EPTAYIA YXTIXY ATAPOPIKEY MOPDOEX
Vector bundles

Anuntolog BapdakwnaoTtog

Opoudg (Awavuouatiki S€oun)
AoYeloac wag moAlaTtAdtntas M, C spayuatiki Stavucuatiki déoun
(real vector bundle) ovoudgovue o woAamAdtnto E yogl ue wa C° el
amewovion 7 E — M, av:

e yia kdde p € M n avtictpopn ewdva (fiber) 7=1(p) etvan évag
n-S1dGTATOS TTEAYUATIKOS SLOVUGULOTIKOS XWEOG.

e vIdEyel avoryti kdAvwn {U,} touv M TETOl0 OGTE Ol OITTEKROVIGELS
b : Y (U,) = U, x R®

va elval apeidtopopicelc.

To givoro {(U,, ¢a)a} TOU aTTOTEAELTAL OTTO TRV AWVOLXTA AUTA KAALYN KoL
TIC AVTIGTOLYES auELdLa@oQicels ovopdeton trivialization (ArAoToloVca Kd-
Avyn) tng Stavuvopatikig Séoung. Fevikd avtd to 6Uvolo Sev elvar wovadiko.

Ou aItekovioelg auTés TAYOUV aUELOLOPOQIGELS TNG LOQPNG:
¢t : Ua MUz x R* = U, N U x R
GTIS omoleg av gradegomouicovye €va onuelo tng U, N Us, TéTE n aIel-
Kkovion eivar €vag avtopoeelonds oto R™. Egtouévmg tovtigeton ye €vav
OVTIGTEEWLHLO TTIVAKA KOl QO ETTAYOVTOL Ol QITELKOVIGELG:
gap : U, NUg — GL(m]R)

SnAadn g,p () = ¢a¢§1|{x}xkn N aAM®OS OTL
¢a¢,§1(x7u) = (xagaﬁ(l')u) (1)



Ta gas Ovoudgoviow cuvapTricels petagpopds. (transition functions)

‘Etol n oudda GL(n,R) eivow wa structure group. Tevikd wa oudda eivon
structure group v IKOvVOITolel Tnv ToRAItdve Stadikacio ue tnv GL(n, R).

Oqpwoudg

e '‘Ectw U £va avoryté cvodo tov M. Mua Aela agewkovion s : U — E
koAeltal section (toun) tng SLOVLCUOTIKAG dEoung, av Loyvel ms = 1y.

Me Alya Adyto kdde section agteikovion s otéAvel kdde onuelo Tovu
U 7o fiber touv U wg Tog Tnv 7.

¢ '‘Eva 6Uvolo si,..,8, amd section agtewkovicels oto U ovoudgovtol
frame av ywa kdde p € U, ta $1(p), ..., $Sn(p) asotedovv wa pdon tov
Sravvouatikoy xdeov E, =1 (p).

Hagatrignon
OL GUVOQETAGELS UETAPOQRAS TNS SLOVUCUATIKAG SE0UNG kOVOTTOLOVV TNV
oxéon:

9ap © 9By = YGay
oto U, NUgNU,.

H oyéon avtni Byaivel evkola kottdviag tnv axéan (1).
Anpua
Av Ta g5 TEOEEXOVTAL aTtd £va dAo trivialization {¢y}, Téte vITdEXOULV
Ao : Uy = GL(n,R) 1éT0lEC DOTE:
dap = )\ag;g)\gl
coto U, NUg.
ATtodergn.
Ipoavag, vitdeyouv A, : U, — GL(n,R) té€tolec hate
¢a = AaQS:L

Emouévwg, €xouye:
Gap = ¢a¢51 = )\a%%_l)\gl = )‘ag:zﬁ)‘gl



* Ta gas, g;/g ovoud.covtol tgoduvaua.

IHoagatngnon

Ioyvel KOl TO AVTIGTEOPO WG TIEOS TNV TTEONYOUUEVI TTAQATAENGN. AV WS
Sivovtan cocycles gq5 : U, N Us — GL(n,R), 1é1e YiwroQovye Vo KATOGKEVA-
covye wa SlavuouoTikil déoun E TT0U va £XEL T g3 GUVAQTAGELS UETAPORAS
Tou.

"Eva stapdderyua etvar va stdoouue
E = (I1,U, x R™)/ ~ , ue oxéon goduvaylog

Va X R™ 3 (p,u) ~ (p,w) € Vg x R" avv w = g,pu.

Oqwopot

¢ 'Evag ogouo@lopuos yetagd dvo Stavuouotikdv deocuwv f : By — Ea
KkoAelton agreikovion 6éounc av eivor wa Aeio GuvdeTnon JTov Stortnel
Ta fibers, SnAadn woxvel mo f = 7.

e Aodévtog wag dravuouatikig déoung E ue cocycle {gqp}, witogovue
va Beovue tgodlvaua cocycle Ttou JTaipvouv TWES GE Wil vITooudda
H wng GL(n,R). Téte Aéue o n structure group Touv E umoeel va
TeploQlatel gty H.

¢ M Stavuouatiki déoun eivar stgocavatodiciyun av n structure group
utoeel va Ttepropuotel oty GL™ (n, R).

e 'Eva trivialization (U,, ¢4)s TOU E glvol stpocavatodiciyuo, av yio kdde
a, B 10 gup €xel YeTIKN opltovoa.

¢ AvVo TpocavatoMcuéva trivializations (Ug, ¢a)a, (Va, ¥s)s Aéyovron
ooSvvaua av yo kdde x € U, N V3, n ¢, 0 wgl(x) : R™ — R™ éyel
Yetikn oplcovaa.

Hapatngnon

Ipo@avag o TeAevuTalog 0pLGUOS elval Uia GxEon 1eoduvauios kot Siapeitet
TO GUVOAO TV TTEOGAVOTOMGUEV®Y trivializations e §Vo kAdGelS lGoduva-
ulog, ek Twv omoiwv n kdde wa ovoud.tetal TTROGOVATOAMGUOS Tov E.



Haedderyua (Epoasttouevn déoun)
"Ectw M wo stoAAaTtAdTRTO.
Oplcovue we epamtduevn déoun (tangent bundle) Touv M:

™ = \J T,M
peEM
"Eotw (U, 1) évag dthag tov M. Téte n apgidiogpdoion ¢, : U, =N R™,
ETAYEL TNV OTTELKOVION:
W Ty, — T 2 R2M

n ogrola elvar €€lGov apEdia@doplon Kol €TGL UITopovUe Vo Jtdpovue €va
ToTkO trivialization tov TM.

ATt6 avTd ugtogovue va dovue OTL, av £xouue 800 xAQteS (U, ¢4 ), (Us, ),
Ol GUVOQTAGELS LeTapods Tov TM eivar tng woeenc D(dso, ) (da(x)) yia
kdde z € U, NUg ko doa tavticovton ge Toug Jacobi Tivakes Twv guvae-
TAGEMV UETOPOQEAS TnG M.

Emduévwg, n M etvor TTQoGavATOAGIUN avy n e@atttouevn déaun elvat.

e Oa deffovue OTL n structure group ke ITTEAYUATIKAS SLOVUGULATIKAG
déounc E ugtopel va Ttegoguatel atnv O(n).
Apykd da epodidcouvue tnv woAdamAdtnta E pe wo Soun Riemann.
‘Ectew wa avoyyti kdAvyn {U,} tov M ®cte va trivialize 1o E. Xe
kdde U, emléyw €va frame oto Ey, kol opltw vo eivor opdokavo-
viko. Emouévag, oe kdde Ey, opltetanl wa uetoikn Riemann <, >y,
KOL £TTOUEVMS UEGH TNG OLaUéQLong Tng Lovddog €Eac@oAltm wo Le-
Tewkn Riemann Ge 6An tnv sTOAAATTAGTRTA.

Qg trivializations, av Tdeovue WOVO TIC OTTEIKOVIGELS ¢, TTOU 0QTUO-
kavovikd frames tov E 6e opdoravovikd frames tou R”, t0Te Ta g4p
Ya Srotnpovv opdokavovikd frames kou eouévag da JTaipvouv Teég
oto O(n). Emiong av ta g,z €xovv detkii oplcovoa, tote da mailpvouy
Twés atnv SO(n). ‘Etol amodelydnke n sapakdtm mteoTacN:

IIedétaon

H structure group Wag JIQOYUWATIKAS SLOVUCGUOTIKIG Séoung TdEng n WItoQel
TAvta va Teproplatel gtnv oudda O(n). Mmogeel emiong va TwepLopLatel GTnv
SO(n) avv n Stavucuotiki déoun elival TTEOGOVOTOAMGYLN. a



e Tlpokewévou vo KatoAngouue Gto ¢ntovyevo Ttov efvan va delfovue
0Tl kdPe SravuouaTiki 6€oun WoG GUGTOATAS TTOAAITAOTRTOGS £lvoil
TeQUUUEVI, TO 0TTolo elval APKETA YERGLULO Yyia Tnv agtodetgn tov Thom
Isomorphism, da avagépovue KdATTOLO TTORASEIYULATA SLOVUGUATIKMOV
deoudv TOU KATOOKEVATOVTAL ATTd dAAeS Sravuouatikés déoueg:

‘Ectw E, E' 800 Siavucuatikés déoueg mwdvm amto to M tdeEng n,m
avTicToLyaL.
Evdv ddpowoua

To evd0 ddgowua F & B = Hpen(E, ® E},) ue Tov TROQOVA ETOQEL-
owo IT: E® E' — M elvon wa Stavucpatikin 6éoun touv M ue TdeEn n + m.

Ta trivializations {¢,} xka {¢,} tov E ko E' aviicToya, emdyouvv emd-
youv €va ToTikd trivialization oto E @ E':

b ® ¢, : E® E'|yg — Uy x RHM
ue:

(¢a D qbg)(”h ul) = (H(u7 ul)7 (FR" o ¢a(u>7 TRm © d)a(u/)))

Eqtiong av gags, g, €lvar cuvatioels uetagods tov E, E' avtictoya, tote
n emayouevn guvdetnon petamoedg Tov E @ E' etvar o gtivakag:

95 0 c GL(n +m,R)
0 G

Tavuotwkd Tvduevo:

To tovuoTikd ywduevo F @ E' wa Swavvoyatiki déoun tov M tdEng nm,
ng omolag ywa kdde p € M o fiber Ya eivan E), @ E,.

Eztiong €yel GuvaQTioels Uetapoeds g WoRENS g.s ® gos € GL(nm, R).
Hom 8¢oun:

O Hom(E,E') 2 E* @ E' etvou o dwavuouatiki déoun touv M kAl yio
kdde p € M 7o fiber tng elvow {f : £, — E,| f yoouwxn}.



Avikdg hEOG:

To E* = Hom(E,R) elvan wa Stavucuatiki d€oun tov M.
Av ta ¢, : Ely, = U, x R™ elvan €va trivialization tov E, td1e TOl

(¢5)~t: E*|U, — U, x (R™)* amotedovv éva trivialization touv E*.
Ot GUVOQTNGELS LETOPOQEAS elval:

(@2) 7105 = ((05)~¢2) " = (05 1)708) " = (¢t ")) ™" = (g55) "

Pullback Stavvuouatikn déoun:

‘Ectw M,N 800 molMomAdtnteg kot © : E — M wa Sovuouotikin §¢-
oun tov M. Téte kdde amewovion f : N — M emdyer pio SLOVUGULOTIKI
8éoun f~1E touv N n omoia ovoudteton pullback tov E g TQog T f.

To f~1E oplteton va glvar to GOvoro {(n,e) : f(n) =w(e)} C N x E.

Ipopavag eivar To LWOVASIKO UEYLGTIKO VITOGUVOAO ITOU KAVEL TO ITOQOL-
KdTw Sidypauuo peTodeTiko:

f'\E——F

|k

NﬁM

To fiber Tov f~'E wg mEog €va cnueio n € N, eivar 1G6UoPo ue 0 Ey(,),
apov

(f 7' E)n ={(n,e) : f(n) =7(e)} = {(n,€) 1 € € By} = Eyn)

‘Etot, 1o f1E elvon ToTkd TeQuuuévo kat doa eivan wio Stovucuatiki, 8¢-
oun. Emiong, av €yovue TG OITELKOVIGELS

f:M'"— M xag: M — M, tdte woyvel Ot
(go H)T'E= [ g 'E) (2)
a@oV Ym € M":

(FH9T E)m Z (97 E) f(m) = Eg(5(m)) = E(gopyom) = (g0 /)T E)m



(gof)'E——E

M — M
fT'9'E) —— g'FE —— E

! l !

M" — M —— M

e OQzwpovue Vecty, (M) oS To GUVOLO T®V LGOLORP®OV KAAGE®V TOV TAENG
k StovuouoTik@v Tov decu®v Tou M, To oTtolo elvan €va pointed set
ue base point va etval n 1GouoEEn KAAGN Tov SeGumv-yvouevo tov M.
Ewiong, av f: M — N wo amwekovion Uetagd §0o ToAATAOTATOV,
opltovue Vecty(f) = f~1 va elvou n pullback astewdvion g
SLovueUATIKES BEGUEG.

Emouévwg, Adym tng (2), o Vecty() elvar évag avtaAlolwtog Guvoe-
TNTAG AT TNV KATNYoEl0 TV TTOAAAITTAOTATOV GTNV KOTNyoelo Tov
pointed sets.

IHagatngnon

Av ta {U,} elvon wa trivializing avouyth kdAvyn ywa to E, téte ta {f~1U,}
elvau wa trivializing avouyth kdAvyn yio to f~1E mdveo agtd to N ko toyvet
(f'B)f-1v, = fH(El,) apod:

o (f_lE)\qua ={(n,e) € f7U, x E: f(n) =7(e)} =
{(n,e) € f7U, x E:7(e) = f(n) e U,} =
{(n,e) € f'U, x E|y, : f(n) =n(e)}

s [7HElv,) ={(n,e) € N x Ely, : f(n) =7(e)} =
{(n,e) € N x E|y, : f(n) =n(e) € U,
{(n,e) € f~U, x E|y, : f(n) =7(e)}

ETtouévmg, ol GUVOQTAGELS UETAPOQRAS VAl OL f*g,s = gap © f, APOV:



av ¢, : Ely, = Uy, x R™ ue ¢q(e) = (w(e), ga(e)), 1dTE TTAlpVOUUE

FHElw) = (F7E) v, — f U0 x R ye
(. €) — (n, da(e))

KoL dea n ouvdetnon uetagods e f1E ato U, N Us eivan

(@0 © d5)(£(n)) = (f*gap) ()

BOecdonua (OLoTOTIKA WOIOTRTA TV SLAVUGUATIKOV SEGULMOV)

"EcTo Y o GuUIToyng ToAAAITAGTRTO Ko X (wa TTOAAQITTAGTRTO. AV
fi,f2 1 Y = X elvar 800 OUOTOTIIKES ATTEKOVIGELS KO E ULl SLOVUGULOTIKI
d8éoun touv X, tdte

E= B
,ONAOSH Ol OUOTOTIIKES AITTELKOVIGELS ETTAYOUV LGOUOQPES SEGUEG.
ATddeien.

I'vwpigouye 6Tt av V, W eivan Stavuouatikés Séaueg tdgng k wog B, 1dte To
Hom(V,W) eivon wa Stavucpatiki déoun tov B, ue fibers To givodo dAwv
TOV YOOUWIK®V aTtelkovicewy aTtd to V, ato W), yia kdde p € B.

Opltovue Iso(V, W) va eivar o vtogivoro tov Hom(V, W) tov omolov To
fiber asmotedeltan amwd GAovg Toug LGopoEEoUOVS amtd to V, ato W, yia
kdde p € B.

Emouévwg, to Iso(V, W) elvon €va fiber bundle ue fiber GL(k,R).

"Etol kdde woouopeiouds amd to V gto W elvan €va section tov Iso(V, W).
‘Eoto f:Y x I — X wa oyotoTmiat Twv f1, fo ko €0Tw 7 : Y X1 —-Y n
(PUGLKN TTEOROAN.

"Ectw OTL ylo KAITTo0 to €Xouue ftglE >~ F, yio kdgtola Stavuouatiki Séaun
FtovY.

Ta f~'E, 77 'F eivon pullback Stovucuatikég éoues tov Y x I, Kot opov
flE=F, wte n Iso(f~'E,n~'F) éxer éva section 6o Y x to. Emopévac,
elvow kow section tov Hom(f~'E, 771 F). ApoU n'Y cuustayig, téte to Y X tg
KOAUTTTETAL OTto JreTteQacuéva to wAndog trivializing avouytd ciUvola yia
10 Hom(f'E,771F). Kaddg kdde fiber tov Hom(f1E, 7~ 1F) eivax ev-
KkAeldel0¢ xwEog, n section 6to Y X ¢y wiropel va emektodel oe plo section
tov Hom(f 'E,77'F) 610 GOVOAO TV TIETMEQACUEVOV QVOLYTOV GUVOA®DV
TOU elTTauEe TTELV.

E@podcov kdde ypouukn aseikovion ToA) Kovid Ge €vav LGouoQ@loul &i-
VOl LGOUoQRMLOUOS (Byaivel eUKOAQ OV KOLTAEOUUE TNV GUVEXH AITELKOVIGH
det : Hom(V,W) — R), 1dte ustogovue va erekTeivovue Thv UITAQYOUGA
section tou Iso(f~1E, 771 F) oe wa Awelda 1tou TTEQLEXEL TO Y X 1.



Etouévag, Adym cuutdyetag tov I éxovue 6Tl f; 'E = F yia kdde t € 1. O

Hoeatnenon
To Yecdpnua oyvel akdua kot av n Y eivar stopacuusayng. Emiong kdde
TOAAOTIAGTNTO €lval TTOQRAGUUITAYAC.

Apa, eTTAYETAL TO EEAC TTOQLGULOL:

Iégoua

Kdbe dravuopatikin Séoun wag GueTaltng stoAastAdtntog M elvan
TETEUUUEVIL.

AToderen.

Ymdpxovv f : {x} = M, g : M — {+} ©dcte fog ~ 1y Kl ETOUEVWS
aTtd To TTEONYOVUEVO JemoEnua:

E=(fog) ' E=g\(f"'E)

A@ov to f1E eivan Stavvouatikid 8éoun tov {*}, téte n Séoun elvon Te-
Towuévn, doa kou n g (f1E) 2 E. O



