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192 Chapter 7. QR Factorization, SVD, and Projec

and store these entries over the corresponding entries of A:

AlE v kim) = (I,,, Ll — '7”:."l ) Alk ok on)
1y iy

= Atk :m, L:u)—,ﬂu,m.L Ak sk u)h\j“ 4/
N

*YY) v
A€ ]plm 7 M ﬂw}"ﬁ“d f p&‘il::‘ P*("
°d, it has

vl
Q v Note: The algorithm does not produce the matrix @ cxplicitly. tnee
formed out of the saved Houscholder vectors -

) nol Example 7.6. let
v vl S-IQJV’“ 4 0 11
l B

w b )
5 , %
k = 1: Construct the Houscholder veetor uy such thut (I,s - ”Tl o ) )
H] Ity 1 0

0 | o2
mealiledal01=]1 |-
[

i 0
Update:

1414 =2.1213 —2.8284

=AY = HiA = 0 : 0.2071 )”9”“)

0 =1.207] =1 707

2 i, 2

k =2: Construct the Houscholder vector wy such that ( [ - . “m 0.2
T wduy ) \-1207

% .
o}
02071 14318

= (—1,2tm) - "'2‘”( ) " ( 1. 7071)
s ~ 2Pl

hl

Update: Updaie the submairix in the box, A2 :

1 DA
|.2247  1.6330
v b . »
AR £ 3,2 53} “( 0 -05774 )
- 14142 —2.1213 -2.8234
FormR: A=A = hA=R 0 1.2247 1.6330
0 0 —0.5774

Note: In practical computations using Lthe above storage arrangemnents, the
asy. dy, and ap of the above matrix (which are zeros now) will be filled in with 3
iy = Loand wy = —1.2071, v.hlluhcmmu un = J2and un = —1.4318 will be

in a vector vdelined by v = (\/3 ~1.4318)7.
Q= HtyH, = O 0.8165 0.59Y4
=TT T =030 0.4082 0.5
VY 0482 035P4

5




162 Chapter Five Some Useful Transformations In Numerical Linear Algebra

THEOREM 5.5.2{ QR Unlgueness ’I‘hcoreml Let A be m X n(m = n) and have linearly
independent columns. Then there exists a unique m X n matrix Q with orthonormal
columns and a unique n X n upper triangular matrix R with positive diagonal entries
such that

A= QR (- 5"‘1" e.dw’o'w
M’_—-( EIeSI,_E_IQWe find R of QR factorization of ﬂ Mo( 9. AL

0o 1 1
A=]T1 2 3
1. 4. 1

using Givens rotations and verify the uniqueness of this matrix.
. — &

Step 1: Find ¢ and s such that

(_z= Oz)(zi:):l(;)

c=0, s=1

Find ¢ and s such that

e ) =)

1 1
=1, = — — s
an c ﬁ § \/5
Lo i 1
2 V2
J,399=|1 0 1 O
s [
V2 V2
1 0 o o8
B B3 1 2 3
A=J(1,30A= 0 1, B (0 =1 —-1)
(_T;') 0 Ilfi 1 1 1
V2% 2
=10 -1 -l
0o sl -

S

J |
5.5 Glivens Matrices and Applications dgg |

Step 2:  Find ¢ and s such that

(= E)-)

1 2 1
a =—1, ap = —— C= ——, = ——
22 3 \/’E ﬁ \/5
10 0\ /2 73., 22
s Lt 2
manu=1% 7 ~EM e —1)
Ar W2 0 =L =2
0.& -5 Hin o
; .
V2 % 22
=lo £ 22
Y2 1 w8
1
o o0 %
14142 2.1213 2.8284
=|0 1.2247 16330
0 0 0.5774

—P

Remark: Note that the upper triangular matrix obtaincd here is essentially the same

as the one given by the Householder method earli J differing from
onlx in the signs of the first and third rows.

(using four-digit computations).

5.5.3 Givens Rotations and Reduction to Hessenberg Form

The Givens matrices can also be employed to transform an arbitrary n X n matrix A to
an upper Hessenberg matrix H, by orthogonal similarity: PAPT = H,. However, to do
this, Givens rotations must be constructed in a certain special manner. For example,
in the first step, Givens rotations J(2, 3, ), J(2,4, 0), ..., J(2, n, §) are successively
computed so that with Py = J(2,n, 8) - - J(2,4, 0)J(2,3, 6),

* *

* * *

PIAPT = AV = |0 = *
0 * e *

In the second step, Givens rotations J(3,4, 0), J(3,5, 6),..., J(3, n, 8) are succes-
sively computed so that with P, = J(3,n, 6)J(3, n—1,8)---J(3,4, 0),

* * * *®
#* * * *
0 * = * !
PAVPf =A® =14 4 4



[ R R,

Mg  Househaloler— R 84@448

A ro 0. 8165 0,537 oyl =2 s _2.828Y
_o.Fo) 0.4082 -0.5734 | - 0 42043 {6330
_093A —0.y082 0.5 v O —0.5%4

oy 2,

Me Civens— BR £ xouls £
T
5). J(4,36) 3(420))

R=(3(23
74 — K- 0 465 ~0.57735 4.4z 913 2.8284
0,713 0.4082 4+ 0.535 | 0 4.2243  4-6320
0709t 04092  —0 595 0 0 0.57Y
Qf')- Qj_




340 Chapter Seven Least-Squares Solutions to Linear Systems 5 Vm\dy {71’2—-

Example 7.8.6 Find the QR factorization of A = !%. P*-{

‘ﬂQ@d&gma'. ‘e ( . ;’) WY WA

6 7
using modified Grg;_é_ggl_d' Lprocess (Algorithm 7.8 4).
k=1

ry = llgill, = llall; = 6.4031
F—
q = rfl = (01562, 0.3123,0.9370)
11
Ip = qf?z = qf a; = 7.8087

0.7805
92 =g —rpg =a; - rpg = 0.5610
— 03171

r = L0121

=L = 0771105543, ~0.3133)7
Lger]
Thus,

—

- 0.1562 0.7711
0=(q.q) = (0.3123 0.5543
1 09370 -03133/,,,

g = (64031 7.8087)
2 \o LOT3] Jovs

Verify that 4 = OR. Note that if you had used Househ
rithm 5.4.3), the results were D

=0.1562 —0.7711 —-0.6172 ?\
0= (— 0.3123  —0.5543 0.7715 A = (‘)\
~—0.9370 03133 -0.5143 3%3 9.
—6.4031 —7.8087 k
R= 0 —1.0121
0 0 Ix2

Modified Gram-Schmidt versus Classical Gram-Schmidt Algorithms
Mathematicall 3 ]

49 = ax — g,

where ri; = ¢Ta,. Then it can be shown (Bjérck 1994b) that

1f(a2) = g2l < (1.06)2m + 3 llasl,

i1
U




