


❏❡➳r❤♠❛ ✶✳
✬❊st✇ A ∈ C

m×n ♣Ð♥❛❦❛❝ t❼①❤❝ r✳ ❚ìt❡ ✉♣❼rq❡✐ è♥❛❝ ♠♦♥❛❞✐❛Ð♦❝ ✭♦r❥♦❣➳♥✐♦❝✱
❛♥ ♦ A ❡Ð♥❛✐ ♣r❛❣♠❛t✐❦ì❝✮ ♣Ð♥❛❦❛❝ U ❞✐❼st❛s❤❝ m✱ è♥❛❝ ♠♦♥❛❞✐❛Ð♦❝ ✭♦r❥♦✲
❣➳♥✐♦❝✮ ♣Ð♥❛❦❛❝ V ❞✐❼st❛s❤❝ n ❦❛✐ è♥❛❝ ❞✐❛❣➳♥✐♦❝ ♣Ð♥❛❦❛❝ S ❞✐❼st❛s❤❝ r ♠❡
❥❡t✐❦❼ ❞✐❛❣➳♥✐❛ st♦✐q❡Ð❛ tèt♦✐♦✐ ➳st❡

A = U

[
S 0
0 0

]
V ∗, ✭✶✮

ì♣♦✉✱ t❛ ♠❤❞❡♥✐❦❼ block s✉♠♣❧❤r➳♥♦✉♥ t♦♥ ♣Ð♥❛❦❛ S ➳st❡ ♥❛ ♣r♦❦Ô②❡✐ è♥❛❝
m× n ♣Ð♥❛❦❛❝✳ ❖ ♣Ð♥❛❦❛❝ S ❡Ð♥❛✐ ♣r♦s❞✐♦r✐s♠è♥♦❝ ♠❡ ♠♦♥❛❞✐❦ì trì♣♦ ✭❡❦tì❝
❛♣ì t❤ s❡✐r❼ t✇♥ ❞✐❛❣➳♥✐✇♥ st♦✐q❡Ð✇♥ t♦✉✮✳

❆♣ì❞❡✐①❤✳ ◗✇rÐ❝ ♣❡r✐♦r✐s♠ì t❤❝ ❣❡♥✐❦ìt❤t❛❝✱ ✉♣♦❥èt♦✉♠❡ ìt✐ m ≤ n✱ ❛❧❧✐➳❝
❛sq♦❧♦Ô♠❛st❡ ♠❡ t♦♥ ♣Ð♥❛❦❛ A∗ ❛♥tÐ ❣✐❛ t♦♥ A✳ ❖ ♣Ð♥❛❦❛❝ A∗A t❛✉tÐ③❡t❛✐ ♠❡
t♦♥ Ã∗Ã✱ ì♣♦✉

Ã =

[
A

0

]

❡Ð♥❛✐ è♥❛❝ t❡tr❛❣✇♥✐❦ì❝ ♣Ð♥❛❦❛❝ ❞✐❼st❛s❤❝ n ♠❡ n−m ♠❤❞❡♥✐❦è❝ ❣r❛♠♠è❝✳ ❆♣ì
t❤♥ ✐❞✐ìt❤t❛ ✽ t♦✉ ❥❡✇r➔♠❛t♦❝ ✷✱ ♦ A∗A ❡Ð♥❛✐ ❥❡t✐❦❼ ❤♠✐♦r✐s♠è♥♦❝✳ ❆♣ì t❤♥
✐❞✐ìt❤t❛ ✼ t♦✉ Ð❞✐♦✉ ❥❡✇r➔♠❛t♦❝✱ ✉♣❼rq❡✐ è♥❛❝ ♠♦♥❛❞✐❛Ð♦❝ ♣Ð♥❛❦❛❝ V ❦❛✐ è♥❛❝
❞✐❛❣➳♥✐♦❝ ♣Ð♥❛❦❛❝ D ❞✐❼st❛s❤❝ n ♠❡ ♠❤✲❛r♥❤t✐❦❼ ❞✐❛❣➳♥✐❛ st♦✐q❡Ð❛ di ➳st❡
A∗A = V DV ∗✳

✬❊ts✐✱
(AV )∗(AV ) = D. ✭✷✮

▼♣♦r♦Ô♠❡ ♥❛ ✉♣♦❥ès♦✉♠❡ ìt✐ t❛ ♣r➳t❛ p ❞✐❛❣➳♥✐❛ st♦✐q❡Ð❛ t♦✉ D ✭❞✐❼st❛✲
s❤❝ n✮ ❡Ð♥❛✐ ❥❡t✐❦❼ ❦❛✐ t❛ ✉♣ì❧♦✐♣❛ ❡Ð♥❛✐ ♠❤❞è♥✱ ❞❤❧❛❞➔✿

D =

[
D̃ 0
0 0

]
,

ì♣♦✉ D̃ = diag(d1, · · · , dp) ❡Ð♥❛✐ è♥❛❝ ❛♥t✐strè②✐♠♦❝ ♣Ð♥❛❦❛❝✳ ✬❊st✇ w1, · · · , wp

t❛ ❞✐❛♥Ôs♠❛t❛ d
1/2
i (AV )i✱ ì♣♦✉ (AV )i ❡Ð♥❛✐ ❤ i✲♦st➔ st➔❧❤ t♦✉ ♣Ð♥❛❦❛ AV ✱

i = 1, · · · , p✳ ❆✉t❼ t❛ m ❞✐❛♥Ôs♠❛t❛ wi ❡Ð♥❛✐ ❛♠♦✐❜❛Ð❛ ♦r❥♦❣➳♥✐❛ ❛♣ì t❤
sqès❤ ✭✷✮ ❦❛✐ ❦❛❥è♥❛ ❛♣ì ❛✉t❼ èq❡✐ ♠ètr♦ ✶✳ ❚➳r❛✱ ❣♥✇rÐ③♦✉♠❡ ✭❛♣ì Gram-
Schmidt ♦r❥♦❦❛♥♦♥✐❦♦♣♦Ð❤s❤✮ ìt✐ ✉♣❼rq♦✉♥ ❞✐❛♥Ôs♠❛t❛ wp+1, · · · , wm tèt♦✐❛
➳st❡ ♦ U = [w1w2 · · ·wm] ♥❛ ❡Ð♥❛✐ è♥❛❝ ♠♦♥❛❞✐❛Ð♦❝ ♣Ð♥❛❦❛❝ ✭❞✐❼st❛s❤❝ m✮✳ ❏❛
❞❡Ð①♦✉♠❡ ìt✐ ✐sqÔ❡✐ ❤ sqès❤

AV = UD̂, ✭✸✮

✶



ì♣♦✉ D̂ =

[
S 0
0 0

]
❡Ð♥❛✐ è♥❛❝ m × n ♣Ð♥❛❦❛❝✱ S = diag(

√
d1, · · · ,

√
dp)✳

❍ sqès❤ ✭✸✮ ✐sqÔ❡✐ ❣✐❛ t✐❝ ♣r➳t❡❝ p st➔❧❡❝ t♦✉ AV ❛♣ì t♦♥ ♦r✐s♠ì t✇♥
w1, · · · , wp✳ ❆❧❧❼ ♦✐ ❼❧❧❡❝ st➔❧❡❝ t♦✉ AV ❡Ð♥❛✐ ♠❤❞❡♥✐❦è❝✱ ❛♣ì t❤ sqès❤ ✭✷✮✱
t♦ ♠ètr♦ t♦✉ ❞✐❛♥Ôs♠❛t♦❝ (AV )i ❡Ð♥❛✐ Ðs♦ ♠❡ t♦ i✲♦stì ❞✐❛❣➳♥✐♦ st♦✐q❡Ð♦ t♦✉
D ❣✐❛ i > p ❦❛✐ èts✐ ❡Ð♥❛✐ ♠❤❞è♥✳

❆♣ì t❤ sqès❤ ✭✸✮ è♣❡t❛✐ ìt✐ A = UD̂V ∗✳ ❳èr♦✉♠❡ ì♠✇❝ ìt✐ rankA =

rankD̂ = p✱ ❞❤❧❛❞➔ p = r ❦❛✐ ❤ sqès❤ ✭✸✮ ❛♣♦❞❡Ðq❥❤❦❡✳
❍ ♠♦♥❛❞✐❦ìt❤t❛ t♦✉ S è♣❡t❛✐ ❛♣ì t♦ ❣❡❣♦♥ì❝ ìt✐ t❛ ❞✐❛❣➳♥✐❛ st♦✐q❡Ð❛ t♦✉ S

❡Ð♥❛✐ ♦✐ ♠❤✲❛r♥❤t✐❦è❝ t❡tr❛❣✇♥✐❦è❝ rÐ③❡❝ t✇♥ ✐❞✐♦t✐♠➳♥ t♦✉ A∗A✳

❏❡➳r❤♠❛ ✷✳ ✭❏❡♠❡❧✐➳❞❡❝ ❏❡➳r❤♠❛ ❣✐❛ ❏❡t✐❦❼ ❍♠✐♦r✐s♠è♥♦✉❝ PÐ♥❛❦❡❝ ✲
Fundamental Theorem on Positive Semidefinite Matrices)
✬❊st✇ A ∈ C

n×n è♥❛❝ ❡r♠✐t✐❛♥ì❝ ♣Ð♥❛❦❛❝ ✭➔ A ∈ R
n×n è♥❛❝ s✉♠♠❡tr✐❦ì❝

♣Ð♥❛❦❛❝✮✳ ❚ìt❡ t❛ ❛❦ì❧♦✉❥❛ ❡Ð♥❛✐ ✐s♦❞Ô♥❛♠❛✿

✶✳ ❖ A ❡Ð♥❛✐ ❥❡t✐❦❼ ❤♠✐♦r✐s♠è♥♦❝✳

✷✳ ❖ ♣Ð♥❛❦❛❝ A+ ǫI ❡Ð♥❛✐ ❥❡t✐❦❼ ♦r✐s♠è♥♦❝ ❣✐❛ ❦❼❥❡ ǫ > 0✳

✸✳ ✬❖❧❡❝ ♦✐ ✐❞✐♦t✐♠è❝ ì❧✇♥ t✇♥ ❦Ôr✐✇♥ ✉♣♦♣✐♥❼❦✇♥ t♦✉ A ❡Ð♥❛✐ ♠❤✲❛r♥❤t✐❦è❝✳

✹✳ ✬❖❧❡❝ ♦✐ ❦Ôr✐❡❝ ✉♣♦♦rÐ③♦✉s❡❝ t♦✉ A ❡Ð♥❛✐ ♠❤✲❛r♥❤t✐❦è❝✳

✺✳ ●✐❛ k = 1, · · · , n t❛ ❛❥r♦Ðs♠❛t❛ ì❧✇♥ t✇♥ ❦Ôr✐✇♥ ✉♣♦♦r✐③♦✉s➳♥ t♦✉ A

t❼①❤❝ k ❡Ð♥❛✐ ♠❤✲❛r♥❤t✐❦❼✳

✻✳ ✬❖❧❡❝ ♦✐ ✐❞✐♦t✐♠è❝ t♦✉ A ❡Ð♥❛✐ ♠❤✲❛r♥❤t✐❦è❝✳

✼✳ ❯♣❼rq❡✐ è♥❛❝ ♠♦♥❛❞✐❛Ð♦❝ ♣Ð♥❛❦❛❝ U ✭♦r❥♦❣➳♥✐♦❝ ♣Ð♥❛❦❛❝ U ✱ ❛♥ ♦ A ❡Ð♥❛✐
♣r❛❣♠❛t✐❦ì❝✮ ❦❛✐ è♥❛❝ ❞✐❛❣➳♥✐♦❝ ♣Ð♥❛❦❛❝ D ♠❡ ♠❤✲❛r♥❤t✐❦❼ ❞✐❛❣➳♥✐❛
st♦✐q❡Ð❛✱ tèt♦✐♦✐ ➳st❡ A = UDU∗✳

✽✳ ❯♣❼rq❡✐ è♥❛❝ t❡tr❛❣✇♥✐❦ì❝ ♣Ð♥❛❦❛❝ C✱ tèt♦✐♦❝ ➳st❡ A = CC∗✳

❚❛ ❏❡✇r➔♠❛t❛ ✶ ❦❛✐ ✷ ♠♣♦r♦Ô♥ ♥❛ ❜r❡❥♦Ô♥ st♦ ❜✐❜❧Ð♦✿

M. Fielder, Special Matrices and Their Applications in Numerical Mathe-
matics, Second Edition, Dover, 2008.
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