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Eicaywyn

H ©cwpia Métpou (xor Oloxhfpwone) avantiydnxe otic opyéc tou 2000 oumdva xou
and t6te €yel yivel xevtpixd gpyoaheio yia tnv Avdivor. To xivitpo yio T perétn
authg NS Yewplog oUepa elvol apyLXd 1) AVTIXATACTAOT) TOU ohoxhnewuatoc Riemann
and 10 ohoxApwpa Lebesgue, to omolo, 6mwe Yo dolye, anoteel pio moAd yoviun
YEVIXEUTT) TOU TEAOTOU.

Ac mepopiotolpe 610 R ylor va €youue xahbtepn xotavonon. Av éyouue plo un
apvnuxf) Riemann ohoxAnpdowurn cuvdptnon f : [a,b] — R, t6te 0 ohoxhApwpa
Riemann tne f exppdlel yewuetpixd to epfadd tou yweiou mou Beloxetar xdtw and
To Ypdpnuo tTne f, dnhady

b
/ f(x)dz = eupado(Ry), (1)

61ov
Ry ={(z,y) eR*:z € [a,b] xu 0 <y < f(z)}. (2)

Eyfua 1: Fewpetoinr| epunvela ToU OAOXANEOUATOS
H évvola tou ohoxinpwuatog xotd tov Riemann npoceyy(leton we e€rig:
1. Awhéyoupue Wwa douéptorn Tou Tediov oployol Tng cuVEETNoNG €0Tw
P={a=zy<z1 <9< ..<2p =0}

xaon oynuatilouvye Tl avtioTolyeg «dvwy xal «<xdtwy Tpoceyyioel Tou euPadold
and evooelc opdoywviwy, dniady| av

mg = inf{f(x): v <z < app1} xou My =sup{f(z):xp <z < xR}
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Yewpolue Ti¢ ToodTNTEC

n—1 n—1
L(f,P) = mi(xepr — k) wou U(f,P) =Y Mp(zrs1 — 1)
k=0 k=0

2. TMupatnpolpe 611 600 «exhentivoupey 11 dopéplon P, ou nocdtnree L(f, P)
xow U(f, P) épyovrtor 6h0 xou o x0ovTd.

3. Av, xodo¢ To mhdtog tne dlauéptong telvel oto 0, autég ol tocdTNTES TElVOLY
vo Toutlotoly, Aéue v f Riemann ohoxAnpdoiun xar tnv optaxr) auty TN
TN Aéue oloxhfpwua tne f.

H 18¢a tou Lebesgue, Bdoel tne omolog xataoxedaoe 1 Yewpla tou Yo ueheticouye,
frav 1 e€ne:

Eexwdpe pe wa dlapéplon tou Tedlou TL®dy tne cuvdptnong. Ankady, av n f
ebvon pporypévn! xau f([a,b]) C [m, M], Yewpoipe pio dopépion

Q:{mzyo<y1<y2<...<yt:M}.

Tote, ta avtloTorya «dvwy xaL «xdtwy adpolouata Yo ERpene Vo €YouV TN HopQH:

t—1
L(£,Q) =Y yrt{x € [a,b] : g < f(2) < yry1})
k=0

pdes
t—1

U(f,Q) =Y ysert({w € [a,b] sy < f(2) < g }),
k=1
6mou £(A) ebvar to «prixocy evéc ocuvérou A C R. Av 10 A eivan didotnua (A €éotw
€veror dlaoTEdTeY) uTdpyel évac udhhov uotohoynde TpéTog Vo optoTtel To uixoc.
I ™ yevueh neplntwor duwe, otny onola To cbvoho A umopel vo elvon BLaltepa
nohUmhoxo, elvon cagéc 6T ypeldlovtal emimhéoy LO€eg.

Ar’ 61 gaiveton hotmdy, o va avamtuydel 1 Yewpio Oloxhipwaone tou Lebesgue
Tpénel T T var Vepehwidel 1 Evvola Tou «pfixougy 1 dtwe Yo Aéue, tou uétpou. I
va yiver autd otny nepintwon tov R hoindy, mapousidletar 1o e€nig:

IMeoBANma. Trdpyet wa ouvdptnon £ : P(X) — [0, 00] dote yia xdde didotnuo I
tou R, 1o (1) va elvon to prixoc tou (ue T cuviAdn évvola) xou To onolo va txavomoLel
EMTAEOV XATOLEG «PUOLONOYIXESY LBLOTNTES UNXOUG;

H Boow Biotnta touv $éhouye va ixavomolel guot TEToLo cLVAETNOT «UETEOUY elval
n aprunoiun rpooletikdTnra: av A, plo oxoroutia EEvwy avd 800 UTOGUVOAWY TOU
R, tot1e

el U An) =D uAn). (3)
n=1 n=1

Tpoywedvtag otn Yewpla, Vo dolue 4Tl TPoXEWEVOU VoL €YOUlE UL ouVEETNoY £
TIOU LXAVOTIOLEL TAL TAPAMAVE E(UACTE AVAYXACUEVOL VO XAVOUUE HATOLES KEXTITWOELSY
elte otg WBL6TNTEG oL AW TY Yo TANEOl elte oot GUvoAa Tou Va unopolUe var UETEOOL-
UE.

Yy npoonddeta va Yepyelwoouye Tig Wéeg tou Lebesgue do nethyoupe ta e€nig:

L Autde o neplopiopde Eencpwidtor ToAD slxola ot Vewplo.



1. Ou xotaoxevdooupe Piot ToAD yevixr Vewpla pétenone (xou xatd cuvEnel oho-
x\pwong), dnhadr) Yo unopolue vor eladyoude TNV €vvola Tou UETEOU (Xou ToU
avtioToyou ohoxhnpmuatoc) ot audaipeta olvola. EWduxdtepa, mopdhhnia pe
v évvola Tou «uixoucy oto R Yo peretndel auotned xou 1 évvola Tou «6yYxouy
otoug ywpoug RE.

2. Ou ouvapthoeic f: R — R mou Yo uropodye vo ohoxhnpdyvoupe Yo ebvor puo
moAU eupltepn ¥Adom and auTh Twv Riemann ohoxAneooiuwy cuVIpTACELY.

3. To ohoxAfpwyua oto R Vo unopel mhéov va oplotel mdvew oe plo ToAD peydhn
HAGOY GUVOALY, XOL OY(L OVAYXAOTIXE O BlaoTHUAT.

4. Oa dwmotwoouue 6T To oloxhpwua Lebesgue cuumepupépetan mohd xaAbTERY
OTIC OLYXAOES aXOAOLILDY CUVAPTACEWY amd TO ohoxAfpwuo Riemann.

IMo va e€nyrooupe autd to teheutalo onuelo: To ohoxAfpwua Riemann eivon -
{tepa «mpoPhnuaTndy oTiC CUYXAICES AXOAOUTLOY GUVHPTAGEWY. LUYXEXQWEVA, OV
éyovue pa axorovdia Riemann ohoxhnpedoomv cuvapthoewy fy, : [a,b] — R xou piot
ouvdptnon f dote f, = f xatd onpelo oto R, dnhady

fu(z) = f(z), v xdde x € [a,b]

O€ UTMOPOVUE €V YEVEL VO CUUTIEPAVOUUE OTL Loy VEL XU

/ab fulx)dz — /f(x)dm

Yty mpaypotxdtnTa, ebvon miovo 1 oploxy| cuvdptnon f va uny elvon xov Riemann
ONOUATIPOGLUY).

IMogdderypa. Eotw {¢, : n = 1,2,...} wo apidunon tov pntdv tou Sotiuatog
[0,1]. Bewpolpe Tic cuvapthoelc fr, : [0,1] = R xow f:[0,1] = R pe

fn = Xtarg2rmany 20% = Xon(o,1]

Téte nopatnpodue 6t f, — f xotd onuelo (yiatl;) xaw xdde f,, eivon Riemann oho-
xhnpwotur (éxel povo nenepaouéves To TAROC ACUVEYELES), EVE 1) oplax) cUVAETNO
f dev eivon (awtd pnopel vo eheyydel ye to Kpitrpio tou Riemann, Bréne Hapdptnua
A",

5. Télog, Ya anodeifoupe OtL mpdypott To oloxhripwua Lebesgue amotehel wa
yviowt yevixeuon tou ohoxinedpatog Riemann: xdde Riemann ohoxinpwoiun
ouvdptnom etvor xou Lebesgue ohoxAnpdoiun xou t6te o 800 OAoXANEGUATA
TowtilovTat.

Avtéc oL onpewdoelc elvon oyedlooUévec oTE Vo XUAUTTOUV TIC AVEYXES EVOC
TEOTTUYLo00 1) HETAMTUY LU pordfuotog Oewplag Métpou. Ta mpota 6 xepdhona
ouvioToly TN Vepehinon g Baouhic Yewploag, dnhadn twv 1Wewv tou Lebesgue. Ta
unéhotna 5 xe@diona efval oucLHoTIXd aveEdpTNnTa HETOEY TOUG %ok 0poPOLY TILO TEO-
yoenuéve onuelo tne Yewplac.

1 ,z€A

2 Quuiloupe 6T yia éva oOvoro A C R, Yétouue xa(z) =
0 ,o¢A






Kegpdiaio 1
o-AANYEBpEC

'Onwe npoidedoaye xar otny Elcaywyn, to onuelo and to omolo mpénel va apylioet n
Yewpla elvon 1 Yeyehlnon tng évvolag tTou «pétpouy. Hpwtol yivel autd duwe, Teénel
vo amogacicovpe mold axpBae ebvar ta ohvoha mou Yéhoupe va uetpriooupe. Ot
WBLOTNTES TOL TEETEL VoL EYEL LULaL TETOLXL OLXOYEVELD CUVOAWY TEPLEYOVTOL GTOV OPLOUO
™™g 0-GAYEBpag Tou ToPOUGLELOUUE GE QUTO TO XEPEALO.

1.1 "ANyeBeec xou 0-dAyeBpec
Ogiopo6c 1.1.1. 'Eotw X éva olvoro xou A C P(X) wior 0oixoyEévelo, UToGUVORGY
tou X. H A xahelton dAyefpa av woybouv ta oxdhoudo:

(i) X € A,

(il) n A eivon xhewot ot sUUTANEOUATA, dNAadH av yia Eva oUvoho toylel A € A,
t6te xot A°= X\ A € A xou

(iii) n A eivon xhelot oTIC TETEPUOUEVES TOUES, dnhadn av Aq, Ag, ..., A, € A tbte
ebvan xou (j—; Aj € A,

IMopatneroeig 1.1.2. (o) Eow A wa dhyeBpa utocuvérey tou X. Téte n A

elvon xAeloTh 0TS GUVOROVEWPENTIXES BLAPOPES XA TIC TIEMEQUCUEVES EVITELS, ONhadN:

(iv) Av A,B € A 6t eivaw xan A\ B € A.
(v) Av Ay, As, ..., A, € A 1é1e elvon xou U?:1 A e A

Andbaén. T o (iv) apxel va napatnehoovye 6t B¢ € A ané 1o (ii) xou
A\ B=AnB". (1.1)

To oupnépaopa éneton and o (iii). I to (v) mapatnpolpe méhL 6t A € A yia 6ha

T j X0l ETUTAEOV
c

Aj=| () 45 (1.2)

n n
=1 j=1

J

and toug vépoue De Morgan. O
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(B) H Wbt (i) tou optopod 1.1.1 propel vor avtixartaoctoadel pe pio ond Tic

0e Axu A#0D.
(v) H &6mra (iil) tou oplopol 1.1.1 unopel vo avtixataotadel oand vy (v).
Ou qavel TOA) cOvToua duwe 6Tl 1 évvola TG GhyefBpag dev elvan «apxeT» Yo

vo avamtuydel emtuyde 1 Yewplo.  Elvor ouoiddeg vo unopolue va «petprioouuey
neplocbtepa clvola. ‘Etaol, odnyoluacte otov e€Xc oplopo:

Optopdc 1.1.3. Eotw X éva olvoro xaw A C P(X) yior o1xoYEVeLd UTOCUVONGY
wou X. H A xodelron o-dAyefpa av ioybouy o axdrouvda:

(i) X € A,

(i) n A ebvan xhewoth ota oupmAneduaTe, dNAadh av yio éva olvolo oyler A € A,
t6te xow A°= X\ A € A xou

(iil) n A eivor xheoth otic apriufolec Touée, dSnhadh av A, € A, n =1,2,... té1¢e
ebvan xou ;2 4j € A,

IMopatneroeic 1.1.4. (o) Kdde o-dhyePpa eivan dhyefpa.

Anddeiln. Av Aq, As, ..., A, € A, 9étovge A; = X € A, v j > n + 1 xou €youue

n oo
J=

Aj=()4;€A
J

1 j=1
O

(B) Hoapdpow pe o (B7) xou (') tov Hopatnprfioewmy 1.1.2 éyouvye 6TL Wi 0ixoyEVeLa
A urocuvéhewy Tou X elvon o-dhyePpa av xou wévov av A # ) xou 1 A elvon xhewot
oA CUUTANEAOUATA Xt 0TS opLIUNOLUES TOPES 1 EVWOELS.

IMopadeiypata 1.1.5. () Eotw X éva ohvoro. Tote on Ay = {0, X} xou
Ay = P(X) elvon o-8hyefpec oto X. Av A wa dhhn o-dhyefpa oto X elvan guoxd

A CAC A, (1.3)
(B) Eotw X =N 10 6UVON0 T0V QUOXOY aptdudy xou
A={ACN: 10 A1 1t0 A° civon nenepacuévo} (1.4)
H A etvou dhyePpo oto N, odhd byt o-dhyefpo.

Anédein. Eivou dpeco 6t A # 0 xou 611 1 A elvon xdheloth ota ouunhnpeduata (o-
76 TN ovypetelo Tov oplopod ). Av thpa Ai, Az, ..., Ay € A, Saxpivoupe 800
TEPINTAOOCELS:

Av 6ha o A ebvon dmewpar, TOTE Ol Tor A elvou TemEpaopEVEL, dpar Xou 1) EVoT) TOUg

C

Uas=1M4
j=1 j=1

elvon memepaouévr. Buvende ﬂ;-lzl Aje A
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Av xdnowo Aj, eivos menepaouévo, o Blo 1oy e xau o Ty Toun (N, A; € A, apol
7 n

puondd (N Aj C Ajg-

Apa, mpdypatt n A elvan dhyeBpa. Aev elvar duwe o-8hyefpa, agol Yo Ta OvVoha

A, ={2n}, n=1,2,... ebvu puowd A,, € A (apol elvar nencpacuévar), oG ebxolo

ehéyyeton on ;o) Aj ¢ A O

(¥) Xto ocbhvoho twv npaypatixdv aptdumdy X = R n oxoyévelr A mou arotelelton
and T TEMEQACUEVES EVWTELS BlacTNUdtewy Tou R elvon dhyeBpo ahhd oyl o-dhyelpo.

Andbaén. Kat' opyde, eivon dueco 6t A # (. Emnhéov, av I xou I dvo droothpota
oto R xou 1) Tops| toug I NI ebvan didotnue. Etor, av A = J;_, I; xou B = U?:1 J;
dvo otouyeio g A eivon xon

AmB:O O(Imjj)efl.

i=1j=1

Suvenoe, pe g amhf enoywyh, n A elvor ¥AeloTH 0TI TENERPUCPEVES TOUEC.

Av tdpa I éva didotnua oto R 1o cupniipwud tou 1€ etvor elte Sidotnue elte évwon
’ 7 7 7 ,, n z ’
800 Sreotnudrev Tou R xou dpa avixer oty A. Av topa A = J;_, I; éva otouyelo

me A elvan

A= (I € A,
j=1

amd tor mopandve. ‘Apo A elvon dhyeBpo. Aev elvan dpwe o-dhyeBpa, agpol yia xdide
n o I, = (2n,2n + 1) ebvor ototyeto e A evéd n évwon oo, I, dev avixel oty A
(ywozis). O

Eotww {A,} wo oxohovdia vrocuvéhwy evéc cuvdrou X. H {A,} Yo Méyeton
avéovoa av A,, C A, 41 v xdde n xon pdivovoa av A, D Aptq v xdde n. Me auth
v oporoylo divoupe éva BoAnd yapuxtneloud Twv aAYeRedy mou elval ETTAOV oL
o-GhyePpeg:

IMebétoom 1.1.6. Eotw X éva ovvodo kar A pua dAiyeBpa vnoowwdlwv tov X. H
A eilvar o-dAyefpa oto X av (kai udvov av) wyvel kdnow and ta napakdto:

(i) Ia xdOe avéovoa axodovdia {A,} otny A wyvea ;.| A, € A.

(ii) Ia kdOe pOivovoa axokovdia {A,} otnr A wyvea (,—, A, € A.
(ii) Ia kdOe axolovdia {A,} Evwr avd 600 cwvdrwr Ttng A wxidea | ), A, € A.
Anéoaén. H A eivou dhyePpa, dpa apxel vo deydel otL elvan xhelot otic apriuiolues
evooelg 1 topés. ‘Eotw (B,,) axohoudio otoyelwy g A.
‘Eote 6uioyden (i). Oérovpe A, = Jj_, Bj. Apodn Aebva dhyefeoa, ebvan A, € A

xou emmhéov A, C Apyq yio xde n. Apa xou yio Ty évewon woyle oo, A, € A
and tnv unéveon. Edxola BAénovye duwe ot

o — U ea .
n=1 n=1 n=1
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Av wyler n (ii) Héroupe A, = ﬂ?zl Bj. Agol n A eivau dhyefpa, elvon A, € A xou
enfong A, D App1 v x80e n. Apa xou yia v topn woyvel (-, An, € A. Edxola
BAémouye duwe 6Tl

ﬁanﬁAn = ﬁBneA. (1.6)
n=1 n=1 n=1

Téhog, ac unodéoovue ot oydel 1 (iii). Xe avth v neplntwon, Hétouvue

n—1

Ap = Bn\ U Bj (1'7)

j=1

xa mopatnpolue 6tL A, € A v xde n xow étL tor A, ebvon Eéva avd d0o. ‘Apa, and
™ unddeon wyvel U, A, € A. Edxoha Brérovue bung 6t

By=|JA, = [JB. € A (1.8)
n=1 n=1 n=1

O

Ieétaocr 1.1.7. Av F C P(X) elvar e owkoyéveia vmoouwvédwy tov X, téte
undpyer n ehdxion o-dlyeBpa A oo X nov mepiéyer tny F, 6nAadn av A’ pia dAAn
o-dyefpa pe F C A’ tére etvar kn A C A'.

Anddeln. Apywnd, unopel va topatnerioet xavels 6tu av (A;)ier pia wn xevi oixoyéveto
and o-dhyefpec tou X, téte xau M (o Ai ebvon ot o-dhyeBpa oo X (doxnon).
OewpolUE TEA TNV OOYEVELNL T-OAYERROVY

C={A:o-olyefpa xu F C A} (1.9)

Puoxd C # O (oot P(X) € C) xou dpot and Ty nopamdve Topatienon 1 oxoyEévela
(unoouvérey tou X)

A=(c=({B:Bec} (1.10)

elvon wa o-dhyefpa oto X. Edxola BAénovpe topa 61t F C A xou ydhota 6t n A
elvon 1 eNdytotn pe auTh TV WBLOTNHTAL. O

Opiopo6c 1.1.8. H (povoduxr) o-diyeBpa A nou npoodlopiletan and tnyv mapamdve
npoTaon Aéyetow N o-dhyePpa mou mopdyeTton and TNy owoyévewo F xon cupforiletan

ue o(F).

Alvoupe thHpa 0 Bootxdtepo Topddetypa o-dhyePpag mou eival GAAWGTE QUTO TOU
odnyel otn Yeyehlwon tou pétpou Lebesgue otoug Euxieldeioug ydpoug.

Opiopwdg 1.1.9. Eotw (X, d) évac petpinde yopoc! xou T 1 owxoyéveld tov avol-
%1V utoouvohwy tou X. Ta otouyelo e o-dhyeBpoc mou mapdyel n T xoholvton
Borel unoctvoha tou X. H owoyévelar dAwv twv Borel unocuvérwnv tou X cupfo-

Aeton pe B(X).

YOhec or WibtnTee TV ouVORWY Borel mou Yo pehethioouue SoULEHOUY X0t GTO YEVIXGTE-
PO TAXCLO TWV TOTOAOYIXMY YDEWV.
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©uuiloupe toug e€ric oplopola:

‘Eva A C X Ayeton G5 00volo av YpdgeTon we optdufoudn ToUr avoixXtedy cUVOALY
Tou X, dnhady) av undpyouvv G, avowtd, n =1,2,... dote A = ﬂzozl Gp.

‘Eva B C X Aéyetoan F, cOvolo av ypdgeTtar w¢ apudufotun Evwor xAelotomy Tou X,
dnhodh av umdpyouy F, xhewotd, n = 1,2,... dote B =J,—, Fy.

Ipogavng dha ta G5 cbvola xou o Fy, ahvola elvon xou cvola Borel. Eto, 1 xAdon
B(X) qaiveton vo meptéyel GAot o «xahd» TOTONOYIXS GUVONOL.

Ipbétaom 1.1.10. Eotw F 1 owkoyévela twr kA€wotdy vnoowolwy tou R kai
€TIONG 01 01KOYEVeEIEG:

A; = {(—00,b] : b € R},
Ay ={(a,b]:a <b, a,beR},
Az ={(a,b):a<b, a,beR}.

Téte
B(R) =0(F) =0(A1) = 0(Ay) = o(As3). (1.11)

Anédaén. O deilouye 6T

B(R) D o(F) 2 0(A1) D o(As) D o(A3) D B(R)

ol ETE, duesa, woylouv xau ol {ntolpevec. Aol B(R) D F eivon xau B(R) D o(F).
Emuniéov, xdde obvoro tng A; elvon xheiotd, dnhadn Ay C F xou €10l glvan xou
o(F) 2 a(Ay).

Av tpa a,b € R xou a < b, elvou
(a,b] = (—00,b] \ (—00,a] € d(Ay), (1.12)

dnhadh Ag C o(Aq) xou cuvernde givor xou 0(Aq) 2 0(As). Eneta, av (a,b) € Ag,
Yedpouue

oo

(a,0) = | J(a,b - %] € a(Ay) (1.13)

n=1
xou mafpvoupe tov eyxielowd Az C o(Ag) dpo xan tov o(Ag) D o(Ag).

Iot v anddelén tou tekeutaiov eyxAelopol, YuuduaoTe 0Tt XV avoxTé GUVOAO GTO
R ypdpeton we apriufiowun éveon EEvev avd 800 avolxtay daotnudtwy 2 xot tot, av
T 1 oxoyéveld Ty avotody utocuvOhwy tou R eivon T C o(Asz) xou cUVETHOS

o(As) 2 o(T) = B(R),

TS VENAYE. O

Xenowomoldvtag Tig (Bleg 1déeg unopet va detlel xaveic Ty &g yevixdtepn npdta-
om g onolag 1 AmdEEn aPrveETUL WS doxNoN:

2Bréne Tnueidoec Mpaypatucic Avéhuong, TT. Bakétroc
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IMpétacn 1.1.11. Eoww Fj n owkoyévaa tov kleotdy vroourilwr tou RY kai
€miong o1 01koYéveleg:

k
Ay = H(—oo,b]-] b eR,j=1,2,..kp,
j=1
k
Ap = H(aj7bj] ta; <bj,a;,b; €eR G =120k,
j=1

k
Az = H(aj,bj):aj<bj,aj,bj€]R,j:1,2,...,k
j=1

Tote
B(R*) = o(Fi) = 0(A1) = 0(As) = o(As). (1.14)

1.2 KAdoeig Dynkin

Optopdc 1.2.1. Eotw X éva olvoro xaw D C P(X) o 01xoyEveLs UTocuVOAeY
tou X. H D xahetron kAdon Dynkin av ioybouy to axdroudo:

(i) X €D,
(ii) av A,B € D ye A C B, t6te eivow xou B\ A € D xou

(iii) n D elvou xhewoth otic adZovoes evadoels, dnhadh av (A,) adouca axoloudia
otoyelwy e D, téte ebvon xan | J,o | A, € D.

Iogatneroeic 1.2.2. (o) Kdde o-dhyefpa eivor xhdorn Dynkin.

(B) Ané to (i) e Hpdraon 1.1.6 npoxdntel edxoha 6Tt ov D elvon plar xhdon Dynkin
XAEWOTH OTIC MENEPACUEVES ToUéC (1) evoels) téte 1 D elvon o-dhyePpo.

(v") To avtiotpopo tou (o) Bev woylel yevixd. Eotw X évo un xevé odvoro xou A, B
Buo un xevd, yvhota utoclvoha Tou X yla ta onola Loy vouv

A\B#0, B\A#0, AnB#0.

Téte 1 owoyévewa
D={0,X,A,B,A°, B°}

elvon ot xhdon Dynkin oto X aAAd bev elvon olte xav dhyeBpea, agod A, B € D oAld
ANB¢D.

(&) Opowa pe v Hpdtoon 1.1.7, napatneolue TL 1) TOUR WS U XEVAS OLXOYEVELIS
xhdoewv Dynkin eivon % outh pa xhdon Dynkin xou €tot, yia o owoyévelr A C
P(X) undpyer n ehdyiotn xhdon Dynkin D nou nepiéyet v A.

Opiopo6c 1.2.3. H (uovadixn) xhdon Dynkin D ntou npocdiopileton and tnv mapo-
Tdvey mopotienom Aéyetan 1 xhdon Dynkin mou mopdyeton and tnv owxoyévelar A xou
oupBohiletan pe §(A).



1.2. KAASEIZ DYNKIN - 11

Ipogovae, yio po owovévelr A C P(X) elvon
0(A) Co(A), (1.15)

agoV 1 o(A) eivan o-GhyePpa, dpa xou xhdon Dynkin. To enduevo Baocixd Yedpnuo
Blvel Wi eav) cLVUAXN OoTE va Loy Vel 1) LoOTNTA.

Ocdpnua 1.2.4. Eotw A e oikoyévela vnoowédwy tov X KA€IOTH] OTIS TETE-
paopéves toués. Tote
0(A) =a(A). (1.16)

Arnddedn. Kot apyde, napatnpeodue ot av 1 6(A) ftav o-dhyefpa, tote Yo elyoue
o(A) C §(A) xau dpo v emduunth wdtnro. Ondre apxel vo Sei€ovue btL n 6(A)
elvan puor o-dhyePpa 1 loodivopa, cOppwva pe Ty Hopathenon 2.1.2 (), 6t n 6(A)
elvon xAeloTY| oTIC TENEPUOUEVES Topéc. Anhadr, mpémel

ANB e §A), yiwoxdde A € §(A) xou yio x&de B € 6(A). (1.17)
OewpolUe NOLTOV TNV OLXOYEVELDL
6/(A/) ={ACX: ANBe(A), yauxdde B € §(A)}. (1.18)

Iopatneriote 6t npénel vo deilouye Tov eYXAeloUs

—

5(A) C3(A).

I va Setydel autd elvan capég 6Tl apxel va anodety oy ta axdhouta:

—

1. Toylet o eyxheioudc A C §(A) xou eminhéov
2. n owxoyévela ‘S/(Z/) elvon xAdon Dynkin.

Topa mou eldaye 10 oYEdLO TNE AndBEENC UTOPOUKE VoL UTOVUE GTIC AETTOUEQPELES.
Tevixdtepa, Yo pla owxoyévele P C §(A) détoupe

P={ACX: ANBedA), yuxide B € P}. (1.19)

Ioyveiopoés: H P civou xhdor, Dynkin.
O Wudtntee tou opopol e xAdone Dynkin enadndedovto we e€nc:

(i) Tw B € P, eive XNB=Be P CH§A) xudpa X € P.
(ii) Eotw A1, As € P pue As C Ay, Tére, yia B € P, ebvau
(A2\ A1)NB = (A2NB)\ (A1 N B) € §(A),
apol Ay N B, Aj N B € §(A) xou Ay N B C Ay N B. Apa Ay \ Ay € P.

(iii) "Eotww (Ay) abdlouoa axohovdia otolyeinwv e P. Téte, vy B € P, ebva

(D An> NB= G(Ant)e5(A),

apo 1 axorovdia (A, NB) eivar adEouca axorouvdia ctoyeiwy e §(A). Etot,
nedypat U, A, € P.
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Egapuélovtac tov oyvptopd vy P = §(A) anodeiydnxe to 2. T to 1 tdhpw, no-
patneolue 6Tt ool N A elvor XAELGTH OTIC TETEPUCUEVES TOUES LOYVEL O EYXAEIGUOG
A C A. Opw n A eivon xhdon Dynkin, deo toyder emniéov

§(A) CA.

Me &M Aoy, vy xdde A € 0(A) xou B € A wyber AN B € §(A) 1o onolo
tlooduvoel Ue Tov eYxAeloUd

e

A C3(A)

nou ebvan axpPBde to 1. Etol n anddelln ohoxhnpdinxe.
O

Iopatrenon 1.2.5. Xenowonoldvtag To nopamdve Yewpnua, 1 pdtaon 1.1.11
AVOBLOTUTVETOL YRAPOVTOC

B(R) = 6(Fx) = 0(A1) = 6(A2) = 6(As).

Andbaén. Apxel va mapatnerioet xavelc 0T oL owoyéveiee Fi, Aq, AU{0D}, AsU{0}
elvon XAELOTEC OTIC MENMEPACUEVES TOUES. O

1.3 Aoxnoesig

Oudda A’

1. Eow X éva odvoro, A C P(X) wa dhyeBpa (avtiotoiya o-dhyefpa) oto X xou
C C X. Na def€ete 611 1 owoyévela

Ac={ANC:Ae A}

elvon enione dhyeBpa (avtiotowya o-dhyefBea) oto C.

2. Eow X,Y d0o obvoha, f: X — Y xou B pa dhyefpa (avtiot. o-dhyePpa) oto
Y. Na 8etéete 6t 1 owxoyévela

f7HB) ={f"'(B): BeB}

elvan enione dhyeBpa (avtiot. o-dhyelpa) oto X.

3. 'Eotw X éva clvoho xou

C={{z}:2z€X}.
Na neprypdpete v o(C).

4. Eotw X éva odvoho xar (A,) wo oxohoudia utoocuvérwy tou X. Opiloupe to
cUVohaL

limsup 4, = {x € X : 10 z avixel oc dnepo and o A, } (1.20)
n

xow
liminf 4, = {x € X : 10 = avixel oe dha tehxd o A, }. (1.21)
n
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(o) No defEete ot

limsup A,, = ﬁ [j A xow liminf A, = [j ﬁ Ap. (1.22)
n n=1k=n " n=1k=n

(B) Av n (A,) elvar ab&ouoa, toTE

limsup A, = liminf 4,, = U A,

n=1

, ’ ’
€V Ay gvol (Pl()LVOUO'O(

limsup A,, = liminf A4,, = m A,.

n=1

Ouéda B'.

5.

10.

11.

‘Eotw X éva olvoro xar F C P(X) wa ooyéveta unoouvohwy touv X . Anodeilte
oL UTdEYEL 1) PixpoTERN dAYEPpa oL TepLEyel T F. Auth Aédyetan n dAyeBpa mou
napdyer n F xon oupPohileton pe A(F).

. Eotw n owxoyévela

T ={la,b] : a,b € R}.
No 3¢iZete 61 0(Z) = B(R).

. 'Eotw n oxoyéveia

Zo = {(a,b) : a,b € Q}.
Na detZete 611 0(Zg) = B(R).

. 'Bow X = {z1,22,...} evou éva apriuriowwo obvoro. Ileprypddrte Shec tic o-

dhyePBpec oto X.

. Eotw X,Y yetpixol ywpol xou wa ouvdptnon f : X — Y. Na deléete 6t 10

c6UVOAO
A={z € X: nfelvu cuveyhc oto x}

elvar Borel vrtoclUvoro tou X.

Eotw X petpdg xdeog xan wa axolovdla cuveydv cuvoptioewy f, : X — R.
No deiete 6Tt 0 clvoho

B={zeX: vrdpyetto lim f,(z)}
n—0o0

elvon Borel urtocUvoho tou X.

‘Eotww X éva olvoro. M owoyéveir R C P(X) Myetow daxtidiog av eivou
XAELOTY| OTIC MEMEPUOUEVES EVIOELS X0l TIC CUUPETEIXEG Slapopéc. Av emimAiéov 1
R ebvan xhewoth otig apriurioes evioelg, Yo Aéyeton o-daxtoMog. Anodeléte ta
axdhouvda:

(o) O BaxtOhot (avtioT. oL o-daxtOhoL) elvan xheloTol otic Tenepaopuéves (avtiot.
aprdufotuec) Topéc.
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12.

13.

(B) Evoc doxtdiog (avtiot. o-doxtOlog) R eivon dhyefpa (avtiot. o-dhyelpo)
av xou wovo av X € R.

(v) Av o R elvou o-doxtohog, w6t 10 {E C X : E € R {4 E° € R} e
o-Ghyefpea.

(8) Av o R elvon o-8axtOhog, tote T0 {E C X : ENF € R vy xdde F € R}
elvon o-dhyefpa.

‘Eotw X éva ovoho xaw F C P(X). Nu dellete 6n vy xdde A € o(F) undpyel
Ca C F opudufown wote A € 0(Ca).
(Tr6deln: Oewphote Ty oxoyévela

A={Aeco(F): undpyer C4 C F apiufiown pue A € 0(Ca)}

xou arodel&te dt elvan o-dhyeBpa xow F C A. Thati éneton to {ntodyevo;)

Av X éva obvoro, wa o-diyefea A oto X Ayeta apifurjoua tapaydpevn av
undpyel aprduriown oxoyévewr C dote A = o(C). Anodeilte 6t 1 B(R) eivon
aprduriowa Topayouevn. Emnhéov, anodellte to Bo v tyv B(X), 6nou (X, d)
Tuyolog Blaywelolog HETELXOS YWEOoC.

Oudda I'.

14.

15.

16.

‘Eotw X éva obvolo. Mo owoyévelor M umocuvorwy tou X Aéyeton povdétovn
kAdon oto X av wavonotel ta e€hc:

(i) Ebvan sxdeioth otic adovoee evioele, dnhadh av (A,) adEouca axoloudio
ototyelwv e M, t6te elvan xou | Joo, A, € M.

(ii) Eivou xhewoth otic giivousee touée, dnhadh av (A,,) @divouca axoloudio
’ ’ ’ o0
otouyelwy e M, téte elvan xou (), Ap € M.

Av A o ooyévela utoouvohwy tou X, oupPoiilovue e m(A) tn wxpdtepn
povétovn xhdom nou mepiéyel T A (Mépe 6t m(A) mapdyetar ond v A). Na
anodeilete ta e&nc:

(o) Kéde xhdon Dynkin elvon povétovn xhdom.

(B) Av A wa owoyévelo unoouvorey tou X, tote m(A) C 4(A).

(v) Beeite wo povétovn xhdon nou dev eivon xAdon Dynkin.

(8) Av A eivon pa dhyePpa oto X, thTe

m(A) = o(A).

’

Eotw X éva obvoho xou F o aptduriown oixoyévela utocuvorwy tou X. No
deydel oL xou n A(F) (BN. dounon 5) elvon aprduroun.

‘Eotw X éva ahvoho xan A o o-dhyeBpa oto X pe dnetpa otouyelo. No detlete
ot

(o) H A mepiéyet wo dmetpn axohovdia Eévwv avd 800 cuvolmy.

(B) H A eivan unepoprdurioun.



Kegpdhawo 2

Merpa

‘Eyovtoc avantiel ) Baouy| Sewpla yio Tic o-dhyefpeg, unopolue topa Vo oploouue
10 Booind aVTIXEIUEVO QUTWV TWV ONUEWWOEWY, dNAadY TNV €vvola Tou uétpou. 'Eva
pétpo Yo anodidel oe xdde cUvoho ploc o-dhyefpog €vav un apvntixd apudud, To
«pfxocy tou. Ot guotohoynée anawthioelc mou Vo elye xavels apyixd elvon ot e€fc:

1. To xevé oivoho B vo éyet Quod «uhxocy Undév xau

npoodlopilovpe Tt TEENEL vor Loy UEL YLot To oUVoho detxtdv I), T6Te To «Uinocy
TNC €VWONS TOUG VAL LoOUTAL UE TO GUPOLoUO OAWY TV KUNXWOVYY.

2. av (Aj)ier wo owxoyévelo and Eva avd 6o otoyela, (omod npoc to Tapdy dev

O {Biog 0 oplopde tng o-dhyePpos «emBaiiely To clvoho dextwy I 6to 2 va efvan To
Toh0 apripnoo, wote va eEac@aiileton otL av A; € A yio xdde ¢ € I, téte elvon xou
Uiel A; € A. Auté ymopeite va to delte xou we e€ng:

‘Eva «@uotohoyxdy pétpo oto R Yo anédide oe xdle xhetotd Sdotnua [a, b] to phixoc
tou b — a. 'Etot, xd0e povooivoho da elye uixog undév. Av to I oto 2 mopoandve
unopoloe va elvol UTERUELIUNOLLO, YEAPOVTOG

A=)
€A

Yo elyape 6T xdde olvoho A C R €xer undevixd urxoc xau dpo 0 optopds Yo HTay
XEVOS VORUOTOC.

2.1 Oplopdc xaou Bacixég LOLOTNTES

Optowocg 2.1.1. 'Eotw X éva alvoro xou A pa o-dhyeBpo oto X. Mia cuvdptnon
p A — [0, 00] Myeton uérpo av:
(i) Ioyver u(d) =0 xou

(il) o p elvon aprunioua mpooetiké (i o-npoodeting), dnAady av (An)nen oxo-
Aouvdio Eévwv avd 800 cuvorwy oty A, téte elvan

(U] - S 21)

n=1 n=1
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And v teheutalo WOTNTYL, Eva TETOLO UETPO TOAMNES POPEC avapépeTal XoL we ap1l-
prjoa npoodetid (f o-tpoodetnd) pétpo.

Enione, to Lebyoc (X, A) Aéyetoun petpriouos xdpos, n teudda (X, A, u) Aéyetou
XDpos 1éTpou xou Mue 6Tt To p elvon évo uétpo otov (X, A) f ankd oto X. Ta
ototyela e A Ayovtan xou A-yetpriopa oOVoha.

Oplopocg 2.1.2. Eotw X éva alvoro xou A pla o-dhyeBpa oto X. M cuvdptnon
pi A — [0, 00] Méyeton nenepaouéva mpooletikd pétpo av:

(i) Toyver u(0) =0 xou

(ii) to p v memepaouéva rpooletins, Snhadh av (A;)7_; po Temepaouévn oxo-
houvtia Eévwv avd Blo otolyelwy g A, téte ebvan

p{ U4 | =D mAy). (22)
j=1 j=1

Etvon cagpéc ot xdide yétpo elvar xou nenepaopéva tpootetind uétpo.
IMopodeiypata 2.1.3. Eotw (X, A) évoc petpioylog xopoc.
(o) Tt A € A opilouye

n, av to A éyel n to tAdoc otolyela
) = X fidos oo (2.3

00,  AAAOC
To p elvon pétpo:

Anddeaén. Tpogovae () = 0 xou yio va enahndedoovpe t (ii), apxel vo mapotn-
eoovpe 6t av A, # 0, yio drepa to Thidoc n téTe xoTahfyouue ot oYéor 00 = 00
evé oty avtidetn nepintwon éyoupe YL tenepaouévn EEvn €vmoT TENECUOUEVWY CU-
vohwv. Ométe xou wéh oy et to {ntolyevo. O
To pétpo pu Aéyeton apruntiké pétpo.
(B) Tt A € A opilouyue

v(A) = { 0, ovA=0 (2.4)

00,  AAAOC
To v elvan enlong pétpo:
Anédeién. Eivoaw v() = 0 xou v v (ii), mopatnpodue 6t av woyver A, = 0 yo
xdde n, TOTE xATOATYOUUE oE TawTohoyia Tng wop@ric 0 = 0 eved av yio xdmoto n eivon

A, # 0 t61e xoTaNfyouue oTHY 00 = 0.
O

(v) T z € X nan A € A oplloupe

1, av z€ A
0x(A4) = { 0, avz ¢ A (2:5)

To §, etvar yétpo (doxnon) xaw Aéyeton pérpo Dirac oo x.
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Av p, v 800 pétpa oo petpowo xdpeo (X, A), téte 10 8o toydel xou yio oL pr+ v
xou a - pt, 6mou a € R ye a > 0, énov opilovton and tic oyéoelg

(14 V)(A) = p(A) + v(4), (a-p)(A)=a-u(d), AcA  (26)
Av emmhéov vnodéooupe 6t yio xdde A € A elvon v(A) < oo xon v(A) < u(A), téte
XOL TO [t — V Elvol PUETEO.

Extéc and autée g amhéc mpdielc, undpyet xou o e€AC TEOTOC Vol XATAOXEVELOUYE
xovolpyLaL PETEO AT ToALAL:

‘Eotww (X, A, 1) évac yopoc pétpou xan C' € A. Oplloupe tétE TN cuvdptnon e :
A — [0, oo] Yétovtac

pe(A) =u(ANC), ywa Ae A (2.7)
Mrnopei va dei€er xaveic 6t 10 pe elvon pétpo oto petprowo yopeo (X, A). To uc
Aévetan o mepropopds tou p oto C. H anddeiln oautod Tou Loyuplopol a@rveTal e
doxnon.
IMpétaocm 2.1.4. FEotw (X, A, 1) xdpos pégpou.
(i) To p etvar povdrovo, 6niadr) av yie A,B € A wyve A C B, tdte elvar ka
w(A) < u(B).
(ii) Av emmdéor p(A) < oo, tdte (B \ A) = pu(B) — p(A).
Arnddeén. I'pdpoupe
B=AU(B\A)
xon tapatneoVpe 6t ta A o B\ A ebvon Eéva petald toue. ‘Etot, and tny tpoocie-
TIXOTNTA TOL f elvan
w(B) = p(A) + p(B\ A).
Apa, pdypatt u(B) > p(A) xou av emniéov p(A) < oo eivan

u(B\ A) = u(B) — p(A). (2.8)
m

IapatneRote 6Tt oty amddelln YeNotlonotioope HOVO OTL TO [ elval TETERUCUEVL
npocVetnd péTEo.

IMapotAenon 2.1.5. To (ii) tne nopandvew npdtacne dev Exel vomua av u(A) = oo.
Téte Ya ebvon xou p(B) = 0o and 1o (i) eved to u(B\ A) propel va elvon nenepacuévos
aptduée 1 to dnelpo:
It mopdderypa, Yewphiote 1 to aptiunuxd pétpo oto petpriowo yoeo (N, P(N)) xou
twohvoha A={2n:n=1,2,..} xu A, = {m,m+1,..}. Téte A, A,, CA; =N
xou €tvou

WAL\ A) =00, u(A1\A4Apn)=m-1, m=1,2,..

IMeétacr 2.1.6. FEoto (X, A pn) évas xopos pétpov. To p efvar apidurioiua
vronpoodetiké (1§ o-vronpootetikd), dnAadr av (A,) tuyoloa axolovdia otoryelwy

s A, tote N N
" (U An> <3, 29)

n=1 n=1
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Anddeén. Muoluaoté xdmwe vy anddeln e Hpdtaone 1.1.6. Oftouue

n—1
B, =A4,\ U Aj, n=1,2,... (2.10)

j=1

Téte xdde B, € A, ta B, elvon Eévar avd 800, oylel B,, C A, xou pdhiota

B, = A,
n=1 n=1
Yuvenng:
z (U An> =p <U Bn> =D (Ba) Y pl(An),
n=1 n=1 n=1 n=1
AOYW NS aprdunoune Teoc¥eTindTNToC TOU 1 XL TNG LovoToviag. O

Ipétacy 2.1.7. Eoww (X, A, u) xdpos pérpov. To pétpo p elvar «ovvexésy e
s €€ng Ovo évvoieg:

(i) Av (A,,) avéovoa axolovdia oroeivwy tng A, tote elvar

(i1) Av A, ¢Oivovoa axolovdia aroeiwr tns A kar emmAéor (A1) < oo, Tdte eivar

m (ﬂ An> = lim_p(An). (2.12)

Arndbeén. (i) Oewpolue To GUVORL
Bp=Ay\ A1, n=12,.. (2.13)

(6mou éyoupe Yéoer Ag = () to onolo elvan Eévar avd V0 xou TAPUTNPOVUE GTL YLot
wdde n elvar

YUVETNC:

(ii) Oewpotue ta GUVOI

Cpn=A1\A, yian=1,2,.. (2.14)
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Téte, n (C) elvon ad€ovoa axoroudio oty A pe

U Cn=41\) 4.
n=1 n=1

Ané To (i), éneton tidpa 6t (oo Cr) = limy, pu(Cl), Snhody

‘Etot, ané v Ipbdtaon 2.1.4 (ii) éyouye

H unédeon u(Ay) < oo oto (ii) tne mopandve npdtacng eivon ancpaitnTn:

T topdderypar, av Yewprioovye p to aprduntxd pétpo oto (N, P(N)) xou tn @divouoo
oxohoudiot (Ap)m>1 Ue Am = {m,m+ 1,...} evou p(A4,,) = 0o v x&de m, evédd
(M=t Am) = p(0) = 0.

Mdhwota, ou Wiotntes e Hpdtaone 2.1.7 yopdxtneilouv exeiva ta nenepaopéva
mpooeTnd pétpa mou etvan xou apLiuroiua TEocVETIXA, oOUPLVA Ue TNV oxdlouln
[Mpotaon,.

ITebtoom 2.1.8. Eotw p éva nenepaciiéva mpoodetikd pUétpo oTo LETPIIOUO X WDPO
(X, A). To p etvar uérpo av (ka1 udvov av) wxve pa ané tg axdrovdes ovrvdrikeg:

(i) Ta kdOe avéovoa axolovldia (A,) oroeiwr tns A 1wxle

f (U An) = lim pu(Ay). (2.15)
n=1
(i) I'a xdOe pOivovoa axokovdia (A,) ororeiwr tng A ne (), A, =0 wyvea
lim p(4,) = 0. (2.16)

Anédaén. To p eivon nenepaopéva tpocVeTind YEtpo xat Gpor Uével var detyVel ubvo
7 apWiuriown tpooVetixdtnia.  Oewpolye Aowndy oxorovdia (By) Zévev avd dlo
otoyelwv e A xou Yo dei€ovpe 6t p (U Bn) = D oney 1(Bn).

‘Eotw 61 woybet to (1). Of¢tovue tdte
An = Bk (2.17)
k=1

xau mopotnpolpe 6t A, € A v xdde n, n (Ay) elvon ad&ouoa xou emmiéov

U
n=1

(@

n=1
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"Etot, elvouw:

k=1 n=1

Noyw tne Widtntoe (1) yo tar Ay, %o TG MEMEPUOUEVNS TPOCUETIXGTNTAC TOU [4 YLOL
T By
Ac unodéoouye hpa 6T oy lel to (ii). Oftoupe thTe

A, = U By, (2.18)
k=n

xou Tapotnpolue 6Tt A, € A o xdde n, 1 (Ay) ebvon pdivouoa xou emimiéov

) 4=
n=1

(emed”) Tt By, elvon Eévar, xavéva z € X de unopel va avixel ot dnetpo omd outd). T
xdde n dpwe, elvou

U B,=B UByU..UB, 1 UA,
n=1

xaL and TNV TENEPAOUEVT TPOCVETIXOTNTA TOU [t TOlEVOUUE

u (U Bn> = iﬂ(Bk) + (An).
n=1 k=1

YtéhvovTag T0 n 070 dnElpo, TalpvoupE Aotmdv
«(Us) - 2wz
n=1 k=1
apol and to (ii) éxovue lim, u(A,) = 0.

O

K\etvouue aut| Ty evotnTa, Ue TOV 0pLoUO TNG *AJoNG EXEVWY TV PETPWY TOU
Yot poc elvol To YEHOWIES OTOL ETOUEVAL.

Opopdc 2.1.9. Eotw (X, A, i) évac yopoc pétpou. To pétpo p Méyetou:
(i) memepacuévo ov p(X) < oo,
(i) pérpo mbavdrnrag av pu(X) =1 xou
(iil) o-memepacuévo av vrdpyer oxoroudio (A,) otoyelwy e Aue X =2, 4,
xow ((Ay) < oo vy xdde n=1,2, ...
Avtiotoya, Mpe 6T o ydpoc pétpou (X, A, u) eivan Temepaouévos, xHpog tdavétn-
TOC 1) XWPOS T-TENEQAGUEVOU UETEOU.
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IMopatneroetg 2.1.10. (o) Av 10 p eivon tenepaouévo, téte éyovue u(A) < oo
yioe x&e A € A, and ) povotovia Tou PETEOU.

(B") Av to p ebvon o-renepacyuévo, v xdde C' € A propolye vo ypddouue

C:XﬁC:(GAn>mC:©(AnmC), (2.19)

n=1
pe u(A, NC) < p(Ay,) < co.
(v) Ta cbvola A,, 6TOV 0pIoUS TOU O-TENEPACPEVOU PETRPOU UTOPOVY VO ETUAEYOUV
xou Eéva, Vétovtag B, = A, \ U;:ll A (6nwe éyouye Eavoxdvet).
(&) Hpogavirc 1y bouv oL CUVETAYWYES
pétpo MHavOTNTAUC = TETEPAOUEVO UETPO = O-TEMEPAUOUEVO UETEO,

oS xopior amd AUTES BEV AVTLOTEEPETOL:

To dimhdolo evog Yétpou mdavotntog elvon QUOLXS TETEPAOUEVD, OANS Oyl uétpo -
Yovétnrac. Enlone, to aprduntind yétpo oto (N, P(N)) eivon o-nencpacpévo ahhd oyt
nenepacuévo (yloti;).

(€) YTmdpyouv xon pétpa mou dev elvan o-nenepaouéva, OTKC Pep ELNEY, TO YETPO V
twv Mopaderypdrtwy 2.1.3: yio X # 0 ebver v(A) = 0o v xdde A € A ye A # (.

2.2 Movadsixotnta

Avo pétpa p1 xou v o€ éva petprioo yweo (X, A) eivon (oo av yio xéde obvoro A € A
wyvel u(A) = v(A). AMNG auth n cuvdhixn elvon ev yvéver dhoxolo va eheyydel.
Ondte elvon puolohoynd va pwthoel xovels: pfmwe av to g xou v tawtilovtor oe wa
«UEYEANY uToowoyévela TG A unopolue va cuvdyouue 6tL TowtiCovtan xou TavToU;
Trv andvinon oe autod, Yio apxeTd xohd Yétpa, T Blvel 1 axdrovdn medtaon:

IMpdétaom 2.2.1 (Oedpnpa Movadiétntoc). Eotw (X, A) perprioos xopos ka
A ua owoyéveia vnoourodwy tov X KA€10TI) OTIS TETEPRTUEVES TOUES Yia TNy oTola
wyver o(A) = A. Av u ka1 v efvar o pérpa ovov (X, A), dote

w(D) =v(D), yakife D e A
ka1 wyvel pia and ts akédovdes ourdikes, tote (= v:
(i) Ta p ka1 v elvar nenepaouéva kar p(X) = v(X).

(#i) Ta p kai p efvar o-nenepaouéva kar eidikdtepa vrdpyer pia abéovoa axolovdia
(Dp)nen oty A dove X =, Dy, ka1 p(Dy,) = v(D,,) < 00 y1a kdOe n.

Arnddeidn. (i) Eivaw onuavtixd vo xotoavofoete auth Ty anddelln apol 1 texvixy
Tou yenotdonolelton elvow oAb cuvhing otn Oewpla Métpou. Iapatneriote apyixd,
ot aol M A elvan ¥AeloTH 0TI TENEPUOUEVES TOUES, alu@wYa Ue To Oedpnua 1.2.4
gyouue

I(A)=0(A) = A
Oewpolye TNV oLXOYEVELL

D={AecA: u(Ad) =v(A)}. (2.20)
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O otoyoq elvan va del€oupe 61t D = A. Elugwva e tnv unodeon €youpe olyoupa
TOV EYXAEIOUO:
ACD.

Aol howndy eivan A = §(A), apxel va deioupe 6T xou D eivan xAdon Dynkin, dioti
téte da €youpe

A=6(A)CD

dpo xan ) {ntoduevn wodtnta. Ou WéTnTee Tou oplopol e xAdone Dynkin eiéy-
XovTton w¢ e€hc:

(o) Ioyler X € D and v vnddeon (i).
(B) Av A,Be D xu BC Acivu

H(A\ B) = p(A) — u(B) = v(A) - v(B) = v(A\ B).

(TTapoatneriote 6T ypnowonooope Eavd oe autd To onpelo OTL To (b xou v efvon
nenepaopéva.) ‘Etol, A\ B € D.

(v) Eoto (Ay) pa adfouca axorovda ototyeiwv tne D. Téte, eivon

,u(UAn>—lirrlnu(A)—hml/ (UA)

obugwva pe Ty Hpdtaon 2.1.7. Apa etvan o oo, A, € D.
Apa mpdrypott n D etvan xAdon Dynkin xou 1 anddelln ohoxinpdyinxe.
(ii) T n = 1,2, ... Yewpolyue to PéTpd fin, Vp o A — [0, 00] pe

un(A) =u(AND,), vo(A)=v(AND,), yaAcA, (2.21)
dnhadr) Toug meploplopolc oto D, twv pétpwy i xou v avtiotorya. Av D € A, elvau
(D) = (D 1 Dy) = w(D 0 Dy) = va(D)
apol N A elvan xheloTh oTic tenepacpéveg Touég xou dea D N D, € A. Ernlong

pn(X) = (X NDy) =pu(Dy) =v(Dy) =v(XND,) =uv,(X) < 0.

‘Etot, Yl o fiy, ot vy, TAnpolvTon oL untodéoelc Tou (1) xou CUVETDC Uy = Vp, YLO
e n =1,2,... Av tdpa A € A tuydyv, Yedpoupe:

p(A) =p (U (AN Dn)> = liranu(A NnD,)= li71€nun(A) =
li}lnl/n(A) —hmu(AﬂD (U (AN D,) ) =v(A4),

Onhadn p = v.
O

Egoppoyh 2.2.2. Eotw p xaw v d0o nenepacpévo uétpa oo yoeo (R, B(R)) dote
p((—00,b]) = v ((—o0, b)) v xéde b € R. Téte p = v.
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Arnddeiln. 'Eotww n oxoyévelr A = {(—o0,b] : b € R}, H A el xheioth otg
nenepaopévee topée xan o(A) = B(R) (Ilpdtaocr 1.1.10). Eniong,

(R) = lim 1 ((~o0, n]) = lim v ((~o0,n]) = w(R) < oc.

20UQWVo Ue TNV ToEAndve TeoTaoT Aolméy efva g = v. O

Edxoha BAémoupe BéPoua 6TL or unodéoeis (1) xan (ii) elvon amopaitnres yio v oy
Tou oupnepdopatoc. o mapdderypa, av p to apriunuxd pétpo otov (R, P(R)) xou
v =2, autd ouunintouv oty owxoyévela A eved yevixd dev etvor (oo

2.3 IIhvpwon

Ac unoYécoupe thHpa 6Tl ot éva ydpo pétpou (X, A, 1) éyovue otadeponotioel éva
A€ Ape p(A) =0. Av N éva tuy6v unochvoho tou A dev elvan xaddhouv olyovpo
ou N € A: autd elaptdron and v emhoyr| e o-dhyePpac. Iop” dha oautd av {oyuet
N € A t6te olyovpa a elvor (V) = 0. Tideton Aownbv 10 gpdTnuo: Unopolue vo
enextelvouye N o-dhyefea A ©dote va mepléyel Oha auTd Tal «apeEANTERY cUvVola; O
del€oupe oo eMUEVL OTL 1) ATAVTNON Vol HATAPOATIXY).

Opiopoéc 2.3.1. 'Eow (X, A, 1) yopoc pétpov xou N C X. To N xohelton p-
pundeviké avvolo av urdpyet éva A € Aye N C A xou pu(A) = 0.

O (X, A, ) nahelton mArpns (xow 1o p mArjpes 1étpo) av x8de pu-undevind obvoro N
avixelt oty A.

Optowoi 2.3.2. 'Eoww (X, A, ) évac yodpoc yétpou. Opilovye tdte:

(i) v owoyével
A, ={AC X : undpyouw E,F € Aye E C AC F xa pu(F\E) =0}. (2.22)

(TTopatnehote 6t Ya elvon pu(E) = p(F).)

(ii) ™ ouvvdptnon @ : A, — [0,00] mou oplleton and ™ oyéon H(A) = u(E)
onoV 1o E énwe nopandvew. (Iopatnpolue 6t yiao B € A pe B C A eivau
w(B) < u(F) = p(E) xou dpa ebvou

(A) =sup{u(B): Be A, BC A}. (2.23)

‘Etot, 1 I elvon xahd oplopévn cuvdptnon.)
H owoyévewa Ay, xohelton mApwon tng A, 1 cuvdptnon it TATjpwor TOU [ X0l 1) TELEB
(X, A, p) iihpwon tou (X, A, ).

To oroyela e A, Aéyovta p-petpriowo oOvola. Elvau dueon andppola tou mopa-
TV oplopol OTL xdde p-pndevind alvoro etvar xau p-yetpriowo. Kdmwe dioucdntind,
To otowyelo g A, elvon exelva ta utooUvoha Tou X TOL ATEYOLY «U-OPEANTEN O
néoToony (Snhadh xotd évar p-undevixd cvvolo) and ototyeia tne A.

Meétaocr 2.3.3. FEoto (X, A, pn) évag xdpos puétpov. Tdre n mAipwori tov éyet
TS akoAovles 1016TNTES:

(i) H A, evar o-dAyefpa oto X kar A C A,,.
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(i1) Té i elvar mArjpes uérpo oo ywpo (X, A,) kar o mepiopopds tov oty A eivar
T0 (1, OnAadT fila = p
(11t) To i elvar to povadiké pétpo otny A, pe fila = p
(tv) To p etvar mAnjpes pérpo < A, = A (ka1 dpa i = p).
Anddeén. Kot apyde, av A € A, nafpvovtoc E = F = A oo (i) tou oplopol 2.2.4,

énetow 61t A € Ay, xu fi(A) = p(A). Enopévee, nedypatt A C A, o fij 4 = p. T
o UTOAOLTTOL TP

(i) Etvar guowd A, # 0. Av tdpa A € A, Beloxoupe E, F € A dote
ECACF (2.24)
xou w(F\ E) = 0. Ebvow bpwe emniéov E€ F¢ € A xou 1oy00uv oL eYxAelopol:
F¢ C A° C E°. (2.25)
Agol
B\ F¢=E°N(F)°=FNE =F\E (2.26)

ebvan xou p(E°\ F¢) = 0 xou dpo A € Ay, Snhadh n A, ebvan xhelo T otar ouumAn-
popaTOL.
Téhog, av (Ay) wo axohouvdia otoyelwy e A, Beloxouye axorovdies (Ey,), (Fr)
otnv A ue

E,C A, CF, (2.27)

xou u(Fp \ Ep) =0 yia xdde n = 1,2, ... "Etol, exdupe xou

JrcJanc UFn (2.29)
n=1 n=1

n=1
we Ul En,Us—, F € A. Exiong, and tov eyxdeiopd

(D Fn) \ <[j En) n[_jl (Fn \ En) (2.29)

n=1

éyoupe

(091 (8)) o () e

‘Eneton howndy o | Jo | A, € A, xon ouvende n A, efvon mpdrypartt o-6yefpo.

(ii) Ebvon dyeco 6t (@) = 0. Av (A4,) axorovdia Eévev avd dVo cuVOAwY GTnVv
A, Yewpdvtag ta obvoha E, tou opiopol éyouye, e Bdon v anddeln tou (i)

TapATdve, OTL
#(Ua)-w(Us) 2)
n=1 n=1

xou ool xou tor By, etvon Eévar (yrorl;) ebvon tehud:

p (U En> => wEy) =) AA
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Apa mpdrypott to [ elvon pétpo. Emmiéov to i elvan mAfpec:
Av A éva fi-undevixd olvoho, undpyer B € A, pe

AC Bxup(B)=0.

A6 Tov oplopé tou T Bpioxoupe F € A dote B C F xou pu(F) = 0. Oétoviac E = 0,
€y ouue
ECACF xuu(F\E)=u(F)=0.

Enopévwe A € A,,.

(iii) Eotw v éva yétpo oty A, wote v|4 = p. Toéte, yia A € A, Bploxoupe
E,FeAuys ECACF nou éyouye:

Aol buwe u(E) = pu(F) éneton 6t v(A) = p(E), dnhodf v(A) = f(A). Enopévec

v =T.
(iv) (<) Av A= A, t6te and To (ii) éyoupe 6t i = p xou To & elvon mhripec. Apa
xou To f ebvon TApEC.
(=) Eotw 6t 1o p eivon mhfipeg xou A € A,,. Ou detfoupe 61t A € A. Bpioxouye xou
TAAL

EFeA ye ECACFxu p(F\E)=0.

Apa to A\ E C F\ E eivau pi-pndevixd cOvoro xaw ond tnv vnddeon A\ E € A.
'Etou glvon xou
A=FU(A\FE)c A (2.31)

O
Mopodeiypata 2.3.4. (o) To aprdunuxd yétpo g oc omOOIATOTE PETEAOLLO
X0 (X, A) elvan mApee, apol to povadixd p-undevixd clvoho elvor o ) € A.
(B") Eotw (X, A) petprioyog yopoc xau z € X dote {z} € A# P(X). Ze auth v

neplntwon, to pétpo Dirac p = §, dev elvon mArpec.

Anédeitn. Mnopovue va mapotneioovue ot A, = P(X). Ilpdypoat, av A C X
uTopolUE Vo Yedpouue
A= (An{z})u(An{z})

xow AN{z} =0 A {x} xou dpo avixer oty A xou 1o AN {z}€ ebvon p-pndevind ool
nepéyetan oto {z}¢ nmou éyel p({x}¢) = 0. Eto, A # P(X) = A, xou dpa ye Bdon
10 (iv) to p dev eivan Thrpec. O

2.4 Aoxnoelg
Ouddoa A'.
1. Eow (X, A, ) évag yodpoc yétpou. Na dellete btL n ouvdptnon pe : A — [0, o0]

pe
pe(A) =p(AnC), AcA

opilel éva pétpo oto yodpo (X, A).
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2. Eoww (X, A, p) yodpoc pétpouv xan (A4,) wo axoroudio otoyelwv e A. Na
Oelete 6L
p(liminf A,) < liminf pu(A,) (2.32)

xou 6t oy emmAéov p ((Jo; Ay) < 00, t6TE

limsup u(Ay) < p(limsup A,). (2.33)

3. (1o Afupa Borel-Cantelli) ‘Eotw (X, A, ) xou (Ay,) oxohoudio otoyeiwy tne A

yia o omolol Loy el
o0
Z w(A4y) < oco.
n=1

No deléete 6u p(limsup,, A,) = 0.
4. Av A% 0 xowa: A— [0, 00] pio cuvdptnomn, Vétoupe

Z a(x) = sup {Z a(z) : FC A, F#0xu F nsnspaopévo} . (2.34)

T€EA zEF

Emmhéov, 9étoupe > ya(z) = 0. Eotw lowmdv obvoro X # 0 xou yua cuvdp-
mon a: X — [0,00]. Anodeilte to e€hic:
() Av > cxa(x) < oo, t61e 10 olvoro J = {z € X : a(x) > 0} elvon apriurior-
po. (Tnodeln:

- 1

J = X —}
UtreXza > 1)

(B) No dei€ete 6t 1 ouvdptnomn g : P(X) — [0, 00] tou opileton and tnv

TEA
opiler éva pétpo oto yweo (X, P(X)). H p, evon n onueaxr) katavoun mov
endyetar and tny a xou o a(x) eivon N udla tou .

5. Eotww (X, A) petphiowoc xopoc xon { i, } pa axoroudio uétpwy otov (X, A). Na
Oelete Otu:

(o) H ouvdptnon p: A — [0, 00] pe
w(A) = Z pn(4), Ae€eA
n=1

elvon pétpo otov (X, A).
(B) Av emmhéov x&de p, ivon yétpo miavétntog, T6TE xou 1 cuvdptnon v @ A —
[0, 00] ue
— 1
A) = —un(4), A
) =3 g (A), A€ A

elvan enione pétpo miavoTNTOC.

6. Ileprypddte Oha ta pétpa oto yodeo (N, P(N)).
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7.

‘Eotww (X, A, 1) évac nhipne xodpoc pétpou. Av yio xdnowr A € A xow B C X
gyoupe AAB € A xou u(AAB) =0, vo deilete 61t B € A xou p(A) = pu(B).

Ouéda B

8.

10.

11.

12.

13.

AdoTe nopdderypa o-tenepaouévou pEtpou 1 oto xopeo (R, P(R)) dote p((a, b)) =
o0 vy xdde a < b € R.

. Eotw (X, A) petpriowoc yopoc xou iy} wa adZovoo axohovda pétpwv otov

(X, A), dnhad?) v xdde n € N xouw A € A woylet pn(A) < ping1(A4). Tiw A e A
oplloupe

p(A) = lim g, (A).
No 3ei€ete 61 to 1 elvon éva pétpo otov (X, A).
‘Eotw (X, A, 1) évac ydpoc o-nencpacpévon pétpou xou (A;)ier plat ouxoyévelo
Eévwv avd 8o otogelwy e A. Na dellete 6t yia xdde A € A 1o cbvolo
Ja={iel:pu(AnA4;) >0} civor 1o aprdufowo.

‘Eotw F wa dhyeBea oe éva olvoho X o t évol TENEQUCUEVO UETPO OTO YWEO

(X,0(F)). Na deilete 6ty xdde A € o(F) xou € > 0 undpyer F € F dote
w(AAF) < g,

6nov AAF = (A\ F)U (F\ A).

‘Eotw (X, A, 1) évac yodpoc nencpacuévou yétpou xou (Ay,) pa oxohoudio uro-

ouvélev touv X Yo v omola undpyet § > 0 wote p(A,) > 6 v xdde n € N.

(o) Agigte 6n p(limsup,, A,) > 0.

(B) Aci&te 6u vndpyet adlouoa axohoudio guody apdundy {k,} dote

M Ak, #0.

n=1

‘Eotw (X, A, 1) évac ydpog pétpou. To u Méyetow nuinenepaciévo av yio xdde
Ae Aye pu(A) = oo undpyer B C Aye B € Axa 0 < pu(B) < co. Nu deiete
ot av (X, A, p) yopog nurenepacuévou pétpou xoau A € A pe p(A) = oo, t61e
yioe x&de M > 0 undpyet B € Aye B C A xou M < pu(B) < oo.

Owdda I'.

13.

‘Eotww (X, A, p) évac ydpoc pétpov. Opllovue g : A — [0, 00] pe
po(A) =sup{u(F): F C Axu u(F) <}, AcA

No deiéete bt

(o) To po elvon NNETEPUOUEVO UETPO (TO NUITENEPAOTLEVO UEPOS TOU f1).

(B) Av 1o p eivon numenEpOoUEVO, TETE L9 = K.

(v) Trdpyel yétpo v otov (X, .A) Tou maipvel povo Tic tpée 0 xou 00, TETOL0 HOTE
H= o +v.
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14.

15.

16.

17.

‘Eotww (X, A, p) évog ydpoc PéTpou.

(o) Tt B0 ovvora A, B € A ypdgpouye A ~ B av u(EAF) = 0. No deilete 6Tt
n ~ elvou oyéon woduvapiog otny A.

(B) T A, B € A opiloupe p(A, B) = u(AAB). No deilete 61 n p elvon yetpinn
670 0UVOAO TWV XAAoEWV looduvaiac A/ ~.

‘Eotww (X, A, 1) évac yopoc pétpou. ‘Eva olvoho E C X Néyeton tonikd peTprion-
pooav ENA€ Ay xdde Ae Aye pu(A) < oo. Opilovue

A={E C X : E tomxd yetphiowo}.

(o) Now delEete 61t A C A xou 61 1 A ebvan o-dhyefpo. Av A= Ao (X, A pu)
AEYETAUL KOPETUEVOS YDPOC UETEOL.

(B) Acite 6T av t0 p elvon o-nemepoopévo, 16t A = A.

(v) OpiCouye ™ ovvdpton i = A — [0,00] pe f(A) = p(A) yio A € A xa
(A) =ocoyiw A € A\ A. Aci€e 6o (X, A, ) ebvar xopeopévoc ydpog pétpou.
‘Eotww (X, A, p) évac yopoc nencpaopévou pétpov. Aci&te dtL ta oxdhoudo elvon
lood0vaaL:

(o) To olvoro {u(A) : A € A} eivon nenepoacyévo.

(B) T x&de & > 0 undpyer A € Ape 0 < u(A) <e.

(v) Trdpyet axohovda EEvwv avd 500 cuVOAWY (A )nen oty A dote p(A,) > 0
v xéde n € N.

‘Eotw (X, A, p) évag ydpoc nenepaouévou pétpou xou pa owoveévelr £ C A. Téte
undpyet aptdunowun vroowoyévela F C € dote:
(i) Av A e F, t6te pu(A) > 0.
(ii) Ta otowyeio tne F elvon Eévar avd dlo.
(i) Av F =JF, 1o X \ F Bev nepiéyel xavéva ototyelo tne € yviour detino
H-UEToou.



Kegpdiowo 3

ElwTtepind peTpa

MéypL thpa €xouue oploel EMTUYHOS TNV €vvola Tou PETEOU oL €youpe anodellel pe-
pwéc Baowée tou W6TNTeg. Tlop” ol awtd, ta mapadelyyota HéTpwY TOU €YOUUE
XOTOUOHEVAOEL E(VOL OEXETE O TOLYELDON XU O)L TOGO EVOLUPECOVTAL.

e autéd 10 xePdAao Vo TUPOUCLICOUUE TEMTA EVOL KUNYAVIOUOY XATAOKEVNS UETPWY
péow tou Bewphpatoc tou Kapaldeodwer. H mopeio authc tne xotaoxeurc etvor ye
Ayo Aoyl ) e€hc:

1. KotaoxeudZoupe pio ouvdptnon ¢ : P(X) — [0, oo] 1 onola ixavorolel xdmoteg
aoevéotepeg WLOTNTES and auTEC VOC pétpou (xan pa elvan euxoldTepo Vo
xataoxevootel). M tétow ouvdptnon Ya ) Mue efwtepikd pétpo.

2. Tlepropiloupe v @ o xatdAnin o-dhyefea A C P(X) dote 0 neploptopds
outoC Vo ebvon pétpo oto yopeo (X, A).

Yav eqoppoyh avthc tng dodixaciog Yo xataoxeudoouue T0 €€wtepikd pétpo Le-
besgue otov R* mou Yo pac odnyfost apydTepa 0T YEVIXEUGT TOU OAOXANPMOUATOC
Riemann.

Télog, Yo napoucidoovye t0 Oetpnuo Enéxtaone tou Koapadeodwen mou divel
pLoL ouctaoTixd avtiotpogn dladacia xataoxevic uétpwy. Ilo cuyxexpiuéva:

1. Kotaoxevdlouvye wa cuvdptnon p mou «potdlel ye puétpoy xai oplleton ot uia
ShyefBpa Ag C P(X).

2. Emextelvouye v cuvdptnon auth ot o-dhyeBea A mou mopdyel 1 Aop.

H tehevtalo autr teyvixr] etvon Wlaktepa yerowun. Elvor yio topdderypo Sopixd epya-
Aelo yia ) Geperlwon e Oewplog Irdavotritwy.

3.1 Oploudc xou to e€wtepind peteo Lebesgue

Optowdc 3.1.1. Eotw X éva olvoro. M ouvdptnomn ¢ : P(X) — [0, 00] Aéyetou
eLwtepird pétpo av:

(i) Ioyver p(0) =0,
(i) n ¢ v povdrovn, dnhadn ov A C B C X t61e p(A) < ¢(B) xou
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(iil) n ¢ elvon apidunoua vronpootetikn (| o-unonpooietiny), dSnhadh av (Ap)nen
axohovdia uTocLVOAWY Tou X, thte eivon

@ (G An> < iw(fln)- (3.1)

Me Bdon ta anoteAéopaTo TOU TEONYOVUEVOL XEQUANloL elval cagéc 6Tl xdde uétpo
elvon o e€wtepnd PéTEO.

HMapodeiypata 3.1.2. («) H cuvdptnon ¢1 : P(X) — [0, 00] pe

0, avA=10

1, ol (3.2)

() = {
elvan e€wtepnd pétpo:

Anddaén. Ov ouvdfxee (i) xou (i) Tou oplouol ixavomololvton tpogovee. ot Ty
(iii) topa, av A, = 0 vy xdde n wylel npogavede 1 wotnro 0=0, evedd av xdmoto
Ay, ebvon un xevo, tote o1 (Ury An) = 1 xan D07 01(An) > p1(4Ay,) = 1, bnec
GéNoe. O

Emnhéov, ebxola PAénoupe 6T av | X| > 2, 1 @1 Sev elvon pétpo.

(B) H ouvdptnom @2 : P(X) — [0, 00] pe

0, av A aprdurowo

elvon e€wtepd Yétpo:

Anédeitn. H cuviinn (1) wavorotelton agol guoxd to ) elvon aprdufiowo civoho.
T v (ii), av A € B xow 10 B elvon unepoprdpfiowo, woylel pa(A) < ¢o( B) = 1,
apol 1 w2 Aopfdvel wévo tic Tiwés 0 xou 1. Av to B eivon aptiurowo mdht, xan to
A ebvan dpduriowo, dpa pa(A) = @o(B) = 0. T wmy (iii), ov xdnoo A,, eivou
unepapiuriowo, N avicdtnta toyler tpogovde étwe xou oo (ii). Av mdh dha tor Ay,
ebvon opdufiowa, t6te xou n (oo Ay etvon aprdpriown xou dpo

©2 (U An) =0="> p2(An).

Apo mpdryportt To 2 elvon eEwTEPO UETEO. O

Epdtnuo: Efvor to (g pétpo;t

Mowe ypewaoteite Ty unddeon Tou cuveyoic.
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3.1.1 To e&wtepwxd uétpo Lebesgue

Oa dtoouue TP ToV oploud tou efwtepixol uétpou Lebesgue A* oto R. Eivou
puatohoyd, av I = (a,b) éva avowtd didotnua vo Béhoupe vo oy be

A (I)=b—a. (3.4)

Av thpa A C R tuydv, pnopolue mdvta vo xahOdoupe 1o A and apriuroa to
mAflo¢ avouxtd Boothuarte, dnhadh va Beodue oxohoudio (In)n, pe I, = (an,bn)
wote A C U, I, (voxl;). Tote, to &dpowopa Y oo (bn — ay,) dlver wor «and mévey
extiunon yio 1o «uixocy tou A xou dpa etvor Aoyixd hoindy va {nticouye

oo

A*(A4) < Z (bn, — an), Y onowdhnote tétow kdAvyn (1), tou A. (3.5)

n=1]
OBnyoluoaote hotndv puolohoyixd oTov €A Oplopo:

Optopdc 3.1.3. To eéwtepikd pétpo Lebesgue N* : P(R) — [0, 00] oplletan w¢
e&nie:

M\ (A) = inf{Z(bn —an): an,by €R, xw AC | J (an,bn)}, (3.6)
n=1 n=1

yio xdde A C R.

Ot Booixéc W8LotnTee Tou elwtepnol Yétpou Lebesgue mepléyovton oty oaxdrouin
ITpbtaon,.

Ieétaocm 3.1.4. (i) ToX* : P(X) — [0,00] efvar mpdypat éva eEwtepikd pétpo
oto R.

(i) Ta a,b € R pea <b elvar

A([a, b)) = A*([a, 0)) = A*((a,0]) = A*((a,b)) = b — a. (3.7)
(ii) Av I un gpaypévo tidotnua oto R, tére A*(I) = oo,
Anddaén. (i) Ovdbtntes tou e€wTepol PETpou eEAEYyovIaL K EERC:

(o) T xéde e > 0, ebvou 0 C (—¢,¢). 'Etor, ye Bdon tov opiopd tou A* (¥étouyue
ay = —€,by = ¢ %o a,, = by, v xdde n > 2) eivon

A (0) < 2.

Aot 10 € > 0 Aoy Tuydy, etvar A*(0) = 0.

() Av A C B C R, t61e x&de axohoudio Swotnuatdv tou xahdnter 1o B da
xohomter xan 10 A. ‘Etot, to A*(A4) Yo elvan pixpdtepo agol nafpvoupe infimum

7 ’ 7 oo 7 ’
oe neploabtepa ouvola. Iho goppodiotind, av B C U, _ (an, by), toTE clvon xou

ACUr (an,by). Anhadt

{((an,bn»n Bc <an,bn>} c {((ambn»n ac <ambn>}, (38)
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ol ool
inf {Z(b" —ap):BC U (an,bn)} > inf {Z(b" —ap):AC U (an,bn)} .
n=1 n=1 n=1 n=1

‘Etot, A*(A) < X*(B), dnhadh 1o A* elvon povétovo.

(v) 'Eotww topa axoroudio (A,) unocuvoley tou R. Oa deifouye 6t

() =S
n=1 n=1

Av > A*(A4,) = oo, 1o {nroluevo eivon mpogavéc. Ymodétouue Aoimdy 6Tl
Y on A (Ay) < 0o. Apa eivon xou A*(A4,) < 0o yio xdde n. Eotw € > 0. And tov
optoud tou X*, yio xdde n Peloxovue axohoudio (I, ;) jen ve Inj = (an,j, bn ;)

woTe
An g U In,j
J
nou

o0 . €
D (bng = ang) < N(An) + o
j=1

Téte, n owoyévewa (1) (n, ;) ebvon apriuionun (agpod to N x N eivon apriurioo)

%o Loy Vel
o oo
U A, C U L.

A* (U An> < Z(bw —ang) = D (bnj—any) | <

1=1 n 7

<Y (A o) = SN () + e

Aol 1o € > 0 Arav TuyoV énetan xan 1) {nTovUEVT.

Apa, mpdypatt 1o A* elvan e€ntepind pétpo.

(ii) Eow a,b € R pe a < b. Oa deiloupe 6Tt A*([a,b]) = b — a. Eotw € > 0. Eivar
[a,b] € (a— £,b+5), dpa A*([a,b]) < b—a+e. Apol Eexwvhooye pe Tuyaio € > 0,
elvon

A*([a,b]) < b—a.

T v avtiotpogn avicdtnTa TR, Yewpolue axoroudio avoLXTOY SLAGTNUETLY
I, = (an,by), n=1,2,... ye [a,b] C U, (an,by) xou mpémer vo delfoupe 6t

oo

Z(b” —ap) >b—a.

n=1

To Sudotnua [a, b] elvon cuunayéc olvoro, dpa To avouxtd xéhvppa (I,)y, éyel mene-
poopévo umoxdhuppe, dnhadf urdpyer m € N &ote [a,b] C " (an, by).
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Ioyveiowoéc. Evon Yo (b, —an) > b —a.
Oa anodetyel ye enaywyh oto m. I'ia m =1 o woyvploude elvar tpogoavic. Ag
unodéooupe 6TL oy Vel Yl m = k xai Yo To enorywyd Briuc dewpolue bt

k+1

[a,b] C U (G, bn).

n=1

Téte undpyer 1 < i < k+1 dote a € (a;,b;). Alywe PPN utodétoupe étL i = 1,
dnhad” btL oylet a1 < a < by. Av by > b, t61€ (a,b) C (a1, b1] xou dpa

k+1
b—a<b —a SZ(bn—an).
n=1

Av médh by < b elvoun

k+1
b1, 6] € | (an,bn)
n=2
nou Gpat, amd TNV Emaywyixy) utddeo
k41

b—by <> (b —an).
n=2

'Etot, éyouue

k+1
b—a<b—ay=(by—a)+(b—b)<> (by—an),

n=1
onwe Béhaye. Hpdypatt Aoindv o oyvpionds ahndedet.
"Apa mpogavie etvan xou Yoo (by — an) > >0 (by — @) > b — a, xou TEAXd
A ([a,b]) = b—a.

To t0 avowtd didotnua (a,b) topa, av a < b evow xou a + + < b— 1 yio
ueydhec Tiéc tou n. ‘Etou, [a— 1,0+ ] C (a,b) C [a,b] xou ané ) povotovia Tou
e€wtepnol Yétpou

1 1 2
A <[a ,b+]> =b—a——<X((a,b)) <b-—a.
n n n
Ltéhvovtag 10 n 010 00 €Youue howndv A*((a,b)) = b — a. And tn povotovia Tou A*
Twpa, lval duecES xan oL dAAeg 800 LloOTNTES.

(iil) Kdde un ppaypévo ddotnua I neptéyel pporyuéve Slaothata 06001 ToTe Yeydhou
urxoue, dnhadn yio xdde puowd n undpyet an, € R dote (an,a, +n) C I. Etol
A*(I) > n v xéde n xou €meton 0 {nrodyevo.

O

Me Tic (Biec Béec arhd Alyo meploodTERO AOTO, UTMOPOVUUE VO XUTUOXEVACOUUE
%o to pétpo Lebesgue otov RF. Eva avouctd gpaypévo tidotnua otov R¥ elvor éva
oUVOLO NG Lop®ng

k
I=](aj,b;) = (a1,b1) x (az,b2) x ... x (ax,by) (3.9)

Jj=1
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6mou a; < b; € R. O dykog tou dacthuatog I ebvar 1 tocdtnta
V(I) = (b1 — al)(bz - ag)...(bk - ak). (310)

, . 7 k 1 . , , o k ’
Fevixdtepa, éva Oidotnua otov R¥ eivan éva abvoro tne wopenic I = Hj:1 I;, 6mou
I, I, ..., I Swothuata oto R xar 0 dyxog Tou elvar T0 YWWOUEVO TWV UNXOY TWV
dloaotnudtey I; (6mou xdvoupe ) oVuPacn 0 - oo = 0). Tevixebovtoc hoimdy Tov
Optopé 3.1.3 Sltumevouue tov axdlouto:

Optopde 3.1.5. To efwtepikd pétpo Lebesgue \; @ P(RF) — [0,00] otov RF
op{letan w¢ e&ic:

Ap(A) = inf {Zv([n) . I, € R* avouxtd gpaypévo didotnuoa xa A C

n=1

Ly o,

1C3

(3.11)
v xéde A C RE,

Etvon cagéc and tov optopd 6Tt AT = A*. Mepixéc @opég, ydplv anhdTntog, Yeapouue
now Ap = A%,

T v amodei&ovpe tic Baoixéc WBLoTNTES Tov A (Snhodn tar avdhoya tne Ipdtaong
3.1.4) Ya ypewotolye to axdhoulo yewuetpixd Ay

Adppo 3.1.6. (i) H owoyéveia A tov vroourélwv tou R* mou ypdgovtar wg
tenepaouéves Eéves evdoes Suatnudtov elvar na d\yeBpa atov RF.

i) Eoww I;, j =1,2,...,n &va Swothuata ovov R¥, I = |J'_, I, n évwori tou
J nu =145 11 n S

xar J éva datnua ovov RF dote I C J. Tére
n
o(I;) < u(J) (3.12)

ka1 av emmAéoy to I elvar Srdotnua eivar kai

> o(l;) = (). (3.13)

j=1
I I
p A 2 3
I I 7
I I 14
5

Yyuo 3.1: Afupo 3.1.6 (ii)
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Anddaén. (i) Etvow epgavéc 61t A # 0. 'Eotww A, B € A. Téte, ypdpovpe A =
Ui, Ii xw B = U;nzl Jj, omou (I;); xau (J;); owovéveieg Eévwv dlaoTnudtewy oTo
R*. Téte

AnB=JLnJ;
4,J
6ToL 1 (L;ﬂJj)(m») elvaw entlong ouxoyévels Eévmv dlaotnudteny otov R*. Etot ANB €
A, dnhadh A elvon XAeloTH 0TI TENEPACUEVES TOMES.

T o cupmAnpeduata thpa, Taputneole 6Tt av I éva didotnua otov R téte
I°=RF\ T € A.

J1 Ja J3

Jg 1 Ju

J7 Js Js

Eyhuo 3.2: T xdde Sudotnua I ebvon 1€ € A.

'Etol, A° =, If € A and 1o nopandvew. Apa medypatt n A ebvon dhyefpa.
IMTopathApnon 3.1.7. 'Ectw A’ D A 1 ooyEVewd TwY TENEPUCUEVLY EVOCEWY dlo-
otnudtev otov RY (dy1 avoyxaotind Eévev). Téte A = A/, agod n A eiven dhyePpo
Tou meptéyel To dtac Thpata xan cuvende A’ C AL 'Etol, xéde menepaocuévn évwon
doTnudtwy Tou RF unopel v ypopel xu ¢ tenepaouévn Evn évwon dBlac TNudTev.

(ii) Oa o arodelfovye pe enaywyh oto n. T n = 1 to {ntolpevo eivon Tpogovéc.
Trodétouue OTL loyvel Yo n = m xou o 1o anodeifoupe v n = m + 1. H déa
etvan va yoplooupe tov RF og 800 nuiywpolc, Gote n toph tou I ue tov xadévay and
autolg va efval évwon m dlaotnudtoy, avtl yio m + 1, xou va egapudcouvyue exel Ty
enaywyxy unédeon,.

Mropotue vo utodécouue 6t I; # 0 yio x8de j, ool otnv aviidetn tepintwon
Beloxdpaote oto n = m. T xdde j =1,2,...,m + 1 ypdgpouue

k
Li=1] Lix
A=1

omou I » dwothuata oto R. Térte

k k k
LiNlyy = <H I1,A> N (H Im+1,A> = H(Il,)\ N Lpy1a) = 0.
A1

A=1 A=1

Apa, utdpyer 1 < g < k &dote I1ay, N Imt1,0, = 0. Mnopodue vo urodécoupe 6t
10 11,3, ebvon «oplotepdy ToU Inyi1,,- AV B 10 8e&l dxpo tou I ), , VéTouye
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Ji = {(z1, 72, .., 7) ERF 1wy, < B} xow Jy = {(w1, 22, ..., 2x) ERF : x), > B}

(5] [l

J1 Ja

B

Syfuo 3.3: Ta It xon Iy SoywpiCovton and to unepeninedo Ty, =

Téte, 0ol Ji N Iyp1 = 0 ebvou

m

hnI=Jhnl)CnnJ
j=1
xon bpoa, ool Jo NIy =0
m+1
JnI=J(RnL)Chnl
j=2

Anéd v enayoywr unddeon, Eyouue TIC OYECELS

m m+1
ZV JiNI;) <v(JinJ) xou ZV(JQDIj)SV(JgﬂJ)
j=1

=2

v(J)=v(JinJ)+v(JaNJ)> ZleﬁI Z(szj)z

m+1

+

m-+1
VLN + Y v(anD) =Y (v(ANL)+v(nh) =Y v()),

1 j=1 j=1

J
,

omou yenowonotfioope Tic oyéoelc v(0) = 0 xou
v(K)=v(KNJy)+v(KNJ) (3.14)

Yot x&9e K Sidotnpa tou RE,
Av tdpa to I elvon didotnua, téte T0 Blo toylel xan yio to J1 NI xou Jo N I. "Eto,
and Ty enaywyixh unddeor ndAL, elvan
m m+1
S vhnI) =v(hnI) xa Y v(JnI)=v(JNI). (3.15)
j=1 Jj=2

Adpoilovrac dmwe xou topandve Eneton 6t v(I) = Z;n:tl v(I;), dpo xau To {nroduevo.
O
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Xenowonowdvrae autd to (teyvind) Afupea, €xoupe to e&hc avdhoyo tne Ipdta-
ong 3.1.4:

IMeétaon 3.1.8. (i) ToX* : P(RF) — [0, 00| efvar rpdypan éva ekwtepiié pétpo
oo RF.
(ii) Ta xdOe I trdotnua tov R* woyva \*(I) = o(I).
Anédaitn. H anddein auty| diagépet and v anddeln tneg Ilpdtoone 3.1.4 uévo otov
LOYUPLOHO TIOU DIULOPPWVETAL e eENG:

Ioyveiopods: AvK = H’;\Zl[a,\, by] éva ouurayée dudotnua otov RF xau Ih, I, ..., I,
avouxTd pporyuéva dloo Thpata ue K C U?Zl 1;, t6te

K) <
J

v(I;). (3.16)
=1
Tty anddelln tou Ioyupiouol, Ya yenowwonomcouue to Afupa 3.1.7 (i) dote
va «omdoouper to i, I; oe Eévn évwon avoixtdv Sluotnudtey xo éneta 1o (i)
)OTE Vo TdPOLUE TO {NTOVUEVD. BUYXEXPWEVD, VEWPOVUUE Ta GUVOIX
i1
Ei=L\|JL, j=12..n (3.17)
i=1
xou ToportnEoVUE 6Tt elvar Eévar avd dUo ototyela Tne A (BAéne to nponyoluevo Afuua),
E; C I; vy xdde j xou emmiéov oy Vel U?:1 E; = U?:1 I;. 'Etoi, ané 1o Afuua
3.1.7 (i), %89 E; ypdpeton we nenepaouévn Eévn évwon dlaotnudtev tou RE. Eotw
Ji, t =1,2,...,m o apliunon ohwv autdv TV dotnudtwy. Toéte, ta J; elvon Eéva

avd dvo (yuol;) xon
n n
cUn=Us
=1 4=

"Eto, ebvan K = |JJ~, (K N Jy), 6mou ta K N J; elvon Eéva avd 800 dacthparta. ‘Etot,
ané 1o (ii) Tou mponyoluevou AfuuoTog €youue

||
acS

n

:ZV(KﬂJt)SZV( Z Z v(Jy) :Zv Z
t=1 Jj=1

t=1 j=1{t:J,CI;}

OTLS VENUE.

IMeétaon 3.1.9. Av A C R* éva apiduriouo otvolo tére A*(A) = 0.
Arédetn. Eotw A= {x,:n=1,2,..}. Téte, yio e > 0 elvow

c [:j f[ (2000 — oz + o) (3.18)

xot dpol, amd TOV 0plod Tou A* elvon
k

Z::E[( 2€n)7(x” ):Z onk 1—61/2k'

Aol Eexwvhoaue pe tuyaio € > 0 éyoupe mpdypat A*(A) = 0. O



38 - EZQTEPIKA METPA

3.1.2 Kataoxeur] eEwTEpX®V UETPWY

H 3¢ tne xataoxeunc Tou e€wtepixol uétpou Lebesgue eivor ouotao tixd var xahGpou-
ue x&de olvolo ye pia oprdufowun Evwon «xahevy cuVOALY (Blao TNUdTwy 6Ty cuy-
XeXPWEVT Tep(nTrom) Tev onolwy Yvepllouue To «PETEOY XaL oTH CUVEYELX Vol SolUE
600 oY Unopel auTh 1) tpocéyyion va yivel. Auty) 1 Sadixacio uropel va yevixeudel
DOTE VoL Yo BOOEL EVOL KUNYAVIOUOY XaTtaoxeunc eEWTEPXOY PETPWY. XpelalOUaoTE
npwta évay Oploud:

Optowde 3.1.10. 'Eoto X # (. M ooyévewr C € P(X) unoouvdrwy tou X
Aeyetan o-kdAvyn tou X av

(i) 0 €C xou
(ii) undpyovv X1, Xo,... € C dote X =, X,.

Oedenua 3.1.11 (Kataoxevfc elwtepixdv wétpwyv). Eotw X # 0, C a o-
kdAvpn tov X ka1 7 : C — [0,00] pa owvdptnon ue 7(0) = 0. H ouvvdptnon
v :P(X)—[0,00] pe

p(A) = inf {i 7(Cr): C, €C kr AC G C’n} (3.19)

yie A C X elvar éva eEwtepixd uétpo oto X.

Ipw v amddelln tou Bewphuotog, Topatneiote 6Tt agol 1 C elvon o-xdhudn 7
ouvdptnon ¢ elvan xohd oplopévn. H anddein elvon ovolaoTixd autololo PE TNHY
anddelln e Hpdtaone 3.1.4 (1) xon dpo elvon xahd vo TpooTadoeTe Vo THY XAVETE
w¢ doxnomn. Tnv cuuminedvoupe yior Adyoug TAnedTnTaC.

Anédaitn. Ouldiotntee Tou Opopod 3.1.1 ehéyyovtar we e&ic:

(i) Tt to xevé olvoro eivon B C |, O xou dpa (@) < > 7(0) = 0. Apa (D) = 0.

(i) Av A C B C X 16te, ndlde xdhudm tov B anéd ctoyeia e C elvon xan xdhudn
Tou A, dnhadn

{(Cn)n :Cp €Cxan BC Ucn} C {(cn)n:cn ecmLAchn}.

Suvende, npdypatt p(A) < o(B) (yrl;).

(iil) Mével va det&oupe pévo tnv apriufiown uvtonpocletixdnta tou ¢. ‘Eotw (Ay)x,
ot axohovdia utosuvorwy Tou X. BOu deigouue 6t ¢ (I, An) < X, ¢(An).

N

Avy ¢(A,) = oo 1o {nrodpevo eivon tpogavés. YTrodétoupe howdv dtu )y p(Ay)
00 ot dpa efvan xan p(A,) < 0o yiaxdde n. Eotw e > 0. o xdde n howndv, Bploxou-
pe axohoudia ototyelwy e C, (Cp j); dote Cp C UJ; Oy on
= €
ZT(CTL’J) < e(Cn) + o

on’
Jj=1
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Téte |, Cn C Unﬂ. Ch.; o dpa (apod 1o N x N eivon apripfiowo) eivou

2 (U Cn> <D TC) | €D elCn) e
n=1 n=1 \j=1 n

Apa, yio € = 0 1oy del xan 1o {nrolyuevo.

3.2 Metprioipa cOVoAa

‘Eotw ¢ : P(X) — [0, 00] éva e€wtepind yétpo 610 ocvvoro X. Onwg elnoye xou otny
elooywy ) Tou xepoakatou, avoalnrolye wa o-dhyeBpa A oto X dote o neploptowds ¢| 4
vo ebvon uétpo oto ywpo (X, A). Mo tétoia o-hyePpa undpyet névta (1 TETPYLMEVN
A = {0,X}), bunc yperolduacte vo PAEoUPE YLl Wit GEXETE TO «TAOVGLY ot
auth). Eva «unyoavioudy yio vo To TeTOYOUUE auTo Bivel 0 axdhovlog OpLloUOS TWV
(p-HETPNOIUWY TUVAAwY o€ GUVBLACUS e To Oepnua tou Kopadeodwer| 3.2.3.

Optopdc 3.2.1. Eotw ¢ : P(X) — [0, 00] éva e€wtepind pétpo oe éva ohvoro X.
Eva B C X Ayeton p-petprioipo av «xofel owotdy xdde dAho utocivolo touv X,
OnhadN

p(A) = (AN B) + ¢(A\ B), (3.20)

v xdde A C X. XupPBoiilouvue ye My, TV OXOYEVELDL OAWY TWV Q-UETEHOWWY
UTOGUVOAWY TOL X.

IMopatneroeis 3.2.2. (&) And v unompoodetixdtnta ToU eEWTEPIXOU PETPOU
n oxéon ¢(A) < p(AN B) + ¢(A N B) wybe ndvto. ‘Etol, yo vo deyydel L éva
B C X elvon p-petprioo opxel vo eheyydel n avicdtnta

0(A) > p(ANB)+ p(A\ B), yuxdde AC X. (3.21)

‘Opong, n aviedtnta auth elvan tpogovic otnyv nepintwon mov p(A) = co. Luvendc,
apxel var xortdoupe povo exeiva 1o A C X pe p(A) < oo.

(B") Ané o (o) mpoximter 6t xéde B C X pe ¢(B) = 0 elvar p-petphiowo, agob and
T povotovia Tou @ éxouue p(AN B) =0 xou ¢(A\ B) < p(A).

Oeopnpa 3.2.3 (Kapadeodwpen). Eotw ¢ : P(X) — [0,00] éva e£wtepikd uétpo
oo otvodo X. Tére n M, etvar pia o-dAyefpa oto X ka1 o mepiopiopss |, tov
p otn M, elvar mAnjpes uéepo.

Anddeiln. Oo drcouue Ty amddelln ot PrAuaTa.

Brjpo 1. H M, eivan dhyeBpo.
Av A C X ebvar

P(ANX) + p(A\ X) = p(A) + ¢(0) = p(A).

Apa X € M.
Av Be Mg xon A C X, ebvau

p(A) = (AN B) + p(AN B) = (AN B) + (AN (B)°),
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onhody) B¢ € M,,.
Oewpolue tpa B, By € M, xa Ya delovue 61t By N By € My,. 'Eotww A C X.
Agob By € M, eivan

@(A) = p(AN By) + (AN BY)

xou ool By € My,
(AN B1) =p(ANB; N By) +¢(AN BN BS).
‘Ouwe, By \ By = By \ (B1 N By) xou B C (B N B?)¢, dpa
W(ANB1NBS)+p(ANBY) = p(AN(B1N B2)°N By) + p(AN (BN By)N BY).
XeNnoWonolmvTag TIC Topandve xat 6T By € M, éyouue ot
P(A) = (AN (B1N B2)) + ¢(AN (B1 N B2)°N B1) +¢(AN (B1 N B2)°N By) =

= (AN (B1NB2)) 4+ p(AN (B N By)°).
Yuvende, npdyuott By N By € M.,.
Brjpo 2. Av By, By € M,, eivon Eéva petprioo cUvora xou A C X, t6te
©(AN(B1UB3)) =p(AN By) + o(AN Bsg). (3.22)

Ewixdtepa, 10 | a0, ebvon nenepacuéva mpocdetind pétpo, Snhadh yio By, By € M,
Eéva oy el
©(B1 U By) = ¢(B1) + ¢(Bs). (3.23)
Xenowornowdvtag 6t By € My, xau By N By = ), naipvoupe
w(AN(B1UB2)) = ¢(AN(B1UB2)NB1 ) +p(AN(B1UB2)NBY) = ¢(ANB1)+p(ANDBs).
To devtepo cuunépaoua éncton Vétovtag A = X.
IMapathenon 3.2.4. And to napandve Brua, éneton Ye omhn enaywyy| ot

n

elAn| B :Zn:go(AﬁBj) (3.24)

v x&de By, By, ..., By € M, &va avd 600 xau A C X.
BApa 3. H M, elvan o-dhyeBpa xou 10 |y, eivan pétpo.

Toppwva pe to (ill) e Hpdtaone 1.1.6, apxel va Serydel dtu av (By) oxolouvdia
Eévev avd 8Vo otowyelwy tne My, xau B =, B, t6t€ B € M, xou emmiéov

= ¢(Bn). (3.25)

Oo del€oupe 6T yia xdde A C X oybouv ol oyéoelg

W(A) = o(ANB) + p(A\ B) = i (AN B,) + ¢(A\ B). (3.26)
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Anéd v mpdtn wéTnTa énetan 6t B € M, xou omd 1 deltepn Vétovtag A = B
éneton xou 1) (3.25).

c
Egoguolovtac tny Iopatripnon nopandve yio o cOvola By, By, ..., By, xou (U?Zl Bj)
mou elvan E€va avd BVo ctoyela g M, ue évwon to X énetan oL Yo xdde A € X
elvow

c
n

w(A)Zw(AﬂX)Zznjw(AﬂBchp An | U B; Zn: (ANB;)+p(ANB°).

j=1 j=1

Y TEAVOVTAC TO N GTO 00 OTNV TUPATEVL AOLTOV, €YOUUE
A) =2 @(ANB)) +¢(A\ B) = o(ANB) + ¢(A\ B) = p(A),
=1

OTIOU Y10 TIC TEAEUTAUES YENOWOTOACOUE TNV T-UTOTREOCVETIXOTNTA TOL . Apo Telnd
oy Vel 1) tewTn {ntoduevn Ioétnta, dSnhadn B € M. Oétovtac A = X otny teheutala
Talpvoupe xau TN SelTEET LoOTNTA.

BrApa 4. To @[, sbvou mhifipec pétpo.

‘Eotw B C X dote va urdpyet C € M, ue B € C xa ¢(C) = 0. Torte, and

povotovio Tou ¢, ebvar p(B) = 0 xau dpo B € M, ané tny Iapatrienon 3.2.2 (3').
O

Optopode 3.2.5. Ta otouyela tne o-dhyefpac My~ Aéyovton Lebesgue petprioiua
ovvola.

Ev vével, To va eheyyel xatd n6c0 éva doouévo aivoro B C RF eivar Lebesgue
peteroyo elvon Wadtepa ddoxoro. Ilpog to mapdv, Ta Lebesgue yetprowa obvora mou
Yvepilovye eivor wévo to RF xou 1o «apehntéar, dnhadf exeiva tou éyouv eEwtepixd
uétpo undév. H axdhovdn Ilpdtaom Oelyver 6Tt 1 owxoyévelr My~ elvan Slodtepa
mhovoLa.

IMeétaon 3.2.6. Kdide Borel vnootvolo tov R¥ eftvar ka1 Lebesgue petprionuo,
onAadn B(R*) € M.

Arnddeiln. Av Yewpriooupe TNy ouxoyévela
k

A=< J](=o00,b5]: by, ba, ..., bk €R (3.27)
j=1
yvopilovue (Tlpbtaon 1.1.11) 6t o(A) = B(RF). Suvende, agod n My« elvon o-
dhyeBea, vl vo del€oupe tov eyxhetopd B(RF) C My« apxel va delEoupe 6t A C
00, b;

M+, Bewpolpe howmdy éva B = Hf 1(=00,b;] € A xon Yo Selfoupe 6T elvou

Lebesgue petprioylo, dnhadr ot
N (A) > A (AN B) + X (A\ B), vy xédde A C RF ye \*(4) < 0.

Eotw A C RF pe M*(A) < oo xare > 0. Ané tov oplopd tou ¥, Beloxoupe axohoudia
(1) ovoxtov gparypévey daostnudtey tou RY dote A C |, I, xou

Z ) < A (A) +&. (3.28)

n=1
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T x&de n 1o I, N B eivon gpoarypévo didotnua (6t amapoitnta avowxtd) eve to I, \ B
Yodpetan ¢ TENEPUOUEV EEVN EVon QpayUEvwy BlacTnudtwy and to Afuua 3.1.6
(i), o
kn
I,\B= U I, j, 6mov I, ;, j=1,2,... k, Zéva poypéva dothuata.  (3.29)
j=1
Eivor epugavée, 6ty xdde gpaypévo didotnua I tou RF urnopolpe va Bpolpe éva
avowtd gporypévo didotnua J dote I C J xou 1 dapopd v(J)—v(I) vo eivon ocodfinote

uxer. Bploxoupe hoimév avoutd xou @poypéva diaothpara J, xa Jp j, 6nou n € N
xoavj =1,2,..., k, Oote

I, NBCJ, xu I; CJp;

xal
o o € €
v(Jn) + ;V(Jn,j) <v(I,NB)+ ;vaﬂ,j) +on =Vl + 5 (330)
oUupove ye to Afppa 3.1.6 (ii). Téte dumc
0o oo kn
AnBC |JI.nB)C UJL xu A\ BC U (\B) < |J U In
n=1 n=1 n=1j =1
Ol CUVETIC
o) oo kp
(AN B) ZV ) KO A*(A\B)gZZv(JM).
n=1 n=1j=1
Apo tehixd,
oo kn
N (ANB)+ X (A\B) < Z Tn) + > V(T
n=1 j=1
< v + o Z )4 < N(A) + 2.
n=1 n=1
Agob 10 € > 0 mou apyiocope oy Tuyodo émetan xou 1 {nToduEV.
O

IMopotnpriote 6t oty tepintwon tov R, dnhad vy k =1, to I, \ B eivan pporyuévo
BidoTnua xou dpat 1 addEE ATAOVGTEVETAL UPXETY.

Oplopocg 3.2.7. O neploplondg tou e€wtepixol pétpou Lebesgue A7 otn o-dhyeBpa
M: Aeyeto pétpo Lebesgue xou ouufohileton ye Ap A oanhd pe A.

20UQwVaL e ToL ToEATAvVw, To A elvan Thipeg uétpo. Mepnée popés, xou 0 TEPLOPIGUOS
tou A; oty B(RF) Yo Méyeton pétpo Lebesgue.

Mua neprypopy) Tou e€wtepixol uétpou Lebesgue ue Bdomn tov neplopioud tou otny
B(R¥) diveton oty axdroudn Ipdraor,.
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IMpétaon 3.2.8. Ia kide A C R¥ wxdour ta axélovda:

M (A) = inf{\(B) : B € B(R*), B D A} = inf{\(G) : G avoxté e G D A}.
(3.31)

Anééaén. Tw B € B(R¥) ue B 2 A eivan A*(A) < \*(B) = A(B). Suvernde
A (A) < inf{\(B) : B € B(R¥), B D A} < inf{\(G) : G avowxt6 yec G D A}.

‘Etot, av A*(A) = oo n {nrodpevn eivan tpogovic. Oewpolue hotndv A ye A*(A) < oo,
£ > 0 xou Yo Ppodue G C R* avouxtd pe

A(G) < X'(A) +e.
Ané tov oplopd tou A* Peloxoupe oaxoroudia (I,,) avouxtdv dotnudtony wote A C

U, In 2w >, v(In) < A*(A) +¢e. Oétovpe G =, In. To G eivar avoutd, mepiéyet
0 A xou emmiéov

MG) = A (U 1n> <Y v(In) < A(A) +e.

‘Etot, inf{\(G) : G avoxté pe G 2 A} < X\*(A) + € xu v e — 0 nadpvoupe 10
{nrolpevo. O

3.3 Eocwtepixd xou eEwtepixd UETEO

To anotéheopa tne terevtadoc Hpdtaone poc diver Ty e€hic xatdotaon: 1o ewtepind

1€Tp0 evég uTooLVORoL Tou RF towtileton pe Ty «and Thvw» Tpocéyyion Tou and To

uétpo ouvorwv Borel xou avouxtdy cuvohwy. H 8éa auvth odnyel otov e€hc Oploud:

Opiopoéc 3.3.1. 'Eow (X, A, 1) évag yodpog wétpou. Ta A C X tuydv opitlouye:
(i) 1o ebwtepind pérpo tov A wg mPog i:

w*(A) =inf{u(B) : B€ Axu B2 A} (3.32)

(ii) to eowtepikd uétpo Tou A ws TPog
pr(A) =sup{u(B) : B € Axun B C A} (3.33)

Eivou dpeco and tn povotovio tou p 6t vy xdde A C X ebvon e (A) < p*(A) xon o
emmhéov A € A, t6te i (A) = p(A4) = p*(4).

ITeotaon 3.3.2. Eoww (X, A, p) évag xdpos pétpov. To e€wtepikd puétpo p* tov
W €xer Tis €€ng 1i6TnTeg:

(1) Ia ki A C X vndpyet B € A ue A C B ka1 p*(A) = pu(B).

(i) H ouwvdptnon p* : P(X) — [0, 00] efvar npdypatt éva eEmtepikd pézpo (olupwva
e Tov opoud 3.1.1).
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Anddeén. (i) Av p*(A) = oo eivar xou pu(X) = oo (a6 tov opiopd tou p*) xou dpot
yioo B = X éyoupe ) {ntoduevn.

Ac unodéoovpe 6t p*(A) < oo tpa. Toéte, yo xdde n € N, Poioxovye B, € A ye
A C B, »xa

w(Byn) < p*(A) + %

Ocewpolye 1o clvoho B = (), B, € A xa napatnpotue 6t A C B xou dpa p*(A) <
u(B). Ouwe, vy n € N etvaw xon B C By, xan dpor u(B) < p(By) < p*(A) + +.
"Etot,

1
p(A) < p(B) < 7 (A) + -, e n=1,2, .
xou dpat, madpvovtag n — 0o éyoude mpdypatt u(B) = p*(A).
(i) Ov WibtnTee tou Optopot 3.1.1 ehéyyovton we e&hc:
(o) Hpogavere p*(0) = (D) = 0.

(B) Av Ay C Ay C X, xdde otoryelo e A mou xohdnter to Ay xohUnter xou 10 Ay,
Gpa ebvon p*(Ar) < p*(Az) (yoti;). Apa to p* elvon povétovo.

(v") Mével va del&oupe 6t to p* elvon utonpoodetind. Av (A,) axohudia utocuvérwy
tou X Ya dellouvpe OTL

pw (U An) <> p(An). (3.34)

T x&de n Pploxovye, cdupwva pe to (i) obvoro B, € A e A, C B, xu
W (Ap) = u(By). Tote |, An € U,, Bn € A xou dpa

T (U An> <u (U Bn> <> u(Bn) <>t (An),
OTLC VENAYE.
O

IMopathenon 3.3.3. Av A 1o pétpo Lebesgue oto petpriowo ywpo (RF, B(RF))
t61e 10 e€wTepnd YéTpo Tou opilel To A alugwva e tov Optopd 3.3.1 tavtiletan ye
10 YVwotd Jac ewtepind pétpo Lebesgue (Opiopde 3.1.5).

IMpotaon 3.3.4. Eotw (X, A, u) évag xdpos puétpov kar A C X pe p*(A) < oo.
Tére
Ac A, & (A =p"(4). (3.35)

Anédeitn. (=) Ané tov opioud g o-8hyePpac A, undpyouv E,F € A dote E C
ACF xu pu(F\E)=0. Téte

H(E) < pa(A) < p*(A) < u(F)
mou pali pe tn oyéon w(E) = p(F) diver ) Intoduevn: . (A4) = p*(A).

(<) YTrodétoupe tHpo 6T pa(A) = p*(A) < oo. Téte, ouvdudloviac toug dVo
optopoie 3.3.1, v xde n € N Bploxovye civoha By, F, € Aue E, C A C F, xou

pFn) ~ (B = p(Fo \ B) <
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Oewpolpe ta olvora E = {J,, E, xou F = (), Fy, o mopatneodye 6t £ C A C F
xou eTLTAEOY, Yo xdde n:

B\ E) < plF\ B < 1

and ) povotovia tou p. ‘Etol, u(F\ E) =0 xo dpa A € A,,. O

IMopathenon 3.3.5. And v anddelln e teheutaioc Hpdtaoneg, mpoxintel bt
yio A e A, ebvan i (A) = p*(A4) = G(A).

3.4 To Jenpnpa enextaong tou Kapadeodwe

‘Onwe elnaye xoa oty Ewooywyr tou Kegahahalov, to demenuo enéxtaong delyvel
poL avTioTpogn ouclaoTxd Slabixacior xaTaoxeLAC YETEWY and To Ochpnua 3.2.3 Tou
Kopoateodwet|. Alvoupe mpdta tov e€fc Oploud:

Optopoe 3.4.1. Eotww X éva alvolo xan Ag wo dhyefpa umoouvorwy tou X.
Mt suvdptnon po = Ag — [0, 00] Aéyeton premeasure 6to cvvoho X av:

(i) Ioyvet (D) =0 %o

(if) Av Aj, Ag, ... o axohovdia Eévwv avd 80o otoiyeiwv g Ag yio to omola
emmhéov woyvel |, A, € Ay, t61e

n=1 n=1

Ewdwoétepa, xdde premeasure eivar nenepacuéva mpooletind atny dhyeBea Ao.

Ochpnpa 3.4.2 (Odpnua Enéxtaonc). Eotw X éva obrodo, Ay pa diyeBpa
ot X, A= 0(Ag) n o-dAyefpa nov mapdyer n Ay kai pg éva premeasure otny Ag.
Ocwpovue ) ovvdptnon p* : P(X) — [0, 00] nov opiletar wg

1 (A) = inf {Z po(An) : Ap € Ag kat AC | An} (3.37)
n=1 n=1

yie A C X. Tére wyvovr ta €€nig:
(i) Hp* evar éva eEwtepixd pétpo oto otvoro X.
(i1) Ia A € Ay etvar p*(A) = po(A).
(1ii) Av M- n o-dAyeBpa twv p*-petprioipwy ouwvidwy téte 10xvel
AC M. (3.38)
Yuvends to p = p*| 4 elvar éva pétpo oo petprionuo xopo (X, A) mou enexteiver o
to. EmmAéor, 1woxde kar n akélovdn poper) povadikétnrag:

(iv) Av o pg €fvar o-renepacuévo, dnhadri av vndpyer pia abéovoa axodovdia (F,)
oty Ag pe X = ,, Fr ka1 po(Fy,) < 00 ya kdle n, tée o p1 €ivar to povadixd
1érpo oo petprioo xopo (X, A) mov emexteivel o .
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Andéeaén. (i) Eivow dpeco and to Oedpnua 3.1.11 (xataoxeuric eEEWTEPIXMY UETPWY).

(ii) Eotw A € Ag. Ebva cagéc 6t p*(A) < po(A), apold 1 oxoroudio A, 0,0, ...
ebvon o xdhudn tou A amd otoyela e Ag. T Ty avtiotpopn avicétnta e,
Yewpotye wo oxohovdia (Ay), oty Ag pe A C J,, An xon Yo Sel€oupe ot

po(A) <Y po(Ay).

Oewpolpe o ahVOAa

n—1

By=A\ | JA |, n=12..

Jj=1

Téte B, € Ag vy xéde n, to B, eivor Eéva avd dvo, B, C A, v xdde n xou
U, Bn =U,, An. Apa:

to(A) = po (U (AN Bn)) = ZNO(AﬂBn) < ZMO(Bn) < ZNO(ATL),

onwe Yéhope. Apa, mpdypatt u*| a4, = Ho-

(iii) T'vwpiloupe (Oemenua Kapodeodwet| 3.2.3) 6tL n M« eivou wor o-Ayefpa umo-
ouvOAwY Tou X xau emopéves agol A = o(Ag) v vo derydel o eyudeiopde (3.38)
apxet va Sel€ouye o1t Ag € M. Eotww howdv A € Ag xon B C X pe p*(B) < 0.
ITpéner va dei&oupe ot

W'(B) > p*(BAA) + ' (B\ A).

‘Eotw € > 0. Bploxouue wia axohoudio (B,,) oty Ag ue B C |J,, Bn, xou emhéov

> no(Bn) < p*(B) +e.

Agol to p elvon premeasure Gpwc, £YOUUE:

S ho(Ba) = S no(BanA)+ 3 po(Bo 1 AY) > p (BN A) + " (B A),

n=1 n=1

agoV B, NA, B, N A° € Ay vy xdde n. Apa tehxd
W (BOA) + 1" (B\ A) < " (B) + =

xat vl € — 0 €yovue to {ntoduevo.

(iv) Tt tn povadixdtna tpa, Yewpolpe éva uétpo v oto xdpeo (X, A) pe v|a, = to
xou Yo Oeiovpe 6y =p. N A€ A, av A C Y, An e A, € Ag elvon

v(A) <v (U An> <> v(An) =) po(An).

n=1
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Koté ovvénewa etvon xou v(A) < p(A) and tov opioud tou p*. T v avtiotpogn
aviodTNTa TR, delyvouue TpdTo To eENg:

Ioyvetopdg. Av F € A pe pu(F) < oo, tote eivan u(F) = v(F).

‘Ectw € > 0. Bploxouue axohouvdia (By,) oty Ay dote F C |, By %o

oo

> u(Ba) < u(F) +e. (3.39)

n=1
Av B = J,, By, T0TE YpNOWOTOIOVTOS TNV UTOTROCVETIXOTNTA TOL [, TNV oyéom
(3.39) xau 10 yeyovéc 6t pu(F) < 0o, cuunepaivouye 6Tt

w(B\F) <e. (3.40)

Iopatneolye duwg 6TL:
n

By | =limu | |J B | = u(B),

j=1 j=1

C:=

v(B) = limv

n

OTIOU YENOLLOTOINOOUE OTL U?:1 Bj € Ag v xdde n. Luvendg, eivou:
p(F) < w(B) = v(B) = v(F) + v(B\ F) < v(F) + p(B\ F) < u(F) +e.
Apa npdrypott u(F) < v(F) xo o woyvplopdc amodelydnxe.
o A € A tuydév tdhpea, Yedpouue
A=JAnF,)
n=1

xou dpat ebva
p(A) =limpu(ANF,) =limv(ANFE,) =v(4),

onwe Béhaue. Etol 1 anddeln eivon mhrpeng. O

3.5 Aoxnoelg

Oudda A’

1. 'BEotw A C R¥ pe A° # (). Na deifete 6Tt A*(A4) > 0.

2. Eotw X éva olvoro. Alvovta ol ouvapthoeis ¢, : P(X) — [0,00], 7 = 1,2,3,4

e
0, avA=10 0, avA=0
A)y=<" A)y=<"
¢1( ) {1’ O(VA#@7 ¢2( ) {007 OCVA#(Z)’
0, av A apdunoo 0, oav A apdurowo
h3(A) = PN H, wor a(A) = PN H, .
1, av Aunepapriunoo 0o, av Aunepaprdunoiuo

No Beflete 611 oL ¢ elvan eCwtepxnd uétpa xou va Beeite tic My, .
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. T A C N oplZoupe ¢(A) = limsup,, L{EN{1,...,n}| (6mou |A| elvor 0 mh-

Yéprduoc Tou A). Eetdote av 1 ¢ elvon ewtepnd UETpO.

Oewpolpe v owxoyéveta C mou anoteAelton omd T0 xevo GUVORo Xt Gha Ta BloUvo-
Aot uoav aprdumy. Oplloupe 7(0) = 0 xou 7({m,n}) = 2 yo x&de {m,n} € C.
H C eivon o-xdhudn tou N, ondte endyel éva e€wtepnd yétpo pu* oto N. Trolo-
yiote 1o p*(A4) yio A C N xou Beeite ta p*-petpriowo cvvora tou N.

5. Amodei&te 6T %8 eudelo xon xdde xvxhog oo R? éyel pétpo Lebesgue pndév.

6. Eotww A C R éva petpriowo obvoro pe 0 < A(A) < oo.
(o) Aei&te 6T n ouvdptnon f: R — R e f(z) = A(A N (—o0, x]) eivar cuveyrc.
(B) Aci&te 6T undpyer yetpriowo cvvoro F C A wote M(F) = A(A)/2.
7. Eotww (X, A, u) yopeoc yétpou xat éva A C X. Acilte bt undpyer Ag € A pe
Ag C A xon s (A) = u(Aop).
8. Eotw (X, A, p) évag ybpog uétpov. Av (A,,) wa a&ovoo axohoudio utocuvélwy
Tou X, tétE
w* <U An> = lim p*(Ay).
n=1
Owdda B'.
9. Eow A CR ye \*(A4) > 0. Aeigte 6T undpyouy z,y € A dote x —y € R\ Q.
10. Eotww A C R pe A(A) = 0. No delfete 6t xon v 10 A’ = {2? : x € A} woyle
A(A) =0
11. 'Eow (X, A, ) évac yodpoc pétpou xaw A C X. No dellete 6t
px(A) + 1" (X \ A) = p(X).
12. Aci&te 6t éva A C R eivon Lebesgue petpriowo av xaw uévo av
A ((a, b)) = A" ((a, ) N A) + A*((a,b) \ A), vt %dde a < b oto R.
13. Eow A C R ye M*(4) > 0 xu a € (0,1). Na deiete o1t undpyet avoxtd
owotnua I oto R wote
A(ANT) > aX().
14. No deifete 6u undpyer Lebesgue petphiowo obvoho A C R pe A(4A) > 0 xou
AMANT) < A(I) yo x8de pn tetpyupévo ddotnua 1.
15. Eotw X éva obvoho xa A pia dhyeBpa oto X. I'odpoupe A, yiol Ty owoyévela

OhwV TV aptiunoluwy eveoewy otolyelwy e A xau Ays Yol TNy oxoyévelo O Y
TV optduAoey Topdy ototyelwy e Ay. Eotw 1o éva premeasure oty A xou
1" 1o avtiotoryo eEwtepd pétpo. Acilte ta e€nic:

(o) Twr x&¥e A C X xou e > 0, vndpyet B € A, dote A C B xu p*(B) <
p*(A) +e.

(B) Av p*(A) < oo, t61E T0 A Elvon p—petpioo av xou Pév av undpyel B € Ay
étoo wote A C B xa p*(B\ A) = 0.

(v) Av to po elvar o—nenepacuévo, t6te oto (B) de yperdleton vor xdvouue TNV
unddeon p*(A4) < oo.
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16. Eotw ¢ éva e€ntepind pétpo 610 cUVolo X ol [t TO ENUYOUEVO UETEO GTO YHPO
(X, My). Av E,G C X, 10 G Myeton ¢p—puetpriouo kddvua touv E av:

ECG, GeMy nuyaxdde A e My ue AC G\ E wyber u(A) =0.
() Av Gy xou Ga 8o ¢p—petpAoa xohdpoata tou Bov E C X, dellte ot
M(G1AG2) =0.
B) Av E C G, G € My xu ¢(E) = p(G), va Bellete 61t 10 G elvon éva
p—peTEroWo xdhupa Tou K.

17. 'Eotw (Ay) axohovda petpriotwy utosuvormy tou [0, 1] ye v wbidtnta

limsup A(4,,) = 1.

n

Aci&te 6ty xdde o € (0,1) undpyet vaxoroudia (A, ) e (Ay) dote

A (ﬁ Ak”> > .
n=1

Owdda I'.

18. 'Eotww {g,} wa apidunon tou QN [0, 1]. T x&de & > 0 opllouvye

o0

10=0) (0 gt )

n=1

Téhog, Héroupe A = (2, A(1/7).
(o) Aclgte 6Tt A(A(e)) < 2e.
(B) Av e < § del&re 6t 7o [0,1] \ A(e) elvon un xevé.
(v) Aeigte 61t A C [0,1] xou A(A) = 0.
(d) AclEte 61t QN [0,1] C A xou 61t T0 A elvon unepoprdufodo.
19. Eotw A éva Lebesgue petproyo unochvoho tou R¥ pe A(A) < oo xon {4,152,

oxohoudior Lebesgue petprioymy utocuvérey tou A dote A(A,) > ¢ yio xdmolo
c>0xumneN.

(o) Aeigte 6T A(limsup,, A,) > 0.

(B) Aci&te 6T undpyet Yvnoiwe abZouca axoloudio {ky,} uody aptdudy e tnv
WBLoTNTY

M A, #0.

n=1

20. Eoto {g,} wo apidunon tov pntov apduody. Acilte 6t oyeddv xdde € R (g
Tpog 10 pétpo Lebesgue) éyel tny €& wibtntas

urdpyer k = k(z) € N dote yo xdde n > k vo woylet |z — g,| > 1/n?.
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21. Aépe 6n éva A C R éxel onueio ouvundkvwons oto drepo av yio xéde a > 0, 1o
obvoro {x € A: |z| > a} elvou vrepaprdurowo. Opllouue

0, av A apuiurolpo
#(A) =<1, av A unepaprdufoipo ympelc onuelo cuPTHXVLONS 6T0 ETELRO .

0o, av A unepoptiuioo Ye onueio cuPTUXVWOoNS OTo ANELWO
Acl&te 611 1 ¢ elvon e€wtepnd Yétpo oto R xan 6tu
My ={ACR: A apduriowo | A cprdurfowo}.
‘Exet xdde A C R ¢p—petpriowo xdhuuo,

22. 'Eotw Lebesgue petpriowo ovvoro A C R pe A(A) > 0. Na deilete 611 10 oUvoro
A-—A={z—y: 2,y A} nepiéye didotnua ye xévtpo to 0.



Kegpdhawo 4

Boaouxeg 1ototnTeg Tou
ueteou Lebesgue

Y10 mponyoluevo xe@dhoto avomTUEUUE UEPIXOUS TEOTOUS UTOUOKEVNS EEWTEPLXMY
HETPWY xou UETPWY divovTag WLdtepn EUpaoy oTNY xaTacxeL| Tou uétpou Lebesgue
otoug Euxdeldeloug ywpoug Rk, Yo xe@dAono autd Yo ueEAETHOOUPE TIC Pooixég
WL TES Tou Pé€tpou Lebesgue xou Yo to yopoxtnploovye Bdoel autdyv. Xtn cuvéyela
Vo oTEAPOVUE O UEAETY] TV EYHAEICUDY

B(R*) C My C P(R")
Tou eldaue 6TO TEONYOUUEVO XeQdAato. Ou dellouue oTL uTdpyouy Wialtepa «mtado-

Aoywd» olhvoha, dnhadh umocivola tou RF mou dev eivon Lebesgue petpriowo xou
Lebesgue petprioyo clvola mou dev eivon Borel.

4.1 KavovixdtnTta tou pétpou Lebesgue
Oplopo6c 4.1.1. Eow (X, d) évac petpinde yodpos, A wo o-8hyefpa oto X dote
A D B(X) xou i éva uétpo oto petpriowo xweo (X, A). To pétpo pu Aéyeton kavovikd
HETPO Ov:

(i) u(K) < oo v xdde K C X oupnoyéc.

(ii) To p wavorotel T cuviixn eEwtepikiis kavovikdTntag, dnhadA

p(A) = inf{w(G) : G avouxt6 oo X xou G D A}, v xdde A€ A (4.1)

(iii) To p wavonolel 0 cuVIxn €owTePIkTS KavorikdTnTag, dSnhadt

w(G) = sup{p(K) : K ocvunayéc xou K C G}, v xdde G C X avowxtos. (4.2)

H ouvininn xavovixdtnrag evéc pétpou p expedlet wa cUUPBBAGTOTNTA TOU [t YE TN
dopn tou X ¢ PeTPIX0U YWpou (oUoLIoTIXE, UE TNV TOTOAOY(a TOL).
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Tpétaon 4.1.2. To pérpo Lebesgue A atov R* eivar kavovikd pérpo. EmmAéov,
10y Vel

AA) = sup{\(K) : K ovurayés ka1t K C A}, ya kdde A € M- (4.3)
(61 1évo ya ta avoiktd).

Arédaén. Souewva pe v Hpdtaon 3.2.6 eivor B(RF) C My« xon xatd ouvénelo
éyeL vonpa vo eéyZoupe tic Widtntee (i)-(iil) touv Oplopot 4.1.1:

(i) Eotw K C R* cupnayéc ohvoho. Téte, pnopolue va Bpodue évo peydho gporyévo
didotnua J tou RF dote K C J. Apa, amd Tn povotovia Tou A ebvon

AK) < MJ) = v(J) < oo.

(ii) Auth ebvan oxpiBdde 1 WidTTa Tou anodelloue oty Hpdtaon 3.2.8 yia Lebesgue
peTENOLO GOVOAQL.

(ili) Tha Vv eowteph xavovixdTnta Thed, AéYw g povotovioe tou A apxel vo
dei&ouvue oL
A(A) <sup{A\(K): K C A ocuunayéc}.

Oo urodéooupe apyxd 6Tt o A elvon ppaypévo. T va amodei&ouue 1 {ntoduevn
Pdyyvoupe éva xhewoté! oivoho K peca oto A mou va elvor «mold xovtdy oto A.
IoodUvaua, Pdyvoupe éva avoixtd alvoro G peyahltepo amd to A mou vo elvar okt
«moh0 xovtdy ato A° (ouotaotixd G = K°). ‘Ouwc, 10 A elva pparyuévo ondte avtl
va Bpolpe €va tétolo avoxté G pag apxel va TeploploToVUE Ot €vol UEYHAO CUUTAYES
ocbvolo L ye L D A, va Bpolue éva avowté U «Alyo peyalbtepoy and n Sopopd
L\ A xou otn ouvéyela va Yéooupe K exelvo 1o tuhpa tou A nou dev tépvel to U.
Avuté Va elvon avayxaotixd «<xovtdy cto A.

Yyfuo 4.1 Anodelln g EoWTERIXNC XAVOVIXOTNTAS Yol PEOYUEVO GOVOAYL

Lagpot o A elvan gpayuévo, Do elvon autduate cudmoyéc
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I'pdpovrag to Tapamdve o poppahloTxd, Yewpolue € > 0 xou Bploxouue L cupmayég
pue L O A xou U avowntéd pe L\ A C U xou emnhéoyv

AU\ (LN A)) < e.

Yn ouvéyela, Yétoupe K = A\ U. Hapatnpodpe 61t K C A xou K = L\ U (ywri;),
ocuvene to K elvou xhetotd. Emmiéov, A\ K C U\ (L \ A) xou xatd cuvéneia

AN K) S AU (L A)) <=
T yevi neplntoon thpa (to A byt anapoftnta @poryuévo), Vétouue
A, = AN B(0,n),6mou B(0,n) = {zx € R* : ||z[]s < n}, n=1,2,... (4.4)

Térte,  oxorovdia (A,) ebvor awdEouvoa xon x&de A,, etvon pearyuévo chvoho otov RE.
‘Etou
A(A) = sup A(4,,) = supsup{\(K) : K C A,, ouunayéc} <
neN n
<sup{\(K): K C A ouunayéc}.

O

Xenowonoldvtag Ty xavovixdtnta tou pétpou Lebesgue elyocte oe Véon va
xatohdBoupe xohltepa T oyéon uetoEh Tou yoOpou pétpou (R, My« ) xa tou
(R*, B(R¥), \). Anodeifoyue otny pdtaon 3.2.6 61 B(RF) C My«, ohhd otV mpary-
potixdTnTa oy Vel To eENg Lo UPOTERD ANMOTENEGUAL

IMpétaon 4.1.3. To pérpo Lebesque ato petprioo yopo (RF, My.) efvar n
mArpwan tou puétpov Lebesgue avov (RF, B(RF)).

Anédein. Agol mpdxettan ovolaoTixd yio To (Blo pétpo otn wxpdtepn o-dhyefBpa
B(RF) apxet va detfoupe 6Tt My« = B(RF) ) # toodivapa:

Ac My & undpyouv E,F € B(RF), ue EC ACF xou A(F\ E) =0. (4.5)

(=) Eotw A € My«. Trodétoupe apynd 61t A(A) < co. Téte, and v mopandve
npbraon Peloxovue axohovdies (K,), (Gr) pe K, ovgnoyh xou G, avowtd, K, C
A C G, xou

AG) = ME) = MG \ Kn) <

3=

©¢étoupe (6mwe éyouue Eavaxdvel) B =, K, xou F' =), Gp. Téte, EC ACF,
E,F € B(R) xou

AMF\E) <XG,\ K,) < l, v xdde n = 1,2, ...
n

‘Apa A\(F\ E) =0, dnhadry A € B(RF),.
Av tpa A € My« Tuydv ypdpoupe

o0

A=A, émov A, =ANB(0,n).
n=1
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Téte, %80 A, elvon petphoo xon gporyuévo xou dea amd T mopamdve A, € B(RF),.
Agol bpwc 1 B(R¥), eivon o-dhyefpa, eivon xon A € B(RF)y xau dpa 1 (=) amode-
{yOnxe.
(<) Av A C R¥ ¢dote vo undpyouv E, F € B(RF) ye EC AC F xou A(F \ E) =0,
yedpouue A = EU (A\ E). Téte, AM(A\ E) = 0 and 1t povotovia tou A xou dpo
A\ E € My xon emimhéov E € B(RF) C My-. Apa xon A € Miy-.

O

IMapatrienon 4.1.4. Yty mpoaypatxdtnta .oy douy ol e€Xg Loy LEOTERES LGOBLVA-
ulec:
Ae My & vundpyet ED A Gs odvoro pe A(E\ A) =0 (4.6)

xol
Ae My« & vundpyer F C A F, olvoro ye A(A\ F) =0, (4.7

1 andden TwV onolwy aPAVETOL WS AoXNO.

Opiopo6c 4.1.5. Eotww (X, d) petpwde ydpoc. Kdde pétpo oto petphiowo xdpo
(X, B(X)) Méyetou uérpo Borel otov X.

Teétaon 4.1.6. To pétpo Lebesgue etvar to povadixé uézpo Borel atov RF e
MI) = o(I), ya kide I Bdotnua oo R (4.8)

Arnddeén. Tlpdxertan yio epoppoyn Tou Yewprjuoatoc Movadudtntac (pdtaon 2.2.1).
Oewpolye NV oxoYEVELd

A = {I CR": I dudotnua}.

H A elvan sxhetoth otic nenepaopévec topée xou o(A) = B(RF) xotd o yvewotd. Av
p éva pétpo Borel otov R* pe p(I) = v(I) vy xéde I € A, w6te etvan p(I) = M)
v xdde I € A. Emmiéov RF = (J°2 [—n, n]¥, énov n ([=n,n]*), evor adZovoa
axorovdio oty A xau p([—n,n]*) = A([—n,n]¥) = (2n)* < oo yia x&de n. Etot,
ané v Ipdtaoy 2.2.1 etvon tehnd A = p.

O

IMapathienon 4.1.7. Iupatneriote xdde mpdtoom e woperic

«To A eivar 0 povadind pétpo Borel otov R* Gote va toyler n wbiétnta (P)»
oUVETdYETOL TNV avTioToLYN
«To A eivan 0 povadind pétpo o010 yoHpo (RF, My+) dote va toylel n Widtnta (P)»

and 1 povadudtnto e TAfpwone (Ilpdtaon 2.3.3 (iil)). Ondte, dtav oTo TopUxdTe
wo Hpdtoaomn Yo pog efacparilel 6t 1o yétpo Lebesgue elvon to wovadnd pétpo Borel
Tou ixavoTolel Wat ouyXeXeEV WLOTNTA Yo Yvwpllouye OTL aUTOUATA EYOUUE XOL TNV
avtiototyn povadidtnta 610 ydeo (RF My.).

Khetvoupe auth) v evotnta e évo amoTéAEOUN TOU EVTAGOETAL OTIC AEYOUEVES
«3 Apyéc tou Littlewood»2. To amotéheopa autd el «ovipxdy 4L

201 ddhec Blo ebva ta Dewphpota tou Egorov o tou Luzin xou do amoderydouv ota
Kegdhoua 7 xou 8 avtiotoiya.
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Kde petprioto otvolo atov R efvar oxedév ioo e nemepaouérvn évawon Evwr avd
0vo avoiktdy dlaoTnUdTwY.

Duowd, uével va dieuxpvioTel TL onualvel «oyedov icoy. H avotnet| dwrtdnwon eivan
w¢ e€ng:

IMpobtaocm 4.1.8. Eotw A éva Lebesgue petprionuo ovvoro pe AM(A) < oo. Ia
kdOe € > 0 vndpyovr Eva avd dVo avoiktd dwwotiuata Ji, Ja, ..., Jy, dote

MAA(JL U Jp U U Jp)) <ed (4.9)

Arnddeln. And tov oplopd tou e€wtepnol pétpou Lebesgue, Bploxouye axohouvdio
(In)n avowtdyv Swactnudteny dote A C J,, In xou

g:lv(zn) < AA) + g

Aol n oepd v v(I,) cuyxiive,, undpyert N € N apxetd peydho wote

Iopatneolue duwe ot
N 0o N oo
A\<U1n>g U In <U1n>\Ag<UIn>\A. (4.10)
n=1 n=N+1 n=1

Koatd cuvéneia

prfel

)\ (D 1n> —\A) < iv([n) —\A) < g

n=1 n=1

Sopgpova e to AMupo 3.1.6 (i) duwe, uropolue va Bpodue oxohoudia Eévwy avd 500
dlaotnudtey Ji, Ja, ..., I, Oote

3YrevOupuilouye 6t 1 ouppetpic Siapopd A Suo cuvérwy X xou Y oplletan we

XAY = (X\Y)U((Y\X)=(XUY)\(XNY).
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(92 (U)o

wa Ji, Ja, ..., Iy pmopolv va utotedoly xou avoxtd. ‘Etot, mpdyuartt

/\(AA(JlLJJzU...UJm)):)\(A\ (LNJ In>> +)\<<G 1n> \A) <e.

xalL ETUTAEOY, POV

n=1 n=1
O
4.2 Meérpo Lebesgue xou petacynuoticuol
Av A, B C R* 9étoupe
A+xB={atb:a€ Abe B}, (4.11)
0 dOpoiopa v A, B. Av B = {z}, ypdpoupe A+ z avti tov A + {z}, dnradH
A+z={a+z:a€ A} (4.12)

1 petddeon tou A xatd x. Tz € R dewpolye tnv anewdvion T, : RE — RF ye
T.(y) =y+az,y € R¥. HT, etvon 1-1 xou ent pe avtiotpopn tny T—,. Anéd n oyéon
A+ 2 =T,(A), ouunepoivouye o e€hc:

(1) (U, An) +2=U,(An +2),

(i) (N, 4n) +z =, (A, + ) (2ol n T eivan 1-1),
) (A\B)+ax=(A+2z)\ (B+z) xu

) B°+x=(B+z)°

(i
(iv

Emnmiéov, n Ty eivor opolopoppiopde xou ouverie v A € R¥ to A elvor avowrté av
xon wévov av A + x avowxté, yio v € RE.

Mopathenon 4.2.1. Tw éva A C RF xou x € RF 1oydel 1 iooduvoplo:
AcBRF & A+4zeB(RY. (4.13)
Andbeaén. Tpogoavae, apxel va detfoupe wévo tn cuvenaywyt (=), agod A = (A +
x) — x. ©étoupe
F={BeB[R" :B+zcBR"}. (4.14)

Tougpwva ge ta topandve, xdde avoxto alvoho avixel oty F xa and Ti¢ oyéoelg (1)-
(iv) evxoha Brénel xavelc 6t N F eivan o-dhyefpa. Etor F = B(RF) 6newe 9éhape. O

IMedétaocm 4.2.2. (i) To e£wtepixd uétpo Lebesgue A* eivar avaAdoimwto otis pe-
tadéoers, SnAady ya kdde A C R* ka1 x € R* etvar

AN (A +2) = X (A). (4.15)

(i) To pézpo Lebesgue A efvar avaddointo otig petadéoer, dnAadn:
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(¢’) Ta A C R¥ ka1 2 € RF etvar
Ae My & A4z My (4.16)

Kai

(B) ya xide A € My« ka1 x € RF etvar
AMA+z) = A(A). (4.17)

Andbaén. (i) Hoapatnpodue apyxd 6t av I éval avoixtd xou QpayUévo didoTnuo Tov
R* xou & € R* t6te xou oL petadéoeic A £ x autoU elvon enlone avoixtd o @porypéva
droothpara pe v(I) = v(I £ ). Etor, yio A C R* xau z € R¥ tuyév ebvow:

(o)
A (A+z) = inf {Z s I, avouxté xou pparypévo ddotnua pe A+ C U }
= inf {Z (I, — ) : I, — & avouxtd xou @paypévo didotnua ye A C U (I, — x)} =

= inf {Z : Jp avouxtéd xou ppaypévo ddotnua pe A C U In } = \"(A).

-1 n=1
(i) T 7o (o), Vewpolue A € My~ xou x € R* xou yio B C R* da deiouue 67
N(B) = N(BN(A+ 1)+ M(B\ (A +1)). (4.18)
Eivar Aotrdv:
N(B) = A*(B—2) = \*((B=2) N A) + \((B =)\ A) =

— M ((BA(A+2)—2)+ M (B\ (A+2)) —2) = M (BN(A+2)) + X (B\ (A+1)),

)
6ToL Ypnowormooope dpxetéc @opéc to (1). Apa npdypatt A+ x € My-. To (§)
TpoxOTTEL TP dueoa and to (i) xou to (of

O

Me Bdon to (i) tne mapomdve Ipdtaone xou v Hoapathenon 3.2.1 eivon dueco
671 to pétpo Lebesgue oto petprowo yopeo (RF, B(R¥)) eivon enione avelhoiwto otic
petadéoeic. Eivon mohd evdiapépov 6Tl 0 A elvon ovoiaotikd to wovadixd pétpo Borel
otov R* mou éyel auth tnv wBdtnte. T va anodeifouye autd tov oyuploud Vo
YEEWGTOVNE TO enbpevo Afppa mou elvar évo avdhoyo tne Hpdtaonc:

KdOe avoixté ovvodo oto R ypdeetar ws apifunoun évwon Evwy avd dlo avoiktdy
doTnudTwy.
Iopatneriote 6t emniéov 1o teheutaio anotéAeopa punopel av Bedtiwdel e e&hc:

Ay D éva mukvd vrootvolo tou R, téte kdle avoixté oivolo oto R ypdperar ws
apiunoun &vn évwon Evwv avd dlo avoiktdy Saotnudtwy pe dkpa oto TUYoAo

D.
H anédel&n tou teleutolov auTol Loy UELoHOU apriveTol (S doXNOM).
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Adppo 4.2.3. Kdde avorktd atvolo oo R ypdgerar wg apidunoun évoon Eévwr
avd 6Vo OweotnudTwy TS UOPPHS:

: +1
A(n,pl,p27"~,pk) = {(xl,an "'axk) € Rk : % S z; < p12n )= 132ﬂ "'ak}v

(4.19)

yian € N xarpy, p2, ... pr, € Z.

Anédaén. Eotww G C RF avowtd. Oa ypddouue 10 G e aprdufowun Eévn éver-
on ouvbhwy e popehic (4.19). T n € N otadepd Jewpolye v owoyévelr A,
uTooLVORWY Tou RF e

An = {A(naplap27 apk) 1P1, P2, Pk € Z} (420)

Ta ototyeio tng A, opilouv éva «nhéypa» otov R¥ mou endyer wa Sopépion autol
oe k-ddotatoue wUPBous 6yxou 1/2”’“. Enlone, yio n < m n dépion A, elvou
Aentdtepn and v A, pe v e&fc évvol: av A € A, xou B € A,,, ue ANB # 0,
6t B C A (yth).

Ou «e&avtAiooupey to clvoro G and péoa e TEToloug xOPoUC. ZexVAUe YE TOUg
peyohdtepoug (n = 1): Yewpolue TNy oixoyéveLo

51:{A€A1:AQG}. (421)

H & eitvau olyoupa aprduriowun (apol nepéyeton oty Aq), odhd mdavdde va elvon xevr.
Y ouvéyela, Pdyvoupe touc apéone wxpdtepous x0Bouc (n = 2) mou NEpLEYOVTOL
o010 G, okl Bev téuvouv autols mou Perixaue mpv (Yuundeite bt Yéhoupe Eévn
Eveon). Oewpolue holdy TNy oIXoYEVELR

E={A€Ny: ACGxuu ANB =0 yiexdde B €& }. (4.22)

Fevixd, av ov £1,E&s, ..., En €xouv oploTel, YewpoUUE TNV OLXOYEVELN TV UUECHS Wi
%x06TEPLY AVPBwV

Eni1={A€eN, 1 : ACGxu ANB =0y xddec B € Ué'j . (4.23)

j=1

Kée &, eivon puowd apriunowun xou £, € A, cuvende

oo

£ = an C L_)lAn.

‘Etot, n € anoteheiton and apripriowo 1o nhfdoc Swothuata e popphc (4.19) mou
nepéyovtor oto G. Ou del€oupe ot

G=Je=J{a:4€¢}. (4.24)

Eotww x € G. To G elvou avowxtd, dpot Undpyel UTdha XEVIPOU & TOL TERLEYETIL GTO
G xou ouvenme undpyouv xa ovvora C' € |, A, dote C C G xa z € C. Oewpd
N TOV EAIYLOTO Puotxd ate vo undpyel A € Ay pe A C G xu x € A. Téte, elvan
A€ &y, B0t av umlpye | < ng xu B € A} dote AN B # 0 da Arav A C B xau
dpo x € B: drono and v emhoyr| tov ng. ‘Etov, z € |JE,, C UE. Apa, npdypatt
oy Vel To {nrobuevo.
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Ocdpnpa 4.2.4. Eotw p éva pérpo Borel orov R* avaldoiwto otig petadéoeg
dwotnudTwy, dnAadn ue

w(I + ) = p(I), ya xdde I Bdotnua ka1 z € R¥
kar p(K) < 0o ya kde K C R* guunayés. Tére vndpyer a > 0 dove p = a - A,

onAadn
w(A) = a-MA), ya xide A € B(RF).
Anédaén. Kot apyde, av unoldécouye 6tL loylel ) {ntobuevn. Téte, yioa to cbvoro
D= {(x1,29,..,21) ER¥: 0< z; < 1,i=1,2,.... k}
ebvor (D) < p(D) < oo (ool to D elvon ouurayéc) xou u(D) = a - A(D) = a > 0.
©étouye howmdv a = p(D) < oo.
Av a = 0, ebvar u(R*) = 0, agod 10 R* ypdgeto we apriufiowun Eévn évwor peto-
Véoewv tou D (yioel;). Apa xon o = 0 and ) povotovia Tou pétpou.
Av a > 0, Yewpolpe 0 ouvdptnon v @ B(R¥) — [0,00] ue v(A4) = L. pu(A) yia

a
A € B(RF). Etxoha BAénouye 611 10 v elvan pétpo Borel otov R¥ mou ebvon emimhéov

avorlhoiwto otic petadéoeic duotnudtwy. Oa deioupe 6t v = A Tan € N, 10
[—n,n)k ypdpeton we Eévn évwon (2n)F to TAAloc petadéoewy tou D xou dpo omd
Vv undveon

v([=n,n)") = (2n)*v(D) = (2n)* = A([-n,n)")

%o SLVETAS, amd to Yedpnuo Movadwdtnroae (Tlpbdtaon 2.2.1) apxel va deifouye ot
v(G) = MG) vy xdde G C R¥ avowté. Tuvende, oOUGOVIL UE TO TRONYOVUUEVO
Arppa, apxel vo deiloupe dtu

V(A(n7p17p27 7pk‘>) = A(A(nap17p27 7pk))

vy xdde n € Nxowp1,pa, ..., pr € Z. Twan € Nxowpy, pa, ..., ok € Z 10 A(n, p1,p2, s Dk)
elvon war petddeon tou A(n, 0,0, ...,0) %o dpo

v(A(n,p1,p2, ..., 0k)) = V(A(n, 0,0, ...,0)).
‘Opwe, 10 D ypdpeta we Eévn évwon 2 aviitiney tou tou A(n, 0,0, ...,0) xou dpo
1 =v(D) = 2"%v(A(n,0,0,...,0)).
Apa, TeElxd

1

onk = )\(A(naplvp27 7pk))

I/(A(naplap% apk)) - 9

OTS VENUE.

To A C R xa p € R opilouye
p-A={p-a:ac€ A} (4.25)

Tt v mpdEn auth woybouv Ghec o Wotntee (1)-(iv) Tou avagpépape xou yio to ddpot-
opa 800 cuVELLY. Mropolue va delfoupe axpiBde dnee e 6Tt oL o-dhyeBpec B(RF)
xon My« drotnpolvton avahholwtes and v medén auty (doxnon).
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Ipétaon 4.2.5. Av A C RF ka1 p € R téte woyle n axéon
Xe(p- A) = pl* - N*(A). (4.26)

Anddeén. T p = 0 n {nroduevn ebvar mpogoviic. Ta p # 0, mapotneodue dtL yio
éva avoIXTo xou PeoyHévo dLdoTnua

I = (al,bl) X (a27b2) X ... X (ak,bk)

elvon

p -1 = (lplas,|plbr) x (lplaz, [plb2) % ... x (|plax, |plbk)
xou oo v(p - I) = |p|Fv(I). H ouvéyeio eivor duota pe v omédeiEn tne Hpdraonc
4.2.2 (i). O

Tevixdtepa, av T+ RF — RF évac ypoppinde petaoymuatiopée xau A € M-
unopel vo dewyVel 6t xou T(A) € My~ (aphiveton we doxnon). Trevduuiloupe oe
autd o onpelo 6Tt TNV e€Xc yewueTpn epunvela g opiCovcag tou Tt av D =
{(z1,29,..,zp) ERF 10 < w; < 1,i =1,2,...,k} t61¢

v(T(D)) = |det(T)|. (4.27)
H amhy) aut BiotnTa yevixebeton o¢ e€hc:

IMpétaon 4.2.6. Av T : R¥ — R* évag ypaujurds petaoynuatiouds ka A €
M+, TdTe

AMT(A)) = |det(T)] - M(A). (4.28)
Andbaén. YTrodétoupe apyixd 6t det(T) # 0 xou o epappdéoovue 10 Oedpnuo po-
voduotnroc 4.2.4. Oewpolye T ouvdptnon i : B(RF) — [0, 00] e u(A) = A(T(A)).
Eoxoha BAénouye 6Tt to p ebvan éva pétpo Borel otov R¥ xau emimhéov yia A € B(RF)
xou x € RF ebvou:

(A +2) = NT(A+2)) = A(T(4) + T(x)) = NT(A)) = u(A)

and to avarhoiwto Tou pétpou Lebesgue otic uetagpopéc xou T yeouuxotnta tng 1.
Apa amd t0 Oedenua 4.2.4 ebvou

H(A) = a- \(A)

onov a = p(D) = AN(T(D)) = | det(T)]. Eto, éxoupe 0 {ntoduevn,.

Av t6pa det(T) = 0, Yo deifoupe 6Tt = 0 # wwodlvoua 6t A(T(RF)) = 0. Agol
det(T) = 0 o T Bev eivon enl xou dpa undpyer m < n wote (Biywe PPN adhdlouvye
N OELEd TKV UETUBANTOV)

T(R*) = {(21, 22, o0 T, 0, ..., 0) : 21, T2, o0, T € R} = | Ty (4.29)
n=1
omou
Ip = [—n,n] x [-n,n] X ... x [-n,n] x {0} x ... x {0}.
"Etou

n=1

onwe Véhape. ‘Apa mpdrypatt g = 0. O
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Khetvouye auth tnv evédtnra ye éva Yewpnua mou delyvel xdnwe tn doun twv
ouvohwy VYetnol uétpou Lebesgue. H mpdytn evtinwon mou {owe €xel xavelic eivou
ot éva cUvolo detixol pétpou Lebesgue avayxaotxd mepiéyel yior avoixty Umdha,
10 omolo guoxd eivar Mdoc (v moapdderypo o R\ Q coav utocivoro touv R dev
€yel auth v WotnTa). o’ Gha awtd, To enduevo Yedpnuo delyver dtL toylel x4t
ac¥evéoTtepo ahhd Tap” dha awTd Wialtepa Ypriolo.

Oedpnua 4.2.7 (Steinhaus). Av A éva Lebesgque petprioiuo vrootvolo tou RF
pe A(A) > 0, tdre vrdpyer 6 > 0 dote

B(0,6) C A— A. (4.30)

Anddaén. Kot apyde, unopolue va unodécoupe 6t A(A) < oco. Lnv meplntwon
mou toylel A(A) = oo unopolpe va Beolue (amd TNV EcWTEPIN XAVOVIXOTHTA YLot
Topdderypa) B € My- pe B C A xu 0 < A(B) < o0. 'Etot, av yiot xdnowo § > 0
woyer B(0,8) C B — B da eivou olyovpa xou B(0,d) C A — A.

Trodétupe b1t 0 < A(A) < 00 howndy. Ou YENOULOTOCOUUE TNV XAVOVIXOTN T
Tou pétpou Lebesgue. 'Eotw € > 0. Torte, obpgpwva ye tny Ilpdtaon 4.1.2, undpyouv
K CR* oupnoayéc xou G C R* avowxtd dote K € A C G xou

MG) < AMA)+¢e, MK)>AA) —e. (4.31)
Téte K C G xou dpa opileton xahd 1 andotaon
0 :=dist(K, G) > 0. (4.32)

‘Etot, v z € K elvon B(z,0) C G. Oa delloupe dtL autod elvan 10 6 mov Pdyvouye.
Mpénel va dei€ouue 6Tt xdde = € RF pe ||z < 0 ypdpeton we dlagpopd 800 oTolyelwy
tou A. Oa anodelloupe 10 &hc LoyLELTERO:

Ioyvepiopoéc. Eivar B(0,0) C K — K.

Eotw z € R¥ ye [|z]| < 5. Oo Ppodye 21,22 € K dote @ = 21 — 2z2. loodOvaya,
Péyvouue z € K této0 wote ¢ + 2z € K. Av unodécouye 6TL dev umdipyel TETOLO,
gbvar K N (K 4+ x) = () xou dpo:

AME U (K +2)) = MK) + MK +2) = 20(K) > 2\(A) — 2¢

and to avarholwTo Tou Y€tpou Lebesgue otig petadéoec. ‘Ouwe K C G xaw emnAéov
K+2 CG, agob avy € K + z, undpyer z € K dote |ly — 2| = ||z]] < § %o dpa
y € G. Luvenng,
AMEU(K+12)) <AMG) < MA) +e.
Tehxa, etvar:
2M(A) —2e < A(A) +¢
1 1od\vao

A(A4) < 3e.

E¢” 6c0v 10 € > 0 ye 10 onolo Zexwhoope Yoy Tuyaio, éyoupe A(A) = 0 tou €pyeTo
oe avtipaon pe v unddeon.
O
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4.3 Mn petprioipa cOVOA

Yto mponyoluevo xepdhao perethooue tic o-dhyeBpec B(RY) xou My« %o mopatn-
PHOOPE TOUS EYUAELOUO0C

B(RF) C M- C P(RF).

To epmtnua dpwe av autol ot dVo eyxhewopol elvor yvioilol (dnhady, av uTdpyouv
unocvoia Tou R mou dev elvar petprioyo xou oy UTdEYoLY UeTEH oA GOVORX TOU BEV
elvon Borel) Sev etvon xodéhou amhd. e authv Ty Topdrypapo o XATUAOXEVACOUUE T
pddetyua un wetpriowou cuvorou. H xataoxeuvy| Bacileton oto «almwupa tne enthoyricy
and TNV Oewpla Luvohwy, 10 0molo ATOdEYOUACTE.

Agiopa tne Emhoyhc: 'Eoto X = {X, : a € A} pa un xevh owoyévela Eévay,
UN XEVAOY UTOCUVOAWY €Vog cuvorou 2. Tote, undpyel éva clvolo E mou mepiéyel
oaxpLBede éval ototyelo z, and xdde olvoro X,. Anhody, undpyel cLVAETNOT ETL-
rovAc f 1 A— Que f(a) € X, v xdde a € A.

Ynpeiwon. To A&lwpa tne Emhoyrc, av xou ofveton «odeoy, anodewvieton ove-
Edptnto and ta ofudpata (Zermelo-Fraenkel) tne Ocwplag Zuvohov.

Oevpnpa 4.3.1 (Vitali). Yrdpyer un petprioipo vroovrodo tov R.
Anéoein. Optlovye oyéon tooduvoploc ~ oto R we e&he:
r~y<—=z—yeqQ. (4.33)
H ~ yopiler to R og xhdoeic iooduvopuiog
E,={y€eR|y=2x+q yw xinowv q € Q}. (4.34)

Av oupPolioovue pe X = {X, : a € A} TV 0XOYEVELD TWV DAPOPETIXDY KAGOEWY
woduvaioag, to a&iwye e emAoyhc pac héel 6t undpyel éva olvoho B = {y, 1 a €
A} C R 10 onolo nepiéyet axpBie éva ototyelo y, and xdde xhdon X,. Ebwdrepa,
av a#boto A téte yo, — yp ¢ Q.

Ocwpolpe wat opidunon {g, : n € N} tou Q xou Yewpolpe tny axohoudio cuvOReY

E,:=FE+gq, neNl. (4.35)

Ta cOvora E,, ixavomowoly ta e€ic:

1. Avn # m 16t E, NE, = 0. Hpdypatt, av urhpxay y.,u € E dote
Yo + @n = Yb + Gm, T01€ Vo elyope 0 # yo — Yp = ¢m — ¢n € Q, T0 0omol0 €lvon
dtomo and Tov TEéTOo opiopol Tou K.

2. R=U,2, E,. Hpdypatt, av x € R w61 undpyet a € A dote x € X,. Autd
onuaivel 6Tl & = Yy, + ¢ Yo xdmowov ¢ € Q. Opwe, t61e uTdpyer n = n(z) € N
NOTE = G, ONAIDY, T = Yo + ¢ € L.

Ac vrnoYéoovye 6Tt 10 E eivon petpriowo. Téte, 1o E,, = E + g, elvar yetpfiowo yia
xéde n € N xaw ME,) = A(E). Anbd uc Wibtnrec v E, xaw and v aprdufowun
TPOGVETIXOTNTA TOU UETPOV, TAPVOUUE

+oo = AR) = Y A(E,) = > AME).

n=1 n=1
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Tovenoe, A(E) > 0. And to Oedpnua Steinhaus, to E — E nepiéyel didotnua (—4, )
yioe xémotov § > 0. ‘Ouwg autod elvon dromo, di6T 10 E — E Sev unopel vo neptéyel
eNTo Slopopetind and o 0: av = # y oto E 161 0  —y elbvan dppntog, and tov tpéno
oplouol tou E. 'Enetan 611 10 E dev elvar yetpriowo cOvolo. O

IMapathienon 4.3.2. Muwoluevol auth v amddelln unopovue va del€ouue to e€rig
LloYVEOTERO ATOTEAECHAL

Av A C R éva petprioiuo avvolo Jetikot pétpou, téte undpyer pun petpriouo £ C A.

H onédelén autod tou Loyuplodol aphvetol g doxnon.

MnopoUye, ye mapduolo tpomo, vo amodeléouue v Umoaeén un uetproiwov £ C
[0,1], amogedyovtac v xprion touv Oewpiuatog Steinhaus.

Aettepn anddeién. Opilouvpe oyéon wooduvapioc ~ oto [0, 1] we elfc:
r~y<=az—yeQ. (4.36)

MapatneAote ot avoyxaotuxd, ¢ —y € [—1,1]. H ~ yweiler to [0, 1] oc x\doeic
tooduvaplog

E,={ye€[0,1] |y =z + q yw xdmowov ¢q € [-1,1] N Q}. (4.37)

Av oupPorioovpe ye X = {X, : a € A} TNV OXOYEVELX TWV DUPOPETIDY XAGOEWY
wwoduvapiog, To adinya e emhoyhc poc Aéel 6t undpyet éva obvoro E = {y, : a €
A} C [0,1] to omolo mepiéyet axpBie éva atoiyelo Yy, and xdide xhdon X,. Edbdrepa,
av a #boto A t6te yo —yp ¢ Q.
Ocwpotye wa opidunon {g, : n € N} tou Q N [—1, 1] xou Yewpolye v axorouvdia
CUVOAWY

E,:=E+q, neN. (4.38)

Ta cOvora E,, ixavomololv tat e€ic:
1. E, C[-1,2].
2. Avn#mtéie E,NE,, =0.

3. [0,1] C U2, Epn. Hpdyport, av z € [0,1] t6te undpyer a € A oote z € X,.
Avuté onpaiver 611 & = y, + g v xdmoov ¢ € QN [—1,1]. Opwc, téte LTdpyEL
n=n(z) € N dote ¢ = gy, NAdY, T =y + ¢ € E,.

Trodétouue 6Tt T0 E elvon yetpriowo. Téte, 10 E, = E + ¢, cbvoar pyetpriowo v
xdde n € N xou A(Ey,) = A(E). And g Wiotntec twv B, xou and T povotovia xoL
v apriufown tpocdetindTnta Tou uétpou, Talpvouue

1=A([0,1]) < A (G En> = i)\(En) = i)\(E) <3,

10 onofo elvan dtomo agol to teheutolo dbpotoua eivan gite (oo pe 0 (av A(E) = 0)
elte e +oo (av A(E) > 0). Zuvenang, 1o E dev eivan petpoipo obvoro.
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4.4 Merprolpa cbvola tou dev sivaw Borel

e auThv TNV ToedyYEaPo UEAETAUE TOV TEMTO EYXAEICUO YIo TOV 0Tl ULACOME Topa-
Tdvw. Oa anodetfouue dTL elvon yviolog, dnhady| 6T UTdEy oLV PETEROA LTOGUVOAA
tou R mou dev eivaw Borel. Oa ddooupe 800 anodeilelc Yot autd TOV LOYUPIOUOS, Wiat
GUVOLOYEWPNTIXH TIOU YENOWOTOLEL TIC OLOTNTES TWV BLATOXTIXWY opLMY xoL Uiat
xataoxevaoTixy mov Baociletan ot cuvdptnon Cantor-Lebesgue mou opllouue oty
napdypopo 4.4.2. Kou yia tic 800 autég anodellelc ypelaldpaote Uepinéc Baolxéc
WLéTNTEC TOL cLVGAou tou Cantor To onolo Vo HATAGHEVACOVYE.

4.4.1 To oOvoAio Tou Cantor

§1. Kataoxeun tou cuvorou tou Cantor

Ocwpolpe to ddotnua Cp = [0, 1] xou 10 ywpiloupe ot tpla (oo Swothuata. Agoupo-
Upe To avouxté pecato didotmua (1/3,2/3). Ovousdouye Cy 0 6hvoho ou amouével,
onhad

C1=1[0,1/3] U [2/3,1].
To C ebvo tpogavic xheioté olvoho. Xwpilouye xordévo ané ta duothpata [0,1/3]
xou [2/3,1] oe tplo loa SuoThpoTo xou, and xodévor ambd auTd, apupoduE To PECHO
avowto ddotnua. Ovopdloupe Cy T0 xAeloTé GOVORO TOU AmOPEVEL, dNAAdY

Cy=[0,1/9] U [2/9,1/3] U [2/3,7/9] U [8/9,1].
Yuveyilovrog pe autdy Tov Tp6To, xoTaoxevdlovpe Yia xdde n = 1,2, ... éva xheloTté
ovoho Cy, €tol dote 1 oxohovdia (Cy) va €xel Tic e€hc WidTnTeS:
1. Ci1DCyDC3D -,

2. To C), eivan 1 €vwon 27 xAeloTOV SLaoTNUATWY, xordéva and Ta ool el unixog
1/3™.

To orodo tov Cantor slvon To civoho

C = ﬁ . (4.39)

Snuetwon. Tadwotipate e poperc [k/3", (k+1)/3"],n e N,k =0,1,...,3"—
1, ovopdlovton TELadixd BLACTAUATOL.

§2. IdiotNTEC TOL CoLVOAou Tou Cantor

To C eivan olyoupa un xevod, agold TEpLEYEL Ta GxEo GAWY TWV TELUBXDY DLACTNUATLY
mou anoptilouv x&de C;, (dnwe Yo Solue mapoxdte TEPLEYEL oL TOMG dhhor onueia).
Enlong 1o C civar xheioto, ool 1 Tou) xAEWOTOV GUVOAGY elvor XAeloTd GUVOAO.
Emnmiéov, 1o C €yel tic e€hc wbiotntee:

(1) To C eivar Télero obroro, dSnhadn eivan xhetotd xou xdide onueio tou C elvon onueio
ouoodpevone tou C.

Arnddaén. Eldoue 6t to C elvon xheiotod. o va det€ouyue dtL xdlde = € C elvon onuelo
ocuoowpevong tou C napatneolye 6T yia to tuydy & € C undpyel povadixn oxohoudia
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XAEWGTOV TELdXOY daotnudtey In(z), n = 1,2,..., ye « € L,(x), I,(z) C Cp %o
((In(x)) = 5. Ovoxohoudies (am(2)) xon (0, (2)) TV apioTepdy Xan deELdv dxpev
v Iy (z) avtiotoyya nepiéyovion oto C, xadepion and autéc ouyxhivel oo , xou
n plo Tovkdylotov and Tic BV Bev elvon tehixd otaldepr. Apa, to z elvar ornuelo

ovookpevonc tou C. O

(2) To C éxer e€wtepikd pérpo foo ue 0.

n

Arédaén. Twxdde n € N éyouue C C Gy, xou X (Cy) = Z-, agot 10 C), elvan éveron

3n

2" Zévev avd 500 xAeloTOY dlaoTnudtey, xadéva and To omola éxel ufxog . Apa,
* * 271
A (C)S)‘ (Cn):?Tn

yioe x&e n € N, onéte A*(C) = 0. O

IMapatrenon. Ewuodtepa, to C' dev neptéyel xavéva SLacTnuaL.

(3) To C etvar vrepaprdurioijio.

Anédein. And éva yevind Yedenua tne Tomohoylag, xdde un xevd téhelo unochvoro
Tou R elvar unepoprturiowo. Agod delloue dtL to C elvon Téelo, ENETAL O LOYUPLOUOS.
Oa droouue Gune Wo devtepn amddelln, 1 omola ude divel TNV apopur| vor SoUUe Wi
dapopeTiny| TepLypapr Tou cuvérou C Tou ToEoLGLELEL YEVIXOTEPO EVOLUPEROV.
Mrnogolue va oplooupe pio éva mpog éva xou entl amewxévion ® tou C' oto chvoho

{0,223 = {(an)p2y | viee xde m, iy, =0y = 2} (4.40)

To {0, 2}" etvou unepapripiowo (Yuundeite To drorydvio eniyelpnua Tou Cantor). Apa,
t0 C elvon unepoprdufiowo. H aneixdvion @ opiletan wg ednc:

T xdde € C vndpyet povadix) oxohoudior xhelotdv dactnudtwy Iy (), n =
1,2,..., dote: Ii(z) D Ix(x) D -+, xou vy x&de n, x € I,(x) xou 10 I, () elvou évat
amé o Tpradxd dlaoThuata pixoug 5 mou anoptilouv 0 Ch.

Me Béon authv v oxoroudio Swotnudtwy opiloupe wa axohoudio (af)o; €

{0,2} w¢ €&k
() n=1: O¢toupe of =0 av I1(x) = [0,1/3] (dnhadh, av = € [0,1/3]) xu of =2
av I (z) = [2/3,1] (5nhadi, av = € [2/3,1]).
(B) Enaywyicd fripa: T xdde n, av I, (x) = [k/3", (k+1)/3"] té6te 10 [ () ebvan
évoramé ta d0o dwothuora [k/3™, (k/3™)+(1/3" )], [(k/3™)+(2/3" 1), (k+1)/3"]:
exelvo ou epiéyel o x. Oétoupe of 1 = 0 av I, 1(x) elvor 0 TEMTO BLdoTNUA, X
ag 1 =2av Igi(x) elvon 10 deltepo SdoTnyoL.

Tapatnpolye 6t av © # y, to1e Yo xdrowo n Yo toyler I (z) # In(y), oo
Yo émpene vo €youpe |z — y| < 3% yioe xd0e n € N. Av ng elvon o mpdtog uoxdeg
yi oV 0100 I, () # Iny(y), 16T€ and T0v 0ploud KV af; BAémouue 6TL ap, F A,
pat ot 300 axohoudies ()52, xou (a¥)2; elvon SopopeTinés. Autd amodewviel T

1 anexévion @ : C — {0,2}Y ue @(2) = ()2, eivor éva mpog évar.

n=1
Avtiotpoga, av (ay,)ney etvon pa oxohoudia amd 0 4 2, 1 oxohoudio auth opilet
povader| axohoudia teladxdv Swotnudtey (1,)0%, ue 1 D Iz D - - -, dote yio xdde

n to I, vo elvon éva and to TpLodnd SlaoThRUOTA UiXoUS 5m TOU anaptilouvy 0 Cp:

() n=1: ©¢tovpe I; = [0,1/3] av a1 =04 [ = [2/3,1] av oy = 2.
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(B) Tevixd, to I,11 opiletan va efvan éva omd ol d00 TELBIXE UTOBLUCTAUATA LAXOUC
3% tou I, mou mepéyoviar 610 Cpyi: TO oploTtepd av apy1 = 0, 1 10 8o av
AUpt1 = 2.

Aol o uinn twv dotnudtwy I, @divouv oto 0, n toun toug eivar Lovoclvoro:
¢otw

{z} = ﬂ I,.

(Ouundeite 6tL 1) Topd| eivon un xevi Aoyw Tou VeWPHUATOS TwY XPOTIOUEVWY DG TN
pdtwv). Agod I, C Cy v x&de n, eivan goavepd 6t x € C. Eniong, I, (z) = I, yw
xdde n, xou omd TOV TEOTO oplolol TwY I, €youue

(an)nZr = (ai)nZr = (@)

Avuté amodeviet 6t n @ ebvor ent tou {0, 2}, dpa o C elvan unepopripiowo. O
O tpdnog oplopol e @ pde odnyel oe wio AN teplypapt| Tou cuvérou tou Cantor.

§3. Teladxn ntapdotacn agtduol

Av (an)32, elvon par oxoroudio pe a, € {0,1,2} v xdde n € N, t61e 1 oepd
oy % ouyxhiver oe évay opdpd x € [0,1]. Avae =37 % ue a, € {0,1,2} v
xdde n, noepd Y7 2 (f 1 axoroudia (an)ie ;) Aéyeta TELadixy) TapdoTacT
tou z. Tpdgoupe & = (a1, az,...) avil gz =Y~ | 4=

Kdéde apripdc = oto ddotnua [0,1] éxer tpradinf napdotaon. H axohoudia
(an)22, propel va emdeyel we e€ic: Xwpilovue 1o [0,1] ot tpior UROdIG THUOTN

[0,1/3], (1/3,2/3) xou [2/3,1]. Oétouue

0 ,zel0,1/3]
e =<1 ,2€(1/3,2/3)
2 L xel2/3,1]

Me autdv tov opiopd, oe xdle nepintwon éyouue

al ay 1

L 4.41

3575373 (4.41)
Ac urodécouue 6tz € [0,1/3]. Xowplloupe autd To ddotnua ota tpla utodlaoThHLT
[0,1/9], (1/9,2/9), [2/9,1/3] xou Yétoupe az = 0,1 A 2 avticTtowya av 0 = avixel
670 0pLoTERD, 0TO PECHO 1) 0TO BedLd amd auTd tar dtaoThuato. Avdhoyo opileton To
ag 6tav = € (1/3,2/3) f o € [2/3,1], étoL dote o xdde nepintwon vo €youpe

a a2 ay as 1
— 4+ =<z =4+ =+ =. 4.42
3 TSty TRty (4.42)
Yuvey(llouvpe TNV ETAOYT TWV @y, YE AUTOV TOV TEOTO ETOL HOTE YId XGVE 1 VOL EYOVUE
- ag - ag 1
— <z < — 4+ —. 4.43
Do STS) Gt (1.43)
k=1 k=1
Agol howndy
n an 1
0<a—Y —= <
=7 3k = 3n
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éneton OTL Y oERd Yo | 3 cuyxhivel oTov z, SnhadH

Efvow gavepd 6t av  # y téTE 1) TpLodin)] TopdoTtaoT Tou @ eivon SlopopeTixy and
QUTAHY ToU ¥, apol Wa oelpd Bev umopel vor cuYXAVEL o BUO BlapopETIXd bpLa.

Trdpyouv buwe apduol x € [0,1] Tou €youv dvo Bpopetixés TELBIKES Topar-
otdoelc. T nopdderypa, av & = 1/3 téte

1 1 &0 1 2
CRERD I SR R 3

(Me tov tpom0 emhoyhc e (an)i, Tou mapouctdoaue Topandve, Yo Beloxaue Ty
deltepn TopdoTaoT).

Tevixdtepa, woyvel 10 e€fc: O z € [0,1] éxel 300 diopopeTinéc TpLobinéc mopo-
OTAoELC oV XL POVo av 0 & elvar Tpladwde pntoc: dnhadh av x = k/3™ yio xdmotov
n € N xou xdmowov 1 < k < 3™ (apriveton we doxnon).

To ©etpnuo nou oxohoudel divel Evav dhho TEdTO TERLYPAPYC TOU GUVOAOL TOU
Cantor.

Ocwpnpa 4.4.1. Eotw x € [0,1]. Tére, x € C av ka1 udvo av o x éxer uia
p1adikn napdotaon n omoia mepiéyer povo ta Yneia 0 kar 2. a

Arnddeén. ‘Eow z € [0,1]. Av 1 axoroudio (ay,) emheyel ye Tov tpéT0 TOU TAPOL-
oldoope mopamdve, tote Wylel To &g x € C av xou uévo av a, # 1 yio xdde n.
Avuto amodewxviel 6t av € C 161 0 = €yel ula Tpladix TopdoToN TOU TEPLEYEL
uovo ta dnepla 0 xon 2. H ohoxhfjpwon tne anddel&ng agphivetal wg doxnon. O

84. Yrndpyouv petprowpa cOVoAa nou dev eivon Borel

Iot Ty anddelgn autod tou toyuptopol yeetalduacte 1o €€ cuvoholewenTtind Anu-
pot:

Afppa 4.4.2. Av X elvar évag diaywpionuos petpikds xdpos, tote |B(X)| < «,
émov ¢ = |R| to ouvexés. o ovykexpyuéva, av X = R, éyovue |B(X)| = c.

Anédeitn. Agol o X elvou Biaywplowog undpyet aptiuriowo tuxvé cdvoho D =
{1, x2,...} ot0 X. Té1e, n oxoyévela

C= {B(xnan) tn,m=1,2, }7

6mov {gm : m = 1,2, ...} wa apidunon tou QN (0, 0o) eivon pior aprduouun Béom yio Ty
tonoloyia Tou X, dnAadn xdde avouxtd cbvoro oto X Ypdgetal w¢ EVwan GToyElwY
e C - e&nyrote yiotl. Kotd ouvénewa, xdde avowxtd odvoro avixer oty o(C) xou
Spa B(X) = 0(C). T xdde apripfiorpo Satonetind aptdud a opilovpe vrootxoyéveles

Bo C B(X) ¢ eiic: By =C,
Bs = | Ba

a<f
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yioe xde opLoned drataxTind aprdud B xan Bat1 TNV 0XOYEVELL OAWY TOV dplduoIwy
EVOOEWY X0 TWV CUUTATNEWUATWY aTotyelwy TG By. Amodeuvieta tote 611 xdde By
éxer mAnddprduo wxpdtepo 1 (oo and to cuveyEc xou OTL

B(X)= U{Ba s o apripfowoc Sutaxtinde aprdudct.

Enopévae, npdypatt, n B(X) éyel minddprduo pixpdtepo 1 loo and 1o cuveyée, dnhady
IB(X)| <

Yy rmepintwon tou R thpa, n anewxévion ¢ 1 R — B(R) pe ¢(x) = (—o0, )
ebvon guod 1 — 1 xou dpa ¢ = [R| < |B(R)|. H wédtnra [B(R)| = ¢ éneton whpa and
10 Oewpnua Schroder-Bernstein. O

ITpdtaom 4.4.3. Tndpyer Lebesgue petprioyuo vrootvodo tou R mov bev eivar Bo-
rel.

Anédein. Av C 1o odvoro touv Cantor, and v mAnedTna ToU A Xou TN OYéom
A(C) = 0 ouunepaivouye 6Tt

P(C) € Mj-.
Suvende, eivon [My«| > |P(C)| > |C] = c. O Inroduevog YVACLOC EYHAEGHOC ENETOL
and 1o mponyoluevo Afuuo: ebvor |B(R)| = c. O

4.4.2 H ouvdprnor Cantor-Lebesgue

Oewpovpe o slvora Cy, TOL XENOWOTOLRINXOY VLot TNV XATAGXELY, ToU guvorou C
tou Cantor. T xdde n € N opilouvue ouvdptnon f, : [0,1] — [0,1] o e&hfc. Av
JI o I3 ebvon T Stadoynd avouxtd Swothpata tou oynuotiCouv to [0,1]\ Cy,
opllovpe fn(0) =0, fo(1) = 1, fu(z) = 25 v e z oto JJ, xou emextelvoupe
yYoouuxd oe xadéva and to xhewotd daothApata mou oynuatiCouv o C), ote va
npoxOeL GuveEYNC cUVAETNO.

fa

oo
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e ol
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Yyfuo 4.2: Kataoxeur tng ouvdptnone Cantor-Lebesgue
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Do mopdderypa, éxovue Cp = [0,1/3]U[2/3,1]. H fi elvon otodepn xou {on pe 1/2
oto (1/3,2/3), yeopuwi oto [0,1/3] pe f(0) = 0 xou f(1/3) = 1/2, ypouuxh oto
[2/3,1] pe f(2/3) = 1/2 xou f(1) = 1. X0 delrepo Prua, To [0, 1]\ Cs arotedeiton and
tplar Eévar avowtd draothpoto: oto (1/9,2/9) 0 fo eivon otodeph xau {on pe 1/4, oo
(1/3,2/3) m fa eivan otodepr| xou fon pe 1/2, oto (7/9,8/9) 1 fa elvon otadepd| xou {on
pe 3/4, evér oe xadéva and ta técoepa xhelotd Swothuata Tou Co Ty enextelvouye
Yoouuxd oe ouveyl) ouvdptnom, optlovtag mdh f2(0) = 0 xa fo(1) = 1.

Ileotaoy 4.4.4. H axolovdia {f,}22, ovykdivel opoiduoppa o€ pua ouvexrj ouv-
vdpTnon f :[0,1] — [0,1]. H f efvar avéovoa kai enf tou [0,1]. H eicdva tov C péow
s [ éxe pérpo A(f(C)) = 1.

AndbeiEn. And v xataoxev| e 1 axoloudio {f} éxel Tic axdroudec WidTnTee:
1. Kdde f, etvou av&ouoa, cuveyhc ouvdptnom pe fr(0) =0 xar f,(1) = 1.

2. Av JJ! elvon xdmolo and oL avolxTd SLUGTAULITA TTOU ApopOVUE 6TO N-00Td PBriua
e xataoxevnc tou C, t61e 1 fp elvon otadepy| oo J)', xan

anfﬂ+1 Efn+2E"'
oto J}'.

3. Ioydel
1
an+1_fn||oo§ﬁ, n:1,2,37....

Ané v Tl WBLoTTa eXéyyouue elxoha 6t 1 {f,} elvon Baoixh axohoudio ctov
C10,1]: av m > n téte

m—1 m—1

1 1
1fom = Falloe < D7 Misr = filloo < Y 55 < 5oy =0
k=n k=n

6tav my,n — oco. O C[0,1] ebvon mhipne e mpoc TV || « ||, dpot UTSpYEL cUVEYTC
ouvdetnon f : [0,1] = R dote f, = f opobpopya.

Ipogovae, fr, — f xatd onueio oto [0,1]. Agol xdde f, elvou avEovoo cuvdp-
mon e frn(0) = 0 xou fr(l) = 1, éneton bt 1 f elvon x awth adZouoa, cuveync
ouvdptnom pe f(0) = 0 xaw f(1) = 1. Eldwdtepa, 1 f ebvon eni tou [0, 1].

Téhog, f(C) = [0,1]. Ipdypat, and v devtepn Wibtnta e {frn} PAémoupe
ot n f elvan otadepn) oe xdde avoxtd Sdotnuo J tou cugmineduatog touv C, xou
pdhioto auTh 1 otadepy| T Talpveton xon otol dxpa Tou J to omolo avixouv oto C.
Aol n f eivan enl Tou [0, 1], xdde y € [0, 1] eivan (oo pe f(x) v xdmowo z € C. Ané
v f(C) = [0, 1] eivar pavepd 6t A(f(C)) = 1. O

Enueiwon. Tapatnehiote 6t A([0,1] \ C) = 1 xou f'(z) = 0 v x&de = ¢ C.
Mpdypatt, av z ¢ C t61e 10 T Avixel oe xdnoto avoxté didotnue J oto onolo 1 f
elvon otadepr|. Tuvernde, 1 f elvor nopaywylown oto z xou f/(x) = 0. Me dhha Aoy,
n f' ebvan oyeddv Tovtol lom e undéy, napdro mou 1 f elvon adZouca xou ameixovilel
70 [0,1] eni tou [0, 1].

Xenowonowdvtag tnv ouvdptnon Cantor-Lebesgue, unopolue vo anodelovue
Vv Omopén yetpriowy cuvolwy ta ontola dev elvon cOvola Borel. BOa ypeiaotolue
T0 €& Afupo
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Adppa 4.4.5. Eotw A ovvoro Borel oto R ka1 éotw f: A — R ouvexris ouvdp-
tnon. Tére, ya kdde Borel atvolo B C R, to f~1(B) = {z € A: f(z) € B} etvax
ovvolo Borel.

Anédeitn. BOewpolyue TNV oixoyévela
A={BCR: 10 f*(B)eivau ohvoro Borel}. (4.44)

Av B ebvar avowxtéd unocihvoro tou R, t6te 0 fTH(B) elvor avowxtd oto A, d6tL 1)
f etvan ouveyhc. Agol to A elvan ohvoho Borel, éneton 6t 10 f1(B) elvon ohvoho
Borel (e&nyfote yiotl).

EiOxoha ehéyyoupe 6L 1 A elvon o-dAyeBpal — oL AETTOUEREIES APHVOVTAL (G GOXT-
on. Agol n A elvar o-dhyeBpo xou TEPLEYEL Tal AVOIXTE OUVOAA, GUUTEPAvVOUME HTL
7n Borel o-dhyeBpa B(R) nepiéyeton otnv A, And tov oplopd tne A éneton OtL 1)
avtiotpogn exdva f1(B) xéde Borel cuvéhou B C R eivon ovoro Borel. O

ITpétaom 4.4.6. Trdpyer Lebesgue petpriouo vroovrodo tov ouvédov tov Cantor,
T0 omoilo Oev efvar ovvodo Borel.

Arnddein. Oewpolye v cuvdptnon g : [0, 1] — [0,2] pe g(z) = f(z) + z, 6nou f 7
ouvdptnon Cantor-Lebesgue. H g eivon yvnolng adZovoa, ouveyhc xou ent (to (Bio
xou 1 g h).

To olvoro ¢g(C) eivan petphiowo xou A(g(C)) = 1. Ipdypatt, o g(C) eivan
AELOTO WS GLVEYNE EMdVA ToL cuumayols cuvdrou C, oo etvon petpriowo. Enlong,
1 g omewxoviler x&de avoxtd ddotnua J tou [0,1]\ C oto {f(J)} + J, dnhady| oc
didotnua toou uixoue. Apa A(g([0,1]\ C)) = > A(J) = 1. 'Enetu 61 A(g(C)) = 1.

Agob o g(C) éxel Yetind pétpo, undpyel un petprowo voovvoho M tou ¢(C).
Téte, 10 K = g~ (M) ebvou Lebesgue petpriotpo dé ebvon utoovoho tou C 10 onolo
€xer undevixd pétpo. Ouwe, to K dev elvar olvolo Borel: av Atav, and to Afupa
4.4.5t0 M = (g71)7H(K) Yo Aoy oOvoho Borel we avtiotpogn exdva suvéhou Borel
H€ow oLveEYOUE cuVdpTnoNg. Xuvenwg, tTo M da ftav Lebesgue yetpriouo. O

4.5 Aoxnosig
Opdda A’
1. Aci&te 6u xdde unooivoro A tou R pe A*(A) > 0 €yel un petprhioo unochvolo.

2. Adote nopdderypa evée Lebesgue petpriowou unocuvéhouv A C R? dote 1o 1 (A)
v unv ebvor Lebesgue petphowo, émov m(x,y) = = yio (2,y) € R? 1 npoBold
OGNV TEMOTY CUVTETAYUEVT).

3. Av C 7o olvolo tou Cantor, delEte 6Tt + € C, napdho mou 10 & Bev elvan dxpo
Xavevog amd T SlaoTota Tov opllouv to cUvolo tou Cantor.

4. Eow A C R, a € R xu § > 0. Trodétoupe bt yo xdde t € (—9,9) woyle
at+teAfha—te A Aclte 6u A*(A) > 6.
Owdda B'.

5. 'Eotw E, F duo ouunoyt unocivoha tou R* ye E C F xu A(E) < A(F).
Aeigte 6t yo x&e a € (A(E), A(F)) unopolye vo Bpodue ocvunayéc obvoro K
pe EC K C F xou A(K) =a.
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10.

11.

12,

. Eotw A=QnN|[0,1]. Aeigte 6t

(o) T %&de & > 0 vndpyer axohoudia {1,152, avoxtdv daoTNudtewy Mote

AC DI" ol i)\(ln)<5.
n=1 n=1

m
n=1

(B) T x&de menepoouévn axohouvdio {1, 11| avoxTdV BlaoTNUETOY UE

AC U I, oylel Z)\(In) > 1.
n=1 n=1

. 'Eotw {qn}n>1 pa apidunon wwv pntdv aprdudy. Acilte dt undpyet évo ohvoro

B pe A(B) = 0 tdote xdde z € R\ B va éyer v e&ic WBidtnta: undpyel k =
k(z) € N této10c hote v xdde n > k vo woylel |z — qu| > 1/n.

(o) Eoto f: R — R ouvdptnon, n onola eivor Lipschitz cuveytic oe xdde xhelotd
didotnua [a,b] C R.

(i) AciEte 6t n f anewovilelr abvoha undevixol pétpou Lebesgue oe oOvola
undevixol pétpou Lebesgue.

(ii) Aelgte 6un f anewxovilel Lebesgue petprfioa obvoha o Lebesgue petpriol-
pot aOVoa.

(B) Eivor cwoto 6t xdde ouveyhc ouvdptnon f : R — R anewxoviler Lebesgue
petprowo oclvola oe Lebesgue petprioyo oOvola;

() Eotww G gpoyuévo, avoixtd vroolvoro tou R™. Aellte 61 dev undpyet o-
pdufowo xdhuppa {B;} tou G and avowtéc undhes wote: xdde onueio tou G
aviixer oe dnetpeg to mAfdog By xon 7T AM(Bj) < oo.

(B) Acei&te 6t undpyel axohoudio {B;} avoxtdy unakdv kote va xahinter o G
6nec oto (o) xou v xdde p > 1 vawoyler 3072, (A(B)))P < oc.

‘Eotw A 1o utosivoro Tou [0, 1] tou aroteeltan and 6Ghouc Toug aptduoic Tou to
dexadind Toug avdmtuyya dev meptéyel o Ynplo 4. Aeilte bt to A eivan Lebesgue
petefoto xou Beelte to A(A).

Av C 1o slvoho tou Cantor deilte 61t C — C = [—1,1]. Tuvdyete 6 dev Loylel

10 avtioTpogo Tou Oewpriuatoc Steinhaus.

‘Eow 6 € (0,1). Enavolopfdvouye tnv Siadixascio XATaoXeUhc ToU GUVOAOU
tou Cantor ye v dlapopd 6Tl 0T0 N-00T6 Brua APUEOVUUE XEVIELXO AvVOLYTO
dudotnua uixouc /3™ and xéde didotnua mou €xel amopeivel oto (n — 1)-0016
Bruo. Katadiyouue oe éva cbvoro Cy «timou Cantory. Aceilte otu:

(o) To Cp elvon téhelo xou dev TepléyeL avolytd SloucTAUNTA.

(B) To Cy eivon vrepaprdurioyo.

(v) To Cy eivan petpriowo xaw A(Cyp) =1 —6 > 0.
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Oudda IV,

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

Dot xdde A € M- xou yio xdde = € R opilouyue

 MAN(z—tz+1t)
Ag)=1
p(A, x) Jm, 57 ,

av oautd To bpto undpyel. O p(A, x) eivon 1 petpixr) nukvdtnta Tou A oto onueio
x.

(o) Aeilte 6T p(Q,2) =0 xaw p(R\ Q,2) =1 vy xéde x € R.
(B) Eoww 0 < a < 1. Kataoxevdote olvoho A C R pe v didtnta p(4, 0) = a.

AciZte 6T undpyer axohoudio {A,} Eévewv avd dVo utocuvorwy tou R dhote
A (U An> <D N (An).
n=1 n=1

‘Eotww E Lebesgue petpriowo utoctvoro tou R pe 0 < A(E) < oo.

(o) Aeilte 6T
}i_r}ré AMEN(E+1) =AE).

(B) Aci&te 61, yio xdde k € N, vndpyouv z, s € R dote
z,x+s,x+2s,...,0+(k—1)s € E.

‘Eotw p éva un apvntxd pétpo ota Borel utoctvora tou R pe p(R) = 1. Aeiéte
6TL uTdpyEL xheoté utooivoro F tou R pe p(F) = 1 xou v e&fc WBibtnros yia
xdde xhewoté ohvoro E nov mepiéyeton yvhota oto F ioyder p(F) < 1.

'Eotw E, F 800 Lebesgue petpriowa unoctvora tou R¥ ue A(E) > 0 xou A\(F) >
0. Aeite 61t 0 B + F mepiéyel ddotnyo.

‘Eotw E 1o obvolo v x € R yia ta ontola 1 axohoutdio {sin(2"2) 152 ; cuyxhivel.
Na deiZete 61 A(E) = 0.

‘Eotww f:[0,1] = R ouveyfc ouvdptnon pe f(0) = f(1). Oewpolpe 1o obvoro
A={tel0,1]: vndpye z € [0,1] dote f(x +1t) = f(x)}.
(o) Aei&te 611 0 A elvon xheloTd, dpo xoL UETPHOLLO.
(B)AvB={te0,1]: 1 -t e A}, dei&te 61t AUB =[0,1].
(v) Aclte 6t AM(A) > 1/2.
1

Arnodei&te 6t av A(E) > 0 xou yio xdde x,y € E énctan 61w 5(x +y) € E, to1€
T0 E éyel un xevd e0wTeEPXO.

‘Eotw A CR pe A(A) > 0. Aci&te 6m
AR\ (A+Q)) =0.

Kataoxevdote éva Lebesgue petpriowo ovvoro E C [0,1] pe tnv e&hc WBidtnta:
v x&de didotnpe J C [0, 1] woyder

AMJNE)>0 xu AJ\E)>0.



Kegpdhawo 5

MeTeNolLES CUVOETNOELS

Ye ndde xAddo Twv Modnuatixdy, extéc and Ta SLapopo AVTIXEUEVO TOU UEAETAUE
OO ONOUPACTE XOU HE TG «XUAECY GUVOPTAOELS HETOED aUTAY, dnhadT exclves Tic ou-
vopThoelg Tou oéfovtan TN dour Twv avixeiwévey. Xtny Tonoloyia autée ebvan ot
ouveyeic ouvapthoelg, ot Alogopin I'ewpetpla ou dlagopioes cuvaptioelg, ot
Oewpla Ouddwy ol opopop@louol ouddwy %.0.x.. To aviictolyo avtixelyevo ot Oc-
wpela Métpou elvan ol petprioues ovraptioerg. Ot ueTpNoWeS CUVAPTHOELS EVOL AUTES
Yo Tig onoleg Yo EMLYELHOOLUE OTN CLUVEYELX VoL 0ploOVLUE TO OAoXATpwua Lebesgue.

Ouundeite, and v Ewoaywyy, 6t 1 Baocuxn 18éa tou Lebesgue Atav va mpooey-
Yiooupe to ohoxMpwua [ f wac ouvdptone f oe éva civoho X and adpoiopara

NS Hopyhc

t—1

D uen({z € Xty < f(@) < yrir}) (5.1)
k=0

omou {yo < y1 < ... < y¢} o dopéplon tou medlov v e f. T wo tétowa
ouvdpTnon Aowndy, xatorafalvouue 6Tl amantolvToL Tar eENG:

1. H f Yo npéner va opiletan o€ éva petpriono xdpo (X, A) xou vo hoBdver Tyéc
oT0 [—00, 0.

2. Ta ocOvoha
By, = {CL’ € Xy < f(l‘) < ka}

npénel va elvon uetphiotpa (Yo otoladAnote eTAoYH TWY Yk, Yk+1), ONAad” oot
xeto g A.

duowd, otn cuvéyela mou Yo oploouue o ohoxhrpwua Lebesgue Yo amoutodue xon
Vv UnapEn evée pétpou p oto (X, A) yia va opilovtan xahd to adpoiopata (5.1),
ol auT6 Bev elval amoEaltnTO TEOE TO TAEOV.

5.1 Ilpaypotixég UETPNOLUES CUVALTNOELS
Obdnyoluaocte howndv otov e€ric Oploud:

Ogiopo6c 5.1.1. 'Eotw (X, .A) évac petprioyoc yopoc.
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(i) M ouvdptnon f : X — [—oo,00] Myetw petprioun ws mpos A (n A-
UETEHOLUT) oV

[f <b]:=f 1 ([~00,b) ={r € X:flz)<b} €A yaaxddebecR. (52)

(ii) Av pévapétpo oo yoeo (X, A) n f Myeton p-petprjoun av eivon A, -yeteowun.

(iii) Ewwotepa, av X = R¥ xdie A-petpriown cuvdptnorn Aéyetou Lebesgue petprion-
M7

(iv) Av o X elvou petpixde yodpoc xou n f etvon B(X)-uyetpfiown, téte 1 f Méyeto
Borel petprjoun.

Mepwol amhol yapaxtneiopol Tng petpnopodTnTog divovton otny axdrovir Hpdta-
on:

Iedétact 5.1.2. Eotw (X, A) évag petprionios xadpos kar f + X — [—00, 00] ua
petpioun owvdptnon. Ta axdlovda elvar iw0odVvaua:

1. H f etvar A-petprionun.
2 [f<bj={zeX: f(z) <b} €A ya kdde b €R.
3. [f>b={xeX:f(x)>b}€AyparidebcR.
4. [f>b={zeX: f(x)>b} €A yuarifebeR.
Andbaén. (i) = (ii) T b € R, ypdypouye
[f<b}=6[f<b—1} (5.3)

n
n=1

aol, Yz € X ebvon f(z) < b ov xou pévov av undpyel n dote f(z) <b— 1. Aga

[f <b] €A

(i) = (iii) T b € R ebvon
[f =0 =[f <0 (5-4)

xou oo [f > b] € A.

(ill) = (iv) ‘Onee xou oty TEdTN cLVETAYLYY, Yl b € R ypdpouue

[f>b}=U[f>b+H (5.5)
xou ouvenoe [f > b] € A.
(iv) = (i) Tw b € R elvan
[f <O =1[f >0 (5.6)

Gpa [f < b] € A xou xotd ouvénewo i f elvon A-petpriown.
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IMopadeiypota 5.1.3. («) Eow (X, A) évac pyetpowos yopoc xau B C X. H
ouvdptnon xp : X — R ue

1, avxe B
x5(2) _{ 0, aovzr ¢ B (5.7)

elvon 1 yapaktnpiotikr) ovvdptnon touv cuvolov B. H xp eivon A-petpriown av xou
uovov av B € A.

Anédatn. Autd mpoximtel dueca and Tov UTOAOYIOUO

0, avb<O
[xp <bl=<B¢ av0<b<1 (5.8)
X, avb>1.
O
(B) Av f: RF = R t6te
f ouveyne = f Borel yetpriowun = f Lebesgue yetpriown. (5.9)

Anédein. Av ) f ebvou cuveyrfc, téte v x8de b € R 1o [f < b] = f~1((—00,b]) Vo
elvar xhelot6 odvoro (apol to (—oo, b] elvar xheloté) dpo xan svoho Borel. (Ilopotn-
enote OTL TpoxVTTEL Xou and To Afuua 4.4.5 o€ GUVBUAGHO UE TNV TEOTYOVUEVY) TTEOTA-
on.) H deltepn ouvemaywy éneton dpeoa and tov eyxheiopd B(RF) C M- O

(v) Av I éva didotnuo oto R xou f: I — R o ad&ovoa cuvdptnon téte 1 f eivou
Borel yetprown.
Arnddeén. ‘Eotww b e R. Oétoupe
a =sup[f <b]=sup{z € I: f(x) < b}.

Agol f adZovoa, av t,s € T pe f(t) < bxa s < t t6te ebvan xan f(s) < b. Kotd
CUVETELDL ( | (@

| INn(~o0,a], avaclxu fla)<b

[f =t = { IN(—oo,a), ol

Ye xdde neplntoon [f < b] € B(R). O

(5.10)

Puowd to (Blo amotéheoya loyeL xou Yio PHHVOUCES GUVIPTATELS.

It vo avapepdolye oToug Teploplopols HETEHOWWY CUVIPTHGEWY YEElUlOUATTE
Tov e&nc Oplouod:

Optopdc 5.1.4. Eotww (X, .A) évac petpriowog ywpeoc xou C C X. Oewpodyue tny
OLXOYEVELDL

Ac={ANC:Ac A} (5.11)

Edxoha anodewxvieton 6L 0 Ac ebvon pio o-dhyefea ato C (doxnor) mou Aéyetou
fyrvos (f nepoplopodc) tne A oto C.
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Mt ouvdptnon f : C — [—o0, 00] Méyeton petprjonun av eivon Ac-yetpfion, dnhody
oy

[f <bl € Ao, v xdde beR.
Av buwe C € A napatnpoiye 61t Ao ={A € A: AC C} xou dpo
[ uetprowun & [f <bl € A, yioxdde beR.

Yyeuxd woybouy to e&hc:
IMpétaocr 5.1.5. Eoww (X, A) évas petprioog xdpos kar ua ovvdptnon f :
X — [—o0,0).

(i) Av n f elvar A-petpioun kar C C X tdte kar n flo efvar Ac-petprionun.

(ii) Av (Cy) efvar pa axolovdia ooryetwr tng A pe X =, Cy, tdte

f A-petprionun < fle, Ac, —petprionun ya kdde n. (5.12)
Andbeaén. (i) T b € R eivon
[fle<b={xeC: f(z)<b}=CN[f<b € Ac.

Apa 1 flo elvon mpdrypatt yetpriown.
(ii) T b € R givou

oo

F <= @unlf<B) = [fle. <] €A

n=1 n=1

Onhadhy n f elvon petproun.
O

Ieétaocy 5.1.6. Fotw (X,d) petpixds xdpos kY C X. Tdre wybovy ta e€ng:
(i) B(X)y =B(Y) ka1

(i) Av pa f: X — [—00,00] efvar Borel uetprjionun twdre kain fly : Y — [—00, o]
etvar Borel petpriomun.

Arndbeén. (i) Mpénel va deiloupe 61t éva B C Y elvar ohvolo Borel o6to Y < undpyet
A obvoro Borel oto X ye B = ANY. Ivopiloupe étt ta avoxtd olvora oto Y
ebvan oxpBddc tar olvoha g popgpnc GNY pe G € X avouxto.

Oewpolye NV oxoyEveld
A={ACX :ANnY e B(Y)}. (5.13)

EOxoha detyver xavele (doxnom) ot 1 A eivon pio o-8hyefpa oto X mou mepiéyet o
avotd tov X. Apa B(X) C A, dnhadr| woyder n ouvenaywyy (<) nopomdve. T
v avtlotpopy), Tapatneolue 6t av U avoixtd oto Y t6te U = G NY yia xdmoo
G avowté oto X xou bpa U € B(X)y. Etorn B(X)y elvouw o-dhyelpo nou neptéyet
ot avoxtd Tou Y xau xatd ouvémela xdde Borel ocUvoho oto Y avixel oty B(X)y,
onAady) oy el n {ntoduevn,.

(ii) Xopgova e to (1) e mponyoluevne Hpbtaone n fly eivan B(X)y uetpriown xou
and 1o (i) mou pohic Sel€aue etvan xou Borel petpriown.
O
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Khelvouye auth) Tnv evotnta ue Uepnég andun WIOTNTES TWV PETENOWWY GUVIR-
THoewv Tou Vo 08N YNooUV apYOTERO GE EVay UPXETA YEVIXOTERO OploWd TNE UETENOL-
poTnTaC.

IMeétaocm 5.1.7. FEoww (X, A) évas uetprionios xdpos. Ia pa ovvdptnon f :
X — [—00,00] Ta axdrovda eivar wodlvaua:

(i) H [ elvar pezprioun.

(ii) Etvar f~1(G) € A yia kd9e G C R avoiktd.

(i) Etvar f~Y(F) € A ya kdbe F C R xAeotd.

(iv) Etvar f~1(B) € A ya xi0e B € B(R).
Anddeiln. Oewpolye TNV OXOYEVELN

F ={AC[~00,00]: fTHA) € A}. (5.14)

Edxoha urnopel vo dewydel 6t n F elvon yior o-dhyefpa oto [—o0,00]. H oamddeiln
autol aprivetor we doxnon. Ou npotdoeic (1)-(iv) éxouv tic e€hc loodlvopee:

(i

(ii

) H F nepiéyel bha ta Swothpota tne wopghc (—oo,b], b € R.
y
y

H F mepiéyel oha tor avoixtd unocUvola tou R.
(i) H F nepiéyet 6ha to xhetotd unocivoro tou R.
i

(iv

‘Opo, enedr n B(R) eivan 1 o-dhyePea mou napdyetar omd tor SlooThaTor TN Lopphc
(—00, b], To avouxtd cUVORa xou Tat ¥AeloTd olvoha o emnAéoy 1 F elvon o-dhyefpa,
mpdypott 1 (iv) etvon 1wodlvoun pe xadepio omd tic (1)-(iil)" dnwe Yéhope.

H F mepiéyel oha too Borel unocivola tou R.

O

5.2 Ilpdlelg puetald LETENOLUWY CLUVAETACEWY

Eexwde Thpa vor UEAETAUE TIS TpdEeLS HETOEY UETENOWWY cuvapTHoewy. Oa dellouyue
OTOL TAUPAXATL OTL TO GUVOAO TWV UETPNOWOY CUVIPTHCEWY CUUTERLPERETAL KPUCLO-
Aoydy we mpog T cuvAdels Tpdlelc xadde xou Ta bplal IXOAOUTLMY.

IMpétaocm 5.2.1. FEotw (X, A) évas uetprioios xopos kar f,g : X — [—00, 0]
Ovo petprioues ovvaptnoer. Tote:

(1) [f <gl={r e X: f(x) <glx)} € A
(i) [f <gl={z e X: f(z) <g(2)} € A xa
(i) [f =gl ={x € X: f(z) = g(x)} € A.
Andbaén. (i) And v nuxvétnta Tov ety oto R cupnepaivouye 6t v évax € X
f(x) < g(z) av xou pévo av vrdpyet ¢ € Q pe f(z) < ¢ < g(z).

‘Etot, unopolue va ypdoupe

f<g=U(f<dnlg>d) (5.15)
q€Q
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T0 onolo elvor atowyelo e A agol ot f, g elvan yetpriowes xat to Q elvon apriuiouo.
(ii) Etvow
[f<gl=lg<fI
10 omolo elvau petprioo abvoro and to (i).
(iii) Etvon
[f=9l=1f <gI\[f <4
10 onolo elvan petprowo olvoro and ta (1) xou (ii).

O

IMpotaor 5.2.2. Eoww (X, A) petproos xdpos kar f,g : X — [—00,00] pe-
Tprjoues ovvaptioes. Tdte

(i) O1 owvaptiioes fV g = max{f,g} ka1 f A g = min{f, g} elvar uerprioiues.
(ii) Or owvaptioeas fT = fVO0 ka f~ = (—f) V0 elvar pepioeg.
Arnédeén. (i) T b € R eivou
Uva<h=[/<tnlg<bcA (5.16)

- [fAg<bl=[f<bUlg<bleA (5.17)

‘Etou éyoupe to {ntolyevo.

(ii) 'Eneton dpeca and to (i) agol ol 0 xou —f elvon petpriotpec.

It

SyAue 5.1: Ov cuvapthioeie f1 xow f~
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Iapathenon 5.2.3. Oucuvapthoec [T xa [~ elvon Wiadtepo onpavtinés xa Yo
Hog Pavoly oMY yeholes oo tapoxdtw. Eivow to Yetind xou to apvntixd Yépog tng
ouvdptnong f. oy onotadnmote cuvdptnon f oybouy ol e€hc oyéoelg:

F=1"=F wu |fl=f"+ /" (5.18)
7 an6deEn TwV onolwy aPHVETIL WS AoXNON.

IMpétaocm 5.2.4. Eoww (X, A) évag petpriouos xopos kar fn, : X — [—00,00]
pia akodovdia petprioipuwy ouvvaptrioewy. Tdte

(i) O1 ovvaptiioe sup,, frn, kai inf, f, elvar petproiueg.
(i) Or owvaptijoes limsup,, f, xa liminf,, f,, eivar petproue.

(iii) Av n axolovdia {f,} ovykAiver katd onueio o€ a ovvdptnon f, téte ka n f
efval petpRoun.

Arnddeidn. (i) T b € R unoloyiloupe

[sup fo < 8] = ﬂ fo<b € (5.19)
xou
o0
[inf f, <b] = | J[fa <b] € A (5.20)
n=1
xou €tol 10 {NToduevo EneTal.
(ii) Tvwpiloupe 6Tt av (ay,) eivar o axohoudio aptdudv téte
limsup a,, = inf (sup ak> o hm inf a,, = sup (inf ak> (5.21)
n neN k>n neN n

xou Gpot

limsup f, = heﬁ& (sup fk) %o hm inf f, = sup <1nf fk)

k>n neN

Yuvenae, and to (i) ot limsup,, f, xou liminf,, f, elvou yetprowes ouvaptioeic.

(i) Av f = lim, fn, t61€ elvon Quowxd xou f = limsup,, f, = liminf, f, n onolx
elvan petpriown and o (ii).
O

H teheutaio détnto tne mapoamdve Hpdtaone eivon eatpetind onuovtixg. Xougwva
HE auTh av ol oxohoudior cuVaPTAoENY «OhoxhnpdveTony (Snhadl eivon petpriowes),
t61e 10 (Blo Yo toylel xou Yo To xatd onuelo dplo toug. Ouunldelte 6Tl aLTH elvon
pLor WdTNTA Tou QuUOLXE BeV {oyue Yia To oloxhfpwua Riemann xou dpa €youue éva
TeKdTo delypa T yevixotntag otny onola epopudletan 1 Oswpion OhoxAfpwong tou
Lebesgue.
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Opiopo6c 5.2.5. Eotw (X, d) évac yetpinde ydpos. Mu ouvdptnon f: X — R
Aévetan Baire-1 ouvdptnon av undpyel axoroudio f, : X — R cuvey v cuvaptioewy
dote n f va elvon o xotd onueio 6plo TwV f,.

Mo ouvdptnor f : X — R Aéyeton Baire-2 ouvdptnon av elvan 1o xatd onuelo 6plo
prog oxohovdiog Baire-1 ouvapthoewy xou yevixdtepa Yoo n > 2 Aéyetoan Baire-n
ouvdptnon av eivow to xotd onuelo dplo proag axoroudioc Baire-(n-1) cuvopthoewy.

Me uior amhy) enorywyt), XENOWOTOLOVTAS 6Tl oL cuveyelc ouvapTroelg eivar Borel pe-
Tefowes xau o (iii) e tehevtaiog Hpdraong, éxoupe ot xdde Baire-n cuvdptnon
etvon Borel-yetpriown.

Egoppoyh 5.2.6. Av f: R — R wa nopaywyiown cuvdptnon, e n f/ : R — R
elvon Borel yetpriown.

Anéoein. o z € R elvan

f'(z) = lim M = lim n(f(x + %) — f(a:))

h—0 h n— o0

and v Apyh e Metagopdc. Apa n f’ eivan Baire-1 ouvdptnon xou dpa Borel
ueteow. O

Emotpépouue otic npdelq Yetald UETPHOWWY CUVIPTACEWY X0l ATOBEXVIOUUE
T e€ng:

IMpoétaon 5.2.7. Eoto (X, A) évag petprioipog xopos, f,g: X — [0, 00] 8o un
apvnuikéS petproiues ovvaptioes kar éva a > 0. Tdte:

(i) Ha- [ evar petprioun ovvdptnon.

(i) H f + g elvar petprioiun ouvvdptnon

Andbaén. (i) Ava = 0 na- f e n undevixi ouvdptnon mou eival TEOPAVHOS
petpiown. Av a > 0 tdpa, v b € R eivon

[af<b]=[f<2]eA

xan dpat 1 a - f elvon yeteriowun.
(ii) T b € R éyouye
f+g<btl=J(f<dnlg<b—q)
q€Q

oxentépevol axpde onwe oto (i) e Mpdtaone 5.2.1. ‘Apa, npdyuatt xou n f + g
elvon yetpriown ocuvdptnon.
O

Ieoétaocy 5.2.8. FEoto (X, A) évag petprioog xapos, f,g : X — R 6Vo pe-
prjoues ovvaptnoes kar a € R. Tote

(i) H ovvdptnon a - f eivar petprioun.
(i) Or owvaptiioes f + g kar f — g efvar petpriones.
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(iii) Or cuvaptioeg f? ka1 f - g efvar petpioijes.
(iv) Av g(z) # 0 ya kdOe x € X, ka1 n ovvdptnon 5 efvar petpomun.
(v) H ouvdptnon |f| elvar petprioun.

Anddaén. (i) H anédeiln elvou Bia we to (i) tne nponyoluevne Ipdtaong extde and
v mepintwon a < 0. Téte vy b € R elvan

b
la-f<b]= [f>a} cA
xou dipat €youue to {ntoduevo.
(ii) Amodewvietar oxpBide émwe to (ii) tne nponyoduevng Hpbdtoong, agold xou n —g
elvon pyetpriown.
ili) Anodeixviouue mpdta Tov Woyvplopd Yo Ty f2. Av b < 0 elvou
iii) Anodeucviouye mpd: Xuptops i v f2. Av b < 0 ef
[f*<bl=0
eved av b > 0 elvow
[f2<bl=[f <VbN[f>—-Vb]eA (5.22)
‘Apa, mpdryportt 1 f2 etvon petpriown. Tty f - g toOpe, Ypdpoupe

ol Gt oo T TOEOTAVG Efva XL AUTY) HETETOLUT.

(iv) Abyw Tou (iil) apxel va Serydel 6tu 1 1/g elvan petpown cuvdptnon. Oewpolye
10 clvoro A = [g > 0] € A xan vy b € R ypdgouye

B gb} = (jbg > 1] NA) U ([bg < 1] N A°) € A, (5.24)

ool xou M b - g elvon yetphiown. ‘Apa xau ) 1/g elvon yetpriown ouvdptnon.

(v) Tpdpoupe
fl=f"+f"
(Yupndeite v Hopathpnon 5.2.3) xou cuunepaivouye otL 1 | f] elvon petprown ond
v Ipétoaon 5.2.2 xou o (ii).
O

5.3 AmnAéc ocuvopTroElg

e auth] TV evotnTa Yo UEAETHOOUPE TIC AEYOUEVES ATAEC GUVORTACEL TTIOU £Y0UY 0T
Oewplo Ohoxhipwone tou Lebesgue tn 9€om mou elyoy oL xAoxwTée cUVAPTATELS
otnv ohoxAfpwor xatd Riemann. Zexwdye ye tov e€hc oploud:

Opgiopo6c 5.3.1. 'Eow (X, A) évac petpriowoc yweoc. M yetpriown ouvdetnon
s: X — R Nyetow andrf av 1o obvoro v e s(X) elvon tenepoaouévo.
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Kéide anhr} ouvdptnor yedgetar ot wopdh
5= ZanAJ‘ (5.25)
j=1

omov {Ay, Ag, ..., Ap } elvon o owoyévela petpfiotuwy utoouvorey tou X xot a; € R.
Avtiotpoga, elvon spgavég dtL xdlde cuvdptnon authc TNg pop@hc elvar amh.
Duowd, dev uTdpyEl LoVadXY TETOLY TOEACTAOT TNG S, 0AAGL UTTOPOUUE Vo «EEYwploou-
pey wo. Av Yéooupe s(X) = {a1,a2,...,an} YE a; F aj YL i F J XU OTN CUVEYELL
Aj ={z € X : s(x) = a;} t6te n {41, As, ..., Ap} elvon o Sopépion tou X oe un
%€V cOvVoAa o elvol TaAL
n
s = Z anAj .
=1

H tehevtala auth) napdotaon e s Yo Aéyeton kavovikij Hoper) TNe s xou elvan ovaduxy.

To xevtpxd anotéreopa authc e Tapaypdpou (Oedpnua 5.3.3) delyver bt xdide
un aevNTI HETEYOWN cUVdETNOT lvor TO Xatd onuelo Opto pag adEoucag oxoroudiag
anh®v cuvapThoeny. o va to anodelfoupe Yo ypeiootobue to e&hc Afuua:

AAupo 5.3.2. Eotw (X, A) évag petprioos xdpos kar f : X — [0,00] e un
apynTIKN HETPHoUN ouvdpTnor.

(i) T'a kdOe memnepaoévo ovvolo P zou [0,00) ue 0 € P, ag nolue
P={0=ap<a1 <..<ap}
Uérouue

st = Z ajxXA;, (5.26)
=0

érov A; = [a; < f < aji1) ya0<j<n-—1xaA,=]|f>a,]. Térens”
etvar e anAiy owvdptnon pue 0 < s < f ka1 yia x € X pe f(x) < a, wydea n
aviooTnta

0< f) = s"(2) <[Pl (5.27)
émov || P|| = max{a;j+1 —a; : 0<j<n-—1}
(i4) Ta xéde P,Q C [0,00) menepaopéva pe 0 € P ka1 P C Q wyve s¥ < s9.

Anéoeién. Ilpw pnolue ot AenTOpépEles TNG AMOBEIENG TEETEL Vol XUTUAABOUUE TNV
Wéa TS xaTaoxeVc TV ouvapthoeny s, ‘Onwe elnaye xon mpw, ylo wo dedopévn
un apvnTeh xou petprioyn ouvdptnon f Py voupe wa adZovoo axohoudio (s, ) amhdy
oUVaPTACEY TToL Vo THY TpooeYYilet (avaryxaoTind «améd xdtwy»). Ot cuvapthoeic s
HAUTOOHEVAOTNXAY AOLTOV ¢ e€Nc:

1. AwnéZape wo audoipetn «dpépom! P = {0 = ag < a1 < ... < a,} T0V
[0, 00] xou Supepilovye 10 clvoho X avdhoya pe Tic Twée mou houPdver 1 f.
'Etou xataoxevdlouue ta ohvola A;.

2. Ye xadéva and 1o ovvoha Aj = [a; < f < aj41] ddoape otny sT ) pxpdepn
T mou pnopel vo mhpel exel n f, Onhadn Ty T a;. ‘Etol, éyouue mpdyuatt
por «amd wdtwy tpocéyylon e f.
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a7 +
ag +
as +
a4 +
as +
as +

X

Yyhua 5.2: Ilpoceyyion petprioyng cuvdpTnong and amhég

INo v anddelén e

(i) Etvon epgpavéc 6t n s¥ elvon pn apvnmind amhf ouvdptnomn. Méhota, agol o
{Ap, A1, ..., A, } ouviotoly wa dopépton tou X elvon exelvn 1 anh cuvdptnon nou
oto Aj; haufBdver tyy i a;. o € 45, 0 < j < n elvan

5P (@) = a5 < (@),
and tov oplopd touv A, xan av emniéoy j < n (dnhady f(z) < a,) evan
F@) = 57() = f(@) — a; < azs1 —a; < P
and tov oplopd e || P

(i) "Eotw 6t n sf diveton amd t oyéon (5.26). Apxel va dei€ouye To {nroduevo otny
nepintwon mov Q = P U{a} yw xdnowo @ > 0, & ¢ P. H yevux! nepintwon éneton pe
enaywyh oto |Q \ P|. Awxplvovue T6Te TIC TEQITTOOEL:

Ava; < & < ajy1 v xdnowo j = 0,1,...,n — 1, n nopdotacn e 5@ Olapépet
and autny e s¥ pévo otov bpo tou adpolopatoc mou mepéyel to Aj. Avtl Tou
npocvetaiov a;jx 4, eppaviletor To dipolopa

ajxay + &XA?, 6moL A} =[a; < f < a] xou A? =[a < f<aji) (5.28)
LUVETOC, YPNOWOTOLOVTAS TN OYECT XA; = Xat +Xa2 €youue 6T
Q_l =g, 7 —a; = (4 — a; >0
5% — " = ajxar +axaz —a;xa; = (@ —aj)xa2 20,

OTC VENUYE.

Av @ > ap, 1 mepdotaon e s¢ Bgpépel and auth e s wévo otov
tehevtafo bpo mou mepéyel o A,. Avtl tou mpooietaiov anxa, eupaviletar to
dpolopa

anXxar +axaz, omov Al =la, < f <a] xu A = [f > al. (5.29)

Apa
s@ — P = anXay +axaz — anXa, = (@ —an)xaz > 0.
'Etol ohoxhnpddnxe 1 anddelén.

O

LAev eivar Siopépion pe ™ Yvoot évvola BéBaua, apod Do émpeme va Teptéyel XL TV
TRy 00.
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Oewpnpa 5.3.3. FEotw (X, A) évag petproog xopos kar f + X — [0,00] pua
petprioun un apvnukn ouvvdptnon. Téte vndpyer avéovoa axodovlia anddy ovvap-
oewy 0 < 51 < 59 < ... < f dote

sn /" f.
Av emmAéov 1) f elvar ppaypévn, téte n ovyxkhion eivar opoiépopern.

Amndbaén. Oo xotaoxeudoouye wo ad&ouoa axohoudio «diapepioewvy P, tou [0, 0]
6TWS 070 TPONYOUUEVO ARUMN xot UMWY UE autd 1) avtiotoyn oxohoudia {s,} du
ebvan ad&ouoa xan Yo tpooeyyilet «xakdy v f av ||P,|| — 0.

ITo ouyxexpéva, Yétoupe

Pn:{0<21n<22n<...<n22::n} (5.30)
xou s, = st bnwe oto mponyoluevo Afuuo, dnhadh
n2"—1 j
Sp = jz:% 51 XBuj +nxe,, (5.31)
6mou
B, ;= {an <f< J;l} , 7=0,1,...,n2" —1xu C, = [f > n]. (5.32)

Téte, and 1o Afpua, xdde s, elvan amhy cuvdptnon pe 0 < s, < f xou yia exelva o
x € X pe f(z) < n ebvou

05 () = sale) < IPall = 5

Emuniéov P, C P41 v x&0e n xon dpo and o (ii) tou Afuuatoc 1 oxohovdia (sy,)
elvon mpdrypatt abEovoa.

Eow z € X. Av f(z) < oo undpyel ng wote v xdde n > ng va eivon f(x) <n
xou Gpa f(x) — sp(x) < 1/2". 'Etoy, npdypatt s,(x) — f(x). Av nd f(z) = oo
1€ $p () = n v xdde n xou dpat TN S, (2) — f(z).

Av 1 f elvon pparyuévn topa, undpyel ng wote yia xdde n > ng xaw x € X va
gbvon f(x) < m, Apa 0 < f(x) — sp(x) < 1/2™ vy xdde « xou n > ng. 'Etol, npdypatt
sp, — f oyoléuoppa.

O

IMépiopa 5.3.4. Eotw (X, A) évas xdpos pétpov kar f @+ X — [—o0,00] pua
petprionun owvvdptnon. Tére vrdpyer akolovdia (sy,)n atAdY ovvaptrioewy e

0<|s1] <[s2] <...<|f] (5.33)
kai s, — f. Av emmAéor n f elvar ppaypérn, téte n oOykhion elvar opoidpopen.
Arddaén. Topgove pe v Hopoatfenon 5.2.3 propolue vo yedoupe f = fT — f~

6mov ot fT oxou f7 elvon pn opvnixée xau petpowes. Apa, undpyouv avZouvoeg
axohoudiec {op }n %o {7y }n UM EVNTIXOY amAOY cuvapThAcEWY Gote o, — f1 %o
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T — f7. Av Véoouye s, = 0, — Ty, TOTE 1 Sy, €lvol oA xou EMTAEOV Sy, —
fr—=fr=r

Mopotnpriote 6t av A = [f > 0] téte yio xdde n €yovpe 7, = 0 ot0 A xou 0, = 0
oto A°. Yuvemng

|5n‘ = ‘Un — Ty = maX{Jann} < max{an+1,7n+1} = |5n+1‘7

xou Gpar ol |s,| — | f] émeton 1 (5.31).

Téhoc, av 1 f etvon gparypévn, ToTe To Blo toylel xou yla tic fT xou f~. Suvenac,
ot {on} xau {7, } unopolv va emheyoldy GoTe va GUYXAVOUY OUOLOUOPQPO OE OUTES
and To mapandve Osdpenuo. LUVEn®e elvol xal s, — f ouoldpop@a.

O

5.4 Muiyodixeg LETPNOLUES CUVALTNOELS

H évvolia Tn¢ peTpnoldTnTag Tou UEAETACOUE OTIC TEONYOUUEVES ToEOY PAPOUE UTOEE(
va avatuydel oe mohd mo yevixd mhaioto and autd oTo onolo TN VEcoue PEYEL TWEA.
Xwplg emmpdodetn Suoxohia dUwe, UTOROUKE Vo LEAETHOOUYE UETENOUIES CUVIRTHOELS
TOU TO{EVOUV ULy odIXES TUEG.

Oplopoéc 5.4.1. 'Eotw (X, A) évog petprioyog yodpeog .
(i) M ouvdptnom f : X — C Myetu petprionun ws mpos A (n A-petpriown) av
f7Y(B) € A, i x49e B € B(C).
(if) Av pévopérpo oo ydeo (X, A) 1 f Méyeton p-petprioiun av eivon A, -uetpriown.
(iii) Ewwétepa, ov X = R¥ xdide A-petpriown ouvdptnon Ayeton Lebesgue petprion-
.
(iv) Av o X eivar petpixde ywpoc xau 1 f etvon B(X)-petphown, t6te 1 f Aéyetou
Borel petpnoun.

Mrnopel xau oe €8¢ va amodeylel to avdroyo tng Ilpbdtaong 5.1.7, dnhadnh otL wa
f X — C eivon petpown av xou pévov av avtiotpéyel to avouxtd (avtioTolya to
xhewotd) ot A-petpfioia cOVoha.

IMpoétaocm 5.4.2. Eotw (X, A) évag petpriouos xdpos kar f = u+iv: X — C
peu = Ref karv = Imf. Téve n f elvar perpioun av kair pévo av o1 u ka1 v €ivai
LETPHOIUES.

Anddeidn. (= ) Ta b € R eivau

u<b={recX :ux)<b={rcX:f(zx)€(—o0,b] xR} =f1((—00,b] xR) € A

agot (—o0,b] x R € B(C). Tehelwe buota xau 1 v elvon petpriown.

(<) Eow G C C avowxtéd. Ou delfouue 61t f1(G) € A And to Afupa 3.1.7
(Budomaon TV avoxtdv cuvdhey Tou R¥ oe daoThuata) wropolue va Bpolue oxo-
hovdie (I,) xou (Jy,) Swotnudtwy tov R dote G = J,, (I, x Jp). Luvende

fﬁl(G) = fﬁl(In X Jn) = U (uil(ln) N vil(‘]n)) €A,

1 n=1

(@

n

2Biére v §8.1.
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apol oL u xou v efvon Yetprowes. ‘Eneton howndy oti xon 1 f elvon petpriown.
O

IMpdétaor 5.4.3. Eotw (X, A) évag petprionuos xopos kai fr, : X — C aa axolov-
Oia petpiouwr ouvaptrijoewv. Av n {f,} ovykdiver katd onueio oe pia ovwdptnon
f, ©ote ka1 n f elvar pegproun.

Anéoaén. Tpdgovpe fr, = up + vy, xou f = u + v 6mov u, = Refy, v, = Imf,,
u = Ref xu v =Imf. Ago¥ f = lim, f,, énetan 6w v = lim,, u,, xou v = lim,, v,,.
‘Etot, and v [pdtaon 5.2.4 oL u xou v elvan peterotues xan dpot amd TNy TpornyoLUEV
Ipbtacy to Blo toyvel xou yia v f. O

IMapathenon 5.4.4. Av (X, A) évoc yetpriowoc ydpocxor f : X - C,p:C— C
Blo petphowec ouvapthoelc Tote xau 1 po f 1 X — C elvan petphown®

Arnddeén. Tw B € B(C) napatnpodye 6Tt
(o /)7HB) = fH (¢~ (B)),

0 omnolo elvou petpriowo oOvoho enedh ¢ H(B) € B(C) xou o1n cuvéyelo and T
peTenowWoTnTe TS f. O

AnodewxvieTon xan €86d, OTWE XU GTNY TEAYUaTix Tepintwaon, Tt xdde cUVEYHS CL-
véptnom etvon Borel petproun xan xatd cuvénelo 1 Hapatienon woylet eldixdtepa yio
ouveyele ouvaptioeic ¢ : C — C.

IMpétaocr 5.4.5. Eotw (X, A) évas petpriouog xapos, f,g : X — C 6vo pe-
tpnoues ovvaptioes kat a € C. Téte
(i) H ouwvdptnon a- f eivar petprionun.
(i) Or ovvaptiioes f + g kar f — g elvar petpriones.
(iii) O ovvaptiioes f? kai f - g elvar petprionues.
(iv) Av g(z) # 0 ya kdOe x € X, ka1 n ovvdptnon 5 efvar petproun.
(v) H ouvdptnon |f| efvar perprion.

Andden. Av ypddovpe f=u+iv, g =w+iz ye u=Ref, v =Imf, w = Reg xau
z = Img éyoupe:
w —z

1
fHg=(utw)+i(v+2), f-g=(vw—vz)+i(uz+vw), g w2 iy

‘Etol, yenowwonowdvtag enavellinuéva tic Ilpotdoeic 5.2.8 xou 5.4.2 émovtan tor ouy-
nepdopota (i)-(iv). T to (v) tdpw, elvon

= V2 +0?

7 onola elvon petpRown we olvdeon tne petpRowne ouvdptnorne u? + v? o Tne
ouveyolc p : [0,00) = R pe p(z) = =. O

SH WSu6tnra auth elvon el teplntoon e Mpdtaone 8.1.2 mou Vo Solue mapaxdte.
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Yuveyiloupe ye tov 0plodd TwV amhOY CUVIRTACEWY PE WYadIXES TIWES XL TO
avtioTtoiyo Yepnua Teocéyyiong.

Optopdc 5.4.6. Eotww (X, .A) évac petpowtoc xodpoc. Mo petpriown cuvdptnon
s: X — C NMyeton amAn} av To cOvoro 1oy e $(X) elvou tenepacuévo.

Iopatneodue 6t o suvdptnon s : X — C elvon amhf) av xan pévov av ot Res xan Ims
elvan anhéc ouvopthoelc (yiot;). ‘Onwe xou 6Ty TEpInTWoN TV TEOYUATIXOY ATADY
GUVOPTACEWY UTERYEL (Lol LOVaDLIXT| xovovixY| nop@y) xdle amAfc uryadxrc cuvaeTnong
s.

Mpétaocr 5.4.7. FEoww (X, A) évag uetprionuos xdpos kar f : X — C pia pe-
tpRoun ovvdptnon. Téte vndpyer axolovdia {sy}y anAdy ovvaptioewy ue s, — f.
Av emmAéov n f elvar ppayuéyvn, tote n olykhion eivai opoiduopen.

Anéoaén. 'Eotww f = u+ iv, 6mov v =Ref xav v =Imf. Anéd 1o Ilépopa 5.3.4
Betoxovye oxohoudiec {ry, } xou {t,} amhdY TEOYUATIXDY CUVIPTHCEWY MOTE Ty, — U
xou t, = v. Toéte, n sy, = 1y + ity ebvon amhy xou elvon tpoQaveds s, — u + v = f.

Av n f elvan @porypévn thpea, 1o (810 1oy OEL XL Ylol TIC U XL U X0 XAUTE CUVETELYL
Ty — U %o t, — v opodpoppa. ‘Eneton 6Tt xou 1 odyxhon e (s,) oty f elvou

OUOLOUOPYY). O

5.5 Aoxnoeig

Opdda A'.

1. Eotww (X, A) évac petpiooc xopoc xou pio ouvdptnon f : X — [—oo, 00].
Aci&te 6t f elvon petphown av o povo av [f < ¢q] € A v x&de ¢ € Q.

2. Eotw (X, A) évac yetpriowoc ywpos xou f: X — R o yetphiown cuvdptnon,.
Opilouye ™ cuvdptnon g : X — R ye

0, av f(z)€Q
g(x) = :
1, av f(zx)¢Q
Aci&te ot 1 g elvon peteriown.
3. Eow f,g: R = R 80o cuvoptioeic pye v f va elvar petprion xou 10 cOVoho
[f # g] va ebvon A—undevind. Aci&te du xou 1 g ebvon petpoun.
4. 'Eotw wo ouvdptnon f : (a,b) — [—00,00] dote yio xdde 0 < € < b —a o neplo-
PLOUOC fl(a,p—e) Vo lvan petpriown ouvdptnon. Acite 6t n f ebvou uetpriown.
5. Eotw (X, A, p) évac ydpog pétpou, {s,} pio axohoudia omhodv UETEHOW®Y GU-
vopTHoE®Y Xou Ui uetphon ouvdptnon f : X — R wote s, — f ouoldpoppa
oto X. Acl€te 6n 1 f elvon pporyuévn.
Owdda B'.

6. Adote mopdderypa wac ouvdptnone f 1 R — R mou va pnv eivor Lebesgue pe-
TehRown, evé oL | f| xau f? elvon Lebesgue petprotpec.

7. Boto f: R — [0, 00] wa adZouvoa ouvdptnon. Aeite du undpyel wo adovoa
oxohoudia {s,,} Tou anoteheiton and avEovoec anhéc cuvapthoelc Pe S,  f.
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8. Eotw (X, A, ) ydpoc yétpou xau {E,} axohoudia otoyelwy e A.
(@) Av p(E,) < 5= v xdde n € N, delite 6t p({z : xg,(z) » 0}) = 0.
(Trodeln: Yuundeite to lo Afuuo Borel-Cantelli.)
(B) Ioylel to nponyolpevo cuprépaoya pe Ty aodevéoteprn unddeon w(E,) — 0;
9. Eotw f:R = R wa cuveyrc cuvdptnon.
(o) Aei&te 6T 1 f anewovilel F, oOvola oe F, clvola.
(B) AeiZte 6w 1 f anewovilel Lebesgue petpriowa obvora oe Lebesgue petprioua
oOvoha av xou wovo av yio xdde A C R pe A(A) = 0 wyder xau A (f(A)) = 0.
10. 'Eoww (X, A, p1) évac yodpoc pétpou. Trodétoupe ot yio xdde o € R poc diveton
éva yetpriowo obvoho E, € A tétoio toTe:
(i) Tw a < B elvar B, C Eg,
(i) wytet Uper Pa = X xou
(i) Mocp Fo = 0.
Acei€te 6TL undipyel petpriown ouvdptnon f : X — R tétowa dote yio xdde oo € R
vou loyouy ta e€hc: av @ € By téte f(z) < aeve av x ¢ B, tote f(z) > a.
11. 'Eow (X, A, 1) yopoc Tencpaopévou uétpou xou axohoudio petphowmy cuvop-
toewv fr, 1 X — R ye my e&fc wbidmtor v xdde & € X 1oy del
sup | fn(x)] < o0.
neN
Aette 6t vy xdde € > 0 undpyouv A € A xou M > 0 dote
WX\ A) <e xayxdde x € A: sup|fn(z)| < M.

12. Xpnowonowsvtoag Ty ouvdptnorn Cantor-Lebesgue Peeite yio cuveyr) cuvdptnon
g : R = R xou wa Lebesgue yetpriown cuvdptnon h: R = R dote n hog va uny
elvoan Lebesgue petpriown.

13. 'Eotw E Lebesgue petpfiotpo utoctvoro tou RF ue A(E) < 0o %ot éotw f : E —
R Lebesgue petpriown cuvdptnon. Opllovue tn ouvdptnon wy : R — R ye

wr(t) =A{z € E: f(z) > t}).
(o) Aeigte 6T n wy ebvan pdivovoo xou cuveyfc and delid. Te moud onueia ebvon
AoLVEYNG;
B) Av ov fn,f : E — R eivar Lebesgue petpriowee xou f, 7 f, dellte 6t
Wi, /‘ wy.
Owpdda I'.

14. Ecww fp : R = R Lebesgue petprioiec cuvaptroelc xou éotw o € R. Acelte 611

Z A{z: fulz) > a}) < oo,
n=1

t6te undpyel Z C R pe AM(Z) = 0 dote limsup,, fr(z) < a vy xdde © € Z°.
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15.

16.

17.

‘Eotww f, : R — R Lebesgue petpriowes ouvapthioels xou axohouvdia (,) YeTindv
oprduoy ue e, — 0. Aci€te oL av

Z)\({x D fa(x) > en}) < 0o,

t6te undpyer Z C R ye A(Z) = 0 dote fo(r) — 0 yio xdde z € Z°.

‘Eotw f:[0,1] x [0,1] = R pa xwpiotd ouvexiis cuvdptnor, Snhadh cuveyhc e
npo¢ xdte yetaBAnTy) ywelotd. Aci&te 6T ) f elvon Borel yetpriown.

‘Eotw fp, : [0,1] = R wa axoloudia Lebesgue petpriowny cuvoaptioewy. Acilte
6TL umopyel oxohouda VeTindv mparypotindy aptduody (ap,) xou obvoko Z C [0, 1]
ue AM(Z) =0 wote

lim ——= =0, vy xdde x € Z°.

n—oo






Kegpdiowo 6

OAoxANpwpa

Ye autd 1o Kegdhowo o otdyoc elvan va xataoxsuaotel 1o ohoxhfipwua Lebesgue
Yo petprioee ouvaptioec. Bploxdpoaote howmdy ot éva yopo pétpou (X, A, 1) xou
pehetdpe mpaypatnée (1) wyadwée apyodtepa) petprotues ouvopthoee f : X — R.
O Wdtntee mou Yo Féhape var ixavornolel To ohoxAfpmpa elvar ot e€Rc:

(i) Av A € A, t6te [xa du = p(A), 6o xa N YopaXTNELOTIXH CUYVEETNON TOU
A.

(if) To ohoxhfpwua eivon ypauuxd: av f, g uetphiowes ouvaptioels xou a,b € R
T6TE

/(af+bg)dy:a/fdu+b/gdp.

(iii) To ohoxhfpwpa ebvon «detixdy av f petprown ocuvdptnon pe f > 0, téte xou
[ fdp > 0. H Bétnra auth elvon @uoixd 1oodivaun pe t povotovie: av f, g
peTphiowes ouvapthoels xau f > g, tote xou [ fdp > [ gdp.

H xotaoxeur| auth Yo yivel oe tplor Briwota:

(i) OplCouue 1o ohoxhApwua Lebesgue yia un opvntinée anhéc cuvapthoelc Poot-
Lopevol ota (1) xon (i) mopandve.

(if) Opiloupe To ohoxhfpwua yio un apvnTixéc petpriotues ouvopthoes Poaotluevol
G HOVOTOVIOL X0 GTNY TEOGEYYLON TETOLWY GUVIRTHOEWY OO OTAES.

(iii) Opllouye 0 ohoxMipwpa YeEVxd yenowonowwvtac 1 oyéon f = f+ — f~ xa
T Y EUUUXOTHTAL

IMopddAnho pe auth v mopeio Yo amodelfoupe pepnée Tohb Booixée WdtnTes Tou
ohoxhnpouatoc Lebesgue xou blodtepa xdmolor amoTEAEGUATO CYETIXA UE TY) CUUTE-
pLpopd Tou ohoxhnpruatog Lebesgue wg npog tn olyxhion axoroutidy yeTtprouwy
CUVOPTACEWY.
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6.1 AmnAEc pn apvNTIXES UETPNOUWLES CLUVURTH-
oclg

Opiopo6c 6.1.1. Eow (X, A, p1) évag ydpog pétpou xou f: X — [0, 00] pa amhA
Un 0EYNTIXY CUVAETNOT UE XAVOVLXY) HOP®T

= a;u(4;)) (6.1)
j=1
Téte oplloupe T0 ohoxAfpwua TN f va elvon 1 tocdTnTA
/f dp =" a;ju(A;), (6.2)
j=1

6mou €youpe xavel T obuPacn 000 =00 -0 = 0.

Eyfua 6.1: OhoxAfpmuo anAhc cuVAETNONG

IMopatneroeic 6.1.2. (o) Eivaw dueco anéd tov opopd 6t [ f dp > 0 xon av
A e A tore:

/XAdu = u(A). (6.3)
(B) Topgpova pe tov oploud, éxovue [ f du =0 av xou pévo av pu({z € X : f(z) >
0}) = 0.

Tt vou amodet&ouye e TN YRoUUIXITNTA TOL OAOXANEWUATOS Ue Bdon Tov ma-
poamdve opopd ypewalopacTe to e&hc:

Afupo 6.1.3. Eotw (X, A, 1) évag xdpos pétpov kar f : X — [0,00] e amirj
ouvdptTnon mov ypdeetar ws:

f=> bixs, (6.4)
j=1

ya kdrowa by, ba, ..., by, ka1 By, Bo, ..., By, petprioyua xar &va avd dvo. Torte:

[ in=>"biu(s,) (6.5)
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Anédatn. Alywe BAIBN urnopolye vo vnodécouye Gt U;nzl B; = X (ahhude, 9étov-
10 Biny1 = X \UjZ; Bj %ot bygr = 0 8ev adhdlel xdmt). ‘Eote howndv éun f éxel

AAVOVIXTY] LOR®T
f= Z AiXA;-
i=1

Aol n f eivar amhf ouvdptnon, av A; N B; # B eivan guowd a; = bj xou emhéov
tloyVouyv ol e€Ac ToauToHTNTES:

(Az N Bj) Hol Bj = LnJ(Al n Bj), (66)

1 i=1

—:

A=

J

6mou xou oL dvo evdoelg elvan Eévee. Etol, éyoupe:

i=1 i=1 j=1

i=1 j=1

n n

=D D (AN B) =Y by u(AiNBy) = biu(By).
j=11i=1 =1 =1 j=1

O

IMpdétaocm 6.1.4. Eotw (X, A, u) évag xdpos pétpov, f,g: X — [0, 00] 8o anAég
un apvnuikés ovvaptroe ka1 a > 0. T'éte 1wy vovy ta e€ng:

(i) To olokAApwua €lvar <opoyevégy:

/afdu:a/f dp. (6.7)

(i) To odokArijpwpa €lvar «mpooOetikdy:

/(f+g)du=/fdu+/gdu~ (6.8)

(i4i) To olokARpwua efvar «povdtovoy:
av f<gotoX tlte /f dug/g du. (6.9)

Arnédaén. 'Eotw
n n
f:ZaiXAi o g=ijXBj
i=1 j=1

oL XOVOVIXES Hop®EC TwV f xal g.

(i) Tote naf =D 1  aaixa, ebvon 1 xovovixd popph tne af xou dpa

/af dp = Zaaiu(Ai) = aZaiu(Ai) = a/f dp.
i=1 i=1
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(ii) H owoyévewn (A; N By)(; 5y amotehelton and Zéva avd 800 chvoha xou apol

F+g=> (ai+b)xans, (6.10)
2
(emahndetote 10) GOUPWVOL UE TO TOEATAVE UM EYOUUE OTL
[ +9) du=Y (@ + bt nBy) =

i,J

= aip(AiNB;)+ ) biu(A;N B;) =

1,) 2,7
= a; Y (AN By)+> b; Y u(A;iNBy) =
=1 j=1 j=1 =1
= Z%‘H(Ai) + iju(Bj) = /f dp + /gdu.
i=1 j=1

(iii) H (g — f) elvou pn apvnuixd anhy) cuvdpetnom xou dpo and to (ii):

Jodu=[rans [g- 5 du= [ 1an

omwe Héhae.
O

IMopathenorn 6.1.5. Toupwva pe ta (1) xou (i) e terevtaioc Ipbdtaone, To
Afppa 6.1.3 énetan xan ywelc Ty unddeor o6t ta B elvon E€val, apo:

/ijXBj dp = ij/XB,- dp =" bju(B)).
j=1 j=1 j=1

6.2 Mn apvnTixEg UETPNOWUES CUVIETHOELS

Emextelvoupe tHpa Tov 0plod ToU ONOXANEOUATOC YL U JEVNTIXES UETEYOWES OU-
voptroeg. I'vopllouue and to Oewenua 5.3.3 otL yioe xdde [ pn apvnTixs ueTerown,
unopolue vo Bpodue adlouoa oxohovdia (sy,) Un AEVATIXOY OTADY CUVOPTACEWY PE

sn f.

Emmiéov, av s pio tuyodoa aniy yeteriown cuvdptnon pe 0 < s < f oto X, o
Béhaue, and 1 LOVOTOVIOL TOU OAOXANEWUATOS, VoL Loy UEL

/sduﬁ/fdu,

UE TOV Oploud TNG TEONYOUHUEVNS ToRY QoL Yio TO fsdu. E¢" 6cov uropolue va
Bpolue houdy anhés uetphioes s 06001 mote xovtd (amd «xdtwy) otnv f odnyoluo-
ote otov e€hc:
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Opiopdée 6.2.1. Eow (X, A, p) évoc ydpos pétpou xou f @ X — [0,00] wa
un apynTer peteriown ouvdetnor. Opiloupe tdte T0 odokArpwua g f va elvon 1

TOcOTNTA

/f dp = sup {/s dp ;s omhf cuvdptnon pe 0 < s < f} . (6.11)

Puowd, o oplopdg aUT6C cLUPKVEL e Tov Oploud 6.1.1 TOU OAOXATNEWUATOS YLl ATAES
ocuvopthoel, agod av 1 f elvon amhf To supremum vlonoieitan Y s = f and
povotovior Tou oAoXANEMUTOS Yiar amhés W apvntée cuvapthoels (Ilpbtaoy 6.1.4

(iil)).
Av A € A, opllouue
/ fdu= /fXA du, (6.12)
A

0 odokAfpwpa s f oto A. Eivau dpeco éu [, f du € [0, 00] xou enione

/deu=/fdu~

ITpotaoy 6.2.2. Eotw (X, A, ) évag xdpos pétpov, f,g: X — [0,00] Vo un
apvnuikés petprioues ovwaptrioes, A, B € A ka1 éva a > 0. Téte wydovr ta e€nig:

(i) To olokAfpwpa €lvar «opoyevégy:
/af du:a/f du (6.13)

(i) To oloxArjpwpa €lvar «povdtovos:
Av f < g oto X tdre /f dp < /g dp. (6.14)

(ii)) Av A C B tdre

du f dp. 6.15
(iv) Av p(A) =01 av f =0 oto A, téte

/ fdu=0. (6.16)
A
Andbaén. (i) Av a = 0 n Inrobuevn eivor npogovic. Av a > 0 tdpa, €youye:

/afdu:sup{/sdu:som)w’queOSsgaf}:

:sup{a/sdu:san)\r’]peog Sf}:
a a

5
a
asup{/td,u:tom)\r']pe()gtgf}a/fdu.
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(ii) Autd TpoxdnTEL EUXONN At TOV TPOTO TOU OPIGUUE TO ONOXAAPWHOL: OV § Lot OTAT]
ouvdptnon ye 0 < s < f, tote Yo elvon xou 0 < s < g. Apa

{s:samipe 0<s< f}C{s:samhfue 0<s<g},
xau dpa wpdryportt [ f dp < [ g dp.

(iii) H oyéon A C B exgpdletan Y€ow YopaxtnploTXMY CUVIPTACEMY od TNy X4 <
xB (yoi;). Apo, ebvon xou fxa < fxp xou 1o ovunépaocpa éneton ond to (ii).
(iv) Av f =000 A, t61€ fxa = 0070 X xaudpa [ fxa du =0, 5nad [, fdu = 0.

Eotw 6t p(A) = 0 tdpo. Av s amhfue 0 < s < fxa, t6te 1 s Yo pundeviletan é€w
and 1o A xou dpa Yo €yel wa TopdoTtaon Tng LopPhc

n
s = E aixa;, omouv A; C A vy xde .
i=1

Apa Yo elvon
/s du = Z%M(Ai) = Zai -0=0.
i=1 i=1

Agol auté oyer yio %8s amhh s ue 0 < s < fxa ebvow xou [ fxa du= [, fdu=
0.

TTap’dho mou ol Tapamdve WLOTHTES ToU OhoXANEGUATOS amodely N ay oyxeTxd &-
Oxoha, ue tov Optopd 6.2.1 nou dwoope dev etvor xardohou tpogavic N tpooletndTnTa
oL ohoXANEGpaToS, dNhadh bt av f,g : X — [0, 00] 300 pn apvnTnéc, peTeroles
GUVOPTACELS, TOTE

/(f+9)dM=/fdM+/gdu. (6.17)

Iot vor amodei&oupe v npootetixdtnta Yo Baciotobue ot 500 Tohl Baowxd Yewpriwato
oUyxMong, To Oempnua Movétovne Loyxhong tou Lebesgue xa to Aupa tou Fatou.
Oa ypelaotolyue apynd to e€ic Afupa, mou da yevixeudel apydtepa otny §6.2.1:

Afppa 6.2.3. Eotw (X, A, n) évag xdpos puétpov kar s : X — [0,00] pua anAsj
un apvnrikh ovvdptnon. Tére n ouvdptnon v : A — [0, 00] pe

v(A) = /As dp, (6.18)

yia A € A etvar éva pérpot oro xdpo (X, A).
Anédatn. Av

n
5= E ajXA;
j=1

1 xavovixt| pop@n tne s, tote yoo A € A unohoyiloupe:

v(A) :/ sdu = /SXA dﬂzzaj/XAmAj dy = Zaju(AﬂAj),
A j=1 J=1

OTOL YENOWOTIOCOUE TNV TOWTOTNTA XAXB = XAnB. Opwe, to ;i A — [0, 00] ye
wi(A) = p(ANA;) ebvon évo uétpo, 0 TEPLOPIOUOS TOL [ 6TO Aj, Xl XAUTE CUVETELDL
oy Vel o (Blo xau yioe To v, agol a; > 0 vy xdde j. O

'H v Myetan adpioto odokArpwia TS s ©S TEOS L.
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INo va mpoywehiooude oty anddelln twv Paowy Yewpnudtwy cbdyxhione Yo
Yeewotolpe Ty évvola Tou liminf,, yiog axohoudiog cuvorwv: Av (4,) ula axohou-
Yo utoouvorwy Tou X, Vétoupe

liminf A, = {z € X : 0 x avixel oc oA tehxd tor A, }. (6.19)

Tougpwva pe y doxnon 1.4 (doxnon 4 tou xegoroiou 1), éyovue Ty tawtdTNTY
liminf A, = (] () 4. (6.20)
n=1k=n

Tougwva ge Ty doxnon 2.2 whpa, av emmiéov o X elvon évag yopoc wétpou (X, A, u),
o VEL 1 avoOTNTAL:

p(liminf A,) < liminf pu(A4,). (6.21)

H anddelén Ohwv autdV TV TEAEUTU®Y LOYVELOUOY aPTVETUL WS GoXNoT. XENoLo-
TOLOVTOG TA ToEATdve Setyvouue Aowmév to e€hc:

Oceopnpa 6.2.4 (Afuua tou Fatou). Eotw (X, A, pu) évag xdpos pérpov ka
frn: X = [0, 00] pa axodovdia un apvnuikdv petprioiuwy owvaptioewy. Tote:

/lim inf f,, dp < lim inf/fn dp. (6.22)

Arnddeiln. Oswpolye tn cuvdptnon f = liminf, f, n onolo elvon petprown and v
Ipbtaomn 5.2.4 xou pio amhfy cuvdptnon s pe 0 < s < f oto X. Ou del€oupe 6Tl

/s dp < liminf/fn du. (6.23)
n

IoodUvaya, Yo dei€oupe 6T v e € (0,1) audaipeto oy be

s/s dp < liminf/fn dp.

‘Eoww € € (0,1). Oewpolue to chvola
AL =[fnzes] ={z e X: fu(z) >es(x)} (6.24)

xa TopoTnEolUe OTL elvon peteriolda xou emmiéov liminf,, A5 = X: Ipdyuatt, yio
z € X av s(z) =0 t61€ npogavie = € AS vy xdde n, eved av s(z) > 0, téte

es(z) < s(z) < f(z) = linhinf fu(x)

%o dpor LTIAPYEL Ny DOTE Yo xdde n > ng vo ebvan es(x) < fr(z). Etol, npdypott
x € A%, v xdde n > ng xou dpa x € liminf, AS.

Ané tov opioud tou A éxouue howmdy ot
Jn(w) > es(x)xa: () ot0 X (6.25)

WO HALTH CUVETELL:

/fndu2€/sx,4i duza/ s dp = ev(As)
A

€
n



98 - OAOKAHPOMA

6mou v A — [0, 00] T0 pétpo tou Afupatoc 6.2.3 yio TRy amhf cuvdptnon s. Katd
ouvénelo and ) oyéon (6.21) xou v wdtnTa liminf,, A5 = X éneton 6

lim inf/fn dp > eliminf v(A;) > ev(liminf AY) = ev(X).

‘Ouowc, v(X) = [y s du xou dpo mpdrypatt

liminf/fn duze/s du,

Tou yioe € — 17 Bivel v (6.23). Metd, naipvovtoag to supremum névew ot OAEC TIG
anhéc petprotuec s pe 0 < s < f éneton to {nrodpevo.
O

IMépiopa 6.2.5. Eotw (X, A, 1) évas xdpos pérpov kar fr, + X — [0,00] pua

axolovdia un apvnuikoy uetpriouwy ovvaptioewr. Av n f, ovykdiver katd onueio
o€ pa ovvdptnon [+ X — [0,00] ka1 emimAéor f,, < f oto X ya kdOe n tdte

/ f dp = Tlim / fo dp. (6.26)

Andden. Oo epappodoovyue to Afppa tou Fatou: elvan liminf,, f,, = f xou dpa:

/f dy = /liminf fndp < 1iminf/fn dp <

glimsup/fn dug/f du,

agpoV f, < f oto X. "Apa, oylouy dAec oL LOOTNTEC Xo XATA CUVETELL

lirrln/fndu:/fdu.

Ewwotepa éyoupe to €€ mohd onuavtixd Ildpioua:

IMogiopa 6.2.6 (Oehdpnuo Movétovne Ziyxhong). Eotw (X, A, u) évag xdpos
pHézpov kar f, + X — [0,00] pa avéovoa axodovdia pun apvnutikdy petprioipwy
ouvvaptioewy. Av f = lim, f,, téte

/fn duf/f dp ya n — oo. (6.27)

Anéoaién. H anddelln eivan dueorn and to mponyoluevo Afupa, agod f, < f oto
X. O

Xernowomoldvtog thpa o Oewpenua Movédtovng Liyxhong éyouue évav Tohd mo
Bolxd tpémo va yewptldpocte to ohoxhipnpa: T o f @ X — [0, 00] pn apvntind,
uetprown Beloxoupe and 1o Oewenuo 5.3.3 wo adlouoa axoroudia (s,) amhédv un
QPVNTIXWY CUVIRTHCEWY UE

sn /' f.
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Téte, obugpuva pe to Ildpiopa 6.2.6 sivou

/fd,u:lim/sndu.

Ané auth Ty napathenon énovton To e€ng:

IMépiopa 6.2.7. Eotw (X, A, u) évag xdpos pétpov kat f,g: X — [0, 00] 8o un
apvnTikés petpnoues ovvaptioers. Tote:

(i) To olokArjpwua efvar npootetikd, dnAadri
J+aran=[saus [gan (6.25)

(ii) Av f < g oto X ka1 emmAéov [ f dp < oo, tdte

/(g—f)du=/gdu—/fdu. (6.29)

Anddaén. (i) Onwe einope xou oy T dlartdnwon Tou Toplopatog, Beioxovye adZou-
oec axohoUee (8n)n xot (tn)n KN KEVATIXAOY ATAGOY GUVAUPTACE®Y UE S,  f xou
t, /' g. Tote, n oxohoudio (s, + ty)n elvor eniong pa abEovoo axohoudio un apvr-
TIXWY ATADY CUVIPTACEWY XAl

Sp+tn S f+g.

Yuvenog, and 1o Bevpnua Movotovne Liyxhiong éyouue

/(f+g) d,uzlim/(sn—i—tn) duzlim/sn d,u—i—lim/tn du:/fd,u—&—/gd,u,

OTIOV YENOLLOTOCUUE T1) Y POUUXOTNTA TOU OAOXATIPOUATOS YLOL TIC ATAES GUVAPTATELS
Sp, o t, (Hpdtaom 6.1.4).

(i) Ou f xou g — f ebvan un apvnuxéc petprioyes ouvaptioels xou dpo and to (i):

/fdu+/(g—f)du=/gdu-

Agol emnhéov [ f du < 0o, omé v teheutaia éneton mpdypaTtt OTL

/(g—f)du=/gdﬂ—/fdu~

O

Av thpa emiyelpiooupe vo avtixataothooude to liminf oto Afuua tou Fatou ue
lim sup nofpvouye to e€¥ic Buind amoteréoportas

Ocecwpnpa 6.2.8. Eoww (X, A, u) évag xdpos uérpov kar fr, : X — [0,00] pua
axolovdia un apvnuikdy uetprioipwy ouvaptrioewy. Tote:
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(i) Av vndpyer wa g : X — [0,00] perpriomun dote f, < g yua kide n ka
J g du < oo, tte

/lim sup fr, dup > lim sup/fn dp. (6.30)

(i) Av n (fn) ovykdiva katd onpeio o€ a ovvdptnon f: X — [0,00] pe fr, > f
ot0 X yw kdle n ka1 emmAéov vndpyer a g : X — [0,00] doze fr, < g ya
kdOe n xar [ g du < oo, tére

/f duznrrln/f,,b dp. (6.31)

(iii) Av n axodovdia (fy) etvar pOivovoa kar [ f1 dp < oo, téte ya Ty f = lim, f,
10 Ver:

[ twdu [ 1 an (632
Andbeaén. (i) Egopudélovue to Afjupo tou Fatou yio tmv oaxohoudio (g — fi)n xou
€youpe 6T
/liminf(g — fn) du < liminf/(g — fn) dp.
n n
Opwe, av (a) wo oxohovdio npoypatixdy aptdumy xo a € R, 1oybouy ol oyéoeic:

liminf(a, + a) =liminfa, + a xou liminf(—a,) = —limsup(a,) (6.33)
n n n n

X0l GOl 1) TUPATIAVEG YRAPETAL WC:

/g du—/limsupfn dug/g du—limsup/fn dyt.
n n

Yuvdudlovrog auth pe ™ oyéon [ g du < 0o cuurepalvouue 6Tl TedypaTL
/hm sup f, du > lim sup/fn dyt.
n n

(ii) Hpoxdnter and to (i) axpBne 6nwe mpoxintel to Ibpopa 6.2.5 and 1o Afupa
tou Fatou. Ot Aentouépeiec agprivovton wg doxnon.

(ili) Hpoxintel dueoo and o (ii) av napatneicoupe 6Tl 1 g = f1 xuptapyel Ohec Tic
fr, ONA00Y fr, < f1 v xdde n.
L]

HMapatApnon 6.2.9. H unddeon tne Unoapine pag petphowne g : X — [0, 00] o
VoL €YEL TEMEPAUOUEVO ONOXNNPWUO Xal VoL XURLOEYEL OAeC TIC fy, elvan amopodTnTn yiot
TNV oYV TOU TEONYOUUEVOL VEWPHUATOC.

Anddealn. Av dewpricovpe yio mopdderypa tnv axoloudio cuvopthioewy f, : R = R
ME frn = MX(0,1/n) TOQATNEOVUE OTL OAEC OL f,, elvon uetpriotues, frn — 0 xatd onueio
xou [ fr dp =1y xédde n. Zuvende o (6.30) xan (6.31) dev odndetouy. O

K\etvouue auty| Ty evétnta napatnecviag 0Tl To ohoxAfipnuo Lebesgue cuumne-
PLPEPETAL XOAGL XOUL WG TIEOC TS OELRES UN AEVNTIXAY cuvapThoeny. TIo cuyxexpéva:
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Oceopnua 6.2.10 (Beppo Levi). Eotw (X, A, u) évag xdpos pétpov kar f :
X — [0,00] pa axodovdia un apynuikdy petprioipuwy ovvaptrioewy. Tote:

/ifn dp = i/fn dp. (6.34)

Anédatn. Av Véooupe
Sm:f1+f2++fmv

x&de Sy, elvon petpriown xou yia ) cuvdptnom f = > oo [ oyVeL:
Sm N f yom — oo.

Yuvenog, and 10 Bevpnua Movéotovne Liyxhiong éyoupe Ot

/nij:lfnd/ﬁ:/fdﬂ:hgl/smdu:hglé/fnduzni_o:l/fndﬂ’

omou oty Tpltn wdtnTa yenowonotioaue v (tenepaocuévn) npoodetxdTnTo TOL
ONOXATNEOUATOG. O

H évvoia tou «oyeddv mavioL»

‘Eotww (X, A, 1) évac yodpoc pétpou xan P(z) wio 8tétnto mou apopd tor otouyeio
z € X. Qo Mye 6t 1 P(x) wyber u—oxeddv navtol av 10 cOvoro

Z ={z € X :n P(z) dev arndele}

ebvan p-undevixé (Yupndeite tov Opiopd 2.3.1). Ou ypdgouye éTL 1 P ioylel p—o.x..
H axéhouvdn npdtoom Selyver 6T or «oyeddv mavtod datapoyécy dev ennpedlouy to
ohoXAprUL:

Ieétaocr 6.2.11. Eotw (X, A, pn) évag xdpos pétpov kat f, g : X — [0, 00] 6o
1N apvnTikéS petpnoipes ovvaptioes. Tote wyvovy ta €€rs:

(i) Av f =g p—o.r., wre [ f dp= [ g dp.
(it) f=0p—o.m av kar uévo av [ f dp = 0.

Anddaén. (i) ©étoupe X = {x € X : f(x) # g(x)} xou mopatnpodye 6t Z € A (o-
oV f, g petpoec) xou dpa and v undleon u(Z) = 0. TUVeTHS, YENOHLOTOLOVTAS
0 (iv) tne Ipdtaone 6.2.2 mpdyuatt:

/fdu: fdu:/ gdu:/gdu-
X\Z X\Z

(ii) Av f =0 p—o.n. 61 and o (i)

/fdu:/()du:().

Av 8 [ f dp =0 9étoupe A = [f > 0] xou moparnpodpe 6t av A, = [f > L] téte
elvon
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Ouwg
1 1
0= [faduz [ Fanz [ L du=ucan)
An An n n

dnhad p(Ay) = 0 yio x80e n. Ercton howndv 6t eivon xou p(A) = 0 xon dpa npdrypatt
f=0pu—o.n.
O

Ao tny npdtoaoT auth Eneton TL av Lol ILOTNTA W ouvdptnong f oy Vel p—o.T.
T67€ 10 OhoxMpwpa Tne f B8 Yo adAEEel av uTtoBécoupe 6T oy Vel tavtol. ‘Etot, yro-
polUE Vo yevixedoouUe Yia Topddelypa To Ildpioua 6.2.5 Aéyovtag 6t 1 fr, ouyxhivel
oty f p—o.m. xa 6t f, < f p—o.n.. ‘Oyowr unogel va yevixeudel xan to Oetdpn-
pa 6.2.8. X1n ouvéyetla Yo YpnolonotoUe AUTES TIC WBLOTNTEC TOU «OYEBOV TAVTOU»
yoelc Wiaitepn pvela.

6.2.1 To abdpioto OAOXAYPWUA

Ye auto 1o onueio Yo emtyelpioouye va yevixeboouue to Afppa 6.2.3. Alvouue tpdta
Tov e€X¢ oplopo:

Opiopo6c 6.2.12. Eotww (X, A, u) évac yopoc pétpou xau f @ X — [0, 00] wor un
apynTxt| petprion ocuvdptnor. Opllovue ) cuvdptnon v : A — [0, 00| ue

v(A) = /Af du (6.35)

yio A € A. H v Aéyetou adpioto odokAfpwpa tng f ws mpog L.
O Booixéc WBLOTNTES TOL 0bELETOU OhoXANEGUaTOC elvon oL e€Xc:

IMpoétaor 6.2.13. Eoww (X, A, u) évag xdpos pérpov, f: X — [0,00] pa un
apynTIKY LETPHOIUN TUVEPTNOT) KAl V To adpioto okokAnpwua tns f ws npog p. Téte
10 vovy ta €€ng:

(i) To v efvar puérpo.
(ii)) Av A € A pe u(A) = 0 tére etvar kar v(A) = 02.
(ii3) Av g: X — [0,00] pa perpriomun ovvdptnon, téte

/g dv = /gf dps. (6.36)

Anddaén. (i) Ebvou mpogavéc 6t v(f) = 0. T v apdpfown npoodetxdnto,
Yewpolpe pror oxohovdia (A,) Zévev avd dvo otoyelwv e A xou Yo deifouue ot

v (Unzy An) = 2202 v(An), dnhad om

/uw Afduzg/Anfdu. (6.37)

n=1*"n

2Av yia 800 wétpa p xon v toylet auth N WBiéTHTe, Adue 6T To v elvon andAuta ouvexés
WG TEOG 4 XU YPAUPOVUE V K (L.



6.2. MH APNHTIKEY METPHSIMEY LYNAPTHEEIY - 103

Agob ta A, elvan Eévar avd d0o, cuunepaivouye Ot

o0
XU, An = Z XA,

n=1

xou Gpa m (6.37) ypdpeTton we

/nij:leAn duni:/fXAn dp

mou elvan axpPdc o Oedpenua Beppo Levi v tic fr, := fxa,,-
(if) To éyoupe anodeilet RdN oto (iv) e Hpdtoone 6.2.2.

(iii) Ou ondooupe TV anddelln oe Bruata, oxolouddviac TNV Péyel Thpa Topela Tou
0pLOUOU TOU OAOXANEMUATOG.

Brjpa 1. Av 7 g eivon tng pop@ric g = x4 yia xdmowo A € A.

Ye outh) v mepintwon, vroloyilovue

Jodr=vay= [ rau=[af an

Brjpoa 2. Av 7 g eivou amhy) cuvdptnon e pop@rc
9= Z AjXA;-
j=1

Ye auth v meplnTwo, yenowonouwsvtas to Brua 1 xou T YeauuxoTnTo ToU olo-
AANEOUATOG EYOVUE:

/gdu:Zaj/XAj duzzaj/XA,-fdM:/gfd,u-
j=1 j=1

BAua 3. H g ebvar tuyoboo un apvnuixy| yetprown.
Ye auth v nepintwor, propolue va Bpoldue o adiovoa axoloudio amhédy un op-
VITIXOV GUVIPTAGEWY (Sp)n PE Sn g Xenowonowdvtas to Bua 2 thpa éyouue

otTL
/sn duz/snfdu

yioe x&e n xon dpa, yio n — 0o and to Octdpnuo Movétovne Loyxhiong énetan xou 1

/ng=/gfdu,

ool o (Sy) o (Sp f) eivar adZouoee oxohoudiec. O

Yy o6Ao. And v Ilpdtaon 6.2.13 neoxdntel Quotohoyd to e€Ac epdtnuo: Av
xou v 300 pétpa o évay yopo (X, A) dote v < p elvar anopaitnTo T0 U va €xEL
™ popg T oxéong (6.35); Autd To epmdtnua eivan apxetd dvoxoho. To Oehdpnuo
Radon-Nikodym mnou da anodei€oupye oto Kepdhoo 10 diver didpopa Lebyn uétpwy
vt o ool autd Loy VeL.
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6.3 OAoXAMPWOLUES CUVARTANOELS

KXelvouye autd to xepdhato pe to TereuTaio GTABL0 TOU 0PLGUOY TOU OAOXATPOUATOC:
TO OAOXAFPWHAL YL GUVAPTAGELS HE TWES GTO [—00, 00] xou pyadixéc cuvaptioelc. Ap-
yiCoupe pe v mpdtn nepintwon: Eotw wa petpriown cuvdptnon f : X — [—oo, o0].
Ouundeite tn Baowr ToutéTNTA

f=r=f

omou ou fT xon 7 elvon un apvntixéc petpriowec ouvaptioeic. Av motédouye Tpoc
OTLYURY OTL €xoupe oploel Evar OMOXARPOUA YLoL OAEC AUTES TIC CUVIUPTNOEL f, TO omolo
VoL emexTelvel Tov oploud tne §6.2 xou autd elvor eMTAEOV YROUULXS, avoryXaoTixd Yo

Loy eL:
/fdu=/f+ du—/f‘ dp.

It vou opiletar xohd auth) 1 TOGOTNTAL GUWS TEETEL VoL ATOPUYOUYE XATUOTAOELS TNG
pop@ric 0o — 0o. Afvoupe Aowtdy tov e€ng oplopo:

Optopdc 6.3.1. Eotww (X, A, ) évac ydpoc pétpou xar f : X — [—00,00] wa
peTENoWY cuvdpeTNoN.

(i) Av woyber Toukdyotov plo omé tic [ fF dp < oo xau [ fT dp < oo, téte Mue
6Tl 10 ohoxATpwuo e f opiletar xou Vétoupe

[ran=[rau- [ dn (6.38)

(ii) Av woybouv xou oL dVo Tapamdve oyéoelg, hady| [ fT du < oo xon [ fT du <
00, TOTE 1) cLVdeTNoY f AéyeTar odokAnpwoiun xal TéhL YETovpE:

[ran=[sau [ an

IMapatrhenon 6.3.2. XonoonowdvTog Ty THuToOTHTA
fl=r"+1
rapatneolpe 6Tl 1 f elvan ohoxhnedown av xou povov av [ | f| du < oo.

Abdyw tng tehevtaiog napatrenone odnyoluaote 6Tov e€1g 0pLOUS YLoL T1) ULy odLx
nepintwon:

Opiopo6c 6.3.3. Eotw (X, A, 1) évoc ywpog pétpou xau f: X — C wa petphioun
ouvdptnon. H f Aéyeton odorAnpdoun av [ |f| du < oc.

Av u = Ref xau v =Imf, t6te 1 f elvow ohoxhnpdoiun av xaL HOVOV oV Ol u Xl V
ebvan ohoxhnparotpes (yrortl;), dnhadh av xou LOHVoV oy Tol OAOXANEMUOTA

/u+ d, /u_ d, /v+d,uxou/v_ du

elvon memepaopéva. Ye auth TNV TepinTror VETOUYE PUOLXAL:

fro-(fura foa)ei(for s frw). o
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Ané tov opioud eivon puoxd dueon 1 oyéon

/fdu:/udu—l—i/vdu. (6.40)

Enlong, av A € A 9étoupe xou mdht

Afu:/fmdw (6.41)

YupPoriloupe pe Lk (1) t0 60voro TV ohoxhnedolwy cuvapthoewmy tou Opt-
opob 6.3.1 xou pe L1 (1) 10 00voho TV 0hoxANEAOCLY cuVETHoEwY Tou Oplopos
6.3.3. Oa avoartiEoupe 0T CUVEYELX TIC WBLOTNTES AUTWY TwV YOewv. O anodellelg
v avtioTtolyywy Hpotdoewy xou Oewpnudtwy yoldlouy ToA o yio auT6 Yo ooy o-
Adolpe ovotaoTid wbvo ue Ty mepintwon tou L1(w). Kokelitow o avayvdotng va
ouumhnptoel doec anodellelc vl tov Lk (1) dev ebvon mavopotdTuTES.

Ipétaon 6.3.4. Eoww (X, A, ) évag xapos puérpov, f,g € LY(11) xar a,b € C.
Ioxvouvr ta €&rig:

(i) O xcpos LY (1) efvar ypapjurds xadpos, SnAadr af +bg € L1 ().

(ii) To oloxAnipwua arov L1 (1) efvar ypaujixd, dniadn

/(af—&—bg)du:a/fdu—kb/gd,u. (6.42)

Anddaén. (i) H ouvdptnon af + by elvan guoixd pyetpioyn xon omd Ty Teryovixt
aVICOTNTA LxavoToLel TNy

|af +bg| < lal[f] + [bllg

O XAUTA CUVETELY €Y OUUE

/Iaf+bg| dué\al/lfl du+|bl/lgl dji < oo

and TN YEUUUXOTNTA TOU OAOXATPOUATOS YLOL U1 OEVNTIXEC UETEHOWES CUVAPTNTELS.

(ii) Tt Ty mpoodetxdtnror unovétouvye apyxd 6Tt oL f xou g naipvouy Twée oto R
xon ¥étoupe h = f 4 g € L1 (u) and o (i). Téte, and T Yvwoth ToutéTnTa Yot T0
YeTnd xou To apVNTIXG U€pog €xouUEe OTL

WP —hm=f"—f"+g"—g"

1 1od\vao
At 4+ f +g =h" +f +g".

‘Ouwg, OheC oL EUTAEXOUEVES GUVOPTNOELS EVOL TOEA 1) AEVITIXES XAl XAUTE CUVETELL:

/h+du+/f_d,u+/g_du:/h_du+/f+du+/g+du

1 omolo Aol OAa T OANOXANEWUOTA EVOL TETECUCUEVL YRAPETOL KC:

[rrdn= [ndu= [t du- [ ans [t au [o an
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1 10080 v

/hd,u:/fdu—l—/gdu.

Y1 yevinn| neplntwon), Yétovpe ug = Ref, v1 = Imf, up = Reg xou vo = Img. Tore,
and 1 oxéon (6.40) xou and Tov TEAEUTHHO LTONOYLOUS EYOLYE:

/f+gd#:/(u1+u2) du+i/(v1+v2) du =

:(/uldu—f—i/vldu>+</u2du+i/v2du):/fdu—i—/gd,u.

Io v opoyévelo topoa: utodétouue xou TaAL yia opy Yy 6tL 1 f molpvel Tég oTo
R xou a € R. Téte, av a > 0 €youpe Tic oyETELS

(af)" =af" xu (af)” =af”

xal dpat o€ AT TNV TeplnTwon etval

/afd,u:/af+ du—/af_ d,u:a/fd,u.

Av méh a < 0 ou avtioTolyec oyéoelc nalpvouy T pop@N:

(af)" =—af” xu (af)” = —af*

(yrorel;) wan dpat xon AL 1oy deL:

/afdy:—a/f* du+a/f+dy:a/fdu.

Av thpa n f elvan yevid wior pryodixr) cuvdptnom, yedgoupe u = Ref xou v = Im f
xou Tote Yo a € R ebvon

/afdy:/aud,u—l—i/avdp:a/fdp

and tov mponyoluevo utohoyiopd. Av a =i, téte ebvan af = —v + tu xou dpa

/fdu:f/vdqui/udu:i/fdu

yenouloroldvrac xou dht Ty (6.40). T tn yevixdtepn nepintwon thpa, av a = x+iy
ue z,y € R éyouvue 6t

[t du= [t ivs) du= [of dus [ins du=

:x/fdu+iy/fdu:a/fdu.
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Mopathenon 6.3.5. Av f € LM(u) | f € Li(p) xou A, B € A 0o Eéva hvola,
T61Te WoyVel 1 &g TauToTNTA:

fdu z/ f du+/ g dpu. (6.43)

AUB A B
Anédein. Agol to A, B elvar Eéva toylel 1 oxéon xaup = XA + XB %ou dpa TO
ouunépacpo éncton and 1o (ii) e napandve Tedtachc. O

1N ouvéyela amodeYOOUNE OTL To OAOXApwUd oy oploope elvan TEdyUATL Lo-
VOTOVO Omwg Véhape. Puoind autd Bev €xel vomua yior pyodixés cUVORTACELS OTOTE
, ' 1
douletouue oty xhdomn Ly (w).

Ipétacn 6.3.6. Eotww (X, A, p) évag xopos pétpov kar f,g € L1 (1) pe f < g

p—o.m. oto X. Tére
/f dp < /g du. (6.44)

Anddaén. Oewpolye 10 cUvoho A = [f = oo] xou Topatrpolue dTL

/Afdu=/Agdu=OO~u(A)-

Ané 1o avéhoyo e Hpbdtaone 6.3.4 v 10 ydpo Lk(w) éneton 6t gxae — fXxac €
L3 (1) xow emmiéov:

/Acgd/l:/ACfdqu/AC(gff)duz/ACfdu’

apol g — f > 0 p—o.m.. Apo tehixd:

/gdu:/Agdu+/AcgduZ/Afdu+/Acfdu:/fdu~

Ipétaon 6.3.7. Eotw (X, A, ) évag xdpos pétpov kar f € L1 (). Tére:

‘/f du‘ < [1r1dn (6.45)

Arddea&n. Av [ f dp =0 téte To Lntolpevo elvor tpogavée. e avtidetn nepintwon
Yewpolye exelvov tov a € C pe |a| =1 dote

‘/fdulza/fdu (6.46)

xo mapatneolue 6Tl ue Bdon tny pdtaon 6.2.4

’/fd,u‘za/fdyz/afdﬂ.

‘Ouwe, 1N aplotepr] TOCOTNTA EVOL TEAYHATIXY XoL GE0L YPNOWOTOLWMVTAS TN OYEaM
(6.40) xou tnv tehevtaio Mpdtoon éxouye

]/f du‘ = [Reta)dus [laslan= [ 171 dn

TS VENUE. O
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Khelvoupe 1o xe@dharo ye éva mohd Boaowd dedprnuo cOyxAiong: to Oetpnua
Kuptapynuévng Xoyxhiong tou Lebesgue. To deddpnua autd €xel 10 micovéxtnuo
ot eoppoletan oe avdaipeteg petprioyeg cuvapthoel ot avtideon pe to Afuuo tou
Fatou xau to Oedpnuo Movdtovng B0OyxAione mou toybouv Uovo yia Un opvnTIxéS
CUVOPTHOELS.

Oeopnpa 6.3.8 (Ochpnua Kuptapynuévne Loyxhone). Fotw (X, A, 1) évag xdpog
nétpouv, f, + X — C pua axodovdia petpriouwy ovvaptroewy ka1 f : X — C dote
fn = f p—o.m.. Tmodérouue 6t emmAéov vndpyer pa ovvdptnon g € Li(p) doze
|fnl < g p—o.m oto X. Téte o1 f, ka1 n f elvar odokAnpdoipes kar 1wy e

/ | fn = f| du — 0. (6.47)

Ané avtrj tn oUykdion énetar 6ni

lim / Fo dp = / f dp. (6.48)

Andbeaén. Kot apyde, agol |fn] < g p—o.m. éneto Ot

/\fnldﬂé/gdu<oo,

dNAadR fn € LY(1) vy xode n. Emnhéov, agol f, — f p—o.m. éneton n f ebvou
petphown xou | f| < g p—o.x.. ‘Apa etvon xou f € L1(p).

Tw v (6.47) tohpa, mopatneodue 6Tt 1 cuvAxn Tne VTaEENe W TETolS ou-
viptnone g Yupiler ty avtiotowyn ouvdiun oto Oedpnuo 6.2.8. H |f, — f| elvau
Lot oxohovdior un oEYNTXMOVY UETPAROIUWY GUVAPTHoEWY, |fn, — f| — 0 p—o.m. xou
|fro — f] > 0. Agol emniéov

|fn— fI <29 p—om % /29d/¢<oo

énetou, and 1o (i) Touv Ocwphpatoc 6.2.8, 4t

i [ 1, = f1 du =0.

I v tehevtaio {nroduevn, €youue 6Tl

[ vtn= [ sl =| [- 0 ol < 1= 1auo

xou oo Loy Vel xou 1) (6.48). O

IMépiopa 6.3.9 (Oedpnua Ppaypévne Liyxhone). Eotw (X, A, n) évag xydpos
nenepacpévou pétpov, f, + X — C pua axolovdia uetpriouwy ouvvaptrioewy kai
f:X — C dove f,, = f p—o.n.. Trobérovue onr emmnAéov vndpyer M > 0 dote
|fn]l <M p—o.m. oto X. Téte o1 f,, ka1 n f €efvar odokAnpdoipes kar wyver:

[15= sl auo.

Ané avtn) tn oUyrhion énetar 6t

lirrln/fn du:/f du.
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Arnddeén. Eivan dueco and o Oetpnua Kuplapymuévng Loyxiiong av napotnpricovpe
ot 1 otadepn] ouvdptnon M eivon ohoxhneddolun: TEdyUoTL

/Mdu:M~p(X)<oo.
O

XyxoAio. Me 10 mupandves Jedenuo oAoxAnedveToL 1) Slodixaoia 0plorol Tou OAo-
xinpdpatog Lebesgue xau 1 anddeiln twv Bacixay tou wothtwy. H B n topelo tou
oaxohouUcoUE Yo TOV oplopd Yac Bivel pia pédodo anddellng VEmY anoTeAeoUdToY:
Av ¥éhouye va anodetgouye 6Tl pa tpdTaoy P ioylet yio xdde oAoxAnemaolyun cuvde-
mon f oxohoudolue morkéc popéc ta e€fc Priarta

1. AnoBewvolye apyixd tnv npdtaoy otny mepintworn mou 1 f elvon g pop@nc
f = xa yw xdnoo A petpfioyo.

2. XpnoomoloUUe TN YRoUULXOTATO TOU OAOXANPOUOTOS VLol Vol amodelEouue To
anoTtéheoua oTny TEPITTWON Tou 1) f €lvor Un devnTuer xon oA,

3. Xpnotwomololue Ty TpocéyYLlon and omhéc GUVOPTACELC OE GUVOUOOUS UE TO
Oewenua Movétovne iyxhiong yio vo amodel&ouue Ty TedTaon oTNy XAdom
TOV 4N AEVTIXDY UETPHOWOY CUVIPTHOEMY.

4. Téhoc, Moyw tne tawtotnroc f = fT — f~ yevixeloupe to anotéheopa Yo
TUY0UCO OAOXANEWOULT CUVARTNOT UE TEAYUATIXES TWES XL OTY) CUVEYELDL UE
wyeduée and v toutétnta (6.40).

H <eyvin mou neprypddoye woic ebvan Wioktepa cuvriing otn Oewpla Métpou xau Yo
TN XPNOWOTOLCOVUE TOANES PORES TOQUXATE.

6.4 Aoxnoelg
Oudda A'.

1. Eotww (X, A, u) yopoc yétpou xau f : X — [0,00] ohoxhnpdoyn cuvdptnon.
Opiloupe F : [0,00) — [0, 00] pe

F(t) = p({z € X+ f(z) > 1}).
Aci&te 6t n F ebvan gOivouoa, ocuveyhc and deid xou limy 4 o0 F'(t) = 0.
2. Acite 6t f[l 00) Lax=o.

3. Bpeite pa oxohoudio { fr } un cpvntindv UETEHOWOV GUVAPTHGEWY TOU IXAVOTIOLEL
o e&hg: fr — 0 odN& lim, [ f,, d\ = 1. Mnogeite vo emhéZete v {f,} étol
WOTE VoL GLUYXAIVEL OUOLOUOEHO GTT UNBEVLIXY) CUVAETNOT);

4. Eotw (X, A, p) yopoc pétpou. Trodétovue 61 f xan fr, n € N glvon pn apvntinéc
HeTPRoWES GLVAPTACELS, [ N\ f, xou undpyel k tétoloc dote [ fi < oo. Aelite

ot
/fd,u: lim /fndp.
n—oo
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5. Eow (X, A, p) yopoc pétpou xou f : X — [—o00,00] petpown cuvdptnon.
Trodéroupe 6t f >0 o Av [, f = 0 yia xdnowo petprowo oluvoho E, deilte
ot p(E) = 0.

6. Eotw f: R — [0, 00] un apvntinr) Lebesgue petpriown ouvdptnon. Aciéte 6t

o0 n
/ fdr= lim/ fd\= lim £ dx.
o n—oo [

nree Jiz1/my
7. Eotw (X, A, 1) ydpog uétpou xou f un opvntixs] ohoxknpmoiun ocuvdptnor. Ae-
{&te 6T

/ fdy= lim fdu.

nee J{r<n}
8. 'Eotw f un apvntued ohoxinedown cuvdptnon. Eivon cwotd 6t lim, 1o f(z) = 0;

9. OwpOVTIC TIC CUVAPTACE fr = X[n,n4+1) OEl€Te 6TL 070 Afjupa tou Fatou 7
avio6tnTa uropel va elvar yviaoto.

10. 'Eotww {f,} wo axohoudio un aovntixdv UETEPHOW®Y CUVIPTHOEWY OE €Va YMOpO
uétpou (X, A, ). Eivow cwotd bt

lim sup/fn dp < / (lim sup fn du) ;
n—oo n—oo

Av npoodécoupe ty vnddeon 6t n {fn} elvou opolbpopgpa pporyuévn;

11. (Avwétnua Chebyshev-Markov) ‘Eotw (X, A, p) yoeoc pétpou xou f @ X —
[0, 00] piar un cpvnTied| petpfiowun ouvdptnot. Tote yia xéde ¢ > 0 eivon

u({fceX:f(l‘)>t})§%/fdu-

Oudda B'.

12. Eotww f xou f,, n € N un apvnuixéc YETEHOLUES CUVAPTHOELS OE €VOL YDOEO PETPOU
(X, A, p) pe fr < f yiaxdde n € Nxa f,, = f. Acllte 6t

/f du= lim /fn .
n—oo

13. 'Eotw {f,} axohoutio Lebesgue ohoxhnphouwy cuvapthicewy oto [a,b]. Av
fn = f ouoldpopea, del€te 6TL M f elvan ohoxinpwaouurn xou ot ff |[fn—FfldX— 0.

14. 'Eow 6t ot f, f,, elvon ohoxhnpidowee oe éva ywpo pétpou (X, A, 1) xou f, 7 f.
Mrnopolye vor suurepdvoupe 6t [ f, du — [ f dy;

15. 'Ectow f, f, ohoxhnpdoues cuvapThoelc ot éva ywpeo pétpou (X, A, ). Av [ |fn—
fldp—0,8elgte 6t [ fr du— [ f dpxen [ |fp]| de — [ |f] dma.

16. 'Eotw f, fn ohoxhnpdoec cuvaptioeic ot éva ymeo uétpou (X, A, ). Av f | frn—
fl dp — 0, Seilte on [, fn dp — [ f dp vy xdde yetpfiowo chvoro E, xou
i du— [ f* du
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17.

18.

19.

20.

21.

22.

23.

24.

25.

‘Eotww f un apvnuxh ohoxinptodn cuvdptnon oe éva ywpeo pétpov (X, A, p).
AefEte oty x8e € > 0 undpyel yetpriowo obvoro E pe p(E) < oo tétolo

WOoTE
/fdu>/fdu—€.
E

Emniéov, dellte 61 o E umopel va emheyel étol dote 1 f va elvan @poryuévn
oto E.

‘Eotw f pn apvntixf] ohoxAnpemotun cuvdpetnorn ot éva yweo uétpou (X, A, u).
AefEte 6t v xdde € > 0 umdpyer 6 = d(e) > 0 pe v eZhc WbTToE oy
W(E) <0, tote [, f du<e.

‘Eotww f: R — R un apvnuxr Lebesgue ohoxAnpwowun cuvdptnon. Acite ot 1
ouvdptnon F(z) = [“_ f dX elvon ouveyfic.

‘Eotww évog yopoc pétpou (X, A, ) xa f, fr, n € N un apvnuixée petpriowues
ouvopThoel Ue fr, — f %o

lim [ f. duz/fdu<oo.
n—oo

Acelte 6T

lim fndu:/fdﬂ
A A

n—oo

yia x&de petproo cbvoro A € A. Awote mopddelypa mou vo delyvel 6Tl autd
dev woyler av [ f = o0.

‘Eotww f petpfon ouvdptnon ot éva oo pétpou (X, A, 1), Aci€te étun f ebvan
OhOXATIPOGLUN Y XoL UOVO oy

S 2Fu({lf] > 2) < .

k=—o00

AclEte 6T
o0 n T n
/ e *dr = lim (1 — 7) dr =1.
0 n—oo J n
Troloylote (wtiohoydvtac TARRKC TNV ondvTnoT 6oc) To

n

lim (1 — (z/n))"e*/ ?dx.

n— o0 0

‘Eotww {fn}, f ohoxhnpdowes cuvaptioeic ot éva ywpo uétpou (X, A, 1) xo éotw
ot fr, = f oyedév navtol. Aeiéte 6Tl

/|fn—f|d,u—>0 oV X0l UOVO Ay /|fn|du—>/|f|d,u.

‘Eotww (X, A, 1) évac ydbpog pétpou xou f yior petpoun ouvdptnon.
(i) Av f >0 oyedbv naviol xaw av f, = min{f,n}, w6t [ f, du— [ f dp.

(ii) Av 1 f elvor ohoxhnpdown xou f, = max{min{n, f}, —n}, w6te [ f, du —
[ fdp.
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26. Eoto f : [a,b] — R Lebesgue ohoxhnphdowun cuvdptnomn pe v idétnto
fdx=0,
[a,2]
yioe x&e x € [a,b]. No deilete 6t f =0 A—o.n. o710 [a, b].
27. Aciéte 6T
1 1 3/2
lim " dr=0 xau lim T g =o.
n—oo [o 1+ n2x2 n—oo Jo 1+ n?z?
Owpdda I'.
28. Trnohoyiote (pe mhipn outiohdynon) to
> /2 n
Z/ (1 — \/Sinx) cos zdx.
n=0"0
29. Eotwo {fn}, {gn} xon g ohoxdinpdowec cuvaptioel; oe éva ydpeo pétpou (X, A, i).
Trodétovye 6Tt | fn]| < Gn, frn = f, gn — g (6o auTd oyYedSY TavTol) %o Ot
[ gn dp— [ g dp. ActEte 6T n f elvon ohoxhnpdown xau 6t [ f,, dp — [ f dp.
30. 'Ectw f Lebesgue petpowun xar oyeddv taviod tenepaouévn oto [0, 1].
(i) Av [, f dX = 0 v x8de petprowo E C [0,1] pe AM(E) = 1/2, delite 6
f=0A—o.n. ot [0,1].
(i) Av f > 0 oyedov navtol, deilte 6t inf{ [, f dX: N(E) =1/2} > 0.
31. 'Eoto E éva Lebesgue petprioyo unochvoho tou RF ye A\(E) < coxou f : E — R
wo yvnoloe detr petprown ocuvdptnor. Acléte 6t yio xdde o > 0 umdipyet
4 >0 oote, av A C E éva Lebesgue petpfiowo ohvoro pe AM(A) > «, t6te
/ fdx>06.
A
32. 'Eotw po ouvdptnon f € L0, 1], ouveyhc oto 0. No delfete b1t vyl xdde n xon
1 ouvdptnon fn(z) = f(z™) avixel otov L0, 1].
33. 'Eotw (X, A, p) évac yopoc yétpou xar fr, : X — R axohoudio ohoxhnpdouley

CUVOPTACEWY UE
S [l du < +oc.
n=1

AelEte 6t
(1) Hoewpd Y oo fu(x) cuyxhiver oyeddv v xdde = € .
(ii) H ouvdptnon Y oo fn elvor ohoxdnpooiun xou

J(50)-£00
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34.

35.

36.

37.

38.

39.

40.

Yrtodeponootue 0 < a < b xou oplloupe fr(z) = ae™ "% — ne "0, Acifte 6Tt

g/@mml:oo

[(Er)sl s

‘Eotw k,n € Nyue k <nxu Fy,...,E, petphowa utoctvora tou [0, 1] pe tny
eZhic WiotnTor xdde x € [0,1] avixelr oe tovkdyiotov k and ta Ey, Ea, ..., Ep.
Aci&te ot undpyet i+ < n dote u(E;) > k/n.

nou

‘Eotww {g, : n € N} wo apldunon wwv pntadv tou [0,1] xou éotw (ay,) oxoloudio
TpAYATIXOY aptdudy Ue Y |ayn| < co. Ael&te 6tL 1 oeipd

z:: \/|x*qn‘

ouyxhivel anohltwe oyeddv avtol oto [0, 1].

BOcwpolye ) ouvdptnon f iR = Ruye f(z) =272 av0 <2 < 1 xu f(z) =0
oM. Oewpolpe wo apidunon {ry, : n € N} twv pntdv o Hétoupe

. f.’E*Tn

(1) Acige 6t g € Li(N). Edidrepa, dellte 6t [g] < oo oyeddv mavtol.

(i) Aeilgte 6 n g elvon acvveyfic oe x&de onuelo xou dev elvan Qpaypévn oe
XOVEVAL BLAC TN

(iii) Aei&te 6T 1 g% dev elvar ohoxhnpdon oe xavéva didoTtnua, T GAo Tou
g% < 00 oyedby mavTol.

‘Eotww f:[0,1] — [0, 00 un opvntixs ohoxknedoiun cuvdptnor. Aellte ot

1
lim / Vi(x) di(z) = A({x: f(x) > 0}).

n—oo 0

‘Eotw f:[0,00) = R pa ohoxinpdoyn cuvdptnon. Tz > 0 opllouye

_ /0 T Fet an).

Aci&te 6t n g elvon ouveyhc xou limy 1o g(x) = 0.

‘Eotw fy, : [0,1] = R Lebesgue yetpriown cuvdptnon ue

(%) /O |fu () dA(t) <1

yio xdde n € N.
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41.

42.

43.

44.

(i) AceiZte 6T v xdde € > 0 undpyer § > 0 dote av E C [0, 1] Lebesgue
uetpriowo e A(E) < 6, tote [, |fn] dX <& yia xéde n € N.

(if) Aelgte 6t t0 ovunépacua tou (1) dev woydel av N (*) avixatactodel ond
™y fol |fn ()] dA(t) <1 yio xdde n € N.
‘Eotw (X, A, 1) xopoc yétpou xau f o ohoxhnpdoun cuvdptnon. Av E, = {z :
|f(z)] > n}, va deiete 6t n - p(E,) — 0 xadde n — oo.
‘Eotw f: R — R wa Lebesgue ohoxhnpwaoiun cuvdpetnon.
(i) Av [, f dX =0 v %89 avouxté olvoho U pe A(U) = 1, deilte 6t f =0

: .
oYEDOY TaVTOU.

(i) Av [, fdX = [z [ d\, yiaxdde avouxtd olvoro G, Seilte 61 f = 0 oyedov

TovToU.

'Eote (X, A, u) yopoc pétpou xou o ouvdptnon f € Li(p). Trodétouvue o1t
undpyel otadepd C' > 0 wote fE f dp < C vy xdde yetprioo cOvoro E mene-
poouévou pétpou. Acite 6tL

/deuéC-

Ioybel o oupmépaoyua ywelc Ty unddeon tng ohoxknpwoiudtntac e f;

Eotw wa axolovdio Ay, Ag, ..., A, ... Lebesgue petpriowy utocuvéiwy tov R
pe tic e€nfc WBLoTNTES:

(o) A(Ag) > 1/2, yo xéde k xou
(B) AMArNAg) <1/4 vy xdde k # s.

) ([‘jA) o1

Aci&te 6T



Kegpdhawo 7

20YHALOT axOAOL VLDV
LETENOLUWY CUVIOTNCEWY

I'vweilouvye omd v Hpaypatixr Avdhuon Tic évvolec Tne xatd onueio xoL tng ogol-
6UopPNC CUYUMONE AXOAOUTLOY TEOYUUTIXWY CUVAPTACEWY. LUYXEXQEVA, av X éva
olvoho, fn + X — R pia axolovdio cuvopthoewy xou i f: X — C, Mye 6Tt

fn = f ratd onpelo av fi(z) — f(z) v xdde z € X (7.1)

nou

fn = f ouotbuopgo av || fr, — flleec — 0, (7.2)
dnhadf av yia xdde € > 0 vndpyel no(e) € N dote

|fn(x) — f(z)] <&, yexdde n >ngxuwx € X.

Y10 xe@pdiono autd Yo ueeticouue Bidpopeg dAAeS €vvoleg oOYXAONG XOAOU-
Yoy petpowwy cuvaptioewy oe éva ywpo pétpou (X, A, p) xo Yo eZetdoouue
ddpopec oyéoelg petalld toug. To amoteléopata autic e popghc elvon Wlodtepa
yerowa oty Oewpla ITrdavothtwy xodoe eivon 1o Boaoixd epyalelo yia Ty anddeln
oploxdv Yewenudtwy. Evdewtind, nopanéunovye oe omowodnnote Bi3hio yetpoden-
enteddv Hdavotitwy yia tic anodei&els Tou Ioyupod Néuou twv Meydhwy Aptdudy
xo Tou Kevtpixol Oplaxod Oewpriuotog.

7.1 Koatd onueio xol opolopoppr cOyYxALon

O ouvideic xatd ornueio xan ouoldpopen clyxhion dev elvan WBlaltepa YEHOWES 01N
Ocwpla IIrfavotrtwy, 6mou Wog anacyoholV QaUVOUEVA TIOU BEV GUUPBALVOUY «Tav-
ToU» ohhd ouuPatvouv «BéRonay, dnAady pe mdavotnta 1. Etol, éyoupe toug e€ric
ao¥eVEC TEPOUG OPIOHOVC:

Optowoe 7.1.1. 'Eoww (X, A, u) évac yopoc yétpou, fr, : X — C o axoloudia
peTpowny cuvapthoewy xa f : X — C petpriowrn ouvdpetnon. Tote Aue 61l

(i) H {fn} ouyxhivet oty f xotd onuelo p—o.n. av undpyet Z € A pe u(Z) =0
oote fr(z) = f(z) yiaxdde z € X \ Z.
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(i) H {fn} ovyxhiver oty f opolbpoppa p—o.m. av vrdpyer Z € A pe u(Z) =0
oote f, = f ouotduoppo oto X \ Z, dnhodn

sup {|fn(z) — f(z)| 12 € X\ Z} = 0. yon — <. (7.3)
(i) H {f,} elvou opoibuoppa Cauchy p—o.n. av undpyer Z € A ye pu(Z) = 0 dote:

T %dde € > 0 va undpyet ng(e) € N dote: yia xéde m,n > ng xa yio
*xée x € X\ Z vo oyl |fn(z) — fn(z)| < e.

Etvow @avepd and toug oployolc 6tL av fp, — f ouoldpoppa pi—o.m. t6te xan fr, —
f natd onuelo p—o.n.. Ernloneg, av n {fn} ouyxhiver opodpoppa u—o.m. oe pa
ouvdptnom f, téte n {f} ebvon xou opobuoppa Cauchy p—o.x..

Ioyter xou to avtiotpogo tou Teheutaiou Loyvplouoy:

Ieoétacr 7.1.2. Eoww (X, A, p) évag xopos pérpov kar fr, : X — C pa axo-
Aovllia petprioipwr ovvaptijoewy. Av n {fy} evar opoiduoppa Cauchy p—o.m. téte
vndpxer petprioun owvvdptnon f : X = C doze f,, = f p—o.m..

Anéoeién. I'vwpllovye 6t av 1 f,, : A = R elvar opotdpoppa Cauchy téte undpyel
wo f: A = R dote f, = f oyodpoppa oto A. Eqopudote autd 1o anotéhecpa
oto obvoho X \ Z énouv Z 1o olvoro mou PBploxovue and tov Opouéd 7.1.1. Ou
AeTOUEQELEC APVOVTAL WS BN O

Amodemvioupe Thpa T Baoxéc WBIOTNTES AUTMOY TV cUYXAICEWY TTOU opicae:

Ieétacy 7.1.3. Eoto (X, A,u) xdpos pétpov, fr, + X — C a akodoviia
petpiouwy ovwvaptioewy kat f,g: X — C petprjoues ovvaptioe.

(i) Av f, — f katd onueio p—o.n. ka1 f, — g katd onueio p—o.w., Wre f = g
U—0.T..

(ii) Av fn, = [ opoduoppa p—o.n. kai f, — g opoduoppa pu—o.t., Wre f = g
H—O.T..

Andbeén. (i) Anéd tov oplopd e xatd onpelo p—o.m. odyxhone, Beloxoupe chvola
71,75 € A pe u(Zy) = u(Z2) =0 dote

fo(z) = f(z) ot0 X\ Z1 xu fp(x) — g(x) oto X\ Zs.

‘Eto, eivan f(z) = g(z) yo z € X \ (Z1 U Z3). To oupnépaopa topo €netan and
oyéon u(Z1 U Zy) = 0.

(i) Eivar dpeco and 1o (1) agol 1 opodpopen f—o.n. cOYXAOY CUVETEYETAUL TNV

%ot onuelo p—o.m. cOYXAoN.
O

Ieétacy 7.1.4. FEoto (X, A, u) xédpos pétpov, fn,gn @ X — C axodovdieg
petpoiuwy ovvaptiioewy kar f, g : X — C uetprjioues ovvaptioe.

(i) Av f, — f katd onueio p—o.n. kai g, — g katd onueio p—o.m., téte yia kde
a,b € R etvar ka1 afy, + by, — af + bg katd onueio p—o.m..
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(ii) Av fn, — [ opoduoppa p—o.m. ka1 g, — g opodHop@a —o.7., Tote Yia kdde
a,b € R evar ka1 af,, + bg, — af + bg opoiduoppa p—o.x..

Anddaén. (i) Opowa ye tnv mponyoluevn anddelln, Peloxovue clvoha Z1, Zs € A ye
w(Z1) = p(Z2) =0 dote

fulx) = f(z) ot0 X\ Z1 xu gn(x) — g(x) oto X\ Zs.
‘Etol, vz € X\ (Z1UZs) ebvan afp(z)+bgn(z) = af(x)+bg(x), dmov u(Z1UZ3) =
0. Hedypott Aowdyv afy, + bg, — af + bg p—o.m..

(i) Bpioxouye mdht cOvoha Z1, Zs € A dote
fn = [ ouobpoppa oto X \ Z1 xou gn, — g opotdpoppa oto X \ Zs.

‘Etot, and 1o yvwoTé yio TV ogolouoppa cUyxhon ebvat afy, + bg, — af + bg ouol-
bpoppa oto X \ (Z1 U Zs). To {ntoluevo éneton tidpo xou méA apol p(Zy U Zz) = 0.
O

Meétacy 7.1.5. FEoto (X, A, u) xopos pétpov, fn,gn : X — C axolovdieg
petpioipuwy owvaptioewy, f,g: X — C upetprioues ovvaptioeg kar a, b € C.

(i) Av fn, = f katd onuelo p—o.m. ka1 g, — g Katd onueio p—o.1., TTe frgn —
fg katd onueio p—o.x..

(ii) Av f, — f opoiduoppa pi—o.1., gn, — g 0poIdHOPPA p— 0. T ka1 emiTAéoy, Undpyel
M > 0 doze |fn] < M kai |g,| < M p—o.m. ya kdOe n, wre fngn — fg
OHOIUOPPA [1—O.T..

Anddaén. (i) H anddeiln elvou ovotootind v (B pe to (i) tne nponyoduevng Hpbroong
20l APHVETOL WE GoXNGT).

(i1) Kot apyde Yo «palédouvuey oo tar xoxd cUVORA (OTE VoL Ay VOGOUPE TOL h—O.T.
oTic unodéoels. LOpQeVA UE TOV 0pLoUO TNG OUOLOUOPYPNG —0.T. GUYXAONS, Beloxou-
we oOvoha Z1, Zy € A pe u(Z1) = u(Zz) = 0 wote

fn = f opobuopga o6to X \ Z1 xou g, — g opoduopypa oto X \ Zs.

Ané 1 dettepn unddeon, yio xdde n Beloxovpe emnhéov alvoro A, € A ue u(4,) =
0 wote |fn] < M xou |gn| < M ot0 X \ Ay,. Oftoupe

Z=72U2ZU] A (7.4)

n=1

xou ToPATNEOVPE 0Tt Z € A %o emimAéov

WZ) < w(Zh) + p(Za) + ) n(An) =0,

n=1
dnhadh w(Z) = 0.
Eowe>0. Tawz € X\ Z e

[fn(2)gn () = f(2)g(z)| | (fn(@)gn (@) = f(2)ga(2)) + (f(2)gn(z) = f(2)g())]

[fn(@) = f(@)llgn(@)] + [ (@)]lgn(z) — g(2)|
M (| fu(x) = f(2)] + |gn (@) — g()]).

IAIA
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agol etvon xou |f(x)] < M oto X \ Z (ywl;). Opwe, cOpgpovae ye tic unodéoele,
Beloxouye N € N dote vy xdde z € X \ Z xou n > N vo elvon

<
2M

g

o |gn(z) — g(2)| < 77

[fn(2) = f(2)] < Sif

Katd ouvénela, pe Béon o topandve, yio x € X \ Z xawn > N éyoupe

[Fa(@)gn(@) — Fla)g(a)l < M7 =,

xou Gpal fr,gn — fg ouolduoppa p—o.m. Onwe VENE.
O

Xxoho. H cuvifun tou opodpoppou gpdypoatoc twv {fn} xa {g,} oty tponyo-
Ouevr mpotaot dev umopel va mapahngdel. Agrivetan ¢ doxnom 1 XATAoXEVT] EVOS
avTinopadelypatoq.

7.2 X0yxAiorn xotd UECO
Ac vnodéooupe mpog otiyprv 6t Beloxduoote oe éva yweo mdavétnrag (X, A, p1).

Ou yetpriolpec cuVaPTACEC GE €val TETOLO YWPOo XUAoUVTAL TUyaleS peTafAnTés. Av
f: X = C wo tuyala petofinty howndy, 1 nocdHtnta

Blf) = [ f dn (7.5)

Ayetow péon nun) e f xou ebvar, xortd xdmoto TpdTo, T0 XEVIPO TNG XATAVOUNS TNG
f. Autd odnyel otov e&€¥c:

Optopdc 7.2.1. Eotww (X, A, u) évac yodpoc yétpou, fr, + X — C wo axoroudia
petpiowny cuvapthoewy xou f: X — C wo yetprown ouvdptnor. Tote Mue otu:

(1) H {fn} ouyxhiver otny f katd péoo av
182 = 11 du 0. (7.6)

(ii) H {fn} eivar Cauchy xatd puéoo av yia xdde € > 0 vndpyetl ng(e) € N dote: yio
x&e m,n > ngy va Loy Vel

/\fn ol du < e (7.7)

Eivou xou mdiht copée, 61 av ot oxohoudio { fr, } ouyxhiver xortd uéoo oe pio suvdptnon
f, tote givan xou Cauchy xotd péco.

‘Onwe xou oty §7.1 amodexviouue tdpa TiC Pactxéc WOTNTES e cLYXALONG
xatd uéoco:

IMpotaor 7.2.2. Eotw (X, A u) xdpos pétpov, f, : X — C pua axolovdia
petpiouwy ouvvaptrioewy kar f,g : X — C perprioyues ovvaptioag. Av f, — f
katd péoo kar f, — g katd péoo, tote f = g p—o.t..
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Anéoaén. Ilopatnpodue 6Tt AoYw TG TELYWVLXAC AVIOOTNTOC XU TNG YEUUUXOTNTAS
TOU OAOXANPOUOTOS Yiol xdde 1 Eyoupe

J1r=sldus [17 =gl dus [ 15 =gl duso

and T doopévee ouyxhioec. ‘Etol, agol |f — g| > 0, cuunepaivoupe 6t |f —g| =0
p—o.m. 1 woodivaye 6t f = g p—o.m.. O

IMpétaocr 7.2.3. FEotw (X, A, pu) xopos pérpov, fn,gn @ X — C axolovdieg
petprioipwy ouvaptrioewy kar f,g 1 X — C uerprioues ovvaptioeag. Av f, — f
katd péoo kai g, — g katd péoo, téte ya kde a,b € C eivar kar af, +bgn, — af+bg
katd péoo.

Anééatn. To ocuunépaocpoa elvar dueco and ) oyéon:

/|(afn+bgn)—(af+bg)] duﬁla\/\fn—ﬂ d#+|b\/|gn—g| dp — 0.
O

Yyetnd pe Tic axoloudiec cuvapthoewy Tou elvan Cauchy xatd péco €xoupe o
e&ic Baoxd amotéheoyo:

Ochpnpa 7.2.4 (Riesz). Eoww (X, A, pn) évas xdpos pérpov kar f, : X — C
pia axolovdia petpiouwy ovvaptijoewr. Av n {fn} eivar Cauchy katd péoo, tdre
vrdpyer a petprionun owvdptnon f : X — C dovte f,, — f katd péoo. EmmAéov,
urdpyer vrakolovdia { fn, } tns {fn} dote fr, — f p—o.m..

Anddaén. Ou xotaoxeudooupe T {ntodpevn ouvdptnon f. Agob n {f,} eiva Cau-
chy xotd péoo, yio xde k undpyet ny € N cdote yio xdde m, n > ny vo oy el

/|fn_fm| d,U/< 2%

Mmnopotye pdhiota vo utodécouye T ny < ng < ... (yel;) xou xotd ouvéneio n { fr,
ebvan pror uroohoudtion tne { fr }. And tny xatooxevy| Tne utoxoroudiog cuptepaivouye
Aotmoy 6TL

1
/|fnk+1 - fﬂkl d.UJ < 27 (78)

yioe xdde k. Oewpolye téte TN ouvdptnon F 1 X — [0, 00| ue

F= Z'fnk+1 - f’I’Lk|
k=1

xan mapatneolue 6Tl ebvan YeTeown Ue

(o] o0 1
JFau=3 [lns =t dn< Y. p=1< .
k=1 k=1

and 10 Octpnuo Beppo-Levi 6.2.10. Xuunepalvoupe hoindv 61t F' < 00 —0.1. 010
X xou dpat 1) 0e8 Do 1 (frpry () — fny (@) oUyxhiver v x80e 2 € B yio xdmolo
B e Ape p(X \ B) =0. Oewpolpe ) ouvdptnon f : X — C pe

fa) = {f + 301 Fris (@) = fu, (@), avz € B

(7.9)
0, OLALPOPETLXAL
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xol oA TNEoVUE OTL elval UeTEhown Xt EmAoy Yo & € B elvon

K-1

F@) = for () + D (s (2) = o (2) = lim fe (2).

k=1
Yuvenwg, npdyyott fn, — f p—o.n. oto X.
Méver va derydel uévo ot f,, = f xatd péoo. I x € B napatnpolue 6T

[fni (@) = f2)] =

an( fn1 Z fnk+1 fnk( )) -
k=1

K-1

(Frss (@) = fr (@) = (Frr (@) = fin (@ >>‘—
k=1

k=1

o0

Z (fnk+1( ) fnk

k=K

Z |fnk+1 fnk( )|

Katd ouvénewa, apod p(X \ B) = 0 xou ond 10 GEwpnpcx Beppo-Levi eivou

[t - f|du<2/|fnk+1 @) d 0

xou Gpot fr, — f xatd yéoo xadde K — oo. Téhog, €youue 6Tl

J 15— sl [0 fud et [ 1= 51 du—0

%o k — 00 and Tov Tapamdve LTOAOYIoWS xau To Yeyovoc 6t n { f,, } eivon Cauchy
xotd péoo.

O

IMépiopa 7.2.5. FEotw (X, A, u) évag xdpog puétpov, f, : X — C pa axorovdia
petpriouwy ovvaptrjoewy kat f: X — C ua petprioyun ovvdptnon. Av f, — f
katd péoo, téte vndpyer vrakolovdia { fn, } s {fn} dote fn, — [ p—o.m..

Arndbeén. Eivau dpeco and 1o Oedpnua Riesz apold n { f,,} o eivon emniéov Cauchy
xatd péoo. O

IMopdderyuo 7.2.6. Aev elvar 0wotéd 6Tl 1) 00YXAOY XATE UEGO GUVETAYETAL TNV
p#—0.1T. olYXAoN.

Anédeaitn. BOewpolye Ty oxohoudia petpriolny cuvapthoewy f, : R = R pe f1 =
X(0,1)s f2 = X(0,1) fs = X(1,1): fa= X(0,1) fs= X(1,2) %0%.. Anhady, vy xdde
n Yewpolpe ta drodoyixd duoThpata ufxous L mou xehintouy To (0,1) (Zexwvdvrac
and 1o n = 1) xou pyetd ovveyilovpe oto n + 1. Eivan cagéc bt

1t} dz o

dAad frn — 0 xotd péoo adhd dev woylbet f, — 0 p—o.n: Av x € (0,1) évog
dpeNnTog, TOTE TO T AVIXEL OF AMELPA DIACTAHUATA TNE HORPNS (k ]”1) ue 0 <k <n-1
xou dpo gfvan fi, () = 1 vy dnewpoug deixtee m: dpo n {fim ()} 8¢ ouyxiiver oto 0
yior Gha oL dpento & € (0, 1). O
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Mot eappoyy) Tov Oewpriuatoc Riesz eivon to €€¥¢ avdroyo e Ilpdraong 7.1.5
Yo T oUYXMOT xoTd HECO:

Meétacr 7.2.7. FEoro (X, A, u) xopos pétpov, fn,gn : X — C axolovdieg
petproipuwy owaptioewy kar f, g : X — C uetprjoiues ovvaptioe.

(i) Av f, — f xatd péoo kar emmAéoy vndpyer M > 0 dote |f,| < M p—o.t. ya
kd9e n € N, e |f| < M p—o.m..

(i) Av f, — f katd péoo, g, — g kard péoo ka1 emmAéov vrdpyer M > 0 dote
|frl < M kai |gn| < M p—o.n. yia kde n € N, tdte fngn — fg katd péoo.

Andbaén. (i) Lopgpovo ye to mponyoluevo Yempnua, undpyet utoxorouva { fr, } e
{fn} mou cuyxiiver oty f xatd onpelo p—o.m. xou dpo To {nroduevo éneton and TNV
Mpdtoon 7.1.5 (ii).

(i1) Axorovdmvtoc Ty anddelln e Hpdtaone 7.1.5 (ii) propolye va Bpodue chvolo
Z e Aye p(Z) =0 oote vy xdde z € X \ Z xou n € N va toylel

|fn(@)] < M xou |gn(x)| < M

xou dpor xou |g(z)| < M ané o (i). 'Etol, ypdgouye:

/|fngn_fg| du /|(fngn_fng)+(fng_fg>‘du
< [Ufallgn — ol du+ [ 15~ fllg]

M/\gn—g\ du+M/|fn—f| dp — 0.

A\

IN

YUVETQS, TEdyuaTt elvon xou frgn, — fg xotd yéco.

7.3 XU0yxAion xatd LETPO

Optopde 7.3.1. Eotww (X, A, p) évac yopoc pétpou, fr : X — C o axoroudia
peTENowY cuvapthoewy xau f : X — C wa yetpriorn ouvdptnon. Tote Aéue otu

(i) H {fn} ovyxhivet ot f katd pérpo (f xatd ndavdtnta), av yio xdde € > 0
p({z € X :|fo(z) — f(z)| > €}) = 0. (7.10)

(ii) H {fn} ebvau Cauchy katd pérpo av v xdde €,6 > 0 vndpyet no(e,d) € N
Gote: o xdde m,n > ng vo Loy Vel

u({x € X ¢ [fula) ~ Ful@)| 2 €}) <4 (7.11)
Oa pac gavel Toh) yerown ota Topoxdte 1 e€N:

IMopathenon 7.3.2. Av f,g: X — C 8o yetpriowes ouvaptioels, ToTe Yia xdie
a,b > 0 woyleu

p({z: |f (@) +g(2)| 2 a+b}) < p({z: |f(@)] > a}) + p({z: |g(@)] > b}).

H anddel&n tne aviootntac agivetol we doxnon).
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Ané v nopandve oyéorn topa, elvon opxetd eppavéc 6t av pa axorovdio {fy}
ouyxAivel oe Wi ouvdptnon f xatd pétpo, téte N {fr} ebvon xan Cauchy xotd pétpo
— va To enoAndedoeTe.

Heétaoct 7.3.3. Foww (X, A, n) évag xdpos puérpov, fr, : X — C pa akoloviia
petpiouwy ovvaptioewy kar f,g : X — C 0vo petprionues ovvaptioes. Av f, — f
katd pétpo kai fp, — g kard pétpo, wte f = g p—o.m..

Anéoaién. 'Eotw € > 0. Téte, and tnv nopatipnon mo méve, yio xdde n eivou:

p(fa: 1f@)=g(@)| = 2}) < n{e s |F@)—fal@)] = SH+a({a : [fale)=g(@)] > 5})

10 omolo cuyxAivel oTo undév xadde n — co. Apa pu({z € X : |f(z)—g(x)| > €}) =0
yioe xéde € > 0 xou xatd ouvénew f = g p—o.m. (yti;). O

IMeotaor 7.3.4. Eoto (X, A, p) évag xdpos pétpov, fr,gn : X — C axolovdieg
petpouwy ovvaptioewy kai f, g : X — C 0vo petprionues ovvaptioes. Av fp, — f
katd pétpo kar gn, — g katd pérpo, tote ya kde a,b € C etvar af,, +bg, — af +bg
katd pétpo.

Anéoeitn. Mnropolye va unodécoupe 6t a # 0 xou b # 0. To {nroduevo éneton dueoa
and tn oyéon:
p({z : [(afn(@) + bgn(x)) — (af (z) + by(2))| = £})

€ €
< u({z s |falz) = fl2)] 2 m}) +u({z: |gn(@) — g(2)| = m}) —0
xS N — 00. LUUTANEWOTE T AETTOPEPELES WG AOXNO). O
Oa UENETACOLYE TWPA TNV CUUTERLPORE Twv oxohouthdv {f,} mou eivar Cau-
chy xotd pétpo. o awtd Yo yeewotodue v €vvola tou limsup,, prog oxoroudiog
ouvohwv: Av (A,) we axohoudio utocuvéiwy Tou X Vétouye

limsup A,, = {x € X : T0 = avixel oe dnepa to tAdoc and to A, }. (7.12)

n

Yougwva ye Ny doxnor 1.4, éyouvpe Ty TauTHTNTA

limsup A,, = ﬁ [j Ap. (7.13)

n=1k=n

Yyetxd pe o limsup,, yiog axoroudiog cuVOLeY loylel xou 1o e€nc Baowd anotée-
ouo:

IMeoétaor 7.3.5 (1o Afuue Borel-Cantelli). Eotw (X, A, 1) évag xdpos pérpov
kar (A,) pia akodovdia otoweiwy tng A. Av

téte p(limsup,, Ay) = 0 6nAadr) p—oxeddr kide x € X aviiker to moAV o€ menepa-
opéva and ta A,,.
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Avuth elvon 1 doxnon 2.3. Ov amodeilelc v Topamdve LoyUpLoRMY TapahelTtovTon XoL
APHVOVTOL WS UOANOELS OTOV AVOLYVWOTH.

Xenoonoldvtog Aolmdv autd tor epyoaeio anodexviouue to e€Rc:
Oevpnua 7.3.6. Eotw (X, A, u) évas xdpos pérpov kar fr, + X — C pa axo-
Aovdia petprouwy ouvaptiioewr. Av n{f.} evar Cauchy katd pétpo, tdte vndpyer
mia petprioun ovvdptnon f: X — C dove f,, — f katd puérpo. Emmniéor vndpyer
vrakodovdia {f,, } tns {fn} doze fn, — f p—o.m.

Anddaén. Aol n{fn} elvan Cauchy xatd yétpo, yio xdde k Bploxovye n, € N dote

w({rexiint - iz ) <

v xdde m,n > ng. Mdhota, unopolue vo SlahéEoupe To Ny Ue TETOLO TPOTO (OTE
va ebvan g < ng < ... (yel;). Eton, 0 {fn,} ebvon o urocohoudio tne {fn} xon
emmhéov u(Ag) < 2% yio xdde k, 6mou

A={ € X 1o @) ~ fu ]2 5}

Agol howndv Y, pu(Ar) < 0o oupmepaivouue 6t ov F' = limsup,, A, t6te and 1o
lo Afjppo Borel-Cantelli Yo etvan p(F) = 0. And tov opiopd tou limsup,, o
axohovdiac cuvbrwy, av & € X \ F vndpyer K = K(z) € N dote

1 7
| frper () = fo (@) < 57, Yo xdde k > K.

2k?
Yuunepatvouue hotmdv OTL 1) oELRd
Z(-fnk+1 ($) - fnk (13))
k=1

ouyxhiver yio xdde @ € X \ F, dnhadf p—o.m. oto X. Oewpolue 1 cuvdptnon
f X — C nou oplletan ¢

f(l‘) — f7n(‘r)+Z;o:1(f7lk+1(x)_fnk(x))a av T 6‘)(\1:1 (714)
0, OLAPOPETLXAL.
Eivou epgavéc ot n f elvon petpfiown xou emniéoy v € X \ F éyoupe
K-1
F@) = f (2) 4 3 Fs (@) = o (2) = T e (),
k=1
xau dpo mpdrypott fn, — f p—o.m. oto X.
Mével va detydel udvo 1 obyxhiorn xotd yétpo. Av Y€oouue
o0
F, = U Ay, (7.15)
k=m
TapaTNEOlUE OTL

p(Fm) < 3 w(A) < Y o =5y

k=m k=m
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o emmhéov 6Tl Yo & € X \ Fyy ebvon | fr,y (2) — fo, ()] < 55 Yo xdde k > m.
Suvende, av x € X \ Fyy, €youpe 6tu

[ (@) = f2)] =

Frn @) = Frin (@) =Y (Frpr (@) = fp (2 ))‘
k=1

Z fnk+1 f’nk Z f’ﬂk+1 fnk( ) -
k=1 k=1

oo

= Z(fmwg( ) fnk

k=m

< Z fnk+1 fnk( )| 277}—1'

Ané autd tov unoloyiopd cuurEpaivouUE OTL

u{x e X :|fn,, (@) — f(z)| > 2m1_1}) < p(Fm) < 2m1—1‘

‘Eotw € > 0. Bploxoupe my € N dote 23@0 < € ol TpATNEOVKE OTL Yl M > My
ebvou:

({1 (@) = £@)] 2 €}) < p({a s |, (@) = F@)] > }) < 5 = 0

x9S m — 00, dSnhadn frn, — f notd yétpo.

Téhog, v x&de k xou € > 0 elvon
p({z: [ frl) = f(x)] > e}) <
< n{e (@) = fanin| = 51 +n({e fn @) = f@)] = 5}) =0

aoV M { frn} etvan Cauchy xatd uétpo xan fr, — f xotd pétpo. Apa telxd, mpdyport
fn = f xotd pérpo. O

IMépiopa 7.3.7. Eotw (X, A, u) évag xdpog puétpov, fp, : X — C a axoroviia
petpouwy ouvvaptrioewy kar f : X — C pua perprioun ovvdptnon. Av f, — f
katd pétpo, téte vrdpyer vrakodovdia {f,, } tns {fn} doze fn, — f p—o.m..

Andbeaén. Eivaw dpeco and to nponyoluevo Yemprnua apod 1 { fr} Yo eivar emimiéov
Cauchy xotd pétpo. O

IMapdderyuwo 7.3.8. Aev elvol 6woté 6Tt 1) 0OYNOT XATE UETEO CUVETEYETOL TNV
p—o.1m. oUyxhon: to Hopdderypa 7.2.6 elvar avtimopdderypa ot €8¢ — eEnyRoTe yiotl.

Ipétaocy 7.3.9. Eotw (X, A, 1) évas xdpos pétpov, frn,gn : X — C axorovdies
petpouwy ovvaptioewy katr f,g: X — C 6o petprioiues ovvaptioes.

(i) Av f, — [ katd pérpo kar emmAéov vrdpyer M > 0 doze |fr| < M p—o.m. ya
kdte n € N tdte efvar ka1 |f| < M p—o.m..

(i) Av f,, — [ katd pérpo, g, — g katd uétpo kar emmAéor vrdpyer M > 0 dote
|[frl < M kai |gn| < M p—o.n. yia kd0e n € N, téte elvar kat frg, — fg rxatd
Hétpo.
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Andbaén. (i) Lougwva pe to nponyoluevo Yedpnua undpyel uraxohoudio { fr, } ¢
{fn} mou cuyxiiver oty f xatd onpelo p—o.m. xou dpo To {nToduevo éneton amd TNV
IMpotaon 7.1.5.

(ii) Bploxoupe, xotd to Yvwotd, civoro Z € A pe u(Z) = 0 dote

[fa(@)] < M xou |gn(z)| < M
vy xdde x € X \ Z. Eotww ¢ > 0. Téte woydel n aviedno

p({z [ fu(@)gn(z) — f()g(2)] > €}) <

< p{z s |fule) = f(@)] = ﬁ}) +ul{z:lgn(@) —g(@)] = 5771)

(vor tnv anodeilete) xou Gpu éneton To {nTodpevo. O

7.4 Xyedov opolopopyr cUYXALON

Aoyoholyaote oe auTH TNV ToEdYEAUPo UE Lot Xdnwe ac¥evEoTERT Lop®Y TNS OUOL-
ouoppnc p—o.m. obyxhione. Alvouue tov e€Xc:

Optopdc 7.4.1. 'Eotw (X, A, p) évac yodpoc pétpou, fr : X — C wa axoroudia
petpiowny cuvapthoewy xai f : X — C wo yetpriown ocuvdptnor. Tote Aéue otu:

(1) H {fn} ovyxhivet oty f oxeddy opoiduopga av yio xéde § > 0 vndpyer A € A
pe p(A) < 6 wote fp, = f opoduopya oto X \ A.

(ii) H {fn} ebvon Cauchy oxeddy opoduoppa av yia xdde § > 0 undpyer A € A ye
w(A) < § dote n {fn} va eivon opordpoppa Cauchy oto X \ A.

Eivou xou kL cogpéc and tov opioud ot av f, — f oxeddv opolduoppa t6te 1 {fn}
elvon Cauchy oyed6v opoiduoppo.

Meétacr 7.4.2. Foww (X, A, n) évag xdpos uétpov, f,, : X — C pia akodovdia
petpropuwy ouvaptrioewy kar f,g : X — C perprioues ovvaptioeag. Av f, — f
ox€dOV opoduoppa kat f, — g oxeOOY ouodpoppa Tote f = g p—0.T..

Arnddein. Eotww 6 >0xa E={z € X : f(z) # g(x)}. Toppwva ye tic unodéoele,
Beloxouye civora Ap, As € A dote

fn = f ouoibuopgo oto X \ A1 xou f, — g ouoibuoppa cto X \ Ao

xou (1(Aq), p(Az) < 6. Téte, oto X \ (A1 U Ay) ebvan olyoupa f = g (yrotl;) xou dpat
E C A UAy. Yuvende

W(E) < p(Ar) + p(Az) <26
xou ool To dpyixd § > 0 ftay Tuydy, mpdyuott f =g u—o.m.. O
Ipétaocr 7.4.3. Eotw (X, A, p) évag xdpos pétpov, frn,gn : X — C axodovdieg

petproipuwy ovvaptioewy kar f,g: X — C oo petpioues ovvaptroe. Tote, ya
kdOe a,b € C etvar af, + bgn — af + bg oxedov opodpopga.
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Arnddeén. Eotww 0 > 0. Trdpyouv téte olvora Ay, As € A dote pu(Ar), p(Az) <
0/2 nou

frn — [ opotduoppa oo X \ A1, gn — g opotdpoppa oto X \ As.

Av Yéoovpe A = Ay U Ay, t61€ afy, + bg, — af + bg opobpoppa oto X \ A xou
w(A) < 6, dpo éneton to {ntoduevo. O

H oye86v opoldpoppn cbyxhior cuuneptpéeetal XahOTEPR OE OYECT| UE TIG OXO-
houvtiec Cauchy oamd tic cuyxiioelg Tou yeketriooue ot 0o TEoNYOoVUEVES EVOTNTES.
ITio ouyxexpwéva woydel To e€nc:

Oewpnpa 7.4.4. Eoto (X, A, u) évas xdpos pérpov kar f, : X — C pua axo-
Aovtlia petpropwy ovvaptrioewv. Av n{fn} etvar Cauchy oxeddv opoduopga, tite
vndpyer pa petprjoun ovvdptnon f : X — C dove f, = [ oxedov opoiduopea.
EmmAéor woxve 6u f, = f p—o.m..

Anédeaén. T xée k Beioxoupe olvora Ay € A pe p(Ay) < ¢ Gote n {fn} vo etvon
opotdpoppa Cauchy oto X \ Ay. Tuvende, undpyouv cuvopthoels gi : X \ Ay — C
bote fr, — gi opoldpoppa oto X \ Ay. Oétoupe

A= ﬁ Ay
k=1

xou Topatnpolue ot opileton xend wa f : X \ A — C dote f, — f xatd onuelo
oto A. Tlpdypatt, av & € X \ A4, t6te € X \ Ai v xdnowoue deixtec k xaw apot
fu(x) = gr(z) ovunepaivoupe 6Tt oL toootnTeS gr(x) Towtiloviar Yot Ghove awtole
touc deixtec k. Emnopévac, n f eivan petpown xou fr, — f xotd onuelo oto X \ A
xalL apov

p(A) < p(A) < 7

yioo xéde k éneton 6t p(A) = 0 xou dpa fr, — f p—o.m..

T Tr oyed6v ouoldpopen clyxhion twea, Yewpolue d > 0 xo Beloxouue k wote
3 < 6. Téte f, = [ opobuopga oto X \ Ay xou p(Ag) < 1 < & xou dpa o
{nroduevo énetal. O

=

IMépiopa 7.4.5. Fotw (X, A, n) évag xdpos puétpov, f, : X — C pa axolovdia
petprioiuwy owvaptrjoewy kat [ X — C pua perprioun ovvdptnon. Av f, — f
ox€edov opoduopepa, tote f, — f p—o.m..

Arnddeén. Eivar dueco and 1o nponyolpevo Oempnua agod 1 { fr} Vo elvon emniéov
Cauchy oyeddv opoiduopga. O

Avdhoya pe g mponyolueveg mopaypdpous, epaouolovue o Oebenua 7.4.4 xau
delyvouue tnv elrc:

Ipétacy 7.4.6. Eotw (X, A, 1) évas xdpos pétpov, frn,gn : X — C axodovdieg
petpouwy ovvaptioewy kar f,g: X — C 6o petprioues ovvaptioes.

(i) Av f, — f oxeddr opoduoppa kar emmAéor vrdpyer M > 0 dote |fn| < M
u—o.m. ya kdde n € N, wéte |f| < M p—o.r..
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(ii) Av f, — [ oxeddv ouoduoppa ka1 emmAedv |f,| < M kar |gn| < M p—o.x.
ya kdle n € N, téte fr,g, — fg oxedov opoiduopepa.

ArnddeiEn. (i) Ané o nponyoluevo Yedpnua ebvar xou f, — f pu—o.m. xou dpo to
{ntodyevo énetan and tny Hpdtoon 7.1.5 (ii).

(ii) "Eotw d > 0. Mropolye va Bpolue obvola Ay, Az € A dote 1(Ar), p(A2) < 6/2
O ETUTAEOV

frn = f opotduopgpa oto X \ A1 xau g, — ¢ opotdpoppa oto X \ As.

I ané tnv Hpdtaon 7.1.5 (ii) howdv eivon frgn, — fg opodbpoppa pi—o.n. o710
X\ (A1 U Ag) xon aod (A U Ag) < 6 émeton xou 1 {ntoluevn oyeddy ouotduopen
cUyYXNo.

O

7.5 XUyxplon TV dLapdpwy EWB®Y CUYXALONG

K\elvouye autd to xeqdhouo pe didpopa Yewpruata mou delyvouv 11 oyéor peTtalld
TWV CUYXMOEWY TIOU UEAETHOOUE OTIC TPONYOUMEVES EVOTNTES. Zexvdye and to e&hc:
eldape oto Ocdpnua 7.4.4 6t av wo axohoudia {f,,} cuyxhiver oxeddv opolbpoppa
oc yio ouvdptnon f téte ouyxivel oty f xou xatd onueio p—o.m.. Iapadétouue
dVo uepwd avtiotpogpa autol Tou Yewphpatoc: To mpdto, 1o Oewpnua Egorov, etvan
N 20 and Tic heyouevee «3 Apyéc tou Littlewoody tic omoleg elyape Eavavapépel oto
Kegdhawo 4.

Ocwpnpa 7.5.1 (Egorov). Eotw (X, A, ) évag xdpos uézpov, fr : X — C pua
axolovdia petpiouwy ovvaptioewy kar f : X — C wa petprjomun ovvdptnon. Av
w(X) < oo kar fr, = [ p—o.m., ©te fr, = [ oxedbdv opoduopea.

Andoaén. 'Eotww § > 0. Kot’ apydc uropolue va vtodéoouvye 6t f, — f mavtod
oto X (e&nynote ywtl). T x&de k, m € N op{loupe to olvoho

Apm = {x € X :|fulz)— flz)| < % yioe xéde n > m} (7.16)

xou Topartnpolue Gt 1 axohoudio (Ax m) ooy elvon adZouoa (yiati;). Emniéov, nopa-
mpolpe 6t av z € X xau k € N, t6te undpyer m € N dote | f,,(z) — f(z)] < 1/k ywt
xdde n > m. Autd anodeixviel 6TL

X = G Apym. (7.17)

m=1

Katd ouvéneto Ak m) = 1(X) yioo m — 0o xou dpat yio x8de k uropolue vo Bpolue

my € N ¢ote
6

p(X) < i(Atm,) + 55
Op(Couue

A=) Akm,-
k=1
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Téte fr, = f opobuopga oto A: éotw € > 0. Bploxouue k € N dote 1/k < e. Torte
v xdde z € A éyouue x € A, xou dpat yior xdde n > my

ful) — fl@)] <

F<E
Snhadt [|(fn — Flallee <e.
Eniong,
o0 o0 6
PO\ A) < DU\ Ap,) <3 o =0
k=1 k=1
xou dpa Tedyuott fr, — f oyeddv ogoldbuoppa. O

‘Eva dhho pepixd avtlotpogo tou Oewpnuatog 7.4.4, nou dev anatel o pétpo
vo efvan menepacyévo etvan to eERc:

Oewpnpa 7.5.2. FEotw (X, A, n) évag xdpog uétpov, fr, : X — C e axodovilia
petpoiuwy ouvvaptrioewy kar f @ X — C pua perprioun ovvdptnon. Av f, — f
p—o.m. kar emmAéoy vrdpxer g : X — [0,00] dote |f,] < g ya kdbe n xar [ g dp <
00, TotTe fr, = f Ox€O6Y opoidLL0pga.

Arnddeén. ‘Eotww 6 > 0. Oewpolue xou ndht ot f,, = f movtod oto X xou ta ahvola
Ap m e mponyoluevne anddeine. Tote, agol |f| < g yio xdde n eivon xou | f| < g
xou oot | fr, — f| < 2g. And 1 oxéon auth xou Ty (7.16) éneton 6t

X\ Apm C{zre X :g(x)> ! (7.18)

ﬂ .
Ioyveiopdc. T xdde k ebvar pu({zx € X : g(x) > 1/2k}) < 0.

Ipdryportt, av xahéoouye Sk autd 10 6UVORo, av To u(Sy) Hrav dretpo Yo elyoue

1 1
o0 > gd,uZ/gd,u>/—d,u:—,u(Sk):oo:

dromo.

‘Opola pe Ty nponyoluevn anddelln, delyvouue 6Tt 1 oxohoudion (X \ Ak m)oo_4
ebvan @ivouoo pe Toun to xevéd ohvolo xat dpa, Aoyw Tou oy Lplopoy, etvon lim, p(X '\
Ak.m) = 0 vy xdde k. Etol, Bploxoupe my € N dote

)

BN\ Aim,) < o7

O¢touue
A= Am,-
k=1
Téte f, — f opoibpoppa oto A (axpBide dmme Tewv) xou

o0

H(X\A) € 3 uX\ Am,) = 6.
k=1

‘Etot, npdypatt f,, = f oxedév opolduoppa. O
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Yuveyiloupe pe dAho éva Yedpnua mou emBefoudvel 4Tl 1 oYXEDOV OUOLOUOPYPN
oUyxhon ebvon oyvpn: cuvendyetar TNV cUYXALOT XoTd HETEO.

Oeopnpa 7.5.3. FEotw (X, A, u) évag xdpos uétpov, fr, : X — C e axolovdia
petprioiuwy owvaptrioewy kat f @ X — C ua petprioun ouvvdptnon. Av f, — f
ox€60y opouoppa, tote f, — f kard uétpo. Avtiotpopa, av f, — f katd uézpo,
téte vrdpyer vnakodovdia {fn, } tns {fn} dote fn, — [ oxebdv opoiduopya.

Arnddeln. T'o to evdl mpdta: Eotw € > 0. Tote v xdlde § > 0 undpyer obvoro
A e Aype p(Ad) < 6 xu f, = f opobpoppa oto X \ A. And tnv opoidpoppn
obyxhon, Beloxoupe éva ng € N dote yio xdde & € X \ A o n > ng vo ebvon

[fnz) = f2)] <e.

Koatd cuvéneia

{reX:[fulz) - flz)[ =} C A

xou dpat
p{z € X o [fu(z) = f(2)| 2 e}) < p(A) <6
yioe xdde n > ng. Apa mpdypott fr, — f xatd yétpo.

‘Ocov agopd to avtioTpogo, Exel NON anodelydel ouclaoTind 6To Oedenua 7.3.6:
Axohoudivtag Tov oupBolopd authc e omédeling, éxovue 6t w(Fy,) < grer Y
89 m. Eote § > 0. Bploxouye xou mdh m o€ 57—t < 6 xou 161e Yoz € X \ Fly,
elvow

1
@) = @) <
v xdde k > m. Yuvendg,
1
||(f’l’bk - f)|X\Fm 00 < 27]@ —0

yioo k — 00 xou Gpa fn, — f opodpoppo oto X \ Fi,. Apa, mpdypott fn, — f
oYEBOY oUoLOpopQaL. O

Yuvdudlovtac to mponyoluevo Yedpnua pe to Oedpnuoa Egorov naipvouye to
e&ic Paoxod:

IMépiopa 7.5.4 (Lebesgue). FEotw (X, A, 1) évag xdpos pézpov, fr, : X — C pua
axolovdia petpiouwy ovvaptioewy kar f : X — C a petprionun ovvdptnon. Av
w(X) < oo kat fr, = f p—o.m., wre f, = [ katd pérpo.

O

Anodevioupe thpa €va Poaoixd epyolelo yior T TOROXATKD: THY OVICHTNTO TWV

Chebyshev-Markov mou nop” 6hn v amhdtnta tng €xel, 6mwe Yo BoVUE, oNUaVTL-
XOTATEC EQPAUPUOYEC:

ITeotaoy 7.5.5 (Awvicétnta Chebyshev-Markov). Eotw (X, A, u) évag xdpos

pérpov kar f + X — [0,00] pie un epvnuikri petprionun ouvvdptnon. Téte, yia kade
e > 0 wxve n aviwodtnta

plz € X f@)>eh) < - / f du. (7.19)



130 - YYITKAILH AKOAOTOION METPHEIMON LYNAPTHSEQN

TS

Yyfuo 7.1: Anodeln tng aviootntag Chebyshev-Markov

Arndbeén. Tapatnpolye 6T, av A, = {z € X : f(z) > €}, t6t¢

/fdME/ASfduZ/A edp=ce-p(A)

€

oV 1oodLVaEL PuUOE pe TN {NTolpEVT). O

YN ouvéyela, cuyxpelvoupe TNV oOYXAOT XATd UETEO PE TN OOYXAOT XATd UECO.
Ioytel to e&€nc:

Oevpnpa 7.5.6. FEoto (X, A, n) évag xdpos uétpov, fr, : X — C pua akolovlia
petprioiuwy owvaptrjoewy kat f : X — C pua petprioun ovvdptnon. Av f, — f
katd péoo, tote f,, — f katd pérpo. Avtiotpopa, av f, — f katd pétpo kar emmiAéoy
undpxer pa petpoun ovvdptnon g : X — [0,00] pe [ g dp kar |f,] < g ya kdde
n, tote fp, — f katd péoo.

Anéoatn. Kot apydc v to evdi: éotw € > 0. And v avicdtnta Chebyshev-
Markov éyouue ot

p(fe € X 10u(e) — S@I 2 ) < 2 [ 1= S du >0,

agol fr, = f xatd péoo. Apa, mpdyuatt fr, — f xatd yétpo.
T 0 avtlotpogo thpea, unotdétovpe 6Tl f, = f xotd pétpo. Av 1o {ntoluevo
dev 1oy VeL, undpyet g9 > 0 xou utoxohoudia { fr, } e {fn} dote

/ o — fl du > 20 (7.20)

yioe xdde k. Aol f, — f xotd pétpo ebvon xan fr,, — f xatd pétpo xou dpot, and 1o
Hépiopa 7.3.7, undpyer wat uraxohoudior fr, NS fr, OOTE fn, — f p—o.m. And
™ oYE0N | fay, | < g xou T ouVxn yio T g To Oevpnuo Kuplapympévng Soyrhone
6.3.8 dlvel 611

[ 1= =0

T0 ornolo €pyeton Quowxd oe avtigaon pe ) oyéon (7.20). Apa, mpdypott fr, — f
%xoTd péco, Onwe YéNoye. O

IMopdderyuo 7.5.7. Aev elvoal owoTo 6TL, YEVIXA, 1 GUYXAON XAUTd UETPO CUVE-
TAYETAL TN CUYXALOT XOTA PYECO.
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Andbaén. Oewpolue tnv oxoloudio petpoiuwy ouvopthoewy fr @ (0,1) — R pe
fn=nx, 1. Tote, yioe € (0,1] ebvon

W({z € X : |falx) — 0| > e}) = = 50

n

xau Gpo fr, = 0 xatd pétpo. Ouwe, yia xdde n elvan

[1n@) e =k =140

xou dpa 1 { fn} B cuyxhivel ot undevixh cuvdptnomn xatd pécol. O

KXelvouye autd 1o xe@diono ue nepeolc LloodUVIUOUS YApaXTNROUoUE TN oUY-
XAMONE HATA HETPO OF EVAL YWPO TETEPACUEVOL UETEOU:

Oceopnua 7.5.8. FEotw (X, A, n) évag xdpos uétpov, f, : X — C pa axolovdia
petpriouwy ovvaptrioewy kat f 1 X — C e petprioun ovvdptnon. Ymolérovue
ot (X) < 00. Ta axdrovOa eivar wodbvaua:

(i) H{fn} ovyrAiva oty f katd pérpo.

(1) KdOe vrakolovdia tng {fn} éxer pa vraxodovdia mov ouykdiver oty f p—o.1..

(iii) [ 1J‘rf‘7}_f|f| dp — 0 kadodg n — oo.
Andbaén. (i) = (il) TmoOétoupe 6t f, — f xotd pétpo xou Vewpolue o uToxo-
houdio {fn, } e {fn}. Téte emnhéov eivon xan fr, — f xatd pérpo xou dpo to
{nrotyevo énetan and to Ildpopa 7.3.7.

(i) = (iii) Av urodécouye 6t dev odndelet to {nrolpevo, propolye vo Bpolpe 6 > 0
xaw untaxohoudio { fr, } e {fn} dote

|fnk — f|

yiot xde k. ‘Opwe, and 1o (ii) propodue va Bpotpe vraxohovdia { fr, } tne {fn,} e
frn, = [ p—o.m. xou dpat

|f7lkl - f| =0
I+ |fnkl - f| .
Agob o ytpog elvan tenepaouévou PETEOU XaL
‘fnk, - f| <1
1+ |fnkl - f|

oto X éneton and 10 Oedpnua Ppoyuévng Xoyxhong 6.3.9 6t

|fnk 7f|
A L |
/1+|f’ﬂkl_f ‘u*)O

10 omolo épyeton o€ avtigoon e v (7.21).

ot Bev eqapudletan €8¢ 0 mponyoluevo Vedenua;
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(iii) = (i) Eotww € > 0. Téte and v Avicétnta Chebyshev-Markov cuunepaivoupe
ot

mmnuaw—fuﬂ>€H:ﬂ<%“1fﬁﬁ§i?&n>1if}><

1+¢ | frn — 1l
d 0
S /1Hh—ﬂ o

oOupovo ye to (iii).
O

To amoteAéopota aUTAS TNG EVOTNTOG UTOPOVUE Y Tot GUVOPICOUUE GTO TOEAX ST
OLdry poupat:

Yykhion katd pérpo F//\‘ XVykAion katd péoo

(K) \

3
3

Xxebév opor- L ( Ul ‘ Svykhion katd onueio

Spopyn olykiion ‘\—//" H- oxebéy mavTol

Yyhuo 7.2: K0yxplon Twv dlapdpny e0mY GUYXAIOTC
HTOL:
(T): odyxhon xotd vraxoroudio
(IT): p(X) < 00 xou
(K): n axohoudio xuplapyeitar and xatdhAnin oAoxAnpdouun cuvdetnon.

7.6 Aoxnoeig

Ye 6hec g apoxdte aoxfoele, (X, A, p) elvor évac yhpog pétpou, Gl Tot UTOGUVOR
Tou X mou epgavilovton aviprouy oty A xou o fr,, f: X — C eivon yetpriowuec.
Oudda A’.

1. Trodétouue 6Tt 0 X elvan peTEOC YWEOg, e@odlacpévos ue éva puétpo Borel p

xou Yewpolue yio ouveyr) cuvdptnon ¢ : X — X. Anodelgte ot av f,, = f xatd
onuelo p—o.x., tote ebvar xou o(fr) = p(f) xatd onueio u—o.m.
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2. Na dei€ete 6t av 1 axoloudio {xa, } cuyxhivel oe pa cuvdptnon f xotd pétpo
1 o6V opoldpoppa, toTe undpyel A € A dote f = x4 p—o.m.

3. Trodétoupe 6T p(X) < 0o xou 6Tt Yo gt oxohoudior YETEHOWWY CUVAPTACEWY
frn: X — Coybel sup,, | fn(z)| < 00 p—oyeddv yio xdde x € X. No deilete 6Tt
yioe xéde 6 > 0 undpyet B € A ye u(X \ B) < § dote

sup |fu(x)] < 00.
neN,xzeB

4. Av f, > 0 xa f, = f xatd yérpo, dei€te 6Tt

/fduglirginf/fnd,u.
Owdda B'.

5. Trnodétoupe 611 0 X elvon Uetpinde ydpoc, epodlacuévos ye éva uétpo Borel p
xon Yempolye pla cuveyt) ocuvdetnon ¢ : X — X. Anodet&te T av f, = f xotd
pétpo (avtiot. oyeddv opobuopya), téte elvon xou ¢(fn) — @(f) xatd pétpo
(avtioT. oyeddv opoldpoppa).

6. No deifete ot 1 oxohoudio {x 4, } eivan Cauchy xatd yéoo ¥ oyedbv oporduoppa
av xou povo av (A, AA,) — 0y n,m — oo.

7. Trodétouue 61t p(X) < 0o. T e > 0 xou k € N Yewpolye to 6UVORa
Ep(e) ={z c X: |fi(z) = f(2)| = e}.
Anodel&te 6t f, — f xotd onuelo p—o.m. av xou povo av yua xdde € > 0 woylel
fim (H E’““’) -

8. TmoVétouue 6t u(X) < 0o. Amodeilte 6t av yio axoroudies petpRoyLemy cuvap-
woewy {fn}, {gn} woxlel f, = f xotd pétpo xou g, — g xatd pétpo, toTE Elvon
o frngn — fg xatd pétpo. [Yndbaén: Xenowonoiote v doxnon 3.]

9. Av vy g ohoxhnpdoiun cuvdptnon g : X — [0, 00] oyVet | fr| < g xou emnhéoy
fn — f xotd yétpo, va deiete 61U

/ Fodp — / fdu.

10. Yrolétoupe 61 10 p ebvan pétpo mdavdtnroc xan 6Tt Yo xdde n woyder p({z :
fa(x) =1}) = p({z @ folx) = =1}) = 1/2. No deilete 6T v TRV oxohoudio

{gn}, omou
1 n
m==-> 1
j=1

Owdda I'.

woyle g, — 0 xotd pétpo.
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11.

12.

13.

14.

15.

Trodétoupe bt pu(X) < 0o xou Yewpolye axohoudia fr, : X — [—00, 00| petphior-
pov ouvapthoewy UE |fr| < 0o p—o.m.

(i) Anodei€te 6 undpyer axohoudio (A,) Vetixdv aprdudy wote A\ f, — 0
xatd onuelo p—o.m.

(if) AmodeiZte 6 undpyer yetphown ouvdptnon g : X — [0, 00| xou axohoudio
(rn) ety aprdudy dote |fr] < rpg p—o.m. yia xdde n.

Trodétouvue 6t pu(X) < oo xan 6t f, = 0 xotd onuelo p—o.m.

(i) AmoBeilte ot undpyer axoroudio () ety oprdumdy ye A, — 00 OoTE
Anfrn — 0 xatd onuelo p—o.m.

(ii) AmnodelZte 6 undpyer yetphown ouvdptnon g : X — [0, 0] %o axohoudio

(en) VeTxddv aprdumy xou €, — 0 dote | fp| < epg p—o.m. Yo xdde n.

Trodétouvye 6t pu(X) < 0o xau 6t oL f, f elvor ohoxhnpwotuec. Aéue ot ot fi,
elvon opoiduoppa odokAnpdoues av yio xdde € > 0 undpyet § > 0 dote av A € A
pe p(A) < 4, téte va oy Lel

/fdu’<5, v x&de n € N.
A

Anodel&te 6t f, = f notd p€oo av xou pévo av ot fy, elvon ouoldpop@a ONOXAT-
phoes xou fr, = f xotd yétpo.

Trodétouvue 6Tt pu(X) < 00 xou 6T ot fr, f elvon ohoxhnpiowec. EZetdote av
woy el to elfc: frn = f xotd péco av xa wovo av [, fudp — [, fdp yio xdde
Ac A

'‘Eotw wa cuvdptnon f: R" = C, ocuveyrc wg npog xdde yetaffinty Eeywplotd.
Anodeite 6n 1 f elvow Lebesgue petpriown.



Kepdiowo 8

MeTeNOWUEC CUVOETNCELS ®al
OANOXATIP WU

Emotpégpouye o auTé TO XEQPIANMO OTYN UEAETY) TWV PETPNOWOY GUVIPTACEWY X0
aoyoholuaote Ue ta e€hc Tela Baoxd avtixeipeva:

1. Alvouye opyxd €vo yevixd oplopd tne petenodtnrog, onhady opllouue Tig
petpriowec ouvopthoeic f + X — Y, énou (X, A) xau (Y, B) elvou petprhioot
YOEOL X0 0T CUVEYEL HEAETAPE TIC Booinés Toug WBLOTNTES.

2. Meketdpe o mEoBANUL TN TEOCEYYIONG UETEVOWWY CUVAPTACEWY ANd GUVE-
XElg ouvapToELC.

3. Mehetdue 0 oxéon Touv ohoxAnpdpatog Lebesgue pe 1o ohoxAfpwua Riemann
%ol amodeVOOUPE GTL TO TEWTO ANOTEAEl TEAYUATL Yol YVriola Yevixevon tou
dedTepOL.

To anoteAéopota auTd GUUBGAAOLY GE Uiol THO OAOXANEWUEVT XUTAVONCT TNS YETEN-
odTNTIC Xl Tou ohoxAnewuatog Lebesgue.

8.1 MeTpnolddTnIA XU TO ENAYOUEVO UETEO

Yy Hpdtaon 5.1.7 (iv) arodeiope 6Tt ot éva yetphiowo yoeo (X, A) wa cuvdptnon
X — R elvon petphion av xow uévo av vy x&de B € B(R) wyter f~1(B) € A.
Opuapevol amd autd 1o anotéreoya divoupe tov e€rg Yevind oplodd g UeTenoddTn-
oG

Opiopo6c 8.1.1. Eow (X, A) xau (Y, B) 800 yetpriool xhpot xou yiot cuvdpetnom
f: X =Y. Hf Myetwu (A, B)-petpioun (4 petpiown we npoc A xou B) av yia
x&de B € B elvan f~1(B) € A.

Ewd, otnv nepintwon nov o Y elvon petpinde ywpoc xau B = B(Y) n f Méyetu
A-petpown.

Av Jewprioouye TNV ouxoyEvela

f7B)={f""(B): Be B} (8.1)
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nopatneolue ot N f elvon (A, B)-uetpriown av xat uévov av
f~4(B) C A (8.2)
Ieétacy 8.1.2. Eotw (X, A), (Y, B) ka1 (Z,C) petprioior xdpot kar cuvaptrioeis

f: X >Yxag:Y = Z. Avn f etvat (A, B)-petprioun ka1 n g etvar (B,C)-
petpriowun, téte n ovvdeon tovg g o f elvar (A, C)-petprioyun.

Anéoaén. Iopoatnpolue apyixd ot
(goNTHC) =1 (97(©). (8.3)
Ané v mopoathpnor mopomdve éyoupe 6t fTH(B) € A xow g71(C) C B. 'Encto
hotnov ot
e @) B A
Tou Aoyw e (8.3) Biver To {nroldpevo. O
M moAd yerown mapatienon yio va eAEyEel xavelc xatd Toco wa cUVEETNO
f: (X, A) = (Y, B) eivou petpown eivor o (ii) e axdroudne Ipdraonc:
IMpétaor 8.1.3. Eotww (X, A) ka (Y, B) 6vo petprioyuor ydpor kar f : X =Y
pia ovvdptnon. Téte wyvovy ta €&ns:
(i) H owcoyévea F = {B CY : f~Y(B) € A} etvar jua o-d\yefpa oo X.
(1) AvC CP(Y) pe o(C) = B, tte ny f etvar (A, B)-petprioiun av ka1 udvov av
) cA. (8.4)
Andbeén. To (i) etvon oyeddv dueco and tov oplopd e o-GAYEBPUC xou apAVETAL ©OG
doxnon. T to (ii) todpa, 1 f elvor petphiown av xou pévov av
BC{BCY:fYB)eA. (8.5)
Agob 1 owoyévewa F 8elid elvan o-dhyePpa xou o(C) = B ot woyvpopol C C F xou
B C F eivan tood0vao. O
HMopatnerioeic 8.1.4. (o) Ouowr pe to (i) amodewxvieton xou 6TL 1) OLXOYEVELX
f7H(B) etvon o-dhyePea oo X.
(B) Av dewphiooupe TNV owxoyévela
A ={(—o0,b]: bR}
yvweiloupe 6t o(A) = B(R) xau xatd cuvénewa o (ii) tne teleutaioc Mpdtaong etvon
o Opioude 5.1.1 yia yetpriowes ouvaptioes f: (X, A) = R.
Ac unodéoouue thpa, 6Tt emmAéov o petpoyoc yopoc (X, A) éxel xt éva pétpo
p. Tote, n yetpriown cuvdptnon f endyel éva uétpo oto yweo (Y, B) we edhg:

Ogiopoc 8.1.5. Eow (X, A) xau (Y, B) dbo petpriowor yodpeor xu f : X — Y
wot (A, B)-yetpfiown ouvdptnon. Av p éva pétpo oto xopeo (X, A), dewpodue
ouvdptnom v : B — [0, 00] mou opiletan we

v(B) = p(f~(B)) = u(f € B), (8.6)

yioo B € B. Edxoha anodexvietar 6Tt To v eivon uétpo (enahndedote 10) 010 XOpo

(Y, B). To pétpo v héyetan eikdra tov p Yéow e f xow cupfBolileton pe fi(p) 1 ue
f

w.
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Méow autol Tou pé€tpou €youue po pop@y Yewmpruatog «ahhayng HETABANTACY
yioo T0 ohoxhnpdduo Lebesgue. Ilio cuyxexpiéva, to emnduevo Jedenuo divel évoy
TEOTO VoL PETATREPOLUE Tal OROUANEMUATA WS TPOS fr (1) OE OAOXANPOUATA WS TPOG
73

Oceopnua 8.1.6. Eotw (X, A) kar (Y, B) 6vo petpriouor xopor kar f : X — Y
pia (A, B)-petprioiun owdptnon. Av to p efvar éva uérpo oo ydpo (X, A) ka
g:Y = [—00,00] 1jg: Y = C pua perprioun ouvdptnon, tdte

/ g dfu(u) = / go f du, (8.7)
B f~Y(B)

yia ke B € B. (Me tnv televtaia 106tnta evvoolue 6t to mpddTo oAokAHpmua
undpyer av ka1 pdvov av vrdpyer to deltepo kar o€ autr) TNy mepintwon elval {oa.)

Anédain. Kat’ apyde, AMoyw e Hpdtaone 8.1.2 1 cuvdptnon g o f elvon petpriown
xou dpar ToL ohoXATEOUoTA Tou eupavilovtal €youv vonua. Emmiéov, mapatnedvac
N oyéon

(gof) xs1my=(9-xB)of (8.8)

umopolpe va unodéoovpe 6t B = Y (ev avdyxn détovtac ¢ = ¢ - xp), xou dpo
fY(B) = X. ©¢toupe v = fi(pn) xou Vo delfouue howndy 6L

/gdi/:/gofdu.

Oo omdoouye Ty anddelln oe Pruata, K¢ cuvidnd:
Brpoa 1. H g eivon tng poperic g = xB Yl xdnowo clvoro B € B.

Troloy(lovue tdte:

[o v = [ xudv=v(B) = (s~ (B)

pde X
/90f dp = /XB ofdu= /x,H(B) dp = p(f~H(B))

xa dpo Loy Vel 1 {nToduevn.

Brjpa 2. H g eivon pn apvnten amhy yetenoudn ocuvdptnon tng Hop@pnc
9= Z bjXB,-
j=1

And ) ypauuoTnTa ToU OhoXANE®UATOSC Xou To Brua 1 €youye:

/ng:ij/XBj dV:ij/XBjofd,u:/gofdu,
j=1 j=1

onwe {Inthoaye.

BAua 3. H g elvar tuyoboa un apvntixy| uetpriodn cuvdetnon.
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Ané 1o Bedpnua 5.3.3, prnopolue va Bpodue W adEouca axoloudio un aEvNTXGOY,
AMAGOY GUVOPTAOEWY (S )n YE Sy ' g 010 Y. Ané 10 BAua 2, éyouue 6tL yior xdde n

elvon
/sn dl/z/snofdu.

Opwe ov oxohovdies (sp)n xou (Sp 0 f)y elvon adouoeg axoloudies un apvnuxmy
UETENOWMY CUVAPTACEWY UE Sy, ' g Xl Sp 0 f 7 go f. Egapudélovtoc 8o gopéc 10
Oewpnuo Movotovne Xoyxhione 6.2.6 Aowndy, énetan 6t

/gdu:lim/sndV:lim/snofd,u:/gofdu.

BApa 4. Hg: Y — [—00, 00] elvan tuyoloa yetpriown cuvdptnon.

Tpdpoupe, we cuvdng, g = gT — g~ xou mapatnrolpe 6TL, oand To BAua 3 elvor

/g+ dV:/g+°fdM=/(9°f)+dH
/9‘ dv:/g‘Ofdu=/(gOf)_ dp.

"Etot, npdypott to ohoxhMpwpa [ g dv undpyer av xou ubvo av urdpyel to [ go f du
X0 o€ QUTY TNV Tepintwon elvou (oo

ol

BAua 5. H g:Y — C elvar tuyoboo yetpriown pyadixr) cuvdetnon.

Eivon dueco av egapudooupe 10 Brpa 4 oTic UETPNOWES TEAYUATIXES CUVAPTHCELS
u = Ref xow v =Imf.
O

8.2 To Yedenpa Ttou Luzin

Xty evotnTa aUTr Ao ONOVUIGTE YE TNV TEOCEYYLOT UETENOWWY CUVAPTACEWY GTOV
R* ané ouveyeic ouvapthoeic. TTdpyouv TOAG amoTehéopaTto OYETIXG, TOU LoYDOUY
xoL o€ YeEVXOTERO Thalolo, aAAd epeic Yo apxeotolue oto Yedpnua tou Luzin, to
omnolo elvan 1 tehevtoda and g «3 Apyéc tou Littlewood» mou €youue Eavavapépet.

Ocdpnua 8.2.1 (Luzin). Fotw A C RF éva Lebesque petprioqo otvolo e
MA) < oo ka1 f 1 A — R pa petprionun ovvdptnon. Ia kdle € > 0 uropolue va
Bpolue khewotd otvolo F. C A pe M(A\ Fr) < € dote n f|p. va elvar ouvexris.

Arnddeén. ‘Eotww € > 0. Ou ddooupe xou dAL Ty anodelln oe Brigata.
BAua 1. Av ) f elvon g popphc f = x g via xdnoo E C A Lebesgue yetpriowo.

Oa «duywpioovue» To onuela oto omolo 1 f malpvel Tic Twég 1 xow 0. And v
xavovxotnta tou uétpou Lebesgue, unopolue vo Peodue K xAeloté cbvoro oto A
xou G avowxté oto A pe K CE C G xou

. AG) <A(E)+ <.

AME) < MK) + 1

N
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A

Eyfuo 8.1: Anddeldn tou Yewpruatog Luzin

Aol AM(E) < A(A) < 0o oL oyéoelc autéc divouy:

MG\ K) <

l\')\(‘f)

Ocwpolye 10 oivoho Fi = K U (A \ G) xou mapotnpodyue 6t

AMANF1) = MG\ K) <

l\D\(")

Ta cOvora K xow A\ G eivor Eéva xon xhewotd oto A xou euniéov f = 1 oto K xou
f=00t0 A\ G. Eneton 6u n flr e cvveyhc ouvdptnon (yartt;).

& amd Ty ecwtept| xavovixdtnta Tou A Beloxovye F' C Fy xhetoto pe A(Fp \
F) < 5. 'Etoun f|r ouveyfc xou emmiéov

AMA\F) = MA\ F) + A(Fy\ F) <¢

BrAupa 2. Av 7 f elvon amhr} cuvdptnon tne Yoperc
/= Z AjXA;-
j=1

Ané 1o Brua 1, v xdde j Peloxouue obvolo F; C A xhewotd ye A(A\ Fj) < e/m
xoL X4, |F; ouvexnc. Av F = ﬂ?:l F};, t61e 10 F elvon xheio16 unochvolo tou A, 7
flr elvon cuveyfic cuvdptnon xou emthéoy

AA\ F) gﬁi AA\ F)

OTeC VENAUE.
BAua 3. Av 7 f elvou Tuyoboa petpriowun cuvdpetnon.

Ané to Hopiopa 5.3.4, undpyel axorovdia cuvapTAcE®Y (8,)n TNG LOE@Tc Tou BAua-
T0¢ 2 ote s, — f oto A. T xdde n unopodue va Bpolue xhewot6 clvoro A, C A
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pe AM(A\ Ay) < gagz GOTE 1 84, Vo elvan cuveyric. Oétouue
(o]
= ﬂ A
n=1
X0l TOPATNPOVUE OTL
o0

AAN\ As) Z_: (A\ A) Zgn‘%zi

n=1

xou OTL QUOIXSE OAES OL Sy | 4, Elvon cuveyelc. T vor nepdcoupe dpme T GUVEYELL GTNY
oploxn} cuvdptnom f Yo Béhaue 1 obyxAor va efvan opoldpopen. EdGD Xpnotponowt’)pe
0 Yewpnua tou Egorov: unopolue va Bpolue olvoho B C A ue A(A\ B) < £ dote
sn — [ opoldpoppa oto B. Metd, yio 10 cUvoho

C=BNAx

evon A(A\ O) < § (ywotl;) xou n fleo ebvon ouveyie, agod ol s,|c ebvan cuveyeic yia
xdde n xou s, = f opoiduopgpo oto C.

To C elvaw Quoxd petprioo, ahhd Oyt anapaltnta XAewotd. Amd TNV e0wTERIXY
xovovxdta Tou A Beloxoupe xAewoté olvoho Fr C C dote A(C'\ F;) < 5. Téte

AMA\ F) = MA\C) + AC\ F.) < ¢

xou puoxd 1 flp. eivan ouvey, oot F, C C.
O

Yy o6Ao. Xpedleton xdmolo Tpocoy | oTn dlatinwor Tov Ocwphuatoc Luzin: Aev
woyvptloyaote OTL yioo xdde € > 0 unopolye vo Ppolye cOvoro Fy C A xhelotod pe
AMAN F;) < € oote 6ha to onpela Tou Fy vo elvon onueio ouvéyelag e f. Xe auti
v nepintwon 1 f Yo Aoy cuveyhic oyedov mavtol oto A (yiati;) To onolo, 6nwe Yo
Bo0pE OTNV ETOUEYY Tapdypapo, onuaivel 6Tl 7 f elvan Riemann ohoxinedown. To
anotéheopa etvor 6Tl 0 Teploptouds e f oto FL elvan cuveync cuvdptno.

T mapdderypa, yioo ™y f = xg oto [0,1] Eépoupe 6Tt eivan aouveyhc oe xdde
onuelo tou [0, 1] eved o nepropiopde e f oto (R\Q)NI0, 1] elvon n otardepr; cuvdptnon
0.

8.3 XUyxplon pe to ohoxArpwpo Riemann

T o ouvdptnon f : [a,b] — R Yo ypdpoupe fj f(z) dx v to ohoxhfpwpa Rie-
mann xou f: £ dX vy to ohoxhipwua Lebesgue e f (otav autd vrdpyouv). Eniong

AeyovTag «oyedov tavtoly Yo evvoolue A—oyeddv mavtol. ‘Onwe delyvel to Yewpnuo
nou axolovdel, To ohoxhfpwua Lebesgue enexteivel to ohoxhfpwpa Riemann.

Oewpnpa 8.3.1. Eotw f : [a,b] = R Riemann olokAnpdoun ovvdptnon. Tdre,

(i) H f elvar petprioun.
(i) H f eivar Lebesgue olokAnpdoiun xat

/abf d\ = /ab f(z) dx. (8.10)
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Anédatn. Ou ypnoiponotficouye to e&ic:
1. To Bedenua xuptapynuévne obyxhiong.

2. Av h > 0 yetpfiown xa [ h d\ = 0, t6te h = 0 oyedov navtol oto E.
Enopévee, av f < g xou fE fdx= ng dA, tote f = g oyedov noavtol oto B

3. AV 5 =37 AiX[as,b] SVl Wiar xhpoxwTh cuvdpTnoT, TOTE

/absd)\—/abs(x) da.

Trodétovue 6t 1 f elvar Riemann oloxdnpdown. Téte, undpyet axohouvdia (P,)
dropepioewv Tou [a, b] pe tic e€hc Widtntec: Py C Pogq () Pot1 elvon exhéntuvon g
P,), | Pa]] = 0 (to Tt teov dopepioewv P, tetvouv oto 0), xou

L(f,Pn)—>/ f@) do U(f,Pn)—>/ (@) da.

‘Eotw £, n xApaxwTth cuvdptnon ue f; lp(x) de = L(f, P,,) (dnhadh), av L(f, P,) =
k—1 , k—1 . ,
Doico Mi(Tig1 — i) 0T Ly = D i MiX[wy,2041)) K04 Up N OVTIOTOLN HAUOXWTT
CUVEPTNON UE f: up(z) do =U(f, P,). Tére,
by < f < up.

Ané v P, C Ppi1 émeton 6t n (6y,) elvon adfouvoa xou 1 (uy) @divouca, omdte
optlovtan ot ouvoaptioe £ = limy €, xou v = limp uy, xou £ < f < u. And 7o
Yewpnua peayuévne obyxAiong,

b b b b
/ud/\zlim/ und/\:lim/ Un () dxz/ f(x) dx

b b b b
/éd)\:lim/ l, d)\:hm/ ln(x) dac:/ f(z) dx.

Aol £ < u xou f;é dX = fabu d\, ovunepaivouue 6Tt £ = u oyedbv Tavtod. Agol
¢ < f < u, mpoxintel 6Tl

pudei

{=f=u oyeddv movtol. (8.11)

Apa, 1 f elvon petphiown ocuvdptnon we 6pto (oyeddv navtod) axorovdioc yeTphioynmv
SLUVOPTACEWV (UTIONOYHOTE TIC heTTOUERELES). AuTd amodewxviel to (i).

Agot 1 f elvan yetpriown xou peaypévn, 1 f elvon Lebesgue ohoxhnpddowun. Téhog,

ond y (8.11) €youvye
b b b
/ fd)\:/ ud)\:/ f(z) dz,
a a a

dnhady| éyouue anodelZel xou o (ii). O

Khelvouye authy tnv mapdypoago ue évav yopoxtneilopd twv Riemann ohoxin-
paotpwy f 1 [a,b] — R: elvon exclvec oL gparypévee cuvopThoelc Tou elvon cuveyelc
oYEd6V ToVTOU.
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Oevpnpa 8.3.2. FEoww | : [a,b] = R gpayuévn ovvdptnon. H f elvar Riemann
oAokAnpdoun av kair puovo av

A{z € [a,b] : n f elvar aocvveyris oo x}) = 0.

Anédain. Yrodétovue mpdta 6Tl 1 f elvon ouveyric oyedov mavtol. Emhéyoupe a-
xohovda (P,) dwpeploewvy tou [a,b] pe P, C Poi1, ||Pa|l — 0, xou Yo delovpe bt
U(f7Pn) 7L(fvpn) — 0.

BOewpolye T cUVAETHTELS £y, Uy TOU avTiotolyoly oty P, ye £, < f < u,,
[P0 (2) dz = L(f, Po) xou [P un(z) de = U(f, P,). Anhadf, av P, = {a =z <
-+ <z, = b} opilouye

k—1 k—1
by = ZmiX[;ci,xH]) AL Uy = Z MiX[:ci,xH]) (812)
=0 i=0

Tote, by, 7 xou Uy \( U, 010V £ < f < u.
Ou 4y, uy, etvon YETPHOWES X0 OPOLOUOPPA PEoryUéVeS (amd TO Supremum xot To
infimum e f oto [a,b]). And to Yedpnua ppoyuévne obyxhione PAénoupe 6Tt

b b b b
/ £, () dm—>/ £d\ xou / U () dx—>/ u dA.

b b
L(f,Pn)—>/ 0 d) o U(f,Pn)—>/ w dA. (8.13)

b b
/€d)\:/ u dA.

Avuté oy et yio tov e€Ac Aoyo: av P = )| P, xou av A efvor to oOvoho twv onuelwy
acuvéyetag e f oo [a,b], tote v x&de x € [a,b] \ (AU P) éxoupe £(z) = u(z).
Mpdypatt: éotw x € [a,b] \ (AU P) xu éotw € > 0. Agol 1 f elvon cuveyic oo z,
urdpyel § > 0 dote: av y,z € (x — §,x + 0) t6te |f(y) — f(2)] < e. Emhéyoupe ng
vt T0 0100 || Pyl < . Av [z, xi41] €bvon to unodidotnua tne P, oto onoio avixel
T0 x, TOTE [24, Tit1] C (z — 6,2 + J), dpa

Anhad,

Apxel va Sel&ouye 6t

M; —m; = sup{f(y) : y € [wi, zipa]} —Inf{f(2) : z € [wi, zi1]} <,
nhadh 0 < up, () — €y (z) < €. Opow,
0 <u(z)—L(z) < upy(x) — lny(x) <e.

xou ool to € > 0 Atay tuydy, éneton 6Tt u(z) = £(x). ‘Ounc M(AU P) = 0 xa dpo
0 = u oyedbv navtol, To onolo delyvel Tt f;@ dX = [ u dA.

Avtiotpoga: Trodétoupe bt n f elvoan Riemann ohoxhnpioiun oto [a,b]. Em-
Aéyoupe oaxohovdia diopeploewy (Pp)y e Py C Py Yo xéde n xou

b b
L(f,Pn)—>/ f(z) dz | U(f,Pn)—>/ f(z) dz
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INo xdde n € N, dewpolue TiC ¥APoXwTEC CUVAPTACELS £y, XL Uy, TOU AVTICTOLYOUY
oty P, pe £, < f < uy, xou

b

b
/ Ly (z) de = L(f, Py,) , / up(x) de =U(f, Pp).

a

H axohoutdio (€,,) eivar avgovoo xou 1 (uy,) eivan @divovooa. 'Eotw £ = lim, £, xou
u = limy, u,. Téte £ < f < u xon and to Yedpnuo xuplapyNUEVNE cUYXMOTNG

b b b
/ Cd\ = lim/ lp(x) de =1lim L(f, P,) :/ f(x) dx
ol

/abu A\ = liTILn/abun(a:) dz = lim U (f, P,) = /abf(.%') .

b b
/Ed)\:/ u dA. (8.14)

Agob ¢ < u, éneton 6L £ = u oyeddY movTo.

Eotww C = {z € [a,b] : {(x) = u(z)} xou éotw P = J,—; P,. Ou delfoupe 6t
vy xéde © € C'\ P v f elvor cuveyhc oto x. Hpdypat: éotw € C'\ P xou € > 0.
Téte U(z) = u(x), dpa undpyet ng Pe 0 < Up, () — ln, (z) < €. Autd onuoiver 6Tt av
(x4, Ti11) ebvon To umoddoTNuUae e Py, oTo onolo avixel to x, TéTE

Apa,

sup{f(y) : y € [wi, wiy1]} —Inf{f(2) : 2 € [ws, wi11]} <&

‘Eneton 6t 1 f elvou ouveyfic oto x (e€nyfote yiotl).

Yuunepaivoupe 6tL av A elvon 0 cOvoho Twv onuelwv acuvéyeag e f, tote
A C ([a,b]\ C)U P, dpo A(A) = 0. O

Xy 6Ao. Ioybouv o axpBdc avdAoya ATOTEAECUATA PE QUTA TOL UOALS amodelloue
Yl TV mparypoTixd eudeior xou yio Toug ydpoug RF yevixbtepa.

8.4 Aoxvoeig
Opdda A'.

1. 'BEow X,Y uyetpixol ywpol epodiacuévol pe Tic 0—dhyefpec twv Borel unoou-
vohov toug. Amodei€te dtL xdde cuveyrc ouvdptnon f: X — Y elvon yetpriown.

2. 'Eotw ot ouvapthoec f,g: R — Ruye f(z) = €® xou g(y) = y3+y. Nounohoyiotet
10 OAoXApwua
| gdnov.
(0,1)

3. Eow X évoc petpixde yopoc. Mo ouvdptnon f: X — [—o0, 00] Myetouw drw
(avtiot. Kkdtw)nuiowvexris av o ocbvoho {z € X : f(z) < a} (avtiot. {z €
X 1 f(x) > a}) evon avowtd oto X yio xdde a € R. Anodellte 6t pa tétowa
ouvdptnom f elvon cuveyhc av xat LoVo av elvor Gve Xl XETw NUICUVEYHC.
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Oudda B'.

4. BEow (X, A) yetpfiowoc ywpos, Y petpwxde yopoc xau f, : X — Y, n =
1,2, ... wa axoroudia (A, B(Y))—uetplowny cuvapthoeny. Av n {f,} ouy-
xAivel xatd onuelo oe wo ouvdptnon f + X — Y, va dellete 6tL xou 1 f elvon
(A, B(Y)) ~petprioyn.

5. Eotw (X, A, p) évac petpixde yopoc nencpaopévou pétpou xou f @ X — R wa
Borel petpriown ouvdptnon. No deilete dti undpyel axoloudio cuvey v cuvap-
moewy g, : X = R dote g, = f xatd onuelo p—oyedov mavtod oto X.

6. Eotw X évag yetpindc yopog xa éva utoobvoho A C X. Tléte 1 yapaxtnplotxt
ouVETNoN XA vl dvew NUOUVEYAS X TOTE XATK NUICUVEYNS;

7. Eotww X évag petpnde yopoc xou f g : X — [—00,00] dVo dve (avtioT. xdto)
nuovveyelc ouvaptioelc. Na deléete 6t yia xdde a, b > 0, n cuvdptnon af + bg
elvan xon oauTH dved (avtioT. xdtw) Nuouvehc.

Owpdda I'.

8. (Oehpnua Vitaly-Koapodeodwer) Eotw A C R¥ éva petpriowo odvoro pe A(A) <
00, W ouvdptnon f € LL(A) xou éva e > 0. Anodelfte 6L undipyouv dve M-
CUVEYAC 0L AVW QPEOYUEVT) CUVERTNOY @ Xl XATL NUCUVEYHC XL XATW QPEOYUEVN
ouvdptnon ¥ oto A dote ¢ < f < xou emmiéoy

/w*¢du<€,
X

axohouvddvtog Tor e€ric Prportas

(1) YTrodéote npddhta btt f > 0 xou anodei&te bt 1 f unopel va ypogel otn popen

(*) f = Z kaBk
k=1

Yo xdmota peTeRotdo advola By xau by, > 0.

(if) Xpnowomoldvtac Ty () xou TNV xavovxdtnta Tou pétpou Lebesgue xoro-
AnEte oto {nrovuevo otny nepintwon mou f > 0..

(iii) Oloxhnpdote TNy anddelln ypdpovtas f = fT — f~ xa ypnowonodvrog
Ny doxnon 7.

9. Eotw (X,d) évac petpde yopoc xou f @ X — [0,00] o x8te nuouveyhic
ouvdpTnom, Oyl Tawtotxd lon pe oo. e n =1,2,... xou z € X opllouye

gn(x) = inf{f(p) + nd(z,p) : pe X}.
Arnodel€te 4t

(i) Ioyler n aviobdtnta |gn(x) — gn(y)| < nd(x,y) v xdde z,y € X.
(ii) Ioyxter 0 < g1 < g2 <...< f.
(iil) H {gn} ouyxiiver xatd onpelo otnv f v n — oo.

Yuvdyete OTL W Un opvnT ouvdeTnon elvor xdTw NUOLVEYAS oV Xou P6VO av
elvon xatd onuelo 6plo prag ad&ovoag axoloudilac GUVEYMY GUVIPTACEWY.



Kepdiowo 9

MeTpa yivoueva

e autd TO AEPGANLO ACYONOVUAOTE UE UETEA OE YWEOUS YLVOUEVA. EeXVAUE AOLTOV
e 800 ywpoue étpou (X, A, u) xou (Y, B, v) xou déhoupe va SOooLUE 6T0 xapTectovd
ywopevo X X Y o «guotohoyxiy dopt yodpouv pétpou (X X Y,C,p). Edwdtepa,
Béhoupe:

1. H o-d\yefpa C va mepiéyel dha ta puetpriopua opoydvia, dSnhadr oha T cOvola
e poppfic A X Bue A€ Axu B € B.

2. To pétpo p va axohoudel 11 SlodLdototn évvola Tou egfadol, dnhady yia xdde
Ac Axa B € B vaoylel

p(A x B) = p(A)u(B). (9.1)

Oo anodetfouye 6T, UTO cuVIxes, éva TéTolo PETEO UTdpPYEL XaL efval UdALG TOL Lova-
duo.

To enduevo PuOLOAOYLXS oM TNUA Efval Vo XATIAGBOLUE Twe «AELToUEYELY TO Olo-
xApwpo wg Teog autd To YéEtpo p. I'vwpellouye, and tov Anecipoctnd Aoyiopo, ot
av K =[a,b] % [c,d] CR? xou f: K — R pio ouveyfic ouvdptnom, t6te

[ sty aa- / b / ) dydz = / ' / Cfagdedy,  (02)

6mou dA elvar to ototyelo tou gufadod oto eninedo (ouotacTind eivon To dAg). e
QT TNV TEPINTWOT AOLTOV, TO BTAG OAOXAAPWUN GTO YOEO YIVOUEVO YRApETIL OC BVO
Bladoyd amhd ohoxAnpwyota. Oa dodue Topoxdte 6Tl To (Blo axpBde anotéhecua
Yo loyVel xou 0T Yevxr mepintwon dedopévou puoxd 6t opiletar xoAd To péTEo
YouEVO.

9.1 Xwpol xou UETEA YIWOUEVO

Hexwdye pe tov oplopd tne o-dhyeBpoc yvouevo ylo Ty omolo wAnoope oto 1.
TOEATEVE:

Optopoc 9.1.1. Eow (X, A) xa (Y,B) dVo petprowor ywpeot. Eva cbdvolo
C C X XY nodelton pegpriouo oployddvio av etvon tne wopphc C = A X B yia xdnolo
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A€ Axa B € B. H o-d\yeBpa ywduevo v A xou B elvou exelvn 1 o-dhyefpa mou
TopdyeTon omd Tor HETEHOoWA opBoydvia, Snhadh N

AB=0c({AxB:AecA BEeB}). (9.3)

Optopoc 9.1.2. Eotw X,Y 800 covohaxaw éva C C X xY. Ave e X xay €Y
oL Topég tou C oto x xou y avtiotolyo elvar ot

Co={yeY :(r,y) €eC} v CY ={2x € X : (x,y) € C}. (9.4)
x v

Yyfua 9.1: Ou toyég evog cuvorou C

Av emmdéov f @ X XY — R wa ouvdptnor, tote opilovton oL cuvaptoelg
fo Y > Rxou f¥: X - Rye

fo(y) = fla,y) wu fU(z) = f(z,y). (9-5)

IMopatnehote 6t av 1 f elvon g wopghc f = xc v xdmowo C C X X Y, téte
fo = (Xc)z = xc,» 9ol v z € X otadepd civon f(x,y) = 1 av xou uévov av
(x,y) € C, dnhadh y € Cy. Tehelwe dpowa woydet xou f¥ = (xo)¥ = xov.-

Enfong, av 1o C eivaw g poperic A X B yia xdnowr A € X xou B C Y, 161

B A A B
Cpo=13 " e oxw OV =<7 Y€ . (9.6)
0, BpopeTind 0, Swpopetixd

Fevixd woybouv ta e&rc:
Ieétaocy 9.1.3. Eotw (X, A) ka (Y, B) 6Vo petpiioipor xdpor.
(i) Av C € AR B éva uetprioipo atvolo, tére C,, € B ka1 CY € A ya kdlle x € X
kary €Y.
(i) Av n f elvar e petprioun ovvdptnon oto X XY, téte n f,, elvar B-petprionun
yie kdle x € X ka1 n fY eivar A-petpfioun yua kdde y € Y.
Andbeaén. (i) Ocwpolpe Ty ooyévela
C={CeA®B:Cy, € B, yiaxdde z € X}. (9.7)
Oa detgovye 611 C = A ® B. Iopatnpolue apywxd, ot av C = A X B évo uetprioiuo
opBoydvio, téte and v (9.6) Cp € B v xdde & € X xou dpo 1 C mepiéyet o

uetpowo opBoydvia. T va detydel Aowndv to {nroduevo, apxel vo deilouue 6Tt 1 C
elvon o-dhyefpoa. Toapatneriote apynd 6TL oybouy ol oyéoelg:

oo

(X xY)\C), =Y \C, xa (U cn> = J(Cn)x (9.8)

T n=1
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(vo Tic eNéyEete). Amb autéc thpa, €neton OTL M owovévewr C elvon xheloTh oTa
CUUTANPOUATO X0 0TI optdUACIHES EVAOELS, dNhadT| etvan o-dhyefpa, omwe Féhaue.
Apa, mpdypatt loylel to {ntoduevo. Tekelwe dpota Selyvoupe xaw 6t CY € A.

(ii) "Eotw (Z, D) évac petphiowog yopoc xat f 1 (X x Y, A® B) — (Z,D) petpfiown
ouvdptnorn. Tote, yia D € D eivou

(fo) (D) ={y €Y : fuly) = f(z,y) € D} = (f (D)), € B

amd to (i). ‘Oporo xaw 1 fY¥ elvan yetpriown.

O
Yy o6Aho. Eto (ii) mopandve yenoWoTomooE T YEVIXT| EVVOL TNG UETENOOTNTOC
Tou Tponyoluevou xepolafou. Av 1 ocuvdptnon f molpvel Téc oo [—o0, 00| Tol
avtioToya clvora D elvor ta Swothyata e wopwhc (—oo,b] émou b € R eved av
nabpvel Tipée oto C eivan ta Borel unoctvoia tou C.

Ewdryouye og autd to onuéo éva cupfohiopd: Av f ula yeTpriotun ouvdptnoT o
éval ywpo pétpou (X, A, 1) Yo ypdpouue

[ #an- /X f(x) du(z) (9.9)

yio va EeywpiCoupe xdde @opd ) ueTtoAnTH oloxhripnong.

‘Onwg elnope xou oty opyr tou xegoialov Yélouue vo amodellouue Yewpnuorta
tOrou Fubini oe apxetd «<xohécy xataotdoec. Ebdwdtepa, av (X, A, 1) o (Y, B,v)
B00 «xaholy ydpeol Y€tpou xau f : X x Y — R po «<xary cuvdptnomn Yo Gélaue vo
UTTOPOVUE Vo ahAEEOVUE TN OELRd TNE SITATC OAOXATpwGNG, dNhadT

/X ( /Y F(z.y) du(y)) dpu(z) = /Y ( /X f() du(x)> d(y).  (9.10)

Alyo o mpooexTixd, UnopoluE va YedPoupe TNV TEAEUTHLA Xalt G

J ([t aw)aw = [ ([ 1o aw)sw. o

Exelvot o1 ydpot yétpou yia toug onoloug Yo tetdyouue tétolag QUoNE anoTeAéouaTa
elvon axpBde oL ypot o-nencpacyuévou pétpou. BOu gavel opydtepa Tolég Vo lvon oL
«ahéCy oLVAPTAHOELS, ahAd ot xdde mepintwor Fo FEAope oL yapaxTnELo TIXES GuVapE-
Thoelg va ebvan tétoteg. ‘Eyoupe Aowndv to e€hc amotéheoyar:

Ochpnpa 9.1.4 (Fubini v yopaxtneotixés ouvaptioes). Eotw (X, A, 1) ka
(Y, B,v) xdpor o-nenepaopévov uétpov. Ia C' € AR B fewpolpe tig ovvaptrioes
oc : X = [0,00] kat o ' Y — [0, 00] nov opilovtar g

bo(x) = v(C,y) = /Y xe. () dv(y) = /Y xe(@,y) dv(y) (9.12)

Kai

Yely) = n(CY) = /X xeo () du(z) = /X xe(oy) du(z).  (9.13)

Tote n ¢c etvar A-petprioun, n Yo B-petprionun kar emmAéoy 10y Vel

/X¢c dp = /ch dv, (9.14)
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1} 1006Uvapa

J (] xetwn at)anto) = [ ([ xeton) aute) ) avt. 015)

Anéoeifn. Yrodétouye apynd OTL T p xon v elvon memEpaouéva.  Oewpolue TNV

OLXOYEVELL
C{C€A®62/¢0du/¢cdv} (916)
X Y

xou Yot Set€ovye 611 C = A® B. Ouog A®B = o(A), 6mou A 1 owoyévelo v twv
petpotwy opdoywviey xou apol 1 A eivar xhewot oTic Tenepaouéves Topés (yiori;)
ouunepaivoupe 6Tt emtmhéov oylel A ® B = §(A) and 1o Oedpnpa 1.2.4. Enopévoc,
apxel vo del€ouye Otu:

1. H C nepiéyel ta yetprioyo opdoydvia.
2. H C eivou xhdon Dynkin.
o to mpdto, av C = A X B pye A € A xow B € B éyouvpe 61 C; = B v

z € Axa Cp =0 aodde. Enlone C¥ = A yiwy € B xau CY = () adhudg %o dpot
dc(z) =v(B)xa xu ¥o(y) = p(A)x s yetpfoyes ouvaptioec. Enopévac

[ ocdu= [ vB) du=utans) = [ payav = [ ve an

INo o Bedtepo, mpénet va eAéyEoude T WBLOTNTEC TOL oplopol tne xhdone Dynkin.
Kot apyde npogavie X X Y € C agod 1o X x Y elvou petpiowo opdoydvio.

Oewpolpe (Cp)n abdZouca oxoloudia ctoyeiwy e C xan Yo deifovpe 61 C =
U,, Cn € C. 'Ohec o1 ¢¢,, xou ¢, eivon uetpfiowes xan emmhéov oy Vel

/ s, du:/ Vo, dv
X Y

yioo xdde n. Aol n (Cy), ebvar adovoa, 1o Blo oyler xou Yo TiC ((C’n)x) e
((Cn)Y) xou emmhéov éyoupe

C, = G (Cn)e x CY = O (Cn)".
n=1 n=1

‘Eto, ot (¢, ) xou (Pe,) elvon adEouoes xou eTTAEOV
oc(x) =v(Cy) = 117?1 v((Cn)s) = li7Iln bc, (x)

HOlL
voly) = p(C) =limpu((Cp)?) = lim e, (y)

v xdde z € X xu y € Y. 'Etol, oL ¢¢ xan ¢ elvon yetprioes xou emmiéoy, ond
T0 Oetpnua Movédtovne Liyrhiong 6.2.6 Eyoupe dTu

/¢cduzlim/ oc,, duzlim/ Ve, du:/@[}cdz/,
X noJx n Jy Y
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onhadt mpdypat C € C.
Oewpolpe thpa d0o cvvora C, D € C pe C C D xou Yu deifovye 6t D\ C € C.
lNoze X xuwy €Y e
(D\NC)y =D, \Cy xu (D\X)Y=DV\CY (9.17)
xou Gpa, ool Cp € Dy xow CY C DY xon T pt xou v elvon Tenepacyéva €youue:

¢o\c(2) = v(Dy \ Cz) = v(Dy) — v(Ca) = ¢p(2) — ()

xou opota Yp\¢ = Yp — Po. 'Eneton howmdy 61 oL dp\¢ xo Yp\¢ ebvou petprioylec
XL ETUTAEOV

/X(bD\CdM:/X(ZSD_QstN:/XﬁbDd/‘_/X(bch:

:/YwDdV—/ywch:/Y¢D—deV:/YwD\CdV-

Apa npdypatt D\ C € C.

‘Etot, woylbouy o 1 xou 2 mopamdve xou dpo émeton xon To {NToUHEVO OTNY TE-
pInTWoT TWV METEPUCUEVKY UETPWY. LTN YeVxT tepintwon thpa, Bploxouue adEouoeg
oxohoudie (Xp)n % (Yy)n ouic A xou B avtictoya dote X =, X, Y =1, Ya
xou o xdde n woyber u(Xy, ), v(Y,) < 0o. Oewpolye, we cuvidwe, Touc teploptopole
i, XOU Vp, TV 4 X ¥ TIoU 0pllovTol »g

pn(A) =p(ANX,) xu v,(B)=v(BNY,)

vian €N, Ae Axu B € B.

Ta pin, %o vy, elvon mencpaoyévo HETEo Xl Yol OTOLEGONTOTE PUETPNOWES CUVAP-
hoelg f xou g ota X xou Y avtiotoya loylel

/fdﬂn:/ fdu xou /gdun:/ g dv, (9.18)
X X, Y Y,

n

apxel var opilovton Gha T ohoxhnpdpota. (H anddelln autdv twy oyéoewy agrveto
¢ doxnom.) A@ol T iy, XU Vy Elvol TETEROOUEVE, GUUPWVI UE TO TOPATAVG Ol
CUVOPTNAOELS

T = Vn(ozz) Xy = Mn(cy)

elvon petprioweg xon emmAéov Loy Vel

/X Un(Cy) dptn (z) = /Y 1 (CY) dvn(y)

yiot x&de n. Lopgpwva pe tn oyéon (9.18) tdpa 1 teheutaio Ypdpeton ©¢

/X v (Co)xx, (z) du(x) = /Y (€Y, () di(y). (9.19)

‘Opwe, edxolo Premovye 6Tt po(x) = v(Cy) = limy, vy (Cy) xou Spow Pe(y) =
limy, 1, (CY) xou dpat oL oo xou Yo elvon petphowes ouvaptioes. Tdpa, ool ol
oxohoudiec (X,,) xou (Y,) elvon ad€ovoec to (B0 toylel xou yia Tic UG ohoxAfpwon
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axohovdiec tne oxéone (9.19). Enopévwe, otéhvovtac 10 n 6to 00 €youpe (and to
Ocdpnua Movédtovne Loyxhone 6.2.6) bt

/X dc(z) du(z) = /Y vely) dv(y),

onwe Véhope. Etol ohoxhnpddveton 1 anddelln tov Oewpripatoc.
O

Av urodétape tpoc oTyury 6t glye oplotel éva pétpo p otov (X XY, A®B) dote
va ieovoroteiton 1 (9.1) xan Véhaye vor toy Vel xau xdmoto amotéheopo TOnou Fubini yio
my f = xc Yo énpene:

/X¢Cdu:/wadV:/XXyXCdp:p(C)'

Me Bdon auty| TNV TopathTnon amodeixviouye Aoméy To €A

Oevpnpa 9.1.5. Eotw (X, A, u) ka (Y, B,v) 6Vo xdpor o-nenepaoévou pétpou.
Téte vndpyer éva povadixé pérpo p oo xapo (X X Y, A® B) dote

p(Ax B) = u(Av(B), ya kide Ae Axa B € B. (9.20)

ErninAéov to p Otvetar and tn oxéon

p(C) = /X ¢c du = /ch dv, yuCe AR B, (9.21)

omov o1 g ka1 Yo €lvar 6tws oo mporyouuevo Jedpnua.

AnéoeiEn. Amodexvioupe apyxd v Unapln. Oewpolue Aomdv Tn cuvdptnoy p
Tov opileton and Tic oyéoeic (9.21) xou Yo delfoupe bTL opilel éva uétpo oTo YOEO
(X xY,A® B). Kot apydc etvon

p(0) = /X gy du = /X v(0,) dyu(z) = 0.

Enopévwe, pével va detydel povo n apriuriown tpocdetndtnta. Ocwpolye hotndy uia
axohoudio (C,), Eévev avd d0o ototyeiny e A ® B xou Yo deifouye bt

P (U On) = Z p(c’n) (922)

Trohroyiloupe hoimdyv:

p<f_j cn> = [ ovcodn=[ v (Gwn)x) duta) = [ 3 ((Co)s) du(e) =

n=1
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6mov oty Tl WwotnTa Yenotwonoiooue 6t ta (Ch), ebvon E€var avd 800 xar oty
enduevn o Oewenuo Beppo Levi 6.2.10. 'Etot, npdyuatt to p elvon pétpo. Av A x B
éva yetprotwo opdoydvio thpa, dniadh A € A xou B € B éyouye:

piaxB) = [

A((Ax B).) duw) = [ (B) du(w) = n(A)(B).
X

A

Yuvenwg, mpdypatt o p xavornolel to {nTolueva, Geo TEdYUATL TO UETEO YIVOUEVO
Yo XOPOUS T-TEMEQACUEVOU UETPOU UTAPYEL.

Tt povaddtnta thpa, Vewpolue T éva dhho uétpo oto xkpeo (X XY, A® B)
ME TNV WBLOTNTAY

T(A x B) = p(A)v(B), ywxdde Ac Axu BeB

xon Yo def€ouye 6t tawtileton pe to p. Bploxoupe adfovoec axohovdiee (X,,) xou
(Ys) uetpriowy ouvérwy dote X = J, Xy xu Y = {J,, Y5 xou enlong, yio xdie
n vowoylel u(X,) < oo xou v(Y,) < oo. Tote uwg, X x Y =, (X, x Y,) xou
EMTAEOV

T(Xn X Yy) = p(Xp)v(Yy) = p(X, X Yy,) < co.

'Etot, agol 1 ouxoyévela Twv HETeRoWeY 0pBoYmviny elvol XAEOTY OTIC TENEPACUEVES
ToUEg €metan, and to Oetdpnua Movadixotmrog 2.2.1, 6t p = 7. O

Opiopoéc 9.1.6. Eotw (X, A, pn) xa (Y, B,v) 800 ydhpot o-nenepacuévou pétpou.
To povadind pétpo p mou e€acoliletol omd To TEONYOLUEVO Vedpnuo AEyeTon 11éTpo

YOUEVo Tov [ xou v xou cudfBohileton e puxv. O yopoc pétpov (X XY, AQB, uxv)
Néveton xdpos ywidpevo v (X, A, 1) xou (Y, B, v).

Iopatnerote &TL Ye ToV TEOTO TOL OpICTNXE TO YETEO YIVOUEVO EUUCTE TWEA OE
Véom va Eavarypdioupe ) oyéon (9.14) we eghc:

/XQSC du=/y1%~ dV:/XxYXC d(p x v). (9.23)

IMépiopa 9.1.7 (Apyn Cavalieri). Eotw (X, A, p) xkar (Y,B,v) 6o ydpor o-
renepaouévov uétpov. Av C, D € A® B ya ta onoia

v(Cy) =v(Dy) p— oxebdv ya kde v € X
wote (u x v)(C) = (u x v)(D).

Arnddeén. H doopévn oyéorn ypdgetow xa we ¢c = ¢p p—o.m. oto X xou dpa,
TEdyoTL

(3 v)(©) = [ e du= [ p du=(uxr)(D)

E€etdloupe thpa tn cuuneplpopd tou uétpou Lebesgue ota yivopeva

IMapddevypa 9.1.8. Ia n € N Jewpolye 10 yétpo Lebesgue A, oto petprowo
yoeo (R™, B(R™)). Av k,m € N ye n =k + m, t6te:
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(o) Toyver B(R™) = B(R*) @ B(R™), énou éyouue xdvel puoixd tnv taltion R™ =
RF x R™.

(B) Eivou Ay, = A X A

Andbaén. (o) Ou anodeifouye Sadoynd toug dvo eyxheiopolsc. Oewpolye apyixd
800 civoha A € B(RF) xou B € B(R™) o Yo dei€oupe 61t A x B € B(R™). Av

m R =RF xR™ 5 R* xou mp: R" =RF x R™ — R™
oL anexovicelc Tpofolnc, ToTe unopoluE Vo Yeddouue
Ax B=(AxR™)NRFx B) =7 A) N7my Y (B).

Aol oLy xaou Ty ebvan cuveyelc oupnepaivoupe 6t ta y H(A) x5 H(B) elvor ohvoha
Borel otov R™ xou dpa 1o (B0 oyder xou yioo 1o A X B. Zuverde n B(R™) nepiéyet
To peterioyor opoymviar xou opol emimhéov elvan o-dAyeBpa £xoude Tov eyxheloud
B(R*) ® B(R™) C B(R™).

INo tov avtiotpogo eyxieiopd thpea, opxel puowd va deifoupe 6Tt av G éva
avoxté utoctvoro tou R™ téHte G € B(RF) ® B(R™), apot 1 B(R™) nopdyeto
and 1o avouxtd clvoha. And o Baowd Afppa 3.2.3 unopolue va Bpolue axoroudia
Eévwy avd 0o dlaotnudtwy Ry, t =1,2,... otov R" dote

G = [j Rt.
t=1

Eivan cogéc dpng, 6t xdle didotnua R; yedpeta otn popph Ry = Rﬁl) X REQ) omou
w0 R eivan éva Bidot R¥ R etvon évor 014 R™ 3

4 nua otov R xou 1o R,™ elvan €va Sidotnuo otov %ol dpat
R; € B(RF) ® B(R™) yio x&de t. 'Eneton hoimdv xon 67

= G G W x RP) € B(RF) @ B(R™)

dpo xou 1 {nroduevn 1odTHTAL.

vwpilouye 61t 1o Yétpo Lebesgue elvar to povodixd pétpo Borel otov WoTE

') DvpiCoupe 6t 10 pérpo Lebesgue et povadixé petpo Borel otov R ¢
M (L) = v (I), v xdde I didotnua otov R,
6moU vy, 0 M-BldoTatog 6yxog tou I. Av I €va tétolo SldoTNpa, TOTE UTOPOUUE Vol
Yodhouue I = I x I érou ta I xou 1) ebvor Sraothpata otov RF xou otov R™
avtloTolya XL dpo:
(M X Am) () = Ak x Ap) (TN x TPy = N (TN, (1) =
Vi), (IP) = v, (I % 1®) = v, (I).

‘Etot, mpdypatt Ay, = A X Ay O

IMapdderypo 9.1.9. To Yedpenuoa Fubini yio yopoxtnpiotinéc cuvapthoelg unopel
VoL UV Loy VEL oV €0T X0 €VaL OO TOL [t Xou ¥ BEV elval O-TEMEPUCHUEVO.
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Arndéeitn. 'Eow (X, A) = (Y,B) = ([0,1],B([0,1])), p to pétpo Lebesgue oto
(X, A) xou v 10 apiuntnd pétpo otov (Y,B). Oewpolue 10 A = {(z,z) : = €
[0,1]} € X x Y xou nopatnpodpe 61t A € AR B xauenione yiwz € X xou y € Y eivon

Pa(z) =v(Ay) =v({z}) =1

pudei

Ya(y) = u(AY) = u({y}) = 0.

/deu:l#():/ymdu

Yuvenoe,

O

Xy oAio. Enyv evotnto oauty| anodelEope hoindv Ot TNV TEp(nTwon Tou €youpe d0o
YWOPOUC T-TENEPAOUEVOL UETEOL 0pileTon TEVTOL EVol hovadLXs UETEO Yvopevo (dnhady
Tou vo ixavorolel T oyéomn 9.1) oo yopo ywvouevo. Aev elvon YeVixd cwoTd, ov
AUPOUEECOUPE TNV UTOVECT] TOU T-TENMEPAUOUEVOU UETEOV, OTL UTHPYEL TAVTA UOVO €val
T€T0l0 PETPO: oTNY doxnom 13 Siveton éva avtinopdderypo. Ilapdia awtd etvon yeyovog
6T Yyl ontotousdiinote dvo ydpoue petpou (X, A, 1) xou (Y, B, v) undpyel évo pétpo
p otov (X x Y, A® B) nou va ixavorotel v (9.1). H anddeln awtold tou Oewphua-
To¢ Ypnowonotel To Oedpnua Enéxtoone tov Kopodteodwper| ahhd Eepedyel and toug
ox0ToU¢ OUTWY TOV ONUELCEWY. B oxtaypaphioovpe ta Booixd e Bruata otny
doxnomn 12 nopoxdte.

9.2 To Yewpnuota Tonelli xouw Fubini

Yy evotnta authy Yo anodetoupe 800 BlapopeTinéc exdoyéc Pewpnudtnyv TOTOU
Fubini. 30ugova ye to Oewpnua 9.1.4 xou tov Oploud 9.1.6, av ou X xou Y elvon
YWpot o-nenepacuévou Pétpou xou f = xc Y xdnowo C € A® B, téte woydel

/X</dey>dNZ/Y</deu)dV:/Xnyd(uXV)' (9.24)

O otdyoc pag eivon var omodel€ouue TETOIEC TAVTOTNTES Yiol EVPVTEPES XAAGELS GUVAp-
THoewv. To gualohoyixdtepo mou Yo oxeptdToy udhhov xavelc lva Vo Tpoy weicovuE
OTWC axEBOC Xl GTOV 0PLOUS TOU OAOXANEWUATOS GTO XEQPIAMO 6: PET amd TG Yo
PUXTNEIO TIXES VO PTACOUUE OTIC OMAES, OTH CUVEYELD OTIC U1 0EVNTIXES UETENOUWES
xaL T€hog ot ohoxhnpooutes. Auth axpiBoe Ty mopelo Yo xpatrooupe: Eextviyue
Aotnév and to e€nc:

Oceopnua 9.2.1 (Tonelli). Eotw (X, A, n) kar (Y, B,v) 60o xdpor o-nenepaoiiévov

pérpov. Av f : X XY — [0, 00] ia petprionun ovvdptnon Gewpolue tig ovvaptrioes
¢ X —[0,00] ka1 Yy : Y — [0, 00] mov opilovtar wg

by(z) = /Y fo dv = /Y f(@) dv(y) (9.25)

Kai

br(y) = /X £V du = /X f(x.y) du(z). (9.26)



154 - METPA TINOMENA

Tove n ¢5 elvar A-pevprionun, n 1y B-petprionun ka1 emmAéor 10y el

Joosau= [ wrav= [ ragxn (9.27)

1 1wodlvaa

[ ([ st avw) o) = [ ([ s au) vty = [ s

(9.28)

Arndden. Kot apydg, ol ¢y xou 1)y elvan xohd oplouévee olugpwva ye tnyv Hpdtaon
9.1.3. Q¢ ouvidug, divouue Ty amddelln oe PrpoTas

Brjpo 1. H f elvon tng popyrc f = xc¢ v xdnowo C € A® B.

Onwe elrmaye xou mpv ) dlatdnwon tou Jewpuatog, tpoxdntel dueca and to Oe-
Gdenua 9.1.4 xan tov Oploud 9.1.6, av mopatneioovue 6TL ¢ = o xu Py = Yo
axohovddvTog Toug cuuBoliouols Tou Oewphpatog 9.1.4.

BApa 2. H f elvan un apvnuiny) amhy) cuvdptnot, dnhadh tng woppric

n
= ajxc,
j=1

yio xdmowt a; > 0 xou C; € AQ B.

Etvor epgavée 6t yia x € X elvon
n
fCD = ZGJ(XCJ)CE
j=1

2Ol XOUTA CUVETELDL 1) YRUUUMXOTNTO TOU OAOXATNOWUATOS BlveEL

br = ajéc, (9.29)
j=1
7 omola etvon yetpriown. Telewds duola puoxd, malpvouue 6T
vr = ajc, (9.30)
j=1

xa dpar xou M) Py elvon uetpiown. Emmiéoy, and to Brua 1, yia xdde j éyouue

/X¢cj dMZLi/JCj dy:/xxyxcj d(p x ).

IMolhamhooidlovtog autés T oYEoels Ue a;j o TeoaUEéTovTos Tolpvouue 6Tl (Adyw
v (9.29) xou (9.30)) 611

Joosau= [ wpav= [ ragxo,
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onAad” tn {nroduevn,.
BAua 3. H f elvar tuyodoo un apvnuxy| uetprioydn ouvdetnon.

Koté 1o yvwotd, undpyet adlouoa axohoudio (S, )y W EVNTIXGY OTAOY YETRHOWWY
ocuvopThoEwy Kote s,  f. Tote, yio x € X, 1 axohoudio cuvoptioewy ((sn)I)n
ebvan a0&ovoa xou emnhEOV (8p,)z ' fz. Kotd ouvénela, and to Oedpnuo Movédtovng
Y0yrhong €youvue OTL

lim ¢, (z) = lim/ (Sp)z dv = / fo dv = ¢;(z).
Tekelwe dpota €xoupe xou TN oyéon
1171111 Vs, (y) = wf (y)

vy xdde y € Y. Ouwe, and to BAua 2 ot ¢, xou s, elvon petprioes yio xdde n
nou emnAEoV Loy Vel

/ Gs,, dp :/ Vs, dv :/ sp d(p x v).
X Y XXY

Apat, %o oL GUVIPTAGELS ¢f Xou Py elvon PETEROWIES Xt UdMoTaL, 0pod xou o (@s, )n
xo (s, )n ebvon a0€ovoec (yioti;), éneton and to Oedpnuo Movétovne Liyxhione 6t

/Xqﬁfdu:/wadu:/xxyfd(uxu).

IMépiopa 9.2.2. Eotw (X, A, p) kai (Y, B,v) dvo xdpor o-nenepacuévov pétpov
ka1 pia petprionun ovvdptnon f: X x Y — C. Ta akdérovla eivar wodlvapa:

O

(i) H f eflvar odoxAnpdsorun, énkadn f € L1 (u x v).
(ii) Toxdea [y [y |f(z,9)| dv(y) du(z) < oco.
(1) Ioxde [y [ |f(z,y)| du(x) dv(y) < oco.

Andbaén. H |f]| etvon yetpriown, un apvntixs cuvdptnon xou omd to Oedpnuo Tonelli
Loy eL:

| [l aw) du) = [ [ 15l au) a) = [ 1o

Ipogavde hotndy av woyvet pla and te (1)-(iii), dnhadh Eva and ta tpio ohoxAnpduaTa
elvan menepaouévo téTE TO (Blo Loy VEL O Yl TIC dAAeG Blo.

To endpevo Priua etvon vor yeketioouue Quod T Yiveton e TIC OAOXANPWOIES
ouvaptAoele tou Tadpvouy Twée oto C. T avtée oy lel To e€hc:

Oceopnua 9.2.3 (Fubini). Eotw (X, A, p) kar (Y, B,v) 6o xdpor o-nenepaouévov
pétpov kar pa ookAnpdorun avvdptnon f € LY (u x v). Tére:

(i) Ioxver f, € LY (v) p—oxeddy ya kdde x € X xar f¥ € LY (1) v—oxeddv ya
kie y € Y.
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(i1) Ov owvaptijoes g5 : X — C ka1 5 : Y — C mov opilovrar wg
x d k) x £1
op(z) = {fy faly) dv(y), av fu € SV) (9.31)
0, dagopetikd

[ *(@) du(z). av [ € £1(n)

) (9.32)
0, Oagopetikd

Yi(y) = {

aviikour arous L1 (p) kar L1 (v) avriotowa ka1 emmAéoy 10y Uel

Jorau=[wyar=[ g (9.33)

dnAad), ovolaotikd

J ([ s ) aute) = [ ([ s auw) vt = [ aguco)

(9.34)

Anédeifn. Oa yenolonololue xou T0 GLUBONOUS @p oL Y YO YLA UETEHOLUN OU-
vdptnon h: X x Y — [0, 00] énwe xévape oto Oedpnua Tonelli.

(i) Agol f € L1 (p x v), c0ppeve ye o TEonYolpevo Tdploua éxouue 6Tl

[ ([ 15wl a ) aute) <o

/ o) dv(y) < oo
Y

p—oyedby v xdde x € X (e€nyfote to autd avodutind). Me dhha Ay f, € L1(v)
p—oyeddy yia xde x € X. Tehelwe dpota éyouue xan 6t f¥ € L1 (1) v—oyeddy yia
x&de y € Y.

O XOTE CUVETELNL

(ii) Oétoupe A= {z € X : f, ¢ L' (v)} xou mopatnpolye 6T vl éva z € X elvou
/Y |fe(y)| dv(y) = 00 av xou pévo av ¢f(x) =0

xou oo A € A pe u(A) =0, agod n @5 ebvon peterown. Doty anddeidn e (9.33)
TP
Trodétouye apyxd ot 1 f elvon mporypatx cuvdptnon. Ta z € X \ A éyouue

by(z) = /Y foly) du(y) = /Y (o) () dv(y) — /Y (o)™ () dv(y) =

- / (FH)a(y) doly) / (F)ely) du(y) = b+ (x) — - ().
Y Y

Apa ¢y = (dp+ — ¢p- )xx\4- Ao 10 Ocidpnuo Tonelli howndv, n ¢y eivon puetpriown
xou emmhéov, apol p(A) =0 xou f € LM (p x v) woybouy oL

/ PpeXX\A du=/ brt du:/ frdpxv) < oo
X X XY
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nou

/X¢f—XX\A dMZ/X¢f— d'u:/xxyf_ d(pu x v) < oo.

YUVETKC

[lodaus [ op dus [0 du= [ irlatexm <o,

dhadh ¢ € L1 (). Moo ebvon xou

/ of dMZ/ G Xx\A du—/ br-Xx\a dpu =
X X X

=[x = [ pdwxn = [ e

Teheloxe avdhoyo amodeixvieTon xaL 1 oYEoT UE TNV 5.

It yevi teplntwon topa: yedgouue f = fi +ifs 6mou ot fi, fo elvon mpory-
HATIXEC CUVORTHOELS, OANOXANPMOIES 1S P0G [t X V. Oftouye

Al={zeX:())e L' WV)} xu Ay={x € X:(fo)e & LV}

Aol fr = (fi)e +i(f2)s énetn 61 A = {z € X : f. ¢ LY (v)} = A1 U Ay

(ouvenie p(A) = 0) xau eniong ¢ = (¢y, +idyp,)Xx\a- Apa N @5 elvon uetphoun
xou ¢f = ¢, +ids, p—o.m. oto X xou cLVenAC ¢ € L1 (1) xon

/)(¢fdM=/)<¢fl du+i/X¢fz dp =

=[x ri [ g = [ g

Tehelwe dpolor ENETOL X0l TO GUUTERUOUAL YLOL TIG ¥ F KOl ETOL ONOXATIPWVETAL 1) AMOBELEN.
O

Me v (Buot ouctaoTind anddeiln unopel vo del€et xaveic 6Tl To Oewpenuo Fubini eivou
ExEL LoY0 XU Yot ONOXATPOOUWES CUVUPTAHOELS UE TWES oTo [—00,00]. H anddeln
APNVETAL WG AOXNOT).

Xy oAo. Tuvidwe ta Yewprparta Tonelli xou Fubini egapuélovron poali. Av $€houpe
vou utoloyiooupe To ohoxhrpwpa uiag cuvdetnone f @ X x Y — C Bokelel mohhég
popéc va amodelfoupe Tpdta 61t f € L1 x v) yenowonowdvrog 1o Oedenuo Tonelli
(ovotaoTind T Moo TTOU TO axohoUVEL) XaL TN CUVEYELX VoL TO UTONOY{COUYE Uéow
Tou Ocwprpatog Fubini avadotdocovtag o ohoxAnedpoata Ue xotdhhnin oelpd. Mo
e@apuoyn auThc TG 1o€ac Yo dodue oto Kegpdhato 11 nou Yo yehetricouye T cuvENEN
o7o ywpo LY(N).

9.3 Aoxnoeig
Oudda A'.
1. Eotww (X, A, u) xu (Y, B,v;), i = 1,2 ydpol o —nenepacpévou uétpou. No deilete

ot
px (v +rve) = (uxv) + (1 X v2).
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2. Eow (X, A) yetpriowoc ywpoc xou f : X — R yetphiown ouvdptnon. No Seilete

6Tl T ahvola

(i) Gr-(f) ={(z,y) € X xR: y < f(x)}

(i) Gri(f) = {(2.1) € X xR: y> f(a)}

(iif) Gr(f) ={(z,y) € X xR: y = f(2)}
avixouy otn o—dhyeBea A @ B(R).

3. Eotw (X, A, p) yodpoc o—nenepaouévou pétpou xau f : X — [0,00) petpowun
ocuvdpTnom. Oétouue
R(f) ={(z,y) e XxR: 0 <y < f(2)} xa S(f) = {(z,y) € XxR:) <y < f(a)}.
No Sel€ete 6n woyver R(f), S(f) € A® B(R) xou emniéov
/ fdp = (pxA) (R(f)) = (< A) (5(F)) :/ w([f = yl) dA\(y).
X [0,00)

Yuvdryete ot av yio ot petphioln cuvdptnon g : X — [0, 00) woydet p ([f > y]) <
p(lg = yl) yooxdde y > 0, w6te [ fdu < [y gdp.

Oudda B'.

4. Anodei€te 6L dev undpyet olvoro Borel A C [0,1] x [0,1] dote Ay aprduioo
v xéde x € [0, 1] xou [0,1] \ AY aprduiowo yia xéde y € [0, 1].

5. Adote Tapdderypa ouvérou C C R? dote C ¢ B(R?) xou v loylouy to e€fc:
(o) Cp € B(R) xou CY € B(R) vy x&¥e z,y € R xau
(B") O ouvaptioeic & — A(Cy) xou y — A(CY) eivon Borel petpriowes xou toylet

/ ACy)dA(z) = / A(CY)AA(y).
R R

6. Adote nopdderypa Borel petphowne ouvdptnone f : R? — R dote f ¢ L1(Ax N)
xou voutoylel fr € LY(A) xan f¥ € LY(N) vy x80e 2,y € R xou emmiéov

//fxyd)\ YdA(y //fxyd/\ YdA(z).

7. 'Boto f o cuvdptnon 6nwe oty tponyoluevn doxnon. Oewpolue tny g : R? —
R mou opileton and ™ oyéon g(x,y) = xf(x,y). No egetdoete av:

(i) H g eivar Borel petpriown.
(i) Toyler g € LA x N).
(iii) T Ty g WoyYoLY oL AMAUTHCELS TNS TREONYOVUEVNS GoXNOTC.

8. 'Eotw (ank)5%_ wo Stk axohoudiar mporyatixddy aptdudy yia Ty onola 1 oelpd
Y ok lank| ovyxdivel. Na Selfete ot

k=1n=1 n=1
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Oudda I,

9.

10.

11.

12.

13.

‘Eotw f : (0,1) — R wa Lebesgue petpriown cuvdptnon. Av n cuvdptnon
g(z,y) = f(z) — f(y) ebvar ohoxdnpdowun oto (0,1) x (0,1), vo deilete bt f €
£1(0,1).

‘Eotw f,g: R" — [0, 00] pn apvnuxée petpowes ouvapthoeic. Na dellete ot

/n frgdXx= /OOO </{xew:g(z)>y} f(z) d)\(a:)> dA(y).

Yuvdyete 6TL

/ 9(z) dX(z) = /OOO M{z 2 g(x) > t}) dt.

‘Eow f : R® — R pa Lebesgue yetpriown cuvdptnon pe ty elrg WBuotntoL:
umdpyer C1 > 0 wote, yio xdde ¢ > 0

Ch

Mz 1) 2 th) < 2L

Agi&te T undpyer Cy > 0 dote, Yo xdde petpriowo obvoro E pe 0 < A(E) < oo

VoL Loy Ve
[ 18] ds < C2yATE)
E
"Eote wo petphown ouvdptnon f € £1(0,1). Tw z € (0,1) 9étoupe

g(x) :/ @ dt.

Aci&te 6T g € L£1(0,1) %o
/0 o(x) dA(z) = / f(x) dA(x).

‘Eotw (X, A, p) xou (Y, B,v) tuydviee yodpol pétpou. Amnodellte 6t 610 Yhpo
ywopevo (X X Y, A ® B) opileton éva yétpo ywvdpevo p oxolouddviag to e€hc

Briuara:
(1) Anodei&te 6t av éva petphoo opdoydvio A X B ypdpetar oTn popyh
Ax B= U(A"XB")’
n=1
6mou {A, x By} axohovda Eévewv avd dvo petphoipwy opdoywviny, téte

p(AW(B) = 3 u(An)v(Ay).

n=1
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14.

(ii) Av {A, X Bp} o {E,, x F,} 800 axoloudiec Zévwv avd 800 petphiotuwy
opYoywviny wote

G (A, X Byp) = G (B, X Fp),

n=

—

to1E elvan

Z w(An)v(By) = Z (v (Fy).
n=1 n=1

(i) Oewphote R TNV 0XOYEVELXL OAWY TV TEMEPUCHEVOV EEVWY EVICEMY UE-
Tehony opoywviey. T éva C = [J;_, (Ax x By) € R 9étouue

po(C) = Z 1(A)v(Br).
k=1

Anodeite 6T n R elvan dhyefea xan To pg €va premeasure otny R.
(iv) Xenowwornowbdvtag 10 Oedenua Enéxtaone tou Kapadeodwer) ouvdyete 1o

{nrolyevo.

‘Eotww (X, A, 1) = (Y,B,v) = (R,P(R), n), 6mov

0, oav A apiurolpo
(A) = pLIUNOLW , .
oo, av A unepopriunoo
Eow m: X xY — X pe n(z,y) =  — y n npoforfi tou X mopdhhnio ot

dayeovio A = {(z,z) : 2 € X} tou X x Y = R2. Opiloupe p,7: A® B — [0, 00]
and Tic oYEoELC

(©) = 0, ovC=AUB xu m(A),m2(B) aprdufioa
PR = 00, OLPOPETIXA

7(C) = {0, av C' = AUBUD xo m1(A), m2(B), (D) apriuiotua .
00, OLIPOPETIXG
No deléete bt
(i) Ta p o 7 elvon pétpa oty A Q B.
(ii) p(A x B) =7(A x B) = u(A)v(B) vy xdde A € Axu B € B.
(iii) T Sroydvio A woydet A € AR B xow p(A) = o0, evedd T7(A) = 0.

'Etot, 1 uovadixdtnTo Tou UETEOU YIVOPEVOU amOTUYYAVEL diywe TNy utddeon Tou
0 —TENEQUCUEVOU.



Kegpdiawo 10

To Oswpenua
Radon-Nikodym

O otdyoc Tou xegaralou auTOL elvol Vo TOEOUGIACOUUE AVUALTIXG TO VeUEMMOES
Oedpnuo Radon-Nikodym. To dedpnua autd Eeywpeller xuplwg Aoyw e evpeloc
epappoyhc Tou ot Ocwpla IIfavotitwy xou T Suvaptnotaxs; Avdhuon.

HMopotnehioope oty §6.2.1 dtav (X, A, 1) évag ydpoc pétpov xou f : X — [0, o0
QoL LETERoN un apynTtix cuvdptnon, tote to v 1 A — [0, 00] pe

v(A) = /Af du (10.1)

opilet éva pétpo oo Yoo (X, A) o onolo eivar, 6we Mpe, andluta ouvexés ws npog
T0 p, Inhadr) av p(A) = 0 vy xdnowo A € A, téte ebvan xou v(A) = 0. To Oedpnuo
Radon-Nikodym e&etdler xatd m6c0 oylel 10 avilotpopo, dnhadh moleg cuviixeg
TPETEL VOL LOYVOLY YLoL €VaL UETPO 1 O va PeTprioo xodpo (X, A) dote xdde andluta
OLVEYEC HETPO IV wC Tpog p var elvan e pop@hic (10.1). Oa dodue otn cuvéyela dTL
apxel 1 unddeon Ot To 1 elval T-TENEQUGUEVO.

Trdpyouv morkéc BlapopeTinéc TPOoEYYIoEL Yot TNV amddey Touv Yewpruatoc.
Eivar WSwodtepa ohvnieg va anodewvieton YeTd and Tn MEAETY TNG €VVOLIG TOU TPO-
onuaouévov uétpou yenoulonolwvtag Ty avdiuon Hahn evég tétolou pétpou. Ilop’
Ohat auTd euelg Yo amopiyouue auTd tar epyahelor xou Yo BOTOLYE Wiat ohVTOoUN AmddEL-
&n mov Baoiletar wévo oe doa Eyouue yeretrioel Péypl to Kepdhawo 6. Xto endpevo
xe@diato Yo ddoouue xou o dedtepn anddelln tou Jewphatog pe yenon Vewplag
yoewv Hilbert egoppoouévne otov L2 ().

10.1  AmndoAutn cuveEyeia xot xrIeTOTNTX

Kévoupe oe autéd to onuelo pla cOvTourn HEAETN TNG EVVOLOC TNS AMOAUTNG CUVEYELNS
TIOU OVOPEQOYE TUPAUMAVE. ZEXWVAUE UE TOV OPLOHO:

Ogiopoéc 10.1.1. Eow (X, A) évag petpriowos xdpog xau p, v 8o pétpa otov
(X, A). Aépe étL 10 v elvon andAuta ouvexés e TPOS 1 xoL YPAPOUYPE v < i oV Yidt
xdde A € A ye u(A) = 0 eivou xou v(A) = 0.

H éxgpaon «amdhuta CUVEYEC» TOU YENOWOTOLACUUE TUPATAVE dlxotohoyeiton
and v €€ evilagépouoa TedTaoT:
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Iedétacr 10.1.2. Eotw (X, A) évag petpriouos xopos kar fi, v 8o uétpa oto
(X, A). Ta axbérovia elvar wwodtvapa:
(i) To v eifvar andAuta ovvexés ws TPos L.
(i) Ta xdOe € > 0 vndpyer § > 0 dote ya ke A € A pe u(A) < § va wyve
v(A) <e.
Arndbeén. (i) = (i) Ac vrodéooupe 6T to (ii) dev adndever. Téte, undpye € > 0

Gote v xde n vo umopolue va Peolue A, € A ye

1
w(Ay,) < on X v(A,) > e.
O¢étouvpe A = limsup,, A,, xaw nopatneolye 4TL, apouL

oo

iu(An)<22in:1<oo
n=1 n

=1

énetan and 1o lo Adupa Borel-Cantelli (Aoxnon 2.3) 6t pu(A) = 0, doo xou v(A) = 0.
‘Ouwg, and v doxnon 1.4 €youue 6t

v(A)=v (ﬂ U Ak> = limv (U Ak> >e
n=1k=n " k=n
apol v ((Upe.,, Ak) > v(A,) > € o x80e n xou dpar éyovye avtigaon.

(ii) = (i) Eow A € A dote pu(A) = 0 xau € > 0. Tére, Beloxouvpe éva § > 0 dote
var oylel 1 (i) ohhd tote p(A) < § xou dpa v(A) < e. Agol to € > 0 Aty TUYOY
éyoupe mpdypatt 6t V(A) = 0 xou xotd cuvETEL OTL ¥ K .

O

ITepvdpe twpa oty évvola g xadetdTnTog Tou Yo yeelaoTolue UETA TNV amodelln
Tou Oewpruatoc Radon-Nikodym:

Opgiopo6c 10.1.3. Eotww (X, A) évag petpriowos xbdpog xat (i, v 800 uétpa otov
(X, A).

(i) Aépe 6T 0 p ebvon ovykevtpwuéro ot éva A € A av woylel u(X \ A) = 0.

(i) Aéue 6TL o pétpa p xou v elvon kddeta av undpyer A € A dote to p vo elvon
SLYXEVTPWUEVO 6T0 A xou To v va elvon cuyxevipwpévo oto X \ A. Tpdpoupe
tote u L v,

Mepixéc oyedbv dueceg WLOTNTEC TNG ATMOAUTNG CUVEYELNS Xal TG XodeTHTNTOG
TeplEyovTaL TNy axdrouln mpdTaon:

IMeétacy 10.1.4. FEotw (X, A) évag petprjonuos xdpos Kat i, v kai p Hétpa ooy
(X, A). Tdre wydovr ta e&ng:

(i) Avv < pukat p < i, ©te v+ p < p.
(i) Avu Lv kaip Ly, téte p+p L v.
(1)) Avv < pkarp L p, tore v L p.
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(iv) Avv < pkarv L p, téte v = 0.

Anddaén. (i) Av A € A tétowo dote p(A) = 0, and Tic doouévee naipvoupe 6TL
v(A) =0 xau p(A) =0. Apa xou (v + p)(A) = v(A4) + p(4) = 0.

(ii) Bpioxouye olvora A, B € A dote
H(X\ 4) = v(4) = p(X \ B) = v(B) = 0.

‘Etot, yio C = AUB € Aceivar v(C) = 0 xou (X \ C) = p(X \ C) =0 (yroi;). ‘Apat
xou (p+ p)(X \ C) =0, xon cuvendde p+p L v.

(iii) Agol p L p Bploxoupe éva alvoho A € A dote p(X \ A) = 0 xaw pu(A4) = 0.
Aol buwe v < p éyoupe xon 6t v(A) = 0 xou dpo etvon xou v L p.

(iv) Ané 7o (iii), Yy p = v, cuunepaivoupe ot v L v xou dpo mpdrypatt v = 0 (yiol;).
O
10.2 To Oswpnua Lebesgue-Radon-Nikodym

Hexwdye oe auth) Ty evotnta Ty anddelln tou Oewprpatoc Radon-Nikodym otny
Tepintwon mov To YETEA [4 Xl ¥ Elvor TEMEQUOUEVA. LTV Tpory patixdTnTo Yo amode-
{€oupe To £&€nc oyLEdTEPO VeMpnua aVaTaEdso TooTG:

Ocopnua 10.2.1 (Lebesgue-Radon-Nikodym). Eotw (X,A) évag uetprionios
XDpos kar p, v Vo menepaopéva uétpa otov (X, A). Tére vrndpyer pia petprionun
ovvdptnon f: X — [0,00) ka1 éva D € A pe p(D) =0 dote
v(A) =v(AND) —|—/ fdp, yua xdde A e A (10.2)
A

Arnddeiln. Oo doroouue Ty amddelln ot PruaTa.
Brpo 1. Kataoxeu) tne ouvdptnone f.

H ouvdpetnon f nou dyvouue clyoupa el
/ fdu<v(A), ywxdde A€ A
A

Oo dlahéEoupe exelvn TN cuvdptnon nou tpooceyyilel 660 10 BuVATOV XaAbTEPA TNV
loOTNTAL €0¢). OEWPOUUE AOLTOY TNV OLXOYEVELL

H= {h:X—)[O,oo): / hdu <v(A), yw xd(ﬂEAGA}. (10.3)
A

Mo v H napatneolue to e€ng:
(i) Etvoaw H # 0, apod 0 € H.
(i1) Av hy,he € H t6t€ h1V hy € H. Tpdypatt, av B = [hy > ha] xu A € A tuydv

elvau:
/hl\/hgdu:/ hl\/hgdu—i—/ hiV hy dp =
A ANB A\B

:/ hldu+/ ho du <v(ANB)+v(A\ B) =v(A).
ANB A\B
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(iii) T h € H eivan
/h dp < v(X) < oo, (10.4)
apol To PETEOo v elvol TETEPACUEVO.
©¢touue hoimov

a:sup{/hdu:he?l}<oo. (10.5)

Oa del€ouue 6T aUTH TO supremum elvor OTNY TEAYHATIXOTHTA Maximum xot 1 Gu-
vdptnomn otnyv onola emtuyydveton Yo elvan 1 {ntodpevn f. T xdde n Peloxouvue

ouvopthon hy, € H wote
1
a——< /hn du
n
xou dpat v g, = max{hq, ha, ..., h,} ebvon g, € H xou

1
a—fg/hnd,ug/gndﬂga. (10.6)
n

‘Opwe, N axoroudio (gn)n ebvar abdZovoa (yiortl;) xou dpo cuyxAivel xatd onueio oe
po petenown ouvdptnon f. And to Oedpnuo Movétovne X0yxhiong xou 0 oyéon
(10.6) ouurepaivouye 6Tl f € H xon pdhoTo

/fdu:lim/gndu:a.

Ocwpolye 1N ouvdptnon 7 : A — [0,00) pe
T(A) =v(A4) — / fdu, yiwaAeA (10.7)
A

xou Topatnpolpe 6T elvan pétpo otov (X, A) (yoti;). Hpénet va Ppodue chvoro D pe
w(D) =0xu 7(A) =v(AND) yiaxdde A € A. Av (D) = 0 dpwe, vroroyilovye

7(A) = 7(AND)+7(A\D) = Z/(AﬂD)f/AnD fdu+7(A\D) = v(AND)+7(A\D).

Suvende to D npénel xon apxel emniéoy va ixavorolel emtmAéov tn oyéon T(A\D) =0
v xdde A € A. Ondte, cuvohind, Pdyvouue éva D € A dote

w(D)=0 xu 7(X\D)=0. (10.8)

Oa pog pavel yprowo o e€hc Teyvind Afuuo:

BrApo 2. 'Eotww (X, A, p1) évac xhpoc TENEPUOUEVOL UETPOU X0 WOl OLXOYEVELX
& C A. Tére undpyer apriunon uvroowxoyévela F C & dote:

(i) Av A e F, t6te u(A) > 0.
(ii) To otouyelo tne F elvou E€va avd dvo.

(iii) Av FF = JF, 0 X \ F 8ev nepiéyet xavéva otoiyelo e £ yvhola detixo
U-péETEOou.
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Oewpolye TNV ooYEVELN
S={F CE&: wybouv ol (i) xou (ii) mopandvw}. (10.9)

To (iii) mopanéuner oty ebpeon wag owxoyévews F € S 1 onolo vo eivor TOA «pe-
YA xou dpo TN yerion tou Auuotog Zorn. Av (}—i)z‘el pLo chuotda otoryelwy e
S, 161 auth éyel dve gpdypa oty S agod Fj C ;¢ Fi v xdde j € I xou emimhéov
Uier Fi € S — 1 anddeidn autol tou 1oyuptouol agiveta we doxnom.

Enoyévwe undpyel F € S yeyiotind we mpog 1N oyéon tou meptéyeoton. o tny
F wybouv guotxd o (i) xou (ii) agod F € S. T v (iil) wdpa, av F = |JF xo
urnhpye F € € ye p(E) > 0 dote E C X\ F t6te Yo Aty ENA = 0 yio xéde A € F
(yrortl;) wou dpo Yo elyope FU{E} € S: drono and ) yeyouxdtnta tou F.

Mével vo dewydel 1 aprdunowdtnra tne F. (Iapotneriote 6Tt dev €xel ypnoo-
rounVel uéypl tdpa oTL 10 1 elvan tenepaouévo) o xdde n 1 owxoyévela

F = {A € F:p(A) > ;} (10.10)

elvan memepoopév, agold av unhpye axorovda {A, :n =1,2,...} C F, ond 7o (i)
TUEATAVG CUUTEQOUVOUUE OTL

(oo} [ee] (oo} 1
1% U Ay | = E H(An) > § n = 00,
n=1 n=1 n=1
10 omofo eivou drono ool to p elvon tenepaouévo. And 1o (i) Topandve cupnepaivouye
ot

(oo}
F=U7x (10.11)
n=1

xa dpa 1) F elvon aprduriowun.
BAua 3. Kataoxeu| tou D.

'Onwe elnape xaw wpv to Afppa Aotndy, Ydyvouue éva obvoro D € A ue
(D) =0 xu 7(X\D)=0.
INo n € N dewpolye tnv ooyévela

En = {A ceA:7(A) < M(A)} (10.12)

n
X0l TOPUTNEOVUE OTL

() av A €&, t6te pu(A) > 0 xou 611

(B) n & elvon xhewoth otig apripfiowes EEVES EVHOOELS

(vor Tt emodndetoete). Egapudlovtog, to Bha 2 yio xadéva and ta &, Bploxoupe
apriunuoeg owoyéveeg G, C &, Eévwv avd 800 GUVOLKY YeTiXol U-PéTEou, HOTE av
Gn = Gn w0 X\ Gy, va pny nepiéyet xavéva otoyelo e &, Yetixol p-uétpov.

Ané 1o (B) nopandve cuprepaivoupe dtL xdde G, € &, xou dpat

p(Gn) _ (X))

<
T(Gn)_ n - n
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‘Etol, av G = (,2; Gy éyoupe 61 7(G) < 7(Gp) — 0 xou dpa 7(G) = 0. Oétouue

AoLmtov

D=G=|]JG; (10.13)

xou mopartnpolue OTL pével va detyVel wévo bt u(D) = 0. Ed8e Yo ypnoiponotfioouye
Tov teém0 Tou SwhéZope TV f. Apxel guowxd (ané v unompoodetixbénTar TOL
uétpou) va dewydel dtL (X \ Gp) = 0 v x&de n.

Ioyveiopmdc. Av A€ A pe p(A) > 0, téte yo xdde n € N urndpyet B, € &, dote
B, C A.

IMpdrypartt, av Yécouue
1
g=1f+ XA (10.14)

1 g dev elvan otouyeio tng owxoyévelag H agol

/gduz/fdu—ki,u(A)>/fdu=sup{/hd,u:h67—[}.

Tuvenae, undpyet obvoro B € A dote

/Bg dp > v(B)

1 loodUVaua

1 1
vB) < [t [ xade= [ faurLuans).

Yuvenae, v o B, = AN B éyouue

(B, < 7(8) =) - [ fau< "I,

onhadn By, € &, onwg Yélope.

Yrodeponoolye évay puowd aprdpd n howmdv.  Av Arav u(X \ G,) > 0 Yo
Beloxape By, € &, pe u(By) > 0 dote B, C X \ G,, 10 onolo eivan dtono ané tov
TpoTo eTAOY A e owoyévelac G,,. ‘Etor, npdypatt u(X \G,) = 0 xou dpo u(D) =0
xo €Tl 1) oamoBelEy) ohoXANEINXE.

O

Yav dueco nopiopa Tov Oewpriuatoc Lebesgue-Radon-Nikodym €youpe téhpa to
Oedpnua Radon-Nikodym yio nenepaopéva pétpo:

IMépropa 10.2.2 (Oedpnua Radon-Nikodym yia nenepoouéva pétpa). Eotw (X, A)

€vag UETPRioNLos Xwpos kai , v 6Vo memepacéva puétpa otov (X, A) dote v K p.
Téte vndpyer a povadikry p—o.w. petprionun ovvdptnon f: X — [0,00) dote

v(A) :/ fdu, ya kdfe A € A. (10.15)
A
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Anddeln. Lougpwva pe 1o Oewenuo Lebesgue-Radon-Nikodym Bploxouye petpriown
ouvdptnom f : X — [0,00) xon cbvoho D € A pe u(D) =0 dote

v(A) =v(AN D) +/ fdu, yoxdde Ae A
A
Aol bpwe p(D) =0 xou v < p énetan 61t v(D) = 0 xou ouvende xou v(AN D) = 0.
Apa TpdrypoTt
v(A) = / fdu, ywxdde A € A.
A
Tt T povaddTna Tdpa, unodétouvue 6Tt untdpyet xou ot fo : X — [0, 00) yetpriown
HoTE To v va elval To adpLoTo ohoxhpwua e fo we mpog p xou Ya delfoupe 6t f = fj

p-o.m. oto X. Agot f, fo € L1(u) éreton 1 xon f — fo € L1 (1) xow emmhéov yia
x&de A € A eivou

[t =sydn= [ fan[ g du=via)-via) =0

Yovenne, npdypatt éneton to {nrodpevo (yiotl;). O

10.3 H yevuxn poppr tou Yewpnuhatog

‘Onwe elnaye oL oTNY 60y WYY TOL XEPAAALOL, GTOYOC UAG OE AUTH TNV TOPAYEPO
elvon va anodel€oupe to Oewpnua Radon-Nikodym otnyv nepintwon nou to uétpo p
elvan o-nenepoaopévo. T va o metiyoupe autd Yo ypetaotoldue GAho €val TeX VX
Afppa oto Ogog Tou Brpatog 2 tneg amddeléne tou Oswpruatog 10.2.1:

Afppa 10.3.1. Eotw (X, A, u) évag xdpog o-tenepacuévov uétpov kar pia oiko-
yévaua £ C A. Tére vndpyer apidunoun vroowoyéveia F C € dote av F = |JF va
efvar

w(E\F)=0, yuaxdde E € €. (10.16)

(Iapaztnpniote 6 énetar and avwd én to X \ F bev nepiéyer kavéva otoiyeio tng €
Oeticol pétpou.)

Anédatn. YTrodétouvue apyxd 6Tt o 1 elvon TEMEPUOUEVO ol VEWPOVUE TNV OLXO-
yévewr &, mou anoteheitan and dheg Tic aprdunoleg evaoelg otolyelwy g £. Puowd,
xdde otouyeio e £, avrxel xou oty A xou dpa €xel vonua 1 tocdTnTa

a=sup{u(E): E €&} (10.17)

yioe Ty orola emimhéov oylel 0 < a < p(X) < oo. Bploxoupe Aowndv puar oxohoudio
(En)n otoyelowy tne & oote p(E,) — a xu ¥étoupe F = |J,2 | E,. Opwc té1€
F € &, (ywsl;) xou dpo undpyet F C € wote F = |JF. Eto, v xdde n éyoupe 6T

W(E,) < pu(F) < a

xaw apoV p(Ey,) — a éneton otL u(F) = a. Tuvende, agod 1o p elvon TETERPUCUEVO,
yioo B € € éyoupe 6T

WE\NF)=W(EUF)—pF)=uEUF)-a<a—-a=0,

agoy EUF € &,. Tuvende, npdypatt u(E\ F) = 0.



168 - To OEQPHMA RADON-NIKODYM

3t yevu Teplntwon thpa, agod To i elvon o-nencpaocuévo, Beloxouyue axolouvdlo
(Xn)n otoyelowy e A wote X = (Jo—; Xy xou pu(X,) < 00yl xdde n. Oétouye
Aoy pin(A) = (AN X,) vy A € A xou topatnpoldue 6t x8e iy, eivon évo meme-
paopévo pétpo otov (X, A). Katd cuvéneia, and to napandve, v xdde n Ppioxovye
pro oprdunoun owoyévela Fp, C £ wote

i (BN Fa) =0

v xde n € N xow B € €. Oétouvye té1e
F=U7x (10.18)
n=1

xou mopatnpolue 6tL ) F elvon aptdufowun, F C € xau av emnhéov F' = (JF, v
E € & eva

oo

p(B\F) <Y n(XaNE\F) <Y p (X E\JF) =

n=1

=§:1un (B\UF) =0,

omwe dniadn {nthoaye. O

IMopathenon 10.3.2. Av F xou F' 800 apriufioes utooxoyéveee tne € Omng
OTO TOEATAVG AAUMAL, TOTE

" (U ]-'AU]—") —0. (10.19)

Andoaén. Dpdpoupe

UnUr=-U{s\UJs ecr}

xa apol 1 F etvou oprduriodr) cupnepofvoupe 6Tt
M(U}"\U}") < ZM(E\U}") =0
Eceg

and Tt oyéon (10.16) yio v F'. Tehelwe dpota éneton xou 1 oyéon

w(UF\UF) =0
xou xotd ouvéneta xou 1) (10.19). O

XENOLOTOL)OVTOC TO TEONYOVUUEVO AHUUAL ATODEXVIOUNE TWEA TO:

Oewpnpa 10.3.3 (Radon-Nikodym). Eotw (X, A) évag uetprionuos xopos kai
W, v 8Vo pérpa otor (X, A) dote to p va elvar o-nenepaopévo ka1 v K p. Téte
vndpyer pia povadikry p—o.m. petprioun owdptnon f: X — [0, 00] dote

v(A) :/ fdu, ya xdde A e A (10.20)
A

Av eminAéor ka1 to v €ival o-nenepaciévo tote n f umopel va emAeyel dote va naijpvel
Tipég oo [0, 00).
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Arnddeén. Alvouye xou mdhl Ty anddelln oe BruoTos
BrAupa 1. To g xon v elvon o-nenepaopéva.

Yy nepintoon auth Beioxouue axohoudiec (A;)ien xau (Bj)jen Zévwy avéd 80o otot-
yelwv e A dote p(4;) < oo xau v(A;) < ooy xdde @ xou j. Av mdpouye ¢
(Xn)nen wo opldunon tng owovévelng {A; N By} jyen2 mapatnpodue 6t n (X,)
amotele(ton and Eéva avd dvo otouein e A dote u(Xy,), v(X,) < 0o v xdde n —
eneéNYNOTE TIC AENTOPEQPELES.

Oétouye TORA Ly = fi| Ay, X4 Uy = V|ay, , 0mOL Ax, ={Ac A: AC X,} 10
tyvoc e A oto X,,. Ta iy, xou vy, €lvon TETEQUOUEVOL UETEA PE Yy, K fly, X0 B0l 0Tt
10 Oetpnuo Radon-Nikodym yia menepacpéva uétpa cupnepafvoupe 6Tl Yo xde n
UTipyEL Wiot YeTERoWN ouvdptnon fn 1 X, — [0,00) dote

Vn(A):/Afn din, yxdde Ae Aye AC X,

1} LoobUVaUaL

v(A) = / fndp, yaxdde Ae Aye ACX,,. (10.21)
A

Opiloupe tn ouvdptnon f : X — [0,00) dote fl|x, = fn Yi xédde n xou napotnpolue
6t auth oplleTon xohd xon etvon petpriown (yrotl;). Katd cuvénela, yenotponoudvtog
™ oyéon (10.21) xou 10 Oedpnuo Beppo-Levi, vy A € A nodpvouye:

V(A):ZV(Aan):Z/AmX fr dp =

n=1

:;Anxnfduznz_:l/AfXXn dy =

/Aifon/Af'ldu/Afdu-

n=1

Av topa fo 1 X — [0,00) wior GAA HETEROWY CUVEPTNOTY MGTE TO ¥ Va Eivor TO
a6plo0To OAoxhpwud TNS fo WE TEOC L, CUUTEEAVOUUE OTL Yo xdde n

Z/n(A):/Afdp:/Afodu, vy xdde A e Auye AC X,

xolL dipal amd TNV LovadixoTnTa Yo tenepacpéva uétpa énetan 0Tl f = fy p—o.n. oto
X,. Yuvenag, agod X = (o, X, éyoupe mpdypatt 6t f = fy p—o.n. oto X
(oupmhnedote TiIc AenTopépPELES).

BrAupa 2. H yevixy nepintwon: to v dev elvon amapafitnto 0-TeNepaoUévo.

Ou Eeywploovpe exelva T utocUvola Tou X ota omola To v elvan nenepacpévo xan Yo
dapeploouye ot cuvéyela To X xatdAinia Bdoet Touv mponyoluevou Auuotog. 1o
ouYXEXPEV, YETOUUE

E={AecA:v(A) < o} (10.22)

xou olppove pe 1o Afupa 10.3.1 Beloxovye F C & apdufiowun wote av F = JF
va givon w(E\ F) = 0 yua xd%e E € €. Av ypddovpe F = {F1, Fy, ...} éyouue
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ot v(F,) < oo (ool F C &) v x&de n xou dpat 10 V|4, elvon o-meEnEQUOUEVO.
Aqgol emmhéov V|4, < |4y, oUUPwva ue to BAua 1, undpyel petphiowun cuvdptnon
g: F —[0,00) dote

V(A):/gdu, v xdde A€ Ape ACF.
A

Méve va Solpe wévo T yiveton yia exeivo o A pe A C X\ F:
Ioyveiopoée. AvAe Ape AC X\ F, téte v(A) = 0o - pu(A)L.

Ipdryportt, av yio xdmowo tétoto A eivon p(A) = 0, t6te Yo ebvon xon v(A) = 0 aot
v peve av pu(A) > 0 o ebvan xon p(A\ F) > 0 (yoel;) xou dpa A ¢ E, dnhoadn
v(A) = oco.

OpiCoupe rowndy 11 cuvdptnom f: X — [0, 00] pe

flz) = {Zix)’ i 2 i\F (10.23)

xan mopatnpovue 6Tt yia A € A etvou

V(A):V(AﬂD)-i-u(A\D):/Aandu—Foo-u(A\D):

=/ g dut mwz/ fdu+ ,m:/fw
AND A\D AND A\D A

Méver va deiydel uévo 1 povodixdtnto tne f: umovétoupe xou TEAL OTL UTdEYEL WLat
GAAn ouvdetnom fo : X — [0, 00] dote

o) = [ 7du= [ o (10.24)

yioo xdde A € A. And tn povadidtnta oto Bua 1 énetan 6 flp = fo|lp p—o.m.
xou dpar pével var detfoupe pévo 6T folx\p = 00 p—o.m.. Av autd dev odndelel to
cOvoho

{r e X\ F: folz) < o0} = U{xeX\F:fQ(m‘)gn}

€xel 9eTind p-U€TPo X XOTd GUVETELD LTEPYEL I (OOTE
p{z e X\ F: fo(z) <n})>0.

Agol o p elvan o-nenepacpévo thHpa, Beloxoupe A C {z € X \ F : fo(z) < n} ye
0 < pu(A) < oo. Téte, agod A C X\ D xon p(A) > 0 éneton 6t v(A) = 00 eved

/Afodué/Anduzn-u(A)<oo:

drono and v (10.24). 'Etol n anddelln ohoxinpcydnxe.

Lomou we ouvidue xévouue ) oduBaon co - 0 = 0.
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Opiopo6c 10.3.4. Eotww (X, A) évag petpiowog xdpog xau p, v 800 pétpa otov
(X, A) dote 10 1 v elvon o-nenepaouévo xou v K p. H povodixh p—o.m. petpfowun

ouvdptnon f mou npodloplletan and to Oewpenua Radon-Nikodym Aéyetoaw Radon-

Nikodym napdywyog tou v ¢ mpog 1 xan ouuBolleton pe ZTVL-

‘Etot, 1 oyéon (10.20) hopPdver tn popen

dv
VA:/—d
(A) L

xou 1 Ipdraon 6.2.13 (iil) ypdpeton e

/gdv:/g@du
dp

yioe x8de g : X — [0, 00] petpfoun. To tedeutalo autd amotéreoua Loy Vel xon yLot
ohoxhnpdoieg ouvapthoelg g : X — C — enoindedote to.

IMoedderypa 10.3.5. To ouurnépacua tou Oewprpatoc Radon-Nikodym dev -
oy Vel ot avdyxn otV TERINTWON ToL TO [t OV Elval O-TENEPACUEVO.

Anédean. ©¢tovpe (X, A) = ([0,1],B([0,1])), v = A, 70 pétpo Lebesgue otov
(X, A) xou p to oprduntind pétpo otov (X, A). Toéte ebvor v < p, ahk& av unto-

7

Véoouue 6t umdpyel f 1 X — [0, 00] yetpriown dote
v(A) = / fdu, yaxdde Ae A,
A

e yr € X
0=v({z}) = / [ dp = F@)p({z}) = f(),
{2}

onhady) f = 0 xou dpo v = 0 10 omnolo elvon Quod dtomo. O

10.4 To Oswpnua Avdiuvong Lebesgue

Yougwva ye 1o Oewpnua Lebesgue-Radon-Nikodym, av g xou v 500 nemcpaouéva
wétpa oto ywpo (X,.A), téte undpyel o petprioyn ouvdptnon f : X — [0,00) xou
éva ovoho D € A pe u(D) = 0 dote

v(A) =11(A) + 12(4), ywxdde Ae A

6mou

v(A) =v(AND) xou v2(A) = /Af dp. (10.25)

Ou ouvapthoelc vy xou o eivan eniong wétpa oto yweo (X, .A) yio ta ontola udhioto
TEATNEOVUE OTL TO Yy EVOL CUYXEVTPWPEVO 0To D, evld TO U elvol GUYXEVTPWUEVO
o010 X \ D xou 10 v elvon amdAuTo GUVEYES WS TPog To p. Me dhha Adyior vy L g xou
Ve < . Auth n napatrenon yevixeletan oto €N
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Oewpnpa 10.4.1 (Avéhuornc Lebesgue). Eotw (X, A) évag uetpiouos xopos
kai p, v 6Vo uérpa orov (X, A) dote to 1 va elvar o-nenepacuévo. Tdre vndpyovr
povadikd pétpa py kai ps oo xopo (X, A) dote

=1+ p2, pe p Lv kar ps L v (10.26)
(ITapatnpriote 6t wyer kar py L po and to (i) tng Hpdraong 10.1.4.)

Andden. Avalnrolue olvoro F € A, dote pi(A) = p(ANF) xou po(A) = p(A\F).
Téte, mpoQavds (1 = pu1 + po xou To f11 ebvar cuyxevipwuévo oto F. Apa, yio va
oylet py L v npénet v(F) = 0. Emniéoy, yio va ebvan pe < v, tpénet v xdde E € A
ue Y(E) = 0 va givow xou pu(E \ F) = 0, dnhod| to F npénel va elvon xatd xdmolo
TE6TO €val PEYIoTXG cOVolo (e Tpog To f1) i To onolo V(F) = 0. Odnyolpacte
ooy otn yenhon tou Afuuotog 10.3.1 yio Ty owoyévela

E={AecA:v(A) =0} (10.27)
Bpioxoupe étou pa apripfiown utoowoyévewar F C € dote av F = |JF va elvou
WEN\F)=0, yiuxdde E € E.

Ouwg, 1 € evon xAeloty| otig aprduroes evoaoelc xan dpo F' € €. Luunepaoyotind
€youpe 6T

v(F)=0 xu p(E\F)=0, yia xde E € A ye v(E) =0. (10.28)

©¢étoupe howmdy, p1(A) = p(ANF) xau po(A) = p(A\ F) ta onola puowd opilouv
uétpa 010 Ywpeo (X, A) xou emnhéov 1 = pq +po. Enilong, npoxintet and t oulfhtnon
ey N oxéon (10.27) oty L v xon po <K v — eaxpBOoTE To.

Dot T povaddTnta T, Yewpolue 00 axdun pétpa p) xa 1y oto xoeo (X, A)
oote po= ph + ph pe ph L v phy < v, Agod pf L v undpyer F' € A dote 10
wh veu etvon cuyxevtpwpévo oto FY xou 1o v va elvar cuyxevipwpévo oto X \ FY. Av
wpa E € A ye v(F) =0, t6te

WENF) = iy (ENF') + py(E\F') < ph (X \ F') + pp(E) = 0,

agol pf L vxon ph < v. Buvenade, and v Hopoatienon 10.3.2 éneton 6t u(FAF') =
0 (ywi;). Suvenoe, v éva A € A elvou:

p(A) = W(ANF) = w(ANF') = ph (AN F') + py (AN F') = iy (A)

ool To iy ebvan ouyxevtpwuévo oto F’ xou ph(F') = 0, apol ph < v. Apo g = p1f.
Avdroya, yiao A € A givor xou

H3(A) = (AN F) = p(A\ F') = iy (A\ F') + 1y(A\ F') = py(4)

e&nyfote yiarl). Apa elvor xon g = ph xou 1 anddern ohoxhned>dnxe. O
nn P 2 n n npeun

10.5 To Oswpnua Avanopdotacng tou Riesz

K\eivouye autd to xepdhono xdvovtag pio amhi avopopd oto Oedpnuo Avaropdota-
ong tou Riesz. ©uuiloupe évay opioud and ) Luvaptnotoxr Avdiuon tou yag eivon
andpaitnToc:
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Optopdc 10.5.1. Eotww (X, || - ) évac yodpoc pe voppa. O Suikds xdpos tou
(X, [ 1]) ebvan 0 xdpoc pe vépua (X, [| - [|), omou

X" ={f: X = R: f gpoypévo ypauuxbd cuvaptnooetdéc} (10.29)

pide

[fII = sup{[f(2)] : [|=[| < 1}. (10.30)

Etvan uaitepa obvnieg npdfinua oty Xuvoptnotaxy) Avdhuor, yia éva Soouévo
¥0po (X, - 1) ver 9éhovue va xatoddPoupe nwe «potdley o duixde tou (X*, || - ||),
onAad” va Beolue évay tpdTo va eplypdoude GAa TaL QEAYUEV YROUULXE GUVRTY-
coewy) f: X — R. Ao anoteréopota tétolag Quong eivon to e€Xg:

1. (@edpnpa Riesz v yodpoue Hilbert) Av (H, (-, ) évac (nparypatindc) xodeoc
Hilbert xou f : H — R éva ppayuévo ypouxd cUVHPTNOOELDES, TOTE UTAOYEL

v € H wote
f(z) = {(z,v), yxddez e H. (10.31)

Me il Aoy o H* elvan ioouetod 1oouoppog ye tov H.

2. Eotw (L, || - |lp) v 1 < p < 00 0 ywpog axohoudiddv ye

l, = {(an)n DY anl? < oo} (10.32)

ME VOPUOL TNV

<=

[[(@n)nlly = (ZI%V’) : (10.33)

n=1

Av f 1€, = R éva ppayuévo ypaupxd cuvapTnooeldés, ToTe undpy el oxohoudia
(bn)n € £y woTE

oo
f@)=>" anby, (10.34)
n=1
v xdlde & = (an)n € €p, 610U g 0 oVLUYIS exBétng Tou p, Snhady
1 1
- (10.35)
b q

Me daha Aoyia o f; elvol LOOUETEIXA loOUORPOS UE TOV £4.

INo neptocdtepa napadelyota BUIXOY YWOpwY TUPUTEUTOVUE OTIC LNUEWCELS LUVOQ-
mnotoaxic Avdluong.

To Oedpnuo Avanapdotacre tou Riesz yapaxtnpeilel to detixd pporyuéva ypout-
%8, ouvapTNooEdT| Tou Ydeou Banach (C(K), |- [loo) 6mou K évac cuunoyfc uetpinée
xOpoc?. Anhadh exelva to cuvaptnooer ® € C(K)* pe tnv widtntos ov f > 0,
t61e xou P(f) > 0. Ioyvel to e€hc hotndv:

2YrdpyeL xon ot apxETa YEVIXOTERT EXBOYY TOU DEWPAUATOC TOU avapépeTal Gt TOTXd
ovunoyelc Hausdorff tonohoyixole ydpouc xou yapaxtneilet o Yetind ypauuuixd cuvaptn-
coed” Tou yhpou Ce(X).
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Oewpnpa 10.5.2 (Avanapdotaone tou Riesz). FEoto (K,d) évas ovunayns ue-
To1kds xpog. Av & 1 C(K) — R éva Jetiké gpayuévo ypapuixd ovvaptnooedés,
Tote undpyer éva povadikd kavoviké pétpo Borel p oto K dote

O(f) = /Kf dp, ya kdde f € C(K). (10.36)

Tot o am6delén tou Yewprjpartog magoméunovye oto Kegpdhowo 12 tou BiBhiou Oswplo
Métpov, I'. Kouvpouiifc, X. Neypendving.

Mo yevixdtepr) exdoyn tou Oewpnuatog Avanapdotacng tou Riesz yopaxtnpeilel
Oho Tor pyaded (St wévo tar Yetind) yeapuxd cuvaptnooedy touv yopouv C(K).
I Satdnwon autol Tou AToTEAECHATOS YEEL{OUICTE TNV EVVOLd TOU Wtyodixol
uétpou e tnv omolo dev €youue aoyohniel o autég Tic onuewdoelg. o o anddeldn
ToU YewpHUaTog UE ol «pyadixr] exdoyny tou Oewpruatoc Radon-Nikodym nopa-
néumouye oto Kegpdhowo 6 tou BifAiou Real and Complex Analysis, W. Rudin.

‘Eva axdun anotéheopa téTol0u TUTOU Yol BOGOVUE GTO EMOUEVO XEPIAUO: YLOL
«xohdy pétpa (b, Yo dodue 6Tt yla 1 < p < 00 0 BUIXOC YWPOE TOU YWEOU CUVIPTACEWY
LP(p) eivan woopetpind wodpoppoc ye tov LI(u) bnou g o ouluyhc exdétne tou p.

10.6 Aoxvoelg

Owpdda A'.

1. Eotw (X, A, v) évac yopoc LETEoL ot 1 To aptduntixd pétpo oto X. Anodeilte
ot v L .

2. 'Boww (X, A) évac yetpiolog Ypog xou i, V1, v uétpa otov (X, A) dote vy < i
xou Vo < p. Anodeilte 6T

(v, + A, d
diri +va) _ dn  dv

dp dp o dp
xat oty a > 0
d(avy) dvy
=a—.
du du

Oudda B'.

3. 'Eotww p, v 8o yétpa oto yopo (X, A). Anodellte 6t u L v av xou pbvo av yia
xdde € > 0 undpyet A € A dote

p(Ad) <e xu v(X\A) <e.

4. 'Eotw u, v pétpa oo Yetphiowo xoeo (X, A) xou f : X — [0, 0o] yetprioyn ouvdp-
non dote v(A) = [, fdp vy A € A. Anodeilte 6T o v elvon 0 —nEnERAUOUEVO
av xou wovo av f < oo p—o.m.

5. Eotw p,v pétpa oto petphiowo ydpeo (X, A) xou f : X — [0,00] petphowun
ouvdptnon dote v(A) = [, fdu yia A € A Anodeilte 6t f > 0 p—o.m. av xou
Hovo av pt L v.
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6. Eoto p, v pétpa oto getphiowo yoeo (X, A) dote p K v xou v < p. Anodei&te
OTL Lo VEL
dv dp 1 —Oo.T
dp dv p=or
7. Eotw (X, A, 1) yopoc o—nenepaouévou pétpou. Anodellte 6t undpyel neEnepo-
ouévo Yétpo v otov (X, A) dote v < poxon g <L V.
8. Eotw p,v pétpa oto petpfoo yweo (X, A). Anodel€te éu v < p av xan uévo
av 1 Radon-Nikodym mopdywyog ﬁ opileton xou toyveL S—Z <1 p—o.n. oto X.
Owdda I'.
9. 'Eotww 1,1 o—nenepacpévo wétpa oo Yweo (X, A) xou pg, Vs 0—TETEPUOUEVL
pétpa oo yopo (Y, B) dote v < pg xouw vy < po. Na deilete 6
Vvp X Vg L g X o
Xl ETUTAEOV
d(V1 X 1/2) dVl dV2
——(z,y) = —(x) - —(v), X —o.m.
Ao % #2)( Y) dul( ) m (), (11 X p2)

10. (Acopevpévn péon tph) Eoto (X, A, 1) évac ydpog o—nenepaopévou uétpou,
pwa o—dhyeBpo B € A xan wor A—petprion ouvdptnon f + X — R. M
Oeopevuérn péon tun e f g npoc ™ o—diyePpa B elvon pio B—petpriown
ouvdptnom g : X — R yio tnv omola 1oy el

/ fdu z/ gdu, ywxdde B € B.
B B

Trodétouue e 6L f € L1 ().

(i) Anodellte 6TL pa deopeupévn péon twh e f we tpoc B undpyet.

(ii) Amnodeilte 6T av g pio deopevuévn péon tuh e f we tpog B, téte

/\g\du < /Ifldu < 00.
(ili) Anodei&te 6T 1 Seopeupévn wéon tiun ebvan povadixn, dnhadh av g, gr 800
deopeuuéveg uéoeg Téc e f, 16TE g = g1 L—O.T.

H Seopevpévn péon wuh e f we npoc B ouvufBoiiletan pe E(f|B).

11. 'Eow (X, A, 1) évoc y®pog 0—NETEPAOPEVOL PETPOU Xou Yt A—petpfoun ou-
véptnon f: X — R. Na unoroyistodv oL E (f[{0, X}) xou E(f].A).

12. (ISwbtnrec e deopeupévne wéone tuhc) Eotw (X, A, ) évac yodpoc pétpou,

frg: X — R d0o A—petpowec cuvapthoeic xau 800 o—dhyefpec C C B C A.
No detéete 6tu:

(1) H Seopeupévn péomn T ebvon ypapuw: vt a,b € R woylel
E(af + bg|B) = aE(f|B) + bE(g|B).
(ii) Av 1 g elvou eldixdtepa B—ypetprioyn, téte
E(gf|B) = gE(f|B).

(iii) Ioydel
E (E(f]C)|B) = E(f|C) = E (E(fB)[C) -






Kegpdiawo 11

Xopor LP

Ye autd 10 teheuTolo XEPIANMO AATUOXEVELOUPE TOUS Ypous cuvapTthoewy LP. O
oThY0¢ HOG EIVOL VOl XOTOUOXEUGCOLUE €val GLUVEYES avdhoyo Twv ywewy (Lp, || - Ip)
Toug omnoloug avagépope otny §10.5. 'Etol, agol to ohoxhfpwua eiva ev yével éva
ouveyéc avahoyo tou adpoiopatoc, Bploxduacte oe évo Ywpo pétpou (X, A, 1) xou
acyololpaote Ye exelveg Tic petpriolec ouvaptroe f: X — C dote

/|f|p dp < 0. (11.1)

Av1 < p < oo, wpolpevol tov optolwd e || - ||, oTov £, elvar guotohoyixd va Yécouye

191, = ([ 19 du)l/p (11.2)

yio exetvee Tic f mou wavornooty v (11.1). IHapotnpolue dt eved, dnwe Yo dolue
TOPAXATE, UE AVTd Tov oplold N || - ||, eavortotel T Tprywvind avicétnTa dev elvou
owotd 6u ||fll, = 0= f = 0, noapd wévo 6t f = 0 p—o.n. (ywi;). T va
ano@iyoupe autd To TEOBANUA Vo XATAOHEVACOVUE TOUC YWeoug LP «ayvowvtacy
NV §—0.T. L.o6TNTAL.

ITeprypdipoupe avahuTING QLT TNV XUTACHEVT] XU GTT| CUVEYELX UEAETAUE BLapopeS
Baoéc WIOTNATES AUTHOY TV XOPWY" Wil € auTdv: amodeixviouUe OTL elval YOEOL
Banach. ¥tn cuvéyela, acyohobpaote Wiaitepa e Toug yopoue L xoau L? mou éyouv
xdmoto aveEdptnTo evdlapépov xou TEhog divoupe, cav e@apuoyh autne Tne VYewplag,
o xopdrotn anddelln yog (Alyo mo acYevolc exdoyfic) tov Oewpfuatoc Radon-
Nikodym.

11.1 Koataoxeur tTwv ywewyv LF

Ogiopo6c 11.1.1. Eotwo (X, A, 1) évag xdpoc pétpou xau 1 < p < oo. H xhdon
LP (1) anoteheiton and dhec exelvec Tic petprowec ouvapthoec f: X — C vy g
omoleg Loy Vel

/\fl” dp < oo.
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Tapatnpolpe apywd 6t o LP(u) eivon ypouuixde yopeoc: Hpdyuatt, éotw f,g €
LP(p). Téte vz € X éyouue

[f (@) +g(@)” < (If (@) + |g(2)])” < (2max{|f ()], |g(2)[})" =

= 2" max{|f(2)", |g(x)["} < 2°(|f ()" + |g(«)[")

/|f+g|” dp < 2° (/Iflp du+/lg|” du) < 00,

onhadn f + g € LP ().

ITpoxeévou va ano@iyouue T BuoXOAlol Yior TNV OTolol WAHIGOHE TNV ELCUYWYT)
Tou xegohaiou, oplloupe W oyéon woduvapiog oto ywpo LP(p) we e&hc: av f,g €
LP(p) Yétoupe f ~ g av f = g p—o.n. oto X — enaindedote 6T elvan mpdypatt
oyéon Looduvapiog.

xou Gpol

Optopdc 11.1.2. Eotww (X, A, u) évac yopoc yétpou xau 1 < p < co. Téte to
6UVORO TwV XAGoEWY tWooduvapiog Tou yweou LP (1) we npoc T oyéorn ~ cuuBorileton
ue LP(u). Emniéov, o LP(u) yiveton ypopuxde ydpog pe Tic Tedelc:

F1+1gl=1f+g] xu a-[f]=la-f], (11.3)
6mov a € C xou [f] € LP(u) 1 xhdon woc ouvdptnone f € LP(p).

Yo Topordtw, i VoL amhoucTteloouUE To cuuBoMoud, avti va yedpoue [f] € LP(u)
Yo ypdpouue amhd f € LP(u). Etot, yio wat f € LP(p) Y€tovue

111 = ([ 1rv du)l/p. (11.4)

Ieétaor 11.1.3. Eotw (X, A, n) évag xdpos pérpov kar 1 < p < oo. O ydpos
(LP (), || - [lp) etvar xapog e vdppa.

Arnddeén. H 1dution cuvopTRoewY ToU GUUTINTOUY (1—0.T. €YWE axpl3ig yia Vo efvon
oot 1 ouveroywy?h || fll, = 0 = f = 0. Hedypary, ov [|f|P du =0 16t f =0

p—o.m. oto X xou dpa [f] = [0] € LP(u). Emnhéov, eivou dueco ot av f € LP(u) xou
a € C, tote

laflly = lalll I (11.5)
xou dpor uével va detydel wévo n tprywvinyy avicdtnta.  Autr mpoxUntel dueco and
v avicdtnta tou Minkowski, tng omolog divouue Ty anddelln 86 YENOLOTOUOVTOG
AATOLEC XAAOKES AVLOOTNTES. O
Afppa 11.1.4 (Avisdtnta Young). Av x,y > 0 kaip,q > 1 je % + % =1, téte

zy < — 4 = (11.6)

€ woTtnTa poévo av P = y9.
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Anddaén. H ouvdptnon f : (0,4+00) — R pe f(z) = Inz elvon yvnoione xolkn. Av
Aowmdy aq, ..., m > 0%ty € (0,1) ety + -+ +t,, =1, w61

m
th Ina; <In(tia1 + - + tmam),
j=1

and v oviootnta Jensen. ‘Emeton ot

atllag2 cealm <tiag o tmam (11.7)
ME W0OTNTAL POVO AV A1 = -+ = Q. H aviodtnta auty yevixelel Ty ovicdtnTo
oprduNTIXoV-YeEWPETEWOU péoou. Av t; = -+ =t,, = 1/m, nodpvouye

a1+...+am
77,” .

/g Qo S
Eqapuolouye v avobma (11.7) ye a = 2P, b = y%. Ago) L+ = 1, oupnepaivoupe
ot
b oaP ol
zy:al/Pbl/qgg_F,:xi_Fyi
P q p q
ue lobdTnTa povo av o =a =b = y4. O

Optowde 11.1.5 (ouvluyeilc exdétec). Av p,g > 1 xou % + % =1, Mue 6L oL p
xon ¢ ebvan ovluyels exlétes. Luppwvolue 6t o ouluyng exdétne tou p = 1 elvan o

q = 0.

ITeotaoy 11.1.6 (Avicédtnra Holder). Eotw (X, A, n) évag xdpos puétpou, f €
LP(u) ka1 g € LI(p), émov p, q ovluyels exdéves. Tore, fg € L () xar

[ sl au< ([1s1 du>1/p (/f1al du)l/q, (11.8)

1fglle < I f1lpllgllq- (11.9)

ArnddeiEn. Tmodétouue mpwta OTL

onAadn

1915 = [177 du= 1w Ll = [lol" du=1.

Ané v avicétnta tou Young, yio xdde x € X oylel
1 1
U@M@Néyﬂﬂw+?ﬂﬂﬂ

Ohoxinpwvovtag Ty teheutaio nafpvouue

1 1 1 1
/\fgl dp < 5/|f|p du+ / ol die =+ < = 1=l gl

T yevu] epintwon: unopolue vo vnodéooupe ot || fll, 7 0 xan ||gllq 7 0 (chhede
f=0%g=0pu—o.1. xau 10 apotepd YENog e {ntoluevne avicotntac undeviletar,
ondte dev €yovue tinota vo del€ouue). Oewpolpe TIC CUVAPTHCELS

g

f1:i XU g1 = .
11l l9llq
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IMopatnpodye 6Tt

1 1
Jinrdn= o [1p dn=t s [l du= o [lglt du= 1.
||pr HngI

And v eldu nepintwon e avicdTog Tou Sel€aue Tapamdve, €YOUUE

/ frgr] du <1, radi, / Fal i < [ flollglla

O

Ieoétacy 11.1.7 (Avicédtnra Minkowski). Fotw (X, A, u) evas xydpos pérpov
ka1l <p<oo. Ay f,g € LP(u), téte

([17+a7 an) " (fur du>l/p (fuar du>1/p, (11.10)

1+ glle < I1fllp + llgllp- (11.11)

OnAadn)

Anéoeitn. H avicdtnto elvon anhfy oty meplntwon p = 1. 31 cuvéyela Yewpolyue
v nepintoon 1 < p < oo. Mnopolye va vnodécoupe 6t || f + g, > 0. Tpdpoupe

If+olr = /|f+g|pdu:/|f+g\p’1|f+g| d

IN

/ 4 gl f] et / 1+ gl g] dp

. 1/q . 1/q
( [ 15+ du) T ( [ 15070 du) 9l

6mov, oto tehevtaio Py, epoapudoaue Ty avicdtnta Holder yio o Cevydipror | f +
glP7L | f] xou |+ P, |g]. Tapatnpotue 6t (p —1)g = p (o p xou q ebvon ouluyelc
exdétec). Tuvenag,

1/q 1/q
( [ 15 +g1070 du) - ( [1r+ar du) 7+ gl

IN

‘Emetou 611
1 +gll5 < ILf + gl (11l + Nlally)-
Xenowonouviag Ty p — % = 1 oupnepaivoupe OTL
I1f +gllp
17 +glly = ———27 < £l + llgllo-
I1f + gl
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O ywpog L

Kartaoxeudloupe thpo 10 SUVEYES avBAoYOo ToU X0OpoU (Yoo, || - [loo) TV pporyuévey
oaxohoLLWY ToPAAEITOVTAUC TOMAES AETTOUERELES.

Ogiop6c 11.1.8. 'Eotw (X, A, 1) évac xdpoc pétpou. Hxhdon L°(u) anoteheiton
and 6heg exclveg tic ouvaptioelg f : X — C yio Tic onoleg undpyet éva 8 > 0 dote

u(fe € X |f(@)] > B)) =0.
T pa tétowa f, Hétovpe || floo To infimum 6Aov avtdv tov 5.

EOxoha BAénovpe 6Tt 0 L%°(p) elvon ypauuxde xdpoc. ‘Onwe %ot Tponyoutévec,
av v e f € L2(p) wybdel || flleo = 0, téte oupnepaivoupe 61 f = 0 u—o.n. ‘Etot,
v f,g € L), ¥toupe f~gav f =g u—o.n. oo X.

Opiopoéc 11.1.9. Eotww (X, A, 1) évag xdpog uétpov. Téte 1o 6hvolo twv xhdoe-
wv oduvaiac Tou yweou L2(p) we mpoc T oyéon ~ cuuPorileton pe L™(u).
Eminhéov, o L™ (u) yiveton ypouuuinos Mo Ye Tic Tpopavels TpdeLc.

Oa ypdpouue, dtwe xou ey, f € L®(u) avti v [f] € L (). Téhog, vy pot
f e L>°(u) 9étoupe

[flloc =inf{8>0:pu({zeX:|f(x)]>B})},
T0 0Uo10€e§ supremum NG f.

IMeétaocm 11.1.10. Eotw (X, A, 1) xdpos uétpov. O xpos (L2 (), || -|leo) €ivar
XWPOS € vipua.

Anéoain. Aghvetan wg doxnon. O

11.2 Boaoweég 8LotnTeg TV Ywewy LP

Y0yxAior otov LP

‘Onwe pohe amodellope, yio 1 < p < oo 1 || - ||, opiler war vépuo otov LP (1) won
xatd cuvénela opilel xou pa €vvolo GUYXAONG aXOAOLILY UETENOUIWY CUVIPTHOEWY
mou Bploxovtal oe autd To YWeo. e auth Ty evotnta Yo cuyxplvoupe auth T
cUYXMOT UE TG UTOAOLTEC oLYXAloELS Tou pedethoaue oto Kegpdiowo 7. Afvouue tov
e€ic oploud:

Optowoe 11.2.1. 'Eotw (X, A, 1) évac yopoc wéteov, fr, : X — R wa axoloudia

peTpiowny cuvaptioewy xou f @ X — R po yetpriown ouvvdptnon wote fy, f €
LP(u). Aépe 6w n {fn} ouyxrivel oty f otov LP(p) 6tav

[fn = fllp =0 (11.12)
wodde n — 00.

Efvor epgavéc 6t 1 olyxhon otov L () Sev elvor & omd tn ohyxhion xatd uéoo
e §7.2.
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Oewpnpa 11.2.2. Eotw (X, A, 1) évag xdpos uétpov, fr, : X — R a axodovdia
petpriouwy ovvaptrioewy kat f : X — R e petprioun ovvdptnon dote f, f €
LP(u). Av fn, — f ovov LP(u), tdte f, — [ katd pézpo.

Anéoaitn. 'Eotw € > 0. Trodétoupe mpdta 6Tt p < 00. Ou YENOLUOTOAOOUUE TNV
aviootnta Chebyshev-Markov 7.5.5: Téte

pz [ fule) = f(@) 2 e}) = p({ze X :[fu(z) - f(2)[" = "})
S gip/|fn_f|pd,u_>07
agoV fn, — f otov LP(u). 'Eto, npdypatt f, = f xotd pétpo.

Tty nepintwon p = 0o topa, tapatneoue npdta 6Tt | fr (z) — f(2)] < || fa — flloo
p—o.n. oto X. Etot, agod || fr — flleo = 0 tehixd ebvan || fro — flloo < € %o dpoat

p{z : [fu(z) = f(2)] = €}) = 0.
O

To avtiotpopo Tou mponyoluevo Yewphuatog dev Loy Vel — aPVETUL (S doxnon 1
ebpeon xatdAAniou avimopadelypatog. lIoydel dpwe to e€hg pepd avtiotpopo:

Oevpnpa 11.2.3. Eotw (X, A, 1) évag xdpos uétpov, f, : X — R pa akodovlia
petpouwy ouvaptnioewy kar f : X — R a petpriowun ovvdptnon dote fn, f €
LP(u), dmov 1 < p < oco. Av fn — [ katd uérpo ka1 emmAéov vndpyer uetprioun
ovvdptnon g : X — [0,00] pe g € LP(u) dove |fr| < g yia kde n € N, tdéte eivar
kai fp, — f owov LP(p).

Arnddein. Ac urnodéoouvye 6t f, - f otov LP(u). Téte, undpyet €9 > 0 xou umoxo-
Noudio { fn, } e {fn} dote

/Ifnk — [P dp = eo (11.13)

v xédde k. Ao f, — f xatd yétpo dpwe etvon xan fr,, — f xotd uétpo xou dpa,
an6 o Ilépiopa 7.3.7, undpyer uraxohowdia { fn,, } Gote fo, — f p—o.m.. Ané
cuvipen Yl T g e xou To Oedenua Kuplopynuévne Xoyxhione, éneton ot

[ 1= 17 du 0
10 omolo épyeton o€ avtigoon e v oyéon (11.13). O

Etvan cagée, 6t cuvdudlovtog autd to amoteAéopota Ye tor Vewpripata e §7.5
unopolv va Byouv Tohkd eminhéov oupnepdopota. Zeywpilovpe to e€hc:

IMépopa 11.2.4. FEoww (X, A, 1) évag xdpos pérpov, f, : X — R pia akodovlia
petpnouwy ouvaptioewy ka1 f : X — R a petprioun ovvdptnon dote fn, f €
LP(u). Av fn, — f otov LP, téte undpyer vraxolovdia {fn,} s {fn} e fu, — f
U—O.T..

Anédaén. Eivou dpeco and to Oedpnpa 11.2.2 oe cuvduooud pe to Hépopa 7.3.7. O
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ITAnpétnTa Ty Ywewy LP

'Onwe npoidedlet xan o tithog e evotntac Yo detloupe €8 6Tt yia 1 < p < oo, 6hot
oL ywpeot pe vopuo LP (1) elvan mhpet, dnhady| ywpeot Banach. Tt vo to methyoupe
ot Vo YENOLLOTIOLCOVYUE ToL UMOTEAECUOTA TOU UOALS Sel€oe Yo TNy oUYXAOT 6TOV
LP(p).

Oceopnua 11.2.5 (Riesz-Fischer). Eotw (X, A, u) évag xdpos pérpov kar 1 <
p < 00. O yxdpos e vépua (LP(p), || - ||Ip) €ivar xdpos Banach.

Anddaén. EEetdlouye mpmta v nepintwon p < co. ‘Eotw {fn} wa axohouvdia mov
elvan Cauchy otov LP (). ©a del€ouye ot undpyel wa f € LP(p) wote || fr—fll, = 0.
Kat” apyde, yenowonowdvtag to emyelonua tng anddedne tov Oswpehpatoc 11.2.2
éyovue 6t N {fn} elvon Cauchy xotd pétpo: Hpdypatt, vy e > 0 xou m,n € N eivou

pfz e X |fm(x) = fu(@)[ 2 e}) = p({z € X :[fm(x) = fu(2)|” = €"})
S §/|fn 7fm|p d:u'

1
= g”fn - f’m”ﬁ — 0.

xoddg N, M — 00. BUVENKE, omd To Oewpnua 7.3.6 undpyel wia peterown f : X — C
xou o umoxohoudion { fr, } e {fn} ue fn, — f p—o.n.. Ilpénel va del€ouye ot
emnhéoy f € LP(u) xou fr, — f otov LP(u).

‘Eotww ¢ > 0. Trdpyet ng € N dote ||f, — fmllp < & v xéde m,n > ng. And
to Afupo tou Fatou cuunepaivoupe 6t

/‘fm—f|P dﬂfhmkinf/ﬁm—fnk\p dp < &P

yioem > ng. BUVENOS, fm — f € LP(u), doo xou f € LP () xou emnhéov, yio xdde
m > ng evan ||fm — fllp < €. Aol 10 cpywd € > 0 Arav tuydy, mpdypott eivo
fn — f otov LP(p).

I v neplntwon p = 0o 1pa, Yewpolue to hvVora

Apm ={2 € X |fu(®) = fm(@)] < | fo = fimlloo} s

o to ool woyber (X \ An ) = 0. Etor, av A=1(, Ay m ebvon xon p(X\A) =0
(ywri;). Etot, éyoupe

sup [ fn () = f (@) < |[fn = finlloo,
T€EA

Spar n {fn} elvon opodpoppa Cauchy oto A xou cUVERMS opoLdpopPa cuYXAivovoa.
Trdeyer howmdy wa petpiowr ocuvdptnor f : X — C dote f,, — f opoiduoppa oto
A. Kotahyouue Aowndv oto e€ic:

[fn = Flloo = I1(fn = Flxallee < sup [fn(z) = f(@)] =0

xau dpo f € L°(p) xou fr, = f otov L®(p). O



184 - Xapror LP

Ilpocéyyion cuvaptricewy ctov LP

Iapovoidlovue oe auth TV evdTnTa U0 BacIXEC WOLOTNTEC TPOCEYYLONG TWV GUVAp-
THCEWY TOL AVAXOLY o YWpoug LP. Hexwvdyue ye to €€ yevind anotéheopa

Oevpnpa 11.2.6. Eotw (X, A, i) évag xdpos pérpov kar 1 < p < co. Oewpole
Ty oikoyérveia S mou anotedeitar and dAeg s anAés ovvaptrioes s 1 X — C ya g
omoles 10y Vel

p{z € X : s(z) #0}) < 0. (11.14)

H S elvar nukvi} otov LP(p).

Arnddeén. E€etdloupe v nepintwon p < co. Kot’ apydc av s € S pa amhy cuvde-
TNOT UE XAVOVLXY] Lop®T
s = Z AjXA;»
j=1

6mou av a; # 0, téte p(A;) < 0o éxouye

15 i =" ajuay) < o
j=1

Anadi S C LP(u).

Tiot Ty uxvéTnTe e, UtoVéToupe apyixd étL f € LP(u), f > 0. Téte, undpyet
av&ouoa axoloudio amhédv cuvapthoeny {s,} pue 0 < s, < f xau s, 7 f. Tote duwg
ebvan s, € LP (1) yioe x&de n xon dpot ebvon xou s, € S (yrotl;). Emmhéov, | f—spu|P < fP
xou ool f € LP(u), to Oedpnua Kuplapymuévne Lioyxhone diver 6t

/un—ﬂpmk+a

dnhadh 6t ||s, — fllp = 0. "Apa, oL Yetixeg ouvopthoeis otov LP npooeyyilovtou and

amhéc we Teog TV || - [|p. H yevud neplntomon twv wiyadixdy cuvapthiceny éneta and

ot pe Tig ouvidelc teyvixéc. Emmiéov, n neplntwon p = 0o agrivetal wg doxnaon.
O

31 ovuvéyela Yo aoyorndolye eldixdtepa Ye pLo WLoTNTa Tpoceyyione Borel ye-
TEACWLWV CUVAPTHCENY OE xdmolo PeTpeixd xwpo (X, d). Alvoupe Tpdta évay oplopd:

Opiop6c 11.2.7. 'Eow (X, d) évac yetpwde yodpoc xau f: X — C o pryadinn
ouvdptnon. To xewotd chvoro

supp(f) = {z € X : f(z) # 0} (11.15)

xaAettan popéag tne f.

Oewpolpe T Tov LTEYWEo Ce(X) Tou Yhpou C(X) TwY CLUVEYHY CUVIPTACEWY
oto X mou omotehelton and dheg exelveg Tic ouveyelc ouvoptioee f 1 X — C 1wy
onolwy o gopéac elvar cuunoyhc, Snhadn autée tou undevilovtar é€w and éva cuPTAYES
cbvolo K C X. Ebvar yeyovéc 6Tl o8 «TOAOUCY UETEIXOUC YOPOUS OL CUVHPTHCELS
otov LP (), émou 1 < p < oo, npooceyyiloviar and cuveyelc cuvaptAoels Ue ouuray
popéa (yovipixd, ot booug xhpouc loyVet To Oempnuo Luzin 8.2.1). Epeic, yia Adyoug
amh6ThTog, Yo amodetfouue To amotéheopa pévo oToue yhpoue RE. Xeewalbpaote o
e&ic Yewpnua and v Tornoloyia:
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Oeopnua 11.2.8 (Tietze yio petpxolc yodpouc). FEotw (X,d) évag petpikds
xopos, F' C X kkeotd kar pa ovvexns ovvdptnon f : F — C. Tére, vndpyer pua
ouvexnis ouvdptnon g : X — C rov enextetver tny f, 6nAadn g|lr = f, ka1 emmdéov
éxet [|glloo = [I.flloo-

Tiot ot am6del&n Tou YewpRatog 6TO YEVIXOTERO TAAGLO TWYV QPUOLOAOYIXDY TOTOAOYL-
%WV Ywewv napanéunovpe oto BiBiio I'evier Tomoloyla xou Luvaptnotonr Avdivon,
Y. Neypendving, O. Zoayapddne, N. Koahopidac, B. ®apudnn (Kepdhao 13).

Oedpnua 11.2.9. Fotw 1 < p < oo. To atvoro C.(R¥) twr ocuveydr ouvaptiioe-
wv e auurayr gopéa tov R* etvar mukvé atov LP(\), émou A\, to pétpo Lebesgue
otov R¥.

Anédain. Xoypova e 1o Oewpnua 11.2.6 apxel vo del€oupe 6Tl xdde amhy cuvde-
mon s € S, dnhadn ue ovunayn gopéa, mpoceyyiletan and cuveYelc CUVIPTHCELS
pe ovpnayn gopéa. ‘Eotw € > 0 xou s € S. Llugwva pe 1o Oewpenua Luzin, av
A = {x € R* : s(z) # 0}, 167 undpyeL xhew016 cOvoho F. C A e u(A\ F.) < e
ote 1 s|p, va elvou ouveyric. Emnhéov, and v eEwtepins] xovovudTnto Tou uéTeou
Lebesgue, Bploxouue oivoro U. 2D A pe u(U: \ A) < e. Téte, 10 E = F. U(RF\ U,)
elvar xheloté oOvoho xou 1 s|g elvan ouveyhc (eEnyfote yuatl). Tuvende, and 1o
Ocprua Tietze, undpyet wo cuveyhc ouvdptnon g : RF — R pe

glr. =, glu. =0=15 xou [|glloc < |Isloc-
Suvenae p({z : s(x) # g(x)}) = w(U: \ A) + p(A\ F.) < 2¢. 'Etot, eivon

Is =gl = / s = gI” dp < 2°|[s[[Sp({z : s(x) # g(2)})
{wis(z)#g(x)}

%o dpal
suoogl/pgl/p = Cel/P,

lp < 2|

ls—g

pe t otadepd C va uny e€aptdton and to €. ‘Apa o C(R¥) ebvon mhxvoc otov LP(Ay).
Téhoc, pével va deydel 6L 1 g mou elvon éva otouyeio tou C(X) unopel vo npo-
oey Yo Ttel «<xohd» w¢ mpog TV || - ||, amo otoiyeior tou Co(X) pe v unddeon bt
g € LP(A). H anddeiln outod tou teleutaiov Bruatoc aphveta we doxnor. (Y-

TOBEIEN: umopeite var xdveTe AL xaTdAANAY Yerion Tou Oewphuotoc Tietze.)
O

O Butxdc tou [P

K\elvouye auth) Ty evotnta pe 1o Yedenua tou UTtooyeUxaue oTo TEAOC TOU TEOY-
yoOuevo xegahaiou: Yo yopoxtnelocouue Gha ToL PROYUEVE YROUUIXE CUVIPTNCOELDN
tou LP (1) v 1 < p < 00 oty epintemon mov to p elvol o-NETERUCUEVO.

Oceopnua 11.2.10. Eotww (X, A, 1) évag ydpog o-nenepacuévov pétpov kar 1 <
p<oo. Av @ : LP(u) — C éva gpayuérvo ypapjukd ouvaptnooedés, tote vndpyel
pia g € L), drov g o ovluyris exétng tou p, dote

o(f) = /fg du (11.16)

ya kdOe f € LP(u). Ankadn, o bvikdg (Lp(u))* Tou LP (1) efvar ioopetpixd 106p0p@os
pe rov LI(p).
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H oanédelgn tou Yewphuatog nopaheineton iog xou EEPEVYEL and TOUG OXOTOVE OUTY
v onuewwoeny. Hoapoméunovpe eite ot Lnpewdoeg Avdduone II, A. I'avvédmou-
hoc (Kegdhowo 2) elte oo BiBAio Oewpla Métpou, I'. Koupouhhne, X. Neypendving
(Kegpdhouo 11) yio Ty omddeiln.

11.3 O yopor L xouw L2

Kévoupe €de o emimiéov avagopd otoug ywpouc L xou L? ot omolol éyouv xdmow
emmAEoV BouY|, OhYEBELXT Xou OVOAUTIXY.

§ H ocuvélEr otov Li()).

‘Onwe oy beL xon yevxd Yl Ghouc toug LP (1), 6mou (X, A, i) évac yodpog pétpou,
xon o LY(X) éyer tn doun yeoupxol yoeou. Iap” dho autd Yo Yéhope vo oploouye
X0 XATOLG HOPPAC KTOANATAACLICHUGY OTO YMPO AUTO, WOTE VA YIVEL, OTWS AEUE
dAyefpa. O cuviing, xatd onuelo, TOAATAACLUCUOS dUwS, BEV elval xaAd oplouévn
&N otov L, apol undpyouv ocuvapthoec f,g € LY(A) yio tic onotec fg ¢ L1(N)
(var xatooxevdoete éva TEToo Tapddetypa). O «xatdAANAOCY TOAAATAAGIACUOS YLol
tov LY(\) ebvon 1 ouvdhién.

Eotw f,g € LY()\). Oewpolpe 1 ouvdptnon ¢ : RF x RF — C pe
o(z,y) = f(z = y)g(y), (11.17)

1 omola evan Tpogavede uetprown. Avixel eniong otov L(R?*):

/Rk'(f” y)l dA( I/ (z = y) dA@) = lg@)IlIf 11

and 1o avahholwto tou yétpou Lebesgue otig petadéoeic. Enopévonc:

L ([ el ax) ax) = [ lalish axo) = 1flallalh < .

"Eneton hoindv, amd to Oedenua Tonelli, 61t ¢ € L(Aax) xou dpa and to Oedpnua
Fubini €youue 611 T0 ohoxAApwua

/ f(x—y)g(y) dA(y)

oplleton A—oyeddv v xde x € RF xou emmhéov (av Découpe tnv A Tou ion pe
undév exel mou dev opileton), cov cuvdptnom Tou T opilel éva otowyelo tou L1(N).
Afvouye tov e€fc:

Opwopée 11.3.1. Eoto f,g € L1()). Téte, excivo 1o otoyelo f* g tou L1(N)
mou opiletan A—o.m. and 1 oyéon

(f*g)(x /f (z — 1)g(y) dA(y) (11.18)

Meyetan owvéhién twv f xol g.
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Kotd ouvénelo €xoupe tdpa plar xohd oplouévn medin
w0 LY(\) x LY(A) = LY(\) pe (f,9)— f*g.

Avutdg Va elvon o «mohhamhactaouosy mou {nthcope. TIohd ebxolo napatnpolue xat’
apydc 6t 1 oUVEMEN elvon Btypopuxn — enaindedote to. Mepixéc Baoxés WOLOTNTES
NS OLVEMENG TEPLYPAPOVTOL TOROXATE:

Ipétaon 11.3.2. Av f,g € LY(\), tdre
I1f = glls < [[fll1llgllx- (11.19)
EmmnAéor, n ouwvéhién eivar ouveyiis.

Anédeitn. Me tov mopoamndve cUUBOAMGUS YLol T CUVAETNOTY| @ £YoulE OTL

I =gl = [ \ [ 16 vow dA<y>\ IAz) <

< / (/Id)(w,y)l dk(ﬂs)) dA(y) = /111Nl

T T ouvéyela topa, Yo detfouye 6Tt v fo, fygn, g € LY(N) pe ||fo — fll1 = 0 xou
llgn — gll1 — 0, téte ebvon xou || fr * gn — f * gll1 — 0. Tpdyport

an*gnf.f*gnlzan*(gnfg)“i’(fnff)*g”lg

< (gn = Dl + 1 = 1) * gl < fnllillgn = glls + 11fa = Fllxllgll = 0,

and Tic UToVéoELC. O
Ipétaon 11.3.3. Eotw f,g,h € LY()\). H ouéhién éxe ts e€rig 1616tnreg:

(i) Eivar drypaujukri, 6nAadr

(f+g)xh=fxh+g*xh xar fx(g+h)=fxg+ f*h. (11.20)
(i) Eivai petadetixn, dnladn
frg=gx*f (11.21)
(iii) Elvar npooetaipiotiky, dnAadn
(fxg)xh=f*(gxh). (11.22)

Anédaén. Aéyw tng ocuvéyelag e oLVEMENG, Yl vor amodeilouye oe TAAEYN YEVL-
6Nt AUTE oL amoTeEAéopaTa, opxel va Tor amodelfoupe yia Tic cLVEYElC cUVaETATELS
HE oupmayT) popéa, Aoy tou Oewpruatog 11.2.9, 6nou €youpe tic cuvidelc WBLOTNTES
Tou oAoxANpwuatoc Riemann.

H duypoppuotnta eivon dueon. ot petodetindtnta, ypd@ouye:

(f *g)(x) = /f(x —y)g(y) dy = /f(Z)g(fC —2) dz = (g% f)(x),

OTOU XEVOPE TNV ANy UETARANTAC 2 = & — ¥.
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[ Ty mpoceTouploTiXdTNTA, EYOUUE:

(Felo=m)@ = [ =)o) dy= [ fa =) (/g@z)h(z) dz) dy =

/ (/f(x ~v9ly = 2) dy) h(z) dz = / (/f(a: — 2 —w)g(u) du) h(z) dz =

— [0 =2k de = (5 9) < W)(o),
OTOU XAVOPE TNV Aoty HETOBANTAS ¥ =y — 2. O

Me Bdon v nopandve mpétaoT xu o Oewprua Riesz-Fischer, o L'(\)elvor wo
petadenikn) dAyefpa Banach, dnhodt wo yetadetind dhyefoa pe plor vopuor Yoo TNy
onola oy del 1 avicdtnta (11.19) xou gbvon TARENS ©C TPOC TN HETEIXY TTOL QUTY ENAYEL.

§ O L?(u) etvon xdpog Hilbert.

Ouyilouye apyxd o e€hic: av (-, ) €va ECOTERIXG YWOPEVO GE €val Ypouxd Y weo
X, tote aUT6 endyel QUOLoAoYXd Wa vopua oto X mou opiletan and ) oyéon

||| = (z, @)%, viwx e X, (11.23)

7 omolo ue ) oelpd e xodiotd o X petend yodpo. Av o X elvon mAHeNg w¢ mpog
QUTY) TN UETELXY OV ETAYEL TO EOWTERXO YWVOUEVO, tdTE 0 X Aéyeton xdpos Hilbert.
Ouplloupe emnhéov 6Tl GE OTOLOBNTOTE YWEO UE ECHTERLXO YIVOUEVO Loy Vel 1) eENc:

IMpotaor 11.3.4 (Avisétnra Cauchy-Schwarz). Eotw (X, (-,-)) évas xdpos ue
€owtepikd ywiuevo. Tére, ya kdle x,y € X eivar:

[z, )] < [l /lllyll- (11.24)
Anéoeitn. Agol o ecwtepind yvopevo eivar Jetind, yio xdde A € R woylel:
(x =Xy, z—Ay) >0

1 1oodLVaua
(Y y)A? = 20@, y)A + (z,2) > 0.

Koté ouvénewa 1 dtaxpivousa autol Tou Teiwvigou (ke tpoc A) Teémel va ivon wn
VeTuen, dnhadn
Az,y)* = 4z, 2)(y,y) <0

70U LooBUVAEL dueca pe TN {NTOUUEYY Od TOV OPIOUO TNG VOPUJS. O
‘Eotw (X, A, 1) évag xdpog Hétpou thpo. Oewpolye Ty aneixévion
() L) < 220 > € we (f.)= [ fg dn (11.25)

Ané v avicétnra Cauchy-Schwarz cuynepaivoupe 6t

1/2 1/2
/\f§| du<(/f|2 du) </|g|2 du) < 00

xou %ot GLVETELL T (-, -) elvan xahd oplopévn xou wdhioTta opllel Eva plyodind ecwTeptnd
Ywépevo otov L2 (i), dnhadi:
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(1) Eivou duypayyixs, dnhady
(f,9+h) = (f,9) +(f;h) xu (f+g,h) =(f;h) +(g,;h),  (11.26)

v xdde f,g,h € L?(u).
(ii) Eivou avtiouppetpixs, dnhady

(f,9) =19, 1), (11.27)
v %8¢ f,g € L(p).
(iii) Etvon Yetinr, Snhadh
(f,f) >0, yaxdde f e L*(p) xu {f,f)=0 < f=0. (11.28)

H anddeiln autdv twv wbiotitwy aghveta g doxnon. Télog, mapatnpodue dtu av
| || n vépua mou endyel To eowTepind Yvépevo otov L (i), thte

B 1/2 1/2
1l = (/ff du) _ (/f|2 du) ]l

v x89e f € L?(pn). Kotd ouvéneo o L2 () éyer xhnpovouhioer tn vopuo. | - [|2 amd
T0 EOWTEPXG YWOUEVO (-, ). Xuvdudlovtog auth tny napotipnon e 10 Oedpnuo
Riesz-Fischer, cupnepaivoupe 61t o L2(p) ebvou ydpoc Hilbert.

11.4 M 6e0tepn anodeldn Tov Yewpnpatog Radon-
Nikodym

Aivoupe o auth TNV evoTTa Wa SEUTEPY], CUVTOUOTERY], anddelln tou Oewpriua-
to¢ Radon-Nikodym. Oo yernoilonolicouue 10 anotéAecyo TS TEONYOUUEVNS To-
porypdpou, dnhadh 6t o L2 elvan ydpoc Hilbert. Suyxexpwéva, Yo ypeactolpe t0
Oedpnua Riesz yia yodpoue Hilbert to onolo avagépape xou otny §10.5. To unevdu-
pilouue xan €56

Ochpnpa 11.4.1 (Riesz). Eotww (H, (-, -)) évas xdpos Hilbert ka1 f : H — C éva
ppayuévo ypauuké ovvaptnooedés. Toéte vndpyer v € H dote

f(x) = {x,v), ya kdlex € H.

H oanédeiln elvon autololo pe outh Tng meoyUotixAc TEPINTmONG XoL UTEpYEL OTIC
Ynuewdoelc Luvoptnoloxis Avdivone.

Ewlwérepa, oty mepintnon tou yopou L2 (1), énou (X, A, 1) évac yopoc pétpou
10 anotélecpa etvon To £€Ng:

Av ¢ : L*(n) — C éva gpayuévo ypapupxd ovvaptnooadés, téte vndpyer ua
g € L?(u) dore

o(5) = [ 1a dn (11.20)

yia kdOe f € L*(p).

To peovéxtnua avtic e anddeldne mou Yo napouctdoovye, oe cOYXELON UE
T TOU BWOOUUE GTO TEONYOUUEVO XEPdAato, elval OTL amoutel xou Tor BUO YETEO TOU
EUMAEXOVTAL O BlTUTWOY Tou Yewphuotog vo elvan o-nenepoouéva. H anddedn
ogelieton otov von Neumann.
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Oewpenpa 11.4.2 (Radon-Nikodym). Fotw (X, A) évag petpriouos xdpos kai
W, v O6Vo o-nenepaopéva uétpa ovov (X, A) pe v < p. Tdre, vndpyer petprionun
ovvdptnon h: X — [0, 00] dote

v(A) = /Ah du, (11.30)

ye kdde A € A.

Anéoein. Oa anodeloupe poévo tny neplntwon mouv o p xou v elvon tenepaouévo. H
GUVEYELDL Ylol TNV Tep(nTwor Tou elvol o-TETERACUEVY, TNV OTolol TUPOUGLACUUE TNV
anddelgn tov Oewpenpatoc 10.3.3, elvon amhr xan Sev €yel xdmola véa 1€

Oewpolye T0 YETpo p = i+ v oto yopo (X, .A) 1o onolo eivar npogoavic Tenepa-
opévo. Oewpolpe TN ouvdptnon ¢ : L (p) — C pe

o(f) :/f dv. (11.31)

Efvou dueco 611 10 ¢ ebvon ypoupixd cuvaptnooedéc otov L2 (p) xow emnhéov

16(7) s/m dv < /|f| dp <

< </1 dp>1/2 (/|f|2 dp))m = V(X)) 2,

dnhad” elvor xon pporypévo. Ané to Oedpnua Riesz howndy, undpyet g € L2(p) pe tnv
WBLOTN T

o(f) =/fg dp,
onhady,
/f dV:/fg dp, (11.32)

v x&e f € L%(p). And auth v g Yo xotaoxeudoovue v h tou ewphpatoc.
Ioyvetopodg. Ioytet 0 < g <1 p—o.n. o0 X.
O¢toupe apyd A, = {z € X : g(x) > 1+ 1} xou éyoupe, Vétovtag f = xa, otny
(11.32), o6t
1
o) =) = [ gdp> (142 ) ot

drhadh p(Ay) = 0. Apoxaw p({z € X : g(x) > 1}) = 0. Opowa, Yétovpe B, = {z €
X 1 g(z) < =1} xau téte, yio f = xp,, nadpvoupe:

1
0<v(B,)= / g dp < ——p(By),
B n

n

dnhadh p(By) = 0. 'Etot, éneton xat 0 loyUELOROG.

Ané ) oyéon p = pu+ v wpa, cuumepalvoupe HTu

[rao=[san+ [
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yioe xdde f 1 X — C ohoxdhnpddoyun xou xatd ouvénewa 1 (11.32) hopPdver ) popen:

/f(lfg) dv:/fg dp (11.33)

v xéde f € L2(p). Av C = {z € X : g(z) = 1}, 167¢ epoppdlovtoc tnv tehevtaia

v f = x¢, nalpvouye 6Tl
0:/(1—9)dv=/9du
c c

xou xatd ouvénela (C) = 0. Agod v < p, éxouvpe 6t v(C) = 0 xou dpa xou p(C') = 0.
Koatd cuvénela, unopolyue diywe BAEBN va utodéooupe 61t 0 < g < 1 navtob oto X.

‘Eow A € A. Ta n € N dewpolue 11 cuvdptnon:
fn=04+g+...+9")xa (11.34)

1 omola avixer otov L%(p), apod 0 < g < 1 xou to p elvor nemepaouévo, xou doa 1
(11.33) yw f = fp, diveu

- ntl iy — - 1_gn+1 p
I-g")dv= [ g ——— dp.
A A -9

Ou umo ohoxAfpwon axohoudies eivon dpwe adouoee xan g™ — 0 xatd onueio oto X.
'Etot, To Oedpnua Movétovne iyxhiong dlver otu:

g
VA:/ldV: —— dp.
) A al—yg

7 7 7 z _ g z 7
To A ftav Tuy 6y, ondte Vétovtac h = 2 5 €XouyE To {nrodyevo.

11.5 Aoxnoeig
Ouddo A'.

1. Eotw (X, A, pu) yodpoc yétpou xou f € LP(p). No dellete étL yioo xdde a > 0
Loy Vel
: 1711}
p(fe 7)) > ap) < (1)
2. Eow (X, A, 1), 1 < p < oo xu g o ouluyfic exdétne tou p. Av f, — f otov
LP(p) %ou gn — g otov Li(u), del&te 61 frgn — fg otov Li(p).

1
p

3. 'Bow (X, A, u) yoeoc yétpou xau p,q,r > 1 pe
feLP(u) wou g€ L), tote fg € L™(p) xou

[£gll- < (17 1I5llgll4-

= % + %. No delete 6Tl av

4. Eotw (X, A, u) ybpoc pétpou xau fr, f € LP(u) dote f, — f otov LP(u). Av
(gn) W0 opgotéuoppa gporypévn axohoudia YeTprioWwwy ouvopthoewy oto X ye
gn — g p—oxeddv navtol, vo deilete Ot || frgn — fallp — O.
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5. Eotw (X, A, 1) ydpeoc nenepacuévou pétpou xar 1 < p < g < 0.
(i) Av f: X — C petpriown, va deilete 6Tt
11
LA llp < W fllg (X))
(ii) No def€ete 6t L1 (p) C LP ().

Oudda B'.

6. Eotw (X, A, ) xbdeoc pétpou xau 1 < p < ¢ < r < oo. Na deiete 61 xdde
f € Li(u) ypdpetaw otn popehy f = g+ h v xdnoec g € LP(p) xou h €
L™(p). [Ymdbetn: Oewphote 10 cbvoho E = {x : |f(x)] > 1} xou ypdte
f=1Ixe+ fxee]

7. Eotw (X, A, u) yodpoc pétpouv xou 1 < p < r < oo. No dellete 61 av f €
LP(u) N L" (1), tote eivan xou f € LI(p) v xdde p < g < r.

8. Eotw (X, A, u) xodpoc pétpou, p > 1 xou ma axorovdia {fn} otov LP(u) pe
I fullp <1y xdde n. Av f, = f xotd onpelo p—o.x., va dellete 6w f € LP(u)
x| fllp < 1.

9. Eotw (X, A, u) yopoc nenepoouévou pétpou xau f : X — C o yetpfiown ou-
véptnom. Na deifete 6t f € LP(u) av xaw wévo av

an,u({x eEX:n—1<|f(x)] <n}) < oo,
n=1
6mouv 1 < p < 0.
10. 'Eow (X, A, u) xdpoc pétpou xou fr, f € LP(u), émou 1 < p < oo, e fr, = f
p—o.n. No deilete 6T
[frn = Fllp = 0 ov xow pévo ov || fullp = [[flp-
11. Eotww (X, A, 1) ¥Gpoc TETEPUCUEVOU UETPOL XU Wlat HETEHOWN cuvdptnon f :
X — C. Na detéete 611
Tim (17l = [1F]c
12. Eow 1 < pg < p1 < oo, Awote mopadelyyato UETEHoWwY cuvaptioewy f :
(0,00) = R mou avomololy o e€hc:
(i) f € LP(0,00) av %o wévo av pg < p < pi.
(ii) f € LP(0,00) av %ot uévo av po < p < p;
(iil) f € LP(0,00) av xou pévo av p = po.
[Trédaén: Aoxpdote ouvaptioes tne popghc f(z) = 2¢|log x|’
13. 'Eotww E éva Lebesgue petpriowo vnoctvoro tou [0, 1] pe 0 < A(E) < oo.

i) Acilte 6TL N X g * X g €lvou cuveyhic cuvdpTnon.
1 xN pTNomn

(il) AciZte 6T vndpyet € > 0 dote: av || < & tét1e A(EN(E 4 x)) > 0.
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14.

15.

‘Eotww {fn} axohoudio un apvnuxdv cuveydv cuvapthiceny oto R. Trodétouue
ot xdde fi, undevileton €€w amd to [0, 1/n] xou

1/n

Falt) dt =1.
0

Botw g € LY(R). Opllovue gn = fn *g. Aci&te 6T [|gn — glli — 0 xoddde
n — oo.

Stadeponotoue wa g € L (R™) xou opiloupe
Ag (f) =gx*f
(i) AclEte 610 Ay L' (R™) — LY (R™) elvan gporypévog teheothc.
(ii) Av emmiéov g > 0, unohoyiote ) vépua ||Ag| Tov Ag.
(iii) Aeite 611 n povaduer f € L1(R™) vy v onolar f + f = f ebvow n f = 0.

16. Acigte 6t av f, € LM0,1] xou || ful < 5=, 16T€ fro = 0 oyedby mavTon w¢ mpoc
1o Yétpo Lebesgue.
Owdda I'.
17. 'Eow (X, A, u) yodpoc pétpou, p > 1 xou wo ouvdptnon f € LP(p). No dellete

18.

19.

20.

21.

22.

4TL
/ P dr=p / Pz e X« |f(x) > 1)) dr.
0

‘Eotww (X, A, 1) xopoc nenepaouévou pétpou xau f: X — R petpriown ouvdptn-
orn. Trodétoupe 6TL undpyouy p > 1 xou otadepd C' > 0 tétolo WOTE

C
plze X f@l =0 < o,
yioe xdde t > 0. Aceite 6t f € L™ () v xdde 1 <7 < p.

‘Eotw r > 1 %o fr, : (0,1) = R yetphiowec ouvapthoec pe || fullr < M yio xdde
n. YroVétovye 6T f,, — f oxeddv mavtod (we mpoc to pétpo Lebesgue) oto
(0,1). Na dei€ete 6t yia xdde 1 < p < 7 woylet || fn — fllp = 0.

Eotw f € LY(R"). Tw x&e t € R 9étouye fi(z) = f(x +t),z € R. No delfete
ot

(i) Twxdde t etvan fr € LY(R™) xon [ frdX = [ fdA.

(ii) Ioyvel limy—o [ |fr — fldA = 0.
'Eotww f € L'(R). No deigete 6Tt

lim [ f(z)cos(nz) dA\(z) =0 xou lim [ f(z)sin(nz) d\(z) = 0.

n—oo n—oo
Alvetan wor ppaypévn Lebesgue yetpriown ouvdetnon f : R — R mou undevileton
€€w ané o [—1,1]. T xdde h > 0 opiloupe 1 cuvdptnom ép : R — R pe

x+h
on(x) = %/_h ft) dA(t), z€R

ActEte 6t ||gnllz < || fll2 xou ||¢n — fll2 — 0 6tav A — 0.
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23.

24.

25.

26.

27.

28.

29.

30.

Eotw {fn} axohovdia un apvnminay cuvopthioewy otov L (RF) ye [ f,d\ =1
v xdde n € N. Trodétouye étL yia xdde 6 > 0,

lim £ dA =0,
=0 J{rila|>5)
Acei&te 6Tt v xdde p > 1,
nh_{%o [ fnllp = oo
‘Eotww (X, A, p) xodpoc mbavétntag xou o f € LP(u) v xdmowo p > 1. No
delete 6L

log ||, > / log || dy.

‘Eotww E, F Lebesgue petprioya vroclvora tou R, ye A(E) < oo.

(1) Aci&te 6un xg * xF elvou cuveyhc cuvdptnom.
(ii)) Aci&te 61 n- (XE * X[o,l/n]) — XE oYedov navtol xadhe n — 0o.

‘Eotw (X, A, p) ydpoc o—nenepaocyévou pétpou xau g : X — C wa petpAown
owvdptnon. Trodétoupe 6t v xdde f € L' (u) woyber xou f - g € L*(pn). No
oeigete 6t f € L™°(p).

Eotww 1 <p < ooxu fe€LP[0,1]. T xdde n € N opiloupe

2n
fn=2" Z an k()X T 10
k=1

6mou Jp = [k_l ﬁ) xo an i (f) = ka f dX. AciEte 6T
T | = fully = 0.
‘Eotw 1 < p < 00 xou o suvdptnon f € LP[0,00). Aceilte 6Tt
[0 )| <1t
vt xéde z > 0 xon 6T

) 1
lim T

.Axf@)dA@):O.

‘Eotw (X, A, 1) xGpog UETpou %o €1, Cay .oy €y > 0 pe ¢1 + 2+ ... + ¢y = 1. Na
detlete Ot av fi1, fo, ..., fm : X — C elvou petpriowes ouvaptrioels, tdte

/ (ﬁ 5 ) < ﬁ (f1nran) "

Trodétovpe 6t f € LP(R) yio xdde 1 < p < 2 xou emnhéov 611

sup || fllp < +oc.
1<p<2

Acifte 6t f € LA(R) o
[flle = Tim [ £]]p.
p—2
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31.

32.

33.

34.

35.

'Eotw f € L'[0,1] pe v e&hc Widtnton undpyer C > 0 dote

[ 110 < evaid)

v x8de Lebesgue petpriowo vrooivoro A C [0,1]. Aellte 6t f € LP[0,1] v
%8¢ 1 < p < 2. Eivow avaryxaotixd 1 f otov L2[0, 1];

‘Eotww f:R"™ — R Lebesgue petprown, E = supp(f) vy tnv onola toyde

(+). [E exp (f(x)) dA(x) =1

Anodeigte 6n f € LP(R™) vy xdde 1 < p < oo xau ||f|l, < Cp, 6mov C' >
0 wo améhuty otadepd. Awote mopddetypo Wiag YeTpiong ouvdptnong f mou
wavorotel TNy (%) al& f ¢ L°(R™).

‘Eotww (X, A, p) évac yodpoc pétpou xau piol petprion ouvdptnon f + X — C.
OpiCoupe t0 ovoiddes medio Tiucy e f va elvon 1o olvoho Ry ohwv twv a € C
yioe T omolat Loy el To e€Rc: Yo xdde € > 0

p{z e X :|f(z) —a| <e}) >0.

1) Na 8ci€ete 6TL To Rt clvan xheiotd chvohro.
!
(ii) Av f € L va deilete 6t 10 Ry ebvan ovunayéc xau || flloo = max{lal : a €
Ry}

‘Eotw 0 < p < 1. Opiloupe tov (apvnuxd auth ) @opd) ovluyr) exdétn q tou
p ond 1N oyéon % + % = 1. 'Bow (X, A, p) évac yodeoc yétpou. Av f,g: X —
[0, 00] var Bei€ete bt 1oyuoLY oL e&nc:

frvawz (o) (Joran)”
(Jusora)”=(fra)"(foa)"

AgiEte dtiav 1 < p < g < oo, 6t 0 L]0, 1] eivan Tpdytng xatnyoploc untocivoro
Tou LP[0,1].
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[MToapdetnuo A’

OloxArpwua Riemann

A’.1  Oglopocg

‘Eotw [a, b] éva xhetotd didotnpa. Avorépror tou [a, b] Yo Mye xdde nenepacpévo
urocOvoro P = {xg,x1,...,2,} 00 [a,b] pe 29 = a < 21 < ... < z, = b. Ou
yedpovpe P = {a =29 < z1 < ... < @, = b} yio va tovicouye authv oxpiedc
dudrtoln.

Kdde dwopépion P = {a = 29 < 21 < ... < 2, = b} yopilel 10 [a,b] o n
UTOBLCTAROTY [, Tt1], K = 0,1,...,n — 1. Ovoudloupe mA&TOS TNe SLowépiong
P 7ov aptdud

IP|| = max{z1 — zo, 22 — Z1,..., T — Tn—1}-
IopoatneRote 6Tt dev anautoUe and T [Tk, Ti+1] Vo €xouv To (Blo phxoc.

H Swpépion P Myetaw exAéntuvorn e P av P C Pp, dnhady av n P npo-
xOnTeL and v P ue v mpoocdixn nencpacpévewy to tAlog onueinv. Av P, P
elvar d0o dupeploeic tou [a, b], N x0owh exAénTuvor v P, P elvon 1 dopéplon
P=P UP,.

Oewpolye tHpa Wit Qeaywévn ocuvdptnon f : [a,b] — R xou po Swpéplon
P={a=xz0<z1 <...<zmp=>} v [a,b]. Taxdde k =0,1,...,n — 1 opllouye
Toug TparypoTinols apriuolc

mg(f, P) =my =inf{f(x) : 2 <z < xpy1}
o

My (f, P) = My =sup{f(x) : 2 <z < xp41}.
To dve xan To xdtw ddpotopa Tng f wg mpog v P elvon ol apriuol

n—1

U(f, P) = ZMk(ka — )

k=0

nou
n—1

L(f, P) =) my(xrp1 — )
k=0

avtioTtoya. Eivar @avepd 6t yio xde Swopéplon P loylel

L(f,P) <U(f,P)
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agol my < My xou 41—k > 0, E =0,1,...,n — 1. Ioydel duwe wa tord mo
oY UeT ovieoT T

Afppo A'1.1. Eotw f : [a,b] = R gpayuévn ouwvdptnon ka Py, Py 600 Sape-
ploeig ov [a,b]. Tdre,
L(faPl) S U(faPQ)

Arnddeén. H anddeln Pooiletar otov axdhovdo ioyuplopo:

Eow P={a=2y <z < ... <xp < Tpy1 < ... <xyp =Db} xu
Tp <Y < Tpy1 Y@ xdmowo k=0,1,...,n—1. Av P, = PU{y}, téte

AnédeiEn tov 1wy ypiopol: Oétouvue mg) = inf{f(z) : zx < z < y} xu mff) =
1

inf{f(z) : y <z < apy1}. Tote, my < m;) o my < mf) (3w A C B =

inf B < inf A). Enopévoc,

L(f,P1) = L(f, P) = mz(cl)(y — ) + m;(f)(l‘kﬂ —y) — mg(@Tp41 — zp) > 0.
Evtelddc avdhoya delyvoupe 6Tl

Dot v anddeln tou Afupotog Yewpolue Ty xowr exiéntuven P = Py U P,
v P xou P, H P mpoxdntel and v Pi pe npocdnxn nenepacuévmy to nhidog
onueiwy. Av e@opubdcouUe ToV loyLploud mencpacuéveg to TAYoc Qopéc, malpvouue
L(f.P1) < L(f,P).

Agol n P mpoxintel and v P ye v mpooViun menepaopgévey to mARdog

onuelowv, duowa Brénovpe ot U(f, P) < U(f, P2). And v &\n nhevpd, L(f, P) <
U(f, P). Yuvdudlovtac ta Topandve, Exoue

Ogiwop6c A’.1.2. Ectwo f : [a,b] = R gpoypévn cuvdptnor. Opilovpe cov xdte
ohoxMjpwpa e f oto [a,b] To

b
/ f(z)dx = sup {L(f, P) : P dwéplon tou [a, b]}

%o 6oV Ave oAoxAApwpa e f oto [a,b] To

)
/ f(z)dx = inf {U(f, P) : P Swéplon tov [a, b]}

And to Afppa A'1.1 éyoupe

IN

/abf(l‘)dl‘.

M gporypévn ouvdptnon f : [a,b] — R Aéyet Riemann oAoxAnpdouuwn av

/abf(x)d:lc



A’.2. ToO KPITHPIO TOY RIEMANN - 201

H xown auts| tiph Myeton ohoxAfpwpa Riemann e f 6to [a, b] xou cupPoiileto

HE b b
[ r@as i [

A’.2 To xputrieto Tou Riemann

Ocehpnpa A’.2.1 (xpurhpo Riemann). Eotw f : [a,b] — R gpayuérn ovvdptnon.
H f elvar Riemann oAokAnpdoiun av ka1 uévo av yia kdde € > 0 punopolje va Ppodue
dauépion P tou [a,b] térowa dote

U(f7p)7L(f5P)<€‘

Arnddeén. Trodétouye mpwta 6tL 1 f elvan Riemann ohoxdnpwouun. Anhody,

/abf(:zz)d:c /abf(x)dx /abf(x)dx.

‘Eotww ¢ > 0. Anb tov oplopd tou x4t ohoxhneduotos, undpyel Swuépton P tou
[a, b] téTol dote

b 9
[ f@yiz < L.P) + 5.

Ané tov oplopd Tov dvw ohoxhnpdpatoc, undeyet dwopépton Pa Tou [a, b] tétola ot

b
€
[ f@yde > vtr ) - 5.
Ocwpolue Ty xowr exiéntuvon P = Py U Py. Torte,
€ €
Ulf,P)=5 = Ulf,P2)—5
b b
< / f(z)dz z/ f(x)dx
e _ €
< L(fapl)+§§L(f7p)+fa

arn’ 6mou €neTan 6Tl
OSU(.ﬂP)_L(faP) <e&.

Avtiotpogo: unodétoupe 6t yior xdde € > 0 undpyel Swopépion Pe tou [a, b] tétola
woTe

Uf, Pe) < L(f, P) +e.
Tote, o
b b
/ f@)de <U(f,P.) < L(f,P.) +¢ < / f@)dz +e,
onhod o

/abf(x)dx S/abf(x)dx S/abf(x)dm+5
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vy x&de € > 0. Eneton 6Tt

onhadn 1 f elvar Riemann oloxhnpwoiun. a

Oevpnpa A’.2.2. Kdile povétorn ouvdptnon f : [a,b] — R eivar Riemann olo-
KANpaoun.

Anédeln: Xwplc neptoplopd e yevixdtntoc vrodétoupe ot 1 f elvon ad€ovoo. H
| elvan mpogavae gpaypévn. T xdde n € N Yewpodye ) dopépion P, = {a = xp <
1 < - < Tpo1 < Ty, = b} 70U [a,b] oe n loa vrodlaoTiuata. Anhady,

k(b —a)

rE=a+ , k=0,1,...,n.
n

Tote, agod 1 f elvon av€ouca €youpe

U P = 32 Ml —a) = 3 Slowen) % = U0 (fa) 44 S(aa)),
k=0 k=0
— — b—a b—a
L(fs Pa) = 3 mp(@rsn = ax) = 3 flan) == = == (f(zo) + -+ fl@n-1))
k=0 k=0
Apa,
U(f,Pn) _L(f7Pn) _ [f(mn> _ffl‘rO)](b_a) _ [f(b) _fgla”(b_a) =0

Ané to xpithiplo Tou Riemann BAénoupe ebxoha 6Tl 1) f eivon Riemann ohoxAngdowun.
a

Ocewpnpa A’.2.3. Kdde ouvexris ovvdptnon f : [a,b] — R eivar Riemann olo-
KAnpdoun.

Arnddeén: Eotw ¢ > 0. H f elvon ouveyhc oo xhewotéd ddotnpa [a, b], dpo opot-
ouop@a cuveyhc. Mnopolue Aowdy va Bpodue 6 > 0 ye tny e€ng WidTnTas

AV @,y € [a,b] xan o — y] < 8, w6re |f(@) — F()] < 52

b—a-
Mrnogolue eniong va Beobue n € N tétolo tote

b—a
n

< 4.

Xwpilouvye o [a,b] oc n unodacthpata Tou Wiou uixouc b’Ta Oewpolpe dnhady ™
dlapépion P, mou anotehelton amd o onuela
k(b—a)

Tp=a+ , k=0,1,...
n

)
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Eow k =0,1,...,n— 1. H f elvor cuveyhic o0 xhewotd Sdotnua [T, Trt1], dpot
nodpvel uéytotn xau eAdytot T oe autd. Trdpyouv Snhadh vy, i € [Tk, Tr41] T.0.

M= f(yp) »u  my = f(yp).
Emnhéov, 10 ufixoc o [zy, Tj11] ebvan (oo pe =2 < 6§, dpor
|y — vk | <0

And v emhoyy Tou § madpvouue

My —mi = f(oh) = F) = 1F k) = £ < 5—

‘Ereton 6Tt
n—1
U(f, Po) = L(f, Pn) = (M — mu)(Ths1 — k)
k=0
n—1 c
< g Tkt — Tk)
k=0
- bfa(b—a) —e
Ané 1o xputfiplo tou Riemann, 7 f elvor Riemann ohoxAnpwoun. g

A’.3 IsuotnteEg TOL OAoxANpewuatog Riemann

Ye authy TNV Topdypapo avapépouue TIC T BacIXEC IBOTNTEC TOU OAOXANROUATOS
Riemann xau anodetxviouye pepixéc and avtéc. H anddelln twv unololnwv elvon pio
XOAY| doxnom.

Ocehpnua A’.3.1 (ypopuxdtnta Tou ohoxineduatoc). Av f,g: [a,b] — R eiva

OUo odokAnpaoiues ouvaptrioes kair t, s € R, téte ntf + sg elvar odokAnpwoiun oo
[a,b] ka1

/ab(tf + sg)(z)dz = t/ab fx)dz + S/abg(x)dx,

Oeopnua A’.3.2. Eoww f: [a,b] = R gpayuérn ovvdptnon kai éotw ¢ € (a,b).
H f eivai ohokAnpdioiun oo [a,b] av ka1 udvo av efvar odokAnpdoiun ota |a, c] kar
[c,b]. Tére, wyvea

/abf(ac)dq;:/acf(m)dx+/cbf(m)dx.

Oeopnpa A’.3.3. FEoww [ : [a,b] = R odokAnpdoiun ouvvdptnon. Trobérouvue
dum < f(x) < M ya kdOe © € [a,b]. Tdre,

b
m(b—a) < / f@)dx < M(b— a).
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Ynueiwon. O oprdudeg

bia/abf(x)dac

elvou 1 wéom TuwA e f oto [a,b].

IMépiopa A’.3.4. Eoww f,g: [a,b] = R odoxAnpdopues ovvaptiioes. Yrodérov-
pe éu f(x) > g(z) ya kdbe x € [a,b]. Tdre,

/a " flaydr > / " (@)

Oevpnpa A’.3.5. Eotw f : [a,b] = [m, M| olokAnpdoyun ovvdptnon kar éotw
¢ : [m, M] — R ouveyrisc ouvdptnon. Téte, n ¢ o f : [a,b] — R eivar odokAnpdoiun.

Andbeén. 'Eotw e > 0. Oua Peodue dowépion P tou [a,b] pe ty Widtnta U(g o
f,P)—L(¢o f,P) <e. To {nrobpevo éneton and 1o xpithplo tou Riemann.

H ¢ elvon ouveyhic oto [m, M], dpa elvon gpaypévn: vrdpyer A > 0 dote |p(§)| <
A v x&de £ € [m, M]. Eniong, n ¢ ebvoaw opolbuopga cuveyhc: av Yéoouvpe g1 =
e/(2A4+b—a) >0, undpyel 0 < 6 < g1 tdote, vy xqe &, 1 € [m, M] pe | —n| < I
oyt [6(6) — o(n)] < 1.

Egapuolovtoc 1o xpithplo tou Riemann yia tnv oloxAnpwown cuvdptnon f,
Beloxouue dapeplon P ={a =29 < 21 < -+ < & < Tp41 < -+ < T, = b} GoTE

n—1

U(f,P) = L(f, P) = > (Mi(f) = mi(f)) (@rs1 — ) < 67

k=0
Op(Couye

I = {0<k<n—1:M/(f)—mp(f) <6}
J = {0<k<n—1: M(f)—m(f) >}

Iopatnpodue o e€he:
(i) Av k € I, t6te v xdde z,2" € [k, xpy1] Exovpe |f(z) — f(2')] < Mi(f) —
my(f) < 9. Halpvovtoc & = f(x) xaun = f(x'), éxovue £, € [m, M| xou [€—n| < 0.
Apa,

(o f)(@) = (60 f)@)] = [6(&) = d(n)] < e1.
Aol ta x, &’ Aoy Tuydvta 010 [Tk, Tht1], ovunepaivovue 6t My (o f)—my(pof) <
e1 (e&nyhote yotl). Eneton dtu

D (Mi(¢o f) —mi(po ) (@1 —ax) <&y (wrsr —wx) < (b—a)er.

kel kel
(ii) T o J éyoupe
0> (wrar —ax) < > (Mi(f) = ma(f))(@rp1 — z1) < 67,
keJ keJ

dpa
Z($k+1 - IIJk) <o< 1.

keJ
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Enione,

[(@o f)x) = (o @) < [(@o @) +[(do fla)] <24

v %8¢ z, &' € [zk, Tpt1], dpor Mg (do f) —mi(do f) < 2A vy xdde k € J. 'Encton
o1t

S (M0 f) = mu(@ 0 N)(@her — x) <243 (wper - ax) < 241,

keJ keJ
Ané ta mopandve cupnepaivouye OTL

n—1

> (Mo f) —mi(do f))(@hp1 — zx)

k=0

- Z(Mk(¢° ) —mi(do f))(@rt1 — zx)

kel
+ 3 (Mi(po f) —mi(do f))(@hp1 — k)
keJ
< (b—a)e + 246 =e.

U(go f,P)=L(¢of,P)

Autd ohoxdnpdver Ty anddeln. a

Xenotponoldvtog 1o Oedpnuo A'.3.5 urnopolue vo eAEYEOUUE EUXONA TNV OAOXAY-
POOLUOTNTA SLaPdE®Y CUVIPTHOEWY TIOU TEOXVOTTOUY and TNV cUVIESY) Ulog OAOXAT-
pOOUNG oUVAETNONG f UE XATIAANAES ouveYElC CUVAPTAHOELS.

Oceopnpa A’.3.6. Eotw f,g: [a,b] = R olokAnpdoes ovvaptrioes. Tote,
(o) | f] efvar odorkAnpddoun kai

‘ /  fa)dn

(B) n f? etvar ohoxAnpdaiun.
(Y) n fg etvar odokAnpddoun.

< / @)l

Andbaén. Ta (o) xou (B) elvon dueoec ouvéneiee tou Oewphuatoc A'.3.5. T to (Y)

yeddte
_(f+9°-(f-9)
fg= 1
xou ypnowonoiote 1o (B) oe cuvduaoud e 1o yeyovoe 6t ou f + g, f — g eivan
ONOXANEWOLUES. |

Mo cOuBaon. Q¢ thpa oploaye to fab f(x)dz pévo oty nepintwon a < b (dov-
Aetope 070 xhelo 16 Bdotnua [a, b]). Tio tpaxtinoie Adyoug enextelvoupe Tov oploud
xou oTnyv mepinTwon a > b we e€hc:

(@) av a = b, ¥touvpe [ f =0 (v xdde f).
(B) ava >bxoun f:[b,a] = R eivon ohoxhnpidown, opiloupe

/ab flx)dx = — /ba f(x)dx.
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A’.4 O opiopdg tou Riemann

O oplopde mou BOCUUE Yol TNV OAOXANEWOWOTNTA WS QEAYUEVNE cuvdptnong f :
[a,b] — R ogeileton otov Darboux. O mpdtoc auotneds 0plopdsc TS OAOXANEWOL-
uotnTog 66Unxe and tov Riemann xou elvan o e€rc:

Opiop6c A’.4.1. Eow f : [a,b] = R gpayuévn ocuvdptnor. Aéue 6t 1 f elvon
oAOXANE®OLUY oT0 [a,b] av undpyel évac mpaypoatixds apwdude I(f) we v elrc
Wit To:

T xdde & > 0 pnopolue va Beodpe 6 > 0 dote: av P = {a = 2 <
x1 < - <z, = b} ebvon dopépion tou [a, b] ue TAGToc [Pl < § xou ov
&k € [Tk, Thy1], K =0,1,...,n — 1 givou Tuyolon emhoyY| onueiwy ord
Ta urodLooToTa Tov optlel ) P, téte

z_:f(fk)(ﬂﬁc-u —x) —I(f)| <e.
k=0

Ye auth v Tepintwon Mpe 6t o I(f) ebva to (R)-ohoxhfpwpe tne f oto [a, b].

YupBohiouds. Tuvidoe yedpouue Z yio Ty emhoyy onpeiwy {€o, &1, -+, En_1} xou
S(f, P, E) yw 10 ddpotopa

n—1

Z f(&k) (@rt1 — zi).-

k=0

Iapatneote 6Tt Thpa T0 E «UNEsEpYEToLy 010 cuufBohoud Y (f, P,E) apol yio Ty
(B drapéplon P umopolue va €youue TOMES Blagopetinég emhoyéc = = {€o, &1, .-, En—1}
ue & € [k, Trt]-

Oezopnpa A'.4.2. FEoto [ : [a,b] = R gpayuévn ovvdptnon. H [ efvar odoxAn-
paiaun kard Darboux av ka1 pévo av eivar odokAnpdoiun katd Riemann.

Anéoeifn. Trodétouye mpodta 611 1 f elvon ohoxAnpewolun xotd Riemann. I'edgpouyue
I(f) yw o ohoxhipwya tne f pe tov optopd tou Riemann.

‘Eotww e > 0. Mnopolue va Bpolpe o dloapépton P ={a =9 < 1 < --- <z, =
b} (ue apxetd wxpd mAdTog) wote Yy xdde emhoyh onueiov = = {€o, &1, -+, En1}
we &k € [Tk, Trt1] vo oy le

n—1
5
D F&) (@ha — ) — I(f)] < T
k=0
T xéde k=0,1,...,n — 1 pnopolye vo Ppodye &, & € [Tk, Thy1] OOTE
mp > f(6) — ———— o My < f(€)) + ——
b W 4b—a) TE WA —a)

n—1

L(.P) > Y () @nes — o) = = > 1(F) = 2
k=0
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nou

n—1
U(f,P) < D ) @ars — o) + 7 < I(H) + 5.
k=0
"Eneton 6Tt

U(f7P) _L(faP) <é,
onAadn n f elvon ohoxhnpddowun xatd Darboux. Enlong,
€ b ot €
10) -5 < [t < [ fayin <10)+ 5,

xou apol To € > 0 Nty Tuy oV,

[ s = [ s =10,

Anhadn,
b
/ f(x)dz = I(f).

Avtiotpoga: umodétouye 6Tl 1 f elvon ohoxhnpwoudrn pe tov opiowd tou Darboux.
‘Eotw £ > 0. Trdpye dwopépton P ={a =z9 < 21 < -+ <z, = b} t0U [a,b] dote

U(f,P)—L(f,P)<Z.

H f eivan gporyuévn, dnhady vrdpyer M > 0 wote |f(z)] < M v xdde x € [a, b].

Emiéyoupe
€

~ 6nM
‘Eotw P’ Swopépton tou [a, b] pe mhdtoc | P|| < 4, 7 ooia eivon xou exAéntuvon
tne P. Toéte, vy xéde emhoyh E onpelwv and ta vnodotiuata tou opilel n P’
€Y OLNE

) > 0.

b
[ f@de =5 < LGP SLUEP) < Y PE)

b
< U(f.P)<U(f.P) < / Fla)da + <.

Anhody,

’Z(f,P’,E) / ' fla)a

Zntdue vo del€ouue o (Blo medyua v TuoVow Swyépton P e TAdToC WixpoTe-
po and d (n Suoxoha eivon 6TL piar TéTolor dlaéplon Bev €xel xovéva AGYo vo eivou
exhéntuvon e P).

BEow P ={a=y) <y1 < < Ym = b} wa tétowx doapépion tov [a,b]. Ou
«mpoc¥écovyey otny P éva-éva dha ta onpela o tne P ta omolo 8ev avixouy otny
Py (owtd eivor to ok n — 1).

Ac¢ molpe 6 éva tétolo Ty, Peloneton avdusoa oo Slaboyxd onueia ¥ < Y41 TS
P1. Oewpolye v Py = Py U {x;} %o tuyoloo emhoyn EM = {&, &1, .., Em 1}

<<
%
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we & € [y, yiva), L =0,1,...,m — 1. Enkéyovue dvo ornuela & € [y, xx] xou &' €

[k, Y141] xon Vewpolue v emhoyn onueiny EQ@ = {&,&,..., & 1, &8, &m-1}
nou avtiotolyel oty Py. ‘Eyouue

‘ > PLED) = (S, P2a5(2))‘ = (&) W1 —w) — FE) @k —wr)

—f(&) (i1 — )]
3M mlax|yl+1 -yl <3M¢6

IN

£
2n’
Avtixahotdvtoc ™ doopévn (P, ZM) pe 6ho xau hentérepec Siapeploeic (Py, Z(F))

7oL TEoXVUNTOLY PE TNV Teoothxn onuelny T P, uetd and n to Tohd Briuota ¢Tdvou-
we o wa diopépton Py xou wo emhoyr onpeiov Z©) ue tic eZric Widtnrec:

(o) m Py glvon xowi exhéntuvorn twv P xaw Pp, xou éyel nhdtog muxpdtepo and 0.
(B) ool n Py eivan exdhéntuvon tne P, éyouue

\ SRz - | ' fada

<<
0%

() apol xdvope t0 TOAD 1 Pgata Yl Vo @Tdoovpe oty Py xou agol oe xdide Bhpo
o adpolopata amelyay To TOND o, €xoupe

=(1)y _ =(0) £ _¢€
‘Z(fﬂplv'—' ) Z('f’PO’_' )’<n2n_2

Anhady, yio TNV tuyoloo dlauéplon P mAdtoug < 4 %o Ylot THY TuyoLod eTLAOYT

EW onuelwv and to utodlaoTthyata Tne P, éyouue

b
‘Zq,a,am_ / flw)dz| < ‘Z(f,Pl,E“))—Z(f,PmE(O))‘
b

0= - [ s

a

< fyioe
2 2 7

‘Eneton 6L 1 f elvon ohoxhnpdowun pe tov oplopd tou Riemann, xadode xon 6t ov I(f)
b R
xu [ f(x)dx etvan ico. O



IMTopdetnua B’

Aptdunocuuc xou
LTEEACLIUNCLUAL GOUVOAX

B’.1 IconAnduxd cOvoia

Ogiopoéc B'.1.1 (Icomindudémnia). Eotw A, B 80o un xevd obvora. Ta A, B
Aéyovron womAndikd av undpyel wo ouvdptnon f : A — B, 1 onola etven 1-1 xou enl!.

Téte, ypdgpouvue A =, B f |A| = |B| fixu A~ B.

IMopodeiypata B'.1.2. (o) Ta odvoha (0,1) xou (0,2) eivon tcomhndnd, péow tne
avtototyioc f : (0,1) — (0,2) ye f(z) = 2z. Devixdtepa, x8e ovoxtd ddotnua
(a,b), a,b € R, a < b, eivon woonhndxd pe to (0,1) yéow tne avtotoryiog f :
(0,1) — (a,b) pe f(t) = (1 —t)a + tb.

(B) To civoho twv guoxdy apudy N = {1,2,...} elva woomhndhixd pe 10 civoro
v aptiov A = {2n : n € N} yéow e avuotoyioc N — A ye n+— 2n.

(v) To odvolo twv guoxdy aptiucdv N etvor toomhndind ye 1o cbvolo twv oxepaiev
Z. Tpdryparti: Yewpolye ) ouvdptnon f: N — Z ue

£(n) k, avn=2k—-1, keN
= 1—k, avn=2k keN

H ocuvdptnon f avuotoiyel otoug mepittole guotxolc toug Yetixols axepaioug xou
GTOUC dETIOUC PUOLXOUS TOUC U1} YeTeols axepaloug.
(8) Ta chvora [0, 1] xou [0, 1) eivon woomhndud. Tpdrypatt: Yewpolye to clvoro A =
{£:n=1,2,...}, o onolo elvar unocivoro tou [0,1] xou opioupe tn cuvdpinom
f:[0,1] = [0,1) pe

1 1

o) = ol ow:L'EAxc,u:v:ﬁ
x, OLaPOPETIXG.

EOxola ehéyyoupe 6T 1 f elvon avtioTouylo.

H enduevn npétaon poc héel 6Tt 1) loomhnduedtnta YeTald cuVOhwY elval oyéon
tooduvaulog.

"M tétola ouvdptnon ovoudleton avtiototyia. Aéue thTe 6Tl éyouue wia avtiotolyla
and 10 A 610 B xou ypdgpouue A — B.



210 - TIAPAPTHMA B’. APIOMHYIMA KAI YIIEPAPIOMHYIMA STNOAA

ITedtaocm B'.1.3. Eoww A, B,C un kevd otvoka. Téte woxvovy ta akdovia:
() A~ A,

(B) av A ~ B, téte B ~ A ka1

(y) av A~ B ka1 B~ C, tote A~ C.

Anéoein. ‘Ayeon,. O

YupBorowde. Tupfolilovue pe T, 10 GUVORO TV TEOTWY N PUGIXWY, BNAUOY
T,=1{1,2,...n}.

Opopwoée B'.1.4 (nenepaouéva xau dnetpa oivoha). (o) ‘Eotw A pn xevé ohvoho?.
To A Nyetou memepaopévo av undpyouv n € N xou ouvdptnon f : A — 1), 1 onoia
elvon 1-1 xou enl. Tote, Mye étt 0 mAnddpiduog tou A eivon n 1 6t 10 A €yel n otouyela
xou ypdpouye card(A) =n A #A =n fixu |[A| =n.

(B) 'Evo civoho A Néyeton dmeipo av dev efvol TENEPUCUEVO.

ITedtaom B'.1.5. Eva otrvoko A elvar drepo av kai pdvo av vrdpyer 1-1 ouvvdptnon
f:N— A, énkadrj vndpyet B C A dote B ~ N.

Anédaitn. Tmodétouye mpwta 6Tt 10 A elvan dmewpo. Ewdwxdtepa, 1o A elvon un
xevo. ‘Apa, undpyet ar € A. Téte, 1o obvoho A\ {a1} elvon un xevéd. "Apa, undpyel
ag € A\{a1}. Opolwc, A\{a1, a2} # 0 xou propolpe vo emhéEoupe as € A\{a1,az2}.
Enaywywd, opileton axorovdia (a,) otoyeiov tou A. Ipdypot: av unhipye n € N
oote A\ {a1,a9,...,a,} =0 161 Yo elyyope A = {ay,a9,...,a,} xou t0 A Yo frov
TEMEPACUEVO.

OpfCoupe tote f: N = Aye f(n) = an. H f eivon 1-1 8u6tt 1ot @y, elvon Stapopetind
avd 8vo. Av ¥éoouye B = f(N) t6te B C Axoum f : N — B eivou 1-1 xon eni.
Anhadyy, B ~ N.

Avtiotpoga, utodétovue otL undpyel 1-1 ouvdptnon f : N — A. Av to A ebvan
nenepaopévo, téte undpyouvy m € N xou g : A — T, 1 omoio etvon 1-1 xon ent. Tote,
n owdptnon go f : N — T, ebvau 1-1, dromo (e€nyfote yol). O
Yuppoicwoc. Eotww A, B 80o cbvora. Av umdpyetl 1-1 ocuvdptnon f : A — B,
yedpouue A <. B A <X B xou hépe 611 10 A éxer mnddprduo to mohd (oo pe autdy
tou B. O cupPohioude xou 1 opohoyia Suxatohoyolvton and to yeyovog 6t to A elvan
wwomAndwé e 1o f(A) to omolo eivar utocvolo touv B.

HMapodeiypata B'.1.6. (o) To civoho Z twv axepaiwy elvor drepo, di6tt N C Z.
(B) To clvoho Twv pntow elvon dretpo b6t N C Q.

(v) Kdde un tetpypévo Sidotnua ebvan drewpo obvolo.

Yxoia B'.1.7. Kdie dnepo clvoro A elvan woomhndnd ye xdmoo yvhclo uno-
oUvold tou. pdypat, oty npdtaon B.1.6. deilope 6Tt av to A elvon dmewpo toTE
urdpyet 1-1 osuvdptnon f : N — A. Tedgovye by, = f(n) yian = 1,2, ... xo Yétoupe
B = f(N) = {b1,b2,...} € A. Oewpolye 10 clvoro C' = A\ {b1}, t0 onolo eivon
yvHolo unocUvolo tou A xau opiloupe yia ouvdptnom g : A = C w¢ e€hc:

| bpg1, avz = b, v xdmowo n
g(x)—{ x, avz € A\ B

EdOxoha ehéyyoupe 6t 1 g ebvan 1-1 xou enl (doxnon).

T 0 xev6 oUvoho deyduacte 6T eivon menepaouévo ue TAnddprduo 0.
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B'.2 Apuunoipa xou unepapoltdurolua cOVOAX

Opiopoéc B'.2.1 (opdufoa xou vrepapiduriowa obvora). Eotw A éva dnepo
obvoro. To A Ga Méyetou drepo aprurjopo av undpyet 1-1 xou ent ocuvdptnon f :
N — A, dnhadr) av A ~ N. 'Eva chvoho A Myeto apidunioipo av elvar nenepacyévo
1 dnelpo aptduriowo. Av to A dev elvan aprdurowo, Yo Aéyeto vrepapidurnouo.

YupBorowds. Tov minddpriuo twv puoxdy aptiudv tov cugfolilovue ye w A
Ny (dhep 0). Etot, av 10 ochvoro A givon apriufowo yedgpouue |A] = No.

IMopadeiypota B’.2.2. (o) To cOvoro Z tov axcpoiwy eivan drepo aptdurioio.
(B) To Nx N = {(m,n) : m,n € N} eiva drnepo oprdufcwo: 1 cuvdptnon f :
N x N — N ye f(m,n) = 2m71(2n — 1) etvor 1-1 xou exnl. To yeyovéc 6t ebvan ext
éneton and to Yepehddee Yempnpo tne aprduntinfc (deite dtu elvon 1-1).

(v) Av A, B eivau dnelpa aprdufowa cOvoha, tote 10 A x B = {(a,b) : a € A,b € B}
elvan enione dmewpo apdurowo. Ipdypott, av ta A, B eivor dneipo apriufoa toTE
umdpyouy f: A = Nxa g: B — N ouvoptroeig 1-1 xou enl. Oewpolye ) cuvdptnon
h:Ax B — NxN énov h(a,b) = (f(a),g(b)). Xenowonodhviac 10 yeyovéc 6t ol
f xou g ebvon 1-1 xou enl prmopolye ebxoha va eAéyEouye 6t 1 b ebvan 1-1 xou ent. ‘Apa,
Ax B~ NxN. Ané 1o nponyolpevo mopddelypa éyovpe N X N ~ N, ondte and v
npétaon A'1.3. éneton 61t A X B ~ N,

H enépevn npdtaoy divel yprowoug yopoxtneiopole o ta apriuriowo cOvola.

IMeétaom B’.2.3. Eotww A dreipo ovvoro. Ta €€ng eivar wodlvapa:
(o) To A eivar apiurjoro.

(B) Yrdpxer ouvdptnon f : N — A, n onola efvar end.

(v) Yrdpyer ovvdptnon g : A — N, n onota eivar 1-1.

It v anddeldn tne npdtaone Yo ypeelaotodue €va Afuue To onolo tapouctdlel
aveEdpTNnTo eVOLUPEROV.

Adppa B’.2.4. Eoww A drepo vrootvoro tov N. Téte, to A elvar apidurjorpo.

Anédein. To A eivou dnelpo, enopévwe etvor un xevo. And tny apyh Tne xohic didta-
Ene (apyh tou ehayiotou) undpyel to a; = min A. To cdvoro A\ {a1} eivan eniong
un xevéd (e o A Yo fitay nenepaouévo) ondte, Tl and Ty apyY| TS XohAg
didtalng, umdpyet To az = min A \ {a1}. H Swoduxasio auth cuveyileton en’ dnelpov,
yiotl av otapartoloe o xdnoto Brhuc ng o elyope A\ {a1,. .., an,} = 0, dnhad” to
A Yo Aray nenepaouévo. Etot, opileton emorywyixnd o axoroudio (an) SLopopeTixdy
avd dvo ototyeiny tov A. HopatneActe 6t N (ay,) eivon yvnoiwe avovoo oxoroudio
QUOXY, dpd @y > N Yio xde n € N.

Ioxupiopds. A ={ar,az,...,apn,...}.

Eivaw npogavéc 6t {ag,ag,...,an ...} C A. Av unodécoupe otL 0 eyxdeloude
elvow yviolog, téte umdpyel a € A Wote a # ay, v xdde n € N. Ilpogavade, eivon
a > aq xou eniong undpyel n € N dote a,, > a (D6t a,, > n). ‘Apa, UTpyel UEYIOTOC
n ge My WOt a > ay,. Téte, ap < a < apy1. Auté ebvau dromo, SubTL €xouue
ac€ A\ {a1,...,an} v a <min A\ {a,...,an}.

Ané tov ioyupiopd énetan dueoa 6tL to A elvan apriufoiuo. O

Taopa elyaote oe Yéon va anodetoupe v tpdtacn B'.2.3.
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Arnddeén tng npéraons B.2.3. H cuvenaywyy (o) = (B) eivon dueon and tov opoud
Tou apLdUAoLIOU GUVOAOL.

Trodétouvue Gt 1oy let To (B), dnhad undpyel cuvdptnon f : N — A, n onolo etvon
ent. Téte, yio x80e a € A wyler f1({a}) # 0. Oéroupe n, = min f~*({a}), a € A
(to min vndpyel and v apyh e xohhc ddtalng). H ocuvdptnon g : A — N, pe
g(a) = ng etvon xahd opioyévn xou 1-1. Ilpdypat: napotnpolye 6t av a,b € A ye
a#b, 6t f1({a}) N f7E{b}) = 0 xou dpa n, # np.

‘Eotww 6t toylel to (Y) dnhady, vrdpyet 1-1 ouvdptnon g : A — N. Téte, 10
B = g(A) eivar dmepo unocivoro v guowdyv. And to Mupa eivar aprduroyo,
onhadn undpyer h : B — N, n omolo elvow 1-1 xon enl. Oewpolye TN cuvdptnon
¢: A— Nuye d(a) = h(g(a)). Edxora eéyyouue bt eivon 1-1 xou enl, dpo to A ebvou
apriuroyo. O

HMapadeiypata B'.2.5. To clvoro Q twv pntodv aprduy etvar aprduroo. Ao
70 Q eivou dmepo, apxel va del€oupe ot umdpyet 1-1 cuvdptnon ¢ : Q — N. Agot
N ~ ZxN, opxel va del€ouye 611 undpyet 1-1 cuvdptnon f : Q — ZxN. Oewpolye
owvdptnon f: Q = ZxNype f(%) = (m,n), omov m € Z, n € N xa ged (m,n) = 1.

To enduevo Hewpenuo ogeiieton otov Cantor xou Seiyvel 6T oprdurolpeg 1o Thidog
npdEelc uetald apriufowy cuvoOlwY Topdyouy aptdufoldo cbvola. To emyelonua
Tou Yprnowonoleltal yio TNV anddelln elval YVenotd we mpdTo diaydvio emiyeipnua tov
Cantor.

Oezvpnpa B’.2.6 (Cantor, 1899). Eotw (A;)icr pa oikoyéveia apiunoipwmy v-
noouvddwr evés owdlov X. Av to I elvar apifunoipo, wote kar wo | J,o; A etvar
aprunouo.

Arndden. To I elvon oprduriowo, uropolue Aowndv va unodécoupe ywplc Teploploud
e yevwotog 6t ebvan 1o N. "Etot, éyoupe v owoyévewr Ag, Ao, ..., A,, .. ..
Eniong, xdde A; elvan aprdurowo, enopévewe unopolye vo anaptiuricovpe to otolyelo
TOU WG

A; ={al,as, ... a;,...}, i=1,2,...

(v xdmolo amd tor A; elvon memepoouévo, «emovahopPdvouuey xdmoo cTolyelo Tou
dmelpec popéc). Aptdudviac Ye auToY TOV TPOTO To. OTOLYEI TOU EXAOTOTE GUVOROU
nafpvoupe évay dnelpo mivaxa, Onwe Qalveton oTo axdhovdo oy

S D R | 1
A :oa; a; az ... ap
.2 2 2 2
Ay : af a3 a3 ... ai
. .3 .3 3 3
As : a} a3y a3 ... ay
. n n n n
A, : ab ay ai ... aj

Téte, elvon mpogavég 6Tl o mivoxag awtée mepiéyel Oha Tor oTolyela Tou A =
> A; (evdeyouévne pe emavarhbeic). Amaprduolue to ototyelor outod Tou Tivaxo
i=1

2T WHX0C TV dlarywviny pe xatebuvor and to aplotepd tpog ta delid, we e&hc:

1 2 1 3 2 1
ay,ay,09,071, 09,03, . ..
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Ané v mapandve dradixacio apidunone npoxintet anexévion m: N — A eni (opiote
v 7). To cuprépoopa éneton and 1o (B) tne mpdToone A”.2.3. O

H endpevrn npdtaon anodeixviel dti undpyouv cUvora to ontolo dev elvan aprdurot-
pon. Autd pdhoTa oy Vet Yoo Tat un TETEUéva dlao Thata oto R.

IMeétacrn B'.2.7. To otvoro [0,1] = {z € R: 0 <z < 1} elvar vrepapidurioijio.

Anddaén. To sivoho [0,1] eivan drelpo. Eotw 6t elvon aprdpfiowo. Téte, unopodye
vo. ypdouue
0,1 ={zn:n=1,2,...}.

Avoupolpe o [0,1] ot tpla Stadoynd wouhxn drac thuata o e€hc: [0,1] =[0,1/3] U
[1/3,2/3] U [2/3,1]. Téte, touhdyiotov évo and autd to tpla dacthpate dev me-
piéyel 1o 1. Ovopdloupe autd 10 ddotnua I xa To Soupodue oe Tpla lounixm
drodoyixd xhewotd Sothporo wixoug 1/9. Touldylotov éva and autd dev mepéyel
10 T3. Ovopdlouye autéd 1o Sdotnua Iz. Suveyllouue ye tov (Blo tpdTO, OomMdTE
Todpvoupe o gdivovoo axohovdia xhewotodv Swotnudtwy I, = [an, by] pe =, ¢ I,
xau by, —a, = 37" = 0. And v apyf wPotiopol wyber (o, I, = {z}. Agoo
x € [0,1], undpyet ng € N dote & = xy,. ‘Atorno, d6t = € I, v xdde n € N evdd
Tng & Ing- U

Ynueiwon: Hoapatnehote 6Tl ) TANEOTNTY TWV TEAYUATIXOY aptdudy Todlel ovolao Ti-
%6 pbho oTNY amdOEEN: YENOUWOTOCUUE TNV apY Y| TOU XBWTIOHOV. 2 ovTLdLe TON,
0 obvoro QN [0, 1] elvan aprdufioo.

ITépiopa B’.2.8. To oilroro twv mpayupatikdy epriducy R kai to ovvolo twv ap-
pritor R\ Q efvar vrepapidurioua.

Télog, delyvouue 6TL T0 GOVOAO TWV BLUABKGOY oXOhOLLGY elvan UTEPAELIUHGLUO.
Ochpnpa B’.2.9 (Cantor). To gdrodo twy dvadikdy akodovbicdy
N =10, 1}N ={z = (2(n)) : z(n) €{0,1}, n=1,2,...}
etvar vrepapifunouo.
Anédeitn. To emyeionua tne anddelne elvat yvwoto we deltepo diaydvio emyeipnua
tou Cantor. Apyd mapatneolpe 61 t0 olvoro 2N ebvon drepo. Eotw 6t elvan a-
ewWurotpo. Téte, undpyet pia apidunon twv ototyeiwv tou: 2N = {z,, :n =1,2,...},

6mou xdie x,, elvar duadxy| axohoudio. Mropolue TOTE VoL ToPAC THOOVUE ToL G TOLYElN
Ty, AU TI CUVTETAYUEVES TOUC OF Yop®T dmelpou mivana:

1 = (z1(1),21(2),21(3), ..., 21(K),...)
o2 = ($2(1),$2(2),$2(3),...,ng(k),...)
r3 = (I3(1)7$3(2),J}3(3),...,x3(k‘),...)
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Koutdye to nptdto otoyelo otny mpdtn cuvieTayUévn, To deUTEpo aTolyelo oTr de-
0TERPY CUVTETAYUEVY, TO TpiTO GTolyElo GTNV TRlTN CUVTETUYUEVN %.0.%. ANhoadY|, xivo-
Opaote oty «xdpla Blay@vioy Tou Thvoaxa xou Bdoel autrc oplloupe to e€rg otolyelo
Tou 2N:

y=1-21(1),1—22(2),...,1 —xx(k),...)

Téte, v xée n € N elvon zp, # y S0t 2,(n) # 1 — zp(n) = y(n). Me ddha Aoy,
T0 Y Blopépel amd To x1 oty TeKTN Véom, and to x2 ot devtepn Yéon x.0.x. Etol
odnyolyuaote oe avtigaon. O
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