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[Mpdhoyog

OL onueLmoeLg QUTEG AeVOVVOVTOL GE TTPOTTTUYLOKOVG (POLTNTEG TTOV £XOUV 00YOANOEL LLE TIG OTOLYELM-
deLg TOAVOTNTES, EXOVV KAAY YVIDOT] TOU OITELPOOTLKOU AOYLOUOV, KO KATTOLA TPLBY UE TNV TPOYUATIKY
avalvon (LETPLKOL X MDPOL KoL CUVEYELG CUVOPTNOELG OF UETPLKOVG Y MPOVG).

A¥o givar oL 0TOY0L TV oNueEL®oemY. [Ipwto va dovue TV opoloyia TG uetpobempntikng Bempiog
mbovotntowv (Kepahawa 1-10, 13, 14) ko £metto va HeEAETHOOVUE TNV OPLOKY) CUUTTEPLPOPH OLKOAOV-
OV Tuyaimv puetafAntov. Aoyololuoote ue to dvo onuovtikdtepa €idn olykhong g Oewplog
mlovoTNTWY, T 0YedOV BERaur Ko TV Katd katovouy. 'Etot, kalvmrovue ) Baoiky TeXVIKY yio TNV
amodelEn amoteheoudTmv Yo kobepio amd avtég (Kegpahawo 11 yio v mpot, Kepdhowo 15 yia )
devTePT) KoL TEAOG PAETOVUE TOL VO TTLO AVTLITPOCMITEVTLKA OEWPNUATA TTOV QUTEG EUPAVILOVTOL: TOV
Ioyvpd Nouo tov Meydhwv AptBuav kar to Kevepikd Oprakod Gempnua.

Avt) m dovield Paler oe avoTNPO TAALOLO TNV VAN TOV KOADTTETOL 0€ UAOUOTO OTOLYELWODV
mbovot)Twy. TToAld amoteléopata o omolia elyoie LAOEL Vo XPNOLUOTOLOVUE 08 EKELVO TOL poOuoTa
Ywpig dume amodeiEelg, EdM TO ATOOELKVIOUUE.

270 KOUUATL TWV ONUELMOEMYV TTOV apopovV T Bewpia uétpov (Wiaitepa ota Kegpahaia 5 ko 6 ) dev
divoupe amodei&elg yia OLoL TO ATOTELECUATO TTOV SLOTUTTMVOUNE YLOLTL ELVAL TTEPQ ATTO TOVG OTOYOVG
wog. Ao to petémerta Kepalowa, dev divouue atddelEn yio To Oedpnua LovadIKOTNTOG TOV 0popPa
tov petaoynuotiopd Fourier uétpmv kot yio to Oempnua Prokhorov (Gempnua 14.20). o kdwora dAla
amotehéonara, 1 atodelen mapatifeton oto Hapdptnua B yiati, pohovdtt dev eivar 1600 onuavtikm
v TV Katavonomn g Oewplog, eivat, oe deVTEPN AvAYVWOY), TTPOOLTH KL W@EALUT).

e éva eEqunvo eivar duvatov va kahugBolv Oheg oL oNuELmOELG EKTOC ATtd TG TOPOYPAPOVG TOU
onuelmvovtal pe aotepioko. Ta Kegpdhowa 1-6, 8, 9 ovvi|Bwg dddokovior oe podnuato Bewpiog
uétpou, KoL e peyolvtepn Aemtopépeta. Ou avoyvmdoTeg mov €xouv oM mapel avaloyo pudadnuo
WItopoVv amhmg vo. ptEoVY Lo YPNyopn HATLd 08 0UTA T KEQALOLOL YLOL VO HOUV TNV 0POLOYIOL KAl TOV
ovupoloud tov Ba ypNoLrwoTonBovy ot ovvéyeLd. Q0TO00, CVVIOTATOL OgpUd 1) ETIMVOTN AOKN|OEWV
amo to kepdloo avtd. T ) peimon Tov xpodvou mov aglepmvetol 0T Hewpia LETPOV GUVLOTATOL
N opaienpn tov Kegoahaiov 3. To Oewpnua -A, OV TAPOVOLALETOL EKEL, YPTOLUOTOLEITAL LOVO OTLG
amodeiEelg twv @empnuatov 4.10, 10.6, 10.10, 11.10.

H mthelovomta v aoKoemV eival aoknoeLg TpLpg kou eEotkeimong pe tig évvoleg. Kdmoleg eivan
TPOEKTAOELS TNG Oewplag. ‘Ooeg £xouv 0.0TEPLOKO ElvaL Alyo dOVOKOLOTEPEG.

B&om Yo 0UTéG TIg ONUELMOELG VTN PEAY OL ONUELMOELS TToP0ddoemVY Tov podnuatog IMbavotnreg I1
Omtwg dLddyONKe To g0pLvd EEGUNVO Tov akadnuaikol étovg 2012-2013. AxolovOnoaue TOTE KVpimg To
BLpAio Probability Essentials twv Jacod-Protter. Ta vitdloura BLfAia Tov TIg ETNPEATAY AVAYPAPOVTOL
ot Pproypagia. Euvyapiotm tov Moo ToatooUAn, o 0molog £YpoPe TO TPDTO TPOTYEDLO TWV
onuewwoewv oe Latex.

Emiong evyopiotm: Tov ouvvddehpo Avidvy Toolouvtn yio ) porjfeo oe Oépata Latex ko )
daUOPPMON TG EUPAVLONG TOU KELWEVOL. AVO OVOVUIOUG 0ELOAOYNTEG TTOV 0TO TAOIOLO TOV TTPO-
vpauuatog «Kailmog» Ekavay ypNoLUES TOPATNPIOELG O TPOTYOUUEVT] £€KOOOT TMV ONUELDOEWV.
Tov ouvadehpo Miyahn AovAAKY TOU UEAETNOE TTPOCEKTIKA TIG ONUELWOELS KoL EKAVE TTOMESG dLop-
BmOoeLg KoL TPOTATELG VLot TPOOONKEC/AAAAYES KOL ALOKNOELG TTOU CUVEBOLOV OTY ONUAVTLKY| BEATimon
TWV ONUELDOEMV.

To Oepnehodn deoprjuata

To mpdTo Wod Tov 200V CWDVA, TO PACLKOTEPO avVTLKEIUEVO UEAETNG TG Oewplog mbavoTiTtwv
’ ’ ’ ’ ’ !
Ntav 1o dBpowopa S, = X; + Xp + -+ + X, aveEdpttov Kou lodvoumv Tuyaimv uetapAntdy Kot to
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EVOLALPEPOV ETILKEVTPWONKE OTI CUUTTEPLPOPA TOU S, YLOL UEYAAOL 71 YLOL TLG OLAPOPEG ETTLAOYEG TTOU EYEL
1 Ko Katovoun Tov X;. Ag €(OUNE YLoL TOL ETTOUEVO OTO LUOLO HOG TNV ELOLKY TTEPITTTMOT TOV QUTH
1 Katovour| eivat 1 opotdpopen oto dovvoro {—1, 1}. Tdte 1o S, elvan 1o ovvolMKd KEPHOG wog uetd
a7to n aveEqptnta moryvidio o Kabéva oo ta omota kepdilovue 1 pe mbavdtnra 1/2 ko ydvovue 1
ol pe mmbovotnra 1/2. T prwopolue va wolpe yio ovtd to KEPSOG;
Ta Oepehwdn Bemprpata tov amodeiydnkoy Yo 1o S, eivan to eENg.
(o) Ioyvpdg Nopog twv Meydhwv AptBuamv (Borel, 1909° Kolmogorov, 1933). YroBétovue 6t E(X;) = 0.
Me mbavomra 1,
.Sy
lim — =0.

n—oo n

2

(B) Kevrpuko Opraxod Gempnuo (Lindeberg, Lévy 1922). Ymobétovpe 6t E(X;) = 0, Var(X;) = 0~ €

(0,00). 'l n — o0,
A

\n
émov = dhdver ™ ovykMon Katd Kotavouy ko Y ~ N(0,0%) onuaiver 4t v Tuxaio petafint) Y
akohovBel v katavoun N(0, o).

(y) Nouog Emavarappavouevov AoyoapiBuov (Khintchine, 1923 Kolmogorov, 1929° Hartman-Wintner,
1941). YroOétouvue 6tL E(X)) = 0 xau Var(X;) = 0 € (0, ). Me mbavdmra 1,

= Y ~ N(0, o),

Sn
lim —— = -1, (1)
n—oo 0 4/2nloglogn

Sn

”h—’n"l° o +/2nloglogn 8 @
(8) Meydeg amoxhioelg. Oempnuo Cramer (1938). YTmobOétovue 6tL E(X;) = 0. Ymdpyer ouvaptnon
I: BR) — [0, 0] wote, Yo kaBe A C R ovolo Borel (7tov emutAéov tKavoToLel (o Tey vkt ovvonkm),
vaL Loy Vel

P(& € A) ~ e MA),
n

Edw, a, ~ b, onuaivel 6tLoLa,, b, elvor toodivapeg oe hoyaptbukt kiipoko, dniadn loga,/logb, — 1.
MdaMota, av vroBéoovue OtL 1 poroyevviTple ¢ X elvar memepaouévn o meployn tov 0, tote M
ovvapton I eivar tétola wote I(A) > 0 6tav 0 ¢ A.

Av avti g vtobeong E(X;) = 0 mo mavw €xovue amhag ot 1 uéon wun p := E(X;) vdpyel ko
elval TPayUaTkog aptbuog, Tote To Oewpnuata Loy VoUV TAM CPKEL VO AVTLKATAUOT|OOVUE TNV S, UE
™mv S, —un.

Twpa KaToLo oOAaA 0TO TTLO TAVM OewpPNUATa.

"Eva yeyovog yua 1o S, To hépe Tummiko av, Kabmg To n TELVEL 0TO ATTELPO, TO YEYOVOS £xeL ThavoTTa
pporyuévn pokptd omd To 0 (.. eivon peyaiivtepn tov 1078 yio dha Ta 1), ahhiidg To Aépe i) TumLKo.
Ta Oewpiuota (o), (B) apopovV TVTTLKA YEYOVOTA YLa. TO S, (TUTTLKY] CUUTTEPLPOPE TNG (S ;)n>1)-

To (o) avogépeton 0T0 Yeyovog |S ,/n| < & (Yo omolodmote € > 0) Kaw ovvemtdyetol ot 1) mbavoTTd
tov Teivel oto 1. To (B) Mel T o S, elvon Tumikd g TdEng V. Mdhota, yio a < b, to yeyovog
ao < S,/ \n < bo é&eL mbavdémTa Tov cuykAiver otov Oetikd apdud O(b) — B(a), dpo elvar TVmLKO.

Ta (v), (8) apopolv un TUTTLKY) GUUTEPLPOPA TOU S ;.

Tyenka ue 1o (y). Zépovue 16N amd o (B) Ot T0 S, elvan Tumkd T TGENG Tov Vi, Ko v yeyovog
™G HopPIg

Sy
A, = { N e ((1-e)a,, (1 + s)an)}

UE a, — oo &xeL mOavOTNTA 7TOL TeElvel 0o 0. Ewdikd yion v emhoyn a,, = o /2 loglog n éxovue OtL yial
07t0L0dNTTOTE HEdOUEVO 1 1) TTOAVOTNTA TOV A, €lvol TTOAD pkpt] (Ko yiveton apueAntéa yuo ueyho n),



X IlpbAoyog

OUWG oVUPOVO UE TO (), AV TOPATNPTCOVUE OAOKANPT TV TPOYLE TG (S 1)ns1, OO dLoTLOTMOOOVUE OTL
10 S, KaTopODVEL ATELPES POPEG VOL TPOYUOTOTTOWOEL TO A, Snhadn va yiver g TaEng vVna, (dmog
Kaw ™G TAENG — Vha,). H (a,).=1 divel mdoo peydho umopet va yiver to S, drepeg popéc. 'Etot, yia
TOPADELYUQ, OTNV TEPLTTWON TTOV 1 X €lvo opotdpopen oto {—1, 1}, av ko to yeyovog S, = n/2 eivon
ePLKTO (€xeL OeTikn mbavotTa), pe mbavotnta 1 dev umopet va yivel dmelpeg Qopéeg.

Tyenkd pe 1o (8). To (o) ovvemdyeton L Yo omolodfmote ovvoro A ue 0 ¢ A 1 mbavotTo
Tov yeyovotog S, /n € A telvel 010 0. Apa whdue yio évo un Tumko yeyovog. To Gempnua Cramer
7TPO0dLOPLTEL TO pUOUO petwong ¢ mOavOTNTAG TOVL.

e avtég TIg onuelmoelg Oa dovpue tig amodeiEelg twv (a), (B), (8).

Ta Oswpruata (), (B), (v), (8) Ko oL TexVIKEG AmOIELENG TOVG AELTOUPYOUV WG VITODELYULA YLOL TNV
AOVUTTTOTIKY) UEAETY AKOAOVOLMV TUY AWV UETAPANTOV TTOU eVOEYOUEVMG ElvaL TTLo 0VVOETES OTTO TNV
Sh-

Anuitpng Xehbg
9 defpovapiov 2017



Zoupoia

N to ovoho twv un apvnukov okepaimv {0, 1,2,. . .}.
N* 1o ovoho TV Betikv akepailwv {1,2,...}.

TlNon € N*,
[n] :={1,2,...,n}

I axolovBia cuvOrwV (A,),>1,
liminf A, := U, N2, Ax,
n
limsupA, = N7, U2, A
n
INa akohovBio TPAYUATIKOV AptOU®V (X,),>1,

lim x,, := supinf x;,
n n>1 kzn

lim x,, := inf sup x;.
n nzl psp

I A, B ovoha, A C B: 10 A gival vitoovolo Tou B (0L amapaitnta yvijolo).

I'a A, B ovvoha, A\B:={x€ A :x¢ B).

o X olvolo,
P (X)) ={A:AcCX},

TO dUVAUOCGUVOLO TOV X.

I X petplko ympo,

HA(X) : n o-aryeppa Twv Borel vroouvormv tou X.

INa A vTOoVYVOAO TOTTOAOYLKOY Y MPOU (IT.)., UETPLKOV Y MPOL),

A° : 10 E0MTEPLKO TOV A,

A : 1 KhewotdTTO TOV A,

0A := A\A° : 10 0VOpO TOV A.

lNo x,y eR,

x Ay := min{x, y},

x Vy = max{x,y}.

T'o x e R,

+ x avx>0, _
xT=xv0= x =(=x)vO0=

0 avx<O,

X1

—X

0

av x <0,

av x> 0.
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1

o-GdAyefpes

1.1 o-dhyePpes

'Eotw X olvolo. ZupfoiiCovpe pue Z(X) to duvvapooivoro tov X, dnhadn FA(X) ={A : A C X}.
Opropog 1.1. Mua owkoyévero A C P(X) héyetar o-ahyeppa oto X av €xel g eENG LOLOTNTES:

(i) 0 e A.

(i) Av A € A, tote X\A € A.
(iii) H A elvon kK ewot) otig amelpeg aplOpunoLeg evaroels, dNAadN av (A, )qen elvar axohovbio otoL-

yelwv g A, tote UpenA,, € A.
HMapatypnon 1.2. T k&Oe o-ahyePpa A woyvel exiong ot
o X € ANOYw twv (i) Kau (ii) epdoov to X elvar To oupuminpmua tov 0.

e H A eivow KAELOTY) OTIC TETEPOUOUEVEG EVDOELG YIOTL AV A, Ag, ..., Ax €lvan otouyelo TG toTe
opifovtag A; := 0 yia x40 j > k + 1 €xovue oTL U’;:]Aj = U2 A; kaun tehevtaia Evwon eivou
otowyeio g A Moyw Tov (iii) Tov opLopov.

e H A elvou khewot) otig aptdunotpeg Touég yrott yua J aptfuono ovolo Kot (A;)c; 0Toryela tg
A €xovue NyesAn = X\ Upes(X\A)} KoL MOY® NG Tponyohuevng mapotipnong kou tov (i), (iii)
TOV OPLOUOV ETTETOL TO CUUTTEPALOLLOL.

e AvA,B e A, tote A\B € Aywoti A\AB = AN (X\B).
Moapdaderypa 1.3. Av X 0voho, TOTE OL OLKOYEVELEG
A =10, X},
Ay = P(X),
elvan 0-ahyeppeg oto X. H mpwn elvor 1 ehdylotn duvaty| Kat 1 de0Tepm 1) uEYLOTH duvort) o-aAyepa

oto X. Anladn, yia omoradnmote o-ddyefpa A oto X woyver A; € A € Ax. H A; ovoudleton m
teTplupévn o-dhyefpa oto X.

Hopaderypa 1.4. 'Eoto X = {1,2,...,10}. ©O¢tovue B; := {1,2,3},B, := {4,5,6},B; := {7,8,9,10}
(Agg Zynua 1.1). H okoyévela
A=1{0,X,By,B,B3,B1 U By, B; UB3, B, U B3}

elvaw o-dhyefpa oto X. T mapdderyua, To ovurApwuo tov B, eival 1o By U B3 To 0mmoio Pploketo
Ko avtd oty A.
Avtifeta, n

B={0,X, By, B>, B; U By}

dev elvar o-GlyePpa YLOTL, VD ElvaL KAELOTI) OTLG EVAOELG, OEV ElvVaL KAELOTY] 0TA ouuinpouota. To
ovutAnpopota Twv By, By, By U B, dev mepLéyovtal ot B.

1
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B By Bs
° °
o o
° °
o o
° °

Zyiua 1.1: Mia drapuépion tov {1,2, ..., 10}

Hoapdaderypa 1.5. 'Eotw X = R. H okoyéveia
A :={A CR: A apiBuiopo 1 R\A apbunoiuo}
elval o-ahyeppa (e0KoAn doknon).
IMpétaon 1.6. Eotw X odvolo kaw (A;)ic; otkoyévela a-atyefoiv ato X. Tote, n
H=NiggA;:={ACX:AecA Viel}
eivau 6-aAyePoa oto X.

Andden. Tlpopavag to O aviiker otv H yiott eivor otovyeio kabe o-alyeppag A; oto X. Av A € A;
vl KG0e i € I, t0te, emeldn kabe A; elvar o-ahyeppa, Emetar Ot

X\NAeA, Viel,

onhad” X\A € NiggA;. Opotor arodetkviovue 0T M NiepA; €ivol KAELOTY 0TS aptOUNOLIUES EVIOELG.
"Emtetan Aowmoy ot ) H eivan o-dyefpa. ]

1.2 Topayduevny o-dhyeppa
Opopog 1.7. 'Eotw X o0ivoro kaw C € H(X). To C dev eivaun amapaitnto o-dhyeppa. Opifovue
JC) ={Ac PX): ADCxonAelvaw o-Ghyeppal,

dMradn to oUVoro TV o-alyefpmv oto X mov Kabeuio Toug mepiéyel Ty okoyévelo C. H o-Ghyeppa
mov opdryetor oo v C opiletol wg 1 Tour) AWV TV o-dlyepwv ov mepLéyxovy v C Kat ovppo-
MCeton e o(C), dnhadn

0(C) = Nacgc)A.

H o (C) mepiéyer axpipwg Oha ta B € X pe v duotro B € A yia Ka0e o-aryefpa A oto X pue A O C.

Amd v Ipdtaon 1.6, Emetan dtum o (C) eivorl Tpdrypatt o-ahyePpa mov epLéyel Ty otkoyévera C Kol
OTTO TNV KATOOKEVT TNG VAL 1] WKPOTEPT UE TNV LOLOTNTO QUTY]. ANAOOT TEPLEXETOUL GE OTTOLOLVONTTOTE
o-ahyefpa mepiéyxer v C. Mpogavmg, av 1 C eivor o-alyefpa, tote o(C) = C.

Mropotue vo. €ovue 0to Wuakd pag ot 1 o(C) mpokmtel pue v €ENg avadpoukn dadikaoio.
Eekwvape pe v C Ko, av aut dev elval o-aAyeppa, )., YLOTl TO OUWTAPWUO EVOG OTOLYELOV TNG
1 koo, apldunoun €vwon otolxelmv g dev elval oToLelo TG, TPOoHETovIE 08 AUTI) TO OVVOLO
TTOV OVOKAAPOLLE OTL TNG AELTTEL. AVTO TTPETTEL VO, TO KAVOUUE TTOAMAEG (POPEG UE T1) VEO OLKOYEVELDL TTOV
TPOKVITTEL UETA TNV TPooHN KN KGO ouvorov. Kdarmolo otiyur) Tavovue 0€ (o OLKOYEVELDL TTOU ELVOL
o-GhyePpa Kan tote otapotaue, pprikoue ™ o (C).

210 0 KATW TOPadelypota, outd eival To OKemTiKd mov pag odnyel. Béfoia yio tnv amddelEn
akolovBovue tov TumKd optopd g o(C).
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HMapdderypa 1.8. 'Eotw X un kevo ovvolo pe toukaytotov dvo otoryeio kaw @ ¢ A € X. H o-dhyefpa
7oV TopdyeTal oo T otkoyévela C = {A} etvau B := {0, X, A, A°}. [Ipayuat, n B elvon o-aryeppa,
Ko ororadnote o-dhyefpa A mepiéyel 1o A Oa mpémel va mepLéyel Ko to A€ (Kaw ta 0, X Béfoua), dpa
ADB.

HMapdderypa 1.9. Emotpépovue oto [Mopdaderyua 1.4. H owkoyévero B dev elvor o-Ghyefpa, KoL 1e
OKETTIKO OTTME 0TO TTPONYOUUEVO TapddeLyua dramotmwvouvue ot o(B) = A.

Mopaderypa 1.10 (Z-dhyefpa mopayouevn amd apbuoun dopéplon). ‘Eotw X olvvoro kan C :=
{A; : i € I} dopépron tov X (dnhadn ta A; eivon un kevd ovvora, Eéva avd dvo, ue évoon to X), pe
I oplOujopo (memepaouévo M amepo). Lo ™) o-Ghyefpoa mov mapdyer 1 C éxovue v €ENG 0T
TEPLYPAPT):

O'(C):{U,'EJA,'ZJCI}. (11)
Anhod1 éva ovvoro g o (C) elvar Evaron Kdmolwv ototyelwv g drauéptong C.
Ag ovopdoouvue A 1o 60Voro 670 deEL péhog g mapamdvm oyéong. Tote éxovue ta eENg:

e H owkoyéveio A mepiéyer ™ C. Tpdypatt, omoodimote cuvoro g C elvor Thg woppng A;, ylo
Kamowo iy € I. H emhoyn J = {ip} C I oty meprypagn otouxelwv g A divel UicjA; = Aj, € A.

e Omowadnjrote o-ahyeppa A; mepiéyxel v C mpémer va mepiéyer v A. Tati omoladnmote Evaron
UiesA; elvan aplBunoun agot to I elvor apbuowpo. Kou epdoov | A; elvor o-ahyeppa Ko
mepLéxeL ta A; pe i € J, Oa mepLéyeL KoL Ty EVeor| Toug.

e H A eivaw o-ahyefpa. pdypatt, n emdroyn J = 0 diver Ui A; = 0. Emiong, av mdpovue A g
wopng A = UiejA; yio kémowo J C 1, 1ote X\A = U, ,A; mov elvon otouyelo tg A. Téhog, av
gyovue axorovOia (By),s>1 otovyelwv g A ue B, = Uje;,A; 0mov J, C I o k40e n > 1, 1ot Y10
J:=U7 J, éxovue Uy B, = Ujc;A; mov téiht elvan otouyelo g A.

ZUvOVALoVTOG QUTEG TIG TPELS TTOPOTHPNOELS TTtaipvovue TV (1.1).

1.3 To eVvoio Borel

Av (X, d) elval €vog HETPLKOG Y MPOG, TOTE EvaL A C X T0o AEUE avoLyTO 0VUVOLO av Yo KGOE x € A vrtdpyeL
6 > 0 wote B(x,0) :={y € X : d(y,x) < 6} € A, dMhadn N ogaipa aktivag § yopw amd to x elvor
vtoovoro tov A. Tevikd, 1o 6 eEaptdrtal amd To X.

Ta ovvora R”, C" Ba ta Oempotue petpikoic ympoug e petpikn v Evikheldeta. Anhadn

d(x,y) = | D =i
k=1

v x,y € R* (M x,y € C") pe | - | va ovpporiler tTnv amoivTn) Tiuy mparyuottkor aptbuot (to uétpo
ULy odLKOU, aVToTOLY ).

Oa. yperaotel mo kbt va Soviépovue kat e To 0Uvoro R := R U {—o0, 00}. Autd Oa T0 Bempoiue
UETPLKO Y DPO UE UETPLKN TNV

d(x,y) = |f(x) = f)

omov f(x) = x/(1 + |x]) Yo x € R kow f(—00) = —1, f(c0) = 1. Ameikovifovue Tov R oto tujuo [—1, 1]
uEow TG f Kol UETA OptLovue TV amrdotaor V0 ONUEIWY TOU WG TN CUVNOLOUEVT] ATTOOTOON TOV
elkOVoV Toug oto [—1, 1]. Aeg Zynua 1.2. O meproplopds g LETPLKNG ovTng 0To R glvor po petpikn
LoodVvauT ue T ouvnOLouévn neTpikt) Tou R. Zyetikd pe to co, evkolo BAEmel Kaveig 0ty 0 < £ < 1
N ogaipa akTivag & Yopw omtd To oo elvor N nuevdeia (1 — 7!, o] (avtioTouym mopaTipnon woydeL Kou
YLOL TO —00).
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R 0 x

R ~1 0 fla) 1

Zyfua 1.2: Teopetpikn epunveia g amerkovions f(x) = x/(1 + |x]). To R U {—co, oo} ametkoviletar oo [-1, 1].

[Cevika, 1 olkoyéveld 7 TV AVOLKTMV GUVOMDV O€ Vo UETPLKO Y mpo dev elvor o-alyefpa. Ta
mopdderyna, 0to R to A = (0,1) elvor avouytd, eved To ouuTApmud tov dev eivol. O pag @avel
¥PNoo duwg vo Bewpnoouvue ™ o-GlyeBPa TOV TAPAYOUV TA AVOLYTA OVVOLA.

Opwopog 1.11. 'Eoto (X, d) petpikdg yopos. H o-dhyefpa o(7) mov mopdyeTol amd TV OLKOYEVELDL
T tov avolyt®v ouvohov tov X ovoudletor o-ahyeppa Borel kol ta otoyelo tg ovvora Borel.
ZuvBwg ovuporitovue ™ o (77) e B(X).

H Z(X) eivar 1 ukpdtepn o-GhYEPPQ TTOU TTEPLEYEL TO AVOLYTA GUVOAL.
Ipoértaon 1.12. KaOe avoikto 1) kAetord vwocvvoro evig uetoitkov ywoov (X, T)) eivar 6vvoio Borel.

AnddeiEn. Amo tov opropud twv ovvorwv Borel éxovue 7 C o(T) =: B(X). Av F givor KAeLOTO, TOTE
X\F € AB(X) wg avorktd. AMG 1 B(X) eivon o-Ghyefpa, omtoTe TPEMEL KoL TO cuumiipoua Tov X\F
va mepiéyeton ot B(X). Apa F € B(X). [

Ipoértaon 1.13. KabOe vrodidornua tov R eivar 6vvoio Borel.

Amddelsn. Ta duhpopo oeVAPLAL VL0 EVAL VITOSLACTIUOL ELVOL
(—OO, a]’ [a, OO)’ (_OO’ a)’ (Cl, OO), (a’ b)’ [a’ b]’ (a’ b]7 [a’ b)'

To wpwto dVO eivor KAELOTA GUVOLQ, TO. ETTOUEVO TPLOL ELVOL OvoLyTA Kal TO [a, b] elvor khewoto. TNa to

(a, b] ypapouvue
(a,b] = R\((—o0,a] U (b, »)).

Emedn n ZA(R) eivow o-Ghyefpa kau (—oo0, al, (b, ) € AB(R), émeton 6t (—c0,a] U (b, 0) € AB(R) kan
R\((—o0,a] U (b, ©)) € A(R). ‘Ouora deixvovue Ot [a, b) € B(R). [ ]

Emewdn n B(R) eivar o-ahyeppa Kal mweptéyel Oho to draotuata, £metor OtL OM To GVVOAL TTOV
PTLAYVOUUE EEKLVAOVTAG amd drooTiuata Kot epapuolovrag apunowo winog emovolMiPpewmy Tig
TPAEeLg ™G Evoong, TG ToUNG, KoL Tou ouumAnpmuotog Oa eivar emiong otouyeio g AB(R).

Oeopnua 1.14. Eotw F n otkoyéveia twv kAsiot@v cvvoiwv tov R ko
A ={(=00,b] : b € R},
A, ={(a,b] :a<b, a,beR},
Az ={(a,b) :a<b, a,beR}.
Tote BR) = o(F) = 0(Ay) = 0(Ar) = 0(A).
Anddeén. Oa deiEovue OTL
BR)D o(F) D o(A) D o(A) D o(Az) D BR).

H Z(R) mepiéyer Ta avolKTd oUVOAa Gpo KoL To CUUTANPOUATE TOvg, dnhadn to KAELoTE oUvola,
ovventwg Ko ™) o (F). Ta draotiuota e A; eivar khewotd, dpa o (F) D o(Ay). T o (A;) D o(Ay)
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1
rapatnpovue ot (a, b] = (=00, b]\(—0c0, a] xou yia. ™ 0(Ay) D o(Asz) 6t (a,b) = U, (a,b — —]. Téhog,
n

vio ™) 0(Az) D AB(R) yvwpilovue 6TL KGOe un Kevd avolktd ovvolo oto R ypdagetor wg aptdunioiun
EVION AVOLKTAOV PPAYUEVOV dLALOTHUATWV, Apa T~ C 0 (Aj3), TOU d(VEL TO CUUTEPAOULAL. ]

Me mapdpolo emuyelpnuoto wropel va deiEet kaveic 0tL 1 A(R) mopdryetor amd Ty OLKOYEVELQL

A= {(_OO’Q) ‘q € Q},

1 orola etvol opLOunoLuy.

1.4 Liminf kot limsup akolov@iog cuvormv

‘Eotw X ovvoho kot (A,),>1 akolouvdio vtoouvormv tov. Opilovpe To oUvola

limilann =Up N, Ars (1.2)
nz
limsup A, := Ny, U Ag, (1.3)

n>1

ta omota Aéue liminf kou limsup avtiotorya g akorovdiog (A,).>1. Elvow kol ta d00 vroovvola tng
evoong Uy | A,.

Me Aoyua, éva x € X aviiker oto liminf,s; A, av amod évo delkTn Kou Uetd avnKeL oe OAa T OTOLYEO
™G akorovbiog (A,),s1, EVO avikel oto limsup,.; A, av aviKeL oe arega amod ta (A,)ps1. Ao TOV
TUTTLKO OPLOUO 1) 0TTO aVTY TV TTEPLYpapy elvor oapég ot liminf,s; A, C limsup,.; A,. To va eivon
éva. x wélog tov liminf,s; A, elvar LoyvpdTEPN ATAUTNON KO £TOL MYOTEPO X TNV LKOVOTTOLOUV.

TPAYUOATIKO 0pLtOud X VITdpyEeL (PUOLKOG n(X) MOTE O X VA AVIKEL 08 OO TaL A, ue n > n(x) (Gpa autd To
ortoia eEarpotivtan £xovv memepaouévo manbog). Kébe x €xer to dukd tov n(x). Mdlota, wropotue va
mapovue n(x) := [|x]] + L.

Mopaderypa 1.15. Av X = R xou A, = [-n,n] yia k40e n > 1, 10te liminf,5; A, := R. Ta k&0e

Moapaderypa 1.16. Av X = R kow A, = {x : nx elvaw axéporog} = Z/n yio kdbe n € N*, 101e
liminf A, := Z,
n>1

limsup A, := Q.

nx1

ZyETIKA LE TOV OEVTEPO LOYVPLOUO, Yia KAOe pntd x = p/q ue g OeTKd aképaio €xovue OTL x € A, Y0
K&Oe n tov eival ToAhamhdolo tov ¢g. Apa éxovue v D. Ko emteidr) Oha ta A, eivan vtoovola Tov
Q, éxovue 0T kat limsup,,,; A, € Q. H awddel&n Tov IpmdTou Loy upLopol agijveToL 0TOV aVoyVAOOTY).

Av oL 6pot g axorovBiog (A,).>1 elvor otouygeia wag o-alyepfpag A, tote kou ta liminf,s; A,
limsup,; A, elvar emiong otoueia g A. Ag 1o dolue yia to limsup. Emeldn) n A eivon xhetom
OTIG OPLOWOLUEG EVIDOELS, YIoL KAOE n > 1 égovue B, := Ui, Ax € C, Kou €€ €lvOL KAELOTH OTLG
apOuoueg Touég éxovue limsup,; A, = Ny=1 B, € C.

Aoknoeig
1.1 'Eotw X := {a,B, 7y, 0} kKo

A =10, X, {B, v},
ﬂZ = {07X’ {ﬂ’ 7}, {(l, 5}}

(o) Eivaw ov A, A, 0-ahyePpeg;
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(B) Na d¢ei&ete 6TL 0(A)) = Ay,

1.2 Ze vty v doxnon maipvovpe X = R.

(o) No 8¢ei&ete 6t A = {A C R : A apibunoipo | R\A apBufowo} eivar o-ahyefpa kar A C B(R).

(B) Twa v otkoyévera Ay := {{x} : x € R} va deiEete dtL o(Ap) = A.

(y) Na dei&ete 6tL 1 oikoyévera Ap := {A C R : A memepaouévo 1) R\A memepaopévo} dev elvon o-dhyeppa.

1.3 Av oto Mopdderyna 1.10 n dopépion C tov X €xer vaepapdunjopo minbog otouyeimwv (dnhadn to I elvor
vepapOuolo, dpa kot to X vepaptduniolo), va do0et meprypapi g mapayouevng o-aiyeppag o(C).

1.4 Two v owkoyévelo C := {(—o0, x] : x € Q} va deiete 6L (C) = BR).

1.5 No delEete 1L 1) B(R) dev mapdyeTol amd StoapuépLon).

1.6 'Eotw (A,),>1 axolovBia otouyeiwv wag o-dhyefpag A. Na deiEete dt1 vmdpyer axohovbia (By),s1 oTOLKElWV TG
A 1o omola elvou Eéva avd dvo wote B, C A, yia k6Be n > 1 xou UL A, = U B,

1.7 'Eotw f : X — Y ouvvdptnon.

(a0) Av A eivan 0-Ghyefpa oto X, Oétovue

B:={BcY: (B eA.

Na 8¢ei&ete 611 1 B eivaw o-Ghyeppa oto Y.
(B) Av B eivar o-Ghyefpa oto0 Y, BéToupe
A:={f"(B): BeB).

Na deiEete 6t | A eivan o-Ghyeppa oto X.
YrevOvuiCovue 6t yioo B C Y, ovupolritovue pe f~1(B) to ovvoko {x € X : f(x) € B}). To f! edh dev onuaivel
«OVTLOTPOQPT TNG f>. AEV glval AopalTNTo va elvol avtotpéypun m f.

1.8 'Eotw X olvolo ko (A,),»1 axolovBio ue otoryeia vroovvola tov X. Na detyOel 6T

lim 1,4, = llimsuanIAn’

n—oo

lim 14, = Liiminf,, A,

INa A cX, 1, : X - {0, 1} dnhover T SelKTpLor GUVAPTHON TOU GUVOAOU A.

1.9 'Eotw X oUvohro, (f,)ns1 akorovBio cuvaptioenv ue f, : X — R yia ka0 n > 1, xou ¢ € R dedouévo. INa xabéva
artd o akdrovBa Lelyn cuvohmy vo eEetaatel av ueta&l Toug LoyveEL Kasmola ot Tig oxéoelg C, =, .

(@) {x € X : limysseo fu(x) < c},liminf,51{x € X : f,(x) <c}.

P){xeX: m,,_,m fu(x) < c},liminf,5{x € X : f,(x) < c}.

(v) {x € X : lim, oo f(x) < ¢}, limsup,, {x € X : £,(x) < ¢}

(®) {x € X : lim,ye0 f(x) = ¢}, limsup,, {x € X 1 f(x) = c}.

(&){xeX: E,H‘X, fa(x) > e}, limsup,. {x € X : f,(x) > c}.



Mérpa

2.1 Métpa o€ HeTP|oLUo Ympo

'‘Eotow X olvolo kot A wa o-ahyeppa oto X. Ovoudlovue to Cetvryog (X, A) UETPNOLUO Y DPO.
Opwopnog 2.1. Métpo otov (X, A) héue KaOe ovvapmon u : A — [0, oo] ov tKavostoLel TG LOLOTNTES:
i) w@®) = 0.

(i) p(U;,Ap) = Z w(A,) yio kdBe akolovbia (A,),s>1 Eévov avd 8o otoyeiwv g A.

n=1

H tpudda (X, A, p) Méyetal ympog HETpov koL ta otolyeio tg A puerpiowa ovvora. H 1dudtra (ii)

TOV 0pLOUOV Aéyetal aptounoLu TpooeTtkdTnTOL.

X

Zyfua 2.1: T v wdotyta (i) Tov optopot Tov HETpou.

Mopdderypa 2.2. (Apbuntikd uétpo) 'Eotw X éva ovvoro, A = A (X), ko

) n oV 10 A glvol TETEPAOUEVO KO €XEL OKPLBMG 1 OTOLKELD,
u(A) =

o0 v To A givol dmeLpoovvoro

v k40e A € A. To u eivar to apBuntkd puétpo oto X.

Hopaderypa 2.3. (Métpo Dirac) 'Eotw X éva ohvoro, A = F(X), Ko xp € X éva dedopévo onueio Tov
X. OpiCovue
1 avxy€eA,

0. (A) =
0(A) {O av xp € X\A

v KGBe A € A. H ovvaptnon d,, elvor pétpo kow ovoudletar uétpo Dirac 0to xo.

Mopaderypa 2.4. (Métpo Lebesgue oto R) IMaipvovue X = R, A = A(R). Eivor duvatodv vo. oplotel
éva uétpo A otov ympo (R, B(R)) wote

A(I) = wnrog(l), (*)

7
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via k6Oe duaotua I € R. T mopaderypo, yio a < b wpaypatikovg, éxovue A((a, b)) = A([a, b]) =
b — a, A((a,)) = oo kow A([0.1,2) U (3,4) U (5,5.3)) = 1.9+ 1 + 0.3 = 3.2.

T uropovpe va 0plioOVUE oL TETOLO CUVAPTNON; EEPOVNE TLG TLUES TNG OTO SLOOTIHULATOL, T OTTOLOL
elvar otoyeio tov A(R), kar oL 1dLOTNTEG TOV UETPOV KABOPILouv HovadiKa TG TUEG TNG OE EVIOELG
draomudtwv. Avtod duwg dev apkel. Xpeldletol va v enekteivouue oe Oho to A(R). Amodetkvieton
OTL (Ll TETOLOL ETTEKTOON ELvaL dUVOTY KoL YIVETOL LOVOILKA. Anladn vdpyel Lovadikd HETPO O0TO
HAB(R) mov tkovomolel TV (x). Tnv KOTOOKEVY] 0VTOU TOU UETPOV WITOPEL VA, BPEL O AVAYVMOTNG OF
BLpria Bewplag pétpov [yia mapdderypa, Kepdahawo 3 tov ( )]

Mmopei dpaye 1o A vo emektobel og 6ho to F(R); Anhadi| va amodmwoovue o Kabe vIrocvolo
tov R évav apBud mov Ba eivor o «unkog» tov. Amodetkvietal 0TL To A umopel va emektadel uéypt
éva o0voho M,, mtou eivan pahoto o-Ghyefpa, ue BR) € M, ¢ Z(R), alra oy mapasmdvo. Lot
oyt mapamavw; Eivol 1o d0okoho va emekteivouue wa ovvapton; To dvokoho dev elvol vo v
eTEKTEVOULLE, OALGL VOL TNV ETTEKTEIVOVLLE IUE TETOLO TPOTTO MOTE VoL LKavostotel Ty (ii) Tov Opiopov 2.1.
Avti 1 ovvOiKn BAlelL TOoEG TOMEG ATaLTHOELS 0T A HOTE va. unv vitapyel Kapio A : Z(R) — [0, oo]
IOV VO UTTOPEL VO TLG LKOLVOTTOLOEL OMEC.

Moapatipnyon 2.5. (Z0vohra pe pétpo Lebesgue 0) Kabe novootvvoro {x} C R éyer uétpo Lebesgue 0
aov {x} = [x, x] elvon éva dudotnua pe unkog 0. 'Exeton amd v (ii) Tov Opopot 2.1 tov pétpou ot
K&Oe apOunowo ovvolro €xer emtiong uétpo Lebesgue 0. "Etot, to Q, evom glivan €var Tukvo vitoovolo Tov
R xou Kotd o €vvoro «pueyaho» oivoho, exel u€tpo 0. Yapyouv Oume KoL vepapLtOuoLo. oVola
ue uérpo 0, ue mo yvootd mapdderyua o cvvoro C tov Cantor. Avtd ypdgetar wg C = N> C, dmov
10 C,, eivan évmon 2" Eévarv dtaotnudtov, To kabéva ue uijkog 37 (0o ) ouvnOn katookevr| tov C).
Apa AC) < AC,) =2"37" - 0 xkabwg n — oo, Ty avicomta A(C) < A(C,) Oa T dikaohoynoovue
mopokdto [[Ipdtaon 2.12 (ii)].

Opwopnog 2.6. 'Eva pétpo u oe évav petpnotno yopo (X, A) héyeton memepaocuévo av u(X) < oo, Ko
uétpo mbavotrog av u(X) = 1.

Avtiotolya, o xmwpog wétpov (X, A, 1) Aéyetal xHPog TETEPACUEVOU UETPOV 1] X DPOG TLHOVOTNTAG.
INa évav ywpo mbavotntoag ouvibwg ypnoluomoteitor o cuppfohopnog (Q, F, P).

Mopdderyna 2.7. (Awokprtd uétpo mbavdémrag) ‘Eotm Q aptbufoipo ovvoro kou F := Z(Q). 'Eotw
Ko f: Q — [0, 00) ue Zf(x) =1.Tw A € 7, opilovue
xeQ

P(A) := Z F(x).

xeA

H ovvdpmon P eivon uétpo mboavomrog oto Q. Ze kdOe onueio x € Q diver uato f(x). To duakprtd
UETPO TOAVOTNTAG elvar yevikevon tov uétpov Dirac. Tlepioodtepa amd €vo onueio maipvouv éva
TUNUOL TG CVVOMKNG walag 1.

Moapaderypa 2.8. (Piyn vouiopatog) INa to melpapo piyng evog voulopotog mov €xel mbavotnta
p € [0,1] va @éper Kopwva Kar 1 — p vo pépeL ypauuota, Evog (puoLoAoYLKOG XmPOog TavOTNTOG
TPOKVITTEL WG ELOLKY TEPLTTMON TOV TPOTyouuevoy Ttapadeiypatog. Iaipvovue Q = {K, T}, f(K) =
p, f() = 1 — p. Tpoxvmrer 1oL éva pétpo mbavodTTag, £0tm PP ol telkd o yhpog mbavoTnrag
eivan 0 ({K, T}, Z({K,T}), PP).

opdderypa 2.9. (To povtéro Ising) ‘Botw N > 1 guowkéde, V := [-N, N> N Z2,
Q:={-1,1}V ={s]s: V- {=1,1} cuvdpmon },

kow F = 2(Q). To V eivar éva memepaouévo mhéypa wéoo oto Z2? oe oyfua tetpaydvov. H eikéva
OV €YOVUE OTO UVOLO Hog elvar 0t o kaBe onuelo tov V vmdpyel €va MAEKTPOVIO TOU OTTOLOU M)
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WOV TLKY portn tolpvel povo pior oo g tuég —1, 1. Ta onueio tov Q ta Aéue oxnuatlopong Ko
KaOe oynuatiopog avabétel oe kKabe onuelo tov mhéypatog V, dnhadr) oe Kabe nhektpovio, wo oo
g pé —1, 1. Tertovid onueto evdg onueiov x 1= (xq, x2) € Z* Mue ta (x1 — 1, x2), (x1 + 1, x2), (x1, X2 —
1), (x1, x2 + 1). Av 10 y €lvou YELTOVIKO TOV X, TOTE KOL TO X ELVOL YELTOVIKO TOV y, KL YPAPOVUE < X,y >.

‘Eotw J,h € R otabepéc. T'a kabe oxnuotiond s € Q, opitovue A(s) 1= J X jevicxys S(X)s(y) +
h ZxEV S(.X) KoL

1
f(s)= 5 M,

Omov Z = Y,e0 M elvar o katdhniog apldudc mote abpoilovrag v f movom og dha Tta s € Q va
maipvovue 1. H ouvdptnon f opilel, pe tn dradikaocio tov [Mapadeiypatog 2.7, Eva nuETpo mbavotntog
otov Q. Ag vmoBéoovpe 6t J > 0 xouw h = 0. Tote peyahirepn mbavoTTO £XOVV OYNUATIOUOL TTOV
dlvouv 10 1810 TPOONUO 0 TOMAA YELTOVLKA ONUELXL.

Avto to HETPO TOAVOTNTAG KAOMDE KOL YEVIKEVOELG TOV £XOUV YPNOLUOTONOEL YLoL TV KaTovonon
TOV WOYVITIKOV OLOTHTOV TG VANG.

Mopaderypa 2.10. (Métpo meproptopdc) Av u eivor éva uétpo otov (X, A) KatAg € A, 1OTEN GUVAPTHOY
Ha, * A — [0, co] ov opiletor wg ua,(A) = u(A N Ap) Yo kdbe A € A eivan pétpo (Aoknom). To ug,
EYEL CUYKEVTPWUEVT OAT) TOV T UATa 0T0 A 0o s, (X\Ag) = u((X\Ag) N Ag) = (@) = 0.

Mopaderypa 2.11. (Kavovikomoimuévo HETpo mepLoploptds) e GUVEYELOL TOV TTPONYOUUEVOD TTOPAELY-
notog.  Ag vmoBgoouue OTL To p elvar €va uétpo mboavotntag ko ot 0 < u(Ag) < 1, toTE 10 g,
€yeL OLUVOMKY UATa ta, () = u(Ap) < 1, dnhadmn dev eivar pétpo mbavottog. To Kavovikomolove
opilovtag éva véo uétpo, 1o Py, : A — [0, 1], wg eEnig

Ha(A) _ pAN Ag)
(@ pAo)

vio KGO A € . To Py, elvon pérpo mbovotnrag kan diver O tov v pudlao 0To oUVoro Ay.

Py (A) =

To aEuwpata 6Tov 0pLtopd TOU HETPOV GUVETTAYOVTOL OPKETEG LOLOTNTES YLOL ULOL TETOLOL GUVAPTNON).
Kataypdgouvue otV mapakdtom TpoToot KATOLESG TTOV 0TI OUVEYELX O X PNOLUOTOL|OOVUE ETTOVIAELU-
UEVOL.

poértaon 2.12. Eotw u éva uétgo otov (X, A). Tore,
(i) u(U_ A) = Yoy H(Ap) yra kéOe n > 1 kau {A, 2 1 < k < n} Eéva avd Svo otouyeia tng A.

(ii) Av A,B € A, ue A C B, tote u(A) < u(B) kaw av u(A) < oo, Tote u(B\A) = u(B) — u(A).

(iii) p(U;” Ay < Z,u(An) yio. kabe akolovbia (A,)u>1 oToEiwv Tng A.

n=1

(iv) Av (A,)nz1 elvar adEovoa akorovbia otoeiwv tng A, téte u(U,. | A,) = lim u(A,).
n—o00
(v) Av (A,)nz1 elvar pBivovea akorovOio oroyeiwv tne A ue p(Ay) < oo, tote (N, A,) = lim u(A,).
n—oo

Amodelsn. (i) Ta ovvohra g akohovBiog (By)is1 U

B, Ay, ovkell,2,...,n},
£ 0 avkeNk>n+1.

elvau otovyeia g A Eé¢va avd dvo. Omdte M 1dLdTTA (ii) TOV 0PLOPOV TOV UETPOU divel

U A = (U B = ) (B = (A
k=1 k=1
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aov u(®) = 0.
(ii) To B eivaw 1 évwon tov Eévwv ouvorwv A, B\A, omtdte pe Baon to (i) g mpdtaong,

u(B) = p(A U (B\A)) = u(A) + u(B\A).

Emedn u(B\A) > 0, émetan 0t u(B) > p(A). Topa, 6tov u(A) < oo, TO 0POLPOVUE OTTO TNV TLO TAV®
LoOTNTA, Ko stapvovue ot u(B\A) = u(B) — u(A).

(iii) 'Eotw By := Ay xou B, := A,2N(A UA U - UA,_ ) yio kdbe n > 2. Ta {B, : n > 1} eivow Eéva ava
dvo otovyela g A, B, C A, i kéOe n > 1, kaw U B, = U | A,. Apa.

UL A = (U By) = ) p(By) < ) p(Ay).
n=1 n=1

H dettepn odtta oyvet yiotl to (By),s1 eivon Eéva avd dvo, kan 1 avicdmta Moym g B, C A, Kau
Tov UEPovg (i) Tng mpoTOoNC.

(iv) 'Eotw By := A; kau B, := A,\A,—; v k&0e n > 2. Ta {B, : n > 1} eivaw Eéva avd 800 otouyeio g
A, U B = Ay, kaw U2 B, = UY A, 'Eto,

WU An) = p(U2 By) = > p(B,) = Tim " u(By) = lim p(UR_,By) = lim p(A,).
k=1

n=1

(v) ©¢tovue B, = Aj\A, yia k00e n > 1. T v axorovBia (B,),>1 EPOPUOTETOL TO TPONYOUUEVO
uépog g pdTaong Kow diver lim, e u(A\ N2, A,) = lim,, o t(A1\A,). 'Enterta, 10 0TL (A1) < 00 divel
(N Ay) < oo xan pu(A,) < oo yio kGOe n > 1, omoOTE PNOLUOTOLMVTAG Kal TO UEPOG (ii) Tng TpdTaong
moipvouue 1o Cnrovuevo. ]

Oporoyia: 'Eotw (X, A) uetpioutog xmpog mote o X vo eivat PeTptkds xmpog Kat 1 o-hyeppo A
va meptéyxel To ovvola Borel tov X, dnhadn B(X) c A. Av u eivon évo. pétpo otov (X, A), otprypne (M
KL opER) Tov i Al To oVVOro

supp(u) : = {x € X : u(U) > 0 yuo k&0e avorytd vroovoro tov X ue x € U} 2.1
= X\U{V : V avouyto ue u(V) = 0} (2.2)

To dtu Loyer 1) deVTEPN LOOTNTA AUPIVETAL WG ALOKNOY. ATTO QUTHV YIVETOL OAPEG OTL TO OTYPLYUA ELVOL
KAeLoTd 0Uvolo. Av 0 X eival dLoymploog UETPLKOG Y MPOG, TOTE 1) VIO TV OVOLYTMOV GUVOLWV 0T
devtepn ypauur| €xer uétpo 0 Kow To oTPLyuo. eivat To KpoTePo KAELOTO Vtoovvoro tov X 0To 0molo
TO [ OVYKEVIPWVEL TN UALA TOV (dNAadY) diveL uétpo 0 0To CUUTAMP®UE CUTOU TOU GUVOAOD).

Mopaderypa 2.13. (i) 'Eotw A1 > 0 xow gy to drakptto uétpo mbavottag oto R mov diver og KaOe
k € N udta e A% /k!. To omipryud Tov eivar To N.

(ii) "Eotm p; to puétpo oto R pe up(A) = |[A N Qf yio kdBe A € R. Avtd eivan éva dtakpltd pétpo (diver
uata 1 oe kaOe pntod). Mapdro mov wr(R\Q) = 0 (dnhadn n ndla tov uy eivan ovykevtpmuévn oto Q),
TO OTNPLYUC TOV iy €lval To R yLortt 07roL0d1mote avoytd 6VOLho YUP® Ostd 0TTOLOVONTTOTE TPUYUOLTIKO
apLOpo €xel BeTIKO LETPO oD TTEPLEYEL KATOLOV PNTO.

Aoknoelg

2.1 'Eotw Py, P,, ..., P,, n € N*, uérpa mbavomrag otov (2, F) ko i, Az, ..., 4, € [0, 1] ue 37, 4 = 1. No devyOel
oTL 0 KupTdg GUVOVOOUOG
Q= Z A P;
i=1
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tov wétpov Py, i = 1,2,...,n, eivaw pétpo otov (Q, F).

2.2 'Eotw (Q,F, P) ydpog mbavémtag Kot (A,)s1 axorovdia Eévov avd dlo otoryelwv tg F. Na deiete ot
lim P(4,) = 0.

2.3 'Eotw (Q, F, P) ywpog mbavdtrag kot (A,),>1 akohovBia ototyeimv e F.

(o) Av P(A,) = 0y k&g n > 1, téte P(U;’;’zlA,,) =0.

(B) AvP(4,) = 1 yio. kaBe n > 1, td1€ P(n;‘;lAn) =1.

2.4 No ppebel yopog mbavomtag (Q, 7, P) kaw (A))ier, (Biier oLKoYEveleg ototyelwv g F hote
(yPA)=0 Yo KGOei € I, UietA; € F, AANG P (U;/A) # 0.
B)PB) =1yakdbeiecl’, odh& Nigp B; = 0.

2.5 'Eoto (Q, 7, P) yopog mbavomrag kou (Ag)ses otkoyévela Eévav avd 8o otoryeiwv g F. Av P(Ag) > 0 ywa
KGOe B € B, va deiEete 6T T0 B elvor apburjouo.

2.6 'Eotw (Q, F, P) ydpog mbavomtag Kan (A,),>1 akoloubia atovyeiwv tg F. Na deuyOet ot

P(liminf A,) < lim P(4,) < lim P(4,) < P(limsup A,). (2.3)
n= n—o0

n—oo n>1

2.7 'Eotw u; to pétpo oto Moapdderyuo 2.13(i), A 1o pétpo Lebesgue oto R, kot v o meptopiouds tov oo [2, 5] (Aeg
Hapaderyua 2.10). ©étovue p = py + v. Towo eivan to supp(u);

2.8 'Eotw F C R xhewotd. Na derybei 6t vmdpyer uétpo oto R pe omprypa to F.
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IootTo TEMEPAOUEVOV NETPOV

210 Keahao avtd Oo dolue £va TeXVIKO AmoTéAETUO, TO AeYOUEVO OemPnuUa. TT-A, TTOV OTOYO £XEL VO
SLEVKOAUVEL TV aTtOSELEN LOLOTTWV YLaL T OTOLYEID (ag O-GAyePpag.

3.1 Klaozig Dynkin

Opwopog 3.1. 'Eotw X otvoho. Mua owkoyévera D ¢ H(X) Méyetan khdon Dynkin oto X av €yel tig
eENg Lot TEG:
(i) X € D.

(i) AvA,Be DxowA C B, 10te B\A € D.

(iii) Av (A,)nen a0E0VO axohovbia oV D, toTE U,end, € D.
HMapatypnon 3.2. Kabe o-ahyeppa eivar khaon Dynkin. To avtiotpogpo oumg dev 1oyvel (Aoknon
3.2). Anhadr| eivar evkohdTepo €vo. oUvolo va eivor Khdon Dynkin.

‘Onwg Ko oty TEPITmon Twv o-olyefpdv, yia Kabe okoyéveia C € H(X) evdg ovvorov X,
vtapyeL N Aot KAGon Dynkin wou tnv sepiéyel. Avt) epLypdpetal mg 1 Tour OMOV TV KAACEWV
Dynkin mov mepiéyovv ) C. ZvviOwg ™) ovpPorilovue pe 6(C). Zvvoyiloviag maipvouue tnv
aKOAOVOT TPOTOOT 1) ATTOSELEN TG OTTOLOLG EIVOL TAPOUOLOL UE QLUTY] OTNV TTEPLTTWOT TV O-OAYERPDV.
Ipotaon 3.3. Eotw X odvoro kauw C € P (X). Oérovue J = {D c P (X) : D eivau kAdon Dynkin ko
C C D}. Tore i otkoyévela,

o0(C) == Npe j@

e civaw kAdon Dynkin oto X kat

o civau 1 wxedTeON KAaon Dynkin wov meoiéyel Ty C. Aniadn meoiéyetar oe kGO kKAdon Dynkin wov
meoiéyer ) C.

Ovouatovue ™ 6(C) xhéon Dynkin ov mapdyeton amd v C.
IMopatipnon 3.4. Evxola mapatpet kaveig 6t 6(C) € o (C) epdoov 1 o (C) eivar khéon Dynkin ko
mepLeyeL  C.

Aéue 6T po otkoyevelo C OUVOLWV VAL KAELGTI] OTIS TETEQAOUEVES TOUES AV Yo KAOe n > 1 ko
A, Ay, ... Ay e CoyVet 0OTLA; NAy N --- N A, € C. TIpogavag apkel va LoyveL 1 ouvOnKn aut yo
n =2 Ko ETELTO OL VITOMOLTTES TTEPUTTMOELS ALTTOOELKVVOVTOL ETTAYWYLKAL.

H entdpevn mpotaon diver o ot ovvonkn wote wo KAdon Dynkin va eival o-ayeppo.
Ipétaon 3.5. Eorw X obvoro kaw D kAdon Dynkin oto X. Av n D eivau KAELOTI] OTIG TETEQAUOUEVES
Toués, tote n D eivaw 6-aryefoa oto X.

Amodelsn. Amod tov Opuwopd 3.1 tng kAaong Dynkin éxovue 6t X € D Moy tov (i) Ko, av A € D, tote
X\ A e D rMoyo tov (i) kou (ii). Emiong, 1 D elvor KAELOTY) OTIC TETEPOUOUEVEG EVIDOELG EQPOTOV ElVOL
KAELOTY| OTLG TIEMEPAOUEVEG TOUEG KOL 0T CUUTANpOuoto. Méver va detEovue 0Tl eivor KAELoT TIg
aplOuoleg evooelg. Av (A,),»1 elvar otoyeio g D toTe Yo kabe n € N 10 B, := Uj_|Ar € D koum
(Bp)ns1 €lvar av€ovoa axkolovdio oy D. Apa U2 B, € D. Ouwg U B, = U2 A, [ |

12
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3.2 To Ozopnua x-A
Oeopnua 3.6 (Oewpnua wt-A). Eotw X 6vvoro kaw C C P (X) otkoyévela KAELOTY) GTIS TETEQACUEVES
touég. Tote 6(C) = o(C).

Arddeén. Toyber 6t 6(C) C o(C). Apa, av deiEovue 6t 1 6(C) eivar o-Ghyeppa, tote 0 (C) C 6(C),
epooov N o (C) etvan 1 eldyLotn o-aiyeppo mov meptéyel ) C. Me Baon v Ipdtoon 3.5, apkel va
detEovue 0t M 6(C) elvon KAELOTI) OTIG TETEPAOUEVES TOUES, ONAOLOT)

A,Bedé(C)=ANBEeO0). (3.1)

I'vopiCovpe T0 OCUUTEPAOUO TNG CUVETTAYWYNG Yiat A, B € C, 07t0TE TO 0%ESL0 ELVAL VO TNV EVLOYXVOOUNE
og dvo Pruata. Anhadn va deiEovue ot Loyvel Tpodto Yo A € C, B € 6(C) kau émerta yio A € 6(C), B €
4(0C).
INa kaBe A C X Oétovue
DA) ={U € dC): AN U € 5C)).

Avtd 10 GUVOLO TTEPLEYEL TOL GUVOAX TTOV «TEUVOVTOL MPOLO» UE TO A.
Biuna 1. o A € C, égovpue:

e C C D(A) epdoov ) C elvar KAELOTY OTIG TTETEPOOUEVES TOUEC.

e H D(A) eivon khéon Dynkin (1 amwddelEn agnvetar g Goknon).

Apa D(A) D 6(C), epocov 1 6(C) etvan 1 ehdrytotn kKAaon Dynkin wov tepiéyer  C. ‘Ouwg D(A) € 6(C)
a7t6 tov opLopd s D(A). Tehkd D(A) = 6(C), mov onuaivel Ot

A€eC,Bed(C)=>ANBesC). (3.2)
Biua 2. T B € 6(C), éyovpue:
e C C D(B) amd v (3.2).
e H D(B) eivar xhaon Dynkin (n amddelEn agnvetar wg doknon).

Apa, 6twg oto Brjua 1, éxovue 6t D(B) = 6(C), dnhadn oyver n (3.1), ko to Bedpnuo awodelyOnKe.
|

Mo otkoyévelon C € A(X) Méyeton m-000TNUO. OV €lvol KAELOTH OTLG TETEPAOUEVEG TOUEG, EVD
Aéyetar A-ovotnua av eivor khaon Dynkin. Ze ovt) T v opohoyio OpelAETAL TO OVOLLOL TOV TTPOYOUUEVOL
Oewpruotog. Mia LoodUvoun diatimmwor) tov divetal otnv Aoknon 3.3.

XapoaktpLotiky epapuoyn tov Bempnuatog eivar n eEng: T X = R, 1 owkoyévera C = {(—o0, x] :
x € R} eivan xhewoty| otig memepaouéveg Touég Kat apa §(C) = o(C). Eépovue ouwg 0t o7(C) = BR).
Apa maipvouvue okduo wia epLypapn Twv cuvolwv Borel wg §(C).

Mo ONUOVTLKY OUVETTELD TOV BEmPUOTOG TT-A €lval To akOlovBo amotéheoua.

IMopwopa 3.7. Eorw X ovvoro, A C P (X) o-dAyefoa, ka u,v memepaocuéva uétoa otov (X, A) ue
w(X) = v(X), ta omola cvupwvovv ce wa owkoyéveia C C A KAELOTI) GTIC TETEQUOUEVES TOUES. AV
o(C) = A, 1ote u = v otnv A.

AnodeEn. 'Eotw B ={A € A : u(A) = v(A)}. Tore,
e CCBcCa().
e H B eivau xhédon Dynkin.

[Mpayuoatt, 0 TPOTOG LOYVPLOUOS ELVOL TTPOPAVIG KOl YLOL TOV DEVTEPO EYXOVUE,
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(1) X € B amd vrdOeon.
(i) AvA,Be€ B,A C B, 10te u(B\ A) = u(B) — u(A) = v(B) — v(A) = v(B \ A).
(iii) Av (A,)nen 00EOVOO akorovBio oty B, TOTE
1 (UnenAn) = lim gu(A,) = lim v(A,) = v (UnewAn) .
Apa UyenA, € B.

Egdoov 1 B eivan kAdon Dynkin, €xovue 0t 6(C) € B. 'Onwmg, 06 to Bemdpnua povotovng Khaong,
6(C) = 0(C), ko 1eMKd B = 0(B) = A, 0710 TO 07T0L0 TPOKVITTEL TO LNTOVUEVO. [

To stponyoluevo woplopa diver 6tL av €xovue dvo pétpa mbavotntog u, v otov (R, AB(R)) yia ta
ogtolo. LoyVeL u((—oo, x]) = v((—o0, x]) Yo k4O x € R, TOTE Ut = V.

Aoknoelg

3.1 'Eotw (Q, A, P) ydpog mbavémtog koL U € A dedouévo. Oftovue
C:={AcA:PANU)=PA)PU)}.

Na deryBei dtL 1 C eivan kAdon Dynkin.

3.2 'Eotw Q :={1,2,3,4} ko
A= {{1,2},{2,3},{3,4},{1,4},{1,2,3,4},0}.

Na dewyBel dtu m A eivon kKhGon Dynkin addd dev etvor o-dhyeppo oto Q.

3.3 'Eotw X olvoho, C; C Cy € Z(X) dote 1 Cy vo. elvan KLewot| oTig memepaouéves topég Kow 1 Co va elvor Khaom
Dynkin. Na deiy0et 6tL 0(Cy) C Cs.
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Ieprypagi) uétpov mbavotntog

4.1 Mérpa mBavoTTas 6 apLtOuncLuo derynatiko ympo

2V Tapdypapo aut 0o WwAnoovue Yoo HETpa TOOVOTNTAG 08 0PLOUOLUO BELYUATIKO XWMPO, TOV
AOTELOVV TNV atAOVOTEPT HOPPY UETPWV TLOHAVOTNTAG KL OV amautovV ¥p1jon eSELOIKEVUEVWV
EPYOAELMV.

Av to Q elvon apOunowo ovvoro, oto Ioapaderyuo 2.7 idaue TOC WropovUe va. opicovue €va
TETOLO UETPO UE T YP10T WLag KOTAAANANG ouvapmong f @ Q — [0, ). H o-dhyeppa mov emhéEaue
ntav n F = Z(Q). Avtd mpokimter puotoloylka dedouévou ot Intaue {w} € A yia kabe w € Q,
OVVETIG avayKaoTka F = Z(Q) epdcov Kabe A C Q ypdpetar wg aplduniouun Evoon oTtoLelmy g
F, Mhodn A = Ugea{w}.

Ocopnua 4.1. Eotw Q aotburjoiuo obvoro kauw F = P(Q). Tore:
(i) 'Eva uétoo mbavornrag P orov (Q, F) kabogiletow mAnows arxd tg twés p, = Pw}), w € Q.

(ii) Eotw (qu)weq axorovOia aoibuav oo R.
Yragyer uéroo mbavornrag P otov (Q, F) ue PHw}) = qu, yia kabe w € Q av kot uévo av q, > 0
yLo KGbe w € Q kat qgo = 1.

we
AmodelEn. (i) 'Eotw A C Q. Tote A = Uyea{w}, kou epdoov to Q elvan apbunouo,

P(4) = > P(wh) = ) po.

weA weA
(i) = Ioyvel 6t g, = P({w)), Gpa q, > 0 epdoov P uétpo oto Q. Emiong,

> 40 =) P(w)) = PUpealw)) = PQ) =1,

weQ WEW

eqooov P uétpo mbavotnrog oto Q.
& Agrvetal g GoKN o).
[ ]
Mopaderypa 4.2. (Katavoun Poisson) 'Eotw Q = N xaw 4 > 0. T xka0e k € N éotw py e‘*ﬁ—f.
H (pr)ken tKavosotel tng amautioelg tov Oempnuatog 4.1. Tlpayuot, pr > 0 yio kabe k € N ko
k

A
Z e_lﬁ = 1. Zvvenwg opiletal uétpo mbavdmrag P otov (N, Z(N)) étor wote P({k}) = pr yia kébe
keN ’
k € N. To pétpo avtd Aéyeton katavour) Poisson pe mopduetpo A.

Opwopog 4.3. 'Eotw Q memepaocuévo ovvoro. 'Eva pétpo mbavdmrag P otov (Q, Z(Q)) héyetan
opotdpopgo av vdpyel ¢ > 0 étor wote P({w}) = ¢ yio k4be w € Q, dnhadn to P diver v idua nalo
oe ka0t w € Q.

15



16 Heotyoapn uétowv mbavotnrag
Am6 tov OpLouod 4.3 ovpmepaivouue 6t

A
P(A) = H yio kébe A C Q.

[payuort, epoécov to P eivar pétpo mbavotnrag,

1:ZPmm:Zk:¢n

weQ we

Apa c = 1/|Q|. Ouwg P(A) = Z Plw}) = Z ¢ = cl|A[, amd 10 0700 TPOKVITTEL TO LNTOVUEVO.
wEA weA
Ta opotdpoppa HETPO LOVTIEALOTTOLOVV TTELPAUOTA TTOU EXOVV «LOOTLOAVO» OTTOTELECUALTOL.

Hopaderyuna 4.4. Oswpovue to melpapua piyng evog auepoinmrov Capov. Tote Q = {1,2,3,4,5,6}
Kot A = Z(Q). To katdhnho pétpo mov povrelormotel to meipopa eivar 1o P ue P{w}) = 1/6 yia kaOe
w € Q. Anhad1| To opotdpopo wEtpo mbavotrag otov (Q, Z(Q)).

HMapdderypa 4.5. (Yraepyewuetpikn) kotavoun) Mua kdimm mepiéyer N dompa Ko M povpa aptbun-
uéva opoupidwa, (1,2,...,N) kv (N + 1,N +2,...,N + M) avtiotoiya. Emiéyovue n amd avtd ywplig
ertavadeon, 6mov 1 < n < N + M. Tote 0 SeLynatikog oG Xmpog eival

Q={Ac{l,2,....,N+M}: Al =nl,

Ko kKaOe otoryeto tov Q eivar o duvarn eEaywyn. o tov minbaptbuo tov Q éxovue

(11

I Adyoug oupueTpilog, Oha ta evoeyduevo. eival Loomtibava.
To opowdpoppo pétpo mbavotrag P mov opiletan otov (Q, Z(Q)) éxer P(A) = (le—L) vl kKGO
A c Q. T mapdderypa, av k € {1,2,..., N} xouw D = {A C Q : A éyeL k dompa OchLLpif)LOL},n‘l?(’)‘CS

ol _ (65
(N;M) (N;M)

4.2 Ieprypoagr) nétpov mbavomyros oto R

P(D) =

2y mopdypago ovt Oa winoovue yia pétpa mbavottag otov (R, ZA(R)). Avtd ta pétpa ta Méue
Ko Katavouég oto R.

Opwopnog 4.6. 'Eoto P pétpo mbavomtag otov (R, A(R)). Tvvaptyon katavouns tov P Aéyetan v
ovvaptnon F : R — [0, 1] pe

F(x) =P((—co,x]) vy xa0e x € R.
Anhodn, N F(x) petpder t uala mov diver to pétpo P omnv nuievdeio (—oo, x].

Hopdaderyna 4.7. 'Eotw xo € R kat dy, to uétpo Dirac oty Z(R) oto xo. H ouvdpton xotovoung
TOU J,, ELVOL )

0 oavx<x,
F(x) =
1 oavx>x.
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Mapaxdatow, xpnowwomototvtal oL eErjg ovupoitopol: T xg € R,
F(xp—) = lim F(x), F(xp+) = lim F(x),
xX—xy X=X
F(-00) = lim F(x), F(co) = lim F(x).
Ipétaon 4.8. Eorw P uérpo mbavétnrag otov (R, B(R)) kaw F 1 cvvdotnon katavourjc tov P. Tote:
(i) H F eivar avEovoa cuvaotnon.
(ii) H F eivou & ovveyng.
(iii) F(—o00) = 0 xou F(o0) = 1.
AnodeEn. (i) 'Eotw x < y. Tote emeldn (—oo, x] C (—o0, y] o (ii) Tng [IpdToong 2.12 diver 6T

F(x) = P((=00, x]) < P((=00,y]) = F(y).

(ii) 'Eotw xo € R. Entetdn ) F eivow av€ovoa, 1o F(xp+) ViapyeL, Kou £ovue

1
F()C()+) = lim F(x() + —) = lim P((—oo,xo i
n—oo n

t (s 1 () o0

= P ((=o0, x0]) = F(xo).
(iii) Emetdn n F elvon av€ovoa, To OpLa. vrdpyouv Kot

lim F(x) = lim F(-n) = lim P((=c0, -n]) = P( ey (=00, —n]) =P(0) =0,
lim F(x) = lim F(n) = lim P((—00,n]) = P( Uyay (-0, n]) = P(R) = 1.

Znuetmvovpe ot 1 F ikovorolet T oyéon
P((x,y]) = F(y) = F(x) (4.1)
v KAOE x, y parypatiko aptbuoig ue x < y yott
P ((x,y]) = P((=00, y]\(=00, x]) = P ((—00, y]) = P((=00, x]) = F(y) — F(x).

To 1610 oyVEL Yo Kabe —c0 < x < y < 00 g TIg ovuPaoelg (x, oo] = (x, ) ko (x, x] = 0. Xprowun
ertiong eitvou ) oxéon (Aoknom 4.3)
P({x}) = F(x) - F(x-) (4.2)

v kaOe x € R.

Moapaderypa 4.9 (Avaxprtd pétpo mbavottag oto R). 'Eotw § € R apbunioipo xan (a,)es Oetikol
apLduot £ToL Mote Y,cs a; = 1 (Yo mapdderyua, S = N, = 1/28! yua ké0e k € N). Opitouvpe

P(A) = Z a.
teA

To P eivan pétpo mbavomrog oty Z(R). T ™) ouvaptnon katavourg, F, tov P éxouvue

F(x) = Za,

<x
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Ko otd v Aoknon 4.3(a),

a, Oavxes,

P - Fx=) = Pliah) = {o avxeR\S.

Anhadn,  F elvar aouveyxng axpimg ota onueia tov S.

H onuavikdtnto g ovvaptnong Kotovoung mnyalel amod to enouevo empnua, To omolo Aéetl 0Tt
N F kwdikomolel minpwg éva uétpo. Kpatwvrag mv F avti tov P, kapio wthnpogopia dev €xel yabel.

Ocopnua 4.10. Eorw P, Q uéroa mbavétnrag orov (R, B(R)) ue tnv idta cvvaotnon katavourjs. Tote
P=Q.
H art6del&n tov d60nke auéowg petd to Iopiopa 3.7.

HMopoatypnon 4.11. Av Eépouvue ™ cuvaptnon katovouns F evig uétpov mboavomrog P, tdte yvow-
ptlovue TIg TWWEG TOV 0€ GUVOLO TTOV TTPOKVITTOUV OUTO SLOLOTNUATA TNG Hopeng (x,y] ue ovvnbelg
ovvohoBewpnTiKég TPAEELS Ypnouortotmvtag TV (4.1) Kou Tig oyéoelg g Aoknong 4.3.

[Moteg ouvapmoelg F : R — R mpokmtouy mg GuvapTi|oeLg Kotavoung UETpmV mlavotntog otov
(R, Z(R)); H amdvinon divetar 0to emtdpevo Dempnuat.
Oeopnua 4.12. Mo ovvaotnon F : R — R eivau ovvagrnon katavourjs evog uétoov mbavornrag P
otov (R, B(R)) av kat uévo av weyvovv ta (i)-(iii) tng [pbdtaong 4.8.

AmbdeEn. Tn ovvemtaymyr = v eidape oty [pdraomn 4.8. Tn ovvemaywyn < Oo v amodeiEovue
otnv Hopdypago 7.5. ]

To Bedpnua avtd pog emrtpémer va deiEovue v Vo pEn uétpwv opilovrag udvo T ovvapTnon
KATavoung Tovg. Aev gival amapaitnto va opioovpe v T tovg oe kabe vrtoovvolo Borel tou R.
‘Eva této10 mapdderyno 0o dovue ouéome Tmpa KoL £vo akoua otnv Aoknon 7.9.

Moapaderypa 4.13 (Métpo mbavomtag amd mukvotnta). 'Eotw ovvapton f : R — [0, 00) wote
TO YEVIKEVUEVO OlokANpwua Riemann f_ O:o f(x)dx va opileton xou vo wooVtan pe 1. Oswpovue
ovvapmon F : R — [0, 1] ue

F(x) = fx f(@)dt

via Ka0e x € R. T'vae v F epapudletarl 1o Osmpnuo 4.12 (waiota, n F elvor ovveyng), dpa vdpyet
uétpo mbavdtrag mov €xel ouvaptnon Katavoung v F. TNa A € R mov eivow apbunoun évoon
Eévov avd 810 dLooTudtov Wropovue vo dovue OTL Loy VEL

P(A) = f f(x)dx.
A

H f Méyetow mukvotnra tov P. T ovykekpuuéveg emhoyég tng ouvaptong f moipvouue YvwoTeg
Kotavoués. ILy., yia f(x) := e *1,.0, Taipvouue TV ekOeTIKY KaTtovour pe mopduetpo 1.
Mapatipnon 4.14. Aev poxmtovy Oha ta puétpa mbavottag oto R amd mukvomtee. Zta [apa-

delypata 4.7 xou 4.9 oL OLVOPTNOELG KOTAVOUTG TV dV0 UETPWOV £XOVV ONUELX OOVVEXELAS. AEG TNV
[Mopdypago 7.4 yio TEPLOCOTEPAL.

Aoknoelg
4.1 'Eotw P pétpo mbavomtag oto R kar F 1 ovvdptnon xatavouic tov P. Na deiEete 6tL M F umopsi vo. £xeL to
oM apLdun oo Tbog oludtwy.

4.2 'Eotw Py xotavour) oto R, pue mukvotnta f(x) = e *1,59, kou Py katavoun oto R tov diver udia % ota -2,3. T
A € (0,1) xou, Oewparvtag tov kKuptd ouvdvaoud P = APy +(1 — 1) P, tov Py xau P,, va vmohoyiotoiv



4.2 Heovyoapn uétowv mbavornrag 6to R

() nP((0,4)),

(B) m ovvaptnon Katavourg tov P.

4.3 Eoto F ouvépmon katavowic evog pétpov P otov (R, B(R)). T x,y € R pe x < y vo dewyel 6t
(o) P({x}) = F(x) = F(x-).
B) P([x,y]) = F(y) = F(x-).
) P([x,y) = FO-) = F(x-).
(®) P((x,y) = Fy—-) = F(x).
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5
Metp1)oLues GUVaPTIOELS

5.1 MerpfoLues CUVUPTNOGELS

Opuopog 5.1. 'Eotw (Q,F), (E,E) petpnopol xmwpol. M ovvdptnon f @ Q — E Aéyeton F/E-

UETPNOLUN OV
flA) eF yokdde A €& (5.1)

Svupoiilovue To ovvoro {f1(A) : A € &} pe £71(E). Omdte N amaitnon Tov opLopoY TG UETPNOL-
udtrag ypdgeton f-1(E) C F.

fH(A) A

Zyiua 5.1: M f dmwg otov Opopd 5.1

Oporoyia: 1. M F/E-petpriowun ovvaptnon ™ Aue F-uetpnowun 1 E-uetpriown 1 amhog
LLETPTOLUN OV ELVOL OOPES TTOLOL ELVOLL 1] O-ALYEBPOL TTOV OEV OVAPEPOVLE.

2. 'Otav o ywpog Q f/xar o E eivar petpikde yipog (.. vmooivoko evig amd Tovg ympovg RY,
[0, ], [0, 0], C), ekTOG OV OVaPEPETAL KATL dLOPOPETLKO, O Oewpeitar OTL 1 0-GAyefpa oTov Q
Kaw otov E glvon 1 o-ahyefpa tov vitoouvorwv Borel touv Q kau tov E. Ko t0te, mT.%., F -uetpnown
onuaiver F/A(E) uetpnouy. ZtnVv mepimtmon ov o Q (avtiotouya, o E) eivol HeTpLkog xMpog Ko 1)
& (avtiotowya, N F) evvoeital, ovoudCovue Borel-uetpriown ka0 f 1 omola eivon HB(Q)/E-petpriowun
(avtiotoya F / B(E)-puetpnowun).

3. Ze évav ywpo mbovomtog (Q, F,P), wa petpnoyn ovvaptnon Aéyetal Tuyaic netafinm).
Zuuporifovue tig TuOieg LeTafAnTég ne keparaio ypauuoto X, Y, ..., oe avtibeon ue t ovbufaorn cov
VIOOETOVE OTOV ATTELPOOTIKO AOYLOUO KL TV TTPOLYUOTIKT) AVAAVOT).

I 1o ovvoro fH(A) = {w € Q : f(w) € A} ouviiBwg yPNoLOTOLOVUE TOV cuuPBolond {f € A}
‘Opota, ov E = R, 10 {f < a} ovuPoriler 1o ovivoro {w € Q : f(w) < a} xau {f*> < f+ 1} 10
weQ: fAw) < flw)+ 1}

20
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HMapatypnon 5.2. INati arowtoVue amd wa ovvapton X : Q — E va éxel mv womta (5.1); Tatl,
dtav opioovpe éva uétpo mbavotrag P omv F, 0éhovue va pmopotue va eEetalovue mbavotnteg
e wopgnc P(X € A), émov A € &, dnhadi P (X~1(A)). Mpéner emopévog o X~ (A) va avijkel oto medio
optopov ¢ P, to omoio elvow ) F.

Ipétaon 5.3. Eotw (Q,F),(E,E) uetorjowwor ywoot, f : Q — E cvvdotnon, ko C C & otkoyéveia
wote o(C) = E. Tére f1(C) € F av kaw uévo av f~1(E) C F.

BéBaua o éheyyoc f~1(C) € F eivon gvkohdtepog omd tov f1(E) ¢ F. 'Etor m mpdraon kdvel
EUKOLMOTEPO TOV ELEYYO TNG UETPNOLUOTNTAG WG OVVAPTIONG.

AmddeiEn. = Botw B ={A € &: f1(A) € F}. ToHre n C C B xar evkora Prémovpe ot n B eivon
o-ahyefpa (Aoknon 1.7). Zuvenwg, o(C) C€ B. Ouwg o(C) = Exa B C E. Apa B = &.
< Mpogavég agol C C &E. ]

AxolovBolv do ouvvémeleg Tng TPdTAoNC.

Iépwope 5.4. Eorw f: (Q,F) = (R, B(R)) cvvagtnon. Tore i f eivouw uetonown av ko uévo av
Y ((=0,a]) € F yia kGOs a € R.

AmbdeEn. Av C = {(—0,a] : a € R}, yvopiCovue 6t o(C) = BR). Apa, arnd v Ipdtaon 5.3
TPOKVITTEL TO CNTOVUEVO. ]

To (610 aTOTELEOUA LOYVEL AV AVTIKATAOTOOVUE TO SLOLOTNUATO (—00, a] pe (—o0,a) N YeEVIKA ue
OTTOLOLONTTOTE OLKOYEVELD dLaoTNUAT™VY TTov TTopdyovy Ty A(R). Emiong, aviiotowo ovumépaoua
TPOKVITTEL ALV £YOVUE UETPNOLU] CUVAPTNOT UE TLUEG OTO [—00, co].

Trapyovv puetpnoueg ovvoptnoels; Eivarmolhég; Katapydc, Oa dovue auéomg 0Tl OAeg oL oVveEYELS
ouvopTNoELg etvar uetpnoueg. YmevOvuitovue ot ov (Q,dy), (E, dy) HeTpLKOl Y MPOL, Uo CUVAPTIHON
f X = Y elvow ovveyg av yia ké0e V C E avouytd éxovue 6t f~1(V) elvon avouytd. Anhadi| av n
avTioTpopn elkoOva KAOe avolyTol oUVOLOU glval avoLyTd oUVolo.

IMMoépwopa 5.5. Eorw (Q,dy), (E,dy) uetowkol yawoot kau f : Q — E ovveynjc ovvéotnon. Av F = B(Q)
kar & = B(E), tote n f eivaw F | E uetronowun.

Amodelsn. Tty olkoyevelo S Twv avolyTdv ovvohmv tov E éxovue 6t o(S) = & Ko Oha T oToLy el
tov f1(S) elvouw avouytd ovvola (ool M f eivar ovveync) ko dpa f~1(S) ¢ F. To ovumépaouo
émetan amd v [pdraon 5.3. ]

IMapadétovpe ywpic amddelEn TG POOLKEG OLOTNTEG KAELOTOTNTAG TOV OUVOLOU TV UETPNOLUWDV
ovvaptioemv. Ev oliyolg, ov Eekivijoer Kavelc ue UeTpNolUeg GUVOPTHOELG KOt TIG GUVOUAOEL UE
KATTOLOV «(UOLOAOYLKO» TPOTTO, TPOKVITTOUV TTAAL LETPYOLUES CUVOPTIOELS.

IIpétaon 5.6. Eorw f,g : Q — [—o0, 0] uetorjotues ovvagtijoels otov uetenowo yweo (Q, F) kou

a € R. Tote uetonowues eivan exions oL GVVAQTIHGELS

af |\fl. f +8. fg. f/g min{f, g}, max{f, g}, f", ",

omov kabeuia ogiletan étol wote va eivar 6taber] kau ion ue uio avOaigetn Temeoacuévny otabeod oTo
6UVoAo TV Gnuelwv ameocdtogtatiag (co — 00, 0-00,0/0).

Ipétaon 5.7. Eotw (f,).>1 akorovlia uetonoiuwmv cvvagtioemv 6tov ueterowo xwoo (Q, F) kat ue
TYWES 0710 [—00, 0], Tote:

(i) O ovvagtijoels L
inil:fn’ Sup fﬂ’ h_m fn’ hm f;l’
n> n—o0

n>1 n—oo

elvau emions UETONOLUES.
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(ii) Av 1 (f)ns1 ovyKAiver onuelakd oe wa ovvaotnon f, tote n f = lim,_« f, evaw uetonowun
oUVAQTNOT).

AvTtopoFGAETE TNV TPONYOVUEVY TPOTAOT UE TO YEYOVOG OTL YEVLKA TO ONUELOKO OPLO GUVEY MV
oUVOPTNOEMVY OEV Elval ouveyg ouvapTtnon. H petpnowwdtta eivor o ovOeKTIKY 08 UETATYNUALTL-
ouovg.

Ipétaon 5.8. Eotw (Q,F), (E,E), (G,G) uetorjowor ywoot kaw f : Q — E, g : E — G uetronowueg
ovvagtnoels. Toten go f: Q — G elvau F |G uetonowun.

AnédeiEn. 'Eoto A € G. Tote, (go £)'(A) = £ (g7 (A)). Ouwe g7 '(A) € &, dpa f~'(g7'(A)) € F, and
TO 0TT0(0 TTPOKVITTEL TO LNTOVUEVO. ]

IIpotaon 5.9. Eotw (Q, F) uerorjowuog ywoos. Tote:
(i) Na A C Q, 14 eivau uetonowun av kot wovo av A € F.

(ii) Av fi, oo s fr 0 @ = R, n > 1 eivar F /| BR) uetorjowues ovvaptijoes ko g @ R" — R eivau
BR") | BR) uetonowun, tote n g(f1, fos- .., fn) : Q@ = R elvauw uerorowun.

Amddein. Oa. deiSovue wovo to (i). Av B € AB(R), éxovue

1) av 0,1¢ B,
_ Q\A ov 0€eB,1¢B
1)7'B) = ’ ’ 5.2
LB =1, av 0¢B.1€B, (5-2)

Q av 0,1€B.

Av m 14 elvon petprowun, tote yia B = {1}, éyovue (1A)_1(B) € F, Mhad A € ¥. Avtiotpoga, av
A € F, t6te amd mv (5.2) éxovpe (14) " (B) € F yi0 kOe B € B(R). ]

Mopaderypa 5.10. 'Eoto (f,)n>1 aKolovbio HETPNOU®Y OUVOPTNOEWY 08 UETPNOLWO XDPO (Q, F) ue
Twwég oto R. Oétovpe T := minfk € N* : f; > 0} ue ™ ovppoon min@ = co. Téote n T elvon petpriowun
viati yua k € N* 1oyvet

(T<k={fi>0U{fL>0lU---U{fi >0} eF.

Tk pun Betcd axéparo éxovue {T < k} = 0, evo yio k40e mpaypatiko x éxovue {7 < x} = {T < [x]}.
Emiong, Yo omoodnjmtote n > 1, cos(fi+ fo+- - -+ f,) elvan petprjotun Aoyw tov (if) Tng Tponyouuevng
POTOONG Kot Tov Ot M (X1, X2, ..., X,) — COS(X] + Xz + -+ - + X;,) EIVOL CUVEYT|G.

Opopog 5.11. Mo ovvapmnon f : Q — [—co, co] Aéyetar ) oV 1 ELKOVO TNG ELVOL TETEPAOUEVO
oVVOAO.

Av 0oL SLOPOPETIKEG TLUEG TTOV TTAUPVEL (oL OITtAT) ouvaptnon f elvol ay,ap, ..., a, Kou Béoovue
A; = f'({a;}), 0te N {A1, Ay, ..., A} elvou Stapépron tov Q, ko f ypdgeTal

f = ZailA,-- (53)
i=1

[Mpogovmdg wo oAy f elvon petpnoLun av Ko uovo av ta oOvoha Ay, Ay, . .., A, €lval petpriowua.

Mo o) ovvaptnon dev YpageTal HOVadIKA wg YPAUUKOS ovvdvooudg amd delktpleg ouvap-
™oewg. Av ta Aj,Aj,...,A, dev eivan amapaitnto Eéva, tote 1 oxéon (5.3) opiler mwaAL wa ot
ovvaptnon. Av duwg tntyoovue ta Ay, As, ..., A, vo glvor dtopuéplon tov Q (dnhadi) un Keva, Eéva
ava 8o, ue Evoon to Q) kou oL aptbuol ay, . . ., a, dlopopeTikol HeTAED Tovg, ToTe 1) Ypapn (5.3) eivan
wovodLkn (ue wovn elevbepio 0N OELPd Le TV ool aptBuovue To GVVOLO Ka Toug aptbuovc) Ko
OVOUALETAL KAVOVLKT] LoQ@) TG f.
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Ipértaon 5.12. Eotw [ : Q — [0, o] uetorjowun ovvaotnon. Tote vmbaoyer wa avEovea akolovbia
(f)n=1 UN aQVNTIKOV, ATADV, UETONGIUWMY CUVAQTHOEWMY UE TETEQAOUEVES TIUES wote f = lim f, kata
n—o0

onuelo.
To 6t M axorovdia (f,).>1 €ivan avEovoa onuaivel 0Tt f(w) < fur1(w) Yo KOs w € Q ko n > 1.

Anodeién. T n > 1, Bétovpue

fulw) = 5 an(w)G[fn,k;,l) uekeN, 0<k<n2"-1,
)= n ov f(w)=n.
fu(w)
[ \/ | | |
0 L fw) A n

Zyfua 5.2: O oplopuds ™G TPOTEYYLONG fr. ‘OleEg oL TLuEG TAVW aItd 1 astelkovitovral oto n. Zto didotnua [0, 7]
POCEYYLON YiveTal ue AdBog to ohv 1/2",

Kabe f, elvar un opvntikt), LETPNoLut), Kot ot} agol To GUVOLO TLUMV TNG EIVOL TETEPAOUEVO, KL
matpver v Ty /2", émov 0 < k < n2" — 1, oto petpfiowo ovvoro fH([k27", (k + 1)27)) kow v TLu
noto f~'([n, ).

INa to f =1lim,Le fr. AV f(w) < oo, maipvovue uotko ny > f(w). T n > ny éovue f(w) < flw) <
fo(w) + 27", qpa |fu(w) — f(w)] < 27" kou lim f(w) = f(w). Av f(w) = oo, toTE f1(W) = N1 — 00 YO
n — o0, e

I to dtL 1) akolovBia eivar avEovoa, TopaTnPovUE Ta eENG:

e Av f(w) = o0, 10TE f,,(w) = n, OV elval aEOVOO akolovDiaL.

e Av f(w) < o0, ¢0tw n > 1, Ba dei&ovue OTL fi(w) < frr1(w). Exouvue Tig €ENG MEPUTTMOELG:
(@) f(w) <n.
B) flw) €[n,n+1).
™) flw)yzn+1.

[N 1o (a) mapatnpovue 6T to fr(w) Ba LooUTal ue To 0pLoTEPd GKPOo Tov draotnuatog [k27", (k +
1)27") oto omoio aviikel To f(w). Tl Tov KaBopLowd tov f11(w), ywpilovue to [k27", (k+ 1)27") oe 6o
wod, To

n+l ’ n+l

2k 2k+1
> n+l ’ n+l

2k + 1 2k+2)

KOLTO fr41(w) LOOVTAL PLE TO OPLOTEPO (KPO TOU ULOOUV OTO 0TTOL0 AVI|KEL TO f(w). Apa elval TOULAYLOTOV
k27" = f,(w). O meputmwoelg (B) ko (Y) agpivovtal wg AoKnom. ]

52 X-dhyefpa mapoyouevn and cuvapToELg

Opropds 5.13. 'Eotw Q ovvolro. To wa ovvdpton f : Q — [—oo, 00], 0-GAYEPPA TOPAYOUEV ALTTO
™V f ovoudfouvue 1o GVVOLO

o(f) = {f7'(A) : A € B([—c0,0])} = [ (B([—c0, )])
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To 6t avTd 10 OVVOAO elvar o-GlyePpa To €xovue deL oty Aoknon 1.7 (B). Avtn eivon 1) ehdiylot
o-Ohyeppa A oto Q 1 omoia kaveL TV f uetpriowun otov (Q, A). BéPowa, av n f elvar petprjoun otov
(Q, F), tote Ba exovue o(f) C F.

Hopdaderypna 5.14. H f : R — R e f(x) = =1, + 1,50 mapayeL ) o-dhyefpa
{Ra (—OO, O)a [Oa 00)9 0}
aov Taipvel povo g tég —1, 1 Ko oL avtioTpopeg ELKOVEG AUTOV TOV TULMV E(VOL TO SLOOTHUOTA
(=00, 0), [0, ) avtiotouya. Ou Aemrtouépeleg TG OTOdEENC apivovTOoL wg oK1 o).
HMapaderyna 5.15. H ovvaptnon axéparo uépog f(x) = [x] yia k&Oe x € R mapdyer ) o-dhyefpa
o(f) = o(C) omov C := {[k,k + 1) : k € Z} [O woyvprondg avtdg agnvetar wg doknon. Iapotnpoiue
ot f malpver Tpég oto Z kon £ ({k}) = [k, k + 1) yia k40Oe k € Z]. H C elvon po Stapépron tov R.
Hopaderyne. 5.16. Maipvovpe Q = {—1, I}, Mmopodue vo dotpe avtd To 6UVOAO ¢ TOV SELYIATIKO
YOPO Yo, po akolovdia pipemv evog vouiopatog. To —1 mopiotd to amotéleopo «Kopovar kou to
1 to amotéreopa «pappator. T n € N*, opiCovue ™ ovvdpon X, : Q — R pe X, (w) = w,, 6mov
W = (Wyp>1 € Q. AnhodN M X, elvow 1 TpoPoln) ot n-oot) ovvtetayuévy. H X, maipver povo dvo
Twwég. Omote M o(X,) elvan akplBwg o ouvoro {0, Q, A, 1, A, 1}, e
Aot =X (F1) = {(weQ:wy = =1} = (=1, 1" x (=1} x (-1, 1},
Awt =X (1) = {w € Q: wy = 1) = =1, 11" x {1} x (=1, ¥\,

omov [n] :=1{1,2,...,n}.

Opwopog 5.17. 'Eotw Q ovvoro. Av {f; : i € I} eivar otkoyévelo ouvapt)oemv 0to Q Ue TWWéG 0To
[—00, 0], 0-GhyeRpa Tapayduevn amd TG ovvapToeLs { f; : i € I} ovoudLovue To 6UvVolo

o(if; i € 1) = o Ui o (f)- (5.4)
To olvoho oto deEl néhog £xel oprotel oty Mapdypago 1.2. Avt eivor 1) ehdyrot o-dhyeBpa ov
KAveL Oheg Tig {f; @ i € I} petprjoweg. Av I ={1,2,...,n}, T ovupohiCovue ue o(fi, fo, ..., fu)-
HMapaderypa 5.18. 'Eotw Q olvvoro, n > 2, ko fi, fo, ..., fn : Q@ — R. Tote

o(fi + ot + fo) Co(fi, foro s )

[payuott, o oVVAPTOES fi, fo, ..., fu €voL o (fi, fa, ..., fu)-uetpnoueg kou amd v [pdtaon 5.6,
etvaw o(f1, fo, . - ., [u)-HETPNOWUN KaL 1) ouvapTnon fi + o+ + fr. Ouogn o(fi + o +-- -+ f,) elvaun
eMALOTN O-GAYEPPO TTOV KAVEL TNV f1 + 5 + -+ - + f, uetpnoyun. O toyvplopdg Emetad.

Mopaderypa 5.19. Zvveyilovue amd to Mapdderypa 5.16. Oa meprypdpovue ™ o-Ghyeppa F, =
o({X1, X2, ..., X,}). T dedouévn axohovBia s = (s1, 52, .., 8,) € {—1, 1} Bewpodue To chvoro

Ag i ={(8515 525+ o s S Xt 1> Xna2, - 2) = X € {=1, 1} yia x40e i > n + 1}
=X ((s1) N X3 ({s2) N+ X ().

Anhadn 10 A TEpLEYEL OMEG TIG AmeLpeg akolovBieg amd —1 Kat 1 Tov T0 apy LK TOVG TUNUA ELVOL TO §

Ko Uetd eivon ehei0epeg va €xovv 0tL B€hovv. Tl o akolovBio Tov avijKeL 0To Ay, 1] CUWITEPLPOPAQ

™G WG TOV XPOVO 1 ELVAL YVOOTY.

IzxrPismos: H ¥, eivaw 1 o-Ghyeppa mov mapdyetal oo ™) dwauépon C := {A; @ s € {—1, 1}"} Tov Q.
A6 Tov opLopd g, 1 Fn pémer va mepiéyer to X, ({s;)) yioi = 1,2,...,n. Apa, wg o-dhyefpa,

mepLéeL kKou To Ay, o elvon emepaouévn tow) tov X ({s:}). Exouévag, o(C) C Fp. Amd v dhin,

K&Oe X; ne 1 < i < neivan petpnoun wg mtpog ™) o(C). T mapaderyua,

Xl_l({l}) = USG{—],]}”ZS,*ZIAS
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elval memepaouévn évoon otolyelmv g o(C), Gpa otoryelo Tg. Ao tnv ehaytotdtnta g Fy, ETETAL
ot F, € o(C) Ko 0 LoyupLopds amodeiyOnke.

Aokroelg

5.1 'Eotw (Q, F, P) yopog mbavottog. Na dei&ete ot yia ua X @ Q — R, ta axdhovba givar loodivapa:
() X"1(A) € F yio x40 A € B(R).

(B) X~'(A) € F yia k4Be A C R avouytd olvoho.

() X '([a, b]) € F y10. k40e a < b mpaypatiko aptOuoic.

5.2 'Botw X : Q — [—o0, oo] TUR0io petapint. Na deiEete 0t {X = —o0}, {X = oo} € F.

5.3 (Metprioueg ovvaptoelg oe o-alyepfpa mapayduevn amd apbunowun dwapépion) ‘Eotw C = {A; : i € I} o
aptBuron drauépLon evog ouvorov Q, ko F = o(C) (ITapdderyua 1.1). Na deuybet 6t pua ouvaptnon f : Q - R
etvar F/ BR) petpriowun av Kar pdvo av eivan otabept) oe kaBe ohvoro g dopuépLong.

5.4 'Eotw (X,)n>1 0KoAovBio Tuyaimv uetofAntov oe évav xdpo mbavotntog (Q, F, P) ue tuég oto R. No deikete
OTL T TOPAKATO OVVOL Elvan oToyEle TG F .
(o) {hm X, = —oo}, { lim X, = oo}

n—oo n—o00

(B) {1im X,, vdpyer Ko eivan mparypotkdg optbudc}.
5.5 'Eotw f : R — R povotovn ovvéptnon. Na deuybel Ot eivan petpriowun.
5.6 'Eotw (Q, F) uetpfioog xdpog. Av f, g : Q — R uetprjouueg, va deiEete dtu to {f = g} elvan uetpriowo.

5.7 'Eotw (X,).>1 aKkolovbia tuyoaiov petofintov otov ympo mboavomntog (Q, F,P) ue tpég oto R Oftovue
T := min{n > 1 : X,, > 2} pe ) cvufaon min = oo.

(o) Na dey0et 6TL {T = oo} € F.

(B) Na deuybetl 6t T eivan tuyaio petoan.

5.8 'Eotw X = (X1, Xa, ..., X,) tuyaic petofint ue tuég otov R”. Oeswpovpe deikteg 1 < iy <ip < -+ < iy < n OTOV
1 <k < n. Na detybel 6tL m ovvapmnon ¥ := (X;,, X,,, . . ., Xj,) elvon tuyaio uetafinm).
[TrodeEn: Toyvel Y = p(X), dmov p 1 wpoPor p : R” — R¥ mov astetkovilel 10 (X1, X2, . . ., Xy) 0T0 (X;, 5 Xiyy - - - 5 X;,).]

5.9 Na dewyei 6t pdrynott to 8eEl uéhog g (5.4) eivan 1 wkpdtepn o-ahyeppo A mov kavelr Oheg TG {f; @ i € I}
A-peTproLpec.

5.10 Ze avt v doknon Oewpovpe to medio Tudv e f 1 R — R, dnhadn 1o R, epodiacuévo pe tn o-aiyefpa twv
ouvorwv Borel. [epuypdpte ™) o(f) 0TV TEPITTWON TTOV

(@) f(x) = 2,

(B) f(x) = .

5.11 'Eotw X tuyaio petofAnt ue tpég oto R. Av P(X > 1) > 0, tote vmdpyer € > 0 wote P(X > 1 + &) > 0.
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OloxM)pmon

6.1 OloxMjpopna Lebesgue. Opiopog

‘Eotw (X, A, u) ydpog UETPOV. ZTNV Tapdypo@o auth) 0o 0plooVUE TO OMNOKAPMUA OTOLOGONTTOTE
A B([—0, ]) nerprioyung ovvaptmong f : X — [—oo,00]. Avtd Ba to Kdvovue oe tpio frjuato.
[Mpota yo f > 0 otk petpnowun, €merta yio f > 0 peTpnowun, Kot Tehog Yol f UETPOLUT UE TLUES OTO

[0, 00].

Bnua 1: f > 0 ok petpriowun.

Oponos 6.1. 'Eoto f : X — [0, co] amhn puetpnoun ouvaptnon pe Kovovikn woper) f = X%, a;la,.
OpiCouue To ohokApwua Lebesque tng f wg mpog To UETPo 1 wg eENG:

n

f Fdu:= " au(Ap, (6.1)

i=1
ue ™ ovupaon 0-co = 0.
To ohokANpwua eivan otoyeio tov [0, oo].

Eivar guotohoyikdg ovtdg o opopnds; Ag tov eléyEoupe oty Teplrtmon tov to X eival £va KAeLoTo
Kot ppayuévo didotnua [a, b] tou R ko u eivon to pétpo Lebesgue A 010 [a, b].

f(z)
as T+ — —
o | L
a o .
Ay \ AQ/ b

Zyfua 6.1:  OlokApoua athig ouvapTnongG.

H ovvdptnon f oto Zynqua 6.1 eival amh Kol WaALoTo To. 0OVVOMX 0T OTTOLOL TTOLPVEL OLOLPOPETL-
KEG TLWEG elval To Kabéva draotnua 1) €vwon daotnudtwv. Me BAon Tov TponyoUrevo opLond, To
ohoKMpOUa TG ELvaL

a1 A(Ay) + a2 A(Az) + azA(As).
Avtd elvar 1o gufadov katw amd 1o ypagnua g f. ‘Omwg oto ohokAnpmua Riemann, £toL Ko edm,
Ta ywvoueva a;A(A;) divouy eufadov opboymviov: vyog emi fdon. Mdvo mov edmd 1 fdorn evdéyetal
va unv etvol dtdotua. Ze ka0e meplmtmon OUme, To WiKog TG PAONG ULETPLETOL OMWOTA ATd TO UETPO
Lebesgue.

26
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Bnua 2: f > 0 uetpriowun.
Opwopog 6.2. 'Eoto f: X — [0, co] petpriowun ovvaptnon. To ohokApwuo Lebesgue ¢ f wg mtpog
TO UETPO p 0pileTon wg eENG:
ffd,u = sup{fsd,u ;5 ot petproun ue 0 < s < f}.
HMapatipnon 6.3. O Opioudg 6.2, oty mepimttwon ov 1 f elvan amhy), ovugpovet pe tov Opouo 6.1.
Biuoa 3: f: X — [—o0, co] uetpriouuy).
Opopnog 6.4. 'Eotw [ : X — [—o0, oo] petpriowun ovvéptnon. To ohokinpwua Lebesgue g f wg tpog

TO UETPO p opileTon wg eENG:
[rau=[ra-[ra

eOoov 010 OeElL uEhog NG LOOTNTOG dEV EUPAVITETOL QITPOTDLOPLOTIO TG WOPEPNG 00 — oo,  ZTHV
TEPLTTWON TTOV TO OMOKANPWUA ELVAL TTPAYUOTIKOG aptBrdg, Aéue 6t 1 ouvapnon f eivor (Lebesgue)
o0LoKAnpmouy).

INa 1o f f du ypnowpomorotue exiong Tov ouuBoilond f f(x) du(x).
Mopatipnon 6.5. (i) Ta f ST du ko f f~ du mov epgavitovtar otov Opopd 6.4 opilovror amd Tov
OpLouo 6.2.
(i1) To OAOKAMPOUO LLOG UETPNOLUNG CUVAPTNONG, OTAV OUTO OPLLETAL, ELVAL OTOLYELO TOV [—00, c0].
(iii)) Mo petprjolun ovvaptnon f eivar oOAOKANP@OOoLUN av KoL WOVo oV Kol Ta d00 OMOKANPMUATOL
ff‘ du, ff+ du eivon memepaouéva.

(iv) T wa f > 0 petpriown ouvapton, Bewpotue v akohovdia (f,)ys1 TOV ATADYV OVVAPTHOEWV
mov optotnkav oty [pdtaon 5.12. Amodeikvietal 6t

[ rau=tim [ s

ANL0.dN TO OLOKAMPMUAL ELVOL TO OPLO TMV OLOKANPOUATMV AUTMV TWV ATTAMYV CUVOPTHOEWY. AUTd
€LVOL OVTIOTOLYO TNG TTPOCEYYLONG TOV oAokAnpwuatog Riemann pwog Riemann-olokAnpmoiung
OUVAPTNONG OITO TAL OLOKANPOUATO KALUAKOTMOV GUVAPTOEWMV.

Hopotipnoen 6.6. ‘Omote wo f yphgeton wg f = 37, a;la, ue ta A; uerprjoo kon ta a; > 0, 1ote
méih Loy Vel o TOmog (6.1). Anhadt) dev eivan amapaitto 1 ypagn f = X, a;jla, va aviiotouyel oty
Kavovikt) popgn ¢ f. Evdeyouévog kdmmota oo ta {4, : 1 < i < n} va TEUVOVTOL Kol KOITOLo 0Ito TaL
{a; : 1 <i < n}vaelvow loa. To idLo LoydeL kKow 6tav n = oo, dNhadY f = 37, a;la, ne ta a;, A; Onog
mpwv. Kow ou 800 woyvpiopot émovror amwd to Iopiopa 6.30(i) mo Kdtm.

6.2 Euwikéc meprrtooeg

Oo. dovuE €OM TIG TEPLITTMOELG TTOV TO UETPO LU TNG TTPONYOVUEVNG TTOPAYPAPOV ELVOL TO OPLOUNTLKO
uétpo oto N 1 to uétpo Lebesgue oe éva didotnpa oto R.

API®OMHTIKO METPO: Av mapouue u to optduntkd uétpo otov X = N (IMoapdderyua 2.2) kou f: N —

[0, oo] ovvapTnom, TOTE
f fdu=Y" fn). 6.2)
n=0
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Avtd woyber hoyw g Mapatipnong 6.6 agov 1 f ypapeton wg f = 3,7 f(n)1, koL k&Oe povoovoro
{n} éyeL aplOunTKo uétpo 1.

‘Eneita elvar amho va dolue otL 1 (6.2) woydet yia ke f 1 N — [—oo, 00] pe 3.7 | f(n)] < 0. Apa
T0 GOpoLopra OETIKNG 1) WTOAITWG CUYKAVOUOWG OELPAG ELVAL ELOLKT) TTEPLITTWOT TOU OLOKANPMUATOG
Lebesgue. ‘Opwg adpoiopata oelpmdv ov cuyKkAivouy vito ouvOnkn, 6mwen X, (_nﬁ, dev KadvmTTovTaL
(to ohoxkAnpwuo Lebesgue tg f(n) = (—1)"/n wg mpog to aplOunTikd uétpo dev opiletal agol
f fdu= f [T du = ). To ohoxkMpwuo Lebesgue dev mpooOétel moodTNTES e KATOLO «TELPG» AALG
HOCLKA.

METPO Lebesgue SE ®PAIMENO AIASTHMA Eotw a < b mparypotikoi aptbuoi. To oloxiipwuoa
Lebesgue otov ympo uétpov (R, A([a, b]), 1) wag Borel-uetpnowung ovvapmong f : [a, b] — R 10 ovu-
BoiiCovue ovviOwg pe fa b f(x) dx kaw oV mepimtwon mov 1 f etvan Riemann-olokAnpdouun TavtiCeton
ue 1o ohoxMpwuo Riemann [deg ( ), Kegpdhowo 2, O@swpnua 1.5].

MEetpo Lebesgue =to R: To ohoxMjpwua Lebesgue otov ympo uétpov (R, B(R), 1) wag Borel-
uetpnoung ovvaptong f : R — R 1o ovuPolriCovue ovvnOwg pe fR f(x)dx. Zvumimtel ue 1o yevi-
KEVUEVO OMOKATpmUAL f_ 0:0 f(x)dx av n f etvow Riemann-ohokAnpmoiun oe KGO KAELGTO KoL PPAYUEVO
vrodiaotnua Tov R ko eivon OeTikn 1) To YeEVIKEVUEVO OMOKAT P, f_ 0:0 |f(x)| dx elvoun emepaouévo.

6.3 H omtiki) Tov ohoxkAnpouatos Lebesgue

Eivau evdlogépov va ovykpivoupe tig oplakéc diadikaoieg mov divovv ta ohokAnpwuota Riemann
Ko Lebesgue og pua mepimtwon ovvaptone/xmpov mov Kot o 00 olokAnpouata £xovv vonua [Qg
optokn dradikaoia yio To Lebesgue maipvovue ovtiv mov seprypdgpetar oty [apatypnon 6.5 (iv)].
Mo ovykekpluéva, maipvovue a < b mpaypotikovg aptbuots Ko wa f : [a,b] — [0, c0) ppayuévn,
Riemann-oloxkAnpwoiun, xor uetpnown. To @payuévn eivol TPooTaLlTOVUEVO YLoL TO OAOKAPWUC
Riemann, to petpnowun yie to Lebesgue. Ko emeldn eivor un apvntiki, to ohokApouo Lebesgue
opiletal emiong.

INa to Riemann, dtapepitovue 1o medio ogtouot g f oe Tuquata toov ukovg (Aeg oynua 6.2).
Ze KoOéva amd autd, 1 f éxel wa dedouévn ehdytotn Ty, ToAlamhaoidlovue ot TV eAdyLoT)
TLWY UE TO UNKOG TOU TUNUOTOG YO VO BPOUUE T CUVELGQPOPA TOU TUNUOTOG OTNV JTPOCEYYLOT TOU
ohokAnpouatoc. 'Emerta mpoobétovue tig ovvelopopéc Ohwv tov tunudtov. Kabwng to uikog tov
TUNUATOV TELVEL 0TO UNOEV, TTAULPVOUUE TNV TLUWY| TOV ohokAnpouatog Riemann g f.

I to Lebesgue, dwopepilovue 10 6vvolo tiuv g f o€ Tunuoto. (oov unkovs. Auvti 1 dtouéplon
divel wa oty ovvapTom (To Ypdgnud tg elval Ta XovTpd evOVYPOUILO TUNUATA 0TV KATO YPOPLKN
mopdotaon oto Zynua 6.2 eKtog amd ekelva Tov givar otov dEova), Tov gival wio oo Tg f, TG
[potaong 5.12. Ag mapouvue évo tuqua, .. To [us, us). H ovvelopopd tov oty mtpooéyyion f JfnudA
TOU OLOKANPOUATOG ElvVOL TO EUBAdOV Uzl ( f‘l([ug,u4))) TOV «TTAPOAAAOYPAUUOV» e VYOS U3 KO
Baon f1([uz, us)) [oyéon (6.1)]. St ovykekpluévn mepimtwon, to f'([u3, us)) elvar évwon tpLdv
SLAOTNUATWY, ONUELWUEVOV UE XOVIPY YPOUU! oTov x-GEova. To unkog autig g PAong eival To
uétpo Lebesgue tov ouvorov f~'([u3, ug)). TIEAL TPooOETOUUE TIC OUVELOQOPES OV TV TUNUATOV
Ko, K0OMG TO UNKOG TOVG TEIVEL 0TO UNOEV (1 — 00), TTOULPVOUUE TNV TLUY) TOV ohokKANpmuatog Lebesgue
™mge f.

To un tetprupévo g dradikaotiog yia 1o ohokinpmua Lebesgue eival 0tL pémel va eipoote oe OEon
va. vrohoyloovpe To ufKog Tov ouvorov £ (w1, ux)). =10 Mo mdvw mapdderyua, £Tuye avtd va elvor
EVOON TPLOV OLOCTNUATMV KO EIVOL TTPOPOVEG TTOLO TTPETTEL VO, OVOULALOOUUE UKOG TOV. Oa Wtopovoe
Oumg va elvol €va ol sepiepyo ovvoro, eldtkd otav 1 f dev eivor ovveync. H évvolo ufkovg yio
ovvolo Borel divetar axpipwg amd to puétpo Lebesgue Toug, TOU 0T0iov 1) KATAOKEVT eV Elval At
KL YU auTo aKpLBag TV TApaAePaLE OE QUTEG TLG ONUELMOELS.
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Riemann

Lebesgue

Zynua 6.2: H dragopd omtikiig Twv ohokAnpwudtov Riemann kou Lebesgue.

Kheivovtog avtn) T ovykplon, va sopoatnprioovue to €&1g ol onuavtiko. Ta tov opioud
tov ohokAnpopatog Lebesgue, to medio opiopov, X, tg ovvaptnong f : X — R mov 0éhovue va
OMOKANPMOOVUE OPKEL VO ELVAL EPOBLAOUEVO UE Wit o-Glyefpa kKau éva pétpo. Agv eivol ovoyKaio
vaL éxel KAmoLo G dopn (LETPLKOD 1) SLavuopaTikon xmpov) 6mmg eivon oL RY otoug omotovg éxovue
oplogL To ohokipwua Riemann. T'a to ohokMipoua Riemann ypnoipomoovpe v emuwiéov doun pe
Kptowwo tpdo.

6.4 Id10TNTES TOV OLOKANPOUATOS

IIpétaon 6.7. Eotw f,g: X — [—oo, +00] uetorjoues cuvagtioels Twv oxolwv To 0AokAjowua ogile-
tau. Tote:

(i) fafd,u:affd,u,waaeR.

(i) f(f+g)du=ffdu+fgdu.

(iii) Av f < g, ro’rsffd,usfgd,u.

ffdu‘sflfldu.

H (ii) woyvet ue tnv mooiimdOeon 6t u({f = —g = oo} U{f = —g = —oo}) = 0 kae ot0 I&&i TN)¢ Uuérog dev
gu@avifetal n Lo 0o — oo.

(iv)
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HMapatypnon 6.8. ['a f dmwg oty mponyoluevy mpdtaon, n oxéon |fl = f~ + f* xou 1 Wddtra (ii)

Sdivouv OtL
[nde= [raus [ran 6.3)

Emopévag, m f elvor ohokAnpaoun, dnrodr| éxel ohokANpmUo TPAYUATIKO aptbud, av KoL wovo ov

[1f1du < oo.

Av (X, A, n) eivar yopog pétpov, f @ X — [—oo,00] eival petprjowun, Kkaw A € A, opilovue to
oAOKANpOUO TNG f OG TTPOG TO UETPO U OTO A WG

‘Lﬁm:f}uw

epooov opileton To deEl uéhog g tootntog. Otav A = X, 10 f
X

f du elvon g to ffdu. Emiong,
evKoha BAEmovue 0tL v f > 0 kow A C B otowyeta g A, LoyveL 6t ffdu < ffd,u.

2V [EPLTTOON €VOg Ywpov mbavotnrag (2, F,P), to OKOKM']S(DMOL mocg TUYALOG UETAPANTAG
X : Q — R Aéyetow puéon tu) g X Ko, avtl Tov f X dP, ypnowomorovue tov ovpforioud E(X).
ZuvoPilove OTOV ETOUEVO OPLOUO.
Opwopos 6.9. 'Eoto (Q, 7, P) ywpog mbavomtog ko X @ Q — [—oo, 0o] Tuyaio pnetapfinm. H néon
T e X opileton wg

E(X) := f XdP

gpoOoov 1o deEl uéhog g wodtnTag opiletar. TTodlég popég ypagouue v E(X) ko wg E X. Emiong
ypagpovue Ep avti tov E av 0éhovpue va kévouue EekaBapo 6t 1) oLoKA|pmaon yivetan wg TTpog To PETPO
mbavomrog P.

210 emouevo kediaro Oo dovue T ox€on aVTOY TOV OPLOUOD [LE TOV OPLOUO TNG UECTG TLUNG TTOU
divetanl oTLg oToLyELwdeLg mbavotnteg (oxéoelg (7.5), (7.9)).

IMopatipnon 6.10. Avtiotowya, av A € F, opilovue T uéon tun e X mdvw oto A og E(X1,4) xou
ovuporitovue pe E(X; A) epoocov n E(X1,4) umopel vo opLoTel.

AV0 eLdIKEG TEPLITTMOELG LEONG TLUNG elvan oL eENG:
(1) Avn X wooUtan pe a otabepd ¢ € R, tote E(X) = ¢ yiati n X elvol osth).
(i) Av X = 14, A € F, 161e E(X) = P(A).

To (ii) og ovvdvaoud pe g LT TEG TG Uéomg g (Ilpotdoerg 6.7, 6.14) eivor O ypNoLUO
(Aoxnoelg 6.1, 6.2, 6.18).

Hapatypnon 6.11. Ze évav ympo uétpov (X, A, u), Aéue ot pa Wdtrta Y(x) mov agopd onuelo x
tov X (mapdderypa tétorag W(x) elvan 1 «to 6pLo lim, .« f,(x) vrdpyews, 0mov (f,)us1 elvor axohovBia
ovvaptioemv ue f, : X = R yuo k40 n) woyvel u-oxedov mavrov, 1| u-oxedov ywa kdbe x € X, av
vapyxet A € A pe A D {x € X : nWP(x) dev oyvel} ko u(A) = 0. Oa Oéhoue vo dooVUE WG OPLOUO
TO OTL TO GVVOAO 0TO 07TolO0 1) LOLOTHTA dEV LoYVEL, ONhadN To {x € X : M W(x) dev woyveL}, €xer uétpo 0.
‘Opwg €meldr) avtd To OVVOAO OV ELVOL ATTOPOLTNTO UETPNOLUO, OIVOUUE TOV TTLO TAV®D OPLOUO. AV TO
w1 elvon pétpo mbavotnrag, Aéue o6t P(x) woyver ne u- mbavotyro 1, 1 p-oyedov Béfora. Av eivor
OOL(PES TTOLO ELVAL TO UETPO U, TO TAPUAELTOVUE OTLG TTOPOTAVD EKPPAOELS.
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Ipértaon 6.12. Eotw (X, A, u) ywoos uétoov kar f, g : X — [0, o] uetorjowues ovvaornoers. Tote:

(i) ffd,u:OavxaLyo'voavy({f#O}):0.
(i) Avuls # ) =0, w0re [ fau= [ odu
(iii) Avffdp<00, 10te U(f = ) = 0.

Andden. (i) «=» 'Eotw ot ffd,u = 0. ©étovue A, := {f > %} n € N*. Torte,

1 1
O:ffd,uzffd,u:fflAnd,uzf—lAnd,u:—,u(A,l) yiaL kéOe n € N*.
A, n n

ApOﬁ ,u(An) =0 Yo K@Oe n € N, ’OWDQ {f > 0} = Ups 1A, K /J({f > 0}) < anl /J(An) =0. E’UVEJ'IZ(J:)Q,
pdf #0h =0.

«&» Av 1 f elvon ot 0mwg otov Oplopod 6.1, tote amd v vtdbeon mpémer u(A;) = 0 yio KGO i pe
a; > 0, ko dpa. ffd,u = 0. Zm yevikn meplmtwon, av wdpovue arthi), uetpiown s ue 0 < s < f, tote
u{s # 0}) < u({f # 0}) = 0, ko omwg delEape mTPLY, TPETEL VO. LOYVEL fsd,u = 0. To ovurépaoua
ETETAL.

(@) f < g+ (f — 91y Apa

[raus [eaur [r-onppau= [oan

H wootnta émeton 0mwd To uépog (i) g potaong yroti n (f —g)1 g elvon un apvnukt) kow u({(f—g)1 s, #
0}) = 0. AMGaCovtag Toug pOAOUG TOV f, g, TOLPVOUUE TV OVTIIOTPOPT OVLOOTNTA KOl O LOYUPLOWOS
amodeiyOnke.

(iif) H ovvaptnon s := ool y— elvar amin, perpioun ko 0 < s < f. Apa

ffdﬂzfsdﬂ=°°><ﬂ(f=00)-

Av u(f = 00) > 0, 101e O Tpeme ffd,u = o0o. AtomO. [

Iopatipnon 6.13. Evkola frémovpe 6T 1) OOt (i) TG [TpdTaong 6.12 oyveL Kou YL LETPT|OLUES
OUVOPTNOELG UE TWEG OTO [—00, 00] TMV 0TTOLWV TO OLOKAPpMUA OpLLeTaL.

Sy meplmtwon evog yhpov mbavotnrag (Q, F,P), n [pdtaon 6.12 waipver v €Efig popen.
Ipértaon 6.14. Eotw (Q, F,P) ywoos mbavérnrag kaw X, Y : Q — [0, o] vyaies ustafintés. Tote:
(i) E(X) =0 av kat uovo av P(X =0) = 1.
(ii) AvP(X =7Y) = 1, t6te E(X) = E(Y).
(iii) Av E(X) < oo, 701 P(X = 00) = 0.

Opwonog 6.15. 'Eotw (Q, 7, P) ywpog mbavomtag kaw X : Q — R tuyaia uetafine) ue E|X| < oo.
OpiCoupe ™ draomopd Var(X) e X wg e&ng:

Var(X) := E{X — EX)}).
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H péon run E(X), 6mwg éyovue oM onuernoel (Iapoatnpnomn 6.8), eival wpayuatikog optduog Aoyw
™g E[X] < 0. H dwoomopd, dpumg, evdéyetor va maipver v Ty oo. 'Evag xp1otnog tomog yio ™)
dLooTTOPd, TOV TPOKVITTEL EVKOAA ATTd TOV 0PLOUO ™G, elvar o Var(X) = E(X?) — E(X)?. 'Etol PAémoupe
ot av E(X?) < oo, 161 Var(X) < co.

H duaomopd etvan éva pétpo g puetafAntomrag g tuyaiog uetofintng yopw amd ) uéon g
. ‘Etot, 0tav Var(X) = 0, avapévouue 1 X va givar ovyKevtpmuévn ot péon ty). Ioyel to &g

VarX) =0 & PX =¢) = | (6.4)

ue ¢ = E(X). AmddelEn ypetdletar povo 1 kotevbuvon =. H Var(X) = 0 onuaiver 6t 1 un opvnTk)
toyoda petoinmy {X — E(X)}? éyel uéon tun undév. Me péaon v Hpdtoon 6.14(1), n X — E(X) = 0 ue
mbovotta 1, mov eival To Tnrovuevo.

Atvovue Topa dV0 ONUOVTIKEG AVIOOTNTEG OLOTUTTWUEVEG 0T YAMOOO TV TLOAVOTT®VY. AVTIOTOL-
YEC LOYVOVV KL 0TIV TEPLTTMON UETPNOLUMV CUVOPTHOEMV O€ TUYOVTIO XmPOo UETPov. Exgpalovv 1o
YEYOVOG OTL 1 TOAVOTTO (Lat Tuy ot LETOPANTY va Bpedel pakpLd astd ) uEon g T elvor pkp.

Ipoétaon 6.16. Eotw (Q, F, P) ywoos mbavétnrag. Tote toyvovv ta eijg:
(i) (Aviaotnra Markov) Av X : Q — [0, oo] tuyaia uetafinti) katw a > 0, tote

P(X >a) < @.

(ii) (Avieotnta Chebyshev) Av X : Q — [—o0, oo] Tvyaia uetapinti ue E|X| < oo kaw a > 0, tote

Var(X)
a?

P(X -EX)| >a) <

Anodeén. (i) Xpnowomoloue ) povotovia tg uéong tune. 'Exovue X > alys,. Apa

E(X) > E(alys,) = aP(X > a).

(if) EpapudZovue 1o (i) oty tuyaio petafint) |X — E(X)>. Anhody

- 2
P(X — E(X)| = a) = P(X ~ EQX)P > ) < X — 2P} Vartt)

a a?

Télog, katoyplpovue ympig omodelEn wa ypnoun Wotnto e péong tung (Aeg Aoknon 6.3).

IIpétaon 6.17 (Avicotnta Jensen). Eotw (Q, T, P) ywoos mbavirnrag, X : Q — R tuyaia ustafAnti
ue E|X| < oo, kau @ : I — R kvotr] cvvagrnon e éva dvaotnua I C R ue PUX € I}) = 1 kaw E |®(X)| < oo.
Torte

D(E{X}) < E{D(X)}. (6.5)

Avn @ : I — R eivow ovvaptnon pe 1o I € R dudotnua 1 omoia tkavostotel tv (6.5) yia Oheg Tig
EMAOYEG YWPWV TLOAVOTNTAG KoL TUY AWV UETAPINTOV X, TOTE 1) @ mpémer va elvan Kupth. Tlpayuatt,
avx,y € I'ka A € (0, 1), Bewpoiue tov ydpo mbavotnrag ue Q = {x,y}, F = Z(Q), P({x}) = 4, P({y}) =
1 — 2 kou v Toyaio petapnm X(w) = w yio Kabe w € Q. Tote 1 (6.5) yphpeTon

D(Ax + (1 = A)y) < AD(x) + (1 = HD(y),

7OV glval 0 0pLOUOG TG KUPTOTNTOG.
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6.5 Ouvympor L? nep e [1,00)

Opopnog 6.18. 'Eotw (Q, F, P) ydpog mbavomrag, X : Q — [—co, oo] Tuyaia petafinm ko p € [1, 00).
OpiCovue
X1, == {EQx)}”

KO
L7(Q,F,P) :={X|X : Q — [—o0, 00] TUYQic peTafAnT) Kou [IX]|, < oo}

‘Ot eivor oagég ToLog elval o xmpog Q Kaw owa 1 o-ahyefpa F, 0a ypagpovue L7 (P) avti LV (Q, 7, P),
eva tav elval oapég Ko toLo eivor To puétpo P, tote ypagouvue amhng L.

HHopatipnon 6.19. Amodetkvieton 6Tt 1 ovvapmon || - I, : L — [0, 00) kavoroLet TG LdLOTNTES:
@) 114X1l, = 1AIX]], Yo k&Be A € R.
(1) [1X+ Yll, < IXIlp + Y1,

'Emtetan 0tL 10 0vvoro LP(P) elvar SLovuopatikog ympog.

IIpétaon 6.20. (Avicétnra Cauchy-Schwarz) Eotw X,Y : Q — [—o0, 0o] Tuyaies ustafAntéc otoyyeia
tov L2. Tére XY € L' kau
|E(XY)] < [IX]1201Y ]2

Am6deiEn. Emeld 2|XY| < X? + Y2, émetan dn XY € L. 'Enerta, yio k40e A € R éyovue
0 <E((AX + Y)*) = 2 E(X?) + 2AE(XY) + E(Y?). (6.6)
H draxpivovoa g teTparymvikng popeng og mpog A oty (6.6) eivor
4E(XY)? —4EX>)E(Y?),
Ko stpémet va eivor < 0 yuati 1 popgr) etvan un apvntkn yo kabe A € R. Apa
|E(XY)| < E(X)' P E(1?)'?,
TO 07T0lo €lVOL TO TNTOVUEVO. ]

[evikotepn g aviootntag Cauchy-Schwarz eivon | avicotnta Holder. Tn diatvmmvovue ymplg
amodelEN oty emduevn Tpdtaon.

poraon 6.21. (Avieétnra Holder) ‘Eotw p,q € (1,00)ue p~' +q7' = 1k X, Y : Q — [—00, 00] TUY0UiES
uetapAntéc ue |IX||, < oo, ||Y|l, < co. Téte XY € L' ko

|EQXD) < [IXI]p]IY]lg-

Ipétaon 6.22. Eotw X tvyaio uetafinti ue tués oto [—oo, 0o]. Tote, yia 1 < r < s, toyvel ot
X1 < 11X1ls.

Amodelsn. Eivoun ovvémela g aviootntag Holder 6mtov ™) 6¢om g X €xel m [ X]”, v 0€om g Y €xel
N otaBepr) ovvapton 1 kow p = s/r, g = s/(s — r). Torte,

E|X|" = E(XI'l) < E(XI")"*(E(19)" = E(X|")"",

KoL €TOL TTPOKVITTEL TO CNTOVUEVO. ]
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£2

Znua 6.3: LS Lyl < r<s.

H IMpdtaomn 6.22 pog het 6Tt av 1 < r < s, tote L(P) € L'(P) (Zynua 6.3). O eyxheloudg avtodg
Oumg €metan Ko 7o gvkolo av apatnpnoovue 0t [X|" < [X|° + 1 (to 1 kahbmter v meplmtwon mov
IX(w)] < 1).

Opopds 6.23. 'Eoto X, Y : Q — R twyaieg petaphntég wote E [X|, E|Y] < co ko  E(XY) opileton
(070 [—00, 00]). Tvvdrakvpaven tov X, Y ovopdlovue Ty mocdtta

Cov(X,Y) = E{(X-EX)(Y —EY)},
1 OTTolOL ELVOIL OTOLYELO TOV [—00, 00].

Ipoétaon 6.24. ‘Eotw X,Y € L2. Tére

| Cov(X, Y)| < +/Var(X) /Var(Y).

Amodelén. H avioodtnta Caychy-Schwarz divel

|Cov(X,Y)| = |E{(X —EX)(Y —EY)}| < VE{(X — EX2} VE((Y — EY)?} = \/Var(X) y/Var(Y).

6.6 Ouympor L0, L=

O¢tovue
L= {X|X : Q — [—o0, 0] elvar Tuyaia uetapInm}.
AvTdC 0 0pLopdg elvar 0To venpo. Tov 6.18 agot 1 ouvOkn E(1X[°) = 1 < oo oydet yia dheg Tig Tuyaieg
ueTopAnTés.
Mo X € L0 Mue ot elvaw ppayuévn pe mbavémra 1 av vadpyer M € R dote P(X| < M) = 1.
‘Emerta, Y10 ka0e X € L0 Oétovpe

essinf X :=supiM e R: P(X > M) = 1}
esssupX :=inffM eR: P(X < M) =1}
[ X||oo :=inf{M > 0 : P(|X| < M) = 1}

Ou moodTTES QUTEG OvopaLovtal ovoLmdeg infimum, ovolmdeg supremum, Kou GTELPO vOpua g X
avtiotorya. YmevOvuitovue ot inf @ = oo Ko sup @ = —oco. Téhog, BéTouue

L7 :={X|X : Q - [—00, 00] eivar Tuyaio petapinm) Ko [|X||e < oo}.



6.7 Ta Pacikd ogiakd Oewonuata 35
Emeidn) po otabepn) ovvaptnon €xel memepaocuévn néon tun (to P elvan memepaouévo uétpo), £xovue
ot
L2 cLr

Yo ké0e 1 < p < co. Ko BéPaua, yia Ta. idia p, éxovue LP c LO.

6.7 To pacikd oprokd Bewpiuoro

‘Eotw (X, A, 1) yOPog PETPOV Kal aKoAovOLa (f)nen LETPNOLUMV OUVOPTIOEWV UE TUUEG OTO [—00, 0o]
7TOV OUVYKAIVOUV onuelakd oe woe ovvapton f. TIoAlég qopéc uag evolapeper 0 VITOAOYLOUOS TOV
oplov lim,_,c f Jn du, Ko praivovue otov melpaoud vo avtépouue Ot

lim f fudu = f lim f, du, (6.7)

ONhad1] To OpLo WITaveL HEcO 0TO OAOKANPOUC. AVTO Ouwg dev yivetar mdvtote. To mpofinua
oVTO €lvol To avILKENEVO TV Pactkwv Bewpnudtmv olykhong yio to ohokAnpwuo Lebesque. Ta
dratvmmvoupe alhd opoleimovpe TG aTodeiEelg Toug.

BOempnua 6.25 (Oedpnuo povotovng ovykiong). Eotw (fi)nen, ue fn : X — [0, +00] yia kdOe n € N,
avEovoa akorovOia uetonowy cvvagtnoewv. Ostovue f = lim f,. Tote

Iim | f,du= ffd,u.

To 6pro lim,, e f, vEGPYEL YLaTi N (fr)nen €lvan abEovoa. Kot opoia, To 6plo 0to aplotepd ueélog
NG TEAEVTOLOG LOOTNTAG VITAPYEL YLOTl 1] okohouBia Twv ohoKANpwUdTOV givar avEovod.

BOeopnua 6.26 (Anuua Fatou). Eotw (f)us1, ue [ : X — [0, o], akolovOia uetorjoiumv cuvagtioemv.
Téte

fli_mfnduﬁ lim | f, du.

n—oo n—oo

BOempnua 6.27 (Oempnua Kuptapynuévng ovykiong). Eotw (X, A, u) xwoos uétoov kat f, : X - R
uetonowun o kiOe n € N éror wote lim f,(x) = f(x) kot |f(x)] < g(x) oyedov mavrov, omov g : X —

[0, o] eivau uetorowun ue fg du < co. Téte f |fldu < oo kat

lim f fodu = f fdu. (6.8)

Otav |fy] < g yio kK4Be n € N, Aéue 0Tt 1 axorovdia (f,)nen KUPLOPYELTOL OTTO TN OLVAPTNON
g. H xplown ovvOnkn tov Bempruatog Kupapynuévng ovykiong eivor ot  axorovdio (f)nen
KupLapyeltal amd ohokApmoLu ouvapTnon.

Ze £VOV YWPO TETEQACUEVOU UETPOV, OL OTOOEPES OUVAPTNOELG Elval ohokAnpwotues. Tatl wa
g = M (6mtov M € R otabepd) éxer ohokAnpouo Mu(X), To omolio eivor payuatikog aptudg. 'Etol to
Bedpnua KupLapymuevNg ovyKAong ExeL TV €ENG X PYOLUT CUVETELD.

Oempnua 6.28 (Oewpnua payuévng ovykhong). Eotw (X, A, [) xDo0g TETEQAGUEVOV UETQOV Ka
[ X > Ruerorown via kGOe n € N, ue lim f,(x) = f(x) kot | f,(x)] £ M oxedov wavrod, dmov M < oo

tim [ fuau= [ rau

otabeoa. Tote f |f1du < oo kat
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Me Gueon epapuoyn Tov OempNUaTog EPAYIEVNS oVYKAONG PAETOVUE OTL
A
lim |sinx|"dx =0

—00
n 0

v ka0 A > 0. Avto yoti to pétpo Lebesgue oto [0, A] eival memepaouévo puétpo, n axkorovdia | sin x|"
elvar ppayuévn amo to 1, ko lim, . | sin x[* = 0 yua Oha ta x € [0, A] eKTOg amd €va TEMEPATUEVO
ovvoro (ou aptBuot tov [0, A] wov etvan g popeng (2k + 1)mr/2 ue k € Z) to omolo Oumg €xeL UETPO
Lebesgue 0.

Avamapdderypa [Arotuyio woybog g (6.7)]: Oewpovue tov yhpo mbavomtog (R, B(R), P), dmov P
elvon o uétpo Lebesgue mepropiopévo oto [0, 1] (TTapdderypa 2.10). Oétovue

X, (x) = I’ll(o,]/n](x) yLol KG0e x € R.
H X, elvow ol tuxoio petapinty), kol lim X, = 0. 'Exovue 6
E(lim X,,) =E0) =0

KoL 1
E(X,) =nP((0.1/n) =n- = 1.

Apa E(lim X)) < lim E(X,). Anladn €xovue yviola avicotnto oto Mupa Fatou, ko 1o Bempnua
KupLopynuévng ovykhong dev epopuoletal. Avtd dev pog Kdaver eviimmon yote 1 akohovdio X,
dev Kuplopyelital amd Kamolo oOAoKANpmoun ovvapton. [pdyuatt, N WKpPOTEPT g TOV LKAUVOTTOLEL TN
1X,(x0)] < g(x) yio xa0e x € [0, 1] karvn > 1 elvow 1 sup,,s; X, (x) = [1/x]1,e0,17 (AoKnon), Tng omoiog to
ohoKANpua wg TPog To uéTpo P elvar co.

Mapdderyuna 6.29 (To Oempnua KupLopynUEVNG oVYKALONG KoL EVa EPMTNUAL OITTELPOOTLKOU LOYLOUOV).
Oa vohoyioovue to Opto lim,,_,q, I, d7tov

L —xy
I, := nk*! f (—) *dx
0 1+x
ue k € (=1, 00). H avukotdotaon y = nx divel

I = dy = 1 dy.
n f(; (n+y) y ay L nty Y Lye[on) 4Y

o otadepd y > 0, 0 ohokAnpmTéog cuyKhivel 0to e 2yk oot

n—y\" 2y \"
- -2
(n+y) hietord :(1_n+y) Letom = €2

Emiong, ppdoocovue tov ohokANpmTéo mg eE1g

n
n-y _2m oy
0< (I’l +y) yklyG[O,nJ <e "ﬂ'yklyE[O,nJ <e Zyyk = g(y)
2TV TPOTY aviedTNTa (pnotosorjoaue TV 1 + x < e*, evad ot deltepn to 6Ly € [0, 1] yioL oL y o
TO aPLoTEPO UELOG elvon OeTikd. H g €xel fooo g(x) dx < o0, 0mOTE TO OeDdPNUA KUPLOPYNUEVNG OVYKAONG
eQPUOCETOL KOl diveL OTL

lim I, = f ye @ dy =275 Tk + 1).

—00
n 0
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A€dOUEVOL OTL ULOL GELPAL ELVOL TO OPLO TOV UEPLKMV ALOPOLOUATMV TNG KOl OTL TO OLOKAPWUAL ELVOLL
YKo, To opamdve Bewpruato divouv to eENg mopLoua.

IMoépopa 6.30. Eotw (f,)ns1, ue fr : X = [—o0, 0], axolovbia uetonouwv cvvaorioewv.

(i) (Gewonua Beppo-Levi) Av f, un aovntiki yia kabe n € N, tote

[(Dn)au=Y [an ©9
n=1 n=1

(ii) Av ot f, waiovovv Tég 610 [—00, 0] fcaL f |ful du < oo, TOTE 1) GELOG Z Jn ovyKAiveL ayedov
n=1
TOVTOU GE ULeL UETONOLUY GUVAQTNGN UE uyeg‘ oto R, woyver 1 (6.9), kow ta Vo uéAn tng eivan

TQAYUATLKOL QLOUOL.

AmodelEn. (i) ©étovpe g, = i, fi Yo kGOe n > 1. Tote M (gy)n>1 elvon aEovoa akorovBia un
APVNTLKMV CUVAPTHOEWV KoL avV g = Y1 fi, LoyVeL 0w lim, o g, = g. Emiong, fgn du = Y, ffk du
Moyo ypapwkotntog. To Tnrovuevo mpokimtel amd to Oempnua notdtovng ovykhong (edpnua
6.25).

(ii) Egpapuotovue o (i) yio v axohovOiat (| fyl)n>1. ToOTe

| (Zm du = f ol d. (6.10)
Ouog n 0
|25 A]= 2
k=1 k=1

yia kéBe n > 1 ko, amwd viobeon, 1 g = X, |fil €xel memepaouévo ohokMpwua. ZUVermg, epapuo-
Covtag to Bempnuo Kuptopyuévng ovykiong (Osmpnua 6.27), Exovue OTL

f(g;fn)du= g;ffndﬂ,

Kar arto v (6.10) kar v [pdtaon 6.12(iii), woyber 6T M Y77 fr TALPVEL TPAYUOTIKEG TIUEG OYEOOV
TOVTOV. ]
Hopotinpnon 6.31. Ou oepég 3. fus 2y ffn du oto (i) xoun 7, |fxl oto (ii) ovyxkhivouv, ue evde-
YOUEVY TLUN TO 00, YLOLTL ELVOIL OELPEG UN APVITIKMV OPWV.

Mopaderypa 6.32. (Opiondg pétpov péom mukvomrtag) 'Eotm f @ X — [0, co] uetpriowun cuvaptnon
oe évav ympo uEtpov (X, A, u). Tote  ovvaptnon v : A — [0, co] ue

Y(A) ::ffdu:fflAdu
A A

v ka0e A € A eivan pétpo. Emumhéov, yia A € A, woyver otL ov u(A) = 0, 1ote v(A) = 0
[Mpayuatt, v eivor un apvntikn Ko v(0) = f flpdu = 0. 'Emerta, yuo (A,)>1 okolovBio Eévwv
ava 600 otoyelov g A, exovue Iux 4, = 37, 14,. Zvvenng

V(UL A, = f (P )=y, f Pladi= Y v(d).
n=1 n=1 n=1

21 devTepT LoOTNTA Y PNoLotoovue to Bempnuo Beppo-Levi (TTopropa 6.30 (i)). Téhog, av u(A) = 0
tote u(fla = 0) = 1, ko amd v [pdtoon 6.14 (i) éxovue OtL v(A) = fflA du = de,u =0.
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HMapatipnon 6.33. H cuvaptnon f oto [apaderyna 6.32 Aéyetal TUKVOTNTO TOV v 10 TTPOG TO UETPO
1 Kabag ko mapdywyog Radon-Nikodym tov v wg mtpog u. I'pagouue

dv
= —. 6.11
o ©6.11)
Av gmumhéov f fdu =1, 10te 10 v elvan pétpo mbavottog otov (X, A).
Aoknoelg
6.1 (H apyn eykhewopov-amoxielopot yio mbavdémteg) ‘Eotw A, As, ..., A, € F. Tote,
HULAQ:}S&D”I 2: P(A; NA;, N---NA).
k=1 1<ij<ip<-<ix<n
6.2* Avn > 1xata AL, As,. .., A, € F wkavomowovv P(A)) + -+ + P(4,) > k — 1 yuo kdmowov Oetikd axéparo k, tote

vapyovv 1 < iy <...<ix <nueP@;, N---NA;,)>0.

6.3 (H avicdtra Jensen) 'Eotw X tuyaia petofint) ue tiuég oe éva dudomua I € R xau ¢ : I — R xvpt) ouvaptmon.
Av oL E X, E{¢(X)} opiCovtor Kau eivan parypotikot apbuoi, tote

p(E X) < E{¢(X)}.

[Yr6delEn: 'Eotw a := EX. Yndpyer 4 € R wote ¢(x) > ¢(a) + A(x — a) yia KaOe x € I (amelpootikdg hoyioude).
O¢toupe 6o x TV TUyaia uetafintn X.]

6.4 'Eotw X tuyaio petafint] ue tpég oto [0, oo). Tote

< E(X? > 1,
Exp [SEXD @
>EXP) oavO0<p<l.

Av ou E X, E(log X) opiCovtot kou eivor mpayuotikol aplbpot, tote

logE X > E(log X).

6.5 'Eotw X tuyato petafinm) ko ¢otom Ot yia kémowo a > 0 woyvel E(eY) < oo, Na dewydel 6t vdpyer C > 0
otabepd wote yo kébe 1 € R va woydet P(X > 1) < Ce™™. Anhadn 1 «ovpd» g X mtpog ta 8Bl @biver ypiyopa,

TOUAAYLOTOV (e TarUThTOL 6.

6.6 'Eotm X un apvntikn tuyoio petofine) ue 0 < EX < co ko a € (0, 1). Tote
(o) Var(®)
ar
PX<aEX)< —F—.
G=a b D= T pExy

(B)* (Aviootnta Paley-Zygmund)
(EX)*
E(X?)’

P(X >aEX)> (1 -a)

6.7 'Eotw X, Y tuyaieg petafintéc pe tpég oto (0, 00) wote XY > 1 mavrov. Na deuyOel otu
EX)E(Y) > 1.
Ewdixotepa
E(L)> L
X< EX)
6.8 Oewpovue otov Q = [2,3] 10 uétpo Lebesgue A, mov eivar pétpo mbovotnrag. Oétovpe

X2 avxe[2,3M2+n! i neNt),
fx) =

-1y'n avx=2+n"'peneN*.
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Na dewyBei 6t inf f = —co, sup f = oo, essinf f = 4, esssup f = 9.
6.9 'Eoto X tuyaia uetafint) ue tuéc oto R. Na deryOel ot

lim {E(enX)}l/n — eesssup X'

6.10 'Eotw X tuyoio uetapinti ue tpég oto R. Na deiEete 6t lim P(1X| > n) = 0.

6.11 No violoyiotet to dpto lim,,_ e flm Ja(x) dx oV meplmtwon mov
() fu(x) = 32,

(B) fu() = T e ().

6.12 'Eotw f : [0, 1] — R ovveync. Na deuyOel ot

n—oo

1
lim nf X'f(x)dx = f(1).
0

6.13 (Kvprapynuévn ovykion pe vitepapbunotpno ovvoro detktmv) ‘Eotw (X, A, 1) xdpog pétpou ko yia k40 ¢ > 0
uetprolun ovvaptnon f; 1 X — R. Tmobétoupe ot vdpyet to 6pLo lim,_e, fi(x) =: f(x) yio k40e x € X o vapyeL
g : X — [0, 00] uetprjown ue fg(x) du(x) < oo xau |fi(x)] < g(x) yio x60e x € X ko t > 0. Noa dewybei 6tL 1 f elvon
UETPNOLUN KOLL

lim f Ji(x) dp(x) = f J () du(x).

6.14 'Eotw X € L' (P) xou E,, := {|X| > n} yia €40e n € N. Na dei€ete 61 nP(E,) — 0 y10.n — oo.

615 Eotw | < r < sxou X € L. Oftovpe X, := Xly<n Yo kG0e n € N*. Na dex0el on X, € L° ko
lim, . E(X, — X|") = 0.

6.16 'Eotw X tuyoaio uetafinti ue tuég oto [0, co]. Na dei&ete otu

(@)

1
Iim —E(X; X <¢&) =0,
e—0t &

B) .
lim ME(X;X <M)=0.

M—co
6.17* 'Eotw X tuyaio petafinm) pe tuée oto R dote E(X?) = co. Na dewy0el 6T
{EX1x<m)} _

Moo E(X?Lxiem)

6.18 'Eotw X tuyoaio uetafinti ue tuég oto N U {oo}. Na dei&ete oTL
E(X) = Z P(X > k).
k=1

6.19 'Eotw X tuyoio uetapinti pe tiuég oto [0, co]. Na dei&ete OtL

DPX2H<EX<1+ ) P(X 2k
k=1 k=1

6.20* 'Eotw X tuyaio petofinti ue tég oto [0, o0) kol E(X) < co. 'Eotm kat ¢ > 1. Na deiEete 6t

00

chP(X > k) < 0.
k=1
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Katavoun tuyaios netafintis kot 0AokApmaen)

Me 600 £yovue deL WG TMPO, 1] LEOT TLUT TPOGdLOPLTETAL UOVO UEoW TG dradikaotag tg [apaypdgpov
6.1, M omota deV elvar elyyPNOTN YEVIKG. ATO TNV GAAY, OTLG OTOLXELWOELS TLOAVOTNTEG 1] UECT TLUY)
wog tuyatog petafintig ue tuég oto R, avddhoya pe to eidog tng (drakprti/ovveyg), opiletor péow
evog 00polopotog 1) OAOKANPOUOTOS. Z€ auTd TO KEPALLO, 0 avoKTIIo0VUE, WG BEmPUOTA, CUTEG
TLG EKPPACELG YLO. T LEOT] TUUY).

Kevtpikr) évvola g auth T dLadLKaotlo VAL 1) KOTOVOoUT) TUYOLoG UETAPANTNG.

7.1 O tmog ahhayns netafineig

Opwopog 7.1. 'Eoto (Q, F,P) ydpog mbavottog, (E, E) uetpnowog ympog, kar X : Q — E tuyaia
uetapinmi. To pétpo mbavédmrag PX : & — [0, 1] otov E pe

PX(B) =P (X '(B)) =P(X € B)

v k00e B € & Aéyetou kKotavour) g X.

P 2
Syfuo 7.1: H toxaio petafinm X «uetagpépers to pétpo P otov xdpo E divovrog to pétpo PX.
Etkoha ehéyyel kaveic ot to PX elvon pétpo mbavémrag otov (E, ). To PX Méyetou ko etcdvo tov P

uéow g X.
H emtdpevn mpodtoon LETAPEPEL TOV VITOAOYLOUO ULOG MEONC TLuNG oo Tov Q otov E.

IIpétaon 7.2. Eotw (Q,F,P) ywoos mbavornrag, (E,E) ueronowog ywoog, kaw X : Q — E tvyaia
uerafant) ue kavavour] PX. I kGOe h : E — [0, co] uetoriowun cvvaotnon woyde

Ep{h(X)} = Epx(h). (7.1)

Emiong, avn h : E — [—co, 00] eivau uetonowun, tote 1 kaw tae S0 uédn tng (7.1) ogifovran kou eivou ioa
1 kow Ta 6o Sev ogilovrad.

40
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To apotepd uéhog g (7.1) etvar i péomn T g A o X oto Q wg mpog to uétpo P kat to deEi uélog
g (7.1) eivow n péon Tr) ™g 2 oto E w¢ mpog o pétpo PX. Autd yiveton oxdun mo kabopd av
YpaYouue mg
f h(X(w))d P(w) = f h(x) d PX(x).

Anddeisn. Bamoe 1. Av h = 14 pe A € &, 101 M(X(w)) = Lwxwpea;. ANAadY, A(X) = Lx-14) pe
X~1(A) € F. 'Eyovue hourdv

Ep(14(X)) = P(X"'(4)) = PX(A) = Epx(1,),

apa m (7.1) woyveL.
Binae 2. Av n A eivow pun apynuikn amh, 1te h = 3 aily,, ue a; € [0,00] ko A; € & Yo kGOe
ie{l,2,...,n}. Tote

n n n n

Ep(h(X)) = Bp ()" ails,(X) = > aiBp(14, (X)) = )" a;Bpr(ly) = Bpr ( ) aily) = Epx(h).

i=1 i=1 i=1 i=1
2TV TPLTN LOOTNTA PN CLUOTTO|COUE TO TTPONYOUUEVO B)UCL.

Biua 3. Av i > 0 petprjowun, tote amtd v [pdtaon 5.12 vrdpyer avEovoa akorovdia (i, ),en Amidv
ovvoptioemy ue lim A,(x) = h(x) yio ka0e x € & Tote lim h,(X(w)) = M(X(w)) yio KGOe w € Q Ko

a7TO TO TPONYOUUEVO Brua
E(h,(X)) = Epx(h,) Yo xa00en € N.

o n — o0, 0716 To Be®pPNUO LOVOTOVNG CUYKAONG (Oedpnua 6.25) éxovpe
Ep(h(X)) = lim Ep(h,(X)) = lim Epx(h,) = Epx(h).
Biua 4. Av h petpnowun ovvéptnon ue Tég 0to [—oo, oo], tdtE TN Ypdhpovue wg h = ht — h™. Amd to
TTPONYOVUUEVO PBr)uct,
Ep(h* (X)) =Epx(h"), (7.2)
Ep(h™ (X)) = Epx(h"). (7.3)

To apotepd uehog g (7.1) dev opileton av Kot povo av to opLotepd uéhog twv (7.2), (7.3) wwovton ue
00, v 10 OeEL néhog g (7.1) dev opileton av ko wovo av 1o deEi uéhog Twv (7.2), (7.3) toovtan pe oo.
Apa 1) ko ta dVo uén g (7.1) opitovral 1 kou tor dVo dev opilovtal.

Twpa, otV mepimTmon tov Kot ta dvo uén g (7.1) opitovra, ol (7.2), (7.3) divouv

Ep((X)) = Ep(h" (X)) — Ep(h™ (X)) = Epx(h") — Epx(h™) = Epx(h).
|

H teyvikn amddelEng g mponyoluevng mtpodtaong eivar woh cuvnOopévn otn Oewpio Métpov.
Oa v ovoudovue oto €Eng Tumk) Mnyav).

Mopatipnon 7.3. H tvmikn unyoevy. 'Eoto (X, A, 1) yopog uétpov kot 0tL Bhovue va aodeiSovpe
ot wa tpodtaon Q(f) woyer yua Oheg TG ueTpnoLeg ouvaptoels f @ X — [—oo, o] moTe 10 ffdy va
opiletal. AxkohovBovue to eEg PrinataL.

(1) Aeiyvovue v Q Yo k4Oe f =14 dmov A € A.
(ii) Aetyvovue v Q yio k&g f > 0 perprjoun, amhy.
(iii) Asglyvovue v Q yio k40 f > 0 puetpnowun.
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(iv) Aetyvoupe v Q yio kG0g f uetpnowun ue flfl du < co.

Zuvibwg ovufaiver to eENg: To (i) elvar ovvémeia opropov. To (ii) émetor amd to (1) Kou ™
ypouumkoT) T Tov oAokAnpmuatog. To (iii) émetan 0o to (ii) Ko to Bempnua wovotovng cUyKong,
gpooov ypdpovue f = lim s, yia KotdAAnin avEovoa akolovbic ATAdV W PVNTIKOV UETPYOLULMY
ovvaptnoemv. To (iv) émeton ard To (iii) Kot T YPOUUKOTNTA TOU OLOKANPMUATOS EQOCOV YPOYPOUUE
f=r-r.

Axoun tpelg epapuoyéc e Tumkng Mnyovng Oa dolue otig amodei&eig g Mpdtaong 7.8 kKaw tov
Oewpnuartog 10.8 kabwg Kal otnv Aoknon 7.4.

HMapatypnon 7.4. Iookataveunuéves tuyoies petapinrés. Av X @ Q) —» RV : Q) — R eivan
dVo tuyaieg uetafintéc e v dia Katavour| (ta medior oplopol tovg, Qi, Qy, evOgyeTaL Va elval
SLALPOPETLKA), TOTE YL orolodrtote ouvoro Borel A éxovue P(X € A) = P(Y € A). Avutd yioti 1) Tpot
mOavémTa wovton e PX(A), evd ) devtepn pe PY(A) xaw PX = PY. Ko 6powa, Yo omoladrjmote
uetpnowun ovvapmon i : R — R wote n E(h(X)) va opiletou, woyver E(h(X)) = E(h(Y)). Twotl kKaw ot
800 néoeg TUEC UITOPOVY VOL EKPPOTONY (AOY® TG TTapaTéve TPdTaonS) Héow Tmv Katavoumv PX, PY
ot omoiec TavtiCovron. Ia mapdderypa, Oa oyver EX* = E Y* yia k40¢ k € N e@doov oL moodtnteg
avtég opilovtat.

XoVvTpLKa, 0€ 0TOLOVONTOTE VITOMOYLOWO eWTAEKETAL 1] X WTOPOVUE VO TNV AVILKOTUOTI|OOVUE UE
™V Y. H dukowohdynon yivetor pe xpfiomn g o aeve Tpotoong.

'Etol, oyedov Yo OA0. Ta TPOPANUATA TWOAVOTHTOV, CUTO TOU UOG EVOLAMEPEL OE ULO. TUYOLOL
UETAPANTY €lvaL HOVO 1) KOTOVOUT] TNG EVA O XDPOG TLOAVOTNTAG OTOV 0TT0L0 OPLLeETOL ElVAL EVTEMDG
adLApopoC.

Zmv edikn mepimTmon dvo tuxaiowv petafntov X,Y : Q — E (dnhodn opiopévov otov idLo
y0po mboavotrac) ue P(X = Y) = 1, ou X, Y elvol LOOKATOVEUNUEVES YLOTL, YLOL OTTOLOT)TTOTE UETPTOLUO
vtoovoro A tov E, ou tuyoaieg petofintég 14(X), 14(Y) eivon toeg pe mbavotra 1. Apa pe faon v
[Ipotaon 6.14(ii),

P(X € A) = E(1,(X)) = E(14(Y)) = P(Y € A).
Opoloyia: Avo tuyaieg petapintég X, Y mov maipvouv tiuég o Kowvo puetpnowuo xmpo (E, &) Méyovtal
LOOVONES, 1] KO LOOKATAVEUNUEVES, oV £x0uV TNV (dLa Katavowy]. Anhadi ta uétpa PX, PY otov (E, &)

tavtiCovtat. [pdgovue X dy [to d amtd To distribution (Katavour)].

7.2 Kotavoués oto R pe mukvomyra

H [pdtaon 7.2 pog eviagpépel Kupimg oty sepimtmon émov E = R ko 1) Kortavour) g X wpokUmTeL
atd TukvoTNTa. O ETOUEVOG OPLOUOG YEVIKEVEL TNV EVVOLOL TNG TTVKVOTNTOG, OTTMWG aUT d00NKE 0TO
[Mapdaderypa 4.13. TIhéov 1 mukvoTTa dev elvor amapaitnto vo eivar Riemann-ohokAnpmoun.

Opwopnog 7.5. 'Eotw P pétpo mbavomrag otov (R, A(R)), A to uétpo Lebesgue (Tapaderyna 2.4), Ko
f R — [0, o] Borel- petpnowun ovvaptnon. H f Aéyeton mukvotnta tov P av

PA) = ff(x) dA(x) Y xabe A € B(R). (7.4)
A

Béawa A(f = 00) = 0 Mdyw g [pdtaong 6.12(iii) agpov fRfd/l =1< 0.

H rukvotnta evog uétpou (av owto €xet) dev eivan povadikn. Tati av éva pétpo P éyel mukvotta
f, 10te ahhalovtag v f oe éva olvvolo Borel mov éyel uétpo Lebesgue undév, maipvovue o véa
ouvapmon f, N omola eivar ko awt TukvoTTo Tov P, Autd €meton amd Tov oplopd TG TUKVOTNTOC
Kaw v [pdraon 6.12(ii). ‘Ouwg LoyveL to €ENg.
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IIpértaon 7.6. Av 6o Borel-ustorjowes ovvaotnoes fi, fo eivar mukvoTnteg o o i0to uértpo mbavo-
mrag P oto R, tote A{fi # f2}) = 0.

Anddelén. 'Eotw to ovolo Borel A := {f; > f2}. HP(A) = fA fida = fA fodA diver

0= L(ﬁ )= f(ﬁ _ Alada

Ioyvel (fi — f2)14 = 0 xau €tou 1 [pdtaon 6.12(1) diver 6t A((fi — f2)1a # 0) = 0. Ouwg {(fi — o)1a #
0} = A. Emouévimg A({f1 > f2}) = 0. Avtiotpépovtog Toug pOAoVg TV fi, fo, maipvovue A{fi < f2}) =0
Kat €10t To Tnrovuevo. [

Zuvdvalovrag oavt v mpdtaon ue v [potaon 6.12(ii), ovumepaivovue 6T yia VTOAOYLOWOVE O-
LOKANPOUATOY MG TTPOG TO UETPO A TTOV EUTAEKOVV L. TTUKVOTNTA Tov P, 0mtoladrjrtote dAdn mukvotnta
tov P divel to (010 amoTéLEoUA KO ETOUEVIG OEWPOVUE TNV TUKVOTNTA OVOLALOTIKG LOVAOLKT).

‘Onwg mapatnprioape mo ctavo, n oxéon (7.4) yia A = R divel om fRfd/l = 1. Topa, av éxovue
wa f: [0,1] — [0, 0] wov eivaw Borel-petprjoiun pe fRfdﬂ = 1, tote elvar evkoro va dovue OTL M
(7.4) opiCel eva pétpo mbavotrog oto R. Apa mukvdtnteg Kotavoudv oto R eival akpifadg oL un
apvntkég Borel-uetprjoleg ovvoptioelg oto R pe ohoxkAnpwua 1 wg mpog to uétpo Lebesgue.

Opwopnog 7.7. 'Eoto (Q, 7, P) yopog mbavomtag, X : Q — R tuyaio petofinm), kow f : R — [0, o]
Borel-petprjowun ovvépton. Aéue ot f eivar o TUKvOTHTAL TG Tuyaiag puetafintic X av eival
mukvoTTa TG Katavounig PX g X.

Emotpégpovue oty eldikn mepimtmon g [Ipodtaong 7.2 6mov E = R kaw n X €yxeL mukvotnro.

Ipoétaon 7.8. Eotw (Q,F,P) ywoos mbavétnras ko X : Q — R tuyaia uetafintij ue mvkvortnra
f:R—>[0,00]. Avn h:R — [—00, 0] elvau uetonjowun, tote

Eplh(X)) = f B f(x) dx (1.5)

omote Kamowa amo tg d0o mocodTnTeS 00ileTaun (AnAadn) tote ogileTan kat n GAAY ka givar iGeg).

To apiotepd wéhog g (7.5), amd v Mpdroaon 7.2, wwottar pe Epx(h) kau avtd Oo deiSovue otnv
amodelEn Ot LoovTon e to ekl uéhog. "Etot o vrmohoyionog tg uéong i Ep{a(X)} oto yopo (Q, F, P)
avéyetow apytkd oe virohoyioud oto xhpo (R, B(R), PX) kou tehkd oe évo cuvnOiopévo ohokAipoua
wog uetapantig. To de&l uéhog g (7.5) eivan o Tpdmog ue Tov omoio vitohoyiCaue ) uéon | E{A(X)}
v Tuyoieg LETAPANTEG X e TUKVOTNTO OTLG OTOLYELMOELS TTLOOVOTNTEG.

Amédeén. Oa deiEovpe Ot to deElL uéhog g (7.5) wovton emiong we Epx(h). Xpnowomorotue v

okt unyovn (flapatpnon 7.3).
Avh =14 ue A € AR), 101¢

f hdP¥ = f 1,dPX=PX(A) =P(X € A) = f f(x)dx = f 14(x) f(x)dx = f h(x) f(x) dx.
A

H tpit 10dmTo. eivar o opiopde ¢ koravouic PX. H tétaptn eivor o oplopdc T mukvoTnTag.
Av h > 0 otk petpnoun, T0te AOym YPOoUKOTNTOG, 0TTO TA PO YOUUEVA TPOKVITTEL TO {NTOVUEVO.
Av h > 0 petpriowun, tote amd v Ipotaon 5.12 vdpyer avEovoa akolovdia (A,),en W1 0PVNTIKMOV,
amA®V, UETPNOW®Y ouvopToemv pe lim A, = h. Apa, o cuvdvaoud pe to Bempnua HovoTovng
ovyKMong, £xovue

n—oo

f hdP¥ = lim | h,dP* = lim f B () f(x) dx = f h(x) f(x) dx.
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Téhog, av N h eivar petprioun wote £vo amd tor dvo uéhn g (7.5) va opiletot, amd To TPONYOVUEVAL

gyouvue
f htdPX = f It (x) f(x)dx,

f h~dP¥ = f h™(x)f(x) dx,

KO ETOUEVWG, oV h = h* — h™, éyouvue

fthxzfiﬁdPX—fh‘dPX: fh+(x)f(x)dx—fh_(x)f(x)dx:fh(x)f(x)dx.

A76 TV vItd0eD, dEV VITAPYEL KATTOLO OTTO TA UEAT TV LOOTHTWV OTNV TEAEVTOLA YPOUUY TTOV VO OLVEL
T HOPEPN 00 — oo, |

Mopaderypa 7.9. 'Eotw X : Q — R tuyaia petapfint) pe mukvotnro f(x) = m yio k40e x € R. H
E(X) dev opiletal. TIpayuatt, amd v [Ipdtaon 7.8, yio ™) ovvdpnon i : R — R ue h(a) = a* ya
KG0Oe a € R, éyovue

EX") =E(X)) = fh(x)f(x) dx = fx+f(x) dx

0 1 1 M x
= —  dx> - —d
fo‘ x7r(l+x2) x_ﬂ'ﬁ 1+ x2 o

lf‘x’ld 1 1
i —dax = — —_
rJy 2x 2 )y X

= 00.

\%

‘Ouora, E(X7) = co.

7.3  AwKPLTES KOTAVORES

Awkproi) kotavoun oe éva oivoho E hépe éva puétpo mbovotnrag P otov petpnoo ympo (E, Z(E))
YL TO 0TTol0 VITdpyEL Evor apldunono ovvoro S C E dote P(S) = 1. Mmopodue va vrobécovue dtu
P({x}) > 0 yio k&4Be x € S, ol avukabiototpe 10 S ne 0 S = {x € S : P({x}) > 0}. Tw A C S,
vpagovue A = Uyea{x}, kou emetdn) to A eivan aplbunouo, toyiet

P(4) = > P({x). (7.6)

X€A
To P divel uaCa P({x}) oe k&Oe onueio x € § ko pala undév oto E\S. 'Etot, yia KOs A C E €yovue
P(A) = P(ANS) ko
P(4) = > P({x)). (7.7)

x€A

To &Bpotopa oto deEL péhog €xer apbunouo Tnbog un undevikdv dpwv. AvToTor oV OTa oNuEio
ToVANS.
H ohokApwon wg tpog to P eivor otk vitdbeon. "Exouvue to €Enc.

Ipoétaon 7.10. Eotw P Siakoitd uéroo mbavérnrag oto E. Tote
f h(x) dP(x) = Z h(x) P({x}) (7.8)
xeE

v kabe h . E — [—00, 0]. Andadrj yia kGOe tétowa h 1) kaw ta o uéAn ogilovrar kot tcovvtaL 1 kat To.
dvo dev ogifovra.
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Agv €xovue KATOLO ATTOLTNON UETPNOLUOTNTAG ATTO THV A alpo) 1) O-GAYERP OTO TTESLO OPLOUOV TNG
h eivoun Z(E).

AmbdeEn. Avh =14 ue A C E, tote 1 (7.8) eivaun (7.7). Av h > 0 authi, 6rtwg oto deEi uéhog g (5.3),
ToTE

f h(x) dP(x) = Z ai P(A)) = Z a; ) P(x)) = Z D ) P((x))
i=1 i=1 X€A; i=1 x€A;
= > hx) P({x).
xeE

'‘Eotm topa i > 0 petprowun. Av 1o S eivol memepaouévo, 1 amddelEn teleimoe yiati n i elvor oathn
KOl ovOoryOUOOTE OTNV TPONYOUUEVY TTeP(mTTmon. Av 1o S elvol amepo aplOuniouto, Oempoue (s,)ys1
wa opiBunon tov. T @ E — [0, oo] xou k&0 n > 1 0érovue h, = Y, h(si)ls,y. H h, elvor o
ue 0 < h, < h xou 1 axohovbia (h,),s1 elvor avEovoa Kol cuykiiver oty h. Apa, amd to Bedpnuoa
HoOvOTOVH g OUYKALOTG,

f h(x)dP(x) = lim f hn(0) dP) = Tim > hs) P(isih) = Y @ P(xD) = 3 h(x) P({x)).

" A xes xeE
H ntepimtmon mov ) h maipver Tuég 0to [—oo, co] avripetmmileton dmg Ko oty amddelEn g [pdta-
ong 7.8. [

Awakproi] Toyaio petopint oto E Aéue wa tuyxoio petopfinm X : Q — E g omoiag 1 etkova,
S = X(Q), elvow apOuiopo ovvoro. H katavour) e, PX, elvon wa dwaxpim| korovour] ago
PX(S) = 1. Ioyvet

E{h(X)} = Z h(x) P(X = x) (7.9)
x€E

v Oheg g h @ R — [—o0, 00] yiaL TG 0toleg KAmToLo artd ta. d0 UEA) TG LodTTag €xeL vonua. Avtd
npokvTeL amd TV (7.1) kar ™y (7.8) epapuoouévy oto uétpo PX 1o omoio éxer PX({x}) = P(X = x) yia
K&Oe x € E. Ovoudlovue t ovvapmon f : E — [0, 1] ue f(x) := P(X = x) ovvdornon mbavornrog
™me X.

O timog (7.9) elvor yvootdg amd TG OTOLYELWOELS TTLOAVOTNTES.

7.4 Eidn kotavonmv 6to R
Avépeoa og Oheg Tig katavoués (dniadn uétpa mbavotnrag) oto R Eeymwpilovue ta eEng 6o eidn:
(1) AwokpLtéc.
(i) Zvveyels.

Oplooue TIg SLAKPLTEG OF YEVIKOTEPO TAOLOLO OTNV TTPoNyovuevn mapaypago. 'Emerta, Aéue wa

KOTOVOUY] ¥V GUVEYN OV 1) GUVAPTNON Katovoung g, F(x) := v((—oo, x]), elvor ouveyng ouvaptnon.

Avtd wooduvvouel pe v({x}) = 0 yia ka0e x € R [Aoknon 4.3(a)], dnhadr) n Kotavour) v dev €yl dToua.
Avépeoa otig ouveyeic kotavouég Eexwpitovue to eEng dvo eidn:

(i) Amolitmg ouveyeig.

(ii) Iduatovoec.
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Avtdg 0 draywplopdg TPOKVITTEL ATTO T OYECN TTOU €XEL oL KaTavour ue to uétpo Lebesgue A tov R.
'Etot, pa Katovour) v 0to R Aéyeton amoldTmg ouveyng av €xeL TUKVOTNTA, VA AéyeTtal tdtdiovon av
vrdpyer A € B(R) pe A(A) = 0 ko v(A€) = 0. Anhadn To v Katovéuer O N tov tv ndlo og €va oUVolo
(to A) mov €xerL uétpo Lebesgue undév. Emerdr| to v eivor pétpo mbavotnrag nmwopovue vo. ypopovue
oodvvapa 0tL A(A) = 0 ko v(A) = 1

Muia LoodUvaun epLypopn Yo TG WOLALOVOEG ELVAL AUTEG TWV OTOLMV 1] CUVAPTNOT Katavoung, F,
elva ovveyng ue mopdymyo F’'(x) = 0, 1-oxedov mavtov oto R. Katoaokeun tétolag Katavoung yivetol
otnv Aoknon 7.9.

Av vy, v, elvol Kotavouég mov 1 TP elvar dLakpLTy Kow 1 delvTepn ovveyng, tote 1 (vi + v2)/2
elval Katovour| ov dev elvar oUte dtakplty) ovte ouveyne. Kabe katoavour] €xel o tétowa avaivon
0€ KUPTO OUVOVAOUO KATOAVOUMY OTtd T «KaOapd» €101,

Oeopnua 7.11. Av u eivar katavourj oto R, téte yodgpetar wgs kvotds 6UVIVAGUOS TOLOV KATAVOUMDY
s Hacs s UE TN Hg OLOKQLTY, TN fge ATOAVTOS GUVEXT, Kot TN Uy tOtaiovoa.

Anhadn) vtdpyouvy Ay, A, A3 € [0, 1T ue Ay + Ay + A3 = 1 KO fg, Mac, s OTTOEC OTNV EKQPDVION MOTE

M= /lI/Jd + /12/'[(40 + /13/13-

Ta A1, A2, A3 KaBopifovror povadika Ko Kdbe katavour] oto deEil néhog pe un undevikd ovvieleoth
KaBopiletar povadikd. o v ammddelEn Tov BewPHUATOg OITALTOVVTOL TPOYWPTNUEVEG YVDOELS TNG
Oewplog TapoymyLong ovvapTioemy. Mopet va ) deL KaVeic, yia TopddeLyua, oTo

( ), Mapdypogog 4.3.

Katavouég mov otnv avaluor] Toug £xovv TouhayLotov 810 astd ta Ay, Az, A3 dtapopetikd artd to 0 Tig
Méue melkTég.

AvtioTouya, o€ o Tuyaio petafint) X : Q — R amodidovue Tov YopakTnpLopud dLoKpLTt), GUVEXNG,
ATTOAVTWG OUVEYNG, LOLALOVOQ, 1] LELKTY], AVAAOYQ UE TO TL Elval 1] KaTavoun Tg. Qotdoo, edm 1) xp1on
TOU OPOV «CUVEXNG» ElVOL KATOYPNOTLKY] Yot amokohmvtog ) X ouveyn (og T.u.) dev onuaivel ot
elvar ouveyng ouvaptnon. Mdaiota evogyetal va unv €xel vonua va egetdioovue av n X eivat ouveyng
WG oVVAPTNOT YLoTi 0 Q deV €xeL aTopaliTTO dOUN UETPLKOV Y MPOV.

7.5 O peraoyuoticnos TocosTuopiov*

'‘Eotw F : R — R mov tkavomoiet tig (i)-(iii) g [Mpotaong 4.8. Opitovue t) ovvaptmon G : (0,1) - R
e
G(u) :=sup{x e R: F(x) < u}. (7.10)

H G Aéyetan peraoymuotionos tocostiuopiov e F. ‘Otavn F eival yvnoiog avEovoa Kat ouveymg,
161 M G elvon n avtiotpogn, F~!, g F. H G eivar av€ovoa, kou yia u € (0, 1),z € R éyovue 611

Guw<zoeu<F(z) (7.11)

H an6del&n agnveton wg doknon. Ko yia tig dvo katevBivoelg ypnotpomoroue to dtu m F eiva
avEoVOa, EVH YL TV KOTEVOLVOT = YP1OLUOTTOLOVUE ETLITAEOV TO OTL 1) F eivan deE1d ouveyr|c.

H G og av&ovoa eivar petpnoun (Aoknon 5.5). Xpnowomowhvrog v Oo deiEovue to dU0KOAO
Koppdtt tov @ewpnipatog 4.12.

Ano6de&n tov Oewpiuartog 4.12: 'Eotw F mov ikavostoel ta (i), (ii) ko (iii) g pdtaong 4.8.
O¢tovue P : BR) — [0, 1] ne
P(A) := AG'(A))

omov A elvon to puétpo Lebesgue oto R. O opiopdg eivor Kahog yroti G eivan petpnoun).
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Izxrpismos 1: To P eivan puétpo mbavomtag.
To ot etvan puétpo eivan amhd. T'wa o 6T elvon pétpo mbavottag, vrtoloyilovue

P(R) = A(G~'(R)) = 2((0, 1)) = 1.

IzxrPismoz 2: To P éyel ovvaptnon Katavoung F.
Ipayuatt. Tati yia x € R, ypnowwomowmvrag v (7.11), éxovue

G_l((—OO,x]) =ue0,1):Guw)<x}={we@,1):u<Fx)}=(0,Fx)]

ombte P((—o0, x]) = A((0, F(x)]) = F(x). -
[Mapagpaon g OENG TG TPONYOVUEVNG TtddEENC, e OPOVE TUY LWV HETOPANTOV, givar 1) €ENg
TPOTOON.
Ipértoaon 7.12. Eotw F : R — R mov ikavomowel T (i)-(iii) tng [lodtaons 4.8, G dxwe ornv (7.10),
kow U tvyaio uetafAnt ue katavour tnv ouowouoogn oto (0,1). Tore n X = G(U) éyer ovvaptnon
katavourg F.
AmodeEn. 'Exovue
P(G(U) < x) = P(U < F(x)) = F(x).
Zmv tpot odTTa xpnowwomomoaue Ty (7.11). Zw dettepn ét F(x) € [0, 1] kaw 6tL ) U akolovbel
™V opotopopen Kotavour oto (0, 1). ]
H mpdraomn diver o uéBodo mpocouoimong Tuyaimv HETAPANT®MY. Av EXOUUE EVAV UNYAVIOUO TOV
TOPAYEL OUOLOUOPPEG TUYOUEG UETAPANTESG, TOTE WITOPOVUE VA TAPAYAYOUUE KOl OTTOLOONTOTE GAAY
TUY L0 UETOLANTY] YLOL TNV OTTOLAL ELVOIL EVKOAO VAL VITOAOYLOOVUE TN oVVAPTNON G TTOU OVTLOTOLYEL 0T
OUVAPTNOT KOTOVOUNG TNG.

Hapdderype 7.13. H cuvépmnon katovouic g kKotavour|g exp(2) elvor F(x) = (1 — e7>%)1,50.

60 = —1log(1-y) avye(0,1],
- avy=0.

Apa pe faon Ty mponyovuevy Tpodtao, Exovue OtL, av 1 U €xel v opotdpopen Katavour oto (0, 1),
tote 1 —(1/2)log(1 — U) axohovOet tnv exp(2).

Aoknoeig

7.1 'Eotow (Q1,F1,P1), (s, F2, P2) yopor mbavomtag, (E,E), (G, G) uetpriowwot yopor, X : Q; — E Y : QO — E
Tuyoieg netofintéc, ko f 1 E — G petpriowun ouvapmon. Av X 4 Y, va deuyBel ot f(X) 4 fY).

7.2 (Tuyaia petapinm) pe dedouévn kotavoun) Eotw (E,E) netpnolpnog xdpog Kot v H€Tpo mbavotntog oe ouTov.
Na xotaokevaotel xopog mbavomrag (Q, F, P) kou tuyaia petapfinm X : Q — E £tol dote 1) Kotavout] e X vo

slvau v.
[TrddeEn: Maipvovue (Q, F,P) = (E,&,v).]

7.3 Na deuy0el 0L oL péoeg Tpuég otnv Lootta (7.1) woovvton emiong e

fthh(X)(t).
R

7.4 'Eoto (Q,F,P) ydpog mbovotrag kol X, Q dnwg oto Mapdderypa 6.32. Av Y : Q — R tuyaia petofint, va
Sel&ete oL

f Y dQ = Ep(YX)
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yio Y > 0 xou yua Y pe Ep(JY]X) < oo.
7.5 'Eotw X tuyaio petafint) pe Katovour) v kovovikn N(0, 1). Twa kd0e x > 0 vo deuyOet otL

X 1 2 1 1 2
R <PX > )< - X2
x2+1 Vzﬂ'e - ( X)_ X 27'[8

(7.12)

AnLodY, yia peyéo x, éxovpe P(X > x) ~ cxle™ /2 pe ¢ = 1/ V2r.

7.6 'Eotw X ouveyng tuxoio petofint we twég oto R Ko mukvotnta aptio ouvaptnot. No deuybel ot
(o) E{i(X)} = 2E{h(X)1x50} y1at kG0 h : R — R petrprjoun dptia cuvaptnon pe E|a(X)| < co.
(B) E{h(X)} = 0 yua k40e h : R — R petpriowun meprtey) ovvaptnon pe E |a(X)| < co.

7.7 'Eotw X ouveync tuxaio petafint ue tuég oto R kow wukvotra f. Na deuybet ot P(f(X) = 0) = 0.

7.8 'Eotw X tvyaio petapnmi ue E(X?) < co. Na deryOet 6w 1 péon ) EX elvon 1o povadikd onueio mov
ehayLotomotet T ovvépmon g(a) = E{(X — a)?}.

7.9 (H xaravour Cantor) H cuvaptnon Cantor ¢ : [0, 1] — [0, 1] opileton wg eEfc. Av éxouv opiotel o Tipég e ¢
oto. Gxpa evdg daotiuartog I = [a,b] c [0, 1], tote t0 va epapudoovue ™) dadikacio T ot ¢ oto I onuaivel va
ywpioouvue to I og tpio duadoytkd diaotuoto unkovg |11/3 1o kKabéva kot otV KAELoTOTNTO TOU HETOion dLooTHUOTOG
va opioovpe ™ ¢ va waipver Ty Ty (¢(a) + ¢(b))/2. Opilovue howmdv ¢(0) = 0,¢(1) = 1 xou epapudlovue ot ¢
™ dwodikaoio T oto [0, 1]. 'Eto, ou tiuég g ¢ €xovv opiotel oto [1/3,2/3]. 'Emerta eqpapudlovue ) dadikooio
T oto dwoompata [0, 1/3],[2/3,1]. Zta dxpa toug oL Tiuég e ¢ eivor kabopLopéveg amd Ta ponyolueva fnuato.
Zuveyitovue pe tov idLo tpdmo e’ dmelpov. Me autd tov Tpodmo Kabopilovior oL Tég Thg ¢ 0TO CUWTAPMUO TOV
ouvolov Cantor C (kau o€ éva aplOuiowo thibog onuelwv axdua). T ta vdrowta onueia tov [0, 1] opilovue
d(x) :=sup{ep(?) : t < x,t € [0, INC}.

(a) Na deyBei 6t m ¢ eivar abEovoa Kat to 6Uvoho Tiuwmv g eivar tukvo oto [0, 1].

(B) Na deuybei 6tL 1 ¢ eivon ovveyng kau ¢’ (x) = 0 yia kaOe x € [0, 1]\C.

[Y6delEn: H ouvéyera émetan oo to (ar).]

(y) Opitovue F(x) = ¢(x) yio x € [0, 1], F(x) = 0 yio x < 0, ko F(x) = 1y x > 1. H F €yl 1ig 1810t teg ouvaptnong
KOTavourg, omote vapyel uétpo mbavotnrag u 0to R mwov v €xel wg ovvdptnon kotavoung. No deyOel ot
u([0,11\C) = 0.

(8) Na derybel 6tL To 1 dev €xer dropa (Gpa eivar cuvexnc Kotavoun) aAld dev TpokHITTEL 0ITO TUKVOTITOL
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Tpomor avykiong Tuyaiov uetapfinroyv

TNa o akohovdiar (X,)en TUYOLOV UETOPANTOV 08 xhpo mlavotntag (Q,F,P) Kal ue tuég oto
[—c0, oo] yvwpilovue amd Tov amelpooTtiko Loylopd 800 faotkolc TPoOTovg OVYKALONG, TV KOTH ONUELD
KOL TV OUOLOUOp@Y. € autd To KePAalao O oploovue KATOLEG VEES, (PUOLOAOYLKES EVVOLEG OVYKALONG
WG TTPOG TLG OTOLES oL oKoAoUOio elval EVKOMOTEPO VO CUYKALVEL KOL ETLITAEOV E(VOL XPNOLUES OTLG
EQPOPUOYEG TOV TLOAVOTIHTOV 0T ZTATIOTIKY Kot 0ANOY.

Opwopog 8.1. 'Eotw (X,,)uen akohovBio Tuyaimv puetafAntmv 6mmg o wdvo.
(1) Aéue 0tL M (X,)new OVYKALVEL O (o Tuxoto petafint) X pe mbavotnta 1 1) oxedov féfora, ko
vphpovue X, % X, ov
P( lim X, =X) =1,
OMAadn
P({w cQ: lim X,(w) = X(w)}) =1,

() T p > 1 xou X,, X € LP yio k40e n € N, Aépe ot M (X),)penw OVYKAiver ot X otov LP, kau
vpagouue X, 5 X, av

lim E(X, — X|”) = 0.
P
(iii) Aépe 0Tt M (X,)nenw ovYKALveL 0T X KaTd mBavoTnTa, Kou ypdgpovue X, — X, av
lim P(X, — X| > €) = 0

v KG40e € > 0.

Kau yia ta tpia €idn o0yKAong Tov TponyoUUEVOD 0pLOUOY E(VOL ATTOPOLTITO OL TUYOLES LETOPNTES
™G aKohovOi0g (X, )uen KoL 1) OpLoky Tuyoia petofinty X vo opifovtal 6Tov ido xmpo mbavotntog
KOL VO TTAPVOUV TLUEG 0TO [—00, 0o]. TTavtol og ovtd To KEQAAMLO KAvouue auth TV vodeon ywpic
V0L TO OVAPEPOVUE.

Av X, — X xatd onueto, 1ote PéPana X, % x agov {lim,_,. X, = X} = Q. Z10 enduevo Bempnua,
BArémovpe emiong OtL M oyedOV PEPaun olykhon Kot 1 oUykhon otov LV gival oyvpotepeg amd ™)
oUyKAMoT Katd mbavotnta.

Oeopnua 8.2. Eorw X, (X,)nen TUxQLES ueTafANTES Ko p > 1.
. LP ’ P
(i) Av X,, > X, 1016 X, — X.

.. ap. , P
(ii) Av X, — X, tore X;, - X.

ArodeEn. 'Eotw € > 0.
(i) o kaBe n € N, ypnowwomolmvtag v aviootnto Markov, €yovue

1
P(X, - X| > ) = P(X, = X|” > €")]) < — E(X,, — XI").
€

49



50 ToomoL GUYKAGNGS TUXALWY UETABANTAOV

o n — co TPOKVITTEL TO TNTOVUEVO.
(@) T k&be n € N,
P(X, — X| > €) = E(1jx,-x>¢) = E(gn).

omov g, = lix,—xpe. H X, s X diver g, 4 0. Emiong |g,| < 1, dpa amd to Bempnua @poyuévng
ovykMong,
lim E(g,) = E(lim g,) = 0.
]
Moapaderypa 8.3. (i) 'Eotw Q = [0, 1], F = A([0, 1]) xou P to pétpo Lebesgue oto [0, 1]. Oewpoiue
™V yaio petapint) X = 0 xow yia n € N v tuyaio petafint
n oavw e (0, rll),

X, (w) =
@) {0 av w € [0, 1\O0, 1).

Tote X,(w) — X(w) yict k6Oe w € Q, dpa X, 25 X. Emmhéov, X, - X. Opwc X, % X yiap > 1.
[Mpayuott,

1
E(IX, — X|") = E(X,|") = n” P(X, = n) + 0" P(X, = 0) = n”~ = """ = 0,
n

Kabwg n — oo yiati p > 1.
(i) Eotw (Q, F,P) 6mog oto (i). T kébe k € N* ywpilovue 1o [0, 1] oe 28 Sradoyucd kheiotd

Sraomipata (dov pikovg, J¥, J’f,...,J’z‘k. ApBpovpe ta (J* 1 k > 1,1 < r < 28} og wa axolovbia

(I)nen HOTE 10 J3 epgaviletan vopitepa amd o J), avpu < v avu = v ko rp < ry. Oeopodue Ty
toyalo petafinm) X, = 1, yio ka0e n € N. Tote, yio p > 1,

E(X, - 0") = E(X,,|”) = P(I,) = 0 yio n — oo.
[Mdahota 1) tehevtaio mbavdtta avijker oto dudotnua [1/(n+2),2/(n+2))]. Apa X, = 0. Zvvemwg,
X, %o ‘Ouwg 1 X, dev ouykhivel o kartolo Tuyaio LeTa ANt oxeddv BéPana. Mpdyuartt,

lim X,(w) =0 < 1 = lim X,(w)

n—oo

v Ka0e w € Q agol kabe w € Q avikel o dmelpa amo ta I, ol KoL Oev aviKeL 0 ATTELPO. ALTTO
ovta. Apa P(lim,_,« X, vrtapyer) = 0.

Oeopnua 84. Eotw (X,)uen+ akorovlia tvyaiowv uetafintov ka X tuvyaia uetafAntr étor wote

P ’ ’ ’ /. O—lB
X, — X. Tote vraoyel vrakxorovOia (X, ren+ €tot wote X, — X.

[Mpoooyr). H vrakolovbia dev eEaptdtar amd 1o w € Q. Anhad) vdpyer wior (ng)s1 YVNoiwg
avEovoo akolovdia QUOLKOV (TT.y. M 1k = k!) doTE oYedOV YL Ohat To w € Q va Loy el X, (w) — X(w).

Amdden. Emhéyovpe avadpomkd wo yvnoiwg abEovoa akolovdio puoltkmv, (1), ET0L HOTE

1

1
P(IXnk —Xl > z) < ?

vy KG0e k € N*. Autd eivon duvortdv yiati X, 5 X. 'Emerta Oewpovue ta ovvora Ay = {1X,, —X| > 1/k},

k € N*, 10 omolo. LKavostoLlovy tnv
(o) (o] 1
ShanzS dew
k=1 k=1
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Avto ovverdyetan 6t P(lim sup,.; Ay) = 0 yoti

P(limsup A;) = P(N2, U Ap) = lim P(U, Ay) < lim Z P(Ay) = 0.
el n—o0 n—oo =

Tote 1o 0vvoho Q\lim sup,, | Ay €xer mbavomTa 1 ko yio ke w € Q\lim sup,,; Ax vapyel k(w) € N

£TOL OOTE Y0 KAOE k > k(w) vou LoyleL w & Ay, dnhad |X, (w) — X(w)| < 1/k, ovvenng X, (w) — X(w).
a.B.

Apa X, — X. m

Oeopnua 8.5. Eotw p > 1 kauw (X,)uen, X 07ws 610 Owonua 8.4 ue tnv emmwAéov vrdOeon ot vwaoyet
, , , L
Y € LP wore |X,| <Y yprakabe n e N. Tore X € LP ko X, = X.

AmbdeEn. And to Osdpnua 8.4 vrtdpyel vtakohovdia (X, ren TETOLA MOTE X)), % x. ZUvenmg,

E(X|") = E(klim X, |”) < lim E(X,,|”) < E([Y),
- k—o0

ovugpwva pe To Mjuuo Fatou. Apa X € L7.

’ ! LP ! ! 7 /4 7,
Eotw ot X, » X. Tote vmapyel € > 0 ko vrakorovOia (X, )nen £€TOL WOTE

E(X,), - XI") > € vywokaben e N. (8.1)

Egooov X,, 5 X, amtd 1o Oempnuo 8.4, virdpyel vrrakolovOio (X P kel TGS (X1, Jnen £TOL 0OTE X P (T—[i X.
Befaimg |X] < Y. T xabe k € N, éotw Z; = X4, — XIP. H akolovbia (Z;)ks1 ovyKAiver oto 0 oyeddv
BePaimg xar emedn !

1Zi < 2°(1X,, IP +1X17) <27 -2 Y7,

Kuplapyetton amd v 2PTYP, mov éxer memepaouévn péon Ty agov Y € L. And to Oedpnua

KUPLOPYNUEVNG OVYKALONG,
lim E(Z,) = E(lim Z,) = 0,

P
T0 omoto ovykpovetal ie ™V (8.1). Zvvenwg, X, X [ ]

[Mopotnpnote ot Moyw tov IMapadeiypotog 8.3(1) M oxeddv PP olykhon dev ouvemdayeTol
ovykhon otov LP (yio p > 1). Xpewdletanr va vrobéoovue KATL emTAEOV YIO VO TAPOVUE QT T
oUykhon. Emedr) n oxeddv BéParn oUyKAoN CUVETAYETOL TV KATA THAVOTNTA, TO TPONYOUUEVO
Oempnua diver 0Tt dtav X, — X oyeddv fePara ko vapyel Y € LP ue |X,| < Y yio dha ton € N, tote
X e £ kau X, 5 X.

O ovveyelg oUVOPTIOELS OLATNPOVV TN 0YEDOV PEROLY OVYKALON KO TN OVYKALON KOTd TTOavoTnTaL.
Mo ovykeKkpLUEVaL, Exovue 10 aKOLOVOO QTOTELEOUAL.

Ipoétaon 8.6. Eorw f : R — R ovveyrjc ovvéaotnon kaw (X,)nen, X TUYOUES UETAPANTES.
(i) Av X, 5 X, 161 F(X) 35 F(X).

(i) Av X, 5 X, 1616 f(X,) = F(X).
Anddeién. (i) 'Botw A = {w € Q : X, (w) — X(w)}. Tote P(A) = 1 kaw o w € A woyvet ot (X, (w)) —
f(X(w)) epdoov m f eivon ovveyne. Apa, av B = {w € Q : f(X,(w) — f(X(w))}, éovue 6Tt A C B,
ovvenwg P(B) = 1, amtd to omolo wpoKvTteL 1o {ntovuevo. Zopwg A, B € F (Aoknon 5.4).

(i) 'Eotw ot (X)) LA f(X). Tote vapyovv e > 0,8 > 0, ko yviiora avEovoo akohovdio (1 )ren £TOL
wote P(|f(X,,) — f(X)| > €) = 6 yia ka0 k € N. Mmopovue va vtoféoovpe 6t P(|f(X,) — f(X)| > €) > 6

'Xpnowomototpe To 6t la + b < {2max(lal, b))} < 27(lal? + |bIP).



52 Todmor abyriuone Tuyaiow ustafinrdy
v KG0e n € N, dropopetikd dovhevouue dpota (e v akorovdia Tuyaiov uetofANTOV (Yi)ien, OTOU
Y = X,,..

Egdoov X, AN X, amd 1o Oempnua 8.4 vrdpyet vitakohovdia (X, Jnen ™S (Xi)new £T0L 0OTE X)), G—ﬁ> X.
Ao o (i), f(Xa,) (r—B> f(X), apa f(Xa,) 5 f(X) 10 omoto elvan dromo eqpocov P(|f(Xy,) — f(X)| > €) =6
v k00e n € N. Zuvenwg, f(X),) AN f(X). [

Aoknoelg

211G A0KNOELG AUTOD TOV KEPAAALIOU, OTTOU gupaviletal akolovdia Tuyaimv petafintwy, Bewpoiue 0tL dheg Tovg
opilovtal otov (6o xhpo mhavdTnTac.

8.1 'Eotw (X,),>1 axoroubio tuyaimv uetofintov pe tipég oto R. T e > 0 kow n > 1 Bétovue A; = {IX,| = &}. Na
deiete Ot taL €8¢ elvan Loodvvapa:

(o) P(lim X, = 0) = 1.
(B) P(im sup,5; AZ) = 0 yio k60 € > 0.
82 l'o X, Y : Q — R tuyoieg uetafintég opitovue

_ IX - Y|
d(X,Y) = E{—l e Y|} e [0, 1].

()T X, Y,Z : Q - R tuyaieg petafintég va dewybei ot
(1) dX,Y)=0avkopuovoovPX =Y)=1.
(i) d(X,Y) = d(Y,X).
(iii) d(X,Z) < d(X,Y) + d(Y,Z).
(B) 'Eotw X, (X;)n>1 TOYOUEG peTafIntég ne Twég oto R. Na deryel ot X, — X Katd mboavotnta av Ko wovo ov
dX,,X) — 0.

8.3 'Eotw (X,):>1 aKorovBia tuyaimv petafintdv pe tuég oto R. Na dewybel 6tL X, — 0 katd mbavdtto av Kot
wovo av lim, . E(1X,| A 1) = 0.

8.4 'Eotw (X,),>1 akolovBia todvouwv tTuyaimv petafintov pe twég oto R. Na deuyel ot

X
lim =2 =0
n—oo n

Kot mhovotntaL.

8.5 (MovadikdtnTo Tov 0piov) Av pa akohovbio tuyaimv PeTaBANTdV (X),),s1 OvYKAivel Katd mbavdtTo oty Tuyaio
petoint X alha Kou oty tuyaio petafint Y, tote X = Y pe mbavdmra 1.

8.6 'Eotw X, (X,,)x>1 TUYOie netapntég ko s = 1. Av X, — X otov L, va deuyBet ot

(o) E(1X,I*) = E(X]*) yian — oo.

B) X, — X otov L yia x&be r € [1, s].
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Métpa yrvouevo

9.1 T'wouevo yopov uétpov. Ienepaocuévo Tindog

‘Eva puétpo u og évav petpniowo xwpo (X, A) Aéyetar o-ntenepaouévo ov vmapyer akorovdia (Cy)ys1
otoyyelwv g A wote U C, = X kou u(C,) < oo yrokéle n > 1. Kouw 16t 0 ywpog (X, A, p) Méyetan
YWDPOG O-TIETEPACUEVOV UETPOV.

To puétpo Lebesgue otov (R, Z(R)) 6mtmg Ko to aptbuntikd pétpo otov (N, Z(N)) eivan o-memepaouéva,
evd 1o apLduntiko uétpo otov (R, Z(R)) dev eivau.

‘Eoto topa (X, A, 1), (Y, B,v) 000 ydpoL o-memepaoueévou uetpov. Oa opioovue €vav véo ympo
UETPOV TOV 07010 B0 OVOUAGOVUE TO YLVOUEVO TOVG.

Merpnouo opBoydvio otov X X Y Aéue kabe ovvolo tng popgnig AXBue A € A, B € B. Z-dhyefpa
ywouevo tov A, B ovoudlovue ) 0-GAyePpa Tov TopdyeTal oo ta uetpnoue opHoymvia, dniadn

ARB=0(AXB:Ac A BeB)).
Amodetkvietol OTL VITaPYEL LOVAILKO UETPO M GTOV UETPNOLUO X WPO (X X ¥, A ® B) wote
m(A X B) = u(A)v(B)

v K4 A € A, B € B. To m ovoudLetor n€Tpo Yvouevo Tov u, v kot 0a 1o ovufolifovue ue u ® v.
O yopog (X X ¥, A® B, u ® v) ovoudletol yopog yvouevo tov (X, A, u), (Y, B, v).

Mopdderyna 9.1. (i) 'Eoto u; to aptBuntkd pétpo otov (N, Z(N)). O ydpog yrvouevo twv (N, Z(N),
1), (N, Z(WN), uy), dradn o (N2, 2(N)®@ P(N), iy ®uy), elvan koo, Hpwta Z(N)@ Z(N) =
P (N?) 0ol 1) 0-GhyePpa yLvouevo mepLéyel 1o Lovoovola {(m, n)} = {m} x {n} xou émerto p; @ u;
elvan To apLOunTLKd Pétpo otov N2 agot k&bt povootvoro {(m, n)}, wg netpnoo opBoymvio, £xet
UETPO
(11 ® ) (m) x () = gy (s (fn)) = 1.

(ii) 'Eotw A, to uétpo Lebesgue otov (R, Z(R)). I'a tov xmpo yivouevo twv (R, B(R), 1), (R, B(R), A1)
oyveL ot BR) ® B(R) = B(R?), v T0 n€Tpo YIvOUevo Ay = A; ® A; elval 1o uétpo mov oe Kéoe
Borel vitootvolo tov R? divel 1o ufaddv tov. Ovoudletar pétpo Lebesgue otov R2.

Avdloya opiletor 0 YMPOG YLVOUEVO YLOL TTETEPOOUEVO TTANOOG O-TIETEPOAOUEVIV Y DPWYV UETPOU
Xi, Ai i), i = 1,2,...,n. To uétpo ywvouevo m = ) ® p ® -+ @ [, €lval To POVOILKO UETPO 0T
0-OLYEBPO YLVOUEVO LLE TNV LOLOTNTO

m(Ay X Ay X -+ - X Ay) = ui(ApDpa(Az) - -+ up(Ay)

v k00e Ay € A, Ay € Ay, ..., Ay € A,

To ywvouevo tov (R, B(R), A1) n @opéc ue tov eovtd tov diver tov (R, B(R™), 4,). To uétpo 4, :=
A1 ®A; Q- ® Ay ovoudleton uétpo Lebesgue otov R”. EKtog atd ta Ay, A2, YVOPLUO ElVOL KOL TO A3, TO
omoto divel Tov 6yKko kéOe Borel viroouvéiou tov R3.
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54 Métoa yivousvo
9.2 OlokM)pmoN G YMPO YLVOUEVO

‘Evo. OMOKAMpOUA 0 TPOG TO UETPO YLVOUEVO OE EVOV YMPO YLVOUEVO OVOYETOL OTOV UTTOAOYLOUO
OAOKANPOUATOV GTOVG Y DPOVG TTOV ELVOLL TTOPAYOVTEG TOV YLVOUEVOVD. ‘Ot aKPLBMOE OTOV ATTELPOOTIKO
royLoud, émov vrohoyiLovue éva Sumhd ohokMipmua (otov R?) pe §o diadoyikéc ohokAnpdoEelg 0Tov
R.

2V apdrypao o) 0o d0VIE TO OLVALOYO ATTOTELEGULOL 0TIV TTEPLITTMWON TOV YLVOUEVOU dVO X DPWV
o-memepaopévov uEtpov (X, A, p) kau (Y, B, v). Aev Oa dmoovue dumg tig amodeieig yio ta Oewprjuata
7ov Oa dratvwoovue. O amodeiEeig akolovBolv Ty dradikacio tg Tumtkng unyovig (Tlapatipnon
7.3).

To emtduevo amotéleoua apopa T o-Ghyefpa yivouevo. A€eL OTL OV O€ (oL LETPTOLUT OVVAPTNON
800 UETAPINTOV OTAOEPOTOLCOVUE TN UiCL, TTAIPVOVUE ULOL CUVAPTNON WA UETABANTNG 1] OTTolaL Elvo
AL peTPROLUN.

Oeopnua 9.2. Eotw (X, A), (Y, B) ueronowor ywoor kot f : X X Y — [—00, 0], AQ B/ HB([—o0, x])
uetonowun ovvaotnon. Tote:

(i) I'a kGOe x € X, n ovvaotnon y — f(x,y) eivaw B/ AB([—o0, 0]) uetorjoun.

(ii) N k&Oe y € Y, 1 ovvdotnon x — f(x,y) eivauw A B([—o0, 0]) uetorjowun.
To TPADTO ATOTELETUO YLOL TO OLOKANPMUOL WG TPOG TO UETPO YLVOUEVO CLOPdL Y] ALPVITLKEG OUVAPTY)-
O€LC.

Oempnua 9.3 (Tonelli). Eorw (X, A, p), (Y, B, v) ool o-remegacuévov uétgov, (X X ¥, A B,u®v) o
x00¢ yividuevo kau f : X X Y — [0, oo] uetonjowun cvvaotnon. Tote ot cuvaotioelg

xHj}mww@,ij}mwwm 9.1)

elvaw A B([—o0, ]), B/ B([—o0, o)) uetonoucg, avrioroya, Kot

[renawency = [( [ranam)aun= [( [renww)on. 02

Ta ohoxinpouota oty (9.1) opifovror yiati and 1o Oswpnua 9.2 oL CUVOPTNOEL TG OTOLlEG
OMOKANPDOVOUUE EIVOL UETPTOLUES KOLL ETTLITAEOV ELVOLL A1) OLPVITLKEG,.

‘Otav 1) CUVAPTNOT TV 0TT0L0. OAOKANPMVOUUE SEV dLaTnpEel aopaitnTa TPdonuo, xovue to eENg
ATTOTEAEC AL

Oewpnua 9.4 (Fubini). Eotw (X, A, p), (Y, B, v) ywoor 6-rwemeoaouévov uétoov, (X X Y, AR B,u®v) o
x00¢ Yivouevo kau f + X X Y — [—o0, 00] uetonowun cuvaotnon. Av f |f(x, y)|d(u ® v)(x,y) < o0, TOTE
LGYvoVV oL LeYVoLeUOoL TOV Oewonuatog 9.3.

Ao o @epnua Tonelli,

fVWMMMwmw=ffﬁmmmwwm=ff0mmmmww. 9.3)

"Etot, 6tav epapuolovue to Oswpnua Fubini kow 0éhovue va eleyEouvpe v 1o ohoKApwuo: f [fCe, )l d(u®
v)(x, y) ElvaLl TETEPAOUEVO, ELEYYOVIE OV ELVOLL TTETEPAOUEVO KATTOLO ATt TOL HVO dLadOY LKA OMOKANP M-
wata oty (9.3).

Hapatipnon 9.5. ZvviiBwg antd 1o Oedpnuo Fubini ypnowwomototue tn detepn todtnta oty (9.2),
MAad ™V LedTTO TOV SLAdOYLKMY OMOKANPWUAT®Y, Yo, Vo aAAGEOVUE OeLpd ohokApwaong. Oa
YPOPYOUUE TP CUTY TNV LOOTNTA 0TV T, dVO PETPa Elval KaoLo artd To eENG Tpia: to uétpo Lebesgue
010 R, to aptBuntikd puétpo oto N 1j éva uétpo mbavotrog P. Yo tig mpoimobéoerg tov Oempruatog
KaOe popd, Exouvue Tig €ENG LOOTNTEG:



9.2 OAOKAIoWGN GE XWQEO PIVOUEVO

(1) Me ay, = f(n, k),

(i) Me g,(x) = f(n, x),

gn(x) dx.

S
Ms
g

1

s

5

(i) Me X, (w) = f(n, w),

E (i X,,] = i E(X,).
n n=1

=1

E(ff(x,w)dx):fE(f(x,a)))dx.
R R

(iv)
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Egpapuoyéc oavtmv tov 1oottov 0o dovpe 010 VITOLOLTO AVTMV TOV ONUELDOEMYV, 0T Bewplo 1] OTLG

aoknoelg. o tpa Ba dovpe Lo EQopuoyn TG TPOTHG KL ULOL TG TETAPTNG.

Hapaderypa 9.6. T'a k6O n > 1 Bétovpe s, = Y3p_, 1/k. Oa delEovpe OTL

nzln(n+1)_6'
[pdarypot, ypagouue To GBpoloua mwg
S SR | e 11
- = -1 n = n
;n(n+1)k:1k ;;n(n+l)kk< kzz;nzz;n(wr1)k"S

21 devtepn LooTNTO AALGEQIE oELPG ABPOLONG, KATL TO 0TT0L0 ETLTPETETAL KOOWME OAOL OL TPOTOETAIOL
etvan un apvnukoi (Oempnua Tonelli). Zv wpotehevtaia L0OTNTO ATADG 0OpoloaiLe TV THAECKOTTLKY

oeLpdL.

HMoapdaderypa 9.7. Av X eivar tuyoio uetafint) ue tuég oto [0, 00), ToTE LoYVEL

EX = f P(X > 1) dt.
0

[Mpayuott o deEL péhog ypapeTon

00 ) X
f E(ly.,)ds = E(f 1y, dt) - E(f ldt) —EX
0 0 0

94)

Edm 1 ouvaptnon dvo petafintav v omola ohokAnpwvovue etvar 1 f(f, w) = lx(w)s. H evarlhoym
OELPAG OMOKAMPMONG ETLTPETETOL YLOTL 1] CUVAPTNON f €lval un opvNTiKY), omtoTe EPAPUOLETOL TO

Bempnuo Tonelli.
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9.3 T'wouevo yopov mbavétyros. Avlaipeto tindog

B0, 0pPLOOVLE O QVTH TNV TAPAYPOPO Y MPO YLVOUEVO 0VOOIPETOV (EVOEXOUEVIS KOl ATTELPOV) TTANO0VG
YOPWV UETPOV. Mag eVOLApEPEL LOVO 1) TTEPITTWON TTOV Elvai dLot ympot TLOavOTTOGS.

‘Eoto howtdv ovvoro dewktav I # 0 ko (Qy, 77, Pi) xwpog mbavomtag yia kabe i € I. Oempolue
TOV Y MPO YLVOUEVO

Q= r[Qi = {(W))ier : W; € & Yo KGOe i € I} = {w 1 > Ui Q| w; € Q Yo KGOe i € I}.

iel

Merpiotpo kUAvdpo oto Q héue kabe A C Q g popeng

A:HA,-

i€l

wote A; € F; yia xa0e i € I, ko pe 1o ovvoho J ={i € I : A; # Q;} memepaouévo.

Anhad1| €vag PETPNOLOG KUMVOPOG ELVOL KAPTECLAVO YLVOUEVO UETPNOLUMV GUVOLDYV, AALA UOVO
TETEPAOUEVOL ATTO AVTA OLOLPEPOVV AITO TOV SELYUOTLKS Y MPO TOV OTTOLOV (VAL VITOOUVVOLA. ZVUBOAL-
Covue e ®ic/Fi T 0-OLYEPPO TOV TAPAYEL TO GVVOLO TMV UETPNOLU®V KULIVOpwV. Anhadn Oétovue

Qic/Fi := 0({A C Q : A petpnolnog KUALVOPOGC)).
[ évav petpnouo KOAvopo A dtmg mtpLy, opitovue

P(A) = | | Pian = | [ Pian.

iel ieJ

To mpWTO YLvOueEVO dev TPETEL VAL Uag avnovyet yiati, akoua Kol to I va eival Gewpo, uovo me-
TEPACUEVOL OPOL TOV YLVOUEVOD glvor dtapopetikol Tov 1. H deltepn oot LoyveL Yot akpLpmg
TOPOLELTTOVIE OPOVG TOV YLVOUEVOL TTOV glvan oiyovpa 1, dhadn avtolg pe i € I\J.

Amodetkvieton 0tL 1 P emekteivetan povadikd oe uétpo mboavotnrag ot o-0hyeppa Qi Fi. Ovo-
uagovue VTN TV ETEKTAON RETPO YIvouevo Tov (P;);c; kKol to ovuporitovue ue ®c/P;. Av to I eivon
memepaouévo, éotw I = {1,2,...,n}, to ovuporitovue ue PP, @ ---QP,.

"Exovue Aoutdv oplogL Evav vEO ymPo TLOAVOTNTAG, TOV MPO YIVOUEVO

( l_[ Q;, ®icrFis ®ieIPi)

i€l
tov {(;, Fi, Py 1 i € I}. H ypnowdttd tov Oa gpavel oty [apaypago 10.4.

Mopaderypna 9.8 (Evag virohoyiondg og ympo yLvouevo). @empovpie To Teipapo piymg evog VoULoUoTog
amelpeg (apLbunoiueg) popég o @épvel K pe mbavotra p € (0, 1). Ag dovue tov xmpo mhavotnrog
TOV TTELPAUOLTOG.

Mo i=1,2,3,...mi—oot piymn &xerL yhpo mbavotnrag (Q;, Fi, P = (K, T}, (K, T}),PP), dmov
P? to uétpo pe PP({K}) = p xou PP({T'}) = 1 — p. O ywpog mbavoTTag yior OMO TO TEPAUA EIVOL O
YOPOG yLvouevo tmv {(Q;, 77, P;) : i € N*}.

A¢ vmohoyioovue Topa TV mbavotnTo otlg piyelg 2, 3 xkar 5 to amotéheopa vo eivan K, K, T
avtiotouyo. To evdeyOuevo eivor 0 HETPNOLUOG KVALVOPOG

A = [K,T} x {K} x {K} x {K, T} x {T'} x ]_IQi.
i>6
Apa
P(A) = P,({K) Ps({K}) Ps({T}) = p*(1 - p).
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Aoknoeig

9.1 'Eoto (gi)r=1 o aptbunon tomv pntadv tov (0, 1). Opitovue f : R — [0, o] g

1 1
fo) =) =—.
;nz VIX_QI1|

vio kéBe x € R. Na deiEete 6T 1o puétpo Lebesgue twv onueiwv tov (0, 1) ota omola 1 f amerpiletan eivor 0, dSniadn
ot f elvon oyedOV TAVTOU TETEPAOUEVT).
[Tr6deEn: Ymoloyiote To ohoxkApwua g f oto (0, 1) wg mpog to pétpo Lebesgue.]

9.2 'Eotw X tuyaia uetafint) ue tuég oto [0, 00).
() T g : [0, 00) = R mapaywyiown pe ouveyn Tapdymyo vo detydel ot

E(g(X)) = g(0) + j; §OPX >ndt

vrobétovrag ot g’ = 0 1) 1L To ohokANpwua cuyKAivel aolvta.
(B) T p > 0 woyer

E(X?)=p f PPX > 1) dt,
0

Ko EmLITAEOV, 0V 1 X TTOLPVEL AKEPULEG U] APVITLKES TLUES, TOTE

E(X?) = Z P(X > k)(k” — (k — 1)P).
k=1

9.3 'Eotw X tuyaia petafint) ue tpég oto R yua tv omoia opitetor 1 E(X). Na derybei L

0o 0
E(X) = f P(X > f)dt - f P(X < f)dt.
0 —

00

9.4 Awdueoso evog pétpou mbovotntog v 0to R Aépe omotovdnmote apltOud m LKOVOoLEL Tig
(—oo,m) = 3 ¥(lm, o)) > 3
v((=oo,m]) > =, v([m, )) > —.
2 2

Atdueoo wog tuyoiog uetafAnmg pe tiuég oto R Aéue omolovonmote SLAUESO TG KATOVOUTG TIG.

(o) No. dewyBel 6t kBe pétpo mbavotntag oto R €xer Touddylotov évav dudueco kou va 00el tapdderyua 6mov o
dudipecog dev eivar povodLKog.

(B) 'Eotw X tuyaio petapint pue E|X| < co xau g omoiag 1 cuvapmon kotavoung etvar ouveync. Na deuyBel étu ot
dudpecor g X elvon akpLBmg Tta onueio ota omota aipvel 1o olkd g eldyoto 1 ouvdptnon f(a) ;= E|X — al.

(v) '‘Eoto X tuyaio petapinm) ue péon tun u, ddueco m, kou diaomopd o2. N dey el 611

lm—pul <o

Ko 1 1edTTa Loyver povo otav 1 X eivar otadepn.
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AveEapmoio

10.1 AveEaptnoica Yo 01K0YEVELES GUVOLMV KL TUYQiES METABANTES

2y mopdypago ovt dovkevovue og xhpo mbavomtag (Q, F, P).
Aivovpe Kotapyag Tov opLopd g aveEaptnotag yio evdeydueva, oOVola evOEXOUEVOV, KOL TUYOLEG
UETAPANTES.

Opwopnog 10.1. 'Eotw (A))ie; otorgeia g F. Ta (A)ies Méyoviar aveEdptnta av yo kabe J C 1
TIETEPAOUEVO LOYVEL OTL

P (nicsA) = | | P(a). (10.1)

ieJ
H tou) Ko 1o yivopevo otnv tehevtoio lodtnTa £xovv mTemepacuévo TAN0og Opmy.

Opropods 10.2. 'Eotw (F;)ic; OlkoyEVELQ VTOOCUVVOL®Y TG F (Onhadn F; € F v xkabe i € ). H
olkoyévela (F7)ier Meyeton aveEaptnTn av ywo kabe J C I memepoaopévo kou A; € F; ywo kaBe i € J
woyverm (10.1). Aéue emiong ot to (F7)ies €lvon aveEdptnra.

Opwopog 10.3. 'Eoto {(E;, &) : i € I} petprjotpol xmpot Kot (X;)ie; OLKOYEVELO TUYOLOV UETARANTOV e
X;: Q — E;vioxa0ei € I. Ouv(X))ic; AeyovTow aveEAPTNTES AV 1) OLKOYEVELD TV O-0AYERPDV (0°(X)))icrs
7ov elvo vtoovvora g F, elvar aveEdptnT.

Mopatipnon 10.4. O Opioudg 10.3, otpugpovo pe tov Oproud 10.2, amortel

P(Xil S Ail’Xiz € Aiz, c ,X,‘n € Ain) = P()(i1 S Ail) 1)()(,'2 € Aiz) s P(Xl S A,‘n) (102)

n

yioo kGO n > 2, KGOe emhoyn SeKTOV iy, ba, ..., 0, € I, Kou K00 A;, € &;,...,A; € &;, agovl k4O
otowyeto wag o (X;) elvan e popgnic X; 1(A) = {X; € A} ue A; € &;. To evdeyduevo oto apLotepd uéhog
™ (10.2) eivan ovviopoypapio Tov evOe)ouEvou X,-_ll(Ai.) N X;l(Aiz) N---N X;I(Ai”).

TouPaon: Zto eEng, Omote Aéue OTL KATTOLEG Tuyaieg neTafANTéG elvar aveEapTteg, Oa evvoeital Ot
opifovratl otov idLo xhpo mhavdTNTOG, dNIad) £XovV TO (810 TTEdIO 0pLowov. Autd eEaopahrilel oL To
EVOEYOUEVO X,-_ll(Ail) N X;I(A,-Q) N---N X;l(A,-n) 070 apLotepod uehog g (10.2) eivor otovyeio g F, mov
elvan To medio opropov g P.

Mopaderypa 10.5 (Avd aveEdptteg Tuyaieg petofantég). Oemwpovue to meipoua dvo pipewmv evdg
VOUIOWOLTOG TTOV (€PVEL Kopmva, ue miavotta p. To olvvnbeg uétpo Tov LOVIENOTTOLEL TO TTELPOLLOL
elvo TETOL0 MOTE TA WTOTEAEOUOTOL TOV VO PLPemV Vo eivor aveEAPTNTES TUYOiEg UETAPANTEC.
Mo ovykekpuéva, o derynatikdg pag xmpog eivar o Q = {K, T} X {K, T’} ko o-Ghyeppan F = L(A).
o w € Q Bétovpe
p(l-p) avw=(KID)nT,K),
Po =14 P? avw = (K, K),

(1-p? avw=TT).

58
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‘Eoto P to povadikd uétpo mbavomrag omv F pe P(w) = p,. EBotw E = {K,T} xauw & = Z(E).
Oempolue Tig Tuyaieg netapintéc X, Y : Q — E, ue X((x,y)) = x ko Y((x,y)) = y. Anhadn, n X eivow
EvOELEN TG PTG plymng Kau 1 Y 1 £voelEn g devtepng.

I=xrPi=Mos: O X, Y eivan aveEapnteg.
Oa deiEovpe Oty k4Oe A, B € E woybel

P(X €A,Y € B) = P(X € A)P(Y € B). (10.3)
e AvA =01 B=0,n(10.3) woyveL.
e AvA={K,T},10t1e {X€A,Y € B} ={Y € B}, xkaw P(X € A) = 1. Apa 1 (10.3) &l 1oyveL.
e Av B ={K,T}, n (10.3) amwodelkvieToL OpoLa.

TENOG, UEVOUV OL TTEPLITTMOELS TTOV Ta A, B givan povoovvora. Ta mopdderyua, ov A = {K} Ko
B = {T'}, éyovue

P(X =K,Y =T) =PX"'({K) nY~'({I')) = PH(K. D). (K, K)} N {(K,T), (T, )}
=P(K.I'}) = p(1 - p).
‘Oumg
P(X = K) =P{(K,I),(K,K)}) =p(l -p)+pp=p
P(Y =T) = P((K,T),(,D)) = p(1 = p) + (1 = p’ = 1 - p,

7OV TO YLvOueVoO tovg eivon p(1 — p) = P(X = K, Y =T, kou €tol 1 (10.3) woyveL .
‘OpoLo. aTodELKVIOVTOL KL OL VITOMOLTTEG TEPLITTMOELG OTTOV Ta A, B €{va LOVOGUVOLQL.

To enduevo Bewpnua drevkoriivel Tov éheyyo aveSaptnoiag d00 TuyaiwV LETABANTOV.

Oempnua 10.6. Eotw (E,E), (G, G) uetonowor ywoot kaw X : Q — E, Y : Q — G tvyaies uetafAntég.
Ocwoolue T oyéon
P(XeA YeB)=P(X AP €B). (%)

Ta g&rjc eivar teodvvaua:
(i) O X,Y eivar aveEaotnteg.
(ii) H (x) woyver yia kGOs A € Exkar B € G.

(iii) H (%) toxvel yro kabe A € C, B € D, 6mov C, D 0LkOVEVEIES KAELOTES OTIS TETEQOACUEVES TOUES UE
cC)=& c(D) =G
Enuavtikr) eivor 1 wodvvapio twv (i) ko (iii). Anhadn apkel va ehéyEovue TV () yio Aydtepo
ovvoha artd OTL astontel 1 (i) MOTE VO SLATLOTMOOVIE TV aveSapTnoia twv X, Y.
Anddeén. H (ii) eivar avadiathmwon Tov optopot ¢ aveEapTnoiog Kol TPOQavmg OUVETAYETOL TNV
(iii). Mével va deiEouvpe dtu 1 (iii) ovvemdryetan Ty (ii).

'Eotw A € C xau
Di(A) :={B € G: n(x) woybelyioto A, B}.

'Eyovpe 011D C D;(A) amd vdOeon kou 1 Dy (A) eivan khéon Dynkin (Aoknon 3.1). Apa §(D) C Dy (A).
Emedn n D eivonr KAelot) 0TIG TETEPAOUEVEG TOUES, TO Bedpnua wt-A divel otL (D) = §(D). Apa
o(D) € Di(A), dhadn M (x) oyveL yia kabe A € C xkou B € G. Topa yia B € G Bétovue

Dy(B) :={A € &: m (%) oyVeL Yo taL A, B).

‘Ouoia, 0mtwg e to Di(A), deiyvovue 0tL D, (B) = &E, ko 1ot amodeiyOnke 1 (ii). [
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Z1ig otoryewwdelg mbavotnteg nabaivovue (xwpic amddeln) ot dvo tuyaieg petapfintéc X, Y
elvar aveEdpTnTeg av KoL wOvo av 1 amtd Kool ouvvaptnorn Katovoun tovg, Fyy, YPOQeTaL g
Fxy(x,y) = Fx(y)Fy(y) yia k40e x,y € R. Topa eipoote oe 0¢on va to amodeiEovpue.

IMopropna 10.7. Eotw X, Y : Q — R rvyaies uetafintég. Tote ou X, Y eivau aveEdotntes av kot uévo av
PX<x,Y<y) =PX<x)PY <y)
yio kabe x,y € R.
Andden. Tpoxvmtel amd to Oewpnuo 10.6 av mwapovue C = D = {(—c0,a] : a € R}. [ ]
Oeopnua 10.8. Eotw X, Y : Q — [—o0,00] avebaotnres tuyaies uetafAntés un aovnukés 1 ue
E|X|,E|Y| < co. Téte
E(XY) = E(X) E(Y).

Anddeén. To oyédo g amddelEng eivar va deiEovue KATL parvouevika oyupdtepo. Anhodt) To eEng.
I=xTPIEMOS:

E{f(X)g(1)} = E(f(X)) E(g(Y)) (10.4)
yio k40e f : [—o00,00] — [—00,00], g : [—00,00] — [—00,00] UETPNOLUEG TOV ElvaL Un aPVNTIKEG 1)
tkavortooVv E [f(X)], E [g(Y)] < oo.

Oa dei&ovpe v (10.4) otadiokd pe Tov yvmotd Tpdmo (Tumikn) Mnpyovi)).
Biua 1. Av f =1, xou g = 1p, 6mov A, B € HB([—00, 0]), éxovue OTL

E(f(X)g(Y)) = E(dxealyes) = E(lixeainyen) = P(X € A,Y € B)
=P(X € A)P(Y € B) = E(1xcs) E(1yep).

H tétapt wodtnra woyer yiati ov X, Y eivar aveEdptnteg. Kau étor mpoxvmrer 1 (10.4) yio g ovyke-

Kpuéveg f, g.
Biua 2. Av f, g > 0 amhég uetpriolueg, £0Tw

m n
f:Za,-lA[, g:ijlBj’
i=1 j=1

o€ KavVOVLKY| pop@n, dmov A;, B; € HB([—o0, o0]), T0TE

n

E(f(X)g(Y)) = E( aibj14,(X)15,(Y)).

~-

Il
—_

i j=1
Ko 7\6’\{()) ’YpOLMMLKéTT]TOLQ KoL Tov J'l?pOT]’YOlI)MSVOU BT’]MGTOC_,, n TehevTOlaL MéO'T] TLMﬁ LooVTou ne

m n

DD b By (X0) E(Ly (Y)) = E(F(X)) E(g(Y)).

i=1 j=1

Biua 3. Av £, g > 0 petpnoiueg, tote vtdpyovy avEovoeg akolovOies (r,)nen KO (8,)nen U1 APVNTIKOV
ATAMV CUVAPTIOEMV ETOL MOTE

limr,=f, lims,=g.

n—00 n—00

ZUVETTMDG, OTTO TA TTPONYOUUEVA £YOVUE OTL
E(r(X)5,(Y)) = E(ra(X) E(s1(Y)) 10, k&0€ 1 € N.

Emewdn ot axohovBieg (r,)nen KoL (8,)nen €lvar a0Eovoeg, Yo n — oo, atd T0 Be@pnuo LovOoTovg
oVyKMONG €xouue OTL

E(f(X)g(Y)) = E(f(X)) E(g(Y)).
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Anhadn m (10.4) woyver yia tig f, g.
Biua 4. Av ou f, g elvou petpnowueg pe E [f(X)|, E [g(Y)] < oo, €xovue

E{fX)g(N)} = E{(f"(X) - f~X))(&"(Y) - g~ (Y))}
=E{f"(X0)g" (M)} - E{f"X0g" (N} - E{f~X)g" M)} + E{f~(X)g" (1)}
=E(f"X)) E@ () - E(f" (X)) E(g" (V) - E(f () E(g" (V) + E(f~ (X)) E(g™(Y))
= E(f(X)) E(g(Y)).

Zv tpitn 1ooTTa ypnolpomounoaue to 0t 1 (10.4) woyvel yia un apvntikég uetpnowues. Emxiong otov
TELEVTOULO VTTOMOYLOUO OEV EUPAVITETAL TTOVOEVA KATOLO. QTPOOILOPLOTY OPPY| 00 — co YLOTL oL f, g
wkavororovv E [f(X)|, E |g(Y)| < co. 'Etol 0 toyuplopnds amodeiyOnke.

Emotpépouue thpa oty artddelEn tov Bempnuatoc. Av X, Y > 0, epapudlovue Tov 1oyuploud yo

x avxe]0,o0],

0 ovxe[—00,0).

f(x) = g(x) ={

Zmv mepimtwon wov E X[, E|Y] < oo, epapudlovue tov oyvptopd yia f(x) = g(x) = x yuo KaOe
X € [—00, 00]. [ ]

Mopatipnon 10.9. Avéidloya twv Oswpnuatwv 10.6, 10.8 woyvovy av ovti do €xovue mepLocdTePE
aveEQpTNTEG TVYaiEG netafintég, éotm X1, X, ..., X,. [a mopdderyua, n avriotouyn tg (10.4) eivon
ll

E{/iX)£(X2) - - fu(X)} = E{i(XDIE{2(X2)} - - - E{/,(X;,)}

UE TG f1, f2,- .-, fu nerpnoueg kou un apvnukéc 1 pe E|fi(Xp)| < oo yio k40e k. H amddel&n twv
AVTIOTOLY MV OQUTMV LOYVPLOUMDV YIVETOL UE ETAYWYY).

YTrevOuuiZovpe €dm OtL Yol (Xi)1<k<n TUXOLES UETAPANTEG OTOV (OLO YMPO TLOAVOTNTOG, UE TPOLYLOL-
nkég Tpég kow pe E(X7) < oo yua kaBe k € {1,2,...,n}, woyder

Var(X; + Xo + -+ + X,,) = Var(X;) + - - - + Var(X,) + 2 Z Cov(X;, X)). (10.5)

1<i<j<n

H amddelEn yiveror 0mmwg axpifdg v éxovue el 0Tig otoryelddelg mbavotnteg. ‘Otav ou (Xi)1<k<n
elvar aveEaptnteg, To ponyovuevo Bempnua diver 6Tl Oheg oL ouvdlakvudvoelg etvae 0, otdte

Var(X; + Xo +--- + X;) = Var(X;) + - - - + Var(X,). (10.6)

10.2 AveEoaptoio ko opoadomoinon

Av ov tuyateg petopintéc X, Y, Z, V, W eivou aveEdptteg neto €l toug, meptuévoupe kaw ol X +Y, Z2W, |V
v elval aveEQpTnTeg OOV Y PNOLULOTTOLOVV LOPOPETIKA aveEAPTNTO OVOTOTIKA. O SLOTUTMOOVE
éva Oedpnua ov divel amotehéopato oG TG LopPNc. IIponyouuévmg, SLOTUTMVOULE TO OVTLOTOLYO
amotéheona yio otkoyéveleg ouvorwv. H amdEei&r) tov divetan oto IMapdptmua B'.

Oeopnua 10.10. Eotw (F)ier avetbotntn owkoyéveia vroovvérwv e F keu {1; @ j € J} Stauéowon
oV GVvodov Sewktv 1. Ta kabe j € J Oewoolue tn -alyefoa

Gj:= O'(Uieljﬁ)-

O (G)) jes elvar aveEaoTnTeg.

TAnhodi Ta I;(j € J), eivaw un xkevé, Eéva ava 800, kau éxovv évmon to 1.
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Kau to amotéheoua mov agopd tuyaieg uetafintég eivor to eEng.

Ozopnuo 10.11. Eorw (X;)ie; aveEaotnres tvyaies uetapintés, {1; : j € J} dwauéoion tov cuvoiov
Setktav 1, kouw yio kGOe j € J, uetorjowun ovvdotnon f; @ Rli — R. La kéOe j € J Oswoodue 0
ovvaornon Y; = fi(Xier) : Q@ = R. Ou(Y)) jes elvan aveEaotnreg Tuyaies uetafinteg.

[Na avtd to Bedpnua, o TP®OTY avdyvwon kKohd elvar va vobéoel kavelg 6Tl Taw ovvora 1,1
elvon Temepaopévo Kou ETouEveg oL ouvaptioels f; opttovion oe xhpoug g nop@rig RY. Ze dheg tig
nepLrthoelg Bewpodpe oL o RY givon eodiaouévog pe m o-GhyePpo yivopevo Qier, B(R) (6rot ot dpot
TOU yvouévov etvar tdtor). H amdEelEn kot avton Tov Oewprjuatog diveran oto IMapdptnua B'.

EgapudCoviag to £xovue, Yo mapdderyua, Ot ov oL Tuyoieg LETaPINTES (X,)n>1 ElVOL aveEQPTNTEG,
totE Ko oL (V)1 ue Yy, := 212:;1 11 Xi ywa k@0e n > 1 eivon aveEqptnteg. ‘Opota, elvar aveEdptnto ko
Tt o0vora { Xz, + Xo,41 > 0),n > 1.

10.3 AveEaptnoia=Métpo yivopevo

IIpétaon 10.12. Eotw X := (X1, Xa, . .., X,) tuyaia uetafinty ue tués otov R, Tote ot X1, Xs, ..., Xy,
givar aveEaoTntes av Kaw uovo av

P =P eP"®...@ P*.
Am6dsiEn. = H ) tov pétpov PX oe évav petpiouo k0MvOopo A == A| X Ay X --- X A, Tov R” elvon

PY(A) =P(X; € Ay, X, € A,) = P(X; € A)P(Xz € Ag) - P(X, € Ay)
= PX(A)PR(Ay)--- P (4,).
St devtepn LoOTTO Y pNoLuomoioape TV aveEapmoto tov X, . . ., X,. Oung o PXI o P ® ... @ P
elvon o povadikod pétpo mov maipver v Ty PX1(A)) PX2(4,) - - - PX1(A,) oto A. H Tnrotpevn 1oétmta
ETTETOL.
< EMéyyovue ) oxéon (10.2). 'Eotw A, As, ..., A, € BR). Tote
PX €A, ,X,€A,) =P oP2®...@ P4 x Ay x--- X A,)
=PY(A)Pe(4y) - P (4,)
—P(X; € A)P(X, € Ay)---P(X, € A,).

ZTNV TPAOTN LOOTNTA Y PNOLULOTTOLOOUE TV VITOOEGN KO 0T OEVTEPT TOV OPLOUO TOU UETPOU YLVOUEVOD.
|

H sponyovuevn mpotaon oe ovvdvaoud ue to Bemprjuato Tonelli kou Fubini pag divel tov mo
ovVNOLOUEVO TPOTTO VITOAOYLOUOD TG UEONG TUUG TOCOTHTMY TTOV (V0L CUVOPTNOELG OVEEGPTNTWV
Tuy v peToAnTav. O TpdTog avtdg POLIVETAL OTO ETTOUEVO TAPAIELY AL

Mopdderyna 10.13. 'Eoto X, Y aveEdpteg tuyaieg petapintég mote X ~ Exp(2) kaw ¥ ~ U(0, 1).
O, vrohoytoovpe T uéon T E(eXY). And mv Mpdraon 10.12 ko o Osmpnuo Tonelli éxovpe dti

() = f f ¢ dPy(x) dPy(y) = f f ¢ dPy(y) = E(g(Y))

omov g(y) = f e” dPx(x) = E(XY). Avtd onuaiver 6tL Bpiokovue ) péon i oe dvo pruata. Mpdra
otafegpomolovue TV Tuyaio peTafinT) Y kol maipvouue péon Ty uovo wg tpog v X. To amotéheopa
etvan 1 toyaio petapinm g(Y). ‘Emerta maipvovue ) uéon tyw) mg g(Y). O vrohoyiopol €xovv wg
eBc: )
g(y) = E(e¥) = .
-Yy
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Kow €meLTo |
E{g(Y)} =f g(y)dy =2log2.
0

BéBata Oa pumopovoape vo KAVOUUE TNV OMOKAPWOT (e GAAY oeLpd. ANAOON VA TTAPOVUE TPMTO UEO
T og tpog Y (ne 1o X otabepd) Kot petd wg mtpog X.

10.4 Korookev] aveEapTnTov Tuainv ReTafAnTov ne dedouévi katavou

Trdpyovv aveEdptnteg Tuyaieg netapintég; Tlog wropovue va KataoKevdoovue TEToleg Ko PEPona
TOV XOPO TOHAVOTNTAG OTOV 0TT0i0 avTég opiloviar;, Tn Mon oe autd ta mpofinuato divouv ot
YWOPOL YLVOUeEvVo, tovg omotovg eidaue oty IMoapaypago 10.3. e ovty v mapdypago Oo tovg
YPNOLUOTTOL)OOUIE YLOL VO KOTOOKEVAOOVUE AVEEAPTNTEG TUYAiEG LETAPANTEG 1 ETOVUNTEG LOLOTNTEG.

TrevOuuilovpe o0tL av (E, E) elvar petpnowog xmpog ko X : Q — E tuyalo uetofinty, Kotavoun
™ X Mue to pétpo mbavétrog PX mov opiteton otov (E, &) ne PX(A) = P(X~'(A)) yia k40e A € &E.

'Eotw I ovvolo detktwv kot (E;, E;, P;)ics olkoyévera ympwv mhavotntog. OEMOVUE Vo KATOOKEV -
oovue évav ywpo mbavotrag (Q, 7, P) kou tuyaieg uetafintég X; : Q — E; €101 dote

(o) H xatavour mg X; va eivoun P; yio kabe i € 1.
(B) H (X))ics Vo €lva OLKOYEVELD AVEEAPTNTMV TUY AWV UETAPANTOV.

To va kavovue éva artd Ta (o) 1) (B) eivor eVKOA0. AVTO TTOV ELVOL U] TETPLUUEVO ELVOL VO KAVOUUE
Kot ta dvo pali. Kou to katopOdvoupe pe xpron Tov xmpov YLvouévou mg eEg.
'Eotw Q = l_[Ei,T = QicsEi, Kau P 1o pétpo ywvouevo tov P, i € I. T k&b r € I opilovue

iel
X, :Q — E, 0

X ((wiier) = wr,

dnhadn M X, elvan 1) TPOPOAT 0TV F-GUVTETAYUEVT).
Evxola BAémovpe 0t 1 X, elvan tuyoia petofint) yiati ywo A € E, éxovue

X'y = [Ai ne A =

iel

Q oavi#r,
A avi=r

Apa X7 1(A) € F og petpriotpog kOMvVOpoG.
Oa delEouvpe TOPA OTL TPAYUOTL OUTI] 1) KATOOKEVT] LKOVOITOLEL TG OUTALTYOELG TOU TTPOPAUOITOC.

IIpétaon 10.14. Eotw (Q, F,P), (E;, E;i, Py)ics Otws mow kauw X, - Q — E,, r € I, ) r-moofolr). Tote
(i) H X, éxet katavour] P,.
(i) O (X,),e1 Elvar aveEaQTnTeg.

Amodeén. (i) 'Eotw A € E,. 'Exouue,

PY(4) = PX;'(A) = P([ [4) = [ [ Pian = o),

i€l i€l
ypagovtag 1o X, ' (A) o petproto kiAvdpo dmme mponyovpévac. Apa, PX = P,.
(ll) 'Eotw J = {j],jz, . ,jn} C I, xou le € 8]'1,Bj2 S 8]'2, A ’Bjn S Sjn' Tote

P({X; € B;}N{X;, € B} N---N{X, €B,)) = P(]_[A,-),

i€l
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ooV

Q; aviel\,
A; = )
B;, oviel

A7 tov oproud tou P éxouvue ot

P( ]_1[ A;) = ]_1[ P(A) = 1_,[ P(A)) = P (B;) Pj,(B},) .. P (B;,)

= P(le S le)P(Xj2 € BJZ)P(X

n

S Bjn)'
Zuvenwg ou {X, : r € I} elvan aveEdptnreg. ]

Mo ovvémero g [potaong 10.14 elvor 0tL Yoo dedouévn Katavour Q o€ £vov UETPNOLUO XDPO
(E, &) kaw ovvoro I vrdpyer ovvolo aveEApTNTOV Kol LoOVOUmV Tuyaimv uetafIntov (X)) mov
Kabeuio €yel katovoun Q.

Aoknoelg

211G A0KNOELS 0 KATW, £KTOG av dNAdveTal dLapopeTtikd, ol Tuyaieg HETAPANTEG OV eupovilovion maipvouv
TiwéG oto R.

10.1 'Eotw F1,F2 C F o-GhyeBpeg otov (Q, F,P). Av yio k4B A € F, woyxvel 611 P(A) = 01 P(A) = 1, va dei&ete ot
oL F1, F> elvon aveEdprnrec.

10.2 'Eotw X, Y dnwg otn dtatdmmon tov Oswpnuotog 10.6. Na deryei otL to €Eng elvan toodivopa:

(o) OL X, Y eivau aveEaptnreg.

(B) Ou f(X), g(Y) eivar aveEqptnteg Yo kébe f 1 E - R, g : G — R petprioueg.

10.3 'Eotw X, Y aveEdptnteg tuyaieg petapintéc dote P(X = Y) = 1. Na dewy0el dtL vdpyel c € R wote P(X = ¢) = 1,
dnhadn ue mbavotra 1 1 X eivar otabepn Tuyaia petafint.

10.4 'Eotw X, Y aveEdptntec 106voueg Tuyaiec netafintéc ue memepacuévn detvrepn pomn (dnradn E(X?), E(Y?) < o)
ko dtaomopd 0. Na devyOet ot E{(X — V)?/2} = 0.

10.5 'Eotw X, Y tuyaieg uetafintég ue memepaouévny detvtepn pomn wote ot X, X — ¥ va elvor aveEdptnteg oA Ko
oL Y, X — Y va eivan aveEdptnteg. Na dewyBel 6t vmdpyerc € R dhote P(X — Y =¢) = 1.

[TrodelEn: ¥ =X — (X -Y).]

10.6 'Eotw X, Y aveEdptnteg Tuyaieg uetapintéc ue E|X + Y| < co. Na deiy0el 611 E [X] < oo kan E Y] < oo,

10.7* 'Eotw X tuyaio petofinti ko f, g : R = R avEovoeg ovvaptioels. Trobétouue 6t oL péoeg tipnéc E{f(X)g(X)},
E{f(X)}, E{g(X)} opiCovron ko eivon mparypatikoi aptbuoi. Na devyOei dtu

E{f(X)g(X)} = E{f(X)} E{g(X)}.
Avti givon eldukn mepimtrwon g avicdmtog FKG (Fortuin-Kasteleyn-Ginibre. 1971).

10.8 'Eotw X1, Xa, . . ., X, aveEdptnteg tuyaieg netafintég ue X; ~ exp(a;) ywa kabei = 1,2,...,nd6mov ay, ay, ..., a, €
(0, ) eivon otaBepég. TTowa 1 Katavou g m := min{Xy, X, ..., X,,};

10.9 'Eotw (X,)neny oxohovbio aveEdptntov kau todvouwv tuyaimv petapfintdv étor wote E(X;) = 0, E(X12) =
l,E(Xf) = ¢ < 00, ©ftovpue S, = Y 7_; Xx yio kéBe n > 1. Na deiete ot

(@) E(S2) = n.

(B) E(SH = nc+3n(n—1).

) % 5 0 KaBdg n — oo.
[TmodelEn yra to (v): Xpnowomowote tnv aviootnta Markov kot to (at).]
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10.10 'Eotw (X,)n>1 aKoAOUOiaL aveEAPTNTOV KOl LOOVOUMY TUYOLMV HETABANTOV Kabeuio (e Kotavour| Ty opuold-
wopepn oo (0, 1). Twa kéBe n > 1 Bewpolpe Tig TUYOiEg LETAPANTES

m, = min{Xl,Xz, . ,X,,},
M, = max{Xi,Xs,...,X,}.

Na dewyBet étu m,, — 0 ko M,, — 1 xotd mbavotnto Kabng n — oo.

10.11 T k@B mivaxa A € C™", 1 opllovoa Tov Kot 1) permanent Tov oplLovTol amd ToOVg TUTOUG

det(A) := Z SgN()aA1 7(1)A2,7(2) * * * Ane(n)» (10.7)
nes,
per(A) := Z A1a(1)A2,(2) * * * Anain)- (10.3)
nesS,
S » €lvar to ovvoro Twv petabéoewv oto {1, 2, . .., n} Kou sgn(r) eivar to Tpodonuo g netdBeong (1 yio dptia petdbeon

Kau —1 yia epreTyy).

'Eotom A = (a;)i1<ij<n € C" dedopévog mivaxag. Oewpoiue aveEaptnteg tuyaies uetafintég {u;; : 1 < i, j < n} e
Tpég oto R dote kabepia xer uéon run 0 kan dtaomopd 1. Opilovue Tov mivaka B = (i j /@i j)1<i,j<n OOV /a; j elvon
uio teTpoywvikn pita tov a; ;. Na deiyBel 6t

E(det(B?)) = per(A).
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Ta Muuatoa Borel-Cantelli ko 0 vopog 0-1 tov Kolmogorov

Ta Baotkotepa epyareio yio Ty artddelEn Oempnudtmy mov apopotv T oyedov BERoun olrykion eival
dvo amhd amoteléopata, ta dvo Auuota Borel-Cantelli, Ta omoio O dolue og avtd 10 KEPAAALO.
Eniong 0o dovue tov vouo 0-1 tov Kolmogorov, o omoilog eival woAd ypnowwog otav Oélovue va
dei€ovue ot dLoTYTO Loy Ve e TbavdTTa 1. ZOugpova pe autdv Tov vouo, av 1 1dudTnta £xer wa
OVYKEKPLUEVT HOPPY], TOTE avaykooTikd €xel mbavdtta 01 1. Emouévag yia va deiEouvpe dtu toylel
ue mbavdtta 1, apkel va dei&ovue dtu LoyveL ue Otk mbavotyra. Kot to televtaio mohhég gopég
elval onuavtikd evkoldTEPO.

11.1 To Mppatae Borel-Cantelli

'‘Eoto (Q, F, P) yopog mbavomtag Kot (A,),»1 okohovbia otoryeiov e F. YTmevOuuitovue 6T

limsupA, =Ny, U, Ax = {w € Q1 w aviikel o drelpa A, }.
n>1

IIpétaon 11.1 (TIpdto Auua Borel-Cantelli). Eotw (A,),>1 akorovBia evdeyouévav atov (Q, F,P).
Av Y2 P(A,) < oo, ToTE
P(imsupA,) = 0.

n>1

AmodelEn. Oewpoiue TV Tuyoia petapinmm X = Z 14,. Tote

n=1

limsupA, = {w € Q : w avikel og dmepa A,} = {w € Q : X(w) = oo} = {X = o0},
n>1

KoL

EX) = iE(lA,,) = iP(Ak) < oo
n=1 n=1

Emewdn E(X) < oo ko X > 0, ) [Ipdtaon 6.14(iii) diver 6t P(X = o0) = 0, dnhadn P(limsupA4,) =0. =

n>1
ANupa 11.2. Av Ay, Ay, ..., Ay, n > 2, aveEdornra evdeyoueva otov (Q, F, P), 10te kou Tar AS, AS, . . ., Ay,

n
eivar aveEaotnra.

AmodelEn. Avto eivow ovvémelo tov Oewpripartog 10.10. Emhéyovue I = J = {1,2,...,n}, ko [; =
{j}, F; = {A;} yua xGBe j € J. Mmopodue dpmg va to dei€ovpe kou atoryeldmg Eekivarvtag amd tov eErig
LOYUPLOUO.

I=xrPisMOs: Ta Ay, Ay, ..., Ay, AS elvon aveEdptnto.

[Mpayuott, yio k < n, éotw deikteg 1 < iy <ip <...< iy < n.
o Avii <n,t0te 10 A;, Ay, . .., Ay, Elval oveEGpTNTA 0td vito0eon. Emouévog

PA;, NA;,N---NA;, , NA;,) =PA;)PA,) --P(A;,) (11.1)

ik-1

66
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e Avi, = n, tote

P(A, NA,N---NA;, NAS) =PA; NA,N---NA;, )-PA, NA,N---NA,  NA,)
=P(A, NA,N---NA, )-P@A;, NA,N---NA;, )P(A,)
=PA; NA, N---NA; ) —P(A,))
=P(A;, NA, N---NA;, ) PAS)

= P(A;) P(A;,) - P(AD).

ig-1

2t devTepn Kaw oty tekevtaio LodTo xpnopoomioaue Ty oveEaptnoio twv Ay, Ag, . .., A;,.

Apa Kot 0TLg 000 TEPUTTMOELG 1 TLOAVOTNTO TN TOUNG LOOVTOL UE TO YLVOUEVO TMV TLOAVOTHTMV KL O
Loy VpLopds amodeiyOnke.
XpNOLIOTOLDOVTOG TOV LOYUPLOUO, delyvoulle emaywylkd 6L To AT, AS, . . ., Ay, elvol aveEapnra. ]

To devtepo Muuna Borel-Cantelli agopd tv stepintwon mov 1 oepd 3,7, P(A,) anepiletar. ‘Oumg
Tpa viroBéTovue emLTAEOV OTL TA (A,),>1 Elvor aveEaptnta. H axpiprg datimmwon €xel wg eEng.

IMpotaon 11.3 (Aevtepo Muua Borel-Cantelli). Eotw (A,),>1 akorovOio aveEaotntwv evdeyouévwv
otov (Q,7,P). Av 3~ P(A,) = o, t6te

P(imsupA,) = 1.

n>1

AnmddeiEn. Oa dei&ovue 6t P({limsup,,,; A,}¢) = 0. Exovue on

P({limsup A4,}%) = P(U, N2, AD = lim P(NZ, A

n>1

edoov 1 akohovdic (B,)n=1 Ue B, = N2 AT yio k60e n > 1 eivar avEovoa. T dedouévo n > 1 éxovue

P(O}2,A9) = lim P(0L,A9 = lim [ | P(Ap)
k=n

m m
lim | |(1 -P(4,)) < lim | |e—P<Ak>
m—oo m—oo

k=n k=n

lim e~ S PAD = p= X, PAD — = _ ()

m—oo

2t devTEPN LOoOTHTA Y pNotpomotooue To Anuua 11.2, eve n aviodtnta tpokvstel amd v 1 + x < e
v k40e x € R. Apa P((limsup A,)°) = 0 ko to Inrovuevo amodeiyOnke. ]
n>1

Av tapareirpovpe TV vrdOeon g aveEaptnoiog 0o T daThIwon tov devtepov Mjuuotog Borel-
Cantelli, tote to ovumépaoud tov evdéyetar vo unv toyvel. o mopdderyua, ov wdpovue A To PETpo
Lebesgue otov Q := [0, 1] (mwov eivaw pétpo mbavomrtag) xkouw A, = (0,1/n) yio k40e n > 1, tote
AAy) = 1/n, xou m ogpd 3,7, A(A,) = oo, evo limsup,,; A, = 0. Kavévag aplBuodg dev avikel oe
dmepa oo to A,. BéPara ta (A,)y>1 0ev elvan aveEdptnta.

HMapdderyna 11.4. Oewpovue to melpauo piyng evog voulopatog dmelpes (ApLOUNOLUES) POPES TTOV
pépveL «kopmvor (K) pue mbavomta p € (0, 1). ©a vroloyicovue Ty mbovotnta P(K épyeton amelpeg
(POPEQ).

O x®pog TOAVOTNTOG TOV TELPAUATOG ELvaL 0 XDPOG Yvouevo (Q, F,P) tov (Q,, Fr, Py)us1, 00U,
o kaBe n > 1, Q, = (K, T} (T = 10 evdeyduevo «ypaupota») , F, = 2(Q,) xa P, = PP (PP 10 pétpo
mbavémrag ue PP({K}) = p). Tan > 1, Beopovpe To evdeyduevo A, = {épyxeton K ot n piym) kau
™V tuyaio petafinm) X, : Q — {K, T} ue X, (w) = w, = 10 amotéheoua g n plyng.
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IvopiZovue ot ou (X,)nav etvar aveEapmreg (Tpdtaon 10.2) ko, epdoov A, = X, 1({K}), éxovue ot
T (A)n=1 €lvon aveEdptnta. Emumhéov, P(A,) = p, Gpa

i P(A,) = .

n=1
A6 1o 20 Mjupoa Borel-Cantelli €govue P(limsup,,.; 4,) = 1, dnhadn P(K épyetar dmelpeg popég) = 1.
IHHopatypnon 11.5. Zvvii0wg yia o limsup,5 | A, PNOLLOTOLOVUE TOV CVUBOIOUO
{A, ovupaivel dmelpeg popéc),

KOL TO OKETTTLKO TOV givan to €Efg. O ywpog mbavdmrag (Q, F, P) uovrehomotel éva meipopa, Ko o
TPAYUATOTTONOT] TOV TELPAUATOG €lval £va w € Q (0TO TPONYOVUEVO TTOPASELYUO. 1] TTPOLYLOTOTTOOM)
eivar éva w € (K, T, TToAhég qopéc map’ 6N awtd, ovihapuBovopaote 6L To Telpopa Yivetal oe
TOAMG oTddLa (0. plyvouue €va vOuouo ATELPEg (POPES, T Wio LETA TV GAAN Kou Oyl novoulde).
OpiCovue A, va givor Eva 6VVOLO TTOV 0LPOPd TO OTALO 71, KOL AUTO TTPOYUOLTOTTOLETAL AV w € A,,. ToTE
TO VO OVUPEL TO A, ATTELPEG POPES (ONAOON YLOL AITELPOL 1) ONUALIVEL OKPLBME OTL 1) TTPAYUOTOTTOM O W
avnkeL og amelpa oo to {A, 1 n > 1},

Mopdderyna 11.6. 'Eotw (X,),»1 oveSdptnteg KoL loovoueg tuyoieg petapintég ue X; ~ Exp(1),
dMhadn pe tukvotnta f(x) = e *1,59. Oa dei&ovue OTL

lim —— = 1 pe mOavémTaL 1.

lim Togn ue mmbavotnro
[Metagppdlovtag ™) onuacio tov lim, avtd onuaiver étu yio k6Oe & > 0 woyvel X,/ logn > 1 + & yiol
memepacuéva to TAN0og n, eve wyvel X,/ logn > 1 — & ywa dretoa to tinbog n. Aueoa Brémovue ™)
ovvapelo twv Mupdtov Borel-Cantelli pe o epartnuo.]
o kae n > 1 xou r > 0, OéTovue AV = (X, > rlogn}. Tore,

P(A;r)) =P(X, > rlogn) = e "logn —

'Eotw r > 1. Tote

i P(4,) < o,

n=1

Ko oo 1o Tpato Ajpua Borel-Cantelli égovue 6t P(limsup,, A =0, Gpa

n

Zuvenwg, 0étoviag C, = {m

> r ¢, €Yovue OTL
n—c logn

N Xn
{nh—{go logn g 1} = Vet

Xl’l I3 I3 ’
apo P(lim Iog > 1) = 0 epodoov P(CH%) = 0 yia xa0¢ k > 1. Emouévocg,
n—oo n

— X,
P(lim < 1) -1 (11.2)
n—oo logn
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'‘Eotw r = 1. Tote, epdoov ta. (A,),s1 elvar aveEaptnta (ot (X,),>1 ElvoL aveEApTNTES) Kot

Z P(AD) = Z - =

n=1

amo to 20 Mupa Borel-Cantelli, éyovue ot P(limsup,, APy = 1. ‘Ouwg yioo w € limsup,,., AP Loy veL
ot X, (w) > logn ywa amewpan > 1, dpa

— X (w)
lim
n—oco ]()gn

> 1,

a6 to omolo mpokvmteL OTL P (m > 1) = 1. H tehevtaio toomto poli ue v (11.2) divouv to

n—co log n

IA

Inrovuevo. Anhadi), 6To 0VVOro {limn_m IX”

Toen 1} {hmn_m Togn 2 1}, mov €yeL mbavomta 1, woyvet

: X,
lim,, o0 535 =

Maporipnon 11.7. 1o wponyovuevo mapdderypa, opioaue kbmolo abvora (ta AL ko C,) ko -
oape Yo TG mbavotteg tovg. Tumkd Oo émperme mponyovuévag vo. detEovue dtuL eivar otoryeia g
F, dhadn elvar petpriona oivoka. Aev to Kavoue, oUTte Bo To KAVOUUE 0TO EENG YO TOL GVUVOLQL TTOV
Oa opiCouvue. ‘Oha Oo elva HETPNOLUAL, KOL 1) TUTTLKY] OLKOLOAOYNON QLY|VETOL OTOV ALVALYVMOTH).

11.2 O vopog 0-1 Tov Kolmogorov*

'‘Eotw (Q, 7, P) yopoc mbavoéttag, ((E,, E,))n=1 Uetpriouol ymwpotr kou X, : Q — E,, n > 1, tuyaieg
uetafintéc. T n > 1 Btovpue
G, =0(Xy:k>n+1)}),

™ 0-GhyePpa mov mapdyeton oo TS X1, Xni2, - - -
Opwopnog 11.8. H tehk) 6-ahyeppoa mov mopdyetor oo g (X,),s1 opileton wg
oo = 21 -

T onuaiver TPokTkd Yo Eva evoeyouevo A va avijKer 0TV Go; Znuaiver 6t yio kdbe n > 1 1
TPAYUATOTTOLON 1) OYL TOU A deV eE0PTATAL QT TV TUUY TTOV TTALPVOUV OL TTPMTEG 71 otd TG X;. Anhadm
07t0L0dNToTE dedoUEVO TEmEPAoUEVO TA00g amtd Tig X; dev emnpedlel TV TPAYUATOTONOY ToU A.
Avti) ) acagng teprypagn Oa yiver Eekabapn 0To emduEVO TOPAdELYUA.

Mopdderypa 11.9. 'Eotw (X,),>1 0Twg mponyouuévmg ue tuég oto R. @empoipe ta guvola

A= M Xu@) 2 1), B={w: e 2 Xw) > 0)

= {w:infs X,(@) <0}, A= {a) > Xu(w) < 10}.

n=1
Ta A, B avijKouv 0TV 6o, eV T0. ', A 8€V 0VIKOVV O QUTHV AVAYKOOTLKA.
[Mpayuatt, 600V apopd ta A, B, éxouvue Ot yio k40 m > 1 woyveL
A={w: kh_m Xi(w) =1} ={w: kh_m Xps14x(w) = 1} € 6,

Ko

_ 1<
B:{w:nnjgo; Xk(a))ZO}:{w:r}i_)m( ZXk(w)+— Z Xk(a))]>0}

k=1 k=m+1

:{wzgl_)ngo; Z Xk(cu)>0}e‘€

k=m+1
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£OooV (TTPoooy™, To aBpotoua dev eEQPTATOL OITO TO 1)
RS
r}l—{?o - X (w) = 0.
=1
Apa A, B € C.

TN to T ko A apKel va Tapatnpnoovue 0Tt Yio OUYKEKPLUEVEG ETUAOYEG TMV TUXOLMV UETAPANTMV
(X)us1, 10, 00voha I ko A eEaptdvror amd v Ty Tov X;. T wapdderyua, oto T, av ot (X,,),»1 elvor
aveEapmteg kou X ~ N(0, 1), X ~ U(1, 3) (opowdpopen oto (1, 3)) yia kabe k > 2, tote T = {X; < 0},
t0 ormoio £yxer mbavotta 1/2. Av vrobéoovue dt I' € G, tOTe T € 0({X; : k = 2}), xou avt
o-dhyeppa etvon aveEaptty amd v o (X;), n omoia eptéyer to I'. Apa to I elvon aveEdptnTto amod to
eavtd tov, dnhadn P(I'N T = P(I') P(T'), to omoto diver 6t P(I') € {0, 1}. Atomo.

IMpuv Kavovue TLg Topotavm amodelEelg yia ta A, B, PAémovue dtu yro dedouévo w (dnhadn yia pio
TPAYUATOTTOIN 0T TOV TTELPAUOTOS), TO OV LOYVEL w € A, dnhad) To av To A mpayuatomoOnke, dev
eEapTaTon amd TG TPMTES TéS TG (Xp(w))ps1. T T0 A, 1) Ty} Tov lim péver 1 (8o av aAhGEovpe,
7.y, Tovg tpwtovg 1000 dpovg g akorovbiag. To idlo ovpPaivel Kan pue to B. Avti 1) mopatipnon
wog meifel 0L A, B € 6o KO TN YPNOLUOTTOLOVUE OTNV TUTTLKY| OTTOOELEN).

To Paotkd ATOTELEOUA AUTNG TNG TTOPOAYPAPOU OLPOPd TNV TEMKN O-aAyePpa akolovbiag aveEdo-
TNTOV TUY AWV UETOPITOV.

Oempnua 11.10 (Nopog 0-1 tov Kolmogorov). Eotw (X,),>1 avebaotntes tvyaiss uetafAntés otov
(Q, F,P) kauw G 1 TEMKT] 0-GAYEPOG TOVG. AV C € Go0, TOTE P(C) = 017] 1.

H amdEel&n tov Oswprjnatog divetar oto Moapdptuo B

To Bewpnua xpnotpomoteitor ouvibwg Yo va deiEovue otL éva yeyovog €xer mbavotnra 1. Aei-
YVouue OTL avijkel otV TeMKY o-Ghyefpa kol €xer Oetikn mbavotyra. Mo tétola xpnomn yivetal
otnv Aoknon 11.16. To va dei&et kaveig OTL T0 YeYOVOg TOv gp@THUOTOG (B) TG AoKNoNG €xeL DeTIK
mbavdTa eivar oM arthd, evad to va deiet L €xel mbavdmTa 1 elvor apKeTd mepimhoko av dev
yxpnowuormotoovue tov vopo 0-1 tov Kolmogorov.

Apeon ovvémelo Tov vopov 0-1 elvor to akdiovbo TopLoua.

Mopropna 11.11. Eorw (X,)nen aveldotntes tuyaics uetafintés otov (Q, F,P) kaw X : Q — [—o0, 0]
Tvyaia uetafAnty Gw-uctonown. Tote n X eivau otabeonj ue mbavornta 1.

Anddeén. E@ooov 1 X eival Go-petprioun, To o0vola {X = —oo}, {X = oo} eivan otoryeia ¢ G, KL
emouévarg €xouvv mbovotnta 0 M 1. Av kdmowo amd autd €xer mbavotnro 1, deiybnke to Tnrovuevo.
ALOOPETLKA, £xove OTLN X TTalpvel TLEG 0to R. Ze aut) TV ITEPImTmon, YL T GUVAPTH O KOTAVOUTG
™G, F, 10 Oswpnua 11.10 diver 6t yio k4Oe x € R 1oyel

F(x) = P(X < x) = P(X (=00, x])) € {0, 1. (11.3)

Eé¢povue ouwg 6t F eivan avEovoa, deEd ouveyr|g ko F(—c0) = 0, F(o0) = 1. Avtég ot dotnteg noli
ue v (11.3) ovvemayovrol 6t vitdpyel ¢ € R tétolo mwote

0 avx<ec,
F(x) =
1 avx>ec.

Svvenog P(X = ¢) = F(c) — F(c—) = 1, dhadn n X woovtar pe ) otabdepd ¢ pe mbavornta 1. ]

Mopatipnon 11.12. Sty amodel&n tov Iopiowotog 11.11, amd to dt1r X eivar Go-perpriowun
YPNOWOTOOOUE OVO OTL OLaL TOL GVVOAXL TG Goo €xOuV mOavOTnTa 0 1) 1. "ETOL, TO 1810 emuyeipnuo
diver 0tL av 1 X eivan tuxoio puetafinty otov (Q, F,P) ue tipég oto [—oo, 0] kKo A C F o-Ghyeppa
tétolo. wote N X va eivar A/ B([—oo, oo])-uetpriowun kot P(A) € {0, 1} yia xaOe A € A, tote | X eivan
ota0epn ue mbovomta 1.
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Emotpéqoupie oto Hopdderyuo 11.6. Exei 1 Z := lim,_,(X,/ log n) eivar o Go-petpriowun tuyoio
ueTaANT ne tpég oto [0, oo] ko ou (X,),>1 elvor aveEaptnte. To Iopropa 11.11 epapudletar. Apa
gK TV TpoTéPwV E¢povpe OTL 1) Z eivan otabepr) ue mbovotnta 1.

Aoknoelg

11.1* "Eotw (A,),>1 axorovBio aveEdptntov evdexouévav ue P(A,) < 1 yia kdbe n > 1 kaw P(U;,A,) = 1. Na delEete
6T Z P(A,) = co.

n=1
11.2 'Eotw (X,)n>1 axolovBio tuyaiov petafintov ue P(X, # 0) = niz vio kG40 n > 1. Na 8eiete dtL pe mbavotnta
1 Y k40 w € Q, vdpyer n(w) € N dote X, (w) = 0 yia k40e n > n(w). (Zvvendg X, — 0 ue mbavotta 1.)
11.3 Ztnv Aoknon 10.10, va devyOel étu emiong m, — 0 xaw M, — 1 oyedov BéPana Kabmg n — co.

11.4 'Eoto (X,)»1 0oKohovbio aveEdptnTwv Tuxainv uetafinTdv dote

POX, = 1)= 2. P(X, =0)= 1 -
n n
Na de1y0el oL
() X, = 0 xatd mbovotnta kabhg n — oo,
(B) alré dev woyveL X, — 0 oyeddv BéPara. Mdahota P(lim,_, X, = 0) = 0.

11.5 'Eotw (X,,)n>1 0KOAOVOI0 aveEGpTHTOV Kot Lodvopwv Tuxaiwv uetafAntdv ue tuég oto [0, o0) dote P(X; > 0) > 0.
Na dewyBei dt ue mbavotnra 1 woyder

ZXn = Q.

n=1

11.6 'Eotw (X,),>1 axolovBio tuyaimv petafintov pe twég oto R. Na deiete dtL vdpyer akorovbiar (a,)us1

TPAYUOTLKMOV OETIKMV AplOUmY TETOL0 HOTE P( lim — = 0) =1.

n—eo d,
11.7 'Eotw (X,),>1 akolovBio aveEdpmtmv tuyaiowv puetafintdv pe twég oto R. Na dei&ete dtL yia v tuyaia

uetafinT) X* = sup X, oyter 0t P(X* < c0) = 1 av xau uoévo av vdpyer M € R étol wote Z P(X, > M) < .
n>1 =1

11.8* 'Eotw (X,,),»1 0Kohovbio aveEdptntmv Tuyaimv puetafintdv ue X, ~ N(0, 1) yio k40e n > 1. No dei&ete OtL ue
mbovotnta 1 woybel

I n
lim

—=1
n—e (J2logn

11.9 'Eoto (X,,),>1 akohovBio aveEGptnTmv tuyainv petafntoy ue X, ~ Exp(1)yiaxdben > 1. Av M, := max{X1, X5,
<, X)) Yoo kéBe n > 1, va deiEete 6t pue mbavdtta 1 woyve

(11.4)

M,
lim =1. (11.5)
n—e logn
11.10 'Eotw (X,);»1 aveEapmteg kau 1odvopeg tuyaieg petafintég ue P(X; = K) = P(X; = T) = 1/2. Ouv (X,)us1
Katoypdpouv ta amoteréopoto akolovbiog piyemv evdg apepdinmtov vouiopatog. Io kabe n > 1 Bétovue

L,=max{im>1:X,=X,,1 =... = Xysm1).

INo wopdderypa, av ot piyeg dmwoovv to amotéreopa (K, K, T,T, K, ILILT,K,...), tote Li(w) = 2, Ls(w) = 1, Ko
Ls(w) = 3. Aei&re 6u

(o) lim —=~
n—oo ]()g2 n

< 1 ue mBavomta 1.

(B) lim L, = 1 pe mbavdmra 1.

n—oo
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11.11* 'Eoto (X,,),>1 akohovbio aveEGpTTmy Ko .oovoumy tuyainv petaintdv. Na deiEete ot ta axdiovba elvar
LoodvvauaL:

X .
(o) lim — = 0 pe mBavomta 1.

n—oco n
B EIXi| < oco.
11.12 'Eoto (X,,),»>1 axolovdic aveEdptnTwv Kol .oovouwv Tuxainv petapintdy ue tuég oto [0, o), ko ¢ > 1. Na
deiete OTL TaL axdhovBa elval LOodHVaoL:

(o) E{(log X;)™} < 0.
B)Z2, X < 0o pe mbavémTa 1.

n=1 ¢n

11.13* "Eotw (X,)n>1 aKohovBia tlo6voumv koL aveEQpTnTtomy Tuxainv uetafintov ue tuég oto R dote 1 katavouy
™G X1 va unv eivor ouykevipouévn oe éva onueio (dnhadn dev vapyet ¢ € R e P(X; = ¢) = 1). Na deuybel ot

P(lim X, vwapyer ) = 0.
11.14 'Eoto (X,).>1 0etikég Tuyaieg uetofintég. Na derydet 0t pue mbavdtra 1 oyvet

—1 —1
lim — log X,, < lim — logE X,,. (11.6)

n n
11.15 "Eoto (X;);»; akolovbio Tuxainv uetafintav pe Tpég oto R kot Coo i= N2 07(Xyy, Xyi1, ...) M TEMKY 0-GhyeRpa.
(a) YTmobétoupe O6tL ov X; maipvouv un apviukéc Tiéc. Iloleg amd TG Tapakdtm Tuyaieg uetapinté eivor Ce
UETPT|OLUEG;

X, oL X1+t X+ + X, e
(i) lim =2, (ii) lim =2 . (i) Tim n(X; + X0 + - + X)),
n—oo N n—oo n n—oo
() X -
W) ) 5 ) Tim (X, + X0,
k=1

(B) Mora. artd TOL TOPAKAETW GVVOAQ Elval oTOLYELd TG Coo

(i) {Z 1X,| < oo} , () {X; + X2 + -+ + X,, = 0 yio Gerpa i},
n=1
(iii) {ﬁ nX,+ X+ + X, < 1}, @iv) {Z X, oUYKAiVEL OE TPAYLOTIKO dpteué},
n—o0
n=1
2n
v) {Z Xy > 0 ywo Gepa n} .
k=n

[Zxoho: Katapydc, ta epotiuota va amoven0oiv diaotntikd. ‘Emerta, oyetikd ue to (B), yio ta ovvola ta 0ol
elvaw otouyeia ™g Coo Vo armoderyBel avtd tumikd. T ta vtohowta, va unv omodey el timote. Ta ekeiva dev
woyvpLtouaote 4Tl mhvtote dev eivar otorgelo g Co. EE0PTATOL At TN OLYKEKPLUEVH ETTLAOYY TNG aKoAOVOioG
(X)is1- Mapoduolo oyodho toyvel Yo to uépog (o) g Goknomng.]

11.16 'Eotw (X,),>1 axolouvbio aveEGpmnTmv Tuxaimv petofintdv, Kadepio pe Kotavour| Ty Tumky Kovoviki
N, 1). TwakGBe n > 1 Bétovpue S, := X1 + Xo + -+ + X,,.

(o) Two kGBe A > 0 kaw n > 1 va deryBel 611

P(f/"ﬁ 2A)=1—<D(A)>O,

omov @ eival M ovvaptnon kotavoung g N(0, 1). [Edd wropeite vo xpnOLOTOoeTe TPAYUATO VL0 KOUVOVIKEG
TUyOieg LETAPANTEG Ko aBpolopata Tovg OTto TLg OTOLXELMOELG TLOAVOTNTEC. ]
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(B) Twa x4Be A > 0, ue mbavornra 1 woydel

— S,
lim — > A.
n—oo \/ﬁ

(y) Me mbovotna 1 woybet
lim == = oo
n—0oo n

11.17 'Eoto (Q, 7, P) ydpog mbavotnrag Kau {A; : i € I} otouyeia g F .

(o) Oempolue Tig Tuyaies uetafintés X; = 14,1 € I. Na devybet 6tL ou {X; @ i € I} elvon aveEdpnteg av kaw pdvo av
ta {A; ;i € I} elvan oveEGpTaL.

(B) YmoBétovpe 6t I = N*. Av ta {A, : n € N*} elvouw aveEdpmta, tote T0 oVvora liminf,s; A,, limsup,5; A, éovv
mBavémTa 01 1.

11.18 'Eotw (X,,),»>1 akoroubio aveEdptntmv Tuyainv petapfintov pe tuég oto R. @empoivue t duvapooelpd

f@ =) X"
n=0
(a) Na dewyBel 6t M axtiva ovykhong R g f elvon HETPOLUN WG TTPOG TV TeEMK 0-AAyePpa TV (X,),s1 Kot dpa
eivan otabepn| ue mbavotta 1.
(B) Av vrtobéoovpe emmhéov ot kaBepion 0o g (X,)ns1 €xer kotavoun N(0, 1), tote ue mbavotnro 1 woyvel R = 1.

11.19 'Eotw (Q, F,P) yopoc mbavotnrag, Ko {A, : n > 1} otogeio g F ta omoia eivor ava dvo aveEqptnta
(Orod P(4; N Aj) =PA)P(A)) yiaxéBe i, j > 1,i # j). Oétovue

Sn = i 1A,~
i=1

KoL

s, 1= E(S,) = Z P(A)).
i=1

(o) Na deyOet ot
E(Si) =5, + si - Z:P(A[)2 < s+ sﬁ.
i=1
(B) T k4B £ > 0, va deryOel OTL
2
s
P(S, > es,) > (1 —e)>—="—.
( esp) 2 (1-¢) + s

[Yt6delEn: Aoknon 6.6.]
(V)* Av emmmhéov woyber ot 3,2, P(A;) = oo, va deuxBel 6t P(limsup,,,, A,) = 1.
[H doxknon avti yevikeber to 20 Mjupo Borel-Cantelli katd to 6t viwofétovpe ta {A, : n > 1} avd d0o aveEdptnta
Ko Oyl asapaitnta TAPwg aveEapThTa.]

11.20 'Eotww (Q, 7, P) ydpog mbavottag kat {4, : n > 1} otowxeia g F yia ta omola oyve Yoy P(A;) = oo ko
vrdpyel C € (0, 00) dote
P(AiNAj) <CPA)PA))

yio KGO i, j > 1. Na deuybel 6T
P(imsupA,) > 1/C > 0.

n>1



12
O Ioyvpos Nopog tov Meydriov AptOumnv

210 KEPAAOLO QUTO TTOPOVOLALOVUE EVa ot TOL ONUOVTLKOTEPQ atoTeELEopOTO TG Oempiag ITbavoTy-
TV, TOV LOYUPO VOO TV ueydhwv optbudv. H dtotimwon tov Ba arodeiSovue dev eivan ) oyvpdtepn
HOPEP TOU VOUOU, UG 1) 0TtOdELEN TNG Elva EVKOLMOTEPT TEYVIKA KoL DLOITNPEL APKETA aTtd T OTOLYELDL

™G amOdELENG TG LOYVPTIG LOPPYG.

12.1 To smpnuo

Oeopnua 12.1 (Ioyvpdc Nopog tov Meydhov AplOuav). Eotw (X,),>1 aveEdotntes kat t60voues
tvyaies uetafintés orov (Q,F,P) ue tués oto R éror wore E(X%) < oo, Eérovue u = E(X)) kat
Sn =24 Xk yia kaOe n > 1. Tore

S
lim == = y ue mbavérnra 1.
n—oco n

AnddeiEn. "Botw o = Var(X)).
[poto O amodeiEovpe To {NTOVUEVO YiaL (X )ner He TLEG 07O [0, 00]. T n > 1, Bétovpe Y, = % — .
Tote | |
E(Y,) = r_lE(Sn) —u= r_an(Xl) —u=0,
Ko

Sa\ 1
E(Y?) = Var(Y?) = Var(—) = — Var(§,).
n n

‘Ouwg Var(S ) = n Var(X;) epocov ot (X,,),»1 €ivar aveEapmteg. Emouévag,

2
E(r?) ="
n

'Etot, Yoo v vrokohovdia (V,2),s1, £xovue 0Tt

Apa, pe mbavomra 1, 377, sz < 0o, ouventmg lim, . Y,2 = 0.
Topa, oo to lim,_,. Y,z = 0, 6éhovue va mepdoovue oto lim, e Y, = 0.
'Eotw k > 1. ©étovue n(k) = [ Vk]. Tote

S n(k)?

S (n(ky+172
(n(k) + 1)?

Sk
<—=c5
k n(k)?
epooov n(k) < Vk < n(k)+ 1 xoun S, eivon dBpotopa OeTikdv 6pmv. ‘Opog, Yok — oo, e TOavOTTa
1,

Snee S n(k)z( n(k) )2 .
)+ 12~ a2 \no+1) H

74
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Ko

S (n(ky+1)2 _ S (n(ky+1y2 (n(k)+ 1)2
nk)?  (n(k)+ 12\ nck)
S
Apa, pe mbavotta 1, éxovue OTL klim 7]‘ = L.

2V meplmtwon ov ot (X,),>1 TOUPVOLV TLUEG 0TO [—00, co], €xovue

Sy Xi+Xo+...+X, X{+XJ+...+X, X +X;+...+X,

n n n n

Ou (X)nen, 0mwg ko ou (X, )uen, elvor aveEaptnteg Ko Lodvoueg Kot E((X1+)2) < 00, E((Xl‘)z) < o0
epooov (X1)? < X7, (X))* < X2. And ta tponyolpeva, éxovue Ot

X{+X3+...+X,

lim = EX{) ue mbavotra 1

Ko

X+ X+t X ,

lim = EX{) ue mbavotra 1.
n

n—oo

Zuvenwg, pe mbavomta 1,
Sn
lim =% = E(X}) - E(X]) = p.
n—oco n

To ovustépaopo Tov Bempriuatog woyder kow av avil mg E(X?) < oo vrobéoovue 6t E|X)| < oo,
dMAad KAt Mydtepo. Avti) eivar 1 YEVIKY Lop@1] TOU vOUOU TmV Peyahmv aptbumy Kot oto &g Ha
ToV Bempovue dEAOUEVO IUE QUTY], TNV LOYVPOTEPT] LOPPT).

Zv Aoknon 12.3 dtatumdveton Eva el00g AVTIOTPOPOU TOV VOUOU TOV UEYOAMV aplOumv. Aniod),
av 0 uéoog Opog aveEApTNTOV Kol Lodvouwv Tuyaimv uetafAntdv cvykhiiver ue mbavotra 1 oe
nemEPAOUEVO 0pLOUo, Tote avoykoaotikd E [X | < co. Apa 1 vobeon E|X;| < oo 010 Bempnua eivan
OTTOLPOLLTITY] YLOL TNV LOYV TOV CUWITEPAOUOTOG,.

Emiong, omv Aoknon 12.2 deiyvovue 0Tl T0 CUUTEPAOUO TOU VOUOU TV UEYOAMV aptOumv LoyleL
akoua kou dtav  uéon g u = E(X;) elvor —oo 1) 00. Apa TO OVWITEPAOUO LOYVEL TAVTOTE OTAV 1)
E(X)) umopel vo. oploTel.

‘Otav 1 E(X)) dev umopei va. oprotet, dnhad) étav E(XT) = E(X]) = oo, to1E 10Y0eEL akpipwg éva
a7to ta eENg

(1) lim,—e 57 = —oco pe mbavomta 1.

%)

(ii) lim, e == = co ue mbavomTa 1.

s - s .
= = =00, lim, e S+ = oo ue mbavotnta 1.

(ii) lim,
IMowo amd to oevapra ovpfaiver eEaptdtor amd v Kotavoun e X; Kot Utapyer WdAloto KpLTipLo
710V T0 Kabopiler ahdd dev Ba To dratvmmoove [deg ( )]

Xoupaon: Av (X,),s eivar akolovBia tuyaiov uetafintdv pe tuég oto R, oto e€rjg 0o oupBohi-
Covpe ue S, to n-00tod uePLkd ABpoLoud Tovg.

MMopropna 12.2. (O AcOevijc Nouog twv Meydiwv AolBuwv) Eotw (X,)us1 aveEaotntes Kot 160voueg
tuyaies uetafintés ue tués oto R éror wote p = E (X)) € R. Tore

. S n 7 4
lim — = u kara mbavornta.
n—oo N
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Amodelsn. 'Emeton amd tov 1oyupd vouo twv ueydlwv aplbumv (loyvpn wopen) kot to ot 1 oyedov
BéPoun ovykion ovverdyeton TV Katd mboavomto [Osmpnua 8.2(ii))]. ]

Mopatipnon 12.3 (H puébodog Monte Carlo). O vopog twv peydiwv aptbumv dikatoloyel v eEng
UEB0DO YLOL TOV TPOOEYYLOTLKO VITOLOYLOWO UEONG TLUNG oG OEdoUEVTG TuYaiag netopintig X. Tapd-
YOUUE (e KAITTOL0 TPOTTo £vav peydio aplbud aveEApTTmV TPoyUOTOTOEMY TNG TUYOI0G UETABANTIG
X, £€0TW X1, X2, . . ., Xy, KOL VITOAOYILOVUE TOV HECO TOVG OPO (X1 + X3 + ... + X,;)/n. AVTOG 0 UECOG OPOG
elva 1 Itoduevn TpooéyyLon.

Me oavt ™ uébodo wropolue vo PPOVUE TPOCEYYIOELS YLOL OTTOLAONTTOTE TOCOTNTO UTOPEL VO
mopootalel mg péon T kamowag tuyaiag petapinmge. H moodtnta evééyetan va gpgaviletan
(PUOLOAOYLKA G UEON TUUY O€ KAITTOL0 TTPORANUO TLOOVOTHTWVY KOL VO U1V UTTOPEL VAL VITOALOYLOTEL UE
KAeLoto Tomo. Emiong umopel vo unv €xel koulo oyéon pe mbavomteg. o mopaderyua, yio tov aptduo
7 &govue ™V avamopdotaon 1 = 4E(1y2,y2.1) 6mov ou U, V eivar aveEApTNTEG OUOLOUOPpES TUYAiES
uetapintég oto (-1, 1). H tuyaio petapint (U, V) eivor opotdpopen oto tetpdymvo (—1,1) x (-1, 1)
Ko M uébodog Monte Carlo yio v stpooéyyion ™ E(1y2,1241) mailpvel TOAEG TPOYUATOTTO|OELS TNG
(U, V) xou vtoloyiCeL 10 10000TO auTdV IOV TEQPTOUV UECO. OTOV LOVOILOLIO dLOKO.

12.2  Avo ggapuoyés

Avaveotikn Osmpia. 'Eoto (X,),>1 0veEAPTNTES KAl LOOVOUES TUYOEG LETAPANTEG ne Tiuég oo [0, 00).
O¢tovue

T()iIO,
T, =X1+Xo+---+X,

vio ka0e n > 1. H gpunveia mov okegtopaote yua tig akorovdies (X,)us1, (Tn)ns1 €lvon 1 €€Ng. T to
poTIoud evog dwuatiov, Exovue amelpo T 00g AauTmy, KaOe uio ammd TG 0mToleg £YEL TUYALO XPOVO
Comg. X, elvar o ypdvog Tomg g n Adumag. Tn ypoviki) otyun 0 tomoBetotue ) haumo 1. Mg
ovTn Koel, Torobetotue ™) Aduma 2 Kou ovveyiCovue ouora. T, €ivor 0 xpOVOG TOv KalyeToL 1) Adumo
n. Topa yuo t > 0, Bétovue

Nyi=sup{n>0:T, <t}

H tuyaia petapinm N; uetpder mooeg AMaumeg Kankav kotd 1o ypoviko ddotmua [0,7]. 'Eotw ot
u = E(X7). Agov kdBe Laura Cel mepimov xpovo u, yua to xpoviko draotnua [0, ] avapévovue va
yperatovtan t/u Musteg mepimov. Anhadn N; = t/u.

Oewpnua 12.4. Me mbavornra 1 woyvet

. N1
lim — = —.
t—oo lu
Amodelsn. Amo tov vouo Tmv ueyahmv apltdumy, vapyeL £vo uetproo ovvolo A € Q ue P(A) = 1
MOTE Yo KaOe w € A va LoyveL

lim = = p. (12.1)
And tov oplopd tov N, €xovue
Ty, <t<Tyq,

KoL Gpa
In _t _Tnwt _ Tnet Nit ]
N, ~ N~ N, N;+1 N,

[=xrpizmoz: [N kGOe w € Q woyer N; — oo.

(12.2)
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[Mpayuoatt, emedn n N, elvor abEovoa ouvapTNoN TOU £, v dEV LOYVEL O LOYUPLOUOG, TOTE M N, OaL fjtarv
ppayuévn. Anhadn Ba vpye guotkog £ > 1 wote Ny < CywiokdBet > 0. Apa X;+Xo +---+ Xp >t
v KaOe ¢t > 0, 1o omoio dev umwopel va 1oyveL yiorl ov X1, Xa, .., Xp moilpvouy mparypatikég Tuég (Kot
OYL TNV TN ©0).

Mo w € A, Ko (PNOLUOTOLDVTAG TOV LoyUpLoud Kat v (12.1), éxovue

. TNf . TN1+1
lim — = lim —— =
—o0 Nl t—oo N[ + 1

Apa yio t — oo, 1 (12.2) diver lim,,o t/N; = p 70V €lvan 1o TNTovuUeEVo. ]

Evrpormia. 'Eotw X dwakpiry tuyxaio petafint), S to (aptbuioiwo) ovvoro tiwmv g, ko f(x) =
P(X = x) n ovvaptnon mbavotrog e. Evipomia g X ovoualovue tov aplfuod

H(X) == )" f(x)log f(x) (12.3)
xeS
ue T ovupaon 0log0 = 0. Ioyver H(X) > 0 ywatl f(x) € [0, 1]. Enlong, H(X) = — E{log f(X)}.
H evtpomia g X exgppalel To uéyeog e afefordtTnTog Tov Eovue Yo TNV Ty tov 0a TapeL 1
X av emuyeLpiO0VUE VL TTOPOYAYOUUE (L0 TTPAYUATOTTONON TG, Ag movue Ot 1) X TApVEL TWWEG OTO
{x1,X2,..., x¢} ue avriotouyeg mObavomteg p; = P(X = xj). Avp; = 1xowp, = --- = pr = 0, 1018
H(X) = 0, xou pEPana dev vmdpyer kopio afepatdotta yia v mpayuatomoinon e X, Oa eivor x;. H
EVTPOTTLOL UEYLOTOTTOLELTOL OTAV py = py = - -+ = pp = 1/k (Aoknon 12.9). Tdte dha ta evdeyoueva eiva
70 1OL0 TOAVA Ko 1) ofEPOLOTNTO LOG UEYLOTY. € TEPITTWON AVIOWV TOOVOTHTOV, 1] APEPALOTNTL
elval uKkpotepn yiati mepluévovue 1 X va tapet pio oo TG TWEG Tov €Xouv ueyohitepn mbavotnra.
Tov Oproud (12.3) varyopeter Evag vroroyioudg wov Oa dovue opuéomg twpa. O idLog vIrohoyLoudg
SLVEL KOL TV EUTTELPLKT] ONUOLOLOL TG EVTPOTTLOG.
'Eotm (X1 0kohovbio. aveEGPTNTMV KoL LOOVOUMY SLOKPLTOV TuXaimwv petafintov, kabeuio

toovoun ue ™ X. I'ion > 1 otaBepd Kal dedouéva xq, Xz, . .., X, € S, vroloyilovue TV TOAVOTNTA OL
n spaynatoromjoets (Xi, Xz, . . ., X;,) TG X v TAUTLOTOUV UE TO SLAVUOUA (X1, X2, - . . , X;). AUTI) LOOVTOL
e

Pu(X1, %2, .o, Xn) 1= PXy = x0, Xo = 00,00, X = X)) = () f(x2) -+ f (X)) (12.4)

INa wapdderypa, otav n X maipver tig Tuég 1 kow 0 pe mbavotmreg p = 1/3 kou 2/3 avtiotouya, tote
f(x) = p*(1 = p)'"™1 0.1y Ko N TOAVEITNTA EUPAVIONG TNG N-GdaG (X1, X2, . . ., Xp) € {0, 1} elvan

1 X+ Xy, A
[ G

Avti) 1 mBovotnta aipvel Tuég amd (1/3)" g ko (2/3)". Aev eivow otabdepny, 1 Ty g eE0pTaTaL
amd v emhoyr] g n-ddag (x1, x2,...,%,). Ouwg 1 mOBavOTTA TPOYUOTOTOINONG WO TUYaias
n-adag (X1, Xa, ..., X,) elvaw meplmov 1 idta oyedov yia Ka0e mpaynatomoinon mg (X1, X, . .., X,).

[Two ovykekpLUEVaQ, 0T YEVLKY] TTepimTmon Oéhovue va ektiunoovpe ™V p,(Xi, Xa, ..., Xp,). Avt)n
mbavdmTa glvor o Tuyoio petaint (eEaptdtor oo 1 X, Xa, . .., X,), @Oivel exBetikd pe to n
KoL 0t TO VOUO TOV UEYAAWVY aplOumv €xovue

1 1
p log p,(X1,X5,...,X,) = p log f(X1)f(X2)--- f(X,)

_ log f(Xy) +log f(X5) + - - + log f(X,)
n

(12.5)

— E(log f(X1)) = —~H(X)

ue mbavomta 1 kabwg n — co. Anhadn, ue mbovomta 1, yia pueyddo n, woylel

Pn(X1, X2, ..., X)) ~ "X,
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10 mopaderypa mo mivw, H(X) = —(1/3)log(1/3) — (2/3) log(2/3) ko 1 e X givar pa mbavoétTa
avaueoa ot (1/3)",(2/3)".
Ac¢ vobécovue 6TL T0 S elvol TETEPAOUEVO. AV Oploovue

A% = (X1, X2, ..., X,) € 8™ 2 e "HEYE) <y (X1, X0, .., X)) < e " HETEY
t01e P(A%) — 1 Moym g (12.5). AkorovBieg 010 A2 TG Mépe e-TUTLKEG. Aov OAE TOUG €XOUV TLOOVO-
o mepimov e ki To dbpotopa Twv mOavoTTwV Tovg eivar oxeddv 1, to AZ éxel TANOudTTOL
neptmwov "X, I yevikn mepimtwon woyver H(X) < log|S| (Aoknon 12.9), omdte 10 A? eivar (amd
TAeVPAC TANOKOTNTOC) éva TOAD kpd Kopudtt Tov S™ agol To ™ éyel minOucdmra [S|? = e10gS],
[Map’ Oha avtd, To AZ ouyKevTpwvel oxeddv OAn TV TOavoTNTA.

H évvowa tng evrpomiog eivar kevipikng onuaociag otn Oswpio [TAnpogopiog Kot €xer morlég
epapuovég [Aeg (2014)].

Aoknoelg

12.1 (AoBeviic Nouog tov Meydhwv Aptbumv. AcBeviic £€kdoom.) Eotw (X,).en 0VEEAPTNTEG KoL LOOVOUES TUYOiEG
uetafintég ue Tpuég oto R étor dote E (X7) < co. Oftovpe 1 = E(X). Xopig xprion tov 1oyvpod vopov tov peydhov
apOpmv va dery et ot

Sn
— —H

lim P(
n

n—oo

>6):0«/L0¢Kd686>0.

, /S, / , .
Anhadn N axorovdio =* cuykiiver oto g katd mbavoTta.

12.2* "Eotm (X,,)nen 0veEAPTNTEG Ko LOGVOEG TUYOiEG LeTaBANTEG pe Tuég oTo R étoL wote E(XT) = co kar E(X7) < oco.
No deiete oL

. n
lim — =
n—oo n

ue mbovotra 1.

12.3* (Avtiotpogo tou Nopov twv Meydhwv AplBumv) ‘Ectw (X;,)ns1 AVEEAPTNTEG KOl LOOVOUEG TUYAEG UETOPANTEG
ue Tpéc oto R étol wote lim == = y oyeddv PéPana e u € R. Na deilete 6m E X | < oo kar E(X)) = .

[TrddeEn: Xpriouun SiVO:lL_)YTAGKY]OT] 11.11.]

12.4 'Eoto (X,),>1 aveEdptiteg Kan todvoueg tuyaieg petafintéc ue X, ~ N(1,3). Na deiEete 6T

X1+ X +...+ X, 1

1i _1
o X2 + 0P +.. + (X, 4

ue mbavotra 1.

12.5 'Eoto (X,)nen aveEGptnTEG Kot Lodvoueg Tuyaieg uetafintéc ue tuég oto R étol dote E |X| < co kaw E(X) > 0.
Na 8¢eiEete oL
lim §, = o0

n—oo

ue mbavotra 1.

12.6 'Eotw (U);»1 axolovdio aveEdptntov Kot loovoumy Tuyainv petafintdv, kabeuia pe katavouy U(0, 1), dnhadn
opotouopen oto (0, 1). Na detydei ot

(@) lim, oo (U1 Uy - - U)Y" = €71 pne mbavémra 1.

B) lim,,.o U U, - - - U, = 0 pe mbavotra 1.

) Uttt U ﬁ ne mbovotra 1 ova > —1,
(P limy oo =——* =

o0 ue mbavomra 1 ava < —1.

12.7 'Eot (X;)i»1 0kohovDio aveEdpTTmV Kt LoGVoumy Tuyaimv netapintav pe u = E(X)) € Rkato? = Var(X)) < co.
Noa de1y0el ot

1 n
lim — X —p)? = o? ue mbavotra 1.

n—oo n

k=1
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12.8* 'Eotw p € [0, 1] kou(X,,),>1 aveEdptnteg Kan todvoueg tuyaieg uetapintéc ue P(X; =0)=1- p,P(X; = 1) = p.

O¢toupe
o 1
X := —X,,.

Anhadn o X eivar évag aptdudg o Ypouuévog 0to duadikd ovoTnua £xel Ynpio Tig Tuyoieg ETOPANTES (X)n>1-
Na dewy et ot

(a) Av p = 1/2 tdte 1 xatavopn g X eivan o eptopopnds tov pétpov Lebesgue oo [0, 1].
(B) Av p # 1/2 tdte n Katavopn ™mg X elvan 1dLalovaoa.

129 'Eotw k > 2,8 = {x1,...,x} o0voho ue k otouyeia, kou X tuyoio uetofinti ue tuég oto S. Na deryOel ot
H(X) < logk xou 1 16Tt oyer ov kaw povo av P(X = x;) = I/kyioxébe 1 < j < k.
[Tr6deEn: Egapudote katddinho v aviootnta Jensen.]

12.10 'Eoto (Xj)r>1 akohoubia oveEdpTnTov Kot lodvouwv tuyainv uetafintov pe twég oto S = {1,2,...,r} ko f 1
ovvéaptnon mbovdtntag g X;. ‘Botw entiong (Yi)rs1 0Koroubio aveEApTNTOV Kot LoGVOUmY Tuxoinv HETOBINTHOV ue
TWEG 0to S Ko g 1 ouvaptnon mbavotntag g Yi. Tmobétovue ot yia k € S woyvel f(k) = 0 = g(k) = 0. OpiCovpue
™MV p, 6ntwg oty (12.4). AeiEre 6t mbovotnta p,(Yy, Ya, ..., Y,) @Bivel exBetikd koL vtoloyiote To pubud uelmong.
Avti) givor 1 BavOTNTO OTLG TPMTEG 1 CUVTETEYUEVEG 1) akoAovBia X var otalel e deiyno mappuévo oo v Y.



13

XopoKTNPLOTIKES GUVOPTIOELS

13.1 Merooynuatiopnog Fourier pétpov mbavomrog oto R

'‘Eotw (Q, F, 1) ywpog uétpov kai f : Q — C Borel-uetpriowun ocvvapmon. To mpoyuotikd Kol go-
VTAOTIKO UEPOG TG f, Tov ta ovpPoriCovue pue Re(f), Im(f), elvor ovvoptoelg oto Q pe mpaynatikég
TWWEG KO elva VKOO va deL Kavelg ot eivon Borel-uetprioweg. OpiCovue to ohokAnpwua Lebesgue

™G f G TPOG TO PETPO 1 G EENG:

[ran= [Retnausi [ menan

ue TV poimdOeon Ot Tar dVO TPAYUATLIKA OLOKANPMUATO 0pLLovToL KoL (VoL Tparyuotikol aptouot.
Tote Méue 6t 1 f etvor oOhoKANpdoLuT Ko yio KaOe Tétolo f LoyveL

| [ rad < [1f1am (13.1)
fj_”du = m, (13.2)

6mov | - | ovpPohriCel to uétpo wyadukot. H deltepn ddTTA Elval TPOPAVIG, EVM YLOL TV TPMOTY
YPAPOVE TO OMOKMPOUA O TTOALKT) LOPPT)

ffdu =e”|ffdﬂ|
ue 6 € [0,2r). Tote

| [ra = [rau= [erau= [Re?pau< [ternau= [1naw 133

a7td To 0moio TPoKVITTEL TO TNTovuevo. H tpitn 1odtnta toyvet yioti Eépovue 6t 10 apLotepd ™G HEAOG
elval Tporypotikog optbudc.

Opwopog 13.1. 'Eotw u pétpo mbavomrag otov (R, Z(R)). Metaoynuatioud Fourier tov u ovoud-
Covpe ) ovvapmnon i : R — C mov opileton wg

Q) = f ™ du(x) = f cos(rx) du(x) + i f sin(zx) du(x)
vio KG0e t € R.
BOeopnua 13.2. Eorw u uétoo mbavornrag orov R. Tote:
(i) a()| < 1 yta kabe t € R.

(ii) p(0) = 1.
(iii) H [1 elvaw ouotouoQpa. Guvexmg.

80
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sfkmwm:jﬁwm:L
mM@=fwwm:L

(iii) Apxel va deiEovpe ot yia kaOe akohovdia (6 )ken 0TOV R pe 6 — 0 woyveL ot

Amodelsn. (1) Tt € R, exovue dtu

|mm=Lfﬁwmm

lim sup |a(t + o) — ()] = 0.

k— oo teR

'‘Eotw 1, € R. Tore,

la(z + &) = (o) = ‘ f (€ — ™) du(x)

— ‘feitX(ei{x _ 1)d/.1(X)
sfMWWAWMFJVmem.

Apa, av (Or)ken €tval undevikn akolovdia, yio k € N éyovue

wpmu+6w—ﬂ0NsthWX—uwA@. (13.4)
teR

Amd to Bewpnua Kuprapymuévng ovykhong, to de&l uéhog g (13.4) teiver oto 0. Twoti B€tovrog
fi(x) = € — 1] yia. k4Oe k € N, éxovue

(o) klim fi(x) = 0 yia x@0e x € R.
B) Ifi(x)] <2 =: g(x) yia. k6Oe x € R.

() fg(x) du(x) =2 < c.

Kau 1oL mpokmter to Tnrovpevo. ]

13.2 XopakTnpLotikés GUVEPTNOELS
Opwopog 13.3. 'Eotw X tuyaio petapint oe ywpo mbavotnrog (Q, F, P) ue tuég otov R. Xapaktny-
pPLoTIK1] ouvapTnen g X Aéue ™) ovvaptnon ¢x : R — C ue
¢x(1) = E(e").

mmmmmmmz@@:meﬁmmmwm:?.
Ipoétaon 13.4. Eorw X, Y tuyaies uetafintés otov (Q, F,P) ue twég otov R kaw a,b € R. Tote yia
kGOe t € R éyovue

(i) ¢x(=1) = ¢x(2),

(ii) pax+p(1) = €™ px(ar)
(iii) Av ou X, Y eivau aveEdotnteg, 1018 dx v (t) = Px(H)dy(2).

Ar6deiEn. (i) ¢x(—1) = E(e %) = E (¢7X) = E(e™) = ¢x(2).

(if) Gaxp(1) = B(e"XHD) = ¢ B(eX) = ey (ar).

(iii) ¢x4y(f) = E(@X*) = E(e™ ™) = E(e™)E(e™) = ¢px()py(t), dmov oy Tpitn 106TNTA X pNOLUO-
momoape v aveEaptota tov X, ¥ kot 1o Oempnua 10.8. [
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210 emOUEVO TTOPADELYUO, VITOAOYIZOVUE TN YOPAKTNPLOTLKY] OUVAPTION TUXOLOV UETARANTOV TOU
aKolovOoUV KamoLa artd TG YVWOTEG KOTAVOUES.

Mopdderype 13.5. (i) 'Eotw X ~ Bin(n, p). Tote, ¢x(t) = (pe'’ + 1 — p)". Mpdyuat,

ox(t) = E(e™) = e"’k(Z)pku -
k=0

= (n)(e”p)" (1-p) ™ =("p+1-py.
k=0 k

(ii) ‘Eoto X ~ Poisson(1), A > 0. Tdte, ¢x(f) = ¢~V [amodeukvietan dpota pe to (i)].

(iii)) 'Eotw X ~ U(-a,a). Tote
@) gy ¢ e R0,

at
1 avit=0.

ox (1) = {

[Mpdrypott, N X €xel mukvoTnTOL

L avxe (—a,a),

2a
0 oavxeR\(-a,a).

Sx(x) = {

Apa, ot # 0, éxovpue

a

bx(t) = E(™) = f oL gy

—a 2a

1 1
= —f cos(tx)dx+i—fsin(tx)dx
2a J_, 2a J_,

3 isin(tx) ¢ 0= i (sin(ta) B sin(—ta)) _ sin(fa)
" 2a t C 2a'\ ¢ t B '

ta
H tétaptn wodtra oyveL yiati €govue oOLOKAPpmUO TEPLTTHG CUVAPTIONG 08 SLAOTIUO OUUE-
TPLKO YVUpw atd 1o 0. T'wa £ = 0, Tpogavag ¢x(0) = 1.

(iv) ‘Eotw X ~ N(0, 1). Téte, ¢x(t) = /2.

O vroloylopudg TG OPAKTNPLOTIKNG CUVAPTNONG OTNV TEPLTTWON CUTI) ELVAL TTLO TEPITTAOKOG.
'Evag tpdmog eival pe xpniomn emyepnudtov amo ™ Miryadikn Avalvorn kou Oa tov dolue oto
Mapaderypa 13.18 g Mapaypdgov 13.6. 'Evag dlrog, Oyt KoL TOC0 TPoQaviig TPOTOGS, Elval O
eng:

. o 1
¢X(t) — E(€IUC) — f ell‘x \/2_€_XZ/2 dx
—co T

1 foo _ 42 2 . 1 0 . —x2 2
— cos(tx)e ™ dx + z—f sin(tx)e™* /% dx
V27T —00 V27T —00

1 foo _ 42 2
— cos(tx)e > /% dx.
V27T —00

H televtaio oot LoYVEL YLOTE 1) OUVAPTNON X > sin(fx)e”
dx (1) elvon TPAYUATIKY), TOPOYOYIoL Kot Loy e Ot

212 glvay weprrey. [TAéov m ouvdptnon

B(t) = \/% [ :(—x) sin(tx)e ™" dx.
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H mopaydylon Katm amd 1o OAOKAPOUo TaLtel dtKotoAdyNnon v omtoio tapaleimovpe. Olo-
KANpOVovTag Kotd Uép, £xovue
1 00
¢() = ———= | tcos(tx)e™ " dx = —1dx(1).

V27 J-co
"Etol kataiiyovue oty ouviiOn drapopikr) eEiowon ¢4 (1) = —tx(1), 1 omola €xet yevikn Mom
dx(t) = Ce™ /2.
Ko epdoov ¢y (0) = 1, éyovpe 61 C = 1. Apa ¢y () = e/,
(v) 'Eotw X ~ N(u, 02). Tote
ox(n) = M5

Ao to Tponyovueva, empdvtag TV Tuxoia uetapint Z = X—;“, éyovue 6t Z ~ N(O, 1) ko

X = 0Z + . Apty ¢x(0) = Goza(t) = €Wy (1) = eMe .

(vi) 'Eotw X ~ Exp(1), 4 > 0. Tote, ¢px(r) = ﬂ%” v k60 t € R. Tlpdyuatt,

ox(t) = E(e"™) = f e e dx
0

00 M
=1 f ST dx = lim A f D qx
0 M—co 0

M

' (= A+in) . eMa+in _ 1
= lim 4 - = lim A———
M—eo —A+it|,  M-oeo —A+it

4
S A-it’

yiatt limy_,e e Me™ = 0 agot) |e™| = 1 xan A > 0.

(vii) 'Eotw X ~ I'(a, 2), ue a, A > 0 otabepéc. Anhadn n X €yxeL mukvotnTo

/la
Sx(x) = @ x*le™ 1 .

Torte, ¢x(t) = (A%”)a yioe KaOe t € R, Avtd 0o mpokOPeL amtd TN 0Y£CT POTOYEVVITPLMV KL
YOPAKTNPLOTLK®OV GUVOPTNoEmV Ttov ektifetar oty [opdypago 13.6 mapakdtm.

13.3 Meraoynuationog Fourier oto R”

‘Eotwn > 1. T x,y € R" ue x = (x1, X2, ..., X%,) KoLy = (y1,¥2, . - ., ¥n), TO OVVNOEG EOMTEPLKS YIVOUEVO
TV X KoL y optleTon mg
n

X, y) = Z XYk

k=1

Opwopog 13.6. 'Eotw u puétpo mbavomrag otov (R”, B(R™")). Metaoynuatieno Fourier tov y ovoud-
Covpe ) ovvapmnon f : R" — C mov opiletan mg

Qu) = f % dp(x) = f cos({u, x)) du(x) + i f sin({u, x) du(x)

yio k00e u € R™.
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Kot og vt Vv mepimtmon 1 ouvaptnon 4 eivol OuoLduopQa GUVEXNG, EXEL ULETPO PPAYUEVO OTTd
1, ko 2(0) = 1.

Opopds 13.7. 'Eotw X tuyoia petafint) oe ympo mbavotnrog (Q, 7, P) ue tuég otov R, Xapa-
KTIPLOTIKT] GUVAPTN O TG X Aéue T ouvaptnon ¢y : R” — C ue

¢x(u) = E(e ).
To avdloyo g [Tpodtaong 13.4 eivor To €ENc.

Ipoétaon 13.8. Eorw X, Y tuyaiss uetafintés orov (Q, F,P) ue tués otov R", A € R™" kau b € R™.
Tote yia kaOe u € R", v € R™ éyovue

(i) ¢x(-u) = px(w),

(ii) $ax+p(v) = Py (AMY).
(iii) Av ou X, Y eivau aveEaotnteg, 1016 dxiy(u) = dx(u)dy(u).
A' givau 0 avdotpogog tov mivaka A.

H antddel&n g mpdtaong agnvetor wg Aoknon.

134 Ozopnuo povadkITNTUS KoL EQAPUROYES

ZINV TOPAYPAPO AVt BaollouaoTe 0To ETOUEVO BEMPNUC, TO OTTOLO EIVOL ATTOPPOLO TOV BEWPNUATOG
uovadLKOTNTOG TOU uetaoynuatiopwol Fourier kat 1 amddel&n tov mopaleimetal yiati Eepevyel amd ta
ool Tov 0Kool wog. O avayvdotng uopel v avalntioel v orodelsn tov o Biiio Avaivong
Fourier v [TiBavottov [.). Oswpnua 14.1 oto ( )]

Oeopnua 13.9 (Gehdpnuo Movadikdétrac). Eotw u,v uétoa mbavornrag otov (R*, B(R")) wote
(a(u) = v(u) yro kGOs u € R". Tote, u = v.

To Oewpnuo petagéper tov éheyyo u(A) = v(A) yua kabe A € B[R") otov a(u) = (u) yio k4O
u € R", mov eival évag éleyyog mavm oe aplduoic.
AvodLatimmon Tov Bewpnuatog eivol To akOAov00o TOPLOWA TO 0TTOL0 APOPA TUYOLES UETAPANTEG.

Iopwona 13.10. Eorw X, Y tvyaics uetafAntéc ue twés otov R, Av ¢x(u) = ¢y(u) yio kabe u € R”,
té1E 01 X, Y éxovv tpv (1 karavour), Sniadi PX = PY.

Am6dsiEn. Emeldn dx(u) = PX (1), ad 1o Oecdpnua povaducdmrag mpokvmtel To Inroduevo. ]

Iopwope 13.11. Eotw X = (X1, X, ..., X,) toyaia uetafinri ue tués otov R". Tore o {Xj: 1 < j<n)

elvou aveEaptntes av kot uovo av gx(uy, Ua, . . ., uy) = dx, (U1)dx, (U2) - - - dx, () YLa ke (uy, uz, . . . , Uy) €
R™
Anddeén. = 'Botw dtLow X1, Xy, ..., X, eivan aveEdpmteg. Tote

dx(ui,uz,...,uy,) = E (eiZle quj) = E(emlxl e eiu"X”)~
Egooov ov X1, X,...,X, elvoan aveEbpmreg, amd mpogavy) yevikevon g Acknong 10.2, ou e™X1,
eXe el Xn glvon aveEapnTeC (Ko TPopovag @payuéves), dpa

E(eiM1X| eiuzXz . eiunX,,) — E(eiulxl ) E(eiung) . E(eiunX,,),

a70 TO 0TTOLO TTPOKVITTEL TO LNTOVUEVO.
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& Amtd v vo0eon, Yo u = (uy, ua, . . ., Uy) EYOVUE

PX(u) = gy () = by, (1), (102) - - - b, (1)
= PX )P (r) -+ P )

= f " dPY (xy) f " AP (xy) - - f e d P (x,)

= f e 0 APY 9P ®. .. @ PX)(x1, X2, . . ., Xn)

- P gPCe. .. @ P ).

ZUVETTMDG, OTTO TO BEMPNUO LOVAILKOTNTAG £XOVUE OTL

P =PV oP*®...09P¥,

to omoto amd v [Tpdtaon 10.12 woodvvapuei pe o Tnrovuevo. ]

Opropog 13.12. 'Eoto X tuyoio petafint) pe tuég oto R Aéue 6t n X €xel CUUUETPLKT] KOTavoun
av X £ —X, dnhadn, yio kibe A € B(R) woyvel P(X € A) = P(-X € A).

HMoapaderypa 13.13. 'Eotw X tuyoio petafint) ue tiuég oto R kal mukvotra f dptio ouvaptnon.
Tote X éxeL ovupetpikn) kotovour|. Ipdyuartt,

P(X € A) = f F(x)dA(x) = f f(=x) dA(x) = f F(x)dA(x) = P(X € —A).
A -A _A

apdderypo Tétolag Tuyaiog petapinmic etvow a X ~ N(0, 0?). ‘Ouwg wo X ~ Exp(2), 4 > 0, dev
EYEL CUUUETPLKT) KOLTOVOUT).

Mopdderypa 13.14. (i) 'Eotw X1, X, ..., X, aveEqpnteg Kou Lodvoueg Tuyaieg HETAPANTEG TETOLEG

(ii)

(iii)

wote X; ~ Bernoulli(p). Av Y = ZX , T0te Y ~ Bin(n, p). Ipdypatt, n yopoKTNPLOTIKY
J=1
ovvapton kabeptog amo TG X; 1oovton ue ¢y, (1) = e'p + 1 — p xan amwd ™y Mpdraon 13.4(iii)
émeton OTL
Py(1) = dx, ()" = (¢"p+ 1 - p)',

OV E(VOL 1) XOPAKTNPLOTIKY ouvaptnorn ¢ Bin(n, p). To Bedpnuo povadikomtog (IMopioua
13.10) diver 6t Y ~ Bin(n, p).

'‘Botw X, Y aveEdptnreg tuyaieg uetapintég tétoleg wote X ~ Poisson(d) kar Y ~ Poisson(u).
Tote yio ™ Z ~ X + Y éyovue 6t Z ~ Poisson(d + p). [pdypatt, Kotapydg mapatnpovue OtL 1
YOPOKTNPLOTLKY] CUVAPTNOTN TG Z elva

$2(t) = dx(Dpy(1) = "DtV = LD,

O1t0V 1) TPOTN LOOTNTA LWoYVEL Yot ot X, Y elvor aveEdptnteg. ZUVETMG, 1 ¢z EIVOL 1] YOPOKTN-
PLOTLKY OUVAPTNOT TG Kotavoung Poisson(d + i), kot amtd 1o Oedpnuo povadikdtnrag 1 Z €xet
Kortavoun] Poisson(A + ).

'Eotw X ~ Bin(n, p) xou Y ~ Bin(m, p) aveEaptnteg tuyaieg uetafintég. Tote nZ = X + Y éyel
Katovour Bin(n + m, p). Avtd mpokimtel e0Ko o ue T ¥PNON YOPAKTNPLOTIKMV CUVAPTHOEMV
N we xpnon wov (i), ovoraplotdvtag g X, ¥ og dfpoopa oveEGPTNTOV TUYaiwy UETABRAMTOV
Kkotavoung Bernoulli(p).
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(iv) 'Botw X ~ N(u, 0?) xou Y ~ N(v, 7%) aveEdptnreg tuyaieg petapintée. Tote, nZ = X + Y €yl
koravou N(u + v, 0 + 7). Avtd Y10t 1 (opaKTpLoTLKY] GVVaPTNoN Tg Z elvol

= = QP G i)
¢2(t) = px(D)py(1) = e ¢ — e ‘

H televtaia ouvépmnon eivol 1 xapakmpLotikty] ouvdpmon g katavouic N(u + v, o2 + 72) Ka
07t0 TO BE®PNUO LOVAILKOTNTAG TTPOKVITTEL TO LNTOVUEVO.

(v) 'Botw X ~ I'(a;, ) xau Y ~ ['(ay, 1) aveEdptnteg tuyaieg petapintég. Tdote, dovkevovrag duoLa
ue ta tponyovueva, detyvovue 6t Z = X + Y éyxer karovoun ['(a; + az, A).

Mo GUVETTELOL 0UTOV TOV OTOTELEOUOTOG EIVOL 1) EENG AVATTOPAOTOON TG KOTAVOUTG YL TETPAYWMVO
ue p aduovg elevbepiag (p € N*). Avor Yy, Ys,..., Y, elvaw aveEaptnteg Tuyaieg uetafAnTég ue
katovour N(0O, 1), tote 1

X:=Y[+YV;+...+Y;

éxel koravoun 2. YmevOuuitovue ot y2 elvon 1 korovouny I'(Z, 1.
wn Xy, weovu » n wm 13,3

T v amddelEn ovtol Tov LoYVPLoUoY, dEYVOUUE UE TN YVOOTY TEXVIKY 0O TG OTOLYEUNDELG
mOavdmTeg 61L av ¥ ~ N(0, 1), té1e 1 Y2 ~ F(%, %) (meplmTmon p = 1 Tov woyvpLopov). 'Emerta
epapudlovue To atoTéleoua Tov delEape Yior AOPOLOUO OVEEGPTNTOV TUY AWV UETABANTOV TTOV

éyxouv Katavour) Fauua pe ko) mapduetpo khipokog A.

13.5 Pomoyevvitpleg

[N wo tuyaio petofint X pe tuég oto [—oo, o] 1 poroyevvijTpLd TG elval 1) ouvaptnon My : R —
[0, eo] pe
Mx (1) = E(e').

H My o¢ uéon tun Oetikng tuyoiog petofintg opiletan yio ka0e t € R, amhmg eVOEYETAL O KATTOLO
t va saipveL Ty T oo, Av 1) X maipver tuég oto [0, oo] (avtiotouyo oto [—co,0]), tote ) My eivan
memepaouévn yia ka0e ¢ < 0 (avtiotowya, yio Kabe ¢t > 0), ko paioto My(t) < 1 yuo ekeivo to
t. Tlavrote Mx(0) = 1, evdy 10 dedouévo Mx(t) < oo yior KGmowo t # 0 €xeL XP1OLUEG OUVETELEG.
Kataypagouue pia amd avtég oto emduevo Muua (Agg exiong v Aoknomn 6.5).

Ao 13.15. (i) Av e > 0 kaw Mx(g) < oo, 1618 Mx(t) < 00 yiax kGOe t € [0, &] kaw E(X)*) < 00 p1ax
KGOe k € N.
(ii) Av & > 0 kaw Mx(—¢) < oo, TéTE Mx(f) < 00 Y1 kGOe t € [—&,0] kaw E(X™)*) < 00 p1ar ké0e k € N.

Amédeén. ()Tt € [0, g] éxovue eX < X +1 (maipvouue Tig meputtdoeig X(w) > 0 ko X(w) < 0), dpa
Myx(1) < co. 'Emerta, méh maipvovtog meputtaioelg, éxovue 0 < ef(XHF < k! e xau to ovumépaoua
ETETOL.

(i1) ‘Opora dtwg oto uépog (i). ]

To Mjupa ovvertdyetan 0tL to Dy = {t € R : Mx(f) < oo} eivan éva dudotnua tov mepiéyet to 0. 2
yewpoTepn mepimtmon eivan to {0}. Emiong, av n X eivon tuyaio petopint) e E(X7) = E(X*) = oo, 10
Muua dtver 6t Dy = {0}. Mopdderypa tétotag Tuyaiog petafinmg eivor  Cauchy (Iapaderypa 7.9),
evo Kaw ahheg Tuyoieg uetafintéc ue Dy = {0} divery Aoknon 13.5. 'Oleg avtég oL Tuyoieg LeTafAnTég
EYOVV TNV QL0 POTTOYEVVNTPLO ALG OLOLPOPETLKT KOTOVOUT]. Apa 1) POTTOYEVVITPLA OEV YOopAKTNPLLEL
TNV KOTOVOUT WLOG TUYOLOG UETAPANTNG, OEV TNV KWOLKOTTOLEL.

MeketoUpue TP TNV TTEPLTTWON TOV TO Dy TTEPLEYEL VAL AVOLYTO dLAOTNUA (—&, €) YUpw 07t0 TO 0.

Ipoétaon 13.16. Av vrdoye € > 0 dote Mx(—¢g), Mx(g) < oo, TOTE

(i) Mx(t) < oo yra ke t € [—¢, €].
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(ii) E(IX[F) < oo yia kGOe k € N,

(iii) H My avaidetau 6 Suvauocelod wg

(o)

E(X*
My@= % # (13.5)
k=0 '

UE aKTive, 6UYKAGNS TOVAQYLGTOV E.
(iv) EX*) = MP(0) yia k60e k € N.
AmbdeEn. (1) 'Emetan amd to wponyovuevo Mupo.
(ii) '‘Emeton amd 1o mponyotpevo Mjupo ko to ot [X[F = (XK + (XHE.
(iii) Twa t € (—¢, &) &govue

¢ o [ *X* — FE(XY)
mno-e(3 5 - S e(Gr) - 2

k=0 k=0 k=0

H evalhayn ohokdnpouatog kot adpoiouatog émetol amd to Oewpnua Fubini (epapuoouévo ota uétpa
P, aplOuntiko pétpo oto N) yioti

!
k!

o [th Xk IX| X X
EZ = E(™) < E(e™™) + E(e™¥) < oo.
(iv) 'Emeton st o (iii) ko ) Oewpilo Tov dSuvapooepav. [

I vo Bupdron kaveic tov Tomo E(XF) = Mgf)(O) ypnowun eivar 1 &g «amddelErp tov. StV
Mx(t) = E(e') mapaywyifovue k gopéc Kau maipvouue

MP (@) = E(xke™). (13.6)

AnhodT) epvape v mapaywyo wéoa amd ™ uéon ). To ot owtd eivor omotd amodetkvieTal pue
¥PNON Tou BewPNUATOC KUpLopynuévng olyKALong, oG To apaieimovue (1 aodel&n otav k = 1
dtvetar oto Afupa 17.7). 'Erterta 0étovpe t = 0 oty (13.6).

AvTutapaffaALOvUE TN XOLPOKTPLOTLKY GUVAPTION UE TN POTTOYEVVIHTPLO OGS TUY A0S UETOPANTIG.
Ipagovue (+) 0T TPOTEPNUATA KOL (—) OTO EAATTMOUATO.

H yapaktplotikn ovuvaptnon:
(i) Elvou mavtote memepoouévog aptduog. (+)
(ii) O VTOAOYLOWOG TNG EVOEYETOL VA EWTAEKEL OLOKANPDOUOATO (ILYOILKDV GUVOPTNOEMV. (—)

(iii) XopaktpiCel v kotavoun g X. Avo tuyaieg LeTOPANTEG UE LOLOL Y OPAKTNPLOTLKY] OVVAPTNON
éxovv ™V dwa Katavoun (Ilopiopa 13.10). (+)

H pomoyevvitpia:
(1) Evdéyetoun va mapet v tiun co. ()
(ii) O vroroyLopudg TG eumiékel ohokAnpmuata 1 abpotouato oto R. (+)

(iii) Tevikd, dev yopaxtnpilel Ty katavoun ™e X. AVo Tuyoiec UETAPANTEG EVOEXETOL VO £XOUV TV
1O portoyevvitpLlo. alhd dLopopeTikt) Kartavour). (—)

(iv) H vmo0eon Mx(t) < oo yo kamowo ¢t # 0 diver winpogopieg yio ) X (.., Aquua 13.15 ko
Aoxnon 6.5). (+)
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13.6 XapakTNPLoTIKES GUVEPTIGELS LECH POTOYEVVIITPLOV

'Exovtog vtohoyioel Kaveig v pomoyevvijtpia My tg X eivol 0eAeaoTikd va Tpootab|oeL Vo uIto-
LOYLOEL T1) LOPOKTNPLOTLKY) OUVAPTION WG

ox(1) = E(e™) = My(in).

‘Eva tpadTo mtpofinua eivar 6t to ovupforo My(it) dev €xel vomuo agpov 1 My €yl medio opLopov To
R. Ag 10 mapaprépouvue. H 1déa eivan vo Bpovpe vav 0o yia T My 0TOV 0TT0L0 VO WTOPECOVIE VL
Balovue Omov ¢ to it. Kau éxovue mopadeiypota mov avtd dovkevel. ILy. omv mepimtwon mov X
akohoVOEl KATTOLO KAVOVLKY) 1] EKOETIKY KaTavouy).

Ag dovpe T yivetaw av n X ~ N(0, 1). Bpiokouvue dtu Mx(f) = e'/2. Baovtag 6mov £ 10 it Bplokovpue
e™12 tov elvar 0 mOTOE THTOC YLOL TN XAPAKTNPLOTLKY ouvdpTnon T X. Elvar Suvatdv dpwg va met
Kavel 6t My(r) = e/2 yia k40 1 € R ko 1) avikatdotaon ¢ — ir divew e’ /2, mov elvon AéBog. Tu
KoAUTepo €yel o Thmog e /2 amd tov e/,

IMpétaon 13.17. Eotw X moayuatiki) tvyaia ustoafinti ue gomoyevvijtore My. YmoOérovue ot1
vragyet € > 0 wote

(i) H My eivau memwepaocuevn 6to (—¢, €).

(ii) Ymaoyer avaivtikr cvvagtnon h : {z € C : |Re(z)| < €} = C wote 10 6vvoio {t € R : Mx(t) = h(1t)}
va ExeL onuElo GVGEMEEVONS 6TO (—&, €).

Tote ¢px(t) = h(it) yra kabe t € R.

Anddeln. 'Eotw A, := {z € C : |Re(z)| < &}. Oétovue g : A, — C e g(z) := E(e¥) yio. xd0e 7 € A,.
Isxrpizmoz: H g elvau kaké opropévn! kar avaivtiky oto A,.

Emed [e¥X] = eXRe xar E(e*Re%) < 0o amd mv vwd0eon (i), émeton 611 1 g elvon kakd opropévn. Topa

v zo € Ag xau z € C e [z] < & — | Re(zp)| toyler

{X kpz0X }

© g
} = Z Tzk. (13.7)

k=0

g(Zo +27) = E(eZoXer) -E {ezoX Z (zX)
= K

Xperaletor dikaoloynon uovo 1 tedevtaio ootnTo. Anhadny 1 alhayr] oelpdc UEong Tung Kot
aBpotong. Avto émeton amd to Bempnuo Fubini oot

([5 )

k=0

k
ox @X) ‘} -E { eRe(zo)X+|zX|} < E(eMEH Ry < o
k! B '

To 6t 1 TelevTaio TOGOTNTA ELVOL TETEPAOUEVT) EmETOL ALTTO TO OTL 7] + | Re(zp)| < € ko v vobeon (i).
Edm Mourov eivar kpiowun M vitdbeon otL ) My eivan memepaouévn oto (—¢, ). Emiong ovumepaivovue
ot oto ekl uéhog g (13.7) éxouvpe wLa SUVOHOOELPG TOV Z UE TTETEPAOUEVOUG OUVTEAEOTEG 1) OTTOLAL
ovyKAiver ool M g(zo + z) elvan temepaouéve). 'Emetal 0tL 1 g avaleTon og SUVOUOCELPA e KEVTPO 2
Ko aktivo oUykiiong Toukaylotov € — |Re(z)| > 0, mpdrypa mov amodelkviEL TOV LoYUPLOUO.

A6 v vroOeon (ii) To 0VVOLO TV oNUELMV TTOV LoYVEL g(2) = h(Z) €YEL ONUELD CLVCOMPEVONG OTO
(—&,8) C A, At ™V apyf] AVOAVTIKNG CUVEXLONG OL CUVAPTNOELS 1, g TavTiCovTol 0to A.. Apa, Yo
teR,

ox(1) = g(ir) = h(ir)

aov it € A,. ]

ITo kahd opropévn onpaiver dm 1) péon T umopel va opiotel kau eivar ototyeio tov C. Aev eugavieton Kémota wopgi} oo — co.



13.7 ABpotoua aveEdotntwv tvuyaiowv uetafintav 89

Emotpégoviac ot ovtimon spw v mpdtaon, to mpdpinua ue v 472 elvar dm dev elvan
avaluTtikn ouvaptnon (ovte Kav og éva onueio tov C). 'Etol dev umopet va mai&el tov pdro g A mmov
aVOpEPEL 1] TPOTAOT).

Mapaderyna 13.18. () Mua X ~ N(0, 1) éyer poroyevvijtpua My (1) = /2 yia kéOe t € R. H My efvou
oapde Temepaouévn oe mepwoyt] Tov 0. H ouvdpmon h : C — C ue h(z) = /2 yio kébe z € C elvar
avalvtikn og 0ho to C kou ovugovel pe ™ My oto R (Elvar 1 pévn avalutikn) mov 10 KAVeEL auTo).
Apa 1 Ipdraon 13.17 egapudtetan kow diver ot dx (1) = h(ir) = e/? yua k4Oe ¢ € R.

(i1) Mo X ~ Exp(2) (1 > 0) €yeL pomoyevviTpLo

A avr<A,

Mx (1) = {A_t
co avtx>A.

H My eivon memepaouévn omv mepoyr| (-4, 1) tov 0. H ovvapon A : C{2} — C e h(z) = /(1 - 2)
elval avalvTiky oto medlo opLopov ™G [To omolo mepLEyeL pot Aopida T nopgng {z : |Re(z)| < &} ue
e >0, my. puee = A.] ko ovupwvel ue ™ My oto (—oo, ). Apa ) [pdtaon 13.17 epapuodletal Ko
divel OTL ¢x (1) = h(it) = /(A — it) Yo KGOe ¢ € R.

Svvémera g 0modelEng g [Mpdtaong 13.17 eivar to €€ng Bedpnuo LOVadLKOTNTOG YL POTOYEV-
VITPLEG.
BOeopnuo 13.19 (Oempnua LOVadLKOTNTAG YIo. portoyevvnTples). Eotw X, Y tuvyaies uetafAntés ue
Tés otov R, Av
(i) vaoyet € > 0 wote My, My eivar memegaouéves oto (—¢&, €) Kat
(ii) Mx(t) = My(t) yia kGOs t € (—&, &),
t61e 0L X, Y éyovv mpv (St karavousj, oniadi PX = PY.
Anddeén. H vmobeon (1) xau n amddelEn g Mpdtaong 13.17 divouv o6t ov ovvaptioelg g(z) =
E(e*), h(z) = E(e?Y) elvan avaivtikéc 010 A, = {z € C : |Re(z)| < £}. H vd0=on (ii) kow n apyr) avaiv-
TUKNG OUVEYLOTG OlVOUV OTLOL g, i TavTiCovTaL 0To A.. Apayiat € R, éxovue oy (1) = g(it) = h(it) = ¢y(2).
To ovumépaoua éretal oo to [oproua 13.10 (Bempnua LOVOSIKOTNTAG YLO XOPAKTNPLOTIKES CUVOP-
TIHOELS). ]

[pooéEte 6TL TO TTPONyohueVO Bedpnua Tntdel ov poroyevvitpleg Twv X, Y va tovtifovion og po
stepLoy Tov 0 (Ko va elvol TETEPUOUEVEG OE QUTNV), EVMD TO OEMPNUO LOVOILKOTNTOG YLOL XOPAKTNPL-
otkég ovvaptioelg (TTopiopa 13.10) Tnrael Taitior Tovg o 6ho to R. Taltion Tov xopaKTHpLoTLKOV
oe mepLoy1) Tov 0 dev apKel yua va SDOEL LodTNTA TOV KATOVOUDV. AvTmopodelypota divovtal otnv
Mopdypago 20 Tov Kegparaiov XV tov ( ).

13.7 'AOpoioua aveEdpTNTOV TUYALIOV HETARINTOV

Opropog 13.20. 'Eotw y, v pétpo mbovotnrag oto R, ZuvéMEN twv u, v Aéue to uétpo mbavotnrag
u * v oto R wov opileton wg e&g:

15 A) = f f 14x +) dux) dv()

vio K40e A € B(R).

Mopatiypnon 13.21. EVkola frémovpe 6t 1) OLVEMEN elvan oupueTpLky), dNAadn u*v = v u. Emiong,
Loy VEL OTL

pxv(A) = f f Lia-y(x) du(x) dv(y) = f HA = y)dv(y) = f V(A = x) du(x).
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Ocopnue 13.22. Eorw X,Y avefhornres tvyaiss uetapintéc ue tués oto R xaw karavouée PX,PY
avtictorya. Tére PXHY = PX «PY.

AméoeEn. Epdoov ou X, Y elvan aveEdptteg, 1 katavour ™mg (X, Y) eivar o pérpo ywouevo PX @ PY
otov R? (TTpdtaon 10.12). Ta A € B(R) éxovue

P*Y(A) =P(X +Y € A) = E{1,(X + )}
. f 1y(x +y) d(PX ©PV)(x,y) = f f 1y(x + ) dPX () dPY(y)
=PX«PY(A).

Zmv TpdT LWoOTNTO TG deVTEPNG Ypauuns xpnowomomjoaue v Ipdtaon 7.2 yia ) cuvdptnon
g:R? -5 Rue g(x,y) = 14(x + y) kou v toyaio petapinmi (X, Y). [

Oeopnua 13.23. Eotw X, Y avebagrnres tvyaics uetafintés ue tués oto R kaw Z = X + Y. Tore:

(i) Av n X éqel murvotnra fx, 10t ) Z Exel TUKVOTNTO KO UL TETOLAL Elvan 1)

) = f = dP ()

ya kaBe z € R.

(ii) Av or X, Y éyovv avtiotoyya mukvotntes fx, fy, TOTE

f2(2) = f Sx@=yfr(y)dy = f Sx(x0)fr(z — x)dx

yo kabe 7 € R eivow mukvornra g Z.

Andoen. (i) 'Eotw A € B(R). Tote, 0o to Oswpnua 13.22,

P(ZGA)=fPX(A—y)dPY(y)=ff fx(x)dxd P (y)
A-y

= f f Felz—y)dzd PY(y) = fA f Fez - y) AP () dz,
A

dpan fz(z) = ffx(z —y)dPY(y) eivar mukvémTa ™G Z.

(ii) 'Eotw z € R. Tdte, amd 1o (i) kou v [Ipdtaon 7.8, éxovue

f2(2) = ffx(z—y)dPY(y) = ffx(z—y)fy(y)dy-

H deltepn 00T TA 0TV EKQOVNOT TPOKVITTEL UE PLoL oTth) adAdoryn) LeTaBANTNG. ]

To mponyoluevo BemPNUO CUUTAPDVEL TNV TEYVLKY] TTPOTOLOPLOUOT KaTavoug adpolonatog o
etdape oto IMoapaderyua 13.14. To Oempnua eivor xpNolo dtav 1 YOPOKTNPLOTLKY] CUVAPTION TOU
aBpolouatog dev eival KAIToLa aItd TIG YVWOTES YOPOKTNPLOTIKEG CUVOPTIOELS. Mo TETOLO TTEPLTTTMON
mepLypageton otnv Aoknon 13.14.

Aoknoelg

13.1 Noa deiy0et ot LoyveL 1 wodtTa oty (13.1) av kow pwdvo av vdpyel a € R této0 wote f(x) = |f(x)le u-oyeddv
TaVTOU 0TO Q.
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13.2 "Eotw 6t yio tv tuyoia petafint X ue tiuég oto R ko éva 1y # 0 woyvel [@x(fo)] = 1. No deiybel dtL vmdpyer
a € R wote pe mbavomra 1 n X vo aipver Tég oto {a + k(2r/ty) : k € Z}. Av ¢x(tp) = 1, tOtE Pwopovue va Tdpovpie
a=0.

13.3 'Eotw X tuyaio petafint) pe tpég oto R dote E[X| < co. Na dewyBei 0t ¢y eivor mapaywyiown oto R kot
¢%(0) = i E(X).
[TrddeIEn: Ochpnua KupLapymuéving ovykiong.]

13.4 'Eotow X ~ I'(a, 2). No dewyOet 6t 1 X €xgL xopaKTnpLotk] ouvaptnon

_
(-1

Px(1) =

yio KGOe ¢ € R.

13.5 'Eotw a > 0 kaw X tuyaia petafint) pe mukvotnta

Jfx) =

[x[>1-

2| |a+1
Na dewyBei dtL My(f) = oo yio kébe ¢t # 0.

13.6 'Eotw X tuyaia petafint pe xatovoun N(0, 1) kar Y := . Na dewy0si 611
(o) E(Y*) < 00 yia k640¢ k € N.

(B) My(t) < co av koL povo av t < 0.

13.7 'Eotw X tuyaia petafint ue tuég oto R. No dei&ete 0t 1 X €xel ovppetpikr) katavour] (dnhadn X 4 -X) av
KoL wovo av ¢x(u) € R yia ka0e u € R.

13.8 'Eotw X, Y aveEdptnteg Kau todvoueg Tuyaieg uetafAntég ue tuég oto R. Na deiEete 6t X — Y éxel cuppetpik
KoTavous).

13.9 Aépe 6 1 tuxaio petafint) X €xer katavour) Cauchy av éyxer mukvotnta f(x) = x € R. Gewpolue

7r(l+x2) ’
YVWoTo yLoL aut TV doknon 6t ¢x(u) = e yio ka0e u € R. Na dei€ete 611
(o) Av X, Y ~ Cauchy aveEdptnteg, tote M ~ Cauchy.

X1+ Xo+...+X,
n

B) Av X1, X5, ..., X, ~ Cauchy avs%apmtsg, T01€ ~ Cauchy.

13.10 'Eotw a € (0,2]. Eivar yvwotd i vdpyel Tuxaio uetafinm) X pe xoapaktmpLlotiky) ouvépmon my ¢x(t) = e
vio KGOe t € R. 'Eotw twpa n Oetikdg axéporog ko X1, Xo, ..., X, aveEGptnteg Kau todvoueg tuyoieg netofAntég

KaBepio pe katovoun v idra ue ovtv tg X. Noa deryfet ot Xy + Xp +--- + X, 2 n'/ex;.

13.11 'Eotw (X,)n>1 aveEdptnteg Kou Llo6voueg tuyaieg uetofintéc ue P(X; = —1) = P(X; = 1) = 1/2. Na derybsi 6T
n oepd .7, }zi ovyKkAivel pe mbavomto 1 oe pa tuyalo petaAnT pe Katovour) v opotopopen oto (=1, 1).
Znueiwon: Evolhoktik) Stothmwor autol Tou artoteAéopatog eival 0Tt ov ot (X,),s1 Eivar aveEApTNTEG LOOVOUES KoL
Kabepio £yel v opotdpopen katavoun oto {0, 1}, Tote 1 oelpd ovykhiver oyedov BEPoLa oe o Tuyoio HeTofANTY e
Katavour tv opotduopen oto (0, 1).

13.12 'Eotw X tuyoaio petafinm 6mmg oty Aoknon 13.5 pe a € (0,2). Na dewyBei dtuL vdpyel otabepd C(a) € (0, )
mOoTe

i L £20

lim = C(a). (13.8)
13.13* 'Eoto X tuyaia uetofinmi pe mokvémra f(x) = x> 1s1. No dey0el d yia ké0e t € [—1, 1] woyde

lox(t) — 1 — * log ||| < 37°. (13.9)
13.14 'Eotw X, Y ~ U(0, 1) aveEqpnteg tuyaieg uetofintéc. Na dei&ete 6t Z = X + Y éyer mukvomta

Z avze (0,1],
f20=492-z avze(l,2),
0 avz e R\ (0,2).
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2V Topaypopo auty) 0o peletnoovue po 0o0evesTePT), atd 00eg £XOUUE OEL MG TWPO, UOPEPY
ovyKlong, ) oUykion katd katovouy. Oa Bewproovue pétpa mbavotntoag oto R ko tuyoieg
UETAPANTEG e TLueG 0to R.

Opwopog 14.1. 'Eoto p, (u,)n>1 pétpa mbavdtmrag oto R. Aéue 6t 1 (4,)n>1 OVYKALVEL 060EVOS 0TO
oV
Mn((—=00, x]) = p((—00, x]) (14.1)

Kabwg n — oo yio kabe x € R tétoro dote p({x}) = 0. [phgpovue toTe 1y = p.

To xotd Kotavoun 6pLo wog akolovdiog UETPWVY OV CUYKAIVEL KOTA KOTAvVou] €ival LovadLKo.
INatt av n akolovBio ovykiver oe dV0 UETPA K, v, TOTE OL CUVOPTIOELG KATAVOUNG TOVG Elval (0€g
oto {x € R : u({x}) = v({x}) = 0} to omoio €xeL aplOuUNoLLO CVWTAP®UA (TO dELYVOUUE UE XPNON TNG
Aoknong 2.5), apa eivow mukvo. Kou emeldn o ovvaptioelg katovoung eivar deEud ovveyeic, émeton
ot Loovvtat o€ 0ho to R. "Etot, to Oempnua 4.10 diver OtL p = v.

Opwopnog 14.2. 'Eoto (X,),s1, X tuyaiec petofinteg pue tpuég oto R. Aéue 0t (X,),>1 ovykdiver katd
kazavour) ot X KoL ypagpovue!

X, = XHX, S XhX, 5 X,
av 1 axorovdio katavoudv (PX1),5; tov X, ovykhiver ao0evirg oty katavow PX e X.

To 7o Tavw oy OO YLOL TN LOVAILKOTNTO TOV 0PIOV KOTA KOTOVOUT), LE OPOVS TUY AWV UETAPANTMV,
AéeL 0T, av 1 (X,)n>1 OvyKAivel kKotd Katovoun og dvo tuyaieg netapintég X, Y, tote ou X, Y €gouvv tv
(Ol KaTovoun).

Oeopnua 14.3. Eotw (X,),s1, X onws 6tov Ogioud 14.2. Téte X, = X av kat uévo av
Fx,(x) = Fx(x)
kabwgs n — oo yia kabe x € R tétoto wote Fx(x) = Fx(x—), dniadn via kGOes onueio ovvéyetag tng Fy.

AmédeiEn. Tpoxvmtel omd Tov OpLopd 14.1, Tov oplopd g ouvapTong kKatavouc, ko to ot PX({x}) =
P(X = x) = Fx(x) — Fx(x—) yia xa0e x € R. [

Mua ouvaptnon koatavoung F éxel aplbunoo minbog onueiov aocvvéyetog (Aoknon 4.1). Anhadn
oVTa TOL onueta elvae AMya. Ze omolodnmote ddoTNUo OETIKOU UNKOUG UTOPOVUE Va. BPOVUE ONUELD
ovvéyelag g F.

HMapatypnon 14.4. (i) Ztov Oproud 14.2, ou X, {X,, : n > 1}, dev elvow amwapaitnto va opilovrol otov
1010 ywpo mbavotnrog. Kabe pia opileton og ympo mbavottog (Q,, F,, P,) xaw n X og yopo
mOavotrog (Q, F, P). Avtd 0a dnuovpyovoe mpdpfinua av OEhaue vo Bemproovue ) drapopd
X, (w) — X(w).

1d gz to distribution, kau .2 amd 1o law.

92
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(ii) Avou{X, :n > 1} xou X opilovtor otov idLo ympo mhavotntog £xel vomua va eEeTdoovpe TG M
oUYKALOT KaTA KaTovou ouvoéetal ue to. vohowma €601 ovykiong mov eidaue oto Kepdhato
8 (oyedov BéPaur, otov L7, katd mbavotnta). To Oswpnua 14.13 mo Kdtw agpopd autd 10
EPWTNUOL.

Mopaderyua 14.5. 'Eoto (p,).>1 akolovBia oto (0, 1) étor wote p, — 0 Kot (X,,),>1 okolovbia Tuyoimv
uetapAnTov étol wote X, ~ Feopetpikn(p,) yio kabe n > 1. Oo deiEovue 6T

ann = Xs

omov X tuyaio petapint pe kotovow| Exp(l).
H Fx eivon ouveync oto R. Zvykekpuuéva, Exovue ot

L, 0 ov x <0,
Fx(x) = ¢ 1o ds = l-e* avx>0

INo x <0,
Fan,,(x) = P(ann < 0) = 0’

aoV p, > 0xon X, > 1. Tl x > 0,

Fpx,(x) = P(Xn < i) =1 —P(X,, > i)
n Pn

=1 —P(Xn > [i]) = 1= (1= pplil,
Pn
eqdoov yia Y ~ Teouetpikii(p) woyber P(Y > k) = (1 — p)*~1. Topo mapatmpovue 61t
(1- pn)[l’ﬂ = ol L

yion — oo. Apa, F) x (x) = 1 —e . Amod 10 Oempnuo 14.3 émeton o Tnrovuevo.

[Mapatnprote OtL 1) Tvyaio petafint X, maipver tuég oto N* xou apa m p,X, oto p,N*, to omolo
glvar éva ovvolo mov amlwvetat 0to [0, c0) pe 6ho Kot o TuKvo Tpdmo kobwg n — co. Katd wa
€VVOLOL, OUTO TO GVVOLO GUYKALVEL 0To [0, 00), TO 0TTOLO ELVaL TO OTHPLYUO THG KoTtovoung e X.

Mopaderypa 14.6. 'Eotw (X,),>1 okolovbia. aveEdptNTmy KoL LlOOVOU®V TUXaimV UETAPANTOV 1e
KoOeuia vo akolovOel v ekbetikn Katavoun ue mopauetpo 1. T xdbe n > 1 Oetikd axépoaro,
Oétovpe W, := max{Xy, Xs, ..., X,} kaw Z, := W, — log n. Oa. deiEovue ot

W, —-logn =27 (14.2)

dmov Z elvan tuyaia petapnmi ue cuvépmon katovoung Fz(f) := e~ (t € R).
H Fz eivon ovveyng oto R. 'Eotm howtdv ¢ € R. T n > e~ éyovue

Fw,_10gn(t) := P(W, —logn < 1) = P(max{X;, X,,...,X,} <t +logn)
=PX, <t+logn,...,X, <t+logn)

—t\"
=P(X; <t+logn)" = (1 — e lognyr = (1 - e—) .
n

2NV TETAPTI LOOTNTO YPNoLoooue OtL oL X; elvar oveEQPTNTEC KoL LOOVOUES. ZTNV JTEUTTN L-
oomta Ot ¢t + logn > 0 xou 0Tt 1 X; axorovOel v exOetiky] Katavour| pue mopduetpo 1. Apa
limy, 00 F'w,-10g n(1) = e~ = Fz(f) yio k40e t € R, mov ammodetkviet To INtoduevo.

Avutd mov pag Aéer 1 ovykhon (14.2) eivar 6t to péyloto n aveEdptnTov ekfeTik®v TuXaimV
uetapfintov ue mopduetpo 1 eivar g 1aENg tou logn. Anhady| wovtal pe logn ovv wa dtopOwon
70V givon TePLITov o Tuyoio ueta ANt 0mwg 1 Z. Avti 1 dtopOwon dev allalel Ty TAEN neyéboug,
v, .., pe mbavdtra 0.95 woyvel |Z] < 3 (vohoyilovue P(IZ] < 3) = Fz(3)—Fz(-3-) = e —e“"}).
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HMapatypnon 14.7. [lookataveunuéveg tuyaieg petafintéc.] Zvveyitovtag amd v Hapatipnon 7.4,
OTO TTPONYOUUEVO TTapddeLyua, apol oleg oL X1, X, ..., X, €éxovv v (dia katavoun ue ™ Xi, yiott
OTNV TOOOTNTA
P(X; <t+logn,...,X, <t+logn)

dev aviikoOiotovue Oheg Tig Tuyaieg netapintéc pue ™ X;; Kouw tote ) moodtto Oa yvotav P(X; <
t + logn). Autd BéPata dev eivar omoTo Kau dev umopel va dtkoaroroynOet pe xpnon g [potaong 7.2
YLOLTL, YLoL VoL ELVaL 1) X PN ON TNG 0woTY), Oa émperte Ta dvo Saviouara (X, Xa, . .., X,) ko (X1, X4, ..., X1)
vaL £XouV TV (810 KaTavou, ITPpAyUo To 0TTolo deV Loy VEL.
‘Otav Oumg Ue xP1o1 TG AVEEUPTNOLAG YPOPOUUE TV TTLO TAV® TOAVOTITO 1G

P(X; <t+logn)---P(X, <t+logn),

toTE KAOE Opog Tov Yivouévou woovtan pe P(X; < 7 + logn) emeldr) kabe pulo amd tg X; éxel v da
Katavour) pe m Xi.

[ty avasttugn g Oewpiag eivar 7o Bolkd avti va dovletovue pe Tov optopnd e acdevoig ov-
YKALONG VO PN OLUOTTOLOVUE TOV XAPAKTNPLOUS TG TTov divetol amd to enduevo Bempnuo. H amddelEn
tov diveton oto IMapdptnua B

Oeopnua 14.8. Eotw p, (1,)ns1 uétoa mbavornrag oto R. Tote w, = 1 av ko uoévo av

f J () dpn(x) — f J(x) du(x) (14.3)

yo kabe [ R — R ovveyn kaw poayuévn.
To idto Bedpnua, ue OPOVG TUYALMV UETAPANTOV, YPAPETAL WG EENG.
Oeopnua 14.9. Eotw X, (X,)us1 tvxaics uetafintés ue tués oto R. Tote X, = X av kat uévo av

E{f(X,)} = E{f(X)} (14.4)
v kabe [ R — R ovveyn kaw poayuévn.

Mo avaivtkd, éxovue (Q, F,P), (Q,, Fu. P,), n > 1 yopoug mbovottog Kow Tuyoieg LetofAntég
X:Q->RX,:Q, > Ry kdbe n > 1. H péon tyur) oto apotepd pnéhog g (14.4) eivan wg mpog to
uétpo P, evdd oto 8eEi wg mpog to uétpo P.

To mponyoluevo Bedpnua givor TeEPLOOHTEPO XPNOLWO YL TNV ATTOSEEN OewPNTIKMOV aToTENE-
oudTmV Kar Oyl Yo atodeielg ovykMong Kotd Katavow] akolovBimv Tuyaimv UetafANTdv o
eupavitovrol ovyva. Mio amtd tig eEapéoeig ivor 1 akolovo).

HMopdderypa 14.10. 'Eoto (X,),>1 axorovBia tuyoimv petofintdv mote X, vo eivor ouotduopen
draxprt oto ovvoro {1,2,...,n}. Oa deiEovue OTL

1
n

KoOwg n — o0, 6mtov U ~ U(0, 1).
INa f: R — R ovveyr) Ko @poryuévn Ko n — oo £ovue

E{r(22)) = ZP(Xn ~or(5) =1 ;f(f) - [ s =wyw)

H ovyxhion woyter yioti €govue éva aBpotouo Riemann ywo v f oto [0, 1]. H tehevtaio oot 1oy vEL
yioti n U elyer mukvotnra 1 .

H ovyxhon (14.5) eivor avopevouevn agot 1 katavoun ™g X, /n diver udlo 1/n oe kaOéva amd ta
onuelo {1/n,2/n,...,n/n}. H udla woopolpaletar Ko teMKkd, kabmg n — o0, KA VIToddoTno Tov
[0, 1] matpver pala avaioyn Tpog to uéyebog Tov.
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Atvovue okOuN Evay YopokTNPLoUO TG 0.o0evolg oUYKALONG. AUTOg ELVOL Y PNOLUOG OTLG EPOPUOYEG.
Oenpnua 14.11. Eotw u, (u,)n>1 uéroa mbavornrag oro R. Tote ta €Enjg eivan teodvvaua
(i) pn = .
(ii) T kGO A € BR) ue u(0A) = 0 woyvet

lim 42,(A) = pu(A).

Amodelén. (i) = (). Avty 1 katevOvvor eivan VKA. Av to x € R eivor onuelo pe u({x}) = 0, tote
epapuolovtag Ty vtobeon yia 1o oUvoho A = (—oo, x], To omoto €xel 0A = {x}, maipvouue v (14.1),
7OV €lvol To {nrovuevo.

(i) = (ii). Alvetou oto IMapdptua B [

Augor GUVETELD. TOV TTPOTYOVUUEVOL BEmPNUaTog eivar 0 €ENg eVOMAKTIKOG X apaKTNPLOUAS YLOL TH)
oUYKAOT KaTd Kotavoun).

Oeopnua 14.12. Eotw X, (X,).>1 Tuyaiss ustafintés onws oto Ocwonua 14.9. Téte ta g sivow
teodvvaua.

(i) X, = X
(ii) I k&0 A € BR) ue P(X € 0A) = 0 woyve
lim P,(X, € A) = P(X € A).
To emduevo Bempnua deiyvel OTL 1) oVYKAON KaTd Katavour| eivol 1) acOevéaTtepr wopen oVyKALong
TUY ALV PETOPIMTOV atd GoEG €xouue dEL WG TWPOL.

Oenpnua 14.13. Eorw (Q, F,P) ywooc mbaviérnrag ko (X,)ns1, X tuyaies uetafAntés ootouéves oe

/7 ’ P /’
avtov kou ue twég oto R, Av X, — X, tote X,, = X.

Amodelsn. 'Eotw ot X, = X. Tote vndpyovv f : R — R ovveyng ko gpoayuévy, € > 0, ko
vrakohovdia (X, ken ™G (Xp)us1 £T0L OOTE:

|E(f(Xn)) = E(f(X))| = €. (14.6)

P B.
Enewdn X, — X, amd 1o Oswmpnua 8.4 vrapyer vrokohovdio (X, )ren ™G (Xy, ken £T0L 00TE Xy, Cr—>ﬁ X.

Aqgo¥ n f elvar ouveyrig, amo to Oedpnua 8.6 £xovue OtL f(X,, ) i f(X). H f eivan @poryuévn, dpa
vrdpyer M > 0 érol wote |f(x)] < M yio k40e x € R. Emouévag, éxovue |f(X,, )| < M yio k&Oe r € N
(kou ka0t w € Q). Ao to Bedpnua PPoyUEVNS oVYKALONG,

E(f(Xy,)) = E(f(X)),
TO 0tol0 ovyKpoveTal pue v (14.6). Apa X, = X. [ ]

Mia 7epimTmon KoTd TNV 0tolo 1] 6UYKAON KOTd KATAVOUY CUVETAYETOL T OVYKALON KoTd mba-
VOTNTO ElVaL EKELVY KATA TNV 0T0l0. TO OpLo etva (o otafepn) Tuyaio HeTafANT.

BOeopnua 14.14. Eotw (X,,),>1 akorovbia tuyaimv uetaffANtov oQuouevav ae Koo ymoo mbavornag,

P
ue tiués oto R kaw C € R, Av X, = C, 10te X,, — C.
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Amodelsn. 'Eotw & > 0. Tote

P(X,-Cl>e)=PX,>C+e)+P(X, <C—-¢)
=1-Fx(C+e)+PX,<C-¢)
<1-Fx(C+e)+Fx,(C-e).

Ta C - &, C + € elvan onuelo ovvéyerag g Fe (Fe(x) = Licw)(X)), Gpa amd 1o Oedpnuo 14.3,
lim Fy (C—-¢g)=Fc(C-¢)=0

KoL
lim Fx (C +€) = Fo(C+¢) = 1.

Zvvenog lim P(X, — C| > ¢) = 0. [

142 Z@urotTnto Kot vTeKolovdiakd opra

Opwopnog 14.15. Mua owkovévera {y; : i € I} pétpov mbavdtrag oto R Aéyetal aguyty av yio KaOe
&> 0 vmapyer M > 0 étoL wote
wi(R\[-M, M) < & (14.7)

v kG40e i € 1.

ANLOO YLOL PO OQLYTY) OLKOYEVELDL VITAPYEL VAL PPayIEVO VITooVvvolo K tov R wote k&b ototyeio
™G VO OLVEL «OYedOV OA TOV TN UALa 0to K (To oA ndla & Pploketon eKktog tov K := [-M, M]). To
ovvoho K elval To (010 yLa OLaL T OTOLYELOL TNG OLKOYEVELOG.

H astaitnon tov opropot wrropet va droturtmBel Ko og eENg:

lim sup w;(R\[-M, M]) = 0. (14.8)
M—oo g
Mopatipnon 14.16. Av to u eivor uétpo mbavottag oto R, tote evkora Prémovpe T yio kabe € > 0
vtapyer M > 0 étor wote u(R\[-M, M]) < & (Aoknon 14.7).

Opronods 14.17. 'Eotw {X; : i € I} otkoyévela Tuyatov petafintov ue tuég oto R. H{X; : i € I} Méyeton
GQuT av 1 otkoyévela Kotavoudv {PX : i € I} eivou oquyT).

Evvoeiton edm 0tL yia k4Oe i € I €xyovue évav xhpo mbovottog (Q;, Fi, Py) ko X; : Q; — R. Emeidn)
PY(R\[-M, M]) = Pi(IX;| > M),  oukoyévera {PXi : i € I} elvau ouyti ov kKo novo av

lim sup P;(|X;| > M) = 0. (14.9)
M—co ey
HMapatypnon 14.18. 'Eoto (X,),>1 akolovbia tuyaimv petafintav ¢tol mwote X, ~ Exp(%). Tote 1
(Xp)n=1 08V elvan oguyt. Tpayuott, yio M > 0,

sup P(|X,,| > M) = sup e o= 1.
nx1 n>1

Avto ovufaiver yati X, €xel uéon T 1 Ko 1 Katavoun g divel v meptoodtep) g nala
YUp® atd to 1 (dNhadn 1 X, méptel Kovtd 0To n ue peyddn mbavomta). Kabwg duwg 1o n — oo avtod
TO ONUELD OVYKEVTPMONG ATTOUakpUVeTaL. Agv pmopovue vo. Bpolue éva ppayuévo ovoho mote ddeg
oL X, Vo TEQPTOVV eKel Pe mbavoTnTa Kovid oto 1.

H évvola tg oguytdtrag ota uétpa mboavotntog elvar avaioyn g €Vvolog Tou QPayUEVoy
ouvorou oe Eukheideto ydpo (dnhady kdmmotov RY eqodiaouévo pe v Evkheideia petpukry). O dpot
oG oVyKALvouoog akoAovbiag 0€ 0TOLOVONTOTE UETPLKO XMPO opilovv éva gpayuévo ovvoro. To
avTioToL o €dM elval TO AKOLOVOO ATTOTELEDLAL.
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Ipoértoaon 14.19. Eotw (u,)ns1, 1 uétoa mbavornrag oto R érow dote p, = p. Tote n{w, : n > 1} eivan
opLT).

Anodelsn. 'Eotw € > 0. Yrdpyer M > 0 étor wote u(R\[-M, M]) < /2 kow u({—M}) = u({M}) = 0 (1o
televtalo emetdn n u({x}) > 0 woyveL yio apbunopo thibog x € R). Amd v vdOeon éxovue

Hn(R\[=M, M]) = pn((=00, =M]) + 1 = (=00, M]) — p(R\[-M, M])(< &/2)
vyl n — co. Apo vrtdpyeL ng > 1 €tol wote
I‘LH(R\[_M9 M]) <eg

v K40g n > ny.

"BITELTOL, YLOLTO U1, 2, + + + » -1 VTEEPYEL M > 0 €t01 dhote w;(R\[-M, M]) < e yiakéOei = 1,2,...,n9—1
(Aoxnon 14.8).

'Eotw L = max{M, M}. Téte u,(R\[-L, L]) < & yro. x40e n > 1. m

To avahoyo tov 0TL KAOe ppoaryuévn axkolovdio oe Evav Eukieidelo ympo €xel ouykAivouoo vrako-
MovBio (Bempnuo Bolzano-Weierstrass) eivou to emduevo ammotéheopa. H amddel&n tov eivon ootk
KoL TV apadetmovpe. Mmopet va ) fpel Kavelg 0To ( ) (@empnua 18.6).

Oewpnua 14.20 (Oedpnuo Prokhorov). Eotw (u,)n>1 axkorovbia uétowv mbavornras oto R. Av n
{y + n > 1} elvaw oy, tote vadoyel vwakoovOia (U, Inz1 THS (Un)ns1 TOV GUYKAIVEL acOevag o€
kawoto uétpo mbavornrag oto R.

Aueor ouvETELA TOV E(VOL TO EENG QTOTELEOUO. VIO, TUYAEG UETAPANTEC.

Oeopnua 14.21. Eotw (X,),>1 akolovbia tuyaiov uetafAntav ue tués oto R. Av n {X, : n > 1} eivau
opu T, Tote vdEyel vrakolovlia (Xi, Inz1 TS (Xy)nz1 TOV GUYKAIVEL KATA KATAVOUT) GE KATTOLO, TUXALOL
ueTafAntn ue tyés oto R.

Aoknoelg

14.1 Na amoderyBei m (14.5) pe xpnon tov Oswpripartog 14.3.

14.2 (o) ‘Eotw X tuyaio petafint pe katovoun Tyv Cauchy, dSnhadn pe mukvémra f(x) = 7711 + x%)~!. No dey0el
oty KGOe x > 0 1oyvet

1 1
— <aPX>x) < -. (14.10)
1+x X

(B) 'Eotw (X,)n>1 akohoubio oveEApTTOV KoL LOOVOUmY TUYaiov uetafintmv, Kabeuio pe kotavouy tv Cauchy.
O¢tovpe M, := max{Xy, Xs, ..., X,} yia k40e n > 1. No dewyOel 6T

M, 1

n w

omov 1 W axohouvbel tnv exOeTikn Katovourn ue wapauetpo 1/m.

14.3 'Eotw (X,)n>1 axolovBio Tuyaimv HeTafANTdV Tov GUYKAIVEL KATd KaTovouy o pa tuyaia petapint X. T
Ko0évo oo Tor akdovBa Telryn katavoung yia ™ X koL ouvohov A C R, cuvemdyetal 1 6UYKAON KATA KOTOVOUY
X, = Xmv

lim P(X, € A) = P(X € A);

Katavour g X Zivoho A
(i)  Poisson(2) (2,32.1) U {100}
(i)  Poisson(2) Q
(iii) Tewpetpiki(l/3) (-1.5,2.8)
(iv) N(,1) (=2,7m)
~v) U@©,1) 0,1/3\Q

(vi) Bernouli(2/5) oto {0,1} (0,1/2)U (2,4)
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14.4 (Avt m doknon deiyver g aviuetomitovue opLo g nopeng lim,—. P(X, € A,) étav X, = X. To olvolo
A, eSaptdron amd 1o n). 'Eotm (X,),»1 okorovbia Tuyaimv petafAntdv mou ouyKAivel Kot KaTavou oe po tuyaio
uetafInt X (Oheg pe tipég oto R).

(o) Na dery0et 6t lim,, o P(X, < 1) = 1.

(B) T k40¢ x € R va. deryOel T lim, oo P(X, € [x — 17!, x + n7!]) < P(X = x). No 800l mapdderyua. (X,)ps1, X, X wov
1 TPONYOUVUEVT AVLOOTNTA LOYVEL WG <.

14.5 'Eotw (X,)us1, (Y)ns1 TUYOUEG UETOPANTEG OPLOUEVES OE KOLVO Y MPO TlavoTnTog Kot te Tég oto R. YmoBétovue
ot N (X,)n>1 €lvon oyt kou 6t ¥, = 0. Na deiyei 6w X, Y, = 0.

14.6 (Oewpnua Slutsky) Eotw X, (X,)ns1, (Yn)us1 TUYOIEG HETAPANTEG O YDpO mOavdmTag (Q, F, P), ne tipég oto R
Kalc € R.
() Av X, = X xou Y, = ¢ xatd mbavornra, tote X, + ¥, = X +c.
B) Av X, = X xar Y, — ¢ xatd mbovomra, tote X, Y, = cX.
Mapatnpriote 6t to (o) Exel T €& Gueon cuvémeLo
(V) Av X, = X ko ¥, — X, = 0 xotd mbovomroa, tote ¥, = X.
To o (B), yLar 0IToguyn U OUoLAOTLKMVY AETTTOUEPELDYV, VITOOETTE OTL ¢ > 0 KoL 6T oL ¥, walpvouv tiég oto [0, 00).

14.7 'Eoto p pétpo mbavotnrag oto R. Na deiete ot yio k6Oe & > 0 vdpyer M > 0 étol dhote p(R\[-M, M]) < &.

14.8 'Eotw {p; : i € I} oikoyévera pétpov mbavémrog oto R pe I memepaouévo. Na deiEete dtun {p; : i € I} elvon
opuyT.
14.9 'Eoto (X,).>1 aKorovBia Tuyoainv petofintdv ko i : [0, 00) — [0, 00) adEovoa pe lim, o A(x) = oo £T0L hote

sup,s; E{A(IX,])} < co. Na dei&ete 611 M (X,)51 elvon ouy.

14.10 'Botw (X,),»1 tuyaieg petapfintée pe ipég oto R Av 1 (X,),s1 eivon oquym), E(X?) < oo yio k40e n > 1, kau
lim, . E(X2) = oo, va deiy0el 6Tt lim,,_,o Var(X,) = oo.

14.11 "Eot ((y)n>1 oKoAOVOia pétpwv mbovotntag oto R. Na dety0el 0t M (U )ns1 ElvOL oyt av Ko udvo ov ke
vIaKolovdia TG, (U, k=1, €)EL VITaolovBia mov ovykhivel aoBevag (o éva uétpo mbavotntag oto R).
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UYKAOGT KOTO KOTAVOUT] KOL YOPUKTIPLOTIKES GUVAPTI|OELS

Av X, (X,)n>1 €lvon Tuyaieg uetapAntéc pe tuég oto R, yio va dei&ovue v a.obevi ovykion X, = X
gyovue deL dvo tpomovg (Mapadeiypata 14.5, 14.6 yio tov mpwto ko [Mapaderyna 14.10 yio tov
delTEPO). Ze auTd TO KEPALLO O doVE £VaV TPITO. ZVUPOVO UE OQUTOV,

N ovykhon X, = X woodvvapel pe ) ouvOnkn: yia kabe t € R woyvet gy (1) — dx(1).

Kabévag amd toug tpeic avtolg TpoOmovs AELTovpyel KaAd o€ SLOpOPETIKEG TTEPLTOOEL;. O TPWTOG
elvaLl YP1OLUOG O TEPLITTMOELG TTOV 1] CUVAPTNON KoTavoung g X, vitoloyileton evkola (.., avn X,
aopd uéyLoTo 1) ehdyLoto akohoudiag Tuyaimv uetafAntmy 1 €xel yvmoti) Katavour)). O tpitog eivor
ypnowog dtav N X, ewthéker A0poLoUO OVEEGPTTOV TUY AWV UETARIMTOV (TETOLO ELVOL 1) TTEPLTTTMON)
TOV KEVTPLKOU 0pLarkol Oempnuatog).

15.1 To Ozopnuo Xvvéyerog Tov Lévy

ANupa 15.1. Eotw p uérgo mbavérnrag oto R kau fi o uetacynuatiouds Fourier tov. Tote
2 1 U A
ulax x> - < - (1 -a())de (15.1)
u uJ_u

H amdEel&n) tov Mupatog divetar oto IMapdptnua B'. Elvar xpnowo yiott amodetkviel ogytotnta
YLOL GUVOAO UETPWV OV VITAPYEL APKETOG EAEYY0G 0TOV petooynuationo Fourier toug yia 1 kovtd oto 0.

yo kGbe u > 0.

Oempnua 15.2. (Oeronua cvvéyeiag tov Lévy) Eotw (Uy)ns1 akorovlia uétowv mbavétnrag oto R
Kot ((1,)n>1 N akorovOia uetacynuatiouwv Fourier toug.

(i) Av u uétoo mbavornrag oro R érol wote w, = u, tote lim [1,(t) = () yia kGOe t € R.
n— oo

(ii) Av to lim f1,(t) vwdoyer yio kGO t € R kaw np f(t) := lim 1,,(t) elvau ovveyrjc oto 0, TOTE VIGOYEL
n—00 n—00

uétoo mbavornrag u oto R wote a(t) = f(t) ko w, = p.

Anddeén. (i) Amd v vodbeon kou to Oewpnuo 14.8, yio kabe ovvapton f : R — R ouvveyr) kau
ppoypevn €xoupe
f J(x) dpy(x) — f J(x) du(x).

E@doov oL ouvapTi|oeLg cos y, Siny elval CUVEYEIG KoL PPAYUEVES, EXOVUE
() = f ¢ () = f COS(1x) dpty(x) + i f sin(z:x) dgey(x)

— fcos(tx) du(x) + ifsin(tx) du(x) = (1)
Yl n — oo.
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(@) BNua 1: H {u,},>1 elvow oguym).
'‘Eotw € > 0. ['a e > 0 xou yroe k4B n > 1, amd to Avjupa 15.1, éxovue ot

HUn ({x s x| > %}) < lf‘u(l — [, (1)) dr. (15.2)
u uJ_,

A76 ™V vtobeo Ko To BEDdPNUO PPOAYUEVNG OVYKALONG, 1) TEAEVTALA AVIOOTNTA OiVEL

lim p, ({x s x| > %}) < ifu(l — f(0)dr. (15.3)

Emedn) 1 f elvon ovveyng oto 0 ko f(0) = 1 (u,(0) = 1, yua k&b n > 1) to dpro tov deE1ov péhoug g
avieomtag yia u — 0% wovton pe 1 — £(0) = 0. Apa vrapyel up > 0 xow ng € N €toL wote

2
. ({x s x| > —}) < ey KG0e n > ny. (15.4)
U

A7o v (15.4) xou epdoov 1 {uy : 1 < k < ng — 1} elvow oguytn) (Aoknon 14.8), émeton ot {u, : n > 1}
elval opuy.
Biua 2: Trapyer uétpo u wote f(t) = ji(f) yio ke t € R.

[Mpdryportt, N (Uy)e=1 €lvon opuyt Kou amd to Oswpnua 14.20 spoxkistel ot vitdpyer vitaKolovOio
(U, )n>1 TETOLOL MOTE VO CUYKAIVEL 000EVIG 08 £va nétpo mbovotnrag u. Adyw tov (i) Tov Bewpnpatog,

lim fi, (f) = p(), ViR

‘Ouwg
klim fn, (1) = f(1), VteR.

Zuvenwg, f(1) = fu(t) ywo KaOe t € R.
Byua 3: Av o vtaxohovbio g (1y)ns1 OUYKALVEL 000eVMG OF €va LETpo TOavOTNTOG v, TOTE V = L.

[pdrywott, av (A,).s1 lvar yvioto avEovoa akorovbio oto N kar v pétpo mbavotntag oto R €tol
WOTE Uy, = v, oo 10 (i),
lim fu, (1) = 9(1), VteR.
n—oo

‘Opora pe tpv (Bnua 2), (1) = f(¢) yio Kabe r € R Ko AOYw HovodLKOTNTOG TOU UETAOYNUOTLOUOD
Fourier, v = .
Biuo 4:' H (u,),s1 ovykhiver acOevig oo u.

'‘Eotow 6t avtd dev woyvel. Tote vmapyelr h : R — R ovveyng Kaw gpayuévn, € > 0 Kot (A,)us1
akolovbia oto N étoL wote

| f h(x) diy, (x) — f h(x)d,u(x)| S Vnsl. (5)

H (u3,)n=1 glvow oguym), dpa vdpyer vaxoiovdio g, £0Tw (i), In>1, KOL HETPO TOAVOTNTOG V OTO
R étoL wote py, = v (@ewpnua 14.20). And ta wponyovuevo (Brjpo 3) mpokvmtel 0T v = u, Sniadn
My, = M. ZUVETWG,

lim f hx) day, (3) = f Hx) (),

T0 07Toi0 €lval GTomo Aoy g (5). ]

ITwo v KoiTepn katavénon e anddelEng Oempeiote ™V eEn¢ avdhoyn doknon amelpootikol hoyiopot: 'Eotm £ € R kot (x,)eN akohovBio
TPOAYUATIKOV aplBU®VY 1ol doTe kabe vrokolovdio ™G, (X, k=1, VO €xeL vITaKolovdia (X, Ir=1 OV ovyKkhiver oto €. Tote x, — €.
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Mopwopna 15.3. Eotw (X,)us1, X tvyaics uetafintés ue tués orto R. Tore X, = X av ko uovo av
dx, () = ¢x(t) Yo kGOe t € R kaBawg n — oo.

Améden. Toyver 61 ¢x (t) = P (1) xau PX(t) = PX(¢), émov P*, P¥ o xatavouéc twv X, war X
avtiotolya. To ovumépaopa Emetol (e epapuoyn Tov Bewpnuatog ouvéyelog tov Lévy yia ta uétpa
(PX1),1 au PX. n

To tehevtaio mdpLopa eivan 0 BACLKOTEPOG TPOTOG YiaL VO, SEIEEL Kavelg oUYKAMON KOTA KATOVOuT).
Oo 10 ovoudLovue KoL avtd Bempnua ovvéyelag tov Lévy. Oa to xpnoLomonjcovie TOALEG (PoPEG
070 €E1\g KoL LdLaitepa Yo vo. otodeiSove 10 Keviptkd oplako Oempnua.

152 Egapuoyés

e vTohoyLopoUg oplmVv TG LopPNG lim,—« Px, (1) xpNowo eivor To eENg amhd amotéreopa.

ANupa 15.4. Av (¢,)us1 €ivar akodovbio oto C térowa aote ¢, — ¢, ue ¢ € C, téte

1+ ) e
(1+3)

H amdde&n tov diveton oto Mapdptnua A" (TIdpropa A”.3).
HMoapdaderypa 15.5. 'Eotw X, ~ Bin(n, ﬁ) vio k00e n > 1 kaw X ~ Poisson(d). Tote

n k
ox (1) = E(eilX,’) = Z eitk(’]:)(i) (1 3 %)n—k

=0
” it/l k A\n—k
DINCSIER
A /leit n
=(1-7+70)
it
= (1 + @)“
Kow |
lim (1 + M)" IS
n—e0 n
‘Ouwg
- k ©0 itk
¢x(1) = E(e™) = kzz(; eitke‘”% =e1 2, —(/lli!t) _ A=)

Apa, ¢x, (1) = dx(1). Zvvenwg, oo to Bempnua ovvéyelag tov Lévy mpoximrel 6t X, = X.

Xon Tore

Hopdaderypa 15.6. 'Eotw X, ~ Poisson(n) xouw Z ~ N(0, 1). ©¢tovue Z, = "G

67,(1) = E(e?) = E (e"’(x"ﬁ"))

. o . t
— e—ll‘\/ﬁ E el \an — e—ll\/ﬁ ( )
) P\ i

it
n(e Vi —1)—it v

N

i
; (—
— ezt nen(e 1) —_

O¢toue € = \/L;l Tote 0 ekBéTNG 0TV TELEVTALO TTOGOHTNTO. LOOVTAL (L€

et —1 it _ e — 1 — et

g2 & g2
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Xpnowomordvtag tov kavova tov L’ Hospital,

5 et —1—ist -1
m-———=—.
-0 82 2

2
Apa ¢z (1) = ¢z(1) = e~ 7 Kaw amd to Bedpnua cuvéyelog tov Lévy mpoximtel 6n Z, = Z.

Mopaderypna 15.7. 'Eotw X, akolovbio aveEGpTNTOV KAl LOOVOUWV TUXOIMV UETOPANTMV UE

o () # av x| > 1,
xX) =

X 0  avid<l.

O¢tovue S, = X1 + -+ + X, Yo KaOe n > 1. Oa deiEovpe OTL
L = Z
ynlogn

ue Z ~ N(O, 1).

'Eotw a, := /nlogn. ot € R,

n C,( "
¢S"/a”(t) = (¢X1(t/an)) - (1 + r;z )
ue Cy (1) := n(¢x, (t/ay) — 1). Ao mv Aoknon 13.13 €xovpe 6TL yia peyaha n (apkel To n v tkovomotet
wmv [1] < a,) woyde
2o

ox,(t/ay) = 1+ = log — + b(n. 1)
a

a,

ue |b(n, 1| < 3t*/a>. Omédte

2 r 2 r r
C,(t) =n|—loglt| - = loga, + b(n,t)| =n log|t| - —— log(nlogn) + b(n,t)| - ——=
a2 a2 nlogn 2nlogn 2

n n

Kabwhg n — oo, To ovumépaoua émeton 0o to Aupa 15.4 xou to Oempnua ovvéyelag tov Lévy.

Aoknoelg

15.1 'Eotw u pétpo mbavottag oto [0, o). Metaoynuatiopnd Laplace tov u AMue ) ovvapton L : [0, c0) — [0, o0)
ue L(s) = fom e du(x) yio ka0e s > 0. Na dewyOel ot yro kaOe u > 0 woyvel

#([%,w)) <2 f "0 - L(syds. (15.5)
u u Jo

15.2 '‘Eotw (Y,),»1 toxaiec petapintéc mote ¥, ~ N(u,,o2) émov i, € R, 0, € (0,00) yia k4Oe n > 1. Ta dedopéva
u€R, 0o € (0,00) Oewpotpe ¥ ~ N(u, 0%). Téte lim, o0 it = pt Ko lim, o, 07 = o v kL pévo av ¥, = Y.

153 (o) 'Eotw Y tuyaio petofinti mov akohovbel ) yewuetpiky] katovoun ue mapauetpo p € (0,1]. Anlodn
PY =k =p(-p~Fyiak=1,2,... Navrohoylotel n yapoktnpLotky ouvdpmon mg Y.

(B) 'Eotw a > 0 ko (X,)ns1 okorovBia tuyaimv petafintdv wote X, vo oKolovOel T YEOUETPLKY KOoTOvOouy Ue
mopauetpo p, = a/n. Na derybel otL 1 axolovdia (X,,/n),>; CUYKAIVEL KATO KOTAVOUY OF (oL TUYAia UeTafANT
X ~ Exp(1) ypnoipomoimvtag

(1) Tov xopakTnpLopd TG OVYKAMONG KOTA KOTAVOUY HEGM CUVAPTIIOEMV KATOVOUNG,

(il) YOPOUKTNPLOTIKEG OUVOPTYOELG.
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15.4 (o) 'Eotw X tuyoio petofinti mov akolovbel tv katavour| Poisson pe mopduetpo A > 0. No vroloylotel 1
XOPAKTNPLOTIKY ovvdptnon g X.

(B) 'Eotw (X,)x>1 axolovBio tuyaiowv petafintmv mote X, va aKolovBel T SLw VUKt KOTovouy Ue mopauétoug
n, pp € (0,1). Avlim, . np, = A, va deryOeil dtL 1 akolovdio (X,),>1 OUYKAIVEL KOTA Kotavou 0Ty Tuyoio petafAnT
X tou gpmTUoTog (o).

15.5 'Eotw ¢ > 0, xou (X,),>1 okohovBia tuyaiowv petapfintov owote X, ~ ['(nc,n) yio xabe n > 1 xou Z toyaia

petafinti ue Z ~ N0, ¢). Na deiyOet ot
VX, —c)=Z

KaOwg n — oo,

15.6 'Eotw (X,)u>1 0veSApTNnTeG Kot loOVoUEG TUYaies NETABANTEG DOTE 1) YOPAKTHPLOTIKY GUVAPTNON ¢ TG X VO
etvau drapopiowun oto 0 kaw ¢'(0) = ia yia kémwowo a € R. T kéBe n > 1, Bétovpe S, := X; + X5 + - - - + X,,. No deyBel
ot

Katd mbovomnta yio n — oo,

15.7 'Eotw (X,,)»1 0Kohovbio aveEdptnTwv Tuxainv uetafintov dote yio kabe k > 1 éxovue

—k  ue mBbavornra 1/2k,
X =<k ue mbavotra 1/2k,

0 ue mbavomra 1 — k1.

Na deuybei 6t 1 axohovbio (S, /n),>1 CLYKAIVEL KOTA KATOVOUY OF ULl TUYoio UETOPANT] ¥ ue xopaKTnpLotiky
ouvapTON

oy() = e” fy = ax
yio KGOe ¢ € R.
[YrtddeiEn: Xpnowo etval to Afupo A".2.]
15.8 'Eotw (Xi)r=1 aKorovBia aveEGptnTmv Kat todvouwv tuyainv uetapintov ue E(X;) = 0, Var(X;) = 1. T x46e
n>1,0éwovpe S, =X +Xo+--+X, kT, =S +S,+---+85,. Nappebei @ > 0 koL 1 Kotavour Tuyoiog
uetapintic Y pe tiwég oto R Ko pn undevikr) wote

— =Y

KaBwg n — oo,

15.9 'Eotw (X,,),»1 0Kohovbio aveEdptnTmv Tuxainv uetafintov dote yio kabe k > 1 éxovue

-k pe mOavémra 1/(2k%),

k ue mOavémra 1/2k2,

-1 pe mOavéTa (1 — k72)/2,
-1 ue mOavémTa (1 — k2)/2.

Noa de1y0el oL

() lim,,_,o, Var(S,)/n = 2,

(B) n akoroudia (S ,/ Vi) ouykiiver Katd katavouy ot wa Tuxato petainti Z pe Z ~ N(0, 1).

[TrddeEn: Xprowo eival to Oempnua Slutsky (Aoknon 14.6). Evallaxtikd, umopotue vo e evbémg pe yopaKtn-
PLOTLKEG OVVOPTHOELS Kau Vo ypnotuomotjoovue to Afupo A'.2.]

15.10 'Eotow (Xp)s1 0KoAoubio aveEGPTNT®MVY KoL LOOVOUW®V TUXC®V UETABANTMOV, Kabeuio ue TukvoTITa Omtme otV
Aocknon 13.5 ue a € (0,2). T kéOe n > 1, Oétovue S, := X; + Xo + -+ + X,,. N dery0el 611 1) axohovdio (S, /n'/) s
ovyKAivel KoTéd katavow oe wa Tuxoio HetaAnT) Y pe yapoktmplotiky ovvdpmon ¢y(t) = e " yia k40e t € R pe
C > 0 otabepd.
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To Kevipiko Oproko Oempnuo

O oy updg vouog TmV Heyahmv optBumy Aéel dTL 0 HECOG OPOG 1 AVEEAPTNTMVY KOl LOOVOUWY TUY LWV
ueTapAnTOV, S, /n, Yo peydho n elvor ol Kovtd oty kowi) Toug uéon i u = E(X;). Topa, ue vy
emumhéov vVdOeon o = Var(X;) € (0, ), To KEVIPLKS 0pLokd Dedpnuc. OVYKEKPLLEVOTTOLEL TO TOCO
Kovtd. Agel ot Wrtopovue vo. ypdpovue

Sa N Z,
n M \Vn
ue T Z, vo okohouvbel mpooeyylotikd v tumiky koavoviky) katavoun N(O, 1). Ioodivvapa, S, =

un + o \nz,, dmhadn Tomkd 1o S, Ppioketor og amdotaon g TAENG Tov Vi YUpw amd T U Tov
W) I

(o

16.1 IIposerownaoic

[ v amddelEn Tov Kevipikol oplokol Bempuotog, Kpiowun eivor 1 ovuteplpopd kovtd oto 0 g
YOPOUKTNPLOTIKTG OUVAPTNONG Px (1) omolaodnmote Tuxaiog LeTaPANTG X Ue TETEPAOUEVT TPMT KoL
devtepn porr). Xpnowun elvor 1 aviootTo

. 1
e —1—ix- 5(ix)2 < 24%, (16.1)

mov woyvel yio kdbe x € R. T v owddelEn g mopatnpovpe 6t 1) 1000t Ta HEGO GTO UETPO TOU
apLoTepo¥ néLoG eivon cos x — 1 + x2/2 + i(sin x — x), omdTE TO PETPO TG ElVAL (PPAYIEVO 0T TO

2
X .
| cos x — 1|+?+|s1nx—x|.

I ! / ! ! ! U 2 ’
Loty Tpden moodtta mapatpovue dtu omtd to Oedpnpuo Taylor oy eL cos x = 1 - cos & yia kdmoLo
£ netal 0 kow x. Apa | cosx — 1| < x?/2. ‘Opota deiyvovue 6t |sinx — x| < x2/2.

ANuna 16.1. ‘Eotw X tvyaio ustafint] ue tués oto R térowa dote E(X?) < co. Qérovue E(X) = u ko

E(X?) = B. Tére
2

ox(n =1+ i~ "L ), (16.2)

/ 71 13
Omov i v ikavomotel lim;_ % =0.

ANLadN 1) oVVAPTNON v oL optleTan wg V(F) 1= ¢x(f) — 1 — itu + (1/2)£2B teivel oto 0 ypnyopdTEpa QITd
10 12

OL TpdToL TpeLg dpot Tov avarttiypatog (16.2) mpokvmtovy av ot ¢x(f) = E(e™) avamti€ovpue v
"™ og duvapooelpd, Kpatoovue Toug 3 TPOTOVG SPoug

1
1 +itX + E(itX)Z,
Ko Tdpovpe T péon Ty} tovg. H v(r) elvon ) uéon tpr) g virdAomtng dSuvapooepdc.
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AnddeiEn. 'Botw A(x) = e — 1 — ix — (ix)*/2 yio. k60e x € R.

2
VOl = |px(1) — 1 — it + %8

< E|A@X)|

, i1X)?
- ‘E(e”x— i U 2) )

Tia v amddelEn Tov Mjupatog apkel va dei€ovpe 6t lim,_ E(JA(£X)|/12) = 0. 'Eotm akohovdid (¢, )nen
oto R\{0} tétowo wote ¢, — 0. Tote

e A(t,X)/t2 = 0 y10.n — 00 MOyw TV avaTTHypaTog TG e ot duvauooelpd.
o |A(t,X)/12| < 2X? yi0. k40e n € N Mdyw g (16.1) kou E(X?) < oo.

A6 to Bedpnuo KupLapynuévng ovykhone, lim E(JA(6,X)|/2) = E(lim |A(t,X)|/t>) = 0. m

16.2 To Kevipiko Oprox6 Osopnua

BOempnua 16.2 (To Kevipikd Oprakd Oeopnua). Eotw (X,),s1 akorovbia aveEdoTntwv Kot tloOvouwv
toyaiov uetapintov ue E(X)) = u kow Var(X;) = 0 € (0, 00). Oétovue S, = X1 + Xo + ... + X, yiat kéOe
n>1. Tote
SuZ M 7 bmov Z ~ NO.1).
no?

AmbdeiEn. Oa amodeiEovue apytcd ™V mepintmon dmov u = 0, omdte 02 = E(X?). Oa xpnotpomon-
oovue 10 Bemwpnua ovvéyelag tov Lévy (TTdpwopa 15.3). TmohoyiZovue T X opaKTNPLOTIKY CUVAQTHON
™me S,/ Vno?. Tt € R\{0},

no-

¢ (1) :E(e i
E(

2) (Moyo aveEaptoiag)

= (¢X1( L 2))n (MY Loovouiog).

Amo to Aupa 16.1,

( N P E(X)) - £ E((X)2)+ ! —1—ﬁ+ !
¢Xl n0'2 B W ! 21’10’2 ! v l’l0'2 - v

Cn
=1+—
n

t
no-

ue C, = —% + nv( 2) — —£2/2 vl n — o0 Myw Tov Ot lim,_,o v(s)/s* = 0. Svvemag, To Afupa 15.4

divel
. 2
lim ¢_s, () =e"/2
n—

© \' no2

H (810 oxéon woyber tpopavdg kow yior £ = 0. M Z ~ N(0, 1) éyel yapakmprotiki} ouvdptnon e /2,
A6 to Oedpnua ovvéyetag tov Lévy, S,/ Vno? = Z.

Zmv nepimtrwon démmov E(X) = u # 0, Bempolue tig aveEGpTnTeg Ko lodvoueg Tuyaieg netafintég
Y, = X, — u ywo. xa0e n € N*, tov koBepio €xer péon tyun 0, Ko eqpoapudlovue To TPONYOUUEVA. ]

Ag emotpépoupe oto IMoapdderypo 15.7. Avtd mov ovupaiver exel eivan 0t E(X)) = 0 adld
Var(X;) = co. O vopog twv peydhov apbunv epapudletor kol diver ot S,/n — 0. ‘Ouwg to oTL
Var(X;) = oo onuaiver 6t 1o aBpotopa S, €xel ueyalvTepn UETAPANTOTNTA ATO TNV TEPLTTWON TTOV
Var(X;) < 0. 'Etot, xpetdletol va Siaupéoovpe to S, ne 10 Vi +/log n (wov eivon kKotd ol peyahitepo
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OV V1) dote va TapovuE TOOOTNTA TOV CUYKALveL Katd Katavowy. To mapdderyuo avtd delyvel
emiong OTL oVYKALON 08 KOVOVIKY KOTAvouU Umopel va mapel Kavelg amd v S, KoL Ue Topiyovio
KOVOVLKOTTOINOoNG SLopopeTikd ad Tov /.

16.3 Egapuoyés

To kevTpikd opLakd Bedpnua SIVEL TPOOEYYIOELS YOl TLOOVOTNTEG TTOU ALPOPOVV AOPOLOUAL OVEEGPTI TV
Ko lodvoumy tuyaimv petofAntav. ‘Exel eqpopuoyég ot 0ToTLoTIKY, YL TOPAOELYUO 0TV KOTAOKEUY
TPOOEYYLOTIKMOV JLOOTNUATWVY EUTLoToovvng. To ypnolpomolovue BewpmvIag OTL (Wa TOGOTNTA TG

MopeNg ¢
P( n " A) (16.3)
no?
mpooeyyiletal (Yio n ueyaho) oo Ty
P(Z € A) (16.4)

omov Z ~ N(0, 1) ko A givan €vo SLAoTUoL 1) PLoL TETEPAOUEVT EVOIOT] SLAOTNUATOV (Ao TO OPLO TNG
TPMTNG TOCOTNTOG YLOL 11 — 00 E(VOL 1] OEVTEPN)).

Mopaderypna 16.3. 'Exyouvue éva vououpa kow 0éhovue va ehéyEovue av eivar apepdinmro. To piyvovue
100 gopéc xou épyeton «Kegpaln» 38 gopég. Tlpémer vo umovue oe oKEPeLg OTL OeV elval aUEPOATTO;
Oewpolpe Tig Tuyaieg LeTaPANTtés (Xpis1 He Xx = 1 dtav m k piyn pépver «Keparp» kaw X; = 0
otav M k plym @épvel ypapuato. O ouvolkog aptBudg Kepormv o€ n doKLuEG etval S, = X + -+ + X,,.
Ymobétovue OTL TPAYUATL TO VOULoUa eivor auepoinmto (dnhadn gépvel «Kepai)» pe mbavotnta
p = 1/2) xar vrohoyitovpe ™y mbavémro P(S 190 < 38). 'Exovpe u = E(X)) = 1/2,0? := Var(X;) =
p(1 = p) = 1/4 ko
S 100 — 100 x 0.5 < 38 - 100 % 0.5

Vi00/4 =~ 100/4
= O(=2.4) = 1 — ®(2.4) ~ 0.0082

P(S100 <38) =P ~P(Z < -12/5)

H mbavomta elvor ol pkpny, wkpdtepn tov 1%. Mmopolue vo movue pe peyahn pepfordtnta 6t o
vOuLopoL OV elval apepOATTO.

Av gpyotav «Kegpahp» 43 @opég, 1 1dLa dradikaocia diver v mpooéyywon P(S 100 < 43) = 0.0887,
nepimov 9%. Elvow évo evdeyouevo mou €xel onuavitkn mbavotta vo ovppel. Agv o pog éxove
EVTUTTWON).

Mopdderyna 16.4. Ocmpoiie 4T To Pépog EAENG KATA TO 0T0l0 OTTdEL £VA GUYKEKPLUEVO CUPUATOTYOL-
Vo atd pLoL oA PeYAA TooOTNTO TTOU €VOL EPYOOTAOLO WOALG TTOPNYOYE ELVOL L0 TUY OO LETABANTY
HE AyvewoTn uéon T ¢ Kot dtaomopd o = 1/10. ©éhovue va Tpoodloploovpe TPOCEYYLOTIKA T UEOT
i w. Mpayuoatomoovue n aveEdptnteg uetpnioeg Xi, X, . . . , X, Ko 00 xp1noLuomonjcovue tov Héco
6po X, := (X; + - -+ + X,))/n og mpooéyyron g u. T1doo peydho mpémel va elvar 1o n dhote vo Eépovue
om 0o ovupel |X, — u| < 1/100 pe mbavodTta tovrdyotov 0.95;

[ty T0ovOTYTO TOU YEYOVOTOG TTOU UAG EVOLAPEPEL EXOVUE TNV EENG TPOTEYYLON

P(&—u'sﬁ):P(ls”_”"l < Vi )zP(IZIS v
ol

n ho? 1000
Z eivaw o N(O, 1) tuyaio petopinti. H tehevtaia moootnta eivar tovlayiotov 0.95 av

:qa(\/_#
cp(vz

100 O') (16.5)

1000 1000

): 2@(\/5102)0)— 1. (16.6)

> 1 -0.025.
1000)— 0025
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A7 mivakeg g O Bpiokovue Tov Lovadikd aptbud zo ps ov tkavortotel D(zp0s5) = 1 — 0.025. Toyver
20025 ~ 1.96. Hpémer Vngg= > 20025 0mOTE

n > (100020, 025)> ~ 384.16

Apa apvouue 0ToLOVONTTOTE PUOLKO 1 e n > 385.

Yyoho: Zmv mpooéyyion g ypauung (16.5) gaivetor va emKaAoOUOOTE TV TPOCEYYLOT TG
(16.3) amd v (16.4) yia éva ohvolo A 7ov eEapTdtan o To n. AvTtd caQ®g dev £TETOL QTd TO
KeVTPLKO oplokd Bempnua. To Bempnua Tntael to ovoho A va eivor otofepd. Alkaloloyolue v
(16.5) Aéyovtag OTL Lo 0Tta0epo n, apov

. IS« — kul 1
lim P < =PlIZ| £ s
P ( ol Vi 1500 2= Vi 1505
NnoN ywa k = n oL dVo apbuol
1S — nyl 1
Pl—— < —, P{|Z| < 16.7
( ho? \/EIOOO' d \/ﬁ1000' ( )

elvar Tol0 kovtd. 'Exovue 0to puokd pog 0t 1o 1 givar peydho, emopuévmg 1 emioyn k = n diver Kot
KOVTA OTNV 0PLOKT] CUUTTEPLPOPUL.

16.4 Ioyig TV mpoceyyicemv

'Eotw u, 0, S, 0wg 0to Kevrplko oprokd Bempnua. T A € B(R) ue P(Z € dA) = 0, 1o 6T

(M € A) - P(Z € A), (16.8)

no?

lim P

S, —nu
Vna?
ouwg; To mwoTe 1) devTEPT TOGOHTNTO. EIVOL ATTOIEKTI] G TTPOTEYYLON YLOL TNV TPMTY ES0PTATOL ALTTO TO TL
0éheL va Kavel kaveig. 'Eva oavompd kprtnplo eivar va Tntoovue to nhiko toug va fploketol Kovra
oto 1 M ag movue oto drdotnua [1/2,2] (ko va €xovue Tpomo va to diaoparicovue avtd). To Kevepko
opokd Oempnuo dev pog diver kdrmora tAnpopopia pog avty) v katevbuvor. 'Eleyyo oto Adbog
NG TPOCEYYLONG OivouV atoTeLEéouaTo 0w To Oedpnuo Berry-Esseen to omoio Aéel Ot av emmhéov
yio g X, vo0écovpe 6t éxovv E X — u? = p < oo, 1018 Y10 k60 1 > 1 xan x € R woydel

onuaiver OtL yia ueydAo n ot 300 TOOOTNTEG P( € A) ,P(Z € A) eivon mol¥ xovtd. I1doo xovia

S, —nu 3p
P <x|—-D(x)| < .
‘ ( Vno? x) ) o\n

Ko wéih avtd 1o gppdyua etvar pepnig a&tog av, m.y., avtd eivar me TdEng tov 1073 kaw to O(x) elvon
™ (drag TéEne 1 wkpdtepo (Fio Oetikd apdud a, ) avicdmta la — 1073 < 1073 diver noévo o dvw
@payuca <2 x 1073).

[MelpapatilonaoTe 0To TOPOKATO TAPAIELYIA LE TNV TOLOTNTA TG TPOCEYYLONG.

Mopdderypa 16.5. 'Eotm 011 ot (X,),s1 €x0ouv kobepio Ty exbeTikn Katovour we mopduetpo 1. Kato-
YPOPOUUE OTOV TTLO KOTM TTIVOKA TNV akpLP1) Tiun yio T mbovotnreg P(S 100 = 125), P(S 100 = 150), ko
0g kan TNV TPocéyyLon ov divel To Kevrpikd oplakd Bempnua. ‘Exovue E(S 100) = 100, vVar(S90) =
10. Apa ta yeyovota S g0 = 125,100 > 150 elvon onuavtikég amokhioelg amd ) uéon tun (2.5 ko 5
(PopEG avTioToLy o To NEYEDOG TNG TUTTLKNG ATTOKALOTG).

Mbavémra || Tpooéyyion uéow KOO | Axpifrig tium
P(S 100 = 125) || 0.0062 0.0093
P(S 190 > 150) || 2.86 x 10~/ 5.92x107°
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[Mopoatnpnote OtL 1) TPOoEyyLom yia TV tbavotnta P(S 1g9 = 150) eivan mepimov to 1/20 g adnOuvig
TG ™G TOOVOTNTOG.

Cevikd ) oVykhion (16.8) ovupaivel ypnyopa dtav

e 10 0Uvoho A €yxel ueydn mbovomta P(Z € A) (Yo mopdderyuo, eivar Eva didotnua oyl ol
wxpo yipw artd 1o 0) Kot

e 0L TUYOLEC LETAPINTEG X; €XOVV KOTOVOWT| TTOU SiVEL IKP] WALa 08 0VVOLA LOKPLAL OTTO TO UNOEV.
Anhodn M P(1X,| > 1) @Bivel ypnyopa yia t — oo 600 otav X; ~ N(0, 1) 1} ovvroudtepa.

Ot tBavdTNTEG TTOV 1LOLG AITAOYOANOOLY OTO TTPOTNYOUUEVO TTOPAIELYUO N TOV EVOEYOUEVV IUE TTOAD LKPY)
mOavdTTo (U TUTTILKY oVUTTEPLPOPd ™G S ). Ta v extiunon g mbavotnTog TéTolwy, amibavmy,
evoeyouevmv Katolnhotepn eivor 1 Oemplio twv ueydhov amokhioewv, otolyeio tg omoiog extifevTa
OTO ETTOUEVO KEPALOLO.

16.5 H ovykiion oto KeVIPIKO 0pLaké Beopnuo*

Ag voBéooupe 0tL oL (X,,),s1 elvar aveEaptnteg toovoueg ue E(X;) = 0, Var(X;) = 1 To kevtpiko opLakd
Bempnua Aéer 6tL 1 akohovBia R, = S,/ v/n ovykhivel kotd Katavouwr og o Tuyoio petafAnt ue
Kotavou] Tqv N(0, 1). Mnmwg dumwg ovykhiver pe mbavotra 1 1 éotw Katd mbavotnto og KAToLwo
Toyalo uetafinty; H amdvinon eivor oyt Tati, av cuvékhve Katd mbavotnto o (o Tuyoio
uetofinty W, tote Ba vmipye vrokohovdio (R, )k>1 OV va ouykiiver otmv W ue mbavomrto 1.
Egapuotovrog ta emyeipiuata g Aoknong 16.7 (topa yio v axorovdia (R, )i=1) delyovue 0Tl
lim, R, = —00, limy_e Ry, = o0 pe mbavomra 1. Apa 1 (R, i1 Oev uopel va ovykhiver pe
mbavotnTa 1.

Aoknoelg

Zug aoknoelg o Katw, av (X;)i»1 eivar akolovBia aveEdptntmv tuxaiov petafintdv, cupupforifovpe pe S, to
abpotopa TV TPOTOVY 1 atd avtéc. Anadn S, ;= X1 + Xo + -+ X, o xaBe n > 1.
16.1 'Eotw (X,),s1 aveEdpmnrec Kou todvoueg tuyaieg petapintéc pe E(X)) = u € R xar dwaomopd o2 € (0, 00). No
deyOet ot

1
lim P(S, > ny) = =

n—oo 2°

16.2 'Eotw (X))i»1 axolovBio aveEGpmtmv Kai odvouwv tuyaimv petafintdv pe EX; = 2,Var(X;) = 1. Na
VITOAOYLOTOVV TOL OPLAL

(@) lim, o P(S, > 2.1n),

(B) limy 0o (S, > 2n + /),
() lim, 00 P(S, > 10 V),
(8) limyseo P(S, < 31),

(€) limyse0 P(S,, > 1010).

16.3 'Eoto (X,),>1 aveSdptnteg Ko Lodvopeg Tuyaieg netapintég £tol dote X ~ Poisson(1). Na dei&ete ot

S,—n
= Z, omov Z ~ N(0, 1).
NG 0, 1)
16.4 'Eotw p € (0, 1) xou A € R. Na vrohoyiotel 1o 6pLo
np+A~n .
lim ( )pk(l -pyt.
n—oo k

k=0
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16.5 Noa dei&ete oL

A |
lim ™" — = —.
n—co kZ:(; k! 2
16.6* 'Eotw (X,),>1 aKolovBia aveEGptntwv odvopmv tuyaimv petafintov ue E(X;) € R xou Var(X;) = 1. Na
VITOLOYLOTEL TO OPLO
Xi+Xo 4+ + X, — Xps1 +- -+ X0y
limP( 1+ X2 (Xn+1 2n) Sl).
n—oo \/ﬁ

16.7 'Eotw (X,,),>1 akohovBio aveEdpmntov loovouwv Tuyaimv puetapintov ue E(X;) = 0, Var(X;) = 1. Na deiy0el 6t

— S,
lim

n—oo \/ﬁ
[YrodelEn: H otpatnykn tng Aoknong 11.16 ertovpyei. Amhidg to () uépog xpelCeToL we pkpt| Tposomtoino.]

= OQ.
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Meydhes amokhioers*

17.1 H évvoura g neyding atdxkiong

'‘Eotw (X,)n>1 0veEGpTNTEG KO Lodvoueg Tuyaieg petafintég wote P(X; = —1) = P(X; = 1) = 1/2
Ko S, = i Xk 10 dBpolona TV TPOTOV 1 atd ovtéc. O vOuog TV ueydimv apltdumy Aéel ot
ue mavomta 1 o uéoog 6pog S, /n ouykiiver oto 0. Meydhn amokhion yia Tov uEco 0po Aéue €va
EVOEYOUEVO TNG LOPPNG
(% <)
n

omov A C R elvan évo 00voro «uakprd» amd 1o 0, dnhadn ue 0 ¢ A. Twa mapdderyno, To A pwopset vo
elvan éva oo 1o (1, ), (=4, —1) U (0.5, 10) arrd Oyt to {1/n : n € N*}. Emetdn n S ,,/n ovyxhiver oto 0
ue mbavomta 1, wa peydin arndkiion Intder oo mv S, /n va kdvel KAt ov 1 akolovBio dev Bélel
va kavel. Kau n mbavomra wag pueyahng omokiong teiver oto 0 eEartiog tov aobevoig vopou twv
ueyahov aplbumv (Toptoua 12.1). Mag evolapépeL va EXOVUE WO KOAY) EKTIUN 0N TOV TOCO OVVTOUA
ovppaivel avtd. Oa dovue OTL Yo ToME ovvola A (Ta ortola Ha TPpoadlopioovue) Loy vEL

P@ieA)zeﬂmﬁ (17.1)
n
6mov c(A) eivor o Betikn otabepd ov eEaptatar amd 1o oUvoro A. Oa SLEVKPLVICOVUE T1 CTUOLOLAL
Tov ~ ko Oa vrrohoyioovue avt ™) otabepd c(A).

Emiong, dev Oa teploprotoipe pdvo oty mmo tdve akorovdio (X,),>1 odld Oa Oemproovue omoia-
dMrote akohovBio aveEAPTNTMV KoL LOOVOUMY TUXOLOV UETARANTOV pe TiéG oto R.

[Mponyovuévmg dumg Ba eEnynoovue Yot eivor onuovtko va Eépouvue tov akpip) pvbud ue tov
omoto @Oivel 1 TOaAvOTNTA oG peyalng amokiong. [att aoyolovuoote pe Ty mbavoTnTa £vog
EVOEYOUEVOU TTOU €K TWV TPOTEPWV EEpouue OTL givar ehdylotn (KoL ETOUEVIG OEV TTEPLUEVOVUE TO
evoeyouevo va ouufel);

Yvuporopos: I'a (a,)us1, (bn)n=1 aKohOVOiEC OETIKMV TPAYUATIKOV apLOU®V YPAPOVUE a, = b,
av

loga,

nl_)n; log b, B

17.2 Twoti o peydhes amoKAIoELS ELVOL GNUAVTIKES

Oewpolpe To €N awyvidL. Eekivape pe apyki mepovoia Py = 1 Evpd kau mpaypatomolovue puo
akohovBia piypewv evog apepoinmtov voulopuatog. ‘Omote 1o vououa gpépvel «Kepahi», 1) meplovoio
nog dumhaoidletal, omote pépvel «Ipapuoata», 1 TEPLOVSLO PAG VITOILTAACLATETOL.

Epomuo: Moo eivar 1 péon tyun g epovoiog uetd amd n fruata;
H meprovoia petd n prjuato eivar P, = 257, dmov S, elvau 1) axorovdio Tng mponyovpevng evotnrag.

Mo dtoOntikn poséyyion: Eotw g, := S, /n, mov Eépovue 6t telver 6to undév pe mbovornra 1.
Tote .
E(P,) = E(e") = E(e"") = "

110
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ue a, axolovOio mov teiver oto 0. H televtaio tootta eivan wa etkaoia. Tlatpvovue uéon tun wog
moodTTag pe pubud ekbetikng avEnong rll log €"*"(= g&,) mov eivow mepimov 0. Avauévoupe 1 oUVOLLKY
uéon T va €xer pubud ekbetikng abEnong emiong mepimov 0.

T paynotikd cvppaiver: H uéon npr E(P,) vohoyileton dueoco wg

2+27"Y
EP,) = E(2X1 )n — ( +2 ) — enlog(5/4). (17.2)

AnhodT) €xer Oetikd exkBeTIKO pLOUSd avENong too ue log(5/4).
E&nynon: Ilowo eivor to mpofinuo pe ) dtonodntiky) tpooeyyion mo ndvw; To khdoua g, := S, /n
maipvel Twég oto U, := {k/n : k € Z, k| < n}. TIpooeyylotikd 1oyVeL

P(g, = x) ~ e M,

ue I wo ovveyn ovvépmon oto [—1, 1] mepimov g uoperic x2. Anhad| Tée Tov x poakpd amd to 0
elval dVoKoho va AngpHovv amtd v S, /n.
O vroroyowdg g E(P,) yivetow wg eEng:

EQ25") = Z e p(g = y). (17.3)

xeU,

H d1auoOntikn tpooéyylon mpdTeLve va aryvoroouvpe OAovg Toug Opovug e x # 0 yortt £xouv wohl pkp
mOavoTTa. BéPouwa ke TéTolog dpog dev éxel ndvo kdotog (ovykekpuuéva ~ e ™) ahhé ko dpehog
(ovykekpLuéva. e"1°22) 1o omolo towg va LoookeAiLel To kéoTog. Kuptapyog 6pog oto dbpolopa elva
auTOg OV peyLotormotel T dtapopd x log 2 — I(x) (dgpelog petov kdotog). TTo Kdtw mov HBa éxovue Tnv
akpipr) popen g ovvaptnong I (Mapdderypa 17.10), 6a dovue 0TL TO KaAvTepo x eivar to x = 3/5. H
UEYLOTI) CUVELGQOPA 0T UEOT] TUUY TTPOEPYETAL OTTO ULa LEYAA artokALor. H tumiky) ovusmepipopd Tov
UEoou S, /n eivor adLipopn oToV VTOAOYLOUO.

270 7010 TAVE TPOBANUA 1) ETUKANOT TV HEYOA®Y ATTOKAMOEMV OEV 1TAV QITAPALTNTY 0OV VITAPYEL
ATTAOVOTEPOG TPOTTOG AVTLUETOITLONG. YTTAPYOUV OUME AANOL TTPOPANUALTO OTO OTTOL0L LOL UEYAAT) ALTTO-
KAon mailer keveplko polo Ko 1) Oempia Tov peydhwv amokhicewv eival 1o udvo diabéolo epyaleio.

17.3 H apyn neydrov axokricewv

'‘Eoto X petpikodg ympog. Xvvaptnon pvBuot otov X ovopdlovue omotadnmote cuvaptnon I : X —
[0, co] mov eivon KaTm Nuovveyrg [dniadr| To ovvoro [I > a] eivar avorytd yia kabe a € R].

"Eoto topa (U, ),>1 akorovBio uétpwv mbavomtag otov (X, B(X)) Ko (a,),>1 acbEovoa akohovBia
Oetikadv aptbumv pe lim, o a, = .

Opopnog 17.1. Aéue 6t akohovdia (i, ),>1 LKAVOTTOLEL TV 0Py MEYOA®Y ATOKAIGEMV UE TAOTNTA
a, KoL guvaptnon pvluov I av yia kdbe A € A(X) woyiel

— inf I(x) < lim 1 log i,(A) < lim s log u,(A) < —inf I(x). (17.4)
X€A® oo n n—oo a, xeA

Zmv Tpa&n, ovvnbwg £xovue wo. akolovdia (Y,),s1 Tuyoinv uetapAntmv otov X ov ouykhivel
Katd mbavotnto o €vo onueio xo Tov X ko eEetalovpe av 1 akohovdia (U, ),>1 TWV KATAVOUDY TOV
Y, wkavomotel v apyn Tov peydlwv amokhicemv. Av v tkovosotel, Aéue ot 1 akohovdio (Y,),s1
LKOLVOTTOLEL TNV 0PN UEYOAWDV OTOKALCEWMV.

Hapdderyna 17.2. 'Eoto Y, akohovBia tuyaimv HetaffANTov (oTov (810 Y mpo mbavotntog) ue myv
Y, va axohouvBel v ekbeTikn Katavoun we mapduetpo n (kou dpa uéon wun 1/n). H Y, ovykhiver
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Kotd mbovotta oto 0. H akolovbio (tTwv xatavoumv) Tov Y, tKavomolel Tv apyn ToV Ueyoiwv
ATTOKAMOEMV [1E TOYVTNTO 1 KoL OUVAPTNOT puOuov

oo avx<0,
1(X)={
X av x> 0.

H amddel&n agnvetal wg Goknon.
Hapatypnon 17.3. (o) [Na k4Be oUvoro A C X, eLOGYOVLLE T CUVTOUOYPAPLOL
I(A) = inf I(x).
(B) Otav yia éva ovvolo Borel A € X woybel I(A°) = I(A), To1e £xovue T %log Un(A) ovykhiver otV

) I1(A°) = I(A) = I(A). Anhad)
fa(A) = e,

(y) H (17.4) wooduvapei pe v amaitnon to dvm @payuno vo toyVeL yio A KAELoTo Kat To KATw (pparyua
va Loy Ve Yo A avolyto. Anlodn

— 1
lim —log u,(F) < —inf I(x) (17.5)
n—oo n xeF
v kabe F C X KAELOTO KO
.1 .
lim —log u,(G) > — 1n(f; I(x) (17.6)
n—oco xe

vio k40e G € X avouyto. Emmiéov, to Kbtm @pdyna toodvvauel ue 1o eEfg: TNa kabe x € X kau
avoytd oUvoho G C X TTov TTEPLEYEL TO X LOYVEL

1
lim - log 4,(G) > ~I(). (17.7)
oty armddelEn e apy1|c LeYOAmY aokAioemv, 00 PN OLUOTOLOVUE QUTEG TLG LOOOVVAUES LWOPPES
TOV 0PLOUOV.

17.4 To Ozmpnuo Cramer

Mo f: R — [—oo, 00], opilouvpe Tov petaoynuatiopd Legendre tng f wg ) ovvaptnon f* : R — [—oo, 00]
ue
[ (x) = supixr = f(1))

teR

v ka0e x € R, 0mov vevOuuiCovue 6t sup @ = —oco ko supA = oo av 1o A C R givon un gpayuévo.

'Eotm 10pa (X,)p>1 AVEEAPTNTEG KOl LOOVOUEG TUYOLES UETAPANTEG He TLuEG 0To R Ko 1 1 Kortavoun)
Kabgudg. ZvupoiiCovue ue M ) pomoyevvijtpra g X, ue A tov Aoyaptbuo g M Ko e A* tov
uetaoynuatioud Legendre tg A. Anhodn

MQ) := E(eY) = f e du(x), (17.8)

A(Q) := log M(Q), (17.9)

A*(x) := sup{Ax — A(1)} (17.10)
AeR

v kG0e 4, x € R.
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Hapdderyna 17.4. Ag dolue v mepimtwon ov 1 X; etvae 1 opowdpopen oto {—1, 1}. Tote

-1 A
AQ) = log(e 2” )

v KGBe A € R xou elvor Goknon amelpootikol Aoyiopot (peytotomoinong) va dei&el kaveig ot

(17.11)

A = (1 + 0 log(1 +x) + (1 - 0)log(1 = x)}  avxe[-1,1],
e av x € R\[-1, 1],

ue ™ ovpPaon 0log0 = 0.

To Bedpnua Cramer Aéel 0TL 1) akorovOia (S,/n),>1 LKAVOTOLEL TNV 0pYY) LEYALOV OTTOKAIOEWV UE
TaOTNTO 11 KA ouvaptnon pubuol A*. Egkivape pue 400 AMUUOTE TTOU OUOLAOTIKA OUTOOELKVIOUV TO

v QPayIa TG apxNG.
ANupa 17.5. TNa kaOe x € R woyvet

P(& > x) < e—nsup,lzo{/lx—/\(/l)}, (17.12)

n

P(& < x) < oM SUPI-AW) (17.13)
n

Anhad1| (o astOKALOT) TTPOG TA TTAVED EAEYYETAL OITO TLG TWES TNG portoyevvnTpLag M(A) yio 4 > 0
EVM (Ll ATTOKALOT) TTPOG TAL KATW eMEYYETAL aTtO TIg TéEG TG M(A) Yo A < 0.

AmodeiEn. T A > 0, epapudlovrog v aviootnta Markov, éxovue

Sn
P22 2 ) = (S, 2 1) = PUS, > nx) = P’ > e) < e R (™)
n
— e—/lan(/l)n — enA(/l)—/lnx — e—n{/lx—A(/l)}'

Emedr) to @payuo woyver yia kdbe 1 > 0, n 1déa eivan vo dadéEovue to A mov diver 1o KohiTe-
po/KpdTEPO PPAYUO. ZuyKekpLuéva aipvouue ot 1 mlavotnto P(S,/n > x) ppdooeton tdve oo
TNV TOCOTNTA

—n{Ax—A()} — e—n sup/lzo{/lx—A(/l)}.

infe
>0

H mtpadtn aviodtnto amodeiyOnke.
o v amddelEn g delitepng, mopatnpolue 6t yia A < 0 1oy et

Su _ =
P(— < x) =P(S, < nx) = P(AS, > Anx) = P(e"5" > ) < e M E(eW7) = ¢ HAAW)
n

Ko 1 am6delEn ovveyiCeton Omwe Ko YL Ty IpmTh aviooTnTo. ]

ANupa 17.6. Yrobérovue ot m := E(X;) € R. Tote
(i) x > m = A*(x) = sup.o{dx — A(D)}.

(if) x < m = A*(x) = sup _o{dx — A()}.

(iii) A*(m) = 0.

Amodelsn. (1) T kabe A € R epapuolovrog v aviootnta Jensen €yovue
AQQ) = logE(e™) > E(AX)) = Am,

ertouevng Am — A(1) < 0. Topa B€hovue va dei&ovue OTL oTo supremum 5Tov 0piler To A*(x) wropovpe
va aryvorjoovpe tovg apbuotg Ax — A(Q) mov éxovv A < 0. Ilpayuatt, yio x > m xkow A < 0 égovue
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Ax < Am (£ A(Q) dnwg deiEape mo mhvw), ortdte Ax — A(d) < 0. ‘Ouwg 0 eivan 1 Tiun tov Ax — A(Q)
otav A = 0. Apa ot épot pe A < 0 dev prropovv vo avENoouvv To supremum.

(i1) H amwddel&n eivow ovahoyn pe ovtv oto (i).

(iii) ‘Otav x = m, ot (i), (ii) divovv 6T To A*(m) wWoovTon pe TV Ty tov Ax — A(Q) yio 4 = 0, ) omoia
etvan 0. [

To emduevo Mupo eivor Kpioto yio v amddelEn tov Katw @payIatos g opyxng UEYOAmY 0Ito-
KMOogwV.

ANnpa 17.7. (a) H M eivar Stagogioun 6to eowtegikd tov Dy = {A € R : M(A) < oo} ue maodywyo
M’ Q) = E(X,e™).

(B) Av u((—o0, a)), u((a, )) > 0 kot 0 U exel cvumayn pogéa tote Dy = R kaw vrdoyet Ay € R dote
AN (a) = Aga — A(Ay). Ta avtd 1o Ay toyver N'(Ay) = a

AnddeiEn. (a) O TOmog Yoo Vv mapdywyo wpokvmtel dtagopitoviag ™y E(e™) uéoo amd v péon
. Tpémer dumg vo deiEovue 6Tl avTod eivor emitpento. 'Eotm A e0wteptkod onueio tov Dy, ko § > 0
ue [A — 8,1+ 8] C Dy. Tote ywo € € [-6, 6], & # 0 éxovue

M@+ -MQY) _ E(e(“g)xl — et ) _E (elxl X1 — 1) ‘
& & €

To 6pro yia &€ — 0 g ToodTTaC 0T Héon T elvon To emOuuntd Xie™ xar n omdivty g T
(PPAOCETOL ATTO

w @ —1 L ex . asex
l— <6 e "'+e .

T vor Sove T TPMTO PPAYIQ, AVOTTUOCOUUE 08 Suvauooelpd Ty e?X1. To de&l uéhog g Tedevtaiog
aviodtnTag dev eEapTATAL 0ITO TO £ Kot £XEL TETEPAOUEVT UECT TN EEouTiOG TOV OTL A — 6, A+ 6 € Dy;.
To ovumépaoua ETeTal otd To OeMPNUO KUPLAPYNUEVNG OVYKALONG.

(B) 'Exovue A*(a) = sup g A(D) ue A(A) := da— A(d) = —log E(e'®1-9). H A eivon TETEPOLOUEVY KOLL
drapopiotun oto R pe opra A(—o0) = A(c0) = —co gEautiog g u((—o0, a)), u((a, «)) > 0. Apa maipver
uéyLoto o éva onueio g € R xaw 0 = A’(1g) = a — A'(Ap). O oyupLopog orodeiyOnke. ]

BOeopnua 17.8 (Gewpnua Cramer). Yrobérovue 6Tt m := E(X;) € R. H akolovOia (S ,/n),s1 tkavomoiel
NV QX1 UEYAAWV ATOKAIGEWV UE TayTNTO N Kat 6vvaeTnon ouluot I1(x) = A*(x).

AmodeiEn. 'Eoto u, 1 kotavouy tg tuyoiog uetafnmg S, /n. AxolovBotue ) uébodo g IMapatn-
pnong 17.3(y).

AN oparMA: ‘Eotw F C R khewotd un kevo. Av I(F) = 0, dev éyouvue vo amrodeiEovpe Timmota yroti
t0 aplotepd uéhog g (17.5) elvou un Betikd mavtote.

YmoOétovue howmdy ot I(F) > 0. Emewdn I(m) = 0 (Aqupo 17.6), €meton OtL TO m €ivan oToryelo
Tov avolytoy ovvohov R\F. 'Eotw (a, b) to uéyloto vrodidotuo tov R\F mov mepiéyel to m. Avto
T0 VTodLdoTna glvar avolytd (Kot dpa a, b € F) yuati to R\F eivar avolytd Kow evogyetol a = —oo 1
b = oo (Oy1 Opwg ko to dvo yratt F # 0). Exeidn F € R\(a, b), 6tav a, b € R, éxovue

pn(F) < pn((—00,al) + pa([b, 00)) < &M@ 4 "M < 97, (17.14)

H mpwtn avicdtra émeton amd ta Aupata 17.5, 17.6, evar 1) devtepn amtd to 0tLa, b € F. Ava = —oo,
oL aVLOOTNTEC LOYVOVV OV TTOPOAEPOVLE TOVS dPOVG i, (=00, al), e ™ @, Avéhoya kou dtav b = co.
Twpa to dvw epayua éetal amo v (17.14).
KaTte oparma: Me Baon v (17.7), emewdi n S,./n maipver tpég oto R, apket va deiEovpe ot yia
K00 a € R xai § > 0 woyveL
lim llog,un((a —d,a+9)) = -A(a). (17.15)

n—oo
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Iepintoon 1. u((—o0, a)), u((a, o)) > 0 KoL 10 u €xeL ovuToyr Popéa.
Tote pe Bdon to Aquuo 17.7 vredpyel g € R dote A*(a) = ga — A(dp). Opilovue éva véo uétpo fi amd
™) oyéon (Aeg [Mopaderypa 6.32)

d
d—“(x) = Ay e R (17.16)
u

To f1 eivow pétpo mbavotnrog yroti

1
i(R) = f A gy (x) = —— f e du(x) = 1
a R a M) Jr a
Ko €xeL uéon TN a yrott

Apx d ,
fx di) = Jo %€ dux) — pr(ay)
R

Mo My N =a

Emiong, ovuporiZovpe e fi, v katavou Tov uéoov dpov X| + - - - + X, /n étov ou X1, X5, ..., X, elvon
aveEdptnteg Loovoueg Kabepio pe katovoun fi. Ko thpa eipoote oe 0¢om vo deiEovue to Tnrovuevo
Kot @pdayuo. o omolodmote € € (-6, §) vtoloyilovue

S,
pnl(a = £.a+ ) = P(; ca-ea+ e)) - f du(xy) -+ dp(x,)

|x1+x2+-+Xx,—nal<ne

) f NG ) - ()
[x1+x24+x,—nal<ne
> enA(/lo)—/lona—l/lolnsﬂn((a —ga+ 8)) — e—nA*(a)—nI/lolsﬂn((a —g,a+ 8))
Apa
1 1
lim — log ft,((a — 6,a + 6)) > —A*(a) — lole — lim — log fi,((a — 6,a + &)). (17.17)

n—oo n—oo

Topa lim,—« fi,((a — 8,a + 8)) = 1 amwd Tov 0obev VOUO Twv peydhwv aplbpumy yLott
X +--+X,
fn(@=6,a+0) =P c (a—6,a+0)

n

karou Xy, ..., X, elvow aveEaptnteg odvoueg ue pwéon Ty a. Apa to lim oto deEl uéhog g avicdmrag
(17.17) etvon 0 ko wapvovtag € — 0 €éxovue v (17.7).

IMepimroon 2. u((—o0, a)), u((a, o)) > 0 Ko 1o u dev €xeL GUUTOYY| POPEQL.

YTrdpyer Ry > 0 peydho wote u((—Ro, a)), u((a, Ry)) > 0. Oewpolue tdpo omolodnmote R > Ry Ko
akorovBio (Xi)is1 aveEAPTNTOV Ko L0OVOU®Y TUYaiwy HeTaPANTdV te Kotavour cvtiy g X pe m)

déopevon |Xi| < R. Anhodn
PX; € A IXi|<R)

PX, €A) =
K=<
yio k00e A € AB(R).
O¢touvue S, =X +X%+--+X, Tote
S Sy e
P(—e(a—s,a+s))2P(—e(a—s,a+8),|Xl~|sRyLocKocE)sz:1,2,...,n) (17.18)
n n
P(%e@-ca+e) Xl <Rynaxddei=12,...,n)
_ 17.19
P(X;| < Rywaxabei=1,2,...,n) ( )
X P(Xi)| < Rywoxdbei=1,2,...,n) (17.20)

A

Sn
:P(— €(a-&a+e)|P(Xi| <R) (17.21)
n
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Thpa yia Ty axorovdio S ,/n epapuodletal n mepimtmon 1 Tov kKdtm @pdyprotos. SvuporiZovue pe I
TN OUVAPTNON PLOUOV TNG aPYNG UEYOA®Y QTTOKAIOEWY TTOV LKavostoLel 1) akohovBio. Apa

1
lim —logu,((a — 6,a + 6)) = —Ir(a) + log P(IX;| < R).
Apykd, Ba Behtidoovue VY £K@Paon Tov Katw @pdypatog. Ot¢tovue Cr(d) = log E(e™i1x,<r). H
pomoyevwitpu g X eivan E(e™ 1y, <p)/ P(X1| < R), pe hoyépibuo Cr(1) — logP(Xi| < R), Gpa
Ig(a) = sup ,g{da — Cr(D)} + log P(|X;| < R). Emouévmg 1o ponyoevo Katm @piryro ivor ommhmg

—sup{da — Cr()},
AeR
10 omoio eivar To avtifeto Tov petacynuotionot Legendre Ci(a) g Cr oto a. 'Etol, to Tnroduevo
Katw @payna émetan amd Tov €ENG LoyupLopd.
Izxrpizmos: lim, | Cr(a) < A*(a).
H Cy(a) eivou @pBivovoa wg mpog R yiati ) Cr(1) eivar avEovoa g pog R. Apalim, | Cr(a) < Cf(a)
yio k60 r > 0. 'Eoto u < lim, | Cr(a). Oétovue

K, ={1eR:da-C.(Q) > u}.

I r > Ry, 10 K, elvar pun kevd agol u < Cr(a) kou ovumayég yorl  A(1) = da — C.(1) eivan
TETEPAOUEVT] TTOVTOV Ko OUVEXNG WG TTPog A e A (—o0) = A,(0) = —oo (tddelEn dmwg oto Afuua
17.7(B)). Enlong n (K;)rsr, elvan gpBivovoa wg mtpog r, dpa 1 tout) Nysg, K, elvan un kevn ko €0tm A
éva onueto og ovtv. Tote

/l()a - Cr(/l()) >u

vio K40e r > Ry. T r — oo 1 tehevtaio aviootnta Kol to Oempnua povotovng ovykiong divouv
Aoa —log A(dy) > u, xar apa A*(a) > u. O woyvplouds amodeiydnke.
Iepintwon 3. Kavévag meproplopds oto u (mépav tov E(X;) € R).

Mével va eEgtaoouvpe TNV TEPLTTTWOT TTOV £Va TOVAAYLOTOV OTT0 Ta w((—00, a)), u((a, 0)) eivar 0. Tote

A*(a) = sup{la — log E(e™")} = sup{—log E(e'®~®)} = —1log P(X, = a).
AeR AeR

H tehevtato woémra oydet yiott ko amd tig vrobéoeig pag, n E(e™1=9) givor povétovn wg mpog A

KoL apa To infimum g LoovToL (e To OpLd ™G 010 —oo dtav u((—o0,a)) = 0 Ka ue To OpLo TG 0To 00
otav u((a, —0)) = 0. Topo TO CUUTEPAOUOL ETTETOLL YLOTL

palla=6,a+0) 2PX; =X, =--- =X, =a) =P(X; = a)".
|

Mopatypnon 17.9. (o) (H déa g adloayic pétpov) To ovotaotikod KOUUdTt T atodelEng tov KaTtw
ppayuotog etvan 1 Iepimrwon 1. Ag mdpovue v meplmtwon a # m Kou & wkpo. To yeyovog
A, ={S,/n € (a — &,a + &)} eivor un TVTKSO Otav oL X; €XOVV KOTAVOUN U, KoL SUOKOLEVOUOOTE VL
gkTiuoovpe TV lavoTNTA Tov. AuTo 7TOU KAvouuE givor va oAlaEovue Tov vouo twv X; ue Tétolo
TPOTO MOTE TO A, VO YIVEL TUTILKO YLl 0VTOV TOV VEO vOopo. Kot pdypatt, o vouog @ €xer uéom tum a,
omote, dtav ou X; elvar aveEdptteg, Kabeuio pe Katavoun g, to A, éxel mbavotnta mov teivel oto 1.
To K60T0¢ YL TV ahharyn vouovu (HéEtpov) eivan 1 mopdywyog Radon-Nikodym, yio tnv omolo eutuymg
éxovpe KoAS éheyyo. 210 6Uvolo A, avty éxel Ty mepimou e Ao =loal,

(B) poogEte otL yra v epimTmon 2 Tov KATW PPAYUOTOG EQPOPUOCAE TV TEYVIKY TNG TEPLKOTNG
wote va avayBotue oty Mepimtwon 1. Me tov (610 Tpdto amodeiEape TV ETEKTOON TOU VOUOU TV
ueydhwv aplbumv oty Aoknon 12.2.
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I(z)
00 00
. -
+ log2
T
-1 1

Zyfua 17.1: H ouvdptnon pubuot g apyng ueydhov amokioemy yio Tov uéco 6po opotdpoppuv oto {—1, 1}.

(v) To Bedpnuo Cramer 1oy veL akopa Kot xwpig tv vrtobeon ot 1 E(X) opileton ko eivar mpay-
wottkdg aptbuds. Avtd amodeikvietan ue hiyeg mopeufdoelg oty amddelEn o mtavm (Aeg
( ), @edpnua 2.2.3).

Hapdderypa 17.10. To Bewpnuo Cramer epopuodletar oty akohovdia (S,/n),>1 g Hapaypdgov
17.1 xou diver ot avT LKAVOTToLEL TNV apy1| UeYOAmV amokiioemv pe cuvaptnon pviuov I(x) T A*(x)
™G (17.11). To ypaenud g divetor oto Zynuo 17.1. Na sapatnprioovue ta eEg

e H I éyeL v ruy) 0 ot péon tun E(X) = 0.
e H 7 éyer v Ty oo yia x € [—1, 1], ov eivor ovapevouevo oo m S ,/n aipvel Tiwég oto [—1, 1].

e 'Ooo amopaxpuvopaote amd to 0 (tn uéon tun Tov X;), 1 I(x) avEaver. To yeyovdg {S ,/n eivon
KOVTA 070 X} YiveTal akpifotepo/mio amxibavo.

Topa wropotue vo emotpépovue oty Iapdypogo 17.2 kou vo dovue Ot Tpdyuatt 1 dopopd
xlog 2 — I(x) happdver T uéyrotn tur) g otav x = 3/5 Ko avt) 1 tun eivon 1 log(5/4), oe cuppmvia
ue v (17.2).

Aoknoelg

17.1 No vtohoylotel 0 petaoynuatiopds A* oty mepimtwon wov 1 X akohoubel v Katovour):

(o) Poisson(a),

(B) exp(a),

(v) N0, 0?),

omov a,o0 > 0. Emiong, pe yprion Mathematica 1] dAhou mpoypduuatog va yiver o K40e meplamtwon 1 ypopLKy)
mopdotaon touv A*.

17.2 No vrohoyiotel o petaoynuatiopds A* oy mepimroon mov 1 X; éxer mukvomra f(x) = (3/2)xd 11, T
TANPOPOPIEG dlvEL TO AV KO TO KATW PPAYU THG ApYNG UEYOAWV ATTOKAOEWV Yo TV akohovbia S, /n;

17.3 Extelovue mo akoroubio aveEdptntwv pipewv evdg apepdinmtov vouiopatog kot ovoudfovue S, to mhibog
TV Popmv stov 1pBe 1 £velEn «Kepap» oTig Tpwteg n plyels.

(o) Na devyBet dtL 1 axolovBio (S,/n)y>1 LKOVOTTOLEL TV 0P| UEYEAMY ATTOKAICEWV 1E TaXVTNTO 12 KoL OUVAPTNON
pLvOuov

1 log2 + xlogx+ (1 —x)log(1 —x) avxel0,1],
X) =
00 avxeR\J[O,1].
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(B) T'a Ty swbavotTa P(S 1900 = 700) vo tpoodiopiotel to v gpdryno tov divouv ta Afuuoto 17.5 kKou 17.6 kou n
TPOOEYYLON TTOU divel To KevTpkd oplakd Bedpnua.

17.4 'Eoto axolouBia pétpmv mbavomtog (iy)y>1 0€ évav HeTplkd xmpo X 1 omolo LKOVOTTOLEL TV 0py1] ueyohwv
amokLioewv e TaxuTTa @, Kot cuvapmon puBuov 1. Na detyOel ot inf{l(x) : x € X} = 0.

17.5 T k6Be n € N*, éotw Y, Tuyaio petafinti mov akolovbei v katavour N(0, 1/n). Na dewyBet dtu 1 axorovdia
(Y)us1 LKaVOTTOLEL TNV 0P| HEYUAWY ammOKAIoE®V PLe TaydTNTo 1 Ko ouvépTnon puOuos 1(x) = x*/2, x € R.

17.6 Na amodeydet o LoyvpLopdg tov Mapadeiyuatog 17.2.
17.7 'Eotw f : R — [~oco,00] kaw Dy := {x € R : f(x) < oo}.
(o) Av 0 € DS, 101¢

tim £ 5,
oo 1
Kot apol limyy—e f*(x) = oo.
(B) Av Dy =R, 1018
S (x)

Ixl—oo x|

17.8 'Eotm 6 1 tuyaio petopint X; (ue twég oto R) €xer uéon tun m = E(X)) xou pomoyevviitpia M 1 omolo elvor
TETEPOAOUEVT YL OAaL TOL A O (oL TEPLoyt) Tov undevog. Na dewy el 0tL yia ™) cuvaptnon puOuod g apync peydiwv
amokhioewv mov diver To Bemwpnua Cramer woyer I(x) > 0 yio K4Oe x # m. Omodte, TALPVOVTAG VITOYPLY TO Afjupc
17.6(iii), éxouvpe OTL T0 m lvor 1o povadikd undeviko g 1.

17.9 'Eoto (X,)n>1 aveEGpnTeg Kol Llodvoueg tuyaieg uetafintée ue tiuég oto [0, 00) dote 1 pomoyevviTpla g X

vaL ELVOL 1)
e ave <0,
M@) =

00 avt>0,

omov C > 0 xav a € (0, 1). ©étovue Sy := X + Xo + - -+ + Xi yio K4Oe k € N*. Na deryOel ot yio kaOe ¢ > 0 woyler
P(S) < ik'/4) < ¢C11 T (17.22)

ue Cp := (1 — a)(Ca®)-™",

Zxoha: 1) Amodeikvietar L yio xa0e C > 0 xou a € (0, 1) vdpyer tuyaio petafint pe pomoyevvitpLa dmwe
70 WOV, Méhota auvtn 1 Tuxoio petofAnT £xer néon Tiur co.

2) Mmopotue vo. dei€ovpe ot 1 S /k'/¢ cuykhivel katd Kotavow oe wo un otadepn Tuyaio petofinm) ¥ ue
okvoTITAL Apa To OpLo Yia k — oo g mbavotrag oty (17.22) eivow P(Y < 1). TpooéEre 6t ) (17.22) woyder yio
Oha Ta k KL Oyl athig Yo taL ueyaha k.
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AI

AvolvTikd atoteAEopnoTa

K¥prog 0t6)0¢ avutol Tov TapapTuatog eivatl 1 Statdmwon tov Afuuatog A'.2 Topakat Tov ogopd
VITOAOYLOUO OPImV OITELPOYLYOUEVWV KL YPNOLUOTTOLETOL 08 amodeiEelg aoBevolg ovyKkMong Héow
YOPAKTNPLOTIKMV GUVOPTIOEWMV.

INa z € C\(—00, 0], e log z ouuPoriCovue tov KUpLo KAASO Tov hoyapifuov tov z. Anhadn
log z = log|z| + iArg(z),

omov Arg(z) € (—m, ) elval To OPLOUOL TOV Z.

INa z € C xovtd 010 0, éxovpe € ~ 1 + z ko log(l + z) = z.

Avtég oL 800 mpooeyyioelg pog Kabodnyov dTav KAVOuUE OUUTTOTIKY 0VAAVOT OITELPOYLVOUEV®V.
Kau émertal, yia va SLKoLoloy100UUE 0UoTNPA TO ITOTELEGILOL TTOV LOLG VITOOELKVVOUYV, Y P1OLUOTTOLOVUE
KaTmoLa artd TG avioOTNTEG 0TO TOPAKAT® MUUCL.

Aquua A'1. (i) e > 1 + x yua k40e x € R.

(ii) logx < x — 1 yra ke x € (0, o).

(iii) |e* — (1 + 2)| < |2 pra kGOs 7 € C ue |z) < 1.

(iv) |log(1 + z) — 7] < 2|z)* Y1 kGOs z € C ue |z) < 1/2.

Anodeén. Ta (i), (ii) elvon yvwotd amd 1o MKELo.
(iii) Me yprjom ™ SUVOUOOELPAG YLoL TNV €° €xovue

SR S
<kP ) o SkP ) 5 =k
k=2 "

k=2

[

k
3

k=2

le* = (1 +2) =

Ty TpdT avicdTTa, Pydhape Kowd moapdyovra to |z]> Kol ypnoipomonjoaue o 6t |z] < 1.
(iv) T z € C pe |z < 1/2 woyver

S (=D k N k 2 |1 2
1 1+ — = < = <2 .
llog(1 +2) =2l = | ), ———2| < Dl = kP = < 2
k=2 k=2
H mtpom) wodmta toyvet yua kabe z pe |z| < 1, evo 1) tehevtoio oviodTto yio |z < 1/2. ]

ANuuo A’.2. Eotw (ky)s1 axorovbio puokdv agiQudv kou{a, ;- n > 1,1 < j < k,} wyadikol agibuol.
Yrobérovue 6t

(i) 1im,,_ e ZI;.”:] a,;=AucAe€Cka

(ii) 1imy_eo zﬁ; a, 2 = 0.

Tote

n—oo

kll
lim H(l +a,,) = e
j=1
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122 Avalvtika amotedécuata

To ovumépaoua elvar avopevouevo agov Aoyw tov (ii) Oha ta a, ; elvon kovtd oto 0 Ko dpo

K ke )
H(l +ap,j) = l_[ e = e M,
j=1 Jj=1

O ex0étng otnv televtaia £kgpaon teiver oto A. Tlpémer va dei&ovue BéPata avotpd OTL TO =~ 0TO
OpLo yiveton =.

AmodelEn. Amo v vmodeon (i), viapyer ng € N* 0ote |a, j| < 1/2 yuakdbe n > ng 1 < j < k,. 'Eneito,
gyouvue
1%, +an))

ki
% jil an,j

= P llog(l+ay )=an ;) (A1)
e
O ekbtng ue xpron tov Afupatog A'.1(iv) ppdooetal wg g

ki
D Hlog(1 + ay ) - a )

J=1

kn kn
< 3 Hog(l +ay)) —an <2 lay
=

J=1

H tehevtaio moodtnta teiver 0to 0 0mrd vrdOeon. Apa 1o niiko oy (A".1) telver oto 1 ko To Mjuua
amodelyOnke. ]

Iopropa A’.3. Av (c,)nen axorovOia oto C térowa dote ¢, — ¢, ue ¢ € C, 1é1e

lim (1 + C—) = .

n—oo n

AmbdeEn. Eqapudtovue to Auua A'.2 pe k, = n,a,; = c,/n o kbe n > 1 kv 1 < j < n. 'Exovue
2

Z’}zl%:cnecmuzg?:l(%) =%—>0YLOLI’1—>OO. [ ]

Téhog, dratvmmvouue v tpooyyon Stirling yia ™) ovvaptnon I'. O opropdg g I eivan

[(x) = f e dt
0

yio k40e x > 0. Amodetkviovtor e0Kola oL €ENG PAOLKES LOLOTNTEG TNG.
(i) T(1) = 1.
(i) T(1/2) = /.
(iii) T(x + 1) = xT'(x) yio k4Oe x > 0.
(iv) T'(n) = (n— 1)! yio. xaOe n € N*,
H ntpooéyyion Stirling eivor 1 €&1ic.

Oeopnua A’ 4. Ia kéOe x > 0, vadoyet 0, € (0, 1) ot dote

X 2 ,
T(x) = (f) N o120, (A'2)
e/ +x
o v amddelEn tov Bewprjuatog, deg v Mapdypago 12.33 oto ( ).

TN n € N*, éyovue v €Enjg elduky| mepimtwon:
nl=IT'(n+1)=nl(n)~ (E) 27,
e

KoOwg n — oo.
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Teyvikés amodeiters

To mapapTUo. AUTd TEPLEYEL ATOOEIEELC KATOLWV ALTTOTELECUATWY OL OTTOLEG ELVAL TEPA AT TOV OTOYO
TV onuelwoewv. Kataypdgovtol edm Yo Tov evOLagpepOUEVO avayvmoT.

Kegdroro 10

Anddeién tov Osworjuarog 10.10: Emeidn n olkoyévela (G)) jes elvar aveEapTnT ov Kaw dvo ov Kabe
TETEPAOUEVT] VITOOLOYEVELD, TNG ElVOL AVEEQPTNTY, apKel va detEovue To BedpPMUO GTNV TEPLTTWON TTOV
to J elvan memepoouévo. Ymobétovue howtdv ot J = {1,2,...,n} yia kamowo n > 2. T k&be k € J,
ovoudZovue Cy 10 6UVOLO TOV OUVOLMV TNG LOPPNG A, N A, -+ NA;, Omov r > 1 ko A;,, Ay, ..., A, €
Ujer, Fi. Hapatmpovue 6t 07(Cy) = Gi yrati oapng Cr C Gy ko Cy D Uje, Fi. Oftouue

Dy ={AeG :PANAN---NA,) = P(A)P(A,) - P(A,) Y10 k40t Ay € Ca, ..., Ay € Cyl.

Amd vidBeon, C; € D). Edvxoha deiyvovue o0tL m Dy elvon kKhdon Dynkin, dpa 6(Cy) € D;. Ouwg n Cy
elvol KAELOTI) OTIG TIETEPAOUEVES TOUES, 0TTOTE TO Bepnua mt-A divel 6t 6(Cy) = o(Cy) = G1. Apa.

ta G1,C2,Cs, . .., Cy, elvar aveEdpmra.
Me avdaloyo emuyeipnuo deiyvovue Ot
T G1,G2,Cs, . . ., Cpy glvon aveEdptnta,
Ko teMKkd to Oedpnua. (H tumkn amddel&n yivetol pe emarywyn.) ]

Amodelsn tov Osworjuarog 10.11: 'Eotw G; = 0(Uier,0(X;)). Amd v vmobeon aveEapmoiag Tov
(Xi)ier Kau TO TTPONYOUUEVO BEdPNUQ, OL O-OAYERPES (G))ics Elvan aveEdpTnTeg. ApKel emopévog va
delEovpe OtLyia kGe j € J,n Y; eivon G -petprioyun. ‘Eotw W; := (Xj)ier, : @ = RY, ondte ¥; = fjo W),
Kou yiot A € R otvoho Borel, éxovpe Y;'(A) = W, '(f7(A)). Aedopévou dtun f; eivon petprioyum, pévey
va deiEovpe tov €ENg LoyupLond.
IzxrpizmMoz: H W; elvon G petpiowun.

Hpdyuatt, 1 owkoyévela B; := (B c RV : WJ.‘I(B) € G} elvan o-ahyePpa [Aoknon 1.7(a)] kou mepiéyel
TOUG HETPOLOUG KULEVOpOUG Yol av thpovpe Evav Tétowo B = [1iey, B, Oa €xovue

W;(B) = Nict, X[ (BY).

e au) ™V Top), WOVO TETEPACUEVO CVVOAQL Elval SLOpopeTIKd atd To Q agov 1o {i € I; : B; # R}
elvar memepaouévo. Apa, wg aplunotun (TemePAoUEV) LAALOTO) TOUT| OTOLYELWY TNG O-GAyeppoc G
elvar otovyelo g G;. Ko emeldn) n) o-ahyeBpa yLvouevo mapdyeton amd Toug HeETPHoLovs KuAivopoug,
émetal 0Tl ®ic;, B(R) C B,. O oyvpLopodg amodelyOnxe. ]

Kegdroo 11

AmbdeEn tov Oswonjuatog 11.10: Oa deiEovue 6t to C givor aveEGptnto 0mtd tov eautd tov. Tati
avtd diver P(C N C) = P(C)P(C), dnhadn P(C) = P*(C), mov ypagetar P(C){1 — P(C)} = 0, and to
07T0l0 TTPOKVITTEL TO LNTOVUEVO.
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124 Teyvikég amodeibels

I=xrpismMos I T kG0e n > 1, ou 0-dhyefpeg Z, = o({Xy : k < n}), 6, eivan aveEdpTnTeg.
Avtd émeton amd 1o 6t ou (X,),>1 elvan aveEaptnteg, tovg Opopotg 10.3, 5.17, ko to Oempnuo
10.10 yioe T drapuépron {{1,2,...,n},{n+ 1,n+2,...}} tov N*,
O¢tovue Twpa Z = Upen D,
[=xrPi=MOs 2: To C eivor aveEdptnto amd kdbe otouyeio g o ().

Ente1dn) to C eivou ototyeio g 6, yia ka0e n > 1, émeton 6t to C eivan aveEqptto amd Kae 7,
Kaw dpa amd KdOe oToLyElo TNG EVOG TOoVg, Tov eivar to Z. To ohvoro & Tmv atotyeimv g o (Z) mov
glvar aveEapmto artd 1o C eivor wa Khaon Dynkin (Aoknon 3.1) mov sepiéyer tv Z ko n Z eivan
KAELOTY| OTIG TTETEPAOUEVEG TOUEG. Apa, artd to Bewpnua 7t-A, 0(Z) = §(Z). Ouwg 8(Z) c & C 0(D),
onote & = (D).

Tohpa G C o(Z) yoti evkolo rémovpe 6t 0(Z) = o({X,, : n > 1}). Apa amd tov loyvpionod 2
gyouvpe Ot to C givar aveEAPTNTO 0ITO TOV EQUTO TOV. ]

Kegdroro 14
Amodelsn tov Ocwonuarog 14.8: 'Eotw F kal F, ) ouvapTnon KATavoung TmV UWETPWV U, i, AVTIOTOLY .

«=» Av ta a, b elvar onuela ovvéyelag g F, tote yio v f 1= 1, toyver n (14.3). Mpdypot

f Liap)(x) dpn(x) = pa((a, b]) = Fy(b) = Fy(a) = F(b) - F(a) = f Lap)(x) dp(x) (B'.1)

YL n — oo,

'‘Eoto tpa f ovveyng Kot gpayuévn. ©¢tovue ||flle 1= sup, [f(x)]. Haipvouue € > 0. Bpiokouvue
K > 0 wote 1o —K, K va eivon onueta ovvéyeog g F ko F(-K) < g,1 — F(K) < &. Zrabgpomoloue
&1 > 0. Emteldn 1 f etvar opordopopgpo ovveyng oto [—K, K1, vrtdpyer 6 > 0 wote

x,y € [-K K] |x =yl <d=[f(x) - fO) < &1 (B'2)

Bpilokovue oto [-K, K] onueta —K = ap < a1 < ay < --- < ay-1 <ay = K ®vote 0 < a; —a;_1 < § o
K&be i = 1,2,...,N koun F va elvar ovveyng oe kabéva amod ta ay, az, . . .,ay-1. Eotw I; := (a;-1, a;]
yvoi=1,2,...,Nxa

N
S = ) @) a0,
i=1
Tote

° limn_mfs(x) du,(x) = fs(x) du(x) Moyw g (B'.1) xau tov 6tL T ag,ay,...,ay evor onueio
ouvéyelog g F.

o |f(x) = s(x)| < &1 Yo k4Oe x € (-K, K]. Apa.

‘ f Sx) dpy(x) = f s(xX)du,(x)| < f |f(x) = s(x)| dpt(x) (B'.3)

< f [f(x) = s(X) i<k dun(x) + f |f(x) = s(0)[ 1>k dun(x) + f |f(x) = ()1 ek, k7 dtn(x)

(B".4)
< [ flleolptn((=00, =KT1) + pn((K, 00))} + £104((=K, KT) (B'.5)
S oot Fa(=K) + 1 = Fy(K)} + & (B'.6)

Apalim, oo | [ £00) dpn(0) = [ sC0dpa(2)] < 26 fllo + &1

o Opota, | [ f(x)du(x) — [ s(x)du()| < 2elflleo + 21
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Apa, aTd TNV TPLYWVLKT] OVIOOTNTA,

< 4ell flleo + &1.

@;‘ f F() dpn(x) — f F() du(x)

To aplotepd péhog dev eEaptartan amd ta €, 1. Oempoie howtov g, &; — 07 ko o Tnrovuevo Emetod.
«=» 'Eotw xg € R onueio ouvéyelag g F. T & > 0, Bempolue T ovveyr| Kol gpoyuév ouvaptnon

1 av x < xop,
f)=4—-(x—x9—&)/e avxE€(xg,x0+ €], (B'.7)
0 av x> xy+eE.

1N omotal LKOVOTTOLEL 1(—e x1(X) < f(X) < 1(Zoo xyre1(X). TTaipvovtag ohokApoUa WG TPOG 1, OTNY TPWDTY
OVLOOTNTA, G TTPOG U OTY OEVTEPT] OVLOOTNTA, KOL YPNOLUOTOLMVTOG TV VITOOEOT Taipvovue

lim F,(xo) < lim f F(x) dpn(x) = f f(x) du(x) < F(xo + &).

‘Ouwg to € givon ovbaipeto. Kau emedn n F eivan 8eE1d ouveyng oto xo, Yo € — 01 maipvouue

lim F,(x0) < F(xo). (B'.8)

[N 1o KaTw Ppayua, Toipvovue € > 0 Kal Oempovue T oVVAPTNON

1 avx < xy— ¢,
g(x) =4-(x—xp)/e avx e (xo—& x0], (B".9)
0 av x > Xxg,

1 o7ola LKAVOTTOLEL 1(—co xy—g](X) < 8(X) < 1(Ceo xy1(X). Omrg mpLy mOlpvoLLLE
lim F,(xo) > lim | (x) du,(x) = f (0 du(x) > F(xo — &).

Emewdn n F elvon aprotepd ovveyns oto xp (0@ OVO ypnoLuomototue OTL To X elval onueio ouvéyelog
™m¢ F), yio € — 0" maipvovue

lim F,(xp) > F(xo). (B".10)
H televtoio oyéon poli ue v (B'.8) divouv to Tntovuevo. ]

Amddelén tov Oewonuarog 14.11 (i) = (ii): IsxrPisMos: Av to A givar KAeLOTO, TOTE
lim 11,(A) < p(A).

Ztabepomolotue r > 0 Kat Oewpotue ™ ovvaptnon f(x) := 1/(1 +d(x, A))", dmtov d(x, A) := inf{lx—y| :
y € A} elvaw 1 amwdotaon tov x amd 10 A. H f, elvan ouveyng, ppoayuévn, Kot tkavomolel 14 < f,. Apa

lim 11,(A) = lim f 14(x) dptn(x) < lim f Jr (%) dpn(x) = f f(x) dp(x). (B".11)

Topa, lim,_q f(x) = 14(x) yia KGO x emedn) kabe x € R\A éyer d(x,A) > 0 (to A elvor KAewoTo).
Omote, maipvoviag r — oo oty (B.11) xoatd wikog wog akolovdiag (. r = k guolkdg) to
Bewpnua ppaypuévng ovykiong diver ot limy o ffk(x) du(x) = flA(x) du(x) = u(A). Ko o toyvproude
amodelyOnke.

Av 10 A givar avorytd, TOTE eapUOTOVTIAG TOV LOYVPLOUO YL TO KAELOTO R\A maipvouue

lim p,(A) > p(A).

n—oo
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Thpa yia évo A 6mwg oty ek@dvnon xovue u(A) = u(A°) + u(0A) = u(A°). Kon omd ta o meve

U(A®) < lim p,(A°) < lim g,(A) < lim ,(A) < lim g, (A) < u(A).

n—00 n—oo
To Tnrovuevo émetat. ]

Kegdroro 15

AmddeiEn tov Afjuuarog 15.1: Amd tov oplopd tov petaoynuatiopov Fourier tov pétpov u éyovue

fu(l — () de = fu f(l — ™) du(x)dr = ffu(l — cos(tx) + i sin(zx)) dt du(x).

H deltepn oot to tpokvmtel amd to Oeswpnua 9.4 (Fubini). Egdoov 1 ovvaptnon 1 — cos(tx) eivan
APTLOL KOLL 1] CUVAPTNOT] Sin(Zx) E(VOL TTEPLTTY), TO TELEVTOLO OAOKAMPWOL LOOVTAL [UE

2 f f "1 = cos(rx)) dr du(x) = 2 f (u— Sin(”x)) du(x) = 2u f (1 - Sin(”x)) du(x).
0 X ux

[Mapatnpovue TOPO OTL 1) CUVAPTNOTN 0TO TEAEVTALO OAOKA P elvar un apvntikn (1 — %ZX) > 0y
KA0e x € R. Apa, av OAOKANPDOOVUE O UKPOTEPO XWPLO, TO OLOKMPWULO WLKPALVEL.) KO YLoL |ux| > 2
EYOUUE

| sin(ux) 1 1
ux ux ~ 2’

fu{l —a(n)}de > 2uf ld,u()c) = uu ({x s x| > g}), (B".12)
—u (elxl>2/u) 2 u

7ov glvol to Tnrovuevo. ]

ZUVENTHG,



YTOOEIEELS VIO EMAEYUEVES OLOKTOELS

Kegdioro 1

1.5 Av mapayotav, tote 1 douéplon Oa Nrav avaykaotka 1 C = {{x} : x € R}. 'Emeita, xpnolwomolovue
™v Aoknon 1.3.
1.6 By = A,B; = A>\A|, B3 = A35\(A] U Aj), ...
1.7 () 0 € Byiati f71(0) = 0 xon @ € F. 'Enerta, av A € B1ote f~1(Y\A) = X\f~1(A) xow eqdoov f~1(A) € A
Ko N A eivon o-dhyePpa, €xovue 6tL X\f1(A) € F. Apa Y\A € B. Téhog, av (A,)nen elvan axolovBic oty
B, 101E

F UnenAn) = Upen f 1 (An) € AL

1.9 (o) C. (B) D. (y) Aev ovykpivovtar. (8) D. (g) C.
Kegdroro 2

2.2 'Exovue ot 3,2 P(A,) = P(U? | A,) < 1. Ago¥ 1 oelpd ovykhivel, lim, ., P(A,) = 0.
2.3 (o) Ioyver 6n P(UY | A,) < 302 P(A,) = 0.
(B) Ioyver ot P(N7,A,) = 1 = P(UY Ar) = 1 agov P(UY Af) = 0 Moyw Tou ().
2.4 Aoyw tng mponyoluevng doknong, mpémel ta I, I’ va eivan vrepapbuiopa. Eotw Q = (0, 1), F =
B((0, 1)), P = Ay to uétpo Lebesgue, I = I’ = (0, 1), A, := {x}, B, := (0, D\{x} yia. xaOe x € (0, 1). Tote
() P(A,) = P({x}) = 0 yia x&Be x € (0, 1), opwg P(Uye0.)Ax) = P((0, 1)) = 1.
(B) P(By) = 1 yua x&be x € (0, 1), 0uwg Nyeo.1yBx = 0.

25Tw n € N*, Oétovue B, = {8 € B : P(4p) > %}. Tote |B,| < n, yiatt P(Ugep,Ap) < 1 kaw P(Ugep,Ag) =
Ype, P(Ap) > %IBnl. Ago¥ B = U» B, ue |B,| memepaocuévo yio kaOe n > 1, £yovue To Tnrovuevo.
2.6 I'lo. TV TPAOTN AvIoOTNTO EXOVUE
P(liminf 4,) = P(U}, 02, 40 = lim P02, Ap) < lim P(4,).
nz n—oo n—oo
H devtepn wodmta oyber yioti n akokovlio B, = N2 Ag elvar avBovoa, eva 1 aviodmTa oyvet otk
B, C A,,. H aviootntal
lim P(A,) < P(limsup A,)
QTOSELKVUETOL OUOLCL.
2.7 To otpryna Tov pétpov eivor 1o [2,5] U N.
2.8 To F wg vtdympog dLoywpiottou HETPLKo xmpov eivar draympiowog (Avtd amodetkvietar wg e&Ng:
‘Eotw A évo apBunouo mukvd vrootvoho tov R. T kG0e kaOe x € A Ka OeTikd aképano n emAéyovue
ye Fuely—x < 1/nav tétowo y vadpyel. To o0voro OAwV autdv TV y mTov culléyovue €TI0l eival

opLdunoo Kot Tukvo vitoovvoro tov F). 'Eotw D := {x; : k € N} éva aplOuiopno mukvo viroovord tou
F. ©ttovpe = Y2, 27%6,,. 6, elvan 1o uétpo Dirac oto onueto x. To p €yer omipryua F.

Kegdroro 3

3.1 Xpnown eivan 1 Ipdtaon 2.12
3.2 H A dev mepiéyel 1o {2} mov eivon toun tov {1, 2}, {2, 3}.
3.3 Antd to Oedpnua 3.6 £xovue 6t o (Cy) = 8(Cy).
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128 Yrodeitels yia emMAEYUEVES AOKNOELS

Kegdloro 4

4.1 'Eotw A(F) := {x € R : HF elvan aovveyng oto x}. Emewdn m F eivor avEovoa, oe kdbe onueio
aovvéyelag, N F éyel ahuo mpog ta tave, diadn, F(x—) < F(x+) (Bépana, F(x+) = F(x), ola dev to
ypewatopaote). T x € A(F) emhéyovue évav pnto g, € (F(x—), F(x+)). Emewdn n F eivow avEovoa, 1)
QITELKOVLOT X > g, etval 1-1 amto to A(F) oto Q.

Evalhoktikd, epapuotovue v Aoknon 2.5 yioo B = A(F) kv Ag = {8} ywa k&0e B € B. loyvel
P(Ap) = F(B) — F(5-) > 0 agol n F éyer dhpo oto S.

4.2 (0) 'Exouue 611

P((0,4)) = AP1((0,4)) + (1 — HP»((0,4)) = /lfe_x dx+ (1 - /l)%
0

=l -ehH+(1- a)%.

(B) I'vwpilovue ot F(x) = P((—c0, x]) = AP ((—00, x])+ (1 —2) P2((—o0, x]). Evkoha wtopet Kaveic vo ehéyEeL
ot

0 av x < =2,

(1-2)1 av —2<x<0,
F(x) = 2 1

Al=e)+(1 -5 av0<x<3,

1-2Ae™™ av x> 3.

4.3 T 1o (a0), €xouvpe

P((x}) = P( N (x _ xD — lim P((x - l,x]) D lim (F(y) - F(x _ l)) = F(y) — F(x-).
n n—oo n n—oo n

neN+
To 6pro F(x—) vrtdpyeL yiati m F eivon ab€ovoa. T to (B),

(a),(4.1)
) =

P ([x,y]) = P({x}) + P((x, y] F(x) = F(x=) + F(y) = F(x) = F(y) = F(x-).

Ta (y) Ko (8) TPoKVITTOUY PE ToV (810 TPOTTO.
Kegpdhoro 5

5.1 To ovoho A := {A C R : f1(A) € F} eivaw o-ahyePpa [Aoknon 1.7(i)]. 'Eotw 7 1 oLKoYEVELD TwV
avorytdv vrtoouvormv tou R. Tlpogoavog to (a) ovvemayetal ta (), (V). Av vroBéoouvue 1o (B), dNhadm
T C A, 10t 0(T) C A, mov eivaw to (). 'Emerta Oétovue Ay := {[a,b] : a < b,a,b € R}. Av woylel to (y),
Mmhadn Ay C A, tdte 0(Ay) € A. Méver va deiEovue 0t 0(Ay) = B(R), 10 070i0 KAVOLUE OTTWEG OTNV
art6delEn tov Oewpnuartog 1.14.

5.2 To. ohvola {—oo}, {oo} eivar KheloTA.

5.3 'Eotw f petpriown Ko iy € 1. Ag voBéoouvue 0t 1 f walpver d00 dtopopeTikés Tég a < b 0to A;,. Oa
énperme howtov to oUvoho A;, N {f < b} va aviiker oty F. ‘Ouwg, avtd to ovvolro elvor i Kevo Kat yviolo
VITOOUVOAO TOV A;,. Tétolo ovvoro dev vmdpyel otv F (deg oto IMapdderypna 1.10 yio v mepLypogn
™m¢ F). Emiong, eivow ehkoro va dei&el kavelg dtL pa ovvaptnon sov eivan otabepn oe kaOe o0voro g
SLaPEPLONG elval peTprout). Apa, avTég eivol akpLBdg OLeG OL LETPTOLUEG CVVAPTNOELG OTOV (L, F).

5.4 (o) {w € Q¢ 1m0 X, (@) = 00} = N2 US| N2 (X, > k).

(B) To lim,, o X, (w) vitdpyeL 0to R av kow povo av 1 akohovdia (X, (w)),s1 elvor faotkr). Anhadn yio Kabe
k > 1 vmapyer j > 1 wote [X(w) — Xg(w)| < 1/k yuo k40 r, s > j. Apa., T0 SOOUEVO GVVOLO YPAPETOL WG ...
[ e aidn Mbom, apatnpodue 6t To doouevo ovvoro ypagetar wg {lim, | X, (w) = im0 Xp(w)} N
X,(w) € R}. Olim

{lim oo Xn(W), 1im,—e0 X (w) elvan petprjouueg.

-N—> 00
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5.5 Xpnowomorovue 1o Iopiopa 5.4. H avtiotpopn eikdvo kKaOe diaotuartog eivor didotuo (Ko dpo
Borel-petpnowo) apov | f elvolr pLovotov).

5.6 Oswpovue ) ovvdpon h = f — g. Téte n h elvan petpiowun ko woyvel 6w {f = g} = h~1({0}) € A,
eqpooov {0} € BR).

Evollaktikd,

Qff=gt={f#gt={f>glVlg>f}
= (Ugea (f > g} N{g < D) U (Ugeq (I8 > g} N {Sf < D),

atd 10 0molo £mETAL TO {NTOVUEVO.

5.11 Eme1dn) to {X > 1} éxer Oetikn) mbavdtnto Kol .oovtol ue v aptbunoun évmon

{X>1}=U{X>1+%},

n=1
KATOL0 atd toL 0VVOLOL TNG £VOong TTPETEL vaL €xel OeTikn mbavotnta.
Kegaloro 6
6.1 Ztv womrta 1 — Lo 4, = (1 =140 = 14,) -+ (1 = 14,), avarrdooovue 10 8eEl uéhog kau maipvouvue
UEOT) TLu).
6.2 Ozwpovue TV TVYOalo peTainT X = 37 1y,.
6.4 Xpnowwomolovue TV TPOoNyovuuevy doknon.
6.5P(X > 1) = P(aX > at) = P(eX > ™) < E(e*Y)/e”. Maipvovue C = E(eY) € (0, 00).

6.6 (a0) Aovretovue 6mmg otV amodelEn g avicdmtag Chebyshev.

PX<aEX)=PX-EX<-(1-aEX)

Var(X)
<PIX-EX|>2(1-aEX) < ——F——.
<P( |>(1-a) )_(l—a)z(EX)Z

Xpnowpomomjoaue to 0t (1 —a)EX > 0.
() 'Eotw A := {w : X(w) > aEX}.

EX = E(X14) + E(X1,) <aEX + EX)'2PA)? =
(1-a)EX <EX)'?PA)'? = PA) > (1 - a)*(EX)*/ E(X*)

Zmv TpoTn ypauu yxpnowostorjooue v aviootnto Cauchy-Schwarz kow to 61t X < a E X oto A°.

6.7 Xpnowwomolotue v avicotnta Cauchy-Schwarz.
1 < E(VXY) < (E(X)2(E(Y))'/2.

6.10 H axolovBia A, := {|X| > n},n > 1 eivar @Bivovoa ue toun to @ agot n X maipvel tuég oto R. Apa
lim, .« P(A,) = P(0) = 0.

6.13 'Eotw a, := fﬁ(x)d,u(x). I omowodjmote £ € R woyder lim; e a; = € av Ko pdvo av yio kéOe
aKorovOLa (t,)n=1 UE t, — oo LoyVeL lim, o a;, = €. 'ETOL, avoyouaote 01o yvootd Oempnua KupLopynuévng
oUYKAMONG.

6.14 Ztnv 0t6delEn g aviodtntog Markov wtopolue va ipoote Ayotepo yevarddmpot KoL vo Tapotnpr-
oovue 0tL 1 moootnta n P(1X]| > n) elvon kpotepn amd ) uéon tu E(X|1x,).

6.16 T'wo. To (1), apkel va to dei€ovpe yia kKaOe axolovdia (&,),>1 OeTikmdV apBudv pe g, — 0. Xpnowo-
oLoVUE TO BeMPNUAL KUPLOPYNUEVNG OVYKALONG UE KUpLapy oo ouvapTnon v 1 agol

X
’_ 1X<5 S 1
&
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618 X =YX 1 =32, Li<x xou Oechpnuo Beppo Levi.

6.19[X] <X <[X]+1.
Kegdioro 7

7.4 Evkola ehéyyovue Ty wootnta ywo Y = 37 aily,, A € F, anh agpo flA dQ = Q(A) = Ep(X1,) Yo
KaOe A € F koL MOy Ypoukomtag. Av Topa 1 Y elvol i apvnTikn, yvopilovue 6t vtdpyel akolovdio
(Y)nen OTAOV (1] 0PVNTIKOV ovvoptioemv €tol wote Y, /' Y. Amd to Bempnua povotovng ovykilong,
éyovue OtL lim, o fY,, dQ = deQ Ko lim, o Ep(Y,X) = Ep(YX). Opwg, fY,, dQ = Ep(¥,,X) yio k&g
n € N, dpa Ko wéh to Inrovuevo woyvel. Téhog, av Ep([Y[X) < oo, amd T mponyolueva €xovue OtL
f Y~ dQ = Ep(Y™X), fY+ dQ = Ep(Y*X) 6mov KoL oL TEGoEPLS 0VTOL 0PLOUOL ELVOL TETEPATUEVOL EPOCTOV
Ep(Y X) + Ep(Y™X) = Ep(]Y]|X) < o0, fY‘ dQ + fY’r dQ = lel dQ = Ep(|Y|X) ( tehevtaia todTNTa LOYVEL
ooV 1 [Y] etvan Oetiky)). Zuvemmg,

deQ:fY+dQ—fY_a'Q:EP(Y+X)—EP(Y_X)=EP(YX).

7.5 To TV IO avieoTTa, TOPATNPOoVUE OTL 1 ouvdptnon x — P(X > x) éyxel mopaywyo —e 12/ \2r
KOl LEAETOVUE TN OUVAPTNON TNG dLAPOPAG TOV OO UeADV.

Kegaloro 8
8.1 ' ta w oto ovvoro lim sup, A% €xovue |X,| > & yia amewpa n kKow dpa limsup, A2 € Q\{lim, . X,, = 0}.
' to 611 10 (B) diver to (@), mapatnpovue ot Q\lim, o X, = 0} = U}, limsup,, AVF ko ypnotpomototue
™v Aoknon 2.3 ().
8.2 (o) I ™y tpryvikn avicdmta. Exetd |X —Z| < |X = Y|+ Y = Z| ko f(x) = x/(1+x) = 1 = (1 +x)7!
elvaw av€ovoa [oto [0, )], apkel va deiel kaveig otL yia x,y > 0 woyver f(x +y) < f(x) + f(¥). Avto
TPOKVITTEL (e TTPAEELG 1) TapaTNPOVTAG OTL N X > f(x +y) — f(x) — f(y) elvan @Bivovoa oto [0, o).
85T kGbe e > 0kawn > 1 wyvet P(X — Y| > &) < P(X — X,,| > £/2) + P(X,, — Y| > £/2).

Kegpdioro 9

S 1
ff(x)dx—z f N SZZ_:‘;[O ﬁdx<oo

Amo yvwor wpdtaor [[Ipdtaon 6.12(iii)] émeton 611 1o oVvoho Twv x € (0,1) pue f(x) = oo €yeL uétpo
Lebesgue 0.

9.1

9.2 (a) 'Evog tpdmog. I'pagovue
X 0o
0 =50+ [ gOdi=gO+ [ gl
0 0
[Maipvouue uéon tur Ko epapuotovue 1o @empnuo Fubini.

9.4 (B) Zyoio: H vmobeomn ot 1 ovvéptnon katoavourg tg X elval ouveyng wropet va topaingoet alld
TOTE M ATOdELEN ElvOIL ALYO TTLO ALTTOLTNTLKY).

Kegdhoro 10
10.1 ©¢hovpue P(AN B) = P(A) P(B) yia kG0e A € F1, B € F,. Oewpotue ta d0o oevapio P(A) = 01 P(A) = 1.
10.2. (a)=(p) 'Eotw A, B € B(R). Torte,
P(f(X) € A,g(Y) e B)=P(X € f7'(A),Y € g7'(B)) = P(X € f'(A)) P(Y € ¢"'(B))
=P(f(X) e A)P(g(Y) € B).

H dettepn oot to Tpokimter amd v aveSaptoio tov X, Y. To Tntoduevo deiyOnke.
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B)=(a) EBoto T e E,A e G. To (B) yvatg f = 1¢c xou g = 1p diver
P f(X) € {1} n{g(X) € {1}}) = P{f(X) € {1}D P({g(X) € {1}})

oMhodn
PXel,YeD)=PXeD)PY € D),

7oV glval To Tnrovuevo.

10.3. 'Eotw 6t dev vmapyer tétowo ¢. Tote vdpyer a € R wote P(X < a) = p € (0,1) Ko emouévag
P(X >a)=1-pe(0,1). HaveEaptnoia diver

PX<aY>a)=PX<a)PY >a) >0,

eV T apLoTePO UEAOG eivar pkpdtepo oo P(X # Y) = 0 amtd vrtdbeon. Atomo.
10.6

EX+Y| = f e+ 3] d PED(x, y) = f x4 ] d(PY @ PV)(x, y) = f f x4 d P (A PY ().
R2 R2 R JR

'‘Emerta ypnowpomorovpe thv [pdtaon 6.14(iii).
10.9 (y) ‘Exovue 6t E(S ) = n E(X;) = 0 kou Adyw tov (a) 61 E(S2) = n. 'Eotw € > 0. Tore,

S
P( 2nfs e) = P(S,| > ne) = P(S2 > n’é)
n
E@S2)  n 1
= e n2e :@_)0
Yo n — oo,
10.10. T'wa & > 0, ypnowwomowmvtog TV aveEaptnoia Twv X1, Xa, . .., Bplokovue
P(jm,| > &) = P(m, > &) = P(X; > &,...,X, > &) = (1 —&)" — 0,

KO OUOLOL

P(M, - 1|>&)=P(M, <1-&)=PX; <1-6,.... X, <1—&)=(1—&)" = 0.

Kegdloo 11

11.3. Amodeikviouue to Tnrovuevo yio ™ M,. To dpro eivor to mold 1 agov kdbe wa X; eivor to oAl 1.
I 1o Katw ppdyuna, epapuofovue to tpwto Mjuuo Borel-Cantelli. T e > 0, Oétovue AS := {M, < 1 — &}
Emewdn P(A%) < (1 — &)" xou X5 P(AY) < oo, pue mbovotta 1 yia 6ho to peydha n woyver M, > 1 — e.
Apa to 00voko By := {lim | M, > 1 — &} éyxeL mbOavéomta 1 Kau emouévmg to (dLo LoyveL Ko Yo To
ﬂ;:o:lBl/k = {li_mn_m M, > 1}.

EvolhoxTikd, wropel va mapatnpnoet kaveic 6T, P(A (1-n""2y" < e~V (ueyphon mg 1—x < e7)
Ko Y1 € V' < 00, To ovumépaopa émetor omd to mphto Ao Borel-Cantelli.

1y

11.6 Apkel yio k40 n > 1 va fpovue otadepd M, wote P(X,| > M,) < n~2. Téte m a, = nM,, ixovomolel To
nrovuevo (tpwto AMjupa Borel-Cantelli).
11.7 H xatevbvvon < eival mo e0koln. Av vrtdpyet tétowo M tote (atd to pmto Auua Borel-Cantelli) pe
mBavotTa 1, woyvel X, < M yio OhaL ToL ueYAAa 1 KO ETTETOL TO OVWITEPALOUOL.

[Na to ypdpoupe kKow tomkd. To ovvoko A := limsup,,{X, > M} éxer mOBavomta 0 Ko yio kGOe
w € Q\A vtdpyeL PUOLKOG no(w) wote X, < M yia ka0e n > no(w). Apa

X' (w) < max{Xy, Xo, ..., Xuw-1, M} < o0,

WG UEYLOTO TIETEPAOUEVOV APLOUOV TTPAYUATLKDOV apLtOumv. ]
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T v aMA Katetbuvor, €o0tm Ot dev vrdpyel tétolo M, tote yia kabe K € N, 10 deltepo Muua
Borel-Cantelli d{velr 6t P(lim sup,{X, > K}) = 1 (edd ypnowomoovue v aveEapmoia towv X,). Emouévog
10 Ck := {X* > K} éyer mbavomta 1 xan dpa kow 1o NY_, Ck (aotburjowun towr) cuvorov e mbavomro 1).
Ouwg NY_Ck = {X* = oo}, 10 0omoto arrd vrdOeon €yel mbavomTa 0, Kar éxovue dromo.

11.8 Xpnjowun eivor y Aoknon 7.5.
11.9. To 6pto eivar to molv 1 Aoyw tou TTapadeiyuotog 11.6. Tio 1o KATW PPAYILAL, EPAPUOTOVUE TO TPDTO
Muuo Borel-Cantelli. Twa e > 0

M E— £l
P( - s1—s)=P(X1s<1—a>logn)”=<1—n‘<1-8>>"s(e-" Y=
logn

Ko ouveyitovue omwg oto Mopdderyna 11.6.

— L
11.10. (o) 'Eotw € > 0. O¢tovue B, = {lim 1 <1+ e}. Oa deiEovue 6Tt P(B,) = 1.
n—o log, n

'BEotw A, = { L e}. Tote

log, n
P(A,) =P(L, > (1 + e)logy n) = P(X,, = X,i1 = ... = Xyy((140)logy ni-1 = KN T)
=2P(X, = Xp11 = ... = Xps[(1+e)log, n1-1 = K)
1 [(1+€)log, n] 1 (1+€)log, n—1 4 4
=2~ <= - -
(2) (2) 2(1+e)10g2n n1+s

ZUvENTMG,

i P(A,) < o
n=1

Ko arwd to Tpwto Aupo Borel-Cantelli, P(lim sup,5, A,) = 0, dnhadn P({limsup,.; A,}°) = 1.

‘Eotw twpa w € (limsup A,)°. Tote vtdpyetl no(w) € N 11010 hote Yo KGO n > np(w) va toyvet
n>1

Ly(w)
log, n

<l+e

— ’

— L,(w)
lim

<l+e
n—e log, n

IMpoxvmteL, howtdv, 0Tt w € Be. Apa (limsup A,)° C Be, ondte P(Be) = 1.

n>1

— L,
{lim Sl}IﬂZo:]Bl
n—co log, n k

Emeidn

Ko P(By k) = 1 yuo xée k > 1, amwd v Aoknon 2.3 (B) éxovue
P(n2,B))=1.

'Eto, 10 () ammodeiyOnke.

(B) Emedr) kabe L, maipvelr Ty mov eivan €vog Oetkdg aképatog 1 oo, T0 CNTOVUEVO LOOdUVOUEL UE
P(L, = 1 dmepeg popéc) = 1 (dnhadn o udvog tpdmog va mnowdoer | L, 1o 1 eivan va méoel mive tov).
‘Eotw

B, = {X3, = K, X341 =T}

vio K4Oe n > 1. Ebkola frémovue dtL taL (B,),>1 eivan aveEdptnta ko 1oyvel 6tL P(B,) = %% = }‘. Apa,

i P(B,) = .
n=1
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Amd to devtepo Afupo Borel-Cantelli, éxovue 6w P(limsup,5; B,) = 1. Ouwg

limsup B, C {L, = 1 dmeipeg popég}.

n>1

Apoa kat to Televtaio evdeyouevo €xel mbavotnta 1.

11.11 Xpnowomowdvroag v Aoknon 8.1 kau 6tL ot X, elvon aveEqptnteg, deiyvouue mpmta 4Tl 0 LoYVPLOUOS
Yo 1o 6pLo eivarl lodvvapog ue ™ Y, P(X,| > en) < oo yia k40e € > 0. "Emerta ypnopomorotue 0tL oL X,
elval Loovoueg koL Tv Aoknon 6.19.

11.12 Xpnowomoovue tv Aoknon 6.19 ko ta dVo Auuota Borel-Cantelli.

11.14. Av to &€&l uéhog eivan oo, dev €yovue TLOTA VO 0TT0delEoVIE. AV ElvaL TTETEPOUOUEVO, GG TO
ovouaoovue a. 'Emeton 6t vapyel évag Oetikdg axéparog ny wote E(X,) < oo yio Kabe n > ng. Q¢ mpwto
pNua deiyouvue ot yio K4be € > 0, ue mbavomta 1, 1 oaviedtnta

1
—logX, >a+e¢
n

LOYVEL LOVO YLOL TEETEPAOUEVAL 7.

11.17. (B) Amd to mponyoLuevo epmdTUA, OL (X));ies Elvar aveEaptnteg. Apa o vouog 0-1 tov Kolmogorov
EQOPUOTETAL YLOL TV TEMKT] O-OAYEPPO TOUG

COO = ﬂ;‘;lo'(Xn, XVH’I’ .. .).

Bépawa to av éva w € Q avikel og éva amd ta liminf A;, lim sup A; dev eEaptdtan amd oToLadNToTE TTETE-
paouévo minoog Xi(w), ..., Xp(w), omdte Kat ta d00 ovvora avikovy 0t Co. TUMKA TO aTodetkviovue
wg eENe. T kébe n > 1,

limiian,» = Uil Ml A = UL, Ml A = U, N X '(1) € o(Xp, X1 - - )
H deltepn wootta oyver yioti égovpe Evoon wog avgovoag akolovdiog cuvorwv. ‘Ouoa

limsup A; = N2, U, A = N2, U, A = 052, U X' (1)) € 00X, Xt - )

1

11.18. (o) A7d Tov amerpootikd hoyiopd Eépovpe dte R = lim,_,e0 | X, /7.
(B) Aeiyvouue dmwg oty Aoknon 11.8 6t lim, e |X,|"/" = 1 ue mbavémTa 1. Méhota edm apkei 1 xpron
Tou TpdTov Mupartog Borel-Cantelli yia vo det€ovpe ot lim, e |X,|1/" = 1.

11.20. Aovkevouue Omwg OTNY TPONYOUUEVT] AOKNOT).
Kegdlowo 12

12.1 Boto ¥ = 3. Téte E(Y) = LEX + X2 + ... + X,) = LnE(X)) = p xou Var(Y) = Var(is,) =
& Var(X; + Xp + ... + X,,) = + Var(X)). Eotw € > 0. Téte,

1 Var(X;)
-0
n

Sh !
p(‘7 _#‘ > 6) =P(Y - B(Y)| > & <  Var(¥) =

YLOL 71 — 00, OLTTO TO OTTOL0 TTPOKVITTEL TO CNTOVUEVO.

12.2 'Botw M > 0. Two ké0e i > 1 6étovpe YM = X; A M. OvYM elvan aveEGpTnteg kon Lodvopes, Kat Loyvet
o (Y™™ = X7, (YM)* < M. Svvendg E(YM)) < E(X)) + M < co. Ottovpe SY = YM + Y + .+ YY yia
K&Oe n > 1. Tote, pe mbavomra 1,

\ sM

lim — > lim —~ = E(Y}),
n n

n—00 n—00
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OTTOU 1) LOOTNTA TPOKVITTEL AITO TOV VOUO TV ueyalmv aptdumv. ‘Eotw topa

Sn(w)

n

QMz{weQ:Ii_m

n—oo

> EX; A M)} :

AeiEape 6T P(Qy) = 1 yia k60e M > 0. Oewpivtag 1o ovvoro A = N, éxovpe 6T P(A) = 1 ko yia
w € A, LoyveL OTL

. Sp(w)
lim

n—oo

>EX; Ak) yokdbek > 1. (B.13)

Azd o Bedpnua povotovng ovykhong, E(Y]) = E(X; Ak) —E(X]) —» E(X]) - E(X]) = oo ik — 0. Apa,
v w € A, maipvovtag k — oo oty (B".13) éxovue 6t lim

e Su(w)/n = 00, omdTE lim, 00 S y(w) /1 = o0,
7OV €lval To TNTovUEVO.

12.3 TTapoatnpovpe Ot
Xn_Sn Sn—l _Sn n_lsn—l

n n n—1 n n n—1

—>u—-pu=0 (B".14)

yion — oo pe mbovotnto 1. Avtd divel dtLE |X | < oo Moyw g Aoknong 11.11, odlé Oa to arodeiEovue Ko
ed® (Movovtag ) won doknon). H (B'.14) ouverdyeton 6w Y7, P(@ > 1) < ocoywatiav Yy, P(@ > 1) =
oo, 1Ote TO 20 AMjupa Borel-Cantelli, epopuolopuevo otnv akorovdio aveEapnTmv evdeyouévov A, =
{% > 1}, n > 1 0a édwve ot lim [X,|/n > 1 pe mbavéTyta 1, 1o omolo ouykpoveton e v (B'.14). Téhoc,
oy e ot (Aoknon 6.19)

DIPXil 2 m) SE(Xi) < Y PAXi |20+ 1.
n=1 n=1

Ko eTTAEOV, emeLd oL (X,),s1 elvar toovoueg, 3.7 P(IX,| > n) = Y77 P(IX;] > n). Apa E(X)) € R xou amo
TOV VOUO TV UEYGAwV aplOumv 57 — E(X)). Opwg, 0o vdbeon 57 — u, emopévog E(X)) = u.

12.4 'Exovue 6n E(X)) = 1 xou E(X?) = Var(X)) + E(X1)? = 4, xaBdg emlong kau o ou (X7, i > 1} elvow
oveEapmTeg Ko Loovoueg. I'pagovue

X1+ Xo+...+X,
Xi+Xo+...+X, S

X2+ X) + ..+ (X2 EARES RN AT

A7o tov vopo towv ueydhwv oplduov o aptbuntig ovykhiver oto 1 pe mbavotra 1 Kou avtiotouya o
mapovouaotg oto 2. Tumikd, yio to
Xi1+Xo+...+X
Alz{wEQ:lim L2 ”:1}

n—oo n

2 2 2
Azz{weQ: lim X))+ (X)) +...+ (X)) :1}

n—co n

éxovue 0t P(A}) = P(Ay) = 1. Apa P(A; NAy) = 1 xouyio w € Ay N A, éouvue
Xi(w) + Xo(w)+...+ X, (w) 1

lim = -,
oo (X)Hw) + (X)X (W) +... + (X)) (w) 4

atd 10 0TT0l0 TPOKVITTEL TO {NTOVUEVO.
12.5. S, = n(S,/n) = oo X E(X]) = o agov E(X;) > 0.
12.6. () (U Us - U)n = eallogUrt=+logU) Exeid1) E(log Uy) = fol logxdx = ... = —1, 0 woyvpdg véuog

TOV peYdhwv optdumv yio v akorovdio (log U;);»1 divel 6t

logU; +---+1og U,
lim 108 1+ +log

n—oo n

= —1 pe mBavomTa 1.

To ovumépaoua €meTad.
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(B) ‘Emeton amd 1o (o). Emréyovue 8 wote e < 6 < 1. Me mbavémro 1, vdpyel ng € N mote yuon > ng
va woyveL (U U - - - U)'" < 6. Apayioin > ng

O<U1U2"'Un<9n—>0

Kabmg n — oo emed 0 < 6 < 1.
n]og Uy +-+log Un

Evoihoktikd, U Uy ---U, = e " — 0 aov 1o 0pLo Tov ekOETN elvar oo X (—1) = —oo.

() H axolovBio (Uf)i»1 aumoteheiton amd aveEAPpTNTEG Ko LOOVOLEG TUYOLEG UETAPINTEG, Kabeuio ue uéon

T
1 1# ava> -1,
E(UY) = xtdx={"*
0 00 ava < —1.

To ovuTéPaopo. ETETOL OTTO TOV LOYUPO VOUO TOV LeYdhwv optBumv Kar tny Aoknon 12.2.

12.7. Ou épotr ¢ axorovdiog (X; — u)?)is1 elvouw aveEdpnTeg LoOVouEG Tuyaiec neTofAnTéc, Kabeuio pe
uéon ) E((X; — w)?) = V(X1) = 0. O 1oyvpdg VOUoG TV Heydhov apbumy divel To oupmépacua.

12.8. T'wati BpiokeTon vt 1 Goknon o€ avTtd To KEQALoLo;

Kegdhoro 13
13.4 H pomoyevvitpra g X eivon

H ouvvaptnon f : C\[4,00) — C ue
f(2) = (1 - %)_ = g~alog(1-%)

elva avoAlUTLKY) 0TO0 TTEd0 0PLOUOD TNG, TO 07T0to TepLExeL To {z € C : [Re(z)| < A}, kow Mx (1) = (1) yio k40e
t € (-4, ). To ovurépaouo émeton amo v [Ipdtaon 13.17.

13.7 '‘Botw u € R. Téte ¢_x(u) = E@“0) = ¢x(—u) = ¢x(u). Svvemag, av X 4 =X, égouvue OTL
dx(u) = ¢_x(u) = ¢x(u) yio xa0e u € R, dnhadn ¢x(u) € R. Aviiotpoga, av ¢x(u) € R, éxovue otL
dx(u) = ¢x(u), Suwg amd To TOPATAVD dx (1) = d_x(u), dpa X < _x.

13.8 1 AMbom (otoryetddng): To Cevyapt (X, Y) €xer v idia Katavoun we 1o (¥, X) (1 omoia elvol To u€tpo
ywopevo PX @ PX). @swpoipe T ovvapmon f(x,y) = x —y. Téte X — ¥ = f(X,Y) 2 frx)y=Y-X.

21 Mom: ‘Eotw u € R. Torte,

¢X—Y(u) - E(eiuXe—iuY) — E(eiuX) E(e—iuY)
= ¢x(w)py(—u) = dp»(u)px(—u)
= ¢x(Wpx(u) = lpxw)* € R,
Ot0U 1) deVTEPN LOOTITA TTPOKVITTEL MOy aveSoptnoiag. Amd v Aoknon 13.7 mpoklmrter dtum X — Y €xel

OUUUETPLKT] KATOVOUY.

13.9 (o) H xopaKTnpLotiky] ouvapTnomn TG Tuyoiag LEToBINTg % etval

. . . . t t _ _ _
brr (1) = E(X267112) = E(eX2) E(e"1?) = gy (§)¢Y (E) = M2 M2 = ool

dmov 1 devtepn LodTTAL TPOoKkVITEL AdYWw aveEapmotag. TvwpiZovpe 6t M e elvon yopaxmplotiky)
ouvapTon wag Tuyatog petapintig ue katovow] Cauchy. Amod to Oempnua povadikdmrog 13.9 émeton
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. X+Y
ot 55— ~ Cauchy.

(B) Epyatopoote opora pe to (a) paottouevor oty aveEaptnoio twv X, Xo, . .., X,.
13.11 H oelpd ovykhiver ammolitog og o tuyoio petafint X. YmohoyiCovue T YOpaKTNPLOTIKY OUVAP-
™on ¢ X ko deiyvouue 0T glva avti) TG opoLdopopeng oto (—1, 1).
13.13 .
ox(t)—1= 2f #(cos(tx) —1)dx
1

To | cos(x) — 1] elvou mepimov x?/2 dtav 10 X eivar Kovtd oTo 0 KoL (pPAOCETOL 06 TO 2 YLO. OTTOLOONTTOTE X.

13.14 'Eyovue 6t fx(x) = fr(x) = L.1)(x) yio ke x € R. Ao to Oedpnua 13.23 1 X + Y €yeL mukvomto

fear@ = | fx(0)fy(z = x)dx. O ohoxinpwtéog eivar un undevikde ya (x, z) tétola wote 0 < x < 1 Ko
R

0<z—x<1,dhadn,

0<x<l, Ko ,
(B.15)
z—-l<x<z

e Avz <012z 2> 2, tdte dev vTapYoLV X OV LKavostoovv v (B'.15).

e Av z € (0,1), tote oL oytoeig g (B'.15) tkavomototvtar akppdg yia 0 < x < z Kat €tol fxiy(z) =
Z
f ldx =z
0

e Avz € (1,2) 16t oL oyéoeig ¢ (B'.15) tkavomoohvron akplBdg yio z — 1 < x < 1 kaw €10l fyy(z) =
[Lrde=2-2

ZuvOudlovtag To TAPATAV®, TPOKVITTEL TO {NTOVUEVO.
Kegdhlowo 14
14.1. H ovvéaptnon katavoung mg U eival

0 avx<O,
Fy(x)=4¢x avxel0,1],

1 ovx>1,

Ko To. onueto ouvéyelag g etvan 6ho to R. T x € [0, 1],

Fx n(x) = P(X,, < nx) = @ - x=Fyx)
n
vy — oo (.Y, nx — 1 < [nx] < nx, K.Aw). H oykhion yia to vtolowrto x € R givan o elkoln.

14.3. Me paon to Oewpnua 14.12, n ovykhion X, = X ovverdyetan (WAAOTA LOOOVVAUEL LE) TNV
P(X, € A) - P(X € A) yia. 6ho. T A C R Borel pe P(X € 0A) = 0.

Eivar duvatov Bépora n oxéon P(X, € A) - P(X € A) va woyveL yio éva ovolo Borel A oupmttopotikd,
towg eEautiag ™g piong g akolovdiog (X,),>1. [Tavimg dev pag v eyyvaton X, = X.

(i) Oy Twati 9A = {2,32.1, 100}, oto omoto 1 katavourn g X divel Oetikn mbavotnta ool TePLEYEL TOUG
Betikovg axéparovg 2, 100.

(i) Oyt Twati 0A = A\A° =RW =Rk P(X €R) =1 > 0.

(iii) Noaw. Twoti 0A = {—1.5,2.8} kaw P(X € {—1.5,2.8}) = 0 0ol pio. yemUETPLKT| TUYX A0 UETABANTY TalpVEL
novo aképateg OETLKEG TUUEG.

(iv) Now. Tt 0A = {=2, 7} xou P(X € dA) = 0 oot 1 X etvan ovveyng tuyaio Heta AN Ko o dA eival
TIETEPAOUEVO.
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(v) Oy Twati A = A\A° = [0,1/3]\0 = [0,1/3] kou P(X € [0,1/3]) = 1/3 > 0.
(vi) Oyt Twoti 0A ={0,1/2,2,4} kaw P(X € {0,1/2,2,4}) = P(X =0) =3/5 > 0.
14.4 (o) 'Eotw M > 0. YmapyeL xy > M onueio ovvéyerag g Fy. Tote

lim P(X,, < n) > lim P(X,, < xy) = P(X < xpy) > P(X < M).

n—0oo n—o0

INo M — oo 1o deEi uéhog teiver oto 1.
(B) Twa k&Be M > 1 vrdpyovv xy € (x — 1/M, x), vy € (x, x + 1/M) onueia ovvéyerag g Fy. Tote

lim P(X, € [x—n~!, x +n7']) < lim P(X,, € [xp, yu]) = P(X € [xa1, yu]) = Fx(m) — Fx(xa1)
n—o0 n—oo

TNo M — oo 1o deEi uéhog teiver oto F(x) — F(x—) = P(X = x). T avuwoapdderyuo, taipvovue X, =
2/n,X = 0 (otabepéc ovvapmoelg) kou x = 0.

14.5 'Eotw £ > 0. T'wo. omworodrjmmote M > 0 €yovue
P(X, Yl > &) < P(Y,| =2 e/M) + P(IX,| = M)

I n — oo Tpd TOOVOTNTO 0TO dEVTEPO UENOG TELVEL 0TO 0, EVMD 0 dEVTEPOG OPOG ELVOL (PPUYUEVOG OLTTO
to sup,..; P(|X,,| > M). Apa
lim P(1X,,Y,| > &) < supP(|X,| > M)

n>1
To apotepd péhog dev eEaptdtal atd to M, evd to deEi, yiao M — oo, teivel oto 0.
14.6 (o) 'Eotm x onueto ovvéyewog g Fxio(x) = Fx(x — ¢), omote T0 X — ¢ €lvor onueto ovvéyelog g F.
Oa dei&oupe 6t lim, o Fx, 4y, (x) = Fx(x — ¢).
IMpwta deiyvovue OTL im0 Fx, +v,(x) < Fx(x —¢).

'Eotw € > 0. Tote

Fx . yv,(x)=PX,+ Y, <x)=PX,+Y, <x, X, <x-c+e)+PX,+ Y, <x,X,>x—c+¢)
<PX,<x-c+e)+P{Y,<c—-¢)

=Fx(x-c+e)+P¥,<c-¢).
Av 10 X — ¢ + & eivan onueto ovvéyerag g Fy, tote

lim Fy (x—c+¢&)=Fx(x—c+¢&)

n—oo

Ko
IimPY,<c-¢)=0
n—oo
1 P 7
epooov Y, — c. Apa
lim FX,,+Y,,(X) <Fx(x—c+ 8).

Ta onueto aovvéyeag g Fx etvar apbunoua, dpo vapyer @oivovoo undeviki) akohovdia (g)ren £T0L
MOTE TO X — € + & VO. ebval onueto ouvéyerag g Fx. Amd ta mopoamdvm, yio ka0e k € N oyler

lim FX11+Yn(x) < Fx(x—c+¢&).
n—00
Egdoov 1 Fx elvol ouveyng oto x — ¢, £xovue limg_e Fx(x + &) = F(x), Kaw dpa
lim Fy,y,(x) < Fx(x - c).

Agiyvoupe twpa Ot lim

N—>00

Fx,1+y,(x) > Fx(x —¢).
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lNoe >0,
Fx.v,x)=PX,+ Y, <x)2PX, <x-c-g)-P,>c+e).

Av 10 x — ¢ — £ elvaw onueio ovvéyelag g Fy, 1 tehevtato aviootro diver lim, | Fy, .y, (x) 2 Fx(x—c—&).
AxolovOwvrag TV idla dadikacio dmwg mponyovpuévog BAémovue ot lim, | Fx 1y, (x) > Fx(x —c).

14.7 'Eoww A, = R\[-n, n]. Tote n A, eivon pbivovoo akorovbia, dpa,
,}1_{?0 p(Ay) = p(N2,A,) = p(0) = 0.

Emouévmg, yio k&g € > 0 vrtdpyel ng £toL wote u(R\[—ng, np]) < €.

14.8 Am6 v Aoknon 14.7, yia k&0e i € I vdpyer M; > 0 étor wote p;([—M;, M;]) > 1 — €. Oftovtog
M = max{M; : i € I} égovue o6t pi([-M, M]) > pi([-M;, M;]) > 1 — €, 0716 t0 omoio poKVTTeL OTL M (Pi)ies
elvan opuy).

14.9 Xpnowomowwvtag dtL m k eivon abEovoa Kat tv aviodtnta tov Markov éxovue,

P(X,| > M) = P(h(|X,]) > h(M)) < "D

6mov C = sup,,»; E(A(IX,)) < co. Apa sup,,; P(X,| > M) < 155
14.11 T'wa to avtiotpoo. Av 1 akohovBia dev eivar oLy, TOTE VItdpyouv & > 0 Kaw yviiola avEovoeg
akohovBieg PUOKOV (i1, (Miks1 OOTE fhy, (R\[=My, M]) > &. H (un i1 €xeL vivaxohovBia (wy, )e=1 700U

ouykhiver 0o0evig kot dpa auti] 1 vakolovbia eivar oguyt). Tlpokirtel £ToL dtomo.

1
E(h(X,])) < WC,

— 0y M — oo.

Kegdaroo 15
15.1. Mipotpaote v amddelEn tov Afjupatog 15.1. Xpnown eivarn avicdmta e™ — 1 +y > y/2 yia k4be
y > 2 (yperaleton omodelEn).
15.3.(a) T £ € R €yovpe

[se]

irXy _ it - _ it N it i _ pe
y(1) = E(e"™) = ;e “1-p)'p=pe ;(6 =P =T pe

it

AOpoioopue wa yeopetpikn mpdodo g omoiag o Adyog éxel uétpo |(1 — p)e’| = 1 — p < 1 agov p > 0.
(B) () Ta onueta ovvéyerag g ouvaptnong Katavoung Fx e X eivor 6Ao 1o R. 'Eotw x > 0. Tdte

Fx n(x) = P(% < x) =P(X, < [nx]) =1 -P(X, > [nx])

ny [nx]/n
=1—u—mWﬂ=L{@-Q) .
n

Emewd) [nx]/n — x ko (1 —an™')" — €74, émeton dm lim, e Fy, /(%) = 1 — e7% = Fy(x). Hpogavdg To (810
toyveL ko yua x < 0.

(i1) T £ € R €youvpe

it/n it/n
pne" e 1
1) = t = — = - - — = t
Gx,/n(0) = by, (t/n) T e~ T g T $x(0)
ajln
K0Owg n — 0o Ao
! 1 —¢itn . dtl=etn it
im = lim — =——.
n—c  aln n—co q it/n a

Apa 1 ovykhon X,,/n = X émeton amd 1o Oewpnua ovvéyelag tov Lévy.

154. (o) T t € R €yovue

b k i it 3\k
i a4 _ AN @D PRGN

ox(t) = E(e™X) = Ze ey e i

k=0 k=0



Yrodeitels yia emMAEYUEVES AOKNOELS 139

(B) Two 1 € R €xovue

6x,(1) = (pae” + 1= po)' = (1 4+ pa(e’ = 1)) = "V = g (1)
aov lim,_, pa(e” — Dn = A(e — 1). Apa.n ovykhon X, = X émetol omd 1o Oedpnua ouvéyetag tov Lévy.

15.5. Xpnowomootue 1o Bedpnuo cuvéyerag tov Lévy Kot Tov TOITO YLo T Y OPAKTNPLOTIKY) CUVAPTNON
™ Kotavounc I'duua (Aoknon 13.4). T t € R,

1

¢ i —e) = € VMg (Vnt) = eV
(1 - ﬂ)
n

_ e—c ﬁti—ncLog(l—%)
Log eivar 0 kAad0g tov Aoyopibuov mou eival oAOuop@og 0to C eKTOG TV APVNTLKMOV TPUYUATIKMV KO
Log(1) = 0. Xpnowomoumvtog to avamruyna oe dvvauooelpd e Log(l — z) pe kévipo to 0 (otov dioko
{z : |zl < 1}) Bpiokovue 6L 0 exOéTNG 0TV TELEVTALO TOGOTNTAL CUYKAIVEL 0TO —ct?/2 KaL €ToL £YoVlE TO
Tntovpevo.

EvolaKTikd, pe xp1on Tou KeVIpLkol oplakol Oempiuatog (To 0moio KoAITITETOL 0TO ETOUEVO KEPX-
Loo). Amo WotnTeg g katavoung auua, n X, €xer v dwa Katavouny ue myv (Wi + Wy + ...+ Wy)/n
omov ou Wy, ..., W, elvan aveEapnteg, toovoueg ue Wy ~ I'(c, 1). To ovumépaopo £TeToL amd To KEVIPLKO
opLakd Bedpnuo yrati E(Wp) = Var(W)) = c.

15.10. Xpnowun eivow  Aoknon 13.12.
Kegpdhlowo 16

16.2. T v akohovbia (S,),>1 €xovue 6t S,/n — 2 Katd mbovotnta (aoevig vouog tov ueyahmy
apLiumv) Ko
S,—2n

Z ~N(,1
N ©,1)

(keVTpLKO 0pLoko Bempnua).
(o) H o0rykhion S, /n — 2 xotd mbavotta divel

Sy
219

P(S, > 2.1n) = P(ﬁ > 2.1) < P(
n n

>o.1)—>0

K0Owg n — oo,

(B) Exoupe
S,—2n

n

KA n — co MOYw TOv KEVTPLKOU 0pLokol Oemprjuatog.

P(Sn>2n+\/ﬁ)=P( >1)—>P(Z>1):1—<I>(1)

() Zépovue 6T S, ~ 2n, Gpa 10 evdeyduevo S, > 10 y/n eivow mor) mOavo. Tumikd Tpoywpolue wg eErc.

a1 |
P(S, > le/ﬁ):P(S—>—0)=1—P(S—<—O).
n

\n n An
T n > 100,
P(&SE)SP(&—z >1)_>0
n \Vn n

Apa lim, . P(S, > 10+/n) = 1.
(0)

P(S, > 3n) = P(& > 3) < P(
n n 2

&—2’>1)_>0
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Kabwg n — co. Apa lim, . P(S, < 3n) = 1.
(&) T n > 10'° éyovue
S, 10
<

P(S, <100 = P(— < )s P(
n n

S 1

— - 2’ > —) -0

n

K0Omg n — oo, Apa lim,_,., P(S, > 10'%) = 1.

16.3 TTapatnpovue 6t E(X;) = Var X; = 1 xou eqpapudlovue to KEVIPLKO 0pLako Oempnuat.

16.5 Mopatpotue o0t P(X = k) = e‘”%, omov X ~ Poisson(n). 'Eotw (Xi)ren veEAPTNTEG KOL LOOVOUES

toyaleg petapintég ue X; ~ Poisson(l). I'vopiCovue 6wun S, = X;_; Xi ~ Poisson(n). Apa,

no ok n
n S,—n
e E — = E P(S,,Sn):P( u SO):ann(O).
k=0 k! k=0 Vn v

Amo v Aoknon 16.3, agov ST_H” = Z,ue Z ~ N(0, 1), éxoupe 011 F&%(O) — Fz(0) = % Yl n — oo,

16.6. 'Eotw axohovBieg (Y,)us1, (Zn)ns1 TUYXOUEG LETOPANTEG OTOV (L0 YWPO TOAvOTNTOG WOoTE oL {Y,,, Z, :
n > 1} va elvar aveEaptnteg Kau loovoueg Kau Kabeuia va €xel v idua Katavour pe ™ X;.

Téte emeldn 1o davvopa (X, - -+, Xa,) €xer v idwa katavoun pe to (Y1, Y, ..., Y, 21,2, ..., 7Z,) (10
UETPO YLVOUEVO ®l.2:”] PX! ¢ katavourc PX' 21 qopéc pe tov eontd g), éxovue 6Tt

.

P(|X1+X2+---+X,,—(Xn+1+---+in)
Y+ +--+ Y, - (Z +---+ 2Z) Wi+Wy+---+ W,

\/ﬁ
=P( Vi Sl)zp(\ N Sl)’

omov O¢oape W; = Y; — Z; yio xa0e i > 1. Amd v vroOeon, ou {W; : i > 1} elvan aveEdptnteg Ko Lodvoueg,
Kabepia pe péon ) E(Wy) = 0 ko draomopd V(W) = V(X;) + V(Y1) —2Cov(X;, Y1) = 1+ 1-0 = 2. Apa,
€QOPUOLOVTAG TO KEVIPLKO 0pLtakd Bempnua, fpiokovue

. Wi+Wyt---+ W, L Wi+ Wot-- 4+ W, 1T
f ([ FEE ) (R < )
=P(Z| < 1/V2) = ©(1/V2) - D(-1/V2)

=20(1/V2) - 1.

Kegdiowo 17

17.1. Advouue To avTioToLy 0 TTPOPAUOTE LEYLOTOTTOINONG UE XPNON TTopaymymy. Ot ATaVINOELS EIVOL 1G
egng.

(a) A*(x) = a—x+ xlog(x/a) yio x > 0 xouw A*(x) = oo yio x < 0.

B) A*(x) = ax — 1 —log(ax) yia x > 0 xar A*(x) = oo yua x < 0.

() A*(x) = x*/(20)* yuo k40e x € R.

17.2. M(2) = oo yio k@be A1 # 0 kauw M(0) = 1. 'Etor A*(x) = 0 yua k40e x € R. To dvw @payuo g
apyNG Lo €var pun Kevo ohvoro Borel A Aéel amhdg 6Tt To 6pLo limy,_e a, ' log u,(A) givar < 0, K&TL TOL TO
yvopiZovue amd mpLv ool w,(A) < 1 (dpa to dvm ppdyuo. eivol aypnoto). To Katw ppayuo oumg Aéet
KAt xpriowwo. Anhadn OtL ov 1o A €xel un Kevo eomteptkd tote 1 mbavotta u,(A) dev eivor ekOeTIKA

wcpy]. TLy., pwopet va etvon g téEng Tov n~1% n

oMG OxL TG TAENG Tov €7

17.3. ©¢tovue X; = 1 av n i piym Tov VOULoUOTog gépeL Kear] Kot X; = 0 av aut) 1) plym pEPeL YpOUUoTO.
Ou (X;)i>1 elvan aveEaptnteg Kou todvopeg, kou S, = X1 + Xo + -+ - + X,,.
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(o) Aovhevovpe Omwg oto [Mapaderypo 17.4. Evolloktikd, Oewpovpe g tuyaieg petafintég Y; := 2X;—1
Ko Oétovpe X, ;= Y1 + Yo + -+ + ¥,. H(Z,/n),>1 tKavomoLel v apyn peydAmv amokiioemy ue ouvaptnon
pvOrov I 6w oto Hapdderypno 17.4. Amd avtd mpokimTel 1) opyt| LeYGAwv omokAloemy YioL ™V (S /1),s1
ue ovvéptnon pvouov I(x) = I(2x — 1).

(B) Ta Mupato divouv to gpdypo e~ 0710 ~ 184073 x 1073 [agpot 7/10 > 1/2 = E(X;)]. To kevipikd
0pLoko Bempnuo diver TV TPOoEYYLON

20
P(S 1000 = 700) = 1 — CD(—) ~ 1.26981 x 10717,
: V10

[pogavmg ovtn eivar MaBog. Agv givar apuodtovoa 1 EQapUoyn TOV KEVTPLKOU 0pLtaKoy Bewpnuotog oe
QUTN TNV TEPLTTMON.

17.4. Epapuodlovue tov opiowd g apyns yra to ovvoro X, 1o omoio éxel u,(X) = 1.
17.5. Tpagovue Y, = Z/ \n ue Z ~ N(0, 1). 'Eotw fz n mukvotnto g fz. T A € B(R) éyovue

P(Y, € A) = P(Z € VnA) = f‘“ fz(x)dx = \/ﬁfAfz(y Vn)dy.

T To KATw QPayuo ™ opxne Tov ueydhwv amokiicemv maipvouue x € A°. T & > 0 apketd wrpod, 1
70 TAVW TLHOVOTNTO (PPAOCETAL ATTO KATW OITO TV TOCOTI T

\/ﬁ fx+£ fz(y \/ﬁ) dy S \/1228 min{e_(x_a)zn/z, e—(x+8)2n/2}‘
e Var

T

H ovvéyela agipvetor otov avayvoot). Do 1o dve @pdypa, 0étovue ¢ = inf{lx] : x € A}). Téte A C
(=00, —c] U [c, 00) kou apa pe xpnon mg Aoknong 7.4 éxovue

P(Yn € A) < P(lZl > C\/ﬁ) <2 -nc?/2

1
E—
cVn\2n
Apa lim,e 17" Iog P(Y, € A) < —¢?/2 = —inf{l(x) : x € A}.

17.6. H amddel&n eivan avaioyn tng ponyotuevng Goknone. MAAoTta oL EKTUUOELS ELVOL TTLO EVKOMEG.

17.7. Twa xGOe t Exovpue f*(x) > tx — f(r). Malpvovrag ¢ > 0 pe f(f) < oo €xovue
lim £

xoo0 X

>t,
eve v mapovue t < 0 e f(¢) < oo £youvue

lim > 1.

f ()

oo 1A
’

Ta (), (B) £émovron edKoMA ATTO QUTEG TIG AVIOOTITEG.

17.8. T'wa kGOe A # 0 apKeTA WKPO €xouue

(B".16)

I(x) = Ax —log M(Q) = /l(x - M)

A

‘Ouwg to 6pLo g log M(A)/A yia 2 — 0 oot pe v mopdywyo tg log M(A) oto 0, 1 omola LooVTOL UE
M’'(0)/M(0) = m pe faon to Aquua 17.6. Apa av x > m, tote mapatnpovue 0t yia. 4 > 0 kovtd oto 0 1o
SeEl uéhog g (B'.16) eivar Betikd. Av x < m maipvovue A < 0 kovra 610 0.

17.9. To k4Be A < 0 €xovue
P(S; < tk'%) = P(AS; > k%) < %" M)F.

[Maipvovpe To ehdyLoto Tov deELol uéhovg wg mTpog A.
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