256 5. SOBOLEV SPACES

NOTATION. Let C°(U) denote the space of infinitely differentiable func-
tions ¢ : U — R, with compact support in U. We will sometimes call a
function ¢ belonging to C°(U) a test function. O

Motivation for definition of weak derivative. Assume we are given a
function u € CY(U). Then if ¢ € C°(U), we see from the integration by
parts formula that

(1) /uqﬁzidm‘:—/uziq&dm (il )
U U

There are no boundary terms, since ¢ has compact support in U and thus
vanishes near OU. More generally now, if k is a positive integer, u € C*(U),

and o = (a1,...,0y) is a multiindex of order |a| = a1 + -+ + o, = k, then
(2) / uD*pdx = (—1)l° / D¢ dx.
U U
This equality holds since
i1l (gl e
DY = —— ... ——
£ g - Lder ¢

and we can apply formula (1) || times.

We next examine formula (2), valid for u € C*(U), and ask whether
some variant of it might still be true even if u is not k times continuously
differentiable. Now the left-hand side of (2) makes sense if u is only locally
summable: the problem is rather that if u is not C*, then the expression
“D*u” on the right-hand side of (2) has no obvious meaning. We resolve
this difficulty by asking if there exists a locally summable function v for
which formula (2) is valid, with v replacing D*u: ¥

DEFINITION. Suppose u,v € LfOC(U ) and « is a multiindex. We say
that v is the o™ -weak partial derivative of u, written

»l
L Y f
D u = w, P

provided

(3) /UuDaqbd:cz(—l)M/ vodx

U
for all test functions ¢ € C°(U).

In other words, if we are given u and if there happens to exist a function
v which verifies (3) for all ¢, we say that D*u = v in the weak sense. If there
does not exist such a function v, then u does not possess a weak aP-partial
derivative.
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258 ' 5. SOBOLEV SPACES

We assert u’ does not exist in the weak sense. To check this, we must show
there does not exist any function v € L{ (U) satisfying

loc

(5) /02u¢'da::—/02v¢dm

for all ¢ € C°(U). Suppose, to the contrary, (5) were valid for some v and

all . Then
2 2 1 2
—/ vqbda::/ u¢'d:c:/ x¢'dm+2/ ¢ dx
0 0 0 il

1
- —/ bds ().
0
Choose a sequence {¢m }5°_; of smooth functions satisfying
=1

0L dm <1, dnll)=1, onl(x) = 0dor all z+#1.

(6)

Replacing ¢ by ¢, in (6) and sending m — oo, we discover

m—0o0

2 1
I'= Tim ¢, = ligi [/ VOm, dT —/ i dm] =i
a contradiction. =

More sophisticated examples appear in the next subsection.
5.2.2. Definition of Sobolev spaces.

Fix 1 < p < oo and let k£ be a nonnegative integer. We define now
certain function spaces, whose members have weak derivatives of various
orders lying in various LP spaces.

DEFINITION. The Sobolev space
WP (U)

consists of all locally summable functions u : U — R such that for each

multiindex o with |a| < k, D*u ezists in the weak sense and belongs to

LP(U). i
iv’

Remarks. (i) If p = 2, we usually write

HYU) =W 2(U) (k=0,1,...).

The letter H is used, since—as we will see—H"(U) is a Hilbert space. Note
that HY(U) = L(U).
(ii) We henceforth identify functions in W*P(U) which agree a.e. -
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260 5. SOBOLEV SPACES |

Example 3. Take U = B%(0,1), the open unit ball in R™, and
wlz) =T (e e il 20 0).

For which values of a > 0,n,p does u belong to W1P(U)? To answer, note
first that u is smooth away from 0, with

—Qx;

Uz, () = [zeT2 (z #0),

and so
D) = o (@ #0)

Let ¢ € C*(U) and fix € > 0. Then

U—B(0,e) U—B(0,e) 9B(0,¢)

v = (v1,...,v") denoting the inward pointing normal on dB(0,¢). Now if
a+1<n, |Du(z)| € LY(U). In this case
/ udv' dS| < [l / e~ 4§ < Cemle
dB(0,e) 0B(0,e

Thus

/uqﬁxi d:vz—/ Ug, @ dx
U U

for all ¢ € C°(U), provided 0 < a < n—1. Furthermore |Du(z)| = I;'l‘j% =
LP(U) if and only if (o + 1)p < n. Consequently u € WHP(U) if and only if
a < %22, In particular u ¢ W'P(U) for each p > n. O

Example 4. Let {r;}32; be a countable, dense subset of U = B%(0,1).
Write

o 1 kY *"H-ﬁ
u(z) =) ople—nl™ (z€D). Y
k=1
Then u € WHP(U) for a < 2B If 0 < o < *2P, we see that u belongs to
WLP(U) and yet is unbounded on each open subset of U. O

This last example illustrates a fundamental fact of life, that although
a function u belonging to a Sobolev space possesses certain smoothness
properties, it can still be rather badly behaved in other ways.
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262 5. SOBOLEV SPACES

Thus D*(Cu) = (D*u + uD*(, as required.

Next assume ! < k and formula (7) is valid for all |a| < [ and all functions
¢. Choose a multiindex o with |o| = [+ 1. Then a = S+ for some || =,
|v| = 1. Then for ¢ as above, \

/ CuD%¢dz = / CuDP(D7¢) dz
0

)Iﬂl/ S

( )D" DPuDV¢ dx
o<p

(by the induction assumption)
1)lA+h / Z ( )D"’ (D°¢DP~7u)¢ dx
0<ﬂ
(by the induction assumption again)
Ial/ Z ( )[DPCDa_”u-FDGCDa_UuM dz
a<[3

(where p =0 +7)

2 o

Not only do many of the usual rules of calculus apply to weak derivatives,
but the Sobolev spaces themselves have a good mathematical structure:

THEOREM 2 (Sobolev spaces as function spaces). For each k = g"
and 1 < p < oo, the Sobolev space W*P(U) is a Banach space.

Proof. 1. Let us first of all check that [lullyxrsy is a norm. (See the
discussion at the end of §5.1, or refer to §D.1, for definitions.) Clearly

“}\’U,”Wk,p(U) = |>‘| ”u”Wk’p(U)’

and

ullwre@y =0 if and only if uw=0 a.e.
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264 5. SOBOLEV SPACES

5.3. APPROXIMATION
5.3.1. Interior approximation by smooth functions.

It is awkward to return continually to the definition of weak derivatives.
In order to study the deeper properties of Sobolev spaces, we therefore need
to develop some systematic procedures for approximating a function in a
Sobolev space by smooth functions. The method of mollifiers, set forth in
§C.4, provides the tool.

Fix a positive integer k and 1 < p < oo. Remember that U. = {z € U |
dist(z,0U) > e}.

THEOREM 1 (Local approximation by smooth functions). Assume u €
WkP(U) for some 1 < p < oo, and set '

U =qe* Uy 0.

Then
(i) u® € C°(U.) for eache >0,

and
(i) u —u in WpP(U), ase — 0.

Proof. 1. Assertion (i) is proved in §C.4.
2. We next claim that if |o| < k, then
(1) D =gn D% m U

that is, the ordinary ot partz'al derivative of the smooth function u® is the
e-mollification of the ot"-weak partial derivative of u. To confirm thls we
compute for z € Ug

Dus(z) = / Ne(z — y)u(y) dy
/ Dzne(z — y)u(y) dy .;}
_1)lal Gelis .
1) /U Dyne(z — y)u(y) dy

Now for fixed z € U, the function ¢(y) := n.(z — y) belongs to C°(U).
Consequently the definition of the atP-weak partial derivative implies:

/ DSe(e — y)u(y) dy = (= 1)'“'/U ne( — y) Du(y) dy.

This €

D%y 1

as € —
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266 5. SOBOLEV SPACES

2. Fix 0 > 0. Choose then ¢; > 0 so small that u’ := 7., * ((;u) satisfies

) { v — Gullwrrw) < 55 (6=0,1,...)
sptu C W; =
for W, .= i+4_(_]i 21 1% (i=1,...).
3. Write v := > 52, u’. This function belongs to C°°(U), since for each

open set V' CC U there are at most finitely many nonzero terms in the sum.
Since u = Y2, (;u, we have for each V.CcC U

o0
l|lv — u”W’C:P(V) < Z f|lu® — CiU”Wk,p(U)
=0

=
S5Z% by (3)

=0
= 0.

Take the supremum over sets V' CC U, to conclude |[v — ullyrpy < 6. O

5.3.3. Global approximation by smooth functions.

We now ask when it is possible to approximate a function u € W*?(U)
by functions belonging to C*°(U), rather than only C*°(U). Such an ap-
proximation requires some condition to exclude OU being wild geometrically.

THEOREM 3 (Global approximation by functions smooth up to the
boundary). Assume U is bounded and U is C*. Suppose u € Wke(U)
for some 1 < p < 0o. Then there ezist functions umy, € C®°(U) such that

Um —u 0 WEP(D).

Proof. 1. Fix any point z° € U. As dU is C, there exist, according to

§C.1, a radius 7 > 0 and a C' function v : R®! — R such that—upon

< - . ~
relabeling the coordinate axes if necessary—we have “

UNnB(°r)={z e B(z"r) P 2 g 0 e 21) )
Set V := U N B(2%,r/2).

2. Define the shifted point

=z + Xee, (x €V, €>0),

and ol
Bilz"

Nc¢
distan
have 1
ve € C

Take
rem 1

(6)

to th




