
Stoqastikìc Logismìc

ErgasÐa 1

ProjesmÐa upobol c: Pèmpth 13 NoembrÐou 2014

1. 'Estw (Ω,F , µ) q¸roc mètrou kai A0 ∈ F me µ(A0) > 0.

(a) Na deiqjeÐ ìti h sun�rthsh ν : F → [0,∞] me

ν(A) = µ(A ∩ A0)

eÐnai mètro ston (Ω,F). Autì to mètro onom�zetai periorismìc tou µ sto A0. Kanonikopoi¸ntac
to (dhlad  diair¸ntac to me thn sunolik  tou m�za) paÐrnoume to mètro pijanìthtac

ν̂(A) =
ν(A)

ν(Ω)
=
µ(A ∩ A0)

µ(A0)
.

(b) Na deiqjeÐ ìti gia k�je X : Ω→ [−∞,∞] metr simh me
∫
|X| dµ <∞   me X ≥ 0 isqÔei ìti∫

X dν̂ =
1

µ(A0)

∫
A0

X dµ.

2. (Allag  mètrou kai desmeumènh mèsh tim ) 'Estw P mètro ston (Ω,F) kai f : Ω → (0,∞]
tuqaÐa metablht  me EP(f) = 1. Na deiqjeÐ ìti:

(a) H sun�rthsh Q : F → [0,∞] me Q(A) :=
∫
A
f dP =

∫
f1A dP eÐnai mètro pijanìthtac.

[Gr�foume dQ = f dP.]

(b) Gia k�je X ≥ 0 tuqaÐa metablht  isqÔei

EQ(X) = EP(Xf).

Kai gia X : Ω→ [−∞,∞] tuqaÐa metablht , EQ(|X|) <∞⇔ EP(|X|f) <∞.

(g) Gia G ⊂ F s-�lgebra kai X ∈ L1(Ω,F ,Q),

EQ(X | G) =
EP(Xf | G)

EP(f | G)
.

3. 'Estw (Xn)n≥1 martingale wc proc th di jhsh (Fn)n≥1 me tic Xn na paÐrnoun timèc1 sto
[0,M ] gia k�je n ≥ 1, ìpou M eÐnai jetik  stajer�. Na deiqjeÐ ìti

E(XnXn−1 · · ·X2X1) ≥ E(Xn
1 ).

4. 'Estw (Xn)n≥1 akoloujÐa tuqaÐwn metablht¸n se koinì q¸ro pijanìthtac kai me timèc sto
[0,∞). Jètoume

S0 := 0, F0 := {∅,Ω},
Sn := X1 +X2 + · · ·+Xn, Fn := σ(X1, X2, . . . , Xn)

gia n ≥ 1. Gia a > 0 stajerì jètoume V := sup{n : Sn ≤ a}. Na deiqjeÐ ìti o qrìnoc T := V +1
eÐnai qrìnoc st�shc wc proc th di jhsh (Fn)n≥0.

5. (To prìblhma exìdou gia ton asummetrikì tuqaÐo perÐpato) 'Estw (Sn)n≥1 o asummetrikìc tu-
qaÐoc perÐpatoc (DeÐte Parat rhsh 3.19 stic shmei¸seic gia touc orismoÔc kai ton sumbolismì).
Upojètoume ìti p > q (kai �ra p > 1/2). Gia k�je akèraio r, jètoume Tr := inf{k ≥ 0 : Sk = r}.
Kai èstw φ : R→ R h sun�rthsh me φ(x) = (q/p)x gia k�je x ∈ R.

1
Δηλαδή Xn : Ω→ [0,M ].



(a) Gia akeraÐouc a, b me a < 0 < b, na deiqjeÐ ìti

P(Ta < Tb) =
φ(b)− φ(0)

φ(b)− φ(a)
.

[ShmeÐwsh: Xèroume  dh apì thn Parat rhsh 3.19 ìti P(Ta ∧ Tb <∞) = 1.]
(b) Gia a < 0 akèraio, na deiqjeÐ ìti P(Ta <∞) = 1/φ(a) < 1.

(g) Gia b > 0 akèraio, na deiqjeÐ ìti P(Tb <∞) = 1.

(d) Gia b > 0 akèraio, na deiqjeÐ ìti E(Tb) = b/(p− q).

6. 'Estw B tupik  monodi�stath kÐnhsh Brown. Na deiqjeÐ ìti gia k�je s, t ≥ 0 isqÔei ìti

Cov(Bs, Bt) = s ∧ t.
7. 'Estw B tupik  monodi�stath kÐnhsh Brown. Gia kajemÐa apì tic parak�tw anelÐxeic

(a) X1(t) := 1
3
B3t,

(b) X2(t) := −1
2
B4t,

(g) X3(t) :=:= B2t −Bt,

(d) X4(t) :=

{
Bt2/t an t > 0,

0 an t = 0,

(e) X5(t) = |Bt|2,
na apanthjoÔn ta ex c:

(i) Gia stajerì t > 0 kajorÐste thn katanom  thc Xi(t).

(ii) EÐnai h anèlixh Xi kÐnhsh Brown?

8. 'Estw B tupik  monodi�stath kÐnhsh Brown. Na upologisteÐ h mèsh tim  thc tuqaÐac meta-
blht c

X :=

∫ 1

0

BtB1−t dt

.



UpodeÐxeic

1. (b) Me th gnwst  mèjodo thc jewrÐac mètrou. Xekin�me me X deÐktria, èpeita me X apl ,
èpeita jetik , kai tèloc oloklhr¸simh.

2. (b) Me thn Ðdia mèjodo ìpwc sto 1 (b).

(g) Onom�zoume Y to dexÐ mèloc thc isìthtac, kai deÐqnoume ìti ikanopoieÐ tic sunj kec ¸ste
na isoÔtai me EQ(X | G). MÐa apì autèc eÐnai

EQ(X1A) = EQ(Y 1A)

gia k�je A ∈ G. Gia eukolÐa, jètoume Z = 1A, pou eÐnai G-metr simh. Me b�sh to (b), h pio
p�nw isìthta isodunameÐ me

EP(XZf) = EP(Y Zf).

To dexÐ mèloc thc isìthtac isoÔtai me

EP(Y Zf) = EP{EP(Y Zf | G)} = EP{Y ZEP(f | G)} = ...

3. Dokim�ste na thn apodeÐxete gia n = 2, 3.

5. Apì thn 'Askhsh 3.6 twn shmei¸sewn, h φ(Sn) eÐnai martingale.

8. Efarmìzoume to Je¸rhma Fubini. Qr simh eÐnai kai h 'Askhsh 6 pio p�nw. DeÐte epÐshc tic
Ask seic 8.2, 8.3 twn shmei¸sewn.


