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> YEOLACUOG PBACIUDY CYNUATWYV

H ouvtpiti mietodnplo tov petddwy e£680L TOU YENOWOTOLOUUE GTNY ETOYY| HOC,
Baotleton oe cuoxevéc mou epapuolovy uedddoug Raster Scan. Me mo amhd Aoyla
x&e L mou Véhouye va amelxovicoupe To PAEmoupe cav éva €ldog olYYpovou dngL-
0wto0. Kou tor avtixelyeva mou Yehouue va oyedidoouye, ebvon por ouvieon TETolmy
Uy Pneidwy, Twy pixel 1 oTol EAANVIXE ELXOVOG TOLYELAL.

To pixel ebvon pixpd tetpdywva (6tav avogepbuacte oe 006vec) xo to TAHYOC
Toug xadopllel TNy avdhuon tng ewodvag pog. Mo edvo mou €yel avdhuon m X n
amotehelton omd M YEUUUES X N OTAREG amd TETOL TeTEdywva. Lo autd elvon xou
TOA) €0X0AO Vo QOVTUGTOUUE €Vl TETOLO TETPAYWVO GV To GTolyelo EVOG Tivana, %o
TEAXS Vo PavTaLOPACTE XAUE EXOVOL GOV EVOLY THVAXOL.

10
9
8 A pixel
(pixel (5,5))
7
6
5
4
3
2
1

1 2 3 456 78 910

Yyfuor 1: Mia o96vn avduong 10x10 xon o mpocdloploude evog pixel oe oty

Optopdg: ‘Otav avagepdupoote otn Véon évoc pixel pe tic ouvtetayuévee (z,y) do
€VVOOUUE OTL TO XEVTPO Tou TETPUYWVOL Bploxeton e aut T Véom Tdve oTo TAEYUA,
mou cuv¥ETeL TNV 06V UoC.

IMTopatripnon: To pixel yi T ypaguxd eivar OTL €lvar To oNUElo yior Tor pordnUaTL-
%3 Av xan mpoxTixd €yel SloTdoelg, o avtiieon pe To onuelo, Yewpolue OTL elvon
LlG0BUVOAL.

Me autév Tov TpéTO amEXOVIONS, YEEWCOUAOTE VO OXEPTOVUE TEOTOUG YL VO UTTO-
PECOUUE Vo GYEDLACOUIUE OXOUA X0k ATAGL OYHUXTA, OTWS EVoL EVVUYEUUUS TUYL 1) Evay
x0xho. Kodoeg ou tpémol mou yvwpllouue amd tor pordnuotind dev unopoly va Beouv
QueCT) EQUEUOY.

O olybprdyol autol Yo Teémel var emhéyouy To xaAUTERO duvatd pixel €Tol WoTE TO
TEAXO amOTEAEGUA VoL Eval 600 TO XOVTA 0TO Gy T Tou VéAoUpE. ANAG TauToypOVY
0 uTohoylouog Twv pixel vo yiveton ypriyopa xou yweic vo yeetdlovTon ToAES TEdlels
OOTE VoL EYOVUE CPIAUUTA AOY W TNG oEtIUNTIXNS TOU UTOAOYLOTY| XUk VUL Y ONOLOTOLOVY
axepatoug.

Yiyxeotaouog Eudesiog

[o tov oyedlaoud euduypduuemy TUNUATOY UTdEyouv Tohhol alydprduol Tou Yo uro-
EOUGOUE VA YPNOWOTOLAGOUNE, 0ANS TETEL Var EMAECOUUE Xdmolov Tou dev Vo Topou-
otdlel TEOPAAUTA XAT TNV LAOTOINGT| TOU.



ANy obpdpog EElowong Eudeiacg

Mo mopdiderypa o prmopoloaue va yenolono\coude Ty akyeBont| e€loworn tneg gu-
Yelog o vo tpocdlopicouye mola onuelor e eudelog Yo avtioToryolv oe pixel tng
06N mou Vo emAEEoUUE VoL POTICOUE.

Av Wéloupe va oyedidoouue To eutUYpOUUO TURAU PP, we P = (x1,y1) xou
Py = (22,2), t61€ Yot 1oy Vel

+
r — T To — T To — X1 To — X1

Yy—1u Y2 — U1 Y2 — U1 Y1T2 — Y21
= =y = T

Kot Oétovtoc S = % (3hiom) xou C' = % éyouue y = Sz + C. Ko e
Bdon auth TN edicwon yedpoupe Tov axdroudo alyopriyo:

BrApa 1: AuBoace P = (z1,y1) xaw Pr = (22, y2)

Brjpo 2: Trodoyoe S = 20 you O = B2=25

BrApa 3: Tz and x1 éwg xg pe Brpo +1 . Trokdyioe 10 y = round(Sz + C') xou
pwTioe To pixel (z,y).

Av bueg yenoHoTolicouUE auToY Tov aAyoprduo Yo mapatneicoupe OTL yia Ce-
Oyn onuelwy to evdiypoupo Ture pog Yo topouctdlel xevd xat dev Vo efvar cuveyéc.
Enlong xatd Tov uToAoYIoUud TV YOV TEAYUATOTOLOUUE TOMATAUCLUCUOOS XAl Ololi-
EECEIC IOV ALEAVOUY TNV TOAUTAOXOTNTO X0l ELGAYOUV %ol optdUNTXd oQIuaTa OTA
oedopéva pag. o autolg Toug Adyoug 1 yerion g alyelpuxrc elowong tng eule-
fag o unoloylo T elvan TeEAd Addog xivnor. Eutuyde €youv Hon avamtuydel dhhot
TpoToL Tou Yo pac Bondrioouy va unoloyicouue ol TEEA Vo TEETEL Vo PwTICOLUE
oty ovovn Y va oynuotiotel 1o {ntoduevo eudiypauuo tufue. ‘Eva tétolog etvan o

alyopriuog evduypduuewy TUNUdTwy Tou Bresenham.

AAyéprdpog Bresenham yio ev9OYpaUUo TUAUS

To 1965 o J.E. Bresenham napouciace v mpwtn DDA pédodo (Digital Differential
Analyzer) yio o oyediooud evdiypauuou tuiuatoc. Exel napousiole tn woppr mou
€YEL 0 ahyOELIUOS TOU Yor EUDUYEUUUN TUNUUTO TOU AV XOUV GTO TEMTO OXTOUORLO.
Anhadr mou n ywvia tou oynuatilouvy e tov oplévtio dova ebvon amd 0°ewe 45°.
Kodoe xan T petotponéc mou ypeetdlovTon vor Yivouy yiol Voo UTOpoUUE Vo OYEBLICOUUE
evd0ypopua TuuaTo xdie xhiong.

Yo 2: To oxtoudpelo Tou emnédou



Ipoodiopiloupe T0 oyedlaoud e eudeiag 6To 1o OXTAUOEIO oL OTY CUVEYELN UE
Xotdhhnhn Tpomomoino, mov Yo TV TeptypdPoupe TopaxdTe, UTOPOUUE Vo enexToto-
OME %ot OTOL GAAL OXTOUOELL.

‘Eotw howmov ot Véhoupe va oyedidooupe éva evdiypauuo Tuda UeTalld Twy pixel
oto lo oxtopdplo Pi(xq,y1) xou Pa(xg, y2) , 6mOUL 24, y; € Z,i = 1,2 xou é0tw 6T €yel
pwtioVel otny 006vn To pixel (z;,y;)

¥+2

¥+1

Y

X X+1 X+42

Aedouévou 6Tt 0 GYEBLIGUOS TOU EVHUYEAUUOU TUAUNTOS GUVICTAUTOL GTOV ETLAEXTL-
%06 PWTIOUOS Bladoy eV pixels wote auTd vo oy uatilouy eudiypouuo Turua, Yewpolue
6TL ool Betoxdpocte 6to 1o oxtoudelo edv KON elvar pwTIoUEvo To pixel (x;,y;) T
EMOUEVOL BUVITE TPOG PwTIous pixels Vo etvon tor (2 + 1,y;) A (2 + 1,y + 1) .

Hoapoatneolue dnhadt 6Tt omwodrnote Yo auindel xatd 1 1 cuvteTaUyuévn o xou 1
ocuvtetayUévn y 1) Yo mopopeiver (Blar 1) Yo awgndel x auth xotd 1. Oa mpénel hotndy
vo. xadopicovue pla petoBANTY| o@dAuatog, 1 onola avdioya Vo amogolveton €4y Vo
auéndel 1} Oyt 1 ouvTETYUEVT Y.

Anprovpyio keTaBANTYC CPIAUATOS €;
H eZiowon uetall twv onuelwy (z;, y;) xou (x;+ 1, y) eiva
y=s(z;+1)+c

Y=Y Ay
vi+1—2z; Az —

1 xAjon g evdetag, xon

Yl + 1) =y
ot l-m

Trohoyilouye Tic amooTtdoels dy, da xou Tn Slapopd Toug di — da

dy=y—yi=s(x+1)+c—y
dy=(i+1)—y=yi+1—-s(x;+1)—c
dy —dy =2s(x; + 1) — 2y; +2¢— 1



4

; :
X, X+1

Hapatneolue 6TL avdhoyo Ye 0 TEOOTUO NG Olopoeds di — day UTOPOUYE VoL ETL-
AECoule TO embUEVO TPog pwTiod pixel. Edv ovoudoouue yetoSAnty| o@dhuatog e;
v nocdTnTa €; = Ax(dy — dy) toTE Yo Eyoupe :

e Enoépsvo mpog poTIoNO pixel
i

<0 (x,+1,)

=0 (x, +Ly, +1)

ITpoonddeia dnuiovpyiog avadpoutxod TOTOL

Ye xde Briua oyedaouol tng eudelac Yo etvar xahd vor umopolpe vor UTOAOYILOUUE TNV
XoUvo UYL UETABANTH CPIAIATOC CUVIRTAGEL TNG TREOTYOUPEVNE, YU auTd TpooTodolue
VoL ONULOVEYAOOUKE Evay avarywYod ToTo. Ioylel 6t

€ = —
s

A
y(23(xz- +1) —2y; +2c — 1) = 2Ayx; — 2Axy; + ¢

‘Ornou ¢ = 2Ay + Ax(2c — 1)

[ 1o €41 Vo toylel 6Tt €11 = 2Ayx,4q — 2Azy,41 + .
Tehxd €41 — €; = 2Ay(xi1 — x;) — 2A2(yie1 — Yi)

H apyixr) T} yio 1o €3 umohoyileton amd tn oyéon:

e1 = 2Ayxr; — 2Axy; + 2Ay + Ax(2c — 1) = 2Ay — Az

Hapatneolue ot :

&

Enopevn petofAnt) cpdipnatog e,

<0

e +2Ay

e +2Av—2Ax




Autd pog 0dnyolv oto axdrouto akyderduo yio 1o 1o oxTaudeLo

input (x1,y1),(x2,y2)

dx = x2-x1;
dy = y2-yl1
x = x1
y = vy1
cl = 2xdy
e = 2xdy-dx
c2 = e-dx
while x <= x2
plot (x,y)
X = x+1;
if e < 0
e = e + ci;
else
y = y+i;
e = e + c2;
end
end

Yroloviotixr ITohunhoxdtnTo

Eivon qavepn n unepoyn) tou alyoprduov Bresenham oe mpdgeic, xadde ypetdlovton
HOVO TEOCUUPULEETELC XAl €VOC TOMATAUCLACUOS UE TO 2, TR Tou UTopEl Vo uTto-
xataotadel ye éva opiotepod shift. Aev anatodvtar xoddrou dlapéoelc.

H enéxtaon tou akydprduou vy tor umdlowma oxtopopla Yivetow Bacilouevn o
xdmoteg oA TNERoES ToL eivon TOM) €UX0A0O VO XEVOUPE TEVL GTNV apyixY| WO

IMopatrpnon: Kdde eudiypouud tuiua AB opiletar omd to onueion A = (21, 41)
xou B = (x2,). Av Yewprioouvue 611 to onueio A tautileton ue Ty apyr twv alovewy
XL YWElOOLUE TO ETUTEDO O OYT® (Oo TUAUATA, TO TUAUS TO TeplEyel To onueio B
xordopllel xou TO OXTOPOPLO TTOU AVAXEL TO ELVUYQEOUUO TUHAUOL.

IMopatripnon: Xtnv apyiy| Wéa Tou Bresenham maller onpoavtind pdho 1 oel-
ed mou Yo dwooupe ta onuela A xou B. Anlady| molo elvan 1 aipy | xou oo To TéEAOC
Tou Tpruatoc. o autd €youue 8 dlapopeTiés tepinTtoels. ‘Ouwe av amAd Yéhoupe
Vo oyedldoouue €var evilypauuo TUAUL. Aev pag evOLapEpeL amd Tolo pepLd Vo ext-
VACOUUE ToV OYEdLaoUd Tou. ARAG Slohéyouue TdvTa ooy apyr To onueio yio To onolo
N CUVTETOYREVN Y = min(y1, Y2) TOTE avtl yia 8 mepntdoels éyouue uévo 4. Agol 1
oxTopopeta 5,6,7 xou 8 avdyovion ota 1,2,3 xan 4 avticTorya.

IMapathenon: O unohoyiopds twv onuelnwv oto Bedtepo oxtaudeto Yivetar oy
Yewphoouye 6t ot Véon twv A xou B, ewodyoupe to onuela Ay = (y1,21) xow By =
(Y2, x2) o ovtl yio vo potilouye to pixel (z,y) mou Yo poag emotpéget o ahydprduoc
epelc gwtiloupe o0 (Y, 7).

IMapatAenon: T'a to oxtopdela 3 xou 4, apxel vo unodécoupe 6Tt Yéhoupe va
OYEBLACOVUE TO GUUUETEXO EVTVYRUUUO TUARO WS TEOS ToV GEova Y Xt vor BIAOUUE Tov
akyoerduo tou Bresenham vo urohoyioet yio autod ta onueio, adrd epelc Yo potiCouue
TOL CUPMETEIXG TWV UTOAOYIOHEVWY.

Aol Adfouue umddy Yag auTEC TIC THPUDOYES, UTOPOUUE VA UAOTOLAGOUUE TOV
ONOXANEWUEVO ol YOI,
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Yyfuo 3: Topdderypa evdiypoppou tuiuatos, pe dxpa o onueio (1,4) xou (20,17),
vhorotnuévo o Matlab

Egoppoyeg
1m) Na eopUooTel o ahyopriuog g Edicwong Eudelag yio tar axdhouda Lebyn on-
uetwyv:

1. Pi(1,1), Py(3,2)

2. Pi(1,1), P(4,13)
27n) No eqappootel 0 ahydprduoe tou Bresenham yio 1o 1o oxtaudplo yia to {edyog
Pl(lﬂ 1)7 P2(37 2)

37) Na mpoocapuédoete tov ahydprdud tou Bresenham étol wote va Bouléuet yio To
20 oxtouoépto ot vor to Soxwpdoete yio to Levyoc Pi(1,1), P(4, 13)

YTig embueveg oehldeg umopeite va delte Ty dnuocieuon tou J.E. Bresenham nou
TEWTOTOPOVGINGE TOV aAYoeLiud Tou.



An algorithm is given for computer control of a digital plotter.

The algorithm may be programmed without multiplication or di-
vision instructions and is efficient with respect to speed of execution
and memory utilization.

Algorithm for computer control of a digital plotter

by J. E. Bresenham

This paper describes an algorithm for computer control of a type
of digital plotter that is now in common use with digital com-
puters.’

The plotter under consideration is capable of executing, in
response to an appropriate pulse, any one of the eight linear
movements shown in Figure 1. Thus, the plotter can move linearly
from a point on a mesh to any adjacent point on the mesh. A
typical mesh size is 1/100th of an inch.

The data to be plotted are expressed in an (z, y) rectangular
coordinate system which has been scaled with respect to the mesh;
i.e., the data points lie on mesh points and consequently have
integral coordinates.

It is assumed that the data include a sufficient number of
appropriately selected points to produce a satisfactory representa-
tion of the curve by connecting the points with line segments, as
illustrated in Figure 2. In Figure 3, the line segment connecting

Figure 2 Curve defined by linear segments joining data points

Dy D2
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Figure 1 Plotter movements
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Figure 3 Sequence of plotter movements
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the two adjacent data points D,(z,, y,) and Dy{x., ¥.) is shown on
the mesh, drawn on an enlarged scale. Also shown is the path
actually taken by the plotter in accordance with the algorithm.
In each instance, the mesh point nearest the desired line segment
is selected. For example, since @ is closer to the line segment than
R, @ is chosen as the second mesh point in the path taken by the
plotter in approximating the desired segment joining D, and D,.

In the first case to be considered, it is assumed that D, lies
in the first octant, relative to a rectangular coordinate system ob-
tained by translation of the origin to D,. It is apparent that the
plotter movement can be accomplished by a sequence of moves
involving only M, and M,, as illustrated in Figure 3.

In Figure 4, an (a, b) coordinate system obtained by translation
of the origin to D, is shown. Consequently, the new coordinates of
D, are (Aa, Ab) = (T, — 21, Y2 — V1).

When the plotter has progressed to the point P,.,, as indicated
in Figure 4, the next movement is either M,; (to the point R,)
if r,, < gy, or M, (to the point @,) if r; > ¢..

It follows from similar triangles that 7/ — g% has the same sign
asr; — ¢.. Since the segment D, D, lies in the first octant, Aa > 0.
Thus, V; = (r; — ¢/)Aa also has the same sign as r; — ¢, and may
be used for computational convenience in selecting the appropriate
movement, either M, or M,. Later in the paper, ¥V, is shown to
satisfy the recursive relation:

V1 = 2Ab — Aa

V.. = {v.- +24b — 240 if V.20, )
Vi -+ 24b if V.<0

where

Ag =z, — a4, Ab =y, — ¥ )

J. E. BRESENHAM



The values of ¥V, computed by means of (1) and (2) are used to
determine the movement of the plotter:

it {V; < 0, execute ml}’ i=1,-- Aa, @)
V20, execute m,

where

m, =M, and m, = M,. @

Expressions (1}, (2), (3), and (4) constitute the algorithm for the
present case. For other octants, the right members of each equality
in (2) and (4) must be modified.

Before indicating this modification, the recursive relation (1)
is shown to hold. The notation employed in Figure 4 is as follows:
(@s-1, b;_,) is used to denote the coordinates of P,_,. Consequently,
the coordinates of R; and Q; are, respectively, (a;, | b:]) and
(a;, [ b, ]), where “|_ " and “[ 7]’ are used to denote the floor
and ceiling operators.” Denoting the ordinate of S; by b,, the
coordinates of S; are (a;, bJ).

This notation is used to rewrite the expression for V;:
V=l — ¢)da = [(b; — [b; ) — ([_bi'] - b;)]Aa.
By noting that b; = (Ab/Ad)a,,

V; = 2(1,-Ab - (Lbl_.l + rb._l)Aa

Since the line segment D, D, lies in the first octant, a; = a,-, + 1.
By definition, [ b,] = b.oy + 1 and Lo, ] = b;_,. These relations
are used to rewrite the latter expression for V¥, in a form free of
a; and b;:

v,- = 2(1,-_11.’55 bt 284‘-113(1 + 2Ab — Aa.

Figure 4 Notation for the algorithm
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other
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Applying the initial condition for the coordinates of P;, a; = 0
and b, = 0,

Vi = 2Ab — Aa.

If V. >0,

b, = b, + 1,

so that

Vi = 2ai_y + DAb — 2(b,—, + 1)Aa + 24b — Aa
V:+ 24b — 2Aa.

If v, <0,

b, = by,

so that

Ve = 2(a_, 4+ 1)Ab — 2b,Aa + 2Ab — Aa
= V, + 24b.

Thus (1) has been shown to hold.

The second data point has been assumed to be in the first
octant with respect to the first data point. If the second data
point lies in another octant, an (g, b) rectangular coordinate
system is again chosen with origin at the first data point, but
with the axes oriented individually for each octant, as shown
in Figure 5. Directions associated with the plotter movements
m, and m, are also indicated. This information is summarized
in the left columns of Table 1 together with the assighments
made to m, and m,. Thus, the variants of Equations (1) and (4)
have been specified for each of the eight octants, and the reader
may verify that, in conjunction with (2) and (3) as previcusly
stated, they comprise a correct formulation for the general case.

To complete the algorithm, a computational procedure is
needed to determine the applicable octant for an arbitrary pair
of data points so that the appropriate forms of (2) and (4) can be
determined. The form of (2) depends on the sign of |Az| — |Ay|.

I

Table 1 Determination of form of Equations 2 and 4

Az | Ay | |az|—]aAayl] OCT Aa Ab X Y V/ m r M2 G

>0 >0 20 1 laz| | | Ay 1 1 1 M, (1,0,0,0) )| M. | (1,0,0,0)
>0 >0 <0 2 lay] | | az | 1 1 0 M; 1(0,1,0,0) M, | (1,0,0,0)
>0 <0 20 8 taz ) | | ayl 1 0 1 M, }(1,0,0,0) Ms | (0,0,0,1)
>0 <0 <0 7 lay | | | Az 1 0 0 M; {(0,0,0,1) Ms {(0,0,0,1)
<0 | >0 =0 4 |az | | | Ay | 0 1 1 M;s | (0,0,1,0) M, i (0,1,0,0)
<0 | >0 <0 3 | ay| | | Az | 0 1 0 M; |(0,1,0,0) M | (0,1,0,0)
<0 | <0 20 5 |az | | | Ay | 0 0 1 Ms | (0,0,1,0) Me | (0,0,1,0)
<0 | <0 <0 6 lay] | |az]| || © 0 0 M, | (0,0,0,1) || Ms |(0,0,1,0)

28 J. E. BRESENHAM



Figure 5 Axes orientation

M2

my mz

To find the form of (4), Boolean variables X, Y, and Z, corre-
sponding to Az, Ay, and |Az| — |Ay|, are introduced. As shown
in Table 1, these variables assume the value 0 or 1, depending
on whether or not the correspondent is negative. To determine
the assignment of m,, the function

F(X,Y,2) = (XZ,YZ, X2, Y7),

found by inspection of Table 1, is introduced. Correspondence
between values assumed by F and the assignment of m, is indi-
cated by columns headed F and m,. Similarly,

GX,Y)= (XY, XV, X7, XY)

is used in conjunction with the G- and m,-columns of Table 1 to
make the appropriate assignment to m,.

The algorithm can be programmed without the use of multi-
plication or division. It was found that 333 core locations were
sufficient for an 1BM 1401 program (used to control an 1BM 1627).
The average computation time between successive incrementations
was approximately 1.5 milliseconds.

A functionally similar algorithm reported in the literature® is
described as requiring 513 core positions and 2.4 milliseconds
between successive incrementations.*

ALGORITHM FOR CONTROL OF A DIGITAL PLOTTER

concluding
remarks
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