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[epiindn

Aocdevic YOyxhion Métpwy ITravotnrac xou Ocwpla Eureipimdy Aladixaoioy

H nopodoo dimhwyatin epyacta topovotdlet Tig Yepehwdels apyéc tne Aodevoie Xiyxhione Métpwy Ii-

YoavotnToag xou Tne Oswplag Euneipinmy Sladxacty.

Y10 TpdTo PéPOg TNE EpYAClaC XAVOUUE Wi Eloay Wy 6T Vewpla Tng ac¥evoic cUyxAlong xou eENyoVUE Tr
oy€on NS Ye TNV xAaowxr] €vvola Tng oUYxAlong xotd xatovour. Hapouoidlouye Ty amddellrn xon xAmoleg
eQopUOYES Tou Vewpi|latog-opdonuou Tou Prohorov xo otn cuvéyela ecTidloune O YMEOUS GUVEY MY
cuvapTHoELY xou oTo Yedpenua Tou Donsker. Télog, culntolue xdmolo {nTrHuaTa UETENOWOTNTAS TOU EU-
gaviCovton oty Yehétn g ac¥evols cOYXAONG, %ol XEVOUPE ULl ETLOXOTNOY TV THAVOY TEOTKY ov-

TWETOTIONG Tou €youy Tpotadel otn PiBAoypapia.

To deltepo Yépog TNne epyaciog 6 TIELEL GTOV OUOLOUORHO VOUO TV UEYSAWY opLiUmy. ZEXLVOUUE TN UEAETN
ue to xhaowd Yedpnua twv Glivenko-Cantelli xou cuveyilouue ye yevixeloeig autol Tou Yewphuatog oe
YEVIXOTEQOUS Y WEOUE cUVRTHoEWY. Epeuvolue tn Baditepn ohvieoT 10U OUOLOUORHPOU VOUOU TOVY UEYIAWY
aELIUWY PE TNV TOAUTAOXOTNTO TV AVTIOTOLYWY CUVIRTNOLIXWY YWEOY UECK PETPWY TOAUTAOXOTNTOG
omwe 1 evtponio xat 1 tohunioxotnta Rademacher. Téhog, culntolue tn onuacia ToL OPOLOUOPPOL VO-
HOU TOV UEYSAWY apldU®y YL TN OTATIOTIXY X0 TN Unyavixs uéinom xon mopouctdlouUe TpOTOUC UE TOUG
0ToloUC UTOROVIE VO YENOWOTONCOUUE T Yemplol EUTELPLXWY SLOBIXAGLLY Yol VoL BYIAOUUE CUUTEQACUOTA

Y1t T0 pUIUG GUYHAOTC TOPUUETEIXY XL UT-TOQUUETEIXWDY EXTHNTOV EAAY(OTWY TETEOYOVWY.



4
Euyaptotiec
Me v 0AoxApworn auToU TOU PETATTUYLOXOU TEOYEduUaToS, Yo AUEAd TEOTIOTWS Vo EUYIELETHOW TOV
xadnynth pou, Xdun TeéBela, yia TNy anepltdploTy UTOUOVT Tou, xoiS XoL TNV CLUVEYY) GTARLEN TOL oL
mopelye. Xowplc auth v TohdTiun otielln, 6 Vo elyo xoTapépet va QTAcw U€ypL To TEAOC TOU SpOUOoU.
Euyopioto enlong v owxoyéveld pou, xau 1lontépws Tov tatépa wou, Tavorytdtn, yio Tig emoixodountinég

ToEEUSACELS TOU XUTE T1) GLYYEOPT| TNG SITAWUATIXAC HOU EpYATlog.
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Chapter 1

Weak Convergence of Probability

Measures

In the first part of this thesis, we aim to give a comprehensive introduction to the theory of weak con-
vergence of probability measures. Before moving on to the formal exposition of this theory, we shall
present some elements about its early stages and its development through time. In this preliminary
discussion, we shall also attempt to explain why the theory of weak convergence is important from

a statistical point of view.

First, we should give some elementary definitions. We begin with the definition of the empirical

distribution function.

Definition 1.0.1. Let n be a positive integer and let X;, X5, ..., X;; : 3 — R be a random sample from
a distribution with cumulative distribution function (c.d.f.) F. For all x € R we define the random

variable IF, (x) by
1 n
IFn(x) = E ZI{X,‘SX}’
i=1

where 1, denotes the indicator function of a set A. The function IF,, is called the empirical distribution

function of the sample (X3, X, ..., Xy).

Sometimes, the term empirical distribution function will be used in a slightly different context. More
specifically, if Xj, Xy, ..., X, are independent and identically distributed (i.i.d.) random variables,

then IF,,(x, -) is the random variable ! defined by

1 n
F, (x, w) = E Z 1{X,-(cu)§x}/ w e Q.
i=1
INotice that, since X3, X, ..., X;; are random variables (and thus measurable with respect to the o—fields of () and R),

the quantity IF,(x, -) is also measurable. Hence, it makes sense to refer to F,, (x, -) with the term random variable
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In this case, the empirical distribution function of (Xj, ..., X;) is the stochastic process {IF,(x, )} o -

Let x be an arbitrary real number. From the strong law of large numbers and the fact that 1;x,(,)<x}
is a Bernoulli random variable with success probability equal to F(x), it follows immediately that
F,(x,-) — F(x) almost surely (a.s.). As we shall see in the next chapter, IF,(x, -) is "close" to F(x) in

a stronger sense.

If (O, A,P) is a probability space and (T,7 ) is a measurable space, then an A/7T — measurable
function X : 3 — T is called a random element of T. A random variable is simply a special case

of a random element, in which T = Rand 7 = B (R).

If C = CJ[0,1] is the space of continuous functions f : [0,1] — R equipped with the supremum norm
and the corresponding Borel o-field C, then a random element X of C is simply a stochastic process

with continuous sample paths. Such a process is called Gaussian if

(Xty, -0 Xt,)

is normally distributed for all #1,...,t € [0,1]. The Wiener process is a Gaussian random element
{Wi}epo,) of C satisfying the following conditions:
e Wy =0,

e I[f0=1ty <t <...<t =1, then the random variables
Wi =Wy, ..., Wy, — Wy

are independent,
e Forallt € [0,1] it holds that W; ~ N(0, t).

A Brownian bridge is a random element B of C defined by
By = W; — tW;,

where W is a Wiener process.

The starting point of the theory of weak convergence can be considered to be the problem of goodness
of fit. In this problem, we are given n independent observations from a distribution with c.d.f. F, and

we want to test the null hypothesis

Hy: F=FvsH;:F#F,
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where F is a fixed distribution function. To deal with this problem, A. Kolmogorov used the statistic

D, :=sup |[F,(x) — Fy(x)|.
xeR
As it was mentioned earlier, IF, (x) should be "close" to the underlying distribution function, so the

null hypothesis is rejected for "large" values of the statistic.

In order to construct a statistical test based on D,, we need to determine the distribution of D,,. An in-
teresting result is that the asymptotic distribution of K, = \/nD,, does not depend on the underlying
c.d.f. F. Thus, we can determine it using uniformly distributed random variables. In other words,

that distribution is the same as the asymptotic distribution of

sup |Unx(t)[,
te[0,1]

where
U, (t) := vVn (F,(t) — t),

and IF, is the empirical c.d.f. constructed from a sequence (j,...,Cx iid Unif(0,1). The process

{Un(t, ) }he [0,1] 1s referred to as the uniform empirical process. In 1933, Kolmogorov [Kolmogorov, 1933]

presented a thorough description of the asymptotic distribution of D, using elementary methods.

In 1949, J. Doob [Doob, 1949] treated

te[0,1]
as a function of the uniform empirical process U, (t). In other words, he observed that K, = f(U,),
where

f(x) = sup |x(t)|, forx:[0,1] = R.
te[0,1]

Doob subsequently looked for a general approach to obtain the asymptotic distribution of such
quantities. Using the multivariate Central Limit Theorem and the fact that the random variable
nlF,(t), t € [0,1] has a binomial distribution with probability of success equal to ¢, he deduced that,

for any ty, ..., t, the random vector

(Un(t1),..., Un(te))
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converges in distribution to Ny (0, X), where & = (0;) with 0j; = min(t;, t;) — t;t;. This distribution is
the same as that of the random vector

(Uy, ..., Uy),

where {U(#) },¢(o1) is the Brownian bridge. Thus, Doob conjectured that U, must converge in some
sense to U. Hopefully, this, yet unknown, notion of convergence, would allow us to deduce that

f(U,) converges in distribution to f(U).

In 1951, M. Donsker [Donsker, 1951] developed a new notion of convergence of stochastic processes,
the so-called weak convergence. In 1952, he showed that the uniform empirical process U, converges
weakly to the Brownian process U [Donsker, 1952]. Moreover, Donsker’s results showed that several
functionals of U, converge in distribution to the corresponding functionals of U. In particular, it
yields that

sup |Uy,(t)]| 4, sup |Uy|,
te[0,1] te[0,1]

which essentially leads to an accurate description of the asymptotic distribution of D,,.

During the 1950s, the works of Y. Prohorov [Prokhorov, 1956] and A. V. Skorokhod [Skorokhod, 1956]
led to the major development of Donsker’s theory of weak convergence of stochastic processes. Fi-
nally, in 1968, P. Billingsley [Billingsley, 1968] summarized the above works and presented a more
general theory of convergence of probability measures. In what follows, we present the most signifi-

cant results of this theory as well as some of its extensions.

1.1 The Classic Theory of Weak Convergence

1.1.1 Definitions and First Results

Let F and {F,}, _, be arbitrary cumulative distribution functions (c.d.f.) defined on the real line. We

say that F, converges in distribution (or converges weakly) to F if
F,(x) — F(x), asn — oo, (1.1)

for all continuity points x of F. We indicate weak convergence by writing F, 4 F

Let P and {P,}?_, be the Borel probability measures generated by F and the sequence F, respectively.

This means that P and P, are uniquely determined by the relations

P, (—o0,x] = F,(x) and P(—o0, x] = F(x)
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forall x € Rand n € IN. We know that F is continuous at a point x if and only if P{x} = 0, so F, 4 F
means that the implication

Py(—o0,x] = P(—o00,x], if P{x} =0

is true for all x € R. Using the notation dA for the boundary of the set A = (—o0,x], the above
relation is written as

Pa(A) — P(A), if P(dA) = 0. (1.2)

In this chapter we shall prove that F, 2 Fifand only if the implication (1.2) is true for any Borel set
A. Any Borel set A with P(0A) = 0 will be called a P—continuity set. We will say that P, = P if
P,(A) — P(A) is true for all P—continuity sets A, that is, if (1.2) holds. In other words, P, = P if

and only if the corresponding distribution functions F, and F satisfy F, 4 F.

The main purpose of this section is the extension of the notion of weak convergence from R to gen-
eral metric spaces. More specifically, let T be an arbitrary metric space, and let B(T) be its Borel
o—field. If P, and P are probability measures defined on B(T), we shall give a definition of the weak
convergence P, = P and show that it indeed generalizes the familiar concept of weak convergence

discussed above.

For any probability measure Q defined on B(T) and any Borel measurable function f : T — R we

denote
Qf = [ fiQ

Also, a probability measure defined on the Borel c—field B(T) will be called a Borel probability mea-

sure.

Definition 1.1.1. Let T be a metric space, and let B(T) be its Borel c—field. Suppose that {P,}$,
and P are probability measures defined on B(T). We say that P, converges weakly to P, and we write
P, = Pif

P,f — Pf (1.3)

for all bounded, continuous functions f : T — R.

Recall that, if T is a metric space and 7 is a c—field on T, then a measure y on 7 is called regular if,

forany A € 7 we have
e u(A)=sup{u(F): FeT, Fclosed},

e u(A) =inf{u(G): Ge T, Gopen}.
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If P is a Borel probability measure on T, then it is easy to see that P is regular if and only if, for any
set A € B(T) and any ¢ > 0, there exist an open set G and a closed set F such that F C A C G and
P(G\F) < e.

Theorem 1.1.2. Every Borel probability measure P on (T, 7)) is regular.

Proof. Let G be the class of sets A C T such that, for all ¢ > 0, there exist sets G and F as in the above
paragraph. We shall show that G is a c—field that contains the closed sets, which will give us that
B(T) C G (which is exactly what we want to show). Let d be the metric on T and let dist(x, A) be the

distance of an element x € T fromaset A C T 2.

We shall first show that G contains the closed sets. Let A be a closed set. We take F = A. The sets

G, = AVn = {x e€T:d(x,A) < %} , n=1,2,... are open because they are the inverse images of the

1

open sets (—oo, Z) with respect to the continuous function x +— dist(x, A)3 . Also,

DY

Gun={x€T:d(x,A)=0}=A=A

n=1

so, since the sequence G, is decreasing, it follows from the continuity of the measure that

lim P(G,) = P(A).

n—oo

Thus, for any € > 0, we can find n € N such that 0 < P(G,) — P(A) < &. We take G = G,,. Since
F = Aand A C G, the latter relation can be written as P(G\F) < ¢. It follows that A € G, so G

contains all the closed setsin T.

We are now going to show that G is a c—field. It is obvious that G is nonempty, and it is easy
to see that it is closed under complements. Indeed, if A € G and ¢ > 0, we can find sets G and
F as above. Then, F° is open, G¢ is closed, G C A° C F¢, and P(F°\G‘) = P(F°) — P(G*) =
(1-P(F))—(1—-P(G)) = P(G) — P(F) = P(G\F) < ¢ s0A° € G. Let {A,};>; be a sequence of
sets in G and let € be a positive real number. For each A,, we can find an open set G, and a closed set
F, such that F, C A, C G, and P(G,\F,) < £/2""1. We consider a positive integer 1 such that

P( U Pn><;.

n=ng+1

2dist(x, A) = inf{d(x,y) : y € A}
3This function is Lipschitz continuous with Lipschitz constant equal to 1.
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Such a positive integer exists by the continuity of the measure, because the sequence B, = [J;_; Fy is

increasing and its union is Uy~ ; Fx *. We now consider the sets

[eS) no
G = UGnandF: UF”'

n=1 n=1

The first one is open and the second is closed, and it is true that F C (J;_; A, C G. Also, since

(Unz1 Gu\Un=1 Fr) C Un—1(Gn\Fy), it follows that

P(G\F) = P(G) — P(F)

—P(G)-P (G Fn> +P (G Pn> — P(F)
n=1 n=1
<P<GGn\GFn> +5
n=1 n=1
< (U <cn\Pn>> 5
n=1

and the proof is complete. O

The above theorem shows that a Borel probability measure is uniquely determined by the values
P(F) for closed sets F. Indeed, given these values, we can determine the values P(G) for all open sets
G. Then, using regularity, we can find P(A) for all Borel sets A. The next theorem implies that P is

also determined by the values Pf for certain functions f : T — RR.

Theorem 1.1.3. Two probability measures P, Q on B(T) are equal if Pf = Qf for all bounded, uni-

formly continuous functions f : T — RR.

Proof. Let F be a closed set and let € be a positive real number. We consider the function f : T — R
with
dist(x, F)\ T 1 — (dist(x, F)/¢) if dist(x,F) < ¢
(-
0 else.

It is obvious that this function is bounded. We will show that |f(a) — f(b)| < d(a,b)/eforalla,b € T.
If f(a) = f(b) = 0, this is obviously true. If f(a), f(b) # 0, we can show the above inequality using
the fact that x — dist(x, F) is Lipschitz continuous with Lipschitz constant equal to 1. Assume that

f(b) = 0and f(a) # 0 (the other case is treated similarly). Then, |f(a) — f(b)| = 1 — (dist(a, F)/¢),

“Therefore, there exists a integer 19 > 1 such that P (U,‘z":no+1 Fk> =P (U F) — P (By,) <e/2.
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so we need to show that d(a,b) > ¢ — dist(a, F). However, from f(b) = 0 we get that dist(b, F) > ¢,

so the Lipschitz continuity of the distance function implies that

e — dist(a, F) < dist(b,F) — dist(a, F) < d(a,b).

It follows that f is bounded and uniformly continuous.

We are now going to show that

1p(x) < fx) < 1p(x), (14)

where 1,4 denotes the indicator function of the set A, and

F¢ ={x € T:dist(x,F) <e}.

If 1r(x) = 1, then x € Fso f(x) = 1. The left side of the inequality follows from this observation.
As for the right side, we observe that f(x) < 1for all x € T. Also, if 1r<(x) = 0, then x ¢ F* so
dist(x, F) > ¢, which implies that f(x) = 0. The right inequality follows. Integrating all three sides
of the inequality with respect to P and Q we obtain

P(F) < Pf < P(F*) and Q(F) < Qf < Q(FY).

Since Pf = Qf, it follows that P(F) < Q(F¢).

Just like in the proof of Theorem 1.1.2, we can use the continuity of the measure to show that Q(F¢) —
Q(F) as € N\, 0. Thus, P(F) < Q(F). The converse inequality follows in a similar way. We finally get

that P(F) = Q(F) for all closed sets F C T, so the two measures are equal. O

The following theorem, known as the Portmanteau Theorem shows that weak convergence, in the way
we defined it earlier, indeed extends the concept of convergence in distribution discussed at the start

of the section.

Theorem 1.1.4 (Portmanteau Theorem). Let T be a metric space and let {P,}° ; and P be Borel

probability measures on T. The following conditions are equivalent:
(i P,=P
(ii) Pyf — Pf for all bounded, uniformly continuous functions f : T — R.

(iii) limsup,, P,(F) < P(F) for all closed sets F C T.
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(iv) liminf, P,(G) > P(G) for all open sets G C T.

(v) Py,(A) — P(A) for all P—continuity sets A C T.

Proof. The implication (i) = (ii) follows directly from definition 1.1.1.

For (ii) = (iii) we shall use the function f that was used in the proof of the theorem 1.1.3. This
function is bounded and uniformly continuous, so (1.4) (integrated with respect to P,) implies that

P,(xr) < P,f, which is equivalent to P,(F) < P,f. It follows that
limsup P, (F) < limsup P, f = Pf.
n n

However, the same inequality (integrated with respect to P) gives Pf < P(F¢). It follows that
limsup, P,(F) < P(F?). Letting ¢ ™\, 0, and using again the fact that P(F*) — P(F), we get that
limsup,, P,(F) < P(F).

The implication (iii) = (iv) follows easily by taking complements.
We will now show that (iii) and (iv) together imply (v). Conditions (iii) and (iv) together with the
obvious inequalities A D A D A°, imply that

P(A) > limsup P,(A) > limsup P,(A) > liminf P,(A) > liminf P,,(A°) > P(A°).
n n n n

If A is a P—continuity set, then P(A) — P(A°) = P(A\A°) = P(dA) = 0, so the first and the last
terms in the above inequality are equal. Moreover, since A D A D A°, these terms are equal to P(A)

This shows that all intermediate terms are equal to P(A), so
limsup P,(A) = liminf P,(A) = P(A),
n n

whence it follows that P,(A) — P(A).

For (v) = (i), we will use the equality

Pf:/OOOP{f>t}dt,

which follows from Fubini’s theorem °. We need to show that P, f — Pf for all bounded, continuous

f : T — R. Due to linearity and the fact that f is bounded, we may assume that 0 < f < 1. Then,

Pf= ["P({f >t})dt= fo ({f > t})dt,and Pof = [, Po({f > t})dt = fo ({f > t})dt. Since

2 fr f(x)dP(x) = [1 [y x B dtdP = [o° [1xjo,r0) (D) dPdt = [§° [r X{f(x)21 (x) dP
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f is continuous, 0{f > t} = {f = t}. Thesets {f = t}, t € [0,1] form a partition of T, so at most
countably many of them can have positive measure (because T has finite measure) ® Thus, {f > t} is
a P—continuity set except for countably many t € [0, 1], which gives that P,({f > t}) — P({f > t})
A-almost surely in [0,1], where A is the Lebesgue measure on [0, 1] restricted on the corresponding

Borel sets. Thus, the bounded convergence theorem gives

1 1
Pf = [ RB{f >0 at— [ PS> 1})at = Pf.

Another useful criterion for weak convergence is the following one:
Theorem 1.1.5. The following are equivalent:
(i) P, = P.

(ii) Each subsequence {P,,} contains a further subsequence {P,, } such thatP,, = Pasm — oco.

Proof. The direction (i) = (ii) is obvious. For the converse, suppose that P,, # P. Then, P,f # Pf for
some bounded continuous real function f. It follows that there exists some positive ¢ > 0 and some
subsequence Py, such that |P,, f — Pf| > ¢ for all i. This subsequence does not have a subsequence

that converges weakly to P, contradiction. O

As we discussed in section 1, the convergence of a sequence of stochastic processes to a limit pro-
cess should imply the convergence in distribution of some function of these stochastic processes to
the corresponding function of the limit process. One of the most important results of the theory of
weak convergence, which ensures this property for various choices of the function, is the Continuous

Mapping Theorem.

Before stating this result, let us first consider metric spaces (S, B(S)), (T, B(T)) together with their
Borel c—fields, and a Borel measurable function i : S — T, whose set of discontinuity points is de-
noted by Dj,. If P is a Borel probability measure defined on B(S), then h induces a Borel probability
measure Ph~! defined on B(T) by (Ph~!)(A) = P(h='(A)) for all A € B(T). Since h is Borel mea-
surable, it follows immediately that Ph~! is well defined. It is also easy to see that Ph~! is indeed a

probability measure on (T, B(T)).

OIf there were uncountably many such sets with positive measure, then infinitely many of them would have measure
greater than 1/n for some n € IN, so T would have infinite measure.
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Theorem 1.1.6 (Continuous Mapping Theorem). Under the above assumptions, let P, {Py}n>1 be
Borel probability measures on B(S). If P, = P and P(D;,) = 0, then P,h~! = Ph~L.

Proof. We will use the Portmanteau theorem. Let F C T be a closed set. If x € h~1(F) then there
exists a sequence {x,} in h~!(F) such that x, — x. From the definition of this sequence, it follows
that 11(x,) € F for all indices n. If x € D5, then we have h(x,) — h(x), so h(x) € F = F, which gives
that x € h=!(F). Thus, D{ Nh~1(F) C h~!(F). Using the fact that P(D,) = 1, we get

limsup P, (h~!(F)) < limsup P, (h*l(F))

<P (h*l(F))
P (D; N h—l(P))
P (h*l(zf)> ,

IN

where the second inequality follows from the fact that P, = P and the Portmanteau theorem. The
above series of inequalities show that condition (iii) of the Portmanteau theorem is satisfied, so

P,h~t' = PhL. O

1.1.2 Convergence in Distribution

The Portmanteau theorem shows that the notion of convergence we have defined indeed generalizes
the notion of convergence in distribution. However, all the results we have proven so far are stated in
terms of probability measures, while convergence in distribution is usually stated in terms of random
variables. Paraphrasing these results using random variables instead of measures gives them a more

familiar and concrete form.

Let (), A, P) be a probability space, (T,B(T)) a metric space with its Borel c—field, and let X :
Q) — T be a random element, that is, a A/ B(T)—measurable mapping. The distribution of X is the
probability measure Py on B(T) defined as Py := PX !, that is,

Px(A) =P(X1(A)) =P(X € A).

The measurability of X ensures that Px is well defined. It is easy to see that Px is indeed a probability

measure.
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If f: T — Ris a Borel measurable function (that is, B(T)/B(R)—measurable), then by change of
variable [Billingsley, 2008, p. 229], we get that

EIf(X)] = [ f(X(@)dP(w) = | f(x)aPx(x) = Pxf, (1.5

where the equality means that either both integrals exist or both do not exist, and if they exist, they

have the same value.

Definition 1.1.7. Let { X, } be a sequence of random elements. We say that {X,,} converges in distribu-

tion to a random element X if Py, = Px. We shall then write that X,, = X.

Note that this definition only makes sense if Px, Px,, Px,, ... are defined on the same measurable
space, that is, if the images of X, Xj, X», ... are the same sets, with the same topology. However, we
observe that the domains (Q2, A, P), ()1, A1, P1),... of X, Xy, ... respectively, that is, the underlying

probability spaces, need not be equal.

We shall make the following convention: normally, we would write [E, for integrals with respect
to the measure P, and E for integrals with respect to P. Equation (1.5) implies that E,[f(X,)] —
E[f(X)] if and only if Px, f — Pxf. From now on, instead of P, and [E,, we shall write P and E, to
refer to whatever underlying probability space the random element we are dealing with is defined

on.

Using the definition of convergence in distribution and the above convention we get that X,, = X if

and only if E[f(X,)] — E[f(X)] for all bounded, continuous functions f : T — R.

For convergence in distribution we have an analogue of the Portmanteau theorem. In what follows,
an X—continuity set A € B(T) is a set that satisfies the condition P(X € dA) = 0. In other words,
P(X"'(9A)) = 0or Px(dA) = 0.

Theorem 1.1.8 (Portmanteau Theorem). Let X : (), A,P) — (T,B(T)) be a random element. The

following conditions are equivalent:
(i) X, = X,
(i) E[f(X,)] — E[f(X)] for all bounded, uniformly continuous functions f : T — R,
(iii) limsup, P(X, € F) < P(X € F) for all closed sets F C T,
(iv) liminf, P(X, € G) > P(X € G) for all opensets G C T,

(v) P(X, € A) — P(X € A) for all X—continuity sets A € B(T).
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This theorem is an immediate consequence of theorem 1.1.4 so we will omit its proof.

1.1.3 Tightness and Prohorov’s Theorems

Prohorov’s theorems are the second most important results in the theory of weak convergence, after
the continuous mapping theorem. To state these theorems, we first need to introduce the notion of

tightness.

Definition 1.1.9. Let (T, B(T)) be a metric space together with its Borel c—field. A probability mea-
sure P on (T,B(T)) is called tight if, for any ¢ > 0, there exists a compact set K C T such that
P(K) >1—e.

Theorem 1.1.10. If the metric space T is separable and complete, then any Borel probability measure

on T is tight.

Proof. Letk > 1be a positive integer, and ¢ > 0 an arbitrary positive real number. Since T is separable,
there exists a countable set D that is dense in T. If we choose some arbitrary ¢ € T, then, since D is
dense, there exists an element d € D whose distance from t is less than 1/k. This shows that T can be

covered by a countable family A%k), Aék), ... of open balls of radius 1/k whose centers lie in D.

We consider the sequence of sets

This sequence is increasing, and

so lim P(B,) = 1. We choose n; € N such that P(B,,) > 1 —¢/2X. We repeat this process for all

n—oo

positive integers k. Notice that the set

is totally bounded. Indeed, if § > 0 and k; is a positive integer with 1/ks < §, then the above set is
covered by the (finitely many) open balls

AP, A, A
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We know that, if a set is totally bounded, then its closure is totally bounded too. Thus, Ais totally

bounded and, since T is complete, it follows that A is bounded. We have

=r(G(0) )
r((Ga))

G

\
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IN
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so P(A) > P(A) >1—e. O

Tightness of a family of probability measures is defined in a similar way:

Definition 1.1.11. Let T be a metric space and let P be a family of Borel probability measures on T.
We say that P is tight if, for any ¢ > 0, there exists a compact set K C T such that P(K) > 1 — ¢ for all
rPeP.

Prohorov’s theorems connect tightness with the notion of relative compactness defined as follows:

Definition 1.1.12. Let T be a metric space and let P be a family of Borel probability measures on T.
We say that P is relatively compact if, for any sequence {P,} in P, there exists a subsequence { P, }

that converges weakly to a Borel probability measure Q.

Notice that the above definition requires Q to be defined on (T, B(T)), but Q need not be an element
of P. This definition is analogous to the definition of sequential compactness of a subset of a metric

space.
We are now ready to state Prohorov’s theorems.

Theorem 1.1.13 (Prohorov). If the family P is tight, then it is relatively compact.

Proof. The proof we present is due to Billingsley [Billingsley, 1971] and is split in seven parts. First,

we consider a sequence {P,} in P. We want to find a subsequence {F, } and a Borel probability

measure P such that P, = P.

PART 1: Due to the tightness of P, we can find compact sets {Kj },>1 such that K; C K, C ... and
Py(Ky) > 1 —u"! for all u and n. The set |, K, is separable, so there exists a countable class A

of open sets with the property that, if x lies both in {J, K, and in G C T, and if G is open, then
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x € AC A C Gforsome A € A. Let H be the (countable) class containing @ and all the finite unions
of sets of the form AN K,, where A € A and u > 1. Note that each K, belongs to H. Indeed, from
the definition of A it follows immediately that for each x that lies in K, and in the open set G = T,
there exists an open set Ay € A such that x € A C. Then, {Ay }rek, is an open covering of K,,. Since

K, is compact, there exist x1, ..., x, € K, such that

n
K, C | Ay
j=1

From the latter equation it follows that

so K, € H.

Using the diagonal method and the fact that A is countable, we can find a subsequence {P,,} for
which the limit
a(H) := lim P,,(H) (1.6)

i—o00
exists for all H € H. Our purpose is to construct on B(T) a probability measure P such that

P(G) = sup a(H) (1.7)
HCG

for all open sets G. If such a measure exists, then the proof will be completed as follows: if G is an

opensetand H C G, then P, (H) < P,,(G) fori =1,2,...s0

a(H) = lim P,,(H)

i—o0

< liminf P, (G).

1—00

Using (1.7) we now get that P(G) < liminf; P, (G), so the Portmanteau theorem gives P,, = P. Thus,

the existence of a measure satisfying (1.7) indeed proves the theorem.

To construct such a measure, we first observe that H is closed under finite unions. Also, it is easy to

see that a(H) has the following properties:

o EI(H1) < H(Hz) if H C Hy,
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o El(Hl U Hz) = a(H1) + Q(HQ) if HHNH, =@,
hd ﬂ(Hl U Hz) < ﬂ(Hl) + Q(Hz).

For open sets G we define

B(G) = sup a(H). (1.8)
HcG

Then, B is monotone and B(@) = a(®) = 0. Finally, for any subset M of T we define

v(M) = inf B(G). (1.9)

We observe that, if G C T is an open set, then ¢(G) = B(G). Indeed,

7(G) = inf B(G') < B(G),

and, for the converse inequality, we observe that, for all open sets G’ D G itis true that B(G') > B(G),

SO

7(G) = inf B(G') = B(G).

Our purpose is to show that < is an outer measure. In this case, recall that a set M C T will
be y—measurable if and only if y(L) > y(MNL)+ y(M°NL) (this follows immediately from
the definition of Caratheodary for the measurability of a set). Also, from Caratheodary’s theorem
[Folland, 1999, p. 29] it follows that the class M of y—measurable sets will be a o —field and the re-
striction of v to M will be a (complete) measure. Suppose that we are also able to show that each
closed set lies in M. Then, it will follow that B(T) C M and that the restriction P of 7y to B(T) is
a measure satisfying P(G) = v(G) = B(G). Thus, equation (1.7) will hold. Note that P will be a

probability measure as

1> P(T) = B(T) > supa(K,) >sup(l —u"1) =1.

u>1 u>1

For this last series of inequalities we used the fact that each K, lies in H, as we proved earlier. Thus,

it suffices to show that -y is an outer measure and that each closed set is y—measurable.

PART 2. In this part we will prove that if F is closed, G is an open set such that F C G, and if there
exists H € H such that F C H, then there exists Hy € H such that F C Hy C G.

Note that F C H and H is a union of sets of the form ANK, (A € A), so F is certainly contained

in |J, K,. Thus, for each x € F C G we can choose a set A, € A suchthatx € A, C A, C G.
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Also, we observe that each set of the form ANK, C K, is compact (closed subset of a compact set),
so H is itself compact as a finite union of such sets. It follows that F is also compact because it is a
closed subset of H. Our last observation is that, since K1 C K, C ..., the set H must be contained
in some Kj,. The family { Ay }rcr is an open cover of F, so it has a finite subcover A, ..., Ay,. Since

F C H C K, for some u, we can choose

k

Hy = U (@ 1K)
i=1

PART 3. In this part we will show that B is finitely subadditive (on the open sets). Let G, G2 be open
sets and suppose that H € H satisfies H C G; U G,. We consider the sets

FF={x€H: p(x,Gf) > p(x,G—2%}and F, = {x € H: p(x,G5) > p(x,G—1°},

where p denotes the distance metric of T.

If x € Ffand x € Gy, then x € G, because F; C H C G; U Gy. Since Gj is closed, we get that
p(x,G5) > 0sop(x,Gf) = 0 < p(x,G5), contradiction. Thus, F; C G; and similarly F, C G,. Note
that Fi, F, are closed sets due to the continuity of the function p. Since F; C H, it follows from the
previous part that F; C H; C G for some H; € H. Similarly, F, C Hy C Gy for some H, € H. Then,

since H = F; U F, the properties of a and equation (1.8) give

a(H)

ll(Fl U Fz)

IN

a(H1 U Hz)

VAN

Hp)

a( +a(Ha)
B(G1) + B(Ga).

IN

Taking the supremum over all H C Gy U G, yields that

B(G1UGa) < B(G1) + B(Ga)-

PART 4. We will show that f is countably subadditive (on the open sets). Let {G, },>1 be a sequence
of open sets, and let H € H satisfy

Hc |J G

n=1
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Recall that H is compact (as an element of ) so the open cover {G, },>1 of H will have a finite

subcover. In particular, there exists 19 > 1 such that

no
Hc |J G

n=1

a(H) < B ( ¥ Gn>
n=1

nzolmcn)
iﬂ(Gn)-

Finite subadditivity implies that

IN

IN

Taking the supremum over all such sets H gives that
#(Uc) < Lo
n=1 n=1

PART 5. We are now ready to show that < is an outer measure. From its definition, it is easy to
see that y is monotone and that (@) = 0. It remains to show that it is countably subadditive. We
consider an arbitrary ¢ > 0, and subsets { M, },>1 of T. By the definition of v, we can find open sets

{Gn}n>1 such that B(G,) < y(M,) +¢€/2" for all n > 1. Since B is countably subadditive, it follows

() <50

ilﬁ(Gn)

that

IN

<e+ Z v(My).
n=1
Since € > 0 was chosen arbitrarily, it follows that
0 (U Mn) <Y y(My),
n=1 n=1

so 7 is indeed an outer measure.

PART 6. It remains to show that all closed sets are y—measurable. We are first going to show that
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B(G) > v(FNG) + v(F° N G) for all closed sets F and open sets G. We first consider ¢ > 0. The
set F° N G is open so, from the definition of B, we can choose H; € H such that H; C F°'N G and
a(Hy) > B(F°N G) — e. Also, the set H; is compact, so Hf N G is open. Thus, just like before, we can
find Hy € H such that Hy C H{ NG and a(Hp) > B(H{ N G) — e. Since Hy and H; are disjoint and

are contained in G, it follows from the definitions of 8,y and from the properties of « that

B(G) > a(Ho U Hy)

El(H()) —i—a(H1)
> B(H{NG)+B(FFNG) — 2
> 7(FNG) +7(FNG) —2e.

Since € > 0 was arbitrary, the desired inequality follows.

PART 7. We consider a closed set F C T and set L C T. From the previous part we get that f(G) >
y(FN L)+ y(F°N L) for all open sets G such that L C G. Taking the infimum over all those G gives
us that

7(L) = y(FNL) +9(FNL),

so F is indeed 7y —measurable, which completes the proof of the theorem. O

The above theorem has the following useful corollary:

Corollary 1.1.14. Let T be a metric space and let P be a Borel probability measure on T. Suppose that
the sequence { P, } of Borel probability measures is tight, and that the limit of any weakly convergent

subsequence is P. Then, P, = P.

Proof. Since {P,} is tight, it follows from Prohorov’s theorem that it is also relatively compact. Thus,
each subsequence has a further subsequence that is weakly convergent. From our hypothesis we get

that the limit of this further subsequence is P. Using theorem 1.1.5, we get that P, = P. O
Under some additional assumptions, the converse implication of Prohorov’s theorem is also true.
This is shown in the next theorem.

Theorem 1.1.15 (Prohorov). Suppose that T is separable and complete. If P is relatively compact,

then it is tight.

Proof. We consider an increasing sequence {Gy },,>1 with UJ,, G, = T. We will first show the following

assertion: for all ¢ > 0, there exists an integer n > 1 such that P(G,) > 1 — ¢ for all P € P. If this
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were not true, then for each n there would exist P, € P such that P,(G,) < 1 — &. From the relative
compactness of the family { P, }, there exists a subsequence { P, };>1 and a Borel probability measure

Q on T such that P, = Q. From the Portmanteau theorem it follows that
Q(Gn) < lminf Py, (G,) < Uminf P, (Gp) <1—¢
1—00 1—00
for all n > 1, where the second inequality follows from the fact that {G,},>1 is increasing and

n; — oo. However, the above relation cannot be true since G, /T, so Q(G,) — Q(T) = 1.

From the above assertion it follows that, if k > 1 and if Agk),Agk), ... is a sequence of open balls

of radius 1/k covering T (such balls exists due to the fact that T is separable - we have used this

argument in theorem 1.1.10), then there exists n; > 1 such that
) €
P (UAi > >1—?forallP€P.
i=1

Indeed, the sequence {Gy(lk) }n>1 defined by

Gn = J AW
i=1
is increasing and |J;_; G, = T, so the above assertion can be applied. Just like in the proof of the

theorem 1.1.10, the set

oo Ny

A=A
k=1i=1
is totally bounded, it has compact closure, and P (A) > 1 — ¢ for all P € P. Thus, P is tight. O

1.1.4 Examples

Before concluding the section, we are going to look at two important examples that will help us get
some intuition about the nature of the spaces R® (sequences of real numbers) and C = CJ[0, 1] (space
of continuous functions [0,1] — R). Although these examples are a bit technical, they will prove

very useful for our analysis of weak convergence on C[0, 1].

We say that a subclass A of the Borel c—field B(T) of a metric space T is a separating class if, for any
Borel probability measure P on T, the values P(A), A € A completely determine P. In other words,
A is a separating class if, any two Borel probability measures P, Q on T that agree on each A € A are

equal.
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Example 1.1.16. Let R* be the space of sequences x = (x1, X2, ...) of real numbers. We consider the
metric b on R defined by b(«, ) = min(1, |« — B|). This metric is equivalent to the usual one and,

with this metric, R is a complete separable metric space. We consider the metric p on R* defined by

play) = 3 P,

i=1

Notice that p is well defined because b is bounded. Also, it is easy to check that p is indeed a metric.
Obviously, if p(x",x) —, 0, then b(x?,x;) —, 0 for all i. We shall show that the converse is also
true. Suppose that b(x!,x;) —, 0fori = 1,2,... and take ¢ > 0. There exists N > 1 such that
Yisn1/2" < ¢/2. Since b(a, B) < 1forall o, B € R, it follows that Y ;> b(x?, x;) /2" < /2 for all
n > 1. Also, from the condition b(x/, x;) —, 0, it follows that there exists an integer 1, > 1 such that
b(x!,x;) < e/2foralli < N and for all n > n, (we have finitely many i, so it is indeed possible to

find a unique 7, that works for all of them). Thus, for all n > n, we have

b(x?, x;) b(x", x;)

Pt = T S B IS

1<i<N i>N

€ 1 e

e

21SZZ<:N21 2

<€+E—£

2 2 7

which gives that p(x",x) —, 0. Thus, with the metric p, the space R® has the topology of pointwise

convergence: x" — x if and only if x}! — x; fori =1,2,...

Let 71; : R® — R be the natural projection: 7 (x) = (x1,...,xx). If we assume that R has its usual
Euclidean metric, then it is easy to see that 71 is continuous. Indeed, if x"" — x, then x}' — x; for all {,

SO

(oo x)) = (xa,..., %),

or, in other words, 7 (x") — 7 (x). From the continuity of 7y, it follows that the sets
Nie(x)={y: lyi—xi|<e i=1,...,k}

are open, as they are the inverse images of open sets under 7:

Nie(x) = ! (ﬁ(xi — € X; —i—s)) . (1.10)

i=1

Moreover, if y € Ni.(x), then p(x,y) < e+ 27k Given a positive radius r, we can choose k and
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e such that ¢ +27F < 7. Then, it is true that Ny .(x) C B(x,r), so the sets Ni.(x) form a base for
the topology of IR®. We observe that the space is separable: a countable, dense subset consists of
those points having only finitely many nonzero coordinates, each of them rational. Also, if {x"} is
a Cauchy sequence, then it is easy to see that each {x!'} is Cauchy too. Thus, x}' —, x;, so {x"}

converges to the sequence x = (x1, xy,...). It follows that R* is also complete.

Let R;’f’ be the class of finite-dimensional set, that is, the sets of the form 77, 1 (H) for some k > 1 and
some H € B(RF). Since 7t is continuous, it is B(R®) / B(IR¥) —measurable, so Ry CB (R*). Note
that 7, '(H) = n,:jl(H x R) so any two sets A, A’ € RF can be written as 7, ' (H) and 7 ' (H')
respectively, for the same value of k. It follows that AN A’ = m '(HN H') so RYisa 7—system.”
Since the sets N (x) form a base and each of them lies in R;’f (see equation (1.10)), it follows by
separability that each open set is a countable union of sets in Y. Thus, R;’f generates the Borel

o—field B(R*). Since RF is also a m—system, it follows that it is a separating class.

If P is a Borel probability measure on IR®, its finite dimensional distributions are the Borel probability

measures Prr; '8 on RF, k > 1. Since R ¢ is a separating class, these measures completely determine

P.

Example 1.1.17. We will now deal with the space C = C[0,1]. We denote the uniform metric on
this space by p. In other words, p(x,y) = ||x — y||. Note that, if p(x,,x) — 0, then x,, converges

uniformly to x, so it also converges pointwise.9

The space C is separable. Let Dy be the set of polygonal functions that are linear over each subinterval
Iy = [(i — 1) /k,i/k] and have rational values at the endpoints. Then, each Dy is countable, so [J; Dy
is countable. To show that it is dense, we consider x € C[0,1] and € > 0. Notice that x is uniformly
continuous, so it is possible to find k > 1 such that |x(t) — x(i/k)| < eforallt € [;;, 1 <i < k. We
can now choose y € Dy such that |y(i/k) — x(i/k)| < efor 1 < i < k. We have that |y(i/k) — x(t)| <
ly(i/k) —x(i/k)| + |x(i/k) — x(t)| < 2eforallt € Ii;, and that |y((i —1)/k) —x(¢)| < |y((i—1)/k) —
x((i—1)/k)| 4+ |x((i —1)/k) —x(i/k)| + |x(i/k) — x(t)| < 3eforall x € I};. From the construction of
y, it follows that y(t) is a convex combination of y((i — 1) /k) and y(i/k) for t € I;;.'° Thus, the above
inequalities imply that |y(t) — x(t)| < 3e for t € I;;.!! Thus, p(x,y) < 3¢, which shows that |, Dy is

dense.

7A rt—system is a non empty family £ of subsets of a set X that is closed under finite intersections.
8You can look at the paragraph before theorem 1.1.6 to remember how P Lis defined.
9The converse is of course not true.
10This happens because y(t) lies on the segment with endpoints y((i — 1) /k) and y(i.k).
NIt y(t) = ay((i —1)/k) +by(i/k) witha,b > 0and a + b = 1, then |y(t) — x(t)| < aly((i —1)/k) — x(t)| + bly(i/k) —
x(t)] < 2ae+ 3be < 3e(a+b) = 3e.
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We are going to show that C is complete too. If {x,} is a Cauchy sequence in C, then, for each
t € [0,1], the sequence {x,(f)} of real numbers is Cauchy too, so it has a limit x(¢). Since {x,}
is Cauchy, it follows that ¢, = sup,,_, p(xm,Xn) —u 0. We have |x,(t) — x4 (t)| < &, and, letting

m — oo gives |x,(t) — x(t)| < &,. We take the supremum over all t € [0,1] and we get that

p(xn, x) < &g,

whence it follows that x,, converges uniformly to x. Thus, x is continuous and p(x,, x) —, 0, so C is

complete.

.....

(x(t1),...,x(tx)). In C, the finite dimensional sets are those of the form ”t_l,l...,tk(H) for H € B(RF),
and they lie in the Borel c—field B(C) because 7, s, are obviously continuous. Just like in the pre-
vious example, the index set defining a finite dimensional set can always be enlarged. For example,
suppose that we want to enlarge t, t to t1,5,t2, where t; < s < t,. For the projection ¢ : R®> — R?
defined by ¢(u,0,w) = (u,w) we have 7y 1, = o7y s, s0 71y (H) = m,,, (p~'(H)), and of
course 1 (H) € B(RF) for all H € B(IR?) because ¢ is continuous. The proof for the general cases
follows the exact same idea. Like in the previous example, the enlargement property of the index
sets allows us to show that the class Cy of finite dimensional sets of C is a t—system. Also, it is easy

to see that

B(x,e)= () {y: ly(r) —x(r)| <e}.

reQn[o,1]
Thus, the c—field generated by Cr contains the closed balls, so, due to separability, it contains all the

open sets. Since Cy is a T—system, it follows that Cy is a separating class.

1.1.5 Measurability Constraints

In the previous sections, we presented some fundamental theorems of the classical theory of weak
convergence. Throughout our analysis, we assumed that X,, were Borel measurable mappings from
some probability space (Q,, Ay, P,,) to a metric space (T, B(T)). This essentially requires that X, 1 (A) €
A for all A € B(T). In most cases, this measurability requirement is satisfied when T is a separable
space. However, as we are going to see, it fails even for very simple choices of the map X,, when T is
nonseparable. This problem was initially identified in 1965 by Chibsov [Chibisov, 1965] and was well
analyzed in 1968 by Billingsley [Billingsley, 1968]. Billingsley’s example was essentially the following

one:
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Let &1,¢,... ~ Unif(0,1) be independent random variables defined on some probability space
(Q), A, P). We have defined the empirical distribution function of {3, {», . . . as the collection of random
variables {IF(t, ) }4c[o1], Where

1 n
Fu(t,w) = = ) Lz w)<n-

ni3

The uniform empirical process {Gu(t, ) }1c[o,1) is defined as
Gu(t,-) = Vn(Fu(t,-) —t).

omega Both the empirical distribution function and the uniform empirical process are of primal im-
portance for the theory of empirical processes. The theorems of Glivenko-Cantelli and Donsker give
some insight on the behaviour of these two quantities, so the latter will appear very often in our
analysis. It is therefore reasonable to require that the empirical distribution function and the uniform

empirical process have "good" properties.

We observe that, for each w € (), the quantities F,(t,w) and G,(t,w) are functions of ¢, so we
would like to have that they are random elements of a function space, so that we can talk about weak

convergence of these quantities.

The first space that comes to our mind is C = CJ[0, 1], equipped with its uniform metric. If the empir-
ical distribution function and the uniform empirical process were elements of this space, then they
would automatically be A/ B(C)—measurable. Indeed, as we have shown in the previous section,
an element X : (), A, P) — CJ0,1] is Borel measurable if and only if the projections X; = 7,0 X :
(Q, A, P) — R are all Borel measurable. This requirement is fulfilled here, as IF,, (¢, -) is Borel measur-
able for all t due to the measurability of 1, ¢, . .. Thus, the empirical distribution function would be

measurable, whence it would follow that the uniform empirical process would also be measurable.

Unfortunately, the above scenario is not true since F,(t,-), G,(¢,-) are not continuous functions of
t. We can see this directly from the defintion of IF,(t,w). However, it is immediate that IF,(f,-) is
right-continuous and that it has a left limit everywhere. The functions with these two properties are
called cadlag functions, standing for "continue a gauche, limite a droite", and the space containing all

cadlag functions f : [0,1] — R is denoted by ID[0, 1] or simply by D.

It follows that each element of ID is a bounded function, so ID can be equipped with the uniform
metric, just like C[0, 1]. The essential difference of these two metric spaces is that ID is not separable.

Indeed, {10 }c (0,1 is an uncountable set of isolated points of ID.

The next example illustrates the nonmeasurability problem discussed above. More specifically, it
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shows that, if D is equipped with the uniform metric and with the Borel c—field induced by this
metric, then the empirical distribution function (as well as the uniform empirical process) is not

A/B(ID[0,1]) —measurable.

Example 1.1.18. For convenience, let us assume that n = 1. Then, F;(t,w) = 1 (@ (w)<t)- We shall
show that F; : Q — D '? is not .A/B(ID) —measurable. Notice that, for any s € [0, 1], the function
1j11(f), t € [0,1] belongs to ID. We consider the open ball Bs := B(1,1],1/2). For each subset A of

[0, 1], we consider the set

Na = J B
SEA

This set is open as a union of open sets. Notice that {w € Q : Fi(-,w) € Na} = {w € O : §1(w) €
A}. Indeed, if ¢1(w) € A, then Fi(-,w) = 1)(§1(w)) = 1 ()11 (*) € B, () C Na, which shows
the first inclusion. For the converse inclusion, assume that IF(-,w) € Na. Then, 1y (¢1(w)) € Na
s0 1jy,1(G1(w)) € Bs for some s € A. This means that ”1[0,,](61(w)) — 1] Hoo < 1/2, which implies
that 11 1(&1(w)) = 1547 2. Since 1 (&1(w)) = Lz, (@)1 (), it follows that &1 (w) = s € A. Suppose
that IF; is A/ B(ID) —measurable. Then {w € Q: Fi(-,w) € Na} € A, so{w e O : 1 (w) € A} € A.
Thus, it would be possible to define a probability measure y on the power set of [0,1] by

pA)=P({G1eA}) =P({weQ:fi(w) e A}).

Notice that, for any interval I we have (1) = P({; € I}) = ¢(I), where £(I) denotes the length of I.
The last equality in the above relation follows from the fact that ¢; is uniformly distributed. Hence,
p coincides with the Lebesgue meausre on the subintervals of [0,1]. However, the Borel o —field of
[0,1] is generated by the family of (open/closed) intervals, so y is identically equal to the Lebesgue
measure on the Borel c—field of [0, 1]. Since y is defined on the whole power set of [0, 1], it follows
that it is an extension of the Lebesgue measure on this set. However, it is well known that such an

extension does not exist. Hence, IF; is not A/ B(ID) —measurable.

Several attempts have been made to deal with this gap and develop a more complete weak con-
vergence theory. In particular, [Skorokhod, 1956] and [Billingsley, 1968] came up with a separable
topology for D0, 1], different from the one induced by the uniform metric. Billingsley also showed
that this topology is induced by a metric, under which ID[0, 1] is complete. Due to the separability of
D[0, 1], arguments like those used for C[0, 1] can be applied, and the results from the classical theory
of weak convergence are valid. For instance, under the new topology and the Borel o—field gener-

ated by the corresponding metric, an element X : ((}, 4, P) — ID[0, 1] is Borel measurable if and only

12Recall that (Q), A, P) is the space in which ¢; are defined.
131f they took different values in at least one point, then their distance would be at least 1.
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if the projections 7r; 0 X : (), A, P) — R are all Borel measurable. Recall that this result is true for
CJ0,1], but not for ID[0, 1] with the uniform topology, which created the nonmeasurability problem

discussed above.

Another approach was developed by [Dudley, 1966],[Dudley, 1967]. Dudley worked on ID[0, 1] with
the standard (uniform) metric, but tried to apply the results of the classical theory of weak conver-
gence using a smaller o —field instead of the Borel c—field. His idea was that the Borel c—field is
too large, so the measurability requirements, which usually translate as X "1(A) € A for all Borel
sets A, fail 1*. With a smaller c—field, the above relation would be required to hold for fewer sets
A, so it would be easier to satisfy. Dudley used the ball c—field, the c—field generated by the open
balls instead of all the open sets. In nonseparable spaces, this field is strictly contained in the Borel
o—field. Dudley’s approach deals effectively with the uniform empirical process and with some sim-
ple extensions, but it fails for more general versions of the uniform empirical process, like the general

empirical process which will be defined later.

Pyke and Shorack proposed a different method in 1968 [Pyke and Shorack, 1968]. While in the clas-

sical theory we say that X, = X when

E[f(X,)] = E[f(X)] (1.11)

for all bounded, continuous functions f : T — R 1>, Pyke and Shorack proposed that we require the

latter relation only for functions f such that f(X,) is a measurable map from (Q,, A,) to R 6.

However, the most effective method was that of [Hoffmann-Jergensen, 1991, Chapter 7]), which does
not make use of any measurability assumptions. For this reason, it is necessary to replace measures
with outer measures, and use (1.11) with outer expectations instead of expectations. This approach is

presented in detail in [Van Der Vaart and Wellner, 1996].

1.2 Weak Convergence on Spaces of Continuous Functions

In the previous section we stated all our results for the general case of a metric space T. However, it
may be clear from chapter 1 that are primarily interested in stochastic processes. The key observa-

tion is that stochastic processes can sometimes be described as random elements of a function space.

4Here X : (O, A, P) — D0, 1].
15Here, T is the metric space in which X, and X take values.
16 (Qy, Ay) is the measurable space in which X, is defined.
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Indeed, if {X;}cT is a stochastic process indexed by a metric space T and () is its underlying prob-
ability space, then, for each w € Q, X;(Q)) is a measurable function from T to R. In other words,

Xt(CU) S ]RT.

Therefore, if we equip RT with a distance metric such that the mapping X : () — RT is Borel mea-
surable, then X can be considered a random element of RT and all the results of the previous section

can be applied.

However, the space RT contains too many functions, so it would be very difficult to extract additional
results for this space. Furthermore, for almost all stochastic processes {X;}cr appearing in our
applications, the function X;(w) : T — R has extra properties (i.e. it may be bounded or continuous).
Thus, it is unnecessary to work in a space like RT, because, apart from the fact that it is difficult to
work with, it contains too many functions that are not of so much interest. On the other hand,
working with smaller spaces like ¢*(T), the space of bounded functions T — R, or C(T), the space
of continuous functions T — R is more fruitful.!” In this section, we will work with the second space,

C(T), and we will choose T = [0, 1]. We will denote this space by C[0, 1] or C.

This space has a very natural topology, induced by the distance function || ||c, which is defined as
follows: if x, y € C[0, 1], then
1 =ylleo = sup |x(t) —y(£)[-

+€[0,1]
Notice that x, y are bounded, so ||-|| is well defined. It is easy to verify that |-|| is indeed a distance

metric.

The main purpose of this section is to prove Donsker’s Uniform Central Limit theorem, which is a
refinement of the Lindeberg-Lévy Central Limit Theorem. The latter implies that, if ¢1,¢2,... is a
sequence of i.i.d. random variables defined on some probability space (2, A, P), such that E(¢,) =0

and Var(¢,) = ¢?, then
1 1

Sn —
o\n o\/n

converges weakly to the normal distribution A/(0,1).

(CG1+...+Cn)

For Donsker’s theorem, we consider a point w € () and we construct on [0, 1] the polygonal function
that is linear in each of the intervals [(i — 1) /n,i/n] and takes the value S;(w)/ (c+/n) at the pointi/n
(So(w) = 0). In other words, we construct the function X" (w) : [0,1] — R whose value at t € [0,1] is
1 t—(i—1)/n 1

n I . . .

Xt ((U) - U\/ﬁsl—l(w) + 1/7”[ U\/ﬁgl

17 A stochastic process {X;}ser for which X;(w) : T — R is continuous for all w € Q is said to have continuous sample
paths. Similarly, if X;(w) : T — R is bounded for all w € ), we say that the process has bounded sample paths.

i—1 1
(w), fort € [n'n} :
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From the above construction it follows that X" (w) is a continuous function on [0, 1]. We will prove
that X" : QO — Cis A/B(C)—measurable, so we can consider its distribution, that is, a Borel proba-

bility measure P, on C, defined by
P,(A)=P({we Q: X" (w) € A})
for all A € B(C). Donsker’s theorem states that
P, =W,

where W is the Wiener measure, defined as the distribution of the Wiener process.'® Showing the

existence of the Wiener measure is also one of the purposes of this section.

However, before moving on to the proofs of these results, we need some technical tools regarding the

structure of the compact sets in C, as well as some results about tightness in this space.

1.2.1 Weak Convergence and Tightness in C[0,1]

In example 1.1.17, we saw that the class C ¥ of finite dimensional sets of C is a separating class. Thus,
by definition, each Borel probability measure on C is completely characterized by its values on the
finite dimensional sets. One question that arises at this point is whether we can use the finite di-
mensional distributions of a measure (see example 1.1.16 for the definition) to get results about weak
convergence. In particular, let P, {P, },>1 be Borel probability measures on C.!” Assume that, for all
index sets {0 < t; < ... <t <1} itis true that
-1 -1

P"”tl,...,tk = Pntl,...,tk‘

Does this yield that P, = P? It would be very natural to assume that, since the finite dimensional

distributions of a measure characterize it completely, the above conclusion is true. However, as the

following example shows, this is not always the case.

Example 1.2.1. We consider the sequence {z,},>1 in C, which is defined as follows: z, increases
linearly from 0 to 1 over [0,1/n], decreases linearly from 1 to 0 over [1/n,2/n] and stays at 0 after
2/n. In other words,

zu(t) = ntljg 1/ () + (2= 1t) 1172/ (F).

18The Wiener process is a random element of C[0, 1] whose properties were given in section 1

19Before moving on, the reader should stop at this point and make sure they understand what the last phrase means.
It is important to remember that a probability measure on C is a measure that is defined on sets of functions and more
specifically, on the Borel sets induced by the uniform metric.
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Also, letz : [0,1] — R be the zero function. We consider the restrictions of Dirac probability measures
P, = 6., and P = §, to the Borel o—field B(C).2 It is easy to show that P, = P if and only if

zn — z = 0. However, ||z, — z||c = 1 for all n > 1, so the above relation is not true, which gives

that P, & P.

On the other hand, if 2/7 is less than the smallest non zero t;, then 7y, +, (z4) = 74,,..4,(0,...,0), so
Pyt 1tk(H ) = Pm; ltk(H ) for n large enough. Thus, in this case, the finite dimensional distribu-
tions of P, converge weakly to those of P, while P, #- P. This counterexample indicates that, in the
space C the arguments and results involving weak convergence go far beyond the finite dimensional

theory.

Example 1.2.2. In the previous example we saw that weak convergence of the finite dimensional
distributions is not strong enough to give weak convergence of the measures themselves. In this

example, we will strengthen our hypothesis so that the above conclusion become true.

More specifically, we consider Borel probability measures P, { P, },,>1 on C, and we assume that the fi-
nite dimensional distributions of P, converge weakly to those of P. Here, we will make the additional
assumption that { P, } is relatively compact. Then, each subsequence { P, } has a further subsequence

{Py,, } that converges weakly to some Borel probability measure Q.

1

ey

The continuous mapping theorem implies that Py, 77, ", = Qrm, ,1...,tk' From our hypothesis we also
have P, 7, ,1...,tk = P, ,1...,tk' so from the uniqueness of the limit, it follows that the finite dimensional
distributions of P and Q are identical. However, we saw in example 1.1.17 that the class Cy of finite
dimensional sets is a separating class, whence it follows that P = Q. Thus, each subsequence of { P, }
has a further subsequence converging weakly to P. According to theorem 1.1.5, this implies that

b, = P.

Since C is separable and complete, we can use the above argument together with theorem 1.1.15 to

obtain the following result:

Theorem 1.2.3. Let P, { P, },>1 be Borel probability measures on C. If the finite dimensional distribu-
tions of P, converge weakly to those of P, and if {P, } is tight, then P, = P.

This theorem provides a very powerful method for proving weak convergence in C. In order to use

it, we should first get a closer look on tightness (and hence on compactness) in this space.

20If X is a set and x € X, then the Dirac measure &y is defined in the power set P (X) as follows: dy(A) = 0if x ¢ A, and
5:(A) = 1ifx € A.
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Recall that, a subset A of a metric space T is called relatively compact if A is compact.?! In other words,
A is relatively compact if and only if each sequence in A contains a convergent subsequence, whose
limit need not belong to A. A very significant result that characterizes relative compacntess in C is

the Arzela-Ascoli theorem. To state it, we first need to define the modulus of continuity of a function.

Definition 1.2.4. Let x : [0,1] — R be an arbitrary function. The modulus of continuity of x is a function
wy : (0,1] — R, defined by
wy(d) = sup |x(s) — x(£)].

|[s—t|<é

The modulus of continuity will occasionally be denoted by w(x, d) instead of w,(d). Its importance

lies on the fact that characterizes continuity in the following manner:

Lemma 1.2.5. A function x : [0,1] — R is (uniformly) continuous?®? if and only if

lim w,(5) = 0. (1.12)

6—0t
Proof. We will prove each direction separately:

(=) : Suppose that x is continuous. Since x is defined on a closed interval, it is uniformly continuous.
Now, consider ¢ > 0. From uniform continuity, we know that there exists » > 0 such that

|x(s) — x(t)| < e whenever |s — t| < r. It follows that, for § € (0,7) we have

wy(6) = sup |x(s) —x(t)| < sup |x(s) —x(t)| <e.

[s—t|<é [s—t|<r
Hence, wy(6) tends to zero as 6 — 0.

(<) : Suppose that lims_,¢+ wy(6) = 0, and consider an arbitrary e > 0. From our hypothesis, there

exists r € (0,1) such that w,(d) < € for § € (0,r]. In particular,

sup |x(s) —x(t)] <e,
|[s—t|<r

which shows that |x(s) — x(f)| < e for all s,t € [0,1] with |s — f| < r. Thus, x is uniformly

continuous.

21This notion should not be confused with the notion of relative compactness of a family of measures.
22 A continuous function defined on a closed interval is automatically uniformly continuous.
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From the above lemma we get that the elements of C satisfy (1.12). Another useful result regarding

the modulus of continuity is the following one:

Lemma 1.2.6. If x,y : [0,1] — R are two continuous functions, then

| (8) — wy(8)[ < 2p(x,y)
for all § € (0,1]. So, for fixed ¢ € (0, 1], the function w(x, §) is (Lipschitz) continuous in x.

Proof. We are only going to show that w, () — w,(d) < 2o(x,y). In a similar way, it can be shown
that w, (6) — wy(d) < 20(y, x) = 2p(x,y), which, combined with the above relation, give the desired
inequality. We consider an arbitrary ¢ > 0. From the definition of w, (), we can choose s, t € [0, 1]
with |s — t| < 4, such that

|x(s) — x(t)| + & > wy(0). (1.13)

It is also true that |y(s) — y(t)| < w,(5), so
—ly(s) —y(O)] = —wy(9). (1.14)
Adding (1.13),(1.14) gives
[x(s) —x(O)] = ly(s) —y(B)| + & > wy(8) — wy (J).
Using the triangle inequality? gives that
|(x(s) —x(t)) = (y(s) —y(t))| + & > wx (6) — wy (),
which is equivalent to
(x(s) —y(s)) — (x(t) —y(t))| + & > wx(8) — wy(6).
Using the triangle inequality again, we get
[x(s) —y(s)| + |x(t) —y(H)| + & > wx(6) —wy(9),

so, from the definition of p it now follows that 20(x,y) +& > wy(J) — wy (). Since e > 0 was arbitrary,

we get that 20(x,y) > wy(d) — w,(J), which completes the proof. O

2In the form |a — b| > ||a| — |b]].
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If A C Cand ty € [0,1], then the functions in A are called equicontinuous at t, if

li t) —x(to)| = 0.
fim sup [x(t) = x(to)|

Also, they are called uniformly equicontinuous over [0, 1] if

lim sup wy (8) = 0.
6—0 XEA

Notice that uniform equicontinuity implies equicontinuity at all points of [0, 1].

Theorem 1.2.7 (Arzela-Ascoli). A set A C Cis relatively compact if and only if

sup |x(0)] < oo (1.15)
X€EA
and
lim sup wy(6) = 0. (1.16)
6—0 XEA

Proof. Suppose that A is relatively compact. Then, A is compact, so it is bounded. It follows that
sup,c 4 l1x]leo < 00 5O SUP,_ 4 |x(0)| < 0. We know from lemma 1.2.6 that w(x,n~1) is continuous in
x. It is also easy to see that it is nonincreasing in 7. From lemma 1.2.5 we get that w(x,n~1) \, 0 for
all x € A asn — oo. Since A is compact, it follows that the convergence is uniform on A (so it is also
uniform on A). In other words,

lim supw(x,n~ ') = 0.
n— 00 xEA

Since w(x, §) is nonincreasing with respect to 9, it follows from the last relation that

limsup wy(6) =0,

6—0 XEA
which is exactly what we wanted to show.

For the converse, assume that both (1.15) and (1.16) hold. From (1.16), we can choose an integer k > 1

(large enough) so that sup,_ , w.(k™!) < 0. Since

" <kt> - <(i_kl>t>‘ < [x(O)] + k- wa(k 1),

it follows that

sup sup |x(t)| < oo. (1.17)
te[0,1] x€A
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We are going to use (1.15) and (1.17) to show that A is totally bounded. This yields that A is also

totally bounded, so, since C is compact, we will get that A is compact (closed and totally bounded).

Suppose that sup, g1 SUpP,e4 [X(t)| = M < c0., and consider an arbitrary ¢ > 0. We choose points
—M=1t) <t <...<ty =Msuchthatt;;1 —t; < e/2fori =0,1,...,k—1, and let H be the
set containing all these points. From (1.16), there exists an integer k > 1 such that wy(k™!) < ¢/2
for all x € A. Also, let B be the subset of C consisting of the polygonal functions that are linear on
each interval Iy; = [(i —1)/k,i/k], 1 < i < k and take values in H at the endpoints. If x € A then
|x(i/k)| < M, 1 <i <k, hence there exists a point y € B such that |x(i/k) —y(i/k)| <e/2,1<i<

k.24

Due to the relation wy(k™!) < &/2, it follows that |y(i/k) — x(t)| < e for all x € I;. Similarly,
ly((i—1)/k) —x(t)| < |y((i—1)/k) —x((i—1)/k)| + |x((i —1)/k) — x(t)| < eforallt € I. Since
y(t) is a convex combination of y((i — 1) /k) and y(i/k), it follows that |x(t) — y(t)| < e for all t € .
Notice that i in the above argument can take all the values in {1,...,k — 1}, hence it follows that
|x(t) —y(t)| < eforall t € [0,1], which translates into p(x,y) < e. This implies that A can be covered
by the (finitely many) balls with radii equal to ¢ and centers in B. As ¢ > 0 was chosen arbitrarily, we

get that A is totally bounded, which completes the proof. O

Next, we are going to prove a series of intermediate results that will help us prove the main theorem
of this section, Donsker’s theorem. The statements of these results might look a bit too complicated

at first glance, but their proofs are relatively simple.

Theorem 1.2.8. Let {P,},>1 be a sequence of Borel probability measures on C. Then, {P,} is tight if
and only if the following two conditions hold:

(i) For eachn > 0, there exist 2 > 0 and and integer 19 > 1 such that

P,({x € C: |x(0)] >a}) <nforalln > ny, (1.18)

(ii) For each positive € and 7, there exist § € (0,1) and an integer ny > 1 such that

P, ({x € C: wy(d) >¢}) <nforalln > ny. (1.19)

Before moving on with the proof of this theorem, we should make a critical remark to clarify the

statement and make sure that it has no gaps. More specifically, the statement only makes sense if

24This follows from the construction of H; for each point ¢ in [~ M, M] there exists a point in H whose distance from ¢ is
less than €/2. Thus, it is possible to construct such a function y.
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thesets {x € C: |x(0)] > a} and {x € C: wy(d) > ¢} belong to the Borel c—field of C. For the
first one, notice that the projection 71y : C — R with x — x(0) is continuous, and this set is equal to
75! ((—o0, —a] U [a, +00)). For the second set, notice that, due to lemma 1.2.6, the function w(-, ) is
continuous in its first argument (for ¢ fixed) and the set is equal to the inverse image of [¢, +00) under

this function.
Also, notice that the second condition can be written in the following form:

(ii)” For each e > 0,
limlimsup P, ({x € C: wy(6) >¢€}) =0. (1.20)

0=0 poeo

Proof of the theorem. Suppose that {P,} is tight. If # > 0, there exists a compact set K such that
P,(K) > 1—mn forall n > 1. In particular, K is relatively compact, so, from the Arzela-Ascoli
theorem it follows that K C {x € C : |x(0)| < a} for large 4, and K C {x € C : wy(6) < ¢} for
small enough ¢. Thus, {x € C : |[x(0)] > a} C K€ for large 4, and {x € C : w,(d) > ¢} C K*
for small 6. Hence, for if a is chosen large enough and 6 small enough, then for all n > 1 we have
P,({x € C:|x(0)] > a}) <P,(K°) <nand P, ({x € C:wx(6) > ¢}) < P,(K°) < 5. Thus, (i) and (ii)
hold.

For the converse implication, we assume that (i) and (ii) hold. Since C is separable and complete,
each Borel probability measure P on C is tight (theorem 1.1.10). Thus, from what we have already
shown, we get that for # > 0 there exists a > O such that P ({x € C: |x(0)| > a}) <#,and fore,y >0
there exists § > 0 such that P ({x € C: w.(d) > ¢}) < 5. Therefore, if {P,} satisfies (i) and (ii), we
may assume that (1.18) and (1.19) hold also for n < ny, possibly for a larger value of a and a smaller

value of 8.2 Thus, we may assume that ng = 1.

Given 17 > 0, we can choose a > 0 such that, if B = {x € C : |x(0)| < a} then P,(B) > 1 — 7 for
all n (due to condition (i)). Then, we choose J; > 0 such that, if By = {x € C : wy(d) < 1/k}, then
P,(By) > 1—1/2" for all n (due to condition (ii) for ¢ = 1/k). Then,

P, (Bcu (U B,ﬁ)) §;7+Z%:2;7
k=1 k=1
foralln > 1, so

P, (Bﬂ <ﬂ Bk>> >1—-2xforalln > 1.
k=1

25We can indeed do so using the previous argument separately for Py, ..., P,,_1 and adapt the values of 2 and ¢ if needed.
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If K is the closure of the set BN (32 Bk), then from the above relation it follows that P,(K) > 1 — 2y
for all n > 1. Since # was arbitrary, it remains to show that K is compact. Notice that K satisfies (1.15)
because K C B = B?, and it satisfies (1.16) because K C By = {x € C : wy(6) < 1/k} forall k > 1%.
From the Arzela-Ascoli theorem, we get that K is relatively compact. Since K is closed, it follows that

it is compact, and the proof is completed. O

Theorem 1.2.9. Suppose that0 =ty < t; <... <t, =1and

min (f; —t;_1) > 0. (1.21)
I<i<v
Then, for arbitrary x € C,
wy(0) <3 max sup |x(s) —x(ti—1)], (1.22)

1<Z<Ut _1<s<t;

and, for an arbitrary Borel probability measure P on C,

P({x e C:wy(d) >3e}) < i <{ C: sup |x(s)—x(ti—1)| > e}) . (1.23)

ti1<s<t;

Note that (1.21) does not require t; —t; 1 > 6 fori = 1 and i = v. Also, just like in the previous
theorem, it can be shown that the sets inside P are Borel measurable (inverse images of Borel sets

under continuous functions), so the statement of the theorem indeed makes sense.

Proof of the theorem. Suppose that

—x(tj—1)| =m.
max sup x(s) = x(tia)[ =m
If s,t lie in the same interval I[; = [t;_1,t], then |x(s) — x(t)] < |x(s) — x(t;i1)| + |x(t) — x(ti_1)] <
2m. If they lie in adjacent intervals I; and ;1 respectively, then |x(s) — x(t)| < |x(s) — x(tj—1)| +
|x(ti—1) — x(t;)| + |x(t;) — x(£)] < 3m. If |[s — t| < < then s, t mus lie on the same of those intervals
or in adjacent ones. Thus,

wy(0) = sup |x(s) —x(t)| <3m,
[s—t|<é

26B is closed because it is the inverse image of the closed set (—co, —a] U [a, +-00) under the continuous function 7.
27For each k > 1 and é < &}, and for any x € K we have wy(8) < wy(d) < 1/k, so sup, g wx(8) < 1/k, which implies
that sup,. . wy(J) tends to zero as & — 0.
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which proves (1.22). From this inequality, it follows that

P({x € C:wy(d) >3e}) <P ({x € C:3max sup [x(s)—x(ti_1)| > 38})

Isi<vy  <s<y;

%
:P( {xeC: sup |x(s) — x(ti—1)| 28})
i= ti1<s<t;

1
< iP ({x e€C: sup |x(s)—x(ti_q1] > S}) p

i—1<s<t;
which is the second inequality. O

Corollary 1.2.10. Condition (ii) of theorem 1.2.8 holds if, for all positive ¢ and 7, there exist 6 € (0,1)

and an integer 1y > 1 such that

%Pn ({x €C: sup |x(s)—x(t)] > e}) <n,n>ng (1.24)

t<s<t+6

forallt € [0,1].

Proof. We take t; = i6 fori < v = |q/J]. Then, the requirements of theorem 1.2.9 are satisfied. If
(1.24) holds, then by (1.23) we get that

P({x € C:wy(d) >3e}) <v-dy, n>ny,

at which point we applied (1.24) for t = to,t1,...,t,—1. Since v = [1/6] < 1/4, it follows that
v - 61 < n, which shows that condition (ii) of theorem 1.2.8 holds?8. O

1.2.2 Random Functions

At the introduction of the section we said that our intention is to construe stochastic processes as ran-
dom elements of C. However, we saw that, for this to happen, we need to prove some measurability
conditions for the stochastic processes we want to deal with?’. In this paragraph we will discuss a

method that helps us prove these conditions.

Let (Q, A, P) be a probabiliy space, and let X be a map of Q) into C*. This means that X(w) € C
with value X;(w) = X(t,w) att € [0,1]. For t € [0,1] (fixed), let X; = X(t) : QO — R be the function

whose value at w € Q is X;(w) = X(t,w). Notice that X; = 71; o X, where 71, is the projection at ¢.

2In the place of e we have 3¢ but of course this is not a problem as the two conditions are equivalent.

29Because random elements are, by definition, measurable functions between some measurable spaces.

30From the discussion in the introduction of the section we see that X is actually a stochastic process with continuous
sample paths.
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Indeed, (71; 0 X)(w) = m(X(w)) = X(t,w). Also, for 0 < t; < ... <t <1, let (Xy,..., Xy, ) denote
the mapping Q — R* that sends w to (X, (w), ..., Xy (w)) = 7, 4 (X(w)).

If X is a random function, that is, a random element of C3! then, since Tth,,...t, i (due to continuity)
B(C)/B(RF)—measurable, the composition 7, s, o X is A/B(RF)—measurable, so (X;,, ..., X,) :

Q — R¥ is a random vector. In particular, each mapping X; : Q — R is a random variable.

Conversely, suppose that X; is a random variable for all + € [0,1]. It follows that (X;,,..., Xy ) =
7,4 © X is a random vector for all 0 < f; < tp,..., 4 < 1. Let A = 7Tt_1,1...,tk(H)/ H ¢ B(]Rk) be
a finite dimensional set. Then, X~ 1(A) = Xflnt’l}wtk(H) = (74,4, © X)~'(H). Since Ty, © X
is A/B(RF)—measurable, it follows that X'(A) € A. In other words, if Cy is the class of finite
dimensional sets, then X~1(C;) C A. As we have seen, C; generates B(C), so from the previous
relation it follows that X1 (B(C)) C A, or, equivalently, that X is A/B(C)—measurable (that is, X is
a random function). Thus, we have shown that X is a random function if and only if X; is a random

variable for all t € [0,1].

Finally, if Px = PX ~1 is the distribution of X, then for the finite dimensional distributions of Px we

have

.....

Thus, the finite dimensional distributions of Px are the distributions of the corresponding random

vectors (Xy,, ..., Xy, ).
Let X, X!, X2,... be random functions.

Theorem 1.2.11. If

(Xfl,,ka) = (Xty, .-, Xt,) (1.25)
is true for all ¢y, .. ., t; and if
limlimsup P ({w(X",5) > ¢}) =0 (1.26)
=0 pseo

for each positive ¢, then X" = X.

31Which in turn means that X is A/B(C)—measurable.
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.....

tk forall ty,...,t;. Also, X" = X is equivalent to Px» = Px. Thus, the result will follow from
theorem 1.2.3 if we also show that {Pxx} is tight. We know that X! = Xo,s0 {Px«7; '} is tight. In-
deed, this is the distribution of X%, so it converges weakly to the distribution Px7, " of Xo. Since
{Pxn7ty '} is weakly convergent, it follows that it is relatively compact, so, from the separability and
completeness of C and from Prohorov’s theorem (1.1.15) we get that { Px« 7, ' } is tight. Thus, for each
1 > 0, there exists a compact set K C R such that Pxn 7t Y(K) > 1 -5 forall n > 1, which is exactly

condition (i) of the theorem 1.2.8. We will show that the second condition is also satisfied. We have

P(w(X"(w),d) >¢) =P (X"(w) € {x € C:w(x,6) > ¢})
=P ((X”)*l ({x € C:w(x,0) > s}))

=Pxn ({x € C:w(x,0) >¢€})
so from the hypothesis it follows that

%irrélimsup Pxn ({x € C:w(x,0) > ¢}) =0,
%

n—o0

which is exactly condition (ii)” of the theorem 1.2.8. Since both conditions of this theorem are satisfied,

it follows that { Px» } is tight. O

We have already explained that the projection 7r; : C — IR is Borel measurable, so it can be viewed as
a random variable defined on C. We will denote this random variable by x;. Thus, for a fixed ¢, the
random variable x; has value x(t) at x. If P is a Borel probability measure on C and t is thought of as
a time parameter, then {x; }o<;<1 becomes a stochastic process, and the x; are commonly called the
coordinate variables. We can also consider the distribution of x; under P, defined as Py,(H) = P({x €

C: x; € H}) and often written as P (x; € H).

1.2.3 Wiener’s Measure and Donsker’s Theorem

The first purpose of this chapter is to prove the existence of the Wiener process, a random function
whose properties are stated in section 1. Our method will be the following: we shall first prove the
existence of the Wiener measure, a Borel probability measure on C having certain special properties,
and then we will construct the Wiener process as a random function whose distribution will be the

Wiener measure.

The Wiener measure is a Borel probability measure on C with the following properties:
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¢ Each coordinate variable x; is normally distributed with mean zero and variance t. More specif-
ically,

W({xeC:x(t) <a}) = e /2 dx for t > 0. (1.27)

)

By this definition, the coordinate variable x is almost surely equal to zero under W.

* The stochastic process Y = Y(x, t) with Y(x, t) = x(t) ** has independent increments under W.

Thatis,if 0 = ty) < t; < ... <t <1, then the coordinate random variables
Xty — Xty Xty — Xty e v, Xty — Xpy (1.28)

are independent under W 33,

We are first going to show that there exists at most one such measure. In example 1.1.17 we saw that
each measure on (C, B(C)) is uniquely determined by its finite dimensional distributions, so it suf-
fices to show that the above two properties uniquely determine the finite dimensional distributions

of W.

If s < t then the random variable x; ~ A(0,t) is the sum of the independent random variables
Xs — X0 = xs =~ N(0,s) and x; — x5. It follows that x; — x; ~ AN(0,t — s), which shows that the
stochastic process Y defined above has stationary increments 3 Thus,if 0=ty <t <...<H <1
and aq,...,a; € R, it follows from (1.28) that

W (xy — i, <ap,i=1,.. o™X /20ti—ti1) gy (1.29)

W =TT s [

We observe that xsx; = xg + x5(x; — x5) so, using the independence of x; and x; — x;, we get that

Cov(xs, xt) = E(xsx) — E(x5)E(x¢)
= E(x2) + B(xs(x: — x5))
= Var(xs) + E(xs)* + E(xs)E(x; — x5)

= S.

Due to the second property of the Wiener measure, equation (1.29) completely characterizes the dis-

tribution of the random vector v = (x4, X, — X¢,, ..., Xt — X¢,_, )T 3% In particular, this vector follows

32Y is defined on the probability space (C, B(C), W) and is indexed by [0, 1].

33 Note that these random variables are defined on (C, B(C), W).

34That is, the distribution of x; — xs for t > s depends only on t —s.

35We considered the transpose simply because we want to perform some matrix operations later.
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the k—variate normal distribution with zero mean vector and covariance matrix

o
o
~
o~
|
—
T
—_

If A is the matrix

10 0
11 0
11 1

then Av = (xy,,...,x;)7, so the vector (x4, ..., ;) is also normally distributed 3°. From the above
discussion, it follows that its mean vector is the zero vector, and its covariance matrix has the element

min(t;, ¢;) is the position (i, j).

We deduce that the distribution of (x;,, .. .,xtk)T is uniquely determined. By extension, the finite
dimensional distributions of W are completely characterized by its two defining properties. As we

explained, this implies that there exists at most one choice for W.

Wiener’s measure will come up as the weak limit of a sequence of probability measures. First, let
&1,82,...: (O, A P) — R be a sequence of i.i.d. random variables with E(§;) = 0 and Var(¢;) =
02 > 0. We consider the partial sums S, = &; + ... + &, of the sequence, with the convention Sy = 0,
and let X"(w) be a random element of C constructed as follows: fori = 0,2,...,1n, X"(w) has the
value S;(w)/cov/natt = i/n. Then, X"(w) is extended linearly on each subinterval [(i — 1)/n,i/n].
In other words,

1

X (w) = mSLntj (w) +

a\/ﬁ(m - L”ﬂ)ﬁnt]ﬂ(w), te[0,1]. (1.30)

The random element X" is a random function, whose underlying probability space is ().

We consider the random variable ¢, ; = %ﬁ(nt — |nt])& 41, which appears at (1.30). We have
E(¢+) = 0because E(&;) = 0 for all i. Also,

_ (= )

nt — |nt])?
(tn(wE( fntj—&-l)

Var(¢, ;) = MVM(Q

36 As linear transformation of a normally distributed vector.
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We shall show that ¢, = 0 asn — oco. Fort = i/n for some i = 0,...,n this is obvious as ;s

Assume that t is not of this form. Then, for any ¢ > 0, Chebyshev’s inequality gives

ne nt — |nt)?
P (|4pn zs>=P<|¢n,tr zm_fw\/m) < (tan %

The last quantity obviously tends to 0 as # — 0 so P (|| > €¢) — 0 as n — oo. This shows that

Pyt Ko 37 which, as we know, implies that ¥, ¢ ﬂ) 0.

We shall now show that X} = V/tN, where N has the standard normal distribution. First of all, from

L . S\nt) /Ll
the Central Limit Theorem it follows that Py = N. Also, o — V1iso

Siwt)  [Int]  Spw

o =V, LntJ:M/EN.

We have | X' — ¢, ¢| = VN and ¢, ; = 0, which yields that X}' = V/tN, which proves our claim.

Similarly, if s < t then

n n ny __ 1
(Xs Xp — Xs) - m (SLnsj/ S\_ntJ - SLnsJ) + (1/Jn,51‘/]n,t - l/Jn,S)

= (Nll NZ)/

where the independent random variables Nj, N, are normal, with means equal to zero and variances
s and t — s respectively. The independence of Nj, N; follows from the independence of 1, (>, ... By

extension, if 0 < t; <,... <t <1, then
T
(3 X = Xp, o X0 = X0 ) = Ny N (1.31)

where the independent random variables Nj, ..., Ny are normal, with mean zero and variances
t1,tr —t1, ..., tx — ty_1 respectively. Using the continuous mapping theorem for the continuous linear

map induced by the matrix

1 0 . 0

11 0
A=

11 1

gives us that the limiting distribution of (X, ..., X?k)T is the same as the one of corresponding finite

dimensional distribution of the measure W we want to construct.

%7Convergence in probability
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In other words, if Px is the distribution of the random element X" of C, then Pxx Ty, }--,tk' which is the
distribution of (X}, ..., X}, )T on R¥, converges weakly to what we want W, }--,tk to be. For now, we

will denote the limiting distribution of Pxx» T, /1~--/tk by pt,,.. .-

Our purpose is to show that {Px»},>1 is tight. In this case, Prohorov’s theorem yields that there

exists some subsequence { Pxx, },>1 converging weakly to a Borel probability measure U on C. Then,

.....

Since the finite dimensional distributions characterize a measure, we deduce that U is exactly the

Wiener measure whose existence we are trying to prove.

The tightness of { Px» },>1 will follow more naturally if we first examine the more general case when
{€i}i>1 is stationary, that is, the distribution of the vector (&, ..., ¢+ ;) depends only on its length,
and is independent of k. Obviously, the sequence {¢;};>1 we considered before has this property. The
next lemma is very technical but, after we prove it, the existence of the Wiener measure will follow

very easily.

Lemma 1.2.12. Suppose that X, : (0, Ay, P,) — C[0, 1] is the sequence of random elements of C[0, 1]
defined by (1.30), and that ¢; : (), A4, P) — R, i > 1is stationary. If

lim lim sup AP (nk?x |Sk| > Aa\/ﬁ) =0, (1.32)
<n

A=00 oo

then {Px~ } is tight.

Proof. We shall use theorem 1.2.8. Since Xj = 0 for all n > 1, its first condition is trivially satisfied.
As we have explained, the second condition of that theorem is equivalent to (1.20). In our case, this

relation is equivalent to the requirement that

limlimsup P, [w(X",d) > €] =0, foralle > 0. (1.33)

=0 pooo

This relation can be shown using theorem 1.2.9. According to this theorem, if (1.21) holds, then (1.22)

and (1.23) are also true, so

(%
Py (w (X”,6>z3s>§21’n< sup | X! - X}t
i=1

ti1<s<t;

> s> (1.34)

if minj <, (#; — t;—1) > 6. This is easier to analyze if we choose t; = m;/n, where mg, my, ..., m, are

integers satisfying 0 = mo < my < ... < m, = n. The reason for this specific choice of the points
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to, ..., ty is that the functions X" (w) are polygonal for all w € ), so the supremum in (1.35) becomes

a maximum of differences |Sy — Sy, , | /0y/n, where m;_1 < k < m;. Indeed, since X! (w), s € [ti_1, 1]

n

is a polygonal function, its maximum difference from X|

= Sy, ,/0\/n as s varies, is achieved

in one of the points of the set {% :k=0,1,..., v} M [ti-1,t]. Since X}, = S/ o/n, it follows that

1
= max

su X — X
3 s i1 mi_1<k<m; U\/ﬁ

i1 <s<t;

1Sk — Sy 4| -

Since {&;}i>1 is stationary, it follows that the latter maximum has the same distribution as

max | Sg|.
0<k<m;—m;_q

Hence, from (1.34) it follows that

Py (w(X",6) > 3¢) < éPn <0gkg}1?xm,-1 (T’f;’ﬁ > e.) ) (1.35)
Recall that this inequality only holds if t; —t;_y > ¢ for all i € {2,...,v —1}. This translates as
m; —m;_1 > ndforalli € {2,...,i —1}. To simplify our analysis even more, we shall choose m; = im
for 0 < i < v, and m, = n, where m is an integer. Since we want m; — m;_; > nd, we must have
m > nd, so we can choose m = [nd]. We also need m,_1 = (v—1)m < n < vmsov > n/m and
v —1 < n/m. Thus, we can set v = [n/m|. Notice that n/m = n/[nd| converges to1/6 as n — oo,
due to the squeezing theorem. Thus, for n large enough and J small enough, we have n/m > 1/24.
Also, v = [n/m] converges to [1/4] which is smaller than 1+ 1/ < 2/6 for small enough J. Since

my, — my—1 < m, it follows from (1.35) that, for large n and small § we have

Py (w(X",8) >3¢) <v-P, (max |Sk| > sa\/ﬁ>
0<k<m

2 €
< -.P max |Si| > —ovm
> n ( | k| et \/% >

0 0<k<m

where the last inequality follows directly from the fact that n/m > 1/25. We can now choose A =

€/+/26 in which case the above inequality translates into

2
P, (w(X",6) > 3¢) < % - P, (max |Sk| > /\0’\/171) )
€ 0<k<m

Given positive ¢, 77, (1.34) implies that there exists some A such that

4 2
Lzlimsuan <max |Sk| > Am/m) <.
& 0<k<m

m—sco <k
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Notice that § —+ 0 as A — oo, and, for fixed §, m — o0 as n — oo. Thus, from the above relations it
follows easily that
lim limsup P, (w(X",0) >¢) =0foralle >0,

=0 poeo

which completes the proof. O

The construction of the Wiener measure can be completed using the independence of the random
variables {{;};>1 Because of the independence, {;};>1 is stationary, and Etemadi’s inequality gives

that

0<u<m

P, ( max |S,| > oc) <3 max P (|Sy| > «a/3) foralla > 0. (1.36)
0<u<m

To prove the second condition of lemma 1.2.12, we thus need to show that

lim lim sup {)\2 max P (|Si| > /\U\/ﬁ)} =0. (1.37)
0<k<n

A=00 oo

The interesting fact is that we can use any sequence {{;};>; we want. We assume that each ¢; is a
standard normal random variable. Of course, (1, >, ... are also assumed independent. In this case,

we know that S; ~ N (0,k) 3 so Si/ vk ~ N(0,1). From Markov’s inequality it follows that

P(IN|>A)=P (N4 > /\4)

as E(N*) = 3. Thus, P, (|S¢| > Acy/n) = P, (\/HN\ > /\U\/ﬁ) < 3/M40* for k < n. Letting A — 0

proves (1.37), which in turn proves the existence of Wiener’s measure.

Theorem 1.2.13. There exists on (C, B(C)) a measure whose finite dimensional distributions are de-

termined by (1.29).

By W, we will denote not only the Wiener measure, but also any random function having the Wiener

measure as its distribution over C.

We are now ready to prove Donsker’s theorem. Notice that, in the above discussion, W came up
as the weak limit of the sequence {Px»},>1, where X" was defined by (1.30), and {¢;};>1 are inde-
pendent standard normal random variables. Donsker’s theorem actually shows that we can drop the

requirement of normality of those variables. It was introduced by [Donsker, 1951].

38We can show this result using characteristic functions.
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Theorem 1.2.14 (Donsker). If {1, (>, . . . are independent and identically distributed random variables

with mean zero and variance ¢, and if X" is the random function defined by (1.30), then X" = W.

Proof. The proof depends on theorem 1.2.11. If W : (), A,P) — C denotes the random function
whose distribution over C is the Wiener measure *°. From the definition of the Wiener measure and

the discussion at the beginning of the section, it follows that W; ~ N(0,s) for all s > 0. Indeed,

Py, {x € C:x(t) <a})=P(W; <a)
=P(moW <a)

=P(Wem ! ((~ooa])

=W (7 ((—o0,a)))
=W({xeC:x(t) <a})
1 / ? —x2 /2t

= — e dx,

V27t J—c
where, in the last two lines W denotes the Wiener measure, which is the distribution of the random
element W. We can similarly show that W; — W; ~ N (0,t —s) for t+ > s. In the beginning of the
section, we saw that (X7, X' — X") = (Nj, N2), where Nj, N, are independent random variables with
mean zero and variances s and t — s respectively. From the second property of the definition of the
Wiener measure, it follows that W; — W and Wy = W; — W, are independent so the last relation can
be written as (X7, X' — XI') = (W, W; — W;). Due to the continuous mapping theorem, it follows
that (X!, X}') = (W, W;). By extension, (Xfl, ... ,ka) = (Wy,..., W) forall0 < t; < ... <,
which is relation (1.25) with W in the role of X.

It remains to prove (1.26). We have shown this relation in the proof of the previous theorem, but
under the additional assumption that ¢; are normal. To drop this assumption, we shall use the central
limit theorem. Notice that, from the proof of the previous theorem, it suffices to prove (1.37). We
fix some A > 0. By the central limit theorem, if k, is large enough, greater than some k,, then
Si/ovk =~ N(0,1). Markov’s inequality for a random variable Z ~ A(0,1) gives P (|Z| > A) =
P (Z* > A%) < E(Z*)/A* = 3/A* so, for large k we have P <|Sk| > AU\/%) < 4/A% Fork < nitis
true that P <|Sk| > AU\/I?) > P (|Sk| > Aoy/n), whence it follows that

A? r]??xp (|Sk| > Aoy/n) < 4/A?
<n

3We have explained that, for each measure there exists a random element whose distribution is exactly this measure.
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for k > k. Notice that Var(Sy) = ko? so, for k < k), Chebyshev’s inequality gives that P (|Sx| > Aoy/n) <
k/A*n < ky/nA?. Thus, maxy<, P (|Sk| > Aoy/n) < max {ky/nA?,4/A*}, so it obviously tends to
zero as A — oco. This shows that (1.32) is true, so from the proof of the previous theorem we obtain

that (1.26) is also true. Hence, theorem 1.2.11 implies that X" = W, which completes the proof. =[]
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Chapter 2

Empirical Process Theory and

Applications in Statistics

In the second part of this thesis, we are going to focus on uniform laws of large numbers and uniform
central limit theorems. We present these topics within the framework of Empirical Process Theory.

Our starting point are the Strong Law of Large Numbers (SLLN).

The SLLN states that, if Z;,...,Z, : (), A, P) — (Z, A) are independent and identically distributed
random elements with distribution Pz in (Z, A), and if f : Z — R is a measurable function such that
Ef(Z) exists, then

Y f(Z) =S Ef(2), P —as. (2.1)

This result is one of the most prominent landmarks in Probability Theory. One of its countless ar-
eas of application is consistency of statistical estimators, and, in particular, plug-in estimators. This
application is presented in Example 2.0.1. Before moving forward to ths application, we recall the

definition of the empirical measure.

Let Zy,...,Z, : (O, A,P) = (Z,G) be iid. random elements with distribution P;. The empirical

measure [P, induced by these elements is defined by

1& #1<i<n:Z €A
~ ) Vzieny = LE o },Aeg. 22)
i=1

IPn(A) =

Notice that the empirical measure is a random measure in the sense that it depends on the value of
w € O we choose each time. If the singletons in (Z,G) are measurable, then the empirical measure

can be described alternatively as the random probability measure that gives mass 1/n to each of the
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observations Z;. For this reason, the empirical measure is usually expressed as

where ¢, denotes the Dirac measure at point z € Z. The SLLN can be expressed via the empirical
measure in the equivalent form

P, f =% Pz f. (2.3)

Indeed, the elements f(Z;),..., f(Z,) are ii.d. random variables, and their expectation is equal to

E(f(2) = [ f(Zi(w))aP(w)

- /T FdP;
— Psf. (2.4)

Combined with the fact that P, f = 1 Y | £(Z;),! Equation (2.4) verifies the equivalent form (2.3) of
the SLLN.

Example 2.0.1 (Plug-in estimators). Some of the most common quantities of interest in statistics, like
the expectation and the quantiles, can be expressed as functionals of the underlying distribution. For
example, one can define the expectation of a random variable Y as a functional v : P — R defined
by

7(Q) = /}R Y dQ, (2.5)

where P is the space of probability measures on (R, B(R)), and Y ~ Q. This maps any probability
measure Q € P to E[Y], where Y ~ Q. Analogously, for any fixed threshold « € (0, 1), the a-quantile

of the distribution of ¢(Y) can be expressed as

74(Q) = inf {t € R: Q((—oo,1]) = a}. 2.6)

LetT : P — R be any such functional. Then, for any Q € P, the (random) estimator I'(Qy,) is called
a plug-in estimator of I'(Q), where Q, is the empirical measure corresponding to an i.i.d. sequence

Yo, ..., Yy ~ Q.

Plug-in estimators are useful because they can be computed using the observed data points Y7, Y5, . ..

For each measurable function f : T — R itis true that 5, f = f(z).This simple property can be shown in a standard way:
first for indicator functions, then for simple functions, then for non-negative measurable functions using the Monotone
Convergence Theorem, and finally for general measurable functions. Consequently, for every measurable function f :
T —RwehaveP,f = 1Y | £(Z,).
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unlike estimators that depend directly on the underlying distribution Q, which remains unknown.
An important property that makes plug-in estimators suitable for estimating the target quantity is
consistency, that is, convergence to the target quantity, either almost surely (strong consistency), or
in probability (weak consistency). For example, the SLLN can be used to yield strong consistency for

the plug-in estimator y(Q,) of the mean, where the functional v is defined in Equation (2.5).

In a similar way, we can use the SLLN to derive consistency of an abundance of other plug-in estima-
tors. However, rather than expanding our discussion on the use of these two theorems in deriving
useful properties of statistical estimators, we will now investigate some of their most restrictive lim-

itations.

2.1 Limitations of the SLLN

Although the SLLN is a rich source of a multitude of methods and techniques in Probability and
Statistics, it still faces severe limitations. The main root of these limitations is the assumption that g
is a nonrandom function. On the contrary, some of the most established statistical methods make use

of functions that depend on the observed data.

In this subsection, we will present some of these statistical methods and explain why these cases lie

outside of the area of validity of the SLLN.

Example 2.1.1 (Empirical Risk Minimization). Suppose that Z4,...,Z, : (Q},A,P) — Z are iid.
random elements whose distribution belongs to a class {Pf feF }, and is thus determined by an
unknown function f € .#. Let f* denote the true (unknown) value of the function, which we would
like to estimate. The estimation relies on a loss function f — L(Z), whose expectation with respect
to Py~ we would like to minimize. The loss function is chosen in such a way that the true value f* is
the minimizer of the expected loss E« [L£¢(Z)],? which is called the risk and is denoted by R (f, f*).
The risk is not computable, because f* is unknown. Hence, we cannot compute the value of f that

minimizes it. Hence, motivated by the LLN, we resort to its empirical counterpart, namely
= 1
Ra(f)i= ) Ls(Zi). 2.7)

We can now compute the value fn that minimizes R, (f) and hope that this value is close to the
minimizer of arg min;. ; R (f, f*) = f*. This general procedure is widely known as Empirical Risk

Minimization (ERM). We shall look at the following examples of ERM:

2The index f* denotes that the expectation is taken over the true distribution, which is Pf.. This is totally reasonable, as
we want to minimize the true expected loss, and not the loss based on some false value of the parameter.
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1. Maximum Likelihood Estimation (MLE): In MLE, we assume that the function class .7 is equal

to a parameter space ®, and that the distribution of Z is determined by a parameter § € O.
Assume that { P, : 6 € ®} is dominated by a o-finite measure y, and we denote by py the density

of Py with respect to u. The loss function is defined by

Lo(x) =log FI)?Z*((;)) (2.8)

Using Jensen'’s inequality, we can easily show that Eg« Ly (X) > 0, and that the equality holds if
and only if 8 = 6*. Therefore, the true value 6* minimizes the expected risk. The empirical risk

is equal to

5 - pe-(Zi)
R, (0) = . Z‘g‘{log 20(Z0)

The numerators py-(Z;) are irrelevant for the minimization of the empirical risk, so we can

equivalently maximize the simplified function
)
=) logpe(Z;).
i3
The MLE estimator 8, is then defined as any element of the set

n
arg max 1 Y _log pe(Z;).
pc@ i3

. Binary Classification: suppose that the points Z;, ..., Z, are pairs (X1, Y1),..., (Xn, Yu) € & X

{0,1}. This problem is often encountered in practice. For example, the variable X could denote
the levels of particular biomarkers in a person’s blood, and Y could encode whether that person
has a particular disease (Y = 1) or not (Y = 0). The goal of binary classification is to determine a
function f : X — {0, 1} in some function class .# such that the probability of misclassification,

P (f(X) # Y) is minimized. In that case, the loss function would be defined as

1, iff(x) #y
Lr(oy) =Nz = { 29)
0, else

Any function f* that minimizes E [L; (X,Y)] = P (f(X) # Y) is known as a Bayes classifier.

It can be easily shown that, if the two classes are marginally equally likely, i.e. P(Y =1) =
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P (Y = 0), then the function
fr(x) = ¥ POl (2.10)

is a Bayes classifier. However, P (Y =1),P(Y=0),P(Y=1|X=x)and P(Y =0| X =x)
are unknown, so we do not have access to the Bayes classifier. Therefore, we use the ERM

estimator, which is now defined as

> I |1 ¢
fn € argminR,, (f) = arg min [n Zﬂ{f(Xi)#Yi}] . (2.11)
i=1

feF fesF

3. Regression: suppose that the points Z, ..., Z, are again pairs (X1,Y1), ..., (Xn, Yu), which are
now determined by the equation Y = po(X) + . Here, pip : X — R is an unknown map that
is referred to as the regression function, and ¢ is a zero-mean random variable (noise) that is
independent of (X, Y). Once more, we assume that the regression funcion belongs to a function
class .#. Since E [e] = 0, it follows that po(x) = E[Y | X = x]. For any y € .%, we define the
loss function L, (x,y) = (y — u(x)). It can be easily shown that the true regression function
yo minimizes E [£, (X, Y)] over .#Z. However, j is unknown, so we estimate it using the ERM

estimator

fi, € argmin R, (1) = argmin [1 (Y; — u(X;))?
=1

UEF neF ni

(2.12)

This estimator is known as the least squares estimator.

By definition, the ERM estimator fn depends on the data points Zy,...,Z,. The reason why this is

problematic will become clear in the next paragraph.

An interesting question that one could ask is the following: how large is R (fn, f *) ,i.e. the (theoreti-
cal) risk of the empirical risk minimizer? Ideally, since R (f, f*) is the quantity that we actually want
to minimize (and not R, (f)), we would like that f, satisfies

R(fn,f*) ~ inf R (f, f*),

feF

at least for large values of n. To investigate whether this holds, we can temporarily assume that
infrc 7 R (f, f*) is achieved at some point fj - not necessarily equal to f*. We define the excess risk of
fu by

E(forf*) =R (fuorf*) = R (fo ). 13)
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n—o0

It obviously holds that E (fn, f*) > 0. We essentially want to show that E (fn, f *) — 0. Notice

that the excess risk can be decomposed as

E(ff) = [R(Fr)-Ra(f)] + [Ra(F) = Ru ()] + [Ru (o) = R(fo )] (214
The second term is non positive since fAn minimizes the empirical risk. The third term is equal to

1 n
[n ; Ly, (Zi)| —EpLy (2),

which converges to zero a.s. by the SLLN. A naive first approach would be to use the same argument

(SLLN) for the first term, which can be written as
1 n
Eq L (Z) - - i;,ﬁfn(zi) :

However, this would not be correct, since j?n is a random quantity that depends on Z;,...,Z, and
varies with n. Therefore, it is not possible to use the SLLN to prove that this term converges to zero.

However, it holds that

R(Fus) = Re(7)

< sup R (f, f*) — Ra (f)].
fef

Therefore, one potential strategy would be to show that

%0, P-as. (2.15)

sup [R (£, f*) = Ru (f)

fesF

Notice that

= [ Lyd(P,—P,). (2.16)

Motivated by this discussion, we give the following definition.

Definition 2.1.2. Let Z,Z5,...: (), A, P) — (Z,G) be a sequence of i.i.d. random elements and let

Z be a class of real-valued measurable functions Z — R. We say that .# satisfies the Uniform Law of
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Large Numbers (ULLN) if it holds that

P50, as 1 — oo (2.17)

sup
feF

/ZfdaPn —Py)

We shall use the notation

Py~ Pzl = sup | [ f(e, ~ p2)
feFI/2

Remark 2.1.3. Equations (2.16) and (2.17) might cause some confusion since f denotes different

things in each of them. This remark aims to clarify the notation and explain this inconsistency.

e For the purposes of ERM, we are interested in the function class £z := {L;: f € Z}, which

is parametrized by .%. This becomes obvious from Equations (2.14) and (2.16).

¢ However, we can discuss the ULLN in its full generality, outside of the spectrum of ERM. In

that case we can allow for any general function class .7.

Therefore, the rule in the rest of this thesis is the following: we discuss the GC function classes in
their full generality using the symbol .. When going back to the specific area of ERM, we switch

from % to L.

From the above discussion it becomes clear that, the ULLN is a sufficient condition for the con-
vergence of the excess risk to zero (in probability). Therefore, it is necessary to investigate which
function classes satisfy the ULLN. The first result in this direction was proved in 1933 independently
by Glivenko and Cantelli [Glivenko, 1933, Cantelli, 1933].

Theorem 2.1.4 (Glivenko-Cantelli). Let Z4,...,Z, : ) — R be i.i.d. random variables with cumula-

tive distribution function Fz. Let IF,, be the empirical c.d.f. of Z1,...,Z,. Then, it holds that

|FF), — Fz||eo = sup |Fy(z) — Fz(z)| 23 0. (2.18)
z€R

Although it might not be obvious how this theorem is related to the ULLN, a closer look reveals that
Fa(z) = F2(2) = [ 1z (B — F2).

Therefore, this theorem essentially tells us that the function class {Il(,oo,z] 1z € IR} satisfies the ULLN.
Due to this seminal result, the function classes that satisfy the ULLN are alternatively called Glivernko-

Cantell (GC) classes.
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To conclude, the main question that we try to investigate in this chapter is the following: under what
conditions is a function class a GC class? As we shall see, this is closely related to the size and the
complexity of the class. Therefore, we will focus on developing measures of size and complexity
that give insight into the structure of a function class and provide necessary conditions for a class to

satisfy the ULLN.

Throughout this chapter, we follow the exposition of [Wainwright, 2019], with several ideas also
taken by [van de Geer, 2000] and [Vershynin, 2018]. We emphasize that, although the definition of
a GC class only requires convergence in probability, the results we are going to present often yield

almost sure convergence, which is stronger.

2.2 Concentration bounds

Before moving forward to the investigation of complexity measures for function classes, it is neces-
sary to take a step back and study the spread of random variables around their means, as well as in

the tails of their distribution. Throughout this section, we use the following terminology:

1. Tail bound: An upper bound on the probability that a random variable takes values at the tails
of its distribution (i.e. very large or very small values). The simplest and most general tail

bound is given by Markov’s inequality:
for any nonnegative random variable X and any a > 0, it holds that

E [X]

P(X>a)< .

2. Concentration bound: An upper bound on the probability that a random variable takes val-
ues away from its mean. One of the most well-known concentration bounds is Chebyshev’s

inequality:
for any random variable X with finite first and second moments, and any « > 0, it holds that

< Var(zX).
K

P(|X —E[X]| > x)

This section is going to provide us with some concentration bounds that will be extensively used in

the proofs of the upcoming results. Our goal in the next sections will be to show that

sup [Ry (f) = R(f, f)| = E |sup R, (f) = R(f, )|, (2.19)

fer feF
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which is nothing more than a concentration property of the random quantity

sup [Ry (f) = R(f, f7)I-

feFr

The concentration bounds that we prove in this section will turn out to be very useful in showing

concentration properties of this form.

The upcoming results are not exclusively used in Empirical Process Theory. On the contrary, they
have a very large field of application, ranging from Concentration of Measure, to Optimal Transport,
Optimization, and Stochastic Calculus. Therefore, even though this section might initially seem to lie
out of the spirit of this thesis, it contains a lot of results of independent interest. The importance of

this results in Empirical Process Theory will become very clear in Sections 2.3 and 2.4.

Markov’s and Chebyshev’s inequality have some interesting extensions. One of them is the so-called

Chernoff bound, which is discussed in Example 2.2.1.

Example 2.2.1 (Chernoff bound). Let X be any random variable with mean p. Suppose that there
exists a constant b such that the moment generating function E [¢*X] is finite for all A € [0, b]. From

Markov’s inequality, it follows that, for all A € R,

PX—pu>t]=P [eMX*W > e“}

E [eux—m}

<

This inequality can be rewritten as
logP[X —pu>t] <logE [eA(X’”)] — At
Since A € [0, b] was arbitrary, the latter implies that

logP[X —pu >t < inf 41 AMX= At 2.2
ogP| y_t]_Aér{B,b}{oglE[e } At} (2.20)

This last inequality is widely known as the Chernoff bound.

Under distributional assumptions, it is often easy to derive further concentration and tail bounds.

Example 2.2.2 illustrates the derivation of such bounds for Gaussian random variables.

Example 2.2.2 (Gaussian Concentration Bound). Let X ~ N (u, 0?) be a Gaussian random variable. It

o2A
2

is well known that the moment-generating function of X is given by E [e}X] = e#AT  forall A € R.
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From the Chernoff bound, it follows that

1202 12
_yu>f< i MX=pu)| _ — _ -
logP[X—pu>t] < A»El[r(}io) {log]E [e ] /\t} igg [ > /\t} 252’
where, in the last step, we computed the infimum by setting the derivative % (# — At) to zero. It
follows that
2

P X—u>tj<e 22. (2.21)

2

Since —X ~ N(—pu,0?), the same argument yields that P [~ X +pu > #] < e 27, Combining these

two bounds yields the concentration bound

2

PIX —p| > t] <2¢ 22 (2.22)

To obtain concentration properties for more general classes of random variables, we need to impose
some assumptions on the tail behaviour of the underlying distribution. This already becomes clear
from Chebyshev’s inequality, where it is necessary to assume the existence of the first two moments.

A large group of concentration results concerns sub-Gaussian random variables.

Definition 2.2.3. A random variable X with mean y = E [X] is sub-Gaussian if there exists a positive

constant ¢ such that

E {e)‘(x”‘)} <eM7/2 forall A € R. (2.23)

The constant ¢ is referred to as the sub-Gaussian parameter of X.

Remark 2.2.4. For Gaussian random variables, the bound in (2.23) holds with equality. Therefore,
Gaussian random variables are sub-Gaussian, with their standard deviation as the sub-Gaussian
parameter. However, there exist sub-Gaussian random variables that are not Gaussian. For example,
itis a standard result that any bounded random variable X € [a, b] is sub-Gaussian with subgaussian

parameter equal to o = (b —a) /2.

Remark 2.2.5. Intuitively, a random variable is sub-Gaussian if the tails of its distribution decay
at least as fast as the tails of a Gaussian distribution. Indeed, using the definition of a sub-Gaussian
random variable, we can compose an argument similar to the one in Example 2.2.2 and show that any
sub-Gaussian random variable satisfies the bounds (2.21) and (2.22). The last step of that argument
is still vaild because, for any sub-Gaussian random variable X, it holds that —X is also sub-Gaussian
with the same parameter. [Vershynin, 2018, Proposition 2.5.2] some interesting properties related to

the moments and the tails of sub-Gaussian random variables.
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We are now ready to state Hoeffding’s inequality, an inequality that plays a central role in studying

concentration properties of sub-Gaussian random variables.

Theorem 2.2.6 (Hoeffding Bound). Let n > 1 be an integer, and let Xy, ..., X,, be independent sub-
Gaussian random variables with means p, ..., y, and sub-Gaussian parameters o7, ..., 0, respec-

tively. Then, for all t > 0, it holds that

P

< exp {— £ } . (2.24)

n
(X; —ui) >t S
i; o 2% Uiz

Proof. The proof relies on the fact that linear operations preserve sub-Gaussianity. In particular,

we show that X; + ... + X, is sub-Gaussian with mean p; + ... + u, and sub-Gaussian parameter

\ /(Ti2 +...4 2. Since X3, ..., X, are independent, it follows that

]E e)\(Z,n:] Xi_Z?:] ]’ll)i| — ]E

:exp{)»z(cflz-l-...-l-afz)}, (2.25)

where we used the fact that X, ..., X,, are sub-Gaussian in the third step. This shows that X; + ...+
Xy, is sub-Gaussian. Inequality (2.24) now follows from the bound (2.21), which, as we discussed in

Remark 2.2.5, holds for all sub-Gaussian random variables. O

Hoeffding inequality has an interesting extension, known as the Azuma-Hoeffding inequality. This
inequality was introduced by [Azuma, 1967] and it extends the Hoeffding bound to random vari-
ables that have a non-trivial dependence structure. More specifically, it covers the case of martingale
difference sequences. If {A;}:°; is a filtration in a probability space (Q), A, P), then we say that a se-
quence {D;}:; of random variables is a martingale difference sequence (MDS) if, for all i > 1, it

holds that D; is A;-measurable, integrable, and satisfies the condition

IE[DZ- | AH} — 0. (2.26)
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Theorem 2.2.7 (Azuma-Hoeffding). Let {D;}; ; be a martingale difference sequence. If, for all i > 1,
the random variable D; lies almost surely within an interval of length L;, then for all n > 1 it holds

that

P <i D; > t> < exp {—ZHZtZLZ} (2.27)
i i=1 "

i=1
Proof. Leti > 1 be an arbitrary index. Since D; lies almost surely within an interval of length L;, the
same holds for the conditioned random variable (D; | .A;_1). Therefore, from Remark 2.2.4, it follows
that (D; | A;_1) is sub-Gaussian with parameter o = L;/2. The mean of this random variable is equal

to zero, so, by the definition of a sub-Gaussian random variable, it follows that
E [0 | 4] < eVHVS, (2.28)

We now use the law of iterated expectation to derive a decomposition of IE [exp {}_;"; D;}] in a similar

way as in the proof of Theorem 2.2.6. We have

B exp{AfDi} -

i=1

exp{A b, } exp (AD,)
( Ang} -exp {AD,} AMD
o

< DZ} - exp {A2L§/8}>

exp {)\7’11 DZ}

where we used the law of iterated expectation in the second step, the fact that exp {Z?;ll Di} is Ay_1-

=

—_

1

||
agll

~.

DZ} -E [exp {ADy} | An1]>

=
A

M

LI

=E -exp {A*L%/8}, (2.29)

measurable in the third step, and Equation 2.28 in the fourth step. Iterating this argument over the

E |exp {i Di}
i=1

This shows that the random variable Y ; D; is sub-Gaussian with parameter o = /Y ; L2. From
the Remark 2.2.5, and from the bound (2.21), it follows that

Z”: 212
p D; >t gexp{—},
5 Y L

remaining terms yields that

A2
< exp —ZLZZ .
8 3
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which finishes the proof. ]

Recall that the quantity that we would like to bound is

sup (P, — Pz) f1,
feF

which can be viewed as a function g, : Z” — R. In Theorem 2.2.9, we use the Azuma-Hoeffding
bound to show a concentration property for functions of this type that satisfy a certain assumption,

called the assumption of bounded differences.

Definition 2.2.8. Given two vectors z,z' € Z" and an index k € {1,...,n}, we define a new vector

z\k € Z" by

Z

w_ | 7 ifj £k
z;., ifj=k

forallj = 1,...,n. In other words, z\¥ has all its entries equal to the ones of z except from the k-th
one, which is equal to the k-th entry of z’. We say that a function g : Z" — R has the property of

bounded differences if, for any index k € {1,...,n}, there exists a constant Ly > 0 such that

z) —¢(z\F)| < Ly, forallz,z € Z". (2.30)
\g( ) g( )\

Theorem 2.2.9 (McDiarmid Bound). Let g, : Z" — IR be a measurable function that satisfies the
property of bounded differences with constants Ly, ..., L,. If Z € Z" is a random vector with inde-

pendent entries, then, for all t > 0, it holds that

2
P[gn(Z) _]Egn(z) > t} < exp {_Z;tlL%} . (2.31)

Proof. Our goal is to decompose the quantity g,(Z) — Eg,(Z) into a partial sum of a martingale
sequence and then apply the Azuma-Hoeffding bound. Therefore, for any k € {2,...,n}, we define

D; :=Egn(Z) | Z1,..., 2] —Egu(Z) | Z4, ..., Zi_1].

We also define Dy := E [¢4(Z) | Z1] — Egu(Z). Obvisously, it holds that g,(Z) — Eg.(Z) = Y.i' 1 D;.
Also, it is easy to see that {D;}__; forms a martingale difference sequence with respect to the filtration

{0(Z4,...,Z;)}_;. To apply the Azuma-Hoeffding bound, we still need to show that D, ..., D, are
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bounded. For eachi € {1,...,n}, we define

Ai = Zlgé]E [gn<Z) ‘ Zl,...,Z,‘_l,Z] —E [gn(Z) ’ Zl/---/Zi—l]z

Bi = sup]E [gn(Z) ‘ er- . .,Zl‘,l,Z] —E [gn(Z) ’ Z1, .. -/Zifl] .
z€Z
Foralli € {1,...,n},itholds that A; < D; < B;. We are now going to show that B; — A; < L;, where
L; is the constant that appears in the property of bounded differences. Due to the independence of

the entries of Z, it follows that 3
E [gn(Z) | Zl,. . .,Zi] = Gn,i (Zl,. . .,Zi),
where G, (z1,...,2i) = E[gn (z1,---,2i, Zis1,-- -, Zn)]. It follows that

Bi —Ai = supIE [gn(Z) | Z],...,Zi_l,Z] _zlgé'IE [gn(Z) | Z],...,Zi_l,Z]

ze€Z

S sup ’Gn,i (er ey Zifl,Z) — Gn,i (er N ,Zifl,Z/) . (232)

z,2'€Z

However, from the property of bounded differences, it directly follows that

!/
sup ‘Gn,i (z1,...,2i-1,2) — Gyji (z1,...,2i-1,2) ) <L
zz€Z

forall z4,...,z;_1 € Z. Given Equation (2.32), the latter observation implies that
Bi—A; <L

which is exactly what we wanted to prove. The McDiarmid bound now follows directly from the
Azuma-Hoeffding inequality. O
2.3 Rademacher Complexity

Whether a function class .# is a GC class naturally depends on the size and the complexity of the

class. For example, if .# contains only one element f : Z — R, then

7

2, = ol =| [ (P2

3This is a well-known property of the conditional expectation, which can be found in most of the standard probability
textbooks, e.g. [Durrett, 2019, Example 4.1.7].
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which converges to zero due to the SLLN. Similarly, we can show that finite function classes satisfy
the ULLN. Moreover, as the Glivenko-Cantelli theorem shows, there are also infinite classes that
satisfy the ULLN. However, there exist function classes that are not GC. Example 2.3.1, borrowed

from [Wainwright, 2019], presents such a class.

Example 2.3.1. Let S be the family of all finite subsets of R and let .#s = {15 : S € S} be the family
of the indicator functions of these sets. We shall show that .#s is not a GC class. Suppose that the
distribution P; of Z1,Z;, ... has no atoms, i.e. Pz ({z}) = Oforallz € R. Then, forany S € §, it
holds that Pz(S) = 0, since S is finite. However, for any n € IN, the finite set S, := {Zi,...,Z,}
belongs to S, and it clearly holds that P, (S,,) = 1. Therefore,

[Py = Pz|| 75 = sup |(IPn — P7) f|

feZs

= sup |(P, — Pz) 1g|
Ses

> |(IPy — Pz)1s,|

=1,

which shows that .%s does not satisfy the ULLN.

We should interpret the result of the previous example as an indication that the function class Z3 is
too large or too complex for the ULLN to hold. How should we measure the size and the complexity
of a function class, especially when it has infinitely many elements? Which measures of size and
complexity are informative as to whether a particular function class is a GC class? Our task in this
section is to develop such measures and to investigate their sufficiency in deriving such properties
of function classes. The first of these measures is the Rademacher complexity, which is defined in

Definition 2.3.2.

Definition 2.3.2. Let Z4,...,7Z, : Q) — Z beii.d. random elements, and let .¥ be a class of functions
Z — R. The (empirical) Rademacher complexity of .7 with respect to P * is defined as

1 n
SYaf (Z)

i=1

) (2.33)

Rn(F) :=Ez, kup

eF

where € := (e1,...,¢€,) is a vector of Rademacher random variables 5 defined on Q and independent

from Z4,...,7Z,.

“The Rademacher complexity depends on the underlying distribution Pz, but in this thesis we do not focus on this
dependence. Instead, we always consider the distribution P as fixed, and we derive the properties of the Rademacher
complexity with respect to this distribution.

5 A Rademacher random variable takes only the values +1, each with probability equal to 1/2.
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Notice that Y} ; &;f (X;) is equal to the correlation of the vectors (e1,...,€&,) and (f(Z1),..., f(Zy)).
The idea behind this definition is that, if .# is large (or complex) enough, then, for any randomly
drawn vector ¢ = (e1,...,¢€,), there should exist a function f € .# such that (f(Z1),...,f(Z,))
has a high correlation with e. Therefore, large and complex function classes should have a large
Rademacher complexity. The Rademacher complexity has historically been studied as a complexity
measure in the context of Banach spaces [Milman et al., 2001] and lately also in the context of Empiri-
cal Risk Minimization [Van Der Vaart and Wellner, 1996]. More references related to the Rademacher

complexity can be found in [Wainwright, 2019].

The reason why the Rademacher complexity is so closely related to the ULLN becomes clear from
Theorem 2.3.3 [Wainwright, 2019, Theorem 4.10], which we prove below. We say that a function class
Z is b-uniformly bounded if, for all elements f : Z — R it holds that sup,_ |f(z)| < b.

Theorem 2.3.3. Let .# be a b-uniformly bounded class of functions Z — R. Then, for any integer

n > 1 and any real number 6 > 0, it holds that

[P, — Pzl 5 < 2Ry (F) +6 (2.34)

with Pz-probability at least 1 — exp (—%) .

Proof. The proof of the theorem consists of two parts. First we show that ||IP, — Pz|| , is tightly

concentrated around its mean, and then we derive an upper bound for this mean.

Concentration around mean: To simplify the notation, we consider the recentered functions f(z) :=
f(z) — E[f(Z)]. Then, it holds that ||IP, — P| > = Iyt f(Z)).
G: Z" - R, defined as

We consider the function

S\H

) 7

i=1

G(z1,...,2zn) :=sup
fez

We show that G has the property of bounded differences that was defined in Definition 2.2.8. Since G
is symmetric, it only suffices to check that this property is satisfied for the first coordinate. We define

a vector y € R"” which differs from x only in the first coordinate. Notice that

LY )| —sup Y| < |13 F )| - }lfﬂyi)'
i=1 heF i=1 i=1 i=1
< | LT - LFw)
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2b

<=, (2.35)

where the last inequality uses the uniform boundedness of f and the fact that f(x1) — f(y1) = f(x1) —
f(y1). Since the inequality (2.35) holds for all f € .#, we can take the supremum over .%. This yields
that

—_

s LF)

sup
feF

which is equivalent to G(x) — G(y) < 2b/n. Interchanging x, y and using the same argument yields
that G(y) — G(x) < 2b/n, so we deduce that |G(x) — G(y)| < 2b/n. From Lemma 2.2.9 (McDiarmid
bound), it follows that, for all t > 0,

G(X1,...,Xy) —EG(X1,..., Xy) <t
with P-probability at least 1 — exp ( sz) From the definition of G, this is equivalent to
IPu = Pzl| 7 = E(|[Pn — Pz|| 7) < t

with probability at least 1 — exp (— %) .

Upper bound on E (||IP, — Pz|| ): We now show that the mean is upper bounded by 2R, (.%#). We
use symmetrization. We consider random variables Y3, ..., Y, that are independent with each other,

independent from Xj, ..., X, and have the same distribution as Xj, ..., X;;. Then, it holds that

E(|Py— P|5) = E <sup LY A(X) ~ E£(X) )
fer | i=1
~ Ex (;35 3 1)~ EF(Y) )
= Ex (SUP Ey ii{f(xi) —f(Ya)} ')
fesF i=1
< Exy (;up Ly ) - foc-)}]) : (2.36)
eF i=1

where the last step follows from Jensen’s inequality and the convexity of the supremum function®.
We now want to compare the latter quantity with the Rademacher complexity of .#. Therefore, we
consider i.i.d. Rademacher random variables ¢, ..., &,, which are also independent from Xj, ..., X,

and Yi,...,Y,. The crucial observation is that, since X;, Y; are i.i.d. and independent from ¢;, the

61t holds that sup,cy [Af(x) + (1= A)g(x)] < Asup,cyp f(x) + (1 —A)sup,p 8(x).
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random vector with entries ¢; (f(X;) — f(Y;)) has the same distribution as the random vector with

entries f(X;) — f(Y;) 7. It follows that

B (??g ii{f(xi) - f(Yi)} ) =Ex,ve (?35 iisl {f(X)) _f(m}])
< Exye (Sup iisif(xz) + sup Tllieif(Yz) )
feF | i=1 fez |"i=1
=2Ex; (sup 1 isif(Xl) >
fez |Mia
— 2R, (7)

O]

From this theorem we can deduce that, if R, (#) = o(1), then ||IP, — P|| ; = 0. To prove this, we

can use the Borel-Cantelli lemma. Consider the sets

21 /2
An::{||]P,1—Pz||9>272n(ﬂ‘)+\/§b< Og”> }

n

From Theorem 2.3.3 it follows that P (A,) < exp (—2logn) = 1/n%. Since Y5 1 P (An) = Yoo 1/1?,
it follows from the lemma of Borel-Cantelli that P (lim Sup, e An) = 0. Consider an element w €
O\ (limsup,,_ An). From the definition of lim sup,, . An, it follows that there exists an integer N,

such that w ¢ A, for all n > N,,. This means that

1/2
IPu(w) — Pzl 5 < 2R (F) + V20 (Zk’g”)

n
forall n > N,,. Since R, (%) = o(1), it follows that

n—oo

[Py (w) = Pz|| 5 — 0.

Since P (Q\ limsup, 5 An) = 1, we deduce that ||P, — Pz|| 2% 0. Therefore, if R, (.Z) = o(1),

then the class % is a GC class.

"Let Z ~ Fz be a symmetric random variable and ¢ a Rademacher random variable, independent from Z. It holds
thatP(eZ <z)=P(e=1)P(eZ<z|e=1)+P(e=-1)P(eZ<z|e=-1)=L P(Z<z)+iP(-Z<z)=P(Z<2z),
where in the last step we used the symmetry of Z.
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2.4 Entropy with Bracketing

Entropy with bracketing is a measure of complexity that can yield the ULLN in a very straightfor-
ward way. It has a different flavour from the Rademacher complexity and its definition resembles
the definition of an open cover of subset of a metric space. Just like the existence of finite open covers

guarantees compactness, a finite entropy with bracketing guarantees that a function class is GC.

Let Q be a measure on (Z,.A) and let p € [1,00) be a constant. Recall the definition of the space
Ly(Q):
L,(Q):= {f:Z%R‘/]f]p dQ<oo}.

For any function f € L,(Q), we define its L,(Q) norm as ||f]|,, 5 := ([ [fI" dQ)l/p 8,

Definition 2.4.1 (Entropy with bracketing). Let .# C L,(Q) be a function class and let 6 > 0 be a

real number. Let N, g (J,.#, Q) be a smallest value of N € IN such that there exist pairs of functions

N
{ [ f L f}u} } - with the following properties:
]:
e forallj=1,...,Nitholds thatf]-L,f]u € L,(Q).
e forallj=1,...,N itholds that "f”—fL” <.
] I lp,Q

e forany f € .#, there exists anindex j = j(f) € {1,..., N} such that

ij(z) < f(z) < f]u(z) forallz € Z.
If no such finite collection exists, we define N, p (4, .%, Q) = oo. The d-entropy with bracketing of .7

is then defined as

Hyp(6,#,Q) =logN (6,.7,Q). (2.37)

The pairs { f].L, f]u] are called brackets and they are denoted by these square brackets because of the

third condition in the above definition.

The entropy with bracketing can also be defined for p = co. In analysis, it is common practice to use
the essential supremum of a function to define its supremum norm. However, for the next definition,

we define the supremum norm of a function f : Z — R as

|fleo 7= sup [f(2)]. (2.38)

zEZ

81n fact, ||-|| p,Q is a seminorm.
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With denote this norm with single instead of double brackets to distinguish it from the standard

supremum norm that is defined via the essential supremum. Notice that, unlike the norm ||,

I lleor

does not depend on the measure Q.
Definition 2.4.2 (Entropy with bracketing for the supremum norm). Let N, (J,.%) be the smallest
value of N € IN for which there exists a finite collection { f; }]]\il C .# with the property that

sup min _fl <s
fe,gj:l ,,,,, N ’f f] o =

If no such collection exists, we define Ny, (6, .#) = co. The J-entropy of .# with respect to ||, is then

defined as He (6, %) = log Ne (9, F).

As the next result shows, Hy, (J,.% ) upper bounds H, g (6,.%, Q) for any p > 1 and any probability

measure Q.

Lemma 2.4.3. Let Q be a probability measure on Z and let .# C L, (Q) be a function class. Then, for
alld >0,

6
HP,B <(51ng) S HOO (2/L9Z> .

Proof. Fix a positive real number é. If Hy, (6/2,.%) = oo, then there is nothing left to prove. Suppose
that Ne (6/2, %) = N < co and let { f]}]]il C Z be a collection of functions that satisfies Definition
2.4.2 for the threshold value §/2. From that definition it follows that, for all f € .#, there exists an
index j € {1,...,N} such that |f — f;| < 6/2. This is equivalent to

fi(z) — 2 < f(z) < fi(z) + g, forallz € Z. (2.39)

We consider the brackets { [fj — /2, fj +6/2] }]Z\il From Equation (2.39), it follows that these brack-
ets cover the whole function class .% in the sense of Definition 2.4.1. Since { f]}]lil C.F CLy(Q),

it easily follows that the functions f; +4/2, j = 1,..., N also belong to L, (Q). Finally, it is obvious

that, forallj=1,...,N,
) 1)
|(+3) - (5-3)

We conclude that {[f; —6/2, fj +6/2] }]Iil is a finite bracketing class for .#, which proves that

=J.
rQ

Ny5 (8, %,Q) < N = Nu (6/2,.F).
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The importance of entropy with bracketing is demonstrated in the following lemma:

Lemma 2.44. Let Zy,Z5,... : (O, A, P) — (Z,G) be a sequence of i.i.d. random variables with
distribution Pz. If .# C Ly (Pz) and

Hl,B ((S,y,Pz) < ooforalld >0,

the .# satisfies the ULLN.

N
Proof. Let § > 0 be an arbitrary real number and let { [ i f -U} } be a bracketing set for .%, i.e. a
777 j=1
collection that satisfies the assumptions of Definition 2.4.1. Then, for any f € .7, there exists an index

j€{1,...,N} such that f]-L <f< f]U For this index j it holds that

/Zfd(an—PZ):/Zfd]Pn—/Zfsz
< [ srav,— [ rap;
:/ijud(llvn—PzH/Z(ij”—f) dp,

< [ fa®.—p)+o, (2.40)

where the last step follows from the fact that H f]-u — ij Hl , < 6 and ij <f< f]»u. Using a similar
L7

argument, we can show that
[ faw,—p) = [ frawe.—py)-o (241)
Z Z

N N
Since the sets { f- ¢ and { fU ¢t are finite, it follows directly from the SLLN that there exists an

integer Ng > 1 such that
. u _ . L _
maxj_1,. N ‘fzf] d (PP, PZ)‘ <¢ and maxj_,. N ‘fzf] d(P, —Pz)| <6
Q-almost surely for all n > Np. It follows from Equations (2.40),(2.41) that

sup <26

fez

| rd®,—py)

Q-almost surely. Since § was arbitrary, we deduce that .# is a GC class. O
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Remark 2.4.5. If p € [1, o0), then the condition
H, 5 (5,.7,Pz) < coforall 6 > 0

also yields that the class .7 is GC. Indeed, it is a well known fact that, in probability spaces, the L,
norm is increasing in p. Therefore, the condition H, p (J,.#, Pz) < co implies that Hy (6,7, Pz) <

oo, which yields that the class .% is GC.
Let us now look at some applications of Lemma 2.4.4.

Example 2.4.6 (Classical GC Theorem). As we explained in the discussion after Theorem 2.1.4, the
function class {]1(,“,/2) 1z € ]R} satisfies the ULLN. We now show that this is closely relate to Lemma
244.LetZy,...,Z,: (Q, A Q) - Rbeii.d. random variables with cumulative distribution function
F7. For simplicity, we assume that Fy is continuous °. Let § > 0 be an arbitrary real number. Since Fy

is increasing and takes values in the interval [0, 1], there exist points
—o =gy < a1 <...<ay_1<da; =-+00,

depending on 4, such that Fz (a;41) — Fz (a;) < d foralli = 0,...,n — 1. We consider the collection

of indicator functions
n—1

Find = { [ﬂ(—w,amﬂ(—oo,aiﬂﬂ }izo :
Then, the two following conditions hold:

e foralli=0,...,n—1,

dP;

1 = /]R ‘]]‘(—OO,EII‘] - 1(_m/ai+1]
= /R L(—coga] ~ V(-con) 4Pz
- /]R L —co,1) 4Pz — /]R 1 —co0 APz

= Fz (aj41) — Fz (a;)

<.

H]l(_oo,gi} - ]1(—00,ﬂi+1]

e forall z € R, there exists an index i € {0,...,n — 1} such that a; < x < a;41. This implies that

Looa) < Dmeop) < I

—°°/ai+1]

9The proof also works similarly in the general case, under some technical tweaks.
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pointwise.

These two conditions yield that Hj p (J, #ing, P) < oo. Since § was arbitrary, it follows from Lemma

2.4.4 that Z;,q is a GC class.

The above argument is in essence identical to the original proof of the Glivenko-Cantelli theorem.
This shows that the use of entropy with bracketing to derive the ULLN is a natural extension of this

classical result.

Example 2.4.7 (Bounded Lipschitz Functions). Consider the function class
F:={f:]0,1] — [0,1] | f is Lipschitz continuous with Lipschitz constant equal to L = 1} .
We can show that there exists a constant A > 0 such that
A
He (0, 7) < 5 forall 6 > 0. (2.42)

According to Lemma 2.4.3, this implies that .# has a finite bracketing entropy H; g (J,.%, Pz) with
respect to any probability distribution Pz on [0,1] such that .# C L;(Pz). In turn, Lemma 2.4.4
implies that .7 is a GC class with respect to P 1. To prove Equation (2.42), we fix a threshold value

0 > 0 and we choose a finite sequence
O=agp<...<an=1

such that a; = jé for all j € {0,..., N —1}. We assume that N takes its largest possible value, i.e.
1 —ayn_1 < 0. Then, it is easy to see that N < 1+ [1/4]. Denote By = [ag,a1] and B; = (aj,l,aj] for
allj € {2,...,N}. Consider a function f € .%. The function f defined by

is piecewise constant and takes values in the set A := {0,4,...,(N —1)d} 1 Tt also holds that

‘ f— f‘ < 24: indeed, consider a point z € [0,1] and assume that z € B, for some index j €

10Notice that, although it makes sense to define the bracketing entropy for any probability measure Q, the ULLN can
only be expressed for an ii.d. sequence of random variables. This is why we referred to a GC class with respect to the
distribution Pz of the elements of this sequence. Besides, the condition of Lemma 2.4.4 is also given in this form.

I Notice that f takes valuesin [0,1] s0 0 < f (aj) /6 <1 < NO¢. This is why the set of values of fis upper bounded by

(N —1)d.
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{1,...,N}. Then, from the Lipschitz continuity of f, it follows that

Zf(Z)—(S'f(;j)
= f(z) — f(a)
> —(aj—z)

> =0

and

< s - (152 1)
= f(z) — f(aj) +¢

< (aj—z)+6

< 26.

It remains to count the number of distince functions fthat can be obtained in this way. This is a pure
counting argument that makes some use of the Lipschitz continuity. At first, notice that fis fully

determined by its values at a4, ..., an.

o f(al) can take all possible values in the set A := {0,6,...,(N —1)d}, so it can take at most
14 |1/6] values.

e foranyindexj € {1,...,N — 1}, it holds that

)7

Flagn) = Flap)| < |Flajen) = flain)| + |F(ap1) = F(ap)] +|F(ay) — flay)]
< 34.

Therefore, given f (a;), there are only seven possible values that f (a,;1) can take.

From the multiplicative principle, it follows that there exists (1 + [1/5]) - 71179 distinct choices for

f. As we showed, the collection of all these distinct functions satisfies the conditions of Definition



Chapter 2. Empirical Process Theory and Applications in Statistics 79

2.4.2 with threshold value equal to 24. Replacing é with §/2 gives

He (8,7) < log <1—|— EJ) + <1+ EJ) -log7,

which implies that He, (6,.#) < A/¢ for a suitable constant A > 0.

The last example shows us that sometimes, we might not only be able to show that the bracketing
entropy is finite, but even determine specific upper bounds for it. [Birman and Solomjak, 1967] derive
such bounds for a variety of function classes, with a specific focus on Sobolev spaces. As we shall see

in Section 2.7, bracketing entropy bounds can yield rates of convergence in the ULLN.

2.5 Symmetrization

As we saw in the previous section, the bracketing entropy condition in Lemma 2.4.4 yields uni-
form laws of large numbers for a variety of function classes. The bracketing entropy is often in-
tractable, so it is usually easier to bound the supremum bracketing entropy He (J,.%) and apply
Lemma 2.4.3. However, the condition He (5, F,Pz) < oo might sometimes be too restrictive. For
instance, as we can easily deduce from Example 2.4.6, the bracketing entropy of the function class
Find = {]1(,00/4 1z € IR} is upper bounded by log (1 +1/J). At the same time, He (6, Fing) = ©

for all & < 1 because, for any two distinct functions in this class, it holds that

sup ]1(,00,21] - ﬂ(foo,zz] =1.
z€ER o

In this section we prove that the ULLN can also be derived from weaker conditions. In particular, we

introduce a new notion of entropy, the so called metric entropy.

Definition 2.5.1 (Metric entropy). Let (S, d) be a metric space and let § > 0 an arbitrary positive real
number. The covering number of S, denoted by N (4, S, d), is the minimal number of balls of radius §

that are needed to cover the entire set S. More formally,

ses i=Len

N (4,5,d) = min{n €N

3{si}/_; C S:sup min d(s,s;) < 5} ) (2.43)

If no such finite collection of points exists, we set N (4, S,d) = oo. We define the metric entropy (or

simply entropy) by H (9,S,d) =log N (4, S, d).

IfS=.% CLyQ)andd = ||-||p, then we denote the entropy by H, (4, %, Q). We call {si}_, ad-

covering set. It is actually not necessary to assume that the elements s, . . ., s,, of this set lie in S. More
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specifically, it is easy to show that any J-covering with centers outside of S induces a 26-covering with

the centers being in S.
The covering number often appears in the literature along the packing number.

Definition 2.5.2 (Packing number). Let (S,d) be a metric space and let 6 > 0 be an arbitrary positive
real number. A J-packing set is a set {si}f\i 1 C S such that d (s;,s;) > ¢ for all distinct indices
i,j € {1,..., M}. The é-packing number is the cardinality of the largest /-packing set and is denoted
by M (6,S,4d).

The covering and the packing numbers are very closely related. This becomes clear from the follow-

ing lemma.

Lemma 2.5.3. For any § > 0, it holds that
M (25,5,d) <N (4,5,d) <M(4,S,d). (2.44)

Proof. For the left inequality, we may assume that N (4, S,d) < oo, otherwise there is nothing to show.
If {si}f\i 1 is a é-covering set with N = N (4, S, d), then each ball with center s; and radius J can contain
at most one point of a (26)-packing set. Therefore, the cardinality of any (24)-packing set is at most

N. This proves the left part of the inequality 2.44.

To show the right part, we may assume that M (6,S,d) < co. If {s;}!, is a maximal é-packing
set, then any new point s € S\ {s1,...,sm} must belong to one of the balls B (s1,d),..., B (sm,9),
otherwise it would be possible to extend the J-packing set. This shows that {si}f\i 1» Which yields that
N (4,S,d) <M (9,S,4d). O

In Section 2.4 we worked with L, spaces, for p € [1,00). In this section, we will make use of the
empirical counterpart of the L, norm. This counterpart is a (random) seminorm, which we denote

by |[-[|,,,» and which is defined by

1¢ Yy
£ llp = (nglf’?(Xi)\) : (2.45)

Like before, we denote the entropy of this space by H,, (6, %, P,,). We emphasize that this is a random

quantity that depends solely on the random elements Z, ..., Z,.

The results in this section rely heavily on the technique of symmetrization, which is very important
for Empirical Process Theory. We could argue that this section is a demonstration of how powerful

a simple idea like symmetrization can be. Symmetrization has already been used in the proof of
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Theorem 2.3.3, but in this section we are going to formalize it and show its relation to the ULLN

more generally.

We consider two i.i.d. random vectors Z := (Zy,...,Z,) and Z' = (Z},...,Z},). The entries of these
vectors are also assumed to be i.i.d. with distribution Pz We denote by P, IP;, the empirical measures
induced by Z,Z’ respectively. To arrive to our main result, we first have to prove three technical

lemmas.

Lemma 2.5.4. Let P, P, and Py be as above. Then, it holds that

E||Py — Pz|| » < E|P, — P, (2.46)

I

Proof. Fix a function f € .#. From the independence of Z,Z/, it follows that E [P, f | Z] = Pzf.
Also, it is obvious that E [P, f | Z] = P,f. Therefore,

E[(P, —P}) f | Z] = (P, — Pz) f.
It follows that

[Py — Pz|| » = sup |(IPy — Pz) f]

fesF
— sup [E [(IP, —P}) £ | Z] |
fesF
<E (Sup (P —T,) £ ‘Z>
feF

=E(|[Pn —Pufl 5 [Z),

where we used Jensen’s inequality in the third step. Taking expectations in both sides and using the

law of iterated expectations yields that
E [P, — Pz|| < E|[P, — P, ,,

which finishes the proof. O

Given a function f € .# and a vector € := (¢1,...,€,) of i.i.d. Rademacher random variables, inde-

pendent from Z, Z', we define

Pif =2 Y0 ef(Z) and Pif = LY &f(Z)).
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The following lemma follows directly from Lemma 2.5.4 and from the fact that, for any f € .7, the

vectors
{f(Z) = f(ZD}L, and {ei(f(Z) - f(Z)},
have the same distribution. Therefore, its proof is omitted 12,

Lemma 2.5.5. Using the same notation as above, it holds that

E [P, — P » < 2E P ] 47)

Intuitively, the reason why the quantity ||IP% || ; is easier to deal with, is that we can control its con-
ditional expectation (given Z) using Hoeffding’s inequality. This will become clearer in the proof of

the main result of this Section, Theorem 2.5.7.

The first two lemmas provide bounds for the expectation of ||IP, — Pz|| » through the symmetric
versions ||IP, — P}, ||  and ||IP}||>. The third lemma complements these results by providing tail
bounds for ||, — Pz|| . Before moving on to the proof of this lemma, we point out that, for all

f € # and all § > 0, it follows from Chebyshev’s inequality that

p (I(an - Pz) f| > g) < W, (2.48)

where the factor n shows up in the denominator due to the fact that

n

Var (P, f) = Var (1 if(ZJ) = M.
i3

This observation will be useful in the proof of the last technical lemma.

Lemma 2.5.6. Fix § > 0, and suppose that n > sup . (8Var (f(2)) /(52). Then,

> 5) (2.49)

PP~ Pzl > 6) <27 (|[Pa -y > 2

Proof. For convenience in the notation, we assume that .# is centered, i.e. Pzf = O forall f € .Z. It

holds that
{H]Pn_PZHEi > (5} = {er F ‘(]Pn—PZ)f‘ > (5} = A

Notice that f is a random function that depends only Z. Therefore, we denote this function by f7.

Notice that this function is fixed conditionally on Z. From the law of iterated expectations, it follows

12We have used exactly the same argument in the final part of the proof of Theorem 2.3.3.
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that

P({IPufzl >}, { IPfz] <6/2}) = E _E (l{mfp«f} J{h{)@filsm} Z)-
P () 7)) 2

where the last step follows from the fact that IP;, f, is Z-measurable. From Equation (2.48) and from

the conditions n > 8Var (f5 (Z)) /6% and Pzf; = 0 (conditionally on Z), it follows that

E (1 z| =p(PLfz| <5/2]Z) >1/2.
{Ipussl<or2}

It follows from Equation (2.50) that

1
P({IPufzl > o} { [Pufz] <6/2}) > 5P <’1Pnf§ >34).
Therefore,
PP, Pell > 0) "L p (|Pusz] > o)
<2P ({ P, f5] > 5}{ P, fy) < 5/2})
0

<2p (‘ (P, —P}) fz] > 2)

<2p (H]Pn—]P;lHj > g) (251)
where we used the triangle inequality in the third step. This last inequality finishes the proof. ]

From the previous lemma, and from the observation that

{f(Z) = f(ZD}, and {e (f(Z) = f(ZD))}4

have the same distribution, we can deduce that, if n > sup . 5 (8Var (f(Z)) /5%), then

5
P (||Py — Pz|| 5 > 6) <2P (H]Pn -5 > 2)

)
_op (HJP; Py, > 2)

0 )
<2 (e (w5l > 3) + 2 (Il > 5))
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6
— 4P <||1P;3||ﬁ > 4) . (2.52)

where we used the triangle inequality in the third step.

Theorem 2.5.7. Let Z4,...,7Z, : O — Z be ii.d. random elements with distribution Py and let .# be

a collection of functions Z — IR. Suppose that:
¢ the class .# is uniformly bounded by b.
« 1H,(6,7,P,) > 0forall § > 0.

Then, .% is a GC class.

Proof. Fix § > 0 and let { f]}]l\i1 be a (possibly infinite) 6/8-covering set of (%, P,), where N =
Ny (6,%,P,) < oo. This means that, for all f € .%, there exists an index j € {1, ..., N}, such that

1 n

~ Y f(Z) = fi(Z)] < /8.

i=1

Recall that P, f := % Yiii¢€if(Z;), whereey,..., e, are i.i.d. Rademacher random variables, indepen-
dent from Z1,...,Z,. We can easily show that, for the index j described above, it also holds that
P8 (f — fj)| < /8. Therefore, by choosing the index j in a suitable way such that |IP (f — f;)| is

minimized, we can show that, for any f € %,

[P f| < min [IP(f = fj)[ + max [IPf;

7

1<j<N 1<j<N
which implies that
o
P fl << P fi| .
sup |3 f] < g T max [ fj
Therefore,

5 5
P(sup|Pif|>2) <P Pifi| > 2
(Jflelg\ nf| >4> < (1@%\ wfil > 8>

)
<P (f%i’ﬁf‘“"?ﬁ‘ > 8)'

Using Hoeffding’s inequality in combination with the union bound yields that, for all ¢ > 0,

p <1r2i>1<\] |5, fi| > b\/z (t —|—l(7>1g(2N))> < exp(—t). (2.53)
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Notice that all these expressions still hold if N = oo, because in this case the above bounds are trivially

true. Consider the set

__ [log(2Ny (0,.7,1Py)) 52
An 1= { n ~ 82

Also, choose t = 28 b2 From the second condition of the theorem, it follows that P (A,) L4 0. On the

set A, it holds that

2(t+1log(2N)) _ ¢
b\/ n ~ 8

Combining the above argument, we deduce from Equation (2.52) that

0
PP~ Pzl > 6) < 4P (I > §)

0
<P IP;
<1max ‘ . f] )

<j<N

=4 (e {amy el > 5}) 0 (200 (g 251> )
< (jma i) > 2EEEED ) p)
(=

<4 ex { 28b2}+P(AC)>i>o,

which finishes the proof. O

Remark 2.5.8. The assumption that .# is uniformly bounded can actually be replaced by a weaker

one. For a function class .%#, we define its envelope as

F =sup|f]. (2.54)

fesF

If .7 is uniformly bounded by b, then it holds that F(z) < b for all z € Z. However, we can replace
this assumption with the weaker condition that PzF := f » FdPz < o0, and Theorem 2.5.7 continues

to hold. The proof is relatively straightforward and can be found in [van de Geer, 2000, Theorem 3.7].

Before the end of this section, we present one example that illustrates how Theorem 2.5.7 can be used
in practice. This example resembles Example 2.4.7, but it shows how much easier it is to derive the

ULLN through H; (4, .#,P,) rather than Hy 5 (3, %, Pz)

Example 2.5.9. Consider the class

Fro = {f R~ [0,1]| f /R}.
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We shall show that, for all 6 > 0, it holds that

He (6, Fiso, Pn) < (1 + (15> log <n + (15> , (2.55)

where ||f||Oo = maXj<i<y, |f(Z;)|. For any p € [1,00), it is easy to see that ||f||nOo > Hf||n,p, so
Hoo (5/ Joziso, an) > Hl (5/ yism an) .

Thus, Equation (2.55) implies that .%, is a GC class. To prove Equation (2.55), we first relabel the
points Zy,...,Z, so that Z; < ... < Z,. We also set Zy = —oc and Z, ;1 = +oo. We define the

piecewise constant function

P [ 3 5 22 1

i=1

Foralli € {1,...,n},itholds that

and

SO H f— fH < 4. It remains to compute the number of distinct piecewise constant functions that
1,00

can be formed in this way.

This is a purely counting argument. Since f takes values in [0, 1], these functions take values in the
set A := {0,6,...,No}, where N < 1/4. Their jumps belong to the set {Z1,...,Z,}. However, we
might have multiple jumps at the same point, e.g. if the function jumps directly from § to 46. Even
if we count the jumps together with their multiplicity (i.e. we count a triple jump as three different
jumps), the total number of jumps cannot exceed N, since fvtakes values in A. Therefore, the number

of distinct functions is upper bounded by the number of ways to choose n elements from a set of
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cardinality N + 1 (with replacement). The latter quantity is equal to

()= () -

Therefore, from standard bounds on binomial coefficients, it follows that

Hoo ((5, yisox IPH) S log (Ll I_/l(S/J(S_J'— n)

<log[([1/5] +m)l"/*!
= [5]rs (- [3]).

which finishes the proof.

This example shows how much more convenient it is to use Theorem 2.5.7 to prove that certain
function classes are GC. The fact that we are interested in the empirical entropy (i.e. with respect to
P, instead of Pz) allows us to construct covering sets to approximate functions only on Zy,...,Z,

and not on their entire domain.

2.6 Vapnik-Chervonenkis Dimension

Vapnik-Chervonenkis (VC) theory, which was introduced by [Vapnik and Chervonenkis, 1971], led
to a renewed interest in uniform laws of large numbers. In this section, we focus on the VC dimen-
sion. One of the most intriguing features of the VC dimension is that it depends solely on the function
class and not on the underlying probability distribution Pz of the random elements Zj, ..., Z,. This
feature puts VC dimension in contrast to entropy and Rademacher dimension, which of course de-
pend on Pz or IP,,.. For that reason, the VC dimension allows us to disentangle the complexity of the
function class from the data distribution in the GC problem. These properties have sparked a very

active interest in the VC dimension, especially in the area of Statistical Machine Learning.

Definition 2.6.1. Let (Z,G) be a measurable space and let Z be a collection of subsets of Z. For

Z1,...,2n € Z,we define

A (z1,...,2y) = |{DN{z1,...,z4} : D € Z}|. (2.56)

A7 (z1,...,2,) is commonly referred to as the number of subsets of {z1,...,z,} shattered by 2. This
number is expected to grow as the size and complexity of Z increase. For example, if 2 = 2%, then

A7 (z1,...,20) = 2" forany z1,...,z, € 2.
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If, for some collection 2 C 22 and some set of points zy, . ..,z, € Z itholds that A? (zy,...,z,) = 2",
then we say that {zj,...,z,} is shattered by 2. In this case, Z can pick out any of the 2" subsets of

{z1,...,2n}. Forany 2 C 22, we define the maximal shattering number as
m? (n) :== sup{A@ (z1,.--,2Zn) 1 21,.+.,2n € Z}. (2.57)

If m?(n) = 2" for some n > 1, then there exists a set of n points that is shattered by 2.

We are going to measure the complexity of 2 by looking at the largest possible size of a set that is

shattered by it. This is the motivation for the definition of the VC dimension.

Definition 2.6.2 (VC dimension). Using the above notation, we define the VC dimension of a collec-
tion 2 C 2% by
V(2):= inf{n >1:m?(n) < 2”}. (2.58)

When V (Z) < oo, we say that Z is a VC class of sets.

In other words, the VC dimension of & is the integer n > 1 where Z fails for the first time, in the sense
that it is not able to shatter any set of size n. The following examples help us obtain some intuition

on the VC dimension of a variety of classes of sets.

Example 2.6.3 (Half-intervals). We consider the class 2 := {]1(_00,21 1z € ]R}. We shall show that
A?' (z1,...,24) < n+1 for any set of distinct points {zj,...,z,}. The idea is to use the order of
z1,...,zy on the real line. Without loss of generality, we can assume that z; < ... < z,. Then, %
can only pick out the subsets @, {z1},{z1,22},...,{z1,...,2zs}. Indeed, for any arbitrary z € R, there

exist two cases:

e there exists anindex j € {1,...,n — 1} such that z; < z < zj1. Thus, {z,...,z,} N (—00,z] =
{Zl,...,Z]'}.

® z >z, in which case {z1,...,z,} N (—00,z] = {z1,...,24}.

e z < z1, in which case we either have {z1,...,z,} N (—0c0,z] = {z1} or {z1,...,z,} N (—00,z] =

@.

It follows that A?1 (zy, ..., z,4) < n + 1. Strict inequality holds whenever at least two points z;, z; with
i # j coincide. It follows that m?1 (n) < n + 1. Clearly, 2; shatters any singleton, but it cannot shatter
any set with at least two distinct elements, since n +1 < 2" for n > 2. Therefore, V (2;) = 2. Using

a similar argument, we can prove that the class 7; = {(—oo,t1] X --- X (—00,t4] : t1,...,t; € R}
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satisfies m?4(n) < (n+ 1)%. This grows polynomially in 7, so V (2) < oo. This means that 7 is a

VC class of sets.

Example 2.6.4 (Half-spaces). We consider the class of halfspaces
.@::{{xele :9Tx>w} :Oele,welR}.

We shall show that m?(n) < Zd(’;). Let zy,...,2, be any collection of points in R?. For any subset of
d points, there exists a unique hyperplane containing them. This hyperplane partitions R? into two
halfspaces A and B. For the points that lie on the hyperplane, we can arbitrarily decide whether they
belong to A or B in 27 ways '® For the rest of the points, it is clear whether they belong to A or B.
Therefore, 2 can pick out at most 29('}) subsets. This still grows polynomially in 7, which yields that
V (Z) < oco. In fact, [Pollard, 1984] showed that V (2) < d + 2, which is a much tighter bound than

the one we obtain with the above argument.

The following lemma is useful when one wants to combine or transform VC classes of sets. Its proof

is very straightforward and is omitted.
Lemma 2.6.5. Let 7, & be two VC classes of subsets of a space Z. Then:
i. 2U& isa VC class.
ii. 2N & isa VC class.
iii. 2°:={D°: D € 2} isa VC class.

From the above definitions, one could imagine that, although m“(n) might not be equal to 2" for
some value of 1, it could still, in principle, take the value 2" — 1 -i.e. Z could possibly fail to pick out
just one subset. The following deep result, whose proof is omitted '* shows that this cannot be the

case. If V (2) < oo, then m? (n) grows with a polynomial rate in 7.

Theorem 2.6.6 (Sauer-Shelah Lemma). If V (2) < oo, then it holds that

[ V(‘@) n [
m? (n) < Y <l> <(n+1)"?), (2.59)
i=0

Although the quantities A7 (z1,...,2,),m?(n),V (2) seem to have a combinatorial nature, they can

be used to derive uniform laws of large numbers.

13We can think of rotating the hyperplane slightly so that the points fall on one of the two halfspaces without affecting
the position of the other points.

14The proof uses induction and it is very elementary but contains quite a few of technical details. It can be found in
[Wainwright, 2019, Proposition 4.18].
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Theorem 2.6.7 ([Vapnik and Chervonenkis, 1971]). Let Zy,...,Z, : QO — Z beii.d. random elements
with distribution Py. If

1 ;
—10gA” (Za,..., Zy) 50, (2.60)

then {1p : D € 2} is a GC function class.

Proof. Fix & € (0,1). Let Ay,..., Ax be the (random) subsets of {Z;,...,Z,} that are picked out by
2, where A = A? (Z1,...,Zy). For each index i € {1,...,A}, there exists a set D; € Z such that
D;N{Z,...,Z,} = A;. We consider the collection {ﬂDi}iA:y We show that this collection forms a
d-covering of {1p : D € Z}. Indeed, fix D € 2. Since Aj,..., Ap is the complete lists of subsets
of {Z4,...,Z,} picked out by Z, it follows that there exists an index j € {1,...,A} such that DN
{Z4,...,2,} = Aj. This yields that

10

:EZ

i=1

H]ID ~1p, Ip, (Z) —1p (Z)| =0 <6,

1n

because the intersections of D and D; with {Z,,...,Z,} are exactly the same. This shows that

Ny (6,{1p : D € 2},P,) < A. Thus, the given condition implies that
1 P
EHl (5, {]11) :D e @},Pn) — 0.

The result now follows from Theorem 2.5.7. O

From Theorem 2.6.6, we can deduce that any VC class of sets satisfies the condition

1,
~logA” (Zy,..., Z) 0.

Thus, we obtain the following important result.
Lemma 2.6.8. If 7 is a VC class of sets, then {1p : D € %} is a GC function class.

Perhaps it is surprising how straightforward it was to formulate a result about GC function classes
using the newly introduced concept of VC dimension. However, this result only concerns classes of
indicator functions. Providing similar results for general function classes requires some more work.
VC dimension seems to be a concept that is inherently connected to sets, not functions. However, we

can make the connection to function classes through the following definition.
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Definition 2.6.9. Let f : Z — R be a function. The graph of f is defined as the set
graph (f) :=={(z,t) € Z xR: f (z) > t}. (2.61)

We say that a class .# of functions is VC if {graph(f) : f € .# } is a VC class of sets.

For instance, Example 2.6.4 shows that the linear functions on R? form a VC class. Out goal is to
show that any VC class of functions must satisfy the ULLN. We start with the following technical

lemma:

Lemma 2.6.10. Let N, v, C be constants such that N < Clog”(N). Then, it holds that
N < Clog® (C2 (20)2”) . (2.62)

Proof. Using the inequality logx < x, we obtain that log’(N) = (20 log (N %))v < (20)° N'/2,

Thus, from the given condition, it follows that

N < C(20)’NY2 = N < C? (20)™

= N < Clog’ (c2 (20)2”) ,
where in the last step we used the given condition for the second time. O

Remark 2.6.11. The Sauer-Shelah lemma tells us that VC classes of sets satisfy m? (n) < (n+1)V(?),
If V (2) is fixed, then there exists a universal constant C such that (n +1)"(?) < C-n"(?) for all
n > 1. Thus, we can characterize a VC class of sets as a class for which m? (n) < Ccn"?) for some

class-specific constant C.

To show that a VC class of functions .# satisfies the ULLN, we are going to bound the covering

number of this function class using the VC dimension of 2z := {graph(f): f € .Z#}.

Lemma 2.6.12. Let Q be an arbitrary probability measure on Z and suppose that the class .% is VC.
Denote the VC dimension of Z# by V. Fix § > 0 and let F be the envelope of .%, as it was defined in
Equation 2.54. Then, there exists a constant A = A (C, V) such that

N, /1
Ni (5-QP,P/‘,Q)§A<(S> log (5), (2.63)

where C is the constant defined in Remark 2.6.11.
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Proof. This is a rather indirect proof, and the result comes up in a surprising way. The argument uses

a technique known as the Probabilistic Method, which is largely used in combinatorics.

Without loss of generality, we can assume that QF = 1. Otherwise, we simply replace § by /QF
and adjust the value of the constant A. Let { f1, ..., fm } be a maximal J-packing set. This means that,
for all distinct indices #,j € {1,..., M}, it holds that Q |f; — fj| > 6. We define a random element
S : Q) — Z with distribution

P(SGA):/AFdQ,AE%.

Given S = s, we define a random variable T ~ Unif [—F(s), F(s)]. For all indices k,j € {1,..., M}, it

holds that
_ 5 - K|

P (T lies between fi(s), fi(s) ‘ §=s) 2F(s)

This implies that

P (T lies between fi(S), f;(S)) = /Z -FdQ > .

1£i(s) — fi(s)]| $
2F(s) 2

Given ii.d. pairs (S1,T1), ..., (Sn, Tn), it follows that

P(Vi € {1,...,n}, T; does not lie between fk(Si),fj(Si)> < <1 - 5) .

The union bound yields that

5 n
P (U {Vi € {1,...,n}, T; does not lie between fk(Si),fj(Si)}) < (AZ/I) (1 - 2)
k#j
It follows from that inequality that, for n > [4log M /6],
P(V(j,k) Ji : T; lies between fk(Si),fj(Si)) >

Therefore, there exists an element w € () such that

{V(j,k) Ji : Ty(w) lies between fk(Si(w)),ij(Si(w))} C

{877 (($1(@), Ti(@)), ., (Sa(@), Talw))) = M},
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because the condition in the LHS yields that the graphs of f;, f; pick out a different subset of
{(51@), T (@), (Sul@), Tu(@)) |,
and this happens for all pairs (j, k). This yields that
M <A77 ((S1(w), Ty(w)), ..., (Su(w), Tu(w))) < Cn". (2.64)

This holds for any n such that n > [4log M/¢]. For sufficiently small §, it holds that 8log M/ <
[4log M /5], so we can assume that n < 8log M /4. Thus, from Equation (2.64), it follows that M <
Cc-8v (%)V logV (M). From Lemma 2.6.10 it follows that, there exists a constant A = A(C, V) such

wea(t) e ()

The final result now follows from Lemma 2.5.3, since N (4,.%,Q) < M (4, #,Q) = M. O

that

This lemma generalizes Theorem 2.6.7 to general function classes through the following result.

Theorem 2.6.13. Let Z4,...,7Z, : O — Z beii.d. random elements with distribution P, and let .%

be a function class with envelope F. If PzF < oo and .% is a VC class, then .7 is also a GC class.

Proof. From Lemma 2.6.12, it follows that N; (6,.%,P,) < N (6/IP,F), where

N():=A 1 Vl v(1
= 5) log |5
N (9) is a strictly decreasing function of 4. Since PzF < oo, it follows from the SLLN that

P (P,F > 2P;F) - 0.

Therefore,

P (Nl (6,7, Pu) >N (21;521:)) <P <N <]Pi1:> >N <2P(SZF>>

P (P,F > 2P;F)

(
0.

I

The final result now follows directly from Theorem 2.5.7. O
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2.7 Consistency of ERM Estimators

In this section, we revisit Empirical Risk Minimization and use the results that we have presented to
prove that several common Empirical Risk Minimizers are consistent. What does consistency mean
in this setting? Recall from Example 2.1.1 that our goal is to minimize the expected risk R (f, f*) :=
PpLy(Z) =E [Lf(Z)], where f* is the true value of the parameter f € .%. Therefore, we should be

looking for

argmin R (f, f*).

feF

However, since f* is unknown, we resort to the empirical risk R, (f) := P,£ =1y Ls(Z)and
we use the estimator

fu € argmin R, (f).

However, since our true goal is to minimize R (f, f*) and not R (f), we would still hope that fn

performs well in terms of R (f, f*), namely that

R(fu f7) ~ inf R(f,f7)

feF

This is exactly the consistency property that we are interested in. The first lemma the we are going to

show makes the connection of consistency with the ULLN.

Lemma 2.7.1. Suppose that the function class Lz := {L;: f € .7} is GC. If fy € . minimizes
R (f, f*), then, it holds that

R(Furf*) = R{fo,f*).

Proof. This follows directly from Equation (2.14). Based on the discussion after this equation in Sec-

tion 2.1, it follows that the condition

P
—0asn — o

sup |Ru(f) = R (f, ")
fesF
is sufficient for the proof of the convergence R (fn, f*) R (fo, f*). However, this condition is

simply the ULLN for the class £ #, which is satisfied due to our assumption that this class is GC. [

Example 2.7.2 (Linear classification). In Example 2.1.1, we looked at binary classification. One type
of binary classification is the so called linear (binary) classification. In linear classification, we assume
that the points Z = (X,Y) € R? x {0,1} are separated by a hyperplane, which determines the

value of Y. Our goal is to estimate this hyperplane. There are several ways to do that, including
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logistic regression and support vector machines. However, these approaches pare based on ERM
and produce only an estimate of the true hyperplane. For example, in Figure 2.1, if we only have

access to the large data points, we can choose the green line as the separating hyperplane. However,

FIGURE 2.1

if we sample new data points from the underlying distribution (like the small ones on the sides), we
might also encounter some incorrect classifications. Using the same notation as in Example 2.1.1, our

assumption is that the true classification function f* has the form

y=F100) =g,y

The underlying function class is .7 := {]1 (oTasw) ¢ 0 eR,we ]R}, and

Lz = {‘y _ﬂ{GTx>w} 0 eR,we IR}.

For any function f = ]l{ng>w} € .7, it holds that Pzf = P (f(X) #Y), so we would like to find
the values of § € R, w € R that minimize the probability of misclassification. In this setting, where
there is no noise, this hyperplane is clearly the true hyperplane determined by 6., w, '°. We can show

that the hyperplane j?n (x)=1 (x>} that we derive from ERM is consistent, in the sense that
- P
P(fu(X) #Y) 5 0=P(F(X) £Y).
We first show that £ # is a VC function class. Notice that

._ . d
Lz = {H{GTx>w}A{91x>w*} 0 e R, we ]R} .

The class of sets 2 := {{6'x>w}:0 ¢ R, w e R} is VC due to Example 2.6.4. It follows from
Lemma 2.6.5 that
GND = {D1AD2 :Dq,D;y € @}

15The same actually holds in a noisy setting, under some assumptions on the noise variables.
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is also a VC class of sets. The class
{DA{@Ix>w*}:De@}

is a subclass of ZA 9, so it is also a VC class. It follows now from Lemma 2.6.8 that £ & is a VC class
of functions. Since L # is a VC function class, it follows from Theorem 2.6.13 that it is also a GC class.

Finally, it follows from Lemma 2.7.1 that
R(Furf*) = R{fo,f*).
In our setting, it holds that R (fo, f*) = R (f*, f*) = 0, which yields that
P (fn(x) . Y) .0

Example 2.7.3 (Isotonic regression). Suppose that Z = (X,Y) € R x R and that Y = f*(X) + ¢,
where f* : R — [0,1] is an increasing function and ¢ is a random variable that is independent of X,
such that E¢ = 0, Var (&) = ¢? < oo, and EZ* < oo. The true function f* is unknown and the only

known information is that it belongs to the class
Fiso := {f : R — [0,1] : f is increasing} .
The loss function incurred by a point f € .Fg, is the squared error: L¢(x,y) := (y — f (x))*. Thus,
Lo =1L y): f € Fro} = {(y—f(0)): f € Fia}

The empirical minimizer is any element

—_
=

fa € argfmm <n Y (Y 2) :

To show that this is a GC class, we use the following lemma:

Lemma 2.7.4. Let .# be a function class on a space Z = X x R. Suppose that Z = (X,Y) € Zisa
pair of random elements such that Y = f* (X) 4 ¢, where f* € .# and ¢ is a zero-mean noise variable

with variance 0?2 < oo. If:

P
e LlogN, (6, 7,1P,) — 0,

e the envelope of L # is an element of Ly (P7),
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then Lz is a GC class, where Ly is the squared loss function.

Proof. This result relies on Theorem 2.5.7- We first use the Cauchy-Schwarz inequality to show that
the first given condition reduces to the second condition of that theorem. For any f, g € .#, it holds

that

Py ‘Ef - Eg’ =

S| =

(¥i = £ (X)) = (Y =g (X)))’|

S|

(& + (F = ) (X)) = @+ (f —8) (X)))’|

S| =

28 (g (Xi) — £ (X)) + (f* = ) (X)) = (f* — 9)* (X))

28 (8 (Xi) = £ (Xi)) + (g (Xi) — f7(Xi) = f(Xi) =g (X))

D= IDM= [DM= ID:

N
Il
—

I
S|

IN

Y- 42+ 21f] + If] + lgl)? — f(x)*

S |-
gl
& N
:\»—\

[
SR s
M= 1

Z+ P21 +1f +1sl) - (265)

N
Il
—_

An

It follows that, for all 6 > 0,
Nl (&ﬁﬂ/]Pn) < NZ (5'An/911131’l)' (266)

The SLLN yields that

* 2 p " 2
Pu(21f7 1+ 1f1+181) 2> P2 (207 +1f] + gl ) < 16P,F < oo

and

4 n
=Y & Ly 402
n3

This shows that A, — 6402P,F =: A < co. For all ¢ > 0, we denote {1logN; (6, L#,P,) > ¢} by
Ay . It follows from Equation (2.66) that,

P(Ane) = P (Ane N {Ay < A/2}) + P (Ape N {Ay > A/2})
< P(Ay < A/2) —|—P<%logNz (AG/2,7,P,) > s)

P
— 0,
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where, in the last step, we used the fact that A, . Aand the first condition of the Lemma. This
shows that the conditions of Theorem 2.5.7 hold, so £ # is a GC class. ]
We now try to apply the result of this lemma for the class Zi.

e In Example 2.5.9, we showed that

Heo (6, Fiso, Pr) < BJ log (n + BD :
For all 6 > 0 it holds that N; (9, Ziso,Pn) < N (9, Fiso,IPn), so, from the above bound, it
follows that %log N3 (6, Fiso, Py) 0.

* The class .#, is uniformly bounded between 0 and 1, so, for all f € %, it holds that

Li(xy)=(y—f(x))
< max {(y - 1,47}
<(y-1*+yn

Therefore, for the envelope Lr of L 7, it holds that F(x,y) < (y — 1) + y2. We have

P [ =12+ = B [P0+ - 1P (P00 407

Because of the assumption E¢* < oo, and because f* is bounded between 0 and 1, it follows

that the above quantity is finite. This yields that Lr € L, (Pz).

Indeed, from Lemma 2.7.4, it follows that £ z_ is a GC class, so, from Lemma 2.7.1, it follows that

R (ﬁ,f*) SN infrc z R (f, f*), which is what we wanted to show.

However, we can say a little bit more about that infimum. For all f € .%,, it holds that

R(f,f*)=E[Lf(X,Y)]
= E (Y — f(X))°
—E (G- (f-f) (X))
= o? +E (f1(X) = f(X))* = 2E [ (f (X) = f* (X))]. (2.67)

It follows from the independence of ¢, X and from [E¢ = 0 that the third term is equal to zero.
Therefore, the theoretical risk is minimized by f*, or any other function that is almost surely equal

to it. From Example 2.5.9, it follows that .%;g, is a GC class, so Lemma 2.7.1 and Equation (2.67) yield
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that
T r* p . *\ 2
R(fn,f ) —>fg;fisoR(f,f )=0"

N 2
Moreover, Equation (2.67) shows that Ex ( f(X) = fu (X)) 0.

Example 2.7.5 (Changepoint detection). We assume again that Z = (X,Y) € [0,1] x R and that

Y = f*(X) + ¢, where f* is an unknown function that now belongs to the class
F = {f(x) = (a+bx)Ljg<yx<c) + (A +ex) L1orsc) ta,b,cd e € [0,1]}.

In other words, f* is a piecewise linear function with an unknown changepoint. Like before, we use
the squared loss function and we make the same assumptions about the noise variable ¢. In Example
2.4.7, we showed that, for all § > 0, it holds that He, (8, Ppipschitz) < A/0. Notice that .# C Fipschitzs
so He, (8, #) < A/6. It also holds that

[fleo = max |f(Xi)] < sup [f(x)| = |fle,

1<i<n x€[0,1]

s0 He (6, #,P,) < H (0,.#). Combining these results, we obtain that

He (6,7, P,) = 0.

1 1
ElogNz (6,7,P,) < -
Also, with an argument identical to the one in Example 2.7.3, we can show that £z has an L,-
integrable envelope. Lemma 2.7.4 yields that £ # is a GC class, which implies that
T oo P . * * ok 2
R(Furf*) = inf R(f,f*) = R(f*, f*) = 0.
fesF

In the above examples, we used Lemma 2.7.4, as well as some set-theoretic arguments, to prove
that the class £ 7 is GC. However, there also exist some more generic ways to show this property.
More specifically, it is possible to show [van de Geer, 2000, Lemma 3.1] that, if the envelope of £

belongs to L,(Pz), the space (#,d) is compact, and f — L¢(z) is continuous for all z € Z, then
Hyp (6,L7,Py) < 0,50 L 7 is a GC class.
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2.8 Rates of Convergence of M-Estimators

In the previous section, the property that we were interested in was

R (furf*) = inf R(£,f°).

We called this property consistency. However, if ¥ is itself a (semi-)metric space, we can even talk

about consistency in the traditional statistical sense, namely

fo— f.

In this section, we equip .# with the random semimetric ||-||,, and investigate consistency from this
classical perspective. On the way, we introduce chaining, a technique developed by Kolmogorov and

brought to the spotlight of Empirical Process Theory by Richard Dudley.

Throughout this section, we focus on nonparametric regression. We assume that {x;};_, is a n-tuple

of fixed points and that, foralli € {1,...,n},
Yi = f*(xi) +e, (2.68)

where f* € .Z is an unknown function, and €1, ..., &, ~ N (0,0?) are independent error terms. We
use the squared loss function L¢ (x,y) = (v — f (x))*. We can use the same argument as in Equation
(2.67) to show that

* = argmin Pz L.
f Blag 2~f
On the other hand, the empirical risk minimizer is the estimator

n
~ ) 5
€ argmin Y —g(xi))”.

Ja gf€§i:1( i —8(xi))
The results we are going to present also generalize to other loss functions, and non-Gaussian errors.
They also generalize to random design {X;}_; by considering the conditional measures induced by
X1,...,X,. However, the simpler framework we introduced above does not lack anything in terms
of intuition and technical tools, and is an adequate prototype for the more general theory. Therefore,

we will stick to this framework and make comments about possible generalizations wherever these

generalizations present theoretical interest.

One of the most fundamental tools in this section is the following inequality.
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Lemma 2.8.1. Let Z4,...,7Z, : Q) — Z beiid. random elements with distribution Pz and let IP,, be

the induced empirical measure. Then,

0< Py (L —Lp) <—(Pu—Pr) (L7 — Lp) (2.69)

Proof. The inequality on the left simply uses the fact that
* = in Pz L.
= argmin PoLy

The one on the right can be written as IP,, (,C £ L f*> < 0, which holds due to the fact that

fn € arg ;212 P,Ly.

The most suitable (semi-)norm for the investigation of the consistency of fu turns out to be ||- 1,7

defined in Equation (2.45). Since we will only be dealing with the case p = 2, we denote ||||,,
simply by ||-||,,- Also, since this norm is only determined by the values of the functions at x1,..., x,,

we identify any function f € .% with the vector

f(x1)

f(xn)

Under the model (2.68), the inequality in Lemma 2.8.1 takes the following form.

Lemma 2.8.2. Let us denote the vector (e1, .. .,sn)T by e. Then, under the above notation, it holds

that

< %J (h—f). (2.70)

fo—f*

n
Proof. For all f € .#, it holds that

n

PLy =Y (Y;i— f(xi))®

i=1

= v~ /I
= lle+ (= NIl
= lel2 = 2¢T (£ = )+ F - IR
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From this Equation, it follows that

2 A * r * 2
p(e-57) =26 (1)
Since f, minimizes the empirical risk, we obtain that
2 1/(7 * ra «||?
0> 2" (fu—s) 4|l 1|
which finishes the proof. O

For any ¢ > 0, we denote the ball {f ceF:|f-f, < (5} by .% (9). We will show that consistency
in terms of ||-||,, is very closely related to the empirical entropy Hs (-, .# (6),P,). For any § > 0, we

define the entropy integral

] (6) = 2/0(S \2Hz (u, 7 (8),P,) du. @.71)

For our purposes, the constant 2 could be removed from both instances, but it is kept for historical
reasons. The proof of the following lemma is one of the most technical in this thesis, but it opens the

path for the derivation of convergence rates for least squares estimators.

Lemma 2.8.3. For all § > 0 and t > 0, it holds with probability at least 1 — 2¢~! that

sup

A Tl
P [ Jn (f—f )] <2J(8) +46vV1+t (2.72)

Proof. This proof uses the method of chaining.
Ns
Fix 6 > 0and t > 0. Then, for any integer S > 1, let {f]s} .
]:
F (6) with respect to ||-||,,. This means that Ns = N, (2754, .Z (6),P,,).

C .7 (6) be a minimal 2~55-covering of

N,
For any f € % (6), there exists an element f5*1 € {ff“}, Slﬂ such that ||f — f51|| < 27(5+Ds.
]:

N
Similarly, for the point f5*1 € .7 (§), we can choose an element f° € { f] 5}' 51 such that
]:
S+1_ S|l S+1_ ¢S|| < o-$
A Mt N ] R

N,
We follow the same process for all s € {1,...,S — 1} by defining f* € { fi 5} ‘ Sl recursively, in such a
]:

way that
<27%.

n

= min
n 1<k<N;

fs+1 _ fs

fs+1 _ f]S
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This way, we have defined a chain

fS—O—l/fS, . /fl'

After the choice of f 5+1 there is a unique choice of f 5., f 1 Thus, the number of these chains is

N, (2—(5+1>5, F () ,11)”).

Since [|f — f*Hn < 6, we can define f* = f*. We can now decompose f — f* into the telescoping

sum
f=f=(f-f)+ io (F-F).
It follows that s
Gt = e (P ) L e (7 p) 27)
Notice that

n

T (P P) = L s () - ) s

i=1

which is a sum of independent centered Gaussian random variables with variances
1 2 1 2
S (A0 = £)) = (P = F(X0)

respectively. From Hoeffding’s inequality,

—s 220t
>2 5@>S29XP{ 2y, LX) - f5(X ))}

{ 272562 . 0t }
= 2exp EETTE——1
Hfs-i— _fSHn

<2exp{—t},

Y. (F1x) - F(x) e,

where the last inequality follows from the fact that || /™1 — f5|| < 2754. The union bound over all
possible N, (2_(5“)5,35 () ,an> chains f**1,..., f0 that can be induced by all elements of .% (§)
yields that

(£ = (X)) &

> 255\/2(t—|—HS+1)> <2exp{-t}, (2.74)
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where Hg1 := log N (2_(5+1)5,§5 (9) ,IPH). We deduce that

P (f:%) Lio 11197 (F=r)| = 2255\/2((5 +1)(t+1) +Hs+1)>
< Sép (?EE T (p _fs>] > 275\ /2((s +1)(t+1) + HsH))
< Y2 {(~(s+ 1+ 1)
< ;_exp{—t}, (2.75)

where the last inequality follows from the fact that Y">_;2exp {—(s +1)(t 4+ 1)} can be viewed as a

geometric series. Finally, notice that

Y2782 ((s+ 1)(t+1) + Honr) < y 2% (, S2(s+1)(E+1) + \/2HS+1)
—0 s=0

< 46V1+t+2](6),

wn

where the last inequality follows from the fact that Y°°_;2%,/2(1 + s) < 4 and from the inequality

22_55\/2HS+1 22 5\/2H, (276405, 7 (6), Py)
s+1

SZO/ . \/2H2 u, F (8),P,) du
<2](9),

which in turn follows from the fact that Hy (u, % (8),P,) is decreasing in u. Simplifying the tele-
scopic sum in Equation (2.75) and using the latter bounds yields that

(o o )

It follows from Equation (2.73) that

P( sup [\}HJ (f—f*)] > 2]((5)+45\/1+t+2_(5+1)(5\/ﬁ|\£|\n>
)

feFz (6
1
<2 '+P| sup {ET f—fort ] > 276 s /e, | -

(feﬁf(zn v ( ) '
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However, for all f € .% (9) it holds that

T (£ =) < Ve,

f=£7 < 2m sy e,

so the last term in the above bound is equal to zero. It follows that

sup [1J (f —f*)] < 2J(8) + 46V 1+ t+27EFs/n e,
feg(o) LVN

with probability at least 1 — 2¢~*. Notice that the LHS does not depend on S. Hence, taking the limit
as S — oo yields that

sup) UEET (f — f*)} < 2J(6) +40V1+ t,

fez (s

which finishes the proof. O

The proof of the above lemma is indeed quite technical, but it illustrates the power of chaining. Most
importantly, it can provide us with convergence rates for (non-parametric) least squares estimators.
This is possible through the following result, which shows the connection between the entropy inte-

gral and the ||-|| ,-distance between fnand f*.

Theorem 2.8.4 (Entropy integrability condition). Suppose that J(§) < oo for all § > 0, and that

J(6)/6% is a decreasing function of 6. Then, for all t > 0, and for all sequences {6, },._, of real

) 2J(64) 1+t
5n28< 7 +4‘5’”/n>’ (2.76)

—t

numbers such that

~

it holds that || f,, — f*

< &, with probability at least 1 — -4 - e
n

Proof. We use the peeling device, namely the bound

P

fo— f*

> 5n) < ip ( sup [i‘leT (f—f*)} > (2115n)2) . (2.77)

j=1 fey(zfén)

fa=f°

n
there exists an integer j > 1 such that ﬁ € F (26,) \F (2716,). The basic inequality yields that
2T (fn —f*) > (2]'*1(5,1)2. Therefore

This bound holds because of the basic inequality in Lemma 2.8.2. Indeed, if > 4, then

wp)ﬁﬁq—ﬁﬂziﬁ(ﬂ—ﬂ)>@”%f.

fez (2,
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We can obviously assume that this Because of the assumptions, the function

2] (208,) +4-218,\/T+E+]

(2/6,)

is decreasing, as the sum of two decreasing functions. Thus, for all j > 0,

2] (2/6,) +4-26,\/1+1t+] n) +4- 0,1+t \/ﬁ
(276,)? 53 8

T/ 0.\2 1/..\2 _ 2](26,) o [1t+
Z (o1 — Z (9 AT 4.0 - r-rJ
2(2 5”) 8(2 5”) - Vn 20 n

It follows from Equation (2.77) and from Lemma 2.8.3 that

Thus,

A

P( fn—f* > 0, ) < i ( sup [isT (f—f*)] > (2]'—15”)2)

] 1 fea{‘?(én)
) 27 (2/5 . 1
<Y P sup |TeT(F-fY) S U @) Ly s JLEEES
P |- NG -
=1 \fez(2s,) "

<2 i exp {—(t+))}
j=

—t
e ",
e—1

Lastly, we present some applications of this theorem in parametric and non-parametric regression.

Example 2.8.5. Suppose that Z = R” x R and that Y = fp«(X) + ¢, where fp belongs to the class
lmear = {f@( ) - 913(1 + ... +9rxr | 91/~~ -/97’ S IR}

and the noise variable ¢ satisfies the standard assumptions. The class Fjinear is parametrized by
6 = (61,...,0,) € R", so ERM boils down to finding the value of 6 that minimizes the empirical risk.

The least squares estimator in that case is given by 8, = X (X' X) ' XTY, where
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is the covariate matrix and Y = (Y1,..., Yn)T is the vector of the response variables. It is a standard

result that

2 -1
—'x(x7x) x'g

n

n|

fen _fG*

which follows a X% distribution. The expectation of that distribution is equal to 7, so

2 r
E =
n

fen _fG*

n

Thus,

fo, — for

convergence rate through Theorem 2.8.4. To do this, we need to check if the integrability condition

converges to zero with a rate equivalent to v/7/n '°. Let us try to derive the same
n

J(9) < oo is satisfied.

We first determine a bound for the entropy of the Euclidean ball B, (6*,5). Let M be the packing
number of this ball, and let {s1,...,spm} C B, (6*,6) be a u-packing set. Then, the balls

By (s1,u/2),...,By (sm,1u/2)

are disjoint and they are all contained in the larger ball B, (6*,0 + 1/2). Comparing the total volume

of the smaller balls with the volume of the larger one, we obtain
u\’ u\’
Z2) < e
MG (2) =G <5+ 2) ’
where C, is the volume of the unit ball in R”. It follows that

M <2(5—|—u>7.
u

Hy (u, B, (6%,6), |1|) < rlog (

Lemma 2.5.3 yields that

2(5+u>

The mapping 6 — ||fs|,, = % | X6]|, defines a norm on the space range(X) and the set Finear (9) is
isomorphic to a é-ball in the space range(X). Therefore, we can use the same volume argument to

show that

20+u
Hy (u/ﬂlinear (‘5)1 HHn) < rlog < Iy ) :

16we keep r in the notation because in several real-world examples, r also varies with n. Such problem settings are
investigated by high-dimensional statistics.
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J(6) SZ/O&\/ZirUlog <1+2;> du.

A simple computation shows that the last integral is equal to A+/rd, where A is a universal constant.

Hence,

Thus, the condition 2.76 from Theorem 2.8.4 can be written as

52 >8 (A(Sn\/7+45m/1+t> S5, >8 <A\/7+41/1+t>,
n n n n

which recovers the convergence rate \/r/n that we know from classical statistics.

Example 2.8.6 (Functions of Bounded Variation). Suppose that Z = R x R and that x; < ... < x,,.
Consider the function class

Ty = {f:R—=R|TV(f) <1}, (2.78)

where TV(f) := Y f (xip1) — f (x;)]. [Birman and Solomjak, 1967] showed that, for all suffi-
ciently small u, 5 > 0, it holds that H, (1, % (4),|-],,) < Au~! where A > 0is a universal constant.
This yields that

J(6) < AV,

where Aj is another universal constant. Solving

oo o (2160 [1TE
5n28<\/ﬁ+4571 n)'

we easily obtain that J, needs to be at least of the order of n~1/3. This choice of é, satisfies the

~

fo=f"

above inequality for sufficiently large n € IN, regardless of the value of t. Therefore,

Op (n173).

n

Example 2.8.7 (Lipschitz functions). Suppose that Z = [0, 1] X R, and consider the function class
FLip = {f : [0,1] — [0,1] | f Lipschitz with Lipschitz constant L = 1} .

We have showed in Example 2.4.7 that He (11, #) < A/u for all u > 0, where A is a universal
constant. Since

Nz (1, 7 (8),||-lln) < N2 (, 7, [|-[|ln) < Neo (4, F)

~

fo=f"

it follows from the same argument as in the previous example that =0Op (n_l/ 3).
n



Chapter 2. Empirical Process Theory and Applications in Statistics 109

The list of least-squares estimators for which we can derive convergence rates with respect to |- ||,
using the entropy integrability condition (Theorem 2.8.4) is very large and it contains concave regres-
sion, isotonic regression, m'M-order Sobolev spaces, classification using indicators of convex sets and
many others. The derivation of the entropy bounds is usually approached with analytic methods,
like in [Birman and Solomjak, 1967]. Nevertheless, the entropy integrability condition is a very pow-
erful and interesting method which reveals interesting and deep connections between the complexity

of function classes and Glivenko-Cantelli properties.
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