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6 dacuatikin avdAlvuon yio yeauutkoUg eAAELITTIKOVS TEAEGTEG.

6.1 dPacuatikd dewpnuo yio eAMAELTTTIKOUGS SLapoQlkoUS TEAEGTES
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Mépog 1
H yevikn dempia

1 H yewuetgio twv ywewv Hilbert

1.1 Baocwkoi ogieuoi

Oqpwoudg 1.1.1 Ovoudéovue Y00 EGOTEPIKOV YIVOUEVOU EVAY YRAUUIKO XMDEO0 X TTAV®
ato C epodiacuévo ue uia asmewkovion {-,-) : X X X — C yia tnv ogoia 1Gyvel

1) Ax+uy,z) = Kx,2)+uy,z), xyeX, LueC
i) Xy =x, xyeX
(i) (,x)>0krat{x,x) =0 < x=0.

Ta mopamtdve cuveTtdyovton

iv) {x, Ay +uz) = Ax,y) + j{x,z), xyeX, LueC
V) (x,00=(0,x)=0, xelX

Hapedderypa 1.1.2 O TOQOKATO XDEOL €LVAL XDEOL EGOTERIKOV YIVOUEVOU:
(1) To C" ue 10 €EGWTEQIKS YVOUEVO

n

<x7y>:in)_)i’ x:(xl’~--’xn)a y:(yla"'ayn)~
i=1
(2) O yeaukdg 0o

lz = {(XI, X2, X3, .. ‘) . Z |-xn|2 < +OO}

n=1

UE TO ECWTEQKO YLVOUEVO

[

(xX,y) = Z XnYn-

n=1

[opatneeicte 6Tl N Gelpd GUYKALVEL Aol |x,y,l < (1x,% + [yal?)/2.
(3) O yweos C([0,1]) SAwVv Twv Guvexdv cuvoaptneewv 6to [0,1] ue To €6WTEQEKO
youevo

1
fog) = fo F)Zx.

4) O ydeog CY([0,1]) SAWV TOV TAEAYOYIGIUOV GUVAQTAGE®V UE TLAQAYWYO GUVEXH
oo [0,1], epodlacuévog ue To eGMTEQIKSG yvéuevo

1
(frg) = f (D + f (g Wldx.
0

0



Av ctov (8o xweo opicouue

1
ey = [ rgtia
0
ToTE TO (-, ) Bev elvan ecwTeEkS ywduevo. Tatl ;

Ocwenua 1.1.3 (avicétnta Cauchy-Schwarz) I'ia kdfe x,y € X 16y Vel

| ¢, p) < (o, )2y, )2

AgtéSeién. Av {x,y) = 0 téTe TO nrovuevo TEoPUvHS Wyvel. ‘Ectw (x,y) = Re”.
"Ecto tuxdv r € R kou é6tw A = re. "Eyovue

0 < (x+A,x+ Ay

6,0+ | AP, y) + A, x) + Ax, )
|xI? + 2Rr + Iyl

A@ov autd oxvel yio kGBe r € R, n Sokpivovca touv TEuwvipov elvar pn-detikn,
SnAadn 4R? — 4l|x||ly]* < 0, kar To gnTovuevo meTal. O

Hoeddetyua 1.1.4 H avicétnta Cauchy-Schwarz epapuogduevn agto C([0,1]) cuve-
TAyETAL TNV YERoWn avigdtnia

1 ) 1 ) 1 ,
( fo If(x)g(x)ldx) <( fo | F(x) | dx)( j; | g(x) | dx),

IIeétaon 1.1.5 Kdbe xbpos £6wTepikoU YIVOUEVOU YIVETAL VOQUIKOS XWEOS AV O-

ploovue

Il = (x, x)!/2.

Amobeién. H totyovikn avigdtnta elvor To uévo un-tetouuévo onueto. "Exouvue

I + Cx, vy + €y, 20 + [yl
IxII* + 2Re (x, y) + IIylI”
1 + 211yl + lylf?

(Ul + liyll*.

2
llx + Il

IA 1

O

"Exovtag opicel tnv vopua |- || n avigétnta Cauchy-Schwarz staipver tnv astlovctepn
uoeen
| (. 8> 1< If gl

IMapatignon. Xe kAbe XOEO £GMTEQLKOV YIVOUEVOU LGYVEL

llx + ¥l = [Ix* + [[ylI* + 2Re (x, y).



IIeétaon 1.1.6 kavévag Tov TTaQAAANAOYEduuov) Ioyvet

[l + I + 1x = ylI* = 2IIx” + 2IyI°, yra kdbe x,y € X.

Agtodeign. ATAES TTRAEELS. O

IIgétacn 1.1.7 @roAkn tavtdtnta) Ioyvel

A0, y) = N+ I = Il = yIP + il + iyl” = dllx = iy, yia kdBe x,y € X.

Agrodeign. AmAég TTpdgeLs. O

Hagatnenon 1.1.8 H mtapastdve tovutdtnta pog Ael 6Tl GE €vav X0EO EGMTEQIKOV
YIVOUUEVO TO EGMTEQPIKO YIVOUEVO TTROGILOQITETOL LWOVOGIUAVTO ATTO TRV VOQULAL.

Hogatngnon 1.1.9 Agrodeikvietal to €€ng: n vopua || - || evég voputkot xweov X
efvol n vépua TTov eTTAYETOL AITO €va EGWTEQIKO YIVOUEVO v KOl WOVO av LGXVEL Yo
v || - || 0 kavévag Touv TaQAAANAOYEAULOV.

Oqwouog 1.1.10 Evag wAnpng xwEos EGWTEQPIKOV YIVOUEVOU ovoudéetal xweos Hil-
bert.

‘o0 kABe xweoc Hilbert efvar kow yweog Banach kat 6An n deweia tov xdewv Banach
uropel va epoapuoctel kow Ge xweovg Hilbert. Oa acyoAnBolue upe 8idTnteS TwV
xwewv Hilbert wov ev yéver Sev ioyvouv ce €va xweo Banach.

Ag Jewpnaoouye ToUg XWEOVS £GMTEQLKOV yvouévou tov Iapadelyuatog 1.1.2. Tdte

1. O CV ue 10 ecwTeEQEKS ywvoueva, Tov Hapadeiyuwatog 1 etvon xweog Hilbert.
2. O I? etvau ypog Hilbert.
3. O C([0,1]) dev etvon yweog Hilbert.

H mtAngétnta tov CV elvor cuvémmeio Tov 6T kKGO VOEUIKGS XDEOS TETEQOGUEVIG
dudotaong eivon TAripng. o ta dAAAa Vo ypeldceTon amddegn.

IMedtacn 1.1.11 O ywpos I ue 10 ecwTEQEIKS Yvouevo (x,y) = Yoo, x,y, eivar évag
Stayweiciuocg yweos Hilbert.

AgréSeién. (i) Inpdtnta) ‘Ectw (a,) ula axkodovbio Cauchy ctov 2. Ipémer va -
modelEovue 6L n (a,) GuykAivel ge kdTTolo 6o GTov 2. Kdbe a, elvon wia aubuntikni
aroAovdia,

a, = (ani) = (anl’ ap2, Ap3, - . )



KoL €€ oplowov a, € 12 onuatver Y; | a, °< co. "Ectw i € N kot og dewpricouvue tnv
arolovBia (a,;),. "Exovue

[e9)
241/2
|ani_ami| < (Zlanj_amjl)/
j=1
= la, — anll

—> 0 otav n,m — oo.

‘o0 ylo kABe i n akolovBia (a,;), elvar akolovbio Cauchy cto C ko dpo GuykAivel
oe koo 6w b;. ‘Ectw b = (b;). Oa, Seifovue 6t b € 2 kow 6T a, — b ctov 2.

A@oV n (a,) elvan akoAovBia Cauchy eivon ko @eayugévn, |la,|| < M. 'Ecto j € N.
"Exovue

J J J
2 . 2 . 2
D 1P = Y dimla, ) =1lim )" ayl
i=1 i=1 " " i=1
(o)
< 1imZ | @i 2= lim |la,|* < M2
n n
i=1

‘oo b € 2. "Ecto Ttopa € > 0. Ymdoxer N € N &cte n,m > N vo GuveTdyeTon
lla, — anll < €. "Eotw tdea j € N otabepd alld tuyaio. Twa n,m > N €xouue

j 00
2 2
Zlam‘_amil Zlani_ami|
i=1 i=1

2 2
”an - am” <€

IA

Koatwvtag to n gtafepd kol agnvovtag m — oo jraipvouue
J
Z | @y — b; < €*, yo k@Oe n > N,
i=1
Kol aot) To j elvon Tuydv,
(o)
Z | @y — b; I’< €*, yo k@Oe n > N,
i=1

SnAadn
lla, — bll < €, yw kGBe n > N.

‘o a, — b, xow n wAnEdTNTA QITOdel)ONKE.
(il) (Awaywerowodtnta) I'a n € N opltovue

An:{(abaZa'*'aan’OaO"")l al€Q+lQ}

kol J€tovue A = UA,. TIpopavwg to A elvon apiBunciuo covoro. Oa agtodeigovue 0T
elvan 7TURVS. ‘Ecto Aowtdév b € I2 kaw € > 0. Ywdgxer N € N wote Yon.y | bi [P< €

3



EmuatAéov, yio k@0e i = 1,. .., N umopovue va Bpovue a; € Q+iQ baote | a;—b; |< €/NY2.
H akolovBia a = (ay,...,ay,0,0,...) Td1€ aviKeL GTO GUVOAO A KoL

N oo
la=bl* = Y lai=-bilP+ > bl
i=1

i=N+1

N
< Z(GZ/N) + €2 = 26
i=1
Ieétaon 1.1.12 O yweogs C([0,1]) epodiacuévos ue 10 eGWTEPIKO YIVOUEVO

1
m9=ﬁfm%Mx

Sev eivau ywpoc Hilbert.
Amobeién. Bewpovue Tnv akolovdia (f,) 6OV

07 _1 S X S 0,
fo(x) =3 nx, 0<x<1/n,
1, 1/n<x<Ll

Apnveton wg doknon va deiybel 6L n (f,) etvan akoAovbia Cauchy yia thv avtictoyn
vopua, dSnAadn tnv || - |lo. Oa xencoitomiGovue agtaywyn g dtoto. Ag vitofécouue
Aowgtév 6t vmtdeyel f € C([-1,1]) waote ||f, — fll — 0. "Ectw topa 6 > 0. Yideyet
N € N ®ote

n>N = f,(x) =1act0 [6,1].

1
f|bﬂmwx
J

>

ea

1
f|mnﬁmFm
)
If = f1I5

—> 0 O6tav n — oo.

IA

A@ov 10 TTEAOTO OAOKAMQE®UA elval aveEAETNTO TOV 1 TIEETEL va, elval (6o pe undév
yeyovog Ttov guvertdyetan 6t f(x) = 1 gto [4,1]. ‘ea f(x) =1 oto (0,1] apov to 6
ntav tyxov. Me tov (8o tedTo delyvouvue 6Tt f(x) = 0 oto [-1,0). ‘ea n f elvar
acvvexng ato x = 0, dtomo apov €xovue vrtobécel 6L f € C([—1,1]).

1.2 Kofetotnta

Oqwouog 1.2.1 Avo Savvcuata x,y € X yia ta oroia 1GxUeL
(xy)=0

ovoudgovtal opfoywvia 1 kdBeta ueTa&v Toug.

4



IIeétaon 1.2.2 (TvBaydeero demdonua) Av ta Siavvcuata xi, Xs,...,x, € X eval
avd dvo opboywvia, ToTE

2 2 2 2
llxn + 22 + -+ [l = |ball” + llxell® + - +

Agrédeign. AmAég TTpdgeLs. O
Opwoudg 1.2.3 Ectw (X, d) uetpikoc ywpos. H amocracn d(a, K) evog cnuegiov a € X
aIro éva un-kevo cuvodo K C X opigetal wg

d(a,K) = inf{d(a, x) | x € K}.

Oqwouog 1.2.4 Eva un-kevo vitoguvodo K evog ypauulkov xweov V ovoudieTal Kue-
70 av yia kdbe x,y € K kat kdbfe A € [0,1] ioyver Ax+ (1—- Ay € K.

Meétacn 1.2.5 Ectw K kAewoté kar kvetd vircuvolo tov yweov Hilbert H. Ta
kdbOe a € H vmrdpyer uovadiko x € K wate

lla — x|l = d(a, K).

Amobeién. (1) (Ymopén) ‘Ecto (x,) akolovbia ctorgelowv tov K tétola wote |la —
Xl — d = d(a,K). E@apudtovtag Tov Kavéva Tou TTaQarAnioypduuwov Gto Sto-
VOGUATAL @ — X, KO d — X,; KOL XENGLULOTTOLOVTAS TO YEYOVOS OTL (X, + X,,)/2 € K €xouvue

2||a - xn“Z + 2”(1 - xm”z - ”2a = Xp — Xm||2
2lla — x> + 2lla — x,|I* - 4d*
— 2d*+2d*-4d* =0

2
”xn - xm”

IA

KOO®OS n,m — oco. ‘oa n (x,) elvaw arkolovBio Cauchy. "'Ectw x 10 6016 tng. Tote
x € K rou
lla — x|l = lim|la — x,|| = d(a, K).

(il) Movadikdtnta) Ag vitobBécovue O6TL yio Ta gtowyelo x,x” € K woyvel |la — x|| =
lla — x'|| = d(a, K). Tote (x + x')/2 € K xou dpa

X+ X
d < |la- I
2
1 1 )
< Slla=xl+ Slle— X =d,
2 2

dnAadn to gtoyelo (x+x")/2 €xel kaw aAvTo Tnv WoTnTA TG TTEITAcNS. Epapudtovtag
TOV KOvOva TOU TTOQAAANAOYQAULOU GTO Staviouato a — x ko a — X Jtalpvouue

lx =217 = 2lla-x*+2lla- x| -12a-x-x1|
/
= Ylla— I+ 2la — X - dlla - T
= 2d°+2d° - 4d® = 0,
Ko doa x = X'. O



Ieétaon 1.2.6 Ectw K kAeloTo¢ ypauuikos viroyopos tov ‘H kat a € H. Ta 7o
nAnciéatepo ocnueio x € K tov srponyovuevov dewpriuatos 1Gyvel

(a—x,y)=0, yia kdale y € K.

Amobeién. 'Eoto y € K. Xwpic Trepuopiond tng yevikdtntag vitobétovue ot ||yl = 1.
‘EGtm

A=<{a—-xYy).
Téte x + Ay € K ko dpa
& < la-x-ylP
= |la - x|I* +|1* - 2Re (a — x, Ay)
= |la—xI* = |4
= & -
kot dea A = 0. O

Oowouds 1.2.7 To opbBoydvio cuumdnpwua evos un-kevouv cuvodlov M C H opicetal
w§
M*-={yeH |{x,y) =0, yardbe x € M}.

MMeétaocn 1.2.8 To M+ eivair kAewoTo¢ vITO)WEOS Tov H.

Agrodeign. H agtddergn elvar woA) agtAn Kol G@AVETAL S AGKNGN. O

Maedaderyua 1.2.9 Xtov xdeo I* Sewpovue Tov KAELGTS VITOYDQEO
M ={x=(x;,X9,...) : X1 = X9}.

Tote
M* ={(a,-a,0,0,...) : a€C}.

Oowouds 1.2.10 Eotw M, M, My kAeiotol viroxwgotl tov H. Aéue 611 0 M eivar 10
evbv dbpoicua twv My kot My, M = My @& M, av (i) My + My C M ko (ii) kdOe x € M
UITOQEL VO Ypa@el KaTd uovadiko TOIT0 ws dfpolcua X = X1 + X9 ue x; € M;.

Eivow evroAo va el kaveic ot ov M = Mi®dMy 1ote MiNMy = {0}. 'Otav M = Mi®M,,
N 1GOTNTO X = X| + Xg YEAPETOL KOL X = X1 © Xo.

IMedétaon 1.2.11 Ta kdBe kAewo1é vIroyweo M tov H woyver H = M & M*.



Agtodeign. "Eyovue ndn er 1L yio kdbe x € H vrdpxel wovadikd x; € M dcte
llx — xall = d(x, M)
Kow 6t TéTE
(x=2x1,y) =0, yuordbe y e M,
dnAadn xy := x —x; € M*. “pa
X = X1+ Xo

efvor wa avdlvon tng ¢ntovuevng woeenc. ‘Eotw tdpa 6Tl vitdeyel ko devtepn
tétola avdlvon, x = x| + x,, ue x; € M, x;, € M*. Tote x; — x; € M, ko emiong
X=X =(x—x2) — (x—x}) =x, — x, € M*. "oa

2
llxy — x{II* = (o — x1, x1 — x7) =0,

KOl GUVETIWOG X1 = X{, OTLOTE KO Xz = XJ. O

IIeétaon 1.2.12

(i) Av M C N té1e N* ¢ M*.

(i) M c M
(iit) M = M** av kat uévo av 1o M eivar kAetotos vItoyweos tov H.
(iv)  Av 1o M eivar stukvo tote M+ = {0}.

(v)  Av 1o M eivar vroydpos kar M+ = {0} téte 10 M eivar Tukvo.

Amodeién. Ta (i), (il) amrodetkviovtor TTOA) eUKOAAL.

(iii) H katevBuvon (=) etvan dueon cuvértela tng [pdtaong 1.2.8. Ta To avticteoo,
€0t x € M. Mmtopovue va ypdpouue x = xj+xo ue x; € M row xo € M*. Tlaipvovtog
E0MTEQIKO YIVOUEVO UE TO Xg GuUTEQalvouue OTL Xo = 0, ko dpa x = x; € M.

(iv) '"Eotw x € M*. Ymdopyer akolovdia (x,) € M n otmoio cuykAiver 6to x. Tdte
(x, x,) = 0, kaw TOLlEVOVTOG TO HPLO N — oo guuItepatvouue dtL x = 0.

(v) To M eivar KAEIGTEC VTTOXDEOC, Kal Ga WIToolue Vo, yodyouue

H=MeoM .
‘00 kGBe x € H ypdpeTol WS X = X1 + X UE X| € M ko X9 € Ml ={0}. ‘oo x =x; € M
Kol dea To M glvor TTUKVO. O
1.3 Og@Bokavovikéc Bacerg

Y10 €gng Ya ovupoiitovue ue H éva Sayweiotwo xodeo Hilbert.



Oqwouds 1.3.1 Eotw (x,) € H. Aéue 61 n ceipd 3,7, x, cuykldivel av n akodovbia
(S ;) Twv uepikdv abpowoudtwv, S; = Y _ X, cvykdiver. Av y eival o 606 Tng,
yodgovue

n=1

Kol To y ovoudgetal afpoicua tng celds. Aue 0Tl n Gelpd GUYKAIVEL AITOAVTA OV

(o)
DIl < oo,

n=1

[edtaon 1.3.2 Av uia celpd Guykdivel amrolvta 10Te GUYKAIVEL.

Amobeién. T j > i €xovue

J
IS, =S = 1)) %l

n=i+1
J
< D Il
n=i+1
- 0, otav i, j — oo.

‘oa n akolovBia (S;) elvaw Cauchy kol GUVETTOS GUYKALVEL.
Oq@woudg 1.3.3 Eva guvodo {e,} Aéyetar 0g0okavoviKO av (e, €,) = Oupn.

Ooiouds 1.3.4 Eotw {e,} opborkavoviké auvolo kat x € H. Ou apiBuol
Xn = (X, €,)

ovoudgovtal Guvtedeatés Fourier Tov X wg JTROS TO guaThua {e,}.

[Hedétacn 1.3.5 (avieétnta Bessel) ‘Ectw {en}nNzl, N € NU{oo} opBokavoviko guvoAo.
Ta kdOe x € H woxvet

N

2 2
E 1€, endl” < |x]I°.
n=1

Amobeién. Oewpovue tnv TeQiTtToon N = oo, n repisttoon N € N eivar astlovctepn.
Mo kdbe M € N €xouvue

M M
(x— Z (x,ep)en, x — Z (x, em)enm)
n=1 m=1

M M M
Bl = >~ G enXen ) = D (K end( end + D (%, €a)CE, enmien en)
n=1

m=1 n,m=1
M
2 2
Ibdl® = > e, el
n=1

=
IA



SnAadn
M
D Hxen) < Il
n=1

Aopnvovtag M — oo Jraigvouye To ¢ntovuevo. O

Anpua 1.3.6 Ta kdfe x € H n cepd YN, (x,e,Ve, cuykdivel ki To dfpoicud ng,
0T Y, IKAVOTTOLEL

N
Iyl = (Z K, €Y < xll.
r=1

Amodeién. Ymobétovue TAM 6TL N = 0. ‘Egto y, = X, (¥, e,)e,. A6 to ITuBaydpelo
Yedpnua ko Tny gUykMon tng celpds tng avicgotntag Bessel €xovue

=yl = 1) (x el

r=n+1

= i | (xe) I

r=n+1
— 0 Jdtav m,n — oo,

‘oa n (y,) etvaw Cauchy kow yio To 600 tng y €rovue

2 : 2
VP = Lim [y,
n—oo
n
= lim 3" [ (x.e) [
n—oo p—

= S e P
r=1

2
(3

IA

O

Oowouds 1.3.7 H ypauuixn dikn linA evég cuvolov A C ‘H eivarl o ypauuikos viro-
X®QOS
linA={4xi+--+A4x, | neN, x,...,x, €A, 4,...,4, € ClL

To gvvodo linA ovoudgetar kAgiotn yoauuikn drikn tov A.

Acknon 1.3.1 Na deiyBel dtL n (kAewgtn) yoauukn dnkn tov A elvon o wKEATEQOS
(RAELGTOG) YOAUUKAS VTTOYXDEOS TTOU TTEPLEXEL TO A.

Anpua 1.3.8 Ectw {e,} opbokavoviko civoldo, L = linfe,} kar y = Yo (x, e.)e,. Q¢
gtpog tnv avdivon H = L& L+ égovue

xX=y®(x—-y).



Hapatripnon. Amd tnv Ilpdtacn 1.2.5 émetar 6TL To y elvar to onueio tov L To
TANGLEGTEQO GTO X.
Amébeén. Apkel va Selter kavelg 6TL y — x € L*. O

Ozwponua 1.3.9 Eotw {e,};,, opforkavoviké guvodo. Ta sapardtw ivar icoSvvaua:

1  x= Z (x,e,ye, yia kdbe x € H.

n=1

(2) Ix|* = Z lKx, e) yia kdBe x € H.
n=1

(3) Av (x,e,) = 0 yia kdBe n, tote x = 0.
4) O L=linle, | n=12,...} eivar Tukvoc viroywpos tov H.

Amobeién. (1) = (2) Hoorvmtel auécmg amtd to Anuua 1.3.6.
(2) = (3) 'ueco.
(3) = (4) 'Ectw x € H. Otovue y = Yoo, (x, e,)e,, omote y € L. Two kéBe m €youvue

[59)

(=X em) = Y (X €n)en €n) = (X, ) = 0.

n=1

A6 v vITéleon (3) émeTan x = y. Tuvemds x € L kou dpo o L elvar TukvEg.
(4) = (1) 'Ectw y = 0, {x, ey)e,. Tote

(x=y,e,) =0, ya kdbe m,

dea
(x-y,20=0, vy kdbe z €L,

KOl GUVETTOS X — y € L. 'Ouwg L = {0} agpov L mtukvd. ‘pa x = y. m|

Oqowoudg 1.3.10 ‘Eva opBokavoviké guvolo {e,} yia To oTroio iGyvouv oL GUVORKES TOU
Ocwoeruatogs 1.3.9 ovoudietar wAnpes opfokavoviké guvolo 1 opbokavovikr Bdon.

Haeddeyua 1.3.11 1. Av o ydeog H éxel memepacuévn didotacn Téte n évvola Tou
TAEOUS 00B0KAVOVIKOU GUVOAOUL GUUTLITTTEL Ue Tn YvwoTi atd tn oauutkn Ayefoa
évvola Tng 0pBOoKAVOVIKAG Bdong.

2. Xtov ko [? GuuPoAitovue ue e, tnv akolovbio Tng otolag 6Aol oL 6ol elvon
undév ekTég aId n-ocTd, o omoiog elvan iGog pe €va. To cvvolo {e,}”, elvou TTEO-
eovag uta opbokavovikn Bdon. H Bdon avti ovopdgetor kKot GUVABNG 1 KOVOVIKA
opOokavovikn Bdon tov 2.

3. Xtov xweo C([-m,m]) ue 10 ecmwTeEkd ywouevo tov Ilapadelyuatos 1.1.2 (3) o-
eltovue ywo n € Z tnv guvdtnon

1

e,(x) =



Eilvow evkoAro va asoderyfel dtL To GUVOAO {e,} ez elvan opBokavovikd. Eivon €va agtd
Ta Backd dewenuata tng avdivong Fourier 1o 6Tt To gUvolo elval ko TTARQEG.
Hapatripnon: EiSaue ctnv Ilpotacn 1.1.12 611 o C([—m, rr]) Sev eivar ywpog Hilbert.
Qa1000 ot 16iotntes (1)-(4) Egovv évvola.

Acknon 1.3.2 Aeigte 611 10 GUvoAo {e,},cz Tov TEiTov TTaadelyuatog elvar TEAyUATL
0pBokavovikd GUvoAo.

[edétacn 1.3.12 (opBokavovikomoinon Gram-Schmidt) Ectw {y,} éva apiBuriciuo
vrroguvodo tov H. Ymdpyer opbokavoviké auvolo {e,} Tétolo waote

linfe,} = lin{y,}.

Amobeién. Xwelc TeQLOEIGUS TNG YEVIKOTNTAS UItoQovue va vItofégovue OTL Ta Y,
efvor yoauwkd avegdotnta. Ilpdyuatt, av dev elvor TOTE UITTOQOUUE VO OVTIKOTO-
GgtiGovue To GUVOAO {y,} aTtd To Guvolro {y;,} TTov oplteTal WS EENG:

/
V1= Iy
OTTOV Y, €lvol TO TEWTO WN-UNSEVIKO Y,
-
y2 - yn25
6TTOV y,, €lval TO TEATO y, TOV JEV AVIKEL GTN YROUMKA Ik TOv y;, Kal, YEVIKA,
/ —
yk - Ynk,

GTOV Yy, elval TO TEATO y, 7oL Sev avrikel 6To linfy],...,y; ;}. AW tnv katackevn
avtn €xeton 6T lin{y)} = lin{y,} ko 1L T y, elvon ypaguwkd avegdotnta.
YmoBétouue Aowtdv 4t ta y, elvon ypauukd avegdotnta. Opiltovue ta dtavicuota
{en} wg etng:

1231
U =Yy 1=,
o]
Uz
Uy =y — (yq, e1)er, €y = —,
|||
KOL ETTOYWYIKA
n—1
Uy
Up =Yn — Z <yna er>er7 € = .
L Il

[Mopatneeicte 6TL G kAOe Pripa pgtogovue va Stowpécouvue ue ||ugll apov u; # 0 amd
TN YOOUWIKI QVEEAQTNGIOL TOV GUVOAOL {y,}. ToyVel tote linfey, ..., ey} = lin{y, ..., yn}
yia kK4Be N amd tnv katackevn. o va oAokAnpwdel n asmddeien apkel va det€ovue
Ot Uy, Uy = 0 6tav n > m. Avtd Ya Seyybel ue emaywyn cto n. Ta n = 1 elvon
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@avepd 0Tl oyvel. ‘Ectw 6Tl woyver yia n € {1,...,N}. Oa deleovue 6Tl 1GYVEL Yo
n =N + 1. ITpdyuoatt yio kdbe m < N + 1 €xouvue

N
<uN+1’ um> = <yN+1, um> - Z <yN+1’ €r><€r, um)
r=1

<yN+1’ um> - <yN+1’ €m><€m, Mm)

ON+15 Um) = YN+1s Um)
= 0.

Ocwonua 1.3.13 Evac yweoc Hilbert eivar Staxweiciuog av kat uovo av reglexel uio
apiburigiun opfokavoviki Bdon.

Agrobeign. 'Emteton agtd to sponyovuevo deoponuo (ITdg;) 6t av o H elvan Suaym-
plowog toTe TeELéyel ula apuiunciun opbokavoviki fdon. Avticteoea, £€6T®w OTL O
H meiéyer uio agubuncun opboravovikn Bdon {e,} . Oplcovue

n

A=) aei |y, a, € Q+iQ)

i=1

ko A = U A,. Téte to A elvan apbuncino ko (Goknon) Tukve vItoGivoro tou H.

Oowouds 1.3.14 Ectw Hi, Hy 6vo yweor Hilbert. Mia asweikovion U @ Hy — Hoy
ovoudgeTal 1Gouoelouos av Siatnel tnv doun tov xweov Hilbert dndadn av eival
1-1, emi, yoauulkn Kol eITLITAEOV

(Ux,Ux)y ={x,x), yiakdBe x € H,.

Av vrtdgyer évag toouoppioucs U : Hy — Hy tote or Hy kar Hy ovoudiovtar iaéuop-
QoL.

Efvar @avepd 611 n woopoppio eivor ula oyxéon tgoduvauiog otn kAdon OAwv TV
yopwv Hilbert.

Hedtacn 1.3.15 OAot ot agreipodiacTartol, Siayweiciuol xweor Hilbert eival 1Gouoe-
@Ol UETAEY TOVG.

Agrobeign. Amodeign. [Ymrodein: Amodeigte 6L kdBe Suayweiowog xbeog Hilbert H
elvar 166u0pPog ue tov 2 wg eEng dewpelote uio opbokavoviki Bdon {e,} € H ko
opicte U : I> — H uéom tng oxéong U(x,) = 3, Xues. ZTn GUVEXELD eAEVETE OTL 0 U
elvar 1eopopplouds xwoewv Hilbert.

Y10 £Eng Ja vrodETovue O0tL 6A0L oL avapeducvol xyweor Hilbert eivar Sraym-
elowot, kat dea 6Tt meQLEovv uia agfunciun ogbokavovikn Bdacn.

12



2 Teleotég oe yweovug Hilbert

2.1 Boaowkég 18éTnteg

Oowouds 2.1.1 Eotw H, F oot ecwtepikov yvouévov. Mia yoauuiki aIrelkovion
T :H — F Aéyetau ypauuikos TeAEGTHG.

Mo kdBe yoouutkd tedectn T oplgovtoar Ta Guvoia
Ker(T)={xeH : Tx=0} , Ran(T)={Tx : xe€ H},

yoauukol vioxdeol twv H kar F aviictoyoa. Ov vidxweol avtol ovoudcovtol
TTVENVOS Ko €lkOva Tov T avtiGTouya.

Hagatiignon. O oQGUdS Tov YeAUWKOU TeEAEGTN elval Guyvd €VEUTEQOS, ETLTEETTO-
viag To Jredio oplouoy va unv givor 6Aog o H alld kdmolog vItdxweog Touv H,
cuvnbwe TTukvos. Euelc mtpog to Ttopdv Ja acyoinbBovue pue teAeGTES TTOV 0QITOVTOL
oe 6\ov tov ‘H.

IIpétaon 2.1.2 Ta évav ypauuiko tedectn T : H — F ta sapakdtow eival 16o-
Suvaua:

(1) T Lipschitz cuveyng

(i) T cvuveyric o 0
(iit)  Ymdpyxer M > 0 wote ||Tx|| < M||x||, yia kabe x € H

Agrodeign. (1) = (ii). [Hpopavég.
(il) = (iil). H ovvéyewa oto 0 guvemtdyeton 1L vitdyel 6 > 0 odate

Il <6 =Tyl < 1.

"Ectw x # 0 € H. To idvucua

ox

Y=
[Bs]

wkavottotel ||yl < 4, dpa

ox
IT(G—)Il <1,
||

SnAadh || Tx|| < &7Y|x]I.
(iii) = (). Amo To (iii) €meTon OTL

ITx—Ty|l < M|lx—yll, vy kdbe x,ye H,

kot dpa o T efvon Lipschitz cuveyng. O
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Oowoudg 2.1.3 ‘Evac ypauuikos T Agyetal @payuévog av ikavoroleital uio (kar dpa
0Aeg) aTro Tic TaEATTAVE GuVONKkes. Tov ypauuiko Yo OA®V TwV QEAYUEVOV YOOU-
uikwv tedectav T : H — F da 10 cvuPolicovue oo ekric ue B(H, F).

I'a kédBe T € B(H, F) oplgetan o aplbudg

IT|| :=inf{M | ||Tx|| < M|lx]l, yia kdBe x € H}.

Iedétaocn 2.1.4 Icyver

17 x|
ITI| = supf :
1l

= sup{[ITxll : [xl <1}
= sup{lITxll : [xll =1}

#0)

T
= min{M H” )|C|” < M, yia kaBe x # 0}
X
= min{M : ||[Tx|| <M, yia kabe x ue ||x|| < 1}

= min{M : ||[Tx|| <M, yia kabe x ue ||x|| = 1}.

Amodeién. ‘orknon O

Oedonua 2.1.5 H amewovion ||| eivar vopua atov ypauuiko xweo B(H, F) 6Awv twv
@EAYUEVOV YRAUUK®DY TEAEGTOV aIto Tov H atov F kat o B(H, F) ue avti tn vopua
elvat xdpoc Banach. EmgtAéov, av A € B(H,F) kar B € B(F,K) 16te BA € B(H,K)
rau ||BA|| < IBI[I|All.

Agtodeign. To 6t n || - || elvon TTEAyROTL VoQUO apriveTal wg doknon. Ga delfouvue 4T
0 x®Eos B(H,F) elvon wAREnG ya tnv woapamdve vépua. ‘Ecte (T,) ula akolovbia
Cauchy atov B(H,F). Ta kdbe x € H €xovue

I Tyx = Touxll < 1T — Tollllxll,

kot dpa n (T,x) etvaw akoAovBia Cauchy gtov F. AoV o F elvar TTARQENG, VITAE)EL
yeF wote T,x — y. Elvaw ekolo va Sel kavelc 4Tl To ¥ €£0QTATOL YOOUULKA QITd
TO X, 0TLHTE 0QITETAL €VAC YQOUULKOS TEAEGTAG

T:-H—7F, Tx=y.

®a agrodeigovue otL 0 T elvon @payuévog kar ot ||, — T|| — O.
AoV n (T,) etvan Cauchy vitdoxer M wate ||T,|| < M ywa kdbe n. ‘oo

I7xl| = im || T,x]| < Mljxll,
ko dpa o T etvan @eayuévog. "Eatm tohea € > 0. Ymdpxer N € N dote

nm>N=||T,—- Tyl <€
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Kol dea yioo Tétowa n, m kol kdbe x € H woyvel

ITx = T xll < ellx]].
Aopnvovtag m — oo guutepaivouue 4TL

ITx — T'x|| < €llxl,

Ko da
T, —T| <e, yia kG0e n > N.

ocaT,—T. O

Maedaderyua 2.1.6 ‘Ecto Q avowktd vitocivodo tov RY. Etov ydeo L*(Q) éotw T
0 TEAEGTNG

T f(x) = h(x)f(x),

6TT0UV h PEayuévn ko guvexng cuvdptnon oto Q. Tote o T elvan @EAyUEVOS KoL

IT[| = sup |Al.
Q

Ia va To detéovue awtd ag Y€covue M = supg |h|. "Exovue

f T f(x)Pdx

Q

f |h(x) £ (x)Pdx
Q

IT f113

IA

M? f lf(x)Pdx
Q
M| fII2

ko dpa o T etvar @payuévog ka ||T]| < M. Ta to avticteopo dewpovue Tuydv € > 0.
Adyw tng guvéxelag tng h vItdeyel Téte UTdAa B C Q tétola daTe

|h(x)| > M — €, yla kdbe x € B.

‘EGT® )} N XOQOKTNOIGTIKA Guvdptnon tov B. Téte y € LA(Q) kan

9 ITx|I”
Tl = Wl
_ fB | h(x)x(x) I dx
fB | x(x) [* dx
> (M -e)>.

AoV Tto € > 0 itav avbaipeto cuurtepaivovue ot ||T|| > M.

Hopatngnoen 2.1.7 To Yedpnua egarkolovdel va toyvel ue tnv acbevéatepn vrtddeon
ot h € L*(Q). Xtnv grepimttoon avtn wyvel ||T]| = ||Al| -, éTtov

|||~ = Ess Suplh| = inf{M > 0 : |h(x)| £ M oxeddv Ttavtov ato Q}.

15



2.2 O ovTuyng tedectng

Oehonua 2.2.1 Pedonua avastapdctacng tov Riesz ) Eotw . H — C ypauui-
KOG Kal ppeayuévog. Yrrdgyet uovadiko y € H waote

n(x) = {x,y), yia kdbe x € H. 2.1
EmgtAéov woyvet ||| = ||yl

Amobeién. (i) Movadwkdtnta. Av ta gtoyelo yi,y2 €xouv tn gntovuevn bidTnta,
guvdyouvue 0Tl y; = yo dewpdvtog to m(y; — yo).

(it) "Ymagen. Av m = 0 tdte T0 Jewpnua eivan wpoeaves. "Ectw Aowtdv m # 0. Tdte
o Tmpnvag Ker(r) eivar kAelGToS 1VITOX®E0S Tov H Ko TeQLExeTAL YVAGla Gtov H.
"Ectw z € Ker(m)*, z # 0. Téte yia kG0e x € H 1oyvel

m(x)z — m(z)x € Ker(m),

doa
(m(x)z — m(z)x,2) = 0, yia kGO x € H

KOl GUVETT®OG

n(2)z

m(x) = (x, W>-

‘oo t0 y = (m(z)/|Izl1*)z €xer tn gntoduevn Widtnta. To St ||xf| < ||yl etvon dueco, evad
n avtieTEoeEn aviGoTNTO JTEOKVTTTEL ETAEYOVTAC X =y GTnv (2. 1). O

Ozionua 2.2.2 Ecotw T € B(H,F). Ymdpyer uovadikos tedectic T* € B(F, H)
WwoTe
(Tx,yy ={(x,T"y), vyiarkdbexeH, yeF.

Amobeién. 'Ecto y € . Oa opicovue 1o T*y. 'EGTO TO YOOUUWKSO GUVOQTNGLOELSES
n:H->C
n(x) =(Tx,y), yio kdBe x € H.

Téte
[l < [ITx]| Iyl < (1711 I,
ko da To 1 etvar @eayuévo ko ||z|| < ||T||lyll. Amd To dedenua avarrapdeTacng Tou

Riesz émeton 6t viwdyel wovadikd z € H ue ||zl = |zl < ITIyll dote m(x) = (x,z) yio
kGOe x € H, dnAadn

(Tx,y)y =(x,2), vy kéBe x € H.

Eivar ekoAo va Set kavelg OTL n agtetkovion y — z elvol yoauuki, kow £xovue nén et
OTL elvan @eayuévn. ‘ea 0QITeTaL vag YOOUUWKOS Kal eeayuévog tedeatng T : F — H
agtd tn oxéon z = T*y. Hpopavwg [|T7] < ||T|, kaw o T* €xer tn ¢ntovuevn &itdTnta.
O
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Opwouog 2.2.3 O tedeatiic T* ovoudieTar GuTUYNG Tov T.

Acknon 2.2.1 Xtov ydeo Hilbert CV (ue to 6Uvnbeg ecmtepkd ywduevo) va Beedet
0 GUGUYNG Trivokag evog Trivaka A = (a;;)).

IMebtaon 2.2.4 Ectw Ty, T, € B(H,F), S € B(F,K). Tore

i) (T1+Ty) =T; +T,

(i) AT) =aT*

i) STy =71T°S"

(ivy, T =T

) T =T

vi) [IT*T|l = |IT|?
(vii) Av o T givar avtioTeéwiuog tote kat o T

eivar avtioteéyiuog kar (T*)™ = (T7H*.

Amobetén. Oo agrodeiEovue wévo to (vi), To vVITOAOLTTA aprvovtow w¢ doknon. ‘E-
xovue [|T*T|| < [IT*ITI| = |ITI]*. Emiong

I |icl||lP1 17 ]
||Sl|#)1 (T*Tx, x)
i‘ﬁﬂ”T*T’C” 1l

7T

IA

Maeddetyua 2.2.5 1. ‘Ectw T ctov L*(Q) o TeAecThg TOU S0 TTOAAATTAAGLALOVTAS
ue h e L=(Q). Tote L
T" f(x) = h(x)f(x).

2. O teleotig Sefudg uetatdmieng Gtov [? opltetar amd tn Gyéon
S(.Xl, X2, X3, .. ) = (07 X1, X2, X3, . . )

Téte
S*(ylayZ’y3’ .. ) = (YZayS’ .- )

O S ovoudceton TeEAEGTAG TNG APLOTEQHS UETATOITIGNG.
3. Ztov L*(0,1) éotm

szfﬂmn
0
Téte

1
waifww.

17



IMpdtaon 2.2.6 Ta kdbe T € B(H,F) woyve

Ker(T*) = Ran (7)™, Ran(T*) = Ker(T)™.

Agodelén. ‘oknon. O

2.3 Edikol TUTTOol TEAEGTOV
2.3.1 Movadiaiol TEAEGTESG KAl LGOUETQRLES

"Ectw H,F yoeor Hilbert.

Oowouds 2.3.1 (i) Evac tedectiic A : H — F ywa tov ogroio woxvet ||Ax|| = ||x]|, x €
‘H, ovoudietar toouetpia. (i) Evac toouoppioucs ywpwv Hilbert U : H — F
ovoudcetal Lovadlalog TeAEGTIIG.

AnAadn o U elvan povadiatog av eivan 1-1, el, yoauutkdg kot

(Ux,Uy) ={x,y), x,y€H.

KdBe povadiaiog telectiig elvarl kol 1lGoueTeia, To avtiGTEo@o dumg dev toxvetl. Qg
Taddeyua Jewpelcte Tov Tedeoth S Tng Sefidg uetatémong atov 2 (Mopdderyua
2.2.5). O § elvon woouetplo ko S*S =1, duwg SS* # I, dpa 0 S Sev elvan wovadiaiog.

Iedtacn 2.3.2 Mia igouetpia U givar yovadiaios TeAEGTHS Qv KoL LOVo av gival eIL.

Amobelén. ueGn GUVETELD T®WV OQLGUWV. O

IMedétaon 2.3.3 O tedeatiic U € B(H, F) eivar yovadiaios av kat uévo av

U'U=1Iyra UU" = If.

Amobeién. ‘ornon. O

2.3.2 0O@eBoywvieg TTO0POAEC

"Ectw M kAelgTtég vitoyweos tov xoeov Hilbert H. ‘Exovue Sev 6t kdbe x € H
yod@eTal KATA Lovadikd TROTTO wg

X =X1D X

ue x; € M xow xo € M+,
Efvor ekolo va el kavelg OTL n agtelkdvion x — x; elval ypouwkn, dpo opigel évav
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(Yoouukd) tedectin P atov H, Px = x;. EmuatAéov, o P eivar goayuévog ko ||P]| = 1,
eKTOC aTtd Tnv ewdiki mepimtwon émov M = {0} omdte P = 0. ITpdyuatt,

2 2 2 2 2
Ixll™ = {lalI” + el = llxll® = [Pl

eve Py =y yio kdbe y € M.

Oowouog 2.3.4 O tedegtiic T mov opicaue ovoudgetal opBoydvia TEOROAM TTAV®
otov M.

Hapatiignon 2.3.5 (i) ‘Emetar amd ta wogasdve ot yio g € M €xovue Pg = g,
evod yw g € M+ éyovue Pg = 0. Me dAAa A6yia, o P Tteplopiouévos ato M eival o
TOVTOTIKOG TEAEGTAG, EVA TTEQLOQLOUEVOS GTOV M+ glvar 0 undevikdg teAeatng. Autd
GUXVA TO ek@EAtouUE YRAPOVTOS OTL VTTO Thv avdAuvcn

H=MeM*
gyouue
P=1®0.

(it) Etvar @avepd 6L n ophoydvia oot TTdve GTov KAELGTS vItox®weo M+ elvar n
I1-P.
(ili) Etvon emtiong @avepd oTL

Ran(P)=M Ker(P) = M*.
Oecwonua 2.3.6 Ectw P n opboywvia ool wavew GTov KAELGTO vItoxweo M tou
H. Téte P = P? = P*. Avtictpopa, av T eivar évag @ppayuévog TeAeGTHS yia TOV

ogroio woyver T = T? = T*, 16te 0 varoywpeos N := Ran(T) eivar kAelotés kar o T eivar
n opBoywvia sTpofolni Tdvw GTov N.

Agtédeién. '"EGTm X = X1 + Xo, y = y1 + yo 800 oTorxeio tov H. ‘Exyovue
P%x = P(P(x; + x3)) = Px; = x; = Px,
ko dpo P2 = P. Akdua

(X1, y1 + ya)
(x1, y1)
(X1 + X2, y1)
= (%, Py)

(Px,y)

ko doa P = P,

I'a to avticTeoo, éctw T évag geayuévog kaw T = T? = T*. "Ectw Tx, — y. Téte

Tx, =T?x, — Ty,
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dea y = Ty kow cuveTtdg o Ran(T) elvon kAelGTOG.
IMo vo oAokAnpwBel n agtédetgn apkel va delgovue 6Tl yia kABe x €xovue (I — T)x €
Ran(T)*. "Ectw Aowmdv y € H. "Exyovue

(Ty,x-Tx) = (Ty,x)—(Ty,Tx)
= (Ty,x)—(Ty,x)
=0
KOL TO ¢nTovuevo £ITETL. O

Haeddeyua 2.3.7 Eivar dueon cuvémeio touv Anguatog 1.3.8 61t av {e,} elvar éva
0p0oKkaVOVIKS GUVOAO, TOTE
Px = Z (x,ey)e,
n

elvar n opBoywvia TpofoA Gto lin{e,} (Eidikdtepa, av to {e,} elvon mAnpes toTE
P =1 vou avaxktovue to (i) Tov Ocwpnuatoc 1.3.9).

Acknon 2.3.1 Itov LA(Q) é6Tw 0 moMATAAGIAGTIKGS Tedeatng T f(x) = h(x)f(x),
6ttov h € L*(Q). Bpeite wla wkavii kow avaykaio cuvOnkn yua tnv cuvdetnon i ¢dote
o T va givon opBoywvia Teopfoii. Ilepypdyte Toug vItoyxweovg Ran(T) ko Ker(T)
(6tav o T eivon opBoywdvia TTEOLOAN).

2.3.3 Avtocvtuyeic tedecTéS

Oowouds 2.3.8 'Evag tedectric T € B(H) yia tov ogoio woxver T* = T Aéyetar avto-
GUTVYNG.

‘oo 0 T elvan avtocuguyng av kor wévo av (Tx,y) = (x, Ty) yia kdbe x,y, € H.

O avtocuguyeic TeAeaTés elvon ulo TTOAM) GNUOVOTIKA KATNyoEio TEAEGT®OV GTOUG
omotlovg Ya eravéAbouue kow GTn cuvéyela. Edw avagépouvye agtAwg Tig PAGIKES TOU
9 Tntec.

Ieétaon 2.3.9 Ioyvovv ta £&rig:

i) Tao. ,AeR= AT a.o.

i) T,Toao =T+T5a.0.

(i) T1,Ty a.oc. = (T1Ty a.0. © Ty, Touetatifevrar)
iv) av(T)aoc. kT, —> T 101 T a.0.

(v) avT a.o. 101 (Tx,x) €R ya kabe x € H.

Aodelén. ‘orknon.
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Iedétaon 2.3.10 O T eivar avtocuiuyric av kat uovo av (Tx,x) € R yia kdbe x € H.

Agtodeign. Amodeién. T kdbe x,y € H éyovue

KTx,y) = (Tx+y),x+y)—(T(x—y),x—y)
+ KT(x+1iy),x+iy)—iT(x —iy),x—iy)

(eNéyEte v TapATdve oyéon: elvar yevikevon tng ToMkng tavtdtntag, IIpdtacn
1.1.7) kaw sTaipduora

Kx,Ty) = x+y,Tx+y)—(x=y,Tx-y)
+ Kx 41y, T(x +iy)y — i{x — iy, T(x — iy)).

A1d 10 611
(Tz,2) ={Tz,2) = {2, TZ), yw kdOe z € H,

€TETAL TO nNTOVUEVO. O

Iedétacn 2.3.11 Av o T eivar avtocuguyric 1ote (i) ddec ot iSotiués tov T eivar
moayuatikés kar (il) iStoSiavicuata JTov avTIGTOLOUV GE OLAPOQRETIKES LOLOTIUES
eivar opBoywvia ueta&y Toug.

Amobeién. 'Ectow A Wotwn, Tx = Ax. AT tnv Trponyovuevn TpoTacn €(ovue

_ATx,x)
[Ix]1?

Emiong, av Ty = uy, té1¢
(Tx,y) = Ax,y)

QANG eTTiong
(Tx,y) =<x, Ty) = u{x,y)

kot dpa A # u guvemdyetan (x,y) = 0. |
2.4 To @docua

Oowouds 2.4.1 Eotw T € B(H) To emmdvtikd cuvoro p(T) tov T opitetar ws 10
guvolo 0Awv twv z € C yia ta ortoia 0 zI — T (1 yia cuvrouia 7 — T) eivan 1-1 ko et

kar o avrictpogogs (z—T) ™! eivar ppayuévog. To edoua o (T) eivar To gvodo C\ p(T).

Haeddeyua 2.4.2 Av o H éxer memepaouévn Sidotaon tote T0 @AGUO GUUTT{TITEL
ue To GUVOAO T®V LOLOTIUWY TOU TEAEGTN.

IIeétaon 2.4.3 Icyvel
o(T") ={zlz € o(T)}.

21



Amobeién. Acknon.

Anppa 2.4.4 Ectw T @eayuévogs ue ||[T|| < 1. Tote I — T eivar avtioTEEWIUos ue
peayuévo avtictpopo (Sniadn 1 ¢ o(T)) kat

(I-T)'= i T".
n=1

Amobeién. EAéyyovue 61U dviwg to Se&l uéhog eivan avtictpopog tov I — T. H
ertiunon tng vopuag ITQOKVITTEL QITO TNV TELYWVIKA OVIGOTNTAL. O

IMedétaon 2.4.5 Ta kdOe ppayuévo tedeoti T atov H 1) vel
o(T)c{zeC : [ <|TIl}

Kol

yia kabe |z| > ||T]|.

-T
Iz = T)7ll < =T

Amobeién. Apkel va deteovue oTL av |z| > ||T]| t61e z € p(T). AoBévtog TéTOoloU Z
gxovue ||z7'T|| < 1 kon dpa. o I —z7'T eivar avTioTEEWWOS Ko

-7y Z(z‘ln

IMoAAaTtAacidcovtag ue 271 cuustepaivovue 6Tl 0 z — T elvar avTIoTEEWWOGS Ue
(z - T)_l _ Z_I(I _ Z—IT)—I = ! Z(Z_IT)”

KoL €yovue eTiong

IA

Iz =1)7'|

(e8]
-1 -1
CRpNER
n=0

1
1= [z[7IT]
1
el = T

o™

‘oo 0 (z = T)™' vmdpyxel, eivar @EAYUEVOS KO €XOVUE TNV CNTOVUEVN EKTIUNGN yid, Tn
vopuoL Tov. O

[edétacn 2.4.6 (i) To pdoua evos @EAYUEVOU TEAEGTH €IVal GUUITAYES VITOGUVOAO
tov C. (ii) H ameikévion C\ o(T) 3z (z—T)' € B(H) eivau avalvtiki.
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Agtodeign. (i) ‘Exouvue ndn amodeiger 611 1o o(T) eivor @eoayuévo dea TIRETEL va
agrodeitovue Ot elvon kAewgtd. Oa deifovue 6Tl 0 p(T) = C\ o(T) elvon avoikTo.
"Ecto Aowmtdv zp € p(T). Oa Selgovue 6TL av to z elvor agreTd KOVTA GTO Zop TOTE
z € p(T). Mpdyuatt, yia kdbe z € C €yovue

z-T=@-T+@-2)=[I+@-20)z—-T) 20 - T) .

TUveTOdG ya va gfvan 0 z — T avTieteéywog apkel va etvar o I + (z — z0)(zo — T) ™
AVTIGTEEWYWOG, Kot doa, attd to Anuuo 2.4.4 agkel vo €xovue |z — zo| < |I(zo — T) 7Y™
Aeleape Aowgtév 6t to p(T) elvon avolkTo.

EmatAdov, yia |z — zol < [I(zo — T)7YI™' yoncwomoidvtag kot 7TdM to Anpuo 2.4.4,
Exovue

G-T)" = G-+ GE-z20)z-T)""

(0=T)" Y (=200~ T)™".
n=0

To yeyovég 6T to (z — T)™! tedecTig yodpeTan (ToTikd) wg Suvauocelpd cnuaiver (€€
opwepov) 6t 1o (z — T)7! elvar avalvtiki cuvdptnon tov z € C\ o (T). O

edtaon 2.4.7 To o(T) eivar un-kevo yia kdbe ppayuévo tedectn T.
Amobeién. "Eyouvue dev 6t av |z > ||T|| tote z € o(T) vou
lz-D7 € ———.
|z | =Tl
‘oa v z Tétowa wate |z > 2||T|| €xovue

-7 < —.
Iz=T)"1l < 7

Ag vroBécovue 6L o(T) = 0. Téte o eTmAVTAS (z— T) ! opiZeTan ko elvor @EAYUEVOS
yia kdfe z € C. "Ectw tuydvta x,y € H kot éotw f : C — C n cuvdpinon

f@ ={z=T)"xy).

To 6t 0 (z—T)7! efvaw avalvTikA GuvdeTnen cuvettdyetar 6TL n f(z) elval avaAVTIKNA
guvdptnon e 6Ao to C, elvar dnAadn axépara cuvdptnon. Eilvar geoayuévn cto
GUvolo {7 : |z| > 2||IT|l} apov n ||(z— T)7!|| elvar @eayuévn kel , ko elvar @eayuévn
oo {z: |z] < 2||IT||} wg cuveyng cuvdetnon e cuurtayés. ‘ea n f elvor otabepn amd
10 Oe®pnua tov Liouville. ‘Ouwg f(z) = 0 kaBDGS | z |[— oo, dpa n f elvor TOVTOTIKA
undév, dnAadn

(z=T)"'xyy=0.

Aot ta x kot y Atav tuxaia, (z— 7)™ = 0 yia kdBe z € C, droTro. O

Ta TORATTAV® GUUITUKVEOVOVTAL GTO aKkOAOVOO
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Ocwonua 2.4.8 To pdoua evis ppayusvov tedeati T gival un-Kevo GUUITAYES VITO-
gvvoldo tov C kat mwepiéyetar 6To kAeloto 6ioko {z | | z |< ||T||}. Emiong n asweikdvion
2 (z = T)! eivar avadvtiki cuvdptnon oto C\ o(T) ue tiués oto B(H).

Magdadetyua 2.4.9 Xtov xweo L%(a, b), 6mov —co < a < b < o0, opltovue Tov TeEAEGTR
T wg
T f(x) = h(x)f(x), v kGBe f € L¥(a,b), x € (a, b),

6TT0U A(x) elvon @eayuévn, Wyddikn kol Guvexng guvdetnon ato (a, b). Tote

o(T) = Ran(h).

Mo va 1o dovue avtd, ac dewpricovue éva A ¢ Ran(h). To Ran(h) eivon cuustayég
VTTOGUVOAO TOV, da LTTdEYeEL 0 > 0 WaTe

[1—zl>6, vy kdGbe z € Ran(h).

Ewdwétepa | A — h(x) [> 6 yia kdOe x € (a,b), dpa opitetar n Guvdptnon (A4 — k)™ ko
Exouvue

(A — h(x)7Y| < %, yia kdBe x € (a, b).
‘Emetan 611 0 avt{iGTOLX0g TTOAAAITAAGLAGTIKOS TEAEGTAGS S,
Sf=@-h)'f, yio KGBe f € L?
efvan @eayuévogs. Eivor emiong dueco 6TL
SA-h)=1-hS =1

‘oo A ¢ o(T). Aeigope Aowtdv 6t o(T) C Ran(h).

AvticTtpoa, é6tw A € Ran(h). Ac vrtoBécouue 611 A # o(T), SnAadn 6t o A —T €xel
eeayuévo avticteopo S. ‘Eotw € > 0. A@oV n cuvdetnon h eivar guvexig, vItdeyet
UN-Kevo, @eayuévo, avowktd vitodidetnua U C (a, b) 1étolo date

| A—h(x)|<e, yia kdfe x € U.
"EGT® y n ¥0QoKTNELGTIKA Guvdetnon tov cuvodov U. Tdote

(A = h(x)S x(x) = x(x), yia k4Be x € (a, b)
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ko el8kdTepa x € U guvemtdyeton A — h(x) # 0 ko Sy (x) = (4 — h(x))™L. "poa
Q Y X Q

IS 71"
serzgeo WP
IS
Tl
718 x(0) P dx

I e P dx
U f | (= h(o))™ | dx
U

| U |™ f € 2dx
U

-2

NI

v

\%

= €

AvTo oyvel yio kdbe € > 0, dtomo agov o S elvar @EAyuévog. O

Acknon 2.4.1 ‘Ectw (a,) € [ ko A : 2 — 2 0 teAeGTAG AX = ¥, OTIOU y, = dpX,.
ITowd eivon n vépua ||A]l ; ITowo elvar to @doua o(A);

Oewonua 2.4.10 Av o T eivar avtocugvyric tote o(T) C R.

Amobeién. 'Ectw z = a+ib ¢ R. Ilpémer va Selgovue OTL 0 tedectng z — T elvon
OVTIGTEEWPILOS UE PRAYUEVO OVTIGTEOPO.
O z-T gtvan 1-1 agoV av (z — T)x = 0 yia kdmowo x # 0 téte o T Ya eixe wia
UN-TTQOyULATIKA W8L0TWA, dtomo Adyw Tovu (i) tng Ipdtaong 2.3.11. Oa astodeifovue
6t Ran(z — T) = H 8elyvovtag 61t 1o Ran(z — T) etvon (i) kAetoto kow (il) TTUKRVO.
(i) "Exovue

(T - a - ib)x| (T = a)x|* + b°||x]®

201 (12
b7||xdI.

v

‘oo av (z—T)x, — y, 161e n (x,) elvan axkorovBio Cauchy. Av x := lim x,, £érreTon 4T
y=(z—=T)x. 'oa to Ran(z — T) elvou kAelGTo.
(it) "Eotw y € Ran(z — T)*. T kdbe x € H €xovue td1e

0=Az=T)x,y) =<{x, =Ty

kot eTAEyovtas x = (Z—T)y cuustepatvovue 6Tl (Z—T)y = 0. ‘pa y = 0 agov to Z dev
urtopel va etvon W&otwwn tov 7. Awmodeléaue Aotmtov 6Tt To Ran(z — T') elvon TTUKVO.
A1t6 ta (1) ko (ii) éretan 6L Ran(z — T) = ‘H.

TéAog, n avicétnta ||(z — T)x|| > |b|||x|| cuvemtdyetan 6t o (z — T)™! etvon poayuévog,
ko uwdmata |[(z — T)7Y| < 1/|b]. O

Oowouos 2.4.11 Ectw H rkar F Svo xwpot Hilbert. Avo tedectés T € B(H) kaw S €
B(F) Aéyovtar wovadiaia tcodvvapol av vitdgyel uovadiaios tedeatiic U : H — F
TETOLOGC WOTE

T=U"SU.
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Iedétaon 2.4.12 Ectw o1t ot ypauuikol tedeatés T € B(H) kar S € B(F) eivar
uovadiaio igodvvauotr. Tote

i) oT eivaw 1-1 avv o S eivar 1-1

(i) o T eivar emti avv o S eivai e

(1il) ot T* kau S™ eivan yovadiaia 1GoSvvauol
(GORVAIER N

(iv) o(T) =0o(S)

(v) ot p(T) kar p(S) eivar yovadiaia icodvvauol yio kabe ToAlvdvouo p.

Amobeién. ‘ornon. O

3 Docpotikn YemEio yio cGuuitayelc avTocuIVYelS Te-
Aectécg

3.1 ZXvuttayeic teAecTég

"Ectw H,F yoeor Hilbert.

Oowouos 3.1.1 ‘Evag tedeatiic T : H — F Adyetal cuugtayric av yia kdbe poayuévn
arxolovOia (x,) C H, n akodovbia (T x,) Exel uia cuykdivovaa vitaxolovbia (atov F).

IMedtaocn 3.1.2 To gvvodo C(H,F) 6Awv Twv cuustaydv teAectdv asé tov H ctov
F eivar ypoauuikos viroyweos tov B(H, F).

Hapeddeyua 3.1.3 1. Kdbe tedeotinig memepacuévng tdeng (tdgn evog tedegtin T
ovoudceton n Sidotacn tng eikdévag Ran(7)) elvon cupgtayng.

2. Mia opBoywvia TtpofoAn P elvor GuuItayng av kot Wévo av n ewkova tng €xel
TeTeQaouévn StdoTacn.

3. ueon cuvémewa tov IMapadelyuatoc 2. elval OTL 0 TOUTOTIKOS TEAEGTAS GE €vav
agtelpodidatato xweo Hilbert dev efvor cuumtayng teAecTng.

To 1. elvar dueon cuvémelo Tou OTL KABE KAELGTO KoL PEAYUEVO GUVOAO GE €vav
VOQWIKO YMQEO TIETTEQAGUEVNG SLAGTACNS £(VOL GUUITAYEG.

H ula katevBuven tov 2. €meton aIrd to rponyovuevo mapddetyua. Ia to avticteeo,
vTtoféTovue 6TL To Ran(P) €xer daepn dwdctacn. ‘Ectw {e,}, ulo opboravoviki
Bdon touv Ran(P). Ag vmobécovue 61t o P elvan cuumayng. Téte n axkolovbia
(en) = (Pe,) mepéyel wla guykAivousa vitakoAovdia. ‘Oumc yia n # m 1GyveL

2 2 2
llew = emll” = lleall” + llenll” = 2,

dea n (e,) dev popel va TepLéxetl ula vtokolovbio Cauchy, dtoto.
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Oedonua 3.1.4 O C(H) eivar 16ewddes Tov B(H), Sndadn av o T eivar Guustayns kKat
o0 S @eayuévog, tote ot tedeatéc TS kar ST eivar kat ot Vo GuuITAyE(S.

Amobeign. ‘Eoto (x,) ulo @eayuévn akoAovdio gtov H. Téte kaw n (Sx,) elvon
eeayuévn, kow dpa n (T'S x,) €xel cuykAivovcsa vitakoAovdia. ‘ea o tedeatng TS elvon
cvuttayng. Emiong, n (Tx,) €xer wlo cuykAivovca vitakoAovdio (T x, ), kow agov o
S elvar @eayuévog €metan 0Tl n (S 7Tx, ) cuykAivel. pa kar o ST elvaw cuumayng. O

Oeonua 3.1.5 O C(H) H eivar kAeioTés vIToyweos Tov B(H).

Agtodeién. 'Eotw (T,) akolovbio GuUTTAY®V TEAEGTOV N 0Ttolol GUYKALVEL GE KAITTOLOV
tedeotn T € B(H). Oa amodeitovue 61t o T elvar cuugtoying. ‘Ecto Aowtdv (x,) uio
poayuévn akolovBia. Xwelc TTeploQlaud TNG yevikoTNTAS Witopoue va vitofécouvue
ot ||x,]l £ 1. Oa agtodeigovue 6t n axkorovdia (Tx,) €xer ula cGuykAlvouvca vITO-
roAovBia. Aot o T; elvar cuugtayng, vTtdeyel vitakolovdia (xi,) Tng (x,), Té€Tola
oote n (Tixy,) va cuykAMvel. AoV o Ty elval GuuTtayng, vitdeyel akolovdia (xs,),
vrtakolovBio g (xy,) tétola dcte n (Tyx,,,) va elvow cuyrAivovoa.
Yuveylcovtag emaywykd, yia kdbe i = 1,2, ... opltetan ula akoAovdia (x;,), Kot LGyVEeL
ot (1) n (x;,), elvan vITAKoAOLVOlAL TG (Xi—1,), KO (1) yio KAOe i = 1,2,... n akoAovbia
(Tix;n)n GUYRALVEL.
Oplcouvue

Yn = Xun-
ITpopavas n (y,) etvar vtakolovdia tng (x,). Emiong, yia kdbe i n akolovbia (y,)
elval TEMKA (GUYKEKQWEVA aTTd TOV § 60 Kow uetd) vitakoAovBia tng (x;,),. [Eva

Sudypauua da cag ponbricer va Eekabapicete yiatl woxver avtd.] Xvvemtag n (T:y,),
efvar cuykAivovoa yia kdbe i € N.

Oa agtodeigovue oL n (Ty,) cuyrMver delyvovtac ot elvaw Cauchy. "EGto Aolmtov
€ > 0. Yrdpyer t61e i € N odate

€
IT: - Tl < 3
A@ov n (Ty,); elvar GuykAivouGa, VITAEXEL Ny WGTE
€
n,m>ny = ”len - lem” < §
Apa ywa n,m > ny €xovue

Ty, = Tyull < WTyn = Tiyall + ITiyn = Tiyull + ITiym — Tymll
< Slll+ =+ <l
= gl Ty T gl
< e
Apa n (Ty,) etvaw Cauchy, to omolo ATav To gnTovuevo. O

IMedétaon 3.1.6 Egtw ot o T € B(H) eivar guustayric TeleGTiic GTov aelpodidata-
0 Yo Hilbert H. Tote (i) kdbe un-undevikni i6wotun tov T €xel wemepacuévn
soAdagtAotnta kat (ii) 0 € o(T).

Amodelén. Acknon.
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3.2 Teleotéc Hilbert-Schmidt

"Ectw T € B(H,F) peayuévog kar {e,} uio opbokavovikn pdon tov H. H mwocdtnta
>, ITe,l? (n omoia uropel va elvan ton ue +o00) efvor aveEdETNTN TNG GUYKEKQWEVNG
Bdaong {e,}. Tw va to Sovue avtd, ag Jewprncovue uio Tuxoio opbokavovikin Bach

{f,} Touv F. Téte
DlTel =" > [(Tey, fi) I
n n k

= e T"fiy = Y IT"fill.
n,k k

00 Y, lITel* = 3, IITel > yio kdBe 8vo opboravovikés Bdoes {e,},{e/} tov H. H
TT0GATNTO

ITlls = O 1Tl

ovoudceton Hilbert-Schmidt vopua tov T kou ov TedeaTég yia Toug ogtoioug ||T||gs <
+00 ovoudcovtar telectég Hilbert-Schmidt.

Acknon 3.2.1 (i) Awwodeigte 6Tl TOo GUVOAO Twv Tedeatwv Hilbert-Schmidt etvar yoou-
WKOGS VITOYDEOS Tov B(H, F) kat 6t n || - ||gs elvan TTEAYUATL VOEUO GTOV X®EO OUTO.
(i) Aelete 6T ||T|| < |IT|lgs Yo kGOe Hilbert-Schmidt teAeatn T.

Ieétaocn 3.2.1 Avo T € B(‘H,F) eivar Hilbert-Schmidt T16te eivar cuusTayng.

Amobeién. 'Ectw 611 o T elvon Hilbert-Schmidt kai €otw {e,} ula opBoravoviki Bdon
tov H. T kdBe r =1,2,... opitovue

T.x= Z (x,e)Te,
n=1

Ipogpavwes kaBe T, €xel memepaouévn tdgn (< r) kol dpa elvar cvugtayng. o kdbe
x =€ H éyouvue té1e

ITx -T2 = 1| ). (xe)Tel
n=r+1
= 2
< (D] KxenlliTe,l)
n=r+1
< (D) 3 ired?)
n=r+1 n=r+1
< (D] ITe?)ixl?.
n=r+1
Apa
T =Tl < () ITe, ) — 0.
n=r+1
‘Ovtag To 6Qlo GuuTtaywVv TeAeGTwV 0 T elval Kol QUTOS GUUTTAYAG. O
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Meoétacn 3.2.2 (OAokAngwTtikoi tedectéc) ‘Eotw H = L*(0,1) kot
k:(0,1)x(0,1) —C

uia cuveync cuvaptnon ato (0,1) X (0,1) teToia wote

1 1
ff | k(x,y) |* dx dy < .
0 0

O tedeatiic T wov opigetal évag tedeatric T aIro tnv Gyéon

1
Kf(x) = f k(e ) ().
0

1/2
IKllus = {f | k(x,y) IZ} :
R

Agtodeién. T kdBe x € (0,1) ag oploovue ky(y) = k(x,y). "Ectw {e,} ula opbBokavoviki
Bdon tov L%(0,1). Téte

eivar Hilbert-Schmidt kot

1
Ke,(x) = fo k(x, y)en(Ndy = ks, €n).

00
1 1

||K6n||2=f | Key(x) dx=f | (ks @n) P dx
0 0

KOl GUVETTOG

o] [o%) 1
D kel = ) f | (k@) [ dx
n=1 n=1 Y0

] ©0
f ke [P dx
0 n=1

1
fIIkXIIde
0
1l
ff | k(x,y) |* dx dy < co. O
0o Jo

H cuvdptnon k(x,y) ovoudceTon Kol 0AOKANQPTIKOS TTUEHVAS Tou TeleaTti T.

Acoknon 3.2.2 Av K eivan €vag oAOKANQ®MTIKOS TEAEGTAG Ue TTLERVA k(X,Y), TOTE KA
0 K* glval 0AOKANQ®TIKOS TeEAEGTIGS Ko oL V0 TTLENVES GUVEEOVTAL Ue Th GXEan

k*(x, y) = k(y, x).
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3.3 Dacuatikd demEnua ylto GUUITOYEISC AVTOGUTVYEIS TEAEGTEG

Oowouds 3.3.1 Eotw M évag klelatos vitoywpos tov H. Aéue 6t o tedectric T
apnvel Tov M avaddoiwto av x € M cuverrdayetar Tx € M. Aéue oti o T avdyel Tov
M av agriver avalidoiwto kar tov M kar tov M.

AnAadn o T avdyer M av n 8pdon tov T otov M ko n §pdon tov gtov M* eival
OVEEARTNTEG UETAEY TOUG. AUTO ek@EACETOL KOl WS €ERC: KATAEXAV T66o 0 M 6Go
kar o M+ eivan xdeor Hilbert wg klewgtol vitoxdeor tov H. Av o T avdyer tov M
T6Te VTTdEYXOLVV Tedeatés A € B(M) vou D € B(M™*) waote

H=MaeM"
T(x®Yy) = Ax® Dy. 3. 2)
TFpdpovue ToTE
T=AeD

kow kadovue tov T evBv dbpoicua twv A rar D.

"Evag dAAOg TeOTTOG Voo Sovue To TTaQoattdve eivol o €EAG: av wag Sobel o KAELGTOS
VITOXWEOS M kow o0 TeAeaTng 7T, oplcovtal ol TeAeGTES

A:M—->M, B:M-—-M, C:M—-M-, D: M — M

WOoTE
T(x®y) = (Ax + By) ® (Cx + Dy), XEM, ye M*.

TFpdpovue ToTE

A B
T_(C D).
Efvar @avepd 6L o M avdyer tov M av kow uévo av B = 0 kaw C = 0, oTtdte
A O
(5 5)

dnAadn o T €yel Sraydvio LTTAOK WoQE@M.

Av pag 800el évag tedectng T ko witopécovue va Ppouvue €vov KAELGTO VITOXDEO
M gtov avdyetar amd tov T, 1éT1e 0plgovTal Ol TAQATTAV® TeAeaTéC A kaw D Kai n
ueAétn tov T avdyetow TTALQWS otnv peAétn twv A kow D. Avtd elvar onuoavtikd
6@elog, apov kABe évag amd toug A, D eivar ev yével astlovatepog amé tov 7.

Tevikotepa, Aéue 6T 0 H eivar To 0pBoydvio evBU ABEOLGUO TOV KAELGTOV VITOXMOEWV
{Mn}f:’=1 (N € NU{oo}) av ouv M,, eivan avd 8Vo opboydviol kot av kdbe x € H yodpetal
g
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H yoapn avtn elvan tdéte wovadikn ko wexvel x, = P,x, éitov P, n opfoywvia mtpofoin
Tdvw otov vtoxweo M,. Tpdeovue ToTE

N N
H = EB M,, X = EB X,
n=1 n=1

Av évag tedeating T avdyel kdbe M, 1dte oplcovton teAectés T, : M, —» M, dote

N
Tx = @ T,x,,
n=1
SnAadn

N N
T(@ xn) = @ T,x,.

n=1

Téte ypdpouue

T = é T,, 3. 3)
n=1

kot n peAétn tov T avdyetar gty UeAétn Twv aItAoVeTeQMV TEAeGTOV T .

Hapedderyua 3.3.2 Av P eivor n ogboy®via wpofoAit wdvem ctov M 161e n P avdyet
Tov M kol w¢ T1e0¢ Tnv avdilvon H = M & M+ éyovue P =1 0.

Acoknon 3.3.1 Acsigte 6TL av woxvel n avdivon (3. 3) ToTe

O Tl = sup|IT,ll,  (it) G(T)DUU(Tn)-

n

Anpua 3.3.3 Ectw T eivar avtocuviuyric. Av o T agnver avalloiwto Tov KAELGTO
vIToYwEo M 1oTe avdyel Tov M. EiSikotepa, o T avdyel 6Aoug Toug LBLOY®EOVS TOU.

Agtodeign. Oa Selsovue KATL Alyo yevikOTeQO: OTL av €vag TEAEGTAC S APNVEL AVOA-
AolwTO TOV KAELGTS VTTOYWEO M TéTe 0 S* agnvel avaAloiwto Tov M*.

"Ectw x € M*+. ©@éhovue vo delEovue 6tL S*x € M+, omdte dewpovue 'Eotw Topa
ye M. Téte Sy € M ko doa

(§*x,yy =<(x,Sy) =0.
Apa S*x € M*. O
Angua 3.3.4 Av o tedeatiic T € B(H) eivar avtocvivyng, TOTE

IT]| = sup KTx, x).
=1
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Agtodeién. "Ectw M to 8egl uéhog tng gntovuevng oyéong. o kdbe x € H €xovue
KT, ) < IT x| < T,
kot dpa M < ||T||. Todea, yio kdBe x,y € H éyouvue

(T(x+y),x+y)—(T(x=y),x—y)
2Tx,y) + 2(Ty, x)
4Re (T x, y),

Ko da

4[Re (T'x, y)|

IA

Milx +YIP + Mllx =yl
2M (11Xl + 11yl

"Emetan dtv av [|x]|, [[y]] £ 1 téte |Re (Tx,y)| < M kan doa ywa tuxévta x,y € H
IRe (Tx, )| < M|x|ll[yll-
EmAéyovtag y = Tx Ttaipvouue
IT x> < MIxIllIT x|

kot €16l gupgtepaivouue ot ||T]| < M. O

Angua 3.3.5 Av o T givair GuuItayns Kol QUTOGULUYNG TOTE €vag TOVAAXLGTOV AITO
Tous aplfuovg ||T|| kar —||T|| eivar i6totiun tov T.

Amobeién. Mmogovue va vrtofécovue 6Tt T # 0. Amd to Anupa 3.3.4 €mreton OTL
vTdeyel akolovdbia (x,) ue ||x,|| = 1 ko TéTol0 WGTE

KT X, xa)l — T

Ewwkdtepa n arolovdia ((Tx,, x,)) etvow peayuévn ato R ko dea €xet uia cuykAivou-
GO VITOKROAOLOIAL,

(Txp X)) — A
6Ttov 4| = ||IT|| kow dpa A = ||T|| h A = —||T|| (apoV (Tx,, x,) € R).
Oa amodeteovue 6Tl o A elvan Wotwn tov 7. Ta awwAdtnta uetovoudcovue v (x,,)
oe (x,). "Exouvue

2 2 2
WTx, — Ax, |l = [Tx,l° = 24T x,,, x,) + A
< 222 - 2UTx,, x,) — O.
AoV o T eivan cuprtayng, n (Tx,) €xer ula cuyrAMvovca vitakoAovbio, n otoia
urropovue va vmofécovue ot eivon n dwa n (Tx,), Tx, — y. ‘Emetan té1e OTL

Ax, — y kot dea
Tx, — A7'Ty.

Yvumepaivovue 6Tt Ty = Ay ko dpa To A givor Wotun apov y # 0. O
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Ocwonua 3.3.6 (Pacuatiké Ye@Enua yio Guuitayeic avToGUIVYEIC TEAEGTEC -
amAn StatvTtwon) Eotw T cuustayng Kol auTOGUSUYNG TEAEGTHG GTOV QITELPOOL-
dotato kat Stayweiowo xbeo Hilbert H. Ymdpyel uia opBokavovikn fdon tov H grov
agrotedeitar aIro tSrodiavvcuata tov T.

Ocwonua 3.3.7 (@acuatikd de@dEnua yio GUUITAYEIS AVTOGUIVYEIC TEAEGTEG -
oVvletn dratvmwon) Eotw T cuustayng Kal GUTOGUIUYHS TEAEGTIS GTOV QITELPOOL-
dotato kar Siayweiowwo xbeo Hilbert H. Tote vmdpyet uia opBokavovikn Bdon {e,}
Tov H mov agtotedeitar ago ibiodiavicuata tov T. EmigtAéov:

Eogtw {e,} = {¢.} U {Y,} omrov {¢,} ot i6loTiuéc wov avticToryovv GTic un-unSevikeés
wrotiués kar {,} C Ker(T). 'Ectw A, n iStotiun yia 7o 16todidvocua ¢,:

T¢, =0, , A, # 0.

(@pa ta A,, n € N, dev eivar asapaitnta Sidpopa avd 6vo). Ioyvovy 10Te TA €ENG:

1) Kabe i6iotiun A, Exel mwemepacuévn soldastdotnta (ion ue #k : A, = A4})
(il)  Av 7o gvvoldo {4,} eivar agrelpo TOTE Exel uovo anueio Guacweveng o 0.
EmgtAéov ot 1610Tiués A, uaropovv va diatayfovv wete
|l > A2 = |3 > ...
kot toyvel 4, — 0.
(iliy  Ioyver

T=> dn®¢,

(67T0V N CGELPd, av Exel ATTELPOVS GOV, cuyklivel atov B(H))
@iv)  o(T) ={4,} v {0}

Hagatngenon. 'Ecto T évag @eayuévog teleating atov H ko €6tw {e,} ula opboka-
vovikn Bdon touv H. Ovoudtovue mivaka tov T g TEOS Ty Bdon {e,} Tov (dIrelpo)
wivaka {a;j}i jen TTOL oplgETAL WG
aij = <T€j,€i>-
EvkoAa BAETEL kavels OTL av Tx =y 1OTE
>, e) = Z aij<x’ €j>,

J
gyéon Tov delyvel OTL n €vvola avTthi elvol yevikevuon tTng GuvinBoug €vvola Tou TTIvaKo
WG TEOGS PBdon JTov E€povue artd tnv Tpouwkn AyeRoa.

To pacuatikd dedenua pag Aéer 6L vITdEyxel wla opboravovikn Bdon m {@,}U{y,}) wg
TEOG Thv oTtola o Jrivakag tov T elvan o diaywviog Ttivakag ue atoryela (A, Ao, . .. |
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0,0,...). (To wARBOG TV undevikdv woovtaw ue tn Sidotacn tov Ker(T) kou witopet
va efvarl kKATTol0¢ UGIKOS > 0 1 dTtelo.)

Amobeién. To (i) €xer nén agtoderyBel otnv Ilpdtacn 3.1.6.

Av T = 0 té1e TTRpOEOVWOGS LGYVEL TO gntovuevo. YTrtoBétovue AowTtov ot T # 0. Oa
XONGUOTTONGOUUE £TTOYOYIKN LEB0SO.

‘BEoto Hy =H, Ty =T. Amwé to Anpua 3.3.5 émmetar 1L viwdoyel wWwotwn Ay = +||T|
Tou T1. "Ectw ¢ éva avticToyo Wodidvucua ue ||¢q]] = 1. O T avdyel tov Hy := {d}+
KOl 4QOL O TEAEGTIG

Ty =Ty |p,

ugtopel va dewenbel wg teAectng atov Hs. 'Et1ol, og T100¢ TNV avdivcn
H={p)®H,

(€80 (¢1) = span{¢}) €xovue

T=4L&T,.
Efvaw dueco 611 o Ty, wg mepropiouds touv 7', elvol Kl 0UTOG GUUTTAYAS KOL LUTOGU-
coyng. Av Ty # 0 tote 0 To €xer wia wotun Ay = +||7Ts||. 'Ecto ¢2 €va avtictoiyyo
wodidvucua pe ||gqf| = 1. "Exovue

Aol = T2/l = [ T1 lg, | < T3l = [A4l.
Oétouue T Hs = lin{dy, do}* kaw T5 = T |gy,. AQa, ®G TEOS TNV avdivon
H = (¢1) ®{$2) ® H3
youue
T=4®A&Ts.
Yuveylcovue eMAYWYKA Ue AUTSV TOv TEOTO. XTO n-00TO Prua €xovue éva oQBoka-

VOVIKG GUVOAO {¢y, ..., d,} Tov arroteAdeitow atd W&odavicuata tov 7 kol yio TS
avtioTolyes W8oTWES {Ay, ..., 4,} woxvel

|l 2 22| 2 [A5] > ... = |4l

Ooptgovue to1e H,ip = linfghy, ..., @, )" koL TOV TeEAeGTA Tppq GTOV Hyiy @G Ty = T gy,
"Exouue tdte

7'{ = <¢1> ® <¢2> S <¢n> 2] 7‘{n+1

(avdAvon Ge evBy dBpolcua avd Vo KABETOV VITOXWE®V) KAl WS TTEOS Thv avdAucn
ovtin o T ypdpeton
T:/ll@ﬂz@...@/ln@’rn”.

Awakpivouue T §V0 TEQLITTOGELS, avdAoya Ue To av n Stadikacio avTh tepuatice-
Tl N oyl

Iegizttwon 1. H dwadikacio tepuatitetal, vitdoyelt SnAadn kdstoo m € N tétolo
WGTE

Ty =Tl =0.

m+1
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Téte H,iy = Ker(T). "Exovue Aowtdv tdte Thv avdivon
H = (1) ®(P2) ® ... D {(Pn) ® Ker(T) @. 4)

G JTEOC TNV oJroia
T=L0L®...6©1,80.

"Ecto {y,} wia ogBokavovikii Bdon tov Ker(T). Téte to giivoro

{¢1, ¢2’ KRR ¢m} U {wn}

efvon ulo opBoravovikn Bdon tov H n ogroia asroteAeitar agd Wodiaviouata Tou
T.

Q¢ rpog tnv avdivon (3. 4) to Tuxdv x € H ypdpetanr g
X = (6, 1)1 + (%, §2)hs & .. (X, $)hn ® (x = D (X, Bi)he).
k=1

TuvemdS To Stdvuoua x — X (X, dr)dr avrikel atov upnva Ker(T) ko doa

Tx=T( D" (6 g0dx) = A, didpr + Ao(x, $o)ho + .. + A, )
k=1

dnAadn woyvel n (iil) (to dBpolcua elvar TTETEQAGUEVO GTNY TTEQLTTTWON QUVTA).

Evkola BAémtovue 6t o(T) = {Ay,...,4) U {0} kax 6T yio kGOe z ¢ o(T) o (z — T)™*
ERQEATETOL WG TTEOS Thv avdivon (3. 4) og

C-T)'=@G@-W)'®...z-A) @z

Iepimttwon 2. H Swadwkacio cuveyltetan et datelpov. Oa amodeléovue meodTa 4Tl
axkolovbia (4,) cuykAiver gto 0. ITpdyuatt, ag vitoBécouue 6Tl Sev GuykAivel gto 0.
Téte vtdoyer € > 0 T€too WaTe |A,| > € ylo kABe n. Autd cuveTtdyeTal OTL yio KAOe
n,m ue n # m 1GyVel

||T¢n - T(bm”2 = ”/ln(pn - /lm¢m||2
= | P+,
> 26

Apa n akoAovBia (T¢,) dev umopel va €xel GuykAivouga vitakolovBia, To oitolo
elvar dtoTo aov o T elvol GuuTtayng. Xuvem®g delyOnke n (ii).

O¢Aovue va detgovue v (iii). "Eotw Aowatdv T, = Y ; Adr ® ¢y, n akolovbia uepikdv
abpooudtov tng cepde. ‘Eotm x € H. Ofétovue

X, = Z (x, p)dr Yn = X — Xp.
k=1
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Apa to x, elvar n opBoywvia TEOPOAR TOV X GTOV {P1, Po, ..., P,) KO GUVETTOS TO Yy,
n opboy®via TEOPROAR ToU GTOV H,pyy.

Ioxvel T,x = Tx, kow dpa

ITx—=T,xll = IIT(x— x,)ll
= [[Tyall
= | Twuyall
< Ml lyall
< Al Il

KOl GUVETTOC
”T - Tn” < |/ln+1| - O,

KoBwG n — oo. Apa SelyOnke n (iil).

"Eoto {y,} wia opBokavovikii fdon touv Ker(T) (auth umoeel va €xel meTmtepacuévo
n dselpo TAMnBog gtoxeiwv). Tdte to GuUvoro {¢,} U {¥,} elvan opBokavovikd. Oa
Selgovue OTL elvon Kow JTANQEG.

"Ectw x € H. Adym tng (iil) to Sidvuoua
y=x- Z X, )b
avriker gtov Ker(T), dpa

Y= D 0 = ) (X

YUVETTNDG

X = Z <X, ¢n>¢n + Z <X, wn>¢/n
AT6 10 Oewwpnua 1.3.9 €metar 4Tl To opbokavovikd givoro {@,} U {¢,} elvon mAnpeg.
H (iv) agrodeikvieton eVkoAd, OTTOS GTny Jtepimtoon (i). O
3.4 E@apuoyn: to mweopfAnua Sturm-Liouville
Opwou6g. Mia cuvdptnon u : [a,b] — C eivon amdivta cuveyiic av yio kdbe € > 0

vmdeyxel 0 > 0 dote ya kABe n € N kaw yo kdbe n Swotigota [xx, ] C [a,b],
k=1,...,n, va woxvel 6Tl

av Y k—x) <8 e ) 100 - el <e.
k=1 k=1

Efvaw dueon cuvémeia tov opuouov 6t kdbe Lipschitz cuvdetnon eivor astéAvta
GUVEXNG KoL OTL KABE ATTOAVTO GUVEXNGS GUVAQRTNGN €{VOL OLOLOULOQEEMO GUVEXNG.

Eivar yvootit asté tnv Ipayuatikin AvdAdvon n akéiovdn
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IIeétaon 3.4.1 Av n u eivar asroAvta cuveync oo [a, b] téte givar gxedov TavTov
sagaywyliciun, n wapdywyos u' aviker ato LY (a, b) kat

u(x) = u(a) + f u' (dr x €la,b].
Avtictpopa av v € LY(a, b) téte n cuvdptnon

X
u(x) = f vodt,  x € la,b]
a
elval asToAVTO GUVEXIG KAl LIGXVEL U = Vv GYeGOV TTAVTOU.

0proudg Ovoudicovue tedeatri Sturm-Liouville gtov xweo Hilbert L*(0, 1) éva tedecth
L tng woeong

d du
Lu(x) = _Ec(pﬂ) + qu,

uocl ue GUVOQELAKES GUVONKES
au(0)+a’'u’'(0) =0, Bu(l) + B'u'(1) =0, 3. 5)
dTTou:

(1) p row g cuvexels TEAYUATIKES GuvAQTNGeELS Kat p(x) > 0 ato [0,1].
(il) n p’ vtdpxer kow elvar Guvexng ato [0,1].
(iit) a,a’,B,B, elvan Teayuatikol apuol ko a® + a’ # 0, B% + % # 0.

To medio opiouoy Tov L Sev eivaw 6Aog o xweog L(0,1), to oTrolo eivou avauevéuevo
apov To Lu 8ev opigeton yia ké0e u € L*(0,1). Opigovue to Tmedio opiouév D(L) Tou
L ®¢ to gUvolo SAwv twv u € L%(0,1) Ttov elvan téToles doTe:

(i) nu vmdyer kar elvon agtéAvTa cuvexig ato [0, 1]
(i) n «’ avikel gtov L*(0,1)

(ili) n u wkavomolel TIG GUVOELAKES GuvOnkes (3. ).

Apa yiow u € D(L) n cuvdptnon Lu eivow kKoAd oplouévn kar oviker 6tov L(0,1).
IMo TTEOKTIKOVS Adyoug Kdvouue €TITAEOV Ty (TEXVIKA) vITOeon dTL To 0 dev elvon
drotun tov L, dnAadn

ueDL), Lu=0=u=0.

O teleotiig L Sev elvan @eayuévog, kol dpa n dempla mTov uéyl twea €xouvue det
dev umopel va epapuoatel yio Tov L. ‘Otog da dovue duwg, uirogovue va pudbovue
ToAG yiar Tov L uedetovtog tov L o omoiog efvon ppoyuévog.

Oswonua 3.4.2 O tedectrig L eivan 1-1 kau e, kar o avrictpopogs L™ eivar cuura-
YHG KOl QUTOGUEVYHG.

37



Amobeién. Améd tny Yewplao Twv GUVABWVY SLOPOQIK®OV ESLIGMGEMV YvwEitovue 4Tl -
TAQEYOVV GUVAQRTAGELS Uy, uy € C%(0,1) oL oToieg elvar AMGeLs Tng SlopoIkiis eElcoeng

d du,-
-——((p—)+qu; =0, i=12
7 t(p o) tau l
ue avTiGTOLXES GUVOELAKES GUVONKNG
au(0) + @'uy(0) = 0

Buz(D) + B'uy(1) = 0
KoL oL Acels efvon un tetouinéves, Snaadn ui(0)? + uj(0)* # 0, uzx(1)? + uy(1)* # 0.
Opltovue tnv opitovca
u (1) uy(t)

WO= ey )

"Evag agtAdg vitoAoylouog pog divet
(=pW) =0, ywo kdbe € (0,1),

kot dpa —p(x)W(x) = ¢ yo kdbe x, éITov ¢ elvan ula gtabepd. Oa det€ovue 6Tl ¢ # 0.
Ac vrobégouue avtibeta 6Tl ¢ = 0. AoV p(x) # 0, éxovue W(x) = 0 yio kdBe x ko
ewkOTEQA

u1(0)u5(0) — uz(0)u;(0) = 0.

Ouwg u1(0) # 0 11 uy(0) # 0. Ag vrwobécovue 6Tt u1(0) # 0, n TepiTmTwon u;(0) # 0
ovTieTOITICETOL Ue avdloyo tedTo. ‘Exouue

u;(0)
u1(0)

(aus(0) + @'uy(0))
= 0.

auy(0) + @'uy(0)

auy(0) + o’ ( uz(O))

u3(0)
u1(0)

7

Ao n uy elvon 800 QoEES TTaRAYOYicUN Kow N uy £lvol Guvexng, émtetan OTL uy € D(L)
row Luy = 0, To ogtoio €pyeton oe avtipacn ye tny vitobeon dtL to 0 Sev elvan W&ot
Tou L. ‘pa Ftedyuatt ¢ # 0.

Opltovue T®OEO TOV OAOKANQ®MTIKG TTLEAVOL

cluy(Xuy(t), av x <t
cluy(Huy(x), ov t < x.

k(x,t) = {

Aot ot uy, us etvon cuveyeic gto [0, 1], €xovue

1l
f f | k(x,1) | dx dt < 0.
0o Jo

k(x,t) = k(t, x).

Elvon emtiong mpopaveég ot
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Apa o tedeatng K Tt0oU 0QiteTol ATTO TOV OAOKANQWTIKG TTvEnva k(x, t),

1
Kf(x) = f kCx, 0 f(dr,
0

elvar tedeotng Hilbert-Schmidt kot avtocuiuyns. Oa agtodet€éovue 6L 0o L elvan
avuieteéywog kaw L1 = K. TTo cuykekpwéva, do Seifovue 6T

(i) Tw kdBe f € L*0,1) wyver Kf € D(L) xon LKf = f.

(i) Tw kd@Be g € D(L) woyver KLg = g.

(i) ‘Ecto f € L*(0,1) ko ag 9écovue g = Kf. Opifovue TIg GUVAQTAGELS

1 [ 1 (!
Vl(X) = Ef Ltl(t)f(l)df, Vz(X) = Ef Mg(t)f(l’)dt
0

X

KOl TTOQOTnEOVUE OTL
g = UV + Ugvy.
Apa n g elval Tapaywyloun Kot
g = U+ uvy + usvy + ugv]
= Uy + Ugvy.
[Mapatnpovue 6t n g’ elvan emiong mapaywylcun kot

24

1 1
g = —;uiuzf +u'vy + Elhbléf + iy 3. 6)

Apa g” € L*0,1) apod kdPe 6pog 6To Se&l uédog tng (3. 6) avikelr gtov LA(0,1).
EmumtAéov, apot vi(0) = 0,

ag(0) +'g'(0)

au;(0)v9(0) + a’uy(0)v2(0)
[au;(0) + a’u;(0)]v,(0)
=0

kow Jrapouota Bg(1) + 5'g'(1) = 0. Apa g =€ D(L). Télog

Lg —(pg') +4q8

—(puvz + puyvi)’ +qg

—(puy)'ve — (puy)'vi — p(uavy + uvy) + g8
= —quyvy — qugvy + pc (uyuy — wug) f + qg
~qg — pc”' Wf +4qg

f

ko Selybnke to (i).
(il) "Ectw g € D(L). Amo 1o (i) égovue LKLg = Lg xar dea

LIKLg —g]=0.

ATt tnv vtdBeon ot to 0 Sev efvon WoTwn tov L €meton otL KLg = g. O
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Oowudc 3.4.3 H cvvdptnon k(x,t) ovoudietar guvdptnon Green tov spofARUATOS
Sturm-Liouville.

Ocwonua 3.4.4 (pacuatikd dedgnua yia tov tedestin Sturm-Liouville) Yrdpyet
gva mAnpes opBoravoviké cvotnua {¢,} Tov L*(0,1) mwov asmoteldeitar ard 15tocuvag-
trigels Tov L. Ov avticToyyes 16L0TIUES {U,} Exovv OAeg TTeTTeQaGUEVIN TTOAAATTAOTNTO
KaL |p,| — oo,

Agtodeign. Apkel va edéygel kavelg 6t To A # 0 elvon 8ot tov K pe W8ocuvdetnon
¢ ov kar wévo av to A7 efvon Wotwn tou L ue wocuvdptnon ¢. To dedpnua téte
Emeton av epapudcouue GTov K To @AGUOTIKO dempnua yio Guuitayelc autocuiuyelg
TEAECTEG. O

Acknon 3.4.1 Na BeebBovv ov guvaptncels Green KAOWS Kl Ol IGLOTWES KoL 18LOGV-
VOQTAGELS YO TOV TEAEGTA

Lf=-f"

oo (0,1), ue GuvoELaKES GUVONKEG.

f(0) =0, 3f() + (1) = 0.
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4 Ozcoenuo Lax-Milgram kot yetafoAika teopAnuata

Oowouds 4.0.1 Ovoudiovue (3/2)-yoauuikni popen ce éva yweo Hilbert H wa aset-
kovion A : H x H — C yia tnv ogroia oyvet

() A(Ax +puy, 2) = AA(x, 2) + HA(Y, 2),
(i) A(x, Ay + pz) = AA(x, y) + pA(x, 2),
yia kdbe x,y € H kat A,u € C.
H (3/2)-ypauuixn uoppn A Agyetai:
o @oayuévn, av vitdpxel A > 0 wate |[A(u, v)| < Allul| ||| yia kdbe u,v € H
o cldartiki, av vitdpyel A > 0 dote Re A(v,v) > A|V||? yia kdfe v € H.
Ocwonua 4.0.2 Oewenua Lax-Milgram) ‘Ectw A(:, ) ula (3/2)-yeauuiki goayusvn

eMemttikni woppn otov ‘H. Ta kdbe ppayuévo cuvaptnaiaxo nn @ H — C virdoyel
uovadiko u € H wote

Av,u) = n(v), yia kdbe v € H. 4.7
EmgtAéov n arelkovion m— u €ival GUVEXIG.

Agtodeién. 'Eoto u € H. H ameikévion
v i A(v, u) 4. 8)
eltvon yoouwkn aité tov H oto C. Emiong
AW, W] < Allul| [IvIl,

dpa n (4. 8) eivon éva @EOyuwévo yeauuwks cuvaptnolakd atov H, ue vépua wkedtepn
n {on tou Aljul|. Amé 1o Ofdwonuo Avastapdotacng tov Riesz émmetar 6TL vITAE)EL
we H ®ate

A(v,u) ={(v,w), vy k4Be v € H.

Ioxver téte |[w|| < M||ul|, dpa oplteTon €vag @EAYUEVOS YRAUUWKOS TEAEGTAC S aTtd Tn
oxéon Su = w. Apa Aougtdv oxvel

Av,u) =, Su), u,veH.
Emiong, wdAl agtdé 1o Ofwenua Avamoapdotacng tov Riesz, videyer f € H date
) =, f),veH. Apa n (4. 7) yedpetar iGoduvaua
W, Suy =, f), yio kGBe v € H,

kot dpa To gntovuevo avdyetow oto va Peebel u dote Su = f. Apkel Aotmdv va Se-
{eovue 6T 0 S elvan avTiGTEEWYWOGS ue ayuévo avticTpoo. ITagatngolue KATAEYNAY
o

Allxll* < Re A(x, x) = Re (Sx, x) < |IS x| ||,
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Kol dea
1S x|| > Allx]] , xeH. 4.9
O S etvon 1-1. Auto elvon dueon cuvémela tng (4. 9).

H ewéva Ran(S) eltvan kAewotds vItdyweos. Avtd eivan emtiong cuvértelo tng (4. 9),
OKQPOS OTTwS GTnv amddeten tov Oswonuatog 2.4.10.

H eikdvo Ran(S) eivar wukvig vitéxweos. ‘Eatm x € Ran(S)*t. Téte

AIx|* < ReA(x, x) = Re(Sx,x) =0,

z
kol doa x = 0.

TuveTtdg 0 S elvan avticTeéyos. To 8Tt o avticTeopog S ! elvon @eayuévog émeton
azéd v (4. 9), kar udMota ||S 7Y < 1/A. O

Oeonua 4.0.3 Eotw A(:, -) uia ppayuévn eAdeisttiki (3/2)-yoauuikn uopen atov H
yla TRV oIrola 1GYVEL ETTLITAEOV

A(x,y) = A(y, x).
‘Ectw mt éva peayuévo ypauuiko cuvaptnolako otov H. H cuvdptnon
1
J(u) = EA(M’ u)—Ren(u), ueH,

Exel éva povadiko eAdyioto atov H 10 ogroio Aaufdvetar akpifos atn AVon u Tou
dewpnuatoc Lax-Milgram

Amobeign. ‘Eoto u n AMon touv Oswenuatogs 4.0.2 kaw v € H. "Exovue to1e

J(v) = J(u)

1
E(A(v, v) — A(u, u)) —Ren(v—u)
= %(A(v, v) — A(u, u)) —ReA(v—u,u).
"Ouwg
ReA(v —u,u) = %(A(v —u,u) +A(u,v —u)) = é(A(v, u) + A(u,v)) — A(u, u),
doa

J)=Ju) = %(A(v, V) +A(u,u) — A(v,u) — A(u,v)) = %A(V —u,v—u)> gllv —ull?,

KOL TO TNTOVUUEVO £ITETAL. O
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Mépog 11
E@aouoyég 6tic MeQikéG ALoOQIKES
E&icwoelg

5 Xweot Sobolev kat acOeveic Adcerg

‘Eotw Q €va avolktd xwelo (= avolkTd Kol GuVeKTIKG GUvolo) tov R". Adue 6Tl TO
gVivolo U Trepiéxetal guuttayos ato Q, kow ypdeouvue U CcC Q av

i) UcQ
(i) U ovumayés GUvolo

[Hedétaon ‘Ectw U C Q. Ioxver U cC Q av kar uévo av to U elvon @ayuévo kot
dist(U, Q) > 0.

Amodelén. Aoknon. O
Ia 1 < p < oo oplcovue
Li)c(Q) ={u:Q — C : uyetpnown kow u € LP(U), yio kdBe U cC Q}

Opltovue emiong
Co(Q)={u:Q—-C : ueC”(Q) ra supp(u) cC Q}
Hapatripnon. Eivar dueco 6T

O Ll (@ cL) (Q), iarkdbel1<p<g<eo

loc loc

(i) LQCLL©@, 1<psw
(i) L@ cC@

(To (i) €meton agtd Tnv avicdtnto Holder)

5.1 Xweot Sobolev

‘Eoto u € CY(Q). Ouuitovue 611 0AoKANEWGN KATd Tapdyovtes uag Stvel

f U (O = — f U (DB x
Q Q

yio kéBe cuvdptnon ¢ € C°(Q).
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OQwou6s 5.1.1 Adue dw n ovvdptnon u € L; (Q) eivar acbevds magaywyicwun av
VITAPYOVV GUVAQTHGEIS g1, ..., &8s € L} (Q) Této1ec dote

loc

f u(X)px,(x)dx = — f gi(x)p(x)dx
Q Q
yia kdBe 1 < i < n kat yio kdbe ¢ € C°(Q).

Angpa 5.1.2 Avnue L}OC(Q) eival TéTola 0ate fg updx = 0 yra kdle ¢ € C°(Q), T0T€
u=0 ogro Q.

Amobeién. MapalelmeTal. O

‘Emeton agtd to Anppa 5.1.2 6Tt av n u eivoanr acBevog apaywyiciun tdéte ou GuvaQ-
TAGELS g1, ..., &y €lval povadikég (uéxer ovvola uétpov undév). Tig ovoudcovue ToTE
aG0evelc UEQIKES TTORAYWYOUS TNG U KOl TS GUUBOALTOVUE UE Uy,

Hapatngnoceig. (1) Elvar dueco 6t av n u elvan ogaywylon ue tnv KAAGGIKA
évvola, TéTe elval kol acBevidg Trapaymyiowun kol or acBevels UeQkES TTOQAY®YOL
TOUTICOVTOL UE TIC KAAGLKES UEQLKES TTAQOAYWYOUG.

(2) "Emtetan dueca amd to Anpuo 5.1.2 4L n évvola tng acbevois sroayoyou elval
TOITIKNA, SNAASH av oL u KAl v elvol acBevodg TTapaynyices 6to kol u = v Ge €va
avowtd guvodo U C Q tdte u,, = v,, 6to U.

(3) Av n u glvon 06Bevads TORAY®YIGWN GTO £ KoL KAAGLKA TTaQay®YiGun GTo avolKTo
gVvvolo U C Q, 16Te n acbevig kol KAAGKA Ttadywyog cuumimtouv gto U.

Hapadeiyuata: (1) H cuvdptnon u(f) = 1+ |t| elvan acBevidg Topaywylown kot

o) -1 <0,
”(t)_{l, t>0.
(2) H cuvdptnon
0 x<0
f(x)_{l x>0

Sev elvan acBevwg Tapaywyicun.

Iedtacn 35.1.3 Av o f, g eivar acBevais mapaywyiciues tote kat ol f + g, cf (c € R)
eivar achevas Tapaywyiclues Kat

(f + g)x,- = fx,- + gx,- B (Cf)x,- = Cfx; .
Oq@woudg. Opitovue
W (Q) = {u € L”(Q) : u acbevie Toaywyiown ko u,, € LP(Q)}.

O W (Q) efvor yoouukos xweos Kot ovoudceton x®eog Sobolev. Euvkola eAéyyel
rovelc 4Tl n

1/
lluellwir) = (f(|u|p + |Vu|p)dx) ! ®. 10)
Q
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elvan vépua atov WH(Q). Eivar dueco 6T

Uy — u, otov LP(Q)),

ur — u 6Tov W(Q) av kar uévo av { s — otov LP(Q), i = 1 n
,Xi X9 ’ It A ]

(OTTOV Uy, = () x,)-
Oswonua 5.1.4 O W (Q) epodiacuévos ue tn vépua (5. 10) eivar ydpogs Banach.

AméSeién. ‘Eoto (up) ulo axkolovBio Cauchy ctov WHP(Q). Téte o arolovdieg

(ux) v (ugy,) (@ = 1,...,n) elvan akoAovBieg Cauchy ctov LP(Q). Ao vmdeyouv
GUVOQTNGELS U, &1,...,8&, € LP(Q)) dote

U = U, Upy —> 81s---» Ukx, = &n» OTOV LP(Q), RAOWGS k — +oo . ®. 1)
"Ecto topa ¢ € C°(Q). Ta k&Be k € N vaw i = 1,...,n €ovue

fukgbx,.dx = —fuk,x,.gbdx.
Q Q

[Maigvovtag to 6o k — +0o TEOKVITTEL

fu¢xidx = _fgi¢dx .
Q Q

A@ot n oxéon avti woyvel yia kdbe ¢ € C°(Q), n u elvon acBevodg TTapaynyicyn Kot
Uy, = gi. Q0 U € WP(Q). Téhog, n (5. 11) uacl ue Tig Gyéoelg Uy, = g GLVETTAyeTol OTL
ur — u atov WH(Q). ‘oa Aowrév o WHP(Q) eivan yodpog Banach. O

5.2 OuaAogtoinTég
"Ectw Q C R" (6 astapaitnta @eayuévo). I'ia € > 0 opltovue
Q. ={xeQ : dist(x,0Q) > €}, Qf ={xeR" : dist(x,Q) < €}.

Oftouue
) = Cexp(—ﬁ), x| <1,
7P o, ol > 1,

67T0U N Gtabepd C emAéyeTol £T0L MGTE f p(x)dx = 1. Aev eivar oA dUGKoAO vau
agtodey el 0T n p elvow C* kaw cuveTtwg avnkel to CI(R™).

INa € > 0 opitovue GTn GuUVEKELQ

pe(x) = €"p(x/e), xe€R"
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H owoyévelon cuvapticemv (0.) OVOUdCeTol OULOAOTIOINTAGC KoL €Xel TIC OKkOAovOES

Lo TNTES:
L pc€CRY
(i) supp(po) = B0, €)
(iii) f Pe(x)dx =1
Rn

"Ectow u € L

loc

(Q). T kABe € > 0 opltovue

ue(x) = fg Pe(x = y)u(y)dy = fl | pe(x =yuydy,  x€Q.
y—x|<e

. 12)

Ico8vvaua, ertekteivovtag tnv u Jétovtdg tnv {on ue undév gto R" \ Q, éxovue

Ue = (e * u)|Q€.

01OV f * g GUUPBOALTEL TN GUVEAMEN GUVARTAGE®Y. XUVETELA TIC AVIGOTNTOS Young Kol

ToU OTL ||pellr = 1 elvon 6L av u € LP(Q) tdte u. € LP(Le) von

lellry < lutllir) -

5. 13)

YvupoAicudg. Xtnv akdéAovdn TEATOGN YENGLULOTTOLOVUE TNV EEAS 0QOAOYIA KAl GUWL-
Boloud: kdbe a = (ay, ..., a,) 67ov a; € NU {0} ovopdcetor mtoAvdeiktng. O apbudg
lal = ay + ... + @, ovoudZeTal urikog Tov moAvdeiktn. TéAog, av |a] = k ko u € C*

té1e yedpovue Du = o5 ... 0% u.

IIeétaon ’Ectw u € L}UC(Q). Ioyvouv ta €€ng:

»  ue € C™(Q)

(ii) Av u € CKQ) 1612 D%, = (D), Yoo KGO TOAVSEIKTN @ ue |af < k

(iii) Av u € C(Q) t61€ U — U OULOLOUOQEPO GTO GUUTTOYR VITTOGUVOAQ TOU €

(iv) Av u € CHQ) t6te DU, — D%u ouoldUoEPa GTO, GUUTTOYA
VTTOGUVOAQ Tov Q yia kdBe woALSelkTn @ pe || < k

v) Av u € LP(Q) tote |[ue — ullprq,) — O.
Ewwkdtepa u, — u otov LP(U) ywo kdbe U cC Q.

Agrodeign. (i) Oa delgovue apykd ot

Oue () = f P (x — yutyydy, xe Q..

8Xk [y—x|<e 6-xk

"Bt x € Q. ko § apretd wked oate B(x,|d]) C Q.. Opltovue

A(S) = %(ue(x +6e) — () = 5 f Ipe

ly—x|<e axk

(x = ue)dy)
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row apkel va deteéovue 6L A(0) — 0 kabBwg 6 — 0.

"Exovue Aoutdv

ap.
Pe(x = ) uyydy .

1
A(9) = —f [pe()C+f5ek—y)—;oe(x—y)—é(9
ly—xl<e Xk

0

‘Ouwg, amd Tov TuTTo Tov Taylor €yovue yia kAbe y € B(x, €),

op. 1
aik (x—y)+ QézHeSSpe(é:y)ek e,

yia kdgtolo onueto & € [x —y,x —y + d¢;]. '‘Ectw M > 0 té€tolo waote |[Hessp || < M.
"Exouue tdte

pe(x+ e, —y) =px—y)+6

Ape Mé?
e + Ge = y) = pelx = ¥) = S (x — y)| < -
axk 2
Apa
1 M6s?
A(d) < ——f lu(y)ldy — 0,
6 2 [y—x|<e

koB®Og & — 0, Ko TO TNTOVUEVO ETTETOL.

[Topduolo agtodekvieTan n VITAREN TOQAYOYOV KAOE TALNG: 1oxveL Yevikd
i = [ Opoe- oy 6. 15)
[y—x|<e

yia kdBe woAvdeiktn @ € (N U {0})". ‘oo Aowmtdv u. € C(Q).
(il) OAorAPwoN KATd TTOEAYOVTES Lag Sivel
f (Dpe)(x — y) u(y)dy = f pe(x = y) (D w)(y)dy = (D u)e(x),
[y—xl<e ly—x|<e
OTOTE TO nrovuevo €meton ago tnv (3. 15).
(iii) "Ectw U cC Q. Oa detgovue 6TL 1 — u oporvpopea Gto U.

Apywkd dewpovue € > 0 dote U® cC Q. Téte yiao x € U raw € < g €yovue OTL
B(x,e) c U%. Tlpdyuati, av y € B(x,€), téte dist(y,U) < |y — x| < € < g rou dpo
ye U®.
‘Eoto twpa 7 > 0. H u elvon opowduoppa cuveyng ato U®, dpa vmdoxel € < €
TETOLO WGTE

av x,y € U® rau |x —y| < € 161¢ |u(x) — u(y)| < n.

"Eotw thpa x € U. Tote yua € < g €xovue, 0mng eidaue, B(x,e) C U kol doa

| f pelx = Y)(u(y) — u(0)dy
B(x,€)

lute(x) — u(x)|

IA

f Pe(x = y) lu(y) — u(x)ldy
B(x,e)

f pe(x —y)ndy
B(x,e)
= ]7_

IA
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Aot to € elvan avegdptnto to x € U, delybnke to gntovuevo.
(iv) ‘Emeton dueca agtd tig (it) kan (iii)

(v) 'Eotw u € LP(Q) kaw 6 > 0. Eivar yvwotd amd tnv Ipaypotiki Avddvon 6t
vmdipyel cuvdptnon v € C.(Q) té€tola OGTe

u—V\\LrQ .
" 3

‘Ectw K = supp(v)

Ia tn guvdetnon v demeovue TS avticTol(eS OLOAOTTOINUEVES GUVAQTAGELS V.. 'EGTw
n < dist(supp(v), 0Q). Téte K7 cC Q ko dpa, astd to (iii),

Ve =V opowduopea 6to K.
"Ectw € < n. Téte ou v, ve undevicovtar ektog Tov K7 kar dea
1
Ve = Vil = Ve = Vilrkny < lIve = Vilzsoxn)| K| P

Ko doa
)

lve — V”LP(QE) < g,
av To € lval aEKETA UKQO.

YUVETIOC Yo OEKETA UikEd € > 0, yonowomolovtag kot thy (3. 13) éyouvue

lue — ullr) < e = Vellr@y) + Ve = Vil + IV — ullr,)
< 2y = ullpr@) + Ive = Vil
< 0,

kot dpa agtodelyBnke To cntovuevo.

I'a To devtepo uépog Tou (v) apkel va TtaQatnericovue 6Tt yio aEKeTd Wwked € > 0
woyver U C Q.. O

Angua 5.2.1 Av n u givar agBevag sapaywyiciun tote

(ue)xk = (uxk)e , 0710 Q..

Amébeién. 'Ecto x € Q.. Otovue pi(y) = p(x —y). "Exovue téTE

(ue)xk (X) = j;pe,xk(x - )’)M()’)dy

- f Pe, OMu(y)dy
Q

fé@%@@
Q

jg;pe(x_y)uxk(y)dy
= (uxk)e(x)-
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O

Opweu6g O xhEoc Wé’p (Q2) oplteTton wg n kAewgTn Inkn touv C7(€2) wG TEOG Tn voQua

I llwr) -

Anupa 5.2.2 (i) Av u € WH(R") kat n u éxel cuuatayn gopéa toTe u € Wé’p RM.
(ii) ‘Eotw Q # R". Av u € W(Q) rkau dist(supp(u), Q) > 0 (e18ikdrepa av supp(u) CC
Q) éte u € Wé’” Q).

AgtéSeién. (i) ‘Eoto u € WH(R") ue Guustoyi @opéa. Oempovie TOUS OLOAOTIOINTES

Pe(x) ko opltovue
Ue = Pe * U.

"Exouvue téte u. € C(R"). Ioxver emiong (R") = R", kaw doa
e — ullzpmy — 0.
[Mapduora, xencuoolwvtas kot To Angua 5.2.1

1(e)x, — s lzr@ny = l(ttx)e — Uy llzpny — 0.

7, 7 ’ 1,
Aga Moutév ue — u arov WH(R™), kar cuvertdg u € W, (R™).

(il) ®a dwcovue Tnv amddeten VITG Ty eTMITALOV VITOBecn GTL To Q elvan EAyuévo.
(Xtnv mrepiTttwon 6IT0U TO  dev elvon payuévo TEETeL va TTpoaTebel €va emiyelpnuo
TTaeduolo pe avtd tov uéeovug (i).) Ymdoyxer 6 > 0 vdate supp(u) C Qs. Zvupolitovtag
d(x) = dist(x, 0Q) €xovue Aowrtdv 6t u(x) = 0 av d(x) < 6.

Oewpovue TOEA TIS OULAAOTTOINUEVES GUVOQTAGELS Ue.

Igyvpiouog. Av € < 6/4 vau n u, emektabel awd 1o Q. gto Q Yétovrag u, = 0 GTO
Q\ Q kan ue € C2(€2) téte supp(ue) C Q)0

Amobeién tov Ioyvpiouov. 'Ectw € < §/4 vou x € Q.. Tote

Ue(x) = f pe(x = yyu(y)dy .
[y—x|<e
Ag vrroBécouue eTITALOV OTL X & L5/, OTTOTE €YOUUE
0
e<dx) < —.
(<3
YUVETIOC, YENOWOTTOLOVTOS Kol To 0Tl n guvdptnon d(y) etvan Lipschitz ue ctabepd

Lipschitz ton pe éva, yio kdbe y € B(x, €) éxovue

0 30
d(y)Sd(x)+|y—x|<§+6<Z.

Apa ux) = 0. Aeteaue cuveTt®dg 6Tt supp(ue) C Qs)o.
Ewwdtepa ue = 0 6to GUVoAo {x : g < d(x) < €} kow GUVETIOG N U, FETOVTAS TNy {on

ue undév ato Q \ Q. etvan C*. Apa o oxveleuds astodelyOnke.
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Apkel va, Selfovue 6Tt u, — u gtov WH(Q). IsoduUvaua, apkel vo Selfovue T
u. —> u  otov LP(Q)

KOl
(Ue)y, = Uy,  OTOV LP(Q).

H mpotn ovykMon eivor dueon cuvémela tov Ioyveisuov kot tov (v) tng Ipdracng
5.2. H 8evtepn guykAon amodeikvieton agouola av Adfouvue vItowy kol To Arpuo
5.2.1. O

Iedétaocn 5.2.3 Ioyvel W(l)’p R") = WHP(RM).

Amobeién. Adyw touv Anuuoatog 5.2.2 apkel va delgovue 6Tl 0 XWEOS SAWV TV GU-
vapthcewv atov WEP(R™) ue guugtayn @opéa eivon Tukvég atov WHP(RM).

‘Ecto Aowmév u € WH(R"). Oswpolue Guvdtnen i € C>(R") t€towa waote

w(x)={é’ av x| <1

av |x| > 2.

Kol oplcovue
Yu(X) = Y(x/n),  up(x) = Yu(X)u(x).

Téte kAOe u, ovrikel 6To WHP(Q) kat £xel GUUTTOYN POEEN. TUVETIHS aKel va delEovue
Ot u, — u arov WH(R").

AT to Oewpnua Kugrapyovuevng XvykAiong tov Lebesgue €yovue

||z, — u”LP(R") =l(1- l/’n)””Lp(Rﬂ) -0

KoL
IVu, — V”HLP(R”) <|l1- l//n)VM”LP(Rn) + ||MVl//n||Lp(Rn)

O 1TpwT0S 6p0¢ GTOo B uEAOC Telvel 6To Undév kKABWGS n — oo. Ta Tov devtepo €xovue

1
eVl ®ny < Nl @)l [Vigllie @y = ;”u”LP(R”)”Vw“L“’(R") — 0.

YUVETIDC €XOVUE TO TNTOVUEVO.

BOcwonua 5.2.4 (avicétnta Poincaré) Eotw Q ppayugvo. Ymdpyel ¢ > 0 dote

1,
llullrr) < cllVullpr)y, ue WOP(Q)-

Agrodeign. Apkel va amwodel€ovue tnv avicotnta yio u € C°(). ‘Ectw 6Tt To Q
TeQLEyeTaL avdueso aTa vIteEeTtiTeda x, = 0 kau x, = @. Emextelvouue tnv u 6e 6Ao
0 R"” 9€10vTdg Tn {on pe undév ektég touv Q. Tpdpovue kdbe x € R wg x = (¥, x,,)
6mov X’ = (xq,...,X,_1) € R"L
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Mo x = (X', x,) € Q €xovue

lu(x)| = ' f ux,,(X’,t)dt'

f i, (1 D)

0

- o 1/p

ap(f |uxn(x’,t)|pdt) .
0

Yypwvovue gtnv p dUvoun Kol 0AOKAnNQOVouUue wg TTEOS X, 6To [0, ], TToQATNE®VTAS
6Tt 10 B’ uélog tng teAevtaiog avicdTntag eivor avegdptnto Tov x,. Ilaipvouue

Y Y
f (X', x,)|Pdx, a? f |y, (X, 2)|Pdt
0 0
o f VU, x)Pdx,
0

KOL TO ZNTOVUEVO ETTETOL OAOKANQMOVOVTOS wg Teog x' € R L O

IA

IA

IA

IA

[Hogatngnon. ‘Exteton agtd tnv avicdétnta Poincaré ot av to Q elvar @eayuévo tote
. . 1, . .
n u e ||Vl elvar vépua atov W, (Q) woodvvaun pe tnv Sobolev vépua.

9.3 ‘Iyxvn

Ozwonua 5.3.1 Ectw Q éva yweio ue C' cvvopo kar 1 < p < n. H agrewedvion wov
opiteTar wg o TEQLOPLoUSS GTo AQ kdbe cuvdgtnong u € CH(Q) emerteivetan oe évav
PEAYUEVO YOAUUIKO TEAEGTH

Tr : WH(Q) — LF(6Q).

Agrodeign. Oa atodeiovue To Yewonua otnv TepiTttoon oTov Q = R,

Briua 1. ‘Ectw wlo cuvdptnon u € CA(R”). Todgpovue x = (¥, x,) ue X’ € R*, x, > 0.
Ia kdBe x € R} €yovue toTE

9
(X, ) + f 9 e o
0 ox

n

(X, x,)I”

IM(X',0)|p+Pf (', DI 2u(x’, Duy, dt
0

KoL TTEQVOVTAS OQLO X, — +00,

+00
lu(x’, 0)” Spf Ju(x', O Vu(x', 1)ldr
0
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YUVETIOG

f lu(x’,0)Pdx’ < p f f |ul? ™| Vuldx
R R: JR!
Pl 1
< p 5 updx) " ( B Vuldx)’
< p| } juldx) + } Vupdx)]
< cllull, e,

Briua 2. Bswovue toea Tuxdv u € WHP(R"). Emextelvovue thv u Ge ulo guvdotnon
v 610 R" date va eivar doTion og TEog T wetaPAnti x,. Téte v € WHP(R") [avtd
Sev elvan TEOPAVES KA dev Yo To amodelEovue - onuelwvouue OUwg OTL av n v elvon
GUVEXNGS WS KOl TO GUVOQO TOTE KAl n eItéktacn eivar cuvexng]. Amod tnv Ilpdtacn
5.2.3 émetan Tl vTTdEYEL akoAovbia (v,) C C(R") wate

Ve = Vllwrgn — 0.
‘EcTto Toea u, o wepoeueuds g v, ato RY. Téte u, € C;"(@) KOl
|2, — M||W1-p(R';) — 0.

Yvvenwg o CP(RY) elvar TTuRVOS VITOXWEOG 'cov_VVl’p(R’j). Apa o teleaTng {yvoug
eTertelveTol Katd povadikd 1oTto amd tov C(R}) oe évav @eayuévo tedecti astd
tov WEP(R™) Gtov LP(ORY). O

Hapatiignon. To magastdve dedpnua wag Aéel TOS TOROTL Ol GUVAQTAGELS TTOV O
viikovv atov WHP(Q) elvan opiouéveg Gxeddv mavton, AauBdvouy, ue wia GuyKekEév
évvola, TWES GTo undevikot wETEov GUVoAo 0Q.

IMeétacn 5.3.2 Ectw u € W (Q). Ioxve

ue W'Q) < Tr(u)=0.

Agtodeién. H ouvemayoyn = tov (i) elvon dueon ard Toug oplouovg kol To Osmdonua
5.3.1.

I'a to avticTpogo Ja Jempricovue kor TAM Tnv Tepimttoon Q = R”.

Ag Jewenoovpe AowTtov wio u € WP (R") dote Tr(u) = 0. YIdeyxouv T6Te GUVOQTAGELS
u, € C{(R") oote

Uy — u atov W (R"?) , Tr (u,) — 0 Gtov LP(ORY).

"Eotw x, > 0. Ta kdbe m € N €xouvue
xﬂ
|t (X, X)| < ety (", 0 +f lttyn,, (X", D)ldlt
0
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Kol dea

IA

| (X', X1

C{|l/lm(x/, O)'P " (j;x" |um,Xn(x/’ t)ldt)l’}

xn
c{|um<x',0>|f’+xf;-1 f |um,x,1(x',t>|"dz}.
0

IA

OAokAnpwvovtag Jraigvouye

Xn
[t (X, x)IPdx’ < ¢ (X', O)Pdx” + cxP! [ty (X', 0)|Pdt dx’.
. . n . An
R Rn— R= 0

ITaipvovtag 6o m — +oo KataAnyovue 4Tt

f u(x’, x,)|Pdx’ < cxb™ f f lu, (X', )|Pdt dx’ . 5. 16)
Rn-1 Rn-1 0

Ocwpovue TOea uia guvdetnon ¥ € C*(R) tétola dote 0 < ¢ <1 kaw

0, av0<s<l1
1, oavs>2

o]
kot yia € > 0 9€tovue Y (s) = Y(s/e).

Oplcovue T€AOG
ue(x) = u(x)We(x,) , xeRL.

Ioyver téte 6Tl U (x) = 0 av x, < €. ZuveTt®Og, AOyw Tov Anuuatog apkel vo agrode-
{gEovue 611 ue — u gTov WH(R") kabog € — 0.

Oa deteovue 6T [[Vu—Vul|, — 0. H agtéderen tov 6Tt [|u—ul[, — 0 elvon astAovctepn.
"Exouue
Ve = Vull, < [I((Vu)A = gl + gl -

Ia tov TTewTOo 60 €yrouue
f [VulP(1 = y(x))Pdx < f VulPdx — 0.
R" {x,<2€}

INa Tov devitepo 6o, xENGOTTOLOVTAS Kot Tny ertiuncn (3. 16) €xovue €xovue

2€
C
ulPlp'fdx < — lu(x’, x)IPdx’ dx,
eP 0 Rr-1

R!
c 2€ Xn
< = | (e f f Vu(x', )Pdt dx')dx,
(24 0 rRe-1 Jo
c 2€ 2€
< — (cxﬁ_lf f IVu(x’,t)lpdtdx’)dxn
€’ Jo r-1 Jo
c 2€ 2€
— -1 ’ ’
- ;( fo X0, )( fR fo Vu(x', )Pdt dx')
= ¢ f [VulPdx
{x,<2€}
- 0
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kaOwc € — 0. O

Acoknon. Amodeiete 6tL av 1 < p < n tdTe 0 TEAeGTAG {xvouc opiteTan ko eivan
4 z 7!’(”_1) z r z
OEAYUEVOS AITTé TO Wl’p(R’i) oto L (OR%). [YmoSergn. AkolovBeiote tnv astddetgn

TOU BactkoV Fe®ENRUATOC Yo TO {Yvog, avTKABIGTOVTAS TO p aTtd KATdAAnAo r > 1]
5.4 Ogwonua cuurtdayeiag tov Rellich

Anppa 5.4.1 Icyver
lute — ullpr@ny < €llullwrr@n) ©. 17)

yia kdOe € > 0 kar u € WH(R™).

Amodeén. ‘Ectw € > 0. Ag vrwoBécouvue agkd 6tt u € C'(R"). ‘Exovue tdte yio
KGOe x € R",

lue(x) — u(x)|

IA

fl | PeMu(x —y) — u(x)ldy
yl<e

L d
f|y e fo & e~ s
1
f| P f bl VuCx — ty)ldt dy
yl<e 0

1
Ef Pe(y)f IVu(x - ty)ldrdy .
lyl<e 0

dy

IA

IA

oa
f lue(x) — u(x)lPdx
R}’l
1 P
< € f f Pe(y) f IVu(x—ty)Idtdy) dx
R~ [yl<e 0
[ p-1 1 p
(Holder) < epf (f pe(y)dy) (f pE@){f IVu(x—ty)Idt} dy)}dx
R [\Jyl<e lyl<e 0
1
(Holder) < epf f pf(y)f IVu(x—ty)Ipdtdy)dx
R lyl<e 0

1
= Epf Pe(y)ffqu(x—fy)lpdxdtdy
lyl<e 0 R

1
— Ny, [ o) [ty
[yl<e 0

2
= €lVulll, g -

H yevikn mepimrtoon u € WHP(R") émetan agtd thv ToeoItdve TTeoceyyilovtag Thy u
ue ula arkoAovbia (1) € CI(R"). Tw va ylver xpnowodtolovue KoL TO Yeyovog 6Tl n
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ATTEOVIGN U > U, elvar cuvexig améd tov WHP(R?) gtov LP(Q), To omolo elvon duecn
cuvémela tng (5. 13). Tvvemtwg n (5. 17) woyvel yio kdde u € WHP(R"). O

Buuicovue €dw OTL av X elvan €vag cuumayés vtogvvolo tov R”, tdte 0 ypauutkds
X0QOS
CX)={f:X—>C : f ovveync}

elvau ywpog Banach av epodiactel pue tn vooua

fllcxy = max{|f(x)| : x€ X}.

Opwouog. ‘Eva vitogivoro S € C(X) Aéyetan 1Goouveyés av yio kdbe € > 0 vItdeyet
0> 0 wote
av |x—yl <d téte |f(x) — f(y) <€, yio kGBe f € S.

Bcwonua 5.4.2 (Arzela-Ascoli) Eotw X C R" ovumayés. Av to ovvodo § C C(X)
€lVal IGOGUVEYES KOl PEAYUEVO, TOTE N KAELGTH Tov Jrikn S ival GUUITAYES VITOGUVOAO
Tov C(X).

Amobeién. Tlpémer va SelEovue 6TL n Tuyaio akolovbia (f,) C S €xel GuykAMvouvGa
vitakoAovBia. ‘Ectw Aowtdv (f,) C S.

Ioxyveieuds. O X €xer éva abunciuo Tukvé vItocuvolo A.
Agtédeién tov Ioyveiuov. Ta kdbe n € N 10 Gvoro

{B(x, 1) : x e X}
n

efvor wa avolktit kdAvyn touv X. ‘pa Trepiéyel ula semepacuévn vtokdAvyn. ‘Eotw
A, 10 GUVOAO TV KEVTE®OV Tng viokdAvyng. Tdte to guvodo A = U,A, elvar éva
aeunclwo kot JTUKkvSe vItogvvolo tov X. Ilpdyuatt, éotw x € X. Td kdBe n € N To
GUVOAO

1
{B(y, ;) D y€EA,
efvar kdAvyn tov X, dpa vItdexeL y, € A, odate x € B(y,,1/n). H akolovbia (y,) elvon
ToTe akoAovBia gTorelwv Tov A Kol GUYKALVEL GTO X.

TFpdpovue A = {y1, yo, ...} KL Guvexltovue ue tnv amddelgn tov Jewpnuatos. H axo-
AovBia (f,(y1)) elvan @eayuévn, dea attd 1o Ocnpnua Bolzanno - Weierstrass €xet pia
GuykAivovca arkoAovdia (fi,(v1)).

IMogpduota, n akodovdia (fi,(y2)) elvar @eayuévn dea €xel ula GuykAivouca akoAov-
Ya (fo.(y2)). Xvvexltoviag €tol opicetan yia kdbe k € N wa akodovdia (fi,),. H
KOTooKkeLVN elvon TéTola WGTe yia kAbe k € N

) n akoAovbia (fi,), etvon virakoAovdia tng (fi-1.,)n

(i) n axkoAovdia (fr,(yr)), elvar GuykAivovca
Opltovue twea g, = fun- H (gn) elvon téte vITOKOAOVOIOL TNG OEYXIKAS aKkoAovBiag

(f) ko emmatAéov n (g,(yx)) elvan guykAivouaa yia kdBe k € N — 1godvvaua, n (g,(y)),
efvar cuykAivovoa ywa kdbe y € A. Oa Seigovue 6T n (g,) elvaw Cauchy ctov C(X).
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"Ectw € > 0. Yrdpyel 161e k € N date

1 €
|x—y|<% = |f(x)—f(y)|<§, yla kdfe f € S.
Aot to Ay elval TeTEQAGUEVO VITOGUVOAO TOU A, vTTdQyel ny € N date

€
nm>ny = |g,(y) = ga(| < 3 Yoo k4Oe y € A .

"Ecto todea x € X. Ymdoyel 16te y € A ue |x —y| < 1/k. T n,m > ny €xovue td1e

1g,(x) — g < 1g(x) — &I + 12:(Y) — &nW| + |8 (Y) — gm(X)]
-
3 3 3

‘oo Yo 1, m > ng €XouUe |Igm — gullcxy < €. ATtodeteaue Aowrtd dtu n (g,) elvow Cauchy
atov C(X). O

Oeweonua 3.4.3 (Rellich) Av 1o ywpio Q C R" givar ppayuévo, 16te n gufdirtion
Hy(Q) c L*(Q) elvar ovumraynig.

Agtodeign. Tlpémer va Sel€ovue 6Tl kAOBe @Eayuévn axkolovbia (i,) GTOV W(l)’p (Q) éxer
vitakoAovBia cuykAivovca gtov LP(). ‘Ectw Aowtdv (u,) eayuévn Gtov Wé’p ().

Ioyveiouds. Ta kdbe 6 > 0 vrtdpyxel vitakolovdia (i, )i TG (it,), VGTE
e, — unllr@ <0 k,l € N,

Agrobeién tov Ioyvpiouov. Emekteivouue kdbe u, détovtdg tn (on ye 1o undév exktdg
Tov Q, omdte KGO u, avriket gto WP (R™). ‘Ectw 6 > 0. 'Ecto Uy e N ouoAoTTOINUEVI
guvdptnon Jtov avtgtoyel otnv u, BA. (O. 12) ). Kdbe u, €xer 161¢ Qoéa TOU
TEQLEXETOL GTO Q. A6 to Afupa 5.4.1 éxovue

||Mn,e - un”LP(R") < ellvun”LP(R”) = €||Vun||LP(Q) <Ce , nx>1

Ymdoyxer doa € = €(0) > 0 wate

lletn.e — tnllLr) < n=12,.... (. 18)

g s
Aot to Q eivow @eayuévo n axkodovdio (u,) etvor @oayuévn ctov LY(Q). ATé tnv
avigétTnto Tov Young €youue TOTE

et el @ry < NlPellzo@mllttnllp@ny < ce™.

Kol TTaeouola, agté tnv (5. 14),

—n-1
(U)ol orry < NPl @mllttnllirny < c€7".
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Apa n axolovbia (u,.) elvon wooouveync gto R" yia kdbe € > 0. Ezmiong, d6Aeg
Ol GUVAQTAGELS U, e €XOUV (POQEEO TTOV TTEQPLEXETAL GTO GUUTTAYES GUVOAo {x € R" :
dist(x, Q) < €}.

MitopoUue emouévws va epaguocovue to dedpnuo Arzela-Ascoli. ITaipvouue Ot
VITAEYEL VITOAKOAOVOIQL (Uy, )k TNG (Upe), N OTTOlIOL GUYKALVEL OUOLOUOQE@A GTO {x € R" :
dist(x, Q) < €}, dpa ko To Q. ‘oo GuykAivel kar atov LP(Q), dpa eivaw Cauchy Gtov
LP(Q). Xvuvemtog vmdoyel ko = ko(0) vdate

0
k,l > ko = |[uy,.e — Un.ellrmny < 3

YUVeETTHS VITAEYEL VITAKOAOVOIQL (Uy, )i TNG (U, )k DOTE

”unki,e - unkj,E”L”(R”) < g ’ l’.] =12,....

Ioyvel téte yia kABe i, j € N,

IA

”unki - unkj”Ll’(Q) ”’/lnki - unki,e”LP(Q) + ””nki,e - unkj,e”LP(Q) + ”unkj,e - unkj”LP(Q)

IA

6 o0 o
3 3 3
0

O Ioyvewouog agtodeiyOnke.

Oa epapuocovue Tov Ioyxveioud emaynyikd yo d = 1/n. T n = 1, vrdyel akolovbia
(U11)x» VITakoAovBia tng (u,), WGTE

o — wigllir) <1, k,I€N.
‘Ouota, virdeyer akolovdia (ug )k, VITAKOAOVOIA TNG (U )k, OCGTE

1
g, — uzllir@) < 5 k,l € N.

Y10 i-frina €xovue 6TL VITAEXEL akoAoLOIAL (i; )k, VITAKOAOVOIAL TNG (U1 k), DCTE

| —

i — uigllr <= 5 k,IeN.

~

‘Ecto topa i,j € N ue i > j. 'Eotow axdua k,/ € N. Ymdoyer 16te m € N date
Uik = Ujm- ,QOL

otie — wjillry = ljm — ujllr) < =

~. | =

Oplcovue twpa vy = ugx. H axkolovBia (vi) elvon toTe vITAkoAovBia TNG QEXIKNG
axkolovBiog (u,). 'Eotw [ > k. Tote

1
Vi = viller) = Ny — wickllr@) < A

‘oo n akolovbia (v;) elvar Cauchy ctov LP(L), dpa GUYKALVEL. O
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5.5 IIpopAruata GuvoQLOK®V TV - aclevelc Adcelg

YKROTTOC wag eivon va ueAetngouvue To TTEORANLA

*) { - 38 @i (uy),, = f(x), x€Q
u(x) = g(x), x € 0Q,

o0TToV  PEAYUEVO XWELO (= AVOIKTO KAl GUVEKTIKO GUVOAo) GTtov R", a;j, f ko g
debouéveg GUVAQRTAGELS KO U N AYVWGTN GUVAQTNGN.

Magatngnon. ‘Ecto oL g;; € Ci(Q), f € C(Q) v g € CORQ). 'Ectw oaxdun
u € C3(Q)n C(ﬁ) wo (kAaown) Avon touv meofAruatog (¥). IToAlastAacidcouue
™ Swapopikn e€lcwon ue wia cuvdptnon ¢ € CX(2), olokAnpwvouue Gto Q Kol
oAokAnpavouue katd opdyovtes. KataAnyovue 4t

[ Yo, ar= [ swocods.
Q Q

i,j=1
H mapastdve oyéon astotedel tn fdon Tov opopot tng acbevoig Avong.
Kdvouue Tic axdéAovbeg vmtobéacelc:

Ymo0éoerg. O mivakag {a;j(x)}, x € Q, elvou GUUUETEIKOG, TTEAYUATIKOS KO a;; €
L*(Q). Emiong vrtdeyouvv 4, A > 0 dcte

AEP < > ai(EE < NP, xeQ.EeR,
i.j

YmoBétovue axdun ot f € L2(Q) ko g € HY(Q), ue TEAYUOTIKES TWEG.

Opoudég Mia Guvdptnon u € HY(Q) Aéyetouw acOeviig Adon Tov TTEOPARUOTOS (%) v
u—g € Hy(Q) kot

f D iy, dx = f S, G. 19)
Q=1 Q

yla kdBe ¢ € C2(Q).

Hapatripnon. Av n u eivar acBevig Adon téte n (5. 19) woxvel yia kGe ¢ € Hy(Q).
Oewonua 5.5.1 To medfAnua (x) éxel uovadikn acbevii Mon u € H'(Q) n omoia,
eTMITAE0V, €EQQTATAL KATA GUVEYH TEOTTO QIO TIC [ KAl g.

AgtéSeién. T v, w € HY(Q) opltovue

n

A, w) = fg D a0y, dx. (5. 20)

i,j=1

"Exovue tdéte 411

/lf IVv|*dx < A(v,v) < Af |Vv[2dx, v e H(Q).
Q

Q
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H A(v,w) opwouévn ctov HY(Q) éxer 6Aeg Tig WBLOTNTEG TOU £GMTEQIKOV YIVOUEVOU
eRTOC amd ula, vITAEXOUV UN-UNdeVIKES GUVOQTAGELS (0L GTABEQRES) Yl TS OTToleg
A(v,v) = 0. Av duwg Jewpnbet n A(v,w) Gtov H})(Q) TéTe elvol EGWTEQKS YvOUEVO
ASyw tng avigoéTntag Poincaré : av v e H})(Q) kot [[Vv][ 2y = 0 TéTe v = 0). EmiwtAov
n emayouevn agtd avtd TO EGOWTEQIKO YvOUEVO VOQUO GTOV H(l)(Q) GnAadn n VA(v,v))
elvau 1oodvvoun ue tn guvnln vépua Tou H(l)(Q).

Zntovue YITOEEN Kol wovadikdtnta cuvdptnong u € HY(Q) dote

A, @) = (fs P2y » VIO KGBE ¢ € Hy(Q),
u—g € Hy(Q),

Ioodvvapa, détovtag v = u — g, tntodue VITOQEEN KAl LOVASIKATNTA GuvAQTNGNG v €
H(l)(Q) WoTE
AW, 9) = (f, P12 — Alg: 9) » Y kGBe ¢ € Hy(),

7o oTto{o ue tn Gewpd Tov glval LGodvvauo ue
A, V) = (b, Prxey — A$:8) . Vit kdbe ¢ € Hy(€). 5. 21)

To cuvagtncloxd

(@) =, Pz — A, 8, ¢ € HyQ),

kavoTTolel

IA

In(@)l 1A lz@llllize) + AllVEllzo)lIVEllize

(||f||L2(Q) + A||Vg||L2(Q))||¢||H1(Q),

IA

dea elvar éva @EAYUEVO YROUUIKG GUVOQTNGLOKG GTOV H(l)(Q) we |7l < allfllzq) +
||Vg||L2(Q))-
Epagudtovue to Beidpnua avastagdotacng Tou Riesz yua tov xdeo Hilbert Hi(Q) ue
TO £6MTEQPKO ywouevo A(, ) KOL Yo TO GUVAQTNGLOKO T KoL TTEQVOUUE TNV VITOQEN
KOl LOVASIKOTNTO GUVOQTNGNG V € H(I)(Q) yia tnv omoia woxvel n (5. 21). EgugtAéov
Loy VEL

IVl < callnll < es(lfllzz) + 1VEll2@))-

KoL doa
lull ey < IVl + 18l < calllfllzq) + Igllmw)s

€xovue SnAadn tn cuvexn egdptnon tng v amd Tig f kol g. O

Hapartripnon. Av o stivakag {a;j(x)} dev elvon GuuueTEdg TéTE N asrewdvion A(v, w)
dev elval EGWTEQEKO YLVOUEVO GTOV H(l)(Q). To agtotéAecua egarolovBel va woxvet, yia
v amodeten duwes da mEETel kavels va yonowogtoncer o Ocswpnua Lax-Milgram
avtl Tov Bewenuatog Avarapdctacng Tov Riesz.
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6 dacuatikn avdilvon yio YyQOUMKOUS €AAELTTTIKOVG
TeENEGTEC.

O 0OKOTIOC UWag GE AUTAV TRV evoTNTO £lval Vo SIATUTTOGOVUE TO TTOQATIAV® TTEORAN-
ua (¥) og €va TTEoPAnua Ocwpiac TeAeoTdv KAl GTn GuvEyela vo agtodeifovue €va
PAGUOTIKO Jewpnua yio Tov avtiGTolyo TeAeGTn.

6.1 Pacuatikd dedEnuo yio eAAELITTIKOVGS SLa@OQEIKOVS TEAEGTES

Bewpovue €va peayuévo yweio Q C R". TTapauévouue 6To TAAIGLO TNG TTEONYOVUEVIG
evotntag, ald vitofétovue TAéov ot ¢ = 0. T'vwpicovue AowTtév amd 1o Oedpnua
9.5.1 tnv VITOREN KAl wovadkOTRTA 0GOevOUS AVGNG TOU TTEORANUATOS

{ - ZZj:l(aij(X)uxi)xj = f(x), xeQ

u(x) =0, x € 0Q. 6. 22)

Avté 6me¢ eldaue onuaiver 6T VTTdEYEL wovadiki cuvdptnon u € Hi(Q) dote
A, @) = (f. P2, V0L KkAOE ¢ € Hy(Q).

Oo Jewprncovue TO TARAITAVED GE €va EAAPE®S SLapoEeTikd TTAdiclo. Oflovue va
optoovue évav tedeoth L : L*(Q) — L*(Q) dote n (6. 22) va ypdeetar 1Godvvoua
Lu=f.

Opwouds. O tedectiic L opigeton 6tov L*(Q) wg egng: to medio opuowot touv D(L)
atotedeitar aTtd To GYvodo Twv AMcewv Tou (6. 22) kabns n f Sateéyel Tov LA(Q):

D(L) = {ue Hy(Q) : Af € LX(Q) : Au,d) = {f, D20y » YW KGOE ¢ € H(Q))

INa u € D(L) n topamdve f elvar wovadkn ko oplcovue téte Lu = f.

Efvaw dueon cuvértela Touv opuopot) 6TL

A, @) = (Lit, $) 120 6. 23)

v kGBe u € D(L) kou ¢ € Hy(Q). Todpouue

n
Lu=- Z(aijux,.)x_, ulpgo =0
ij=1
ko Aéue 6Tl 0 L kavomolel (opoyeveic) cuvoglakés cuvlrikeg Dirichlet ato 9Q.

Iogatngnon. H Guvoplaxkn cuvOnkn ulse = 0 mepuéxeton GTov 0QoUd TOU TEAEGTN
uécm tov mediov opLGUoy Tov.

A6 0 Oedonua 5.5.1 émetan 6TL 0 L etvon 1-1 ko extl amwd to D(L) ctov L3(Q). ‘oo
opiteton o avtictpopog tedeatig L' 1 LA(Q) — L*(Q) ue medio opiouot tov LA(Q)
ko redio twav to D(L).
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Oenua 6.1.1 H amewdvion f +— u, L*(Q) — HL(Q) eivar ypauwikii Kar cuveyig,
Sniabdn o L™ eivar ppayuévos av dewpnbei wg tedeatiic amé tov LA(Q) otov Hy(Q).
Eibikdtepa, vrrdgyel ¢ > 0 wote

IVullzq) < cllfllzq)- 6. 24)

AgréSeién. H yoauukétnto eivar dueon. ‘Eoto topa f € LA(Q) ko u = L1 f. Ioyvel

Au, @) = (f,¢), via k6B ¢ € Hy(Q).

EmAéyovtag ¢ = u €xouvue

2
/l”Vu”LZ(Q) < A(l/t, l/l)
= (fiw
< ez llullz@)
< clfllVullrz )
kar Goa [|Vullzzq) < A7 fllz@)- O

Oswonua 6.1.2 Ecotw Q C R" ppayuévo. O tedectric L' 1 L2(Q) — LAQ) eivaw
GUUTTAYHG KAl QUTOGULVYIG.

AgréSeién. ‘Eoto f,g € LA(Q). Téte

<f’ L_lg> = <LL—1f’ L_1g>
= ALL'f,L7'g)
= A(L'g Lf)

= (& L)
= (L1, 9.

‘o0 0 L7 efvan avTtoGuTLYAG.

T va agtodeifovue Tn cuuttdyela Tov L, Sewpovue wo @eayuévn akolovdio (f;) C
L(Q). 'Ectw uy = L7 f;. "Ezteton agrd tnv (6. 24) 611 n akolovdia (u;) elvar @eoyuévn
GTOoV H(l)(Q). AT to Oewonua 5.4.3 €xovue TéTE OTL N (1) €xel vITokoAovOiol (i, )
cuykAivovca gtov L*(Q). ‘ea L™ cuutaynic. m

Oewonua 6.1.3 (pacuatikd dewdenua) Ymdpyer uia opbokavoviki fdon {¢,} Tov
L*(Q) n ogroia amrotedeitar ard iSiocuvapticels Tov L.

Agodein. Avdloya ue tnv arrodeien tov Oswoenuatog 3.4.4: epoapudcovue to Pa-
cuatikd Oedpnua 3.3.7 6tov L™ ko xponcwotowovue to yeyovég 6t ov L ko L7
€xouv TS {dieg WocuvaRTNGELS Ue avTiGTEOPES WTWES: L, = 4,6, av kol uévo ov
L, = ,'p,. O

TéAog, €xovue TG akdAovBeg emmatAgéov 1816TnTES TOL L:
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IIeétaon 6.1.4 Icyvouv ta €&rig:

(i)  Ouvisotiuég {A,} Tov L eivar JeTikég, Exovv TTETEQAGUEVI TTOAAATTAOTRTA
Kkat lim A, = +oo,

(i) To mreSio opiouov D(L) eivar yviclog TTukves virdyweos tov L (Q).

Amodeién. (i) H Yetikdtnta Tov I8L0TWOV ETTETOL OTTO TRV EAAELTTTIKOTNTOL

0< A(¢n, ¢n) = <L¢n’ ¢n> = .

To 611 n TOAAATTAGTRTO KABE WOLOTWNAG elval TTemepacuévn rretor agtd thy Ilpdtacn
3.1.6.

(ii) O D(L) mepiéxeton yvaclo atov L2(Q) apot D(L) C H(l)(Q), KoL elvol TUKVOS GTOV
L*(Q) agov mepiéyel wo. ophoravoviki Bdon. O
IIedtaon ‘Ioyvel

D(L) = {u € LXQ) : Y Xlu, ¢, < +oo)
n=1

KoL Yoo kd0e u € D(L),

L= A, 6,09, 6. 25)
n=1

Amodeién. ‘Eotw u € D(L) xau f = Lu. "Exovue t6te f = 3, {f, dn)P, RO da
u=L"f= i A, f- )
n=1
Toventds (u, ¢,y = 4, (f, $n) kow Ga
iﬁm%%=iﬁ%¢%«m.
n=1 n=1
Avticteoga, é6Tw OTL Yoo, A2Ku, d,)? < +00. Opigeton téTE GUVdETNen f € LA(Q) wg

f= i Ait, @)
n=1

‘Ezteton téte 611 L7 f = u, doa u € Ran(L™) = D(L).

H (6. 25) émetan dueca astd To TTAQAITAVE. O

E@aguoyn: to staQafoAikd steopfinua
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YKoTOC elvon va eQoUOcouUE TO EOCUATIKG de®enuo JTTou arodelxdnke ToQATTAV®D
GTn UeAéTn Tov TaEABOAKOV TTEORANLATOS

U = ZZj:l(aij(x)uxi)Xj’ > O s X € Q
u(t,x) =0, x €0Q, (6. 26)
u(0, x) = v(x), x€Q,

6mov v € L2(Q).

Oa, gpunvevcoupue o TESRANUA (6. 26) wg éva TTEdPAnua Cauchy ctov L2(Q). Tuyke-
kowéva, dewpovue tnv dyvwatn cuvdptnon u(t, x), t > 0, x € Q, wg ula cuvdeTnon
u(t), t > 0, ue Twég atov LA(Q). Tpdpovue téTe TO (6. 26) WG

{u,:—Lu, t>0, ©. 27)

u(0)=v.

Oprouds. Mia cuvdptnon u : R, — L%(Q) eivou AMon tov meoPAMiuatog (6. 27) av

(i) Ioyxver u(r) € D(L) ywo kdbe t > 0

(i) H u elvar Topaywylown ce kdbe r > 0
(iil) u'(t) = —Lu(t), ywo kdbe t >0

(iv) u(t) > vkaboct— 0+ .

Oswonua 6.1.5 INa kdbe v € LA(Q) 10 mtpdfAnua apyikodv - cuvogiardv tiudv (6.
27) éxel uovadikn Avon, n ogroia SIVETAL ATTO TN GYEGN

u(t) = Z ey, p¥b, . t> 0.

n

Agrodeign. To 6t u(t) € Dom(L) yia kdBe ¢ > 0 €meton amd tnv IIpdtacn 6.1 e Guv-
Suacud kot ue To 6Tl n guvdetnon xZe 2 eftvan @eayuévn oto RY. Ta va astodelfovue
ta (ii), (ill) apkel va delEovue 4T yio kAOe ¢ > 0,

u(t+0) — u(r)

5 — —Lu(t), xabwgo— 0,

émov To oo efvonw oo Gtov LAQ). ‘Ectw Aowtdv ¢ > 0 ko €6Tw Tiong & ue
0] < t/2. Téte

u(t +0) — u(t)
o

2 (e8]
— § e—2/1,,t
n=1

lNa va ekTipwncovue tn Gelpd avth da XENGLLOTIOINGOUUE TO YEYOVAS OTL

+ Lu(t)

1 2
S Y1)+ | v, )

e’ -1

X

1‘ <2, xe(-1/2.1/2). 6. 28)

63



Ao tnv (6. 28) £mmeTon OTL

e—/l,,é

1,
5

< /lZI(SI étav 4, <

2I(5|

Todpovue Y0 = >+, émov Y mepiéxel to n ywa ta omoia 4, < 1/(2/d])) ko 2"
TeQLéyel avTd yia ta oroia 4, > 1/(2[4)).

‘Ecto € > 0. XQnGWOTOLOVTAS KAl TO Yeyovog 6Tt n guvdptnon x*e " efvon poayuévn

oto R* €youvue tdte

’

=0

—22,1| € -1 2 2 ) - 4 20, )
D¢ A K g < 88 ) e 60
< 662|| 12
—|lv
€
< P
2

opEKel To |0] va elvon aEKeTA WKQO.

Emiong
2 e Mt # + A, )
< 2 Z e—W(? b4 )i B
< 2 Z e (A2 + BAZ)(v, )
< 8 Z e v, ¢, +10 Z e, gyl

O 8vYo Ttedevtales gelpég GuykAivouy, dpa To dBpolcua 3 urtopel va yiver ukpdteQo
aTtd €/2 av 1o |0] elvon apketd wiked (To > etvon n ovEd ~ wag GuykAivouoag
oe1pdg). Apa artodeiyOnkav ta (ii) ko (ii). H amddeign touv (iv) elvanr eukoAdtepn
KoL JroQaAelITETOL.

Méver va asodelovue tn povadikotnta tng Avong. I'a kdBe ¢t > 0 ag oplcovue Tov
TeENEGTN

Tow= )" e™"w, ¢,y 6. 29)

Apa Aourdv n Aven tov meoPfAnuatog (6. 27) wov €xovue opicel etvon n u(t) = Tyv.
Ac vroBécouue 6Tl vTTdEyel kot wla devtepn Avon i(f). Oewpovue t > 0 Gtabed ko
opltovue T cuvdeTnon
w(s) =T, _u(s), 0<s<t.
Tote
w'(s) = —LT,_ i(s) + T, Lii(s) =
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OTTOV YENGWOTTONGAUE KAl TO YeEYOVOS OTL ou T, kow L petatiBevion. Aga n w(s) elvon
otabepn ato (0,1). Aev givon dUoroAo va el kavelg OTL

lir(r)l w(s) =T, , Iim w(s) = i(z).
s—0+ Nand o

Apa i(t) = Tv = u(t). O
IHogatngnoen. H owoyévewa teAectwv Ty, t > 0, ov opictnke amd tn (6. 29) T
Lo TNTES

i) Tus=T,T;, ywrdabet,s>0
(il) T,v —> v, kaboc t — 0+, yia kdbe v € L*(Q).

Mo OLKOYEVELDL QROYUEVOV TEAEGTOV TIOUL €xel TS dVo OUTES WLdTNTES OvoudceTon
UOVOTTAPAUETQIKIL NULOUASA TEAEGTOV.

Acoknon. Na derybel 6T yio Tnv nuopdda tedectav (6. 29) dev 1oyvel n katd vopuo
ovyrMon T; — I kabwg t — 0+.
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IHaedeTnuao.
A. O xheog L*(Q)

1. Ztoyeia yevikng Oeweiog MEtpov

Oqpwoudg 0.1.1 Ectw X éva un-kevo cvvoldo. Ovoudiovue o—dlyegfpa oo X éva
gvuvolo A 1o oTrolo asmotedeltal agrd vIToGUVoAa Tov X KAl Yl TO 0IT0L0 LGYVOUV TA
eéng:

i) XeA

(i) FeA=>X\EeA.

(iit) AvE, e A,neN, wote | J,E, € A.

Ovoudigouue x0o wéteovu wia tewdda (X, A, 1) 6mouv A elvanr wia o—dAyeBoa gtov X
ko (1 2 A —> [0, 00] elvan pwla agretkévion (To u€Tpo) T€Tola daTe Yo Kdbe agiuroyn
cuMoyn {E,} gvav avd Yo atolyelnv tou A va texvel

w(JED = ) u(En).

Ta otoyeio tov A ovoudgovion uetproiwa cUvola. Mia cuvdptnon f : X — C
AéyeTon petprcwn av to gvvodo fH(U) elvan petpricwo yio kdbe avowktd U C C.
TéNog, Aéue OTL wia WdTnTO IoYVEL GYeSOV TTAVTOU O.. AV TO GUVOAO TV X € X Yl
Ta omola n wWiotnta dev oxvel elvol LETENGWO KAl €xel UETEO UNndEv.

Ieétaon 0.1.2 Av o f kai g eival UeTEHGIUES, TOTE KAl OL GUVAQTHGELS [+ g, fg Kal
|f] elvan uetpnolueg.

To oAoxkAngwua.

Ye kdABe xdeov uétpov (X, A,du) umopovue va opicovue wio kAtdAAnAn €vvola o-
AOKANEOUATOG, TO 0Ttolo GuufoAitovue ue fx f du. O opioudg divetar ae dradoykd
Briwortor:

1. To oAokAMEmUa wag aTtAng cuvdetnong (Sniadn ulag cuvdetnong n otola elval
YOOUWUKOS GUVEVAGUOS XOQOKTNELGTIKOV GUVOQTAGEWY UETENGLLOV GUVOA®VY) elval

fX (2 axe)du = Z au(E;).
i=1

i=1

2. Av n f elvanr un-apvntikn, tdéte opicovue
ffd,u = sup{fpd,u : pamAi , p(x) < f(x), x € X}.
X
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(Avtd piropel va elvar {Go pe +00.)

Mio upetpicyn wyadiki cuvdptnon f yiwo thv ogrolo toyvel fXI fldu < oo Aéyetan
oAokAnpdaoiun.

3. Av n f elvor OAOKANQ®OGUN UE TTEOYUATIKES TUES TATE oplitouue

[ sau= [ = | s

omov f, = max{f,0} vow f- = max{—f, 0} elvou avtictoryo Tto JeTikd KL QEVNTIKO
uépog tng f.
4. Av n elvow oAorAnEGUN pe WYOOIKES TWES TdTE oplcovue f

fﬂm:fmaWMHjhmﬁw.
X X X

IIe6taon 0.1.3 Ectw [ un-apvntikni uetpriciun cuvdptnon ato X. Ioyvel fx fdu=20
av kat uovo av f(x) =0 o.r..

O xoeos L*(X, ).
AoB€vtog evdc xweov uétpou (X, A, u) opltetan 0 YRAUULKOS XWEOS

LA = weraiiown [ 1f F du < o),
X

Tuyvd yedpovue attdds LA(X) étav ta A ko g evvoovvral. EUkoAa Sloammet@veton
OTL N aTTEROVIGN

%@=fﬁW,LMEﬁ®,
X

kavoTtotel TG 8o tnteg (i) ko (il) Tov 0ELGUOV TOV EGWTEEIKOV yvougvou, oxl OUmS
v (ill) apov cvupwva ye tnv Ipdtacn 0.1.3 n oxéon (f, f) = 0 cuvemdyetar uévo
f(x) = 0 oyeddv mavtov ko oL f = 0.

AVTé avTeTTiZETOL g eEAG: opltovue uia ayéon woduvauiog ~ atov LX) déto-
VIO
f~g © f)=gk on (0. 30)

‘Ecto topa L*(X) = L%(X)/ ~ to avticTtoyo civolo-mtnAiko. To L*(X) yivetar yoay-
KOS XDEOS KATA QUGLOAOYIKG TEOITO, Kol opitouue

(LUD =0, fe LX)

ATtodekvieTor 6Tt TO (-, -) elvol KAAG 0QLGUEVO KOl £(VOL €VOl EGMTEQLKO YWVOUEVO GTOV
oo LA(X).

Oswonua 0.1.4 O LA(X, A, ) eivan xopogs Hilbert.
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IHoeddetyua 0.1.5 ‘Ectw X = N, A = P(N) (to duvapocivoro tov N) ko €6tw u(E)
o mAnBdpbuog touv E € N. H toudda (N, P(N), u) elvar tdte x®E0S UETEOU Kot WItoel
va 8gr kaveig 6T 0 LA(N, A, u) cuuttitttel ue o xoeo 2.

2. To uéteo Lebesgue ctov R".

Oewonua 0.1.6 Ymdpyer éva povadiko uétpo (R", M, 1) ato R" ue tig €&ric i616tnreg:

(i) 10 M megiéyel 0Aa ta avoiktd viroguvola Tov R”.
(il) u(B) =|B| (0o cuvribng oykog) yia kdbe avoikti usrdia B C R”
(il) 7o u eivan wAngeg, ndadn av A € M kar u(A) = 0 téte B € M yia kdfe B C A.

To gropastdve uétpo ovoudcetar uétpo Lebesgue otov R” kol ol GUVOQTAGELS TTOU
avikouv atnv G-dAyefpa M ovoudcovtar Lebesgue-uetpiolues n astAdg LeETENOYLEG.
To olokApwuo ws TEog To uétpo Lebesgue ovoudcetor olokAMpwua Lebesgue ko
Ya to cuuPolicovue e & f(x)dx.

Opwoudg 0.1.7 O ydpos L*(R") opitetan wg o L*(R", M, p).

AvéAoya opiZeTon kar 0 xweog LA(Q) yio kdOe puetpncywo civolo Q C R”.

Magatngneets. (1) Ttnv meden deweovue ta ctoyeia tou LAR") (B tov L*(Q))
WS GUVAETNGELS TTaEd WS KAAGelS cuvaptncemv. ‘Exovue dumg Ttdvta GTo vou uog
0Tl GuvaETncelg TTov elvan {oeg oxeddv TTavToU elvar avtwetwmicovion wg (oeg. T
TaEAdeyLa, un GuvdETNen TTov UndevigeTol TTAVTOY eKTOS aTtd €va GUVOAO UETQOU
undév elvor n wndeviki GuvaeTnon.

Xto mhaicto autd, dtav Adue OTL pia cuvdptnon u € L2(Q) eivor cuveynig (i CHQ)
i CH(Q) kATT) evvodue 6T VITAEYEL KATTOLOG AVTITTRECWTTOS GTnv KAden [u] o otrolog
elvar cuvexng (M CK(Q) 1 CHQ) kATT).

(2) H yetpnowdtnta dev etvor KATL TT0U Jal WOS ATTAGYOAEL Ol GUVOQTAGELS TTOV EUPOL-
vicovton gTnv TEAEN, TOVAAXLGTOV GTA TAAIGLO AvTOY Tov wabnuatog, o etvor Tdvta
uetpnoweg. MdMota Sev efval aTtAd vo KATAGKEVAGEL KAVEIS Lol UWn-UETQNGWN GU-
vdptnon. Aga n uévn GuvOAKn JTOU XEELACETAL VO EAEYEOVUE TTQOKEWEVOL VA dovue
av wa cuvdptnon f elvouw 6tov L? efvon n cuvOrkn f |f?dx < co. Kauw yia vo oaro-
delEovue KATL TéTOL0 Ta XENGWOTTOLOVUE TIG GUVAOELS WOLOTNTES TWV OAOKANQWOUATOV
KOO®OS kKo TS ueBd3oug VITOAOYLGULOV TOVG.

Ocwenua 0.1.8 Kdbe cuvdptnon ato R" n ogroia givar odokAnpdoiun katd Riemann
elvar Lebesgue-olokAnpaaciun kot ta U0 0AOKANE@OUATO GUUITTITTTOUY.
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Oqweudg 0.1.9 Opitovue
LAR) = L*(R, M, ).

Magatignen 0.1.10 (1) TVuewva e AoV ue Tov opleud, To otorela tov L*(R)
efvor kKAAGELS 1GoduvalLlaS GUVARTAGE®WY KAl OXlL GUVAQTAGELS. XThv TTEAEN ®GTOGO
TO GTOElD TO AVTWETOTTICOVUE WS GUVORTNGELS. Ba TEETeL duws va Juuduacte
6Tt av ulo Tétowa ‘cuvdptnon’ Tpottostoinfel Ge éva GUVOAO undevikol pHéTpou TéTE n
‘Guvdptnon’ tagauével n {dia (apov €xovue 1dTNTO GXESGV TTOVTOV). Me dAA AdyLaL,
uropovue va, Jewpncovue ta cToxeio Tov xoewv L*(R) wg GUVOQTAGELS OL OTTOlES
elvar opiouéves Gxedov ravto.

(2) Etnv TTedEn (TT.. ACKNAGELS) SV XEELALETAL VO AVIGUYOVUE YioL TO v wia Guvdap-
tnon eivon uetenoyn, kKobms oAeg Geddv ol GUVAQRTNGELS TTOV GUVNOWS euEaviTovTol
elvar uetpnowes. MdAgTa Sev elvar €0KOAO va. 0Q{GEL KOVEIS GUVOQTAGELS TTOU eV
elval pueTEnaoueg.
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