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Kegpdiaio 1

Eiwcaywyn

‘Eow f: [—m, 7] = R wo Riemann oloxinpwown cuvdptnor. H oewpd Fourier g f
elvon 1 oelpd CLUVAPTHOEWY

S[f](z) = % + Z(ak cos kx + by sin kx),
k=1

6nou ot ouvteleoctég Fourier ay xou by e f opifovton and tic oyéoelg

1 ™
ar = ax(f) = — f(x) cos kx dx, k=0,1,2,...
™ —T
s L
b = bi(f) = — f(z)sinkx dz, k=1,2,....
™

—T
O ouvapthoeie f(x) coskx xou f(x) sin kx efvor Riemann ohoxhnpdoles, GUVETHOS OL GUV-
TeAeoTEC ay, wou by elvan xahd opiopévol. Emimiéov, yio xdde k éyoupe

1 [ 1 [
o< s [ @l o < [ 5@ do
Anhodn, ou oxohoudiec {ay} xou {by} elvon pporypévec.
To n-0016 meptxd d¥poiopa e oelpde Fourier tng f elvon n cuveyrc cuvdptnon

sn(f)(x) = % + Z(ak cos kx + by sin kx).
k=1

To npdéAnua mou Yo pog anacyohfoeL 6TO TEHOTO PEEOS TOU LoAUATOC elvol xoTd TOCOV «1)
oxohoudia s, (f) ouyxhiver oty fy. Onwe Yo gavel otic endueves dVo eloaywYES Topo-
YEAPOUS, TO EQOTNUA EYEL XATAPATLXY| ATAVTNOY) AV TERPLOPLOTOVUE OE «XOAEC CUVORTHOEICY
7 oy YewpHooupe «xatdhAnin évvola GOYXAGTCY.
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1.1 TeywVoueTpXd TOALV®YLUA

Optopdc 1.1.1 (tprywvopetpind tohudvuua). Ipoyuotind Tely ® VOUETEL®XO TTOAL K-
VURO elvor xdde TEMEPUOUEVOS YROUULXOS GUVBLACUOE TWY GUVIPTACEWY COS kT xou sin kz.
Anhadt, xdde cuvdptnon e Loperc

(1.1.1) T(x) = >\O+Z()\k. cos kx + py sin k),
k=1

omov n € N xow Ag, e € R. O Bodude tov T ebvor o wxpdtepoc n > 0 yio Tov onolo
1o T éyel yio avanapdotaoy authc g wopehc. Xupfoiilovue ue T, v xhdorn Ohwyv
TWV TELYOVOUETEIXMY TOAUVGYOUKY o €youv Badud pxedtepo 1 loo and n. IHapatnerhote
ot o T, elvan ypouuixde UdYWEOS TOU YDEOU TWV CUVEXWY 2T-TEPLOBXDY GUVILTHOEWY
f:R—=R

HMopathenon 1.1.2. Kdde tpryovopetpnd moiuadvopo T'(x) Badpol n elvon moludvupo
TV cos & xou sin & Poduod n. Anhadn, undpyel Toludvupo (8o petoPAntav) p(t, s) Baduod
n Oote

(1.1.2) T(z) = p(cosz,sinx).
H napatrienon auth elvon duecy cuvETeLd Tou axdhovdou AMjUaToc.

Adppo 1.1.3. Ta kdde n > 1, o1 ouvvaptioeg cosne kat (sin(n + 1)x)/sinx efvar
roAudvupa tov cos x Baluov n.

Anédaén. Aciyvouye pe emaywyh ot yio xdde n > 1 undpyouv dgp,...,0n—1,, € R
woTe

n—1
(1.1.3) cosnz = 2" ' cos" x + Z ;. cos’ x.

=0

Iapatneriote 6T 1 (1.1.3) woylel tetpipéva yia n =1, evd v n = 2 yvwpilovpe bt
cos2r = 2cos”x — 1.

Trodétovpe bt n (1.1.3) wyldel v to coskx, 6mou k > 2. And TV TpLYWVOPETEIXY
TOWTOTNTA

(1.1.4) cos[(k + 1)z] 4 cos[(k — 1)z] = 2 cos kz cos x
nalpvouue

cos(k+ 1)z = 2coskxcosx — cos(k — 1)z
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k—1 k—2
= 2cosz | 28" cos® 2 + z ajk cos? x| — 2 2cosk 1 p — Z aj k—1 cos’
§=0 j=0
k
= 2%cosFt o+ Z 5 k+1 cos’
=0

yio xaTdAANAOUS G p4+1 € R. Tt Tov 8e01ep0 LoYUEIOUS TOU AAUUATOS, YENOHLOTOLOVTOG
TNV TRLYWVOUETEIXY TAUTOTNTA

(1.1.5) sin[(k + 1)z] — sin[(k — 1)z] = 2coskx sinx
delyvouye emoywywd 6tL, yio xdde n > 1,

n—1
=2"cos" z + E @jn cos’
J=0

sin(n + 1)z
sinx

(1.1.6)
Y1 XaTdAANhous @ € R (1) anddelln agprivetar we doxnon). O
IMapatrpnon 1.1.4. Bewpolye 0 chvolo

(1.1.7) B = {l1,cosx,cos’x, ..., cos" x,sinz,sinxzcosz,...,sinzcos” ' a}.

Ané to Afpua 1.1.3 éyouye

(1.1.8) T» C span(B),

6mov span(B) eivar o ypoupxde yopoc tov napdyeton and 1o B. Edudtepa, n didotoon

dim(7,) tou T, elvan mxpdtepn 1 lon and 2n+ 1, xdt mou elvon pavepd xou and To YEYOVHS
ot

(1.1.9) Tn = span(A),
61OV
(1.1.10) A ={1,cosx,cos2x,...,cosnx,sinx,...,sinnc}.

IMapatneriote 6t card(A) = card(B) = 2n + 1 (ye card(X) ouvuBoiiloupe to Thidoc
v otolyelwv evéc mencpaopévou cuvilou X). Oa delfouue 6Tt To A elvor Yoo
aveldptnro olvoro. 'Encton 6t 1o A eivan pla Bdon tou T, xou 6u dim(7,) = 2n + 1.
Emuniéov, agot span(B) 2 T, xou dim(span(B)) < 2n + 1, cuunepaivoupe 611, TEAd,

T, = span(B) = span(A).

Ewlwotepa, xdde mohuwvupo tou cosz, Paduol uixpdtepou 1| {oou amd n, avixel otny
xhdon Tr,.
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Opiop6c 1.1.5 (ecwtepd ywopevo). Eotw f,g: [—m, 7] — R Vo Riemann ohoxhn-
poowes ouvapthoels. Opilouue

(1.1.11) (f,9)= % j f(x)g(x) dx
nol

- 1/2
(1.1.12) I£ll2 = (f, F)? = Cr 3 (@) dx)

Ané v avicdtnto Cauchy—Schwarz €youue

(1.1.13) KF )l < Afll2llgll2-

Hogameriote entone ow (g, f) = (f,g) o (Af + pg, h) = A(f, h) + p(g, h) av ou f,g,h
elvor Riemann ohoxhnpdoiueg xou A, 1 € R.

IIpbtact 1.1.6 (oyéoeic opdoywwdtntoc). Ioxvovr ta mapakdtw:

(i) Avm,n=0,1,2,... ka1 m # n tdre

1 v
— cosmx cosnz dx = 0.
L

(ii) Av m,n=1,2,... ket m # n téte

1 /" . .
sinmax sinnz dr = 0.
7r —Tr

(iii) Avm=0,1,2,... kein=1,2,... tdre

1 [m .
cosmxsinnz dr = 0.
T

—T

(iv) Avm,n=1,2,... tdte
1 [" 1 ["
f/ cos® mz dm:f/ sin? nz dx = 1.
T T

Anédaén. Aghvetan we doxnor. XenollomooTe Ti¢ TAUTOTNTES

2cosfcosp = cos(f — )+ cos(0 + ¢),
2sinfcos¢ = sin(f + @) + sin(6 — @),
2sinfsing = cos(f — @) — cos(6 + ¢),

xou Tic 2¢os? 0 = 1 + cos 26, 2sin® f = 1 — cos 26. |
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Ieétacy 1.1.7. To odvolo A = {1,cosz,cos2z,...,cosnz,sinz,...,sinnx} evar
ypauxd aveEdptnro.

Arnédeén. Acelyvouue 6t av

(1.1.14) T(x) =Xo+ »_(Akcoskz + puy sin k) =0,
k=1
T61E
(1115) )\0:)\12"':)\n:,Ulz"':,un:(l
Avutéd mpoxtntel dueca and v Ipdtaon 1.1.6. Ta mopdderypa, yio xdde m = 1,...,n
€y ouue

0= (T,sinmz) = Ao(l,sinmz)+ Z(Ak<cos kxz,sinmx) + pk(sin kx, sin ma))

k=1
= pp(sinme, sinma) = fiy,,

oot (cos kx, sinmz) = 0 v xdde 0 < k < n xou (sinkzx,sinmz) = 0y xdde 1 < k < n,
k # m. ‘Opola Setyvouue 6Tt Ay, = 0 yiot x80e m =0,1,...,n. O

Opiopo6c 1.1.8. T x&de ppoyuévn ouvdptnon f : [—m, 7] — R opilouue
(1.1.16) [flloc = sup{lf(z)| : @ € [-m, 7]}

Oa YeNoWoToioouue To TpooeYyloTnd Yempnuo tou Weierstrass (pa anddetn divetou
oto Iopdptnua I').

Oewpnpa 1.1.9. FEotw [ : [a,b] = R owvexiis ouvdptnon. Ta kdde e > 0 vndpyer
TOAVDYULO P DOTE

(1.1.17) 1 = plloe = max{[ () — p(a)] - = € [a,H]} < e.
Iood0vaua, vrdpyer axolovdia {p,,} mroAvwriuwy dote || f — pmlleo — 0.

Xenowomwvtag o Oewenuo 1.1.9 Yo dei€oupe 6T 1 xAdon T OV TWV TLYOVOUETEL-
OV TOAVOYOUOY EVOL «TUXVAY GTOV YWPEO TWV CUVEYWY 2T-TEPLOBIXOY CUVAPTHOEWY:

Oeswpenua 1.1.10. Eoto f: R — R ovvexris 2m-neprodikr) ovvdptnon. I'a kdle € > 0
undpxel TprywvopeTpiks molvdvupo T dote

(1.1.18) If = Tlloe = max{|f(z) — T(z)| : = € R} <.

Ioodvaua, vrdpye axolovdia {T,,} tprywvouetpikdy tolvwripuwy dote ||f — T |leo — 0.
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Anédeiln. Aelyvouue TpddTol TOV IOYUELOUS TOU YePRUATOC, XAVOVTAS TNV EMTAEOV UTO-
Veomn étLn f ebvoun dptior dnhady, f(—z) = f(z) v xdde € R. Opillovpe g : [-1,1] = R
e

(1.1.19) g(y) = f(arccosy).

H g eivon xohd opiopévn, dét arccosy € [0,7] v x&de y € [—1,1], xou ovveyhc, oc
ouvieoT cuveY @Y cuvapthoewy. And o Ochpnua 1.1.9, undpyet TohudVLLO P GoTe ||g —
Plloc < €. Anhodn,

(1.1.20) |f(arccosy) — p(y)| < e

v xdde y € [—1,1]. Opioupe T(x) = p(cosz). To T elvor TONUGOYLULO TOU COS T, dpo
T € T. Hopatnpodue 6T, yio xdde = € [0, 7] uvndpyet y € [—1, 1] dote y = cosz, xou TTE,

(1.1.21) |f(z) —T(x)| = |f(x) — p(cosz)| = |f(arccos y) — p(y)| < e.
Aol o f xou T elvon dptieq cuvoptAoels, éneton OTL
(1.1.22) If = T|loo = max{|f(x) = T(z)|: =7 < x <7} <e,

10 omolo elvar to {ntolyevo.
INo v yevu nepintwon, Yewpolue Tuyolboa cuveyn 2m-teplodiny| cuvdptnon f : R —
R xou opiloupe

(1.1.23) (@) = f@) + f(—a) xa fola) = [f(x) - f(~2)]sina.

IopatnpAote ot ov fi xou fo eivon dptiee, ouveyelc xou 2m-neplodixée. Apa, unopolue va
Beolue Tprywvopetewd toivavuua T1 xan Th wote

€ €
(1124) ||f1 — TlHoo < 5 nou HfQ — T2||OO < 5
Av Véooupe
1
(1.1.25) T3(x) = §(T1 (z)sin® x + Ty(z) sin x),

t6te T3 € T xou, vl xdde x € [—7, 7],

|2f(x) sin® x — 2T5(z)| |f1(z)sin® z + fo(x)sinz — Ty (x)sin® z — Ty(x) sin z|

< |(fi(z) = Ty(x))sin® 2| + |(fo(z) — To(x)) sinz|
< A~ D@ +1fal@) - D) < S +5 =<

Me éa héya, av oploovye f3(z) = f(z)sin’® z téte

g
(1.1.26) 1fs = Talloo < 5-
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Oewpolyue thpa Ty owvdptnon g(z) = f(z — F). H g elvon ouveyfic xou 2m-nepioduxt).

Juvenwe, o Blog cuAAoYIoPOS Belyvel 6Tl UTdEYEL TELYwVoUETEd ToAudVLHo Ty toTe,
Yo ) ouvdptnon fa(z) = g(z)sin® z va woyber || f1 — Tullw < 5. Av opicoupe T5(z) =
Tu(x + w/2), t61e 10 T5 clvon TprywvoueTexd mohutvupo (e&nyhote yiotl) xau v xdde
x € R, av 9éoovpe y = = + 7/2 éyouue
(1.1.27)

|f(z) cos? x — Ts(z)|

(@) cos®x = Tu(x + 7/2)| = | f(y — 7/2) siny — Ta(y)| < 5.
YUVETKC,

9
(1.1.28) Ifs = Tolloo < 5,

émou f5(z) = f(x)cos? z.

Mopoteriote 6t f = f3 + f5, 06t f(2) = f(x)sin®z + f(x)cos? x. Oplloupe T =
T3+ Ts. Téte, T € T nou

3 9
(1.1.29) |If =Tlloc = I(fs+f5) = (T3 +T5)lloc < [lfs = Tslloo +lf5 = Tslloo < 5+5 =

Avté amodexviel to Oedpnua. O

ITépiopa 1.1.11. Eotw f: R = R ourexis 2m-nepiodikn} ovvdptnon ue tny 1616tnta

(1.1.30) ar(f) = bk(f) =0
yia kdOe k. Tore, f = 0.

Anédeaén. And tny unddeon xow and TNV YROUUXOTNTO TOU OAOXANEOUATOS Eval (POVERS
ot

(1.1.31) ! f(@)T(x)dz =0

yior x&de Tprywvopetpd moduidvupo T. Ané to Oedpnua 1.1.10 undpyet axohouvdia {15, }
TELYWVOPETEXOV TONUGYOU®Y GOOTE || f — Timlloc — 0. Téte, yia xéde m éyouue

(1.1.32) :T f2(x)de = :T 2 (x) dx— j (@) T () de = j f@)(f(x)—Tmn(x)) dx.

Apa,
(1.1.33) fA (@) de < / [ flloollf = Tinlloodr = 27| fl| oo | f — Tl oo — 0.
"Eneton 6TL

(1.1.34) ! f(z)dx =0,

—T
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xan, ooV 1 f elvan ouveyrg, ouurepaivouue étL f = 0. O

Kietvoupe authv v napdypago urnohoyilovtog tn oeipd Fourier evdg tprywvopetpinot
TOAVWVOUOU

T(x) =X+ Z()\k cos kx + p sin kx).

k=1
Xenowonowdvtag v pdtaon 1.1.6 eréyyovue cbxora 6TL: Yo xdde k =1,...,n elvou
(1.1.35) a(T) = (T, cos kx) = A {cos kx,cos kx) = A,
eved, av k > n éyoupe
(1.1.36) ag(T) = (T, coskz) = 0.
‘Opota, yo xdde k=1,...,n v
(1.1.37) bi(T) = (T, sin kx) = py(sin kzx, sin kx) = pg,
eve, av k > n €youue
(1.1.38) bp(T) = (T, sinkz) = 0.
Té\oc,
(1.1.39) ag(T) = 2Xo.
‘Eneton 6711, oo xdde m > n,
sm(T)(z) = “OéT) Ly (ax(T) cos ka + by, (T) sin kz)
k=1

= X+ Z()\k cos kx + pu, sin k)
k=1
= T(x).

Anhadh, 1 oewd Fourier tou T' towtileton pe to 1

ITpétaom 1.1.12. Eotw T tprywvopetpikd noAvavuvuo Baluol pukpdtepouv 1) ioov and
n. Ia kd0e m > n éovue

(1.1.40) sm(T)=T.
Yuvendg,

(1.1.41) S[T)=T.
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H TTpétaor 1.1.12 Selyver 6t to npdPinua tne ovyxhone e oepde Fourier S[f] oty
f éxew xotagatin) andvinoy oty TeplnTwor Tov 1 f elvol TELYWVOUETEXG TOAVOVUUO: oV
70 n Eemepdoet Tov Podud Tou TprywvoueTeixol Toluwvipou f téte BdN €xoupe s, (f) = f.
And v dAAn mhevpd, to Oedpnuo 1.1.10 Selyvel 6Tl tar TELYWVOPETEIXG TOAUDYLUA EfvoL
| - lco-muxvd otic cuveyeic ocuvapthoec. Autd evioylel v ehnida 6t To TnEdPANUA TNe
olyxhone tne S[f] oty f unopel vor €xel xotapatnd| andvinon yio tio XAAoT CUVAPTAOENDY
gLEUTEEY] ATO CUTAY TWV TELYWVOUETEIXDY TOAUWVUUMY.

1.2 L*-c0yxAion: pio Eloaywyn

‘Eotw f : [—m, 7] — R woa Riemann ohoxhnpdowun cuvdptnor. Qo eletdooupe av s, (f) —
f oc mpoc v || - |l2. Anhadn, av

i | — 5, (7)1 = i+ | " (F(@) - su(f)(@))dr = 0.

n—0o0 n—oo T J_

H oandvtnon etvon xatagoatixr xou Baciletar 610 enduevo Auua, To omolo amodetxviel 6T
70 n-0016 Yepnd ddpotoua s, (f) tne oewde Fourier tne f elvor 1o nhnoiéotepo npoc Ty
f terywvopeted mohudvupo e xhdone T, av Yewprioovue v || - ||2-ambotaoy.

Oewpnpa 1.2.1. Eotw [ : [—-m, 7] — R, Riemann olokAnpdoiun ovvdptnon. Ia
kdOen > 0,

(1.2.1) 1f = sn(H)ll2 = min{|[f =Tl2: T € T}

Anédeiln. Oewpolye Tuyov T € T,. Tore,

YRS :
(1.2.2) T(x) = ?0 + kZ:l(/\k cos kx + pu, sin kx)
yia xdmotoug Ay, p; € R. T'pdpouue
(1.2.3) If =TI ={f =T, F =T) = If113 = 2(£,T) + | TI3-

Trohoyiloupe to (f, Ty xau ||T]|5. Eyouvue

(f,T) = % B f@)T(x)dx
- ;—; _if(m)dx+§()\k7lr _:f(x)coskmdx—l—ukjr/_:f(x)sinkxdx)
Aoao(f)

= 5 +;Akak(f)+;ukbk(f)~
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Av ot ¥on e f Pérovpe o T, ypnowomowdvtoe to yeyovoe ot ag(T) = A xou
b (T) = py madpvoupe

(1.2.4) |72 = (T, T) ZA + " pp
k=1

Av dewprioovpe cav T 10 s, (f), xenowonowbdviac Ty (f,T) = )“’QTOU) + > Aar(f) +
Sy Hibr (f) o0& xon Ty (1.2.4), éyouue

(1.2.5) FrsalF)) = lsu(PIZ = B 4 Zak +262

2uVBUELoVTag To THEATAVE, YEAPOUUE

200 - -
If =Tl = ||f||§+$+z P = 22ak () + D (uk — 2pbi(f))
k=1 k=1
Ao — ag)? "
= W+ PG+ 3 0w ) +Z o — by
a2
0 +Z ak+b2
> |IfI3- <”°+Zaz+b )
= N£15 = llsn (13-
Iodtnto woyler av xou wovo av A, = ag v xde k = 0,1,...,n xou pr = by vyl xdde
E=1,....,n Anpadi, av T = s,(f). Anhodr, dellope bt
(1.2.6) 1f = sa(ON3 =115 = sn(HIZ <If = T3
vy xdde T € Ty,. |

Xnpeiwon. Yty nopela e anddene tou mponyoluevou Yewpfuotos eldaye 6t

+Z (af +b3),

k=1

M‘om

NIz =

dnhad”| 1 oxohoudior (|5, (f)||2) etvon adZouoa. Eniong,
IF1I3 = llsn (NI = [1f = sa (N3 = 0.

Avth ebvan 1 moAd Booixn aviedtnTo Tou Bessel:
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Oevpnpa 1.2.2 (avioétnta Bessel). Eotw f: [—m, 7] — R odoxAnpdoiun ovvdptnon.
I'a xd¥e n > 0 1wxve n aviodtnta

(V)

ag

(1.2.7) |50 (f =3 + Z ai +b%) < |If15,
k=1

émov ag, = ag(f) kar by, = b (f) eivar o1 ovvredeotés Fourier tng f. Xuvendg,

(ai +03) < [IF1I3-

NE

2
(1.2.8) ‘;—0 +

>
Il
—

[I6plopa e avicdtntoe Tou Bessel eivan to yeyovée 6t or axohovdiee {ar(f)} xou
{br(f)} elvon undevixée.

Oewpnpa 1.2.3 (Adppa Riemann-Lebesgue). Eotw f : [—m, 7] = R odokAnpdoiun

ovvdptnon. Tore,

(1.2.9) hm ar(f) = lem br(f) = 0.

k—o0

Anédeaén. Ané v aviodtnta tou Bessel Brénoupe dtL oL oelpéc
o0 oo
g a; O g b2
k=1 k=1

ouvyxhivouv. Eivar topa dueco 6t ou axoroutdiee {ar} xou {by} ouyxiivouv oo 0. O

‘Onwe Yo dolue otn cuvéyewa, N avicdtna (1.2.8) elvar oty tparypatindTnTa 1odTnTo
(tawtdTnTa Tou Parseval). Amodewvioupe autdy Tov 1oyuptowd EExvavTag amd Ty xAdo
TWY CUVEYDV CUVORTHOEWY.

ITeétaor 1.2.4. Eow f: R — R ouvexrs, 2m-neprodikiy ovvdptnon. Tote,
20 _ G, N 2)
(1.2.10) I1£115 = ?ﬂ;l aj, + by)

Andbasn. Eexwdvrac and v || f — su(f)I5 = [ £1I53 = lsn(f)]I3, av Selfovye 6t

(1'2'11) hIIOlO ”f_sn(f)HQ :O,

n—

Yo cupTEREVOLUE OTL

n—oo

2 o0
Q,
(1.2.12) 1£12 = lim [|sn(f)2 = 50 + ’; ai +b?).
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Ou Paciotolue oo Oewpnua 1.1.10. Oewpodye Tuy 6y € > 0 xou Bploxouye TplywVoPETEXO
noAuvupo T wote

g
(1.2.13) |U—T%m<;§
Tote,
™ 1/2 ™ 1/2
15-7l = (5[ 1@ -r@ka) < (2 [ 17 - Tis)
= V2|f —T|lw <e.

‘Eotw ng o aduég tou T. And 1o Oewpnua 1.2.1 éneton 6TL
(1.2.14) 1 = sno (N2 < Nf = T2 <e.

Iopatnemdvtag Tépeo 6T, Yo xde n > ng Loy veL

[\"‘ow

n
+Z ak+b2 Z
k=1

M‘ow

(1.2.15) lI5n ()12 = Z (ai + b7) = llsno ()13,

Yedpouye
(1.26)  (If = sa(DIE = £15 = s (D3 L3 = 5o (HIF = 1f = sno ()13,

OnAady), yia xdde n > ng €youpe
(1.2.17) 1f = 8n(Hll2 < I = sno(Fll2 <&

Auté amodewviel 6t || f — s,(f)]l2 — 0. -

INo va tepdooupe oty xAdorn twv Riemann oAoxAnpdolleoy GUVIPTACEWY, YENOULO-
notoVue To e€¥c TpooeYYtoTixd Afuua.
Adppo 1.2.5. FEoto f : [-7,7] = R e Riemann odokAnpdoiun ouvvdptnon kai
éotw € > 0. Téte, vndpyear ovvexris ovvdptnon g : [—m, 7] = R pe ||glloc < ||flloo kar
g(=m) = g(m) doze || f = gll2 <e.
Arndbeén. Eotww § > 0. Mnropolue vo Bpolye dpéplon P = {—-m =20 < 21 < --- <
xy = 7} tou [—m, 7| dote U(f, P) — L(f, P) < 6. BuuPoiiloupe ye f* v xhipgoxmt
ouvdptnon mou oplleton we e&ng:
(1218) f*(x) = sup f(y)7 T € [xjflvxj% 1<5< N.

zj—1<y<z;

Ané tov tpém0o oplopol e f* éxovue | ¥ < || flloo. Emmiéoy,

(1.2.19) / @) - fa)] de = / (@) - fla))de <6,

—Tr —T
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Iedrypartt,
1220) [ (@ - s@)dr=U(P) - [ f@)dr <UGP) - LU P) <

Teononotolue thpa TV f* dote Vo Tdpovye iot cuveyy cuvdptnon g ue g(—m) = g(m) 7
omnolo va tpooeyyilel xu auth Ty f ue v évvoia Tou AMuportog. o apxetd wxpd 7 > 0,

Vétovue g(x) = f*(z) av n andotaon touv T and xodéva and to onpelo Tg, ..., TN Elvon
> 1. L n-nepoyf) Tou ;3 Y j = 1,..., N — 1, oplloupe v g va eivon 1 ypouuixn
ouvdptnon mou wavornowel e g(z; £ 1) = f*(z; £1). Kovitd oto xg = —m, naipvoupe

™V g Yeapuwh pe g(—7) = 0 xau g(—m +n) = f*(—m +n). ‘Opow, xovtd ot0 xy = T,
nodpvoupe v g yeoux we g(m) = 0 xou g(m —n) = f*(m —n).

Agol g(—m) = g(m), unopolye va enextelvoule TNV g o€ Wat cuveyY| Teptodixy cuVdp-
wnomn og ohéxhneo to R, H amdhutn T authc TnNg eméXTUoNC TAUPUUEVEL QEaryUévT) amnd
1 flloo- Emimhéov, n g Stapépel and v f* wévo ota N + 1 Swotiparta uixoue 2n 1 1 y0pw
améd To Xg, ..., TN. LUVETOC,

(1.2.21) /7r |f*(z) — g(x)| dz < 2BN - 2.

Av emléEouye o 1) apxeTd Uixps, Talpvouue

(1.2.22) /Tr [f*(x) — g(x)| dz < 6.

H tpiywvixen avicdtnto yoc dlvel

(1.2.23) /7r |f(z) —g(z)|dz < 26.
Tapatnpovrag ot

(1220 | 10@ = g as <2l [ 156 - 9ol de

BAénoupe 6TL UTOPOUUE VoL TETUYOUUE
(1.2.25) If=glla <e

av emhégoupe 10 § > 0 opxetd wxpd Gote 5=(26) (2| flle) < €2 — e&nyfoe Toug Teheu-
Taloug oyuplopole. O

Oevpnpa 1.2.6 (tautdtnra tou Parseval). FEotw f: R — R pua 2m-nepodikny ovvdp-
non, ohokAnpdoiun oto [—m,w|. Tote,

—T

1 /" I
2. 2 _ 20 2
(1.2.26) I1£13 = ;/ |F(@)Pde = 2 + ; ai +by)
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Anédeiln. ‘Eotw € > 0. And 1o Afuua 1.2.5 undpyel cuveynic 2m-neplodiny] cuvdptno g
Gote || f —gll2 < e/3. Tére,

(1.2.27) 1f = sn(Hll2 < If = gll2+ lg = sn(@)ll2 + Isn(g) — sn(f)l]2-

Iopoatnerote dt

(1.2.28) Isn(9) = su(Fllz = llsalg = Hllz < llg = fll2 < 5.
Yuvenne,
(12.29) 17 = sulllz < 5+ lg = su()>

Ané v Ipbtaon 1.2.4 éyovue ||g — sn(9)|l2 — 0, dpa undpyel ng € N dote, v xdde
n > ng, |g — sn(g)ll2 < /3. Toéte, yia x&de n > ng éxoupe ||f — su(f)ll2 < . Avtd
delyvel 6t || f — sn(f)] (O3 = 11 f113 xou éreton T0 Oedpnua. ]

H tavtétnra tou Parseval poc diver wa dedtepn anddellr tou Ioplopatog 1.1.11:

ITépiopa 1.2.7. Eow f : R = R ouvrvexiis 2m-nepiodikr} ovvdptnon pe tny 1didtnta
ar(f) = br(f) =0 ya xde k. Tére, f = 0.

Anéden. And tny unddeon xou and v tawtéTnTa Tou Parseval éneton 6t

(1.2.30) / |f(2)|?dx = 0.

Agol 1 f elvan ouveyc, ouunepaivoupe 6tL f = 0. O
Mo ToA0 yehotun e@apuoyy| auTol Tou amoTeéoUaToC elval To axdAoudo XpLThplo Yo

™y opotouopyrn ovyxhon tne S[f] oty f.

Oewpnpa 1.2.8. Eoto f : [-m,7] = R owvexrjs owvdptnon pe f(—n) = f(r) = 0.

TroOérouue dn

(1.2.31) > lax(£)] + [be(£)]) < +oo.
k=1

Tére, n oepd Fourier tng f ovykAiver opoiduoppa otny f. Ankadr),

(1.2.32) sulf) 25 1.
Arddeaén. And v vnddeon 6t > o (lar(f)] + bk (f)]) < 400 xou and To xpLthplo Tou

Weierstrass Brénouye 6TL 1 axohoudior cuVaETHOEWY

$u(f)(@) = ao(f) + > _(an(f) coskx + by(f) sin kz)
k=1
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oLYXAIVEL OUOLOROpYA OE it CUVEYT cuvdpTnoT g @ [—m, ] — R xou

(1.2.33) g(x) :ao(f)+i(ak(f)coskz+bk(f)sinkx), x € [—m, 7.
k=1

IMopotneote bt yia xdde k > 0 xou yio xéde n > k €yovye

(1.2.34) ;_/_: sn(f)(z) cos kxdx = a(f),

xou, yioe xdde k> 1 xou vy x&e n > k €youpe

(1.2.35) i/_: $n(f)(2) sin kxdx = by(f).

Ané v opoldpoppn obyxhion e s, (f) oty g éneton 6T, yio xdde k > 0,

(1.2.36) ar(g) = 1 /7r g(x) coskxdr = lim 1 /7r sn(f)(z) coskx dx = ak(f).

™) _x n—oo T J_ o

xou, ouola, ylo xdde k > 1,

(1.2.37) b(g) = be(f)-

Agot oL ouveyelc ouvaptioels f xau g éxouv Toug Bloug cuvteheotée Fourier, to Ilépioua
0

1.2.7 Belyver 6t g = f. Tuvende, su(f) o I O

1.3 Aoxnoeig

Ouddo A’

1. Eotw T(z) = Mo+ D py (Mg cos kx + py sinkz) tprywvopetod tohumvupo. Aeiite
ot

() Av 1o T elvon mepitt| ouvdptnom, téte A\, = 0 yioe xdde k =0,1,...,n.

(B) Av to T elvan dptior suvdptnom, T6te ur = 0 Yo xdde k= 1,...,n.

2. Acifte b yio xde k € N undipyer tohudvupo p(t) Baduod 2k dote sin®* 2 = p(cos x)
yio xdde z € R.

3. Arnodel&te mipwe v lpdtaon 1.1.6: ol ouvapthoeig 1,cosz, ..., cosnz,sinz, ... ,sinne
elvar opdoydviee.

4. Opllovue f(z) =m—zav 0 <z <27, f(0) = f(2m) = 0, xou enextelvovye v f o
pla 2m-neplodixy cuvdpetnon oto R. Aci&te ot 1 oeipd Fourier tng f elvou n
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Ouéda B’

5. BEotw f: [—m, m] = R wo Riemann ohoxhnpdown cuvdptnon xa éotw € > 0. Acilte
OTL LTLdipyEL cLVEYTC cLVdpTNoT ¢ : [, T = R dote |g(z)] < || flloo Yit x&0e 2 € [—7, 7]
gt

| 1@ - g@)da <.

6. Eoto [ : [—7m, 7] — R wa Riemann ohoxhnpdoiun cuvdptnor xou éotw € > 0.

(o) Aci&te 6 undpyel cuveyhc ouvdptnon g : [—m, 7] = R dote || f — gll2 < €.

(B) Aci&re 6 undpyel cuveyhc 2m-replodixf cuvdptnon h: R — R dote ||f — hlj2 < e.

(v) AeiZte 6T undpyel Tprywvopetexd tohuodvupo T’ wote || f — T2 < €.

7. Eotw f: R — R pa 21-tepiodixy] cuvdptnor, ohoxinedown oto [—m, ). Aeite 6u
lim |f(z+t) — f(z)]*dz = 0.

t—0 o

8. Eotw f: R — R wa 2m-nepodinf ouvdpetnom, ohoxinedown oto [0,2w]. Aellte 6,
yio xdde n € N|

2 2m
/ f(ac)sinmcdx:—/ f(x—i—z) sin nx dx.
0 0 n

X0l CUUTERAVATE OTL
2

lim f(z)sinnz dx = 0.
n—oo 0

XpNoWOTOLOVTAS X0t TNV TEOTNYOUUEVY doxnon, dtate pa dedtepn anddelEn Tou Aruuatog
Riemann—Lebesgue.

9. Ocwpolye Vv owvdptnon f(z) = (7 — z)? oto [0,27] xu TV enextelvoupe oe o
2m-neplodixy] cuvdptnor oplouévn oto R. Acetéte 6t

cos kx

’/T2 >
S =+
k=1

Xenolonolvtog To Topandve, dellte 6Tl

S
PR
k:lk 6

10. Eoww f: R = R cuveywe napaywylown 2m-neptodixr cuvdptnor ue

! f(z)dx = 0.

—Tr
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Xpnowonowdvtoag Ty Toutétnta Tou Parseval yio tic f xon f’ dellte ot

[ e [ ip@pa,

pe wobtnTa av o uévo av f(z) = acosz + bsinz yio xdnowoug a,b € R.

11. BEotw f: R — R pa 2m-neplodiny| cuvdptnot Ue ocuveyn delTeRT Tapdywyo xa

! f(z)dx = 0.

—T

Trodétouvue 6 |f(z)| > | (x)] yie x&de x € R. T\ pyropeite va melte yio v f;

12. 'Eow f: R — R pa 27-neplodiny) cuvdptnon pe cuveyr| delbtepn napdywyo. Aci&te

6t undpyer M > 0 ¢ote |ap(f)] < 4 xou [b(f)] < 4% v xdde k=1,2,...

Owpdda I
13. (o) T xdde k € N Hétoupe

k
Ag(z) = Z sin jx.
j=1

Acl€te 6t av k > m téH1e

1

[Ax(@) = Am(@)] = Toma

yio xdde 0 < x < .
B)Av A\ > X > > A, >0, Bellte 6T

k A
Z A sinjar| < miﬂ
2 [sin(z/2)]

yioxdde n >k >m > 1 xou vy xédde 0 < z < 7.

14. Eotwn € Nxau M > 0. Av Ay > Ao > - > A\, > 0 xon kA < M vy xdde

k=1,...,n, dcilte 6T

<(m+1)M

z”: A sin kx

k=1

v xdde x € R. [Ynddaén: Mnopeite va vntodéoete 6t 0 < z < 7. Tpddre, av Héhete,

zn:)\ksinkx:ikksinkx+ 2": A sin kzx,
k=1 k=1

k=m+1
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6mou m = min{N, |7/x]}.]

15. (o) Eotww 0 < § < 7. Acellte 6t yia xdde x € [0, 27 — 4],
E —|—zn:cos kx zn:sinkx
2 = k=1

(B) Eotww (tr) @divovoo axoroudio Yetinddv mpoypatxndv apdumy ye tp — 0. Aceilte
’ 2 o0 oo . ’. 7 ’

OTL oL OELEEC Y o ticoskx xou Y, L sinkxz ouyxhivouv xatd onueio oto (0,27) xou
opoldpoppa oe xdde didotnua [0,2m — 4], émou 0 < & < m. Zupmepdvate 6t opilouv
ouveyeic ouvapthoelc oto (0, 27).

< 1
= . 5"
SIHE

< 1
= N F
2sm§

16. Eotww 0 < oo <1 xan ot f: R = R wa 2m-nepiodny cuvdptnon. Trodétoupe ot
undpyet M > 0 wote

|f(@) = f(y)| < Mz —y|*
v xdde x,y € R. Aci&te ot undpyet otadepd C > 0 dote, v x&de k € Z \ {0},

c c

lax(f)] < T xou b (f)] < Ta

17. Eow f,g9 : R = R 2m-nepodixéc cuvapthoeic, ohoxhnpaotuec oto [0,27]. Acite

27 27 1 27

lim 1 f(z)g(nx) dz f(z)dx -

n—o00 27 0 2T 0

— dz.
o7 J, g(w)dz



Kegpdiaio 2

>etpec Fourier

2.1  Muyoduxr Loppr %ol Topadelyota

Opiopo6c 2.1.1 (uyadéc ouvaptioelc otov povadiaio xOxho). ZupPorilovue pe T tov
povadiato x0xho

(2.1.1) T={2€C:|z|=1}={e":0 eR}.
Av F: T — C elvan o cuvdptnon ue uryadeég tée, optlovue f: R — C ue
(2.1.2) f(8) = F(e").

Iopoatnerote 6t 1 f elvon 2m-meplodixy). Avtiotpoga, av f : R = C elvon pior 2m-meplodixy
owvdptnon, tote N F @ T — C pe F(e) = f(0) eivon xahd opiopévn (mpdypott, av
e = €2 vio xdnowouc 01,02 € R téte 0y = 61 + 2km v xdmolov axépono k, dpa
f(61) = f(02) and v 2m-nepodixdtnta e f). ‘Eyoupe howndy wa 1 — 1 avuotouyia
avdueoa otic ouvapthoel F: T — C xou tig 2m-neplodixée ouvapthoes f : R — C.

Me Béon authv tnv avuototyia, Adue 6tL 1 F elvon ohoxknpddoiun av 1 f ebvon ohoxhnpd-
own ot xdmowo (dpo ot xdde) Sidotnua ufixoug 2w, 0 F elvon ouveyhic av 1 f elvon cuveytc,
n F elvan moparywylown av 1 f elvon napaywylown, n F elvar cuveyde mapaywylown av 7
f ebvan ouvey e mapaywylown xo 00te xadedrc.

Treviuuilovpe 6t av f : [a,b] — C elvon onowdrinote ouvdptnor, téte 1 f ypdypeton
ot wopp f = u + v, émov u(x) = Re(f(x)) o v(z) = Im(f(z)), = € [a,b]. Aéue 61
n [ eivon Riemann oloxinpdouyn av ol u, v eivon Riemann ohoxinpdouueg, xou opilouue

b

(2.1.3) /ab f(z)dx = /ab u(z) dx +i/ v(x) d.

a



22 - YEIPEY FOURIER

Oa ypnowonotolue cuyvé 1o e€hc: av 1 f : [a,b] — C elvon ohoxinpdowr, téte

/abf(x)dac

Tt Ty anddelln autod Tou LoYLELoUoD, YEapOoUUE

/abf(x)dx

b
(2.1.4) S/ |f(z)| dx.

b
/ f(z)dx = Re'®™, 6mou R = xan 6y € R,

YO TOEATNEOVUE OTL
b b
/ f(x)dx

= et /ab f(z)dx = / e f(x) dx

b b
= /Re(e*igof(x))dxg/ le=% f ()| da:

ab
|f ()] da.

a

Opiopwoc 2.1.2 (oewd Fourier). Eotww f : [—m, 7| = C ohoxinpdown ocuvdptnon. T
x&de k € Z opilouye tov k-o016 ocvuvrteleot? Fourier e f péow g

(2.1.5) Flk) = % : flz)e "o dy.
Arné v (2.1.4) éyouue
~ 1 (™ . 1 (7
Lo 1) = |3 [ s@etan < o [ @) de < 1

YENOWOTOLOVTAC X0k To yeyovoe 6Tt e~ P = 1. Buvende, 1 wxohoudia {f(k‘)}kez elvon

PPALYPEV.
H oewpd Fourier tng f elvon 1 oelpd cuvoptioewy

(2.1.7) Sflx) = Y Flk)ere

k=—o00

To n-ooté pepwxd ddpoiowa e oepde Fourier e f elvon 1o piyodind tprywvope-
TEO TOAUKVUUO

(2.1.8) sn(f)(@) =Y Flk)e™e

k=—n
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Tevixd, pe tov 6po iy adLxd TELYWVORETEIXO TOAUWMVULILO eVVOOUUE xdie cuVdp-
™oN TS HoppI

(2.1.9) T(x)= Y cxe™,

6mov n > 0 xo ¢ € C, |k] < n.

Av F : T — C ebor pa ohoxhnpdon ouvdptnon, dewpotue v f(0) = F(e?)
xou opiloupe touc cuvtereotée Fourier e f uéow tou mepoplopol tne f oto [—m, 7,
xenowonowdvtog v (2.1.5).

Hopathenor 2.1.3 (cOvdeon pe ta mponyolpeva). ‘Eotww f: [—m, 7] — C ohoxdnpd>-
own ouvdptnor. Ievixebovtag Toug oplouole tng Hapayedpou 1.1, yia xdde k > 0 opi-
Coupe

(2.1.10) ar(f) = % i f(z) coskx dx
xan yioe xéde k > 1 opllouue
(2.1.11) bi(f) :% i f(z)sin kx dx.
Iapotnphiote 6t av k € Z \ {0},

TS I 17 . _ak(f) —ibk(f)
(2.1.12)  f(k) = ) f(x)coskxdx —i ) f(x)sinkx dx = —
o)

g LT )+ ib(f)
(2.1.13)  f(—k) = e (x) coskx dr +i o f(x)sinkx dx = 5 .
Eniong,
(2.1.14) 70y = 2 [ f(w) do = 20

2 J_, 2

Ioipvouye étol v e€ic Hpdraon.
Ieoétact 2.1.4. Eotww f : [—m, 7] — C odoxAnpdoun ovvdptnon. Ia kdle k € Z\{0}
10 Youy o1

o~ o~ ~ o~

(2.1.15) ap(f) = f(k) + f(=k) xar bp(f) = i(f (k) = f(=F)).
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(2.1.16)

~

Emiong, ao(f) = 2f(0) xka

sn(f)

(z) = Z f(k)e”” = ao(f) + Z(ak(f) coskx + b (f) sinkx).

2
k=—n k=1

AnAadr), o véos opiouds pas yia to n-00té uepiké dipowoua tng oepds Fourier tng f
oupgwvel pe avtov ng Iapaypdpov 1.1.

~ ~ o~

~

Anédeaén. Ovwodtnree ao(f) = 2£(0), ar(f) = f(k)+ f(—k) xou bi(f) = i(f(k) — ]?(*k))

npoxVnToLY dueoca and i (2.1.12), (2.1.13) xou (2.1.14). T v (2.1.16) yedpouyue

sn(f)(x)

k=—n

ao(f)

n —1
k=1 k=—n
>

Fk)e + 3 fl—kyess
k=1

—n
~

k=1 k=1
n

~

2 k=1
ao;f) n Z(ak(f) cos kx + by, (f) sin kz),

yernotgonoldvrag v (2.1.15).

ao(f) + Z f(k)(cos kx + isinkx) + Z f(—k)(cos kx — isinkx)

ao(f) + Z(f(k;) + f(=k)) coskz + Zl(f(k‘) — f(=k)) sin ka
k=1

d

To Baowxd hoimdv tedBinua mou Yo pag amocyorrioet etvan to e€hc: av F : T — C eivon
ohoxAnpooun cuvdptnon, 1 todivopa, av f: R — C elvon yio 2m-neplodixy) ocuvdpetnon,

ohoxhnpwotpn ot xdde didotnuo pixoue 2w, Yo e€etdooupe av 1 axohoudia s, (f)(x)

Sohe_, f(k)e™® «ouyxhiverr oty f.

ITopadeiypota

(o) Oewpolye v ouvdptnon f(0) = 0 oto [—m,m) xou TNV enexteivouue oe 2T-TEPLOBIXT
ouvdptnon oto R. H f elvan mpogavid ohoxinpdowun oto [—m, ]. ©a unoloylcouue toug
ouvtekeotég Fourier tne f. Agol n f elvon mepitth, éyouue

(2.1.17)

f(o):i "o =0,

—T
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T xéde k # 0 ypdgpouue

7 IS S L T e~k07’
f(k) = %[ﬂee dG%/ﬂH{ 7 do
_ i 7967%0 - _|_i /7\' efika ”
o2 ik T 2w )ik
_ i _Tre—ikw _ﬂ.eikﬂ - _i eik‘ﬂ' +€—ik7r
o7 ik 2k i
(_1)k+1
ik
Xenowonoifiouye to yeyovoe ot [T e;;ke df = 0. Enecton 61t
(2.1.18)
B (1R O (—1)kHLeik0 _ (_1)—h+1e—ik0 B o0 o1 Si0 KO
k#0 k=1 k=1

Oa unopoloe xavelc, evolhoxtixd, vo napatnerioet temta 6t ak(f) = 0 yi xdde k € Z,
oot m f elvon mepttth. Autd onuaiver otu

(2.1.19) SIF1(0) = bi(f) sin ko.
k=0

XENOWOTOLOVTOC OAOXARRWOY XUTA UERT], UXELBMC OTWE THPATAVY, UTopEiTe Vo utoloyi-
oete Toug ouvteheoTéc by (f) xon vo xatodhgete téh oty (2.1.18).

(B) O muprvac tou Dirichlet. 'Eotww n > 0. O n-ootéc nupRvag Dirichlet eivan
TO TPLYWVOUETPIXO TOAUDVUIO

(2.1.20) D,(x) = Z etk x € [-m, 7.
k=—n
Iapotnehiote 6Tt Dy, (0) = 2n + 1. O deifouye ot av 0 < |z| <,
sin ((n + 1)x)
2.1.21 D,(z) = ———2"7
( ) (z) sin(x/2)

T tov oxond autd, Yétouue w = e*® xou YedWouuE
b

n -1 n n
(2.1.22) Dn(z) =Y wf+ Y Wb =Y wh+) (1/w)
k=0 k=0 k=1

k=—n
IMopatnenote ot

1— wn—i—l

(2.1.23) W=

1—w
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ol
n k _ —
1 11— n n—1
(2.1.24) () =-——Y - wl .
Pt w w 1-— = —-w
YUVETHC,

-n _ , n+l —inz _ i(n+1l)z ix/2 *i(nJr%)I o Z(nJr%)l’
(21.25) Dp(a)=2——% ¢ - S —— :
1—w 1 —eix emc/Z e—mc/2 _ emc/Q

on’ 6mov npoxdntet 1 (2.1.21). O muprvec tou Dirichlet epgovileton ToAd guotohoyixd ot
pehétn tou Baocwxol pag meoPAfuatoc. Apxel vo mopatneroete 6Tl Tor Yepind adpolopata
e oelpde Fourier wag ouvdptnone f avoamaplotavton w¢ e€hc:

- T tkx __ - 1 " —1 1kx
() = 3 fwet = 3 (g [ s ) o
_ 1 ~ik(a—y) _ L[ _
= 5 _ﬁf(y) (k_Ene’“ >dy—2ﬂ _ﬁf(y)Dn(x y) dy.

Yy Hopdypagpo 2.3 xou oe endueveg Hapaypdpoue Yo culnricouue autd to Véua dicgo-
Oxd.

2.2 Movoadixdtnta ocepwv Fourier

Y maporypdpoug §1.1 xan §1.2 eldoue 6L av Wit cuveyTig 2m-neplodin) ouvdptnon f 1 R —
R éyel bhouc touc ouvteheotéc ak(f) o by (f) loouc ye undév, téte f = 0. e authy
Tapdrypago detyvoupe To axdrouto 1oyLEoTERO VRN LOVIDIXOTNTIC.

o~

Oevpnpa 2.2.1. Eoww f: T — C ookAnpdoun ovvdptnon dote f(k) = 0 ya kdOe
keZ. Av n f elvar ovvexris oo onueio 6y € T wéte f(6y) = 0.

Anéden. Trodétouye mtpdta 6T ) f madpver mpaypatinée Tipés. Mropolyue va unodécoupe
ot f oplleton oo [—m, 7] xou 6Tt Oy = 0. [H anddelln aprveton we doxnon: av n f ebvou
ouveyfic oto g, téte 1 g(x) = f(z+6p) elvon cuveyric oo 0 — unohoyioTe TOUC CUVTEAETTES
Fourier tng g¢.]

Ou vrnodécoupe 611 f(0) > 0 xou Yo xotodhovue oe drono (teheine avdhoya omo-
xhelovpe v mepintwon f(0) < 0). H béa eivon va oploouye xatddinhn axorovdia {py, }
TELYWVOUETELXDY TOAUOVOUWY Ta 0Ttolol Tapouatdlouy «xopugry oto onueio 0 xon amd authy
TOUG TNV WOLOTNTO VoL GUUTERAVOUUE OTL

T

lim [ pm(0)f(0)do = +oo.

k—oo J_ .
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~

Auté elvon mpogavde dromo, agol 1 unddeon ot f(k) = 0 yio xdde k € Z Selyvel 6L bhat
Tl Topandve ohoxdnepata eivan ioa pe 0 (e€nyrote yrotl).

Apyixd, apol 1 f elvon ohoxdnpwoiun, elvon peaypévn cuvdptnon: undeyet M > 0 wote
|£(0)] < M vy xde 6 € [—m, 7w]. Egopuélovtoc tov oplopd tne cuvéyelag Yo Ty f oto
onuelo 0, Bpioxovye 0 < § < 7/2 wote f(0) > f(0)/2 vy xdde 6 € (=4, 9).

Hopotnpotye 6t cosf < cosd <1 av 6 < |6] < 7. Xuvendde, undpyet € > 0 dhote

(2.2.1) le +cosb| <1—¢/2
v xdde § < |0] < 7. Apxel va emhéZoupe 0 < & < M Téte, av € 4+ cosf > 0
éyoupe |e + cosf| = € +cosf < e+ cosd < 1 —¢/2 and v emhoyh TOU €, EVH AV
€+ cosf < 0 éyovue e +cosf| = —cosf —e<1—e<1—¢g/2

Optloupe
(2.2.2) p(0) = e + cos @, 0 € [—m,m].

Téte, p(0) =1+ €, ouvende undpyet 0 < 7 < & MoTe
(2.2.3) p(0) >1+¢/2, 0 € (—n,n).
Topa, yia xdde m = 1,2, ..., opllovye

(2.2.4) Pm (0) = [p(0)]™ = (e + cos§)™.

~

Iapoatnehiote 6T x8Ve py, elvon TprywvoueTed nokudvupo (e&nyfote yiati). Agol f(k) =
0 v x&e k € Z, ouunepaivouye 6t

(2.2.5) /W (0 f(0)d0 =0,  k=1,2,....

Tedpoupe

(2.2.6)

| pn(0)f(6)d0 = /5 o P50 0 / Ly P OSO0 /9|<npm(9)f(9) a0,

X0l TOPOTNEOVYE OTL:

(i) T to TEMTO OhOXAA WAL EYOLUE

(2.2.7) <2rM(1—¢/2)™ =0

/ P (6)£(8) dB
s<|0|<n

oty m — 00.
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(i) Tt to BeVTEPO OAOXAFPWHOL EYOUUE
(223 [ )@@ =0
n<[0]<6

Bt p(f) > 0 xou f(0) > 0 o0 {0 : n < |0] < 0}, T TV mpdTN avioHTNToL
nopotnefiote 6t p(f) =€+ cosh > e+ cosd > 0 8ot 0 < § < /2.

(iii) T to tpito OhoXMApwUa oY VEL TO XATE PEAYUNL

(2.2.9) / pm (0)f(0)do > 277@(1 +e/2)™.
|6]<n 2
Aol
(2.2.10) mliinoo(l +¢/2)™ = 400,
ouvdudlovtoag o mopandve PAEnoupe 6Tt
(2.2.11) lim i Pm () f(0) df = +o0.

m—oo |

‘Etot, odnyoluaote oe dtono otny mepintworn mou 1 f nolpvel mporypatinés Tiuéc.

Ty yevu] mepintwon nov 1 f nodpver Twée oto C, ypdgouue f(0) = u() + v (6),
OTOU 0L U X0t U EIVOL OAOXANPMOIHES TpaYHoTXES cuvapThoels. Av Yéocoupe g(0) = f(6),
€Y OUNE

(2.2.12)

TMopatnpotue ot

(2.2.13) g(k)=f(k) =0, ke Z.
"Eneton 411

o FU) +gk) oy TR —g(k) _
(2.2.14) u(k) = — = 0 otk (k) = = 0

v xdde k € Z. 'Eotww 6t n f elvar ouveyric oto Op. Amd tnv cUVEYEW TV U XL U
010 fp, and 1o yeyovée 6Tl oL cuvteheotéc Fourier twv u xou v undevilovtar xaw and to
OMOTENECHO OTNY TpayUoTixy] Tepintwor, ouunepadvovue 6t u(fy) = v(6y) = 0. Apa,
f(90) = u(90) + iv(Go) =0. O

"Ayeon ouvéneia Tou Oewpripatog 2.2.1 elvon 1 e&ric pdtoon (nov éxouue B3N culnthoe
oty oyt Tepintwon):
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Oevpnpa 2.2.2 (povadixdtnto oepdv Fourier). Av n f : T — C elvar ouveyris kai
f(k) =0 ywa kdOe k € Z, tére f = 0. O

‘Eva néplopa Tou Jewpiotog HoVAadBIXOTNTOC EVOL 1) XAUTOPATIXT ATEVTNOY GTO ERWTNUL
e onuetaxic (xan pdhiotor opoldpopypne) obyxhone e Sn(f) oty f av 1 oepd twy
ouvteheotwy Fourier tne f ouyxiivel anohitoc.

Oeswenua 2.2.3. Eow f: T — C oureyns ouvvdptnon. Yrolérouue du
(2.2.15) 7 1F(R)] < +oo.

Tére, n oepd Fourier tng f ouykAiva opoiduopgpa otny f. Ankadn,

(2.2.16) sulf) 25 f.
Anédagn. Azé v unédeon 6n Y. |f(k)| < +oo Brénouye b 1 axohoudia cuvopth-
oEWY ke
(22.17) sa(f)@) = 32 Flk)e™
k=—n

elvow ouoldpopga Paoixr: TeEdypaTy, Yo xdde m > n €Y0ouyE

(2218)  flsn(/) = sa(f)lloc = max|sm(N@) —sa(N@) < 3 TR =0

n<|k|<m

6ty m,n — 00. BLvends, N {s,(f)} ouyxhivel opolbuopgpa oe pio cuveyy cuvdptnom
g: T — C. Anhadn,

(2.2.19) g(x) = Z f(k)eikm, zeT

k=—oc0

opileton xohd xou eivon cuveyfc. Tapatneriote étt, yio xdde k € Z xon yia x&de n > |k,
€y ouUE

(2.2.20) % . sn(f)(z)e" k0 da = % j;n B f(j)ei(j—k)zdx _ f(k;)7

dow [ eURTdr = 0 av j # k. Ané tnv opolbpopgn ohyxhion e s, (f) oty g éneta
ot

(2.2.21) g(k) = 1 /7T g(x)e”*®dz = lim 1 /7T sn(f)(x)e *de = f(k)

2 J_ . n—oo 21 J_
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Aol ol ouveyeic ouvoptioec f xo g €youv toug Bloug cuvteheotée Fourier, and to
o}
Oedpnua 2.2.2 cupnepaivouye 6tL g = f. Tuvende, s, (f) o f. O

"Eva guolohoyixd epddytnuo mou mpoxinTel and 1o Oedpnua 2.2.3 elvon va Sodoly ixavég
o o~
ouviixec wote 1 oewd Y, |f(k)] va ouyxhiver: autd eacpariler, dnwe eldaue, v
oo

ouoldpop@n cOYXALOT TNG _S[f] oty f. Ebvor oyetnd edxolo va det xovelg 6tL av 1 f elvon
opxetd heto (.. BV0 Qopéc ouveyhc tapaywyiown) téte oL cuvtehestéc Fourier «gdivouy
OPXETA YpryopoLy:

Ilpétaocm 2.2.4. Eotw f : T — C ouvdptnon ue ovvexnj deltepn napdywyo — ypdpoupe
f € C?(T). Tére, vrdpyer otadepd C = C(f) > 0 dove

(2.2.22) 1f(k)| < C]g),

ke Z\ {0}.

‘Eretat 6t sy, (f) o f
Anddein. Bewpolye k # 0 xar ohoxhnp@dvouue xotd uépn: Ypdpouue

~

onf(k) = i f(0)e=*%ap

_o—ik6T ™ )
{f(e) & ] +o [ p@e

= lk F(0)e=*0dp

? —T
I N P " 1 " gy =ikt
— _% f//(e)e—ik9d97

OTOU YPENOLIOTIOAOUUIE TO YEYOVOC OTL, ool ot f xou [ elvon 27-nepLoduxéc,

k0T N
(2.2.23) {f(e) — ]ﬂ: [f (0) = }Wzo.
YuveEn®Ke,
Iy 11 " " C(f)
(22.24) F01 < g |r [ 17 @as] < S,

OTOL

(2.2.25) C(f) = i/ﬁ 1£7(0)] do.

2 J_ .
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O tedeutaiog woyvptopde tne Hpdtaong éncton and to Oewpenua 2.2.3 xou and to YeYOVOC
o0

6t > & < 4oo. O
k=1

IMapathpnon 2.2.5. Ly nopeio g anddelng tne Hpdtaone 2.2.4 eldope 6t toybouy

o e€nic:

() Avn f: T — C eivon GUVEX(})c napaywyiown, tote

—zk@
(2.2.26) zk: o / I df = kf (k)
v xqde k # 0. And v neproddtnta e f elvan povepd ot
(2.2.27) 21f'(0)= [ f(0) = f(x) - f(—m) =0.
YUVETOC,
(2.2.28) Fl(k) =ikf(k), kecZ.

() Avn f: T — C eivou d0o cpopég oLVEYHE Tapaywylown, ToTe

(2.2.29) Flk) = k;2 o / 77(0)e" ™0 d0 = %f'(k)
yioe xdde k # 0. And v nepodixdtnta e f' elvon gavepd ot
(2.2.30) 25 fi(0) = [ £(6) = ['(m) — () =0,
YUVETOC,

(2.2.31) k) = —k*f(k), kel

IMapatrpnon 2.2.6. 'Ectww f: R = C po 27-neplodixr} cuvdptnon, ohoxAne®otur oTto
[—7, 7). Eidoge 6t av f € CX(T) w6t >, |f(k)| < +00. Onwc da dolyue apybdrepa,

k=—o00

) —~
n obyxhion e oepde > |f(k)| eCaoporileton xou pe aodevéstepee uoVESELS YLoL THY
k=—o00
f. Apxel va unodécoupe 6L 1 f swou. ouvey e Topaywylown. Axduo acVevéoteprn txavy

ouviun Yo Ty olyxhon e Z |F(k)| eivon n f va wavornoel cuvO¥xrn Holder

TédENS a > 1/2: dnhady, vo umdpye M > 0 wote
(2.2.32) [f(@) = f(y)l < Mz —y|®

yio xdde z,y € R.
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2.3 XvuveAieilg xo xahol Tupnveg

Av f xou g elvon 27m-meplodinéc ohoxhnpdolpes ouvapthoels oto R, 1 cUVEMEY [ * g TwY
f xon g opileton o0 [—, 7] péow TN

(23.1) U9 = 5= [ Fwgte vy

H s te ouvdptnonge eivan xahd opiopévn yia xéde x € [—m, 7], apold to yvéuevo olo-
XANPWOWOY CUVAPTACEWY Efval OAOXANEOCILY CUVEETNO).

H ocuvéM&n pmopel va bwiel ooy «uécog ue Bdpny. o napdderypa, av g = 1 tote 7
f* g elvan otadepn}, pe TN

(2.32) (0@ = o= [ s

Anhady, toovtan pe ) wéon T e f oto [—m, m]. Amd piot SN omtied| ywvio, 1 ouvélEn
(f *g)(z) ouyvd avtixahotd, utd pla évvolr, o xatd onueio Ywopevo f(z)g(z) v f xou
g.

Ot ouveli&elc unatvouv oTn HEAETN Hog Yo TNE Tapatipnone 6T To uepxd adpoloparta
e oelpde Fourier wag ouvdptnone f avoamaplotavton o e€hc:

Z J/c\(k)ezkw _ Z (217-( f(y)e—ikydy) eikm
ke -7

— k=—n

sn(f)(@)

),

! ﬂf@)(ijé“””>dy=U*Dw@%

k=—n

onou D, elvon 0 n-oot6¢ nuprvag tou Dirichlet, nou opiCetan and tnv oyéon
n

(2.3.3) Dn(x)= Y e

k=—n

Iapatneolpe Aowndy OTL Yo TNV XoTAvVONoT TV UEPIXMY adpolopdtwy sy, (f) apxel va pe-
Aethioouue TNy oLVEMEN f * D,,.
Yty enduevn mpdTaoy TopatEtoupe T Bacixé WLOTNTES TV GUVENEEWY.

Ilpétaom 2.3.1. Eoww f,g ka1 h : R = C odokAnpdoipes 2m-nepiodikés auvaptroe.
Tére:

(i) frlg+h)=(fxg)+(f*h).
(i) (c¢f)*xg=c(f*g)=fx(cg) ya ke c € C.
(i) feg=g+f.
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(iv) (fxg)xh=fx(gx*h).
(v) H f*g elvar ouveyrig.

(vi) F*g(k) = f(k)G(k) ya xdde k € Z.

O npwteg TE00ERIC TEOTAOELC TEPLYEAPOUY TG dAYEBEXES BLOTNTES TV CLVEAEEWY:
yeopuxotnta, petadetixdtnta xou npocetouplotixdtnte. H méuntn mpdtoaor delyvel ot n
oLVENEN f * g 800 cuvoapTHoewy elvon «mo opahiy and g f xow g. H f % g elvon cuveyhc
eved oL f xau g elvon amhadg ohoxinpdotpeg xotd Riemann. Téhog, n éxtn mpdtaor nailet
oAU Baond pdho ot UeAETN Twv oelpwy Fourier. I'evixd, oi cuvteheotée Fourier tou
yivopévou fg 8o cuvapthoewy Sev elval YvOUEVH TwV avtioTolywy cuvteAectwy Fourier
v f xa g. Av Spewe avTIXOTAOTACOUYE TO YIVOPEVO TV f xou g PE TNV cLVEMER Toug
f * g, totE €youue auTAHY TNV oyéom.

Anddaén. Ouvdiodtntee (i) xou (i) mpoxdnTouy dueca and TNV YEUUUXGTNTA TOU OAOXAT
POUATOC.

Ou umdhoineg WBLOTNTES AUTIONOYOVUVTAL EUXOAX oV xdvoule TNy mpdoletn unddeor 6T
ol f nou g elvon ouveyelc. Xe authv TV TepinTwOT, UNOPOUUE Vo IAAGEOVUE TNV GELEd TNG
ohoxhpwone. T Ty anddelln e (iii), otadepomooue & € R xon, Ypnotlonodvos Ty
oMoy Yy WETABANTAC U = T — ¥, YPAPOUpE
1 T+

(Fra)@) = 5= [ Swigta—v)dy

- f(@ = w)g(u) du.

27 T—T

Agol o f,g eivan 2m-mepiodixée, 1 ouvdpmon F(u) = f(x — w)g(u) elvou enione 2n-
TEPLOBWXT. DUVETAC,

T+ T
(2.3.4) /_ flx—u)g(u)du= 3 (x —u)g(u) du.
Tote,
(235) (F+9)@) = 5= [ stwie—wdu= g+ 1))

H (iv) omodemvieton i quth pe ahhory e oeLpdc ohoxAMipwane xat xotdAAnAn ooy
petofBantrc. Ipdpouye

(Fra)ehl@) = o [ (Fo)@he—p)dy
= [ 100 - ont -y avay
= = [ st -ont-paya
1 s

=7 ﬂﬂ/mg@—wwdx—ﬂ—%y—ﬂﬁwﬁ-

2
4 r
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H ouvdptnon G(u) = g(u)h(z —t — u) eivon 2m-neprodind. Me v ahhory| petoAnthc
u =1y —t éyouue

% j gy —th((x—t) = (y—1)dy = % W_tg(u)h(x —t —u)du
1 ™

= 3/ glu)h(z —t —u)du = (g * h)(x —t).

Emnotpépovtac oty nponyoluevn oyéon nolpvouue

Kf*m*th%=5% - FW(gxh)(x —t)dt = [f+ (g+ h))(x).
T v amddelln e (vi) ypdypouye
Frot) = o [ (Frgale s
-~ ;__22<[ ﬂwﬁw—MQOe%“M
= 5; _Wf@De‘%y(;ﬂ/{wghr—yk‘””‘”dw)cw
= % B fly)e ™o (;ﬂ /_Wg(w)e‘“””dw> dy
= f(k)g(k).

Téhocg, delyvouue 6T av ot f xou g eivon cuveyels, téte 1 f * g elvon ouveyhe. Apyixd,
Yedpouye

@36) (o)) - T ro)) = 5= [ FWlalen —) — gle2 — )y

Agot n g elvar cuveytic, elvar opoLOPoPPA CLUVEY TG OE XGVE XAELGTO Kol PROYUEVO SLdoTNUL.
‘Ouwg, 1 g ebvan Tawtdypova TEPLOBIXT|, CUVETDC ElVal OUOLOUORPI CUVEYHC OE OAOXANPO TO
R. Av pogc 8woouv xdmowo € > 0, unopolue vo Bpodue 6 > 0 wote: av [s —t| < § téte
lg(s) — g(t)| < e. Av unodéoouye ot |21 — ®2| < §, tdTE éYoUpe [(1 —Yy) — (T2 —Y)| <&
v x&de Yy, CUVETEC

[(f xg)(z1) = (Fxg)(x2)] < 5% :f@ﬂﬂxly)ngyﬂdy
< o [ 1llater =) - alez = )l dy
L
< o 27 flloe-
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Auté amodewviel 6L 1 f * g elvon (opordpoppa) cuveyhic. Etot ohoxhnpdveton 1 anddelln
e Hpdtoong, pe v npdodetn undleon ot oL f xow g elvon cuveyels.

Ynv yevun tepintwor, 6mou ol f xou g unotidevion amADdS OAOXANPWOLIES, UTOPOVUUE
VoL YENOWOTOLACOUUE ToL ATMOTEAEOUATA TIOU €YOUUE amtodel€el we thpa (yior ouveyels f xou
g), 0€ cUVBLAOUOS PE TO ETOUEVO AU TPOCEYYIOTC.

Adppa 2.3.2. Eoro f: T — C odoxAnpdoiun ovvdptnon. Trdpye axoovdia { fi, }20_,
ovvexawy ovvaptnoewy otov T dote

(2.3.7) lfmlloo < Iflloos Y@ kdOem =1,2,. ..,
ka1
(2.3.8) / |f(x) = fm(x)|dx — 0, étay m — oo.

Arndbeaén. Trodétouvye 6 1 f modpvel Tpaypotixés Tiwes (0T Yevixh mepintwon, e@ap-
polouvye To Blo emiyelpnuo YWELSTA Yo To TEOYUATIXG XaL TO paviacTtixd pépoc tne f).
Xenowonowdvrtag to Afppa 1.2.5, yio xdde m € N Bploxovye ouvey?| fr, : T — C dote
[fmlloe < IIflloc 3on

(2.3.9) / " 1F@) ~ fu@)lde < -

-
Téte, n axorovdio { fn, } €xel Tic {nrodueves WidTNTeC. O

Xenowonowdvtag o Arfjuua, ohoxAne@voupe Ty anddelln g mpdtaong we e&ng. E-
papubloupe to Afupa xou tabpvouye axohovdies { frm} xon {gm } cuvey v ouvapthoewy e
I fmlloo < [ flloo %0t [|gmlloo < |lglloos ot OmOleC TROGEYYOULY TIc f 01 g avtioToya. Téte,

(2.3.10) fxg—=fm*gm = —fm)*g+ fm * (9 — gm)-
Ané e Wibtnree e oxohovdiac {fm},

1

(=)o@l < 5 [ 15— 0) = dnle =)l low)ldy

1 ™
< oelolle [ 176) = Futwldy

—T

— 0 6Ty M — 00.
‘Eneton 6t (f — fim) * g = 0 opolduopga we npog x. ‘Opola,

1

Gn= o= 9@ < 5= [ 1@l ~ ) = amle — w)ldy
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< o lll [ lo) = om(w)ldy

”fHoo /7r
< — Ym d
< o l9(y) — gm(y)| dy
—- 0 otay m — 0o,

A frn * (9 — gm) — 0 opodpOpP, CUVETOS fin * Gm — f * g opoléuopeo. Agol o
fm * gm elvan ouveyeic, ovumepaivouue 6t N f * g elvon emiong ouveyhc. Autd amodetxviel
my (v).

Y ouvéyewa amodevioupe Ty (vi). Av otadeponotficouue xdmolov k, €youye

‘J?(k) - f;(kﬂ = /7T (f(z) — fm(CE))e_ikIdx

—T

1
2w
1 s

2 ),

|f(z) = fm(z)| dz,

an’ 6mov TpoxUTTEL 6Tl J/‘,\n(k) — A(k) btav m — 00. ‘Opota delyvoupe 6Tt g (k) — g(k).
Aol n {fm * gm} ouyxhivel ogotbuoppo oty f * g, éxouue

@310 o [ 5 9m)@) = (75 9@ i < [ g) = ()] = 0

Téte, onwe napandvew, cuunepolvouue 4Tl

—

(2.3.12) For % g (k) — F g (k)

ooy m — 00. Eidope dpwe nponyouéves 6t fin, () gm (k) = fm * gm(k), S10TL oL fir, xou
gm ebvan cuveyeic. H (vi) mpoxintel av agricovue to m va tdel oto dmepo. O WBidtnteg
(iil) xou (iv) omodewvioviol Ue ToPOUOLNL ETUYELPHUNTAL. O

Optopde 2.3.3 (xahol tuphvee). Mia axohovda {K,}22 | cuvopthoswy K, : T — C
Aeyeton oxohoudion xah®dV TLEAVELY (| TEOCEYYIoN TNG KOVABAS) av IXUVOTOLEL
o e€nic:

(i) T xdde n € N,

(2.3.13) L K, (z)dx = 1.

2 J_,

(if) Trdpyel otadepd M > 0 dote, vy xqde n € N,

(2.3.14) /7T | Ky (z)|de < M.

—T
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(iii) T xdde & > 0,

(2.3.15) lim |Kp(x)| dx = 0.

no0 Jo<|z|<n

IToh cuyvd, Soukeboupe pe un apvntixolc Tuphves: €youpe Kp(z) > 0 vy xdde n
xou yior xdie z. 3e authv Ty nepintwon, n Wdtnta (B) npoxinTtel dueca and v (o) xou
dev ypetdleton va ouuneptingVel otov optopd. H wdidtnta (o) pog Aéet 6t 1 K, opllel wa
«ortovout) povadialag udlacy otov povodiodo xOxho xoun 1 WbTNTL () pag Adel bti, nadde
TO N YEYORWVEL, qUTY| 1) BALol KGUYXEVTROVETAL XOVTA GTO UNBEVY.

H oyéon twv ouvelllewv xou TV axohovdidvy xaAoy TUpHveY UE To TEoBAnua Tne
oUYxMoNg Twv oelpny Fourier yivetow gavepn and to enduevo Pacind Yedpnua.

Oevpnpa 2.3.4. FEortw {K,}22, ma axolovdia kakdy nvprivwr ka éotw f: T — C
odoxAnpdoiun ovvdptnon. Tote, ya kdOe x € T oo onolo n f elvar ovvexnis, éxovpe

(2.3.16) lim (f * K,)(2) = f(z).

n—oQ

Edikdrtepa, av n f elvar ovveynis navtov otov T, tdte

(2.3.17) Fek, 2y,

Arnédeén. Ioodivapa, Sovievoupe pe wio 2m-teplodixs cuvdptnon f : R — C. Trnodétoupe
ot n f ebvon ouveyhc oto x xou Yewpolpe tuydy € > 0. And ) ouvéyelo g f oto x,
undpyet & > 0 dote: av |y| < d tote |f(z—y) — f(x)] < §F. Xenowonowdvog v BTN
(o) e {Kn}, yedpoupe

(F K@)~ f@) = o [ Kuw)fe—v)dy— f(2)
~ o [ B @y [ Ky
= o [ Kl ) - f@)ldy.
YUVETOC,
(K@ - 1] = |5 [ K- 0 - ol
o | KIS~ y) - f@)ldy
lyl<s

1

o K () | f(x —y) — f(x)| dy.
T Jo<|y|<n
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ET

lo to oo ohoxMipwua mapatnpolue ot av |y| < 6 tote |f(z —y) — f(x)| < 5F.
Xpnowonowdvrag xou v Widtta (B) e {K,}, naipvouye

1 €

= IKnW)| | fx—y) = f(@)|dy < —— |Kn(y)| dy
21 Jiyl<s 2M Jyy)<s
€ i €
< = K <=
< 5y _WI n(y)ldy < 5

Tt to Sedtepo ohoxhfipwpa yenotponowlpe Ty Widtnta (v) e { K, } yio to ouyxexpipévo
d: éyouyue

: K@) |f@—y) - f@)ldy < =

IN

()] (1f (z =) + [ f(2)| dy

27 Js<|y|<n

21 lso
< A / Ko(y)] dy — 0
21 Js<iy|<n

xaddg To N — 00. Luvenng, undpyel ng € N dote, yio xdde n > ng,

27 Js<|y|<n

1 €

(2.3.18) [En(@)l|f(z —y) = f(2)ldy < 3

21 Js<|y|<n

Yuvdudlovtag to topandve, PAEnouvye 6Tt

(2.3.19) |(f * Kn)(z) — fz)] <e

v x&de n > ng. ‘Apa, (f * Kp)(z) — f(z) xadde o n — oo.

I tov tedevtaio toyuptopd, mapatnerote 6t av 1 f elvon mavtod cuveync otov T
téte elvon opoiduoppa cuveyhc. Autd onuaiver 6Tl to § > 0 mou emAéEaue TNy aEy N TNG
om6dellne propel va emheyel aveldptnta and 1o x (eZaptdton wévo and o €). Luvende, To
entyelpnua mou axohovinoe delyvel tL N olyxhion e f* K, oty f elvar opolbpopen. O

IMapathApnon 2.3.5. To Oewpnuo 2.3.4 xou ny TawtétnTa S, (f)(2) = (f * D) (), 610V
D,, etvon 0o mupfvag tou Dirichlet, 9étouv puotohoyixd to epdtnua av 1 axohoudio {D,,}
etvon ancohoudior xohdv Tuphvev. Ané v Dy (z) = Y e xau v [T et rdz = 0
av k # 0, etvon govepd 6TL

1 us

2.3.20 o
( ) o |

Dy(z)dz =1

yioe x&de n € N, dnhadn ieavortoteiton 1 Widtnta (o). Opwe, utdpyel otadepd ¢ > 0 dote,
yio xdde n € N|

(2.3.21) / | Dy, (z)|dz > clogn,

—T



2.4 AOPOISIMOTHTA SEIPON FOURIER - 39

dnhady| dev ixavoroteiton ) WGt (B). H anddedn e (2.3.21) agprveton yio tic Aoxfoelg
autol Tou Kegohalou: umopel pudhiota xavelc vo 8cdoel moAD oxplBelc aoLUTTOTINES EXTL-
whoelc Yl t0 ohoxAfpwpo e |Dyl. To peydho «pelovéxtnuay tou tuprva tou Dirichlet
elvon 611 Bev Blatneel tpdomnuo: Talpvel 100 VeTinéc 600 Xl UPVNTIXES TUIES.

Av n {D,} oy axorovdia xahdv tupRvey, téte and to Bedpnua 2.3.4 Yo elyoue

(2.3.22) sulf) = f+Dy 2y

vy xdde ocuveyxn 2m-nepodin) ocuvdptnon f : R — C. Onwe da dodue oto enduevo
Kegdhao, 10 TpéBinua tne xotd onueio obyxhone e {sn(f)} oy f eivar mohbmhoxo,
OO0l XL OTNV TERITTWON TWV GUVEYWY GLVOPTACEWY (1 ArdvTNoN elvol oEVATIXH).

Ynv enduevn Hopdypago efetdloupe aodevéotepee évvolee olyxhone e {sn(f)}
oty f, v Tic omoleg €youue YeTind amotehéoyoTa.

2.4 Avpowoipotnta oepwyv Fourier

2.40’ Cesaro adpoioipotnta xou to Yewenuo touv Fejér

Oewpolye Yl oelpd Uiyadixmy aptduoy

(2.4.1) dek=cotertoat o,
k=0

To n-ooté uepixd dlpoloua tng oelpdg elvon To

(2.4.2) sn:ch:co+cl+~~+cn.
k=0

Aéye 6t m oepd ouyxiivel otov s € C av lim s, = s.
Av Jewpricouye To mapddelypo TS OELRdC

(2.4.3) DD =1-1+1—1+4-,
k=0

ropatneolue 6Tt 1 axohovHa {s, } Tev pepixdv e adpolopdtwy naipvel Sladoyind tic Tée
1,0,1,0,... xou dev ouyxhivel. Aedopévou 6Tt o pepind adpoloparta Ttalpvouy «eicouy Tic
Tiwée 0 xan 1, éyel xdmolo vomua vor Tolue 6T, xotd uéoo 6po, elvon (oo pe 1/2, Snhodn
o 1/2 eivon «xatd xdmotov tpénoy 0 «dbpowouoay e oepds. H 1d€a auth pmopel va
neptypopel auotned av opicoupe v axohoudio {o,} TV Yéowy Gpwv TV TEOTWY N
peptxdv adpolopdtov pog oelpde. Av pac dodel 1 oepd (2.4.1), Vétoupe

So+s1+ -+ Sp—1
n

(2.4.4) Op =



40 - YEIPET FOURIER

v xdde n = 1,2,.... H nocdtnta o, cbvar 0 n-octég Cesaro wécog tng axorovdiog
{sk} (Dot Vv Mépe xou n-octéd ddpoiopa Cesaro Tng ceds Y pe Ck)-

Av undpyet To nlgrolo o, =0 € C, 161 Mye o1 M oepd Y po ¢k elvan Cesaro adpoi-
o otov 0. ‘Otoy pAdue Yo oelpéc GUVAPTHCE®Y, EETALOVUE TNV XTd ONUElo Xou TNV
opoiouoppn Cesaro adpololldTnTd TOUG GE Ao GUVEETNOT).

Yto mopddetypa e oepdc (2.4.3) elvon mohd edxoho va eréyovue 6T o, — 1/2.
AnhodA, 1 cuyxexpylévn oelpd anoxhivel alhd eivon Cesaro adpolown otov 1/2. Mo dhhn
xehown mopatienon elvan Tt oy Yo GELRS Yoo o C) GUYXAIVEL XoU § = Do Ck = 8, TOTE
On — 8, SNhadY| 1 oepd eivan Cesaro adpoiowun otov s (deite to Hopdptnua B).

Opiop6c 2.4.1 (nupfvac tou Fejér). O n-ootéc muprvag tou Fejér eivou to toiyo-
VOUETPXO TOAUDVUNO

D D cood Dy
(2.4.5) Fo(z) = 2@ E D@+ 4 Do) -y

’
n

onou D, elvon o muprvag tou Dirichlet. Hapatnerote 6Tt o nuprvac tou Fejér ioobton e

n—1 n—1 s
I O XEEES v ot
s=0 s=0 k=—s
n—1 n—1
1 ; n— k|,
— - 1 ikx _ ikx
> |n X e > e
k=—(n—1) k| <s<n—1 k=—(n—1)
n—1
k .
- v (1_')em.
n
k=—(n—1)

ITopathipnomn 2.4.2. And v yeopuxdtnta e ouvéAEne BAénoupe oti, av f elvon wia
2m-meplodLx) OAOXANEWOLUY GUVEETNOT, TOTE YL TNV

so(f)(@) +s1(f) (@) + -+ sn1(f) ()

(2.4.6) on(f)(z) = "
€YOUNE
o) = LD TUDIE) + (2 Dat))
L (BB By

Anhodv,

(2.4.7) on(f) = [+ Fy,.
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Iopotnpriote 6t xdde o, (f) eivon tprywvoueTpind ToAudvupo Baduod wxpdtepou 1 ioou
oand n — 1, dotL elvon péooc 6poc twv si(f), 0 < k < n — 1, ta onola éyxouv v Bl
WBLoTNTOL

H Baowf napoathenon authc e mopaypdgou eivar 6t 1 {F,} eivar axohoudiar xohdv
TUENVWY.

Ilpbtaom 2.4.3. I'a kd0e n > 1, 0 n-00té§ muprvas tov Fejér divetar and tg

1 sin?(nz/2)

(2.4.8) F,(z) = HW, x # 2km
Kai
(2.4.9) F.(z) =n, x = 2km.

H axolovdia {F,,}22 ; efvar akolovdia kaAdv wuprivov.
Anédeién. 'Eotw x # 2km. "Eyouvue deiel 611, yia xdde s =0,1,...,n — 1,

sin (s + %)x

(2.4.10) Dy(z) = —— 5

‘Ouoc,

"1 gin (s+ %)x
0

. . 1
sin(z/2) T 2sin?(z/2) ; 2sin(z/2) sin (s + 5)x

1 n—1

- - Z[COS sz — cos(s + 1)z]

25sin’(x/2) =
~ 2sin®(2/2) (1~ cosna)
sin?(nx/2)
sin?(x/2)

1 n—1

s=

AlotpevTag U 7 TalpVOUUE TV

o 1. Ly _ Lsin®(nz/2)
(2.4.11) F(z) = - Z::ODS( ) P

Av x = 2km, éyoupe Dg(z) =28+ 1, s=0,1,...,n — 1. Zuvenacg,

_ 2
(2.4.12) Fo(2kr) = 22 n+ @n-1) _ % —n.
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Iopoatnerote dt
(2.4.13) F.(z) >0, xR

Agol n {F,} eivor axohouvdio un-apvnuixddv nuphvey, yia vo edéyEoupe ot eivon axohoudia
XAV TUpHVLY opxel va delfoupe 6Tt xavomolovvtan ot Wiotntee (o) xou (v). H mpdtn
Loy VEL TEOPAVMES: APOD

L
(2.4.14) o Dy(z)de =1
v xde s > 0, €youpe
1" 181 (™
(2.4.15) o 77TFn(x)dx: ng%/ﬂps(:ﬂ) de =1

yioexdde n > 1. Tty Widtnta () napatnpoldpe 6t and v (2.4.8), yio xéde § € (0, )
xou vl xdde § < |z| < 7, éyouvye
1 sin®(na/2 1 1
(2.4.16) |Fu()| = Fula) = 50 (2/2) | <
n sin“(x/2) nsin(x/2) ~ nsin®(§/2)

Ebvon todpa gavepd 6tL
2m

2.4.17 / Fo(z)|de < ———— 50
( ) 5swm|§w| (@)l nsin®(6/2)

xou 1) an6deldn ebvon ThAene. O
Ayeon ouvénewn Tou Bewpripatoc 2.3.4 xou e Ipdtaonc 2.4.3 eivor to €&€7c.

BOewpenpa 2.4.4. Eoww f: T — C odoxAnpdoun ouvvdptnon. Tére, n oepd Fourier
S[f] s f etvar Cesdro aOpoionun otny f o€ kdde onueio ovvéyeas s f: av n f evar
owvexnis oto x € T, tdte

(2.4.18) on(f)(z) = f(2).

Emimdéor, av n f elvar ovvexnis oe kdle x € T, tére n oepd Fourier S[f] tns [ evar
opoduopga Cesdro aOpoiowun atny f: 6niadn,

(2.4.19) ou(f) 25 1.

"Ayeco néplopa Tov Oewpnpatog 2.4.4 elvar to Yewdpnua povadixotntag 2.2.1.

~

Oevpnpa 2.4.5. FEotw [ : T — C odokAnpdoun ovvdptnon dote f(k) = 0 ya kdOe
keZ. Avn f elvar ovvexris oto onueio 8y € T tdre f(6y) = 0.
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Anédeiln. And v unddeon €youue
(2.4.20) su(£H)B0) = D fk)e*™ =0

k=—n

yia xdde n. Apa,
(2.4.21) o F)(60) = 2 G0) + 31(f>(902b+ e F ()
v x&de n. Agol 1 f elvan cuveyhc oto by, T0 Oedpnua 2.4.4 pog héel 6T
(2.4.22) on(f)(o) = f(6o).
‘Eneton 61t f(6p) = 0. O

Acedopévou bt oL Cesaro péool oy, (f) plac ohoxhnpdoune cuvdptnong elvon Tprywvope-
TEWd TOALOYLPA, Uia BEVTERN dueoT cuvEneln Tou Oewpruatog 2.4.4 elvon 1 TUXVOTNTA TV
TELY WVOUETEXDY TOAUWVOULY 010 Ytpo Twv ouveywy f : T — C (otnv Iapdypago 1.1
elyope amodeilZel ye dapopetind 1péTo To B0 amoTéheoya, oTNY TEAYRATIX TEPITTWON).

Oewpnpa 2.4.6. Foww f : T — C ovvexris ovvdptnon. Trdpyer akodovdia {T,}

TPIYWVOUETPIKGY TOAVwYUUwY &oTe ||f — Thlleo — 0.
Anédaén. And to Ocdonuo 2.4.4 €youpe

on(f) $>f

Tedpvovac T, := o, (f) €xovue to {nrolpevo.

2.43" Abel adpoioipndtnTa xou 0 tuprvag tou Poisson

Muat oelpd puryodixdov aprdpmy Y po o cx Myeton Abel adpoioiun otov s € C av yio xdde

0<7r<1noepd

(2.4.23) A(r) = epr*
k=0

oLYXAIVEL, XU

(2.4.24) lim A(r) =s.

r—1-

Ot nocétnteg A(r) Myovion Abel pwécou e oepds > po k. Amodexvieton 6TL av 1
oelpd Z,;“;O ¢, oLYXAveL ooV s ToTE elvan xou Abel adpoiowun otov s. Anodeixvietan enlong
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ot oy 1 0epd Y pe o Ck ebvon Cesaro adpolown otov s téte elvon xou Abel adpolown otov
s. To mapdBerypa tne oeLpdc

(2.4.25) S=DMk+1)=1-24+3-4+5— -

k=0
Belyvel 6Tt plat oelpd pnopel va eivon Abel adpoliowun ywels va etvon Cesaro adpoiowurn. Mropel
xavelc va eENéyEel OTL

= 1
2.4.26 A(r) = —D)*(k+1)rk =
(2.4.26) 1) =3+ 1 = s
v xde 0 < 7 < 1, oUVETKC
1
(2.4.27) lim A(r) = -.
r—1- 4

‘Ouog, n oepd auth dev elvon Cesaro adpolowrn: Vo énpene va woyver lim (s,/n) = 0.
n—oo

TNt omoBeléeic twv Toapandve Woyvplopdy napanéurovye oto Hapdotnua B xa tic oyetinég

AOAHOELS.

Opiop6c 2.4.7 (nuphvac tou Poisson). T xdde 0 < r < 1 dewpolpe tnv cuvdptnon
P, :[-m, 7] = C nou opileton péow tne

(2.4.28) P.(0) = f: rlkl ikt

k=—o00

Xernotponoldvtog To xpltiplo tou Welerstrass BAémouye 6t 1) oelpd 6T0 8e€Ld YUENOC oLUYXAL-
VEL amOAITOG Yol xdde 6 xon opotduoppa sy oelpd cuvapthicewy oto [—m, 7). H cuvdptnon
P, Myetu r-rupfvag Tou Poisson. And v opolbuopgn obyxhion e oelpdc (2.4.28)
éneton (e&nyhote yiotl) ot

—

(2.4.29) P.(k)y=r* " kez.

MrogoUye vo 8etoupe 6Tt 0 muprvag P, molpver un apvntixéc mpaypatixée Tiwée: divetow
HAALOTA oAl TNV
1—r2

2.4.30 P0)= —/—mF.
( ) ©) 1—2rcosf +r2
Do v anéddelln tne teheutaloc wwdtnroc Yétouue w = re'?. Tére,

-1

Bi(6) = D orf(e) 4 D0 e He ) =Y ) Y (e )

k=0 k=—o0 0 s=1
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o0 ()07q 1 —
- kzzowk—i—;w‘ :17w+%

-+ (1-ww  1-]|wP
1-w)(l-w) |1-w}?

Acdopévou 6t [w| =7 xu 1 —w =1—1re? = (1 — rcos) — irsin b, xoatahfyovue oTnv

1—r? - 1—r?
(1—rcosf)2+7r2sin®f 1—2rcosf+r?

(2.4.31) Po(0) =

Ou anodeifoupe 6T 1 owovéveln { P, to<,r<1 Elvon otkoyérea kaddy muprivwr. Aedo-
pévou 6Tl To 6UVORO deTdV elvar TMpa To ddotnue [0,1), autd mou ypetdletar Vo Tpo-
nonotfioouye elvon 1 ouvdfinn (). Ouctaotind {ntdue to e&¥c: Y xdde axohoudio {ry,}
oto [0,1) pe r, — 17, Tndpe 1 oxohoudio { P, }52; va elvon axorouda xohddv Tuphveoy.
H ocuvpun (B) elvon dueon ouvénea tne ouvdfiune (o) ool ou P nafpvouv un apvntixéc
npaypatxég Téc. Anodewviouue Aowndy tny e€rc Ipdtaon.

ITpoétaom 2.4.8. Ia kdle 0 < r < 1 éyovue

1 s

(2.4.32) — P.(9)df =1,
2 J_,

ka1 yia kd0e 0 < § < m 1w0xVel 6Tl

(2.4.33) lim P.(6)do = 0.

r—1- 6<|z| <7
Anédaén. FEotw 0 < r < 1. Agol 1 oepd ouvapthoewy Pr(0) = Yoo rlkletk?
oLYXAVEL ogoLbuop@o 0To [—, 7|, ExouuE

2.4.34 L (" poyao - rl* " okoge— [T 09— 1
(2.4.34) e S B =

27 ) k=—co -

YENOWOTOUDOVTAS TO YEYOVOS 6T f:r e*dh =0 av k # 0. "Bote thpa 0 < § < T %ot 570
1/2 <r < 1. "Eyouye

(2.4.35)

1—2rcos@+7r? = (1—r)242r(1 —cosf) > (1 —r)>+2r(1 —cosd) > cs =1—cosd >0

v xdde § < |0] < 7 (86t cosf < cosd). Tuvemde,

1—r2 2
(2.4.36) os/ Pr<e>d9s/ Pa< (- 50
5<|0|<n 6<loj<n Co

Cs

otav r — 17. Eneton 1 (2.4.33). O
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Opiop6c 2.4.9 (Abel péool e f). Eotw f: T — C ohoxhnpioiun cuvdptnon. T
x&de 0 < 7 < 1 opilouye tov r-Abel wéco ¢ f yéow e

oo

(2.4.37) A(NO)= > rH ke,

k=—o0

o~

Aol n oxorovda {|f(k)|} etvon @paypévr, 1o xpithpio Tou Welerstrass delyvet ot 1) oelpd
oLVOPTHoEWY 0To Je&Ld pENOC cuyxhivel opotdpoppa otov T. Ilupatnefiote ot A, (f)(0)
ebvon o r-Abel péooc tne oepde Fourier S[f] tne f.

Abyo g opolduopyne obyxiong e oelpds (2.4.37), uropolye va ypddouye

Ar(f)(e) = Z r‘k‘f(k)eike

™

_ % ) f(@)< i rk|e—ik(w—e>> dy

k=—o00
= o | eP6-
= (f*P)0)

Aol n {P,} elvar owxoyévela xohohv mupvewy, nalpvouue apéons to eEhc.

Oewpenua 2.4.10. Eoww f: T — C odoxAnpdoiun ovvdptnon. Tote, n oepd Fourier
S[f] Tns f eivar Abel apoioun otnv f o€ kdde onueio owvéyeas tng f: av n f evar
owvexns oto x € T, tdte

(2.4.38) Ar(f)(@) = [ ().

EmnAéor, av n f elvar ouvexiis o€ kide x € T, tdte n oeipd Fourier S[f] tns f elvar
opoiuopga Abel alpoioun oty f: dniadn,

(2.4.39) Ar(f) — I
2.5 Aoxroelg

Opddo A’

1. (o) AclEte 6Tt 0 ohvoro {€™*® 1 k € Z} elvon C-ypoppinde aveEdptnro.
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(B) Abvovtan ou mparypotixol aprduol 0 < Ap < Ag < -+ < A, Aellte 6Tl 0L oUVOPTHOELS

61)\11:’ ez)\gm, . ez)\n:t

ebvon C-ypappixae avedptnres. Xeetdletar 1 vnddeon otL 6hot oL A; ebvan Jetixol;

2. 'Eotww f : R = C ouvdptnon 2m-nteplodiny) xou ohoxAnpdolun oe xdde xAelotd didotnua.
Acigte 6t v xdde a < b oo R,

/ " fla)de = / " = / ) a

+27

pidein
T+a

flea+a)de = :T f(a:)dscz/ f(z)dz.

—T+a

s
—T

3. Eow f: R — C pa 2m-nepodinf) ouvdptnor, Riemann ohoxhnpdown oto [—m, 7.
Aceite 6T

(o) Av 1 f ebvon G, té1E F(=k) = f(k) v x&¢e k € Z xon n S[f] eivon oepd cuvnuité-
VOV,

~

(B) Av n f eivon mepitti, tote f(—k) = —f(k) v 8¢ k € Z xau 1 S[f] ebvon oeipd
NUTOVWV.

o~

(v) Av f(x +7) = f(x) yia xdde z € R téte f(k) = 0 yio xdde nepittd axépono k.

(8) Av 7 f nodpver mparyportée twiée tote f(k) = f(—k) v xdde k € Z. Av, emmhéov,
uno¥éooupe 6Tl 1 f elvon cuveyhg, TOTE Lo VEL XU TO AVTIGTEOYO.

4. Eow f: R — R wa 2m-nepodix; cuvdptnon, Riemann ohoxinpdown oto [—m, 7).
TN xéde a € R oplloupe

Ta(‘r) = f(‘/lj - a)'

Ieprypddte 1o Ypdynua tne 7, oc oyéon pe oawtéd e f. Eivaw n 7, mepiodixr); Exgpdote
Toug ouvteieatég Fourier tng 7, ouvaptrioel Twv cuvteleotwy Fourier tne f.

5. Eow f: R — R pa 2r-nepodnf) ocuvdptnon, Riemann ohoxhnpdown oto [—, 7.
T xéte m € N opilouye

gm(x) = f(mz).
Ieprypdidte t0 YpdPNU TNS g O O)éom Ue autd e f. Elvon 1 g, mepiodinyy; Exgpdote
toug ouvteheotéc Fourier tne gy, ouvapthoel twv cuvteeotdv Fourier tne f.

6. Ocwpolpe tny mepttth 2m-Teplodin cuvdptnor f : R — R nov oto [0, 7] oplleton and
™y

f(z) =a(r —x).
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Yyedldote Ty yeapun nopdotaoy tne f, unoloylote toug cuvtekeotég Fourier tng f xou

Oel&te 4T
oo

8 sin[(2k + 1)z]
f) = *k; 2k +1)3

7. Eotw 0 < § < 7. Oewpoldpe Ty ouvdptnon f : [—m, 7] — R pe

f(m):{ 17% av |z <6

0 avd <l|z| <7
Yyedldote Ty yeapuxn topdotact tne f xou deléte ot

5 — 1 — coskd
=— 42 —_— .
f(z) o + é 2y COS kx

8. Ocwpolye ty 2m-nepodixt| ouvdptnon f : R — R nou oto [—7, 7] opiletan ond v

f(@) = |al.

Yyedldote TNy Ypapun nopdotacy tne f, unoloylote Toug ouvtekeotég Fourier tng f xou
detlte 6n f(0) = /2 xou

- —14 (=1)*
k)= ——5— k #0.
==t ks
Tedipte tn oepd Fourier S[f] e f ooy oepd ouvnuitdvev xon nuitévev. Oétovtag z = 0
detéte 6T

1 2 1 2
_— KOl _—=—
2 2
kZ:O (2k+1)2 8 kzzl 26

Owpdéda B’
9. 'Eow [a,b] xhelot6d BdoTNUa TOU TEPLEYETH GTO EOWTEPIXS Tou [—m, m]. Oewpolye
™y f(2) = X[a,p)(z) TOUL 0pileton 010 [, 7] and Tic f(z) =1 av x € [a,b] xu f(x) =0
oAMG, o Ty emexteivouue 2m-neplodind oto R. Acei&te ot 1 oepd Fourier g f elvon 1

—ika _ g—ikb

b _
Sif)@) = 27ra " ik
k#0

ikx

Aci&te bt 1 S[f] dev ouyxhivel anoldtoe yio xavéva x € R. Bpeite 1o z € R yio to ontola
n S[f](z) ouyxhiver.
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10. 'Eow f : R — C ouvdptnon 2m-nepodixt), 1 omola avixer oty xhdon C™ (eivou
m-opéc mapoywyiown xa n ™ eivor ouveyic). Acifte T undpyer otadepd C(f) > 0

W\oTE
c(f)

o
ol < G

v xdde k € Z )\ {0}.

11. 'Eow f, fn (n € N) cuvaptioeic 2m-neplodinéc, ohoxAnpmotues oto [—m, ], oL onoleg

IXOVOTIOLO0Y my
™

lim |f(z) — fn(z)|dz = 0.

n—oo [

AciEte 6T

fn(k) = f(k) dtavn — oo,
opoLouoppa we Teoc k. Anhadr, v xdde € > 0 undpyel ng € N dote vy xdde n > ng
xou vl xdde k € Z,

falk) — F(K)| < <.

12. 'Botww f: R — C cuvdptnon 2m-meptodxr] xo 0AoXANeooldr) o€ xdie XAeloTo BdoTr-
po. Trodétoupe 611, Yo xdmowo = € R undpyouv ta TAevpnd dpta

f(x7):= lim f(t) xo f(zT):= lim f(¢).

t—x— t—xt

Aei&te 6t 1 oepd Fourier S[f] e f eivan Cesaro adpoiown oto onuelo x: o cuyxexpr-

péva,
z~ xt
lim on(f)(z) = Tim (f % Fy)(x) = L&) FF@0)

n— oo n— 00 2

Doty anddelln tpononotiote TNy anddelln tou Bewpruotog 2.3.4.

13. Eotw f : R — C cuvdptnon 2m-neplodint| xat ohoxAnpdoiun ot xdde xAelotéd dldotn-
po. Yrodétoupe 6tL, yio xdmoto x € R umdipyouv o mhevpnd GpLa

f(z7):= lim f(t) xu f(zt):= lim f(t).

t—x— t—at

AefEte 6u 1 oepd Fourier S[f] tne f eivan Abel adpolowun oto onueio z: mo cuyxexpuéva,

lm A,(f)(x) = lim (f = P,)(x) = LE) I
r—1- r—1— 2
T v amddelln tpononoiote Ty anddelln Tov Oewpfuotos 2.3.4 xau YENOLIOTOCTE TO
YEYOVOC 6TL
L P, d L[ P, d
() de = 27r/0 - (x) de.

2 J_,
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Owdda I
14. (o) Eow {gx : k € N} wo apldunon twv entadv tou (0,1). Aeigte 6u n ocuvdptnon

F:[0,1] > R pe
=1
= T3 X[0400) (T — dk)
k=1

elvar Riemann oloxinpdown xou aouveyfc o xdde g (Snhoady), acuveyhc oe €va Tuxvd
utoclvoro tou [0, 1]).

(B) Eotwo {qr : k € N} wa apldunon 1wy entév tou (0,1). Opilloupe g(z) = sind ov

x # 0 xou g(0) = 0. Aci&te 6t ny ouvdptnon G : [0,1] — R pe
i g —g
9@ —ar)
Pt

elvar Riemann ohoxhnpwowun, acuveyfc oe xdlde gi xou Sev elvon HovOTOVN OE XOVEVA
uodidotnue tou [0, 1].

15. 'Eow M > 0 xau éotw f,g: R — C ouveyeic cuvopthioeic mou undevilovton €€w and
o [-M, M]. Opiloupe f*g:R — C péow e

(f * 9)a / F()gz — y) dy

(o) Aci&te 6t f*g ebvon xahd optopévn oe xdde x € R xou 6t (f*g)(x) =0 av |z]| > 2M.
(B) Aetere ou [|f gl < [ fll1llgllr, omou

llullr = /:)o |u(z)| dz.

16. I xdde n € N Yewpolue tov muprva tou Dirichlet
sin n + )
E etht = — 270
[ Sin 5
Ael&te 6t undpyer otadepd ¢ > 0 wote

1 ™
L, := e | D, (x)| dxz > clogn

v x&de n € N.
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esin((n+3)z)

||

‘L —c/m [sintl ol < o
" - It -

[Yrdbetn: Tapoatnpriote tpwta 6T | Dy ()] > X0, XAVOVTOS ANy | LETOPBAT-

TS, ouuTEPdvaTE OTL

yio xdmotot otadepd C' > 0 aveldptntn ond to n.

17. Acite 6TL

4
‘Ln - —2logn <Ci
T

yia xdmota otodepd C7 > 0 ave&dptntn and 10 n.
18. Ectw f : R — C ocuvdptnon 2m-nepiodint| xat ohoxhnedoiun o xdde xheioté Sldotn-

pa. Aeléte 6T
||5n(f)||oc < CIOg(l + n)Hf”OOv

onov C' > 0 otadepd aveEdotntn and v f xou and 1o n.

19. Eotww n € N xou é5tw € > 0. Aci&te 6t undpyet [ : T — C ouveyhc dote || flleo =1
pded
1 (7 . 5
— [ |f(z) —sign Dy (z)|dz < —,
n

™ J—x

67ov sign u eivar To tpdoMo Tou u (xou sign 0 = 0). Tuprnepdvate 6t

[$n (oo = Ln — €.

20. I xdde n € N opilovye

1+cost\"
= (111"
omou 1 Vet otadepd oy EMAEYETOL ETOL OOTE VoL EYOUUE
L[ Qn(t)dt =1
2 J " -

Aeite 6t av f: R — C elvou ouveyhc 2m-neptodinn cuvdptnor, tote

FeQn 2t

IMopatnehote dtt autd diver axdpa plo amddelln ToU «TELYWVOUETEIXODY TPOCEYYIOTIXOV
Yewpruatog Weierstrass.
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21. T xdde n € N opiCoupe
Gn(z) = F(z) sinnz,

onou F,, ebvar 0 n-ootéc muprjvoc tou Fejér. Acilte éti: av T € T, elvar tplywvopetpnd
TOAUGYLUO Bardpod wxpdtepou 1 loou and n, téte

T'(z) = —2n(T x G,,)(x)
yia xdde z € R. Xuunepdvote 6Tt
T (2)] < 20T

v xdde x € R Auty) ebvon pa «aodevricy éxdoon tne aviodtntac tou Bernstein, n onola
woyvpileton 6Tt [T |loo < nf|T |00 Yot x&0e T € Tp.



Kegpdiaro 3

> 0yxAion osipwyv Fourier

3.1 XwpotL UE EOWTEPLXO YIVOUEVO

‘Eva pn xevd oGvoho V' Aéyeton ypaupukds xdpos (¥ duavvouatikds xwpog) méve and to
R av eivan epodioopévo pe dvo npdleic +: V x V — V (v npdodeon) xou - 1 RxV =V
(tov Baduwtd ntorhamhaclacyd) Tou txavonololy to eEAC:

1. A&dpata tng tpéodeons: T xdde x,y, z € V oybouv oL x+y = y+x xou o+ (y+2) =
(x+y) + 2. Enlong, undpye éva otoyelo 0 € V dote, yioxdde z € V, 0+ = z. Téhog,
v xdde & € V undpyet (povadixd) —x € V dote z + (—x) = 0.

2. Abidpaza tov molMamdaoaouot: T xdde z,y € V xau A, € R, woybouv o A(uz) =
M)z, lz =z, Mz +y) = Az + Ay xou (A + p)z = Az + px.

"Ayecec cUVETELEC TV OELWUATOY TOL YRAUUUXOD YMEOoU elval, YLol TopddeLYUa, ot
0z =0, A0 =0, —x=(—-1)z.

Y ouvéyela Ya ypenotponowolpe eheldilepa téTolou eidouc Widtntes (N Sopr Tou yeouuxol
xoeou Yo Yewpnlel, oe yevixée ypoppée, yvwoth). Ta otouyeio tou V Yo Aéyovton ornpeia
( o Sravdoparar). TTodd cuyvd, Yewpolue Boduntd torkamiactooud - : Cx V — V. Av
wavorotolvTan Tor avtiotouya aftwpata, Aéue 6t o V oelvan ypopuixds Y opoc méve and To
C.

Khaowd mopdderypa ypoumxol ybeou Téve ard 1o R civar to ohvoho RY 6hwv twv

d-8dwv mporypatindy aptdudy (1, T2, . .., zq). H tpéodeon opileton xotd cuvtetaypévee,
péow TN
(3.1.1) (1,22, xq) + (Y1,Y2, -, ¥a) = (x1 + y1, T2 + Y2, -, Td + Ya)-

Me napbuolo teéno opiletar o tohhamiaoctaouds pe tov A € R:

(3.1.2) AMz1, @2, .., xq) = (Az1, Aza, ..., Axq).
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‘Opota, 0 yHpoc C v d-88wv (21, 22, - - -, Zq) WYoBXGOY oIV YIVETOL YROUUXOS X(POC
néve and to C av oploovye tpdodeor xatd cuvtetayuéves, dnhoady

(3.1.3) (21,29, ..., 24) + (w1, wa, ..., wq) = (21 + w1, 22 + wa, ..., 2q + Wq)
xan toAhamhactoopd pe tov A € C yéow trg
(3.1.4) Mz, 22,00, 2d) = (Az1, Aza, ..o, AZg).

Optopdc 3.1.1 (ecwtepd yvéuevo ndvew omd 1o R). Eotw V ypouuinde xohpoc méve
oané 10 R. Eowtepuxd ywopevo ctov V oeivon wa ouvdptnon (-,-) : VXV — R
(amewoviler xdde Lebyoc (z,y) € V x V oe xdnotov npaypatind apwdud (z,y)) pe tic e€fc
WOLOTNTES:

(i) (y,2) = (z,y) v xdde z,y € V.
(ii) (az + by, z) = a{x, z) + by, z) vy xdde x,y, 2z € V xou v 8¢ a,b € R.
(iii) (z,z) >0 yia xdde z € V.

Av (-, ) elvon éva ecwtepind yvouevo otov V, opilloupe v enary dpevn vopua ctov V
we e&nc:

(3.1.5) lz|| = (z, )2, zeV.

Iopotnpriote 6t ||z]] > 0. Av, emmiéoy, and v ||z|| = 0 éreton ott, avaryxaoctind, © = 0,
THTE MEPE OTL TO EOWTEPLXS YWVOPEVO (-, -) elvon yrriowa Jetikd.

To cvniec (yviola 9eTind) eowtepind Yvopevo otov R opileton péow tne

d
(3.1.6) (@,y) =Y i =x1y1 + - + Taya,
i=1
onov x = (T1,...,24) x4 y = (y1,...,yq). H enoyduevn vopua eivar 7
(3.1.7) || = (@, ) = \/af + - + a3,

n onola endyel Ty ouvidn Euxdeldei anbotaon ||z — y|| otov RY.

Opiopo6c 3.1.2 (cowtepind Yvuevo tévw ond to C). Eotw V ypouunde xhpos mévew
a6 10 C. Ecwrtepixd ywopevo octov V oelvor wa ouvdpton (-,-) : V. xV = C
(amewoviler xdde Ledyoc (x,y) € V X V oe xdmoov pryadnd apidud (z,y)) pe Tic e€fc
WBLoTNTES:

(1) (y,z) = (z,y) yioa x&de z,y € V.
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(ii) (ax + by,z) = alz,z) + by, 2) v x&de z,y,2 € V xou vy xdde a,b € C. Xe
oLYOLAOUS UE TNV TEONYOUUEVY WIOTNTA BAETOVUE OTL, TWEA, TO ULYUdXO ECWTERIXO
Ywouevo elvan «oLluYNS YEUUXO» w¢ TEog TNy delTeEn YetaBANTr. Anhadm,

(x,ay + bz) = alz,y) + blx, z)
v xqde z,y,z € V xou v xdde a,b € C.
(iii) (z,z) > 0 vy xdde x € V, énwe otny mparypotixt| tepintwon.
H enaydpevr véopua otov V elvan, mdht, 7
(3.1.8) lz| = (z,x)1/2, zeV.

Av, eumhéov, and v ||z|| = 0 énetan 6T, avayxaotind, £ = 0, T6TE AMéUe OTL TO ECWOTEPKO
) ) b ) 7
ywouevo (-, -) etvon yrijoia Jetikd.

To clvniec eowtepnd yvopevo otov C? oplleton uéow tne

d
(3.1.9) (z,w) = Z%‘Wi: 21wy + -+ -+ 2qWq,
i=1
omov z = (21,...,24) xon w = (w,...,wq) € CL H enaybpevn vépua eivor 1
(3.1.10) 2l = (2, 2) = V]zal? + - + [z

Opiop6c 3.1.3 (xadetdtnra). Eotw V' évag ypauuixde YMhpos Ye ECWTEPXG YIVOUEVO
(+,+), v and 1o R 1o C. Ta z xou y € V Aéyoviar xddeta i opBoydvia av

(3.1.11) (x,y) =0.
Téte, Yo ypdpouue x L y.

Méow tng évvolog Tne xadetdtnrag, Talpvoulue Tpelc ToAL Bacixég LBLOTNTES oL Loy bouv
o€ xde YOPO UE ECWTEPIUS YIVOUEVO:

1. TITuvdayodpeio Oewpnua. Av x Ly tire

(3.1.12) lz + 3l = [l + llyll*.

Anédedn. XenoWonoudviag TNV YRoUUXOTNTO TOU ECKTERPXOU YIVOUEVOU XL TOV OpLoUo
NG VOpHaS, Ypdpouue

lz+yl*> = (z+y.z+y) = (2,2)+ (x,9) + {y,2)+ (1,9)
= (z,2)+ (y,y) = |=]* + |yl
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St (z,y) = (y,x) =0, agol x L y. O.
2. Aviwootnta Cauchy—-Schwarz. e kdfe z,y € V,

(3.1.13) Kz, 9| < Nzl lyll-

Andbetn. Oewpolye TNy uryadinh neplntwon (n mporypotixy elvan amhodotepn). YTrolé-
Touge et 6Tt |ly|| = 0. Ou deiloupe 6 (x,y) = 0 yio xéde x € V, dnhadi n avisdtnta
Cauchy—Schwarz oy Vet t61e cav wdtnta (v onowodhnote x € V). T xdde ¢ € R éyoupe

0 < flo+tyl* = [|l2[* + t(y, @) + t(z,y) + |[ty]* = [[«]* + 2tRe((z, y)),

6w Iltyll = It 1yl = 0 e {y, ) + (2, ) = 2Re((z,1)). Av Re((z,)) > 0, xorfovye
ot dromo mafpvovtoag t — —oo, evéd av Re({x,y)) < 0, xatahiyoupe og drono naipvovtog
t — 4o00. Buvenwe, Re((x,y)) = 0. Eviehde avdhoya, yia xdde t € R €youpe

0 < flo + ity = 2] + itly, «) — it(z,y) + [lity||* = ||=]|* + 2tIm((z, ),

dwot (ltyll = [t ]yl = 0 o (y, ) — (z,y) = —2iIm((z,y)). Av Im((x,y)) > 0, xoto-
Myouue oe dromo madpvoviag t — —oo, eved av Im((z,y)) < 0, xatahiyouue o dtomo
nadpvovtag t — +00. Tuvenoe, Im((z,y)) = 0. Tuvdudlovtog ta napandve, BAétoupe 6Tt
(z,y) =0.
Trodétoupe tdpa 6t ||y||2 = (y,y) > 0. Oétoupe t = (x,y)/(y,y) xon mopaTnEolUE
oty L (z —ty). Hpdypo,
(@ —ty,y) = (z,y) =y, y) = (z,9) — (z,9) =0,

ond tov opiopd tou t. ‘Emeton 6w ty L (z — ty). Tedgovtac x = (z — ty) + ty xou
e@apuolovtoc to Iudaydpeio Oedenua, naipvouue

(3.1.14) 2] = lle = tyll* + 1Lyl > leyll* = [t [ly]>.
Suvernae, [t |yl < ||| xou éreton 671

(3.1.15) [z, )l = [l lyl® < ll=[l Iyl

3. Tewovixry Avicotnta. H vdpua || - | mov endyetar and to eocwtepikd ywdpuevo
(-, ) wavomoiel Tny TPIywYIKY aviodtnTa

(3.1.16) lz +yll < llzll + [yl

yia kde x,y € V.
Anédaén. Eotww z,y € V. T'pdgouue

lz+yl* = llal® + 2Re((z, 9)) + lly* < ll=]I* + 20¢z, »)] + [yl
<l + 2l iyl + Iyll* = (il + llyl)?,

A
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arn’ 6mou mpoxUTTEL To {NTOVUEVO. O

To o onuovtnd napadelypota YWewy Ye eowtepxd Yivopevo, tou oyetilovton Ye
LeAéTn Ty oepdv Fourier, ebvar o £2(Z) xou o ydpoc R twv Riemann ohoxhnpdoiuemv
ouvapthoewy f: T — C.

TMapddeiypa 3.1.4 (o yodpoc £2(Z)). O ydpoc £2(Z) néve amd to C ebvar o yopog TV
(Bimheupwv) dnelpmv axohouthdy wyaddy aprduoy

(3.1.17) a= (... 0 gy, Q2,0_1,00,01,02,...,0k,...)

Yl T omoleg

oo

(3.1.18) > ak]? < oo

k=—o0

O npdéerc tne mpdodeong xou tou Boduwtob ntoAlamhaclaouol opllovton xatd GUVTETAY-
wévn, oxpoe émee oty mepintwon tou C4. Tlpéner BéPoua vo eréyZoupe 6L o (2(Z)
ebvon ypoppxde yoOpoc. o cuyxexpyéva, 6Tt av a,b € (*(Z) 16t a + b € (*(Z). Auvtd
omodewvieTa we e€Rg: yio xdde n € N Hétoupe

al™ = (+ey0,G_p,...,a_1,a0,01,...,ap,0,...)
s

b = (..,0,b_p, ... b_1,bo, b1, ... by, 0,. )

X0, YENOWOTOMVTAC TNV TELYWwVIXT] ovicdTNnTa Yiot TNV Euxieldela vopua otny neplntwon
NG MENEQUOHUEVNC BLAOTAON S, EAEYYOUUE OTL

n 1/2
a™ + ™| = (Z |ak+bk|2>

k=—n
" 1/2 " 1/2
< (Z |ak|2> + ( > |bk|2>
k=—n k=—n

lat™ | + 116 < llall + [1b]-

Aghvovtog to n — 0o BAénoupe ot

D e+ < (lall + [[b]))? < +oo,

k=—o0

dnhadh a + b € (3(Z). Tautdypova, éxoupe dellel v Tpywvixh aviodtnta |la + b| <
llall 4+ [1B1] via Tn véeua

o 1/2
(3.1.19) Jafl = ( ) |ak|2> ,
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1 omolo endyeTal and TO ECWTEPLXO YIVOUEVO

(3.1.20) (a,b) = Y arb.

k=—oc0

To yeyovée 6t n ouvdptnon (a,b) — (a,b) opileton xohd (Snhadh, n oewpd > oo arbi
cuyIiveL (amollTee) Yo %8s a,b € (2(Z)) xon ixavorolel Tic WOTNTEC TOU ECLTEPLKOL
Ywvopévou, aghveta ¢ doxnor. Hapatnerote enione 6Tt To ecwtepd Yvoépevo tou £2(Z)
ebvan yviota Yetind. Av [lal| = 0 tote

Z |ak|2 =0,

k=—o00

onhady ar = 0 yia xdde k € Z. Xvvenne, a = 0.

Eniong, o (%(Z) eivaw mhhene. Av {a™} eivor pia oxorouvdia otov £2(Z) n omola
elvow Barouxr, dnhadh «ylo xdde € > 0 undpyet mo = mo(e) € N dote [[al™ —a®|| < ¢
Yo xd&de m, s > mo», 16t N {al™} eivou || - [|-ouyrhivouoa, dnhadh «undpyet a € (2(Z)
Gote limy, o0 [la — a™ || = 0». H anédelfn autol Tou 1oYUpIowol uprRveTo WS doxnom.
Ot ydpor RY xou C4 elvor emione mhfpelc ¢ mpog T véppa mou endyeton amd to oOvndec
E0MTEPO TOUC YIVOUEVD. Ol «TANPELC YWPOL UE ECWTERPLXO YIVOUEVOY Elval oL AEYOUEVOL
xweot Hilbert.

IMopddetypa 3.1.5 (0 xodpoc R). ZuuPoriloupe ye R tov tpo twv Riemann oloxined-
owwy ouvapthoewy f: T — C, f 10080vaya, tev Riemann oloxhinpdoipwy cuvaptioewy
f:]0,27] = C. O R elvon ypoppixde xdpoc, pe npdodeon tny

(3.1.21) (f +9)(0) = f(0) + 9(0)

xou Porduetéd ToAamAacIacUd TOV

(3.1.22) (Af)(0) = Af(0).

Opllouye ecwtepnd yvopevo otov R wg e&ic: av f,g € R, ¥étoupe
1 2 _

(3.1.23) (fr9)=5=[ f(0)g(0)do.

:271— 0

Ot 1BLoNTeC Tou eowTEELXOL Yivopévou eréyyovton ebxoho. H enoryduevn vopua etvor 1

(3124) i1 = (s [ 5@ P0)

To eowtepd yYwouevo Tou R dev elvon yvhola detind: av 1 f undevileton oo [0, 27] pe
v ealpeon nenepaouévey to TAfloc onuelwy, tote f # 0, 1 f elvor ohoxhnpmoudn xou

[ fl2 = 0.

1/2
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Enlong, ye tnv oporoyla tou mponyoluevou mapadelyuatog, o R dev elvon mhfeng. Av
Yewproovue 1 ouvdptnon f : [0,27] — C pe

[ In(1/8) av0< 6 <27
f(a)_{o av =0

tote 1 f Bev elvon pparyuévr, dpa Sev avixet atov R. Oewpolye Ty oxohoudio cuVaPTHCEWY

{fn}, 6m0VL
[ In(1/) wvi<o<on
f”(e)_{() av0<h< L

Kd&de f, eivor Riemann ohoxhnpdoun, xou unopolue vo edéyEoupe 6t n { fr, } elvon Baoinn
oaxohouvdia Tou R. Opwe, dev utdpyet g € R dote limy, o0 [|g — full = 0. H anddeln
QUTOY TWV LOYUPLOUDY aQrVETAUL WG doXNOT.

3.2 L*-cUyxhor oesipdv Fourier

Yxomég pag o authv TV Topdyeapo sivon va yevixeUooupe Ta anoteréoparto tne Iopo-
yedpou 1.2.

Oewpnpa 3.2.1. Eow f: T — C odoxkAnpdoiun ovvdptnon. Tote,

(3.2.1) lim 7/0 "1F0) — 50 ()(0)2d0 = 0.

Arnédeitn. BOewpolye tov YWeo R twv ohoxAnpholuwy cuvapthoewy f : T — C, epodio-
OMEVO UE TO ECHTEPIXO YLVOUEVO

1 2m _
(322 (Fa)= o [ 1)) a8
T Jo
xou TNV enorySpevn vépua || - ||z mou opileton and v oyéon
1 2m
(323) 1913 =0.0) = 5= [ I5(6)a.
T Jo
Me autév tov cuuBohioud, apxel vo del&ouue 6Tt
(3:2.4) Tim [/ = su()ll2 = 0.

T %80e k € Z 9étoupe ex(f) = e*? xou mapatnpolue 61t 1 owoyéveln {ex}rez civou

opdoxavovixy. Anhkady,
( ) = 1 avk=m
Chorfm) =10 avk#m



60 - YYTKAIZH SEIPON FOURIER

Av f: T — C elvan o ohoxAnpddolun ouvdpetnon, Vétovue ay = f(k‘) v xée k € Z.
Hoapatnerote 6Tt 01 ouvtedeotés Fourier tng f elvar ta eowtepikd ywiueva g f ue ta
otoiyeta tng opBokavorikig oikoyéveias {ey trez:

2m

(3.2.5) (f.er) = o ) f(0)e=*%ah = ay.

Ewudtepa,

(3.2.6) sa(f) =Y arex.

k=—n

Ané 1o yeyovée 6t m {er} elvon opoxavovind| owxoyévelo xou omd to yeyYovdg 6Tl ap =
(f,ex) éneton toOEa 6T M Dopopd [ — s, (f) = f — D i, akey ebvon x8detn 670 €5 yia
xdde |k| < n. Buvenoe,

(3.2.7) —sn(f Z brex

k=—n

v x@de emhoyr) myoddy apduody by. And authv tnv mapatrency mpoxbntouv 800
CUUTEPAOUATA.

ITpdtov, emhéyovtog by, = ax xou epoppolovtoc to Hudaydpeio Oedpnua yior Ty Bid-
oo

(3.2.8) f=(f=sulf)) +sulf) = (f— > am) + D aker,

k=—n k=—n
nalpVouuE
2

(3.2.9) 1113 = 11f —

E arCr

k=—n

HIE+

2

‘Opoc, 1 owoyéveld {e rez ebvou opwf}oxo(vowm’]7 Gpat

> aerl = Yl

k=—n k=—n

(3.2.10)

an’ OTou €neTon OTL

(3.2.11) A3 = 11F = sn(HI3+ D laxl*

k=—n

To Sebtepo ouunépacpo mou npoxintel and v (3.2.7) eivar 1o oxdrouvdo Afuua.
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Afppa 3.2.2 (Béhtiot npocéyyion). Eotw f: T — C odokdnpdoiun ovvdptnon e
ourteleatés Fourier ay,. Ia kdOe emloyn pyabikdy avvtedeotdv c, k| < n, éxouue

F=> crex

k=—n

(3.2.12) If = sa(Hll2 <

2
EminAéor, wdtnra wyver akpifds dtav ¢, = ai, ya kdde |k| < n.
Anéden. I'pdpouye

n

(3.2.13) f- Z cker = (f —sn(f)) + Z brek,

k=—n k=—n

omou by, = ay — ¢k, xou epapudlouvpe to Iudaydpeo Oedpnua. Eiva

(3.2.14) Hf— zn: CLek

k=—n

2 n
=[If = sa(NIZ+ D law —eul® > 1 = su(DI,
2

k=—n

ve wotnTa oxpag dtoy Yo lak — cx|? = 0, dnhadh ¢ = ak i x&e |k| < n. ]

—n

ITopatrhienon 3.2.3. H yewpetpur epunveia tou Afjupatoc eivon 1 e€¥c: av dewpricouvue
TOV UTOYWEO Ty TWV TELYWVOUETEIXMV TOAWVIUWY Tou €youv Badud to molld (oo pe n,
t6te v xdde f € R, to mhnoéotepo onueio tou T, npoc v f eivar to S, (f). Eivow 1
«opBoyovia mpofolny e f otov undyweo T,.

YuveyiCoupe v amodelln tov BOewpruotog 3.2.1. Ou yenowonoiooupe o Arfuua
BEATIOTNG TPOGEYYLONG XAl TO YEYOVOC OTL To TPLYWVOUETEXE TOAUGVUHAL EVOL «TUX VA
OTOV YOPo TV cuveywy cuvapthoewy f: T — C.

Trodétouue apyixd, emniéov, 6Tl 1 f elvou ouveyrc. Ocewpolue tuydv € > 0 xau
Beloxouue ng € N xou tprywvoueteind mohudvuuo p Boduol ng Hote

(3.2.15) IF = pllee = max|£(0) —p(6)] <e.

Ewbwoétepa,

T 1/2 T 1/2
(3:2.16) f—p||2=<217T / |f(9)—p(9)2d9> s(;ﬁ / wllf—pliod9> <e

—T

Ané 1o Arppa 3.2.2,

(3.2.17) 1f = sno(Nll2 < IIf —pll2 <e.

Tépa, yoo xdde n > ng €xovpe sp,(f) € Tn (E&nyhote yiotl). uvende, ndht and o
Afppo 3.2.2 (otov Ty, auth T @opd),

(3.2.18) 1f = sn(llz < Nf = sno()ll2 <e
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Avuté anodewviel 6t ||f — s, (f)|l2 = 0 oty nepintwon mou 1 f elvon cuveyhc.
X yevue] mepintwor, émou 1 f elvon anhog ohoxhnowoidr), Beloxoupe mpoTta cuvey
ouvdptnon g HoTe ||glleo < || flloo 2o

2

2m
(3.2.19) A |f(9)—g(9)|d9<m-
Tote,
5ol = 5 [ 16) - aPas
< o [ 1O - a1 150) + lato)) do
2m
< 5 [ 16 = 9O (1f o+ allc) a0
< A= [7116) - o) a0
52
< Z,

onhady, || f —gll2 < 5. T v cuvexr g Beloxouue terymVoETEIXd TOAIGVLPO P (BOTE
lg = pll2 < 5. Téwe,

9 9
(3.2.20) If =pllz < [If =gllz+llg—pl2 <5+ 5 =e

Kotémy, cuveyilovye 6mwe mowv: yenowonowdviac 1o Afuua 3.2.2, delyvoupe ot ||f —
Sn(f)ll2 — 0. O

Mt dueon cuvénelo g amddelEng tou Oswpruatog 3.2.1 elvor N TALTOTNTA TOL
Parseval:

Oevpnpa 3.2.4 (tavtdtna tou Parseval). Eotw f : T — C odokAnpdoiun ovvdptnon.
Tdre,

(3:2:21) 1A= D2 1F (k)P
k=—o0
Andédeén. ‘Eyouue del 611, yio xdde n € N,
(3.2.22) 13 =" IF®P + 15 = sa(D3.
k=—n

Aol ||f — sn(f)|l2 = 0, érncton To Lnrodyevo. O
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HMapothenon 3.2.5. Ny anédeidn e | f]13 = I1f = sa(NIE + [lsn ()13 xpnoworor-
#HO1xe pévo To yeyovée 6t 1o {eF? 1 |k| < n} elvon opdoxavovind civoho. Me To (Blo
entyelpnua pnopelte edxoha va ehéylete ot av dewproouye omoodhrote dploxavovixd
obvoro E = {ey : k € Z} ouvaptioewy ond ty R xou av, Yo Tuydév n, dewpioouue v
owdptnon fn =Y r_ . (. ex)er, T6Te

(3.2.23) I3 = 1f = £ul3 + I £all3 = D 1(fren)]?.
k=—n
YUVETOC,
(3.2.24) > el < IIF13,
k=—o00

yioe x&de opdoxavovind obvoro E = {ep : k € Z} C R. Auvth elvou 1 (yYevinn) avicotnta
Tou Bessel. Iootta otnv avicdtnta tou Bessel woylel yio xdde f € R, axpBig dtav to
E elvar Bdom tou R, dniady

n

fﬁ Z <faek>ek

k=—n

(3.2.25) lim

n—oo

=0
2

vy xdde f € R.

IMopathenon 3.2.6. Mropolue va opicoupe wa omewévion T : R — (2(Z) 9étovtog

~

(3.2.26) T(f) = {f(k)}rez

Iopoatnerote étt n T etvon ypouuxh: av f,g € R xaw a,b € C, tote
(3.2.27) T(af +bg) =aT(f)+ T (g).

Emmhéov, 1 tavtdtnta tou Parseval delyvel ot n T ebvon woopetpio: yio xdde f € R,

. 1/2
(3.2.28) ITHI = ( > If(k)|2> = [l £ll2-

k=—o0
‘Onwe éyoupe mopatnefoet, o R dev ebvon mhfpne oc mpoc v || - ||z, eved o €3(Z) ebvou
TNfENG WS o TNV || - || Auté €xel we ouvénewr to Tt n T dev efvar eni. Av Atav, tdte

o R Yo fitav toopeteind toopoppixds ue tov £2(Z), dpo Yo hrav midene (e€nyhote
yuoett).

Yuunepaivoupe hotnéy 611 undpyovy akolovdies {ax trez pe tnvididtnta > pe  lagl|* <

o~

+00, ya g omoieg ev vndpyel f € R dote f(k) = ar ya kdle k € Z.
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‘ANAr), dueorn ohhd onuovTixr, cLVETEL TG TauToTHTAS Tou Parseval etvon to Avpua
Riemann-Lebesgue.

Oevpnpa 3.2.7 (Afppo Riemann-Lebesgue). Eotw f : T — C odokAnpdoun ovvdptn-
on. Tére, f(k) — 0 drav |k| — 0. O

ITopatrienon 3.2.8. Xuyvd, yenotponootue to Aupa Riemann-Lebesgue oty e€rc

poppn: av n f : T — C elvan ohoxhnpwoiur, téte

27 27

(3.2.29)  ar(f) = ; f(0)sin(k0)df — 0 xou bi(f) = ; £(6) cos(k#)df — 0

otav k — 00. Amo Tic oyéoeic nou ouvdéouy toug f(k), ar(f) xow bi(f), eEhéyyoupe edxoha
ot mpdtoon «ak(f) — 0 xon b (f) — 0 btav k — ooy elvon axpBidc 1oodlvoun pe tny
«f(k) — 0 6tav k] — ooy (e€nyfote yioti).

K\eivouye authiv v Hapdypoago ye wa yevixeuorn tng tautoétntag tou Parseval.
IlpbTaocm 3.2.9. Eow f,g: T — C odokAnpwoiues ovvaptiioes. Torte,

27 oo
(3.2.30) o) =— [ f@a@do=3 FkaH).
k=—o0

:277 0

Anédeaén. Av V eivon évac ypoppxde yopog Téve ard to C pe ecwtepind ywvouevo (-, ),
T01TE

1 . . . .
(3.2.31) {@y) =7 [z +yl* = llz = ylI* +ille + ayl* = illz — iyl|].

H tavtédtnta autr eAéyyeton dueoa, pe npdéeic. IHoapatnerote todpa bt

(f.9) = i[llf +l3 = I1f = gll3 +illf +iglls —ill f — igll3]

o

S TG = 5 [IF0R)+a 00| FOk)—G0R) 2+ Fk) k) |2 i Fk) (k) .
k=—o00

To cuumépaouo TEOXVOTTEL AUECA, OV EQPURHOCOVUE TNV TowTtdTnTa Tou Parseval ywa tic f+g,
f—g9, f+igxou f—ig. O

3.3 Xnuelaxr) oOYxAoY %ol N AeYN TN TOTUXOTNTAS

To amotéheoya tne mponyoluevne Hoapaypedpou dev unopel va e€ocparioel Ty Onapdn
onuelwv by € T v o onola s,(f)(6o) — f(6p). Tevxd, to npdBinua tne onuelaxhc
oUyxMong ebvan To duoxoldtepo TN UeéTr Twv oepwy Fourier. To Baowd Vewdpnua
authc e Hoapoaypdgpou delyvel 6tu av utodécovue v UTopén Topaydyou yia TV f oTo
0o T6TE 1) AMAVTNOTN Elvor HoTAPATLXN.
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Oewenua 3.3.1. Eow f: T — C odoxAnpdoiun ouvvdptnon. Av n f elvar napaywyi-
owun oto Oy € T, tdte

(3.3.1) sn(f)(60) — f(0o).
Anddaén. Opllovye wa ouvdptnon F : [—m, 7] — C pe
fOo—t)=f(00) 4, <lt|<nw

Fo={ Tt 02

Agol 1 f eivan Topaywylown oto Oy, and tov optopd e F Prénovue 6t limy o F(t) =
F(0), dnhadh n F ebvan ouveyhc oto 0. Elxdtepa, n F elvar pporyuévn oe wiol mepioyt
(—=n,m) Tou 0. H f ebvon pporypévn, cuvenne 1 F eivon gpaypévn oo [—m, —n] U [n, 7]

/(6 = D) +1f(60)| _ 2[lfll
It] oo

(3.3.2) |F(t)] <

av n < [t] < 7w Zuvdudlovtac ta moapandve éxoupe ot F elvon gpaypévn oto [—m, 7).

Emunkéov, n F eivar ohoxhnpidowun oto [—m, —d] U [d, 7] yio xdde 0 < 6 < 7. ‘Eneton 61 n

F eivou ohoxhnpdyown (e€nyfote yiati, ypnowonotdvtos to xpithpto Tou Riemann).
Xenowonowhvag to yeyovoc 6t s, (f)(0o) = (f * Dy )(00), yedpouue

n(1)00) = 1(00) = o= [ (00— 0Du(0)dt — 1(60)
_ % " (80— H)Da(t) dt—% " H(00)Da(t) dt
= o [ 11— F@IDu(0) dt
1 ™
= 5 [ Fow.ma
Hoapatnenote ot
sin(n 4+ 1/2)t
tDn(?) Sin(/2)
= m (sin(nt) cos(t/2) + cos(nt) sin(t/2))
= tsci(:ls(f/;)) sin(nt) + ¢ cos(nt)
= g1(t)sin(nt) + g2(t) cos(nt),
6mov ot cuvaptfioes gi(t) = t:?f(gf/;) xou gao(t) = t ebvou ouvveyelc oto [—m, 7 (n ¢

t cos(t/2) _ 2)

enextelveton ouveydhe oto 0, ddtt lim, g Sn(t/2) Tépa, agod o F(t)g1(t) »ou



66 - YYTKAIZH SEIPON FOURIER

F(t)ga(t) eivon ohoxhnpdyowee oo [—m, 7|, PAénouye 6Tt

su(£)(00) — f(B0) = % [ F(#) D, (1) dt
1 ™ T

= F(t)g1(¢) sin(nt) dt + L F(t)ga(t) cos(nt) dt

2 o 2 J_,
- 0+0=0
6ty n— 00, and to Afuua Riemann-Lebesgue. O

ITopathpnon 3.3.2. Eietdlovtac Ty anddeln tou Bewpripartog 3.3.1 napatnpolue 6Tt
70 ouvunépacyo s, (f)(0o) = f(8o) eZoxoroudel vor toyler av xdvoupe tny e€fc aodevéotepn
unodeon yoo vy fr «n f elvow ohoxhnpddouun xou ixavornolel cuvOhxn Lipschitz oto 6y,
onAadt), undpyer M > 0 wote

(3.3.3) £ (80— ) — f(80)] < Mt

v xdde t € [—m, m]». Mropolye tote vo emovakdBouye Thy anddelln ywelc xaula tpononoi-
nom-

Mo onuovtiny cuvénela tou Oewpiuatog 3.3.1 elvor 1 dpX” TOMXOTNTAS TOU
Riemann: n cOyxhion A un tne oxorovdag s, (f)(6o) e€optdron pdvo and tn cuunepLpopd
e f o€ pa mepoyrj tou p. Autd dev elvan xaddAou Tpogavég av oxepToUE HTL Tl HEPLXS.
adpolopato s, (f)(0o) opillovia yéow twv cuvtereotdv Fourier f(k), |k| < n, tne f xo
ot ouvteheotéc Fourier npoxdntouy ye ohoxhipwon oto [—m, ], dnhadi tadpvouv ur’ by
Toug Tic TWée e f o€ oAdkAnpo to [—7, 7.

Oeswenua 3.3.3. Eow f,g9: T — C dvo odokAnpioues ovvaptioes. Yrolérouue o,
ya kdnoto 0y € T ka1 ya kdnow avoixté dotnua I C T dote Oy € I, 1w0yde

(3.34) f(8) =g(0) ya kdfe 6 € 1.
Tdre,
(3.3.5) sn(f)(00) — s(9)(0o) — 0.

Ebixdrepa, n {sn(f)(00)} ovyrkdiver av ka1 uévo av n {s,(g)(6o)} ovyriiver.
Anéddeiln. Oewpolpe Ty ouvdptnon h = f—¢g: T — C. H h elvar ohoxhnpddoun xou
h(0) =0y x&de 6 € I. Apod to Oy eivon ecwtepind onueio tou I, 1 h elvou noparywylown
oto Oy, pe h'(6y) = 0.

Ané to Oeddpnuo 3.3.1 BAénovpe ot

(3.3.6) sn(h)(60) = h(6y) = 0.
‘Opwg,
(3.3.7) sn(h)(00) = sn(f — 9)(60) = sn(f)(00) — 5n(9)(0o).

‘Eneto to {ntolduevo. O
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3.4 M cuvey”g ocuvdptnor we oelpd Fourier mou anoxAiivel
oe éva onuelo

Ye avtiv v Hapdypago Yo dotye 61t 1 unddeon 6t i f : T — C eivon marzov ouvexris
dev elvon apxeTy| yior vor e€aopaiioet Ty

(3.4.1) fl@)=S[flx) = Y Flk)e™
k=—oc0
v xdde z € T. Buyxexpwéva, Yo deiovye to e€nc:
BOcwenpa 3.4.1. Trdpyer ovveyns ovvdptnon f : T — C ya Ty onola
(3.4.2) lim sup [s,(f)(0)] = +o0.
n—oo

AnAadn, n S[f](0) aroxAiver
Ynuoavtind pdho otny anddeln nallovy oL TELY WVOUETEIXES OELREQ
ikx —1 eikz

(3.4.3) Zek o >

k#0 k=—o00

AAppa 3.4.2. Ocwpolue tny auvdptnon

@) = ilm—x) av0<z<m
T —ir4z) ar —m<x<0
ka1 Ty enektelvoupe tepodikd oto R. Tote, n oepd Fourier tng f evar n
eik::c

o

(3.4.4) SIflx) =

~

Anédaén. H f elvou mepirtd, dpa f(0) = 0. Av k # 0, éyoupe

0 ™
2rf(k) = —i/ (m + z)e”*ds + z/ (m — x)e”*dg
0

—T

__—ikz0 0 —ikx
_ {i(erx) eik: } +¢/ eik da

_ —ikx T T —ikx
Jr[i(ﬂx) eik: } Jri/o eik dx
0

—1 -1 Ttk
= —iﬂ——iﬁ——i—i/ dr

ik ik ik
_ r,r_2
ok kK
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e—ik:n

OLOTL ffﬁ ——dz = 0. 'Encton 611, yia xdde k # 0,

(3.4.5) ) = 7.

%ol AUTO amodeevLEL To Afuuo. O

Ou ypeelaotolyue T0 e€hg YEVIXS anoTéAeoud, To omolo Tapouctdlel aveEdpTnTO EVOLAPEQOY.

~

IIeétacy 3.4.3. Eotww f : T — C oloxAnpdoun ovvdptnon. Av n {|kf(k)|}rez
etvar ppaypévn axodovdlia, téte ta pepicd adpoiopata s, (f) tng oepds Fourier tng f eivar
opo16OpPa ppayuéva:

(3.4.6) sup ||$n(f)]|co < +o0.

AnAadn, vrdpyert M > 0 dote
(3.4.7) [sn(f)(2)] < M
yia kd0e n € N ka1 ya kd0e x € T.

Tty anddeln e Hpdtaone 3.4.3 yperaldpaocte 0 avtioToly 0 AMOTEAECUA Yot TOUG
Cesaro péooug e S[f], To omolo woylel oe TAfen yevixdna.

AAppa 3.4.4. Eoww f: T — C odoxAnpdoun ouvvdptnon. loyve én

(3.4.8) S‘ip lon(Flloe < [flloc < +o0.
AnAadn),
(3.4.9) lon (F)(@)] < 1]l

yia kd9e n € N ka1 ya xd0e x € T.

Anédeiln. I xéde n € N xou yia xdde z € T éyouye

D@l = 1@ =5 [ s or0
< o [ Vo
= o[ I nl R

< 1l i/ Fo(t) dt = | oo

2 J_,
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Baowd pého otny anddeiln énane 1o yeyovoe 6Tl o muphvac F, malpver un apvnuixég
TEAYUOTIXES TUEC. O

Anddegn tng Ilpdtaone 3.4.3. And tny unddeon, undpyet M > 0 wote

(3.4.10) kF (k)| < M

v xdde k € Z. 'Eotw n € N xaw z € T. Oswpolye v dlapopd

(@) = a0 = X et 30 (1= ) e

"Eneton 6L

(3.4.11) [sn(f)(@) = onpa (F)(2)] < k;n \l:LfJ(rkl)l < (27;;;11)1\4 o

Téte, ypnowonowwvtac 1o Afupa 3.4.4 BAénoupe 6Tt
s (F)(@)] < [8n()(@) = ons1 (F)(@)] + [ona (/) (@)] < 2M + [ f]]oo- O

H Hpotaon 3.4.3 epappoletar ota hepixd adpoiouarta e oepds Fourier tng ouvdptnong
f touv Afpparoc 3.4.2. H oeipd

ezkx

(3.4.12) > -

k#£0

~

elvan oepd Fourier ohoxhnpdowune cuvdptnone xou eivan gavepd 6t |kf (k)| < 1 v xdide
k € Z. Yuvende, undpyet M > 0 oote, yia xdde z € T xou yia xdde n € N,

eikx
(3.4.13) Y. | =lsH@) <M

1<[k|<n

Iaipvouye étol to e€h¢:
AAppa 3.4.5. Ia kdle n € N Jewpolue to tprywvopetpikd modvdrupo
ik

(3.4.14) folr)= Y ek

1<[k|<n

Yrdpxet M > 0 dote |fn(x)] < M ya kdOe n ka1 yia kde x. O



70 - YYTKAIZH SEIPON FOURIER

Iepvdye Tdpo 0NV TELYWVOUETEIXY| GELRA

—1 ikx

(3.4.15) 3 ek .

k=—o0

Me Bdon v Ipdtaon 3.4.3 uropolye va anodelouye 6Tt Oev uTdpxer ONOXANEMOULY| CU-
véptnon g : T — C dote

(3.4.16) Slgl@) = > —

k=—o00

Tpdryportt, av uthpye tétow g, topatneovac ot [kg(k)| < 1 Yo cuprepaivaue, oaxpBoe
onwe oty TepinTtwon tou Afuuatog 3.4.5, 6t

(3.4.17) sup [|sn(9)|loc < +o0.

EWlwotepa, 1 oxohoudia {s,(g)(0)} o énpene va eivon pporyuévn. ‘Oponc,
51
k

k=—n

=1+c+-+

(3.4.18) 15 (9)(0)] = > > clogn

yio xémota otadepd ¢ > 0 aveldptntn and to n. Anhadi, |s,(g)(0)] — +oo xou 0dnyolua-
OTE OE dTOTO.

Oa Y ENOLOTOCOUKE AUTAY axEBOS TNV oaxoroutia TELY WVOUETELXWY TOAUKOVOULY. Me
Ayo BlagopeTind cupBolioud, éyoupe deléel To e€rg:

AAppa 3.4.6. Ia kdle n € N Jewpolue to tprywvopetpikd modudrupo

—1 ik
e
3.4.19 (2) = .
(3.4.19) ni= 3 5
Yrdpyer ¢ > 0 dote |gn(0)] > clogn yua kdde n € N. O

Arno6deiln Touv OewpRuatog 3.4.1. XpnowwonoldvTog Tic axolovdieg Twv TpLywvo-
peTexdv ToNueVOpeY {fr} xa {g,} xdvoupe Ty e€fc xataoxeut.

(o) T %8 n € N opiloupe

i(k+2n)z
. e
(3.4.20) pnlx) = €2 f(x) = —
1<|k|<n

[Mopatnefiote 6TL 0 «Popéacy ToL Py, (SMAadh o sivoro Twv m € N yio ta onoia p, (M) # 0)
nepéyeton oTo ddotnua [n, 3n]. Eniong, yia xdde z,

(3.4.21) [pa(@)] = [ fu(@)] = | fu(2)] < M,
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an6 to Afuua 3.4.5.
‘Opoia, yio xdde n € N opiloupe

—1 i(k+2n)z
. (&
(3.4.22) gn(z) = €™ g, () = Z T

k=—n
Topotnehiote 6TL 0 «POEEACY TOU gy, TEpIEYETU 010 didotnue [n, 2n]. Eriong,
(3.4.23) 162(0)] = [ga(0)] > clogn,
an6 to Afuua 3.4.6. Téhog, nopatnenote 6T

(3.4.24) s2n(Pn) = Gn-

(B) Oewpoiye pua axohovdior {ay } 52, VeTMY TpoypaTixdy aprdutdy OOTE 1 GEWS > pey Ak
va ouyxhivel. Katdmy, emhéyoupe yvnolwe adlovoa axohoudio { Ny} @uowmdv apidumy, n
omola wavorotel to e€c:

(1) Ng+1 > 3Ng vy xdde k > 1.

(ii) ag log Ny — 400 6tav k — oco.
T mapddery o, Umopolye Vo eTAEEoUUE ar = 7z xou Nj = 32" k=12, .
(v) Topa, opiCovue f: T — C we e

(3.4.25) f@) =" arpn, (o).
k=1

Ané to xputriplo Tou Weierstrass, 1 oelpd cuvapthoewy Tou de€lol u€Aoug GUYXAVEL OpOoLO-
poppa: av 1, (x) = appn, (x), ToTE

(3.4.26) [7klloo = akllpnglloo < May,

nouw

(3.4.27) D rklloe = MY ag < +oc.
k=1 k=1

Aol x&ie 1, elvon cuveyfic ouvdptnon (TprywvopeTExd ToAUGVLYO), 1 f elvon cuveyrc.

(d) Mapatneriote 6T, yia xdde m € N,

(3.4.28) san,, (F)(@) = arpn, (),
k=1

oAAG, amd Ty (3.4.24),

(3.4.29) san, (f)(z) = argn, (z)
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xou, yio xdde m > 2,

m—1
(3430) 2N, (f)(:E) = AkPNy, (I) + amgn,, (I)
k=1
Ewwoétepa, v z = 0, €youpe
m—1
523, (O] = | arpw (0) + aman,, (0)
k=1
m—1
> amlgn,, (0)] = Y aklpn, (0)]
k=1

Y]

m—1
camlog Ny, — M Z ag
k=1
o0
> capylog N, — Mzak,
k=1

And tov oplopd TV @y %t Ny, €XOUUE Gy, log Np, — 400 6tav m — oo. Agob
Y peq Ak < +00, CUUTEPAVOUUE T

(3.4.31) |san,, (f)(0)] = +o0.

Anhadh, limsup [s, (f)(0)] = 4+o00. Apa, n S[f](0) amoxhiver. O

3.5 Aoxnoeig
Owpdda A’

1. AciZe 6t o (3(Z) ebvor Thferc.

2. Bewpolye tov Yo R twv ohoxinpwowwv f: T — C ye ) vépua

Il = (g [ 1)

(o) Acite 6T, av f € R xou ||f|l2 = 0, t6te f(x) = 0 o x&de onuelo = oto onoio n f
elvan ouveyrc.

1/2

(B) Avtiotpoga, deilte 6T av n f nodpver v T 0 oe Ao ta onueia ot ontola efvan
ouveyfc, tote || f|l2 = 0.
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3. Ocewpolye v ouvdptnon f: [0,27] — C pe

[ In(1/8) av0< 6 <27
f(a)_{o av =0

Ae{Ete 6tL ) f Bev avixel otov R. Oewpolye thpa Ty axohovdia cuvapticewy {f,},
omou .

_J In(1/0) ov o <O<27
f”(e)_{O wv0<fg< L

AelEte ot %8de f,, elvar Riemann oloxinpdowun xou 6t n {fn} elvan Baowwr| axohoudia
Tou R, 0dA& ev undpyet g € R dote limy, o0 [|g — full2 = 0.

4. Oewpolpe v axohovdia {ak}pe _  ue

AclEre 6t {ag}5 o € (2(Z) olh& Bev umdpyer f € R pe v idTnTa F(k) = ay, yio xéide
keZ.

5. Xenowonowwvtag ™y ouvdptnon f : [—m, 7] = R ue f(z) = |z| xau v tawtdTnra Tou
Parseval, dei&te 6t

> 1 7r4 =1 v
S e TEeh
= (2k+1) 96 Pt k 90

Xpnowomolhvrog Ty 2m-neplodixy| nepttth ouvdptnon g : [—m, 7] — R pe g(z) = z(m —x)
oo [0, 7] xou TNV TowtéTNTa Tou Parseval, Seite 6t

0 6 > 6
S oL T e YA
= (2k+1)5 960 S kS 9457

6. Acilte ot av a ¢ Z, téte 1 oepd Fourier tne ouvdptnong

™

fl@) = ——

sin o

ei(ﬂ’fz)oc

oo [0,27], elvou 1
eik:c

k;ook—i—a'
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Egapuoélovtoac tny tautdtnta tou Parseval, cuunepdvate ot

o0

1 w2
Z (k+a)? sin?(ma)

k=—o00

Owpdéda B’

7. Adote nopdderypo oxohoudiog {f,} ohoxhnpmoiuwy cuvapticewy f, @ [0,27] — R
WoTe

1 2
lim —/ | fn(2)|?d2 = 0,
0
oAAG v x&de @ € [0, 27] n axoroudio {fr,(z)} Sev cuyxhiver.

8. Acléte 6L 1 TprywVOUETELXY OELRd
i sin kx
Ink

k=2

ouyxhivel v xdde = € R ahd Bev elvon 1 oelpd Fourier xdmnolog Riemann ohoxAnpdoiung
cuvdpTnoNg.

9. Eotw f: T — C ouveywe napaywylown cuvdptnor. Aeléte 6t 1 oepd Fourier tne f
oLy xAivel amoAlTwC.

10. (o) Eoww f: T — C ohoxhnpoowun cuvdptnon xou éotw k # 0. AelZte 6t

T

Ty = -2 [ fla+n ke da,

2 J_,

X0l CUPTERAVATE OTL

Firy = - / @) - flo 4 m ke e,

:E -

(B) Trnodétouue 6t 1 f wavormoel vy cuvdfiun Holder |f(z + h) — f(z)] < C|h|* v
xdmowov 0 < a < 1, xdmota otadepd C' > 0 xou yio x&de x, h. Xpnowonowdvtoe 1o (o)
detgte 6T undpyer M > 0 wote

o~

[k|*[f(R)] < M
yia xdde k € Z.
(v) Aeigte 6m, av 0 < o < 1, t61€ 1 SLVEPTNOT)

f(:E) _ Z 2—kaei2kw
k=0



3.5 ASKHSIEIT - 75

wavorotel 0 cuvifn Holder tou (B), xou

f(k):kia av k=2%seN.

Ouwddo I

11. (o) Eow f,g : T — C ovveyne napaywyloes ouvapthoes. Trodétouye 6t

027r g(t)dt = 0. Aei&te 6T

2m 2

Tty di| < / " Ir Pt / "\ (1) Pt

(B) Eotw f : [a,b] — C ovveyne napaywyiown cuvdptnon pe f(a) = f(b) = 0. Acilte

ot
b _ N2 b
[ istpa< o [popa

0

12. Acite 6T
[t
ot 2
13. Eoctw f: R — C ouvdptnon 2m-neplodiny], 1 omola txavornolel tny cuvixrn Lipshitz

[f(z) = f(y)| < Kz —y|

v x&e z,y € R, 6mov K > 0 otadepd.
(o) T %&de ¢ > 0 opilovpe gi(z) = f(z+1t) — f(x —¢). Acite 6

1 27 0 .
3 | lmPde= 30 alsinkeR |

k=—o00
X0l CUUTEQAVATE OTL

> Isinkt[f(k)]? < K22,

k=—o0

(B) Eoww p € N. EmiMéyovtac t = 7/2PFL | Bellte 6t

~ K272
2
S WP <

2r—l<|k|<2p
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(v) Adote Gvw gpdypo yior To

Y Ifw)

2P <|k[<2P
%o ouunepdvate 6Tl 1 oelpd Fourier tne f ouyxivel anohbtwe, dpa opotdyoppa.
Opdda A’

14. Eotww f : [-m, 7] = R adfouca cuvdptnon. Aeilte bt undpyer M > 0 dote
~ M
k)| < —
HOEE
v xdde k € Z )\ {0}.

15. Eotww {ex} axohoudia Jetuxdv aprdudv pe e — 0. Acite 1 undpyer ouveyic
owdptnon f: T — C ye v WiéTTor Yo dmetpeg Tipés tou k € Z,

~

[f(F)| = e

16. O oculuyrng muprvac tou Dirichlet opileton and v
Da(@) = Y sign(z)eit,
k| <n
6mov sign(x) eivon To mpdonuo Tou .
(o) AeiZte 6
Dy () = cos(z/2) - cos((n +1/2)x)
sin(z/2)

el -
/ |D,, ()| dz < clogn.

—T

AciZte 6t av n f: T — C elvou ohoxdnpdrowun, téte
" NPEWOWY)
(f * D,)(0) < Clogn.
v) Aci€te 611, v xdde 0 < a < 1, n TpLywVOUETELIXT oElpd
ne HETPLXT OELP

o0

sin(kx
>

k=1

oLYXAVeEL Yioe xdle x, aANG Bev elvon oelpd Fourier xdmolac oAoxAnp®doyne cuvdeTnong.

17. Eow o > 1/2 xau f : R — C ocuvdptnon 2m-neplodny), 1 onola txavomolel tny
ocuvixn Holder

[f(z) = f)| < K|z —y[*
v xdde z,y € R, 6mov K > 0 otadepd. Acite 6t 1 oepd Fourier tne f ouyxhivel
anohOTKC, dEd OUOLOUOPQOL.



Kegpdiawo 4

Metaocynuaticuodc Fourier

4.1 Meraocynpatiopwog Fourier oto R

‘Eotw f : R = C ouveyrc ouvdptnon. Toéte, n f elvon ohoxknpdowun o xdde didotnua
e poppric [-N, N], étou N > 0. Anhadn, 10

N
IN :IN(f) = /_Nf(;v)dx

oplleton xohd. Av 1o limpy o Iy uTdpyel, Téte Aépe 6Tl 1 f elvon ohoxinpwown oto R,
xou opiCoupue

N—o00

(4.1.1) /_ZOO f@)dz = lim /_]jv f(z)dz.

Elvor ToAd g0x0ho vo BOGOUVUE TopadElYUATO GUVEY DV CUVIRTHCEWY UE UT) AQVITIXES TRAY-
wotxée Tpée, yioo Tic omolec limy o0 IN(f) = +00. Oewphote, yio mapddelyya, v
fl@)=1%wy f(z) = %III’ 7 onolo udhota €yet Ty WdTTa lim, 4o f(x) = 0. T
va e€aoparioovpe TNy obyxhion e In(f) gaiveton hoyixd vo Yécouye tov tepopioud 6t
N f «@divel apxetd ypriyopo» mpog to 0 6tav z — £oo.

Optopdc 4.1.1 (n xhdon M(R)). M ouvdptnon f : R — C @Oiver apxetd yeh-
Yopa av elvor cuveyNc xou udpyel otadepd A > 0 wote

yio xdde x € R.

4.1.2 <
(112) @) < s
SupporiCouue v xAdon autdv Twv cuvopthoewy pe M(R). EOxola eléyyouue 6Tl M
xhdon M(R) elvon ypaupixde LTOYWEOS TOL YWEOU TV cuveEX®Y cuvaptioewy f: R — C.
Mpdryportt, av f,g € M(R) o a,b € C, t6t€ af + bg € M(R) (e&nynote yioti).
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Afppo 4.1.2. Av f € M(R) e to

00 N
(4.1.3) /_ flz)dx = A}gnoo . f(x)dx

undpyel.

Anédeaén. Apxel va delfoupe 6Tt 0 ohoxhpwpa Iy = fiVN f(z) dz (to omolo undpyet yia
xdde N > 0, dén n f ebvar ouveyhc) wavomoiel ) ouvdiun Cauchy: v xéde € > 0
umdpyet No > 0 wote, av M > N > Ny t6te |Ipy — In| < e.

Xenowonowhvrac to yeyovoc 6t | f(x)] < H% yio xdmota otodepd A > 0. ypdpoupe

1
Ly —1Iy| < / f(2)|do < A B
| | N<|z|<M Ne<lz|<m 1+ 22
1 1 1
< 4 dx:2A(—>
N<|z|<M ¥ N M
< % <e
— N )
av M > N > Ny, érouv Ny > 24 /e. O

ITopatripenomn 4.1.3. Lny mopela tng anddeléne eldoue 6TL

(4.1.4) lim |f(z)]dx = 0.

Yt ouvéyew, Yo ypnoionotolue eebiepo authiv v mopathienon. Emlong, xoitdlovtog
Ty amodelln, BAénovye 6TL Yo apxovoe 1 undleon 6T, Yl xdnoto € > 0 xau xdmola oTardepd
A > 0 wybel 7

‘S L
14 [xftte

(4.1.5) |f(z)

v xdde z € R. Emiéyoupe € = 1 yio Adyoug amhotntag.

H enépevr Ipdtaon neprypdpel xdmoleg Bacixéc BLOTNTEC TOU OAOXANPOUATOS Yio GU-
vapthoels e xhdone M(R).

Ieoétacr 4.1.4. I'a o ooxAfpwua otny M(R) wydovr ta e&rig:
(i) I'pappuxdtnra: Av f,g € M(R) kat a,b € C, téte
oo

(4.1.6) /OO (af(x) +bg(x))de = a/_o; f(z)dz + b/ g(x) dx.

—00 — 00
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(ii) AvaAdoiwto ws mpos petapopés: Fotw f € M(R). INa kdde t € R,

(4.1.7) /m flz+ d:r*/ flz

(iil) Xuumepipopd ws mpog daotodés: Eotw f € M(R). I'a kdde 6 > 0,

(4.1.8) (5/00 f(éz)de = /00 f(z)dz
(iv) Xwéyeaa: Av f € M(R), tdre
(4.1.9) }gr(l) h |[f(z+1t)— f(z)|dz = 0.

Anédeaén. (i) T xdde N > 0 éyoupe

N N N
(4.1.10) [N(af(x)—i—bg(m))dxza[Nf(x)dx+b[Ng(x) dz

Iepvadvtog oTto bplo maipvouue TNy (4 1.6).

(i) Trdpyer A > 0 wote |f(z)] < 1+x2 v xdde z € R. OpiCouue

(4.1.11) JIn = /N flz+1t)de prees In :/ f(z)dx
_N —-N

Xwplc meploplopd e yevixdtntag, vnodétovye 6ttt > 0. Téte, av —N +t < N (dnhodr,

N > t/2) éyoupe
N+t N
|/N+t dz—LNf(x)dx
N+t N+t
/ f(x)dx —[ f(x)dx

N+t — N+t
i i s/N |f<x>|dx+[N (@) de

[ i@des [ @),
|z|>N |z|>N—t
Ané v (4.1.4) ovunepaivouye 6Tt

Un— Il = |/ osie— [ soin| =

IN

(4.1.12) IJN —In — 0 ébtav N — oo.

Agol to lim Iy undpyet, undpyet xat To
N—o0

(4.1.13) / flx+t)de = hm Jy = lim IN—/ f(z)dx

N —oc0
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(iii) H anddeln eivon napdpola. Opiloupe

N N
(4.1.14) KN:/N§f(§x) dx ol In :/Nf(x) dx

Xoplc neplopioud g yevindtntog, utodétovue 6t § > 1. Tote, €youue

Ky —In| = |/ 5f6xdx—/ fla ‘/ fa dx_/ f@

Y wde— [ @) de s/N s “'d“/_m' (2)|da

N —0N

2 /MZN ()] d.

Ané v (4.1.4) oupnepaivouye 6t

IN

(4.1.15) Ky—Iny—0 6tav N — 0.

Agol to lim Iy undpyet, undpyet xaL to
N—oc0

(4.1.16) (5/ f(éz)de = hm Ky = hm IN—/ f(z)dx

(iv) Oewpolpe Tuydy € > 0 xou Bploxoupe N > 0 dote

€
(4.1.17) /|I>N1|f(9:)dx< T

H f eivou opotdpopga cuveyhc oto [—N — 1, N + 1]. Zuvende, vndpyet 0 < to < 1 ye tnv
elhc WiotnTor av x € [—N, N] xou |t| < to, t61€
€

(4.1.18) fla+t) = f@) <

Téte, av [t] < tg €youpe

A

(o' N
/ @t t)— f(o)de < /_le(fc+t)—f(w)\dx

+/|w2N |f(a:+t)|dx+/$|2N |f(x)| dx

AN
N
222
g
+ o
lon 8
+  +
\g\
[ v
o =
|
=
B
N
3
_|_
—
v
b4
=
J
o
3
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T to f|m|>N |f(z 4 t)| dz yenowonowiooue to yeyovoe ot av |z| > N xou [t < to < 1,
t6te |z +t| > N —1. O

H apyun 6éa ebvan v oploouye tov petacynuotiopd Fourier péow tng

(4.1.19) G /_ b flz)e 2 dy

yioo xdde f € M(R). To oloxhipwuo oto 8e€id péroc e (4.1.19) undpyet, SibTL 7
owdptnon = — f(z)e 2" avixel oty xhdon M(R). Apa, o 1163 opileTon xoAd Lo
xdde € € R. H ouvdptnon J:R=C 7 omnolo oplleton €tot, elvan Qporyuévn xou umopel
xavele vo delel 6L f etva cuveyfic xou limg 00 f(f) = 0. ‘Opwc, dev urnopolue va
eEaoahicovye Ot fe M(R). Acdouévou 6t Bacixde Wag otdyog eivon var anodelouye
ToV TOTO AVTIOTREOYHC

(4.1.20) fw- [ " Fleemtae,

neploptloupe tov optopd tou petacynuatiopot Fourier oe xatddinin unoxidon S(R) tne
M(R) oote. av f € S(R) va propolye vo anodeiloupe tnv (4.1.20).

Optopdc 4.1.5 (o yodpoc touv Schwartz S(R)). H xhdon S(R) Aéyetun xdpog Ttou
Schwartz xo onoteheltan and oheg tic f : R — C o1 omoleg elvon dnelpeg @opéc maporyw-
vioweg xou @Bivouv mOAL yeryopa ue tny e€rc évvola: yio xdde k, ¢ > 0 undpyel
Ak,g > 0 dote

(4.1.21) |28 |f O ()] < Ape  yioxdde z € R.

EOxoho ehéyyouue 6L 0 ydpog tou Schwartz elvon ypouuixde xdeogc. Oa yenoidonolol-
HE oLYVE To YeEYOVOS OTL M xAdom S(R) elvon xAeloTH WS TPOC THY TOEAYOYLON oL TOV
TOAMATAAGIAOUS UE TOAVGDVUUL

(i) Av f € S(R) t61e [ € S(R).
(ii) Av f € S(R) t6te a2 f(z) € S(R).

Ané v deldtepn WidtnTa éneton dueoo i av f € S(R) xou p(x) elvou onowod¥inote mo-
Aovupo, téte p(x) f(x) € S(R). H anddeiln autiv twv Ioyuplopoy a@hveTon we doxnon.

IMopddetypa 4.1.6 (Gaussian cuvapthoeic). Eva yopoxtnplotind napdderyua cuvdptn-
onc f € S(R) elvor  Gaussian cuvdptnon
2

(4.1.22) flx)y=e""".

H f elvou dmelpeg popéc napaywylown xaw dheg ol topdywyol tng elvar tng wopphc p(:c)e"”g7
6mou p(x) Tohumvugo. Mropolye t61e vo ehéyEouye edxoha 6t 1 f ixavorolel Ty (4.1.21).

To B0 woylel Yo xde cuvdptnon tne wopgnc e~ **, émou a > 0.
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Ou Gaussian ouvapthoeig Yo nai&ouy Boaoixd pdho GTN UEAETH TOU UETAOYNUATIONOU
Fourier.

Opiopbc 4.1.7 (petaoynuatiopde Fourier). Av f € S(R), 0 peTaonUATIOROC
Fourier tng f ebvon 1 cuvdptnon

(4.1.23) G [ h Flz)e 2% dy.

Yty endpevn Ipdtaoy napadétovye Tic Baocixéc WBLOTNTES ToU YeTaoynuatiopol Fourier.
IMpdétaom 4.1.8. Eotw f € S(R). Ioyvovr ta napakdrw:

~

(i) Avh e R ka1 g(z) = f(x + h), tée §(€) = f(£)e2hE,
(ii) Av h € R ka1 g(z) = f(z)e~2™@h | tére G(€) = F(€ + h).
(iii) Av 6> 0 ka g(z) = f(d7), toze §(&) = % F(£/9).
(iv) Av g(x) = f'(x), tote §() = 2mit [ (£).
(v) Av g(z) = ~2mizf(x), woee §(€) = L (€).
Anddaén. (i) Me tnv ahhoryfy YeToPAnthc y = = + h, Ypdypouye

g6 = /_C><> fz+ h)e ™8y = /_oo Fy)e2miW=RE gy

= / fly)e 2miveePmiheqy = ¢2mihe / Fly)e 2 dy
— ‘]/l‘\(f)e27rih€.
(ii) Tpdpoupe
/g\(é') = / f(x)efQ‘n'iwhef%ria:ﬁdl, _ / f(m)ef27ri:p(§+h)dx
= fE+hn).

(iil) Me v odharyh) petaBAntic ¥y = dx, Ypdpouye

/g\(f) = /_OO f(dx)e—%rimfdx — %/_OO f(y)e—%ri(y/é)gdy

~

= 5 ey = S fe/s).
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(iv) Kévoupe ohoxhfpwon xatd péen: yio xdde N > 0 éyouue

N N
(4.1_24) / f/(m)e—Qm‘zde — [f(l,)e—%rimf] JjN + 27Ti£/ f(x)e—%rixgdx.
-N N
Hoapatnenote ot
@125) e = e NG N

6ty N — o0, 86t f(£N) — 0. Agrvovtac to N — oo naipvoupe
(4.1.26) G(6) = / f(z)e 2™ dy = 2mmig / Flx)e ™% dy = 2mi f(€).

(v) Ipémer va deiZovpe bt

~ ~

e I
(4.1.27) }Lli% — + 2mix f(§) = 0.
Tedpouye
w +2mizf(€) = /_Z f(x)e—%iw&#wh_ldx

+/ 27rz'mf(x)e_2”m5dx

— 00

o] ) e—QTriJ;h -1
/ f(z)e 2mizs [ + 2mix| dx.
. h

‘Eotw £ > 0. Agot f(z) xu zf(z) € S(R), unopolye va Beodue N > 0 dote

(4.1.28) / |f(z)]dx < e xai / || |f(z)|dz < €.
lz|>N lz|=N
Enionge, unopodue va Ppolue hg > 0 dote, v xéde 0 < |h| < hg,
e—27rixh _ c
4.1.29 +2miz| < 77—~
29 p AN (e + 1)

T Tov teheutalo woyvploud, topatnenote 6T

5(2 -1 5in (2
cos( th) B Z,sln( fzm:h) + 9miz

’ —2sin?(mzh) _sin(27zh)

—2mixh _

h

e

+ 2mix

3 — 2mi ol + 2mix

sin?(wzh)
(rah)?
212 N?|h| 4 (2m)*N*|n|? /6,

IN

2222\ h| + 2m|x]

sin(2rzh) 1
2rzh

A
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6mou, 670 Téhog, yenowonothoope TNy |sint — ¢ < [¢]3/6. 'Encton 6t
e—27ri9ch —1 o

(4.1.30) £ B orix

oto [=N, NJ, étav h — 0. Tuvernde, av 0 < |h| < hg éyouue

~ o~

N

n) — . —2mizh _ 1
fELN=TO . smiar| < 2+ [ 1wl + 2ria| da
h -N h
€
< 242N floo——— < 3e.
o N (7T + D

‘Encton 4Tt —7m'\xf(§) = %?(f). -
Ocdhpnua 4.1.9. Av f € S(R) wre f € S(R).
Anédeaén. Tapatnprote npdta 6T, av f € S(R),
(4.1.31) 1fle< [ I d

dnhod¥ 1 f eivan gparyuévn. Tia vor BelZoupe 61 [|€F(€)]lse < +00, TapatnEolUE 6TL N
£f(€) etvon o petaoynuatiopéc Fourier e 5 f/, 1 onola efvan enlong oty S(R). Tiot va
deloupe 6Tl M % elvon parypévn, mapatneodue OTL 1| % elvar o petaoynuotiopde Fourier
e —2mizf(x), n onola elvon enione oty S(R).

Fevixd, yio x&de k, £ > 0,  cuvdpetnon

d\ -~
(4.1.32) ¢ <d£) 16
elvar o yetaoynuationdg Fourier tng
1 d\" oy
(4.1.33) hie(z) == Gt (d:r) [(—2mix)" f(2)].

Ipdrypatt, napatneolue apytxd 6T

déf _ -1 (ﬁ)_ -1 (—%f)

Tgé det=1 \ d¢ - dgt—1
— = (2m)atf
yia xde £ > 1, xon
~ ~ 1 -~ 1 ==
k = k-1 :7k71/:~~~:7(k)
§f=elef = e+l i)
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yia xdde k > 1. Luvdudlovtog autéc Tic 0o TowTdTNTES Talpvouue

f@ = 27” ( ) 2mx
= < ) 2mm
271'@

Aol m hy e aviixer oty S(R), 1 cuvdptnon fk(f—;f elvor pparyUEvn cuVaETNOT). O

4.2 O t0nmog avTIoTROPNS

Yxonéc pog o authy v Hopdypago etvar va anodelouye tov TOMO AVTIOTEOPNE Yiol TOV
petaoynuotiopd Fourier.

Ocevpnpa 4.2.1 (tinoc avuotpophc). Arv f € S(R) tdre
(1.2.) fo = [ R

I Ty amddeln tou Bewpruotog 4.2.1 Yo peheticouUe dpyixd TOV UETACYNUATIONS

. 4 4 _ 2 ’ 7, z 4
Fourier twv cuvapticewy tne popyic f(z) = e, énou a > 0. ‘'Olec autéc oL cuVaPTH-
OELC AVAXOUV OTOV Yo Tou Schwartz.

Ebvar Borxd vo e€etdoovye mpdta Ty ouvdptnon f(x) = o—Tz> (Bnhadn, @ = 7). O
AoYog ebvar 6TL, YU auThv TNV emAoYY| Tou a,

(4.2.2) / e ™ dr = 1.

— 0o

‘Evog nohd yvwotdc tpémoc yia va del€ovue v (4.2.2) eivan vor ypdouue

00 2 %) o0
(/ e " dsc) / / e @Y ) dg dy
- 727\’ 700 R
= / / e ™" rdrdf
o Jo
/ omre™™ dr
0

27
[—e"” } =1,
0
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XAVOVTOC OAOXAAPWOT ot ToAXES ouvteTayuéves. Autd mou Yo delloupe elvon 6tL, yior TNy
™T

ouyxexpévn ouvdptnon f(z) = e~ 2, o petaoynuatiopos Fourier g f elvan 1 (B ) f:

Ochpnua 4.2.2. Av f(z) = e ™ tére

(4.2.3) FlO=fe=e", ceRr
Anéoein. Optllovpe F : R — C pe

(4.2.4) F(&) = f(¢) = / T g it g
IMopatnerote ot

(4.2.5) F(0) = /Oo e dy = 1.

Sy nponyoluevn Hoapdypago elbaue dtL o petaoynuatiouds Fourier tne —2mizg(x), émou
g € S(R), elvon 1 napdrywyoc ‘;—g e g. Agod

(4.2.6) f(z) = —2nxf(x),
unopoluE Vo Yeddouue
PO = 5= 2maf(©

= / (—2miz) f(x)e™ 2™ dy:
= i f(x)e 228 g,

Yy mponyolpevn Hopdypago eldape enione ot o petaoynuatiopdc Fourier tne f7 ebvan m
ouvdptnon 2mil f(£). Luvendc,

~ ~

(4.2.7) i / f(x)e 2™ @8 dy = i(2mil) f(€) = —2mEf(€).
Yuvdudlovtae tor Tapandve, BAénouvye Gt

(4.2.8) F'(€) = —2m€F(€).

Oewpolye v cuvdptnon G(§) = F(g)e”€2. Tote, and v (4.2.8) modpvoupe

(4.2.9) G'(€) = F'(€)e™ + 2nEF(€)e™ = (—2nEF(€) + 2nEF(€))e™ =0,
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~

Snhodh m G ebvon otadepr. Agod G(0) = F(0) = 1, éreton o1t G = 1, Snhodn f(§) =
F¢) = e~ yio xdde € € R. O

7(1:1)2

Mrnopolue twpa va unohoyicoupe tov petaoynuatiopd Fourier tne f(z) = e
onowadnnoTe T Tou a. Emiéyouue xdnwe dlapopeTiny xovovixoroino.

YL

Ieétacy 4.2.3. Ta kdde § > 0 Jewpodue tny ovvdptnon Ks(x) = %6_”2/5. Tére,

(4.2.10) Ks(€) = e ™0

Andbetn. Lty mponyoluevn Hopdypapo eldaue 6T o petaoynuatiouds Fourier tne g(nz)
elvan 1 cuvdpTnom %/9\(5/7]) Av f(z) =e ™ 161e

1
:%f

Eqopuélovioc to nopandve e 7 = 1/+/9, noipvoupe

(4.2.11) Ks(x) (z/V5).

B(e) = %ﬁﬂﬁf) = e, 0

Oewpolue v owoyévera {Ks}sso, OTOL
(4.2.12) Ks(z) = —=e /9,

H {Ks} wavorotel Tic nptdtes 800 WLOTNTES YLoS OIXOYEVELNS oAV TupHvwy. Oloxhfpwon
pe avtixatdotooy delyvel 6T

(4.2.13) /00 Ks(z)dx =1

vy x&e & > 0. Emmiéov, ou K5 molpvouv Un opvnTixéc mpayUotinés Tiée. BNUVETWMG,
TETPLUUEVOL EYOUUE

(4.2.14) / |Ks(x)|de < M
yioe xdde & > 0, 6mou M = 1. T tv Tpltn WBLOTNTA, pog EVOLUPEREL 1) CUUTERLPOREE TNG

K; 6tav 6 — 0. Ou detlouye dti: yia xdde s > 0,

(4.2.15) lim |Ks(z)|dz = 0.

§—0+ || >s
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Iopoatnpotye Tedta 6TL, yioe xdde r > 0 €youue

°° 1 e 1
(4.2.16) / e_”yzdy < — 27rye_”y2dy =~ e,
. 2nr J, 2mr

Yuvenoe, yia Tuyov s > 0 éyouue

2 [ 2
|Ks(x)|de = —/ e T 0y
»/z>s \/g s

= 2/ e_”’zdy

< ﬁefﬂ'ﬁ/ﬁ =0
s

7 I3 ’ —_ '2 ’ 7 ’
6tav & — 07 (ropatnefiote 6t V6= 0xone ™/ <1y v axpifela, o devtepog 6poC
teivel xt autoc oo 0 o péhiota exdetnd yeryopa). Etot, éyouue anodeilel to oxdrovdo.

Oevpnpa 4.2.4. H owxoyéveia {Ks}s~o €lvar oikoyéveia kaddv nuprivwv kaldg to § —
0. O

Optopdc 4.2.5 (ouvehln oto R). Av f,g € S(R), opiloupe v cuvéhln f * g twv f
xou g pEow NG

(12.17) (o) = [ s ng)ar

Aev elvon dVoxoho va ehéyloupe 611, v xdde x € R, n ouvdptnon H(t) = f(x — t)g(t)
avixet oty S(R). Tuvenme, to ohoxhipwpa oto delid péhoc tne (4.2.17) undpyet, xou n
f * g opileton xod.

Teomnonowvtoag xatdhinio to Boaocixd emyelpnua yiot TNy «cLVENET e xoholg TupTveg»
unopolue vo anodel&oupe to e€ng.

Oevpnpa 4.2.6. Av f € S(R) tdre
(4.2.18) Feks By

ka0as To 6 — 0.

Améoeaén. H f ebvon ouveyric oto R xou limz) 400 | f ()] = 0. Tlpdypati, agol f € S(R)
€y oLUE

(4.2.19) @) S
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v xdde x € R. Eneton 61 1) f ebvan opolduopga cuveyfc oto R (e&nyfote yiotl). Eniong,

n f etvon porypévn: || flleo < +o0.
Ocwpolye tuydy € > 0 xa Peloxouye s > 0 pe v e&hc Wbt av z,y € R %o

|z —y| < s téte | f(x) — f(y)| < e. Tdpa, ypdpoupe

(K@)~ 1) = [ Kel) S0t — S
— /_OO K(;(t)f(x—t)dt—/_oo Ks(t)f(z)dt
_ / T KU - 1) — f@)d,

YENOWOTOLOVTAS TNV ffooo Ks(t)dt = 1. Zuvenaog,

(f * Ks)(z) = f(x)] < Ks(O)|f(z —t) = f(z)|dt

[t|<s
+ ) Ks(t)([f(@ = )]+ |f(z)]) dt
t|>s
< € Ks(t) dt + 2| fll K5(t) di
[t]<s [t]>s
< et 2flle [ Ks(t)dt.
[t]|>s
Aol
(4.2.20) lim Ks(t)dt =0,

6—0+ [t]>s

urdpyet & > 0 dote, yo xdlde 0 < § < dg, |(f * Ks)(z) — f(z)] < 2. Emniéov, n emhoy
Tou g efvar aveZdptntn and 1o = (to Jy e€optdtar wovo and 1o s = s(€)). Apa, fx K5 o8 f
btav 6 — 0. O

INo Ty amédel&n tou timou avtiotpophc Yo yeewotolue enlong tTnv axdroudn «morio-
TAACLAOTLXY) TV TOTNTAY.

Ipétacr 4.2.7. Av f,g € S(R), tdre

(4.2.21) / " (@)ga) de = / " Fwey) dv.

Anédeaén. Oa ypnowonooouue 1o e€fc (1 anddeln divetar oto IMupdptnua A'). Trodé-
Toupe 6t F(z,y) elvon o cuveyfc ouvdptnon oto R2, 1 onola xavorotel tnv
A

(4.2.22) |F(z,y)] < (EEDETIE
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yior xdmota otadepd A > 0 xou yior xdde x,y € R. Téte, yia xdde © € R ny — F(x,y)
pOiver apxetd ypryopo xau 1 ouvdptnon Fi(z) = [T F(z,y) dy eivon ouveyfic xou @divet
apxetd ypfiyopo. Opolwe, n Fa(y) = [*o F(z,y)dz ebvon ouveyfc xau gdiver apxetd
yefiyopa. Télog, woylel 1 1lodTNTOL

(4.2.23) / Fi(x)de = / Fy(y) dy.
Egapuoéloupe autdv Tov Ioyuploud yia TNV cLVAETnoT)

(4.2.24) F(z,y) = f(a)g(y)e 2.

IMopatnenote ot

(@22) R = [ f@ewe Ty = f@) [ gwe iy = @)

xou 6uoLa,

(4.2.26) Fa(y) = (y)g(y)-

Ané v (4.2.23) naipvovpe v (4.2.21). O

Anddein touv Oewprpatoc 4.2.1. Anodeixviouye TpdTo OTL
(.2.27) o) = [ Feae

T xdde 6 > 0 Yétoupe Gs(z) = e, Yy Hpdtoaon 4.2.3 eidoue 6t G5 = Ks, 6mou
Ks(z) = %e’”j/‘s. Evtelode avdhoyo emyelpnua delyvel 6tL Ks = Gs5. XpnoulomoudvTog
Vv nolhamhactaoTtixy tautdtnta (4.2.21) nalpvouue

(4.2.28) / " Ha)Ks () do = / ~ R©as(e) de.

And 1o Bedpnua 4.2.6, ypnollonowdvTag xau To Yeyovos 6t 1 Ky ebvon dptior cuvdptnon,
€y ouUE

a220) [ j@Rse)de = [ f@Ks(-2) s = (74 K5)0) > £(0)

otav § — 0. And v dhn Thevpd,

(4.2.30) /_ " H©Gs(e) de = /_ " flee e e /_ " e ae
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6tay 6 — 0 (eEnyhoTe Tic AEMTOUEPELES, YENOWOTOLIVTOS TO YEYOVOS OTL e 5 1 6o
d — 0, opobuopya ot xdde xhewotd ddotnua). ‘Encton n (4.2.27).

It 1o tuyév € R Yewpodye ) ouvdptnon F(y) = f(x + y) xo egopudlovpe tny
(4.2.27) vV authv. Agol F(&) = [(€)e2™¢ | nafovouye

(4231 f@) =ro)= [~ Feae= [ foema

xou M anddeln elvon mhrene. O

IMapatApnon 4.2.8. Oewpolye touc tehectéc F : S(R) — S(R) xou F* : S(R) — S(R)
nou opilovton we e€hc:

(12.32) FO©= [ f@emta
(1.2.33) P = [ ggenis
Ipogavag,

(4.2.34) F(f) =T,

onhady, o F elvon o petaoynuotiopos Fourier. O timog avtiotpopnc ouclooTind pog Aéel
ot

~

(4.2.35) (FroF)(f) =F (f) =1,
onhod),
(4.2.36) FroF =1

Emniéov, napatnpolue 6T

(4.2.37) F()(=y) = /_OO Qe 2™VEdE = F(f) ().

‘Eneton (eZnyhote yutl) 6
(4.2.38) FoF =1
Anhodh) F* = (F)~ L

IIépiopa 4.2.9. O petaoxnuatiopds Fourier F : S(R) — S(R) efvar éva npog éva kar
eni, pe avtiotpopo tov F*. O
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4.3 O =z0moc Tou Plancherel

H enéuevn Hpodtaon neprypdpet xdmolec Booxée WBLOTNTES TG CUVEMENS CUVOPTACEWY NG
xAdong tou Schwartz.

IIgbtacr 4.3.1. Av f,g € S(R) tdre
(i) fxgeSR).
(i) frg=g*f.
(i) (7+9)(€) = F©F(E).
Anédeaén. Aelyvouue mpddto 6t 1 f * g @divel oA ypryopa. a0 oxond autd, mapotn-
polue mpdTa OTL, yia xdde £ > 0 oy del

(4.3.1) sup lz|“lg(z — y)| < Ae(1 + [y])*

yio xdrow otodepd Ay > 0. Hpdypatt, yvopllovue 6t sup, |¢°|g(t)] = M, < 0o yio xdde
s> 0, 86t g € S(R). XpnotonoudvTog xot TNy aviedTnTo

(4.3.2) 2 < (Jz =yl + y)" < 2°max{|e —y|, [y} < 2°(|z —y|* + [y]°),

Yedpouye

(4.33)  z|lg(z — )| < 2 — gl lg(@ = y)| + 2'[yllg(x — y)| < 2°M + 2" Moy,

ar’ 6mou émeton 1 (4.3.1) ue Ay = 2¢ max{ M, My}. Tdpa, unopolye vo ypddouyue
jl*|(f % g)(2)] < /ﬂ{{lf(y)llzlelg(z —y)ldy

< A [ 1R+l dy
R
v xdde x € R. To tedeutoio ohoxhipwua elvon tenepaouévo, diott f € S(R). Eneton 6t
(4.3.4) sug 12| (f * g)(z)| < 4o0.
re

Ytn ouvéyela detyvoupe ot 1) f * g elvan dnelpec popég mapaywyiown xou

(4.3.5) (f x9) (@) = (f xg")(@)

v xdde k> 1. T k =1 n wootnta tpoxdntel wg e€g: €youue

‘U*gxx+?—%f*m@0_(f*jxm
_ /]Rﬂy)[*‘](“’fyfj 4 )g'<xy>] dy‘

IN

ey
[ A ) ay
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T xéde y € R €youyue

£2
(4.3.6) gz +t—y) =g(z —y) +tg' (@ —y) + 59" (u)
Yol XAMOL0 U OVEPESH OTOL T — Y Xk T — Y + L. LUVETOC,
gla+t—y) —gl@—y tllg” [l
"Eneton 6Tt

t
6tav t — 0. Aol ¢’ € S(R), pe tov (Blo tpbéno Brémoupe 6T
(4.3.9) (Fx9)" =[(f>g)) = (Fxg) = Fxg"

Me SwSoyinés emavariels Tou Wiov emyephuortoc tpoxdntel 1 (4.3.5).
Agot g®) € S(R), ouvdudlovtac tic (4.3.1) xau (4.3.5) nodpvouye

(4.3.10) sup |z||(f * 9)™ ()] = sup |z||(f * g™))(2)| < +o0.
rER z€R

‘Etot, éyouue deilel 6L f g € S(R).
T To (ii) ypdgouye

(43.11) (Feo = [ " fwele — ) dy

xou Topatnpolye OTL 1 ouvdptnon F(y) = f(y)g(x — y) avixer ot S(R), ondte

(4.3.12) /oo F(y)dy = /oo F(—y)dy = /00 F(—y+x)dy

— 00 — 00 — 00

ané v Ilpdtaor 4.1.4. O,

(4.3.13) /Oo F(—y+a2)dy = /jo @z —y)g(y)dy = (g% f)(x).

— 00

- ea@)| < L= [ g4y 0

T 7o (iii) Yewpolpe v ouvdptnon F(x,y) = f(y)g(x — y)e ?™*¢. H F(z,y) civou

ouveyhic oto R? xou ixavornotel Ty

A

(4.3.14) |F(z,y)] < A+ 01
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yio xdmowa otadepd A > 0 xou yio x&de x,y € R, 8ot f,g9 € S(R).

z €Rny— F(z,y) ¢pdiver apxetd ypriyopa xau 1 cuvdptnon

(4.3.15) Fi(r) = /°° Fle.g) dy = (f » g) (@)=

— 00

elvon cuveyfc xou @iivel apxetd ypryopa. Ouolwg, N

(1.3.10) B = [ Fla)do = flg)e (0
elvon cuveyhc xou @iivel apxetd yeriyopa. Téhog, woylel 1 1ot T
(4.3.17) /OO Fi(z)de = /OO Fs(y) dy,
OnAadn

oo

(4318) (Frg)(€) = /

— 00

‘Eneton 611, yvio x&de

(F *g)we>mdn = [ T e G () dy = FEO(E).

Opiopbg 4.3.2. To eowtepwd yvopevo oty xhdorn S(R) opiletan we e€hc:

(13.19) ()= [ flglordo
H enoryépevn vépua ebvan 1

o 1/2
(4.3.20) = ([ 1s@tas)
BOewpnua 4.3.3 (tinog tou Plancherel). I'a kdde f € S(R),
(4.3.21) 1A =071

Arndbeén. Eotww f € S(R). Oewpolye v ouvdptnon g(z) = f(—

z). Téte, g € S(R) xu

,2mw§ dx _/ f )6 2mi(—z)€

1© - [ T
/

Ocwpolpe Ty h = f*g. Tote, fxg € S(R) xou

o~ ~ ~ =

(4.3.22) h(€) = F(9)3(©) = FOF©) = 1F O

6 27i(— fdx_/ f 6 27rzy§dy
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Enlong,

(4.3.23) h(0) = /_00 FW)g(~y)dy = /_Oo F)f(y)dy = /_OO f(y)|*dy.

Ané tov t0no avtiotpogrc tou Fourier,

(4.3.24) h(0) = [ O:O h(€) de,

SnhodH

(4.3.25) | e = [~ Ifepa:

Me @ha hoya, [|£]12 = [|F]12. D

4.4 O t0nog d¥poilong tou Poisson

Ye authv Ty Hoapdypagpo mepiypdpouue pio Blodixacio «TEpLOBIXOTOINCNCY Yidt CUVAPTACELS
nou op{lovtar oto R %o avixouv oty xhdomn tou Schwartz. Av f € S(R), avtiotowyiloupe
oty f v ouvdptnon F : R — C mou oplleton péow e

(4.4.1) F(z)= Y flz+k).
k=—oc0

Ou Solue ot N F oplleton xod, etvan 1-nepiodnr) xou cuveyhc. H F' elvou 1 meprodixo-
roinon e f. Mia and tic egapuoyéc e elvar 0 TOTOG dBpoiorng Tou Poisson.

Oevpnpa 4.4.1 (tinoc ddpowone tov Poisson). Ar f € S(R), tére
(4.4.2) N7 etk =Y fk)ermite
k=—o0 k=—o00
ye kdle z € R. Eibikdrepa,
(14.3) Sk = S .
k=—oc0 k=—o00

Arédaén. Actyvouyue mpdta 6tL 1) oed Y e f(z + k) ouyxhiver opolduopga o xéde
xheoté ddotnua [—B, B], B > 0. Auté anodewviel 6t n F opileton xahd oto R xou etvou
CLVEY S CLUVEETNOT).



96 - METASXHMATIZMOY FOURIER

Ocwpolue tydy B > 0 xou opilloupe gx(z) = f(x + k), k € Z. Agol f € S(R),
undpyet otadepd My > 0 wote

(4.4.4) 2 f(y)| < M,

vy xdde y € R, Topatnpolpe 6T, av |k| > 2B téte vy xdde « € [—B, B] éyoupe
|z + k| > k| — || > |k|/2. And v (4.4.4) Brémoupe ot
M,y 4 Mo
< 72
|z + k|2 — k2

(4.4.5) gk (@) = [f(z + k)| <

v xédde @ € [-B,B]. Agol Y 7o % < +o00, and 0 xpithplo Tou Weierstrass
oUUTEPAVOUUE OTL 1 OEWRA ) 4 505 gk () oUYXAVEL opobuopgpa oto [—B, B, xou agod
OhecC oL gy elvon cuveyelc oUVOPTHOELS, 1) OELRd
o0 oo
(4.4.6) S ogkle)= Y fla+k)
k=—o00 k=—o00

oLYXAIVEL OUOLOUOpYa OE Wit CUVEY T cuvdpTtnoT oto [—B, Bl.

To yeyovéde 6t i F elvon 1-neplodiny| mpoxUntel dueco ond tov 1pémo oplopol e £
vy xde z € R, 9étovtac m = k + 1 BAénovye 6Tt

(4.4.7) Flx+1)= Z fle+1+k)= Z flx+m) = F(z).
k=—o00 m=—o0
Opilouye thpa G : R — C pe
(4.4.8) G(z) = i Fk)e2mike,
k=—oc0

H oepd o710 deibd péhog ouyxhivel opotdpoppa: Yvwpilovpe 6T f e SR, dpa | f(k)] <

2mikx
t61e
~ C
4.4. = <
(1.49) el = 170 < T

xan, 0ol Y pe |hilleo < 400, T0 xpLThpl0 Tou Weierstrass eqgapuéleton x €36 Agol
®&0e hy ebvan ouveyhc xou 1-mepoduer (e€nyfote yiatl), n G ebva enlong cuveyhic xou
1-mepLoduny).

Tty (4.4.2) apxel vo del€oupe 61t F = G. Ou F xou G elvon ouveyeic xou 1-teprodixéce,
apxel Aoty va det€ovue GTL €xouv Toug Bloug cuvteheotée Fourier. Ytny nepintwon plog
1-teproduhic ouvdptnone u, o cuvieheotiic Fourier u(k) opileton and tnv

(4.4.10) u(k) = /01 u(x)e” 2 R g,
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‘Eotw m € Z. Ané 1o yeyovog ot

(4.4.11) Z Fkyermits 2B Ga)
k=—n

pidein
1 o~

(4.4.12) sAn(m):/ sn(w)e > dx = f(m)
0

Yo xdde n > |ml, etvan gavepd 6t G(k) = f(m). Azé ™V GAAN TAEURd, and TNV OUOLS-
wopgn olyxhon e Y pe . f(z + k) oto [0,1] émeton 610

ﬁ(m) = nlg&(i f(ac—i—k)) e 2mime g

k=—n

o . —2mime

= nh—>n<§o k; / f T+ k‘ dz
n k41

_ : —2mimy

= lim k;n /k f(ye dy
n+1 )

= lim fly)e?mmvdy

n—r oo
_ / f Qﬂimydy
Agob F(m) = G(m) = f(m) yia x&de m € Z, ovunepaivoupe 6t F = G, O

4.5 H apy? afefordtnTac tov Heisenberg

H apy e affefoudtnrag oyvplletar 6Tt av T0 «PeYAROTERO P€pocy TNE HALog UG CUVERTY-
ONG CUYXEVTPOVETAL OE XAmoto ddotnuo uhixous L, t6te 1o «peyahitepo pépocy tne wélog
Tou uetaoynuatiopol Fourier tng ouvdptnong dev umopel Vo CUYXEVTPOVETAL OF XATOLO
Bldotnue mou Exel wixog mohd wixpdtepo and 1/L. H oxpBric datdnwon etvan 1 eZrc.

Oevpnpa 4.5.1 (apyh e ofefardtntoc). Eotw ¢ € S(R) pe tnr didenra

(4.5.1) /Oo () [2dz = 1.

— 00

Tére,

(15.2) R CRBIVNGECRIE
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TI'evikérepa, yia kdle xo,&o € R,

(453) ([~ @-arpa) ([ € aribepe) > .

Arééetn. Aciyvoupe mpota Ty avicotnta (4.5.2). Xpnowonouwvtag 1o yeyovos OTL ot
P xou Y pdivouy TOND Ypryopa, ue ohoxhfpwon xatd uéen xon ypdpoviac [¢]? = b,
nodpvouuEe

1= / ()P = - / R

—00 —

- / (ol (@)9@) + 2 @(e) d.

— 00

Ppdocovtag anohdTeS, YENOLOTOLOVTIS TNV TELY WYX avicdtnTa xot TNy aviootnta Cauchy—
Schwarz, Brénouye 6TL

[t
IN

2 [ el (@) (=) da

([ x2|w<x>|2dx)1/2 (/" |w’<x>2dx)l/2 .

And v tautétnTa Tou Plancherel xou to yeyovéce ot 12’(5) = 2m'§zZ(§)7 nalpvoupE

IN

(4.5.4) / ! ()P = 4 / E219(0)|2de.
"Eneton 6TL

00 1/2 0 . 1/2
(459 vean ([ apra) ([T enopa)

Todvovtog oto tetpdywvo éyoupe Ty (4.5.2).
H avioétnra (4.5.3) Tpox(nTel GUEcH oV avTIXATAGTACOUPE TNV 1 () pe Ty e~ 27804 (p+
xo) oty (4.5.2) xou xdvouye chharyy| peTaBANTAS. O
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Kegpdhawo 5

Merepo Lebesgue

5.1 Ewaywnyiq

To Baowxd pelovéxtnua tou oroxhnpwuatog Riemann elvan étL 8ev cupnepipépetol apxetd
%ok o€ oyéon pe Tic ouyxhivouvoee axohoudiec cuvapthoewy: Eotw fn, f : [a,b] — R.
Av vnodécouye 6tL o f, elvar Riemann ohoxAnpdowues xou 6t f, — f xatd onpeio, dev
UTOPOVUE TAVTOL VO CUUTEPAVOUNE OTL

(4.1.1) /ab Fulz)dz — /abf(z)dx

(&t mou oy el av unodéoouue 6t M (fn) cuyxAivel oty f opoiduopea).

Mo v oxpBeta, ye v umddeon e xatd onuelo clYXAONG OEV UMOEOVUE XAV Vo
ovunepdvoupe 6Tt 1 f elvar Riemann ohoxhnpddoun: autod dev loylel yevind, axduo xiu oy
unovéoouvpe 6t f, N f.

IMopddetypa 5.1.1. Oewpolye v ouvdptnon tou Dirichlet f = xq : [0,1] — R.
Anhodv,
1, z€eQnlo,1]
flz) =
0, z¢QnJo,1].
EOxoha ehéyyetan 6t 1 f Bev elvon Riemann oloxhnpdown. Av duwg Yewpricouvue pio
opldunon {q1, 42, -+, Gn, - ..} 00 QN [0, 1], xou av opicovye f, : [0,1] — R pe

17 me{qh'"aqn}

07 x%{qla"'a@rl}a

to6te fr /' f o070 [0, 1] xou x&de f,, ebvon Riemann ohoxhnpmotyn, apob elvon @porypévr xou
€yeL menepaouéva to TAlog onuelo aouvéyelag.

fu(x) =
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‘Eva 8eltepo yelovéxtnuo tou ohoxAnpouoatoc Riemann eivon 6t 1 xAdon twv ou-
voptrioewy mou elvon Riemann ohoxhnpwolues elvan oyeTind TEQLOPLOUEVY): UTOPOUUE Vol
ohoXhNE>-  VOUUE WOVO (ppayuéves ouVIPTACELS ToU opllovton GE XAELOTE XL QEoyUEVaL
dlotAuata. Emmiéov, ouvaptioelc mou Bapépouy and otadepr cuvdptnom oe évo puxpd
(aprduriowo) cvvoho pmopel va unv elvon Riemann oloxhnpmotpes (mopdderypo, 1 cuvdpe-
tnom tou Dirichlet xq).

‘Onwe Yo dodpe oty cuvéyela, wa gpoyuévn ouvdpetnon f @ [a,b] — R elvor Rie-
mann ohOXANEMAOLUN oV xot U6vo av elvon cuveyrc «oyedov mavtoly. H évvolr auth do
oplotel qUOTNES APYOTEQA, UTOPOUUE WS VAL DWCOLUE xdmola dlouoVnTixy| epunvela yenot-
pomolhvtag To xplthiplo tou Riemann: Av n f elvan ohoxAnpdowun, yio Aentég Slayeploeic
P={a=z9<z1 <+ <my = b} w00 [a,b] n nocdT

n—1
(4.1.2) U(f,P) = L(f, P) = > (Mg — mi) (w41 — )

k=0
npénel va etvon PixpR. Autd onpadver 6Tl 1 f dev pmopel va éyel UEYIAN «TUAAVTOONY OE
«TOAAG oruEeiony.

H 15éa Ttou Lebesgue rjtav va npoceyyloel o euaddév xdte and 1o yedgnua wog Yetxhc
ouvdptnong exwvidvtag e dlauepioelc Tou mediou MY xou byl Tou medlou oplopol TNg.
‘Eow A CRxu f: A—= R. Trnodétouye, yio amhotnta, 6t n f elvon @poryuévn xan 6tu
f(z) >0y xdde z € A, xou 9étoupe m = inf(f), M = sup(f). Av

(4.1.3) {m=yo<y1 <--- <yn=M}

elvan Wi Sopépton tou mediou Twdv [m, M], 1o ohoxhipwyua tne f mpooeyyileton ond
adpolopato TNg poprc

(4.1.4) 2 Yk - U(Br)
k=0

6mou £(By) 10 «UAX0C» TOU GUVOAOU
(4.1.5) Br={x e Alyp < f(x) < Y41}

TN va tpoywenooupe pe autdy Tov Teémo, Teénel BéBata va oplooupe auotned Ye moldy
TPOTO «UETPAUEY TO «WAX0Cy EVOC cuvdlou Tou dev ebvon didotnua (ta chvola By, uropel
vo. ebvon opxetd TohiThoxa uTtocUvola tne tparypotc eulelac).

O Lebesgue avéntuée pia Yewplo «uétpouy xon ohoxhrpnong otn SdaxTopixy| Tou dlo-
TN, N onola dnpootedtnxe 1o 1902. To ohoxhfpwpa Lebesgue emituyydver ta e€hc:

(i) Enexteivel 1o ohoxhipwuo Riemann oe wo euphtepn ¥ Adon cuvopTAcEWY.
(ii

(iii

) TuunepLpépeton XaNOTEPH OE OYEON UE ToL Gplat AXOROUTUDY CUVOPTHOE®Y.
) Emtpéner vo ohoxhnpddvouue méve and «meplocdtepay GUVORY, Oyt UOVo médvw omd
Slao AT
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5.2 EZwtepuxd uétpo Lebesgue

Ou Féhaye vo oploouye To «urxogy xdde unocuvdrou A tou R, dnhady] vo avtiotolyloouvue
oe x&de A C R évav un apvnund aprdud p(A) (4 to +00). Eivou Aoywd va {nthooupe va
woybouv To axdrovda

(i) () =b—a.
(ii) p(A+2x) = p(A4) vy xdde z € R.

(iii) Av (A,) ebvon o axohoudio E€vwv avd 8o urtocuvdrwy tou R, téte

(4'2'1) H <U An> = ZM(An)
n=1 n=1

(aprdurown npoodetindnTa).

‘Onwe Vo dolpe, 1 tehevtoda WioTTa dnuiovpyel mpoPAfuota. Axdpo xi av {nticoupe
TNV TRPOGUETIXOTNTA HOVO YLOL EVWCELS TETEPACUEVRY To ThARl0g Eévwy avd 500 GUVOLLY,
omodevietan (av deytolue to A&iwua tne Emhoyc) ot fev undpyel tpdmoc vo oplooupe
TO «UAXOCY €TOL WOTE VAL Loy DOLY oL BUO TEWMTES LWOOTNTES XAl 1)

(4.2:2) H(AU B) = p(A) + u(B)

v Oha to A, B C Ryue AN B = 0. H otpatnyxh) tov Yo axohoudicouue elvor 1 e€hc:
avtl va TepLoploOVPE TIC AmaUTAOELS oG, Vo TEploplaTopE ot uia xAdom utocuvorwy Tou R
oty omola unopel va oplotel To Pixog 1 €tol Gote va txavorotolvton ot (1), (ii) xou (iii).
Avtd Vo ebvan ta «petprioay cdvoha. To eutlynua etvar 6t 1 ¥Adon auty elvan apxetd
HEY AT,

81. Opiowdg tou e&wtepixol nétpou Lebesgue

e xéde A C R Yo avtiotoyicovue évay apdpd p*(A) > 01 +oo, 10 e€wTtepind pétpo
Tou A.
‘Eotww I = (a,b) éva gpoyuévo avouxté ddotnua. To urixoc tou I oupBolileton pe

(4.2.3) (1) :=b—a.

Av A CR xau (I,) pio tenepaopévn 1 dnetpr) axohoudior ooy LEVmy avoxtdy daoTnudtewy
we v Wit A C |, In, Mpe ot n (1) ebvon wa x&Avdgm tou A. Av n (I,,) eivan
xdhugn tou A, 1o dbpowopa Y, €(I,) Siver ot «omd mhvewy exTiunom Y T0 <UETEO» TOU
A. Eivou dnhadn hoywd vo {nticouue

(4.2.4) w(A) < 301

yioe Oheg i xohOeg tou A. ‘Etol, odnyolpaote otov €€hc oploud.



104 - METPO LEBESGUE

Optopde 5.2.1 (sfwtepnd pétpo Lebesgue). Eotw A CR. To eEwtepixnd pétpo
tou A ebvar o

(4.2.5) w*(A) = inf { > U(1,) 1 (In) xdhvyn Tou A}.

IMopatneroetg 5.2.2. (o) Mropolue, av oploouye £(f)) = 0 xou av Yewpricoupe 10 xevd
oUVONO WG <DL TNUAY, Vo Yewpolue 6TL oL xahOelC GToV oplopd elvan TdvTa dnelpeg apLld-
whowes. Av (I,,) etvon war xdhudn tou A and mencpoouéva to thidoc (Yviowr) gporyuéva
VO TE BlaoTAUATA, TNV ETEXTEVOUPE OE «dmeleny xdALdr nalpvovTag EMTAEOV TO XEVO
olvolo drepec gopéc. T Tov Aéyo autd, Yo ypdpoupe ouvidwe (I,;)ne, yior Tic xohderg
oLVONWY, D07 U(I,) Y10 TIC EXTUACELS TV EEWTEPIXMY UETEWY, Xal 0 0pIOPAS pag YiveTon

(4.2.6) pw*(A) = inf {ZE(In) | AC U I,, I, ovouxtd ddotnua v @} :
n=1

n=1

(B) Zuppovoiue 6t inf{+oo} = +00. Apa, av cuyPel va éxoupe
(4.2.7) Ac | In=)_UI,) =+,
n=1 n=1

t6te p*(A) = +o0.

(v) Me v napandve obufoaon, to eEntepind uétpo opiletar xohd yio xdde A C R xou eivou
un apynTxde aprdude | +oo. Ipdypatt, xdde urochvoro tou R Béyeton TovAdyioTov Yia
xdhodn, v I, = (—n,n), n=1,2,....

§2. Idi6tnTEC ToL eZwTeEEx0oV ETpou Lebesgue

O endpevee Hpotdoeic neptypdgpouy tig faocixéc Biotntee Tou e€wtepxol pétpou Lebesgue.
IMeétaocr 5.2.3. Av A C B, tdre u*(A) < p*(B).

Arédaén. Av B C | Jro, I, tote AC U, L. Apa,
(4.2.8) {Zé([n) : (1) %éudn tou A} ) { > U(I,) : (In) x8hubn tou B},

an’ 6mou énetan ot u*(A) < p*(B). O

IeobtacT 5.2.4. Ay w0 A €lvar tenepacuévo 1j dreipo apridunioiuo odrodo, téte p*(A) =
0.
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Andbeén. Eow A = {z1,22,...}. T xdde ¢ > 0 Yewpodye tnv axorovda avoutédv
SlaoTNUdTOY

£ €

Tote, AC U, In xou
(4.2.10) S it = zn: 2% <e.

Apol 1o € > 0 Arav Tuy by, cupnepaivouue b p*(A) = 0. 0
Ieétaocy 5.2.5. p*(A+2x) = p*(A) ya kide z € R.

Arédaén. Av AC )2 I, tote A+ 2 C U, Jn, 6mov J,, = I, + z. Hopatnpriote 6Tt
I +z)=LI)=b—a v xdde avowxtd ddotnpa I = (a,b). Tuvende,

(4.2.11) P A+ x) <Y U(T) =D UI,).

IMaipvovtag infimum we tpog dheg Tic xahbewc (I,) tou A, cuunepaivouye 6Tt

(4.2.12) p(A+x) < p*(4).

H avtioTtpogn avicdtnta anodewxvietal Ye avdhoyo teoéTo. a
Ieétacy 5.2.6. u*([a,b]) =b—a.

Anédeaén. T xdde € > 0 éyoupe [a,b] C I, := (a —e,b+¢). Apa,

(4.2.13) w([a, b)) < (1) = (b—a) + 2.

Suvenoe, p*([a,b]) < b —a.
T v avtiotpogn aviodtnta teenet vo det€ouue otL av (I,) elvon wa xohudm Tou [a, b]
amd ovoXTE DO TAUATY, TOTE

(4.2.14) b—agiiah)

Brjua 1: 'Eotww 6 [a,b] C Up—; In. Aol to [a,b] elvon ovunoyée, omd 10 Oempnua
Heine-Borel undpyel nenepaouévn vroxdhudm e (I,,): propolpe dnradt va Bpolpe k € N
“oTe

(4215) [a,b] chulU---Ul.
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Brjua 2: 'Eotw 6t [a,b] C (e1,d1) U--- U (ck,dy). Ou delloupe 6Tt
(4.2.16) b—a < (dn—cn).
Trdpyet n1 Gote a € (¢ny, dn,y)- Av dy, > b, T61€
k
(4.2.17) b—a<dp, —cn, Zd —Cn).

Av d,, <b, w6t dy, € (a,b], dpo vndpyel Ne GOTE dp, € (Cpy,dn,). AV dp, < b, té1€
dn, € (a,b], dpo undpyel ng GoTE dp, € (Cny,dn,). Suveyilovtag €tot, @tdvouue o€
xdmowov Selxtn ns dote b < d,, (o yepdTeEn NERiTTOON EZAVTADOVTAS OAa Tt (Cp, dip ):
UTdpYEL N OOTE ¢ < b < dy,).

‘Eyoupe hownév Beel ny, ..., ns OOTE ¢, < a, b < dy, xou

(4.2.18) Cny < dpy < dp,, Cpy <dn, <dpg, ..., Cn, <dp, , <dn,.

"Apa,

k
Z dn—cn) 2 (dn, —cn,)+ (dn,y —Cng )+ (dny — Cny) + (dny — )
n=1

> (dn, —cn,) + (o, —Cnoy) + 0+ (Cng — Cny) + (Cny — Cny)
= dn, —Cn,

> b—a.

Ané ta Brjpata 1 xou 2 npoxtnter dtu

(4.2.19) b—a<> I
n=1

yioe x&de xdhudm (I,) tov [a,b]. ‘Apa, p*([a,b]) >b—a. O

ITopathAenor 5.2.7. Ané uc [potdoeic 4.2.4 xou 4.2.6 npoxintel dueca 6Tt x&e xAet-
016 ddoTnua [a, b] eivan utepapLrdutiowo chvolo.

IMeoétaon 5.2.8. p*((a,b)) =b—a.

Anédeaén. Tw xdde 0 < e < (b —a)/2 éxovue [a+¢e,b —¢] C (a,b) C [a,b]. Ard tnv
Ipétaon 4.2.3,

(4.2.20) (b—a)—2e=p*(la+e,b—¢]) <p((a,b) < p*(la,b]) =b—a.

Agol 1 aviobTTaL oy UeL yior Ghat To «uxpdy € > 0, Brénovpe 6t p* ((a,b)) =b—a. O
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IMpétaon 5.2.9. p*((a,+00)) = +oo.

Anddaén. T xéde N € N éyovue (a,+00) D (a,a+ N), doo

(4.2.21) w*((a,+0)) >a+ N —a=N.

‘Apa, p* ((a + 00)) = +oo. 0

IIeétacr 5.2.10 (apriuiown uronpoodetixdtnta Tou e€wtepinol pétpou). Ia xdde
renepacuérvn 1j drepn akodovdia (A,) vroourdwr tou R 0y lea

(4.2.22) " (U An> <3 1 (A,

Anddeitn. Av 1o 8e€i6 péhog tne aviootnTog elvan 400 dev €youue Timota va delEoupe.
Trodétoupe howmdv 6ty p*(A,) < +oo. Ou delfoupe 6T yioo xdde € > 0 undpyel
xdhudn (J5) tou U,, An and avouxtd Swothiuata, wote » . 0(Js) <Y 1 (An) +e.

T %89 n Yewpolpe xdhudn (1K), tou A, pe Ty WBLdTT

(4.2.23) ;E(I,’j) < wH(An) + 2%

Av népoupe cav (Js) TNy owoyévera (IX),, 1 Ghwv autdv TV avoxtdv dlaoThudtwy, Téte

(4.2.24) Ua.cz
n n,k

el
* E *
(4.2.25) Soerh) =S arh) < 3 (w4 + Q—n) =Y w(A,) fe.
n,k n k n n
Agol 1o € > 0 ftay Tuydy, €netan 1 (4.2.22). O

5.3 Merprowpa ocbvola

O apydg Yog oTdY0g ATay Vo TETUYOUE TNV dptdUriowdy) TEocVETIXOTNTA TOU «UETPOLY:
Yo VéNape Aowdy va toy Vet 1)

(4.3.1) w* (U An> = Z,u*(An)

av ta Ay elvon E€var avd Vo unocivora Tou R. To ewtepind Yétpo mou oplooye dev Exet
™V WO NG TEOCVETIXOTNTIC: axdPd XL OV TEPLOPLOTOVUE otV Teplntwor 6Uo Eévwy
urocuvérwv A xou B tou [0, 1], unopolpe va Sdooupe mopddetypo dTou

(4.3.2) W(AUB) < @ (A) + p*(B).
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H xataoxeur] evéc tétolou mopodelypatog dev etvon amhry: yenowonowel to A&lwua tng
Emuhoyhc (Préne §4.6).

Auto mou Yo xdvouye eivon va Tteploplotolue oe Wia xAdon M unocuvdrwy tou R étol
OOTE 0 MEPLOPIOUOE TNG KOLVEETNONG EEWTEPXOD PéTpouy 1" atny M va xovorolel Ty
WoTTa e apriunong npocvetixotntag. H M elvon 1 xhdon twv Lebesgue peten-
OV CUVOAWV.

Optopdc 5.3.1 (Lebesgue petpriowo odvoro). ‘Eva cbvoro A C R Aéyeton Lebesgue
HETPNOLLO av v xde X C R woylel

(4.3.3) p (X)) =p (X NA)+ p* (X N AS).

Anhady), €éva abvoro elvon ueTproo av «ywellel 6woTdy — WS TEOC To EEWTEPINO UETEO —
onodfnote dhho olvoro. H xhdon twv Lebesgue petpriowpny cuvohwy cupBohileton pe
M. O repopiopde tou p* oty M Aéyetan wétpo Lebesgue.

HMapatApnon 5.3.2. Andé my X = (X NA)U (X NA) xou ond tny unonpocdeuxdtnia
Tou [¥, €YOUPE TAVTA TNV oVIGHTNTA

(4.3.4) P (X) < (X NA) + pf (X0 A9).

Auto howndy mou ypeetaldpacTte yio va delouue Ty uetpnooTnTa Tou A elvan 1 avticteopn
AVIoOTNTA

(4.3.5) w (X)) > p (X NA)+p" (X NAY
v x&de X C R.

§1. Baowuxég WBLOTNTESG TNG XAXONG TWV UETEAHOILU®Y CUVOA®YV

O endpeveg Ipotdoeic mepiypdgpouv Tic Pacixég WBLOTNTEC NG *Adong twv Lebesgue ye-
TENOWWY GUVOALY.

Ieoétacr 5.3.3. Av u*(A) =0, tére A € M.

Anédeaén. Eotww X CR. Téte, XNAC Adpo p*(XNA)=0. Enlone, X D X N A dpa
(4.3.6) pr(X) > p (X NAY) =p" (X NA) 4+ p" (X NA%.

Ané v Hapatrienon 4.3.2 éneton to {nrodpevo. O

Ilpbtaom 5.3.4. To cuumdrjpwpa peTpriouov ouvvodov elvar petpioiuo ouvvolo: av
AeM tére A=R\ A e M.

Anédeén. 'Eotw X C R. Hopatnpriote 6Tt
(4.3.7) pH(X) = (XN A) + p* (X NAY) = p (X NAS) + p7 (X N (A%)),

OTOL 1) TEWTN AVLoOTHTA Loy Vet ddTL A € M %o 1) lodTNTL HETE TPOXVTTEL OO TO YEYOVOG
6t A = (A°)°. And v Iapatipnon 4.3.2 énetan o {nrodyevo. O.
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IlpbTaom 5.3.5. H évwon 000 petpiouwy ouvddwy elvar petprjoo ovroro: av A, B €
M, tére AUB € M.

Anédaén. 'Eotww X C R. Iapatnpolue 6t
(4.3.8) XNAUB)=XN(AU(A°NB))=(XNA)U(XNA°NB)
X0, XPNOOTOLOVTS TNV HeTpnowdtnTa Twv A xou B, éyoupe
W (XNAUB)+p (XNAUB)) = p(XNA)UXNA°NB))
+u* (X N (AU B)9)
< pr(XNA)+p((XNA)NB)
+u*((X N A°) N B9
< pr(XNA) +pt (X NA)
= p(X).
Ané v Hapathpenon 4.3.2 éneton 6t 10 AU B elvon yetprioyo. O
Igdtaon 5.3.6. Av A, B e M ka1 AN B =) tére, ya ki X C R,

(4.3.9) P (XN (AUB)) = p* (X NA) + 1" (X N B).

Anédaén. Apxel va unoldéocouye 6t t0 éva amd Ta B0o clUvola, ag molpe to A, elvou
uetenowo. I'pdgpouue
p(XN(AUB)) = p*([XNn(AUB)|NA)+p* ([XN(AUB)|NA°)
= p(XNA)+up* (zNB),

YENOUWOTOLOVTAC T0 YEYOVOC 6Tl [XN(AUB)|NA® = (XNANAY)U(XNBNA®) = XNB

xu [XN(AUB)NA=(XNA)UXNANB)=XNA, Myw mmc ANB = O
Ilépiopa 5.3.7. Av A, Be M ka1 AN B =), téte

(4.3.10) p (AU B) = pu*(A) + p*(B).

Anédaén. Ilaipvoupe X = R oty Ipdtaon 4.3.6. O

ITépwopa 5.3.8. Av By,..., By, evar &va avd 6o ovvoda otnv M téte, ya kdOe
X CR,

(4.3.11) p(XN(ByU---UBp)) :iy*(XﬂBn).

1=n

Anédeadn. Me enaynyn we tpog m, yenowonowdvias tny Hpdtaon 4.3.6. O
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ITpbTaom 5.3.9. H toun 6vo petprjouwy ouvédwy elvar petpioiuo ovvolo: av A, B €
M, tére ANB e M.

Anddaén: Topatnpodyue 6t AN B = (A° U B€)¢ xa ypnotponowlue tic Ilpotdoeic 4.3.4
xon 4.3.5. 0O

IIebtact 5.3.10. Av (A,)52, elvar pua axoloviia petprioipuwy ouvddwy, Ttote n évwor]

tous oo Ay, efvar petprioipo odvodo.
Arnddeiln. Oewpolue v oxohovdla GUVORWY
(4312) Bi=A;, Bo=A\A1=A,NAS,..., B, =4, \(A1U---UA,_1),....

Ano Tic WBdTNTES OV €youpe anodelel, xdle B, elvar yetpriowwo cbvoro. And tov tpdmo
oplopol toug, ta By, elvan Eéva avd dlo xou

(4.3.13) A= G A, = G B,.

‘Eotw X CR. T xdde m € N, 1o By U--- U By, elvou petprotyo, dpa
(X)) = (XN (ByU--UBR) + ' (X \ (BLU---U Bp)

pw(XNB,)+p (X \(BiU---UBp))

I
NE

3
I
A

NE

> (X N By) + p (X \ A),

3
I
=

ond to Iépopa 4.3.8 xou tov eyxheopd X \ A C X \ (B1U---U By,). Agrivovtac o
m — 00, TalpVOUUE

(4314) 00> Y p (X NB) (X \A) > (X N0 A) 4 (X A),

]2

3
Il
_

Aoyw e apriprowng unonpocVeTinotnTos Tou eEntepnol pétpou. ‘Apa, to A elvan pe-
TENoWO. O

5.4 Mzétpo Lebesgue
Suvoilovye doa €youue xdver we téhpa. Opioope o elwtepind pétpo p*(A) yio xdide
unoclhvoho A tou R. Oewpfoaue gt xAdon M unocuvolwy touv R, to onola ovoudooye
petpriowo clvola. Eiboye ot aut n xAdon €xel tig &g BLoTnTeS:

(i) R e M.
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(i) Ae M= R\ AeM.
(iii) Av A, € M vy xdde n € N, téte [, A, € M.
Ou 1dtnTeg autée yapoxtnellouvy Tic o-dAyePees:

Opiop6c 5.4.1 (0-dhvePpa). Eotw Q éva un xevéd clvoro. Mio xhdor A vnocuvérmy
tou Q Aéyetou o-dhyePpa av

i) Qe A
(i) AvAec A t6e Q\ Ac A
(iii) Av A, € Ay xdde n € N, w6t (oo, A, € A

Me dAha Aoyia, yiot xAdon uTocLVOAKY Tou 2 Aéyetan o-dhyeBpa av efval «XAEIGTH WS TEOG
CUUTATAMAT XoU AplUUNoUES EVOoESy. Enetal 6Tl elvon XAEIGTH Xt w¢ TPog optdufoueg
ToEC xou Blapopéc:

(iv) Av A, € Ay xdde n € N, t6te
() An = (U A;) €A
n=1 n=1

(v) AvA,Be A t6te AAB=ANBec A

Hopathenon 5.4.2. Edidtepa, av A, € M vy xdde n € N, w6t (2, A, € M, xau
av A,B € M, téte A\ B € M.

Me Bdon tov Oplopd 4.4.1, n xhdon M twv YeTprowy cLVOALY eivar o-dhyeBpa.
OpiCoupe p: M — [0, +00) ye A — p(A) := p*(A). Anhads, n p civon o Teplopiopds e
ouvoloouvdptnong pu* (tov e€wtepnol uétpou) otny xhdon M. H cuvdptnon i ovopdleton
wéteo Lebesgue 1 anAd wétgo.

Me tnyv mapandve opoloyia, éyouue detiet To e€hc:

Oevpnpa 5.4.3. Eotw M = {A CR| A Lebesgue petprioipo}. H M elvar o-dAyefpa
ka1 n ovvodoouvvdptnon p: M — [0, 4+00) nov opiletar péow Tng

(4.4.1) A u(A) = p*(A)
evar aprdpfowpa tpocdetixy (A, o-rpoodetikr). Ankadr, av (A,)S2, elvar pua

axodovdlia Eévawr avd 6Vo Lebesgue petprionuwr owdlwv (A, € M yua kdle n ka1 A, N
Ap =0 arn #m), tére

(4'4'2) 12 <U An) = ZU(An)
n=1 n=1
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Anédeiln. Mével va del€ouye 6Tl To U£€TEO [ Elvor cptdunoiua TpocUe TN GUVOROCUVEETNON).
Eotw Ay, n € N, Zéva avd dlo petpriowa cOvoha. Anéd tnv Hpdtaon 4.3.10 to (U2, 4,
elvon petproylo.

Xenowomoldvtag T povotovia Tou uétpou xou to lldploua 4.3.7, BAénovye 6Tl

(4.43) S (A = 1 (@ An> <u (G An)

yia xdde m € N, doa

(4.4.4) > (A <p (U An> .

H avtiotpogn avicdtnta

(4.4.5) > u(An) > p <U An>

n=1

TpoxUTTEL dueca and Ty aptdurown urnonposdetixdtna Tou (ewtepnol) pétpou (Ilpd-
taom 4.2.10). O

ITowd cOvola etvon petprote; HOn yvwpllovpe 6Tt Tt chvola mou €youv e€wtepnd
pétpo 0 (xou tor cuumAneduatd touc) avixouy otny M. ‘Onwe Yo Sodue, n M eivan
OPXETE TAOUGLO: OAOL TOL «XOAEY - omd ToMOAOY WY drodr - utocUvoha Tou R elvar Lebesgue

HETEAOLUOL.
Ilpbtaom 5.4.4. OAa ta Swwotniuata eivar Lebesgue petprjonua.

Anddaén. (o) Oewpolpe mpmta didotnue e poperc J = [a,+00). Eotww X C R.
O¢houvye va del&ouue o6TL

(4.4.6) pH(X) 2 p(X N a, +00)) 4+ p (X N (—00, ).
Sopgpwva ye tov oploud tou eZntepixol uétpou, apxel va delfovue btu av (I,,)0%, elvon wia
xdhudn tou X and avouytd diacTriyaTa, ToTE

(4.4.7) > UIL) = pt (X Na, +00)) + p* (X N (=00, a)).

Eotw 61 X C U2, In, xou ag unodécouvue 6t Yo U(1,) < +oo (ahhde, dev éyovue
timota vo BetZoupe). Oa delloupe 6Tt yio xdde € > 0,

oo

(4.4.8) > L) +e > pt(X N a,+00)) + p (X N (=00, a)).
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Eotw € > 0. TN xdde n € N opillovpe

(4.4.9) I =1,n(a,+o0) , I)=1,N(-00,a),
xou
€ €
4.4.10 I :( - 7).
( ) 0 a D) a—+ 9
Kadévo and ta I, I eivon avowntd Sdotnua 1) o xevé olvoho, xou (eE€nyhote yioti)
(4.4.11) UI,) = (I) + e1).
Eniong,
(4.4.12) X Nfa,+o00) C LU |J I,
n=1
xou
oo
(4.4.13) XN (—o0,a) C | J I,
n=1
Apa,

pH(X N a,+00)) + p* (X N (=00,a)) < L(Io)+ Y UI,)+ Zf(lﬁ)

n=1

= €+Z I)+ (1))

n=1
= £+ UI)
n=1

Auté anodewviel 611 10 J = [a, +00) elvar yetpriowo.
(B) Av J = (a, +00), té1E YpdOVTOC

o0

(a,+00) U +1/n,+00)

xou yenotporowdvtog v Hpdtaon 4.3.10 xa to (o), BAénovye 6t J € M.

(v) To (=00, a) xou (—o0, a] ebvon YETEHOWA (G CUUTANPOUATA LETPHOWNDY CUVORGV.

(3) Edxoha Brénovye 6t dothApata Tne popehc [a, b], [a,b), (a, b] xou (a, b) eivon petphiowor.
T mopddetyya,

(4.4.14) [a,b] =R\ ((—00,a) U (b, +0))

dnhady| o [a, b] eivan petpoo o ouumhipnua Tou peteRotuou cuvdiou (—oo, a)U(b, +00).
O
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Opiop6c 5.4.5 (Borel o-dhyefpa). H pxpdtepn o-dhyeBpo unocuvéiwy touv R mov
nepLEYEL Oha o dlaotipata Aéyeton o-dAyeRpa Twv Borel utocuvoiwy Tou R (¥
Borel o-dhyeBpa) xou ouuBolileton pe B. Anhodi,

(44.15) B= ﬂ {ACPR)| A o— d\yefpa ka1 n A nepréxer dAa ta Saotriparal.

Ané tov opioud T Borel o-dhyefpoc, and 1o yeyovoe 6t i M elvon o-dhyefBpa xan
ané v Ipdtaon 4.4.4 cuunepaivouye 6t xdde Borel unocivolo tou R eivar petprowo:

ITeétaom 5.4.6. B C M. O

ITpbtaom 5.4.7. KdOe avoikto kar kdle xAeiwotd vrootvolo tov R eivar avvoro Borel,
dpa eivar petprioo ovvodo.

Arnédaén. Kdade avotéd unocivoro tou R elvan aprdurotun évwon avolytédv dlactnudtony
- xou wdhota Eévev avd dvo (Yvwotéd and v Ipaypoatnd Avédhuon). Agold n B eivou
o-GAyePpa xou TEPLEYEL To AvOLXTE BlaoTHUATA, 1) B Tepléyel Ohat Tl avolxTd, dpa xou GAoL Tal
UNEWGTA, oUVOAAL. O

IHMopatneroeic 5.4.8. (o) H Borel o-dhyeBpo neptéyet nohd nepiocdtepo cUVO and to
oVOLXTE Xou Tl XAELoTE UTooUVOAa Tou R. ‘Ohec oL optduACUIES TOUES AVOLXTMY SUVOALY (Ta
heyopeva Gs-chvoha) elvou Borel oivoha, Ghec oL aptdufoeS EVOGELS XAELGTOY GUVONWY
(ta heyopeva Fy-oUvola) eivar Borel advola, xou 00tw xadeic.

(B) H xh\don M 1wy petphouwy cuvohov elvon yvholo ueyoldtepn and v xhdon B twy
Borel cuvohwyv: umdpyouy petpriotua abvola mou dev eivon Borel. Mnopel xavelg va 8cdoel
Topdderypo cuvohou nou dev etvan Borel xou éyel e€mtepind pétpo 0 (dpa, elvon petpriowo).
Ou neptypdoupe TéTola TopadelypaTa apydTERAL.

(v) And v &Ahn mhevpd, ta petpowa odvoha npooeyyilovton and Borel olhvola, pe tnv
e&nc évvola:

Ilpétaom 5.4.9. Eoww A CR. Ta e&njg eivar w0od0vaua:
(i) To A elvar petpriopo.
(ii) Ia kdYe € > 0 vndpyer avoixktd G CR pe A C G ka1 p*(G\ A) < e.
(iii) Yrdpyer Gs-ovoro B éote A C B ka1 p*(B\ A) = 0.
Andbeén. (i) = (ii). Trodétoupe 61 to A eivon petpriowo xan, opyxd, 6t pu(A) < +oo.

‘Eotwwe > 0. And tov opiopd tou p(A) = p*(A), undpyet axoroudio avorxtdy Slactnpdtwy
(In) wote A C U, I, xou

(4.4.16) > ) = UI,) < p(A) +e.
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Opilovue G = J,, In. To G elvar avouxté oivoro, A C G xau éyouue

(4.4.17) nw(A) < w(@)=p (U In> < ulIn) < p(A) +e.

Aqgol ta A xau G elvon yetprioyda, éxovpe 6L 0 G\ A elvon yetpriowo xou
(1418) #(G) = p(AU (G A)) = u(A) + p(G\ A)

ané o Iléplopa 4.3.7. YNuvenoc,

(4.4.19) PG\ A) = p(G\A) = p(G) — p(A) <e,

ond y (4.4.17).

‘Eotw topa 61t u(A) = +00. Eotw € > 0. T xdde n € N opilouvpe A, = AN(—n,n).
Kdde A, elvan petpriowo, pu(A4,) < +oo xau A = |J,, A,. Me Bdon v neplntwon mou
egetdoope mopamdve, oo xdde n € N Bpioxouye avowtd ocvvoro G, dote A, C G,
xou pu(Gp \ An) < /2. Oplloupe G = |, Gn. Tote, 10 G elvon avoixté clvolo,
G =, Gn2U, An = A xou elxola eAéyyoupe 6Tt

(4.4.20) G\ A= (U Gn> \ (U An> C @\ An).

YuveEn®Ke,

(4.4.21) WG\ A) < p (U(Gn \ An>> <Y uC\A) <Y S e
"Etot, éyoupe anodeilel to (ii).

(i) = (iii). YTrodétoviac 1o (ii), yio xdde k € N pnopolue va Bpodue avowxté Gy € R
we A C Gy xon p*(Gi \ A) < 1/k. Oplloupe B = r—; Gx. To B etvaw Gs-cOvoho xau
A C B. Iapoatnpolue 6Tt

(4.4.22) (B A) < 1*(Ge \ 4) <

| =

v xde k € N, dpa
(4.4.23) uw(B\A)=0.

"Eyouye howndv anodeilet o (iii).
Iopatnenote enlong 6T

(4.4.24) 1'(B) = p*(AU(B\ A)) < u*(B) + u*(B\ A) = " (A).
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Aol A C B, wylel xou n avtiotpoen ovioétnta p*(A) < p*(B). Tuvenoe, p*(B)

1 (A).

(iii) = (i). Trodétoupe 6Tt undpyel Gs-olvoro B tote A € B xau p*(B\ A) = 0. Ané
v Ipétaon 4.3.3 to B\ A ebvan petpowo. To B avixer oty Borel o-dhyefpa (w¢

oprdufowun Topr; avoixtdy cuveAwy). ‘Apa, 1o B eivon yetpriowo. Tpdgovtog

(4.4.25) A=B\ (B\A)

oupnepaivoupe 6t o A elvon petprowo.

d

OAoxAnp®VouUE aUTAY TNV TAEdYEapo Ue dUo oxdua WBL6TNTES Tou uétpou Lebesgue, ol

ornoleg elvon cuvéneleg g aprdunoune tpocdeTixdtnTog:

IIeétacy 5.4.10. (i) Av (A,) evar avéovoa axolovdia uetprioipwr ovvdlewy kar A :

o0 e
U, —1 An, téte

(4.4.26) w(An) = p(A).

(ii) Av (B,,) etvar gOivovoa axodovdia petprioipwy ovvddwy pe u(By) < +oo kar B :
N~ By, téte

(4.4.27) w(Br) = p(B).

Anoden: (i) Ipdgoupe 0 A cav Eévrn évwon:

(4.4.28) A=A U(A2\ A1) U(A3\ Ax)U---,

X0l YPNOWOTOLOVTAS TNV apriuriown tpocVeTixdTnTo Tou YéTpou alpvouue
w(A) = w(A) +p(As\ A1)+ 4+ p(An \ A1) + -

Tim (u(An) + (A2 \ AL+ p(An \ Anor))

= lim p(4,).

n—oo

(ii) Mapatnpolue npwta 6t ov C, D € M ye D C C xaw (D) < +00, t61€
(4.4.29) w(C\ D) = u(C) — u(D).

T xdde n € N 9étoupe A, = By \ By. Téte, 1 (A,,) ebvon adEovoa, ondte

o0

(4.4.30)  lim p(An) = p (U (B1 \Bn)> =p <31 \ () Bn> = pu(B1) — pu(B),

n=1

ond to (i). Enlong,

(4.4.31) lim p(A,) = lim (u(Bi)— pu(Byn)) = w(By) — lim u(B,).

n—oo n—oo n— o0

Apa, p(B) = limy, 00 pt(Bp).

a

HMopathenorn 5.4.11. H vnddeon u(B1) < 400 oo (ii) unopel va avtixotaotadel ond
v w(Bg) < 400 yio kdmow k (e€nyhote yiotl). Aev Unopolue dUwe Vo TNV opoupECOUIE

tehelwg: av B, = [n, +00), 161€ B, \( 0 o0& pu(By) = +00 i xdde n eved pu() = 0.
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5.5 To cOvoio Tou Cantor

§1. Kataoxeur Touv cuvoiou tou Cantor

Ocewpolpe 10 didotnua Cy = [0, 1] xou 1o ywellouue ot tpla loa dacthuate. Agoipolue
0 avowté peoaio didotnua (1/3,2/3). Ovopsdouvue C) to 6Ovoro Tou amopévet, dnhadH

(4.5.1) C1=1[0,1/3] U [2/3,1].

To C} ebvon mpogaves xheioté ouvoro. Xwpilouye xadéva améd ta dacthpara [0,1/3] xou
[2/3,1] o€ Tplo (oo duaoThpata xou, omd xodévo amd aUTd, APUEOVUE TO UECOLO aVoLXTO
dudotnua. Ovoudlouue Ca 10 xAeloTO GOVOAO TOU ATOUEVEL, dNhdT

(4.5.2) Cy =1[0,1/9] U [2/9,1/3] U [2/3,7/9] U [8/9,1].

Yuveyilovtoc pe autév ToV TEéMO, xataoxeudlovye Yot xdde n = 1,2,... évo x\eloTo
obvoro C), €10l ote 1 oxoloudia (Cp) va €xel tig e€hg WBiéTnTeS:

(1) ClDCQDC;gD"'.

(ii) To C,, elvou 1 évwon 2" xAewstdV dlotnudtey, xadéva ond ta omola €yel uixog
1/3m.

To cVUvolo tou Cantor sivon To cvoho
(4.5.3) C={)Cn
n=1

Snuetwon. Ta doothuara tne wopghc [k/3", (k+1)/3"], n €N, k=0,1,...,3" — 1,
ovopdlovton TELABLXA SLUCTARATA.

§2. I8t6tnTeC Tou cuvoiou Tou Cantor

To C etvon olyoupa urn xevd, apol Teptéyel To dxpo OAWY TWV TELIBIXOY BIACTNUATWY ToU
anoptilouy xdde C), (6nwe Ya dolue mopoxdtew mepéyer xou ToAG dAha onueia). Emiong
10 C elvor XheloTd, 0ol 1) Touf XAEWGTWY cLUVOAWY elvan xAelotd cbhvoro. Emmiéov, to C
éyel tg e€nic WBLoTNTES:

(1) To C etvar tékewo ovrodo, dnhady| eivon xhewotd xon xdde onueio tou C eivar onueio
ocuoowpevong tou C.

Anédeiln. Eidope 6t 1o C ebvan xhewoté. T va delloupe 6Tt xdlde = € C elvon onuelo
ocuoowpevong tou C' mapatneolue 6Tl yioo T0 TUY6V & € C umdpyel povadxr axohoudi-
o XAEGTOV TELdXGY dlastnudtoy I,(x), n = 1,2,..., ye ¢ € I,(z), I,(x) C Cp xou
((In(x)) = 3= Ovaxohoudiec (an(z)) xou (0, (2)) TV aploTEROY X0 DEEIDV dXPOY TwV
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n(x) aviioTolya Tepléyovton 6To xodeulo and owtéc cLUYXAVEL 6TO T, Xo {ot TOUNG-
I C, xad v VY XA , LA
ytotov and Tic 800 dev eivon tTeEMxd otadepy]. Apa, To x elvon onueio cucompevone tou C.
a
(2) To C éxer ekwtepikd uérpo oo ue 0.

7z I8 z n 7, ’. z

nédein. T xdde n €y oupE ' HOU 'n) = Zm, ool 10 Cp elvan évwo

Andb r de n € N éyouvpe C C C “(C, z, U 10 C, on
Zévev avd 800 XAEIOTOVY oTNUTeY, xadéva omd ta omola éxel whixoc 3. Apa,
2n
3n
v x&de n € N, ondte p*(C) = 0. O

(454) M*(O) < ,LL*(Cn) =

ITapathienom. Ewbidtepa, to C dev nepléyetl xavéva didotnua.
(3) To C etvar vrepapriprioo.
Anédeadn. Ano éva yevxd Vedpnua e Tomohoylag, xdde un xevéd téhelo unocivoho
tou R elvar unepapriuriowo. Agol dellaue 611 1o C' elvon téheto, €nctol 0 loyvUEloUoS. Oa
BOCOUYE OUOC Wi deTeEEY anddell, 1 onola pdg divel Ty apopur| Vo SoLUE Uiol BLapopETXN
nepLypopr) Tou ouVoAou C' Tou TaPOVGLALEL YEVIXOTERO EVOLPEROV.

Mrnopotpe va oplooupe pla éva tpog €va xau enl anewxévion  tou C' oto chvoro

(4.5.5) {0,2}Y = {(an)p2y | Yo %éde n, = 0 f o, = 2}

To {0, 2} etvor unepapriufioo (Yupndeite o daydvio emyeipnua tou Cantor). Apa, o
C elvar vrepapripiowo. H anexdvion @ opileton we ehc:

T xdde x € C undpyer povaduxt| axohouvdia xhelotdy daotnudtey Iy (x), n=1,2,.. .,
wote: I1(x) D Iz(z) D -+, xou yio xdde n, x € I (x) xon to I, () eivon €vor amd tor TpLadixd
BLACTHUOTOL UHXOUG % nou anaptilouv 10 Cp.

Me Bdon authv Ty axohouvdic dlaotnudtey oplloupe wa axohoudia (o), € {0,2}N
we e&he:

(@) n = 1: ©étoupe of =0 av Iy(x) = [0,1/3] (Bnhadh, av z € [0,1/3]) xu af =2 av
I (z) = [2/3,1] (Bnhadh, ov = € [2/3,1]).

(8) Eraywyicé pripa: T xdde n, ov I, (z) = [k/3", (k+1)/3"] t6te 10 Ip1(2) ebvon évar
amé tor 800 dothpata [k/3", (k/3™) + (1/3"T1)], [(k/3™) 4 (2/3" 1), (k+1)/3"]: exetvo
mou Tepiéyel To . Oétouue af 1 = 0 av I, 1(x) von T0 MpGTO BldoTNUa, Xou o = 2
av I41(z) ebvon to deltepo Sidotnua.

Iopatnpodpe 6T av © # y, T61€ Yo xénowo n Yo woylel Iy (z) # In(y), oo Yo
émpeme v éyoupe |z — y| < 5k v xdde n € N Av ng elvor 0 mpdTog QUOIKGS YioL TOV
onolo I, (x) # I, (y), 16T€ and T0v 0ploud Twv af, BAénoupe 6TL g # af , dpa oL Vo
oxohovdie (af)s%, xou (a¥)52 eivon dapopeTinéc. AuTtéd amodexviel OTL 1) ATEXGVION
®:C —{0,2}N ue (z) = (o), civon éva mpog éva.

n=1
Avtiotpoga, av (e, )5%; etvon pio axohoudior amd 0 1) 2, 1 oxohovdia aut| opilel povadinn
oxohoudior Tpladixdy dotnudtwy (I,)02; e It D Iz D ---, dote vy xdde n o I, va

elvon éva omd T TELdLX BlaoTHYATA UX0oUg Bi nou omoptilouy 10 Cy:
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() n=1: O¢toupe I; = [0,1/3] av a1 =04 [y = [2/3,1] av oy = 2.
(B) Tevixd, 0 I, 41 opileton vo ebvon évor amd Tor D00 TELAdIXG UTOBLGTAUOTOL UAXOUS mrr
tou I, mou Teptéyovtal 610 Chryi: TO APLETERS AV a1 = 0, 1) T0 88l av vy = 2.

Aol ta uiun twv daotnudtwy I, gdivouv oto 0, n Tour| toug elvon povochvoho: €otw

(4.5.6) {z} =) In-
n=1

(Buundeite btu N Topn givo un xevi Aoy ToL YEWPHATOS TV UBWTIOUEVLY DACTNUETWY).
Agob I, C C,, v xdde n, eivon pavepd 61 & € C. Ernlong, I, (z) = I, vy xdde n, xou
and Tov Tpo6To oplolol Twv I, €éyouue

(4.5.7) (an)nZy = (ap)nZy = ®(2).

Auté amodewviel 61 n @ etvan enl Tou {0, 2}, dpa o C ebvon urepapiuficuso.

O tpdnoc opiopol e P udc odnyel oe yio GAAN teptypagy) Tou cuvérou tou Cantor.

§3. Tpeladuxn napdotacy aptdrol

Av (an)p2; elvon pua oxohoudio pe a,, € {0,1,2} yia xdde n € N, téte n oepd > 7, &
ouyxhiver ot évav aprdpé = € [0,1]. Avae =Y | 42 ue a, € {0,1,2} yia x8de n, n oeipd
Yomey g (h M oxohoudia (an)pe;) Aéyeta TELAdWXA TapdoTtacy tou x. Lpdgouye
x=(ay,ag,...)ovii g & =Y 7 | 2.

Ké&de aprduéc = oto ddotnua [0,1] €yl tprodued tapdotaon. H oxohouvdia (a,)0
uropel va emheyel we e€hc: Xwpiloupe 1o [0, 1] ota tpio utodiaotiuata [0,1/3], (1/3,2/3)
xou [2/3,1]. Oétoupe

0 ,zel0,1/3]

ap=1<1 ,2€(1/3,2/3)

2 ,ze[2/3,1].
Me autév tov oploud, oe xdie meplntwor Eyouue
aq al 1
4.5.8 << 22
(4.58) 375373

Ac vrodéooupe 6t z € [0,1/3]. Xwpilovue autd to ddotnua ota Tplo UTOdAGTAUATY
[0,1/9], (1/9,2/9), [2/9,1/3] xou ¥étoupe az = 0,1 B 2 avtiotoryo av T0 = avixel oto
aplotepd, oTo Yecafo B oTo de€ld and autd To dlaotApata. Avahoya oplleton To ag oTay
x € (1/3,2/3) fx € [2/3,1], étoL dote oe xdle nepintwon va éyovye

ag 1

aq ay an
4.5.9 e I A . R
(4.5.9) s PR ST Tty
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Yuveylloupe TNy EMAOYT TOV @y HE AUTOV TOV TEOTO £TOL WOTE Yo xA¥e N Vo EYOLUE

i Qg - ag 1
(4.5.10) Zs—kgxgzg)—k+3—n.
k=1 k=1
Aol houdy
- ag 1
4.5.11 0<zx— — < —
(45,11 TEPo 5

émeton OTL M) oElRd Yooy §E ouyxhivel oTov z, Snhadh

[e'S) ax
4.5.12 = —.
(@512 -3
k=1
ITopadeiypota
EXéyEte 6T
1/8 = (0,1,0,1,0,1,...)
1/4 = (2,0,2,0,2,0,...).

Etvor govepd 6TL av & # y TOHTE 1) TpLadiny| TopdoTooT) Tou T elvol Slopope Ty and authv
Tou ¥, ool o oelpd Bev umopel var ouyxAivel oe 800 BlapopeTixd dpta.

Trdpyouv buwe aprduol = € [0, 1] mou €youv dUo BPopeTIXES TELUBIXES TOPACTACELC.
T nopdderypo, ov x = 1/3 téte

— 0 1 2
D g K% =D o
k=2

k=2

W =

1
=

(Me tov tpémo emhoyhc e (an )%, TOL ToEOLGIACUUE TapaTdve, Vo Bploxaue Ty debtepn
TopdoToo).

Tevixdepa, woybel 1o e€hc: O = € [0, 1] éxel d0o Srapopetinée Tpladinéc TapacTIoELS oy
xou ovo av o x ebvon tptadinde pntde: dnhadh av z = k/3™ yia xdnowov n € N xou xdnotov
1 <k <3" (aphvetar we doxnon).

To Oedenua mou axohouviel divel Evav dAlo TedTo Teplypapric Tou cuvorou Tou Cantor.

Oevpenpa 5.5.1. Eotw x € [0,1]. Tére, x € C av ka1 udvo av o & éyer pia tpadixij
rapdotaon 1 onola mepiéyel uévo ta Yneia 0 kai 2. O

Arndbeén. Eotw x € [0,1]. Av 1 axorovdia (ay,) emheyel ye Tov TpdT0 TOU TOPOUCLACOUE
TopAmdve, TOTE oy Vel o e€hc: © € C av xon wévo av a, # 1 yia xdde n. Autd anodewcviel
ot av x € C 101 0 = €yer pla Tpladnr| mapdotoaoy Tou tepéyel povo ta Ynpio 0 xon 2. H
ohoxhipwaon NG amodeldng aprveTal we doxno. O
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5.6 Ilapddeiypa W1 RETRNOLLOU CLUVOAOUL

Yy §4.4 oplooye v o-dhyefea B twv Borel unocuvéiwmv tou R xan tnv peyohitepn
o-dhyefpo M 1wy yetpiowy utocuvolwy tou R. Amd toug opiopolc érovial duec ot
eyxAewopol

(4.6.1) BC MCPR).

To epdtnua dune av oautol ol 3o eyxdetopol eivan yviotol (Snhadr, av urdpyouy uTocivola
Tou R mou Jev elvan petprioya xou av uTdpyouv petprictua cOvoha mou dev eivon Borel)
dev elvon xortdAou amhd. e auTthAv TNV Topdyeapo Vo XATUCHEVACOUPUE TORADELYUO [
peteroou cuvorou. H xataoxevy| Baoiletar oto «aimpa tne emhoyhcy and v Ocwpla
Yuvohwy, T0 omolo amodEYOUAOTE.

Agilwpa tne Emhoyhg: Eotw X = {X, | a € A} wa un xevi oxoyévela EEvwv, un
XEVHY UTOCLVOAWY £VOC cuvohou (). Tote, undpyet éva chvoro E mou mepLéyel axpiBg éva
otoyelo x4 and xdle clvoro X,. Anhady), utdpyel cuvdetnoy emhoyhs f: A = Q
pe f(a) € X, v xde a € A.

Ynpeiwon, To A&lwpa e Emhoyic, av xou gaivetan «odoy, anodeixvieta avedptnto
omd to aiopata (Zermelo-Fraenkel) tne Oswpioc Luvorwy.

O ypnowonoimooupe enlone To ANUpa Tou Steinhaus.

IIebtact 5.6.1. Eotw A uetpriouo ovvoro ue i(A) > 0. Tdte, to «atvolo Siapopdsvy
(4.6.2) A-A={x—-ylzeAdyecA}
tou A mepiéyer Sidotnua tns poperis (—t,t) ya kdrow t > 0.

Andbein. Mnopolue vo utodécouue 6t 0 < p(A) < oo (av p(A) = oo, Yewpotuye B C A
pe 0 < p(B) < oo, Selyvouue 6t 1o B — B mepiéyet didotnuo tne popphc (—t, t) yiot xdmoto
t >0, xu téte, A— A D B— B D (-t,1t)).

‘Eotw howmdv A petpriowo ovvoro pe 0 < p(A) < oo. Ta tuydv € > 0 pnopolue
va Bpodpe avowxté olvoro G DO A wote u(G) < (1 + e)u(A). Mnropolue va ypdouue
10 G cav apiphown évwon G = Upe I un emxahuntépevey dotnudtoy. Oétovue
A = ANI. Tote,

(4.6.3) pG) = UIk) xon p(A) = u(Ag).
k=1 k=1
Ané my p(G) < (1 +e)pu(A) éneton btu: undpyet k € N dote

(4.6.4) (1) < (1+e)u(ANT).
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Iaipvovtoc € = 1/3 ouunepaivoupe 6Tt utdpyel didotnua I dote

1
(4.6.5) WANT) > %()
Oétoupe t = @ Ou deiloupe 6Tt
(4.6.6) (ANI)—(ANI) D (—t,t).

Av avt6 dev woylel, undpyel s € (—t,t) dote ta ohvoha ANT xou (ANT) 4+ s va elvon
géva. Tautdypova, nepéyovion oto I U (I + s), To onolo givan ddotnuo uhAxoue £(1) + |s|.
‘Eneton 611

3¢(1)

(4.6.7) 2(ANT) = pu(ANI)+p((ANI)+s) <LUI)+s< —

dnhadh pw(ANT) < %(I), 70 orolo elvan dromo. Enetow 61t A—A D (ANI)—(ANI) D (—t,t).
O

BOewpenua 5.6.2. Yrdpyer un perpropuo £ C R.

Anédeaén. Opllouye oyéomn wooduvaulac ~ oto R wg e€ng:

(4.6.8) r~y<=z—yecQ.

H ~ yopilet to R og xhdoelc ooduvapiog

(4.6.9) E,={yeR|y=uz+q ywxdrowov q € Q}.

Av cupPoricovye pe X = {X, | a € A} v oxoyévelr TV DAPORETIXGDY XAACEWY 1GODU-
vapibog, 1o ofiopa e emhoyrc poc Aéet 6t utdpyel éva obvoro E = {y, | a € A} CR 10
omnolo mepéyel axpBie éva otouyelo y, and xdde xhdon X,. Ewbixdtepa, av a # b oto A
w6 Yo — 1 ¢ Q.

Ocwpotye wa opidunon {g, : n € N} tou Q xou Yewpodye v axohoudio cuvoRwY

(4.6.10) E,:=E+g¢, necN

Ta cOvora E,, ixavomololv ta e€nic:

(i) Av n #m tétc E, N E,, = 0. Hpdypatt, av unhexoy Ya, yp € E OTE yo + ¢n =
Yb + @m, TOTE Vot elyope 0 # Yo — Yp = ¢m — g € Q, T0 OO0 €lvon dromo and Tov
1péT0 oplopol Tou E.

(ii) R=Us~, En. pdypor, ov z € R w61 undpyet a € A dote z € X,. Autd onuaiver
OTL T = Yo + ¢ Yo xénoov ¢ € Q. Opwc, tote undpyet n = n(x) € N dote ¢ = gy,
ONhad”, = Yo + qn € Ey,.
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Ac vno¥éoouye 6Tl 1o E elvon yetpriotwo. Tote, 10 E, = E + ¢y, elvou petpriowo vyl xdde
n € Nxou u(Fy) = p(E). And uc didtnree tov B, xouw and tny aprduion tpocdetindtnta
Tou U€Ttpou, Talpvouue

(4.6.11) +oo = p(R) = p(Ey) => wE
n=1 n=1

Yuvende, u(E) > 0. Ané to Myupo tou Steinhaus, to E — E nepéyel ddotnua (—t,t)
v xdmowov ¢ > 0. ‘Ouwe avtd ebvar dtono, 86T T0 E — E dev unopel va mepléyel pnto
Blapopetind amd o 0: av & # y 010 E 161 0 & — Y elvon dppntog, and Tov TeoTo 0plooU
tou E. ‘Enetan 611 10 E Sev elvan petprioo cvvohro. O

IMapatrpnon 5.6.3. Me pla noapahhoryr| auTto) TOU ETUYEWRUATOSC UTopoUUe Vo del&oupe
6t x4 petphiowo A C R pe p(A) > 0 éyet un petprioo utootvoro. XenoulomoudvTog
o olvoha B, nou oplotnxay oty (4.6.10) ypdypouye

(4.6.12) U ANE,)
xan unoY€tovtag 6Tl xdde A N E,, elval YETEHOWWO XATOATYOUUE GTNY
(4.6.13) 0< p(A Z (ANE,)

Suvende, utdpyet n € N dote p(ANE,) > 0 xow and to Mypa tou Steinhaus 10 ANE,, —
ANE,, doxu 10 E, — E,, nepiéyel ddotnua (—t,t) yio xdmoov ¢ > 0. Auté odnyel oe
dromo.

ITopatrhienomn 5.6.4. Mnopolue, ye mopouolo tpdmo, vo anodetouvue TNy Onapdn un
petpfowou E C [0, 1], anogedyoviag Ty yeriorn tou Mupatog tou Steinhaus. Opiloupe
oyéomn woduvopiac ~ oto [0,1] we e&ic:

(4.6.14) r~y<=z—yeQ.

Iapoatnehiote ott, avayxoaotxd, & —y € [—1,1]. H ~ yowpllel 1o [0, 1] oe x\doeic looduva-
plog

(4.6.15) E,={y€[0,1] |y =z + ¢ vy xdmowov ¢ € [-1,1] N Q}.

Av supPoricovye pe X = {X, | a € A} v oxoyévelr ToV DAPOPETIXGDY XAACEWY L10OJU-
voplae, to afiopa tne emhoyhc wac héel 6tL utdpyel éva ohvoro E = {y, | a € A} C [0,1]
10 omolo meptéyel axpBie éva otouxeio Y, and xdde xhdon X,. Ewbdwdtepa, av a # b oto
Aot yo —yp ¢ Q.
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Ocwpolpe wa apldunon {¢, : n € N} tou Q N [—1,1] xu Yewpolpe v axohoudin
CUVOAWY

(4.6.16) E, =E+q,, n € N.
Ta cOvora E,, avorololy ta e€ng:

(i) B, C[-1,2].

(i) Avn # m t6te E, N E,, = 0.

(iii) [0,1] € U,—, Ey. Hpdypot, av z € [0,1] téte undpyet a € A dote © € X,. Auté
onuaivel 6TL & = Y, +¢q Y xdnowov ¢ € QN[—1,1]. Opwc, téte undpyetn = n(x) € N
OOTE ¢ = @p, ONAADY, T = Yo + qn € Ey.

Trobétouue 6L To E elvan yetpriowo. Tote, 10 E,, = E+qy, elvon yetpriowo yiaxdde n € N
xou p(Ep) = p(E). Ané tc WBiomree twv E, xaw and ) povotovia xou v aptiufon
oo ¥eTIXOTNTA TOU PETPOV, TOEVOUUE

(4.6.17) 1= p([0,1]) < p (U En> = u(En) =Y u(E) <3,

70 onoio elvou drono agol to teheutaio dlpoioua etvan ico pe 0 (av p(E) = 0) A pe +oo
(av u(E) > 0). Zuvende, to E dev elvan petprioyo obvolo.

5.7 Aoxfoelg
Owpdda A’
1. (o) Eotw A CR xau t € R. Aei&te 6
i (A) = (A4 1)
(t0 e€wtepnd PéTpo elvor avoAAOIWTO WS TPOC HETAPOPES).

(B) Av emumhéov 1o A elvon petpriowo, téte T0 A 4t elvon petpriowpo.

2. (o) 'Eotww A gpaypévo urtoctvoro tou R. Aeigte 6t p*(A) < +oo.
B) 'Eotww 6t 10 A C R éxel Touldylotov éva ecwtepixd onuelo. AeiZte ot p*(A) > 0.

3. (2) Av A, B C R xaw pu*(B) =0, deigte 6 p* (AU B) = p*(A4).
(B) Av A,B C R xau p*(AA B) =0, dei&te 6t p*(A) = p*(B) (pe A A B ovyBohilovye
v ouppetewxt| dlapopd (A\ B) U (B \ A) tov A xou B).

4. (o) BEoww A C Rxo t € R. ZuyBohiloupe pe tA 1o olvoho tA = {tz | x € A}. Aeilte
b (44) = [t] it (A).



5.7 ASKHSEI® - 125

(B) Eotww f: B C R — R ouvdptnon Lipschitz pe otadepd C, dnhady| |f(z) — f(y)| <
Clz — y| ywo xdde z,y € B. Acigte 6T

1w (f(A)) < Cu*(A)

vy xdde A C B.

(v) Eotww A C R ye u(A) = 0. AclEte 6t 10 ohvoro A’ = {a? | z € A} éye enione pérpo
u(A) = 0
Yndébetn: Eetdote npdta v nepintwon énov A C [—M, M] v xdrowo M > 0.

5. Bow E CRye 0 < p*(E) < 400 xu ot 0 < o < 1. Aeite 6t undpyet ovoixtd
dudotnua I ye v WBLOTHTA
pw(ENI)>al(l).

Tréoetn: Yrnodéote to avtileto xa, yia tuydv € > 0, Yewprote axorouvdia dlacTnudtwy
Iypue E CUpe I xou Yoo U(Ix) < p*(E) +e.

6. Eotww A petpriowo odvoho xou éotw 0 > 0 dote u(ANI) > 6 4(I) vy xdde avorytd
dudotnua. Aellte bt u(A°) = 0.

7. Bow A, B CR e
dist(A, B) = inf{|lx —y|: x € A,y € B} > 0.
Aceléte 6T

1 (AU B) = i (A) + " (B).

8. BEotww A C R petpAowo cvvoro pe 0 < p(A) < +oo.
(o) Agigte 6T ouvdptnon f: R — Rye f(z) = p(AN (—o0, z]) eivar cuveyic.
(B) Aci&te 6T undpyel petpriowo ovvoro F ue FF C A xou pu(F) = p(A)/2.
9. Eotw A CR. Acet&te d11 ta e€¥ic ebvan 1oodOvopa
(i) To A elvau petpriowyo.
(i) T x&de € > 0 vndpyet xhewotdé FF C R dote FF C A xaw p*(A\ F) < e.

(iii) Yrdpyer Fy-ovoro I dote I' C A xou p*(A\T) = 0.

10. 'Eotw (A,) axohovdio unocuvdrev tou R. Opllovye 1o chvoha

limsup 4, = {x € R |z € A,, vt dmepa n}
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el
liminf A, = {z € R| undpyet no(z) € N dote z € A4,, yio xdde n > ng(x)}.

Aceléte 6T

limsup 4, = ﬁ [j Ap xouw liminf A, = [j ﬁ Ay

n=1k=n n=1k=n

11. 'Eotww (A,) axohoudio petpfioiwy utocuvébrwy tou R. Asigte 611
(o) T limsup A, xou liminf A,, elvon petpowa odvoha.

(B) p(liminf A,,) < liminf p(A,) xon av (U2, A,) < 400 to1E

lim sup u(A,) < p(limsup A,).
(v) Av X7 u(Ay) < 400, tote p(limsup 4,,) = 0.

12. Aci&te 6t to axdhouda chvoha eivor cvoha Borel xau Bpeite to pétpo touc: Q, R\ Q,
[0,1]\ Q, C + 1, 2C, énou C 1o clvoro tou Cantor.

13. Eotw A vnepapruriowwo cdvoro xat €0tw X 1) OOYEVELN TWY UTOCUVOAWY X TOu
A mou avoroovy To effc: glte To X 1o A\ X eivan aprduriowo. Acite 6t n X elvon
o-8hyefBpa.

14. Aci&te 6t o aprdude 1/4 avixer oto clvoro tou Cantor.

15. E&etdote av ol napoxdtew npotdoei etvan ahndelc 1 Ppeudeic:
(i) Av A CR xou p*(A) =0, t61e t0 A elvon Tenepacpévo 1 drepo aprdufioo civolo.
(ii) Av A CR xou 10 A dev eivan petpiotpo, tote p*(A) > 0.

(ili) Av A,B CR, p*(A) < +00, B C A, 10 B eivau petpriowo xou u(B) = p*(A), téte
10 A elvan yetpriowo.

(iv) Eotw A C [a,b]. Téte, p*(A) = 0 av xou ubvo av undpyet xdhudn tov A and wa
axohoudia avotay dootnudrey (I,) dote > oo U(I,) < +0o xou xéde x € A

avhxel oe dnelpa to Thdog and to SooTAuaT Ip,.

(v) Av A CR téte p(A) =0 av xou pévo av ha tar utoolvora tou A ebvan uetprioa.
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Opdda B’
16. 'Eotww A C [a,b] pe pu(A) > 0. Aceite 1 undpyowy 2,y € A dote x —y € R\ Q.
17. () Av 1o A eivon yetpriowo xou p(AAB) = 0, téte 10 B elvon yetpriowo xa u(B) =
p(A).
(B) Av ta A, B elvau petprioua, téte

p(AU B) + (AN B) = u(A) + p(B).

(v) Av 1o A, B elvon petpfiowa, A C B xou pu(A) = pu(B) < +oo, t6te pu(B\ 4) = 0.

(3) Awmote mopdderypo petpiowwy ocuvéhwy A, B ye A C B xou p(A) = p(B), odhd
w(B\ A) > 0.

18. Eow A = {z € [0,2n] | sinz < 1/n}. Troroyiote o pu( oy En) %ot limy, o0 p(Ey).
19. Eotw f: R — R. Aci&te 671 10 60Ovoro
A={z e R|n f elvou ouveyrc oo =}
elvar cOvolo Borel.
Troveaén: Aellte npdta 6Tl
n (o)
. 1
A= U{xeR|d1am[f(a:—1/n,a:+1/n)]<k}.

k=1n=1

20. 'Eotww f, : R = R axohovdio cuveydv cuvaptioewy. Ael€te 61t 10 chvolo
B={zcR| liﬂm fn(z) = 00}
elvar obvolo Borel.

21. Eoto f: R — R cuveyfic ouvdptnon. Acifte 6L yia xdde Borel B C R 1o f~1(B)
elvouw ohvoro Borel.

Trédaén: Oewpnote tnv xhdon A= {A CR| o f~1(A) elvor olvoho Borel}.

22. T xdde z € [0,1) oupPorilovpe pe (21,2, x3,...) THY dexadixn TopdoToon Tou &
(v T0 T €xeL B0 dapopeTinée dexadixéc TopaoTdoels Yewpolpe EXEVY TOU TENELOVEL OE
gmetpar undevind). Bpeite to e€wtepind pétpo xodevic and ta ohvolo:

(i) Ay ={z€][0,1) |z #5}.
(ii) Ao ={z€[0,1) |21 #5 xou z3 # 5}.
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(i) A3 ={z€[0,1) | yiwxdde n=1,2,..., x, # 5}.

23. Eow 0 € (0,1). Enavolopfdvoupe v Sobixaocia Xataoxeuhc ToU cLVONOU TOU
Cantor pe v dlopopd 6Tl 6T0 N-00T6 P APaLEOVUE XEVTEXO OVOLYTO BIACTNUA UAXOUC
0/3™ and x&de didotnuo mov €xel anopeivel oto (n — 1)-001é Brua. Katahfyouue oe éva
cOvolo Cy «tOrmou Cantory. Aclte ot

(o) To Cp elvon téhelo xou dev TepLEYEL avoryTd dlacThaTo.

(B) To Cy eivon vrepaprduriowo.

(v) To Cy eivan petpfioo xou p(Cy) =1 —60 > 0.

Owpdda I

24. Eoto {g,}52; o apidunon tov QN [0,1]. T xdde € > 0 opiloupe

16=0) (0 g ).
n=1

Téhog, Véroupe A = N5, A(1/7).

(o) Aeigte 6T p(Afe)) < 2e.

(B) Av e < § del&re 6t 7o [0,1] \ A(e) elvon un xevé.

(v) Acigre 61t A C [0,1] xou u(A) =0.

(d) AclEte 61t QN [0,1] C A xou 611 T0 A elvan unepoprduiodo.

25. Eotw {A,} axohoudio Lebesgue yetpfiowmy unocuvorey tou [0, 1] ye vy bidtnta

limsup p(A,) = 1.

n—oo

Ae{Ete 6ty xdde 0 < o < 1 undpyer uroxohoudion { Ay, } e {An} e

n (N2 Ag,) > a.

26. Eotw E éva Lebesgue petpriowo vtoovvoho tou R pe p(F) < o0o. ‘Eotww {A,} axo-
houdia Lebesgue petpriowny utocuvérwy tou E xou éotw ¢ > 0 pe v botnta pu(A,) > ¢
yio xdde n € N.

(o) Agigte 6T p(limsup A,,) > 0.

(B) AeiZte 61 undpyet yvnoing adZovoo axohouvdio {k,} puoxdy ye Ty WBioTnTo

ﬂ Ay, #0.

n=1
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27. 'Ecw E éva Lebesgue petprioyo utosivoro tou R pe p(E) > 1. Aeilte bt undpyouv
r#yotw E dotwexr—y e Z.

28. 'Eow E éva unocUvoro tou R. Opllovpe 1o eowtepiké pétpo Lebesgue tou E
Vétovtoc

w(E) = sup{u(F) : F C E, F xhewot6}.
(o) Acllte 611 pe(E) < p*(E).
(B) TroYétoupe 6Tt u*(F) < oo. Aceilte 61 1o E civon Lebesgue petpfiowo av xou povo
> 1.(E) = i*(E).
(v) Aeigte 6t av p*(E) = oo t61e 1) looduvapia oto (B) dev elvon névta oot

29. I xdde A € M xou yio xdde = € R opilouyue

av autd 1o dpto utdpyel. O p(A4,x) ebvan ) weTpixh TuxvoTnTa 10U A 6T0 oNueio .
(o) Agigte 6T p(Q,x) =0 xaw p(R\ Q,z) =1 vy xée x € R.
(B) Eow 0 < a < 1. Kataoxevdote olvoro A C R ye vy bidtta p(4,0) = a.

Opdda A’

30. AciZte 6T undpyet oxohovda {E, 152 Eévwv utosuvéimy tou R Mot

p(UR L En) < Y i (Bn).
n=1

31. Eotww E xou F 800 cuuroy utoctvora tou R pye E C F xou pu(E) < u(F). Aellte
6ty xdde a € (u(E), u(F)) pmogolue vo fpolue cuurayés otvoho K dote E C K C F
xou p(K) = o

32. Koataoxevdote éva Lebesgue petpriowo oOvoro E C [0,1] ye v e&hc Wbidtntar yio
xdde Sdotnua J C [0, 1],

w(JNE)>0 xu p(J\E)>O0.

33. 'Eoww A petpriowo vroocivoro tou R pe p(A) > 0. Aeilte 611, yia xdde n € N, 10 A
nepLéyel aprduntixy Tedodo urxoug n.






Kegpdhawo 6

MeTpNOLUES CUVUPTNCELS

6.1 MeTpfoLUES CLUVARTAHOELS

Ou ouvoptioeic yia T onoleg B entyelprioovye vo oploouue to ohoxirpwuo Lebesgue
elvar ouvaptroelc ye Tedlo oplopol xdmoo petprioido unoclvoho A tou R xau téc oty
enexteTopévn evdeio [—oo, +00] twv TpaypaTxdy apttudy. Onwe eldoue oty §4.1, vy
W gearypévn ouvdptnon f @ A — R da 9éhape vo mpoceyyiooupe to [, f ond adpoiouaro
™e poperic

n—1

(5.1.1) > yen({z € Al yk < f(2) < yrya}),

k=0

omou {yo < y1 < -+ - < yp } Soépion tou nediov Tty e f. Arapaitnn npolinddeon yia
vau yYivel x4t Tétoto elvar toe cOVoAa

(5.1.2) By ={z € Ay, < f(z) <yrt1}

va ebvan petprowo. Efyaote Aowndv unoypewpévol va TeploploTolue oTNny xAdoT exeivewy
TV ouvapthoewy [ A — [—00, +00] Yl Tic ontoleg To chvola

(5.1.3) {reA:a< f(z) <b}
elvow petpiowa. OL cuVOETACELC QUTEC AEYOVTUL RETPNOLAES.

Optopde 6.1.1 (Lebesgue yetpriown ouvdptnon). Eotw A Lebesgue yetpriowo vro-
obvoho tou R xou éotw f : A = R. H f AMyetuw Lebesgue petproiwun, 1 anhd
RETEAOLUT, av Yia xdde a € R 1o clvolro

(5.1.4) {x e A: f(z) > a} = f((a,+0))

elvon petproylo.
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H enépevn Ipdroaon delyver 611 oty $éomn twy nueudedv (a, +00) tou Oplopol 5.1.1
Yo umopoloaUe Vo TEEOVUE OTOLBATOTE dAAT XAdom NuLeLdeLdY.

ITeoétaor 6.1.2. Eotw A petprioio vroovroro tov R kar éotw f: A — R. Ta e&rjs
€lval 100dVvaua:

(i) H f elvar perprioun.
(ii) Ina kdBe a € R to otworo {z € A: f(x) > a}=f
(iii) Ia kdBe a € R wo otvodo {z € A: f(x) < a} = f~1((—o0,a)) efvar petprioo.
=1

<
(iv) Ta kdOe a € R o otvoro {x € A: f(x) <a

([a, +00)) efvar perprioo.

((—o0,al) efvar petprioo.

Arndbeaén. (i) = (ii) Hapotnpriote 6Tt
~ 1
(5.1.5) {reA: f(z O{xeA £( )>a—n}.

(ii) = (iii) Hopatnehote bt
(5.1.6) {reA: flx)y<a}=A\{x € A: f(z) > a}.

(i) = (iv) Hopatneriote 6T

DL

(5.1.7) {reA: fz)<a} = {xeA:f(x)<a—|—iL}.

n=1

(iv) = (i) Hopatnphote 611
(5.1.8) {reA: f(z) >a}=A\{z e A: f(x) <a}.
Aol apriunoweg Touég, aplUACUES EVWOELS Xal GUVOAOUEWENTXES Blapopés UETENOL-

MoV cUVOALYV elvan PeTprioa cUVORa, 1) looduvapia twy (i)-(iv) mpoxintel dueca and Tic
TPV CYECELC. O

ITpétaoy 6.1.3. Eotw A petprioipo vrootvolo tou R kai éotw f: A — R petprioun
ovvdptnon. Tote, 6Aes o1 avTioTpoges €lkdves diaotnudtwy — péow tns f — elvar petpioua
ovtvoda. To 610 wyver yia ta ovvoda {x € A: f(z) =a}, a € R.

Anédaén. O woyvpopde ebvon anhyy ouvénewa g Ilpdtaong 5.1.2. To mopddelypa, av
J = [a, b] té1E T0 cOVOIO

(5.1.9) frHN)={recA:a<fx)<b}={xcA: f(x)>a}n{zecA: f(x) <b}

elvow petpowo. Tehelwe avdhoya, yia xdde a € R, to obvoro

oo

(5.1.10) {xEA:f(x)a}m{xeA:ai<f(x)<a+i}

n=1

elvon petprowo. O



6.1 METPHSIMEY SYNAPTHSEIS - 133

Opiop6c 6.1.4 (Borel petpriown ocuvdptnor). Eotw A odvolo Borel tou R xau éotw
frA—=R.H f Xyetu Borel petpoiun av, yia xdde a € R, 1o chvoho

(5.1.11) {xcA: fz)>a} = f(a,+0))

elvar obvoro Borel. Ta axpif3y) avédhoya twv Ilpotdoewy 5.1.2 xou 5.1.3 woybouv yia Tig
Borel petpriowes ouvapthoeic (Slatunmote avtiotoryes Ilpotdoeic xou anodeilte tic).

HMopadeiypata 6.1.5. (a) 'Eotw A petpfiowo vnocivoro tou R xau éotw f: A - R
ouveyfc ouvdptnor. Tote, n f elvon yetprowun. Hedypatt, v xdde a € R to cbvoro
{r e A: f(x) > a} elvon avoixtd oto A, dnhad eivan tne poppric ANU Yo xdmoto avouxtd
unocUvoro U tou R. Xuvende, elvon yetprioio odvoro w¢ tour] 800 PETPNOU®Y GUVOALY.

(B) H yopaxtnpotins) ouvdpetnom xa : R — R evée yetpriowou ouvélou A eivon yetphiown
ouvdptnom. Ilpdyuatt, éxyouue

R, a<0
(5.1.12) {reR:xa(zx)>a}=¢ A, 0<a<l
0, a>1,

onAadY|, uetprowo obvoho oe xdie meplntwor. Ewdixdtepa, 1 cuvdpetnon tou Dirichlet xqg
elvan petprown cuvdptnon.

(v) Eoww A yetpriowo unoovvoro tou R. Kdde povétovn cuvdptnon f : A — R eivou
petehown. T xdde ¢ € R 1o obvoro {z € A : f(x) > a} ebvar n touh Tou A ye wa
nuievdeio, dpa etvon petprouo.

Andbetn. YTrodétouvye dt n f eivon adovoa. Eotww a € R. Tpdgouvpe T = {x € A :
f(z) >a} vt :=infT.

(i) Avt = —oo t6te T = A. Tpdypat, av x € A t61e undpyer y € T wote y < z. Autd
onuabver 6Tt y € A xau f(y) > a, dpwe n f elvon adZovoa xow and Ty y < x €neTow OTL
flz) > f(y) > a, dnhodh z € T. Apa, oe authy v nepintwon to T = A eivou petpriowo.

(ii) Av t € R t6te doxplvouye Tic €EfC TERLTTOOELS:

ot € T: Autd onuaiver 61t t € A xou f(t) > a. Téte, wyver T = AN [t,+00).
IMpdrypatt, av x € A xou x > t t61€ f(x) > f(t) > a, dpa x € T. Avtictpoga, av
x €T tote v € A xou x>t yiorl o ¢ elvan xdre pedypo tou 1.

ot ¢ T: Ou dellovpe 611 T = AN (t,+00). Ilpdypatt, av © € A xou > t t61€
(xopaxtnpiopde tov infimum) undpyet y € T dote t < y < @ xou autd Yo divel Ty
f(z) > fly) > a, dpox € T. Avtiotpopa, av x € T téte © € A xow x > ¢ yoti o ¢
elvon %dtw @edyua touv 1" xan dev avixel oto 1.

e xdde nepintwon 1o T = {x € A: f(x) > a} eivon 1 Toph Tov A pe wa nuevdeio. O



134 - METPHSIMES SYNAPTHYEIS

IMpdtaon 6.1.6 (npdieic petall YeTphomy ouvopthoewy). Eotw A petprioipo vro-
ovrolo tou R ka1 éotw f,g: A — R petprioiues ovvaptrioes. Tére,

(i) H f + g efvar petprioun.
(ii) Ta kd%e X € R, n ouvvdptnon \f elvar petprioun.
(iil) H fg evar puetprioun.
(iv) Av f(z) #0 ya kd0e x € A, téte n 1/ f etvar perpriowun.
(v) O ouvaptioes max{f, g}, min{f, g} xa1 |f| elvar perprioipes.

Anddaén. (i) Eow a € R. Av f(x) + g(z) < a, 16t f(z) < a — g(x). Apa, undpyet
eNToC ¢ HoTe

(5.1.13) f(z) <q¢<a—gx).
‘Ereton 6t
{reA: flx)+g(x)<a} = U{xeA:f(x) <gxo g(x) <a—q}
q€Q
= JUreA:f@)<agn{zeA:ga)<a—q}),
q€Q

onhody| etvar yetpriowwo cvvolo.
(ii) Eow a € R. Av A > 0, t6te

(5.1.14) {reA: Nf(x)>a}={xc A: f(z)>a/A\},
onAad” uetpriowo cbvoro. Av A < 0, tote
(5.1.15) {zeA: \f(x)>a}={z € A: f(z) <a/)},

dnhady| petpriowo ovvoho. e xdde mepintwon, n Af eivon petphiown (av A = 0, té1e dev
éyoupe va detfoupe tinota).

(iii) Aelyvoupe mpdta é1u 1 f2 ebvon petpriown. Av a < 0, téte

(5.1.16) {reA: f2(z)>a} =4,

eve av a > 0, téte

(5.1.17) {reA:f(x)?>ay={zcA: f(z)>Vaju{zcA: f(z)<—a}.

Ye xdde nepintwon, o {z: f2(z) > a} ebvou pyetpriowo. Topa, 1 fg eivon uetprioun, diot

(5.1.18) o= (f +9)° ; (f-9*
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(iv)Ava=0,tte {z € A:1/f(z) >0} ={x € A: f(z) >0}. Ava >0, téte
(5.1.19) {reA:1/f(x)>a} ={z € A:0< f(x) < 1/a}.

Téhog, av a < 0 tote

(5.1.20) {reAd:1/f(x)>a}={z€A: flx) >0}U{z e A: f(x) <1/a}.

Ye xéde nepintwon, to ovoro {x € A:1/f(x) > a} elvou petprowo.
(v) T xdde a € R éyoupe

(5.1.21) {r € A:max{f,g}(z) >a} ={x € A: f(z) >a}U{z e A:g(z) >a}
et
(5.1.22) {r e A:min{f,g}(z) <a}={z € A: f(x) <alU{z € A:g(x) <a}.

Apa, ow max{f,g} xou min{f, g} eivon yetpfiowec. Téhoc, n |f| = max{f, —f} elvou
ueterown. O

MeTp¥OWLES CLUVAETHOELE (e Tipkég oTo R

To enextetopévo cOVORO TV TEayRaTXGY opduny ebvor to R = [—o00, 00] = R U {+oc}.
Enextelvouye v Sidta€n tou R oto R opiloviag —00 < < 400 yi x8¥e z € R
xou eMEXTEVOUPE TNV ¥AEoTN TV BlaoTNUdTeY Tou R oty xhdon Tov dotnudteoy tou R
npoodétovtag to (EmexTetapéva) daoTiata [—o00,a), [—oo,a], (a,+o0], [a,+00] (6movu
a € R) xou [—00, +00], [—00, +00), (—00, +00].

Ou avouxtéc TeployEC Tou —o0 %ol ToU 400 elvat T GUVOARA [—00, a) xou (a, +00] avti-
ototya. O mpdEeic Tou R emextelvovron ue 1oV Yveotd tpéno oo R. M emitpentéc npdleic
ebvar oL (+00) — (+00), 0+ (£00), (£00)/0, (£00)/(£00). Ot cuvapthoeic f : A — R, bmou
A un xevé unocvoro tou R, Aéyovton enexTETAUEVES CUVIPTATELS.

Oo enextelVOUPE TOV OpLoPd TNG UETENOWNG CUVAETNONGC Xl OTNV TEPITTWOY CUVIPTH-
oewv pe Twée oto R.

Opiopéc 6.1.7. Eotw A Lebesgue yetpriowo utocivoro tou R xau éote f: A — R.
H f Myetu Lebesgue petprowwn, 1 anhd peterown, av v xdde a € R 1o civoho

(5.1.23) {zreA: f(x)>a}=f"(a,+00))
elvow petprowo.

‘Olec oL Hpotdoeic mou anodellope we Thpa Loydouy Yl (EMEXTETUUEVES) UETEROLIES
ouvopthoele (Yo Tic Tpdiels LeTall cuVapTASENY TEploptlpaoTE 0T0 UTOCUVORO ToL TED(-
0L 0pLoPOY TOUC GTO oTolo oL TpdEelc eivor emitpentéc). Iapatnehote 6T, avn f: A — R
elvan yetprown, téte Tor chvola

(5.1.24) {reA: fx)=+oc} = [{zcA: fx) >n}

n=1
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nou

(5.1.25) {reA:fz)=—-o0}=[{zeA:flx) <-n}

n=1

elvon petprioa.

H évvoia touv «oyedov navioLy

‘Eotww A yetpfiowo utocvvoho tou R. Aéue 6t 1 P(x) woylel oxeddv navol oto A
av 10 ovoro Z twv x € A yio to onola dev woyler i P(z) éyel pétpo undév. H enduevn
Ipbtaom Selyvel ot av adAAGEouPE TIC TWES ULIC UETPNOWNG CLVAETNONG OE €vol GUVORO
HETEOL UNBEY, TOTE TEOXUTTEL UETEHOLUY CUVEOTNO).
Ieétaom 6.1.8. Eotw A petpriouo vrootvolo tou R kat éotw f,g: A — R auvaptij-
oe ue f(x) = g(x) oxeddr tavrod oo A. Av n f eivar petprioun, téte n g elvar k1 avty
HeTpriopn.
Arndbetn. ©étovye B={z € A: f(z) =g(x)} xan Z ={z € A: f(x) # g(z)}. Aol
w(Z) =0, 10 Z elvon petpriowo, doa xou 0 B = A\ Z eivar yetpriogo.

‘Eotww a € R. Tére,

{r e A:g(x)>a} {reB:g(x)>a}U{x e Z:g(x)>a}
{reB: f(z)>atU{zeZ:g(x)>a}

= (Bn{zeA: f(x)>a})U{ze€Z:g(z)>a}.

To BN{z € A: f(z) > a} eivon yetpfiowo diott To B elvou yetpriowo xou to {x € A :
f(z) > a} ebvau pyetpowo Aoyw tne petpnowomtac e f. To {x € Z : g(z) > a} ebvan
HETEROWO WS LTOCUVORO cuVOhou pe WETpo 0. Apa, 1o {x € A : g(x) > a} elvou petprioio.

Agob 10 a € R Arav tuydy, 1 g elvar petprown. O

Axolovdieg LETEPACIU®Y CLUVIETACE®Y

H endbuevn Ipdtaor delyver 6t 1 petpnowdtnTa dlatnpeelton yia 0 xatd onueio dplo uiog
oxohoudlag UETPNOWIWY CUVAPTHGEWY.

IIeoétact 6.1.9. Eotw A petprioiuo vrootvolo tov R kai éotw (fy,) axodovdia petpn-
oy ovvaptioewy fn : A — [—00, +00|. Tdre,

(i) O1 ouvaptrioes sup f,, kaiinf f,, evar petprioipes.
n n

(ii) Av n (fn) ovykdiver katd onpuelo, téte n ovvdptnon f : A — [—o0, +o0] pe f(x) ==
lim f,(z) elvar pezprioun.
n—oo
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Arndbeén. (i) T xdde a € R éyovue 6Tt 10

(5.1.26) {reA: sup fu(z) >a} = U {reA: folx) > a}

n=1

elvon pyetpriowo cbvoro, xal To

(5.1.27) {reA: i%ffn(m) <a}= U {reA: folx) <a}

elvow petpriowo obvoho. Apa, ot sup fr, xou inf f;, elvon petpiowes cuvaptioeic.
n n

(ii) ©uundeite ott, yia x&de oxohoudia (ay,) mporypaTindy apducdv Exoupe

(5.1.28) limsup a, = inf (sup ak) xou liminf a, = sup (inf ak> .

n meN \ g>m meN m

H oxohoudia by, = supys,, ar €bvon @divovoa xar cuyxhivel oto limsup a,, eved 0 v, =
- n
infp>n, ag ebvon ad&ovoa xor cuyxhivel oto liminf a,,.
- n

Yy nepintwon yoc, av Yécouue

(5.1.29) gm(x) = sup fr(x) xu hpy(z) = ki;fn fr(2),

k>m

téte, and 1o (i), x40e g, A cbvar petpown cuvdptnom, xou

(5.1.30) f(z) = inf g, (z) = sup hy, ().
"Apa, néh omd 1o (1), N f elvon petphiown. O

Ynpeiwon: H anddeiln tou (ii) diver xdtt yevixdtepo: Av (fy,) eivar omoadinote oxohou-
Olo yetphiowwy ouvoapticewy f, @ A — [—o00, +00], T6TE 0L cuvapthoelc limsup,, fr, xou
liminf,, f,, mou opllovta and tic

(5.1.31) limsup fp(z) = inf <sup fk(x)) xar liminf f,, = sup (inf fk(x)> ,
n meN k>m n meN \k=m

elvon petprioleg. O

K\etvouye authy tny Iopdypago ue éva axdua tumxd mopdderypa Ipdtacne mou delyvel
6t o oOvoha pétpou 0 elvon auerntéo o€ GYEN UE TNV UETENOLUOTNTOL.
Ieétacy 6.1.10. Eotw A petprioipo vroovrodo tou R kai éotw f: A — [—o0, +00].
Av f, : A = [—00, 00| elvar petprioiues ouvaptiioeas kar fr(x) — f(x) oxeddy ravtov
oto A, tote n f elvar petprioun.
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Arédeaén. Eotw B={zx € A: f,(z) = f(x)}. Av Z = A\ B, t6te u(Z) =0 xow 70 B
elvan yetprowo.

‘Eow a € R. Téte, 10 {x € B: f(z) > a} civou petpriowo anéd v Ipbdtacn 5.1.9
vl fr, = f oto B, xaw w0 {x € Z: f(z) > a} eivon petpowo we utoctvoro tou Z (o
onolo éyel uétpo 0). Apa, t0

(5.1.32) {reA: flz)y>a}={zxeB: f(x)>atU{zeZ: f(zx)>a}

elvon petpriowo. Aol 1o a € R ftav tuydy, 1 g elvan yetpriown. O

6.2 H ouvdptnorn Cantor-Lebesgue

Oewpolye ta cbvora C), mou ypnowonojdnxay yio TV xatooxevy) Tou cuvérou C' tou
Cantor. T x&de n € N opiloupe ouvdptnon fr, : [0,1] = [0,1] wg e&hAc. Av J7, ..., J5 4
elvon oL Bradoynd avowxtd Sroothpata tou oynuatilouy to [0, 1]\ Cp, opiloupe f,,(0) =0,
fa(D) =1, fu(z) = 2ﬁ v x&e = oo JJ!, wou emextelvouue ypopuxd oe xadéva omd o
xheloTd Slaothpata tou oynuatiCouy to C) wote va TpoxdPel cuvEYTic cUVAETNOT.

T apdderypa, éxoupe C1 = [0,1/3] U [2/3,1]. H f1 eivon otadeph xau {on pe 1/2 oto
(1/3,2/3), yooyuuxh oto [0,1/3] pe f(0) = 0 xou f(1/3) = 1/2, yeopuxy oto [2/3,1] ue
f(2/3) = 1/2 xu f(1) = 1. Xro debtepo BAua, 1o [0,1] \ Cy anoteheiton and tpio Eéva
avowxtd dwothuoate: oto (1/9,2/9) n fo eivon otadeph xou ion ye 1/4, oto (1/3,2/3) 7
fa2 elvon otodepR xou {om pe 1/2, oto (7/9,8/9) n f2 elvan otadepn xou lom pe 3/4, eved oe
xadéva and o téocepa ¥heloTd SlaothApata Tou Cy TNV ENEXTEVOUUE YROUUIXA GE GUVEYY
ouvdptnom, opilovtae méh f2(0) = 0 o fo(1) = 1.

IMpdmaon 6.2.1 (cuvdptnor Cantor-Lebesgue). H axolovdia { f,,}02, ovykdiver opoid-
Hopga o€ pua ovvexrj ovvdptnon f 1 [0,1] — [0,1]. H f efvar adéovoa ka enf wov [0,1]. H
eixdva tov C péow g f éxea uérpo p(f(C)) = 1.

Anédeitn. And v xataoxevh e n oxorouvdio { fr} €xel Tic axdhoudec WLoTNTEC:

(i) Kdbde f,, elvou adZouoa, cuveyhc ouvdptnon pe f,(0) = 0 xou f,(1) = 1.

(i) Av JJ eivon %x4molo omd oL ovoLxTd BLUCTAROTO TOL apotpoVUE 0TO N-00Té Bro NS
xatooxevric Tou C, téte 1 fr, elvon otodepn oto JJ, xou

anfn-i-l Efn+2 ERN
oto Ji.
(iii) Ioyder

1
||fn+1_fn“w§27, n:172,3,....
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Ané v tpltn WibtnTor ehéyyoupe ebxola ot n {fr} elvon Baowd axorovdia otov C[0, 1]:
av m > n TOTE

—

m—1 m—

1 1
(5.2.1) 1fm = falloe < Y7 Ifsrr = Filloo < Y 5 < 5y = 0
k=n

k=n

ooy m,n — 0o0. O C[0, 1] elvon mhhpng we mpoc TV ||| o, dpat UTpyeL cuVEYHC cUVEETNON
f:10,1] = R dote f,, = f opoiduoppo.

HMpogavex, frn, — f xatd onueio oto [0,1]. Aol xdde f,, eivon ad&ovoa cuvdptnon
we fr(0) = 0 xou fr(1) =1, éncton 6Tt 1 f elvan x oauth) adlouoa, cUVEYAC CUVEETNOT UE
£(0) =0 % f(1) = 1. Elwdrepa, 1 f ebvan eni tou [0, 1].

Téroc, f(C) = [0,1]. Ipdyuan, and v debtepn Wibtnta e { fr} PAémoupe bt n f
elvon otadepr| oe xdde avoixtd didotnua J Tou cuumknedpatog Tou C, xan UGMoTA QUTH 1)
otoepr) Ty madpveton xou ot dxpa Tou J ta omola avixouv ato C. Agol 1 f elvan enl
wou [0, 1], x&de y € [0,1] eivon ioo pe f(x) v xdmowo x € C. Ané v f(C) = [0, 1] eivou
pavepd 6n p(f(C)) = 1. O

Ynpeiwon. HapatneRote 6t u([0,1]\ C) = 1 xou f'(z) = 0 yia xdde = ¢ C. Ipdypoar,
av z ¢ C 161e T0 & avixel oe xdmolo avouxtéd didotnua J oto onolo 1 f elvon otadepy.
Yuvende, 1 f ebvon mopayoyiown oto x xou f/(x) = 0. Me dhha Aoy, 1 f/ ebvon oyedov
Tovtol {on pe undév, mopdého nou 1 f elvon adEouoca xa anewxovilet o [0,1] exnl tou [0, 1].

Xenowonowvtag v ouvdptnon Cantor-Lebesgue, uropolpe vo anodei&oupe v U-
nopEn UETPNOWWY GUVOAWY To omola Bev elvan olvola Borel. Ow ypewootolue to &g
Afjupa.

AAppa 6.2.2. FEoww A ovvodo Borel oto R ka1 éotw f : A — R ouveyris ouvdptnon.
Tére, yra ke Borel otvolo B C R, wo f~1(B) = {x € A: f(x) € B} efvar obvoro Borel.

Anédeiln. Oewpolue TNy owoyEvela
A={BCR: 1o f'(B)eivor oyvoro Borel}.

Av B ebvor avowtéd umooivolo tou R, 1618 T0 fT1(B) ebvon avowtd oto A, Bt ) f
elvon ouveyfic. Agol 1o A elvon oivoho Borel, énetor 61t 10 f1(B) elvor ohvoho Borel
(e&nyhote ytl).

Edxoha ehéyyoupe 611 1 A elvon o-GAyeBpa — oL AEMTOUERELES APHVOVTUL WS doXNOT).
Aol n A elvar o-dhyefpa xon mepyel Ta avoxTd cUVOAA, ocupnepaivoupe 6Tl 1 Borel
o-dhyePpo B nepiéyetan oty A. And tov oplopd tne A émetan 6t ) avtiotpogn emdva
f~1(B) xéde Borel cuvérou B C R eivar ohvoro Borel. O

ITpétaor 6.2.3. Yrdpyer Lebesque petprioiuo vrootvodo tov ovvédov touv Cantor, to
omoio dev efvar ovvolo Borel.
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Andbetn. Ocewpolye v ouvdptnon ¢ : [0,1] — [0,2] pe g(x) = f(x) + =z, énouv f 7
ouvdptnon Cantor-Lebesgue. H g eivou yvnolwe adZovoa, cuveyhc xou eni (to iBlo xou 1
97"

To obvolo ¢g(C) eivau petpriowo xan u(g(C)) = 1. Ipdypoartt, to g(C) eivar xhewoTd ¢
oLVEYAS EOVA Tou cuprmayolg cuvérou C, doa etvon petpiowo. Emlong, n g anewxovilel
x&de avoutd ddotnua J tou [0,1]\ C oo {f(J)} + J, dnhadt oe didotnua cou phxouc.
Aeo p(g([0,1]\ C)) = 32 () = 1. Erezan 62 u(g(C)) = 1.

Aot 1o g(C) éyer Yetind pétpo, undpyel un petpriowo urtocivoro M tou g(C'). Torte,
0 K = g7'(M) elvon Lebesgue petpriowo 6t elvor unoctvoro tou C to omolo éxel
undevixd pétpo. ‘Ouwe, to K dev elvar cbvoro Borel: av Atay, and to Afupa 5.2.2 to M =
(g71)7H(K) Yo Aoy oivoho Borel we avtlotpogn exdva cuvéhou Borel péow ouveyoic
ouvdpTnong. Xuvenng, 1o M da ftav Lebesgue yetpriowo. O

6.3 Ilpocéyyiomn KETEPNHOWWY CUVARTHCEWY ANO ATAEG OUL-
VOETAOELS

Opiop6c 6.3.1 (anhf) ouvdptnon). M cuvdptnon ¢ : R — R Aéyeton anhf av eivon
TENEQUOHUEVOC YRUUULXOC CUVBLICHUOS YOPAXTNEICTIXWY CUVIPTHCEWY HETENOLIWY CUVOALY
(Yot umopovoaue vo apapécoupe Ty unédeon Gt ta GUVoha elvor HETENOUIAL, Xol Vor UAGUE
YioL amhéC UETPHOIUES GUVaPTACELS oTNY TepinTwon Tou auth 1 unddeon ixavomolelta).
Anhady, 1 ¢ elvor A} cuvdeTNoT av

n
(5.3.1) = Aixa,
i=1
vy xdmowov n € N, xdmowoug mpaypatixolg optduols Aq, ..., A, %ol Xdmolo HETEHOLUO

cOvoha Aq,..., A,.

Iopatnerote étL dev anontolye and o cUVola A; va elvon E€var, oUTe amd Toug aptipoic
A; vau elvon Soxexpuaévol. Aev elval ouwe B0oxolo VoL BLAMICTWOETE 6TL iot GUVEETNOY ¢
elva amAr) v xou povo av malpvel TENEPUCUEVES TO TANDOC BLOXEXPUIEVES TTPAYUUTIXES TUIES
(uior amd awtéc propel va twovton pe 0). Ipdyuott, T0 GOVOAO TWV TWOY TS CLUVEPTNOTC ¢
oty (5.3.1) mepiéyeton oo

(5.3.2) {in:(ulg{l,...,n}}u{()}
iel

(e€nyhote ywatt). Av howmdy {t1,...,tn} elvon T0 GUVORO TWMY NG ¢ xou av oplooupe

(5.3.3) E,={¢=t}={x eR:¢(z) =1},

16Te o oUvoha E; elvon E€va xon peTpriowa, 1 évwor] Toug yog divel o R, xau

(5.3.4) ¢ = tixz,-
i=1
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H avonapdotoaon (5.3.4) tne ¢ eivan povooripavta opopévn (and v ¢) xon AEYeEToL xotvo-
VIXY] AVATAEACTACY] TNS P.

To Baowxd anotéheopa auTHS TNG Topayedpou Belyvel TL xde un apvnTix LETEYOWN
ouvdpTnon elvan xotd onuelo 6plo wog avEouaag axohoLBog oTAOY PETENOULY CUVIRTY-
CEWV.

Oewpnpa 6.3.2. FEotw A petprioiuo odvolo kai éotw f : A — [0,00] un apvnuikij
petprioun ovvdptnon. Trdpyer avéovoa akodovdia (¢r,) un apvnTikdy anddy PLeTtprioipiwy
ovvaptioewy 0 < ¢1 < g < -+ < f ddote

(5.3.5) Pn(z) / f(2)

ya kdle x € A. H obyxhion eilvar opoiduopgn oe kdle vmootvodo tov A oo onoio n f
etvar ppaypévn.

Anédeaén. T xdlde n=1,2,... opillovpe Cp, = {z € A: f(x) > 2"} xu

k+1
9n

(5.3.6) Bn7k={xeA:;§f(x)< }, E=0,1,...,22" — 1.

XwpiCouue dnhady| to [0,2"] oe 22" Bothpota pixouc 27" xon Yewpolpe Tic avtioTpogpeg
exovee Toug Uéow e f. Aol 1 f elvou petprown, to olvora Cyp, xaw By, i, lvan yetprioda.
Tapa, opilovpe plar oamhy UETEHOWN GUVEETNOT ¢y 0 EENG:

22n_1
(5.3.7) on=2"XC\ + D HuXBai
k=0
EOxoha ehéyyoupe 6t xdle ¢y, ixavornoiel ta e€hc:
(i) 0 < ¢, < f xou m ¢ pndevileton €Zw and to A.
(i) 0 < f — ¢, < 27" o100 chvoho A\ C,, ={zx € A: f(x) < 2"}.
(iil) ¢p(z) =2™ av f(x) = oco.

Ané o (if) xou (iii) ovunepaivoupe 6T ¢ (z) — f(z) v x&de x € A. Ilpdypat, av
f(x) = 0o tb1e

(5.3.8) Pn(x) =2" = 00 = f(x).
Av f(z) < oo, t61€ Undpyel ng € N dote f(z) < 2" < 2" yia x&de n > ng. Tote,

0 < f(z) — ¢pn(z) < 27" yia xd9e n > ng, dpa Pp(x) — f(z). Hopduolog cLANOYIGUAC
delyvel 6Tl ¢, — f opoldpoppa o xéde clvoro g wopphc {z € A: f(x) < M}, M > 0.



142 - METPHSIMES SYNAPTHYEIS

Meéver va del€ouvpe dtu 1 (¢y,) elvon adlouoa. H Paowr| topatienon eivan 6t

Bui = {zeA:k/2" < f(z)< (k+1)/2"}
2k 2k+1 2k+1 2k +2

= Bpti2kUDBpt1,2k41-

Av € Bpjiak, 16T p(x) = k/2" = (2k)/2""! = ¢pi1(2), eved av @ € Bry12k+1,
6t () = k2" < (2k +1)/2"F = ¢pp1(x). Téhoc, av z € C,, éxouye dp(x) =
2" < Ppi1(x) (e€nyhote v teleutala aviodtnTo: Yo ypetootel va ywploete to C), ota

Bn,+1,2"+17B71,+1,2"+1+1, s ,Bn+1,22(n+1)71 nou Cn+1)~
Ye x&e neplntwon én(x) < dpp1(x), INAadh ¢ < Priq. O

‘Eoww f: A — [—00,+00] petpfiowun cuvdptnor. Egoapuéloviac to Oshdenuo 5.3.2 yio
e fTowan f Ywplotd, naipvoupe to e€nc.

IMépopa 6.3.3. Eotw f: A — [—00,+00] petprioiun ovvdptnon. Trdpyer akodovdia
(¢n) amAdv petprioipwy ovvaptrioewy ¢ : A — R ue

(5.3.9) 0 < |p1| <|ga| <--- <|f]

kar ¢ (x) — f(z) yia kdfe x € A. H oyxhion eivar opoidpopen o€ kdde vmootvolo tou
A oo onoio n f elvar ppayuérn.

Arnddeitn. Tndpyouv allouoes axoloudiee (¢n) xou () Un dEVATIXOY ATAGY YETEHOWWY
ouvapthoewy OoTe Y () = fH(z) xou (n(z) = f () i xdde z € A. Tére, av oplooupe
b = U — oy Exovpe bul) — [ () — [~ (@) = f(z) 112 %30 @ € A.

Ou fT xau f~ elvou gparyuévec oe xdde unocivoho B tou A 670 onolo 1) f elvor pporypév.
Yoverde, ¥, — fT xou ¢, — [ ogowdpoppa oto B, an’ émou éneton OTL ¢y, — f
ouoLouopYa 6T B.

Mopatnpriote enione 6t av C' = {f < 0} t6t€ ¢, =0 010 C %o §, =0 010 A\ C
v x&de n € N. Suvenaog,

(5310) |¢n| = W}n - <n‘ = maX{l/Jan} < max{f+, f_} = |f|

Ané v oyéon auth xa and To yeyovde Ot ot (¥,) xou () ebvan adZovoeg oxoloudieg
cLVaPTACEWY, énetal emlong OTL

(5.3.11) |pn| = max{thn, (o} < max{tni1, Gat1} = |[Prtal-
Ané ue (5.3.10) xon (5.3.11) éneton 1 (5.3.9). O

IapoatneRote 6TL GTNY HUTAOKEVT] TOU XAvope Yia TNV anodeln tov Ocwpnuatog 5.3.2,
YenowonoloVye To YeEYovog 6TL 1 f elvon petpriown poévo yia va e€ocgaiicovue 6t o Cfy,
B, i elvan yetprioa oOvoha, dnAody| yia Vo GUUTERAVOUUE OTL Ol ATAES GUVORTATELS ¢y
elvan petpiowes. H olyxhion twv ¢, oty f oydel tehelog yYevixd.

Yuvdudlovtog to Oewpnua 5.3.2 pe v Hpdtaon 5.1.9 naipvoupe tov e€hc yapaxtnplioud
TWV UETPHOWWY CUVIRTHOEWVY.
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Oevpnpa 6.3.4. FEotw A petpfoio odvolo kar éotw f : A — [—oo,+o0]. H f
elvar petprioun av kair uévo av eivar katd onueio dpio pids akodovdias atAdy petpiopuwy
ouvapTHoEwmy. O

6.4 O tpec «apyéc tovu Littlewood»

O tpeic «apyéc tou Littlewoody dlatundvovtal ye xdnwe «€viovo 1pémoy we eEng:
(i) Kdbe oivoho eivon oyeddv (oo ue pa nenepacuévn évemorn dlaotnudtey.
(if) Kdde ouvdptnom etvou oyedov cuveynic.

(iii) Kd&de axorouvda cuvapthcenmv mou cuyxhivel xatd onpelo, cuyxhivel oyedév opots-
HopQPa.

Duowd, npénel va didoel xavels T axpiBr Slatdnwon aUTOY TwY WY Lplodoy (ahhine, elvar
npogavie Aavdaouévol). To ohvolo xou oL GUVIPTHOELS 6T OTOLOL AVAPECOUIOTE TPETEL VoL
elvon UETENOWO Xo1 TO TL EVVOOUUE AEYOoVTog «oYeBOVY Tpénel va Yivel capég. H yenowodtnta
OUWS VTV TV TPOTACEWY elval UEYHAN.

Oevpnpa 6.4.1 (uetphowa cVvora). Eotw A petprionuo vrootvoro tou R e p(A) <
+00. Ia kd0e € > 0 vrdpyovr dwotnuaza Iy, ..., I dote to ovoro E =11 U---U I} va
wcavonoiel Ty p(EAA) < e.

Arndbeitn. Eotw e > 0. Ané tov oplopd tou (e£ntepnol) pétpou, undpyet axoroudio (I,)

o0
draostnudtoy wote A C |J I, xo
n=1

> €
(5.4.1) > ) < p(A) + 5
n=1
Agol n oepd tov w(I,) ouyxiive, vrdpyet k € N dote
> €
(5.4.2) > ) < 5
n=k+1

Opllovye B =1 U--- U I}. Hopatnerote ot

w(ENA) < p (U In\A> =u (U In) — pu(A)
n=1 n=1
D WISEVURE
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el .
A\E=A\(Lu---UL)C ] I,
n=k+1
Gpat
oo oo e
1A\ E) Su( U In> < > ) < 5
n=k+1 n=k+1

‘Eneton 6t
(5.4.3) WALE) = p(A\E) + p(E\ A) < S+ = ==,
OnAadt| to {nrolpevo. O

Oewpnpa 6.4.2 (Yedpnua Egorov). Eotw A uetprioipo vrootvolo tov R ue p(A) <
+oo kai éotw (fi) axolovdia petprioiuwy cuvvaptioewy fi, : A — R n ornola ouykdiver
katd onueio otnr petprioun ovvdptnon f: A — R oxedov mavtod oo A. Téte, yia kdOe
e > 0 vrdpyer khewotd ovvoro F. C A dote u(A\ F.) < € kat fr, = f opoiduopga oo Fr..

Arndbein. Mropolpe va unodécovue 6Tl fr, — f tavtod oto A (e&nyfote yiotl). T xdde
n,m € N opilouye 10 clvoho

1 o0
(5.4.4) Apm = {x eA:|frlz)— flz)| < L x&de k > m} = ﬂ {Ifx — fl < 1/n}.
k=m
Yradeponowolue n € N. Iopatnernote ot

(5.4.5) Apmir= [ Alfe—fl<1/n} 2 ({lfs = fl < 1/n} = Apm
k=m

k=m+1

dnhadt, 1 oxohoudior (A, m)oo_; elvon av&ovoa. Iupatneriote eniong 6T, yio xdlde z € A
umdpyet m € N dote |fi(z) — f(z)] < 1/n vy xdde k > m, 6w fr(z) = f(z). Buvende,
undpyet m € N dote x € A, . Autd amodeixviel 6Tl

(5.4.6) A= || Apom.

1

T Ce

Suvende, p(Anm) = u(A4). ‘Apa, unopolue va Bpoldpe m, € N dote
€
(5.4.7) #(A) < p(Anm,) + 53

Opilouye

(5.4.8) U. = ﬁ Apm,-
n=1
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Téte, f, = f ouoldpoppa 610 Us. Autd awtohoyeiton wg e€nc: €otw d > 0. Mropolue
va Bpolpe n € N wote 1/n < 6. Téte, vy xdde k > my, xou yio xdVe x € U, éyoupe
z € Ap,m,,, dpa

1
(5.4.9) fela) = fla) < = <.
ABA, |(fe — ) v, oo < 8 Yot %80e k > my,.
Enione, omé v (5.4.7) BAénouye 6Tt
(5.410)  p(A\U:) =p (U (A\ An,mn)> <> AN An,) < = 5
n=1 n=1 n=1

To U, elvon petpriowo, oyt amopaltnto xAelotd, cbvolo. Mnopolue howndv vo Ppolue
xhelot6 civoro F. C U, wote (U \ FL) < 5. Tore,

e €
(5.4.11) AN Fe) = p(ANUe) + p(Ue \ Fe) < 5 + 5 =¢,
xoL omb 1o YEYOVOS OTL fi, — f opoiduoppa oto U, elvou @avepd 6tL fr, — f ouoldpoppa
oto F.. O

IMopathenor 6.4.3. H unddeon 6u u(A) < +oo elvan omapaitntn. Av dewprooupe v
axohovdia cuvapthoewy fr : R — R pe fi = X(k,00), T0T€ fr(z) — 0 v xdde 2 € R,
buwe, yia xdde petpriowo C' C R ye pu(C) < +oo woylel || fi [r\¢ lloo = 1. Auté onuoiver
OTL Bev Unopolue vor éyoupe opotdpopen ovyxhion e (fx) oty undevny| cuvdptnor ot
xdmoto obhvoro Fy vy to omolo u(R\ Fy) < e. EZnyAote tic Aentopépelec.

Oevpnpa 6.4.4 (Vedpnua Luzin). FEotw A petprioipo vrootrodo tou R ue pu(A) < +oo
ka1 éotw f : A = R petprionun ovvdptnon. Tote, ya kdOe € > 0 vndpyer kAeiwotd ovvolo
F. C A dote p(A\ F.) <e ka1 n f |p, va elvar ovveyris ovvdptnon.

Anédeiln. Aclyvoupe TpdTta TOV LoYLEIOUO ToL Oewphuatoc otny Tepintwon mou 1 f elvow
N YopaxTnelo Xy cuvdptnoy f = X g xdmoou yetpriowou utocuvérou tou A. ‘Eotw e > 0.
MrnogoUye vo Bpolue F xhelotd unooivoro touv A xou G avowté 610 A wote VC EC G
xou (G \ F) < /2. Oewpolpe tov nepopioud e f oto F1 =V U(A\G). Ta V,A\ G
elvoar whewotd oto A xon éyoupe f = 1 oto V xw f = 0 oto A\ G. Mnopolue 161
va ehéyEoupe 6Tl M flm elvon ouveylc (eEnyfiote To, Yo TopddelyUa, HE TNV apYh TNS
petapopds). Koatémy, pnopolue va Bpolue xhewoté F C Fy ye p(Fy \ F) < €/2. Tére,
WA\ F) < exoun f|p eivan cuveyrhc.

Amo TiC YApaxTNELOTIXES GUVIPTAHCELS UTOGUVOAGY TOU A UTOpOUUE TWRO VoL TEPACOUUE
OE CLVIPTACELS TNE HOPPTC

(5.4.12) ¢ = \ixg,
=1



146 - METPHSIMES SYNAPTHYEIS

6mou A; € R xan E; petpfiopa unocivoha tou A (eEnyAote Tic AeTTOUEPELES).

Eotw topa f: A — R yetpriown cuvdptnon. And 1o Oewdenua 5.3.2 undpyet oxoroudia
(¢n) ouvopthoewy e popenic (5.4.12) wote ¢, — f oto A. T xéde n € N unopolye
va Beotpe A, © A ye pu(A\ Ay) < sags O0TE N Ppla, va elvan cuveyrc. Eniong, amd
70 Yedpnua tov Egorov urnopotue vo Bpodue B C A pe p(A\ B) < /4 dote ¢, — f
opoiouoppa ato B. Opilouye

(5.4.13) U.=Bn <ﬁ An> .
n=1

Tote,

(5.4.14) pANUL) < (AN B) + D uANA) < T+ 3 5o = 5.

n=1

Eniong, 6hec ov ¢y, eivan ocuveyeic (Bt U, C A, v xédde n) xou dnlu. — flu.
opotdpopya (d6t Uz € B). 'Eneton 6u n fly, elvon cuveyrc.

To U, elvan petpriowo, oyt anopoltnta xhelotd, oivoro. Mropolue howndv va Bpolue
xhelot6 civoro F. C U, wote pu(U: \ FL) < 5. Tore,

e €
(5'4'15> M(A\Fe) :M(A\Ue)+M<UE\Fe) < §+§ =&,
xou omd To Yeyovée 6t n fly. eivon cuveyc elvon gavepd bt N f|E, elvon cuveyTic. O

6.5 Aoxvoelg
Opdda A’

1. Eotw A yetpioyo cOvolo xot éotw f 1 E — [—00, +00] yetphiowun cuvdptnon. Aceilte
o1, v xdde a € R, n ouvdptnon f, 1 A = [—o0, +00] ue

f(@), av f(z)<a
a, av f(z) >a
elvon petprow.

2. Avn f:(a,b) = R ebvou napoyoyiown, téte n f’ ebvon petpriown.

Yrdéda€n: Teddte v [/ coav dpro plag axohoudiog GUVEXGDY GUVAPTAGEWY.

3. (2) Av A C R pe p(A4) = 0, delfte 6t x&de ouvdptnon f : A — [—o0, +00] ebvon
HETEAOWUN.
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(B) Eoww A, B yetpfiowo ovvola pe p(B) = 0 xau éote f : AU B — [—00, +00] pa
ouvdptnon e onolac o neplopiopdc fla oto A eivan petpriown cuvdptnor. Aellte ot 1
f ebvon yetpriowun.

(v) Av 10 A C R eivan petpriowo odvoho xar 1 f + A — R elvon cuveyric oyedov tavtol
oto A, dellte 6T 1 f elvan petprown.

4. (o) Adote mopdderypo un uetphone ouvdptnone f pe v Widtnta 1 f2 vo ebvon
HETEHOWT.

(B) Eotww A C R yetpriowo xu éotw f: A — R. Av n f? elvon petpRown xou to olvolo
{r € A: f(x) > 0} elvou petpriowwo, dellte 6t n f elvon yetpriown.

5. Eotww A C R petphowo xou fr, : A — [—o00,+00], n € N, axohoudio petpriowewy
ouvapThoewy. Acilte Tt T0 GUVORO

L={zeA| noxoroudia (f,(z))sL; cuyxhivel }
elvaw yetprowo.

6. Eotww A petpriowo vnoolvoro tou R xau éotw f: A — [—00, +00] cuvdptnon pe v
eZfc Wibtnror Tt xdde g € Q, to svvoho {x € A : f(x) > ¢} ebvan petpowo. Aellte 6T
n f elvon yetpriown.

7. Eow f: R — R yetprown cuvdptnon. Aeilte 6t av 1o B givow olvoro Borel, téte
o f71(B) = {z € R: f(x) € B} eivou yetpriowdo.

Trédaén: H xhéon {E CR | o f~1(E) eivou yetphowo} ebvou o-dhyePpo xon mepiéyet to
aAVOLY T8 GUVOIA.

Oudda B’
8. (a) Acilte 6L av n g: R — R eivan ouveyfic xou 1 h : R — R eivar Borel petprown,
t6te nhog: R — R eivar Borel petprown.

(B) Xenowonouwdvtag v cuvdptnon Cantor-Lebesgue Bpeite wa cuveyr ouvdptnon g :
R — R xou wa Lebesgue petpriown ouvdptnon h: R — R dote nhog : R = R va unyv
elvar Lebesgue petpriown.

9. 'Eotww f : [a,b] — R cuveyhc ouvdptnon.
(o) Aci&te 6u n f anewoviler Fy-o0vola o€ Fiy-cOvoha.
(B) Aci&te 6L 1 f anewcoviler petphiowor GOVOR GE UETEHOWA CUVONIL oY X0t HOVO o YLal

xdde A C [a,b] ye u(A) = 0 wyder p(f(A)) =0.

10. Eotw A petpfoio utoshvoro tou R pe p(A) < 0o xau éotw f : A — R Lebesgue
peterion ouvdptnon. Opllouue wy : R — R pe

wi(t) = p({z € A fz) > t}).
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(o) Aei&te 6 n wy elvan pdivousa xaw cuveyric and delid. Ye moid onuela etvon acuveyfc;

(B) Av ou fi, f: A — R elvan Lebesgue uetpriowes xou fi T f, 8ellte ot wy, T wy.

11. 'Eow E un petpfiowo utoovvoro tou (0,1). Ocwpolye v ouvdptnon f: R — R ye
f(z) = zxp(x). Acite bt n f dev elvou petpriown, odAd yio xdde o € R\ {0} 1o sOvoro
{z: f(x) = a} elvou yetpowo.

Mrnogeite vo Beeite un petpriown cuvdptnon ¢ : R = R dote yio xdde a € R 1o cbvoro
{z: g(x) = a} va elvau petprioo;

12. Ywot6 A Mdoc; Av n f ebvon petpriown oto (a,b—¢) yia xdde 0 < e < b — a, t61E N
f ebvon pyetpriown oo (a,b).

13. 'Eotw A petpriowo unocivoro tou R, f: A — R petpriown ouvdptnon xa g : R =+ R
ab&ovoa ouvdptnor. Actéte étin go f: A — R elvon yetpriowun.

14. 'Eotww (¢,) axohoudio anrhdv UETEHOW®Y CUVIPTACEWY ¢, : R — R xou éote f: R —
R. Av ¢,, = f ouoiduopga, dei&te otL ) f elvon pporyuévn.

Opdda I

15. (o) Eotw f, : R — R Lebesgue petpriowec cuvapthoelc xou é0tw o € R. Ae{gte 6t
av Y0 pl{z s fu(x) > a}) < oo, téte undpyer Z C R pe p(Z) = 0 wote limsup f,(z) <

n—oo
a v xdde x ¢ Z.
(B) Eotww fn, : R — RT Lebesgue petpfiowec ouvopthioeic xat €6Tw &, — 07. Acilte 6tu:
av Yoo u{x: fu(x) > en}) < 00, TéTE URdpyEr Z C R pe p(Z) = 0 dote fr(x) = 0 vy
xéde x ¢ Z.

16. 'Eotw f, : [0,1] — R Lebesgue petpfiotues cuvapthoeic. Acite 6t undpyet axohoudi-

Qn

o () VeTinddy mporypaTinddy aprducdy xou undpyet Z C R pe u(Z) = 0 dote li_>m
n o0

yioo xélde x ¢ Z.

YrédeiEn. T xdde n € N undpyet By, > 0 odote p({z : |fn(z)| > Bn}) < 1/2™.

17. Eotw f: R — R petpriown ouvdpetnorn. Av n f elvon t-meplodixs xan s-teplodixt| yia
xdmowoug ¢, > 0 pe t/s ¢ Q, deite T 1 f eivan oyeddv tavtod otadept.



Kegpdhawo 7

OroxArpwua Lebesgue

Ye authv Vv mopdypago Yo oplooupe to ohoxAfpwpa Lebesgue. O diétntee mou da
Véhape va ixavorolel ebvan ot e€xc:

(i) Av to A eivon petpriowo, t6te [, xa = p(A), émou xa elvon n yapoxtneioTiNg
ouvdptnom tou A.

(ii) To ohoxMipwua elvon ypouuxd: av f, g elvor ONOXANPMOOIIES CUVIPTHOELS (OPLOUEVES
oo Bl olvolo) xa t, s € R, téte

/(tf+sg):t/f+s/g.

(iii) To ohoxhfpwua etvan «detixdy: av 1 f elvon ohoxhnpdown xou f > 0, téte [ f > 0.
Aol anoutolpe xou THY YeauxotnTa, 1 detxdtnta elvar loodOvaun ue tnv povotovia:
av ol f, g elvon ohoxhnpdoipes (optouéves oto (Blo olvoro) xau f > g, w6t [ f > [g.

(iv) To ohoxhfpwpo opileton yior pior eupeior xAdom cuvopthoewy. O gpayuévec Riemann
ohoxhnpwaopes cuvopthoels elvan Lebesgue ohoxhnpewotpes, xan o 300 ohoxhnpduota
CUUT{TTOLY.

O opioude Tou ohoxhnpdpatoc Lebesgue diveton oe tela PAuata. Tehelwe oynuatixd,
7 dwdiacio tou Ya axohoudooupe eivon 1 e€xc:

(i) Lnv §6.1 opilouye T0 OAOXMAPLUA YLal XETOIES ATAEC UETPHOWES CUVAPTHOELS, TOUC
YEopX00C CUVBUAOHOUE YAPUXTNELOTIXWDY CUVIPTHOEWY UETENOUWY CUVOAWY UE Te-
nepacpévo pétpo. O oplopde elvon npogavhc and tic Wiotntee (i) xou (i) mou oamou-
TOUUE YLOL TO OAOXAHPWUAL.

(ii) Xtnv §6.2 divoupe tov opoud tou [ f Yo xdde petphown f > 0. H analtmon trne
povotoviag ot To YEYovog 6Tl xdle UeTprowun un apvnTxr cuvdptnon elvor To 6plo
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wog av€ouoog axoroudiac amhodv ueTeroLey cuvapTioewy urodewviouy 6t o [ f
o pnopoloe vo oplotel w¢ To supremum Twv OAoXANEUdTLY [ ¢ Thvew and GAeg
TG AmAES, U dpYNTIXES, ohoxhnpwaotlues ¢ < f.

(iii) Sty §6.3 dlvoupe tov yevixd opwopd: [ f = [ fT — [ f7, av 0 de€id uéhog éxet
vonuo. O oploudg autdg emPBAAAETAL and TNV anodtnoy TS VRO TNTOG.

Yy nopela, Yo anodelouue Tic Baoixéc WBLOTNTEC TOLU OhoxAnpwuatoc Lebesgue. I-
dlaitepa Hog eVOLAQEEOLY oL Xahég WBLOTNTEC TOL ohoxAnpwuatoc Lebesgue oe oyéon e Tic
ovyxhivouoee axohouvdiec ohoxhnpdolpwy cuvaptioewy (Vedpnua povotovne oOYXAoNG
no VEGPNUA XUPLIPYNUEVNS GUYXNOTC).

To ohoxhfpwua Lebesgue oplleton xohd yio xdde ppaypévn uetprioun cuvdetnor tou
elvar oplouévn oe ¥xAelotéd ddotnua. Ewbixdtepa, ol Riemann ohoxhnptoies cuvaptioelg
f :]a,b] = R eivon ohoxhnpiotuec xotd Lebesgue. Etny §6.4 cuyxpivoupe ta 300 ohoxhrn-
POUOTAL.

7.1 Oloxhvpwpa Lebesgue yio anhég UeTprOLWUES CUVARTY-
o JoAR

Opiopde 7.1.1. 'Eow ¢ : R = R anhfj pyetpriown ouvdptnon. Afue 6t 1 ¢ elvon
Lebesgue ohoxinpdoiun av 1o abvoho

{¢p# 0} ={zcR:¢(x) # 0}

€yeL menepaouévo U€tpo. Autd onuaivel 6TL 1) xavovixt avanapdotacy TS ¢ elvol
n

(6.1.1) o= Aixa,
i=0

omou Ag = 0 xou Ag = {¢ = 0}, ov A; elvon Sroxexpruévor, ta A; eivon Eéva xou petpfotua,
wou fi(A;) < oo av i # 0 (avayxootxd, u(Ag) = 0o0). To ohoxhfpwpe Tne ¢ opileton and
my

(612) [ o= nutan.
i=1
Av violetioouue v cbuBacn 0 - co = 0, urnopolue va yeddouue

(6.1.3) [ o= nuta) = Y Autto =),
i=0

AER
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Adupo 7.1.2. Fotw ¢ odokAnpdoun amdiy owvdptnon kai éotw ¢ = > - bixg, TU-
xovoa avanapdotaon tng ¢ wote ta E; va eftvar Eéva kar petprjonua. Tote,

(6.1.4) / ¢ = bip(E;).
i=1
Anédeaén. Tw xdde A € R Yétoupe Jy = {i <n:b, = A}. Tére,

(6.1.5) {o=X= E

<IN
el
(6.1.6) Ap({e=A}) =D bin(E).
i€y
Apa,
017)  [o=S Aullo=A) =X Y buB) = 3 blE) = 3 binlEy).
AER AER €Ty 1€EUN I\ i=1
Anhodn, woyder n (6.1.4). O

Xenowonowdvtag to Afupa 6.1.2 yropoldue va dei&oupe dtL 10 ohoxhfipnua elval Y-
xS xou LoveTovo (GTNY XAEoT TV ATAOY ONOXANPOCLUWY CUVIPTHOEWY).

ITpétaoy 7.1.3. Eotw ¢ kat ¢ ankés oAokAnpdoipes ouvaptrioe.
(i) Avt,seR, tote [(tp+s¢) =t [d+ s [1).
(ii) Av ¢ >, tote [ ¢ > [ .

Anddaén. (i) Oewpolue Tic xUVOVIXEC HOPPES
n k
(6.1.8) ¢:ZaiXA7¢ o 1/1:ijxgj,
i=0 §=0

v ¢ xar P (ou a; elvon Swaxexpyévol, ta A; Eéva yetpriowa pe évwon to R, ag = 0 xou
1(A;) < oo av i # 0 — avtiotoryeg Wiotntee éyouy ta by, B;). Iapatnpeolue 6T, and v
n k

U 4= U Bj =R énetou 6

i=0 j=0
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Ta A; N Bj eivon Eéva, petpriowda, xou €xouv TETEPAOUEVO WETpo (ue Ty edalpeom tou
Ao N By). Erlong,

n k n k
(6.1.10) =3 aixans, » v=2_3 bixans,

i=0 j=0 i=0 j—0

o

n k
(6.1.11) to+s=> > (tai+ sbj)xa,ns,-

i=0 j=0

And 1o Ay 6.1.2 nafpvouyue

k
/(tqs ) = DY (ta;+ sb)u(4; N By)
i=0 j=0
n n k

k
= 1] Zam(Ai NBj)+sY Y bju(AiNBy)

i=0 j=0

(ii) Av ¢ > 1, 61 N ¢ — P elvou amh) ONOXANEOOCIUY GUVEPTNON UE UN APYNTIXES TUIEC.
Ané o (i),

(6.1.12) [o-[v=[6-wz=0

H tehevtaio avioétnta eivan npogavic and ty (6.1.2), agod ¢ — 1 > 0. O

ITépiopa 7.1.4. Eotww aq,...,a, € R ka1 By, ..., E, — éq avaykaotixd Eéva — petpri-
oua vrootvoda tov R ue p(E;) < oo, i =1,...,n. Tdre,

Andbeaén. Kdéde xp, eivoar amhf xow ohoxhnpdowr, diétt u(E;) < oo. To cupmépaoua
TEOXUTTEL GUECH AN TNV YEUUUXOTNTA TOU OAOXANPOUATOS YOl ATAEC ONOXANPWOOIES CU-
VOPTHOELS. O
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Opiouwodeg 7.1.5. 'Eotw ¢ anAif) ohoxinpwowurn cuvdptnor. o xdide petpriowo unocv-
voho E tou R opiloupe

(6.1.14) /E¢5:/¢XE~

H ¢xp ebvor omhf) xou ohoXANpodown: ov ¢ = Y. a;x4,, TOT€ OXE = Y. aiXA,XE =

Staixa;nE xou o oOvoha A; N E éyouv memepaouévo uétpo, dotL to cuvola A; €xouv

TENMEPACUEVO PETPO. TUVETAOC, T0 0hoXAfpwpo 670 dedLd péhoc tne (6.1.14) opileton xohd.
Yy nepintwon tou E = [a, b], Yo ypnowonotobue xou tov cupPolioud

b
(6.1.15) /¢:: [b]¢.

Tlevixd, Yo anogebyoupe tov cuyfoiioud f: ¢(z)dx v to ohoxhipwyua Lebesgue (dote

VoL v untdpyet xivduvog olyyuone pe To ohoxhipwua Riemann).

ITopatrhienom 7.1.6. Kielvouue autiv tnyv nopdypapo pe uio omhn nopatienon. H ou-
véptnon tou Dirichlet xgq : [a,b] — R eivon amhf| xou ohoxhnpmoiun (to Q eivon yetpriowo).
‘Eyoupe

b
(6.1.16) / Xg =0

yiot x8e xhelotéd ddotnua [a,b]. Ouundeite oL 1 xg dev elvon Riemann ohoxhnpiowun
oo [a, b].

7.2  OloxAvpwpa Lebesgue yio un apvniinég cuvapTtnoelg

Opiop6c 7.2.1. Eotw f: R — [0, 00] petpriown ouvdptnon. Opiloupe 10 ONOXAA-
pwpa Lebesgue e f w¢ e€rc:

(6.2.1) /f = sup {/d) |0 < ¢ < f,¢ anhi ohoxhnpdown }

H nooétnta auth| eivar xohd optouévn (1 undevixt| cuvdptnom eivor amhf OAOXANEMoLT Xou
0 < f), un cpvnTied xou uropel var ndpet TRy T +o0o. Ou Aéue 6T 1 f elvow Lebesgue
ohoxAnewowun av [ f < +oo.

Hopatneroeic 7.2.2. (o) To tpdto Tpdyua mou teénel va eEaopaiicouye eivar 6Tt 0
VEOC OPIOUOC TOU OAOXANEMUATOS CURPWYVEL PE TOV OPIOUO TOU OAOXANpmUITOS TN §6.1
OTNV TEPITTWAT TWV U1 UEVNTIXDY ATAMY OAOXANEWOIWY GUVIETAGEWY. ANhadh OTt, ov 1
@ > 0 elvon amh) ohoxAnpoowun, T6te

(6.2.2) /¢ = sup { /w | 0 < < @, 1) anhh) ohoxhnpdoln }
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Auté elvor dueco, and TV YovoToviol ToU OAOXANEOUATOS ATAGY cuvapThoewy - Hpbdtaon
6.1.3 - xou and v 0 < ¢ < .

HapatmproTte 611, Ye Tov VEo 0plopd, éxoupe Thpa opioel To [ ¢ yio xdide un apvntinn
oA petpfion ouvdptnon (Sev anatolue Ty u({¢ # 0}) < 00). Elwdrepa, av A elvon
onowdrote petphowo olvoro, t6te [ xa = p(A). Auté émeton omb Tov oplopd otV
Tep(ntwon mou p(A) < 00, eved av (A) = 00 €YOUUE XA > XAn[—n,n] GO

(6.2.3) /XA > Sup/XAﬁ[—n,n] =sup p(AN[—n,n]) = u(A) = co.

(B) Ané Tov oplopd Emovton Gueca ot e&hc WLOTNTES:
(i) Avo< f<grote [f<[g.
(ii) Ave>0xu f>016te [(tf)=t[f.

(v) Eotww f: R — [0, 00] petphown cuvdptnon xa éotw F petphiowo obvoro. Opiloupe

(6.2.4) /E 1= [

Av f: E — [0, 00], enexteivouye v f o€ wa ouvdptnon f : R — [0, 00] 9étovtoc f(z) = 0
av z ¢ E, xou opilovyue

(6.2.5) /Ef:/f.

Hapatnehote 6t n f eivor petpriown xu [, f= [ f= [, f.

(3) Mepixéc axdpa yprowes WBLHTNTES TPOoXVTTOLY VX0 Antd ToV oploud (6.2.4):

(iii) Av u(E) = 0xu f >0, t6te [, f = 0. Tpdypatt, av n ¢ eivon omh ohoxAnedouun
xow 0 < ¢ < fxg, 10T dXE = Y iy AiXE; Omou u(E;) =0, dpa

(6.2.6) /¢ = /¢XE =0.

(iv) Ay EC F xou f >0, t61e fE < fF f. Apxel va nagatnerioovue 6t fxe < fxr.

(v) Av0 < f < M oto E, t6te [, f < Mu(E). Apxel vo nopatneficoupe 6t fxp <
MXE~

H avicotnta g enduevne IHpdtaong ebvan andy ahdd, 6mwe do dodye otn cuvéyeld,
eEoUPETIXY ONUAVTIXY.
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Oevpnpa 7.2.3 (aviobétnta tov Markov). Eotw f: R — [0, 00] petprioun ovvdptnon.
Ia kdOe a > 0,

(6.2.7) / f>ap{z: f(z) > a}).

Andédeién. Tapatnpodue 6Tt f > axyr>a}- Apa,

(6.2.8) /f > /GX{fza} =ap({f > a}).

IIépiwopa 7.2.4. Eotw f : R — [0,00] odokAnpdoiun ouvdptnon. Téte, n f naiprer
renepaopuévn Tun oxeddy ravrov: u({f = +oo}) = 0.

Anédeaén. T'pdpouye
(6.2.9) {f =+o0} = [{f = n}.
n=1

H axohrovdia E,, = {f > n} elvou gdivovoa, xou and v avicdtnto tou Chebyshev éyouue

1
(6.2.10) ((Ey,) < E/f —0
oty n — 00. Apa,
(6.2.11) p{f = +oo}) = lim pu(E,) =0

ané tnyv Ilpbtoaor 4.4.10. O

To npdto Yepehmdeg Jemdpnua v To oloxAfpwua Lebesgue eivar 1o Yemdpnuo po-
voTovrng oUyYxAong. Metw€l dhhwy, da pac e€acpolioer TNy YeUUUXOTNTO TOU OAO-
xinpwuatoc Lebesgue yia un apynuxéc cuvapthoeic. Loty andder) tou Yo ypetaotolye
évor Arjupa.

Afppo 7.2.5. Eoww ¢ andn o)\om\npwmpn Uw/apman Av (E,) elvar pa atéovoa

axolovlia petpiouwy ovvidwy kot £ =, _, E,, tote
(6.2.12) (;S = lim d)
n—oo

Arédaén. Mnopolue va ypdhouvue ¢ = > 10 a;xa,, 6mou a; > 0 xou o A; ebvon Zéva
ueTerowo clvola e menepaouévo Yétpo. Tote,

(6.2.13) /E¢ = /¢XE = ZaiN(Ai N E).
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Agob E,, MNE, éyovue w(A;NE,) /(A NE) yaxdde i=1,...,m. Apa,

o

k

E a;ip(A;NE) = E a; im p(4;NE,)
n—oo
i=1 i=1

d

Oevpnpa 7.2.6 (Ocvpnua Movétovne Boyxhione). FEotw (fy) avéovoa akodovdia un
apynTIKOY peTproiuwy ouvvaptroewy. Tote,

(6.2.14) t/(hmuh): lim [ fo.

n—oo n—oo
Anddaén. Aol n (fn) elvou adZouvoa, 1 ouvdetnon

(6.2.15) fla) = lim folw) = sup f(a)

n—0o0

oplleton oA, elvon un opvnTed xou uetpiown. Eniong,

(6.2.16) /hé/hHS/f

v x&9e n € N, oo 7o lim [ f,, undpyer xon

(6.2.17) lim hg/ﬁ

Do va Bel€oupe v avtiotpogn avicdtnra, apxel va delouyue to e€ng: T xdde € > 0 xoun
yia xdde amhn ohoxinpewaouun cuvdetnon ¢ ue 0 < ¢ < f,

(6.2.18) lim ﬁg;ﬂ—ex/¢

n—oo

Yy nepintwon nou [ f < oo, malpvovtog supremum g mpog ¢ cupmepoivoupe OTL
1imn_>ooffn > (1- E)ff v xdde 0 < € < 1, an’ émov éneton To {nToduevo. XNy
neplntwon mov [ f = oo, molpvovtac mEAL supremum e TEOS ¢, GUUTEPUVOLUE OTL

‘Ectw ¢ anhf) ohoxhnpwaoun cuvdptnon pe 0 < ¢ < f. Oewpodye v oxorovdio
petefowwy cuvohev E, = {f, > (1 —¢e)¢}. Agol n (fy) elvon ad&ovoa, éyxoupe E, C
Ep1 v xdde n. Anpadn, n (E,) v ad&ouoa.
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Hapatpolpe 6t av f(z) > 0, t6te fu(x) — f(z) > (1 —€)¢(x), dpa z € Uy y En.
Av mé f(z) = 0, téte ¢(x) = 0, dpa x € E,, v x&de n. Enopévee, E, S R. Ané v
HOVOTOVioL TOU OAOXANPOUATOC,

(6.2.19) /fnz/EnfnZ/En(le)QS(le)/Enaﬁ

v xqde n € N, ondte epappolovtog o Afuua 6.2.5 malpvouue

. > (1_ . _ 1
(6.2.20) nhﬁrrgo fa>(1—¢) nl;rrgo . p=(1-¢) / o.
‘Etot, ohoxAnpdveton 1 anddelln. O

Xenowonoldvtag to Yedenua ovotovne oOYXAGONS, UTOPOUKE VoL BOCOUYE Uiot TANEECTE-
e dTdnWwoT Tou OewpRUatog 5.3.2 Yol THY TEOCEYYIoT ULoG HETPNROWNE CUVAETNONS Ao
AmMAES.

BOewpenpa 7.2.7. Eoww f un epvnuxii petprioyun ovvdptnon. Yrdpyer adéovoa a-
kodovdia (1) Un apynTIKdY anAdv olokAnpoouwy ouvaptioewy ¥, < [ ue ts €&nig
idTnTeg: f = nh_>120 Uy kar [ f = nh_{réofwn

Andbetn. Amnd 1o Oehdpnuo 5.3.2 undpyel adZouvoa oxoloudion (¢y,) PN dEVNTIXGY ATAOY
METEAOWWY oUVAPTACEWY PE ¢p " f. Opllovue ¥y = ¢nX[—n,n)- Kdde 1, elvon ohoxhnpd-
own, vt p({n # 0}) < p([=n,n]) < 0o. Aol X[(—pn, 1, ebxola eléyyouue bl
¥y, A f. Anb to Yedpnuo povotovne olyxhong, [, N [ f. O

‘Eyovtac oty dddeor| pog To meonyoLUEVO FedpnUo, Xol YENCULOTOLIVTNS TNV TEOo-
o¥ETIXOTNTA TOU OAOXANPOUOTOS Yl ATAEC CUVAPTAHOELS, UTOPOVUE Vo amodeilouue Thy
TPOGUETIXOTNTA TOU ONOXATIPOUTOS YLOL UY) AEVINTLXES UETPHOWES CUVAPTHOELS.

Oewpnpa 7.2.8. Eoww f ka1 g un apvnuxés petpnoues ovvaptioes. Tote,

(6.2.21) [tra=[1+ [0

Eixdtepa, av E ka1 F' efvar Eéva petprioua ovvola, tote

(6.2.22) [EUFf=/Ef+/Ff-

Anédeaén. Lippwva pe o Ocdpnua 6.2.7, undpyouv abZouoes oxohovdiee (dp) xon (1) un
OPVNTLXYV, ATADY OAOXANEWOW®Y GUVIPTACEWY UE ¢y f xou ¥y, 7 g. Tote, ¢+ 10,
f+ g xa, and 1o Yedpnua povotovne obdyxhiong,

Juva =t fnrv)=tm ([o.+ [v)
= nhﬁn;o ¢n+nlingo/wn:/f+/g.
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TNt Ty Seltepn WodTNTAL YENOWOTOCUUE TNV TEOCYETIXOTNTA TOU OAOXANPOUATOC Yidl
aniég ouvaptioeic. To dedtepo cuumépacua TOU OeWENUATOS TEOXVTTEL 0N TO TEWTO AV

Yewpriooupe T f x g xou f xp: ool ta B xou F etvon Eéva, éxovue fxe+f xr = f XEUF-
O

H endyevn Ilpdtaon ovctaotind delyver otL av 800 OAOXANPOCIIES CUVAPTATELS CUK-
n{ntouy oyed6v mavto, TéTE ToL OAOXANEGUTd Toug elvon (oo (To ohoxApwua dev YeTo-
Bédhetan oy 0AAGEOUUE TIG TUIEG WG OAOXANPOGUING CUVAPTNONG OF €Vl GUVORO UETEOU
0).

Ipoétaon 7.2.9. Eotw [ un apynukn petprionun ovvdptnon. Tote, [ f =0 av ka

uovo av f =0 oxeddy mavtov.

Anddaén. Av f =0 oxeddv navtol, téte u({f > 0}) = 0. Xpnowonowdvrac tny Hopath-
enom 6.2.2(y) Brénovye bt

(6.2.23) /f = /{f_o} f+ /{f>0} f=0+0=0.

Ac unodéooupe topa 6t [ f = 0. Tw xédde n opllovue E, = {f > 1/n}. Ané v
avioétnta Tou Markov,

(6:224) p(E) =u(lf = 1/m) <n [ £ =0,

dnhadh) w(Ey,) = 0. Agol E,, 2 {f > 0}, cupnepaivoupe 6Tt

(6:2.29 W({7 > 01 = i p(Fa) =0,

Arhodh, f = 0 oyedéy maviol. O

To Oepenua Beppo Levi nou axoloudel eivon ovolaotind avadlotdnwmon tov Oewmpriuo-
t0¢ Movétovne X0yxhong: to ohoxhipwua Lebesgue yio un opvntixéc peTpoiues ouvop-
toelc elvar aprdurioa tpocVeTind.

Oewpnpa 7.2.10 (Beppo Levi). Eotww (f,) akodovdia un apvntikdv uetprioiuwy ouv-
vaptrioewy. Tote,

(6220 [(n) -3 [

Ardde&n. Ou f, elvon un apvnuixée, emopévac 1 f = > 07 fn oplleton xohd xou efvon T0
xatd onuelo 6plo e adEovoac axolovdios Sy = ZnN:1 fn (undpyer BéBata To evdeySuEVO
vo, éxoupe f(z) = oo yio xdmowa ).
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Ané v (nenepacuévn) npoceTUXETNTO TOU OAOXANEMUOTOS Y10 U1 dpYNTIXES PETENOL-
MES CUVOPTNHOELS, EYOVUE

(6.2.27) /SN :/<nﬁ:l fn> =nz]:/fn fi/fn.

And v dAAN mAeupd, to Pewdpnua povotovne olyxAlone wog eacpoilel bt

(6.2.28) /sN //f=/<n§:1 fn)v

onhady| to {nroluevo. O

ITépiopa 7.2.11. Eotw [ un apynuxn petprioun ovvdptnon kai éotw (E,) axolovdia
Eévwv petprioiuwy ouvddwy. Tote,

(6.2.29) /m . f:i/E I
G oA ) O

Anédaén. Oewpolye < fn = fxg,, n = 1,2,.... Agol ta E, elvar &éva, €youue
Zzo:1 fn = fXU;’le E,- O

Oploupoc 7.2.12. Eow A wo o-dhyeBpa unocuvérenv tou R. Mo cuvohocuvdptnon
®: A — [0, +00] Myetu wétpo otny A av avornotel to e€fc:

e O() =0.

o Av (E,) etvon wot axohoudia Zévewv cuvohav oty A, t6te @ (o, En) = > oo O(E,).

n=1

To uétpo Lebesgue p oty o-dhyeBpea M twv Lebesgue petpriownv unocuvéreny tou R
elvan éva mopddetypa pétpou.

Y0UQLVoL UE AUTOY TOV YEVIXO OPLOHOS, To ATOTEAECUOTA Hag Yio TO ohoxAfpwuo Lebe-
Sgue U1 aEVNTIXOY PETRTOW®Y CLUVIPTHoEWY delyvouy To e€hc:

Oewenua 7.2.13. Eow f un apvnukn petprioun ovvdptnon. Opilovpe auvoroou-
viptnon @5 : M — [0, +00] ws e&ris: av E € M, 9étovue

(6.2.30) O (E) = /E f.

Tére, n @ efvar pérpo. O

Ynueiwon: Ilogatnerote 6Tl t0 yétpo Lebesgue p avtiotoiyel otnv cuvorocuvdptnon @
nou opiletan and v otadepn cuvdptnon f = 1.
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To Yewpnua povétovne clyxMong pag Agel 6TL av ol axoloudlor Un apvnTIX®Y YETEY-
olwv ouVapTACELY fp, auldvel xatd onpeio oty f, T6Te UTOPOUUE Vo «EVOANSEOLUE Tal
Optay: T0 oAoxAprUa Tou oplou elvor T0 dpto TV ohoxhnpwudteny. To Afuua tou Fatou
mou axoloudel pag divel avtioTtolyn TAnpogopia otV epinTtwor Tou €youue xutd onuelo
olyxMon ahkd Sev éyoupe Ty unddeon e povotoviog yio Ty axohouvdia (fp).

Oevpnpa 7.2.14 (Afppa tou Fatou). Eoto (f,) axolovdia un epvnrikdy petprioipwy

; (
ovvaptroewy. Tore,

(6.2.31) /(argigffn) gl%lrggf/f,b.

Arédeaén. Oewpolpe v oaxohoudia cuvapthAcewy (gn), 6mou g, = inf{f; : k > n}. Kd&de
Gn ebvan pn opvnTed xou petpiown, n (gn) ebvon ad&ovoa, xau

(6.2.33) gn " liminf f,.
n—oo
Ané 1o Yedpnua povotovng obyxhong,
(6.2.34) / (liminf fn) — lim / n.
n—oo n— oo

Iopoatnpotye 6t g, < fi yio xdde k > n, ondte 1 povotovio Tou OROXANEOUATOS Yo Blvel

2. < =1 .
(6.2.35) /gn,bn égi/fk

H axohovdia (by,) ebvon gdivouca xou cuyxhivel oto liminf, [ f,. Apa,

(6.2.36) /(hminffn) = lim /gn < lim b, :hminf/fn.
n—00 n—oo n—oo n—oo
O

ITépwopa 7.2.15. Eotw (f,) akodovdia un epvnuixdy uetprioiuwy ouvaptioewr. Ay
fn = [ o ka1 o lim, [ f, vndpyer, téte

(6.2.37) /fg lim [ fn.

n—oo

7.3  OloxAvpwpa Lebesgue: 1 yevixr nepintwon

Opiop6c 7.3.1. (o) Eotww f: R — [—o00, +00] petpriown ouvdptnon. Téte, ol cuvop-
oeic fT = max{f,0} xu f~ = —min{f,0} elvou petpriowec xou pn apvnuxéc. Eniong,
IXAVOTIOLO0V TIC

(6.3.1) f=f"—f xu |[fl=f"+f".
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Ta ohoxhnpdpota [ f xon [ f~ opilovton xohd xou av Toukdyiotov plo amd tig fT xan f
elvow ohoxAnpdotun, T6te 10 ohoxAfpwua tNs f opiletar and tny

(6.3.2) /fz/fJr —/f‘

(umopel BéPBanar var modpvel Ty Th +00 i —00). Av ou fT, f7 elvar xou oL 300 ohoxhn-
POOLIES, TOTE TO oAoxAfpwua NS f elvon mparypotixde aptdude xou Aéue 6t m f elvon
OANOXANEOOCL- UT.

(B) Avn f: R = [—o00,00] elvar petphiown xaw E elvon éva petpioo urtochvoho tou R,
61 Mue 6t 71 f elvon oAoxAnewoiwr oto E av

(6.3.3) /E = [ e < oo /E =<,

xau op{louue

(6.3.4) /Ef:/Ef*—/Ef’:/fxE.

(y) Avn f: E — [—00,+00] elvon yetphown, téte enextelvoupe v f oto R Hétovtag
f =007t E° cuvendg,

(6.3.5) /Ef:/fXE:/f-

IMopatneroets 7.3.2. () Av f >0 téte f = fT xou f~ =0, cuvende o oplopdc Tou
dooape ouupwvel ye avtov e Hoapoaypdpou 6.2.

(B) Ané tov opioud eivan povepd 6t 1 f elvan Lebesgue ohoxinpddouun av xat uévo ov

(6.3.6) Jin= [+ [5 <

dnhad”| av xou pévo av 1 | f| ebvan Lebesgue ohoxdnpdowun (Yuundeite 6t autd dev woydel
Yoo To ohoxAfpwpa Riemann). Ye authv tny nepintwon,

(6.3.7) ‘/f‘ S/\fl-

(v) Av 1 f elvon ohoxhnpidowun, téte

(6.3.8) p({f* =+oo}) = p({f~ = +o0}) =0,
dpa

(6.3.9) p{z: f(z) =+oo} U{z: f(x) = —o0}) =0.
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Anhadyy, 1 f elvon tenepacuévn oyedov novtoL.

(8) Av u(E) =0, t6te [ f=0,006n [, fT=0xu [, [~ =0.
(€) Av oL f xau g eivan petpfioweg, 1 g eivar ohoxhnpdown, xat | f| < |g| oxeddv mavtol,
t6te 1 f elvan ohoxnedown xon [ |f] < [ gl

(o1) Av f = f1 — fa, 610U f1, fo un apyNTIXEC ONOXANPOOIIES CUVOPTHOELS, ToTE

(6.3.10) /f:/fl—/fQ.

Hpdrypatt, and v fT — f~ = f1 — fa madpvoue fT+ fo = f~ + fi1, dpa

(6.3.11) /f++/f2 :/f‘ +/f1,

onhad

(6.3.12) /f+ —/f‘ :/f1 —/fz,

10 onolo anodexviel 1o {nroluevo.

(Q) Av p(E) < oo xou 1 f + E — R elvan gporypévn xou yetpfiown, t6te 1 f elvar ohoxhn-
poaown. ‘Onwe Yo dobue oty Hoapdypagpo 6.4, xdde gpayuévn Riemann oloxinpewaol- un
ouvdptnon f : [a,b] — R eivon Lebesgue ohoxhnpdown oto [a,b]. Oa dolye enione 6Tt ta
800 ohoxinpduorto (Riemann xo Lebesgue) ovunintouv.

I8u6tnTEC TOoL OAoXAMPBUATOG

Oevpnpa 7.3.3 (yeuuuénta). Eotw f,g: E — [—00, +00] odokAnpdoes ovvap-
toes. Tove, n f + g opiletar kaAd oxedov mavToU ka

(6.3.13) /E(f+g):/Ef+/Eg.

Eriong, av t € R téte ntf elvar odokAnpddoiun, xar

(6.3.14) /(tf) - t/f.

Anédeiln. Agol ou f, g elvor ohoxhnp®oules, Tolpvouy TETERUOUEVY T OYEDGV TovToU,
Goa n f + g opiletan oyedov navtov. Enlong,

(6.3.15) (f+)T <fT+gt xu (f+9) <f +g,
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Gpat
(6.3.16) /(f +9)T < 400 % /(f +9)” < o0,

OnAadh N f + g elvon ohoxAnpdouun.
Tedovpe f+9g=(fT+g7)—(f~ +97). Tote, and v Hoapathpnon (ot) nadpvouye

Ju+a = [ursor-[uvor=[r+ [or= [ [o
Ji+]o

T tov Bevtepo oy vploud Topatneolpe ot av t > 0, téte (tf)T =tf T xou (tf)” =tf,
Gpa N tf elvon ohoxAnpdon xou

(6.3.17) Jen=[en = e =t [ =t [1 =t [+

Avit <0, t6te (tf)T = —tf xou (tf)” = —tfT, dpo n tf elvou ohoxAnpd oy xou
(63.15) Jen=[enr = [an ==t [ vt [r=t [
Av t =0, dev éyouye tinota vo del€ouye. O

ITépiopa 7.3.4. Eoww E petprioipo otvoro. To avrolo twy oAokAnpooiuwy avVaprr)-
oewv f: E — [—00,+00] elvar ypappikds xdpos.

Oewpnpa 7.3.5 (povotovia). Av o1 f, g eivai odokAnpdoipes kar f < g oxeddv navzoy,
wote [ f < [g. Exbikdrepa, av f = g oxedov navtov, tote [ f= [g

Anédeitn. Anéd v f < g énetan 6t fH < gt xou fT > g7 oxedbv mavton. ‘Apa,

(6.3.19) [re-[r<[o-]s

10 onolo anodewxviel to {nrolyevo. O

Oevpnpa 7.3.6 (tpocdetxdétnia). Eotw f odoxAnpdoun ouvvdptnon. Av wa A, B
efvar petprioua kar AN B = ), tdte

(6.3.20) /AUBf:/Aer/Bf-
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Anédein. I'pdgpouye
(6.3.21) /AUszffoUB:/f(xﬁxB)=/fo+/fxB=/Af+/Bf.
O

To Baowxd Yedpnuo oOYXMONG Yiot axONOUIES YEVIXDY ()L AVOY XACTIXG, (A1) AEVNTIXEYV)
0ANOXANEAOGCLUGY GLUVOETAGEWY elvor To YewEnUa xXUELIEYNUEVNE CUYXALOTG.

Oevpnpa 7.3.7 (Ocdenua Kuplapynuévne Xoyxhone). Eotw f, : E — [—00,+0]
axolovdia uetpriouwy ouvvaptiicewy. YmobUérouue éu f, — f oxeddv mavtol ka1 du
vrdpyer g : E — [0, +00] odokAnpdoiun, dote: ya kdide n € N, |f,| < g oxeddv ravtod.
Téte, o1 f, ka1 n f eivar odokAnpdoipes, kai

(6.3.22) lim [ f, = /f.

n—oQ
Arndbeén. Aol |f,] < g xoun g elvon ohoxhnpdown, xdde f,, elvon ohoxhnpdowun, and v
nopatienon (€). H f eivon petpriown we 6plo (oyedov naviol) YETRAOWY CUVAPTHCEMY,
pded

(6.3.23) ol <g=1fI<g.

Apa, m f elvan ohoxhnpwdoun.

I v Sel€oupe v olyxhion e axoloudiog Twv ohoxAnpwudtwy, Yo eQappoOcoUlE
o Afjupo tou Fatou yia Tic axohouliec un opvntixdv yetphiowny cuvaptioewy (g + fr)
xou (9 — fn) (maponpriote oL [fn| < g = —g < fu < g).

Agob g+ frn =g+ fxou g— fr, = g— f, nalpvouye

(6.3.24) /Eg—i—/EfZ/E(g-Ff) Slimninf/E(g—i—fn)Z/Eg—klimninf[Efn

el
(6.3.25) /g—/ f:/(gff) Sliminf/(g—fn) :/gflimsup/ In-
E E E " E E n E
Apa,
(6.3.26) limsup/ fn g/ fgliminf/ I,
n E E n E
10 onolo pog divel To cLUTEPUCHA. O

IMopiopa 7.3.8 (Yedpnuo ppayuévne obyxhone). Eotw E petprioipo otvolo ue u(E) <
+00 kat éotw (fr) axodovdia uetprionuwy ouraptricewy oto E. Yrodérouue du f, — f
ka1 6t vrdpyet M > 0 doze |fr] < M oto E ya kde n € N. Tdre,

(6.3.27) lim fn:/f.

n—roo
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Andbetn. Agpol u(E) < +oo, 1 otadeph cuvdptnon g = M eivar ohoxhnpdon oto E.
Enoyévwe, umopolye va e@apudoouie To Yempnua XUpLIEY NUEVNS oOYXALOTC. O

IIépiopa 7.3.9. Eotw f: R — [—00,+00] odokAnpdoun ovvdptnon. Téte, n ovvdp-
man

(6.3.28) F() :/_;f = /(_oo,.ﬂf

€lvar ouvexng.

Andbeln. Tedgovye F(x) = [ f - X(—o0,0]- Hapotnpodue 611 av x, — & toTe

(6.3.29) F)X (0021 (¥) = ()X (~00.21(¥)

v x&de y # x (e&nyfote yotl). Enionge,

v xdde n € N. And o dedenua xvplapynuévne obdyxhone, F(z,) — F(z). Avutd
anodeviel ot 1 F ebvan cuveyrc. O

HMapadeiypata 7.3.10. (o) Avrn f : E — [—00,+00] elvoaw ohoxhnpddown xou (Ey,)
elvon pia av€ovoa axoroudio yetpriowy cuvohwy pe E, & E, tote

(6.3.31) / f=1lm | f

E n—oo En
Apxel va mopatnpfioovpe 6t fxm, — f xou |fxe,| < |f] v xédde n € N. Katomy,
e@opuOloupE TO VEMENUL XUELIPYNUEVNS CUYXALONG.
(B) Eotow f:[0,1] = [—o00, +00] ohoxhnpiyowun. Téte, v xdde n € N, n fr(x) = 2" f(x)
elval oAoXANPOoT, Xol

(6.3.32) /0 "o () - 0,

Apxel va mopatnpfoovpe 6t |2 f(z)| <
oxedov navtol (v dha ta & # 1 pe f(
VEOENUA XUPLIEYNUEVNS CUYXALONG.

|f(z)] oto [0,1] xou 611 fr(x) = 2" f(x) = O
x) # £00), xou PETE VA YENOLHLOTOLCOUYE TO

7.4 XUyxpion ue To ohoxAvpwua Riemann

‘Eow f : [a,b] = R. Oua ypdgoupe (R) f;f v To ohoxhApwpa Riemann xou (L) f:f
yioo T0 ohoxhfpwya Lebesgue tne f (av autd undpyouv). Onwe deiyvel To Yedpnua tov
axohloulel, To ohoxhfpwua Lebesgue enexteivel to ohoxhrfpmuo Riemann.
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Oewpnpa 7.4.1. Eoto [ : [a,b] = R Riemann olokAnpdoun ovvdptnon. Tdze,
(i) H f elvar uerprioun.
(ii) H f efvar Lebesgue odokAnpdoiun kai

(6.4.1) (Mff(&L%

Anédedn. Oo yenoylonothoouye o e€ng:
(i) To Vedpnua xupLopyNUévne cOYXAOTC.

(i) Av h >0 petphown xa [, h =0, téte h = 0 oyeddv maviod oto E. Enopévwc, av
f<gxo [, f=[gg, 16t f =g oyedby naviod oto E.

(iii) Av s = NiX[a,,b;] SV ot xhpaxe ) cuVdpTNoN, TOTE

(6.42) w [ r=w[r

Trodétovue 6t 1 f eivar Riemann ohoxhnpdowun. Téte, undpyet axohoudia (P,) Siope-
plocwv Tou [a,b] pe tc e€fc Wibtntee: P, C Poi1 (n Puyr elvon exdéntuvon e P,),
[|Po]l = 0 (o mhdtn twv dogepioeny Py, teivouv oto 0), xou

b b
(6.4.3) Lm&%ﬂm/f,U%m%MM/f

‘Eotw £, N xApaxw T cuvdptnon ue f; l, = L(f, P,) (dnhadh, v L(f, P,,) = Zf;ol my(ip1—

x;) ToTE b = Zf;ol M X[as,zi01)) XA Up N AVTIOTOL(N XAPOXWTH OLUVEETNON e f; Up =
U(f,P,). Téte,

(6.4.4) by < f < tn.
Ané v P, C Py énetan 6T 1 (£,) ebvon adZovoa xou 1 (uy,) @divovoa, ondte opilovton

ol ouvapthoelg £ = limy, £, xow u = limy, uy, xou £ < f < u. And 1o Yedpnua ppayuévne
oLYXNoTG,

(6.4.5) (L) /abuzlirrln/abun = (R)/abf

pded

(6.4.6) (L) / be:nTILn / b/zn = (R) / b f.
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. b b . , , . p
Aot £ < uxan [ €= [ u, cupnepoivouue 6T £ = u oyedbv movtod. Aol £ < f < u,
TEOXOTTEL OTL

(6.4.7) {=f=u om.

Apa, 1 f elvon yetpriown ouvdptnon we dpto (oyeddv mavtol) axoloudiog YETEROWWY
ouvopThoewy. Autéd anodexviel To (i).
Agol n f elvan yetpriowun xou @eoyuévn, 1 f elvan Lebesgue ohoxhnpwoiur. Télog,

(6.48) w [ r=w = [

dnhad” €youue anodeiel to (ii). O

Ynueiwon: ‘Onwg €youue Mdn del, 1 xhdon twv @paypévwy Lebesgue oloxhnedoulwmv
f o ]a,b] = R ebvar yvAour peyohltepn and v xAdon twv Riemann oloxinpedoiuemv
fia, ) = R

Tao mapadelypata Tov axoroudolv delyvouv 6Tl 1) TEPITTWON TOU YEVIXEUPEVOU ONOXAT-
pouotoc Riemann etvon Siopope Tty
HMapddevypo 1. To yevikeuuévo odokAripopa (IR) fooo(sinx/m)dx undpyel, aAdd To
odoxArpwpa Lebesgue (L) [, (sinx/x)dx dev undpyer.

Anédeaén. Mnopolue va yedouye 10 YeEVIXEUUEVO ohoxApowpo Riemann cov wo evoh-
Adooouca oelpd:

(IR)/ sm:rdx _ Z/ smxdx
0

€T n—1 (n—1)7 €T
s nm s
— Z(_l)n—l/ |Sln.’17|dx
n—1 (n—1)w €

Sy [ simal
712::1( ) /Oer(nfl)wdx

Ané o xpitfiplo Tou Dirichlet, yio va del€ouue ott auth 1 oelpd cuyxivel apxel vo del€oupe
ottt ohoxknpoyatoa gdivouv oto 0 dtav n — co. ‘Ouwg, yio otodepd x, 1 oxohoudla
[sinz|/(x + (n — 1)m) eivon npogavae gdivousa, dpo 1 avtictoymn oxolouvda TV oNoxhn-
pwUdTwy etvar @dlvouoa xot, Yo xdde n > 2,

T |sinz] 1
6.4.9 dx < 0.
( ) /0 ac—&—(n—l)wm_n—l_>

Auté anodeuvier 611 T0 YEVixELPEVO ohoxhfpwpo (IR) [ (sinz/x)dx undpye.
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Av 10 ohoxAfpwyuo Lebesgue unrpye, Yo €npene va oylel 6Tt

(6.4.10) (L)/ @dm < +00.
0

‘Ouwg, yenowonouwnviag to Yedpnua wovétovne clyxhong PAénoupe 6Tt

(L) /oo |Slnx|dw _ i/n‘n— |Sln$|d$
0 €T (n—1)7 €T

n=1
oo 1 -
> — inz|dr = oo.
> nz::l e /0 | sin z|dx = 0o
Apa, m sinz/x Sev eivon Lebesgue ohoxinpdown oto [0, +00). 0

IMopddetypa 2. Oewpolye Ty cuvdptnon f: R — R yue f(z) =0 av z <0, xou

(="
n+1

(6.4.11) flx) = av z € [n,n+1),n=0,1,2,....

To yevixeuuévo ohoxhipwua Riemann tne f

oo b
(6.4.12) (IR)/ f(z)dr := lim / f(z)dz
0 b—+o00 Jo
undpyet: elva (oo pe
(6.4.13) (IR) /m @)z = i (=1)"
o 0 —ntl
(n tehevtala oelpd cuyxhiver). Ouwe,
o o 1
4.14 L = =
(6.4.14) 0 [ 11=3 g =
Geo 1 f Bev etvon Lebesgue ohoxinpwouun. O

Tétoto mpoPAfiuarta dev eppavilovion av 1 CUVEETNOY TOL HEAETEUE elvon U oEVNTIXA.

Oevpnpa 7.4.2. Av f > 0 ka1 to yerikeupuéro ohokAipwua (IR) ffooo f vndpyet, téte
n f etvar Lebesgue oloxkAnpaoiun, kai

(6.4.15) (IR) / f=(L) / f.
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Anédden. Tlapoatnpolue 6L n oxohoudiot CUVAPTACEWY fr, = f X[—n,n) QUEAVEL TIROC TNV f.
Kéde f,, eivon Riemann ohoxhnpdown (6o [—n,nl), enopévewe petpAown. ‘Apa, 1 f elvon
peteRown. Erniong,

(6.4.16) (L)/fn = (R) _n f(x)dz

yioe xdde n € N, dnhoadr) xdde f,, elvon Lebesgue ohoxhnpddowun. And tnv unddeor), undpyel
10 6plo

(6.4.17) lim (R) _n F(@)dz = (IR) /_ ) de.

n—roo

And v dAAN Thevpd, to Yedpnua povdtovne alyxhong Selyvel ot

(6.4.18) lim (L) / fo = (L) / f.

n—oo

Apa, n f elvan Lebesgue ohoxAnpemoun xou

(6.4.19) (IR)/f: (L)/f.
O

Ynueiwon: Avéhoya omoteréopota Loy doLY Lol YEVIXEUUEVD OAOXATEOUTY X8le eldoug
(vt Topdderypo, o€ avoixtd PearyUEVo BldoTnua).

K\elvouye authy tnv napdypopo pe évay yapaxtnelouwd twv Riemann oloxinpdoidomy
f:]a,b] = R: eivoun exelvec oL gpayuéves cuvapthoels tou elvon ouveyelc oyedév mavtol.
Iew dioovye Ty axeBr) dtatinworn xou Ty amddellr), npénel vo Tovicoude 6Tt 1 cuVIxN
«oLveY N oYEDBOY TavTOUY elvon Teelwe BlapopeTixny| amd TNV «oYedOY Tavtol (o1 Y cuveyT
ouvdptnomny. Do mopdderyua, 1 yopoxneloTiXs cuvdeTtnon Xq : [a,b] — R elvon oyeddv
TovToU {om pe v ouveyn (otadepr)) undevinh cuvdpTtnom, ahhd Sev eivan cuveyHc ot xavéva
onueio tou [a,b]. And tnv dhin Thevpd, N X[o,1/2] : [0, 1] — R elvau cuveyric oxedov tavtol
(navtol extéc and to ornuelo 1/2) odld dev elvor oyeddv navtol {on pe xoppio cuveyth
g:10,1] — R (e&nyAote yatl). Autd ta napadelypoto detyvouv dtt ot o cuviixee dev
ouyxpivovTan.

Oewpnpa 7.4.3. Eoto [ : [a,b] = R gpayuévn ouvvdptnon. H f eivar Riemann
odokAnpdoun av ka1 pévo av

(6.4.20) p({x € [a,b] : n f elvar aovvexris oo x}) = 0.

Ané8eEn: Trnodétovpe npdta 6TL 1 f elvan cuveyne oyeddv novtod. Emiéyouvue o-
xohovHa (Py,) diapeploewv tou [a,b] ye P, C Put1, ||[Pnll — 0, xou Yo dei€ouye btu
U(f,P,) — L(f,P,) — 0.
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Oewpolpe T oUVAPTATELS £y, Uy TOU avTioTOLYOUY 0N Py, ue £, < f < uy, f; b, =
L(f, P,) o f; un, =U(f, Pn). Anradh, av P, = {a =20 < --- <z, = b} opllouvye

k-1 k—1
(6.4.21) b, = Zmix[xi7$i+l) Xl Uy = ZMiX[Ii7$i+l)'
i=0 i=0

Tote, by, 7l xon uy \(u, 0o £ < f < .
O £, uy, Elvon YETPHOWES X0l OPOLOUOPQa Gparypéves (and To supremum ot to infimum
e f oto [a,b]). And to Yedpnua ppoyuévne obyxhione PAénoupe 6Tt

b b b b
(6.4.22) /En—>/ { xou /un—>/ U.

Anhody,

b b
(6.4.23) L(f,Pn)—>/ £ xou U(f,Pn)—>/ u.

Apxel va Sel€ouye 6t

(6.4.24) /abe = /abu.

Auté woyvel v tov e&hc hoyo: av P = (o7 | P, xou av A elvor 10 60voho twv onuelwy
acuvéyetog e f oto [a,b], T6te v xdde = € [a,b] \ (A U P) éyovue L(x) = u(x).
IMpdypat: éotw x € [a,b] \ (AU P) xaw éotw € > 0. Agol n f elvon ouveyhc oto z,
undpyel 6 > 0 dote: av y,z € (z— 3,2 +0) 6t |f(y) — f(2)| < e. Emhéyoupe ng v T0
omolo || Pp, |l < 3. Av [, z;41] elvou to unodidotnua tne P, oto onolo avixel 1o x, toTe
[zi; Tit1] C (z — 6,2 + 0), dpat

(6.4.25) M; —m; =sup{f(y) : y € [, xi11]} — Inf{f(2) : z € [zs, xi11]} < &,
dNAadh 0 < Uy () — £y (z) < e. Axbpa,
(6.4.26) 0 <u(x)—L(x) < upy(x) — lny () < e.

Agol o € > 0 Arav tuydy, énctan 61 u(x) = £(x). Apa, £ = u oxeddv tavtov, To onolo
delyver ot f;ﬁ = f(f u.

Avtiotpoga: Trodétouye 6Tt 7 f elvon Riemann ohoxhnpmown oto [a, b]. Emiéyoupe
axohoudia Sropeploewy (Pp)yn e Pr C Phry1 yio xéde n xou

b b
(6.4.27) L(f, ) — / fLU P / ;.
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TN xdde n € N, Yewpolue TI¢ XAPOXWTEG CUVARTACELS £y XL Uy, TOU AVTIGTOLYOLY GTNY
Py, pe by < f < up xou

b b
(6.4.28) / bn = L(f, Pn) , / un =U(f, Pp).

H oxohoudia (£y,) eivon adZovoo xan 1 (uy,) eivon @divouca. Eotw € = limy, £, o u =
lim, up. Téte £ < f < u xou and to ﬂso’opnpa HUPLOPYNUEVNE CUYXAONC

(6.4.29) €— lim E = hm L(f, P, / f
n— oo
prees
b b
(6.4.30) / u = lim Up = hm U(f, P / I
a n— oo a
Apa,

(6.4.31) /abzz = /abu

Agot £ < u, éneton 6T £ = u oyEdOV TAVTOV.

Eotww C = {z € [a,b] : {(z) = u(z)} xu éoww P =, P,. Ou delfoupe 6L yia
x&e x € C'\ P n f eivar ouveyfc oto x. Hpdypott: Eotww z € C'\ P xou éotw € > 0. Téte
0(x) = u(x), dpa undpyet ng YE 0 < Up, (2) — lny(x) < €. Autd onpaiver 6Tt av (T4, Tit1)
elvar To unodldoTNU TS P, oTo omolo avixel To x, TOTE

(6.4.32) sup{f(y) : y € [xi, miz1]} —Inf{f(2) : 2 € [xs, i11]} < e

‘Eneton 6t 1 f elvon ouveyhic oto x (eEnyfote yioti).
Yupnepaivoupe 6Tt av A elvon T0 cOvoho Twv onpelwv acuvéyewg g f, tote A C
([a,b]\ C) U P, dpa (A) = 0. 0

7.5 Aoxvoelg
Owpdda A’
1. 'Eotww ¢ un apvntind anhf cuvdptnon. Aeiéte ot

/¢ = sup { /w | 0 < < @, 1) anhf) ohoxhnpdoln }

2. Eoto f : R — [0,00] ohoxhknpdown cuvdptnor. Opiloupe F : [0,00) — [0,00] p
F(t) = u({f > t}). Aci&te 6t n F eivou pdivousa, cuveyhc and deid, xou limy—, oo F(t) =
0.

(o]
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, , 1 _
3. Acg{éte 61 f[l,oo) 1 =o0.

4. Bpelte o oaxohoudio (fr) un cpvnTindv UETPAROWY SUVOPTAGEWY TTOU IXAVOTIOLEL Tl
e€fc: fn — 0 0dAG lim,, f frn = 1. Mnogeite va emhéZete Ty (fn) €T0L OGOTE Vo cuYXhivel

OUOLOPOPYPA OTNV UNDEVLXY| CUVEETNON;

5. Trodétovue 6L f xau frn, n € N, elvon un apvnuixéc yetpnoes ouvoptioels, frn N\ f,
xou undpyer k € N dote [ fi, < oo. Acelite oL

/f = lim [ fp.

n— oo
6. Eotw f uetpriown ouvdetnon. Trodétouue 6t f > 0 om. Av [, f = 0 v xdmowo
petpriowo oOvoro E, deilte 6t u(E) = 0.

7. 'Eotw f un apvnuxy yetpriown ocuvdptnor. Actgte ét
/ f= lim / f= lim f
oo n—oo J_ n=00 Jresq/n}
8. Eotw f un apvnuxy ohoxknpdoiun cuvdptnor. Aeiéte 6t
o
/ f= lim f-
—50 n—oo {ffn}

9. Eotww f un apvntixt ohoxhnewoiun cuvdptnon. Eivar cwotéd ét lim, 1 f(z) = 0;

Opddo B’

10. 'Eotww f un apyntr| petpriown cuvdptnon. Aceilte ot 1 f elvon ohoxAnpwdouun av xau
poévo av

> 2 u({f > 2"} < o

k=—o00

11. Eotww f yn apvntixr ohoxknpoorn ocuvdptnon. Ael€te dtu: vy xdde € > 0 undpyet
petefowo abvoro E pe p(E) < oo, tote

[ [r--=

Emniéov, del&te 61t o B umopel va emheyel €tol dote 1 f va elvon ppaypévn oto E.
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12. Eotw f pn apvnuixd ohoxhnpoowun ouvdptnon. Acite ét 1 ouvdptnon F(x) =
JE . f ebvon ouveyc.

13. Eotw f pn opvnuixy ohoxinpwoiun cuvdptnon. Aci€te 6t yio xdle € > 0 umdpyet
6 =0d(g) > 0 pe v edhic WuétnTer av p(E) < § t6te [, f <e.

14. Ocwpmviag Tic CUVUPTACELS fr, = X[n,n+1) 0El€TE 6TL 6T0 Afjupa Tou Fatou n avicétnta
unopel va ebvan yvriota.

15. 'Eotww (f,) wo oxohoudior pun apvntixddv Yetphiowny cuvapthoeny. Eivaw cwotd 6t
limsup/fn < / (limsupfn>;
n— 00 n— o0
Av npocdécouue v unddeon 6t n (fr) elvon opolbpoppa @poryuévn;

16. Eow f xa f,, n € N, un apvnuxéc petpriowes ouvaptroec e f, < f yio xdde
n € Nxa f, = f. Aciéte 6T
/f: lim [ fn.
n—oo

17. Eoww f x fn, n € N, un opvntixéc yetpriopec ouvapthoels pe fr, — f xau

lim [ f, = /f < 00.
n—oo
AciEte 6T
lim fn = / f

v xdde petprioo cbvoro E. Adote mopddelypa mou va Setyvel 6Tl autd dev loylel av
| f = o0. [Trdbatn: Ocwprote ta [, f xu [, f]

18. 'Eotww (f,) axohoudio Lebesgue ohoxhnptouylwy ouvopthoewy oto [a,b]. Av f, — f
opoiouoppa, del€te dtL N f elvan ohoxAnewotun xou 4T f; |fn — f| — 0.

19. Acite 6TL

S n T\
/ e *dr = lim (1 - f) de =1.
0 n—oo [q n

20. Trohoyiote o limy oo [y (1 — (z/n))"e*?dx (wtoloyhote Thipwe TV ardvinot
0ug).
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21. 'Eotww 6t ot f, f,, elvon ohoxhnpdotuec xan fr, /' f. Mropolue vo cuunepdvouue &t

S =1

22. Eotww f, fr ohoxdnpdowes. Av [|f, — f| = 0, del&te 6w [ f, = [ fxu [|fn| —

J1fl-

23. 'Eotw f, fn ohoxknptowes. Av [ |f, — f| = 0, delEte on [, fn — [ f v xdbde
wetpfiowo oclvoro E, xou [ fi — [ fT.

24. 'Eotww f yetpiown ouvdptnon. Acilte ot n f elvon oloxhnpodoun ov xou uévo av
it —e 2 n{If] > 24}) < 0.

Owpdda I

25. Trohoyiote (pe mhipn awtiohéynom) o

0 /2 n
Z / (1 — V/sin x) cos xdzx.
n=0 0

26. Eotw (fn), (gn) xou g ohoxhnpiowes ouvapthoec. Trodétovue 6t |fn] < gn,
o = [y gn = g (6ha outd oyeddy Tavtol) xau 6t [ g, — [g. Aellte 6t f ebvou
ohoxhnpdown xou 6t [ fr — [ f.

27. 'Eotww (fn), f oloxdhnpddoes xaw éotw 6T f, — f oyeddv navtol. Acilte 6

J1fn = fl = 0 ovxaw pévo av [ |fn] = [|f]-

28. 'Eotw (fy,) oxohoudio ohoxhnpedotpny cuvapthiceny. Trodétovye 6Tt Undpyel OhOXAT-
pwo” cuvdptNnon g Hote | fr| < g oyeddv navtod yio xdde n € N. Aeilte 6

/(lin&linf fn) < lirqlinf/fn < limnsup/fn < / (limnsup fn> .

29. Eoto f yetphiown xou oyeddy navtod nenepacpévn oto [0, 1].

(@) Av [, f =0 yiot x&e petpriowo E C [0,1] pe p(E) = 1/2, deilte éu f = 0 oyedov
navToL oo [0, 1].

(B) Av f > 0 oyeddbv mavtov, deilte 6Tt

inf{/Ef:u(E)z;}m.
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30. Aciéte 6T

! nr ! n3/2x

li ——— = li A
n1—>Holo 0 14+ n2x2 0 xa n1—>Holo 0 14+ n2x2 0

31. Eotw fn : E — R oxohoudia ohoxhnpdowy cuvaptioewy e Yo~ [ [fn| < +00.
Aceite 6T

(o) H oepd Y07 fn() ouyxhiver oyeddv yio xdde x € E.

(B) H ouvdpton Do fn elvon ohoxhnedowun xou

[(E)-5 1

—nar __ —nbx

32. Tradepornowolpe 0 < a < b xou opilovpe fr(x) = ae ne . Acl&te 6t

i/omw:oo

[ (g fn) [

33. () Av f > 0 oxedbv mavtol 610 E xaw av f, = min{ f,n}, deilte éu [, fn = [ f-

(B) Av 7 f eivon ohoxhnpown oto E xou f, = max{min{n, f}, —n}, deilte 6w [, fr, —
Jef

pidel

34. Eow k,n € Nye k < n xau Ey,...,E, petprowo vrochvora tou [0,1] pe v
e&hc Wiotnror xdde z € [0, 1] avixel oc Touldylotov k and o B, Ea, ..., E,. Acllte 6u
urdpyet ¢ < n wote u(E;) > k/n.






Kegpdhato 8

Xweot Ly

8.1 Xwpot L,

‘Eotww A petpfioo utooivoro tou R xou €0t 1 < p < co. Oewpolpe v xhdon L,(A)
oAV TwV eTphiotwy ouvoptioeny f: A — R vyl tic onoleg

(7.1.1) /A\f|p < o0.
Iapotneriote 6t N xhdon L,(A) ebvon yoouuxde yopoc. T va det€oupe 6t f+g € L,(A)
av f,g € L,(A), yedpoupe
[f@) +g(@)" < ([f(@)]+]9(2))" < [2max{[f(z)], |g(x)[}]"
= 2Pmax{[f(2)[",[g(x)["} < 2°(|f(@)]" + |g(=)["),

ar’ émou énetan 4Tl

(7.1.2) [ureap<e (i [ ) <.

Opiloupe oyéon woduvayiog oty L,(A) détovtac f ~ g av f = g oyedbv mavtol oto A.
To olvolo Ly(A) twv whdoewy wwoduvoplas [f], f € L,(A) yiveton ypopuunds ydpeos e
npdielc TIc

(7.1.3) (f1+ [9] = [f + g] xou a[f] = [af].

Oa cuveyioouue va ypnolpomoolue to olpfolo f yio tnv xhdom [f], evvodvtac 6u n [f] €
L,(A) avunpoocwneleton and onotodinote cuvdptnon otouyelo te. Av howndv f € L,(A),

opiloupe
1/p
= p .
T ( [ )



178 - Xapror L,

Topotnpriote 6T o ypoc Ly (A) eivon 0 ydpoc v Lebesgue ohoxAnpdoipny cuvaptioewy
f:A—R. Oadelfoupe étum | - ||, elvon vépua otov Ly(A).

Oewenua 8.1.1. Eotw A petprjoipo vrootvodo tou R kai éotw 1 < p < +00. O ydpos
(Lp(A), || - lIp) etvar xcdpos pe véppa.

Anédaén. H tadtion ocuvapthcewy mou cupnintouv oyeddv novtod oto A yivetow yia va
wavoroelton 1 || fll, = 0= f = 0. Hpdypon, av [, [f|P =0 téte f =0 oyeddv navtoy,
dnhady| [f] = [0]. H WSibtnta

(7.1.4) [Efllp = [t fllp,  f € Lp(A)

enaAndedeton dueca. H torywvie avioétnta tpoxdntel and v avicotnta tou Minkowski.
Aivouye Vv anddelln xou, TopdAAnia, LTEVOLUILOUUE XATOIES XNAOIUES AVIOOTNTEG.

Afppo 8.1.2 (avicédtnta tov Young). Av z,y > 0 kaip,q > 1 pe % + é =1, tore
(7.1.5) xy < — 4 =

e wétnta puévo av aP = yi.

Arnddeitn. H ouvdptnon f: (0,400) — R ye f(x) = Inz eivon yvnolwe xolln. Av Aoty
ai, ..., 0m > 0% t; € (0,1) ety +---+1t, =1, tote

(7.1.6) th Ina; <In(tiar + -+ + tmam).
j=1
‘Encton 6t
(7.1.7) atllat22~-~afnm <tiay+ -+ tmam
ME LloOTNTA UOVO OV G =+ = Q. H aviodtnta auty) Yevixelel Tny oviooTntol optduntixnoi-
YeWUETEOV YEsou. Av ty = -+ =1, = 1/m, naipvouue
(7.1.8) waran < Tt am
m

Eqgopuélovpe v ovioétnra (7.1.7) pe a = 2P, b = y9. Agob % + % = 1, ouurepaivouye
ot

b P q
(719) xy:al/pbl/qg 94_,: £+y7

p g p q

ue woétnTa povo av P = a = b = y9. m

Optopdc 8.1.3 (ouluyeic exdétec). Av p,q > 1 xou % + % =1, Mpe 6T oL p xou g ebvan
ovluyels exéres. Yuupwvoiue 6t 0 oLluyhc exdétng tou p = 1 elvan 0 g = oo.
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IMpétaor 8.1.4 (oavioétnta Holder). Eotw A petprioiuo otvolo kar éotw f € Ly(A)
ka1 g € Ly(A), émov p, g ovluyeis exléres. Tote, fg € Lq1(A) kar

(7.1.10) Jua= (/. |f”>1/p (/ |g|Q)1/q7

onAadn

(7.1.11) 1falls < I fllpllgllq-

Anédaén. Trodétouye mpodta 6Tl

(7.1.12) 151 = [ 1717 =1 o gl = [ Jgl7 =1.
A A

Ané v avicétnTa Tou Young, yia xdlde x € A woylel

(7.1.13) F@)g()] < %If(x)\” + é\gm\q.

Oloxinpwvovtac oto A nalpvouyue

1 1 11
7.1.14 /fgéf/fp+f/gq=f+f=1=f qlle-
( ) A\ | , Al | . A|| i 1fll»llgllq

Sy yevud| nepintwon: pnopolue vo utoVécouye Ot || fllp # O xou [|gllq # 0 (0dhidde
f=01ng=0 xu 10 apiotepd Yéhog tng {nroduevne avicdtnrag pndeviletar, ondte dev
éyoupe timota vo delfoupe). Oewpolue TIC CUVIPTAHTELS

= / oL g1 = g_
£l lgllq

(7.1.15) f1

Iapatnpotue 6T

1 1
(7.1.16) / |f1lP = 7;)/ [fIP =1 % / lg1|?dt = —q/ lgl? =1.
A 1£1lb Ja A gllg Ja

Ané v el nepintwon e avicdnTog nou Bel€aue Topoamdve, €youue

(7.1.17) /A [l <1, Sradi, /A Faldt < 1 1nllglle

Ieoétact 8.1.5 (aviocdtnto Minkowski). Eotw A petproo ovvolo kai éotw 1 < p <
oo. Av f,g € L,(A), tdte

(71.18) (f |f+g|”>1/pS (/ If”)l/p+< / |g|p)1/p,

onAadn
(7.1.19) 1f+gllp < I1fllp + llgllp-
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Anédeiln. H ovicdtnto ebvar amhf oty neplntwon p = 1. X1 cuvéyela Yewpolue tny
nepintwon 1 < p < co. Mnropotye va vrodéooupe 6t || f + g||, > 0. Tpdpoupe

If+alz = /A|f+g|”=/A|f+g\”’1|f+g|
/ g+ / F+gir gl
A A

1/q 1/q
(/A |f+g“"”q> ||fp+</A |f+g(”‘”"> 9l

6mov, oto tekevtaio Bua, epapudoaue Ty aoviootnta Holder yio ta Levydpa f+ g, f xou
f+g,9. Hapatnpotue 6t (p — 1)g = p (oL p xau g ebvon culuyeic exdétec). Buvenae,

1/q 1/q
a2y ([arearn) = ([arear) =1l

IN

IN

‘Eneton 6t
(7.1.21) If +gllp < 1f + gl (1fllp + llgllp)-
XENOWOTOLOVTOE TNY P — % = 1 ouunepaivoupe 6L
If +gll3
(7.1.22) 1F +glly = ———27 < {1l + llgllp-
If +gll»

8.2 IIAnpdéinta Tou L,

e avthy v Iapdypoago delyvoupe ot ou yodpol Ly(A), 1 < p < oo eivan yopor Banach:
évac yopoc (X, | - |]) pe vopuo Méyetan ywdpog Banach av xdde Pooweh axoroudio (z;,)
Tou X eivar ouyxhivouoa, dnhadh undpyet z € X dote ||z, — x| — 0.

Oewpnpa 8.2.1 (Yewpnua Riesz-Fisher). Eotw A petprionio otvolo kai éotw 1 < p <
00. O Ly(A) elvar xyddpos Banach.

Tt v om6deln Yo yenowonoiooupe éva Yevixd xpltrplo.  Alvouue mpdTta XEmOLOUG
oplopolc.

Opiop6c 8.2.2. 'Eow (z,) axohovdia oe évav yodpo pe voppo X. Afue 61 7 oepd
>0 | Ty ouyxhiver av unpyel © € X wote

n
Sy 1= g T — T.
k=1

Aéue 6t oepd Y07 | Ty oUYXAVEL omOADTLS av Y (@, || < +oc.
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AAppa 8.2.3. FEotw X xdpos pe vipua. Ta €€ng eivar wvodvaua:

() O X elvar mAripng.

(B) Av (zy,) efvar axodovdia otor X e Y o0 |lzn|l < 400, tére n oeapd > 07 |y
ovyKAiver

Anédaén. YTrodétoupe mpdta 6t o X ebvan mihene. Eotw (x) axoloudio otov X, ye
™y Wt Y opey lzkl] < oo, T tuydy € > 0, vrdpyer no(e) € N dote, v xdde
n >m > ng,

(7.2.1) [Tl + -+ [zl <e.
Tote, av n > m > ny,
(7.2.2) [sn = smll = [|Tmt1 + -+ + 2ol < [lmga ]|+ + [Jzn]] <e.

To & > 0 frav Tuydy, dpa 1 (sy,) elvon Baowe. O X elvon TAAene, dpo 1 S, cUYXALVEL OE
xdmowo x € X.

Avtiotpoga, é010 (2,) Bacuf axoroudia otov X. Twoe = 5k, n=1,2,. .., unopolue
va Beolue ky < kg < -+ < ky < -+ GOTE, Yo xd0e s > m > ky,
(7.2.3) lzs — xm] < %
Ewbwoétepa,
(7.2.4) Frng1 > kn > kp = [|2g,,, — 2k, || < 2%

yia xéde n € N. "Apa,

o0
(7.2.5) Z Tk — Tk, || < 1 < 400.

n=1
H> > (2,1 — Tk, ) ouyxhivel atohiteg, ondte (amd tny unddeot| pog) cuyxhiver: undp-
yeL x € X oote

m
(7.2.6) D (@hy — o) =,
n=1

Onhad”, @k, ., — Tk, — . Apa, Tp, — & + Tk, . Aclape 6T N (T,) €xer ouyxhivouoa
unaxoloudla. Eivon dpwe xou Baowr axoloudia, dpa cuyxhivel otov X. Enetu 61t 0 X
elvar TARene. O
Andbetn wov Oecwprjuatos 7.2.1. 'Eotw (fi) oxoloudio otov L,(A) ye v Wbibtnta
Sreq Ifelly = M < +o00. T x80e n € N opllovpe gn(z) = > o, |fr(z)], z € A.
Tote,

(7.2.7) lgnlly <> I fxlly < M,
k=1
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Snhadh gn € Lyp(A) xu [, ghd < MP. H (g,) eivon ad€ouoa, dpa opileton 1 g(z) =
lim g, (z) € [0,00]. A6 To Adupa tou Fatou,

(7.2.8) / gPd < liminf/ ghd < MP.
A A

n—oo
Yuvenag, 1 g ebvor ohoxhnpdown. Eneton 6t g(x) = > p | fr(z)| < +00 oyedby novtou.
Optoupe sp(x) = > 1 fe(x). And v g(z) < 400 éxoupe 6t s(z) = lim s, (z) =
S orey fr(z) ouyxhivel oyeddy movtod. H s elvan petphiowun xou amd ty |8, (2)] < gn(z) <
g(x) ovunepaivoupe 61t |s(x)| < g(x) oxeddv mavtod. Ercton 611

(7.2.9) / [s]P < / gPd < MP < oo,
A A
dnhad”| s € L,y(A). Télog, mapatnpoldue ot
(7.2.10) |sn () = s(2)]" < 2° max{[sn ()|, |s(2)["} < 2°|g(2)[”

oxedév Tovtod. Aot |s, () — s(x)|P — 0 oyeddv navtol, yenowonoudvtag to Yedpnua
XUPLIPYNUEVNE oUYXMOTE BAénouyue 6Tl

(7.2.11) / |sn, — sP — 0.
A

Avuté Belyver 6t ||sy, — 8|, — 0. And to Afupa 7.2.3 éneton ot 0 Ly(A) ebvan ydpoc
Banach. O

8.3 Aoxvoelg

1. Eotww A petpfoo odvoro xat éotw 1 < p < oo. Av f € L,(A) Bellte 6t vy xdde
a > 0 wylel

i1z ap < (1)

2. Eotw A yetpriowo obvoro pe 0 < p(A) < oo xon éotw 1 <p <oo. Av f: A =R
elvan petpriown ouvdptnon, deilte étu f € Ly(A) av xou yévo av

S wPul{n—1<1f < n}) < oo

3. Eotww A petpfioipo ocOvoho xau éotw 1 < p < 00. Av f,,, f € L,(A) xou fr, = f oyedov
navtol oto A, deilte 6T

[fn = Fllp =0 ov xow pévo v || fullp = [ fll,-
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4. 'Eotww A petpriowo civoho xa €0tw 1 < p < 0o xan ¢ o ouluyhg exdétng tou p. Av
fn = f otov Ly(A) xu g, — g otov Ly(A), delte 61 frgn — fg otov Lq(A).

5. Eotw A petpfoio obvoro pe 0 < p(A) < 0o xau éotw 1 < p < ¢ < oo.

() Av f: A — R elvoau petpriown ouvdptnon, deilte ot
1 £llg < Nfllpl(A)]P .

(B) Aeigte 6t Ly(A) C L,y (A).
(v) Aei&te 6t Ly(A) # Ly(A).

6. Eotw A yetpfiowo oivoro xou éotw 1 < p < ¢ < r < oo. Aeilte du xdde f € Ly(A)
Yedpetan oty wopgy f = g + h v xdnoweg g € Ly (A) xou h € L. (A).
Yndébetn. Oewpriote 1o E = {|f| > 1} xu 1c g = fxp, h=f—g.

7. 'Eotww A yetpfiowo oOvoho xou é0te 1 < p < r < co. Acidte 6w av f € L,(A)NL,.(A)
t6te f € Ly(A) v xdde p < g <.

8. Eotww A petpriowo oivoro pe p(A) = 1 xou éotw f € Ly(A) vy xdmowov p > 1. Aeilte
ot

log | [, > /A log |].

9. Eotww A yetprioiwo olvoro xal €6Tw C,...,Cm > 0 ye ¢1 + -+ + ¢ = 1. Aelérte ot
av fi,..., fm : A = R elvou petprioec cuvaptioelc, T61e
I ) SH(/ |f¢> }
/A (i:l i=1 /A

10. 'Ectw A petpfiowo olvoro xau éotw p,q,r > 1ue L = 1 4 Acelte bt av

feLy(A) xuge Ly(A) t6te fg € L(A) xou

1Fgllr < 1 fllpllgll-

1,1
p q

11. Eotw A petprfiowo odvoro xat é0tw p,g > 1. Av A € (0,1) xou 7 = Ap + (1 — A)g
deléte Ot Yo xdde petperown ocuvdptnon f : A = R oy bel

17 < AP+ NG
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12. 'Eow A yetpfiowo oOvoho, éotw p > 1 xau éotw (fy,) axohovdia otov L,(A) ye
I fnllp <1y xdde n € N. Av f, = f oyxedbv navtol oto A, dei&te 1 f € L,(A) xou

1fllp < 1.

13. "Eoto (fn) oxohoudio pn apvntixdy cuvapthoeny otov Li(R) e [ fr = 1 yio xdde
n € N. Trnotétoupe ot yio xdde 6 > 0,

lim fn=0.
N0 J L || >6)

AciZte ot v xdde p > 1,
lim ”fn“P = 0.
n—oo

14. 'Eotww A petphiowo odvoro, éotw p > 1 xau éotww f € Ly(A). Aelte 6

/Iflp —p/ooo P u({z e A |f(z)| > t})dt.

15. 'Eow A yetpfiowo obvolo, éo0tw p > 1 xau éotw (fy) axorovdia otov Ly(A) ye
Ifn — fllp = 0. Eotww (gn) ouotduoppo peoryuévn axohoudio yetpiouwy cuvaptioewy
oto A ye g, — g oyedbv navtol oto A. Aeilte ot || frgn — fallp — O.

16. Eotww f € L1(R). T xdde t € R oplloupe fi(x) = f(z +1t), x € R. Acilte 6T
(o) T x&de t éyovpe fr € Li(R) xu [ fr= [ f.
(®) lim [1f — £il = 0.

8.4 Aoxnoeig
Ouddo A’
1. Oewpolye TI¢ CUVIPTHOELS

1 avi]z|<1
fl@) = xi-1y(@) :{ 0 o()\7\|Ld)‘(;._

(z) = 1—Jz| av]z| <1
I =9 0 AL,

H f dev elvon ouveyrg, oune 0 ohoxhfpwpa mou opilel Tov yetaoynuatiopusd Fourier €yel
vonua xaw YU outhyv. Acetlte 6t

o

o) = sin 27¢ sin 7T§> 2
== ,

w30 = (o
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~

pe tn ovuPBaot f(0) = 2 o g(0) = 1.
2. Eow f € M(R). Trodétoupe 6Tt o petaocynuatiouds Fourier f'mg f elvou ouveyrc
xon undeyouy 0 < a < 1 xou M > 0 wote

~ M
Ft€) < g5

v xde € € R. Acei&te 6 n f wavornotel ouvixn Holder tédéne a, dnhadr undpyer B > 0
woTe

|fxz+1t) = f(z)] < Bt
vy x&de x,t € R.

3. Eow f : R — R ovuveyhc ouvdptnon pe tic e&hc Wivtnee: f(0) = 0, f(z) = 0
av |z| > 1 xou f(x) = 1/log(1/|z|) oto (=4,6) \ {0} v xdrmowo § € (0,1). Aeléte 6
f ¢ MR).

4. (o) Eotw a,b € Rye a <b. Opilovpe f: R = Rye f(z) =0avx ¢ (a,b) xou

1 1

flzx)=e 7ae o7, x € (a,b).

Aci&te ot 1 f elvon drelpeg popée mapaywyiown oto R.

(B) Eow a,b € R pe a < b. Acilte 6u undpyet dnewpec popéc Topaywylown cuvdptnon
F : R — R 7 onolo wavonotel ta e€fc: Fi(x) =0 av < a, F(z) =1avz > b, n F evou
yvnoiwe avovoa oo (a,b).

Ynéba&n. Oewpriote ) cuvdptnon f tou (o) xou Soxiudote cuVaPTHOELS TNG HopPNS

F(x):c/j fOydt, >0,

5. BEotw f € M(R). Aci&te 6

~ 1 [ 1 A
for =3 [ @)= la =50 e
X0l CUUTERAVATE OTL R
Jim 7@ =0.

o~

6. Eotww f € M(R) ye f(§) =0 v xdde £ € R. Aci&te npdta ot

| rwaws= [ Fwtay

— 00 — 0o
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v xéde g € S(R) xou, ypnowonoudvtag Ty undleon yio v 7, oupnepdvate 6tL f =0
oto R.

7. Acite ot av f,g € M(R) t6te f*xg e M(R).
Trédeién. I'pdhte

/ flz—y)gly)dy = / flz —y)g(y) dy + / flx—y)g(y) dy.
—oo lyl<|z|/2 lyl> | /2
8. Eow f € M(R). Av

[ e enay—o

v xdde = € R, deilte 6T f =0 oto R.
Trédein. Oewperiote Ty f * e
Owpdda B’

9. O nupAvag tou Fejér oto R elvor 1 cuvdptnon

sin mtR ) 2
}'R(t):{ g( ) Zziig

(o) Aclite 6t av f € M(R) t67¢

/ R (1= 5) Flomsa = (7 Py o).

—-R

(B) Aci&te 61 n {Fr} clvon ooyéveio xahdyv nuphivey xodoe to R — oo.
(v) Aci&te 6t av f € M(R) t6te

[ (1- ) Figersa 4 o

—-R

6ty R — oo.

10. Av Fg eivon 0 muprvac tou Fejér tne nponyoluevne doxnong, dei&te 6t

Z Fulx 4+ k) = F,(2)

k=—o0
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yio xdde n € N, 6mou

F(w) = En: (1 = |k|) p2eike _ 150’ (nmz)

in2
= n n sin®(mwx)

11. Eotww f € M(R). Acilte 6t av ov f xou fw]stiCovrou ¢Zw amd *dmoLo HAEWGTO
dudotnua, tote f = 0.

12. Eotww f € S(R). Trodétoupe bt

b 00
| ar@pin =5 [ ali@p

nol
d [e’s)
| eifora= 3 [ eifere
AciEte 6T
(b—a)(d—c) > %

13. Oewpolye tov teheoth tou Hermite L : S(R) — S(R) nov opileton and tnv
oyéon
f

Etov S(R) dewpolye 10 ecwtepnd yvouevo
(o) = | falg@ds

(o) Aclite 611
(L), ) = (f, )

v xdde f € S(R) (unddelln: ohoxhipwor xotd uéen).

(B) Bewpolpe touc teheotéc A xaw A* mou opilovian otov S(R) péow twv

A(f):%—i—xf 2ol A*(f):—%+xf,

AciZte 611, vy xdde f,g € S(R),
(i) (A(f),9) = (f, A"(9))-
(ii) (A(f), A(S)) = (A" A(f), f) = 0.
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(i) A*A=L—1I, émou I o tautotixdc TENECTAC.
(v) T x&e ¢ € R Yewpodye touc tehectéc Ay xou AY mou oplloviar otov S(R) péow twv

4 d
At(f):é—i-txf xou Ar(f):_é_;_mf.

Aci&te 6t (AF A (f), f) = 0 xon ye Bdon authy Ty nopathienon dSmote pia dedtepr anddelln
e opyic e ofeBandtnTac: av ffooo |f(2)]2dz = 1, 167

(/_Zx2|f(x)|2dx> (/: ‘;‘Z 2dm> > i

14. O n-ootoég mueHvag Tou Landau eivar n cuvdptnon

I (x) _ (1—Ci2)n, oV ‘xl <1
" 0 av |z| >1

omou 1 otadepd ¢, > 0 emAéyetan €TOL WOTE

/Oc Ln(2)dz = 1.

— 00

AeiEte 6t N {Ly >0 elvon axohoudio xahédv muphivey. Xenotlonowdviag autd To ano-
téheopa dellte 6T, av f : R — R eivon ocuveyAc ouvdptnon nou undevileton €€w and to
[—1/2,1/2], 61 1 axohovdio {f * L,} elvou axoroudia tohuwvipny oto [—1/2,1/2], 7
omnola cuyxAivel oyoldpoppa otny f.

’

Opdda T
15. Ot apvdol Bernoulli B, opilovtou and tnv

z OOBkk

e —1 B
k=0

(O() AEszE oTL By = 1, B = —1/2, By = 1/6, Bs = O, By = —1/30 xat By = 0.
(B) Aci&te 6, yio xdde k> 1,

- (k + 1>

=0

(v) Aci&te 6t By, =0 av o k givon meprttoc xou k> 1.

M
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(3) Eotww t > 0. Egapuéloviag tov tino &dpolone tou Poisson yio tyv f(z) =

xau Ty f(€) = e 2HEl BelEte bt
1 & R
=D D = D DI
k=—o k=—o

(e) H ouvdetnomn rta oplleton and v oyéon

:i%, s> 1.

k=1

t
m(x2+1t2)

Do xéde ¢ > 0 delte Tig TauTdTNTES

l i t _ = + 2 i m+1 )tmel
T = t22+k2 ot 7 —
Ko

—2mt|k| _ _
Z € 1— e—27rt

k=—o0

(o1) XpnoWonotdvTog Ty

dellte o671, Yo xdde m > 1,

16. O cuvaptoeic Hermite hy(x), k > 0, opilovtoun we e&hic:

i) = (—1)ker*/2 (j)k ().

(o) AelEte 61 ho(z) = e /2 you hy(x) = 2we="/2.

(B) Aci&te 6t hy(z) = Py (x)e*ﬁ/z, omou Py elvan mohudvugo Baduol k xaw cuunepdvote
ot h, € S(R).
(v) Aci&te 6u

= th 2 o
th(x)EZe (@®/2-2ta+t?)
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(8) Aei&te 6t n owoyévaa {hy}ti>o etvar mAdpng: av f € S(R) xou
()= [ fa)h(z)dz =0

v xdde k> 0, tote f =0 (ypnowonomote v ‘Aoxnon 8).
(e) Opilouye hj(z) = hi(V2rx). Acite bt

hi,(€) = (=) hi(€).
Anhadt, ou hj, elvon 1BLl0cUVIPTACELS TOL YeTaoynuaTiopuol Fourier.
(o) Av L(f) = —327’; + 22 f, del&te 6t

L(hi) = (2k + 1)hy,

v xdde k > 0. Buunepdvote 6Tt oL by, elvan oploydviee we mpog To alvnideg £06TERLXO
ywouevo atov yweo S(R) tou Schwartz.

Q) Aeigte 6t
/ lhi(2)]2dz = /72" K.

— 00
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Kegpdiaro 9

Avdivon Fourier

9.1 Ewaywyn

Opdda A’

1. Eotww T(z) = Ao + Y p—q( Ak coska + pg sin kx) tprywvopetpikd rodvdvupo. Aetére
ot

(o) Av to T efvar mepireri ovvdpTnon, téte A, = 0 yia kd0e k =10,1,...,n.

(B) Av to T elvar dptia ovvdpTnon, téte pp =0 ya kdde k =1,...,n.

Yrdédeitn. (o) Dvwpilouvpe 6T, yoo xdde k= 1,...,n,

1 T
Ak = f/ T(z) cos kx dx.

T™J-xn

Aol o T elvor TepLTTH CUVAETNOT), EYOUUE

1 /Tr T(z)coskxdr = 1 /7r T(—y) cos(—ky) dy = %/W [T (y) cos ky] dy

T™J—m T™J—x -7
1 us
= —f/ T(y)coskydy = —Ag.

v "

And v A = =g éneton 6Tt A, = 0. T k = 0 ypdpouye

1 (7 1 (7
AO = % . T(IE) dr = % . T(fy) dy
= T g = -
- 271_ _ﬂ- y y - 05

doa, Ag = 0.
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(B) Dvowpiloupe 6T, vy xdde k=1,...,n,

1 ™
e = —/ T(z)sinkz dx.

T —T
Aol o T elvan dptior cUVEETNOT, EYOUUE

1 /Tf T(x)sinkzdr = 1 /7T T(—y)sin(—ky) dy = 1 /7r [T(y)(—sinky)| dy

T ) _x T J)_n T ) _n

1 [" ,
—*/ T'(y) sinky dy = — .

T J—m

Ané v pp = —py éneton OtL pg, = 0.

2. Acitte éni: ya kdde k € N vndpyer moAvévupo p(t) faduot 2k dote sin®* x = p(cos )
yia kde x € R.

2

Trédatn. Me enoaywyh wc npoc k. Eyoupe sinz = 1 — cos>z = py(cosx), 6mou

p1(t) =1 — 2, tohuedvugo Bodpol 2.
Trodétovye 6t undpyel ToAUGVURO Py (t) Badpol 2k bote sin?* & = py.(cosx). Tére,

sin?**2 ¢ = sin®* ¢ - sin® = = py(cos z)py (cos ).

Iopoatnerote 6Tt 10 TOALGYLUO
Pri1(t) = pr()pa(t) = pr(t)(1 = 17)
éyel Baduo 2k + 2 xau sin? 2z = pry (cosz).
3. Anobetbre mAnjpws Tny Ipdtaon 1.1.6 : o1 ovvaptrioes
1l,cosz,...,cosnx,sinx,...,sinnx
etvar opfoywries.

Trooetn. T xdde k,m =1,...,n éyovue

1 (7 1 ("
— / cos kx sinmaz dx = o [sin(k +m)x + sin(m — k)z]dz =0
™ T

—T —T

/ sinsxdr =0

oot

vy x&de s € Z.
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Av k #£m to1e

™ J)_x T J—x

1 /" 1 [7
- / cos kx cosmaz dx = o [cos(k — m)z + cos(k + m)z]dz =0
xou

1 [7 1 (7
= / sin kz sin mzx dx = Py / [cos(k — m)z — cos(k + m)x] dx = 0,
7T m

—T

/ cossrdxr =0

—T

o6t

v xdde s € Z )\ {0}.

Avk=0xwum=1,...,n tote
1 [" 1 [" .
— 1-cosmzdr = — 1-sinmxdx = 0.
T ) T ) .

4. Opilovue f(x) =7 —x av 0 < x < 2w, f(0) = f(2w) = 0, ka1 enexreivovue tnr | o€
i 2m-repodikn ovvdptnon oto R. Aeibre 6t n oeipd Fourier tng f elvar n

sin kx

Sy =23 —
k=1

Yrédaén. Eivaw mo Bolxd va Yewpricovue v f oto [—m, ). ‘Exoupe f(z) =7 —x av

O<z<mxu f(z)=flz+27)=—71—z av —7 < z < 0. Iapatneriote 6t
f(—2)=—-n+z=—(r—2z)=—f(z)

v xdde 0 < z < m, Snhodn n f elvan meprtth oto [—m, w]. Tuvende,

1 ™
ap(f) =— f(x)coskxdx =0
™ —T
v x&de k € N. Opolowc, ag(f) = 0.
Trohoyilouue toug ouvteheatéc by (f): apol 1 f(x) sinkx elvon dptia, éyouue

1 [™ 2 (7
b(f) = - f(x)sinkxdm:;/o (m — ) sinkx dz
_ |:_2(7T—$)COS]€£U:| _'_z/ COS]mdx
wk o T™Jo k
. 2r [251111%:]7T
k wk? |,
2

-
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"Encton 611

S[fl(@) = ao(f) + Y _(ar(f) coskx + by(f) sinka) =2 Sinkkz_
- k=1

k=1

Opdda B’
5. Eoto f: [—-m, 7] = R Riemann olokAnpdoiun ovvdptnon kat éotw € > 0. Aeire én
urdpyer ouvexris ouvdptnon g : [—m, 7] — R dote |g(x)| < ||flloo yia kdOe x € [—m, 7]
Kai .

[ 1@ - gl e < e
Yrédetn. 'Eotw € > 0. Mropolpe va Bpolue dopépton P = {—1 =20 < 21 < --- <
xy = 7} tou [—m, @] dote U(f, P) — L(f,P) < e. TupPoiilovue e f* v xlpoxw
ouvdptnoT mou opileton we e&hc:

ff(x)= sup f(y), x€[rj_1,7;), 1<j<N.
zj—1<y<z;

Ané tov tpémo oplopol e f* éxovue || < || flleo. Emmiéoy,

/ "1 @) - f@)de = / " (F(@) - fla))de <.

—T —T

edrypartt,

[ @ s@yde=vs.p)- [ f@)ds <UL - L7P) <
Tpononotolue T TV f* OOTE VoL TEPOUPE (Lol CUVEYT xou TEELODLXY| GUVAETNOT 1) ontolal
vo. tpooeyyiler wt auth v f. T apxetd wxped 6 > 0, Vétovue g(z) = f*(z) av 7
omOCTACT TOU T and xodéva and Ta onpela T, ..., TN elvon > 6. LNy I-Teploy’| Tou 4
yio j =1,...,N — 1, opiCouue tnv g va ebvar 1 ypopuxy) cuVEETNOT| TOL IXUVOTIOLEL TIg
g(xz; £0) = f*(z; £9). Kovitd oto zg = —, nafpvoupe v g yeouwxd ye g(—m) = 0 xou
g(—m+0) = f*(—m+3). Opowa, xovtd ot0 § = 7, TodpVOUPE TNV g Yeouuxr e g(m) =0
xou g(m—9) = f*(m —9). Hopatnehote bt n andbhutn T e g mapoével Pporyuévn and
[1flloo- Emimhéov, n g Swupépel and tnv f* puévo ota N + 1 dwothpata uhixoue 26 A 6 yopw
amd To Xg, ..., TN. LUVETNC,

| 1@ - @l <2 25

—T

Av emié€ouye T0 § apxeTd Wixpo, Toipvoupe

[ 1@ - gl <
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H tprywvier avioétnta pag divel
| @)~ glo)do < 2=

Ynueiwon. Aol g(—m) = g(m), umopolue va emexTEIVOLUE TNV ¢ OE Yiol GUVEY Y TEELOBLXN
ouvdpTnoT oe ohéxineo o R.

6. Eoto [ : [—m, 7] = R Riemann odokAnpdoiun ouvdptnon kai éotw € > 0.

(o) Aeibre dm1 vndpyer ouvexris owvdptnon g : [—m, 7] = R doze ||f — g||2 < .

(B) Aetlre 6m vndpyer ouvexns 2m-tepodixr ovvdptnon h: R — R dozte || f — hll2 < ¢.
(v) Aeitze dn vndpyer tprywvopetpiké molvdvuuo T dote ||f — T2 < €.

Yrdédeitn. (o) Mropolpe vo vnodéoouvue 6Tt || fllee > 0, ahhde f = 0 xou unopolpe
vo emAégovue ¢ = f. ‘Bow ¢ > 0. And v ‘Aoxnorn 5 undpyel ouveyic cuvdptnon
g:[—m 7] = R dote |g(z)] < || flloo Yt x&de x € [—7, 7] xou

/ " f @) — (@) de < 7

- M’
Tore,
2 @ gt < - [ 1@ - g@l(5@)] + lg@)) de
< A= [ 0) - o) ao
Al 7 _ s
T 2fle
"Apa,

If—gll2 = (i /7r |f(x) —g(x)Qda:>1/2 <e.

(B) Ltnv Aoxnon 5 eldope 6TL 1 g oL EpwThMaTOC (o) Umopel va oploTel €Tol dote va
wavoroel v g(—m) = g(m). Mnopolue Aownév va Ty enexteivoupe o€ cuveyn 27-
neplodxr) ouvdptnon h oplouévn oto R.

(v) Eotw ¢ > 0. And 10 gpdtnuo (B) undpyer ouveyhc 2m-nepiodixy] ouvdptnon h :
R — R &ote ||f — hll2 < /2. Arb o mpoceyylotind Jedpnuo tou Weierstrass undpyet
Ty vopeTexd tohudvupo T dote ||h — T'ls < 775 Emetau 6

1 m 1/2 1 T 1/2
-l = (5[ o) -T@Pac) < (5 [ - i)

= V2h—T|s < /2.
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Ano Ty Tplywvin aviedTTa,

If =Tl < [If =hllz+ |h=Tll2 <e/2+e/2 =e.

7. Eoto [ : R — R 2n-tepiodikrj ovvdptnon, odokAnpdoiun oo [—m, ]. Aeire du

lim [ |f(z+1t) — f(z)*dz = 0.

t—0 o

Yrodeitn. 'Eotw € > 0. And tnv ‘Aoxnorn 6 undpyel cuveync 2m-Teplodns] cuvdpTNnoT
g:R =R dote

[ 150 - gt < 23

—T

Tote, vy xdde t € R,

([ 1+~ f(x)Izdx>1/2

—T

AN
Ay
3
=
—
3
JF
N
|
Q
—~
8
_l’_
~
SN—
T
IS
5
N——
g
~
[V}

< ([ wern—gepa)+Z,

OTOU YENOLOTOLACUUE TO YEYOVOS OTL, AOYW NG 2m-Teplodixdtntoc e f — g,

™

/ " f @) — glo + O2dr = | 15w - gw)Pas

—T —T

vy x&de t € R.
H g eivar ouveyhc xon 2m-meplodxn, dpa elvon ogotduoppa cuveync. Tndpyel hotndv
to > 0 wote: av |t < to téte |g(z + 1) — g(z)| < 5v5= Y xdde z € R. Tore, ov lt] < to

€YOUNE
T 1/2 T €2 1/2 c
- 2 < =
([ tatero-gwpar) < ([ g5a0) =3
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—T

‘Eneton 6Tt
T 1/2
([ - swpa) <
yioe xdde [t] < to. Apa,

t—0 -

iy (/10 - f<x>|2dx)l/2 0,

onAad” To {nrovuevo.
oto [0,27] ka1 Ty emekteivovue o€ a

8. Ocwpolue tny ovvdptnon f(z) = (7 — z)?
2m-neprodikiy ovvdptnon opiouévn oto R. Aeitre du

SIfl(a 7+4Zcoskx

Xpnoonoidrtag to napandvw, 6€ifte ot

7.‘.2

S

Pt 2
Yrédaén. Hopatnpiote 6t f(0) = f(27), dpa n f enextelvetan oe cuveyt 2m-neplodix
ouvdptnon. Ebvor mo Bohd va Yewpricoupe Ty f oto [—m, . Eyoupe f(z) = (m — x)?
= (r+z)? av —7 <z < 0. Hopatnphote

av0<z<mxu f(z)=flz+27)=(—7—1x)

ot
f(=2) = (1 —2)* = f(2)
yioe xdde 0 < x < m, dnhad¥| 1 f ebvon dptio oo [—, T]. Tuverdc,

1 ™
f(z)sinkxdx =0

b ==
W=~
v x&de k € N. Tt tov ap(f) yedpouue
1 [ 9 —(r—x)3 o oond g2
ao(f)—%/o (m—x) dx_[&rh =% =7

Trohoyilouue toug ouvteleotéc ai(f), k > 1: apold 1 f(x) cos kx elvon dpTia, €xouye

1 [ 2 (7
— f(x)coskxdx = — / (7 — x)? cos kx dx
T™Jo

a(f) -
2(7Tx)2s,ink::v]7T 2 7T2(7rf:c)sink:xd
| e

wk s k
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4 (T (r—x)sink
_ 7/ (m — ) sin T
0

k
_ | _A(m —=)coskx “4/” cos kx
N wk? o TJo K2
_ A _ 4
Cowk? k2

"Eneton 411
SUAe) = aoF) + S () coske + bl sinke) = T 43 ok

Aol
Z|ak )+ bk (f :*+4Zf<+oo
k=1

n oelpd Fourier tne f ouyxhivel oyotduoppa otnyv f. Anhadm,

yia xdde z € R. Eduotepa,

an’ émou malpvouue
i 1 1 7r2 _ w2
el T4 3) 6
9. Eoww f: R = R owexds napaywyioun 2n-tepiodixn ovvdptnon ue

" fw)do =

—T

Xpnoworowdvag tny tavtdtnta tov Parseval yia v f kar ' deibre b

[ i< [ i@,

ue 1wdtnTa av ka1 uévo av f(x) = acosx + bsinx yia kdnowovs a,b € R.
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Trédeitn. Me ohoxhfipwon xatd yéen BAémouye dtL

an(f) = % :r f'(x) cos kx dx = {W]W +%/j f(z)ksinkz dx
= kb(f)

av k> 1, evo
1 (" 1
=5 [ r@ads = (5 - =m) =0,

oot m f elvon 2m-neplodinr). ‘Opota, yio xdde k > 1,

m s us

br(f") L f'(z)sinkz dz = [f(x)smk‘w}ﬂ —l/w f(x)k cos kx dx

—T —T

= —kar(f).

And v tautétnTa Tou Parseval éyouue

oo

1/” @) Pz = ao(DP + 3 ax (5P + (D) = S (ae(HP + be(H)P),
k=1

™
- k=1

di6T ag(f) = 0 Aoye g urddeone o [ f(a) dz = 0. Ouolwg, yio Ty f’ éyoupe

oo

L[ r@Pae = ()P + s Zk? ax(H + a2,
- k=1
T xdde k > 1 éyovpe
(%) lar (£ + [br(HP < K (Jar (I + 1br(F)),

onote, npoc¥éTovTos XaTd PEAN, Talpvouue TNy

[ itara < [

Io6tnra puropel v oyle av xat wbvo av €xoupe lodtnta oty (%) vy xdde k > 1. Auté
buwe oupPoiver av xan wévo av ar(f) = bp(f) = 0 v xéde k > 2 (egnyhote yotl).
Iood0vopa (e€nyhote yotl) ov

f@)=ai(f)cosx + by (f)sinx

yio xdde & € R, dnhadr| av vrdpyouvv a,b € R dote f(z) = acosz + bsinz.
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Opdda T
10. (o) I'a xd0e k € N Oérovpe

k

Ag(z) = Z sin jx.

Jj=1

Acitre 6ni: av k > m tdte

1
_ < -
e kde 0 < x < 7.
B) Av My > Xg > --- >\, >0, beibre du
)\m-&-l
Z Ajsinjz| < ————
2 = Tsin(2/2)
yia kd0e n >k >m > 1 ka1 yia kdle 0 < x < .
Yrébaén. (o) Eotw k > m. Tpdpouue
k 1 k
Ap(x) — Ap(z) = | Z sin(jr) = Sn@/2) Z sin(x/2) sin(jx)
j=m+1 Jj=m+1
k
1 o1 o1
= TR Z {cos (7 - 5)30 —cos (j + 2)4
Jj=m+1
1 1 1
= 281n(x/2) [cos (m + 5)33 — cos (k: + 2)4 .

Ané v |cost| <1 éneton bt

1

2
|[Ak(z) — Ap ()] < 2sin(z/2)] ~ |sin(z/2)]

(B) Xenowonowolue ddpoton xotd pépn: elvor

k k
Do oasinGz) = D A(Aj(z) - A (@)
j=m+1 j=m+1
k—1
= MeAk(@) = A1 Am(z) + Z (A = Aj1)A ()
Jj=m+1
k—1
= Ak(Ak(w)fAm(x))fZ (A = Nj+1)(Aj(2) — Ay (o)),
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oot

Am+1Am () = | Ak + Z Aj1) | Am(z).
j=m+1

Téte, yenowonowdvrac to (o) Tadpvoupe

k k—1
S onsinGa)| < AlAw(@) — An(@)]+ Y (A — A1)l 4 (@) — An(@)]
j=mt1 g=mtl
! i -+ Z
.7 k g+1
| sin(z/2)| P
_ w1
[sin(z/2)]

11. Bowwn € Nkat M > 0. Av Ay > Xg > - > Xy > 0 ka1t kA, < M ya kdOe
k=1,...,n, Oeire on1

z’”: A sin kx

k=1

<(m+1)M

yia kde x € R.

TYrédetn. Mnopodue vo utodécoupe 6Tt 0 < < T JOTL 1) CLVEETNON Y1y Ak sinkx
elvon mepitth. T'edpouue

Z)\ksmkx— Z)\k sin kx + Z A sin kx,
k=m-+1
6mov m = min{n, |7/xz|}. T to npdTo ddpoloua éyoupe

O<Z)\k51n (kx) <2M5mkaz i

k=1 k=1 k=1

= Mmz < M,

dwott m = |m/z| < w/z. T 1o Seltepo &dpolopa yenowonooiue v ‘Aoxnon 10(B):
elvan

- ; Am41 M
A kx| < < <M
kzzml RIS Sin(2/2) = (m+ 1) sin(z/2) =
ot m+1 > 7/x, dpo
2
(m+ 1) sin(x/2) > T

T 2T
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ond y siny > o<y< /2.

T 0

12. Eoww 0 < a <1 ka1 éotw f : R — R a 2m-neprodixny ovvdptnon. Yrolérouvue dn
vndpxer M > 0 dote

[f(x) = fy)| < Mz —y|*
ya kdle z,y € R. Aeire dn: vndpyer otadepd C > 0 dote, ya kdbe k € N,
c C
< ) S o

Trédeitn. Eotww k € N. Kdvovtoc tnv aviixatdotaon y = x + /k, €youue

1 T 1 47 /k
ar(f) = - f(x)cos(kx)deE/_ . /kf(y_ﬂ/k)COS(ky_F)dy
1 n+m/k 1 ™
= —7/ f(x —7/k)cos(kx)de = —= flx — n/k) cos(kz) dx,
™ —m+m/k TJ—n

Aoy e 2m-nepodixdtnag e f. Téte, unopolue va ypddoupe
1 s
() = 5= [ 1) = fla = n/k)] cos(ha) do.
X0l YPNOWOTOIOVTAE TNy unddeot) alpvouue
1" 1 [T N C
(0 < 5 [ 156@) = flo = /0| eostho do < 5 [ Mir/krde = o

— Ot,
2 —r -

6nouv C' = M7, Me tov (8o tpémo deiyvouue 6t by (f)] < C/k™.

9.2 Xeipég Fourier

Owpdda A’
1. («) Acitre 6t1 To ovvoro {e* : k € Z} etvar C-ypappuxds aveEdptnro.
(B) Atvorrar o1 mpaypazirxol apiduoi 0 < Ay < Ay < --- < Ay,. Aeilre ér1 o1 ovvaptioes

ez)\lr’ ez)\grc, o 61)\”,%

etvar C-ypaupixds aveldptnres. Xpedletar n vnéleon éti 6Aor o1 A; eivar Jetiicot;

Yrnébatn. (o) Oewpolue k1 < ko < -+ < ky, € Z xon vnodétovye 6T yiot xdmOLOUS
ty,...,t, € Coylel A ‘
tre*1® 4ot ettt =,
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Téte, vy xdle s =1,...,n éyouvue

s n n T

0 = / e ks Z:ﬁjeikj“C dor = th/ eiki=hka)e gy
- j=1 j=1 77
= 2mt,

oot fjﬂ e Fi—k)rdy — 0 av j # s xu 2 av j = s. Bretw 61ty = --- =t, = 0. Autd
delyvel 6Tl 10 olvoho {e** 1 k € Z} etvon C-ypouuxde aveldptnTo.
(B) Xpnowonoloue Wévo 1o YeEYOVOS OTL 0L A1, ..., A, clvon Staxexpévol. Trodétouye
OTL Yio XAmoloug t1, . . ., Ty LOYLEL

tlei)\lx + t2ei)\gx S tnei/\nw =0.
Hopaywyilovtag n — 1 @opéc we tpog = xou Yétovtog & = 0 malpvouue T0 coTNHUA

ti1+to+---+t, = 0
A1t1"’AQtQ“""'F)\ntn =
Nt + M3to + -+ A2ty

M7 e+ AT = 0.

H opilouoca tou cuothgatoc elvon pn undevixy| (e&nyfote yiatl). Tuvende, tp =tp = -+ =
t, =0.

2. Eoww f : R = C ouvvdptnon 2n-nepiodikn) kar odokAnpdoiun o€ kde kA€ot didoTnua.
Aeikte 6t1i: ya kd0e a < b oto R,

/a ) da = / T: f(@) do = / " ) de,

Kai
T

T T+a
flzx+a)de = f(a:)dx:/ f(z) du.
-7 -7 —m+a
Tréoetn. Kdvovtoc tnyv aviixatdotoon y = « + 27 nolpvoupe
b b42m b2 b+2m
[t@de= [ sw-2ma= [y [ s

+2m a+2m +27

duott f(y—2m) = f(y) v xdde y € R. Kévovtac v aviixatdotoon y = & — 27 Tolpvoupe

b—27 b—27

/abf(ﬂc)dx:/:::Tf(iy—|—271')cly=/a_27r f(y)dyz/a f(z)dz,

—27
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duott f(y +27m) = f(y) yw xdde y € R.
Kdévovtoc tnv avtixatdotoon y = x + a nodpvouue

T T+a

f(m—i—a)dx:/

—Tm+a

[ iwan= / " ) dy

—T

sway= [ fwyy= [ @

—T

oot

omo6 TNy 2m-neplodxdTnTa e f, dpa

[ wa = [T swas [T s

—7m4a —7m+a ™
T T+a
= d d
/_Haf(y) y+/_ﬂ £y dy
= | f(y)dy.

3. Eotww f: R — C e 2w-nepodixry ovvdptnon, Riemann odokAnpdoiun oto [—7, .
Aeikre 6t

(o) Av n f elvar dpnia, tére f(—k) = f(k) yia kdOe k € Z ka1 n S[f] elvar oeipd ovvnu-

Tovwy.

o~ o~

(B) Av n f etvar mepreery, téte f(—k) = —f(k) ya xd0e k € Z xar n S[f] elvar oepd
nNHITOVWY.

~

(v) Av f(z + ) = f(x) ya kd0e x € R téte f(k) = 0 yia kdOe nepirtd axépaio k.

(8) Av n f rafpra mpaypaticés tpés wéte f(k) = f(—k) ya xdde k € Z. Av, emmAéor,
vnoBéooue dnr n f elvar ouveyns, tdte wyve kail to avtioTpogo.

Yrédaén. (o) 'Eotw k € Z. Kdvovtag tnv avtatdotaon y = —x TolpVouyue
fer = o [ @ = o [ fegeay
2 J_, 2 J_,
1 " —iky Iy
= — dy = f(k).
5 _Wf(y)e y = f(k)
(B) Eow k € Z. Kdvovtag tny avTixatdotoon y = —& TolpVouue
e = o [ @ e = o [ fegeay
2 J_ . 2 J_ .
1 us

= (—f(y)e ™dy = —f(k).

),
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(v) Eoto k nepritoc oxéponoc. Tpdgpoupe

~

2m f (k)

f( ) —’Lk)wdx_’_/ f —zkwdw

/ fly e k= ”)dy-i-/ f(z)e *edy
e’”/o f(y)e_ikydy+/0 f(x)e ™ *dy
= - /07T flx)e~*edy + -/077 f(x)e**dy

0

ik

oot f(y —m) = f(y) vy xdde y € R and v unddeon, xou e
TEPLTTOC.

= —1 agol o k elvou

(6) Eotww k € Z. I'pdpouye

i = 5 [ @etrde= o [ e
- % 7; f(@)ede = %/W Fz)e— iRz gy
= J(=k).

= ~

Avtiotpoga, av vnodécoupe 6t n f elvon ocuveyhc xou f(k) = f(—k) vy xdde k € Z, téte
and Ty

T = o= [ F@etedr = o [ pyenzan = Fib) = F

2 J_,

BAémouue 6TL M ouveyc cuvdptnon g = f — f €xel ouvteleostéc Fourier

o~

G(k) = Flk) — F(k) = f(k) — F(k) =0,

ouvene g = 0. ‘Ernetan 61 f = f, dpa f(z) € R yio xdde = € R.

4. Eotww f: R — R e 2m-nepodixri ovvdptnon, Riemann odokAnpdoiun oto [—m, ).
Ia kdBe a € R optlovue

Ta(-r) = f(l‘ - a)'

Heprypdipte to ypdenua tng 7, o€ oxéon pe avtd s f. Evar n 7, nepodikr); Exppdote
ToU§ ourTeAeaTés Fourier tng 7, ovvaptrioer twy ovvteeotwy Fourier tng f.
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Trédeitn. To yedpnuo e T, ebvar petagopd tou ypaphuatog e f xatd a. To ornueio
(z, f(z)) petagpépetan 070 (z + a, 7, (z + a)) = (z + a, f(x)). Eyouvye

To(x+27) = f(x —a+27m) = f(x — a) = 74(x)

vy xde x € R, dpa n 7, elvon 2m-neptodixy. Téhog,

1 [T _ oy g _
ﬂ(k) = g/ f(JU _ a)eﬂ’”"dm _ efzkag/ f(ZIJ _ a)efzk(mfa)dm
a0 1 g ) R
_ —ika — —ikx _ —ika
= <) fl@)e™ ™ dw = e f (k).

5. Fotw f: R — R e 2w-nepodikri ovvdptnon, Riemann olokAnpdoiun oto [—m, 7).
Ia kd9e m € N opilovue

gm(x) = f(mz).
Heprypdipte To ypdenua tns gm o€ oxéon e avtd s f. Eivar n g, mepodikn; Exppdote
ToUS oUrTEAeatés Fourier tng g, ouvaptioe twv ouvvtedeatdy Fourier tng f.
Yrnédatn. H gm éxer neplodo 2m/m (dpor xou 2m) xou 0 Yedenud e ebvar t0 ypdgnuo

e f ovumeopévo: oe éva BdoTnue wixous 2 «emavohouBdvetary m-popéc. Av m | k,
YENOWOTOLOVTAS To YeYovoc 6Tt 1 f(y)e™F¥/™ eivon 27m-eplodixt, ypdpoupe

—~ _ i " —ikx _ L o —iky/m
gm(k) = o . (mz)e™dz = o—— - fye dy
1 7 —1 m N
= Gy f(y)e (k/ )ydy = f(k/m).

Av o m Bdev dionpel Tov k, T6TE YENOWOTOLOVTOC TO YEYOVOS 6L 1 f(my)e”*Y etvon 2m-
TEELOBXT] YEAPOLUE

1 T—27/m

o~ 1 [ ) '
gm(k) = %/ f(mx)e_lkxdmz 7/ f(my+27r)e—zk(y+27r/m)dy

27 —m—27/m

- 1 T—27/m "
— 6712 w/mi/ f(my)eil ydy

27 —m—27/m

. 1 4 .
— —i2kmw/m —1kyd
eeein [ ey

e_i%ﬁ/mg/n\@(k').

Agol o m dev dnpel tov k, éyouvue e KT/ M £ 1 doa g, (k) = 0.
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6. Ocwpolue tny mepirty 2m-nepiodikn ovvdptnon f : R — R nov ovo [0, 7] opiletar and
™y

f(z) = z(r — ).

Yyehdote tny ypagikt) napdotaon tns f, vroloyiote tous ovvtedeotés Fourier tns f kai
Oetéte ot

8 o= sin[(2k + 1)a]
ﬂx)‘%kg 2k +1)3

-~

Yrdébaltn. Aol v f eivan mepitty), éyovye f(0) = 0. T k # 0 ypdpoupe

=N 1 T ] . T
flx)e *edy = —Z/ (7 — x) sin(kz) dx
- ™ Jo

2T

~

o)

N
|

_ mvcos(kx)ersm(kx) +i/ 22 sin (k) dz
v k k2 o T Jo
(=DFr i [2%cos(kx)]™  2i /’T
= - = = k
B - A 0+7Tk ; x cos(kx) dx
_ Z,(—1)’“71' _i(—l)kﬂ' _’_ﬁ x sin(kx) N cos(kx) ™
k ko wk | k 2,
i)t -1
N k3 ’

Yuvenng, N oelpd Fourier tne f elvou 1)

2D 1 ISV IS s

o0
k3 Z k3 k3
k0 k=1 k=1
= D M-

Eol
Il
-

I
M8

ﬁ sin((2k + 1)),

=~
Il
<

36T (—1)F — 1 =0 av o k eivor dpTiog, xou

2i[(—1)F — 1)(e!GEHDe _ o=i@h+DTy — _44(25sin((2k + 1)) = 8sin((2k + 1)z).
7. Eotw 0 < § < 7. Oewpolue tny ovvdptnon f: [—m, 7] = R e

f(x):{ 17% av |z| <0

0 avd<|z|<m
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Yxehdote tny ypagikn napdotacn s f ka1 deiéte dt

—|— 2 Z — o8 k5 cos k.

Tréoeén. Iopatnerote 6Tl

2

- % /i ( - |:§> cos(kx) dr = 71r/05 (1 - %) cos(kx) dx

_ 1 {sin(kx) _ wsin(ka) Cos(kx)K

T k 5k ok?
_sin(kd)  dsin(kd) 1 —cos(kd)
N tk  wok mok?2
1 —cos(ko)

N wok?

Yuvenne, N oepd Fourier tne f ebvon 1)

1) 1 —cos(kd) iz 1) 1 —cos(kS) , ipw ke
S = e D ke Oy 5 L O ik
k#£0 k=1

9 21 — cos(kd)
= —+ 22 e cos(kx).
k=1
Aol
=~ 1 — cos(kd)
k=—o0
éyovpe f(z) = S[f](z) v xdde = € R.

8. Oewpolje tny 2m-tepiodixr) ovvdptnon f : R — R nov oto [—m, w] opiletar and tnv

fx) = |z,
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Yxehdote tny ypagikn) napdotaon s f, vrodoyiote tous ouvvtedeotés Fourier tng f kai
deitre on f(0) = /2 kar

N e et O

f(k) - k2 ’ k 7é 0.

T'pdyre tn oepd Fourier S[f] tng f oav oeipd ovvnuutdvor kar nuitévwr. Oérovtag z =0

Oetéte ot

o0
2 1 2

> 1
Sarrcy Ot Yo
k:O(2k+1) 8 k 6

Tréoeén. Iopatnenote oL

Ik # 0 yedpouue

—T

1 [xsin(kz) cos(kx)]”
= = +

T k k2,
_ (=DF-t
B k2

Yuvenog, N oelpd Fourier tne f elvou n

T (_1)k -1 ik T - (_1)k 1 ikx —ikx
2 + Z k2 € 9 + Z k2 (€™ + )
k0 k=1
(oo}
o7 (-k—1]
= 3 + Z — cos(kx)
k=1
us = 1
= ——4 2k + 1)x).
2 kzzoﬂ(2k+1)2 cos((2k + 1)z)

Agot
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éyouue f(z) = S[f](z) yia xd&de z € R. Edxdtepa,

k=0
onhad
P (2k + 1)2 8
Tote,
=1 = 1 =1 2 1ea 1
Zﬁ Z (2k + 1)2 +Z (2k)2 §+12ﬁ’
k=1 k=0 k=1 k=1
an’ OTov €neTon OTL
$1_am_w
K2 38 6
k=1

Opddo B’

9. 'Eow [a,b] xhelot6d SdoTNUa TOU TEPLEYETHL GTO EOWTEPIXS Tou [—m, m]. Oewpolye
™y f(2) = X[a,p)(z) TOU 0pileton ot0 [—m, 7] and ¢ f(x) =1 av x € [a,b] xu f(x) =0
ohhLodC, xat T enexteivouue 2m-neplodind oto R. Ael€te 6tL 1 oelpd Fourier tng f elvan 7

S =12+ 3 C

2T
k#0

—ika _ ,—ikb

2wk

ikx

Aeigte 6u n S[f] 8e ouyxhiver anolUtwe yio xavéva z € R. Beeite to x € R yio o onola
n S[f](z) cuyxhiver.

Trédein. ‘Eyoupe

b

~ 1 /" 1 b—a
f(O)—% _Trf(m)dx—% ’ ldx = 5
Do xdde k € Z, k # 0 ypdgpouye:
=R B 1 g ik B 1 b Cike - efika o efikb
f(k) = ) (x)e dr = %/a e dr = o
Enopévwe, 1 oepd Fourier tng f etvou 1
b—a e—ika _ g=ikb
S =5+ 2 g
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Aclyvoupe mpdta 6Tl 1) oelpd cuyxAiver v xdlde x € [—m,w]. Av x = a t61€ 1| oELRd

yedpeTan
ik

b—a e
S = —_—
W@ =3+ o
k#0
pe @ = a—b € (—2m,0). H tehevtain dpne ouyxhivel oand to xpithplo tou Dirichlet. ‘Ouota,
avx =b. Avz € [—m, 7]\ {a, b} té1e MpoxUTTOLY BUO CEIRES TNE TaPATEVE HopPhc, OTETE
10 cuUTEpaoHa THAL €mETal omd To xpithplo Tou Dirichlet.

And v dAAn ueptd 1) oelpd B cuyxAivel anoAlTwe Yo xopld T Touv . 'V autd, apxel
va Set&oupue bTL N oelpd

—ika e—ikb|

o Jem ke — _ x| sin(k(a —0)/2)|
Z 27k _I; wk

anoxhivel. O€touye 0 = I’_T“ € (0,m), ondte Véhoupe va detloupe 6Tl 1 oELRd,

Z%kw)' 0 (0,m).
k=1

T xéde n € N ypdgpoupe:

ToU amodexvUeL To {NTolyevo.

10. Eoww f : R — C owvdptnon 2m-nepodixri, n onoia aviikel otny kAdon C™ (eivar
m-popés mapaywyioun kar n f™) etvar owvexnis). Aeikre 6u vrdpyer otadepd C(f) > 0

WwoTE
c(f)

e
byl < T

yia kdOe k € Z \ {0}.
Trédeibn. I'vwpllovye étL av 1 g : T — C elvan ouveyde topaywylown, tote
g (k) =ikg(k), keZ

Egopuélovrac to mopandve v tic f, ..., fM Brénoupe 6t

— ~

YUVETOC,
B F(R)| = £ (k)| < [1F™ oo
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yio xdde k € Z.

11. Eoto f, fn (n € N) curaptrioeg 2m-teplodikés, odokAnpdoies oto [—m, 7], ot omoleg

1Kavomovy wmnv
™

lim |f(z) — fu(z)|dz = 0.

n—oo [

Aceitre én1

falk) = f(k)  6ravn — oo,
opoiépoppa ws mpos k. AnAadn, ya kdle ¢ > 0 vrdpyer ng € N dote ya kdde n > ngy kar
ya kdOe k € Z,

[Fuk) = F(B)] <&
Yrodeiln. ‘Eotww € > 0. And tnv unddeon, undpyet np € N dote yia xdde n > nyg,

L @) - f@) e <

2 J_ .

Téte, vy x&de n > ng xou v xae k € Z,

|ﬁ(k‘)—f(k)| = % i fn(at)e_ikxdx—;w Fl@)e*de
N % /_,T(f“@ — f(@))e " da
< o [ U@ - s@l e e
— o [ ) - @l <=,

12. Eow f: R — C ouwvdptnon 2m-nepiodikn} kar oAokAnpdoiun o€ kdle kA€iotd did-
otnua. Trodérovue ot, ya kdrow x € R vrdpyovy ta mAeupikd dpia

f(x7):= lim f(t) wxa f(zT):= lim f(¢).

t—z— t—at
Actte 6u n oepd Fourier S[f] tns f evar Cesaro alpoioun oo onueio x: mo ovykekp-
uéva,

x~ zt
lim o, (f)(z) = lim (f x F,)(z) = w

n—00 n— 00 2

I'a v anddeién tpononomjote Ty anddeién tov Oewpnuatog 2.3.4.
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Trdédbaén. 'Eotw e > 0. Trdpyer 6 > 0 dote: av 0 <y < § w6t |f(x—y) — f(z7)] < e/2
xouav —0 <y < 01ote |[f(z—y) — flzh)] < e/2. Xpnowornowhvtac to yeyovéc 6t 1 F,
elvon dpTiar, Un apvnTixny) cuvdpTnoT Ue Yo T 1, ypdpouue

xt T i x =
( « Fa)ay - LELEIE) %/ Fu(o)f e —y) dy — LI

T Tov mpwTo 6p0, €xouue

1 /0 I
o [ B0 - 1@ a| < o [ R0 - 1@
b [ R~ s
Mopatnpolpe 6t av —d < y < 0 t6te | f(z —y) — f(ah)] < /2. Tuvendx,
1 /0 e [°
5 | BWf@-—y)—fa@D)ldy < -~ [ Fuly)dy
v -5 T -5
< i - n(y) dy = %
Ané v dAAN mAeupd,
1 -3
[ R@IE -y e < = [ Rl ey

-4
. 2||f||oo/ Fty)dy 0

xaddde o n — oo (e€nyfote yiatl). Luvende, undpyet ng € N dote, v xdde n > no,

L R ) — )y < §
or | Tnly y y<y

Yuvdudlovtag to Topandve, BAénouvue 6Tt

L B —y) - fa)dy =0

2 J_,
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xodds T0 1 — 00. Me Ttov (Blo TpdTmo cuunepaivoupe OTL
1 (7 .
7. | En@lf(@—y) = fla7)]dy =0
™ Jo
xadoe to n — 00. Hpoo¥étovtae, naipvoupe to {ntolpevo.

13. Eow f: R — C ouwvdptnon 2m-nepiodikn} kar oAokAnpdoiun o€ kdle kA€iotd did-
otnua. Yrobérouue on, ya kdmow x € R vrdpyovv ta mAevpikd dpia

f(z7):= lim f(t) xar f(zt):= lim f(t).
t—x— t—at
Acize 6ni n oeipd Fourier S[f] tng f efvair Abel alpoioijn oto onueio x: mo ovykekpipéva,
- +
lim A (f)(z) = lim (f  P)(z) = L2 @D
r—1- r—1- 2
I'a Ty anédeién tporomojote tnr anédeén tov Ocwpnuatos 2.3.4 ka1 xpNOILOTOTTE TO
Y€YOVoS ot
1 0

2 ),

1 ™
P.(z)dx = %/0 P, (z)dz.

Trébeitn. Eotw e > 0. Trdpyet §d > 0 dote: av 0 <y < § w6t |f(z—y) — f(x7)] <e/2
xow v — <y < 0tote |f(z —y) — f(zT)]| < e/2. Xpnowonowdviag o yeyovég 6t n P,
elvon dpTiar, Un apvnTixXy) cuVdETNoT Ue WeEoT T 1, ypdpouue

xt x 4 ot —
(2P = LEDHIED) LT p ) gty - L)
1 0

_ P (y)lf (@ —y) — f(z™)]dy

2 J_
tae [ P~ = )

T Tov mpTo 6p0, €xouue

0 0
o [ Pl - rela| < o [ R - el
-5
t5- [ PWIE—y) - )y

Mopatnpolpe 6t av —d < y < 0 t6te | f(z —y) — f(ah)] < /2. Tuvendx,

1 0 N € 0
_ — ) — <
5 _6Pr(y)\f(x y)— flaM)|dy < gy _5Pr(y)dy
e [T €
< — | P —_——
< /. - (y) dy 5
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Ané v GAAN mhgupd,

1 [0 -0
Py P(y)|f(x—y) — f(z™)|dy

IN

o= | P (f@ =yl +I[f(=")]dy

2 J_,

2|l flloo

<
- 2

P.(y)dy — 0

—T

xadde to 1 — 17 (e€nyfote ywtl). Luvendde, undpyet 1o € (0,1) dote, yio xdde ro <
r<l,
1 [0

oo | Pl —y) — F)dy < 3.

2
Yuvdudlovtag to Topandve, PAEnouvye 6Tt

1 0

5 | (@ —y) = fa)]dy =0

xadde to r — 17. Me tov (Blo Tpdémo cuunepaivouue OTL
1 [7 _
o= | BWf(z—y) = flz7)]ldy =0
T Jo
xadog to 1 — 17, Ilpoodétovtag, nalpvouye to {ntoduevo.

’

Owpdda T
14. (o) Eotw {qr : k € N} pua apidunon twv pntdr tou (0,1). Aeiére 6n n ovvdptnon

F:[0,1] = R pe
iki X[0,+00) (T — qk)
k=1

etvar Riemann odokAnpdoiun ka1 aouvexris o€ kdde gy, (6nAadn, aouvrvexris o€ éva nukvd
vrootvodo tou [0,1]).

() Eotw {qr : k € N} ua aptiunon twv pnrdv tov (0,1). Opilovpe g(z) = sinl av
x # 0 kar g(0) = 0. Aeiére du n ovvdptnon G : [0,1] = R pe

EOO 1gx q
= — qr)
k:l3

elvar Riemann olokAnpdoiun, aouvvexns oe kdle qi ka1 dev eivar povétorn oe kavéva
vrodidotnua ov [0, 1].

Trébedn. (a) Oewpolye tic ouvapthoec fr(x) = k™ 2X(0,00) (¢ — qx). Hapotnpolye 6t
x&de fi etvor Riemann ohoxdnpdowun xon enedh 1 Yoy fr OUYXAIVEL opolbpopgo éneton
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ot 1 F elvon Riemann ohoxAnpoowun. ‘Evag dhhoc tpémog v o doldue autod eivon o e€ng:
Av z € [0,1] opiloupe I, = {k € N : gy < z}. Iopotnprote 6 av & < y té1e I, C I,

omoTE
Fa)= Y 5 <Y m=FW)

kel, kel,

mou amodewviel 6Tl 1 F' elvan ywnolwg av€ouoa, dpa 1 F' elvar Riemann oloxhnpddowun.
Topa delyvouue étL N F elvan aouveyhc oe xdde gx. Eotw k€ N. Av z < ¢ <y, t61¢
ke ly\ I, dou

F(y)—F(x)= Y i? > %

JEI\Is

Auté Selyvel 6T ) F mapouctdlel dhpo aoLvEYElaS 0To gi. Edixdtepa, unopolye av Sei-
Zoupe 6Tt F(qr) — Fge—) = 1/k%. Tw va 7o delte autéd nopatneriote 6T yio xdde N € N
we N > k undpyet 6 = oy > 0 dote (g — 0,qx) N{gn : n > 1} C {g; : j > N}. Tére,
Yyt g — 0 < & < g TolpVOUYE:

1 1 1 =1 1 1
Jix<q; <qk j=N+1

Kdédwe, to N unopel vo emdeyel audaipeta peydho €youe to {ntoluevo.

(B) ©¢toupe gi(z) = g(x — qi). Tvopilovpe 61 1 g eivar ohoxdnpdown oe x&de Sidotnua
nou Teptéyet to 0 and o xpitheto tou Riemann. And to xpitiplo tou Weierstrass éneton 61l
noepd Y ey 3 % gi opiler Riemann ohoxhnpdown cuvdptnon. Eotw k € N, Yo delfoupe
6t G elvon aouveyhic 00 gi. Ao Ty oviedta | sinw — sinv| < |u — v| mpoxUnTeL 6Tl

|ﬂ@—gwﬂgmm{zm_y}

|zy|

v z,y # 0. Botw 0 <d <min{|g; —qx| : 1 < j <k} Téte, yiogr —0 <z < g <y<
qr + 6 molpvouye:

50— a) —g—a)+ Y o (ol —a) -9y - 1)

M=

<

G(z) = Gy)| =

<
Il
=
<
I
=
+
=

IV
M~
-
|
NE
@l

- (9(x — qj) — 9(y — ¢5))

<
Il
—
<
I
o
+
—

I
M-
@)

|
A

- (9(z — qj) — 9(y — ¢5))

<
Il
-
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‘Eotww 0 < t < § (1o onoio Ya xadopiotel otn ouvéyewr) xan Yewpolpe y = g + ¢ xou
x = qp —t. Tote pmopolye vo ypdouye:

2 1 1

k—1
IG(z) - G(y)| > Zfﬂ_j (9( = g;) = 9(y — ;) = g sin 7| = =7

Eniong, (x — q¢;)(y — q;) = (g — qj)* — t?, ondte v 0 < ¢ < §/2 ebvon

|z — y 2t 2t 4t
9@ —q;) — gy — q;)| < = < <5
l9(z = ¢;) = 9(y — 4;)] e—aglli—a] (@G—) P 52— 5

v 1 < j < k. Enopéveg, to ddpolopo extiudton:

k—1 1 k—1 1 4
() Yol —a)—g—a)| <D 5 %<5
j=1 j=1

Av emhéEoupe t = t,,, = (2mm + 7/2) 7L, yio Ghat T peydha m € N mpoxdntet:

1 2, 1
|G(zm) — G(ym)| > 3% 52 > YRR

OTOU Ty, = Qs — tm, XU Ypyy = Gk + L. AUTO amodewvier 6T 1 G elvon acuveyric 6Tov gg.

Téhog, delyvoupe 6t n G dev elvon povétovn oe xavévo urodidotnua tou [0,1]. T va to
detloupe avtd apxel vy x&de (a,b) C [0,1] va Bpodue a < z < y < b dote G(z) < G(y)
xua < u<v<baoote Gu) > G(v). Eotww howmdy 0 < a < b < 1. Trdpyel g, € (a,d)
%ot €0Tw 0 > 0 6mwe pwy xou emnhéov (g — 6, gr +9) C (a,b). Eotw v = g —t,y = qp +1
pe 0 < t < /2. Tpdpouye:

G) - Gly) = 3 o (e —a) — 9y — @) — e sin+

J k
223 3k S
1 2 1 1
> Zg(g(x—qj)—g(y—qy'))—?jksmg—g*k
i<k
k—1
1 2 1 1
> —;§(g(w—qj)—g(y—qj))—@Sln;—?jk

2t 2 1 1
— ——sin

> P
= 52 3k t 3K

6mou éyouye yenowonomoer Ty (x). Tt = t,,, = (2mm + 37/2) 7! éyoupe

1
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yio Oha T Yeydha m € N onwe nponyoupéves. Ta v avtiotpogn extiunor, Yewpolue
U=qr—8 v=q,+s5uc0<s<6/2:

G) = G) = 3 o-(olu— ;) ~ 9o~ 47)) — o sin

P s
< Zi(g(u—q-) g(v—gq;)) s+
= 30 J i1 3k 3k
i<k
< I _2 sin1 + i
- 52 3k s 3k

Av emhéEoupe s = s, = (2mm + 7/2) 7L, téTE Yo bha To peydha m € N nadpvouye:

25m 1 1

H anédelén elvon mhipnc.

15. Eotw M > 0 ka1 éotw f,g: R — C ourveyeis auraptrioeag tov undevitovtar éw and
to [—M, M]. Opilovue f xg: R — C péow tng

(f * 9)(a / FW)g( - y)dy

(o) Aetbre 6ri n f*g efvar kadd opiouévn o€ kile x € R ka1 61 (f*g)(x) =0 av || > 2M.
(B) Aeitze 6u || f * glly <[ fll1llgll1, Srov

il = / " @) de

Ynébatn. (o) Apod n f undeviletan €€w and to [—M, M], éxoupe

(f * 9)(a / )9 - y) dy

To ohoxMipwpa autéd UTdpyet doTt, Yo xdde x € R, 1 ouvdptnon uy : [-M, M| — C pe
uz(y) = f(y)g(z—y) eivon suveyfic ouvdptnom (ol ot f, g eivan cuveyeic). T o dedtepo
gpd TN, delyvoupe ot av |z| > 2M téte f(y)g(x —y) = 0 yia xdde y € R. Tlpdypartt, ov
y & [—M,M] éxovue f(y) =0,evid av Jy] < M t6te | —y| > |z| — |Jy| > 2M — M = M,
onéte g(z —y) = 0.

(B) Tedepouye

Ifegl = /j;l(f 9)(@) |dw—/

dx

/ F gz — ) dy
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M 2M
< [ vwliate - piavae = | If(y)|</ |g<:c—y>|dw>d
-M —2M
oo M [es)
< "o ( / oo —wlde) du= [ 1wl ([ laolar) ay
—M —o0 —M —00
M
— ol [ 171 dy = gl
-M
16. I'a kdOe n € N Jewpolue tov muprjva tov Dirichlet
sm n—|— )
_ Y e snlnta)r
= sin §
Acitte oni: vndpyer otalepd ¢ > 0 dote
L -1 7r|D()|d >cl
et n(2)| dx > clogn
ya kdle n € N.
Yrédaén. Iapotnpolpe 6t |sin(z/2)| < |x|/2. Suvernde,
[sin((n + 3)a)| _ 2[sin((n + 3)o)|
D) = B
| sin(z/2)| ]
"Apa,
I 1 [7 |si 3
Y Y (IR
2 J_ . i - |z]
T | o e .
. |sm<<n+;>x>ldx:2/<"*2) [sint]
T Jo T T Jo t
n—1 k+1)7 n—1 (k+1)7
2 /( |sint| 2 1 / )
> dt > — T | sint|dt
Z km WkZ:()(k+1)7T km

k

n—1

B

k 0

/ sintdt > clogn,

oot foﬂsintdt =2xu 1+ % +-~-—|—% > c1 logn.

17. Acitre 6n1
<G

— logn
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ya kdrowa otalepd Cy > 0 aveEdpTnTn and to n.

Yrodeln. Ipdepoupe

. 1 .
Dy () = S0 (Saflz 3T _ t:;l;;/ﬂ;) + cosna = D (z) + g(2),
6nov D (x) = tasf]r(‘ﬁ/g) xou g(x) = cosna. Hapatneote 6Tt
Lo [ D@+ o [ le@ide < o [ DM@l 41,
2 J_, 2 J_, 2 J_
AL, EVIENDS AVANOY L,
Loz o [ IDi@de - o [ lo@lde > o [ pi@)as -1,
2 J_, 2 J_, 2 J_,
OOt ||g|lco = 1. Eniong, av ypdoupe
sin nx 1 1
D;(z) = o2 + sinnzx <tan(m/2) - 35/2>
Ao TTUPUTNEHoOVUE OTL 1 cuvdptnon h(x) = m — %/2 enextelveTol cuveyds oto 0,

Gipar efvon PEoYUEVY oL ONOXANPOGIUY GTO [—T, 7|, €YOUUE

1 ™

o |h(x) sinnz|dz < C,

Onhady

1 (7 |sinnz|
L, — — de| < C+1.
| /2] ””’— "

—T

Tapa, yedpouue

i/ﬂ \sinnx|dx _ g/ﬂ\sinmc\dx
27 |z /2] T Jo x

—T
—1 2 .
9 n /(k+1)7r/n |smnx|
k

dx

™

k=0 k7 /n .

9 [m/n g 2 (/" ginnt
z innt S [ dt
7r/0 (smn)<zt+k7r/n> +7r/0 t

k=1

9 [m/m w1 2 ["sint
— innt — | dt + — —dt.
71'/0 (Smn)<zt+kﬂ'/n> +7r/0 t

k=1




9.2 YEIPEX FOURIER - 223

Dvepiloupe 61t lim @ Sp1 1 = 1. Hogatnpotpe 6, yia %8 ¢ € [0, 7/n],
n—oo
n—1 n—1 n
n 1 1 n 1
= < - <= -
Wzk _Zt—i—kw/n_ Wzk’
k=1 k=1 k=2
onhady| undpyel otadepd C1 > 0 dote

n—1

Z 1 _ nlogn
kth—!—kﬂ/n T

<

yio xde t € [0, 7/n]. Agod

1 ™/n 21
nog"/ sinnt dt = 28"
0

T T
gneton Ot Ar | A
sinnz
— dr — =1 < Cs.
27T/_7r |x/2] T s =t
YuvdudlovTae Tor Topamdve, XUTHAYOUUE GTNV
4
Ly, — —logn| <1+ C+Ch.
0

18. Eow f: R — C ouwvdptnon 2m-nepiodixn} kar oAokAnpdoiun o€ kdle kAeiotd oid-
otnua. Aeiéte 61
l[sn(fllec < Clog(1 + n)|[f]loo,

émov C' > 0 otalepd avebdptnn and tny f ka1 and o n.

Trédeitn. I'vwpilovye 6t

(£ = (7 D)) = 5 [ e~ ) Dulwhiy
v xdde x € R. Apa,
(D@ < 5= [ 176 -0l 1Dy < 1z [ 1Dl do

Anhody,
80 (f)lloc = Slip [sn(f)(@)] < L flloo-

Ané v Aoxnon 17 yvwpeilovpe 61 L, < Clog(l + n), émouv C > 0 otadepd aveldptnm
om6 v f xou and to n. ‘Enetoan 1o {nroduevo.
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19. Eotw n € N ka1 éotw € > 0. Acitre 6u vrdpyer f: T — C ovvexris dote || flleo = 1

Kai
1 /
7 -

émov sign u efvar to mpdonuo tov u (kar sign 0 = 0). Xuunepdraze du

[F(x) = sign Dy ()| do < .

[$n(Flloc = Ln — ¢

Trédeitn. Xtnv ‘Aoxnon 1.5 eldope 6t av g : T — R elvor o Riemann oloxAnpodouun
ouvdptnom, téte Yo xdde & > 0 undpyer ouveyhc ouvdptnon f : T — R dote |f(z)| <
lglloo Yt x&de x € [—m, 7] xou

1 / )
T —T
H ouvdptnon g(x) = sign D, (x) elvar Riemann ohoxhnpdoiun (éyet nenepaopévo to mhidoc

onuelo acuvéyelae, 6oo elvon to onueio oo omtola aAhdlel Tpdonuo N Dy,) xau [|gllee = 1.
Eqapuéloviac tnv ‘Aoxnon 1.5 ye § = 5 Bploxoupe ouveyr| ouvdptnon f: T — C wote

[f(x) = g(x)[dz < 6.

[flloo =1 %o

1 us
.

f(z) —sign Dy, (z)| dx < %

Tote,
1 s
lsn(f)(x)] = Py f(x —y)Dn(y)dy
U —1T
s . 1 s
> |5 sign Dy (z — y)Dn(y) dy| — o= [ |f(z —y) — g(z — y)||Dn(y)| dy
T J)_ . 2 J_.
"o e[| Dnlloo
> = _ _
= _WSIgnDn(x y)Dn(y) dy ™
1 T
= v _ﬂsignDn(x—y)Dn(y)dy —¢,

816t || Dy lloo = 2n + 1. Opeoc,

salbign D)) = 5 [ g D)D) dy
- 5 [ B D.GID.w
= o [ IDwldy = L.,

—Tr
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OTOU YENOWOTOoaUe To YeYovoe 6T n Dy, dpo xan 7 sign D, elvon dptia. And ta
Tapamdve BAénoupe Ot

180 ()l = [5n(£)(0)] = [sn(sign Dn)(0)| — & = Ln — .

20. I'a xd0e n € N opilovue

1+cost>n

Q.0 = (55

démov n Oetikny otalepd o, emAéyetar évor dote va éxovue
n X

LT ot =1.

2 J_,

Acitre éni: av f : R — C elvar ovvexris 2m-neprodikr} ovvdptnon, tdte

FrQu -2

Iapaztnprjote 6T autd Oiver dAAN pia andédedn Touv «TP1YwyoleTpikoUy TPooeYY1oTIKoU Je-
wpnuazos Weierstrass.

Yrdéda€n. Aclyvouue 6t n {@Qn} elvon oxxohoudion xahdv tuphvwy. And tov opioud g,
%80 Q, elvon dipTiar, U apvnTLX cuvdpTnon xau xavoroel Ty 5= [T Q, (t)dt = 1. Apxet
howdv va Bel€ouvpe Ot yio xdde 0 < § <,

/ Qn(t)dt = 2/ Qn(t)dt -0 étav n — oo.
o<|t|I<m )

Botw 0 < § < 7. Hopatnpodue 6t 1EEsE < 1H€0s0 1 yig yéie ¢ € [6, 7). Tuvendde,

2
/ Qn(t)dt < 27a, (H;C)Sé) .
&

Oa delfoupe 6Tt oy < 4(n+ 1), ondte To {nroduevo éneton and v lim (n+1)0" = 0 v
n—00
_ 1+cosé
f = FP0 < 1.

oty aviedtnta o, < 1 ypdipoupe

9 T 1 ¢ n T /2
T _ / (+COS> — 2/ cosQ"(t/Q)dt = / cos>" ydy.
Qp 0 2 0 0

H f(y) = cosy v xolhn ot0 [0, 7/2] xeu f(0) =1, f(m/2) = 0. Suvencde, cosy > 1 — 2
yioe x&de y € [0, 7/2]. Luvdudlovtag o Tapandve nalpvoupe

2 /2 2\" T [! s
RUNPS 1- 2 =T a—s)ds = .
an_/o ( 7r) dy 2/0( s)"ds 2(n+ 1)
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AnhodA, oy, < 4(n+1).
Aol n {Qy} etvon oxohoudia xohdv TupHvey, yia xdde cuveyn 2m-neplodixh cuvdpTnon

]

f R = Cuoybe f*Qy, o f. Télog, napatnpeolue 6Tl xdde Q) elvon TELYWVOUETEXOS
TOAUGVUPO. ‘Apa, oL cLVOPTHCEL f* Q) elvan TorywVoUETEIXS ToAVGYLUA (eEnyTioTe Yortl).
‘Etot, éyouue anddelln Tou «Tply VOUETEO0VY TPoaeYYioTol Jewpruatoc Weierstrass.

21. Ia xd0e n € N opilovue
Gy (x) = F,(z)sinnz,

émov F,, €ivai o n-o0tés mupnrag tov Fejér. Aeikte én: av T € T, €lvar tprywvouetpikd
ToAvdYupo Baluol uikpétepou 1 ioov and n, téte

T (x) = —2n(T * Gy,)(x)
e kdle x € R. Yuunepdvare on
T ()] < 2n[|T |

ya kdle x € R. Avtrj efvar pua «aoOevnigy éxdoon tng avioétntas touv Bernstein, 1 omoia
wyvpiletar 6t [|[T']| oo < n||T]|co Y@ kdOe T € Tp,.

Yrédeitn. To dbo péln e wotntoe T7(x) = —2n(T * Gp) () v ypouuind we Tpog
T, apxel howmév va Ty enakndebooupe Yo 6hec tic ouvapthoeic Ti(x) = e |k| < n.
‘Eyoupe

T} (x) = ike' ™

2oL
1 [T 1 (™ . .
(TexGn)(z) = o | Tele—y)Gnly)dy =5 [ ™7 E,(y)sin(ny) dy
n—1
1 /7 . 4
= Z (1_|s|)/ em(w_y)e”ysin(ny)dy
T n)2r J_,
n—1 T in —in
e YL e
- S_Z;ﬂ( n>27r L © 2 4
n—1
_ 1 ikx |S| 1 T i(s—k+n)y i(s—k—n)y
= 5¢ Z (1 n)%/_ﬂ[e e ] dy.
s=—n+1
"Eyouyue
1 s

- ei(s—k+n)ydy =0
2 J_,
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extéc av s = k — n xou
1 T

- i(s—k—n)yd _
o _ﬂe y=20

extoc av s = n + k. To mpddto unopel va cuufetl uévo av k& > 0 xou to debtepo poévo av
k < 0. Xuvenog, av 0 < k < n éyoupe

_ 1 ikx n—k _ k ikx __ —ik ikx
(Tk * Gp)(z) = 5;¢ (1 - ) =ge = et

Av —n < k < —1, éyoupe

1, n+k k —ik
T _ _ tkx 1— _ v ik _ MY zkx.
(Tex Gn)(z) = =3¢ ( n ) 2ni© on

e xade nepintwon, av k # 0 noalpvouyue
(%) T (x) = —2n(Ty * Gy,)(x).

Av én k = 0, o d0o el e (x) ebvon foa pe undév. 'Etol, éyoupe omodeilel tny
T'(z) = —2n(T * Gp)(x) v x&e tprywvoueTEind ToAvmVLUO Baduol wxpdtepou 1 ioou
and n.

Téte, yio xdde x € R éyoupe

@] = 20T G <205 [T = )] () syl dy

IN

1 ™
20wy [ Falo) dy =207

—T

9.3 XUyxAiom oelpwv Fourier
Owpdda A’
1. Acitre 6t 0 (%(Z) etvar mArpng.

Yréoeitn. 'Eotww (x,) Poowh axohoudia otov lo(Z). Tedgouvye 2, = (X4 (k))rez. Eoto
e > 0. Aol 1 (zy,) eivon Poowah, undpyel no(e) € N dote, v xdde n, s > no,

1/2
(%) (Z |z (k) — xs(k)l2> <e.

kEZ

Torte, yo xdde n, s > ng xaw Yo xdde k € Z €youye

1/2
|zn (k) — zs(k)| < (Z |zn (k) — xs(k)l2> <e.

keZ
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Anhodn, yio xdde k € Z n axohovdia (2, (k))nen eivon Booweh; oto C. And tny mhnpdtnta
tou C, urdpyouv z(k) € C dote 1i_>m (k) = z(k) v x&e k € Z. Oplloupe x =

(x(k))kez. Ou deiloupe 61 © € €o(Z) xou ||z, — z|]2 — O.
Yrodeponowotpe N € N: and tnyv (x) éyoupe, yia xdde n, s > ng,

N 1/2
(E:L%®%ﬂu%w> <e.

k=—N

Eniong,

N 1/2 N 1/2
s&%( Z |0 (k) _xs(k)|2> = ( Z |n (k) _x(k)|2> )

k=—N k=—N
dpa, Yo xdde n > ng,
N 1/2
( S Jaa(k) - x<k>|2> <e.
k=—N

Agrvovtag 10 N — 0o ouunepaivoude 6L, yia xdde n > ny,

1/2
(++) (Z (k) - x(k)ﬁ) <e.

kEZ

Edwbtepa, yioo n = ng €Youpe 0Tt & — Tpy € lo(Z) uan, agol z,, € lo(Z), and v
avicdtnta tou Minkowski BAénovpe 61t & = (2 — Tpgy) + Tny € C2(Z). Emniéov, 1 (xx)
delyvel 6T, Yoo xdde n > ny,

[ —znll2 <e,

) 2 ’ ’
AT OTTOU CUUTEQULVOLUE OTL Ty — T.

2. Ocwpotiue tov xipo R twv dokAnpdouwy f: T — C ue tn vdpua

i71= (g [ 1)

(o) Aetlre 6, av f € R xar ||f|| =0, tére f(x) = 0 o€ kdOe onueio x oto onoio 1 f eivar
OUVEXTIS.

(B) Avtiorpogpa, beibre 6ri av n f majpvar tny tpr) 0 o€ dAa ta onueia ota onola eivar
ourexris, téte || f|| = 0.

1/2

Trdédeitn. (o) Trodétouue btL 1 f eivon cuveyhc oto xg € [0, 27] xou 6t f(xg) # 0. Téhre,
|f(zo)| > 0 xou amd v cuvéyewa g f oto g éneton OTL undpyel ddotnua I = [a,b] C
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[0,27] dote xo € I xou | f(x)] > |f(20)]/2 yioe xdde = € I. Tpdgouye

J 7 )P = / 1) P+ /[O’QW]\IIf(x)de

y /|f iz > LW

Avté eivan dromo, dét || f|| = 0.

27| f1*

(B) Ecm) 6t ||f]] > 0. Ocwpolpe TNy ouvdptnon g : [0,2n] — R pe g(x) = |f(z)]?. Tére,
fo x)dz > 0. Zuvende, undpyel dapéplon P = {0 =29 < 21 < ... < ,, = 27} TOUL
[0, 277} hote

= > mi(g)(@rir — k) > 0.

‘Eneton 6t myi(g) = inf{g(z) : 2 < & < zp41} > 0 vy xdmowo k € {0,1,...,n — 1}.
‘Opoc, 1 f elvar ohoxAne®on 670 [Tk, Try1)], dpot EXEL TOUAIYLOTOV éva oNuelo oUVEYELS
z 670 [Zg, Tr41] (YVwoTh doxnon and tov Anepootixd Aoyioud II). And v vnddeon
éxoupe f(2) =0, dpa g(2) = |f(2)]? = 0. Auté elvar dromo, agol g(z) > my(g) > 0.

3. Oewpolue v ovvdptnon f:[0,21] — C ue
_J In(1/0), av0<@<27
f(e)_{O, av =0

Aeitre énin f dev avijkel atov R. Oewpole tépa tny axolovdia ovvaptricewy { f,}, dnov

[ In(1/0), avi<o<on
f"(e)_{O, O(V(SLSHS%

Acite 6n1 kdOe f,, efvar Riemann odokAnpdoiun kai éti n { f,} evar faoixrj axodlovdia tov

R, addd bev vndpyer g € R dote lim,,_,o |g — frnl] = 0.

Trédeitn. H f dev elvon gporyuévn: mopatnerote ot Glirél+ In(1/6) = +oo. Apa, n f Bev
—

elvar ohoxAnpdou.
Kdde fn ebvou ohoxhnpdon.  Ebvar geaypévn omé wny wph e oto 1/n, dnhad
[l fnlloo = Inn. Eniong,

2m 2T
fn(a)dﬁz—/ 1n9d9:[—91n9+9]f’;
0 1/n

H {fn} eivou Paowxr; oxoroudic: av m > n tdte
1/n

1/n
271]|fn = fonll® :/ 1n29d9=[91n29]1f:1—2/ 0 do
1

1/m /m
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n?n  In’m

= - — 2[00 0],
n m
In’n  In®m  2lnn  2Inm 2 2
= - + - +Z-Z 50
n m n m n o m
otav n,m — +00. ‘Eotw 6t undpyet g € R dote limy, o0 [|g — frl| = 0. Tére, yio xdde

b€ (0,27) xou yio x&de n > 1/b,

27 o
[ s —maoraw = [ 190~ fuPas < 2wl — 11”0
onhad
27
[ 1at6) = mu/o)pas 0.

Ané v Aoxnon 3.2(a), v x&de b € (0,27) xou yio x&de 0 € (b, 27) oo omolo 1) g elvou
ouveyhc oyvel g(f) = In(1/6). "Apa, yioa xédde 6 € (0,27) oo onoio 1 g elvon cuveyhc
wyet g(0) = 1n(1/0). Opwe, 1 g elvow ohoxhinpdowun, dpo éxel onueio cuvéyelac ot xde
unodidotnue tou [0, 27]. Tlaipvovrac Swaothpata tne wopehc [0, 1/k], Beloxouue oxohoudia
(0r) oto [0,27] pe 0 — 0 xou g(0k) = In(1/60x) — +o00. Autd givon dromo, yiati 1 g, ¢
ONOXANPOOLUY CLUVAETNOT), TEETEL VoL elval QEOYUEVT.

4. Ocwpolue tny axodovdia {ap}> _ . He

an — %, av k>1
FT1 0, avk<0

Actere 6ut {a}3_ € *(Z) adAd Sev vrndpyer f € R pe tnv ididtnta f(k) = ay, yia kdOe
k€ Z.

TYrédaén. H axohoudio {a}32 _ avhxel otov £2(Z) dibtt

— 00

Z |ak\2 Zk’2: 5 <+oo

k=—00

Trodétouye 6t undpyer f € R pe v Wbt Flk) = ar i xéde k € Z. Tére,
kf(k) =0ov k<0 xu|kf(k)=1avk>1. Anhodn, n axohoudio {kf(k VIR ebvou
pooryuévn. Anéd v Hpbtaon 3.4.3, to pepind adpoiopata s, (f) e f eivan opolduoppa

pparypéva.  Anhady, vndpyer M > 0 dote |s,(f) ()] < M vy xdde n € N xou v xdde

z € T. Ouwc,
n n 1
SWCE

k=—n

otav n — oo. 'Etol, xatoifyouue oe dtomo.
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5. Xpnowporowdrtag tny ovvdptnon f 1 [—m,w] = R e f(x) = |x| ka1 Ty tavtdnta Tov
Parseval, detére ot

> 1 7 =1 74
Z(2k+1)4_96 Y =
k=0 k=1

Xpnowonowdvzag tny 2m-nepiodiki neprrer ovvdptnon g : [—m, 7] — R pe g(x) = z(m—x)
oo [0, 7] ka1 Ty tavtdrnta tov Parseval, deibte du
> 1 6 =1 m
i a0t L om

Yrdédein. (o) Mupatneriote 6Tt

~ 1 f7 1 (" s
f(())—g/77r|a:|dx—;/o a:dx—§.

" 1 [ . 1 7 .
flk) = — f(x)e_’kzdx:—/ |z|e~ %% dx
2 J_, 2 J_,

1 (" 1 [
= || cos(kx) dx = 7/ z cos(kx) dx
2 J_, T Jo
1 [zsin(kz) cos(kz)]”
= = +
T k k2,
G Ve
N k2

Yuvende, n oeipd Fourier tng f elvou 1

™ (—1)k —1
N

k0
Ané v tawtdénta Tou Parseval,

w2 > 4 1
T 4o % &
T ;ﬂ2(2k+1)4 27r/

™

1 [ 2
%d :7/ 2dr = —.
|f(@)]"de = ~ L =g

—T

"Encton 611
4

T
£ (2k+1)* 96
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‘Ouoc,

YUVETOC,

o~

(B) Agob n f ebvan mepitty), éyoupe f(0) = 0. T k # 0 ypdgouye

Y _ 1 " —ikx _ ;Z T _ .
f(k) = %/_ﬂ f(z)e dx = - /0 x(m — ) sin(kz) dx
I cos(kz) n msin(kx) N l/ 2 sin(kz) di
T k k2 o TJo
(=DFr i [aPcos(ka)]” 20 [T
= i - ’ =y x cos(kx) dx
 (=DFr (=DFx 2 [wsin(kz) | cos(kx)]”
SR TR TmlT R TR,
_ i)
B k3

Yuvendg, n oeipd Fourier tng f elvon 1

§ 20D 1)

3
Prrd wk

Ané v tautéTnTa Tou Parseval,

oo

2y e = ae | @R =1 [( - apta =T
Zem(2k+ 10 an ) T J T
"Eneton 6TL
DI
6_7.
£ (2k+1)° 960
‘Opow,
=1 > 1 =1 78 1 1
D T @ T e~ 960 T 6d e B
k=1 k=0 k=1 k=1
YUVETOC,
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6. Acitte dri: av a ¢ Z, téte n oeipd Fourier tng ouvrdptnong
T

f(x) — ei(ﬂ'—a:)oc

sin To

oo [0, 27], €fvar n
ikx

e
k:z_:ook—i—a'

Egapudélovras tny tavtétnta tov Parseval, ovurepdvate ét

2T 2 :
— (k+ ) sin® (7o)
Trédeién. I'pdpouue
R 1 2T ] 1 27 T ] )
k - —1kmd _ T —zfc(a+k)d
J(k) 2m Jo f(w)e . 27r/0 sinta’ © *
efra _efim(omtk) 2m eima 1 _ p—2mia
- 2sin7ma [ i(k+ ) L - 2sinta i(k+a)
_ eime _ gTima _ 2isin o
~ 2i(k+a)sinta  2i(k+a)sinTa
B 1
 k+a

Yuvendg, n oeipd Fourier tng f elvon 1

& etk
W k+a
Ané v tautdénta Tou Parseval,
> 1 1 ) 2
—_— = — x)|*de = —5—,
k:z—:oo (k+a)? 27 /0 f@)l sin?(ra)
oot | f(x)] = Tem(may] Yio xde z.

Owpdda B’

7. Adote napdderyua axodovdias {fn} odokAnpdoiuwy ouvapticewr fp, : [0,27] — R
woTe

. 1 2 9
lim — | fr(x)|7dx =0,
0



234 - ANAAYSH F'OURIER

aA\d ya kdOe z € [0, 27] n akodovlia { f,(x)} dev ovyrAiver

Yrédeitn. Oewpolue pior axorovdio {I,} unodiotnudtwy tou [0,27] ye tic axdroudeg
WBLOTNTES:

(i) T xdde z € [0,27], e cOvora A, ={neN:zx e} xauw B, ={neN:z¢I,}
elvon dmerpar.

(ii) £(I,) — 0, 6mov £(I) elvon To phxoc evic daothpatoc 1.

‘Evoc tpénoc va oploouue wa tétola axohoudio eivan o e&fc: madpvoupe I = [0,2n7],
ot ouvéyel ywplloupe to [0,27] ot dvo dwdoyxd Swotiuata I xou I3 uhAxoue m, ot
ouvéyeta ywpiloupe 1o [0, 27] oe téooepa dadoywnd Swothuata Iy, . . ., Iz uhxouc 7/2 xou
00t xadednic.
Opilovyue fr, = x1,, n =1,2,.... Ilapatneriote 6T xdde f,, elvon ohoxhnedoudn xou
, o 2 . AUn)
lim /0 | fn(2)|d2 = nh_)rr;o o = 0

™

Ané v &N mheupd, yia xdde x € [0, 27] éyouue dTL Tor Ay xou By efvan dmelpat unocivola
tou N, dpa unopole vo Beolue yvnolne adZovoes oxohoudies guotxdv (ky) xou () oto
Az nou By avtiotowya. Tote,

Jro (@) = x1,, () =1 =1 xu fx, (z) =x1,, () =0—0,

dnhad”| 1 oxohoudio { fr, (z)} dev ouyxhiver.

8. Acitre 6n1 n tprywvopetpikr) oepd

ovykAiver yia kdOe x € R, aAAd dev eivai ) oeipd Fourier kdmoias Riemann oAokAnpdoiuns
ourdpTnong.

Trédeitn. Eotww x € [0,27]. Av x # 0,2, éyouue deL 6T

L cosZ —cos(n+ i)z
Zsm(k‘m) = Z 2sin(£ 2) ,
k=1 2
onhad),
1
| sin(z/2)|"

Z sin(kx)

k=2

< |sinz| +

Apa, 1) o108 Y e, sin(kz) éxer pparypéva pepind adpolopata. To (o woyletav e = 0hx =
27, 861, oe authy Y meplnTwon, éxouvye sin(kz) = 0 yio xdde k > 2. Agol n axohoudia
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(ﬁ)l€>2 elvon @dtvovoa xou undevint), and 1o xpitriplo tou Dirichlet cuunepatvoupe 61 7
TELYWVOUETEIXY) OELRd
o0 .
sin kx

Ink

k=2
ovyxhiver v xade = € R.
Eote 6 undpyer f € R dote S[f](z) = Yoo, S22 4 e R. Tére, f(k) = —w =

] ) ] Ink Y
—gig av k> 2, f(k) = —% = s v k= 2% f(k) = 0 odhde. And v
towtotnTa Tou Parseval,
o0 R oo 1
2 2
= B))*=2) —s—.
91 = 3 1FWF =23 5

, ., , , [e'e] 1 —
Auté ebvan dromo, Bi6TL Y 7y - = +00.

9. Foww f: T — C owexds mapaywyioun ovvdptnon. Ae€iéte éu n oepd Fourier tng
f ovykdiver anodUtes.

Yrébaén. H f’ elvoaw ohoxdnpdown. And tny touténta tou Parseval,

> PR =111 < +oo.
k=—oc0
I'vwptlouye dt ]/”\’(k) = zkf(k), GUVETG

o0

7 RF(R)? < +oo.

k=—oc0

Ané vy ovioétnta Cauchy-Schwarz,

k#0 k#0

"Encton 611

Z(kIf(k)l)% < Z% (Zkzlf(k)F < +00.
>

k=—o0 k#0

10. (o) Eotw f: T — C odoxAnpdoiun ovvdptnon ka1 éotw k # 0. Aeiére dn

T

F0) =5 [ fatm/me e,

—T
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ka1 ouunepdvate 0T

i~ 1 T —ikx
Fo =4 [ (@) = s+ m/ple
(B) YTroVérouvue dn n f kavonoiel Ty owvdrkn Hélder |f(x + h) — f(x)| < Clh|* ya
kdmowov 0 < a < 1, kdrowa otallepd C' > 0 ka1 ya kd¥e x,h. Xpnoponowdrras o (a)
oetéte 6t vndpyer M > 0 dote

-~

[k[*[f (k)] < M
ya kdOe k € Z.
v) Aetére ot1, av 0 < o < 1, téte n ovvdpTno
n pTNon

oo

f(a:) — Z 271@&67;2)61

k=0

ikavorowel Ty owvdrikn Holder tou (B), kai

fky = —

o av k=2%s€eN.

Trédeitn. (o) Tlapatnpolue 6T, e TNV avTiXatdoTaon §y = o + 7,

" - _ - .
[t Detar = [ pwet o Day= [ e ey

— —7r+% 771—4’,%
= — f(y)efikydy = 7271']':(]{3).

Apa,
N _ 1 " —ikx
f(k) = Py flz+m/k)e™""dx,

—T

an’ 6Tou €neTon OTL

J/c\(k) = M — ﬁ " f(x)eiikzdx _ i " f(ﬂi + ﬂ_/k,)e—ikmdx
1 " —ikx
= I _ﬂ[f(fﬂ) — flx +7/k))e"*edz.

(B) Eow k € Z\ {0}. Xpnowornowdvtag to (o) xan v cuvdfixn Holder ypdpouue

Fy <

g 1 ” o
A _ﬂ‘f(x)_f@""ﬂ'/k”dmfE/_WC‘E dx

Cr M
20k k|
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~

6nov M = Cn® /2. Ercton 6t |k|*|f(k)] < M vy xdde k € Z.
(v) Tpdgoupe

[f(@+h) = fz)] =

oo
Z Q—kaeﬂ’“x(eﬂkh ~1)
k=0

o0
S Z2—k}a|1 _ ei2kh .
k=0

Iopatnpotue 6t

1= €] = /(1 = cos0)2 +sin” = /4sin?(6/2) = 2| sin(8/2)] < |4].

Eniong, |1 — €| < 1+ |e?] = 2. Tpdpoupe

o0

ZQ*/{?O(“_ _ eiQkh| — Z 27ka|1 _ eiQkh‘ + Z 27ka|1 _ eiQkh
k=0 2k |h[>1 2k |h|<1
< 2 ) 27keg N ok|pjathe
2| h|>1 2k|h|<1

Av kg elvar o uxpbtepog puoxde i tov omolov 28|h| > 1, téte

= 1 2
2 ), 2h=2) ote=gathe — o < S ",
2k|h|>1 k—=Fo B B

Tt to Sedtepo ddpolopa €youpe

ko—1 ko—1
Z 2k|h|2fka _ Z 2k|h|27ka _ |h| Z 2(1704)k
2k |h|<1 k=0 k=0
2(1—a)k0 -1 9l—a 9l—a
— < 2(1—(1)(1@0—1) < . —(1—a)
[ < gl h
21704 N
= sl

Yuvdudlovtag Tor Topandve, TalpvVouue
[f(@+h) = f(2)] < e(@)[h]%

émou c(a) > 0 otadepd mou eZoptdton uévo and to a. Anhadh, 1 f wavonowel cuvdrixn
Hélder téénc a. And tov oploud tne f elvan govepd 6tL, av k = 2% yia xdnowov s € N, t61e
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Oudda I
11. (o) Eoww f,g : T — C owexds mapaywyioijes ouvaptioes ue fOQTr g(t)dt = 0.

Aceitre 6n1
2m 2 2 2
fHg(t)d 2d '(t)2dt.
[ a0l < [Ciopa [T igopa

(B) Eotw f : [a,b] = C ovvexds napaywyioiun ovvdptnon pe f(a) = f(b) = 0. Aeibre

dti
b b
/ |f(£)]Pdt < / | £/ (t)|2dt.

(b—a)?

Yrdédaén. (o) And v oviodtnta Cauchy-Schwarz nalpvoupe

2 21 27
2 2d )
SA mmmL () 2t

Agob fo% g(t)dt = 0, omé tnv Aoxnon 1.9 éyoupe

27 2
/|wwﬁ§/ 19/ (6) P,
0 0

’ /0 - F(t)g(t)dt

xau éneton To {ntoduevo.

(B) Trodétoupe tpidta dti [a, b] = [0, 7]. Agol f(0) = f(m) = 0, uropolye va enextelvouue
v f oe ouveyh 2m-Teplodixd| cuvdptnom pe [T f(t)dt = 0, Yétovrac f(z) = —f(—x) v
x € [—m,0]. H enéxtaon e f elvon cuveyde napaywyiown ot xdde didotnua e popehc
(km,km 4+ ), k € Z. Egopuélovtac to (o) pe g = f, naipvoupe

/”mm%t
0

XeNnowonoldvTos xol To Yeyovog 6t 1) f elvol mepltty], oupnepolvoupe 6Tl

2

21 27
2 ! 2
sA wmmé ()Pt

* T 2 T / 2
(+) ALWM&sA|ﬂMﬁ.

Av 7o [a,b] elvon Tuyby, Yewpotue v F 1 [0,7] — C pe F(z) = f (a+ 2=%z). Tére,
(%) wyber yioo v F, dnhady
™ _ 2
/ f (a + b ax) dx
0 ™

| @i < [P
(b-a) [7

- )

2
dx.
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Kévovtag tnv odharyt) petoBinthc t = a + =%z, nofpvouye

b 2 b
/\f(t)|2dt§(b_a) / |F/(8))2dt.

T2

12. Aeire én
0 gint
[ty
ot 2

Trédeitn. Tvopilovpe 6Tt 10 OhoXApwua ToL N-00T00 TUEfvar Tou Dirichlet oto [—, 7]

elvon (oo pe 27, Anhadm,
.

St
- sin 5

B 7rSin(nJr%)t i . 1
27r—/_7rt/2dt+/_ﬂg(t)51n(n+2)tdt,
1

émou g(t) = S t/% Iopatneotue étu 1 g umopel va opiotel oto 0 wote va yivel

Tedpoupe

ouveyic ouvdptnom oto [—m, 7| (e€nyhote ywotl). Zuvende,

/_ : g(t)sin (n + ;) tdt = /_ : o(t) cos(t/2) sin(nt) dt + /_ : g(£) sin(t/2) cos(nt) dt — 0

btay n — 00, and 1o Afuua Riemann-Lebesgue yio tig cuveyels ouvaptioels g(t) cos(t/2)
xou g(t)sin(t/2). ‘Enetu 6Tt

T o 1 t
im 2/ sin(n+3)t o
n— o0 0 t/2

‘Ouoc,

/7T Sin(”+%)tdt:/(”+é)”2sinxdx.
0 t/2 0 x

"Eneton 61U

sinx

oty n — 00. XENOWOTOLOVTAC XL To Yeyovog Ot lim = 0, uropolyue TwpA Vo
T—r00

de{oupe 6TL UTdPYEL TO

* sinz . M ginz T
dr = lim de = —.
0 X M—oo 0 X 2
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SUUTANEOOTE TIC AETTOPERELEC.

13. Eow f: R — C ouvdptnon 2m-nepiodixn, n onoia 1xavonoiel tny ovvinkn Lipshitz

[f(z) = f(y)| < Kz —y|

v kdOe z,y € R, drov K > 0 otadepd.
(o) Ia kdOe t > 0 opilovue gi(x) = f(x +1) — f(x —t). Aeibre dn

1 2 S .
3 | lPde= 30 alsinkeR |

k=—o0
ka1 ouunepdvate 6t
> sinktP[f(k)]? < K22,
k=—o
(B) Eotw p € N. Emiléyovtag t = w/2PT, Seibre bu
~ K27
2
S TR <

2r—l<|k|<2p

(y) Adote dvo gpdyua ya to

Yo 1)

2r—l<|k|<2p
ka1 ovurmepdvate on ) oepd Fourier tng f ouykAiva atodVtwg, dpa opoidpopga.

Yrédeatn. (o) Ané tnv tautdnta tou Parseval éyoupe

1 27 o0 R
— | Agel@)Pdz= > |gi(k)*.

27
0 k=—oc0

Trohoyiloupe Toug cuvteheotée Fourier tneg gi: elvon
S I .

Gi(k) = flz +t)(k) — flz —t)(k) = ™ f(k) — e~ % (k) = (2isinkt) f (k).

YUVETKC,
1 27‘!‘ oo

lge(2) P = > 4 sinkt]?|f (k)2

2
0 k=—o0

Xenowomowdvtag tnv cuvixn Lipschitz malpvouue

Y Isinkt|f (k)

k=—o0

1 2 27

2 1 2 2
s ), [f(z+1) = flz—t)f de < i K2(2t)%dx

= K22,
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(B) Egoppdlovtac 10 (o) yia t = m/2PF éyoupe

: = — . = K?n?
Y. Isin(kr/2HPIF(R)E < Y [sin(kn /27 P F(R)P < g
20 -1 < |k| <27 k=—o0
Opwg, av 2771 < [k < 2P éyoupe T < |£5| < Z. Apa, [sin(kr/2PH1)| > sin(r/4) =
1/v/2 yv autée tic Tipée Tou k. Emotpépoviag 6Ty mponyolpevn avio6TnTe, Todpvoups

1 ~ o KPm?
5 WP < S

2r—l<|k|<2P
Onhod?
Mhad e
S FRE <

2r—l<|k|<2P

(v) Apxel vadei€ouvpe 6t Y ro | f (k)| < +o0. Xpnowonowdvtag o (B) xou Ty aviednTa
Cauchy-Schwarz, €¢youue

1/2

SNw = > S WY 2l > iwP
p=1

[k|>1 p=12r—1<|k|<2P 2P~ <|k|<2p
= K~ Kr~ 1
< /2 " 22 NT o,
D PO
‘Eneton 611
[e] N 1 R N
D W=D 1FWI+ Y [Fk)] < +oo.
k=—o0 k=-—1 |k|>1
Opdda A’
14. Eoto f: [—-7, 7] = R atéovoa ouvdptnon. Aeiére én vndpyer M > 0 dote
~ M
[F(B)| < T

yia kdOe k € Z \ {0}.

Yrodeitn. Xenowonowolue ty napathenon ot 1 f mpooeyyileton and cuvapTHOES TNS
Moppric

N
(%) g9(x) = Zth[bs,bs+1](x)a
k=1
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6mou —m = by < by < -+ < byg1 =Tl —||flleo < t1 < oo < EN < | flloo- Tr TV
amddeln avtol Tou WyLplopol, Xwelote 10 [—||fllso, | fllee] 08 m Sadoyixd Siacthuota
Li,..., I, tou lov uhxoue, xu Yewphote to J,. = f1(L.), r = 1,...,m. Encdfn f
ebvan adZovoa, xdde J, ebvan Sidotnua i wovosivoho 1 to xevd chvoro (eEnyriote yuotl).
ITpoxOntel étot o douéplon —m = by < by < -+ < byt1 = 7 TOU [—7, 7], 610U [bs, bst1]
elvan exelva ta J, ou efvan draothpota. Av oploouue ts = inf{f(z) : by < x < bgy1}, 161
|f(z) = ts] < & 070 (bs,bsy1). Enlong, —[fllec <t1 <+ <ty < || fllocs BOTL 7 f elvon

avgouca. Av oploouye g, (x) = Zivzl tsX[bs boia](T), TOTE

1 s

),

1
— gm(z)|de < —.

() £(@) = gm(@) do <
Av Beifouye 6T undpyer otadepd M > 0 dote v xdde cuvdptnon g tne wopghc (*) xou

v x&e k € Z va woyle |kg(k)| < M, t6te and v (x*) nolpvoupe

o~ ~

EF < gm0+ KT — 3 )
Mtz [ 16) = gm0l do < M 41K

IA

IN

~

v xdde m € N, xou agrivovtog 1o m — 0o, BAénovue ot |k f (k)| < M.

Troloyilouue toug cuvteheotéc Fourier ouvapthoewy e pop@hc h i= X[, b, 1) OV
k # 0, éyoupe
N 1 bst1 ) —ikbs __ ,—ikbsy1
h(k) = 7/ e—tha gy = ¢ .
27 Jy, 2mik
‘Eneton 61, yioe v g(x) = Zivzl tsX[bs,bera](T),
N N
2Fll€§(k) _ Zts(e—lkbs _ e—?,k‘bs+1) — tle—’tblx _ tNe—le+1$ + Z e—zkbs (ts _ tsfl)~
s=1 s=2
YUVETOC,
N
kG(E)| < [ta] + [tn] + > (ts — tam1) = [ta] + ltn] + (tv — t1) < 4] flloo,
k=2

ottty — 11 < || flloo — (=11 flloo) = 2|| f]lco- Emetar 1o {nrodyevo, ye M = 2|| flloo /7.

15. Eoww {e} akolovdia Oetikddy apiudy pe e, — 0. Acitre du vndpye ovvexris
owvdptnon f: T — C ue v ididtnra: ya drepeg tipés wov k € Z,

~

[f(F)| = e
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Yrdébatn. Aol g, — 0, propolue vo Ppodue utoxoloudia (g5, ) e (ex) OOTE

o
ngk < +00.
k=1

Oewpolue TV oelpd

9]
§ :5Sk€zskz'
k=1

Xernowonowdvtog To xeithelo Tou Weierstrass eA€yyoupe 0Tl GUYXAIVEL OUOLOUORPI GE Ldl
ouveyh ouvdptnon. Av f(z) =D 1o £, €+, t61E

| F(se)l = flsk) = e,
v x&de k € N. Anhadt, yio dneipec tipée tou k € Z €youpe 1F (k)| > e
16. O ouvluync nuprHvag tou Dirichlet opilezar and tny
Dy, (z) = Z sign(k)et*®,
|k|<n
émov sign(t) efvar to mpdonuo tov t.
(o) Aetlre 6m
cos(x/2) — cos((n + 1/2)x)

Dy (z) = sin(x/2)

Kai

/ |D,,(z)| dz < clogn.

—T

(B) Aeitre 6ni: av n f : T — C efvar odokAnpddoiun, téte
|(f * D,,)(0)] < Clogn.

v) Aetére ot1, yia kdle 0 < a < 1, n tprywvouetpikr) oeipd

(v) Y 1 TPIYVOUETPIRT €l

>, sin(kx
>

k=1

ovykAivel yia kdOe z, adAd Oev eivar oeipd Fourier kdmoia§ oAokAnpdoiung ovvdptnong.

Yrédaén. (o) T xdde = € (0,2m) urnopolue vo ypdouye:

n n
E ethr _ gmikr — 94 E sin kx
k=1 k=1
. n
7

= — Z [cos(k — 1/2)z — cos(k + 1/2)x]

sin(x/2) P
icos(x/Z) —cos((n+1/2)x)
sin(x/2)

D, (x)
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T xéde = ypdpouye

Z,COS(LE/2) -1 n 1 —cos(n+1/2)x

Dn(z) = sin(z/2) ! sin(z/2)

Iopoatnerote 6tL 1 cuvdptnon = — % elvow ohoxAnphown 6to [—m, | xou To (Lo

oy VEL Yl TNV T +— 17“;515&721)/2)3”] — gsin” [iﬁlﬁ//g))x/m Enopévac, ebvan

N T |1l —cosz " [sin((n +1/2)z/2)]
N L e o Tt
T |sin((n + 1/2)x/2)]
= Cl+4/0 sin(z/2) d
<+ 8/ﬂ/ sinl(n + 1/2))] g,
0 sinz

INo to teleutaio ohoxhipwua unopolue vo del&oupe 6mwe otov muprva Tou Dirichlet étu
pedooetan and cp logn xan to {ntoduevo énctou.

(B) Eneton dyeca and to (o) av ypddouye:

(DO < 5 [ 170 =010 de < || Dal.

—T

(v) H olyxhion e oepdc énetan and 1o xpitiiplo tou Dirichlet. Av #tav oepd Fourier
o ohoxhnewotune cuvdptnone Yo elyope and o (B) ot

“ 1
Z Ta = O(logn),
k=1

10 onolo elvar dtomo, apol

n+1 1

n 1 n k 1
— > —dr = —dx > 1=a,
Sy [ e[ s

17. Eoww a > 1/2 ka1 f : R — C ouwvdptnon 2m-nepiodikn, n orola 1wkavoroiel tny
ovvOnkn Holder

|f(z) = f(y)| < K|z —y|*

yia kdbe z,y € R, dnov K > 0 owalepd. Aciére éu n oepd Fourier tns f ouvykdivel
aroAUtws, dpa ouoduopea.
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Trédeitn. Axohouvdolue tnv Bio dradixacta ye avtiv e Aoxnone 13. Ta xdde ¢t > 0
opilovye gi(z) = f(z +t) — f(x — ) xou, yenowonowdvtac Ty Toawtdtnta Tou Parseval,
BAénoupe 6T

1 2 oo ) .
o [ la@Pde = Y alsinke?IFb),
27T 0 e — o0
Xenowonowdvtag Ty cuviixn Holder nalpvouyue
oo R 1 2m 1 2m
Yo IsinktPfR)P = = [ flatt) - fle—t)Pde< — [ KP(20)*de
8 0 87 0
k=—o0
= K**.

Enéyovtac t = 7/2PFL éyoupe

) R e ] N K27T2a
Yo Isin(kr/27PIFR)P < Y [sin(k/27H) P F(R))? < P20 D)
2p-1<|k|<2P k=—o0
Opwe, av 2071 < |k| < 27 éyoupe T < | 22| < Z. ‘Apo, |sin(km/2PH1)| > sin(r/4) =
1/V/2 v autée tic Tée tou k. Emotpépoviac oty Teonyolpevn aviobTnTa, Tolpvoupe
K27T2a

1 T1)[2
) Z |f (k)] SW’

2r—1l<|k|<2p
onhad
- 2K2’/T2a
2
Z |f(k')| < 92a(p+1)
2r—1<|k|<2P

Xenowponowdvtoe Ty avicdétnto Cauchy—Schwarz, éyouue

SUmE =Y > k<o POERGIE

[k|>1 p=12r—1<|k|<2P 2P~ <|k|<2p

IN

2211/2\/5[(770‘ _ V2K T i
=

1
= < s
gepta 20 L y(a=b)p e

=1

oot v — % > 0. 'Encton 61U

oo

ST FmI= Y Fm+ S k)] < +oo.

k=—o00 k=—1 [k|>1






Kegpdiowo 10

OroxArpwua Lebesgue

10.1 Mzézpo Lebesgue
Owpdda A’
1. (o) Eotw A CR kar t € R. Aeiére dn
W (A) = i (A + 1)

(ro e€wtepikd pétpo €lvar avadlolwto ws TPOS UETAPOPES).
(B) Av emmAéor to A efvar petprionuo, téte to A+t elvar petprjouo.

Yrébaén. (o) Hopatneote v ov {1, }02 4 efvan puar xdhudm tou A ond avowxtd dcthipata,
t6te N {Jn}52,, émouv Jp, =t + I, eivar xdhodm tou A + ¢ xon

Z U Jn) = Z UIn),
n=1 n=1

duot £(t 4+ I) = £(I) yio x&de didotnua. Encton bt

pr(A4+t) = inf{iﬂ(Jn) tA+tC G Jn} < inf{iﬁ(t—&—]@ A C fj In}
n=1 n=1 n=1 n=1
= 1nf{ 3 0I,): AC [j In} = u*(A)
n=1 n=1

T v avtiotpogn xatebduvon, napatnehote 6t av {J, }oe, etvon wa xdhudm tou A + ¢
ond avowxtd draothpote, tote N {1, 02, omou I, = —t + J,, eivan xdhudm tou A.
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(B) Eotww X C R. T'pdgoupe
XY = (X =) = (X — ) N A) (X~ 1)\ A)
= p(—t+(XNA+))+p (—t+(X\(A+1))
— XN (A )+ (X (A1),

YETOWOTOUOVTAS TO OVAANOIWTO TOU EEMTEPIXOU PETPOU MG TPOS HETAPOPES (To omolo o-
nodelytnxe oto (a)) xou, yia TV devtepn WdTNTA, T0 YEYOVECS 6Tt T0 A elvon petpriowo.

2. (o) Eotw A gpayuévo vnoovvoro tov R. Aeiéte dui p*(A) < +o0.
(B) Eotw 6t1 to A C R éyer tovddyiotov éva eowtepikd onueio. Aeiéte 6n p*(A) > 0.

Yrébaltn. (o) Aol to A elvon gpaypévo, undpyelt a > 0 dote A C (—a, ). Arnd tov
oplopd tou e€mtepnol PéTpov,

p(A) <Ll(—a,a)) =2a < +o0.

(B) 'Eotw g eowtepd onuelo tou A. Trdpyel § > 0 dote (zg — 9,20 +6) C A. And v
povotoviat Tou eEWTEPIXOY UETEOV,

1 (A) > p* (20 — 6,0 +0)) = €((z0 — 6,0 + 0)) = 26 > 0.

3. (2) Av A, B C R ka1 p*(B) = 0, detére du p* (AU B) = p*(A).

(B) Av A, B C R ka1 p*(A A B) = 0, detlre én p*(A) = p*(B) (ue A A B ovpBolilovue
™ ouupetpikn hagpopd (A\ B) U (B \ A) twr A ka1 B).

Ynédaén. (o) Apos A C AU B, éyovpe p*(A) < p*(AU B). And tnv unddeon xou ond

TNV UTOTEOGVETIXOTNTO TOU eEWTEPXOV UETPOL TPoXVTTEL 1) avTioTEOp avicdTnTaL:
p (AU B) < p(A) + p* (B) = p*(A),

duot p*(B) = 0.
(B) Mapatnpriote 6t u*(A\ B) < w*AAB) = 0. Zuvende, p*(A\ B) = 0. pouw,

w*(B\ A) = 0. Tpdypoupe
W(A) < W(AUB) =" (BU(A\ B))
< pi(B)+p (A\ B) = p*(B).

Me tov {80 tpémo delyvoupe bt p*(B) < pu*(A).

4. (a) Eotw A C R kart € R. Yupforilovue ue tA to ovvodo tA = {tx | x € A}. Aeibre
bo1 i (£4) = |1 (A).
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(B) Eotw f: B C R — R ouvdptnon Lipschitz pue otadepd C, dnkadn |f(x) — f(y)| <
Clz — y| ye kdOe x,y € B. Acitre 6

we(f(A)) < Cur(4)
yia kd0e A C B.
(Y) Eotw A CR pe u(A) = 0. Aeitre én1 to otwolo A’ = {22 | z € A} éya ermiong pézpo
n(A") =0
Yrddeitn. (o) Eotw t # 0 (n nepintwon ¢ = 0 dev nopouctdlel evdiopépov). Topatnerote

ot ov {1,152, elvon wor xdhudn tou A and avowxtd Swotiuata, téte N {J,}02,, dnou
JIp = t1,,, elvan xdhudn tou tA xou

() =1t U,

duot £(tT) = [t|€(I) yio xdde ddotnua (e&nyhote yiotl). Eneton ot

inf{iE(Jn):tAg - Jn}ginf{iﬂ(ﬂn):Ag In}
n=1 =1 n=1
inf {|t if([n) tAC G

n=1

(B) Eotow {I,}52; eivar yioe xdhudm tou A and avowxtd daothpata. Mropolue vo unodé-
ooupe 6t AN, # 0y xdde n € N. Avx,y € ANI,, 6t

[f(z) = f(y)| < Clz —y| < CUI).

Yuvende, diam(f(AN1,)) < C4(I,). Enctou 6t 10 obvoro f(A N I,) nepiéyeton oe
ddotnua J,, wixoue £(Jy,) < CU(I,). H {J,}22,, énov J,, =t + I, elvar xdhudn tov
f(A) xa

p*(tA)

1C3

fn} — [t 1" (A).

3 0(J,) < Cié([n).
"Eneton 4711 " -
p*(f(A) = inf{Zé(Jn) A Y Jn} ginf{z Ccul,):Ac | In}

= Cu(A).

(v) T xdde n € N opllovpe A, = AN [—n,n]. Hopatnpriote 6t pu(A,) = 0 xou 61 1
f(z) = 22 etvar 2n-Lipschitz oto A,. Ané 7o (B) ouunepaivouyue 6t
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vy x&de n € N. 'Eneton 61

n=1

p(f(A) = p* <U f(An)> <D W (f(An) =0,

smkad, u(f(A)) = 0.

5. Botw E CR ue 0 < p*(E) < 400 kat éotw 0 < a < 1. Aeiére 6n vndpye avoryts
owdotnua I pe tnr 1distnta
p(ENI)>al(l).

Yrédatn. Anbd tov opioud tou e€wtepinol pétpou, yua xdde € > 0 unopolue vo Ppodue

axohovdia {I,,} avoxtdv daotnudtwy dote A C (J)7 | I, xou

S M) < (1+2)u"(A).

Ané v unonpocdetixdtnta Tou p* malpvouue

oo

pA) <3 (AN ).

n=1

And T mopomdve aviobTnTES €neTan OTL, Ylo xdmoov m € N,

1
(ANLy,) > ——Iy).
WAN L) > 1 ()

Hofpvovtag € = 2 — 1 > 0 éyoupe 10 {ntoluevo.
Ynpeiwon. To cuunépacua oylel xoau oty mepintwon nou p*(F) = oo. IHoapatnprote
ot umdpyet M > 0 oote 1o Ey = E N [—M, M] vo wavornowel v 0 < p*(Ep) < o00.
Eqgopudlovtag to anotéheopa g Aoxnong 5 yio 1o Ejy, Peloxovpe avouytéd ddotnuo 1
HE TNV WBLOTNTA

p(ENI)>p (EynlI)>al(l).

6. Eotw A petpriouo odvodo ka1 § > 0 dote p(ANT) > § 4(I) ya kdOe avoryté idoTnua.
Acitre du u(A€) = 0.

Yrédatn. Apol p(ANI) < L(I) yio xdde avowtéd ddotnua I, ouunepaivoupe 6t 0 < § <
1. Av rdh 6 = 1, éxoupe p(AN(—n,n)) = 2n vy xdde n € N, dnhadd u(A°N(—n,n)) =0
v x&de n € N, dpa 1(A°) = 0 (e€nyfote To Prgata).

Trodétouye howmdy 611 0 < 6 < 1. 'Eotw 6t p(A°) > 0. And v Aoxnon 5, undpyet
avolyté ddotnue I pe Ty wLoTnTa

wW(A°NT) > (1—6) ().
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Tote,
w(ANI) = p(I) — p(A°NT) <U(I) — (1 =0) 1) =36L(I),

10 onolo elvar dromo and tnv unddeon.

7. Eoww A, B CR e
dist(A, B) = inf{|lx —y|: x € A,y € B} > 0.

Aceitre 6n1
p (AU B) = p(A) + p*(B).

Yrédeitn. H avioétnto p* (AU B) < p*(A) + p*(B) woylel mdvta, and tny utonpocdett-
x6tNToL 10U e€wTepnol PETEou.

Tt tnv avtiotpogn aviodtnta unopolue va utodécovpe 6t p*(AUB) < 0o. Eotw e >
0 %o €0t {1, }22 4 pa xdhudn tou AUB and avouxtd Swoothuato. T xdde n € N pynopod-
e va Beoldue menepaouéva To TAHYOC avouxTd SLUCTAUNTA Jy 1, . -+, JIn k, ME UWHAXOC UxEOTE-
po and §/2, 6mou 6 = dist(A, B), dote I,, C Jp1U- Uy g, xou £(1,) < Zﬁ;l U(Jns)+5e
(av Iy = (an, by,), VewphioTe 0 xhe1oT6d DdoTUAL [ay — 557, bn + 5T | xou YwploTe T0 oE
ky, Suadoyxd Sloothuortor phxous pixpdtepou and 6/2). Téte, n{J, s :n € N;1 < s < k,}
elvan xdhudrn Tou AU B and avorrtd Stao Aot uhixous uxpdtepou and §/2, xou

oo kn %)
DD Uns) <D M) e
n=1s=1 n=1

Av {Us}52, ebvon 1 owxoyévers v Jp s yioe to ool AN Jps # 0 xon {Vi}352, ebvon 7
oovévelo TV Jy s v o ool BN J, s # 0, t6te A C Joo, Us, B C Uiy Vs xou
Us NV, = 0 yioe x8de s, m: vy tov tehevtado toyvplopd napatnehote 6tLav y € Us NV,
téte undpyouv a € ANUg xaw b € BNV, dote |y —a| < €(Us) < §/2 xou |y — b| <
(Vi) < 8/2, ondte dist(A, B) < |la —b| < |a —y| + |y — b <, 10 onolo eivor dromo. Me
GAha Moya, xardévo amd Tor avoutd Staothuota Jy, s aviixel ot piot to mohd and te {Us 152
wou {Vs}S2,. Tére,

M8

p'(A) +p(B) (Us) + > U(Vy)

5;} .

< YD UJn)
n=1s=1

< ZE(LL)Jra.

3
Il
-

Ioipvovtae infimum we npoc dhec Tic xohddewe {1,152, tov AU B, cupnepoivouye 4T

pr(A) +p*(B) < (AU B) +e,
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xa, ool 1o € > 0 Aoy Tuydy, éyovue ot p*(A) + p*(B) < u*(AU B).

8. Eotw A CR petprioipo otvolo pe 0 < u(A) < +oo.
(o) Aetlre 6n1 n ouvdptnon f: R = R ue f(z) = p(A N (—o0,2]) evar ovvexris.
(B) Aeitre én vrdpyer petprioto ovvodo F ue F C A ka1 p(F) = p(A)/2.
Yrédean. (o) 'Eotw z,y € R ye z < y. Iopatnperiote 6
AN (7OO,y] - (A n (700733}) U [‘ray]a
dpa
£(9) = WA (=00, < (AN (~00,a]) + plle,3]) = F(&) + (g — 7).

‘Eneton 611, vy xde x,y € R,

[f (@) = f(y)] <[z -yl

(eZnyfote yuatt), dnhadh n f elvou 1-Lipschitz.
(B) Hopatnerote bt

lim f(n)= lim p(AN(—oco,n]) = u(A4)

xou
lim f(—n)= li_}In u(AN (=0, —n]) = p(d) = 0.

n— oo

Xenowonofoope 10 Yeyovic 6t 1 axohoudion AN (—oo, n] avidver oto A xou 1 axohoudia
AN (=00, —n] @diver oto %ev6 cdvoro (xon (A N (—oo, —1]) < p(A) < 00). Agol 1 f
elvan cuveyrg xou

0= lim f(-n)< %A) < lim f(n) = p(4),

n—oo n—oo

undpyel € R dote

F(a) = u(AN (~o0,2]) = 44

O¢tovtac F' = AN (—oo, ], naipvouye to {ntoduevo.
9. Eoww A CR. Aeire du wa e&rjs elvar wwodvvapa:
(i) To A elvar petpriopo.
(ii) Ta kdB € > 0 vndpyer kKAewté F CR pe F C A kat p*(A\ F) < e.

(iii) Yrdpyer Fy-otvoro I’ dote I' C A ka1 p* (A\T) = 0.
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Ynébaén. (i) = (ii). Eow ¢ > 0. To A elva petprowo, dpa to A elvon petpriowpo.
Tvepiloupe 611 undpyet avowtéd chvoro G wote A° C G xou p*(G\ A°) = u(G\ A°) < e.
O¢tovpe F = G°. Téte, 1o F ebvar xhewot6d, FF C A, waw A\ F = G\ A°. Zuvendc,

pHANF) = p*(G\AY) <e.

(i) = (iii). TroYétovtag to (ii), yio xdde k € N pnopolye vo Ppodue xhewoté Fi, C R ye
F, C A xa p*(A\ Fy) < 1/k. OpiCovpe ' = U,:il Fi. To T elvar Fy-c0Ovoro xou I' C A.
IMopatneotue ot

pr(ANT) < p(A\ Fy) <

T =

v xde k € N, dpa
i (A\T) =0.

‘Exoupe howndv anodeiZet To (iii).
(iii) = (i). YTroVéroupe 6T undpyer Fy-cOvoro I' dote I' € A xau p*(A\T) = 0. To
AN\T elvon petpfowo (Exel undevind elwtepnd pétpo). To I' avixer otnv Borel o-dhyefpa
(we apriurown évwon xhelotthv cuvdrey). Apa, to I elva petprowo. T'pdgpovrac
A=TU(A\T)
oupnepaivoupe 6t o A elvon petprowo.
10. Eotw (A,) axolovdia vroourddwy tov R. Opilovue ta odvola
limsup A, ={z € R |z € A,, ya drepa n}
Kai
liminf 4, = {x € R| vrdpyer no(x) € N dote x € A,, yia kd0e n > ng(z)}.

Aeiéte 6u1

limsup 4,, = ﬁ D A, xouw liminf A, = D ﬁ Ap.
n=1k=n n=1k=n

TYrddeitn. (o) Mapatnehote 6t = € (Nor g Une,, Ak av xou uévo av v x8de n € N ioylet
z € Ui, Ak, dnhadh av xou uévo av yio xdide n € N undpyer k > n dote © € Ag.
E&gnyrote vl n teheutaio ntpdtaon oylel av xou wovo av & € A yio Anelpes TIES Tou k.
(B) Mopatnehote 6t x € U, Nie,, Ak v xou pévo undpyet n € N dote € (re,, Ak,
OnAad” av xon wévo av undpyel n € N dote yio xdde k > n vo ioyler € Ay, dnhadr av
%o UOVO av TO T avixeEL o€ Tehxd dho Tor A.

11. Eoro (A,) axolovlic petprioiuwy vroowddwr tou R. Aeiére du:
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(o) Ta limsup A,, ka liminf A,, efvar petprioipa ovvoda.
(B) p(liminf A,,) < liminf p(A,) xar av p(USZ,Ay) < 400 tdte

limsup p1(A;) < p(limsup Ay,).

(v) Av Y07 w(Ay) < +oo, téte p(limsup A4,,) = 0.

Yrdébaén. (o) Apol xdide A, elvon yetpriowo odvoro, and Tic

limsup A, = ﬁ D A xou liminf A, = [j ﬁ Ap
n=1k=n n=1k=n

ebvan povepd étu to lim sup A, xou lim inf A,, etvou petpriowwa obvoha (yenotuonoloye to ye-
yovég 6Tl apldufolues TopéS ot dpLOUACLUES EVOOELC UETEHOWWY CUVOAWY Elvol UETEHOLUA
oUVONQL).

(B) ©¢étoupe B, = (i—,, Ak. H axohoudia (By,) elvan avZovoa xau |Jo—; B, = liminf A,,.
Apa,
p(liminf A,) = lim w(By).

n—oo

Ané v & mhevpd, B, C A, dpa p(By) < pu(Ay,). Xuvenoe,

lim p(B,) < liminf u(A,).
n— oo

n—oo

Suvdudlovtac ta napamdve, éyoupe p(liminf A,) < liminf p(A,).
‘Opota, 9étovpe Cp, = U, Ak. H axohovdio (C,) ebvon gdtvovoa xou (o, Cp, =
limsup A4,,. Ané v unddeon éyovpe u(Ch) < +oo, dpa,

p(limsup A,) = li_>m w(Ch).
Ané v & mhevpd, A, C Cy dpo u(Ay,) < u(Ch). Zuvende,

limsup u(Ay,) < lim p(Cy).
n—oo

n—oo

Yuvdudlovtag ta mapandve, eyoupe limsup p(A4,) < p(limsup A,).
(v) Me tov ouufohiopd tou (B), v xdde n € N éyouye

pllimsup A,) < p(Co) <Y p(Ag).
k=n
Aol Y727 u(Ay) < +oo, éyoupe

nlgr;o Z w(Ag) =0.

k=n
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‘Eneton 6t p(limsup 4,,) = 0.

12. Aeire dn ta axdlovda ovrvola eivar ovoda Borel kai Bpefte to uétpo tous: Q, R\ Q,
[0,1]\ Q, C + 1, 2C, émov C o aivoro tou Cantor.

Yrdéoeitn. (o) To Q elvon cprduriowo, dpo petpriowo ovvoro xou u(Q) = 0.

(B) To R\ Q elvou petpriowo we cuumifpwua yetpriowou cuvéhou. To xdlde n € N éyouye
(10,7 \ Q) =1 — p(([0,1] N Q) =n — 0 = n. Sovercrs, (R \ Q) > ([0, 7] \ Q) = n yio
x&de n € N. 'Eneton 61 pu(R\ Q) = oo.

(v) To [0,1]\Q = [0,1] N (R\ Q) elvon petpriowo we toun petprhiotwy ouvorwy. ‘Omng
10 (B)» Phénovyue oL /L([O, 1] \Q) = /1,([0, 1]) - /1'([0» 1] nNQ=1-0=1

(8) To C elvou petpriowo xou €xel pétpo undév. Anéd vy Aoxnon 1, to Bio woybel xou yia
0 C'+ 1 (uetopopd touv C).

(e) To C eivan petpriowo xou €xel uétpo undév. Aoulebovtog émwe oty Aoxnon 4,
Brénoupe 6Tl 0 2C elvon Yetpriowo xa Exel u€Tpo Undév.

13. Eotww A vrepapifunioipo odvoro kar X n owkoyévea twr vnoovwrdlwv X tov A mou
ikavorooUy to e&ris: efte o X 1 to A\ X efvar apidunioipo. Aetére drin X elvar o-dyePpa.

Trdédaén. 'Exoupe A € X ddt 10 A\ A = () etvon aprdpfioyro cOvoho.

‘Eotww X € X Térte, elte 10 X ebvan aprduriowo # 1o A\ X elvor aprduriowo. Av to X
elvon aptiufowo, éyouvpe 61t A\ X € X dbti 1o A\ (A\ X) = X elvau oprduriowo, eved av
0 A\ X elvou aprduriowo éneton ndht (dueoa) 61 A\ X € X.

‘Eotw {X,,}22, oxohoudia cuvorwv otnv X. Av bha to X, elvon aprdprioor cOvola,
t6te 10 (U)o, X elvan aprdpfiowo x autd, dpo avixel oty X. Av urndpyer m € N dote
0 A\ X, v ebvon aptdpiowo, téte and v A\ U, X,y € A\ X éneton 6t 10 A\ X,
etvan aprduriowo, dea | U, X, € X. e xdde nepintwon howméby, n évwon twv X, avixet
otny X.

Ané To nopandve éneton 6Tl 1 X elvon o-dhyeBpa.

14. Aeitze dn o apiuds 1/4 avijker oo ovvoro tov Cantor.

Yrnébaén. Aciyvoupe pe emaywyh 6t vy xdde n € N, o 1/4 Peloxetar oto eowtepnd

XATOLOU Om6 To HAELGTY DLACTHUNTA I,gn) nou oynuatiCouv 1o Cp, xan ywellel to I,in) ot

dlo pépen mou éyouv héyo 3 : 1 av n mepittéc xau 1 : 3 av n dptioc. Emeton 61 § € C

AN, yon xdde n € N, o § Bev elvan dxpo xavevog amd Tor 2™ xAeioTd Do T I,gn) Tou
oynuotiCouv to C,.
T napdderypa, oc utodécovue bt & € I,g") = (a,b) xu x —a = 3(b—x) (3, o n
elvan meptttog). Lto enduevo BhAua, ywellovye o [a,b] oe tpio loa yéen xo xpatdue Ta
3b+ta

[a, 22£2]  [22Ea p] . Tlapatnpfiote 6t o = 2H doo 2202 < 2 < b xou

b_x:b_3b—|—a:b—a:3(36+a_2b+a) :3(3:—21);_&).

4 4 4 3
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15. Eéetdote av o1 mapaxdtw npotdoelg eivar aAnleiS 1 pevdeis:
(i) Av ACR ka1 p*(A) =0, tdte 1o A elvar nenepaoiévo 1j dreipo apiduroto avvolo.
(ii) Av A CR ka1 vo A dev efvar uetprjoipo, tote p*(A) > 0.

(iii) Av A,BCR, u*(A) < 400, B C A, o B etvar perpriouo kai u(B) = p*(A), tére
0 A elvar petprioipo.

(iv) Eotw A C [a,b]. Tére, p*(A) = 0 av ka1 udvo av vrdpyer kdlvpn tov A and pa
axolovdia avoiktdy Suotnudtov (I1,) dote Y o U(I,) < 400 ka1 kdle © € A
avniiker g€ drepa to tAndos and ta dwwotiuata I,.

(v) Av A CR tdre p(A) =0 av ka1 uévo av éAa ta vnoolvoda tov A elvar petprioa.

Yrdédaln. (1) Peudhc: 10 odvoro tou Cantor €yel undevind uétpo ahhg eivon vnepapLdur-
oo cUVolo.

(i) Adndnic: duott, xdde ohvoro A C R pe p*(A) = 0 eivon petprioo.
(iil) Adndrc: ot v xdde n € N urdpyel G, avolytd cbvoro dote A C Gy, xou pu(Gy) <
L4 pu*(A). OplZovye G =NG,, onéte BC AC G xa

WG\ B) = (@) ~ u(B) < —,
yioo x&de n € N ou onpadver 611 1o N = G\ B eivan undevixd odvoro. Téte, A =
BU (AN N), 10 onolo eivan petpiowo.
(iv) Adndhc: Av p*(A) = 0, tote v x&de € > 0 vndpyet xdhudn tou A and avoixtd
doothuata (J5) dote Yoo U(J5) < e. Oétoupe I,y 1= TP Tére, 1 OYEVELDL TOVY
OVOLXTWV Bl TUETOV I, m Exel Tic {nrolueves WibTHTES. AvtioTtpogor éotw (I,,) xdhudn
avouTov dactnudtoy pe Yoo, U(I,) < +oo. Eotw e > 0 Téte, undpyet ng € N wote

Sooe U(I,) < e. Kadacg, xdde x € A avixel o dnepa (1), éneton 6t A C oo I,.

n=no n=no

Supnepaivoupe 6t p*(A) < e. E@doov, 10 € > 0 tav tuydv éyovue p*(A) = 0.

(v) Adndfc: Av p(A) = 0, t61e pogavis 6ho. ot UTOGUVORS Tou elvan petprioto. Av
1(A) > 0, t61e 10 A mepiéyel un petpriowo oivolo.

Oudda B’

16. Eotw A C [a,b] pe u(A) > 0. Aeiére du vndpyovr z,y € A dote x —y € R\ Q.

Ynédatn. Av dev woylel to {nroduevo, tote A— A ={z—y:z,y € A} C Q. Agol
#(A) >0, to A elvan un xevéd. Ltodeponolodue xg € A xou and v

A-20CA-ACQ

ounepalvoupe 6Tt 10 A — T, dpa xou o A, givon aprduriowo cdvoro. Téte, u(A) = 0, to
onolo etvan drono: and v vnddeon éxouue p(A) > 0.
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17. (a) Av o A efvar petprionuo kar p(AAB) = 0, téte to B elvar petprioiio kai
u(B) = p(A).
(B) Av ta A, B eivar petprionua, téte

u(AU B) + (AN B) = u(A) + u(B).

(v) Av ta A, B etvar petprioiua, A C B kar pu(A) = p(B) < 400, téte u(B\ A) = 0.

(d) Adote mapdderypa petprionuwr owilwv A, B pe A C B kar u(A) = p(B), addd
uw(B\ A) > 0.

Yrédeitn. (o) And v u(AAB) = 0 éyxoupe 6t T A\ B, B\ A eivor petpfiowua xou
u(A\ B) =0 xou pu(B\ A) = 0. T'pdgovrac

B=(ANB)U(B\A)=[A\(A\B)]U(B\4),
cupmepatvouye 6TL To B elvou PeTEFoo, Xou
n(B) = [1(A) — p(A\ B)] + u(B\ A) = p(A).
(B) Tedpouye
u(A) + p(B) = (AN B) + p(A\ B) + u(B) = n(AN B) + p(AU B),

XenoworodvTog 1o yeyovoe 6t ta A\ B, B elvou &éva xan AU B = (A\ B) U B.

(v) An6é v B = AU (B \ A) radpvoupe p(B) = p(A) + (B \ A), diot o A xou B\ A
ebvan Eéva. Aol pu(A) = p(B) < 400, doypdpovtde ta, and Ty Tponyolduevn ot
nadpvouue u(B\ A) = 0.

() Av A =[1,400) xou B = [0, +00), t61c A C B, u(A) = p(B) = +oo xow B\ A =0, 1),
dnhadhf p(B\ A)=1>0.

18. Eoww E, = {z € [0,27] | sinz < 1/n}. Yrodoyiore ta u( (N, En) karlim, o p(Ey).

YrédeiEn. Eyouvue E,, = [0,a,) U (7 — ap, 27], 610V a,, = arcsin(1/n). Lvvenaoc,
w(Ey) =7+ 2a, = 7+ 2arcsin(1/n).

Hapatnehote 6t 1 {E, 152 ebvon gdivovoa xou (2, E, = {0} U [, 27]. Apa,

DL

En) = nh_}rr;o w(Ey) =m.

(

n=1

19. FEowo f: R — R. Aeibre én1 to ovvolo

A={zeR|nf elvar ourexnis oo x}
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etvar ovvodo Borel.

Trédein. o wéde m € N opilouye
Ap, = {x € R : undpyet § > 0 dote v x8e y, z € (v — 6,z + J) vo woyle [f(y) — f(2)] <
m

Aeilte 611 A = ﬂizl A, xou 6t xdde A,, ebvon avouxtd cOvoro. ‘Erncton 611 to A elvan
G s—olvolo.

20. Eotw f, : R — R axolovdia ouvvexdv auraptrioewy. Aeitre 6t to olvodo
B={zeR| lim f,(x) =400}
n— oo

etvar ovvodo Borel.

Yrdéoeitn. Ilapatnpriote 6 lim f(x) = 400 av xaw uévo av vy xdde s € N undpyet
n—oo
k € N dote v xdde n > k vo woyler frn(x) > s. Suvendc,

||
\\38
||C8

ﬂ {zr eR: fr(x) > s}.

Aqgol ou fy ebvan ouveyele, xdde obvoro e popphc {z @ fr(z) > s} (émou s,n € N) eivou
avowxto. ‘Apa, to B elvan ahvolo Borel.

21. Eoww f: R — R ouvexris ouvdptnon. Acitte éu ya kdde Borel B C R o f~1(B)
etvar ovvodo Borel.

Trédaén. 'Eotw B 1 Borel o-dhyefpa. Opiloupe A={ACR: f~1(A) € B}.
(i) Eyxoupe f1(R) =R € B, dpa R € A.

(i) Av A € Axéte f71(A) € B xou, agol n B etvow -3 yelpa, f1H(AS) =R\ f~1(A) €
B. Yuvernog, A€ € A.

(iii) Av A, € A, n €N, 161
-1 <U An) — U f71
n=1 n=1

86t 1 B elvon o—dhyeBpa. Tuvenoe, (o, A, € A

(iv) Av A C R avowxtd, t6tc 10 f1(A) ebvon avouxtd Dbt 1 f ebvon ouveyhc, dpa
f7HA) € B. Anhadn, n A nepiéyet 1o avouxtd unochvola tou R.
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‘Eneton 6t 1 A ebvar o-8hyefpa mou mepiéyel to avoxtd unocivore tou R, dpa A D B.
Auté detyver 6T yio x&de Borel B C R to f~1(B) eivou ohvoro Borel.

22. Ia kdO x € [0,1) oupPorilovpue ue (x1, 2,23, ...) tnr dekadikj tapdotaon Tov x
(av To x éxer 6Vo Sapopetikés dexadikés mapaotdoes Jewpolue exelvn mov teAeidver oe
drepa undevikd). Bpefte to eEmtepikd pétpo kadevds and ta odvola:

(i) A1 ={x€0,1) | z1 # 5}
(i) Ao ={z€[0,1) |21 #5 ka1 zo2 # 5}.
(iii) Az ={z €10,1) | yie kd9e n=1,2,..., x, # 5}.

Yndébaén. (o) Hopatnerote ot

Suvende, p(Ar) = 3.

(B) T tov oplopd tou Ay yowploope to [0,1) oe déxa oo xou dadoyixd npuovoxtd dia-
othuata [0,1/10),[1/10,2/10),...,[9/10,1) xo agopéooye to [5/10,6/10) to onolo eivou
70 oOvoro Twv z € [0,1) yio T onola 21 = 5. Tt v oplooupe 10 Ag ywpiloupe xodéva
ond ta vndrowno daothpara [k/10, (k + 1)/10), k # 5, oe 8éxa loa xou Swadoynd nuiavol-
%78 B TApota uhxoug 1/10% xon aponpolue to éva and autd (o éxto x&de popd ebvon To
oUVONO TV GNPEIY TOL UTOBLCTAUNTOC Yia To ontola g = 5). Autd ornuaiver 6Tt 10 Ag
amotele(tan and 81 Zéva nuiovowrtd Swothpata pixoue 1/100. Suvenade,

81 9
A)=—=|—=]) .
n42) = 155 <10>
(v) Tuveyilovtag autédv tov cUNROYIoWS, PAénoupe 6TL To oUVOlO

A, ={x€[0,1)]|x1 #5,...,2, # 5}

i = (35)

Suvende, v 0 ovoho A = {x € [0,1) | yiaxdde n = 1,2,..., z, # 5} éyoupe
A =" Ay xau, agol 1 {A,} ebvon gdivouca axohoudia cuvorwv, Talpvouyue

€yeL U€Tpo

n—oo n—oo

W(A) = lim p(A,) = lim <1‘%>n:o.
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23. Eoww 0 € (0,1). EravadapPdrvouvue tny Swedikeoic kataokevris tou ouvélov tou
Cantor ue tn dagopd 6T1 0T0 N-00T6 Prija apaipolue kevTpiké avoryté SidoTnHa UNKOUS
0/3" and kde tidotnua mou éxer anopeivar oto (n — 1)-00tdé Pripa. Katadijyovue o€ éva
ovrodo Cy «tinov Cantory. Aeciéte 6t

() To Cy etvar téeo ka1 dev mepiéyer avoytd Saotripata.

(B) To Cy etvar vrepapiduniopo.

(y) To Cy etvar perprionuo kar u(Cyp) =1 —60 > 0.

Trédaén. Oewpoiue 10 didotnua 10 = [0,1] xou 10 ywpiloupe oe tpia BaoThuato: o
pecato €yel unirog g %ot To GAAa 800 €youv To (Blo prxoc. Agaipolue To avoxtd yecoio
didoTnua xou ovopdlovue I 10 clvoro mou amopéver. To I eivar Tpowavic xheiotd
ovvoro, xou pu(IM) =1 — g. Xopllovye xadéva and to 800 Swothpata Tou oynuotilouy
70 IV oe tpla Slaothuata: To pecaio éyel uAxoc 3% %o ToL dhha Vo €youv to (Blo unxoc.
Katémy, agorpolpe o peooio avouxté didotnua. Ovoudlouvue 1) to sivoho tou anopével.
To I eivor mpogavie ¥helotd Glvoro, xou

0 0 0
IOy = (1MW) -2 =1—- 2 -2,
p(I®) = p(IW) 255 =1- 2 — 255
Yuveyilovtoc pe autév tov Teémo, xatacxeudlovye yio xdde n = 1,2,... évo x\eloTo

cvvoro I ¢t Gote 1 axohovdia (1)) va éyel Tic e€ne BLotnec:
(1) 10 o 10+ yig xéde n > 0.
(ii) To I™ eivon 1 évewon 2" XAeloTGOV BlaoTNUdTLY ToU éYouv 1o (Blo prixoc.
(i) p(I™M)=1-4¢ 25 —... —2n-1.0

Téloc, optloupe
o0
Cy= () 1.
n=0

IMopotnpotue dt

9 n—1
- I (MY — |3 _ B (e =1—
w(Cy) = nh_)rrgo w(I'™) = nh_{rgo |} 0 <1 (3) >] =1-6.

Av I,in) ebvau xdmoto amd o xAeLoTd Blao Tt Tou oy nuatilouy to 1™ téte To urxoc Tou

, , -1 i’ . /
I,g") elvon (oo pe % [1 -0 (1 - (%)n )] — 0. Xenowonolhvtoag authv TNV TAneogopia
%o SOLAENOVTAC 0TS OTNY TEP(MTWOT Tou xAaotxol cuvdlou tou Cantor, umopolue va

oel€oupe 6TL 0 Oy elvon Téhelo xou Bev TEPIEYEL BIACTAUATAL.

Owpdda I
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24. FEorw {q,}5%, wa apibunon tov QN [0, 1]. I'a kdGe € > 0 opilovue
n=1 M@ apwunon piloupu

10U (- o ).

n=1
Télos, Oéroupe A = N3 A(1/5).
(o) Aetlre 6m p(Ae)) < 2e.
(B) Av e < % betere 6r1 70 [0,1] \ A(e) efvar un kevd.
(v) Aetbre 6u A C [0,1] kar p(A) = 0.
(®)
Yrédein. (o) HMapatneriote 6Tt

z:: (o - 2n’q”+2n)): o =

n=1

Acttre 6t QN [0,1] C A kai dut vo A efvar vrepapiOurioipo.

Av 70 [0,1] \ A(e) Hrav xevéd, da eiyope [0,1] C A(e), ondte 1 < p(A(g)). Ouwe, av
, and 1o (o) nadpvouye u(A(e)) < 2e < 1.

1 ’
5 O
¥) Aol 0 < g, <1, yie x&de j € N éyouvue A C A(1/5) C [-1/4,1+ 1/j]. "Apa,
¢ Xovu

AC

38

[=1/5,1+1/4] = [0,1].

Il
-

J

Eniong, ané to (),
u(A) < w(A(1/5)) <2/j
yioe x&de j € N. Apa, u(A) = 0.
(d) Eyovpe QN [0,1] = {g, : n € N} C A(1/j) yia x&de j € N, dpa QN [0,1] C
ﬂ;; A(l/j) =
TNa xdde j € N, 1o [0,1] \ A(1/7) elvon xhetotd xou novdevd uxvd (SdtL dev mepiéyel
entole). Ag unodécoupe 6Tt to A ebvan oprdurfowo. Av A = {z,, : n € N}, t61e ynopolye

VoL Ypddouue
0,1] = AU ([0,1]\ A) = <U{wn}> U01\A1/]>

Avté odnyel oe drono: Gk T sUvora {zy}, [0,1]\ A(1/4) ebvon xheiotd, dpo xdmoo and
outd Vo émpeme va mepiyel didotnua, omd to Yedpenua tou Baire. Xuvende, to A elvo
unepapLiufoiuo.
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25. FEoww {A,} akodovdia Lebesgue petpioiumy vroourddwy tou [0, 1] e tny 1bidtnta

limsup u(A,) = 1.

n—oo

Actte 6ri: ya kd0e 0 < a < 1 vndpye vraxorovdia {Ay, } tns {A,} pe

1 (NRZy Ag,) > a.

Yrébatn. Agol limsup u(A,) = 1, v xdde € > 0 xou yio xédde m € N ynopoldue vo
n—oQ
Beolue n > m oote p(A,) > 1 —e.
'Eotw 0 < a < 1. Enaywywd, Beloxovye k1 < ko < -+ < kyp < kpy1 < -+ QoTe
1-a

Ak, ) > 1= —

Térte, av Véooupe Af = [0,1] \ Ag,, éxovue

n?

e 00 1—a
p (U AL) < S pag) < 3t =1
n=1

n=1

YUVETOC,
(N Ay,) =1 —p(UpZ A7) > a

26. Eotw E éva Lebesgue petpriouo vrootvolo tou R pe p(E) < co. Eotw {A,} axo-
AovOia Lebesque petprioiuwy vroouvdlwv tov E kai éotw ¢ > 0 ue Ty 1ididétnza p(A,) > ¢
ye kd0e n € N.

(o) Aetlre 6m p(limsup 4,,) > 0.

(B) Aeire én vrdpyer yvnoiws atéovoa akolovdia {k,} guoikdy pe tny ibidtnta

() Ax, # 0.

n=1
Yrnébaén. (o) T xdde k € N éyoupe US L A, D Ay, dpo

(U An) > (AR) = .
Av Yéoouvue B, = U2, A, t61€ E) N\ limsup A,, xou pu(E1) < p(E) < 0o. Zuvende,
p(limsup A,) = klim w(Ey) > c¢> 0.
—00

(B) Aol p(limsup A,,) > 0, éyovye limsup A,, # 0. Anhad¥, undpyer © € E o omnolo

avixer oe dmepa 10 TARYoc A,. Ioodivapa, undpyet yvnoing avZovoo oxorovdia {k,}
PuoXAY pe THY WidTTa & € NS Ay, . Me dhho Noya, NS4 Ay # 0.
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27. Eotww E éva Lebesgue petpriouo vnootvodo tou R e pu(E) > 1. Aeibre du vndpyouvy
r#y oo E dote x —y € Z.
Yrébaén. Opllovue E,, = EN[m,m+ 1), m € Z. Kdde E,, eivar Lebesgue yetpriowo,
ta By, elvon E€va avd 800, xou 1 évewony Toug elvon to F.

©¢tovpe By, = B —m={z—m: z € E,,}. Ilapatnpriote 61 Fy,, C [0,1) vy xdde
m € Z. Ou delfoupe 61 undpyouvy m # n oto Z dote Fp, N F, # 0. Tpdyuott, av to Fiy,
Arav E€va avd 800, tote Va elyoue

1= 1([0,1)) 2 1t (UnezFin) = 3 nl(F):

meZ

Opwe, w(Fy) = w(Ey) v xéde m. Xuvende,

Z w(Fm) = Z W(Em) = p(E) > 1.

mEeZ meZ

YuvbudlovTag TiC Tapandve) avicOTNTES XaTahiyoupe oe dtoro: 1 > 1.
Trdpyouv howndy m # n dote (Ey —m) N (E, —n) # 0. Anhadi, urdpyouv x € E,,
xou y € B, wote
rT—m=y—n.

Me dhho Moya, undpyouy z,y oto E dote x —y=m —n € Z\ {0}.

28. Eoww E éva vroovvodo touv R. Opiloviie to eowtepiko uétpo Lebesque tov E Oérovtag
f1(iy(E) = sup{u(F) : F C E, F x\e016}.

(o) Aetlre 6r py(E) < p*(E).
(B) YrmoOéroupue én p*(E) < 0o. Acibre éti o E elvar Lebesgue petpriono av kar uévo av
1y (E) = p* (E).

(v) Aeitre 6ni av pu*(E) = oo tdte n wodvvapia oto (B) dev elvar ndvta owoth.

Yrdédeitn. (o) And tnv yovotovio tou ewtepxol pétpou €youpe u(F) < p*(E) vy xdde
whewt6 F C E. Yuvenog,

e (E) =sup{u(F): F C E, F xewt6} < u*(E).

(B) Trodétouvpe mpodta 611 0 E eivon Lebesgue yetpriowo. Eotw € > 0. ZEépoupe 6
umdpyet xhewoto F C E oote p(F) < p(F) +e. And tov opiopéd tou p(E) éneton 6Tt
W(E) < ps(E) +e. Toe > 0 Arav tuydy, doo p*(E) < p.(E). And to (o) mpoxdntel
LoOTNTAL

Avtiotpoga, ag vnodécoupe 6t p*(E) = . (E) < co. Mropolpe téte va Bpolue Gs—
ovvoho G xau F,—ctvoho F ote F C E C G xaw u(F) = p*(E) = pu(G) < oo (e&nyrote
ytl). Tote, p(G\F) = p(G) — w(F) = 0xw E\F C G\ F, onéte 10 E \ F eivau
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Lebesgue petpriowo (e w(E\ F) = 0). Enctn 6u w0 E = FU(E \ F) eivan Lebesgue
METEROLUO.

(v) Av p*(E) = oo t61e 1 1ooduvapia oto (B) dev eivar tévto oo, ye v e&hc évvola:
untdipyEt un YeTpriowo oVvoho E pe ui(E) = p*(E) = co. Hopdderypo: Yewpriote éva un
petpriowo A C [0, 1] xou ndpte cav E 10 AU [2, +00).

29. I'a kdfe A € M ka1 ya ki8¢ x € R opilovue

. pAn(x—t,x+1))
Azx)=1
pled) = Jim S

av avtd o dpio vrdpyer. O p(A,x) elvar n peteixr tuxvotnta tou A oto onueio x.
(o) Aetlre 6t p(Q,z) = 0 ka1 p(R\ Q,z) = 1 yia kde z € R.
(B) Eotw 0 < a < 1. Katraokevdote otvoro A C R e tny iidtnza p(A,0) = a.

Yrédeitn. (o) Do xdde = € R xon yioo xdde ¢ > 0 €youpe
p@Q@nN(z—t,z+1) =0 o p(R\Q)N(x —t,z+1)) =2t

[Mopatneriote 61 to 800 clvola elvon Eéva, €xouv évwon to (z — ¢,z + ), xou To TPWTOo
elvan aprduriowo we utooivoro touv Q.] ‘Encton 611

p@QnN(z -t x+t)

= 1i —
PG = I, 2 !
(R\ Q)N )
. p((R N(x—t,x+t .2t
P(RA\Q,z) = lim, o Jm o

(B) T x&de n € N opiloupe

1 1 1 1
Co=|——,—- Ul——mo1,—].
n° n+1 n+1l'n
Y ouvéyewa emhéyoupe petpiowo A, C C, dote u(Ay,) = au(Cy) (to C, eivon anhé

oUvoho xat 1 emhoyY| Tou A,, dev mapouoldlel duoxohiec — Yuundeite dume xou Ty ‘Aoxnon

8(B)). Opllouye N
A= A

n=1

Hapatnenote 6T, av <t< %, T01E

_1
n+1
w(AN(=t,t)) < AN (=1/n,1/n))  2a/n n+1

2 S Ymtl) | maD Y Sel+2)
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pAN (L) | pAN YD1/ D)  20/041)
2t - 2/n 2/n n+17 '
"Encton 61U
LoAn (L)
t—0+ 2t ’

dnhady| p(4,0) = a.

10.2 MeTprolUEg CUVAETNOELS

Opdda A’
1. Eotw A perprioiuo otvodo kai f : A — [—o0, +00] petprioiun ovvdptnon. Aeiéze du,
yia kdde a € R, n ouvdpTnon f, : A — [—o00, +00] e

flx) ,arf(z)<a
fa(z) =
a , av f(x) > a,
elvar petpioun.
TYrdédeidn. Mropolue vo ypddoupe fo = f-xE+a-Xxa\g, 6nov E = [f < a]. TTopotneriote
ot 10 E elvan yetpriowo dpa 1 cuvdptnoy f, elvon petproun we tedEels ueTenoluwy.
‘Evag dhhog tpémoc va to dolpe elvan o e€ic: ‘Eotw b € R. Auaxplvoupe tic nepintdoeic:
() a <b. Téte [f, <b] = A, o onolo eivon petpriowpo.
(B) a>b. Téte, [f, < bl =[f <], to onolo elvan petpriowo agol 1 f elvor yetphiown.

'Etot, oe xéde nepintwon 1o [f, < b] elvou petpriowo.

2. Av n f:(a,b) = R elvai mapaywyionun, téte n f' elvar petprioyun.

Yrdébaln. Bewpolye v axohovdia f, : (a,b) — R ye f(z) = n[f(z + 1/n) — f(z)].
Egéoov, 1 f eivan napayeyiown vy xéde x € (a,b) wyber lim,,_,o fn(z) = f'(z). Kdde
fn elvon yetphiown ondte 1 f eivan yetpriown.

3. (x) Av A C R pe p(A) = 0, deibre du kdde ouvdptnon f : A — [—o0,+00] eivar
HeTprio.

(B) Eotw A, B uetprioua ovvola pe p(B) = 0 ka1 éoto f: AU B — [—00,+00] uia
owvdpTnon tng onolag o weplopiouds fla oto A elvar petprionun cvvdptnon. Aeiéze éni n
f etvar perpnoun.
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(v) Av o A C R efvar petprjoiuo olvolo kai n f : A — R eilvar ovvexris oxeddv tavtol
oto A, beilte dn n f elvar petpriowun.

Yrdédaén. (o) ‘Apeco ool xdde uTocOVOLO UNBEVIXO) GUVONOU Elvol PETENOLLO.

(B) Eoww a € R. Tore,

[f>b={r€cAUB: f(x)>b}={x € B: f(x) >bjU{z e A: f(x) > b}

To necto 6Uvoho TNV TEONYOUUEVY Vo elval UETENOWWO w¢ UTOGOVOAO UNdEVIXO) Gu-
vOhoL £VE 1o delTEpo elvon peTpriowo déT N fla ebvon petpoun.

(v) Eotw C = C(f) t0 cbvoho twv onuelwy cuvéyeoe tne f. Tote, 1o B = A\ C eivou
undevind alvoho aov 1) f etvon cuveyhc oyeddv tavtol. Kabdwg, xdile cuveyhic cuvdpetnon
elvan petprioyn, to ouunépacpo €nctar and o (B).

4. (o) Adore napdderyua un petpiouns ovvdptnons f pe v iidtna n f2 va efvar
HeTpron).

(B) Eotw A C R petprioiuo ka1 éotw f: A — R. Av n f? eflvar petpoun xar to otvolo
{z € A| f(x) > 0} elvar petprionuo, deibte 6t n f elvar perpriomun.

Trédeitn. (o) Oewpolye to un petphiowo cbvoro V tou Vitali oto [0, 1]. Ozwpolye
ouvdptnon f ue f(z) =1 avx € V xou —1 adhds. Téte, 1 f dev elvan petpown, ahhd n
12 ebvor n otadep 1w dpa efvon petprown.

(B) Hopatnehote 6Tt t0 ohvoho Ay = {x € A | f(z) < 0} eivou enione petpriowo, agold to
Ay ={z € A| f(z) > 0} etvow petpriowo. Eotw b € R. Av b < 0. Téte, [f < b =[f? >
b%] N Az 7o omnolo ebvon petpriowo. Av b > 0 té1e

[f <= (Ain[f* <P U Ay
10 omolo elval YETEHOWO, KOS TPAEELC TETOLWY.

5. Eotw A C R perprjouo kat f, : A — [—00,+00], n € N, akolovdia petprioipowy
owvaptrigewy. Aeikte 6t to ovvolo

L={xe€ A| naxorovdia (f,(x))or, ovykAive }

elvar petprouo.
Yrdédeitn. T'vwpilovue 6Tt ol ouvopthoec g(z) = liminf f,(z) xou h(z) = limsup f,(z)
elvan petprioyes. Téte, 1o L ypdyeton we L =[g = h] = {z € A | g(x) = h(x)}, To onolo
elvan yetprowo.

6. Foww A C R perpfioo otvoro ka1 f : A — [—o0,+o0] ouvvdptnon pe tny €&
1ibtnTa: Ia kdde g € Q, to otvoro {x € A | f(x) > q} elvar petprionuo. Aeiére éun f
elvar petpnoun.
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Yrébatn. Eow a € R. Abdyw e nuxvétnrac tou Q undpyer (g,,) yvnoline avgovoo
axolovdia pntedv dote ¢, — a. Tote,

o0

{geAlf@)2a) = JlzeA] fl&)>a)

n=1

Enewdn xéde {x € A | f(x) > gn} eivoun petpriowo éneton 61 to [f > al elvon petproio.
Kodoe 10 a € R Aoy tuy v, to {ntoduevo énetou.

7. Eotw f: R = R perprioiun ovvdptnon. Aeiéte én av to B eivar avvolo Borel, téte
w0 f~Y(B) ={z € R| f(z) € B} efvar peprioo.

Trédein. Oewpolpe v xhdon A = {B C R | f~1(B) petprowo}. Oéhoupe va delfoupe
ot 1 o-GhyePea twv Borel tou R nepiéyetan oty A. T'V awtd delyvoupe dradoyind ta e€nig:

(i) H A etvou o-80veBpo: Hpdypatt f~HR) = R petprowo, etopévac R € A. Av B €
Atéte f7HR\B) =R\ f~1(B) xou epdoov w0 B € A éneton 6t 1o R\ f~1(B) ebvou
petprowo. Téhog, av {B,} oxohoudia oty A, t61e 71U B,) = U, f~1(B,)
elvan petphiowo agol xde f1(By,) ebvon yetprowo.

(ii) Aelyvoupe 6T 1 A mepiéyet T avoxtd: Aol f petphiown to f1((a,b)) = [f <
b N [f > a] ebvou petpAoo, —oo < a < b < +oo. Anhadh, (a,b) € A. ‘Ouwe xéde
avoixtd utocvolo Tou R ypdgeton we aprdufown (Eévn) éveoT avoxtdy Slaotnud-
v x epdoov N A eivon o-GhyeBpa TpoxOTTEL OTL TEPLEYEL TaL AVOLX TS, UTOGUVOAA TOU
R.

Ané tov opiopéd twv Borel éneton 61t B(R) C A, Autd anodewxviet to {ntoluevo.

Oudda B’

8. (o) Aeibre étri av n g : R — R efvar ouvexris ka1 n h : R — R eflvar Borel petprioun,
wote nhog: R — R elvar Borel uetprjonun.

(B) Xpnowonodvras tn ovvdptnon Cantor-Lebesgue Ppeite a ovvexni ovvdptnon g :
R — R kat pa Lebesque petpioun ovvdptnon h: R - R dote n hog: R — R va uny
etvar Lebesgue petprioun.

Trédaén. (¢) Eotww a € R. Téte, (hog)~t((a,+0)) = g~ (h™(a,+)). Opwe,
h etvon petprown, dea to B = h™!(a, +00) eivor Borel. ‘Enetoun, 6t g~ (B) elvon enione
Borel agob g cuveyrq.

(B) Eow ¢ : [0,1] — [0, 1] n ouvdptnon Cantor-Lebesgue xaw Zoavaréue ¢ v enéxtact]
e o’ b6ro 0o Rye ¢p(z) =1 avae >1evd ¢p(z) =0avz < 0. Opillovpe f: R = R
pe f(z) =z + é(x). Eyxouvpe det bt u(f(C)) = 1, dpa undpyer V C f(C) un petprioio.
Enlong, 10 A = f~1(V) ebvon petphowo. Mopatnerote 6t opiletonn g = f1, n onola etvor
ouvexnc xat h = x4 n onola elvan petpriown. Tote, n hog: R — R dev elvan petpriown
agoV {z | (hog)(z) >0} =V.
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9. Eoto [ : [a,b] = R ouvvexris ovrdptnon.
(o) A€tlre 6mi n f arewcoviler F,-oUvoda o€ F,-ovvola.

(B) Aeikre émi n f aneixovilar petprioiua ovvoda oe petpioyua olvoda av kar pévo av yia
kdOe A C [a,b] pe p(A) = 0 wyde u(f(A)) =0.

Yrdéden. (o) Hpdhta delyvoupe ot 7 f anewxovilel xhelotd untochvoha Tou [a, b] ot xheoTd.
Mpdrypott av F xhewotd oto [a,b], enedf to [a,b] elvor ovunoayéc éneton 6t 1o F elvon
ovunoyéc. Agol 1 f eivon ouveyhc madpvouue otL to f(F) eivon oupnayée, doa xAelGTO.
Av topa E = US2, E, ebvaw F, clvoho, téte xdde E, clvon xheotd, ondte 1o f(E) =
U, f(Ey) evon F.

(B) Yrnodétoupe 6t av p(A) = 0 téte pu(f(A)) = 0. Oa deioupe 6T n f amewxovilet
petprowo oe yetpiowa. Ipdyuat av A petprowo, t6te yvwpllovue 6t undpyouv N
xou E undevixé olvoho xou F,-cOvoro avtictowya, wote A = EUN. Téte, f(A) =
FE)U f(N). AN, and 1o (o) 0 f(E) eivon Fyy, eved ond v vnddeon to f(N) elvo
undevixd. Xuvenae, to f(A) eivon petpiowo.

Avtiotpoga ot 6L 1 f anewxovilel yetpriowa oe petpRowo. BOo delfoupe dtL aneixovilel
undevixd ovola oe undevixd. Eotw A C [a,b] ye p(A) = 0. Tére, o f(A) elvon yetprior-
wo. Av etvar p(f(A)) > 0 t6te undpyer V C f(A) pn petprowo. Eotw E = f~1V)N A,
0 onoio eivon mpogavae petphowo. Téte, o f(E) = V dev elvou petpriowo xu €xoupe
avtigoon.

10. Eotw A petprioiuo vrootrodo tov R pe pu(A) < oo ka1 éotw f : A — R Lebesgue
petpomun ovvdptnon. Optlovue wy : R — R pe

wilt) = n{z € A: f(x) > 1}).

(o) Aetére én1 nwy evar pOivovoa kar ouveyris and deiid. Ye moid onpeia eivar aovvexris;

(B) Av o1 fn, f : A = R elvar Lebesgue petprionues kar fi, 1 f, beiére 6t wy, T wy.

Yrédaén. (o) Eivoaw mpogavéc 6t n wy ebvon @iivouso. T vo Belfoupe bt ebvan de€id
ouveyfc, apxel vor Selfoupe OTL yior xdle ¢y, | t oyler wy(t,) — wy(t). Opilovue A, =
{r e A: f(x) > tp}. Tote, A, C Apjq xow U2 A, = {x € A: f(z) > t}. Enopévac,
and Vv WBLOTNTA TOU PETPOU TOUPVOUE:

wy(t) = p(UptAn) = nlggo p(An) = nlggo wy (tn),
ToU amodevUEL TNV dedld cuvéyew e f.
H wy elvan cuveyng av xou uévov av elvan cuveyfc amd ta aplotepd. loodivaya, ov yia xdlde
(tn) pe tn Tt woylel wy(tn) — wyr(t). Aclyvouue énwe mew 6Tt

lim wy(t,) = nh_}rr;o plxe A: f(x) >t,) =plx e A: f(z) > 1),

n—oo
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6mou 86 yenowonoovye Ty urtodéon (A) < co. Enouéves, nwy elvan apiotepd ouveyfc
oV xou UOVoV av

pred: f@)>t)=pzeA: f2)>1)"E5™ ye e A: fx) =1t) = 0.
M’ 8hhat Moyt wy ebvon cuveyfic oto t oy xon povov av u(f~1({t})) = 0.
(B) Eivor mpogavée ét yia xdde t éxovue wry, (1) < wy, (). Eow t € R. Opilouue
By ={x € A: fi(z) > t}. Téte, By C Bpy1 xou U2 By, = {z € A: f(z) > t}. Apa,
UTopolUE Vo Yedpouye:
lim wy, (t) = lim plr € A: fi(z) >t) = lim pu(Bg)
’ k—o0 k—o0

k—o0

I (U Bk) =p(zeA: f(z) >1) =we(t).

k=1

Avuté anodexviel 1o {ntoluevo.

11. Eoww E un petprioo vroovroro tov (0,1). Oewpolue tny owvdptnon f(x) =
xxg(x). Aette du n f Sev elvar petprionun oto R aAdd, ya kdde a € R\ {0}, to ovvoro
{z: f(z) = a} evar pezpriopo.

Yrdédeitn. opoatnpotue 6t {z | f(x) > 0} = E 70 onolo eivar pn petpriowo. Iop’ dha
oautd av a # 0 dtaxplvouue TIC TEPITTMOoELS:

(i) a € E, t6te [f = a] = {a}, evod> av
(i) a ¢ B, w6t [f =a] =0,

dnhadt| oe xdde mepintwon o [f = a] elvon yetpriowo.

12. Ywotd 1j Adbog; Av n f elvar petprioun oo (a,b—¢) ya kdde 0 < & < b — a, téte
n f etvar petprionun oo (a,b).

Yrnédatn. Lwotd. Eotw k € N dote 1/k < b—a. Opllouue v axohoudia cuvapthicenmy
fu = f'X[a,bfﬁ]‘ Iopoatnerote 6t xde f, elvon yetprown and v unddeon xou fr, — f
xatd onuelo. Apa, 1 f elvon yeteriown.

13. Eoww A uetprjoo vrootvoro touR, f : A — R uetprjionun ovvdptnon karg : R — R
avéovoa ovvdptnomn. Aeiéte étingo f: A — R eivar petprjoun.

Trédeitn. Eotw a € R. Téte, A = g~ ((a, +00)) ebvou ddotnua tne poperc [b, +00) #
(b, 00) ot 1 g elvor avZouca. Enopévec, 1o (gof)~t((a, +o0)) = f1(A) etvon petpriowo,
agol 1 f elvon petproyn.
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14. Eoto (¢n) akodovlia atAdy petpiopwy ovvaptioewy ¢, : R — R ka1 éotw f : R —
R. Av ¢, — [ opoibuopga, deire 6t n f eivar gppaypévn.

Ynédatn. Trdpyer k € N dote ||f — drlloc < 1. Koddde n ¢p eivan amhy, undpyer M > 0
oote |pr(x)] < M v xdde x € R. Enopévac, yia xdde = € R woydel

[f (@) < |ow (@) + 1f = drlloc <1+ M,

yeYovHE Tou anodeviel To {NTolyevo.

Opddo T

15. (o) Eoto f, : R — R Lebesgue petprionues ovveptioes kai éotw a € R. Aeire dni:

av Y2 p{x s fu(x) > a}) < oo, tére undpyer Z C R e pu(Z) = 0 dove limsup f,(x) <
n—oo

a e kdle x ¢ Z.

(B) Eotw f, : R — R Lebesque uetprioiues ovvaptioes kai éotw €, — 0. Aeiére du:

av Yo7 p{z : fo(z) > e,}) < 00, ToTe vmdpxer Z C R pe pu(Z) = 0 dote fo(z) = 0
ya kdle x ¢ Z.

Trédaén. (o) Oétrovue A, = {z : fo(z) > a}. Téte, > o0 u(A,) < oo, dpa and
70 npdhto Muuo Borel-Cantelli éneton 6t p(limsup A,) = 0. Oétoupe Z = limsup 4,
enouEvee, av x ¢ Z téte undpyer Ny € N dote av n > Ny t6te ¢ ¢ A, dnhody) fr(z) < «,
Gea limsup,, . fu(z) < a.

(B) Onwe mponyoupéves, utdpyel Z pe u(Z) = 0 dote av x ¢ Z, téte undpyer N, € N
oote av n > N, 161e fr(z) < &, Kadoe, &, — 07 10 {nroluevo énetou.

16. Eotw f, : [0,1] = R Lebesgue petprioiies ovvaptiioes. Aeitte 6t vndpyer akolovdia
fn(x) — 0

n

(o) Oetikddy mpaypatikdy apidudy ka1 vrdpyer Z C R pe u(Z) =0 dote li_>m
n—oo

ya kdle x ¢ Z.

Yrdédaén. T xdde n vrdpyet By, > 0 dote p({z : |fn(x)] > Bn}) < 1/2™. Ilpoc t00T0

apxel vo arodetoupe Tov axdhoudo Loyuploud:

Ioxvpwouds. Av g : [0,1] — R elvon Lebesgue petpriown téte vy xdde € > 0 undpyet

B> 0 dote p(z: |glx)] > B) <e.

'Eotw E, = {z : |g(z)| < n}. Téte, Up—y En = [0,1] xou n {E,} elvon abEovoa. Apa,

ebvan limy, 00 p(A5) = p([0, 1]) = 1. Enopévwe, uvndpyet k € N dote pu(Ay) > 1—e. Tére,

wlz:lg(x)] > k) <e. Autd anodewviel Tov loyUpLoUS.

Egapuéloviac autéd v g = f, xou € = 27" Poioxovye B, > 0 wote plx @ |fo(z)| >

Brn) < 1/2". Oétoupe E, = {z : |fo(z)] > Bn} 101 > ovo w(Ey) < +00. Av 9éoovye

Z = limsup E,,, téte and 10 npwto Muya Borel-Cantelli nodpvouvye 1(Z) =0. Ava ¢ Z

téte undpyer N € N dote av n > N, woylel | fr(x)] < Bn. Av dewpfioovyue ty o, = nén

fn(@)

téte €youpe 6Tl v xde & ¢ Z oy lel — 0 xodedg n — oo.
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17. Eoww f : R = R petprjiomun ovvdptnon. Av n f eivai t-nepiodixiy kai s-nepiodiki) yia
kdroous t, s > 0 pet/s ¢ Q, beibre éri n f elvar oxedéy navtol oTalepn.

Yrdédeitn. YTrodétouvue mpwta ot 1 f elvan un apvntieh xou gpaypévn. Opiloupe F(z) =
Jy f(t)dt. T xéde y e pophc y = kt + ms, k,m € Z éyouye:

x x T4y
F(z) = / F(tydt = / F(t+y)dt = / f(t)dt = F(z +y) - F(y),

v xdde z € R. And to Yedprnua tou Kronecker yvwpilouye 61 to olvoro D = {kt+ms :
k,m € Z} eivor muxvé oto R. Egbéoov, n F eivar cuveyic (eEnyfote yiotl) xou ixavomotel
) ouvaptnotox egiowon F(z +y) = F(z) + F(y) vy xédde € R xou yio xdde y oe éva
Tuxv6 uTocUVoRo Tou R, érneton 6Tt undpyel a € R dote F(x) = ax. 'Etoy,

Flz) - ax :/ F(#) dt — az :/ (F(t) — ) dt =0,
0 0
yioe xdde € R. Ao edé éneton edxoha 6L h(t) = f(t) — o éyer ohoxhipwya undév oe
x&de didotnua xu dpo etvar Undév oyedov navtoo.

Toc ) Yevixd| tepintwon Yewpolpe T ouvdptnon f1(t) = 1+2 arctan f(t) yio v omola
TPETEL TPWTAL VoL Topatneiooupe 6Tt elvan petpfown (BA. ‘Aoxnon 13) xou 611 0 < f1 < 2.

10.3 Oloxhvpwpoa Lebesgue
Oudda A’
1. Eotww ¢ un apvnuxn} ankr) ovvdptnon. Aeiéte éu

/gzb = sup { /w |0 <) < @, anhf ohoxhnpdowun }

Trédatn. 'Eotw ¢ =Y i (a;ixa, N XOVOVIXH avomapdotacy Tne ¢, 6mou ag = 0 xou o 4;
etvon Eéva, e Ag U A U---U A, = R. Tedgovtac [ ¢ oo aplotepd uéhog, Evvoolye tov

apywd oploud:
/¢ = aip(4).
i=1

"Eyouye det 6Tt av 0 < ¢ < ¢ w6t [ ¢ > [, Buvendx,

/¢ > sup { /w |0 <) < @, 1) anhh) ohoxhnpdolun }
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Optlovyue ¢ = dX[—kk)- H ¢k elvor amhr) ohoxhnpwouun, éxovpe 0 < ¢p < ¢ xau

[oe=> amain kb)) » Y a4y = [
i=1 i=1

Yuvene,

fo - ol faner

< sup { /¢ | 0 <9 < ¢, 1) anh) ohoxknedon }

N

2. FEotow f: R — [0,00] olokAnpdoun ovvdptnon. Opilovpue F : [0,00) — [0,00] e
F(t) = u({f > t}). Aeikre 6uin F eivar plivovoa, ovvexris and be&id, kailimy_, o F(t) =
0.

Yrébaén. T xdde t > s > 0 éyovpe {f >t} C{f > s}. Tuvenae,
F(t) = p({f > t}) < u({f > s}) = F(s).

Avuté anodeviel 6tL 1 F elvan piivouoa. To va del€oupe dtL n F elvan ouveyric and dedld,
apxel vo del€ouue 6T Yo xdde ¢ > 0 xou yio xdde yvnoiwe @divouso axohovdia ¢, — ¢
wyber F(t,) = F(t) (yvwot6 and tov Arcpootid Aoyiopd). Oupwe,

{f>t=({f>ta)

Tpdryportt, elvon mpogavée 6TL av Yyl xdnowov n wylel f(x) > t, t6te f(z) > t, evd
avtiotpoga, av f(z) > t, and to yeyovée 6 t, — ¢ éneton 6Tl undpye n wote f(x) >
t, > t. 'Eyouye eniong urodéoer étu n (¢,) ebvon pdivouvoa, doo {f >t} C {f > tpnt1}
yioe xdde n. Anhadi, n ({f > tn})52, ebvon adlouoa. ‘Eneton 1t
F(t) = u({f > 1)) = lim p({f > ta}) = lim F(t,).
n—oo n—oo

Télog, Yo x&de ¢ > 0, and tnv avieétnto Tou Markov €youvue

EE() = tu({f > 1)) < / .

"Apa,
1
Fo <y [ 1.

xou oawtd delyvel 6t lim F(t) = 0.
t—o0
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3. Acitre 6 f[l 00) 1= .
YrodeiEn. o xdde n € N Yewpolye v cuvdptnon

"1
¢n($) = Z mX[k,k+1)($)~
k=1

H ¢, e anhf ohoxhnpdown ouvdetnon xa 0 < ¢, (z) < L v %8s = € [1,00).
Hpdypoat, ov @ > n + 1 éyovue dp(z) = 0 < L evdr av o € [I,n + 1) té1e LRdPYEL
1

wovadixoe 1 <k <n dote x € [k, bk + 1) xou ¢ () = 5 < L. Eneton 61

+1 x
1 "1 "1
22 [ @) =Y k1) = 3
/[1,00) T [1,00) kz:; k+1 kz::l k+1
Ané o yeyovic 6T
1 n 1

éreTon Ot f[l o) % = o0.

4. Bpefre pa axodovdia (f,) un epvnukdy petpioipwy ouvvaptioewy mov 1kavonolel T
€€ng: fn = 0 aAAd limy, [ f, = 1. Mnopefre va emAééete Ty (fn) étol dote va ouykiive
opOodopPa 0T UNdEVIKT) auvdpTnon;

Yrddeitn. Oewpolye v axohovdia cuvaptioewy {fy} ue

fn(z) = %X[O,n] (z).

Tapatneriote 61 0 < fr(x) < % v xdde x € R, dpa fr, = 0 opotduoppa oto R. ‘Ouwg,

1 1
n = — s = — :]_
/f - a((0,n]) = —n
v x&de n € N.

5. YmoOérouvue éu f kar f,, n € N elvar un aprnuxés petprionues ovvaptroes, frn, \ f,
ka1 vrdpyer k térowg dote [ fi, < o0o. Aeibre du

[ =t [

Yrédeiln. Oewpoiye v axolovdia petpriowwy ouvaptioewy { fr — fr}o2 . Agoln {fn}
ebvan gdivovoa, cuunepaivoupe 6t M {fi — fn}52, elvan adlovoa. Agol f, N\, f, éxouue
fe— fn 7 fe — f- A6 1o Yedpnua povétovne obyxhiong nodpvouue

/(fk*fn)%/(fk*f)
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Hopoatnerote 61 0 < fr, — f < fi, dpa

[tr=t= [ri-p< [n<x

yia xdde n. Anhady, 0 fr — f xou Oheg oL fr, — fi, elvon ohoxdnpddowec. And tnv ypouut-
XxOTNTO TOU OAOXANPOUATOC,

[tn= [ 5= [0~ [5- [th-n= [+

6. Eotw f petprionun owvdptnon. Trobdérovue éu f > 0 or. Av [, f =0 ya kinow
unetprjiouo ovvodo E, belére én p(F) = 0.

Yrédatn. YTrodétoupe mpdta 6L f > 0 mavtod oto E, dnhadh f(z) > 0 yia xdde = € E.
T x8de n € N Yétoupe B, = {z € E: f(z) > 1/n}. Hoapatnprote ot

St f(x) > 0 av o wévo av undpyer n € N dote f(x) > 1/n. And v avisdtnta Tou

Markov,
1
uEn< [ r< [ 10
n n E

Gpar p(Ep) = 0 v xdde n € N. Eneton 611

,LL(E) =K (U En) < Z,U'(En) =0.

Avuté o emyeipnua xahOmteL xou Ty tepintwon 6mov f > 00w av Z ={z € E: f(z) =
0} t6te u(Z) = 0 xou fE\Zf = 0. Mnopolue hoimdv va doulédoupe pe 0 E\ Z: ov
dei€ouyue 6Tt w(E \ Z) = 0, Yo éyoupe xan p(E) = 0.

7. Eotw f un apvnukr) petprioun ovvdptnon. Aeikte ot

oo n
/ f= lim / f= lim f
o n—oo [ n—00 {f>1/n}

Trédeitn. Opiloupe gn(w) = f(2)X[—n,n) (7). Hopammerote 6t n {gn} cbvou ad€ovou xa,
v xdde & € R €youue tedxd © € [—n,n] dpa gn(x) = f(x) — f(x). And 1o Jedpnua
povotovng oOYXAome Todpvouue

l[f=/hmﬂz/%%/ﬁ
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o 7o debtepo epdytnua, opllovue hyn(x) = f(x)X{f>1/n}(x). Tapatnerote 6t n {h,}
ebvon adZouoa dwot {f > 1/n} C{f > 1/(n+1)} yia xdde n € N. Enione, yio xdde z € R
we f(x) > 0 éyovue tehxd f(x) > 1/n doa hy(x) = f(x) — f(x), evd av f(x) = 0 éyoupe
hn(xz) = 0 vy %80 n, ondte ndht hy(x) — 0 = f(z) (CUUTANEMOOTE TIC NENTOPEPELEC).
Ané o Yedpnua povdtovng cUyxMong malpvouue

/{ e [ txsm= [ [ 1

8. Eoww f un apvnukr) olokAnpdoiun ovvdptnon. Aecikte 6t

/ f= lim f.
oo "0 J{f<n}

TYrodeitn. Opilovpe gn(x) = f(x)x{r<n}(z). Hopotneriote 6T N {gn} ebvor adZovoa
St {f < n} C{f <n+1} yvia xédde n € N. Enione, yia xdde z € R pye f(z) < oo
éyoupe tEAxd f(z) < n dpa gn(x) = f(x) = f(z). Anhadh, av E = {f < oo}, éyoupe
gnXE /" fxE. And 10 Yedpnua povdtovne alyxhong naipvouue

/{fgn}f:/fX{fQL}:/gnZ/gan%/fXE,

Aol 1 f elvon ohoxhnpdown, yvepilovue 6t u(E) =0 xou [ fxpe = 0. Encton 6Tt
/f:/fXE+/fXEc:/fXEzlim f.

9. Eotw [ un apvnukn odokAnpdoiun ovvdptnon. Efvar owotd éti lim, 4o f(x) = 0;
Trédeitn. ‘Oyt. H ouvdptnorn f: R — R ye

f(x) = xo()

elvon oyeddv mavtol {on pe v undevin) cuvdptnon. ‘Apa, 1 f elvar ohoxinpwoudn xou
J f=0. Opwg, 10 ll)I:il f(z) Sev undpyeL: éyoupe
x o0

f(n) = LIxou f(—n) — 1.
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10. Eoww f un apvnukn petpioun ovvdptnon. Acite 6t n f eivar odokAnpdoun av
ka1 pévo av

> 2u{f > 2 < oo

k=—o0

Trédeitn. Mnopolue va ypddouye:

frdp= [ p(f>t)d Z u(f>t)d
0 — Jok

Ened n ouvdptnon t — u(f > t) eivon gpdivousa 1 tedeutaio oelpd elvon 1oodOvaun pe Ty
Sore o 2Ru(f > 2F) xou o ovurépaoua éneTou.

11. Eoww f un apvnukn odokAnpdoun ovvdptnon. Aeiéte éni: ya kdle € > 0 vndpyer
petpropo atvolo E ue p(E) < 0o térow dote

[15]5-

EminAéov, deibre 6t to E umopel va emleyel éror ddote n f va elvar ppayuévn oo E.

Trédeidn. Opilovue gn(z) = f(2)X11/n<f<n}(®). Hopammehote 61 n {g,} eivon adZovoa
dwon{l/n< f<n}C{l/(n+1) < f<n+1} yie x&de n € N. Enione, vy xédde x € R
pe 0 < f(z) < oo éyovue tehnd f(z) > 1/n xou f(x) < n, dpa gn(z) = f(x) — f(x), evd
av f(z) = 0 éxovue gn(x) = 0 v xdde n, ondte ndh gn(x) — 0 = f(z) (cupminpdote
Tic Aentopépeiec). And o Yedpnuo povdtovne olyxhione Todpvouue

/ f:/fX{l/nﬁfSn}:/gn_)/.ﬁ
{1/n<f<n}

Suvende, vrdpyet n € N dote, av Yéoovpe E = {1/n < f <n} 161

[15]5-

Iapotnpriote 6t f eivon pporypévn (and n) oto E. Télog, and v avisdtnta tou Markov,

W(E) < u({f > 1/n}) <n / f < +oo.

12. Eoto [ un apvnukr odokAnpdoiun cuvdptnon. Aeiéte du n owdptnon F(x) =
[7 [ etvar ouvexris.
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Ynédeiln. Eow z,y € R pye x < y. Edxoha Brénovue 6t F(z) < F(y), dnhadh n F
ebvon adZouoa. Omndre, apxel va detfoupe 6Tt yia x&de povdtovn axoroudia (x,) pe ©, —
wyber F(z,) — F(x) (e&nyhote ywotl). YTrodétovue 6t x, L 2 (ot avtipetwrileton
x AN TEpInTOON). OwPOVYE TIC GUVIPTACELS gn = fX(—o0,2n] X% § = [X(=occ,z], OTOTE
F(zy) = [ fndp xou F(z) = [ gdp. Emnhéov, g, — g xatd onuelo o |g,| < f. Ané 10
Yewpnua xuplaeYNUEVNS oOYXALONG €YOUNE:

F(wn)=/:f=/gndu—>/gdu=F(x)

Auto amodewviel 6t 1 F elvon 6e€id cuveyre.

13. Eoww f un apvnuixn olokAnpdoiun ovvdptnon. Aeiéte 6t yia kde € > 0 vrndpyer
6 =0d(g) > 0 pe y e&rjc 10i6Tna: av p(E) < 0, téte [, f <e.

Yrédatn. Ta xéde n € N Yewpodue v ouvdptnon fr,(z) = min{f(z),n}. Houpatnpriote
ot fr, < n. A 1o Yedpnpa povdtovne olyxhione €youvue

1o [

(eZnyhote yioti n {fn} ebvon av&ovoa xou fr, — f). Eotww e > 0. Mnopolue vo Ppodue

n € N oote
Je=ta=[1-[5<5

Emuléyoupe 6 = 5. Eotww E C R pe pu(E) < §. Tpdgoupe

/ /fn /f fu) < /fn [ smnm+ 5 <n+ 5=c.

14. Ocwpdrrag Tig ouvaptioes fr, = X[n,nt1) O€iéte 6T1 0T0 Arjupia Tov Fatou n aviocdtnta
umopet va eivar yvrjoa.

Trédeidn. Av fr = Xnn+1)s T0T€ fu(x) — 0 yia xdde x € R: nopatnerote 6tu undpyet
ng € N dote ng > x xou t6te, Yoo x&%e n > ng éyovye = ¢ [n,n + 1), doa fn(z) =
Xfn,nt1) () = 0. Encton 6t

/liminffn :/ lim f, =0,
n—oo n—oo

evo [ fn =1 v xdde n € N, dpa

liminf/fn =1.
n—oo
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15. Eoto (f,) pa akodovdia un apvntikdy petpioipwmy ouwvaptioewr. Eivar owotd du

limsup/fn < / <limSUan>;
n—o00 n—oo

Av mpoodéoovue tny vrédeon du n (fy,) elvar opoiduoppa ppayuévn;

Trédatn. Oyt Av f, = %X[OM, téte fo(x) = 0 v xéde € R. Ernlong, n {fn} ebvou
opotduopga peayuevn (0 < f, < 1). Hoapatnprote 6t

/limsupfn :/ lim f, =0,
n—oo n—0o0
& [ fr = +p([0,n]) =1 yia xdde n € N, dpa

limsup/fn =1.

n—oo

16. Foww f kai f,, n € N un apvnukés petproues ovvaptnoes pe fr, < f ya xde
n € N ka1 f, —» f. Aeire 6n
/f: lim [ fn.
n—oo

Trédetn. Agot f, < f v xdde n € N, éyovpe [ fr, < [ f yio x80e n € N. Zovend,

liﬂsogp/fn < /f~

Ané 1o Afpua tou Fatou nafpvouue

< liminf/fn.
n— o0
"Encton 611
limsup/fn:ﬁminf/fn:/f-
n—oo n— o0
"Apa,

JERYE:

17. FEotwo f ka1 fp, n € N un apvnuxés petpnoues ovvaptioe ye fr, — f kai

lim [ f, = /f < 00.
n—oo
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Aceitre 6n1

lim fn f

n—oQ
yia kdOe petprioiuo otvoro E. Adote napaﬁel)/;,ta Tov va deiyvel 6t auto Sev 10y Vel av
J f=o0.

Yrédeén. 'Eotww E yetpowo unocivoro tou R. Ané to Afppa tou Fatou naipvoupe

| <iim 1nf/ fa

n—roo

ol

/ f < liminf fn

¢ n—oo  Jpc
Onhady
[i- fSliminf(/fn—/fn>-

E n—o0 E

Aol

/= lm (—/fn),

TEOCVETOVTAC Xt UEAT TalpVOUNE
— [ f <liminf </ fn> = flimsup/ fn-

lim sup / fn < f < liminf fn

n—00 n—oo

Jo= 7

18. Eotw (f,) akodovdia Lebesgue odokAnpdoiuwy ouvaptrioewy oo [a,b]. Av f, — f

Anhody,

YUVETOC,

opoduopga, deikte ot n f elvar odokAnpdoun kar 6t f: |frn— fl — 0.

Yrédeitn. H f elvou petpriown ddn f, = f xotd onueio. Eotww € > 0. Agol f, — f
opoLdpopypa 6To [a, b], undpyel ng € N dote: yio xdde n > ng xou yio xdde x € [a, b] oy lel
|frn(z) — f(2)] < e. H otadepn ouvdptnon e elvon ohoxinpdown oto [a, b], ondte, and tny
|f] < |fnol + € émeton 6T | f] (Gpar xou 1 f) eivon ohoxhnpddowun. Téhog, yia x&de n > ng
€Y OUUE

b b
o — g/ fn — f] < elb—a).
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Aol o € > 0 Ytav tuydy, cuurnepaivouue OTL

/abfn—>/abf-

19. Aeire én
oo n T n
/ e “dr = lim (1 - f) dr =1.
0 n—oo [ n

Trédein. Oewpoiye Ny axohovdia fr(x) = (1—2/n)" X0, () TV ueTPNoiuwY cLVOETH-
oewv Yio Ty omola oy lel | fn ()| < e7FX(0,00) (7). Hopatneolue 6T M = e~ X[0,00) ()
ebvon ohoxdnpdoun xa fr () = e~ X[0,00) () xatd onueio. And to Yedenua xupLapynué-
VNG cUYXMONG EMETAL TO CUUTEQPUCHA.

20. Trnoloyiote to limy o0 [y (1 — (z/n))"e*/2dx (armokoyriote MApws Ty andvTnot)
oag).
Trédaén. Oewpolye tny axohouwdia f,(z) = (1—x/n)"e®/ 2|0 ), 1 omola amoTeheiteL and

and petpriowes ouvapthoelc U |fo(2)| < e7%/2x (0 00). H ouvdptnon g(z) = e*/2x(g )
ebvan ohoxnpdGIy, onéTe amd to Vedpnua xupLiEYNUéVNS ohyxhiong éretan 6t lim, [ f, =
Jlimy, fr. ANAS, lim, fr,(2) = 0 yio x&e 2 < 0 evéy av = > 0 eyovye

n

lim f,,(z) = lim Kl — E) ex/Q} = e et/ = e/,
n n

JLVETE, EYOUME

n T n o0
lim/ (1 — 7) e 2 dy = / e 2 dx =2,
n Jo n 0

nou unoroyilel to {nroduevo bplo.

21. Eotw éu o f, f,, elvar odokAnpdopes kar f,, 7 f. MropoUue va ovunepdvouue ot
S o= [ 1

Trédeitn. Oewpolue Tic OhoXANEWOWES cuvapThoels ¢y, = f — f,. IHopoatnerote ot
Gn >0, gn > gni1 xu g, N\, 0. Egdoov, ou f, f,, elvon ohoxhnpdowes xau [ g1 < +00
Umopolue va yeddouue (and to duixd tou Yewphpatog povétovne obyxhons — ‘Aoxnon 5):

/f—li}bn fnzli£n</f—/fn>:li%n(/f—fn):li}In/gn:/li?Ilngn:O,

7oL omodEXVUEL TO {NTOUPEVO.
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22. Eotww f, fn, odokAnpdoues. Av [ |f, — f| = 0, detére du [ fr, — [ f xar [|fn]| —

[1£1-

Trédeitn. I'pdpovye

Jii= fun < f1imi-1011< [15.- 110
[181 [1n

Je |2 fin-non
[

23. Eoto f, fn odokAnpdorpes. Av [ |f, — f| = 0, Selre du [, fn — [ [ ya kdOe
petproo otvoro E, kar [ fif — [ fT.

Apa,

Me avdhoyo tpdno,

Apa,

Tréoen. '‘Eotw E yetprowo cbvoro. 'pdpouue

/Efn—/Ef‘: /E(ffb—f>‘s/E|fn—f|s/fn—f%o.
[0 s

T To Bedtepo epdTnua yenowonoolue Ty ‘Aoxnon 22. Me v unédeon ot [ |fr — f| —
0, delZope 6t [ fr, = [ f oy [|fu] = []f]- Svvendc,

[or = [EEE L [rad [ind=g [543 10

24. Eotw [ petprjioun ovvdptnon. Aeiére 6t n f elvar olokAnpdoun av kar uévo av
Do 25 ({1 f] > 2°}) < o0,

Apa,
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Yrdébeitn. Mnopolue vo ypdouue to ohoxhpwpa e f ue tov axdhovdo tpémo:

o0 0 2k
Jistan= [ uti>na= 3 [ uir> o
k=—oc0

Iapotnphiote 6t Nt pu(]f| > t) ebvan pdivouoa cuvdptnon tou t > 0, ondte
2k

27> 2 < [ a6l > de <2 (lr] > 240,

v xdde k € Z. Enopévwe, to ohoxhhpwua [ |f|du etvon tenepaopévo av xou pévov av
Sooe 2Ru(]f] > 2F) < +o0.

Owpdda I

25. Trodoyiote (e mArjpn aitioAdynon) to

niio/owm (1 — m)n cos xdx.

Yrdébatn. Oewpolye Tic ouvapthoes fn(z) = (1 — vsinz)"cosz, © € [0,7/2]. Eivon
frn >0 xou v xdde x € (0, /2] woybel

= ———— COs ™.

> 1— +sinzx
7;1 Jn(@) vVsinzx

Enopévec, 1 oepd > o | fn ouyxhiver oyeddv mavtol x and 1o Jewpnua Beppo-Levi
nalpVoupE

X, (/2 /2 & /2 cosx ™2 cosa
n = n = —CcosT dx:—1+/ dx.
nz_:l/o f /0 nz::lf /0 (\/sinx ) 0 Vsinx

To tekeutalo ohoxhfpwua we TNV aAloyy) petoAntic u = sinz divel

/2 cosx

1
1
——dz = / —du =2.
0o Vsinz 0 Vu
Yuvende, to {nroluevo dbpoioue loodtan pe 1.
26. Eotw (fn), (gn) ka1 g olokAnpdoyies ouvaptrices. Trmodérovue ot |fr| < gn,

o = fo gn — g (Oa aved oxeddy mavwod) kar du [ g, — [g. Aeiére du n f etva
odokAnpdoun kar 6t [ f, = [ f.
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Trédeitn. Ot unodéoelg e€acparilovy 6Tl ot f, g xau oL fr,, gr, TalEVOUV TENEPUOUEVES TWES
oxedov navtol. And v | fn] < gn €xovpe —gn < fn < gn v x&0e n € N dnhady

fn +9n >0 xu gn_fnzo-

Aol fr, +gn = f+ g xou gn — fn = g — f, 10 Afjupa tou Fatou pog diver:

[+ [o=[r+9) <tmint [(7,+ 90 =timint [ £+ [

(xenowonotooue TNV fgn — fg) "Apa,

/f < liminf/fn.
n—oo
IIé\ a6 to Afuua tou Fatou,

/g—/f=/(g—f)Slgﬂiggf/(gn—fn)=/g—li7ﬂr;sotip/fn,

dnAhadA,
limsup/fn < /f.
n—oo
‘Eneton 6Tt
limsup/fnzliminf/fn:/f.
n— 00 n—00
Apa,

[ [

27. Eoto (fn), [ olokAnpdoues ka1 éotw du f, — [ oxeddv mavwol. Acitre dn
J1fn = fl =0 av ka1 pévo av [ |fn| — [|f]-
Yrdédeitn. (=) Eyouvue

Jii= fun < f1im-1011< [15.- 110
[1z1= [

(=) Exouye | |fu—fI=|ful | < |f]. H|f
And 1o Yedpnua xuptapynuévne abyxhiong,

[t =118~ [-100.

Apa,

elvon ohoxhnpdowun xau | fr, — f|— | ful = —|f]-
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‘Eyouue urodéoel ot

[1z1= [
[18 =110

28. Eotw (fn) axolovdia odokAnpdoiuwy ovvaptiicewr. Yrodérovpe dn undpyer odo-
KAnpdoun ovvdptnon g térowr bote |fr| < g oxeddv navtod yia kdle n. Aeléte dn

/ (lin%inf fn) < lim inf / fo < limsp / fo < / (limnsup fn).

Trédeiln. Oétovue hy, = g — fp, 1 omola elvon oxxohoudior OAOXNEWSUEY CUVAIPTACEWY UE
hn > 0. A6 to Mupo tou Fatou naipvouye:

Ilpoc¥étovtag xatd uéir, nolpvoupe

/[g+lim inf(—fp,)] dp = /liminf hpdp < liminf/hn dp = lim inf </gdu — /fn du) .

Xenowonowviag to yeyovég ot liminf(— f,,) —limsup f,, xou 61 [ gdp < +o00 npoxintel
ot

f/limsup fndp < flimsup/fn du,

10 omofo anodexviel To 6eld Leuydpl avicothtwy. o Ty SN un TETEWUEVN avlooThnTa
gpyolbpaote avihoya Yewphvtac TNy axohovdo cuVaETACEWY Uy = g + fn-

29. Eoww [ petprjioun kai oxedbdv navtol nenepaopévn oo [0,1].

(a) Av [, f =0 ya xdOe petprionquo E C [0,1] pe p(E) = 1/2, deltre éu f = 0 oxedov
ravtov oo [0, 1].

(B) Av f > 0 oxeddv mavtov, deiére 6 inf{ [, f : p(E) > 1/2} > 0.

Yrdédaln. (o) Hoapatnerote ot 1 f elvon ohoxinpddoun xou f[o yf =0 (B o [0,1]
etvon 1 évwon Vo cuvéhwy pétpou 1/2. Eotw A, B C [0,1] pe p(A) = p(B) = 1. Tére
1([0,1\(AUB)) > 1/2. Zuvenag, vidpyet C C [0,1] pe u(C) = 1/4xou CNA = CNB =
(e€nyhote ywtt). Tpdpouue

o= Lot L= L= et == 1
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Xenowonolvtac o yeyovoe 6t [, f =0 =[5 f 10 onoio woylel and v urddeon
ooV (AU C) = pu(BUC) =1/2. Topa, unopolue va detloupe 6t av p(A) = 1/4 161
J4 f = 0. Tpdypar, undpyer B C [0,1] pe pu(B) = 1/4 xaw AN B = ), ouvenax,

R AREIRATREUR.
1

Yuveyilovrag ue Tov (Bio tpémo delyvouye 6tu: yaxdde k > 1, av A C [0, 1] xou pu(A) = 55

10TE
/f:O.
A

‘Enetan tépa 611, Yia %8 «duadixd pntéd» @ = 2k, 6mou k € N xow 0 < m < 28, ioyde

J
[0,m/2%]

Oewpolpe Ty cuvdptnon F(z) = fox f- Onwe oty ‘Aoxnon 12, urnopolye va deiloupe ot
n F ebvor ocuveyhic. Aol F(x) = 0 v xdde duadixd pntéd = € [0, 1], ouunepaivouye dtu
F(x) =0 yw xdde z € [0,1]. Edwoérepa, [; f =0 v xéde didomua I C [0,1]. ‘Encta
wpa 61l [, f = 0 yia xdde avowxté E C [0,1] (eEnyrhote yiatl). Agod f[O,l] f =0, énetou
6t [ f =0 yia xdde xhewot6 F C [0,1].

YTrovétovue topa 6t u({f # 0}) > 0. Xowplc meplopiopd e YevxdTNToC, PTopolue
téte va urnoYécoupe ot p({f > 0}) > 0. Encton 6t undpyet k € N dote p(D) > 0, 6nov
D = {f > 1/k} (e&nyfote ywtl). Mnopolue va Bpolpe xhewoté F C D pe u(F) > 0
(e€nyhote ywtt). Téte, xatalfyoupe oe dromo, bt

1
LfZEM(F)>O'

(B) Agol f > 0 oyeddv mavtob undpyet € > 0 dote u({z : f(z) > }) > 2/3. [Tpdypatt:
av dewphooupe v axohoudio cuvorwy E = {z : f(z) > 1/k} téte E; 7 [0,1], oo
w(Ex) — 1.] Av 9éooupe howndy F = {z : |f(x)| > e} > 2/3 1é1e unopolye va ypdoupe:
av E yetphowo pe u(E) > 1/2 téte

[ fanz [ fanzenenr),
E ENF

duot ) f elvon Vet oyeddv navtod. Emnhéov, eivaw u(ENF) > pu(E) + p(F) —1 > 1/6.
Enopévoc, fE fdu > e/6 v xdde tétolo olvoho E, mou anodexviet 1o {nroduevo.

30. Acitre 6u

. Ve ) L pn3/2,
lim —— s = 0  xou lim — s = 0
n—oo Jo 1+ nx n—oo Jo 1+ néx
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Yrébatn. Oewpolpe 0 < a < 2 (e éyoupe a = 1 f a = 2/3) xo 1C CUVIPTAHOELS
fulx) = % Iopatnpodye 6t |frn] < 1 yia x&de n i n otadepr; cuvdptnon 1 ebvou
ohoxhnpdown oto [0,1]. Enione, vy xéde x € [0,1] wyder fn(z) — 0. Apa, and to

Yedenua xuptapynuévne alyxhong énetal to {NToUEvo.

31. Eoto fn : E — R axodovdia odoxAnpdopwy ovvaptioewy pe 0" [ | fn] < +oo.
Aceikre 6

(o) H oepd Y07 fulx) ovykdiver oxeddy ya kdde x € E.
(B) H ovvdptnon Y., fn €lvar odokAnpdoiun ka

J(E)-5 -

Trédeén. (a) And to Yedpnua Beppo-Levi éyovpe 6t [ |ful = Y02, [41fnl <
+00, dnhadh N ouvdptnon F = > 0 | | f,| elvon ohoxhnpdowun, dpo menepacuévn oyedov
mavtol. M’ dha hoyiar 1) oepd ooy fn () ouyxhiver (amdhuta) oyeddy yio xdde x € E.
(B) Eotw f(x) := Y02 fa(x), n onola opileton oyeddv yioa xdde z € E. Tote, oyedbv
v xdde z € E woylel

[f@)] = > fal@)| <D Ifal@) = F(2).
n=1 n=1

H F elvor ohoxhnpwowun, and unddeor, dpa n |f| ebvor ohoxhnpdown. Oewpolye tny
axohoua ohoxAnpwoiunmy cuvapthcewy s, () = Y r_; fr(x) xou mopatneolue 6Tt oyedoy
v xdde x € E woylel

50(@)] < 3" 1fe(@)] < F(a).
k=1

Ané 1o Yedpnua xuptapyMUéEvne clyYXMoNg €YOUUE:

[(E0) Lrmto S [

—nax

32. Ywabepormoolue 0 < a < b ka1 opilovpe fr(x) = ae —ne” ™7 Acitte én

ijl/omw_oo

[(Er)sl s

n=

Kai
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. , . log(n/a)
Trédein. Oétouvye 6, := n(b—a) -

0 <z < dy. Enopévac,

9] [
" 1 1 1 a
/ |fn| d;“’ > / [ne—nbw - ae—nam] de = ——+ b <]- - 9) ab-e,
0 0 b b—a b

n nbv—a

Téte, vy x8de n > a woydel §, > 0 xou fr(z) < 0 yia

an’ 6mou émetan 6TL Yooy [0 | ful dp = +o0.
T xdde z > 0 oy e

—ax —bx

> e e
;fn(x) = al — e—ax - (1 _e—bm)Q'

, 7 o ’ ’,
Enetan 61 [, > ony fn = F00. Téhog, eivon

e 1 1
0 n

GUVETOC éxoupe Y one [0 frn = —o0.

33. () Av f >0 oxeb6v mavrov ato E kar av f, = min{f,n}, tdre [, fn — [, f.

(B) Av n f etvar ooxAnpdsorun oo E kar f, = max{min{n, f}, —n}, wdze [, fn — [, f.
Yrédeitn. (o) Hopotnpotpe 61 0 < f, < fri1 xou fr, = f xotd onpelo, oyeddy mavtod
oto E. To ouurépacya €netar and 1o Yedpnua povétovng olyxAlong.

(B) Hapatnpodue ot | fr] < |f] xou btL fr, = f xotd onuelo, oxeddv navtod oto E. To
oupnépaoyua EneTal and To VEDENUO XURLIPYNUEVNS CUYXMOTC.

34. Foww k,n € N pe k < n ka1 Ey,...,E, petpioiue vrootvola tou [0,1] ue tny
e&ng 1bidtnTa: kde © € [0, 1] avijka o€ tovkdyiotov k and ta Eq, Ea, ..., E,. Acitte éu
vrdpxet i < n dote u(E;) > k/n.

Trédeitn. Oewpolye Ty f =Y i | X5, Aol xdde z € [0,1] avixer oe TouAdyoTOV K
ané to By, ..., E,, éovue

F@) =3 v (@) > k
=1

yio xéde x € [0, 1]. Suverndc,

n

SuE) =3 [ m@di)= [ fduzt

i—1 7 [0,1] [0,1]

"Ereton 6TL

E;) >
llgggxnu( i) >

Anhodt, undpyet ip € {1,...,n} pe Ty Wbt p(B;,) > .



