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A special lecture —almost verbatim'

¥When | was in high school, my physics teacher—whose name was Mr. Bade:
=gilled me down one day after physics class and said, "You look bored; [ want to
@iliyou something interesting.” Then he told me something which 1 found ab-
salutely fascinating, and have, since then always found fascipating. Every time
HESubect comes up, | work on it. In fact, when | began to prepare this lecture
““'-mﬂm}ﬁcll' making more analyses on the thing. Instead of worrying about the
s 1 got involved in a new problem The subject is this—the principle ol
BCliom.
' "Mr. Bader told me the following: Suppose you have a particle (in a gravita-
V".‘“‘.‘ Bigld. for instance) which starts somewhere and moves 10 SO other point

W motion—you throw it, and it goes up and comes down, e ————fp

lgﬂﬁfmm the original place to the final place in a certain amount of time. Now,
' wndiﬁt‘n:m motion. Suppose that to get from here to there, it went like this
by —
ﬁmt lhEn: n Just the same amounl of time. Then he gaid this: If you calculate
'R:m'[.-mﬂm Energy at every moment on the path, take away the potential energy,
%TEME it over the time during the whole path, you'll find that the number
- g 18 Bigeer than that for the actual motion

B
-"ﬂldi., thapters do not depend on the material of this special lecture—which is in-
or “entertainment .
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B n exponential 6. eic. But how do you know when you have » better
0 you know the (rue ¢ Answer: You calculate C: the lowest
the truth. Let us try this idea out. Suppose that the potential
RIww——."

Bt SRY Quadratic in r—that the electric fleld s not constant but linear.
_“‘llﬁf{mthllﬂﬂi-ﬂilr handg = Valr = ais

: ' . '
.- I"ll + n(; :) (14 wl(; :) .
ooomtant oumber.  This formula i 8 little more caomplicated, I

BRI ferens i he potential as well as a linear term. It is very cany
g out of i The field i just

a¥ r—al¥v

de {
.!.- ; y h p 4 211 + 'Illll ”'. []'jJ

y ﬁ n?

e this and integrate over volume. But wait a moment. What
L can take a parabola for the ¢, but what parabola? Here's
the capacity with an arhitrary 0. What | Eci N

c L) [ :l? L | ) |
E- b - ulu (-h ¥ i " I) L £ ":I

e ' phicated, but it comes out of integrating the square of the feld.
By o | know that the truth lies lower than anything that | am
2. 80 whatever | put in for o 18 going 1o give me an answer (00 big.
D playing with o and get the lowest possible value | can, thut Towest
B%F 10 the truth than any other value. So what | do next is to pick the
b mintmam value for C. Working it out by ordinary caleulus, | get
' 0 € ocours for o = = 2h/(b 4+ o). Substituting that value into
L obtuin for the minimum capacity

C Vidb+a
v, b — g7
: out what this formula gives lor © for various values of 6/a. |
3__?, e Clguadratic). Here s o wble that compares Clquadratic)

™

L] Corm € {quadratic)
L] g 2wy
1 14423 1,444
4 0721 0,733
3 00,434 01,475
1 0.267 0,346
"l 13 2662 24667

1 10492070 10,49206%
SEle, whan (he ratio of the rudil s 2 16 1, 1 hive 1444, which is a

W A thie true amwwer, | 4423, Even for lnrger b/fa, it stays
h, much hetter than the first approsimation. 1t is even fairly
Bk ! Juks 10 1o 1. Bt when it gets (o be 100 1o | —
O wild, | e that € s 0346 instead of 0,267 On the other
Rl of |3, the snwwer i excelient; and for a b/a of 1.1, the
PANI0NS nstead of 10492070, Where fhe answer should be

nmples, Bent, 1o show the theoreticl value of the princi-
and minkmum principles in geoeral and, sscond, (0 show
you can guess sn spprosimaie fleld with soms

I djpest hern o get @ ponimEm. You will get es-







Sher for this variation to be zero for any f, no matter what, the coefficient of
: S he zero and, therefore,
T Tzf = —p/Ey.

) 1' ek our old equation. So our ‘mimmum’ proposition 15 correct.

e can generalize our proposition if we do our algebra in a little different
A back and do our integration by parts without taking components.
art by looking at the following equality:

v-Uve) = V-V + fv%.

srentiate out the lefi-hand side, 1 can show that it is just equal to the right-
e Now we can use this equation to integrate by parts. Inour integral AU®,
F "._-j'._- ace — Vo ¥/ by f‘"’? — ¥ - (f¥¢). which gets integrated over volume.

vergence term integrated over volume can be replaced by a surface integral:

"T-i_f\'ghﬂ' = I‘f\'-'g-ndu.

e are integrating over all space, the surface over which we are integrating 1s
_imAmity. There, [is zero and we get the same answer as before.

S 80nly now we see how to solve a problem when we don'f know where all the
jifees are. Suppose that we have conductors with charges spread out on them in
Eway. We can still use our minimum principle if the polentials of all the
Moctors are fixed, We carry out the integral for U* only in the space outside
il eonductors. Then, since we can't vary ¢ on the conductor, fis zero on all
surfaces, and the surface integral §

{fv@-ndu

BT 11

8till 2ero. The remaining volume integral

AU* = fr—z.. Vié — pe)f dV

o be curried out in the spaces between conductors.  Of course, we get
'S equation again,
':'Iq_ﬁ = —g/Ey.

tave shown that our original integral U* is also a mimmum il we evaluate
"ty_c_m'ﬂuujdg of conductors all at fixed potentials (that is, such that any
o W, T) must equal the given potentinl of the conductors when ¥, y, zis a
M the surface of a conductor),

VEIE I8 n interesting case when the only charges are on conductors, Then

Ut = 'ET“ (ve)? dv.

Principle says that in the case where there are conductors set ol
“I.“:zmm ‘hﬂ potentinl between them adjusts itself so that integrnl
a m_"' this integral” The term Vi is the electric field, so the integral
€Nt of ¢ energy. The true field is the one, of all those coming from the
o % Potential, with the minimum total energy.
® 4 1ike 1o use this result 1o calculate something particular to show you

y = are really quite practical. Suppose | tuke two conductors in the
il condenser, ——

" Sonducior has the potential ¥, and the outside in at the potential fero.
48308 of the inside conductor be a and thi of the cutside, b, Now we can
Y distribulion of potential between the two, I we use the, sovrmolid,

- ‘“_.-'1_[ “.'ﬂl dV. it should e the energy of the systetil, ir'lr-’.
= (L







cas of light we also discussed the question: How does the particle
‘pi,lhﬂ- From the differential point of view, it is casy to understand.
it gets an acceleration und knows only what 1o do at that instant.
imstincts on cause and effect go haywire when you say that the particle
¢ the path that is going to give the minimum action. Doen it ‘smell’
ating paths 1o find out whether or not they have more action? In the
at, when we put blocks in the way so that the photons could not test all
o found that they couldn't figure out which way to go, and we had the
on of diffraction.
e same thing true in mechanics? s it true that the particle doesn’t just
ght path’ but that it Jooks at all the other possible trajectories? And if
things in the way, we don't let it Jook, that we will get an wnalog of
9 The miracle of it all is, of course, that it does just that. That's what
‘gquantum mechanics say. So our principle of least action is incom-
ted. 1t isn't that & particle takes the path of least action but that it
the paths in the neighborhood and chooses the one that has the least
& method analogous to the one by which light chose the shoriest tme.
smber that the way light chose the shortest time was this: If it went on &
took a different amount of time, it would arrive at a different phase, And
plitude at some point is the sum of contributions of amplitude for sli
t ways the light can arrive. All the paths that give wildly different
add up to anything. But if you can find a whole sequence of paths
wnve phases almost all the same, then the little contributions will add up a2nd
1 a redsanable total amplitude to arrive. The important path becomes the
o which there are many nearby piths which give the same phase.
just exactly the same thing for quantum mechanics. The compiete
mechanics (for the nonrelativistic case and peglecting electron spin)
s follows: The probanhility that a particle starting at point | af the time 1y
FTive at point 2 at the time !5 is the Squarc of a probability amglitude. The
plitude can be written as the sum ol the amplitudes for each possible path—
+ way of arrival, For every x(7) that we could have—for every possible
;!l.'l!,inﬂnry—w: have to calculate an amplitude. Then we add them all
f, What do we take for the smplitude for each path? Our sction integral
 the amplitude for a single path ought to be. The amplitude s pro-
I to some constant times ¢'“'", where § is the action for that path. That
the phase of the amplitude by a complex number. the phase angle
an S has dimensions of energy times time, and Planck’s constant 4

w it works: Suppose that for all paths, § is very compared to
tributes 4 certain amplitude. For a nearby purh.':ﬁ:piuu is quitz
with an enormous S even a small change in S means a complesely
3 ii'l_:_l? tiny. So nearby paths will normally cance] their
in tuking the sum—except for one region, and that is when a path and
T F I give the same phase in the first approximation (more procisely.
0 within ). Only those paths will be the important ones. So in the
ﬂhiﬁhﬂlhuk'inmﬁmmhguﬁ'mznu. the corfect guanium-
-- Scan h.mﬁui:d by simply saying: “Forge: about all these
a "El'ﬂl!i'#- The particle docs go on a special path, namely, that ons for
viiry in the first approximation.’ That's the relation betwess the
action and quantum mechanics. The fact that quantum mechsmics

int 16 talk about other minimum principles in physics. There ar



on.
elativistic approximit
minus the potential energy. Thot's nrfl_y true m,:':;:':m have called the HMH‘:
For example, the term mye /T~ v4/ch Iy '“I d be for any particular case mus
energy. The question of whal tl_n:- action shou is tust the same probiem s deter-
be determined by some kind of trial nd error. [L18 J:’mu Just have to fiddle uround
mining what are the lows of motion in the "!‘“ll plm:tﬂ. 18 orn Into ihe forms of the
with the equations that you know and see if you can ot i

. ciple of least petion, 3 iovas tie
I Pﬂm"gnr other paint on terminalogy.  The Mmetion lhfll “rtl:::lﬁ?nmgnlf s
to gel the setion § is enlled the Lagranglan, x,_whwh LR stlont iy sl wititen
velocities and positions of particles. So the prineiple of least ne

e L:Ir{xh i)t

where by x; and 1, are mennt all the campanents of the poitions und ﬂ‘-lﬂﬁ::ﬂ-
S0l you hear someone talking about the °| grungian,” you know they are talking

about the function that is used o find 8. "For relutivistic motion in an elegiro-
magnetic feld

i i Sy | Vet - gld v A)

“Also, | should say that S is not really called the *uction’ by the most precise
and pedantic people. 1t s called Humilton's firut principil function,' Now | hate
o wve n lecture on 'lh::-p:muipluqnf-[unul-l-lmmhml'hl’lr:i-prinuipu!—l"uncuml.'
So Leall it ‘the uction.” Alyo, more and more people ure calling it the uetion. You
see, histarically something elve which is not quite as uiclul wan called (he iretiom,
but 1 think it's more sensible 10 change (o g newer definition. S50 now You toog

will gall the new function (he action, and preity soog everybody will el it by that
simple name.

“"Now | wani 1o sy some things on this y bject

cussions 1 pave about the principle of legst tine. T here i quite g difference in the
| churneieristic of o low which Nays o certain integral from one plice to unpther i
minimum-—which tells something shoyl the whale Puth—gngd of 4 lnw which Nty
thot as you go alung, there is & force tint minkes it necelernte, The necond way ol
how you inch your Wiy nlong the path, and | e other is i gr
whole path. 1In the case of light, we tulked about (he connection of (he
Now, | would like 1o expliain why il is trije hist there (e RE two,
there s a least action principle of this king. The reanon iy the folig
the actuul path in Apace and time. As belore, let's tnke oitly one
:w: cin plot the graph r!: XA I!l Tunetion of ¢, Along the trye poth. & an, Ko
L% suppose thit we huave the rue path wnd Hhang fi }
in space wnd thinie, and wlyo through unother nearby Pifi:?f:hmulh iy Ping o

which are similar 1o the djy-

wing: Cony idir

Now i the entire integral from 1, to foinnm n'-inlmum1 it Iy

integrul mlony the fitkle section from a to b iy g g TP I mi"‘_r}‘ l}lu'l the

PUFL Trismi a 1o by moa linle WL more Diherw)se You oy 1 he_ thig the
piece of the path ind mike the wliole inlegra) o liftle I:i::_“l ficldlle With jusq that
"So every submectic m of the path s alwo be 4 Mini ! {

N0 matier how short the Subsication, Phetefore, the Frm“;ﬂ:mr And this

BIVES i minimim gug e stated alio by waying fhat that gy whl,
Wiso has o curve Ruch thint it has o LU, l:ﬁ'm“n"'mm

uf
SEGHon of path—between two POt a g very clog o take g Mg g, Nt
viirles from one Pl Lo gy e far wway |y 0k fhie iy tial |
HTE Maying slmost in (he suime plpe K thiyy !

anly thing thar pri """-"r:::':':':::: fittle | R bec u

Plth—y dll’rm,“

I |

I8, the force af puint, Thatre l:‘- Y Involves pe derivativey al il
The i imy baw amd e g

Mittomgyy
rlrlﬂ!mhul :';ll".“““ﬂﬂﬁ'ﬂ' ul”““'”"“ or Mg :-":n:;?uﬂ.[‘ nl
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it must be zero, We get one equution. Then we shift it in the
§ get another. And in the >direction and get another. Or, of conrse,
- th mllnl Anyway, you get three equations. And, ol course,
mﬁrﬂmﬂﬂmin the three dimensions—one for ench com-
ﬁﬂ!‘ﬂﬂﬂ practically see that it iv bound 16 work, but we will
y for yourself thut it will work for three dimensions. Incidentally,
any coordinatesysiem you want, polar o otherwise, snd gt Newfon's
e 10 that system right off by seeing what happens il you have the
) qrinlqlle el
y the method can be generalized to any number of plrticles. I you
‘particles with a force between them, so that there s a mutual
¥, then you just add the kinetic energy of boih parficles and tike
tial energy of the mutual interaction.  And what do you vary? You
paths of both particles. Then, for two particles moving in three dimensions,
8ix equations, You can vary the position of particle | in the x-ditection,
ttion, and in the r-direction, and similurly for particle 2; so there sre
“*.H-udthil s a8 it should be. There ure the three equations that deter-
n of purticle 1 in terms of the force on it and three Tor the we-
'jltﬂt:k: Z from the [drce on it. You Tollow the same game through,
. 's law in three dimensions for any number of particles.
! ,ﬁnnnﬂnl that we get Newton's luw, Thul is not guite true, becuse
w includes nonconservative forces like feiction, Newion said that ma
w ,f' But the principle ol least action only works for comservanine
me all forces can be gotten from a potential function.  You know,
an & microscopic level—on the deepest level of physics—here are
ative forces. Nonconservative forces, like (riction, appear only be-
glect microscopic complications—there are just 100 many particles o
X Mﬁﬂm.mmf luws can be put in the form of a principle of Jeast

generalize still further. Suppose we ask what happens if the particle
stically,. We did not get the right relativistic equation of motion;
y right nonrelativistically. The question is: Is there a corresponding
L action for the relativistic pase? There s, The formula 1o the case

iy is the fallowing:
= j-l"'i W =2 dt — g L"lﬂx.y. 2, 1) — wir A(x, y, 2, 0] di.
=, .

: Ei: the rest mass m, times ¢ times the mtw:l

terms of ¢ and 4. This action funr.lti:rn gives the com-
e motion of u single particle in an electromagnetic field.
se, wherever | have written v, you understand that before you try to
out, you must substitute dx/dr for ¢, and so on for the other com-
O, ilulﬂnpdumun; the path at time 1, x{7), 1), 2(2) where | write
Properly. it is only ufter you have made those replacements for the
fnmilt. for the action for a relativistic particle. | will jeave
 of you the problem io demonstrate that this action formulis
comeot equations of motion for relutivity. May | suggest
d,.rﬂut is, far no magnetic field® Then you should get
antion of motion, dp/di = —g Vi, where, you remember,

i Mm uimuﬁmmm‘zmd:?mmlpn:ﬂﬂ
But in the end, the force ter
%W+ INWMH Bot 1 will jeave that for you 10

“Wthththmﬂumrnrmnmmmmn—

hmﬂuiﬂﬁmmd no jJonger has the form of the t-mi:m;l;
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We collect the other
Y 0, wd iyl 0. %0 (e integrated lerm s Bero
fr i i | |

T ihed g osblain this

. J.I'__! . ']
AS ‘ | m s Vix)| oinyd

* - qﬂ
lIH i LR LR 1] Il I W 1'“ *I-l-.| LA ﬂ'llllll’il il 'I“'r L3 ] Ii

! oA i W F o py
F, ol ioliphied by of7) mnd integrated from 1 /BYS ZET0;
‘Wi have that un integral of something or other times off) i always

(HH withdr = §
| Il sanivpe Liniibon of 7 1 miltiply it by off); and | integrate it from one end Lo
g other., Ao o maller wlint the i ba, | el sero. T hat means that the flunction
I b piiis | sl s abwilons . b ANy Wway ' shoes pALLU IR kind of F:I'n-nl
Suppose that Low gl0) 1 ook something which was zero for all I cacept ”Shl

near ane paiticular valoe. 10 steys sero until i gets o this o —

than 1 bligs up for 8 moment and bilips righi back down, When we do the integral
of thits o Limes any Tanctbon F. the nly plug
wins wlivp aqld ) Wi h’llu-’lrl.'
imlegral over the blip, Th
phrul !r, F H has Lo he

c 1hat you get anything olher than zero

ind then you gt the value of F ot that plice times the
integral over the blip alone mn't 2ero, bul when multi-
» the function F has 10 be zero where the blip was. But
the Mip wits anywhere | wanted o put it, so F must be zero everywhere.

any u, then the coelficient of 5 must be
eern, Vhe uctlon integral will be a mimimum for the path that

caled diffeentio) cquaiion

W wed dhal o o mtegral m sero fow

satesfies this compli-

] Wiz} (

1i's mast really s complicated ; you have seen if beflare. I ia jusi ' = g The first

Lerm i thie mmiass LHmes acocleralion und the second is the derivalive ol the Potenti)

rllt‘l’ﬂ}, whilch Is the liirce

"l Cor 8 comervalive syalein ol lcast, we have demanstiraled that

it says that the !"-l!:h il
BCthimy 0k the oee satisfying Newion's law

the principic

t bemat altion gives the right answer 1t hos the mInimium

“Ooe remark: | did not prowe ol wak a mynimum—mavbe il's 2 mavmpm

It in quite .:ruin;
lir the “principle of least time' which we discussed in (YL
WL Rt i was “least’ Line

In
OUs 1o what we [, Wi

There also, we
I teermed oul, hivwever, that there were situag)
I owasn'l the fair time. The fundamenial principle
Wirlition iway Tromn the opticsl path, the change in lime was 10 it is (he N—
siary, Whinl we teslly miean by ‘least® bs that the first-nrder ‘;T'“"F in the vy :
o 5, when you change the puth, v rero. 1t s not nacvkanly "N mum my
"MNead, | remark on womie generalizations. In the Rt pluce. the !hll'.l-! can be
idisise oy thiree dismens o Iomicad of just x, 1| would have x ¥, and 2 yg '_un“ﬂ
o 1 the setion is e complicaied. | S hn:‘.l::
use 1ig s u|||-fﬂr.'lt LNt el gy uared Thn'
1 %,

Tt j1 damenay 'y Ff'-i”j' have Ly be @ mtmimum
siticl

ons 1n which
was 1that (o ny. first-order
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