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ABSTRACT: In this paper, we will construct an explicit formula of Thom class for
an arbitrary R2-bundle in local coordinates.
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1 Recall: Definition of the Thom Class

Let M be an m dimensional manifold and 7 : £ — M be an R" be an oriented
vector bundle. The Thom class ® of this vector bundle is defined as the image of 1
in H°(M) under the Thom isomorphism

F : HY(M) — HE™(B).

Proposition 1. The Thom class ® of the vector bundle given above is the unique
cohomology class on H™ (E) whose restriction to to each fiber F is the generator of

HY(F).

This means that ®|z is a bump form on the fiber with total integral 1.

2 The Global Angular Form, The Euler Class, and the Thom
Class

*Orientation: A top form on a manifold M is called positive if it is in the orientation
class of M.
The deformation retraction 7 : R™ — {0} — S™~! implies a group isomorphism

7L HH(SmY s H YR — {0)) (2.1)

The image of the generator o of H"1(S"7!), v = 7*c under this isomorphism is
called the angular form on R™ — {0}. If p(r) is a continuously increasing function of
the radius r which is —1 near 0 and 0 near infinity, dp(r) = %dr is a bump function
on R with total integral 1. Therefore, dp.1 is a compactly supported form on R™ and
(dp.v) is the generator of H'(R™). Since 1 is an element of the cohomology class,
dy = 0 and therefore, (dp.1)) = d(p.1)) = ® is the Thom class. To make sense of a
function of r, we have to endow the total space with a Riemannian structure.

< | >p=) pa<.| >a (2.2)



Now we will generalize this construction to general R? bundle. Let E° be the set of
all nonzero elements of the total space E of an R? vector bundle over a manifold M.
Locally, E°|y, has a frame 7*z1, ...T* Ty, Ta, 0o of Uy X R?. Note that we can always
find a local frame when we go from one local subspace U, to Us such that r, = r3
on the intersection U, N Up. However, the angular coordinate 6, will change with
some angle depending on local trivialization of the vector bundle unless the vector
bundle is trivial. Denote this change by an angle 7*¢,3 where 0 < ¢,5 < 2.

05 = O + 7 o (2.3)

K pap 1s defined on the manifold M instead of the total space E. Because it kind
of depends on how curved the base space is.
Note that the ¢,5°s do not satisfy cocycle condition.

(baﬁ + (bﬂ'y - ¢a'y = 27T€a57 (24)

where €,3, € Z. dg.p clearly satisfies cocycle condition.
Define a 1-form on U,

1
goc = % Zy: p'ydgbav (25)

on open subset U, where {p,} is a partition of unity subordinate to the open cover

{Ua}-

On Ua N Ug
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£ —&a = o Z PrAdpy — m Z PrAPar (2.6)
g g
1
T on Z py(dosy — doasy) (2.7)
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1 1
= 5= D pylas = 5doag (2.8)
S

It follows that d€, = d{z on U, NUgz. It means that the local 2-forms which match on
the intersection can bu glued together to a global 2-form e on M. This global 2-form
e € H*(M) is called the Euler class.

It is easy to check that the Euler class is independent of choice of 1 form &,.

Now we can define the global angular form on E° which can be written in local
coordinates as follows:

o,

¢|Ua = % - W*fa (29)



The global angular form v is well-defined since

do 1 1 1
W vt = —dy — — 7oy — 7°Es + —debe 2.1
5~ T €a = gdis — 5" Gag — & + T dPap (2.10)
do;
_dbs 2.11
S (2.11)

on the intersection U, N Ug. Note that the restriction of the global angular 1-form
¥ to a fiber is the angular form %d@ and the global angular form is not closed:

dy = —m*d¢, = —7"e (2.12)

Remark 1. If the vector bundle s trivial, then the Fuler class vanishes and the
global angular form is closed.

The Euler class can be computed explicitly in terms of transition functions of the
total space E. Let go5 : Uy, N Usg — SO(2) be the transition functions. Since SO(2)
can be identified with U(1), we can think of g,s as the complex valued functions.

Since an arbitrary element of U(1) can be written as e? we have
* * 1
G = 0 = —7" 6o = 7 (= 108 gus) (2.13)
1
T dpas = —m"(=dlog gap) (2.14)
1
Since 7 is surjective, m* is injective and therefore
1
dpop = —=dlog gap (2.15)
1
Thus, the local 1-forms we defined before become
3 —iz do ——LZ d10g(g+a) (2.16)
O‘_27r’y'0w e 27m'7p7 Biha '
Therefore, the Euler class becomes
1
e(E) =dé, = ~5 Z/: d(p,d1og ga) (2.17)

on 7 1(U,).

Proposition 2. If f : N — M is a C*™ map between manifolds and E is an R?
oriented bundle on M, then

e(f'E) = f*e(E) (2.18)



proof : Since the transition of the f~'(F) bundle is by definition f*g.s and
pullback commutes with exterior derivative, it follows from the equation 2.15.

Now we can similarly define a cohomology class and show that it is in fact the
Thom class:

® = d(p(r)-¥) = dp(r).4 — p(r)7"(e) (2.19)
The fact that 1) is defined only on E° does not matter as dp(r) vanishes as r ap-

proaches 0.
Proporties of ¢

e ® has a compact support in each fiber.
e & is closed: d® = —dp.dy) — dp.dy

e restriction to each fiber has total integral 1
00 2m de
dp(r)5— = p(co) = p(0) =1 (2.20)
o Jo T

e the cohomology class of ® is independent of choice of p(r). Suppose p'(r) is
another function whose value is —1 near 0 and 0 near infinity. Then

®— ' =d((p—p)) (2.21)
Since (p — p').1) is a 1 form, it implies that the equivalence class of ® equals to
that of ¢’

Therefore, ® defines the Thom class.

Proposition 3. The pullback of the Thom class to M by zero section is the Fuler
class.

proof :
Let s : M — FE be the zero section. Then

s*® =d(p(0)).s"Y — p(0)s*t e =€ (2.22)

since s*m* = idy,.
Finally, we can write an explicit formula for the Thom class:

O = dp.a)p — pdip (2.23)
do,,
= — —7"dE, (2.24)
2
do,, 1,
=5 + —2m,7r ; p~d10g gop (2.25)
Thus,
do,, 1 .
o = d(ﬂg) + 5 _-dpm % PyA10g gap (2.26)



	Recall: Definition of the Thom Class 
	The Global Angular Form, The Euler Class, and the Thom Class

