MAGHMATIKA






MAOHMATIKA

B° AYKEIOY
YAH ENIAOTHEZ

M¢é anogaon tiig "EAAnvikiic KvBepvhoemg 1 61~
daktikd Bipria tod Anpotikod, IN'vpvaciov kul Av-
xeiov tun@vovtar and tov ‘Opyavioud "Exddcews
Adoktik®v Bipriov xai porpdloviar AQPEAN.






K. TOPAANIAHZ - A. A. KAPATEQPT'OZ - K. KQETAKHE
A. MAKPIAHZ - B. NAZOIIOYAOZ

MAOGHMATIKA

B’ AYKEIOY
YAH ENIAOTHE

OPTANIZMOZ EKAOZZEQZ AIAAKTIKQN BIBAIQN
A®HNA 1979






KEDPAAAIO |

MITAAIKOI APIOMOI

. T6 ocOvoro C TGv piyadikov apiOpdv

2. Fewperpik napdoraon TV piyadik@v api@plv

w

® N o v &

Fewperpikés édpappoyés 1ol pérpou Thv
Mmyadix@v apidudv

. NoAixkég ouvreTraypéves piyadikold api8pol
. Tpiywvoperpixy popodn Hiyadikold apiépold

Piles TOOv piyadik@v apipav
Zuvroun avaxedpaiaiwon

‘Aoxfoeig via énavainyn






Ill

1. TO IYNOAO C TON MITAAIKQN APIOMON
1.1. Eloaywy¥

21V Trponyoupevn T&En uabaue 611 ol plles THis SeuTtepoPabuias E§iowoews
ax?+px+y =0, a0, op,yeR )

Blvovton &mrd Tév TUTO

_p 1 Vi day
x = PE VP Aoy @

"Av elvan P?-4ay >0, T6Te of piles aUTés elvan mpayuaTikés. "Av Suws elvan
p?—4ay <0, 16Te 1) (1) Bév éxer piles o1d R. Ty TeAeuTaia ot mepimrTwon ol
piles Tiis (1) éxouv TN popen k+Al kal TpokUTTTOUY &Trd TOV TUTTO (2), &V OU-
165 YPo@Tei(!)

Vie T
x:—%i__c;);—ﬁ-l (3)

O1 &pifuol k4-Al dvrikouv o’ Eva oUvoro elpuTepo &md 16 R, oT6 glvoro TRV
uryadikdy apiBuddv.

EidikéTepa 1) €fiowon x2=—1 <« x24+1 =0 éxa piles Tis -+i, dnAadn
ever i2=—1 kai (—i)?=-I.

Meta Tis Topamdvw Tapadoxés kai T BiamioTwon 6T i2=—1 kaTaAfn-
Eape o016 ocupTépaopa OTi of pmyadixoi apiBpoi «ovpneproépoviar onmg xai th
Siovopa a+Px pé x = i.

*Ag BupunBoUue pé Tapadeiypoto s EkTeAoupe Tis Paoikés Tpagels TPOo-
feon kol ToAAamAaciacpd 0TS oUvodo TRV piyadikdv aptfuddv. Mé ToUs upi-
yodikoUs &pifpoUs 3+2i kai 4451 Exoupe:

1. (342 + (4+5i) = 342144151 = (34 4) + (24+5)i=7+7i, kai yevik
(a,+B,i) + (ap+Bsi) = (o, +a) + (B, +Boi 4

1. ‘H popehy abrhy Sgeidetar o1év ‘EAPeTd pabnuaTtikd ToU 18ov aicva Euler
(1707-1783) & émolos ovuPoAioe THY VI ué 16 i mov elvar 16 deIK‘é yp&uua Tijs AdEews
imaginare (avtaoTikés). Mponyouutvws of nadnpaTtikoi Tou 16ov ai. elyav ypdyer «Tumixas
VPiday = Vday—p? + V-1, étav Pi-day <O0.

Tév 190 al. & Meppavds pabnuoTtikds Gauss (1777-1855) wapéoTnoe yewpeTpixd Tous
piyadixous &piBuoUs pé onueia Tou ¢mmidov kai &medeife o1 o1 ol pyadikol apiduol elvan
tfloov ovyxekpipbvor (kai Sx1 gavTacTikoi) Omws kai ol mpayuaTikoi Gpiduot.




T2

2. (B+2)-@+5) = G4+ @5+ @Hi+ @50
G+ G5+ @Hi+ 25D
(3-4-2-5) + (3-5+2-4)i =2+23i, «kai yevika

(o, +B,i). (a2 +B,)) = (o,0,—P,B,) + (a,B,+a,B))i )

*Axopa elvar gavepd 611 016 myadikd &pi1bud «-|-Pi umopouue v& &vTioTol-
ylooupe 16 BiaTeTayuévo feuyos (o,B) kai dvTioTpopa. TTrv Emousvn Tapdy papo
8& Spiooups Tis Pagikés pders Tpdofeon kai ToAAamAaciaopd oT6 gUvoAo
T&VY SiaTeTaypévwy Leuyddy Tou R X R E101, doTe v& TO TavTtiooupe pé T6 gUvolo
TOV Myadik&dy &piBuddv.

|

1.2. T6 odvoro C oav cbvoro diatetaypévwy Levy®dv Tob RxR.

Oswpoupe T6 ouvolo

C={zlz=(aP), aeR, PeR}

kal T yvwoTth lodTnTa TGOV oToryeiwy Tou

(a1,By) = (%, > oy =0, kaf B, =P, M

216 ouvolo C dpifouvue BUo Paotkés TpdEers, THV Tpdobeon kai TOv TOAAQTAX-

claopd, pé T& owndn oupPora '+, kai “-,,. Té &Bpoioua kai Té yivouevo
BUo oToiyeiwv (o,B;) kai (o,B,) Tou C dpifovtan ué Tév &kdAoubo TpdTO:

Té Gbporopa: (ay,B)) + (25,B,) = (0, +a,,B,+B2) 2

To ywopevo: (@) . (aB;) = (a;,0,—B,B,, @,B,+a.P)) (3)

(Beite TH okOTMIHOTNTA AUTOV TV Sploudv TapaPdAAovTds Tous pé ToUs TU-
ous (4) kai (5) Tfis Tapaypagpov 1.1.).
*As Tdpoupe Twpa TO UtrocgUvolo R’ ToU C, mou Exel yi& aToixeix Tou SAa
T& oToxeia Tis wopetis («,0), kai &s kdvoupe peTalU aUTou kai ToU R TV &ugi-
povoofuavtn &uTioToyix
R'3(¢0) - aeR
INé& 8¥o oTorxeia (o,,0) kai (x,,0) Tou R’ elvan
(0,0) + (3,0) = (a4 ,,0) > (o, +a,) e R kad
(0,0) - (&3,0) = (x,x3,0) > (- xy) € R
AnAadt): &) TS &bpoiopa Blo oToiyeiwv Tou R’ &vtigToixiGetan &upiuovoon-
pavTa 016 &Bpoiopa T&Y &vtioTorxwy oTorxeiwv ToU R, kai
B) TS ywdpevo BUo oToiyeiwv Tou R’ &vTioroiyifeTar &ugiuovoon-
pavTa 0TS ywduevo T&OY &uTioTolxwv oToixeiwv Tou R.

‘H SiamrioTwon pas aUTh pds émTpéme v& «tauTicoupe» 16 R’ pé 76 R kal
v& Bewpolpe E1or 8T elvan R C C. Met& &md altd prropolpe v& yp&poupe:
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I 13.

(0,0) = a ©))

*Av Opigoupe (o,B)? = (a,B) - (o,B) kai oupPoricouus pé i T6 oToixelo (0,1),
T6Te 04 elven:

iz = (0,1)-(0,1) = (=1,0)

xal cUugwva pé v (4)

2= —1 (5)
"Emaidn Spws elvan  (B,01 = (B,0)-(0,1) = (0,B), 6& Exoupe:
(@,p) = (0,0) + (0,p) = a+ (B,0)i = a+i ©

*Apa: 16 toyév etotyeio (a,f) tob C «ravtiferan» pé 16 yvoord pag pryadind
ap1Opé a+Pi. "Eta1 16 gUvodro C épodiaoutvo pé Tis pdters Tijs Tpoobéoews kai
ToUu moAAamAagiaouoy, Tou Té& E§ayduevd Tous Bivouv oif igdtnTes (2) xai
(3), elvar 16 oUvoro TV myadikdv &piBudv kal T& SiaTeTaypéva feUyn-oToixsia
Tou C—dvopdlovton piyadikoi dpifuoi.

276 Aoyioud ouvnBws oi uryadikoi &piBuoi xpnoipotolouvTal pé TH pop@n
a-+Pi avti (a,B). ‘H xpnowodrnta Tiis popeiis (a,p) 8& pavel o1 yewueTpikn
Tous TTap&oTaoT].

‘H mapamavew «tatmiony (a,0) = a pds €mTpémel v& ypdyoupe

k.(a,p) = (xa,kp), k €R. )

1.3. ’1816tnTeg tiig poabécews nal Tob ToAAanAactacpol 6té C.
1. 1616TnTeg Tiig MPOoOBégewg

Elvan gavepd 611 1) mpodobeon, Omws OpioTnke, Exel Tis 1816TnTES
L
7,+2, = 2,47, (&vTipeTadeTixn)

@,+2)+1; = 1,+(2,+25) (TrpooeTaiploTIKT))

Y& A& T& z,,2,,25 € C.
*Axopa foyUouv of &xohoubes TTPOTAOEIS:

Ipotaen 1. ‘Yrapyer évag Kai povo pryadikog aplpog C* tétorog, date 1 6lovg
100¢ pryadikovg apipoig z va ioyoer:

24+t =2 )

*AnodaiEn. “Av elvan z = a+Pi kai * = x+yi, 1616 1) (1) ypdgeTau igo-
SUvana

(at-Bi) + (x+yi) = a+Bi < (a+%) + B+y)i = a+pi =
wat+tx=a kai P+y=p < x=0 «kai y=0

"Apa 16 oToixeio {* = 040i elvau 16 povadixé mou ikavomoiel TAv (1)
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I13.

yi& k&fe z € C. Té artoryeio 0 + 0i dvopaletan ovditepo crorysio yia v mpb-
60con 616 C kai y1& eUkohia T6 Aépe pndév kai T6 oupPolifoupe ué 0.
Mpotaoy 2. I'a ka0e pryadiké appé z drapyer Evag xai povo pryadikog aprdpdg
z* tétorog, Gete va foylen:
z+2*=0 2

"Aroderln. “Av elvar z = o+Pi kai z2* = x4-yi, 16Te 1§ (2) ypageTan ico-

SUvapa
(a4 Bi) 4 (x4-y)) =0 < (afx) + (B+y)i = 040i =
< at+x=0 kai B+y=0 <« x=—a kai y=-P

“Apa & myabikds apBpds z¥ = (—a) + (—P)i givan 6 povaBikds yi& TO pi-
yaBiko &pibud z = a+-Pi, moU ikavotolel TH oxton (2).

‘O myadikog apipog (—a)+(—P)i, ToU yi& edkoria TOV ypdpoupe —a—Pi
kai TOv ouuPolifoupe pé —z, dvopaletar dvrilerog 1o z = a+Pi i} 6 cvppe-
tMkd otoiyeio 1o z = a+fi ya tijv npocleon 616 C.

Ilpétaen 3. X16 ovvolo C isyver 1) icoduvapia
Z,=12,<2,+2 =12}z 3)

"Anodelly. o) ‘H ovvemaywyd z;=12,=z,+z=12,42z Y1& SAa T&
z € C elvon gavepny &od Tév Spioud Tiis Tpoohécews.

P) O& Beifoupe THYV CUVETTOYWYH Z,+2% = Z,+ 2 => 2;=2,, TTOU &mOTEAEl
t6 vopo tfic daypueiis otijv npocleon 616 C.

MpdypaT:
nte=ttz = (5+2)+(-2) = (2p+2)-+(-2)
< 2 +H{z4(=2)] = 2,4 [z -+ (-2)}
< 7,+40=12,40
<~ Zl = 22
ITpotaon 4. ‘H EZicmon z,+z = 1z,, 2,2, € C (4) Exor povadikiy Liey ato C
v z = Z,4+(—z).

*Anodetn. "Exoupe Siaboyik&

ntz=12; < (5+2)+(-2) =2,+(-2)
< (z+2)+(-2) = 2,4+ (—z,)
< z4+{z7,+(~2)] = 23+ (~2)
< 240 =1z,+(-2)
< z=12y,+(~z).

‘H povaduwer) Aoon tijs ébwowoews (4) dvoudlerar Sragopd tod z, dnd 16 7z,
xal ovufolilerar pé zg—z,. Anlad) elvau

2,—2, = 2,+(—12;) )
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I 13

‘I npikn, ué vy onoia Poiorovue 1) drapood dvd wryadixdy doludy, dvoud-
Lerar Goaipeon.

M. '1616TtnTeg To0 moAAanAaciaocuol

Elvar gavepd 6T kai 6 ToAAamAagiaopds Exel Tis 1816TnTES

2,.2, = 2,.7; (GvTipeTadeTIK)
(2,.2,).2;, = 7,.(2,.25) (TTpocETAIPITTIKTY)
kad Grdun elvar mpdEn émpeplaTikn Qs Tpos THY Tpdabeamn, Sniadt
2,.(2,423) = 2,.2,+2,.24
y1& SAa T& 24,2525 € C.
©& Beifoupe 6Ti kai oTéV ToAAamAaciaoud ioxUouv QVTIOTOIXES TTPOTATENS
pé Ekeives ToU Seifape o1y Tpdobeon.
Mpétacy 1. "Yrapyer €vag xai povo {* € C tétorog, dote 1d 6ra 1@ ze C va
{oyoen:
Z.;* =1 (l’)
'An6deitn. "Av elvan z=a - Bi kai * = x+yi, 161e ©y (1') ypdoeTon Igodu-
vapa
(o P1) (x+¥1) = o Pi <> (ax—Py) + (oy-+Px)i = o4-Pi <>
< ax—Py = a kai ay+Px = p. "Av émmAéov elvon a2 P2 = 0, TOTE Exoupe
T povadikny AVon x=1 kai yv=0, tvd, &v elvan o®*4-P*=0«a=P=0, 16T 710
ovoTnpa elval TauToTikG Kai ouvetrdds Exer kad T Avony x=I, y=0.
*Apa & mryoSikos apifpds L*=1-1 0i elvon & povadikds mov ikavotroel THv (1°)
yi& ké&Be z € C."O pryadikég apOpég 1+ 0i dvopaletan obditepo aroryeio yva tév
norlanlacriacpd 616 C kad yi1& edkodia Tédv Adue povdade kai Tév ouupoAifoupe
pé 1.
Mpétaon 2. Ta kale z € C pé z +# 0 drapyer Eva kai pévo z* € C, date va ioyber:
z.2* =1 (2)

"AnédaiEn. "Av elvar z=a+Pi #0 xai z¥=x+4yi, N (2) ypageTa looSuvaua
(ax—Py) -+ (ay+Px)i = 140i < ax—Py=1 «kai Px+ay =0

’ 3 -~ [7] B 1 g ! M ’ [ ) a
xai, apou elvan o%+4 P20, 16 guoTnua 84 Exel T} povadikn Avon xzw

! - o < s > ’ a
kal y = P Apa & pryalikds G&pifuds z* =

YT o2 1 pE ot pe

6 uovadikds yi& 16 myadikd dpifpd z = a4-Pi#0 ToU ikavomoid Th (27).

1 elven

‘O myodikog apluog + i, mob cvpforilerun z7! 1 - ovopaletan

a —
b e
avtictpogog tob z i} xai 16 cvppetpikoé croyelo 100 z=a+fi # 0 Né t6v nok-
landluciaopéd 616 C. Elvar Aoimdy,
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7l = (a4Bi) 1 = + z#£0

a —p .
g T aii g’
IIpétacn 3'. L6 C loxier 1| svverayoyi: z,.z2 = 2,.zxai z # 0 = z,=12, 3H
(‘H Tmrpdtaon adTh elvar & vépog tiic Swaypayils otév morrarniacraopé ot6 C
kal 1) &wddefn &ofiveran y1& &oknon).

Ilpbtaon 4. ‘"H &lowen z,.2 = 17,, 2,2, C, 7,70 (4') Exer povadiki Adon
ot6 C tqv z = 2,.2,-!
(‘H &médei§n &etfivetan yr1& &oknon).
‘H povaduer) Adon tijs éfioddoews (4') dvoudierar mniino 108 zy Sid z, xal

ovpfolilerar zy:z, 7 2—2 Anladij elvar
1

Z;

= =1z,z;7' , z,#0 C))
Z,
‘H nodén pé uijy onola Poloxovue td anAixo 8o meyadixiw dolbudv, dvopd-
lerar Svaipeon.
— I’ Eva myadikd aprOpé z = a+Pi t6 a dvopaletar npaypatiké pépog xai 16 f
dvopaletar @avrastixd pépog(l).
-~ Of 8uvapeis (a4-Pi)%, x € Z dpifovran Smws kal 016 R pé z'=z yi1& kdde
z e C, z°=1 &vav z#0, kad z#0 &vav k < 0. O Buvduels Umroroyilov-
Tou dmws kaf of Suvauers (x+Px)Y pé x=i kal i?=-1.

1.4. ’Aoxfioerg

‘1. Aeifre 81z P+l PHPHI IS+ = 0.
2. NpoobiopioTe T& a,p € R, doTe ol wyabixol &ptBuol
Ba+14p) + (2a—P)i kai 7—i v& elvan Toor.

3. "Av x,B,ye R xal (a+P)—yi = Sy+(a—P)i Beifre o1 8& elvan 2a—P=y.

- 1
4. "Av «a, B, ye R —{0} xal -g— =-g— =7, SeifTe &mi:

2(a+P)+ (B-a)yi = Sa+i.
5. N& ¢tpete o1v) uopey a+pi Tis Tapast&oes
a) 3i+2i34i%02-5i-147-2j" 4 {12 B 10

3 5 (4-1)2-2(1+2i) )
2-iv3 ) TBE @3
6. ActfTte 811 A tlicwon x4+ 81 = 0 Ixavomroeiton &mwd ToUs myadikoUs &piduols:

Y) -(5+ivV2)?

1. Té mwpaypatikd uépos &vds wryabikou &pibuol 7 = a+Pi ovuPoriferan Rez xal 1é
pavtaoTiké Imz. Anhady elven Rez = a kaf Imz = P. ‘O myadixds &p1duds a+pi wé of #0
bdvopddetan xaBapds f§ yvhoios miyadixds &ptduds.

12



I1.5.

x, = 3_‘2/1(1+i), x=3YZ 141, x,= %(_1—1) xal x,= L‘f (1-).

7. AdgTe 811 016 olvoro C «) f) wpdobdeon elven wpd€n dvriperabeTiky) wal wpooeTal-
proTik xkal B) & woAAamAaciacuds elvan wpdfn duriuetabeTikh, wpooeTaploTikg xal
dxdun EmpeproTiky @ wpds TV Tpdobean.

1.5. Zuluyeig wiyadixol &ptbuol

1. 'Opiopég

‘O pryadixés apiiudg a—pi  dvopdletar ovluyiig tod piyadikod GpiBpod z=
=a -+Pi kal oupPoriletan pé z, SnAadh z = a—Bi.

Enadd elvar (z) = a+Pi =z, ol piyadikoi apiBuol z xai z dvopalov-

tar ovluyelg pryadixoi aprBpof.

EdxoAa PAémoupe 8T z4z = 2a, Kal 2z = a2, Spnhadh 16 &Bpoioua
xal T ywépevo 8o ouluydv uryadikdv &piBuddv elvar trparyuatikol &pifuof.

. ‘16i16TnTegc TV oculuylwv piyadik@v apidudyv

Né& Tous ouluyeis uryadikous &piBuols dvagépoups uepikés xphioipss 18181 Tes.

a) (~z)=-z B zitza=121412, Y) 22 =22,
5) z,+z,+...+zv=i-l-}—z—z—{-...—i—zv,vel\l £) ;l—z_z=;,_z—,
ot') 2,°2,...2,= 2,23...2,, VEN ) ) =(@)"veN

, 2,70 kad i) az = az, « € R.

m & = @20 6) (_:.1.):

2

S

"Arnodeifers.

B) "Av elvar z; = ay+B;i kal 2, = ay+P,i, TéTE 8& elven z,+2z, = (o, +
+“z)+(_ﬂx +_Bz)i xal ouveTds z;+2zy = (o + ) —(B;+ B = (a;—P4i) + (3~
—Bal) = 2,42,

8) *Amé Th B) xal pé THY Uméeon 8T yi&k v = k loxUel z,+ 2o+ . . - +2Zx =
= ~zul-}—z—,-{— et ze Talpvoupe: z,4 2.+ . X +§+z‘+1=(—zl+z,+... +2e)+2Zury
=z2,+2s+... +z,+;‘+1 = -Z—rf‘;z‘f'- « 2+ 2eyy, TOU &roBeikvie ST 1§ 1516-
TnTa loxver yi& k&fe v € N.

£) "Av elvan z; = a;+P,i kal z, = ag+P,l, ToTE 8& €lvan

2,25 = (X0—P1Py) +(x,Br + P 1
kaf ouverrés ZT'Tz = (“1“:‘51‘32) — (B +P)i Q9]

13



I 1.6.

"E§GMov 7, Zp = (0q—Pi) - (0p—Pai) = (@,05—P,Bo) (B2 + Py )i 03
Oi (1) xai (2) &mwobeixwiouv TH {nToUpevT.
Oi &mobeifers TGV Umdhoimrwy 1BloThTwv &ervovTal yi& &oknon.

1.6. 'Eqappoyég
1. Ol povor pi npaypanixoi pryadixol apidpof, nod 16 GOporopa xai 16 Yivopevd tovg elvan xpa-
yRanxkog dpduog, elvar ol avfuyeic.

*AndSerln: "As elvan z,, z, € C—-R ué Ty tBidTnTa (2,4 2)€R xal (2,.2,) €R. "Av  evau
Z, = X;+ Y, kal g = Xo+ yai, TéTE f 1816TRTQ WOU EYOUV Biver T cUoTnUa

XYz + Xg¥y =0 <> X =Xy
Y1-¥2 #0 Vi-¥s #0

OmoTe & 1, = X, ¥, Yp&oetan z, = X, —y;i  kal ouvends z, = Z,.

Vit y:=0 ] y.=—y1]

2. "Av Evag myadixog aptpog elvan pila mag nolvovomkilg tEiobecag pé npaypatxods ovv-
teheatis, 1ote xal &6 aulurRg tov elvan énlong pila adrilg tic Liwenocng.
‘Anbdaign: "Eotw 671 ¥xovus THAV moAvwvuuiky €icwon
IX) =ax'4+a, x4+ ... + o4yx+a, =0, «, #0

pt mpayuatikoUs ouvTteheoTés, ff dtrofa Exer yi& pila Tns T pryabixd &p1Bud z, SnAabh
1(z) = 0. ©& Beifoune ST1 f) tlowon abTh Exm y1& plla Tns xal TéV Z, BnAads {(Z) = 0.
*Emeibfy & ouuyhs ToU 04-0i elvan & taurds Tou, &pkel v& Beifoupe &1 {(z) = 1(Z).
Mpéypar f(2)= «,2°+a, 2" 1 +...tazta,

= az2'+ a, 2" ... fqita, Clsié. 8) Tiis 1.5.)
= az'4 a2 ...+ + a, C1&:671. i) Tiis 1.5.)
= a,(2)"+a ;D + ...+ oz + o, (&6t ) Tiis 1.5.)
= 1 (2.

ZTh Bewpla TV mohvwvinwy §) TrpdTaon aUTh &wobaxvietan xal ué &Ado Tpdro.
3. Né& ¢mivBet 016 C # &kiowon 2—3z+(—2) =0 (1)

‘Enibven: ‘H (1) ypéoetan fooblvapa 2-3z2—z = 0, kaf &v elvan z = x+yi, TéTe 4
Tehevraia ylveton:

2-3(x+yi) — (x—yi) =0<> (—4x+2) + (-2y)i =0 <>
~4x4+2=0 xal -2y =0<«x= —-;—- xal y=0.

1 1
"Apa 1) tflowon (1) Exer TH Aon z = —2-+0i ="

Afvoupe dxédpn pia tpapuoyn oy, &v kal 8év &roTeAel ¢papuoyh TV IS10THTwWY TGV gU-
Luydv myadik@v &p1@uddv, Tapovaidler EvSiagépov.

4. Tppwva pé Tév Optopd  «Terpayovikn pila Evag pryadixod dpOpod § =a+Pi dvepaiovpe
x@0e pyadixd dpiBpé z = x+yl nov {xavoroiel iy EEicwon z? =&», v& Ppeite Tiv TeTpo-
ywvikf pifa Tou § = 5-12i.
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I17.

Abdom: "Av & myabikds dpiBuds z = x+yi elvan f Tetpaywvikf plla Tol § =5-12i,

Téte Exovus:

(x + yi)* = 5—-12i <>
< x¥-y'42xyi = 5-12i «
< X:-y'=5 kal 2xy=—12 Q)

"Apa 9& elvan xal (x—y®)* = 25 xal 4x3yt = 144.

Mpoodétovras xata péAn Tis Sud Tedevtales Eiowoes Exoupe:
(x*+y")* =169 <« x*+y*=13,

’Ewidbovras 16 ovoTnua  x3-y*=>5
x? + y'=13 }
waipvoupe x=%3
y=1x2

‘Agou Spws elvan xal 2xy = —12, Té oloTnua (1) 0& Ixel Tis AVoes
=3 , y=-2 xal x3=-3, y,=2
"Apa Utdpyouv 8Uo TeTpaywvikés pides
z,=3-2i «xal 2,=-34+2i ToU §=5-12i
Fevixd Seifve 511 xdbe m'ya&xbg Gpr1Ouog a + Pl #0401 Exer d0o Swaxexpipéyeg terpayovikés

pileq.

1.7. ’Aowvioerg

1.

1.

. "Av 2,,2,,2€C ué z4.z # 0, Beifve 61:—:—'— =
1

‘Yrrohoylorte Tous X,y € R Qate ol myadixol &pidpol
z, = -3+i(2x—y) xal z;=x-5y-3i v& slvar ouluysls.

. "EmiAUoTe Tis wapaxdrtw Eiodhoes ué dyvwoTto T piyadixd 2z

Q)z=-2, Pyz=-4z «xal y) z84+z=0.

. "Av 2,2, € C, TOTE: 2,.2, =0 <> (2, =0 V 2, =0).

z,.2
z,.2

"Av 28 = 23, ToTe 0& elvat pévo ze R 4 z e I(Y)

. 'Ynoloylote Tols x,yER dove v& loyver:

1
(i—x*-(+x)*+y+ 1 =-7"
1+xi

. ‘YmoloyloTe Tév XxeR Dore v& loxler 142iv2 = 3. T—i

—Xl1

. Bpelire Tis Terpaywviés pifes Tou piyadikel 24 2i.

y _ 5+6i

x
. ‘Ymohoylote ToUs x,yeR, @ote v& loyxve ra +3+2i =81 "
10,

Bpeite 16 &Bporopa TV v-pwv:
i+Q+3)+@+5)+6+7) + ...+ [2v-2 + (v-1)i), veN
EmiAvoTte Thyv $§lowon 3 -(3+i)z+4+3i=0, zeC.

1. Té auvoro Lelvar 16 Ymoguvoro Tou C ué aroixela Tiis uopeiis (0,p), P #0 xal dvo-

u&lsTan oUvoro TV PavTaoTIkGv &p1duddv.

15



I 18.
1.8. Métpo T®V piyadixdv &pldpddv

1. "Oprouéds

INa 16 myadkd apidpoé z = a+pi 6 pn dpvnuxoég aprdpég \/ a2+ B2 dvopd-

Ceta anoéivtn R ij pérpo tov kad oupPoAileTan pé [z, dnAady

2] = la+pil = Veai+p?
*Ereidyy elvan zz = o?+p2, 8& elvan
2= Vaz

Elvan gavepd 61 elvan |z| >0 yi& kébe z € C.

"Otav elven z = a-+0i, &xovue |z| = Va? =|a]. "Otav elvan z = a+Bi
ral P£0, T6Te loyle |z|? # 22, yiaTl 6 |z|2 elvon BeTikds, Ev@d O z2 elvon dpvnTin

kos fi elvan yvioios pryadikds &pifuds. AUt elvan pla omroudaia Sixgopk peTalu
T&v oToixeiwv Tou R kai Tou C—R.

. "16161TnTeg TOO péTpou TV MIYadSIKDV APIOuGV.
*Avagépoupe Lepikés Paoikés 1816TnTes TOU pétpou TGV pryadikdv &piBuddv.
"AV 2,2,,Z,,. . .2, elvon pryadixol &piBuoi, TéTe 8& elvan:
@) |23z < zy] + |24 (Tprywvikh dvicdTnTa)
B) lzstzat .. +zf < lzgl+lzel+...+zy], veN
V) zdl—12al| <2+ 2] <12y | - |24

8) 12y 2of = |24] |2y €) |21°Zg...2,|=|24||24|. . .]2,[, veN
o1) |z¥|=]z|*, veN 0 jz7Y =|z|7}, z#0
Z| _ |zl 0
m Zy |za)’ 22 #O-
Anodeiterg:

o) "Av z; = o +Pyi kel zy = ap+P,l, T EnToUpevn yiveton

(o +a) + (By+B)il < oy +Pall + [op+Bai| <=

V(o0 + (B +PBa)? < Vai+B2 + Voi,-+p%  kal, dpol T& péAn el-

van pfy &pvnTikol TpaypaTikol, Taipvouue igoduvapa

(42 + (Br+Bo)? < P42 4B+ 2V (og?+ By?) (0%+By?) <
-+ PPy < \/“12“22‘*'“12‘522‘*'“2»2“512‘*"512(322 (1), omoTe

1) "Av «00+B,B, <0, fi (1) dAnbevel obv yviioix &vicodTnTa.

i) "Av 0K+ BB, TOTE i (1) yivetan foodivapa:

16



L. 1.9.

o, 202+ P %Be? + 200,00P1 P < 0202 400 2Bo2 - 2B, 2+ By 2By
0 < (By—,B))?, 1 Omoia &Anbevst mhvTa.

‘H InToUpevn 8& foxver odv lodrnTa, dTav elvan
0<ao,+P,B, kai oyBy—c;py=0 )

"AQoU z, -2y = (0, 0+-P1Ps) + (XPi— B2, of oxtoeis (2) looduvauoly ué TAY :
(2,-2)>0. "Apax foxUer |z,+2, < |z, + |2yl 2y, 2, € C kal yivetan loédTnTay
btav (2,2,) >0 fj ioodUvapa éTav (z,z,) >0.

*As BuunBoupe 6T1 1) 181 oxéon oToUs TpayuaTikous &piduoUs elvan (a+P| <
< a4 1B kai ) {oéTnTa loyvel, dtav a-p=>0.

8) "Exouue |z,°z,|* = (Zl'z_z)'(z_l?z_? = (lez)'(iriz) =
= (2,721 (22°29) = |42 |24)® = (|24] *|25])?

< |2y 2y = 2] ]2,

1.9. ’Aoxijcerg

1. Acifte Tis OmébAormres 1616TnTEs Tiis TTapaypdgov 1.8,
2. AciTe 8T Y& x&be 24,2, € € loyve: ||z,|—(2,]| < 12)—25] < [Z,]+ 124
3. Bpeite T& pétpa TGOV mycBixdv &piBudv
o 45 8) (\/2_+i_)3 )(Bi(\/3_+i\/5—2;(l—i\/?) )‘
2+i i(1—iv3)e 4-iv3
i) gtpvovras TpdTa Tous wryadixoUs T woper a4 Bi xal
ii) xpnowomoidvTas Tis I816TNTES TOU péTpou THV pryadikddv.

4. Bpeite 76 pérpo ToU miyabwkoU &pifuol (H_“/B) , veN.

2
5. Bpeite 16 myadikd z, y1& Tov émolo |z—1| = [2-2| = |z—i|.

6. "Av z = x-+Yi, Ppeite T oxéon peTafl TGV X xad y, o dplleTton &md THyY lodtnTa [2—i|=
=|z+2]|.

7. 'EmAVoTe 016 gUvoro C THv Efiowon z24|z) = 0.

8. Bpeite ToUs myadikoUs z, yi& Tous dmolous foyler:
|2]*=2iz+2a(1+i) =0, a >0
TepropllovTas KATGAANAX TOV a.

"AV 2,,2,,24,24 elvar pryadicol &piBuol ué 5.2, # 0 kal

2 2
+ > lz,42,13.

z

2502 + 1z,)2 < 1, Beifte & i f

10 *Av ol uiyaSikol z,, z, ixavotroioUv Tis oxéoes
2tz = Iz,) = 1z, Iz # 0, Beifre &m

lz)—24] = \/.3-1111-

17



I 2.1.
2. TEQMETPIKH MAPAZTAZIH TON MITAAIKQN APIOMQN

21. ‘H amewxévion tdv piyadixdv apldpdv ora onpeia tod
érminédov.

‘H &ugipovoorpavTtn &vTioToixion of xdBe piyadikd &piBud z = x+yi
ToU Zeuyous (x,y) eR? oBnyel, Swrws elaue mponyoupévax(l), 0T yemperpikn
tov rapdctacy pé fva onuelo dvéds EmméSou. *Ag mépoupe Eva  EmimeBo (TT)
kai éva dpbokavovikd oUcTnua &fovwv x0y o’ aitd (Zx. 1). Elvan gavepd ém
oTo pyabiko apiBpud z avrioToixel odv eikéva tov TS onuelo M(x,y) ToU tmi-
Tédov aUTou kal dvTioTpopa oTd anueio M(x,y) dvrioToixel & uiyadikds &pib-
wés z = (x,y).

‘H dugiuovoonuavtn dvTicrolxion myadik@dv &piBudv kad onueicov ToU (TT)

28Y L M43,2)
Aloyt . M(x.y)
B0,
-2 o
< v A(1,0) 3 T(x0) X
1 i )
" i M (.2_3);-*--—— e e -% o
M (-x,-3" ek ARl SNV S L TwMXAY)
yl
2x. 1

pds EmiTpémel v& XpnowotoloUue ouxv& yAdooo yewpetpik kal &vtl yi&k 16
pryadikd &pi1bud z va wmiAdue y1& 16 onueio M. 1N’ aléd kai of X,y dvoudalovrtan
kapteowavig evvtetaypéveg Tou uryabikoU &piBuou x +yi. TS ¢mimedo (TT), wou
XPNOIHOTIOEITAl YI& THV TrapdoTaon auTh, AéyeTon pryadiké Erinedo fi Emincdo
tob Gauss.

SUppwva pé THY Tapardvw TapdoTtagn of TpayuaTtikof &piBuol x, TTou
ToUs «TavTioaue» pé T& feUyn (x,0), TapioTdvovtan pé T& anueia Tou &ova TV
Tetunévey x'0x, & dmoios yr’ aUTd dvopddeTan npaypatikog GEovag ToU ov-
oThuatos. Ol xaBapd pavtacTikol &piBuoi (0,y) &vtioToixolv oT& onueia Toy
&Eova y'Oy T&v TeTayuévwy, & dtroios Y1’ alTd dvouddeTan pavtastikés &Eovag
TOU OUCTHMOTOS.

216 ox. 1 maparnpoUue 8Ti TV &vtifeTo —z ToU miyadikoU &pifuou z
&uTioToIXEl TO ouupeTPIKé M’ ToU onueiou M ds Tpds v &pxh 0 ToU ouoThua-
Tos kod 0Té GULUYH Z ToU 2 TS ouppeTpIkd M’ Tou anueiou M dg Tpds Tév Tpay-
paTikd &Gova x'Ox.

(1) ‘Ywoonuelwon Tiis wapaypdgov 1.1,
18



122,

2.2. Tewpetpixy) €ixéva tobd GbBpolopatog xal tiHs Siacpopdg
§V0 piyadix®dv apBpdv.

‘H appipovoonpavtn &vtioToixion piyadikédv dpiBpddv xai onueiwv Tou
myoadikou émmédov pds EmiTpémel TV dp@ipovoohiuavTn dvmioTolyion T&v
pmyadik®dv &piBpdv xai TV SiavuopaTik®y dkTiveov TV onpeiwv ToU piyadi-
kou émmédou. “ETol Y. 0TS myadikéd &p1Bpd z = (X,y) &vTioToIXel TO onpeio

—_—
M(x,y) xof o6 onpeio M(x,y) avnioToiyel ) SiavwopaTikhy éxtiva OM  (Zx. 1)
—> -—
kai &pa o1é z = (x,y) &dvnioToiyel | OM.Triy OM Trv dvopdloupe dravospatixi
axtiva tob pryadixod z.
-~ -~ _’ [ -4 4

Elvon edkoro va Boupe 61 |OM| = vV x24y2 = |z]|, BnAadn) 8T1 T6 péTpo

—_—
1iis OM looUutan pé 16 pétpo TOU HiyadikoU &pibuou z.

Mé 1 Borfeaiax TGV BrovuopaTikddv dkTivey TéY pryadikédv &pifudv prro-
poupe v& Ppoupe Tis SravuopaTikés &xTives ToU dbpoiopaTos kai Ths Siopopds
SUo pyudikdv &pibudv kai va éppnvelooupe £To1 yewpeTpikd TV Tpododeon
kol ThAv deaipeon o1é C.

"As mépoupe Tous piyadikous &piBpols z, = x;4y,1 kai z; = X,+y,i kai
Tis dvTioToiyes eikodves Tous M (x,,y,) kai My(X,,y,) 0T miyadixé émimedo (2x.2).
Oi Siavuopatikés &kTives TGOV z, kai z, elvon oi 61:41 Kai 6&2 dvtioToiya kai T

. —> -
&Bpoiopa z,+z, Exel yid SiavuopaTikn Tou dktiva T Sixycovio OM Tou ma-

— —>
poAAnAoypaupov Tou dpifouwv of OM; kai OM,.
M(xq+%p,¥1+¥g)

. 'M1("1.Y1) Nh‘(/ )

Mg("g,YQ) gy . 1\42("2#2)‘ IR T
/

M'(:z-x.‘, y2-y.|)

Ix. 2 2x. 3

: I3 -y et _> ’ £ ! » I 1 M ! -~
Té Sitdwwopa M;M, =0OM,—OM,, mou opileTar &md TrHv &AAn Siaywvio Tou
TapaAAnAoypdupou autou, elvar foo pé TH SiavuopaTikf dxTiva Tiis Siapopds
2,—2;, TOV pryadik@dv &pifudv. ‘H Siagopd mopioTdveTan pé TH SiavuouaTikn

dxtivae OM" (x. 3), mou elvar 1) &GAAN TAeUp& ToU TrapoAAnioypdupou Trou

19



I23.

KoraokeudGeTan pé TAeup& THY C)_I\71l kal Siaywvio ThHv 6&12. Zrd oxfuara 2 kal

3 UobéTovpe 6T1 TO TTapaAAnAdypaupo TV SravuouaTikdy &kTivwv C—)Kdl, O?\/I2
elvar kataokeudoipo, SnAabh T& onueia O,M; M, &¢ Ppiokovtar mavw ot €U-
Befax ypapuny. "Otav & onueia O,M,,M, Bpiokovtan wévw oThv idix edfeia, TOTE
Eyovue eUkoAa T6 &Bpoiouax kal TH Siagopd TV 2z, kal z,. AUTS @alveTon oTd
oxfhuarta 4 kai 5.

Y Y
Z4+Zg Zg7Zq
Zg Z2
22-21 Z4+2g
Z4
—— ——— -
x’ ] x =’ o x
Zy
Y’ Y
Ix. 4 2x. 5

‘Eqapporfi: Mé tf) PoRBera tfic Yewpetpixfi Rapustotng t®V myalix®v &p1Oudy Selkce
tfiv ihdbnra v) ik xapaypagov 1.8,
'Awé 16 Tplywvo OMM ToU oy. 2 malpvoupe

I(OM)—(M,M)| S(OM)(OM)) + (M; M) <> |(OM,)—(OM,)|IK(OM)(OM,) + (OM,) <>
IOM, |—IOM, || < 10M| < |OM;] + |OM,] <>
|12 — |z4l < (234 2,] < |2, + 24

2.3. "Aoxvicerg

1. Né& wapaotadouv 016 wryabixd tmiwedo ol wyabixol &pduof 2+ 3i, 2—3i, —2+ 3i, —2-3i.
2. N& mapactaBouv oT1é twimebo Gauss Tpels wyabixoi z,,24,2; kal éwata of uyadixol

2+ 2, + 23 xai 2z, + 2, — 7,
3. Acifte ué T Pofifeix Tijs yewpeTpikiis TapaoThotws THY wiyadik@dv &pildudv &t loxuea
[{Zg] = |z4ll < {Zy~2,] < 120 + 124].
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I 3.1

3. FTEQMETPIKEE EQ@APMOTEEX TOY METPOY TQON MIFTAAIKQN
APIOGMON

3.1. ‘H é&iowor Tob xdxAov

"As elvar O 1y &pxn ToU dpBokavovikoU cusTAuatos oTd Emimedo Gauss
kaf M(x,y) éva onueio ToU ¢miméSou, rou &éxet &md 16 O &wdoraon fon pé a
x. 6.).

U

®

®

=1
USSR ¥

S

2x. 6

*ATd 16 dpboywwvio Tpiywvo OAM éxoupe (OA)2+ (AM)2=(OM)?, bnAadf
x2+y? = a? 0
"Av pé kévtpo 16 O kai &kTiva a ypdwyoupe Tév kUkho (O,a), TéTe T6 TUXOV
onueio M,(x,,y;) aUToU Tou kikAov ikavorrotel Thv (1) kal dvtioTpoga.TlpayuaTt’
a) elvan (ON)24(M,)? = (OM))?, dnhadry x,2+y,2= a2 PB) "Av Nfx,,v,.) €-
vai #va anuelo ToU Emimédou pé x 4y ?=a? TOTE, dpoU x 24y 2=(ON)?3,
8& Exoupe (ON)? = o® kai &pa (ON) == a, woU onuaiver 611 76 onueio N elvan

onueio Tou kuxAov (0,a). .

"Apa 1) §icwon (1) eivar 1 #§icwon Tou kuxkdou (0,a). "Emeidn 16 onueio
M(x,y) elvar 1y elkdva Tou pryadikou &pifuov z = x+yi, dnAadn 1 OM elvan )
SiavuopaTik Tov dkTiva, 1§ (1) ypageTar igoduvapa

[2* == o f) kai |z] =a, &pou a>0.
*Evor &xoupe TO gmroudaio cuptépacua OTL:

— Ltb pryadixé &rincdo té ohvolo tdv eikdvov tdv piyadikdy z robd {navo-
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L 3.1

rowdv th oyfon |z|=a, a>0, tlvar & xdxdhog pé xévepo tiv dpx® O xai dxri-
va lon pf a.
Elven elcodo Tdopa v& Solpe STt yi& 16 myadikd &piBpd z = x-+yi #) oxéon
|z] < «
bpilear 16 towTepikd ToU KUKAov (0,a), tvd # oxéon
|z > a
opiter 16 E§wTepikd ToOU.

"As elvan Topa M (x,,¥,) Eva otabepd onpeio ToU Emmédou ToU Gauss
kol M(x,y) Tuxév onueio Tou, Trov &méxel &mé 16 M, otufepry &mdoTaon fon
wa Ex. ND.

Yoy~ -~

*Y

Iy. 7
Ivwpifovpe om 1) &wéoraon (M M) Sivetar &wéd 1 oxéon
(Nluwl)2 = (x_xo)z + (y—yo)zl 8717@87'1

(x—x*+(y—yo)* = a® )
"Av ué kévtpo 76 M, kai dxTiva a ypdwoupe Tév kUkho (M, @), TOTE yia 16 Tu-
xév onpeio Tou M (x,y,) Exovme: (X;—x. )2+ (¥;—Yy.2) =af, SnAadn ol ouv-
Tetayuéves k&Be anpefov Tou (M., ) ikavotrolouv TH (2).
*Avtiotpoga: "Av N(x,,y,) €lvan éva onueio Tou émmédou, yi1& 16 dtrolo loyler
(xg=%,)*+(¥3—Y.)* = &, T6Te, Ggou (X;—X,)*+(y:=Y.)*=(M,N)? 8& Exouue
(M_N)2 = a2, 5nAadh (M_N) = a, o onpaivel 811 76 N elvon onpeio Tou kU-
xAov (M., o).

‘H (2) Aormrdv elvan ) é§iowon Tou xikAov (M ,a). "Av 1& onueia M(x,y)
kol M_(x,,y,) elvenof elxdves TEV piyadikédv &piBpddv z = x+yikai z, = x_+V,i
dvtioToixa, T6Te 1y &icwon (2) ypbeeTan :,

[z—z,[?>=02 f} |z—z,] = a, &poU a>0.
EUkoAa PAémroupe OTi 1) oxéon lz—z,| < a Opiler Té towTepikd TOU kUKAOU
(M,,0), &v@d 1y |z—2z,|>a Opiler TS EEcoTepikd Tou.
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I3.2
3.2. "Eappoyég

1. Bpeite ta onueia tob pyadikod Emntdov, yié té Orola elvar: |z| = [3—4ij (1).
Aben: “Exoupe |zf = [3—dij<> 2] = VI8 <> (2| =5 @
*H (2) elvan 1y ¢§icwon Tou kUxkAou (0,5) o1d pyadixd Emiwebo kal &pa ol uryabikol &pib-
uof, wou Exouv elkdves T& onueia aldTou ToU kUkAov, elvan Avgers Tiis (1).
2. Lt myadiko &rinedo Ppeite tic Moo tifg tEcdocwg
iz + 2+1i] =2.

Eridvon: “Exouvupe [2+42+i| = 2 <> |2—(—2-i)|=2 (1) xai ocUppwva pé T& mponyou-
ueva f) (1) émaAnBedeTan &wod ToUus myadikous &piBuols z, ou Exouv elkdves 016 piyabikd
trrimedo T onueia ToU KUKAou pé kévtpo THV elkéva Tou wmiyadikol —2—i, SnAabn 16 on-
ueio M (—2,—1) xal &kriva a =2. (Zx. 8).

)

x! i \o
I
]
]
1

T T p—— P, |
Myl-2,1)

Zy. 8 Ix. 9
3. Bpeite taé onpeia tob pyedikod émnédov, nid ta dnola clvan:
lz+2| = |z—(-1+i).
Abon: “Exoupe [2+4-2] = |lz—(—1+i)| <> |z — (—=2+0i)| = |z—(=1+1)| )
*Ag eivar A(~2,0) 1 gikéva ToU pryadikoU —2+0i kai B(—1,1) Tou umyadikou —1 +i (Zx. 9).
*Av M elvan 1) elxdva dvds pryabikou z, Tote 1O [z—(—2+0i)| mapotdvel TRV &mogTaon
(AM) kai 76 (z—(-1-}-i)| TAv &mdotaon (BM). ’Eweaddh OéAoupe |z—(—24-0i)| = |z—
(—=14-i)}, 8& mpémer v& eivar (MA) = (MB). AUtd anucitver 8Tt ol elkdves Tév AUoewv Tiis
(1) loaméyouv &mé T& otabepd onueia A kai B kai &pa &vrikouv 617 pecoxdbeto Tou AB.
*Avtigtpoga: Kabe onpeio M(x,y), eikova ToU miyadikoU z = x+yi, mou icaméxet dwd T&
A xai B, 6& ixavomoiel Ty fodtnTa |2—(—2+0i)] = |z—(=141)j, &nA. Thv (1). "Apa T&
InToupeva onueia &mwoTeAoUv TN pecokafeto ToU Turuatos AB, ué A(—2,0) kai B(—1,1).

4. Lto myadixo tnincdo Ppeite nob avikovv ol cixoveg TV myadixdv apidudyv, mod elvar dv-
oug tiig tEwewotng

2|z—3-2i|* + 2jz+1-3ij2 =21
Aton: "Exovpe  2|z—3-2i]* + 2jz+1-3i2 = 2] <>

21
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Z76 wyadikd tmimeSo walpvouue T& onueia A(3,2) xad B(—1,3), woU elvan elxdves T&v wi-
yadwév 3+ 2i kal —143i &vrioToixa (Ex. 10).

W ——————————

<Y

3x. 10 Sx. 11

2]
"Av M elvan f) eicdva s Avoesws s (1), Té1e 4 (1) pds Mer 11 (MAY+ (MB)® = -5 -

1+_2)=

34+ (-1
"Av K elvan 16 péoo ToU eldUypanpov Tufparos AB, TéTe 84 elvan K(—i_% )

5 .
= K'( 1, ?) kal &mwd Té Wp&TO Gepnua TV Srauéowv oTd Tpiywve MAB mpoxU-

wre ST (MK)? = % _(_Af_)’.. *AMAG (AB) = VT7, émére (MK)?=1, SnAabr (MK)=1.

5
*Apa 16 M dvikel of xixho pé kévtpo K( 1,7) xaf &xtiva a=1. *ETo1 of AUsces Tiis (1
Exouv elkdves T& onuela auTol ToU kUKkAov, & dmroios Exe d§lowon

|z—(l+—g— i )

=1

5. Lt6 pryadixd Erinebo Bpelre 16 oUvolo thv eikdvov 1@V pryadik®y GmoOpdy z, nod clvar

Aboerg 100 ovotfipatog:
3
|z=241i] < 5 |z—4—i| > 2

Avan: I76 oxifjua 11 Sivoupe T yewpetpixn elkdva Tiis AVoews ToU TpoPAfjuaTos. "Aem-
voupe y1& &oknon TH SikaioAdynon Tdv &moTeAeoudTwv,

3.3. ’Aoxfigeig

1.

v b W N

24

Acikte 8 W) £giowon 100 xbxhov z—z,| = @ naipver 'ni,-‘uopwf]

"2z = 2Re(z Zo) + 02—z}
276 myadikd tmimedo tmAvoTe Thv E§lowon |z—2+43i| = 5.
Bpelte T& onueia ToU uryadikol dmmiSoy, y1& T& omola elvan  [z-i| = [24-2].
BpeiTe 7& onuela ToU pryadikou tmimeSov, vi& T& omola elven  |z2—2| < |z].

276 myabdixd ¢wimeSo PpelTe TO oUvoho T@V elkdvwv TdV uyadik@v, Tou dmaAnbebouv
Ty 1z—-1} < |z4+1].



I 4.1.

6. "Av elvan |2—8| = 2|z-2|, z € C, Beifte &1 04 elvan [z2] = 4.
7. "Av |z] =3, Ppeite T& onpeia Tou wyadikou émiméSov, ol elvan eikdves TV wiyadikdv
(@) -2z, (B) 1—z, (y) 3z-1.
8. BpeiTe Shous TOUs miyadikoUs apiBuovs, yi& Tous dmoious elvar: 3 [z 4-ij<4.
9. Bpeite SAous ToUs utyadikous apiBuols, yi& Tous dtoious elvan: jz—12 4 (z 4113 =4 .
10. Bpeite ToUs uryadikols z, ol dwolol érraAnBebouv cuyyxpdvws Tis Efiocoels
‘ 7z—12 5 7—4

-8 |~ 3 [ z—8

3 = 1.

4. MOAIKEZ ZYNTETArMENEZ MIFAAIKOY APIGMOY

4.1. ‘Opropdg

*Ag T&poupe TO piyoSike dpiBpd z=a--Pi#0 kal T SiavuspaTiky Tov
dxtiva OM (Zx. 12). Elvan 16|:4| = V4Bt =p.

y
BB o Mla,8)
!
2 3
B9 . )
AN |
] |
o i i -
x/ Ao ,0) x
94
Mypy 8y)
yl
x. 12

*Ohot of miyadikol, ol ol elkdves Tous elvan onueia Tod kikAov (0,p), Exouv T
iBio pétpo ué Tév z. M& v& wpoodiopioouue Ao1TTov T yewueTpiky elkéva Tou z,
5év elvan dpreTd TO péTpo Tou. “Av Suws Eepovne wadi pé Té pétpo p kal T ywvia
8 €[0,2m) mwou oxnuatifer & Betikds HmaGovas Ox pé TH SiavuopaTiky dxtiva

OM o0 z, Té71e 1) elkdva M(a,B) ToU z kaBopiGeTan TANpws &d 16 LeUyos (p,8).
Elvan gavepd (Zx. 12) é11 v& aroixela Tdv Levydv (o,p) xal (p,8) ouvBéov-
Tai pé ris oyéoes:
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142,

o= VATHT
M
o 2
UUV9=WKG‘ nue:_—‘\/-?’—_}—__ﬁ‘ , 0S9<2'ﬂ'

‘ATd Tls oxéoes (1) PeparwvdpacTe &1, dTav Soouv T& a kal P, Tpoodio-
pifovTan povoofipavta T& p kai & kai &vtioTpoga.

*Apa x@0e pryadixog aprOpdg (a,p) # (0,0) propel va opratel xai pé 16 {eb-
705 (p:9).

Td orotyeta vob Ledyovs (0,0) dvoudlorrar molkég GUVIETAYREVEG TOD ui-
yadixot dolfuot z=a+pi. Eidixdreoa 16 0 dvopdlerar (6mws Sépoupe) pétpo
tod z xai 76 0 npoteov dpropa (Argument) 1ob z xal ovufolilerar Argz=0(?).

To wmyadikd &pifud z = a+Pi, &ktds &md 16 LeUyos (p,B) Tou Ppiokouue
&mo Tis (1), Tév mpoodiopiler kal k&be Leuyos (p, & + 2km), xeZ. M’ alrd xé-
0e yorvia ané tig 04-2xn, x € 2 dvopaletar GTASS dplopa tod piyadikod apBpod
z xai oupPolifeTon argz.

4.2, Mlapadelypata
1. Z1é ox. 13 gaivetar 6T yi& 16 pryadiné &piBpd z; = 2+ 2i elvan (p),9,) = (2 \/—2—.‘;)

i yevikéTepa (2 V2, 2xkm+ -;;I ), x €Z. "Opoiax y1d Tév z,:—l—,Li\/f_i elvan (p,,8;,)=

2 2
= ( 2, —3—) fi  yevikodtepa  (pg,0,) = (2,2x1r+-%r—), keZ. Tis mwués T&V p kal € pmo-

poUgape puaik& va Tis UmoAoyloovpe kal &mwéd ToUs TUmous (1) Tiis Tapaypdgou 4.1,

Y, y
Y zt 72
22l ______ W3 : N
1\ 22 ! n-1~\3
| 2 :
‘ Pge2.2] /
i "—‘3'-' i x/ 3 /0\\\ 7 x
2 n
) 'S ! 3 2\- !
i i
x/ -1 [+] 2 x
‘a
yl ).[
Sx. 13 Ix. 14

2. Ol wyadwoi &piBuoi z, = (1,0), z, = (0,1), 2, = (=1,0) kai z, = (0,—1) &xouv xowd ué-
Tpo p =1 xal &vrioToixa Tpwrevovta Opicuata Argz, = Arg(l+0i) =0, Argz, =

3
= Arg (O+i)==5- Argzy =T xaf Argz, = 7 (x 14).

1. 2 Piphioypagia uepixés popés o Argz Bewpeiten ) ywvia 6 ué € € (—m,w].
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I S.1.

3. Ol woliés ouvTeTaypéves ToU miyadikol &piBuoy z = 1—i V3 elvan:

p— , 5w 5w
a) p=VI14+3=2 xai P) 6= 3 ‘H Twh 8= 3 Pploxetar elkora &md 16
' 1 V3
sUoTnua ouvl = 5 nue = — 5 8 €[0,2m).

4
4. "Av ol Tmohikés guvTeTaypéves ToU &p1Buol z = a+-Pi elvan (2 ’ —;—), 1é7e P&LovTas

N 4
atoUs TUtrous (1) This Tapayphgou 4.1 Vaitpt =2 xkal § = -—;L Bploxovpe 611 & wi-

yaBikds aUTds &piBuds elvan & 2 = —1—iV3,

4.3. ’Aoxvioerg

1. Bpeite Tis woAikés ouvtetayubves (p,8) TdOV myadikddv &p1Budv:

z, = 3+40i , zy = 3+ 31 , zy = (0,3),
ty = (=3,3) ' z, = (—=3,0) , 74 = —3-3i
; = (0'_3) [ Ly = (3,—3).

2. Tp&yre a1 popefy z = a4 Pi ToUs pyadixous &p1Buols

z,=(3,-’;—), 2, = (2,m), z,:(\/zT,%'), u:(h%)

kai dmeikovioTe Tous yewuetpikd oTd éwimebo Tou Gauss.

z
3. Bpeite Tis wolikés ouvTeTayuéves TGOV wiyadikddv dpiBudv z,.z, xaf —zl—, & elven
)

7, = (3,%) kal 2, = (2,%).

5. TPITQNOMETPIKH MOP®H MITAAIKOY APIOMOY

5.1. “‘Optopoi xal Bewpfiparta

Eidaue tponyoupévws &1, &v (p,8) elvan ol ToAikés guvteTaypéves ToU pi-
yobikoU z = a+Pi # 0, 1é1e 6& elven:

= VTP, o= —S = % e =—P P
P oGP, o Vaiip®: P K VaEfpt e [
pé 0 < 0<2r

AT Tis oyfoels aUTés TTaipvoupe:

a = povvd xai P =pnus,
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I5.1.

OmoTe & pryadikds z = a+-Pi mwalpver TH) popefy:

z=p(owb+inud), w 0<6<2m, p=V a24p? ¢))

‘H popof adtf) Aéyctdr TPIYOVORELTPIKT popef) tod pryadixod a-Pi.
duoikd dvtf y1& 16 TpwTeUov Spiopa 6 pmopolue vé Tépouue dTrolodh-
ToTe &AAo Spropa THis popefis 842k, k € Z.

Anhadhy:

a+Pi = p(ouvb+inud) = plovv(8-+2km)+inu (8+42km)], k € Z,

émov p= Va®+p? xal 6 e[0,2m) pé 3)

x p
ouwd = — «xai nut=—
P n P

‘Omws gaivetan dmd 16 ox. 15, yik 16 myadiéd z = 141 elven

z=1+i=\/i—(wv%+inu %)

=v2 (cuv(?mr—}—%)—}—inu(%‘rr—l— —%)), k e Z.

Y
10,2
d

S
,‘/l 5

Zx. 15

‘H TprywvoueTpiks| wopgt) TGV piyabikdy &piBuddv Ponbler 010 v& &vTipe-
Twmicouue TOAAG TpoPAfjuaTa kai vé& Bdooupe yewpeTpik) dppnvela o€ TOAAK
fecwpnTikG oupTEpdOpaTa.

O Sdooupe dpéows TapaKrdTw pepik& Xphiotua BewphipaTa.

Oewpnua 10. Avbd pryadixol &piBpoi z, = p, (ouvl, +inud,) xai
z, = p, (ouvl, + inpo,) elvar Toor, dtav xal povo drav

Pr=1py 0,—0 =2%,kn xelZ

'Anédeiln. 'Agou f| z; =1z, ouvedyetar 811 p, ouvh, = p,cwe; kai
pinub,=p,nud,, TOTE B4 elvan p?(ouv®,4-nub,) = p%(ocuv0,+nu,), omdTe
p1=Ps- ~Apa cuvd,=cuvb, xai nub,=nub,, éméTe 8,=2xm+6, fi 6,—6, = 2«km.

28



ISt

Ocewpnua 20. T6 yivépevo 800 myadikdv apibpdyv elvar Evag pryadiés dpibpédg
nov Exer pétpo 16 yivopevo tdv pétpov toug xai dpropa 16 &Oporepa TGV
opropdrov touc.

"AndderEn. “Av z,=p, (ouv,+inud,) xai z, = p, (ouv8,+inpdy),

Exoupe: z,z, = p,pol (ouvl,ouvd,—nub,nud,) 41 (ouvd,nud,+ nub,ouve,)].

"Apa: 2y 2y = PPy (OUV(8,+8,) +inu(8,+6,)) )
"Emarywyika 8eifte 6Ti: "Av z, = p, (ouvO.+inpud,), x = 1,2,...,v, tbte :
2,.25.. .2, = Py.Py...P, [60V(O0,+0,+ ... 40 )+inu(0, +0,+...+0))] &)

*Av elvan py=p, =...=p,=pkal 6, =8, = ... = 0,=6, 161¢ 2,=2,=...=z,=
= p (owvB+inud) kai | aoxton (5) ylvera:

2 = [p(owb-+inud)]* = p" (owv(vh) +inu(ve)) (6

*H (6) uas elvan xpriopn apoxdTw kal dvapéperar sdv Ocwpnua De Moivre.
*Aueon owvtmaia Tis oxéoews (5) elvar kal /| yvwoTh pas iBidTnTa TOU péTpou
TOU Yyivopévou TTOAAGY piryadik@dv &pifuddv, BnAabn

12y 2g. . .2,) = |z4] - |zg] ... |2,] )

‘Aré T oxéon (5) PAtmroupe dxdun OTi:

M

2xw--Arg(z,-z, .. .2,) = Argz,+Argz, +... +Argz,, ()

&TTou K KaTdAAnAos &képaios &p1Buds

Oewpnpa 3o0. ‘O advrtictpopos Evog myadixod apBpod z 20 Exer pétpo tH &v-
tiotpogo oD pétpov tov xai Gpropa 16 dvrtibero tod Opiopardg tov.

*Andderln. "Av z =p (ouwv® + inub), p#£0, elvan Evas miyadikds &piBuds, ToTe 6&

_l _ 1 . _l_ . Wv9_~inu6_ .

z  plouwd+inud) — p  ow4nuH

- —:)-(Owe—inu@) - —;— {ouv(~8) - inu(—6)].

elvai

Oewpnpa 4o. Té6 nnkixo 300 piyadikdv apBpudv elvar Evag pryadixog apr6-
poéc mod Exer pétpo 16 Loyo 1@v pétpov tovg Kai Gpropa ti Sapopd thv opr-
opatov toug. Aniadn:

2y = p, (ouvd; + inub)) g T

f1 .
— [ouv(8,—9,) +inu(6,—6
2, = oy (owB, b inub) %0 |~ 2 py L0Vt M, 3)

1. Tpagoupe 2kT-+ Arg (2,.2,...2,), Yiatl elvar gavepd 811 16 &bporoua o016 P’ uéhos
Tfis (8) uTopel v& pnv vk o1éd [0,2T).
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I85.2.
’ 4 . l .
Mpdymarry: 71 = 7,2, 1 = [py(0ud, +-inud))]| ——(ou(~8p) +in(—y) | =
2 2

= ‘g‘l‘ [ouv(8,—8,) + inu(8,—8,)].
2

Népiogpa: ’loxver (ouv8-+inpd)-¥ = ouv(—v8)+inu(—v8), v eN.

5.2. lapadeiypara—"E@appoyés

1. Tpiyte to pryadicd Gpdpé z = V' IHi of tprymvopetpikyg Hopon.
Abon: Elvar a = V3, p=1 kai Gpa p= V3I+1 =2.

VT

"Emions ouvld =

kai nud = _;- pé 08 < 2m,
- ’ - 1] TT
a1 tig Omroles Taipvovus  § = -

*Etror elvan  V3pi =2 (auv l;— Linu % )
2. To id10 @ t6 z = —2-—2i.

Aben: Elvan a=-2 kal P=—2«ai &pa p= Vu"-’,:ﬂ*—: 2V7,

5 2 % {8 2 V7 08 <2
ouv == SVE ST T2 Kxai nud =-— SVE =2 , ué 0O <2m.
5m
'Amd Tis TehsuTaies maipvoupe 9 = - omdre

—q 5 5
—2-2i = 2V2 (aw—:— 4+inu —4’-')

1ir Hr
3, U'payre to pyadind apiOudé z == 4 (wv ry + lnu—é-) ot popen a+Pi.

11
Aban: Elvam p =4 «xai 8 :—61, &pa

Hw )
a = 43yv —6~-=4.T

— 11 1
=2V3 xai P=4nn -—61:4_.( - -7-) = -2, bwote
7 =2V32i.
4, Bpcelte ta tiayopeva téw npasemv:
6(owv20° 4 inu20 ) .
1/3 (ouv 40° + inud0™)

1
a) 6(owv20’ -+ inu20~) . 5 (owv 40° -+ inu 407) B
Aven:
1
a) 6(aquv20’+inu20°). 5 (ouv40 +inud40°) = 2(ouv(20°+ 40°)+inp(20°+40°)) =

. 1 V3 =
= 2(ow60’-} inu60°) = 2 (T~}-l—2-) =14iv3.

6(ouv20” | inu20° ~ N L o
B) 1/3( I inu4g"—-:ls(cw(20°-_40 )+ inu(20°—40°))= L8(auv(—20") 4 inu(-207))

= 18 (ouv20° — inu20°).
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I S.2.
5. Né dmoionatel 1) zapboraon (\/_+ Ve )

Abon: lNpagoupe 16 myadikd &pbud z = ._.'2+ i@ ot TPIYWVOUETPIKT] WOpRT .

Elvon p = \/ _i_ + _g. = V7 xai, &pol 16 onuelo (%Z ,._'26) &vikei o6 (I) TeTopIN-
1

uépio, ) ouvl = —5-blver 6 = % (TpwTevov Spropa) "Apa:

N

L L
ouw—3~ +inu—3—). *ATté 16 Oedpnua De Moivre Ppioxoupe:

(_\/zz+i__26:)7 [\/2(0‘” +lfll13)] —(\/2)7 (ow7 3 + inu7. 3 )=
- 8\/§_(wv7+inuj) =

v3 5 1
8\/7(% +i"73)=4\/2 +4ivE.

(__W +;£)’
2 2
6. Né axlononbei 16 xidopa : __(Vﬁ—

L , V2 .veY = 1r
Abon: Amé 16 TponyoUuevo Tap&Beiypa Exoume .2_-+-1T =8V?2 ow g +
. g
+ np 7).
Bpioxoupe Tapa THY TpiywvopeTpikh poppfy ToU V3~i, Kard T& yvwotdk iyoupe
= . w1l
Vih=2 (ouv—g- + mu—), omdTe

— 1 | 11m\7P 117 11
(\/3—-i)‘= [2(cw—6—+mu——)] = 23, (cuv3 ra +inu3. 6“) =

11
= 23.(cw——“ +mu 2 ) = 8 (ow270° 4 inu270°). “Apa

V2 .\/5_)7 _
(——+1— 8V 2(ouv60°+ inué0°) —
2 2 — = vV o__ o s o_ ©
T B(ow0" 1 imu270) 2 (ow(60°=270°) +inu(60°—270°))
= V2 (ouw(-210°)+inu(=210%) = x/i'( ‘/_3+1 ) =— l/2+ —'

7. Teopctpixn rapldotaon tod yivopévov z,.z; kai tod nniixov :—: v pyadixdv  Gpbpdv
= p, (ouvd, +inub,) xai 2, = p,(ouvd; +inpd,) ué p,p, #0.

a) Elven 2,.2, = p;.p, (Ouv(8,+8;) + inu(8,+86,)).
Irptpoune TH W& &wd Tis diavuopatixés dxrives 6?4,, 6?4, (Ex. 16) 16V 1z, xol 2,, foTW
ThHY C—)h,, xaTd ywvia fon pé 16 Arg z; kal Tavw 016 popéa Tiis TeAixils dxtivas Taipvoupe
onuelo M, doTe v& elvan 16)M| = p,Ps- TO onueio autd M elvan pavepd &1 dpiler T Biavu-
opaTixf) éxriva 6:4 ToU piyadixou z,.z,.
B) Ztptpoune T Bravuouamih dxtiva 6?4, Tou Biaipetéou z; (Tx. 17) xard ywvia ion
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I5.3.

ué 16 —Argz, xal dmws Tponyouptvws Pploxoune 16 onuelo M ué IC_)Fdl = % ‘Emeiddy
1

M(Zq:Zg)

®y

Iy. 16 Ix. 17
P2

v _;_3_ = (ouv(8,~6,) +inu(8,-8,)), ylvetar pavepd &Ti T6 onueio M, &mes Ppédn-
1 1

. ~ )
ke, opifer T Siavvopatixfy &xtiva OM ToU mnAikov <
1

8. Na vroloyistodv ol tprymvopctpikoi apiOpoi tod t6Lov 30, Gv yvwpilovpe 100G tPry@VOpRETPI-
KoU; GpBpovg tod toEovu 0.

Avon: "Amd 16 Bedpnua De Moivre Exovpe ouv(v8) +inu(v8) = (owd+inu8)¥, ve N (1)
M&v=31 (1) yiverat ouv38 - inu38 = (cuv®4inu8)?, dniady

ouv30-+inudd = ouvg -+ 3iouww?Bnub—3ouvinu0—inui8 kal cuvetrds

ouv3f = ow?8—3ouvBnu*l = ouv*8—3ouvd(l—ouv0) = 4ouv38—3ouvd xafl

Nu30 = 3ouv?Onul—nu'e = 3(1-nu*B)nue—nu*e = 3nue—4nue.

5.3. ’Aoxficerg

1. N& ypagpolv ot Tprywvouetpikiy popgf ol miyadikol &pifuoi:
1 V3 = —
- -5 b 242V3i, ~V3hj,
2. Aci§te &T 16 Bedpnua De Moivre
(p (ouvB+inud))* = p¥(ouv(v8)+inu(vd)) toxie xal &rav ve (..., =3,-2, -1}
‘3. N& &wobeifere &T1 ¢
@) (\/3~_H)x50 = 2130,
v42 v42
. . -5 vw . . T VT
B (A+i)'+(1-)*=2 “ ow 2 VE N, v) (I+)—(-d)=i2 Nz veN
6) (ouvd+-inud) ¥+ (ouvd--inus) - v=20uv(v8), (ouvd--inud) —(cuvd+inud)- =2inu(ve).

4. N& txgpdoete T& ouv30 kai NuSe cdv ToAludvuua TV ouvd xal nud &vtioToixa.

1 1
5. "Av 2 = ouvO+-inu8, Beifte 6T 20uvd = z4- = kal 2inué = -
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I6.1.

6. PIZEZ TON MITAAIKQN APIOMQN

6.1. “Opop.6c—Bewprp.a
'Opiopds. Nuoath) pila £vog pryadikod apBpot £ = a+-Pi slvar kabe pryadi-
koG apBpog z = x+yi pé v ihotnta
(x+yi)¥ = a+pBi.
O& Beifoupe, vé 16 Bewpnua TOU &roAoubel, 6TI k&Be pr) pndevikds pyadixos
&p1Buds € Exer v GkpiIpdds SrapopeTikés peTall Tous viooTés pides.

Oewpnpa: "Av E=p (cuv0+inpl) elvar Evag pryadixdg amOpdg pé p=~0, tote oi
pryadikoi apiBpoi

v — 0+2xkr . 042
zc = 1/ p |ovv ——+inp +v|c1:’ k=0,12,...,v—1

elvar Sragopetixoi perald tovg kai elvar oi povor mod EnainBevovy tv Eicwen
zv=E.
*Anodeign: O& &§eTdooupe Gpyikd &v Urdpyel mryadikds &p1fuds
z = r(cww-+inpw), Tou v& elvan viooTh pifa ToU € = p(auv8tinus).
INé& v& ouuPaivel adto, Tpémear v& ioyUel
p(ouvB+inud) = [r(cww+inpw)]¥ = r¥(ocuv(vw)+inu(vw)) (1), BnAadn
842k

v o __
p=r"kai vww=0+2m, keZ f) r= 4/p kai W=, kel

“Apa z=Vp (cuve+2KTr + inn Oinﬂr)’ kel (2.

v
‘H (2) gavepdover thv Umopfn ToU z, SnA. w&s vioatiis pilas Tou §.
©& Beifoupe TOpa 6T f) (2) ik k=0,1,2,...,v—]1 Bivat v BiapopeTikés
Tinés THis viooTiis pifas Tou §, pé £404-01, Tis dmoies 6& dvoup&loupe wviooTés
pifes ToU § kai 8& Tis gupPoAifoupe: .

v
—- 04+2kr ., 042kn
Zo= \/p (cuv 5 +""l-T- , k=012,..., v—1 3)
21 ouvéxela 8& Seifoupe 6T 5/10'( bdroladnyroTe GAAT Tiun Tou k € Z 6 z, 8&
ovpriTTel pé pla &md TiS TS Z, 24,2y, . . - ,Zy—q TIOU Bivel & TUTOS (3).

Mpd&yuoti- 1) *Av fitav 2 =1z, A, u €2, A#p kai O0<A, u<v, ToTe B& Emrpe-
0-+2AT 64 2um
v v
Elvar Speos 0 <jA—p| <v kai tmopévess 0 <|pv] <v, dnA. 0<|p| <1, 16 dmoio &l-

van &rotro, yiati Sév Umdpxer p € Z pé O <p| <.
"Apa zyp # zy Y1& SAa T& A, pe{0,1,2,...,v—1}, dnAadn) of v T Tiis (3)
glvan SiagopeTikés peTall Tous.

e v& elvaa

=2pm, p €2, 5nAadf A—p=pv, pel.
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I 6.2,

) NdkeZ péx¢{0,1,2,..., v—1}, nAadn y1& k>v fij k<0 8& Exoupe:
k=Av+v, AeZ xai ve{0,1,2,..., v—1}, omoTe

Zx = \/E[cuve+2KTT + inu _9_—}:v2k_1'r]

v

_ \/E[o'uv 6—{—2(7\:—}—\1)11' +inu6--{—2(7\viu)1}

v

= \/E[cw (27\W+ﬁ—g—ul)+inu(27m+-ej:—2yj— )}

= \/E[ouv ?-_{_—\2)\2 + inugtvgg[] ¢ ve{0,1,2,..., v—1}.

*Apa 6 z oupTriTrTel pé wd &S Tis Tipés woU Sivet 6 TUTros (3).
"Etou Bef§ape 6T Urdpyxouv v &kpiPdds SiagopeTikol peTagy Tous pryoSikol 7.
ol &moiol émaAnfeouww Thv z¥V=§ =p (ouvB+inud), &tav p # 0.

TéNos, Emardn) Aol of z,, k =0,1,2,...,v—1 elven BrapopeTikoi peTafl Tous,
64 Exouv kal SiagopeTikés eixdves, STav &meikovioToUv oTO pryadikod émimedo.
AUTS 84 pavel oTa Tapadeiypata 1 kai 2. woU &koiouBouv.

6.2. Ilapadeiypara— Epappoyés

1. Bpzite tig tpeic woPikic pileg tob —1+ /3 .
Abon: Oipvoupe &pxik& Tov —14 /31 of TprywvoueTpikn popet.
Elvan —14+ v/ 3i =2 (owl20° + inul20°) xai -téTE

3
- 120°4360° . 120° 4 360°
7, = V2 [cr\.m(——jf3 : —Qi) + mu( +3 > )] » x=0,1,2

3 3
z, = V2 (ouvd0° + inud0), z, == V2 (ouv 160°+inu 160°) ,

Zyx. 18 Zy. 19
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3.

I 6.2.

3
2, = V2 (ouv280° 4 inu280°)

Tewpetpikd ol kuPikés piles ou Bprikaue &mekovifovtal oTis kopueés iodTAeUpoy TPy -
3

vou tyyeypaupévou oé kUkAo dkTivas V2 ué wpdTn Kopueh T6 M, &Tou (OA/,\OMO)-——-40° .

(Zx. 18).

. N napactioete YEORETPIKE Ti¢ Viooté pileg tob pryadikod GpBpod z = p (cuvl+inpb).

Avon: Ot viooTés piles Tou z Sivovran &mod TéV TUTO

842 . 6+2
uv +v il + inu +v KT ] , k=0,12,...,(v—1), xai elvan

e Voot 21 (3]

(ot ) i (5]

e Voo DT (2 2050

v
v
Tapatnpouue 6Tt SAes ol viootés piles ToU z Exouv TS 1810 pérpo, dnradt [zl = \/-FT

0 2T
kal Sproua TETOI0, WOTE &S KATOIA &PYIKT TIWT V& adtaver BiaBoyikd xaT& -
“Omws elrape kaf wponyouueva of wyaBikol auToi &piBuol z, &meikovifovTon of onpela

v
ToU wyaSikol EmimeSou, ToU elvan onueia ToU kukhou (O, Vp). (Zx. 19).
Né ¢miv0el 1) igiocwon 28 = —64i
Exilven: "Exoupe 73 = —64i = 64(—i) = 64 [cruv( - —}) +inu( - %)] .

dwédTe Taipvoupe:

3 —%+2K1r — — +2xmw
z=\/64°W 3 + inu 3 , x=0,12
™ ™ V3 o1
Mé& x =0 elvan: 2z ( uvkg——mu -g-) =4 (_2_1 5 )'
yi& k=1 elvar: z;, =4 cruvl ‘;)=4(O+i):41,
7w 7
vi& k=2 elvan: z, =4 (GUV—— 4 inu 6“) =4 ( ———_.1 )

Napatipnon: Kdde efiowon THs popefis z¥ = a, dmov a € C, a0 kai ve N dvopddeTan
Sibvopn tEicwen xai émAveTan pé T Ponbaia ToU BewpripaTos Tiis Tapaypdgou 6.1, yik
TéV UTTOAOYI0HS TAW v vIooTdV P&V THV myadikidy apbudv.

4. Né 2mdo0el | dlooon: 25 = — V34

‘Enidvon:TTpdTa ypdgoupe Tév — V341 of TpiywvopeTpiki} 1opef.
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I 6.3.

"Etor Exoupe: z% = ~V3}i=2 (ouv 150°+inul50°), 6mdTe ol piles elvan

5
— 150°4 360°%k . ° >
2= V3 (WV .+5360 K 4 1507360

: ) k= 0,1,2,3,4.

5_ 5__ V3
z, = V2 (ow30°+inu30”) = V2 (—21 +i. %)

s
— 150°-{360° . ° °
2, = V2 (ouv + 150°+ 360 ), K.T.A.

3 + inp 5

5. Na tmivfel 4 {§iocwon: z¥ =1 (1) (Nweotég pileg tfic povasdas).
’Enilvon: “Exoupe 2V = 1.(ouwv0°+4inu0°), dwdte of v piles elvan

v__ 0+ 2xm . 042 2 .2

z, = V1 (ouv " + inu +VK“ ) = guy :Tr + mug, k=0,12,...,v-1
O1 v alTés piles Tiis (1) Abyovtan kol vieotég piles tilg povadas.

. 2xm . 2w 2w . 2m\x
TapaTtnpouue 811 z, = ouv -~ Hinp — = (OWT +inu —;—) , x=0,12,...,v1
. 2 . 2w 2w . 2m\?
omoédTe z, = 1, z; = ouv > + me—, Z, = (ouv—v— + mu—v—) = 2%,
Zy =122 2Z3=12,%...,2,-y=12,""L

"Apa ol vootég pileg tiig povadag elvar oi:

2n . 2n
1, 23, 2, 2,3,,...,2,"! € z; = ovv _\L— +inp -
Né& v=3, &xoupe Tis kuPikés plles Tfis wovadas ol elvai:
2t . 2m 1 . 1 V3
2, =1, 3y =0wy + 3 =— -5 T = 2t = —5 Tl

Of kuPikés piles TR wovddas, &v &reikovioTolv oTédv kUKAo (O,1), elvan xopugés lodmAeu-
POV TPy wVOU.

6.3. ’Acoxroelg

1. N& ¢mduBouv o1é C ol E§r1owoets.
o) 22 =8, P) 22 =242 y)28+64=0, B) z22=1+iV3, € z2°+64i=0 «xal
o1) 3x6424x*=0

2. QDeifre &1t Tis piles Tiis ¢iowoews (14+2)%Y + (1—-2)2Y = 0 ugs vis Siver & TUmoOS:

2x+1
T = i€ K:\; m, émov k = 0,1,2,...,(2v-1).

3. N& &meikovigTouv oTéd pryadikd Emimedo ol pifes Tiis tliowoews z5 = —\/§—+i
4. "Av 2,2, elvan ol miyadikés xuPikés piles Tiis povadas deifTe OTi:

a) z,2 =12, xafi 2% =1z,

B) 142,42, = kal  142,412,2=0,

Y) (14+2z2,+32,) . (14+22,+3z)) =3,

8) (1-+2,-2,)* = (I—z; + 2,)%
5. Qet§te 811 6 z = ouvd+inud£—1 ypdgetan kai

36



I 6.3.

7= 1+«i
= o+ ¥€R xardAAnros.
R 1V
6. Acite 811, & x,y,2€ R kal w=— 7+x-2—. TéTE 04 elvan

a) (1-w) (1-w?) (1-w?) (1-w?) =9,
B) x?+ y?+22—xy—yz—2X = (X+yw+2w?) (x+yw?i+zw), «kaf
Y) X4y 4 23-3xyz = (x+y+2) (X+wy+ wz) (X+ oy + wz).

7. "Av elvan w = — % +i¥ Beifte ST1 TéTE 04 elvan:

o) o®+P? = (a+-P) (qw+pw?) (aw’+pPw)
B) (a+P+Y) + (a+Po+yw!)+(a+Pett yw)® = 3(a®+p*+y*+ 6apy).
8. Acifre 8T kafe & &mo Tis wapagTaoes

2, = a+2Pp+z?y, 1z, =a+z}p+zy, dwov z = , 8¢ petaPdAreran, &v GvTi-

—14iv3
2
kataoTfgovpe Tous a,B,y ué Tous a+A, P+A, Yy+A, A€ R &vrioToixa.
9. A¢ifTe OTI1:
(—z+4127) . (I=zt42%) . (l—z442%. .. (1= + 22%) = 2%,
&mou x &pTios uaikds kal z TuxoUda xuPikf mryadud) pila THs povaSas.
—14iv3
2

10, "Av veN xaf z = , BeifTe 61 ol povadikés Tipés Tijs TapaITATEWS

K=122"42" elvar —] kai 2.
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7. ZYNTOMH ANAKE®AAAIQZH

1. Té olvohro C={zlz=(«B), a€eR, P eR} ue

(ay,B)) = (058 <> 0,=0, xai B,=P,
(ay,B) + (a3,By) = (a;+0, B,+B
(2,,B) - (a3,B,) = (a,0,—B,B;, a,B,+asB,)

elvat 16 oUvolo TAV myadik@v &piBuddv.

2. Oi wryadikol &piBpoi pmopolv v& &meikovioTolv oT& onueia vos Emimeé-
Sou (myadikd émimedo).

3. Z16 myadikd émimedo O wikAos kévtpou (X,,¥,) kai dxTivas péTpou o ExEL
t€lowan

lz—z,| = «, &mov z, = (x,,y,) kai z=(x,y).

4. "ANes ouvtetayuéves ToU pryadikou z= (o,p) #(0,0) elven oi woAikés (p,8),

a 5 1 M ’ a !
dtmou p = V' o4 p2, 8€[0,2™) pé ouvb= —\/'QZ——-{-Eé kad nuezva_‘-::__‘—a-z .

5. Mé 11} Porifeix TGV ToAIK&Y ouvTeTaypévwv Tous of mryadikol &pifpol wadp-
VOUV TV TPLYWVOUETPIKT TOUS HOPQT|

z = p(aovl + inpo)

Mé& ToUs pyadikous z = p(ouvd-+inud), z, = p, (ouvl,+inud,),
7y == p, (ouvl,+inud,) ioyxouv:

Z, =Z,<p;=p, kai 0,—0, =2xr, xel

z, . Z; = py.P; [ovv (0,+0,)+inp(8,+6,)]

Z, % =::—' [oov (0,—8,) + inp (0,—0,)], p,740
2

1

1 .
z = — [ovv(—08)+inu(—0,)l, p,%0
2 P2

z" = p* [oov(vO)+inu(vl)], veN

6. K&Be pfy undevikos myadikds &pifuds § = p(ouvb-Hinu®) Exer v axpids
SrapopeTikés peTaU Tous viooTés pides, Tis:

v 2
I = \/p—(cmv 9+v'm +inp 9+‘2’Kn ), x =0,12,..., v—1
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I8.
8. AXKHZEIZ TIA ENANAAHWH

1. "Av z % —1+4-0i, Seifte &mi:-
z—1
o) Otav |z| =1, TéTE & &p1Buds 231 elvan kabapds gavtaoTikds, xal

—1
B) &tav & &piBuds —:~+—1 elvan kabopds pavraocTikds, TéTe |2| = 1.

2. & kébe ae R pé o1 Ppeite Tous pryadikous z, wou EwaAnBelouv THv tfiocwon
z+ajz+1[+i = 0.

3. INé& x&Be o>0 Ppeite Tous myadikols woU draAnbelouv Thv 2|z|—4oz+ 1+4+ia =0

4. ’EmAvoTe 16 oVotnpa  z34-wb =0
22 . ®i=1, &v ol z,00 elvar pyadixol.

z
5. Aei§Te 8T Q) |2+ Zy) = |2,{+|2gl, &V T’ > 0, 2,2,€ C, xal
2

A
B Izl = llzal-lzll, &v; <O wal z,7,€C

z
6. Acifte 811 Q) [z,—24) = |[2,)—|2ql], &V z—’>0, I, € C, xal
2

z
B) 12—2y] = [2,]+Iz,!, & z—: <0, z,, 25 € C.

7. *Armorddwiog Koxhog: “Av z, kal z, elvan BeSopbvor myabixol &pibuof, Ppeite 16 ouvoro
TGV onuelcwov ToU pryadikoU Emimébou, ToU elvan elkdves TGV pryabikddv z pé:
|2—24| = Nz—Zo) xal A 3 1.
Aeifre dxdun 811 TS xévTpo avroU ToU kUkAov elvan ) elkdvar ToU uryadixou

z,—A%z,

Alzy—z
o = 1 ga kob f dxrhva Tou evar a = |2y 2|

T

Z

8. "Av [2—10| = 3|z—2| BelEte &m1 jz—1| = 3.

9. “Ymoloyiore ToUs x,y € R, ol IxavomoioUv Thv (x4 2yi)? = xi

1
10. "Av |z|® = |z28—1], B¢eifTe 811 Rez?= -5

2 .
11. "Av z =x+yi, xyeR «xaf zi4z41 =0, TéTe 8& elvan
jz] = fz+1| = L.

12. Bpeite T6 pétpo kai TS Spropa ToU pryadikoU &piduol
z = ouwva—inua 4 ouvb4inus, 0<a<-1-2r-,

13. *Av |z4 16| = 4{z+ 1|, Beite &m [z]| = 4.

14. "Av z =x+4Yyi, z7'=(a+pi)?*+ (a+yi)! p¢ af,yeR xaf
a4 Pi, a4yl &1 undevikol, UmoAoyioTe Tis Tinés THV TapacThoEWY
i) x24y2, i) (x—a)2+y®* kai i) Rez ouwvapthoel Tév op,y.
15. *Av z, = (z—a) / (@z—1), z #1/&, 0 < |of<],
Beifte 611 |z, 2 1, 8Tav, kai pévo &Tav, |z| Z 1.

16. "Av §*=1+412% [ =§+in, z=x+yikal§ n, X, y€ R, 5eite di:
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18.

19.

20.

21.

22,

23.

24,

25.

26.

e

i) 262 = V(14 x*—y")21+4x%y® + 14-x2—y?
2n? = V(I x—y?)t - dxPy? —1—x? +y?

. AcifTe 8T |z,—2,(2 412, 242 = 22,12+ 2(zy|? waf Ewerta BeifTe ST1 Y& TUXOVTES HI-

yobSikoUs z, kai z, 8& loyuer
23— Vg2 | +12g + Vil 28] = (251 24] + 224l
Acifre 811 of elkdves TV Brakexprubveov utyabikédv &p1Buddv z,,2,,2, 01é pryadikd Emimedo

T—Zy

Bplokovtan g¢ eUBeia ypaupps, dtav xal pévo Stav -
3—Za

=A€R.

"Av yi& ToUs miyaBikous dpibuous z, kal zy elvan |z, <1 kal |z4] <1, Sei§Te &Ti
[2y—Zg| < |1-2,2,l.

*Av 2,,z, elvon mryadikol &pifBpol xal A >0, Bei§ve S

1
a2l < A+ + (15 ) 12l

"Av ol &pifpol zy, zy,...,2, Ikavotrololv THV &vicoTnTa
Z,—i Z,—i Zy—i
z,+i‘ Zo+1 et z,+1 <l

Té6Te 8& IkavotroloUv xai THY

2,4+ 2,+ ...+ z,,—i'l 1
Z;+2g+ ...+ 2,41
Bpeite T& &xohouba &BpolopaTa:
2 = 14+x ouvb+x3ouw28 + ...+ x*loww(v—1)8 «al
2 =xnud + x®nu26 + ... +x'nu(v—1)8,
G xeR xal O0<O<m.
‘YrrohoyloTe T& &xdrovba dbpolouarra.

— —1) (v—2
T = 14vouvb+ y_(lv_zl_)_ ouv2e +% ouv 30 +..., xal

~1 —1) (v-2
5 =vnue + 052 qu2o 4 OO ey
2w .2
"Av  w = owv ey + ink—-, ve N  xai
A = X4y "+ 2w+ .. +Twl VO x=0,1,2, ..., v-1, pé Xy¥1Zye ooy T TUXOVTES

uryadikous &pibpovs, Seifte &mi:
Ao + AR 4 .. + [A IR =vIx* + Iy* + ... + |TI*])
Aci§Te 8T1 & wiyadikds z = X+ yi umopel v& ypapTel ué TH popeh
1At 2A
2} . [

T +i 1+7\’] &dmwov x,y, A € R.

N& tmAvtel § §€lowon (z’—l)‘ = 16(ouwva+inpa).z8, 0o *12L
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IT 1.1.

AATEBPIKEZ AOMEZX

¢ mponyoUueves TASeS yvwpioape Sidgopa oUvola, dmmws Té olvoro N
TGV QUOIKGY &p18uddy, T6 oUvoro R T&v mpaypaTtik@dy &pifuddv, 16 olvoro V
TV SlavwwoudTwy dvds Emmédou k.&. ZTd oUvora alTtd eixope Spioer Bidgpopes
wpders, s Tpoéobeon kai ToAAaTAaciaopd &piBudy, mpocleon Siavuopd-
Twv kTA. EiSaue dxdpa &11 oi Sidgopes péEeis ot& oUvola altd elxav koivés i816-
TNnTes, OMws .Y, /| Tpocheon oTd R kai ©| wpdobeon oTd V fiTav dvTipeTodeTi-
KéS, TTPOCETAIPIOTIKES KTA.

levvigTon TOpa TO épodTnua &v ptropoupe va Tafvourioovpe T& Sidgpopa
oUvoha pé Paon Tis iBi1oTnTes TV TrpdEewov, pé Tis Smoies eivon épodiaopéva,
kol &v mé Tétoia Taivéunon 64 fitav xproiun.

Mé& v dvTipetomon aldTol Tou BépaTos 1) yvwoTh pos S§1wpaTIkn ué-
Bobos tpapudleTon pé émTuxia Kai pdAloTa Ué TOAAG S@EAn (Bviaia yAdooq,
gmiduan paBnuaTikéY TpoPAnuaTwY, épapuoyts of GAAes émoThiues kTA.). “ETol
ot Eva oUvolo 84 Opifovpe Tpagers, 8& SexduaoTe pepikd d§iwpaTa kai 8& &ro-
Beikvloupe yevikes 1816TnTes &ve€dpTnTes &d TH @Uon TGOV oTOIXEIWY TOU OU-
VOAOV.

216 kepdAaio auTéd 8& yvwpiooupe pepikés TETOLES Baclxés Taivounosls,
TIpOTYoUpEvws Spws B& peretriooupe Trv éwola Tiis Tpd€ews o, 8Trws avogpe-
paue kai Tapamdvw, O pohos Tng elvor Pooikds.

1. AIMEAEIZ NPAZEIX
1.1. ‘H évvoia t¥jg Siperobg mpakewg

Kowéd yvopioua Tév Bidgopwv Tpdewv ToU Eyoune pdbel of Tpornyou-
ueves Tagels, 6mes LY. | TPoofean kai & ToOANaTAaTIaouds dp18pdy, 1y Tpdode-
o1n BlovuopdTwy, O E0WTEPIKOS TTOAAATTAACIAOUOS BlavuopdTwy, & TOAAXTAG-
olaopds TpaypaTikou &pifuou pé Bidvuopa, elvon 8T «ouvBétouus» Blo oTol-
xela, ToU dvnikouv of BUo oUvoAa, kai Taipvoupe G dmoTéAeopa alThis TS
ouvbéoews axpiIPdds Eva oToixeio Evds ouvdhov, TO dmoio elvar Buvatd v elvan
ico pé k&molo &md T& dUo Tponyolueva gUVOAQ.

Z¢ moAAés mpdeis T dmoTéAeopa EfapTaTan Ao TH Sidtafn Tdv oTol-
xelwv oU ouvléToupe, CTrws LY. oThY &gaipeon TpaypaTik@dY &pifpddv T
&moTehéopata x—y kai y—x elvan yevikés SiagopeTikd. Elvon dvdykn Acimév vé
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II 1.1.

Bewpnicoupe 811 TS &roTéAeopa pids Tpaews TpotpxeTan &md Eva SiaTeTarypévo
LeUyos. “ETol, yevikd, m& wpd€n elvan pid dmeikovion(t) évds cuvolou SiaTeTay-
pévoov feuy@v of Eva &Ao gUvolo.

Aivoupe Tpax TOV TrapokdTw OpIoHO.

‘Opopdg 1. “Av A, B kai T elvon pr) kevd ouvoda, T6Te kdfe &mreikdvion f dvds pn
kevoU Utroouvdlou A ToU kapTesiavol yivopévou A X B o1é I dvopddetan
(Owperng) mpaEn &d 16 AXB oté T
"IBiaiTepo évBiagpépov Tapousidbouv ol dkdAoubes eidikés TrepiTTOELS TPA-

Eeowov:

() A=B =T xai A = AxB. Tdte 9| wp&€fn elven &mekdvion TS popefis
f: AXA—-A

kai dvopdleTon Eowtepikii npaEn o6 A.

Mé& 16 oupPoricud wmas towTepikiis TpdEecos 8& ypnoipoTroloUpe, &vTi yi&
76 f, &va &md T& oUpPora *, 0, +, -. “ETol, XpnoiwpomoivTas TO oUp-
Boho *, Thv eikova f((o,B)) ToU (o) eA X A 8& TA oupPorilovpe pé
a*P kad 8& TAV dvopdfoupe arotéleopa Tiis towTepikiis TP&Secs peTau
TOU o kai B.

Me o, « oy » a3 8& cupPorilovne TO (0 #0p)+0y Kal YEVIKE pé Cialps. . . X,
TO (0% . . . #X,_1)*a,,.

(ii) B=T xai A = A X B. Tote fj mp&€n elvon &mreikdvion Tiis Hopefis
f: AXB—->B

kai dvopdleton EEmtepikiy mpaln otd B.

Mé& 16 oupPohiopd mds ESwTepikiis Tpdgews 8& ypnowpotoloupe, &vti yik
76 f, 76 gUpPoro - (4mi). "Evol 1) elkdva f((o, x)) ToU (o,x) e A X B 8&
ovuPoAileTan pé - x kol 8& dvopdletan drotéheopa Tiis EEoTepikiis Tp&Eecos
peTafU Tou o € A kai Tou x € B. T& oToiyeia Tou A dvopdlovTtan tehestés.
'’ aUto 1) drpiPéoTepn dvopacia Tiis Tp&ews auTiis elvan «&§wTepixn Tpd-
&n o1d B pé oUvolo TeAeoT&V TS Av,

Iapadeiypaza:

1. ‘H mpdobean, # &palpeon kai & TorAamAaciacuds slvan dowTepikés mp&€ers a1éd Z, yiarl
Y& x&Be SrateTayuévo feUyos (X,y) € ZX Z T& &woTedéopata X+y, X—y, X.y oUT&V
Tév mwpdEewv elvan dxépaior (povoohipavra dpicpévor).

2. ‘Hévwon U (&vt. 1) Top N) o1 Suvapoaiuvoro FP(A) Evds suvérou A elvan m& EowTept-
k| mp&€n otd P(A).

3. ‘H mwpdodean oTd oUvodro

A={v|veN «xa v &Tios}
elvan md towTepiky mpdén oT1d A.

1. Mé¢ 1év &po alrd Evvooupe «povoofiuavtn &meikdvions.
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4. ‘O woAAamAaotaopds TpayparikoU &piBuol pé Sidvuopa elvan pi& EwTtepiks) mpdn oTéd
oUvoro TV SiavuopdTwv (Tou émmédou) ué olvoro TeheoTdv TS R.

5. "Eorewo A =R kal B=RXR. lNé& k&de A € A xai (x,y) € B fy iodtnra A . (x,y)=(Ax,Ay)
Spiler & &mekdvion
.:tAXB 5 B,
mwou elvan md wTepikfy Tp&En oTé R X R pé olvoho TeheoTdv TS R.

'Extés &rd alh THvV EwTepiky Tp&n oTé R X R pmopolpe v& Spioovpe kal mé EowTe-
pify wp&En oTé clvoro altd pé TéV dxdAoubo TpdTo:

MN& x&Be (X4, Y1), (X2,¥:) € B(=R X R) f loéTnTax
Xy ¥ + (Xa¥e) = (X +Xe  Y1+Ya)
Opller wla &mewdvion
+: BxB —-» B,
moU elvan pi& towTepikf) Tp&én oTd R X R (mapaP. ut (2) Tiis 1.2, Keo. 1).
6. ‘O towTepikds ToAaTAactaopuds « o6 olvoro V T&v SiavuopdTwv Tou Emimtdou elvan
wia Tp&En Tiis wopefis
«: VXV - R,
yierl 16 towTepikd ywéduevo 5Uo SravuopdTwv evar, ds yvwoTs, Bvas TpaypaTikes &pib-

uos.

Elven yvwoTd &1 16 &fpolopa 5o &pynTikGV TpaypaTik@y &pi8uddv elven
oA Evas &punTikes TpaypaTikos &pifuds. M’ oitd 16 Adyo 8& Aépe 61 T6 oU-
VOAO TGV GpunTIKGV TPayHaTIKOV &p1Bpddv elvan kAeioTd s mpds THY Tp&én
Tfis Tpocdéoews oTd R.

*Etor Exoupe TOV dxdAoufio Spropd.

‘Opropdg 2. “Av s elvon ik towTtepikny mpdén of Eva olvolo Tkal A &va pn kevd
UtrogUvolo Tou 2, TéTe 8& Afpe 61 TO A elvon khewoté g npdg thv npdEn »,
Otav kai povo Stav yi&k kdébe (a,B) e A X A 16 &motéheopa axf elvan
oToixeio Tou A.

"Etar 16 oUvolo TGV &pvnTik&V TrpayuaTikGy &pibuddv 8év elvon kAeioTod
s Tpds THY Tp&EN Tiis &eaupéoews oT1é R, d@oU 1 Siagopd SUo &pvnTIkKGV
ap1Buddv &év elvan mwéavToTe &pVnTIKSS, STws Y. (—3) — (—8) = +5

Enpeioon. Zt& tmwopeva 8& &oyoAnfoUpe pdvo pé towTepixds xal tfwtepixés mpEers.
’Emeidfy pévo oty TeAevtala wapdypago autoU TolU keparaiou 8& xpnoipoTroificoupe THY

twoia Tiis EwTepikiis mp&lews, Tis towTepikés Tpdleis 8& Tis Adue &TAGs p&Ses, dtav Biv
Utdpyer kivBuvos ouyxuoews.

1.2. ’Ecwrepixég mpdEerg oé ovvora p.é orolyeia xAdoelg ioo-
Suvap.lag

*ATrd Teponyouueves Téers elvar yvwoTd 6T k&b oxéon péoa ot Eva gUvoro
A (#9), moU elvan dvaadhaoTik), ouppeTpik kaf petaPaTixd, dvopdleton oxé-
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on {codvvapiag 016 A kal oupPoAiletan ouviiBuws pé 16 oluPoro ~ (fi =), ol
SroPdleTon «iooduvapoy.

AnAadn yi& ma oxéon looduvaplas o1d A loyvouv:

() a~a yi& 6Aa T& e A (dvaxrooTiky 1B16THTE),
@ii) a~P=P~a« (ouupeTpikt) IB16TNTQ),
(i) a~P xaf Pry=a~y (neTaPoTiky 1816TNTQ).

EE&ANov -elvan yvwoTd &, &v o € A, TS glvoho SAwv T&V oToiyelwy X
ToU A pé Ty IBi1oTnTa X ~ o dvopdleTon khdon {scodvvapiag ToU o kai 8& oup-

PoAileTon pé a, dSnAadf
a={x|xeA p x~a}
Kaf: x e a 8& dvopdletan dvmitrpdowTros Tiis kKA&oews ioobuvapias «.
Elvan eUkodo va BeixTel 6T1 yi& Tis kAdoels fooSuvapias foxuer

~~

a~pa=p

kai 671, &v SUo kAd&oels Bév elvon Toes, ToTe elvan §édva aUvora.

” , . . o ~ . x
As oupPolricoups Twpa pé K 16 olvoro SAwv TGV KAGOUETWY E ué

ap eZ kai P # 0, dnhads

K:{glaﬁeZKd p¢o]

P
ToTe 1y oxton, woU OpileTton pé Tév drdAovbBo Tpdmo
o
E‘ = '—)8—,- < od = py,

elvon & oxéon iooduvauios o16 K kai slvan yvwotd 611 f| kAGon looBuvauiag
tvds oTorxeiou Tou K dvopdleTon pntds &pibuds. “ETor T& aToixela Tou ouvdAou
Q TGV pnT®V Apduddv elvon kA&aes iocobuvapics.

Aivoupe Tpa dkdpa fva TapdSeiypa ouvolou pé oToixela KAGoels igodu-
vapias, ToU 8& TO XpnoipoToifjooupe ouxvd o aUTO O KEQAAXIO.

Iapaderypa 1. “Av x,y € Z kai v € N, ToTe pé Tév &rdAoubo TpodTO

x =y (mod v) < x—y = &képaio TOAAGTTA&GIO TOU Vv,

bpileTon pia oxéon «= (mod v)» uéoa o1é Z. Té x = y (mod v) SiaPaleTe
«x loobuvapo (fi iooumdroimo!) pé 16 y modulo w». “Evo1 6 = -2 (mod 4),
&goU 6—(—2) =8 =2-4 kai 3 = 42 (mod 13), &eoU 3 — 42 .= -39 = (-3)-13.

‘H oxton «=(mod v)» elvan oyxéon locoduvapias o1éd Z. TlpdypaT, elva

1. Nati, & x=y (modv), TéTe ol Biapéaers TV x, y ué Té v Bivouv 176 1810 UTmoAcITO
kai &vrioTpopa (Keg. 1l 1.3, wpot. 2),
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(i) dvardaoTik, yioTi yid ke x € Z elven x = x(mod v), &poU x—x = 0=0-v,
(i) ouvpperpikn, yiarl, & x =y (mod v), TéTe UTrdpxer k € Z pé x—y = k-v,
émoTe y—x = (—k)v, moU onpaiver 611 y = x (mod v), &pou —k € Z,

(iii) pevoPoTixt), yiori, & x = y (mod v) xad y = z (mod v), Té1e Gmrdpyouv

drépaiol ky kol ky ué x—y =k .v kai y—z =k, - v, dwdTe

x—z = (x—y) + (y—2) =kv + ky - v=(k; + k,)v

kal &rropéves x = z (mod v), &pou (k,+k,) € 2.

Oi k\&oets fooBuvapias Tév oToixelcov ToU Z &g Tpds THY Tapamwdvw oxé-
on dvopdlovtan khdoerg droroinov modulo v. "Eton ) kAd&omn UtroAoirou modulo
v Tou aeZ Trepiéxel GAous Tous diépaious X, YI& Tous otroious ) Siapopd x—o el-
var &képaio TTOAAXTTAGTI0 Tou v, SnAadTt

o= {a+kv | kelZ}

‘H oxéon lgoduvapias « = (mod 3)» &piler Tis dxdAoubes kKA&oels YrroAofTrou.
modulo 3 o716 Z:

P

0={3k] keZ}
1={3k+1] keZ},
2=1{3k+ 2| ke2},
yiati T& Suvard UmdAorra Tis Sipioews fvds dképatou pé 16 3 elvan 0,1,2.
T6 olvoho T&V kAdoewv UmroroiTmou modulo v 8& T6 oupPohrilovpe ué Z,.

"Eto1 Z; = {/0\, /1\, /2\}

)

¢ mrponyoupeves Taels yvwpioaue towTepikés TpdEeas otd Q, ToU oTrv
TpayuaTikOTnTa fTav Tpdels peTalU kA&oewv iooduvapios. *As SouUue Trédg
1

pdbape THY Tpdobeon o1 Q. T& KAdopoara x =? kol y = —:—13- Snuioupyouv

BTreos elTTaue TTPOTYOUREVWS, Tous pToUs X kadl y *Av pé T yvwoTn 'n'pooﬁeo-n

oté oUvoro K Ttdv kKAaoudTwy Tpoalécoupe BUo &vTiTpoodrous TV X kai y,

I3

, 1 1 , . 5 A . .
mxX. Tols & kd , Ppioxoupe &Bpoigua z =——. Avo &AAot GvTiTtpdTWTTOL

6
~ DD . 2 3 & . 0 _, S
TGV pNTéY X kal y, TX. of kod Ch Sivouv &Bpotouax 30 T otroio &~
, .~ , .5 30 Lo , ,
kel oTHiv KAGOT) z, Qpou < =35 To 8o oupPaiver kai pé dtrolouodiroTe

~~ ~~
AVTITTPOCOTIOUS T&V PTGV X kai Y.

*As dvTipeTwTicoupe Twpa T6 Bfua adTd yevikd. *Eotwo A Eva olUvolo,
o1 brroio Exouv OpioTel wi& towTepikh) TPAEN x kol m& oxton icoduvapias ~
-~
“Av A elvar T6 olvolo TGV kAdoewv {oobBuvapias T@V oTolxeiwy Tou A, TOTE
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N
Umrdpyouv Sikgopot TpdTOL, Yi& v& dpioTolv EowTepikés TpdEeis oTd A. "Emeidn
N
k&0 oToixeio ToU A &moTeAeiTan &md gToryeia Tou A, yevvibtan 16 dpwTnua &v
. -~
elvan BuvaTd vé 6p1oTel EowTepikn) TTP&EN oT6 A pé T Poribaix Tis Tp&Eews « oTO
! AN AN
A. & 16 okomd alrd k&voupe Tous E€fis ocuAAoytopous. “Av «, B € A kal Tapou-
N A
pe X € @ kal y € B, TOTE TO &mMOTéAeoua X x ¥ Qvfjkel of ik kKA&on iooduvapias,
N
Eorw T y. To Bua Twpa elvan &v 8Uo &Ahoi &uTiTrpdowTot X,, ¥, TV KA&oEWY
~ ~ ~
« kai B avTioToixws Sivouv &TTOTEAETUX X 4Y,, TO dTroio vé dvfikel oThv KA&on Y.
N
Elvar govepd 61 yi1& vé& propel v& Opioteil ik mpdén o1é A pé Th Porifaiax TS
Tp&ews x, ToU v& elvan &ve€dpTnTn &Td TV EKAoyh TGV QVTITTPOCWTIWY TGV
! —~ ! = ’ k) 4
KAdoewv « kof B, TEETEl T& &ToTEAéoROTa X * ¥ K& X, * ¥, v& &vrikouv TavTa
oThv it.a kA&omn icoduvapics.
"E1m Bivoupe Tov &kdhouBo Spiopd.
‘Opopég. Mik oxton icoBuvapias ~ o1éd A dvoudleton copfipasth pé v Eow-
Teoik) TPAEN » oT6 A, &v kai pévo &v foyvel f) ouveTraywyn

X~ Xy ked y~y = (Xay)~ (X« ¥

2T TepimTwon aUTH) prropoupe vé dpicoupe md dowTepikn) Tp&En oTo A,
ToU 8& T ouuPoAifoupe émions pé x, pé TOV &xdAouBo TpdTO:

A AN

Q x ﬁ = C(/*\ B

Té émdpevo ewpnua elvan Xprigipo, Yidvék éAéyyoupe &v & oxton fooduva-
piag elvon ouppiPaocTh pé pia TpaEn.
Ozdpnpa. Mi& oxéon icoduvapias ~ ot éva givoro A elven oupPifaoTh pé ma

towTepikny TP&EN x oTé A, &v y1&k xabe a,B,y € A ioxUe

A~ P = (ay) ~ (Bay) kb (yx) ~ (v « P) ey

*Andderln. “Ywobétoupe T 1y auvBrikn (1) foxter. "Av a~a’ kal B~p’, TOTE
Aoyw Tiis (1) Exoupe (axP) ~ (a'«P) kai ('xB)~(a'*P") kai, &poU # ~elvan
peTaPaTikn oxéon, Exouue

(a*B) ~ ("« P,
dnAadh 7| ~ elvanr oupPifpacTty pé TV *.
IMapedeiypata:

2. ‘H oxton iooduvauias «= (mod 3)» o1é Z elven gupPifPaocth pé Thv Tpdodeon otd Z.
*ETo1 umropoupe v& dplooupe oTd Z3 Tpododeon ué Tov dxbéAoubo TpoTO :

"Av (;c\, /y\)ezgxzh ToTe oUupwva ué Soa Exoupe dvapépel Tponyoupévaxs ExOUuE
X+y=Xx+Y.

T& &motehdopata Tiis mpdbews + oTd Z; Slvovran otédv Tivoaka Tou oxhuaTos 1.
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BN R B o [Tz
10| T2 DRI IO
T|T|?2}° TI0|T|?2
ABEE 3 0 3]%

Zy. 1 Ty. 2

~ Fa
Té mp&dTO PéAOS X TOU BraTetayuévou felyous (X, ¥) dvaypdgeTai oTiiv TpdTn OTHAAN
~ A

ToU Tivaka, &vd TS BeUTepo ¥ OTAV TPWTN Celpd ToU Tivaka kai T &TWoTéAeopa X4y

~~ ~~

ot SixoTalpwon Tiis ypauwpiis, wou Tmepiéxer TS X, kal Tfis oTAANS, MOU Tepityer TS Y.
~~ -~~~ o~
My. 24+1=0

3. *H oxton iloobuvaplas «=(mod 3)» o1é Z elvan oupPipacTh pé TéV ToAAamAaciaoud

o1 Z.

Mmopouue Aormrdv vé Oploovpe o166 Z; ToAhamAaciacpd pé Tév dkdroubo TpdTro :

AN N
*Av (X, ¥) €Zs X Z3, TOTE kaTd T& yvwotk Exoupe

A AN AN

X+ey=X-Y
Ta &moteAdopaTta Tiis Tphlews - oTd Z; Bivovtan oTédv mivaka Tou cxf’]u&ros 2.
*Etor T.X- 2. /2\=/1\
4. ‘H oxton «=(mod 7)» o1d ouvoro N elvar pi& oxton icobuvaplas. *Av opigoupe 016
N Thv Tp&En » pé TéV drdAouBo TpbdTO
o+ B = EKIT («,B),
TéTe §) axton «= (mod 7)» &év elvan oupPiBaocTh pé ThHV Tp&En =, yiatl
2=9(mod 7), 4 =11 (mod 7),
2+«4=4 , 911 =99,
tvéds 16 4 8tv elvan tooBUvapo pé 16 99 modulo 7.

1.3. ’'I816tnTeg TOV EowTepx®V Rpatewv

Elvar yvwoTd 6T 1) mp&En Tiis mpocbéoews a1d N elvan &vTtipetadeTikn kad
TpooETAIPIoTIKY. Mé TéV TrapakdTw Sploud yevikeUoupe Tis SUo auTés iB10TNTES
yi& pi& omoradfiroTe TP&En.

‘Opropdg 1. Mi& 1pdn o of Eva oUvoro X dvopd&leTal

(i) Gvuperadenki}, &v kai pévo &v yi& ké&be o,p € T ioyvel

coPp=Po«

(ii) npocetaiplonikil, &v kol pdvo &v yi1& kdbe o,f,y € Z ioyue

(aop)oy=ao(Boy)
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Mapadeiypata:
1. 'H yvwoTh mp&En Tiis wpoodigews o1d gUvoro Q T&HY pnTdY dpBudv elvan &vTipeTade-
Tk, yiatl Y& k& x, y € Q foyia
xX+y=y+x
xai mpooetaiptoTiky, yiatl yi& x&e x,y, z € Q loxe
x+y)+z=x+ (y+2).
2. ‘H mp&€n Tiis &eparptoews o1 guvoro R Bév elvan &vripetabetir, yrati Umwépyouv
X, y € R tétoia, ®oTe
X—y #y—x (wyx. 8-3 # 3-8),
oUte elvan mwpogeTaipioTik, yiati Umdpxouv X,¥,z € R Tétoia, dOoTe
x=y)—z #x—(y-z) [mx 6-3)-1 £5-3-D]
3. "O woAAamAaciaguds kal f) wpdabeon ord R elvar wpdGeis dvtipeTabeTikés kal wpooeTal-
poTikés, Ev@d ) wpaln * o1 R, ol OpileTan Wé TéV &xdAoubBo TpdTo

a* P = ja—P («,p e R),

elvan dvmipeTafeTikh dAA& Sx1 pogeTapioTIkY. (N& yiver dwdbeiEn &md Tous pabnes).

‘H yvwoTtey émpepioTikfy i816TnTa ToU TroAAamAaciaouol €5 pds THY
Tpooleon oT6 R yevikeUeton pé TOV TAPAKETW Opiopd.
‘Opropog 2. "Av +, 0 elvon 8o Trpdeis of Eva glvoro 2, TOTE Aépe 611 /) mpatn «

glvar

(i) ané dapiotepa Empeprotikiy Og mpdg TRV 0, &v kai pévo &v yi& kabe
a,pB, vy € 2 loyte

ax(Poy)=(asP)o(asy)
(i) aré oelia Empeproniiy Ag mpbg v o0, Gv ki pévo &v yi& kabe

a, B, y €2 ioxus
Boy)ra=Psr)o(y+a)
(iii) ¢mpepronikiy Gg npdg thHv 0, Gv kai pdvo &v elval ouyypovws &rd dpi-

otepd kai &t Bebid EmipeproTiky s pds TAY 0, dnAadh yi& k&de

a, B, Y €2 loyxlea

as(Boy)=(axsP)o(asy) xai (Poy)sa=(Pr)o(y+q)

Elvan @avepd 811, dtav fj pidTn pdEn » oTéV Trponyoupevo opiopd elvai
uTipeTofeTikn, o TPEls Evvoles EmiueploTIKOTNTOS THS * s Tpds TV o elvan
iooduvapss.

MNapadeiypata:

4. ‘O moAhamhacgiaouds elvar wpdEn EmpeproTiky ©s mpds TV wpbodeon oTd N, yiaTi
(1) 6 moAAamAaoiacuds elvar dvTipeTaBeTikh wpafn oté N xal
(i) y1& x&8e «,B,y € N foxia

o Bty) =B + ooy
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‘H mpéoBean o1d N Suws Sév elvan mpafn EmpeprioTikfy és mpds Tédv ToAAaTAaoI1aGHS,
yiatl Umdpyouv x,y,2 € N TéTo, Qote

X+ (-2 # x+y) - (x+2) [rx. 3+@1) = 3+2) - 3+1)]
5. ‘H Topufy N elvan wpdEn EmpeproTin &g pds THY Evwon U oTéd Suvapooivoro P(X) tvds
ouvéhou X, yati
(i) f Toufy elvar dvTipeTaBeTiks TpdEn oTé F(X) wal
(ii) y1& w&8e A,B,I e P(X) loyia
AnBulN=(AnBu@AnND
"Erions ) fvwon U elvar wpdEn émpepiotikhy ds wpds ThHy Topfi N o1d FP(X).
6. 316 aUvoro R Becopolpe TH yvwoTh Tpéén Tiis Tpoobéoews + kal THV Tp&sn o, ol opi-
LeTon &md ThHY ioéTnTa
xoy=x%.y (x,;y € R).
ToéTe
(i) v1& xdBe x,y,z € R loyue
xo(yt+z)=x® - y+2)=x3.y + x3z2=(xo0y) + (xo012),
8nAadh # o elvon &wd &proTepd EmuepioTikg s PSS THY +,
(i) Um&pyow x,y,z € R, y1& 1& omoia foyla
+z)ox=(F+z)*-x #y*x 4+ 28x=(yox) + (zox),
dnAadh 1 o Bév elvon &mrd Befik EmpeproTikey dos Tpds ThHY +.

1.4. O08érepo atolyeio g mpdg Eowrepiuy) mpakn

Mvwplfoupe 611 016 olvodo R 6 &piBuds O Exal Thv iBi1dTnTO!
¥ xeR: x4+0=0+4x=x
kal y1’ abTéd dvoudleTan oUdérepo aToixeio s pds TAV TpdEn +.
levikelovtas Ty i816TNTA aUTr Exoupe TéV dxdAouBo Spioud.
‘Opropéds. “Eotw « pia mpa€n of éva guvolo Z. ToTe Eva oToiyeio e Tou 2 dvo-
p&leTon obdETEPO GTOLYETO OS5 TIPOS TNV TP&EN «, STav Kai pdvo STav ik
k&b a € T ioxUel

Axe=¢€x A=

Hapatipnen. “Av oT1édv TrponyoUpevo opiopd fj mpd€n = elvon dvtipeTode-
Tik), elvon pavepd OT1 Eva oToIxEio € ToU Z elval oUBéTepo oToIXElO o TIPS THY
Tp&En x, &Tav kol povo OTav y1d kdfs a € X foxusl ax e =a.

Oedpnpa. “Eotw « m& Tp&En of Eva cuvoro Z. ToTe, &v Umépyel oUdéTepo oTol-
xelo 0Td 3 & Tpods TV Tpaln %, aUTo elvon povadiko.

*An6derln. "Av e, e, € 2 elvan oUdéTepa oTOIXEIX o5 TrPOS THY TIPGAEN x,
T6Te Bewpdovtas TO e, QUBETEPO OTOIXEID, AOYw TOU OpIoUOU, EXOUUE

€,%€y == €,,
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tvdd Bewpcdvtas TS e, oUBETEPO GTOIXEID, TTEA1 Adyw ToU Opiouou, Exoupe
e, x €, = €,

dmoTe, Aoyw Tiis peraPaTikfs IB16TNTAs Tiis iodTnTOS 0TS Z, Taipvoupe e; = e,.

STAv mepitrTwoon Trou UTrdpyel oudéTepo oTorxeio g pds wmd wpdn, 8&
¢mTpéeTal, AOyw TOU TponyoUpevou Bewpriuatos, v& Aéue 6TI aUTd elvon 16
oUdéTepo oTorxelo s Tpds THV TP&EN auTr. T oUdéTepo oToixelo (&v UTrdpyxel)
s Tpds pi& pdEn, Trou dvopddeTan «rpdobean», 8& oupPolifeTan cuvnBws pé 0,
&vdd G5 Tpds W& Tp&En, Tou dvoudleTan «moAAaTAaoiaoudsy, 8& oupBoAile-
Tou pé 1 A4 L

MNapatipnon. ‘H povadikdtnta ToU oUdéTepou oTorxelou ds Tpds THV wpdobeon (v,
Tév ToAAaTAac1aoud) oT1é C, Tov eibape o1d Keg. | (MTpot. 1 kai 1 Tijs 1.3), elvon Gueon
ouviTela ToU TrponyoUpevou BewpripaTos.

Hapadeiypata:
1. Té ouBérepo ororyeio s Tpds THY Tpdobeon o1d € elvar 76 0 =0 + 0i, dvéd TS oUBE-
Tepo oTorxelo G Tpds Tév ToAAamAaciaopd elvan 18 1=1+40i (Kep. |, Mpot. 1 xai 1’

Tiis 1.3.)
2. TS ¢ elvan 76 oUbétepo oTorysio ToU P(A) b5 Tpds TV (GvTipeTaBeTikn) Tp&En Tiis Eved-
oews U, &goU yi& kabe X € P(A) loxva X U ¢ =X, kaf 16 A elven T6 oUbéTepo oTorxelo
& TTpSs THV (dvTineTaleTikA)Tp&En Tiis Toufis N, yiori y1& k&fe XeSP (A) loxver XN A=X.

3. ‘H loémTa
Xoy=xXx (x,y e R)
Opiler mi& Twpdgn o oTd R, G5 Tpds THY drrola Bév Umdpyer oUBétepo oTorxeio, yior,
&v UTtrijpxe oUBéTepo oTorkeio e € R, ToTe y1& X,y € R pé x # y 6& foyue e 0 x = x Kal
eoy =y, 6woTe Adyw ToU dpiopol THs TwpdSews O& eixaue e = x kaf e =y kal tmwopé-
vws X =y, Tou elvanr &ToTro.

1.5. Zuppetpind aroyeia wg mpdg Eowrtepu mpdky
MvepiGoupe &T1 yi1& dtroio87TToTe TpaypaTikG &piBud x Utrédpyxel Evas Tpory-
porikds &pifuds, & —x, TéTolO5, DOTE
X+ (=x) =(-x) + x=0.
FevikeUovTas aUTd Y1k pid dmroladnroTe Trp&En Exoupe TéV dxdAoubo dpioud.

‘Opiopds. "Eotw » & mpdEn of &va ouvodo Z, g Trpds Trv dmola Um&pyxel
oUdtTepo oToixelo e € 2. ToéTe BUo oToiyela a kai a Tou X dvopddovtal
CUPPETPIKG G5 Tpds THV TP&En x, &Tav xai pévo &tav ioyvel

axa =o' xra=e

ZThv TepimTwon alTr Aépe 6T T a elvon guppeTpikd ToU o s Tpds THY
Tp&En + kal &vTioTpoga TS o ouppETpIKS TOU o G TPOS THY .
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Hapatipnon. Elvan gavepd 611, &v otédv mponyoUpevo Spiopd ) pd€n *

elvon &vTipeTadeTikn, Vo oToixeia a kai &' ToU X elvan ouppeTpik& s wpds THY
Tp&En +, 8Tav kai povo Stav ioxlel ax o =e.

Iapadeiypata:

1.

. 216 oUvoro A = (e, X, y) oplloupe THv TpdEn o, Tiis 6molas 6 Tri- o)1 e} X

Kd@e mpaypuatinds &piBuds x # O Exet ouppeTpikd oTotyeio ds mpds THY (&vTipeTadeTikn)
Tp&En ToU ToAAamAaciacuol oTé R TéHv &p1Bud x—1 (roU &5 yvwoTéd Sdvopdleton &vri-
oTpogos ToU x), yiati x.x'=1, &mou 16 1 elvar TS oUbétepo oToIxElo )5 TPdS
Tév ToAAamAagiagud otd R.

Oi &vtifeTor mryadikof &p1dpol a+Pi kaf —a—Pi elvar ouppeTpikd oToixeia ds wpds ThHY
(&vTipetadeTiks) wpdén THs wpoabéoews 016 C, yiati (a4 Pi)+ (—a—Pi) =0 (Kep. |,
MpoT. 2 Tiis 1.3). EE&ANov k&be miyadikds a+Pi # 0 Exer ocuppeTpikd oToixeio s
Tpds TOv ToAAamAaciaoud o1é C Tov dvTioTpogd Tou:

a B .
Smws eibape 016 Keg. 1 (MTpoT. 2' Tiis 1.3).

vakas armoTeheapdtwv Bfveton o6 oxfina 3. ElkoAa Samotdverar | e | e | x y
811 16 e elvan 16 oUBéTepo aToIyeio Tis Tpdfews o. Té oToiyeio x
Tou A Exe1 8Uo cuppeTpikd oToixeia &s wpds TV TPEEn o, TV tau-
16 Tou kai 1 y, yrari ylylel|x

X X € €

Xox=e raf Xoy=yox=e. Sx. 3

1.6. "AAomorfjoLpo oToLyElo WG TPbg éswrepLry) paky)

“OMot yvwpifoupe Tous dlo vopous Tiis Siaypagiis o1d oYvoro N:
atp=a+y=p=yv,
PB=ay =Pp=y.

Ol i816TnTes aUTés yevikeUovTan pé TOv &rdAoulo Spioud.

‘Opropos. "Eotw » md mpdn o€ Eva oUvoro X. ToTe va oToixeio o Tou 2, dvo-

pdleton @nionorficipo s PSS THY TPEEN %, &v kai pévo &v yik kdbe
B, Y € 2 loxuow

G*ﬁza*)’:ﬂzy KCIi ﬂ*CI:Y*CI:»ﬂ:Y

INapadeiypata:

i,

K&Be mpayuaTikds dpiBuds elval &mrAomotfiouo oToixeio &g wpds Thv mpabn Tiis wpoohi-
oews a1é R. ’Emions xdBe myoBikds dpibuds elvar &mhomoinoiuo ororxsio Gy wpos T
Tp&En THs mpoodioews o1é6 C (Keg. I, Mpot. 3 s 1.3).

. Kabe mwpaypaTikés &pifuds # 0 elvan &mhomoifioino oToixelo s wpds ThHv Tpafn Tou

ToAaTAagiagpod oté R, yiarl, & x # 0, ToTe Y&k k&fe o,p € R loxlouv
Xx-a=X+P=a=Pp kafl «-Xx=pX=>a=p.
*Errions xéBe wyadikds &pifpds £ 0 elvan &mAomoifioipo oToixeio s wpds TV wWpdsn
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Tou moAAamAactaguou aT1é C (Keg. I, TipoT. 3’ 1fis 1.3). Té 0 (&vr. 76 0 = 04-0i) bév
glval &TAoTOIf|gIU0 OTOIXEIO G5 PSS THY TTpdfn Tou TMoAAamAagiaouou a1o R (&vT.
C), ywtl m.y. foxVouv 0.3 =0.4 xai 3 = 4.

1.7. ‘H ¥&vvoiwa tig dAyePpixng douiig

*Omas eidape oTé& Tponyouueva, of Eva gUVOAO Az UTTOpoUV V& SpiaToUy
Birapopes Tpaters. ToTe 16 oUvoro A vali pé tis wpa€eas altés 8& Aéue 6T Exel
pia ahyeppixi} dopfy, 1 Omoia xapaktnpiletar &mwod Tis iBidTNTES ATV TRV
mpafewv. ZTHV TepiTTTWON TTOU o Evax ouvolo A Exouv OpioTeEl UOVO E0WTEPIKES
mpakess, o, x, ..., -, 8& yp&oouue (A, o, x, ..., ), YI& v& ékppdooupe THY GA-
YePpixt) Soun (i amA& Soun). “Etor of ouupohricuoi

(Nr '+')! (Ni ')! (zr +): (Rv +)l (zr '+': ')1 (QI "+"v )

éxppatouv Sopés. Of Soués (N, +), (N, .), Topdro Tou dvagépovtan oTd idio
ouvoro N, elvan SiagopeTikés, yiotl 8¢ yapaktnpifovton &md Tis idies 1816TnTES.
Tl.x. ot Soun (N, +) 8év Umdpxel oUBétepo oroixeio s wpds THY TpdEn +-,
¢v® otn dopn (N, ) Umapxer kai elven 16 1.

Mepika mopadeiypata dAyePpikdv Soudv 8& yvwpiooupe oTis tmopeves
Tapay paPous.

1.8. ’Aox¥cetg

1. N& tleTdoeTe &v TO OUVOAO

(i) {1, =1} elvan kAeroTd Q5 MRS THV TP&EN ToUu ToAAamAactaouou o1d Z,

(ii) TV GeTikddv drepaiwy elvat kKAeIGTO G5 Tpds Tis Wpafers Tis Tpoodéoews kai &yai-

péoews oTS Z,

(iii) {k - ki ik € B} elvan xAeto16 s wpds TV mpdén THs mpooféicews oTo C,

@(iv) (1, -1,i, —i} eivar kAe10TO s mpds THV Tpa§n ToU TWoArAarmAacicapou oT6 C
2. "Av X2 =1{A, B, T, A}, émov

A=29, B={(ap}, T = {a,y} xai A= {a,p,y},

Beifte &Ti 1) Evewan U elvar towTepiky Tpagn o1o 2. Eivar f) Topny i éowTepiky PG

otd X;
3. Aeifre o1 1) oxéon foobuvapias « zx(mmod v)» sivar oupPipacTy pé THY 1poclion kai Tev

ToAAamAaciacud oTé Z.

4. Kataokeu&oTe ToUs Tivakes GTTOTEAECHATWY yi& Triv TTpdodean kai Tév ToAhaTAaciaoud

7 o716 Z,. Ol wpakets auTés eivan duTipeTabeTixés § TpogeTaptaTikés; Etval ¢ ToAAamAacia-
opds TPAEN EMIPEPITTIKY s TTPOS THY TEooleon; "Yrapyouv oude:i(.a CTCIyeia s TPoSs
Tis Tpaes auTis; Mok oTcryeia ToU Z, £XOUV CUPHETPIKA CTCIXetu G5 1 pds Tis mpakag
auTés;

h
E

. Beeite y1& mrois Tipés Tdov o,f € R eival mpooeTaipioTikn 7 pdfn » oTo R, 1wou Opile-
Tar pé TOV drdroubo Tpomo

X sy =ax -+ Py.
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6. N& &eifete &1t 1) lodTnTa
xep=p
opller m& wpdfn » oT1d N, bs wpds Trv dmolx Sy Umdpyet oUBérepo oToixeio oTd N.
Elvai mwpooeTatpioTiki} auTh 1) mpdén;
7. ‘H loétnTa
asP=aPp + oa+p
Opiler wa wpdfn * 016 R. Elvenr f) mp&§n a«lrr dvTiuetaberiky f§ TpooeTapIoTIKA
TToik oTorgeia ToU R Exouv oupueTpikd oTorxelo ws wpds TAV TpdEn avTh;
8 °‘H lodéTnTa

Xoy=x-+y + xy?

1
OpiGer mi& wpdkn o oTd R. N& Beiere 61 kdbe x € R—{0} ué x < 5— éExa bvo auppe-
e
v4
TpIk& oToIXEla b WPOS THY WPdEn alTy, v k& x € R pé x > -il-—Sév Exel ouppe-
s

, - . 1 - .
Tpixéd oroiyeio. T& 0, - £xouv -gupueTpikd oTotxela kal To1d;

v

9. X716 oUvoro C dpifovpe wm& wpafn » ut Té6v dxdAoubo TpdTO
Ly %2y =2 + Zg— L2y
(i) Na& Beiete 611 f) WpaEn adTh elvan dvTipeTadeTikd kai TpooeTaIPIoTIKY.
(i) ‘Ymépyxer oUdéTepo aTolxelo G Wpds TV Tpaln auTh;
(iii) Toi& oToixsia Tou C £XOUV GUUUETPIKG gToiXeio &5 Tpds ThHV Tpdn auTh;
10. *EoTtw » & owTepikny wpafn o dva olvoro E, dog mpds Ty dmola Umdpyer oubétepo
ovotyeio e € E. "Av y1& kdBe o,B,y,8 € E foxua
(P (y+B) =(axy)+(P*D),

v& Beifete 6Tt 1) Wpdn avTh elvan dvTiseTaBeTik? Kal TpooeTapIoTIKY.

2. HMIOMAAEZ - OMAAEZ

Ol Boués pé wd towTepikn) P& ywpifovtar, dvéAoya pé Tis iB16TNTES
oy Exel | TWpEn aUTn, of Bidgopes KaTnyopies. "ATS Tis karnyoples alTés
0& &etdooupe oTNV TTap&ypago aUTN TiS rutouddes xai Tis ouddes.

2.1. "Hpopadeg

ZTAv kaTnyopia aiTh) UdyovTal of Soués keives, oTis dtoies fy Tp&én elvan
mpoceTaupioTikt. Tlopdderyua Tétoias Soufis elvar 16 (N, +), émou i Tpdadeon
glvan, &5 yvwoTd, TPOCETXIPIOTIKY TTP&EN.

"Eto1 €xovpe TOv droAoulo dpiouo.
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‘Opropds. Mia Bopry (G, 0) dvouddetan fmopdda, &v kai pdvo &v 1 mwpd€n o
elvan TrpooeTaiploTiKA, SnAad ik k&be a,B,y € G ioyue
(xoB)oy=ao(Poy)

*Av g¢mimAéov 1) TpdEn o elvan &vTipeTadeTiky, TOHTE ) Bopny (G, ©) Svoudde-
T Gvniperalenikiy fqpopdda.

TUpgwva pé TéV TTapamdvw Opioud of Sopés (N, +) kad (N, -) elvon &vTipe-
ToBeTikéS TjUIopGSes.

21d Trponyoupeva eibape 611 Eva oToieio elvan Suvatd v Exel TeploodTEPQ
&méd Eva oupueTpiké oTorxeia s Tpods pia mpd€n (TTapad. 3 Tfis 1.5). ZTis
finopddes Spws auTd elvan &8Uvaro, 8rws dnAcvel T dkdAoubo Bewpnua.

Otdpnpa. "Eotw (G, 0) wmé& Auopdda. *Av Umdpyer olbétepo oToixeio e
Tpds THY Tp&En o, TéTe k&Be x € G Exel T6 TOAU &va ouppeTpikd oTOIXEIO
ws Tpds TAV Tpafn olTy.-

Anéderln. "As UmoBéooupe 61 T& oToiyeia X' kad X' ToU G elvar ouppeTpl-
k& ToU X € G G5 Tpds THY Tp&En 0. ToTe Adyw ToU Spiopol TOU GUUUETPIKOU
oTolyelou Exouue
XxXox'=e «kai Xx"'ox=e,
oméTe &md THY mpoceTaipioTiky 1Bi1dtnTa Tiis Tp&fews o Taipvoupe
x'=x"oe=x"o0(xox)=Ex"0x)ox'=eox' =%,

dnAodn x' =x"".

2.2, ‘Opddeg

‘H 8ouny (Z, +) elvan md (qvmiperadetikn) Aulopddo ToU Exer kai &AAes
i816TNTES, Tis OTroies 8év Exer 1) (GvTipeTobeTikn) Huopdda (N, +-). Of mpdodeTes
autés i81&tnTes elvan of dkdAoubes:

(i) Umrépyxer oUBeTepO oTOIKEIO G5 TTPOS TNV TTpoodeon:

Mael: at+0=04+a=a«a

(ii) k&Be ocTorkelo a Tou Z Exel &vTiBeTo oToIXElO TO —at

o+ (o) = (—a) + a=0.

OcwpwvTtos alTh TAV &AyePpikty Sour) ToU Z of Eva 6Tro1081TOTE GUVOAO
Exoupe TOV drdAoubo Spioud.

‘Opropdc. Mia Bopry (G, 0) dvopdleTan dpada, &v kai pdvo &v ioxvouv of &kdAou-

Bes iS10TNTES:

(Oy) “H Boun (G, o) elven Auiopdda.

(Oy) “Ymapxe e € G TéTo10, DOTE Y1& K& @ € G v& oyUe
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qoe=eoa=« (Umop€n oudétepou aroryelov).
(Oy) & k&Be a e G Umrépyer o € G TéTo10, DOTE
aod =aoa=e (UropEn ouppeTpikoU cTOIXEIOV).

‘H oudda (G, o) 8& dvouddetan @fehiaviy 1 dvrpetabenixn, &v kai pévo &v

fj Tp&En o elvan avuiperaberiki.

Inpeioen. “Av of & oudda f TpdEn SvoudleTan «mrpdodeony», 8& Aédpe 6T
glvat & npoeletikn dpada, &vid, &v 1y TPAEN dvopdleTal «TOAAXTTAXCIATHESY,
8& Afpe 6T elvan Wik mollarhaciastiki opada.

Mapadeiypata:
1. *‘H boph (Z, ), ot &vribeon mpds Th Soun (2, +), &év elvar dpéda, yrarl .y, 16 3 Bév

EXE! OVUUETPIKG oToIxElo oT1d Z G5 Trpds Tév TroAAamAaciaoud, &poU 8év Umdpyxer &ké-
patos @ pé a3 =1.

2. TS olvoro A = {2k |k € Z} elvan kAetord s mpds Tév moAAamAaciaoud o1d Q kaf 1
Soun (A, ) elvan ik wohAarAactaoTikh dPehiavi) Spdda, yiati y1d k&b k,A,u € Z ioxvouv

@) 2%- (.28 = (2k .2My .00 (mpooeranpioTiky 1S1d4TNTA),

(i) 2k . 20 =20, gk = ok (Umapfn oUbétepouv oToixelov),
(i) 2%.27k=27%. k=20 (OtrapEn ovpueTpikou oTorxelov),
@iv) 2% .2* =2 . 2k (GvnipetadeTikny i816TNnTR).

3. *H ouppetpikf Siagopd + elvan i wpdn oTd Suvauoalvoro FP(X) Evés auvdhou X,
ToU SplleTan s iEfs:

A+ B = (A-B) u (B-A) (A, Be P(X)
‘H 8o (P(X), 1) celvon md &Rehiavn Spdda, yiati yid kébe A,B,I € P(X) loxvouv
i A+tB+Ir=A+@B+0H (TpooeTaupiaTikn 1516TNTX),
i) Ato=0t+tA=A (Otrapn oUBétepou oTotxelov),
(i) A+tA=209 (Uap§n ovuppetpikoU ororxeiov),
Giv AtB=B+ A (&vmipeTabeTikyy i819TNTA).

2.3. Bacixég idiétnteg 6é pid 6pdda

St & dudda (G, o) ioxUouv of dxdhoubes 1516t Tes.
“Ihotnra 1. T oUbétepo aroixeio e € G elvar povadikéd.
AUTS elvon owvémaia Tfis i816TnTas (O,) kai ToU BecwprjuaTos Ths 1.4.

"ISotnta 2. Kdbe a e G Exer povadikd ouupeTpikd oToryeio ws pds THY Tpakn o.
AUTS elvon cuvétraia TG iBloThTwv (O,), (O5) kai Tou BewpnuaTos Tis 2.1.
Inueioen. 2¢ wd mpooleTikny Spudda 16 ouupeTpikd Tou o 8& cupPolileTat

pé —a kad 8& dvouddeTan avtifeto Tou a, Evdd of W& TTOAGTTAXCIXCTIKT Spdda

abtd 8& oupPolileran pé a~! kal 8& dvoudleTtan dvriotpogo ToU a.

"ISwétnra 3. K&Be oToixeio a TtoU G elvan &mdotroimoiyo, dnAadny yik kdabe
B, y € G ioxlow

57



II 24.

coPp=aoy =PB=y kxal Boa=yoa=>P=yY.
"Anddertn. "Eotw ao P =aoy. O& Seifoupe 61 P = y. "Amo Tis iBioTn-
Tes Tiis Opddas kai TAV Umdbeon Traipvoupe
Pp=cop=(oa)op=ao(xoB)=ao(aoy)=
= (dox)oy=eoy=yY.
"Eotw Poa=1yoa O& Beifoupe éT B =y. "Opoia maipvouue
B=Poe = Po(aoca)=(Poa)oa =(yox)oa' =
= yo(aod)=yoe=y.
"Iswotnra 4. *Av a,p € G, Té1e k&Be pid &mrd Tis oo aox =P, xou=P
éxer povaBikhy Avon ot1é G.
*Anédeiln. "Eorw o € G 6 ouppeTpikd ToU a. ToTE
aox =P > do(aox)=ad'oP « ((oax)ox=ao of
<+ eox=aof e x=ao0f.

"Apa 1) povaBikf) Avon Tiis €10hoews a o x = B elvar T oTcixeio « o P.
“Ouoia Pploxoupe 871 1) povabixn Abon Tijs tiiowoews x oa =P elvanr 16 oTo1-
Xelo Poa’.

Napatipnen. ¢ &Behiavés Suddes ol Blo tfiowoas oTthv iBidTnTa 4 elvan
fooBUvaues. EibikoTepa ot TrpoofeTikds &PeAiovés Spddes f povabikny Avon TGV
TopaTdve E§iocoewy 64 oupporifeTar pé P—a, SnAabn p—a = P+ (—a).

2.4, *Aoxvoerg

1. Tois &wd tig opés (A, 0), (A, ), (A, <) xal (A, &) ué A ={a,p} xai pé wpagers, Tou ol
wivoxés Tous Bivovian oTé oyifjua 4,

o x| P *ta | p ] B (9“'34
p a|lalp « a|lal|lp
a HEL AEE Ble|e

Zyx. 4

elvon flutopddes wal ok Suddes;
2. (i) "Av (A, +) elvon & poodeTind) dudda, v Beifete 811 yid x&Be o,PeA
at+P =0 = P=—a
(i) *Av (B, -) elvanr md woAAamAaciacTikf dudba, vé Beifere ST yi& kdde «,PeB
aPp=1= p=a"L

3. Aci§te 571 1) Bouny (Z,, + ) elvar &Pehiaviy Spdba. 'ETAUeTe 0T6 2 THY £§iawcn14\ +x =2,

4. Zt mé& woAkamAaoiaoTikf dudda (G,-) Seifte 811 Y14 x&Be o, € G xaf u, v eN foyvouv
® (N '=«
@) (@B =gt o
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(i) a* - a¥=a"+Y,

(V) (a*) = a=

dmou ol Suvduels opifovTai KaT& Té yvwoTéd Tpémo: al = a, o? = a.a kal yevikk a¥+ =

=a".a (ve N).
5. "Av glvan

2={A+ A |AeR}

kal -+ 4 wpdoBeon ovd C, va Beifere 81t Ay Sounhy (2, +) elvan dpdda.
6. Xt md mpooBetiky dudba (G, +) yi& kébe o,f € G loyxlouv

(i) ()=« i) —(@+P)=0B) + (-=).
7. 216 ouvolo

E={(ap) | ae R—{0} xaf PeR}
4 oxéon
(@) » (v:8) = (av, Py + &)

Spifer pia wpakn s. N& Seffere 611 fy Soun (E, ») elvan dpdda.

B. "Av (G, ») elvar ma aPehiavry - dpdda, v& tmAuvBel 016 G 16 oUoTpa

{ Xsa=ysy
x*p=yso
Smou o« TO TUUHETPIKG TOU a.

3. AAKTYAIOI
3.1. ‘H évvoia tobL SaxtuvAiov

ZTNv mponyouuevn TTapdypago eibape GAyePpikés Bopés pé pla pdvo EocoTe-
pikny mpafn. 'EBG 8& yvwpiooupe dAyePpixés Sopbs pé SUo dowTepikés Tpdels.
‘H mé mpa§n 6& oupPolrifetar pé + kai 8& dvopddeton mwpdaodeon, Evd 1) &AAn
mpdafn 8& ouuPolileton pé - kai 8& SvoudleTan TOAAGTAQOIOONGS, Xwpls auTd
v& onpalver éT1 of mpdageis alrés Tautifovtar T&vToTe pé TiS yvwoTés pag
wpders Tiis mpoodécews kai ToU molamAaocioouol oTd R.

TTpoToU Boooupe TéV Spiopd ToU BakTuAiou, &s peAeTriooupe TH Soun
(Z, +, ). ’loxUouv ol &kdrouBes iB10TNTeS:

1. ‘H Bouny (Z, +) elvan dvmiperaBetiky Opdda, yiatl yik kébe o,p,y € Z

foyxuouv:
@ (@+P)+y = a+(PB+7)
(i) o+B=p+a
(i) a+0 =q,
(v) a + (—a) =0.
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2. ‘H dopty (Z, ) elvon fuiopdda, yiori yi& k&le ao,B,y € Z loyve:
(c-B-y=a-@-7
3. ‘O moAhamAaoiaopds - elvon TP&EN EmiHEPIOTIKT G§ TPOS TV TPOC-
feon 4, viori yi& k&fe o,y € Z ioxuouv:
«a-Bt+y)=a-Pta-y xa (B+y) a=p-aty- o
*ATté TS TponyoUuevo TapddSelyua 68nyoUuaaTe aTéV Oplopo Wds Yevikiig
Boufis, ou 8& Svopdletan daxrdiios.
‘Opopdc. Mia Sopry (A, 4+, +) dvopdletan daxtdhog, &v xai poévo &v ioyUouv
ol &kdroubes 1816TNTES:
(A) “H 8opn (A, 4+) elvan dvtipetoBetikn dpéda.
(Ay) “H Bopny (A, *) elvan fjpropdda.
(A;) ‘H mpdén - elvan émipepioTixg s Tpds THV TpdEn +.
YETor yi& éva BoxTUAlo (A, +, +) loxbouv of dxkdAoubes 1810TNTES:

1. Yapye A: (c+B)+y = a+(B+y)
2. ‘Ymapyer 016 A oUbétepo aToixeio (cuup. 0) s mpds THV TPoabeon )
3. Kdfe oToixeio o Tou A Exer dévtiBero oToixeio (oupp. —x) !
4. yapeA: oa+p =B+«
5. vapByeA: (@ P y=a-B-v (82)
6. vapyeA: a@+y)=cptay ki B+y) a=patya (8
ISiaiTepa, Evas BoxTUAlos (A, -+, -) 0& dvopdleTon
(i) avupetofetinds, &v xad poévo &v f) fuopdda (A, -) elvon dvTipeTo@eTik,
dnAad1 yi1& kébe «, P € A:
a-pBp=PB-q
(ii) daxtdriog pé povadaio crtovyeio, &v xai pdévo &v UTdpyer oudétepo
oToIxelo s Twpos TV Tp&En - (Tovu, dTrws Exoupe &vapépel, auuPBoAi-
Zetar pé 1), 8nAadn yi& kébe a e A:
a-l=1-a=a
Mapadeiypata:

1. *H 8ouh (A, +, ), bTrou A = {a+p\/2_| o,p € Q) kad wpdlers + xal . ol yvwoTés pas
mp&Eeris oT6 R, elvan dvmipeTadeTikds SaxTUAtos pé povabiaio oToryeio.
Mp&yuaT, yi& k& a,a, o, B, B, P’ € Q ioxUouv:
O [(@+PY2) + (C+P'V2)] + (¢ + " V2) = (@+PV2) + [(«+P' V2)+
+ (a"+ﬁ"\/2—)], yiaTi k&8s fva &d T& uéAn Tns foouton pé [(ato'+ o)+
+ B+P+PIVY],
Gi) (@+BY2)+ (' +P'V2)= (4P V2)+ (a+PV2), yioti k&be péhos Tns food-
T pé [(a+a) + B+P) \/2_],



(i) (a+PV2) + (0 +0V2) =a+pVv2

(V) (a+PB V2) + (—a—pV2)=0+0V2 =0,

") [(@4+BV2)« (4P V)] («"+B"V2) = (a+PV2) - [(«+P'V2)

+p'V2)),

(vi) (@+pV2)- (@+P'V2)=(«+p' V2)- (a+pV2),

(vii) (a+BV2): [(¢+P V2) + ("+p"V2)] =

=(a+BV2): (@ +B'V2) + (a+PV2) . («"+p"VZ) xal

(viii) (@4+PV2). (1+0V2)=a+ pVZ

2. ‘H Bopfy (Z;, +, +) elvan Evas dvTipetabeTikds Soxtihios pé povadiaio ororyelo.

IT 3.1.

(@

“Evas ebkolos Tpdtros, yi& v& Eetdooupe &v loyUer & dpiopds Tou SakTuliov yi1& TH Soun
(Zs, +, +), elvau f kaTaokeu) TGV yvwoTdy mvékwy y1& Tis p&as + kal « 016 Z;

(Zx. 5).
NMp&&ers o1d Z;

- Mpdodeon MoAAatAaciaouds

A A A~ AN ~ A~ ~ A~ A~ AN
+ 0 1 3 4 0 1 3] 4
A ~ P AN Py A e ~~ P A s P
0 0 1 2 3 4 0 0 0 0 0 0
A~ A~ ~ o~ Py ~ o~ o~ —~ —~ AN A~
1 1 2 3 4 0 1 0 1 2 3 4
~ o~ o~ A~ ~ ~ -~ ~ o~ A~ A -~
2 2 3 4 0 1 2 0 2 4 1 3
o~ Pl ~~ ~_~ s o~ -~ ~ o~ e A )
3 3 4 0 1 2 3 0 3 1 4 2
~~ Py ~ s e AN A e Py _~~ P s
4 4 0 1 2 3 4 0. | 4 3 2 1

Zx. 5

A AN el
*Av a, P xal y elven xA&oeis Umohoimwy modulo 5, émoAnfelore Tis 1516TNTES

() C+B) +7=a+@+Y)
() a+p=P+<a

AN AN ~—~
(i) a4+ 0=« ,
iv) hé& xaee§525 Urdpyer ;'\e Z; ué THY IBi1dTHTC
(m.x /1\+ ?:6\),
A A A A A A
) (@-Byry=a-@-v)
A A AN
(vi) a«p=p-a
“ AN AN AN AN AN AN
(vi) a« B+Y)=a-P+a-v,
iil) o T=o

~
X

NN
+y=0

3. Ké&be povooivoro A = {a} uall pé Tls dkdroubes pé&lers a+a = a kal a.a = a elvar Evas
dvTigetaBeTikgs SaxTUAos pé povadiaio oToixeio, TToU dvopdleTar pndevikdg Saxtoirog.
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II 3.2.

TMapatnpfioTe 51 T& BUo oUbérepa ororxeia s Tpds Tis mp&ers + kal <, SnA. T& O xal 1,
TavTifovtal ué 16 a. “ETot prropoipe vé& ypdyoups A = {0}, TTou SixauoAoyel TAv Tapa-
Tévw Sdvouacia.

3.2. Baoixég idrétnteg oé €va daxtOAlo

Ol Booikés i810TNTes of Eva SaxTUAo elvon &dvdoyes pé Tis 1816TnTES Exelves
o016 Z, ou dév dvagépovTtan 016 &vTioTpogo tvds oToixelou kad THV &vTipeTa-
BeTikn) i816TNTa Tou ToAAaTAGoIaopoU. "ESE 6& &vagépoupe pdvo dUo iBi1oTnTes
TGV SaxTuAicov.

‘Iawtnre 1. “Av (A, 4, *) elval &vas SaktUAlos, T6Te yi1& ke ae A Toyuel

a-0=0-a=0

*Anéderln. "Av B e A, ToéTE
p+0=p,
dmoTe
o (P + 0)y=ap.
*Av épapudooupe TV EmpepioTikn iB16TnTa, Exovue
o P+ a-0=apf,
SnAadn 16 «-0 elvon 16 oUbéTepo oToixelo dos TPds THV Tpooheon kai Emopévews
a-0=0.
Mé &védroyo TpédTo &mobdeikvietan 611 0 - o« = 0.

Iépropa. “Av of Eva SaxTUAlo pé povabiaio oToixeio T& SUo oUdéTepa oTolYEIx
TauTifovTal, SnAash 0 = 1, TéT1e & SaxtUAios elven Evas undevikds SaxTUALOS.

‘Ihotnta 2. "Av (A, -+, -) elvon &vas SoxTUAios, TOTe yi& k&Be o, € A loyUel
« - () =—(aP)

*Anédartn. Né& omolodnmoTe P € A Exouvpe THY lodTnTa

(- +p=0.
*Av Tdpa ToMaTAac1dooupe &d &pioTepd kaxi T& SUo péAn Tns wé ax € A kal
¢papudoovpe THv EmpepioTiky iB16TNTY, Tadpvouue

a-(P)t+ap=a-0.
Té BeUtepo péros Suws elvan 16 0. ‘Etropéves
« - (=) + «B =0,
ToU onualvel 611 16 a-(—P) elvon TO GuTifeTo TOU o-B, SnAadf

o (—B) = —~(«-B)-
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11 3.3.
3.3. ‘H &vwvowa t7jg &xéparag meployiig

‘H Sopty (Z4, +, -) elvan Bvas dvmiperabetinés SoxTUAios pé povabiaio oTor-
xelo. Nd& v’ &mobeifoupe alird, xaTaoxsudloupe ToUs Tivakes ToOU oxhuaTos 6.

(T& oudttepa aroixeia cos wpds Tis Blo mpdlers elvon & /d xad /f).

MMp&ges o6 2,

Mpdobeon TMoAAamrAaoiacuds
HO[T|2]3 °lT|2|3
0|0|{T|{2|{5|0|0l0|0|0
T11|2 56|t 517|335
202|301 T)2|0.2|07%
3(3|0|7|2]5 0,3|2 |7

2x. 6
276 BoxTUAlo aUrTd TrapaTnipoUpe 6T
2.2=0.
*Apa, &v of &va SoxtUAo (A, 4, -) foyxie
a-p=0,

autéd B¢ onuaiver &t 8& elvar a =0 &fte p = 0.
*Evtol, pé THv Topathpnon aUth &8nyolpaoTe oTh Oecdpnon wmids véas
&AyePpixiis Boufis, oU TV dvouddouue dxéoaia meotoyj.

‘Opropbs. "Av (A, + ,-) elvar Evas puf unBevikds GvTipeTafeTikds SakTUAios pé
povablaio oTolyelo TETOOS, OOTE
- P=0 = a=0 e p=0¢) (o,B eA),
Téte 1) Souny (A, +, ) dvopdletan dxépara meproyi.
INapadciypara:

1. *H 8oun (Z, +, -) elvar wié& &répara eproxh, yiati elvat Evas pry undevikds &vTipeTadeTikos
SaxTUAlos pt povadiaio otoixeio kal pdAioTa dv aP =0, T6Te a =0 elte Pp=0.

2. *H Boun (Z;, +, -) elvenr m& &xépaia meproxn. T1é mwapdBerypa 2 Tiis 3.1 lbape 811 4
Boun avTh elven &vtineTaBeTikds BoxTUAtos pé povabiaio oToixeio. *ATo TOHV Trivaka Tou
ToAAamAaciaopol Tou oxfparos 5 SiamoTdore &1

P ~~ ~~ —~~ P ~~ —~~
Q- Pp=0<> a=0 €re pP=0

1. Aoyw tiis 1BidTnTas 1 Tiis 3.2, | dvrioTpogn guveraywyd loxta whvTa of iva
dakTUA0,
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II 3.4.
3.4. "Aoxfcelg

1. Aeifte 811 §) Sousy (A, +, +), &mov A = (1,2} xal +, - of wp&Eeis woU SpffovTan oToUs
wivokes ToU oxHuatos 7,

+11412 12

112 111]1

21211 211 2
2x. 7

elven &vmiperadeTikds BaxTUMos. "Exer povadiaio oTtoryeio;
2. Tois &wd Tis Tapaxdrw Bopés
G (A +, ), omov A= {2vlvel)},
@Gi) (A +, ), dwou A= {a,p,y,5) xal wp&es woU dpifovTar oToUs Trivakes ToU

oyfuerros 8,
+lalB]y's «| B|v]5]
a|aflpPly (B a|l | ] a| «
B|P|alB ]|y B| o| Py B
Y|v| 8|« |P y| al y| «| B
88|y |P |« 8| | 8| «| &

Zx. 8

(i) (LA, +, n),
iv) (LA, + L) 4
elven SaxtUMor; ZT1 ouvéxeta v& Ppeite ToUs &vTipeTabeTikoUs SakTuhious.
3. Acigte &1 §) Sopry (2, @, ©Q), dmou ol wpdEers @ kal O Spllovran s E€iis:
a@Pp=at+pP+l xad «OP=at+ptap,

elvon &vmipetaBeTikds SaxTUAtos. “Exer povadiaio otoixeio & SakTUAtos alrids;

4. ‘H Bouh (A, +, ), &wou A = {a,p,Y,B} xal wpEers +, - woU dpifovTar oTous Tivaxes
TOU oxhuerros 9,

+iacl Bl y]| ® al p 5
a|lalpPlyl?sd a|laja|l a| «
PiPla|B]y B«
y|{r|8|«|B Y|« «
88| v|B| « §la|l Bl Y

3x. 9

elvon fvas Baxrbhios. N& guumAnpdoete Tév Tivaka ToU ToAAamAaciacuoy. Elvat aurds
& BaxtUAios &vtipetabeTikds; “Exer povadiaio oroiyeio;
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II 4.1

5. "Av (A, +, -) elvar fvas BoxTUAos, Belfte 8 yi&k ke a,p e A loxva
() (-B) =ap.
6. Tows &wd Tis wapoxdTw Sopds

(l) (B' +r) . ué B:{ZVIVEZ),
@) (€ 4, B E=(u+vV5 iy ve,
@) (H, 4, . W H=(p+qV5|pqeaq).

elvan dépones meproxés;

4. IOMATA
4.1. ‘H &vvowa tob ocwpatog

*Ags EsTdooupe 11 Sopny (Q, +, *). ‘H Sopn) ot elven fvag dvmipeTadericds
SoacrUAios pé povadiaio oToixeio, dpou
o) ol wpd€eis + kal - elvon &vriperabeTinés xal TpooseETaipIoTIKES,
B) h wpdln - elvan fmpepiomikh ws wpds THV pafn -+,
Y) T& 0 xail 1 elvan oUBérepa aroiyeia s wpds Tis wpd€ers +, kal - &vTioToiyws
kal

8) k&be ogToixeio Tou Q ¥xa &vTifeTo oTOIXETO.
Elvar yvwoTd léuc:)g 61 kéfe oToixelo a Tou Q* = Q—-{0} & &vTioTpogo
otoixeio TO a~l, dnAadr
a.al=1,
iBi1éTa wou Bév dmanteiton oTov Spioud Tou SakTuAiou. M TS Adyo arTd A
Sopfy (Q, +, +) dvopddetan adpua. "Etor Exoupe Tév dwdhoufo Spiopo.
‘Opropds. Mik Souny (A, +, ) dvopdleran odpa, &v kaf pévo &v foyUouv ol
dwdroudes 1816TNTES:
() ‘H Boun (A, +, -) elvan évas pry undevikds &vripeTodeTindg 800(11’17\10;.
(Z,) ‘H Sopry (A*, ) elvan pic dudda, Swou A* = A—{0}). ’
*ETor oé fva odua (A, +, ©) yi& k& af,y € A loxUouww of &kéAoubes
{516 TES :
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11 4.2.

(c+P)+y = a+(B+Y)
a+0=0+a=a

o (~0) = (&) + « =0
a+p =p+a (62))
a-B=P-a
a-(B+y)=a-pta-y
(@ P)ry=a (B V)
.o l=a 2y
a-al=1 yi& a+#0

O 00~ N U N

Inpeloon. Té ém fy iBidtnTa R foyvet kal y1& a =0, elvon ouvémeia Tijs iBid6tTas 1
Tis 3.2.

INMapadsiypata:
1. *H Soun (R, 4, ) tlven odua, yiati o166 R loyvouv, dmws yvwpiloupe, of mapamavw
1816TnTes 1.--9. *Opoiws f) Sopn (C, +, -) elvan ocdpa.
2. Té ouvore A = {1,1} pali pé Tis wpdas + wal -, woU dpilovTan oToUs Tivaxes ToU axi-
natos 10, elvat érrions éva Tapdbeiypa ocduaTtos.

+] 0 1 . 0 1
A N R
ofo 1 0 0 0
111 0 1 0 1
>x. 10

4.2. Bacwég idiétnres oé éva cdpa
Elvar yvwotd 811 o1é odua (R, +, 1) Tdv mpayuaTik®dv apibuddv ioyUel
- P=0=a=0¢1e Bp=0.
AUt elvan & idBidtnTa, ToU TV Exouv SAa T& owuaTA.

“Ihotnre 1 "Av (A, 4+, ) elvan odpa, TOTE Y1k o,p € A foxUet T} ouveTTaywy

a-Pp=0 = a=0 €1 p=0

"Anodarin. "Av a =0, ToTe Aoyw Tiis idi1oTnTas 1 Tfis 3-2 A ouveraywyn
ioyUet.

"Botw o - B =0 kai a # 0. Tote Umapyxer 16 dvrioTpogo o' Tou a # 0,
S516Te MoMamAac1&fovTas kal T& 8o péAn Tiis iodtnToas o P =0 pé o« Taip-
VOUUE

al(a-B)y=ao1-0
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1T 4.3
Aoy Tiis 1B16TnTas 1 1fis 3.2 16 BeUTepo uéhos elvan 16 oroixeio 0. *Eton

Eyoupe

(- a) - B=0
xoi ETropévos

dnAadnh P =0.
Iopiopa. Ké&be otdpa elvan dxépona Tepiox.
Elvai yvwoT6 &réua 6Tt 016 odpa TV TpaypaTik®dv &pibudv 1y éfiowon
ax =P
pé o # 0 £xer povadikh Abon o16 R.AUTO &rroTelel yevikt 1516 Ta TGV cwpdTwy.
‘Ibtnra 2. “Av (A, +, ) elvan o®dpa kai o,p € A pé o #£ 0, Té1e ) €§iocwon
a-x=0p
Exer povadikfy Aon oTéd A.

‘H &moédeifn elvan 181a pé ekeivny Tiis i81dtnTas 4 THs 2-3. *H wovadikr Avon
THs tfiowoews abThs elvar 16 oToixeio a~! - B (=P - a~), ToU TS cupPohi-

: P c B g
Loupe pé pot dnAad cx =p - ol

4.3. ’Aonfjcerg

1. Bpeite moiés &md Tis wapaxdrw Soués elvan cwpata:

@ @ +,0)
(i) (@5 -+, ),
(i) (Zz, +, )

iv) (A, +,:), émou A ={x+y V5 |x,yeQka +, - of yvwoTés mwpaleis oto R.

2. "Botw A ={a=(x,y) | X,y € Q).
() "Av ata’'=(x+x, y+¥) kal a. o =(xx"+ 2yy’, xy' + x'y),
elvar oddpa fy Souny (A, 4, -);
() "Av ata = x+x, y+y) xad oo =xx'-yy', xy' -+ x'y),
elvan odpa 1) Souny (A, +, -);
3. “Eotw (A, 4, ) fva odpa. Aei€te &T1
(i) &v «p e A*, Tote (x-P)t=a"t.p-L,
(i) & aye A xal B,5e A* ToTe
oy _ ab+4py
P "5 T BB
4. N& tmAuvfel 16 oUoTrua
—~~ P ~~
2.x 4+ 3y=2
/l\-x + /2\-y = ;1\
o716 odpx (Z;, +, -).
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5. AIANYIMATIKOI XQPOI

5.1. "H évvoia tob Swavuapatixod Ywpov

*As oupPolicoupe pé A 16 oUvolo TAV BiavuopdTwy dvds EmiméSou. Elven
yvwoTd 6T 1) wpdofeon oTd A éxer Tis dkoAoubes 1B10TNTES:

— = -
1. Na& Tpia doiadnmrote SiavbopaTa X, y kai z Tou A ioxue

x+y)+z=x+( + 2.
2. & kabe Sidvuopa x Tod A loxe
X+0=0+x=x.

3. & x&be didvuopa x Tou A foyue
X+ (—x)=(x)+x=0.
4. & 8vo SmoladrmoTe diavlopaTta x kai y Tou A loyle

X+y=y+x
Adyw TGV Tapamdvw iS1oThTwy f)-Boun (A,+) elvan mé& avTipeTadeTikn
dudda.
"E€&ANov & ToAAamAaciacuds TpaypaTikéd dpifudv pé Siavioparta Tou
A Exel, G5 yvwoTd, Tis dkdAoubes 1816TNTES:

e

a. & 8vo dmoradnoTe BraviopaTa x kai y Tou A kai y1& k&e TpaypaTikd
dp1fud A ioyue

AGxFD=A-x+A-y
B. N& kdbe AueR kai y1& k&fe Sidvuopa ; ToU A loyvouv
A+ x=A-x+u-x
A 0=0-w-x
7- & kdbe Srévuopa ;TOG A loyier

b A

- x=x,
&mrov 1 elven T6 povadiaio oTo1XEI0 TOU GOUATOS TRV TTPaYPaTIKDY &piBuddv.
Ao Tis Tapamévw 1816TnTEs O8nyoUpaoTe 0T Becopnon mds véas &Aye-
Ppikfis Soufis, ToU dvoudleTan dcavvouatixds N yoauuixds ywoos. "ETol Exoupt
TéV TTapaKETW OPIoUO.
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‘Opiopds. "Eva pfy xevd olvoro V 8& bvopdlerar Swavvopatikég fi ypoppikog
-1 ®pog mave oté6 odpa K1), &v kai pévo &v ioxUouv of dxdAoubes iBioTnTes:
(T 216 V elvan épiopévn mid towTepikny pdfn + TéTola, daTe 7y Sour

(V, +) v& elvan dvmipetobeTike dpdda.

(Iy) 216 V elvan opiopévn mid &wTepikn) pdEn - pé olvolo TeAeoTdV T
K Tétoia, doTe yi1& xébe x,y € V kai a,p € K v& ioxUouv ol &kdrou-
fes iB10TNTES:

D) oa-x+y)=a-x+ oy (TpdTn émpepioTikt| {816TNTCA),

(i) (a+P) - x=a x4+ P - x (Beurepn émpepioTikn i8i16TNTA),
(i) (a-P)-x=a-P-x) (TpooeTaipioTiky iB16TNTA),
(ivyl -x=x,

6mov | elvan 16 povadiaio oToiyeio Tou cwpatos K.

‘H trpdofeon o016 V 8& dvopdletan Sravvopanikiy npocbeon kal 1 £§w-
Tepikn) Tp&En - oTd6 V (ué oUvoro TeheoTddv TS K) Pabpwrtés molrde-
niacwacpodg oTd V.

EiSikoTepa, Evas SiavuopaTikds Xdpos Tavw oTd odduax R 84 dvoudk-
LeTan mpaypatikég diavoopatikég (fi ypappikds) ydpog.

Mapatiipnen. ZTév Tapamdvw Opioud PAémoups &Ti TS i8io ouuPoro +
XpnolpoTolElTan Téoo yid Thv mpdoleon ato K, émws m.x. oT1d mpdTO péAOS
Tfis (ii), 600 kai yi& TH SiavuopaTikn Tpdodean, OTrws .. oTd BeUTepo péAOS
Tiis (i1). T’ ard Bév pémer vé& yivetan oUyyxuon dvdueoa otis BUo alrrés Tpdels.
’Avdhoyn TrapaThpnon ioxvel yix 16 oUuPoro -.

Inpeioen. ToO oUdétepo oToixelo ds Tpods T SiavuopaTikyy Tpdodeon O&
oupPolrileTon pé O (UNBeviKO OTOIKEIO TOU JIAVUCUOTIKOU YWpov), &vid TO ou-
BéTepo oToIxElo ws TIpds TV Trpocdeon ot1é K ué 0.

Mapadeiypatra:
1. 316 mapddearypa 5 Tis 1.1 Exouv dpioTel ol dxdAoubes Trp&teis oTé clvoro V =R X R:

(i) wmd towTepikfy mPdEn +:

(XY + (Xa¥a) = (X3+Xq Y1+ ¥2)
Kai
(i) mé& Ewrepikf) TPEEN - ué cUvoro TeAeoTdV T6 R s EEfis:
Ay =G-XAY) (AeR)
Mé Tis Tapamdvw Tpders T6 oUvoro V elvan Evas TpayuaTikés dravuouaTikds X DEOS.
TMpayuaTy,
o) 1 Sopn (V, +) elvar dvTipetaBeTin ouada pé oUbéTepo oToIKEID B PSS THY MPa-
&n + 16 (0,0) xai dvTiBeTo oTOXElO TOU (X,y) TO (=X, —Y),

B) yi& 8o émowadnToTe oToixEia (X;,Yy), (Xa¥e) TOU V kai a, P € R loxvow
() o [(xpy)FGa¥D) = o (XX YY) = (@ X+ a Xy, @y +ay,) =
= (@%;, @y + (X ay,) = & (X,¥1) + @ (Xu¥a)

1. M& Adyous ouvTopias 84 ypdgoupe «odpa Kr» &vri «odpa (K, +, .)»
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II 5.2

(i) (@+B) - (X ¥) = (X +B %y @y + Pry) = (%, ay) +

+ Bxp Py = (xuy) + BNy
@) (xP) - (Xpy) = (xP-xy, aPey)=a-(B-x, Pry)=

= «- [p ‘ (xlv .vl)]v
(iv) - (xpyv) =A%, 1y) = ¥
Fevik&, 16 oUvolo

RY = {(X,; Xg1 -- -, X,) | X4, Xy, ..., X, €R}
ué fodTnTa
(X Xgro X)) = Yo - ¥ ) > X =¥, 7d kdle ke {1,2,...,v)
kol pé
a) towTepk TE&En +:
Xy Xpre X))+ (Fu¥ar - ¥ = K+ Y X+ Yo X+ Y

B) wTepikny wpdgn (ué guvoro TeEAeoTdV TO R):

A (X Xgre X)) = (AXAX,, . . AX) (AeR)
elvan Evas TpaypaTikds SravuopaTikos XOpos ué undevikd otoixeio 16 (0,0,...,0) xal
&uTiBeTo TOU (X,X4, .. .,X,) TO (—X3,—Xy,. .., —X ).

2. Té guvoro V Shwv TOY Tprwovidwy
ax? - ﬁx +Y (alﬁry € R)
pé iocoTnTa
ax? -+ Bx + ¥y = axXEPx+y o a=a xkai p=p xal y=y’'
xod pé
a)  towTepikf) mpafn L
(ax?+-Bx+y) + (@X*+-P'X2+y) = (a+a)x* + B+PIX + (y+Y)
B) & wTepikny mpaEn (€ cUvoro TeAeoTdV TS R):
A(ax* +Px+y) = (A)x? + (AB)x-+(hy)
elvat Evas TpaypaTikds ypauuikds X@dpos pé pndevikd atorxeio 16 0x*+0x+0 kal &vi-
%eTo Tou ax?4-Px--y TS (—a)xi4- (—P)X + (~Y).
3. To guvoro C TV uryadikdv &piBudv pé T yvwoTth Trpdabeon kai Thv éfwTepikf wpdtn,
Tou OpileTal &mwd TV igdTnTa
A (atP) = (Aa) 4 (AB)i (AeR),
elvan Evas TpaypaTikds ypaumkds X&pos, yiari | Souf (C, +) elvanr qvriperadetikd duk-
Sa kai gikoAa uwopel v& dwodeixTel 611 IkavotroloUvTtan ol i316TnTes (i) — (iv) ToU dpiouou.

5.2. Baouxég id16tnteg 0é E€va Stavuopatind ydpo

“EoTew V &vas SiavuopaTikds x&pos mévw oTd odua K. Mé ) Ponbea Tou
SptouoU ToU BIAVUTUATIKOU YWPOU MTropouue v& &rrodeifoupe Tis trapoaxdTed
15161 TES -

‘Isdtyre 1. MN& kdbe o € K {oyva
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"ArddarEn. N& éva ororyeio x ToU V loyve
x + 0=x,
dmoTe
a (x+0)=a-x
1 Adyw Tiis mpwTns émuepioTixiis 1516 TOS
a-x+a-0=a-x,

ToU anuadver 611 TO o - O elvar TO undevikd oToixeio 0 ToU SiavuauaTikoU Y-
pov, BnAabn

a-0=0.

‘Ihotnta 2. N& k&Be x € V loyva

0-x=0

*Arodertn. & éva oToiyelo o ToU K ioyua
a+ 0=aq,
OToTE
(a+0) - x=a-x
fi Adyw Tfis Belrtepns EmipepioTikiis 1B16TnTOS
a-x+0 -x=a-x,
oU onpaivel 611 TS 0-x elven TO pndevikd oTorxeio 0 ToU SiavuouaTikoU Xwpov,
dnAadt)
0 -x=0.

Ihétqra 3. N& a e K kai x € V izxe fy ouveraywyn

a - XxX=0=oa=0 ¢te x=0

‘Anédaigy. "Av a =0, 1} ouveTaywyn wpoeavdys ioyuel. "EoTw o - x =0
xal a # 0. ToTe, émadn 16 K elvan odpa, Urdpxel 16 dvtioTpogo &« ToU a # 0.
*Etol éxoupe

x=lx=(@! - x=al - (a-x)=al-0=0

Ilépropa. Ti& o e K kai x € V loyuea 1| ouvemaywyn

a#0 kai x #0 = aoa-x=#0

‘Ihomyra 4. Nd k& o e K kal x € V {oyue

(—a) - x =—(x-x)

*Anéderln. Mé& kébe a € K {oxde
a+ () =0,
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o6moTe ToAAaTAcoidfovTas kai T& SUo péAn pé Eva oToixeio X Tou V Exoupe
(@H(-a) - x=0-x
A
o x+ () -x=0,
ToU onuaivel 811 16 (—a) - x elvan 16 dvTifeTo TOU a-x dog Tpds TN SravuopaTikn
Tpodafeon, dnAadn
(—a) - x = —(a-x).

Mépopa. N& kdBe x € V foyia

(—-Dx=-—x

TMapornpfioTe 671 Tis TOpoaTdvew i816THTEs Tis yvwplooue kai o016 Siavvoua-
TIKO Aoyloud.

5.3. 'H évvoia 100 Savuopatinod (ypappinod) Oréywpov

276 map&derypax 1 Tiis 5.1 £idape 811 16 R X R pé xatdAAnAes Trpdéers
elvar évas TpayuaTikds SiavuouaTikds X&pos. “As Tdpoupe Tdpa TS dkdAoubo
UrrooUvoro Tou R X R:

A = {(a,0) | a € R}.
Mapatnpoupe 6T
o) 1) SiavuouaTikny Tpdoheon SUo aToixelwy Tou A Bivel dmoTéAeopa Eva
oToixeio Tou A TpdypaTi,
(@,0) 4+ (B, 0) = (P, 0+0) = (4B, 0) € A,
B

6 ToAAaTAcoIaouds Evds TTpaypaTikoU &pifuou pé Eva OTOIXEIO ToU
A Bivel amoTéregua TréAL oToixEio Tou AT Trp&ypaTL,

A (0,0) = (\'q, A°0) = (Ao, 0) €A.

I’ abrés Tis BUo i810TNTeg Adpe 811 TS A elvan Evas BravuouaTikss UTTdXwpos
Tou R ¥ R.

*Av TauTtiooupe & R X R ué &va kapTe- y1 RxR
olavd Erimedo, TOTE TO TOpOTAVW cUvoAo A A
TauTiCeTon pé Tév &fova TGV TETUMREVWY TOU OI x
kopTeolavou émmédou (Zy. 11).

Aivoupe Twpa Tév dkdAoubo Spiopd. x. 1l

‘Opropds. "Eva pry kevd Utroouvoro A Evds SiavuouaTikou Ywpou V Tavw GTO
odua K dvopdletan Swavvopankdg (7 ypappikég) droywpog Tou V, &v kat
uovo &v yi1x xafe x, y € A kai « € K foyxvow

x+yeA Ko - X € A.
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Mepatipyen. ZVuguwva ué TéV Tapamdvw dpioud évas Siavuouartikds Umd-
xwpos A ToU V epiéxel mévta 16 undevikd aroixeio 0 ToU V, yiari 16 A padi
ué Eva oToixelo Tou x 8& Tepiéxel kai 16 0 - x = 0.

Inpeioon. Mé 1h Ponfeaa ToU mwponyoluevou dpiopol &modeikvieTon €U-
koAax 671 k&fe SiavuopaTikds UTTOXwpos Tou V elvar ypapuikds XHpos Thvw oTd
odpa K.

NMopadeiypata:

1. Té olvoro B = {(a,a) | @ € R} elvan évas ypappikds Umdywpos ToU SiavuopaTikou X -
pou R X R (Zx. 12).

2. "Av V dvaa &vas SiavuopaTikés xDdpos Tavw y B
o1d odpa K, téTe TS oUvoro o 45°
= {0} X
elvar  BravuopaTikés UmdXwpos ToUu V, &eol /l RxR
0+0=0€erl kaf a.0=0€Tl y1& SAax T& oTOI-

xeia a Tou K.
Zx. 12

5.4. Tpappuh dveEaptnola - Fpappixy EEdptnoy
*Av V elven Bvas ypaupikds X&pos mévw o16 odpa K, ToTe ké&Be rapdoTaon

Axy + Apxp + ... FALX,

pt A eKkai xieV (e {l,2,...,v}) elvan Eva aroixeio ToU V, mou dvopddeTan
YPaPPIKOG OUVOLAGPOE TV X,,X,,. .., X, KXl T& ALA,,. .. A, AéyovTal ouviehe-
otég Tou.

*As mapoupe Topa T& ororxeia (1,0) kai (0,1) ToU yvwoToU pos Tpaypa-
TikoU SiavuouaTikou Xwpou R X R. ©& égetdooupes of moi& mepitTwon évag
YPauUIKGs ouvduaouds auTdv TV gtoixeiwy elvar Toos pé T6 pndevikd aTolyEio
(0,0) Tou R X R. "Av A, A; € R, Eyouue

M(LO)+A0,1) = (0,0) < (A,0) + (OA)=(0,0) <> Ay, Ap) = (0,0) <=

< A =0 kai A, =0.

*Apa Bvas ypaupikds ouvBuaouds Tév (1,0) kai (0,1) elvan foos ué 16 (0, 0)
uévo oty mepitrrwon: A; = 0 kai A, = 0. MN& 16 Adyo altd & (1,0) kai (0,1)
Aéue 6T elven yoapuuzis dvebdornra oToiyela ToU R X R. "Eto1 Eyoupe Tov
dxdhoubo dpi1opd.

‘Opropds. “Eotw V Evag SiavuopaTikds X&Opos Tavew o1 otdua K. ToTe T1& oTo1-

XEIX X, Xy, . .., X, TOU V GvoudiovTon ypappikdg dveaptyra, &v kai povo
av

A+ AXe+ o AKX, =0 @ A=A =...=A,=0
*Av T& Xp,Xy, - ..,X, OV elvon ypoaumkds &uefaptnTa oToixeia Tou V,

T6Te aiT& SvopdlovTan ypapmkds EEaptnpéva.
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*Etol, &v T& Xq,X,,. . .,X, £lvan ypaupikds Eaptnuéva oroixeia Tou V,
TéTE prropel fvag ypauuikds ouvBuacuds Tous A X, +AxX, ... +A X, vé& elvan
foos pé 0 xwpis SAol of guVTEAETTES Ay, . . . A, v& elvan Toor pé 0. *Ag Utroféoou-
e X&pn eUkoAias 6T1 A, # 0. Tote &md v lodtnTa Ajx; + AXe+ ... +Ax, =0
EreTon Om

X =— = Xp— == Xg—...—

A N
‘Emropéveos Exoupe &modeifel TV &kdAoubn iidTnTa
Idwotnra. "Av T& X4, X, . . ., X, Elval Ypouuikéds ESapTnuéva oToixeia évos Sia-

VUGUOTIKOU XWPOU, TOTE Eva TOUAGXIOTOV Ao aUTE ékppaleTan o&v ypap-
Hikds ouvduaopds TV UTOAoiTTwy oTorXeiwv.

Hapaciipnon. "Av k&molo &md T& oTOIXEIX X4,X,,...,X, EVOL TO O, T.X.
x; =0, TOTE T& X;,X5,...,X, elval ypappikdds éSaprnuéva, yiari yi& A, # 0
oy vel
A 04+0-x+4+...40-x,=0.
Ilapadeiypata:
1. T& aroyeia (1,1) xai (—1,—1) ToU R X R elvon ypaumkdds tgaptnuéva, yiati & ypauu-
Kds ouvBuaouds Tous
3.(L1) + 3.(-1,-1)
elvan foog pé 16 undevikd artorgeio (0,0) Tol RX R xal ol cuvteheotés Tou elvanr # 0.
2. Z1év mpayuaTikd ypauuikd x&po V SAwv TV Tprwviuwy
axt 4 Px + y (@p.y € R)
(ou ¢iBaue oTd Tapddetyua 2 Tfs 5.1) T& 1x*40x-+0 = x?, Ox3-Ix-F0= x «xai
0x24-0x+1 =1 slvan ypauuikdds &vef&ptnra ororxeia, yrari
AL (XD 4 A(X) 4 Ag(1) = 0x2 -+ Ox 4- O <>
avklxﬂ-?\zx +A3=0x34+0x+0< A, =0 kai A, =0 kaf A3 =0.

5.5. Baoyn xal diacrtaoyn évég Sravuopartixed ywpov

2ty 5.4. €iSaue o1 T& e, = (1,0) kai e, = (0,1) elvar BUo ypapuuikds
GueapTnTa oToiyeia Tou R X R. *Ag mré&poupe Twpa éva grtoixeio (a,p) Tou
R X R. To oToixeio alrd umopel v& ypagTel o&v ypapuikds guvduacuds Tav
e; kai e, ué TOV AxdAoufo TpodTO:

(p) = (x+0, 0+P) = («0) + (0,p) = «-(1,0) + B-(0,1) =

a-e; -+ Bre,.

"EToi PAémroupe ST k&fe aToikeio ToU R X R prropel v& ypagTel odv ypauul-
KOs oguvBuaguds TV ypaupikds &ve§&pTnTwy oToIXelwy ey, e, T& T6 Adyo

aUTé T& ey, e, Aépe OT1 &moTedoUv wi& fdan ToU R X R. Alvoupe Topa Tév  &kod-
AouBo opiaud.
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‘Opropds. "Av V elvan vas SiavuopaTikds x&dpos mévw o1d addpa K, téTe §f vid-

Ba (by, b,,. .. ,b,) &6 oToIyElx TOU V dvopdleton Pien tob V, &v kai pdvo
&v
(1) T& by, by,...,b, elvan ypappikéds dve§dptnTa oToixeia,

(i) k&de oroixelo x ToU V ypdgstan odv ypaupikds cuvBuacuds tév b,
by, ..., b, dnAad
x=7\1.b1+7\2.b2+°"+7\v'bv (1)

IMapatipren. ZUugwva pé TOV Oplopd autd, T& oToixeia by, b,,..., b,
elvon dpreTd yid v& «xaTaokeudoouvy SAx T& ororyela Tou V kai yr' adTtd 1)
Evvolx T Paoecds Evos BravuapaTikou Xwpou elvan TOAY onpavTiki.

‘H ypappikfy dve§aptnoia tév otorxelev Tiis Pdoews éSaoparifer oT1 1
Ypoen &vds oTtotxeiov x ToU V pé T popen (1) elvan povadikn. Tlpaypaty, &v
x=Ab; +N5b, + ...+ A"\b,,

1618 Aoyw Tiis (1) Exovpe
Apby 4+ Ayby 4 ...+ A'vb,=A.b; + Ay-by - ...+ ALb,

T._]‘

A’l'bl + (_}\l).bl + A'2'b2 + (*}‘2)'})2 + .. +}\’v'bv + (—'}‘v)bv =0
f

A=A b+ Al b+ [N A by =0
f
N =Ny A= ...=A A, =0
f
NMi=N  , & k&l ie{l2,...v}

Ol guvTteAeoTés ot BeUTtepo péhos Tiis (1) dvopddovran cuvTeETaypéves TOU X

s pds T Paon (by, by, ..., b)) xal yp&eovtan cdv nidda
(.S, VN W B

Hapadtiypata:

1. Té& otorxeia by = (1,2) xai b, = (—1,1) oxnuarifouv uid p&on (by,b,) 100 RX R, TTp&-
yuatt
a) T& b,,b, elvan ypoumkds &ve§dpTnTa groryeia, ytari
Arbi4A,-b, = (0,0) < A (1,2) 47, (=1,1) = (0,0) <
<> (AL2A) + (FAAy) = (0,0) <= (A=A, 22+ 4y) = (0,0) <>
<> A=Ay =0 xad 2A;+4-A, =0 <« A, =0 xai A, =0,
B) x&Be grorxeio (o,p) ToU R X R umwopel v& ypagrel odv ypauutkds ouvBuaouds
Tév by, by, yari
@) =2 (L2 + A (=L1) < (aB) = Ar—As 20 +Ay) <=

o AA=a xal 2A,+;\2.—.p«>;\,=°_‘3;9 xai A, =

—2a--B
3

"Eto1 ol ouvtetayuéves ToU (o, B) Gs mpos T P&on alTh elvan
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(a-l—ﬁ —20+ﬁ)

3 7 3 )

2. "Omws eibaue oThV dpxnh, T& e, = (1,0) xal e, = (0,1) oxnuatifouv wm& Péon (e5,e.)
700 R X R, s wpds Ty dmola of ouvteTayuéves tvds aTtoixelou (a,p) ToU R x R elvan
(a,B). M& 16 Adyo autéd %) Pdon aUrh dvoudleton kavoviki) fasy Tou R x R.

3. I mapddayua 2 Tiis 5.4 eidaue & T& x2%,x,1 elvar ypauuikds dve§dptnTa oToryeia
ToU TTPAYUATIKOU YPAUUIKOU XwpPoy

V ={ax?+ Px + y | «,f,y € R}
"EE&ANoU k&Be oToyeio ax?+PBx+y ToU V yp&eetan odv ypauuikds cuvduaopds Tédv
x2,x,1 pé ouvrteheoTés a,p,y kal tmopfvws T& x2,X,1 oxnuatifouv m& Paon (x%x,1)
Tou V, dg Tpds TV dmoia ol ouvTteTaypéves ToU ax?+Px+y v (a,p,y).

AT Td Tapamdve Tapadelypata 1 kai 2 SramoTtovoups 6Tt T& (by,by)
kad (e, e,) elvanr BUo Pdoeis Tou R X R. ’AmoSeikvieton 6T1 k&Be AN Paon
70U R X R &moTeheitan &md Buo oroixeia kai y1” a¥téd 16 Adyo Aépe 811 1) ded-
aracy ToUu ypappikou Xwpov R X R elvan &be. MNevikd 6 ypappikos xdpos RY

gxel SidoTaon v xai 1) kavovikr) Baon Tou d&moTeheiton &wo T& Biaviouata
e, =(1,00,...,0), ¢=(,10,...,0),..., ¢,=(0,00,...,0,1).
*ATrodeikvieTon yeviké 811, &v Evas SiavuopaTikds X&Dpos Exel pi& Paon &md
p oToixela, TOTE k&Be GAAN Pdon Tou 84 Exeal u &rpiPdds oTolxElx Kai TOV &p1Oud
H 8& TOv dvoudlouvpe dvdstasn(l) cUTOU TOU SIQVUGUOTIKOU YWPOV.

"Av X,,X,,. . .,X, €lval ypappuikds &vefapTnTa oToIxEla Evds BiavuopaTikou
xwpov V mavw 016 aodpa K, TéTE Té ouvolro

Axy + Asxe oo AuXu [ AL, AL €K
OAwV TGOV YPOUHIKGY ouvdUaopuidY TV X ,X,, . . .,X, elval Tpopavdds Evas ypau-
uikds Uoywpos A Tou V. “O A dvopdleTon droympog mod yevwistan amé 1d X,
Xg, - .y X, 2UNQWVE HE TOV OpIoPO TRis Phoews T& X1,X,,. . .,X, &TOTEAOUY &
B&on Tou A xai émopévws 6 A elvan Evag SiavuopaTikds x&dpos pé SidoTaon p.

5.6. ’Aoxiicelg

1. N& 8eifete 611 TS oUvoho
R® = ((xl' Xg, Xg) I X1 Xgy X3 € R)
(ué lodTnTa kal TpdEers STrws dpioTnkav aTéd Tap&daiypa 1 Tiis 5.1) elvan évas wpayna-
TIKSS BravuopaTikds Y Dpos.
2. "Av V dvan évas BravuouaTikds X®pos Thvw oTod adua K, v& Belfete 8T y1& kdbe
aeK kal x € V loxua

& (%) = —(a-X)

1. ‘Ywépxouv dravuouaTtikof X&por pé pf) wemepaouévn didoTtaon. Ot évvoies ToU £-
yovue dvagéper oris 5.4 kai 5.5 yevikebovten kal yi& Tétotous Xwpous. ‘H Tapousiaon Suws
aUT&VY T&V vvoidv Eegelyel &md 16 oxomd alTtou ToU PiPAiov.
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. N& &elete 811 16 oUvodo
A={\2)) | AeR)
elvar Evas ypaupikds Umdyxwpos Tou R X R. Tl SikoTtaon Exe;
. N& Bel§ete 811 16 oUvoro
A={xy) | (xy)eR x R pt 2x+3y =0}
elven Evas ypaupikds Utmdywpos Tou Rx R. Tl BidkoTaon Exe;

5. N& #etdoere &v T4 (2,1), (1,2) elvan ypappikéds dve§&prnTa oTtotxeia ToU R X R.

. N& #8etdoere &v T4 b, = (1,0,1), b, = (0,1,1), by = (1,1,1) &mwoTedouv m& Péon Tou
SiavvouaTikoU Xwpou Tiis &oxfioews 1.

. N& &efere 61 T& 2y = 14-0i kai 2, = 04 1i &moTehouv & P&on Tou SiavuopaTikou
xwpov ToU Tapadeiyuatos 3 Tiis 5.1. Ti SidoTaon éxer & xdpos aUTods;

. "EoTw V &vas dravuouaTtikds x&Hpos Tavw oTd oduax K. *Av A,B elvai SUo SiavuouaTi-
kol Uméywpot Tou V, v& Beifete 611 fy Topnn A N B Bév elven 16 kevd ouvoro kal pdAlota
elvan Sravuouatikds Utdxwpos Tou V.
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78

. ZYNTOMH ANAKEQAAAIQIH

. ‘H dopn (G,0) dvopdleron fuopdda, &v kol pévo &v f Tpdén o elvan Tpoo-

ETQPIOTIKT.

. ‘H 8douny (G,0) dvopdletan dudda, &v kal pdvo &v iloyvouv ol dxdAoubes

{5107 TES

(O)) ‘H Bouty (G,2) elvan Huiopdder.

(O,) “Ymépyer oUbérepo oToiyeio g Tpds THY Tp&En o.

(O,) Kide oToixeio Tou G &xer ouppetpikd oToixeio &5 Tpds TV Tp&En o.

. ‘H Boun (A, 4, *) dvopdleTon doxTUA0s, &V kai pévo &v loyUouv ol dxd-

AoubBes 1B10TNTES:

(&) H dopry (A, +) elvon dvmipetaBeTikry dudda.

(Ay) ‘H Soun (A, -) elvan fuiopdda.

(B3) ‘H mpdEn - elven EmpeproTiks) ds mpds THY TP&EN +.

. ‘H 8oun (A, +, -) dvoudleron oddpa, &v kal pévo &v foyUouv oi dxdAoubes

{3161 TES !
(Z) 'H Boun (A, +, -) elvon dvas pfy pndevikds dvtipetabeTikds SaxTUAIOS.
(Z,) ‘H Sopry (A*, -) elvan 6péda, émou A* = A—{0}.

. “Eva pf) kevd ouvoro V dvopdleron SiavuopaTikds fi ypopuIKOs XGOPos TAve

o016 odpa K, &v xal pévo Gv loyUouv oi dkdAoubes iBi1oTnTES:

() 216 V elvan Opiopévn & éowTepikr) mpdn + Tétoia, dote /| Soun
(V, +) v& elvonr dvmipstaBeticg dpdda.

(Ty) Z1é V elvan dpiopévn mid &§otepiky mpd€n - pé ouvoro TedeoTddv 10 K
TETOI, QWOTE Yid k&be X, vy € V kai o, € K va {oxtouv:
M) o (x+y) =ex + ay,
(D) @i B) x=oa x+B"x,
(i) (@ P) - x=a- (- x),
v) 1 -x=x.



7. AIKHZEIZ INA ENANAAHWH

lw

*Av X = (a,&’) kal ¥y = (B,B") elvar 8o oTorxeia ToU ouvdrou A = Z X Q, TéTe Spilouue
SUo towTepikés TpdEers ¢ xal o 016 A pé Tév dxdAoubo TpodTrO
xey=(a+B, a«'B) , xoy=(ap, a+P).

Aeifte 6T

(i) of wphlers abrés elven dvmiperabeTikés, TpoceTaipioTikés xal Uméhpyer yi' auTtés
oUbétepo oTOINEIO OTO A,

(i) T& oToryelx ToU A Tiis wopefis (1, ') xal (—1,&') Exouv ouppeTpik& TTOIKETX g
wpds THV TP&EN o,

(iii) T& oToyela ToU A Tiis wopefis (a,a’) pé & # 0 Exouv ocuppeTpiké& oTOoIXEIX G5 TTPOS
Y Tipdén ..

. "Eotw (E, ») m& huopdda, yi& v dtroia Udpyel oUBétepo oTorxeio e € E. "Av & 1&

otoixeia a,a’,a’” ToU E loxUouv o' s a =€ kai o'’ « o' = e, &eit1e 671 a =o', Tl oup-
wepalveTe y1& T& oToryEix @ kai o;

. "Eorw (G, -) wmé duada. "Av yid x&be o,p € G ioyier

(- B =o- B,
Bel€te 611 1) Spdda alrh elvar &Periavh kal yi1& kéde v € N loyler (a-B)Y =«a¥ - P

. 2716 gUvoro R piloupe Tis TpaLels o kal ¢ pé TéV drbdAoubo TpdTo:

aoPp=atp-1 , aePp=ap —a—Pp+ 2.
Aeifte 811 4 Souny (R, o, ¢) elvar olua.

. Z1é R 1) oxéon

x+y=ax+Py+y (a,peR—{0)
opller wid p&En . N& wpoodiopioete T& a,B, dote f Tp&En adth vé elvan wpooeTapi-
oTik. N& Umoloyicete 16 y ouvaptiica ivds TpaypaTikoU &pifpou e, doTe i dou
(R, ¢) va& elvar du&ba pé oUbétepo oToixeio 16 e b Tpds THY TPAEN .

. "Av v elvar oTabepds guoikds dp1Buds, va Seifete Tt TO oUvolo

A,={zeClz"=1}

elvan KAe1oTd G5 Tpds TV TpdEn ToU ToAAamAaoiacuou o1d C kal oT# ouvéyea &1t
Soury (A,,.) tglvan dvTiveTadeTikfy dudda.

. "Eotw (A, o) md fuopdda pé Tis &drdAoubes 15161 TES

(i) Umdpxer e A pt eca=a y1& kdfe a € A,
() y1& k&be ae A Urapyet o’ € A pt o =e.
Aei€te 811 1) Bopny (A, o) elvan Spéda.

. "Eotw (G, 1) md woAdamAaciaoTikn dfeAhiavny dudada. “Av k elvan fva otabepd aToixeio

Tou G, ToTe dpifovpe o1d G TV Tpaln « pé Tov &xdAoulo TpdTo:

axP=a- Pk
Acifte &1 1y Boun (G, «) elvar &PeAiovry Opdda.

. "EoTw (A, 1) wm& moAdamAaciaoTikh dPeAiavn opada, &mou

A={ay,q, ..., a}.
(i) "Av x elvan Eva oToixeio Tou A, Beifte 811 TO A mepiéxel dkpifds T& oTorxela

X Qy X ..., XQ,.
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II 7.

10,

11.

12.

13.

14.

15.

16.

17.

18.

(i) MNd& x&Be x € A loxie

x'=1,

61rou,:, ,)‘\\ol xAdaers Yrorofmou Tédv k xal A modulo 5, dpifouv Buo towTepixds WpaSes
o016 E xai #) Sopfy (E, +, .) elvar Evag &vripetaBeTikds SaxtUhios ué povabiaio otoiyelo.
Aeifte 6T & b, = (3, 1,5), by = (3,6,2), by = (—~1,0,1) &wotehouv m& Péon Tou R2.
TMoits elvan ol ouvteraypbves Tév x = (1,0,2) xal y = (2,0,5) dx mpds T Pdon aUth;
¢ wor& mepimwTwon T& a-i; i xal y+B8i &mwotehouv md Pdon Tol BiavuopaTikoU Y-
pou ToU Tapadeiyuaros 3 Tiis 5.1 ;

"Av T& x,y,z elvan ypauuikdds &ve§dprnTa otorxela tvés Biavuouarikou Xwpov V mwévw
o1 odua K, Beifte 8Ti xal T& x+y, x—y, x—2y+1z elvan ypauuikds &ve§&prnTa oTot-
xeia Tou V.

Fpdyte 16 ororxelo (a, P, Y) Tou mpayuarikou Siavuopatikou Xwpou R® odv ypau-
wxd ouvbvaoud tév (1,1,1), (1,1,0) xai (1,0,0).
Afverar 16 oVoTnua

x+4y+22=0

2x+y+52=0 } @
N& Belfere 811 T6 oUvoro TdV AUoewv Tou (2) dvan dvas ypappikds Umdywpos V Tou
TpayuaTikoy Siavuouatikou Xdpov R?. Bpelte wik Pdon Tou V.

"Eorw (A, +, -) bva odpa. "Av a, y € A xal PB,5 € A*, 8ei§te Tv looBuvapia

« Y
P=® <> ab=Pfy.

Aci§te ST f) Souh (M, +, ) ué M={(a, B, v, 8 | o, B, ¥, 85€Q} «xaf
(«. B, Y. 8)+ (. L, n 8 = (ate P+, y+n, 5+8)
(2, B, v, 8) (& §, n, 8)==(ae+Pn, al+PO, ye+8n, y{+59)
elvan SaxTUAios, Mok oroixela Tou M Exouv &vrioTpoga oToixeia;
AclEre ST
@) 4 Souhy (2, +, ) elven Saxrihos,
. A A A A AN AN
(ii) T&Umwoolvora A={0, 5, 10} xal B={0, 3, 6, 9, 12} ddvar xAeioT& o5 mpds Tis
wpdles + wxafl - oTd 2y,
Ol Souds (A, +, ') xaf (B, +, +) evan dndpaies weproyds;
"Av (G, +) dvan dudSa xaf A fva uf xevd UmooUvodo Tou G pk ThAV IBidTnTa
X, YEA = X-Y€A,
5a1Te ST ) Souny (A, +) svan dudda.



KEPAAAIO N

FTOIXEIA ©OEQPIAXZ APIOMON

1, AlaiperéTnTa ové oovvolo Z

2. 'Aképaieg AOoeig Tiig €§iowoewsg ax+By=y (a.B.veZ)
3. Zovropn avakepalaiwon

4. "Aoknoeig yiad émavainyn






I, 1.

ITOIXEIA ©EQPIAZ APIOMON

‘H Becopla Tédv &p1Bpddv elvan dvas kA&Sos Tév MatnuaTikéy, ToU f loTopla
Tou &pxiLer TV Eroxn) ToU T& puoTik& TGV &piBuddv &raoxdAnoav yid TpwTn
gopd Tous &vBpcdTrous.

MvwotdTtepos &md Tous dpyadous ol &oyoAfBnkav pé ToUs &piBuovs el-
var & TTuBorydpas (500 w.X.). Katd ToUs xpdvous Tou EUxheldn (300 w.X.) 1
HeAéTn TV &p1Bpddv Eyve mepiocdTepo ouoTnuaTiky kai ) Baoixr Sewpia TV
&p18uddv dvagpépetan oTd EvaTo PiPAo TGV «ZToyelwvy Tou. 'ApydTepa & 'Epa-
Toafévns (230 w.X.) E8woe utBodo eUpéoewxs TpwTwY &P1BPdy (kdokivo ToU ‘Epa-
Togftvun).

‘O Adgavtos & "AAe§ovBpivés (350 p.X.) oTéd Epyo Tou «ApiBunTikG»,
moU &md Tols 13 Tdpous odfovtan pévo ol &n, doxoArffnke pé TpoPAfjuaTa
thiowoewv.

‘H olyyxpovn Bewpla Tév &piBuddv dpxiler ué Tis Epyaoies ToU P. Fermat
(1601-1665 p.X.), moU ué¢ 16 euwTewd puod Tou Trpdogepe TOAAG ot palnpa-
Tk} EmoThpn kal 1BiadTepa oTéV KAGSo Tiis Bewoplas &p1BuGV.

Ol peyarirepor pafnuaTikol T&Y TeAevtadwv aoldvewv tkTds TRV &AAwv
doyorfifnkav kai ué T Bewpla &piBuddv, &mrws mw.x. & L. Euler (1707-1783), &
K. Gauss (1777-1855) «.&.

1. AIAIPETOTHTA ITO IYNOAO Z.

Itiv Tapdypago o) 8& pehetfiooupe TV Ewwola Tiis SicupeTéTnTas 0TS
ouvolo TGV dxepafcwv:

Z={...,-3,-2-1,01,2 3,...}
Zuyvd 8& xpnowotroloupe kaf T& TapakdTw Uroolvoda Tou Z:

T6 oUvolo TGV uf pndevikGv kepalwv: Z* = Z-{0}
T6 gUvolo TV U dpvnTikdv &repaicov: Z, = {x|xeZ ué x>0}
16 oUvoro TV BeTikdv dxepafwov: Z% = {x|xeZ ué¢ x>0}
"EmimAtov 8& ypnopoTrorfjooupe 16 &kdAoubo &Elwpa.

‘Atiopa. Kdbe un) kevd Umroolvoro A ToU guvohou TGV BeTik@v &repadwv Exel
E\&yioTo ogroiyeio, dnAadh Umépxer oTé A povadikd oTorxeio, mou elvan
HIkpOTEPO &rd SAa T& &AAx oToiyeia Tou A.
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IIIL. 1.1.

1.1. 'H ¥vwvoia t¥#¢ Siarperdtnrag otd 2.

‘H tglowon —3x = 11 8bv éxe plla oT1d Z, yrati Bév Umrdpyxer &xépanog ToU,
&v moMamAaoiaoTel pé TS —3, v&k Blvel ydpevo 11. *H Elowon Spows —3x = 12
ixer plla oTé oUvoro Z Tév &xépaio —4, yiari —3(—4) = 12. Ztv mepiwTwon
ot Mpe 61 & 12 Siaupsitar pé 6 =3 f 6T1 & —3 diargel TS 12.

Afvoupe Thpa TV TapokdTw Spioud.

‘Opwopds. "Av «, [3 € Z, 16T1e 0& Aépe 8T & a Suapeitan pé 16 P i 11 d P Swmpel
Tév a kol 8& ypdpoupe B|a, dtav kal pévo Stav Utrdpyer dxépaios y TETOI0S,
&ate v& loyuea

o = Py.
Ithv meplmrwon ot 8& Aepe Emions 8n
(i) 6 o elvan moAlamhéoro ToU P kof
(i) & P elvon Swapétng fj maphyoviag tod a.

Hapadsiypata:

1. 'Amé Thv lodtnra —35 = 7.(-5) fmweron &m
71-35 kal  —5|-=35.
2. Té ouvoro Té&dv TorAatmAraciwy ToU 5 elven

5.y | vez),
BnAabf
(.., =15, =10, =5, 0, 5, 10, 15,...}

Iapatnphioeig
1. ’Emeidn) y1& k&be P e Z loyba 0 =P . 0, &weron 6m1:
xG0e axépargg Srarpel t6 pndév.
2. "Av Ola, TéT1e Umdpyxer Yy €Z pé Thy 18i1dTnTa a=0.y, SnAad a=0.
*Apa:
16 pndév elvar duapétng pévo tod Eavtod tov.
3. 'Ard Tis mpogavels fodTnTes
a=(+1a kal a=(-1) ()
freran &Te
xa0e dxépaiog a Swmpeltar mavia pé todg 41 xafl +a.
4. "Av & Tpeis Sxépatous o,p kal y loxua o = Py, TéTe Tpopavdy loxuouv
kol ol axéoes
—a=p(=y), a=(P)(=y) xal —a=(-P)y.
"Apa:
&v Pla, téte Pl—a, —Pla wal —Pj—a.
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IIL 1.1.

5. *Emedd, Adyw Tijs Tponyoupevns tTaparnpfioews, loyel
Bla < —Pla,
16 oUvoro TV SraipeT&dv Tou o koBopifeTan TAfpws, Stav elvan yvwoTd
16 oUvoro TGV Betik@®v SicnpeTdv Tou, ToU 8& 16 ovuPoAilovpe pé A(a).
6. 'Anéd THv TrapaTtipnon 4 oupmepaivoupe Errions 8T
Bla <> Bl—,
5nAadt 860 dvriletor dxéparor a xai —a Exovv toig ldroug Sranpéteg kal Eroptvas
A(0) = A (—) = A(|a)).
"Eton
A(—8) = A(8) = {1,2,4,8}, A9 =A0O) = {1,3,9} «kal
A0) = {x | xeZ ut x>0} =2Z% .
21 ouvéxeia 8& &mroBei§oune SUo Xpriciues TTpoTaaES.
IIpéracn 1. "Av a,p,yeZ, TéTe loxlouv ol dxdhoubes 1816TNTES:
(1) "Av ofp, TéTe Y1& k&b keZ loyve alkP.
(i1) "Av oip xad Bly, TéTe aly.
(iil) "Av alp kol aly, 1éTe o|p+Y.
(v) *Av olp kol P # 0, TéTE |a] < |BI-
*Anédern.
(1) "Av a|p, ToTe Urdpxel dxépaios A TéTotos, doTe P = a+A kal tropévas
kP = a(Ax), wou onuaiver dT1 a|kP.
(i) "Av a|p kol By, TéTE Umdpyouv dxépaior u,v TéTolol, OTE
p=oa-p xad y=B"v,
omroTe
y=pv=_(xp)v=auv),
SnAadh aoly.
(i) "Av a|p kol aly, TéTe Umdpyouv dxépanol A,u TéTolol, GOTE
B=ocA kal y=a-y,
omdTe
P+y=a@+w),
mou onuaiver 6Ti a|B+y.
@{iv) "Av «|p, T6Te Umrdpyer dxépoios A TéTolos, oTe P = a-A. "E§dAAov,
dpou P # 0, 6& elvanr A 3= 0 kai Emopéveos

Al =>1.
TMoAAerrAaoidlovTas kol T& SUo péAn aUrfis Tiis &vicdmyTas pé |af
Talpvoupe
|oA| = |«

kal &pa |B| = |af.
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IIIL. 1.2.

Néyw Tfis 1B1dTnTas (iv) Tfis mpoTdoews kée OeTikds BioupéTns x ToU
PeZ* ikavorroiel T oxéon 1< x<|B|, dnAadn

xeA(P) - 1<x<|p| M

'Améd v (1) kad v Tapoariipnon 4 Exouvpe Té &xdAoubo Trdpiopa.
Iépiopa 1. Oi povadikol Brcupétes Tou 1 elvon of 4 1.

’E€&AAou Adyw Tiis mpoTdoews 1 kal Tiis Tapornpfioews 3 Exovupe T
drdAoudo TropIoUA.

Népropa 2. ‘H oxéon “I” péoa 016 oUvoro T&OV BeTikddv dxepafwy elval oyxéon
uepikils Srardgecs (SnAadh dvoakAaoTikf, peTaPoTik kai AVTICUDPETPIKT).
Téros &wod THv (1) Exoupe TO &xdAoulo Trépiopa.

Mopwopa 3. TS gUvoro TGV BeTikddv SiaupeTddv Evds drepafou PeZ* elvan Trere-
pacuévo.

INpbtaon 2. "Av aeZ, PeZ* «kal Bla, T6Te Urdpyer novadikds dxépatos y ué Thv
IBioTnTa a=p-y.

"An6deiEn. "As UmroBtooupe 811 Umrdpyouv Y,y €Z TéToiol, QoTE

o = Py xod o = By;.
ToTe Adyw Tiis weToPorikfis IBidtnTes Tiis lodTnTas Talpvoupe
Py =PBr:
xal émroubvaws y =y, &pou B # 0.
"Av PeZ* xal Bla, TéTE 1§} wp&En, pé Ty drrofa PplokeTon & povadikds (AS-
yw Tiis TpoT. 2) dxépanos y pé T 84T & = Py, elven ) yvwotr pos TéAeix
Bialpeon kaf & dxépaios y elven 16 &xépono TmAiko aTiis This Bioupéoews.

1.2. IIp®rot xal ovvBeror &ptOp.ol.

Mi& &mé Tis ™6 Paoikés Evwoies o1y Bewpla &p1Budv elven ) Ewwoia ToU
apdrov dotbuod. & v& katavoricoupe THv Evvoia auTH, & Tapoupe TS oUVoAo
A=2Z—-{-1, +1}.

K&Be oroixeio o Tou ouvdrou A #xel, Adyw Tiis rapaTnprioews 3 Tiis 1.1,
TouAdyioTov Buo BeTikoUs Siapétes, Tous 1 kai |al. TLy.

A()={1,3}, A4 ={1,24}, A-D>)={1,5}

A@®)={1,23,6}, AT)={,7}.

Maparnpouue &1 k&fe Evas &mwd Tols &pifuols 3, —5, 7 Exet oUvoro Oe-
TIKGV B1aipeT&dv pé ddo dxpife oTorxeia. Tétolor &piBpoi, &mas of 3, —5 xal 7,
bvoudovton moeditor Goifuoi. “Etor Exoupe Tév kdroufo Spiapd.

‘Opopds. “Evas dxépoios ps£0 dvouddetai mpdrog apiBpdg, STav xai povo Stav

p # +1 xal ol povadikof Betiof Sicupéres Tou elvan of &piBpol |p| kad 1,
SnAadn A(p) = {1, |pi}.



III. 1.3.

KdBe dréparos a e Z — {—1, +1}, ol 8év elvan pédtos &p1buds, dvoudde-

Tar gbvleTeg &pOpdg.

*Eto1 k&fe oroixeio Tou ouvddou A = Z—{—1, +1} elvan § wpidTos &pi1Buds
f} oUvleTos. Ol &p1Bpol —1 kaf +1 (TroU 8év &vrikouv 016 A) elvan ol pdvor dé-
paiol, ToU TO ouvoho TGV eTikdv Siroupetdv Tous elvan povopeAés. (MTopioua 1
Tfis 1.1). Mé Pdon Tov mponyoupevo dptopnd ol &piBuol —1 kal +1 olrte pdTor
&pifuol elvar olte auvleTol.

Hapatnpiioerg

1. *Av p elvan wpidtos &p1Buds, ToTe, &pou A(p) = A(—p), 6& elvar kaf & —p
TpddTos &p1Ouds.

2. "Av p,,p, elvan Betikei pddTOl &p1Buof kol p,ip,, TOTE, ol A(py) = {1,p.},
8& elvan p; = p,.

Mapadeiypara.

1. ‘O é&xépatos 2 elvan mwpddros dp1Buds, yiarl A(2) = (1,2}.
2. 'O d&képatos —9 elvar guvBetos dp1Buds, yiari A(—-9) = {1,3,9).
3. ‘O dxépaios 5 elvar wpddTos &ptBuss, yiart A(5) = (1,5}.

1.3. ‘H évvoia t¥jg dAyopiBuiniig Starpéoews.

*As Utrobtooupe 8T Eyxoupe Tous Grépatous 32 kai 5. Té 5 Bév elvan Siaupétns
ToU 32, &ou Bév Umdpxer &képanos o pé Ty {BidTnTa 32 =5-a. ‘O dxépoanos
Sues 32 prropel v& dvaiufel kaTt& TToAAous TpdTous of GBpolopa Evds TToAAa-
TAagiou ToU 5 kai évos ferexo dkepaiou, STres Seixvouv of Tapoxdtw lodTnTes(t):

32=56+ 2 32 =524 22
32=55+ 17 32=5-1+427
32=5-4+ 12 32=5-0+ 32
32=5-34+17 32=5-(-1) + 37

Mp&gpoupe Tdpa Tis TTponyoUpeves lodTnTes pé oV dkdhouBo TpdTrO:

32-5-6 = 2 32-5.2 = 22
32-5-5= 7 32-5-1 = 27
32-5:4 = 12 32-5.0 = 32
32-5-3 =17 32-5(~1) = 37

T& 8elrepa péAn orls mTponyoUpeves iodTnTes oxnuaTifouv Eva clvolo
&md pf &pvnTikoUs dxepaious, kai 6 EAdytorog &md aUToUs elvan 6 dképaios 2,
moU elvan kad & wovadixds TroU TepiexeTon peTafl Tou 0 kaf ToU 5.

O4& d&mobeifoupe Twpa &T1 ) UmopEn kai 1| povadikoTnTa €vds TETOIOU Api-
fuoU, dmws ToU 2 oTd TponyoUuevo Trapddelypa, ioyUel YeVIK&.

1. Znuaddare 11 32 = 2 (mod 5), 32 =7 (mod 5), 32 = 12 (mod 5) k.T.A.




IIL 1.3.

Bchpnpa. "Av aeZ kol PeZ*, TéTe Unrépyouv povabikol xépoior T kaf v TéTolol,

QoTE

o =Pty xod 0<v<ipl

*Anéderln. Aroxpivoupe Tis dixdAoubes mrepirTddoEis:

I. a2, xai p>0. "Ag Bswpfiooups T6 oclvoro A SAwv TV &xepaiwv Tis
Hopepiis a—Px, &mov x elvan Evas ditpatos Térolos, daTe v loyler a—Px > 0,
5nhad)

A={oPx|xeZ ko a—Px > 0}.

Té alvoro ortd Bév elvan 16 kevo. Tlpdyuat, &eou elvan p > 1, roAarAaoi&-
GovTas ko T& SUo uéAn s pé aeZ, Pploxovne of > o kal Emopévws a+taPp >
> ata=0, dnAadfy ataf = 0. "Etor, &v mépoupe x = —a, ovptepaivoupe
&1 6 pfy dpvnrikds dxépaios a+op &viikel 0TS oUvoro A. ZUppwva pé T &flwua
Tiis Tapaypdgouv 1 TS oUvoro A Exer EAdyioTo oToiyelo, EoTw v. "Agou VEA,
0& Umdpyer dképaros T TéTOlos, GoTe v& loxvel a—Pmr = v. ‘Emwopdvess

o = pmr+tv xad 0<w.

©& &robel§oune Twpa dTi v < P. “Ag Urobtaoupe &t v > B. Téreelvaa v—p > 0
kal, &readd loyie

v—P = (a—mP)—P = a—(w+1)B,
ouutepaivoupe 811 16 v—P &vriker, 016 A. AUTd Buws elven &totro, yiati 16 v—Pp
elvan pikpdTepo &md T v, vdd guyypdvux 16 v elvan T EAdy10To oToiyéio Tou A.

‘Emropévaxs v < P kol Eror Exoupe &rodeifer 81 Umrdpyouv dképator T kal v Té-
Toi0l, OOTE

a=Ppmw +v kai o<u<pP @)
Méver v’ &roBei§oupe 81 ol dxépaior T kal v elven povabikol. "Ag Utrobégoupe
&t Umdpyouv dxépaiol T kal v’ Térolol, GdoTe a =P’ 4v’ ko 0 <V < B.
Xwpls v& PAdyoupe 1) yevikdTnTa propoUpe vk Umrobéooupe i ' < wr. "Emer-
&4 elvon o =Pw+v, Exoupe Pt +u=pn" + v 4
P (m—m') =v'—u. @

Mpoobtrovras Thpa katk uéAn Tis oxtoers 0 < v kai ' < P Pploxoupe V' <P+v
i v'—u < B, éwdte §y (1) yphoeTan

P (m—m) <P
fi, &pou P > 0,
' < 1.
"Etol y1& tév éxéparo —m’ loydouv ol oxéoeis
0 <’ kod -1’ < 1
kod Emopévaxs w—mr' =0, SnAadh) w=n'". Tdpa & (2) divar v =v. "Apa Té
fevpnpa foyvel aThv mepimTwon olm.
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. 1.3.

IL a<0 xai B>0. *H &mwddeifn orriv mepimTwon alrh ylveta, &mes oty
mepimTwon |, dpkel v SiamoTwdel 6T To. a—Pa elvon ororyelo ToU ouvdhou A-

II1. aeZ xai B<0. ZTHv TepimTwon alr 8éroupe oTis oxtoeis (1) Smov
B 16 ||, dwdTe wadpvoune

a=|plTr+v kel 0 <v<|B

4 a=B(m +v ka 0<v<|B
4 a=Ppn" +v kol 0<v<ipl
édmwov ' = —r.

ZUpgwva pé Té Tponyoluevo Becopnua ot k&be Siaretaypévo Leuyos («,p)
TOoU Z X Z¥ &vmioToixel povadikd dixreTaypévo Leuyos (mu) Tou Z X Z,
Téroro, MoTe v& loyUouv ol oyboels @ =Prw+Hv kaf 0 < v < |Bl.

AnAad1) Eyoupe plax wp&En ToU Z X Z* o1é6 Z X Z,. ‘H wp&tn avuTth dvo-
péletan dhyopiBpxiy Sraipesn. Of &pbpol a, P(#0), T kad v dvopdfovton &vTi-
oTolyws darpetéog, Srarpétng, nnhixo kol drdhorro tfic (GhyoprOpixilc) Simpé-
ozwg tob a pé t6 P. ‘H oyfon a= Pm+4v (6mov 0 < v <|B|) dvopdleTan iadnte
tfig (@hyopBpixfic) drarpéocmg tod a pé 6 P.

Iapatipnon. Elvan gavepd ém, &v oty lodmnta Tiis dAyopifuikiis Sicipéoecs
ToU o pé 16 P elvan v =10, Toé1e 6 P elvon Twapdyovtas ToU a. '

Mapadeiypata.

1. *H &Ayopibuikfy Biaxdpeon Tou —35 pé 16 6 &fver TnAiko ™ = —6 kal UTdAcITTOo Vv =1:
—35 = 6(—6)+ 1
2. ‘H oyton —14 = 4 (-5) + 5 bév elvan lodtnTa Tiis Sroupéaecys ToU —14 pé 16 4 olte Tiis
Siipboews ToU —14 pt 16 -5, yiarl elven 5> 4 xal 5>|-5].
3. "Av a€l, TéTe T& Suvard UméAorma Tiis Bixipéoews Tou o pé 16 5 elvan 0,1,2,3 1§ 4, yrati
16 UmdAorro v avTiis Tiis Srapéoews Ikavotrowl Th oxéon 0 < v < 5.

‘H &AyopiBuikny Biaipeon évds drepalou pé 6 2 elvar duvatd vk Sdoer Urd-
Aorro O f} 1. Elvanr yvwoTd STt oy mpadTn mepitrrwon & dxépaios dvopddeTan
doteog, dvé o) BeUTepn meoerTog. "ETol Bvas &pTios dképaios Exer TH) popen 2Kk,
tvd Bvos TreprTTos TN popedy 2k+4-1, dmov k e Z.

Oi dxépanor —8, 4, —6, 10 elvan &pTiol, v of 5, —7, 9, —15 wepirTol.

‘H dAyopiBuikr) Siadpeon ToU 32 pé 16 12 Siver Ymrdrorro 8. TMaparnpoupe
811 & dxépanos 2, ou elvan kowds Bianpétns T&Y 32 kad 12, elvan Sicupérng kol
ToU UmdAoitrou 8 kad EmimrAdov & &képaros 4, ol elvan kowds Siaipérns Tou 12
kod ToU UtrdAortrou 8, elvan BionpéTns kai Tou Sicipetéov 32. Oi i816TnTES otlrés
foxuouv yevik&, &mws Befyvel f) wapakaTw TpdToom.

Ilpétacn 1. "Av v elvan T6 UméAoimo Tis dAyopiBuikiis Sicpéoews TOU o pé

16 P kad 3€Z, ToTe loyUouv

() 8la kai 8|p = Blv,

(ii) 5|p «kai Blu=Bla.
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"Aréderitn. (i) "Amo Ty lodtnTa Tiis dAyopiBuikiis Siaiptoews ToU a pé TS
B malpvoupe
o—Pr=v ¢))
*Agou 8la kal 8|B, Adyw Tiis TpoTdoews 1 Tiis 1.1 & 8 elvan Bionpérns Tou Trp>-
Tou pfdous Tiis (1) kai Emopéves S|v.
(ii) *AmrobeikvUeTan Suoia.
HNapatipnon. I1é wapdderypa wou &vagipape wplv &wd Thv mpdraom 1 & &xépaios

8 elvan kowds Sixipétns Tou 32 kal ToU UwdAorrou 8, &AA& Bév elvan Biaipérns Tou 12, "Evon
otfiv wpdraon 1 8v loxue §f ouveraywyh:

Sla xal Blu=5]p.
Ilpéraon 2. "Eotw o, PeZ waf yeZ*. Téte ol drouptoeis tdv o xal P pé 16 vy

Blvouv 16 810 UdAoitro, STav kal pévo &tav 1| diagopk a—~P elven ToAAa-
TAGGI0 TOU Y.

*Anédern. "Av ol diapéoeis TGOV o kaf P ué 16 y Blvouv 16 1810 Umréhortro, TdTE
EYOVHE
a=ym +v kal P=ymwmtuv (dmov 0<vu <y,
OmoTe ué dgalpeon xard pédn Talpvoupe
a—f =y (w;—my),
ou onpaiver 671 10 o—P elvon oAAamAdoio ToU Yy, &pou Tr,—T,eZ.
'AvTtiotpoga, &v elvar a--P = y.A, ToTe EYovTas Utrdyn Tiv lodThnTa T S~
ptoews Tou P Pt 1O ¥y, BnAadn Tiv
B=ym-i v (Gmov 0 < v < ly)),
Bploxouvpe
a—(ym v =y A
fi
a=y A+ + V.
Enaidn elvan 0 < v < |y|, § Tedeutada oxéon elvon 1) lodtnra s Sroupéoswos
ToU a pé TO Y kai Emopdvws TS UTéAotmd Trs elvat .

1.4. Aonfoeg.

1. "Av a= B (mod 2), Beifte &1 & dxépaios a+P elvar ToAAawAdato ToU 2.

2. "Av v=14k } 1, &dwov keZ, Beifte 3T 4|3+ 2vL 1.

3. "Av o, = a, (mod v) xal P, =B, (modv), Beifre &n o +P, = a,+ B, (mod v) xal
o, Py = ayP, (mod v).

4, Asifre 311 TS yivdpevo Buo Biadoyikwv drepalwv elvon &pTios &piBuds kal Emata 411 T6
TeTpdywvo tvds Tep1TToU &piluov elval THs wopefis 8x+ 1, dmov keZ.

X
5. "Av a,p,x elven éképaiol TETo101, DaTe o i B (mod 2) kol x = o+ P2, Beifre STt 16 5

:lvan &Bporopa Terpaywvwy BUo dxepalwy &pifpddv.
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6. Actfte 3 y1& k&de AeZ & dxbpoxios A(AY+2) elvat oAAamA&oto ToU 3.

7. “Av BUo &xépaior Bév elvan ToAAamA&owax ToU 3, Bei§te &1 Té &Bpoiopa i A Sixpop& Tous
Bropetton pé td 3.

8. “Av #vas dxépaios Bév elvar woAdamAdoto Tob 3, Betfte 811 16 TeTp&ywvd Tou elvar Tiis
uopeiis 3A+1, dwou Ael.

9 “Av keZ, 8etfre 61 6|k (x+1) (2x+1).

10. "Av dvas &képanos a Bév elvar woAhamAdoio ToU 5, Beifte 811 1) Sialpeon ToU a? pé Té 5
Biver Umdhotmo 1 1§ 4. ZTh guviyeia Beifte &1, &v ol &xépator X xal y Sév elvanr TroAAa-
wA&aia ToU 5, Tére 5| x4yt

11. ‘H Bialpeon tvds &repalou a pé 1é 65 Biver rnAixo Bvav &pTio &p18ud A xal UrdAorro A3,
TMpoaBioploTe ToUs &xepalous .

12. "Av v elvan guaikds &p1Buds, Beifte 1 9| 24v+1-23v—],
13. Ad€te 811 y1& x&Be guokd &p1Bud v loyvouv
d) 5|33v+2+ 2v+4 p) 7|32\'+1+2V+l
y) 11]32v+2 4 28v+1 8) 17]3.52v-1 4 23v-3,
14. "Av a,B,p € Z xad ol dtpator «®—P xal PE—a elvar woAAamAdora ToU p, Beifte 11 ol
Biocuptoers Tév aPp?+4o?p kal a®4-p? ué 16 p Blvouv T6 1810 YmdAorTro.

15. Bpeite 16 Umbdhoimo Tiis Biaiploews Tou 930 4 1710 pé 76 8.
16. "Av p,A elvar dxtpaior ut 4p 41 = 37, Ppeite 16 yevikd TUTO TOU p.

1.5. Méyiotog xoivdg Sratpétng dxepalwv. — "AdybpLBuog tob
EdxAeidy.

*Av a kai B elvan 8o dxépatol, TéTE TS gUvoro A(a) N A (B) Tepixet
Shous TolUs Kowous BeTikoUs SiaxipeTes TéOV o kal B, Bvag &wd Tous dtroious elvan
kai & dxépoios 1. ZTrv mepimTwon moU Evas TouhdyioTtov &md Tols o kol P
elvan % 0, 16 olvoro A (&) N A (B) elvan mremepacuévo ( Top. 3 tiis 1.1.) xal
éoubveos Exel péyloto aroixelo. T6 péyioro aUrd oroixeio Tou "A(x) N A(R)
dvopdaletan & péniatog kowvog Swapétng (MKA) tdv a xai B kol oupPorifercn
ué (G,B)- .

*ETtol & uéyioTos kowos Siaupétns SUo drepalwy o xal P (Trov Evas TouA&-
xiorov elvar 5 0) elvan & povadikdg Oetikdg drépaios 8, wou ikavoTroei Tis 1516~
TNTES:

(i) 8ja xai 8B,

®) vla xaf y[p =y <5

*Emaidfy 16 ouvoro

AN AQ)=Z%
Bév Exel wéyloTo oTolxElo, WéyloTos kowos SiaupeTns TV a =0 xafl B =0 dév
SpileTan. “Etol, STtav o1& Emopeva GvapepOuaoTE GTO UEYIGTO KOWS SiaipéTn
BUo dxepadwv, 8& UtoBéToups 11 Evas TouAdyioTov &md adtoUs elvan =4 0.
IMapadeiypara.

1. ’Ewadf A (-8) = {1,2,4,8} xaf A(20) = (1,2,4,5,10,20}, #xoupe A(—8) n A (20) = (1,2,:h
ki troudveds (=8, 20) = 4.
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2. 'Emeibfy & pdvos xowds ferikds Sicnpérns Tév 4 xal 9 elvan f povdda, Exoupe (4,9) = 1.
Tapatnphioeig
1. Emedf A(c) = A (la) xaf  A(B) = A(IB]) (Mapar. 6 s 1.1), Exoupe

A(e) N AB) = A(Jal) N A (IBD
xad trropévess

(auB) = (|(!|, IBD

2. "Av aeZ*, 161e & |a elvon & ptyroTos Sicpérns ToU a (TTpoT. 1 (iv) Tiis 1.1).
*Emraidf) tmimAéov loyier A(a) N A (0) = A(a), Exoupe
(@,0) = [«
3. "Av BeZ* xal B|a, ToTe, &pou & péyioTos Sixpérns Tou P elvan & dnépanog
Bl xed |BleA(e), Exouue («,p) = |BI.

"EoTtw

a=pmwr4v (&mov 0<v <|BD

) loénTa Tis dAyopiBuixiis Siaipéoews Tou a pé 16 P(£0).

“Exoupe péder (TTpoT. 1 Tiis 1.3) 671 x&e kowds Siaipérns T6v o kad P elvar Sian-
pérns Tou v kal kdbe xowds Sicipérns T P kal v elvan Broupérns Tou a. ‘Emoupé-
vas T& ovvoda A(x) N A(B) kal A(B) A A(V) TauTifovrar, o onuaiver T
(o,B) = (B,v). "ETor Exouue THv didAoubn mpbTaom.

Ilpétaon 1. "Av v elvan 16 UmréAorrro Tiis &Ayopifuixiis Siaipéoews Tou o ué 16

B (£ 0), tote

(“rp) = (ﬂ,U).

Mt 1 Pofibeix Tiis TporyoUuevns TpoThoews 8& Enynfoovue m& pébobo,
pé Ty Omola 6& pwopoupe v& UtroAoylfoupe 16 uéyioto xowd Sicupérn SUo Ge-
Tikdv dxepadwov. ‘H péBoBos atrry dvoudleron dryopiOpog o8 Edxheidn.

*As Boupe TpdTa TN péBoBo ot pé fva Tap&deryua.

Mapadciypa 3. Othovue vk Urohoyigoupe 6 MKA Tédv 306 wal 108. I p&pouvue Tiv lod-
TnTa Tis dAyop1dukiis Sraipécews Tou 306 ué 16 108:

306 =108 . 2 + 90,
traita THY lodtnTa Tfis Siaipéoews ToU 108 ué v 90:

108=90.1+4 18
xal Téhos Ty lodtnTa Tiis Sianploews ToU 90 pé 16 18:

90 =18.5+ 0.
Adyw Tiis TwponyoUuevns TpoT&oews EXOUUE
(306, 108) == (108, 90) = (90, 18) = (18,0) = 18.
"As tEetdooups Twpa TH péBodo alTh yewik&. *Ag Umrobéooupe Sm Exouv

Sofel SUo un undevikof &xépaior a xal B kol BéAouue v& Ppoupe T6 (a,B). "Emeidt

(a,B) = (la, |B) (Mapar. 1) pmopoUue vk Umrobégoupe & ol «,p elvan Betixol
dépanion.
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Mé& T Sixlpeon Tou o pé 16 P Exoupe:
a=pr+v ka O0<v<p.

"Av elvon v =0, 1éTe Blax, kail Emopéves (o,f) =B (Maparr. 3).
"Av elvan v 7 0, TOTE Y1k T Siipeon ToU B ué TS v Exoupe:

B=um 4y xa 0<v, <v.
"Av elvan v; 5 0, TOTE Y1k TH Biaipeon Tou v pé TS v, Spoia Exoupe:
u=um, 4+ kad 0 <v, <y

xai ouvexiZoupe aUTh T SiaSikacia péxpr vé& Ppolue Umdhorro pndév: ToUTo
oupPaivel, yiarl yi& Tous pry &pvnTikous dkepadous v, v,, V,,. .. loxUel

B>u>vy>u> ...

kal 16 TAffos Tous elvan T6 oAU B. "EoTw v, = 0. TéTe Exoupe Tis &xdAoubes
iodTnTES

o = prr+tu )
B=um + vy, ()
U= U+, (1)
Vg = Uy yTmotu, a0
Uv—1=UvTrv+1+0 (|v+1)

Té Teheuraio pry undevikd Umroroito v, elvan 6 MKA Tév o kal B, yiori oUp-
pwva pé Ty TrpoTacn 1 Exouue

(G,p) = (B'U) = (U'UI) = .= (Uv—Z' Uv—l) = (Uv~11U\;) = (Uvro) =Vy

*Av xpnowpotrotficer kavels Tis iootnTes (I,) — (L,4,) TOU Trapamdvw &A-
yépiBpou Tou EUkAeidn, pmopel v& &moBeifer Triv dkdroubn mrpdTaocn.
ITpétaon 2. "Av SUo dxépaior SiaipeBoluv pé Eva BeTikd kowd Siapétn Tous vy,

TOTE O Péy10TOs KOWOs BixipeTns Tous Binoeitan pé 16 .

Hopopa. “Av (ao,p) =8, TéTe

(5. 4)=

"I151xfTepo EvBiagpépov Trapoudidlouv Ekeivor ol &xképaiol o kal B, yi& Tols
bmrolous foyver (a,p) = 1. ZThv TrepiTrTwon adth & pdvos BeTikds kowds Sicupé-
s TV o kai P elven 1) povdda .Abo &képaiol, TToU Exouv péy1oTo KOWO SicupéTn
T povéda, dvoudlovton npdtor petald tovg 1| oyenkds npdror ambpoi. Tl.x.
ol éképaiol 6 kai 5 elvan oxeTikéds TrpdTOL &pibuoi ,yixTi (6,5) = 1.

T6 Trponyoupevo Tdpiopa prropel Twpa v& Sratutwdel pé Tov &kdAoubo
TpOTTO:

"Av 800 dxéparor GpiOpoi SvarpeBodyv pé 16 péyrieto xowvd Swmpétn tovg, yi-

vovial 6yetIk@dg npdror dpiBpoi.
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O& Bolpe Twpax 11 & MKA & 8Uo &xepalwv o kol P propel v& ypagTel ohv
Ypappikos ouvbuaopds Tiv o kaf P, SnAadh

§ = aa’ + PP’ D,
dmov o', p'eZ.
“As BoUpe mpdTa Eva mapddetyua Trpoodiopiopou dvds Lelyous dxepai-
wv o kal P’, dote v ikavorroeltan 1) oxéon (1).
Hapadevypa 4. 316 moapdSeayua 3 Pprhxaue 811 (306,108) = 18. ‘O &Ayépiducs ToU
EUxhei8n #8woe kel Tis &xdAoudes lodrnTes:
306 =108 . 2 4+ 90, 108 =90.1 4+ 18, 90=18.5
‘H mwpdrn &mwéd alrés Sluet 90 = 306-108.2, dwére &rd T BeUtepn Pploxoupe

18 = 108-90.1 = 108—(306—-108.2).1 = 306.(—1) 4 108.3,
5nAaBh 18 = 306 (—1) + 108.3. "Apx &' =—1 «xaf P’ =3,

"Av EpyaoTel kavels Strws oTd TponyoUuevo Trap&beryua, utropel, xpnot-
uotrordvras tis lodtnTes (I,)—(,) ToU &AydpiBuou ToUu Edndeldn, vk &robel§er
TV Tponyoupsvn oxéon (1) yevix&.
2t ovvéxela duws 8& dmodel§oupe, &ve§dptnTa &d Tév dAydp1Buo Tou Elndhei-
bn, THv mapaxkdTw TpdTACT.

Ipétasy 3. "Av & = (a, B), TéTe Umrdpyouv &képaior o’ kal P’ Térolol, doTe
va loyber:
5 =aa" 4 PP’
kal & & elvon 6 pikpdrepos GeTikds dképaios, TToU prropel v& ypaTel odv ypau-
uikés ouvbuaopds TV o kal P.

*Ar6derdn. Oswpoupe Té gUvoro A SAwv TV Betixdv &xspaiwv Tiis HOPPTS
ax+Py vt x,yeZ, SnAabnh
A= {ax+Py | x,yeZ xal ax+Py > 0}
"Av r&poupe x = a kal y = P, TéTe Exouue ax+Py = a¥+p2>0 (&pou fvas &mrd
Tous a,P elvan # 0). "Eto1 16 clvoro A elvar # ¢, dwdte auppuwva ué 16 &Elc-
pa Tiis Tapaypapou 1 Exel EA&y1oTo oTorxeio, EoTw 8. "Agou 8'€A, 8& Urdpyouv
dxépator «” kaf P’ Tévolol, doTE
oa’ + Bp' =¥ W
O& &rrobef€oupe ST & ferinds dukpanos 8 elvan Sianpérns Tou . ZUpguwva ué Té
Becopnua THs 1.3 Umwdpyouv &xépaior v xal v Térolol, GoTe
a=8rwr+4+v xad 0O0<v<?d.
Tére Exouus
v = o—-8'm = a—r (ax’ + PP") = « (1—mr«’) + P(—mP’),
SnAadh
v=a (I-ma’) + B (~mp").
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“Av elvan u>0, ToTe &Trd THY TEAevTala lodTnTa oupepafvoupe 811 v € AL "AX-
A& aiTé elvan &tomo, &gol foxler v < &' kal 16 &' elvon 16 EAéyioTo aToiyelo
Tou A. ‘Etroutves elven v = 0 kal &pa a = &'r, o¥ onuadver &1 &'la. Mé Spoto
TpdTo propoupe va &rrodei§oune dmi 8'|B. *Apa & &’ elvan kovds Srcupérng TEY a
kai B. "Av Twpa y elvai évag kowds Siaipérns TGV a kal B, TéTe &1rd Ty lodTnTa
(1) xad v mpdTaon 1 Tfis 1.1 gupmepaivoupe 811 & y elven Sicupérns Tou &
kaf tmopdvwos y < 8. "Apa & =8 = (o,p).

I &wddarbn Tiis rponyolUpevrs TrpoTdoews eldape dT1 k&l: kowds Sicipt-
s Tév o kai B elvon triong Sionpétns Tou &' =8 kal Emopévess.

A(e) N A (B) & A (5).
*AvtioTpoga, &v xel(8), TéTe x| ko, dpol 8|« kai 8|P, Adyw Tiis peTaParikiis
iB1é1nrog Exoupe x| kal x|B, d1édTe x € A(x) N A(B) kad &pa A(S) € A(x) N AR)
*Etoi Exoupe Thv dxdAouln mpdTaom.
Ipbtacy. 4. "Av 5 = («,B), ToTE

A(B) = A(c) N A(B).

Lnueioon. *Afila v& Tovicouue 8T f) wpdtaon 3 B¢ BnAdver 11 ol &xépatot a kai P
elvan povadixofl. Z16 wap&bayua 1 eibaue é1i- (=8, 20) = 4. ‘H wpdraon 3 tfaopahriler &
Uméapyouv &répatot a’ xaf B’ Tétolol, dove

—8a’ -+ 20p' = 4.
Elvan elikoho v Biamordoouue 811 ) tflowan abth trainfeleran yidk o = 2 kaf B’ == |
f y1&d a’==3 kai B’ = -1. Zrdv apdypago 2 6& u&doupe &1 Udpyouv xal EAAx Geuyry ke~

palev &ptBudv, mroU traAnledouv THY Tapamdvw Elowon.

‘H #vwvoia ToU peyioTou kowou SiaipéTn yevikeletar kal yi& mepioadrepous
&mrd 8Uo dxepaious. 'EBG & évBiagepfoune pévo yi& 16 péyioTo Kowé Bicapitn
TGV drepaicv. “Av o,B,y elvat Tpeis dxéponol, o Evas TouAayiaTov elvar : O,
T61E 16 péyroto aTorxeio ToU (Tremepacpévou) auvdrou A(e) AR N A(y) oy
Ko&v BeTikGV Blanperdy Tous dvopdleTan & pénictog kotvog drarpitng tdGv w.fl
xai v xal oupPolileton pé (o,B,y). ZTiv Tepirrwon ol elvan (o,p,y) == 1, ol
dxépaiot o,p kal y 6& dvoudlovtan trrlons modror perabd Tove 7 oxETIRGE AED-
rou dpfuoi.

*Av Utroféooupe 8T1 Evas &rd Tous B,y elvan # O xal dvopdooupe & 16 MKA
Tous, SnAadt) 8 = (B,y), TOTE Adyw Tiis TrpoTdUEws 4 Eyoupe

A(a) N APB) N AY) = A(e) N [APR) N AY)] = A(x) O AB)
kad Erropévas

(@By) = («, 8)
"Apa

(& B, y) = (& (BY)) @

*Eto1 Eyoupe
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(12, 4, —8) = (12, (4, —8)) = (12, 4) = 4,
-3.59=C36.M=3, D=1,
(-8,0,0)=(0,"-8,0) = (0,(-8,0)) =(0,8) =8

Mé T Pofifeix Tifs (2) xai Tils TpoThoEws 2 umopel v&k &rrobelfer kavels St

(@B y)="5 (% ,-2-,%)=1

1.6. ITpordoeig pé mpwroug xal oxeTindg Tpwroug dptBpolsg.

‘O TpidTos &piBuds 3 8¢ Sicupel 16 10. Maparrnpotue &t ol &piduol orrof
elvan oxeTikéy mpddTor, SnAadh (3,10) = 1. ‘H 18ibmyra oty loylver yevikd,
Smex palvetan oy wapoxdrw TpdTaoT.

Ilpéraon 1. "Av p elvon wpdoTos &piBuds kol aeZ¥*, téte & p 8¢ Bicipet ToV a,

dtav kaf pévo Srav (a,p) = 1.

*Ax6delfn. "Av 6 p 8¢ Biaipel Tév a, TéTe kal & |p| Sév Bicipel TOV a xaf
&opou A(p) = {1, |pl}, & udvos xowés BeTikds Broupérns T&V a xaf p elven T 1.
"Apa (a,p) = 1. "AvtioTpbpus, &v (a,p) = 1, TéTe & p v umropel v elven Bian-
pétns ToU «a, yiari otfiv dvtifetn Tepimrwon 8& Epeme v& Sicupel Té uéyroTo
kowd Sicupérn Tous 1, woU elvar &romo, &pou p # +1.

O©& &mroBeifoups Tapa m& oMY Xpriciun TpdTaoT, wou oxetileTon ué oxe-
TIkGs TrpTOoUs &p1duos.

Ilpétaon 2. "Av o,P,xeZ* pt (a,f) =1 xod aipk, TOTE alk .

*Arbdegn. "Agol (a,B) = 1, Umrépyouv dxfpaior ' kal P’ TéTolol, DoTE v&
loxla 4 lodmnTa

ax’ 4+ pp' =1,
dmrére MoAAaTrAadibbovTas kaf T& Suo péAn Tns pé x = O Pploxoups
oxa’ + Pxp’ =«x. ¢))

"A@ol b « elvan Sicipérns ToU Pk, 8& Bioupet kad ToUs SUo Spous ToU Tpddrou pé-
Aovus Tiis (1) kal troutvaws alx.

NopaSevpa. “Av X, yeZ pé 3x = By, TéTe oUppwva pé v mpdraon 2 Exouvpe 3 |y kal
8|x, &pou (3,8) = 1.

MmopoUpe Tdpa v& &rrobelfoupe Thv dxdAoubn TpdTooT.

Ipbéraon 3. "Av a,p € Z* xai & wpddTOs &p1Buds p Sraipel TO ywoduevo a.p, TéTe
6 p Sioupel Evov &wd Tous «,p. '

"Aroderln. "Ag Urrobéooupe 811 & p B¢ Sicipel Tév . TédTe cUpgwva ué Ty
wpdtaon 1 Exoupe (a,p) =1 kal Ewopbvaws Adyw Tis Tpothoews 2 & p elvan
BicnpéTns ToU P.
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oL 1.7.

Mé 1) péboBo Tiis TeAelas Emrarywyfis pmopel v&k &mobeiy el Té &xdAoubo
TOPITHA.
Mépiopa. "Av ay, o, . . .,a,€2% xod & TrpéiTos &piBuds p Srcupel T6 YIwdpevo o - ay
...y, ToTE Sroupel Evav &rrd Tols oy, . . .,y

IMapathipnon. ‘H wpdtaon 3 Bév dAndeler xoat’ &vdyxn, Stav & p Sév elvan pdTos &pi-
Buds. TIy. & 8 Bicnpel T yvduevo 4.6, SAA& xavévav &rrd ToUs 4 xai 6 54 Biapel.

1.7. "EAd)tato xolvé moAAanAdolo dxepalwy.

*As auuPoMooupe pé TI(a) T6 olvoho T&V Berikddv TroAAaTAcoiwv dvds

dxepaiou a. Tdre TI(0) =2 xaf
T(e)) = T(—e) = TI(lal),
yiori SUo &vrifetor &pifuol Exouv T 181 TToAAaTTA&oICK.

"Av BoBouv SUo &xépator a kol P pé a-p # 0, TéTe Té ovvoro TI(e) N TI(P)
TV Kkotvddv BeTikGv TToAaTrAaciwy TGV o kal B Bév elvon Té kevd, yrarl mepié-
x&l 16 groixelo |of:|B]. ‘Emoutvas T olvoro T(a) N TI(R) Exer EA&yioTo oTol-
¥elo, TS dmoio dvoudleTan 6 EAhdxioto xorvb olharlacio (EKIT) tdv a xaip kol
oupPohileran pé [a,B].

"Etor 16 Ady1oTo kowd moAharrAdolo SUo dkepadwov o kal B ué a«P- £ 0
elvan & povaBikds Bemikdg &xépaios g, ToU fkavotrolel Tis 1516 TES:

(i) oe xai Ple,

(i) &v aly, Bly xaf yeZ¥ ,1éte € <y.

INapadeiypara.
1. *Ewab
n3) =¢3,6,9,12,...,3,...} «xai
T(4) = (4,8,12,...,47,.. .},
Eyouvpe (3,4] = 12 -
2. “Ouocix Bplokoupe 811
[4,-10]=20, [510]=10 «xal ([-3,4]=12

Hapatnphioeig
1. ’Emeadd loyxve () N TI(R) = T(|a]) N TI(IB]), Exovue

[o, Bl =Tlad, IBI] [ (xuPeZ¥).

2. "Av q, BeZ* kol Bla, TéTE, dpou TS EA&yioTO BeTiKG TTOAAXTTAGOIO TOU «&
elvan 16 |af kal ¢mmAéov |af e TI(B), Exouus [a,f] = |af.
©4& £gevdooupe ToOpa dvaduTik& T1 poper, Trou Exouv T& kowd Betiké TroA-
AamAdoia SUo &repafwv o kaf B pé o.p 7% 0. N& 16 ovod oird & wépoue
fva kowd BeTikd TTOAACTTAGG10 p T&V o kol B. *A@oU |alfy, Urépyet BeTids dué-
patos A pé v IBidmTa
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p=lal - A m
"E€&ANov, traidny Bl b, & &p1Bpds

wo_ ol A

Bl Ipl @

elvan Evas BeTinds dxépaios. “Av Béooupe Topa (a,p) = (laf, |B]) = &, TéTe UTrdp-
xowv BeTikof dépator o, kad B, TéTot01, GdoTe 'af = «,. 8, [B| = P, kai (o,B) =1
Téve Adyw Tiis (2) Exoupe

B _ oA
Bl B
*Evre1d1y & ﬁ elvon dépaios, &méd Ty TeAeutada lodtnTa oupTepafvoupe 0T

6 B, elvan Bipétng ToU oA kad, &@oU (oy,py) =1, & B, elvan Srupétng ToU A
(mpot. 2 Tiis 1.6) ‘Emopévers Umdpyxer Betixds dxépanos k TETOLOS, WOTE

[
A=pP,;«k =L£—I K
"Eto1 Adyw Tiis (1) T kowd BeTivd woMamAdoio u T&Y « kai P Exel T Hopen
- lalslﬁl K, 3
4 A ] L Y ! o~ fod |a! Ip_l_
Smou k BeTikds dxépatos. 'AvTioTpdgws, kdle dxépaios TS MOPYTIS 5 K

ué k BeTikS dxépano elvan gavepd 811 elvan Eva kowd GeTikd TTOAAQTTAGTIO TWY &
kai B. "Apa.

() N TTI(R) = {LCiSIE[ K | K OeTikds érxépouog}.

Té EA&yioTo oTorkelo aUToU ToU ouvdAou TrpokUTrTel yi1& k = 1 kei clvan 16

al |
€ — I_IS*EI'
*Amd Thv (3) ouptrepaivoupe Tdpa 8T1 Eva kowd TOAAaTAGo1o U TéV o kal B
EYEl TN HOpYR:
P=€£K (6ou k OGeTikds &répatos),
"Eronr Exoupe &rodeifer Tl drdAoubes Blo wpotactes.
Mpbtaoy 1. "Av «, PeZ* kol [o,p]=¢, TéTE

TI(e) = T1(c) N TI(R),
&nAadr) 16 oUvoho TGV kowdv BeTik@v ToAaTAaciwy T&GY o xaf P Tou-
TigeTon pé T6 oUvoro T&V BeTikGv ToAAamAaciwv ToU fAayloTou Kowou
TroAAarAaciou TOus.
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IIL. 1.8.

Ipbtaon 2. T tA&yioTo Kovd TToAamA&oto € SUo drepaicov o kal P pé apf # 0
Btvetan &mrd TéV TUTrO

_ lof 1B}
[urp] ha (G,ﬁ)

Méprope “loyler: (a,B) =1=[a,p] = o] [Bl.
Noyw Tiis TpoTdoews 2 Exoupe:

128 12:8

(12,81 = o as =4 =24,
3614 36-14
[-36, 14] = ~—gg gy = —g— = 252

‘H &vvoia ToU #AayioTou kotvou ToAAammAaoiov yevikeUetan kaf yi& Trepio-
agdtepous &mrd Blo dxepafous. "EBED 8& vBiagepfolpe pévo yi& té EA&yioro koi-
vé ToMamAdoto TpiGv drepatwv. *Av a,B,yeZ pé a-pry # 0, TéTE TO EA&YI-
ato groixelo ToU ouvdrou TI(a) N TTI(R) N TT(y) (mou elvon # @, &pol Trepié-
xel 16 |a| Bl |y]) Tév kowddv GeTik@v ToAAamAacicv Tous dvoudleTar t6 EAG-
1610 KoLvd mollandiGoiodv af kai y xai ouuPoAileron pé [a,B,y].

"Av & = [a,p], TOTe Adyw Tiis TpoT&oews 1 &xoupe

() N TIR) N TI(Y) = (M=) N TI(RY) O TI(y) = TI(e) N TI(y)
kad &roudves

[« B, yl=[& v]
"Apa

(o, B, ¥)] = [[«.B] Y] (a:B-y #0).
*Evor Exoupe

1.8. "AvdAuor Oetixdv'" axepalwyv oé yivépevo Betixdv mpwTwy
Tapaydvrwv.
‘H &véAvon tvds Betikou &repafov of yivduevo BeTikddv TpldTwY Tapaydv-
Tov ornpiferon otfiv dkdouln TrpdTacn.
Ipbtacy 1. Kdbe Berikds dxéparog = 1 Exer. Sraupérn Evav mrpidTo &p1Bud.
*An6derln. "Eotw acZ* pé a>1. Todre 176 oUvoro A Tédv BeTikdv Siroupe-
T&V ToU o, Tou elvan #1, Bév elvan Tokevd, yiorl aeA.‘Emopéves 1é A & Exer
EA&yroTo oToiyelo, EgTw p. 'A'_; Utroféooupe 11 6 p elvan oUvBeTos dpiBuds. To-
e & p 0& Exer Sipétn Eva Bemikd déparo P, Siagopskd &md 1 kal p. *Agol

1. Mi& &vdAuon &pvnTikoU dxepalou ot ywduevo mpwTwy Tapaydvrwv dvk,eton oty
&véAuon ToU dvmiBétou Tou gt ywvduevo GeTikdV TP@TWY TapaydvTwy.
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IOl. 1.8.

Bip xal plo, Exoupe Pl kalf Eropbvers PeA. AUTé Suws elvon &rotro, yiarrl elven
B < p kad 16 p elvan 16 EAdyioTo aToryelo Tou A. "Apa & p elvon pdiTos dpiBuds.
HMapathpnon. *Amd Thv &wébafn Tiis wponyoUpevns mpotdoews elvan gavepd &1 &
HikpSTEpOs &Trd ToUs BeTivoUs Bicupétes ToU a, wou elvan ueyahUrepor &rd T povdda, elvan
wpdros &p1dBuds.
Fevikd, vas BeTikds drépanos (#£1) propel vé& ypagTel odv yivdpevo GeTikddv
TaporydvTwy katd Sidpopous Tpdous. T1.x.

60=10-6=12-5.

Zuxvd ke Evas &rd Tous TrapdyovTes arToUs uTTopel v& Ypo@Tel oGy y1vouevo
GeTikGV TTapaydvTwv kal oiTd prropel v& ouvexioTel, dorou SAot ol Trapdyov-
Tes v& elvon TrpddTOr &piBuof. “ETon

60=10-6=(2-5)-(2-3) =2-5-2-3
60=12-5=(6-2)-5=(3:22)'5=3-2-2-5.
Mapatnpoupe 8T kol oTis SUo TeprrTadoes ol (Betikof) TTp&dTOl TrapdyovTes
ToU 60 elvan 18101, *H IB16TnTa oTe) loyler yevikd kal txppdletan ué dva TTOAU
otoudalo fewdpnua, TToU dvopdleton Beucdiides Bedhonua tijc *Aobunrixis.

Ochpnpa. K&Oe oivBetos BeTikds &p1Buds dvadletan of yivdpevo BeTIkGV TPWTWY
&p1Bpddv kord povadikd TpdTro.

*An6daiEn. "Eotw o &vas BeTikds oUvleTos &pifuds. “Av p, elvan & pikpdTepos Oe-
Tikds TTP&TOS drapérns Tov (TlpdTtaon 1), Téte Exouue
a=p, - , o<
"Av & a, elvan TtpddTos &pi1Buds, TOTe & o Exel dvaAubel of yivdpevo BeTikGV TTRW-
TV &p1fuddv. "Av & o, elvan oUvBetos kal dvoudooupe p, TO HikpdTEpO OeTiKS
Tp&dTo SronpéTn Tov, TOTE ExouuE
Q; =Py * %y oy < .

"Av & a, elvar Trp@dTOS, TOTE & o Exer dvadubel of yvdpevo feTikdv TrpwTwWY dpi-
BudV: o = Pp;-Py . AV & oy elvan oUvBeTos, EmavalapPdavouue THv 1dix dpya-
ola, péxpr va @b&ooupe of kéirolov TrpdTo &E1Bud p,, OTOTE oy =P,

MoAAamAaoi&ovras SAes olrés Tis lodanTes kal drhotroidvTas Traipvouue
THv TopaxdTw &vdAuon TOU a G YIVOUEVO TTPATWVY TTapXyOvTw™Y.

& = PyP3-.-Pv
(ii) "As Umrobéooupe &1 Utrdpxer ik SeuTepn &véAuan Tou 181ov drepaifov «,
ot ywouevo feTIk@®V TPWOTWY TTApXYHVTWwY: & = q;"qz. . -qu-
ToTe Exoupe
P}Pz'--Pv=q1'qz---qu M
Té TpddTo uéhos Tiis (1) Srcnpeiton pé 16 q,, ddTe cUpPwva pé Té TéPIoU
1fis 1:6 TouhdyioTov dvas &rd ToUs mapdyovTtes ToU TrpcdyTou uédous Tiis (1)
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Il 1.8,

Tpémrea v& SioapeiTon pé 16 qy. "EoTw qylp,. TéTe oUppwva pé v Taparipnon 2
1fis 1.2 elvan q, = p;. "Av Bicupéooupe kal Té& SUo péAn Tiis (1) pé q,, Talpvoupe
v {oémTa

P2P3- . -Pv = q203. - . qu ¢))
"Av tpyaoToUpe Spoix kal oty (2), Pplokovue P Ps...Pv=qs Q.. -qQu KTA,
&otou TeAiké v& Bpoupe &T1 SAol of TrapdyovTes ToU dvds pufAous, .. ToU TP~
Tov, &xouv &mAotroinbel, émdTe 8& elvan v < u. ANAK TTe Trpérel kal of TTapd-
yovTes Tou Selrrepou wEAous v& §xouv dmhotroinbel, yiorl &AMy 8& eiyaue THY
lodtnTa

1= qJvtr Gurer s -qu
ToU yi& BeTikoUs TrpddToUs &piBuovs Bév ptropel v& foyUer.
"Apa 1} BeUrepn dvdduon ot yIwouEvo TPWTWY TapaydvTwy TouT{eTon né
THV TPOTN.
*Apeoss ouvttreles ToU Taparéve Becwpripotos elvan T& dkdAovda Toplopara.
Iépropa 1. Kdbe femikds drépaios v # 1 yphgeran kot povadiké Tpdmo G
&6fis:

V= plul pﬁu.‘ . .p‘ux ,

8tov py, Pas- - -,Px Elvon BeTikol TrpddTor dpiBpof BiagopeTikol peTafl Tous
kal &, o,...,0c elvon quaikol &piBuof.
INapadeimmarta:
1. ‘H &véAuon 10U 720 of ywduevo fetikv mWpwhTwy wapaydvrwy evan:
720 = 24.3%.5

2. ‘H &vérvon roU 2400 elvan
2400 =25 .3 . 5%

Ilépropa 2. K&B: Biocuptrns Tou dkepafou
V= PrtPate Pt
elvan Tfis popeiis ,
Plp‘ ng'- . ~pxﬂ" » 61T°U 0|S ﬁl . S [« ] ’ i = 1,2, . .,K
kal dvmioTpdpus.

MTropolue Topa vé xpncnuo-rroni’\créuue T& TpOonyoupeva, yid v& mhpouue
wé& Setrrepn pébobo eUptoews Tou MK.A. (BeTikév dxepadwv).

Ipoétaon 2. “"Av « kaf P elvon Betivol didpoior £ 1 Tétolol, GoTe
@ =p;" P’ . P
ﬁ . pllh pzlll. . °pku," "
3OV vy, Vg, . ..V Kal By, M. ..t B &dpvnTikoi dxépaiol, TOTE

(o,B) = py* pe™...pa%,
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ml. 1.9.

Smov ki = min (vi, ui) y1& «&e ie{l,2,... A}

"Anéderbn. O& &mobeifoupe 6T ) TapdoTAOT) PRipe- - - paka =A IkavoTrolel
Tis i816TNTES TOU M.K.A.
(1) ’Emadh ki <v; y1& kdde ie{l,2,...,A}, Emeton 811 16 A Sroupel 16 a.
Emeaidn ki < wi 1& wéde i{l,2.... A}, 76 A Bironpel kad 16 P.
(2) "Av y elvan S1cupétng ToU «, TrpéTrel oUppwve pé TS wépiopa 2 v& ypdeeTa
65 &kohoUbauxs
Y = PP . . A,
Smou 0 < pi<vi & kéde ie{l,2,...,A}. "Av TS y elvon kad Bicnpérns ToU
B, tmlons Exovue 0<p < wi y1& wée ie{l,2,... A}
"Apa 0 < pi < min (v;, W) = k; kal Emouéves 16 y elvan Sicupérng ToU A.
"Apax  (o,f) = A.
Mapaderypa. ‘O MKA Ttdv dxepaiwy
72=2% . 3
210=2.3%.5

, 72.270
elvan: (72,270) = 2.3% "Eweibf [72, 270]=(72'—2_7_0_)' Eyoups

(72,270} =23 . 3.5
1.9. *Aoxfcerg

i. Bpette 76 MKA T&dv 27 xai 20 xaf #rerta wpoadiopiote dxepalous x kal y Tétolous, dave
(27, 20) = 27x + 20y.
2. Ol Biptoers @Y 253 kal 525 pé dva GeTikd &xépaio a Blvouv UmwdAormo 15. MMords elvan of
Buvarés Tiués Tou «;
3. Mé wo1d BeTikd dxépato Trpérer v& SiaipeBouv of 1268 xaf 1802 y1& v& wapovue dvriororya
Umdhorra 8 kaf 17;

4. Kat& thv tpapuoyrhy ToU dAydpiBuou 1oU EUkA:dn y1& Tév Umoloyiopd Tou MKA 8o
BeTixddv dxepalwv a kal B Baiskouqe Siaboyixd wnAfka 1,2,1,20 xai 4. Bpeite Tols a xal 3,
&v elvat yvwotd 8Tt (a,p)=4.

5. Mool GeTixol dxépator a,B Exouv &Fporoua 293 xai MCA 24;
6. Bpelte 6 MKA xaf 16 EKIT t&v 90, 96, 140.

7. "Av (a,B,Y) = 8, 8eifte 811 Umdpyowv &képaiol X,y,z Térolon, dote ax+ Py+yz =3.
MpoodioploTte dxepalovs x,y xaf z, HoTe

(32, 48, 72) = 32x + 48y + 72a.
8. Bpeite SAous Tous Siaxipéres tou 120.
9. Mool Getixol dxépator ErainBedouv Thv tflowon x2—y? = 36;
10. Aci§te 61
@) (@) = (Sa+4p, a+p) () (ap) = (Gat4p, 20+3p)
(i) (ap) = («+Py, B) @iv) (oBy) = ((«P), (BrY))
11. "Av (a,B) =8 xaf & = ax+ Py, 8eifre dn1 (x,y) = 1.
12. "Av xeZ% , Bcifve ST
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m. 2.1.

@) x(ap) = (xa, xP),
(i) x[ap]=[xa, kP].
13. "Av «|y, Py xal (a,B) =1, Betfte &1 B y.
14, ¢ kabemrd dwd TS TapakaTw WEPITTWOELS UTOACY oTE ToUs BeTiKOUS dxepalovs o kal B:
(i) of = 2400 waf (a,p) = 10,
(i) a+Pp =36 (a,p) wxaf [ap]==3850,
(i) («,p) =26 «al [aop]=4784.
15. "Av 8Uo dxépaiof elvan wpddror petalU Tous, Bel§te &1 k&be Srapitns ToU tvds elvén wpdd-
105 ué Tév &Aho .
21 ouvéyeia BeifTe T ouvemaywyd

(ax) =1 = (a,p) = (a, xp).

16. "Av fvas &xépaios elvar wpddTos ué Eva ywdpevo dxepalwv, Téte elvan pddtos pé x&be ma-

p&yovta ToU ywoptvou kal &vTioTpdPws.

'Egappoyé: Acifre

@ @p=1 < (@pH=1 (veN)

i) @p)=1 <« (@ pH=1 (v, ueN).
17. *Av (a,p) =1, Bet§te

() (a+p, @) =1=(a+p, B

@i) (@B, @) =1 = (a—B, B),

Giii) (a+p, ap) =1 = (a—P, ap).
18. "Av a,p,y elvar mwepitrol duépator, Bet§re &1

@py= (55 L BY).

2. AKEPAIEE AYZEIZ THE ESIZQEEQE ax+By=y (a.B.veZ)
2.1. Elcaywyy,

2Ty Tapdypago auth 8& doyxoAnBolue pé Té TPSPANua(t) UtrdpSews kal
eUptoews &répaiwv Aoewv Tiis ypaupkiis E§10cotws

ax + py =y («By €2) (1

"Axfépara Abon Tiis ESicwoews (1) elvan k&Be LeUyos (X,,¥,) &md dépatous
dpifuovus 1ol THY EmonBelel.

*Ag BoUpe Troid elval 1y yewpeTpikt Epunveia ToU TpoPAfjuatos adtou. Elven
yvwotd 811 1) Eicwon (1) TapioTavel & edfeia Tévw 0TS kKapTeaiavd Erfedo
(Ex. 1), moU guoikd ol cuvTeTaypbues (x,v) k&Be onueiov Tns EraAnBedouv THY
E€icwon (1). To TpdPAnpa Tdpa elvat: Umdpyouv onpeia £ Twévw oThiv ebfefa
auTth pé dxépaiss ouvTeTaypéves kad, &v Umrdpyouv, ok elvan atd; "Otrws 8&

'AReSavdpivds oTd Epyo Tou CApiBunTik&» (360 p.X.).
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m. 2. 20

e
o/ x

e

Zx. 1
Soupe TrapaxdTw 1) fiowon 2x—4y =5 S&v Exe dxtpanes AUoeis, TToU onpaivel
&1 ) eUbela pé E§lowon 2x—4y =5 Sév Exer onpela pé ducépanes ouvreTarypéves,
tv® 1) tflowon 2x—5y = 3 &xer &meipes dxépones AUoels, TTou onualver &t 1) el-
Oela pé Elowon 2x—5y =3 #xa &meipa onueia pé dxépales CUVTETOYNEVES.
2tk tmopeva 04 tpapudooups T& guptrepdonaTa Tiis Tapaypdeov 1, yik
v& pedetfioovpe yevika TS TpéPAnpa oo,

2.2. "Yroapkn xal ebpeon dxéparwv Aboewy g ax+By=y(a,B,veZ)
Elvan pavepd o1, &v ol ouvteheotés o,p,y Tiis 5i1odoews

ox + Py=y (o,p,ye2) ¢))
Exouv péyroto kowd Siaupétn 8, TéTe T6 ovolo TEHV dxépaicov AUgecov Tns TauTi-
Cetan pé 16 olvodo TGV dxépaiwy Augewv Tiis EEiowotws

a
Frtgv=%

TroU ol guvrekeaTés Tns elvan oxeTikéds TpdTOr dpifpol. "ETan oTd trdpsva pwo-
poupe v& UrroBétoupe STi ol ouvteeotés o,p,y Tiis (1) elvan  oyetixéig npdror
&pBpoi, 5nAadh (ap,y) = 1.

‘H tmbuevn wpdtaon EEnyel yioerl 4 Elowon 2x—4y =5, oU dvagépaue
oty eloaywyd, 5tv Exer dxtpaies AUoeis.
Hpétaon 1. "Av (a,B,y) =1 xal (o,B) =7 > 1, TéTe ) Eflowon (1) &&v e

dépoies AUaers.

*Axbdertm: "Ag Umobéooupe i ) (1) Exer m& dudpon Ao (X,,¥,). ToTe

ax, + ﬂYO = Y‘
Aol Ala kad AP, & A elven Bicupérns Tév deepalwv ax, kaf Py, ToU wpw-
Tou péhous Tiis TTapamdve lodrnTas kol &pa & A elvan Sicupétng ToU y. "AgoU &
A elvan kowds Siaipérns Tév a,B,y xaf (a,B,y) = 1, mpémer All, dnAadh A =1
1rou elvan &romo yiawi &mwé Ty Umdleon elven A > 1. "Apa 1 (1) 5év  Exer dxé-
poues AUoEls.
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m. 2.2.

Abyw orrfis Tiis TpoTbdoews péver v& EeraoTel 4 Elowon (1) orhv mepl-
Trrewon moU ol ouvteAeotds of elvan  oxeTikGs pddTor  &piBpof,  BnAadh
(a,p) =1, éwdre xal (a,B,y) = 1.

Ilpbtaon 2. "Av (a,p) =1, TéTe ) tflowon (1) Ea pla TourdyioTov &xépana
Avon.
*Anddeitn. "Av elvan y =0, Té1e 4 Eflowon (1) ypdeetan
ox + Py =0
kal elvar gavepd 811wk ditpanax AVon s elven 4 (x,,y,) = (0,0).
*Eorw y 3 0. *Agou (a,) = 1, Umr&pyouv &képoior o' xaf P’ Tétotol, dore
ac’ 4+ Bp' =1,
déTe oM amrAaoidlovtas kol T& SUo péAn s ué y £ 0 Pplovoupe
x(«'y) + BEY) =V,
Tou onuafver 8t m& dxéponax AVony s (1) elven 4y (x,,y,) = ('Y, B'Y).

Hapatfipnon. "Amé Tis SUo mponyolueves Tpotdoels cuptrepaivoupe T
&xdroubn loobuvapia.

(‘H (1) &xer pla Toud&yiotov &képanax AVon) kof (a,f,y) =1 < (a,p) =1

& &mobeifoupe Twpax THv &xdroubn TpdTaom.

Ipbtaon 3. "Av 1) tiowon (1) Ixa wmé& dxépoa Ao (x,, ¥,), TOTE T6 oUvoro
TV &xéponcov Auoedv Tng slvat

A={xNIx,y)eZX2Z, x=x,4+Px y=y,—ok ko keZ},
BnAabt| Exer &rreipes o TATBos dxépanes AUoels Tiis popefis

(x,y) = (x,+Px, y,—ox), 6rou keZ

*Anodaitn. *Agou 1y (1) Exa & dképona Abon (x,,Y,) kal propoupe v& Uro-
féooupe oM (o,B,y) = 1, olugwva pé THv Tapardvew Taporipnon & Exouue
(o,B) = 1. "Ag Urrobéooupe 311 (X,,¥,) elvan i drépaia Avon Tiis (1). ToTe &opon-
povtas kot pEAn s lodmTes ax,+py, =¥ kai ax,+py, =y Taipvoupe

a(xl—xo) = —p(YI—YO) (*)
*Emaidty (a,B) = 1, &md ) oxton (*) Adyw Tiis poTdoews 2 Tiis 1.6 EmeTan o1
Blx,—x,, dwdre Umrdpyer dxépaios k pé Ty IBoTHTR X;—x, = Px i} X, = x,+-Px.
Téte &md iv (*) Pploxouue BiaBoyik&
oBrk=—P(y1—¥.) i —x=y-y, fi yi=y.—x

*Apa (X,,¥1)€A. "AvTioTpopws k&Be oToiyelo Tou ouvdhou A elvar mik dxépona
AUon Tiis (1). Tlp&yuar, 6 (x,4Px, y,—ok) &mwadnfeta Tiv (1), yroti
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L. 2.3.

o(x,+PK) + P(y,—ox) = ox,+oPr+Py,—apx = ax,+Py, =Y
"Apa, &v (x,,¥.) elvon m& &xépona Alon Tiis (1), ToTe Shes of dxépanes AUoeis
s (x,y) Umohoyifovron &mwd ToUs TUTrOus:

x=x,+Px kaf y=y,—ox, &mou xeZ m

Enpsioan. [Tohrés gopés oriv wpdln Bthoune v Ppolue i &pvnmikés dwépanes AVaers
Tfis (1) [ (a,B) = 1], Bnhabfy dxépanes AUoets (x,y) pé x>0 kal y>0. AUtés Pplowovrar &
Tous TUtrous (T), &v otdv dxépmo k Sdooups Tipds, TToU v& ouvaAnBelouv ol &vigdaels s
mpds x:
X, +pPx >0 «xaf y,—ox>0.

2.3. Méfobor edploewg pidg dxdpaiag Aboewg tHg ax+By=y P
{a,B)=1.
IN& v& ypnowpormoifiooupe Tous Tirows (T), elvanr &pketd v& yvwpifouue
pla dxépona Ao (x,,,y,) Tiis Eobaews
ax + By=y ut (xp)=1 ¢))
Mi& AUon s (1) wmropouue vk Ppoupe pé m& &md Tis TapokdTe uedoddous.

M¢tfodog In. Mmopoupe v Utrobéooupe &m orfiv (1) elvan a>0, yrari dANidss
&AA&Govpe T& Tpdonua oThv Elowon.Alvovtas Thv (1) dx Tpds x Pploxouue

_ Y—ﬁy ¥
x=YPY
"Av dwaoupe 016 y Tis Tipks 0,1,2,. .., a—1, oU elvan a of TAfiBos, Pplokovue

Tls &xoAoules AUoeis Tiis (*) o016 olvoro QA XZ:
Y o) (r=R, -2 , Y—B(e-1) a_1)
a ’ ’ a ’ 1 a ? LA ] a 1 J

©d& Bolpe 871 piax pévo &d adrés Tis AUoeis elvan drépona Aan Tiis (1). "As dvopd-
OOUUE Ty, Ty, Ty, . . ., ey T& TRAIKA KA Uy, Up, Uy, . - - Va—y T& UrOAOIT TGV GA-
yopiBuikdv Siaiptoewv T&v &repalwv y, (y—B), (Y—2p),...,[y—B(a—1)] ué¢ 16
a &vrioTtolxws. 'Emaidt, Adyw ToU Bswpruaros Tiis 1.3, of Suvarls Tipés Tév
Tapardve Urrodofmwy elvan ol 0,1,2,.. ., a—1, & 1& rdhoira otk elvan Bia-
PopeTIK peTaby Tous, TéTe, &oU elvan a of ATiBos, x&wolo &md alTd, & ToUpe

T6 vp, 8& elvan Too pé unbév, dmére & pnés o%@ 8& elvan dxépatos. "Ag Uro-
Béooupe T v = un. T& Urdhoira T &vmiotoixouv of Exeives Tis Sionpéoss,

TToU oT6 y Exovue Swoe &vrioToixes Tuds x xaid A, xal EoTw 0 < k<A <a. Tére
dpaipiovtas kard uéAn Tis lodTnTes

Y—Pr=amc+v;, y-PA=oam 4 un
Pploxouue
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BA—x) = a (T—m),
&mdte, dgoU (o,B) = 1, Adyw Tiis poTdoews 2 Tfis 1.6 & o elvan Siaupérng ToU
A—K. "AN& aTé elvan &rotro, yiarl & feTikds dxépaios A—x elvan pikpdTepos &md
Tév a. “ETon prropoupe vé Utroloylfoupe md dxépoia Avon Tiis (1)

Mé& 11 pébodo alrhy &manToUvTan 16 TOAU o ot TATBos Sokipés, Soes Tiuds
SnAadr) Sfvoupe o6 y. M 16 Adyo aiTéd TrpoTiHoUue v& AUvouue Trv ¢§icwon (1)
o5 oS tketvov ToV &yvwoTo, TroU Exel Kat’ &TTOAUTO TiuT) MIKPOTEPO OUVTEAESTT).

St mepiTrTwon moU of guvtedeoTés Tiis E§lodoews (1) elven peydror &pi-
fuol | Tapamdvw péBoBos elvan koupaoTikh, Y1 aUTS YpnoluoToloUME THY
trréduevn pébodo.

M¢£0odog 2n. ‘H péBobos alrr) otnplleTon o€ doa dvopépape oty &wddeabn Tiis
wpotdoews 2 Tiis 2.2. 'Emeadn (laf, |Bl) = (a,B) = 1, umopoupe v& (rrobéooupe,
&1 ol o,p elvan BeTivof &répaior, drroTe pé Tév Ayép1Buo Tou EUrheidn UTTOpOU-
e v& rpoobioplooupe, Strws eiSaue oTd TapdSerypa 4 Tijs 1.5, SYo dxepalous
kai B’ TéTolous, dOTE

ac’ + PP’ = 1.
Topa moramAaotdbovtas kaf T& SUo péAn ué y # 0 (yrotl, &vy =0, ik &xé-
pata Avon Tiis (1) Umohoyiletan &péows) Ppiokouue

«(ay) +BBY) =Y
kad &pa 16 (X,,¥,) = ('y, B'Y) elvan pia dxéponax AVon Tiis (1).

Iapadeiypata:
1. N& Ppefolv ol pfy &pvnTikés dxépoes AUaers THis Eicdoews
3x + 4y =37.
*Enidvon. "E&® Exoune (a,B) = (3,4) = 1| xad &pa 1) Elowan Exer dxépaies AUoers. O& Epap-
ubdooupe THY TPdTN UtBobo. Alvovras ds pds x Exouue X =37T_4y. Twpa o abrh 6é-

Toupe BraBoyikd y =0, 1, 2, uéypr v& Ppoupe &xépata Tip) ToU x. M y = 0 Pplokoups
37 374
X =3. MN& y =1 Pploxkouvpe x =3 = 11eZ. "Apa ula d&xépona AUon Tfis Seboué-

vns drocdoecos elval B (X,,¥,) = (11,1) wad Ewoutveos of dxépaies Avoers Tns Pplokovran
&rd tous TUTous (T) kai elvan T& fevyn (Xx,y) nmé

X =11 4 4k

y=1—3 kal xeZ

Of pfy &pvnrikés dxépares Auaeis Tns 8& Ppebouv, &v oTols Tapamrdvw TUTTOUS Bwooupe aTd
Gxéparo x Tipés, woU v& ouvaAnBelouv Tis dvigdaes
114+4 >0 xai 1-3xk>10 <

11 1 1
pre KZ—T wxod KS7<$ —2,75.§KST

*Apa k = —2, —1,0. Ol pfy &pvnmikés dxépones Auoers elven ol (3,7), (7,4), (11,1) (BA. mwivaka
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Im. 2.3.

Toi Ix. 2) .
Y
3 b 4 y \
3
-2 3 7 %' \\w
-1 4 o 37/3 \ Tk
0 11 1

Iy, 2
Iy. 3
“Omrexs PAtroups, ol uf &pvnrikés &épones AUoeis Tiis E§10woews 3x+ 4y = 37 elvat Tpels, SnA.
wemwepaouéves ot wATBos. "As SoUpe s EEnyelton aUréd yewpetpik&. ‘H Elowon alrh Ta-
proTéver Tévw oTé kapTediavd Eriwebo md elbela ué KAlon() &pvnTid (Zx. 3). *Emebs uévo
tva eVBUypapuo Tufina Tiis eVfelas alriis PpioxeTan oTé TeTapTnudpio |, elvar guowkd v& Exer f)
t§lowon wemepacutves of wAfibos pfy &pvnTikés dxépaies AUoers.
"As tmiAvoovpe Twpa TV ISix lowon ué T Selrepn uébobo. "Agou (3,4) = 1, Umpyouv
dxéparor a’ kol P’ ué
3 +4p'=1
Xwpls Tév &Aydpi1Ouo Tou Etndkelbn Pplowoupe &1 ol Tipds a’ = —1 xal B’ =1 twaAnbevouv
v ledtnTa abt, SnAadyg
3-1)+4.1=1

MoAAamAaoidiovras xal T& 5o uiAn ué 37 Pploxouue

3(-37T)+4.371=1317,
ToU onuaiver 811 ) (X,,5,) = (=37, 37) elvas pla ddpaia AVon Tiis Erodoews. "Apa ol &xé-
poies AUoeis Tns Slvovton &wé Tous TUTOUS

x=-37 4+ 4\

y=37-3
Tou Sraxpépouy &d TolUs TponyoUuevous, dAR& yik koTdAAnAes Tiués TV Kk kal A Pploxouue
Tis 15165 AUoes. Ot uf) &pvnmikés &idpones AUoets palvovtan oTédv Trivaka Tol axfuaros 4, wov,
Smes PAbroune, elvan 1815 ué airés ToU Pprixaue xaf Twponyouubves.

AeZ,

A x y
10 3 7
11 4
12 11 1
Iy. 4
2. N& Bpefolv ol un &pvnTixds dxépaies AVoeis Tiis E€icdoews
: 34x—~T7ly =3.

1. KAfon 1iis effelas pé dfowon y = Ax + u dvopdderon & &ptBuds A kaf Ixppdlet THv
tpamropévn Tiis feTikfis ywvias &wd Té Berind Awbfova TEHY x péxpr Thv eBsia. ITé Tops-
Saryud pas elvat epw = —3/4,
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*Enflvon: ©& ypnotpomorficoupe TH Seltepn uéboBdo. "EBE Exoune a = 34 kad p = —71. Emraibn
(34, =71) = (34,71), 84 Ppolpe Té uéyroto kowd Braipérn Tév 34, 71. ‘O &AydpiBuos Tol
E¥xAeldn Slver Tis lodTtnTes

71=34. 2 + 3,
34=3.11+1,
3=1. 3+40.

*Apx (34, —71) = (34,71) = 1 ko cuverrdds /) Beboptvn Elowan Exel drépanes Aoers. "Amd Tis
Tponyoupeves fodtnTes 1 SeUTepn Adyw THg TPOTNS YpdgeTau:
1 =34-3.11 =34 — (71-34.2)11 = 34.234+71(-11)
| 34(23.3) — 71(11.3) =3 A 34.(69)-71(33) =3,

ToU onuaiver 8T pia dxépana AUon Tfis Sedopbvns Eiomoews elvan § (Xq,¥,) = (69,33).
"Apa ol dépoues AUoels Tns Blvovtan &md Tous TUTTOUS

x = 6971k

y = 33—34«
Mé& v& Ppolpe Tis uiy dpvnTikés dképaies AUgeis,cuvaindedoupe Tis dvighoers

69—T71k > 0 kal 33-34k >0 <>

KeZ.

9 2Bz D (a2 8
< k=37 x x=73pe = 37 1%V 37 <7
*Apa pt Tis SuvaTés dképaies Tiués Tou k: 0, —1, —2,. .. ko ToUs Tapamwdve TUToOUs Pplokoune

Tls ph &pvnTikés &xépaies AUoeis T E§100ews. (AQDOTe yewpeTpikn Epunvela yrarl # Elowon
#yer &meipes TéTOlES AUTEIS).

2.4. "Aoxvicelg

1. N& Ppedoiv ol &xépaies AUoeis Tiis E§icwoews 2x—5y = 3.

2. Né& Ppefouv ol ph &punTikés dxtpares AUoers TGV ESiocmaewy
() 455x + 519y =2 (ii) 119x + 29y = 2.

3. Ofhoupe v& petaTpéypoupe fva YapTovdmoua Tédv 100 Spy of xéppata Tdv 2 kal 5 8py.
M¢ mréoous TpdTrous pmopolpe v& TS TeTUXoupe aUTd;

4. Bpeite Tis 9eTikés &xépanes AUoers TGV E§10hoecv:
() 3x + 4y =34 , (iti) 34x + 71y = 772,
(ii) 9x + 5y =100 , @iv) 41x + 73y = 561.

5. “Evas pafntis 6éAer v& dyopdoer TeTpddia TGv 9 Spy. T6 éva xal poAUpra tédv 7 Bpy. Té
fva. "Av Sobbyer &xpipdds 100 Bpy., Ppeite wooa TeTpdbiax kol wéoa poAUPra ptropel v&
&yopdotel.

6. "Evas ypuooxdos OéAer v& xaTtaokeudaoer Uo €idn koounudTwy. *Av y1& TAV KATXOKEUT
tvés kooufuaTos &mod kade elSos &raitoUvtan &utioTotya 5 ypap. kail 8 ypap. xpuooU,
PpeiTe wdoa koopnpaTa Ao k&be el8og pmopel V& KaTaokeudoel XpNolHoTTOlOVTAS &Kpi-
Bés 134 ypap. ypuoou.

*Av &md Eva kéounpa Tou o €lSous kepbiZet 600 Spx. kal &wo Eva TolU P’ eldous 750 Bpy.:
Ppeite of ok mepimTwon 8& Exer péyroTo Képbos.

7. Bpeite 8Uo BeTikoUs dxepaious mou Exouv &bdpoioua 37, av elvar yvwoTtd ST i Saipeon
ToU Tp®Tou ué Té 5 divel UwdAormro 2 kal 1 Biaipeon ToU Beltepou pé Té 7 Biver Umod-
Aoitro 4.
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Im. 3.

3. ZYNTOMH ANAKE®AAAIQZH

1.

w

110

Mé SUo &kepadous o,P pé P #0 Umrdpyouv povadikol dxépator T kai U TéTOLOL,
WOTE
a=pm-t+v kod 0<u<ip!

. ‘O &\ydpiBuos ToU EUrAeidn elvan xpfioipos yi& Tov Utrohoyiopd Tou MKA

dxepaicv.

. "Av 8 = (a,p), TéTe Umrdpyouv BUo drépaiorl o kai B’ TéTOl01, COOTE

§ = o’ + PP’ )
‘O &AydpiBpos ToU Eurdeldn elvon xprotpos yi& Tov Umohoyiopd drepadwv
o kai B’, ToU v& EmraAnBevouv Thv (1).
"Av a,p,keZ* pé (o,f) =1 kai opfk, TOTE alk.

. "Av o,peZ*, 1o1e [o,p). (o,B) = lal - BI
. Né& v eYpeon Tod M.K.A 8Uo BeTikédv &kepaicov o kai B, ToU Exouv dva-

AUBel ot ywouevo (BeTikddv) TpwTwy TapaydvTtwy, oxnuatifoupe T yi-
vOUEVO TTOU TIEPIEXEL TOUS KOIVOUS TrpTous TrapdyovTtes T@dV « kai P 1oV
raféva pe 7O wikpdTepo EkBETN. & Thv elpeon Tou E.K.IT Tous, oxn-
paTtiCoupe TS yvdpevo TroU Trepiéxel ToUs kowous kai ury kowoUs TrpcTous
TapdyovTes TV o kai B Tév kabéva pé 16 peyaAutepo €kbéTn.

. "Av (o,p) =1, ToTe fy &ficwon ax+Py =y (a,p,yeL) Exer &meipes Gké-

pougs AUoels (X,y), Tou Sivovtan &md ToUs TUTTOUS
X = Xq + Px,
Y = Vo—0K,
Omov (Xg, ¥o) Elvarl & drépoia AUon altfis Tfis E§io0woews kai KeZ.



10.

11.

12.

13,

14.

15.

16.

17.

III. 4.

. AZKHZEIX TIA ENANAAHWH

. Aei§te 811 y1& kdbe veZ 6 v¥ + 3v 4 5 Bév Sipeiton pé wo 121,
. Ael§te 811 6 11'%—1 Brapeitan pé 100.

. Ael§Te 811 16 &Bpoiopa TAY TeTpaywvwy TrévTte Siaboyxik®dv &xepalwy 8év elvat Too pé 16

Terphywvo &kepalou.

. Aei§Te 11 1 TeTphywvo k&Be wpwTou &p1Buol peyaAuTtepou &md T6 3, &v Sicxipedel ué

12, Sfver Umrdroimo 1.

. Agi§te &1, &v p xal Bp—1 elvan Betikol wpddTor &piBuof, TéTe & 8p+ 1 elvan ouvletos.

. Aette &11 ol 2V~ kaf 2V+ 1 Bév prropel v& elvat kal ol BUo wpddTot &p1duol y1& xam&

Tipf) TOU QUOIKOU v>2.

. Aceifte 811 y1& xdfe m,veZ §| waphoTaon

WO+ 3ptv—5p3va—15u2v3 4 4uvé4 12v"
8év Tralpver ThV Tipf 33,

. Aceite &M

T| 22228588 4 55552

. Aei§te &T1, &v SAo1 ol ouvtedeoTés Tiis EfiomoEws

ax?+px+y =0
elvat meprrTol dxépator &p1Bpol, TéTe ol plles Tiis EE1odoewas Bév elvan pnés.
N& Ppelte Tous puoikoUs &pBpols x,y kaf z, &v

x y z
3 + i +—l—3- = 0,946053 946053. ..

"Av ) Sixlpean ToU 802 ué Evav &xépaio « Biver nAiko 14, Ppelte Tis Suvatés Tinés Tol «
kal Tév Umoloimwy.

*Av o,B,v,peZ kal v—plva+pP,. Bel€te 611
v—p | (@+B) (v+p)-
N& Beifte 611 yi& kdbe veZ 16 xAdopua

15v* 4-8v 4 6
30v3 4 21v + 13
elvar &vdywyo.
*Av A =222...2 pé v 16 AfiBos ynela kaf B = 888...8 ut u 16 wAfiBos ynela, Beifte ST1

2
(AB)= &5 (105 = 1)
drrov € = (v,n). .

Té &Bporoua TSV dvTioTpdpwy Tp1dv PuotkdY &piBuddv elvan Too ué Eva. Totof elvan ol
&p1Bpof;

Ael§te 811 Y14 k& k € Z ol &pBpof 3k+1, 14k+5 elvan wpdTor ueTaly Tous. "Av k #
# 29\ + 10 xad A€Z, Beifve 6T

(3x—1, 14k+5)=1.

M& moués Tipés ToU puoikou &piBuol v ol &pi1fpof 5_‘—}—1 xaf 39 elvan pdiTol petagy Tous;
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18. "Av B | a(a~—1), 8tov a,BeZ, Beifte St
(2a-1,P) = 1.
19. "Av a,B,A,B elvan dxépaior kal Béooupe
5 =(a,8), A= (AB), p=[xp] xal M=[AB)],
Beifte 811
(aA, aB, PA, PB) =8.A «ai [aA, aB, PA, pB] =u. M.
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KE®DPAAAIO IV

NOAYQONYMA

Té6 olOvoAo Ci,; T@v mMoAuwvipwv

AaiperéTnTra moAvwvipwv

ApIOunTik Tip TV moAuwvipwy

OQewpipara oxerikd pé tig plileg TV MOAvwviOpwv
‘EZiowoelig 3ou kal 4ou Baduod

Alepetvnon éficwoewv kai aviowoewv

Zovroun avaxkedpalaiwon

. 'Aoxfoeig yia émavainyn






Iv. 1.1

1. TO EYNOAO C TON NOAYONYMAON
1.1. ‘Opiop.dg tob C,,;.

2¢ mponyoupeves TaEels Exoupe MIANOE! Yik TOAVOVUNA pé TTPOY HOTIKOUS
ouvTedeoTés kol Exoupe péber v& kavoupe Tpalers pé odTd. 'ESR 84 oupmAnpe-
ooupe TiS yvwaels poas aUTés dvagepduevol kai gf moAuwvupa pé pryadikous
ouvTereotés. "Eton,
kG0t mapacracn tijg popoiic
ax'+a, x4, +ax +ax +ag,x° (4))

nE ag,04,...,0,6C xai veN,,

84 Thv ovopdfoupe xai TAAL tohvdvopo tod X kal 8& TO guuPolifoupe pé
f(x), g(x), ¢(x), k.&
T6 mohucovwuue (1) TO ypdgouue &mhovuaTepa

ax'+a,_;x! +... +ax*+a,x+a, )
BétovTas dou x! T6 x kaf dTmou qux® T o T& oy, qy, .. .,a, dvouddovTal GuvIE-
Aegtic tod molvovipov kai T& ocxX, ke{0,1,2,...,v} dpor 10D morvevipov.

EiSikdtepa ol opor aex* pé a,=0 dvouddovtan pndevikoi 6por 100 molvevVi-
pov kaf & a atabepicg dpog 1ol molvwvipov,

*Av 8Aot ol dpol Evds TToAuwvipou elval pundevikol, TéTe T6 TTOAUWVUNO aUTS
ovopdletatl pndeviké molvdvopo.

‘O «txfétng» ToU x of Bva pn pndevikd Spo Evds ToAuwvlpoy dvopdbeTal
PaBpég altou tod Gpov. M Eva pf pndevikd ToAudwupo & peyoAUTepos &
ToUs ExBéTes TGOV pry pndevik®dv Spwv Tou dvopdleTan Pabpog tod molvwvopov.
Ty & f(x) = a,x¥ + o, x¥ ... 4 o x + a s o, # 0, TOTe Mue 6T
16 f(x) elvar viooTou PaBuou kal ypdgpoupe Padp.f(x) =v. ‘O Spos a,x” dvo-
péleton TOTE kai peyloroP&Buios Spos Tou f(x).

I ypagr évds ToAuwvipou SexdpaaTe Tis E€fjs &rAotroifoes:

a) Tlapodeimoupe T povdda, 8tav elvan ouvteheaThs ké&rolou Spov, EkTds &v
glvan & orabepds Spos.
B) Tapoeimoune 10 «4-», dtav dkohoubel Gpos pé cuvTeAeaTh TS MOPYPTis —

y) Tapaheimoupe ToUs undevikous dpous f) kai TpoogapToupe, Stav elval dvay-
kaio, doouadrmoTe &md aUToUs. Quoik& of Eva pndevikd TTOAUDVUPO BEv
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IV 1.2.

mapoAeiTroupe SAous Tous Spous Tou (ypdpoupe TovAdyioTov Evav). “ETol
8Uo TroAuddvupa pmopolv v& ypagouv TrauTtoTe Mé TO 810 TAffos Spwov.
AUTS yiveton ouxvd oTd Emopsva Ywpis va Tovifetan [SiaiTepa.

Toupuwva pé  Tis Tapoadoxés ToU kdvaue, T ToAvdwwpa f(x) = —g- x?® +
4 (=5)x 4+ iV2 xai g(x) = (2+i)x3 + 1x2 + 0x + | ypdgovTan &mAoUoTe-
pa f(x) = —‘;-x2—5x +iV2 kol g(x) = (2+i)x® 4+ x2 + 1.

Tovifoupe 671 T ToAuwwupo f(x) = a, OSvoudleTan otabepd molvdvupo
kaf 8Tav oy # 0, elvon undevikoU Pabuol, tvdd dtav a,=0, elvon undevikd ToAuw-
vupo kal 8év Exer Pabpotl),

"Otav o1& &moueva Aéue 871 «1d molvaiwouo f(x) elvar T8 06 vioarod Bab-
oty 04 évvooupe OT1 1O [(x) elvon undevikd moAvcovupo 1 Padu.f(x) < v.

"Av f(r)=axta, 2V L Faxtay xal g(x)=pur e V4L
+ x4 By, ToTe 0d Adue Gre td moAvayvepa adrd elvar loa xai Od yodgouvue flx)=g(x),
Srav xal udvo Grav elvar ;=i ya 6ha vd je{0,1,2,...,v}.

Eivon pavepd 811 1) iodtnTa TGOV ToAuwvipnwy, 6Trws opioTnke, Exel TiS yvow-
oTés pas 1810TnTEs THS i06TNTAs Kai didua ST1 b0 isa molvdvupa Sév elvan
800 morvovupa, @ha Eva xai 16 avTé mOludvupo.

"ATTO TOV Op1opd Tiis IooTnTas TV TOAVWVINWY cupTepaivoupe 6T brdp-
yel povadikdé pndevikd rolvdvopo. TO povadikd olrd pndevikd TToAuwvuuo 8&
76 oupPoAifoupe 0(x) A 0.

TS oUvolo TV ToAuwviuwy pé pryadikods cuvteheoTés 8& 1O ouuPBoAi-
fovue pé Ciy.

Z1& tmodpeva B& dvagepducoTe yevikd ofé ToAvwwupa Tou Cp, kai dTav
glvan &mrapaiTnTo v& EXOUME TTOAUGVURX pé POVO TTPAYMATIKOUS OUVTEAESTES f
uévo pnTous, 8& T6 Tovifouue IBiaiTepa kai T& cUVOA& Tous 8& T& oupPBoAifouue
dvTioToiyxws é Ry xai Q.

1.2. "Eappoyés.

1. Na nposdiopriototy ol mpaypatixoi Gpdpoi a,B,7,8, Hote 10 moAvdvupo
f(x)=(a—1)x3+2p—a+1Dxt+(a+p—y)x+2a—y+B+8
v elvar t6 pndevikd moAdvdvupo,
Avon: TUppova pé TéV dproud ToU undevikol ToAuwviuou Exoupe Té oUCTHUX
a—1=0, 2p—a+1=0, a+p—y=0, 2a—y+pP+5=0,
76 bmoio ¢miAudpevo Siver:

a=1, p=0, y=I, 5=—1.

1. Mepixés popés ah PipAoypagia of Eva undevikd TroAudvupo &irodidetal 6 Baduds — co.

116



IV 1.4,

2. Né rpocdiopriotodv ol npaypatixoi &plpoi a,B,y, Gote 1t rmolvdvupa
f()=(a—P)x¥+yx—20+p—1 kai g(x)=(a+P+3)x*+2—y)x+3a—2
va elvar loa.
Abon: ZUpgwva pé Tév Spropd Tiis lodTnTas TGV ToAvwvinwy ExouuE:

a—PB=a+p+3 -2p=3
| - |

y=2—y 2y=2
—2a+B—1=3a-2 —5a+p=-1
|
AT Té TeAeuTaio oUoTnua Taipvoune P=-— 5 y=1, a=--5"

1.3. IIpéaBeay, atd Ci,.

"Avi(X)=a.x"+ @, x" 14+ e x+a; kai g(x)=B.x"+B, _x"1+...+Bx+B,
elvon 8Uo ToAuwvuua Tou Cp,;, tére Opilerar povosijpavia té6 molvdvopo
o) =y X"+, X"+, 4+ vx4y,
ué ovvreheatés vi=a;+P; yia Sha ta jefo,1,2,...,v}, mov dvopdalerar dbporspa thHv
f(x) xai g(x) xai ovpPoriferar pé f(x)+g(x). ' H mpa&n, pé Tryv dmoia o1d Leuyos
((x), g(x)) qvmigrorkiferan 16 wohuwvupo f(x) + g(x), ovopdietar npéobean
016 C|x]. ‘H mpooBeon autn, Omws elvon @avepd, Exer Shes Tis iB10TNnTES TS
Trpoaféoews ord C Kai y1’ autd
1} dopn (Cyp+) elvar avriperaberiki Opada,

ué¢ oddttepo otoryelo 16 pndevikd ToAudwvupo kod Gvrifeto ToU f(x) = o x¥ +
4 oy x¥ T 44 x4 ay TO —I(X) = —a x V-, XV —. L — 0y X—0,.
"Evor, &v 1(x) xad g(x) elvan yvwor& mwoAudwupa, 1 Eiowon f(x) + Y = g(x)
ixer povadixi AVon Thv Y = g(x) 4+ (—f(x)),mou Svoudleron Siagopk ToU To-
Avwvipou f(x) &md 16 g(x) xal oupPoriferon pé g(x)—f(x), dSnAadh

g()—H(x)=g(x)+(—£(x)).
1.4. IloAAanAactacpdg moAvwvLpov éntl &pBué A<C.

"Av f(x) = a,x¥ + &, ;X" + .. 4 ax+qp elvan Eva ToAudvupo Tou
Cp), TOTE Opilovpe o1d Cpyy pnia Ewtepixi npan rnollanluacriacpod pé tele-
atég A &né 16 edpa C, &vrioroiyifovras a1é LeUyos (A, f(x)), T6 TrOAV@VUMO:

M(x) =2 o)x” + Ay )X +. .+ (o)X, + (Aay).

‘O moAharAacioopds oUrds, dmws dpionke, elvon edkoho v& Beiyfei o1
ixer tls yvwoTtés IBidTnTES

@ A(f(x) + g(x)) = Af(x) + A-g(x)

B) (A4x) - f(x) = A-f(x) + x-f(x)
Y) () - i(x) = A (x-f(x))
8) 1-f(x) = f(x)

yi& Sha T& AkeC.
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"Etot 16 C[x] tpoSiaopévo pé thv Aowtepixiy npatn tijs xposdiccws xai thv EEw-
epikfy mpain tod morlaniaciaspod pui rehearég drd 16 C elvan Evag da-
VOoRatTIKGg xdpog v 616 odpa C.

Metd 19 Siamiotwon oadth 16 ToAvwwupo f(x) = a,x¥ + a,;x* 1 4

+ .o+ x4y elvan ypapuikds cuvbuasuds TV ToAvwviuwy 1, x, x%,.. .,

x¥-1,xV ué cuvteheoTés &md T6 C, doTe 16 f(X) ypdpeTan f(x) = -1 + - x +

4 o x4 .. o, XV 4 o, xY kal pmopsi vé& Becopnfel gdv &bpolopa TGV

Spwv Tov.

1.5. IloAAarAacwaopdg até C,,,.

Av (X)) =ax¥ + o, x" P4 4ax + o kal
g(x) = Pux* + By X" 1. 4 Bix + B,
elvar Vo TroAvddvupa ToUu Cpy;, TSTE dvopdletar yivopevo tob f(x) &ni 6 g(x)
kal oupporiletan ué f(x) - g(x) t6 molvdvupo:

PX) =Ywu X" 4 Xt 4. VXY,
ué YK=GK50+GK—1ﬁ1+GK—2,Bz+ o +a2,ex_2+alﬁ.(_1+%a.(,i(€{0,1,2, . .,V+u}(1)

Elvar pavepd ém1 16 f(x).g(x) elvar Eva mohuvidvupo tob C,; povadikd, oTav
Sivovtar & f(x) xal g(x), &poU oi ouvteheotés Tou dpifovran pé TH Ponfac
Tfis Tpoobioews kal Tou TroAAamAaciacuou otd C TV cuvteAeaTdv TGV f(X)
kol g(x).

‘H npaEn, pé v omola ot Eva Leuyos ToAuwviuwy ToU Cpy dvTioTolyi-
fetan 16 ywopevd Tous, dvopdlerar morlaniaciacuds 616 Cp,.

T& mohvawupa f(x) kai g(x) dvouklovtan kai mapiyovies Tou Yyivouévou
f(x) - g(x). *Av f(x) =0, T67e 0-g(x) = 0. 'ATd THY lodtnTa alTr) PAéwouue
6T 16 0 Exer né napayovta kabe molvdvopo tod Cp, ) Emrions &v f(x) =I, ToTe
1-g(x) = g(x), 8nA. xGBe nolvdvope elvar napavoviag tob favrod tov.

Napatipnon: “Av {(x)eC(, kaf A elvan fva orad:pd TwoAudvuuo Tou Cpy), TOTE 16 Ti-
vopevo A.f(x) tavtiferar pé t6 yivopevo tof tEmtepixod nolianlaciacpod tod f(x) éni 6 AcC

At Tov Opropd Tou ywouévou f(x) - g(x) yiveton gavepd oI

6 Padpog tod mivopévov d0o pf pndevikdv rokvovipov elvar icog pé €6

i0poropa tdv Badudv tdHv 60 rolvwvipwy.

'ATd Ty (1) @odveton & 1) mptEn to¥ molianhacacpod elvar Tp&En
avaperadenikn kai TpaEn Empeponky dg npébs tRv mpécdeon o616 Clx].
Emadf 1-g(x) = g(x) kai & moMamAaciaouds elvon wpd€n dvTisetaBeTikr, 6&
loxver 1-g(x) = g(x)-1 = g(x), 5nA. & moAamAaciacuds 616 Cpy Exer obdE-
tepo atorycio 16 otabepd molvdvupo f(x)=1.’ATroSsikvieTon &kdpax 611 6 TOA-
AamAaciagpds o1 Cpyy elvar npdfn nposstaprotiki. AnAadr

i doun) (Ciypo+,-) elvar dvriperadetindg Sdaxtodog pé povadiaio artovyeio.
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"Av dvalnTricovpe 16 dvriotpogo ororyelo yi1& k&be pry undevikd TroAucovu-
Ho, 8& BoUpe 6Tt aUTd dév Drdpyel mapa povo yi& T& oTabepd TroAucvupa.

Mp&ypat” o) &v y1& Eva TToAuwvupo f(x)eCyy pé Pabud v = 0 Umijpye TO
dvtioTpogd Tou f-1(x), ToTE 8& fiTav f(x) f-1(x) = 1. "Av trropéves & Pabpds
70U f1(x) elvon peNy, ToTe 6 Pabnos tou f(x) - f-1(x) 8& elvan v+u > 0, Tpdypa
&roto, &pou 16 B’ péros THs f(x)f-1(x) =1 elvon 16 ToAuddvupo 1 oy Exel
Padud undév.

B) "Av elvan f(x) = g # 0, T6Te T6 oTabEPd TTOAVLYVO _olTO glvan 16 &v-

tloTpogo Tou f(x), &pou cxo-?to =1.

"ET1o1 PAdmoupe ST ) dopn (Cpyy, +, o) Oév elvan odpa. M& 11 Sopry Spes
adTh foyler 1) ouvemraywyn f(x) g(x) = 0= f(x) =0 eite g(x) =0, BdnAadn
1 dopfy (CIx], +, .) elvar dxépara meproyi.

Mp&ypa® &v frav f(x) # 0 xai g(x) # 0 pé peyroToP&Buious Spous &vri-
otorxa o, x" Kai Bux®, TéTe Td ywopevo f(x)-g(x) 6& elye Tév &po a Pux
Hé o Pu 7~ 0, 76 Omolo onuaivel T TO yiwopevo 8¢ 8& frav T pnbevikd To-
AUWVUHO.

B& Beifoupe Topa &1 kade pi pndeviké rolvdvopo eivar adnhororiaino arot-
xelo dg mpdg tHV mpdin tob rorlharhacraepod oté Cpy; (vopos Saypaeiig), TTou
elvan I81dTnTa k&be dxépatas meploxfis. AnAadn 8& SeiSoupe bTi:

f(x) - o(x) = g(x) - 9(x) } 100 = g(0)

o(x) # 0 Bk
Mpdyuar f(x) - ¢(x) = g(x) * ¢(x) } () —g(x)) - 9(x) =0 }
¢o(x) #0 ¢o(x) #0

= f(x) —g(x) =0 = f(x) = g(x).

Avvaperg ué ix@étn veN, Evds Toduwwiuou f(x)eCy Spilovran pé  Tév
&xdroufo TpdTo:

o) [f(x)]? = f(x)-f(x) wai (f(x)]** =[f(x)]* - f(x) wé keN «kai k>1

CETaywyik).

B) H(ON=1(x) xaod

y) (f(x)]°=1, évav f(x) # 0
Metd 1oV Spropd TRV Suvduewy, &v

f(x) = ax¥+a, x4 axto, #~ 0 kad
Q(x) = Bux*+Pu- X" ...+ Pix+Py # O

elvar Vo moAudvupa, TéTE T6 {((x)) elvanr T6 TroAuddvupo

a, (e(x)Y + oy (@)Y 4. L 4 o (@(x)) .
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Té ToAuwvupo auTd, petd THV EkTéAeon TV mpdewv, yivetan éva Tro-
Aucwvupo ToU x ué Pobpd foo ué T6 ywdpevo T&v PaBuddv Tév f(x) xal e(x). "Av
T6 @(x) elvar 16 oTabepd ToAuwYUpo, T.Y. 9(X) = a, ToTE T6 f(a) B& elvan Emi-
ons otadepd TOAVWIUO.

1.6. Hapadeiypara.

1. Naé npoodioprotodv ta a,p,y Gote va loyver 1) lootnta
f(x). o(x)=g(x)—o(x), pt f(x)=x2%-2x+3, o(x)=x—1
g(x)=(a+1)x*+ (P—2)x*+ (Y2 —20)x+2 xai o(x)=5x+5
Abon: "ExteAddvTas Tis wpdleis maipvoupe:
f(x).e(x)=(x*—2x+3). (x—-1)=x3-3x?+5x—-3 «aif
g(x)—o(x)=(a+ Dx%+ (B-2)x?+ (y?—~25)x-3.
InTtouvtan T& a,p,y, ©dote v& loxue fy lodtnTa
x3-3x24 5x—3=(a+ 1)x3+ (B—2)x3+ (y?-25)x~3.
MNé& vé ovpPaiver adTd, dprel va ouvaindeouv ol t§i1owoes
a+1=1, p—2=-3, y*-25=5 xal —3=-3,
&md Tls dmoies edxoda Talpvoups a=0, P=—1 kai y=+ V30.
2. TAv f(x)=2x3—3x +1, e(x)=x—1 xai g(x)=(a—P)x?*—2a—P)x—a+p—y v npocdroproTodv
1@ a,p,yeR, Hote v loxder 4 lodtnta g(x)=f(e(x)).
Aven: Elvan f(g(x)) = 2(x—1)2-3(x—1)+1
= 2(x%*-2x+ 1)—-3(x—1) -+ 1=2x*—4x+2-3x+ 34+ 1=2x2-7x+ 6
xal {nTeiton vé& elvan: (a—B)x*—(Ra—B)x—~a+ P—y=2x2-Tx+6
Né& v& loyxie f) TeAeutaia oxéon, dpkel v& Exer Aon 16 oUoTnua:
" o—P=2, —2a+Pp=-7, —a+pP-y=6
'EmAvovTas 16 ouoTnua autd waipvoupe a=3, P=3, y=-8.

1.7. ’Aoxficerg

1. "Av 1) Biagopd SUo Tohuwvipwy elvat 16 undevikd moAudvuue, Sei§Te 8T1 T& TOAVDVVHa
aUté elvan foa.
2. "Av v xaf u elvan dvtioToixa of Pabuol Blo moAvwvipwy f(x) xal g(x), ué v=>u, bei§te
811 & Paduds Tou moAvwvipou f(x)+g(x) elven T oAU Toos ué v.
3. N& mpoobioptorouv T& a xai B, doTe v& loxve # lodtnTa
4x3+420x3+ 33x = (2x+-5) (2x+3).(ax+P)+2x—15
4. "Av f(x)=3x3-2x2+ Tx + 6 xal g(x)=a;x?+ ax2+ a,Xx +a,, Ppeite Tis Tiués TOV @y, a,,0,,
a3, Oote ) Sragopd f(x)—g(x) v& elven moAuvwvupe:
i) 3ov Pabuov, ii) 16 oAU 20v Pabuoy, iii) lov Pabduol
iv) undevikoU PabBupol xal v) Té pndevikd.
5. N& mpoobiopiorouv of mpaypaTtikol &pifuol «,B,y,8, doTe 16 TOAUwVYHO
f(x)=x*+ax?®+Px2+ yx+9 v& elvar 16 TeTpdywvo ToU ToAvwwipoy g(x)=x3+x+8.
o 2 2
6. Aeifte 6T1 ol ouvbfikes P= =z -+ ?Y xal & = —Z—, elvat dvaykaies xai lkavés, doTe T6
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ToAvavupo f(x)=x*+ax3+pPx®+yx+8, acR—{0} kal B,y,beR v& elvan 16 TeTpdywvo
tvés ToAvwvipou g(x) Wé TPAYUATIKOUS CUVTEAETTES.

7. Alveton 16 mwoAvwvupo f(x)=9x9—30x%+ 37x2—14x—1. Bpeite SYo woAvmvupa g(x) kai
w(x), 20ouv xal lov BaBuol dvmioTolyws, GoTe v& elvan f(x) = (g(x))2+w(x).

8. Afveran 16 woAvavupo f(x)=4x*-8x3+ ax+ . Bpeite moAudvupo g(x), doTe 1 Bragpopk
1(x)—(g(x))? v& elvan wohudbvupo T6 oAU lov Pabpol. *Emerta v& wpoodiopioete T&
a kaf P, dote 16 f(x) vd elvan TéAero TeTpdywvo ToAvwvUpou.

9. "Av elvat o®+4 P34+ y3=3aBy kal a4 P+y #0, dwou o,f,yeR, Beifte 6T1 TS WoAudwpo
f(X)=k(a—P)x2+AP—y)X +uly—a), ué¢ K,AueC elvan 16 pndevikd moAuddvupo.

10, Bpeite SAa T& TprovIpa f(x):cxx2+[3x+'y, ué @ #0, T& dwoia lkavoroloiv Thv lodTnTa
f(x+1)=1(—x).

2. AIAIPETOTHTA MOAYQNYMOQN

Zfv apdypago abTh 84 pehetriooupe Thv Evvoia Tiis SiapeTéTnTAs OTO
Ciy ki 8& BoUpe TrpoTdoels dvdAoyes ué Ekeives TToU eidaue oTod KepdAaio TGV
drépaiwv &p1Buddv.

2.1. ‘H ¥évvoira TH¢ drarpetébrytag otéd C,,,.

*Av f(x) kai g(x) elvon 8Uo TroAucdovuua ToU Cpx kal Utrdpyel TToAucdvupo

w(x), oTe v& loxve
f(x) = g(x) ™(x), ¢y)

TOTE Aéue 6T1 16 g(x) elvar mapayoviag tod rolvovopov f(x). Puoikd ToOTE kai 16
n(x) elvan rnapéyovtag tob f(x).

"Av &youpe dkdpa ST g(x) # 0, tote 9& Aéue Oti:

16 g(x) dwnpel 16 morvdvopo f(x) fj elvan hapétng tob f(x) (svpPorixa
g(x)|f(x)) f} 6 f(x) hpeirar pé 16 g(x) i dn givan mwohranracwo tob g(x).

ZThv meplmrwon adTh, dmes yvwoifouue, 16 n(x) dvopaleran kal mnhixo
tfig téhewag Sapiocwg tob f(x) pé 16 g(x) xai sivar povadiké.

T6 Teheuraio &modewvietan &mrws fi mwpdTaon 2 Tiis 1.1 ToU Keg. Il kai
: f(x)
ToTe yphooupe kaf T(x) = —-=.
g(x)
INapatnpiicerg:
1. “Av 1(x).g(x) #0 kal Bobu. f(x) <Pabp. g(x), Té6Te elvon pavepd 811 Bév Umpyer
mwoAvwvupo m(x) Tou v& ikavotmoel Thv (1).

2. "Av [(x).g(x) #0 kaf Umdpxer w(x) ToU Ikavomoiel THV (1), TéTe elvan:
Padu. w(x)=Pabu f(x)—Padu. g(x)
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3. "Av T& f(x) xal g(x) Exouv wpaypaTikoUs ouvtedeoTds, TéTE Kal T6 (X)) B Exer
TpaypaTiKous ouvTeAeoTés. Elvan Suws Suvatd fva moludvupo f(x) pé TpayuaTiKoUs ouvTe-
AeoTés vék Exel Bronpétes Tohvwvupa pé pryadixous ouvteheaTés. AUTS galvetoan dpéocws &md ThY
fooTnTa

x4+ 1 = (x+1). (x—i).
2.2. 'IS16tnes thig SralpetéTTag TV mMOALVWVOIKWY Tob C,,.

’E8& 8& Soupe, ywpis vd k&voupe SAes Tis &mrodeifers, pepixés iSi1oTnTES TS
BroapeTdTNTAs TAOV TTOAVWVINWY ToU Ciryy. TToAAés &Té avtés elvan Suoles pé
Tis 1810 TES THs SrcpeTdTNTOs TGV drépaicov &piBpésv TroU  eidoue oThY Tro-
p&ypago 1.1 ToU Keg. Il
1. *H oxton Tfis SioupetdtnTas SUo ToAuwwipwy elvon petaPoTiki, SnAady

&v g(x) | f(x) kad f(x) | o(x), ToTE 2(X) | 9(X).
2. "Av g(x) elvoa Siaipétns T ToAuwvinwy f(x) kai @(x), TéTE 8& elvan émiong
Sioipétns Tou ToAuwvUpoy f(x) + o(x).
3. "Av g(x) elvan Sicupétng ToU f(x), ToTe TS g(x) elvan Srapétns ki TOU yivo-
uévou ToU f(x) wé x&Be moAuwvupo @(x).
AT Tis 2 kai 3 Eyoupe Ty dkdAoudn iBi1dTnTa.
4. "Av 16 ToAuwvuno g(x) elvan BionpéTns kaBevds &rd T& ToAvwwupa fi(x), f(x),
. E(x), ToTE TS g(x) elvon Emions SicipéTns ToU TTOAUWVUNOU
LY @(x) + 1,(x) « @o(x) + o+ (%) - 9u(3),
dmou @,(X), PoX),. . ., pu(x) elvon TUXOVTE TOAVDVUMC.
5. Kd&Be moAucovupo f(x) Sicxipeitan pé ke mmoAucovupo pndevikou Poabuody.

CARSdeEN: TAY (X)) = o XY + a, xV 1 4 Lo 4 oo kad g(x) = k#0

(BnA. pndevikoU Paduod ToAuddvupo), ToTE B& elven

L P SR @ %
f(x) =x (Kx + e Xt K)

6. "Av 76 g(x) elvan Siaapétns ToU f(x), TéTe TO K - g(x) (W€ K TUXOVTX LN unde-
vikd &p1Bud) elvan rions Sioupérns Tou f(x).
*An6deln: "Agou  f(x) = g(x) ™(x), TOTE

() =+ — + () 70 = 1(x) = (kg(x)) * (o)),

7. T& povadik& moAumwvupa, T& dtroia elvon SioipéTtes ToU f(x) #0 xai Exouv
TV 810 Pabud pé oo, elvan T& k - f(x), pé k = 0.
TAnodeEn: o) Elven f(x) =k - k1 {(x) <« f(x) = {(x)) - k7, SnAadn
76 kf(x) elvan Sroapétng Tou f(x). P) "Av g(x) elven Sroupétns Tou f(x) xai g(x)
Exer TOV 1810 Padud pé Té f(x), TOTe TS TnAiKo THS Sicnpéoews Tou f(x) pé TO
g(x) mpemer v& elvon undevikoU PoaBpol TroAudvupo, SnAadn f(x) = g(x) - A,
A £ 0. Ao v TeheuTtaia oxéon Exouue g(x) = A-M(x) = «f(x), (k = A~1 # 0).
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8. "Av 16 g(x) elvat Biaipetng Tou f(x) kel 16 f(x) elvon Broupérns ToU g(x),
ToTe 0& elvan g(x)=xf(x), x £ 0, kol 0& Aépg 6t ta@ molvdvupa f(x) xai
g(x) Swugépovv kata rorrandacwrotiki otabepd.

Inueinon: "Amd Sha T& moAudwupa kf(x), k #0 mou Siapouv 16 {(x), malpvoupe ToA-
Aés @opés (oS «AVTINPOCWNO» Ekelvo MOV EXEl CUVTEAESTT TOU pey1oToBdduiov Spov TH povdda.
My &v f(X)=a x '+ o, X" +...+xx+0a, a,#0, Té6TE umopoUpe v& mTapovue W5 Av-
TimpdowTto Shwv TV Kkf(X), k#0, T6 TOAUVUNO

1 a a «
X)= — f(x)=x" + ZIxv-1 4 Ly 20
8= =10 . ; <" 7.

Emadn f) oxéon Tiis SiopeTdTnTos U0 TOAUWVINWY B¢ peTaPdAieTon &v
76 #va &md adtd () kad T& 8Uo) dvTikaTaoTabel &d k&mrolo &Aho, TTou Siagé-
pel 4o aUTd KaT& TOAAGTTAGCIXOTIKY oTafepd, oTd Emdueva, dTav yplpoupe
5(x) i f(x) 6& tvwooUue kai GAous Tous &Ahous BicupéTes Tou f(x) Tiis uopofis
k-8(x) wé k0.

“Evol, wé t& 1! f(x) kol f(x) | f(x) pé {(x) # 0 vvoolpe kad k | f(x), k # 0
xad xf(x) | f(x), x #0.

T& k kai x-f(x) vé¢ k = 0 dvopdlovton mpopaveis Saipiteg tod f(x).
K&fe &AAos Bionpétns Tou f(x) dvoudletan yvijerog dwapétng Tou {(x).

"Av Bva pf) otaBepd ToAuvupo f(x) éxel povo Tpopaveis Siaipétes, TETE dvo-
udleten npdro fi dvaywyo molvdvopo.

T6 vé& elvan Bva ToAuwwupe f(x) dvdywyo 1 8x1 ESapTdTon &itd 16 olvolro
o1 dmoio TS E§eTdloupe. T1.x. 16 ToAuvupo x2+1 elvon dvdywyo oTd olvoro
R« SAA& Bev elvan dvaywyo oT1é Cpy, yioTi 1& (x4-1) € Cpyy elvan yvnoion 81—
atpétes tov. ‘Etrions 16 x2—2 elvanr dvaywyo oTd gUvoro Q) ARG Bév elvon
dvdywyo a1d Ry, YioTi T& (x4 V2) € Ry elvan yvfioiol Sicupéres Tou.

2.3. ‘H &AyopiBpixy) Swaipeon.
¢ wikpdTepn TaEN udbBope va éxteAoupe Bionpéoels peTabl TToAUWYUNWY Lé

mpaypaTikous ouvTeAsoTés. O Biopéoers aUTés pmopouv v& ExTeAesTouv kai

pé ToAvcwupa ToU Cpyg Hé TOV 1810 drpipdds Tpdmo. 'E8R 8& d&mobeifouue T

dxdhoubo Bedpnua, ToU elvar yvwoTtd s Bewpnpe tig dhyopOpkiig i Eo-

Kieiderwag arpéocms.

Qewpnpa: “Av f(x) xai g(x) elvar d00 rodvdvopa tod C,y pé g(x) #0, tote drapyer
Eva povadiké {ebyos molvavipwv m(x) kai v(x) tod Cppé v(x)=0 ij
Badp.u(x) <padp. g(x), tétoro dHote

f(x) =g(x) n(x)+v(x) @
‘Anddeign: O& &mobeifoupe TpdTa STI dmdoyovy S0 molvdwvvua n(x) xai

M) mob ixavormototy 16 Oewdonuo.

“Av f(x) = 0, TéTe T& TOoAVGVUPa T(X) = 0 kai u(x) = 0, ikavorroloUy T

Hewpnua.

"As UtroBéooupe Thpa dTi:
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f(x):avx"_#a‘hlxv—l “+... + G1X+aﬂ, av:,ﬁo kad
gO)=P.x"+PuyX*! + ...+ Byx+Py, Bu0.
Tore:

"Av v<y, TOTE T& molvdwupa m(x)=0 «xal wx)=f(x), ikavomololv TS
Becopnua.
YAv v, TéTe BfTovTag

f(x) — g— < g(x) = vy(x) (B1)

Taipvouue Eval TOAUDVUHO v (X) pé TAY 1816TnTa U (x) = 0 f Padu. v (x)=v, <v.
"Av Topa elvat vi(x) =0 £ v, <p, TéTE T& TOAUGVIN

xQy

T (x) = <=x¥ 4 kol uy(x)

ikavotrolouv 16 Becopnua. “"Av Spws elvan vi=>u kal x; elvar & ouvTedeoTris ToU
ueyrotoPdbuiov Spou ToU v, (x), TéTE BiTOVTOS

() = gh X g(x) = () (B2)

[}
TaipYoUpE EVar TTOAVCOVULO Uy(X) pé THY 1818TNTa Uy(X) =07 Badu. up(X) = v, <v,.
"Av hormrdv elvan vy (x)=0 f v, <y, TéTE T& TOAucvupa

o K ,
T(x) = 2 xV 7 4 Loxvut kal uy(x)

P Bu
ikavoTroloUv Té Bewpnua, & &v elvan v, > p kal Ky elvar 6 ouvTeAeo TS TOV

peytoToPddiuou Spou Tou v,(x), TOTE BéTouuE

vg(x) ——;f X% g(x) = uy(x) (B3)

xal ouvexifoupe Tiv 1B1ax Siadikaoia.

*Ewe1dn ol Pobuof vy, vy, vy,. .. TGOV TOAUWUIMGLY v (X), Vx(X), Va(X),. ..
tAaTTdvovTal Siapkdds (EkTos &v oupPel up(x)=0, dmdTe Teheiover kel ) Sio-
Sikagia), SnAadh Emedf| elvan v>v > vy>ve> ..., 8& @Téooupe peTd &md TTE-
Tepoouévo TAfifos Pnudtwv (B,B,....,B)), of &va moAudvupo wr(x), ToU
oplleTon &md THY lodtnTa

Uiy (X) — "p— X178 - g(X) = va(x) (BN)

yi& 16 omolo 8& elvan v (x)=0 f} PaBu-ur(x) <u. Tlpoodérovtas TéTe Tis lodTn-
Tes (Bl), (B2),...,(BA) xard péAn maipvoupe THv fodtnTa

|5,

R e TIE = PUWIETY MEYEINC Y
P Pu
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IV 2.3.

BnAadn TV f(x) =|—xv-* + Lxvi-s4, + xVa-17* | g(x)Fun(x)

Bll p ﬁll

TToU qovepwvel 8T T& TTOAVDVUNX

K7~1

B

m() = 5 x4 gl b S el v = W)

ikavoTtrotouv TS eewpnua.

ﬁu

O& Beifoupe 6Tt 1d molvdvoua mfx) xal v(x) elvar povadixd.

*As Umobéooupe 0Tt EkTos &d T T(X) kalf u(x), Urdpyouv kal T& TTOAUW-
vupa (%) kad U'(x) ToU ikavotroloUv T fedonua, SnAadh 6T elvar:

f(x) =g(x) - T'(x) + v'(®) an
e U'(x) =0 1} Pabp v'(x) < PoBp g(x). TéTe B& Exoupe:
g(x) - m(x) + v(x) =g () + V() A
g(0) [m(x) — (0] = v'(x) — u(x) 2

‘H (2) loxUer pdvo othiv mepimrwon mou elvan m(x) — m'(x) = 0, dwdTe

0& elvon kai V'(x) —u(x) = 0. MNarti, & evar w(x) — '(x) # 0, Té1e 84 €elven
Padu g(x) [m(x) — w'(x)] = Podu (U'(x) — u(x)) > Padu g(x)
tv@d elval ouyxpoves
Padu (u(x) — v'(x)) < Podu g(x)

Tp&yba &ToTro.

"Apa &moBelyTnke 6T1

' (x) = m(x) waof v'(x) = u(x@)

BnAadm ém T& m(x) kai u(x) elvanr povadiké.

‘H mropeia pé v dmola GrroBeixTnre TO Bewpnua, pds Seiyver kal Tév Tpod-
o ué TOV OToio Ppiokoups T& ToAudvupa Tr(x) kaf u(x). ‘H eYpson Tév m(x)
kol u(x) dvopddeTon aiyopiOmxi) i) Edkieideia Saipeon tob f(x) pé 1o g(x).T&
ToAvwvupa f(x), g(x), m(x) kai wv(x) dvopdfovtan &vrigToixa Swmipetfos, Srar-
pETNg, Tnhiko kai Vmoéhowro tiic Swmpéoewg tod f(x) né t6 g(x). ‘H isétyta (1)
né Tis TrpoUTroBécels Tou Bewphpartos dvopdaleran isdtnre tig dhyopBpmikilg
Sumpiscg.

Iapatmpioeas:
1. *ATo v &wdBeifn Tou S:wphAuaros, oupmepaivouns 8T1 of guvTeheotés TAY  TOAVw-
vOpwv w(x) kai u(x) elvon mpayuatikol, drav t& woAvmvvua f(x) kai g(x) dvikouv a1é Rix].
2. Elvar gavzpd &1, &érav elvar Pabu [(x) > Pabu g(x), tére loyve:
Badu w(x) = Padu [(x)—Padp g(x)
3. "Av elvar u(x)=0, TOTe Exoupe THv téhera Swipeon ToU &vagépape TpOnYyOoUEVws.
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IV 2.4,

2 4. Méyatog xotvég dratpétng moAvwvopwy tob Cy,.

Emre:df) x2-5x+6 = (x~2) - (x-3) xai x2—4 = (x-2) (x+2), 176 mwOoAU®-
vupo x—2 Biaipel xal T& o ToAuwvupa x2-5x+6 kal x2—4. lMevikd, v Eva
nolv@vupo g(x) Swpei 600 1| meprocotepa ntolvidvopa, thte dvopdletar kowbde Si-
apétng tdv rolvevipov adtdv. Elvor gavepd 6T1 oTous kowols Biaupétes Suo
f| TeploodTEpWV TTOAVwVUNWY TrepthauPdvovTtal kal GAa T& ToAvdwupx un-
BevikoU PabBuoy, dnA. Shor of wryadikol &piBpol &xTds &wd TO Undév. "Av T& Tro-
Avavupa i (x), f,(x),. .., 0(x) Bév Exouv &Ahous kowous Srapétes, txTds &Trd
T& ToAvdvupa pndevikou Pabduoy, ToTe 8& dvopalovion mpdra petald tovs,

Elvon ¢avepd Erlions 611 xowvoi Sraipéteg tob pndevikod nolvwvopov kal Evig
nolvavopov f(x) elvar §ror of Sumpéteg tob f(x) xai, oUpgpwva pé THV TapoThpn—
on 1 Tis 2.1., xavévag Swampétng Evog pufl pndevikod nolvwvipov Sév Exer Pabpod
peyarotepo &nd 16 Pabpd adrob tob morvwvipov,

©& defEoupe T pa, pé TV TpdTaoT ToU dkoroubel, 811 dv dobBoty ddo 7 mepio-
adrega molvdwopa, dnd td omola Tovddyiotoy T8 &va 0év elvar T undevird molvw-
vopo, umogodue mdvrore vd mgocdiogioovue &va moAvdvvuo mod Td otvodo TAW
Oiatpetdv Tov Tavrilevar pé 1d ovvolo TV xowdv SiaugeTdv TdY mOlvwvipwy,
mo?d Eyxovv Solel.

‘H mpdTaon &vagépetan oé BUo pry undevik& ToAudwvupa, yioti &v Té Eva
elven 16 pndevikd, T6TE, oUppwva pé doa elrape Tapamdvw, T6 &AAo TOAVWVY-
po elvan 16 InTolpevo.

Ilpéraon: "Av f(x) xai g(x) elvar 800 pfi pndevixé morvdvopa tod Cpyy, pé Habp.
f(x) >padp. g(x) xai 8(x) elvar Evag xowvbg Srapétng tovg, tote 6 8(x) 04
elvar xotvdg Srapétng xai tdv molvovipoy gx) xai v(x), 6mov v(x) elvar t6
onélowmo tfig Simpéoewg tobd f(x) pé t6 g(x), xai dvtiotpoya.

*AnbdariEn. "Av w(x) kal u(x) elvan 16 TnAiko kal T6 UrdAoiro Tiis Sicupé-
oews Tou f(x) wé 16 g(x), TOTE B& EYouue

fx) =g mx) +vx) A {(x)—gE® m(x) = u(x)
*AMNG TS 8(x) elvan Srocapétng ToU wpwTou péhous Tiis TeAevTaias lodTnTas,

dwéTe 84 elvan xad Srapétns ToU u(x). "Apa T 8(x) elvan kowds Srapérns TGV
ToAvwwpwy g(x) kal u(x).

’Aviiotpoga: "Av elvan 8(x) | g(x) kal 8(x) | u(x), TéTe 8& elven xal
5(x) | [g(x) m(x) + v(x)] = {(x),
dnAadh 16 8(x) 8& elvan xowds Srapérns v f(x) xal g(x).

“Apa ol xowoi diatgéres tiw f(x) xal g(x) ravrilovvar ué rods xowods diar-
oéres vaw g(x) xai v(x).

"Av Mooy glvon u(x) =0, TéTe ol xowol Siaipéres TGOV f(x) val g(x) 0&
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elven of Bicupéres Tou g(x). "Av Bpess elvan w(x) # 0, TéTe ol xowol Biopéres
Tév f(x) kai g(x) 8 elvan of kowol Biaipétes TéY U(x) kai v;(x), 8Tou v (x) T6
Utréhoirro Tis Sioupéoews Tou g(x) mé TO u(x). "Av Topa elvan u(x) =0,
Té71e ol kowoli SraipéTes TV f(x) kai g(x) 8& elvan ol Sraupétes ToU U(X), Evdd &v
elvat 'ul(x) # 0, ovveyifovpe THv IS Siadikaoia. ‘H Sadikacia aiTr, Emeadn
elven Bobu u(x) > Pabu u(x) > ..., 8& oTapaThdel, éTav K&Tolo UTTOAOITTO,
fotw TS vy (x), elvar TS pndevikd ToAucvuuo. ToTe of kowol Siopéres TGV
f(x) kai g(x) 8& elvan of Bicupéres TOU vs- (%),

Mmropoupe Topa yr& mohudvupa f(x), f(x),...,f(x), moU kavéva Bév
elven 16 pndevikd ToAuvupo, v& Trpocdiopicovns Eva ToAudwuuo 3(x), TroU
oi diaipéTtes Tou v& elvan oi kowoi Siaxipétes TGOV fi(x), f(x),. .. f(x). MV «lTo
&pkel v& Epappdoouvns THY TrapaTdvw Sadikacia yi& T& {(x) kal f.(x), veT&
Y& 1& B(x) kol f3(x), peT& Y& T& 8,(x) kai f4(x) k.0x., &mov Té §,(x) Exel
Siraipétes ToUs kotvous BraipéTes TV (%) kad f,(x), TS 8§,(x) TOUs kovous diai-
pétes TV 8§,(x) kal f3(x) k.TA. ("Av pepik& &wo t& (%), f,(x),...,f.(x) fTov
foa pé 16 pndevikd ToAuwvupo, TOTe aUTG 8¢ petéxouv ot diadikacia kai y1’
alTd Thpape P pndevikd).

Té moivdvuopo §(x), ToU Tpocdiopifoupe pé THY TapatTdvew Siadikagic,pali
né ta Swapépovia and adté Katd morlariacracniki otalepd, Stres elvon pavepd,
Exer 16 peyaivrepo Padpd andé Blovg tohg kowvodg drarpiteg TdV (X)), f(X),. ...
f (x) xai ovyxpoveg dwapeiton pé xale didov kowvd tovg draipétn, yI' alTo Kai
dvopalerar péyiorog kotvog Srapitng té@v f,(x), f(x),. .. 0 (X).

Té molvmvepe ToU elval «dvrtpécmwnogy tdV rolvavipov kd(x), k£0 slva
trroudueos povadikd wai Mépe 6T elvan 6 péyratog kowvog dumpétng (M.K.A.L) tdv
norvvOpV f,(x),fu(x),. . .f(x) kai 16v cupforilovpe pé < f(x)f5(X),.. . 0. (x)>.

Emaidn, otav Bpolpe fva MLK.A. 1&v (%), [(x),... [ (x), Exovue ouy-
Xpovws Tpocdiopicel kal TV dvTiTpdowTd Tous Tou eiven & M.K.A. Tous, pé
T6 gupPoro <f (x), f(x),...,f (X)> 8& ouuPohifoupe Tév M.K.A Tous, GAAG
kai k&Be &AAC TOAumVUHO TOU Biagépel &S aUTOV KoT& TTOAAXTTAQGIGGTIKN
otafepa. "Evar &v T& f(x), f,(x),...,f (%) elvar mwpdTa peTay Tous, 84 Exouv
M.K.A. k&Be pr undevikd otadepd moAudvupo kal ypdgouue < f(x), f,(x),.. .,
fo(x)> =« 7= 0, &GAA& prropoupe v& ypdgoupe kai <<f,(x), fo(x),. .. f(x)> =I

‘H Sia8ikacia moU dvamrTU§aue Tponyouptvws, pé TH Ponfeia Tiis TpoT&-
ogws ToU &moBeifape, 68nyel aTév TTpooSiooioud Tou M.K.A &Uo pry pnSevikddv
TToAvwwIpwy kai dvopdletal EvkAeiderog ahlyopiBpog, émeadn elvan 181 pé tov
EdrAcideio dAyopiBuo mTpoodiopicpou Tou M.K.A. 8o dxépaiwv &piBpdov.

Né& & mwoAvwvupa 2x2-2 kai 8x—8, pé Tov EdxAcidelo dAyodpiBuo éxouue

<2x%-2, 8x -8> = <8x—8, 0> =8x—8
T6 TroAvwovupo 8x—8 elval Aottov MK .A. TéV TroAvwvipwy 2x2—2 ki 8x—8,

émws M.K.A Tous elvar kad 1O TOAUCOVULO % (8x—8) = 2x—2 = 2(x~1) mou
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Tafpvape o¢ Tponyoueves T&Eeis, A& kol k&Be ToAuwvupo k-(8x-8), k # 0

Opws & MK.A. tous elvan 16 vokuo’ovuuo—é— (8x—8) = x—1, oy Exet ouvTe-

AeoTry ToU peyioToPdBuiov Spou Tou TN povdda kai elvar & «avunpdonnos»
T&v Kk (8x-8), x 7 0.

2.

1.

5. ’Eqappoyés.

“Av o(x) #0 xai g(x)|f(x), tote Oa elvar g(x).o(x) | f(x).@(x) xai dviiarpopa.
"Arddean: Elvan g(x) | f(x), BnA. f(x)=g(x) m(x). 'AANA& ¢(x) #0, &pa
f(x) = g(x) m(x) <= [(x).9(x) = g(X)T(x).9(x)

Ol loéTnTes aldTés &mobeikviouv TS {nToUpevo.

"Av 8(x) elvar ML.K.A. t®v rolvovopmy f(x) xai g(x), totc Grdpyovy 800 rolvidvopa A(X) xal

B(x), ®dote va loyder:

3(x) =A(M(x)+B(x)z(x) m

"Anodergn: *AgoU 5(x) elvan M.K.A. T&v f(x) kal g(x), T6Te 84 elvan f(x) #0 efte g(x) #0.

"As elvan f(x) #0. Tdre:

i) "Av g(x)=0, 6& elvar <f(x),g(x)> = [(X) xal &pa 8& Umhpyet keC, daTe v& elvan
8(x)=x.{(x). "Apax TS TOAUGVULO A(x)=k pali pé dmoiodnmote B(x) € Cf,) 9& Ika-
vomrotouv THY (1).

it) "Av g(x) #0, TéTe B¢ PA&TTETON | YEVIKOTRTS, &V UTroBéooupe &xdua ST Padu. f(x) =
> Padu. g(x). ©& elvan guverrdys

<I(), g(X)> = <g(x), vi(x)>

dmwov v (x) 16 Umdroro Tiis Biaipéoews ToU f(X) pé TS g(x).

“Av Topa elvan v (x)=0, TéTe T6 feUyos molvwvipwy A(x)=0 kai B(x)=kK, émouv keC ué

kg(x)=58(x) Ikavomowel ThAv (1), &poU 16 g(x) 8& elvau Emions M.K.A. T&v ToAV@VIN®WY

f(x) xal g(x). "Av Suws elvan v (x) #0, TdTz TS U, (X) urropel v& elvan Sripétns Tou g(x)

oméTe 84 elvar kaf MUKLA. T&v £(x) kai g(x) i wropei kai v& phv elvar Sianpérns Tou. ZTNY

wepimTwon wou v (X) | g(x), éme1df elvan
ui(x) = f(X)—m (x)g(x) xai
Umdpyet xaTtdAAnAo keC, daTe v& elvan §(x)=K -u,;(X), T& TOAVGVUHX
A(X)=x xal B(x)=—x ', (x) 8& ixavomolouv Thv (1).
ZtAv meplwTwon woU T6 v (x) Bév elvan Staupétns ToU g(x), Emedn
<g(X), vi(X)> = <y (X), vp(x)> 8& Eyouue
Va(R)=g(X) (%) * y(x) <> Up() =g () [(X)~(x) T, (X) Jea(x) <>
<> V() = (=, (XNI(X) + [ 1+, (), (x) Jg (%),

"ETo1 Gv vp(x)= <f(x), g(x) >, tdTe & Umhpyer kEC pé B(x)=K ‘ Uy(X), dTéTe T& TOAUG-

e A(X)=K(—T,(x)) xai B(x)=xk[l 4 (x)m,(x)] 8& ikavomoiodv ThHv (1), dAAoids 6&

ouveylooupe TH Biabikacia s 16 kaTEAARAO y; (x), GoTE V& elvon v; (X)= <t(x),g(x)> xal

8& Tpocdioploovue ToTE T& A(X) kel B(xX).

. “Av Eva molvdvopoe f(x) elvan nmpdto npog ta moAvdvupa @(x) xai w(x), 16t Oa clvar npdto

xai npdc 0 YIVOREVO Toug.

"Arodein: "Agou <f(x), 9(x)> =1, oUupwva ué TAV Tponyouuevn Epapuoyt, 8& Umdp-
xouv TroAvavupa A(x) kai B(x) Téroix, doTe:
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IV 2.6.

f(x) - AX)+e(x)B(x)=! = 1(x) - [A(X) w1 +[o(K) - y(X)]B(x)=y(x).
"Av T& ToAuwvupa f(X) kai @(X) - W(x) elxav kai kowd Siaipétn 8x1 pndevikoU PBabduol, T6-
Te alTds 8& fiTav kal Sixtpétns ToU W(x), Té dmolo elvan &Totro, yiatl <f(x), w(x)> =I.
*Apa 16 f(x) elvar pdTo TPds TO @(X) - W(X).

. "Av 16 @(x) dunpel 0 Tevopevo tdv f(x) kai g(x) kai elvar npidhto npdg t6 f(x), tote O Sranpel

6 g(x).
*Aroderdn: “Av g(x)=0, TéTe TS ¢(x) elvan BraxipéTns ToU g(x). "EoTewr Thpax g(x) #£0, ToTE
8mews xal Trponyoupévws Exouvpe
() - A(x)+@(x) - B(x)=1 <> [[(x)g(x)] - AX)+o(x) - [B(x) - g(x)]=g(X).
TS &piotepd péhos Siaipeitan ué 16 o(x), &pa @(x) | g(x).

. "Av 800 rolvdvopa @(x) xai y(x) elvar nphra petatvp toug xai kabiva tovg Sarpel Eva tpito

rolvdvupo f(x), tote xai t6 yivopevo tovg Ba Swupel t6 molvdvopo f(x).

*Anddeiln: Elvat f(x)=¢@(x)m(x) kaf émeidn w(x) |{(x), ouurepaivoupe 311 Y(X)|p(x) - (X)),
1woU onuaiver 811 Ww(x) | w(x), &eoU w(x) mpdTo Tpds T6 (x)."ETot m(x)=w(x) * m (X),
dmédre f(x)=[@(X) - y(X)Imm,(X), ToU &modeikviel TAV TpdTAOT.

6. "Aoxvicelg

L. "Av g,(0) | 1,(x) xad gy(x) | 1,000, Beifre 811 gy(x) - ga(x) [ H,(X) - f2(x).

. "Av 16 g(x) Sixipel Eva &md Té Tohuddvuua f(x), f,(x),. ..., (x), BeifTe 11 8& Sronpel

kal TS y1vopevd Tous.

. "Av 16 g(x) Sranpel 16 f(x), TéTE 8& Brarpei kal TS [f(x)]Y, veN.

4. "Av 16 g(x) Sranpei T [ (x)+f,(x) kal dva &mwd & (), f5(X), Beifre 811 8& Brxipel kal

10.

T &Aho.

. Bpeite 16 M.K.A. 1dv moAvwvipwy f(x)=2x1%-i-3x34-x2—3x-3 kai g(x)=x-1.
. N& txtereoTel fy Siaxlpeon ToU TroAvwvipou f(x)=x4+ 3x3-Tx2+kx A pé 6 g(x)=x2-3x

+5 kaf EmerTa v& dpioTouv of mpayuaTikol &pi1Buof k kal A, doTe §f Siaipean aurh v& el-
var TéAeia.

. N& ExteheoTei  Stadpeon ToU f(x)=x4+1 ué 16 g(x)=x>—V2 x +« xal o1h ouvéxeia vk
mpoodioptoTel | TWpayuaTiky Tiph ToU Kk, doTe f| Sialpeon vk elvar TéAeia.

6
. N& dpiorel & mpayuaTikds &pBuds A #0, dore T ToAuwvuuo f(x)=x%-5x2+ -—A—vd St~

peitar pé Td TOoAuwvupo Ax—l.

. Aei§Te 8T TS TTOAUGVURD

f(X)=X " v-1t¥=lpx Wemgtv=2 oyt ]
Sioupeitan pé TS TTOAULVILO
Q(x)=x""14x"-2 4 ...+ x+1,
émou v, &y, Xyy-. -, elvon guaikol &pifpol.
Aeire 811 16 TOAUWVUMO
f(x)=(xe-1+axe~? + ...+ af~x(e+1)¥+l 4 a(e+l)V+e
Braupeitar pé Té TOAUOVULO
g(x) = xP+axe! 4 .+ aP-lx+oP,

o a elvan dxépaios &p1Buds kal p,v guotkol &pibuof.
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2.7. Mlpotdoerg yid Td dméAoma TOV Srarpéoewv TOV TOALW-
vopwv tod C,,.

Alvoupe 858 BUo yprioipes TTpoTéaEls, TTOU GvagépovTal OTE UTOAOLTTS TGV

Sixipéoewy ToOAUWVUULY Tou Cpy.

Ipotasn 1. "Av f(x), f,(x) kai §(x) eivar rolvidvopa tob Cp,y pué d(x)#0, totE 0i
dhpioerg tdv £,(x) kai f,(x) pé ©6 8(x) divovy 16 idro drnokoino, Htav kai pove
Otav 1 Swpopd f(x)—fy(x) eivar rolhurnhaoio 10D &(x).

‘H dmd8eaifn Tfis TpoTdoews alths elvan Spoiax pé THY &rddefn Tiis TTpoTa-

oews 2 This 1.3 Tou Keg. Il

TIpotasn 2. "Av 6 Swmpetéog f(X) kai 6 Srapétne o(x) mig Simpéoewg nollanio-
cswastoby pé td ido puf undevikd molvAvupo g(x), tote 16 anhiko tijg Srapé-
ozmg TUPIPEVEL 10 (010, v®d 16 DrdLowmo morhaniacvaletar né 16 g(x).

"Anodei&n: "Exovpe [(x) = ¢(x) - w(X) + u(x), pé u(x) =0 7 Pabdp u(x) <
< Podu 9(x), ooTe [(x) - g(x) = [¢(x) T(x)]g(x) + u(x) - g(x) <=

f(x) - g(x) = [¢(x) - 2(x)] - ™(x) + u(x) - g(x),

Smou u(x) - g(x) =0, &v u(x) =0 fj Pabu [u(x) - g(x)] = Pabu u(x) + Pabu

g(x) < Podu @(x) + Padu g(x), SnA.  Podu [u(x) - g(x)] < Pabdu [¢(x) - g(x)].

"Apa ) TpodTaon &TrodeiyTNKE.

2.8. "Eapp.oyés.

1. "Av 0y(x),0,(x),. . ., 0u(x) elven 1@ dnorona @V Swpioewy tdv 1,(x), 1,(x),. .., I (X) pé o 8(x),
(8(x) #0), avuoroiywg, tote ta drékowta @V Swpiscov tdv [ (X)+1,(x)+. .. +f(X)] xai
[0, (X)+0y(x) . ... +Vu(X)] né 16 8(x) civar ioa.

Aven: "Av (X)), T(X). .., m(x) elvan T& &uTicTorya TnAlka TGV Siaipégecov TV [,(X),
£,03), .« Fo(x) pé 1O B(X), TéTE Eyoupe:

f(x)=8(x) 7y (x)+ vy (xX)

f,(x)=8(x)ma(X) +us(x)

[ (O=B(X)T ((x) - U (x).
MpocBéTovTas xaTd wéAn Tis iodTnTes aUTés Taipvouue:
1O = LX)+ = T (=B () = Tp(x) 2 .o 4T, ()] = [Uy(X) § Uy(8) + - U (X))

<) ~F(x) o T U () = ue(X) = U ()= 8O T () F T(R) <L T (X))
ToU onpaivet 8T1 16 8(X) elvan SixipéTns ToU TpwTOoU pEAoUs. AUTS, CUMQWYX UE THY TIPS~
Toon 1, &mwodekvier 16 InTouuevo.

2, "H Swaipeon £vog rohvmvipov (x) pé td molvdvopo x2+x+1 diver dnoroiro 2x+1, Evi pt 16
x241 diver drorowro x+2. Na BpeOel 16 Onorowno tiic Swapiocme tob f(x) pé 16 yivopevo
(x4 x+D.(x2+1).

Abvon: "Av m(x) kai u(x) elvar 16 TnAiko kal Té UmdAoimo Tiis Siaipéosws ToU f(X) mé TS
f(x*Ex+ 1) - (x2-+=1)], 16T Ex0UHE

f(x)=(x2--x+1) - (= D)+ ux) (1) § IE)—vX)=(x+x+1) - (x2 - Dmx),
dnAadh T& woAvwvupa xZ--x 1 kai x24-1 elvan Sipétes Tou moAuvwvipou [f(x)—u(x)].
AUTS a onpaivel (TpdTaon 1) 6Tt oi Siapéaers Tév (x) Kai u(x) pé 16 x2+x-41 Sivouv
16 1810 UmdAormo. To 810 oupPatver kal pé Tis Sraipéoers Tév 1(x) xai u(x) pé 16 x24-1.
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"Etor Spws f Biadpeon ToU u(x) pé 16 x2+x+1 Biver Umdroimmo 2x+41 kal # Bialpeon
ToU u(x) ué 16 x2+1 Siver Umdrotmmo x+2.
*ATO Trv (1) Suws Exoupe STt TO U(X) elvan T6 TOAU 3ou Pabuol, SnA.
v(x)=ax?4 x4+ yx+38
omoTe B loyUouv ol oyéoeis:
ax3+Pxi 4+ yx+8=(x*+x+ 1)m (X)+2x + |
ax3+Px2 -+ yx+8=(x2+ 1)my(x) + x+2
dmou m (X)=ax+k kaf MWy(X)=ax+A.
ATtd Tis oxtoeis aUTés malpvoune Té cUoTnua
a+xk=P, atx+2=y, k41=8, p=A, a+ 1=y, A+2=5,
ToU 1} éwiduoh Tou Bivel a=—1, P=—2 xal y=0. ‘Etopévews u(x)=—x3--2x2.

2.9. 'Aoxfcels.

1. "Av ui(x) xaid u,(x) elvar T1& Uméddoima 1&Y Siatpéoewy TAY ToAumwvipwy f,(x) kal f,(x)
ué 16 g(x) dvmioToixcws, SeifTe 811 ol Biatpéoers TV ToAvwvIpwY f,(X) Ue(x) kad f,(x)u,(x),
ué 16 g(x) éxouwv foa Uméroima.

2. "Av ol Biaipéoets Tou mohuwvipoy f(x) wé T& x—a kal x—B, a#p, Sivouv 16 1810 Umd-
Moo v, BeiTe 611 kal ) Biaipzon ToU {(X) pé 16 mMohudvupo (x—a) (x—P) SBiver Emions
T6 810 YTSAOITTIO V.

3. APIOMHTIKH TIMH TQON NOAYQNYMQN

3.1. "ApbpnTucg T xal pifa woAvwvipov.
K&Bs ouvéptnon f: A>A pé Tuto
f(x) = a,x o, x¥1 4. agx o, H
8ov a,,q,,...a.A kai A dva &md T& R,C, dvopateran morvwvopuiki cvvaptn-
o1 T0D X.
‘O dpibuds
[(p) =awp¥ + oy yp¥ 4 ... +pta 2
mov elvan ) elkdva ToU &pibuov p péow s I, elvon 1 api@unriky tpq tiig mo-
AVOVOPIKTG oUVApPTNOE®DS YId X=p,
St& gmoueva 8& Aéue Erions ST 8 piOpds f(p) elvar | apOuntikf Tiph 108
rohvavopov f(xX)=a x"+a,x""14...+ax+a, eCy; Y1d x=p.

Inueioon: MmopoUue v& Souue &péows Ty Paociky Siagopd mol Umdpxer oT1d pdho
ToU X 076 [(X)eC[x] kal oTHYV ToAVwVUMIKY auvdpTnon pé TUTro f(X). TTAV TPdTN TepiTTTwoN
T X elvar Té ToAuwvupo Tou Cryx) ¢ oy =1 kai ag=a,=...=a,=0, ¢vd o1 BeUtepn elvan f
peTaPANTH Tiis ouvapThgews ToU &meikovifeTan oTov &pbBud f(x).

“Eva orroudaio TpoPAnpa oTis ToAvwvupikés ouvapTrioels slvarl v Ppolpe
Tis Tpés THs weTaPANTHS X, of 6oles &meikovifovtan aTdv &p18ud undév. AnAadn

&v f(x) =a x¥+a,_ x4 faxto
elvan & TUTTOS WIds TTOAVWVURIKTS ouvapTioews, v& Ppolue Tis Tiués xeC yi& Tis

&toies elvau
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f(x) = ax¥4+o,_ x4+, . 4ayxta,=0 3

‘H (3) dvopdietan morvovupki E&icmon.

Ké&Be &p1Buds p wou émaAnfevar thv (3) dvoudletan pika tfig morvwvupikiig
t&iohoewg. O& dvoudbovpe pila 10t mohvovipov f(x) k&b pifa Tiis E§iocoEws
f(x) = 0. "H eUpeon SAwv TdV pilédv Evds ToAuwwipoy [(x), dvdyetan oThyv &mi-
Avan Tfis ToAuvwvupikiis E§locoews (x)=0 kai 8& pds &TaoyoAnoEl oTA £TTo-
peva. ‘O Pabduds Tou ToAuwvipou f(x) #£0 dvouddeTan kal Pabuds Tfis TToAUwYY-
uikfis tiodoews f(x) = 0.

3.2. ZyWpa Horner (Xdpvep).

‘O oUvTopos UmoAoyilouds Tiis &pBunTikfis Tiufis évds ToAuwvipou [(X),
BnA. Tfis Tufis TS ouvapTtnoews | yi& x=p, Topousidlel tvBiagépov, yiaTi T
mwoAuovupa &EloTrolouvTal yi& Tis Si&popss pabnuaTikés &véykes. 'ETions )
EmiAuon TTOAUWVUMIKGY EE10WaEwY YiveTal TToAAES gopés, &Trws H& Soupe Trapa-
K&Tw, pé TOV UTOAOYIoHS &piBunTIKGDY TIuddy ToAVWVUUGY.

'E8G 0& Souue pic oUvtoun wébodo vé UmoAoyifoupe Tis &piBunTikés TiuEs TrO-
AUV,
"Eotw 6T Exouus va Ppoupe THV TiuN TS cuvopTtrioews [ pé TUTO

f(x) = x4 oyx? + agx® + ox2 + oyx + o y1& x=p.

‘H 1wl ot 8& elvan f(p) = asp® + app? + ogp® + op? + ayp + S,

N Omoia ptropel v& ypagel

i(p) = [[((asp+c4) - pFagdp+oelptoylp+oy M
AnAadh y1& TOv Urohoyiopd Tou (p) prropouue vé dxoloubrigoups TV &kdAou-
On oeipd UmoAoyioudv, ToU Umobeikviel 1) (1).

1. ToAAamAacidbouue Tév a; pé Tév p a; - p

2. 3716 ywdpevo trpoofétoupe TéY oy o pay

3. ToAramAact&bovue 16 &Opotoua autd pé Tév p (0; - p+ay)  p

4. 316 ywopevo alTtd TpoobéToupe TOV ay (o; - ptay) ptag

5. TMoAhamAaoi&fovue 16 &woTéAeopa pé Tov p (s pt+a) - ptag) - p KT.A

‘H SiaBikaoia abThy TGV UToAoy10u&dY PaiveTal KAAUTEPA OTO TAPOKATW
oxfiux, mou elval yvwoTtd odv oxfjua Horner.

ZyvTeAeo Ty
Tou {(x) | a5 a, o o, o) o

P V| oasep | (xspray)p

s opr oyl (a5 p—adptogl .. [[(P)=[[((azp+ag)p+o)p+alp+elp+ay
Ya Ys Ye

Mpfv 8cooupe Eva &piBunTikd Tap&delyua, 6& SoUue dxdpa 6T TO oxfiHa
Horner xpnoipelel othv elpecn Tou mnAikou kai ToU Utrohoitrov Tiis Siaupécecos
Tou f(x) né 16 x—p.
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"Av #xoupe v& Birocupéooupe TS TTponyoUpsvo ToAumvupo f(x) pé Té Bidvupo
x—p (8mou p & wponyoUuevos &piBpds), TéTe T6 Umdroio u(x) 84 elvan Eva
oTabBspd ToAuvupo U(x) = UeCy,;, OToTE

f(x) = (x—p) m(x) + v )

Né& x=p 1) (2) 8ive1 f{(p)=veC, dnAadny 16 drdrowro tfig Siaptecwg tod f(X)
pé 16 x—p elvar 16 otabepd molvdvopo nod dviistoryel orijv dpOpnTixi Tipn tod
rolvwvipov f(x) yua x=p kol B’ arév TéV TpdTrO TS Ppiokape kai o TTponyOU-
ueves TéGers. "Av Aortrov elvar f(p)=0, téte (x—p)f(x), EnAradf f(x)=(x—p)m(x)
kai Gvriotpdbpws. AUTS onuaiver 8T, @v p elvan pia pila £vog rolvevopov f(x),
t6te 16 x—p elvar Evag nopayoviag tod f(x) xai advrietpbowng.

Znueicdvoupe €86 6 Eva ToAuwupo f(x), ol Exet pila 16 p, elvon BuvaTd
v& Bioapeitan, ExTos &md 16 x—p, kad &md pia Slvapn k tol x—p. Meviké elven
BuvaTd Eva Trodvdvupo f(x) va SrapeiTtan pé T (x—p)* kai v& phy SronpeiTon pé
16 (x—p)*<ti. AnAodn elvanr Buvard va elvan

f(x) = (x—p)* - m(x)

kod 76 w(x) v& pn Sraupeitan pé 16 (x—p) (BnA. 16 T(X) v& uv Exar pifa 6 p).
2’ ot Ty TrepimTwon Aéue 511 16 p elver modhhanhiy pila to¥ f(x) pé fabpd mok-
harkétnrag x 1 61t 16 p eivar pila vob f(x) pé morharxhotnTa K.

‘Otav elvon k=1, 1é1e 16 p AdyeTan kaf anify pika tod f(x).

Té mnAiko m(x) Tfis wponyounevns Sicupioewss elvon Eva ToAuwvupo 4ou
PaBuoU s uop@fis Y X4+ Y3X3+Y.x2+Y X+, kai PplokeTon, &v ékteAéooupe
T Siadpeon xatd T& yvwoTd:

X84 o x A+ opxd - apx2 o X - ap [X—p

—a; X"+ a,px gix‘+(a5p+a‘)x3+[(a5p+a‘)p+a3]x2+ e
(oppt )X 44 xpx® ¢ Y? Ye

—(asp+ )X+ (agp+ap)px®

AlamoTtwvouue duéows 611 ol ouvtedeoTés ToU TmAikov elvan of &piBuoi
Tfis Tpitns oepds Tou oxnpatos Horner, EkTds TOU TeAeutaiou &pibuou Tou
elvar 16 Umdhoiro Tiis Sioupéoecss, Seos simape.

ZThv pdgn EpyaldpooTe s EEfis:

"EoTtw 611 8fAoupe v& PpoUue TO mnAiko, m(x), kai TS UmdAoiTro, u(x),
Tfis Siopéoews Tou f(x) = —2x°+3x4-2x2+5x—1 pé 16 g(x) = x+3=x—(-3).

Oi ouvteheotés Tou f(x) (Branpetéou) ypdgpovtar of pia geipd (ppovtifov-
Tas v& ypdyoupe kal TO ouvTeAeo T Tou x* TroU elvon TS undév), ot SeUTepn
oelp& kai &proTepd ypdpoupe TOV &pi1Bud p=-—3 xai o1V TpiTn OEIp& OoXNUa-
Tifoupe ToUs ouvTeeoTEs ToU TnAikou, OTrws eiTraue Tponyouptves, kabws kai
16 UméAoiro. “Etor Exoupe 16 &wdAouBo oxfjuax Horner.
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TuvTeAeoTés
ToU f(x)| -2 3 0 -2 5 -1
p=-3 ' -2)- (-3 ]+ —27 81 ~237 696
-2 9 —27 79 —232 695
Y 2 Y. oon Yo || Vm=v

) TnAfKo elvar (X)) = Y, X -+ vY,ax3 -+ Yo x2+ ¥ X+ Y, SNA. .
T(X)=—2x449x3-27x2479x—-232 kad 16 YmrdAormo u(x)=G695,
ToU guoikd elvan kai 1) &piBunTikd Tiph Tou f(x) yidk x=-3.

3.3. ’Eqapp.oyés.

1. Aiveta % nodvaovopxi evvaptnon f:R—>R tétoa, dote nid kade zeR va loxoer f(z)=az+B
né a,p npaypanxoig dmbpoig xai B #0. Acifre 6n yia kade (cbyog npayponikdv dpmbudv x,y
foxoer: f(x+y) #8(x)+1(y).

"Anddegn: ‘Améd Tév TUTro Tfis ouvapThoews Exouue:
f(X)=ax+B, (¥)=ay+p kol f(X+¥)=a(x+y)+P,
oméTe fX)+H1(y)=a(x+y)+2B. '"AANA& Emadh P #0, 8& eiven
a(x+y)+P#a(x+y)+2B, SnA. f(x4+¥) #I(x)+I(y).

2. Aivetar pia molveovopikf covaptnen f:R >R térowa, dote 1a xads xeR xai kGde @uoixkod

GprOpo p va ioyoc:
f(px)=1(x)
Aei§te 61 na xabe veN iayider: f(pv)=f(1) )
"Ané6deign: "Emedn loyxver f(px)==[(x) y1& k&8 xeR kai peN, &v mwépovue x=1, TéTe y1d
k&Be peN loyve f(p-1)=I(1), BnAadn {(p)=£(1),
©& &moBeifoune Té {nToluevo ué TH uébobo THs wadnuaTikis Emaywyfs.
Mpayuatt yic v=1 éxoupe: [(p)=I(p)=[(1), 8nA. loya # ().
"Eotw &1t ) (1) loxiea kal yi& v=x, 8nA. 811 [(pr)=I[(1).
Od& Beffovpe TéTE 611 foxlel kai y1& v=k-+1, 5nA. &1 [(px-V)=[(1).
Mpdyuart Exouvue f(px ) =I(p - px)=f(px)=I(1). ‘Emouévess foxler {(p¥)=f(1) y1& k&8¢
veN, BnAabrhy &modelytnre Té {nToUuevo.
3. Na érodeiy0ei Gt t6 drororno tilg Simpéoemg Evag morvmvipov f(x) pé t6 x2—p?2, p70, elvan
f f(—i fi —
o"x)= (p)—f(—p) X+ (0) +1(—p) ]
2p 2
"Anodergn: 'Emeidn & Sronpétng x2—p? elven Seutipou Paduol, T6 UdAoio THs Biaipboecos
8& elvar 16 wOAY lou Paduod, BnA. 8& elvar u(x)=«x +A.
"Eto1 8& Exouue: [(x)=(x*—p?) 7(x) +Kx+A, i
dmwov T(x) elvan Té TnAlke Tfis Biaipéozcos.

'ATé Ty (1) y1& x=p kai x=—p maipvouue dvTioTolyws:
[(p)=xp+A xai [(—p)=—Kp-+A.
"EmAbovTas 16 oloTnua TV BUo altdv éfigwTewv @5 mpds Kk xal A Pploxouus

f(0)—f(~ f(p)+f(—
- (p)2p( P kal A = -M , 6éTE TS UmdAoiro elven

“(‘>=—f%ﬂ-x+£&>~;fﬂ.
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Morvdvopo f(x) Simpoipevo pué t6 x+1 diver vroroino 2 kai Siapolpevo pé t6 x—2 diver
Onbiorno —1. Na Ppebel 16 Ondlowno tilg dwapiorwg 10 f(x) pé 16 g(x)=(x+1) (x—2).
Abon: *Atd THV Umdbean Eyxoupe: f(—1)=2 xaf [(2)=-1.
Té mwoAudvuno f(x) Stav Srapeitan pé 16 g(x), 16 dmoio elvan Beutépou Pabuou, Siver wn-
Mko T(x) xaf UmdAormo TS MOAU TpdTou Pabuoy. "EaTw &Ti elvan u(x) =xx+-A. ToéTeE
6& tayue:

1(x)=(x+1) * (x=2) - w(x)+ (xx+2A). )
‘Améd THv (1) madpvoupe: I(—1)=—x+A kafl {(2)=2x+A, EnAadnh

—x+A=2 «kal 2x+4+A=-1
'Emiddovtas T6 ovoTtnua Tdv Suo altdv t6iodoewv Pplokovue k=—1 xal A=1, dmdTe
16 Umdrormo elvan: u(x)=—x+1.

. Bpeite t6 nnhixo xal t6 Ondhowno tfig Swapéocwg tob f(x)=ix*—(2+1)x2+4x—3—1 pé 6

g(x)=x—(1—I).
Aven: Xpnowototdvras 16 oxijua Horner Pploxoupe:

FuvtedeoTés ToU f(x) i —(2+1) 4 =3
p=1—i 1+i -1 i 4-2i
i -1 34i || 1-3i

TX)=ixi-x+3+i kai u(x)=1-3i.

3.4. "Aoxfoes.

1.

Mé¢ 16 oxijua Horner v& UmohoyloeTe Tis {nTolueves Tipés TGV ToOAVwVULIK@Y ouvapTh-
oewv pé Tous Tapaxk&Tw TUTTOUS.

a) f(x)=—2x4+3x2+2x+1, 1(~2)=; {5)=;

B) p(x)=x*—V2x-1, p=V2)=;

Y) g(x)=x3—ix2+1 g(l-i)=;

- "Av f(x)=3x?-Ax+2, Bpeite 16 A, doTe f(—1)=—3-A

Ay f(x)=2x4-3x*+kx+A, Ppeite & k kal A, QoTe {(—2)=-25 kai {(2)=—18.

. N& mpoodioploere T& a xal B, doTe T TWoAudvupo f(X)=ax®—Px:—5x+ 4 Sraxipoaiusso

ué x+2 xaf x—1 v& diver dvmigroixws UmdAoira 6 xaf 2.

. Bpeite 16 mnAiko xal Té YmdAorro TévV Siaupéoewy:

a) Tol 5x3-x3+42x ué 16 x—3, P) ToU x4+ 32 pé 16 x--2,
Y) ToU x3-3ix2+4x+ 1-2i ué 76 x+2, 8) Tou x4+ (14+1)x3+ix2 4+ (— 9+ Ti)x—143i ué

1
16 x—2+41i kol €) ToU 4x445%x3-12x—-40 pé 16 X+7.

. *Av tva ToAudwupo f(x) SiaupoUuevo ué x—a kal x—B Slvel dvmioToiyws TnAike w (x)

kal y(x), 8eifte 6T M (P)=my(a), dTav a#p,

. “Eva woAuhdvuuo f(X) Siaipouusvo ué 5 x+1 Siver yrdroirro 2, pé td x-2 Bivel Umwd-

Aoiro 11 xai ué 76 x +3 Sivel UrdAoiro 6. Bpeite TO UmdAo1To Tijs dicpéoews ToU f(X)
ué 6 (x+1)- (x-2) - (x+3).

. Aei€Te 811 1) &v a#P, TOTE T8 UTOAOITTO Tiis Sipéoews TOU TOAVWVULOY

f(x), padu. f(x)>2, ¢ 16 @(x)=(x—x) - (x—P) elvar:

U(X) = f(a()x:tép) -x + pf(“g:zf(p) .




IV 4.1,

il) "Av a=p, 1é1e u(X) ~xn(a) - f(a)—am(e)

9. Afvetan pfa worvwvupiky ouvaptnon: f: R+~R Tétola, Gote yid kdde xeR vk foxver:
X

X
f(x) _—_l‘( 5 ) Aci§te 71 yid kdfe XER ka1 k&de veN loxve t(x):f( )

2v
10. Bpelte éva wohuddvupo Tpitou Pabuol f(x) tétoro, date: f(0)=0 kai f(x)—f(x—1)=x2.
11 ovvéxaia UtrohoyioTe T6 &Bpoigpa o, =13422.+324 .+ vE veN.

11. "Av «,...,a, elvon Siaboxixol Spot &piBunTikfis Twpoddou, Beifte dT1 T

xY xv-l x? v—1
P(X) =— + +... 4 -
0,0y G0y Ay @A,

Siaipelton pé 16 x—1. ZT1) ouvéxeix Ppeite TS Ao Ts Sicpéoews Tou P(X) ué 16 x—1.

4. OEQPHMATA IXETIKA ME TIZ PIZEZ TQN NOAYQNYMQN

'E8& 0& SoUue pepikd Qewpfipara oxetikd pé Tis plies TV ToAuwvipwy,
T& omrola elvan oAU yproipa y1& THv émihuon Tohvwvupikdv é§iowaewy. T&
BewpripaTa aUTd 8& T& Sexwploovue of BUo dpddes. Tt pevid xaf ok eldied. T&
TpHTX dvapépovtal gé SAa T& ToAudwupx Tou Cpy, tvd T& SeUtepa of TrO-
Avdovupa ToU Ry xad Tou Qqy.

4.1. T'evixd Oewphpara.

TS Paokd fecopnua, oxeTik& ué Tis piles TGOV ToAVwvUpwy, TS dTroio &rro-

SeikvieTan otV "AveTepn "AlyePpa elvar 16 dxdhoudo:

Ocopypa 1. (Ochpnpa D’Alembert if Oepchidddeg Ochpnua tilg "Alyeppas).
Kdade rolvdvopo f(x)eCy, Pabpod v>1, Exer pia tovhapetov myadixi piCa.
To Becopnua alrd uds t§aopariZer Thv Umapn pifas yi& k&de woAuwvuuo

Babuou v>1, dAA& 8¢ uds Aéel TimoTe y1& TS TATBos TRV pri&dv ToU TOAUWVU-

pou. "Eta1l y1& Thv &lowon:

X '+ &y X1 4. taxtog =0 Y

T6 pévo Tou Epoupe elvan 8T Exel pla TourdyioTo pida.

O©d& &rodei§oupe Twpa TO &rdAoubo Gecprua, Tou uds ESaopariler TS TAR-

fos TGV poddv Tiis (1).

Ocapnpa 2. Kabe rolvidvopo f(x)eCi,y, Pabpod v>1, Exer v dxpipidg piles, dmov
ka0e pila perpiétar téoeg @opég 6003 clvar & Padpodg morrarniotnrag Tng.
"Anédergn: "Eotw f(x) = axV+ o, x4 4 X + o, &, #=0 pé

v>1. Kara 16 fewpnua D’Alembert Umr&pyer uia TouddyioTov pila p,eC Tou

f(x), dnAady f(p,)=0, dméTe foxia

1(x) = (x—p)fuon(X) @
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8mwou f, )(x) elvon 16 TnAiko Tiis Sronpéoews ToU f(x) pé 16 x—p, ki Padp.
fo1(x) =v—1. Katd 16 ©. D’Alembert xai wéA1, 76 woAudwupo f,_,(x), ué
v—1x1, Exer TouhayxioTov pia pifa, EoTw TéV peC. TodTe Exoupe:
Fo1(x) = (e—pf - 5(%) 3
émodTe ) (2) ylvetan:
f(x) = (x—p1) (x—po) f,-5(x) C))
pé Pabp f,_x(x) =v-2.

'Atd Ty (4) PAémouue ST f(p,)=0, SnA. & &p1Buds p, elvan kal pifa TOU
f(x). ZuvexifovTras katd Tov 1810 TpdTrO, K&Be véo TrnAiko 8& Exer Podud katd
Hovdda mikpdTEpO &Trd TS TTponyoUpEvd Tou kai ké&be popd 8& Umdpyer yi° alrrd
pia pifa, mou 6& elvan kai pifa Tou ToAuwwipou f(x).

YEton Spws 8& pBdooupe v& Exoupe:
f(O)=(x—p1) (X=p). . . (x—p -1 * 1(¥) ®)
dmou f,(x) moAuwvupo lou Pabuoy, Eotw f,(x) = Bx+Py P, #0. "Emadn

f,.(x) = ﬁl(x—i-Pi), 6 &pifuds p, = — Bo 84 elvan pifa Tou f(x), SnA. pla

P B
&xoun piga Tou f(x), dwdte ) (5) yivetan:
f(x) = By(x—py) (x—pg) . . . (x—p+-1) (x—p.) (6)

"Av xé&vouue Tis wpa€eis oTd P’ péros Tis (6), TOTE elvan pavepd T & peyr-
oToPd&Buios Spos O& elvan & ByxY, dmédTe B,=a,, kai &pa 7 (6) ypdoeTan:

(x)=a,(x—py) (x—p2) (x—p3). . .(x—p.) )
©d& delfovue Twpa 6Tt 7 popet) (7) ToU {(x) elvan povadiky, Stav 8¢ pds
tvdiagépel N Siatabn TV Tapayodvtwy (x—p,), (X—py),. - .,(x—p,). “As Umo-
Béooupe ko’ dpyNv ST pé ThHY Bl SraBikaaia Bprikape &Ti elvan kal

f(x) = a,(x—p") (x—p). . .(x—p".) (8)
*Amo Tis (7) kol (8) Exoupe TOTE

(x=pp) (X—pp). . . (x—p )=(x—p"}) (X—p'2). . .(x—p"\) ®
*Av EoTw kai pia &wd Tis piles py,pg - - -,y TOU f(X), T.X. T) pu, OtV elvai
fon pé k&moia &moé Tis p'1,ps, . . .,p" TOTE PdlovTas oThv (9) THiv TIM Xx=p«
O8nyoupaaTe gé &ToTro, Gpou TS TPGTO péhos Tns pndevileTon kai Té SeUTepo
elvon BragopeTikd &d T6 pndév. “Etol PAémroune 81 8év Utrdpyer SAAN Tur, dxTds
&md Tis p1.Par - - 1P w TOU V& elvan pifa ToU ToAvwvipou f(x). AUTO Spcos 8év
uds &modeikvier 611 1 popery (7) Tou moAvwvipov f(x) elvanr povadixy, yiori
elven Swvatd pla pila pj, &Td Tl pr,pa- - 4Py VA ETavadauPlveron Kk @opés
oty popen (7) xai A gopés oty popen (5) ué k£A. B& Belfoupe 6T kal aUTO
elven &romo. TTpdypaT” &v UtrobBéooupe 61 elvan k£, ToTE, &wea1dn k&be pn) un-
Bevikd TTOAUVUHO elval &TTAOTTOICIHO OTOIXEIO S TTPdS TOV TTOAAGTAATIATHS
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016 Ciy, drrhotroivras Ty (9), 8& Exoune TOV TTapdyovTa x—p OTO Eva UEAOS
TNs Xwpis v& Uttdpyet Toos apdyovtas aTd dAAo. AUt Suws elvan &toTro, 8treos
&moBeixTnKe Tponyovuévws. "ETor PAémoupe 6T i wopery (7) ToU TToAucwvunoy

f(x) elvar povadikn, Stav &Biagopoupe yi& T BidTagn TV py,Pa .- 4P v KA
péhioTa 16 f(x) wropsi vé& ypagel kad pé TH poped

f(x) = ay(x—p)* (x—p)*r. . . (X—pu)"s (10)
6tav of ool Tapd&yovTes ypagouv ué duvdpels. ZThHv (10) elvon pavepd 811 elvan
Ki+Ket ... +K, =v kai &képax 6T1 T& Ky\Ky,...,K, elvar of TTOANTTAOTNTES
TRV dvTioTolxwv pI&&dv Py, Pay- - - Pu-

Mé THv aparrdvw Siabikaoia &rodelyxTnke TAéov TS InToUpevo.

'ATtod TV &mddeifn Tou BewprpaTos TpokUTTTouV T& &kdAouba oupTTep-
ouaT.

1. "Av ol py,py - . .,p. elvar of piles ToU TToAvwvipou f(x), viooToU PaBpov, TéTE
auTo gupgwva pé TV (7) ypdeetan f(x) = o ,(x—py) (x—py). . .(X—p ),

76 6Trolo &moTeAel THY GvdAUaT) ToU G¢ Y1vopevo TpwToP&BUILV TapaySVTwY.

2. ’Emadn elvanr povepd 6T Eva moAucwvupo undevikoU PabBuou Bév Exel kam&
pifa (Exel dnAadn undév aé mAffos plles), ouptrepaivoupe ST kGBe piy pnde-
VIO molvavopo 3év propel va Exel pileg meprocitepes and 16 Paduo tov, Evd
16 undevikd molvadvopoe Exel pileg dha ta xeC. "ETa1 dv Eva rolvdvupo 16 mo-
A0 viootod PaBpod pnodeviCetar yia v+1 dwapopetikég Typés 10b X, totE AOTH
givar 10 pndevikd molvdvopo,

3. Met& 16 mponyoupevo cupttépaoua 2 Exoupe Tdpa kai T &kdAoubo:
"Av 860 rolvavopa f(x) kai g(x) elvar kai t@ 800 t6 TOAD viooTod Padpod kai
rnaipvovv ioeg Tinég yud v+1 dwagpopenikig Tpsg tob x, tote 0a elvar ioa.

Mp&ypart: "Av mépoupe T6 tmohucdvupo F(x) = f(x)—g(x), TéTe 16 F(x),

tvd elvan 16 TOAU viooToU Pabpoy, Exel v41 SiagopeTixés piges, SnA. elven 16

undevikd ToAvcdvupo. AUTd onuaiver 8T f(x)—g(x) = 0, dnA. elvan f(x) = g(x).

4. Torou 100 Vieta. "Av p,,pzp5,. . P, Eivar ol v pileg T00 Tolvwvipov
f(x)=a x"+0a, X" '+...+a;x+a, p¢ a,7#0, téte loydovv ol oyécers:

o,y
S;=p+pt+pst... +pv1tPpy =—

aV
o,
Sa=piPatpiPat - FPPyFPPat - PPF Py =
o,
Sy=p1P203+P1P2Ps+ - - - +P1P2Pv PR3Pt - - P1PIPVE PP 1PV =— —'Ei

a
Sy=p1-Ps-P3- - 'Pv—l'Pv':(—l)v 'a_o

v
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HNpéypat &md 16 mponyoluevo Bedpnua Exoupe
f()=a,(x—pp) (x—py)...(x—p.), EnAadA
a xV4a, XV b, xR L o x - ag=a (x—p,) (x—py) - . - (X—P,)

Aripovtas kol T& 0o uéAn Ths Teheutalos pé 16 o, #0 Todpy oupe

oy y Cyyg
XV — fod ~1+ XV L + x+q0 =

xV—(py+pat...p)X"" ‘+(plpz+plpa+ c PP XY= H(=1)Ypyps. - Py
r—— — N —
S ’ Sy
1 s2

F) I 7 L3 14 ~ 3 1 ~ ’ 1’

ATré ToV Opioud Tiis iodTnTag TGOV TToAuwvUnwy Ppiokoupe TrAéov TiS Ln-
Toupeves oxéoels. Of oxéors altés, of 6moies ouvbéouv Tis piles kai ToUs ouvTe-
AeoTés TOU TroAuwvUpov {(x) dvoudlovtal tbrol tod Vieta.

Afvoupe Tpa kal pia TpdTaoT oxeTikh pé Tis piles TGV TOAUWYUNWY.

Ilpétacn. "Av 1@ TOAVOVURA X—pP;, X—p,. . . X——Pp Sa1podv Eva  molvdvupo
f(x) xai of pyyps,. . .,px Elvar Hhor Stagopetikoi petald tovg, 161E 16 mOLuAMVLRO
(x—py) (X—p3). . .(x—p,) Eivar rapayovrag tob f(x).

"Anéderdn: ) “Av 16 Tohucdvupo f(x) efvar TS oAU k=1 PoBuou, TOTE &epou

ol &p1Buoi py,py, . . . P Elvat piles Tou, clpgwva pé THV Taparnienon 2 6& elve

T6 undevikd ToAuwvupo, SnA. f(x) = 0 xai Quoikd 6& SronpeiTon pé TG TTOAUG-

wbo (x—py) (X—p3). . . (X—px)-

B) "Av elvon Pobp f(x) =v > k, TOTE, oUpgwva pé TV mapathipnon |,
aUTo 8& yp&eeTan

f()=a(x—p,) (x—p3) . . . (x—px) (x=07) (x—0p) . . .(X=0 ),

3Tov 0,,0,,...,0,« Elval ol UmdroliTres piles Tou. *H TeAevtaia oxéon &model-
kwel T {nToUpevo.

4.2. Mapadelypara—"Epappoyés

1. "Av éva nolvovopo f(x) Exer tAv iSotnta f(x)=1f(1—x), d&i&te 671 16 moAlvdvopo g(x)=f(x)—
f(0) dwmrpeitar pé 16 modvavuopo x(x—I).
‘An6dergn:
Mé& va Bicpsitan 16 woAuwvupo g(x) ué 16 x(x—1), &pkel va Sraipeiton Ywptotd pé 16 X
kai 16 x—1, SnAadn Tmpima vd evan g(0)=0 kai g(1)=0. Oi iodTnTes alirés ioxUouy, yraTi
elvon f(x)=f(1—x).

2. "Av fva nolvdvopo f(x) Exev THY ihwthta f(x)=f(x—1), t61e 10 moividvope avto elvar Eva
otabepd molvdvopo.
‘Anodergn:
©4& Beifoupe pé TH HabBnpaTtikh émaywyh 6Tt yi& SAa T& veN loyuea [(v)=Ff(0).
Mpaypaty y1& v=1, &éd v Umddeon Exoupe f(1)=(0). "Av SexBolue Twpa 11 f(x)=1(0),
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keN, Emweadn Exoupe xal f(k=1)=f(x) ¢ UmoBioews, 0& elvan xal f(x+1)=f(0). AnAadf
T4 woAuddvupo f(X) Taipvel TAV Bia Tun £(0) yik Shous Tous puaikoUs &piBuovus. "Apa 8&
elvar: f(x)-10y 0 # f(x)=f(0)=oTabepd.
3. Acl_!‘.tr. ot 10 mOAUGMVUNG
x(x—aXx—f)  x(x—P) (x—y) 1 X(x—¥ }(x—a)
1r—a) —h)  ela—P) (e—y)  B(E—a) B—7)’
616 dnoio elvar afy(a—P) B—y) (y—a) 40, propet va néper th popoh
f(x) = Mx—a) x—B) x—7) +1.
Ipoodiopicte katdémyv tHV TR tod A,
"Anédatn:
*Emeidt) elven f(a)=1(B)=I(y)=1 f f(a)—1=f(P)~1=[(y)—-1=0, 16 woAvwvuuo [(x)—1 6&
Exer plles T& P,y kal ouveTrdds T6 ToAumvupo (x—a) (X—P) (X—Y) 8& eivar BraipéTns Tou
f(x)—1. "Apa 8& elvan
f(x)-1 = (x—a) (x-P) (x—y)(x) ey
'AAMG T& moAvwvuua f(X)—1 kai (x—a) (x—PB) (x—y) elvar 3ov PaBuou kai guverds T
mnAiko (x) 8& elvar oTabepd Tohudvupo. "Av T(x)=A, TéTe /| (1) YpapeTa
fO)=A(x~a) (x—B) (x-¥)+1 @
kol &mwoBeikwier 16 {nToVuevo.
*Ewaidry &wd THV &pyikh wopet ToU f(x) Ppiokoune [(0)=0, tvd &wd Tn (2) tlvan f(0)=
=—afyA+1, Tehik& 0& elvan

f(x)=

1
A=—r
Py
4. 'Eketdore Gv 1 3 elvar noidandf pila tod f(x)=2x3*—11x2+12x+9.
Adon: O& E§etdoovpe &v Té x—3 elvan TapdyovTas ToU f(x). "Apkel vk Bel§ovue 81 £(3)=0.
"ANAG aUTé loxuer Etor Exoune f(x)=(x-3)m(x). Mé¢ 16 oxfiua Horner Pploxovue
w(x)=2x2-5x—3, oémwédte f(x)=(x—3) (2x2-5x-3).
Maparnpoupe Twpa 811 w(3)=0, 5nA. 16 x—-3 elvan Brapétns Tou w(x), omwdTe W(X)=
=(x—3) 2x+1) wal &pa f(x)=(x—3) - (x=3) - 2x+ 1)=(x-3)*- 2x+1).
‘H Terevtaia oxéon uds Aéet 611 10 3 elvan BirAd pida Tou f(x).
I16 map&beryua auTéd Bivetan kal Evas Tpdtros vk éAéyyxouvue &v Evas &piBuds p elvan ToA-
AamAf plia tvds wohuwwipou. Tevikd &mroBewvieTat &Ti:
"Eva nolviavopo f(x), Pabpod v>x, xeN éxer tov ambpd p pila morrarndiétyras x, &v
fip)=0, n,(p)=0, r(p)=0,- -, M., (p)=0, drov @ m\(X), ™x(X),- - -,7,_;(X) Elvar dvrioroiywg
1& rnlika tdv Simpésewv tob f(x) pé td x—p, t0D 7w (X) pé 6 x—p, 700 n(x) pé T6 x—p
x.0.x. kai ovyXpéveg m(p)70, Brov ne(x) elvan to6 nnhixo tilg Swmpioemg tod me_ (x) pé
06 x—p.
"Evas Spws md wpakTikds Tpdwos yi& vh Edbyyouue TV WoAAamAdTRTa wids pilas tvds
ToAvwwluoy gaiveTat oTd &kdAoubo Taphberyuc.

5. Aetgte bt ©6 modvavopo f(x)=2x *—5x? +-3x 2+ x~1 Exer tov dprlpno 1 pila pé nokiariotnta 3.
Aben: "Av k&vovue TO UETAOYNUATIONS
x—=1=y fi x=y+1,
Té7e T8 1(X) yiveran f(y+1)=2(y +1)*=5(y+ 1P+ 3G+ D+ +D-1 %
g =I(y + D=2y +y*=y*Qy+1).
Anhabdh 16 g(y) Exer Tapdyovra Té ¥y kal Bév Exer Tapdyovra BUvaun Tou y ueyaAuTepn
&1 3, BnA. 16 f(X) Exet Tapdyovra Té (X—1)3, &AA& Ex1 BUvaun ToU x-1 peyaiirepn &mo 3,
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6. Bpelte t6 l0poropa tdhv tetpaydvov xal thv xtfov tdv pidv tof roAvmvopov
f(x) =2x°—6x2+x—10
Abon: "Av p.,p.ps Elvar of plles ToU I(x), TéTe &d TOUs TUTMOUs Vieta Eyoupe
6 1 10
PrtPetPs=5=3, PPt PP tPII=5 s PiPePs= 5 =

Tvwplfouue duws 8711 P+ +py*=(p1t+ Pat Pa)*—2(P1Pa+PeP s+ PaPL):
1
dmwéTe  pyi+p,itpat=3-2" 5 =8 «al

(Pr+ P2t P3)*=pr* + P2+ 3+ 3p1 (Pat+ Pa) + 3p2*(P s+ P1) + 3ps*(Py + P2) + 6p1PaP5 fi
(P1+PatPa)*=pr®+Pa*+ P o+ 30 °(3—p1) + 30,2 (3—pa) -+ 3ps*(3—ps) -+ 6P1PaP 5
'Atrd Thv Teheutala oyxéon Pplokouue

75
P tplttpsd = )

7. Né xataoxevactel todvdvopo g(x), tob drofov ol piieg va slvan th Gvrictpopa TV pridv Tol
noAvOVOioL
fX)=a.x"+a,_x""1+... +ox+0, «,.0#0.
Abon: "Av X,,X,,...,X, elvan ol piles ToU £(x), TéTe ol plles ToU g(x) Béhoupe v elvau ol

=1 =L =1
Pr= X Pe= X, Pv—xv
ZOugpwva pé ToUs Tutrous Vieta Exouus:
oy
Si=X Xt X =T
v
y_g
Se=XXs+ X X5+ ...+ XXy = .

Se=X Xgo.. Xy = (~1)V2>

Té mohudvupo g(x) 84 elvar 16
BR)=X"—8'X"148;x*2 ...+ (=)' S,

Strou

, 1 1 1
Sl=Pl+Pz+--~+Pv=Z +‘g+---+x—v =

(_l)v-—l a_!
_ Xg*Xg...Xy+X;* Xy. .. Xy +. ..+ xlxz...x\,_l= & S
X Xy' * - Xy 1y ﬁ! e Y
“nr P
8= SV SIS TS S
a-PxPa+PxPa+-~+Pv—19v—xlxl XXg T XXy -
D 2
_ XgXg. o Xy + oo + XXy, .. X yg . Ay _ G
X;Xg...X, Ty %o oy
b 3
, 1 _ 1 _ v Qv
S v = P1P: Pv XX xv_ [« P8 - (_ l) =73
Dy —
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a a a,
“Etor Fyoupe g(xX)=x"+ a_l xv-14 a—’ X+
o (] o

1
g(x)= G_o (oox¥ + XV~ + ax¥-2 4+ ... +a,).

. "Av 16 nolvdvopa f(x), g(x) elvay xpiira petatd tovg, tote kal 1@ molvdvopa (X)) xai (X))

Srov x, AcN, clvar npdrta perafd tovs.

*Anbdartn: "As UmoBtoouue ST1 TS ) oTaBepd ToAudvupo o(X) elven kods SranptTns TV
AEO)* xad (GEOY Téte (FEO) = o(x) Ty (x) kel (LX) = O(x) Ty(X).

*Av Topa p elvan plfa Tou o(x), &dméTe o(p)=0, 84 elvan xal (f(p))*=(g(p))* =0, SnA.
f(p)=g(p)=0, ol onuaiver &1 T& f(x), g(X) 6& Exouv xowd BicuptTn T uf oTadepd To-
Avdvupo x—p. AUTS Suws elvan &tomo, yiorl T& f(X) kal g(x) elvon mpddTa neTa§l Tous,

4.3. "Aowjceig

1.

11.

. Acifte &1 T ToAuvupo f(X) =

*Av dva Tohudwupo f(x) € Crx), Talpver THY &pBunTikh Tiph A y1& &mwepes miyadixés
Tinés ToU X, T6Te SelfTe 11 TS MOAUdvupo alTd elvan T6 oTabepd Toruwvupe AEC(k)

. Aet§Te 11 16 UdAorTro THs Sreupéoews ToT ToAvwwiuoy f(x) ué 16 x2—2px+p? elvan Té

m(p)x +1(p)—pw(p), dmou (x) elven TS wnAlxo THis Sraipéoecos Tob [{(x)—1(p)] né T (x—p).

. "Av T& ToAudvvna f(x) kai g(x) Exouv Tév &p1Bud p pila ué TOAAATASTNTR K Kal A d&v-

TigToixws, TéTe & M.K.A. &V f(X) kai g(X) Exet tmions plia Tév &p1Bud p pé ToAAGTASTR-
T v=min (x,A).

(x-y) (x=)

B-v) (-

(x-o) (x—P) | (x-B) (x-v)
r-a (v-P) * (a-P) (a-v)
ué (a-Pp) (B-y) (y—o) #0 elvan 16 orabepd Torvdvupo f(x)=I1.

+ +

. Aei§Te 611 TS ToAvdwpo X3—4x+4 elvan waphyovTas ToU ToAvwwipou

f(x) = x4—4x3+ 5x2—4x+ 4.

. N& tetéoete &v 16 ToAvawvupo f(x)=x5-11x4443x2—T74x2+ 52x—8 éxer Tov 2 plla pe

ToAaTASTRTQ 3.

. Alveren 4 Efowon (A4 1)x3—(A245A—-5)x2+ (A2 4-5A—-5)x—(A+1)=0 ué A #—1

o) Aeifte 811 y1& k&Be Tnf) Tou AQA #£—1) 1) EEiocwon Exer piles TOU &TOTEAOUV yewHETOL-
kf) Tpdodo. P) “Av p, elvan f) pida Tns wou Sév E§apTETan &wd TS A, v& wpoabiopiceTe
T6 N, doTe ol plles py,py,p; v& &roTeAolv dpleun'ﬁxﬁ Tpdo5o.

v) Aci€te 811 Y1& SAes Tis Tipés A ToU PphkaTe oTHY Tponyouvuévn mepiTTwon f) E§lowon
Exer Tpels piges Yoes.

. N& xoraoxevéoeTe ¢§lowan TpiTou Pabuol pé piles Tous &piBuols 1,—2,3.
. Bpelte t§lowon woU Exer piles T& TeTphywva TV p1ldv THs X3+ o X 40X + o,y =0.
10.

Afvovran 1& ToAvdvvpa f(x)=x3+ ax—p kai g(x)=Ppx3—ax—1, ué >0, P> 0. "Av p,,p,,Ps
elvan ol piZes ToU 1(x) kaf T& f(x) xal g(x) Exouv mi& kowh mpaypaTikh pila, ToTe SeifTe
& i) p e+ pa’=—2a kal ii) |p)]|+Ipyl+Ipsl>2

"Av a,,0,,ag,. . .,a,, VEN pé v>1, elvan v Sraxekpiuévor &piBpol kal Béooupe
P,(x)=(x—0ay)...(x—a,)

Py(x)=(x—0,) (x—a,)...(x—ay)

..............

Pe(X)=(x—0). . . (X—tk=y) (X—4q). . . (x—ay), x=2,3,...,v-1

................

Py(X) = (X—p) ... (X=yy)s
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Té1e EmAVoTe ThY Elowon

_Pux)  Py(x) Py
=3 CNERY P,(a) +.. 4 P~v(a—v)=ﬁ, pt B oTabepd &prBud.

12, Afveton 16 ToAudmdvuio

P(x)=ap(a—y)x®+ (o®—aly + 2ap?—B%y + aPy)x®+ (202B + PPy + oty + B—aPy)x + ap (B+y)
dmouv a,B,y # 0, a#y xal a#p.
Acifte 811 16 P(x) Braipeiton &wd 16 Q(x)=afx2+ (a?+ P)x + af kal orh cuvéyeia BelfTe
811 & &p1Buds P(x,) Sixpeltan pé 16 (ax+P)3, dmov x,=(a+P+1)Y, veN.

13. "Av y1& éva moAuawvupe f(x) € Ciy) loxua f(x)=f(x+1) yi& k&de xeC, 8eifte &m1 elvan
tva oTadepd ToAuwwUlo.

4.4. Eidxa fewpripara.

Ochpnpa 1. "Av Eva pi pndeviké nolvdveno pé mpaypatikods suvvterestig Exel
pita 6 myadixd apBpé z=a-+fi, (B#0), téte Exer pila kai toév auivyn tov,
z=a—pi.

*Anodargn:

“Av 16 [(x) elvan wpwTou PBabuou, TéTe TO f(x) Bév Exer wiyadikn piba, &eou

Exel TpayMaTikoUs ouvTereaTés. “Apa T f(x) elvan TovddyioTov P’ Pabuou.lN&

v& Beifoupe 811 kal & piyadikds &piBuds z = a—Pi elvar pifa ToU f(x), &pkel v&

BeiSovpe 611 f) Siaipeon Tou f(x) pé T6 ToAudwupo g(x) = (x—2z) (x—z) = x%—

—20x+a?+P2 elvor TéAeia. "AAAG TS g(x) elvan Seutépou Paduol kai &pa T

UtréroiTro Tiis Sranpéoews Tou f(x) pé 16 g(x) 84 elvan T TOAU TpwyTov Paduou-

*Av Aoimrov elvar u(x) = kx+A 16 Umdhorro kai m(x) TS TnAiko abTis Tfis

Siaipéoews, TOTE ioyUel:

+a

f(x) = g(x)-m(x) + kx+A ey
Elvar 6pows fla+Pi)=g(ax+pi)=0 kai tmopévews yi& THv Tipf a+Pi ToU x A
joétnTa (1) Bivel
(xk+oPi)+A=0 fi (ka+A)+kPi=0, fj ka+A=0 xad xp=0,
&pou k, AeR oUpgwva pé tHv mapatnpnon 1 Tiis 2.4
"Emeidn elvan B =0 8& Exoupe k=0, 6moTe kal A=0, dnAadh # (1) yiverat
f(x) = g(x)-m(x) @
Trou &mrodeixviel TS {nTouuevo.
Noplopara.

1. "Av éva ntolviovopo tod R;,;, Exer pila 16 pyadixd apOpd z=a-+Pi, p£0
pé mohlamhotnra x, tote xai 6 z=u—pPi 04 elvar pila tov pé v da
rolhaniotnta.

2. To6 mhijfog tdv pryadixdv midv Evég molvwvipoy pué TPpaypatIikovg Guv-
teieotég slval dpro.

3. Kabc mnolvavopo mepirtod Pabpol pé mpaypatikovg cvviehestés Exe
tovidylotov pia mpaypatikn pila.
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IV 4.5,

Ochpnua 2. "Av Eva uf pndevikd nohudvopo pé pnrtovg ovvierestés Exel pita
ov tppnto a+\ P, a,pEQ, >0, VBER—Q, tote 04 Exer pila xai oV a—V F
Té fewvpnua aUTd &moBeikvieTan 8Trws TO TTpOnYyoUuEvo Kai ouvdyovTo
dvéhoya Troplopata pé ékeiva ToU BewpripaTos 1.

Ocdpnua 3. "Av Eva morvdwvopo f(x)=a x'+a, X" 14... 40, X+a, a,.a,7#0,
pé dxéparovg cuvrereatés, Exer nia pila tov 16 pqté—'{—-#(), (x,A)=1, tore b«

06 clvar Srnpétng tod etabepod Spov a; tod f(x) xal & 1 08 cvviedeordl a,
100 peynotofaduiov Gpov tov.

*An6derln: "Amd v Umdleon Exoupe:

v v-1
f(-;\-)=0 - a(—;—) +av_1(-—;—) +...+al(%)+ao=0

< oK+, KA Lok YT oA V=0
< a K '=—A(A,- K14 Lo KA Y A YY) I
< A V=—k(a K " 14a, k"R 4aAvD) ¥))

"Emreidny ol mopevBioeas otd SeUrepa péAn tév (1) kol (2) elven dxépaior
&p1Buoi, of A kal k 8& elvar &vriorolyws Sionpéres TéY a k¥ kal cpA Y. Elvan Sucws
(x,A)=l, émdTe 0& elvan (k¥, A)=1 kai (K,A)=1M.AgoUu Aorrév elven A | ak”
kaf (xV,A\)=1, 8& elvenr kol A | a,. "Opora kai Kk | ay,.

ITépropa. "Av 16 mohv@vope f(X)=x"+a,_ X" +...+ a;x+a, a,#0 pé dxé-
palovg ovvieheotés, Exer pntég pileg, tote adtég 0a clvar dxéparon &prOpoi
xai Swapéteg tod a,.

4 5. Mapadelypara—"Epappoyés.

1. Bpelre Eva noivdvopo tetdptov Babpod pé pntods cvviereots, 16 dnolo va Exer 0o pifeg tov
100¢ Gp1Opodg | xai 1—v3,
Abon: "Agou T {nToUuevo TToAudvupo Exel pnTous cuvteAeoTés, 8& loyxUouwv yid Tis mya-
Bikés xad y1& Tig &ppnTes piles Tou T& BewptipaTa 1. kal 2. kal ouvetrdds ol &piBuol —i xal
14+ V3 8& efvan BUo dxdua piles Tov. "Apa 16 1(X) 8& elven Tfis HopPfis
1(x)=k(x—i) (x +i) [(x—=1)+ VI [(x=1)~ V3], keQ, %0
i f(x)=x(x?4 1) (x2—2x—2). "Eva &wd T& {nTovpeva woAvwvupa elvar .y, T6
(x?41) (x?—2x—2)=x4-2x3—x2-2x—2

2. 'Emibote thy tEicmon x3—4x24-9x—10=0, &v elvar yvootrd dn & pyadixog dpmBpog 14-2i
elvar pifa tng.
*Enfivon: 'AgoU TO ToAudwuuo Tou TpdTou péAous Tiis diodaews Exel wpaypaTikoUs
auvTedeoTds, TOTE 1) E§lowon 8& Exer pila kal Tév &piBpd 1--2i, drédre 16 TWOAUVUMO alUTS
64 Biaipelran pé 16 woAvwvupo [x—(1+42i)] ((x—(1-21)]=x2-2x+5. Té nAlko THs Bra-
ptoeds Tous Pploxovpe &1 elvan 16 x—2 kal &pa # Tpitn plla s tEicdoews elvar 16 2.

1. BAdme &oxnon 16 Tiis 1.9. ToU KegaAaiov llL.
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IV 4.6.

3. 'Emildoere v &Eicwon x*4+x3—Tx2—x+6=0

“Enilvon: "Emeidn) oi ouvTedeoTés ToU mpdsTou péAous elvar dxépaiol kai & ouvTeAeoTHS
ToU X4 76 1, &v Umdipyouv pnTés piles, alTés B& eiven dxépanes kal cuyypoves BiatpéTes ToU
oTafepou épouv 6. Edoha Ppiokouue §T1 of piles elvan oi &piduoi —3, —1, 1,2. (Xpnoipo-
worfijoTe T.X. Sraboxika TO oxfiux Horner).

4. 'EmAvote thv £Eiocwen 2x3+3x2+8x+12=0.

"Eniduon: “Av Umdpyouv pnTés piles, adtés 04 elvon dvhywya khdopara pé  &pibunTn

3
Sroupttn ToU 12 kai TapovopxsTh BiaipéTn ToU 2. Bpiokoupe Etot &T1 & &p1duds -5 elvat

ula pige kal f ticwon yiveras:
(x-,# % ) (2x2-8)=0 <> (2x-+3) (x?4-4)=0 <> 2x-+3) (x+2i) (x—2i)=0.

"Apa oi pifes elvar x;=— —g-, X,=—21 «xal x,=2i.

. "Av ol ouvterestig tob nolvavopoy f(x)c Cyy), elvan oi evivyeic thv avtistorywv ouvvtelreo-
otdv tob mokvwvipov f(x) € Cp,) ki & Baudndg thHv £1(x) kai f(x) elvon v, dei&re bt ol pileg
tob £vog elvur oi ovluyeig Tdv pridv tod tidov.

"Anoderdn: T& moAvdvuua f(x) kal f(x) umopolv v& mépouv Th poped fi(X)=¢(x) +
+ig,(x) kal 15(x)==¢,(X)—ip,(x), dTou T& ToAuwvUua @ (X) Kai @,(X) Exouv TpaydaTIKOUS
ouvTeAeoTés. "Av Aotrdy & uryadikds Gpibuds k+Ai elvan pia pife Tol {;(x), TéTe 8& elven
£,(k+AD)==0 f} @;(k+AD)+iQ(k+Ai)=0 | per& Tis wpdgers (A+Bi) ~i (F+AD)=0 # Té-
Aos (A—~A)+ (B+D)i=0. ¢))

Sty tpapuoyh 2 Tis 1.6. ToU Kepohaiou |, Beifaye 811 9(2)=0(z) kat Emoutveos f &pBun-
TikA) Tipf ToU f,(X) y1& x=k-—Ai elvau: '

fo(k-AD) =@, (k-AD)—i@,(k-A)=(A-BD)-(F-AD)=(A-A)—(B-+ )i, oémére Adyw Tfis (1)
#xoupe f,(x -Ai)=0. To {,(x) Exer twouéves piles Tis ouGuyeis T&OY pigdv Tou f(x).

4.6. 'Aoxvicelg

1. ’EmidboTe Tis Tapakdrw &51000Els

o) 4x1—-4x?—-25x2+-x+6=0 B) x*+x2—x—-10=0
Y) x*—4x%--x+6=0 8) 2x3-9x%L7x+6=0
€) 3x% - x2-8x +8=9 ot) 2x5—11x*4 14x3-2x2+12x+-9=0

2. TlpoodiopioTe Tous &xipxious k, OITe 1) tfivwon
X} —x? i xkx--4=0
vk Exer pla ToukdyioTov pnTi pifa.
3. AcifTe 611 § tficwon
Xx¥—-]1=0, veN
Exel qrpipdds Buo pnTés pifes, dv v &ptios, kai &kpiPds pia pnTh pila, &v v mEPITTOS.
4. "Eotw 8T1 6 dképanos A efvan p@dTos &p1Buds kai SiatpbTns TGOV K., K, Ky € Z. Aei§Te 8T1
6 A siven Braipérns kabe &képatas pifas THs Eodaews
x3-E Ky X2 KX +Ky=0
Mé 1 Pofieia alToU ToU cuumepdouaTos mAvoTe THY Efiowon
x3—4x2—4x+16=0
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4.6.

. "Av pla plla Tfis t§iodosws

x3-8x2+kx +A=0
elvon & piyaSikds &pibuds 3—i, mpoaSiopioTe Tous TpayuaTikoUs &piBuous k kal A kal Tls
&Ahes piles Tns.

. Aeifte 811 & miyadikds &piBuds 141 elvan plla Tiis tfiowoews

x4—3x3+ 3x2-2=0
kol o1 ouvéyela Ppeite Tis &AAes pliles Tns.

. "Av I(x) elven woluddvupo ué TrpaypaTikoUs cuvTeAeoTés kal ouvTeEAEdTH TOU WEYIOTO-

Pddutou Spou 16 1, TéTE TwpoodioploTe TO f(X) oTis &kdAoubes TEPITTTWOEIS
o) Toé f(x) éxer Tpeis pies &wd Tis dmoles ol BUo elvan 76 1 xaf 16 2i.
B) Té f(x) Exer Téooepis piles dmrd Tls dtroles of SUo elvan 16 i kaf 16 141

. Né& ylver ywéuevo mpdTwov mapaydvtwv kabéva &md 14 TapakdTw ToAvmvupa Tou Cix]

o) f(x)=x—x3—x—1, &v fvas Tapdyovtds Tov elven T& x—i.
B) g(x)=x4+4x3+ 10x2-}-12x-+ 21 &v & &vas Twapdyovtas elven 16 (x+2—-v3i).

9. N& yiver yiwduevo wpodTwov Tapaydvtwy T6 woAumvupo f(x)=2x3-9x2+7x+6 ToU Cx].

11.

12.

13.

14.

15.

16.

17.

18.
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. "Av p,,p, glvon ol plles ToU @(x)=x2+ ax+B, P #0 kal pifes ToU ToAuwvUpoy f(X)=x2"+

Fa¥x¥+ B, 8dwou v &pTios guoikds &piBuds, Seifte 371 of dpleuo(%, %:—elvcu piles ToU
2

ToAvwwipoy P(x)=x"+14+(1+x)"

“Av UmroBéaoupe &1 f(x)=(f,(x))2+ ([,(x))? &mou [,(x), [,(x) TOAv@VUPX vicoToU Pab-

HoU Wé TpaypaTikoUs ouvTeheoTés, Bei§Te Tt T f(X) Wropel v& ypapel ds yivduevo v deu-

TepoP&biwy ToAuwviuwy pé TpaypaTIkoUS TUVTEAEOTES.

Agi€Te 611 7O ToAuvupo f(X)=X" nua—xnu(va) +nu(v—1)a, éov aeR kaf veN ué v>2,

BratpeiTan pé TO TOAuwwUpo P(X)=x?—2xouva+ 1.

*Av 16 moAuwvupo f(X)=a X +a, ;X" +. .. +ox-Fa, Exa pila Tév &p1Bud p kal

elvar f(xg)=0, Bei§te 6T1 6 p elvan kai plfa ToU ToAuwvipou g(x)=f(f(f(x))).

"As elvan f(x)=x2-+ax+PB. Korolue g(x) T wodudvuuo wolU TpokUmTet &v oT1d [(X)

Béagoupe 8trou X T6 f(x). Aei§Te 8T1 &v py,p, elvon of pifes ToU ToAvwvUMoy f(X)—X, TéTE

ortés elvon kai pifes ToU g(x)—x.

N& &etdoete &v T6 moluwvupo f(x)=27x3+26x2+9x—2 Ex=1 plles Tfis wopphs ‘/F;

&Tou p BeTikSs pTds kal Vp eR—Q.

Aeifte 611 TS WoAUDVUo f(X)=x3—x—1 Exe1 pla &ppnTn pila p; kal SUo ouluysis prya-

Bikés. Aeifte dxdua 81 1 <p, < V2.

AsiTe 871 TS TOAUdVuHo f(X)=xX"+2Ax +2, pé veN, v=>2 xal A &képaio &p1Bud, Sév Exel

pnTés piles.

"Av fva TToAudVUMO viooToU PBabuol, pé v> 4 kal &xépoious ouvTeReaTés, AauPdver THY

TR 7 yi& Téooepis SiagopeTikés HeTabU Tous dképates Tipés Tou X, BeifTe 8T yi& kam&
dxépoia Tipfy ToU X TS ToAucvupo 8¢ AauPdver Thv T 14.



IV 5.2

5. EZIZQZEIZ 3ou KAl 40u BAOMOY
5.1. Eicaywy".

Mé v émidvon Tohuwvupikédy Eiomoswy Eyoupe doxoAnfel &md Triv
TPWTN T&EN ToU yuuvaciov. Evol &lol yvwpilovpe vd EmAUouue TpwToPd-
Buies kad SeutepoPaBuies E§locooels kal dxoua eidikés popeés Efiocooewy pé Pabdud
peyoAUTepo &mrd 16 BeUtepo, Sreds givai ol 81TsTpdywve§, ol dvriaTpoges, of d1cd>-
vupes, of Tprdvuues k.& Mé T PorBeiax A ou TGV BecwopnudTwy TToU &vagé-
povTan oTis piles TV TOAUWVUMWY, utropouue Erions v& émAUouue Opiopéves
gErowoels. "Anodeikvietar o1& pobnuomik& &1 i émiduon wds E§iocoews Ye-
vikiis Hop@Tis ué PoBud ueyoUTepo &md TéV TétapTo Bév elvon TévToTe SuvaT.
*Eto1 oi pdves é€1o0dotes wou EmAvovTon TdvtoTe elvon of  Eioddaeis péypr kal
TeT&pTOV Pabuou.

O& Boupe &uéows &mrd Eva TpdTo EmAUosws E§iocdoewy 3ou kol 4ou BoaBuou
ué ouvTedeoTés GO 1O €. ZT& mopaBelypaTa, yi& eukoAia oTéd Aoyious, O&
TEPIOPLOTOUNE G¢ EEITWTELS PE TTPAYUATIKOUS GUVTEAETTES.

5.2, ’EriAvoy t7jg éElowoews x3+ 3ax?+ 3Bx+y=0 (1)
‘H tlowon (1) elvar yevikhy poper) TprroPébuias tfiowoews, dgou ké&le tffowon Tfis
nopefis
ox? + %% + opx-La,=0

wafpver T wopeny (1), &Tav Sixiptooupe Tous Spous Tns bé o, kal Bicoupe

L 3, 2 —3p, Zo
. =3a, a =3B, = Y
K&vovtas 16 peraoxnuaTiond
X=y—« Mp
A (1) mwaipver T popen
¥+ 3py+4q=0 ¢))
6mou elvan p =P—a? xal g =20*-3af+y.
Ké&vovtas Thpa Té peTaoxnuaTiond
Y=7~- —}z)- (MZ)
A (2) walpver T nopeh
z* 4+ qz* —p* =0 6)]

ToU elvar BeutepoPdduia tficwon pé &yvwoTo TS 78,

"Av py, p, elvar of plles THis BeuTtepoPdButas s pds 23 Eiowoews (3), TéTe EmAlovTas
pia &wod Tis Srwdvupes ESiowoers

B=p , B=p O]

Pplokoupe TPETS TInés 7, 7., 2, Yi& T6 2.

Ottovras Tis Tipés aUTés 0TO peTaoxnuaTiopd (M,), Pplokoune dvtioTorxes Tipés yy,
Yo Ya Y& Ty, &md vis Owoles pé 1) PoriBeia Tou (M;) Bplokoupe Tis pides x,, X,, X, THis dpxiKkis.

Tapatipnon: "Omoix éflowon &wd Tis (4) kal &v émAUooune, 8& Ppolue TeAikd Tis 15ies
Tinés y1& Tis pides x,, Xy, x5 Tis (1).
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v 53

Nupadarypa:
Na tmiv0el 1y £8icmwon 7x*—12x*—8=0.

*Enidvon: épvoupe Thv ¢€lowon o1 wopen (1), SnAadn ypdeouus Thv icodivaun

x3+3'( - —;) x2+3-0x+( - —3—):0

4 8
Elvar Aormdy  a=— =3 p=0, Y==7 kaf &po

42 22.5-13
= xaf == 5
23.5.13 4
H (3 yletor 26 ——3F 28+ 5=0

kol Exet AUoets

2 \8
AT ThHY 13:(7) Talpvouue
T e A TV B L § O
1— 7 H 2 _'7— -3 _7 —
kal pé T PoRBeiax Tol (M,) Ppickoupe
10 —5-3iv'3 —543iV3
Yi= E Y. = I kal ¥y, = — -
omoTe wE T Pondaia ToU (M) Bpiokouue Tis piles TS dpxikfis mwoU elvar:
)\'1:2, xz = __1:111/3, xa = —._1__4‘:43.1_\_3_
7
Inucioon: "Av Emiibooupe THv Eflowon:
g \3
s (=
v ( 7)
8 4(~1+iV3) 4(-1-iv3
Taipvouue To= e, 1, = _<___7__) xal 7, = AL 7,,,.,_),.,
Bpioxouue Aormov Thpa
10 . =543iv3 —5-31v3
VW=7 Y= g kal y;=— 7
dmore kal WAL elvan
_ 134/ _ .\/—
X, =2, X,= 1—37”3 Kai x3:1—+731—-3

‘H Eiowon umopoloe v& EmAuBel kal ué T Ponbeaix ToU GewprinaTos 3 Tiis 4.4.

5.3. 'En{Avon tiig ¢Elodoews x -+ 4ax3+ 6Bx2|-4yx+6=0

™ms

(M)

‘H éfiowon (1) elvar yevikh poper TerapToPébumas i§1ocaecs, STws elkoAa umopouue

v& BiamioTwooupe.

"Av gupPoligoupe pé 9(X) TS Tp&dTO péhos Tiis (1), TOTE propoUue v&k TS ypdyouue adv

Srapopd TETPAYWVWY TOV TOAVWVUL®WY
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IV 5.3.

A(x) = x24 2ax+P+2A
B(x) = 2ux+v ] My)
Smov T& A,u,v elvan katdAAnAor wiyadikol dpifuoi wol wpimer v& ToUs wpoodiopiToupe.
TMp&yuaT® ypdgovras
o(x) =[AX)]P - [B(x)* 4
[BCOT = [AX)]E — 9(x)
petd Tis mPd&Eers Ppiokovue ThHY lodTnTa
(2ux +v)% = 4(A + o> —B)x® -+ 4(aP + 20 —y)x + (P+ 2A)2—8 2)
M& v& propel Aotrdv T BelTepo péAos Tiis (2), oy elvan BeuTtepoP&buto TpiwvUMO TOU X,
v& yiver TéAeio TeTpdywvo, &pkel v& TpoaBiopioouue TS A, O Te v& undaviferon fi Brakaslvoucd
Tou A. Met& Tis p&Ses Sramotdvovue 811 1y tficwon A = 0 elvan ico8Uvaun pé ThHv t§lowon
4N — (8—4ay +3pH)A + P8+ 2aPy—p*—y*—~a?8=0 &)
ToU elvan TprToPdduta s pds A kad EmAveTton Smaws B (2) Tiis 5.2.
Mé 17 Ponfeaix m&s &mo Tis Tpeis Tipés Tou A, rou Siver f (3), Umohoyifoupe T6 [B(X)]?
&md Thv (2) ki o1y ouvéxeta By (1) Adyw THis e(x) = [A(X)]*—{B(x))?
iocoBuvapel pé Thv tSicwon
[AG) + B [AK) — B(x)] =0 @

mwoU EmAVeTan &TA, yroTi dvdyeton of BUo BeutepoPdbuies Egiomaorers.
IMapatnpicerg

1. "Omoia Tipf ToU A, TroU Slver 4 (3), kaf &v PdAoupe ot (2) 8& Ppolue &vrioTorxa
ToAudvupa A(X) kal B(x) &md tédv (M) ol Blvouv Tis Aoeas Tis (1).
2. 'O oTafepds dpos Tiis (3) elvan 16 dvémTuyua Tis dpifovoas TpiTns TEews

'lT o B
a Py
P vy 8
IMapaderypa:
Na é¢mivlel § éEiscoon O(x)=x*+4x°+12x24+12x+27=0
‘Enilvon:
Elvan a=l1, p=2, y=3, 8=27.
1 1 2
‘O oTadepds Spos Tiis (3) elvan | 1 2 3| = 54+464+6—-8-9-27 =22
2 3 27

kal & ouvTteheaTns ToU TpwToP&Bmou Spou Tns elvan
—(27-4-1-3+3-2%) =--21.
*Exoupe Aormdv Thv &§icwon
4N3-27TA 4+ 22 =0
fi v loodUvapuh Tns
n3( - & =0

9 11
oy elven A (2) Tfis5.2. wé p=——7 kal q = 0 kal #xer piles

-2+ V15 —2-v15
e KX ———e
2 2

Mé& A=2 maipvoupe &md Tév (M,)
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A(X) == x?-+2x+6,

ddTe &md AV [B(X)]? = [AX)P—e(x) 1 &wéd v (2) Ppioxouue

[BO)JP = (2x+3)

Ol t&iowoes A(x)+ B(x)=0, A(x)—B(x)=0 moy biver 1y (4)
yivovren  (x242x-+6)+(2x+3)=0, (x*4+2x+6)—(2x+3)=0 Kkai Eyouue &mo  av-
Tés Tis plles TiHs &pxikiis moU elvan of

X, ==24+iv5, %,=—2-iV5, x,=iVv3 kal x,=—iV3-

5.4. ’Acxfjceic.

1.

"EmAvoTe Tis tiowaeis
o) 2x3-9x2+ 12x—4=0 B) x3+43x?2—3x—14=0
v) x3-3x2412x 4+ 16=0 8) x3—9x-—-12=0

. CEmAvote Tis thiowoers

o) x4-2x°+4x2-10x—5=0
B) x4 32x—60=0

6. EQAPMOTEZ ZTH AIEPEYNHIH ESIZQZEQN KAl ANIZQZEQN

6.1. Eicaywyy.

Oi &iowoes kol dwniodoes pé Tis dmoies B doyoAnboUue 6%, 8& Exouv

TTPAYHXTIKOUS TUVTEAETTES.

o)
P)

%)
B)

Miepetvnon wmds tiocooews, ué &yvwsTto xeC, kdvouus

Stav &vadnToUpe TS eldos kai 16 Tpdonuo TV pildv TS Yix Tis Sidgo-
PES TTPXYHOTIKES TIPéS TEV OUVTEAETTEV Tns, 1)

tav dvalnToupe Tis Tiués TEOV ouvTeAeo 1Y yi1& Tis dtroles of piles Tfis €61
OWoEwS IKavoTroloUy Opiopéves ouvbijkes.

Awgpetvnon mds &viocwoews, pé dyvwoTo xeR, kdvoupe

&tav &valnToUpe Tis TpayuaTIKES Tinés TOU X Trov fkavomroloUv Thv &vigw-
on yi& Tis Bi&popss TPAYBATIKE TIHES TEOV CUVTEAET TV TS, 7

Stav qvalnToupe TiS Tipés TRV OUVTEAETTV TNS YIX Tis OToies f Qvicwan
ikavoTroleiTan Y1 8edoutves Tinés Tou xeR.

Alvoupe &uéows pepikd EuBiagépovTa TrapadelyuaTa Slepeuvnioewy, TIoU

puaik& Bév E€avTAoUv T6 Béua, SAA& uds kataTtomilouv of ikavotoinTiké Pabud
Tévw oT& ouvnin TTpoPAfuaTa diepeuvi|oewy.
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6.2. Alepedvn oy éElcicewy xal dvichaewy.

1. Na diepevvnlel yia tic tpés heR 1 éEicwon pé dyvoeto x:
O—3X*—23A—4)x+T2=—6=0 (1)

Awgpedvnon:

o) Né& A-3=0 1} A=3 f (1) yivetaa —10x-+15=0, 8nAadn mpwTo-

, . Lo 3
Pabuia, xal €xel T Avon x = 5
B) NMé& A-350 4 A#3, f) (1) elvan BeutepoPdbuia. O& Eetdooupe Aorrdy T&
mpdonua T@v A, P, S, 8mou A i Siakpivouoa, P 16 yivdpevo TV piiédv xal
S 16 &Bpoiopd Tous. “Exoupe:

i) A=4(2A2130=2). Evar A=0 y1& A,=—2 kai Ay

2
A>0 ) 2 430-2>0 vid A< —2 eiTe 7\>—‘,12
kaf A<0 yi1& —2<7\<—é—.
ii) P:%%. Elvaw P=0 y1& A= -;L,

P>0 fy (TA—6) (A—3)>0 vi& 7\<% elte A>3

kaf P<0 y1& %<?\<3

2(3A—4)

L, 4
i) S= 3 Elvar S=0 y1& A = =

S>0 # 2030—4) (A=3)>0 y1& A< _‘;- fite A>3

kai S<0 Y& —‘;— <A<3

3’ fvav kowd Tivaka Palouvpe TE TOPATEVG  HEPIKE CUUTIEPAOMOTO Kl
Byd&lovpe &d T6 ouvBuaoud Tous T& yevik& ouptepdouata yi& Tthv (1),
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A |8 [P |s [[ a=3)x—2(3r—4)x — 7A—6=0
-
-+ -+ - 0 <py<ipy o
-2 04—~ ———— ¥ P1=p,==2
- = = PuPaeC-R, py=p,
1
> [0 SRl ¢ pr=pa=1
- 4+ | = | = || O<p,<p,
-6 1
= OT—-——--——-——-~ > P1=0, py= 5
+ | = | || ;i<0<ps ps>lpl
4 —
= L ——— 1=V 2mp,
4= =l P<O0<py pr>pe
3 /- » mwpwToRdfuma x=—:23-
+o | - + 0-<py<ip,

2. Na dqwepeovnlel nd tig tiné; heR pé dGyvesto xeR f| avisoosn

o+ Dx*—=2(A—Dx+2(—1)>0 M

Awgpedvnon. Q& dvalnTiicoupe T6 wpdonuo Tou a=A+1 kai Tfis Siakpi-
vouosas A=P2—day yi& 1is Sidpopss Tipés AR xai 8& oynparicoups wivaka Yk

va Bigpeuvnooups thy (1).
"Exouus:
o) a=A+1=0 yi& A=~1, a»0 yi& A>»—1 kal a<0 y1&d A< -1
B) D==—4A-8A--12 «xail elvan A=0 vi& A,=-3 «kad A,=1,
A>0 ff —A=2023>0 4 A4 2A-3<0 yi& —3<A<l «xaf
A<O yi&d A<-—3 &ite A

A o] A Avoeis 1fis (A+ 1)x2=2(A-1)x +2(A=1) >0
—® — - *ASUvaTn
-3 o1 -——--- » CASuvaTtn
- -+ Auceis: xeR ué p, - Ix<p,
-1 0 — —=——=% TpwrofdBuia. Aloeis: xeR pé x>>1
-~ - AUogis: XxeR pé X <Ipy-p, EITE Py <ipy<IX
1 0 —————? AUces: Sa 1& xeR né x#0
+ - NUorig: 6Aa 17& xeR
-+ 00
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3. Na dicpeovnbel na tig tipés AeR pé dyvosto x 1 tiswon
(Ah—1)x 4+ 2(20~—~3)x2—(41+9)=0 )
Awpedvrion: "AtS Th Biepetvnon Tiis E§iocoecos
(A—-1)y*+2(2A=3)y— (M +9)=0  (2)
oYU ovopddetal émAvouca Tiis (1) kai TpoxkdmTel & adThv, dTav Béooupe
x%=y, 6& Pyd&houpe T& cuumepaopaTd pas Yik Ty (1).

Né& 4A—1=0 f§ A= —‘11 N (2) yivetar mpwToPdbua pé Avon y=-2.

1
MNé 4r—1+0 1 7\;6? Eyoupe:

o) A=80A%+80A kai elvan A=0 y1& A;=0 ol A,=—1
A>0 yiax A<—1 €ite A>0 kai A<O yi& —1 <A <0.

£)) P_.—(‘p\_{1 2 kai elvar P=0 A} 4A4+9=0 y1& A:——z—,
P>0 i —(4A+9) (4A—1)>>0 §} (4A+9) (4A—-1) <0 v1& —%<}\<_le,—
P<0 vid A< o gite A> 1
<0 yi&x 7 3
—2(2A-3) 3
Y) S_T kai elvar S=0 y1& A== >
S>0 7 =2(A=3) (4A—-1)>0 i 2(2A-3) (4r—1) <0 y1& —1—11’— <A< —23—
S<0 Y A< L glte A> = >
<0 yi& 3 5
JUuTEpAoUaTS Yid Thv Jupmepdouata yi& Tis piles Tiis
NERE triAUouoa (AA-1)X ! +2(2A—3)x2—(4A+9) =0
—
F = = N ¥i<0<yalyid>y, Pr=-V Y0P, =V ¥ups=—1 Vyp=i vy,
9 9 3i 3i
oy 0 ¥ =7 ¥:=0 || p1=p,=0, ps=- 5 Pa=5
+| == |l yi<y2<0 pr=1Voy e, =1 VIy,, py=-iV-y,p=iV-y,
—1 0 -® Y1=Yz_=‘l Pr=py=-1 Py=py=i
—~ |+ |= [|Yur.eC-Ry =y, P1PaPyPy € C-R
0 lo -3 )'123';1:—3 Plzpa::i_t/g pZ::pd—:.[ V3 o -
o[ i<y <0 pr=-1V=yy, =iV oy, pa=-iVoypp =iV,
1 o o
e ~///--» TpwTop. y=-2 pr=-iVv'2, p,=iV2
+ | = |+ [y <0<y ¥o> Iyl py=—iV _‘) v Pz—‘l\/-YU Ps—_ ‘/Yz: ps=VY,
4
3 — —
PR 0t yi=-V3, 5,=V3 pl——l‘/3 Pz—l\/_ pa——\/3 p=V3_
4 = | = ||y1<0<ya Ival>ve pr=AVy p=iVoyy ps=-V¥a p=VYe
+ o
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4. Bpeite tig tipég o0 AeR yua tig dnoies 1 iEicwan
20+ 1)x>*—4x+21=0
Eyxe1 0o ~ileg mpaypatikig dviceg kai pikpoTepEg Gnd 1OV’ 3.
Auvon:
Mé& vé Exer A Eiowon pas duo mpayuaTikes kai &vioes pides, &pkel va elvan

2
M4140 wad A= —31—(;32—4@):(—5_) —ay>0, BnAadH

7\;6——;— kad  4-2AQA+1)>0 4
7\;&_% ki 2A24A-2<0 A
1 . —1=VIT C 14+ VIT
A #E— 5 ka ) <A< ) @)

M& v& Ppioketan 6 3 Ew &wd 16 Sidotnua T&Y p1Ldv, &pkel, pé ToUs e-
propiopovs (1), 1 &pBunTikA Twh ToU Tprwvipou f(x) = (2A4-1)x2—4x+-2A,
yi& x=3, v& elvar dpdonun ToUu a=2A-+1, 8nA. &pkel QA+ DI(3)>0 A
(2n-+D(200—3)>0 1

A<l ——  EiTE A> Sz (2)

*Eme18n BéAovpe dkdua v elvon kai

pr<3 , &pkel pé Tous Tepropiopols (1) kai (2)
P2 <3
: 2 p1+p: - E - p ,
va elvon &xdpa —2—-—<3 1 —2a<3r} 3+2—~&>0, SnAadn
2 . 312
Sy 0 T R
7 (6A+1) 2A+1>0 1
A<m o dite A>—b 3)
2 “7%

Mé 11} Porifeix TR eUfeiag TV TpayuaTik®y &pi1Budv Ppiokouus elkola
Toiés Tipés ToUu AeR ikavotoouv Tis (1), (2), (3)-
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L3 —4vIT
X 4 2 620 4 X

v

A
Lt
¥

"Apa 1) élowon 8& Exel BUo TpaypaTikés kai dvioes piles kad pikpdTepEs &Tro TOHV 3
, —1-V17 1 3 —14-VI7

o AL )3 2

5. Té v nponyodpevy igicwon nposdiopiote todg AcR, 1a va Ppicketar 1 pia
pile tng o106 dactnua (—1,3).
Avon:

Ot &p1BunTikés Tipés ToU f(x) y1d x=—1 kai y1& x=3 68& elvon 7 pia dSpdon-
un ToU o kai 1y SAAT Erepdonun, SmdTe &pkel v& elvon

f(—D)I (3) <O0. )
‘H ouvbrikn adTn &acearilfer auyypovws kal Thv Umapfn TpaypaTik@dy
kal &vicwv pifdv, étav elvon a0 SnA. 7\-—,&——%.
‘H (1) {ooBuvapel pé v dvicwon
(4A-+5) (200=3) <0

. 2 ) . 5 3
mou GAnfevel yi1& 'y <A< 50

xai &Gpa 1) Eflowon y1& Tis Tipés
Ae ( —i, - —1- > ) ( —l 1) 8& Exel piCes TpoypaTikés kai  &vioes,
4 2 2 '20
&md Tis Smoles f} pia 8& dvnker oTd Bikornpa (—1,3).
6. Bpelre toig AeR, Bate 1 dvicwen
AXE—200+Dx+r<0
va aandeial nid k@de xeRr.
Avon:

Emreidn) 16 tpicovuno ax?+4-Px-+y Siarnpel 16 {810 mpdonuo yidk SAa T&
xeR, udvo &tov elvan A <0, &pkel v& elvat

a=A<0  xaof Al=_14_[[2(}\+1)]2—4}\'7\]<0 1l
A<O kai  (A+1)2-A%2<0 by
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A<O kal 2A--1 <0 7
-

"Apax yi1& 7\<———é- 7y SeBopéun dvicwon dAnbevst yid Sha t& xeR.

6.3. ’Eapp.oyés aé tpiywvopetpinég éElowaerg.

1. Na émhofet xoi va diepeovndei 0 &fiswon

anux+paux+y=0, aB,ycR «xai a#0 ¢))
"Enihvon: "Av 8foovue nux=t 1| (1) yiveton dAyePpcty &ficwan s pds t:
f(H)=at?+pt+y=0, %0 (2)

“Av 1,,t, glvan of piZes Tiis (2), ToTe § (1) Exer y1& yeviks Avon SAss Tis AUoeis TG
Bacikdv E§iowoewy

nux==t, , nux=t, 3
Mé& vé Exer ) (1) AUon, Trpémrer vé& Exel Abon pia TouddyioTov &md Tis (3).AnAadn

Tpémel of &piBpol t,t, v& elval TpaypaTikoi kai Evos TouhdyioTov v& BpiokeTo
a6 didotnua [—1,1]. *Etor Exoupe ThHY &xdAoudn Bigpedvnon.

Awgpevvnen. o) H éiowon f(t)=at?-+- Bt -1 y=0 Exe1 a povo dexth pila, Stav:
1) Mi& povo &md Tis pides s t),1, (FoTe b, <ly) &vikel 016 SidoTnua (—1,1),
BnAadn elven ;< —l <ty <]l | =1 <t <1<ty
‘H ikovh) kai dvaykaia ouvBikn yi’ autod eivan:
af(—1)-af(1) <0 A a?{(—1) - (1) <0 fj f(—1).f(1) <0, SnA. (a+P+y) (a—p+y) <0
i) ‘H wma plla eivanr 1 kai ©y &AAn €w &méd 16 Bidotnpa [—1,1]. AUTé ioyue
dtav kai pévo Stav

l
f(1)=0 xai ’—:— > 1, 57A. a4-py=0 kai |-~|>1
yiotl, &md t;-t, :IoT’ &v f w& pila elvan & &piBpds 1 # &AAn efven & lo/(_'

i) ‘H wmé pifa eivar 16 —1 kai f) &AAn ESw &md 16 Bidotnpa [~1,1].
AUTO ioxUer, dTav kai povov dtawv:

Ly ! !
f(—1)=0 xai i%g> 1, 5nA. a—P+y=0 xai ‘ >1
[ i

=

B) 'H &giowon f(=al=--Pl+ y=0 éxer dUc dekTés piles, —1 <t <t <1, dTaw

kai poévov 6tav A0, ui(—1)>>0, af(1) >0 vai —1 <—§B‘—l <1, BnAodn

156



IV 6.3.

p*—4ay>0, a(a—B+7)x0, a(@+p+y)x0, ai

B
-3

‘H Ttedevtaia ouvBnkn mrpokimrrel dmd 16 6T —1 <t  <t, <1 f

ti+t, 5
2

-1 <t < <t, <1 kol tytty=—-".

Y) ‘H icwon f(t) = at?-FPt+y=0 &xer m& SimrAf pila Sextry, STav kai pévo
6tav A=0 kai —1<t,= t2——1-ﬁ§- <1, snAadt pP—day=0 xai <1.

8) ‘H tElowon f(t)=at?4-Pt+y=0 8év Exer kam& pila SexTh) éTav kai pdvo
étav
1) A=p%day <0, n\. 7 &ficwan Exe piles wryadixés.
il) #xer Bud piles pIkpOTEPEs GO TS —1, dmdTe B4 foyUouy

t, -t
A=p—dayx0, af(—1)>0 kol t,< %—3— <t, <—1, 8nAadi

p>—doy > 0, a(o—P+y)>0 «ai ——2% <-1.

ni) "Exer dud piles ieyoiirepes &mod 16 41, omdTe 8& ioydouy

hitt

3 <t,, dnhadn

A=p"~—4oy>.0, af(1)>0 xal 1<t <

A=PR—4ay=0, a(a+p+7)>0 xai ——%l> 1.
1v) "Eyer 8ud plles Trpayuon'lkéé &md s dmoies ) pia elvan pikpdTepn &d TO
—1 xai f) &N peyadUTepn Gmo 16 +1, 6TroéTE 84 foyUouv:
af(—~1) <0 xad af(l) <0, dnAadn a(a—PB+v) <0 kai a(a+p+y) <0
2. Na 2miv0ei xai va diegpeovn0el 1 éSiocwon (Ypuppiki} tpiyovousTpukiy)
anux+povvx=y, a.p.v#0 (1)
*Erilven. log tporos. ‘H (1) ypdeeton:

nux + %GUVX::—Z—, kol &reldny Umdpyer mwévrote TOEO BeE ( __721 ) 121)

TéTO10, OTE scpez% gxoupe:

A L AP A _
nux+ epf.ouvx = - 7l nux + Soug ovvx= - 0 nuxouvl4-nulouvx =
Y .

5 auwl 1§
nux+8) = %cwe @
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‘H (2) elvan Paoixn Tprywvopetpixy é§iocwan kai Exgl Moay, rav xai pbvo drav

2 2 2 2
RAPIY: <l Z-—cuv26<1 < Z— < 1 - L < 14-¢9% <:——-<1+I3
« o? ot ~ guv? o
a*+ PPy 3
AnAadny, &v loyler o?4-Pixay?, TOTE Umdpyer T6§o wel0,21) TéTolo, doTE
nuw = —Z—ouve 4

‘OmoTe 1) (2) yivetou:
n (x+-9) = npw
*ATéd Ty TeAsuTtaia Tradpvoupe Tis AUcels
{x+9=2|<'rr+w, kel [ X=2kTr 4 w—E, kel
f 1
X+0=(2x+1)m—0, xeZ x=(2x-+ 1)mr—00-8, xeZ
Mé o076 Tév TPdTTO dmAlovue ouviiBuws Tis ypouuikés TprywvoueTpikés E61-
owoels (1), dtav 16 TGO 8, Y1&d T dmroio elvan e<p6=—2—, elval  yvwotd TéS0.
"OTtav abTd 8¢ ouuBaivel Xpnoiporoloupe Tév dkdAouBo TpdTTO.
x x
Qe 2
EP 5 ' l—o 5
- ko oUVX=

Hepta 2 X
1{-eq)2 1+4-eq 5

20g tpémog: lvwpilovpe 11 nux=

pé - FKTT 4 32—, SnA. x #2kTr |-, KeZ,

bmwédte f) (1) ypdgeTau:

X X
Zep—~ 1—<g? —-
2 2 , ,
a. +B. =y «of peta Tis wp&seis:
X X
14ep? e

(B7)eg* 20 +(y-R)=0, ut x#2cwpm, k2 (2)

ToviZoupe &5 811 1) (1) 8év elvan looBUvaun pé Th (2°) yiati § (2°), Bév Exg
Aoets Tiis pwopepfis x=2kmw+1r, KeZ, Evid Bév &mroheleTon altés vé elvan Alaoers
fis (1)-

‘H (2") émAveTon Todpa edxola

1) "Av B+y=0, 5nA. y=—P 1 (2") yiveren ecp—2——- —E , ) omola elvon Paoixn

TprywvopeTpikn £ficwan.
) *Av B4y #0, To1e 1) (2") Exe1 AUon, Stav kol pévov Stav Ax0, SnA.
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A=A4a?—APR+Y) (y-P)=0, nA. a*+pixy?,

. x 2a+ VA
OmMoTE €@ - =1 ———
Y2 T2

2ty (1) & erdloupe &v Exel kai piles Tfis popefis x=2xm+4 T, KeZ

, &mwd O61rov Ymoloyifoups T& TéHEA x.

3. Né émhvlel 1) &Eiocwen (evpupctpiki @3 npds Nux xai evvx)

NpX <+ evvx—np’x cvVX—npux eovix=1 4))
*Enihven: ‘H &iowon (1) elvar ouppetpikn &g Tpds nux xai ocuvx, SnA. B¢ pe-
TaP&AAeTon &v Béooupe dmou nux Té ouvx kai 6mou ouvx Té nux. Tis ocuppeTpi-
kés &§1o0waels uopoUpe TévtoTe v& Tis ékppdooupe pé Spous T& nux+ouvx kal
nux-ouvx. "Eto f &igwon (1) ypbeeta
(nux+ovvx)—nuxouvx(nux+ouvx)=1, dnA. (npx+ouvx) (1—nuxouvx)=1 (2)
©éToupe TWp

2___
nux+evvx=t, OmoTE NUZXx 4+ ouvix -+ 2npxouvx=t?, dnA, NuX.ovvX= t 3 1 N E))

‘O peTaoynUaTIoONds NUX -+ ouvx=t yp&eeTan:

ﬁcuv( X— %):t 1 wv(x—{—) = \/l—'Z_'

Mé& v& el vonua 1 tedevtala lodtnta Tpéme:
t

V2
‘Etropéves 1y &lowan (2) ypapeTan:

2_ 2 ¥ 1
t(l—-tzl)zl 5 t(—z—t;—l)zl, SmAaSH

t3-3t+2=0, ut —V2<t<v2 5)
‘H (5) elven 3ou BabBuol cos wpds t kad EmAleTon pé Evav &rd Tous yvwoTous
TpdTTOoUs. *ATTd Tous Biaipétes ToU otofepou Spou PAémroupe &uéows 6T T6 41
glvar plla Tns.
*Eto1 7 (5) yiveteu:
(t—1) (t24+1-2)=0, pé —V2<t<v2 (6)

‘H (6) Exer piles t=1 (B1mAf) kad t=—2, f| dmoia &moppitrreTan, yori dév
ikavoTrolel TOV TrepIoplopd.

<1, BnA. —VI<t<V?2 0

‘ETropéveds EXoupe:

m T 1
nux+ouvx=1 < ﬁwv(x—T )=1 < GW<X_T)_7§©

( 1)—Q U( 1)—0\1\11 x——“——ZK ilr- keZ
< ow | x— _2¢>cvx—4_. g < X =Kk, .
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Iv. 64
Ao v Tedevtafa talpvoupe Tls Adoeis:

x=21<1'r+%, ke

»

N
X=2KkT, XeZ

6.4. ’AoxNceLg.

1. N& opiotel 6 mwpayuatikds &p1Buds A, dore ol plges Tis Eiowoews
A—-2)x2+ (2 A+ Dx++A=0
v& elvan: o) mpaypaTtikés kel &vices P) mpayuatikés kol {oes
Y) dvtioTpoges, §) myadikés kal £) | &wdAuTn Twf THs Sixgopds Tous pikpOTEPT
&nwd 16 2.
2. Bpeite Tis mpayuaTikés kal Tis uryadixés piles s t§10hoews
x248x+ix|+20-=0
3. N& SiepeuvnBel yi& Shes Tis TpaypaTikés Tipés ToU A A E§locwon:
(A4 3A+4x24+-2(A-1)x+9A~9=0
4, Zthv tdlowon x4-5AX?I4+A-2, v& 6p1crjrei & A, dote v& Exet Téooepts piles TpayuaTikés.
5. Né& tmAuvBel xal vk BiepeuvnBei fi &vicwan
(A—-3)x2—4x—2\ <0.
6. N& tmAuBel kal vk SiepeuvnBel 4 éfiocwon
A—-Dx*43x34-x2-3Ax + (A-1)=0

A(x+1) 1

7. N& tmiAvlel kaf v& SiepeuvnBel Ay &vlgwon: 1

3 1
8. N& émdubouv ol eiowaers «) cuv”x——z—wvx+ —2'=0,

P+ \/3—)nux+(1—\/3_)cuvx=l+ V7T, Y) nux+4 V3 ouwx=V2 kai
8) nux+ ouvx—nuxouvx=1.
9. Né& émAubBouv kai v& Biepeuvnfouv ol tfiochaers:
a)  nu2x==Anu3dx  kaf P)  nux+(A=1)ouvx=1-2A, AeZ
10. N& &mAudel kal va Siepeuvnfel 1) ¢lowan
A(NuX 4+ ouvx)—nux-ouvk=1.
11. N& Bpedei 1) lkavhy kal &vaykaia cuvdfkn, yik v& Exea 4 lowon

pouvx—(2u+ Dnux=y
BUo plles Xy,X,, HE X, —X, #2KT, KEZ, TETOWES, WDOTE

™
@) X=X, = 7

kal P x4+X%x = 3_"21
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. TYNTOMH ANAKE®DAAAIQEH

. K&Be mapdoTtacn Tiis uwopefis

XY & XTI L o X0,

v 0y, . - ., &,€C kai veN, dvopudletal rodvdvopo tod x kal cupPoriZeTan pé
f(x), g(x), k.&.

. Z76 oUuvodo Cpyy T&V TToAvwwInwy dpifoupe dud TrpdEess, THV Tpdobeon «+-»
kai TOv MoAAamAaciaopd «+». ‘H dopfy (Ciy, +, *) elvar avupetaderixog

daxtOrlog pé povadiaio arovyeio.

. "Av f(x) xai g(x) elvar moAvdvupa ToU Cpyy ué g(x) #0, TéTE Urdpyel pova-
B1kd feuyos ToAvwvipwy T(x) kai u(x) Tou Cry, Bé u(x)=0 7 Podu. u(x) <
<Padu. g(x) TETOlO, WOTE

fC)=g(x)m(x)+v(x) M
. "Av oty (1) elvar u(x)=0, TéTe TS g(x) elvan dienpérns ol f(x).

5. K&be ouvéptnon

f:A>A
pé TUTTO
f(x)=a x"+o,x"14+... 4+ a;x+a,

dmrov oy, ay, . . ., &, €A kal A Eva &méd 1& R,C, dvopdleTan
ROLVOVOHIKY] ovvaptnon tob X.
‘O &p1Buds

f(p)=cp¥ 4y 1p¥t ...+ aptaq,
oU elvan eikdva ToU p péow Tis f, dvopddetan amBpntikf Tpf tfig mo-
Mwovopikiis ovvaptijoeng f 11é x=p 1| kai apBunuki TR tod rolvwvipov

f(x)=a .x"+a,x 1 .. 4a;x+a, v x=p.

*Av f(p)=0, To6Te Aépe 611 & p elvan pila tob moehvwvipov f(x).
‘H elpeon SAwv T&V &p1Budv p yi& Tous &trolovs elvan

f(P=ap’+a,1p" ! +... +p+ap=0
dvoudletan Eridven tfic molvovumkiic EEshocng

f(xX)=a x¥+o, x4+ .. Foyx+a,=0.
. Kafe molvdvopo f(x)eCy,, Babpod veN,, Exer v dxpipdc piles, btav xabs pi-
La petpiétan tdosg @opég deog sivat 6 Pabpég morharroTntas Tne.
. Of moAvwvupikés ESiowoels péypt kai 4ou Pabuol émAvovton wévToTe. "EEI-

owotls dvwTépou Tou 4ou Paduou émiAdovTon povo of eibikés TTEPITITWATELS.

. Ztis TrapapeTpikés E§1ocdaEls 1) QUICWOELS KAVOUUE TTAQVTOTE Siepevvnon.
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Iv 8.

8. AZKHXEIX TIA ENANAAHWH

. Acifte 11 TS MoAvwvupo f(xX)=(ouve+ xnue) *—ouv(ve)—xnu(ve), dwou veN,

elvan Sronpetd pé 16 moAvwwupo g(x)=x2+1.

. Acifte 811 16 ToAvwvupo f(x)=x‘*nue—p ~xnu(ve)+p nu(v-1)e, dwouv veN,

elvonr BronpeTd wé 16 ToAvwwvupo  g(x)=x2-2pxcuve-+ p?.

. Bpeite & a kal B, doTe T6 WoAudbVUMO

f(x)=ax 14+ Px"+1 v& Sroupeltan pé 76 (x-1)2.

. "Av 16 moAvawupo f(X)=a X '+ &y X I X2 ..+ X, SronpelTan pé T

(x—-1)3, 8eifte 6T TS TTOAUDVVLO
g(x)=va ,x 14+ (v—Da,,x*2 + ... 4a, Speitan pé 16 x—1.

. "Eva moAvavupo P(x) Sicipolpevo pé x—a Exel Tniiko x2—3x +4 xal Sicpolpevo pé x—P

Exet nAiko x2—4x+42. N& Ppeite 16 P(x) xaf T& a kal B, &v yvwpilere dT1 & oTabdepds
Spos Tou P(x) elvan Toos pé 1.

. Alvovran T moAvavupa f,(x) kaf f,(x) kai T& TnAlka ,(x) kal T(X) TéY Sipéoewy

ToU f,(X) ué 76 (x—a) xal ToU f,(x) bé T (x—P). Acite &m1 TS UmdAorTrO V(X) Tfis Bra-
péoews ToU ToAvwvipoy f(X) - f,(x) pé 76 (x—a) - (x—P) ué a#p divetan &mwd Tév TUTO

vO)=1(B)m™(B) (x—0) + [ ()my(x) (x—B) + £,(a) - F,(B)

7. Bpeite y1& moués Tipés TV u kal v TS ToAvvupo x4+ 1 Branpeitan pé 16 x24ux+v.

10.

11.

12.

13.

14.
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. "Av a+P+y=0 xai o*+p"+y"=S,, Beifte dM

28,=8,7, 6S;=5S,S,, 68,=78,8,, 108,=78,8,, 258,8,=2158 2

1
508,2=498,5%, Syt 5=0PYSy+ 58,8 vy

. "Av 16 moAvdvudo f(X)=XV4 o XTIy, X V2 4L L L Xty Exer plles Tpayua-

Tikés, Beifte 6T (a®,_; — 2a,-,) - V>a®,_,

BpeiTe 1) axéon peTalV TGOV ouvTeAea TGOV ToU ToAvwvipoy f(x)=ax3+Px*+ yx+ & doTe
ol piles Tou py,ppps v& Ikavomololy T guvlixn p,+p;=2p,.

Bpeite ThV dvaykaia kal lkavh ouvBfikn petafl TV ouvTeAeo TV TOU TOAVWVUHOU
f(x)=x3—ax?+ Px—y, pé a %0, doTe pla piGa Tou vé& elven péan dvdroyos T@v SUo &AAwv.

*Av 8Uo &md Tis plles Tou moAvwvipoy [(x)=x3+ ax?+Px elvan &vtietes, Seifte &1 Evaxs
TouAdyioTo TévouvTedeaTdv o,P elvan undév kal &vtioTpoga.

*Av Té ToAudwupo f(x)=x3+ ax?+Px+y &xe TpayuaTikoUs ouvteheoTés, pé y #0 xal
ol piles Tou py,pap; IkavoToloUv Tis lodtnTes |py|=2|p,|=3|p,|, Seifte &T1: |aP| <11y

N& &modeixTouv ol todTnTes
@ x? "—-1=(x’-—l)vﬁ](x’—2xwv < +1),
x=1
B) x#vH_l=(x—1) TI (x’—2xwv22vx—_:1+1_>,
x=1
&mov keZ kal veN kal oTh guvéyeia vé Selfete OT1

™ 2w - Vv
WMoy M gy W5, == 53



15.

16.

17.

18.

15.

20.

21.

22.

23.

Kaboplore Tév veN yi& Tév dtrolo T roAuddwupuo
f(x)=x2v-34x3-¢ + .. .+ x*+x%2+ 1] elvon Siepetd pé 16 wOAUmVULO
g(x)=x""1+4+ x"-2 4+...+ x?+x+1.
Bpette 16 eldos TéV p1f@dv ToU TwoAvwwuou
f(x)=x3+ax?4+Bx+y, & opB,yeR xo E]zo-t-ﬁ",# - VB <l.
Aet€te ST 16 ToAuwvupo f(x)=(1—x") (1 +x)—2vx *(1-x)—vx v(1—x)?
elven Srnperd pé 16 (1—x3).
*Av p elvan plla ToU moAuwvipou [(X)=x?+ax?+Px+y ué [a|=|B[=|y|, SeifTe &1
lel <1+|a.
"Av p elvan pifa ToU ToAvwvipoy f(X)=a X'+ o, ,x "t +...+ o ué |p|=>1,
BetEte 811 Joty| K[ctymyl + [otucgl + .-+ [l + gl
"Av p elvat plla To0 f(x) = x "+, X" +...+ ayx+ &, Sei§re STt
lpt<l -+ Javy| +. .o+ oy + .
N& dprorel & wpayuaTtikds &pibuds a, doTe | tficwan (a—1)x4—(a+ 1)x2+ a—2=0 v&
Ixer o) téooepis pifes mpaypaTikés, B) Buo wpayuaTikés kal dUo wryadikés kal y) Téogepis
pites uryadixés.
Afvetan 16 TroAuddvupo
fx)=ax "+ ay_ x* ! + ...+ ax+ag, o, #0 ke agay,...,x, €Z.
*Av 16 WoAudvupo aUTtd Talpver Thv miuf 3 yi& Téooepis BiagopeTikés dképoes Tiués,
Té1e Beifte &T1 Bév Umwépyer difpalos K TéTolos, MdITe f(K)=5.
N& dmiaubei 1) £§fowon
x3-x249ax—a = 0,
&v yvwpiGouue 81 Exer piGes BeTikés, kal Ewerta vé& TpoaBiopioTel § TiuA Tiis TapauéTpou a.
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KE®PAAAIO V

TPITQONOMETPIA

1. TpiywvopeTpikG@ cuathipara
2. Tpiywvopetpikég AVIOWOEIg
3. Xovroun dvakepaAlaiwan
4. 'Aogknioeig yia énavainyn






V1.2

1. TPIFTQONOMETPIKA ZYITHMATA

1.1. Elcaywy.

“Eva ouoTnua e§icwoewy, Tou Shot ol &yvwoTor elven Té§a (ff yeovles) kal
pla TouddytoTov &md Tis Eiowaoers elvon TprywvopeTpiky|, dvoudleTan tprywvo-
pETPIKO oLOTNRA.

"Eridlvon £vos Tp1ywvopeTpikou ouoTnuatos elvar ) elpeon SAwv TV TO-
Ewv moU T EmraAnBelouv. *H Emiduon xai 1) Biepedvnon &vds TPy wWVOUETPIKOU
ovuoThpaTos duayetal otnv EmfAuvon kol Biepelvnon wdls TPIYWVOPETPIKTS
t€10w0Ews.

ZT& TPIYWVOUETPIKE ouoThHpaT, dTws kKal o1& dAyePpik& ovoThpaTe 61-
owoewv, Bév Umdpyel TévToTe pia yevikf) péBodos yi& Trv émiduct] Tous. Mo-
poupe Spws v& Eexwpiooupe pEPIKES KOTTYOpPIes TPIY WVOUETPIKGV CUCTNUATWY,
T& dmoia EmiAUovTan pé Evav Opropévo Tpdmo. Tovifoupe €86 &1 yi& Thyv érfAuon
tvos TPIYWVOUETPIKOU CUOTNUATOS EmiBlcokoupe TavToTe v Ppoupe Eva loodu-
voapd Tou SAyePpikd yi&k Tov TrpooBiopioud TGV &yvwoTwy ToOEwv.

1.2. Tpiywvopetpind cuothpata pé dbo éEowaelg xal Svo
dyvwota téEa.

L."H mé tEicwon 100 cvatipatos elvar dhyefpixn kai f HAin tpryovopetprxi.
Z1iv karnyopla abth dvfikouy kol Té dkdAouba oUCTANXTA, TTOU PTTOPOU-
pe v& T4 EFmAUooupe eUKoA.

X ty=«a } X ty=a ] X +y=a } Xxty=«a }

nux £nuy=p owx towy=B]" epx +epy=P opx topy=P
x+y=«x ] X +y=«a X +y=« ] X +y=« ] X +y=a }
nux-nuy=p)’ owx-ouwy=p)’ ouwx-nuy=p)’ epx-epy=Pp]’ epx-cey=R}’
Xtyv=«a xty=a X ty=«a
ex_g [ OWE_gf, X .
nuwy P owy P Py P

’E&@ TrpooTrafolpe v& peTaocynuaTicoupe Ty Tprywvouetpikn) tiowon of
&AyePpikn, 6mdTE TO oUoTnua &vdyetan oty émiduon dvds &AoU dAyePpixou
CUOTNUOTOS.
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V1.2
Mé TrapadeiypaTta & Boupe Tds EpyalduacTe otV Tp&sn.

l.

X+y=

viw WY

Hapadeiypa 1. Na EmivBel t6 odostnpa
NuX+npy=

*Eridlvon: Té olotnua looSUvapa ypdetan:

2 2 2
x+y=7 x+y=23 x+y=7
<> <> =
x+y Y _ 3 T XY _ 37, ¥3_ xy_3
2u20’w2 5 2nu3cruv2_7 2—2——cuv2—2
2T 2t
X+y=3 X‘H’:T X+y=73
RIS IS D S S o PO, S
owm =gl owmt=ow—g | =k, ke
x—!-y:gBlr
<>

x—y=4kT + %, keZ
‘Eropéveos Exovue vé EmAUooupe T& &kdhouda &rA& dAyeBpikd cuaThlaTa

2t
] (%)

x—H’_2TT
E)
(zl)v
x—y:4k‘n’—%, keZ

x—-y=4km+ —TBL , keZ

Té oUotnua (Z,) Exel Tis Aloes:

x=2k'rr+—;—r—, y:—2k'n'+E keZ (1)

vd 16 olotnua (2,) Exal Tis AUoes:

x=2km 4 —T6r y=—2kTr+~T2r—, keZ  (2)

Of (1) xad (2) elvon ol Aloeis ToU &pyikou TUOTAUXTOS.

1
X—y= —

3

Hapaderypa 2. Na E¢mivlel 16 odotnpe
GUVXGVVY=

*Eridvon: Té oUotnpa loodivapa ypdeertar:
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V 1.2

™ ™
x—sz X—y:—:—i—
3% 3
2ouvxouvy = - ouw(x+y) + ouv(x-y) = 5
ey ey T
<~ <~
T 3 3 1
ow(x+y)+aouv 3 =5 ow(x +y)= =5
<> < < , keZ,
ouw(x+y)=1 x+y=2km, keZ y=km— %

oU elvan ol AUctls ToU TPIYwVORETPIKOU CUOTHUOTOS.

X—y= -2—
Iapaderypa 3. Né& émivlel t6 cdatnpa sox_ <x,y kn + % ’ keZ>
o y7pr, pel
Erilvon: TS olotnpa foodUvaua ypaeetar:
X—y=
X y_'1 ! 6 X y-—-l
6 nux+y) 6
<~ —_—— <>
epx+epy 341 owx-owy _ 4 _T]HQ(_{»W);__Z
epx—egy 31 Cnu(x-y) 2 nu(x-y)
OUVX ouvy
¥=% l Y=% ] =% ]
< <~ T <
ne(x+y)=2nuCx=y) | nu(x - y) =2nug)  nux+y) = 1
™ ™
x-y_—6— x_k-rr—l——3—
< - < keZ
x-+y=2km 4 5, keZ|  y=km+ %1

Topaderypa 4. Na EmivBel xai va diepeoviyBel 16 chotnpa:

Xx+y=a a,peR
nex @)
——=, #un, eZ}
any B, wyFnum p
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V1.2,

‘Eriivon:

216 ovotnua abTd Exoupe kal Tis TTapapéTpous o,P kal 8& Trpfrel v& EeTd-
ooupe, Y1& Tis Sidpopes Tipés Tous, TTOTE TO oUTTNpa Exet Auon, ToTe elvon &d-
pioTo kad TOTE elvon &Buvao.

1. "Av B=l, 16 oVotnua icoduvapa ypdeeton:
X+y=a ]@x—{—y:a }
NUX=NHY x=2kmw+y eite x=CA+1D)7-y, (k,Aed),
OmoTe Exoupe v& EmAvcoupe T& Bud A& dAyePpikd ouoTAMOTX:
x+y=a x+y=
x:2yk1r+y, keZ} ) xi(};}\—i—l)n’—y, }\eZ} (2
2.7Av B+#1, 16Te T6 oUoTnua (X) ylveton:

X+y=q

X+y=«a x+7

nux+nuy B+l « M mN2 _B+1

NUX-Nuy p-1 zﬂuﬂ 'O'va—+y A1

2 2
X+y=« x+y=a
< Xty _ x-y_p+1 ]° a X—y_ﬁ—{—l} (Z;), OmoTe

W0 —1) ®72°%7 T A

1) &v ecp% #0, 8nA. a2k, keZ, 16 obornua (Z;) loodlvana yphpeTon:
X+ y=«a

x-y [5+1 Kl . “Ymépyer mwévtoTe T6§0 8 pE 0 <6 <Tr Ko c(p9=5——+1 crcpﬁ
X+y=a X+y=«a
"Etol TO TeAsuTaio oUoTnua ypdeeTot: -
HE YRR (szy opb ]oiz——kv—{—ﬁ keZ]
X+ y=«
<~
x-y=2km+ 26, keZ}

Té TeAevTaio ovuoTnua EmAveran elkoAa.
i) "Av ap%:O, 8nA. a=2kTr, keZ, Téte T6 oUoTnua (Z;) elvon &Buveao,

Stav P #£—1, kai &bproTo Stav P=—I1. Z1v TeheuTtadax TreplTrTOooT dTTO1ASTTOTE
o6 X,y mé x—y=8 kol 85£2p, peZ EmoAnfelouv T Belrepn E§icwon Tou
(Z,), 6moTe Eyxoupe v& EmAUcoupe TO CUOTNUX:

x+Y=a}

x-y=F0
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Mapaderype 5. Na& Emiv0el kai va SiepeovnOel 16 obotnpa:
X—y=a a,peR
epx+coy=p, x,y#krn+ —z—,keZ } ®)

*Enfivon: Té cuotnua (2) ylvetan

X—=y=Q X—y=
muE+y) _ B } -
GUVXOUVY
o Y=« X-y=«a
2nu(x+y) ﬂ[ouv(x—y)+ouv(x+y)]}

nu(x+y)=Ppouvzouvy

V112

}

2np(x+y)—pow(x+y)= pouvcx}

‘H 8eUtepn fiocwon Tou TeAeuTtaiov ouaThuaTos elval ypoppikf ki émro-

pévers EmAUeTan kaTd T& YvwoTé.

Té olotnua (2) Exer AUon, 6Tav kai pdvo Gtav 1) Eicwon adTh Exar AUon,
SnAadr Stav 4+4-P2xpPlowvia <> 44-PAl—ouva) 0 < 44-B2np2ax0.
‘H owvbrixkn 44-P3nplax0 A&AnBeder évtoTe kal Emopévwos TS ocUoTnua

(2) Exer mavToTE AUom.

IL. "Okeg ol EErotroeig 100 ovotipatog clvar tpryovopstpikég

Od& Soupe 2566 pé ToapadelypaTa cuoThpoTa aUThis TS KaTnyoplas Trou
dvdyovton &péows ot dAyePpikd ovothpaTa (Trapad. 1) kobos kal cuoThpaTe
OUPPETPIKY @5 Trpds T& Tofa (Tapad. 2), 6trews m.X. elvan 1& didrouda:

nux+nuy = G] NUX - NUy =°f} EPX ey =0(]

ouvx ouvy = P ouvx+-ouvy=p

T4 bmola frions &vayovTal TEAIK& gé &AyeBpikd.

Hapaderypa 1. Na &mdodel 6 ovornpa:

ouvx ouvy =B

1
RX—Tpy = —-
s &)
XN’y = -
"Erilvon: "Av féooupe nux=w, nuy=¢ 16 clotnux (Z) ypd¢eTar:

o= L
= 2
°32+<P2_

76 6molo elvon &AyePpikd.

'EmiAYovTag TO cuoTnua oUto Pplokoups Tis Alosis
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V1.2,

( 00:1, (P: %‘) ' (w:—-—%—’ (P:—l)

"Etor Exoupe v& EmAUcouUNE T& GKkOAOUBX TPIYWVONETPIKE CUCTIHATA:

1
nux=1 nux= — -
(0, 02y,
nuy=-5- nuy=—1

Té ovornua (Z,) Exel Tis AUoelg:

x =2k 4 - x=2kmt
' K,}\EZ ? ] k,A EZ i
™ 03
=2A - =(2A 4 1) T——
Té oUatnua (Z,) &xat Tis Alosls:
x=2km+ 7_'rr x=(2k—{-1)'rr——zg—r
! 3
y= 2?\Tr+ k AeZ y:2}\'rr+-§— , k,AeZ

nx-+npy=1
Mapad 2, Na tmhvlsi 16 o
aphéarypa a Emhvlst t6 cucmuacwx suvy= % ] )

‘Enihvon: To oUotnua alTd elvan ouppetpikd s mpds T& 1O x kai y. AUTd
ypdpeTan igodUvana:

X+y_ Xx-y x4y -y 1

27u 9 ouvT_l nu 5 ouv-—2~ =5
3 [T - +y 3T
ow(x-y)+ ouw(x+y) = = 2cr\.1v23(r—z—1—{—1—2m1ziﬁ =
’ 2 2 2 2
x+y x-y 1
Mi=y oWv== =%
XY oXFY 3
oW ST = g
"Av féooupe nu x——g—)—r:w kaf ouv E;-Izqa, Taipvoupe T6 dAyePpikd cUoTnua:
ol
=2
3
22— o
PTmwt= 7

172



V 1.3.

Té Tedeuraio ovuotnua &xel Tis Avoes:

1 1
<w=7, <p=1) ) <w=—7, <p=—1).

*ETo1 Eyxoupe v& tmiAvooupe T& Grdhouba TplywVOoRETPIKE OUOTANGT!

X 1 X 1
— @ . )
oruv»7=1 cruv7=—1

Té oVotnua (Z,) looduvapa ylveto:

nu 1{323___““% %y=2k1r + % elTe -}%X=(2k+ l)ﬂ—%
<>
o =Y —ouv0 Y oam , kAeZ
2 2
“Exoupe 1ol T& Sud &hyePpik& ovoThuaTa
X+ y=4km + —; ] X+ y=2(2k+ 1)mr — 13'— ]
X—y=4AT , kAeZ X—y=4AT , kAeZ

T& dmoia émiAvovTan eUkoAa.
*ATd 16 olotnua (Z,) malpvoupe dud dxdpa EAyePpikd cuoThpaTa, T -
dmoia EmiAlovTal KaTd T& YVwoTd.
1.3. Tpiywvop.etpixd cvosthpata pé tpeig éElowoerg xal tpia
dyvwora téka.
Mevikr) péBoBos yi& Thv émidvon kal TéTolwv ouotnudTwy Bév Umdpyer.
O& Bwaoupe E8G Eva TTap&Belypa, TToU Trapouadidlel evBiapépov yi& Trv élAuon
kai TH Bigpedvnon Tov.

Hapaderypa. Na &mihvbel xai diepeovnOel 16 avotnpa

X+y+z=n
*Erilven: TS ovotnua (2) ypdeeTa:
Xx+y+tz=T
TORX_ MY Mz _, oo }
o« TP Ty =\, a-p-y#0

< {x4y+z=m, nux=Ax, nuy=AB, nuz=Ay, ofy#0} (Z,)

1) "Av A=0, 161 16 goTnpa (2,) yivetai:
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VvV 1.3.

X+y+z=m - kit ko4 kyr=T1r ]¢>
x=k,m, y=k,m, z=ksm, k,k,,kseZ x=Kk, T, y=Kk,m, z=ks1,k; ks, kg€Z
ky+kp+ k=1
x=k,,w, y=k,m, z=k;m, k,,k,, ks€Z)"

i) *Av A0, TéTe &Trd TV Eficwon x+y+z=T Taipvouus x=1t—(y+2),%
émroia Biver nux=nu[T—(y+2)]=np(x+y) kai 16 cVotnpa (Z,) yivera
X+y4z=m
Ny +2z)=Ax
nu(x+2)=Ap
nu(x+y)=Ay

X4+y+z=T X4y4z=T

THYOUVZ 4 NHZOUWWY=Ax
NUXOUVZ -+ NUzZouvx=AP

NUXOWY +NUYyoUVX=Ay

Apouwvz+Ayouvy=Acx
Aaocuvz+Ayouvx=AB
Acouvy +ABouvx=Ay

x4y +z=m
Bouwvz+youvy=a
aouvz+youvx=p
aouvy 4 pPouvvi=y

(22)

“Av TroMaTrAagi&aoupe Tis TPETs TeAeuTales E§iocoers ToU (2,) &uTicTora
ué a,p,—y kol TpooBéooupe T& Eaydpeva kaTd péAn Taipvoupe:

2 22
a2+ P2—y2=2aBouvz, SnA. wvz:f‘.’.ZETY_ Q)
2 2__~2
"Opora Taipvoupe: cuvx=[3—+2—)[;}7a— @
az 2_[R2
cwy=_‘%}73_ 3
*Etol &xoupe TS ovoTnua X+y+z =m
21 v2 o
owvx =£+Tgy_°f_
2 2_[R2 )3
o'uvy —_ % ( 3)
2 2__~2
aguvz = a _;EE Y—
21,2 o2 2_| \2_Q2
Té oUotnua (Z;) éxa Alon, Stav B—_;%/Ta— <1 «aoi g:g;/ P lgl
, 2+BZ_Y2
Ko —2~d—p——— <1
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Téte Umrdpxouvv EA&yloTa BeTikd 1O 6,,0,,8; yid T& drroia elvan:

2 2__~2 2 2__A2 2_|_[R2__y/2
ouvl, = 5_‘*‘1___3_’ ouvl, = —0(——*2_0}:}/—13 kai ouvl; = il Y, omére o

2py 20p

Tipés TV Xx,y,z elva:
x=2k, w+9,, y=2k,w+8, z=2k,r 18,

AT Tis Tipés altés AUoels Tou &pyikoU ouaTriuaTos elvan of Tpi&des (x,y,z)
yi& Tis omoies tkavotroieiTon 1) X+ y+z=Tr.

Né& v& meTiyoupe TéToies AUoels, ExAéyoups Bud &mrd Tous dxépatous k, ks, ky
alfadpeTa, dwoTe dpifoupe TOV TpiTo ETol, daTe vd ikavorroleiTon f) x4y 4 z=Tr.

1.4. Tprywvop.etpixh) draiowpd.

‘Otav &va TTOPOPETPIKO TPLYwVOUETPIKG oUsTnua Exel TeploodTepes E§1-
owaoels &md Tous &yvwoTous (&md T& &yvwota Tofx), ToOTE Ppiokoupe pia (1
TEPICOOTEPES) OXETT WETAEU TGV OUVTEAECTGV TGV &yvwoTwy kai TV oTabe-
p&v Spwv TGV E§lowaewy, yi& v& ouvainBelouv GAes ol E§10caoEls Tou ouaTHUa-
T05. ‘H oyéon alt, &mws xai oty dAyePpa, dvopdleton draieigovoa.

AnAad1y fy drodeipovoa elvan 1) dvaykaia cuvBhkn, yidva éxsl 16 oUoTnua
Aon.*H épyaoia, pé Tv dmola Pplokouvue TAY &rodeipouoa, dvoudieTar Graioem.

Aivoupe €86 BUo TapabelypaTa TplywvopeTpikils &maAoieis.

Mapadervypa 1. Na Ppelel 1) drakreipovsa tod evstiuuros:
ovvx+ovv2x=a
npx+npu2x=4

Avon: 'ESS Exovue éva oUoTnua BUo TprywvoueTpikdy £§10 cooewy pé Eva

&yvwaTo 1660 x. ‘Emopbvas 8& Ppolus Thv &maeigpovoa, SnA. TV &vaykaia

ouvbikn, doTe v& Exouv kovy AUon ol & iomTes adTés.

"Av x4 elvar pfa Aon Tou ovoThuaros (Z), TéTE Exoups Sradoyik&:

} ®

20'UV3—X00'U\)—X—0-=G 4ouy? 2%90Uv2_ﬁ_=a2 !
OUVX o+ OUv2X =« 2 2
Xo+NU2X = - 3x X 0= 3x X (22)
NUXy+NH2x=P 2nu 2—°cuv—2—9=p 4nu? Y OYgup? _2_0=l32

Mpoodttovras kard wéAn Tis Bud auTés fiodoes Taipvoupe:
4cruv2%=0(2 +p? D.
*H mpdotn &rd Tis E§iowaes Tou (Z)) ypbgeTan
2(40\1\13—];&—30\1\1&) Uy 2 —q = Bow 42 ot Xl —q @)

2 2 2 2
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VvV 1.5.

'Antd (1) kad (2) Exoupe: 8- (az_ZBz >2_6.°(2"sz —=a
(a2-+B2)2—3(a2+-Pp2)=2a, i (c®-+P2)(a? -H52—3)=~2a.

‘H Tedevtaia oxéon elvan f| {ntoUpevn dmoAsipovoa Tou (2).

Iapaderypa 2. Néa Ppedel 1 Grnaleipovsa 1ol ovortipatog:
coo(1+npow)=4a ] ©
opo(1—npw)=4p
Av w, elvar & Abon ToU cvaThuaTtos (Z), ToTe 8& Exoupe

opw(14npwy)=4a opwWy+ouvw=4a opw=2a+4-2p
opwy(l-npw,)=4p } opw —ouvw =4p } ouvw,=20—2p

oUvW, o—P
= 2q4-2 =F
e, TR MO0 egpe | o

ouvw =20—20

ouvw,=20—23

nu2w0+cw2w0—(°if§) +(20-2p)2= ( fﬁ) +4(a-B)i=1 f op=(a™pO

‘H oyton ap=(a?—P?)? elvan §y {nTolpevn &moeipovoa.

1.5. "Aoxvoelg.

Né& ¢mAvlolv T& TPIYWVopETPpIKE oUGTANOTA:

1.
X — 1 4 -—21 b4 _2_‘“'_
NUX — MUY = —5—~ TUVX—OUVY = —-—= MUK MUy =
2m T ™ T
X—y= 3 x+y——2— ’ X+Y——4' , X+y—71‘
5) 1 9 oux s o) v &) . . 3+ V3
OUVX-OUVy =——r duvy epx {-egy=1 nHEX Nty =-—¢
2. Bpeite Tls Tiués TV TéEwv X,y ToU émaAnbelouv Té cUoTnua: X-Y = 3
4npx ouvy=3

T<x <3mw<y <3m

3. N& ¢mavbouv T& cuoThpaTa:
3
2npx+3ouvy=—2 x4+ 2y = % nux+nuy = —7-
o , _
) B) , 0V V3
6nux—ouvy=4 nux+nudy= -5 ouvx+ouvy= 5

4. N& tmAubel kal Biepeuvnbei 16 oUoTnua:
EPX + oPy=a
ogx+epy=f
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vV 2.2.

5. Bpeite THv &madelpovoa TRV cuoTnudTov:

a) o NuX+Bouvx=y;,
, HE aB—a 0,
oNUX+ Bouvx=Y, 1Py =

B) LPnux 4 viouvX=A3nuXoUVX, Y) X+y=o
wouvx—vAnux=A3ouv2y epx+e@y =cpP
opX+ 09y =09y

2. TPITQNOMETPIKEZ ANIZQZEIX

21. 'Opwp.oi. TptywvoueTpikhy &vicwon s mpds éva Téfo x dvoud-
Leton kdBe dvicwon, ol mepléxel TprywvopeTpikols &piduols Tou tdfou x."ETon
.X. ol &vicwoels:

nUx <—% R % ‘nu2x4ouwx>0, epx—1>0, nux—1<0,

elval TplywvopeTpikés AVITWIES.

Mi& TpIywvopeTpIkT Gvicwon utopel va Exel dpiopéves AUoels 1) prropel v&
¢radnBedeTon y1& k&Be Tiwn ToU To§ou o Trepiéxel (uovipn &vicwon) 1) pmropei
vd pfv Umdpyouv TOEx x TroU v& ThAv émainBevouv (&BuUvartn &vicwon).

Ké&8e 16§08, mou EmaAnfeUel uid TprywvopeTpikty dviowon, AéyeTan pepki

Abon Tiis &viccoews alTs.
M.x. otv Teheutala &md Tis Tapamdvw &viswoes Té 1680 e:% glvar’ &
pepikn AUon Tns. TO olUvoko TGV pepik@dv AUcewv Wids TPIYWVOUETPIKTS dwi-
owoews dvopadeTan yevikf Aben Tns. ‘H ebpeon Tfis yevikiis AUoews wids Tpryw-
vopeTpIKis dvicwoews dvopdletal Erilven tiic avicdocws.

T oUvolo TV PePIKOY AUTEWV Tis dviowoews oTd SidoTnua [0,21) dvoud-
CeTon eidikf) Aoon Tiis dviodoews.

Katd Thv &miAuon pI&S TPy wvopeTpikiis dviowotws Tpémel v AaPaivou-
pe UTTOWYN BAs TOUS YVWaTOUS TTEPIOPITUOUS TV TPLyWVOUETPIKDY Ap1Budy TV
TéEwv, dtres .. [npx| <1, jouvx|<1.

2.2. Baoixég tplywvopetpinég dvicwaets.

MNd& v& EmAUooups UK TPIY WYOUETPIKN GvicwTn, Tpogmadolus pé KaTEA-
ANAOUS HETATXNHATIONOUS V& TN @époupe of pid &md Tis Tapaxdtw uopeés:

@ nux>a fj nux <a
(i) owx>a fi ouwx <«
(i) epx> a |  Egx < «

(iv) opx>a fj opx <q,

SOV & yvwoTos TPAypaTikds &pifuds.
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V22

Tis TprywvoueTpikés aUtés dviodoeis Tis dvoudlovue Pasikich Ocpeiidderg,
Od& Bwooupe E8& pepik& Tapadelypata ETIAUCEWS TEIYWVOETPIKGDY &vi-
OWTEWY.
TToapaderypa 1. Na Emivdel 1| dviewon npx>a, ack.
Mé& v& émAvooupe adTh TV &vicwon, Siaxpivouue Tis £Efis TepiTrTdoEs:
i) "Av a<-1, } dvicwon émaAnfeleron &wd k&Be TéEo x (méviun &vicwon).
i) "Av a=-1, | &viowon &moAndeveTan &md ke TéEo X, ETOs &S T& T
x=2km—7, keZ.
i) "Av a>1, | &viocwon elvon &8Uvatn.
1v) Téhos, &v elvar: —1 <a<1, TOTe Exoupe BYo TepITTTWTELS.

o) "Av —1 <a<0, Avoupe Tp&dTA TV Qvicwan ypagik& T&vw oToV TPI-
YwVopeTPIKO kKUKAO. AUTS yiveTon pé Tév dkdAoubo TpodTO. \B
TMaipvoupe Tévw oTév &Eova TéHY AuTdvwy BB onueio A
TéTo10, oTe OA=0. "ATé T6 A pépvoupe TTapdAANAN RS
Tév &Eova AA’ TV cuvnmiTédvwy Kai TTaipvoupe T& onueia
Toufls Tns M,M’ pé Tov TprywvoueTpikd kukho. Elvan ¢a- /
vepd OT1 k&Be TOEO TOU TPy wvoueTpIKoU KUKAOU TroU Exel A O

kai M") ikavomoisi Ty dvicwon (ox. 1). "Av Twpa T&
pétpa TGV TOEwv ToU [0,21r), Trov EmaAnfevouv TV &§i-

owon nux=a, tvor 8, kai 8,, (8,<0,), dnA. (A’E;M):e1 Kai (A§M')=62, TOTE,
| eiSikny AVon Tfis dvicwoews Npx>a, —l<a<0, gvon SAa T& TOEa x pé:

Tépas Eva onpelo TV TO§wv ABM il M'A (exTés TOV M A ' \\Z J.
2X. T

0<x<0, ¢€ite 0,<x<2n
‘H yevikf) AUon Tfis dvicwoews auTis elvar-Twpa GAa T& To§a x ué:

2km < x < 2kmw+98, ete  2km+9, < x < 2km42w

2k < x < 2kw+6, eite  2kw--8, < x < 2(k4+1)w, keZ

B) "Av 0<<a<1, ToTE oxcpTOUEVOL OTTWS Tra-
paévw Kai XpnoipoTolwvTas T6 oX. 2 PAéToupe
811 THY nux> a ThHv Eranfetouv SAa T& TéEa Troy M/ 4 M

T& TEpaTd  Tous Elvan EowTepik& onueia Tou TOEou il * S
~ ~ ~—~ a
MBM’ pé (AM)=8 xai (ABM")=m—8. "ETo1 1} €idi- | }
KA Avon THs Gviowoews elvar SAa T& TOGa X pé AﬁK 0 /A
0 <x <m0 kai ) yevixkn) Ao Tng eivan: \\\ S
2km+0<x <2k (T-0) 1 R ——B,/
2km+0<x <2k + )-8, keZ Tx. 2
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V2.2
Mapduora EmiAvoupe OAes Tis Pogikés TPrywvopeTpikés avicwoels. Mé Eumédo-
on &s Soupe pepik& oUyKekplpéva TTopadsiyuara.

V2
MNapaderypa 2. Na Emhvlei 1 dvicwon: nux 5—2-—

™
elvan x;=

2
‘Enidvon: T& 16fa x upé 0<x <21 Tmou Eyxouwv MUX=—75~ T

’ 3Tr
Kol Xg= 5

BnA. T& mépaTtd Tous elval T& on—

peia M kai M’. Eilvon gavepd Topa 611 SAa

T& 16 TOU T& TrépaTd Tous elvan  onueia
~ ~

T&v 166wy AM kai M'B’A EmaAnfevouv Th

dobeloa &vicwaon (ox. 3).

*ETol &xoupe Trv eidikn Avon:

ngg—} giTe 3TWSX<21T,

&md ThY OToia eUkoAa Traipvoupe T Yevikn
Avon

Ix. 3

2kn§x§2kw+% et 2k1T—|—3Z <x<2km+2m, keZ

TMapaderypa 3. Na émivBel 1 dvicwon ovvx> -\;—2

Enidvon: Ta 1ofa x pé 0<x <21 mov émoAnbelowv THv &icwon cuvx=

} T™ 7 L
= —— elval x;= — kai Xp=-——, dnAadn T&

2 4 g A8

Tépatd Tous elvan T& onueia M kai M’ ToU /

Tply. KUKAOU.
BAémrovpe Toopa 6T SAa T4 TOHEA X, TrOU

érroAnBeouv T Sobeica dvicwon, Tpémel v&

~ —
Afyouwv ot onueix TV TéEwv AM kai M'A,
txtds &d 1A MM’ YETol 1y eibikn) AUon s
dvicwoews elvar T& TéEa x pé

T, 7
—  dT1e —/— <x <2,

4 4
kad f yevikfy AUon Tns elvan 1& TOEx x pé

0<x<

{

A0

AN

2k-rr§x<2k1r—+—% elre 2k1T—+—7Z1T<x<2k1r—|—21T, keZ.
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Vv 23.

Mapaserypa 4. N Emhvdel 4 dvicwen: eox< V3
*Enilven: T& Té6ax x, oU EmwoAnBedouv ThHv E(px=\/§ ué 0 <x <21, elvan,

s 4m

T& X,= 5 kb Xg =3
Elvon pavepd 6T1 T& Téax x, TTOU droAn-
fevouv T Sobeloa &vlowon Afyouv of anueia
TGV TOGWY AFM, BA'M’ kaf B/'_’A, EkTds &1rd TS
M,B,M’,B’. "Eto1 1) elbikfy AUon elvanr T& 168

Il

x pé

T, T 4t , 3m
0§x<§- elte T<X<T elTe —2——<x<2'rr

kol ) yevikly Avon Tns elvon T& 1O x pé

2kt <x <2kt g ,2k'n'+; <x <21m+%“,

2kt 223 <x<2km4-2m, kel

2.3. Tevixég tplywvopetpinég dvicwaetlg

Hapaderypa 1. Né Emivlei i dvicwon: 2ovvix—3evvx+1<0
*Enilven: ‘H Sobeica &viowon ypdgetan: (ouvx—1)-(2ouvx—1) <0.
TaipvovTas Tév TPy wvoueTpikd KUKAO Kol HEAETOVTOS TX TTPOCTIHG T&V

TapayovTwy ouwx—1 kai 2ouvx—1 oT1é Sidornua [0,2T), oxnuoTifouue TV
dxdhouBo Tivaka yi1& 16 yivéuevo P=(cuvx—1) (2ouvx—1).

X 0 ——g— 5711‘ 2w
ouvx—1 ! — J: — E - :
2ouvx-1{ ! + : — ,r + :

Pl - S -

"Etor PAémoupe 6T ) SoBeica dvicwon Exer eidixf Aon T& TéEx x TOU
ErroAn@evouv pia &mo Tis dvigcoers

0<x<—13I giTe 5TTT<X < 21T,

*Apa fy yevikt) AUon Tns elvon T& 166 x pé 2k <x <2k Tﬂ- eiTe

21m+5l3T <x<(k+Dr, keZ
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V 24

Hapaderypa 2. Na mhvlel 4 avicoon: oovdx< \;—3;11'»: 0<x<2n

Erilvoon: Oétoupe 3x=y, Omdte Exoune v& émAlooupe TAV &vicwon

V3
ouvy < 5
‘H tedeuTaia dviowon Exel Thv elBikfy Avon %<y lé , OTTOTE 1) yewi-
k) Avon Tns elvai:
2kw+g <y< 21m+%T, keZ.
YEtor f) yevikn AUon Tfis étpxlkﬁs Blveton &méd TV
2k 5 <3x <2k~ ”“ keZ
2k ™ 2kt 111T
kai elvon 3 + g <X <3~ +T8"' keZ O
Emaidf Suws k=3A+vu, AeZ xaf ve {0,1,2} 4 (1) ypdpeTan:
2ur w 2umr 1w
A= + g <X<THIe o ()
Amé T (2) y1& v=0 Traipvoupe: 27\1T+ g<x< 2ATT 4+ 1118“ 3)
231T
y1& v=1 maipvoupe: 21T Jr T < x < 2w + “@
kol y1& v=2 maipvoupe: 2?\11—3—21;83< X < 2AT +351T (5)

Ao Tis (3), (4) xal (5) PAémoupe 3T of InToUueves AUcels o1é [0,21) elvar T&
T6Ea x pé:
™ 1l 13w 23w 25w 35T

8 <*<1g 18 <*<T18r 18 “*<ig"

2.4. Aoxvoelg.

1. Nd& tmAuvbouv ol &vicwoeig

= — —_

/ v v
) nux<——i, B) cruvx<\2—2 Y) opx> 3—3 kal B) e<px>——33

2. N& EmAulel f &qviocwon
2nux—3nux+1>0
3. N& tmAuvbel §y dviowon
(V3=2nux) (2ouwvx—1) - (269x—2) - (nux+nux+1)>0
4. N& tmAuBoUv ol dvicwosis

— Vi
a) e3x> V3 , P nu5x>—23
} (Bnux~1) (6nHZX—5nHX+1)
5. N& tmiAubel ) dviowon e 0
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V3.

ZYNTOMH ANAKEQAAAIQZH

. T& TprywvousTpik& guaThuaTa T& Slakpivouue kupiws gé¢ 8Uo kaTnyopiss:

a) 2 TPIYwVOUETPIKE ouaTApaTy, oT& omoia 1) pia TouAdyioTov égiowan
elvon hyeBpikn s TPds T& &yvwoTa TOga.

B) Z¢ TprywvoueTpik& guaThuaTa, ot Omoia SAes oi &§icwaels elvan Tpi-
Y WVOHETPIKES.

2. Aév Umrdpyouv yevikés pebodol ETIAUCEWS TPIYWVOUETPIKGV GUTTNUATOWV.

. ZT& TTapAPETPIKE TPrywvopeTpik& ouothpaTta pé b tGiodoes kai v &yvd-

182

OTOUS, U>>V, KAVOUUE tptymvoperpikiy arahorgl. Bpioxoupe dnAadn Trv
dvaykaia guvlnkn (drodsipouga ToU cuUoTAUATOS), Y1& v& Exel T oUTTNpS
AUon.

. Z€ W& TprywvoueTpikn dvicwan Siakplvoupe

o) pepkR Abon, ou elvar éva ToEo ToU ThV EmaAnfelel,
B) eidwiy Moon, oU elvar T oUvoro TV pepikdv Aloewv otd [0,211)
Y) vevixyy Abon, moU elvan SAa T& TOEx TToU TNV érraAnBevouv.

. “H émiAuon xd&be TprywvopeTpikiis dvicwaoews dvdyeton TeEMk& aTnv £triduon

MIGs 7 TePIOTOTEPWV &TTO Tis BEUEAICOBEIS TPIYWVOUETPIKES AVITWTELS.



. AXKHZEIX TIA ENANAAHWH

. N& tmriduBoly kal BiepeuvnBoiv T& ouoThpaTa

a) eQX+eQy=a
nuX - nuy=p
. N& tmAuvbolv T& guoTiuara:
a) nuix+nuty=14+nuz
nuzy +nuiz=14nux

nuiz+nuix=1+nuy

B) epx tegy=1

ouvxX : ouvy = .=

B) nux+nuy=2Anua
ouvX 4 ouvy =2Acuva

y) % by o=t
vz (X _ cqy _ 9o
2 I~ 2 3

. Bpeite THV &makelpovoa oT& Tapak&Tw ouoTAMATA:

@) aguvx -+ Prux=" o4 p?
ouvix | nux 1

M v =a2+p=

x
Y) ouvX 4 ouv2X= B

» p M 5:#0
NHX + Nu2x= —)é“

. N& ¢mAuBoUv ol &viohosig
a) nux-Fouvx+4 V2 (1—vV2)nu2x> 1,

yY) (Qouvx—1) - (x-2)>0, O0<x<2m.
. N& tmidvBel f &vicwon

B) Aouww2x=ouv(x-+8)
Anu2x=2nu(x+9)

a p
R

S —=]
ouUvVx

,NUX - ouvx =0

aouVX—Pnpx=ouv2x

B) 2ouv -%{——'qu—fx——2> 0.

log s (nux) > logy, s(3nux—2)
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HAPAPTHMA

‘YrodelEelg yid 14 Adon tdv doxfcewv- AavToelg
KE®AAAIO |

(Ym.="Y#wéBefn ’Am.="Amé&vTnon)

1.4. 1. ‘Yw ic=l, il=i, i*=—1 kT.A. 2. Y. *Apkel 3a+ 14p=7 kai 20—B=—1. *Am. S

31
17
ﬂ=+3—1. 3. Y. Mpémwer a4 P=5y kai —y=a—P. 4. ‘Y. 'Apkel v& SerxBei 611 2(a+B)=

8. )421.3+2187\/3_+70\/7i cal
50 Y5103 5103

=5a kai (B—a)y=1. B.’Am. x)—2i, B) % +

586  252. . ‘3ﬁ‘ 81 , , .
1300 ~ 1360 6. Y"T-‘ &) T4 xa Q4+t = (—1+D=...=—4. 7. "Yw.

N& mépeTe z2,=a,+ B,i, zZy=c,+ Pyl kai z3=0,+ Bsi.

5)

1.7. 1. “Yw. Tpémar z,=7, ’Am. x=2, y=1. 2. ’Am. a) z=0+yi, yeR, p) z=0«ai y)

ze{O, -1, -%— + —\/2—3 i, —;— - g i}. 3. Y. "Av z,=x,4 v kal 2,=X, b y,l, TO-

YA .
Te SeifTe 61 x,=y,=0 V x,=y,=0. 4. Ymw. Ofote [—' = 7;,€C, BnA. z; =7,73 KTA.
2
1
5. Yw. "Av z =x + yi, ToTe 1) §obelow Biver xy=0. 6. Am. x = —/ kal y=-—1. 7.

3
R I
Am. x=—5-. 8 °Am L[V VIR +VVI_Li] 8. "Am x=1, y=2. 10.'Ym. °H

Bobeloa yiveran: [2--4+6+4 ... +2(v=1)]4 [1-+3+5+ ...+ Qv=D]i. 11. AT, 2,=2—i
kol 7,=1-2i.

1.9. 1. *Ynr. XpnowomorfioTe fva &wd ToUs Umodearyfévtes TpdOoUs fi TR HaBnuaTIKn ETaywYyh.

23

3.3.

184

‘/41 3V3
2. Y. Na féoete otrv iBr1éTnTa (y) 8tov z4 16 —z,. 3. 'Aw. a) 5 B) i Y)
34,210 3 3. o

19 - 4. 'Aw. 1. §. A 1= T 1. 6 Att. 4x+2y+3=0. 7. Yw. N& mwdpeTe

=X+ yi kai v& kteréoeTe Tpdets. "A. 7,=0+ 01, 2,=0 +i, 73=:0—i. 8. ‘Yw. N& BéoeTe

z==x-+¥i, XeR, yER «ai vd émiAUoeTe oUoTnUa Gs TPOs X kai v. "Am. 7;,,=a-- (=1 4+
+ VICat2a)i ué 0<Cal—1+ V2. 9. Y. N& AdPete Umoyn 6Tt 12,--7,2<C( 4, +

) Ly
4+ 12,0)? kad 2P 1~tzai2 ke A 100 YW H 7y by =1, YiveTan }U"rl'—:l =
“1
Zy : 3 C p .
= | OtoTe . =X+Yyi xai UtrodoyioTe T& X,Y.
1 1

1. 'Yw. *AmakovioTe & Gelyn (2,3), (2,—3) k.T.A. 2. “Y7T. BpeiTe Tis eikdves 1Y (z,--7,) +
+ 75 kai (7, %,)—73. 3. YT, ’Epycoteite &frws o1y Epappoyn Tiis wapaypdeou 2.2,
1. Yr. jz2—2 2=a? < (2—7 ). (v—~2.)=c? x.T.A. 2. A7, Elvan T& onusia ToU kUxkhou kév-
Tpov (2,—-3) kai &xTivas5. 3. Y. ’EpyadTeite dmws oThv épapuoyn 3. 4. Y. Bpeite
7, TETO1a b3Te 4-2 =!7) kai FmarTa Téz pé 22 - 7 B YW Bpeite & 2 néiz—1 =2+ 1 kai
fmerta Th z péiz—1| <iz+41].6. Y. {2-8,2=4;2—2{*<(7—8) (2-8)=4(2—2).(z—2) K.T.A.



7. Y. MapatnpfioTe 871 of BravuopaTikés &xtives TGV 2, Y14 t& dmoia |zl =3, ToAra-
TAaoi&bovTton émi —2 k.T.A. 8. ‘Yw. Bpeite T4 z: f2+1'=3 xai 'z+i|=4 wTA. 9. ‘Y.
"EpyacTeite 8mws otfiv fpapuoyd 4. 10. 'Yw. EmiAloTe 16 ougTnua 9-1z—12)12=
=25.2-8i|% {2—41%=/2-8;2 x.TA. "Am. 2,=6+17i, Z,=6+-8i.

43.1. 'am. 30, (3v7, —}) : (3%) : (3‘/2—' 3%)'(3'")' (3”7' E; )

5.3.

6.3.

« 1. Y. N& 6ioete z=x+Yi kai v& @épete TOV

31 7t 3 3v3 Ve v
Al 5 ) , . . . 6. .
(3, 5 ) (3» 7.3 ) 2.°AT. 5 F i, 2405, e — 0 00, 3. °Am.

J3

. L , 3
Av z,=a+4Bi, 1é1e a=p ouvd xai P=pnud, OmdTe z,= 5" + i. “Opota Ppi-

z
. Ny B ; . 1 P :
OKoule Z,==14 V3i. ‘YmodoyioTe T4 z,.2,, 2. kal Emata Bpelte T4 pétpa kal T& O-
2

, 2T 3
plopatd Tous. 'Am. (6, = ), (T’ 0).

, 5m . 5w T
1. ’Am. ouv—3—+lﬂuT, 4<ouv T—%—mu—}), 2<ouv%—}-inu5%
2. ‘Yw. Topatnpfiote 8T1 (ouwbB+inud) % = 1—K=(cuv0—inu6)" =
(ouwvd+ inud)
ouv(—K8) + inu(=x8). 3. Ym. V3 +i=2(ouv% +inu —E—),Hi:

T ™ . T T\
Ao ot i= 7 lon( =)= ) o
4. ‘Yn. Xpnowotmofiote 16 ©. De Moivre ouv(v8) +inu(v8)={(ouv8 - inud)* yi& v=>5.

I 1 1
5. Ym. ZynuatioTe 16—~ kai EmaTa T4 24 T

3
1. (0)2*=8 <> 13=8 (ouwv0+inu0) = 2 = '\'/5( cw2x_'rr + iqp%r ), x=0,1,2.

3
) , e ., 142\ 142
Mapduoiax émAvovTar kai of Ymwéroirmes. 2. “Ym. 1—;-2—) =—1, 8nA. i =
2xTr- . 2KTr -+ 51
cuv*“’gvfj[* +inu "—Egv'l, x=0,1,2,...,2v=1 3.°‘Ym. 2°=—+3 —f»i-——2<0uv 6‘+

.5
+ Iy —g—) x.TA. 4. (B) Tapatnpiiote 6Tt 23, —1=0<>(2,~1) (2%} 2;+ 1)=0k.T.A,,

8 8 ™ T
(6) 2%+ 2,4+ 1=0142,=-2% xTA. 5. ‘Ym. K=Ep 5~ TE(—?' —é-) 6. ‘Y.
(o) ’ExteréoTe TrpdSers kai AdPeTe Umdwn cas 611 wit w4 1=0, wP=1 k1A, (B) ’Ep-
yaoTeiTe Tapéuoia. (y) Xpnowpororfiote T (B). 7. Y. *ExTeréoTe Tp&eis kal A&PeTe
Uméyn Sas 611 1+ w+ w?=0. 8. Y. T& z elvan ol miyadikés xuPikés pides Tiis povadas,
8nA. 28=1, 14-24+ =0 k. T.A. 9. ‘Y. "Av x=2v, veN, 1é1e 8ei§te &1 22v=moA. 341,

veN, &1 1-822"7F 4 02771 = 20 kai 162" 102" '=—202 k1A, 10, Y. T& z elvan

ol wyaBixés kuPikés pides Tis povadas kal vi=3A4-v, v=0,1,2.

z—1
z4+1

oeTe 2=X+Yyi kal v& EmAloeTe cUoTnUa ¢ pds X xai y. "ATr. Né a=1 elvan z=—1—i.

otn popen a+pi. 2. ‘Ywm, N& 6é-

185



1.8.

2.4,

186

—al—aV2-a?
—— — A —
a1 vz =

M& a=vV72 evat 2:=—2~-i. Tid 1 <a < V2 elver 7 =

—alFaV2-a®
a1

—i. Té& a> V2 Bév Eyet Aoeis. 3. ‘Y. *Epycaofeite 8meos oTv Tpon-

1 — e s a
youpevn &oknon. 4. ‘Ym. 23=—w?’ kai 2%= =t Malpvouue w! wt?=1, &wod Smwov
[w]=1 kai &2=1 k.T.A. 5. “Ym. XpnotuomotfigTe Tis 1816TnTes ToU pétpou. 6. Y. Xpn-
apotrorfioTe Tis 116N TES TOU péTpou. 7. Y. Elven {z—2|2=A2% 22, ? <> (2—12,) (2—2y)=

=A%(z—1,) . (Z—12;). ETH ouvéxaia cupPoulevdeite T& TapaSeiyuaTa kaf TAv &oknan 1

1
Tfis 3.3. 8. *Ym. ’Epyacfeite &mes oty &oknon 6 Tiis 3.3. 9. *Am. (0,0), (*2—, -4—)

1 1

( -5 7 ) 10. Y. ©¢oTe z=x+yi kai éxteréoTe mp&€ers. 11.°Ym. "Av 224+ 2+ 1=0,
. . 84+« f—a .

1678 (a?+ a—P2+1) -+ PB(l+2a)i=0 x.7.A. 12, Y. Elven 'z=2 ouv ——2>—[UUV-2—+mu

8-+«
20uv—5—' \ 13. *Y1r. Epyaofeite 8TTws oThv &oknon .6 Tiis 3.3. 14. "Am.

po XEERIEYY)
Rez== AT Py 15.

Y1, Txnuatiote 4}2—1:=240—1 kai A&PeTe Umoyn 8Tt ial <1 k.T.A. 16, Ymw. {2=1+4

f—a
-5 ]Ka( l2l=

gy EEBNEEYY (@ By)
M R YT e By

1
422, 1éte L2—z=1, BnA. (§—2).(G+z)=1, &To1 C—z:m KTA 17 YT |22, =

Yr¥s __ Yo¥e

=(2,—2,) (2;—2,) kT.A. 18. Y. Acifte 6m XKy Xgmw

, 8oV Z,==X;+i¥, K.T.A

19. Y. 12,7, 2=(2,—2,) . (2,~Zs) Kai | 1—zy2y22=(1-2,2,) . (1=2; . 25) K.T.A. 20. YTr. O

OTE Z;=X;+ Y11, Zy =Xy Y,i kai éxTeAéoTe mpd&Ses. 21, Yw. "Avz,=X,.-Ly.i, TOTe
|z —i ~ .

Pt <l = vx? £ (y~1)? < VX2 i (y,+1)? kT 22, Y. OfoTe z=0ouvd+inpd,
oxnuaTioTe TO myadikd X412 k.T.A. 23, Ym. Sxnuatiote 16 miyadikd 4. 24.
Y. Elven [A |2+ A2+, A=A A ~AA . LA A, 25 YT OioTe

6 2—1\*
A=¢¢ 5 ué O==Argz. 26. ‘Ym. ‘H 8obeioa ypdopeTan (-zl—) =ouvva+inua K.T.A

KEPAAAIO II

1. ‘Y. XpnotpotoificTe Tév Spiopd 2 Tfs 1.1. 2. ‘AwAf. "Am. "Ox1. 3. *Yw. Xpnoiuo-
A~ A~ A~
motfioTe TO fecopnua Tiis 1.2. 4. ‘Y. XpnotuoworfioTe Tév dptoud: a+ P= axf. 6. "Ar.

(0,0), (0,1), (1,0), (1,1). 6. Y. XpnowotoifioTe THv els &Toto &maywyn. 7. ‘Y.
*E@apuéoTe ToUs dvrioToixous dpiopols. 8.Y . GewpfioTe T tEiowon x2x 2+ x'+ x=0.
9. ‘Y. XpnoipomoifjoTe Tous &vTioToryxous épiopols “Ar. (ii) Nai 16 0 (iii) Kabe 77
# | Exe1 ouppeTpikd oTorxeio. 10, Y. 1) Bobeioa oxéon v& GUTIKATAOTHOETE HEPIKK
&mwd & o,P,y,8 pé kaTAAANAa oToixEla.

I. 'Ym. 'EgappdoTe of x&Be mepimTwon Tov &vtioToixo dpropd. 2. TAmAR. 3. “AmAA.

‘AT x4, 4. Y. (i) Oewpfiote THv fodTnTa al. (a~)~t=e kai épappdoTe TNV i816TN-
Ta 2 THs 2.3. (ii) ’E@appdote TV Sproud Tis 1.5, (i) xai (iv) AdBete Umoyn &1 A
Tp&En elvar mpooeTaipioTiky. 6. ‘Y. *EgapudoTe 1OV Sproud Tiis 2.2. 6. ‘AmAn. 7.
Y. 'E@apudoTe Tov dpropd Tiis 2.2. 8. 'Am. x = o«'«p'«p’, y=Pp".



34.

4.3.

5.6.

L ‘Y7, ’EeaprooTte Tov Optoud Tiis 3.1. *Am. “Exer povadiaio oToiyeio. 2. 'Anm. (i)
Eivar dvriperaletinds SaxtUAios. (i) wai (iv) Aév elvon daktUAior (iii) Elvar av-
TieTaBeTikol SakTtUMior. 3. ‘Ym. ’EgoppdoTe TOV Spropd Tiis 3.1. ‘Aw. “Exa
uovadiaio otoryeio. 4. ‘Ym. TMapatnpfiote 671 y-P = (B+8)-P x.T.A. 5. Ym. AdPete
Thv TapdoTtaon (—a) (B4 (—P)]. 6. ‘Y. 'E@appdoTe ot k&be mepimTwon TV Spropd
THs 3.3.

I.’Aw. (1) “Ox1, (i) Naf, (iii) Nad, (iv) Naf. 2. ‘Y. *E@appdoTe Tév dptoud Tijs 4.1. 3.

~ A~

‘ATAR. 4. CAT. x=2, y=1.

1. ‘Y. ’EgapudoTte Tév Optoud Tfis 5.1. 2. Y. MépTe 1)y wapkotaon a-[x+ (—x)].
3. ‘Y. 'E@opudoTe TOV dproud Tiis 5.3. "Am."Exer SidoToon 1. 4. Y. *EgapudoTe TéHV
Spropd Tiis 5.3. A "Exer Sidotaon 1. 6. "Am. Elvan ypaupikés &ve§dptnTa. 6. "Am. Naf.
7. *Am. “Exet Sidotaon 2. 8. “Ym. Tl&pte X,yeAN B kai 8e1§te 611 o x+p-ye AnB.

I. Y. *EgapudoTe Tous &vTiogTorxous dpiapols "Am. (ii) “Eyxouv dvtioToixa ouvupe-
TPk otorxeia T& (I, —a') kai (=1, —a’). (iii) Té ovupeTpikd oToIXEiO e(vou(—u.?).
2. Y. A&Pete Umown kai TV looTnTa a'=a’'xe. 3. Y. a) ‘H lobtnTta (a-pf)2 =
o P? ypagetar (a-B)- (a-P)=(x-a)-(B-B). B) Xpnowomwoifjore T HéBodo Tiis pa-
OnuaTikfis émaywyfis. 4. ‘Y. 'EgapudoTe Tov Optopd Tiis 4.1. 5. Awm. a=p=1,
y=—e¢. 6. 'Am. "Av x,yeA,, Té1e x°=1, y =1, omdre (xy)'=1 kad y-v=1 kTA.
7. Y. AeifTe dpxika 6T1 o a' = e kai émaTa 61 16 e elvanr TS oUBéTepo aToryEi0
@s Tpos TAV Tpdén o. 8. ‘Y. ’EpapudoTe ToOV Opropd TRs 2.2. 9. Y. i) ‘YmobéoTe
3T X o = X -, HEA ¢ p kai kKaTaAfETe of &ToTo. i) OewpfioTs THY Xa,.Xq,. .. XX, ==

1 1
0,y 10, CAW. x="77 (18, -3, 2), y=73 (42, -7, 19).
11, 'Am. o8Py #0. 12, ‘Y. ’E@apudoTe Tév bpiopd Tiis 5.4.
13. "Am y(LLD+PE-y)(L1,0)+(a—)(1,0,0). 14. ‘Y. Bpeite Tis Aboeis Tou (T)

xal épapuooTe TéV Opiopd Tiis 5.3. 'Am. Mi&k P&on ToU V &moTeheiton uoévo &mé fva
Siavuopa, w.x. 16 (18, —1, —7). 15. Y. A&PeTe Umoéyn 6T T& P kai § Exouv &v-
TioTpopa oTorxeia. 16, ‘Y. "E@apuooTe TOV Opiopd Tiis 3.1. *ATr. oﬁ 6, —-p

—| y '

=Y, o) ut ad-Py 0. 17.*Ym. (i) Egapudarte Tév Spropd Tis 3. 1. (ii) ’Eqappo-
oTe Tov Opiopd 2 Tfis 1.1. "Aw. Kai of 8Uo Sopés civan dxépaies Teployés. 18, Y.
MaparnpijoTe 6Tt Xx—x € A kai bpapudoTe TéV dpiopd Ths 2.2,

187
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1.9
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KE®AAAIO Hi

1. ‘Y. 276 &Bpoicpa a- P wpoobioTe kal &paipéoTe TO P.

2. Y. Aeifte 811 1é V34+2v+ 1 Exet mapdyovta T 4.

3. Y. AcifTe 811 ol Biagopés (a4 By) — (G +PBy) kai oy — ayP, elval ToAAamAdoia
TOU V. )

4. Y. o) AdPete Udyn oas 811 Evas dképaios elvan &pTios fi meptTTds L) *AvamTifTe
16 TeTpAywvo Evds TepiTTOU 2041 kal xpnoiporroifioTe T ).

5. ‘Ymr. Xpnowomoifiote Ts TauTéTnTes TOU Sivouv T& dvamTUypata TRV (a+P)?
kol (a—P)? kal AdPete Umoyn cos &1t ol a4P kaf a—P elvar &pTion

6. ‘Ym. N& Siokpivete Tis eprmrradoers A=3x, A=3k+ 1, A=3k+2.

7. Y. N& ouvdudoete Tis TepimTdioets x=3k+ 1, x=3x+2 pé¢ 15 y=3A+1, y=3A42
kal v& d&wobelfete Té {nToUpevo.

8. ‘Y. N& Biaxpivere Tis meprmrddooers x=3k+1, x=3x+2.

9. ‘Ymr. N& Braxpivete Tis TepimrToers k=6A, k=6A+1,..., k=6A+5.

10. “Ymr. a) N& Sioxptvete Tis epimrcdooes a=5k+1,..., a=5«k+4. p) N& mapayov-
TomomioeTe kKaTdAANAa 16 x—y* kal v& xpnoipomomoeTe T6 a).

11, “Ym. Bpeite Tis Suvarés Tipés ToU Ymohoimou A® kal TpoosdioploTe Té A. AT, a =0
il a=138 f§ o =324.

12. Y. TapatnpfioTe &T1 24v+1-22v] = 24v_22v . 24v] kol EmarTad TapayovTo-
ToifioTe T BeUTepo péhos. T InToupevo 8& TrpokUyet &v Buunbeite Tds TapayovTo-
rotouvtal T& ax—1 xaf a?x+l41 (x € N).

13. Y. Xpnowpomoifiote TH wéBoBo Tfis pabnpaTikiis Emaywyfs.

14. ‘Y. Xpnowotmoifiote TAv TpdTaon 2 Tfs 1.3.

15. ‘Ym. Aei§te 311 9% =1 (mod 8) kal 1710 =1 (mod 8) xal xpnoiwomorfjore THv
&oknon 3. 'Amw. 2.

3 1 -
16. ‘Ym. Tlapatnpiiote 811 1677\—*? wptmer vé eivar dudparos. AT p = 3k+2,

xel.

1. Y. Xpnowwotoifiote Tév &AydpiBpo.To0 EUkAeidn. *Am. (27,20) =1, 1=27.3 +
+ 20.(-4).

2, Y. N& ypdyeTe Tis 8Uo lodTnTes THs Siaipéoews kai vé ocupmrepdveTe 811 af (238,510)
kai a>15. Am. a= 17 §§ a = 34.

3. Ym. ’EpyacTeite dmws oThv &oknon 2. *Am. 21, 35, 105.

4. ‘Yw. T'phyte Tis lodTnTes T&v BraBoyik®dv Bicpéoewv. A, a=1344, p=1004.

5. 'Ym. "Av o,p evan of InToUpevor dxépaio, ToTe a==24a’, P=24p", («',p)=1 xal
o' +p =12. 'Aw. 24,264 f 120,168.

6. 'Am. 2, 10080.

7. Y. Xpnowomoifiote T oxéon (2) kel v wpdTasn 3 Tiis 1.5. Mopeite v& TpooSio-
ploeTe m& Tp1d8a (x,y,2), &v ypdyete (32,48,72)=(32, (48,72)) kai xpnoilowolfoeTe
Tév &AyodpiBuo ToU EUkAeldn. *Am. (32,48,72) =8 = 32.14+48.1-472.(~1).



2.4.

4.

8. ‘Y. *AvoAuoTe 16 120 of ywduevo (8eTikdv) TpdTwv TapaydvTwy. ‘AT 1, 2, 2.3,

2.5,2.3.5, 22, 22,3, 22,5, 22.3.5, 28, 23.3, 23.5, 23.5, 23.3.5, 3,5, 3.5 (16 SropéTes).

9. 'Yw. MapayovTtomorfjoTe TO Wp&dTO WEAOS Tiis E§10oews, Ppeite 76 A (36) kal TapaTn-

pfioTe 671 x+y = x—y (mod 2). *Am. x =10, y=8.

10. ‘Y. (i) N& 8oete (o,p) = 8 wai (5a+4p, a+B)=8" kal v& Beifere pé 11 Poribearx

Tfis wpoThoews 4 Tis 1.5 811 8|8’ xaf 8'|8. Tris (ii) (iii) xal (iv) v& tpyaoTiiTe Ué Suoto

TpdTO.

11, Y. TépTe &va kowd Biraipétn A Tédv x kai y kaf Seifte o11 A = +1.

12. °Ym. (i) N& éoete (o,f)=5, (ka,kP)=8" xai v& Beifete 611 8’| kb kai k58", (ii) Xpnot-

pomorfjore TV mpdTaon 2 Tis 1.7 xal v (i).

13. Ym. ToAdamAaoidoTe kai T& SUo péAn Tiis aa’+ PP’ =1 pé y xal Beifre oTt 16
TpdTO WEAOS TS BraipeiTan pé TS o PB.

14. 'Ym. N& 6tote (a.B)=38, [a,p]=u, O6wdTe a=a;5, P=B,5, (o,B)=] kal of=u.8.

A, (i) a=10, p=240 | «a=30, p=80 f «=80, p=30 4 «=240, P=10. (ii) a=154,

P=350 f} a=350, B=154f a=110, B=3850 f4 a=3850, B = 110. (iii) a=208, =598

fi «=598, p=208 f} a=26, B=4784 fj a=4784, p=26.

15. *Ym. a) *Awodeifte 16 {nToUuevo ué THv els &Tomo dmaywyn.p) N& 8éoete (a,p)=58

kal (&, kP)=8" xai v& Beifete 6T 8|8’ kai 8|8 ypnoipoworwvTas Té TPHTO PéPOs TS

doknoews kaf THV TpdTaon 2 Tis 1-6.

16. ‘Y. A&Pete Udyn oas 6T1 k&de TapdyovTas Evds yivopbvou &kepaiwv elvar Biaipé-

TNns ToU ywdpevou kal Xproipomoifjote T6 WpddTo pPépos Tiis doknoews 15. *AmodeifTe

16 &vTioTpogo XPNOINOTTOIOVTAS TH ouveTTaywyn Tijs &oknoews 15. ‘H Epappoyt (i)

elvan &peon ouvémela ToU TrpwTou pépous T &oxnoews, Evid 1) (u) &rrodeikvieTan pé

Th Pofberax Tiis (i).

17. Y. Ni& 7is (@) xaf (ii) 8ei€te. 81 (a4P, ) = (a,p), (a+PB,PY=(a,p). N& TV -

Bafn Tiis (ili) xpnowormorfiote Tis (i) xai (i) xaf Ty &oxnon 16.

18. ‘Ym. N& Oéoete (o,B,y) = 8, (g%ﬁ_ , # , [5_%2-)/):8, kaf v& Belfere &1 5|8’

kaf 8'|8.

1. AT x=4-5«, y=1-2«, xeZ.

2. Y, 'EpyaoTeite STws oT0 Tapddetypa 2 Tiis 2.3 *Amw. Of (i) kaf (ii) #xouv udévo
&pvnTixés &képanes AUoes.

3. 'Ym. Bpeite tis ufy &pvnTikés dxépaies AUoeis Tiis 2x+5y=100. *Aw. M¢ 11 Tpdmous.
4. A @ 10,1, 6,4), 2.7, (i) (6,11, (10,2). (iii) (6,8) (iv) (3,6).

5. 'Am. 4 poA. kai 8 Tetp. f} 13 poA. xai 1 TeTp. .

6. *At. o) (6,13), (14,8), (22,3) B) Méyioro képSos 84 Exel, &v kaTaokeudoel 22 koouti-
para o eidous kaf 3 koounuaTa B’ eiSous (uéyioTo képdos =15.450 Bpy.).

7. Y. "Awd Tls x+y=37, x=57+2, y=7r'+4, wpokUmrar 5w+ 7w'=31. "Aw. x=12,
y=25.

1. Y. Gcwpfiore Thv lodtnTta (v+7) (v—4)+33=v*+ 3v+5 xai 8eifte &m1 v4+7 = v—4
(mod 11).

2. ‘ATAq.

3. Y. *OvopdoTe v—2, v—-1, v, v+ 1, v+ 2 Tols BiaBoyikous &repaious kalf Seifre &T1 6
v342 B¢ Biopeitan pé 16 5.

Y. N& Sraxpivere Tl meprrrdoes p=6k+1,..., p=6k+5.

Y. Aei§te &T1 p>3 kal ouveyioTe kaTédAAnAa.

Y. Aeifte 61 wévta & Evas &md alTous BixpsiTan pé TS 3.

‘Y. MapayovromwoifioTe THv TapdoTact.

‘Y. Tpooféore kal &paipéoTe TS 43555 42222

N oh
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1.7.

9. ‘Y. Aetfte 811 P2—4ay = 8k+ 5, keZ, xal o1} ouvtyeta 811 T 8k+5 Bév eivan TéAero
TETp&ywvO.

10.

‘A, x=3, y=4 xai z==2.

11. ‘Y. Xpnoiwgomwoifijote 16 Bewvpnua THs 1.3.

12.

‘Y. ©ewpfioTe T Sragopd (a+P) (v4-p)—2(va +pB).

13. ‘Y. lpéyte T6 xA&oua oTh poper

14.

15.

Gv+1) Gu+1)+5

2(15v24-8Bv+6)+5v+1
2 8
‘Y. MapatnpficTe 611 A = —9—(10"—1) Kkaf B:F(IO'LI).

Yr. Acifte 61 Evas TouddyioTov elvan pikpdTepos &md 4. "AT. 2,4,4 f§ 2,3,6 f§ 3,3,3.

16. ‘Y. o) Acite 3T1 fvas ypauuikds cuvbuaouds Tédv 3x+1 kal 14x+5 eivan ioog ué
povéda. P) A&Pete Umoywn Tis iodTnTes 14x-+5 = 5 (3k—1) —(x—10) kai 3x—1=3 (xk—10)
+ 29.

17. Y. N& Sakplvere Tis eprrradoers v=4k, v=4k+1, v=4k+2, v=4k+ 3% kal Ta-
partnpfioTe 611 5*%=(26—1)2%=(24+ 1)**. *Am. v=4x.

18.

19.
aB

Y. N& 8éoete (2a—1, P)=5 kal v& Beiete 611 5il.
‘Yrr. Elven (oA, oB, BA, BB) = ((aA, aB), (PA.BB)) xaf [aA, aoB, PA, BBl=[[cA,
1. [BA, BB]I.

KE®AAAIO IV

. YL tYmoBéote 8T {(X)=ax + ... taxta, kal gx)=Bx* +... 4B, elvar T&

BUo Tolvdvupa kai oxnuatioTte TR Siaposd ToUs.

2. ‘Y. N& Biaxpivete Tis mepirr@dFas v u xal v=y.

10.

190

O O h Ww N =

. A a=1, B=1.

AT oy #£3, 11) ap=3, iii) a,=3, q,=-2 kal &, #7, iV) a;=3, q,=—2, o;==7 kaf

g #—6 kal v) ay=3, ay=—2, a,=7 kal az=-6.

. A a=2, B=7, y=6, §=3 f} a=2, B=-5, y=—6, §=-3.
LY. T g(x) 8& elvan: g(x)=x2+4 px+v,1,veR, d1iTe & TV lodtnTa (X)) =(2(X))*?

&moBetkvioupe T6 {nTovuevo.

. 'Ym N& mépete g(x)=ax?+Px+y, a#0 xal m(x)=8x+e¢ né 5£0. Am g(x)=

=3x2-5x+2 kol T(x)=6x—5 f g(x)=—3x2+5x—2 xal w(x)=6x-5.
Yw. Té g(x) 6& elvon 16 woAU 20u PaBuoy, SnA. g(x)=kx2-LAx+u. IxnuatioTe 16
moAudvupo  f(x)—(g(x)% 'Am. g(x)=2x>-2x~-1 { g(x)=-2x%+2x+41.

1
Y. N& A&Pete Umodyn ocas ThY TautdthTa o4 Pi4y —3aPy= -2—(a+|3+y)

[(@—P)*+ (B—7)*+ (y—)?].
AT {(x) =ax?—ax+ Y, ué a, yeC.

Y. Elvan £,(x)=g;(X)m,(x) xai {,(x)=g,(x)m,(x)

Y. “Ymwobéote 611 g(x) | fx(X), BnA. fu(X)=g(x) - w(X).

Y. *Epyacfeite 6Trws oTAv mponyoUuevny &oknon.

Y. ‘Ywodéore &1 g(x) | (%), 6moTe {,(X) +1,(x)=gX)m(x) kai f;(x)=g(x)m(x).
‘At x—1.

AT, k=12 kel A=30.



4.3.

1.

AT A =5 f A=

.Y mptmer £(=2)=6 xaf f(1)=2. AT a = 3" kol P

. AT k=1,

1 1

2 3°

.Y, IxnuatioTte T Sagopd f(x)—p(x) xal Beifte 11 @(xX) | I(X)—p(X).
. Y. 216 f(X) vé& wpooBéoeTe kol v& dpapéoeTe TéV Spo afx(P+1)Y, GoTe v& umopé-

oete v& T6 K&peTe ywopevo Tapaydutwv ToU g(x) &l k&molo mwoAvdvupo m(x).

YT Apkel g(x) | [H;(X) vp(X)—1(x)u; ()]
.Y Elvan (x—a) | [f(x)—v] kaf (x—P) | [f(x)—v].

AT o) 1(=2)=—23, 1(5)=—1164, PB) @(—VD)=—1-4VZ, ) g(l—i)=—3-2i.
. AT A=4.

13 83
,ATT. K= _4— ko{ A==— 7 .

5 4
3

. AT a) w(x) = 5x%414x+44 kai v=132

B) m(x) = x4-2x3+4x*—8Bx+16 xal u=0

y) m(x) = x*—(2+ 3i)x+8+46i kaf v=—15-14i

8) m(x)=x3+3x*4 (6—2i)x+1-3i kai v=—2—4
45 . 275

3
£) w(x)=4x%43x*-— S X— g Kk v=—

. Y. “Exovpe f(x)=(x—a) * T, (X)+f(a), 1} Omola y1& x=p Biver {(B)=(P—x)m,(B)+

+ f(a) x.T.A.

. Y. TS Umoérormo elvar 18 moky 20u Pabuol, BnA. Tis popefis V(X)=kx24Ax--u.

“Etor gyovpe I(X)=[(x+1) (x—2) (x+3)]m(x)+kx*+Ax 44, &AR& f(-1)=2 k.TA,
At u(x)=x2+42x43.

. Y. 1) "Exoupe f(x) = (x—a) (x—B) w(X)+xx+A, dwdTe f(a)=ka+A k.T.A

ii) "Exoupe f(x) = (x—a) w(x)+f(a) kal w(x)=(x—) m,(x)+ ().

. Y. Aeifte 16 {nTolpevo né TN uéBodo Tiis madnuaTtikis Emaywyis.
10.

‘Y. N& mépete 16 moAudwupo f(x)=kx3+Ax*+4ux+v kal v& UmoroyloeTe T&

1 1 1
KA, 0y, dote v& loxUouv ol UmoBéoes. AT, K = 37 A= 5 M= 5
Yrr. "Apkel vé Bel€ete oT1 P(1)=0. N& oxnuaTtioete 16 P(1) kal v& mépete 16 S =
1 1 ) B
= g;a_a+ %, +...+ Ty Zxnuatiote 16 ywdusvo S (w Sixpopd  Tis
v—1
&p1Bu. Twpodbou) kal Belfte 6T S, = .
a,a,

.Y Aeite 311 16 ToAudwpo F(x)=f(x)—A elvan 16 pundevikd moAudvupo.

. YT N& A&Pete Uodyn 8Tt x2-2px +-pi=(x—p)2.
. Y. N& Aé&Bete Umdyn gas 6Tt f(x)=(x—p) T, (X), wé m,(p) ~0, g(x)=(x-p)*m,(x),

pé (p) #0 kabws kai TOV Opiopd Tou M.K.A.

. YT IxnpatioTe 76 wodudvupo F(x)=f(x)—1 xai Beifte 811 elvan 16 undevikd To-

Avcovupo,

. Y. Xpnowomoidvtas Biaboyik& 16 oxfina Horner 8¢i§te 511 & &piBpds 2 elvan pita

ué PaBud moMamAdTnTas 2.

. Y. XpnowomoifioTe Siaboyikk 16 ayfipa Horner.
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4.6.

192

10.

1.

12.

13.

o WN

11.
12.

13.
14.

15.
16.

17.
18.

1.

. Y 'H Elowon ypdgstan: (A1) (X3-1)—(A245A—5)x(x—1)=0. "ETa1 PAémoupe

ém wa pila Tng elvar 16 1.

. ’Am. x3-2x?-5x+46=0.

. YT YAV XXX elvan of plles THs EnToUuevns Eiodaews kal py,p,,p; ol plles THS So-

Beloas ToTE Xy, =p,2, X,==p,?, X;=p,% OWOTE X;+X,+Xy=p 2+ ps*+ ;5% x.TA
AT, x3—(0;2—20,)x2 4 (0 20y o) x—a 4,2 =0.

Y. i) XpnowotaifioTe ToUs TUToUs Vieta. ii) *Agov p, 2+ p,2+ pyl=—2a <0, Exovue
3T1 oi py,Paps B8V elvan SAes TpayuaTikés, déTe, dv p, elvan f} KO TPAYHUATIKA
piCa, T6Te pypy € C U |pgl=lp,l.

“Yar. “Av P(x) elvan 16 o pifhos Tijs E§iodosws TéTe P(ay)=a,, P(a,)=a,,...,P(a,)=a,
IxnuatioTe Té woAvwwipo F(x)=P(x)—x. Am. x=p.

‘Y. AeifTe TpdTa Tt ol plles Tou Q(x) elvan kai piles ToU P(X). ‘YworoyloTe EreiTa
xal Ty Tpitn pifa ToU P(x) kol ypdyTe 16 P(x) ué nopen ywouévou.

Y. Zxnuatiote 76 moAudvupo F(x)=f(x)—f(0) xai Beifte &T1 elvan TS undevikd
TTOAVWVULQ.

. 1 1 —34iV11
AT q) —2,3, —, — i LI -1,2,3
. @) =5 B2 3 y) -1

5) 23— % 0 -2, 5i‘T‘/23 a1) IGITAR), _._;_, i, —i.

. YA Thlavés prités plles elvan of Bicipétes ToU 4. *Am. x=2,—4,—13,—19.

Y. heavés pntés piles elvanr ol &prBpol +1 xaf —1.
Y. "Av p elvar dxfpona pifa, TéTE PP +-Kk,p2+Kkp+ k=0 # k,p?+k,p+ky=—p°.

. AT pp=3—i, py=3+1i, p;=2, k=22 kaf A=-20.
CcAm 14, 14, VS 1=V5

z 2

AT @) [(X)=XP-x2 L 4x—4, B) 1(X)=x‘~2x3+ 3XI_2x+2
AT @) 1(K)=(x—i) (x+i)(x—ﬁ£>(x_l—‘/5_

2 2
B) I(x)=(x+2-V3i) (x+2+ V3i) (x+iV3) (x—iV3)

AT f(x)=(x—2) (x=3) 2x+1).
10.

Y. N& A&Bete Umodyn &1t p 2+ avp, Y+PB¥=0, p,2*+a'p,*+p'=0, p;+p,=—a
kol pyp,=P.

Y. TS 1(X)=(f,(X) +ify(x)) - (I, (X)=if,(X)) ®.TA.

Y. Aci§te 811 of piles ToU p(x) elvan kal plles Tou f(x).

Y. 'Amo 1& {(p)=0, f(xp)=0 kai [(0)=a,, YmoroyioTe 6 g(p).

Y. Ixndariore T g(x), f(x)—x xal g(x)—x xol 8eifte 1 glp,)—p,;=0 k.T.A.
Y. Aet§te 81 8év Umbpyer p, pé pEQ+ xai \/EGR—Q: f( \/E)=0.

‘Yw. Xpnopomordvras ToUs TUtous Vieta, Seifte 811 1S ywduevo
(P1—p2)® - (Pa—Pa)? - (P5—p1)? <0, 6T T& py,pyp, Bév umopel vdvan TrpayuaTikol
&pidpof. ITH guvéxeia Seifte 811 16 1—p, <0 kad V2—p,> 0.

Y. Aeifte 61 6 f(X) Bév Exer plles Tis miBavés pnTés piles 41,42, y1& Ael.

Y. IynuatioTe T6 woludvupo Q(X)=P(x)—7 xaf Beite 311 undeviferan y1& Téo-
aepis SiaQopeTikoUs ueTafy Tous &képatous &piBuols. "Av yid x=t loxua P(T)=14,
Beifre 811 Bty loyuel f oxton P(1)-7=T.



1

5.4. 1. o) X, =75, X,=2, X,=2

64. 1.

10.

1.

_ 5-iv3 _—5+iV3

= T, Xg=_T_
2 2

V) x=-1,  %=2(1-iV3), x=2(1+1V3)

3

P) x,=2, Xy

3 ___ 3 _ \/3‘ 3 _ 6 _ _ _
8 x,=V3 (VI+1) x=75 [1-VI~(VFI-VDi] x,=%,

. @) x,=1-V2, x,=14 V2 x4=—iV5 x,=iV5

B) x,=—1-V7, Xg=—1+4+ VT, x4=1-3i, x,=1+3i

1 1 1
iz )] 7\=—-T2—, y) &BSvato, 8) A<— iy

AT, ) A>— 2

—

© JI2A+1] < 4(A-2)*

. Ym, N& €evdoete Tis mepirTddoes XxeR xal xeC—R. 31 Beltepn meplmrwoon va

OtoeTe x=a-+Pi

. Y. N& koBoploete T& wpdonua Tédv A,P,S yik Tis 81&popes wparypaTikés Tiués ToU A

kal v& k&vete Trivaka.

. Yw. Tlpérer ) dmiAdovoa Tiis SoBeloas vk Exet BUo plles Berikés. A, A> 2.
. Y. N& kofoploere T& pdonua Té@v A kal a=A—1 y1& Tls Si&kpopes TparyuaTikés

Tipés ToUu A Kal v& xduete mivaka.

. Y, N& dmiduBel Srws ol &vtioTpoges 4ou PabBuol (8nA. vk BicipéoeTe pé té x? kal

1
v& Béoete X+ -—;:y).

. Y. *H Bofeloa elvar loodUvaun pé Thv (A—1)x*+2x—(A+1)> 0, émdTe dpyaldua-

ote dmws oThiv &oxnon 5.

T ™ 2m
. AT, «) x=2km, x=2|<'rrj:—3-, keZ, PB) x=2k'rr+-2—, x=2km+ j3—,keZ, Y) x=

™ 5 ™
=2k-rr-—1—2 x=2km+ VL keZ, &) x=2k'rr+—2—, x=2km, keZ.

. Ym. a) “H Sofeloa elvar foodlvaun ué Tdv nux(4Aouvix—2ouvx--A)=0. B) Elvar

Yeauuikt é§lowan.
ta—1
‘Y. ©frovps nux+4-ouvx=t, &mwéTe nNUX - oUVX =3 OmdTe Exouvue v loobliva-

un lowan t2-2At4-1=0.

2u+1
‘Y. N& Béoete epo= ut , OméTe Exete THY looBuvaun tlowon ouv(y + w)=0ouvw.

"Av X,,Xg elvan BUo plles Tis TeAeutadas, TéTE &WO [X,—X,y|= _12r_ v& Utrohoyloe-

Te THv EQW.

. Y. Aet§te &T1 ol plies ToU g(x) elven xad piges Tou f(x).

2. ‘Ym. ’Epyadfelte dwws wal oThv TponyoUpsvn.

. ‘Yw. Xpnowomoifiote SiaBoxik&k Té ox. Horner yi& v& Ppelte Té6 Umdhotro Tiis

Braipboecos ToU f(x) ué 16 x—1 kal o ouvéxeia Té UdrorTro Tiis Brxipéoecos ToU T(X)
(TnAiko Tiis Tponyouuevns Biaploews) pé T x—1.

. Yw. Aet§te & g(1)=0, &olU yvwpllere &1 f(1)=0 kal w(1)=0 (&mwou m(x) Té

mnAlko Tiis Siapéoews ToU f(x) ué Té6 x—1).
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5. 'Ym. N& AdPere Umdyn &m1 (x—a) (x2=3x+4)+ v, =(x—P) (x*—4x+2)+ v,.
8. “Yw. N& Umoloyloete T& k kal A &wd Thv f,(X) * f,(x)=(x—a) (x—P)TW(X)+ xx+A
7. ‘Y. ‘Ywobéorte 811 x4+ 1=(x2+ux+v) (x2+mx+v;) kai wpasSioplor: T u
V,Hy, V.
8. ‘Y. ‘Yrmodéote 871 ol a,B,y elven piles Tiis iowoewss x3+kx+A=0, SnA.
@+ kPp+A=0, P?+xP+A=0 xaf y®+xy+A=0.
9. ‘Y. ‘H &mwobeiktéa yp&oerar [(py+pa+ - . . +pv)2—-2(p1pa+pPips +.--+ PPV
v (prtps +... Fp

10. ‘Y. N& A&PeTe Urdyn Tous TUTous Vieta xal TH &xéon moU Slvetan kai &md albrés
v& &radelpete T& py,peps. TAT. 2P3 427025 =9aPy.

11. "Av p, elvan 4 uéon &vdAoyos TGV p,ps 9& Exoupe p2=p, - p;. "Exouvne dxdua kaf
Tpels axéoels peTaly TRV py,pap, &6 ToUs TUTToUs Vieta, dmréte Ppioxovpe ThHV &ra-
Aelpovoa TRV Tegokpwv aUTdv oyéoewy.

12. ‘Y. N& A&Pete Uroyn Tols TUmous Vieta kaf v& Umrobéore &kdpa 811 py=—py#0 f§
Ps=—p3=0.

13. Y. "Av py,pa,ps Elvan ol piles ToU f(X), TéTe &wd ToUs TUTous Vieta Exouue

lal=lpy +ps+psl < Ipal+Ipal +1Psls IBI<IPal - 1Pal +Ipal * IPal+1Pal * lPal  x.TA

14. Yw. Of pdves pnés plles Ths ioooews x2'—1=0 elven ot 41. "OAes ol piles Tns

2k
Bivovran &mé Tév TUTO Xgx=oUV —ZV—" +inu_22L:T, k=0,1,2,- - - 2v—1 xal &vé& 0o el

v—I1 —
ven ovluyels myadikés, dmwédTte x3v—1 = (x2—1). T (x—x«) - (X—xx)
x=1

ﬂv_l

15. Yw. N& A&Pete Umdyn 611 14+x24x44 ... -{-x"'-’:f(,_1 K.T.A.

al—
16. ‘Ym. ’Agou oB,yeR # pla plle elven wperypatixd. "Amé T Sobeloa oxéon —_—|aﬁ|[ﬁl

- V2B <1 TpoximrTel o <2P kaf &wé THY TeAeutala p+ py?+pyt <0.

17. Yw. Ixnuariote T Siogopk f,(x)—I,_,(x) kaf Beifte 611 elvan Brcipeth pé 16 (1-x)2
AU ouppalvel yik v=1, v=2,...,v=v.

18. ‘Y. i) "Av [p|<] # dmodeiktéa elven pavepr. ii) "Av |p|>1, Té1e &mwéd THV

f(p)=p*+ ap?+Pp+y=0 madpvoupe |p® <jap?|+ |Ppl+|Y!
19. ‘Y. 'Awé v {(p)=0 malpvoupe a,p¥+ v 1p"! +...+ ap+ =0 #
AP Oy gp¥? + ...+ xpt+ag=—a,p’ KT.A.

20. ‘Y. N& AdPete Uwoyn 6T1 p¥+ayy p* ...+ ap+ap=0 f§ ayyp*- 1 +...+

+ oyp+ae=—p"

21. Am. @) 2<a<7_t§_‘/_.7—, B) l<a<2, y) d<lﬁa>%~(7+2\/7)-

22, ‘Y. "Av {(c)=I(B)=1(y)=1(8)=3, Té1e oxnuatioTe 16 WoAuwwupo F(x)=I(x)-3
xaf maparnpfiore 1 (x—a) | F(x), (x—B) | F(x) x.T.A.

23. Y. "Av p,,p.p; elvan of piles, TéTe XpnopowoifioTe THY TauTdéTnTa ToU Lagrange

y1& s Tpré8es Vp;, Vs, Vg kal ‘/ 1, ‘/ 1, ‘/ L ol AdPere Omoyn
P1 P2 Ps

Tous TUttous Vieta.
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1.5.1.

KE®AAAIO V

o) ‘Y. nux—nuy=£j__l < 2r| cuvx+y V3+ l<>2nu xz_yffvv_;- > V32+l
2
*ATT. elte keZ
g
y=—2k'rr——6- y——2k'rr—7
. x+y x—y _ V3 3
B) ‘Y. ouvx—ouwwy=— = <> 2nu n —<=_7
2 2 2
L 71
x=2k1'r+—2» x=2km+ 3
‘AT, .y keZ elTe , keZ
™
3 3 x=Kkmw+—
Y) YT nux nuy= <> ouv(x—y)—ouv(x+ Y)="5 'Am » keZ
y=—km+4+—
1
8) ‘Y. ouvx - owy=—"5" <> ow(x+y)+ouv(x-y)=-1.
x=k1'r+2T“ x=k
AT, , keZ elte , keZ
21
y=kmw y=km— 5
_ - _+X Xy —
X ouvx Vi ouwx—ouvy —V3-] 2nu e 2 —\/3—1
3 T ——=—V3<e =— > = —
ouv, ouVX +ouv — vy -
y y 3+1 2ouv x+ycuv)—(—¥ V3l
2 2
x=km— %
*ATr, , keZ
=—km+ 2r
y 3
e g TMxAty)
or’) ‘Yr.epx+epy=I <> Sovxouvy L.
x=km+ - x=kr
'AT. , keZ ¢ite keZ
™
y=—km y=—xn+-—

3—}—4\/5' @l—crzuv2x i 1—ouv2y — 3+v3 -

2 4
<> Owv2x + ouwly = Lﬁ

2

&) Ym. nuix+nuty=

195



x=km + % X = k'_n'— %
‘AT, , keZ elre 5o’ keZ.

L1 L

=—kv— ¢ y=—kT+To
i s

3 =7 x=73

2. Yw. 4nuxouwwy=3 < nu(X+y)+nux-y) = TN ‘AT, y_7" elre 13
=% Y=

3. ) ‘Y. Elvan TpwToP&buio oUortnua ds mrpds nux, ouvy

x+2y- 5 ——-2y
p) “Ym. 3 [
uX+nu3y=7 —2y +nudy= &
g
X=5— 2y x=" —2y
- 3 Py 3 K.T.A.
wv2y+nu3y = 7 l—2nu”}’+ 31‘1“}’—41'1“8}’ ._2—
3 x4+ X-y 3
nuX+nuy = —5- 2"1“"2_}"’” 2 -2
y) Y. V3 had v3 =
ouvx+ aw}’———; 20w 2 HY XT_y' = —21

x+y x-y 3
MuTTOwWy =7
<> KA.

1 1
4. 'Yw. N& Ofoere aq)x—@ xal cr<py=E(Ty,
5. «) 'Ym. Elvat wpwroPdbuio olornua &s mpds nux, owy. ‘H &mwodelpovoa elvan
(Bayr—PryD)?+ (o1 75— Y1) = (2, Py—sB1)®.
B) ‘Yw. Awé Té mpwroPdiuio cUoTnua bs wpds pv3 Ppeite T& nux kal ouvx. ‘H
drahelpovoa elven p24v2=A?

Y) At ‘H &maielpovoa elvar epa - (cpp—epy)=1.

7 11
24. 1. o) "Am. 2k 5 <x<Zkmt —6—“, keZ
B) ’Am. 2kw4+ —& <x<2k'rr—|- 4 , keZ
™ 47
y) ’Arm. 2km<x <2km+ 3 elTe (2k+l)'rr<x<2k'rr+T, keZ.

7 ks
8) ’Am. 2kw+4 — <x<2k'rr+ eiTe 2k'rr+-g <x<@k+1m+ -—2--,kEZ.

2. Y. ‘H Bobeloa ypageran: (nux—1) (2nux—1)>0.
3. ‘Yw. Elvan nux+nux+1> 0 y1& SAa t& 16§ x. *Epyacbeire 6'rrws o1é Toapddayna 1
Tiis 2.3.
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6.

.o amxe (5. 35) o (O o) 1) (2 gz)u(%_v 2m),

18' 18 18 ' 18
;321 33w
ul 18'W)
, ™ _2lr ZE 8_'rr 137 14w 197 20T 257 26T
B) "Am. xe (15' 15)U(15,' 15)U(ﬁ'T§)U(‘E'Ts‘)U(ﬁ' ‘1?)

. ‘Y. ‘H 8Sobeloa elvar looBuvapn wé Thv

3
Gnux—1)? - 2nux—1) ~cuv(x— -L—r—)> 0, x#kw+ —4“—, keZ

. o) Té avornua elvan looblvapo ué 16

———:fv(: ju}\’;)y = {2'1“(X+Y>=amw<x+y>+awv(x-y>}
2nuxnuy=2p ouv(x-y)-ouv(X+y)=2p
ouvX - ouvy %0 ouvx * ouvy #0

B) Té oVornua elvar ouupeTpikd kol ylvetat looBuvapo pé 16

X+y X-y
=35 aw—2~=}\nua

. a) Agatpdvras &d TAV TpdoTn TH BelTepn kal &md TH BelTepn Ty TpiTn Taipvouue

Té {gobivauo cUoTnua: np?x+nuly=1+nuz

(nuz-npx) (nux+npz+1)=0
(nuy—nux) (nux+nuy +1)=0
B) *Aw. Ol Aomis Slvovtar &mwéd T& SAyePpikd ovoThpara

g
x+y=2kw+4 vy
g
X-y=2Am+4 vy

X
Y) ‘Y. ©foTe % = &%y = %‘o = A, OwdTe elvoan A=+41.

2 2
. @) 'A'rr.i+—a—=l

u
3

v
3
(VE2) +(VER)
noan (5 +8) - (Fr8) =+
§) 'Am. 27a%p? = (l-o2—p2)?

B) *Am.

E |

L I 237 ,
. a) A 2k'rr+7 <x<2km+ 17 elre 2k-rr+—1—2<x<(2k+l)'rr, keZ

B) ‘Yw. N& Oécﬂe—:—zy, dtrdTe f) Bobeloa ypdpeTan:
2ouv2y—mp3y—2> 0.

y) ‘Yw. Bpeite ToU ouvaAnfebouv ol &vicwoes:
[20wx—l> 0 elve 2ouvx—1 <0
x—2>0 x-2<0

“Y1r. ‘H Sofeloa elvan looblvaun pé thv &vicwon
108,25 (NU3X) > log,a5 (3nux—2) <> nudx> 3nux—2>0
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