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Invariant Theory of Finite Groups

Invariant theory has had a profound effect on the development of algebraic geometry.
For example, the Hilbert Basis Theorem and Hilbert Nullstellensatz, which play a cen-
tral role in the earlier chapters in this book, were proved by Hilbert in the course of his
investigations of invariant theory.

In this chapter, we will study the invariants of finite groups. The basic goal is to
describe all polynomials which are unchanged when we change variables according
to a given finite group of matrices. Our treatment will be elementary and by no means
complete. In particular, we do not presume a prior knowledge of group theory.

§1 Symmetric Polynomials

Symmetric polynomials arise naturally when studying the roots of a polynomial. For
example, consider the cubic f = x> + bx? + cx + d and let its roots be ay, a2, 3.
Then

bt tex+d=(x—a)lx—a)x —az).

If we expand the right-hand side, we obtain
B +bx?4+ex+d=x— (o1 +ap + a3)x2 + (a1a2 + ajaz + ara3)x — ajaz03,
and thus,

b=—(ai + a2+ a3),
(1 c=aiaz +araz + a0z,
d=—ajau03.

This shows that the coefficients of f are polynomials in its roots. Further, since
changing the order of the roots does not affect f, it follows that the polynomials
expressing b, ¢, d in terms of a1, a2, a3 are unchanged if we permute a1, asz, a3. Such
polynomials are said to be symmetric. The general concept is defined as follows.
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318 7. Invariant Theory of Finite Groups
Definition 1. A polynomial f € k[x1, ..., x,] is symmetric if
f iy xi,) = fx1, .00, x0)
for every possible permutation x;,, . .., x;, of the variables x1, . .., Xp.

For example, if the variables are x, y, and z, then x> 4 y? 4 z? and xyz are obviously
symmetric. The following symmetric polynomials will play an important role in our
discussion.

Definition 2. Given variables xi, . .., x,, we define the elementary symmetric func-
tions oy, ...,0, € k[xy, ..., x,] by the formulas

o1 =Xx1+ -+ Xp,
Oy = § XiyXiy " Xips
i <ip<---<liy

Op =X1X2-*Xp.

Thus, o, is the sum of all monomials that are products of r distinct variables. In
particular, every term of o, has total degree r. To see that these polynomials are indeed
symmetric, we will generalize observation (1). Namely, introduce a new variable X
and consider the polynomial

2) JX) =X —x)(X —x2) - (X —xpn)
with roots x1, ..., x,. If we expand the right-hand side, it is straightforward to show
that

fX)=X"—a X" "+ oX" 24 (=)o X 4 (=)0,

(we leave the details of the proof as an exercise). Now suppose that we rearrange
X1, ...,%x,. This changes the order of the factors on the right-hand side of (2), but f
itself will be unchanged. Thus, the coefficients (—1)" o, of f are symmetric functions.

One corollary is that for any polynomial with leading coefficient 1, the other coeffi-
cients are the elementary symmetric functions of its roots (up to a factor of +1). The
exercises will explore some interesting consequences of this fact.

From the elementary symmetric functions, we can construct other symmetric func-
tions by taking polynomials in o1, ..., g,. Thus, for example,

022 — o103 = x2y? + x2yz + 32 + xyPz + xy? + y2 P

is a symmetric polynomial. What is more surprising is that all symmetric polynomials
can be represented in this way.
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Theorem 3 (The Fundamental Theorem of Symmetric Polynomials). Every sym-
metric polynomial in k[x1,...,x,] can be written uniquely as a polynomial in the
elementary symmetric functions o1, . . ., oy.

Proof. We will use lex order with x; > x > --- > x,. Given a nonzero symmetric
polynomial f € k[xy,...,x,],let LT(f) = ax*. If a = (a1, ..., a,), we first claim
that ¢y > ap > --- > a,. To prove this, suppose that a; < a;4+ for some i. Let f
be the exponent vector obtained from o by switching a; and ;4. We will write this
as f = (..., a1, i, ...). Since ax® is a term of f, it follows that ax” is a term of
f(.., Xit1,Xi,...). But f is symmetric, so that f(..., xj+1, Xj,...) = f, and thus,
ax? is a term of f. This is impossible since # > a under lex order, and our claim is
proved.
Now let
h = O_al—a20.052—053 . O_an—l—an a,,.

1 2 n—1 On

To compute the leading term of A, first note that LT(6,) = x1x3---x, for 1 <r < n.
Hence,

LT(h) =LT(c]" "0, " - a,")
=LT(o1)" " 2LT(02)*2 ™% .. - LT(0,) ™"

©) = xR ()27 ()™
=x]'xy? o xy" = x%

It follows that f and ah have the same leading term, and thus,
multideg(f — ah) < multideg(f)

whenever f— ah # 0.

Now set fi = f— ah and note that f; is symmetric since f and ah are. Hence,
if fi # 0, we can repeat the above process to form f» = f; — ajhy, where a; is
a constant and £ is a product of a1, ..., 0, to various powers. Further, we know
that LT(f2) < LT(f1) when f> # 0. Continuing in this way, we get a sequence of
polynomials f, fi, f>, ... with

multideg(f) > multideg(f;) > multideg(f2) > --- .

Since lex order is a well-ordering, the sequence must be finite. But the only way the
process terminates is when f;4; = 0 for some 7. Then it follows easily that

f=ah+ahy+---+ath;,

which shows that f is a polynomial in the elementary symmetric functions. Finally,
we need to prove uniqueness. Suppose that we have a symmetric polynomial f which
can be written

f = gl(o-l, -'~30-I’l) = g2(‘71, -~-7011)'

Here, g1 and g» are polynomials in n variables, say yi, ..., y,. We need to prove that
g1 =g ink[yy,...,yal
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If we set ¢ = g1 — g2, then g(oy,...,0,) = 0 in k[xq,...,x,]. Unique-
ness will be proved if we can show that g = 0 in k[yj, ..., y,]. So suppose that
g # 0. If we write g = Zﬂ a/gy/’), then g(oy, ..., 0,) is a sum of the polynomials

gp = aﬂa]ﬂ' azﬂz .- ~a,f”, where f = (f1, ..., fn). Furthermore, the argument used in
(3) above shows that

LT(gp) = aﬁxfl+"'+ﬁ”x§2+m+ﬁ” . -xf”.

It is an easy exercise to show that the map
B, B> B+ +Bp. fot A Pus s Br)

is injective. Thus, the g4’s have distinct leading terms. In particular, if we pick f such
that LT(gg) > LT(g,) for all y # B, then LT(gp) will be greater than all terms of the
gy ’s. It follows that there is nothing to cancel LT(gz) and, thus, g(oy, ..., 0,) cannot
be zero in k[x1, ..., x,]. This contradiction completes the proof of the theorem. O

The proof just given is due to Gauss, who needed the properties of symmetric poly-
nomials for his second proof (dated 1816) of the fundamental theorem of algebra. Here
is how Gauss states lex order: “Then among the two terms

Ma®bPe’ ... and Ma“bF et ..
superior order is attributed to the first rather than the second, if
eithera > a’,ora =a’and p > p/,ora =o', =p andy > y’, oretc.”

[see p. 36 of GAUSS (1876)]. This is the earliest known explicit statement of lex order.
Note that the proof of Theorem 3 gives an algorithm for writing a symmetric poly-
nomial in terms of o1, . .., g,. For an example of how this works, consider

f=x3y+x3 24+ +x3 + 324+ v eklx, v, 2l
The leading term of f is x3y = LT(O'120'2), which gives
fi=f-— 01202 = —2xzy2 — 5x2yz —2x% — 5xy2z — 5xyz2 — 2y2z2.
The leading term is now —2x2y? = —2LT(0'22), and thus,
f=f—otor 42037 = —x*yz — xy*z — xyz°.
Then one easily sees that
3= f_0120'2+20'22+0'10'3 =0

and hence,

f= 01202 — 2022 — 0103

is the unique expression of f in terms of the elementary symmetric polynomials.

Surprisingly, we do not need to write a general algorithm for expressing a symmetric
polynomial in o1, ..., g,, for we can do this process using the division algorithm from
Chapter 2. We can even use the division algorithm to check for symmetry. The precise
method is as follows.
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Proposition 4. In the ring k[x1, ..., Xn, Y1, - . ., Ynl, fix a monomial order where any
monomial involving one of x1, . . . , X, is greater than allmonomials ink[yy, . . ., yn]. Let
G be a Groebner basis of the ideal (61— y1,...,0,—Yn) CKk[X1,.. s X0, V1s--vs Ynl-
Given [ € k[xy,...,x,], let g = ?G be the remainder of f on division by G. Then:
(1) f is symmetric if and only if g € k[y1, ..., Ynl

(i) If f is symmetric, then f = g(oy,...,0p) is the unique expression of f as a
polynomial in the elementary symmetric polynomials o1, ..., op.

Proof. As above, we have [ € k[xy,...,x,],and g € k[x,..., X0, Y1, ..., Yol isits

remainder on division by G = {g1, ..., g:}. This means that

f=A1g+ -+ Ag +g,

where Ay, ..., A; € k[x1,..., X0, Y1, ..., Yn]. We can assume that g; % 0 for all i.
To prove (i), first suppose that g € k[y1,...,y,]. Then for each i, substitute
o; for y; in the above formula for f. This will not affect f since it involves only
X1, ..., Xx,. The crucial observation is that under this substitution, every polynomial in
(01 — y1,-..,0n — Yn) goes to zero. Since g1, ..., g lie in this ideal, it follows that

f=glor,...,on).

Hence, f is symmetric.

Conversely, suppose that f € k[xy, ..., x,] is symmetric. Then f = g(oy, ..., 0p)
for some g € k[y1, ..., y,]. We want to show that g is the remainder of f on divi-
sion by G. To prove this, first note that in k[x1, ..., Xs, Y1, ..., Y], @ monomial in
o1, ..., 0, can be written as follows:

J{Zl ~-~g};x"=(y1 + (o1 _yl))al "'(Yn‘i‘(o'n_)’n))a"
=y ey + B (o1 —y1) 4+ By (00 — yn)

for some By, ..., B, € k[x1,...,Xu, Y1, --., ¥n]. Multiplying by an appropriate con-
stant and adding over the exponents appearing in g, it follows that

glor,...,o0) =801,..., ) +C1-(c1 —=y1)+ -+ Cy- (00 — yn),

where Cy,...,C, € k[x1,..., %0, Y1,.-.,Yn]. Since f = g(oy,...,0,), We can
write this as
4) f=C-(or=y)+-+Cp-(n—y1)+801,..., )

We want to show that g is the remainder of f on division by G.

The first step is to show that no term of g is divisible by an element of LT(G). If this
were false, then there would be g; € G, where LT(g;) divides some term of g. Hence,
LT(g;) would involve only yq, ..., y, since g € k[y1, ..., y]. By our hypothesis on
the ordering, it would follow that g; € k[yy, ..., y,]. Now replace every y; with the
corresponding o;. Since g; € (o1 — y1,...,0, — Yn), we have already observed that
gi goes to zero under the substitution y; — o;. Then g; € k[y1, ..., ¥,] would mean
gi(o1,...,0,) = 0. By the uniqueness part of Theorem 3, this would imply g; = 0,
which is impossible since g; # 0. This proves our claim. It follows that in (4), no term
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of g is divisible by an element of LT(G), and since G is a Groebner basis, Proposition 1
of Chapter 2, §6 tells us that g is the remainder of f on division by G. This proves that

the remainder lies in k[y1, ..., y,] when f is symmetric.
Part (ii) of the proposition follows immediately from the above arguments and we
are done. O

A seeming drawback to the above proposition is the necessity to compute a Groebner
basis for (61 — y1,...,0, — yn). However, when we use lex order, it is quite simple
to write down a Groebner basis for this ideal. We first need some notation. Given

variables uy, ..., ug, let
hi(uy, ... ug) = z u”
la|=i
be the sum of all monomials of total degree i in uy, ..., uy;. Then we get the following

Groebner basis.

Proposition 5. Fix lex order on k[x1,..., X5, Y1,..., Yn] With x; > --- > x, >
y1 > - -+ > y,. Then the polynomials

k
g = (ks o)+ D (D i, )y, k=1,..,m,

i=1
form a Groebner basis for the ideal (61 — y1,...,0, — Yn).

Proof. We will sketch the proof, leaving most of the details for the exercises. The first
step is to note the polynomial identity

k
©) 0= hx (e, -5 50) + D (=D (i, - xa)i
i=1
The proof will be covered in Exercises 10 and 11.

The next step is to show that g1, ..., g, form a basis of (o] — y1,...,0, — yu). If
we subtract the identity (5) from the definition of g, we obtain

k
6) g =D (= hiiGks .., x) (i — 0),
i=1

which proves that (g1, ..., g») C (61 — Y1, ..., 0, — yn). To prove the opposite inclu-
sion, note that since kg = 1, we can write (6) as

k—1
(7) g =D 0x =) + D (=D i (ks ) (i — 7).

i=1
Then induction on k shows that (61 — y1,...,0, — yu) C (g1,...,&n) (see Exer-

cise 12).
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Finally, we need to show that we have a Groebner basis. In Exercise 12, we will ask
you to prove that
LT(g) = x;-

This is where we use lex order with x; > --- > x, > y; > --- > y,. Thus the
leading terms of g1, .. ., gk are relatively prime, and using the theory developed in §9
of Chapter 2, it is easy to show that we have a Groebner basis (see Exercise 12 for the
details). This completes the proof. O

In dealing with symmetric polynomials, it is often convenient to work with ones that
are homogeneous. Here is the definition.

Definition 6. A polynomial f € k[xi,...,x,] is homogeneous of total degree k
provided that every term appearing in f has total degree k.

As an example, note that the i-th elementary symmetric function o; is homogeneous
of total degree i. An important fact is that every polynomial can be written uniquely as
a sum of homogeneous polynomials. Namely, given f € k[xy, ..., x,], let f; be the
sum of all terms of f of total degree k. Then each f; is homogeneous and f = >, fi.
We call f the k-th homogeneous component of f.

We can understand symmetric polynomials in terms of their homogeneous compo-
nents as follows.

Proposition 7. A polynomial f € k[x1, ..., x,] is symmetric if and only if all of its
homogeneous components are symmetric.

Proof. Givenasymmetric polynomial f, letx;,, ..., x;, beapermutationofxy, ..., x,.
This permutation takes a term of f of total degree k to one of the same total degree.
Since f(x;,...,x;,) = f(x1,...,xp), it follows that the k-th homogeneous compo-
nent must also be symmetric. The converse is trivial and the proposition is proved. [

Proposition 7 tells us that when working with a symmetric polynomial, we can as-
sume that it is homogeneous. In the exercises, we will explore what this implies about
how the polynomial is expressed in terms of o1, ..., g,.

The final topic we will explore is a different way of writing symmetric polynomials.
Specifically, we will consider the power sums

sk=x1f+x]2‘+'o~+xfl.

Note that s is symmetric. Then we can write an arbitrary symmetric polynomial in
terms of 51, ..., s, as follows.

Theorem 8. If k is a field containing the rational numbers Q, then every symmet-
ric polynomial in kl[xi, ..., x,] can be written as a polynomial in the power sums
STy nnsSn.
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Proof. Since every symmetric polynomial is a polynomial in the elementary symmet-
ric functions (by Theorem 3), it suffices to prove that o1, ..., g, are polynomials in
S1, ..., Sy. For this purpose, we will use the Newton identities, which state that

sk =018kt + -+ (=D opisi + (= Dfkor =0, 1<k <n,
Sk — O18k—1+ -+ (_l)nilan—lsk—n—&-l +(=1)'ousk—n =0, k> n.
The proof of these identities will be given in the exercises.
We now prove by induction on k that oy is a polynomial in s, ..., s,. This is true

for k = 1 since o1 = s1. If the claim is true for 1,2, ...,k — 1, then the Newton
identities imply that

1
ox = (—1)k_1E(Sk — o151 + -+ (=D o _is1).

We can divide by the integer k£ because Q is contained in the coefficient field (see
Exercise 16 for an example of what can go wrong when Q ¢ k). Then our inductive
assumption and the above equation show that oy is a polynomial in sq, ..., s, O

As a consequence of Theorems 3 and 8, every elementary symmetric function can
be written in terms of power sums, and vice versa. For example,

1
Sy = 0'12 — 20'2 <> 03 = 5(5‘12 —Sz),
1
§3 = 013 — 3010y + 303 < 03 = g(sf — 35152 + 253).

Power sums will be unexpectedly useful in §3 when we give an algorithm for finding
the invariant polynomials for a finite group.

EXERCISES FOR §1
1. Prove that f € k[x, y, z] is symmetric if and only if f(x,y,z) = f(y,x,z) = f(y, z, X).
2. (Requires abstract algebra) Prove that f € k[xy,...,x,] is symmetric if and only if
S, x0,x3, ..., x0) = f(x0,X1,%3,...,x2) = f(x2,x3,...x,,x1). Hint: Show that
the cyclic permutations (1, 2) and (1, 2,...,n) generate the symmetric group S;,. See
Exercise 11 in §2.10 of HERSTEIN (1975).
3. Let ai” be the i-th elementary symmetric function in variables x1, ..., x;. The superscript

n denotes the number of variables and is not an exponent. We also set 06’ =1and al.” =0
ifi <0ori > n. Provethatg/ = Ji”_l + xnai"__ll for all » > 1 and all i. This identity is
useful in induction arguments involving elementary symmetric functions.

4. Asin (2),let f(X) = (X — x1)(X — x3)--- (X — xp,). Prove that f = X" — o) X"~ +
02 X" 2 4 ... 4 (=1)"" 15, | X + (—1)"0,. Hint: You can give an induction proof using
the identities of Exercise 3.

5. Consider the polynomial

=62+ yH0a%+ 26 +2%) e kix, v, zl.

a. Use the method given in the proof of Theorem 3 to write f as a polynomial in the
elementary symmetric functions o1, 02, 73.
b. Use the method described in Proposition 4 to write f in terms of o1, 07, 03.
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11.
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You can use a computer algebra system for both parts of the exercise. Note that by stripping

off the coefficients of powers of X in the polynomial (X — x)(X — y)(X — z), you can get

the computer to generate the elementary symmetric functions.

If the variables are x1, ..., x,, show that Zi#j xizxj = 0107 — 303. Hint: If you get stuck,

see Exercise 13. Note that a computer algebra system cannot help here!

Let f = x" + a]x”_1 + .-+ 4 ay € k[x] have roots a, ..., a,, which lie in some bigger

field K containing k.

a. Prove that any symmetric polynomial g(aq, ..., a,) in the roots of f can be expressed
as a polynomial in the coefficients ay, ..., a, of f.

b. In particular, if the symmetric polynomial g has coefficients in k, conclude that
glay,...,an) €k.

. Asin Exercise 7, let f = x" +a1x"_1 + -+ +ap € k[x] have roots a1, ..., ay, which lie

in some bigger field K containing k. The discriminant of f is defined to be

D(f) =[] —a)
i#]

Use Exercise 7 to show that D(f) is a polynomial inay, ..., ay.
When n = 2, express D(f) in terms of a| and a,. Does your result look familiar?
When n = 3, express D(f) in terms of ay, ap, a3.
Explain why a cubic polynomial 4 aix? +ax + a3z has a multiple root if and only
if —4a?a3 + a%a% + 18ajaraz — 4a3 — 27a_,2, =0.
Given a cubic polynomial f = x4 a1x22 + apx + az, what condition must the coefficients
of f satisfy in order for one of its roots to be the average of the other two? Hint: If o is
the average of the other two, then 201 — ap — a3 = 0. But it could happen that a; or a3
is the average of the other two. Hence, you get a condition stating that the product of three
expressions similar to 2a; — ay — a3 is equal to zero. Now use Exercise 7.
As in Proposition 5, let /;(xq, ..., x,) be the sum of all monomials of total degree i in
X1,...,%xn.Also,letog = 1 and g; = 0if i > n. The goal of this exercise is to show that

&0 o

k
0= (=D)'hp—i @1, X0)i (x15 .., Xn).
i=0

In Exercise 11, we will use this to prove the closely related identity (5) that appears in the

text. To prove the above identity, we will compute the coefficients of the monomials x* that

appear in iy _;0;. Since every term in /i _;o; has total degree k, we can assume that x* has

total degree k. We will let a denote the number of variables that actually appear in x*.

a. If x* appears in hy_;o;, show that i < a. Hint: How many variables appear in each term
of [ ?

b. Ifi < a, show that exactly (?) terms of ¢; involve only variables that appear in x*. Note
that all of these terms have total degree i.

c. If i < a, show that x appears in hy_;o; with coefficient (). Hint: This follows from
part b because hy_; is the sum of all monomials of total degree k —i, and each monomial
has coefficient 1.

d. Conclude that the coefficient of x in >°¥_ (1) hg_;o; is 3¢ (~1)" (%). Then use
the binomial theorem to show that the coefficient of x“ is zero. This will complete the
proof of our identity.

In this exercise, we will prove the identity

k
0=l (ks s Xn) + D (=) i (ks> X)) (X1, Xn)

i=1
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used in the proof of Proposition 5. As in Exercise 10, let o = 1, so that the identity can be
written more compactly as

k
0= Z(—l)’hk,,-(xk, e X))o (X, .., X))
i=0

The idea is to separate out the variables xy, ..., x;_1. Tothisend, if § C {1, ...,k —1}, let
x5 be the product of the corresponding variables and let |S| denote the number of elements
in S.
a. Prove that
oi(X1y...,Xp) = Z xSai_|S|(xk,...,xn),
Sc{l,...k—1}

where we seto; = 0if j < 0.
b. Prove that

k
DD i (ks xn) i (X1 - Xn)

i=0

k
= Z xS Z (=D)'hj—i (g, - Xn) i1 5) (Xks - -+ > Xn)
sc{l,...k—1} i=|S|

c. Use Exercise 10 to conclude that the sum inside the parentheses is zero for every S. This
proves the desired identity. Hint: Let j =i — |S].
12. This exercise is concerned with the proof of Proposition 5. Let g; be as defined in the
statement of the proposition.
a. Use equation (7) to prove that (61 — y1,.--,0n — Yn) C (€15 .-+ &n)-
b. Prove that LT(g;) = x]](‘.
c. Combine part (b) with the results from §9 of Chapter 2 (especially Theorem 3 and Propo-
sition 4 of that section) to prove that g1, ..., g, form a Groebner basis.
13. Let f be a homogeneous symmetric polynomial of total degree k.
a. Show that f can be written as a linear combination (with coefficients in k) of polynomi-
als of the form ¢} 6% - - - 0" where k = i| 4 2iy + -+ + nip.
b. Letm be the maximum degree of x; that appears in f. By symmetry, m is the maximum
degree in f of any variable. If al”aéz -.oy" appears in the expression of f from part
(a), then prove that iy + iy + --- + i < m.
c. Show that the symmetric polynomial Zi;é J xl.zx j can be written as ag| 0, +boj for some
constants a and b. Then determine a and b. Compare this to what you did in Exercise 6.
14. In this exercise, you will prove the Newton identities used in the proof of Theorem 8. Let
the variables be x1, ..., xj.
a. As in Exercise 3, set op = 1 and o; = O if either i < O or i > n. Then show that the
Newton identities are equivalent to

Sk —01Sk—1 +---+ (—l)kilakflsl + (—l)kko'k =0

forall k > 1.

b. Prove the identity of part (a) by induction on n. Hint: Write g; as g, where the exponent
denotes the number of variables, and similarly write s; as s,’{’. Use Exercise 3, and note
that s} = s]':_l + xk.
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15. This exercise will use the identity (5) to prove the following nonsymmetric Newton identities:
xlk — alxlk_l ook D o x + (Do = (—l)kﬁli, 1 <k<n,
xlk - alx{‘_l + (—1)"_10,,_1151{(_"'H + (—1)"0,,)6;(_” =0, k=>n,

where &li = ok (xj, ..., Xj_1,Xj41, ..., Xp) is the k-th elementary symmetric function of

all variables except x;. We will then give a second proof of the Newton identities.

a. Show that the nonsymmetric Newton identity for k = n follows from (5). Then prove
that this implies the nonsymmetric Newton identities for k > n. Hint: Treat the case
i = n first.

b. Show that the nonsymmetric Newton identity for k = n — 1 follows from the one for
k = n.Hint: 6, = xi&li—l'

c. Prove the nonsymmetric Newton identity for k < n by decreasing induction on k. Hint:
By Exercise 3, o), = &,ﬁ +x; &li—l’

d. Provethat >, &]i = (n—k)6y. Hint: Aterm x;, - - x;,, where | <ij <--- <iy <n,
appears in how many of the &,i ’s?

e. Prove the Newton identities.

16. Consider the field IF; = {0, 1} consisting of two elements. Show that it is impossible to
express the symmetric polynomial xy € F»[x, y] as a polynomial in s; and s, with coeffi-
cients F,. Hint: Show that s, = 57!

17. Express s4 as a polynomial in o1, ..., o4 and express o4 as a polynomial in sy .. ., s4.
18. We can use the division algorithm to automate the process of writing a polynomial
g(oy,...,0p) in terms of sq,...,s,. Namely, regard o1, ..., 0y, ], ..., S, as variables

and consider the polynomials

gk =Sk =01Sk—1+ -+ (—1)k_10k,]s1 + (—l)kkak, 1<k<n.

Show that if we use the correct lex order, the remainder of g(oy, ..., o,) on division by
g1, ..., 8n Will be a polynomial (sq,...,s,) such that g(oy,...,0,) = h(s{,...,sn).
Hint: The lex order you need is not 61 > oo > -++ > g5 > §| > -+ > Sp.

§2 Finite Matrix Groups and Rings of Invariants

In this section, we will give some basic definitions for invariants of finite matrix groups
and we will compute some examples to illustrate what questions the general theory
should address. For the rest of this chapter, we will always assume that our field k
contains the rational numbers Q. Such fields are said to be of characteristic zero.

Definition 1. Let GL(n, k) be the set of all invertible n x n matrices with entries in
the field k.

If A and B are invertible n x n matrices, then linear algebra implies that the product
AB and inverse A~! are also invertible (see Exercise 1). Also, recall that the n x n
identity matrix /,, has the properties that A- I, = I,,- A= Aand A - A~1 = [, forall
A € GL(n, k). In the terminology of Appendix A, we say that GL(n, k) is a group.

Note that A € GL(n, k) gives an invertible linear map A : k" — k" via matrix mul-
tiplication. Since every linear map from k" to itself arises in this way, it is customary
to call GL(n, k) the general linear group.
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We will be most interested in the following subsets of GL(n, k).

Definition 2. A finite subset G C GL(n, k) is called a finite matrix group provided
it is nonempty and closed under matrix multiplication. The number of elements of G is
called the order of G and is denoted |G|.

Let us look at some examples of finite matrix groups.

Example 3. Suppose that A € GL(n, k) is a matrix such that A” = [, for some
positive integer m. If m is the smallest such integer, then it is easy to show that

Cp ={In, A, ..., A"y C GL(n, k)

is closed under multiplication (see Exercise 2) and, hence, is a finite matrix group. We
call C,, a cyclic group of order m. An example is given by

0 —1
A:(l o) € GL(2, k).

One can check that A* = I, so that C4 = {I, A, A2, A3} is a cyclic matrix group of
order 4 in GL(2, k).

Example 4. An important example of a finite matrix group comes from the per-
mutations of variables discussed in §1. Let 7 denote a permutation x;,, ..., x;, of
X1,...,Xn. Since 7 is determined by what it does to the subscripts, we will set
ip = t(1),ip = 7(2),...,i, = t(n). Then the corresponding permutation of vari-
ables is x;(1), ..., Xz (n)-

We can create a matrix from 7 as follows. Consider the linear map that takes
(X1, ..., Xp) t0 (X¢(1)s - - - » X¢(n)). The matrix representing this linear map is denoted
M, and is called a permutation matrix. Thus, M, has the property that under matrix
multiplication, it permutes the variables according to z:

X1 Xz(1)
M| | =
X Xz (n)
We leave it as an exercise to show that M, is obtained from the identity matrix by
permuting its columns according to 7. More precisely, the 7 (i)-th column of M, is the

i-th column of I,,. As an example, consider the permutation 7 that takes (x, y, z) to
(y,z,x). Here, (1) =2, 7(2) = 3, and 7(3) = 1, and one can check that

X 01 0 X y
M;-{y]=(0 0 1 y]=1z
Z 1 00 z X

Since there are n! ways to permute the variables, we get n! permutation matrices.
Furthermore, this set is closed under matrix multiplication, for it is easy to show that

M; M, =M,
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where v 7 is the permutation that takes i to v (z (7)) (see Exercise 4). Thus, the permuta-
tion matrices form a finite matrix group in GL(n, k). We will denote this matrix group
by S,. (Strictly speaking, the group of permutation matrices is only isomorphic to S,
in the sense of group theory. We will ignore this distinction.)

Example 5. Another important class of finite matrix groups comes from the symme-
tries of regular polyhedra. For example, consider a cube in R? centered at the origin.
The set of rotations of R? that take the cube to itself is clearly finite and closed under
multiplication. Thus, we get a finite matrix group in GL(3, R). In general, all finite ma-
trix groups in GL(3, R) have been classified, and there is a rich geometry associated
with such groups (see Exercises 5-9 for some examples). To pursue this topic further,
the reader should consult BENSON and GROVE (1985), KLEIN (1884), or COXETER
(1973).

Finite matrix groups have the following useful properties.

Proposition 6. Let G C GL(n, k) be a finite matrix group. Then:
1 I, € G.

(ii) If A € G, then A™ = I, for some positive integer m.

(iii) IfA € G, then A™" € G.

Proof. Take A € G. Then {A, A% A3, .. .} € G since G is closed under multipli-
cation. The finiteness of G then implies that A’ = A/ for some i > j, and since
A is invertible, we can multiply each side by A~/ to conclude that A” = I, where
m =i — j > 0. This proves (ii).

To prove (iii), note that (ii) implies I, = A™ = A . A"~ = A”~!. A Thus,
A—1 = Am=1 ¢ G since G is closed under multiplication. As for (i), since G # ¢, we
can pick A € G, and then, by (ii), I, = A™ € G. O

We next observe that elements of GL(n, k) act on polynomials in k[xy, ..., x,]. To
see how this works, let A = (a;;) € GL(n, k) and f € k[xy, ..., x,]. Then

(D g(xl,...,xn) = f(allxl + o AnXn, oo, Qi X o AppXy)

is again a polynomial in k[xy, ..., x,]. To express this more compactly, let x denote
the column vector of the variables xi, ..., x,. Thus,
X1
X =
Xn

Then we can use matrix multiplication to express equation (1) as

g(x) = f(A-x).

If we think of A as a change of basis matrix, then g is simply f viewed using the new
coordinates.
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For an example of how this works, let f(x, y) = x> + xy + y*> € R[x, y] and

1 (1 -1
/1:72(1 1)eGL(z,JR).

Then

V2 V2
_(x—y)2+x—y x+y+(x+y)2
V2 NEING) V2
32,15
= 2x + 2y .
Geometrically, this says that we can eliminate the xy term of f by rotating the
axes 45°.
A remarkable fact is that sometimes this process gives back the same polynomial

we started with. For example, if we let /(x, y) = x> 4 y? and use the above matrix A,
then one can check that

h(x) = h(A - x).

In this case, we say that & is invariant under A.
This leads to the following fundamental definition.

Definition 7. Let G C GL(n, k) be a finite matrix group. Then a polynomial f(X) €
kl[x1, ..., x,] is invariant under G if

Jx) = f(A-x)

forall A € G. The set of all invariant polynomials is denoted k[x1, ..., xn16.

The most basic example of invariants of a finite matrix group is given by the sym-
metric polynomials.

Example 8. If we consider the group S, C GL(n, k) of permutation matrices, then it
is obvious that

klxi,..., x,,]s" = {all symmetric polynomials in k[x1, ..., x,]}.

By Theorem 3 of §1, we know that symmetric polynomials are polynomials in the
elementary symmetric functions with coefficients in k. We can write this as

k[x1, ..., x,0%" = k[oq, ..., 00l

Thus, every invariant can be written as a polynomial in finitely many invariants (the
elementary symmetric functions). In addition, we know that the representation in terms
of the elementary symmetric functions is unique. Hence, we have a very explicit
knowledge of the invariants of S,,.
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One of the goals of invariant theory is to examine whether all invariants
k[x1, ...,x,,]G are as nice as Example 8. To begin our study of this question,
we first show that the set of invariants k[x1, ..., x,]¢ has the following algebraic
structure.

Proposition 9. Let G C GL(n, k) be a finite matrix group. Then the setk[x1, . .., 1€
is closed under addition and multiplication and contains the constant polynomials.

Proof. We leave the easy proof as an exercise. O

Multiplication and addition in k[xy, ... ,xn1¢ automatically satisfy the distributive,
associative, etc., properties since these properties are true in k[xy, ..., x,]. In the ter-
minology of Chapter 5, we say that k[x1, ..., x,]¢ is a ring. Furthermore, we say that
k[xi,...,x,]%isa subring of k[x1, ..., x,].

So far in this book, we have learned three ways to create new rings. In Chapter 5,
we saw how to make the quotient ring k[xy, ..., x,]/I of anideal I C k[xy, ..., x,]
and the coordinate ring k[ V] of an affine variety V C k". Now we can make the ring
of invariants k[x, ..., x,]° of a finite matrix group G C GL(n, k). In §4, we will see
how these constructions are related.

In §1, we saw that the homogeneous components of a symmetric polynomial were
also symmetric. We next observe that this holds for the invariants of any finite matrix

group.

Proposition 10. Ler G C GL(n, k) be a finite matrix group. Then a polynomial f €
klx1, ..., xy] is invariant under G if and only if its homogeneous components are.

Proof. See Exercise 11. O

In many situations, Proposition 10 will allow us to reduce to the case of homo-
geneous invariants. This will be especially useful in some of the proofs given in §3.

The following lemma will prove useful in determining whether a given polynomial
is invariant under a finite matrix group.

Lemma 11. Let G C GL(n, k) be a finite matrix group and suppose that we have
A1, ..., Ay € G such that every A € G can be written in the form

A=BBy--- B,

where B; € {Ay, ..., Ay} for every i (we say that Ay, ..., A, generate G). Then
f eklxt,...,x,]isink[xy,. . xnlC if and only if

J® =f(A1-x) == f(An - X).

Proof. We first show that if f is invariant under matrices Bj, ..., B, then it is also
invariant under their product By - - - B;. This is clearly true for = 1. If we assume it is
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true for r — 1, then

f((B1---B)-x) = f((B1---Bi—1)- B;X)

= f(BXx) (by our inductive assumption)
= fx (by the invariance under B;).
Now suppose that f is invariant under Ay, ..., A,,. Since elements A € G can be
written A = Bj --- B;, where every B; is one of Ay, ..., A, it follows immediately
that f € k[xy, ..., x,1¢. The converse is trivial and the lemma is proved. O

We can now compute some interesting examples of rings of invariants.

Example 12. Consider the finite matrix group

=] coen

This is sometimes called the Klein four-group. We use the letter V4 because “four” in
German is “vier.” You should check that the two matrices

o) G2

generate V4. Then Lemma 11 implies that a polynomial f € k[x, y] is invariant under
V4 if and only if
f(-xa y) = f(_x’ y) = f(-x’ _y)
Writing f = >, jai jxi y/, we can understand the first of these conditions as follows:
fOy) = f(=x,y) =D aix'y) =" ajj(—x)'y/
ij ij
= D ayx'y) = (D ayx'y’
ij ij
= ajj = (—l)ia,-j for all 7, j
<=a;; =0 foriodd

It follows that x always appears to an even power. Similarly, the condition f(x, y) =
f(x, —y) implies that y appears to even powers. Thus, we can write

flx,y) =gk %)

for a unique polynomial g(x,y) € k[x, y]. Conversely, every polynomial f of this
form is clearly invariant under V4. This proves that

klx, y1¥* = k[x?, y*1.

Hence, every invariant of V4 can be uniquely written as a polynomial in the two
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homogeneous invariants x2 and y2. In particular, the invariants of the Klein four-group
behave very much like the symmetric polynomials.

Example 13. For a finite matrix group that is less well-behaved, consider the cyclic
group C, = {1} C GL(2, k) of order 2. In this case, the invariants consist of the
polynomials f € k[x, y] for which f(x, y) = f(—x, —y). We leave it as an exercise
to show that this is equivalent to the condition

flx,y)= Zaijxiyj, where a;; = 0 whenever i + j is odd.
i

This means that f is invariant under C» if and only if the exponents of x and y always
have the same parity (i.e., both even or both odd). Hence, we can write a monomial
x'y/ appearing in f in the form

iy — 22l — (x2)k(y2)! if i, j are even

Yy = x2k+1y21+1 — (x2)k(y2)lxy if i, j are odd.

This means that every monomial in f, and hence f itself, is a polynomial in the ho-
mogeneous invariants x2, y? and xy. We will write this as

kix, I = k[x2, y2, xy].

Note also that we need all three invariants to generate k[x, y]CZ.

The ring k[x?, y2, xy] is fundamentally different from the previous examples be-
cause uniqueness breaks down: a given invariant can be written in terms of x2, y2, xy
in more than one way. For example, x*y? is clearly invariant under C5, but

2= 022y =2 (xy)2

In §4, we will see that the crux of the matter is the algebraic relation x> - y*> = (xy)?

between the basic invariants. In general, a key part of the theory is determining all alge-
braic relations between invariants. Given this information, one can describe precisely
how uniqueness fails.

From these examples, we see that given a finite matrix group G, invariant theory has

two basic questions to answer about the ring of invariants k[x1, . . ., xn19:

e (Finite Generation) Can we find finitely many homogeneous invariants fi, ..., fi
such that every invariant is a polynomial in fi, ..., f;;?

e (Uniqueness) In how many ways can an invariant be written in terms of f1, ..., f;;?
In §4, we will see that this asks for the algebraic relations among fi, ..., fu.

In §§3 and 4, we will give complete answers to both questions. We will also describe
algorithms for finding the invariants and the relations between them.

EXERCISES FOR §2

1. If A, B € GL(n, k) are invertible matrices, show that AB and A~ ! are also invertible.

2. Suppose that A € GL(n, k) satisfies A™ = I, for some positive integer. If m is the smallest
such integer, then prove that the set Cy, = {5, A, A2, R A’"_l} has exactly m elements
and is closed under matrix multiplication.
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3. Write down the six permutation matrices in GL(3, k).

4. Let M. be the matrix of the linear transformation taking xy, ..., Xn 0 Xz (1), - -+, X7 (n)-
This means that if eq,..., e, is the standard basis of k", then M, - (Zj xjej)
2 Xe(j)ej-

a. Show that M - e;(;) = e;. Hint: Observe that 3 ; xje; = ZJ Xz(j)er())-
b. Prove that the 7 (i)-th column of M; is the i-th column of the identity matrix.
c. Prove that M; - M,, = M,;, where vz is the permutation taking i to v(z (i)).

5. Consider a cube in R? centered at the origin whose edges have length 2 and are parallel to
the coordinate axes.

a.

c.

Show that there are finitely many rotations of R? about the origin which take the cube
to itself and show that these rotations are closed under composition. Taking the matrices
representing these rotations, we get a finite matrix group G C GL(3, R).

Show that G has 24 elements. Hint: Every rotation is a rotation about a line through the
origin. So you first need to identify the “lines of symmetry” of the cube.

Write down the matrix of the element of G corresponding to the 120° counterclockwise
rotation of the cube about the diagonal connecting the vertices (—1, —1, —1)and (1, 1, 1).
Write down the matrix of the element of G corresponding to the 90° counterclockwise
rotation about the z-axis.

Argue geometrically that G is generated by the two matrices from parts (c) and (d).

6. In this exercise, we will use geometric methods to find some invariants of the rotation group
G of the cube (from Exercise 5).

a.

b.

Explain why xZ+ y2 +22 € R[x, ¥, 219 Hint: Think geometrically in terms of distance
to the origin.

Argue geometrically that the union of the three coordinate planes V(xyz) is invariant
under G.

Show that I(V(xyz)) = (xyz) and conclude that if f = xyz, then for each A € G, we
have f(A - x) = axyz for some real number a.

Show that f = xyz satisfies f(A-x) = £xyz forall A € G and conclude thatxzyzz2 S
klx,y, z]G. Hint: Use part (c) and the fact that A = I3 for some positive integer m.
Use similar methods to show that the polynomials

2 2
(G+y+a0+y =26 —y+26—y-2) (62 =62 = D0? - D))
are in k[x, y, z]9. Hint: The plane x 4+ y 4z = 0 is perpendicular to one of the diagonals
of the cube.

7. This exercise will continue our study of the invariants of the rotation group G of the cube
begun in Exercise 6.

a.

b.

Show that a polynomial f is in k[x, y, 219 if and only if f(x,y,z) = f(y,z,x) =
f(=y, x, z). Hint: Use parts (c), (d), and (e) of Exercise 5.
Let

f=xyz,
=x+y+a)c+y-29z—-y+2)x—y—2),
h=? = yH* =7 - D).
In Exercise 6, we showed that f2, g2, h% € k[x, y, z]¢. Show that f, h & k[x, v, z]C,
but g, fh € klx, y, 21¢. Combining this with the previous exercise, we have invariants
)c2—|—y2 +z2, g, fz, fh,and h? of degrees 2, 4, 6,9, and 12, respectively, in k[x, y, z]G.
In §3, we will see that h2 can be expressed in terms of the others.

8. In this exercise, we will consider an interesting “duality” that occurs among the regular
polyhedra.



10.
11.

12.

13.

14.

15.
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a. Consider a cube and an octahedron in IR, both centered at the origin. Suppose the edges
of the cube are parallel to the coordinate axes and the vertices of the octahedron are on
the axes. Show that they have the same group of rotations. Hint: Put the vertices of the
octahedron at the centers of the faces of the cube.

b. Show that the dodecahedron and the icosahedron behave the same way. Hint: What do
you get if you link up the centers of the 12 faces of the dodecahedron?

c. Parts (a) and (b) show that in a certain sense, the “dual” of the cube is the octahedron and
the “dual” of the dodecahedron is the icosahedron. What is the “dual” of the tetrahedron?

(Requires abstract algebra) In this problem, we will consider a tetrahedron centered at the

origin of R3.

a. Show that the rotations of R3 about the origin which take the tetrahedron to itself give
us a finite matrix group G of order 12 in GL(3, R).

b. Since every rotation of the tetrahedron induces a permutation of the four vertices, show
that we get a group homomorphism p : G — Sy.

c. Show that p is injective and that its image is the alternating group A4. This shows that
the rotation group of the tetrahedron is isomorphic in Ay.

Prove Proposition 9. } ]

Prove Proposition 10. Hint: If A = (¢;;) € GL(n, k) and xll1 ... x, is a monomial of total

degree k =iy + - - - + i, appearing in f, then show that

(ar1x1 4 -+ apxn)' - (@uixr + -+ appxn)™

is homogeneous of total degree k.

In Example 13, we studied polynomials f € k[x, y] with the property that f(x,y) =
f(=x,—y). If f = Zij aijxiyj, show that the above condition is equivalent to a;; = 0
whenever i + j is odd.

In Example 13, we discovered the algebraic relation x~ - y2 =(x y)2 between the invariants
x2, y2, and xy. We want to show that this is essentially the only relation. More precisely,
suppose that we have a polynomial g(u, v, w) € k[u, v, w] such that g(xz, yz, xy) = 0.
We want to prove that g(u, v, w) is a multiple (in k[u, v, w]) of uv — w? (which is the
polynomial corresponding to the above relation).

2

2

a. If we divide g by uv — w* using lex order with u > v > w, show that the remainder can
be written in the form u A (u, w) + v B(v, w) + C(w).

b. Show that a polynomial r = uA(u, w) + vB(v, w) + C(w) satisfies r(x2, yz, xy) =0
if and only if » = 0.

Consider the finite matrix group C4 C GL(2, C) generated by

A= ((’) _(;) €GLE2,0)

a. Prove that C4 is cyclic of order 4.

b. Use the method of Example 13 to determine C[x, y]C4.

c. Is there an algebraic relation between the invariants you found in part (b)? Can you give
an example to show how uniqueness fails?

d. Use the method of Exercise 13 to show that the relation found in part (c) is the only
relation between the invariants.

V4:{j:<(1) ?) i(? é)}CGL(Z,k)

Consider
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a. Show that Vj is a finite matrix group of order 4.
b. Determine k[x, y]v“.
c. Show that any invariant can be written uniquely in terms of the generating invariants you
found in part (b).
16. In Example 3, we introduced the finite matrix group Cy4 in GL(2, k) generated by

0 —1
A= (1 0) € GL(2, k).

Try to apply the methods of Examples 12 and 13 to determine k[x, y]C4. Even if you cannot
find all of the invariants, you should be able to find some invariants of low total degree. In
§3, we will determine k[x, y]C4 completely.

§3 Generators for the Ring of Invariants

The goal of this section is to determine, in an algorithmic fashion, the ring of invariants
k[x1,...,x,]9 of a finite matrix group G C GL(n, k). As in §2, we assume that
our field k has characteristic zero. We begin by introducing some terminology used
implicitly in §2.

Definition 1. Given fi, ..., f € k[x1, ..., x,], weletk[f1, ..., fm]denote the sub-
set of k[x1, ..., x,] consisting of all polynomial expressions in fi, ..., f, with coeffi-
cients in k.

This means that the elements f € k[ fi, ..., fi] are those polynomials which can
be written in the form

f:g(fls-"afm)a

where g is a polynomial in m variables with coefficients in k.

Since k[ f1, ..., fin] is closed under multiplication and addition and contains the
constants, it is a subring of k[xy, ..., x,]. We say that k[ f1, ..., fi] is generated by
f1, ..., fm over k. One has to be slightly careful about the terminology: the subring
k[ fi,..., fm] and the ideal (f1, ..., fin) are both “generated” by fi,..., f, butin
each case, we mean something slightly different. In the exercises, we will give some
examples to help explain the distinction.

An important tool we will use in our study of k[x1, ..., x,]€ is the Reynolds oper-
ator, which is defined as follows.

Definition 2. Given a finite matrix group G C GL(n, k), the Reynolds operator of
G is the map Rg : k[x1,...,x,] — k[x1,...,x,] defined by the formula

Re(HX = — 3 F(4-x)

|G| AeG

for f(xX) € k[x1, ..., x,]
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One can think of Rg(f) as “averaging” the effect of G on f. Note that division by
|G| is allowed since k has characteristic zero. The Reynolds operator has the following
crucial properties.

Proposition 3. Let Rg be the Reynolds operator of the finite matrix group G.
(i) Rg is k-linear in f.

(i) If f € k[x1, ..., x,], then Rg(f) € k[x1,...,x,]C.

(iii) If f € k[x1,...,x,]°, then RG(f) = f.

Proof. We will leave the proof of (i) as an exercise. To prove (ii), let B € G. Then

! > f(AB-x).

iy

(1) Re(/)(Bx) = é S f(A-BY)
AeG
Writing G = {Aj,..., Aig|}, note that A;B # A;B when i # j (otherwise,
we could multiply each side by B~! to conclude that A; = A ;). Thus the subset
{A1B, ..., Ag|B} C G consists of |G| distinct elements of G and hence must equal
G. This shows that
G ={AB: A eG}.

Consequently, in the last sum of (1), the polynomials f(AB - Xx) are just the f(A - x),
possibly in a different order. Hence,
1

1
G > f(AB-x) = Gl > F(A-x) = Ro(HH(X),

AeG AeG

and it follows that R (f)(B - x) = Rg(f)(x) for all B € G. This implies Rg(f) €
k[x1, ..., x,]¢.
Finally, to prove (iii), note that if f € k[xy, ..., x,19, then

1 1
Re (00 = 1 > fAx) = Gl D= f(x)
AeG

AeG
since f invariant. This completes the proof. O

One nice aspect of this proposition is that it gives us a way of creating invariants.
Let us look at an example.

Example 4. Consider the cyclic matrix group C4 C GL(2, k) of order 4 generated by
0 -1
e (1 O) |
By Lemma 11 of §2, we know that

kloe, y1 = (f € klx, y]: f(x,9) = f(=y, %)}
One can easily check that the Reynolds operator is given by

1
RC4(f)(X, y) = Z(f(xa y) + f(_yax) + f(_xs _y) + f(y9 _x))
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(see Exercise 3). Using Proposition 3, we can compute some invariants as follows:

Re, () = 1 (7 + (=) + (=0)? + %) = 57 = »D),
Re,(xy) = 3(xy + (=y)x 4+ (=x) (=) + y(—x)) =0,
R (x3v) = L(3 )3 3 3000y — Lx3y  p3
oY) =77y + (=y)'x + (=) (=y) + ¥ (=x) = 7 (x"y —xy”),
Re,(x*y?) = 122y + (=320 + (=) (=)* + Y2 (=2)?) = 2%y2.
Thus, x24+y2, x3y—xy3, x>y? € k[x, y]“*. We will soon see that these three invariants
generate k[x, y]C4.
It is easy to prove that for any monomial x*, the Reynolds operator gives us a

homogeneous invariant Rg(x%) of total degree |a| whenever it is nonzero. The

following wonderful theorem of Emmy Noether shows that we can always find finitely
many of these invariants that generate k[x1, ..., xn1C.

Theorem 5. Given a finite matrix group G C GL(n, k), we have

klxt, ..., x21% = k[Rg(xP) : 18] < |G]].

In particular, k[x1, . .., x,1€ is generated by finitely many homogeneous invariants.
Proof. If f =3 cox® € klxy, ..., x,1¢, then Proposition 3 implies that
£ = Ro) = R Laur") = Zeukaa?).
[¢4 o

Hence every invariant is a linear combination (over k) of the Rg (x*). Consequently, it
suffices to prove that for all «, Rg(x®) is a polynomial in the Rg (x#), |8] < |G]|.

Noether’s clever idea was to fix an integer k and combine all Rg (x?) of total degree
k into a power sum of the type considered in §1. Using the theory of symmetric func-
tions, this can be expressed in terms of finitely many power sums, and the theorem will
follow.

The first step in implementing this strategy is to expand (x; + - - - + x,)* into a sum
of monomials x* with |a| = k:

2) (1) = D ap”
la|=k

In Exercise 4, you will prove that a,, is a positive integer for all |a| = k.

To exploit this identity, we need some notation. Given A = (a;;) € G, let A; denote
the i-throw of A. Thus, A;-x = a;1x1+- - -+ainX,. Then,if oy = (a1, ..., a,) € ZL,
let

(A-x)" = (A1 -x)" - (A - x)™.
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In this notation, we have

1
Ro(x) = 1= > (40"

AeG

Now introduce new variables uy, ..., u, and substitute u; A; - x for x; in (2). This
gives the identity

1Ay - X+ -+ uy Ay 'X)k = z aq (A 'X>aua'
la|=k

If we sum over all A € G, then we obtain

Sk = Z(I/HA] X+t upAp ‘X)kz Z aa(Z(A 'X)m)u()c

AeG | =k AeG
3)
= Z b(lRG('xa)ua1
| =k
where b, = |Gla,. Note how the sum on the right encodes all Rg(x*) with |a| =
k. This is why we use the variables uy, ..., u,: they prevent any cancellation from
occurring.

The left side of (3) is the k-th power sum Sy of the |G| quantities
Up=u1Ay- X+ +uA, - X

indexed by A € G. We write this as Sy = Sx (U4 : A € G). By Theorem 8 of §1, every
symmetric function in the |G| quantities U, is a polynomial in Sy, ..., S|g|. Since Sk
is symmetric in the Uy, it follows that

SkZF(Sl,...,S‘GD

for some polynomial F with coefficients in k. Substituting in (3), we obtain

Z by RG(x*)u® = F Z bﬂRG(xﬂ)u/j, c Z Re(Pyu?
lo|=k 181=1 IB1=1G|

Expanding the right side and equating the coefficients of u“, it follows that
by RG (x*) = a polynomial in the R (x?), |8] < |G|.

Since k has characteristic zero, the coefficient b, = |G|a,, is nonzero in k, and hence
R (x*) has the desired form. This completes the proof of the theorem. O

This theorem solves the finite generation problem stated at the end of §2. In the
exercises, you will give a second proof of the theorem using the Hilbert Basis Theorem.
To see the power of what we have just proved, let us compute some invariants.
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Example 6. We will return to the cyclic group C4 C GL(2, k) of order 4 from Exam-
ple 4. To find the ring of invariants, we need to compute Rc,(x'y/) forall i 4+ j < 4.
The following table records the results:

xiyl | Re,(x'y) | xiyd Re, (x'y)
X 0 xy? 0
y 0 y? 0
2Ly | ot Lot + %)
Xy 0 Sy | Ay —xyd)
yZ %(‘x2 4 y2) x2y2 x2y2
X 0 x| =363y —xyd)
x2y 0 y 3Gt +yh

By Theorem 5, it follows that k[x, y]C4 is generated by the four invariants x24+ yz, x4+
y*, x3y — xy? and x?y2. However, we do not need x* + y* since

e y4 — (x2 + y2)2 . 2x2y2.
Thus, we have proved that
klx, y19 = k[x* + y*, 0y — xy?, x%y?).

The main drawback of Theorem 5 is that when |G| is large, we need to compute
the Reynolds operator for lots of monomials. For example, consider the cyclic group
Cs C GL(2, R) of order 8 generated by the 45° rotation

1 (1 -1
A:E(l I)EGL(Z,]R).

In this case, Theorem 5 says that k[x, y]°® is generated by the 44 invariants
Req (x'y/),i + j < 8. In reality, only 3 are needed. For larger groups, things are
even worse, especially if more variables are involved. See Exercise 10 for an example.

Fortunately, there are more efficient methods for finding a generating set of invari-
ants. The main tool is Molien’s Theorem, which enables one to predict in advance the
number of linearly independent homogeneous invariants of given total degree. This
theorem can be found in Chapter 7 of BENSON and GROVE (1985) and Chapter 2 of
STURMFELS (1993). The latter also gives an efficient algorithm, based on Molien’s

Theorem, for finding invariants that generate k[x1, . . ., x1¢.
Once we know k[xj, ..., x,]¢ = k[f1, ..., fml, we can ask if there is an algorithm
for writing a given invariant f € k[x1, ... , x,1¢ in terms of fi, ..., fm. For example,

it is easy to check that the polynomial

4 flx,y) = x4+ 2x6y2 - x5y3 + 2x4y4 + x3y5 + 2)c2y6 + y8
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satisfies f(x, y) = f(—y, x), and hence is invariant under the group C4 from Example
4. Then Example 6 implies that f € k[x, y]* = k[x? + y%, x>y — xy>, x?y?]. But
how do we write f in terms of these three invariants? To answer this question, we will
use a method similar to what we did in Proposition 4 of §1.

We will actually prove a bit more, for we will allow f1, ..., f;, to be arbitrary
elements of k[xy, ..., x,]. The following proposition shows how to test whether a
polynomial lies in k[ f1, ..., fiz] and, if so, to write it in terms of f1, ..., fn.

Proposition 7. Suppose that f, ..., fn € klx1,...,x,] are given. Fix a monomial
order in k[x1,...,Xn, Y1, ..., Ym] where any monomial involving one of x1, ..., x,
is greater than all monomials in k[y1, ..., ym]. Let G be a Groebner basis of the
ideal ((];1 —Vlseoos fm = Ym) Cklxt,...xy1,..., Yl Given f € k[x1,...,x,], let
g = [ be the remainder of f on division by G. Then:

W) f €klfr,.... fulifandonlyif g € k[y1, ..., ym]
G) If f € klfi,..., fm) then f = g(f1,..., fm) is an expression of f as a polyno-
mialin f1,..., fm.

Proof. The proof will be similar to the argument given in Proposition 4 of §1 (with
one interesting difference). When we divide f € k[x1,...,x,] by G = {g1,..., &},
we get an expression of the form

f=Ag+--+Ag+g.

with A1, ..., A, g € kX1, ..., Xn, V1o v oo s Yl

To prove (i), first suppose that g € k[y1, ..., ym]. Then for each i, substitute f;
for y; in the above formula for f. This substitution will not affect f since it in-
volves only x1, ..., X, but it sends every polynomial in {f; — y1,..., fix — Ym) to
zero. Since gi, ..., g lie in this ideal, it follows that f = g(f1,..., fm). Hence,
feklfi, .., fml.

Conversely, suppose that f = g(f1, ..., fm) for some g € k[y1, ..., yu]. Arguing
as in §1, one sees that

(5) f:CI'(fl_yl)+"'+cm'(fm_yrn)+g(yls-~-»yn1)

[see equation (4) of §1]. Unlike the case of symmetric polynomials, g need not be the
remainder of f on division by G—we still need to reduce some more.

Let G' = G N k[y1,...,ym] consist of those elements of G involving only
Y1, ..., Ym. Renumbering if necessary, we can assume G’ = {gi,..., g}, where
s <t.If we divide g by G’, we get an expression of the form

(6) g=Bigi+ -+ Bsgs + ¢,

where By, ..., By, g € k[yi1, ..., ym]. If we combine equations (5) and (6), we can
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write f in the form
fZCi'(fl _y1)+"'+C;n'(fm_)’m)‘l‘g/()’lwn Ym)-

This follows because, in (6), each g; lies in (f1 — y1,..., fix — Ym). We claim that
g is the remainder of f on division by G. This will prove that the remainder lies in
k[yi, .5 Yml-

Since G a Groebner basis, Proposition 1 of Chapter 2, §6 tells us that g’ is the re-
mainder of f on division by G provided that no term of g’ is divisible by an element of
LT(G). To prove that g’ has this property, suppose that there is g; € G where LT(g;) di-
vides some term of g’. Then LT(g;) involves only yi, ..., y, since g’ € k[y1, ..., Ym].
By our hypothesis on the ordering, it follows that g; € k[yi,..., y»] and hence,
g € G’. Since g’ is a remainder on division by G’, LT(g;) cannot divide any term
of g’. This contradiction shows that g’ is the desired remainder.

Part (ii) of the proposition follows immediately from the above arguments, and we
are done. O

In the exercises, you will use this proposition to write the polynomial
flx,y) = X8+ 2x6y2 — xsy3 + 2x4y4 + x3y5 + 2x2y6 + y8

from (4) in terms of the generating invariants x> + y2, x>y — xy3, x2y? of k[x, y]©*.

The problem of finding generators for the ring of invariants (and the associated
problem of finding the relations between them—see §4) played an important role in
the development of invariant theory. Originally, the group involved was the group of
all invertible matrices over a field. A classic introduction can be found in HILBERT
(1993), and STURMFELS (1993) also discusses this case. For more on the invariant
theory of finite groups, we recommend BENSON (1993), BENSON and GROVE (1985),
SMITH (1995) and STURMFELS (1993).

EXERCISES FOR §3
1. Given f1,..., fm € klx1, ..., xnl, we can “generate” the following two objects:
e The ideal (f,..., fm) C k[xy,...,x,] generated by fi, ..., fin. This consists of all
expressions > ', h; fi, where hy, ..., hy € k[xq,...,xz].
e The subring k[ f1, ..., fml C k[x1, ..., x,] generated by fi, ..., fin over k. This con-
sists of all expressions g(fj, ..., fin) where g is a polynomial in m variables with coef-

ficients in k.
To illustrate the differences between these, we will consider the simple case where f; =
x2e klx].
a. Explain why 1 € k[x2] but 1 ¢ (x2).
b. Explain why x3 ¢ k[x2] but x3 € (x2).
2. Let G be a finite matrix group in GL(n, k). Prove that the Reynolds operator R has the
following properties:
a. Ifa,bekand f, g € k[xq,....,xn], then Rg(af + bg) = aRg(f) +DbR;(g).
b. Rg maps k[xy,...,xz]to k[xy,..., x,,]G and is onto.
c. RgoRg =Rg.
d. If f € klxy,...,x,1% and g € k[x|, ..., x,], then Rg(fg) = f - Rg(g).
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3. In this exercise, we will work with the cyclic group C4 C GL(2, k) from Example 4 in the
text.
a. Prove that the Reynolds operator of Cy is given by

Re, (N, y) = S(F@, y) + F(=y,0) + f(=x,=y) + f(y, —1)).

b. Compute Rc, (x'yJ) foralli + j < 4. Note that some of the computations are done in
Example 4. You can check your answers against the table in Example 6.

4. In this exercise, we will study the identity (2) used in the proof of Theorem 5. We will use

the multinomial coefficients, which are defined as follows. For o = (ay,...,a;) € Z’;O,

let |a| = k and define
kY k!
al  aplag!--a,!

a. Prove that ({;) is an integer. Hint: Use induction on n and note that when n = 2, ({;) isa
binomial coefficient.
b. Prove that

(_xl ++xn)k — Z (la{)xa‘

lot|=k

In particular, the coefficient a, in equation (2) is the positive integer (](;) Hint: Use
induction on n and note that the case n = 2 is the binomial theorem.
5. Let G C GL(n, k) be a finite matrix group. In this exercise, we will give Hilbert’s proof

that k[xg, ..., xn19 is generated by finitely many homogeneous invariants. To begin the

argument, let I C k[xq, ..., x,] be the ideal generated by all homogeneous invariants of

positive total degree.

a. Explain why there are finitely many homogeneous invariants f,..., f;; such that
I = (f1,..., fm). The strategy of Hilbert’s proof is to show that k[xy, ... ,xn]G =
kLf1,..., fm]. Since the inclusion k[ f1,...,x,] C k[xl,...,xn]G is obvious, we
must show that k[xq, ..., xn]G & k[f1,..., fm] leads to a contradiction.

b. Prove that k[xq, ... ,xn]G ¢ k[ f1,..., fm] implies there is a homogeneous invariant f
of positive degree which is notin k[ f1, ..., fil.

c. For the rest of the proof, pick f as in part (b) with minimal total degree k. By definition,
f el sothat f =3 h;fiforhy,...,hy, € klxy,...,x,]. Prove that for each i,
we can assume /; f; is 0 or homogeneous of total degree k.

d. Use the Reynolds operator to show that f = sz:l R (h;) f;. Hint: Use Proposition
3 and Exercise 2. Also show that for each i, Rg(h;)f; is 0 or homogeneous of total

degree k.
e. Since f; has positive total degree, conclude that R (h;) is a homogeneous invariant of
total degree < k. By the minimality of k, Rg (h;) € k[ fi, ..., fm] for all i. Prove that

this contradicts f ¢ k[ f1,..., fml.
This proof is a lovely application of the Hilbert Basis Theorem. The one drawback is that it
does not tell us how to find the generators—the proof is purely nonconstructive. Thus, for
our purposes, Noether’s theorem is much more useful.
6. If we have two finite matrix groups G and H such that G € H C GL(n, k), prove that
klxq, ... ,xn]H C klxq, .. .,xn]G.
7. Consider the matrix

A= (? j) € GL(2, k).
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a. Show that A generates a cyclic matrix group C3 of order 3.

b. Use Theorem 5 to find finitely many homogeneous invariants which generate k[x, y]C3.

c. Can you find fewer invariants that generate k[x, y1€32 Hint: If you have invariants
fi,---, fm, you can use Proposition 7 to determine whether f € k[ f2, ..., fm].

8. Let A be the matrix of Exercise 7.

a. Show that —A generates a cyclic matrix group Cg, of order 6.

b. Show that —1, € Cg. Then use Exercise 6 and §2 to show that k[x, y]C6 C k[x2, y2, xyl.
Conclude that all nonzero homogeneous invariants of Cg have even total degree.

c. Use part (b) and Theorem 5 to find k[x, y]Cﬁ. Hint: There are still a lot of Reynolds
operators to compute. You should use a computer algebra program to design a procedure
that has 7, j as input and R, (xy7) as output.

9. Let A be the matrix
1 (/1 -1
A_ﬁ(l 1)eGL(Z,k).

a. Show that A generates a cyclic matrix group Cg C GL(2, k).
b. Give a geometric argument to explain why x2 + y2 € k[x, y]°8. Hint: A is a rotation
matrix.
c. As in Exercise 8, explain why all homogeneous invariants of Cg have even total degree.
d. Find k[x, y]©8. Hint: Do not do this problem unless you know how to design a procedure
(on some computer algebra program) that has i, j as input and R¢g (x yj ) as output.
10. Consider the finite matrix group

+1 0
G= 0 +1 0)¢cGLG, k).
0 0 =+l

Note that G has order 8.
a. If we were to use Theorem 5 to determine k[x, y, z]G, for how many monomials would
we have to compute the Reynolds operator?
b. Use the method of Example 12 in §2 to determine k[x, y, z]G.
11. Let f be the polynomial (4) in the text.
a. Verify that f € k[x, y]C4 = k[)c2 + yz, x3y — xy3, x2y2].
b. Use Proposition 7 to express f as a polynomial in X2+ y2, xX°y — xy3, xzyz.
12. In Exercises 5, 6, and 7 of §2, we studied the rotation group G C GL(3, R) of the cube in
R3 and we found that klx,y, z]G contained the polynomials

2

fi=x2+y?+22
L=G+y+)0x+y—)—y+2)x—y—2),
fr=x2y"2,
fa=xy2(® = )& = D)7 - 2.

a. Give an elementary argument using degrees to show that f4 ¢ k[ f1, f2, f3].

b. Use Proposition 7 to show that f3 ¢ k[ f1, f>].
c. In Exercise 6 of §2, we showed that

((x2 B [ (G Z2))2 € klx,y,21°.
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Prove that this polynomial lies in k[ f1, f>, f3]. Why can we ignore f4?
Using Molien’s Theorem and the methods of STURMFELS (1993), one can prove thatk[x, y, z]G =

kLf15 f2, f35 fal-

§4 Relations Among Generators
and the Geometry of Orbits

Given a finite matrix group G C GL(n, k), Theorem 5 of §3 guarantees that there are
finitely many homogeneous invariants f1, ..., f;, such that

kixt, ..., %219 =k[f1, ..., fnl.

In this section, we will learn how to describe the algebraic relations among fi, ..., fu,
and we will see that these relations have some fascinating algebraic and geometric
implications.

We begin by recalling the uniqueness problem stated at the end of §2. For a sym-
metric polynomial f € k[xp,... , Xu 15 = kloy, ..., 0n], We proved that f could
be written uniquely as a polynomial in o, ...0,. For a general finite matrix group
G C GL(n, k), if we know that k[x, ..., x,1° = k[ f1,..., fm], then one could sim-
ilarly ask if f € k[x1, ..., x,]¢ can be uniquely written in terms of f1, ..., fy.

To study this question, note that if g; and g, are polynomials in k[yy, ..., ¥, ], then

gi(f, ..., fm) =81, fm) &= h(f1,..., fm) =0,

where h = g1 — g». It follows that uniqueness fails if and only if there is a nonzero
polynomial & € k[yq, ..., y,] such that A(f1,..., fin) = 0. Such a polynomial is a
nontrivial algebraic relation among f1, ..., fm.

If welet F = (fi,..., fm), then the set

€)) Ir ={h eklyi,...,yml:h(f1,..., fm) =0ink[x1, ..., x,]}

records all algebraic relations among fi, ..., f,;. This set has the following properties.

Proposition 1. If k[xq, ... ,x,]¢ = k[ fi,..., fm], let Ir C kl[y1,...,ym] be as in
(1). Then:

(1) If is a prime ideal of k[y1, ..., Ym]l.
(ii) Suppose that f € k[x1,...,x,1¢ and that f = g(f1,..., fn) is one representa-
tion of f in terms of f1, ..., fm. Then all such representations are given by

f=g(ft, .o, fm) +h(f1,. .., ),

as h varies over If.

Proof. For (i), it is an easy exercise to prove that /r is an ideal. To show that it is
prime, we need to show that fg € Ir implies that f € I or g € IF (see Definition 2
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of Chapter 4, §5). But fg € Ir means that f(fi,..., fu)g(f1,..., fm) =0.Thisisa
product of polynomials in k[x1, ..., x,], and hence, f(fi,..., fi) or g(f1, ..., fm)
must be zero. Thus f or g isin IF.

We leave the proof of (ii) as an exercise. O
We will call I the ideal of relations for F = (f1,..., fm). Another name for Ir

used in the literature is the syzygy ideal. To see what Proposition 1 tells us about
the uniqueness problem, consider C, = {+I} C GL(2, k). We know from §2 that
klx, y]C2 = k[x2, y2, xy], and, in Example 4, we will see that Ir = (uv — wz) C
k[u, v, w]. Now consider x0 + x3y3 € k[x, y]CZ. Then Proposition 1 implies that all
possible ways of writing x® + x>y in terms of x2, y?, xy are given by

@)+ @) + (-7 = (0)?) - b,y xy)
since elements of (uv — w?) are of the form (uv — w?) - b(u, v, w).

As an example of what the ideal of relations /r can tell us, let us show how it can
be used to reconstruct the ring of invariants.

Proposition 2. If k[x1,...,x,1¢ = k[fi,..., ful let Ir C k[y1,..., Y] be the
ideal of relations. Then there is a ring isomorphism

KIyis s ymd/IF S klx1, ..., x,1°

between the quotient ring of 1 (as defined in Chapter 5, §2) and the ring of invariants.

Proof. Recall from §2 of Chapter 5 that elements of the quotientring k[ y1, . .., ym1/IF
are written [g] for g € k[y1, ..., ym], Wwhere [g1] = [go] if and only if g1 — g2 € IF.
Now define ¢ : k[y1, ..., yul/Ir — k[x1,...,x,]° by

(gD = g(f1, -, fm)-

We leave it as an exercise to check that ¢ is well-defined and is a ring homomorphism.
We need to show that ¢ is one-to-one and onto.

Since k[x1,...,x,1¢ = k[f1,..., ful, it follows immediately that ¢ is onto. To
prove that ¢ is one-to-one, suppose that ¢ ([g1]) = ¢([g2]). Then g1(f1,..., fu) =
& (f1, ..., fm), which implies that gy — g» € Ip. Thus, [g1] = [g2], and hence, ¢ is
one-to-one.

It is a general fact that if a ring homomorphism is one-to-one and onto, then its
inverse function is a ring homomorphism. This proves that ¢ is aring isomorphism. [OJ

A more succinct proof of this proposition can be given using the Isomorphism Theorem
of Exercise 16 in Chapter 5, §2.
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For our purposes, another extremely important property of I is that we can compute
it explicitly using elimination theory. Namely, consider the system of equations

yl:fl('xla"':xn))

ym = fm(-x19 e axn)'

Then I can be obtained by eliminating x1, ..., x, from these equations.

Proposition 3. Ifk[xq, ..., x,1¢ = k[ f1,..., fm], consider the ideal

JF:(fl_yls-"’fm_ym>Ck[-xla'-':xnsyla"'sym]'

(1) If is the n-th elimination ideal of Jr. Thus, Ir = Jr Nk[y1, ..., Ym].

(i) Fix a monomial order in k[x1, ..., Xn, V1, ..., Ym] where any monomial involving
one of X1, ..., Xy is greater than all monomials in k[y1, ..., ym] and let G be a
Groebner basis of Jr. Then G N k[y1, ..., ym] is a Groebner basis for I in the
monomial order induced on k[y1, ..., ym].

Proof. Note that the ideal Jr appeared earlier in Proposition 7 of §3. To relate
Jr to the ideal of relations I/, we will need the following characterization of Jr: if
p € klxt,...,Xn, Y1, ..., Ym], then we claim that

2) peJr = p(xt,.... X0, f1o.o oy fn) =0inklxy, ..., x,].

One implication is obvious since the substitution y; — f; takes all elements of Jr =
(fi—Y1,---5 fm—Ym) tozero. On the other hand, given p € k[x, ..., Xn, Y1, -+ Yml,
if we replace each y; in p by f; — (fi — y;) and expand, we obtain

P(xla---,xna)’l,---,ym)=P(x1,---,xmf1,---,fm)
+B-(fi—=y)+-+Bu-(fin — Ym)

for some By, ..., By € k[x1,...,Xn, Y1, ..., ym] (see Exercise 4 for the details). In
particular, if p(x1, ..., x4, f1, ..., fm) =0, then

PO, o X, Yo Ym) =B (i = 1)+ By - (fin — Ym) € JE.

This completes the proof of (2).
Now intersect each side of (2) with k[y1, ..., yml. For p € k[yi,..., ym], this
proves

peJrNklyl,....,yml <= p(f1,..., fm) =0ink[x(, ..., x,],

so that Jr Nk[y1, ..., ym] = Ir by the definition of Ir Thus, (i) is proved and (ii) is
then an immediate consequence of the elimination theory of Chapter 3 (see Theorem 2
and Exercise 5 of Chapter 3, §1). O

We can use this proposition to compute the relations between generators.
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Example 4. In §2 we saw that the invariants of C» = {1} C GL(2, k) are given by
k[x, y]€2 = k[x?, y?, xy]. Let F = (x?, y%, xy) and let the new variables be u, v, w.
Then the ideal of relations is obtained by eliminating x, y from the equations

u=x2,
v=y%
w=xy.

If we use lex order with x > y > u > v > w, then a Groebner basis for the ideal
Jr = (u— x2 o — yz, w — xy) consists of the polynomials

X —u, xy — w, x0 — yw, xw — yu, y* — v, uv — .
It follows from Proposition 3 that

Ir = (uo — wz).

This says that all relations between x2, y?, and xy are generated by the obvious relation
x2 -y = (xy)?. Then Proposition 2 shows that the ring of invariants can be written as

kl[x, y]C2 = klu,v, w]/(uo — wz).

Example 5. In §3, we studied the cyclic matrix group C4 C GL(2, k) generated by
0 -1
=1 )

klx, Y1 = k[x? 4+ 32, 2%y — xy3, 2y,

and we saw that

Putting F = (x> + y2, x3y — xy3, x2y?), we leave it as an exercise to show that
Ir C klu,v,w]is given by I = (uzw —02 - 4u)2). So the one nontrivial relation

between the invariants is
(2 4+ y1)2 x3? = (By — 193)2 + 43?2
By Proposition 2, we conclude that the ring of invariants can be written as
klx, 1€ = k[u, v, w]/(u*w — v — 4w?).

By combining Propositions 1, 2, and 3 with the theory developed in §3 of Chap-
ter 5, we can solve the uniqueness problem stated at the end of §2. Suppose that
klx1,...,x,]9 = k[ f1,..., fm]andlet Ir C k[y1, ..., ym] be the ideal of relations.
If Ir # {0}, we know that a given element f € k[x1, ..., x,1¢ can be written in more
than one way in terms of fi, ..., f,.Is there a consistent choice for how to write f?

To solve this problem, pick a monomial order on k[yy, ..., ¥, ] and use Proposition
3 to find a Groebner basis G of Ir. Given g € k[y1, ..., ym],let §G be the remainder of
g on division by G. In Chapter 5, we showed that the remainders g uniquely represent
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elements of the quotient ring k[y1, ..., yml/IF (see Proposition 1 of Chapter 5, §3).
Using this together with the isomorphism

K[yt -y yml/IF = klx1, ..o, %41

of Proposition 2, we get a consistent method for writing elements of k[xy, ..., 1€
in terms of f1, ..., fi. Thus, Groebner basis methods help restore the uniqueness lost
when Ir # {0}.

So far in this section, we have explored the algebra associated with the ideal of rela-
tions /. It is now time to turn to the geometry. The basic geometric object associated
with an ideal is its variety. Hence, we get the following definition.

Definition 6. Ifk[x1,...,x,1° =k[f1,..., ful let Ir C kl[y1,..., ym] be the ideal
of relations for F = (f1, ..., fm). Then we have the affine variety

Ve =V(F) C k™.
The variety Vr has the following properties.

Proposition 7. Let Iy and Vi be as in Definition 6.
(i) VF is the smallest variety in k™ containing the parametrization

y]=f](.x1,...,xn),

Y = (X1, ..., Xp).

(ii) Ir = I(VF), so that IF is the ideal of all polynomial functions vanishing on V.
(i) Vr is an irreducible variety.
(iv) Let k[VF] be the coordinate ring of Vr as defined in §4 of Chapter 5. Then there
is a ring isomorphism
K[VF] = klx1, ..., xa1°.

Proof. Let Jr = (fi —y1,..., fm — Ym). By Proposition 3, I is the n-th elimination
ideal of Jg. Then part (i) follows immediately from the Polynomial Implicitization
Theorem of Chapter 3 (see Theorem 1 of Chapter 3, §3).

Turning to (ii), note that we always have Ir C I(V(Ir)) = I(Vf). To prove
the opposite inclusion, suppose that 2 € I(Vr). Given any point (a1, ...,a,) € k",
part (i) implies that

(fitar,...,an), ..., fm(ay,...,ay)) € VF.

Since & vanishes on Vg, it follows that

h(filay,...,an), ..., fm(ai,...,ay)) =0

for all (aj,...,a,) € k™. By assumption, k has characteristic zero and, hence, is
infinite. Then Proposition 5 of Chapter 1, §1 implies that 4(f1,..., f,) = 0 and,
hence, h € If.
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By (ii) and Proposition 1, I(Vr) = I is a prime ideal, so that V is irreducible by
Proposition 4 of Chapter 5, §1. (We can also use the parametrization and Proposition 5
of Chapter 4, §5 to give a second proof that Vr is irreducible.)

Finally, in Chapter 5, we saw that the coordinate ring k[ V] could be written as

k[VE] = kly1, ..., yml/I(VF)

(see Theorem 7 of Chapter 5, §2). Since I(Vr) = I by part (ii), we can use the
isomorphism of Proposition 2 to obtain

(3) KIVFIZ klyts -yl /I Z kL, 2]
This completes the proof of the proposition. O

Note how the isomorphisms in (3) link together the three methods (coordinate rings,
quotient rings and rings of invariants) that we have learned for creating new rings.

When we write k[x1,...,x,]¢ = k[ f1,..., fm], note that fi,..., f;;, are not
uniquely determined. So one might ask how changing to a different set of generators
affects the variety Vp. The answer is as follows.

Corollary 8. Suppose that k[x1, ..., x,1¢ = k[f1,..., ful = kLf{s-oos [ 1 If we
set F = (fi,..., fw) and F' = (f{,..., f,,), then the varieties Vp C k™ and
Vi C k™ are isomorphic (as defined in Chapter 5, §4).

~

Proof. Applying Proposition 7 twice, we then have isomorphisms k[Vp] =
klx1,...,x,]9 = k[Vp], and it is easy to see that these isomorphisms are the
identity on constants. But in Theorem 9 of Chapter 5, §4, we learned that two varieties
are isomorphic if and only if there is an isomorphism of their coordinate rings which

is the identity on constants. The corollary follows immediately. O

One of the lessons we learned in Chapter 4 was that the algebra—geometry cor-
respondence works best over an algebraically closed field k. So for the rest of this
section we will assume that k is algebraically closed.

To uncover the geometry of Vg, we need to think about the matrix group G C
GL(n, k) more geometrically. So far, we have used G to act on polynomials: if f(x) €
k[x1,...,x,], then a matrix A € G gives us the new polynomial g(x) = f(A - x).
But we can also let G act on the underlying affine space k. We will write a point
(ai,...,ay) € k" as a column vector a. Thus,

ai

dn

Then a matrix A € G gives us the new point A - a by matrix multiplication.
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We can then use G to describe an equivalence relation on £": given a, b € k", we
say thata ~g bif b = A - a for some A € G. We leave it as an exercise to verify
that ~¢ is indeed an equivalence relation. It is also straightforward to check that the
equivalence class of a € k" is given by

(bek":b~ga}l={A-a:AeG}
These equivalence classes have a special name.

Definition 9. Given a finite matrix group G C GL(n, k) and a € k", the G-orbit of a
is the set
G-a={A-a:AeG}.

The set of all G-orbits in k" is denoted k" / G and is called the orbit space.

Note that an orbit G - a has at most |G| elements. In the exercises, you will show
that the number of elements in an orbit is always a divisor of |G].

Since orbits are equivalence classes, it follows that the orbit space k" /G is the set
of equivalence classes of ~¢. Thus, we have constructed k" /G as a set. But for us, the
objects of greatest interest are affine varieties. So it is natural to ask if k" /G has the
structure of a variety in some affine space. The answer is as follows.

Theorem 10. Let G C GL(n, k) be a finite matrix group, where k is algebraically

closed. Suppose that k[x1, ..., x,1¢ = k[ f1,..., fm] Then:
(1) The polynomial mapping F : k" — Vp defined by F(a) = (fi1(a), ..., fm(a)) is
surjective. Geometrically, this means that the parametrization y; = fi(x1, ..., Xn)

covers all of V.
(i1) The map sending the G-orbit G -a C k" to the point F(a) € Vf induces a one-to-
one correspondence

K')G = V.
Proof. We prove part (i) using elimination theory. Let Jr = (fi — Y1, ..., fiu — Ym)
be the ideal defined in Proposition 3. Since Ir = Jr Nk[y1, ..., Y] is an elimination
ideal of Jp, it follows that a point (by, ..., b,;) € VF = V(IF) is a partial solution of

the system of equations

ylzfl(xls"'axn)s

ym me(xla ...,.Xn)~

If we can prove that (by,...,b,) € V(If) extends to (ai,...,a,,b1,...,by) €
V(JF), then F(ay,...,a,) = (b1, ..., by,) and the surjectivity of F : k" — Vp will

follow.
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We claim that for each i, there is an element p; € Jr Nk[xi, ..., Xn, Y15 .-+ Yml
such that
@) pi = xiN + terms in which x; has degree < N,

where N = |G|. For now, we will assume that the claim is true.
Suppose that inductively we have extended (b, ..., by,) to a partial solution

(ai-"-l»""aﬂ:bla"':bm) eV("Fmk[-xi+19"'3xl’l5yl""!ym])'

Since k is algebraically closed, the Extension Theorem of Chapter 3, §1 asserts that we
can extend to (¢;, ajt1,--.,an, b1, ..., by), provided the leading coefficient in x; of
one of the generators of Jp N k(xj, ..., Xy, Y1, ---., Ym] does not vanish at the partial
solution. Because of our claim, this ideal contains the above polynomial p; and we
can assume that p; is a generator (just add it to the generating set). By (4), the leading
coefficient is 1, which never vanishes, so that the required a; exists (see Corollary 4 of
Chapter 3, §1).
It remains to prove the existence of p;. We will need the following lemma.

Lemma 11. SupposethatG C GL(n, k) isafinite matrix group and f € k[xy, ..., x,].
Let N = |G|. Then there are invariants g1, ..., gn € k[x1,..., X219 such that

Mg N ey =0
Proof. Consider the polynomial [],.;(X — f(A - x)). If we multiply it out, we get
[Tx = r@x)=x"+ga@X "+ + gy,
AeG

where the coefficients g1, ..., gy are in k[xy, ..., x,]. We claim that g1, ..., gy are
invariant under G. To prove this, suppose that B € G. In the proof of Proposition 3 of
§3, we saw that the f(AB - x) are just the f(A - x), possibly in a different order. Thus

[Tx—r@B-x)=[]x-r@-x),
AeG AeG

and then multiplying out each side implies that
XV +g1(B-0XM T 4 gn(B ) = XY + g (0X YT 4 gv ()

for each B € G. This proves that g1, ..., gy € k[x1,..., xn16.
Since one of the factors is X — f(I,, - x) = X — f(x), the polynomial vanishes when
X = f, and the lemma is proved. O

We can now prove our claim about the polynomial p;. If we let f = x; in Lemma
11, then we get

1

(5) N g+ ev =0,
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where N = |G| and g1,...,8N € k[xi, ..., x,]C. Using klx1,...,x,]¢ =
k[ft,..., fm], we can write g; = h;(f1,..., f) for j =1,..., N. Then let

i Voo ym) = XN O )N T O V)

in k[x;, y1, ..., ym]. From (5), it follows that p(x;, f1,..., f,») = 0 and, hence, by
(2), we see that p; € Jp. Then p; € Jp Nk[xi, ..., Xn, V1, ..., Ym], and our claim is
proved.

To prove (ii), first note that the map

F:k"/G — Vg

defined by sending G -ato F(a) = (fi(a), ..., fin(a)) is well-defined since each f; is
invariant and, hence, takes the same value on all points of a G-orbit G - a. Furthermore,
F is onto by part (i) and it follows that F is also onto.

It remains to show that F is one-to-one. Suppose that G - a and G - b are distinct
orbits. Since ~¢ is an equivalence relation, it follows that the orbits are disjoint. We
will construct an invariant g € k[x1, ..., x,] such that g(a) # g(b). To do this, note
that S = G -bU G -a— {a} is a finite set of points in k" and, hence, is an affine variety.
Since a ¢ S, there must be some defining equation f of S which does not vanish at a.
Thus, for A € G, we have

0 ifA-a#a
f(@ #0 ifA-a=a.

Then let g = Rg(f). We leave it as an exercise to check that

f(A-b)=0 and f(A-a)=

¢(b) = 0 and g(a) = %f(a) 40,

where M is the number of elements A € G such that A - a = a. We have thus found
an element g € k[x1, ..., x,]° such that g(a) # g(b).

Now write g as a polynomial g = h(fi, ..., f;n) in our generators. Then g(a) #
g(b) implies that f;(a) # f;(b) for some i, and it follows that F takes different values
on G -aand G - b. The theorem is now proved. O

Theorem 10 shows that there is a bijection between the set k" /G and the variety V.
This is what we mean by saying that k" /G has the structure of an affine variety. Fur-
ther, whereas Ir depends on the generators chosen for k[x1, ..., x,]°, we noted in
Corollary 8 that VF is unique up to isomorphism. This implies that the variety struc-
ture on k" /G is unique up to isomorphism.

One nice consequence of Theorem 10 and Proposition 7 is that the “polynomial
functions” on the orbit space k" /G are given by

K[VF] = klx1, ..., x1°.

Note how natural this is: an invariant polynomial takes the same value on all points
of the G-orbit and, hence, defines a function on the orbit space. Thus, it is reason-
able to expect that k[xy, ..., x,1¢ should be the “coordinate ring” of whatever variety
structure we put on k" /G.
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Still, the bijection k" /G = Vp is rather remarkable if we look at it slightly differ-
ently. Suppose that we start with the geometric action of G on k" which sends a to
A -afor A € G. From this, we construct the orbit space k" /G as the set of orbits. To
give this set the structure of an affine variety, look at what we had to do:

e we made the action algebraic by letting G act on polynomials;

e we considered the invariant polynomials and found finitely many generators; and

e we formed the ideal of relations among the generators.

The equations coming from this ideal define the desired variety structure Vr on k" /G.

In general, an important problem in algebraic geometry is to take a set of interesting
objects (G-orbits, lines tangent to a curve, etc.) and give it the structure of an affine
(or projective—see Chapter 8) variety. Some simple examples will be given in the
exercises.

EXERCISES FOR §4
1. Given f1,..., fm € klx1,...,xpllet I ={g € kly1,..., ym]): g(f1,-..» fm) = O}
a. Prove that I is an ideal of k[y1, ..., ym]-
b. If f € k[f1,..., fmland f = g(f1,..., fm) is one representation of f in terms
of fi,..., fm, prove that all such representations are given by f = g(fi,..., fm) +
h(fi,..., fm) as h varies over I.
2. Let fi,..., fm»> € klx1,...,xy]and let I C k[yy, ..., ym] be the ideal of relations defined
in Exercise 1.
a. Prove that the map sending a coset [g] to g(fj,..., fim) defines a well-defined ring
homomorphism

¢ klyt, - yml/ T —> kLf1, -, fml-

b. Prove that the map ¢ of part (a) is one-to-one and onto. Thus ¢ is a ring isomorphism.

c. Use Exercise 13 in Chapter 5, §2 to give an alternate proof that k[yy, ..., ym]/I and
kL f1, ..., fm] are isomorphic. Hint: Consider the ring homomorphism ®: k[yq, ...,
Ym] — k[f1, ..., fm] which sends y; to f;.

3. Although Propositions 1 and 2 were stated for k[xy, ... ,xn]G, we saw in Exercises 1 and
2 that these results held for any subring of k[x{, ..., x,] of the form k[ f1, ..., fi]. Give a
similar generalization of Proposition 3. Does the proof given in the text need any changes?

4. Given p € k[x{,...,Xn, Y1, ..., Yml, prove that

p(xla'“axn,yla-'-sym)=p(xla-~->x}’lsfla'-"fm)
+Bi-(fi—yD+-+ B (fm — ym)

for some By, ..., By € k[x1,...,Xn,Y1,...,ym]. Hint: In p, replace each occurrence of
vi by fi = (fi — yi)- The proof is similar to the argument given to prove (4) in §1.

5. Complete Example 5 by showing that Ir C k[u, v, w]is givenby Ir = (Pw —v2 —4w?)
when F = (x2 + y2, x3y - xy3,x2y2).

6. In Exercise 7 of §3, you were asked to compute the invariants of a certain cyclic group
C3 C GL(2, k) of order 3. Take the generators you found for k[x, y]C3 and find the relations
between them.

7. Repeat Exercise 6, this time using the cyclic group Cg C GL(2, k) of order 6 from Exercise
8 of §3.
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In Exercise 12 of §3, we listed four invariants f1, f>, f3, f4 of the group of rotations of the

cube in R3.

a. Using (fy4 /xyz)2 and part (c) of Exercise 12 of §3, find an algebraic relation between
S5 f25 f35 Ja

b. Show that there are no nontrivial algebraic relations between fi, f, f3.

c. Show that the relation you found in part (a) generates the ideal of all relations between
f1> f2, f3, fa. Hint: If p(f1, f2, f3, f4) = O is a relation, use part (a) to reduce to a
relation of the form p;(f1, f2, f3) + p2(fi, f2, f3) f4 = 0. Then explain how degree
arguments imply p1(f1, f2, f3) = 0.

Given a finite matrix group G C GL(n, k), we defined the relation ~g on k" by a ~g b if

b= A-aforsome A € G.

a. Verify that ~ is an equivalence relation.

b. Prove that the equivalence class of a is the set G - a defined in the text.

Consider the group of rotations of the cube in R3. We studied this group in Exercise 5 of

§2, and we know that it has 24 elements.

a. Draw a picture of the cube which shows orbits consisting of 1, 6, 8, 12 and 24 elements.

b. Argue geometrically that there is no orbit consisting of four elements.

(Requires abstract algebra) Let G C GL(n, k) be a finite matrix group. In this problem, we

will prove that the number of elements in an orbit G - a divides |G]|.

a. Fixae k™ andlet H={A € G : A -a = a}. Prove that H is a subgroup of G. We call
H the isotropy subgroup or stabilizer of a.

b. Given A € G, we get the left coset AH = {AB : B € H}of H in G and we let G/H
denote the set of all left cosets (note that G/H will not be a group unless H is normal).
Prove that the map sending AH to A - a induces a bijective map G/H = G - a. Hint:
You will need to prove that the map is well-defined. Recall that two cosets AH and BH
are equal if and only if B lAecH.

c. Use part (b) to prove that the number of elements in G - a divides |G]|.

As in the proof of Theorem 10, suppose that we have disjoint orbits G - a and G - b. Set

S=G-bUG -a—{a},and pick f € k[xy, ..., x,] such that f = 0 on all points of S but

f(a) #0.Let g = Rg(f), where R is the Reynolds operator of G.

a. Explain why g(b) = 0.

b. Explain why g(a) = % f(a) # 0, where M is the number of elements A € G such that
A-a=a.

In this exercise, we will see how Theorem 10 can fail when we work over a field that is not

algebraically closed. Consider the group of permutation matrices S C GL(2, R).

a. We know that R[x, y]S2 = R[oq, 02]. Show that I = {0} when F = (o1, 03), so that
Vk = RZ. Thus, Theorem 10 is concerned with the map F:R2 /Sy — R? defined by
sending S - (x, ) to (y1, y2) = (x + y, xy).

b. Show that the image of F is the set {(y1,y) € R? : y% > 4y} C RZ. This is the
region lying below the parabola y1 = 4y,. Hint: Interpret y; and y, as coefficients of
the quadratic X 2_ y1X + y>. When does the quadratic have real roots?

There are many places in mathematics where one takes a set of equivalences classes

and puts an algebraic structure on them. Show that the construction of a quotient ring

klxy,...,xn]/I is an example. Hint: See §2 of Chapter 5.

In this exercise, we will give some examples of how something initially defined as a set

can turn out to be a variety in disguise. The key observation is that the set of nonvertical

lines in the plane k2 has a natural geometric structure. Namely, such a line L has a unique
equation of the form y = mx +b, so that L can be identified with the point (m, b) in another
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2-dimensional affine space, denoted K2V, (If we use projective space—to be studied in the

next chapter—then we can also include vertical lines.)

Now suppose that we have a curve C in the plane. Then consider all lines which are
tangent to C somewhere on the curve. This gives us a subset C¥ C k%Y. Let us compute
this subset in some simple cases and show that it is an affine variety.

a. Suppose our curve C is the parabola y = x2. Given a point (xq, yg) on the parabola,
show that the tangent line is given by y = 2xgx — xé and conclude that CV is the
parabola m? + 4b = 0 in k2V.

b. Show that C" is an affine variety when C is the cubic curve y = x3.

In general, more work is needed to study CV. In particular, the method used in the above

examples breaks down when there are vertical tangents or singular points. Nevertheless, one

can develop a satisfactory theory of what is called the dual curve CV of a curve C C k2.

One can also define the dual variety V"' of a given irreducible variety V C k.



