0.1 ZX=ipéc.

Optop.ot.

‘BEotw G po opddo xow H pior xovovixyn DTooUEda NG, TOTE, WG YVWoTdy, oplletal
N opéda TAixo G/H. Evo artd tor TpoBAfuato/TpdxAnoy, Tou ovTlUeTwTi{ovUE, Elval TO
TeyG Oor ayTANooLUE” TTANPOPOPLES YLow TLG LOLOTNTES TNG OUAdAG G LEAETWOVTOG TLG opddeg H
xow G/H. I'evixdtepa, mdg B avtAnoovpe mAnpoopieg yia pLow omd g opédeg G, H, G/H
UAETOYTOG TLS GAAEG V0.

Otav Spwg éxovpe pLa opada G xor pio vroopado tng H, n omoio dev elval xovovixn,
TOTE, emeldn To TMAIX0 G/ H dev opiletal, avalntoldue ay DTTAEYEL Lo axoAoLOIo LTTOOUAS WY

H=H,<H,<{Hy-<H, <lH, = G, 6mov pe avtév T0v TpOTO0 VoL TpooEYyi{ovue
™y G.

[Mpocoyn! Kébe H, ;| eivor xovovixn otny emouévy tng H,, aAA& dev elvar xat’ ovdyxn
xovovixn otny oudda G.

Av vmapyel pLo tétotor axolovbio, téte avt) Oa ovopdletor (VTO)xAVOVIXY] GELPA pE
opLx6 6po TNy vroopdado H xal TeAxd 6po v oudda G, ol opddeg H, 1 /H,; to. Twnhixo
™™g oeLPaG, To O TAN0og n B ovopdletal To UN®Og TNG GELPAG.

EEvmaxovetal 6t oL dpoL pra oetpdc slvar drapopeTtixol petaEd tovg. Mepixée Qopéc,
Lo TEYVLXOVG AdYoug, Bor emLtpémovpe va Exovpe dVO dLadoytxods 6POLS (GOVC.

[Tty 6,TdNTOTE GANO VO SLELXPLYICOLUE OTL OTNY TEPITTWOY OTTOL X&be GPOG TNG OELPBS
elvot xavovixy voop.dda oty opdda G, ToTe éxovpe pLo xowvoviry] octpd. (TToAloi ovoupé-
POLY OAEG TLG OELPEG LTOV TOL E{30VE WG XOVOVLXEG oeLpéc. Edd Ha to Stevxpivilovue xabe
Qop&, 6Ty LTEEYEL xivdLvog Vo TTEOXANOEL GhYYLO.)

Meté toug 0pLopovg ot TLg SLELXELVIOELS, aG GOVUE UEPLXA EQWTAUXTO TTOL EYELPOVTOL.

1. Metakd plog voouddag H xot g opadoag G umopody LTTAPEOLY CELPES XL TTOTEG;

2. To pMxog do oeLpwyv eivor Tavtor oTobepo;

Ac doVpe pepuxd mopadelypoto.

‘BEotw G = (a) 7 dmetpn xoxhxn xoo H = (aP9"), émov p, q, r mpwtoL aptbuol, téte
umopoVue va Bpodue TOAEG oelpég LeTaED g H xow tng G. Ag dodpe peptnég €€ autwv:

[Mpopavdig 1 H < G elvan pLa xavovixy oeltpd. AAAG BAEmovpe Ot N

H < (aP) < G elvar prow dAAn oeLpd, dmme xo 1

H < (aP?) < (a?) < G. Ornwg BAémovpe xabe plo omd owTég TPOEPKETOL ATTd TNV
TLPOMYOVLEVY] TTOREUPANOVTAG EVOY EVOLALETO 6p0. AV OpwE TTPOOTTOONGOVILE 0TV TEASLTOLOL
oeLpd vo TopepPaiovpe (Yvnoiwg) dAhovg 6poug, Téte awTd dev eivar duvotdy (yroti;).

Meta amd avtég TG TopaTnENoELS oG OWooLUE dDO OPLOUOVG:

‘Botw H = Hy <] H, <] Hy - <|H, ; <{H, =G xo

H=K, <K <K, <K, <K,, =G dbo ostpéc.

H debtepn octpd B ovopdletor (Yvhoro) emtdémTuvey g TEWTNG, ov “mtpoépyetor”
oo TNY TEWTN OLa NG TOEEUPOANG xATTOLWY Opwy. Ay BEAOLUE YO TO EXPEATOVUE TUTILXAL.
H dedtepn elvon emAémtuvon g mpwtng av vTdEYoLY Gpol K; obtwg wote H, = K
(61ov ot deinteg xvovvtol avoddyws). ‘Omov, oL dpoL g dedtepng oeLpdg eivar Stapope-
Tixol petoEd toug xat n < m (g€ 0V To YvoLa). Tty TPITN GELPG GUWS GTO TTPONYOVUEVO
ToEAdeLYpo BAETTOLUE GTL dEV UTTOPOVE VO TOPEUPEAOLILE OPOVG WOTE VO ETTLTOYOVUE ULOL
Yvrota emtAémtuovon. H mepinttwon avt) vaxoVel otov €Eg 0pLopod:

Mo ostpa o ovopdletor ouvheTiny, av dev EMLIEYETOL YVNOLEG ETILAETTTOVOELG.

Yuvbetinég, toodVvapeg (Lodpoppess) oetpég

To gpd TN TTOL TPOXRVTTTEL ElvoL oy EXOLUE ULol OELPE, Xt TTOoOo popolpe pe (Stado-
YxéQ) ETAETTOVOELS Vo Bdoovpe oe pLor ouvBeTixy oelpd. Entiong, mog avoyvwpilovpe o
uLoe ogtpd elvor ouvbeTiny).



[Tpopavag, av €xovpe Ty OELPA

H=H,<lH <{Hy-<H, , <H, =G pemy H nenepaouévov dcixty, 16T 0L
umopel vo emtAetTuvlel oe pior cuYOETLXY OELPAL.

Ewduxdtepa, xdbe oclpd plag memepaouévng opndadog umopel va emtAettoviel o pLta cuv-
OeTinn oeLpd.

Av €yovpe Gpwg ™V dmelpn xOXAXN opddo G = (a), ToTte M oetpa 1 <] G dev pmopsel va
emhenttuvbel oe ovvBeTiny oetpd (yrorti;)

Mpoétaon 0.1.1. H cewoa H = Hy < Hy <| Hy - <| H,,_y <| H,, = G elvou ovvletixn av
xo povo av xabe mmAixo H, | /H, elvow oy ouador.

ArodeEn. Ymobetovpe 6Tl xabe TTNALXO elval otAn opdda, xow OTL LTTEEYOLY V0 dLadoyLxol
6pot H, |, H,, 6tov pmopodpe va mapepfarovpe yynolwg Ty vrooudda H, ; < K <| H,,
T6Te ot avtioTotyo TnAixa éxovpe K/H, , <| H;/H, | W& T OVLOWOELS YVVOLEG, ATOTTO.
Opota yioe To avTloTEOQO.
O

Ontwg eidape, av €xovpe dVO GELPEG, TOTE UTOPOVUE VAL TLG “OGUYXPIVOLUE” UE TO AV 7 UL
elvor eMAETTTUVON TNG GAATG.

Méotor 8¢ awtd T PETPOo aUYRELOMS TIPOPaVKS(;;) opilet wia oxéon peptxig SLdtaEng
070 OULVOAO TwY oelpwy (Le ™V (SLor apyf xow To (SLo TéAog).

To epdytnua, T0 0Tolo TPEOXVTTEL ThHpo eivar To eENg: Av éyovpe dVo oelpég ( pe i
apyYf xa TéAog ), Ba propodoape vor 0picovpe éva AN LETPO” alYXELOYS;

Optopdg 0.1.2. Ot celpég

H=H,<H {Hy<H, <H,=Gxu

H=K)yJEK, {4Ky <K, K, =G

Ooc ovouafovtot LGOSVVONES AV DTTAPXEL (oL EVAL TTOOS EVAL ot ETTL aVTLOTOLY IO UETOED
TOWY TWY TNAXWY TNG WOS OELRAS XOL TWY TINAXWY TNG AAANS, 0oL avtioToryo TnAixa
elvat Loouoppo.

"Torolatowxa” ot V0 oelpég ovouadovtal LoOSOYOUES aY N = M oL VTTROXEL Lo
uetabeon T twy Sewxxtwy, Bdote H, 1 /H; ~ K,y 1/K ;-

[Mpoooyn ! Mlop’ 6Ao Tov Aépe otov 0pLopd LTEEYEL pLoe UeTAbeoy SetxTOV.... TToA oL
Oewpody 6t avayrootixd H, /H, ~ K, {/K, yio. 6 A Tt i.

Mo mapdderypo: ‘Eotw G = (a) 1 Amelpn xOXALXT XL Ol OELOEG

Hy = (aP?) < Hy = (a?) < Hy = (a) xow Ky = (aP?) < K; = (a?) < K5 = (a),
6mov p, ¢ TpwToL aptbuol, tote H,/Hy ~ K,5/K, xow Hy/H, ~ K, /K.

MéAtota 3¢ avtd o PéTPo abYxELomg TEOPavKS(;;) opilet pia oyéon tooduvvapiog oTo
obBYOAO Twy oeLpwy (e Ty (dtor apyh %o To (3Lo TéAog).

A6Yw TOL LOOROPELOUOY PETAED TWY TNAIXwY V0 LOOSLYAUWY GELPWY TTOAAES QOPEG
oLTEG TLG OcLPég Do TLg amoxaAOVUE KoL LOOUOPPEG.

"Evor dAAo TpoBAnpor Tov TpoxdTtTeL eivol To eENg:

‘Otav €xovpe pLo oeLpd, LTTOPOVUE Vo "ovamttOEOLUE Lo LEHOSO” HOTE Vo ETULTUYYAVOLULE
ETUASTTTOVOELS TNG, N x&be Qopd Oo emiyelpobue xatd To doxovy;

Ag dodpe pePLXA OTTOTEAETUATO, TO OTTOLOL EXOLY TO JLXO TOLG EVOLAPEQOV.

Avqupo 0.1.3. 'Eotw A, B, C vroouades wa ouddag G ue B < A. Aeikre ot AN (BC) =
B(ANC).
(Ipoooyy! Tao AN (BC) xar B(ANC) evdéyetar vo uny eivar vmoouddes s G

ArmodeEy. Eivow n mTpwdtn doxnon oty ToITN OUASO 0OXNOEWY.



Afppa 0.1.4. Eotw B <] A < G xow C < G, 1o0te BNC <{ANC xou (ANC)/(BNC) ~
B(ANnC)/B.
Ay emimtAéoy C < G, t0te BC <] AC xou AC/BC ~ A/B(ANC).

ArnodeEn. H anddelen elvor mTpopoavig xor ypnotpomotel To dedtepo Bewpnuo Twy Loop.op-
PLOUOY.

Ac amodeiEovpe v (ANC)/(BNC) ~ B(ANC)/B.

‘Eyovpe (ANC)/(BNC) = (ANC)/(ANC)NB ~ B(ANC)/B

(otny TP LodTNTOL BEY KEAVOpE TITTOTE GANO T’ TO VoL TUAOOVPE UE ULOL UEYOADTEQT
opada, TNV A, oTtOTE TO ATOTEAETUO OEY AAALEL KOl YLOL TO LOOUOPPLOWUO Y ONOLLOTIOLY|OOULE
70 3evtepo Bepnua toopopeLopwy MN/N ~ M/(M N N)).

Ac¢ amodeiEovpe ™y AC/BC ~ A/B(ANC).

"Eyovpe A/B(ANC) = A/JAN(BC) ~ A(BC)/BC = AC/BC.

(n TP LodTNTOL ATTOPEEEL OO TO TTPOMNYOVEVO AUUULOL XOL O LGOLOPOLOROS aTtd TO
deUTEPO BEMPNULL TWY LOOROPPLOUMDY.)

O

MMpotaon 0.1.5. Eotw C; <] A; < G xaw Cy <] Ay < G. Tote
(A1 NC3)C; < (A NA)Cy.
(A3 NCy)Cy G (A3 N AT, xou
(A NA3)C1 /(A NCY)Cy = (A3 NA1)Co /(A N CL)Cs.

Amodety. O xavovxdtnreg elvot TPOQOVELS.

Oa delEovpe TOV LOOROPPLAUO.

Oétovpe B = (A, NCY)(A5NCY), téte (A;NC,)C, = BC, (ratiss; ) po apod A, NC; <
.

Opoiwg (A5, N C,)Cy = BC,. ETopévwg 0 Tpog amddelEn Loopnop@Loloc

(A3 NA3)C1 /(A NCR)Cy = (A3 NAL)C /(A N CL)Cy yiveTow

(A; NA,)C,/BC, ~ (Ay N Ay)Cy/BC,.

Typor 10 TEWTO PENOG NG TPOS amtddelEn oyéong (Bdoet Tov TEONYOLUEVOL AAULULLOTOS
yivetal)

(A NAy)C1/BCy =~ (A;NAy)/B(A; NA;NCy) = (A; N Ay)/B.

Op.oiwg to deltePo LENOG TNG TTPOG aTtddeLEn oyéong (Bdoet ToL TEONYOLUEVOL AALULLOTOS
yivetot)

(A, NA))Cy/BCy, ~ (AN Ay)/B(AsNA; NCy) = (A3 N Ay)/B. ....xon TENOG.

O

Topa elpoote ot 0€om vo aodeiEovpe Eva amd ta Booixdtepa Hewpnuota ot Oswpio
Ouddwy.

Ozwpnpa 0.1.6. 'Eotew dvo oelpés
H=Hy,<|Hy |Hy <H, ,<|H, =G xou
H=FK, <K, Ky <K, <K, =G
ue Ty (Stoe apxn” xouto (Oto "télog”.

Tote VTAEYOLY LGOSVYAUES ETULAETTTOVOELS TOUS.

ArmodeEn. H wéa eivor amAn. e xdbe dbo Stadoyixods 6povg H, ;, H,; Bo mapepfdrovpe
m — 1 to TAMbog 6povg xar oe xdbe dvo dadoytxolg dpovg K, 1, K, B mopepfdiovpe
n — 1 to wAnbog 6povg, omdte Har TPOAVYPOoLY SVO ETASTTTOVOELS TWY AOEYLXWY GELPWY UE TO
(dto unxog nm. g O yivel ot N TOEEUPOAN YLaL Vo TETOYOLUE LOOUOPQPOL TTNALX AL
[Noa Tovg dadoyLrnodsg 6povg H, 1, H; ot 6poL mov Oa mapepAnbody opilovtor wg eEvg:
H,; = H,NK;,)H; 1 yexj=1,2 ..,m
Mo Tovg Sradoyxodg 6povg K; 1, K; o dpot mov Bo mopepfanbody opilovton wg eEng:
K, =(K;NH)K,; ; ytoi = 1,2, ..., n.



[Tpty TEOYWPENOOLUE G TUEATNENCOLUE OTL
Hyo = (H;NKo)H; y = H; ;.

Apor TENXA EYOVUE TLG OELPEG

H = Hy= Hyg < Hyy < Hy, = Hy = Hyg o H,,, =H, =G xo

H =Ky =K <Ky <Ky, = Ky = Kyg oo Kpn = K, = G.

Topo EpyeTaL N OTLYUY VO EQAPULOCOVUE TNV TTPONYOVUEVY] TTROTUOT ETULAEYOVTAS ~OlOLGTO-
TEYVLXE TLG LTTOOWU.E&DES Ttov o TalEovy Tov PoAo Twy C; <] A; %o Cy <] Ag. ZUYXEXQLULEVO
Betovpe Cy = H; 4, Ay = H; v Cy = K, 4, Ay = K.

[Tiot Twpa epappoyy Tg Tponyodpevng Tpdtaong pog divet 6t H, ; /H ;1) = K [K;_q) ;-

Avti 7 dradixacio yiveTon YLow OAeg TLg SUVUTES ETILAOYES TwY LELYWY SELXTWY i, j, GTTOL
i=1,2 ...,n, j =12, ..., m Ondte teretdoope!!

O]

Mio onpavtinn Topotienoy.

Am6 ToV TPOTO HATAOKEVYG TWY dVO ETUAETTOVOEWY BAETOLUE GTL LTTAEYOLY SLOSOYLXOL
6poL, oL omoloL evIEYETOL Vo Elval [ooL, OTTOTE TO aVTIOTOLYO TINALXO Elvor TETOLLUEVOD, OAAGL
TGTE %o To avtiotoryo TNAIxo (ot AN oeLpd) sivor TeTELUEVO.

o ropdderypa. Yrnobétovpe 6t H,; = (H, N K;)H, 1 = Hy;1) = (H;NK;_1)H,_;,
t6te Opwg xow Ky = (K, NH)K; 1 = K(j_qy; = (K;NH; 1)K, (yotisss;).

Acg dobpe éva mopLopo.

Méptopo 0.1.7. Ywobsrovue o1t wa oucda G Exet ua cLYOeTIXn TeLOA
H=H,<lH, <|{Hy-<H, ,<lH, =G, 10te xctbe ally oetoc
H=K,{|K, Ky, <K, <K, =G
VTTAPEL WA ETULAETTTUVOY, N OTtolor elvat xat oty cLVOETLXY.

Edixotepo, 300 oLVOETINEG OElOES s ouddas elvat TAVTO LOOUOPPIXES.

ArodeEn. Tlpopovig.

Epappoyn: To Oepeidddeg Oewpnpa g optbpuntinng.

"Evo dAho Topadetypo.

‘Eotw S,, n opddo petabéocswy, n > 5. AciEte 0Tl eV LTTEPYOVY LTTOXAYOVLXES VOOUEOES
m™mg S,,, exTéc G A,,.

Xe ULo TTETEPUOWUEYY p- OU&da xAbe LTTOOUASK ELVAL LTTOXOYOVLXY).

EmAOoipeg ostpég-H tapdymyog oetpa.

[Tty Eextvnoovpe, ag SLeuxELVioOLUE KATL.

Méypt Tdpar, dtay eiyope pton opéda G xow H pra voopdda g, evoLapepdLooToy YLow
70 TG "TpooeYyytlovpe” Ty G péow prag (LTO)%OVOVLXAS GELPAC

H=Hy<lH <{Hy - <H, ,<{H, =G, pehetwvtag ta mnAixo H;/H, ;.

Otav, duwe, éxovpe pta opado G xo BEAOLUE YO TNV UEAETNOOVUE UEGH LTTOXAUVOVLXLY
OELPWY TNG, TOTE, ETELDY] OEV €XOVUE GUYXEXPLUEVY] LTTOOUASR, Egxtvéue amd tny opadoa G
TEPVOLUE ULOL XOVOYLXT] TNG LTToopad G xot xatooxevdlovpue toug 6povg G = Gy > G4
Koatomy emAéyovpe ploe xovovixn vmoopddo tng G4, €otw G4, xol cvpuTAnpwvovue G =
Go > G > G5 xaw ovveyllovye. ......

Omdte, TPWTN TTOPOTNENOY Elval OTL TWEA oL JSeixTeg "owEAvVOVTAL” EVE) OL LTTOOUASES
“utxpoaivouy”. Auto eivor to PTG



H 3edtepn Toportipnom elval Lo OLOLAGTLXY. ZEXLYWOVTOG VO ETULAEYOVUE TLG DTTOOUASES
G, (toyaio ) B eOdoovpe (oe emepaoyéva BARATE) OTNY TETELUUEYT OUAda;

Mo tpitn Torportipnom ivor oaxdun mo ovotaotixy. Kataoxsvdlovtog Lo t€tola ocLpa,
7 omolax €0Tw OTL, TEPUOTICEL OTNY TETOLUUEVT OUEDA, TL TTANPOQPOPLES UTTOPOVUE YOI OVTAY-
OOLUE YLOL TLG LOLOTNTEG TNG opadoag G

Apat, ATl TOVUE VO LTTOPOVILE VO EEXGPAALGOVUE TNV VTIOREY] LLOG OELOAG

G =G, DG DGD> DG, 1 D>G, =1, 6movta miixa G, /G, 1 vo €xovy 0pLOUEVESG
LOLOTNTTEG.

Optopog 0.1.8. Mo oepa G = Gy [> G, > Gy > > G,,_1 > G, >, n owola Sev tepuo-
Tiet xot” avayxn, adda oda to Ao G, /G, elvouw afeliovés ouddes Oa ovoualeton
eTLAOGLULY] OELOA.

2TV TMEQIMTWON, OTOL U ETULADGLUOG OELOO TEQUOTIGEL OTNY TETOWUEVY OUdda, 7
ouado o ovoualetar emtAvotuy).

[Tpogpavvg ot afehiavég opddeg eivol emAVGLUES.

Eniong, ot dtedpirég opddeg D, eivor mpoeoveg emthbotypeg (yrotis;)

Mia memtepoopévn p-opédo eivor entiong emtAborpn (yroetis;).

AN\ vy oLY oL OUASES oL oTToleg Sev elvan emAlotpec. Ivwpilovpe xdmoroleg);;;

To onuavtixd oty WLOTNTR NG ETLAVGLUITNTOS OUEdwWY ivor OTL “xAnpovopeiton” oTig
UTTOOULASES XL TO TTNAIXO XL “OLaTnEElTaL” OTLG EMEXTAOELG.

Ozwpnua 0.1.9. 'Eotw G ouada. Ot axolovbeg mpotdoes elvot tooSOVOUES.
(i) H ouadoa G elvar emtAbowun.
(ii) Kabe vroouada tng xot xcbe wnAixo tn¢ elvor emtADOLUES OUADES.

Arnodey. (i) = (ii)

"Eotw 1 emtAdolun oslpd

G=GD>GDGD> DG, DG, =1

xat H < G. Optlovpe wg H;, = H N G,. 61 opileTton 1 ocLpd.

H=H,>H,>H,>>H, >H, =1

Mpopaves H, ., < H; (yrotis;)

Emiong H;/H,;, = (HNG,;)/(HNG; 1) = (HNG,)/(HNG;1)NG; ~ (HNG;)Gi1/Gipq <
G;/G; 1. Apa o TnAixa elvar affeAtova, dniadhn n H elvor emtAdoun.

Mot woyder N teAevtoio todtte; Totl toydel =~ 33

"Eotw twpa N <] G. ATé v TEOoNYodUeyn oeLlpd optletol M oELOA

G/N = GyN/N [>G{N/N > G,N/N[>-->G, N/N[>G,N/N = 1.

Mol oty TerevTaio oelpd LoyVeL N xoVoVXOTNTO SLOUSOYLXWY OPWV;;;

Oo detEovpe 6Tt T TAixe (G,_{N/N)/(G,N/N) ~ (G,_1N)/(G;N) eivor ofehava.
rpaypot, G, N/G,N = G,_1(G;N)/G;N ~ G,_1/G,_1 NG;N =~
(Gi—1/Gi1)/(Gi_1 NGN)/G;_4).

0 TeAevTOLOC BPOG Elval TNAIXO oBEALOVIG OUEdaG Gpo oMoV OLAdo xol ... TENOG.

(1) <= (i)

‘Eotwo N <{Gxow N = Nog>N;[>-N_1 >N, =1xw G/N = My/N[>M{/N[>-[>
M,, 1/N[>M,, /N = 13800 emthdoipeg ocLpés. Tédte n oclpd G = My[> M, > M, | =
N = Ny[> N, > N,_; >N, = 1(npocoys ot "ouyrdéinon”) eivor emtAboLpn %o ... TEAOG.

O

To mEéBANUe TOL TEOXVTTEL, UE TOV OPLOUO TIOL SWOOUE, efvorl OTL OTOY €YOLUE [LO
opada G, g Bo Ppodpe prow (Yvhota ) xavovixy vroopadoa g M dote to TAixo G/ M
vo efvort aBeAtoyy] opador xo vor UTTOPEGOVLUE YO EEXLYNCOVUE TNV ovollTnoy, o TEAxd n G
elvor emtAdoLuy;

Oa dovpe 6t (oxeddv) ThvTo PItopodpe vo BPoduEe pLor xavovixy] broouada M, Hhote To
TAixo G/ M vo elvor offehtovo.



Acg xévouvpe ™y “avdAvor Tov TEORANUATOS .

‘Eotw G wio opdda xow a, b € G, téte éyovpe ab = ba(a b tab). Emopévwg to a, b
petotifevtor av xow pévo av a b tab = 1. Me Siopopetiny) éxppoon To otoueio [a, b] =
a1b~lab vwodNAGVEL x0Th TG0 Taméyovy” Tow dVo aToryeion amtd Tov var petotiBevtoar. To
otoueto [a, b] = a 1btab Bo ovopdleton petabétng Twv a, b.

"Eotw tdpa to abvoro {[a, b] | a, b € G} 6AwY TwY petabetv. To TEWTO pWTNUO TTOL
TEOXVTTTEL ELVaL oY TO GOVOAO atUTO ATTOTEAEL OULADAL.

H amdvtnon eivon dyL, SLotL To Yvdpevo dvo petobetddv dev eivor mévto petabétne. Eved
70 avtiotpopo evig petobét [a, b1 = - [b, a].

Hapationon 0.1.10. ‘Eotw A, B 860 (un xevd ) vwrootvola tnc ouddag G, tdte opilovue
ws [A, Bl = ([a,b]|a€ A, be B) tpv vroouado tn G Ty TAQAYWOUEYY ATTO OAOVS TOVS
uetalbétes, omov atny wEWTN OEon Exovy oTolyelo Tov cLYoAov A xot otny devTEEN OO
otowyeio Tov cvvolov B.

Hoopavic, ACC, BCD = [A, B]C[C, D].

‘Eotw G’ = ({[a,b] | a,b € G}) n vroopddo g G N TaPOYOUEYN ot GAOLS TOLG
petobéteg, H vmoopddo oty o ovopolétor mapdywyog (vmo)opddo tme G %o, eExTdg TOL
ovppoiiauod G, Ba ypnoLpomoLobue xatL Toug cuuPolouoic: (G, G], GV ~,(G) .

H mopdywyog vmoopédo o ’dradpopatiost” oto €Eng onuavtind poAo.

Kot apydg eivan xovovixs voopddo tng G (yrotis;;). Apxel vo vtoloyioovpe To oLLLYEG
gla, b]g™t = - evig petabét.

H onpovtixg mopatienomn eivor 6Tt Tpopoveg 1 opdda G eivol afeAiovn av xot Lovo oy
N ToEdYwYog boopdda G’ elvor TeTELUEVT.

Emopévwg, tthpo pmopolpe va Tpoxwenoovpe oty “obvbeor tov TpoBAnuotog’.

Ipotaon 0.1.11. ‘Eotw G oudado xor H < G.
Tow axolovBo elvat toodbvoua.
(i) H H elvou xavovixy vroouado xow n G/H eivar affeliavy ouade.
(1) G’ <H.

ArodeEn. (1) = (ii)

"BEotw a, b € G, emetd) n G/H éye. vrotebel afehiavy éxovpe 6tL aH - bH = bH - aH,
dnrody (aH)™t - (bH)™'-aH -bH = H, onéte éyovye [a, b] € H, ... Apa G’ < H.

(i) = (i)

‘Eotw g € G, 161 Yoo x40 h € H éyovpe 6t [g, h] = g th lgh € G’ < H, dnhadh
g thg € H. Apo. n H givow xavovixr voopéda ¢ G.

[Tpo@avig amd Ty oyéon [a, b € G/ < H énetan 6t aH-bH = bH-aH yio xé0e a, b € G.

O

H mtpdtoon oty etvar onuovtixs, Sttt amodetnviel 0Tt 1 Topdywyog voopddo G/ uLog
opddog G eivor N wxpoTeEY, g TTPOg To TepLtéyeabat, pe Ty dtdtnTar 0 TAiX0 G/G’ vau
elvor affehiovn opddo. Avixd to Aixo G/G’ eivon to peyoldtepo amd tar oeAtovd AL
™G, LG TNV éwvora OTL, x&Be GO ofeAtavd Ao g G elva TAixo tov G/G’.

‘Omtwg oploope Ty mapdywyo opdda [G, G| ptag opddag G €Tol Lmopolue vo 0ploovuE
™Y Topdywyo opada [[G, G, |G, G]] ™g Tapoaywyov opadog [G, G|. H dtadixacio ot
UTTOPEL YO CLUVEYLOTEL AVOOPOWULXE, OTIOTE, UE ATTAOVGTELGY] TOL GULEBOALGKOD, opilovpe G =
GO G =[G G = [GO). GO, .. GUtY — [0, Gl ...

OL vToOPASEG TTOL OPLOOPE PE OWTO TOV TPOTTO ATTOTEAOVY TOUE GPOVG TG TOPOY YOV
oeLpag g G. Anhady) €xovpue ™y oeLpd

G=aG09>cM =1[G,G] =[G9,G9] >G? >..>G%» >qgtth > ..

A6 TOV TPOTTO 0PLOPLOD TYS TTREOYDYOL GELPAS €xovue OTL x&be TAixo G1¥) /G givow
ofeAiovn opédo.



Ocdonua 0.1.12. Eotw G wa ouada, G = Gy > Gy > Gy, > D> G, > G, > - wa
emAboun oepd xow G = GO > GV = [G,G] = [G9,G9] > G¢? > ... > ¥ >
GUtl) > ... g mapdywyoc oepd e G. Tote woydet 6t G; > G yior xcbe .

Anédeitn. Tpogavoe and tmy Hpdtaon 0.1.11 éyovpe 6t G > G, Yrobétovpe 6t G; >
G, t6te éxovpe. H G;/Giiq elvor offehiov), ot Ty vmébeon, dopo TEAL amtd v 0.1.11,
éyovpe 6Tt [G;, G,;] < G, 1. éxovpe vrobéoet bpwe 6t G, > G'Y), &po o v Tloportipnon
éyovpe 6t G =[G, GY] < [G,, G;] < Gyiq.

O

Méptopoa 0.1.13. Mo oucdo G elvow emAbowun av xow UOVO oV N TOOAYWYOS OCELOC
tepuatiler oc memepaocuéva Bruoata. Sniadh G = GO > ¢V =[G, G =[G, GO >
G2 > ..> @Gl > gt > ...Ggn) =1,

MaAiotor 8¢ T0 n elvar 0 uxpotepog “extETns” ue Ty tooTTo v Ty o Oar ovoudeTon
¥AGoN ETLAVOLLOTNTOG, 1] TOPAYWYO pixog 176 G.

O 6pot g Toporyyou oeLtpdg ULag opadog G dev efvol amAg 0 EVOG XOYOVLXY LTTOO-
wéSo Tov Tpomnyovpévoy (G < G1), oA Loyver x4t TOAD LoXLEGTEEO.

Mpétaon 0.1.14. Kdabe dpoc GV ¢ mapaydyov Seipdc woc ouddoc G eivar wAGowe
ovadlowwty vToouddoL.

ArmodeEy. Ymebopilovpe Tt onpoaivel TANPWG AVOANOLWTY VTTOOUASOL.
"Eotw G opdda xor M pro vroopada tng. H M Bo ovopdletor TANpws oaovaArolwTy, o
Lo x60e ¥ evdopopelopd g G éreton 6t Y(M) < M.
‘Eotw [a, b = a b lab évacg petabétng xow 9 évacg evdopopeLop.og g G, téte ¥([a, b]) =
[P(a), 9(b)]. AvTd elvor opxeTd YLa TNV OTOSELEN TOV LOYLELOLOD.
O

Emopévwg wg moptopo éxovpe 6t xdbe 6p0og g TAPAYWYOL OELPAS Elvol YoPaAXTNEL-
ot vroopada g G.

O7ntwg elmope 6Aoe oavTA YivovTaLl Yo vou LEAETNOOVPE ULaopéda pe v Ponbeio vToo-
UEOWY XL TNALXWY TNG.
Avti aoxnoewe, ag SOVUE TNV ETOUEVY TEOTAOY,.

IMpotaon 0.1.15. 'Eotew Gouado xor H, K xavovixég vmoouades tng. I'mobérovue ot tor
mnAixo G/H xou G/K elvar emtAdolues ouades. Tote to niixo G/(HNK) evou emtddaun
ouada.

ArodeEn. 1" AmdderlEn.

‘Botw G = GO > GV = [G,G] = [G9,GO] > G® > ... > G > GUi+tl) > ... q
Topdywyog oelpd g G, téte (G/H, G/H| = (|G, G|H)/H , (yorti;;). Zovenwe n G/H eivon
emAbGLUN oy %o wévo av G < H yiow xdmoto n. Opoiwe n G/K eivor emAdoLun o xou
wévo av G < K yiow x&molo m. Toveme, Bhoet g umobéoewg, éxovpe 6t G < HNK
Yoo s = max(n, m,).....

2" AmédelEn.

Q¢ yvwotov (5;) 1 opddo G/(H N K) epputedtar oto v ywopevo G/H x G/K.

‘Op.we o eLHL YLYOREVO eTAVGELWY OREdwY elvor emttAbotpo (yrotis;;). Emopévwg émeton
TO ATOTEAEC.OL.

3" AmodelEn.

A6 0 debtepo Bebpnuo TwY LoopopELapwy éxovpe 61t H/(HNK) ~ HK/K < G/K
eivon afehovi. AMG (G/(HNK))/(H/(HNK)) ~ G/H »ow to amotéAeopo Emetol omd
v [lpdtoom 0.1.11.



Emnitndec cidape tpelg amodeitels. LTy TEAYRATIXOTNTO ULa Eval 1 amoOdeLtEn xot oTn-
ptleton oty Ipdtoon 0.1.11.
O

Evdiapépoy amoxtd 1 mponyobuevy Tpdtaoy oty TeEpiTTwon 6mov v tou H N K eivon
TETOLUEYY, OTTOTE M opada G elvar emtAboLuY.

IMpotaon 0.1.16. Mix mermepocuéyn ouada eivar emtAVoUn oy xatL UOVO oY EXEL UL OUY-
OcTixn oelpa Ue OPOVG XVUXAIXES ouddes ue Takn modTo optbuo.

Amodety. To amotéleopo otnoiletor oty €ENG ONUAYTIXY TAEATAENOY].
Kébe emAémtuvan plog emAboLUYg oeLpdg lvol eTLAVOLLY] OELOA.
Hpdypott, av G, G, 1 elvon Stadoyixol 6pot pog emtAdoLung oeLpAg, xoi TopeUBdAovUE
™y oudda G, > K > G, 4, téte 1o mnhixo G, /K xow K/G, 4 eivor afehavd (yrotis;).
O

"Evar TpofAnpo Tou (owg €xete NdM evtomioel elvot To €EYG:

Av éyovpe Ty Tapdywyo oepd G = GO > GV = [G,G] =[G, G > G? > ... >
G > GUHY) > .. og opédog G, mola elvorn T ol T’ xoL 0pLOUEVES POPEC 1 GELPGL DEV
Tepuotilet;

‘Eva a0 eivor og x&moto 0tédto va éxovpe G = GUHY = 1, ométe and exel xou mépa
gyovpe otabepn Ty oeLpd. Auto onpaivel Tl EXovUE OUBADES, OTTOL N TTAPAYWYOS VTTOOUADN
Toug LoovTal pe OAN Ty opdda. Dvwpilovpe tétoteg opddeg; Ma @uotxd T amiés (un
afehavég) opddec.

‘Evae Mo aitio givar va éxovpe yio 6ha tor i G > GUTY | odhd M oelpd vou umy
Tteppotilel moteé. I'vwpilovpe tétolor Topadelypoto,

Oa dovpe 61t oL ehedbepeg (Un afeliavéc) opddeg éxovy Ty LBLdTNTOL WTH.

Mo va to dovpe avutd xdvovpe Eva Tpwbiotepo.

Bewpovpe 10 e€Ng "Adypa” @ Kalbe vmoouado eAebbepns evor eAebbeon.

Emopévwe av F = FO > FO > o FO) > FEHD S L glyon Topdywyog oelpd g
ehetbeprg opadoag F, tote xabe Opog sivar eAedbepn opdda xor yvioLo LTOOUEIO GTOV
TEONYOLUEVO 6p0 (Yrortis;). Ma aupod av éyovpue pLow eAedbepn opddo et evég cuvorov X,
tote ot x40 petabé [u(z;, v(x;)], TEOPOVKE (5;) To dBpotopa Twy exBeTwy xdbe Yevwhtopa
eivo (oov e undév. Apo oL YEVWNTOPEG T, OEV AVNXOLY OTYY TAPAYWYO VTTOOUAIA.

Qo uropodoope var TToRoxdPOLUE TO TTEONYOVUEVO SOV XaL Vo TtodeLEOVILE OTL Lo
ehetbepn opdada Sev eivar emAVOLUYN UE APUETHTEPO TPOTO.

Mp&yuort, vobétovpe 6TL N TOP&YWYOS oeLpd Tepuatiler F = FO > FL > ... ) >
FU+D) > pn) s pntl) — 10 Ty onuaiver owté; Ot F™ eivor afehovi. Tu éyovpe Set
(Aoxnon 2 Ouéda D); Or péveg affertovéc opddeg o eAedBepng opddog ivor ot xuxALxéc.
APOL €XOVILE L XOVOVLXY] XUXALXY, DTTOOUEDO ULog eEAebBepNS opuddac, Snhadh F™) = (w).
Tt onuadver owté; Ot T0 g2 petartibeton pe 10 w Yo xébe g € F, dromo.

Kevtpixég ostpés- Mndevodvvapes opadeg

Av éyovpe pto (vmo)xavovixy oelpd G = Gy > Gy > Gy > > G, > G, > - pLog
ouadag G, eidape 6Tt yio vo peAetioovpe Ty G amontodue o TnAixa G, /G, 1 vor TANPodY
xamoteg LOLOTNTES. ot TopddeLypo, otny TEPITTWON TWY ETLAVGLUWY OUASWY, XTALTOVUE
T TNALXOL VT vou elvort aBeAlavég opadeg.

Qo pmopovoayue vo BEcovpe TLo amonTNTLXOVS GPOVG.

Optopog 0.1.17. Mo xovovixny ocoa G = Gy > Gy > Gy > D> G,_1 D> G, > - Oa
ovoualetar xevtowen av G, /G, .1 < Z(G/G;, ).



[Tpoooyn! edw amartodue xabe dpog va eivar xavovixn oe OAn Ty opdda G %o 6L LOvo
OTOV OUETWS TTPONYOVUEVO.

[Mpopavvrg xabe xevtpixn oelpd eivor emtAdotpy. [lpocoyn! To avtioTpopo dev LoVYEL.

[No Topddetypo, N ostpd S5 > Az [> 1 elvan emtAdotun, oAA& Oyl xeVTELXY.

etvor xeytown av xau povo av |G, G,_] < G,.

AmodeEy. Ymobétovpe bt 1 oelpd eivon xevtpwxn. Tote G, /G, < Z(G/G;).

Avté onuaiver 6t yra x&be g € G xow x&be h € G;_; €yovpe 6T

[9G,;, hG;] = 1G,, dnhadT [g, h] € G;.

Avtiotpogo, vrobétope 6t [G, G, 1] < G, yia »x&be i, Téte N G, €lvor xovovixy GTNY
G.Eotw g € G xow h € G, < G,_1, t6te t0 g *h lg = g th tghh 1 = [g,h]h"! € G,,
dedopévou 6Tt artd Ty vdbean éxovpe [g, h| € G,;. Anhadn n G; elvan xovovixy Ty opddo
G.

Exiong, andé myv oxéon [G, G,_1] < G, éyovpe 6t via xdbe gG, € G/G,; no xdbe
hG,; € G,_1/G,; émeton 6 [¢gG;, hG;] € G,/G,;. Avté onuaivel 6t hG,; € Z(G/G;) nou
TENOG.

O

H mponyoduevn mpdtaon amotedel €vor LooSVUVOULO 0PLOUO TNG XEVTOLYNG OELPAC.

To epwTnpo TOL TTPOXRVTTTEL ElVOL TO EEYVG:

Av éyovpe pLa (tuyaio) ouddo G, umopodue vo Bpodue (TOLAGYLGTOY) Lo XEVTELXY| GELOE
™ms;

Qo "xvnbodpe” Omwg oty TEPITTWON TWY ETLAVGLULWY GELPWV.

Optlovpe G = 71(G), 12(G) = [G, G] = [G, 71(G)] xow avadpopxd v; 1 (G) = [G, 7;(G)].

[pogavwg v x&be i €xovpe 6T v;(G) > 7,41 (G) xow xébe v, (G) elvor TANPWG avorh-
Aofwtn vroopdda g G (MapdéPode pe v Tpdtaon 0.1.14 ).

Npétaon 0.1.19. Eotw G ouada, tote toyvet ot v;(G)/v;41(G) < Z(G/v; 1 (G)).

AnodeEn. Améd tov TpoTo 0pLouob Twy v, (G), éxovue (G, v;(G)] = ;.1 (G).
To amotéAcopa Eneton and tny Hpdtaon 0.1.18 .

H mpdtaon avt) amodetxviel 6Tl 1 oELpd

G = 71(G) > 7(G) = - > v,;(G) - elvo po xevtptxn oelpd g G. Apo amovthooue
0TO EQWTNUOL:

Ye ULot Opador TAVTa OPLLETOL ULOL XEVTOLXY] GELOA.

MMpotaon 0.1.20. Eotw G ouado xow G = Gy > Gy > Gy > D> G, > G, > -

e (Tuyado) xevTpwy) oeld xot

G = 1(G) D> 72(G) B> - D %(G) -

7 XEVTOLXY] OELOO TTOV 0PLOOUE TOONYOVUEVWS. Tote woybet ot G; > 7v;,1(G) ytoe xcbe
i=0,1,...

AmodeEy. Emeldy) éxovpe xevtpuxn oelpd and v [pétaon 0.1.18 éyovpe 6t [G, G;] <
Giy1- OTOTE pe emaywyn éxovue 6m v, 1 (G) = [G, 1;(G)] < [G, G, ] < G,.
(Aev Egxvape 6t €€ optopod v, (G) = G = G, yiot vou E[POOTE %o TUTILXA EVTEEEL WG
P0G TNV oY TN Moabnuatixig Emoywyig).
O



H mponyoduevn llpdtoon pog “emitpémel” v oeLpd

G = 71(G) D> 7(G) B - D %(G) -

VO TNV OVOUAGOVUE XOTWTEPY] XEVTOLXY] 6P T G.

Emniong, ag ovyxpivovue v mponyoduevn mpdtaon pe to avtiotoryo Ocwpnua 0.1.12,
OTIOL CLYXPLVETOL Lo ETULAVGLUY OELPAL LE TNV TOPAYWYO OELOA.

To epOTNUO TTOL TTEPOXVTTTEL, OTIWG OTLG ETLAVOLUES OELPES, XAUTA TTOOO UL XEVTPLXY] OELOE

G:GODG1I>G2I>"'I>G”L71I>G”LI>"'

OELPA LG OUASOG TEQUOTLLEL OTNY TEQTLUEVY] OLASO OE TETEQAUTUEVD PNLOTA.

Optopog 0.1.21. M oudda G yio v omolo vrtapyet (TOLAGYIGTOY) WA xeVTEL) CELOA
G=G, DG DG D>D>G_1D>G > dote G, =1 i xarworo n o ovoualetoun
undevodvvapy oudda.

[Mpogavvg oL afehiavég opddeg eivol undevodVVoUEC.

Emiong, emetdn xdbe xevtpixn octpd elvar xor emtAdoiuy oetpd, xabe pndevoddvoun
opada elvor emtAdoLUY.

To avtiotpopo, Ttpopavdg (5;), dev toyvet.

Avqupo 0.1.22. 'Eotw G ouddoa xar G = ~v1(G) > 75(G) > - > 7,(G) -+ n xardrepn
XeVTOW] oelpd TNg, TOTE Yia xale vmoouada H xoat xale mnlixo G /N woyder otu:
v:,(H) € HNv;(G) xat v;(G/N) = ~,(G)N/N, yioe xce i.

AmodeEy. To 6t v, (H) C H N, (G) elvor Tpo@avéc.
[Mpoavig toydet v, (G/N) = v, (G)N/N. Yrmobérovpe tHpa 6Tt v, (G/N) = ~v,(G)N/N.
‘Eotw [gN, rN] € v,.1(G/N) = [G/N,~v;(G/N)] ue rN € ~,(G/N) = (and v enoyw-
yixfy vébeon ) = v, (G)N/N. Aqrad" to r pmopei vo. vrtotebel 6t eivor otoryeio g v, (G),
onéte [gN, rN] = [g, 7]N € [G, 7;(G)IN/N = v;(G)N/N. Apo v;,1(G/N) C ;.1 (G)N/N.
0 avtiotpogog eyxAetopdg eivon(s;) mpopoavic xow tedwd v,(G/N) = ~v,(G)N/N, yio
xabe 7.
O

Ozwpnua 0.1.23. 'Eotw G undevodovoun oudada, tote xabe vroouado H xot xale nniixo
G/N elvor undevodvvoun ouada.

ArodeEy. Emedn n opdda G €xel votebel pundevodivay, N xoTWTEPN XEVTPLYN GELPA ElvOLL
™G LOPPNG:
G = 71(GQ) D> 72(G) > - D> 7(G) - 7, (G) D> i1 (G) = 1
Omdte 10 amotéAcopo elval GUECO OTTO TO TTPONYOVUEVO ANUULOL.
O

Mopatnonoeig 0.1.24. 1. Y10 Ocdonua 0.1.9 elyoue Sel 0Tt 0TIG EMAVOIUES OUADES
LOXOEL X0 TO VTIOTPOPO. XTNY TEQIMTWON TWY UNOEVOSLVYAUWY OUAOWY OV LOXUVEL.
Lo mapaderypa otny ouado Ss n vwoouada As = ((12,3)) elvouw undevodvvoun,
T0 TINAiX0 S5/ A elvon undevodovaun, alia n Sy dev elvar undevodvvauy.

2. Onws Oa éxete 70y mopoatnonoet, oc o (Un TeTEuévn) undevodvvaun ouddo G
70 %€vtpo ¢ Z(Q) dev elvou teToiuévo (yiatt;;). Mo av égovue wa xevtowxy oelpd
ve G = Gy > G, 1 >G, =1, 0t 1l # G,,_; < Z(G).

Apo avayxaio ocuvOnxn v va eivor uar oucdor undevodvvaun elvat vor Exet un Te-
TOUUUEVO XEVTPO. [Tpopavds n cuvlixn oty dev elvor txavy] (uTtopeite va SooeTe v
TOPADELY U0l OUAOOG UE UN) TETOUUUEVO XEVTPO, N OTTOLOL Yo UnY VAL Undevodvvoun; ;

)

10



Qc yvwotov (5;) oL (un aertavéc) erebbBepeg op.ddeg éxovy TeTELLLEVO %EvTPo (L3¢ doxnom
4 g opddag A), ovveTg oL eEAeVBEPES opddeg dev elvor UNdeVOSHVOLEC.
Ioyvet éva pepind avtiotpopo Tov TEoNYoLEEVOL BewprnuaToc.

Ozwpnuo 0.1.25. Eotw G ouada xow N vmoouado tng ue ty wotnroe N < Z(G).
YroOérovue ott n G/N elvouw undevodovoyun. Tote n G elvar undevodvvauy.

Anddeidy. Emednn G/N etvon pndevoddvoun éyovpe 6T 7,1 (G/N) = 15,5 = N/N = 1IN
Yl xamoto Hetind axépono n.

Amé to Afupa 0.1.22 éxovpe 6t v, 1(G)N/N C ~,,.1(G/N). Emopévwg (amd ty vmd-
0eon) v,,.1(G)N/N = 1IN, drodf v,,,1(G) € N < Z(G). Avtéd onuaivel 6t v,,.,(G) =
Gy Vi1 (G)] = 1.

O

Apeoo amotéAeopa Tov BewpNuoTog owTod efvat To

Méptopa 0.1.26. Mo mermepaouévn p-oudda eivor undevodvdvou.

Méypt Thpa 0TLg EMAVGLUESG oL XEVTOLXEG OELPEg Eextvovoope amd Ty opddo G xou
ovadpoutxd “xoatofolvoue’.

Ag Eexwvnoovpe avtiotpopa. Optlovue Zo(G) = 1 xow avadpouwd Z; 1(G)/Z;(G) =
Z(G/Z,(Q@)). Hopatnpobue 6t Z,(G) = Z(G), T0 ®évtpo ¢ opddac. OmdTe, av T0 x€VTPO
™G OUADAG ElVOL TETPLUILEVO, OAOL OL OPOL TTOL 0PLLOYTAL LE TOY TPOTO AVTO ELVOLL TETOLULUEVOL
%ol eV EYEL VONUO YO TTPOYWENOOLUE. AV TO XEVTPO JeV ElVOL TETOLUUEVO TTROYWOEGUE O
EYOVUE ULOL XOVOYLXY] OELOE

1 =Zy(G) A Z,(G) = Z(G) 1 Z3(G) < -+ <1 Z;(G) < -+

H octpd awt, omd tov Tp010 0pLtopod g eivor por xevtpixy octpd (topdBode pe tov
optopd 0.1.17 ). OTéTe YEWATOL TO EQO TN DTIAPYEL TEPITTWOY O TETEPOOUEVAL Pruorta
vo “pbacovpe” oty opada G;

Mpotaon 0.1.27. Eotw G wa undevodvvaun ouada xot G = Gy > G, _1 > G, =1 wa
XEVTOIXY TNG OELOA, TOTE

Z,(G) > G,,_; v xabe xabe i = 01, ... n.

Ewwe yia @ = n €yovue ot Z,,(G) = G.

ArodeEn. Tlpy EexyNOOLUE Vo ETTLONLAVOVUE, YLO. GAAT Lot QOPE, TNV Avodo/x&Hodo Twv
TV oTLg dVO OELPEC.

Hpogaveg Z,(G) = 1 = G,,. Entiong, and tov (toodbvapo) optopd g xevTtoixfic oeLpds
oty llpétaon 0.1.18, éxovpe 6Tt Z,(G) = Z(G) > G,,_4.

Yrobétovpe 6 Z,(G) > G,,_;. Tote éxovpe 4Tl LTAPYEL ETLULOPPLOUOG

v : G/G,,_, — G/Z,(G) (yrotis; ). Emopévwg Bdoel g aoxfong (x) (10¢é oto téhog
) éxovpe 6 n G,,_(;11)/Gpy < Z(G/G,,_;) amewovileton péoo oto xévtpo g G/Z;(G)
, T0 omoio, € 0pLopoy, toovton pe Z; 1(G)/Z;(G). ANG 1 exdva ™g G, _;11)/Gp—; EL-
voun G,,_;:1)2,(G)/Z;(G) (yrotiss). Avtd onpadver 6t G,,_;.1)2;(G) < Z; 1 (G), Snhadi
Grtiv1) < Z;41(G) xou t€h0G.

O
(x) Aoxnoy. 'Eotw ¢ : M — N empop@lopog opddwy, tote ¢(Z(M)) < Z(N).

H mponyoduevn mpdtaoy pog ETLTPETEL VO OVOUALOVUE TNY OELPA
1 =24G) < Z,(G) = Z(G) < Zy(G) < < Z; < - H avedtepn xevtpixn oelpd g
G.

Méptopa 0.1.28. 'Eotw G ouadoa. Ot axdlovbes mpotaoels eivat toodOVOoUES.
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1. H G elvou undevodvous.

2. Yrapyet xevroue) oetod s G = Gy >G> Gy > DG, D> G, > wote G, =1
Ylot xamwoto n.

3. H xatdrepn xevroua oetpa elvar tng uoppns G = v1(G) >y (G) >, (G) - 7, (G) >

/yn+1(G) = L.
4. H avdtepn xevtown) oepda evor ts nopens 1 = Zy(G) <1 Z1(G) = Z(G) <1 Z5(G) <
- <1Z,(G) =G.

Emniéov wyvet Z;(G) > G,,_; = Vp_ir1(G). 1toe xabe xabe i = 01, ... n.

Amodety. Tlpogovig amd Tor TEONYOVUEVO.
O

To %06 n oL EPPAVIlETOL OTIG AVWTEPW OELPES, OVOUALETOL XAdoY pwNdevoduvoiog
g G.

Ov undevodivopeg opuadesg €xovy "TOAEG xo xaAES” LOLOTNTES. ‘OAeg TTnydlovy amd v
OO TNOY] VO UTTARYOVY XEVTPLKEG OELPES UETAED TNG OUASOG XOL TNG TETOLUUEVTG VTTOOULASOG,
oTOTE M) VTTOPEYN U1 TETELELREVOL %EVTPOL %ot 7 dour Tov xabopilovy (oe peydro Bobud) v
doun NG opadag.

IMpotaon 0.1.29. 'Eotw G undevodvvoun ouado xar H un TETOWUEYN xayovix)] DITOOUAdO
t¢. Torte HNZ(G) + 1.

Amodety. Emedn n G eivor pndevodvvour, vdpyet n étot wote Z,,(G) = G.

YroBétovpe 6nt HN Z,(G) = 1. Téte [H N Z5(G), G| < Z,(G)NH = 1 (yrazi;). Ano
v tedevtaio oyéon éxovue HNZy, < Z;NH = 1.

Yvveyilovpe avadpoutxd xor éxovpe [H N Z3(G), G| < Zy(G)NH = 1. Anhadn H N
Z3(G) < Z,(G)NH = 1. Emopévws, av HNZ,;(G) = 1 t6te [HNZ, 1(G), G| < Z,NH = 1,
onradn H capZ; 1 (G) < Z;(G)NH = 1. Apa tehxd H N Z,,(G) = 1, droo.

O

MMpotaon 0.1.30. Kabe vroouada H wag undevodvvouns ouadas G eivar vmoxoavovixy).

Amodety. ‘Exovue v avodTtepn xevtpxn oelpd 1 = Zy(G) < Z,(G) < -+ < Z,,_1(G) <
Z,(G) = G.

Oétovpe H;, = HZ,(G). ETopévwg oynuoatiletor n oeLpd

H = HZ,(G) < HZ,(G) ] - < HZ,, ,(G) <HZ,(G) = G xow téhog (;;;). Aev éyovpe
TeAeLwoet, toTL dev yvwpifovue av ol Stadoyixol 6pot HZ,(G) <l HZ; 1(G).

Tv xévovpe, mépvovue T mAixae HZ,(G)/Z;(G) wow HZ; 1(G)/Z;(G) BAémovpe 6T,
enedn Z,,1(G)/Z;(G) = Z(G/Z;(GQ)), woybeL 6vw HZ,;(G)/Z;(G) <V HZ; . 1(G)/ Z;(G) (xGvte
7o!). AT’ 6mou @uowd énetan 6t HZ,(G) A HZ; 1 (G).

O

optopa 0.1.31. (i) Miox undevodvvoun oucdo G mAnpol v cuvONxn NS xovovixo-
ooV OS.
(ii) Xe o undevodvvaun oudado xabe UEYLOTY VTOOUADO TNG EVOL XOVOVLXY).

ArnodeEy. (i) 'Eotw H yviolo vroopéda g G. Ao v oxéon H <] HZ, émeton 4T
HZ, < Ng(H) xow av pey HZ,(G) # H éyetl xahwg, drapopetixd éxovpe H <] HZ4(G) xon
ovveyllovye.

Aedopévov 6t HZ,, (G) = G, yio xamoto n, xor  H elval yviola vwoouado €meTton To
OTTOTEAEGUOL.

(i) 'Eotw M pto péytotn vmoopddoa g G. 'Exovpe ™y oyxéon M < N (M) < G.
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H M eivow péytot xor mAnpol v odvBnxn g xoavovixorotoboog (amd to (i), doo
ovoyxootxd No(M) = G, dnhadn M < G.
O

Eixope dei 611 0Tig TeETEQUOUEVES P-OLADES TO (OLO ATTOTEAETUOL UE OLOPOPETLXY] TTOO-

oéyyLon.
Eixope amodeitel v €Eng mpdTaon:

Ye wa memepaocuévn p-oudda G xale vmooudada tng H minool Ty ovvlixn tng
xowvovixorooboog s (H < Ng(H)).

" 0oL PULOLXA ETteTal OTL x&be LTTOOUASH TNG ElvOL LTTOXAVOVYLXY.
Art’ 6 dou Tng 7

O7ntwg Statabaviépoote LTTAEYEL OTEVN OYEON UETOED TWY TETEPATUEVLY P-OUAOWY O
TWY PUNOEVOSLVEUWY OUASWY.

[Tty peretnoovpe dteEodixd Ty oyxéon oty Bor Sodpe PLePLEg LOLOTNTNTEG TOL XEVTPOL
pLog undevodvvouns opadag, oL 0Toleg EXOVY “avTiXTLUTO” o€ OAN TNV Oudda.

MMpotaon 0.1.32. 'Eotw G oudda. Y'mobétovue ott T0 XEVTPO NG elvar eAcvOEpas oTPE-
pews, TOTE xAbE OPOS TNG AVWITEONS XEVTOXNG OELPAS elvar eAcVOEpAS OTPEPEWS.

Yuvends wa undevodvvoun ouddo ue x€vtpo eAeLlépas oTpédews elvor xar auty
eAevbépoag oTpéPewg.

AmodeEy. Ymobétovpe 6t to Z(G) = Z,(G) dev mepLéyel oTOLYElO TTIETEQUOUEVNS TEENC
xow €0Tw 1 # x € Zy(G) memepaopévng taEns. Tote yio xamoro Hetixd axépato m €xovue
z™ = 1. Enlong, emewdn = € Z,(G), éxovpe 6t yiow xdbe g € G woyvet [g, z] € Z1(G). AN&
arté ™y oxéon g, ©]™ = [g, x™] (yroti toyder avTh N oxéon;ss;) éxovpe 6t [g, x] = 1, dpa
x € Z(G), dn\adn x = 1, oupod o %€vTpo eivor eAevbépag oTpédenc.
Avadpoptxd xébe 6p0g TNG aVWTEPNS KEVTELXYG OELPAS lval eAevbépag oTpédews.
O

loyver xétL Lo toyvEo.

MMpotaon 0.1.33. Eotw e 0 exOétns tov xEvtoov o undevodvvauns ouados G. Tote o
exbetng ™ G Sonpel Toy €™, omov n elvar n xAcon undevodvvaulios tns G.

ArodeEy. ‘Eotw © € Zy5(G), t6te [g, x] € Z(G), onote 1 = g, z]|® = [g, x¢], Inhadf z¢ €
Z(@). Soverde (2€)¢ = 2¢° = 1 xat ue avaSpout| £YOVUE TO ATOTEAETOL. O
Ozwpnuoa 0.1.34. 'Eotw G mencpoaoucvn ouada. Ot axdolovbes mpotaoels ot toodvvor-
UES.

1. H ouada G eivou undevodvvoun.

. Kabe vroouada tng G elvoar vwoxovovixy.

2
3. H ouada G wAnool tpy ouvinxn s xavovixomotodoos.
4. Kabe péyiotn vmoouado tns G elvar xavovu).

5

. H ouada G eivar to vl ywouevo twy p-Sylow vmroouddwy tis.

Armodey. i) = ii)
Eivow n Ilpdtaon 0.1.30.
i) = i)
Eivaw 7o Iléptopa 0.1.31 (7).
i) = i)
Eivaw 7o Il6ptopa 0.1.31 (i9).
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) = v)

‘Eotw P pia p-Sylow vmoopddo tng G. Av dev elvar xavovixn oty G, TOTE 1 XAVOVLXO-
morovoa TG N (P) elvor yvnoto vtoopdda tng G 1ot TEQLEXETOL OE ULo LEYLOTY LTTOOUAD O
M g G. Anhady) éxovpe v eEvg oxorovbion P <] No(P) < M <] G. AN\G& and to Ajuuo
** gmetal 6t M = N (M), dromo. Apa avoyxootixd xébe p-Sylow vrooudada g G eivor
nowvovixy]. OTOTE To amOTEAETUOL ETTETOL.

v) = 1)

[Tpopavég, dedopévou 6t to v Yvdpevo (ue Terepaopévo to TARBog dpovg) undevo-
SLYAUWY OUASWY elval UNndevoddvoun opada.

[AvTé elval €va TTOAD onuavTixd amotéAeopa. ...H amddeley eivar pLo ebxoAn doxnon...]

O

Mopationon 0.1.35. Onwg mapatnoolue otny amodelly, n cLVeETaYWYH TWY ii), iii), iv),
and v i), dev amoutel Ty vrdbeon n G va eivar memepaocugvy (yioo Tov Adyo avtd
alAwote Tor amotedéouata autd iyay mponynlel avetaotnra). Lo vor "xAeioet 0 xOxAog”
arouteitor n G va elvow TETEQACUEYY).

Na avalyrioete o (Greion ) ouddo, n omola txavomolel Ty ouVONXN TNG XAVOVIXO-
motovoag xat Oy elvar undevodvvau.

Afppo 0.1.36.  (**) Eotw P o p-Sylow vroouddo tn¢ merepaousvng ouddag G. Yro-
Oétovue ot No(P) < H < G. Tote woyvet ott N(H) = H.

Amodety. Emedn n P elvan vmooudda g H, eivor pto p-Sylow vroouada tng H. Emiong
av x € Ng(H) téte éyovpe v Pr < o1 Hx = H. Sovendg éyovpe 3o p-Sylow vmoouddeg
¢ H, ov ovmoieg eivor ovluyeic. Apo vépyet h € H pe h™1Ph = 271 Px. Avté onuaiver
6t hot € Ng(P) < H, dnhadf = € H xow téAog. O

‘Eva mopadetypo undevoduvapwy opddny

"Eotw R évog doaxtOMog pue novéda xal N €vag DTOdaxTOALOG Xwels povada. Optlovue
NO = N, N? = {Z’f ;1055 | a;; € N} xow avadpopxd N7 = {Z’f(HIaij €N}

[eptypapLxd o pmopodooye vo modue 6Tt xdbe Nt “mpoépyetor” omd YLvOUeVa GToL-
yetwy tov N1, ®oppoAiotind Oo umopodooue vor TOOUE OTL €YOLUE TNV OTEUOVLGY] TOV
TOMaTAXGLopob - : N x N — N. Av ue S®) cupforicovpe ™y eixdvo avTic TNg omet-
névLone, téte N2 = () eivon 1 mpocbetiny| (LTO)ou.dda N Tapaybuevn and to S2), 1 omoia
TPOPOVAG ELVAL XAELOTY] WG TTPOG TOV TTOAATAXGLOGWUOS, AP0 ATTOTEAEL LTTOdOXTOALO ToL R.

Svveyilovtag avadpouixd opifovpe we ST Tty exdvor ToL TOAATAXGLOGU.0D

-t N x N — N xow wg NOTY| 1 omolor Tpopavee eivat XASLoTH ¢ TPOS TOV TOAAG-
TAXOLOOUO, Ao TtOTEAEL LTTOdaxTUALO ToL R.

Too N givou(;;) (LTO)SaxTOALOL.

Yrobétovpe 6TL LIGEYEL 1 éTot Hote N =0 .

OpiCovpe U, = {1+ | z € N} Tpopavie (533) xdbe U, eivor opddo xon Loyde
v=u0,p0,>-->VU,,D>U,=1

Mpotoaon 0.1.37. H ocoa U = Uy, > Uy > - > U,,_;1 > U,, = 1 elvou xevtowe). Xvvends
N ouada U elvor undevodvvoun.

Arddei&y. Mo tpoyTn Toipartipnon eivo Tt T0 owvtiatpopo evig 1+x € U eivoe to (1+2)~1 =
1+ (—z+2%2+ - + (=) a1 eU.

Emopéveg, v 1+x € U xow 1+y € U,, tote [1+y, 1+2] = (1+y) 1 (1+2) 1 (1+y)(1+2) =
(1+2)1+y) tA+y)(Q+2) = Q+z+y+zy) (1 +y+ax+y).
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Oétovpe v = z +y + Yy X v = Yy + = + yxr, oNOTE N TEONYoVUEYN oy€oan Yivetol
l+y 1+2]=(0+uw) " (1+0v) = A+ (-utu?+ -+ (=) ) (1+v) =
= (4 (b 4 ()20 2) () (1 4+ v) =
=1+(0—u+u2+ - (=) 20" 2)(—u))(v—u) + (=1)" tu" 1o

Twpo ToEaTEOVUE 6Tt v —u = yx — xy € N apod y € N xou v v € N™ = 0,
ométe M tedevtaio oyéon yivetow [1+y, 1+z] = 1+(1—utu+-- (—1)" 20" 2)(—u))(v—u) €
U, 1 xouw téhog!!

K]

O

To teAevtaio Tpadetypa Qovtdlel eEWTERYUATIXO, AA& GTNY TTEOYUATLXOTNTO OTTO 0L TO
Eexivnoe 1 LeEAéTn Twy Undevoduvdumy ouddwy (g€ ob t0 dvou.a).

MdéAtoto 3 wg doxtOAo R pmopodue vo mtépovpe tov doxtoro M, (F) xow
N ={AeM,(F)| A avompd dvew totywvxde }. Téte n opdda U = I, + N amoteleiton
omd OAOLG TOUG AV TELYWYLXOVS TILVAXES, OL OTTOLOL €XOLY GTNY XVLELX SLAYOYLO OAO Tal
oTolyelo Loov pe 1.

Mmopeite vo metpapatiobeite Bewpwvtog Ty TEPITTWOY OTTOL oL TTivoxeg elval 3 X 3 %o
VO UTTOAOYLOETE TNV XATWTEPN XEVTPLXY] OELPA TNG AVTLOTOLYNG OUASOG.

To mponyoduevo Tapadetypo pLog dlvel xaL €vay TPOTO Vo XATUOXEVALOVUE UNOEVODV-
VOUES OUASEG [LE OTTOLASNTOTE XAdom undevoduvopiog Bérovpe. Ipaypott, yia tuxaio n € N
LTTOPOVULE VOL XOTOLOKEVAOOVUE QUG TP AV TELYWVLXOVS THLVAXOAES HOL OL AVTLOTOLYES OUAL-
Sec U vau éyovy xhdion pmdevoduvapiog ton ue n — 1, apod 1 avtiotowym ouddoa U™ eivor
TETOLLUEVT.

”Avapeoa 6Tl ETAVGLUEG xoL LNOEVOOVVONES Opades -TIoAUXVUXALKEG OpLadEg

‘Ortay opioope TLg ETLAVOLUES OUADES Elyope atottioet Ty VTaPEYN (LTTO)xOVOVLXKDY OEL-
PWY LE Tor SLodoyLxd TNAIxo vou elval oBEALOVEG OUASES YWPELG XOVEVAY GANO TTEQLOPLOWO.

‘Otav opiooape tig undevoddvopeg OUASES ELXAUE XTALTNCEL TNY DTTOOEN XAVOVLXWY CELPWY
KE Tor SLodoytxd TINALXOL Vo Vol DTTOOUAGES TOV XEVTPOL XKATOLWY OULAdwWY. TToAD cwaTnEdg
TLEPLOPLOULOG.

Qo propovoope vo xtynbodpe evoLdpeoa.

Optopog 0.1.38. Miax ouddo G o ovoudletar TONORLXAXN oy LTTGEYEL Yo (VTTO)xaVOVIXT]
oea

G=G, DG D>—D>G,1D>G, =1, dote ta avtiotoyo mniixe G, /G, 1 va elvou
XOXMAEG OUAOES.

[Tpo@ovkg oL TTOAUXLUALXES OUADES Elvorl ETLADOLILEG EVE) OEY ELVOL TTAVTO UNGEVOSOVOLES
Yiow TopadeLypo n Ss.

popovec(;;) pior TOALXUXALXT opddo eivor Ttemepaouévo. Yewwpevn. H amddetEn eivor
ULt EOXOAN AAAG EVILOPEPOVLOA AOUNO.

[Mpopavvg pLor afediovy] opédor lvo TTOADXLXALXY oY xOL LOVO OV ELVOL TIETEPUOUEVD
YEVVWUEYT.

Mootaon 0.1.39. Mo ouado G eivar moAvxvxAua) ov xouw uovo ay xabe vwoouado tn¢
o xablle TNAXO TNG v TOAVXLXALXY.

AnodeEn. H amddelEn elval movopotdtuomy pe v amodetEn tov Oswpnuotog 0.1.9.
O

‘Otav €yovpe pLor TOALXUXALXY OLOASOL LE AVTLOTOLYY OELOAL

G=G, DG D>+ D>G, 1D>G, =1, 1t 10 mAixa G; /G, 1, To omolo elvot XOXAXA,
WTTOPOVIE VO TO. XATOTAEOLIE O SVO XOTNYOPIES. X OTA TOV ELVOIL TIETEQPUOUEVOL XOL GE
oTE TTOL ElVaL ATTELPES XUKALKES OUADEG.
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To TPORANUa TTOL TEOXVTTTEL ELVaLL, HTOY EYOVIE XAL ULOL QAN OELOG

G=K,DK,D>DD>DK,, 1D>K,, =1,yue 1o aviiotoya mnAixo xuxAxég opades. [léoo
TINALXOL OTNY TTEWTY OELPA ELVOLL ATTELPESG XUXALKEG OUASES XOL TTOOO GTNY SEVTEPN TELPA Efvar
ATELPEG KUXAKES OULADEG;

Mpétaon 0.1.40. 'Eotw G wa molvxvxAxy ouddo, o oplbuos TwY omelpwy XxXUXAXWY
TINAXWY O OTTOLONTTOTE TOAVXVXALXY) TELOA EVAL TTAVTX O [OLOG.

AntodeEn. H amddeEn civar oAb “éEumvn” xow otnpiletor oto 6t x40e (un tetoLppévn)
UTTOOULASO LG ATELONG XUXALXTG Elvot GTTELPN] XUXALXY).

"Eotw tdpa ptoe moAuxuxAuxn oetpd G = Gy > G >+ >G,,_1 > G,, = 1. Av Oshoovpe
vou Ty emAeTtTOVOLpE TTopEUBaAovTog Lo ouado M petoEd G; o G, 1, TOTE, o To TTAixo
G;/Giiq elvon mempaouévo, bo Tpoxddovy Vo memepaouéva xuxMx& TAixo G /M xon
M/G,; 1. Av 6uwg elvorn amelpn xuxALxy opado, T6te axpBwg éva arnd ta G, /M wow M /G, 4
elval ATeELp) XUXALYY] KO CUVETIWGS OTTOLONTTOTE ETLAETTTUVOY] XOL VO TTAPOLUE 00PLOUOS TwY
OTTELPWY XUXALXWY TINAIXWY TTopapével aTalepdc xat Loog pe Tov apytxd apliuo.

Topa, oy €xovpe V0 TOANKLXALKES GELPES, AVTEG ETULIEYOVTOL LOOUOPPES ETULAETTOVOELG
%o TEAOG.

O

Emopévwg autdg o aptbude amoteiel pLto avadiolwtn piog moAuxuxAixng onadoas G xot
ovop.életor Hirsch number tc G (h(G)).

Hpétaocn 0.1.41. Mo ouddo G eivor molvxoxdixy av xow uovo ay xet o (Vo Ixavovixrs
oepa, omov xabe mnAixo elvou elte memepaouévo eAcObepn afeitovy), eite OTOLYELWHONS
afeliavy ouador.

Amtodety. H amddelen eivar edxoAy, apxel vo Sodue 10 Oewpnuo Aoung Ty TETEQUOUEVD
Yewnpevwy ABeAtovddy opddwy.
O

H mpdtaon avth amotedel Evay LGoSUVOUO 0PLOUO TWY TTOAVXUXALXEWY OUEOWY.
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