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Preface

This textbook provides an introductory course on Malliavin calculus in-
tended to prepare the interested reader for further study of existing mono-
graphs on the subject such as Bichteler et al. (1987), Malliavin (1991),
Sanz-Solé (2005), Malliavin and Thalmaier (2005), Nualart (2006),
Di Nunno et al. (2009), Nourdin and Peccati (2012), and Ishikawa (2016),
among others. Moreover, it contains recent applications of Malliavin cal-
culus, including density formulas, central limit theorems for functionals of
Gaussian processes, theorems on the convergence of densities, noncentral
limit theorems, and Malliavin calculus for jump processes. Recommended
prior knowledge would be an advanced probability course that includes
laws of large numbers and central limit theorems, martingales, and Markov
processes.

The Malliavin calculus is an infinite-dimensional differential calculus
on Wiener space, first introduced by Paul Malliavin in the 1970s with the
aim of giving a probabilistic proof of Hormander’s hypoellipticity theo-
rem; see Malliavin (1978a, b, c). The theory was further developed, see
e.g. Shigekawa (1980), Bismut (1981), Stroock (1981a, b), and Tkeda and
Watanabe (1984), and since then many new applications have appeared.

Chapters 1 and 2 give an introduction to stochastic calculus with respect
to Brownian motion, as developed by I1t6 (1944). The purpose of this cal-
culus is to construct stochastic integrals for adapted and square integrable
processes and to develop a change-of-variable formula.

Chapters 3, 4, and 5 present the main operators of the Malliavin calcu-
lus, which are the derivative, the divergence, the generator of the Ornstein—
Uhlenbeck semigroup, and the corresponding Sobolev norms. In Chapter
4, multiple stochastic integrals are constructed following It6 (1951), and
the orthogonal decomposition of square integrable random variables due to
Wiener (1938) is derived. These concepts play a key role in the develop-
ment of further properties of the Malliavin calculus operators. In particular,
Chapter 5 contains an integration-by-parts formula that relates the three op-

xi



xii Preface

erators, which is crucial for applications. In particular, it allows us to prove
a density formula due to Nourdin and Viens (2009).

Chapters 6, 7, and 8 are devoted to different applications of the Malliavin
calculus for Brownian motion. Chapter 6 presents two different stochastic
integral representations: the first is the well-known Clark—Ocone formula,
and the second uses the inverse of the Ornstein—Ulhenbeck generator. We
present, as a consequence of the Clark—Ocone formula, a central limit the-
orem for the modulus of continuity of the local time of Brownian motion,
proved by Hu and Nualart (2009). As an application of the second represen-
tation formula, we show how to derive tightness in the asymptotic behavior
of the self-intersection local time of fractional Brownian motion, following
Hu and Nualart (2005) and Jaramillo and Nualart (2018). In Chapter 7 we
develop the Malliavin calculus to derive explicit formulas for the densities
of random variables and criteria for their regularity. We apply these criteria
to the proof of Hormander’s hypoellipticity theorem. Chapter 8 presents an
application of Malliavin calculus, combined with Stein’s method, to nor-
mal approximations.

Chapters 9, 10, and 11 develop Malliavin calculus for Poisson random
measures. Specifically, Chapter 9 introduces stochastic integration for jump
processes, as well as the Wiener chaos decomposition of a Poisson random
measure. Then the Malliavin calculus is developed in two different direc-
tions. In Chapter 10 we introduce the three Malliavin operators and their
Sobolev norms using the Wiener chaos decomposition. As an application,
we present the Clark—Ocone formula and Stein’s method for Poisson func-
tionals. In Chapter 11 we use the theory of cylindrical functionals to intro-
duce the derivative and divergence operators. This approach allows us to
obtain a criterion for the existence of densities, which we apply to diffu-
sions with jumps.

Finally, in the appendix we review basic results on stochastic processes
that are used throughout the book.



Brownian Motion

In this chapter we introduce Brownian motion and study several aspects of
this stochastic process, including the regularity of sample paths, quadratic
variation, Wiener stochastic integrals, martingales, Markov properties, hit-
ting times, and the reflection principle.

1.1 Preliminaries and Notation

Throughout this book we will denote by (€2, ,P) a probability space,
where Q is a sample space, ¥ is a o-algebra of subsets of Q, and P is a
o-additive probability measure on (Q, ). If X is an integrable or nonneg-
ative random variable on (Q, 7, P), we denote by E(X) its expectation. For
any p > 1, we denote by L”(€Q) the space of random variables on (2, ¥, P)
such that the norm

IX1l, := (E(X|")"?

is finite.

For any integers k,n > 1 we denote by C’g(R”) the space of k-times
continuously differentiable functions f : R* — R, such that f and all its
partial derivatives of order up to k are bounded. We also denote by CS(R”)
the subspace of functions in C ’lj(R") that have compact support. Moreover,
C, (R") is the space of infinitely differentiable functions on R" that have at
most polynomial growth together with their partial derivatives, C;’(R") is
the subspace of functions in C’(R") that are bounded together with their
partial derivatives, and C’(R") is the space of infinitely differentiable func-
tions with compact support.

1.2 Definition and Basic Properties

Brownian motion was named by Einstein (1905) after the botanist Robert
Brown (1828), who observed in a microscope the complex and erratic mo-
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tion of grains of pollen suspended in water. Brownian motion was then rig-
orously defined and studied by Wiener (1923); this is why it is also called
the Wiener process. For extended expositions about Brownian motion see
Revuz and Yor (1999), Morters and Peres (2010), Durrett (2010), Bass
(2011), and Baudoin (2014).

The mathematical definition of Brownian motion is the following.

Definition 1.2.1 A real-valued stochastic process B = (B;);»o defined on
a probability space (2, ¥, P) is called a Brownian motion if it satisfies the
following conditions:

(1) Almost surely By = 0.
(i) Forall0 < #; < --- < t, the increments B, - B, _,,..., B, — B, are
independent random variables.
(iii) If 0 < 5 < ¢, the increment B, — By is a Gaussian random variable with
mean zero and variance f — s.
(iv) With probability one, the map t — B, is continuous.

More generally, a d-dimensional Brownian motion is defined as an R¢-
valued stochastic process B = (B,)s0, B, = (B!, ..., BY), where B', ..., B¢
are d independent Brownian motions.

We will sometimes consider a Brownian motion on a finite time interval
[0, T], which is defined in the same way.

Proposition 1.2.2 Properties (i), (ii), and (iii) are equivalent to saying
that B is a Gaussian process with mean zero and covariance function

I'(s, #) = min(s, 7). (1.1)

Proof Suppose that (i), (ii), and (iii) hold. The probability distribution of
the random vector (By,,...,B;,), for0 < #; < --- < t,, is normal because
this vector is a linear transformation of the vector

(Bt17Bt2 - Bt17 ... ’Bt” - Bt,,,l)s

which has a normal distribution because its components are independent
and normal. The mean m(f) and the covariance function I'(s, 7) are given by

m(t) = E(B;) = 0,
I'(s,t) = E(B;B,) = E(By(B, — B, + By))
= E(B,(B, - By)) + E(B%) = s = min(s, 1),

if s < t. The converse is also easy to show. O
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The existence of Brownian motion can be proved in different ways.
(1) The function I'(s,f) = min(s, ¢) is symmetric and nonnegative defi-
nite because it can be written as

min(s, t) = f I[O,S](r)l[o,t](r)dr.
0

Then, for any integer n > 1 and real numbers ay, ..., a,,

n n 00
Z a;a; min(t[, tj) = Z a;a; f 1|0,,i](r)1[0,,/.](r)dr
il ij=1 0

n

- fo W(Z ail[(,,,,](r))zdr > 0.

i=1

Therefore, by Kolmogorov’s extension theorem (Theorem A.1.1), there ex-
ists a Gaussian process with mean zero and covariance function min(s, f).

Moreover, for any s < ¢, the increment B, — B has the normal distribution
N(O, t — s). This implies that for any natural number k£ we have

2k)!
E(B - 8)") = S0 o

Therefore, by Kolmogorov’s continuity theorem (Theorem A.4.1), there
exists a version of B with Holder-continuous trajectories of order y for any
v < (k — 1)/(2k) on any interval [0, T']. This implies that the paths of this
version of the process B are y-Holder continuous on [0, 7] for any y < 1/2
and T > 0.

(2) Brownian motion can also be constructed as a Fourier series with
random coefficients. Fix T > 0 and suppose that (e,),so is an orthonormal
basis of the Hilbert space L*([0, T']). Suppose that (Z,),so are independent
random variables with law N (0, 1). Then, the random series

ZZ" f e (rdr (1.2)
n=0 0

converges in L*(Q) to a mean-zero Gaussian process B = (B,)cfo.r] With
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covariance function (1.1). In fact, for any s,¢ € [0, T],

E((Zi; Z, f Z e,,(r)dr)(nzli; A fo X en(r)dr))
( fo t e,,(r)dr)( fo S e,,(r)dr)

<1[0 t]s en>L2([0 o) <1[O NE) en>[_7([0 T)) >

M- 1

Il
(=]

n

which converges as N — oo to

(Lo Lio.s1) 207y = min(s, 1).

The convergence of the series (1.2) is uniform in [0, 7] almost surely; that
is, as N tends to infinity,

N

!
>z, f e,(r)dr - B,
n=0 0

The fact that the process B has continuous trajectories almost surely is a
consequence of (1.3). We refer to It6 and Nisio (1968) for a proof of (1.3).

Once we have constructed the Brownian motion on an interval [0, T'],
we can build a Brownian motion on R, by considering a sequence of inde-
pendent Brownian motions B® on [0, T], n > 1, and setting

sup 250, (1.3)

0<t<T

(n—1) (1)
B B + Bt (n-1)T> (n - l)T <tr< l’lT,

with the convention Bg)) =0.

In particular, if we take a basis formed by the trigonometric functions,
e, (1) = (1/+/m)cos(nt/2) for n > 1 and ey(t) = 1/ V2nr, on the interval
[0, 27], we obtain the Paley—Wiener representation of Brownian motion:

B =27 \/_ Z Sm(m/z), t € [0, 27]. (14)

The proof of the construction of Brownian motion in this particular case
can be found in Bass (2011, Theorem 6.1).

(3) Brownian motion can also be regarded as the limit in distribution
of a symmetric random walk. Indeed, fix a time interval [0, T']. Consider
n independent and identically distributed random variables &, ..., &, with
mean zero and variance T'/n. Define the partial sums

Rk=§1+"‘+§ka kzl,...,}’l
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By the central limit theorem the sequence R, converges in distribution, as
n tends to infinity, to the normal distribution N(0, 7).

Consider the continuous stochastic process S, () defined by linear inter-
polation from the values

kT
$.(T) =R k=0
n

Then, a functional version of the central limit theorem, known as the
Donsker invariance principle, says that the sequence of stochastic processes
S () converges in law to Brownian motion on [0, T']. This means that, for
any continuous and bounded function ¢: C([0,T]) — R, we have

E(¢(S ) — E(e(B)),

as n tends to infinity.
Basic properties of Brownian motion are (see Exercises 1.5-1.8):

1. Self-similarity For any a > 0, the process (a~'/?B,);so is a Brownian
motion.

2. For any h > 0, the process (B, — Bj,):»0 1S @ Brownian motion.

The process (—B;);»o is @ Brownian motion.

4. Almost surely lim,_,., B,/t = 0, and the process

IBI/, if t >0,
X, = .
0 ift=0,

b

1s a Brownian motion.

Remark 1.2.3 As we have seen, the trajectories of Brownian motion on
an interval [0, T'] are Holder continuous of order y for any y < % However,
the trajectories are not Holder continuous of order % More precisely, the
following property holds (see Exercise 1.9):

B, - B
P sup | t sl —
sef0,1]1 V|t — 5|

+oo| = 1.

The exact modulus of continuity of Brownian motion was obtained by
Lévy (1937):
li |Bt - le _
imsup  sup =1, as.

610 sre[01]l—sl<s /2|t — s|log |t — s

Lévy’s proof can be found in Mérters and Peres (2010, Theorem 1.14). In
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contrast, the behavior at a single point is given by the law of the iterated
logarithm, due to Khinchin (1933):
|B: — Bl

hm sup =1, as.
V2t — slloglog|r — s|

for any s > 0. See also Morters and Peres (2010, Corollary 5.3) and Bass
(2011, Theorem 7.2).

Brownian motion satisfies E(|B; — B,|*) = ¢t — s for all s < ¢. This means
that when 7 — s is small, B, — B, is of order V7 — s and (B, — B,)? is of
order ¢ — s. Moreover, the quadratic variation of a Brownian motion on
[0, ] equals ¢ in L*(Q), as is proved in the following proposition.

Proposition 1.2.4 Fix a time interval [0,t] and consider the following
subdivision m of this interval:

O=f <t <--<t, =t

The norm of the subdivision r is defined as |n| = maxo<j<,—1(tjx1 — t;). The
following convergence holds in L*(Q):

-1
lim Z(B,M -B,) =t (1.5)
j=0

[7r|—

Proof Set &; = (By,, — B;)* — (tj.1 — t;). The random variables ¢; are
independent and centered. Thus,

(S f) - ol(Se)) - vt

n—-1

= D (3 =1 =200 = 1 + (11 = 1?)
j=0
n—1 . | 0
=2 Z(t,ﬂ — 1)) < 21ln =
which proves the result. O

As a consequence, we have the following result.

Proposition 1.2.5 The total variation of Brownian motion on an interval

[0, 7], defined by
n—1
V=sup > B, - By,
V4 j=0
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wherem = {0 =1ty < t; < --- < t,}, is infinite with probability one.

Proof Using the continuity of the trajectories of Brownian motion, we
have

n—1 n—1

> (B = By < suplBy., - Byl (Y By, - B,

J=1 J Jj=0

|| =0

<Vsup|B;,, —B;| — 0
J

if V < oo, which contradicts the fact that Z?;é (B, — B,j)2 converges in
mean square to ¢ as || — 0. Therefore, P(V < c0) = 0. m|

Finally, the trajectories of B are almost surely nowhere differentiable.
The first proof of this fact is due to Paley et al. (1933). Another proof,
by Dvoretzky et al. (1961), is given in Durrett (2010, Theorem 8.1.6) and
Morters and Peres (2010, Theorem 1.27).

1.3 Wiener Integral

We next define the integral of square integrable functions with respect to
Brownian motion, known as the Wiener integral.
We consider the set & of step functions

n—1
o= ali,@, 120, (1.6)
j=0
where n > 1 is an integer, ag,...,a,-;1 € R,and 0 = 1y < --- < t,. The

Wiener integral of a step function ¢ € & of the form (1.6) is defined by
00 n—1
f ¢dB, =" ai(B,, - B,).
0 j=0

The mapping ¢ — fooo 0. dB, from & c L*(R.) to L*(Q) is linear and
isometric:

o[-

The space & is a dense subspace of L*(R.). Therefore, the mapping

‘P_’f ¢:dB;
0

n—

1 00
2 2 2
aj(tj+1 - tj) = f ‘ptdt = “"D”LZ(R+)'
J=0 0
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can be extended to a linear isometry between L?(R,) and the Gaussian
subspace of L?(Q) spanned by the Brownian motion. The random variable
fooo ¢,dB, is called the Wiener integral of ¢ € L?*(R,) and is denoted by
B(yp). Observe that it is a Gaussian random variable with mean zero and
variance [|¢|17, )

The Wiener integral allows us to view Brownian motion as the cumula-
tive function of a white noise.

Definition 1.3.1 Let D be a Borel subset of R”. A white noise on D is a
centered Gaussian family of random variables

{W(A),A € BR™),A c D, {(A) < oo},
where ¢ denotes the Lebesgue measure, such that
E(WA)W(B)) = ¢(A N B).

The mapping 1, — W(A) can be extended to a linear isometry from
L?*(D) to the Gaussian space spanned by W, denoted by

¢ — f ()W (dx).
D
The Brownian motion B defines a white noise on R, by setting
W(A) = f 14(0)dB;, A€ BR,), t(A) < o0.
0

Conversely, Brownian motion can be defined from white noise. In fact, if
W is a white noise on R, the process

W, = W(0,t]), t=0,

is a Brownian motion.

The two-parameter extension of Brownian motion is the Brownian sheet,
which is defined as a real-valued two-parameter Gaussian process (B;),er2
with mean zero and covariance function

['(s,t) = E(B,B,) = min(s|, ;) min(sy, ,), s,t € R2.

As above, the Brownian sheet can be obtained from white noise. In fact, if
W is a white noise on Ri, the process

W, = W([0,n] X [0,]), t€R3,

is a Brownian sheet.
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1.4 Wiener Space

Brownian motion can be defined in the canonical probability space
(Q,F,P) known as the Wiener space. More precisely:

e Q) is the space of continuous functions w: R, — R vanishing at the
origin.

e ¥ is the Borel o-field B(Q) for the topology corresponding to uniform
convergence on compact sets. One can easily show (see Exercise 1.11)
that F coincides with the o-field generated by the collection of cylinder
sets

C={weQ:wt)eA,...,u{) € A}, 1.7)

for any integer k > 1, Borel sets Aj,..., Ay inR,and 0 <t < -+ < 4.

e P is the Wiener measure. That is, P is defined on a cylinder set of the
form (1.7) by

P(C) = f P (XD P, (X2 = X1) ++ g, (k= X)) dxy -+ - dxy,
ApXe XAy

(1.8)
where p,(x) denotes the Gaussian density

pix) = Qa2 x e R, 1> 0.

The mapping P defined by (1.8) on cylinder sets can be uniquely ex-
tended to a probability measure on . This fact can be proved as a conse-
quence of the existence of Brownian motion on R.. Finally, the canonical
stochastic process defined as B/(w) = w(f), w € Q, t > 0, is a Brownian
motion.

The canonical probability space (Q, ¥, P) of a d-dimensional Brownian
motion can be defined in a similar way.

Further into the text, (Q, ¥, P) will denote a general probability space,
and only in some special cases will we restrict our study to Wiener space.

1.5 Brownian Filtration

Consider a Brownian motion B = (B,);»o defined on a probability space
(Q,F,P). For any time ¢t > 0, we define the o-field ¥, generated by the
random variables (B;)o<s<; and the events in ¥ of probability zero. That is,
. is the smallest o-field that contains the sets of the form

{B; € AJUN,
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where 0 < s <1, Ais a Borel subset of R, and N € F is such that P(V) = 0.
Notice that ¥y C F, if s < t; that is, (¥;),»0 is a nondecreasing family of
o-fields. We say that (F;)»0 is the natural filtration of Brownian motion on
the probability space (Q, 7, P).

Inclusion of the events of probability zero in each o-field F; has the
following important consequences:

1. Any version of an adapted process is also adapted.
2. The family of o-fields is right-continuous; that is, for all t > 0, N, =
..

Property 2 is a consequence of Blumenthal’s 0-1 law (see Durrett, 2010,
Theorem 8.2.3).

The natural filtration (%;),»¢ of a d-dimensional Brownian motion can be
defined in a similar way.

1.6 Markov Property

Consider a Brownian motion B = (B;)»o. The next theorem shows that
Brownian motion is an ¥,-Markov process with respect to its natural filtra-
tion (7)o (see Definition A.5.1).

Theorem 1.6.1 For any measurable and bounded (or nonnegative) func-
tion f:R >R, s >0andt >0, we have

E(f(By)IFs) = (P f)(By),

where
®pw = [ Fop sy
Proof We have
E(f(Bs:)IFs) = E(f(Byis — By + By)IF).
Since By, — By is independent of ¥, we obtain

E(f(By)IFs) = E(f(Byss — By + X))l=5,

1 >
- B, bt/ 4
fRf(y + By) \/Z_me y
= fRf(y)—\/;_me"Bﬁ‘W’)dy = (P.f)(B,),

which concludes the proof. O
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The family of operators (P,).»o satisfies the semigroup property P,;o P, =
P,.; and Py, = Id.

We can also show that a d-dimensional Brownian motion is an #,-Markov
process with semigroup

lx =y

@ = [ o zep(-E2E),
R4

where f: R? — R is a measurable and bounded (or nonnegative) function.
The transition density p,(x — y) = (2n1)™4/? exp(—|x — y|*/(21)) satisfies the
heat equation

dp 1
— ==Ap, t>0,
o 2 P
with initial condition py(x — y) = d,(y).

1.7 Martingales Associated with Brownian Motion

Let B = (B;),»0 be a Brownian motion. The next result gives several funda-
mental martingales associated with Brownian motion.

Theorem 1.7.1 The processes (B;)s0, (B> —1),50, and (exp(aB,—a*t/2))0,
where a € R, are F,-martingales.

Proof Brownian motion is a martingale with respect to its natural filtra-
tion because for s < ¢

E(B; — B,|¥;) = E(B; — B;) = 0.
For B? — ¢, we can write for s < t, using the properties of conditional
expectations,
E(B]IF,) = E((B, - B, + B,)’IF,)
= E((B, - B,)|7,) + 2B((B, — B)B,IF,) + E(B}|F)
= E(B, - B,)* + 2B,E((B, — B))|F,) + B
=t—s+ B?.
Finally, for exp(aB, — a*t/2), we have
E(exp(aB; — a*t/2)|F;) = e E(exp(a(B, - B,) — a*t/2)|F;)
= ¢“BE(exp(a(B, — By) — a’t/2))
= "B exp(a®(t — 5)/2 — a’t/2)
= exp(aB; — a*s/2).

This concludes the proof of the theorem. O
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As an application of Theorem 1.7.1, we will study properties of the ar-
rival time of Brownian motion at some fixed level a € R. This is called the
Brownian hitting time, defined as the stopping time

7, =1inf{t > 0: B, = a}.

The next proposition provides an explicit expression for the Laplace trans-
form of the Brownian hitting time.

Proposition 1.7.2 Fix a > 0. Then, for all @ > 0,

E(exp(—at,)) = e~ V2*, (1.9)

Proof By Theorem 1.7.1, for any A > 0, the process M, = B2 js a

martingale such that
E(M,) = E(M,) = 1.
By the optional stopping theorem (Theorem A.7.4), forall N > 1,
E(M,, ) = 1.
Note that M, oy = exp(AB,, Ay — A2(t, A N)/2) < e**. Moreover,
lim My = M, if 7, < oo,
1\1}1_1& M. ,\nv=0 if r, = oo,
and the dominated convergence theorem implies that

E(I[T(,<OO]MT“) = 1.

21,
E (1{Ta<oo| exXp (—TT)) = 6_/10.

Letting 4 | O we obtain

That is,

P(r, < ) = 1, (1.10)

A1,
E (exp (—TT)) =

With the change of variable 12/2 = a, we get the desired result. O

and, consequently,
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From expression (1.9), inverting the Laplace transform, we can compute
the distribution function of the random variable 7,:

! ae—az/(%‘)

—ds.
0 V2ns3

Furthermore, computing the derivative of (1.9) with respect to the variable
« yields

P(r,<1) = (1.11)

-V2aa

E(z, CXP(_G’Ta)) =

V2a
and letting @ | 0 we obtain E(7,) = +co.
Proposition 1.7.3 Ifa <0 < b then

P(t, = .
(T, < Tp) P

Proof By (1.10) we have that 7, < co almost surely, and taking into ac-
count that (—B;):»o is also a Brownian motion, we deduce that 7, < oo
almost surely. By the optional stopping theorem (Theorem A.7.4), we have

E(Bt/\‘ra/\‘r;,) = E(Bo) =0.
Since, for all ¢ > 0,

as Br/\‘r[,/\‘r,, < b’

letting + — oo and using the dominated convergence theorem, it follows
that

E(B:,r,) = 0.
This implies that
0 =aP(r, < 1p) + b(1 — P(1, < 1)),
which proves the desired formula. O
Proposition 1.7.4 Let T = inf{t > 0 : B, ¢ (a,b)}, where a < 0 < b. Then
E(T) = —ab.

Proof Because B? — t is a martingale, we get, by the optional stopping
theorem (Theorem A.7.4),

E(B2,) =E(T A D).
Therefore, from the dominated convergence theorem and Proposition 1.7.3,

E(T) = lim E(B3,,) = E(B3) = —ab,



14 Brownian Motion

which concludes the proof. O

1.8 Strong Markov Property

Let B = (B;);»o be a Brownian motion. The next result is the strong Markov
property of Brownian motion, which was first proved independently by
Hunt (1956) and Dynkin and Yushkevich (1956).

Theorem 1.8.1 Let T be a finite stopping time with respect to the natural
filtration of Brownian motion (,)»o. Then the process

Bry—Br, 120,
is a Brownian motion that is independent of Fr.

Proof Consider the process B = (B,)so defined by B, = By, — By, and
suppose first that 7 is bounded. Let 4 € R and 0 < s < t. Applying the
optional stopping theorem to the complex-valued martingale
T
exp (z/lBt + 7)
yields

/12
7‘}“) = exp (i/lBTH + ?(T + s)).

/12
E ( exp (i/lBTH + ?(T + t))

Therefore,
2

E(exp (i/l(BT+, - BTH)) TTH) = exp( - %(r - s)).

This implies that the increments of B are independent, stationary, and nor-
mally distributed with mean zero and variance equal to the length of the
increment. Moreover the process Bis independent of ¥, which concludes
the proof when T is bounded. If T is not bounded, we can consider the
stopping time 7 A N and let N — oo. O

As a consequence, for any measurable and bounded (or nonnegative)
function f: R — R and any finite stopping time 7T for the filtration (%;)»0,
we have

E(f(Br)lF7) = (P.f)(Br),

where P, is the semigroup of operators associated with Brownian motion.
As an application of the strong Markov property, we have the following
reflection principle, which was first formulated by Lévy (1939).
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Theorem 1.8.2 Let M, = sup,_,., B;. Then, for all a > 0,
P(M, > a) = 2P(B; > a).
Proof Consider the reflected process
B, =Bl +(2a- By, t=0.

Recall that 7, < oo a.s. by (1.10). Then, by the strong Markov property
(Theorem 1.8.1), both the processes (B;ir, — a);»0 and (=B, + a);»o are
Brownian motions that are independent of B, . Pasting the first process to
the end point of (B,)0.r,], and doing the same with the second process,
yields two processes with the same distribution. The first is just (B;);»¢ and
the second is B = (B,),Zo. Thus, we conclude that B is also a Brownian
motion. Therefore,

P(M; > a) =P(B;, > a)+P(M, > a,B, < a)
= P(B, > a) + P(B, > a) = 2P(B, > a),
which concludes the proof. O

Corollary 1.8.3  For any a > 0, the random variable M, = sup, , B:
has density

p(x) = e 1206 ) (X).

V2na
Using the reflection principle (Theorem 1.8.2), we obtain the following
property.
Lemma 1.8.4 With probability one, Brownian motion attains its maxi-
mum on [0, 1] at a unique point.

Proof 1t suffices to show that the set
G = {a) : sup B, = B, = B,, for some t; # tz}
t€[0,1]
has probability zero. For each n > 0, we denote by 7, the set of dyadic
intervals of the form [(j — 1)27", j27"], with 1 < j < 2". The set G is equal
to the countable union

U U { sup B; = sup B,}.
n>1 I.hel, nh=0 = '€ el

Therefore, it suffices to check that, for each n > 1 and for any pair of
disjoint intervals Iy, I,

P(sup B, = sup B,) =0. (1.12)

tel; tel
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Property (1.12) is a consequence of the fact that, for any rectangle [a, b] C
[0, 1], the law of the random variable sup,, ;,; B, conditioned on F. is con-
tinuous. To establish this property, it suffices to write

sup B, = sup (B; — B,) + B,.
tela,b] tela,b]
Then, conditioning on ¥,, B, is a constant and sup,., ,(B; — B,) has the
same law as sup,,.,_, By, which has the density given in Corollary 1.8.3.
[m}

Exercises

1.1  LetZbe arandom variable with law N(0, 1). Consider the process X; = V1Z,
t > 0. Is (X;);»0 a Brownian motion? Which properties of Definition 1.2.1
hold and which don’t?

1.2 Let B be a d-dimensional Brownian motion. Consider an orthogonal d X d
matrix U (that is, UUT = I, where I; denotes the identity matrix of order
d). Show that the process

Xt:UB[, [20,

is a d-dimensional Brownian motion.
1.3 Compute the mean and covariance function of the following stochastic pro-
cesses related to Brownian motion.

(a) Brownian bridge: X; = B; —tBy,t € [0, 1].

(b) Brownian motion with drift: X, = oB; + ut, t > 0, where o > 0 and
M € R are constants.

(c) Geometric Brownian motion: X; = €5+t > 0, where o > 0 and
4 € R are constants.

Which of the above are Gaussian processes?

1.4 Define X; = fot Bgds, where B = (B;)>( is a Brownian motion. Show that X;
is a Gaussian random variable. Compute its mean and its variance.

1.5 Let B be a Brownian motion. Show that, for any ¢ > 0, the process
(@™ '2B)s0 is a Brownian motion.

1.6  Let B be a Brownian motion. Show that, for any & > 0, the process (Byj —
Bj)r>0 1s a Brownian motion.

1.7  Let B be a Brownian motion. Show that the process (—B;);»0 is a Brownian
motion.

1.8 Let B be a Brownian motion. Show that lim,_,., B;/t = 0 almost surely and
that the process

tBl/t ift >0,
Xt =
0 ift =0,
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is a Brownian motion.
Let B be a Brownian motion. Show that

|Bt - Bs| ]
P| sup ———= =+oo|=1.

(s,te[O,l] Vit - s
Let B be a Brownian motion. Using the Borel-Cantelli lemma, show that if
(M"nz1, ™ = {0 = 15 < --- < 1 = 1}, is a sequence of partitions of [0, 7]

such that 3., || < oo, then ZI;":BI(Bt7+I - B,;@)z converges almost surely to 7.
Let (Q, ¥, P) be the Wiener space. Show that F coincides with the o-field
generated by the collection of cylinder sets

{weQ:w(t)eA,...,wlg) € A}

where k > 1 is an integer, Ay,...,Ar € B(R),and0 <t} <--- < 1.
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Stochastic Calculus

The first aim of this chapter is to construct Itd’s stochastic integrals of the
form fooo u;dB;, where B = (B;):»o is a Brownian motion and u = (u;);»0 18
an adapted process. We then prove It6’s formula, which is a change of vari-
ables formula for It&’s stochastic integrals and plays a crucial role in the
applications of stochastic calculus. We then discuss some consequences of
It6’s formula, including Tanaka’s formula, the Stratonovich integral, and
the integral representation theorem for square integrable random variables.
Finally, we present Girsanov’s theorem, which provides a change of prob-
ability under which a Brownian motion with drift becomes a Brownian
motion.

2.1 Stochastic Integrals

The stochastic integral of adapted processes with respect to Brownian mo-
tion originates in It6 (1944). For complete expositions of this topic we refer
to Ikeda and Watanabe (1989), Karatzas and Shreve (1998), and Baudoin
(2014).

Recall that B = (B,);»¢ is a Brownian motion defined on a probability
space (Q, F,P) equipped with its natural filtration (F;),»9. We proved in
Chapter 1 that the trajectories of Brownian motion have infinite variation
on any finite interval. So, in general, we cannot define the integral

T
f u(w)dB(w)
0

as a pathwise integral. However, we will construct the integral fooo u,dB, by
means of a global probabilistic approach for a class of processes satisfying
some adaptability and integrability conditions specified below.

Definition 2.1.1 We say that a stochastic process u = ()0 1S progres-

18
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sively measurable if, for any t > 0, the restriction of u to Q X [0,1] is
F: x B([0, t])-measurable.

Remark 2.1.2 If uis adapted and measurable (i.e., the mapping (w, §) —
us(w) is measurable on the product space QxR with respect to the product
o-field ¥ x B(R,)) then there is a version of u which is progressively mea-
surable (see Meyer, 1984, Theorem 4.6). Progressive measurability guar-
antees that random variables of the form fot u,ds are F;-measurable.

Let # be the o-field of sets A ¢ Q X R, such that 1, is progressively
measurable. We denote by L*(#) the Hilbert space L*(Q X R,,P,P X ¢),
where ¢ is the Lebesgue measure, equipped with the norm

IIMIIiQ(P)zE( fo ufds): fo E(u?)ds,

where the last equality follows from Fubini’s theorem.
In this section we define the stochastic integral fow u,dB, of a process u
in L*(P) as the limit in L*(Q) of integrals of simple processes.

Definition 2.1.3 A process u = ()50 is called a simple process if it is of
the form

n—

1
= $ilu, 00, @.1)
=0
where 0 < 7y < #; < --- < 1,, and the ¢; are ¥, -measurable random vari-
ables such that E(gb?) < oo. We denote by & the space of simple processes.

We define the stochastic integral of a process u € & of the form (2.1) as

00 n—1
I(w) := f uwdB, = Z ¢j(Btj+1 - Bt,)-
0 P

The stochastic integral defined on the space & of simple processes has the
following three properties.
1 Linearity

For any a, b € R and simple processes u,v € &,

f (au, + bv,;)dB; = af u;dB; + bf v:dB,;.
0 0 0
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2 Zero Mean

E( f u,dB,)zO.
0

In fact, assuming that u is given by (2.1), and taking into account that the
random variables ¢; and B,,, — B,, are independent, we obtain

For any u € &,

00 n—1 n—1
B( [ udB)= Y B0 BL B, = ) E@)EB,, - B,) =0
J=0 0

3 Isometry Property

E(( fo ) u,dB,)z) - E( fo ) ufdz).

Proof Assume that u is given by (2.1). Set AB; = B, — B;,. Then

For any u € &,

0 ifi # j,
E@)(te — 1) ifi =}
because if i < j the random variables ¢;¢;,AB; and AB; are independent,

and if i = j the random variables ¢f and (AB,)* are independent. So, we
obtain

E((ﬁl(ﬁ]AB,AB]) = {

n—1 n—1

oo 2
E(( f wdB,) )= > E(6:6,ABAB) = ) E@D (i ~ 1)
0 i,j=0 i=0
=E ( f ufzdt),
0
which concludes the proof of the isometry property. O

The extension of the stochastic integral to the class L*(#) is based on the
following density result.

Proposition 2.1.4  The space & of simple processes is dense in L*(P).

Proof WEe first establish that any u € L*(#) can be approximated by pro-
cesses which are continuous in L?(Q). Then our result will follow if we
show that simple processes are dense in the space of processes which are
continuous in L*(Q).
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If u belongs to L2(P), we define

!
u” =n f ugds.
(t=1/m)V0

are continuous in L*(€2) and satisfy

lim E(f g — uP dt)
n—oo O

Indeed, for each w we have

The processes u( "

f (@) — (@)t =S 0,
0

and we can apply the dominated convergence theorem because

f ™ (w)*dr < f |, (w)[*dt.
0 0

Suppose that u € L*(P) is continuous in L*(Q). In this case, we can
choose approximating processes u(" N e & defined by

n—1

u jl([/',lj+1](t)’
j=0

(n N) _

where #; = jN/n. The continuity in L*(Q) of u implies that

E(f |u,—u§"’N)'2dt)sE(f u,zdt)+N sup  E(ju; — u,l*).
0 N |t—s|<N/n

This converges to zero if we first let » — oo and then N — oo. O

Proposition 2.1.5 The stochastic integral can be extended to a linear
isometry
I: LX(P) — LX(Q).

Proof The stochastic integral of a process u in L*>(P) is defined as the
following limit in L*(Q):

Iw) = lim | u"dB,, (2.2)

—00
n 0

where u™ is a sequence of simple processes which converges to u in the
norm of L*(#). Notice that the limit (2.2) exists because the sequence of
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random variables fooo uf")dB, is Cauchy in L*(Q), owing to the isometry
property

00 00 2 00
E(( f u"dB, - f u§m>dB,) ):E( f (uﬁ”—uﬁ'"))zdt)
0 0 0

< ZE( f W — u,)zdz) i 2E( f (uy u§m>)2dt) ",
0 0

Furthermore, it is easy to show that the limit (2.2) does not depend on the
approximating sequence u™. i

The stochastic integral has the following properties: for any u, v € L*(P),
E(G)=0 and  EU@I6) =E( f usvids)
0

For any T > 0, we set

T 0o
f I/tsst = f MSI[Q,T](S)dBS, (23)
0 0

which is the indefinite integral of u with respect to B. Notice that in order
to define fOT usdB;, we only need that u € L%(SD), where

L3(P) := LH(Q x [0, T1, Plaxjo.r)» P X ).
Example 2.1.6 For any T > 0, we have
T
f BdB, = 1B} - iT.
0

Indeed, the process B being continuous in L*(Q), we can choose as approx-
imating sequence

n—1
)
ME" = Z B[‘fl(tj,[]q.]](t)s
J=0

where t; = jT/n, and we obtain, using Proposition 1.2.4,

n—oo

T n—1
f BdB, = lim » B, (B, —B,)
0 j:0

n—1 n—1
17 2 2 11 2
2 i}l—{g Z(Bf.m B’f) 2 ;}Ln; Z(B’f“ By)
J=0 J=0
_1lp2 1
=i 1T,

where the convergence holds in L*(Q).
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2.2 Indefinite Stochastic Integrals

We denote by L2 (P) the set of progressively measurable processes such
that E(ﬁ ufds) < oo for each ¢ > 0. For any process u € L2(P), we can
define the indefinite integral process

78
{fusst,tzO}.
0

We now give six properties of indefinite integrals.
1 Additivity

For any a < b < ¢, we have

b C c
f u,dB, + f u,dB, = f u,dB;.
a b a

2 Factorization

If a < b, and F is a bounded and ¥,-measurable random variable then

b b
f Fu,dB, = F f u,dB,.

3 Martingale Property

Proposition 2.2.1 Let u € L% (P). Then, the indefinite stochastic integral

!
M,:fusst, >0,
0

is a square integrable martingale with respect to the filtration (¥,)»0 and
admits a continuous version.

Proof We first prove the martingale property. Suppose that u € & is a
simple process of the form

n—

= Gl (0.

1
j=0
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Then, for any s < ¢,

E(fotuvdBv 71) -5

—

E(61(By.ini — Bul75)

g

=
|
—

i\

E(E @B — Byl 70|

=
|
—_

T
- o

E (/B (B = BynlTie)

)

n—

= ¢j(Bt‘,v+1/\s - Bt,-/\s) = f uvdBw
0

~.
(=]

So, M, = fot usdB; is an F;-martingale if u € &.
Fix T > 0. In the general case, let u™ be a sequence of simple processes
that converges to u in L2(#). Then, for any ¢ € [0, T,

15 15
LX(Q)
f ug")dBS — udBs;.
0 0

Taking into account that the above convergence in L>(Q) implies the con-
vergence in L*(Q) of the conditional expectations, we deduce that the pro-
cess ( for usst)tE[o - is a martingale. This holds for any 7 > 0, which im-
plies that the indefinite integral process is a martingale on R,.

Let us prove that the indefinite integral has a continuous version. Let u €
L2 (P) and fix T > 0. Consider a sequence of simple processes ™ which
converges to u in L (). By the continuity of the paths of Brownian motion,
the stochastic integral M" = fot u™dB; has continuous trajectories. Then,
taking into account that M is a martingale, Doob’s maximal inequality
(Theorem A.7.5) yields, for any 4 > 0,

n m 1 n m
P( sup [M" — M| > ﬁ) < EE(IM(T) - M)

0<t<T
1 T ) (m)2 n,m—>co
:ﬁE( ™ — |dt) gl
0

We can choose an increasing sequence of natural numbers n;, k = 1,2,.. .,
such that

P( sup |M"™ — M| > 2—k) <27

0<t<T
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The events A, := {supogg |MD — M| > 27/{} verify that

i P(A;) < co.
k=1

Hence, the Borel-Cantelli lemma implies that P(lim sup,_, ., Ax) = 0. Set
N = limsup,_,., A¢. Then, for any w ¢ N, there exists k;(w) such that, for
all k > k) (w),

sup [M{"*"(w) - M{"™(w)] < 27,

0<t<T
As a consequence, if w ¢ N, the sequence M,(”k)(cu) is uniformly convergent
on [0, 7] to a continuous function J,(w). Moreover, we know that, for any
tel0,T], M,(”") converges in L*(Q) to fot uydB;. So J(w) = fot u,dB; almost
surely, for all # € [0, T]. Since T > 0 is arbitrary, this implies the existence
of a continuous version for (M,),s. O

4 Maximal Inequalities

For any T, A > 0, and u € L (P),

1 T
P( sup 1M1> 1) < E( f i) 24)
1€[0.7] A 0
and
T
E( - |M,|2) < 4E( f ufdz). 2.5)
1€[0,T] 0

These inequalities are a direct consequence of Proposition 2.2.1 and Doob’s
maximal inequalities (Theorem A.7.5). We remark that if u belongs to
L?*(P) then these inequalities also hold if T is replaced by oo.

5 Quadratic Variation of the Integral Process

Proposition 2.2.2 Let u € L% (P). Consider the following subdivision of
the interval [0, t]:

n={0=tg<t;<---<t,=t}.
Then, as |n| — 0,
) n—1 11 2 L'Q) ! )
S2(u) = Z( udes) s g 2.6)
j=0 1 0

This proposition implies that the quadratic variation of the martingale
M, equals fot u?ds (see Theorem A.7.2).
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Proof of Proposition 2.2.2 As a consequence of the quadratic variation
property of Brownian motion (see Proposition 1.2.4), it is easy to see that
(2.6) holds when u € & (see Exercise 2.2). Let u € L2 (P). Fix € > 0 and

let v € & such that
E( fo (s - vs)zds) <e @.7)
Then, we write
E ( S2(u) - fot W2ds ) sE(|S,2,(u) - Sf,(v)|) + E( S2(v) — fof Vids )
ft(u? - v%)ds )
0

As (2.6) holds for v € &, the second term converges to 0 as |7| — O.

Moreover, since 1> — v = (u, + v,)(u, — v,), using the Cauchy—Schwarz
S S A S A

inequality and (2.7), we obtain

E( fo l(uf—vf)ds)ﬁ \/E(E( fo t(us+vx)2ds))]/2
< \/E((E(fot u?ds))l/2 + \/E)

+E(

Similarly,
E(|js2w) - 520)]) < \/E((E(f(j ufds))l/2 n \/E).
Therefore,
limjoupE( S2(u) - f: ufds) < 2\/2((E(](j ufa’s))l/2 + \/E)

Taking into account that € > 0 is arbitrary, we get the desired convergence.
|

As a consequence of this proposition and the Burkholder—Davis—Gundy
inequality (Theorem A.7.6), we obtain the following.

Theorem 2.2.3 Let u € L2,(P). Then, for any p > 0 and T > 0, we have

T p/2 1 T P2
f ulds ) < E( sup f usdB; f ulds )
0 0 0

1€[0,T]

,,) < C,,E(

CPE(
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6 Stochastic Integration up to a Stopping Time

Proposition 2.2.4  Suppose that u € L*(P) and let T be a finite stopping
time. Then the process uly ) also belongs to L*(P) and we have

f MZI[O,T](t)dBZ = f MldBt.
0 0

Proof Suppose first that u, = F1(,,(¢), where 0 < a < b and F €
L*(Q, F,, P), and 7 takes values in a finite set {0 = 5 < #; < -+ < t,}.
On the one hand, we have

f utdBl = F(Bb/\‘r - Ba/\‘r)~
0

On the other hand, the process 1y is simple because

n—1
o) = Z | (RN (PR 10
720

and 15, = L) € 7. Therefore,

00 n—-1 00
f udo(1)dB; = FZ l{rzt,ﬂ]f l(a,b]n(zj,t,-+1](t)dBt
0 : 0
J=0

= FZ; 1{7:[,}f; 1wpin0,1(DdB;

= F(Bb/\‘r - Ba/\‘r)-

For a general finite stopping time 7, we approximate 7 by the sequence of
stopping times

o
T, = Z 51{(1'—1)/2"57«/2”],
o1

that satisfy 7, | 7. Taking the limit as » tends to infinity we deduce the
equality in the case of a simple process.

In the case of a general process u € L*(), we approximate u by simple
processes u™ in the norm of L*(#). The convergence

T 2©) T
f u"dB, — u,dB,
0 0
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follows from the maximal inequality (2.5) when T = oo. In fact,

E( f W"dB, - f ude, f U — uy)dB,

0 0

§4E( f |u<;’>—us|2ds),
0

which concludes the proof. O

Sup
>0

)

We observe that Proposition 2.2.4 also holds when u € L% () and 7 is
bounded.

2.3 Integral of General Processes

The stochastic integral can be defined for a class of processes larger than
L2(P). Let LIZOC(P) be the set of progressively measurable processes u =
(us)r=0 such that for all # > 0,

!
P(fufds<oo):1.
0

(P). For each n > 1, we define the stopping time

!
T, = inf {t >0 f Wds = n} 2.8)
0

and the sequence of processes u = u,1jo,r,)(t) which belong to LX(P).

Suppose that u € L

loc

Proposition 2.3.1 Letu € L?
tinuous process ( fo usst)DO such that, for any n > 1,

! 15
f uﬁ,”)dB_Y = f udB, ont<T,.
0 0

Proof 1If n < m, as a consequence of Proposition 2.2.4 we have that, on

the set{r < T,},
! !
f udB, = f u™dB. (2.9)
0 0

! !
f uydB, = f udB;, ont<T,.
0 0

By (2.9), this definition does not depend on n and produces an adapted and
continuous process because T, T oo. m]

(P). Then there exists an adapted and con-

loc

We define
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Ifue LfOC(P), the process (M;)»o defined by M, = fot uydB; is a con-
tinuous local martingale; that is, there exists a sequence of stopping times
T, T oo (we can take the stopping times defined in (2.8)), such that, for
each n > 1, (M s1,)1»0 1s @ martingale.

Instead of the isometry property, the stochastic integral of processes in
() has the following continuity property in probability.

(P). Then, for all K,6,T > 0, we

loc

Proposition 2.3.2 Suppose that u € le

have
T T 5
P(f u,dB, >K)sP(f s 2 0) + 2.
0 0 K

Proof Consider the stopping time defined by

!
Tzinf{tZO:fu?ds:é},
0

. . o (T
with the convention that 7 = T if fo u?ds < 6. We have on the one hand

T T
P(f u,dB, zK)sp(f ufdsza)
0 0

T T
f u,dB,| > K, f W2ds < 5).
0 0
On the other hand,

T T T
P(fusstzK,f ufdssa):P(fudB
0 0 0
SP( u,dB, )
—E‘fudB - (f st) <4
A el

which concludes the proof. O

+P(

>KT=T)

As a consequence of the above proposition, if u™ is a sequence of pro-
cesses in L7 (%) that converges to u € L7 (P) in probability, that is, for all

loc
T
( f ) - us)’ds| > 6) =
0

€e>0and T >0,
then the sequence j(;T u; dB; converges in probability to j(;T u; dBs, for all
T >0.

Moreover, we can show (see Exercise 2.3) that, for all u € L2

lim P

n—oo

() and

loc
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t>0,ifr={0=1 <t <--- <t, =t} denotes a subdivision of the
interval [0, ¢], we have that, as |7| — 0,

n-l1 tjs1 2 P t
Z( f usde) 2, f W2ds. (2.10)
1’ 0

J=0

Therefore, fot u?ds is the quadratic variation of the local martingale fot u?dB;
(see Theorem A.7.2).

2.4 1to’s Formula

It6’s stochastic integral does not follow the chain rule of classical calculus.
For instance, in Example 2.1.6, we showed that

!
f B,dB, = 1B} - 11, (2.11)
0

whereas, if x; is a differentiable function such that xy = 0,

! !
f Xydxs = f xxids = %x,z
0 0

Equation (2.11) can also be written as
f
B = f 2B,dB; + 1.
0

That is, the stochastic process B> can be expressed as the sum of the in-
definite stochastic integral fot 2B;dB; plus a differentiable function. More
generally, 1t6’s formula below shows that any process of the form f(B,),
where f is twice continuously differentiable, can be expressed as the sum
of an indefinite Itd integral and a process with differentiable trajectories.
This leads to the definition of an Itd process.

Denote by L! () the space of progressively measurable processes v =

loc

(v+)i=0 such that, for all ¢ > 0,

'
P(f |vS|ds<oo)= 1.
0

Definition 2.4.1 A continuous and adapted stochastic process (X;);so is
called an It process if

3 !
X, =Xy + f u,dB; + f vids, (2.12)
0 0

(P), v € L' (P), and X, is an Fy-measurable random vari-

where u € L? e
ocC

loc
able.
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Notice that Fy-measurable random variables are constant a.s.
Using (2.10), one can easily show (see Exercise 2.4) the following prop-
erty.

Proposition 2.4.2 Let (X;)»0 and (Y,);so be two Itd processes of the form

! !
X, =X+ f udeX + f vfds
0 0
15 !
Y=Y+ f udes + f vfds,
0 0

where u*, u' € leuc(P) and v¥, v € LIIOC(P). Letm={0=t<t; <---<

t, = t} be a partition of the interval [0, t]. Then, as x| — 0,

and

n—1 f
> = V)X, —X,) = f wXul ds.
j=0 0

Therefore, (X,Y), = fot u)fu{ ds is the quadratic covariation between the
local martingales fot uXdB, and fot u'dB, (see Definition A.7.3).

We say that a function f: R, x R — R is of class C"? if it is twice
differentiable with respect to the variable x € R and once differentiable
with respect to ¢ € R, with continuous partial derivatives df /dx, 6 f /0x?,
and df/or.

Theorem 2.4.3 (Itd’s formula) Let f: R, XR — R be a function of class
C'2. Suppose that X is an Ito process of the form (2.12). Then, the process
Y, = f(t, X)) is also an It6 process, with representation

3

15
Y: =£(0, Xo) +f a—f(s,Xs)ds +f a—f(s, X) uydB;
0 c')t 0 (9)6
taf 1 ! 62]0 5
+‘f0 a(s, X,)vds + Ef(; @(s, X,)uyds, (2.13)
which holds a.s., for all t > 0.

Remark 2.4.4 (1) Notice that all the integrals in (2.13) are well defined,
that is, the processes

0 0 0*
a;]:(saxs)a a_i(svxs)vss and O_XJZC(S,XS)M?

belong to L} (P), and (8f/8x)(s, X,) u, belongs to L? (P).

loc loc

(2) We set (X), = fot u?ds, that is, (X), is the quadratic variation of the
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local martingale fot uydB; in the sense of (2.10). Then (2.13) can be written
as

_ 'of Hof Lrers
Y, = £(0, Xo)+ fo 2 (5, X,)ds + fo (5, X)X, + 5 fo (5 XX,

(3) In differential notation, we write
dX, = u,dB; + v,dt,

and It6’s formula can be written as

af of 10°f

df(e, X)) = o6 X)d + = (1, X)dX, + 525 (1, X) (dX,)*,

where (dX,)? is computed using the product rule

X dB, dt
dB, dt 0
dt 0 0

Notice also that (dX,)* = u?dt = d(X),.
(4) In the particular case u, = 1, v, = 0, and X, = 0, the process X is the
Brownian motion B, and It&’s formula has the following simple form:

_ 'of 'of Lrers
(6. B) = £(0,0)+ fo (5, BB, + fo (s, Bds+3 fo L5, B)ds.

Proof of Theorem 2.4.3 We will give the proof only in the case where
v; = 0, that is,

!
X, = Xo +f l/tsdBS,
0

and f does not depend on ¢. The extension of the proof to the general case
is easy and we omit the details. We claim that

' 4 1 ' 17
J&X) = fXo) + f J'(Xu,dB; + 3 f [ (Xouids.
0 0
By a localization argument, we may assume that f € Cg(R), fow ulds <
N, and sup,,( 1X,| < N, for some integer N > 1 such that |Xy| < N. In fact,

consider the sequence of stopping times

!
TN:inf{tZO:fuidszN, or IXZIZN}.
0
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Let fy: R — R be a function in Cé(R) such that f(x) = fy(x) for |x| < N.
Then, if u™ = u,1,07,,(7) and

!
XM = X, + f u™MdB,,
0
by Itd’s formula we get
3 1 !
P X = fu(Xo) + f RXuVdB, + 5 f A ds.
0 0
By Proposition 2.3.1,
TnAt
XN =X, + f usdBg = Xr,pis
0

and
TnAt TnAt

FXryn) = FXo) + FXJudB, + > I Xuids.
0 0

Then, we let N — oo to get the result.
Consider the uniform partition0 =, <t < --- < t, = t, where t; = it/n.
We can write, using Taylor’s formula,

n—1
JXp) = f(Xo) = Z(f(XzM) - f(X;))
i=0
n—1 1 n-1 .
= D P X)X =X+ 5 ) [ XX, — X,
i=0 25
where X; is a random point between X,and X, .
It is an easy exercise to show that
n—-1 N t
/ rey /
Zf X)X, — X)) — f f(X,)u,dB;, (2.14)
i=0 0

as n tends to infinity (see Exercise 2.5).
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For the second term, we write

! n—1
(X ulds — (X)X, - X,)
fof( yilds Zof( )Xy — Xi)

n- fivl

1
(f"(Xs) = f/(X,))uzds
i=0 Yl

n-l1 tivl tiv1 2
iy f”(Xt.)( s ( usst) )
i=0 ‘ li ’ t;

n-l liv1
F ) = £ f usst)2
i=0 l

i

. n n n
AT+ AL+ AL

Then, it suffices to show that each term A converges to zero in probability.
We have

!
ATl < sup |f7(X,) = f7 (X))l f ulds
|s—r|<t/n 0

and

0<i<n-1

. n-1 11 2
A5 < sup 1700 =@ Y ([ )
i=0 li

Taking into account that f”” and X are continuous, together with Proposi-
tion 2.2.2, we obtain that both expressions converge to zero in probability
as n tends to infinity.

Tiv1 Tiv1 2 . .
As the sequence & = [ uids ~ ( I u;st) is bounded and satisfies
E(&|F,) = 0, we obtain

n—1 n—1
E(A)") = ) BU6€) < If7IR D EED)
i=0 i=0

n—

1 fis1 2 lis1 4
<271 E(( f ufds) +( f usst))
0 1 1

i= i

livl
SZIIf”IIiE(Nsup f W2ds
i 17

i

n—1

vl 2
+suplX,, = X, ) f wsdB) )
i 4

i=0

which converges to zero as n — oo. This completes the proof. O
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Example 2.4.5 (1) If f(x) = x? and X, = B,, we obtain
!
B} =2 f BydB, + 1,
0

because f’(x) = 2x and f”(x) = 2.
(2) If f(x) = x* and X, = B,, we obtain

! !
B =3 f B2dB, +3 f Bds,
0 0

because f’(x) = 3x> and f”(x) = 6x. More generally, if n > 2 is a natural

number,
! _ 1 !
B =n f B'gp, + "D f B"2ds.
0 2 0

3) If f(t,x) = exp(ax — a*t/2) , X, = B;, and Y, = exp(aB, — a*t/2), we

obtain
!
Y, =1 +af Y.dB,
0
because
of 10*f
— +-—==0 2.15
or T 2ox0 @.15)

In particular, the solution to the stochastic differential equation
dY, =aY,dB, Yy=1,
is not Y¥; = exp(aB,) but Y, = exp(aB; — a’t/2).
(4) If a function f of class C'? satisfies equality (2.15) then,

[, By) =f(0,0)+f a—f(s, By)dB;.
0 3x

This implies that f(¢, B;) is a continuous local martingale. The process is a
square integrable martingale if for all # > 0

E(j:(g—ic(s, BS))zds) < 00,

2.5 Tanaka’s Formula

Consider the two-parameter random field (L;})»0 «r defined as

1
f=lim—0<s<t: —x <
L IEIH)I 2Ef{O_S_t.IBS x| < €}, (2.16)
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where £ denotes the Lebesgue measure. Lévy (1948) proved that this limit
exists and is finite. Moreover, there exists a version of this process which is
continuous in both variables (¢, x). This random field is called the Brownian
local time, whose name is justified by the following fact. For any Borel set
A € B(R), we define the occupation measure of the Brownian motion up to
time ¢ > 0 as

!
ﬂt(A)zflleeA]dS-
0

Then, this measure is absolutely continuous with respect to the Lebesgue
measure, and its density coincides with the Brownian local time L; defined
by (2.16) (see for instance Yor, 1986). That is, for any bounded or nonneg-
ative measurable function f: R — R,

f f(Byyds = f foLdx. (2.17)
0 R

Formally, we can write L} = j(;t 0,(By)ds, that is, the local time is the time
spent by the Brownian motion at x in the time interval [0, ¢].

Tanaka’s formula (Tanaka, 1963) gives a representation of the Brownian
local time.

Theorem 2.5.1 (Tanaka’s formula) Almost surely, for any x € R and
t>0,

!
L= (B —x); — (—x); — f 1(p,>dB; (2.18)
0
and
!
LY = (B —x)- = (—x)- + f 1;3,<ydB;. (2.19)
0

Trotter (1958) showed the existence of the local time by first showing
that the right-hand side of (2.18) admits a continuous modification in (¢, x)
and then using Tanaka’s formula. See also Karatzas and Shreve (1998, The-
orem 6.11) for a proof of Trotter’s theorem.

Proof of Theorem 2.5.1 We consider an approximation of the Dirac delta
function 6y(y) by a sequence of probability density functions. More specif-
ically, we set

fn) = nf(ny),
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where f is the C*(R) function given by

cexp(1/(y—1?—1) if0<y<2,

0 otherwise;

-]

here the constant ¢ is chosen in such a way that fR fO)dy = 1. We also
consider the sequence of functions

u,(y) = f>’ fw fulz = x)dzdw, yeR, n>1.
We observe that u,(y) = [*_ f,(z — x)dz, which implies that for all y € R,
lim ) = Lo and lim u,() = (= ).
Applying Itd’s formula (Theorem 2.4.3), we obtain, for all ¢ > 0,
u,(B;) = u,(0) + j: u,(B;)dB; + %fotf,,(Bs — x)ds. (2.20)

Now, from (2.17) we get

ft fn(Bs - x)ds = ffn(y - X)Lidy,
0 R

which, by the continuity of the local time, converges to L} almost surely as

n — oo. Moreover,
2 !
)=e( ]
0

' !
E( f W (B,)dB, f 1o (BB,
0 0 ) 2
5[P(|Bx—xls—)ds,
0 n

which converges to zero as n — oco. Therefore, equation (2.18) for each
fixed ¢ > O follows on letting n — oo in (2.20). Because of the continuity
of the processes, we obtain the result almost surely for all # > 0 and x € R.
Equation (2.19) can be deduced from (2.18), taking into account that Ly
coincides with the local time at —x of the Brownian motion —B. O

u,(By) — 1(x.00)(By)

2ds)

Corollary 2.5.2 Almost surely, for any x € R and t > 0,

!
Ly =|B, — x| — |x| — f sign(B; — x) dBs,
0

where sign(x) = 105 — Ljx<o)-
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2.6 Multidimensional Version of Ito’s Formula

It6’s formula can be extended to a multidimensional setting as follows.
Suppose that B = (B,)s0, B; = (B!, B?, ..., B"), is an m-dimensional Brow-
nian motion.

Definition 2.6.1 An n-dimensional continuous and adapted process (X;);»o
is called a multidimensional Ito process if

! !
X, =Xo+ f udB; + f vds, (2.21)
0 0

where v = (v,)»0 1s an n-dimensional process, u = (u,),¢ is a process with
values in the set of n X m matrices, and we assume that the components of
u belong to L2 (P) and those of v belong to L! (P).

loc loc

We say that a function f: R, x R” — R is of class C'? if the partial
derivatives 0f/0t, df /0x;, and 0f/0x;0x;, 1 < i, j < n, exist and are con-
tinuous.

Theorem 2.6.2 (Multidimensional version of It6’s formula) Suppose that
X is a multidimensional Ito process of the form (2.21). Let f: R, X R" —
R be a function of class C'2. Then, the process Y, = f(t,X,) is also a
multidimensional It6 process with representation

"of o (1 Of ;
Y, =£(0, Xo) + fo E(S,Xx)ds—kl;] fo B_)C,-(S’XS)dXS

1< [ Pf
+ = X)) ugul);d
2,;:1[0 8x,»8xj(s’ DIURZN

almost surely, for all t > 0.

Proof The proof follows the same lines as that for the one-dimensional
1t6’s formula (Theorem 2.4.3) using Exercise 2.10. ]

Remark 2.6.3 (1) Set
) ) ! ¢ m
(X', X7y, = f (sl )iy = f D)) s,
0 0 %=1

That is, (X', X’), is the quadratic covariation of the local martingales
h fot(us)ikdBﬁ and Y}, fot(us) kdB~. Then, 1td’s formula can be written
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in the form

_ "of > (1 of i
Y, =£(0, Xo) + f o (s,Xs)ds+; fo 8x,-(S’XS)dXS

>’f ;
2ZJ¥M (5. X)d(X', X0,

(2) In differential notation, the multidimensional It6’s formula can be
written as

of I 0f i 1y
= (1 X0d1+ V(L. X)X, + 5 /ZI o E)x_,-(t’ X)dXdX.

dY, =

The product of differentials dedX,j is computed by means of the product

rules dBidt = 0, (dt)* = 0, and
o 0 ifizi
dBldB’ = .
dt ifi=j

(3) As an application of the multidimensional 1t6’s formula we can de-
duce the following integration-by-parts formula. Suppose that (X;),»o and
(Y;)1=0 are one-dimensional It6 processes. Then

! ! !
XY, = XoY, + f X,dY, + f Y,dX, + f d(X.,Y),. (2.22)
0 0 0

The multidimensional It6’s formula leads to the following result, whose
proof is left an exercise (Exercise 2.11).

Proposition 2.6.4 Let f: R, X R — R be a function of class C'?, and
let B be a d-dimensional Brownian motion. Then, the process

of

_ _ t 1 i
x-m@>£@Mmm+mumVs

is a local martingale. If, moreover,
d
o 2
Z (a—f(f, x)) < K>(1) exp(Ky|xl’),
i-1 0%

for some constants Ky > 0, B € [0,2), and a function K;(t) > 0 such that
fOT Ky(1)dt < oo for all T > 0, then (X)) is a martingale.
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2.7 Stratonovich Integral

Itd’s integral was defined as the limit in L?(Q) or in probability of for-
ward Riemann sums. If we consider symmetric Riemann sums defined by
taking the value of the integrand in the middle point of each interval, we
obtain a different type of integral, called the Stratonovich integral. In the
next proposition we define the Stratonovich integral of one It process with
respect to another.

Proposition 2.7.1 Let (X;)0 and (Y,);s0 be two Itd processes of the form

! 15
X =Xy +£ u‘}de‘Y +j(; vfds
15 !
Y=Y+ f udes + f vfds,
0 0

where ¥, u* € L2 (P)and v,V € L! (P). Letmn={0=1y<t; <--- <

loc loc

t, = t} be a partition of the interval [0, t]. Then, as x| — 0,

and

n—-1

!
P
DA, + Y, )X, - X)) — f YdX, + 14X, Y),.
j=0 0

This limit is called the Stratonovich integral of Y with respect to X and is
denoted by fot Y, o dX,.

Proof The result follows easily from the decomposition
%(Yt‘f + Yz,-ﬂ)(XtM - Xt,-) = Y,](X,M - Xt‘,v) + %(Y;M - Yt‘,v)(XtM - X))

J

and Proposition 2.4.2. O

The Stratonovich integral follows the rules of classical calculus. That is,
if f € C3(R), then

f(Xz)Zf(Xo)+fOf’(Xs)OdXs-

Indeed, by Itd’s formula (Theorem 2.4.3) and Proposition 2.7.1,
15 !
JX) = f(Xo) + f f(X)dX; + 3 f f(X)d{X)s
0 0

=f(Xo)+ff'(Xs)°dXs— %(f’(X),X>z+%ff"(Xs)ﬁKX)s-
0 0
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Furthermore, again by It6’s formula, (f'(X), X), is the quadratic covari-
ation between the martingales fot [’ (X,)u,dB; and fof uydB,, which coin-

cides with fot [ (X)d{X).

2.8 Backward Stochastic Integral

Let B = (B;)»0 be a Brownian motion. Fix T > 0. For any ¢ € [0, T] we
denote by 7:', the o-field generated by the random variables {By — B,,t <
s < T} and the sets of probability zero. Notice that (7:',),6[011 is a decreasing
family of o-fields.

A stochastic process u = (u,)ejo,r 18 called backward predictable if for
all t € [0,T], u,(w) restricted to Q X [¢, T] is measurable with respect to
the o-field 79, X B([t, T]). We denote by L% (@) the space of backward pre-

dictable processes u such that E ( fOT u?ds) < 0o,
For a process u € LZT(S‘A’) we define the backward Itd stochastic integral

of u as the following limit in L*(Q):

2

T . . n— n (j+2)T /n
f IxttdBt = lim Z(— f Msds)(B(j+1)T/n - BjT/n)-
0

oo GHDT/n

If the process u is adapted to the backward filtration #, and is continuous
in L*(Q) then the backward Ito stochastic integral is the limit of backward
Riemann sums, that is,

T n—1

f udB; = }im E u( i 0yr/n(Bjr1yrin — Bjrin)-
0 —00 —
Jj=0

The process B, = By—By_,, t € [0, T], is a Brownian motion with natural
filtration #7_,. Then, one can easily show (see Exercise 2.12) that for any

process u € L2(P),
T T X
f u,dBt = f uT*tdBt'
0 0

As a consequence, the backward Itd integral has the properties similar to
those of the It0 integral.
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2.9 Integral Representation Theorem

Consider a process u in the space L2, (P). We know that the indefinite

stochastic integral
t
X, = f uydB;
0

is a martingale with respect to the filtration (¥,);59. The aim of this sub-
section is to show that any square integrable martingale is of this form. We
start with the integral representation of square integrable random variables.

Theorem 2.9.1 (Integral representation theorem) Fix T > 0 and let F €
L*(Q, F7,P). Then there exists a unique process u in the space L%(P) such
that

T
F = E(F) + f u,dB,.
0

Proof Suppose first that

T T
F=exp f h,dB, - L f I2ds), (2.23)
0 0

where i € L*([0, T]). Define

! !
Yt:exp(fhsdgs—§fh§ds), 0<t<T.
0 0

By 1t6’s formula applied to the function f(x) = e* and the process X; =
[, hydBy — % [\ h2ds, we obtain, for all € [0, T],

t
Yt =1+ f Yshdes-
0
Hence,
T
F=1 +f Y,h,dB;
0

and we get the desired representation because E(F) = 1 and Yh € L% (P).
By linearity, the representation holds for linear combinations of exponen-
tials of the form (2.23).

In the general case, any random variable F € L*(Q, 7, P) can be ap-
proximated in L*(Q) by a sequence F, of linear combinations of exponen-
tials of the form (2.23). Then, we have

T
F,=E(F,) + f u™dB.
0
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By the isometry of the stochastic integral,

E((F, - F,,) > Var(F, — F,,) = E(( fT(uin) - u(s’"))st)z)
0

T
= E(f (™ — u(s’"))zds).
0

Hence, u™ is a Cauchy sequence in L%(P) and it converges to a process
u in L% (P). Applying again the isometry property, and taking into account
that E(F,,) converges to E(F), we obtain

T
F =1lim F, = lim (E(Fn) N f u§">st)

T
= E(F) + f u,dB,.
0

Finally, uniqueness also follows from the isometry property. Indeed,
suppose that u" and u® are processes in L%.(#) such that

T T
F =E(F) + f uVdB, = E(F) + f u?dB;.
0 0

0=E (( fT(ugl) - ugz))st)z) = E(fT(ugl) - u§2))2d5),
0 0

and hence uﬁ,l)(w) = ugz)(a)) for almost all (w, s) € Q x [0, T]. O

Then

Corollary 2.9.2 (Martingale representation theorem) Suppose that M =
(M) > s a square integrable martingale with respect to (¥;)»0. Then there
exists a unique process u € L2 (P) such that

s
M, = E(M,) + f u,dB;.
0
In particular, M has a continuous version.

Example 2.9.3 We want to find the integral representation of F = B;.. By

1t6’s formula,
T T
B; = f 3B!dB; +3 f B,dt
0 0

and, using the integration-by-parts formula (2.22) yields

T T T
f B,dt = TBy — f tdB, = f (T - 1)dB,.
0 0 0
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So, we obtain the representation

T
B = f 3(B? + (T - 1))dB,.
0

2.10 Girsanov’s Theorem

Girsanov’s theorem says that a Brownian motion with drift (B, + Af).0.1
can be seen as a Brownian motion without drift under a suitable probability
measure.

Suppose that L is a nonnegative random variable on a probability space
(Q,F, P)such that E(L) = 1. Then Q(A) = E (14L) defines a new probabil-
ity on (Q, 7). In fact, Q is a o-additive measure such that Q(Q) = E(L) = 1.
We say that L is the density of Q with respect to P, and we write dQ/dP =
L. The probability Q is absolutely continuous with respect to P, that is, for
any A € F,

PA)=0 = Q@)=
If L is strictly positive P-almost surely, then the probabilities P and Q are

equivalent (that is, mutually absolutely continuous). This means that for
any A € F,

PA)=0 <= QA=
The next example is a simple version of Girsanov’s theorem.

Example 2.10.1 Let X be a random variable with distribution N(m, o).
Consider the random variable

m
L= exp( —X+ 7 2)

which satisfies E(L) = 1. Suppose that Q has density L with respect to P.

On the probability space (Q, ¥, Q), the variable X has characteristic func-

tion

2

A . 1 (x-m? mx m>
X\ _ itX _
EQ(ef ) = E(et L)= \/_ CXp - 202 - F + T"Z + ll.X)d.X
2 2t2
-5+ ztx)dx = exp( O-—),
el 2

s0, X has distribution N(0, o).

We now go back to the case where (B;),»o is a Brownian motion on a
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probability space (€, F,P). Given a process 6 € L2(P), consider the local

martingale
! !
L,:exp(f@sst—%fegds), 0<t<T,
0 0

which satisfies the linear stochastic differential equation
!
L,=1+f05Lsst, 0<t<T.
0
The next lemma is due to Novikov (1972), and a proof can be found in

Baudoin (2014, Lemma 5.76).
Lemma 2.10.2 (Novikov’s condition) If

E(exp (4 f ' 02ds)) < oo (2.24)
0

then (L,)o<i<7 is a martingale.

Thus, as a consequence of Lemma 2.10.2, we have:
(1) The random variable L7 is a density in the probability space (Q, 7, P)
and defines a probability Q such that

_dQ
T — E
(2) Forany t > 0,

_dQ

- . 2.25
t ’P / ( )
In fact, if A € F,, we have

Q(A) = E(14Ly) = E(E(14L7|F)))
= E(4E(L7|F)))
= E(1,L)).

Girsanov’s theorem was first proved by Cameron and Martin (1944) for
non-random integrands, and then extended by Girsanov (1960).

Theorem 2.10.3 (Girsanov’s theorem) Suppose that 0 satisfies the Novikov
condition (2.24). Then, on the probability space (Q, Fr,Q), the stochastic

process
!
W, =B, - f 0,ds,
0

is a Brownian motion on [0, T].



46 Stochastic Calculus

Proof 1t is enough to show that on the probability space (Q, 7, Q), for
all s < t < T, the increment W, — W is independent of ¥, and has the
normal distribution N(0, f — s).

These properties follow from the relation, forall s < t < T, A € F,,
A €R,

Eq(14 exp(id(W; — Wy))) = Q(A) exp (—%20 - S)) : (2.26)
In order to show (2.26) we write, using (2.25),
Eq(14 exp(iA(W; — Wy))) = E(14 exp(id(W, — W))) L,)
= E(14L,Y,,) exp (—%Z(t - S)),
where

! !
¥, = exp ( f (id +6,)dB, — 1 f (i + Hv)za'v).

Then, the desired result follows from

E(YF,) = 1.
O
Fix 0 € R. Recall that under Q, given by
d 6
d—g _=L=ew (eB, - 5;), 2.27)

(By)ss0 1s a Brownian motion with drift 6¢. As an application, in the next
proposition we compute the distribution of the hitting time for a Brownian
motion with drift.

Proposition 2.10.4 Set 7, = inf{t > 0,B, = a}, where a # 0. Let Q
be defined by (2.27). Then, with respect to Q, the random variable T, has
probability density

_ (a — 6s)?
16 = = exp(— 2—s) 550, (2.28)

Proof For any t > 0, the event {r, < ¢} belongs to the o-field ¥, be-
cause, for any s > 0,

{fro<tin{r, At <s}={r, <t}n{r, < s}

={ta<tAsteFo CFs.
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Consequently, using the optional stopping theorem (Theorem A.7.4) yields

Qr, <1 = E(I{TaSt}Lt) = E(I‘TaSI}E(Lt|/(_'T,1/\I))
= E(I{T“SZ}LT“AZ) = E(l{‘rasr}Lru)

=E (I{Tuéf} exp (961 - %027'0))

= ft exp (Ha - %HZS)f(S)ds,
0

where f is the density of the random variable 7,. We know by (1.11) that

f(s) = -4 exp(—f).

27153 2s
Hence, with respect to Q the random variable 7, has the probability density
given by (2.28). O

Letting # T oo in the above proof, we obtain

Q(r, < ) = exp(Ha)E(exp ( - %921[,)) = exp(fa — |Aal).

If & = 0 (Brownian motion without drift), the probability of reaching the
level a is one. If 6a > 0O (the drift 6 and the level a have the same sign) this
probability is also one. If 8a < O (the drift 8 and the level a have opposite
signs) this probability is exp(26a).

Exercises

2.1  Show that the limit (2.2) does not depend on the approximating sequence
(n)
u.

22 Letue &andt > 0. Consider a partitiont = {0 =19 <t < --- < t, = t}.
Show that, as |7| — 0,

n=l1 1j+1 2 L/Q) ¢
Z(f uSst) — f u?ds.
=0 " 0

23 Letue LIZOC(P) and ¢ > 0. Consider a partitiont = {0 =1y <t; <--- <t, =
t}. Show that, as |7| — 0,

n-l tj+1 2 p t
(f usst) — f u?ds.
= \Ji; 0

j=

2.4 Show Proposition 2.4.2.
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2.5

2.6

2.7

2.8

29

2.10

2.11
2.12

2.13

Stochastic Calculus
Let f € C;(R) and
15
Xl = X() + f Lt_yde,
0

where u € LZZOC(P). Show that, as n — oo,

n—1 , Lz(Q) ! ,
PN ACAED Al f F/(X,)u,dB,
i=0 0

where t; = it/n, 0 <i < n.

Use It6’s formula in order to compute E(B;‘). Do it again for E(Bf). Write a
recurrence formula to compute E(B}) in terms of E(Bf‘z).

Show that, for any x € R, the process

5
X, = f sign(Bs — x)dBs, t >0,
0

is a Brownian motion.

Hint: Apply It6’s formula to the process exp(id(X; — Xj)).

Let B be a Brownian motion. Using Itd’s formula, check whether the follow-
ing processes are martingales:

@ xV =B} -3B,
(b) X =B, -2 [} sByds.
(c) Xt(3) = ¢'/2 cos B,.
d) X =¢2sinB,.
€ X = (B, + 1) exp(-B, - 1n).
Let B; and B; be two independent Brownian motions. Show that B1(#)B,(f)
is a martingale.
Let B be an m-dimensional Brownian motion. Consider a partition 7 = {0 =
tg <t <---<t, =t}of the interval [0, 7]. Show that, if i # j, as |7| — O we
have

n—1 ) ) ) ) LZ(Q)
Z(B;m - B;k)(B{kn - B{k) — 0.
k=0

Prove Proposition 2.6.4.
Using the notation of Section 2.8, show that, for any process u € LzT(P),

T R T R
f MtdB[ = f MT_[dB].
0 0

Find the stochastic integral representation on the time interval [0, T] of the
following random variables:

T T
Br, B}, &P, fo Bdt, B3, sinBr, fo tBidt.
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2.14 Let p(t,x) = 1/VI—texp(-x2/2(1 = 1)), for 0 < ¢ < 1, x € R, and

2.15

p(1,x) = 0. Define M, = p(t, B;), where (B;);e[0,1] is a Brownian motion.
(a) Show that, foreachO <t < 1,

15
P
M, = My + f P (s, B,)dB;.
0 0x

(b) Set H, = (0p/dx)(t, B;). Show that fol ledt < oo almost surely, but

1
E(f thdl‘) = o0,
0

Let B and B be two independent Brownian motions. Fix # > 0 and consider
the Brownian motion B = ¢~'B+ V1 — ¢~ B. Consider two random variables
X, Y taking values in the interval [a, b], where 0 < a < b, such that X is B-
measurable and Y is B-measurable. Fix p > 1 and set ¢ = ¢*(p — 1) + 1. Let
q’ be such that 1/g + 1/¢’ = 1. Show that

E(XY) < [IX],l1Y1lg -

Hint: Consider the stochastic integral representations
X? = E(X?) + f @sdB;,
0
y! =E(Y?) + f ¥,dB;,
0

and apply It6’s formula to the function f(x,y) = x'/?y'/4" and to the martin-
gales

't
M, = E(XP) + f osdb,
0

!
N, =E(Y?)+ f WdB.
0
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Derivative and Divergence Operators

The Malliavin calculus is a differential calculus on a Gaussian probability
space. In this chapter we introduce the derivative and divergence operators
when the underlying process is a Brownian motion (B,),so-

3.1 Finite-Dimensional Case

We consider first the finite-dimensional case. That is, the probability space
(Q,F, P) is such that Q = R", ¥ = B(R") is the Borel o-field of R”, and
P is the standard Gaussian probability with density p(x) = (27) /2 /2,
In this framework we consider two differential operators. The first is the
derivative operator, which is simply the gradient of a differentiable func-
tion F: R" —» R:

oF oF

vr= (20,00

0x; 0x,
The second differential operator is the divergence operator and is defined
on differentiable vector-valued functions u: R" — R" as follows:

n

o(u) = Z (M;xi - %) = (u, x)y — div u.

It turns out that ¢ is the adjoint of the derivative operator with respect to
the Gaussian measure P. This is the content of the next proposition.

Proposition 3.1.1 The operator § is the adjoint of V, that is,
E((u, VF)) = E(F6(u))

if F: R" - Rand u: R" — R" are continuously differentiable functions
which, together with their partial derivatives, have at most polynomial
growth.

50
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Proof Integrating by parts, and using dp/dx; = —x;p, we obtain

n

oF
VF. = —u;
fR n( , uypdx Z N axiu,pdx
—Z( f —pdx+f Fuixipdx)
Rﬂ

:f Foé(u)pdx.
RII

This completes the proof. O

3.2 Malliavin Derivative

Let B = (B;)»0 be a Brownian motion on a probability space (Q2, ¥, P) such
that F is the o-field generated by B. Set H = L*(R,), and for any h € H,
consider the Wiener integral

B(h) = f ) h(t)dB,.
0

The Hilbert space H plays a basic role in the definition of the derivative
operator. In fact, the derivative of a random variable F: Q@ — R takes
values in H, and (D,F),s is a stochastic process in L*(Q; H).

We start by defining the derivative in a dense subset of L*(€2). More
precisely, consider the set S of smooth and cylindrical random variables of
the form

F = f(B(h),...,B(h,)), (3.1
where f € C;"(R") and h; € H.

Definition 3.2.1 If F € S is a smooth and cylindrical random variable of
the form (3.1), the derivative DF is the H-valued random variable defined
by

0
D,F = Z —f<B<h1)  Bh)hi(0).
i=1
For instance, D(B(h)) = h and D(B,,) = 1o, for any t; > 0.
This defines a linear and unbounded operator from S C L*(Q) into
L*(Q; H). Let us now introduce the divergence operator. Denote by Sy
the class of smooth and cylindrical stochastic processes u = (u;),»o of the
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form

u, = Z thj(t), (32)
j=1

where F; € Sand hj € H.

Definition 3.2.2 We define the divergence of an element u of the form
(3.2) as the random variable given by

§u) = > FiBhj) = > (DF}, hj)u.
j=1 j=1

In particular, for any 2 € H we have 6(h) = B(h).
As in the finite-dimensional case, the divergence is the adjoint of the
derivative operator, as is shown in the next proposition.

Proposition 3.2.3 Let F € S and u € Sy. Then
E(Fé(u)) = EKDF, u)y).
Proof We can assume that F' = f(B(hy)..., B(h,)) and

=" gjB)....B)h),
j=1

where Ay, ..., h, are orthonormal elements in H. In this case, the duality
relationship reduces to the finite-dimensional case proved in Proposition
3.1.1. O

We will make use of the notation D, F' = (DF, h)y forany h € Hand F €
S. The following proposition states the basic properties of the derivative
and divergence operators on smooth and cylindrical random variables.

Proposition 3.2.4 Suppose that u,v € Sy, F € S, and h € H. Then, if
(ei)is1 is a complete orthonormal system in H, we have

Eo0) = B, vy + B( ). Dt Do vy} (33)

ij=1
Dy(6(w)) = 6(Dpu) + <h, upy, (3.4)
0(Fu) = Fo(u) — (DF,u)y. 3.5

Property (3.3) can also be written as

E(S(u)5(v)) = E( fo ) u,v,dt) + E( fo ) fo ) DsutD,vsdsdt).
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Proof of Proposition 3.2.4 We first show property (3.4). Consider u =
Z;:lehj, where F; € S and h; € H for j = 1,...,n. Then, using
Dy(B(h;)) = (h,h;)y, we obtain

Du6w) = D S FB) - Y (OF, hin)
j=1 =1

= > Fi(h )+ ) (DyFB(hj) = (Dy(DF ), ;)
j=1 j=1
=u, h)y + 6(Dyu).

To show property (3.3), using the duality formula (Proposition 3.2.3) and
property (3.4), we get

E(6(w)6(v)) = E(v, D(6(u))) )

00

= B( " e Do)

i=1

-E ( i (v,en (<“’ e)u + 6(De"u)))
i=1

=E(u,v)y) + E ( i D, (u, ey D, (v, ei>H)-

ij=1

Finally, to prove property (3.5) we choose a smooth random variable G € S
and write, using the duality relationship (Proposition 3.2.3),

E((Fu)G) = E(DG, Fu)y) = E(u, D(FG) — GDF),;)
= E((6(wF — (u, DF)y)G),

which implies the result because S is dense in L*(Q). |

3.3 Sobolev Spaces
The next proposition will play a basic role in extending the derivative to
suitable Sobolev spaces of random variables.

Proposition 3.3.1 The operator D is closable from LP(Q) to L?(Q; H) for
any p > 1.
Proof Assume that the sequence Fy € S satisfies

LP(Q) LP(Q:H)
yn—0 and DFy — n,
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as N — oo. Then n = 0. Indeed, for any u = Z?’:, Gjhj € Sy such that
G B(h;) and DG are bounded, by the duality formula (Proposition 3.2.3),
we obtain
E((n, ) = lim ECDFy, u)n)
= IJIim E(Fyo(u)) = 0.
This implies that = 0, since the set of u € Sy with the above properties

is dense in L”(Q; H) for all p > 1. O

We consider the closed extension of the derivative, which we also denote
by D. The domain of this operator is defined by the following Sobolev
spaces. For any p > 1, we denote by D' the closure of S with respect to

the seminorm
00 p/2\\1/p
f (D,F)*dt )) )
0

In particular, F belongs to D' if and only if there exists a sequence F,, € S
such that

171l = (EGFP) + B

LP(Q) LP(Q:H)
F,— F and DF, — DF,

as n — oo. For p = 2, the space D'? is a Hilbert space with scalar product

(F,G)1» = E(FG) + E( f D,FD,Gdz).
0
In the same way we can introduce spaces D'”(H) by taking the closure of
Sy. The corresponding seminorm is denoted by || - [|1 .
The Malliavin derivative satisfies the following chain rule.

Proposition 3.3.2 Let ¢: R — R be a continuous differentiable function
such that |¢'(x)] < C(1 + |x|%) for some a > 0. Let F € D' for some

p >« + 1. Then, o(F) belongs to D", where g = p/(a + 1), and
D(p(F)) = ¢'(F)DF.

Proof Notice that |p(x)| < C’(1 +|x|**!), for some constant C’, which im-
plies that ¢(F) € L7(Q) and, by Holder’s inequality, ¢'(F)DF € L1(Q; H).
Then, to show the proposition it suffices to approximate F by smooth and
cylindrical random variables, and ¢ by ¢*a,, where a, is an approximation
of the identity. O

The chain rule can be extended to the case of Lipschitz functions (see
Exercise 3.3).
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We next define the domain of the divergence operator. We identify the
Hilbert space L*(Q; H) with L>(Q X R,).

Definition 3.3.3 The domain of the divergence operator Dom § in L*(Q)
is the set of processes u € L>(Q x R,) such that there exists 6(u) € L*(Q)
satisfying the duality relationship

E(DF,uyn) = E(6)F),
for any F € D',

Observe that ¢ is a linear operator such that E(6(x)) = 0. Moreover, ¢ is

closed; that is, if the sequence u, € Sy satisfies
L2(Q:H) Q)
u, — u and o(u,) — G,

as n — oo, then u belongs to Dom ¢ and 6(u) = G.

Proposition 3.2.4 can be extended to random variables in suitable Sobolev
spaces. Property (3.3) holds for u,v € D"?(H) c Dom 6 (see Exercise 3.5)
and, in this case, for any u € D'*(H) we can write

E(6(u)2)§E( fo m(u,)zdt)+E( fo ) fo W(Dsu,)zdsdt): Wl 5 .

Property (3.4) holds if u € D"?(H) and D,u € Dom 6 (see Exercise 3.6).
Finally, property (3.5) holds if F € D'?, Fu € L*(Q; H), u € Dom ¢, and
the right-hand side is square integrable (see Exercise 3.7).

We can also introduce iterated derivatives and the corresponding Sobolev
spaces. The kth derivative DF of a random variable F € S is the k-
parameter process obtained by iteration:

DhF= Y ), B @)

For any p > 1, the operator DF is closable from L(Q) into L (Q; H®") (see
Exercise 3.8), and we denote by D*? the closure of S with respect to the

seminorm
p/Z))l/p

For any k > 1, we set D* := N,,,DE, D*? := Ny DK, and D® :=
Ni=1D%*. Similarly, we can introduce the spaces D*?(H).

These spaces satisfy that, for any ¢ > p > 2 and ¢ > k, DY c D*. We
also have the following Holder’s inequality for the || - || ,-seminorms.

.....

k
IFll, = (E(IFI") + E(Z

f(D{, Yt - dt;
R/ ! '
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Proposition 3.3.4 Let p,q,r > 2 suchthat 1/p+1/q = 1/r. Let F € D"
and G € D*. Then FG belongs to D*" and

||FG||k,r < cp,q,r”F”k,p”GHk,q-

Proof The result follows from the Leibnitz rule (see Exercise 3.9) and the
usual Holder’s inequality. O

3.4 The Divergence as a Stochastic Integral

The Malliavin derivative is a local operator in the following sense. Let
[a,b] c R, be fixed. We denote by ¥, the o-field generated by the ran-
dom variables {B; — B,, s € [a, b]}.

Lemma 3.4.1 Let F be a random variable in D'* N L*(Q, Fia4, P). Then
D,F = 0 for almost all (t,w) € [a, b]° X Q.

Proof 1f F belongs to S N L2(Q, F(44, P) then this property is clear. The
general case follows by approximation. O

The following result, proved by Gaveau and Trauber (1982), says that
the divergence operator is an extension of Itd’s integral.

Theorem 3.4.2 We have L*(P) € Domé and, for any u € L*(P), 6(u)
coincides with Ité’s stochastic integral

6(u)=f u,dB;.
0

Proof Consider a simple process u of the form

n—
u; =

@ iLt000(0),

1
J=0

where 0 < #y) < #; < --- < t, and the random variables ¢; € S are Fi-
measurable. Then d(u) coincides with the It6 integral of u because, by (3.5),

n—1 n—1 £l n—1

5w =Y 0B, ~B)- ) [ D= Y 0,8, - B,)
j=0 j=0 V1 j=0

taking into account that D,¢; = 0 if + > ¢; by Lemma 3.4.1. Then the

result follows by approximating any process in L*(P) by simple processes

(see Proposition 2.1.4), and approximating any ¢; € L*(Q, F,,P) by F, -

measurable smooth and cylindrical random variables. O
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If u is not adapted, 6(«) coincides with an anticipating stochastic inte-
gral introduced by Skorohod (1975). Using techniques of Malliavin cal-
culus, Nualart and Pardoux (1988) developed a stochastic calculus for the
Skorohod integral.

If u and v are adapted then, for s < t, D,v; = 0 and, for s > ¢, Du, = 0.
As a consequence, property (3.3) leads to the isometry property of 1t0’s
integral for adapted processes u, v € D'"*(H):

E(S(u)5(v)) = E( fo ) u,v,dz).

If u is an adapted process in D!?(H) then, from property (3.4), we obtain

D,( f usst):u,-k f Dyu,dB,, (3.6)
0 t

because D;u; = 0if t > s.
The next result shows that we can differentiate Lebesgue integrals of
stochastic processes.

Proposition 3.4.3 Forany u € D'*(H) and h € H, we have {u, h)y € D"?
and

Du, by = (D, .

Proof Let u € D"?(H). Then there exists a sequence u, € Sy that con-
verges to u in L?(Q; H) and is such that the sequence Du,, converges to Du
in L>(Q; H ® H). Now, let h € H. Then the sequence (u,, h)y converges
to (u, h)y in L*(Q), and the sequence D{(u,, h)y converges to D{u, hy in
L*(Q; H), which concludes the proof. ]

Example 3.4.4 Taking i = 197}, we get

T T
D,f ugds = f D,u,ds.
0 0
T T
D,f Bm’s:f DB,ds=T —1t.
0 0

3.5 Isonormal Gaussian Processes

For example,

So far, we have developed the Malliavin calculus with respect to Brown-
ian motion. In this case, the Wiener integral B(h) = fooo h(t)dB, gives rise
to a centered Gaussian family indexed by the Hilbert space H = L*(R,).
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More generally, consider a separable Hilbert space H with scalar prod-
uct (-, -)y. An isonormal Gaussian process is a centered Gaussian family
H, = {W(h), h € H} satisfying

E(W(h)W(g)) = (h, g)n»

for any h, g € H. Observe that H, is a Gaussian subspace of L*(Q). The
notion of isonormal Gaussian process was introduced by Segal (1954).

The Malliavin calculus can be developed in the framework of an isonor-
mal Gaussian process, and all the notions and properties that do not depend
on the fact that H = L?>(R,) can be extended to this more general context.
For a complete exposition of the Malliavin calculus with respect to a gen-
eral isonormal Gaussian process we refer to Nualart (2006). We next give
several examples of isonormal Gaussian processes.

Example 3.5.1 Let (7, B, u) be a measure space, where u is a o-finite
measure. Consider a centered Gaussian family of random variables

W = {W(A), A € B, u(A) < +oo},

with covariance
E(W(A) n W(B)) = u(A N B).

Then W is called a white noise on (T, B, w); this is a generalization of the
white noise in D C R™ (see Definition 1.3.1). The mapping 1, — W(A) can
be extended to a linear isometry from L*(T') to the Gaussian space spanned
by W:

¢ f @(x)W(dx).
T

Example 3.5.2 Let X = (X);»o be a continuous centered Gaussian pro-
cess with covariance function

R(s, 1) = BE(X,X,).

The Gaussian subspace generated by X can be identified with an isonormal
Gaussian process H, = {X(h),h € H}, where the separable Hilbert space
H is defined as follows. We denote by & the set of step functions on [0, T].
Let H be the Hilbert space defined as the closure of & with respect to the
scalar product

Lo, Lios0e = R(2, 5).

The mapping 19, — X, can be extended to an isometry 7 — X(h) between
H and H,.
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Example 3.5.3 A particular case of Example 3.5.2 is the fractional Brow-
nian motion, with Hurst parameter H € (0, 1), denoted B! = (BY).,.
By definition, B" is a centered Gaussian process with covariance function
given by

Ry(t, s) := E(B'BM) = 27121 + s — |t — s]"™). (3.7)

This process was introduced by Kolmogorov (1940) and was studied by
Mandelbrot and Van Ness (1968), where a stochastic integral representa-
tion in terms of a two-sided Brownian motion on the whole real line was
established.

One can find a square integrable kernel Ky, whose precise expression is
given below, such that

IAS
f Ku(t,u)Ky(s, u)du = Ry(t, s).
0

This implies the existence of the fractional Brownian through the integral
representation B = fot Ku(t, s)dWy, where W = (W,)»o is a Brownian
motion. Conversely, given BY, we will show that there exists a Brownian
motion W such that this integral representation holds.

Note that, for H = %, BY is a standard Brownian motion. However, for
H+ % the increments are non-independent and are positively correlated for

H> % and negatively correlated for H < %
The form of the covariance function entails that

E(B! - B?) = | — s/™M.

This implies that the process B has stationary increments. Moreover, by
Kolmogorov’s continuity criterion (Theorem A.4.1), the trajectories of B!
are y-Holder continuous on [0, T'] for any y < H and T > 0. Moreover, the
process is self-similar in the sense that for any a > 0, the processes (B),»o
and (a " B).., have the same distribution.

The Gaussian subspace generated by B can be identified with the iso-
normal Gaussian process defined in Example 3.5.2. However, we do not
know whether the elements of the Hilbert space H introduced in Example
3.5.2 can be considered as real-valued functions. This turn out to be true
for H < % but false when H > %, as is explained below.

In the case H > % one can show that the kernel Ky(¢, s) is given by, for
s <,

!
Ku(t, s) = cHsm_Hf rH_3/2(r - S)H_I/Zdr,
s
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where cy is defined as
( HQH-1) )1/2
cg=|———————| .
B2 -2H,H-1)

Then, the elements of H may be not functions but distributions of negative
order; see Pipiras and Taqqu (2000). One can show that

L*([0,T]) c LY¥([0,T]) c |H| c H,

where |H| is the Banach space of measurable functions ¢ on [0, 7] such
that

T T
llgll; = HH — 1)[ f I = uP"lp(r)llp(w)ldudr < co.
0 0

In the case where H < % the kernel Ky(z, s) is given by, for s < ¢,

£\H-1/2 1 ¢
ke =auf(£) - (Lo [ g,
N s

where

2H 172
CH = ( ) .
(1 -2H)B(1 —2H,H + %)
Then, for all & > % — H, we have that
C*([0,T]) € H c L*([0,T)).
Consider the operator Kj; from & to L*([0, T]) defined as

Kidio.q(s) = Ku(t, $)1jo4(s).

Then K7; is a linear isometry between & and L*([0, T]) that can be extended
to the Hilbert space H.

In the case H > % the operator K7, can be expressed in terms of fractional
integrals, while in the case H > % it can be expressed in terms of fractional
derivatives. In both cases, one can show that, for any a € [0, T'], the indica-
tor function 1y, belongs to the image of K}, and thus Im(K7},) = L*([0,T).

Now, consider the family W = {W(y), ¢ € H} defined as

W(p) = BN (K;p) ' 9).

It is easy to show that W is a family of centered Gaussian random variables
with covariance given by

EW(@WW)) = (o, ¥)r2qory  for all g,y € LX([0, T]).

In particular, the process W, = BH((K;)‘II[OJ]) is a Brownian motion.
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Moreover, for any ¢ € H, the stochastic integral B(p) admits the fol-
lowing representation as a Wiener integral:

T
B(p) = f Ki(s)dW;.
0

In particular,

3.1

32

33

34

35

!
B = f Kul(t, s)dW,.
0

Exercises

Consider the family % of random variables of the form
p(B(hy)...,B(h,)), where h; € H and p is a polynomial. Show that # is
dense in L9(Q) forall g > 1.

Hint: Assume that ¢ > 1 and let r be the conjugate of ¢g. Show that if Z €
L"(Q) satisfies E(ZY) =0 forall Y € P then Z = 0.

Show that Definition 3.2.1 does not depend on the choice of the representa-
tion for F.

Let ¢: R — R be a function such that

lo(x) — ()| < Kl|x =yl

forall x,y € R. Let F be a random variable in the space D'2. Show that ¢(F)
belongs to D' and that there exists a random variable G bounded by K such
that

D(¢(F)) = GDF.

Moreover, show that when the law of the random variable F is absolutely
continuous with respect to the Lebesgue measure, then G = ¢’ (F).

Hint: Approximate ¢ by the sequence ¢, = ¢ * a,, where @, is an approxi-
mation of the identity, apply the chain rule in Proposition 3.3.2 to the random
variable F and the function ¢,, and use Corollary 4.2.5 to conclude.

Let X = (Xt)seq0,1] be a continuous centered Gaussian process. Assume that
a.s. X attains its maximum on a unique random point 7" at [0, 1]. Show that
the random variable M = sup,g; X; belongs to the space D'? and that
DM = 1[0,7"]([).

Hint: Approximate the supremum of X by the maximum on a finite set, and
use the chain rule for Lipschitz functions (Exercise 3.3), and Corollary 4.2.5.
Show that, for any u, v € D"2(H),

E(6(u)0(v)) = E ( fo N u,v,dt) +E ( fo B j; " DsutDtvsdsdt).
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3.6

3.7

3.8

39
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Suppose that u € D%2(H) and let h € H. Show that Dju belongs to the
domain of the divergence, 6(u) belongs to D2, and

Dp(6(u)) = 6(Dpu) + <h, uy.
Show that, for any F € D'? and u € Dom 6 such that Fu € L3(Q; H),
6(Fu) = Fo(u) — (DF, )y,

provided that the right-hand side is square integrable.

Show that, for any p > 1, the operator DF is closable from LP(Q) into
LP(Q; H®K),

Prove the following Leibnitz rule for an iterated derivative: for any random
variables F,G € S and any k > 2,

k
DNFG) = Z (’f)D"FD"*"G.
l
i=0
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Wiener Chaos

In this chapter we present the Wiener chaos expansion, which provides an
orthogonal decomposition of random variables in L?(Q) in terms of multi-
ple stochastic integrals. We then compute the derivative and the divergence
operators, introduced in Chapter 3, on the Wiener chaos expansion. This
allows us to derive further properties of these two operators.

4.1 Multiple Stochastic Integrals

Recall that B = (B,);»¢ is a Brownian motion defined on a probability space
(Q, F,P) such that ¥ is generated by B. Let L2(R") be the space of sym-
metric square integrable functions f: R} — R.If f: R} — R, we define
its symmetrization by

- 1
f(tla o ’tn) = ; Zf(t(r(l)’ e ata(n))a

where the sum runs over all permutations o of {1,2,...,n}. Observe that

I 2@y < N fllz2aee)-

Definition 4.1.1 The multiple stochastic integral of f € L*(R") is defined
as the iterated stochastic integral

00 1 1)
I,,(f)zn!f f f f,....,t,)dB,, ---dB,,.
0 0 0

Note that if f € L>(R,), I;(f) = B(f) is the Wiener integral of f.
If f € L*(R") is not necessarily symmetric, we define

L(f) = L(/).

Using the properties of 1t6’s stochastic integral, one can easily check (see

63
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Exercise 4.1) the following isometry property: for all n,m > 1, f € L*(R"),
and g € L*(R™),

if n # m,

0
E(L,()In(8) = { (4.1)

nf, 8@ ifn=m.

Next, we want to compute the product of two multiple integrals. Let
f € L>)(R") and g € L2R™). For any r = 0,...,n A m, we define the
contraction of f and g of order r to be the element of L?>(R""~2") defined
by

(f®rg)(tl’---atn—r’sly---,sm—r)

:f f(tl’-"9tn—r$-xl""’xr)g(sl""ysm—nxl’-~'7-xr)dx] "‘d.x,-.
R,

We denote by f &, g the symmetrization of f ®, g. Then, the product of
two multiple stochastic integrals satisfies the following formula:

nAm
n\(m
LD = r!( )( )1n+m—2r(f ®, 2). (4.2)
i \r)\r
The nth Hermite polynomial is defined by
2 dl‘l 2
ha(x) = (=1)"e" 2 ——(e™?). (4.3)
dx"

The first few Hermite polynomials are h(x) = 1, hy(x) = x, ho(x) = x* — 1,
hy(x) = x* = 3x, ... Itis easy to see (see Exercise 4.3) that these polyno-
mials satisfy the following series expansion:

£\ w1
exp (tx - 5) - Z:(; (). (4.4)
The next result gives the relation between multiple stochastic integrals
and Hermite polynomials.

Proposition 4.1.2  For any g € L*(R,), we have

B(g) )

1% = ||g||zz(R+)hn(”g”—z
L>(R4)
where g®n(tla cees tn) = g(tl) e g(tn)-

Proof We can assume that ||g]l2,) = 1. We proceed by induction over
n. The case n = 1 is immediate. We then assume that the result holds for
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I,...,n. Using the product rule (4.2), the induction hypothesis, and the
recursive relation for the Hermite polynomials (4.20), we get

L (8% = L(g*)1(g) = nl,1(g2"7Y)
= h,(B(8))B(g) — nhy-1(B(g))
= hu1 (B(2)),

which concludes the proof. O
The next result is the Wiener chaos expansion.

Theorem 4.1.3 Every F € L*(Q) can be uniquely expanded into a sum of
multiple stochastic integrals as follows:

F=E(F)+ Y L),
n=1

where f, € L2(R").

For any n > 1, we denote by H, the closed subspace of L*(Q2) formed
by all multiple stochastic integrals of order n. For n = 0, H is the space of
constants. Observe that | coincides with the isonormal Gaussian process
{B(f), f € L*(R,)}. Then Theorem 4.1.3 can be reformulated by saying
that we have the orthogonal decomposition

LX(Q) = &7 H,.

Proof of Theorem 4.1.3 1t suffices to show that if a random variable G €
L*(Q) is orthogonal to ® H, then G = 0. This assumption implies that G
is orthogonal to all random variables of the form B(g)*, where g € L*(R,),
k > 0. This in turn implies that G is orthogonal to all the exponentials
exp(B(h)), which form a total set in L*(Q2). So G = 0. m]

4.2 Derivative Operator on the Wiener Chaos
Let us compute the derivative of a multiple stochastic integral.
Proposition 4.2.1 Let f € L2(R"). Then L,(f) € D'? and
DL(f) = nl, i (D).

Proof Assume that f = ¢®", with ||gll;2®,) = 1. Then, using Proposition
4.1.2 and the property (4.19) below of Hermite polynomials, we have

DI, (f) = Dy(hy(B(8))) = I, (B(8)Di(B(g)) = nhy-1(B(8))8(t)
= ng(OL,1(g*"™") = nl, 1 (f (1))



66 Wiener Chaos

The general case follows using linear combinations and a density argument.
This finishes the proof. O

Moreover, applying (4.1), we have
e( [ @nra) =i [ Buaocopr
R, R,

— 2 2
= n(n - 1)! fR LG Ol g

2
= nn!Hf”Lz(Rf_)

= nE(L(f)). (4.5)

As a consequence of Proposition 4.2.1 and (4.5), we deduce the follow-
ing result.

Proposition 4.2.2 Let F € L*(Q) with Wiener chaos expansion F =
> o L(f,). Then F € D'? if and only if

00

EIDFIG) = > nnlllfillfaes, < oo,

n=1

and in this case

DF = )" nl, (£ ).
n=1

Similarly, if k > 2, one can show that F € D*? if and only if

00

k 2
DAl < o,

n=1

and in this case

,,,,,

where the series converges in L*(Q X R¥). As a consequence, if F € D**?
then the following formula, due to Stroock (1987) (see Exercise 4.7), al-
lows us to compute explicitly the kernels in the Wiener chaos expansion of
F:

1

f. = =E(D"F). (4.6)
n!
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Example 4.2.3 Consider F = B;. Then

fi(t) = E(D,, B}) = 3E(B)1j0.1)(t1) = 3110.11(11),
folti, 1) = 3E(D; , BY) = 3E(B)1jo,1)(t V 1) = 0,
L, 5) = éE(D3 B))=1p4t VHiVts),

1,0,13

and we obtain the Wiener chaos expansion

1 151 15
B =3B, +6 f f f dB,dB,,dB,,.
0 0 0

Proposition 4.2.2 implies the following characterization of the space
D!2.

Proposition 4.2.4 Let F € L*(Q). Assume that there exists an element
u € L*(Q; H) such that, for all G € S and h € H, the following duality
Sformula holds:

E((u, h)yG) = E(F6(Gh)). 4.7)
Then F € D'? and DF = u.
Proof Let F = Y L(f,), where f, € L2(R"). By the duality formula
(Proposition 3.2.3) and Proposition 4.2.1, we obtain

E(F6(Gh)) = Z E(,(f,)6(Gh)) = Z E(D(L(f2)), MuG)
n=0 n=0

= > E(nL 1 (£ 1), huG).
n=1
Then, by (4.7), we get
Z E((nl,-1(fu(, D), uG) = E(u, h)nG),
n=1

which implies that the series Y., | nl,—;(f,(:, 1)) converges in L*(Q; H) and
its sum coincides with u. Proposition 4.2.2 allows us to conclude the proof.
O

Corollary 4.2.5 Let (F,),s1 be a sequence of random variables in D'
that converges to F in L*(Q) and is such that

sup E(IDF,II3) < co.

Then F belongs to D'? and the sequence of derivatives (DF,),s converges
to DF in the weak topology of L*(Q; H).
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Proof The assumptions imply that there exists a subsequence (Fu))i=1
such that the sequence of derivatives (DF, k=1 converges in the weak
topology of L*(Q; H) to some element a € L*(Q; H). By Proposition 4.2.4,
it suffices to show that, for all G € Sand h € H,

E({a, h)yG) = E(F6(Gh)). (4.8)
By the duality formula (Proposition 3.2.3), we have
E(DF ), l)nG) = E(Fuy6(Gh)).

Then, taking the limit as k tends to infinity, we obtain (4.8), which con-
cludes the proof. O

The next proposition shows that the indicator function of a set A € ¥
such that 0 < P(A) < 1 does not belong to D',

Proposition 4.2.6 Let A € ¥ and suppose that the indicator function of
A belongs to the space D'?. Then, P(A) is zero or one.

Proof Consider a continuously differentiable function ¢ with compact
support, such that ¢(x) = x* for each x € [0, 1]. Then, by Proposition
3.3.2, we can write

D1, = D[(14)’] = Dlg(14)] = 21,D1,4.

Therefore D1, = 0 and, from Proposition 4.2.2, we deduce that 1, = P(A),
which completes the proof. O

4.3 Divergence on the Wiener Chaos

We now compute the divergence operator on the Wiener chaos expansion.
A square integrable stochastic process u = ()0 € L*(Q X R,) has an
orthogonal expansion of the form

= ) L(fl0),
n=0

where fy(t) = E(u;) and, for each n > 1, f, € L*R™!) is a symmetric
function in the first n variables.

Proposition 4.3.1 The process u belongs to the domain of § if and only if
the series

5y = > Lia(h) (4.9)
n=0
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converges in L*(Q).

Proof Suppose that G = I,(g) is a multiple stochastic integral of order
n > 1, where g is symmetric. Then

E(u, DG)y) = f E (L-1 (fa1 C D)L (8-, 1))dt
Ry

=n(n-1)! f (fuo1(, 1), 8C, t»LZ(RTI) dt
R:
= ”Kfn—lsg)U(Rz) = m(fn—l’ghz(m)
= EUL(fu-)1.(8)) = EUy(f,-1)G).
If u € Dom 6, we deduce that
E@(u)G) = E(,(f,-1)G)

for every G € H,,. This implies that 1,(f,_;) coincides with the projection
of 6(u) on the nth Wiener chaos. Consequently, the series in (4.9) converges
in L>(Q) and its sum is equal to 5(u). The converse can be proved by similar
arguments. O

4.4 Directional Derivative

Suppose that (Q, 7, P) is the Wiener space introduced in Section 1.4. The
Malliavin derivative can be interpreted as a directional derivative in the
direction of functions in the Cameron—Martin space, defined as

H = {g €Q: () = fo a(s)ds, g € L2(R+)}.

For any fixed g € H, we consider the shift transformation T Q — Q
defined by 7,(w) = w + g. Notice that, for all h € H,

To(B(h)) = B(h) + (h, &)n-

By Girsanov’s theorem (Theorem 2.10.3), there exists a probability Q,
equivalent to P, such that the process B, + g(¢) is a Brownian motion under
Q. Therefore, if F € L*(Q), the random variable F o 7,(w) = F(w + g) is
well defined almost surely.

Definition 4.4.1 We define the directional derivative of F € L*(Q) in the

direction g € H as the following limit in probability:

. 1
D,F = lin& —(Foty,—F),
e—0 €
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if it exists.

We next define the space D' as the set of random variables F € L*(Q)
satisfying:

(1) for any g € H, there exists a version of the process (F% o Tep)eso
whose trajectories are absolutely continuous with respect to the Lebesgue
measure;

(2) there exists a process u € L*(Q x R,,) such that for any g € H the
directional derivative f)gF exists, and [)gF =(u, &)y.

The following characterization of the space D! is due to Sugita (1985).

Theorem 4.4.2 We have D2 = D2, and the Malliavin derivative of
F € D'? is DF = u, where u is the process appearing in (2).

Proof We first show that D2 ¢ D'2. Let F € D"2. It suffices to show that
F satisfies conditions (1) and (2). We start by proving condition (2). Since
F € D'2, there exists a sequence F, in S that converges to F in L*(Q)
and for which the sequence DF, converges to DF in L*(Q; H). We now fix
g € H and € > 0, and write

1
E (‘E(F 0T — F) = (DF, &)y

1 1
)SE(‘—(FOng_F)__(FnOTeg_Fn)
€ €

)

(4.10)

1
+E(‘_(Fn OT€g - Fn)_ <DFnag>H
€

+E(KDFy, &)1 — (DF, &)ul).

Clearly, the third term on the right-hand side of (4.10) converges to O as
n tends to infinity. For fixed n, the second term converges to 0 as € — 0
because F, € S. Thus, it suffices to show that the first term converges to
0 as n tends to infinity uniformly in € € (0, 1]. Since F, € 8, it is easy to
show that

1 1 ([
_(Fn OTeg — Fn) == f <DFn OTag’g>Hda-
€ € Jo

By Girsanov’s theorem (Theorem 2.10.3), taking the limit in L'(Q) as n —
oo of each member in the above equality yields

1 1 [
E(FOTEg_F) = Z‘f(; <DFOTag,g>Hda. (411)



4.4 Directional Derivative 71

Finally,
1 € €
sup E( —f (DF o 74, &)pda — f (DF, orag,g)yda‘)
€€(0,1] € Jo 0
< ”g”H sup E(HDFI’I - DF”H o Tag)a
ae(0,1]

which converges to zero as n — oo by Girsanov’s theorem. We conclude
that F satisfies condition (2) with u = DF.

Furthermore, condition (2) is an immediate consequence of (4.11).

We now show that D> ¢ D', Let F € L*(Q) and g € H, and assume
that (1) and (2) hold. We need to show that F belongs to D'? and that
DF = u, where u is the process in (2). We divide the proof into steps.

Step 1  Fix g € H. Condition (1) implies that there exists a version of the
process (F o T,)e-0 Which is differentiable almost everywhere in R. That
is, for all w € Q and for almost all € € R,,

d o1
%(F o Teg)(w) = (1113(1) E(F o T(e+a)g(w) —-Fo Teg(w))- (412)

Then, by Fubini’s theorem, this implies that there exists a Borel set N C R
with £(N) = 0 such that, for all € ¢ N, (4.12) holds for almost all w € Q.
By Definition 4.4.1, we get the convergence in probability

1 .
lim —(F o 7oy — F) = D, F.

a—0

As a consequence, by Girsanov’s theorem we obtain the following conver-
gence in probability for any € € R

1 -
lim —(F © T(gre)g = F 0 Teg) = (DoF) 0 Teg. 4.13)

a—0

Then, from (4.12) and (4.13), we deduce that, for almost all (¢, w),

d N
%(F 0 T )W) = (DgF) 0 7eo(w). “4.14)

Step 2 By Proposition 4.2.4, it suffices to show that there exists u €
L*(Q x R,) such that, forall G € S and h € H,

E({u, h)yG) = E(FS6(Gh)). (4.15)
By (2), (4.15) is equivalent to showing that
E(D,FG) = E(F5(Gh)), (4.16)
where ¢ = h.
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Step 3 Using that an absolutely continuous function is the integral of its
derivative, and applying (4.14), we can write

B 1 1 B
D¢F = lim —(F o 7, ~ F) = lim ~ foa (D,F) o Topde, 4.17)

where the convergence holds in probability. Applying Girsanov’s theorem,
one can show that

< 00,
q

sup ”(f)gF) O Teg
€€(0,1]

for any 1 < g < 2. Therefore, the convergence in (4.17) is in L9(Q) for all
1<g<2.

Step 4 By Girsanov’s theorem,

1 1

~ (B((F o1,0)G)~E(FG)) = E (F—((GOT_(,g) exp (B~ S i) -G )
a a

Moreover, we have, almost surely and in L?(Q) for any p > 1,

lim ~ (G o 7o) exp (@B) ~ a2l - G)

a—

= E((G 0 T_qg) €Xp (aB(h) — %azllhufi))

= B(h)G — (DG, hyy = 6(Gh).

a=0

Taking into account (4.17), this implies that
- 1
E(D,FG) = lin(l) —E((F o 74y — F)G) = E(F6(Gh)),
a—0 ¥

which concludes the proof of (4.16). m]

Exercises
4.1  Show that, for all n,m > 1, f € L*(R"), and g € L*(R™"),
E(L(NIn() = nYF. &) 12y Lin=m)-
4.2  Using Itd’s formula, show that, for any f, g € L2(R?),

2
L(f)(g) = f'( )( )14 2(f ®: 8).
-0

T

4.3 Check that the Hermite polynomials satisfy

exp (tx - ;) - i ;—n!h,,(x). (4.18)

n=0
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Exercises 73

Use (4.18) to show the following properties of the Hermite polynomials:
h;l(x) = nhy_1(x), 4.19)
Rpy1(x) = xhyp(x) — nhy—1(x), (4.20)
B (=) = (=1)" ().

For every n we define the extended Hermite polynomial 4, (x, 1) by
_ /2 X
ha(x, ) = 1 h,,(—) for x € Rand A > 0.
Va

Check that

£\ o AP
exp(tx—T)_nZZ(:)E a(x, ).

Show that, for any g € L*(R,),

1(8®") = ha(B(9). I8l 5. ).

Show that the process (h, (B, 1))>0 is a martingale.
Show that if F € D*? then the kernels in the Wiener chaos expansion of F
satisfy the following formula:

iE(D"F).
n!

=

Let F = exp (B(h) - % fR hz(s)ds), h € H. Compute the iterated derivatives
of F and the kernels of the Wiener chaos expansion.
Compute the Wiener chaos expansions of the following random variables:

1 1
BTy fo (B} + 2tB*)dB,, fo te® dB,.

Let F € D!? be a random variable such that E(F~2) < co. Show that P(F >
0) is zero or one.

Hint: Using the duality relation, compute E(sign(F)d(u)), where u is an ar-
bitrary bounded process in the domain of §, using an approximation of the
sign function.
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Ornstein—Uhlenbeck Semigroup

In this chapter we describe the main properties of the Ornstein—Uhlenbeck
semigroup and its generator. We then give the relationship between the
Malliavin derivative, the divergence operator, and the Ornstein—Uhlenbeck
semigroup generator. This will lead to an important integration-by-parts
formula that is crucial in applications. In particular, we present an explicit
formula for the density of a centered random variable, which is a conse-
quence of this integration-by-parts formula and can be used to derive upper
and lower bounds for the density.

5.1 Mehler’s Formula

Let B = (B;)0 be a Brownian motion on a probability space (Q, F,P)
such that ¥ is generated by B. Let F be a random variable in L*() with
the Wiener chaos decomposition F = Y>  L(f), fu € Lf(R’i).

Definition 5.1.1 The Ornstein—-Uhlenbeck semigroup is the one-parameter
semigroup (7);so of operators on L*(Q2) defined by

0o

T(F) =" e™L,(f).

n=0

An alternative and useful expression for the Ornstein—Uhlenbeck semi-
group is Mehler’s formula:

Proposition 5.1.2 Let B' = (B});»0 be an independent copy of B. Then,
foranyt >0 and F € L*(Q), we have

T(F)=E(F(e"'B+ V1 —¢B)), (5.1)
where E’ denotes the mathematical expectation with respect to B’.
Proof Both T, in Definition 5.1.1 and the right-hand side of (5.1) give

rise to linear contraction operators on L”(Q), for all p > 1. For the first

74
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operator, this is clear. For the second, using Jensen’s inequality it follows
that, for any p > 1,
E(T(F)I") = E(E'(F(e"B+ V1 - e B"))I")
<EE(F(e"'B+ V1 —eB)l") = E(F").
Thus, it suffices to show (5.1) for random variables of the form

F = exp(/lB(h) - %/12), where B(h) = fR h.dB,, h € H, is an element
of norm one, and A € R. We have, using formula (4.4),

E (exp(e*’w(h) + V1= e 2B (h) - %/12))

= exp (¢ ~ L) = N ey (BY) = TIF,
n.

because
(o) /ln
F= ZO —ha (B()

and h,(B(h)) = I,(h®") (see Proposition 4.1.2). This completes the proof.
O

Mehler’s formula implies that the operator 7 is nonnegative. Moreover,
T, is symmetric, that is,

00

E(GT(F)) = E(FT(G)) = Z e "E(L(f)1u(8n)

n=0

where F = Y7 I,(f,) and G = 37, I,(gn).

The Ornstein—Uhlenbeck semigroup has the following hypercontractiv-
ity property, which is due to Nelson (1973). We provide below a proof
of this property using It6’s formula, according to the approach of Neveu
(1976).

Theorem 5.1.3 Let F € LP(Q), p > 1, and q(t) = ¥ (p - 1)+ 1 > p,
t > 0. Then

T Fllgy < IF1lp.
Proof Letq’ besuchthat1/q+ 1/q" = 1. It suffices to show that
[E(T )G < IFIIIGly (5.2)

forany F € LP(Q) and G € L7 (Q). Because the operator T, satisfies |T,F| <
|F|, we can assume that the random variables F and G are nonnegative. By
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an approximation argument, we can also assume that 0 < a < F,G < b <
co. Let B and B be independent Brownian motions and set B = ¢'B +
V1 — e~ B. Then, using Mehler’s formula (5.1),

E((T\F)G) = E(E(F(B))G) = E(F(B)G),
and inequality (5.2) follows from Exercise 2.15. O

As a consequence of the hypercontractivity property, for any 1 < p <
g < oo the norms || - ||, and || - ||, are equivalent on any Wiener chaos H,,. In
fact, putting g = e*(p—1)+1 > p with ¢ > 0, we obtain, for every F € H,,

e "lIFlly = 1T Flly < |IF1l,,

which implies that

-1 n/2
17, < (Z_ 1) IFl,. (5.3)

Moreover, forany n > 1 and 1 < p < oo, the orthogonal projection onto
the nth Wiener chaos J,, is bounded in L?(€2), and

(p=D"NFN, ifp>2,

54
(p=D2IIFIl, ifp<2. e

I, Fll, < {
In fact, suppose first that p > 2 and let # > 0 be such that p — 1 = ¢*. Using
the hypercontractivity property with exponents p and 2, we obtain
”JnFHp = em“TtJnF”p < entHJnF“Z < em”FHZ < em“F”p-
If p < 2, we have

1. Fll, = sup E((J,F)G) <|IFll, sup [I],Gll; < €"[|F]|p,
IGll4=<1 [IGll4<1

where ¢ is the conjugate of p, and g — 1 = €*.
As an application we can establish the following lemma.

Lemma 5.1.4 Fix an integer k > 1 and a real number p > 1. Then, there
exists a constant c,y such that, for any random variable F € D2,

IED F)llst < cpillFll,

Proof Suppose that F = 7" I,(f,). Then, by Stroock’s formula (4.6),
E(D*F) = k!f;. Therefore,

IE(D*F)llgt = kM fillst = VEUIF .
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From (5.3) we obtain
WkFll < ((p = D A D)™ 21l
Finally, applying (5.4) we get
IJeFll, < (p = D242 B,
which concludes the proof. O

The next result can be regarded as a regularizing property of the Ornstein—
Uhlenbeck semigroup.

Proposition 5.1.5 Let F € LP(Q) for some p > 1. Then, for any t > 0, we
have that T,F € D" and there exists a constant c, such that

IDT,Fllprum < cpt”IIF]l,. (5.5)

Proof Consider a sequence of smooth and cylindrical random variables
F, € S which converges to F in L(Q). We know that T,F, converges to
T,F in LP(Q). We have T,F, € D'"?, and using Mehler’s formula (5.1), we
can write

D(T(F, = F,)) = D(E'(F, = F,)(e "B+ VI - e)B))
eft
=—— FE(D'((F, - F,)(e'B+ V1 -e2)B))).
V1—e2 ( )
Then, Lemma 5.1.4 implies that

—t

”D(Tt(Fn - Fm))”LP(Q;H) < Cp,l 2t||Fn - Fm”p-

e
Vi-en
Hence, DT,F, is a Cauchy sequence in L”(Q; H). Therefore, T,F € DLp
and DT, F is the limit in LP(Q; H) of DT, F,. The estimate (5.5) follows by
the same arguments. O

With the above ingredients, we can show an extension of Corollary 4.2.5
toany p > 1.

Proposition 5.1.6 Let F,, € D' be a sequence of random variables con-
verging to F in LP(Q) for some p > 1. Suppose that

sup [|Fylly,p < oo.
n

Then F € D'"P.
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Proof The assumptions imply that there exists a subsequence (Fu))i=1
such that the sequence of derivatives (DF, k=1 converges in the weak
topology of L9(Q; H) to some element a € LY(Q; H), where 1/p+1/q = 1.
By Proposition 5.1.5, for any 7 > 0, we have that 7, F belongs to D' and
DT, F,x, converges to DT, F in L”(; H). Then, for any 8 € L1(Q; H), we
can write

E(DTF,B)y) = /}1—{?0 E(DTFppy, BYn) = ]}1_{{)10 e '"E(T,DF ), BY1)
= /}Lr?o e"E(DF ), TByn) = ¢ 'E(e, T B)n)
=E{e T, B)n).

Therefore, DT, F = ¢™'T;a. This implies that DT, F convergestoa ast | 0
in LP(Q; H). Using that D is a closed operator, we conclude that F € D'”
and DF = a. O

5.2 Generator of the Ornstein—-Uhlenbeck Semigroup

The generator of the Ornstein—Uhlenbeck semigroup in L*(Q) is the oper-
ator given by
. TWF-F
LF =1lim ,
1,0 t

and the domain of L is the set of random variables F € L*(Q) for which
the above limit exists in L*(Q). It is easy to show (see Exercise 5.2) that a
random variable F = Y. L,(f.), fu € Lf(R’i), belongs to the domain of L
if and only if

D PN < o

n=1
and, in this case, LF = ), ", —nl,(f,). Thus, Dom L coincides with the
space D*2.

We also define the operator L~!, which is the pseudo-inverse of L, as

follows. For every F € L*(Q), set

(e

LF=-) %1,1(f,1).

n=1

Note that L~! is an operator with values in D*? and that LL™'F = F —E(F),
for any F € L*(Q), so L™" acts as the inverse of L for centered random
variables.
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Consider now the operator C = —V—L defined by
CF = = ) NaL(f,).
n=1

The operator C is the infinitesimal generator of the Cauchy semigroup of
operators given by

OF = eV (f,).
n=0

Observe that Dom C = D', as, for any F € Dom C, we have

o

E(CFP) = )" nlll,(£)IB = EQIDFIE).

n=1

The next proposition explains the relationship between the operators D,
0, and L.

Proposition 5.2.1 Let F € L*(Q). Then, F € Dom L if and only if F €
D2 and DF € Dom § and, in this case, we have

0DF = —-LF.

Proof Let F = Y, L,(f,). Suppose first that F € D' and DF € Dom .
Then, for any random variable G = I,(g,), we have, using the duality
relationship (Proposition 3.2.3),

E(G6DF) = E(DG, DF)y) = mm!(gm, fu) 2@y = E(Gmly(fin))-

Therefore, the projection of §DF onto the mth Wiener chaos is equal to
ml,(f,,). This implies that the series .-, nl,(f,) converges in L*(Q) and
its sum is 6DF. Therefore, ' € Dom L and LF = —6DF.

Conversely, suppose that F € Dom L. Clearly, F € D', Then, for any
random variable G € D' with Wiener chaos expansion G = Yoo 1,(g,),
we have

E(DG, DF)p) = Znn!(g,,,f,,)Lz(RD = -E(GLF).

n=1

As a consequence, DF belongs to the domain of 6 and 6DF = —LF. O

The operator L behaves as a second-order differential operator on smooth
random variables.
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Proposition 5.2.2 Suppose that F = (F',...,F™) is a random vector
whose components belong to D**. Let ¢ be a function in C*(R™) with
bounded first and second partial derivatives. Then, ¢(F) € Dom L and

m 62 . ) m a ]
Lg(F) = ) = —(FXDF.DF')y + ). ZE(FILF"
ij=1 """ Xj =1 O

ox

Proof By the chain rule (see Proposition 3.3.2), ¢(F) belongs to D' and

m a '
Dg(F)) = )" ZE(F)DF".
i=1 !

Moreover, by Proposition 5.2.1, ¢(F) belongs to Dom L and L(¢(F)) =
—3(D(¢(F))). Using Exercise 3.7 yields the result. ]

In the finite-dimensional case (2 = R” equipped with the standard Gaus-
sian law), L = A — x - V coincides with the generator of the Ornstein—
Uhlenbeck process (X;)»o in R”, which is the solution to the stochastic
differential equation

dX, = V2dB, — X,dt,

where (B;):¢ is an n-dimensional Brownian motion.

5.3 Meyer’s Inequality

The next theorem provides an estimate for the L”(€2)-norm of the diver-
gence operator for any p > 1. Its proof if due to Pisier (1988) and is based
on the boundedness in L”(Q) of the Riesz transform.

Theorem 5.3.1 For any p > 1, there exists a constant ¢, > 0 such that
for any u € D" (H),

ES@I) < (DU o) + [EGOI ) (5.6)

L2R2
Proof We can assume that E(u) = 0. Indeed, if & = u — E(u) then
6@l < 6@, + ISE@)Ip,
and, 6(E(u)) = I,(E(u)) being a Gaussian random variable, we have
ISCE@)I, = cpll6E@)Il2 = cpl[E@)lln-

Let G € S be a smooth and cylindrical random variable such that [|G||, < 1,
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where 1/p+1/q = 1. Then
E(w)G) = E(u, DG)y) = — f E((LT,u, DG)y)dt
0

= f E((6DT,u, DG)y)dt = f E((DT,u, D2G)H®z)dt
0 0

= f "B (<T,Du, D2G>H®z)dt
0

= f ¢'E ((Du, T,D2G>H®z) dt
0

f e 'T,D*Gdt
0

< [1Dullpr o2y

La(Q;H?)
By Mehler’s formula (5.1),
T,D°G = E((D*G)(e'B+ V1 - e‘zzé))

= % E(D*G(e™B+ V1 -e2B)).
I —e

Therefore

00 00 -1
f ' T, D*Gdr = f - ¢ —E (DZ(G(e*’B + V1- e‘2’1§))) dt
0 0 —-e

1

= | 5 1x2 E(D*(G(xB + V1 - x2B))) dx
o 1=

/2
- f 1 g (D*(G(Ry(B. B))) o
o siné

where Ry(B, B) = (cos 6)B + (sin§)B. Since G is a smooth and cylindrical
random variable, we can write

f T, D*Gdt = 1B (DZ( f H/ZL(G(R (B,B)) - G(R_4(B B)))de))
; : 3  Sino o(B, -o(B, .

/2 SiN

From Lemma 5.1.4, we can write

o q
e 'T,D*Gdt

H®?

/2
<279 ‘ f G(Re(B B)) — G(R_y(B, B))) do

)
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which implies that

#( ;2)

< 277! EE ' f G(Rg(B B)) - G(R_y(B. B))) d@’ )

00

e'T,D*Gdt

Since the function 1/ sin 8 — 1/6 is integrable in [0, /2], we have

EE ‘ f_ i (— - —)(G(R(,(B B)) — G(R_y(B, B))) de‘ ) < ¢,E(G%).

sin @

Therefore, it suffices to study the term

)

T2
EE(' f %(G(Rg(B,B))—G(R_g(B,E)))dH

/2
For any ¢ € R we define the transformation

Te(B.B) = (_CO.S ¢ s 5) (g) :

siné cosé

which preserves the law of (B, B). Moreover, Ry(T¢(B, B)) = Ry.¢(B, B).
Therefore,

21 y ) \
f 0 (G(ng(B, B)) — G(R¢—o(B, B)) de‘ df),

‘ f G(Rg(B B)) - G(R_4(B. B))) a6l

1 . /2
= —-EE ( f
T -n/2

which is bounded by a constant times E(|G|?), owing to the boundedness in
L(R) of the Hilbert transform. ]

As a consequence of Theorem 5.3.1, the divergence operator is continu-
ous from D' (H) to LP(Q), and so we have Meyer’s inequality:

E(3@)) < ¢ (BADUIL, 2 ) + EAull) = ¢l e (57

Meyer’s inequality was first proved in Meyer (1984). It can be extended as
follows (see Nualart, 2006, Proposition 1.5.7).

Theorem 5.3.2 Forany p > 1, k> 1, and u € D’ (H),
10O k-1,p < Cip (E(||Dku||L2(Rk+l)) + E(||M||Z)) = Ck,p”“”ip’].]*

This implies that the operator § is continuous from D*P(H) into D*~'P(H).
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5.4 Integration-by-Parts Formula

The following integration-by-parts formula will play an important role in
the applications of Malliavin calculus to normal approximations.

Proposition 5.4.1 Let F € D'? with E(F) = 0. Let f be a continuously
differentiable function with bounded derivative. Then

E(f(F)F) = E(f'(F)XDF,-DL™' F)y). (5.8)
Proof By Proposition 5.2.1,
F =LL'F =-8DL'F).

Then, using the duality relationship (Proposition 3.2.3) and the chain rule
(Proposition 3.3.2), we can write

E(f(F)F) = —E(f(F)§(DL™'F))
= ~E((D(f(F)), DL™'F)y)
= E(f'(FXDF,-DL™'F)y).

This completes the proof. O

If F belongs to the Wiener chaos 7—(q, with ¢ > 1, then DL'F =
—(1/g)DF and

E(FOR) = 2E(F(PIDFI).
Define, for (P o F~')-almost all x, the function gr as follows:
gr(x) = E((DF,-DL™'F)4|F = x). (5.9)
Then, for any f € C}(R), we have

E(f(F)F) = E(f'(F)gr(F)). (5.10)

Moreover, gp(F) > 0 almost surely. Indeed, taking f(x) = fox e(y)dy,
where ¢ is smooth and nonnegative, we obtain

E (E((DF,-DL™'F),|F) o(F)) 2 0,

because xf(x) = 0.
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5.5 Nourdin—-Viens Density Formula

As a consequence of the integration-by-parts formula (5.10), we have the
following formula for the density of a centered random variable, obtained
by Nourdin and Viens (2009).

If p is a probability density on R, we define the support of p as the
closure of the set {x € R : p(x) > 0}.

Theorem 5.5.1 Let F € D'2 with E(F) = 0. Then, the law of F has
density p if and only if gp(F) > 0 a.s., where gp(F) is the function defined
in (5.9). In this case, the support of p is a closed interval containing zero
and, for almost all x in the support of p,

E(|F|> f
d 5.11
e P p( o gr(y) y) 1D

Proof We will show only that if F has density p and support R then
gr(F) > 0 as., and formula (5.11) holds. For the general case and the con-
verse statement see Nourdin and Viens (2009). Let ¢ € C7'(R) and @’ = ¢.
Then, by (5.10),

E(¢(F)gr(F)) = E(O(F)F) = f O(x)xp(x)dx

R

- f ( f ¢<y>dy)xp<x>dx
f (y) f xp(x)dx dy = f de(y)dy,
R

where ¢(y) = £ - xp(x)dx. This implies that a.e.

@(x) = p(x)gr(x)

and gr(x) > 0 a.e. Taking into account that ¢’(x) = —xp(x), we obtain
g x
@(x) gr(x)’

Using that ¢(0) = %E (IF]), and solving the above differential equation, we
get

o(x) = %E(|F|)exp( - fo ng(y)dy),

which completes the proof. O

Corollary 5.5.2  [f there exist o2, > 0 such that

max

o2 < gp(F)<o?

min —

(5.12)

max
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a.s., then F has density p. Moreover, the support of p is all R and, for
almost all x in R,

E(IF)) exp(_ X E(IFI)eX( X )

<plx) < -
2 2 ) - - 2 2
2O-max o-min 20—mi 2O-max

Proof The fact that the support of p is all R was proved by Nourdin and
Viens (2009, Corollary 3.3). The bounds for p follow from (5.11). ]

The random variable gp(F) can be computed using Mehler’s formula
(Proposition 5.1.2) and the fact that —-DL™'F = J;m e 'T,(DF)dt (see Exer-
cise 5.5). In this way, we obtain

gr(F) = f ) e"E((DF, E' (DF(e"B+ V1 - e‘2’B'))>H |F)dr. (5.13)
0

Then Corollary 5.5.2 can be applied if we have uniform upper and lower
bounds for (DF,E'(DF(e”'B+ V1 — e 2 B")))y, as is illustrated in the next
example.

Example 5.5.3 Consider the centered random variable

F = max X, — E( max X,),
t€la,b] t€la,b]

where 0 < a < b < oo and (X,),»0 is a continuous centered Gaussian process
(see Example 3.5.2).

It was shown by Kim and Pollard (1990, Lemma 2.6) that if E(X,—X,)* #
0 for all s # ¢ then X, attains its maximum in [a, b] almost surely at a
unique random point 7 (see Lemma 1.8.4 for the Brownian motion case).
Moreover, by Exercise 3.4, F € D'? and D,F = Lo (r).

Therefore, applying formula (5.13), we get

gF(F) = f e_tE (XTXT’)dt»
0

where 7’ is the random point where the process e~'X, + V1 — e~ X attains

. . . . . 2 2
its maximum in [a, b]. Thus, if there exist o , 0., > 0 such that

o2 <E(X,X,) < o? (5.14)

min — max?

for all s, € [a, b], then condition (5.12) of Corollary 5.5.2 holds.

For example, if X, is a fractional Brownian motion B with Hurst pa-
rameter H > 1/2 (see Example 3.5.3) then (5.14) holds with o, = a'! and
Omax = b In fact,

E(B!B) < JE(BYY) {E(BI?) = (s < o™
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5.6

Ornstein—Uhlenbeck Semigroup

S !
E(B"B"y =HQH - 1) f f v — ul*"*dudv
0 0

>HQH - 1) f fd v — u™2dudv = E(BY)?) = a*.
0 0

Exercises

Show that (T;)»¢ is the semigroup of transition probabilities of a Markov
process, with values in C(R;), whose invariant measure is the Wiener mea-
sure. This process can be expressed in terms of a Wiener sheet W as follows:

t T
Xz = \/Ef f e IW(do, ds), 7,t>0.
—e0 Jo

Show that a random variable F = 2210 L(fn), fu € Lf(R’}r), belongs to the
domain of L if and only if

oo

DRI fIB < oo,
n=1
and, in this case, LF = 3,77 | —nI,(f).
Let F =exp(B(h) - § [, h*(s)ds), h € H. Show that

LF = —(B(h)— fR hz(s)ds)F.

Show that the operator (/ — L)™* is a contraction in L”(Q), for any p > 1,
where a > 0.

Hint: Use the equation (1 +n)™* = ((@))™" [ ™Dy,

Let F € L*(Q) with E(F) = 0. Show that

L'F=- f T,(F)dt.
0

Let (X;)se0,7] be a continuous centered Gaussian process such that there ex-

. 2 2 . .
ists constants o ., Opax > 0 satisfying

o2 <E(X,X,) < o2

min = max>
forall s,t € [0,T]. Let f € C!(R) be such that there exist constants «, B>0
satisfying @ < f’(x) < B for all x € R. Show that the random variable
F= [ fX)ds - E( s f(Xs)ds) has density p satisfying, a.c. in R,

E(F)) 2\ E(F) 22
22 72 p(— 2,2 2)_p(x)_ 2.2 72 p(— 2,2 2)'
2B°0max T 20, T 20, T 2B%0max T
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Stochastic Integral Representations

This chapter deals with the following problem. Given a random variable
F in L*(Q), with E(F) = 0, find a stochastic process u in Dom ¢ such
that F = 6(u). We present two different answers to this question, both
integral representations. The first is the Clark—Ocone formula, given in
Ocone (1984), in which u is required to be adapted. Therefore, the pro-
cess u is unique and its expression involves a conditional expectation of
the Malliavin derivative of F. The second uses the inverse of the Ornstein—
Uhlenbeck generator. We then present some applications of these integral
representations.

6.1 Clark-Ocone formula

Let B = (B,);»0 be a Brownian motion on a probability space (Q2, ¥, P) such
that ¥ is generated by B, equipped with its Brownian filtration (F;);»0. The
next result expresses the integrand of the integral representation theorem
of a square integrable random variable (Theorem 2.9.1) in terms of the
conditional expectation of its Malliavin derivative.

Theorem 6.1.1 (Clark—Ocone formula) Let F € D"2NL*(Q, 7, P). Then
F admits the following representation:

T
F=E(F)+ f E(D,F|F,)dB,.
0

Proof By Theorem 2.9.1, there exists a unique process u € L%(P) such
that F € L*(Q, Fr, P) admits the stochastic integral representation

T
F = E(F) + f u,dB,.
0

It suffices to show that u;, = E(D,F|¥;) for almost all (¢,w) € [0,T] X Q.
Consider a process v € L2(#). On the one hand, the isometry property

87
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yields
T
E(6(WF) = f E(vsuy)ds.
0

On the other hand, by the duality relationship (Proposition 3.2.3), and tak-
ing into account that v is progressively measurable,

T T
E(6(WF) = E(f v,D,th) = f E(v,E(D,F|¥F;))dt.
0 0
Therefore, u;, = E(D,F|F,) for almost all (z,w) € [0, T] x Q, which con-
cludes the proof. O

Consider the following simple examples of the application of this for-
mula.

Example 6.1.2 Suppose that F = B>. Then D,F = 3B*1jy4(s) and
E(D,F|F,) = 3E((B; - B, + B,)’|F,) = 3(t — s + B)).
Therefore

!
B =3 f (t— s+ B)dB,. (6.1)
0

This formula should be compared with Itd’s formula,

! !
B =3 f B2dB, +3 f Bds. (6.2)
0 0

Notice that equation (6.1) contains only a stochastic integral but it is not a
martingale, because the integrand depends on ¢, whereas (6.2) contains two
terms and one is a martingale. Moreover, the integrand in (6.1) is unique.

Example 6.1.3 Let F = sup,,, B,. By Exercise 3.4, F € D"? and D,F =
1j01(#), where 7 is the unique random point in [0, 1] where B attains its
maximum almost surely (see Lemma 1.8.4). By the reflection principle
(Theorem 1.8.2),

E(l[(),r](t)|7:t) =E (l{suP/Sg(Bs—Bz)ZSUPUSS(B:‘B/)]|7:’)

SUPo< </ (Bs — Bt))
Vi=t '

where @ denotes the cumulative distribution of the standard normal. There-

fore
! Sup0< $< (Bx - Bt)
F = E(F) + f (2 - 2@(;))%&
0 V1 -1t '

:2—2@(
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Example 6.1.4 Consider the Brownian motion local time (L;);»0 er de-
fined in Section 2.5. For any & > 0, we set

Pe(x) = (2me) ™! 2e /09,

‘We have that, as € — 0,

! 2
Fy= f Pe(Bs — x)ds = L. (6.3)
0

In fact, by (2.17),

FooLi= f pely = XL — LI)dy.
R

The continuity of the local time in (¢, x) implies that F, — L; converges
almost surely to zero as € — 0 for all (¢, x). Moreover, by Tanaka’s formula
(Corollary 2.5.2), for any p > 2,

sup ||L; 1], < oo.
xX€ER

Therefore the convergence is also in L*(Q), which shows (6.3). Applying
the derivative operator yields

I3 I3
D,.F. = f p.(Bs — x)D,Bds = f PL(Bs — x)ds.
0 r
Thus

!
E(D,Fef,) = f E(p(B, - B, + B, — x)|F,)ds

!
zfple+s—r(Br_x)dS'

As a consequence, taking the limit as ¢ — 0, we obtain the following
integral representation of the Brownian local time:

!
L =E(LY) + f o(t - r, B, — x)dB,,
0

where
o(r,y) = f PL(y)ds.
0

In the last part of this section we will discuss how to derive a Clark—
Ocone formula after a change of measure. Consider an adapted process
0 = (6,)ei0.1) satisfying Novikov’s condition (2.24). Define

T T
7 =exp( - f 6,dB, - 1 f 02ds).
0 0
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Consider the probability Q on ¥ given by the density dQ/dP = Zr. Set
!
B, =B+ f 0,ds, t€[0,T].
0

By Girsanov’s theorem (Theorem 2.10.3), under Q, B = (B))ipo.r is a
Brownian motion.

In general Tf c £, with a strict inclusion. Can we represent an ¥.°-
measurable random variable as a stochastic integral with respect to the Q-
Brownian motion B using the Clark—Ocone formula? The following theo-
rem provides an answer to this question.

Theorem 6.1.5 Suppose that F € D2, 0 € D'2(L*([0, T1)), and
o EZ2F) + E(Z2|DFIE,) < oo,

« B(2F [ (0+ | DB+ [ GSD,HSds)Zdt) <.

Then

T T
F = Eq(F) + f Eq (D,F +F f D,6,dB,
0 t

7—“,)d1§,.

We refer to Karatzas and Ocone (1991) for a proof of this result with
extension to a multidimensional case and applications to hedging in a gen-
eralized Black—Scholes model.

6.2 Modulus of Continuity of the Local Time

As a consequence of the Clark—Ocone formula (Theorem 6.1.1), we have
the following central limit theorem for the L?-modulus of continuity of the
local time.

Theorem 6.2.1 For each fixed t > 0, as h tends to zero we have the
following convergence in law:

I f (L7 - LY dx - 4th) 5 8 T,
R

@ = f (LY*dx (6.4)
R

where

and n is an N(0, 1) random variable that is independent of B.
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Theorem 6.2.1 was proved by Chen et al. (2010) using the method of
moments. We give below the main ideas of a proof, based on the Clark—
Ocone formula, due to Hu and Nualart (2009).

We make use of the notation, for ¢, 4 > 0,

Gy = f (L — L9 dx.
R

We first establish some preliminary results on the stochastic integral rep-
resentation of the random variable G, obtained using the Clark—Ocone
formula.

The random variable «; appearing in (6.4) can be expressed in terms of
the self-intersection local time of Brownian motion. In fact,

t 2 t
a, = f(f 5X(Bs)ds) dx = 2f f 0o(B, — B,)dudv.
R \Jo 0 Jo

In the same way,

13 Vv
Gy = -2 f f (6(BV — By +h)+ 6B, — B, — h) — 26(B, — Bu))dudv.
0 0

Applying the Clark—Ocone formula (Theorem 6.1.1), we can derive the
following stochastic integral representation for G, .

Proposition 6.2.2 We have
! 13
G = E(Gy) -4 f u(r)dB, — 4 f ¥ (r)dB,, (6.5)
0 0
where
r h
ut,h(r) = f f (pt—r(Br - Bu + )’) - pt—r(Br - Bu - )’))dyd“
0o Jo

and

Y(r) = f (Aom(Br — By) — 110(By — B,))du.
0



92 Stochastic Integral Representations
Proof Lete > 0.Foru<r<v, wehave

E(Dr(pe(Bv - Bu + h) + pE(Bv - Bu - h) - 2pE(Bv - Bu)) 7-_r)
= E(p.(B, - B, + h) + p.(B, - B, — h) = 2p(B, - B,)|F,)

= p;+v7r(Br - Bu + h) + p/g+v7r(Br - Bu - h) - 2plg+v7r(Br - Bu)
h
= (p,e,-*—v—r(Br_Bu+y)_p;/+v—r(Br_Bu_y))dy
0

h
_ Zf (apeﬂf—r (Br _ Bu n y) _ (9Pe+v4 (Br — Bu - y))dy,
o ov ov

where p, = (2m€)™!/? exp(—x*/(2¢€)). Integrating in u and v and letting € —
0 yields the result. O

Proof of Theorem 6.2.1 The proof will be carried out in several steps.

Step 1 It was proved by Chen et al. (2010, Lemma 8.1) that E(G,;) =
4th + O(h?). Therefore, it suffices to show that, as / tends to zero,

_ L [07
%Gy = B(Gy)) — 8 \/gtn, (6.6)

where 77 is an N(0, 1) random variable that is independent of B.

Step 2 The stochastic integral fol u,,(r)dB, appearing in (6.5) makes no
contribution to the limit (6.6). That is,

!
K32 f u,,(r)dB,
0

converges in L*(Q) to zero as h tends to zero. This follows from the esti-
mate

E( f t |ut,h(r)|2dr) < CH, 6.7)
0

for all 2 > 0.
Proof of (6.7) We can write

r 7 h h 771 7
E (lues(r)P) = fo fo fo fo f f E(p,_ (B, — B, +£)
/i)

X pi_(B, = By, + &)) dé\déxdn,dnyduy dus.

By a symmetry argument, it suffices to integrate over the region 0 < u; <



6.2 Modulus of Continuity of the Local Time 93

u < r. In this region,
E(p;_,(B, = By, + &)p|_.(B; — By, + &)
= E(P-rri-a(Br = Buy + £0)p|_,(B, = By, + &)
P r-olp 17—y V2 P2 s
where 1/p; + 1/p, + 1/p; = 1. It is easy to see that
1Pr-wllpy, < Clr = up)™1 21,
WP iy lpy S CE =7 + Uy — u) P < Cuy — uy) 1P

Ip;-lps < Ct =yt

for some constant C > 0. Thus

T U h h 71 172
E(usf)<c [ [ [ [ [ [Tomuyrenen
0 0 0 0 M Y

X (uy — ul)fl+1/(2pz)(t _ r)ilﬂ/(zm)dfldfzdﬂldﬂzdulduz
< Crn',

which concludes the proof of (6.7).

Step 3 Consider the martingale
!
M = p3? f W, (r)dB,.
0

In order to show Theorem 6.2.1, it suffices to prove the following conver-
gence in law as A tends to zero:

Mfi>2n\/%,

where 77 is a standard normal random variable that is independent of B.
From the asymptotic version of the Ray—Knight theorem (see Revuz and
Yor, 1999, Theorem (2.3), p. 524) it suffices to show that, for any ¢ > 0,

(M), = b f W dr = da, (6.8)
0
and
h -3/2 LX(Q)
sup KM", B),| = sup h lI’h(r)dr — 0. (6.9)
0<s<t 0<s<t

In fact, (6.8) and (6.9) imply that (B, 8") converges in law to (B, 8), where
B is a Brownian motion that is independent of B, and " is such that M" =
B((M™"y,) (the asymptotic version of the Ray—Knight theorem).
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Proof of (6.8) By the occupation formula (2.17), we have

Y(r) = f(I[O,hJ(Br —x) = Lou(x = B,))L; dx
R

- [ rr)as
0

Tanaka’s formula (Theorem 2.5.1) for the Brownian motion {B, — B,,0 <
s < r}yields

LE™ =L = =2y = 2(B, —y)" + 2(B, + )"
+2 f Liyo15,-5,)dBs,
0

where dB, denotes the backward Ito stochastic integral (see Section 2.8).
Then

Wi(r) = —h* +2 foh (B, +Y)" = (B, —y)]dy
+2 fo r(h — B, - B)*dB,. (6.10)

Therefore, it suffices to show that

an fo [ ( fo h- 1B, - BSI)Vst)zdr 79 1a,.
By It&’s formula (Theorem 2.4.3), we can write

( fo ‘(- 1B, - le)%?Bs)z
=2 fo I | 1B, ~ BB )h ~ 1B, ~ B.)dB,
+ for((h —|B, = B))*)ds

= 1(r,h) + L(r, h).

It is not difficult to show that the term I,(r, &) does not contribute to the
above limit. Therefore, we need only to show that

! T 2
= f f ((h - B, - B,)*Vdsdr = La,.
0 Jo

This follows from

! !
= 2f foLjrdx = 2f L dr,
0 Jr 0
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[/ (h- 1B, - B Vdsdr = [ [ =g = i priasar
0 0 0 R
and

((h = |xD*)?
[

This concludes the proof of (6.8).
Proof of (6.9) In view of (6.10) it suffices to show that

t r
h_3/2f (f (h—|B, - Bx|)+c?Bs)dr
0 0

converges to zero in L*(Q) as & tends to zero, for any #; > 0. For any p > 2
and any 0 < s < ¢, we can write, by Fubini’s theorem and the Burkholder—
Davis—Gundy inequality (Theorem 2.2.3),

)

E(‘ f I( fo ‘(- 1B, —Bvl)*chv)dr
< c,,{E( fo ( f h—1B, - BV|)+dr)2dv ,,/2)
+E( f ( f ‘- 1B, —Bvl)+dr)2a’v p/z)}

= Cp(Il + 12)
The term /; can be expressed using the occupation formula (2.17) as fol-

lows:
f X ( f (h—lx - B (L' - L’;)dx)zdv ,,/z)
0 R

< s"?h*PE ( sup|L; — Lfl”).

sup
0<t<ty

11 =E(

By the inequalities for local time proved, for instance, in Barlow and Yor
(1981), we obtain

L < cphz”lt — P2

j; | ( fR(h —lx= B (L} - L’V‘)dx)2dv

< h*"|t — s|P’? sup E(sup L} — L’v‘|”)

SVt x

Similarly,

[7/2)

b

< ¢ |t — sl
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Finally, a standard application of the Garsia—Rodemich—Rumsey lemma
(see Garsia et al., 1970/71) allows us to conclude the proof of (6.9).

The proof of Theorem 6.2.1 is now completed. O

Theorem 6.2.1 can be extended to the third moment. In fact, the Clark—
Ocone formula applied to A2 [ (L¥*" — L¥)*dx gives the following central
limit theorem for the third integrated moment of the local time; this was
proved by Hu and Nualart (2010).

Theorem 6.2.3 As h tends to zero,
r 12
K2 f(L;chh —Lf)SdX - 8\/5( f(L;f)3dx) 7,
R R

where 1 is an N(0, 1) random variable that is independent of B.

6.3 Derivative of the Self-Intersection Local Time

In this section we obtain a stochastic integral representation formula for the
derivative of the self-intersection local time of a Brownian motion, defined
as the following limit in L*(Q):

! S
Vi = lir%f f po(Bs — B,)duds. (6.11)
0 Jo Jo

This limit can also be interpreted as the value of the following derivative at

ZEe10:
d [ S
yt=——( f f 6X(BS—Bu)duds)
dx 0 0

Proposition 6.3.1 The limit (6.11) exists in L*(Q), and

5 r
=2 f ( f (B, — Bu)du —Lf’)dB,.
0 0

Proof Sety! = [' [ p.(B, - B,)duds. Then

x=0

! S
DrytE = f f PZ(BY - Bu)l[u,x](r)duds
0 0

! r
= f f PIE,(BA - Bu)duds
r Jo
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and

t r
E(Dy]IF,) = f f Pl (B, — B,)duds
r 0

! "0 €+s—r
= 2f f Per: (B, — B,)duds
r 0 Ou

= Zfov (pEH—r(Br - Bu) - pE(Br - Bu))du

As € tends to zero, this converges in L*(Q x [0,]) to

f pt—r(Br - Bu)du - Lf,s
0
which implies the result. O

The process v; is a Dirichlet process (it has zero quadratic variation and
infinite total variation). This process was studied by Rogers and Walsh
(1994) and Rosen (2005). The following theorem is due to Rogers and
Walsh (1994).

Theorem 6.3.2 The process y has a 4/3-variation in L*(Q) given by
! 2/3
Vaps = Kf (Lf") dr,
0

where K = E(B:[*E( &(Lﬁ)zdz)m).

The proof is based on Gebelein’s inequality for Gaussian random vari-
ables. An alternative proof by Hu et al. (2014a) uses the integral represen-
tation and ideas from fractional martingales.

6.4 Application of the Clark—Ocone Formula in Finance

Assume that the price of a risky asset (S ).0,r) follows the Black—Scholes
model under a risk-neutral probability P:

dS,=rSdt+0cS,dB,, te[0,T],

where r > 0 is the constant interest rate and o~ > 0 is the volatility. By It6’s
formula (Theorem 2.4.3), this is equivalent to saying that

2
S, =Soexp (O'B, + (r— %)I).

Fix a time T > 0, and consider a payoft H > 0 which is #7-measurable
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and such that E(H?) < oo. Applying the integral representation theorem
(Theorem 2.9.1) to e”'" H yields

T
e"TH =E(e""H) + f u,dB,,
0

where u € L%(P). As a consequence, we can show that H can be replicated;
that is, there exists a self-financing portfolio with value X, satisfying X7 =
H. This implies that this market is complete. A self-financing portfolio
is characterized by the value at 0 and by the amount A, of shares in the
portfolio at any time ¢ € [0, T']. Its value is given by the equation

dX, = AdS, + r(X; — AS )dt.

Then, to construct such a portfolio it suffices to take X, = E(e”""H) and
A, = €"u, /(oS ). Indeed, the process X, = e (E(H) + fot usst) satisfies

dX, = e"u,dB, + re" X,dt
= A(dS; — rS.dt) + rX.dt.

As a consequence of the Clark—Ocone formula we have the following
result.

Proposition 6.4.1 The hedging portfolio of a derivative security with pay-
off H € L*(Q, Fr,P) is given by

—r(T-t)

e
A = E(DH|F)).
oS,

Proof The Clark—Ocone formula implies that u, = e E(D,H|¥,) and the
result then follows from the previous computations. O

In the case of a “vanilla” option, which by definition has the form H =
©(S 1), where ¢ is a differentiable function such that ¢ and its derivative ¢’
have polynomial growth, we have D,H = ¢’ (S7)D,St = ¢'(S1)oS r and

—r(T—-t)
A= 3 E(¢'(S7)S7|FD).

t

By the Markov property (Theorem 1.6.1), this expression can be written in
the form F(¢,S;), where

Sr\S
F(t,x) = _’(T_’)E( '( —T)—T).
(t,x)=e ® xS, 3

Then, one can use the techniques of Malliavin calculus to remove the
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derivative. This would require one to apply an integration-by-parts formula
that will be proved in Chapter 7 (see Proposition 7.2.4). We obtain

F(t,x) = xe;;ftl) ( ( %{)(BT—-B»)

This expression is well suited for Monte Carlo simulations (see Fournier
et al., 1999, and Kohatsu-Higa and Montero, 2004). By the Markov prop-
erty, the price of the security is of the form v(¢, S;), where

)

t

and, in that case, A, = F(1,S,) = v,.(t,S)).

6.5 Second Integral Representation

Recall that L is the generator of the Ornstein—Uhlenbeck semigroup intro-
duced in Chapter 5.

Proposition 6.5.1 Let F be in D'? with E(F) = 0. Then the process
=-DL'F

belongs to Dom 6 and satisfies F = 6(u). Moreover u € L*(Q; H) is unique
among all square integrable processes with a chaos expansion

=Y 1,(f,(1)
q=0

such that f,(t,t1,...,1,) is symmetric in all g + 1 variables t,t,, .. .,1,.
Proof By Proposition 5.2.1,
F=LL"'F=-8DL'F).

Clearly, the process u = —DL™'F has a Wiener chaos expansion with
functions symmetric in all their variables. To show uniqueness, let v €
L*(Q; H) with a chaos expansion v, = Zf;’:o 1,(g,(1)), such that the function
84(t,t1,...,t,) is symmetric in all g + 1 variables #,1,,...,7, and such that
8(v) = F. Then, there exists a random variable G € D'? such that DG = v.
Indeed, it suffices to take

o

1
= Z m1q+l(gq)'

q=0
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We claim that G = —L~'F. This follows from LG = —6DG = —§(v) = —F.
The proof is now complete. O

It is important to notice that, unlike the Clark—Ocone formula, which re-
quires that the underlying process is a Brownian motion, the representation
provided in Proposition 6.5.1 holds in the context of a general Gaussian
isonormal process.

6.6 Proving Tightness Using Malliavin Calculus

In this section we summarize an application of the second representation
proved in Proposition 6.5.1 to derive tightness in the asymptotic behavior
of the self-intersection local time of a fractional Brownian motion. Let d >
2. The d-dimensional fractional Brownian motion B = (B!),., with Hurst
parameter H € (0, 1) is a mean-zero Gaussian process with covariance
H,i pH,j\ _ 2 2 2
E(BMB) = 16, + s — |t - s™).

That is, the components of B! are independent fractional Brownian mo-
tions with Hurst parameter H (see Example 3.5.3).

The self-intersection local time of B™ on [0, T] is heuristically defined

by
T !
Ir = f f So(B' — BMydsdt.
0 0
Notice that

T 33
E(I;) = f f E(6o(B' — By))dsdt
0 0

T t
= (2n)? f f It — s Mdsdt < 0 & Hd< 1.
0 0

This informal computation predicts that the self-intersection local time will
exist only if Hd < 1. In the Brownian motion case (that is, H = 1/2) this
means d = 1.

A rigorous definition of I7 is obtained by taking the limit in L?(Q) as
€ — 0 of the approximation

T t
Ie = f f pe(B — Bdsat,
0 0

where p.(x) = (2re)™? exp(—|x|*/(2€)). Then, it can be proved that I
converges in L*(Q) if and only if Hd < 1. When Hd > 1, we introduce
the so-called Varadhan renormalization, which consists of subtracting the
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expectation E(I7,); the latter is the divergent term. Then, for 1/d < H <
3/(2d),
L3(Q) ~
Ire —Elre) — I,

and Ir is called the renormalized self-intersection local time (see Hu and
Nualart, 2005). For Brownian motion (that is, H = 1/2) this happens when
d=2.

When H > 3/(2d), with proper normalization we can establish a central
limit theorem.

Theorem 6.6.1 (Hu and Nualart, 2005) Let B be a d-dimensional frac-
tional Brownian motion with Hurst parameter H. Assume that d > 2. Then,
if 3/(2d) < H < 3/4, we have the convergence in law

236 (1 E(I,)) £ N, T}, (6.12)
ase | 0.

The case H = 3/(2d) was addressed as well in Hu and Nualart (2005),
where it was shown that the sequence (log(1/€))™"/*(I5 — E(I%)) converges
in law to a centered Gaussian distribution with variance TO'lzog as € — 0,
where the constant o-lzog is given by equation (42) in Hu and Nualart (2005).

Theorem 6.6.1 was proved in Hu and Nualart (2005) using the Wiener
chaos expansion of I, and applying Theorem 8.4.1 below. The variance
limit is given by

ofa = Qm)™ fo (e~ W) — (Ap)P)dsdids'dt,  (6.13)
O<s’<t’<T
with the notation A = |t— s, p = | — s'[?", and u = E(B;"' - B{"" (B! -
Bg’l)). To show that 0'12{’ 4 < oo we need to estimate the double integral
appearing in (6.13) over essentially three types of region: [s',#] C [s,1],
[s/, 1N [s,t] =0, and s < s’ <t < ¢’ (the intervals overlap).
A natural extension of Theorem 6.6.1 is the following functional version,
established in Jaramillo and Nualart (2018).

Theorem 6.6.2 Let B! be a d-dimensional fractional Brownian motion
with Hurst parameter H. Assume that d > 2 and 3/(2d) < H < 3/4 . Then

_ £
( 231 (L IT’E)))Tz() — (0uaBr)750 (6.14)

in the space C([0, 00)) endowed with the topology of uniform convergence
on compact sets, where B is a standard Brownian motion.
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The proof of the convergence of the finite-dimensional distributions fol-
lows using the same approach as in Theorem 6.6.1. Then, the main diffi-
culty in establishing the convergence (6.14) is to show the tightness prop-
erty of the laws. From the Billingsley criterion (see Billingsley, 1999, The-
orem 12.3), the tightness property can be derived by showing that there
exists p > 2 such that, forevery 0 < § < T,

E(|®r — @5P) < CpanlT — S|P, (6.15)
for some constant C > 0 independent of S, 7" and €, where
(DT,E = E01/273/(4}1)(IT,5 - E(ITE)) (616)

The problem in finding a bound of the type (6.15) comes from the fact
that the smallest even integer p > 2 is p = 4, and, in view of the above
comments for p = 2, a direct computation of the moment of order four,
E(|®7, — Ds.|*), is too complicated to be handled. To overcome this diffi-
culty, a new approach to prove tightness based on the techniques of Malli-
avin calculus has been developed in Jaramillo and Nualart (2018). We de-
scribe the main ingredients of this approach in the next proposition.

Proposition 6.6.3 With the above notation, for all 2 < p < 4Hd/3 we
have, forall0 < S <T,

B(®rc = Os ") < Cpanll = SI"?,

Proof Fix § < T and define Z, = &7, — Oy, where 7, was defined
in (6.16). The representation established in Proposition 6.5.1 applied to the
centered random variable Z, yields

Z.=—-6DL7'Z..
Using that E(DL™'Z,) = 0 and Meyer’s inequality (see (5.7)), we obtain
1Zll, < Cp”DzLilZe||L1’(Q;(H")®2)’

where H is the Hilbert space associated with the covariance of the frac-
tional Brownian motion. We know that on the one hand

7, = d2-3/Em fm (pe(BtH - B - E(pE(BtH - BE))) dsdt.

S<t<T

On the other hand, for any centered random variable F we have

sz—j‘nmm
0
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where (T4)g>0 is the Ornstein—Uhlenbeck semigroup (see Exercise 5.5). As
a consequence, from Mehler’s formula (5.1) we can write

D’L'z. = - f D*TyZ.do
0

= f f D*Ty(p(B™ — B))dsdtde

S<t<T

f f pe(e_g(BH B + V1 — e29(BM - B‘j))) dsdtde

S<t<T

f f D?peiii—eyi—spn(e (B — BY)dsdtdd

S<t<T

f f 2Pl eyagy (€U (BY = BT, dsdtde),

S<t<T

where p” denotes the Hessian matrix of p. Finally, using Minkowski’s in-
equality we obtain

2 2 -1 2 -1 2
”Z ”p < Cp”D Z ”Lp(g (H4)32) — CpH”DL Zell(Hrl)®2)”p/2

< ‘ f fK: fs r<t _29 » 2”p€+(] —e~ ‘9)(6_9(BH BH))”P

S<t<T S<t'<T

X|IpL, 1o (€ P(BI' = B))l|pdsdtds'di dfdp.

Performing some Gaussian computations (see Jaramillo and Nualart, 2018,
for the details) we arrive at the estimate

2
IZP, < KpaulT - SP,

where

2
Kyan = fo g—p((l + (1 +p) — 1®) Pdsdtds’ dt’ < oo,
O<s’ <t <T
where A, p, and u are the functions of s, ¢, s, ¢’ appearing in the double inte-
gral (6.13) and K is a constant depending on p, d, H. Then, using arguments
similar to those in the proof of 0'2H, 4 < ©0, one can show that K, s < oo
provided that 2 < p < 4Hd/3 (see Jaramillo and Nualart, 2018, for the
details). This completes the proof. |

Exercises

6.1  Using the Clark—Ocone formula find the stochastic integral representation of
the random variables in Exercise 2.13.
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6.2

6.3

6.4

Stochastic Integral Representations

Let F = L,(f), f € L2([0,T]"), and for any A c B(R) consider the o-field
Fa = o{B(1p), D c A}. Show that

E(F|Fa) = In(fnlim)-

Let F = I,(f), f € L?([O, T1"). Use the Clark—Ocone formula to show that
F = 6(u), where u;, = nl,_1(f(-,t)1j0). Deduce that u, = E(D;F|¥;). Ap-
ply this approach to prove the Clark—Ocone formula via the Wiener chaos
expansion.

Let F e LZ(Q, Flap)> P). Show that F' admits the following representation:

b
F = E(F|Flau) + f E(D/F|Fia)dB;.
a



7

Study of Densities

In this chapter we apply Malliavin calculus to derive explicit formulas for
the densities of random variables on Wiener space and to establish criteria
for their regularity. We apply these criteria to the proof of Hormander’s
hypoellipticity theorem.

7.1 Analysis of Densities in the One-Dimensional Case

We recall that B = (B;),»0 is a Brownian motion on a probability space
(Q,F,P) such that ¥ is generated by B. The topological support of the
law of a random variable F is defined as the set of points x € R such that
P(lx— F| <€) > 0 forall € > 0.

Our first result says that if a random variable F belongs to the Sobolev
space D' then the topological support of the law of F is a closed interval.

Proposition 7.1.1 Let F € D'2. Then, the topological support of the law
of F is a closed interval.

Proof Clearly the topological support of the law of F is a closed set.
Then, it suffices to show that it is connected. We show this by contradiction.
If the topological support of the law of F is not connected, there exists a
point a € Rand € > Osuchthat Pla—€¢ < F < a+¢€) =0, P(F >
a+e€) < l,and P(F < a—-¢€) < 1. Let ¢ : R — R be an infinitely
differentiable function such that ¢(x) = 0if x < a — € and ¢(x) = 1 if
X > a + €. By Proposition 3.3.2, ¢(F) € D'? but, almost surely, ¢(F) =
1{F>q+¢. Therefore, by Proposition 4.2.6, we must have P(F > a + €) = 0

or P(F > a + €) = 1, which leads to a contradiction. ]

If a random variable F belongs to D', and its derivative is not degener-
ate, then F has a density. A simple proof of this result was given by Nualart
and Zakai (1986).

Proposition 7.1.2 Let F be a random variable in the space D'* such that

105
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[|IDF||g > 0 almost surely. Then, the law of F is absolutely continuous with
respect to the Lebesgue measure on R.

Proof Replacing F by arctan F, we may assume that F takes values in
(=1, 1). It suffices to show that, for any measurable function g : (-1,1) —
[0, 1] such that f_ll g(y)dy = 0, we have E(g(F)) = 0. We can find a se-
quence of continuous functions g, : (—1,1) — [0, 1] such that, as n tends
to infinity, g,(y) converges to g(y) for almost all y with respect to the mea-
sure P o F~! + ¢, where ¢ denotes the Lebesgue measure on R. Set

Ya(x) = f gn(y)dy.

Then, ,(F) converges to 0 almost surely and in L>(Q) because g, con-
verges almost everywhere to g, with respect to the Lebesgue measure,
and ﬁ 11 g(dy = 0. Furthermore, by the chain rule (Proposition 3.3.2),
Ya(F) € D'? and

DWn(F)) = gu(F)DF,
which converges almost surely and in L*(Q) to g(F)DF. Because D is

closed, we conclude that g(F)DF = 0. Our hypothesis |DF|lg > 0 im-
plies that g(F) = 0 almost surely, and this finishes the proof. O

The following result is an expression for the density of a random variable
in the Sobolev space D', assuming that ||DF||; > 0 a.s.

Proposition 7.1.3 Let F be a random variable in the space D'? such
that ||DF||y > 0 a.s. Suppose that DF/IIDFII%, belongs to the domain of
the operator 6 in L*(Q). Then the law of F has a continuous and bounded
density, given by

px) = E(l,pma(ﬁ)). 1)

Proof Lety be a nonnegative function in C;’(R), and set ¢(y) = f m Y(z)dz.

Then, by the chain rule (Proposition 3.3.2), ¢(F) belongs to D"? and we
can write

(D(@(F)), DFyy = W(F)|DFI[3,.

Using the duality formula (Proposition 3.2.3), we obtain

Bw(F) = E((D(F), %}H) - E(¢(F>6(%)). (7.2)
H H
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By an approximation argument, equation (7.2) holds for y(y) = 1,5 ().
where a < b. As a consequence, we can apply Fubini’s theorem to get

pa<ren=e(( [ vwa)o( )
-0 H

b
DF
= f E(I{F>x16(—2))dx,
a IDFIIy,

which implies the desired result. O

Remark 7.1.4 Equation (7.1) still holds under the hypotheses F € D!
and DF/||DF|?, € D" (H) for some p,p’ > 1. Sufficient conditions for
these hypotheses are F € D> and E(||DF||™%) < co with 1/a + 1/8 < 1.

Example 7.1.5 Let F = B(h). Then DF = h and

—— | = BlIhll;/.
(||DF||%,) "

As a consequence, formula (7.1) yields
p(x) = Il E(Lpsn F),

which is true because p(x) is the density of the distribution N(0, ||h||12H) (Ex-
ercise 7.1).

Applying equation (7.1) we can derive density estimates. Notice first
that (7.1) holds if 1., is replaced by 1,r.,;, because the divergence has
zero expectation. Fix p and ¢ such that 1/p + 1/g = 1. Then, by Holder’s

inequality, we obtain
DF
ior)
IDFIl;

for all x € R. Applying (7.3) and Meyer’s inequality (5.7), we can deduce
the following result (see Nualart, 2006, Proposition 2.1.3). The proof is left
as an exercise (Exercise 7.2).

p(x) < (P(F| > [x)'?

) (7.3)

p

Proposition 7.1.6 Let g, o, B be three positive real numbers such that
1/g+1/a+1/B = 1. Let F be a random variable in the space D*®, such
that E(||DF ||;,25 ) < oo. Then, the density p(x) of F can be estimated as
Sfollows:

PO) < g (PUF] > [al)!
x (BQDFIE) + [D*F

LA L2 R2)) |”DF”’_12H/%) ’ 7.4
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7.2 Existence and Smoothness of Densities for Random Vectors

Let F = (F',...,F™) be such that F' € D' fori = 1,...,m. We define
the Malliavin matrix of F as the random symmetric nonnegative definite
matrix

yr = (DF', DFY)1<i jem- (7.5)

In the one-dimensional case, yr = ||DF ||12L,. The following theorem is a
multidimensional version of Proposition 7.1.2.

Theorem 7.2.1 Ifdetyr > 0 a.s. then the law of F is absolutely continu-
ous with respect to the Lebesgue measure on R™.

This theorem was proved by Bouleau and Hirsch (1991) using the coarea
formula and techniques of geometric measure theory, and we omit the
proof. As a consequence, the measure (det yxP)o F~! is always absolutely
continuous; that is,

P(F € B,detyr >0) =0,
for any Borel set B € B(R™) of zero Lebesgue measure.

Definition 7.2.2 We say that a random vector F = (F!,..., F™) is non-
degenerate if F' € D'? fori=1,...,m and

E((detyr)™) < oo,
for all p > 2.

Set §; = 8/0x; and, for any multi-index a € {1,...,m}*, k > 1, we denote
by 8, the partial derivative 6%/ (0xg, « - 0xg,).

Lemma 7.2.3 Let y be an m X m random matrix such that y" € D" for
all i, jand E (|dety|™") < oo for all p > 2. Then, (y—l)lf belongs to D' for
all i, j, and

o) == 07 ) o 76)
k=1
Proof We know that P(dety > 0) is zero or one (see Exercise 4.10). So,
we can assume that dety > 0 almost surely. For any € > 0, we define
yz! = (dety + €)7'A(y), where A(y) is the adjoint matrix of y. Then, the
entries of y_! belong to D' and converge in L’(Q), for all p > 2, to those
of y~! as € tends to zero. Moreover, the entries of y_! satisfy

i
sup [I(ye )l < oo,
ee(0,1]



7.2 Existence and Smoothness of Densities for Random Vectors 109

for all p > 2. Therefore, by Proposition 5.1.6 the entries of y.' belong to
D' for any p > 2. Finally, from the expression y;!y = (dety/(dety +
€))l,,, where I,, denotes the identity matrix of order m, we deduce (7.6) on
applying the derivative operator and letting € tend to zero. O

The following result can be regarded as an integration-by-parts formula
and plays a fundamental role in the proof of the regularity of densities.

Proposition 7.2.4 Let F = (F L...,F"bea nondegenerate random vec-
tor. Fix k > 1 and suppose that F' € D*'* fori =1,...,m. Let G € D%

and let € CY(R™). Then, for any multi-index a € {1, ... ,m}k, there exists
an element H,(F, G) € D™ such that
E(0ap(F)G) = E(p(F)H,(F, G)), (71.7)

where the elements H,(F, G) are recursively given by

Ho(R.0) = 3 6(G (57") P

J=1
and, for a = (ay,...,a), k > 2, we set
H(t(Fa G) = Hwk(F9 H(oq ..... ak,l)(F’ G))

Proof By the chain rule (Proposition 3.3.2), we have

(D(@(F)), DF)yy = " 3,p(FXDF', DF')y = " dip(Fyy}!

i=1 i=1

and, consequently,

dp(F) = Z<D(¢(F>) DF )y

j=1
Taking expectations and using the duality relationship (Proposition 3.2.3)
yields

E(0ip(F)G) = E(p(F)H)(F, G)),
where Hj) = YL, 6 (G (y;l )ij DF’ ) Notice that Meyer’s inequality (Theo-

rem 5.3.1) and Lemma 7.2.3 imply that H;, belongs to L”(Q) for any p > 2.
We finish the proof with a recurrence argument. O

One can show that, for any p > 1, there exist constants 5, ¥ > 1 and
integers n, m such that

1Ho(F, Ol < epg [[detyz ||} IDFIE, Gl - (7.8)
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The proof of this inequality is based on Meyer’s and Holder’s inequalities
and it is left as an exercise (Exercise 7.4).

The following result is a multidimensional version of the density for-
mula (7.1).

Proposition 7.2.5 Let F = (F',..., F™) be a nondegenerate random vec-
tor such that F' € D™ fori = 1,...,m. Then F has a continuous and
bounded density given by

P(x) = E(lipsqHo(F, 1)), (7.9)
where a = (1,2,...,m).
Proof Recall that, fora = (1,2,...,m)
H,(F,1)

— Z 5((,),;1)111 DF'§ ((,},;1)21'2DFJ'2 - 5((,),;1)’”1'”11)}7]:)1) - )) .
Then, equality (7.7) applied to the multi-index @ = (1,2, ..., m) yields, for
any ¢ € C(R™),

E(0,¢(F)) = E(p(F)H,(F, 1)).

F! F
QD(F) = f o f a(l‘p(x)d-x'

Hence, by Fubini’s theorem we can write

Notice that

E(0,¢(F)) = f 00p(OE(L 5 Ho(F, 1))dx. (7.10)

Rm

Given any function ¢ € C7(R™), we can take ¢ € C;"(R’”) such that ¢ =
0q, and (7.10) yields

E@W(F)) = f Y(OE(QpsxHo(F, 1))dx,
Rm
which implies the result. O

The following theorem is the basic criterion for the smoothness of den-
sities.

Theorem 7.2.6 Let F = (F',...,F™) be a nondegenerate random vector
such that F' € D for all i = 1,...,m. Then the law of F possesses an
infinitely differentiable density.
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Proof  For any multi-index 8 and any ¢ € C,J(R™), we have, taking o =
(1727"'3m)9

E (9s00(F)) = E (@(F)H5(F, Ho(F, 1))
= fR Oug()E (L Hy(F, Hy(F. 1)) dix.

Hence, for any & € C°(R™),

fR OpEp(dx = fR EWE (1> Hy(F, Ho(F, 1)) dx.

Therefore, p(x) is infinitely differentiable and, for any multi-index S, we
have

9sp(x) = (=)P B (Lipsy Hy(F, (Ho(F, 1))).

This completes the proof. |

7.3 Density Formula using the Riesz Transform

In this section we present a method for obtaining a density formula using
the Riesz transform, following the methodology introduced by Malliavin
and Thalmaier (2005) and extensively studied by Bally and Caramellino
(2011, 2013). In contrast with (7.9), here we only need two derivatives,
instead of m + 1.

Let Q,, be the fundamental solution to the Laplace equation AQ,, = d
on R™, m > 2. That is,

1
QZ(X) = aEI In— Qm(x) = a,;,llx|27m, m > 2,

Ixl”
where a,, is the area of the unit sphere in R”. We know that, for any 1 <
i<m,

aiQm(x) = _Cmi (711)

x|

where ¢,, = 2(m — 2)/a,, if m > 2 and ¢, = 2/a,. Notice that any function
¢ in Cj(R™) can be written as

m

o) =V V0u0 =Y, [ dpa-poguiy.  (112)
i=1

Indeed,
Vo VO, (x) = ¢ AQ,u(x) = ¢(x).
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Theorem 7.3.1 Let F be an m-dimensional nondegenerate random vector
whose components are in D>, Then, the law of F admits a continuous and
bounded density p given by

p(x) = Y E@Qu(F = \)H(F, 1),
i=1
where
Hy(F, 1) = Z §((vs)'DF).

Proof Let g € Cy(R™). Applying (7.12), we can write

m

E(e(F) = ) E( f

i=1

B,0u)O(F = )y ).

m

Assume that the support of ¢ is included in the ball Bg(0) for some R > 1.
Then, using (7.11) we obtain

E( f 0:0uMGF =~ Dl dy) < igllE f 0.0 (dy)
Rm {y:|F|I-R<Iy|<|F|+R}

|F|+R

ScmVol(Bl(O))lla,-golle( f Lr'"*ldr)

IFl-R T
= 2¢,, Vol(B1 (0|0l RE(| F[) < o0.

As a consequence, Fubini’s theorem and (7.7) yield

E(¢(F))—Z f 3 0n(WE@p(F = y)dy

m

- mea'QmQ’)E(@(F—Y)H(i)(F 1)dy

i=1

=Z f COIE@; Qn(F = y)Heo(F, 1)dy.
Rm

i=

This completes the proof. O

The approach based on the Riesz transform can also be used to obtain
the following uniform estimate for densities, due to Stroock.

Lemma 7.3.2 Under the assumptions of Theorem 7.3.1, for any p > m
there exists a constant ¢ depending only on m and p such that

1Pl < ¢ (max [1Hip(F. D)
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Proof From
p(x) = > E@:Qn(F — x)H(F, 1),
i=1

applying Holder’s inequality with 1/p + 1/g = 1 and the estimate (see
(7.11))

|61Qm(F - )C)l < leF - xll_m
yields
p(x) < mc,,A (E (|F - xl(l_’”)"))”q , (7.13)

where A = maXi<i<m ”H(i)(F’ l)Hp
Suppose first that p is bounded and let M = sup ., p(x). We can write,
for any € > 0,

E(F - 2f(1777) < el f o = Xl p(x)dx

lz—x|<e

< el 4 C,, Py (7.14)
Therefore, substituting (7.14) into (7.13), we get
M < Amc (Gl—m + Cl/qe(p—m)/le/q)
< m P .

Now we minimize with respect to € and obtain M < AC,, ,M'~'/", for
some constant Cy, ,, which implies that M < Cj; ,A™. If p is not bounded,
we apply the procedure to p * s, where s is an approximation of the
identity, and let ¢ tend to zero at the end. O

7.4 Log-Likelihood Density Formula

The next result gives an expression for the derivative of the logarithm of
the density of a random vector. It is inspired by the concept of a covering
vector field introduced in Malliavin and Thalmaier (2005, Definition 4.4).

Definition 7.4.1 Let F be an m-dimensional random vector whose com-
ponents are in D', An m-dimensional process u = (u(f));20,1<k<m is called
a covering vector field of F if, forany k = 1,...,m, u;y € Dom ¢ and

Op(F) = (D(¢(F)), wi)n

for any ¢ € Cy(R™).
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For instance, u = ypDF is a covering vector field of F, where yr is
the Malliavin matrix of F introduced in (7.5). Observe that, by the duality
relationship (Proposition 3.2.3), if u is a covering vector field of F then the
following integration-by-parts formula holds:

E(@0kp(F)) = E(p(F)6(uy)). (7.15)

Moreover, we have an expression for the derivative of the logarithm of the
density.

Proposition 7.4.2 Consider an m-dimensional nondegenerate random
vector F whose components are in D*. Suppose that p(x) > 0 a.e., where
p denotes the density of F. Then, for any covering vector field u and all
kefl,...,m},

8¢ log p(y) = ~E@WIF = y) a.e. (7.16)

Proof First observe that by Theorem 7.2.6 p is in C*(R™). Using (7.15)
we get, for any ¢ € C7(R™),

f e(okp(y)dy = — f PWME@(u)IF = y)p(y)dy,
Rm Rm
and the desired result follows. O

We next derive a formula for the log-likelihood function of a statisti-
cal observation in a parametric statistical model using the techniques of
Malliavin calculus. This application of the Malliavin calculus to paramet-
ric statistical models was initiated by Gobet (2001, 2002) in order to obtain
asymptotic results for parametric diffusion models. See also Corcuera and
Kohatsu-Higa (2011).

Let ® c R be an open interval. A statistical observation is described
by an n-dimensional random vector Fy = (Fy,,..., Fg,), depending on an
unknown parameter § € ® defined on a probability space (Q, 7, P). We
denote by Py the probability distribution of Fy and by E,4 the expectation
with respect to Py. We call (Fy)yep a parametric statistical model.

We are going to impose the existence of a log-likelihood density func-
tion for Py that satisfies some smoothness conditions. These conditions are
included in the notion of a regular model (see Ibragimov and Has’minskii
(1981) for an extended exposition of statistical estimation).

Definition 7.4.3 A parametric statistical model (Fy)yep is said to be reg-
ular if:

(i) There exists a o-finite measure u on R” such that, for all 6 € O, the
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probability measures Py = P o F;l are absolutely continuous with
respect to u, and the density

p(x,0) = ?(x) (7.17)
jii

is positive and continuous in ® for u-almost-all x € R”. The measure
u is called the dominating measure of the model.

(i) The density p(x, 0) is differentiable in ® for u-almost-all x € R", and
the derivative of p'/?(x, #) belongs to L?(u). That is, the function

1

1
— 1/2 ——
@(x,0) = 0gp™'~(x,0) = 2 9 x0)

dp(x,0)
satisfies that, for all 8 € ©,
| et o) < .
(iii) The function (-, 0) is L*(u)-continuous in @. That is, for all § € O,

f lo(x, 0 + h) — @(x, 0)Pu(dx) — 0 ash — 0.
RVI

Remark 7.4.4 Assumption (ii) can be replaced by the fact that the func-
tion p'/%(x, 6) is L*(u)-differentiable in ®, but the above condition is easier
to check in practice.

Example 7.4.5 Assume that the components of F' are independent and
N(6, 1) random variables. This model is regular with, as dominating mea-
sure, the Lebesgue measure in R".

Example 7.4.6 Consider a Brownian motion with drift on [0, 1],

!
X, =B, + f b(s,0)ds,
0

where, for all § € O, b(-,0) is a continuously differentiable function in
[0, 1]. We denote by (Py)sco the law of the process X = (X;)s0,1) on the
canonical space (C([0, 1]), B([0, 1])), and we assume that we have observed
the process X, during the whole time interval [0, 1]. The definition of a para-
metric statistical regular model can be extended to this family of probability
measures. In this case, the dominating measure y is the law of Brownian
motion on (C([0, 1]), B([0, 1])). In fact, by Girsanov’s theorem (Theorem
2.10.3),

1 1
@(X):exp( f b(t,0)dX, - 1 f b2(z,9)d;) =: p(X,0).
du 0 0
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Moreover, this model is regular with L?(u)-continuous derivative given by

1 1
o(X,0) = p]/z(X,Q)(% f Bob(1,0)dX, — 1 f b(t,@)aeb(t,e)dt).
0 0

The functions p(x, 6) and log p(x, 6) are called, respectively, the likeli-
hood and log-likelihood functions. The following is a consequence of the
regularity condition. See Ibragimov and Has minskii (1981, Lemma 7.2)
for a proof of this result.

Lemma 7.4.7 Let (Fy)eco be a regular parametric statistical model. Let
f: R" — O be a measurable function such that E(|f(F,)|*) is bounded in
®. Then the function E(f(Fy)) is continuously differentiable in ® and

E(f(Fp)) = 0y N FOp(x, Ou(dx) = fR f()p(x, O)u(dyx).

We now assume that (€, 7, P) is a probability space, where there exists
a Brownian motion B such that # is generated by B. We next derive a
formula for the derivative of the log-likelihood density log p(x, 6) that is
analogous to (7.16).

Proposition 7.4.8 Let (Fy)oco be a regular parametric statistical model,
where the components of the the n-dimensional random vector Fy belong
to D'2. Let (u;)s0 be a process in Dom & such that, for all j € {1,...,n},

(DFgj,uyy = 0gF,;. (7.18)

Moreover, assume that E(I(?(,Fe, jlp) is uniformly bounded on ® for some
p > 1. Then

9plog p(x,0) = E(6(w)|Fy = x),
for PP-almost-all x.

Proof Let ¢ € C7(R"). By the chain rule (Proposition 3.3.2) and the du-
ality relationship (Proposition 3.2.3), we obtain

OE(p(Fy) = ) E(0;0(F)dsFo;) = > E(00(Fg)(DFy j,ubn)
j=1 J=1

= E(D((Fy)), u)n) = E(p(Fg)6(w)). (7.19)

Observe that the fact that E <|89F 0,17 ) is uniformly bounded on ® implies
the uniform integrability of the family (9¢F' ;)gco. Therefore, we can inter-
change the derivative and the expectation in (7.19).
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Furthermore, by Lemma 7.4.7,

IE(p(Fy)) = f @(x)0pp(x, O)u(dx)

RVI
= f @(x)0g log p(x, O) p(x, O)u(dx)
RH
= E(p(Fy) 09 log p(F,0)),
which concludes the proof. O

Example 7.4.9 Assume that Fyy; = €; + 6 for j = 1,...,n, where the ¢;
are independent N (0, 1) random variables. Consider orthonormal elements
e; € H=L*R,), j=1,...,n. We can assume that B(e;) = ¢; for j =
1,...,n. Then {e;,ex)y = E(€j&) = 0, and DFy; = e;. Letu = Z;Ll ej;u
clearly satisfies (7.18) since 9,Fy ; = 1. Moreover,

)= Ble) =Y =) Fy;—nb.
=1 =1 =1
By Proposition 7.4.8, we obtain dy log p(x,0) = ¥, x; — né.

Example 7.4.10 Let X = (X,,....X,),0 < t; < --- <1, < T, be
observations of the Ornstein—Uhlenbeck process

dX, = -6X,dt+dB,, X, =0,

where B is a Brownian motion on [0, T]. To simplify, we have omitted the
dependence of X™ on §. We have

!
X, = f 9B,
0

Therefore DX, = e %10 4(s). Moreover, the process dyX; satisfies
d(?gX, = —Xtdl - 969X,dt, aQX() = 0
Thus,

t T
00X, = — f e X ds = - f X,D,X,ds = —(X, DX;)12q0.1))-
0 0

Then, by Proposition 7.4.8, taking u = X we obtain

T
dplog p(x,0) = —E(6(X)IX™ = x) = —E( f X,dB;
0

T T
- (f XSdXS+6f X2ds
0 0

X" = x)

X" = x).
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In particular, the maximum likelihood estimator of 6 is given by

~E ( N XstS1X<">)
0=—

E()) xeds|x) |

These formulas are used in Gobet (2001, 2002) to derive asymptotic results
for this parametric model and more general ones.

7.5 Malliavin Differentiability of Diffusion Processes

Suppose that B = (B;);»0, With B, = (B!, ..., B;j), is a d-dimensional Brow-
nian motion. Consider the m-dimensional stochastic differential equation

d
dX, = Z o (X)dB! + b(X,)dt, (7.20)

J=1

with initial condition X, = xo € R™, where the coefficients o, b: R" —
R™, 1 < j < d are measurable functions.

By definition, a solution to equation (7.20) is an adapted process X =
(X})r=0 such that, forany 7 > 0 and p > 2,

E( sup IX,IP) < o0
1€[0,T]

and X satisfies the integral equation

d f !
Xi=x0+ ) f o (X,)dB! + f b(X,)ds. (7.21)
o Jo 0
The following result is well known (see, for instance, Karatzas and Shreve,
1998).

Theorem 7.5.1 Suppose that the coefficients oj,b: R" - R", 1 < j <d,
satisfy the Lipschitz condition: for all x,y € R™,

masx (Jo(x) = o) 160) = b)) < Kl = (7.22)
Then there exists a unique solution X to Equation (7.21).

When the coefficients in equation (7.20) are continuously differentiable,
the components of the solution are differentiable in the Malliavin calculus
sense.
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Proposition 7.5.2  Suppose that the coefficients o, b are in C'(R™;R™)
and have bounded partial derivatives. Then, forallt > Oandi=1,...,m,
X eD", andforr<tand j=1,....d,

d
=

m !
DIX, =0 i(X,) + Z Z f Oxore(X,)DIX*d B’

k=1 1

m ¢
+> f Oib(X,)DIX*ds. (7.23)
k=1 %"

Proof To simplify, we assume that » = 0. Consider the Picard approxi-
mations given by X,(O) = xo and

d t
x00 =0+ Y [ o,
j=1 Y0

if n > 0. We will prove the following claim by induction on »:

Claim: X,(")’i eD" foralli=1,...,m,t > 0. Moreover, for all p > 1 and
t>0,
W,(t) := sup E( sup ID,.X§")|P) < o (7.24)
O<r<t SE[r,t]

and, forall T >0andr € [0,T],

5
Y1 (1) < c1 + sz Yn(s)ds, (7.25)
0
for some constants ¢y, ¢, depending on 7.

Clearly, the claim holds for n = 0. Suppose that it is true for n. Applying
property (3.6) of the divergence operator and the chain rule (Proposition
33.2),foranyr<t,i=1,....m,and € =1,...,d, we get

m t
DEXD zpf(z f aj.(xg"))ngj)
j=1 Y0

= ((55, XY + f "Dt (o (x™) dBﬁ)

j=1

M=

m "
(5[,ja;(xg">)+z f akaj(xgm)pfxg")»kdB{;).
j k=1 Y7’

J=

From these equalities and condition (7.24) we see that Xf””)’i e DY* and
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we obtain, using the Burkholder—-David—Gundy inequality (Theorem 2.2.3)
and Holder’s inequality,

13
E( sup |D,X§"+‘>|P) <e, (yp LT DP2EP f E(|D{x§">|l’)ds), (7.26)
r<s<t r

where

Yp = supE( sup IO'J-(Xr(”))lp) < oo,

n.j 0<t<T
So (7.24) and (7.25) hold for n + 1 and the claim is proved.
We know that

E ( sup | X" — XS|”) —0

s<T

as n tends to infinity. By Gronwall’s lemma applied to (7.25) we deduce
that the derivatives of the sequence X" are bounded in L”(Q; H) uni-
formly in n for all p > 2. This implies that the random variables X' belong
to D Finally, applying the operator D to equation (7.21) we deduce the
linear stochastic differential equation (7.23) for the derivative of X'.

This completes the proof of the proposition. O

Example 7.5.3 Consider the diffusion process in R
dX, = o(X,)dB, + b(X,)dt, Xo = Xo,

where o and b are globally Lipschitz functions in C'(R). Then, for all
t > 0, X, belongs to D> and the Malliavin derivative (D,X,),, satisfies
the following linear equation:

DX, = O-(Xr)+f O-,(Xv)Dr(Xv)dBv +f b’(XY)Dr(Xv)ds

r

Therefore, by 1t6’s formula (Theorem 2.4.3),
15 !
DX, = (X exp f o/ (X,)dB, + f (b(X,) = (o' F(X))ds)
Consider the m X m matrix-valued process defined by
d t t
Yi=1,+ Z f ao—t’(Xv)YvdBf + f 6b(Xx)stS,
=1 V0 0

where I,, denotes the identity matrix of order m and do, denotes the m X m
Jacobian matrix of the function o; that is,

@0 0); = 8,0k,
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In the same way, 0b denotes the m X m Jacobian matrix of b. If the coeffi-
cients of equation (7.21) are of class C'*?, & > 0, then there is a version of
the solution X,(xp) to this equation that is continuously differentiable in x
(see Kunita, 1984), and for which Y, is the Jacobian matrix dX,/dxy:

_0X,

B (9)(70 '

Proposition 7.5.4 Foranyt € [0, T] the matrix Y, is invertible. Its inverse
Z, satisfies

Y,

d t
Zi=ly- ) f Z,007(X,)dB"
=1 V0

- fr Zs ((’3b(XS) B Zd: ao—f(Xs)aa'f(Xs))ds.
0 =1

Proof By means of 1td’s formula (Theorem 2.4.3), one can check that
7Y, = Y,Z, = I,,, which implies that Z, = Y, In fact,

d 1 !
ZY, =yt ) f Z, 0o (X,)Y.dB + f Z,0b(X,)Y ds
=1 Y0 0

d ¢
—Z f Z,00/(X,)YdB’
=1 Y0
v d
- f 7, (0bX) = )" X)X |
0 =1

- f 'z ( i 0 (X )00 (X)) V.l = Iy,
0 =1

Similarly, we can show that Y,Z;, = [,,. O
Lemma 7.5.5 The m X d matrix (D,X,); = DiX,i can be expressed as

DX, = Y,Y'o(X,), (7.27)
where o denotes the m X d matrix with columns o1, ..., 0.

Proof 1t suffices to check that the process @, , := Y, Y, lo(X,), t > r satis-
fies

d v '
O, = o(X) + Y f 00 ¢(X,)D,,dB’ + f Ob(X,)D, ,ds.
ZZI r r
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In fact,
d f
a(X)+ Y f Ao (X)X, Y, ' o(X,)dB!
=1 vr
!
v [ ooy oxs
=o(X,)+ (Y, - Y,,)Y;]O'(X,) = Y,Y;IO'(X,).
This completes the proof. O

Consider the Malliavin matrix of X;, denoted by yx, := O, and given by

d !
=y f DX D'X/ds.
=10
Thatis, Q, = [ (D,X,)(D;X,)" ds. Equation (7.27) leads to

Q, =Y.yl (7.28)

where
!
C = f Yoo (X)) ds.
0

Taking into account that Y, is invertible, the nondegeneracy of the matrix
Q; will depend only on the nondegeneracy of the matrix C,, which is called
the reduced Malliavin matrix.

7.6 Absolute Continuity under Ellipticity Conditions
Consider the stopping time defined by
S =inf{r > 0: detoo? (X,) # 0}.

Theorem 7.6.1 (Bouleau and Hirsch, 1986) Let (X,);»0 be a diffusion pro-
cess with C'*® and Lipschitz coefficients. Then, for any t > 0, the law
of X, conditioned by {t > S} is absolutely continuous with respect to the
Lebesgue measure on R™.

Proof 1t suffices to show that detC, > 0 a.s. on the set {S < t}. Suppose
that r > S. For any u € R with |u| = 1 we can write

!
W Cu = f WY oo (XY uds
0

!
Zf inf (VTO'O'T(XS)V) |(Y;1)Tu|2ds.
0

V=1
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Notice that inf},-; (VTO'O'T(XS)V) is the smallest eigenvalue of oo’ (X,),
which is strictly positive in an open interval contained in [0, ¢] by the defi-
nition of the stopping time S and because ¢ > §'.

Furthermore, |(Y;1)Tu| > |u||Y,|"!. Therefore we obtain

u' Cou > klul?,

for some positive random variable £ > 0, which implies that the matrix C,
is invertible. This completes the proof. O

Example 7.6.2 Assume that o(xy) # 0 in Example 7.5.3. Then, for any
t > 0, the law of X; is absolutely continuous with respect to the Lebesgue
measure in R.

7.7 Regularity of the Density under Hérmander’s Conditions

We need the following regularity result, whose proof is similar to that of
Proposition 7.5.2 and is thus omitted.

Proposition 7.7.1 Suppose that the coefficients oj, 1 < j < m, and b of
equation (7.20) are infinitely differentiable with bounded derivatives of all
orders. Then, forallt > 0andi=1,...,m, X; belong to D*.

Consider the following vector fields on R™:

The Lie bracket between the vector fields o; and o is defined by
_ _ v v
0j,0] = 0jok — o0 =00 — 0,0,

where

Set
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The vector field oy appears when we write the stochastic differential equa-
tion (7.21) in terms of the Stratonovich integral (see Section 2.7) instead of
It6’s integral:

d v t
X, =x+ ) f oi(X,) 0 dBl + f To(X,)ds.
=1 Yo 0

Let us introduce the nondegeneracy condition required for the smooth-
ness of the density.

(HC) Hormander’s condition: The vector space spanned by the vector
fields

O1,...,0q, l0,01,0<i<d, 1< j<d, [o,[0,0],0<40, j,k<d,...

at the point x, is R”.

For instance, if m = d = 1, o}(x) = a(x) and o(x) = ao(x); then
Hormander’s condition means that a(xg) # 0 or a”(xg)ag(xy) # 0 for some
n>1.

Theorem 7.7.2 Assume that Hormander’s condition holds. Then, for any
t > 0, the random vector X, has an infinitely differentiable density.

This result can be considered as a probabilistic version of Hormander’s
theorem on the hypoellipticity of second-order differential operators. In
fact, the density p, of X; satisfies the Fokker—Planck equation

0
(=g + &) =0

where

IS
L—EZ(O'O')

ij=1

0 S b 0
ax,-(?x j * prt G_x,
Then, p; € C*(R™) means that 9/dt — L* is hypoelliptic (Hormander’s
theorem).

For the proof of Theorem 7.7.2 we need several technical lemmas.

Lemma 7.7.3 Let C be an m X m symmetric nonnegative definite random
matrix. Assume that the entries C'/ have moments of all orders and that for
any p > 2 there exists €y(p) such that, for all € < y(p),

supP(vTCv < e) <€

=1

Then E((detC)™) < oo forall p > 2.
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Proof Let A = infj,=; v/ Cv be the smallest eigenvalue of C. We know that
A" < detC. Thus, it suffices to show that E(177) < oo for all p > 2. Set

ICl = (2, (CY) ) . Fix € > 0, and let v, ..., vy be a finite set of unit
vectors such that the balls with their center in these points and radius €*/2
cover the unit sphere S m=1 Then, we have

P(1<e) = P(‘iﬂfl vicy < e)

|
<P(‘1|r1fv Cv < e|C] < )+P(|C|> ) (7.29)

Assume that |C| < 1/€ and v,{Cvk > 2¢ for any k = 1,..., N. For any unit
vector v, there exists a v, such that |v — v;| < €?/2 and we can deduce the
following inequalities:

vICy > vZCvk —-prcy - vZCka
> 2e — (W' Cv =V Cvi| + P Cvi = v Cwi])

>2e-2|C||lv—wl = €.

As a consequence, (7.29) implies that
N 1
P(l<e) < P( | Jvcv <26 ) . P(|C| > —) < NQey™ + PE(CPP)
€
k=1

if e < %Eo(p + 2m). The number N depends on € but is bounded by a
constant times e 2", Therefore, we obtain P(1 < €) < Ce” for all € < €(p)
and for all p > 2. This implies that 1~! has moments of all orders, which
completes the proof of the lemma. O

Lemma 7.7.4 Let (Z,)»0 be a real-valued, adapted, continuous process
such that Zy = zo # 0. Suppose that there exist @ > 0 and ty > 0 such that,
forallp > 1andt € [0,1],

E( sup |Z, - zOl”) <,

0<s<t

Then, forall p > 1 and t > 0,

E(( j: |Zs|ds)7p) < oo.
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Proof We can assume that ¢ € [0, ty]. For any 0 < € < f|z9|/2, we have

f 2¢€/1zo
P(f |Zs|ds < e) < P(f |Z,|ds < e)
0 0

< P( sup |Zs —zo| > @)
0<5<2€/Izol 2
2rc, ( 2e )P”
~ lzol” \lzol
which implies the desired result. O

The next lemma was proved by Norris (1986), following the ideas of
Stroock (1983), and is the basic ingredient in the proof of Theorem 7.7.2.

Lemma 7.7.5 (Norris’s lemma) Consider a continuous semimartingale

of the form
Y:y+fads+ fu’sdB’s,
t o ; 0

where
! d ‘- _
a(t):a'+fﬁsds+ f)/’sdB’s
0 ; 0

and ¢ = E (supye,<r (B + [yil + la + |u,])") < o0 for some p = 2.
Fix g > 8. Then, for all r < (q — 8)/27 there exists an € such that, for
all € < €, we have

T T
P( f YZdt < €, f (la* + |u|Hdt > e) <cie?.
0 0

Proof of Theorem 7.7.2  The proof will be carried out in several steps:

Step I ~ We need to show that, for all # > 0 and all p > 2, E((det Q,)™") <
oo, where Q, is the Malliavin matrix of X,. Taking into account that

E(|det ¥, ')P + |det ¥,|") < oo,
it suffices to show that E((det C,)™) < oo for all p > 2.

Step 2 Fix t > 0. Using Lemma 7.7.3, the problem reduces to showing
that, for all p > 2, we have

supP(vTC,v < e) <é,
Iv=1
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for any € < €(p), where the quadratic form associated with the matrix C,
is given by

d f
view=Y" f W, Y o (X)) 2ds. (7.30)
=1 Y0

Step 3 Fix a smooth function V and use It6’s formula to compute the
differential of ¥, 'V(X,):

d

d(7'vx)) = ¥ ) low, VIX)dB)
k=1
d

n Y;l([ao, v+ 1Y oo, V]])(X,)dt. (7.31)

k=1

Step 4  We introduce the following sets of vector fields:

20 = {O’],...,O’d},
Y, ={lo,V],k=0,....,d,VeX,} ifn>1,
Z:U;ozozn
and
% = X,

%= {low Vik=1,...d Vey,

n—l;

d
(00, VI+ 2 Y [0y o), VILV € z;_l} ifn>1,
=1
¥ =U2 .

We denote by X, (x) (resp. X/ (x)) the subset of R” obtained by freezing
the variable x in the vector fields of X, (resp. ). Clearly, the vector spaces
spanned by X(xy) or by X'(xg) coincide and, under Hérmander’s condition,
this vector space is R™. Therefore, there exists an integer j, > 0 such
that the linear span of the set of vector fields U'J’:O:O Z}(x) at point x, has
dimension m.

As a consequence there exist constants R > 0 and ¢ > 0 such that

Jo
DIV e, (7.32)

Jj=0 Vex,
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for all v and y with [v| = 1 and |y — xo| < R.

Step 5 Forany j=0,1,..., j, we put m(j) = 2% and define the set

E = Zf@ YV(X,)) ds<em<'>}

VEZ

Notice that (W C,v < €} = E,, because m(0) = 1. Consider the decomposi-
tion

EyC(EgNEDUEI NEHDU---U(Ej- lﬂE‘)UF
where F'= Ey N Ey N---N Ej. Then, for any unit vector v, we have

Jo—1
PO Cy < €) = P(E,) < P(F) + Z P(E; N EX,.).
j=0

We will now estimate each term in this sum.
Step 6 Let us first estimate P(F). By the definition of F we obtain

P(F) <P ZZ f v, ’IV(XS))zdss(j0+1)e’”(f0>),

10\/62

Then, taking into account (7.32), we can apply Lemma 7.7.4 to the process

k?"]z DYV

Jj= OVeE

and we obtain

d

Therefore, for any p > 1, there exists g such that

inf f W, Y7 'V(X,))ds

vl= 1
j=0 VEZ

<o

P(F)<¢€
for any € < €.

Step 7 Forany j = 0,..., jo, the probability of the event E; N Ej Ly 18
bounded by the sum with respect to V € X’ of the probability that the two
following events happen:

!
f W, Y 'V(X))ds < "D
0



Exercises 129

and

d t
Z f v, Y7 [0, VIX,))ods
— 0

m(j+1)

*iXVY(WmW* Zﬁmw¢wWXﬁw>e()

where n(j) denotes the cardinality of the set X"
Consider the continuous semimartingale ((v, Y;'V(X;)));s0. From (7.31)
we see that the quadratic variation of this semimartingale is equal to

d s
> f v, Y, o, VIX,)dr,
—' Jo

and the bounded variation component is

fos <v, Yr_l([O'o, V]+ %jz:[o-j, [0}, V]])(Xr)>dr.

Taking into account that 8m(j + 1) < m(j), from Norris’s lemma (Lemma
7.7.5) applied to the semimartingale Y, = v/ Y;!'V(X,), we get that, for any
p = 1, there exists an ¢ > 0 such that

P(E] N E§+l) < Ep,

for all € < . The proof of the theorem is now complete. O

Exercises

7.1 Let F be a random variable with the law N(0, o-2). Show that the density p(x)
of F satisfies

p(x) = 02 E (L F).

7.2  Derive (7.4) applying (7.3) and Meyer’s inequality (5.7).
73 Set M, = fot usdBg, where u = (u;)e(0,r i @ process in L2 7(P) such that, for
allz € [0,T], lus| = p > 0 for some constant p, u; € D2*P, and

T p/2
A:= sup E(Dsul’)+ sup E((f ID%Sutlzdt) ) < oo,
5.€[0,T] r,5€[0.T] 0 ’

for some p > 3. Applying Proposition 7.1.6 show that the density of M,,
denoted by p,(x), satisfies

C
pi(x) < TIP('M" > x4,
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7.4
7.5

7.6
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for all ¢ € [0,T], where ¢ > p/(p — 3) and the constant ¢ depends on 4, p,
and p.
Hint: Use a lower bound of the form

15 3 2 ! ! 2
DM, = f (us+ f DyuydB, ) ds > f (us+ f Dsu,dBr) ds
0 K t(1-h) K

and choose % small enough.

Show inequality (7.8).

Consider the parametric model Fy; = f¢j, j = 1,...,n, where the €; are
independent N(0, 1) random variables. With the same notation as in Example
7.4.5 and using Proposition 7.4.8, derive an expression for dg log p(x, 6).
Consider the stochastic differential equation

dX! = dB} +sinX?dB?,
dx? =2X!dB! + X!dB?,
with initial condition xy = 0. Show that the vector fields o and [0, 03] at

x = 0 span R? and that Hormander’s condition holds. Deduce that X; has a
C*(R?) density for any 7 > 0.
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Normal Approximations

In this chapter we present the application of Malliavin calculus, combined
with Stein’s method (see Chen et al., 2011), to normal approximations. We
refer the reader to the book by Nourdin and Peccati (2012) for a detailed
account of this topic.

8.1 Stein’s Method

The following lemma is a characterization of the standard normal distribu-
tion on the real line.

Lemma 8.1.1 (Stein’s lemma) A random variable X such that E(|X]) < oo
has the standard normal distribution N(0, 1) if and only if, for any function
f € C}(R), we have

E(f'(X) - f(X)X) = 0. (8.1)

Proof Suppose first that X has the standard normal distribution N(0, 1).
Then, equality (8.1) follows integrating by parts and using that the density
p(x) = (1/ V27) exp(—x2/2) satisfies the differential equation

P'(x) = —xp(x).

Conversely, let ¢(1) = E(e¥), 1 € R, be the characteristic function of
X. Because X is integrable, we know that ¢ is differentiable and ¢’(1) =
iE(Xe*X). By our assumption, this is equal to —A¢(1). Therefore, p(1) =
exp(—A2/2), which concludes the proof. ]

If the expectation E(f"(X) — f(X)X) is small for functions f in some
large set, we might conclude that the distribution of X is close to the nor-
mal distribution. This is the main idea of Stein’s method for normal ap-
proximations and the goal is to quantify this assertion in a proper way. To
do this, consider a random variable X with the N(0, 1) distribution and fix

131
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a measurable function /: R — R such that E(J2(X)|) < oo. Stein’s equation
associated with £ is the linear differential equation

fr(x) = xfu(x) = h(x) - E(W(X)), xeR. (8.2)

Definition 8.1.2 A solution to equation (8.2) is an absolutely continuous
function fj, such that there exists a version of the derivative f; satisfying
(8.2) for every x € R.

The next result provides the existence of a unique solution to Stein’s
equation.

Proposition 8.1.3 The function

filx) = e f (h(y) = E(h(X)))e ™ dy 8.3)
is the unique solution of Stein’s equation (8.2) satisfying
lim e "2 f,(x) = 0. (8.4)

Proof Equation (8.2) can be written as

2 d 2
e (e i) = h(x) ~ B(h(X)).

This implies that any solution to equation (8.2) is of the form

filx) = ce”? + &7 f X (h(y) - B(h(X)))e ™ dy,

for some ¢ € R. Taking into account that

lim f (h(y) — E(h(X)))e™ 2dy = 0,
the asymptotic condition (8.4) is satisfied if and only if ¢ = 0. O

Notice that, since _&(h(y) — E(h(X)))e™/2dy = 0, we have

f ) (h(y) = E(h(X)))e™ Pdy = - f m(h(y) —E(h(X))e™"*dy.  (8.5)

Let us go back to the problem of approximating the law of a random
variable F by the N(0, 1) law. Consider a measurable function #: R — R
such that E(J2(X)|) < oo and E(JA(F)|) < oo, where X is a random variable
with law N(0, 1). Let f;, be the unique solution to the Stein equation (8.2)
given by (8.3). Substituting x by a random variable F in (8.3) and taking
the expectation, we obtain

E(h(F) — E(W(X))) = E(f;(F) = F fy(F)). (8.6)
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We are going to consider measurable functions % belonging to a separating
class of functions .7, which means that if two random variables F and G
are such that h(F), W(G) € L'(Q) and E(h(F)) = E(W(G)), for all h € 7,
then F and G have the same law.

Definition 8.1.4 Let 7 be a separating class and let F and G be two
random variables such that h(F) and h(G) are in L'(Q) for any h € 7.
Then, we define

dy(F,G) = sup([E(h(F)) — E(h(G)))).
hest

Notice that d ;»(F, G) depends only on the laws of the random variables
F and G, and we can also write d_»(F,G) = d(P o F~!,PoG™"). It can
be proved that d ,» is a distance in the class of probability measures v on R
such h € L'(v) for any h € . The following are important examples of
separating classes of functions .7# and their associated distances.

(1) When 47 is the class of functions of the form & = 1, where B is a
Borel set in R, the distance d s is the fotal variation distance, denoted by

dvy(F,G) = sup [P(F € B)—P(G € B)|.
BeB(R)

(2) When 7 is the class of functions of the form / = 1_« .}, for some
z € R, the distance d ,» is the Kolmogorov distance, denoted by

dxoi(F,G) = sup |P(F < 2) - P(G < 2)|.

z€ER

(3) When 57 = Lip(1) is the class of functions % such that

Ih(x) - h()|
Al = sup 22 < |
X#y |~)C - )’|

>

the distance d » is the Wasserstein distance, denoted by

dw(F,G) = sup [E(h(F)) - E(h(G))].

heLip(1)

Then, from (8.6), we deduce the following result.

Proposition 8.1.5 Let F,X be two random variables such that X has
the N(0, 1) distribution. If € is a separating class of functions such that
E(A(X)|) < o0 and E(Jh(F)|) < oo for every h € S then

dy(F,X) < sup [E(f(F) = Ffiu(F))L. (8.7)
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In order to control these distances, we need estimates on the supremum
norm of f, and its derivative, when /s belongs to one of the above classes.
These will be obtained in the following propositions.

Proposition 8.1.6 Let h: R — [0, 1] be a measurable function. Then the
solution to Stein’s equation f, given by (8.3) satisfies

T
I fnlleo < \/; and ||fillo < 2. (8.8)

Proof Taking into account that |h(x) — E(h(X))| < 1, where X has law
N(0, 1), we obtain

T

/i ()] < 72 f e Py = 7
|x|

because the function x — ¢*/2 f|:|o e™’2dy attains its maximum at x = 0.
To prove the second estimate, observe that, in view of (8.5), we can write

[1(x) = h(x) — E(h(X)) + xe* /2 f () ~ BCODE Py

= h(x) = E(h(X) = xe™? f " (h) ~ B0y dy,

for every x € R. Therefore
110l < 1+ [xle”/? f e Pdy = 2.
Ix]
This completes the proof. O

For the class {1_«, 2 € R} we can improve the estimate (8.8) slightly,
as follows. For any z € R, set f; = fj,, where h = 1_ ;. In this case,

e’ PD(x)(1 — D(z)) ifx <z,

fz(x) = { 2ﬂ,€x2/2q)(z)(1 — Q)(_x)) if x>z

where ®(x) = P(X < x), and X has law N(0, 1). The proof of the following
estimate is left as an exercise (see Exercise 8.1).

Proposition 8.1.7 Forany z € R, ||fille < V271/4 and ||f!|lw < 1.

Finally, the following results will be useful in obtaining an upper bound
for the Wasserstein distance.
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Proposition 8.1.8 Let h € Lip(1). Then the function f, given in (8.3)
admits the representation

fulx) = — fo \/%E(h (xe™ + VI - e2X) X) dt. (8.9)

Moreover f, is continuously differentiable and ||f; |l < V2/m.
Proof The fact that f;, € C'(R) follows immediately from equation (8.3).

Denote by f,(x) the right-hand side of equation (8.9). By the dominated
convergence theorem, we have

N 00 -2t )
fix) = - fo \/;?e_hE(h (xe”" + VI-e2X)X)dr.  (8.10)

Taking into account that |2’(x)| < 1, we obtain the estimate || f;’ [lo < V2/m.
Then, it suffices to show that £, = f,. Applying Lemma 8.1.1 yields

Fiulx) = — f " E (7 (xe™ + V1= e2X))ar. (8.11)
0
Then, from (8.10) and (8.11) we obtain
flx) = xfux) = - f ) %E(h (xe-’ + V1 - e—ZfX)) dt = h(x) — E(h(X)).
0

Moreover, lim,_, .« e 12 fh(x) = 0 because f,; has linear growth. By the
uniqueness of the solution to Stein’s equation, this implies that f, = f;,
and the proof is complete. O

The estimate (8.7) together with Propositions 8.1.6, 8.1.7, and 8.1.8 lead
to the following Stein bounds for the total variation and the Kolmogorov
and Wasserstein distances between an integrable random variable F and a
random variable X with N(0, 1) law:

drv(F,X) < fSl;p [E(f"(F) = Ff(F))I, (8.12)
diol(F, X) < fS;p [EC(f"(F) = Ff(F)), (8.13)
dw(F, X) < sup [E(f'(F) - Ff(F)), (8.14)

feFw
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where
Frv ={f € C'®): Il < VA2 e < 2}
Fro = {f € C® 1 Iflle < V2r/4, 1/ e < 1),
Fw={f € C®:1fe < V2m)

Notice that for drv and dg, we can take the supremum over f € C!, be-
cause for any function £ such that |||, < 1 we can find a sequence of
continuous functions #,, bounded by 1, such that 4, converges to 4 almost
everywhere with respect to the measure ¢ + (P o F~!), where ¢ denotes the
Lebesgue measure.

8.2 Stein Meets Malliavin

Suppose that again B = (B;),»o is a Brownian motion defined on a prob-
ability space (€2, 7, P) such that ¥ is generated by B. Combining Stein’s
method with Malliavin calculus leads to the following result, due to Nour-
din and Peccati (2012).

Theorem 8.2.1 Suppose that F € D'? satisfies F = 6(u), where u belongs
to Dom§. Let X be an N(0, 1) random variable. Let 7 be a separating
class of functions such that E(|h(X)|) < oo and E(|h(F)|) < oo for every
h € . Then,

dye(F, X) < sup ||IfylloE(l — (DF, u)ul).
hest

Proof Using the duality relationship between D and ¢ (Proposition 3.2.3)
and applying (5.8), we can write

[E(f3(F) = Ffu(F)| = [E(f,(F) = (D(fi(F)), uy)]
= [E(f,(F)(1 = (DF,u)p))|

< sup [ lloE(I1 = (DF, u)g)),
hest

which gives the estimate. O

Now, applying the estimates (8.12)—(8.14), we obtain for F' = d(u) €
D'? and X an N(0, 1) random variable,

drv(F,X) < 2E(]1 = (DF, u)pl),
dxal(F, X) < E(|1 = (DF, u)nl),
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and
2
dw(F,X) < 7—TE(|1 —(DF,u)ul).
Heuristically, this means that if (DF, u)y is close to 1 in L'(Q) then the law
of F is close to the N(0, 1) law.
Possible choices of u for the representation F' = ¢(u) are given in Theo-

rem 6.1.1 and Proposition 6.5.1.

Example 8.2.2 Suppose that F' = fOT usdB,, where u is a progressively
measurable process in D!*(H). Then

T
D,F = u, +f D,uydB,
t

and

T T
(u, DF Yy =l + f ( f DB, .
0 t

AS a COnsequenCC,
T T
f ( f D,usst)u,dt’)
0 t
T S 2 1/2
< 281 i) + 2(E f ( f wDdr) ds))
0 0

Therefore, a sequence F, = fOT udB, where u® € D'2(H), converges in
total variation to X, which has law N(0, 1), if:

dry(F, X) < 2E(1 = [lull3)) + 2E(

@ ™[ - 1in L'(Q), and
s 2
i) E [ ([ uDudr) ds — 0.

Now let F € D'? be such that E(F) = 0. Let X be an N(0, 1) random
variable. Taking u = —DL™'F, Theorem 8.2.1 gives

d(F,X) < sup || fyllE(1 — (DF,=DL™'F)y]). (8.15)
he

In some examples it is more convenient to compare the law of F with
the law N(0, 02), where o> > 0. In that case, the previous results can be
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easily extended to the case where X has the N(0, 0%) law, and we obtain
2
drv(F, X) < ;E(IUZ —(DF, u)nl), (8.16)

1
dol(F, X) < OjE(|0'2 —(DF, uynl),

1 /2
dw(F,X) < — | =E(l0* = (DF, u)u)).
g T

8.3 Normal Approximation on a Fixed Wiener Chaos

In this section we will focus on the normal approximation when the random
variable F belongs to a fixed Wiener chaos of order ¢ > 2. To simplify the
presentation we will consider only the total variation distance. First, we
nprove the following result.

Proposition 8.3.1 Suppose that F € H, for some q > 2, and E(F =02
Let X be an N(0, o) random variable. Then

2
drv(F, X) < pre Var(|[DF[3).

Proof We have L'F = —(1/g)F. Taking into account that E(||[DF|?,) =
go?, we obtain

- 1 1
Eo? = (DF, DL Fyul) = B (jo* - ;IHDFH%,I) < VarIDFIG).

Then the desired estimate follows from (8.16). m]
The next proposition shows that the variance of ||[DF ||%, is equivalent to

E(F*) - 30*.

Proposition 8.3.2  Suppose that F = 1,(f) € H,, q > 2, and E(F?) = 02

Then

Var(||DF|l7) < - ) A=A E(FY) - 30%) < (¢ - DVar(IDFIR).

Proof The proof will be done in several steps. First we will derive two
formulas for the variance of [|DF||? and for E(F*) — 30*.

Step 1  We claim that

q-1

4
Var(IDFIf) = rz(rnz(f) 4= 20018, Mo (817)

r=1
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In fact, applying Proposition 4.2.1, we have D,FF = ql,_(f(-,t)). Then,
using the product formula for multiple stochastic integrals (see (4.2)), we
obtain

IDFIZ = g f Iy (£ D)2t

q-1 _

512 I"( ) 12q 2r—2(f®r+lf)
r;O . 1

¢ ) (r- w( 1) Ly (f&,f)

r=1

g-1 2
q-—1 -
= gq! o + G - by (f®,.f). (8.18
= gq1f e + g ;v ) (r_ 1) 22 (f8,f). (8.18)
Taking into account that E(||DF ||2) = qq!|IfII? 4es» and using the isometry
property of multiple integrals (4.1), we show formula (8.17).

Step 2 We claim that

3 &)
E(F*) - == !2() 29 = 2 N1f & f5 620 an - 8.19
( q;rm Q2q = 20If&,f1, (8.19)

Indeed, using that —L~'F = (1/q)F and L = —6D we first write
E(F*) = E(F x F*) = E(-6DL™'F)F*) = E(—DL™'F, D(F*))y)

1 3
= 5E<<DF’ D(F))y) = EE(lelDFlliz)- (8.20)

By the product formula for multiple integrals (4.2),

q 2
P =107 = e+ ) r!(f{) La(f8:H). (82D)

Using the isometry property for multiple integrals (4.1), and expressions
(8.18) and (8.21), we can compute E(F?||DF|%); substituting its value into
(8.20), we get formula (8.19).

Step 3 Comparing formulas (8.17) and (8.19) yields the desired esti-
mates. O

In summary, we have proved the following result.
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Proposition 8.3.3 Let g > 2 and F = I,(f). Set E(F?) = 0 > 0. Then, if
X is a random variable with law N(0, o?),

2 2 [g-1
drv(F,X) < —— {/Var(IDFl}) < — 9= (E(F*) - 30%).
o’q 2\ 3q

These results can be applied to derive the so-called fourth-moment the-
orem, proved by Nualart and Peccati (2005) (see also Nualart and Ortiz-
Latorre, 2007), which represents a drastic simplification of the method of
moments.

Theorem 8.3.4 Fix g > 2. Consider a sequence of multiple stochastic
integrals of order q, F,, = 1,(f,) € 7—(q, n > 1, such that

n—oo
The following conditions are equivalent:
(i) F, = N, 0?) asn — oo;
(i) E(FY — 30* asn — oo;

(iii) IDF,|3, = go? in L*(Q) as n — oo;
@v) foralll1<r<qg-1, f,Q,f, > 0asn — oco.

Proof First notice that (i) implies (ii) because, for any p > 2, the hy-
percontractivity property of the Ornstein—Uhlenbeck semigroup (see (5.3))
implies that

sup IFll, < (p = D)?2 sup||F,l, < oo.

The equivalence of (ii) and (iii) follows from Proposition 8.3.2, and these
two conditions imply (i), with convergence in total variation. Moreover,
(iv) implies (ii) and (iii), in view of formulas (8.17) and (8.19), because

& fillioce 2 < 1y @ Follioca-2n.

Finally, it remains to show that (ii) implies (iv). From (8.21), using the
isometry property of multiple stochastic integrals, we obtain

q 2
4N _ 24 _ 5 2
B(F,) = ;(r!) (r) 24 = 2,80 filsc
= @ fillies + B L

q-1 2
q ~
+ ;(F!)z(r) 2q = 2018 full e -
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Then one can show that (2¢)![|£,&/,117,., equals 2(¢!)| full};e, plus a linear
combination of the terms || f, ®, fyl[2 o0, 2> Where 1 < r < g— 1, with strictly
positive coefficients. Therefore, E(F;}) can be expressed as 3(¢!)?[| full}e, =
30 plus a linear combination with strictly positive coefficients of contrac-
tions [, ® full?ee, -, and symmetric contractions ||f,&, £l ee, 2> Where
1 < r < g — 1. By (ii), all these contractions must converge to zero. This
completes the proof. O

The following multidimensional extension of the fourth-moment theo-
rem was proved in Peccati and Tudor (2005). Notice that the convergence
of the marginal distributions to normal random variables implies automat-
ically the joint convergence to a Gaussian random vector with independent
components.

Theorem 8.3.5 Letd >2and1 < g, < --- < q4. Consider a sequence
of random vectors whose components are multiple stochastic integrals of
orders qi, . .., qq, that is,

Fy=(Fp F = Uy (fDs L (), 21,
where f! € L2(R%). Suppose that, for any 1 <i<d,
lim B((F,)*) = o7. (8.22)
Then, the following two conditions are equivalent:

i) F, i> N4(0, %), where X is a dxXd diagonal matrix such that ¥; = o-i2
foreachi=1,...,d;

(i) foreveryi=1,...,d, F! N N, o).

Proof It suffices to show that (ii) implies (i). The sequence of random
vectors (F,),»1 is tight by condition (8.22). Then it suffices to show that
the limit in distribution of any converging subsequence is N,(0, ). We can
then assume that the sequence (F),),»; converges in law to some random
vector F', and it only remains to show that the law of F, is Ny(0, X). For
every n and t € R?, define @,(f) = E(e"f). Let ¢(t) be the characteristic

function of the random vector F,,. We know that, forall j =1,...,d,
On (1) = iE(Fje"™) — iB(FLe ) = a—¢(t). (8.23)
6lj " n—oo * 6tj

Moreover, using the definition of the operator L, Proposition 5.2.1, and the
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duality relation between D and 6 we have

E<F_r/l'ei<t,Fn)) — _qlE (LF.VJL'eKt,Fn)) — _qlE (—5D(F,{)ei<t’F">)
J J

. d
j j l h
_E (DF'{”D(EI(I,F,))) - l(tF) / ,
< I

J
where yp, is the Malliavin matrix of the random vector F),, introduced in
(7.5). Therefore,

d

6 n 1 i i
)= —— 3 E(eFy)) (8.24)
811' q; p

We claim that the following convergences hold in L*(Q) forall 1 < j,h < d,
as n tends to infinity:

Yl =0, j#h, (8.25)
and
yg — q;0;. (8.26)

In fact, (8.26) follows from condition (ii1) in Theorem 8.3.4 and the fact
that y;/ = |IDF 2II%,. Furthermore, using the product formula for multiple
stochastic integrals and assuming that j < & yields

0o 2
E((DF), DF) = ¢.aiE fo Ty A 1 (£ 00 )
_ 22 - q;— 1\(qn—1 j i\
=¢aB (X" P 22 0 £D) )
(g -1 i
=qiin(q’ )(th )(r» @)+ @n = 2= 20U 8t I v

—1\ A
iz ( v ) ( . ) ((r = DY(G) + @ = 20U O £y

Then, to show (8.25) it suffices to check that ||/ ®, £
to zero for all 1 < r < g;. This follows from

. — n
”fj ®r f ||H®(q/+qh -2r) <f;{ ®q/-—r fnj’ fn Rgy-r fn Y e
j j h /

< fY ®gy—r filluex 1 fy ®gu—r S llrie

and the fact that || f,f‘ ®gy—r f,f’ll ye2r converges to zero by condition (iv) in
Theorem 8.3.4, because 1 < g, — r < g, — 1. Finally, (8.25) and (8.26)

jstaya-2n CONVEIEES
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allow us to take the limit as 7 — oo on the right-hand side of (8.24) and, in
view of (8.23), we obtain

0

3 (0=~ (0,
for j = 1,...,d. As a consequence, ¢ is the characteristic function of the
law N,4(0,X). O

8.4 Chaotic Central Limit Theorem

When the random variables are not in a fixed chaos, we can establish the
following result proved in Hu and Nualart (2005).

Theorem 8.4.1 Consider a sequence of centered square integrable ran-
dom variables (F,),s; with Wiener chaos expansions F, = Z;‘;l L(fan)-

Suppose that:
(i) forall g = 1, lim, e gl fynllfes = 0o
(i) forallg>2and 1 <r < q—1, fu, ® fyn = 0asn — oco;

(iii) limy e limsup, ., 202y, g fynllze, = 0.
Then, as n tends to infinity,

F =5 N, 0),
where o* = .07, o7,
Proof Leté&,, g > 1, be independent centered Gaussian random variables
with variances 0. For every N > 1, set FY = Y., I,(f;,) and &V =
Zf;’:l &,. By Theorems 8.3.4 and 8.3.5, for each fixed N we have that FY

converges in law to £ as n tends to infinity. Define also & = Y€ Let f
be a C;(R) function such that || f||, and ||f’||. are bounded by one. Then

[E(f(F.)) = E(f@)] < [E(f(F.)) = E(F(E))
+E(f(F,) = E(FE) + B(F(EY)) = E(f©))]

o0

1/2
<( D afulle)  + EGED - EGE)

g=N+1
+ [E(f(EM) = B(f(©)).
Taking first the limit as » tends to infinity, and then the limit as N tends to

infinity, and applying conditions (i) and (iii), we finish the proof.
O
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Taking into account Theorem 8.3.5 and assuming condition (i), condi-
tion (ii) is equivalent to

(i) 1im, oo E(,(f,)") = 30, g 2 2,
or
(iib) Timy oo IDUy(fy)IE, = g0 in LX(Q), g 2 2.

Theorem 8.4.1 implies the convergence in law of the whole sequence
(I;(f3.1))g=1 to an infinite-dimensional Gaussian vector with independent
components, and it can be regarded as a chaotic central limit theorem.

As an application we are going to present a simple proof of the clas-
sical Breuer—Major theorem (see Breuer and Major, 1983). A function
f € L*(R,y), where y = N(0, 1), has Hermite rank d > 1 if f has a se-
ries expansion in L2(R, ) of the form

o

F) =) aghy(x),

q=d

where h, is the gth Hermite polynomial, introduced in (4.3), and a,; # 0.
For instance, f(x) = |x| — & |x|?dy(x) has Hermite rank 2 if p > 1.

Let Y = (Y))wez be a centered Gaussian stationary sequence with unit
variance. Set p(v) = E(YyY,) forv € Z.

Theorem 8.4.2 Let f € L*>(R,y) with Hermite rank d and assume that

2, <.

VEZ

Then

_ 15 N 2
V, = %;ﬂm N, )

asn — oo, where 0> = 3.2, q'a; ez p(v)°.
Proof There exists a sequence (e)=; in H = L?([0, 00)) such that
{ex, €j>H = pk = j).

The sequence (B(ey))r>1 has the same law as (Y )1, and we can replace V,
by

G, = % DD aghy(Bley) = qzd] L (fyn)s

k=1 q=d
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where

n
_ Y ®q
Jon = P
k=1

Then it suffices to show that the kernels f, , satisfy conditions (i), (ii), and
(iii) of Theorem 8.4.1 with o, = gla; ¥,z p(v)?.

Step 1  First we show condition (i). We can write
qla> & [v|
Wl = —2 Y pli = ) = gla? ”(1——)lv<n 8.27
4 gl = — ”Z:lp(’ ) qaqépw) e (8:27)

and, by the dominated convergence theorem,

E(F2) = gl = q'a2 Y p(v)! = 0

veZ

as n tends to infinity, which implies condition (i).

Step 2 We need to show that, forr=1,...,g—1and g > 2,

2 n

a

q ~r ®(q-r) ®(q—r)
fq,n®rfq,n:7 E p(k—])equ@)ejqr — 0.

k,j=1
We have
(13 n
”fq,n ®r fq,n“?—]@(w—bo = E Z p(k - ])rp(l - f)rp(k - i)qirp(j - g)qir-

i jkl=1
Using |o(k — j)"pk = D7"| < otk = PI? + |o(k — )|, we obtain
Von  fynlBpoarr < 28 3 I (n 7 Y lotir)

keZ lil<n
X (S o)
|j1<n
Then it remains to show that, forr =1,...,¢g -1,
n7 ) o) = 0.
lil<n

This follows from Holder’s inequality. Indeed, for a fixed 6 € (0, 1), we
have the estimates

rlq
I oI < 208 + (Y (i) < ot
lil<[nd] i€Z
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and

o S por<( Y o)

[nd]<lil<n [nd]<lil<n

The first term converges to zero as ¢ tends to zero and the second converges
to zero for fixed 6 as n — oo.

Step 3 Finally, condition (iii) is an immediate consequence of (8.27).
This concludes the proof. O

8.5 Applications to Fractional Brownian Motion

In this section we apply the theorems established in the previous sections
to derive several results on the asymptotic behavior of functionals of frac-
tional Brownian motion. Fractional Brownian motion B = (BM), is a
mean-zero Gaussian process with covariance given by (see (3.7) for the
case r > 0):

E(BYBY = £ (IsP" + 1™ - 1t - sM),  s,1€eR,

where H € (0, 1) is the Hurst parameter.

Fractional Brownian motion B has stationary increments. More pre-
cisely, the sequence Y}' = B — BM n € Z (called fractional noise), is
Gaussian, stationary, with mean zero, unit variance, and covariance given
by

pu(m) = EGY) = L (ln+ 171 + | = 171 = 21nPM). (8.28)

In the next proposition we show that fractional Brownian motion has finite
1/H-variation. For g > 0 we put ¢, = E(|X|?), X being an N(0, 1) random
variable.

Proposition 8.5.1 Let BY be a fractional Brownian motion with Hurst
parameter H. Fix T > 0 and set t; = iT/n for 1 < i < n. Define AB? =
Bi' — Bl . Then, as n — oo,

n

L2(Q).a.5.
H|1/H
EIABI‘_V —" cyuT.

i=1

Proof By the self-similarity of fractional Brownian motion, the random
variable Y| |AB|'/H has the same law as

T n
Lyt
i=1
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The sequence (Y;' = B! — B! ), is stationary and ergodic. Therefore, the
ergodic theorem implies the desired convergence. O

The covariance (8.28) satisfies py(|n]) ~ HQ2H — 1)|n]*"2 as |n| — oo.
This implies that, for any integer g > 2 such that H < 1 — 1/(2¢), we have

Dl < oo,
VEZ

As a consequence, Theorem 8.4.2 implies the following asymptotic result
for the Hermite variations:

1 n _C
7 D hy(BY - BL) = N, 0F,,),
k=1

for each g > 2, where O'%Lq =q! Yz pu(v)i.

More generally, the Breuer—Major theorem (Theorem 8.4.2) leads to the
following convergence, taking into account that |x|? — ¢, has Hermite rank
1 when ¢g > 0 is not an even integer.

Theorem 8.5.2 Suppose that H < % and q > 1 is not an even integer. As
n — oo, we have

1 « r _
Vi Z (”qH|Ak,nBH|q - Cq) — N(0,57,)
=1

where A, B" = Bjj — Bji_,, and G, = Y01 qlag Yyez pu(v).
In the case of a quadratic variation, Proposition 8.3.1 allows us to deduce

the rate of convergence in the total variation distance. Define, forn > 1,

n

Su= ) (AuaB"

k=1
Then, from Proposition 8.5.1,

_ L*(Q),as.
nZH lSn hanc |

as n tends to infinity. To study the asymptotic normality associated with
this almost sure convergence, consider

n n

Fy=— (B - 1) £ = 3 (B - B - 1),

Tnia k=1

where o, is such that E(F?) = 1. With this notation, we have the following
result.
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Theorem 8.5.3 Assume H < % and let X be an N(0, 1) random variable.
Then, lim, o 02/n = 23,7 p3(r) and

n1? ifHe (0,3),
drv(Fp, X) < cu X4 n'2(logn)’? ifH=2
n4H—3 lfH c (8’ :

Proof There exists a sequence (e )= in L*([0, o)) such that

(ex, epyu = pulk — j).

The sequence (B(ex))r>1 has the same law as (BE - B,EI_ k=1, and we may
replace F, by

= — Z(B(ek) - 1) = L(f),

where

By the isometry property of multiple integrals,

(000 = Zpﬁ(k p—i—"Z(l—m) PH(r).

” k,j=1 n |r<n

1 =EGy) = 2lIflI7

Since 3,z pj(r) < o, because H < 2 we can deduce that lim, .. 02/n =

2 Zrezpﬁ(”)-
We can write D,(I(f;)) = 21,(f,(-, r)) and

DI = 4(B @1 f) +IIE) = 410 ®1 f) +2.
Therefore

Var (ID((S)IF) = 16E ((B(f, @1 £))°)
= 3201, 1 full o)

32
= Z pu(k = Ppu(i = Opuk = Hpu(j = )
O-" k,jit=1
< 2 S - 0
” i,t=1
32
< nZ(pn pn)(k) __”pn*pn”(z(z)»

On kezZ
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where p, (k) = [ou(k)[1jx<n-1,- Applying Young’s inequality yields

2 4
llon *pn”gz(z) < ||,0n||g4/3(Z),

so that
Var (ID(2(f)I) < %’f( l; |pH<k>|4/3)3.
Thus,
dry(F, X) < 4:22_”(“2 a7
and the result follows from py (k) ~ HQ2H — 1)|k[*"~2 as |k| — oo. o

As a consequence, we have established the following convergence in
law:

VAS, - 1) 5 N (0, 2 sz(r)).

rez

These results on the quadratic variation can be applied to the estimation
of the Hurst parameter. Consider the estimator of H from the observations
B}, 1 < k <n, given by

logs$,
2logn’

A

_1
"2

Then, Pln is strongly consistent; that is, it satisfies ﬁ,, Y Hand is asymp-
totically normal. In other words,

. 1
Vitlogn(f, ~ H) = N (0,5 3" ph(1).
2 rez
In Nourdin and Peccati (2015) the following optimal version of the
fourth-moment theorem was derived.

Theorem 8.5.4 Consider a sequence of random variables (F,),s| in the
chaos H,, where q > 2. Suppose that E(F 2) = 1. Let X be an N(0,1)
random variable. Then there exist positive constants ¢ and C such that

cM(F,) < dry(Fy, X) < CM(F)),

where M(F,)) = max([E(F3)|, E(F*) - 3).
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As a an application of Theorem 8.5.4, it was shown in Biermé ez al.
(2012) that the sequence F, = o' ¥i_, ((BkH - B! )* - 1) satisfies

nt? if He (0,2),
dry(Fy, X) < cu X § n”'2(logn)* if H= 2,
noH-9/2 ifHe (2,2

8.6 Convergence of Densities

The total variation distance between the laws of two absolutely continu-
ous random variables F and G is equivalent to the L!'(R) distance of the
densities, and we have the identity

drv(F,G) = f lpr(x) = pe(x)ldx,
R

where pr and pg are the densities of the random variables F and G, re-
spectively. Therefore, Proposition 8.3.3 implies the convergence in L'(R)
of the density of a random variable in a fixed chaos to the standard Gaus-
sian density. Under nondegeneracy conditions on the norm of the Malliavin
derivative (similar to the conditions imposed to ensure the existence and
regularity of densities), one can estimate the uniform distance between the
densities. This is the content of the next result, proved by Hu et al. (2014b).

Theorem 8.6.1 Let F € H,, g > 2, such that E(F?) =1 and E(||DF||;,6) <
M. Then

su]g Ipr(x) = p(x)| < Cpg VE(F?*) =3,

where ¢ is the density of the law N(O, 1).

Using the notion of the Fisher information, Nourdin and Nualart (2016)
provided a proof of this theorem under the weaker assumption
E(IDF||;"¢) < M for some € > 0.

Proof of Theorem 8.6.1 Using the density formula (7.1), property (3.5),
and 0DF = gF, we can write

pr(x) = E(1{F>x>5 (ﬁ))

qF 5
:E(l >X—)—E 1,7-.(DF, D(|DF
i ip e )~ E(liesa(OF DUDFI )

= E(lip>yF) + E (qIDFI;7 - 1) = E (L (DF, DIDF|[;))n) -
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The quantities E(|g||DFI|;? — 1|) and E((DF, D(||DF||;?))ul) can be esti-
mated by a constant times +/E(F*) — 3. Taking into account that

o(x) = E(Lix>X),
where X has the N(0, 1) distribution, it suffices to estimate the difference
E(I{F>x]F) - E(I{X>x|X)’

which can be done by Stein’s method and the Malliavin calculus. We omit
the details of the proof of these two estimations. O

Example 8.6.2 Let g = 2 and F = Y2, 4:(B(e;)* — 1), where (€)1 is
a complete orthonormal system in H = L*([0, o)) and A; is a decreasing
sequence of positive numbers such that } >, /1? < co. Suppose that E(F?) =
1. Then, if Ay # O for some N > 4, we obtain

sup |pr(x) — ¢p(x)| < Cy.ay A%
Sup pr(2) = ¢ N,M;,

We can also establish the uniform convergence of densities in the frame-
work of the Breuer-Major theorem. Fix g > 2 and consider the sequence

Vn = % i i ajhj(Yk), ag * 0,

k=1 j=d

where ¥ = (Yi)rez is a centered Gaussian stationary sequence with unit
variance and covariance p(v). The following result was proved by Hu et al.
(2015).

Theorem 8.6.3 Suppose that the spectral density f, of Y satisfies log(f,) €
LY([-r, n1]). Assume that ¥, [p(W|? < co. Set 0% := q!aﬁ Sz P! €
(0, 00). Then, for any p > 1, there exists an ngy such that

supE (IDV, ]I}/ < oo. (8.29)

nxngp

Therefore, if g = d and F, = V,,/ \JE(V?), we have

— E(F%) - 3.
igﬂglppn(x) Pl < c\[E(F})

Sketch of the proof of Theorem 8.6.3 From the non-causal representation
Y, = Z;‘;O Y jwi—j, where w = (Wy)iez is a discrete Gaussian white noise, it

follows that
1 n n q 2
2 ’ .
IDVLIE, > = (D D il (Yoo = Ko

m=1 k=m j=d
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Fix N and consider a block decomposition K, = YV, K', where K' is the
sum of n/N squares. We use the estimate

N
K;p/z < l_[( K,i ) PIeN)

i=1

and apply the Carbery—Wright inequality (see Carbery and Wright, 2001)
to control the expectation of (K!)™/@M if p/(2N) is small enough. This
inequality says that there is a universal constant ¢ > 0 such that, for any
polynomial Q: R" — R of degree at most d and any @ > 0, we have

E(QQ(X1,.... X)) ®P(Q(X,,.... X)) < @) < cda'?,
where X, ..., X, are independent random variables with law N(0,1). O

This theorem can be applied to the increments of a fractional Brownian
motion with Hurst parameter H € (0, 1); that is, ¥, = B! - B! |, k >
1. In this case, the spectral density satisfies the required conditions. As a
consequence, we obtain the uniform convergence of densities to ¢ for the

sequence of Hermite variations F, = V,,/ E(V,f), where

1 n
Vy=— % h,m"A,,BY), q>2,
P

for 0 < H < 1 -1/(29), where A,,B" = B} — B;_, . In the particular
case g = 2, weneed H € (0, %) and we have
n~/? if He (0,3),
sup |pr, (x) = ¢(x)| < ¢ A[E(F) =3 < cuq n™"*(logn)*? if H= 3,
e ptH=3 ifHe (3,3

82 47"

The following further results on the uniform convergence of densities
were also proved by Hu et al. (2014b).

(i) One can show the uniform approximation of the mth derivative of
pr by the corresponding mth derivative of the Gaussian density ¢,
under the stronger assumption E(||DF |Ij ) < oo, for some 8 > 6m +
6(lm/2] Vv 1).

(i) Consider a d-dimensional vector F, whose components are in a fixed
chaos and which is such that E((detyr) ) < oo for all p, where yg
denotes the Malliavin matrix of F. In this case, for any multi-index
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B=(B,...,B:), 1 <B; <d, one can show that

d
sup |3 () = a0 < o1 = L' + )" \[ECFD - 3B )
=1

xeR4

where C is the covariance matrix of F, I; is the identity matrix of
order d, ¢, is the standard d-dimensional normal density, and ds =
8| (Oxp, - - - Oxp,).

8.7 Noncentral Limit Theorems

In this section we present some results on convergence in distribution to a
mixture of normal densities, using the techniques of Malliavin calculus.

Definition 8.7.1 Let (F,),>; be a sequence of random variables defined on
a probability space (Q2, ¥, P). Let F be a random variable defined on some
extended probability space (€', ¥, P"). We say that F,, converges stably to
Fif

(FnY) =5 (F.Y) (8.30)
as n — oo, for every bounded 7 -measurable random variable Y.

Suppose that B is a Brownian motion defined on a probability space
(Q, ¥, P) such that ¥ is generated by B.

Theorem 8.7.2 (Nourdin and Nualart, 2010) Let F,, = 6(u,,), where u, €
D>*2(H). Suppose that sup, E(|F,]) < oo and there exists a nonnegative
random variable S such that:

@) (s, DF,)y — S%as n — oo; and,
(i) forall h € H, {uy, by — 0 as n — co.

Then F, converges stably to nS, where n is an N(0, 1) random variable
independent of B.

Proof 1t suffices to show that
L
fn = (FnaB) — f = (FtXHB)’
where F,, satisfies, for any 4 € R,
E(eF~|B) = e V'S, (8.31)

Since F, is bounded in L'(Q), the sequence &, is tight. Assume that ¢ is
the limit in law of a certain subsequence of &,, denoted also by &,. Then
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¢ = (F, B) and it suffices to show that (8.31) holds. Fix A,...,h, € H, let
Y = o(B(hy),...,B(hy)), with ¢ € C;°(R™), and set

$u() = B(e"TY).
We will compute the limit of ¢/,(1) in two different ways:

1. Using that F, is bounded in L'(€2) and the convergence in law of &,, we
obtain

¢/ (1) = iB(" " F,Y) — (e~ F.Y). (8.32)
2. Using Malliavin calculus we can write

¢/ (V) = i F,Y) = iB(e™"6(u,)Y)
= iBUD(E""Y), ua)p)
= —AE(e"""(u,, DF,)yY) + iE(e"" (u,, DY) p).

Then, conditions (i) and (ii) of the theorem imply that
¢/ (1) = iB(e™"F,Y) — iB(e"~S?Y). (8.33)
As a consequence, from (8.32) and (8.33) we get
iE(e"f~F,Y) = —AE(e""~S?Y).

This leads to a linear differential equation satisfied by the conditional char-
acteristic function of F,

d . .
S IB) = ~S*AE(""~|B),

and we obtain (8.31), which completes the proof. O
It turns out that
(up, DF )y = “un”%-[ + (tty, 6(Duty)) .

Therefore, a sufficient condition for (i) to hold is:

1 1
(i) llualy, = S and (u,, 6(Duy))y — 0.

This result should be compared with the asymptotic Ray—Knight theorem
for Brownian martingales (see Revuz and Yor, 1999, Theorem (2.3), p.
524):

Proposition 8.7.3 If u, = (u,(!)eor, 1 = 1, is a sequence of square
integrable adapted processes then F,, = 6(u,) = fOT u,(s)dB, and the stable
convergence of F, to N(0,S?) is implied by the following conditions:
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@) for Uy(s)ds = 0, uniformly in t;
(i) [ un(s)?ds — S in L'(Q).

Theorem 8.7.2 can be extended to multiple divergences. The proof is
similar and is therefore omitted.

Theorem 8.7.4 (Nourdin and Nualart, 2010) Fix an integer g > 1. Let
F, = 6%(u,), where u, is a symmetric element in D*21(H®7). Suppose that
sup, |Fullyp < oo for any p > 2 and

1
(i) (i, DUF,Yppss — S2,
(i) (ttp, hYges — 0 in L' for any h € H*, and u, ®; D'F, — 0 in L? for
allj=1,...,qg- 1.
Then F, converges stably to nS, where n is an N(0, 1) random variable
independent of B.

Stein’s method does not seem to work in the case of a random variance.
Nevertheless, it is possible to derive rates of convergence using different
approaches. The next result provides a rate of convergence in the context
of a mixture of normal laws, and its proof is based on the interpolation
method.

Theorem 8.7.5 (Nourdin et al., 2016a) Let F = 6(u), where u € D>?(H).
Let S > 0 be a random variable such that S* € D'?, and let 1 be an N(0, 1)
random variable independent of B. Then, for any ¢ € Cg(R),
[E((F)) — E(@(Sm)| < Lll¢” lE((u, DF )y — S?))
+ 111"l E(I(ut, DS ) 4]).

Proof Notice that S is not necessarily in D'2. However, if we fix € > 0
and set S, = VS2 + ethen S, € D'2. Let g(r) = E(o( VtF + V1 —tS 1)),
t € [0, 1]. Then

1
E(o(F)) — E(e(Sem) = g(1) — g(0) = f g'(ndt.
0
Integrating by parts using F' = d(u) yields

€0 = $(e (e T - )

= %E(¢"(\ﬁF+ V1 -1S.m)

?n(u, DS 9y - 52))

x((u, DF)y +
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Integrating again by parts with respect to the law of r yields
g0 = YE("(VIF + NT=1S ) (@, DFy - 57)

1 -t 117 2
+ 4—\/215(90 (VEF + NT=18 c)u, DS )

where we have used the fact that S.DS. = $DS? = 1DS?. Finally, inte-
grating over ¢ yields

[E((F)) — E(p(S )| <3 ll¢” lleo B(Kus DF )y = S ~ €)

M-t
+ 1l llo E(IKut, DS Y| f —dt,
@ ( H) o 4\/;

and the conclusion follows because

O

Noncentral limit theorems arise in a wide range of asymptotic problems,
and the techniques of Malliavin calculus have proved to be useful to show
the convergence in law to a mixture of Gaussian laws and to analyze the
rate of convergence. For instance, we mention the following:

1. the asymptotic behavior of weighted Hermite variations of a fractional
Brownian motion (see Nourdin ef al., 2010a; Nourdin and Nualart, 2010;
Nourdin et al., 2016b);

2. the approximation by Riemann sums of symmetric integrals with respect
to fractional Brownian motions for critical values of the Hurst parame-
ter and It6’s formulas in law (see Burdzy and Swanson, 2010; Nour-
din et al., 2010b; Harnett and Nualart, 2012, 2013, 2015; Binotto et al.,
2018);

3. the fluctuation of the error in numerical approximation for stochastic
differential equations (see Hu et al., 2016).

Exercises

8.1  Show Proposition 8.1.7.
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8.2 Let X; and X, two random variables with laws N(0, 0'%) and N(O, o-%), re-
spectively, where o1 > 0, 02 > 0, and 01 > 0. Show that

2
drv(X1,X2) < ;kf% - o),
1

1
dkoi(X1,X2) < — o} — o3,
T

2/r
dw(X1,X2) < —5=lo 7 — 73],
9

8.3  Show that the sequence F = fol uE")dB, where B is a Brownian motion and

uﬁ”) = V2n"exp(B,(1-1), 0<t<]1,

converges in law to the distribution N(0, 1).
8.4 Let B = (By)»0 be a standard Brownian motion. Consider the sequence of
1t6 integrals

1
F, = «/ﬁf "B,dB,;, n>1.
0

Show that the sequence F,, converges stably to S as n — oo, where 77 is a
random variable independent of B with law N(0, 1) and S = |B|/ V2.

8.5 Let BY = (B}{),Zo be a fractional Brownian motion with Hurst parameter
H > % Consider the sequence of random variables F,, = 6(u,), n > 1, where

un(t) = nHt”B,l[o’l](t).

Show that, as n — oo, the sequence F, converges stably to iS, where 1 is a
random variable that is independent of B with law N(0,1) and S = cHIBIfI,
with cy = VHCZH - DI'CH - 1).

8.6  In Exercises 8.4 and 8.5 find the rates of convergence to zero of |[E(¢(F,)) —
E(¢(Sm)|, where ¢ € C;(R).
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Jump Processes

In this chapter we introduce Lévy processes and Poisson random measures.
We construct a stochastic calculus, with respect to a Poisson random mea-
sure associated with a Lévy process, which includes 1t6’s formula, the in-
tegral representation theorem, and Girsanov’s theorem. Finally, we define
multiple stochastic integrals and prove the Wiener chaos decomposition
for general Poisson random measures. For more detailed accounts of these
topics we refer to Sato (1999) and Appelbaum (2009).

9.1 Lévy Processes

A stochastic process X = (X;)»0 is said to have cadlag paths if almost all
its sample paths are cadlag, that is, continuous from the right with limits
from the left.

Definition 9.1.1 A real-valued process L = (L,);»o defined on a proba-
bility space (Q, ¥, P) is called a Lévy process if it satisfies the following
conditions.

(1) Almost surely Ly = 0.
(i) Forall 0 <1, < --- < t, the increments L, — L, ,,...,L,, — L, are
independent random variables.
(iii) L has stationary increments; that is, if s < ¢, the increment L, — L, has
the same law as L,_;.
(iv) L is continuous in probability.
(v) L has cadlag paths.

Properties (ii) and (iii) imply that for any ¢ > O the random variable L,
is infinitely indivisible. Moreover, the characteristic function of L, has the
following Lévy—Khintchine representation:

E(exp(iul,)) = exp(ty(u)), forallu e R, 9.1)

158
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where i is the characteristic exponent of the random variable L; and is
given by

a2

2
ll/(u) = lﬂu - TM + f(e"‘z -1- l'MZIHZE”)V(dZ). 9.2)
R

Here 8 € R, a® > 0, and v is the Lévy measure of L, which is a o-finite
measure on B(R) satisfying v({0}) = 0 and

f (1 A lzP)(dz) < oo.
R

We call (B, a?,v) the characteristic triplet of L. Moreover, £ is called the
drift term and « the diffusion coefficient.

Conversely, it can be proved that given a triplet (3, a?,v), with 8 € R,
@ > 0, and v a Lévy measure, there exists a unique (in law) Lévy process
L such that (9.1) and (9.2) hold (see Sato, 1999, Theorems 7.10 and 8.1).

Example 9.1.2 (Brownian motion with drift) The process X, = aB, + t
is a Lévy process with continuous trajectories and characteristic triplet
(B, @%,0). Moreover, any Lévy process with continuous trajectories is a
Brownian motion with drift.

Example 9.1.3 (Poisson process) Let (7;);»; be a sequence of independent
exponential random variables with parameter A > 0, and let 7, = >.7_, ;.
Then, the process N = (N,),»¢ defined by

N, = Z l{tZT,,]

n>1

is called a Poisson process with intensity A. For any ¢ > 0, the random vari-
able N, follows a Poisson distribution with parameter At (see Exercise 9.1).
The Poisson process is a Lévy process with characteristic triplet (0, 0, v),
where v = A6, and ¢, is the Dirac measure supported on {1}. Observe that
the trajectories of N are piecewise constant with jumps of size 1.

Example 9.1.4 (Compound Poisson process) The compound Poisson pro-
cess with jump intensity A > 0 and jump size distribution y is a stochastic

process (X;)»o defined by
N,
X, =¥,
i=1

where (Y;);>1 is a sequence of independent random variables with law u
and N is a Poisson process with intensity A and independent of (Y);»;.
By convention, X, = 0 if N, = 0. In other words, a compound Poisson
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process is a piecewise constant process which jumps at the jump times of
a Poisson process and whose jump sizes are i.i.d. random variables with a
given law. This defines a Lévy process with characteristic triplet (0, 0, v),
where v = Au.

9.2 Poisson Random Measures

Let (Z, Z, m) be a measure space, where Z is a complete separable metric
space, Z is the Borel o-field of Z, and m is a o-finite atomless measure.
Consider the class Z,, = {A € Z : m(A) < oo}.

A Poisson random measure is defined as the following integer-valued
random measure.

Definition 9.2.1 A Poisson random measure with intensity m is a collec-
tion of random variables M = {M(A), A € Z,,}, defined on some probabil-
ity space (Q, ¥, P), such that:

(i) for every A € Z,,, M(A) has a Poisson distribution with parameter
m(A);

(ii) for every Ay,...,A, € Z,, pairwise disjoint, M(A)),..., M(A,) are
independent.

We then define the compensated Poisson random measure as
M = (M(A) = M(A) - m(A),A € Z,,}.

The following result concerns the construction of Poisson random mea-
sures in such a way that they are point measures on a finite or countable
number of different points.

Theorem 9.2.2 Let m be a o-finite atomless measure on a complete sep-
arable metric space (Z, Z,m). Then there exists a Poisson random measure
M with intensity m. Moreover, M has the form

N
M(A) = ) 6x,(A), A€ Zy, 9.3)

J=1

where X;, j = 1,..., N, are random points, N < oo is a random variable,
and almost surely X; # X for j # k.

Proof First assume that m(Z) < oco. In this case, we can consider a se-
quence of independent random variables N, X;, X5, ..., where N has a Pois-
son distribution with intensity m(Z) and P(X; € A) = m(A)/m(Z), for all
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j>land A e Z,. Forall A € Z,, we set

N
M(A) = 3" 14(X)).
=1
Clearly, M satisfies (9.3) and has exactly N atoms because m is atomless.
We next compute the finite-dimensional distributions of M.

By conditioning first on N, we find that, for every collection of pairwise
disjoint sets Ay, ..., Ay € Zyand &,...,& € R,

E ( exp (i ]Z:: &M(A ,-))) =E ( ]j exp (i ]Z:“ glej(Xg)))
-5 (e e 0n)))

Because the A are pairwise disjoint, the indicator function of (A;U- - -UAy)“
isequalto 1 - Z];:1 1,4, and hence, for all z € Z,

k k k
exp (iijlAj(z)) = Z lAj(Z)eifj +1-— Z 14,(2)
j=1 j=1 j=1

k
=1+ > 1@ = 1),

=1

Therefore
k k
E(exp(i ijlA_f<X1>))= Z m(A)Im(Z)) (€% = 1),
J=1

and hence

B(exp (1) eap)) = £((1+ Y (miapm@) - 1))
j=1

j=1

.

Finally, using the fact that E(*¥) = exp(-m(Z)(1 — r)), for all r € R, we
conclude that

E(exp (izklij(Aj))) = exp( - Zk: m(A;)(1 - eigf)).
=1 =1

This implies that the random variables M(A;), 1 < j < k, are independent
and have Poisson distributions with parameter m(A ). So, the desired result
follows in the case where m(Z) < oo. In the general case, we can find
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pairwise disjoint sets Z;,Z,,... € Z such that Z = U‘j’ilzj and m(Z;) < oo
for all j > 1. We can then construct independent Poisson random measures
M, M,, ..., as in the preceding construction, where each M is based only
on subsets of Z;. Then, we set M(A) = 352, Mj(ANZ)) forall A € Z,.
Because a sum of independent Poisson random variables has a Poisson
distribution, it follows that M is a Poisson random measure with intensity
m. Moreover, M has the form (9.3) with N = co. This concludes the proof.

O

Definition 9.2.3 The canonical probability space (€2, 7, P) of a Poisson
random measure is called the Poisson space and is defined as follows:

e Q) is the set of nonnegative integer-valued measures on Z, that is,
Q:{w:ZcSZf,neNU{OO},szZ}; 9.4)
=0

e P is the unique probability measure such that the canonical mapping
MA)w) = w(d), A€,

is a Poisson random measure;
e ¥ is the P-completion of the o-field generated by the canonical map-
ping.
By taking the law of the Poisson random measure constructed in Theo-
rem 9.2.2, we deduce that the Poisson space exists and that

PlweQ:dzeZ:w({z}) >1)=0. 9.5)

In the next chapter the Poisson space will play an important role in the
construction of the Malliavin calculus with respect to a Poisson random
measure. For the rest of this chapter, we assume that (Q, 7, P) is an arbi-
trary probability space.

Example 9.2.4 (Jump measure of a Lévy process) Let L = (L,)»0 be a
Lévy process with Lévy measure v. Set Ry = R \ {0} and consider the set

A, ={A € B(Ry) : v(A) < o0}.
Forany 0 < s < tand A € A,, define

N((s, 11, A) = Y 14(AL), 9.6)

S<r<t

where AL, = L, — L,_. By convention, Ly = 0.
The random variable N counts the number of jumps of the Lévy process
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L between s and t such that their sizes fall into A. One can show (see
Sato, 1999, Theorem 19.2) that N can be extended to a Poisson random
measure in (R, X Ry, B(R, X Ry)) with intensity dt v(dz) and, for all A €
A,, v(A) = E(N([0, 1], A)). We write N(t,A) for N([0, t],A). The measure
N(t,A) = N(t, A)—v(A)t is the corresponding compensated Poisson random
measure.

For any r > 0, we denote by ¥; the o-field generated by the random
variables {N(s,A),A € A,, s < t} and the P-null sets of F. We call ()0
the natural filtration of N. Then, for any A € A,, the process (N(z, A)),0 is
an ¥,-martingale (see Exercise 9.2).

9.3 Integral with respect to a Poisson Random Measure

Consider a Poisson random measure M on a complete separable metric
space (Z, Z, m), where m is a o-finite atomless measure. In this section we
define the integral of functions in L*(Z) with respect to the compensated
Poisson random measure M.

We consider the set S of simple functions

n

h) = )" ajly, @), 9.7)

J=1

where n > 1 is an integer, ay,...,a, € R, and Ay, ..., A, € Z,,. We define
the integral of a simple function 4 € S of the form (9.7), with respect to M,
by

fz M) = ) a;M(A)),

J=1

and we denote it by M(h). This defines a linear mapping & — M(h) from
S ¢ LX(Z) into L*(Q) with the following properties:

E(M(h) =0, EMHhY) = I, = f W (2m(dz).
z
As S is dense in L*(Z), we can extend the definition of the integral as a

linear isometry from L*(Z) to L*(Q). In particular, the following isometric
relation holds for every h, g € L*(Z):

E(M(h)M(g)) = f h(z)g(z)m(dz).
VA
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Moreover, for every h € L*(Z), the random variable M(h) has an in-
finitely divisible law, with Lévy—Khinchine characteristic exponent

U(u) = 1ogE(ei"M<h>) = f (€™ — 1 = juh(z))m(dz), forallu € R.
Z

Example 9.3.1 Consider the jump measure N associated with a Lévy
process L with characteristic triplet (8, a?, v). Since f{lzl<1 } 2v(dz) < o0, we

can consider the integral
!
f f zN(ds, dz).
0 Ji<n

Then we have the following representation of the Lévy process (see Sato,
1999, Chapter 4, and Appelbaum, 2009, Theorem 2.4.16):

! !
L,:,Bt+a/B,+ff zN(ds,dz)+ff zN(ds,dz),  (9.8)
0 Jisn) 0 Ji>1)

where B is a Brownian motion independent of N and

!
f f eN@s.d) = Y ALLpy(AL),
0 JzI>1}

0<r<t

which is well defined since fuz\>ll v(dz) < oo.

9.4 Stochastic Integrals with respect to the Jump Measure of a
Lévy Process

In this section we consider the Poisson random measure N associated with
a Lévy process, and we define a stochastic integral with respect to the com-
pensated Poisson random measure N for the class of predictable and square
integrable processes defined below. We recall that (7;),»0 denotes the natu-
ral filtration of N.

A stochastic process u = {u(t,z),t > 0,z € Ry} is called adapted if u(z, z)
is F,-measurable for all # > 0 and z € R,. Moreover, u is called predictable
if it is measurable with respect to the o-field generated by the sets

{BX (s,t]XxA,BeF,,0<s<t,AecBRy}.

Notice that any adapted and left-continuous process (in #) is predictable.
We denote by L*(P) the set of stochastic processes u: QX R, xRy — R
that are predictable and satisfy

f f E@?(t, 2))v(dz)dt < co.
R, JRg
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Let € denote the set of elementary and predictable processes of the form

m n—1

u(t,2) = D Fijlin O, @), 9.9)

j=1 i=0

where 0 < 15 < --- < t,, all F;; belong to ¥, and are bounded, and
Ay, ..., A, are pairwise disjoint subsets of A, .
We define the integral of u € & of the form (9.9) with respect to N by

m n—1
f f u(t, ON(dt,dz) = ) > Fi Nt i1, A)). 9.10)
R JRo j=1 i=0

This defines a linear functional with the following properties:

Lemma 9.4.1 Foranyu € &,

E( f f u(t,z)N(dt,dz)):O ©.11)

R, JRgy

E( f f u(t,z)zv(dt,dz,))2 _ f f EGA(L DW(d)dr.  (9.12)
Ry JRg Ry JRy

Proof By the definition of N, for eachj=1,...,mandi=0,...,n-1,

and

E(N((t;, 1111, A/)) = 0.

Hence, using the linearity of the expectation and the fact that N ((ti, ti11,A))
is independent of ¥, we obtain (9.11).
In order to prove (9.12) we use again the linearity of the expectation, to

write
R 2
E( f f u(t,z)N(dt,dz))
Ry JRy

m n—1

= > D E(Fil i, 111, ADFp N (1, ], A))

Jt=1i,p=0

Observe that, for any indices i, j, £, and p < i, since N((ti, ti+1],A;) is inde-
pendent of ¥, we have

E(Fi Nt 1L ADF Nt 1011, AP)
= B(F;jF N (1), tp1]. AD) E(R((11. 1111, A7) = 0,
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and similarly for p > i. Therefore,

E( f + fR ut HNds, dz))2

m n-1

= > D E(Ful (s ], ADFi N (1, 11211, Ap)

jt=1i=0

Then, using property (ii) of a Poisson random measure (see Definition
9.2.1), we get

m n—1

f f u(t, 2)N(dt, a’z)) ZZE(F DE (N (15 1121). A %)

j=1 i=0

m n—1

= > 3 EF) (b1 — 1)V(A)),

j=1 i=0
which concludes the proof. O

The set & is dense in L2(P) (see Appelbaum, 2009, Lemma 4.1.1). There-
fore, using the isometry property (9.12), we can extend the stochastic inte-
gral to the class L*() in such a way that it is a linear isometry from L*(P)
into L(Q) satisfying (9.11) and (9.12).

We denote by L2,(P) the set of stochastic processes u: QXR, xRy — R
that are predictable and satisfy

flf E@u?(s, 2))v(dz)ds < oo,
0 JRro

for all # > 0. For any process u € L% (), by considering the restriction of
u to each interval [0, ], we can define the indefinite integral process

{fotfR u(s, IN(ds, d2), 1 = 0}.

This process is an ¥ ;-martingale (see Appelbaum, 2009, Theorem 4.2.3).
We next extend the stochastic integral to the set LIOC(P) of stochastic
processes u: QX R, X Ry — R that are predictable and satisfy

P( f f uz(s,z)v(dz)ds<oo)=1,
0 Ro

for all #+ > 0. The extension of the stochastic integral is based on the fol-
lowing result.
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Proposition 9.4.2 Letu € & Then, forall T, K, 6 > 0, we have

P( f ' f u(t, N1, d2)| > K)< i+P( f ' f WAt z)v(dz)dt>6)
0 Ro ’ ' h a K2 0 Ro o ' - .

Proof Letu € Ebe of the form (9.9) withO <7y <---<t, =T.Fixd >0
and let ns be the largest integer less than or equal to n for which

ns—1

D F2 (i = t)V(A) < 6.

i=0

Ul
—_

j
Consider the process

m n—1

W2 = D Filizn 1 L1y, ().
j=1 i=0

Observe that the event {i < ns_} is F,-measurable, so the process u° is
predictable and elementary. Then, using Chebyshev’s inequality, we obtain

T
P( f f u(t. N, dz)
0 Ro
T
=P( f f u(t. N1, dz)
0 Ro
T
+P( f f u(t, 2)N(dt, dz)
0 Ro
T
f f W1, 2)N(dt, dz)
0 Ro

B L, w2 vdzd) r
< + P(f f W (t, 2)v(dz)dt > 6)
0 JRo

2 &)

>K,ns = n)

> K,I’l§ :ﬁl’l)

v

> K)+P(n5 #n)

K2

6 T
< e + P(f(; .]1;0 W (t, 2)v(dz)dt > 6).

Now let u € L? (). Then we can find a sequence of processes u™ in &

(see Exercise 9.3) such that, for all T > 0, the sequence

T
f f (e, x) = w1, Pt
0 Ry

converges to zero in probability. By Proposition 9.4.2, for any m,n € N,

O
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K,6 >0,

d

2 &)

T
f f ("™, x) = u(2,2)) N(dr, dz)
0 Ro

T
< % y P( f f ™ 1, x) = w2, P (d2)dr = 5).
0

Ro

Therefore, the sequence

T
f f u"(t,2)N(dt, dz)
0 Ro

is Cauchy in probability, and thus converges in probability. We denote the

limit by
T
f f u(t, 2)N(dt, dz)
0o Jr

and call it the (extended) stochastic integral. The process (M;),»o defined
by M; = fot &0 u(s, 2)N(ds, dz) is a local martingale (see Appelbaum, 2009,
Theorem 4.2.12).

As a consequence of Proposition 9.4.2, we have the following result.

Corollary 9.4.3 Letu € L? (P). Then

loc
T A T A
limf f u(s,z)N(ds,dz)zf fu(s,z)N(ds,dz),
= Jo o Jld=1/n) 0 JRrg
in probability.

Proof By Exercise 9.4, Proposition 9.4.2 extends to all u € Li)c(‘P). Then,
for all 6, € > 0, we have
= E)

T
P f f u(t, DNt dz)
0 {0<|z|<1/n}

(5 T
<5+ P( f f W’ (1, )v(dz)dt > 6),
€ 0 J{o<lz<1/n}

from which the desired result follows. O

9.5 1to’s Formula

We next give Itd’s formula for jump processes. We assume that L = (L;),»0
is a Lévy process with the representation (9.8), where B is the associated
Brownian motion and N is the Poisson random measure defined by the
jumps of L. In this section (7;),»¢ is the filtration generated by B and N.
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Motivated by the representation (9.8), we define the following class of
processes.

Definition 9.5.1 We say that a stochastic process X = (X;);»o is an [t6—
Lévy process if it can be written in the form

! ! !
X, = Xo + f o dB; + f byds + f f c(s,2)N(ds, dz), (9.13)
0 0 0 JRg

where 0: QX R, > R, b: QXR, > R andc: QXR, xRy = R are
predictable processes such that, for all ¢ > 0,

3
f (o-f + by +f (s, z)v(dz))ds < +00  as.,
0 Ro

and X, is an Fy-measurable random variable.
The next result gives 1t6’s formula for an [t6—Lévy process.

Theorem 9.5.2 (It6’s formula) Let f: R, X R — R be a function of class
C'2. Suppose that X is an It6—Lévy process of the form (9.13). Then, the
process Y, = f(t,X,) is also an Ito—Lévy process with representation

Y, Zf(O,X0)+f a—f(s,Xs)ds+f 6—JC(S,XS_)dX‘Y
0 ot 0 ox

1 (M of ,
+§LE(S,XA.)0'JdS

of ) 9.14)

+ 9Xs - 9Xs— - AXY_ ’ Xs—

)y (765 %0 = 5. X0 - A%, 2o (5. %)
which holds a.s. for all t > 0.

Proof For simplicity, we assume that f does not depend on time. The
time-dependent case could be proved using similar arguments. The proof
is divided into different steps.

Step I~ We first assume that X has the form

15
X,=X0+ff c(s,2)N(ds, dz),
0 J{zI=1}

where c: Q X R, X Ry — R is a predictable process and f is a function
in CR). Let Z;, = fnz\>1} ZN(t,dz). The jump times of the process Z can be
defined recursively as Ty = 0 and, for each integer n > 1,

T, =inf{t> T, :|AZ|> 1},
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where AZ, = Z, — Z,_. Then, we can write

FX) = fX) = D fX) - fX,) = Z FKinr) = fXonr)

0<s<t

= Z F (Xt + € AT, 0Zupg,,)) = FXinr, o).
=0
Hence, we obtain the formula

F&X) = f(Xo) + f (f(Xs- + c(s5,2) — f(X;-)) N(ds,dz), (9.15)
0 |z]>1

which coincides with (9.14).

Step 2 We next consider the case where X can be written as

f ! !
X, =X+ f odBg + f byds + f f c(s,2)N(ds, dz),
0 0 0 JH{lzI=1}

where c is as in Step 1 and b and o are as above. Let f € C*(R). Using the
stopping times introduced in Step 1, we get

f(X) = f(Xo)

> (F Xz, = f X))

M 1M

(FKinzy ) = F X)) + D (FKinr) = FKinr ) -
j=0

Il
(=]

J

Observe that, when ¢ € (T}, Tj,1), the increment that appears in the first sum
involves only the continuous part of the process, while the second involves
only the jump part. Then, applying It6’s formula for the continuous case
(Theorem 2.4.3) to the first sum and formula (9.15) to the second, we obtain

FX) =f(X) + f F/(X,)ordB, + f FXbids + 1 f F(X)ods
0 0 0

+ f f (f(Xs= + c(5,2)) — f(X;2)) N(ds, dz), (9.16)
0 Jid=1}

which again gives us (9.14).

Step 3 Suppose now that X is an Ito—Lévy process of the form (9.13).
Let f € C*(R) with bounded first and second derivatives. Notice that (9.16)
holds if we replace {|z| > 1} by {|z| > 1/n} for each n > 1.
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Consider the sequence of processes (X,("))nzo defined by

! ! !
X" =Xy + f o,dB; + f bds + f f (s, 2)N(ds, d2).
0 0 0 Hlz=1/n}

Observe that

f 3
0 0 {lz1>1/n}
15
[ asonasdn,
0 J{lzI=1/n}

Then, by formula (9.16), for eachn > 1,
! !
FX) = f(Xo) + f F(X™)or dB, + f F(X™)bds
0 0
t t
- f f FXP)e(s, 2v(do)ds + & f F(XMyo2ds
0 J{lz=1/n} 0

!
[ (o et - ) N do)
0 Jz=1/n)
We can rewrite the last expression as
FX) = f(Xo)
! ! !
- [roeas, [ romasd [ oo
0 0 0

+ f f (FX2 + c(s,20) = FXD)) N(ds, d)
0 J{lzI=1/n}

+ f f (fX + c(5.2)) = FXD) = £/ (X)e(5,2)) v(dz)ds.
0 J{lzI=1/n}

By Corollary 9.4.3, we have that Xt(") — X, in probability, and hence there
exists a subsequence that converges to X; almost surely. Taking the limit
along this subsequence, we obtain

J&X) - f(Xo)
= ft f,(XS)O-SdB‘Y + fl f/(XS)bsds + % ft f"(Xs)U-?dS
0 0 0

+ff(f(Xs—+C(S’Z))_f(Xs—))N(dS,dZ)
0 JRy

+ fo f (f(Xs- + c(5,2) = f(X-) = f/(X-)e(s, D)(dz)ds,
Ro
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which implies (9.14). By an approximation argument, this formula also
holds for f € C*(R). This concludes the proof. ]

9.6 Integral Representation Theorem

In this section we assume that (Q, 7, (¥;)=0, P) is the filtered probability
space of the jump random measure N of a Lévy process. For any 7" > 0,
we denote by L2(P) the restriction of L*(P) to the interval [0, T].

As a consequence of [t6’s formula, we have the following representation
theorem for square integrable #r-measurable random variables.

Theorem 9.6.1 (Integral representation theorem) Fix T > 0, and let F be

a random variable in L*(Q, Fr,P). Then there exists a unique process u in
L2(P) such that

T
F =E(F) + f f u(s, 2)N(ds, dz).
0 Ry

Proof Suppose first that F' = Yy, where Y = (Y)).0,1] 1S given by

I3
Y, =exp ( f f hszdjor) (Z)N(dS, dz)
0 JRg

- f f (exp (hchi @) ~ 1 = byl (@) s
0

Ro
where h € C([0,T]) and R > 0. The random variable Y7 is called the
Doléans—Dade exponential. By 1t6’s formula (Theorem 9.5.2), it is easy to
obtain (see Exercise 9.5)

dv, = ¥, f (exp (o (@)~ 1)t o).
Ry

Hence

T
F=1 +f f YS_(exp (hszlior)(2) — I)N(ds, dz),
0 Ry

which implies the desired representation because E(F) = 1 and the process
u(s,z) = Y,_(exp(hszljor (z)) — 1) belongs to LZT(P). By linearity, the rep-
resentation holds for linear combinations of Doléans—Dade exponentials.

In the general case, any random variable F € L*(Q, F7,P) can be ap-
proximated in L*(Q) by a sequence F, of linear combinations of Doléans—
Dade exponentials. Then we have

T
F, =E(F,) + f f u®(s,2)N(ds, dz),
0 Ro
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for some sequence u™ in L2.(P). By the isometry of the stochastic integral,

T X 2
E((F, — F,)*) = E((‘fo f W (s, z) — u"™(s,2))N(ds, dz)) )
Ro

T
:E( f f (u(")(s,z)—u(”‘)(s,z))zv(dz)ds).
0 JRy

Hence, u™ is a Cauchy sequence in L%(P) and it converges to a process
u in L% (P). Again applying the isometry property, and taking into account
that E(F,) converges to E(F), we obtain

T
F = lim F, = lim (E(F,) + f f W5, DN(ds, d2))
n—oo n—oo O

Ry

T
= E(F) + f f u(s, 2)N(ds, dz).
0 Ro

Finally, uniqueness follows also from the isometry property. O

Example 9.6.2 Consider the process X; = fot fRO zN(ds,dz), t € [0,T].

We want to find the integral representation of F' = X% By It6’s formula
(Theorem 9.5.2),

X; = f f (s + 2 = X2 - 2X, 2)v(d2)ds
0 JRy

+ f l f ((Xs7+z)2—Xf_)N(ds,dz)
0 Ry

=tf zzv(dz)+f f 22X, + 2)N(ds, dz).
Ro 0 JRg

Therefore, we obtain the representation

T
F=T f 2(dz) + f f 22X,_ + 2)N(ds, dz). 9.17)
Ry 0 Ro

Corollary 9.6.3 (Martingale representation theorem) Let (M,)so be a
square integrable martingale with respect to (F,);s0. Then there exists a
unique process u in L*(P) such that

M, = E(M,) + f f u(s, 2)N(ds, dz),
0

Ro

forallt > 0.
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9.7 Girsanov’s Theorem

Assume that (Q, F, (F1)1=0, P) is the filtered probability space of the jump
random measure N of a Lévy process. We next present Girsanov’s theorem
for the Poisson random measure N (see Lépingle and Mémin, 1978, and
Di Nunno ez al., 2009, Theorem 12.21).

Let ¢c: Q X [0,T] Xx Ry — R be a predictable process satisfying
c(s,z) > —1,forall s € [0,T] and z € Ry, and

T
f f (1log(1 + c(s5,2)) I* + c*(s5,2))v(d2)ds < oo a.s. (9.18)
0 Rn

For all € [0, T], set
!
Z; = exp(f f log(1 + ¢(s,2))N(ds, dz)
0 Ry

+f f(log(l+c(s,z))—c(s,z))v(dz)ds).
0 JRy

By It6’s formula (Theorem 9.5.2), it is easy to obtain that (see Exercise
9.7) Z, is the unique solution to the stochastic differential equation

dZt = ZI— f C(t, Z)N(dt7 dz)s ZO = 1
Ro

Theorem 9.7.1 Let c: Q X [0,T] X Ry — R be a predictable process
satisfying c(s,z) > —1, for all s € [0,T] and z € Ry, and (9.18). Assume
that

T
E ( exp (fo fﬁ; ((1 + ¢(s,2)) log(1 — ¢(s,2)) — c(s, z))v(dz)ds)) < o0,

Then, for all t € [0,T], E(Z,) = 1 and (Z,),¢j0,1) is a positive martingale.

By Theorem 9.7.1, the following defines a probability measure Q on
(Qs 7:7‘):
dQ
d—P((u) =Zr(w), w e Q.
We next define the stochastic process

No(t,A) = N(t,A) - v(t,A), Ae€A,,

v(t,A) = Ltﬁc(s,z)v(dz)ds.

where
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Theorem 9.7.2 (Girsanov’s theorem) Under the probability measure Q,
the stochastic process {NQ(I,A),A e A,,t €[0,T]} is a compensated Pois-
son random measure.

9.8 Multiple Stochastic Integrals

Consider a Poisson random measure M on a complete separable metric
space (Z, Z, m), where m is a o-finite atomless measure.

Fix n > 2. We denote by L*(Z") the space of real-valued measurable
functions on Z" that are square integrable with respect to m". We write
L2(Z") to indicate the subspace of L*(Z") composed of symmetric func-

tions. We define the symmetrization & of & in L*(Z") by
- 1
Bt 2) = = D ot Za):

where the sum runs over all permutations o of {1,...,n}. By Jensen’s in-
equality, we have

||7l||L2(z“) < 1allz2zn- (9.19)

We next define the multiple stochastic integral of a function /4 in L*(Z")
with respect to the compensated Poisson random measure M.
Let 7, be the vector space generated by the set of elementary functions
on Z" of the form
k

Wz, ... z0) = Z aj,. j,,1A1><-~-><A,,(Zla s Zn)s (9.20)
Jiseesdn=1
where each a;, _; € R is zero whenever at least two indices ji, ..., j,
coincide and Ay, ..., A, € Z are pairwise disjoints.

Definition 9.8.1 If 4 is a function in 7, of the form (9.20) we define the
multiple stochastic integral of h with respect to the compensated Poisson
random measure M by

k
L= a.;M@A)-- M@,
Jtsejn=1
It is easy to check that the mapping & — I,(h) is linear. Moreover, for
each h € I,, we have I,(h) = I,(h) (see Exercise 9.8). Therefore, it suffices
to restrict ourselves to the case of symmetric functions. Given & € 1, of the
form (9.20), it is easy to check that 4 is symmetric if and only if, for each
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permutation o of {1,...,n}and 1 < ji,..., ju <k, aj..j, = Q..o WE
denote by I the set of functions in 7, that are symmetric.

The multiple stochastic integral has the following isometry property (see
Appelbaum, 2009, Theorem 5.4.4).

Theorem 9.8.2 Lethe I and g € I}, n,k > 1. Then E(1,(h)) = 0 and
E(,(W1(g)) = nh, &) 12z Lin=k)- 9:21)

Now, since the vector space 7, is dense in L>(Z") (see Appelbaum, 2009,
Appendix 5.9), if h € L*(Z") then there exists a sequence (/;);» € I, that
converges to h in L>(Z") as { — oo. Using the above isometry property
(Theorem 9.8.2) and inequality (9.19), we obtain

E((Lu(hy) = L(h)P) = nlllhy = Rl ) < nlllh, = Byl

@ =0

as p,q — 0. Therefore, the sequence (1,(h;))¢; is Cauchy in L?(Q) and is
thus convergent. The multiple stochastic integral of / in L*(Z") is the limit
of the sequence {I,(h;)}¢s1 in L*(Q) and is denoted

I,(h) = f h(zi,. .. z2,) M(dzy) - - M(dz,).
Zn

We observe that I;(h) = M(h). Moreover, Theorem 9.8.2 also holds for
all h € L*(Z") and g € L*(Z").

The next result shows that the multiple stochastic integral of the jump
measure of a Lévy process coincides with the iterated integral.

Proposition 9.8.3 (Appelbaum, 2009, Theorem 5.4.5) Let N be the jump
measure of a Lévy process. Then, for any h € L*>((R, X Ry)"),

Ih—
In(h) :n'f f f f h(tlazl,'--$[nazn)N(d[l’dZ])”'N(dtl’ndzn)'
Ry JRg 0 Ro

We next give a formula for the product of two multiple stochastic in-
tegrals that was proved by, for example, Kabanov (1975) and Surgailis
(1984). Let f € L*(Z") and g € L*(Z"). For any r = 0,...,n A k and
¢=1,...,r, we define the modified contraction f x‘ g of f and g to be the
element of Z"*~"=¢ given by

l
(f *r g)()’l» "yr—f7tl7'--9tn—r7 S1, . ..,Sk_r)
= f f(Zla'--$Zf,yla'"77r—[9tls'--$tn—r)
Z¢

¢
X 81y s 2 Vis ey Vrets St -+ o Se—p) (dzy - - - d2p)
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and, for £ =0,

(f*?g)(yh"'?yr,tls"-atn—rasla"'$sk—r)
:f('}’l,---,'}’r,tl,-~-,tn—r)g(')’1,-~-,')’r, S[,...,Sk_r),

so that (f *) g)(tl, et STy s = . t)E(s, L Sk).

When ¢ = r, f %" g belongs to L?>(Z"™*=2r). Otherwise, there are cases
where the integrals are not even well defined. We denote by f;fg the sym-
metrization of fx¢g. Then, the product of two multiple stochastic integrals
satisfies the following formula: suppose that, for all r = 0,...,n A k and
t=1,...,r, f x! g belongs to L*(Z"*=¢). Then

nAk r
LA =Y r'(’j)(';) > (;)I,Hk_,_f (F%e). 022

r=0 =0

9.9 Wiener Chaos for Poisson Random Measures

Consider a Poisson random measure M on a complete separable metric
space (Z, Z, m), where m is a o-finite atomless measure. Recall that M de-
notes the compensated Poisson random measure. We assume in this section
that 7 is the o-field generated by N and the P-null sets.

Definition 9.9.1 The nth Wiener chaos associated with M is denoted H,
and defined as the Hilbert space of random variables of the type I,(h),
where n > 1 and h € L3(Z"); that is, H, = I,(L>(Z")). Moreover, we

define H, as R.

Note that H; = {M(h),h € L*(Z)}. Observe that, by the isometry prop-
erty, for all n > 1, H, is a closed linear subspace of L*(Q) and the H, are
all orthogonal. The following chaotic representation property is due to Itd
(1956, Theorem 2).

Theorem 9.9.2 We have that L*(Q) = ®,s0H,,; that is, any random vari-
able F € L*(Q) admits the following unique decomposition

F= Z 1,(hy), (9.23)
n=0

where hy = E(F), I is the identity mapping on constants and h,, € L*(Z").

Proof The proof is divided into different steps.
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Step 1  First observe that the set of simple random variables
S= {<p(M(A1), o MAY)),n =1, € C,(R"), A; € Z,, pairwise disjoint }
is dense in L*(Q).
Step 2 Next we show that the set
P = {M(Al)”‘ M), n=1,p; 2 0,A; € Z,, pairwise disjoint}

is dense in L*(Q). First observe that any element in this set belongs to
L*(Q) since it has a finite norm. Now, by Step 1, it suffices to show that if
F belongs to S and E(FG) =0 forall G € P then F =0 a.s. Let Fbein S
and, to simplify the exposition, we assume that n = 1; thatis, F = ¢(M(A)),
¢ € Cp(R). Let o denote the Poisson distribution with parameter m(A), and
assume that, for all p > 0,

E(FM(A)?) = ft,o(x)x”a'(dx) =0.
R

Furthermore, for all ¢ € R,

12 12
fetX||‘10(x)| O'(dx) < (erI)d O'(dx)) (f|(p()€)|2 O'(dX)) 5
R R R

which is finite. Thus, our assumption implies that, for all € R,

f e p(x) o(dx) = 0,
R
from which we conclude that ¢(M(A)) = 0 a.s.
Step 3 Next consider the set
Q= {M(Al) <+ M(A,),n > 1,A; € Z,, pairwise disjoint }

We claim that Q is dense in L?(Q). By Step 2, it suffices to show that any
element in P belongs to the closed linear span of the family Q. Let M € P
be of the form M(A\)" ---M(A,)P, n > 1, p; = 0, with the A; € Z,,
pairwise disjoint. Consider a subdivision {By, ..., By} of {A1,...,A,} such
that m(B;) < min(e/m(B; U --- U By), 1) for some € > 0. Then,

M=) M(B)" - M(B,)",

with i} < --- < i,. Since M(B;) takes only nonnegative integer values, we
have

M > Z M(B;,)---M(B;) = M.
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and

P(M + M,) = P(M(B;) > 2 for some i)

k k
< Z P(M(B) > 2) < Z m(B)? < e.

i=1 i=1

Therefore M, converges to M in probability as € goes to 0. Furthermore,
we have 0 < M, < M and M € L*(Q). Therefore, M, converges to M in
L*(Q) as € goes to 0, and the claim is proved.

Step 4  Finally, it suffices to check that, for any n > 1 and A4,...,A, €
Z. pairwise disjoint,

M(Ay)---M(A,) = m(Ay) - -m(Ay) + () + -+ + L(hy),
for some h; € Lf(Zi). Consider the function
hzi, ..., 2,) = 1A|><-~»><A,,(le ey Zn)-

Then

L(h) = M(A))--- M(A,) = (M(A) = m(A))) - - - (M(A,) = m(A,))
=M(Ay)--- M(Ay) + R+ m(Ay) - - - m(Ap),

where R is a linear combination of elements of the form M(A;)--- M(A;),
with 1 < p < n. Thus the result follows by induction on n > 1. |

Example 9.9.3 Consider the process X; = fot fRO zN(ds, dz),t € [0,T].
By (9.17) and Proposition 9.8.3,

T
X2 = Tf 2v(dz) + f f 22X, + 2)N(ds, dz)
R

0 0 Ro
T
:Tf z2v(dz)+f fzzﬁ(ds,dz)
Ro 0 Ro
T I — R R
+ f f f f 2012 (ds1, den)R(dsy. dzy)
0 Ry YO Ro
2
= > L(hy),

n=0

where hg =T fRO 2v(dz), h(s1,71) = z; and ha(sy, 21, $2,22) = 2122.
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Jump Processes

Exercises

Let (1;)i>1 be a sequence of independent exponential random variables with
parameter A > 0. Set T, = 37| 7; and N; = 3,51 1;>7,). Show that for any
t > 0, N; has a Poisson distribution with parameter A¢.

Let N be a Poisson random measure associated with a Lévy process. Show
that the process (N(t, A))ss0 is an F;-martingale, for any A € A,,.

Letu € leoc(’P). Show that there exists a sequence of processes u™ in & such
that, for all T > 0, the sequence

T
[ [ o0 - ua i veaz
0 Ry

converges to zero in probability.
Show that Proposition 9.4.2 is also true for all u € LIZOC(SD).
Consider the process Y = (¥;).e[0,77 given by

!
Y,=exp( f f hyzN(ds, dz)
0 Jre
5
- f f (-1 —hxz)v(dz)ds),
0 Ry

where h € L*([0, T]) and is cadlag. Show that
dy, =Y,_ f (e = 1)N(dt, dz).
Ro
In particular, Y is a local martingale.

Consider the process X; = fof j;{o zN(ds,dz), t € [0,T]. Find the integral
representation of the following random variables:

T
X;, €57, sinXr, f X.dt.
0

Let c: QX% [0,T] X Ry — R be a predictable process satisfying c(s,z) < 1,
for all s € [0, 7] and z € Ry, and also satisfying

T
f f (1log(1 = ¢(5,2)) > + (5, 2))(dz)ds < +c0  ass.
0 Ro
Forallr € [0, T], set
Z = exp( f f log(1 — (s, 2))N(ds, dz)
0 Ry
!
+ f f (log(1 = ¢(s,2)) + (s, z))v(dz)ds).
0 Jr

Show that
dz; = Zz—f c(t,2)N(dt,dz), Zo = 1.
Ro
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Show that, for all & € I, we have I,(h) = I,(h), where & denotes the sym-
metrization of 4.

Find the chaos expansion of the random variable Y7, where Y is as in Exer-
cise 9.5.

Find the chaos expansion of the random variables in Exercise 9.6.
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Malliavin Calculus for Jump Processes I

In this chapter we develop the Malliavin calculus in the Poisson framework
using the Wiener chaos decomposition. We start by defining the Malliavin
derivative, which in this case is a closed operator satisfying a chain rule
different from that obtained for Brownian motion. We then define the di-
vergence operator and show that, when acting on square integrable and
predictable processes, it coincides with the stochastic integral with respect
to the Poisson random measure associated with a Lévy process. As in the
Wiener case, we define the Ornstein—Uhlenbeck semigroup and its gener-
ator. Then we present the jump version of the Clark—Ocone formula. Fi-
nally, we combine Stein’s method with Malliavin calculus to study normal
approximations in the Poisson framework.

10.1 Derivative Operator

Consider a Poisson random measure M on a complete separable metric
space (Z, Z,m), where m is a o-finite atomless measure. Let L>(Z") be the
space of symmetric square integrable functions on Z". Given h € L*(Z")
and fixed z € Z, we write h(-, z) to indicate the function on Z"~! given by
@15 e ey zn-1) = W21 2015 2).
Definition 10.1.1 We denote by D' the set of random variables F in
L*(Q) with a chaotic decomposition F = Yo" I,(h,), h, € L*(Z"), satisfy-
ing
2
D s g < oo, (10.1)

n>1

Then, if F € D'?, we define the Malliavin derivative D of F as the L*(Z)-
valued random variable given by

D.F =) nli(h(.2), 2€Z.

n>1

182
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For example, if F = I(h) then DF = h and if F = I,(h) then D,F =
21,(f(,z). Observe that if F belongs to D' then

E(IDFIR.) = > nntlilRs ..

n>1
Itis easy to see that D' is a Hilbert space with respect to the scalar product
(F,G) 2 = E(FG) + E(DF, DG)2z)),
where

(DF, DG>L2(Z) = fDZFDZG m(dZ),
VA

this defines the following seminorm in D'
1/2
IFlli> = (BAFP) + E(IDFII} )

We identify the space L*(Q;L*(Z)) with L>(Q x Z). The next result
shows that D is a closed operator from D'"? ¢ L2(Q) into L*(Q X Z).

Proposition 10.1.2 Let (F)is1 be a sequence of random variables in D'
that converges to F in L*(Q) and is such that the sequence (DFy) con-
verges to u in L*(Q x Z). Then F belongs to D' and DF = u.

Proof Set F = Y20 1,(h,) and F, = Y2 L,(K), with h,, bt € LX(Z").
Then h* converges to h, in L*(Z"). Furthermore, by Fatou’s lemma,

(o9 (o)
. | k 2 . . . Z ' k_ pji2 -
2g2mmhmwﬂg%ylmmhM@0,
n= n=

which implies the desired statement. O
Given z € Z fixed, and a point measure w in €, we define the map
e.(w) =w+9,.

Observe that the map ¢, is well defined from Q to Q. By (9.5), if we set
Q) ={w e Q: w({a}) < 1,Ya € Z} then P(y) = 1. Moreover, because
P(w : w({z}) = 1) = 0, we have that ¢,(Qy) C Qq a.s. for every fixed z € Z.
The map ¢, induces a transformation on random variables F: Q — R
defined by

(p(F))(w) = F(w + 6;) - F(w).

The next result gives a product rule for the map ¢,, and it will be used
later.
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Lemma 10.1.3 Let F,G: Q — R be random variables. Then
¢:(FG) = Fo(G) + Go:(F) + ¢(F)e:(G).
Proof We have
¢.(FG) = F(w+ 6,)G(w + 6,) — F(w)G(w)
=Fw+06,)G(w+9,) — Flw+06,)G(w) + F(w + 6,)G(w) — F(w)G(w)
= F(w +6)¢(G) + ¢(F)G(w)
= (F(w +6;) = F(w)) ¢:(G) + ¢(F)G + F,(G)
= Fo.(G) + Go.(F) + ¢.(F).(G),
which concludes the proof. O

The next result shows that ¢, and D, coincide.

Theorem 10.1.4 Let F be a random variable in L*(Q). Then F belongs
to D'? if and only if there exists a version of F such that the stochastic
process 7 — ¢.(F) belongs to L*(Q x Z). In this case

D.F = ¢,(F), (10.2)
Sfor almost all (w,7) € QX Z.
Proof We divide the proof into different steps.

Step 1 Assume first that F' = [;(h). Then D_F = h(z). Thus, (10.2) is just
a consequence of the following relation:

F.—-F= f ha)(M(da) +6,) — f h(@)M(da) = f h(a@)s. = h(2).
Z Z Z

Step 2 Consider now an elementary function 4 of the form (9.20). Then

m

DL = > aj i, ) WA 14Q) - M(A,).
Jseeesfn=1 i=1
Moreover,

m

sz(ln(h)) = Z aj...., j,,((M + 61)(141) ot (M + 51)(An)

Jiseeesjn=1

~ A M(An>).
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Now, observe that if z ¢ A; foralli = 1,...,n then ¢,(I,(h)) = 0, while if
z€ A;forsomei=1,...,nthen

m

Therefore, (10.2) holds if F = I,,(h), where h is of the form (9.20), that is,
hel,.

Step 3 Consider a random variable F of the form [,,(h) where A is in
L*(Z"). Then F is the limit in L?(Q) of a sequence F* = I,(h*), where
the 7 belong to 7,,. Therefore F is the almost sure limit of a subsequence
(F%) 5. Consequently, ¢,(F) is the almost sure limit of ¢,(F*/) for almost
every z. Moreover, DF% converges to DF in L>(Q X Z) as j — oo, and
(9.20) holds.

Step 4  We now assume that F € L*(Q) with chaotic decomposition
(9.23). Then F is the limit in L?(Q) of the sequence of partial sums F; =
Zﬁzo I,(h,). Thus, again F is the a.s. limit of a subsequence (Fy,);»0 and
@-(F) is the a.s. limit of ¢.(F;,) as j — oo for almost all z. Since D is
closed, the desired statement follows. O

In Nualart and Vives (1990), the authors studied the derivative and di-
vergence operators in terms of the Wiener chaos in an arbitrary Fock space
associated with a Hilbert space. In particular, they considered the Wiener
and Poisson spaces. The next example is taken from there.

Example 10.1.5 As an application of Theorem 10.1.4, we will compute
the Malliavin derivative of the jump times of a Poisson process. Let Z =
[0,1] and let T, ..., T, be the jump times of a Poisson process (N, ).o.1]-
We need to compute the transformation ¢,(7;) = T{(w + ¢;) — T;(w) for all
i=1,...,n.Wehave ¢o,(T;) =0ift > T;, o(T;)) =t —-T;if T;_; <t < T
and ¢, (T;) = T;-y — T; if t < T;_;. Therefore

@(T) = Timidyery + thir, ety — Tilyery.
For example fori = 1, ¢,(Ty) = (t = T1)10.7,;(0).
Remark 10.1.6 Observe that the Malliavin derivative D is not a local
operator as in the Brownian motion case (see Lemma 3.4.1). For example,
with the notation of Example 10.1.5, let F be a random variable in D'2

that is equal to zero over the set {N;, = N;} and takes the value 1 on the
complementary set. Then, for all t > 1/2, D,F = 1.
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As a consequence of Lemma 10.1.3, we have the following product rule
for the Malliavin derivative.

Lemma 10.1.7 Let F,G € D'2. Suppose that FG € L*(Q) and (F +
DF)(G + DG) € L*(Q X Z). Then the product FG also belongs to D' and

D(FG) = FDG + GDF + DFDG.
We can also prove the following chain rule (see Di Nunno et al., 2009).

Proposition 10.1.8 Let F be a random variable in D'? and let ¢ be a
real continuous function such that (F) belongs to L*(Q) and ¢(F + DF)
belongs to L*(Q x Z). Then ¢(F) belongs to D'* and

Do(F) = o(F + DF) — o(F).

Proof First assume that ¢ has compact support and F is bounded. Recall
that, from the Fourier inversion theorem,

1 .
o == fR )y,

where @ denotes the Fourier transform of ¢, that is,

. L[
- ix dx.
o) V2r fRe P

Then, using Proposition 10.1.2 and Exercise 10.1, we get

v_ = > L+ DFY - Py

n=0

\/2_ f eiy(F+DF) _ ein) @(y) dy
T JR
= @(F + DF) — ¢(F).

Dy(F)

Hence, the result holds in this case. For a general continuous function ¢
and random variables F satisfying the assumptions of the proposition, the
result follows by approximation and using the fact that D is closed. O

Example 10.1.9 Consider the process X, = fot fRO zN(ds,dz), t € [0,T].
By Example 9.9.3,

D, X7 = 2 + 21, (Io(,1,2)) = 2 + 2Xrz. (10.3)
Furthermore, since D, ,Xr = z, using Proposition 10.1.8 we obtain
D, X7 = (Xr +2)* — X7 = 22 + 2Xr2,
which coincides with (10.3).
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10.2 Divergence Operator

Observe that, owing to the chaotic representation (9.23), every stochastic
process u in L?(Q x Z) admits a unique representation of the form

u@ = Y Il (), (10.4)

n>0

where, for each z € Z, the function ,(, z) belongs to L2(Z") and

2 2
il gizy = D Pl sy < .

n>0

Definition 10.2.1 The domain of the divergence operator 9, denoted by
Dom 4, is defined as the set of stochastic processes u in L?(Q x Z) such that
the chaotic expansion (10.4) verifies the condition

D0+ DR ) < 0. (10.5)

n>0

If u belongs to Dom ¢, then the random variable d(u) is defined as

5y = " Ly (),

n>0
where £, stands for the symmetrization of / as a function in n+ 1 variables.

For instance, if u(z) = h(z) is a deterministic function in L*(Z) then
o(u) = I;(h). If u(z) = I,(h(-,z)), with h € L*(Z?), then 6(u) = Ly(h).

The following result characterizes ¢ as the adjoint of D.

Proposition 10.2.2 Ifu € Dom 6, then 5(u) is the unique element of L*(2)
such that, for all F € D'?,

Conversely, if u is a stochastic process in L>(Q X Z) such that, for some
G € L*(Q) and for all F € D'?,

E((DF, M>L2(Z)) = E(FG),
then u belongs to Dom ¢ and 6(u) = G.

Proof LetF = 3,0 1,(8,) and u(z) = X0 Lu(ha(:, 2), where g, € L3(Z")
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and, for each z € Z, h,(z,-) € L*(Z"). Then

E(DF, ) = B fz D il (@) Y b, ) i)

n>1 n=0

- f E( D00+ DIa(8ait (- DV, 20 mid2)
Z

n>0

= f Z(n+1)n!<gn+1(~,z),hn(-,z)mzn)m(dz)
z

n>0

= Z(n + 1)!<gn+l, hn)Lz(Z"“) = Z n!<gm iln—l>L2(Z“)~

n>0 n>1

Moreover, if u € Dom ¢ then

EFo@) = E( 2 () D Tueri)) = E( 3 oot et a1 i)

n=0 n=0 n>0

= Z nNGs n 1 Y1220

nx1

Finally, uniqueness follows since D' is dense in L*(Q). The second part
of the proposition can be proved by similar arguments. O

Proposition 10.2.2 implies that ¢ is the adjoint operator of D and it is
clear that Dom § is dense in L*(Q x Z) and that ¢ is a closed operator.
We next introduce the space of differentiable processes.

Definition 10.2.3 The space L'? is the set of processes u in L*(Q X Z)
such that u(z) belongs to D"? for almost all z and there exists a measurable
version of the two-parameter process Du such that

E (IIDull}, 1)) < oo. (10.6)
The next result shows that L'? is included in Dom §.
Lemma 10.2.4 We have that L.'> ¢ Dom.

Proof Let u be a stochastic process in L'? with representation

U@ = ) L, 2),

n=0

where, for each z € Z, the function 4,(-, z) belongs to L?(Z”). Observe that
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(10.6) can be written as

E(IDulE ) = B fz (D) m(daym(do))

= [ (X torttnt.z. ) midormia)

n>1

= [ D= Dl 2@ g )
}

" nx1

2 2
= >+ 12l g < o0,

n>1

which implies (10.5), and thus u belongs to Dom 6. O
We next compute the Malliavin derivative of the divergence operator.

Proposition 10.2.5 Consider a stochastic process u in L. such that, for
almost all 7 € Z, the process D,u is in Dom ¢ and such that there exists a
version of the process (6(D,u(-))),ez that belongs to L*(Q X Z). Then 6(u)
belongs to D' and

D (6(uw) = u(z) + 6(D.u) (10.7)
for almost all 7 € Z.

Proof Suppose that u has the representation (10.4). Then

o

D6@) = Y (n+ D)

n=0

= M(Z) + ZIH(Z hn(Zi, Llsev s Zi-1535 Zjtls - - ,Zn))

n=0 i=1
= (@) + ) nhy(8(,2,)),
n=0

where g, (-, z, -) is the symmetrization of the function

@1 vvsZn) = W21, o3 Z0m15 2 20)-
Moreover,
8D = 5( Y -1z, D) = Dl 20,
n=1 n=0
which shows the desired result. O

The divergence operator ¢ satisfies the following product rule.
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Proposition 10.2.6 Let F € D"? and u € Dom 6 be such that the product
uDF belongs to Dom 6 and the right-hand side of (10.8) below belongs to
L*(Q). Then Fu € Dom 6 and

S8(Fu) = F6(u) — (DF, u)2z) — 6(uDF). (10.8)

Proof Let G be a bounded random variable in D', Then, using Lemma
10.1.7 and Proposition 10.2.2, we obtain
E((Fu, DG)12z)) = Eu, D(FG) — GDF — DFDG)2z))
= E(FG6(u)) — E(G(DF, u);2z)) — E(G6(uDF))
= E(G(Fé(u) — (DF, u)2z) — 6(uDF)).
Finally, the result follows from Proposition 10.2.2. O
We next consider the Poisson random measure N associated with a Lévy
process. The next result shows that the divergence operator coincides with

the stochastic integral with respect to the compensated measure N when it
acts on predictable and square integrable processes.

Theorem 10.2.7 Let u be a process in L*(P). Then u belongs to Dom &

and
S(u) = f f u(t, )N (dt, d).
R, JRg

Proof First assume that u is an elementary and predictable process of
the form (9.9), where the F;; belong to D'*. We plan to apply Propo-
sition 10.2.2 to the random variables F;; and the processes u; ;(t,2) =
1(;,4,1(D14,(2). Clearly u; ; belongs to Dom 6. Furthermore, since the Fj;
are ¥, -measurable for all > ¢; and w € Q, we have

D, Fi(w) = Fij(w+ 0¢y) — Fij(w) =0,

which implies that D; . F j1(;,,,1()14,(z) = 0. Thus, by Proposition 10.2.6,
we obtain

o(u) = i

n—1
j=1 i=0

(Fi,jN((tis i1, Aj)

tit1
_ f f Dy Fy )t =~ S(DF, L)
6 Ja,

—

n—

= Z Fi,jN((tiv tir1], Aj), (10.9)

j=1 i

Il
(=]

which coincides with the integral of u with respect to N (see (9.10)).
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Next, assume that u is of the form (9.9), where the F; ; belong to ¥; and
are bounded. Then, since D' is dense in L*(Q), there exists a sequence
F l"] in D' that converges to F; ; in L*(Q). The corresponding sequence uy
cohverges to u in L>(Q X R, X Ry) and (10.9) holds true for this sequence.
Finally, since ¢ is a closed operator, we obtain that u belongs to Dom ¢
and that 6(x) is the limit in L>(Q) of 8(u;), which also coincides with the
integral of u with respect to N.

Finally, the general case follows since the set & is dense in L*(P) and &
is a closed operator. O

10.3 Ornstein—Uhlenbeck Semigroup

As in the Wiener case, we can define the Ornstein—Uhlenbeck semigroup
and its generator. Let F € L*(Q) be a random variable with chaos de-
composition F = 7 I,(hy,), h, € L?(Z”). Then the Ornstein—Uhlenbeck
semigroup is defined as

00

T(F) = )" e L(hy).

n=1
We denote by L the generator of the Ornstein—Uhlenbeck semigroup. The
domain of L, denoted Dom L, is given by those F' € L*(Q) such that

oo

D I ) < o0,
n=1
If F € Dom L, the random variable LF is given by

LF == " nl,(hy).
n=1
Note that E(LF) = 0.
We also consider the pseudo-inverse L™ of L. This is a bounded oper-
ator on the space of centered random variables in L*(Q). For every F =
Yoy I(hy), we have

LF = - Z %In(h,,).

n=1

The relationship between the operators D, 6, and L follows easily, as in
the Wiener case (Proposition 5.2.1), on applying the duality relationship
(Proposition 10.2.2) and chaos expansions.
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Proposition 10.3.1 F € Dom L if and only if F € D'? and DF € Dom 6.
Moreover, in this case,

0DF = -LF.

10.4 Clark-Ocone Formula

Consider the Poisson random measure N associated with a Lévy process in
the filtered probability space (Q, F, ()0, P). We next present the jump
version of the Clark—Ocone formula.

Theorem 10.4.1 Let F be an Fr-measurable random variable in D2
Then F admits the following representation:

T
F =E(F) + f f E(D,.FIF,)N(dt, dz), (10.10)
0

Ro

where we have chosen a predictable version of the conditional expectation
process E(D,  F|F,).

Proof By Theorem 9.6.1, because F' is Fr-measurable and belongs to
L*(Q), it admits the representation

T
F=E(F)+ f f u(t, 2)N(dt, dz),
0 Ro

for some predictable process u in L2(P).
We now consider another predictable stochastic process ii in L*(P). The
isometry property implies that on the one hand

T
E@G(i)F) = f f E(ﬁ(t,z)u(t,z))v(dz)dt. 10.11)
0 Ry

On the other hand, by the duality relationship, we obtain
T
E(S(@)F) = E ( f f i, z)D,,ZFv(dz)dt)
0 JRy

T
= f f E (ﬁ(t, z)E(D,,ZFIT,))v(dz)dt. (10.12)
0 Rg
Finally, (10.11) and (10.12) imply the desired result. O

Example 1042 Let F = u}, where ur = [ [ zN(dt,dz). Then D, ur =
z1jo,r1(t). Moreover, by Exercise 10.1,

Dr,zF = (MT + ZI[O,T](t))3 — I/l; = 1[0]‘](0(23 + 3ZM%~ + 3Z2MT).
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Therefore
E(D,.FIf:) = 1|0,T1(1)(Z3 + 3z ((T - t)f 2v(dz) + uf) + 32214,)
Ro

and

T
F =E(F) + f f (z3 + 3z ((T — t)f zzv(dz) + u?) + 3u,z2)]\7(dt, dz).
0 Jr, Ro

10.5 Stein’s Method for Poisson Functionals

In this section we combine Stein’s method, introduced in Section 8.1, with
the Malliavin calculus for Poisson random measures developed above, fol-
lowing Peccati et al. (2010).

Let M be a Poisson random measure on a complete separable metric
space (Z, Z, m), where m is a o-finite atomless measure. With the notation
of Section 8.1, we have the following analogs of Theorem 8.2.1 and (8.15)
in the Poisson case.

Theorem 10.5.1 Let F € D'? be such that E(F) = 0. Let X be an
N(0, 1) random variable. Let 7 be a separating class of functions such
that E(JA(X)|) < oo and E(Jh(F)|) < oo for every h € €. Then

de(F,X) < sup IflE (|1 = (DF, DL F);2z))
he
#ysup 170 [ E(DFPID.L F)mic,
he st V4

Proof By Proposition 8.1.5, it suffices to bound

sup [E(f,(F) — Ffi(F))l.
he st

Using Theorem 10.1.4 twice, together with a second-order Taylor expan-
sion, we get that, for all w € Q and z € Z,

D, fi(F)(w) = fu(F(p(w))) = fuF(w))
= f1(F(w))(F(¢.()) — F(w)) + R(F(¢,(w)) — F(w))*
= fi(F(w))D,F(w) + R(D,F(w))*, (10.13)

where R := R(w, z) satisfies |R| < 3 sup,c I/ llc-
Now, Propositions 10.2.2 and 10.3.1 with u = DL™'F and G = f,,(F)
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yield
E(Ff,(F)) =E (LL’IF fh(F)) = —E(5(DL™'F) fh(F))
= E((Dfi(F),-DL™'F)ip).
According to (10.13), we have
E((Dfi(F).~DL™'F)i2z)) = E(f;(FXDF.~DL™ F)i2z))
+E(R(DF)", -DL™'F)2).
It follows that
[E(f;(F) = Ffu(F)| < [E(f;(F)1 = (DF,-DL™' F)12)))|
+ [E(R(DF)’, DL F)2)).
The result follows immediately. O

We are interested in the case where the class .77 = Lip(1), which cor-
responds to Wasserstein’s distance. For any 4 € Lip(1), by Proposition
8.1.8, lIfylleo < V2/x < 1 and, by Stein (1986, Lemma 3, eq. (47), p. 25),
I/l < 2. Therefore, for any F € D'"? such that E(F) = 0, Theorem
10.5.1 yields

dy(F.X) < E(I1 = (DF,-DL™ F)pp|) + f E (ID.FPID.L™ F|) m(dz).
’ (10.14)

10.6 Normal Approximation on a Fixed Chaos

Suppose that F = I,(f) € H,,q > 1, and f € L2(Z9). By the definition of
L', we can write

_ 1
(DF,=-DL'F)p2z) = 5||DF||22(Z)

and

f E(|D.FPID.L™ F|) m(dz) = ! f E(ID.FI’) m(dz).
z q

z

As a consequence, from (10.14) we obtain

1
dw(F.X) < E(|1 = g 'IDF}, ) + . fz E(ID.F’)m(dz).  (10.15)
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The Case g = 1

We now fix h € L*(Z). Then I;(h) = M(h) belongs to D' and DM(h) =
h. Moreover, —L™'M(h) = M(h). Therefore, (10.15) yields the following
result.

Corollary 10.6.1 Let h € L*(Z) and let X be an N(0, 1) random variable.
Then the following bound holds:

dw(M(h), X) < |1 = 17} + f Ih(2)Pm(dz). (10.16)
V4

As a consequence, if m(Z) = oo and the sequence (A )1 C L2 (Z)NL3(Z)
satisfies, as k — oo,
1rell2zy = 1 and  [llsz) — 0
then we have the central limit theorem
=

and inequality (10.16) provides an explicit upper bound for the Wasserstein
distance.

Example 10.6.2 Consider a Poisson random measure MonZ = R,,
with measure m equal to the Lebesgue measure. Then the random variable
k2 M([0,k]) = M(hy), where hy = k™/*1j4, is an element of the first
Wiener chaos associated with M. Since the random variables M((i — 1, i]),
i=1,...,k, areiid centered Poisson with unit variance, a standard applica-

tion of the central limit theorem yields that, as k — oo, M(hy) £> X where
X is an N(0, 1) random variable. Moreover, M(h;) belongs to D' for every
k, and DM(hy) = hy. Since

1
el =1 and fz @ m(d) = 1.
one deduces from Corollary 10.6.1 that

. 1
dy(H(h).X) < 575,

which is consistent with the usual Berry—Esséen estimates.

The Case g > 2

Let f € L*(Z9). We consider an operator G} that transforms a function of ¢
variables into a function of p variables, as follows. When p = 0, we set

G = g1,
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and, forevery p = 1,...,2q, we set
GG -2) = Zleq - ,,r'( ) ( )(f* @z,
r=0 ¢=0

This operator allows us to give a more compact representation of the prod-
uct formula of two multiple integrals (9.22) when f = g. In fact, if f %’ f €
L>(Z*7%forallr =0,...,qgand £ = 1,...,r then one has that

2q
L = 1,GLD).
p=0

From now on, we assume that every contraction of the type f %’ f is well
defined and finite for every r =0,...,gand £ =1,...,r

When m(Z) = oo, we consider the following technical condition, which
is needed to justify a Fubini argument: forevery p = 1,...,2(g — 1),

1/2
f ( (GT f(z, ~))2dm1’) m(dz) < co. (10.17)
V4 zpr
Finally, we set
Gy = [ 61 e miao
zZ

We have the following Wasserstein bounds on a fixed chaos, proved by
Peccati et al. (2010, Theorem 4.2).

Theorem 10.6.3 Let X be an N(0, 1) random variable. Fix g > 2, and let
f € L2(Z%) such that:

(1) whenever m(Z) = oo, condition (10.17) is satisfied;
(i) the kernel f(z,-) %' f(z,-) belongs to L*(Z*4~D7"=%), for dm-almost-
everyzeZ, r=1,....,g—1land{=0,...,r— 1.

Then

dw(Iy(f), X)
2¢-1)

1/2
<((1=ai) 0 Y, ot [ (G o)
p=1
2(g-1)

12

T (CEN 79 2 p! fz ([ @5 yidm)ma)
=

(10.18)
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Moreover;

2(g-1) 1/2
((1 - q “f”L’(Z/) + CI Z f Gqf dmp)
tA(g=1)

q
40 D Tpansag (g — 1= )"
t=1

s=1

<|1= U1z

-1 -1
= 1)'( ) (s } 1)uf %) fllzzses.

1
(10.19)
Furthermore, if
f*gfbfeLz(Zb) forallb=1,...,q—1 (10.20)
then
2(g-1) U
(> f f (G1 @) dm” ) mdz)|
p=0
q b-1
< 33 Niswezgn((@+ b= DY (g —a - 1)!
b=1 a=0
-1 a—
X ( ! ) (q )||f x5 fllzzeany. (10.21)
q—a— 1 q-—

Example 10.6.4 Consider a double integral I,(f), where f € L*(Z?) sat-
isfies (10.17). Since in this case G} f(z, -)(x) = f*(z, x) and G3 f(z, )(x,y) =
£(2,0)(zy), we obtain that (10.17) holds if and only if

1/2
f(ff4(z,x)m(dx)) m(dz) < oo.
zZ Z

We assume the following conditions:
E(L()) =1, fxyfel*Z), and feL'Z. (10.22)

Then, assumptions (ii) and (10.20) of Theorem 10.6.3 are satisfied, since
f(z,") *(1’ f(z,)(x) = f(z, x), which is square integrable. Therefore, from
(10.18)—(10.21), we obtain that the Wasserstein distance between the law
of I,(f) and the law of an N(0, 1) random variable X satisfies the following
bound:

dy(I(f), X) < 2(V2UIf %] fllzz + Uf %3 fllize)
+ VB(V2UIf %Y fllzasy + 1 %3 flizey +If %3 fll) -
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We now use the equalities

If %7 fllzze) = 1f %5 flize
and
If %3 Fllize) = 1f1Fsizeys
which follow from a Fubini argument, to conclude that

dw(L(f), X) < V8IIf %! fllzze + 2+ V8(1 + V2)IIf %1 fllzz
+ VBl £l

We thus have the following central limit theorem for multiple integrals
of arbitrary order, due to Peccati et al. (2010, Theorem 5.1).

Theorem 10.6.5 Suppose that m(Z) = oo. Fix q > 2, and consider a
sequence of multiple stochastic integrals of order q, F, = I,(f,) € H,,
n > 1, such that

lim E(F?) = 1.
n—oo
Assume moreover that the following conditions hold:

(1) f, satisfies (10.17) for any n > 1.
(i) f, %' f, € L2(Z%7 ), foranyr=1,....,qand € =0,...,r A(g—1),
and || f,, % fllr2zzar-c) — 0 as n — oo.
(iii) f, € LYZ9), for any n > 1, and ||f,llzsze) — 0 as n — oo,

Then, as n — o, F, i> N(0,1).

Proof Assumption (ii) implies that assumptions (ii) and (10.20) in the
statement of Theorem 10.6.3 hold for any f;,, n > 1. Then relations (10.18)—
(10.21) imply that dw(F,,X) — 0 as n — oo. Since convergence in the
Wasserstein distance implies convergence in law, the conclusion holds. O

Example 10.6.6 We consider a sequence of double integrals (I2(f,))n>1,
where the f, satisfy the same conditions as f of Example 10.6.4. Then,
according to Theorem 10.6.5, the sufficient conditions in order that, as n —
oo, we have

L(f,) = N, 1) (10.23)
are that || f, |4z — 0,

I/ *é fn”L2(2) — 0, and ||f, *} fn||L2(ZZ) — 0. (10.24)
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A counterpart of this last example is the following result, proved by
Peccati and Taqqu (2008).

Proposition 10.6.7 Consider a sequence of double integrals (I,(f,))us1,
where the f, satisfy conditions (10.22) of Example 10.6.4. Assume also that
asn — oo, ||ﬁ1||L4(ZlI) - O. Then,

() If F, € LYQ) for every n > 1, a sufficient condition for (10.24) to
hold is that
E(F,) — 3. (10.25)

(i1) Ifthe sequence F, is uniformly integrable, conditions (10.23), (10.24),
and (10.25) are equivalent.

We end this section by presenting the analog of the fourth-moment the-
orem in the Poisson framework. A first proof of this result was given by
Dobler and Peccati (2018) with the additional condition that the processes
O(F), Fo(F), (p(F))*, and F?¢(F) belong to L'(Q x Z). Then, Dobler et al.
(2018) were able to remove this condition and extend the theorem to the
multidimensional case.

Theorem 10.6.8 Fix g > 1 and let F = I,(f) be a multiple stochastic
integral with E(F?) = 0> > 0. Then, if X is an N(0, 0?) random variable,

dw(F.X) < ((lr \/g + i) VEF = 357

30

Corollary 10.6.9 For eachn > 1, let g, > 1 and let F,, = 1, (f,) € ‘H,,,
fu € LA(Z™), be a sequence of multiple stochastic integrals satisfying

limE(F>) =1 and limE(F}) =3.

Then, as n — oo, F, == N(0, 1).

We refer to Peccati and Reitzner (2016) for geometric applications, such
as to random graphs, of the results in this section.

Exercises

10.1 Show by induction that if F belongs to D' then

D(F") = (F + DF)" — F".
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10.2

10.3

10.4

10.5

Malliavin Calculus for Jump Processes 1

Consider the process Y = (¥;).e[0,77 given by

i3
v, =exp( f f hyzN(ds, d2)
0 JRr,
t
—ff (eh“‘z—l—hsz) v(dz)ds),
0 JRy

where h € L2([0, T]) is cadlag. Compute the Malliavin derivative of Y7 using
the chaos expansion obtained in Exercise 9.9.

Consider the process X; = fot ‘g% ZIV(ds, dz), t € [0,T]. Using the chaos
expansion obtained in Exercise 9.10, compute the Malliavin derivative of
the following random variables:

T
f X.dt, X;, eXT, sin X7.
0

Compute the Malliavin derivative of the random variables ¢*” and sin(X7)
in Exercise 10.3 using the chain rule (Proposition 10.1.8).

Using the Clark—Ocone formula, find integral representations for the random
variables in Exercise 10.3.
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Malliavin Calculus for Jump Processes II

In this chapter we define a derivative operator for cylindrical functionals
of the Poisson random measure associated with a Lévy process. This dif-
ferential operator is different from the one introduced in Chapter 10 via
the chaos expansion. The Malliavin calculus for jump processes presented
in this chapter follows ideas from Bichteler and Jacod (1983) in the case
where f(z) = 1j<1y in (11.3) below (see also Bichteler et al., 1987, for the
multidimensional case), where f is the density of the Lévy measure. This
approach was extended by Fournier (2000) for a general f as in (11.3).
The derivative operator defined in this chapter satisfies the usual chain
rule. Although we will not consider the adjoint operator, we derive the
integration-by-parts formula (11.11), that allows us to obtain a criterion for
the existence of the density of a random variable in the Wiener—Poisson
framework. We apply this criterion to a diffusion with jumps.

11.1 Derivative Operator

Let L = (L;)s0 be a pure-jump Lévy process with characteristic triplet
(0,0, v) defined on a complete probability space (Q, ¥, P) such that F is
generated by L. Consider the Poisson random measure N associated with L,
and its compensated random measure N. We will make use of the notation

N(h) = f f h(t,z2)N(dt, dz),
R, JRy

for h € L'(R, X Ry, £ X v). We denote by Cg’z(R+ X Ryp) the set of contin-
uous functions i: R, X Ry — R that have compact support and are twice
differentiable on Ry.

We consider the set S of cylindrical random variables of the form

F = oWN(hy),...,N(hy)), (11.1)
where ¢ € C2(R™) and h; € Cp*(Ry X Rg) for 1 <i < m.

201
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It is easy to show that the set S is dense in L*(Q).

Definition 11.1.1 The Malliavin derivative of a simple random variable
F in S of the form (11.1) is defined as the two parameter process

D, . F = Z a—w(N(hl), e s N(hp)O i (t,2), (t,2) e Ry X Ry, (11.2)
=1 axk

In particular, D(N(h)) = 0h.

Remark 11.1.2 Let F € S be of the form (11.1). Then, there exist T > 0
and K a compact subset of Ry such that [0, 7] X K contains the supports of
all the h;. Let (T}, Y;)1<;<y denote the points of [0, 7] X K that belong to the
support of N with T} < --- < T, (if there are no such points, M = 0). Then
M is a Poisson random variable with parameter 7v(K), and conditionally
on M and T4,..., Ty, the random variables (Y;)1<;<y are independent and
have distribution v/v(K) over K.

From now on we assume the following hypothesis:
(H1) There exists a strictly positive function f in C'(Ry) such that the
Lévy measure satisfies

v(dz) = f(2)dz. (11.3)
For any F in S of the form (11.1), we consider the operator given by

m 890 f/
_ 1\ 9% ) I
LF = k; T (N()......N ()N (2 + fazh,()

1
3 kJZl Gt (VO NN (2:1i00,)

Consider the measure vy on R, X Ry given by
() = E( f f L5, ON(s, d2)).  for A€ B(R. x Ro).
R, JR

Given random elements u, i in L?>(vy) := L*(R, X Ry, vy), we define the
random scalar product and norm

iy = [ [ uts. N @sdz) and Tl = .
R, JRy
Notice that L*(P) c L*(vy) and, for any u € L*(P), we have (Exercise 11.1)

E(|lull?) = f f Eu?(s, 2))v(dz)ds. (11.4)
Ry Ry
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The following result, whose proof is an immediate consequence of the
definition of the operators D and L, shows the relationship between these
operators (see Exercise 11.2).

Lemma 11.1.3 Forany F,G € S, we have
(DF,DG)y = L(FG) — FLG — GLF.
Let F be an element of S of the form (11.1). By Remark 11.1.2
F =0T}, Y)<ism)s

where

(i, y<i<m) = ( Z hi(t;, yi), Z hin (i, yi )

Forany 1 <i < M and A € R, define
=0T, Y),....(T5, Yi + O, ...,(Ty, Yi)). (11.5)

The next lemma provides an alternative representation of LF (see Exercise
11.3).

Lemma 11.1.4 Let F € S be of the form (11.1). Then

Z (e

where F*' is given by (11.5).

As a consequence, if F' = 0, conditioning on 71, ..., Ty, and M, we have

O((Ti,yi)1<i<m) = 0

forall yy, ..., vy € Ry. This implies that F* = 0 and, therefore, F = 0 and
IDF|ly =0

Remark 11.1.5 Assume that Q is the canonical space (9.4) with Z =
R, X Ry. Then, for any F in S and w € Q, if (¢, ) is in the support of w and
A€Rissuchthatz + 1 #0,

0
D, .F(w) = aF (W =08z + 6(t,z+/l))| =0

The next integration-by-parts formula is due to Bichteler et al. (1987,
Proposition 9.3d).
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Lemma 11.1.6 Forany F,G € S, it holds that
E(FLG) = E(GLF) = —%E((DF, DG)y).

Proof Let F = @(N(h),...,N(hy)) and G = y(N(g1),...,N(g,)). Let
T > 0, and let K be a compact subset of Ry such that [0, 7] X K contains
the supports of all 4; and g;, as in Remark 11.1.2. Let (7}, Y;)1<i<y denote
the points of [0, 7] X K that belong to the support of N with T < -+ < T},.
We denote by G the o-field generated by M and T+, ..., Ty.

We will show that

E (FLG + 3(DF, DG)y

6)=o.

which implies that E(FLG) = —%E ((DF, DG)y). We can deduce the other
equality by the symmetry between F' and G.

Let M and the T; be fixed, and set h{(z) = hi(T;,z) and g{(z) = gi(T},2).
Then, FLG + 3(DF, DGy = ¥(Y1,...,Yy), where

\P(Zl, e ,ZM)
M
= %@(Zh[{(zf)s th(zf))
(=1
q s M M 4 (ze)
(; (9_xk( ; g{(zg), R ; g;(Zf)) ; ( (z¢) + ) 618£(Z€))

Py (A, .
+ E_ E ij( E_ gl(Zc),...,;=1 gq(zf))
. O\
§ (§ R (o). ;:, hm<zg))—axj(

kj]

0-8(z0)0.8!(20))

M
8@ ) gé(z(e))
t=1

=

M= IPM=

o~
Il

1
X Z 3:hi(20)0:8'(z0)-
=1
Then, if ug denotes the restriction of v to K, it suffices to show that

f \P(Zl,-.-,ZM)NK(dZ])"'ﬂK(dZM) =0. (11.6)
KM

Let 1 < ¢ < M and Z; = {z;}1<j<um, j2c- Then, one can easily check that

Y(zi,....2m) = 5 Zf( )61[Q (z0),
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where

M
Qe = o Y Mt Y Hite)
i=1
M
X Z g—i( ; gil (6) ; g;(Zi))f(Z[)azgi(z(;)_

k=1

M
i=
q

Since ng = 0 on the boundary of K, we deduce that, for all £ and Z,

—0, d?)= | 8.0 (2)dz=0
f() . 0% (Duk(dz) = fk . Q:,(2)dz

from which we conclude (11.6). ]

11.2 Sobolev Spaces

As a consequence of Lemma 11.1.6, we will show that the operator D is
closable.

Lemma 11.2.1 Let Fy be a sequence of random variables in S that con-
verges to zero in L*(Q). Assume that there exists a process u in L*>(vy) such
that E(||DFy — u||12\,) converges to zero. Then E(IIuIIIZ\,) =0

Proof Let F € S. Then,
E({u, DF)y) = I}im E((DFy, DF)y).
Thanks to Lemma 11.1.6, EKDF;, DF)y) = —2E (F\LF). Since F) con-

verges to zero in L*(Q), we deduce that E((u, DF)y) = 0. We then apply
this with F = F} and let k go to co. O

We denote by D'V the closure of S with respect to the seminorm
1/2
IFlliy = (EQFP) + E(IDFIR))

Notice that to show that a random variable F in L*(Q) belongs to D'V and
that, for some process u in L*(vy), DF = u it suffices to find a sequence Fy
in S such that

E(F — Fi*) + E(lu — DFyIy)

converges to zero as k goes to infinity. Observe also that D'V is a Hilbert
space with scalar product

(F,G)1ny = E(FG) + E(DF, DG)y).
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The next result is the chain rule for the Malliavin derivative in the Pois-
son framework, which can be proved as in the Brownian motion case (see
Proposition 3.3.2).

Proposition 11.2.2  Let ¢ be a function in C'(R) with bounded derivative,
and let F be a random variable in D'V, Then, ¢(F) belongs to D' and

D(p(F)) = ¢'(F)DF.

Denote by Cg’l(R+ X Ry) the set of continuous functions #: R, X Ry —» R
that are differentiable on Ry with

f f (hz(l‘, 2) + (0h(t, z))z) v(dz)dt < oo.
R, JRo

Proposition 11.2.3 If h € C)' (R, X Ry) then N(h) and N(h) belong to
DN and

DN(h) = DN(h) = 0.h.
Proof The result is clearly true if 1 € Cg‘z(R+ X Ry). The general case

will follow from an approximation argument. For any € > 0, consider a
nonnegative function in C>(Ry) such that

K. 1 if |zl < 1/e,
k) =
0 if|zl>1/e+2,

|Ke(z)l < 1, and |K[(z)| < 1. Consider also a C(R,) nonegative function
such that
1 ifr<1/e,

M (1) =
® {0 ift>1+1/e,

and |M.(t)| < 1. Set

he(t,2) = (h* @)(t, 2)K(2)M (1),

where h € Cg’l(R+ X Rp) and ¢, is an approximation of the identity on R.
Then, for all € > 0, & belongs to C* (R, X Ry). Therefore, N(h,) and N(h,)
belong to D'V, and

DN(he) = DN(he) = 8Zhe = (8zh * ‘;DE)KEME + (h * ()DE)K;MG

Finally, one can easily check that, as € tends to 0, . converges to /4 in
L'(¢ x v) and L*(¢ x v), N(h.) and N(h.) converge to N(h) and N(h) in
L*(Q), respectively, and E(]|0.h — 8Zh6||12\,) converges to 0. This concludes
the proof. O
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We now introduce the space of adapted differentiable random processes
in the Malliavin sense. Denote by &, the space of elementary and pre-
dictable processes of the form

m n—1

u(t,z) = Z Z Fi 1 .0®h(2),

j=1 i=0

where 0 < fy < --- < t,, all F;; belong to S and are ¥, -measurable, and
h; e C(l)(R).

Definition 11.2.4 We define the space L." as the space of predictable
processes u = (u(t,z))0.er, Such that, for almost all (z,z), we have that
u(t,z) € DN, 8,u(t, 7) exists, and

llfy = f f (Eduts, o) + E@outs, )
Ry JRy

+ E(|Du(s, Z)||12V))v(dz)ds < oo,

The following proposition, whose proof is left as an exercise (Exercise
11.4), ensures that &, is dense in L.

Proposition 11.2.5 The space &, is dense in L}".

If u € LY, the stochastic integral fR fRo Du(t, z)N(dt, dz) exists as the

limit in L2(Q) of the stochastic integral of a sequence of approximating
processes in &,. Moreover, we have the isometry property

2
E(‘ f f Dut. o)N(dr. dz) ): f f E(|IDus, 2)|)v(d2)ds.
Ry JRy N Ry Ry

(11.7)
Proposition 11.2.6 If u belongs to LYY then the stochastic integral

= f f u(t, 2)N(dt, dz)
Ry JRg

belongs to DY and, for almost all (1,@) € Ry X Ry,

Dol = d.u(t, ) + f f D qu(t, 2)N(dt, dz). (11.8)

Ry JRg

Proof By Proposition 11.2.5, the process u € ;" can be approximated in
the norm || - ||; v by a sequence u* of elementary and predictable processes
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of the form

my nk—l

W6, = D g (0RQ),

j=1 i=0

where F} ; belongs to S and is 7, -measurable and h'; € C)(R). Set

Ik .= f f uk(t, 2)N(dt, d7).
R, JRy

Clearly, E(|I — I*[*) converges to zero as k — oo. Then, by (11.2),

nmy n/‘-*l

Dualt = Druf 3 ), f (N, do)
j=1 i=0 (t1,ti411XRo

= f f D, (1, 2)N(dt, dz) + d.u* (7, @).
R, JRo

We know that E ( fR fRO |0.u(t, 7) — 0.uk(t, z)lzv(dz)dt) converges to zero as
k — oco. Furthermore, using the isometry property (11.7) we deduce that

d )

= f f E(||Du‘(t, z) — Du(t, 2)|I)v(dz)dt — 0,
R+ R{)

f f (DuX(t,z) — Du(t, 2))N(dt, dz)
Ry JRy

as k — oo. Therefore, I € D'V and (11.8) holds. |

11.3 Directional Derivative

Assume that Q is the canonical space (9.4) associated with the Poisson
random measure N, with Z = R, X Ry. Remark 11.1.5 suggests defining
a derivative in the direction of the jump parameter as follows. For each
A € (=1,1), and any Borel set A c R, X Ry with (£ X v)(A) < oo, we
consider the measure

NA(A):fflA(s,z+/1)N(ds,dz)
Ry JRg

and the shift 8! on Q given by
N o 04 (w) = N (w), weQ.
Set

fz+ )

A _
Y@= 70
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Then, for any Borel set A € R, X Ry with (£ X v)(A) < oo,

fflA(s,z+/l)yA(z)v(dz)ds:fflA(s,z')v(dz')ds.
R,y JRy Ry IRy

Next, assume that the function f satisfies the following hypothesis:
(H2) Hypothesis (H1) holds and, for all 1 € (-1, 1),

f 0"'(2) = 1*f(2)dz < oo,
R

f log(" () f (2)dz < oo,
Ro

and

fR ('@ 10g2 = y' (@) + 1 - ¥'®)) f@)dz < .

Fix T > 0 and let (G})0.r) be the unique solution to the stochastic
differential equation

dG! = G\ f 0'(z) - DN(dt,dz), Gi=1.
Ro

By Theorem 9.7.1, (G})c0.17 is a positive martingale and, by 1t6’s formula
(Theorem 9.5.2),

G?=exp( f f log(y'(2))N(ds, dz)
0 JRy

- f t f (log(r'(2)) - yﬂ(z)+1)y(dz)ds).
0 JRy

Furthermore, the following defines a probability measure on (Q, 77):
dP*
-5 (@ = Giw), weQ.

Moreover, thanks to Girsanov’s theorem (Theorem 9.7.2), the law of N*
under P* coincides with that of N under P.

In particular, if F is an F7-measurable random variable then for any
bounded measurable function ¢,

E(p(F(61))G7) = E(p(F)). (11.9)

Therefore, if we can differentiate (11.9) with respect to 4 at 4 = 0, we
obtain the following integration-by-parts formula.



210 Malliavin Calculus for Jump Processes 11

Proposition 11.3.1 Assume that f satisfies hypothesis (H2) and that

(f' @)
Ry f@)

Let F be an Fr-measurable random variable such that, for any A € (-1, 1),
F(0%) belongs to L*(Q), and there exists a random variable DF in L*(Q)
such that

dz < oo, (11.10)

%(F(eﬂ) - F)-DF

tends to zero in L*(Q) as A — 0. Then, for any function ¢ € C,(R), the
following integration-by-parts formula holds:

E(¢'(F)DF) = ~E(¢(F)Jr), (11.11)

where

@,
= N(dt, d?).
I fo L o V)

Proof It suffices to show that Jr is the derivative of G} with respect to A
at A = 0in L*(Q); that is, that

1

1Gr=D-Jr
tends to zero in L?(Q) as A — 0. Indeed, this implies that we can differen-
tiate equation (11.9) with respect to A at 4 = 0 under the expectation sign,

which gives formula (11.11).
In order to prove the claim, first observe that

E(G} - 1P) = fo t fRO ("'(2) = I’E(GIP) f (2)dzds
< 21g(1) + 2g(1) fo B(G! — 1P)ds.
where g(4) := [, ((z) = 12f(2)dz < co. Thus, by Gronwall’s lemma,
E(G! — 1) < 2tg()e*s™. (11.12)

We now return to our goal and write

E(G} -1 =A< I + I,
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where

T
I = 20 f E(G! — 1P)ds,
0

IzzszRO(y‘(z)—h J}(Z)) F)dz.

Using (11.12), we get
I, < AT?g*(1)e* 8@,

Then, using the mean-value theorem and Fatou’s lemma, we obtain

g (f’(Z))2
M= <l f @ Z =0
which implies that
.
ke
For the term I,, we again use the mean-value theorem and Fatou’s lemma
to conclude that

=0.

1
I (Jo '@+ 0dx = f'(2))°
lim—zzsflimfof ! z=0,
1-0 Ro 1-0 f(Z)
which proves the claim. O

Corollary 11.3.2  Under the hypotheses of Proposition 11.3.1, if DF # 0
a.s. then the law of F is absolutely continuous with respect to the Lebesgue
measure.

Proof Let ¢ € C;°(R). Then, by Proposition 11.3.1,
[E(¢’(F)DF)| < E(J7))lglle-

Therefore, by Nualart (2006, Lemma 2.1.1), the law of F under the mea-
sure Q(dw) = P(dw)DF(w) is absolutely continuous with respect to the
Lebesgue measure. Since DF # 0 as., Q and P are equivalent measures
and the result follows. O

The next result gives the relationship between the directional derivative
DF and the Malliavin derivative DF.

Proposition 11.3.3  For any random variable F in S,

T
DF = N(DF) = f f D,.FN(dt,dz), a.s.
0 Ro
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Proof Let F € S of the form (11.1). Then, by Definition 11.1.1, we have
on the one hand

m

0
NDF) = 3 5N, ... NN @:h).

k=1
On the other hand,

F(0") = o(N'(hy), ..., N'(hy)),
where N*(h;) = fOT fRo hi(s,z + ADN(ds, dz). Therefore

. 0
DF = —F(6Y
o (

—(N(h L N(h,)—N"(h ,
,; I, (N(hy), . ( ))6/1 (k)ﬁ=0
from which the result follows, since for any w € Q,

1 _ 0
—N (h@(w)‘ - @'t

. = a)(azl’lk) = N(azhk)(a))

11.4 Application to Diffusions with Jumps

Suppose that N is the Poisson random measure on R, X R, associated with
a pure jump Lévy process L = (L,);»o. Let B = (B;);» be a d-dimensional
Brownian motion that is independent of L. In this section, (F;)»¢ refers to
the filtration generated by the processes L and B.

We consider the set S of cylindrical random variables of the form

F = @(B(g1),...,B(gw), N(h), ..., N(hy)),

where ¢ € C2(R"™*), g; € L2(R,;RY), and ; € CJ7 (R, X Ry).

The set S is dense in L*(Q). If F belongs to S, we define the Malli-
avin derivatives D®F and DVF, considering the random variables N(h;)
and B(g;), respectively, as constants. That is, for almost all (¢,z) € R, X Ry
and j=1,...,d,

k .
D}F Z (B(81), -, B@), N(hy), ..., N))gl(1)
=1 l
and

k+m

nF = Z a—(B(gl) - B(g), N(hy), ..., N(hyu))d:hi(t, 2).

i=k+1
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We define the operator LN F similarly. Assume that hypothesis (H1) holds.
Proposition 3.3.1 and Lemma 11.2.1 can be extended to this framework.
As a consequence, the operators D? and DV are closable and thus they can
be extended to the space D? defined as the closure of S with respect to the

seminorm
12

IIFIL = (BAFP) + EQDPFIE) + EQDFIR))
Observe that D? is a Hilbert space with scalar product
(F,G)qe = E(FG) + E(D®F, D®G)y) + EKDVF, D" G)y).

Since both derivative operators D? and DV satisfy the chain rule (see
Propositions 3.3.2 and 11.2.2), the criterion of Proposition 7.1.2 extends to
the space D? as follows.

Proposition 11.4.1 Let F be a random variable in the space D* such
that ||DBF||g + ||DYF||y > 0 almost surely. Then, the law of F is absolutely
continuous with respect to the Lebesgue measure.

We next consider a process X = (X;)»0, the solution to the following
stochastic differential equation with jumps in R™:

d
dX, = b(X,)dt + Z o (X,)dB] + f c(X,—, 2)N(dt, dz),
=1 Ro

with initial condition Xy = xy € R™. The coefficients o;,b: R" — R"
and c: R” X Ry — R are measurable functions satisfying the following
Lipschitz and linear growth conditions: for all x,y € R™,

max (|a,<x) — o 1b() - )P, fR lc(x,2) — ¢y, z)|2v(dz>) < Klx—yP

(11.13)
and

m;;lx(lﬂ'j(x)lz,lb(x)lz, f |c(x,z)|2v(dz))s1<(1+|x|2). (11.14)
J Ro

The following existence and uniqueness result is well known (see e.g.
Ikeda and Watanabe, 1989, Theorem 9.1).

Theorem 11.4.2 There exists a unique cadlag, adapted, and Markov pro-
cess X on (U, F, (F1)r=0, P) satisfying the integral equation

f d f t
X, =xo+ f b(Xy)ds + Zf Uj(Xs)dBi + f f c(X,_,z2)N(ds, dz).
0 ‘o Jo 0 Jr,

(11.15)
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Moreover, for any T > 0,

E( sup |X,|2) < o0,
1€[0.7]

We next give sufficient conditions on the coefficients for the solution to
be differentiable in the Malliavin sense.

Theorem 11.4.3 Assume that o, b, and c(-,7) are in C'(R™;R™) for all
z € Ry, that o and b have bounded partial derivatives, and that, for all
x € R",

f 10c(x, 2)*v(dz) < K.
Ro
Assume also that, for all x € R™, c(x,-) belongs to C'(Ry; R™) and
f |0.c(x, 2)*v(dz) < K(1 + |x[*).
Ro
Then X,i belongs to D?, forallt > 0andi = 1,...,m, and the Malliavin

derivatives (D8X,),<; and (DQ’SCX,),S,,&RU satisfy the following linear equa-
tions forall j=1,...,d:

m d 1
DBIX, = oj(X,) + Z Z f Oxore(X,)DPI(X*)d B!

k=1 (=1

m ¢
£ f 8b(X,)DI (X )ds
k=1

m t
£ f 8. c(X,-, 2)DPI(X* )N(ds, dz)
k=1 ¥T"

and

m d t
DX = 00,6+ 3 3 [ ahrxapl kb

k=1 (=1 VY7
m !
£y f db(X)DY! (X )ds
k=1 VT
m 1
+Z f dy,c(X,-, DY (XE )N (ds, dz).
k=1 VT

Proof To simplify, we assume that b = 0. Consider the Picard approxi-
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mations given by X,(O) = xo and

d 1 t
XD :x0+z f o (X™)dB! + f f (X, 2)N(ds, dz),
j=1 0 0

if n > 0. We will prove the following claims by induction on n:

Claim 1 X,(")’i eD!'? foralli=1,...,m,t> 0. Moreover, for all t > 0,

Yu(0) == sup E(IDEX"P) < oo

0<r<s<t

and, forall 7 >0andr € [0,T],

!
U1 (1) £ €1 + CZf Ya(s)ds,
0
for some positive constants ¢y, ¢, depending on 7.

Claim 2 Xf")’i e D'"W foralli=1,...,m,t > 0. Moreover, for all t > 0,

¢n(t) = sup E(IDVX" ) < oo
s€[0,1]

and, forall T >0Oandr€[0,T],
A
Gni1() < 03+ C4f en(s)ds,
0

for some positive constants c3, ¢, depending on 7.

We start by proving Claim 2. Clearly, the claim holds for n = 0. As-
sume it is true for n. First, we study the derivative with respect to N of the

stochastic integral
G(1) = f f (X", 2)N(ds, dz).

The process X" is a weak version of the process X(”) in the sense that
Xi”)(w) = X('f)(a)) dPds-a.e. In that sense, we can write

ffc(X("),z)N(ds dz) = ffc(Xﬁ'i),z)N(ds,dz) a.c.
0 JRo

By the chain rule (Proposition 11.2.2) and the induction hypothesis, we
have that, for all s € [0,7] and z € Ry, c(X\",z) € D'V and

C(X(n),Z) _ Z aka(X(”),Z)D (X(n) k)l{rq]
k=1
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Therefore, by the induction hypothesis and the assumptions on ¢, we obtain
that the process (c(Xﬁ"), 2))sef0.7) 2R, Delongs to ]L,};N . Extending Proposition
11.2.6 to an integral with respect to a Poisson random measure, we deduce
that the stochastic integral G,(f) belongs to D'V and that

d f
DYG() = 0.cX",8) + ) f 8 c (X, DDYX PN (s, d).
k=1 YT

Moreover, by (11.4), the isometry property (11.7), the induction hypothe-
sis, and the hypotheses on ¢, we conclude that

!
sup E(”DNGn(S)HJZV) < ¢+ CZf QD,,(S)dS.
s€[0,7] 0

The derivative with respect to N of the Itd stochastic integral follows along
the same lines. This completes the proof of Claim 2.

We next prove Claim 1. Clearly, the claim holds for n = 0. Assume that
it is true for n. We first study the derivative with respect to B of the stochas-
tic integral G,(f). By the chain rule (Proposition 3.3.2) and the induction
hypothesis, for all s € [0, T] and z € Ry, ¢(X\"”, z) belongs to D'2 and

d
DEe(X,2) = 3" 8, c(X, )DEX ).
k=1

Using Proposition 3.4.3 we deduce that the random variable G, (¢) belongs
to D' and that

d f
DPG,(t) = Z f 8. c(X™, HDEX M N(ds, dz).
k=1

r

Moreover, by the isometry property of the stochastic integral (see (9.12))
and the assumption on ¢, we obtain

0<r<s<t

sup E(IDFGu(s)) < 3+ ¢y fo Ua(5)ds.

The derivative with respect to B of the It0 stochastic integral follows along
the same lines. This completes the proof of Claim 1. The rest of the proof
follows as in Proposition 7.5.2. O

Consider now the one-dimensional version of equation (11.15), that is,

! ! !
X, = xo+ f o(X,)dB, + f b(X,)ds+ f f c(X,_,2)N(ds,dz), (11.16)
0 0 0 Jry

where xo € Rand 0;,b: R — R and c: R X Ry — R are measurable
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functions satisfying the Lipschitz and linear growth conditions (11.13) and
(11.14), which ensure the existence of a unique cadlag-adapted process
X = (X))o as a solution to (11.16) (see Theorem 11.4.2). Then, under
the hypotheses of Theorem 11.4.3, X, belongs to D? for all ¢ > 0, and the
Malliavin derivatives (D?X,),<, and (DC;X;)VS[gERD satisfy the linear equa-
tions

! 13
DX, = o(X,) + f o’ (X,)D2(X,)dB, + f b (X,)DE(X,)ds

r

!
+ f f dcc(X,-, 2)DE(X,)N(ds, dz).
r Ro
and
15 !
DX, = 0.c(X,, &) + f o’ (X)D)(X,)dB, + f b'(X,)D(X,)ds
!
+ f f 0,c(X,-, )DY(X,)N(ds, dz).
r JRy

We next apply a one-dimensional criterion for the existence of the den-
sity given in Proposition 11.4.1.

Theorem 11.4.4 Let X be the unique solution to (11.16), and assume
that the coefficients o, b, and c satisfy the hypotheses of Theorem 11.4.3
and that 1 + 0.c(x,z) # 0 for all x € R and z € Ry. Suppose also that one
of the following two conditions holds:

(C1) forall x e R, o(x) #0;
(C2) forall x e R,

f 1y, c(x200v(dz) = o0.

Ro
Then, for all t > 0, X, has a density with respect to the Lebesgue measure.

Proof By Proposition 11.4.1, it suffices to show that if either hypothesis
(C1) or hypothesis (C2) holds then, for all # > 0 a.s.

! !
f \DEX,|* dr + f f \DY.X\[’N(dr,d¢) > 0.
0 0 JRy ’

Observe that by 1t6’s formula (Theorem 9.5.2), the solutions to the linear
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equations satisfied by the Malliavin derivatives are given by
DEX, = a(X)exp f o (X,)dB, + f B'(X,) - L (X))

+ f l fR log(1 + dxc(X,-, 2))N(ds, dz)

r JRy

+ ftfR (log(1 + 9,¢(X,_,2)) — (9XC(XX,,Z))V(dZ)ds).
and 0
DQ’SX, =0,c(X,_, &) exp(ft o’ (X,)dB;

+ f t(b’(Xs - o' (X)) ))ds

+f[fR log(1 + 0,c(X,_, 2))N(ds, dz)

+ f f (log(1 + 0,c(Xs-, 2)) — 8XC(XS_,z))v(dz)ds).
r JRy

We first assume that hypothesis (C1) holds. In this case, clearly, for all # > 0
a.s.,

!
f IDEX,[*> dr > 0.
0

Second, we assume that hypothesis (C2) holds. Then, it suffices to show
that, for every t > 0 a.s.,

!
f f Li.cx,_ o0 N (dr, d€) > 0.
0 Jry

To this end, consider the stopping time

= inf{s >0: f f 1{615(Xr7,§)¢0}N(dr7 df) > 0}
0 Ry

Then it suffices to show that R = 0 a.s. Since X is adapted and N is a
counting measure,

f f 10.0x,_ 20 N (dr, df) f f Lo.cx, .§>¢01V(d§)d7) ,

which implies that a.s.

R
f f Lg,cx,_ o20v(dE)dr < oo.
0 Ry
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This contradicts hypothesis (C2) unless R = 0 a.s., and so the theorem is
proved under hypothesis (C2). O

We end this chapter by providing a different proof of Theorem 11.4.4
under hypothesis (C2) and assuming o = 0, using the criterion of Corollary
11.3.2. See Bichteler et al. (1987) for its extension to the multidimensional
case. Observe that, in order to apply Corollary 11.3.2, we need to assume
that v has a density satisfying the hypotheses of Proposition 11.3.1, so this
alternative proof of Theorem 11.4.4 needs these additional hypotheses.

Consider the perturbed process X;' = X, o 8'. Then X} satisfies the equa-
tion

! t
X! = xo + f b(XY)ds + f f c(X*,z+ )N(ds, dz)
0 0 JRy
15
+ f f (X2, 72+ ) — (X2, 2))v(dz)ds.
0 JR
For all A € (-1, 1), this equation has a unique solution in L*(Q). We are

going to compute the process DX, defined in Proposition 11.3.1. Notice
that the derivative Y = §,X/ satisfies the equation

! !
Yi= f b (XHYds + f f dc(XE, 7+ DY N(ds, dz)
0 0 JRy
!
o [ [ @tz - oty vdads
0 JRo

!
+ f f d.c(XL,z+ DN(ds, dz).
0 JRo

Therefore, DX, satisfies the equation
! 15
DX, = f b'(X,)DX,ds + f f 8.c(X,_,2)DX,_N(ds, dz)
0 0 JRy
!
+ f f 0,c(X,_,2)N(ds, dz).
0 Jry
Using the method of variation of constants,
!
DX, = f DX,dK, + H,, (11.17)

0

where

! !
K, = f b'(X,)ds + f f 8.c(X,_, 2)N(ds, dz)
0 0 JRy
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and

!
H, = f f d.c(X,-, )N(ds, dz).
0 Ry

By It&’s formula (Theorem 9.5.2), the solution to equation (11.17) is given
by

0,c(X,_,2)
1+ 9dc(Xs_,2)

where &E(K;) is the Doléans—Dade exponential of K;, given by

DXI = S(Kz)f S(Kx)_l N(dS, dZ),
0

8(Kt)=exp( fo (b (X)) ds + fo fR log(1 + d,c(Xs_, )N(ds, d2)

+ f f (log(l+8xc(Xs,z))—6XC(XS,Z))v(dz)ds).
0 Ro

Hypothesis (C2) implies that DX, # 0 a.s., and thus Corollary 11.3.2
implies that the law of X, has a density.

Exercises

11.1 Show formula (11.4) for any u € L*(P).
11.2  Show that for any F,G € S, we have

(DF,DG)y = L(FG) - FLG — GLF.

11.3 Show Lemma 11.1.4.

11.4 Show Proposition 11.2.5.

11.5 Show the isometry property (11.7), first for elementary processes in the
space &, and then in the general case.



Appendix A

Basics of Stochastic Processes

A.1 Stochastic Processes

A real-valued continuous-time stochastic process is a collection of real-
valued random variables (X;);»o defined on a probability space (Q, 7, P).
The index ¢ represents time, and one thinks of X, as the state or the posi-
tion of the process at time t. We will also consider processes with values
in RY (d-dimensional processes). In this case, for each r > 0, X, is a d-
dimensional random vector. For every fixed w € Q, the mapping ¢ — X,(w)
is called a trajectory or sample path of the process.

Let (X;)»0 be a real-valued stochastic process and let 0 < #; < --- < t,
be fixed. Then the probability distribution P, , = Po (X,,...,X; )" of
the random vector

Xy s Xp): Q > R”

is called the finite-dimensional marginal distribution of the process.

The following theorem establishes the existence of a stochastic process
associated with a given family of finite-dimensional distributions satisfying
a consistency condition.

Theorem A.1.1 (Kolmogorov’s extension theorem) Consider a family of
probability measures

.....

such that:

(i) P,,..., is a probability on R";

(i1) (comsistency condition) if {t, < --- < t,} C {ti < -+ < t,}
then Py, . is the marginal of P, corresponding to the indexes
kla---,km-

,,,,,

Then there exists a real-valued stochastic process (X,)so defined in some

221
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probability space (Q,F, P) which has as finite-dimensional marginal dis-
tributions the family {P,, . }.

Example A.1.2 Let X and Y be independent random variables. Consider
the stochastic process
X, =tX+Y, t>0.

The sample paths of this process are lines with random coefficients. The
finite-dimensional marginal distributions are given by

Xi—)y

P(X,, <xi,...,X,, an)szX(min
R

1<i<n

[y,

where Fy denotes the cumulative distribution function of X.

A.2 Gaussian Processes

A real-valued process (X,),o is called a second-order process provided that
E(X,z) < oo forall > 0. The mean and the covariance function of a second-
order process are defined by

my(1) = E(X)),
Ix(s, 1) = Cov(Xy, X;) = B((X; — mx(s))(X; — mx(0)).

A real-valued stochastic process (X,),»o is said to be Gaussian or nor-
mal if its finite-dimensional marginal distributions are multidimensional
Gaussian laws. The mean my(¢) and the covariance function I'x(s, t) of a
Gaussian process determine its finite-dimensional marginal distributions.
Conversely, suppose that we are given an arbitrary function m: R, — R
and a symmetric function I': R, X R, — R which is nonnegative definite;
that is,

n
Z l"(t,-, tj)aiaj > 0
ij=1
forallt; > 0,a; € R, and n > 1. Then there exists a Gaussian process
with mean m and covariance function I'. This result is an immediate con-

sequence of Kolmogorov’s extension theorem (Theorem A.1.1).

Example A.2.1 Let X and Y be random variables with joint Gaussian
distribution. Then the process X, = tX + Y, t > 0, is Gaussian with mean
and covariance functions
mx(t) = tE(X) + E(Y),
I'x(s, 1) = stVar(X) + (s + H)Cov(X, Y) + Var(Y).
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A.3 Equivalent Processes

Two processes, X, Y, are equivalent (or X is a version of Y) if, for all # > 0,
PX,=Y,) =1.

Two equivalent processes may have quite different trajectories. For exam-
ple, the processes X; = 0 for all # > 0 and

0 if t,
Y, = 1 < ¥
1 ifé=1t,

where £ > 0 is a continuous random variable, are equivalent because P(¢ =
1) = 0, but their trajectories are different.
Two processes X and Y are said to be indistinguishable if

X(w) = Y(w)

for all ¢+ > 0 and for all w € Q*, with P(QQ*) = 1. Two equivalent processes
with right-continuous trajectories are indistinguishable.

A.4 Regularity of Trajectories

In order to show that a given stochastic process has continuous sample
paths it is enough to have suitable estimates for the moments of the incre-
ments of the process. The following continuity criterion of Kolmogorov
provides a sufficient condition of this type.

Theorem A.4.1 (Kolmogorov’s continuity theorem) Suppose that X =
(X0repo,r) satisfies
E(X, — X,F’) < K|t — s"*,

for all 5,1 € [0, T] and for some constants 3, a, K > 0. Then there exists a
version X of X such that, if y < a/B,

X, — X,| < G|t - s

for all s,t € [0,T], where G, is a random variable. The trajectories of X
are Holder continuous of order vy for any v < a/B.

A.5 Markov Processes

A filtration (F;)r»0 18 an increasing family of sub-o-fields of . A process
(X)) =0 1s Fr-adapted if X, is F,-measurable for all ¢ > 0.
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Definition A.5.1 An adapted process (X;);»o is a Markov process with
respect to a filtration (%), if, for any s > 0, # > 0, and any measurable
and bounded (or nonnegative) function f: R — R,

E(f(Xs)IFy) = E(f(X:)IXs)  ass.
This implies that (X,),so is also an (F,X);so-Markov process, where
FX=0{X,0<u<t.

The finite-dimensional marginal distributions of a Markov process are char-
acterized by the transition probabilities

p(s,x,s +t,B) =P(Xyy € BIX; =x), BeBR).

A.6 Stopping Times

Consider a filtration (%;)»0 on a probability space (€2, ¥, P) that satisfies
the following conditions:

1. if A € ¥ is such that P(A) = 0 then A € Fy;
2. the filtration is right-continuous; that is, for every ¢ > 0,

7:t = m11217:t+l/n'

Definition A.6.1 A random variable 7: Q — [0, 0] is a stopping time
with respect to this filtration if

(T <t}e¥F, forallt>0.
The basic properties of stopping times are the following.

1. T is a stopping time if and only if {T <t} € ¥, forall t > 0.
2. S VT and S A T are stopping times.
3. Given a stopping time 7,

Fr={A:AN{T <t} € F;, forall t > 0}

is a o-field.

4. If § < T then Fg C F7.

5. Let (X;);s0 be a continuous and adapted process. The hitting time of a
set A C R is defined by

Ty =inf{t >0: X, € A}.

Then, whether A is open or closed, T4 is a stopping time.
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6. Let X, be an adapted stochastic process with right-continuous paths and
let T < oo be a stopping time. Then the random variable

Xr(w) = Xrw(w)

is Fr-measurable.

A.7 Martingales

Definition A.7.1 An adapted process M = (M,)» is called a martingale
with respect to a filtration ()50 if

(1) forall ¢t > 0, E(|M,|) < oo,
(ii) for each s < t, E(M,|F;) = M.

Property (ii) can also be written as:
E(M, - M,|F,) = 0.

The process M, is a supermartingale (or submartingale) if property (ii)
is replaced by E(M,[F) < M; (or E(M/|F) = M;).
The basic properties of martingales are the following.

1. For any integrable random variable X, (E(X|7;)).»0 is a martingale.

2. If M, is a submartingale then t — E(M,) is nondecreasing.

3. If M, is a martingale and ¢ is a convex function such that E(|o(M,)|) < co
for all + > O then ¢(M,) is a submartingale. In particular, if M, is a

martingale such that E(|M,|?) < oo, for all # > 0 and for some p > 1,
then |M,|” is a submartingale.

An adapted process (M,),;s is called a local martingale if there exists a
sequence of stopping times 7, T oo such that, foreachn > 1, (M, )0 1S a
martingale.

The next result defines the quadratic variation of a local martingale.

Theorem A.7.2 Let (M,);s0 be a continuous local martingale such that
My=0.Letr ={0=1t) <t <---<t, =t} be apartition of the interval
[0, ¢t]. Then, as || — 0, we have

n—1

P
DM, - M, — (M),
Jj=0

where the process ((M),)so is called the quadratic variation of the local
martingale. Moreover, if (M,),sq is a martingale then the convergence holds
in L'(Q).
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The quadratic variation is the unique continuous and increasing process
satisfying (M) = 0, and the process

M; (M),
is a local martingale.

Definition A.7.3 Let (M;);»o and (IV;),»¢ be two continuous local martin-
gales such that My = Ny = 0. We define the quadratic covariation of the
two local martingales as the process ({M, N),),»o defined as

(M,N); = i(<M+N>t_<M_N>z)-

Theorem A.7.4 (Optional stopping theorem) Suppose that (M,);so is a
continuous martingale and let S < T < K be two bounded stopping times.
Then

E(Mr|Fs) = Ms.

This theorem implies that E(M7) = E(Mg). In the submartingale case
we have E(M7|Fs) > Ms. As a consequence, if T is a bounded stopping
time and (M;),»o is a (sub)martingale then the process (M,.r)>o is also a
(sub)martingale.

Theorem A.7.5 (Doob’s maximal inequalities) Let (M,)0.r) be a con-
tinuous local martingale such that E(|(M7|P) < oo for some p > 1. Then, for
all A > 0, we have

1
P( sup |M,| > /1) < —B(M.). (A.1)
0<t<T AP
If p>1then
P
E( sup 1mp) < (L) M), (A2)
0<t<T p-1

Theorem A.7.6 (Burkholder-David—Gundy inequality) Let (M,).0.1) be
a continuous local martingale such that E(|(M7|P) < oo for some p > O.
Then there exist constants c(p) < C(p) such that

c(p)E ((M)}?) < E(Osup |M,|P) < C(PE((M)F?).
<t<T
Moreover, if (M, )0, 1S a continuous local martingale, with values in a
separable Hilbert space H, such that E(|Mr|”) < oo for some p > O then

E(IIM},) < ¢, E((M))?), (A3)
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where

(Myr = ) (M, em)r,
i=1

with {e;,i > 1} a complete orthonormal system in H.
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absolute continuity
Bouleau and Hirsch’s criterion, 108
inR™, 110
in dimension one, 106, 211, 213
under Lipschitz coefficients, 122
adapted process, 223

Black—Scholes model, 97
Brownian motion, 1
hitting time, 12
law of the iterated logarithm, 6
local time, 36
self-intersection, 91
modulus of continuity, 5
multidimensional, 2
quadratic variaton, 6
reflection principle, 14
strong Markov property, 14
Brownian sheet, 8
Burkholder—David—Gundy inequality, 26,
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chain rule, 54, 186, 206
Clark—Ocone formula, 87
for jump processes, 192
closable operator, 53, 55, 205
contraction, 64, 176
density
existence of, 217
formula, 106
Bally—Caramellino, 112
log-likelihood, 116
multidimensional, 110
Nourdin—Viens, 84
smoothness of, 110, 124
derivative operator, 51, 182, 202
directional, 69, 208
iterated, 55
distance
Kolmogorov, 133

total variation, 133

Wasserstein, 133
divergence operator, 52, 187

domain, 55, 187
Doob’s maximal inequalities, 25, 226
duality formula, 52, 55, 187

Fokker—Planck equation, 124

fourth-moment theorem, 140
for Poisson random measures, 199
multidimensional, 141

fractional Brownian motion, 59, 146
self-intersection local time, 100

Gaussian process, 58, 222
Girsanov’s theorem, 44, 174

Hormander’s condition, 124
Hormander’s theorem, 124
Hermite polynomials, 64
hypercontractivity property, 75

integration-by-parts formula, 39, 83, 109,
114, 201, 203, 209
isonormal Gaussian process, 57
1td process, 30
multidimensional, 38
1t6’s formula, 31, 169
multidimensional, 38
It6-Lévy process, 169

Kolmogorov’s continuity theorem, 223
Kolmogorov’s extension theorem, 221

Lévy process, 158

Lévy—Khintchine representation, 158
Leibnitz rule, 62

Lie bracket, 123

Malliavin matrix, 108
Markov process, 10, 224
martingale, 11, 225

local, 225

quadratic variation, 225
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martingale, continued
representation theorem, 43, 173

Mehler’s formula, 74

Meyer’s inequality, 82

nondegenerate random vector, 108

Norris’s lemma, 126

Novikov’s condition, 45

optional stopping theorem, 226
Ornstein—Uhlenbeck
generator, 78, 191
process, 80
semigroup, 74, 191

Poisson process, 159
compound, 159

Poisson random measure, 160
compensated, 160

Poisson space, 162

progressively measurable process, 19

separating class, 133

Sobolev seminorm, 54, 183, 205, 213

Holder’s inequality, 55
iterated, 55

Sobolev space, 54, 182, 205, 213
iterated, 55

Stein’s equation, 132
solution, 132

Stein’s lemma, 131

stochastic differential equation
definition, 118

existence and uniqueness of solution,

118
in Stratonovich sense, 124
with jumps, 213
stochastic integral, 18

backward, 41
indefinite, 22
isometry property, 20
martingale property, 23
multiple, 63, 175

product formula, 64
representation theorem, 42, 172

with respect to a jump measure, 164

Stratonovich integral, 40
Stroock’s formula, 66
support of the law, 105
symmetrization, 63, 175

Tanaka’s formula, 36

white noise, 8, 58

Wiener chaos expansion, 63, 65, 177

derivative of, 66
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