Toroloyia

37 Yepd Aoxnoewy
I'wopeva Tonohoyixwy ywewyv

22. 'Eow {X; : i € I} owoyével tonohoymoyv yoewv, A; C X;, y xdde i € I xou
X = T[,e; Xi 0 yopog ywoéuevo. Anodel&te 1o axdroudas
(o) Av, v xdde i € I, to A; elvan xhewot6 otov X, 161€ 0 [ [, A bvan xdeiot6 otov X

(B) Cevixd oy et

[1% =TI

i€l el
(v) To [L;c; A bvon muxvé otov X, av xaw uévo av, yio xde i € I, 1o A; elvor muxvé otov
X;.

(8) Botw 2° = (2°(1)),_, éva otoiyeio Tou X. Tradeporotoiye to 2

xan 9€toupe
D = {z = (z(i)) € X : 70 2 dpépet ané 10 2° o€ évaL T0 TON) TETEPATUEVD GOVOAO SeTidv } .

Toéte to D etvon muxvéd otov X.

Ynédein: (o) Tmodétouye 611, yioo xdde @ € I, o A; eivon xhewotd otov X;. Oo anodeiloupe
ot 10 [[,c; Ai ebvon xhewotd oTOV YOEO YIVOEVO, BElyvovTag OTL To GUUTATPWUA Tou €ivor
avotyt6. ‘Botww z = (v;) € X \ [[;c; Ai. Tote undpyer ip € I pe x;, € A, Oétouue
U= (X\A;) X [T, Xi- Téte 10 U ebvon avoryté otov X xew U € X\ [[;; 4;. ‘Eneton 6n
10 X \ [Lic; Ai clvan ovoryté, dpa o [, A ebvon xheoto.

(B) Sougwva pe o (o), o [[;c; A etvor xhetotéd xou nepiéyer o [, Ai, dpa

Mac<[[&.

el el

‘Eotww topa © = (x;) € [[,e; Ai- Tote undpyer Baowxd avorytéd olvoro U tng popghc U =
Uy x =+ X Upy X [iggsy oy Xive @ € U xon UN e, Ai = 0. Eretan 6t undipyer 4; pe
Uy, NA;, =0, drhad| z;, & A, doot & & [Lies A, Yuunepatvoupe 6Tt

HI@ C HAi )
i€l iel
doo Loy Vel 1 LloOTNTOL.
(v) Hpoxintel dueca and to (B).
(0) Eotwy = (y(i) € X xu U = Uiy x -+ x Uy, X [Tiggs, iy Xi Poowxd] avouyth meployt
tov y. Téte w0 z = (2(i)) € X pe 2(i) = y(i), av i € {i1,...,in} xou 2(i) = 2°(2), av

i & {i1,... 10}, oyber z € UND. Enetun 61y € D.
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23. 'BEotww I éva dnepo oivoro, {X; 1 i € I} owoyéveio tomohoyindv ywewv xon X = [],.; X;
0 YWeog ywouevo. Av, v xdlde 7 € I, o X; €yel Touldylotov 600 oTotycela, anodellte 6Tl N
tonoloyio Tou X dev ebvan 1 SroxpLts.

Trédeitn: Eow = = (z;) € X. Av 1o yovooivoho {z} fitav avolytd Yo émpene va undpyet

Aqgol, v xdde i € I\ {i1,...,i,}, 0 TopdyovTag oauTtol Tou Yivouévou eivar X; xat o X; €yel
TouldyloTov 0o ototyela, To U Sev pmopel vo elvon povooivolo. Xuumepoivoupe 6t o {x}
oev etvon avoly 16, dpa 1 xUETECLAVY) TOTOAOY(O BEV GUUTITTEL UE TNV OLUXELTH.

24. Eoto {X,, : n € N} axohoudia tonohoyindv yodewy xon X = [, oy Xn 0 xOpog yivouevo.
Arobeilte ta axdlouda:

(o) Av, vy x&de n € N, o X, eivon log apriurowog, tote 0o X ebvar log aprdurioiuog.

(B) Av, vy xéde n € N, o X, elvou 20¢ apriuriowog, t6te 0 X elvon 2o0¢ apriuroyloc.

() Av, yia xdde n € N, o X, ebvan Saywplowog, t6te 0 X elvan Sroywpioyloc.

Trédeitn: Trodétoupe 6u xde X, eivon log aprdurowoc xat éotw = = (x,) € X. o xdde
n €N, éotw U, = {UF : k =1,2,...} wa apriuhown Bdon avoytédv TEpoy Y ToU T, GToV
Y®eo X, Ytov X Jewpolue TNV OLXOYEVELL GUVOAGY

U= {U{“l X UF oo x Ukn % HXm :neN, k;l,k;g,...,k:neN}.
m>n

Edxoha ehéyyoupe 6Tt 1 owoyévela U anotehel pla Bdorn teploydv tou = otov yweo X. Emi-

mhéov, n U civar .womhndued pe 1o oivoro |,y N7, Onhadr aprduriown.

(B) Avédoya pe to (o), e T Sapopd 6Tt €dw, Y xdde n € N, otn ¥éon tne U, Yewpolye pio

aprdunoun Bdon yio Tnv Tonohoyla Tou X,,.

(v) T xdde n € N, éotw D, éva opriunotuo muxvd utosvoho tou yYweou X,. Xtadeponotolue

évo 2V = (29) € X xou 9éToupe

D:U ((Dlngx---an)x H{x%})

neN m>n

AvU = Uy x - X Up X I],15n Xm v éva Baod avoryté chvoro otov X - Snhadn yia xde
kE=1,...,n 10 Uy elvon éva avoryté un xevo utocivoro tou Xy, dueoa eréyyouue 0Tt UND #
(). Suunepaivoupe 6t to D eivor muxvé otov X. Emmiéov, enedh 1o xapteciavd yvduevo
Tenepacévou TAtoug apLiunony cuvorwy eivor apriurfolo, To D eivan 1 évwon aprdurcluou
mAfdoug apriufouwy cuVohwy, etopéveg etvan apriufolo. Apa o X eivon Sy wpelowog.
Emonuaivoupe 6t 10 6Ovoho ], oy Dn 0ev ebvon apriurowo, apol éva ywvduevo apriuroiuou
mhfdoug apriufolumy cuvélwy dev etvar ev yéver apriphiowo (Yuundeite to {0, 1}Y).

25. Ocwpolpe t0 oivoro RY twv mpayuatindv oxohoudidv ¢ TOTOAOYIXG YMEO PE TNV

TOTOAOYIA Fhox, ONAXOY TNV TOTOAOY AL TTOU €YEL WS Bdon TNV xhdo

B = {HU” : U, € R avouyto yia xdie nEN}.

neN



Anodeléte to axdrovda:

(o) O (RN, Fox) Bev ebvor loc aprdufotuoc, dpa 00TE UETPIXOTOLAGLIOC.

(B) H amewdvion f: R — (RN, Fox) pe f(t) = (¢,t,...,¢,...), t € R, Bev elvon ouveytc.
Trédedn: (a) Ou deiouvue 6t vy 10 0 = (0,0,...) € RY dev undpyer aprdpiown Bdon
TEPLOY WY OTNY TOTOAOY Fox. Epopudlovue o pédodo avdhoyn ue To Blay®dvio emtyeionua
tou Cantor: Trolétoupe 6Tt undpyet aprdunown Bdon teptoydy U = {U, : n € N} tou 0 xou,
TEPVOVTOC GE UTOGUVORA oV YeedleTon, uTtopoLue vo utodécouue 6Tt xdle Uy, eivon tng popgpihc

Un:(_€?75?)x<_53753>x'“ )

onou € > 0, yo xde k,n € N.
Ocwpolue TNV Fhox - avoLy T Teploy ) Tou 0

W: _8_%’8_% X _g_gjé X o0 X _%’8_2 X
22 272 22

‘Apeoa eréyyoupe 6Tt 6ev undpyel n ye U, C W. ‘Atorno, agol etyaue unodéoel 6T n U civo
Bdomn meproywy tou 0. Luurepaivouue 6Tl 0 (RN, Fhox) Oev elvan log opriunotpoc.

(3)
— = X
n'n

tefl(WM:weﬂ(—%,%) <—t=0,

(B) Oewpoipe ™V Fhox - avory T Teploy” Tou 0

W= (-1,1) x (—%,%) X +oe X

‘Eyoupe:

n=1

dmaad” fHW) = {0}, byt avouytd, dpo 1 f dev elvon cuveyhc.

26. TFotw I' éva pn xevé cOvoro. 3ToV BLUVUOUAUTIXG YOEO R <oy cuvapThcEwY and to I’
oto R, dewpolye tnv tomohoyia tne opoldpoppne cUyxAong 7, dnhadt tnv Tonohoyio mou
€yel wg Bdomn TV xhdon B, Twv cUVOLGY TG HoRP1iS

vyel

Vie= {g c R :sup|f(y) —g(v)| < s}, 6mou f € RY, ¢ > 0.

Arnodeilte Ta axdrovta:

(o) H »Adon B, eivon mpdrypatt Bdomn yio xdmola tomoloyla.

(B) O ywpoc (RY,.7,) eivon petpixonotfouog xou o petpxs n onola endyet v 7, ebvow 1 d
ue d(f,g) = sup { min{1, [f(v) = g(M)[} : 7 € F}, i xdde f,g € R

(Y) Mt oxohoudia (f,) otov RY cuyxhiver o po f € RY ¢ mpoc Ty Z, av xonw ubvo av 1
(fn) ovyxhiver oty f opolbuoppa oto T



(8) H tomohoyia ywopevo 7 otov R etvan acdevéotepn tne 7, (Snhadh 7 C F,) xou, av To
I ebvau dmewpo olvoro, tote T G .

Trédeitn: (o) Apxel vo Seifouue 6Tt yia xdde dVo tétoleg meptoyée Vi o xou Vi, o, xon xdde
g€ Ve NV, umdoyer e > 0 pe Vyo C Vi o NV, o, pdypott, yia 0edouévee Vi, o xou

Vf2,82 xu g € Vfl,&lmvf%EQ? €0t 51 = Sup,, |f1(7)_g(7)| < €1 xau 62 = sup,, |f2(7)_g(7)| < &2
xou Vétouue g9 = min{e; — &1, €2 — 92}, ‘Apeca eéyyoupe 6t Vo0 C Vi, o NV, .

(B) Apeoa eréyyoupe 6L 1 d ebvon puetpwe xon ot Yo xdde f € RY xon xdide e pe 0 < e < 1,
woyVer By(f,e) = Vy.. Auté amodeviel 6L 1 tonohoyia Ty ouunintel ye ty 7,

(v) T onowadfmote axohovdia (f,,) otov RY woylet: f,, — f opoibuoppa, av xou povo av, yio
x&ie e > 0 undpyel ng OGoTe Yo xdde n > ng vou oy et sup, [ fu(v) — f(7)] < &, av xow pdvo
av, Yl xde n > ng fn, € Vi Autd anodeviet T {ntoduevn .ooduvould.

(8) Apxet va del€oupe ot Yo xdde f € RY, xde T - Boowt| avowyt meployt| T f Tepiéyel
wa Z, - avory T mepoy ) g f. ‘Eotw Aowndv

W= (f(m) —e1, f(n) +e1) X x (F(1n) = €ns [ () + €4) x ROV

wo 7 - Baowr avouy ) teployn tne f. ©étoude € = min{ey, ..., g, }. ‘Aycoa eréyyouue OTL
Vie CW.

Av topa o T elvon dmelpo, emhéyovtag € = 1, elvon gavepd 61, yia omoodrrote n € N xou yia
omoldY|toTe avoly té dtaothuata I, ..., I, € R mou mepiEyouy o 0, 1oy lel

I X oo x I, x ROVObeml gy
Yuunepotvouue 61t T # T,

27. Ytov dvuopatind yopo RY 1wy mpaypamixdv oxohoudicrv, Yewpolue v tomohoyia
ywopevo 7, Ty tomoloyla Tng ogolduoppne olyxhione 7, xou Ty box tonoroyio Hex.

(o) Now ouyxpivete petald Toug autés Tic Tomoloylec.

(B) Atvovtan oL ouvapthoec f,g: R — RY pe
1 1
ft) = (26,36,..), g(t) = (5t 3t,..), tER

Y€ moleg amd TIC TopAmdve Tomoloyieg elvon xadeuid and Tic cuvopThoe f, g cLVEYNS;
TYréoaén: (o) Ltnv ‘Aoxnon 26 eldope 6 7 C F,.

Arnodeviouye topa 6Tt Woylel F, C Fox:

Eotw z = (2(n)) € RY xau V, . wa ., - Baoueh nepoyt| tou. Téte 1

WzH(x(n)—%,x(n)+g>

ebvor ot Fhox - avoly T meploy) tov x ye W C V..
Yuunepotvouue 61t 7 C T, C Fox.



(ﬁ) Kordeuid amd g f xon g elvar cuveyng we mpog Ty 1omoloyia yvouevo 7, oo, ya xdie
n €N, o m, o f xou m, o g elvon cuveyelc.

H f Sev ebvan ouveytic wg mpog v Tonohoyia 7, agol Y Ty 7, - avoly Tt neployn Vo1 Tou
0 € RN woylet

f(t) e Vop <= sup{|nt| :neN} <1l=VneN nt|]<1=1t=0,

dnaad” f~H(Vo1) = {0}, mou Bev elvor avouyté oto R.

H g eivon ouveyrc w¢ mpog v tomohoyia 7, @ Ilpdypat, éotw tp € R xaw € > 0. Eivou
g(to) = (to, %to, %t(), ...), omOTE Yo TNV TEPLoy N Vihe),e EYOVUE:

av [t — to| < e, tote sup{|g(t), — g(to)n| : n € N} = sup{:|t — to] : n € N} < ¢, dnrodn
g<t) € ‘/g(to),a

H f Sev elvon ouveync we mpog v Tomohoyid Fhex, ol OEV Elvol GUVEYNC WC TEOC TNV
acdevéotepn Tonohoyia 7.

H g Sev eivon cuveyhic we mpog TV tonoroyila Fex. Hpdypati: T Ty Fox - avory T teptoyn
o0 0 W =], (—#, #), Loy Vel

1 1 1
g(t) e W <= VneN ‘—t <5 =VWmeN [t|<-<+=t=0
n n n

dnaad” g~ H(W) = {0}, mou Bev elvor avoryto.

28. YuyPoAilouue pe coy T LTOGUVOLO TOU RY nou amotehelton amd Tic tEAXS UNOEVIXES
axohovlieg, ONAXDY)
coo = {(zx) e RN | dn € NVk > n z;, = 0}.

Bpeite Ty xhetoth 9 Tou coo ot xadévay amd touc Tonohoyxolc yoeoug (RY, .7), (RN, 7,)
xon (RN, Z0y).
Trédedn: () To cop etvar muxvd otov (RN, .7), dniadh cla(co) = RN, Tlpdypott: ‘Eotw
z = (zg) € RN xon W ot 7 — avowth neproyr| tou z. Téte n W nepiéyer wor oo avouxth
nepoy) U Tou x ue

U=1 x1I x I, x RM{L-n}

omou i xde k = 1,...,n, 10 I} €lvon éva avotd BLdoTnua Tou TEpEYEL To xp. Téte To
y=(yr) ERYpeyp =z, v 1 <k <nmxowyr =0, av k > n, avAxeL oty TopA T0U oo UE TNV
U, oo coo N W # (. (Tapotnpoiue dtt auth etvon pra etldind nepintwon e ‘Aoxnone 22(5).)
(B) Ou dei&oupe 6Tt clg, (cop) = o, 6TOU g €lvar T0 GUVORO TV axohoUIdY TOU TEVOLY GTO
0. Hpdypatt: Eow x = (x,) € ¢o xaw éotw € > 0. Téte undpyer np € N dote, yioo xdde
n > ng vo oyVeL |z,] < 5. Opllovue 10 ¥ € cop S EEAC: Yp = Ty, av 1 < <ng ¥ yp, = 0,
av n > ng. Tote sup{|y, — z,| : n € N} < ¢, Snhadr| y € V. Ncop. Aol o € Hrav tuyody,
ouunepatvoule OTL & € clg, (coo).

Avtiotpoga, av = (z,) € clg, (coo), Vo Bellovpe 611 2, = 0 : 'Eow € > 0. Tndpyel t61€
2= (21,...,%n,0,0,0,...) € coo pe sup{|z, — z,| : » € N} < e. 'Enctan 61, yio xdde n > ny
ebvan |z,| < €. Buunepaivoule 6Tt x € co.



Y) O del€ouue 6Tt To cop ebvon xhewot6 otov (RN, T, dpa clg, (con) = coo. Ipdypoti: Av

x = (x,) & coo, TOTE UTPYEL UTOKOhOL Ot (2, ) HE Tk, 7 O Yo x&e n € N. Oétoupe

U =TT (@, — low, | 2, + o, [) x RO GEnetd,

neN

Téte 10 U eivor Fhop - avouth) meploy tou & xan U C RN \ coo. Emopévie, o RN \ coo ebvon
Vo TO, ONAAOY TO coy EbvaL XAELOTO.



