Differential Forms in Algebraic Topology
A tic-tac-toe proof of the Kiinneth formula
Kohoyepric Iodvvng

1  Tevixevpevn apy” Mayer-Vietoris
1.1  AvadiatOnwon tng axolouvdiag Mayer-Vietoris

‘Eotw U xou V' 800 avorytd cOvola yiag torhamhotntag. I'vwplloupe dti and tny axohouvdio v eyxAelouodv:

UUV «—UuV ===—=UuUnV
npoxVnTEL Yol axplBric axoroudior cupmhéxwy (Mayer-Vietoris sequence)
0 — QUUV) — QU)W (V) — *(UNV) —> 0

EfSaye 611 and tnv avtiotoyn paxed axp3 axohouvdio

. ——> HY(UUV) —> HY(U)® HY(V) —> HI(UNV) —> HH({UUV) —> -

pmopolue vo utohoyioouue T cuvoporoyio T évwang U UV av yvwplloude tn cuvouoloyio Twy avolytody
ouvorwy U xou V. Xtny evémnta auth Yo yevixeboouue tnv axoroudio Mayer-Vietoris oe aprduriowo mirdog
OVOLY TV GUVORLV.

Apyd, Yo Seiouvye ) Swdwacia yia 800 clvora. Eotw U= {U, V}. Oewpolye to dimhd olpmioxo

CH(8,07) = BKP = S0P (4, Q) &
omov,

K% =%, Q) = QUU) @ QUV) (2)

Kb =ChU, Q) =QuUnV) (3)

KPi=0, p>2 4)

To duth6 clumhoxo doétel 600 Blaopixols TeheaTég, TNV e€wTepin)| TapdywYo d TNy xataxdpuyn die-
Oduvon xau tov TeAes T Sapopdc § oty opldvTia, 6Twe Qalvovtal oto oynua 1.
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Syhue 1:

Ot tedeotéc d xan 0 elvon ave€dptntol peto€d toug xou enopévee petatidevtal. Xe autr vy neplntwor, and
10 dimhd Badpwtd cdumhoxo K** e toug uetadetinolc TEAEOTEG, UTOPOVUE VO XUTAOXEUGGOUUE €Val UOVE



Barbuwtd cvumhoxo K* uéow tng ddpoione tewv otolyelwy xatd Tic avtdloywvioug, dnhadh K™ = @pyq=n K9,
OTLS PolVETOL GTO oy o 2.
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Sy 2:

O Buwgopinde teheothic Tou ouunhéxou K™ eivaw 0 D = § + (—1)Pd méve otor KP9. Synuotind, €Youpe To
oaxdhoudo petadetxd Sudypoppor mou cuvdéer ta (M) xon C* (LU, Q2*):

Q*(M) — C*U, Q%)
d D
Q% (M) — C*U, Q%)

Syhua 3:

Me r: Q*(M) — Q*(U) @ Q(V) C C*(U, ) o neplopiopdc towv wopphyv. Xwpele anddelln, diveton o to
TapaxdTe VEmpnuo:

Oevpnpa 1. To dimhé clumhoxo C* (U, %) uroloyilel tn ouvoporoyia de Rham tne molamhétntac M

1.2 Tevixevor oe apripufoiprou TARYoug avolytd cOVoAa

‘Eotw nodhamhétnta M pe xéhogpa U = {U, tae s ve J aprdufiowo, dnepo A un. Ltny nepinteorn auth €Xouue
TNV TOEOXAT oaxohoudia EYUAELOUMY
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M Ve a0 Hag<ar Uagas 2 Hao<ar<as Uaoaras =
1
6mou pe J; oupPBoiiletan 1 évieon mou ayvoel To i-c0VORo, YLot ToEddELY oL
a0 : Ua0a1a2 — Ualoéz (5)

H noapandve axohoudio eyxleloydtonv endyel Ty axohovdio TEQLOPLOUDY TWVY LORPEOV:



do

5o 5 .
V(M) —— [19(Uay) 5::1 [ao<ar ¥ (Uagar) I:; Hap<ar<as " Wagaran) =5 -+
EBe, yio mopddetypa, o neploplopos dg elvar autdc mou oyetileton Ye tny évideon
9 : [ [ Uasy = Usy (6)
XL CUYXEXPULEVQ,
Go : " (Upy) = " (Uapy) (7)

Tevixdtepa, pnopolue vo opicoupe éva teheoty Blagopds 6 we e€hc. Av w € [[Q¥(Uyy..a,) 10T M W éxel
CUWNOTOOES Wayg-.ap € N (Usg. ) XU

p+1 ‘
((sw)ao-uap+1 = Z(_l)lwao---d-n-a;ﬂ_l (8)
1=0

IMTpétaom 1. (The Generalized Mayer-Vietoris Sequence) H axoloudia

0 —— Q*(M) — HQ*(U%) s HQ*(Uaom) s HQ*(Uaoamz) s

elvon oepBric, Snhadn 1 d-cuvouoroyio Tou cuumhéxou edapavileton TOUTOTIXA.
‘Opota ye v nponyoduevn mepintwon mou elyoue 800 cbvora U,V xou €8¢ punopolye vo oploovpe ta

K7t =CP(1,Q7) = [[ 2 (Uag--a) (9)

10 onolo anotekelton and TC P-ocuvaALGIBES Tou xohlupotoc U e Twée ot g-popéc. Kal €8¢ o Slapopinde
teheothc oplleton we D = § + (—1)Pd. Tymuatind €yovyue

g1

0 —Q¥M) = | K> | K2

OﬂQl(M):—’ KO.l Kl..l

0_‘QO(M)_'. K0.0 KI,O

Dy 4:
Optowoeg 1. To dithé obumhoxo

CT (8L, Q) = @y g0 CP (U, Q) (10)

ovoudletan Cech — de Rham GUUTAOXO Xal Ta GTOLYEl TOU XOAOVVTAL CUVIAUGIDES Cech — de Rham
Kotd avuiotowyia ye to abunioxo de Rham, n g-C'ech cuvoporoyio oplleton ¢¢

Z9(4,9%)

~ Ba(4, Q)

‘Onou Z(4, Q*) To clvoho Ty g — cocycle xoar BI(U, Q%) to chvolo twv ¢ — coboundaries

HEH{C™ (4, Q%))
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Yyfua 5: D-cocycle ¢ =a+b+c
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Eyfua 6: D-coboundary ¢ =a+b+c

IMpdtaon 2. (Fevixeupévn opyh Mayer-Vietoris) Aodeicac moloamhdtntac M pe xdhvppo U = {U,}, o
Bimh6 odumhoxo C* (LU, 2*) vroloyilet tn ocuvopodroyin de Rham tne M. Ilo cuyxexpyéva, o TEPLOPLOUOC
r: QN (M) — C* (U, Q%) endyel ToV LOOULOPPLOUS GUVOPONOYLOV:

s H (M) — Hp{C*(8,Q%)} (12)

ITépiopa 1. Av 6hec ol ypopuéc Tou Bleupupévou dimhol cuunioxou eivon axplBeic, toéte 1 D-cuvopoloyia
TOU CUUTAGXOL €lval LooPopEPLXY| PE TN GUVOROAoYid TNS APy NS OTHANS.

Mnogolue va dieupivoupe tepantépw xdie oTHAN Tou TO TéVK Tivoxa PEGK TOU TURHVOL TOU X4Tw PEEOUS
tou, 1ou 1o oupPoiiloupe pe C* (LU, R). O Swvuopotindc ydpoc CPU, R anoteleiton and Tic CUVAPTAOELS TOU
elvau otadepéc otic (p + 1)-thdoieg touéc Uyg...a,- To amoteléopa g xotaoxeunc authc diveton oto oyrfua 7

q
0— QXM | [10%U,,)
0— Q‘(M) — HQ‘(UW)
0— QM) — | TIQU.) |T19°Wepar) | TIQUeagay 2r)

i1 it i1 p
UL R) — C'U,R) — CHU R —
1 ! 1

0 0 0

Syhue 7:



Oplopoc 2. H tekevtala yoouun
CO(S,R) —> CH8LR) —> C2(Y,R) —>> ...

elvan évar Slapopnd clumhoxo xou 1 aviiotolyn cuvogohoyia touv H* (LU, R) xodeiton Cech cuvouoloyla Tou
xaAOppatog L.

IMopiopa 2. Av o Sieupuyéves othrec Tou ouunhéxouv C* (L Q) elvon axpiBelc, téte oylel o axdrovdog
LOOHOPPLOUOG

H*(U,R) ~ Hp{C*(U,Q2*)} (13)
Téhog, xhelvouue auTd TO XEQPIAAO UE TNV THPATARNOT OTL OE €val XUAG XTALPUA, Ol DleLpLUEVES OTAAES
elvon oxpifBelc xou €tol Loy Vel 1 mapandve TedTaoT, 1) omolo wog Aéel xou pe Bdomn o mponyolueva Ot

H*(U,R) ~ Hp{C*(U,Q")} ~ Hr(M) (14)

Eniong, n Cech cuvoporoyia eivan 1 diat yior x&de xahd xdhuppa 8 tou M.

2 Amnewxovicelg LETAEY TOAAATAOTATOYV

'Eotw m: E — M wa anexévion petofld noMamhothtov. Eva xdhuppe 8 e M endryer évar xdhupua 714
oto E xou toydouv oL axdroudol eyxhetoyol:

E «—— Hﬂfan D S— Hﬂfan = ...

M [[Ua

HUaB ...

Tevind, Uy, NUpg # @ dev ouvendyeton 6t 11U, N U # @. ‘Opowce, av 1 7 elvon empopplopée, T6T€ ot 800
TPOTAOELS EIVOL LOOBUVAUES XOL AUTO CUVETAYETOL OTL 1] GUVBLAUOTIXY TV UTOGUVOAWY TV XaALUpdTtev o elvon
7 Bl Xe auth T teplntwo, To Simhé clunAoxo Tou avtloTeo@ou xaAbpuatoc urtoroyilel tn cuvopoloyia
tou E, 1 onola oyetileton pe 1 cuvouoroyio Tou M, xodedc To avTioTeopo XGAUUUO TEOERYETOL 06 TO XAAUUUL
e M.

Q¢ mopdderypo epapuoyhc Tou avtioTpopou xohlupatog T L vl T werétn ameovioewy avopépeTan TO
oxohovdo: I'vwpiloupe 6T n avtiotpopn edva evog xahol xaADUUOTOS SeV lvol amapalTnTa Evol XoAd XEAVUMAL,
ouwe ot pla dtavuopatixn déoun m 1 E — M eZaocpaiileton 1t To xdhuvupo Yo mopoével Xaho.

Ened n ouvoporoyia de Rham xadopiletan and éva xahd xdhuppa (dnwe eldope oty €. (14)), éneton
ot

Hpp(E) =~ Hpp(M) (15)

3 Kiunneth formula

IMpoétaon 3. (Kiinneth formula) Av M xoa F' 800 molhamhétniee xou 1 F éyel nencpaouévne didotoong
ouvouoroyia, tote 1 cuvoporoyio de Rham tou yivouévou M x F da elvou:

H*(M x F) = H*(M) ® H*(F) (16)



3.1 Idca tng andodegng

‘Eotw U = {Ua} éva xohd xdhuppe yioe v M xon 7 : M x F' — M 7 npoolf otov npdto napdyovta. Toéte,
N M = {7710, } elvor éva xdduppa tne E = M x F, éyu amopoitnta %006, Mnopolpe va opicouue tnv
amewbvion m avdpeoo ot C* (8 Q%) xow C* (8L Q%) mou elvor o pullback twv dlopopxdy Loppdv oo
avolytéd chvoAo.

C* (=14, Q)

ol

C* (4, Q%)

Emléyouue o Bdon tov H*(F), ot {[wa]} e avTinpoodnous Tic Slapopnéc noppéc wy. Tote unopolue
VO XOTUOXEVACOVUE W OTEXOVIOT UETAEY TeV BITAGY CUUTAOXWY

C*(n= 14, Q)

x
WUT

H*(F) @ Cr(U, Q)

w¢ e8ng
mi(wa] ® ) = p*wa AP (17)
6mou p 1 TEoPoly| 6TO VAL
E—L>F
M

xan p* to pullback autc.

Enewdd o H*(F) elvan Sravuopatinde yopoc, 16te T0 yivopevo H* (F)@ C* (4, Q%) da elvon évac aprdudc and
avtiypapo tou C* (L, QF) % o diagopixde teheathic D tou dimhol ouunhéxouv C* (U, %) endyel éva teleoTy
oto H*(F) @ C* (4, %), v tou onolou 11 cuvoporoyia Yo toydet

H*(F) @ Hp{C™(4,9Q")} = H*(F) ® H" (M) (18)

Kou enedr) 1 D—ouvopohroyla tou C* (1, Q*) elvon 1obuoppn pe v H*(E), av deifovue 6T n 7y

C*(m~ 14, Q%)
-
H*(F) @ C* (U, Q%)
endryel €vay Looopgiond otny D—ouvouoroyia, téte o tinog tou Kiinneth npoxintel dueca. H anddeln avutr

ywetleton ot dvo Pruata.

Brjpa 1 Apyud o 8ei&oupe 6L yiar éva xohd wdhuppa U, 1 omewdvion g endyet €va oogoppoud oty Hy tewv
800 CUUTAOXWY.
Arnddeaén

H p-oot otfikn tou CP(r~ 14U, %) anotekeltan omd poppéc otic (p+ 1)-mhdotec topés [ Uqg-.a, %ot
Tou CP (4, %) and popyéc ota [[ Uny-..a,- H d-cuvopoloyia tou CP (L, Q%) eivon n

2 (' Uapoa,) = H*(F) @ [ [ H* (Uagar,) (19)



Bruo 2

8161t 10 Ung..-a,) Ebvol cUGTAATO xou dpat €xel tetpupévn ouvoporoyia H* (Usg...a,) Xt 0 (1 Ugsq. )
elva opotomxd pe to F, pe anotéheoya xal To 600 ox€An TN mopoamdve eElowong va elval toopop@d
ue tov H*(F). O wouopploude divetar and to elwtepnd yivépevo twv pullbacks émwe to opioaye
Tponyouuévae. Emouévec, 1wy endyel évav toopopplopé tne d-cuvopohoyiag tou C* (1 Q%) xou
H*(F) ® C*(4U, %)

‘Otav évac opopoppiopde f+ K — K', énou K, K’ Sunhd cOunhoxo endyel évov Hy-oopoppiond, toTe
endryer xou évav Hp-toopopgioud. (Me tov 6po opopoppopd petadd SITAGY cUUTAOXMY, EVVOOUUE EVay
OUOUOPPLOS BLOVUCHOTIXGDV YWpwY, 0 onolog Swatneel toug ouePaduole (p,q) (bidegrees) xan elvou
petadetinde ye tic d xou D).

Anédeitn

‘Eotw K xa K’ 800 clpmhoxa, xor €otw d to xatoxdpupa dapopxd xou D 1o cuvohixd Slapopixd.
Enione, untodétoupe éva popgpiousé f: K — K', o onolog endyel évav woopgopgloud otny d-cuvopohoyio.
Ac unotéoouyue enione ot to K xan K’ éyouv mencpaouéves un-undevixéc othhes. Autd oylel oTig
nepnTwoelg mou e€etdlouye SdTL To olunhoxo de Rham wpiog modlomhotntag €xel Tencpaouévo Pnxoq.

‘Eotw topa Ky xou K] vrnoclumioxa twv K xou K'| avtictouya, mou éxouv dhec Tic othrec Yetinod
Boduol xau €otw C xan C' ov npdteg othkes Tou K xan tou K'. Téte éyoupe to axdrovdo petodetind
OLAYPOUUO CUUTAOXWY

0 K s kg _25C 0
ool
0 K| s K 2> ¢ 0

6mou h évac povopopgloude Tou epgutelel ta K, K ota K, K’ xou g évoc empopgopde. Ioyler 6
Im(h) = ker(g), farhide C ~ K/Im(h). Enopévec, o ypoppeés etvar oxpiPeic axoloudies xou unopolye
VoL QTAEOUPE (Lol dmELpn OELpd axoAoUDLY

H; 1(C) —— Hi(K:) ——> Hj(K) ——> H;(C) ——> H;1(kK)

’ l l I

H;i1(C') —— Hi(K]) —> Hi(K') — H;(C') —— Hiu1(K1)

Ané v undleon yvwpiloupe bTu ta xatoxbpuga BN H;—1(C) — H;—1(C") xan H;(C) — H;(C') elvou
oopopgiopol. Enaywywd xataraBaivoupe 6t xon to Ben Hy (K1) — H; (K1) wow Hi11 (K1) = Hip1(K7)
o elvan oopoppiopol xadde ta K xou K{ €youv wo Aydtepn un-undevixr) otihn ond to K xon K.
Enopévac, pe Béon to 5-lemma éneton 611 xou H;(K) — H;(K') woopopgioudc.



