, ).
Some kernels satisfy a stronger concentration property:
lim sup |k,(t)]=0 (L™ CONCENTRATION)
=00 st <

for each 0 € (0, 7).
Call the kernel positive if k,, > 0 for each n.
Example 2.2. Define the Dirichlet kernel

j=—n
ei(n—i—l)t _ e—int
= : by geometric series
et — 1

sin ((n + %)t)

sin (%t)

(S1)
(52)

(S3)

(54)

(2.2)

(2.3)

(S1) holds by (2.1). You can show (optional exercise) that || D, | pi(r) ~

(const.)logn as n — oo, so that (S2) fails.
-. {D,} is not a summability kernel.

Example 2.3. Define the Fejér kernel
_ Do(t) +---+ Da(t)

(2.4)

(2.5)

Fu() n+1
_y 1Y e
2
1 in (%4
e (Slsrlln(ét))> by (2.4), (2.2) and geometric series (2.6)
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Zq\
10
NAAN /\ /\ NS
\/ 7
Figure 2.1: Dirichlet kernel with n = 10
1
—7T T

Figure 2.2: Fejér kernel with n = 10
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(S1) holds by (2.5), and F;, > 0 so that (S2) holds also. For (S4),

1 1
sup |F,L(t)] < -
s<|t|<m I (0) n + 1sin? (%5)

— 0 as n — 0o.

by (2.6)

. {F,} is a positive summability kernel.

Example 2.4. Define the Poisson kernel

P.(t)=1+2 i 7 cos(jt) (2.7)

j=1
o

= Z rlileist (2.8)

j=—o0
1—1?

= 2.9
1 —2rcost+r2 (2.9)

by summing two geometric series (j < 0 and j > 0) in (2.8) and simplifying.

The Poisson kernel is indexed by r € (0, 1), with limiting process r 1.
After suitably modifying the definition of summability kernel, we see (S1)
holds by (2.7), and P. > 0 by (2.9) so that (S2) holds also. For (S4),

1—17?
P.(1)] < by (2.9
5<S\1t1|27r| ()|_1—27’C085—|—T‘2 y (29)
—0 asr /1.
. {P.} is a positive summability kernel.
Example 2.5. Define the Gauss kernel
Gi(t)= ) e et (2.10)
j=—00
2m - - )2 /4s
= e D et (2.11)

n=—oo

by Example 23.7 later in the course.



19

20

—TT T

Figure 2.3: Poisson kernel with » = 0.9

\

—7T T

Figure 2.4: Gauss kernel with s = 0.01
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The Gauss kernel is indexed by s € (0, 00), with limiting process s \, 0.
The analogue of (S1) holds by (2.10), and G5 > 0 by (2.11) so that (S2)
holds also. For (54),

2T _§2/4 _ 2/4
sup |Gs(t)] < e /s 4 e~ (mm)%/4s by (2.11)
s<|t|<m Vs ;0
— 0 as s \, 0.

. {G,} is a positive summability kernel.

Connection to Fourier series

Su(f) = Dnx f

2.1)

Proof. D, (t) 2 > i, e implies
(Do £)(&) = > 1/ (5)e" = S,(f)

j=—n

by Convolution Fact (1.4).

on(f) =Fu* f

Proof. F,(t) '=">"7__ (1 — %)eiﬁ implies

n

_ |J| U it
(Fax O = 3 (1= 230 = ou(f)

j=—n

by Convolution Fact (1.4). Alternatively, use that o,(f) = [So(f) + -+ +
Su(H)]/(n+1)and F,, = [Do+---+ D,]/(n+1).

Thus for summability of Fourier series, we want F,, x f — f.

Abel mean of S[f] = P, * f
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(28)

Proof. P,(t) D rlileit implies

o

(Box 1)) = > VI F(j)e (2.12)

j=—00

by Convolution Fact (1.4) (with the series converging absolutely and uni-
formly), and this last expression is the Abel mean of S[f].

Summability in norm

Theorem 2.6 (Summability in LP(T) and C(T)). If {k,} is a summability
kernel and f € LP(T),1 < p < oo, then

kn*xf— f in LP(T), asn — oo.
Similarly, if f € C(T) then k, x f — f in C(T).

Proof. Let ¢ > 0. By (S2) and continuity of translation on L?(T) (Lemma 1.4),
we can choose 0 < § < m such that

ﬁi%(”f‘r fHLp(qr) -suka:nHLl(T) < E. (2.13)
Then
[ £)(2) = HM)
1
_ 2_/ )= FO)dr e, by (S1)

1
< 5= [ @ = Flunesyar
by Minkowski’s Integral Inequality, Theorem A.1,

1 é
T on </ +/6<|7'<7r}) \kn (T f = flleer) dT

< sl — Sl / o) dr

I7|<5

;= Sl ()] dr
T J{6<|r|<n}

<e+e
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by (2.13) and (S3), for all large n.
If f € C(T) then repeat the argument with p = oo, using uniform conti-
nuity of f get that f, — f in L>(T). [

Consequences

e Summability of Fourier series in C(T), LP(T),1 < p < oc:

on(f) = f

in norm.
Proof. Choose k,, = F,, =Fejér kernel. Then o,(f) = F,, * f — f in norm by
Theorem 2.6.

e Trigonometric polynomials are dense in C(T), LP(T),1 < p < oc.
Proof. 0,(f) is a trigonometric polynomial arbitrarily close to f.

Aside. Density of trigonometric polynomials in C(T) proves the Weierstrass
Trigonometric Approximation Theorem.

e Uniqueness theorem:
if f,g € L'(T) with f(n) = g(n) for all n, then f =g in L'(T).  (2.14)

In other words, the map ~: L(T) — ¢>(Z) is injective.
Proof. F,,x f = F,,*g by Convolution Fact (1.4), since f = 7. Letting n — oo
gives f = g.

Connection to PDEs

To finish the section, we connect our summability kernels to some important
partial differential equations. Fix f € LY(T).

1. The Poisson kernel solves Laplace’s equation in a disk:

o(ret) = (P f)(t) = — /T L () dr

T or 1 —2rcos(t—7)+1?
solves
Av="1, +1r 0, +7r 20, =0

on the unit disk {r < 1}, with boundary value v(1,t) = f(¢) in the sense of
Theorem 2.6.
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That is, v is the harmonic extension of f from the boundary circle to the

disk.
Proof. Differentiate through formula (2.12) for P, x f and note that

9? 10 1 02
Z 4L 7] pigty —
(07’2 + ror te r2 8t2>(r )=0.

2. The Gauss kernel solves the diffusion (heat) equation:

w(s,t) = (G, = f)(t)
solves
Ws = Wyt

for (s,t) € (0,00) x T, with initial value w(0,t) = f(¢) in the sense of
Theorem 2.6.

Proof. G4(t) (210 Dt e~9”5et implies

(G f)(t Ze‘ﬂsf elt

]_700

by Convolution Fact (1.4). Now differentiate through the sum and use that

o 0 2 i
<%—@) (e7775eYt) = 0.
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Chapter 3

Fourier series: summability at
a point

Goal

Prove a sufficient condition for summability at a point

Reference

[Katznelson] Section 1.3

By Chapter 2, if f is continuous then o,(f) — f in C(T). That is,
on(f) — f uniformly. In particular, o, (f)(t) — f(t), for each ¢t € T.
But what if f is merely continuous at a point?

Theorem 3.1 (Summability at a point). Assume {k,} is a summability
kernel,f € LY(T) and ty € T. Suppose either {k,} satisfies the L™ concen-
tration hypothesis (S4), or else f € L>(T).

(a) If f is continuous at ty then (k, * f)(to) — f(to) as n — oc.

(b) If in addition the summability kernel is even (k,(—t) = k,(t)) and

L:hmf(to+h)+f(to—h)
h—0 2

exists (or equals £00), then

(kn * f)(to) — L as n — 0o.

25
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Note if f has limits from the left and right at ty, then the quantity L
equals the average of those limits.

The Fejér and Poisson kernels satisfy (SR4), and so Theorem 3.1 applies
in particular to summability at a point for o,(f) = F, * f and for the Abel
mean P, x f.

Proof. (a) Let € > 0 and choose 0 < § < 7 such that

supl Ly - max| £t = 7) = ft0)] <. (3.1

using here (S2) and continuity of f at to. Then as n — oo,

|(kn * f)(to) — f(to)]
/ k() (to — 7) — f(to)] dr
{I7|<d}

- / ko(m)dr - f(to) + / ko(7)f(to — ) dr using (S1)
{o<|r|<m} {o<|r|<m}
{5 +o(1) +o(1) - || fllerry Dby (3.1), (S3) and (S4), or else
=+ 0(L) + o(1) - | fll ey by (3.1), (S3) and (S1),

<€

for all large n.
(b) The proof is similar to (a), but uses symmetry of the kernel. O

Remark 3.2.

1. How does the proof of summability at a point, in Theorem 3.1(a), differ
from the proof of summability in norm, in Theorem 2.67

2. Theorem 3.1 treats summability at a single point ¢, at which f is con-
tinuous. Chapter 7 will prove k, x f — f at almost every point, for each
integrable f.



Chapter 4

Fourier coefficients in (!(Z) (or,

f e A(T))

Goal
Establish the algebra structure of A(T)

Reference

[Katznelson] Section 1.6

Define

A(T) = {f € LNT) : Y| f(n)] < o0}

neZ
= functions with Fourier coefficients in ¢*(Z).

The map ~: A(T) — ¢*(Z) is a linear bijection.

Proof. Injectivity follows from the uniqueness result (2.14). To prove
surjectivity, let {¢,} € £'(Z) and define g(t) = >, ., cae™. The series for g
converges uniformly since

sup‘ Z cnemt’ < Z len| — 0

teT [n|>N [n|>N

as N — oo. (Hence g is continuous.) We have g(m) = ¢, for every m, and
so g = {cm} as desired.

27
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Our proof has shown each f € A(T) is represented by its Fourier series:
= Z Fn)e™ ae. (4.1)
ne”Z

so that f is continuous (after redefinition on a set of measure zero). This
Fourier series converges absolutely and uniformly.

Definition 4.1. Define a norm on A(T) by
1 llacy = [ flla@ = Z f(n

A(T) is a Banach space under this norm (because ¢*(Z) is one).
Define the convolution of sequences a,b € ¢*(Z) by

(axb)(n) =Y a(m)b(n —m).

mEZ

Clearly
la*blla@z < llallealblleoe) (4.2)
because

Y laxb)(n) <Y la(m !Z\bn— )= llalle@ 10l @)

Theorem 4.2 (~ takes multiplication to convolution). A(T) is an algebra,
meaning that if f,g € A(T) then fg € A(T). Indeed

fo=1+*3g
and || fgllamy < I fllamllgllacr)-

Proof. fg is continuous, and hence integrable, with

(fg)(n) = % /T f(t)g(t)e ™ dt

= S flmig, ooyt by (41)
— 3 Flm
= (F+9)m)

oll(fo)lle@ < Iflle@llgllee by (4.2). O
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Sufficient conditions for membership in A(T) are discussed in [Katznelson,
Section L.6], for example, Hélder continuity: C*(T) C A(T) when o > 3.

Theorem 4.3 (Wiener’s Inversion Theorem). If f € A(T) and f(t) # 0 for
every t € T then 1/f € A(T).

We omit the proof. Clearly 1/f is continuous, but it is not clear that

—

(1/f) belongs to (*(Z).
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Chapter 5

Fourier coefficients in (*(Z) (or,
f € LX(T))

Goal

Study the Fourier ONB for L?(T), using analysis and synthesis operators

Notation and definitions

Let H be a Hilbert space with inner product (u,v) and norm |Ju|| = \/{u, u).
Given a sequence {uy}nez in H, define the

synthesis operator S :(*(Z) — H
{Cn}nGZ = Z Cplnp
and

analysis operator T : H — (*(7Z)
U = {(u, un)}neZ
Theorem 5.1. If analysis is bounded (3", |(u,u,)|* < (const.)||ul|* for all

u € H), then so is synthesis, and the series S({c,}) = > cpu, converges
unconditionally.

31
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Proof. Since T is bounded, the adjoint T* : ¢*(Z) — H is bounded, and for
each sequence {c,},u € H,N > 1, we have

(T ({eadnaen) u) = ({entny, Tu)e
N
= Z Cn U, Uy) by definition of Tu
n=—N

N

= Z Cplly, UY.

n=—N

Hence T*({c, Y. ) = 32N catty. The limit as N — oo exists on the left
side, and hence on the right side; therefore 7*({c,}) = >~ __ ¢yu,, so that
T* = S. Hence S is bounded.

Convergence of the synthesis series is unconditional, because if A C Z
then

1SHentnez) = Sentnen)]| = [|SUentnezia) |
< [1SllI{ea}le@a,

which tends to 0 as A expands to fill Z, regardless of the order in which A
expands. Il

Remark 5.2. The last proof shows S = T, meaning

’analysis and synthesis are adjoint operations. ‘

Theorem 5.3 (Fourier coefficients on L?(T)). The Fourier coefficient (or
analysis) operator ™ : L*(T) — (*(Z) is an isometry, with

1 fllz2cry = | flle2(z) (PLANCHEREL)

(fr9) e = (f,Dew (PARSEVAL)

for all f,g € L*(T).

Proof. First we prove Plancherel’s identity: since P, * f — f in L*(T) by
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Theorem 2.6, we have

3 [ 15O de =t o [ 50T P a

= lim —/ f(t) |”|f (n)ent dt by (2.12) for P, x f

r—1 27

—1im S| f(n )\2

r—1

ne”

=Y Ifm)P?

nez

by monotone convergence.

Parseval follows from Plancherel by polarization, or by repeating the ar-
gument for Plancherel with (f, f) changed to (f,¢) (and using dominated
instead of monotone convergence). [l

Since the Fourier analysis operator is bounded, so is its adjoint, the
Fourier synthesis operator

T A7) — LA(T)
{enlnez — Y cne™

Theorem 5.4 (Fourier ONB).

(a) If f € L*(T) then Y, f(n)ei”t = f with unconditional convergence in
L2(T). That is, (f)" = f.

(b) If c = {c,} € (Z) then (Y, cp cn€™)(J) = ¢;. That is, (¢)" = c.

(c) {e™},cz is an orthonormal basis of L*(T).

Part (a) says Fourier series converge in L?(T). Parts (a) and (b) together
show that Fourier analysis and synthesis are inverse operations.

Proof. Fourier analysis and synthesis are bounded operators, and analysis
followed by synthesis equals the identity (3, f(n)e™ = f) on the class of
trigonometric polynomials. That class is dense in L?(T), and so by continuity,
analysis followed by synthesis equals the identity on L*(T).

Argue similarly for part (b), using the dense class of finite sequences in

©(2).
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For orthonormality in part (c), observe

: : 1 , . 1 ifn=
<6”Lt, 61mt> _ _/ emteflmt dt — 1 n m,
2m Jp 0 ifn#m.

~

The basis property follows from part (a), noting f(n) = (f, e™) 2. [
Remark 5.5. Fourier analysis satisfies

~: LYT) — °°(Z) by Theorem 1.2,
L LA(T) — 2(7) (isometrically) by Theorem 5.3.

Further, ~: L*(T) — (*(Z) is a linear bijection by Theorem 5.4.
In Chapter 13 we will interpolate to show

/ 1 1
T LP(T) — 7 (Z), whenever 1 <p <2, —+—==1
p p



Chapter 6

Maximal functions

Goals

Connect abstract maximal functions to convergence a.e.
Prove weak and strong bounds on the Hardy-Littlewood maximal function
Prepare for sumability pointwise a.e. in next Chapter

References

[Duoandikoetxea] Section 2.2
[Grafakos] Section 2.1
[Stein| Section 1.1

Definition 6.1 (Weak and strong operators). Let (X, ) and (Y, v) be mea-
sure spaces, and 1 < p,q < 0o. Suppose

T : LP(X) — {measurable functions on Y'}.

(We do not assume 7 is linear.)
Call T strong (p,q) if T is bounded from LP(X) to LY(Y), meaning a
constant C' > 0 exists such that

1T flleaery < Cllflleexy,  f € LP(X).
When ¢ < oo, we call T" weak (p, q) if C' > 0 exists such that

v(we v (mnw)>ap" < Wlew gy rem)
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When ¢ = oo, we call T" weak (p, 0o) if it is strong (p, 00):
ITfllzevy < Cllfllzexy,  f € LP(X).
Lemma 6.2. Strong (p,q) = weak (p,q).

Proof. When ¢ = oo the result is immediate by definition. Suppose ¢ < oc.
Write

EQN) ={y Y |[(TH)]> A}
for the level set of T'f above height A\. Then

My(E(N) = /E(/\) M dv(y)

< [ @nwlay)  since A< 17 on B
E(\)

< T2y
and so
TflLa
ey < Pl
< Cll fll o)
- A
if T is strong (p, q). ]

Lemma 6.3. If T is weak (p,q) then Tf € L], (Y) for all 0 <r < gq.

loc

Thus intuitively, T" “almost” maps L? into L9, locally.

Proof. Let f € LP(X) and suppose Z C Y with v(Z) < co. We will show
TfelL (Z).
Write g = T'f. Then

[ latw)r avta)
= /000 rN T w({y € Z 1 gly)| > A}) dA by AppendixB

1 o C p
< / 7")\“11/(2) d\ +/ 7’)\”1<—”fH\L (X)>q d\ by weak (p, q)
0 1

< 00

since v(Z) < oo and [[° A7 d\ < oo (using that —g 4+ r < 0). O
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Theorem 6.4 (Maximal functions and convergence a.e.). Assume
T, : LP(X) — {measurable functions on X}
form=1,23,.... Define
T* : LP(X) — {measurable functions on X'}

by
(T"f)(x) = Sup (T f)|()], reX.

If T* is weak (p,q) and each T,, is linear, then the collection
C={fel’X): im(T,f)(z) = f(x) a.e}
is closed in LP(X).

T* is called the maximal operator for the family {7,,}. Clearly it takes
values in [0, 00]. Note 7™ is not linear, in general.

Remark 6.5. In this theorem a quantitative hypothesis (weak (p, ¢)) implies
a qualitative conclusion (closure of the collection C where T, f — f a.e.).

Proof. Let f € C with fr, — f in LP(X). We show f € C.
Suppose ¢ < co. For any A > 0,

p({z € X :limsup |(T,f(z) — f(z)| > 2A})
— u({r € X Tmsup|Tu(f — fi)(@) — (F — fi) ()] > 22))
by linearity and the pointwise convergence T,, fr — fi a.e.
({z € X :T*(f — fu)(@) + |(f — fu)(2)] > 2A}) by triangle inequality

"

p({z e X :TH(f = fi)(z) > A}) + n({z € X :|(f — fu)(2)] > A})
<C||f — frllr(x) )q <||f - kame)P
) )
0

<
<

_|_

IN

by weak (p,q) on T

—

as k — o0.

Therefore limsup,, |(T,.f)(z) — f(z)| < 2X a.e. Taking a countable se-
quence of A \ 0, we conclude limsup,, [(T,,f)(z) — f(x)| = 0 a.e. Therefore
lim, (T, f)(z) = f(z) a.e., so that f € C.

The case ¢ = oo is left to the reader. O
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To apply maximal functions on R? and T, we will need:

Lemma 6.6 (Covering). Let {B;}*_, be a finite collection of open balls in
R?. Then there exists a pairwise disjoint subcollection {B;, }é':l of balls such

that
k ! l
U B] <3 U Bl =5 1By
i—1 j=1 j=1

Thus the subcollection covers at least 1/3% of the total volume of the
balls.

Proof. Re-label the balls in decreasing order of size: |By| > |Ba| > - -+ > | Byl
Choose i; = 1 and employ the following greedy algorithm. After choosing
i;, choose 7j1; to be the smallest index 7 > ¢; such that B; is disjoint from
Bi,, ..., B;;. Continue until no such ball B; exists.

The B;; are pairwise disjoint, by construction.

Let ¢ € {1,...,k}. If B; is not one of the B;; chosen, then B; must
intersect one of the B;; and be smaller than it, so that

radius (B;) < radius(B;, ).

Hence B; C 3B;; (where we mean the ball with the same center and three
times the radius). Thus

Yo

VAN
'MNEC~

3B,

<
Il
-

— 34 Z |B;, |
j=1
l
~5Us,|
j=1

by disjointness of the B;,. O]
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Definition 6.7. The Hardy-Littlewood (H-L) maximal function of a locally
integrable function f on R? is

1
(Aff)cr):=sup]§§657;ﬂ‘/;@mo|f(y>|dy

r>0

= “largest local average” of |f| around .

Properties

Mf>0
[fI<lgl = Mf< Mg
M(f+g) < Mf+ Mg (sub-linearity)
Mc=c if c=(const.) >0

Theorem 6.8 (H-L maximal operator). M is weak (1,1) and strong (p,p)
for1 < p < oo.

Proof. For weak (1,1) we show

_ 3 ey

B < 5

where E(\) = {x € R : M f(z) > \}. If x € E()\) then

1

TR AT [f(y)] dy > A
|B<I,T’)| B(z,r)

for some r > 0. The same inequality holds for all 2’ close to x, so that z’ €
E(X). Thus E(\) is open (and measurable), and M f is lower semicontinuous
(and measurable).

Let F' C E(\) be compact. Each x € F is the center of some ball B such
that

Bl <5 [ 11wl (6.2

By compactness, F' is covered by finitely many such balls, say By, ..., B;.
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The Covering Lemma 6.6 yields a subcollection B;,, ..., B;,. Then

k
Fl<[JBi]
=1

I
< 3? Z | Bj, | by Covering Lemma 6.6
=1

3¢
<X [ wia by
j=1"Bi
3d
< _/ |f(y)| dy by disjointness
)\ Rd
3d
- XHfHLl(Rdy

Taking the supremum over all compact F' C E(\) gives (6.1).

For strong (00, 00), note M f(2) < || f||p=a) for all 2z € R%, by definition
of M f. Hence ||M f||pooray < || f] Lo (a)-

For strong (p,p) when 1 < p < 0o, let A > 0 and define

= “large” part of f,
0 otherwise &6 P /

M@:{ﬂ@ it | f(2)] > /2

= “small” part of f.
0 otherwise P /

h(z) = {f(@ if [f(2)] <A/2

Then f =g+ h and |h| < A/2, so that M f < Mg+ \/2. Hence

[EO)| = [{z: Mf(z) > \}]
< |{z: Mg(z) > A/2}|
3ng”L1(Rd)
=T
_ 2. 34

dr. 6.3
A /{x:f(x)>x/2}|f(x)| ! (6.3)

by the above weak (1, 1) result
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Therefore

[ s@p s

:/ PN THE(N)| dA by Appendix B

<2-3% / AP 2/ (z)] dzd\ by (6.3)
{w:lf () |>A/2}
2p3d / ()P da

by Lemma B.1 with r = 1, = 2. We have proved the strong (p, p) bound.
O

Notice the constant in the strong (p, p) bound blows up as p \, 1. As this
observation suggests, the Hardy—Littlewood maximal operator is not strong
(1,1). For example, the indicator function f = 1j_;; in 1 dimension has
M f(x) ~ c/|z| when |z| is large, so that M f ¢ L'(R).

The maximal function is locally integrable provided f € Llog L(R?); see
Problem 9.
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Chapter 7

Fourier series: summability
pointwise a.e.

Goal

Prove summability a.e. using Fejér and Poisson maximal functions

Definition 7.1.

Dirichlet maximal function (D*f)(t) = sup [(D, * f)(t)| = sup [S,(f)(t)]
Fejér maximal function (F*f)(t) = sZp |(F * f)(t)] = Slfp lon (f) ()]
Poisson maximal function (P*f)(t) = Osnupl |(P, = f)(t)] ”
Gauss maximal function (G*f)(t) = 02:1; (G * f)(t)]
Lebesgue maximal function (L*f)(t) = D;EOOKLh x f)(1)]

where the Lebesgue kernel is Ly (t) = 2m5=1(_y, 5 (t), extended 2m-periodically.
Notice (Lj, * f)(t) = % fj: f(7)dr is a local average of f around t.

Lemma 7.2 (Majorization). If k € LY(T) is nonnegative and symmetric
(k(—t) = k(t)), and decreasing on [0, 7|, then

(k= YO < kllaery (L7 f)(E)  forallt €T, fe LY(T).
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Thus convolution with a symmetric decreasing kernel is majorized by the
Hardy—Littlewood maximal function.

Proof. Assume k is absolutely continuous, for simplicity. We first establish
a “layer cake” decomposition of k, representing it as a linear combination of
kernels Ly:

™

k(t) = k(|t]) = k(r) —/ K (h) dh

It

1 iy
=k(m) — —/ Qth(t)k;’(h) dh,
2m Jo
since
1 1, if h > |t],
—2hL(t) =
2 2hEn(l) {o, if h< |t].
Hence
(k= f) /f dT+—/ 2h(Ly * [)(t)(— K'(h)) dh

|(kx [)(0)] < k()| (La *f)()!+—/0 2h( = K'(h)) dh (L £)(t)

using k(m) > 0 and &’ <0
< —/ h)dh (L f)(t) by parts
= [[Ell ) (L f)(2)
by symmetry of k. O]

Theorem 7.3 (Lebesgue dominates Fejér and Poisson). For all f € L*(T),

Frf <2L7[f]
Pf< L°f

Proof. P,(t) is nonnegative, symmetric, and decreasing on [0, 7] (exercise),
with ||P||z1r) = 1. Hence |P, * f| < L*f by Majorization Lemma 7.2, so
that P*f < L*.
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The Dirichlet kernel is not decreasing on [0, 7], but it is bounded by a
symmetric decreasing kernel, as follows:

1 sin (”Tﬂt) ’
Fat) = n+1 ( sin (lt) >

2

< k() 1 J(n+1)? ift|<7/(n+1),
- n+1 | 7%/t ifr/(n+1) <|[t| <m,
since
sin(n +1)0 < (n+1)siné, 0§9§g,
sm(lt)>i 0<t<nw
27— 7 - =

Note the kernel & is nonnegative, symmetric, and decreasing on [0, 7|, with
1 27
kl| i omy = — (47 —
&l ey 27T( a ntl

Hence |F, * f| < k *|f] < 2L*|f| by Majorization Lemma 7.2, so that
Frf<2L7[f]. O

) < 2.

The Gauss kernel can be shown to be symmetric decreasing, so that
G*f < L*f, but we omit the proof.

Corollary 7.4. F*, P* and L* are weak (1,1) on T.
Proof.

[{t €T (L*f)(t) > 2mA}| < |{t € T: (L] f])(t) > 2} < ;/T|f(t)|dt

by repeating the weak (1,1) proof for the Hardy—Littlewood maximal func-
tion. These weak (1,1) estimates for L*f and L*|f| imply weak (1,1) for
F*f, since if (F*f)(t) > X then (L*|f|)(t) > A/2 by Theorem 7.3. Argue
similarly for P*f. O

Theorem 7.5 (Summability a.e.). If f € L*(T) then
on(f)=F,xf— fae asn— oo (Fejér summability)

P.oxf— fae asr /1  (Abel summability)
Lpxf— fae ash\,0 (Lebesque differentiation theorem)
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Proof. By the weak (1,1) estimate in Corollary 7.4 and the abstract conver-
gence result in Theorem 6.4, the set

C={feLYT): lim(F o+ f)(t) = f(t) a.e.}

is closed in L!(T).

Obviously C contains the continuous functions on T, since F), x f — f
uniformly when f is continuous. Thus C is dense in L'(T). Because C is
also closed, it must equal L!(T), thus proving Fejér summability a.e. for each
fe LY(T).

Argue similarly for P, x f and Lj, x f. O

The result that Ly x f — f a.e. means

1 t+h

o - f(r)ydr — f(t) a.e.,

which is the Lebesgue differentiation theorem on T.



Chapter 8

Fourier series: convergence at a
point

Goals

State divergence pointwise can occur for L'(T)
Show divergence pointwise can occur for C(T)
Prove convergence pointwise for C%(T) and BV (T)

References

[Katznelson] Section 11.2, I1.3
[Duoandikoetxea] Section 1.1

Fourier series can behave badly for integrable functions.

Theorem 8.1 (Kolmogorov). There exists f € L'(T) whose Fourier series
diverges unboundedly at every point. That is,

sup |S,(f)(t)| = o0 forallt €T,

so that D* f = cc.

Recall S, (f) = D, * f and D*f is the maximal function for the Dirichlet
kernel.

Proof. [Katznelson, Section IL.3]. O
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Even continuous functions can behave badly.

Theorem 8.2. There exists a continuous function whose Fourier series di-
verges unboundedly at t = 0. That is,

sup [ 3 (f)(0)] = co.

Proof. Define
T,:C(T)—C
f— Su(f)(0) = (nth partial sum of f at ¢t = 0).
Then 7T, is linear. Each T,, is bounded since

Ta(F)] = [Su(£)(0)]
= [(Dn + £)(0)]

_|—/D (0—7)dr]|

< [Pall e l1f |z ()
Thus || T5,]| < || Dnl|rr(ry- We show [|T,,|| = || Dyl|z1(r)- Let € > 0 and choose
g € C(T) with [|g||ze(ry = 1 and g even and
1 if D,(t) >0,
—1 if D,(t) <0,

) =
9(1) except for small intervals around the zeros of D,,,
with total length of those intervals < ¢/(2n + 1).
Then
1
T.(0)| = |57 | Durlatr)ar]
1 1
> — |D, (1) dT — — | D, (T)| d7
27 T\{intervals} 2m {intervals}
- [ID.olar - IDa()]d
= 5 n\T T — — W\ T T
2m T 2m {intervals}
1
> || Dyl prery — ;271(:_ . (2n+1) using definition (2.1) of D,
€

—||D, _ =
| Dl z1(T) -

£
= (IDullLr(r) — ;)||9||L°°(1r)
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Thus ||T,,]| > || Dyl z1ry — €/ for all € > 0, and so ||T5,|| = || Dy || 1 (1)
Recalling that || Dy ||,y — 0o as n — oo (in fact, ||D,|| ~ clogn by
[Katznelson, Ex. II.1.1]) we conclude from the Uniform Bounded Principle
(Banach—Steinhaus) that there exists f € C(T) with sup,, |T.(f)| = oo, as
desired. [

Another proof. [Katznelson, Sec I1.2] gives an explicit construction of f,
proving divergence not only at ¢ = 0 but on a dense set of t-values.

Now we prove convergence results.

Theorem 8.3 (Dini’s Convergence Test). Let f € LY(T),t € T. If

/” ft—7)— f(t)

-
then the Fourier series of f converges att to f(t).

dr < 00

Proof.

Su(F) () = £(8) = o ’ [f(t—7)— f(t)]—sm ((n +5)7)

2 ), sin (%7’)

dr
1 s

using that 2—/ D, (r)dr =1
™ -7

L P A G B A O oS 17' sin(nt) dr
{ T sin (%7‘) (2 )} (n7)

2T

+ i " [f(t —71)— f(t)] cos(nT)dr (8.1)

2r ).

by expanding sin ((n + $)7) with a trigonometric identity.

Notice the factor {---} is integrable with respect to 7, by the Dini hy-
pothesis. And 7+ [f(t — 7) — f(t)] is integrable too. Hence both integrals
in (8.1) tend to 0 as n — oo, by the Riemann—Lebesgue Corollary 1.5 (after
expressing sin(n7) and cos(nt) in terms of e*™"7). O

Corollary 8.4 (Convergence for Holder continuous f). If f € C*(T),0 <
a < 1, then the Fourier series of f converges to f(t), for everyt € T.
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Proof. Put Holder into Dini:
/7r fit—7)—f(t)

.
Now apply Dini’s Theorem 8.3.
(Exercise. Prove the Fourier series in fact converges uniformly.) ]

Corollary 8.5 (Localization Principle). Let f € LY(T),t € T. If f vanishes
on a neighborhood of t, then S, (f)(t) — 0 as n — oc.

Proof. Apply Dini’s Theorem 8.3. O]

7

In particular, if two functions agree on a neighborhood of ¢ and the Fourier
series of one of them converges at t, then the Fourier series of the other
function converges at t to the same value. Thus Fourier series depend only
on local information.

Theorem 8.6 (Convergence for bounded variation f). If f € BV (T) then the
Fourier series converges everywhere to 5[ f(t4)+ f(t—)], and hence converges
to f(t) at every point of continuity.

Proof. Let t € T. On the interval (t — m,t + ), express f as the difference
of two bounded increasing functions, say f = g — h. It suffices to prove the
theorem for g and h individually.

We have

S (9)() — 3la(t+) + gt

1 ™
2m Jo

(g(t —7)— g(t—))Dn(T) dr  (8.2)

+ (g(t +7)— g(t—l—))Dn(T) dr  (8.3)

since Dy, (7) is even and = [ Dy (7) dr = 3.
Let G(1) = g(t +7) — g(t+) for 7 € (0,7), so that G is increasing with
G(0+) = 0. Write

H,(1)= / D, (o) do
0
so that H) = D,,. Let 0 < § < m. Then

(8.3) = % i G(T)H] (7)dr + % ; G(7)Dn(7)dr
= S GOH0) ~ 5= [ Hu(r)dG(r) +o(1)
(0.4]
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as n — 00, by parts in the first term and by the Localization Principle in
the last term, since the function

G(r), od<rT7<m,
0, —0 < T <9,
G(—71), —7m<T< -9,

vanishes near the origin. Hence

. 1
limsup [(8.3)] < 2_SupHHnHLoo(’]I‘) (G(5) +/ dG(T)>

2

— 0

1
= —sup||Hy|| roo(m) - 2G(9) since G(0+) =0

as § — 0. Therefore (8.3) — 0 as n — oo. Argue similarly for (8.2), and for
h.
Thus we are done, provided we show

SupHHnHLOO(']I') < 0.
We have
T o 1 T
) 1 1 1
[ Hy(7)] < ‘/ wda) + ‘/ sin ((n—i— —)J) <— — 1—>do"
0 50 0 2

sin (%0) 50
(n-l—%)T : ™ 3
< 2‘/ Smada‘ +/ (const.)a
0 o 0

— do by a change of variable
o

P sino
< 2sup / da‘ + (const.)
p>01Jo O
< X0

: : P sino :
since lim, fo 22 do exists.
U]

The convergence results so far in this chapter rely just on Riemann-—
Lebsgue and direct estimates. A much deeper result is:

Theorem 8.7 (Carleson-Hunt). If f € LP(T),1 < p < oo then the Fourier
series of f converges to f(t) for almost everyt € T.
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For p = 1, the result is spectacularly false by Kolmogorov’s Theorem 8.1.

Proof. Omitted. The idea is to prove that the Dirichlet maximal operator
(D*f)(t) = sup,, |(D,, * f)(t)| is strong (p,p) for 1 < p < co. Then it is weak
(p,p), and so convergence a.e. follows from Chapter 6.

Thus one wants

|| sSup |Dn * f|HLP(']I‘) < CprHLp(T)
for 1 < p < co. The next Chapters show
supl| Dy # fllzo(ry < Cpll e (),

but that is not good enough to prove Carleson-Hunt! O]



Chapter 9

Fourier series: norm
convergence

Goals

Characterize norm convergence in terms of uniform norm bounds

Show norm divergence can occur for L!'(T) and C(T)

Show norm convergence for LP(T) follows from boundedness of the Hilbert
transform

Reference

[Katznelson] Section II.1

Theorem 9.1. Let B be one of the spaces C(T) or LP(T),1 < p < co.
(a) If sup,||S,||p—pB < oo then Fourier series converge in B:

lim ||S,(f) — flls=0  for each f € B.

(b) If sup,||Sulls—B = 00 then there exists f € B whose Fourier series
diverges unboundedly: sup,,||S.(f)|lz = co.

Proof.
(b) This part follows immediately from the Uniform Boundedness Prin-
ciple in functional analysis.
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(a) The collection of trigonometric polynomials is dense in B (as remarked
after Theorem 2.6). Further, if g is a trigonometric polynomial then S,,(g) =
g whenever n exceeds the degree of g. Hence the set

C={f€B: lim8(f)=/in B}

is dense in B. The set C is also closed, by the following proposition, and so
C = B, which proves part (a). O

Proposition 9.2. Let B be any Banach space and assume the T, : B — B
are bounded linear operators.
If sup, || 1| p—5 < oo then

C={feB:limT,f=fin B}
1s closed.

Proof. Let A = sup,||T,||p—p. Consider a sequence f,, € C with f,, — f.
We must show f € C, so that C is closed.

Choose € > 0 and fix m such that ||f,, — f|| <e&/2(A+1). Since f,, € C
there exists N such that ||T,, fi, — fin|| < £/2 whenever n > N. Then

HTnf - f“ < ”Tnf - Tnme + HTnfm - me + Hfm - fH

whenever n > N, as desired. Il

Norm Estimates
1SnllB—5 < | Dallr(r)
when B is C(T) or LP(T),1 < p < oo, since
1S.(N)ls = || Dn = | 5 < 1 Dallreny 1 £l -

This upper estimate is not useful, since we know || D,, || 1 (1) — oo.

Example 9.3 (Divergence in C(T)). For B = C(T) we have

|Snllem—cery = [ Pnll L1 (r)-
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Indeed, for each £ > 0 one can construct ¢ € C(T) that approximates
sign(D,,) (like in Chapter 8), so that

1S2(9)llecr) = 1Sa(9)(0)] = (1 Dnllzrczy — ) lgllecr-

Therefore sup,,||S,|c(m—cm = 00, so that (by Theorem 9.1(b)) there
exists a continuous function f € C(T) whose Fourier series diverges un-
boundedly in the uniform norm: sup,,||.S,(f)|lcr = oo.

Of course, this result follows already from the pointwise divergence in
Chapter 8.

Example 9.4 (Divergence in L'(T)). For B = L'(T) we have

| Snllerry—ricry = | Dnllr(r)-
Proof. Fix n. Then S, (Fy) = Fy x D,, — D,, in L'(T) as N — oo, and so

1Dl rery = Jim [[Sp(En)|cr)

< [Sullzr =iyl Fn |l ery

= [1SullLr ()= L1 (T)-

Therefore sup,, ||Sy |1 (r)—r1 (1) = 00, so that (by Theorem 9.1(b)) there
exists an integrable function f € L'(T) whose Fourier series diverges un-
boundedly in the L' norm: sup,, ||S,(f)||r: ) = oo.

Aside. For an explicit example of L' divergence, see [Grafakos, Exercise
3.5.9].

Convergence in LP(T),1 <p < o0

1. We shall prove (in Chapters 10-12) the existence of a bounded linear
operator
H: LP(T) — L*(T), 1 <p<oo,

called the Hilbert transform on T, with the property
(H f)(n) = —isign(n) f(n).
(Thus H is a Fourier multiplier operator.) That is

[e o]

Hf ~ Z (—i) sign(n) f(n)e™.

n=—oo
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2. Then the Riesz projection P : LP(T) — LP(T) defined by
1~ 1 ,
Pf=5FO) +5(f + i)

is also bounded, when 1 < p < co. (Note the constant term f(0) is bounded
by || fllze(r), by Holder’s inequality. )
Observe P projects onto the nonnegative frequencies:

Pf e~ fln)e™
n>0
since i(—isign(n)) = sign(n).
3. The following formula expresses the Fourier partial sum operator in terms
of the Riesz projection and some modulations:
e—imtp(eimtf) . ei(m-l—l)tp(e—i(m—l—l)tf) _ Sm(f) (91)
Proof.

eimtf -~ A<n>ei(m+n)t

Img

P(eimtf) ~
e—imtp(eimtf) ~

ei(m+l)tp(€—i(m+1)tf) ~

(n)ei(m+n)t

=)

Y

—m

(m)e™

M I

\%

—m

~

Fner

M I

n>m+1

Subtracting the last two formulas gives S,,(f), on the right side, and we
conclude that the left side of (9.1) has the same Fourier coefficients as S,,(f).
By the uniqueness result (2.14), the left side of (9.1) must equal S, (f).

4. From (9.1) and boundedness of the Riesz projection it follows that
sup|| Sl ze(ry—rr(ry < 2| P|| o (1) Lr(T) < 00

when 1 < p < co. Hence from Theorem 9.1 we conclude:

Theorem 9.5 (Fourier series converge in LP(T)). Let 1 < p < co. Then
1 [5,() = fllun) =0 for each f € L¥(T).

It remains to prove LP boundedness of the Hilbert transform.



Chapter 10

Hilbert transform on L*(T)

Goal

Obtain time and frequency representations of the Hilbert transform

Reference

[Edwards and Gaudry] Section 6.3
Definition 10.1. The Hilbert transform on L*(T) is

H : L*(T) — L*(T)

f— Z (—isign(n)f(n))e™.

n=—oo

We call {—isign(n)} the multiplier sequence of H.
Since [sign(n)| < 1, the definition indeed yields H f € L*(T), with

Hf 2o = S_IHH@P = S 1F0)P < 1120 = 11220,

nez n#0

by Plancherel in Chapter 5. Hence ||H||z2_.z2 = 1. Observe also H?(f) =
H(Hf) = =3, 40 f(n)e™ = —f + £(0).

Lemma 10.2 (Adjoint of Hilbert transform). H* = —H
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Proof. For f,g € L*(T),

(Hf,g)r2(m) = <Hf 9ew
= (—isign(n )A(n),ﬁ(”»ﬁz(z)
— (Fln), isin(m)in)ece
= (f,~Hg)eg
= (f,—Hg)r2(m).
]

Proposition 10.3. If f € L*(T) is C'-smooth on an open interval I C T,
then

1 s

(Hf)() = 5= 0 [f(t— 1) — f(t+7)] cot (g) dr (10.1)
= }:13% % s f(t—7)cot (%) dr (10.2)

for almost every t € 1.

Remark 10.4. Formally (10.2) says that

Hf:f*cot(%).

But the convolution is ill-defined because the Hilbert kernel cot(¢/2) is not
integrable. That is why (10.2) evaluates the convolution in the principal
valued sense, taking the limit of integrals over T\ [—¢,¢].

Proof. First, geometric series calculations show that

N ~1 N
Z (— isign(n)e™) = Z e — ZZ e
n=—N n=—N n=1
e—iNADT _ it N+ i
=1 , — 1 .
e — 1 err — 1
'672'(N+1/2)T _ efi‘r/Z + 6i(NJrl/2)‘r _ 6i‘r/2
=1 —ir/2 _ git/2
cos (Z) —cos ((N + )7)

(10.3)

sin

NN~

)
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Second, the Nth partial sum of H f is

Y (—isign(n)f(n))e™

= % Tf<7'> Z (—1) 51gn(n)€m(t ™ dr

= % ' f(t — T) Z <—Z) Sign(n)einr dr by o

Y VO T Ll ) _;is(z(;N a7 g,

_ L/ﬂ[f(t —7) = f(t+ 7)ot () dr by (10.3)
27T/ f( t—rsm ft+7) ((N + %)T) dr

If ¢ € I then the second integrand belongs to L'(T) since it is bounded
for 7 near 0, by the C'-smoothness of f. Hence the second integral tends to
0 as N — oo by the Riemann-Lebesgue Corollary 1.5. Formula (10.1) now
follows, because the partial sum

N

Z (—i sign(n) A(n)) e

n=—N

converges to H f(t) in L*(T) and hence some subsequence of the partial sums
converges to (H f)(t) a.e.
Now write (10.1) as

™

(HF) ) =lim — [ [f(t—7) — f(t+7)] cot (g) dr

e—02m J,

and use oddness of cot(7/2) to obtain (10.2).
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Chapter 11

Calderon—Zygmund
decompositions

Goal

Decompose a function into good and bad parts, preparing for a weak (1,1)
estimate on the Hilbert transform

References

[Duoandikoetxea] Section 2.5
[Grafakos| Section 4.3

Definition 11.1. For k € Z, let
Qr = {277([0,1)" + m) : m € Z}.

Notice the cubes in @) are small when k£ is large.
Call UxQy the collection of dyadic cubes.

Facts (exercise)

1. Forallz € R?and k € Z, there exists a unique ) € @ such that z € Q.
That is, there exists a unique m € Z4 with z € 2*’“([0, )4+ m).

2. Given ) € Q) and j < k, there exists a unique @ € @, with Q C @
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3. Each cube in Q) contains exactly 2¢ cubes in Q1.

4. Given two dyadic cubes, either one of them is contained in the other,
or else the cubes are disjoint.

Definition 11.2. For f € L} _(R%), let

BN = 3 (g1 . fo o) ete).

Then Ejf is constant on each cube in @y (equalling there the average of f

over that cube), and
/Ekfdx:/fdx (11.1)
Q Q

whenever (2 is a finite union of cubes in Q).
Define the dyadic mazimal function

(Maf)(x) = sSup |[(Exf)(2)]
= sup {‘F;’/ f(y) dy) : Q is a dyadic cube containing SB}
Q

Theorem 11.3.

(a) My is weak (1,1).

(b) If f € L} (R?) then limy_.o(Eyf)(x) = f(x) a.e.
Proof. We employ a “stopping time” argument like in probability theory for
martingales.

For part (a), let f € LY(R?), A\ > 0. Since Myf < My|f|, we can assume
f>0. Let

Q={reR: (Myf)(z) > A},
Q= {2 € R*: (Epf)(z) > X and (E;f)(z) < A for all j < k}.

Clearly € C Q. And if z € Q then (Exf)(x) > A for some k; a smallest such
k exists, because

. . 1
Jim (B0 < tim 2 [ ) d
—0
<A
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Choosing the smallest k implies (E;f)(z) < A for all j < k, and so = € Q.
Hence €2 = U,€);, so that

Q| = Z || by disjointness of the €2
k
1
< XZ/ Eyfdx since Exf > X on
E 7%

1
=3 Z fdx by (11.1), since € equals a union of cubes in Q
k%

(recall Fjf is constant on each cube in Q)

1
< = dz.
_A/Rdfa:

Therefore My is weak (1,1).
Part (b) holds if f is continuous, and hence if f € L}, (R%) by Theorem 6.4

loc
(exercise), using that the dyadic maximal operator M, is weak (1,1). O]

Note we did not need a covering lemma, when proving the dyadic maximal
function is weak (1,1), because disjointness of the cubes is built into the
construction.

Theorem 11.4 (Calderén—Zygmund decomposition at level \). Let f €
LY(RY, X\ > 0. Then there exists a “good’ function g € L* N L>®(R?) and a
“bad” function b € L*(R?) such that

. f=9g+b

.
.

Nallway < N flliay, gl < 29X, 16l way < 2| f| 21 ®ay

wi. b =), b, where by is supported in a dyadic cube Q(l) and the {Q(1)}
are disjoint; we do not assume Q(l) € @y, just Q(l) € Q for some k.

iv. fQ(l) bi(z)dr =0

<

el ey < 2417Q)

- 22 1QM] < 3l zay

v

<
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Proof. Apply the proof of Theorem 11.3 to |f|, and decompose the disjoint
sets ), into dyadic cubes in Q. Together, these cubes form the collection
{Q(1)}. Property (vi) is just the weak (1,1) estimate that we proved.

For (i), (iii), (iv), argue as follows. Let

bl(x): |/ fly 11@0( x)
so that b; integrates to 0. Define
Zb 00! fQ y)dy on Q(I), for each [,
l on R%\ U,Q(1).
Then let
ng—b
\Q )] fQ(l y)dy on Q(l), for each I,
f(z) on R%\ U,Q(1).

For (ii), note ||g||z1way < || fllp1ray, since g = f off U;Q(I) and on Q(I)

we have
/ g(a)| dz < / f(@)| da.
QW) QW)

Hence ||b]| 1 ray = [|f — 9l 1wy < 2|1 f || 12 Ra)-

Next we show ||g||ze®ae) < 29X Suppose # € R*\ U;Q(I). Then g(z) =
f(z). Since x ¢ € for all k& we have (Ei|f|)(z) < A for all k. Hence
|f(x)] < A (for almost every such x) by Theorem 11.3(b), so that |g(x)] < A.

Next suppose z € Q(I) for some [, so that = € € for some k. Then
(Ex_1]f])(x) < A, which means

1
@/wa)\dys A

for some cube @ € Q)1 with z € Q(I) C Q). Hence

2de ’/ )| dy < A (11.2)

since Q(I) C @ and side(Q) = 2side(Q(I)). Therefore |g(z)| < 2\, by
definition of g.
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For (v), just note

/ |b)(x)| dx < 2/ |f(x)|dx by definition of b,
QW) Q)

< 2TA|Q(D)]
by (11.2). O

Now we adapt the theorem to T. We will restrict to “large” A values, so
that the dyadic intervals have length at most 27 and thus fit into T.

Corollary 11.5 (Calderén—Zygmund decomposition on T). Let f € L*(T), \ >

| fllercry. Then there exists a “good’ function g € L*(T) and a “bad” func-
tion b € L'(T) such that

. f=g+b

.
.

Mallzrery < Wl Ngllzeem <28, 1Bllzrry < 2 fllzr

iii. b =), b, where b is supported in some interval I(l) of the form 2w -
277([0,1) +m) where k > 1,0 < m < 2 — 1, and where the {I(1)} are
disjoint.

. f[(l bl dt =0
v ||l iy < o= A1)

vi. 32 O] < F N fllzren)
Proof. Let d = 1. Apply the Calderén—Zygmund Theorem 11.4 to

~ {f(27rt), 0<t<1,

0, otherwise,

to get ]7: §+g Note €, is empty for k& < 0, since

(Bl )0 2,c/ Fr)ldr

_2k— d
o | (7)|dr

< HfHLl(T) since k <0
<A
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by assumption on . B

Further, Q; C [0,1] for & > 1, since Ex|f| = 0 outside [0,1]. Thus
I(1) = 27Q(I) has the form stated in the Corollary.

The Corollary now follows from Theorem 11.4, with f = §+Z yielding

f=g+0. O



Chapter 12

Hilbert transform on LP(T)

Goals

Prove a weak (1,1) estimate on the Hilbert transform on T
Deduce strong (p, p) estimates by interpolation and duality

Reference

[Duoandikoetxea] Section 3.3

Theorem 12.1 (weak (1,1) on L*(T)). There exists A > 0 such that

T e T HAO > M < 2Nl

for all X > 0 and f € L*(T).

Proof. If X < ||f|lzr(r) then A = 27 works. So suppose A > || f|[z1(r). Apply
the Calderén—Zygmund Corollary 11.5 to get f = g + b. Note g € L>(T)
and so g € L*(T), hence Hg € L*(T) by Chapter 10. And b = f — g € L*(T)
so that Hb € L*(T). Further, b, € L*(T) and b = ), b, with convergence in
L*(T), using disjointness of the supports of the b;. Hence Hb = >, Hb, with
convergence in L?(T).

Since Hf = Hg + Hb, we have

{t e T:[(Hf)(D)] > A}
<HteT:|[(Hg) ()] > A2} +[{t € T:|(Hb)()] > A/2}]
=7+ 0,
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say. First, use the L? theory on g:

Hg)(t)?
< [0,
T (A/2)
4 .
< 2 / lg(t)|* dt since || H||z2(my—r2(y = 1 by Chapter 10
T
8 .
< N lg(t)| dt since [|g||zeo(my < 2A
T
8- 2w ]
< — I llzamy since [|gl| 1y < 1]l ry.

Second, use L' estimates on b, as follows:

g < [J2a@)] + [t e T\[J210) : [(HO)(1)] > A/2}|

< —fllzrery + / ———dt
H HL @ T\U;21(1) )‘/2

by the Calderén—Zygmund Corollary 11.5(vi)

A 2
< —|fllerem + = / Hb)(t)| dt
w320 [ 1EE

since |[Hb| < ), |Hb| a.e.

To finish the proof, we show

Z/M(l) (HB) (1) dt < (const.)[| f]| 1 (m). (12.1)
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By Proposition 10.3 on the interval T \ 21([), we have

/ | Hby ()] dt
T™\21(1)

1 1
:/ ’—/ bi(7)cot (= (t — 7)) dT‘dt
T\21(1) 27 I() 2

noting ¢ — 7 is bounded away from 0, since 7 € I(l) and t ¢ 21(l),

1 / 1 1
= — bi(t)|cot (=(t —7)) —cot (=(t —c¢ dT‘dt
/M(l) 3 gy MLt G =) ot (G =)
where ¢; is the center of I([), using here that / b(1)dr =0,
(1)

1 / sin (3(7 — 1))
= o by (7 dr| dt
/E\QI(Z) ’27’( I() l( )Sin (%(t — 7')) sin (%(t — Cl)) ‘
1
< (Const.)/ |bl(7')|/ ﬁdtdr
1) R\27(1) it — 7|t — ¢

Note that

lt—al <|t—7|+ |1 — ¢

gn—ﬂ+%umy when 7 € I(1)
< 2|t — 7| when ¢t € R\ 21(]).
Hence
I(l I(1
/M(D : _|T|<|t> L <2 / » |tl d 2l||2 dt
:4/:)%(# where 2r = |I(1)]
= 4.
Thus

the left side of (12.1) < (const.) Z/ |by(7)| dT
. JI()

= (const.)[|b]| L1(m
< (const.)|| fl| zr(r)
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by the Calderén-Zygmund Corollary 11.5.
We have proved (12.1), and thus the theorem. O]

Corollary 12.2. The Hilbert transform is strong (p,p) for 1 < p < oo, with

— -~

(Hf)(n) = —isign(n)f(n) for all f € LP(T),n € Z.

Proof. H is strong (2,2) and linear, by definition in Chapter 10, and H is
weak (1,1) on L*(T) (and hence on the simple functions on T) by The-
orem 12.1. So H is strong (p,p) for 1 < p < 2 by Remark C.4 after
Marcinkiewicz Interpolation (in Appendix C). That is, H : LP(T) — L*(T)
is bounded and linear for 1 < p < 2.

For 2 < p < oo we will use duality and anti-selfadjointness H* = —H on
L*(T) (see Lemma 10.2) to reduce to the case 1 < p < 2. Write }D + 4 =1.

P
If f € LP N L*(T) then

1 / .
|H f|l, = sup {}g/qr(Hf)ﬁdﬂ : g € LP(T) with norm 1}
1 /
_ sup{‘%A(Hf)gdt‘ . g € I¥ A L(T) with norm 1}
by density of LN L?in L¥
1 — /
= Sup{’%/T f(Hg)dt| : g € L” N L*(T) with norm 1}

since H* = —H on L*(T)
< N fllzrery sup{ | Hgll o () : g € L N L*(T) with norm 1} by Holder
< (const.), || fllze(r)

by the strong (p/,p’) bound proved above, noting 1 < p’ < 2. Thus H is
bounded and linear on the dense subset L N L*(T) of LP(T). Hence H
extends to a bounded operator on LP(T).

Finally, for f € LP(T),1 < p < oo, let f,, € LP N L*(T) with f,, — f
in LP(T). Boundedness of H on LP implies Hf,, — Hf in LP. Hence

—

fm — fand Hf,, — Hf/ing(’]I‘). Thus passing to the limit in (H f,,)(n) =
—1 sign(n)f/\m(n) yields (H f)(n) = —i sign(n)f(n), as desired. O



Chapter 13

Applications of interpolation

Goal

Apply Marcinkiewicz and Riesz—Thorin interpolation to the Hilbert trans-
form, maximal operator, Fourier analysis and convolution

The Marcinkiewicz and Riesz—Thorin interpolation theorems are covered
in Appendix C. Some important applications are:

Hilbert transform.
H : [P(T) — LP(T) is bounded, for 1 < p < oo,

by the Marcinkiewicz interpolation and duality argument in Corollary 12.2.

Hardy-Littlewood maximal operator. M is weak (1,1) and strong

(00, 00) by Chapter 6, and hence M is strong (p,p) for 1 < p < oo by

the Marcinkiewicz Interpolation Theorem C.2. (Note M is sublinear.)
Strong (p,p) was proved directly, already, in Chapter 6.

Fourier analysis. The Hausdorff-Young theorem says

1

/ 1
ST - (Z),  1<p<2 -4 =1
p D

It fails for p > 2 [Katznelson, Section 1V.2.3].
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To interpret the theorem, note LP(T) gets smaller as p increases, and so
does 7' (Z).
Proof. The analysis operators ~ : LY(T) — (°°(Z) and " : L*(T) — (*(Z) are
bounded. Observe

1_1—¢9+9 9_1 1 PN 1_1—9+9
p 1 2 2 P P 0 2
Now apply the Riesz—Thorin Interpolation Theorem C.6.

Convolution. The Generalized Young’s theorem says
1 1 1
I f*gllzr®ay < (£l 2e®ay ||l La(ra) when ;‘1‘5 = ;4—17 1<p,qr<oc.

Proof. Fix g € L4(RY) and define Tf = f * g. Then T is strong (1, q) since

I1f * gllaeay < 1Nl 22 ey |9l Lagray

by Young’s Theorem A.3, and T is strong (¢, c0) since

1f * gll oo may < 1 fll o ey 9]l Lo (e
by Holder’s inequality. In both cases, ||T|| < ||g|| zo(ra)- Observe

1 1-6 6 0 1
=t - = —=1-—-=

1 1 1-6 6
P 1 q q P q

= - + —.
r q 0

S| =

Now apply the Riesz—Thorin Interpolation Theorem C.6.



Epilogue: Fourier series in
higher dimensions

We have studied Fourier series only on the one dimensional torus T = R/27Z.
The theory extends readily to the higher dimensional torus T¢ = R?/277Z<.

Summability kernels can be obtained by taking products of one dimen-
sional kernels. Thus the higher dimensional Dirichlet kernel is

Dn(t) = Dn(t1> T Dn(td)

where j = (j1,...,74),t = (t1,...,t4)" and t denotes the transpose operation.
The Dirichlet kernel corresponds to “cubical” partial sums of multiple
Fourier series, because

(D, + f)(t / /D (t —7)f(r)dr - drg

= Z (e,

“Spherical” partial sums of the form F(j)eit can be badly behaved.

For example, they can fail to converge for f € LP(T¢) when p # 2. See
[Grafakos| for this theorem and more on Fourier series in higher dimensions.
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Part 11

Fourier integrals
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Prologue: Fourier series
converge to Fourier integrals

Fourier series do not apply to a function g € L'(R), since g is not periodic.
Instead we take a large piece of g and look at its Fourier series: for p > 0, let

f@)=glpt),  tel-mm),

and extend f to be 27-periodic. Then

z—/ (pt)e " dt

i(G/P)y g
27Tp g(y) Y

by changing variable. Formally, for |z| < pm we have
g(x) = f(p~'z) = Z (j)e )
1

pm 1
E—— (/ gly)e —i(j/p) ydy) i(j/p)z ;

2m i S em
1 %) o) ' ‘
- o ( / g(y)e ™ dy) e d¢

as p — 00, by using Riemann sums on the &-integral.

The inner integral (“Fourier transform”) is analogous to a Fourier coeffi-
clent.

The outer integral (“Fourier inverse”) is analogous to a Fourier series.

We aim to develop a Fourier integral theory that is analogous to the
theory of Fourier series.

7
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Chapter 14

Fourier transforms: basic
properties

Goal

Derive basic properties of Fourier transforms

Reference

[Katznelson] Section VI.1

Notation

| Fllnety = ( S |f ()P )

Nesting of LP-spaces fails: L>®°(RY) ¢ L?(RY) ¢ L'(R%) due to behavior at
infinity e.g. 1/(1 + |x]) is in L*(R) but not L'(R)

C.(R?) = {complex-valued, continuous functions with compact support}
Co(R?) = {complex-valued, continuous functions with f(x) — 0 as |z| — oo},
Banach space with norm ||-{| e (ra)

Translation f,(z) = f(z — y)

Definition 14.1. For f € L'(R?) and ¢ € R?, define

~

f(&) = Fourier transform of f
= | flz)e ™ da. (14.1)
Rd

Here £ is a row vector, x is a column vector, and so {x = & oy + -+ - + &gy
equals the dot product.
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Theorem 14.2 (Basic properties). Let f,g € L'(R?),&,w € R4, c e C,y €
RY, A € GL(R,d).
Linearity (f +9)(€) = f(§) +9(&) and (cf)(§) = cf(§)

~

Conjugation 7€) = F-€) )

= takes translation to modulation, f,(£) =e v f(¢)

™ takes modulation to translation, [f(z)e™*] (&) = f(£ — w)

™ takes matriz dilation to its inverse, || det A|f(Az) (&) = F(EA™Y)

~LNRY) — Lo(RY) s bounded, with || f| ey < |1 f]|1t ey

~

f1s uniformly continuous

If £ — f in LY(RY) then fr — f in L®(RY).
Proof. Exercise. For continuity, observe

-~

fig+w) = F@l < [ 1@l e~ 1ldo
— 0

as w — 0, by dominated convergence. The convergence is independent of &,
and so f is uniformly continuous. m

Corollary 14.3 (Transform of a radial function). If f € LY(RY) is radial
then f is radial.

Recall that f is radial if it depends only on the distance to the origin:
f(x) = F(|z|) for some function F'. Equivalently, f is radial if f(Ax) = f(x)
for every x and every orthogonal (“rotation and reflection”) matrix A.

Proof. Suppose A is orthogonal. Then f(Ax) = f(x) (since f is radial) and
SO

~

fleA™) = [1det Alf (Az) T(€) = F(&),
using Theorem 14.2 and that |det A| = 1. O

Lemma 14.4 (Transform of a product)/.\[f fis--oy fa € LYR) then f(x) =
[Tj. fi(x;) has transform f(€) = TT5_, f; (&)-

Proof. Use Fubini and the homomorphism property of the exponential: e~%% =
H?:l efigjxj . ]
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Lemma 14.5 (Difference formula). For £ # 0,

~ 1

fi€) = 5 [ [#e) = o = ml 5P e do,

where £ is the column vector transpose of €.
Proof. Like Lemma 1.3. [

Lemma 14.6 (Continuity of translation). Fiz f € LP(RY),1 < p < co. The
map
¢ RY — LP(RY)
y—ty
18 continuous.

Proof. Like Lemma 1.4 except using C.(R?), which is dense in LP(R?). [

~

Corollary 14.7 (Riemann-Lebesgue lemma). f(§) — 0 as [{| — oo. Thus
f e Co(RY).

Proof. Lemma 14.5 implies

" 1
FEOI < I = fretyer o @ay,

which tends to zero as |£] — oo by the L'-continuity of translation in
Lemma 14.6, since £7/|¢]? has magnitude 1/|£] — 0. O

Example 14.8. We compute the Fourier transforms in Table 14.1.

Lo o Loy (z)e® da = f_ll e~ dx = 2sin(€) /€

2. [o(1 = [z) 11 (z)e " do = 2f01(1 — ) cos(&x) dr = 267%(1 — cos§),
and 1 — cos& = 2sin?(£/2)

4. Next we compute for the fourth example, the Gaussian e~1"*/2, so that
we can use it later for the third example e~ 17!
For d = 1, let g(¢) = [, e "/2¢7 dx be the transform we want. Note

9(0) = v/2x. Differentiating,

7€) = [ P e
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dimension f(zx) G
1 11y(2) 28125 = 2sincé
. 2
L 0= i) | (2] = sinc(¢/2)
s dC
d el —(1+|(§2|2§(d(+i_1)/2
d 67|x‘2/2 (27r)d/267‘5|2/2

Table 14.1: Fourier transforms from Example 14.8. In the third example,
cg = I (L) /n@D/2 g0 that ¢; = 1/m. The fourth example says the
Fourier transform of a Gaussian is a Gaussian.

with the differentiation through the integral justified by using difference quo-
tients and dominated convergence (Exercise). Hence

g€ =i [ (e i
R
= —z'/ e v/ (e’igm)'dx by parts
R
== e~ 27T o
R
= —£9(8).

Solving the differential equation yields (&) = v2me /2.
2

For d > 1, note the product structure e~lel?/2 = H;l:l e % and apply
Lemma 14.4.

3. Ford=1, [je e dy = [ e (007 dy 4 fi)oo =82 dy = 1/(1+
i€) + 1/(1 — i€), which simplifies to the desired result.

To handle d > 1, we need a calculus lemma that expresses a decaying
exponential as a superposition of Gaussians.
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Lemma 14.9. For b > 0,

1 &0 67a/2 2
-b __ —b%/2a
e’ = e da.
V2m /0 va
Proof.
1 & 67a/2 2
b —b%/2a
e e da

V2T \/_
2

\/_ (e=1/¢)*/2 g by letting a = bc?
\/ 27T

2\/_ (e=1/)/2:=2 ¢ by ¢+— 1/c
\/271'

b(e=1/e)?/2 14+ ¢ ?)dc by averaging the last two formulas
\/% / ( %) y ging

e 0?2 g where u =c—1/c
\/ 27 / /
= 1.
[
Now we compute the Fourier transform of e 1l as
/ e lelem gy
Rd
R e g g2 gy b L 14.9 and 7 — \/a
e xra a emma 14.9 and z — /ax
\/ 2 / Y

\/2_/ ald=v/2 ’“/2(27T)d/2 —leval2 gq by the Gaussian in Table 14.1
7r

— (27)@ 1)/2((1+ €2)/2)” d+1)/2/ L @=D/2,-u gy,
0

where u = a(1+|f\ )/2. The last integral is I'((d+1)/2), so that the transform
equals (27)%c4(1 4 |€|?)~(@F1/2 as claimed in the Table.

Smoothness and decay

Theorem 14.10 (Differentiation and Fourier transforms).
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(a) If f € CHRY) (or more generally, f € WH(R?)) then

~

@\f)@:ifj (©).
where 0; = 0/0x; for j = ,d. Thus:

~ takes differentiation to multiplication by i;.
(b) If (1 + |z|) f(x) € LY(RY) then [ is continuously differentiable, with
(—iz; [)(&) = (9;£)(E),
where 0; = 0/0¢; for j =1,...,d. Thus:
~ takes multiplication by —ix; to differentiation.

Proof. For (a)

/ (0;f)(z)e ™" dx = / f(2)(i&)e %" dx by parts
Rd RS
=& [ (£).

For (b) we compute a difference quotient, with 6 € R and e; = unit vector
in the j-th direction:

~

fexo) =t [ f@)ﬂz% e

as 0 — 0, by dominated convergence with dominating function f(x)|z| €

L*(R9). Hence f(f) has partial derivative (—/zx]\f )(£), which is continuous
by Theorem 14.2. O

Theorem 14.11 (Smoothness of f and decay of f)
(a) If f € LY(RY) then f(€) = o(1) as |€] — oo, and

PO < £l ey = O(1).
(b) If f € CLRY) then f(€) = o(1/[¢]) as |¢] — oo, and

~ dmanHaijLl(Rd) _

IF(E)] < 5 = O(1/[¢]).
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Proof. (a) Use Riemann-Lebesgue (Corollary 14.7) and Theorem 14.2.
(b) For each & there exists j such that |§;| > |£|/d (since |& ]+ +|&a| >
|€]). Then

P e

v | GNE) | _ [0:0) ()]
o= [ < Ko
_ dmax, ||§(|§7)(§)|
= o(1/¢)) by Riemann-Lebesgue
< dmaxj||‘ézj|f||Ll(Rd) by Theorem 14.2
= O(1/¢]).
Or one could argue more directly using the gradient vector:
1£(9)] = % = o(1/[¢]) by Riemann-Lebesgue
< HV"]HTT“R” by Theorem 14.2
= O(1/[¢]).

Convolution

Definition 14.12. Given f,g € L'(R?), define their convolution
(F9)@) = | flx=y)gly)dy, zeR"
R

Theorem 14.13 (Convolution and Fourier transforms). If f,g € L'(R%)
then fx g € L*(RY) with

If * gl ey < N flloreey gl o ey

and

— ~

(f*9)(©) = f(©)3(€).,  ¢€R™
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Thus the Fourier transform takes convolution to multiplication.
Proof. Like Theorem 1.11. Il
Example 14.14. Let f = 1;_1/91/9, so that (f * f)(z) = (1 — |z|)L[=1,1(x)

~

by direct calculation. We find f(&) = sinc(£/2) like example 1 of Table 14.1,

—

and (f * f)(&) = sinc?(£/2) by example 2 of Table 14.1.

o — —~

Hence (f * f) = (f)?, as Theorem 14.13 predicts.
As this example illustrates, convolution is a smoothing operation,

and hence improves the decay of the transform: sinc(£/2) decays like 1/¢
while sinc?(£/2) decays like 1/£2.

Convolution facts (similar to Chapter 2)

1. Convolution is commutative: f % g = g* f. It is also associative, and
linear with respect to f and g.

2. If f € LP(RY),1 < p < oo, and g € L (R?), then f * g € LP(R?) with

1 * glle@ay < || fllr eyl 9l mey-

Further, if f € C5(R?Y) and g € LY(R?) then f * g € Cy(RY).

Proof. For the first claim, use Young’s Theorem A.3. For the second, if
f € Co(R?) and g € L' (R?) then f g is continuous because (f * g)(x + 2) —
(f*g)(x) as z — 0 by uniform continuity of f (exercise). And (f*g)(z) — 0
as |x| — oo by dominated convergence, since f(z —y) — 0 as |z| — 0.

3. Convolution is continuous on LP(R?): if f,, — f in LP(R?),1 < p < oo,
and g € L*(RY), then f,, x g — f * g in LP(R?).
Proof. Use linearity and Fact 2.

4. If f € LY(R?) and P(z) = [p. Q(§)e™* d¢ for some Q € L'(R?), then

~

(P @) = [ Q©feeas (142)

Proof.

(Pef)@) = [ Q) [ D s)dyds by Fubin

~

= [ Qe f(¢) de.

Rd



Chapter 15

Fourier integrals: summability
in norm

Goal

Develop summability kernels in LP(R?)

Reference

[Katznelson] Section VI.1

Definition 15.1. A summability kernel on R? is a family {k,} of inte-
grable functions such that

/ ko(x)dr =1 (NORMALIZATION) (SR1)
R4
sup [ |ko(z)|dx < 0o (L' BOUND) (SR2)
w Rd
lim |k, (z)] dz =0 (L' CONCENTRATION) (SR3)

W0 J {a:|x|>6}

for each 6 > 0.
Some kernels further satisfy

lim sup |k, (z)] =0 (L>° CONCENTRATION) (SR4)

W00 4156
for each 6 > 0.

(Notation. Here k,(z) does not mean the translation k(z —w).)
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4,

—2 2

Figure 15.1: Dirichlet kernel with w = 10

Example 15.2. Suppose k € L*(R?) is continuous with [p, k(z)dz = 1.
Put
ko(z) = wik(wz)

for w > 0. Then {k,} is a summability kernel.
Proof. Show (SR1) and (SR2) by changing variable with y = wz, dy = widz.

For (SR3),
[ k@i [ )y
{z:|z|>6} {y:|ly|>wd}

— 0
as w — 00, by dominated convergence.

Example 15.3. For d =1, let

1 .
D(z) = 2—/11[_1,1](5)6’5“” dg (15.1)
T JR
_ T lsincac. (15.2)
T T
The Dirichlet kernel is
1 ©“ o
Du() = wD(w) = o / 16" e (15.3)
™ —w
_ sin(w:v)‘ (15.4)
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2 2

Figure 15.2: Fejér kernel with w = 10

See Figure 15.1. D is not integrable since |D(z)| ~ |z|™ at infinity.
. {D,} is not a summability kernel.
In higher dimensions the Dirichlet function is H;l:l D(x;), with associated

kernel D, (z) = H;l:1 D, (z;).

Example 15.4. For d =1, let

1 .
F(a) = 5 [ (1= D11 e de (155
T Jr
2
1 [sin (%x)
=— | — by Table 14.1. 15.
27r< I y Table (15.6)
The Fejér kernel is
1
F(r) = wF(wn) = o= [ (1~ Jel/w)e de (15.7)

zi (Sm Plaiad ) . (15.8)

See Figure 15.2. F' is integrable since F'(z 2 at infinity. And
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2 P sin®(x/2
[ Fyae =2 i Sin(2/2) 4,
R T p—00 —p T
2 P 2si 2 2)-(1/2
= — lim sin(z/2) cos(x/2) - (1/ )dx by parts
oo ), x
oo
i [,
T p—oo x

-
=1

. {F,} is a summability kernel.
In higher dimensions the Fejér function is H;lzl F(x;), with associated

kernel F,(z) = H?Zl F, ().
The Fejér kernel is an arithmetic mean of Dirichlet kernels; for example,
F(z) = fol D, (z)dw in 1 dimension, by integrating (15.3).

Example 15.5.

P(z) = (271r)d /Rd e~ lleisr g¢ (15.9)

Cd
= it ]azP)(d“)/z by Table 14.1. (15.10)

The Poisson kernel is

1 )
P,(z) = w'P(wz) = @n) / e~ ll/weite ge (15.11)
™ Rd
-1
w
— (o 1 (15.12)

See Figure 15.3. P is integrable since P(z) ~ ||~V at infinity. And
Jpa P(z)dz = P(0) = 1 because P(§) = e ¥l by Example 16.3 below; al-
ternatively, one can integrate (15.10) directly (see [Stein and Weiss, p. 9] for
d>1).

. {P,} is a summability kernel.

Example 15.6.

G(z) = = /Rd el e (15.13)

= (2m) Y2/ by Table 14.1. (15.14)
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2

Figure 15.3: Poisson kernel with w = 10

The Gauss kernel is

Go(z) = WiG(wr) =

See Figure 15.4. G is clearly integrable, and [, G

~.{G,} is a summability kernel.

Connection to Fourier integrals

For f € L'(R%):

1 2/
G d/ e I/WF 2w e (15.15)
T R4
W2
= Gy (15.16)

x)dx =1 from (15.14).

x f)(x) = L F(&)eis
(Do Nl&) = /[_Mdf@) ¢ (15.17)
S : e 15.18
For w) = o | (- eie) geas 519
. FYg) — 1 oIl T ik
(P o) = o | e e ae (15.19)
. F)g) — 1 o610 /2 T ) it
(G Nw) = G /. Fleyee a (15.20)
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1

2 2

Figure 15.4: Gauss kernel with w = 10

Proof. Use Convolution Fact (14.2) and definitions (15.1), (15.5), (15.9),
(15.13), respectively.

Caution. The left sides of the above formulas make sense for f € LP(R?),
but the right side does not: so far we have defined the Fourier transform only

for f € L*(RY).

Summability in norm

Theorem 15.7 (Summability in LP(RY) and Cy(R?)). Assume {k,} is a
summoability kernel.

(a) If f € LP(RY),1 < p < oo, then k, * f — f in LP(RY) as w — oo.
(b) If f € Co(RY) then k, * f — f in Co(R?) as w — .

Recall that Cy(R?) uses the L> norm.

Proof. Argue as for Theorem 2.6. Use that if f € Cy(R?) then f is uniformly
continuous. ]



Consequences

e Fejér summability for f € L'(R%):

Similarly for Poisson and Gauss summability.
Proof. Use Theorem 15.7 and formulas (15.18)—(15.20).

d

e Uniqueness theorem:

if f,g € L"(R%) with f =3 then f = g.
That is, the Fourier transform ~: L!(R?) — L>®°(R?) is injective.
Proof. Use Fejér summability (15.21) on f and g.

Connection to PDEs
Fix f € L'(RY).
1. The Poisson kernel solves Laplace’s equation in a half-space:

(T, Taq1) = (Pl/:vd+1 * f)(z)

Td+1
= Cd/d 5 9 (d+1)/2f<y) dy
R (‘x —yl*+ 37d+1)

solves
O+ + 07+ 03)v=0

—&1/w)) F(©)e™ dg — f(x)  in L'(RY).
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(15.21)

(15.22)

on R? x (0,00), with boundary value v(z,0) = f(x) in the sense of Theo-

rem 15.7.
That is, v is the harmonic extension of f from R? to the halfspace R? x
(0, 00).
Proof. Take w = 1/x441 in (15.19) and differentiate through the integral,
using
a1 g

—2(6_‘§|xd+1€i§r) = ((251)2 4+ o+ (ifd)Q + (_‘5|)2)6_|§|Id+1€i§x

=1 8xj
= 0.
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For the boundary value, note w = 1/x441 — 00 as 441 — 0.
2. The Gauss kernel solves the diffusion (heat) equation:

w(t, x) = (G yar * f)(x)
1

- —|z—yl?/4t
i L )y

solves
w; = Aw

for (t,z) € (0,00) x RY, with initial value w(0,z) = f(x) in the sense of
Theorem 15.7. (Here A = 9% 4 --- + 02.)

Proof. Take w = 1/4/2t in (15.20) and differentiate through the integral,
using

9 d 92 ( —\§|2t5i§93) ( - |£|2 (151)2 L. (Z§d>2) €2t it
at J :1 ﬁx? (& e

For the boundary value, note w = 1/\/% — o0 ast— 0.



Chapter 16

Fourier transforms in L!(R%),
and Fourier inversion

Goal

Fourier inversion when f is integrable

Reference

[Katznelson, Section VI.1]

Definition 16.1. Define

We call ™ the inverse Fourier transform, in view of the next theorem.

Theorem 16.2. (Fourier inversion)
(a) If f, f € LY(R?) then f is continuous and

1 N €x
f(g;):W 5 (€)e™ " de, r € R4

(b) If g, 5 € L*(RY) then g is continuous and

0O = [ sl dn,  cemt
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dimension | f(z) f 3]

. 2 ~
d | P) = g T (2] | B = 10 e(© T (1 - 1)

d P(z) = P) = el

(EFRICE

d G(z) = (2m)~¥2e1el*/2 G(&) = e lelP/2

Table 16.1: Fourier transforms of the Fejér, Poisson and Gauss functions,
from Example 16.3.

The theorem says |(f) = fland |(§)" = g/|

Proof. (a) The L' convergence in Fejér summability (15.21) implies pointwise
convergence a.e. for some subsequence of w-values:

d
@) = Jim o [ @ (T[0 = bl Flreae

1 ~ .
- (27) Jra f(&)e” de

by dominated convergence, using that fe LY (RY).
(b) Apply part (a) to g, change £ — —¢, and then swap x and &. O

Example 16.3. The Fourier transforms of the Fejér, Poisson and Gauss
functions can be computed by Fourier Inversion Theorem 16.2(b), because
definitions (15.5), (15.9) and (15.13) express those kernels as inverse Fourier
transforms. For example, if we choose g(£) = e~ €*/2 then definition (15.13)
says G(z) = j(x), so that G = g by Theorem 16.2(b).

Table 16.1 displays the results.



Chapter 17

Fourier transforms in L%(RY)

Goal

Extend the Fourier transform to an isometric bijection of L?(R%) to itself

Reference

[Katznelson] Section VI.3

Notation

Inner product on L*(R?) is (f, g) = [a f( dx.

Theorem 17.1 (Fourier transform on L?(R%)). The Fourier transform ~
L*(RY) — L2(R?) is a bijective isometry (up to a constant factor) with

11l 2cze) = @m) 2] 2@y (PLANCHEREL)
(f.9) = (2m)""(f.5) (PARSEVAL)
Sy =1, @) =g (INVERSION)

for all f,g € L*(RY).
The proof will show ~: L' N L*(R?) — L?*(R?) is bounded with respect

to the L? norm. Then by density of L' N L? in L?, we conclude the Fourier
transform extends to a bounded operator from L? to itself.
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Proof. For f € L' N L*(RY),
ey = Jim [ )G @) da
since Gy, * f — f in L*(R%) by Theorem 15.7
= lim —— / / F@)e € F(€)e P2 agdr by (15.20)

w—00 27T

§)|26_|€/”| /2 d¢ by Fubini, using f € L (RY),

w—00

|2 d& by monotone convergence

= ( )d HfHL2 (Rd)" (171)

By density of L' N L? in L2, the Fourier transform ~ extends to a bounded
operator from L?(R?) to itself. Plancherel follows from (17.1) by density.
Thus the Fourier transform is an isometry, up to a constant factor.

Parseval follows from Plancherel by polarization, or by repeating the ar-
gument for Plancherel with (f, f) changed to (f,¢) (and using dominated
instead of monotone convergence).

For Inversion, note ~ : L*(R?) — L2?(R9) is bounded by Definition 16.1,
since the Fourier transform is bounded. If f is smooth with compact support
then f is bounded and decays rapidly at infinity, by repeated use of Theo-
rem 14.11. Hence f € L*(R?), with (f)" = f by Inversion Theorem 16.2. So
the Fourier transform followed by the inverse transform gives the identity on
the dense set L' N L?(RY), and hence on all of L?(R?) by continuity. Similarly
()" = g for all g € L?(R?).

Finally, the Fourier transform is injective by Plancherel, and surjective
by Inversion. O

Example 17.2. In 1 dimension, the Dirichlet function

sinx

D(z) =

T
belongs to L?(R) and has

ﬁ({) = I[[—1,1}(5)-

Proof. D = (1j_1,1))” by definition in (15.1), and so D = Ii_1,1 by Theo-
rem 17.1 Inversion.
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dimension | f(z) fA €)

)

d D(z) = ﬁ Hj:1 Si;;j (&= IL[—1,114(5)

Table 17.1: Fourier transform of the Dirichlet function, from Example 17.2.

Remark 17.3. If f € L*(R?) then flpq) € L' N L*(RY) and flpu) — f in
L*(RY). Hence

]?(5) = le (JqB(\n))(f) in L?(R%), by Theorem 17.1,

= lim f(z)e ™" da.

How can this limit exist, when f need not be integrable? The answer must
be that oscillations of e~%* yield cancelations that allow f(z)e %* to be
integrated improperly, as above, for almost every &.

Theorem 17.4 (Hausdorff-Young for Fourier transform). The Fourier trans-

form
~ LP(RY) — L (RY)

is bounded for 1 < p < 2, where % + ;z% = 1.
Proof. Apply the Riesz—Thorin Interpolation Theorem C.6, using bounded-
ness of

YR — L=(RY) in Theorem 14.2, and

~LA(RY) — L2(RY) in Theorem 17.1.

Note the Fourier transform is well defined on L' + L?(R%), since the L' and
L? Fourier transforms agree on L' N L2(RY). O

Remark 17.5. The first five Basic Properties in Theorem 14.2 still hold
for the Fourier transform on LP(RY),1 < p < 2, and so do Corollary 14.3
(radial functions) and Lemma 14.4 (product functions) and (15.17)—(15.20)
(connection to Fourier integrals).
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Proof. Given f € Lp(Rd) take f, € L' N LP(RY) with f,, — f in Lp(Rd)
Then fm — f in L (R?) by the Hausdorff-Young Theorem 17.4. Here fm
is the usual Fourier transform of f,, € L*(R?), so that Theorem 14.2, Corol-
lary 14.3, Lemma 14.4 and (15.17)-(15.20) all apply to f,,. Now let m — oo
in those results.

Corollary 17.6 (Convolution and Fourier transforms). If f € LY(R%), g €
LP(RY),1 <p <2, then f g € LP(RY) and

(fxg9)=1r37
Proof. Take g, € L'NLP(R?) with g,, — ¢ in LP(R%). Then (f * g) = f
by Theorem 17.1. Let m — oo and use the Hausdorff-Young Theorem 17.4,
noting f is bounded. m

Consequence

Analogue of Weierstrass trigonometric approximation: functions with com-
pactly supported Fourier transform are dense in LP(R%),1 < p < 2.

Proof. F, * f — f in LP(R%) by Theorem 15.7, and (F, * f) = ﬁ;f has
compact support (because F,, has compact support by Table 16.1).



Chapter 18

Fourier integrals: summability
pointwise

Goal

Prove sufficient conditions for summability at a single point, and a.e.

Reference

[Grafakos| Sections 2.1b, 3.3b

If f € Cy(RY) then k, * f — f uniformly by Theorem 15.7(b), and hence
convergence holds at every x. But what if f is merely continuous at a point?

Theorem 18.1 (Summability at a point). Assume {k,} is a summability
kernel. Suppose either f € L*(R?) and {k,} satisfies the L™ concentration
hypothesis (SR4), or else f € L®(R?).

If f is continuous at xo € R? then (k, * f)(xo) — f(x0) as w — oo,

Proof. Adapt the corresponding result on the torus, Theorem 3.1(a). O

The Poisson and Gauss kernels satisfy (SR4), and so does the Fejér kernel
in 1 dimension. More generally, if k(z) = o(1/|z|?) as |#| — oo then k,(z) =
wlk(wx) satisfies (SR4) (Exercise).

Next we aim at summability a.e., by using maximal functions like we did
for Fourier series in Chapter 7.
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Definition 18.2. Define the

Dirichlet maximal function (D*f)(z) = sup [(Dy, * f)(z)|
Fejér maximal function (F*f)(x) = s;p |(F, * f)(2)]
Poisson maximal function (P*f)(x) = s:p |(P, * f)(2)]
Gauss maximal function (G*f)(x) = s;p (G f)(z)]
Lebesgue maximal function (L*f)(x) = s:p |(Ly, * f)(z)]

where .

is the normalized indicator function of the unit ball.

Lemma 18.3.
L' f<L|f|<Mf

where M s the Hardy—Littlewood mazimal operator from Chapter 6.

Proof. First,

Lyjo(y) = (1/w)'Ly/w) = |B(1w)‘ Lp() (). (18.1)
Hence
1
(e x NGNS [y [ 156 =l
< (Mf)(2)
O

Lemma 18.4 (Majorization). If k € LY(R?) is nonnegative and radially
symmetric decreasing, then

|(k % f)(@)] < Kl przay(L°f)(z)  for allz €R?, f e L'(RY).



103

Proof. Write k(x) = p(|z|) where p : [0, 00) — R is nonnegative and decreas-
ing. Assume p is absolutely continuous, for simplicity. We first establish a
layer-cake decomposition of k, like we did on the torus in Lemma 7.2:

oo

kE(y) = p(ly|) = —/ p(w)dw since p(oo) = 0 by integrability of k

[y]
_ / IB@)| Ly ()7 (@) d,
0
because by (18.1),

by < VB w1,
e 0 if w <yl

Hence .
(5 @) = [ 1B@I(Ea  Ne) (=) do
and so
(s @< [T IB@I(=p @) do- (FR)@)  since <0
= [ [ Bl ar (= pw) o (L)
o Jo
by spherical coordinates for |B(w)| = / dy
B(w)
= [ B0 ) o (1 (@)
by parts with respect to w (why does the w = co term vanish?)
= [ kwdy- ()
by using spherical coordinates again. O

Theorem 18.5 (Lebesgue dominates Poisson and Gauss in all dimensions,
and Fejér in 1 dimension).

4
F*f < —=L*|f] (when d =1)
7T
P f<L'f
Gf<L'f
for all f € LP(RY),1 < p < 0.
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Proof. P*f < L*f by the Majorization Lemma 18.4, since P,, is nonnegative

and radially symmetric decreasing, with || P, | f1gey = 1. Similarly G*f <
L*f.
When d =1,
n (50)
w [ sin(%z
Foe) = 2 (2250 by (15.8
()= 2 ( ) y (158
e L, <2/w,
< k) 2 , =2
2m | 1/(%2), |z| > 2/w.
Note k is nonnegative, even and decreasing, with ||k|[ 1) = 4/7. Hence
|F, x f| < k=x|f|] < (4/m)L*|f| by Majorization Lemma 18.4. O

Remark 18.6. The Fejér kernel is not majorized by a radially symmetric
decreasing integrable function, when d > 2. For example, taking w = 2 gives

which decays like 272 along the x;-axis. Thus the best possible radial bound
would be O(|x|72), which is not integrable at infinity in dimensions d > 2.

Corollary 18.7. F* P* G* and L* are weak (1,1) and strong (p,p) on
LP(RY), for 1 < p < o00.

Proof. Combine Theorem 18.5 and Lemma 18.3 with the weak and strong
bounds on the Hardy—Littlewood maximal operator in Chapter 6.

For the Fejér kernel in dimensions d > 2, see [Grafakos, Theorem 3.3.3].

O

Theorem 18.8 (Summability a.e.). If f € LP(R?),1 < p < oo, then

F,xf— f ae asw — o0,
P,xf— f ae asw— o0,
Goxf— fae asw— 00,

Ly,xf— f a.e asw — oo.

(The last statement is the Lebesque differentiation theorem.)



105

Proof. Assume 1 < p < co. F* is weak (p,p) by Corollary 18.7. Hence the
Theorem in Chapter 6 says

C:{feLp(Rd):JLrEon*f:fa.e.}

is closed in LP(IR?). Obviously C contains every f € C.(R?), because F, * f —
f uniformly by Theorem 15.7. Thus C is dense in LP(RY) (using here that
p < 00). Because C is closed, it must equal LP(R?), which proves the result.

When p = oo, consider f € L®(R%). For m € N, put g = 1g(m)f and
h = f—g. Then g € L*(R%), and so F, *x g — ¢ a.e., by the part of the
theorem already proved. Hence F, * g — f a.e. on B(m). Next h € L>®(R%)
is continuous on B(m), with h = 0 there, and so F,,*h — h = 0 on B(m) by
Theorem 18.1. Since f = g+ h we deduce F, * f — f a.e. on B(m). Letting
m — oo proves the result.

Argue similarly for the other kernels. O]
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Chapter 19

Fourier integrals: norm
convergence

Goal

Show norm convergence for LP(R?) follows from boundedness of the Hilbert
transform on R

Reference

I do not know a fully satisfactory reference for this material. Suggestions are
welcome!

Definition 19.1. Write

where

is the Dirichlet kernel on Rd and D(z) = (sin z)/7z is the Dirichlet function
in 1 dimension.

S, is the “partial sum” operator for the Fourier integral, because if f €
LP(RY),1 < p < 2, then S,(f) = (Lj_yuef) " by (15.17) and Remark 17.5.
In particular,

S, : L*(RY) — L*(R?)
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is bounded, by boundedness of the Fourier transform and its inverse on L2
Further, 1_, e f — f and so S,(f) — f in L*(R%), as w — oo.

S,(f) is well defined whenever f € LP(R%),1 < p < oo, because D, €
LY(R?) for each ¢ > 1 and so D,, * f € L"(R%) for each r € (p,o0], by the
Generalized Young’s Theorem in Chapter 13.

We will prove below that S, (f) € LP(RY) when f € LP(R?),1 < p < oo.
But S, (f) need not belong to L'(R?) when f € L'(R?) (Exercise).

Our goal in this Chapter is to improve the LP summability for Fourier
integrals (£, f — f in Theorem 15.7) to L? convergence (D, * f = S,(f) —
f in Theorem 19.4 below). As remarked above, we have the result already
for p = 2.

First we reduce norm convergence to norm boundedness.

Theorem 19.2. Let 1 < p < oo and suppose sup,||Su||rrd)—rere) < 00.
Then Fourier integrals converge in LP(R?): limy oo |50 (f) = [l Lo may = 0 for
each f € LP(RY).

Proof. Let A = {g € L' N LP(R?) : § has compact support}. We claim A is
dense in LP(RY). Indeed, if f € L' N LP(RY) then F, * f € L' N LP(RY) and
(Z{*\f) = ﬁ;f has compact support by Table 16.1. Thus F, * f € A. Since
F,* f — fin LP(R?) by Theorem 15.7, and L' N L? is dense in LP, we see
A is dense in LP(RY).

We further show S, (g) = g, when g € A, provided w is large enough that
[—w,w]? contains the support of §. To see this fact, note S, (g) € L*(RY)
because D, € L?(R?) and g € L*(R?); thus

Sw(g) = Dwg
= ﬂ[_w,w}d/g\ by Table 17.1

Applying Fourier inversion in L? gives S,,(g) = g.
We conclude

AC{feP(®RY): lim S.(f) = fin "R} < C,

so that C is dense in LP(R?Y). Because C is closed by Proposition 9.2 (using
the assumption that sup,||Sy || s ®a)—zrre) < 00), we conclude C = LP(R?),
which proves the theorem. O]
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Next we reduce to norm boundedness in 1 dimension. For the sake of
generality we allow different w-values in each coordinate direction. (Thus
our “square partial sums” for convergence of Fourier integrals can be relaxed
to “rectangular partial sums”; proof omitted.)

Given a vector & = (wy, .. .,wy) of positive numbers, define

d
Dz(x) = H w;D(wjz;).

The Fourier multiplier

—

D = Ljws o[

is the indicator function of a rectangular box.
Write

Cp.a = supl| Sz e me)—Lr )

for the norm bound on the partial sum operators. We have not yet shown
that this constant is finite.

Theorem 19.3 (Reduction to 1 dimension). C, 4 < (C, ;)%

Proof. First observe that for g € LP(R) and w > 0,

p
[ | [ «pte = g do| do = 1D, gl
R R

< 05,1||9||I£p(R) by definition of C),;

—cr, / 9(y) P dy. (19.1)
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Hence for f € LP(R?) and & = (wy,ws),

/R2 |(Dg * f) (21, 22)|P dzrday
:/R/R’/RW1D(W1($1—yl))/ngD(uJQ(xQ—yQ))f(yl’m)dmdyl dayds
§Cp,l/R/R|/RWQD<CU2(332_y2))f(y1,y2)dy2| dy,dzs

by (19.1) with g(y;) = /WQD(wQ(x2 — o))y, y2) dys

R
§C§ﬁ44|f(ylay2)|pdy2dy1
by (19.1) with g(y2) = f(y1, v2)-

Taking p-th roots gives [|.Sz|re®2)—rr@2) < Cy,, Which proves the theorem
when d = 2.
Argue similarly for d > 3. O

Aside. The “ball” multiplier 15)(§) does not yield a partial sum operator
with uniform norm bounds, when p # 2; see [Grafakos, Section 10.1]. There-
fore Fourier integrals and series in higher dimensions should be evaluated
with “rectangular” partial sums, and not “spherical” sums, when working in
L? for p # 2.

Boundedness in L?(R)

1. We shall prove (in Chapters 20 and 21) the existence of a bounded linear
operator
H:I’[R) — L’[R), 1<p< oo,

called the Hilbert transform on R, with the property that

—_— ~

(Hf)(§) = —isign(§) f(¢)

when f € L N L?(R). (Thus H is a Fourier multiplier operator.)
2. Then the Riesz projection P : LP(R) — LP(R) defined by

Pf =3/ +iHf)
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is also bounded, when 1 < p < o0.
Observe P projects onto the positive frequencies:

— o~

(PHE) = Lo(©f(E),  feL*R),

since i(—isign(§)) = sign(§).
3. The following formula expresses the Fourier partial sum operator in terms
of the Riesz projection and some modulations: for w > 0,

e WP (e f) — et P(e” ™ f) = S, (f), f € L*R). (19.2)
Proof.
(€7 F1(E) = f(§ —w)

[P(" /TE) = Lo,00)(6) F(€ — w)
[e™"P(e™" /)I(E) = L(o,00) (w + &) f(£)

[ P(e7™" F)ITE) = Lwoo)(§).f(€)

Subtracting the last two formulas gives IL(,w,w]fA, which equals S, (f). Fourier
inversion now completes the proof.

4. From (19.2) applied to the dense class of f € LP N L*(R), and from
boundedness of the Riesz projection, it follows that

Cp1 = sup||SullLo@)— 1o @) < 2[|P||Lo@)—1r@) < 00

when 1 < p < co. Hence from Theorems 19.2 and 19.3 we conclude:

Theorem 19.4 (Fourier integrals converge in LP(R?)). Let 1 < p < oo.
Then
lim ||S,(f) = fllLe(ray = 0 for each f € LP(R?).

It remains to prove LP boundedness of the Hilbert transform on R.
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Chapter 20

Hilbert and Riesz transforms
on L*(R%)

Goal

Develop spatial and frequency representations of Hilbert and Riesz trans-
forms

Reference

[Duoandikoetxea] Section 4.3
[Grafakos| Section 4.1

Definition 20.1. The Riesz transforms on R? are
R; : L*(RY) — L*(R%)
[ (=il&/1ENSf )

for j=1,...,d.
In dimension d = 1, the Riesz transform equals the Hilbert transform on

R, defined by
H: L*(R) — L*(R)
f i (—isign(€)f )
because sign(€) = £/1¢].
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R; is bounded since the Fourier multiplier —i; /|| is a bounded function
(in fact, bounded by 1). Clearly

| Rjll 2ray— 2y < 1 by Plancherel,
d d
> R =-I since » (—ig;/[¢])* = 1,
J=1 j=1
R; = —R; by Parseval.

Proposition 20.2 (Spatial representation of Hilbert transform). If f €
L*(R) is C*-smooth on an interval then

(H)(x) = p. / Sz — y)ﬁiy dy (20.1)

for almost every x in the interval.

The proposition says formally that

1
Hf=fx—
g
or

I\~ .
v. — ) = —isign(§).
(pv. —) gn(¢)
Later we will justify these formulas in terms of distributions.
The right side of (20.1) is a singular integral, since the convolution kernel
1/my is not integrable.

Proof. [This proof is similar to Proposition 10.3 on T, and so was skimmed
only lightly in class.] For w > 0,

1 : i [0 i ¢,
il AT €y - €y _ iy
o [_w’w]( i) sign(&)e’sY dg o /_we d¢ 27r/0 e d¢

1 —cos(wy)
= (20.2)
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If f € L'N L*R) then

o~

(T @ = g [ (ipsin(e)fiee de

:/f(y)%/ }(—z’) sign(f)eié(w’y) dédy by Fubini

/ [z 1 - COS(Wy) dy by y — x —y and (20.2)
—/| 1[f<x—y>—f<x>11‘%;(‘"”dy
v - pr g,

by oddness of (1 — cos(wy)) /my. The second integral converges to

flz— y)i dy (20.3)

ly|>1 Y

as w — 00, by the Riemann-Lebesgue Corollary 14.7. The first integral
similarly converges to

Yy

/| ST F@)~ dy, (20.4)

assuming f is C''-smooth on a neighborhood of = (which ensures integrability
of y — [f(z —y) — f(x)]/my on [y| <1).

Meanwhile, 1;_,, w]Hf converges to Hf in L*(R) as w — oo, so that
(]L[,Mw]H f) converges to H f. Convergence holds a.e. for some subsequence
of w-values. Formula (20.1) therefore follows from (20.3) and (20.4), since

Jeciyier(Y/my) dy = 0.
Finally, one deduces (20.1) in full generality by approximating f off a

neighborhood of z using functions in L'N L% (Obviously f belongs to L*'NL?
already on each neighborhood of z.) O

Proposition 20.3 (Spatial representation of Riesz transform). If f € L*(R)
is Cl-smooth on an open set U C R? then

(Rif)w) = v | flo—y)iits dy

for almost every x € U, for each j =1,...,d.
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Here ¢y = I'((d + 1)/2) /x@+D/2 > 0. For example, ¢; = 1/
The proposition says formally that

Ryf = * ot

’ ‘dJrl

or

Ca Y ~ g]
(v pmn) = g

Proof. To motivate the following proof, observe

17 e
€ /0 e dz (20.5)

and that e €/* is the Fourier transform of the Poisson kernel P, /2. Our proof
will use a truncated version of this identity:

—&lo _ o—1€l/o 1/6
e - |§|€ = / e 87 4z (20.6)
5

In class we proceeded formally, skipping the rest of this proof and using (20.5)
instead of (20.6) in the proof of Lemma 20.4 below.
For f € L*(R%),

|

SN

(R f)(&) = —iZh f(€)

olels _ olel/s

€]

with convergence in L2(R%) (by dominated convergence). Applying L? Fourier
inversion yields

= hm( i)

o—lel6 _ —lel/s
(1) (o) = lmy (=i 1 ) (@

in L?(R%), and hence pointwise a.e. for some subsequence of § values. Thus
the theorem is proved when f € L' N L2(R?), by Lemma 20.4 below.
Finally, one deduces the theorem for f € L?(RY) by approximating f off
a neighborhood of z using functions in L' N L2 (Obviously f belongs to
L' N L? already on each neighborhood of z.) O
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Lemma 20.4. If f € L'NL*(R?) is Ct-smooth on an open set U C R4, then

L el el N

:/!Jﬂx—w—f@m§$“@+ flo—y)dy  (207)

ly[>1 |y| @1

for almost every x € U. Further, the first integral in (20.7) equals

. Cd Yj
lim flz —v) .
e=0 Jecpy<1 |y

Proof. First, &;/|¢| is bounded by 1, and the exponentials e ¢ and e~/¢I/% are

square integrable, and so is f. Thus their product is integrable, so that by the
L' Fourier Inversion Theorem 16.2 (and the definition of f for f € L*(R%)),

lel _ lelfs N

1 e lEls _ olel/e y it
:—W/ ZﬁjT fy)e ™ dy e** dg
R4

Rd

1 . 67‘§|5 — €7|£|/5 ,5y
- _ —y) —— S
[ =) o [ 6 g

after changing y — x —y. To evaluate the inner integral, we express it using



118 CHAPTER 20. HILBERT AND RIESZ TRANSFORMS ON L?(RP)

Poisson kernels:

1 . e_‘gl(s — 6_‘£|/5 .
o g
R €l

1 —[els _ o—lel/s
0 / e e ¢V g
Rd

Oy, (2m)! €
1/6
= a_ 1 d/ e*\£|z€i£y dédz by ldentlty (206)
5 Oy (2m)¢ Jpa
/1/68 Pry:(y)d by (15.11)
5 0y Y
1/6 9 1
- a9 d by (15.12
/5 7 ay; (g + =)@ y (15.12)
1/8 9 1
= i A ?1
/6 €aY; 9z (Jy|2 + 22)W@+D/2 dz (why?!)
z=1/6
CdY;

(o + =)@

z=0

By substituting this expression into the above, we find

(_i§j€—|56 _ olelss f)v(g;)

€]
CqlY; z=1/§
= — — J
= Rd f(ZL‘ y) (’y|2 —|—22)(d+1)/2 _ dy
CqlY; z=1/6
= - — ) — J
= /y|<1[f($ y) f(x)] (ly’2+22)(d+1)/2 _ dy (208)
CqV; z=1/s
flz—y) ? dy (20.9)
ly|>1 (Jy|? + 22)@n/2|

where we used the oddness of y; to insert f(z) in (20.8).
Now fix a point = € U. As § — 0, expression (20.8) converges to

Ca Y
/|y ) = p d

by dominated convergence (noting the C'-smoothness ensures the integrand
is O(|y]) - O(1/|y|%) = O(1/|y|¢"!) near the origin, which is integrable). And
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as 0 — 0, expression (20.9) converges to

Cd Yj

ly|>1

by dominated convergence (noting f € L?(RY) and y;/|y|*™ = O(1/]y|?) is
square integrable for |y| > 1). (Exercise: explain why the terms with z = 1/9
in (20.8) and (20.9) vanish as § — 0, using dominated convergence.)

For the final claim in the lemma, write fl = lim._,g fa “lyl<1 and use

y|<1
the oddness of y; to remove the term with f(z). O

Connections to PDEs

1. The Riesz transforms map the normal derivative of a harmonic function
to its tangential derivatives.

Formal Proof. Given a function f, let

U(SC,.TCHl) = (Pl/acd+1 * f)<x>7 YIS Rda Td1 > 07

so that u is harmonic on the upper halfspace R? x (0,00) with boundary
value u = f when z441 = 0 (see Chapter 15). Put

0

0T 11

v(@)

w(z, Tqe1) = normal derivative of u at the boundary.

zq41=0

Then
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because

§ 0

E 8..'23'd+1 a(€7 xd-‘rl)

= —i

z34+1=0

(e*‘f|xd+1 }'\(5))

zq4+1=0

Thus we have shown the jth Riesz transform maps the normal derivative of
u to its jth tangential derivative, on the boundary.

2. Mixed Riesz transforms map the Laplacian to mixed partial derivatives.

Formal Proof.
32f ~ N2 7 2
(52 )0 = oo = -7
and so summing over j gives

(AFYE) = €l F(©).

Hence
(rymafre = S S e
= ~(i&) (&) 70
- ( . 5;)78
so that )
mar-

That is, mixed Riesz transforms map the Laplacian to mixed partial deriva-
tives.
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The above formal derivation is rigorous if, for example, f is C**-smooth
with compact support.

Consequently, the norm of a mixed second derivative is controlled by the
norms of the pure second derivatives in the Laplacian, with

0 f
Ox;j0xy,

< | Afll L2 (rey

L2(R%)

since each Riesz transform has norm 1 on L?*(R?). Similar estimates hold on
LP(R%),1 < p < o0, by the LP boundedness of the Riesz transform proved in
the next chapter.
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Chapter 21

Hilbert and Riesz transforms
on LP(RY)

Goal

Prove weak (1, 1) for Riesz transform, and deduce strong (p, p) by interpola-
tion and duality

Reference

[Duoandikoetxea| Section 5.1

Theorem 21.1 (weak (1,1) on L' N L?(RY)). There exists A > 0 such that

A
{z € R |(R; ) (@) > wH < =[£Il o)

forallw>0,57=1,....d and f € L' N L*(RY).

Proof. Apply the Calderon—Zygmund Theorem 11.4 to get f = g + b. Note
g € L' N L>®(R?) and so g € L*(R?), hence R;g € L*(R?) by Chapter 20.
And b= f — g e L*(R? so that R;b € L*(R?).

Now proceed like in the proof of Theorem 12.1, just changing T to R?
and the interval I(l) to the cube Q(l). To finish the proof, we want to show

2 /Rd\m(l) |(Rjby) ()| da < (const.)[|f ]| s ze)- (21.1)
l
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By Proposition 20.3 applied on the open set U = R\ 2v/dQ(l) (where b; = 0),

we have

[ b)) de
RA\2v/dQ(1)

/Rd\2fQ )/ ’dH dy‘ o

noting x — y is bounded away from 0, since y € Q(I) and = ¢ 2vdQ(1),

- by L — — jl'—Cl dyl| dx
/Rd\wacz(o}/czm W)es( =) = pile = )] dy

where

pi(r) = Cd|30|d+1

is the jth Riesz kernel and c¢(l) is the center of Q(l); here we used that
Jow ti(y) dy = 0. Hence

/ IRbu(a)] da
RIN\2vdQ(1)

<[ i) 3(a =) = pyla = cl0)| dady

Q) RN\2vdQ(1)

< (const.) / \bi(y)| dy (21.2)
Q)

by Lemma 21.2 below; the hypotheses of that lemma are satisfied here be-

cause

|wwmm§%$¥

and if z € R?\ 2/dQ(l) and y € Q(I) then
= ()| > %side(?\/EQ(l))
> 2y — c(D)]-

Now (21.1) follows by summing (21.2) over [ and recalling that [[b]| 1 (ge) <
2| f[|21(rey by the Calderén-Zygmund Theorem 11.4. O
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Lemma 21.2 (Hérmander condition). If p € CY(R?\ {0}) with

const.
(Vo)) < % v € RY,

then
sup / p(z = y) — plz — 2)| dz < oo
{a:le—2[>2ly 2]}

y,zER4

Proof. We can take z = 0, by a translation. By the Fundamental Theorem,
Lo
— — fry R — d
plz —y) = p(x) /0 55 P(% = sy) ds

— [ v e —ss

Hence

[ e = )] ds
{z:|z[>2y[}

< Iyl / /| N0 s s

1
< (const.)|y| ————dx

jal>2ly| (2]/2)%+!
by using the hypothesis, since |z — sy| > |z| — |y| > |z|/2,

= (const.)|y|/ —— " dr
2y T

= (const.)

Now we deduce strong (p, p) estimates.
Corollary 21.3. The Riesz transforms are strong (p,p) for 1 < p < oc.

Proof. R; is strong (2,2) and linear, by definition in Chapter 20, and R; is
weak (1,1) on L' N L%(RY) (and hence on all simple functions with support
of finite measure) by Theorem 21.1. So R; is strong (p,p) for 1 < p < 2
by Remark C.4 after Marcinkiewicz Interpolation (in Appendix C). That is,
R; : LP(RY) — LP(R?) is bounded and linear for 1 < p < 2.
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For 2 < p < oo we use duality and anti-selfadjointness R} = —R; on
L?(R%) to reduce to the case 1 < p < 2, just like in the proof of Corollary 12.2.
O

Alternatively, for singular integral kernels of the form

O(x/lx|)

||

where O is an odd function on the unit sphere, one can instead use the method
of rotations [Grafakos, Section 4.2¢c]. The idea is to express convolution with
this kernel as an average of Hilbert transforms taken in all possible directions
in R?.

The Riesz kernel cy(z;/|z])/|x|? fits this form, since O(y) = y; is odd.

The strong (p,p) bound on the Riesz transform can be generalized to a
whole class of convolution-type singular integral operators [Duoandikoetxea,
Section 5.1].
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Fourier series and integrals
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Chapter 22

Compactly supported Fourier
transforms, and the sampling
theorem

Goal

Show band limited functions are holomorphic
Prove the Kotelnikov—Shannon-Whittaker sampling theorem
Reference

[Katznelson] Section VI.7

Definition 22.1. We say f = § is band limited if g € L'(R?) has compact
support.

Theorem 22.2 (Band limited functions are holomorphic). Assume g €
LY(RY) is supported in a ball B(R), and define

2)=q(z) = RS
1) =36) = g [ ate)eae

for z=x+iy € CL o,y € R (Here €z = &2 + -+ + Eg2a.)
Then f is holomorphic, and |f(z)| = O(e®W).
If in addition g € L*(R?) then |f(2)| = O(e®¥/\/]y|).
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Thus once more, decay of the Fourier transform (here, compact support)
implies smoothness of the function (here, holomorphicity). The theorem
also bounds the rate of growth of the function in the complex directions.
(The function must vanish at infinity in the real directions, by the Riemann—
Lebesgue corollary, since g is integrable.)

For example, the Dirichlet kernel D(z) = sin(z)/mx = (1-1,1) (z) is
band limited with R = 1, in 1 dimension. Taking z = 0 4 7y, we calculate

6y — efy

D(iy) = = O(el"/[y)),

2y

which is better (by a factor of y/|y|) than is guaranteed by the theorem.

Proof. f is well defined because & — ¢%* is bounded on B(R), for each z.
And f is holomorphic because €% is holomorphic and f can be differenti-
ated through the integral with respect to the complex variable z. (Exercise.
Justify these claims in detail.)

Clearly
1 ey i ikn gy
1f(2)] < (27)d B(R) l9(§)]e™>Y d¢ since e'~* = e'*"e
1

< eyl

> WHQHLl(Rd)

If in addition g € L?(R?), then

1 _o¢ 1/2
1) < gl / L)
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and

/ e %y dé = / e~ 2lyler dé
B(R) B(R)
by & — £A for some orthogonal matrix A with Ay = |yle;

— / e 26yl d¢
B(R)

< / €—2§1|y\ d¢
[_RvR]d

1 62R‘y| — €*2R|y\

_ d—
= (2R) ]

(QR)dfl 62R|y\
2yl
Hence | f(2)| < (const.)ef¥!/\/]y|. O

Holomorphic functions are known to be determined by their values on
lower dimensional sets in C?. For a band limited function, that “sampling
set” can be a lattice in R?,

Theorem 22.3 (Sampling theorem for band limited functions). Assume f €
L*(RY) is band limited, with [ supported in the cube [—w,w]? for some w > 0.

Then
d

f(z) = Z f(gn) Hsinc(wxj — ;)

nezd Jj=1

with the series converging in L?(R%), and also uniformly (in L=(R?)).

Remark 22.4.
1. The sampling rate w/m is proportional to the bandwidth w, that is, to
the highest frequency contained in the signal f. Intuitively, the sampling
rate must be high when the frequencies are high, because many samples are
needed to determine a highly oscillatory function.
2. sinc(wz; —mn;) is centered at the sampling location (7/w)n; and rescaled
to have bandwidth w. It vanishes at all the other sampling locations (7 /w)m;,
since

sinc (w(m/w)m; — wn;) = sinc (7(m; —n;)) = 0.
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Figure 22.1: Example of sampling formula in Theorem 22.3, with w = 27
and sampling rate w/m = 2. The dashed curves are two of the sinc functions
making up the signal. See Remark 22.4.

3. A graphical example of the sampling formula is shown in Figure 22.1, for
w =27 and

f(z) = —sinc (2r(z + 1)) 4 2sinc (27(z + 1/2)) + 3sinc (27z)
+ 2sinc (27 (z — 1/2)) + 1sinc (27(z — 1)).

The figure shows f with a solid curve, and 3sinc (27m:) and 2sinc (27r(31: —
1/2)) with dashed curves.

Proof of Sampling Theorem. We can assume w = m, by replacing x with
(m/w)x (Exercise).

Next, f is square integrable and compactly supported, and so is inte-
grable. Hence by L' Fourier inversion, f is continuous (after redefining it on
some set of measure zero) with

1

i L F)eede,  zeR% (22.1)

fz) =

Thus the pointwise sampled values f((m/w)n) in the theorem are well de-
fined.
We will prove

f©) =" f=n)e,  ¢el-mn, (22.2)

nezd
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with convergence in L?([—m,7]?). Indeed, if we regard ]/“\ as a square inte-

grable function on the cube T¢ = [—7, 7], then its Fourier coefficients are
1 ~ )
—ién d
(27T)d /ﬂ',ﬂ']d (5)6 é'
1 ~ . —~
= @ny /Rd (€)e % de since f is supported in [—m, 7]
= f(=n)

by the inversion formula (22.1). Thus (22.2) simply expresses the Fourier
series of f on the cube.
After changing n — —n in (22.2), we have

= Z f(n>€7iénﬂ-[f7r,7r]d(€)a 5 € Rda
nezd

with convergence in L2(Rd) and in Ll(Rd). Applying L? inversion gives

Z f 715”]1 [—7,m]d )v(x)

nezd
d .
_ Z f(n HSIH( z; — 1))
neze J=1 T xj N TL])

with convergence in L?(R%). Applying L! inversion gives convergence in
L. O

Paley—Wiener space

For a deeper perspective on Sampling Theorem 22.3, consider the Paley—
Wiener space

PW(w) = {f € L*(R%) : f is supported in [—w,w]? }.

Clearly PW (w) is a subspace of L2(R?), and it is a closed subspace (since if
f = lim,, f,, in L*(RY) and f/\m is supported in [—w,w]?, then f = lim,, f/\m is
also supported in [—w,w]?).

Hence PW(w) is a Hilbert space with the L? inner product. It is iso-
metric, under the Fourier transform, to L?([—w,w]?) with inner product
(27)~%(-,-)z2. That space has orthonormal Fourier basis

{(7 /)Py ga(€)e ey L
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where the indicator function simply reminds us that we are working on the
cube. Taking the inverse Fourier transform gives an orthonormal basis of
sinc functions for the Paley—Wiener space:

d

{Gn ezt = {(w/ﬂ)d/2 H sinc(wz; — W”J')}nezd'

j=1
Using this orthonormal basis, we expand
F= {f g2 gn,  forall f € PW(w), (22.3)
neZzd

where the coeflicient is

1 -~ .
(fign)r2 = W<f7 (W/w)d/21[_w7w]d€_z£(”/w)">m by Parseval

= (m/w) "2 f((m/w)n)

by Fourier inversion. Thus the orthonormal expansion (22.3) simply restates
the Sampling Theorem 22.3.

Our calculations have, of course, essentially repeated the proof of the
Sampling Theorem.



Chapter 23

Periodization and Poisson
summation

Goal
Periodize functions on R% to functions on T¢

Show the Fourier series of periodization gives the Poisson summation formula

References

[Folland] Section 8.3
[Katznelson] Section VI.1

Definition 23.1. Given f € L'(R?), its periodization is the function

Pe(f)(z) = (2m)* Y flz+2mm), 1z €R™

nczd

Example 23.2. In 1 dimension, if f = 1{_;2x), then Pe(f) = 27(21[_, ) +
Ljo,m) for x € [—m, ), with Pe(f) extending 27-periodically to R.

Lemma 23.3. If f € LY(R?) then the series for Pe(f)(z) converges ab-
solutely for almost every z, and Pe(f) is 2wZ%-periodic. Further, Pe : L*Y(R?) —
LY(T%) is bounded, with

IPe(f)lreray < [1f11prwa)-

135
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The periodization has Fourier coefficients

—_— ~

Pe(f)(5) = f(5),  je€Z’

That is, the jth Fourier coefficient of Pe(f) equals the Fourier transform
of f at j.

Proof. See Problem 19 in Assignment 3. m

Lemma 23.4 (Periodization of a convolution). If f,g € L'(R?) then

Pe(f x g) = Pe(f) * Pe(g).

Proof. We have

(Pe(f+9)) () = (f*9) () by Lemma 23.3
= F(7) 30
= P/eﬁ(j) P/e@(j) by Lemma 23.3 again
= (Pe(f) * Pe(9))(5)

and so Pe(f*g) = Pe(f)*Pe(g) by the uniqueness theorem for Fourier series.

For a more direct proof, suppose f and g are bounded with compact
support, so that the sums in the following argument are all finite rather than
infinite. (Thus sums and integrals can be interchanged, below.)
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For each z € R,

Pe(f * g)(z)
= @) S (f % g)(w + 2mm)
nezd
= (2m)* > / fla+2mn — y)g(y) dy
R4
nezd
= / Pe(f)(x —y)g(y) dy by definition of Pe(f)
R4
= Z / Pe(f)(z —y — 2nm)g(y + 2mm) dy since R = U(Td + 27m)
meZd T m
= Z / Pe(f)(x —y)g(y + 2mm) dy using periodicity of Pe(f)
meZd T
1
= P —y)P d
1 L, PelDle =) Pelo)) dy
= (Pe(f) * Pe(g)) (2),
remembering that our definition of convolution on T? has a prefactor of
(2m)~4.
Finally, pass to the general case by a limiting argument, using that if
fm — [ in LY(RY) then Pe(f,,) — Pe(f) in L'(T?) by Lemma 23.3. O

Theorem 23.5 (Poisson summation formula). Suppose f € L'(R?) is con-
tinuous and decays in space and frequency according to:

C
|f(x)] < 0t ) r € R, (23.1)
~ C
1f(E] < At Enee’ ¢ eRY, (23.2)

for some constants C,e > 0.
Then the periodization Pe(f) equals its Fourier series at every point:

@m)? > flz+2mn) =Y f(j)e”,  zeR?
nezd JEZ
In particular, taking x = 0 gives

@2m) " f@2n) =" F).

nezd jezd
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This Poisson summation formula relates a lattice sum of values of the
function to a lattice sum of values of its Fourier transform.

Proof. Pe(f) has Fourier coefficients in £(Z?), since

S Pe(HG)| = S IFG)] by Lemma 23.3

jezZ jezd

C
<) T by (23.2)

jEZA

(const.) p
< L v

< 00

by spherical coordinates.

Hence the Fourier series of Pe(f) converges absolutely and uniformly to
a continuous function. That continuous function has the same Fourier co-
efficients as Pe(f), and so it equals Pe(f) a.e. (just like in 1 dimension; see
Chapter 4).

To complete the proof we will show Pe(f) is continuous, for then Pe(f)
equals its Fourier series everywhere (and not just almost everywhere).

Notice that Pe(f)(z) = (2m)4 3", cza f(z + 27n) is a series of continuous
functions. The series converges absolutely and uniformly on each ball in R?
(by using (23.1); exercise), and so Pe(f) is continuous. O

Example 23.6 (Periodizing the Poisson kernel). The Poisson kernel P, on
T equals the periodization of the Poisson kernel P, on R:

-1

1 -2 1
- =2ry - - reR,  (23.3)

1 —2rcosx + r? nezw(x—i-%m)?—l—w—?’

—1/w

provided r = e . Hence we obtain a series expansion for the square of the

cosecant:
2

T 1
= — eR\Z.
sin? % (z +n)?’ * \

Proof. First, to partially motivate these results we note Pe(P, * f) = Pe(P,)*
Pe(f) by Lemma 23.4, so that it is plausible P, periodizes to P, for some 7.
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To prove (23.3), observe that P, satisfies decay hypotheses (23.1) and
(23.2) because

-1

1
Pw(x): d IER,

T2+ w2’

Pw(f) = €—|§|/w’ 6 S Ra

by (15.12) and Table 16.1. Hence the Poisson Summation Formula says that

Pe(P)(@) = 3 Po(j)es
jez
= elliegin
jez
= Z rlileiiz since r = e~ 1/¥
jez

= P(z)

by (2.8), which proves (23.3).
Changing z to 27wz in (23.3) gives

Z 1 . 27‘(‘2w 1— 7'2
~ (x +n)?+ 2mw)=2 1 — 2rcos(2mx) +r?

Since .
r=e /¢ =1- —+O(—),

letting w — oo implies that

Z 1 . 4 . 7T2
(x+n)2  2—2cos(2mx) (sinmw)?’

nez
where we used monotone convergence on the left side.

Example 23.7 (Periodizing the Gauss kernel). The Gauss kernel G4(t) =
ZjeZ e~i*s¢iit on T equals the periodization of the Gauss kernel G,, on R:

24 s w 2 2
Z e e =21 Z —— W (@t2m)%/2 reR (23.4)
/27.‘_ Y Y

JEZ nez
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provided s > 0 and w = 1/v/2s. Hence

Z 6—n27rs _ 8_1/2 Ze—nQW/s7 s> 0.

neL neL

In terms of the theta function ¥(s) = > _, e~ the last formula ex-
presses the functional equation

D(s) = s V29(s71).

Proof. Decay hypotheses (23.1) and (23.2) hold for G, because

Gw(x) - \/C;_ﬂ'e_(wm)zp’ r € R,
Gul(§) = e P2, {ER,

by (15.16) and Table 16.1. Hence the Poisson Summation Formula says that

Pe(Gu)(x) = ) Gul(j)e’”
jez
= Y e e
jez
= Z eIl since w = 1/v/2s
jez

= G(x),

which proves (23.4).
Taking = 0 in (23.4) and changing s to 7s yields the functional equation
for the theta function.



Chapter 24

Uncertainty principles

Goal

Establish qualitative and quantitative uncertainty principles

References

[Goh and Micchelli] Section 2
[Jaming] Section 1

Uncertainty principles say that f and ]? cannot both be too localized.
Consequently, if f is well localized then f is not, and so we are “uncertain”
of the value of f.

Proposition 24.1 (Qualitative uncertainty principles).

(a) If f € L*(T) is continuous, f has infinitely many zeros in T, and f
is finitely supported, then f = 0.

(b) If f € L*(R?) is continuous, f vanishes on some open set, and s
compactly supported, then f = 0.

Proof.
(a) f is a trigonometric polynomial since it has only finitely many nonzero
Fourier coefficients. Thus part (a) says:

a trigonometric polynomial that vanishes infinitely often in T
must vanish identically.

141
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To prove this claim, write f(t) = 3. ane™. Then f(t) = p(e)/eN
where p is the polynomial

2N

p(z) = Zan,Nz", z e C.

n=0

Since f has infinitely many zeros t € T, we see p has infinitely many zeros
e on the unit circle. The Fundamental Theorem of Algebra implies p = 0.
(b) f is band limited, and hence is holomorphic on C¢ by Theorem 22.2.
In particular, f is real analytic on R
Choose 7y € R? such that f = 0 on a neighborhood of z; then the Taylor
series of f centered at xq is identically zero. That Taylor series equals f on
R?, and so f = 0. O

Theorem 24.2 (Benedicks’ qualitative uncertainty principle). If f € L*(R?)
is continuous and f and f are supported on sets of finite measure, then f = 0.

In contrast to Proposition 24.1, here the support of fneed not be com-
pact.

Proof. We prove only the 1 dimensional case. R
Let A={z € R: f(x) # 0} and B={{ € R: f(§) # 0}. By dilating f
we can suppose |A| < 2r. Then
|{35 € T: f(z+2mn) # 0 for some n € Z}|

= [{z eT: Y 1a@+2mn) > 1}

neL

< /ZIIA(QJ+27m) dx

neL

= /]R La(x)dx
~ 14

< |T| = 2.
Therefore the complementary set
E={zeT: f(x+2mn)=0for all n € Z}

has positive measure.
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Next,

/m’l);ﬂB(wj)ds:/RnB@)df
-

< 00,

so that ZjeZ 1p(€ + j) is finite for almost every & € [0,1), say for all £ €
F C [0,1) where F' has full measure, |[0,1)\ F| = 0. Hence when ¢ € F, the

set {j € Z: f(£+ ) # 0} is finite.
Fix £ € F' and consider the periodization

Pe(fe_i&”)(m) — 97 Z f(m + 27Tn>e—i§(x+27rn)’

nel

which is well defined since f € L'(R). The jth Fourier coefficient of the
periodization equals

(fe™ 1) = fFE+1),
which equals zero for but finitely many j, since & € F. Thus Pe(fe %%)
equals some trigonometric polynomial Q(z) a.e. But Pe(fe %%)(z) = 0 for
all x € F, and so () vanishes a.e. on E. In particular, () vanishes at infinitely
many points in T (using here that E has positive measure). Hence @) = 0 by
Proposition 24.1(a). The Fourier coefficient f(f + 7) of @ therefore vanishes
for all 7.

~

Since f(£ + j) = 0 for all j € Z and almost every £ € [0,1), we deduce
f(§) =0a.e., and so f =0. O

Theorem 24.3 (Nazarov’s quantitative uncertainty principle). A constant
Cy > 0 exists such that

~

A||B|+1
1 ey = 1B < €1 (

R4\ A

f@P do+ |

RA\B

Fle)P de)

for all sets A, B C R? of finite measure and all f € L*(RY).

We omit the proof.
Nazarov’s theorem implies Benedicks’ theorem, because if f is supported
in A and f is supported in B, then the right side is zero and so f = 0.
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Next we develop an abstract commutator inequality that leads to the
Heisenberg Uncertainty Principle.

Let H be a Hilbert space. Suppose T’ is a linear operator from a subspace
D(T) into H. Write T* for its adjoint, defined on a subspace D(T™*), meaning
T™ is linear and

(Tf,q)={(f,T"g) whenever f e D(T), geD(T).
Define
Ay(T) = min||Tf — af]l
= norm of component of T'f perpendicular to f.

The minimum is attained for o = (T'f, )/ f|I*.

Theorem 24.4 (Commutator estimate). Let T and U be linear operators
like above. Then

([T.UIF, )] < Ap(T)AU) + ApT)AU)
for all f € D(TU)NDUT) N D(T*) N D(U*).
Here [T, U] =TU — UT is the commutator of T" and U.

Proof.
([T, Uf, f) |=\TUff (UTf, )]
= (U, T*f) = (Tf,U"f)
HUfIHIT*fII + [T FIT £l (24.1)

Let o, 6 € C. Note that
T —al,U— pI=[T,U].
Hence by replacing T' with T'— ol and U with U — 81 in (24.1) we find
([T 015, 5] < 1UF = BANT"f —afll + ITF — af|[|U"f — Bl
Minimizing over o and 3 proves the theorem, noting for the adjoints that

_ (T4 ) __ TR h

(%

I = TR
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Example 24.5 (Heisenberg Uncertainty Principle). Take H = L*(R),

(Tf)(x) =2f(x)  with D(T)={f € *[R): af(z) € L’[®)},
(Uf)@) = —if(x)  with D(U)={f e *(R): [’ € R)}.

Here T is the position operator and U is the momentum operator.

Observe T* =T, U* = U and
T, U|f=TUf-UTf
d d
=z (- z%f(a:)) + zﬁ(mf(x))
The Commutator Theorem 24.4 implies
11122 < 284(T)A4(U)
<2l|lzf — afllizm |—if — Bfll2w)

=2||(x — @) f|l 12 \é-ﬂl!(é = B)f @

by Plancherel. Squaring yields the Heisenberg Uncertainty Principle:

1 1 ~
Wl < [l —aPlf@Pde- 3= [1e-BPITEOPdE (242

for all a, 8 € C. R

We interpret (24.2) as restricting how localized f and f can be, around
the locations « and J3.

In quantum mechanics, we normalize || f||,2r) = 1 and interpret |f(x)
as the probability density for the position = of some particle, and regard
| f|?/27 as the probability density for the momentum ¢. Thus the Heisenberg
Uncertainty Principle implies that the variance (or uncertainty) in position
multiplied by the variance in momentum is at least 1/4.

Roughly, the Principle says that the more precisely one knows the position
of a quantum particle, the less precisely one knows its momentum, and vice
versa.

| 2

Remark 24.6.
1. Equality holds in the Heisenberg Principle (24.2) if and only if f(x) =
Cefre=71@=)" i5 a B-modulated Gaussian at a (with C' € C,~ > 0).
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2. A more direct proof of (24.2) can be given by integrating by parts in

122 = / f@ @) (@ — ) d

and then applying Cauchy-Schwarz.

3. The Heisenberg Uncertainty Principle extends naturally to higher di-
mensions.

4. On T, the analogous uncertainty principle says

1 imt 2 |2 1 imt 2 2 20 770\ |2
3 [emiror af < 5= [1em —aPlr R 3 - 217w

2T
nez

1

4

for all o, 3 € C,m € Z (exercise).

One considers here a quantum particle at position e on the unit circle,
with momentum n € Z. When a = 0 we deduce a lower bound on the
localization of momentum, in terms of Fourier coefficients of the position
density | f]*:

11y sup m? (PG < 3 I = B Fl

nel



Part 1V

Problems
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Assignment 1

Problem 1. Do the following problems, but do not hand them in:
[Katznelson] Ex. 1.1.2, 1.1.4.

Problem 2. ([Katznelson] Ex. 1.1.5: downsampling)
Let f € L}(T),m € N, and define

fam () = f(mt).

(a) Prove that f/(,;)(n) = f(n/m) if m|n and f/(;)(n) = 0 otherwise. Use only
the definition of the Fourier coefficients, and elementary manipulations.
(b) Then give a quick, formal (nonrigorous) proof using the Fourier series of f.

Problem 3. ([Katznelson| Ex. 1.2.8: Fejér’s Lemma)
Let f € LP(T) and g € L%T), where 1 < p < 00,1 < ¢ < oo and

+ = = 1. Prove that

=
Q=

P —

lim / f(mt)g(®) dt = F(0)5(0).

m—o0 27
Hint. Use that trigonometric polynomials are dense in L(T).

Problem 4. (Weak convergence and oscillation)

Let H be a Hilbert space. We say w, converges weakly to u, written
un, — u weakly, if (u,,v) — (u,v) as n — oo, for each v € H. Clearly if
Up, — w in norm (meaning |lu, —u|| — 0) then u,, — u weakly.

(a) Show that e — (0 weakly in L*(T), as m — oo.

(b) Let f € L*(T). Show

~

fim) = f(0) = (mean value of f)

weakly in L?(T), as m — oo.
Remark. Thus rapid oscillation yields weak convergence to the mean.
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~

Problem 5. (Smoothness of f implies rate of decay of f)

(a) Show that if f has bounded variation, then f(n) = O(|n|™").

b) Show that if f is absolutely continuous and f’ has bounded variation,
( y

then f(n) = O(|n|~2).

Remark. These results cover most of the functions encountered in elemen-
tary courses. For example, functions that are smooth expect for finitely many
jumps (such as the sawtooth f(t) = t,t € (—m,n]) have bounded variation.
And functions that are smooth except for finitely many corners (such as the
triangular wave f(t) = |t|,t € (—m,7]) have first derivative with bounded
variation. That is why one encounters so many functions with Fourier coef-
ficients decaying like 1/n or 1/n?.

Problem 6. ([Katznelson] Ex. 1.3.2: rate of uniform summability)
Assume f is Hélder continuous, with f € C*(T) for some 0 < a < 1.
Prove there exists C' > 0 (depending on the Hélder constant of f) such that

c 1
— o < — — N .
lox(f) = flle= < 77 5= €N
Remark. Thus the “smoother” f is, the faster oy(f) converges to f as
N — oc.

Problem 7. ([Katznelson] Ex. 1.5.4)

Let f be absolutely continuous on T with f’ € L*(T). In other words,
f e Wh3(T).

(a) Prove that

~ 1/2
—~ 1
[fllerzy < [[fllprery + <2Zﬁ> 1l 22
n=1

Hint. First evaluate || f'||7..

(b) Deduce that f € A(T).
Remark. Hence the Fourier series of f converges uniformly by Chapter 4,
so that S,(f) — f in L*(T). In particular, if f is smooth except for finite
many corners (such as the triangular wave f(t) = [¢| for ¢t € (—m, 7]), then
the Fourier series converges uniformly to f.

Problem 8. (A lacunary series)
Assume 0 < a < 1.
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(a) Suppose that f is continuous on T and that

oo lfG) <o

2n<|j|<2ntt

for each n > 0. Prove f € A(T), and then f € C%(T).
(b) Let f(t) = >_02,2 """, Show f € C*(T). Deduce that the rate
of decay f(n) = O(|n|~) proved in Theorem 1.6 for C*(T) is sharp. (That

is, show f(n) = O(|n|~") fails for some f € C%(T), when 3 > «.)

Problem 9. (Maximal function when p = 1)
Define Llog L(RY) to be the class of measurable functions for which
Jea | f(@)|log (1 + | f(2)]) dz < co. Prove that
fe€LlogL(RY) = MfeL,.R?.

Remark. Thus if the singularities of f are “logarithmically better than L'”
then the Hardy—Littlewood maximal function belongs to L' (at least locally).

Problem 10. Enjoyable reading (nothing to hand in).

Read Chapter 8 “Compass and Tides” from [Kérner|, which shows how
sums of Fourier series having different underlying periods can be used to
model the heights of tides.

Sums of periodic functions having different periods are called almost pe-
riodic functions. Their theory was developed by the Danish mathematician
Harald Bohr, brother of physicist Niels Bohr. Harald Bohr won a silver medal
at the 1908 Olympics, in soccer.



152



Assignment 2

Problem 11 (Hilbert transform of indicator function).

(a) Evaluate (H1,4)(t), where [a, b] C (—m, ) is a closed interval. Sketch
the graph, for ¢t € [—m, 7).

(b) Conclude that the Hilbert transform on T is not strong (oo, 00).

Problem 12 (Fourier synthesis on 7). Let 1 < p < 2.
Prove that the Fourier synthesis operator T', defined by

(T{c, })(t ch ,

neL

is bounded from ¢?(Z) to L¥ (T). Estimate the norm of 7.
Extra credit. Show the series converges unconditionally, in L¥'(T).

Problem 13 (Parseval on L?). Do part (a) or part (b). You may do both
parts if you wish.

(a) Let 1 < p < 2. Take f € LP(T) and g € L'(T) with {g(n)} € (*(Z).
Prove that g € L” (T), and establish the Parseval identity

3 | f0a0 =3 Foio

nez

(In your solution, explain why the integral and sum are absolutely conver-
gent.)

(b) Let 1 < p < co. Take f € LP(T) and g € L¥(T). Prove the Parseval
identity

21 T N—o0
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Problem 14 (Fourier analysis into a weighted space). Let 1 < p < 2.
(a) Show

1/p
(Z |f(n)|”|n|p_2> < Cpllfllzeery  forall fe LP(T).
n#0

Hint. Y = Z\ {0} with v = counting measure weighted by n 2.

(b) Show that combining the Hélder and Hausdorff-Young inequalities in
the obvious way does not prove part (a).

Problem 15 (Poisson extension). Recall P, denotes the Poisson kernel on T,
and write D for the open unit disk in the complex plane. Suppose f € C(T)
and define

o(ret) = (Prx f)(t) for0<r<1,teT,
B f(t) forr=1, teT,

so that v is defined on the closed disk D.

(a) Show v is C*° smooth and harmonic (Av = 0) in D.

(b) Show v is continuous on D.

(c¢) [Optional; no credit] Assume f € C*°(T) and show v € C*(D). (Parts
(a) and (b) show v is smooth on D and continuous on . Thus the task is to
prove each partial derivative of v on D extends continuously to D.).
Aside. (P, f)(t) is called the harmonic extension to the disk of the boundary

function f.

Problem 16 (Boundary values lose half a derivative). Assume u is a smooth,
real-valued function on a neighborhood of D, and define

f(t) = u(e")

for the boundary value function of u. Hence f € C*°(T), and so the Poisson
extension v belongs to C*>°(D) by Problem 15(c).

(a) Prove
1 —~
3 [ 19 aa =S i)

nez

Hint. Use one of Green’s formulas, and remember v = v since f and v are
real-valued.
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(b) Prove

/\Vv|2dA§/\Vu\2dA.
D D

Hint. Write u = v + (u — v) and use one of Green’s formulas.

Aside. This result is known as “Dirichlet’s principle”. It asserts that
among all functions having the same boundary values, the harmonic function
has smallest Dirichlet integral. As your proof reveals, this result holds on
arbitrary domains.

(c) Conclude

Sl fn)? < —/|Vu]2dA

nez

o~

€
(*(Z). Justification: if f has zero derivatives (f € LQ(T)) then {f(n)} €
(*(Z), and if f has one derivative (f' € L*(T)) then {nf(n)} € (*(Z).
Halfway inbetween lies the condition {|n|'/2f(n)} € (2(Z).

Boundary trace inequalities like in part (c¢) are important for partial dif-
ferential equations and Sobolev space theory. The inequality says, basically,
that if a function v has one derivative Vu belonging to L? on a domain, then
v has half a derivative in L? on the boundary. Thus the boundary value loses
half a derivative, compared to the original function.

Note that in this problem, f € C°°(T) and so certainly f’ € L*(T), which
implies {nf(n)} € (*(Z). You might wonder, then, why you should bother
proving the weaker result {|n|"/2f(n)} € (%(Z) in part (c). But actually you
prove more in part (c): you obtain a norm estimate on {|n|Y2f(n)} € (*(Z)
in terms of the L? norm of Vu. (We do not have such a norm estimate on
{n]?(n)}) This norm estimate means that the restriction map

Discussion. We say f has “half a derivative” in L?, since {|n|"/? f(n)}
)}

H' (D) — HY?(0D)

u— f

is bounded from the Sobolev space H'(D) on the disk with one derivative
in L? to the Sobolev space H'2?(0D) on the boundary circle with half a
derivative in L.

Aside. The notion of fractional derivatives defined via Fourier coefficients
can be extended to fractional derivatives in R?, by using Fourier transforms.
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Problem 17 (Measuring diameters of stars).

Enjoyable reading; nothing to hand in.

Read Chapter 95 “The Diameter of Stars” from [Korner|, which shows
how the diameters of stars can be estimated using Fourier transforms of radial
functions, and convolutions.



Assignment 3

Problem 18 (Adjoint of Fourier transform).
Find the adjoint of the Fourier transform on L?(R%).

Problem 19 (Periodization, and Fourier coefficients and transforms).
Suppose f € L'(R?).
(a) Prove that the periodization

Pe(f)(z) = 2m)" ) f(z + 2mn)

nczd

of f satisfies
IPe(f)lreray < [f11prwa).-

(b) Deduce from your argument that the series for Pe(f)(z) converges
absolutely for almost every z, and that Pe(f) is 2nZ%-periodic.

(c) Show that the jth Fourier coefficient of Pe( f) equals the Fourier trans-
form of f at j:

—

Pe(f)(j) = f(j), jez’

Problem 20 (Course summary).

Write a one page description of the most important and memorable results
and general techniques from this course. Be brief, but thoughtful; explain
how these main results fit together.

You need not state the results technically — intuition is more helpful
than rigor, at this stage.
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Part V

Appendices
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Appendix A

Minkowski’s integral inequality

Goal

State Minkowski’s integral inequality, and apply it to norms of convolutions

Minkowski’s inequality on a measure space (X, p) is simply the triangle
inequality for LP(X), saying that the norm of a sum is bounded by the sum

of the norms:
” ijVjHLp(X) < ZHfjHLP(X)VJ
J J

whenever f; € LP(X) and the constants v; are nonnegative. Similarly, the
norm of an integral is bounded by the integral of the norms:

Theorem A.1. Suppose (X, p) and (Y,v) are o-finite measure spaces, and
that f(x,y) is measurable on the product space X x Y. If 1 < p < co then

| [ remat], < [ 1l )

whenever the right side is finite.

Proof. Take q to be the conjugate exponent, with % + % = 1. Then for all
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162 APPENDIX A. MINKOWSKI’S INTEGRAL INEQUALITY
g € LX),

[ ([ s i) sto) duta)

X Y
< /Y /X () lg(@)]| dyu()dv(y)
1/p
Pd ax) d by Hold
< [ ([ el an) lolueo dets) by Holder
- /Y 1£ s 9) o) (@) - gl

Now the theorem follows from the dual characterization of the norm on LP(X)

(see [Folland, Theorem 6.14]). O
Definition A.2. Define the convolution of functions f and g on T by
(fxg)(t :_/ft—T )ydr, teT,

whenever the integral makes sense.
Define the convolution of functions f and g on R? by

(f*xg)(x /fx— y) dy, xERd,
whenever the integral makes sense.
Theorem A.3 (Young’s theorem). Fiz 1 < p < oo. Then

1 gllzeery < I flleemllgllzrer
If *gHLP(Rd) < HfHLP(Rd)”gHLl(Rd)a

whenever the right sides are finite. In particular, the convolution f* g is well
defined a.e. whenever f € LP and g € L*.

Proof.
Il = || [ 16 =wawa],
< / 17— )l g lo(w)] dy
Rd

by Minkowski’s integral inequality, Theorem A.1,

= HfHLP(Rd)“g”Ll(Rd).
Argue similarly on T. -



Appendix B

LP norms and the distribution
function

Goal

Express LP-norms in terms of the distribution function

Given a o-finite measure space (X, pt) and a measurable function f on X,
write

B = {z € X : |f(x)] > A}
for the level set of f above level A. The distribution function of f is u(E(X)).

Lemma B.1. Let a > 0.
If —oco < r < p < o0 then

[ [ e due
0 E(\/a)

If —o0 < p <r < oo then

[ e e =22 [ apae. ©2

In particular, when r =0 < p < 0o and a = 1, formula (B.1) expresses
the LP-norm in terms of the distribution function:

/Ooomp_lu(E(A))clA Z/le(x)lpdu(ﬂf) = 1/ 1Zex)- (B.3)

)|’ du(x (B.1)
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Proof. We can assume o = 1 without loss of generality, by changing variable
with A — aA.

Write £ = {(z,\) € X x (0,00) : |f(x)] > A}, so that (z,\) € F < x €
E(A). Then the left hand side of (B.1) equals

/0 T /X Lg(, M| (@) da(r)dA
= /X |f(2)]" /0 OOAP*’“*IILE(:U,A) d\dp(z) by Fubini
|f(@)]
_ /X @) /0 N dAdpu(a) since A < |f(z)] on E
- [ @I 1@ dute)

since p — r > 0. Thus we have proved (B.1), and (B.2) is similar. O



Appendix C

Interpolation

Goal

Interpolation of operators on LP spaces, assuming either weak endpoint
bounds (Marcinkiewicz) or strong endpoint bounds (Riesz—Thorin)

References

[Folland] Chapter 6
[Grafakos] Section 1.3

Definition C.1. An operator is sublinear if
T+ )W < [T )]+ 1(Tg)(y)l

T (cf)(y)l = 1el[(Tf)y)]
for all f,g in the domain of 7', all c € C, and all y in the underlying set.

Theorem C.2 (Marcinkiewicz Interpolation). Let 1 < py < p1 < oo and
suppose (X, ) and (Y,v) are measure spaces. Assume

T : LP° + LPY(X) — {measurable functions on Y}

is sublinear. If T' is weak (po,po) and weak (p1,p1), then T is strong (p,p)
whenever pg < p < p1.
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Proof. Write Ay, A; for the constants in the weak (pg,po) and (py,p1) esti-
mates. Let o > 0. Consider f € LP(X),A > 0. Split f into “large” and
“small” parts:

9= Flwir@aey and b= fli)r@)<a/a}-
Notice that
g € L(X) since [g[" < |f["(A/a)™7?,
h € LP1(X) since |h[P* < [f]P(N/a)Pr7P.
Hence f = g+ h € LP + LP*(X). By sublinearity, |T'f| < |Tg| + |Th|.

Case 1. Assume p; < co. Then

v({y e Y |Tfy)l > A})
<v{H{yeY:|Tgly)|>N2})+v{yeY |Th(y)| > A/2}) by sublinearity

A Po P1
< ()\/2 ||g||Lp0(X)) ()\/2 Al e (x ) by the weak estimates on T’
= apa [ @) du)
{a:|f(2)[>A/a}

LA / (@) dul). (1)

{z:|f(x)|[<XN/a}
Therefore

1T = / PN ({y €Y < [TF(y)] > A} dA

aP—PO
< p(QAO)pop_—meHip(X) +p(2A)"

by (C.1) and formulas (B.1), (B.2). We have proved strong (p, p).
Choosing a = 2A€1/(p17p°)/A€°/(plfp°) gives simple constants:

1 1 1/p
Tfllory §2p1/2< + > Ay AN Fllwx C.2
I fllsor ) ATl (€2
Where 0 < 6 < 1 is determined by expressing }D as a convex combination of
L and L:
PO p1’
1 1-6 4

p Po P
Note the estimate in (C.2) blows up as p approaches py or p;.
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Case 2. Assume p; = oco. Let a = 24;. We have [|[Th|pery) <
Aq||h]|Le(x), because weak (00, 00) is defined to mean strong (oo, 00), and so

AA
Ty € A% = 5

by definitions of A and «. Hence

v({y e Y Tf()l > A}) <v({y €Y : [Tg(y)| > A/2})
because |T'f| < |T'g|+|Th|. Now argue like in Case 1 to get strong (p,p). [
Next we weaken the hypotheses of Marcinkiewicz Interpolation.

Definition C.3. Given a measure space (X, i), write
Y(X) = {simple functions on X with support of finite measure}.

That is, f € X(X) provided f = } a;1p, where the sum is finite, a; €
C\ {0}, and the sets F; have finite measure and are disjoint.

Remark C.4 (Linear Operators). Suppose
T : ¥(X) — {measurable functions on Y’}

is linear. Then Marcinkiewicz Interpolation still holds: if T" is weak (po, po)
and weak (p1, p1) on the simple functions in 3(X), then T is strong (p, p) on
LP(X) whenever pg < p < p1.

Proof. 1f f is simple with support of finite measure, then so are g = f1yf>x/a}
and h = flys<r/ay- And T'f = T'g + Th by linearity. Hence the proof of
Marcinkiewicz Interpolation gives a strong (p,p) bound for 7" on ¥(X). By
density of X(X) in LP(X) (using here that p < p; implies p < 00), we deduce
T has a unique extension to a bounded linear operator on LP(X). (This
extension step uses linearity of 7'.) [

Our next interpolation result needs:

Lemma C.5 (Hadamard’s Three Lines). Assume H(z) is holomorphic on

U={z€C:0<Re(z) <1} and continuous and bounded on U = {z € C :

0 < Re(z) < 1}. Let By = suppe(,)—o | H(2)| and By = suppe,)— [H(2)].
Then |H(z)| < By~°B? whenever Re(z) = 6 € [0, 1].
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(Exercise. Let By = suppe(,)—g | H(2)|, so that By < By~ BY by the Lemma.
Show that 6 — log By is convex.)
Proof. Assume By > 0 and By > 0. Then
H
R
By *B;

is holomorphic on U and bounded on U, since H is bounded and | B} *B?| =
Bé_Re(z)Bf{e(z) > min(By, B) > 0. Let G, = G(2)e®~D/™ m > 0. Then
G, is holomorphic on U with
Go(2)| = |G(2)]|e” @D/ mele*=1)/m where z = & + iy
< |G(z)|e W HD/m since 22 < 1 on U.
Hence G,, — 0 as |z| — oo in U. Therefore the Maximum Principle applied
to G, in U says

sup |G (2)] < sup |G|
zeU OUU{o0}

= sup |G|
ouU

< sup |G|
oU

<1,

since |H| < By on {Re(z) = 0} and |H| < B; on {Re(z) = 1}. Letting
m — oo gives |G(2)| < 1, which proves the lemma.
If By =0or B; =0, then add ¢ to H and argue as above. Let ¢ — 0. [

Theorem C.6 (Riesz—Thorin Interpolation). Let 1 < pyg, p1,qo, 1 < 00, and
(X, 1) and (Y,v) be measure spaces. (If qo = q1 = oo, then further assume v
is semi-finite.) Suppose

T:LP+ IP(X)— LY+ L1 (Y)

15 linear.
If T is strong (po,qo) and (p1,q1), then T is strong (p,q) whenever

o) =000 +G )

for some 0 < 0 < 1. Specifically,

||T||LP(X)HLQ(Y) < ||T||2;()6(X)4,LQU(Y)||T||%P1(X)—>LQI(Y)‘
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1

q (1,1
1

0 p

Figure C.1: Parameters in the Riesz—Thorin theorem.

Remark C.7.
1. The relationship between the p and ¢ parameters is shown in Figure C.1.
In particular, if § = 0 then (p, ¢) = (po, qo), and if = 1 then (p, q) = (p1, ¢1)-

2. The space
L4 IP(X) = {fo+ fi - fo € L(X), fy € IP(X))

consists of all sums of functions in L and L”'. Recall from measure theory
that
LP C LPO + LPl7

by splitting f € LP into large and small parts.

A subtle aspect of the theorem is that when we assume 7" maps LP° +
LPY(X) into L% + L% (Y"), we need the value of T'f to be independent of the
choice of decomposition f = fo + fi.

In applications of the theorem, usually one has T defined and linear on
LPo(X) and LP*(X), and the two definitions agree on the intersection LP° N
LPr(X). Then one defines T'on f = fo+ f1 € LP + L7 by Tf =T fo+ T fi.
This definition is independent of the decomposition, as follows. For suppose
f = fo+ fi. Then

fo—fo=hH—fi € P NI (X)
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and so T(fo — :fB) = T(fl — fl), where on the left side we use T" defined on
LP(X) and on the right side we use 7" on LP'(X). Linearity of 7" now yields
T+ Tf = Tﬁ) + Tfl so that the definition of T'f is independent of the
decomposition of f.

3. When T = identity, Riesz—Thorin says that
LPO N Lpl C Lp

with
1l ze ey < w10 ) (C.3)

where % = 1}:—09 + pil. Here is a direct proof:

I = [ 1917 d
X
_ / AP0 d
/|f|p1 0)-po/p(1—0) du /po /|f|p9p1/p9dﬂ) PO/ by Holder

(1-9)
HinPo X)Hf”Lm

Proof of Riesz—Thorin Interpolation. First suppose py = pi1, so that pg =
p1 = p. Then

IT fllzaery < NTFll o) ITF N2 vy

by (C.3) applied to T'f on Y. Now the (po,qo) and (p1,q1) bounds can be
applied directly to give the (p, q) bound.

Next suppose pg # p1, so that p < oco.

We will prove an LP — L7 bound on T'f for f € ¥(X). Then at the end
we will prove the bound for f € LP(X).

Let f € ¥(X) and g € X(Y), say f = > a;lp, and g = ) f;1l¢,. Fix
0 € (0,1), which fixes p and ¢. For z € C, define

p p
Pz)=—(1—-2)+ —z,
z) po( ) D1

q q
Qz)==1-2)+ =2
) qé( ) %
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where % pias l, = 1. (The ' in @' does not denote a derivative, here.) Let

f(@) = | f(a)|PEeterel @), x € X,
9:(y) = |g(y)|F Pz, yevy.
Note fy = f and g = g, since P(f) = 1 and Q'(0) = 1. Clearly
6. = Y151 et ()

Therefore g.(y) is bounded for y € Y, z € U, and it has support (independent
of z) with finite measure. Similarly,

= Joy[PPerrEe (T ) (C.5)
by linearity, so that
ITL <) oy %P Ty
< (const.) Z T F; | for z € U.

The right side belongs to L%® N L% (Y') by the strong (po,po) and (p1,p1)
bounds, since 1y, € L N LP*(X). Hence the function

H(z) = /Y (T1.)(9)9.(y) du(y) (C.6)

is well-defined and bounded for z € U, by Holder. And H is holomorphic,
as one sees by substituting (C.4) and (C.5) into (C.6) and taking the sums
outside the integral. Next,

Re(2) =0 = ReP(z) = L ReQ'(z) = 4

Po %
= Ifz|p°—|f|p“ReP(Z) ik
IM%:MWMQ = |g|”
= | Lol = IFIBR,
'/
1911 g —ngiqq&

(valid even when py = oo or gg = o0)
= |H(2)| < Hsz”qu(Y)ng”ng)(Y) by Holder

[H(2)] < Tl 00—z m L1525 ol -
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Similarly,
Re(z) =1 = |H(Z)|S||T||Lm()<)~m(y>||f!|’£§3ﬁ(’1x)Hgl\q/q1

Hence by the Hadamard Three Lines Lemma C.5 and a short calculation, if
z = 6 then

(T'f.9)| = [H(0)|

< ||T“LP0 —>qu(Y)”T”i?’l(X)Hqu(Y)”fHLp(X)HgHLq/(Y)

Now the dual characterization of the norm on L?(Y") implies

1T fllzaery < N w0y oo oy I TN 2or ()= 2 oy 1L Dl o) (C.7)

which is the desired strong (p,p) bound. (See [Folland, Theorem 6.14] for
the dual characterization of the norm, which uses semi-finiteness of v when
q=00.)

We must extend this bound (C.7) from f € 3(X) to f € LP(X). So
fix f e LP(X) and let E = {z : |f(z)| > 1}. Choose a sequence of simple
functions f,, € X(X) with |f,| < |f| and f,, — f at every point, and with
fn — funiformly on X'\ E; such a sequence exists by [Folland, Theorem 2.10].
Define

9= flE, 9n = falg,
and
h:f]lX\Eu hn:fn]lX\E7

so that f =g+ h, fn = gn + hn, and |g,| < |g|, |hn| < |h|. Suppose py < p1,
by swapping po and p; if necessary. Then g, — ¢ in LP°(X) by dominated
convergence, and so T'g, — T'g in L?(Y'). By passing to a subsequence we
can further suppose T'g, — T¢g pointwise a.e.

Also h, — h in LP'(X) by dominated convergence (or, if p; = 0o, by the
uniform convergence f, — f on X \ F). Hence Th,, — Th in L% (Y). By
passing to a subsequence we can suppose Th, — Th a.e.

Therefore by linearity of T', we have T'f,, — T f pointwise a.e. and so

T flLaeyy < lim inf||Tfn||Lq(y) by Fatou’s lemma
< ”THLpo (X)— L9 (Y )HTH%Pl(X)—»qu(Y) hmninfllfnllmm
by (C.7), the strong (p,p) bound on the simple functions,

= ||T||Lpo(x)Hqu(y ||T||?;p1(x)ﬁL<11(Y)||f||Lp(X)



173

since f, — f in LP(X) by dominated convergence.
We have proved the desired strong (p, p) bound for all f € LP(X), and so
the proof is complete. n
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