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IIPOAOTOX

IIepl tivog mpdxettal. H Oewpla Suvddev elval pia cuvapnaotixy, {ovtavy
pobnuatixen Bewpla, pe Tig dixég e Paoixés évvoleg, Bepehiaxd anotehéouota
%o TEOPBAAUATA, %Ol UE ONUAVTIXES EQUEUOYES oE dAleg uabnuatixés Bewplec.
Eéywpa an’ avtd, n AZuwpatixr XuvohobBewpla Oewpeiton and morlolc wg
Beperiowon Tov pabnuatixdy: ewxdletal 6t dha tar roabnuatixd aviixelpeva
elvar mpdypatt odvola, xal 6Tt ol WBLOTNTES Toug elvol ToploudTd TwV ALTOV,
xouddv allwudtwy yio to obvoha. Tinota 1660 amhoixd dev unopel va elvat 7
TAheng aAfbela, adhd otwodnnote, ota 6Uyypova Yadnuatixd To «va artocagnvi-
GELS xdmoLaL Evvola ELval GUVEVUUO UE TO «VaL TNV 0pleELs 611 guvolobewplor. H
fewpla ouvérwv eivar 1 enlonun YAdooa twv pabnuatixdy, énwe ta pabnuatixd
elvat n enlonun YAdooa g emotiunc.

Yav 6loug toug ouyYpagelc EloaYLYIXGY, TedTwY BIBA®Y Yio o cUvoha,
Exw xt ey®) mpoonabnoel va eEnyRow xal Tig dGo autég andelg Tou xhddou.

And v «alBaphpy Bewplo 6UVOALY, oL Lnuetdoelg auTég xaAlnTouy o Bactxd
anoteréopata YLo «coapnenuéva obvohar, to Afiwua Enthoyhc, unepnenepacuévn
avadpour, TAndixolc xat dtataxtixolc aptbuovs. Avydtepo cuvnbiouévo elvor
10 Kegdhato 10 yia «onuetoohvolon, Tou TEQLEYEL ANOTENEGUATO UE EQAPUOYES
oty Avdhuorn ol eledyel Tov avayvdoty oto IIpbBAnua tou Luveyolg, xe-
vTpY ep®dTnom tng ouvolobewplag amd ta mpdta tng PRuata.  Ymdgyel xou
xdmota. xatvotoulo otny avdntuén tne Bewplog mAnBapifuwy, mou elodyovtal
vople (xatéd tov Cantor ahhd Alyo movnpd), étol dote ol Pacixol TémoL tng
manfucic aptBuntixrc va uropodv va ddayfody oo mo yehyopa yivetar. To
Hapdptnua A e€nyel TNV «(ATAOXELT TOV TEAYUATIXGOY apliudy extevéoTtepa
an’ 6,1t cuvnbiletol 0Ny emoyY) Lo %ol UE xETOLES xaLlvoTouleg 6Ty Tpbafaon
Tou poPAiuatog xat oe Yeptxég and Tig Aemtouépetec. To tehevtalo Hapdptnua
B anotekel wa xdnwg exxevipixy] eloaywyh oty pabnuoatixy ewpla Quotxdy
TEOTUNLV dapdpnv apydV Tng cuvolobenplag, uetald twy onolwy xot 1 Agyn
AvtiBeperinong tou Aczel. Aev anattel yvdorn e Aoyixrc, aAld o cofapde
avayvedotng tou olyoupa 0’ anogaciosl 61t mpénel va udbel Aoyuxy.

'Ocov agopd ™0 ouvohobewela wg Beuehiwon Twv yabnuotixdy, ol Xnueld-
oelc auTég dtagépouv and ta cuvnbiouéva e dbo tpérovg. Katapyhv éxw ndpet
ot cofapd autd to «wdfe pabnuatixd aviixelpevo elvan odvolor (nou BéPoia
dev elvat), xt éyw mpoonabioel vo tou ddow vénua ue TV Evvola TN TLOTHS



vi IIroAOIOx

anetxdvLong pabnuatixdy avixeluévey and dounuéva obvola. H Wdéa elvon
TaALd, aArd lowg auTd va elvar To TpdTo eloaywYd BiBAlo Tou Ty anodéyetal,
npoomnoabel va v e€nyrioet xat ) yenotponotel pue ouvéneta. Ot gidhot tng Bewplag
xotnyopLdv Oa avayvwploouy uepixég and Tic Bacixég évvolég g, EedidvTpona
TePLTUALYUEVEG and uia Tapadoataxy), xabapd cuvorobewentxy mpdofacn oto
TpoPBAnua Beuehlwong émou wwtnyoplegr dev avagépovtal moubevd. Kot xatd
deltepo N6Y0, 1 Bewpla unoloyLopwol Bewpeitan pépog TV padnuatxdy tou
«yefiCouy Beperimoncy, xal ta oYeTxd ouvolobewpenTind anotehéouoto xahdnto-
vrat, poll ue modhd mopadelyuata. H @uiodolia tou BiBAlou elvon va e&nyroet
6,1yl T 6vola meEmet vou udbel xdfe coPapde poltnTic XL @olThTeLe TwY
pobnuaTedy A} e Bewpentixic TAnpogopLxic.

Yrdpyouv moAN& LGTopixd Gy ONaL ol TEPLXOTES OV GE PEPLXA Uépn dlvouv
oTlg LNUELDOELS Ula «AdyLan Y Tou dev toug ailet. 'Oleg oL mepixomég xat oL
neploobtepeg mapatnefoeLs elval and tic e€fg 8Yo tohvTiueS GUANNOYEC EpYAGLAY,
mou W8avixd Oo mpénel va elvol oty didbeon Tou avayvodoT.

Georg Cantor, Contributions to the founding of the theory of transfinite num-
bers, yetagpacuévo ota ayyAxd ot ue Eicaywyh and tov Philip E. B. Jour-
dain, Dover Publications, New York.

Jean van Heijenoort, From Frege to Godel, Harvard University Press, Cam-
bridge, 1967.

Odnyies yphions. Ilepinou to uied Biio unopet va xadugbel 6’ éva Tolunvo
(3éxa Pdouddec), xdnwe neplocbiepo o éva mhipec EZdunvo. To Kegpdhowa
1 - 6 xaAdntouy o Pacixd xoL TEPLEYOUV OpXETEC AEMTOUERELES, ETOL OGTE O
oofapbdc portntic va unopel var ta dofdoel wévog tou, e Alyn BoRbeta. I'a
TV eMTUYY PO AUTGOY TwV LNUELdoeny ot udlnua elval anapaltnTto autd to
Baowd va Eemepactoly yehyopa: vo mapoielpbel to Kegpdhoo 1, mou mepiéyet
%nuplwg ocuyPoliouoie mepinou wwo Bdoudda yia To Kegdhato 2, mou e€nyel tig
Bepehiaxéc Wdéeg Tov Cantor: xor petd «Bhua tpoxddnv» péoa and ta Kepdhata
3 - 6, étoL dote va @tdoet To wdbnua otn Bewpla xohd Statetayuéveny cuvdimy
tou Kegalatou 7 to mohd v éxtn, av elvan Suvatdv v néunty Bdoudda. And
1o Kegdhaio 7 xal petd, ta Bewprjuata yivovtal duexohdtepa xal 1 tapovciacy
Toug o ouvortixy. Iléoa and Ty «paypatix cuvohobewpla ota Kegpdhaia
7 - 12 unopel xaveic va xakbdet, e€aptdtar BéBota and toug oltntég, To Ufxog
tou pabfuatog, xar nbéoa Ba mapakerpholv. Av o goitntéc eivan xuplog Tng
mhnpopoptxis, téte 1o Kegdhowo 6 yio Ltabepd Xnuelo mpénet va peletnbel
TAews, We To TpoPBAjuatd Tou, ahid To Kegdhato 10 yia to ydpo Baire lowg
npénel va agebel, 600 xt av slvon xplua. T guAddoloug avahlboteg, ato dAlo
éxpo, to Kegpdhato 6 npénet vo tepuxonel uetd 1o 6.27 (mou xt autd elvan xpiya),
aAAd Touldytotov pia mpoondbela mpénel va yiver va xalugBel uépog tou 10.
Sy avdyxy, unopolyv va mopaletpboldyv ol Aemtouépeleg yio Tig oplBuntixég
npdéelc oto Kegpdhato 5, wg enlong xou uepxd and ta edixdtepa moplopota
touv Aliduatog Emhoyic 610 9. Kdnwe antBavo va Beebel ypbdvog oe xavovixd
udOnuo yio to Mapapthpato (eyd aplepdvon uévo uia SIEAeEN yia Ty XATAOXEUT
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TV TPAYHATIXGY aptBudy), adld edtilew 6Tt lowg elvan ypfowa Yo Tepvdpla
1 atouxy| UEAETY.

Egboov pabruoata cuvohobewploc dev Siddoxovtal cuyvd xal ondvio xohd-
ntouv 60 meenel, mpoondbnoa Wiaitepa va yeddw auté Tig Lnueidoelg £tol
mou va elval xaTdAANAES Yo atouLxn WEAETY), and Tov xavd ot 6oBoapd YoLtnTy.
Yndpyouv nohhég, anhéc AGKACELS, TOU EAEYYOLY TNV XATAVONGTY XAUVOURLOV
EVVOLODY aUéons METE TNV eloaymYh Tous. Lto udbnua napovotdle uepixés an’
autég, yla mopadelypota, xou avabétn tg undloineg otoug ottntés. To Ilpo-
BAMuata oto téhog xdfe xepahalou elvar mouxiing Suoxollog, ot pepixd ar’
autd xohdntouy emnpbobetn UAN. 'Onwe cuvnbiletor, Ta mo dVoxola and to
npoPAjuata onuadedovtal u’ évay *

Evyaploties. Evyapiotd to Mabnuoatixd Tudua touv Haveniotnuiov ABnvdv
yioL TY euxatpla Tou pou £dwoe va 8tdd&w Yuvolobewpla otny AB¥va to Xetudva
Tou 1990 ) Afuntea Kitolou xal tov Xtpdrto Ildoyo yia tnv ndhn toug ue did-
(popoUg UTOAOYLOTES Xat exTUTKTES Tou Ilohuteyvelou to 1990 btav Tundoaue
NV TEGO TN TpoxaTaex TN Exdoor xat daltepa tov Oavdon Toapraiid tov cu-
viifog Siddoxel to udbnua Xuvorobewpioc oto HaveniotiuLlo, Tou yenoiuonoinoce
N Seltepn TRPOXATAPXTLXTY EXB00Y AUTGOY TWY LNUELOGE®Y To Xetuova touv 1992
%ol mov pou npbopepe TANHGEA YeRolwy GUUBOUAGY YLo TO TEQLEYOUEVO, TG
aoxnfoelg xou TNV eAnxy oporoyia. Eluatl euyvdumy otoug cuvadéigoug xat
pihoug 610 UCLA xau to Caltech (xévtpa épeuvac otn cuvolobempia) and toug
onoloug €yw wdbet 6,TL Epw yia tov xhddo. Kau elpar laltepa evyvidumy ot
yuvaixo pou Joan Rand Moschovakis xat to @ottnt) wov Darren Kessner mou
ddPacay peydha pépn and to xelpyevo, éhvoav ta teplocdtepa IpofAjuata xat
dbpbwoay moAAS and to Adbr uovu.

To BiBMo yedpnxe oyeddy TauTdypOVA GTO EAANVIXE XL GTA AYYAXE, UE TN
payela Tou dlylwocou TEX! xau cav axpiBfic aviixatonTeLouds g TPOGw-
muxnc wov polpag. To agepdvew otov aeluvnoto Kalnynti Nixo Kpruxéd yia
o aféyaota anoyeduata nou épaco woll Tou to Xeludva xat v ‘Avolén tou
1973 npoonabdvtac va udbw ue v mohdvtiun Borbetd tou ndg va uthd xat va
Yedow pabnuatixd otn untewa wov Yhdooa. Alyec dpeg ue 1o Nixo Kettixd,
va xotePBdler T Aedixd (and to yepuovixd ota EAANVLXE, and To haTivixd oo
yepuavixd) yia va Ppet axplBic TNV TéAela HETEPpaoT XdTolou dpou, cou udbou-
VOV TERLGGOTERA YLoL TNV YA NG EMGTAUNG Xat NS YADGGag an’ 6,TL Ypdvla
TUTUXADY PETATTUYLOXADY omouddy. Oélw enlong va exgpdon Tic Pabitateg eu-
yopLotieg pou 6to glho Tdxn Kovgdnouho, nou SidfBace ngocextixd xol xpltixd
v TepoxatapxTixt éxdoor autol tou BiBAlov, Sibpbwoe ta yelpdtepa YAwaoxd

LOL "EM\veg pabnuatixol éxouue weydhn unoyeénon atov Silvio Levy, nou npoypaupdtics
w600 6poppa T EAANVLXKE «anhd» oto METAFONT €10l mou Vo UmopoUUE VA XPYOULOTIOLOUUE TO
TEX tou Knuth xai to ATEX tou Lamport yw tn otouyetobétnon eAAnvixdyv pabnuatixdy
xeywévov. '‘Ocol evdiagépovia yua to naxéto (dnuociwv, ehevbepwv) mpoypappdtwy ue to
onolo ctoyelobétnoa Ty eEAAVLXY| éxdoom autol Tou BiAlou umopoly va wou ypddouy yia
neEpLocOTERES TANPOPOpies, av yivetow NAextpovixd, oty dievBuvern ynm@math.ucla.edu.

[lporataptuTLing 21 €udoorm, yepdtn A&6n, Méptiog 2007
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MOV QUOETARATA ol TEOTELVE ULa OELed aAAaYdV Tou Bedtiwoay onuavtixd to
teAetwUévo Epyo.

Santa Monica, California Iavoudgrog 1993

I ™ 2n €xdooy. Ot mo onuavtixés ahhayéc mou €xw xdvel elval {owg
oe uxpd mpdypata, Ttou (eAnilw) xdvouv to BiBAlo mo edxolo, xoL Yo To 8d-
oxoho xaL Yo To yanti: anhovotevuéveg anodelelg, auuBohiouds xal opoho-
yio, uepxd xavovplo Staypdupoata, xoaAlTepn SLaTiNWoT UEpXOV ATOTEAEGU-
twv (WBlaltepa autdv Tov duxatoloyolv avadpoutxolc optouolc Xl eTayYwyLxéc
anodeléeic) €ToL oL Vol dleuxoldvovton oL egapoYég Toug, xat (lowg o onuo-
viuxd), 1 Siépbwon Nabdv, tunoypapxdy xat Aoy, T tnv avaxdhudn autdy
TV Abdy xow ToANég ypRolueg umodeilelg elual evyVOU®Y 6Toug Plloug xal
ouvddehgpoug Serge Bozon, Joel Hamkins, Peter Hinman, Aki Kanamori, Joan
Moschovakis, Larry Moss, I'tdvvn Iavayiwténovio, Oavdon Toapmadid, xou
ndpo tohhode @oltnTée.

Avdueoa ot mo onuoavixég adlayés 6’ auth TNy éxdoon elvat ol e€xg:

— H anddeiln tou Oewpriuatoc tou Suslin oto Kegdhoro 10, nou (yevixdtepa)
éxel Bedtiwbel onuavuxd

— M xahOtepn (moteln) avdntuln tng Bewplag Siataxtixdv aplbudy cto
Kegpdhato 12, xou v npdofeon véou ukixol o’ autd to Kegpdhato, mou tédpa
neptAoufdvel Ta Bacixd anoteAéouata TN dtotoneTixic apltbuntixdc.

— AvVoeig 6wy Twv aoxfoewy ota Kepdhata 1 — 12, xotdémy Aaixhg emtta-
yhc. Autd agorgel and Tov Sddoxovia Tig mo mpogavels, edxoleg avabéoelg
aoxfoewy, xal éTol €xw npochéoel apxetd, xotvolpla edxoha TpoBiiuata.

Elpot evyvouwy oto Bdvo Toovdva yia 1 dtépbworn e AyyAudic 2ng éx-
doome (Notes on Set Theory, Springer, 2006) xou tn petdpeoon oto EAAnvixd
TOU XaLvoVpLOU UALXOD.

Hohawd ®dingo, Mdgtiog 2007
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KE®PAAAIO 1

EIXATOQI'H

Jovola €youv yenowonoinfel oe dhoug toug xhddoug TwV pabnuaTixdy and
Toug apyaLbTATOUG YPdVoug, T.Y. 01N YewueTpla opllovue Tov x¥xho wg To 60-
VOAO TwV ONMUEL®Y TIOU anéyouv oplouévn andatact r and optouévo onueio C
(to %év1po), peketdue ) déoun Gy Twv eubeldy Tou Tepvoly and éva cuyxe-
xpuévo onueto x.in. H cuotnuatxy uekétn tov cuvoieyv, dums, dpytoe wbévo
ota TN tou 190U awdva pe v epyaoia Tou yeydiov I'epuavod pabnuotixod
Georg Cantor, mouv dnutodpynoe uta avotney| Bewplo Tng évvolag Tou oloxAnew-
uévou ameipov, ue Ty omola unopovue vo cuyxpglvouue dnelpo 6OVOAL W mEO¢
10 mAffoc. Yuyxexpuéva, ac Bécouye:

Z=A...,—-1,0,1,...} = 10 clvolo 1V axepalwy aplBudy,
N={0,1,...} = 10 olvolo twv puoxdv apBudy,

Q = 10 obvoho TV ENTéhY aplBudy,

R = ta onuelo utag anepldéplotng evbelog,

6mou tautiloupe to R pe 10 obvoro twv mpayuatixdy oplbudy, xdbe onueto
tawtlbuevo pe ) (Betind A apvnTind) tou cuvtetayuévr. O Cantor epdtnoe av
auTd Tor oUvora «€youv Tov (8lo aplbud otolyelwvr 1 av xdnolo and autd elvor
«rohunAnbéotepor Twv dAAwy. Ilpwv e€nyfoovue tnv andvinon nou €dwoe, 610
enduevo xe@dhato, Ho avaoxonfoouue edd cuvomTind Uepixéc and tig Baoixég
3éeg ya obvola xau ouvapthoelg, xuplwg yia va e€nyrficouye to cuufohioud
nou Ba ypnoluonoloVyue.

AXN& e elval ta obvora; H epdtnom elvar mapduota ye v epdtnon «tt elval
o onueta poag gubelacy v onola 0 Euxeldne andvinoe ue to

«onueldy Eotiv o0 uépog oUhEV.

Autég Sev elvar BéBala avotnede, pabnuatixde opioude, avaywyr tng évvolag
Tou onuelov og YVWOTES €vvoleg, alld Uia xdnolo TepLypagy|, Tou B€Ael var pog
ddoel Ty exdva bt To onuelo elval xdTL mou Sev Eyel éxtaor. 'Onwg oauth
Tou onuelou, 1 évvola Tou cuvbhou elvor entong Bepehiax| xar dev umopel va
avaybetl oe anhovotepeg évvoleg. O Cantor tnv mepiéypade wg e€nic:
«Me 0 AéEn ‘olvoho’ evvoolue ula onoladfitote ouvdfpolon oe ohdtnTa
)

0pLOTIXMDY XoL Slaxexpluévey atolyelmy g dalebnong ¥ touv otoya-
ou0U Hooy.



2 YHMEIQXEIY ¥TH X YNOAOOEQPIA

'Oco acagrc xow av elvar autdg o oplouds, cuvendyeton dUo PBacixég WBLoTNTEG
TWV CLVOAWY.

1. Kdfe obvoho A éyel otouyela 1 wéln. [pdgpouue
z € A < 70 avuxelyevo z elvat pélog Tou (¥ avixel oto) A.

2. "Eva obvoho xafopiletor and to otoryeia Tou, dnhadh av ta A, B eivat

oVvola, THTe?

A =B <= ta A xo B éyouv ta {do wéhn (1-1)
— (Vz)[x € A < z € B].

Autd 1o teheutalo Aéyeton M WLOTNTA TN €xtaoms. To oldvolo twv goitn-

OV 6" auth TNV T8N .. Ba tagaueivel otabepd av Ghol pac ahAdEovue Béoele,

Eanhdoouue xdtw f petaxtvnlolue oe xdnoto diho dwudtio: to oivoro xabo-

piletan tedelwg and to motot elpaote, byt and tn otdon pac A tg Héoec dnou
tuyalvel va Bploxduacte.

Kénog WSibtuno etval 1o xevé abvoro @) mou dev éyel xavéva yéhoc. H dié-

TR TN EXTAONS GUVETAYETOL OTL Uovo éva xevd alUvolo umdpyet.
Av ta A xou B elvou olvola, yedgouue

ACB < (Vz)[re A=z € B],
ot ov A C B, Mue 61t 10 A elvar utoabvolo tov B, étol dote yio xdbe B,
f#c B, BCB.
Av 10 A elvar yviioLo unocivolo tov B, ypdgouvue A C B,
ACB < [ACB& A+#B].
Anéb v WBLétta g éxtaong éneton 6t yio 6o to chvora A, B,
A=B < ACB& BCA.

"Eyouyue 100 yenowwonouios. toAlols cuufoAliouolc yio vo 0ploouue GUYXE-
xpluévo olvoha xat Ho ypetaotolue xat dhhoug, m.).

A= {alaaQa"' 7an}
elvar to (nemepaopévo) clvolo pe uéhn axplfdc ta otolyelo ai,as, ..., an.
Eniong, av n P elvow piar ouvBixm mou opllel xdmota t3LOTNTA TV AVIIXEWUEVLY,
61e
A={z|P(z)}
elvat To gOvoro OALY TV AVTXELLEVWY TOL xavomoloby Tn cuvlixn P, étol
Gote v xébe x,
r€A < P(x).

20 ypNOULOTORGOLUE CUGTNUATIXG WS GUYTOUEUGELS Toug GuUBoAlouols Tng Aoyuxrg:
& :xon, Vv, 0 by, = :ouvemdyetol, <= :TtétE 20U UEVOV AV,
V@ yu xd0e, 3 : undpyel, 3! : undpyel axpBdg v

79

Ta obuBola =q Xl <=6, Stafdlovrar “lcoltal €€’ oplopol” xau “leodlvapa €€’ oplouol”.

llpoxataptHTLNy 21 €udoor, Yepdtn A&On, Maptiog 2007
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AUB ANB A\ B
A1arpAMMA 1.1. Ipd&eic Boole.

o nopdderypa, av
P(z) < z € N&z dptiog,
téte {z | P(z)} elvar to olvoho dhwv Tov dpTimv, puexdy optBudy. Otav
evdlagepbuaoTe Yovdya yia T “cuvdbpolon o ohdTNTA” UEADY VO Soauévou
ouvbéhou A mou xavorololy ULo oLYXEXELUEVY oLuVERXY, YenoLuoToLloUuE ULo
napaAayY| TOU Topandve GLUBOALGUOY:
{re A|P(x)} =op {z | z € A& P(x)},
étol dote, v napddetypa, {z € N | 2 > 0} elvar to olvoro dhwv twv un
undevixdv puoxdy aptBudy, evéd {z € R | z > 0} elvar to obvolo dhov Twv
Betindv mpayuaTixdy aptiudyv.
Ta 6ha ta clvora A, B,

AUB={z|z€ Avae e B} (névuonIwy A,B),

ANB={z€ A|z € B} (n TouA twv A, B),

A\B={zc A|z ¢ B} (n Stagopd Twv A, B).
Auvtéc ov “npdleic Boole” anewxoviCovtor oynuatixd ye ta Staypdupoata Venn

o710 Awdypoupa 1.1, émou ta g¥vola avanapacTtovvTal and euBadd oto eninedo.
H évwon xou n touy| ulag axohoubilog cuvérwv optlovtar ye tov (8o tpdno,

Urodn=40UA U ---={z| (In e N)[z € 4,]},
NoeoAn=A49gN A1 N---={z| (Vn e N)[z € A,]}.

Avo obvola elvar Eéva av 1 Tout Toug elvat xev,
AZévoye o B < ANB=1.
Me toug cupufoiiouoic
fiXx—-v 4 ALB

evvoolue 6t 1 f elval ouvdpetnoy nou aviiotoyilel o xdfe uéhoc & Tou oLUVS-
Aou X tou mediov opLopol g f, axpPdc éva ototyelo f(z) Tou nedlou TLudv
Y e f. T ouvapthioels xahoVue xol ATELXOVIOELS ¥ UETACYNUATLOROUS.
TTod\éc popég elvan ypRoLL0S xaL 0 GuvonTixdg ouufohiouds (z — f(x)) nou pag

[IporataptHTLXny 21 €udoor, yYepdtn A&On, Méptiog 2007
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EMLTEENEL VoL (UANCOVUE Yl XdTola cuvdeTnon Ywelc va T Pagticouvue enlonuo.
H

(2% +1)

T.Y. 6TOUC TpayuaTixolc aptbuole elvaw 1 ouvdptnon (o Vv molue) f mou
opiletat pe Tov TUTO

f(x) =241, (z€R),
étol dote f(0) =1, f(2) =5 x.An. Xowplc va etoaydyouue to dvoua f yU auth
T ouvdptnon, uropolue va Tolue 6Tt «bheg ol wée e (z — z? + 1) elvon
Betinéon.

Abo cuvaptioels eivar Loeg av €youy to (8o medlo oplopol xat aviieTolyoly
v Bla T o xdbe pélhog tou xolvold Touc Tediou opLouoY.

f=g < (zeX)[f()=g@)] (f:X—Y, g:X—ZaeX).
Avagpopuxd ue ouvapthoelg, Ha yenotponoobye enlong toug ouuBoAioupoic
[: X =Y < 7 f elvar povopoppronds (éva-npde-éva)
— (Vz,2’ € X)[f(z) = f(z') =z = 2],
[: X =Y & 7 felvu empopgrowds (ouvdptnon ent)
= (Vg eY)Ez e X)[f(z) =y,
f: X =Y &4 71 f elvo aviiotoryia
—  (WeY)EeX)[fa) =y
Twxdbe f: X =Y xu A C X, 10 6lvoro
f[A] ~op {f(il?) | T E A}
elvaw n ewxdva tov A and v f, xaw av B C Y t61€ 10
F7 Bl = {x € X | f(2) € B}
elvar n avtiotpopy ewxdva tou B and v f.
Av 7 f elvan avtiotouyia, Téte BéBona n avtiotpoyn ouvdpetnon f 1Y — X
unopel va oplotel avegdptnTa Ye Tov ToNo
F7iy) =2 = fla)=y

xou o olvoho fLB] elvon axpBdc M exédva tou B and v L bnwg v
oploaue Mo Mdvw.
H olvbeom

h=0gf: X—2

300 ouvoptioewy

oplletat pe Tov timo

[IporataptHTLXny 21 €udoor, yYepdtn A&On, Méptiog 2007
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IToANéc ypriowes WBLOTNTEC TWV GUVOAMY X0l GUVOPTAGEWY UTOROUV Vo, ATO-
detytolv auéows and auTtols Toug optouols ot TNy Widtnta tne éxtaons. L
Tapddelyua,

AUB=BUA,
eneldy] Yl onolodfinote x,

rc€AUB <= z€ ANz eB
< zxeBhzrecA
< z € BUA.

e yepxéc MepLTTOOELS N Aoy Tng anddellng elvan xdnwg meplmhoxyn xat elvon
guxoA6Tepo va anodel&ovue v woodTta U = V enadnfedovtog Eeywpelotd Tig
ovvenaywyéc £ € U=z € V xow z € V=2 € U. T nopgddetypo, av
f: X =Y xu A,BC X, t61¢

fIAUB] = fIA]U f[B].
I va enainfedooupe autiv Ty todtnta, tpdta delyvouue 6Tt
z € fJAUB]|==z € f[A]U f[B]

autd oylel enedd av x € f[A U B, téte undpyetl xdnoo y € AU B tétoL0 1oy
x=f(y) xwavy € A, téte z = f(y) € f[A] C f[AJUS[B], evéd avy € B, t61¢
x = f(y) € f[B] C f[A]Uf[B]. 'Encita delyvouue v avitiotpoen cuvenaywyy,

z € fI[A]U f[B]=z € f[AU BJ-

autd toylel emedh av z € f[A], t6te z = f(y) v xdmoo y € A C AU B, xou
étorz € fJAUB], evé av = € f[B], téte © = f(y) v xdmoro y € B C AU B,
dpo xou méh z € f[AU B.

IpoBAjpata yia To Kegdhato 1

x1.1. Ta 6Aa Ta oVvora A, B, C,

AU(BNC)=(AUB)N(AUC),
AN(BUC)=(ANB)U(ANC),
A\(ANB)=A\B.

x1.2. (Ou véuot tou De Morgan) I'ia 6ha tar svvora A, B, C,

C\(AUB)=(C\A)N(C\B),
C\(ANB)=(C\A)U(C\B).

[IporataptuTLing 2n €udoor, yepdtn A&On, Maptiog 2007



6 YHMEIQXEIY ¥TH X YNOAOOEQPIA

x1.3. (Ou véuor tou De Morgan yio axohovbiec) T xdfe odvoho C xou axo-
Xoubla cuvérev {4}, = Ao, A1, .- -,

C\ (Un4n) =Nn(C\ An),
C\(N,4n) =U,(C\ 4n).

x1.4. T xdbBe povopopgiouéd f: X — Y xat dha taa A, B C X,
f1A N B] = f14] 0 (B,
F14\ B] = f[4]\ [B).
Acl&e enione 6Tt avtéc oL LedtnTeg dev toyYouy dvta av 1 f Sev elval povouoe-
QLoUOC.
x1.5. Twa %xdbe f: X - Y xat 6hata A,BCY,
fHAUB] = fTHAJUFTB],
FHANB] = f7HAINf7Y B,
FHAN Bl = AN f7(B.

x1.6. T 6heg tic f : X — Y o bheg tig axolouvbieg ocuvdérwy 4, C X,
B,CY,

FURZoBal =Uniof ' [Bal,
f_l [ﬂ ZOZOB'”] = ﬂ ;.Lozof_l [Bn]’
fIU :,O:OATL] = Uiiof[An]-
x1.7. ' %8Be povouoppioud f: X »— Y xou xdbe axolovbia cuvérwv A, C X,

FINaZoAn] = N aZof[An].

x1.8. H o¥vleon yovouopgioudy elval povouopgiouds, n obvleon emuop@l-
oudy elvat empop@Lopde, xat enouéveg 1 6Ovleon aviiotolytdy elval aviieTot-

ylo.
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KE®PAAAIO 2

IXOIIAHOIKOTHTA

Meté and autd Ta mEOoXATOEXTIXA UTOPOVUE Vo SLATUNDGOUUE Toug Paotxovg
optouovg Tou Cantor yia to TANOxé uéyebog TwV GUVORWLY.

2.1. Optowés. Avo cdvoha A, B elval toonAnBuxd (equinumerous) ¥ loa o€
nA%0og av undpyet (apoBala, éva-tpoc-éva) aviiotolyia Twv oTolyelwy Toug,
ouufoluxd:

A=.B <=, 3f)[f:A— B].

Autée o oplouds e Loomhnbxdintog npogavde Bactleton otic douchHrioeig
pog yla ta tenepacuévo oOvola. Mropoldue va elpacte olyovpol m.y. 6Tt éva
poyall Tanoutoldy tpoocpépel Tov (8Lo apLlbud aplaTepdy xal dEELDY TATOUTOLHY,
yowelc va Eépovue axplBos molog elvan avtdg o aplBubde: 1 cuvdptnon mov cu-
oyetiler xdfe aplotepd mamovtol e to dell manovtol oto (8o Leuydpt elvon
avteTolyla mou Qavepdvel TNy Loomhniuxdtnta autdy Ty %o cuvbérwy. To pt-
CoomacTtixd otoiyelo tou optouol tou Cantor elvat 1 mpdTaoy va Seytodue TNy
Omapén apolBalog avitotolylag wg yapaxtnetoTixt 3LétnTa Tng toomhnfixdtntag
v 6AaL Ta 6UVORaL, Topd TO YEYOVOS OTL 1) EQAEUOYY TNS OTA ATELPA GUVOAN UTO-
pel va Bewpnlel tpofAnuatixd. 'Etol to advolo twv guoxdv aptBudy N elvor
toomAnfixd pe to yvholo unocvvord tou N\ {0},

{0,1,2,...} =, {1,2,3,... },

Béoel g avuotolyloc (z +— z + 1). Enlone, otouc mpayuatixoic aptfuoic,
(Oa 1) ~c (Oa 2)

Bdoel e avtiotoyiag (z — 2x) émou, wg cuvibug, yia 800 mpaypaTiXolg
aplfuoie a < G,

(,8) ={zeR|a<z<f}
Oa ypenoiwonolodue Tov avdioyo cuufolioud xou ylo To xAeloTd N nuixeiota
draothuata [, 8], [, B) ».Am.
2.2. Ilpéraoy. ['a dla ta ovvoda A, B, C,

A=, Aa
av A=, B, tét1¢ B=_A,
av (A=, B&B=.0), téte A=.C.

7
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AIATPAMMA 2.1. Awypogn emavalfewy ylog anaplBunong.

ATnOAEIEH. T v tpitn ouvenaywy nopadelypatoc xdety, ov oL aviiotot-
ylee f: Ar» B xaL g : B — C gavepdvouy tic LoonAnfixdtntes tng undbeong,
téte 1 oVvbeon gf 1 A — C gpavepdvel 61t A =, C. —

2.3. Opiopbs. To olvolro A elvon wixpbdtepo-ioo tov B wg npog to mAYiBog
av elvar toomhnBixd e xdnoto vtocvvoro touv B, cuufoiixd:

A<, B < (AO)[CCB& A=.C)].
2.4. Mpétaon. A<.B < (3f)[f: A— B].

ANOAEIEH. Av A =, C C B xaun f : A —» C @avepdvel auth v Loo-
duvapla, téte 1 f elvon povouopgiouéde and 1o A oto B. T tv avtiotpogn
oLVETAY WYY, av Undpyel xdmotog uwovouopgouds f : A — B, 16t autég o f
pavepdvel 61 A =, f[A] C B, étot tou A <. B ané tov optoud. =

2.5. 'Aoxnom. [a éAa ta ovvola A, B, C,
A< A,
av (A<, B&B<.0), téte A<, C.
2.6. Optowds. To olvoho A elvon menepacpévo (finite) av undpyel xdnotog
puoxde aptbude n dote
A=.{ieN|i<n}={0,1,... ,n—1},
olde 1o A elvan dmetpo (infinite). Katd ocuvéneia 1o xevé clvoro @ elvon
nenepacpévo, agol ) = {i e N |7 < 0}.
To clvolo A elvou amaplBuntéd A aptbuicipo (countable ¥ denumerable) av

elvat enepaouévo B L.oomAnBixd ue to odvoro twv puoxdy aptiudy N, adiidg
elvan avarapiBunto ¥ un apbpfoipwo (uncountable).

2.7. Ipéraoy. ['a xdbe ovvolo A, ot axdrovbfec mpotdoeic elvar ioodUvaues:
(1) to A elvar anapifuntd,
(2) A<.N.
(3) Eite A =10, eite to A emdéyetan anapibunoy, dnrady undpyet enuop-
prouéc m: N — A, éro1 dote

A =7[N] = {n(0),n(1),m(2),... }.

ATNIOAEIEH. Oo anodelfovue T GUVETAYWYES XUXALXE.

[IporataptHTLny 21 €udoor, yepdtn A&On, Maptiog 2007
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(1) = (2). Av 7o A elvou anopiBuntd, téte elte A =, {i € N | i < n} v
xénowo n, elte A =, N, ondte xa otic dVo nepntdoeg, A =, C yia xdnoto
CCN,dpa A<, N.

(2) = (3). 'Ecto A # 0. Emléyoupe xénowo zo € A, xa and 10 (2)
natpvoupe f 1 A — N. TN %débe i € N, Bétoupe

ﬂ(7) — Zo, av i ¢ f[AL
) f71(i), Bdagopetind, Snh., av i € f[A].

H7:N— A elvau ol opiopévn (86t 1 f elvou povopopgloudes, étot mou 1)
F71(i) etvow povooruavta optopévn), xau elvon emuopplopéde, agol zo € A xou
v xdfe x € A, z = 7(f(x)).

(3) = (1). Av A nenepaoyévo, t61e 10 (1) ahnbelel. ‘Eotw A éy nenepo-
ouévo xou  : N — A anopifunon touv A. Ilpénel va xataoxevdoovye piay GAAn
anapibunon f : N — A ywplic enavarijjeic, étor dote va elvon 1 f avuotoyia
wouv N ue 10 A nou gavepdvel étt 1o A elvor aplBufiolpa dretpo. H anddetén
e€nyeltat mifipwg and to Adypauua 2.1: anhodg dtaypdgouue g emavaiiets
ané v anapiBunon ™ tou A. T va Sdoouvue avotned, avadpouixd opltoud g
f, mapatnpolue tpdto 6Tt eneld| to A dev elvon menepacuévo, yio x8be axolou-
Bla ag, ... ,a, HEAGV ToU LUTdpyEL XdToto m étol mov w(m) ¢ {ag,... ,an}, xou
Hétoupe:

£(0) = m(0),
my, = 10 eNdyloto m > n dote w(m) ¢ {f(0),..., f(n)},
f(n+1) =m(my).
Icogavde 1 f elvar povouopypiouds xan apxel va detfouvue 6t xdfe =z € A

elvan tiwh e, EE oplopold z = w(0) = f(0). 'Eotw x = m(n + 1) av z €
{f(0),...,f(n)}, t61c z = f(i) yia xdmowo i < m, xaw av x & {f(0),..., f(n)},

t61e €€ oplopol my, =n+ 1 xo f(n+1) = 7(my,) = =. .

2.8. "Aoxnom. Av 1o A elvar apifuijoiuo xar vndpyet uovouoppioudc f : B — A,
t61¢ Xt 1o B elvar apiBuijowuo. Eibuxdtepa, xdbe vmooUvolo aplbuijoiuov ou-
véAou elvar aptburjoiuo.

2.9. Aoxnor. Av 1o A eivar apifuijouo xau vndpyet enuoppiouds f: A — B,
t61€ xar 1o B elvar aptbuioiuo.

To enbuevo anhéd Bedpnua eivar anéd ta o Paocixd e cuvolobewpliag.

2.10. Bedprnua (Cantor). I'a xdfe axorovbia Ay, As,... anapifuntdy ouvd-
Awv, 1 évwon
A=, gAn=A)UA U
elvar enione anaptfunté olvolo.
Eibixérepa, n évwon AU B 0o anapluntdy ouvélwy elvar anaptfunté ov-
volo.

[IpoxataptHTLxny 21 €udoor, yepdtn A&On, Méptiog 2007
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AIATPAMMA 2.2. H npdtn Staydviog péhodog tou Cantor.

Arnoari=H. T tov Sedtepo Loyuptoud apxel va e@apudoouue Tov TedTo TNy
axoloubia

A, B,B,...

T Tov npdto, apxel (yatl;) va anodellouue to Bedpnua otny elduxy tepintwon
mou xavéva A, dev eivar xevd, omdte unopolue vo Bpolue wav anopiBunon
7 N — A, vy x40 A,. Av 6éoouue

af = (i)
vl vo amhomotioouue to ouufohioud, téte Yo xdbe n
_ n n
An - {U‘Oaala"'}a

Ol UTOPOUKE VO XOTAGXEVAGOUUE EVaY Tvaxa GTolyelwy and autég tig anopth-
ufioelg mou meptéyet dha ta otoyeia g évwong A. Ta Béhn oto Adypouua
2.2 Bdeiyvouv ndc unopolue va anaplbuficovue Ty évwon:

A=1{ad,a},al,a?,al,...}. =
2.11. Iépopa. To otvoro twy (Getixdv xar apvnuixdv) axéoaiwy aptfudy
Z=A{...,-2,-1,0,1,2,...}
elvar aptbuijouo.

AnoAEIEH. Z = NU {—1,-2,...} %ot 10 60VORO TV QpVNTIXMOY oXEPAUL®Y
apBudy elvar aplBufolwo péow tng avtiotouyloc (z — —(z + 1)). =

2.12. Mégiopa. To otvoro Q twv pntév apifudy elvar apibuijoiuo.
AnoaEgizH. To odvoro Q1 twv > 0 pntdv elvan aplburiowo, eneldh

QF =U (% Ime Ny

. m . , m . ,
xou xdfe {2 | m € N} anapibueiton and ty (m — 2). Me tov 8o tpbmo, to

olvoho Q7 twv apynTxdY eNnTdy aptbudy etval enlong aptburoluo, xabde xou 7

évwon QT UQ™. 4
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Qo a8 a(l) ag
Qg a(l) a% a%
Q2 a(z) a% a%

AIATPAMMA 2.3. H dedtepn Staydviog péhodog tou Cantor.

Auté 1o néplopa frav 1o TedTo onuavTixd Briua tpoddou nou éxave o Cantor
070 TEéPBANUa g Tadivounong twyv tdéeny anelpou xat BewpRdnxe xdnwe Topd-
doo otny enoy N Tov, eneldf to Q palvetal téoo ueyardtepo and to N. Auéong
uetd o Cantor anédelle 611 undpyouy xou avoanaplBunta cdvola.

2.13. Ocedpnua (Cantor). To olvoio
A = {(ag,a,...) | (Vi)[ai =0V a; = 1]}

TV anelpwy, Svadixdy axolovbidy eivar avanapifunro.

Anoari=H. Tpog anaywyr o dromo, unobétovue? 6Tt To A elvon anoplhunté,

dnhady

A= {a05a17"' 5}7
6mou yia xébe n,

an = (ag,al,-..)
elva uta axohouvbia and 0 xou 1. Ptidyvouue évav mivoxa ue autés Tig axohouvbieg
o6mwg meLy, xat wetd opllovue Ty axoroubio B evaiidooovtog ta 0 ue ta 1 oty
Staydvion axolovbia a, al,. . .:

B(n)=1—al.
Elvau npogavég 6t B # ay,, yia x8be n, eneldy

Bn) =1 —an(n) # an(n)-
oLVETdDS 1 axoloubia o, o, ... dev amapBuel oAbxAneo to A, avtifeta ue ™y
apyLx wag undbeon. =

2.14. IIépiopa (Cantor). To odvoro R twv mpayuatixdy aptfudy elvar ava-
maplGunro.

3T vo anodeifouye uia mpbtacn @ pe anaywys oe dromo, Seyduacte TNy dewvnorh Tng
=6 xou an’ authy ouunepalvouue xdtl mou avtitifetal o mEdyuoTo YVwoTd, way avtigaon,
xdnoto drtomo: ouvdyetal étL 1 dpvnor tng O Sev umopel va aknbedel, xou emouévmg aAnbedel
n 0. Téroeg anodeleig tumnd apyifouv we ) gpdon-xhewdi mpog amaywyr oe dromo, mou
npoewdonolel Tov avayvidotn 6t 1 unébeon mou axohoubel elvon 1 dpvnon tng mpdtaong TNy
onola BéNouue va anodeifouvye.

[IporatapTHTLXny 21 €udoor, yYepdtn A&On, Méptiog 2007
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Co
Cy

Co

e <4 UL U UL

AIATPAMMA 2.4. Ta npdta téooepa 6tddo oty xataoxeur tou C.

AnoAEI=H. Opilouue mpdta ptav axohovbia cuvérwyv Co,Ci, ... TpayuaTt-
%©OV aptBudy mou wavonolovy Tig e€ng cuvixeg:

1. Co = [0,1].
2. Kdbe C,, elvou évmon 27 xdelotdhv Saotnudtoy xat

Co2Ci 2+ Ch2Cnq1 2.

3. To Cp41 xataoxevdletar agapdvtag to (avouxtd) uéco tplto xdbe diaoth-
potog tou Cp, dnhadd ye v avixatdotaon x8be xAhetotod Siaothuatoc
[a,b] 670 C;, o 1o 800 xheloTd dlacThUATA

Lla,b] = [a,a + 5(b—a)],
Rla,b] = [a + %(b —a),bl.

Ye xdbe dvadue axolovbio & € A avtiotouyilouye tdhpa wav axohovbia
UAELGTOV SlAGTNUETWY

FSFS, ...,
ue Ty e&hc avadgour):
F} =Cy = 0,1],

o LF?, av §(n) =0,
+1 RF?, av §(n) = 1.

Enayoywd, v xdbe n, 1o FS elvor éva and ta xheiotd dtxotAuata tou Cy
uixoug 377, %ol TEOPAVHDS
FEDOFID....

H Gepehiond 86tnta mAnedTTas TV Tpaypatix®dy aptudy cuvendyetat
THea 6TL 1) Toun auTthg TNg axohoubiog Sev elval xevy, udhiota meptéyet axplBdg
évav mpayuatixd aptBud, ac Tov ovoudoouue

£(8) = o ubévo croLyelo g Toutc (o Fo.
H ouvdptnon f anewxovilel o avanapifunto obvolo A péoa 6to abvoro
C= ﬂff:ocn,

T0 Aeybuevo olvolo tou Cantor, xat yia va tehetddoouue Ty anddelln apxel
va 8et&oupe 6t 1 f elvan éva-mpog-éva. AANG av to n elvat o eNdytotog aptbudg

[IporataptuTLny 21 €udoor, yepdtn A&On, Méptiog 2007
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6mou §(n) # e(n) xa (n.y.) 8(n) =0, éxyovye FS = FS ané ty emhoy# tou n,
f(6) € F2, =LF}, f(e) € F5,, = RF}, xu LF} N RF} =),
mou onualvel 6t mpdyuatt n f elvat povouopgLoude. —

H enixdnon e nAnedtntog tov npayotixdy apltiudy elval to un tetpluuévo
oTolyelo auTAg TNg anddeling, xat elval amopaltnTy, apod 6An 1 xaTOUOXELT) EXTOG
and Ty TelevTala yeouun uropel vo emavaingBel yia to Q mou elvon amoaplbuntd
— ywelc BéBota var elvar mhApeg. Try mAnedtnta TV TpayuaTixdy aplbudy Oa
ueletioouye apydtepa tpocextixd, oto Iopdetnua A.

H Bepelione] onuooctio autol tou Hewprfuatog Atav npogavic anapyis, tBLaltepa
eneld?] o Cantor to e@dpuoce auéows oe ula onuavtxy npdtacy e Bewplog
TV alyeBexdy aplBudy. Ilpwv exbBéoouue auth v egopuoyy ypetalbuaote
HEELXOUC 0pLoIOUS ol AjUUoTAL.

2.15. Oprowds. T xdbe olvoro A xal x8bBe clvolo B, 10 cdvoro twv (da-
tetaypévoyv) Leuydy tov A, B cuufoliletal pe to

Ax B={(z,y) |z € A&y € B}.
Koaté tov i3to tpémo, yia xdbe n > 2,
Ay x - x Ay ={(x1,... ,xn) | 21 € A1,... ,z, € Ay},
A" ={(z1,... ,z,) | T1,... ,2n € A}.
To A1 x -+ x A, Myetou 10 Kapteolavs yivépevo tov A, ..., A,.

2.16. Avjppa. (1) Av ta Ay,..., A, elvaw anapifuntd, téte xat to Kapteotavé
T0UC YIVOUevo Ay X -+ X A, elvatl enlons anaptGuntd.
(2) Ia xdfe anaptfuntéd otvoro A, ta A™ (n > 2) xar n évwor toug
U, A" = {(z1,...,2,) | n>2,21,... ,2, € A}

n=2

elvar enlone anapifuntd olvola.

AnoagizH. (1) Av xdrowo A; elvar xevd, 16te xan 10 yLvouevo elval xevd, e€
oplouol. Awagopetxd, yia 3o ovvola A, B, éyouue ylov anopiBunon

B ={bo,by,...}

Tov B, mpogavdg
Ax B =U,Zo(Ax {bn}),

xat x8be A x {b,} elvan comhnbixd pe o A (xou emouévoe amoptbuntd) ue
my avietotyta (z — (z,b,)). 'Etol éxovue 1o {ntoduevo yia n = 2. T va
anodelovue TNV TEdTAOY Yol Sha ToL 1 > 2, apxel Vo TapaTecovuEe 4T

Ap X o X Ap X Apyq = (Ay X -+ X Ap) X A
pe Ty avtotolyla

f(a‘la' .. aanaan+1) = ((alv' .. ;an)yan-i-l)-

[IporataptHTLXny 21 €udoor, yYepdtn A&On, Méptiog 2007
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'Etot, av %&b ywbuevo and n > 2 anoplfuntoic noapdyovieg eivar anaptiuntd,
t6te anaptfuntd Ba elvar xou xdfe yivouevo and n + 1 napdyovieg, xat étoL, ue
enaywyy éxouue to (1).

(2) Kébe A, elvar amoplfunté and to (1), xau pe ula axduo enlxinon oto
BOedpnua 2.10 cuvdyouue 6t o | J -, A" elvon enlong amaptBunté. -

2.17. Opiopds. 'Evag npaypoatixde aptbuds a elvor ahyeBpuxdg av eivar ptla
*ATOLOV TOAVGYLUOU

Pz)=ap+ a1z + -+ a,z"
UE axépaloug GUVTENEGTES g, . .. ,an € Z, (n > 1,a, # 0), dnhadh av
P(a) =0.

Tumxd mapadeiypata olyeBeudy aptBudy etvar ot v2, (1 4+ v/2)? (yui;)
oA o 1 mparyuatied pila tng eElowong z° + x + 1 = 0 mou undpyet (yatt;)
aAAG mou Sev umogel va exgppactel ye pllixd oVugwva ye éva xhaowxd Bedenua
tou Abel. To Baowé anotéleopa (and v AlyeBpa) yia Toug alyeBprxoig
apLBuols mou Ba yeelaotodue, elval 6t éva moAvdvuuo Babuold n > 1 éyer to
oAU n mpayuatixés pileg.

2.18. Ilépiopa. To obvoro K twv mpayuatixév adyefoixdy aptfudyv elivat
anaptGunté (Cantor), xat enouévag urndpyouy mpayuatixol aptbuol tou dev elval
alyefouxol (Liouville).

AnoAEI=H. To odvolo II 6hwv Twv TOAUGYLUGY UE AXEPULOUG GUVTEAEGTEG
elvar amoplBuntd, agol xdbe tétoo moAudvuuo xabopiletar and tnv axohouvbio
TV GUVTEAEGTMY TOL, XL ETOUEVLS UTdpyEL avTtotolyio Tou 1T ue to anaptbuntd
UnosZ™. T xéBe mohuévupo P(z), To 6Gvolo twy pildy tou

A(P(z)) = {a | P(a) = 0}

elvat menepaouévo xat emouévng anoplfunté. 'Enetoar 6Tl 10 6Uvoho Twv ohye-
Bowdv K elvar évwon uog axoloublog Tenepaouévmy GUVOA®Y %ol ETOUEVELS
entong anaptBunto. -

Avth 1 npdTn epapuoyh g xawvolptag (téte) Bewplog cuvohwy énonle on-
pnovtxd pého ot yeRyopen xou euvoixy magadoyn tng and Toug uabnuaTixovg
g enoy g exelvng, eneld n nponyoluevn anddelln tou Liouville (611 undpyouv
un adyefeuxol aptbuol) Atav 8Goxoln. O Cantor anédele x4t mo oyupd, 4T
«oyed6v 6how» oL mparyuatixol aptbuol Sev elvat adhyeBeixol, ue tohd anhodotepn
anédelln mov yenowonolel uévo 1o yeyovdg 6Tl Eva ToAudvuuo Babuod n dev
unopel av €yel meplocdtepeg and n pileg, Ty mAnedtnTa Tou R, xat, guoixd,
véa uébodo e amaplBunonc twv ueddv dreipwv cuvoAwy.

Méyer tédpa éxoupe anodeilel Ty Vnapn wévo do tdlewy anelpou, authv ToU
N —to anaptBuntd, dnetpa obvoha— xat autiv touv R. Yndpyouv nohhéc dhhec.

2.19. Opiowds. To duvapootvoro (powerset) P(A) evéc ouvéhou A elvar to
6UVOAO OAWY T®V UTOGUVOA®Y Tou A,

P(A) ={X | X elvau cVvoro xou X C A}.

[IporataptuTLing 2n €udoor, yepdtn A&On, Maptiog 2007



KE®AAAIO 2. ISOIIAHOIKOTHTA 15

2.20. 'Aoxnom. ['a dla ta olvola A, B,
A=, B=P(A) =. P(B).
2.21. Bedpnua (Cantor). [a xdfe olvolo A,
A <. P(4),
dnradp A <. P(A) addd A #. P(A). Eidixdrepa, dev undpyel emuopplouds
m:A— P(A).
AnoaEgisH. To 6w A <. P(A) goavepdveton and 10 LovouoppLoud

(z — {z}),
nou avtiotolyllel oe xdfe otouyelo x tou A to wovootvoro {z} pe uévo éva
otolyeto, 10 . (Ilpocélte: 10 povooivohro {z} elvon Sapopetind aviixelyevo
and to otolyelo z, mou mBavdy dev elvar xav clvolo!)
IMpog anoywy? oe dtono, deyduacte 6TL UTdEyEL XdToLa avTLoTOLY o

m: A P(A)
nou delyver 61t A =, P(A), xou opllovue to advoho
B={zcAlxz¢n(x)}.
étoL mou YL %8s x € A,
r€B <= 1z ¢ m(x). (2-1)
Aol 1o B elvar unoctvoro tov A xou n T elvan empop@Lopds, TEETEL VoL UTdp-

Y&t ®dmowo b € A dote B = 7w(b): Bétwviag = b xou w(b) = B ot (2-1),
XATAANYOUUE GTNV aVILQaTLXY| Looduvapio

beB < b¢ B. =

Yrdpyouv Aotrdy mohhéc tdlelc anelpou, xat eldixdtepa (TovhdyLtotov) autég
TWV GUVOALV
N <c P(N) <e P(P(N)) <c'r
Av oploovye ta abvora T, ye tnv avadpou

Iy = Na
Tn+1 = P(Tn)a

t61e N éveor, toug Toe = [, (T éxer ueyohltepn mAnfixdnra and xdbe T,
TIeéBAnua x2.8. H taivéunon xat uerétn Twv tédewy anclpou elvan éva and to
]
%eVTpIxd mpofhiuata g ouvolobewplog.
Mua yevixdteen évvola amd auTAY Tou duvauocuvolou, elval oL yweolr cuvape-
)
ThoEwV.

(2-2)

2.22. Opiopds. INa 6ha ta ovvoha A, B,
(A= B)= {f|f: A— B}
= 10 0VVOLo SAWV TV cuvapThoewy and 10 A oto B.

2.23. Aoxnon. Av Ay =, Az xat By =, Ba, td1¢ (A1 — B1) =. (A2 — Ba).
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O ydpot cuvoptioewy anoteAoly “yevixeloels” Tmv SuVaUoGUVOAWY ETEdY]
%80e unocivoro X C A avtinpoowneletol and T YapaxTneloTixy Tou GUVAp-

moncx : A — {0,1},

1,ift e ANX,
ex(t) = {0’ fre A\ X (t € A). (2-3)

Mrnogotue va avaxticovue to X and ) cx,
X={teA|ex(t) =1},

Tou GLVERdYEToL GTL 1) cuvdptnoy (X — cx) elvar aviiotoryla tou P(A) ue to
(A —{0,1}). 'Etou,

(A—{0,1}) =. P(A4) >, A, (2-4)
%O OL Y MDPOL GUVAPTAGE®Y Hag 0dnyoly oe ueydha, un anoptbuntd cdvora. To
enéuevo Tpogavég TeoBANUa elval vo cuyxplvouue wg mpog To TARbog autd Ta
avanapiBunta olvoha, Zextvdviag and ta dbo anhovotepa: To Suvapocivolo
P(N) tov guowdy aptBudy xat 10 clvoro R twv mpaypatixdy aptBudy.

2.24. Adppa. P(N) <. R.

ATIOAEIEH. AoV éyouue Bdn deilel 61t A <, R, apxel va anodeifovue 41t
P(N) <. A. Avté Suwg énetan dueco and tm (2-4), agod A = (N — {0,1}). -
2.25. Adppa. R <, P(N).

ATOAEIEH. Apxel va anodetouue 61 R <, P(Q), apol to odvolo twv pntdy
Q elvow woomhnBuxd pe 1o N xau enopévag P(N) =, P(Q). Autd gavepdvetan
and ™ cuvdptnom

rn(z)={g€Q|g<z} CQ
mou elvor povouoppopds, emedh av x < y elvor dlapogeTixol mpayuatixol
aptBuol, téte vndpyet xdnotoc pntdc ¢ avdueod toug, dnAadh & < g < Y xou
g€ m(y) \n(z). B

A’ outd to anhd Afupota énetat 6t N toomAnbuxdtnta R =, P(N) Ha elvon
dueco mopLoua tou enduevou Baotxol Hewphuatos.

2.26. Ocdprnuo (Schroder-Bernstein). Mo dda ta olvola A, B,
av A<.B xa B<,A, tét¢ A=, B.
Anoart=H. 4 Yrobétouue 6Tt undpyouy govouopgLouot
f:A— B, g:B— A,
xou opllovue ta olvora Ay, By UE TV avadpouy

Ay = A, By = B,
Apy1 = gf[AnL Bny1 = fg[Bn]a

AMia dropopetind anddelln oxiaypageitar oto MpoPrfuata x4.26, x4.27.
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A B
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_______ B .

AIATPAMMA 2.5. Anédeiln tou Oewpfuatog Schroder-Bernstein.

6mov fg[X] = {f(g(z)) | = € X} xou avdroya yia tn ouvdptnon gf. Me
emaywYh oto n (evxola)

An 2 g[Bn] 2 An+1a

Bn 2 f[An] ;) BnJrla

Hote éyouye TS «huoideg cuVOAWYY
Ao 2 g[Bo] 2 A1 2 g[B1] 2 Az -+,
By 2 f[Ao] 2 By 2 fl[A1]] 2 By --- .
Ogtlouye enlong tic Touécg
A" =520 An, B* =20 Bn,
€ToL HoTE
B* = ﬂff:an = ﬂff:of[An] 2 ﬂ,ozo:an-&-l =B~
xow ool N f elvow povouopploude, and 1o IpdBinua x1.7,
1A = fIN ?:oAn] = ﬂ?:of[An} = B".
Yuvendc n f elvou avtiotoryla tou A* pe to B*. And v dAAn uepld,
A=A"U(Ao\ g[Bo]) U (g[Bo] \ A1) U (A1 \ g[B1]) U (g[B1] \ A2)...
B =B"U(Bo\ f[Ao]) U (f[Ao] \ B1) U (B1\ f[A1]) U (f[A1] \ B2). ..

xot autég oL axohoubieg elvan Staywplouéves, dnhadh xavéva cbvoro dev éxel
xolvd otolyelor ye xdmoto dhho. T'io va Teletdoovue v anddelln apxel vo
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ehéy&oupue 6Tt yia x&be n,

f[An\ 9[Bn]] = f[An] \ Bny1,

9[Bn \ f[An]] = 9[Bn] \ Ant1,
and Tig onoleg N npdtn (m.y.) aknfedel eneldA v f elvor yovouopplouds xau
Tehuxd éyovue Ty avtiotoyia m: A —» B,

w(m)_{f(x)’ avz € A* f (In)[z € A, \ 9[Bn]]
g Hz), avaz ¢ A* xu (3n)[z € g[B,] \ Ani1l,

nou gavepdvel 61t A =, B xat teleldvetl v anddeln. =

Xenowuonotdvtag to Gedpnuo Schroder-Bernstein unogodue va anodel&ovue
noAkég LoomhnBixdTntec mov ahALdS elval dUoxolec.

IpoBMpata yia to Kegdhoro 2
x2.1. [ xdbe a < B e a, B mpayuatixoig agtBuoie, 0o 1) —oo, xataoxevoce
LOOUOPYPLOUOUS TIOL QAVERPAVOLY TLS LOOTANOLXSTNTES

(aaﬂ) ~c (0/ 1) = R.
x2.2. T %80e o < B, xot0oXeVOOE LOOUOPPLOUOUS TTOU PAVEPOVOLY TLS LGO-
TAnOuednTeg

[a,8) =¢ [, 8] =c R.
x2.3. P(N) =, R =. R", vy x&fe n > 2.

x2.4. T é6ha T oVvora A, B, (A — B) <. P(A x B). YNOAEIEH. Avtinpo-
odnevoe xdbe ouvdgtnon f : A — B ue 10 ypdgnud tng

Gy={(z,y) € AxB|y=f(z)}
x2.5. (N — N) =, P(N).
*x2.6. (N— R) =, R.
*x2.7. T 6ha 1o oOvoha A, B, C,

((Ax B) = C) =, (A— (B —C)).

YnoaEI=H. T'a xéfe p: Ax B — C, épioe v ©(p) =q: A — (B — C) ye
Tov TUTo

q(z)(y) = p(z,y)-
x2.8. Me tov opiopé (2-2), yia xdfe m,
T <c Too =UneoTn-

[N ta tekevutato 3Vo tpolAfuata yeeldletal xdmola OIXeELdTNTA UE TIG ouveYElg
oUVOETROELS.
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*x2.9. To obvoho C[0,1] dhwv TV cLVEYDY, TEAYUATIXAV GUVAETHGEWY GTO

xhewotéd Sdotnua [0, 1] elvar toonhnfxéd ue to R.
x2.10. To 60vOrO TWV HOVOTOVLXMY TEAYHATIXAY GUVAPTHOEWY GTO XAELGTH

dtdotnua [0, 1] eivor toomAnfixd pe to R.
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KE®AAAIO 3

ITAPAAOEZEA KAI AEINMATA

3to nponyoluevo xegdhato exfBéoaue ta mpdta Paoixd anoteléouata TG GL-
vohoBewglag 6nwg ) dnutoveynoe o Cantor o oL tpwTtondgot wabnuatixol mou
Tov axoholbnooav oto tehevtalo eixool mévte ypdvia tou 190u audva. Méypl
v apy’ tou 2000 adva, N Bewpla auth avdpdinxe ot SixaidOnxe ue Tohhéc
ol GNUAVTIXES EQopUOYES, Waltepa otnv avdivon. H ueyadidteph| g emttu-
ylo Arav (lowg) 1 dnuovpyla wag e€oupetind Sduopeng ot yeRowunc Bewploc
UTEpTENEPAOUEVS aptOuntixiic, Snhady Tne weAéTng TV aptBunuxdy Tpdlewy
g npdobeong, Touv Tolhamhactacuol xal Tng Svaung ot dnetpa weyEéln. Méypl
To0 1900, 3V0 Baowxd npofAfuata oyeTxd ue Ty évvola tTng LtoomAnbixdtntag Sev
elyav axdun hubet. Autd énalav apydtepa anogactotixd pbho otny eZéMEn Tng
ouvohoBewplag xat Ba tar ueAetioovue TpooEXTIXE ot endueva xe@diata. Edd
ToL SLATUTAOVOUUE UOVO 1 ELXACLES.

5

3.1. Ewactla Tuyxprowwétnrag IIAn0oplbpwv.’ [a dda ta olvola A, B,

elte A <. B eite B <, A.

3.2. Yrébeom tou Xuveyotg (Continuum Hypothesis). Aev undpyet odvoro
TpayHaTiXdV aptBudy X ue thhfog evdidueco autdy tou N xot xat tou R, 3niady

(CH) (VX CR)[X <. NV X = R].

Egéoov R =, P(N), n CH eivon eldux| nepintwon tng Fevixevpévng YrnéOeorng
tou Xuveyotg (Generalized Continuum Hypothesis),dn\adh tng undbeong bt
v x&fe dnelpo ovoro A,

(GCH) (VX CP(A)[X <. AV X =, P(4)]

Av xou ot 800 autéc ewxaciec aknbedouy, téHte oL puowxol aptBuot N xat oL Tooy-
)

potxol apbuol R exnpoownody Tig 0o eAdyLoteg «tdéelg anelgour: xdbe dnelpo

olvoho elvar ¥ anaptBuntd ¥ toomhnbuxd pe to R A «avotned molunhnbéotepor

Tou R.

50 Cantor aviyyeihe 10 «Bedpnua cuyxplolwbtniag tAnfapifuwnws to 1895 xai to 1899
oxlaypdpnoe wa xdnwg tpoBAnuatixy| anédelln ot éva ypduua otov Dedekind, to onolo duwe
dev dnuooieltnxe uéypr to 1932. MdAlov eivar mo xovtd otnv akffelo va todue bt uéypl To
1900 (touldyiotov) To TESBANUA TNG CLYXELELWSTNTAS TwY SLYOAWY WS Tpog To TAHBog ftay
axdun dhuto.
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Y7 auth ) dncbntudl e @dor, N Bewpla cuvohwy avartdybnxe ue Bdon
oV 0pLoUs6 NS €vvolag Tou GLVOAoL Tov Edwae o Cantor 6nwe Tov daTuNHoUUE
oty Eloaywyn, nepinouv onwg anodellaue xal epelc ta Baoixd anotehéouatd g
oto Kegdhowo 2. Av eZetdoovue npooeytixd autés Tic anodellelc Oa dodue 6T
6heg otnpllovtal otny WibtnTa g éxtaong (1-1) xou otnv axdhoudrn topadoyh:

3.3. Tevuxr] Apyd Zupnepilngns (General Comprehension Principle). T
x&fe n-pehd oplotixnd cuvbhxy (definite condition) P, undpyet éva olvolo
A=A{Z|P(@)}
uE WENN axpPide T n-ddeg avTixeluévny Tou xavorololy v P(Z), étol dote
v xdbe I,
Ze A < P(X). (3-1)

H WBiétnta g éxtaong cuvendyetat 6Tt to mold éva obvoro A ixavonotel v
(3-1), xau xahoVue avtd 1o A éxtaom (extension) ¥ ocupnepiAndn (comprehen-
sion) tng ouvBAxng P.

3.4. Oprotuxég ouvOTixeg xaL tehectég. O neploplouds e apyfic o€ OpLOTL-
x€g ouvOrxeg elval anapaltntog yio va ano@lyouue doyetec Ue ta Lobnuatixd
aopLotieg, 6Twg T0 6UVOAO

{z | z évtipog mohitxde}

v t0 onolo {owg undpyet avtihoylo av meptéyel Tov xdpto Tdde B v xupla
Aclva. Auatelntixd, uta n-ueriic ouvBixm P elvat optotixq av yia xdfe n-ddo
AVILXEWEVLY & = (T1,... , Tn) elvar xaboplouévo ywelc aupiofhtmon av n P(Z)
aknBedel f 6yi. Iapadelypatog ydetv, ol Siuelelc ouvbrixeg

P(z,y) <=0, 0 x elvar yowdg tou ¥,

S(s,t) <=0p 0L s xavt elvan adéhgLa
<~ (Jz)[P(z,s) & P(z,1)]

elvat xat ot 3o oplotixée, av deytolue (yia o Topddelyua) GTL oL véuoL Tng
Buohoylag xabopilouv natpdtnta ywelc augiofitnon. H Ievixd Apyn Xvunepl-
Mdme epapudletal, xal unopolue va dnuLovpyfiooupe ta abvola {evydy

A=o {(z,y) | 0 x elvar yovibg ToU y},

B =4 {(s,t) | o s xou t elvon adéhpia}.
Aev amattodue and ylav optotx ouvBixn vo elvor anoxplowun, dnhadh vo
gxouue wia xataoxeuaotixy uébodo unoloyioupol tng aAnbotiurc tng. Ilapa-
delypatog ydpely, elval yvwotd 1o mpdBinua tng aptbuobewplag, av undpyouy
dretpa Lebyn mpdTwY aptBudy, xou 1 ainfotiun tne cuvlrxnc

G(n) <= n € N& (Im > n)[m, m + 2 elvou npdrol]

dev elval yvwotd yia peydieg Tiwés tou n. Iag’ dha avtd, n ouvbipm G elvon
AVAUPLOBATNTA OPLOTLXY X0l UTOPOVUUE VO T P OLUOTOLACOUIE GTOV 0pLoUS TOU
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ouvolou
C =5 {n € N| (Im > n)[m, m + 2 elvaw xou oL dbo npdro]}.

Av n Ewxaocla twv Atdduwy Hpedtwy ainbedet, té6te C = N, av éyt, té61e 10 C
elvat xdmoto peydho apyixd TUARL TwV PUOLXGY apliudy.

Kat’" avaroylav, évag tehectiig n yetafAntdv F elval optotixdg av avit-
otolyilel oe %8Bt n-ddo aviixelwévey T éva ouyxexpluévo, avaugploBiTnta xo-
Bopropévo avixelpevo w = F(Z). TLy. av deytolue ndh 61t 1) Bioloyla dev Ha
Mo TEodOOEL, 0 TEAEGTYS

F(2) =of {

elvan optotinde. O xdnwg avéntoc Slaywplopds TeEpnTOoENY elval TUTLXS avo-
yxolog, yia va BefatwBolue 6t o F ndvta xabopllel yla twur, yio xdbe z. Av
yeetalouactoy auTd To TARESELYUA OE Ulo TpoyoTixT| egapuoyT, o divaue tov
opLoud Ue To ATAOVGTERO

o matépac Tou x, av o z elval dvbpwnog,
x, aANLOE,

F(x) =¢¢ o matépog tou x,

apAvovTag 6TOV avayveotn v ayyopelo va dtohélel xdmoia cuuPatixd xou
dveu onuactac th F(z) yio un avhpdrouc z. 'Onwg xou yia Tl cuvhfixeg, dev
entuévouue 6Tl €vag oplotixde TeleoThg mpénel va elvol umodoylotuog, wdhiota
N auglhoyio yio Ty T Tou F' 610 ouyxexpluévo mopddelyua QTAvEL UEPLXES
pogéc uéypet To dixaoThpLd.

Extéc ané ) Fevixd) Apyh Xuunepiindne, oto nponyoluevo xepdhaio Seyth-
OUE Xl TNV UTAEEY OLUYXEXPLUEVWY GLVOAWY GTwe To oUVoho N Twv Quoxdy
apLBudy xat 1o 6dvoro R twv mpayuatixdy aglBudy, xat axdéun Ty oploTixdTnta
Baowdy oyéoewy and to xhaoixd pabnuoatixd, drtwg tny

Function(f, A, B) <= 7 f elvau cuvdptnom and to A oto B.
Auté dev eivaun mpdPAnua, xabde avtés tig npotnobéceic mdvtote g déyovton ot
pobnuatixol, cuveldntd ¥ oyL.
H Tevoeq Apyh Xvunepidndne €yet pia axatavixntn érErn, axoloubel 1600

puoxd and tig Statchfioelg pag Yo TNV €vvola Tou GUVOAOU, BOTE TO ETOUEVO
Bedpnua xakeltal «napddolon.

3.5. To napddoo tov Russell. H I'evix)j Apy1 XYuurepiAngne dev toyet.

ATNIOAEIEH. Ané ) Tevocd ApyR Euvunegidndne, to odvoro dhwv twv cuvéd-
Awv
V =0, {z | T0 x glvanr odvoho
op
elvat oUvoho, xt €yel ™V xdnwg meplepyn WLéTNTA Vo aviXEL GTOV EQUTS TOU,

V € V. Ta xowd pabnuoatixd odvora  aptBudy, cuvapthoewy x. At Befalog
dev mepLéyouy Tov EauTd TOug, Xl elval guoxd va ta Bewpioovue we wéhn evég
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UxESTEPOV XOGUOL GUVOAWY, oL dNULoVEYOUUE TdAL ue enlxinor tne Tevixrc
Apyic Buunepiingne,

R = {z | to x eivaw olvolo o x ¢ x}.
O oploude tou R, buwg, auéows cuvendyetol 6Tl

RcR < R¢R,

Tou elvol TEoPAvKS dToTo. -

Jlapddoo», 6tav dev Oa nel «hdbog», onualvel «yeyovédg evdvtio otig StancOn-
OELg Yogy, xat Tétola mapddola elyav 1N Beebel apxetd otn cuvorobewpla mpLy
and Ty avaxolveworn touv Russell to 1902, og éva Lotopuxd ypduua oTov xopugato
lepuavéd guhécogo xat Beyehiwth tng wabnuoteic hoywrc Gottlob Frege. Autd
o dAha topdidoa bume Ntay xdmwe Teyvixd xat ébetayv oe augLBolia uévo uéen
and To Mo mpoywenuéva xe@diata tng Bewplag tou Cantor. Mnopovoe xavelg
va elxdoel 6Tl xdmolo custnuatixd hdbog yivétay otny avdtepn cuvohobewpla,
%4t cav ua anpboextn «dlalpeon Sd Tou undevécr mou clvioua xdmoiog Ha
€Bprtoxe mddc va to dropbdoet. E&dhhou, tétotec avtipdoeis xat napddola elyoy
undpéel oL 0to Aoyloud, xal Uetd v auotnet Bepelwon avths e Bewplag
nou YOG elye oyeddv ohoxAngwlel oto téhog Tou adva, dha anooBroTnxay
yoelc va emnpedoouvy xaBbéiou ta Lotixd uéen tng avdivone. To napddoio tou
Russell éuwe Arav »xdt tedelwe Stagopetind: anid, cdvioyo, dyyle tnyv ovcla
e Baoxic évvolag Tou GUVOAOU XAl TNV «TROQPaVI Xt Jovadixy apy) Tdve
otnyv onola elye otnpLytel 6An 1 Bewpla, xar @atvouevixd v xatéotpege. Aev
elvar vrepfolf va modue 4t to mapddofo tou Russell €gece ula pLhocopixn
xplomn apgiBoliog npdta otn cuvohrobewpla, xou wéoa an’ auth, apydtepa, o
6o Tor pobnuotind, mou dev Eenepdotnxe TEAElwS Yia TELdvTa Xpbvio TEpiToU.

Mepwxol, énwc o I'dhhoc yewuétene Poincaré xot o OMoavddc tomohdyog
xou puhéoogoc Brouwer npbteivay ploonactixés hboelc oto npdBinua mou —
ovolaoTixd  amépplmtay TN cuvolobewpla xou TOAAE xhaoixd pabnuatixd pall
g, ooy «peudobewplecr ywplc ovolacTixd mepleybuevo. An’ autolg mou dloTa-
Cav va eyxatareldpouy tov «napddetco tou Cantor», tpdtog o Russell entyelpnoe
N «wotnelay g ocuvolobewplag and TNV xATACTEOPH WE TNV TEELOVLUY TOU
Bewpla Ty Tinev (theory of types), n onola duwe elvan Sdoypnotn otig egap-
uoyéc xou Sev éylve yevixd amodextd and TNy mhetovétnTa TV palnuatixdy.t
3yedbv nagdhinia pe tov Russell, o Zermelo npdtetve to 1908 o Stapopetixn
Adom mou Ye T Ypdvia xat TNy epyacia ToAGY e€ehiytnxe otn 6byypovn Oewpla
TOY GUVOALY, OTWG TNV UEAETAME Xau TNV e@apudlovue ouepa.

Y10 mpdTo tov dnuoacieupa 6’ avtd to Béua to 1908 o Zermelo avriyetdnioe
10 TpbPANua mpaxtixd. Xowplc augBoria n Tevixd Apyd Tuurepiindne Arav
eo@aluEVY, awtd elvor mpogavég and to mopddolo tou Russell. And tnv dAkn

6H fewpla Ty ToMWY elye peydhn enidpacn oty eZéMEn Tng grhocoglag xon Aoyuig xou
uepwéc and Tig PBaowxés Wéeg g BeRxav telxd ) Bom Toug xau ot Bewpla cUVOALV.
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uepLd, oL ouyxexpluéves egapuoyés avtic g apyfc otig anodelleg twv Baot-
%Gy fewpnudtoy yo ta odvoha (6Tws autiy oTo Tponyoluevo xepdhato) elvar
EAGYLOTES, ATAES, XATWS TEOPAVELS, XAl PAULVOUEVLXE Un TEOBANUATIXES.

X’ auTég TIg MEPLOTAOELS, BeV UTdpYEL AUTH TN OTLYRY Ylo pag xapio
&M emhoyA Topd v Tpoy wpeHoouuE Tpog TNy avtibetn xatevbuvor [and
authy g Devixdc Apyfic Zuunepiindnc] xor, Eextvdvtag and tn Bewplo
oLUVOAWY bTg auTh éxet eEehyBel toTopixd, va avalnticouue autolg
Toug xavbveg ou elval anapaltnTot yio TNy edpalwon Twv Beuellwy av-
00 Tou XA&dou Twv pabnuatixdy. [a va Adcovue autd To TESBANUA
TEéTeL, and TN ol wepLd, vo meploploouue auTtods TOUg XAVOVES apXETE
&ote va anoxieloouue OAeC TG AVTLQAOELS Xal, ATd TNV GAAT) UERLY, TRé-
TEL VO TOUS SEYTOVUE apXETA Loy LEoUS HOTE va Statnerioouue 6,Tt elval
noldtipo 6’ avut T Bewplar.
Me dA\ha Aéyia, o Zermelo npdtetve va aviixotaoTHCGOVUE TG dueces Statob)-
oetg tou Cantor yia Ta 6Ovora tou yac odiyneav atnv eapahuévn I'evixry Apyr
SvuneplAndne pe yepixd agudpata, vtobéoelc yia Ta obvola Tou Tg deyduoote
«€& avdyxner», eneldy] elval anapaltntes yia T anodeilelg Twv Baoixdy anoteke-
oudteY TNg undpyoucas Bewplog.

Me ua tétola aupiBoln, oyeddv Umontn grhocogixy Bdon Eexivnoe n agiw-
patixy] ouvoloBewpla, olyoupa éva and to mo onuovTxd emttedyuata NG
emtoTAUNG tou 2000 atdva. ‘Eva pyeydho mheovéxtnua nou elye, duwg, and v
apyn, ftav n yeyaroguto tou Zermelo, mou enéhee éva ealpetxd QuoLxd xal
edypnoto cbotnua altoudtony. Kavéva and to afiduata tov Zermelo 3ev éyel
agotpebel f onuavtixd avabewpnfel xar (uéxpt mpdogata) wbvo dvo aliduata
npooTélnxay ota epTd dixd Tou oy dexoetio 20 — 30, ypRoua Y TNV OpoAY
avdntuén e cuvolobewplag aAld tou dev ayyllouv g eqapuoYés TS oTa xha-
owxd pafnuotxd. Emndéov, to xabéva and ta aliduato tou Zermelo exgppdlel
pot Statobntixd npogavh WLéTNTa TwV cLVOAWY TOU XATd QUOLXS TEOTO GLVA-
vidue ota paldnuoatixd. Me To mépacua Twv yedvwy xol ) xenon Snutovpyh-
Onxe pa xowvovpla StowaBnuxny| évvola edpoatwuévou cuvélouvn Tou dev odnyel
oe avtipdoelg xat yioo v onola ta altduata g ouvolobewploc elval tedelng
npogavy. Oo enavélbouue ato TedBAnua e Bepeliaxic Bdonc e cuvohobew-
plog, xohOTECA TPOETOLUAGUEVOL UETE TN UEAETN TV BaoLx®dY, uadnuatixdy g
ATOTEAEGUETWV.

To Baowd npdtuno yia Ty allwuatonolnon tne cuvolobewplag Ntav BéBata
N adlopatixy yewuetpla tov Euxeldn, mou yia 2.000 ypdvia elye edpotmbel we
10 «Téhelor mapdderypo pobnuatixic Bewplac. Av un Tt dAlo, N allwyatiny ué-
Bodo¢ Eexabapilel Ta vepd xau pog emtpénel va Staywploovue 6,1t pabnuatixég
duoxohieg xou avTtigpdoels lowg undpyovy otis Paotxés dlaichroelg pag yio Ta pa-
Onuotixd avuxelyeva mou peketdue, and Tuydy TpolAfuata Tng Aoyixrg, Snhadn
nBavd Adbrn otic anodeilelc pos. 'Onwe mpoywpedue 6Tn UEAETN TV TOPLGUETWY
ané to aiduata tov Zermelo, Oo elvou Todég gopéc ypehowwo va unevhuuilouue
GTOV EQUTO MOS TO TAEddeLYHa TG Yewpetplag tou Euxheldn.
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3.6. H aiwpatixy Bdon tng cuvolobewpliag. Acyduaote eapyrc b1t undp-
xet éva medlo ¥ x6opog (universe) aviixelwévoy W, uepixd and to onola elvon
oUvola, xat xdnolec opLoTixég ouvhrixeg xaL TeNectég 6To W, avduesd toug
oL Baowxéc ouvlrixeg

T =y <= 10 avuxeluevo x elvou To (dLo ue To Y,
Set(z) <= 10 x elval cvvolo,

T €y <= Set(y) xa T0 x elvaw uélog Tou y.

To aviixelpeva touv W nou dev elvar olvola ta héue dtopa (atoms # ure-
lements), aAA& dev amawtolue v Unapdh toug dnhadY| agivouue avouxtd To
evdeyduevo 6ha ta aviixeiyeva va eivar odvola. Ou optotixés ouvBrixeg xou ot
teheotég dev elval olte olvola odte dtoua.

'Etou BéBoua apyiler xd0e aliopatixg Oewpla. Xtnv Euxieldeio I'ewyetpla
Eexivdue pe v undbeon 6t undpyouv onueia, yoauués xou Sidpopa dAAX YE®-
uetpd aviuxelueva, xol 6t uepués Baoixés, oplotinég ouvlrixeg éyouv optotel
Tave 6’ autd, Y. EYEL VONUA VO pWTHGOVUE av «to onuelo P xeltal otny eu-
Oelor Ly». Koatémy dratundvovue ta xhaotxd aéiduata tov Euxdeldn yi” autd ta
avixelpeva xoL tpoywedue va anodetéovue cuunepdouatd toug. H Iewpetpla
elvat xdmwe neplmhoxy, undEyouy TOANGY elddV Bacixd aviixelueva xal TOANS
Aentd adidpata mov ta ouvdéouy. Xe olyxplon W authy, 1 cuvolobewplo tou
Zermelo eival A, aoxnuxr: €yet u6vo gUvoAa xat dtoua, xot UdVo e@Td, anAd
allduata mou to cuvdéouv. Xto undlolmo autol tou xealaiov Ba StaTund-
coupe €EL an’ autd To altdpata, Ue Alyo oyoAla xal tapadelypota. Eival xdnwg
guxoAOTEPO v avafdiovue TN Slatinwor tou Tereutalov, €BSouou adiduatog
MEXPLS OTOU XUTAVONCOUUE UERLXE amd TO GUUTEPEOUAT TV TPMTwV EEL oTa
AUUECWS EMOUEVA XEPIAALAL.

3.7. (I) A&lwpoa "Extaong (Axiom of Extensionality). I'ia xdfe odvoro A
xai xdbe olvolo B,

A=B < (Vz)[r€ A < =z € B].

3.8. (II) A&lwpa tou Kevod Yuvéhou xat touv Zelbyoug (Emptyset and
Pairset Axiom). (a) Yrdpyer éva «ouuBatixd» abvolo ) mou dev éyer xavéva
uérog. (b) I'a xdbe x xar xdbe y, vndpyet olvolo {x,y} ue povadixd uédn ta
x xar y, étol mou va ixavonoleltal n tooduvaula

teAd = t=xVt=y. (3-2)

To A&ilwua 'Extacnc ocuvendyetor 6Tt uévo éva xevé clvoho umdpyet, ol 6T
vl 6hot ta z, Yy, wévo évo olvoro A weavomotel v (3-2). Auté to duolvolo
TV 2 xat y To ovuBoiilovue

{z,y} =0p 7O UOVABLXS GUVONO pe ubva uéhn o x, Y.

Av z =y, t67c {z,2} = {z} elvar T0 povooivolo Tou aviixelwévou .
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Xpnowonolhvtag autd 1o alloua UTOpOVUE Vo XATAOXEVEGOUUE TOAE aTAd
olvola, T.y. To

0, {0}, ({03}, {0,{03}, {{0}, {{0}}}, ..,

AN xaféva an’ autd €yel To ToAD 8o uéAN!
3.9. "Aoxnon. Aciée 6t O # {0}.

3.10. (III) A&iwpa E&ewdixeuorng 74 Awaywpiopwol. (Separation Axiom A
Aussonderungsaxiom).lta xdfe oUvolo A xai xdfe povouels, opiotixi ouv-
Ofxn P, undpyet éva obvodo B mou txavomotel tnv tooduvaula

z€B < z€ A& P(x). (3-3)

Ané 1o AZlopa 'Extaong néht, uévo éva B unopel va ixavorotel tny (3-3) xou
10 ouufoAilovue
B={zec A|P(zx)}.

Xoapaxtnplotixy cuuBolf touv Zermelo, autéd to alwua elval Tpogavde neplo-
ploude e 'evintic Apytic Zuunepiindng nou cuvendyetat ToAR& and to «oryahdn
noplopatd tne. ILy. unogodue va oploouue TNy toun xau 1 dagopd dbo cuvéd-
AoV ©¢

ANB =g {r€A|xz e B},
A\B=, {zecA|z ¢ B}
H anédeién tou mapddofou tou Russell pag divel éva Bedpnua:

3.11. Ocdpnua. [a xdfe olvolo A, to clvolo
r(A) =g, {rcA|z¢ux} (3-4)

Sev elvar uéloc tov A. ‘Emetar 6t 5 ouAdoyrj SAwv twv ouvddwy dev elva
otvolo, 8nAadrj Sev undeyet olvolo V rmou va uxavoroiel tyv tooduvauia

z €V <= Set(z).

AnoakizH. Ipocéite npdhta 6Tt To r(A) elvar ovvolo and To Aflopa Ava-
ywelopol. Av (rpoc anaywy? ot dtono) r(A) € A, téte (6w o mpLy) Loyvel
7 tooduvoula

r(A) er(A) < r(A) ¢ r(A),

TOU TEOQPAVHS ELVOL AVTLPATIXY. -

3.12. (IV) A&lwpa Auvvapoouvéhou (Powerset Axiom). I'a xdfe oUvolo
A, undpyet éva oUvodo B ue udva uédn ta urooUvoda tou A, dnAadij

X €B < Set(X)&X C A. (3-5)
O ouuPoliouéc X C A elvan ouvtbuevon tou (Vi)[t € X =t € A]. To AZlwua

Extaong ouvendyetol 1t yia xébe A, uévo éva chvoho ixavorotel Ty (3-5) xt
auté elvan BéPoia To duvapoatvoro touv A, cuuBoluxd

P(A) =op {X | Set(X) & X C A}
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3.13. "Aoxnon. P(0) = {0} xoe P({0}) = {0,{0}}.
3.14. ‘Aoxnon. ['a xdfe olvolo A, undpyet olvoro B tou omoiov uédn eivat
axpifdc 6Aa ta uovooUvoda twy ueldy touv A, Sniadi

r€B < (Fte Az ={t}]
3.15. (V) A&lwpa 'Eveworng (Unionset Axiom). I'ia xdfe odvolo &, undpyet
€va oUvodo B ue uédn ta uéin twv ueddv tou £, mou wxavomotel SnAady tnv
tooSuvaulia

teB «— (IX €&t € X]. (3-6)
Ané 1o Allwpa "'Extaong mdt, yia x86e £, uévo éva obvolo ixavonotel tnyv
(3-6), 10 ovopdlouue Evwor tou € xot 1o cupPolilovue e

UE =ce {t| (3X €8]t € X]}.

O tekeotic g évwong elval mo ypRolwog 6tav to £ elval owxoyéveld ou-

V6wV, dnhadn btav to £ xal xdbe uéhog tou X € & eivaw oOvola. Auth elvon

N TERIMTWON 6NV ANAOVGTERY EQAUPUOYY, TOU Uag Slvel (smré)\oug) Tov StuelN
teheoTh) NG Evwong ouvérwy: Bétouue

AUB=J{A, B}.
xenowonotdvrag ta adidpata (IT) xow (V), xau urohoyilovue
te AUB < (3X € {A,B})[t € X]
< te AVteB.

3.16. 'Aoxnon. U0 = {0} = 0.

3.17. (VI) A&iwpa Arnceipov (Axiom of Infinity). Yrdpye: xdrowo otvolo I
o meptéyel to xevé otvodo B xar to povooivolo xdbe uédouc tou, Snlady

0el& (Vr)lx € I={z} € I].

Xowplc va éyouue avotned oploud tou «wmelpoun axdun, elvor tpopavés 4T
onolodfnote I ixavomotel Tig cuvirxeg Tou adlduatog elvat dnelpo, ool

Del& (Vo)zel={z}el

%ot 6l autd Tar oUvora elvan Stapopetind and 1o Aélwua 'Extacnc. H diouchn-
e avtidndn tou aliduatog tou anelpou etvon bt amontel axpBdc Ty Umapdn
TOL GLUVOAOU

I={0,{0}, {{0}},... },

oalAd elvan amhovotepo (xaw apxel) vo deytolue yia To I T yopoxIneloTix
Wit 10U A&LdUATOC.

H »owi avtiindn grocdégwy xow pabnuatixdy tou 19o0u aidva Atav bt n
Omapén anelpwv cuvbéhwy urnopel va amodetytel, o eldixdtepa, 6Tl elva epuxtd
VO (XA TAGHEVAGOUUED TO GUVOAO TwV QUOLXADY aplBudy and to tinota, (ubvo ue
) Aoyuwahp. 'Oleg oL anodel&elc mou elyav npotabel atnelloviay 6ty ecpaiuévn
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Tevueq Apyn Buurepilndne xal odnyoldoav oe aviipdoels. Lruepa xotahaPol-
VOUUE Ta Ttpdyuata xdnwe xohvtepa: 1 Aoy unopel va talvouricet Toug op-
Hoig tpbdroug Tou wxéntechaw, ahNd (and ) pYon ) dev uropel va arodeilel
v Vnopln oudevdg, méco udihov anelpwy cuvéiwy. Me 1 cwoTH xal cogy
AVTLUETOTLEN auToV Tou Béuatog otn Statinwon EEywpou Aiduatog Anelpou, o
Zermelo €xave ulo Wialtepa onuavtixy tpocgopd oty dtadixacio anofolrc and
) Aoywxh ovTohoyX@Y anaTthHoEwyY XaL ot Sy delor| e and T pabnuotxd
avdntuén e ouvolobewplag, mpog bdpelog xal TwV 300 ¥AESwV.

3.18. AZidpata yio opLtotixég ouvhrixeg xaL tehectés. O Zermelo déytnxe
g oplotixés ouvlixes dimabnuxd, T nepiéypade nepinou dnwe T TEPLYPd-
ape xat epelc oto 3.4, xat ypnolponoince ot eqopuoyés tou AZiduatos EEeldi-
xevang TohAég Tohdmhoxeg auvbxeg ywplc E€ywen anddelln Tng «opLoTIXOTNTACY
toug. Auté Ba xdvouue xou euels, eneldn ol anodellelc optoTiedtnTag elvar Bo-
petég xou ondvia Bonfody v xatavénor. A&ilel duwe €86, yio pia Qopd, vo
anapliuRcouye Tig eNdytoteg (%o Tpogavelc) WibtnTeS TV opLoTXGY GLVONXOY
%Ol TEAEGTHOV TOL 0PX0oVY Yla Vo otnpl&ouv dheg tic anodelelg mou Oa ddoouye.

1. Ou e€¥c Paoixée ouvbixeg elvat oploTixéc:

T =y <o TO T xa T0 Y elvan 70 {Blo avuxeiyevo,
Set(z) <= T0 T elvon olvolo,

T EY o Set(y) xou to x elvon pélog tou y,
2. TN %&0e avtixeiuevo ¢ xat x80e n, o otabepdc tedeothic n wetaffAnTdOY
F(zy,...,z,) =c

elvat optotixde.
3. Kdbe teeotric npoforiic

Fi(z1,...,zn)=2; (1<i<n)
elva optotxde.

4. Av n P elvar oplotixf ouvixn n + 1 yetafintdv xor yio xdfe n-dda
T = 21,...,2Tn WVUXELWLEVLY UTdpYEL axEBAOS €Vva W TOU LXOVOTOLEL TNV
P(Z,w), téte 0 teheotic

F(Z) = to povadxd w dote P(Z, w)
elva optotxde.

5. Av n Q elvou oplotixn ouvH e m uetaAnTdy, av xdbe F; elval oplotixdg
teAeoTiS N METABANTOY Yot = 1,... ,m, ot av

P(f) <:>op Q(Fl(f)v :Fm(f))a

t61e M ouvhixn P elvon entong oplotix.
6. Av oL Q, R xou S elvan oplotixés ouvbixeg ue tov mpogavy aplBud peto-
BAntdy, 16T oploTixég elval xor ot ouvlixeg mou opllovtal am’ auTég ue
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g anAéc npdielc e hoyweis, we e€hg:
n P(Z) dev ahnbele,

!

) <0 ~P(7)
op Q(T) & R(T)
) =0 Q(T)V R(Z)
) =0 (Fy)S(2,y)
) o (Yy)S(Z,y)

!
~

N Q(Z) xau n R(Z) ainbedouy,

]!

!

ylo xdmoto y, ainfedel n S(Z, y),

PO

(
(
(
(¢
(

—
—
— wa ané tc Q(F), R(F) ainbelet,
N
—

!

yio %ébe y, ahnbeder v S(Z,y).

"Olec ot ouvBfixec xal oL teheatéc mou Ho Y pNOLULOTOLAGOVUE UToPOUY VoL ATOdEL-
YTOUV OpLOTIXES UE avopopd 6’ autéc tig amiéc 8tétntec. Extéc duwe and éva
TpéPAnua 6to téhog autol Tou xepalalou (YU autolds mou evdlagépovial 6T
hoyueh), Bo napadeidpovue tétolec TEYVIXEC anodellEls 0pLOTIXGTNTAC XAl GLU-
Bouke¥ouue TOV avayv@doTn Vo xAVeL To (8lo: uag amopaxpivouy and 1o xbpLo
€pyo uag, mou elvar va ueAeTioouue o 6UvoAa xor Oyl Tic oploTixés ouvlrxeg
Ol TOUC TEAECTEC.

3.19. K\doews. ‘Eyxovtac anoppider ue tdéoeg gaupdpes ™ Ievixdy Apyh Xu-
uneplindmne, Ba toyvelotodue thpa 6Tl yia xdbe uovoueAy optotixij ouvlixny P,
undpyet uta xhdom

A={z|P()}, (3-7)
tétola dote yia xdfe avrixeluevo x,
r €A < P(x). (3-8)

[N va 3doovue vénua 6° auth Ty apyn xal va v anodelEovue, yeeltalbuacte
éva auufBoatind cLuPolloud xat TN oNUAVTLXT Evvola NS «xAdongr. Kdbe advolo
fo elvar xAdon, adhd elartiog tou IHapadbéEou tou Russell 3.5, anaportiteg
undpyovy xAhdoelc mov dev elvar cUvola allde ot (3-7) o (3-8) pac odnyolv
apéons oto Hapddolo Touv Russel, otny nepintwon P(r) <= Set(z) &z ¢ .

Katapyhv ag ovugpovicouye 6T yia xdbe povouern, oplotixy cuvliixn P, Oa
yedgouue cuVAYLU

r € P < P(z).

Mopadeiypatog ydpetv, av Set elvar 1 Baoixr; cuvlixn tou «ivar 6hvolor, anodi-
douue axpLBode to dlo vénua 6TLS exppdoeLs

z € Set <= Set(z) <= 7o z elvaL civoho.

Tinota xawvolplo 6’ autd, uévo évag anhdg, cuufatinds cuuBoiioude.

H povouehic ouvbfixn P eivaw toopelvs (lon oe éxtaor, coextensive) pe évo
oUvolo A, av o aviixelueva Tou TNV eavonololy elvat axplBde ta uéln tou A,
ouufBohixd

P=.A <, (Vz)[P(z) <= z € A]. (3-9)

TN mapdderypa, av
P(z) < z #z,
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t61e P =, 0. Ané to HapddoZo tou Russell 8.5, undpyouv cuvbhxeg mou dev
elvar Loouekeic ue abvora. And v dAAn uepld, uta uovouelss, optotixi ouy-
Orxn P elvar toouedijc to moAU ue éva olvolo: emedh av P =, A xau enlong
P =, B, téte yia x4be z,

r€A < P(z) < z€B,

xou A = B ané 1o Allwua 'Extaonc.

EZ oplopoY, uia xhdom (class) A elvar elte alvolo, elte povouedsc, optotixi
ouvlrixn rov Sev elvat toouelrc ue xavéva olvolo. e x88e povoueln ouvlixn
P avtiotoyilovue v xhdom

10 povadixd olvoro A tétoo dote P =, A,
{z | P(x)} =op av P =¢ A yua xdnoio obvolo A, (3-10)
P, al\de.

Av A =4, {z | P(z)}, t6te elte n P eivar toouehiic pe xdmoto 6dvolo, ondte
P =, A ot and tov oploub & € A <= P(x), elte 1 P dev eivon couehhc ue
xavéva oOvolo, ondéte A = P xau

€A < z€P < P(z) (and 1o cuufutixé cuufolioud).

Auté elvar axpBade n Levixrd Apy i XvunepiAngne yia KAdoeic nou Slatundooye
o Téve otic (3-7) xou (3-8).

3.20. "Aoxnom. ['a xdfe olvolo A,
{z |z e A} =A4,
dpa xdOe ovvolo elvar xAdon. Aeile enione éu
{X | Set(X)& X C A} = P(A).

3.21. 'Aoxnon. O: xAdoeic W 6wy twv aviixeiuévoy xat Set 6Awv twv ouvo-
Awv Sev elvar otvola.

Av n P elvau pia n-pelic opltotixy ouvBixn xot o F évag n-ueific oplotixds
teheotg, BéTouye:
{F(Z) | P(Z)} =op {w | (BZ)[P(Z) &w = F(Z)]}. (3-11)
IMopadelypatog ydpety, Yo F(z) = {z},
{{z} |z =2} ={w | (Fz)[w = {z}]} = H xhdon 6 eV 10>V H0VOGUVSAWY.

3.22. 'Aoxnom. H xAdon {{z} | x = 2} dAwv twy uovoouvélwy Sev elvar oU-
volo.

3.23. 'Aoxnov. ['a xdbe xAdon A,
n A elvar olvolo <= yia xdnoia xAdon B,A € B
< yta xdrowo olvolo X, A C X,
onou n oyéon «wroxAdons» opiletar 6nw¢ xat yia ta oUvola,
ACB <, (Vr)lr € A=z € B].
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3.24. Emloyy xou Avtuxatdotaon: npocoyt! H aliwupatonoinon tng ov-
vohoBewplag dev Oa elvor mAApnc uéypet va etoaydyovue to televtaio Aiwua
Enhoytic touv Zermelo oto Kegdhato 8 xat to petayevéotego Allmua Avtixa-
tdotaong 6to Kegpdhato 11. Yndpyouv cofapol Adyol yu’ autég Tic avaPoréc,
mou Ba Toug enyfoouue ev xapd, aAld enlong undpyouv coPBagol Adyol yia
MY Eloay YR auTtdV Tov allewudtny: ToANd and to amhodotata cuvolobew-
entxd emyepfuata Pooilovtar o’ autd ta adidyata, Uetald TOUg XoL UEPIXES
and tic mhéov Paotxés anodeliels Tou Kegaralov 2. Enouévos, uéyet to Kegd-
hato 8 mpémel va mpocgyouue Wialtepa 6TL oL anodellelg wog unopoly medyuoTt
va dixatohoynholyv e Béon ta aliduata (I)  (VI) xouw 611 dev éyoupe abéhnta
XENOWOTOLACEL XaL xdmoLa GANY «mpogaviy ahfbela yior Ta cOvVola, TNy onola dev
gxouue axdun obte anodellel ovte cuuneptAdPBel ota aliduato. Xe ueptwd uépn
Oo anodet&oupe xdtt achevéotepo autod mou mpdyuatt Loylet, eneldh n Thieng
arffela yeedletan EmAoyéc ) Avuixatdotaon yia va emtBeBoiwlel. Autd udiiov
elvat xahd: Ba pog xpathoel empuiaxtixols xat Ba poag Bonbroel va udbouue
xoAOTEPAL TNY TéEYVN ToL va oUAdoyileoar aiwuatixd.

3.25. IIepl atépwv.Ou nepltocdtepes olyypoveES UENETES OTNY AELWUATLXTH GU-
volobewpla déyovtal eubic e€ apyfic ™ heyduevn Apyxh Ayvétntag (Principle
of Purity), étu dev undpyouv droua xat 6Tl dhot Ta avtixelpeva 6To Boocixd pag
nedlo avuxelwévoyv elvar oldvola. "'Eyxer uta ehxvotixd anidétnta 1 wéa evig
étolou pabnuatixol xéouou 6mou ta ndvta elval olvola. Axoloubdvtoc Tov
Zermelo éyouye emtpédel v Unopln atéuny (welc vo tnv anatthcouue), xu-
ploxg emetd) autd xdvel Ty cuvolobewpla mo Puolxd xoL dueca epapudoLun OTLS
dhAeg emotiues: Béhovue o anoteréouatd pag va elval egapudoius o GOvola
and mAavijteg, udpta Y Batedyta, xou ta Patedyta dev elvar olvora. Onwodh-
TOTE, T0 XOGTOC AUTHS NG EMAOYNG elvan eNdyLoTo: oE Uepxd Uépn mpénel va
nolue «avitxelyevor, 6mou ol eopxloTéC TwV atéumy Ba éheyav «obvolor. Eival
buwe onuovtxd va nopatneiooupe Tt xavéva and ta adlduatd pog dev amatel
v Onapdn aTéumY, Xal ETOUEVKS XavEVo and To cuuRepdouatd Toug dev Bo-
olletat ota dropo: 6,7 anodet&ouvue nopauével aAnBéc GTOV XOOUO TV AYVHOV
oUVOALY, e@boov BéRata autds o xdouog txavornotel ta aliduata Tou Zermelo.

3.26. AZidpata g WLéTTES %AELoTEHTNTAS TOL X60oUov W. 'Onwg xat va
gavtaotovue To nedlo W tng adlopatinng pag Oewplag, elvar mpogavég 6TL dev
neptéyel Gha Ta «atotyela g dralebnone ¥ touv otoyacuod poacy oty Exgpaon
tou Cantor: 3ev mepléyel m.y. autdv tov 8to xdouo W, ntou dev elvar advoro
%0l OTIWGONTOTE ELVAL GTOLYELO TOU GTOYAGUOY OGS %ol AvavTioenTo wabnuatixs
avuxelpyevo. Av Seytodue 61l undpyovy upabnuoatixd avixeluyeva é€w and to
W, 16te unopolue (ypfiowwa) vo Bewpfioovue ta allduato we t8idtnTec xAet-
otétyrac tou W. Méyel otiyuhc éxoupe deytel 6t to W mepiéyel to 0, 6
elvan xhewoté yia Toug tedeotég Tou Levyoug {z,y} (II), Suvapoocuvérou P(X)
(IV) %o évwone |JE (V), b1t neptéyel xdbe oplotixnd, utocuiroyh xdbe cuvéiou
(IIT), »on 6T mepiéyet eniong xdmoto olvolo I pe TN yopaxTneloTixnd WBLoTnTa

tou Aliduatog Anelpou (VI). Mropolue axdun va gpunvedcouue to AZloua
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"Extaone (I) wg Bidtnra xhewotdtntac tou Wr otn un tetpidpévn xatedbuve
Tov, analtel yio 6ha T olvora A, B 11 cuvenaywyt

A#B= (I)[te(A\B)U(B\A), (3-12)

dnhad?) xdbe avicdtnro A # B petald 0o ouvélwy Sixatoloyeltal and xdnoto
«wbuLuo» avixelyevo t € W mou avixel aTo éva xat o)L aTo dAAo.

Auvth) n epunvela Tov alloudtoy elval cuufath ye dVo Slagopetixéc andelg
Tou xé6opov W. H npdtn Bewpel tov xéouo cav xdtt yaddeg, duoppo, doxolo
otV xatavénon xat adlvato vo optotel: oaAAd xdbe avuxeluevo mou avrxel
o610 W elval cuyxexpluévo, oplotixd, oOAoxANewUEVo, %ol AUTES oL LBLGTNTES TwY
AVTLXELULEVWY apx0oUy yla var Sixatohoyhioouy Tic 8Létnteg xAetotdétnroc tou W
nou exggdlouv ta adtduota. Ag v nolue auth T ueydAn drogn tou W. H
utxptj drogn eivow 6t 0 xéopog W anoteheital axpBdg and exeiva tar aviixel-
MEVAL TV OTolwy TNV VTopln «Eyyudvtow T adldUata, To avTXelueva Snhadn
TIOU UTOPOUY VAl «XATAOKEVAGTOUYY UE ETOVELANUUEVES EQUEUOYES TwV allwud-
tov: Ta allduata aAnfedouv oto W enedn ovunephdPoue 6’ autd, enitndeg,
axplBdg dha Tal AVTIXEIUEV TOU ATALTOVYTAL ATd TLE LBLOTNTES XAELGTOTNTAS OV
exppdlouv ta alldpata. BeBalwg, xaulo and autéc tig andelg Sev poag dlvel
auotned, pabnuatixd optoud Tou W, ahdd elvon mpogavég étL exgpdlouv Sia-
popeTixéc andelc Tou pabnuatixod xéouov Twy cuvélwyv. Me tn wxey drodn,
Y. 8ev umdpyouv dtoua, ool xavéva and ta aflduota dev o amattel, EVH 1
ueydin drodm emtpénel Patpdyla avdueoa oto aviixelueva Tou W.

Yrdgyouv emyelpfuoata mou guvooly xat T dUo autég amdels, oL omoleg
gxouv nal&el onuavtind pdho 6Tn Yrhocogpia Tng cuvolobewplag, axdun xat oTny
TPAXTLXY| TNG, LToPdAhovTag 1o eldoc Twv npofAnudtwy tou aéilouvy uekétn. Ou
entotpédoupe oto Béua avtd oto Kegdhoaro 11 xau oto Iapdptnua B, bdtav Ha
gyouue 1 duvatdétnTa va to oulntioouue xdnwe o cofopd. Ev 1w petald,
O avagepbolue cuyvd ota allduata wg WLéTNTES xAeloTédTNTAC Tou W, ula
xehouun xatavéncn toug mou elvar cuuPaty ue xdbe gLhocogixn npboBacn ot
ouvohoBewpla.

IpoBApata yia To Kegpdiaro 3

x3.1. T xdBe un xevé obvoro £ xou yia xdbg X € &, opilovue v tourf tou
& uéow tou X,

Nx€ = {ze X | (VU € &)z ecUl}.
Acel&e 6t yio dha ta wéhn X, Y tou €&,

mXE = ﬂyga

dnhadh 1 tour ) € elvan aveZdptnn tou X mou ypnotdonolficaue 6Tov opLoud
™G, %L ENOMEVKS UTopoUuE va T cuuBoiiloupe (€ ywplc va delyvouue autd
to X. Acie enlong 61t AN B =({A4, B}.

[IporataptuTLing 2n €udoor, yepdtn A&On, Maptiog 2007



34 YHMEIQXEIY ¥TH X YNOAOOEQPIA

x3.2. I onowadhnote olvola A, B, e&étaoe moée and Tig mopaxdte xAAoeLs
elvaw 1 6yt odvodro.

1. {{0,z} |z e A}

2. {z | Set(z) & = # 0}.

3. {{z,y} |z € A&y e B}.

4. {P(X)| X C A}.

x3.3. Acile auotned 61t oL axdloubeg cuvbiixeg xat Teleotég elvar oploTixol,
xenowonotdvtag pwévo ta (I) — (VI) xau ta aliduata oto 3.18. (To ¢ eivon
w6V aviixelyevo.)

( ) C;’op T Ec, Fl(way) —og {w1y}7
Py(z,y,2) <=0 z €T, Fy(X) = UX,
Py(X,Y) <=, X CY, Fg(X) =0 P(X),
Py(X,Y) <= XNY =1, Fy(z) =op {2},
P5(X,Y) <=4, P(X)CY. F5(X,Y) =0y X UY.

Yo vnéhowna npoPAfuata g evétntag authc Bewpoldue Ty évvola g too-
Suvauiac xatd to Zermelo, n omola dtoucHntixd Loyvel 6tav duo cUvoha elval
toomAnfuxd. Agol oploovue tig ouvaptiioets wéoa oty altopatixy Bewpla tou
Zermelo 670 enduevo xepdlato, Ta tpofhiuata autd B elvarl emouotddn Tdpa
buwg, Exouv evilagégoy.

3.27. Opiowds. Alo obvoha A, B elvow Eéva (disjoint) av AN B = (. To
civoho W elvar odvdeopog 0o Eévmv cuvdrev A xat B (xatd tov Zermelo),
av toyvouv ol e€fg Teelg cuVOTxeg:

1. Ze W= 3z € A,y € B)[Z = {z,y}].

2. T %8B x € A, undpyet axpBoc éva y € B dote {z,y} € W.

3. T x8Be y € B urmdpyet axplBdc éva z € A dote {z,y} € W.

x3.4. Acie 6t av ta A, B elvar Eéva oOvola, téTe 1 xAdom
Y(A,B) ={W | to W elvou olvdeopoc tou A pe to B}
elvor ovvolo.

3.28. Oplowés. Avo obvola A, B eivar toodbvapa xotd tov Zermelo ov
undpyet teito olvolo C Eévo twv d%o xat oUvdeouol tou A ue 1o C xal tou B
ue to C, ovufoluxd:

A~y B < (GC,W,W)[ANC =0&BNC =10
& W e X(A,C)&W' € 3(B,0)).

*x3.5. H ouvOrxn ooduvayulag tou Zermelo éyet tig e€fg didtnteg, yio Ao To
cUvola A, B, C:

A~z A,
av A~z B, t6t1c B~z A,
av (A~z B&B ~z C), t6te A~y C.
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Cp) (2

Wl W2 W3 W4

A B>C\

AIATPAMMA 3.1. H unébeon tou teitou pépoug tou Tpofrjuatoc x3.5.

YTOAEIZEH. T va delleic 61t A ~5 A, mpénel va Bpelc xdnolo ovvoro C ue
ANC = tétoo dote va undpyel oVvdecpoc W tou A ue 1o C. H undbeon
v v (tekevtala) wetafotixd WBiédtnta ewxoviletor 6to Adypauuo 3.1.
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KE®AAAIO 4

TA IIANTA YYNOAA;

O endpevog otdyoc pog elvat va Siepeuvioouue av to Baoixd anoTeEAEoUATA TNG
droucHntixig ocuvohobewplag Tou Kegalaiou 2 unopody mpdyuatt vo anodetytody
ue Bdon ta aliduata tou Zermelo. Eubic €€ apync Peloxovue wa Suoxolio:
o Baowde oploude e toomAnfixdTntac yenolwonotel Ty évvola TN GUVEETY-
ong, Y va opleouue v évvola tou andptfuntol yeetalduacte to chvoro N
TV QuoxdV aptbudy, to Beuekiaxd Bedpnua 2.21 touv Cantor avagépetal 610
olvoho R twv npaypotxdy agtBudy x.An. Ankad to anotedéopoata tou Ke-
padalov 2 Bev avagépovtal ubvo oe odvola, aAld enlong oe onueta, aplbuoie,
ouvapthoels, Kapteotavd yivéuevo xot TohAd dhho pobnuatixd aviixelyeve o
anAd Sev elvan olvora. Ilod Ga Bpolue autd ta aviixeiyeva yéoa ota aliduota
Tou Zermelo mou uévo yio GUVORA ULAAVE;

M mpogaviic Adon elval va vrobéoouye étL awtd ta un oUvVoha TOU [OS
evdlagégouy elval avdueca ota dToua mou emLTEENEL 1 Bewpla Tou Zermelo xou
va. tpocBécouvye adlduata mou expedlouvy Tig Pacixés pag dtoucbnoelg yia ta
onuela, toug aptBuoic, g ouvapthoelg x.An. Autd umopel va yiver, alhd elvor
dBoho xot undpyet ulo ToAG xakbtepn Adon.

Tumuxé nagddetypa tng uebbddou mou Ba axolovbficovue elvat 1 «tadtion g
(npocavatohouévng) yewuetpuahc eubelog IT pe To olvolo R twv mpaypatixdy
apLludy, uéow tng avilotolylag mou «tautilew xdbe onueto P € II ye v tetun-
uévn tov z(P) we mpog éva méyto, apyxd onueio O ue tetunuévn z(0) = 0. Tu
axpBoe onuaiver auth 1 «tadtony; Oyt BéBata dtt ta onuela elvar moayuatixol
aptbuol. O dvlpwrol €youy dueoeg yewuetpxég dlotobnoels yLa o onuelo Tou
elvan doyetec pe Tig ouvTeTaYUEVES TOUS Mot Tig elyay ety o Descartes avaxoh -
der v avahutixy yewpetpla. Kdbe Abnvalog tng xhaoixrc emoyrs xataidBolve
NV Evvola TN TEOTAGTC

To ®dhnpo eival aviueca otov llelpatd xor to Yodvio xatd unRxog tne

axtig,
av xat ayvooloe TNy avaiutixy yewuetpla. Ilo evdewxtixd: mollol poppouévol
apyalot Abnvaiot elyav téheta xatavonon tou Iubaydpelov BewpAuatoc, ywelc
va E€pouv timota yia ouvtetayuéves. Autd TOL EVVOOVUE PE TNV «TadTLeT» TOU
IT pe to R elvon 61t 1 avriotorylo P — z(P) yoc dlvel ula mioth anetxdviom
tou II 670 R mou yag emtpénet va ddoouue aptBuntixolc oplouols yla Oheg Tig
YXENOWES YEWUETPLXES EVVOLEG %Ol VO UEAETHOOLUE TL¢ pabnuatixéc 18Létnteg Tou
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IT wg edv ta onuela va ftav apbuol. Ta napddetyua: 1 npbtacn mo ndve
exppdletal motd pe Tic apthuntixéc aviobtnteg

z(Hepads) < z(Pdineo) < z(Xoldivio),

av oL TETUNUEVES auEdvouy amd T SuTxE Tpog Ta avatoAxd. Me tov (8o tpdro,
Oa BpoVue miotéc aneixovioeis 6Ta GOVORA OAWY TWV UAINUATIXDY AVTIXELUEV®Y
mou ypetalduaote xat Ha yehetoovue N Bewpla cuVOAWY ue Bdon uévo to At
oloTNua THV alloudtny Tou Zermelo, wg edv Ao o poOnuatixd avtixel-
peva va fitav obvora. To Aentd xoau Gyt névto tetpiupévo npdBinua eivat vo
dtatundoovue o xdbe neplntworn oV 0wotd oploud TG ULETAS ATEXOVLONGY
%o vor anodel&ovue OTL utar TETola TLOTYH aNELXOVLOT) LAY EL.

4.1. Awrtetaypévo Levyog (Ordered pair). Oewpolue tpdta ) fooixd évvola
tou (dratetaypévou) Lebyous. Atuchnuxd, to {edyog (z,y) elvan To «mpdypon
TOU €YEL «TPGTO WENOG» TO T o «deUTeEpo UENOGY TO Y, xo dlagépel and To Un
dtatetaypévo Ledyog agol (m.y.) {0,1} = {1,0} evéd (0,1) # (1,0). Enouévec
N TedTN YopaxtneltoTixy Widtnta tou Levyoug elvan 1 e€ic:

(OP1) (z,y)=(2',y) = z=2"&y=1".

Yrdpyet xat po dedtepn, lowg Aydtego mpogavic yapoxtneloTixt 8LétnTa Tou
Cevyoug, mou pag emttpénet va oploouue Kagteotavd yivéueva: yia 6ha to 6Ovola

A, B,
(OP2) n x\don A x B =q, {(z,y) | x € A&y € B} elvaw olvolo.

To mpbBAnua Aotndy tng mothg anewxdviong Tou «Ledyoug» a1 cuvorobewpla
dtapoppdvetal we eZfic: npénel va Bpolue évay oplotixd telecth (z,y), Tétolov
dote o (OP1) xau (OP2) va cuvdyovior and o adidpata tou Zermelo.

4.2. Afppa. O tehectrig Lebyoug tov Kuratowski

(l‘ay) :OP {{l‘}, {xay}} (4_1)
weavoroel tig (OP1), (OP2).

AnoaEgi=H. (OP1). H xatedbuvon <= elvou tpopavic. ot un tetpiupévn
xatevhuvon = Eeywpilouye dlo mepintdoels:

Av = y, w0t {29} = (2,2} = {2}, 10 (2,9) = {{z}h {z}} = {{a}} ebvn
novoovolo, enouéveg xat To too tou (z/,y’) elvor povosivoro, bote =’ = y'.
Enopévoc (2',y') = {{z'}} »a agol auté elvon loo ue to {{x}}, éxovue z = 2’
xau apéong, enlong, y =z =2’ =¢'.

Av z # y, t61€ 670 (2, Y) avhxouy to povocivolo {z} xat 1o diedvoro {x,y},
xat autd mpénel va aviiotolyody ota wéhn {z'} xau {z’,y’} tou loou cuvdlou
(', y"), dnhadf {z} = {z'}, {z,y} = {2, y'}, dote quéowg z =12' xaw y =y

(OP2). Apxel va del€oupe 611 yio onowadfnote dYo cvvora A, B, urmdpyel
olvoro C' tétolo Gote

ze A&y e B= {{z},{z,y}} € C (4-2)
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doTL av oyvel autd, tote
AxB={z€C|(3ze€ Ay € B)lz= (z,y)]},
xau 10 A X B elvar odvoho and 1o Aflwpa Awaywpiopod (IIT). T va delfouue
v (4-2), uvnoloytlouye:
zeA, ye B = {z}, {z,y} C(AUB)
—= {z}, {z,y} € P(AUB)
— {{}, {2,9}} CP(AUB)
= (z,y) € P(P(AUB)),
onéte unopolyue va Bécouvue C = P(P(A U B)). .
Kobopilouue tdhpa éva cuyxexpluévo tehecth Lebyoug (z,y) mou ixoavorolel

tc (OP1), (OP2), lowe to Levyoc tou Kuratowski nov ypnoiwwonolfcaue otny

7 ' 7! z z 7 z ’ z
anddelln tov 4.2, iowg xdnoto dhho: and 3w xat mépa UTOPOVUE Vo EEYAGOLUE
TOV GLYXEXPLUEVO TEAEGTY ToL StahéEaue, To wbvo mou €xel onuootia eivat 6t o
teleothc Tou Ledyoug weavorotel tg (OP1), (OP2).

4.3. 'Aoxnon. 'Eotw
Pair(2) <=, (3)(Ey)[z = (2,)),

t0 povadwé x dote (Jy)[z = (z,y)], av Pair(z)
z, aANOC,

First(z) =q¢ { ’
t0 povadwd y Gote (Iz)[z = (z,y)], av Pair(z),
Z, AANLOG.

Second(z) =40 {

‘Enetat ot
Pair(z) <= z = (First(z), Second(z)).

Xenotponoidvtog to (edyog unopolue gdxola vo oploovue tpLddec, tetpddeg
AT OTwe xo Tt avTioTolya yivoueva, LY.

(1'7 Y, Z) —op (1'7 (ya Z))a (4'3)
(2.9, 2,w) =0 (2, (y, 2,w)) = (2, (y, (2,w))), (4-4)
Ax B xC =4 Ax(BxC), (4-5)

»x.At. Me autd tov optoud, (n+1)-dda elvan éva Lebyog ue deldtepo péhog n-ddoa.
4.4. 'Aoxnon. o dra ta z,y,z, 2",y , 2/,

(r,y,2) = (2/,9,2)) &= z=2"&y=9y'&z="2".
4.5. Zévn évowon (Disjoint union). T'a xdfe olvoho A xou xdbe avtixelyevo
xvavd, unopodue va Bewpicovue To olvoho Leuydy {xvavé} x A cav éva «umhe
avtiypoago» tou A, exxovilovtag Ty aviuxatdotaot Tou xdbe a € A ue to Lelyog

(xvavd, a) wg To cuvolobewpenTxd avdhoyo tng Baghc Tov a ue ypduo xuavd.
Kafopilovue 800 tétota Stapopetind «ypduatan

xuavd =0 0,  Aeuxd =q, {0}, (4-6)

[IporataptuTLXny 21 €udoor, yepdtn A&On, Maptiog 2007
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B {Aeuxé} x B

A {xvavé} x A

AIATPAMMA 4.1. Koataoxeunq g Zévng évwong.

xat opllovue v E€vy évmon 8Vo cuvdhwv ue Tov TUTO
AW B =g, ({xuavd} x A) U ({heuxé} x B).

H xataoxevy| anewxoviletor oynuatixd oto Awdypouua 4.1, xau n évvola eival
yehown, énwc Bo dodue. Eilvor autovénto ét n ouyxexpuuévn tautdnta twy
xuavé xat Aeuxd etvot doyetn xat neénet vo EeYaoTel AUES®S: TO UGVO oNUAVTIXGS
elva 61l xuavd # Aeuxd.

4.6. Aoxnov. Acile 6t yia bAa ta olvola A, B, AW C AW B. Aciée
enlone ue xdnow mapdderyua 6tL av ypnowuornotfjoovue to (elyos Kuratowski
otov opLoud Tt $évie évwong, tote N aAnbopavijc A C AW B Sev woyUet.

Ocwpolue tdhpa TNV évvola g oyéorng (relation), mou dwamotilel tar wabr-
pmotxd.  Awaelntixd, Siuedrc oyéon R avdyeoa oe avixelyeva x € A xou
y € B eilvar pta ouvBiixn mou weavonoteitan and pepwd € A, y € B xou Sev
wovonoteltan and dAha. ILy. n oyéon

TRy < o x elvat yiog tne ¥

elvan oplopévn ota A = {dvtpec}, B = {yuvaixec} xat ixavonoteital and ta z,y
axplBdc av n y éxel yevwhoel Tov z. O mpogavic Tpdmog va anelxovicouye yio
duuerq oyxéomn otn cuvolobewpla elvat vo Ty tauticovue ye Ty €xtact g, To
6Uvoho twv (EUYGOY TOU TNV IXAVOTOLOV.

4.7. Yyéoels. Awwelvis oyéom ota clvola A, B eival éva onolodinote uno-
oVvolo R tou ywouévou A X B. Xenowonotodue t6o80vaua 1ous 6UuBoAlouolg

R(z,y) < zRy < (z,y) € R.

IMpogavy, tapadelyuata oyéoewmy elvat 1 LEHTNTA oL OL GYECELS TOU AVAXELY»
%Ol TOU UTLOGLYOAOL, TEPLOPLOUEVES OE XdToLo oUvolo A,

T=4Y 0 TEALYyc A&z =y,
TEQY =4 € ALY C A&z Y,
XCaY <= XCYCA
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olugwva Ue tov optoud autég tautilovto ye ta ohvoha

—A ~op {(may) EAXA|£E:y},
€4 =0p {(,Y)EAXP(A) |z €Y},
Ca=op {(X,Y) € P(4) x P(4) | X C Y.

4.8. Yyéoelg xoL oplotxég ouvBrixeg. Ou oploTtinég ouvlrxeg =, € xou C
oto nedlo optopol W Shwv Twv aviixelwévwy dev elval oyéoelc olugpuwvo ue
Tov optoud 4.7, xou pdhiota dev elvar xav «oouekelcy ue oyéoelg, emeELdY| Lxa-
vomotoUvtar and ndpa torhd Ledyn. H Swagpopd avdueoo otig oyéoeig xau Tig
opLtotixég ouvifxeg elval onuoavtd: cuvontixd, xdbe oyéon xabopilet uta opt-
otixl] ouvdixn addd (Yevxd) to avtifeto dev toyUel. Tty enduevy Aoxrnon
dtatundvovue auatned auth T Stagopd. Iap’ Ao autd, Ha avagpepbodue TOA-
Nec gopéc m.y. oty oyéon = oto olvoro A, evvodviog (ywels coPopd xivduvo
cUYYVUONC) TOV TEPLOPLOUS =4 OTWC TOV OploaUE O TEVG.

4.9. Aoxmon. (1) I'a xdbe Swuerrf oxéon R C (A x B), n ouvfixy
R*(z,y) <=op (z,y) €R

elvar optotxyf. (Timota dev yperdletar yi’ autd, extdéc xi av GéAeic va elaoxy-
Geic otnv epapuoyr; tou 3.18.)
(2) Ia xdbe oprotixsi Syuery ouvbrxny P xai orotadrfinote olvola A, B, o
TEPLOPLOWUOG
PA,B —op {(Qﬁ,y) €AxB | P(.’Iﬁ,y)}
¢ P oto A X B elvar Siuelriic oyéon.
4.10. Id6tnteg oyéoewy o éva ocbvoho A. ISwaitepa onuaviixég elvan o
oyéoelc dVo petafAntody oto (8o eUvoho, mou tadivopolviol xot PENETMVTOL
avdhoya ue Tic douxég Widtntec mou ixavonotovy. Ot endueves tpelg 8LOTNTES
eugavifovtat ouyvd, ubveg toug 1 o ddgopoug cuvduaouolc, ue P C A x A:
n P elvow autonabis <=, (Vo € A)[zPz],

n P elvou ouppeteuny] <=, (Vz,y € A)[xPy=—=yPz],

n P eivar petafatief <=, (Vz,y,z € A)[[tPy&yPz]—= z Pz|.
(Ou avtiotoryor ayyhwol bpou elvan reflexive, symmetric xau transitive.) H P

elvar oyéon wooduvapiog (equivalence relation) oto A av éyel xou TiC TpELC
autég BLoTNTES.

INa oyéoeig Looduvauiag yenowwonolodue cuvibweg oduBola cay ta ~, ~, =,
O OL TRELG YAPAXTNELOTIXEG BLOTNTES Talpyouy TN Lop®Y

T~z
T~ Yy=ryr~ I,
[z~y&y~z]l= 2z~ 2.
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4.11. ‘Aoxnon. o xdbe olvodo A, 5 oyéon toétyrac {(x,y) |z =y € A}, g
otabepd adnbic oyxéon {(z,y) | x,y € A} xat yia xdfe B C A, n oyéon

T~aBY o=y EAV[zecB&yc Bl
elval oyéoeig tooduvaulog.

4.12. IIgétacy. ‘Eotw n~ oyéon tooduvaulag oto alvolo A. Téte yia xdbe
x € A opilovue ue

[z/~={ye Alz~y} (4-7)
v xhdom weoduvaptag’ tou z xa ouuBolilovue e
[A/~] = {lz/~] € P(A) | z € A}. (4-8)

T0 oUvolo autdy twv xAdocwv tooduvaulac. Apa [z/~] # 0 yia xdbe x € A,
xar yia xdbe x,y € A,
zr~y =[x/~ =ly/~], (4-9)
zoty < [z/~]N[y/~] =0, (4-10)
érot dote 1o [A/~] elvar uta owxoyéveia un xevdy xar Eévwv ava §Uo uroou-
véAwy tou A téroia mou |J[A/~] = A.

Avtiotpépwg, yia xdbe otxoyévera € un xevdy xar Eévwy avd §0o unocuvéAwy
tou A térota mov A =JE, n oyxéon
T~y o (X €8z e X &y € X]
elvar oyéon wooduvaulas oto A xai [A/~] = €.
AnoagieH. Kdéfe [z/~] # 0, enedf = € [z/~]. And tn petofotixdtnra xou
GUUUETELXOTNTA TN ~,
t~z&r~y=t~y, t~y&kr~y=t~zx
Gpa
z~y = (MteAft~r < t~y]
= [z/~] =[y/~].
Auté ouvemdyetan apéowe e (4-9) xau (4-10). 'Oco yia to aviioTtpogo, 7
avtondbela xaL 1 ovuuetpla TN ~ elvol TeTpUUEVES. Av o ~ y xaL y ~ z,
té1e undpyouv civora X, Y oty £ tétowa mov z,y € X, y,z € Y, eldixdtepa

y € X NY, xou ool ta obvoha oty £ elvon Eéva avd d%o, cuunepaivouvue 6t
X =Y, dpaz~ 2. n

4.13. 'Aoxnmom. Ynoldyioe tic xAdoeic tooduvaulag yia tic oyéoeis Looduva-
ulac tnc Aoxnonc 4.11.

"TKé&Be [z/~] eivaw mpogavig obvolo, umoshvoro tou A, xau B frav mo taplactd va
0 Myaue 10 «oUvolo Looduvaulagy Tou x, alhd 1 xhaowr opoloyla elval mavdpyoun xow
xoBiepwuévy.
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AIATPAMMA 4.2. Mio cuvdptnon oav cbvoho and Slatetory-
uéva Levym.

AxolovBdvtag v Ba toxtiny, tautilouvue xdbe TeLkeNY| oxéon R ota oU-
voha A, B, C ue 10 6Uvolo TV TELddnv Tou v xavorotoly, Snhadh tpiuehic
oyéon ota A, B, C elvou éva onotodfnote unoctvoho tou A x B x C. Xenot-
pomoloVuEe Leodvvapo Toug GUUBOALGUOUS

R(I, Y, Z) < op (il?, Y, Z) € R.
Me tov (8to tpémo anewxovilovue 61N Guvolobewpla XAl TIg GUVAPTACELS, To-

tilovtdg tec YE TN «ypapixy) Toug TapdoTaom.

4.14. Yuvaptiocelg. Yuvdptnor (anewxdvior, petacynuratiowss) f: A — B
ue nedlo optouol to clvoro A xau nedio AV to 6lvolo B eivan évo omolodh-
note urtocVvoho f C (A x B) nou wavorotel T cuvBiny

(Ve € A)(Bly € B)[(z,y) € f],
AVaALTIXOTER D,
(Ve € A)(Jy € B)[(z,y) € fl;
xu (z,y) € f&(z,y) e f=y=1.
Av anewxovicovue 10 ywéuevo A x B oto eninedo énwe oto Adypapua 4.2,

10 mapoamdve onuaivel twg xdfe wataxdpuen eubelar téuver to odvolo f oe
axpBoe éva onuelo: T z € A xou f : A — B ypdgouue, we ocuviboc,

f(x) =g 7O po,vot&xé yeB té'co,Lo dote (z,y) € f (@ € A).
= 7w e f oto otouyeio x
O ydpog ouvagTtioewy
(A—B) =g {f CAxB|[:A—B)
={feP(AxB)| (Ve A3y € B)(z,y) € f}
elvar olvolo and 1o Aflwua EZedixevong (III).

Oo vlobetioouue dhoug Toug cuVNBLouEVoUS GUUPBOALGUOYUE XAl GUVTOUEUOELS
OYETXEG UE OLUVAPTNOELS, YRAPOVTAS T.Y. UEPIXES Popéc TN METAfANTY Ywplc Tig
napevbéoelg ¥ oav Selxty,
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E&oupetind ypriowog eivar xow 0 cuufohiopds —, T.y. OLXOYEVELL GUVOALY E
delxteg 670 6bvolo I elvon pia onoladfrote cuvdptnon

A= (i Ay)ier: 1 - FE

v xémoto I # () xau xénowo E, énou xéfe wwuh A; elvan odvoho. Ovoudloupe
10 I oGvoho deuxtdY xoL opilouue TNV Evmwon xal TNV TOUY UG OLXOYEVELAG
ue delxteg oto I 6mwe cuvibwg,

Uicrdi =op {z € UE | (Fi € I)[z € A},
NictAi =0 {z € UE | (VicI)[z € Ajl}.

Enionc ogtlouue yivéuevo utog owxoyévelag ue deixteg 6to I, 10 6Uvolo SAwY
TRV GLVAETHOEWY ToL ETLAEYOLY Yia xdbe Selxtn ¢ € I éva otolyelo and Ty Ty

Ai7

(4-11)

[lierAi =op {f : T = Ujcr4i | (Vi € DIf() € A} (4-12)
Movouopgiouot, empopgpiouol, aviiotolyieg, exxdveg xal avilotpopeg ewxdveg
ouvapthoemy opilovtal axplBos 6nws otny EloaywyR. Oo yenotluonotodye toug
oupfoiouoic:
(A= B) =g, {f € (A — B) | n f elvar povouopgpioube, 1-1},
(A — B) =g, {f € (A— B) | n f elvar empoppioude, ent tou B},
(A= B) =¢, (A— B)N (A — B) (avtiotoiyia).
T xébe X C A, o neproptowds (restriction) f [ X wiag ouvdptnong f : A — B

elvat  ouvdgtnon mou vrokeinetat av agatpécovue and v f ta Lebyn ue npdto
wélog €€w and to X,

fI1X =0 {(z,y) € f|ze X} (4-13)

Enione eivar ypRowwo va tagatnericouvue 611 1 Bacixr| cuvlixn Tou «elvat cuvde-
mon

Function(f) <= (3A)(3B)[f € (A — B)] (4-14)

elvar mpogavdg optotixn. ‘Otav avagepbuacte oe xdnola ouvdptnon f ywels

uvela ouyxexpiuévoy cuvéhwv A, B dote f: A — B, Ba evvoolue onotodinote
avixelyevo f mou weavornoiel 1 ouvBixn Function(f).

4.15. 'Aoxnmor. Acic and ta aliduata, nwc yia xdbe ouvdetnon f, to nedlo
opLowol ¢

Domain(f) =o {z | (3y)[(=,y) € f]}
xar 7 ewdve ¢

Image(f) =op {y | (F2)[(2,9) € f]}

elval oUvola, xai twe¢ yia xdbe olvolo B,

av Image(f) C B, téte f :Domain(f) — B.
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Yav enaxdlovbo,
av Function(f), tdre f: Domain(f) — Image(f).

4.16. XyeTtixd (e TG OLUVAETNOELS oav oUvoAa LevyYdv. Auty 1 «tadTion
otn ouvohobewpla pag ouvdptnone f @ A — B ue to olGvolo twv (evydy
{(z,y) € Ax B| f(x) =y} éxer Oewpnbel npoPhnuatixd, eneldf éyouue éugpureg
«AettovpYéoy dlatchfoeLs Yol TNV €vvola TNg cuVAETNONGS Xt TOAES Popég UE TN
AEN «ouvdpTnom evvoolue €vay «xavbva utoloylopovy. Tloapadelyuatog ydety,
oL 300 cLVIPTHGELS GTOUG TpayuaTixols aptBuoic

2
f(xvy) ~og (I + y) s
2 2
9(x,y) =o¢ ¥° + 2zy +y
tautilovtar ot cuvolobewpla, evéd cav xavéveg uToloylouol elval Tpogavdg
drapopeTixol. Autéd B dnuiovpyel mpdBinua av Eexabapiocovue 6To vou pog 6T
o «optopbeor 4.14 dev aviixabiotd ) StnabnTtind évvolo e cuvdptnone adld
uévo v anewxovilel oty ouvorofewplia, miotd boov agopd Tic YpRoels authc TNg
évvolag o1y ouvolobewpla:® pmopolue tdpo Vo oploovue TV LGoTANBLGTHTA
xou TN ouvBiun olyxplong TAfboug ywelc avagopd oe aviixelpeva é€w and TNy
aélmpotix pog fewpla,

A=, B <, (Af)[f: A B] <= (A~ B)#1),
A<.B <=, (3f)[f: A— B] <= (A— B)#0.
A<, B &, A<.B&A#,B.

4.17. "Aoxnor. Aciée and ta aliduata 61t A =, B=P(A) =. P(B), ava-
pépovtac ta aiduata mov ypnolUonoLels.

4.18. ‘Aoxnon. Aciéc and ta aéiduata 6t av A=, A’ xav B =, B', tdte
AwB=,AWB, AxB=.AxB, (A—-B)=.(A—B).

4.19. II\nBdpLBpot xatd tov Cantor. Elval xdnwe elpwvixd to yeyovég ét
uoe and g mhéov dVoxoleg Batcbntinég €vvoleg va amelxovicovue TGTE 0T
ouvolobewpla elvar auth tou TApbapifuov, onwedinote and tig Baocixdteges TOU
Béuatoc uag. O Cantor v etofyaye to 1895 610 (8o dnuoacieuua and to onoto
AMOGTAGOUE TOV «oploud» touv cuvbiov oty Elcaywyt, weg e&hg:

Kébe otvoho A éyer ua xabopiopévn ‘Loyl’, mou xakolue tov ‘TAnbé-

etbuo’ tou A.

Me 1o évoua ‘Lloyt’ f ‘mAnbdebuo’ tou A ovoudlouue tn yevixy évvola

Tou anoppéel and o cVvoho A, btav ue To oToYAcUd Hag AnocVpoulE

and to oTolyelo z v Wialtepn @lon Toug xal TN oelpd Ue TNy omola

gxouv dobel.

8To av N dwouchnted évvola tng ouvdptnong cov uroloyloTixds xavévag unopel enlong
vo anewxovioTel Totd ot cuvohobewpla elval evBiapépoy TebBAnua oto omolo Sev éxel Sobel
axdun yevixd arodexty) Adom.
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1

ATATPAMMA 4.3. Kotaoxevy tou |A| xatd tov Cantor.

b R b I o

To anotéheoua auvtic Tng dimhic meddng agalpeong, Tov nAnbdeibuo
wou A cupfoiilovyue A Egboov xdbe otoiyeio z, apol apapéoovue
v Wialtepn Tou o, yivetow ula ‘wovdda’, o thnddplbuog A elvan éva
GUYXEXPLUEVO GUVORO amoteholuevo amd povddeg, xat autdg o aptbude
UTdEYEL 0TO YOU Uag wg dtavontu exdva 1 TtpoBolr Tou cuvérou A.

Eneita ané xdunoon culftnon, o Cantor cuunepaivel and autdy 10V «opLloud»
611 ot TAnBdplBuot ixavomotody Tig endueveg dVo Pacixég cuvhrxeg:

A:cja
av A=, B, t6te A=8B.

H nedt and autéc npoxdntel guolxd and tnv évvola tou Cantor: n dladixacto
agalpeons Tou oToyacuol pag tou avitotoryilel o xdbe z € A xdnoia quovddon»

7 r ’ z A
Ug xatapavog opllet uta avtiotoyia  — Uy avdueon oto A xar to A. O Cantor
ducanohoyel ) deltepn ouvlBfinn e évav tepinruxd cvAloyLloud, ooy onolo M

pedon-xAedl elvan n e€hc:

= 7 7 z 7 z z 7.
o A avanticoetal (o to Todue étot) and to A, ue étolo Tpdno HoTE
xdBe otoyelo Tou A dnutoupyel wav eldxr wovdda.

I va ptdoouue ot debtepn ouvlxn ye Tétola emtyelpfiuata TeEnel vo deyTodue
6Tl auTég oL «EdLxég povadegy eaptdvtatl u6vo and to «mboa uéhrp éyel to A
o Oyt TNV eldx) Toug @vor, mou xdnwg poldlel va otneiletal o Ul £vvola
tnBudnrag xat var odnyel oe @adho xOxho, alld onwodAnote autd eine o
Cantor.

Yrdpyel o pia teltn, mo teyvixd idétnta twv tAnbapifuwy mou o Cantor
yenotuomolel ywplc oydhio atov opltoud xol TN UEAETN TEAEGTAOV Tou dpouv ot
dnelpeg owxoyévelee oLVOAwY: yia xdfe owxoyéveia ouvdlwv E, 1 xAdon twy
mAnbapibuwy {X | X € £} elvar ovvolo. 'Oneg xau va epunvelGouUE Ty XoTa-
oxevn Tou Cantor, elvon nevtoxdbapo an’ autd Tt TEéNeL Vo XAVOUUE Yol VoL TNV
AMELXOVIGOVUE TLGTA 0T cuvolobewpla. Xenoluonolodue wovtépvo auuBoiioud

avtl yio o dyopo A tou Cantor.

4.20. IIpb6BAnpa Avdbeong IIAnBopibuwyv: va oploovue otnv xAdon clwv
Twv ouvéwy évay tedeotif |A| ue Tic tdibTyTec
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(C1) A=A
(C2) av A=, B, téte |A| =|B|,
(C3) yia xdbe owxoyévela ouvdlwv E, o {|X| | X € E} elvar aivolo.

Elvow 3Uoxoho npdfinua xat dev Mibnxe uéypt v meplodo 1920-30, btav to
¢huoe o von Neumann ye pio xoudn xataoxeun mou Suws otnpiletal xol ota
d%o a&lduata mou pag Aslmouv axdur, e Emioydc xou g Aviixatdotaong.
Oa exbéoovue ™) Aon tou von Neumann oto Kegdhoio 12, uetd and apxet
npoxatapxTix epyacia. Méyel t6te, mopatneovue 6Tl undpyouy TOANOL TEAE-
otéc nou xavorotody g (C1) xau (C3), uwetald Twv onolwv ot o tetpLuuévos
|A] = Al Auté mou elvar Aydtepo epgavéc elvar 6tL autés ot dvo amhég LdLd-
ntec tou teheot |A| apxolv yia Ty avdmtudn o txavorountixic fewplag
TAnBudINTaC.

4.21. IIanbdpBpor. Koholue (aobevi)) teleotd nAnOuxdtnTag onotovdinote
optotixd teleoth ota olvoha A — |A] mou wxavorotel v (C1) xow v (C3),
xat Loyued TehesTh TANOudTNTAS av emithéov xavorotel v (C2). Ot TAn-
BdpBpol 1 thnBuxol aplBuol (cardinal numbers) (ue Bdon xdmoov Soouévo
teheoth TAnfudtnTag) elvan ol Tiuéc Tou,

(C4) Card(k) <= k € Card <=, (34)[x = |A]].
4.22. "Aoxnov. Aciée nwc yia xdbe teleotyi mAnOixdtntac xou omoiadirote
oUvola A, B,
Al = |B|= A =, B,
étot mou o avtloTtpogo tou (C2) aknfedel yio bhoug Toug telestée TAnbixdTnToc,
axbua xot yio toug aabeveic.
Kafopllovue tépa évav (mbavév acbevd) teheoth ninbudintag xot optlouvue
e aptBuntixéc npdietg otoug mAnboplbuouc we e€ic:
K+A=c [KWA  =¢ kWA,
K-XA=op |[K XA =¢ KXA,
K =op (A = K)| = (A — k).
O npdiéeic oe dnepa olvora optlovton ocvd)\oyoc79
Yicrhi =op (G, ) € I x ;o ki | & € Ki}l,
[Licrsi =op [ Lici#il-

H 8¢a elval mpogavic, m.y. To dipotoua k+A elvat «o aplbude twv otolyeiwv» oto
6UVOAO OV TV AVTXELUEVWY TIOU TIpoépyovTal and Eéva petald Toug avtlypapoa
TOV K KoL A.

Mapadooiaxd cupPBorileton to Kapteotavs yivépevo cuvélwy xat n Tpd&n molhanhaote-
ool anelpwvy TANBopibuwy ue to (8io xegahalo I, ywpic va dnuovpyeitor odyyuon.
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TMapatnpolbue twg uévo pla emhoyy undpyet Yo Tov |0,
0 =op [0] =0, (4-15)

enedf wévo o opiopde 0] = O weavornoel v O =, |@]. Eivow entong Polud va
eLoaydyovue toug ouuoiiouoig

L=0g [{0}; 2 =0 {0, 1}] (4-16)

dote vo unopolue evxola va avagpegbodue otoug mAndapibuoug xdmotouv yovo-
GUVONOU XAl XATOLOU SLELVAAOUL.

4.23. ‘Aoxnor. Ia éla ta oUvora A, B, |AU B| <. |A| + |B|, xat
av ANB =0, téte |AUB|=,|A|+|B|.

4.24. 'Aoxnor. I'a 6lovs toug mAnbaplGuovs, av K1 =, Ko xat A\ =¢ Mg, T0TE

K1+ A =c ko + Az, K1 A= K2 Az, K = k)2

4.25. TIMnBuxey aptBuntind. 'Towg gaivetal xdnweg avénty n dnuoveyia Bew-
ploc xdnotou acbevoic tedeoth TANOLxGTNTAC TOL UTOEEL Vo Elvall XoL O TETELU-
uévog | X| = X, adld o cupfolouds Twv mAnbouplbumny xou tov aplBuntixdy
npdéewy TAVL TOUG UAS ETUTPENEL VAL EXPEAOOUUE ATAd TOAOTAOXES «OYEOELS
toomAnBixdtnTacy. Oewpolue, yia Tapddetyua, Ty eélowon

RO = A (4-17)

Motdlet npogavic, aknbedel xatd v Aoxnorn 4.28, xou exgppdlel axpBodg to
3to yeyovég e v

(A8 p) = k) =c (A= K) x (b — k), (4-18)

nolhol Ba éheyov anholbotepa. Eminhiéov:

(1) 7 ouotnuotxd avdntuln xavévey cav tov (4-17) odnyel o wa TAnbuxi]
aptBuntixy mou ev xalpd Uog LTodeLxVUEL xauvolpla (xat ypRouua) yeyovita
tooduvopuiac xat’ avahoyloy e 1 cuvnilouévn aptbuntixn xal

(2) étav emtéloug xataoxcudoouue Tov oyLed TteheoTt TANBdTNTAC TOU
von Neumann, fa €yovue %dr anodeilel dhec Tic evdLapépouces BLOTNTES TWV
winBoplBuwy ue to =, oty Béom Tou =: 10 Ubvo Tou Ba mapauével Ba elval va
agolpécoupe (0To MLad pac) To delxtn . and aroteléouata mou 181 éyxouue
®oTaAGPeL, ydpn oTo axdhovbo cuumépacua.

4.26. "Aoxnom. Av opioovue toug mAnfdeibuouc yenotuonotdvrag Loyuped te-
Aeoti mAnbuxdrntag, téte yia bAouc touc mAnbixolc apLbuolc k, A,

|kl =K xat k=, X <= K=\ (4-19)

INa vo arodellovue tautdtnteg tng mAnOxAg oplbuntiedc, xenowonolodue
ocvotnuatixd v (C1) xau tig Wdibétnteg avitxatdotaons e ‘Acxnone 4.18. T
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napddetyua, N npooetouptoTix Wibtnta g TAndic mpbdabeong delyvetan ue
TovV UTohoYLoUO:
E+(A+p)=ccd(A+p) oplouég,
=k (AW p) optoude, (C1) xau 4.18,
= (KYAN)Wp Béher anbddeldn
= (k+AN)+up avooteégoviag To Bruato.
H pabnuoatix ovsto autod tou unoloyiouov elvan oto Bua ye tny £vdelln «Béket

anédeldny, mov 6’ authv TV nepintwon elvan ToAD edxolo:

4.27. 'Aoxnor. Aceilc 611 yia onotadiinote tela obvola K, L, M,
Ky(LWM)=.(KWL)wM.
4.28. 'Aoxnor. Aciée tpv (4-17), arnodeixviovrac mpdta Tt yia omotadinote
tola oUvoda K, L, M,
avLNM=1, té6re (LUM) - K)=,(L— K)x (M — K).
'Ocov agopd tny mo texvixd Widtnta (C3), ac Hewphoovue tny tautdTnTa
UserAil = SierlAdl, (4-20)

ToU onwodArote mpénel va adnfedel av to cUvola otV owovévela (i — A;)ier
elvar Eéva avd 8Vo. Ilpv v anodeiouvue duwe, mpénel vo tng ddoovue cogég
vonua, xou yU autd mpénel va Befatwboldue 6Tl mpdyuatt undpyet cuvdetnon
(i — |Ai]), xou yia vo amodeilovpe autd ypetalbuaocte v (C3):

4.29. Avjppa. Ia xdfe owxoyévera ouvblwy A = (i — A;)ier undpyet ouvdp-
mon f: I — f[I] dote
F@) =14 (el
ATIOAEIEH. Arné v (C3) pe
E={A;|iel}=A[ll,
undpyet olvoho W nou neptéyel xébe |A;| yia @ € 1, xou Bétoupe

f =op {(i,w) € I x W | w = |A;]}. -

Iévtoe tavtétntes oav v (4-20) ypeedloviar to Alwua Emdloydc v va
anodetytody, xal eTouéveg dev Ba éyouue ToANEG euxatpleg va ypnoluonotioouue
v (C3) mpwv and to Kegdhawo 8.

4.30. Aopmuéva clvola (structured sets). Tormodoyixde ydpoc elval éva oi-
voho onuelwv X, 610 onolo éyel oploTel xdnola torodoyixyj Sourj mou npoadLo-
piletar and wa owxoyévela 7 unocuvéhwy touv X ue Tic e€fc Wibtntes:

1.0, XeT.

2. ABeT=—ANBeT.

3. T x4be owxoyévelr € C T ouvdrov oty T, 1 évwon |JE enlong avixel

oty 7.
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Kdfe owoyéveia ouvéhwv T pe autéc Tic dibtntes xahreitar Tomohoyla, ue
avouxTtd olvola ta PéAN e xou XAELGTA GUvola o GLUTANEAOUNTE Toug
oyxetxd pe Tov X, dnhadh ta ovvora g wopphic X \ G pe to G avouxté.

Tétoleg €vvoleg GUVOALY «TPOLXLOUEVWVYY UE Soun Peloxouvue TavTod ota ya-
Onuotixd: undpyouv yeagriuata, ouddes, dtavuouatixol Ydeot, TOAATAGTNTES,
HEPLXd SlaTeETaYUEVOL Y MDPOL X.AT. X.AT. Xe xofeutd an’ ouTéc TIG TEPLTTMOCELS
undpyet éva 6UVOAO X, TUTXd XAAOVUEVO «O YDPOg», xat éva GUUTAEYUN GYE-
wlbuevwy aviixelévwy tou entBdhlovy xdmola Sour 6to Yheo GLVIETHCELS,
owoYéveleg, dhhol ydpot e T 3 toug doun x.At. O tedeotig Ledyoug mpo-
opEpeL £vay amhb TpoTO Vo ATELXOVIGOUUE TLOTA TEToleg EVVOLES GTY) GUVONODEW-
plot.

Aounuévo alivoro () xdpog) xahetton éva Ledyog

U= (Aa S)a (4_21)

6mou 10 A = Field(U) etvon obvolo, to nedio tou U, xou S elvar tuydv avtixel-
uevo, o oxeletée (frame)l® tou U.

IMapadelypatog ydpty, Tonohoyixds xdpog eivat évo Sounuévo sdvolro (X, 7T),
6mou o oxehetdés T eivar tonoloyia 610 X, 6nwe To oploape autd mo mévw.
Oudda eivar éva Sounuévo olvolo

U= (Ga (ea )) (4_22)

6mov e € G, - : G x G — G elvaw Suwehic ouvdptnon xat Loybouy to aliduata
ouddac ta omola €80 dev pog evdiagépouv. Ilpocélte bt ue tov opoud g
tpLédac (4-3), o optoude (4-22) elval Looddvapoc tou

U= (G,e,). (4-23)

Yuyvd o oxeketds dounuévou GUVOAOUL Elval M-E8a AVTIXEWMEV®DY, Xt TOTE TO
dounuévo clvolo elvar (n + 1)-88a nou €yl yla npdto otouyelo To nedlo. Oa
GUVOVTHOOLUE TOMAG opadelyuata TETolwY SoUNUEVKDY GUVOALY GTY GUVEYELA.

'Onwg ouvnbileton ota pabnuatixd, Bo tautilouue cuoTnuaTixd éva Sounuévo
oUvoho e To medlo Tou btav o oxeketdg elvan mpogavic B dvev onuactag. o
Tapddetyua, o avapepbuacte aTov «tonoroyixd yheo X» avtl yio to e&elntn-
wévo «( X, T )», pe «onuetor ta uéhn tou X, «wnoclvohar ta utocivola tou X
x. A X yev meplntwon, to uéAn evég dounuévou ouvérou U elvar to wéln
tou medlou tou Field(U),

z €U = x € Field(U), (4-24)

ta vnoovvoha tou U elvat to utosUvola tou Field(U) x.Arn. Iapatnefote bt
o ouuPatixdc cupBohioude (4-24) dev umopel va tpoxalécel clyyvuon: €youue

10TTi0 taupLaotéd Ba Fray vor ovoudlope 10 S ) Sourf Tou Xdpou (A, S), ahhd n AEEN auty éxe
xenowonombel téoo Tohd ot Aoy xow 0 Zuvolobewpla mou elvor xahltepo vo ano@lyovue
my auotne oVvdesy| tng e wlo axéun évvora. Mepixol xaholy Souéer ta avtuxelyevo nou
e3® xahoVue «Sounuéva obvolor, TouAdyLotoy dtav autd elvon Wialtepa anhd.
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(oxdmpa) amogiyel va tpoadioploovue cuyxexpyévo teheoth (edyouc—nxat ud-
Aota dev éyouye amoxheloer vy mbavétnta to Levyog (A, S) va elvaw dropo
(—dote N npdtoon

z € (4,S)
dev éyel vénua uéypls 6Tou TV oploouue, xat uéALc Tdpa Ty oplooaue ue tnv (4-24).

IpoBApata yia to Kepdiaro 4

O opioude tou Lebyoug oty anddeln touv 4.2 avaxaliglnxe and tov Ilo-
Awvé cuvolobewpntuixd xaw Totordyo Kuratowski. Mepuxd ypdvio vwpitepa, o
Apepixavég avarbotag Wiener elye Bpet utav dAAn, xdnwg mo moAdmhoxy Ao
670 TEéPANUa Tou optouol Tou Levyoug oTn guvolobewpla.

x4.1. (Wiener) Ou WBSiétnreg (OP1) xow (OP2) oto 4.1 toybouv ue tov eihg
optoud tou Ledyouc:

(2,y) =0 {{0, {z}}, {{v}}}.
x4.2. Ou Wi6tntec (OP1) xou (OP2) 610 4.1 toydouy pe tov axdrovfo oploud
Tou Levyoug:

(z,y) =op {{0;2}, {1, 9}},

6mou Ta 0,1 elvon 3o Sraxexpiuéva aviixelueva, ooy autd mou opilovtal and
v (4-16). YNOAEIEH. Yrohdywee ta (0,0),(0,1), (1,1) xou (1,0) (ne avtd to
Cedyoc) yia vo detc Tt ouuPalvel, xau tdTe didxpLve TEPTTAOELS, Avdhoyd UE TO
avz=yhx#y.

x4.3. Acile and ta alidpata 61t yia 6ha to oVvora A, B, C,
(AxB)—C)=.(A— (B—0Q)).

x4.4. Aci&e and to adiduata 1o Bedpnua tou Cantor 2.21, ét yia xdbe advolro

A, A <. P(A). TTow alidpata yeetdlovtay;

x4.5. H dwelic oyéon ~ C (A x A) elvou oyéon tooduvapiac oto A t61e 1t
uévov av umdpeyel 6Ovolo Q ot EMUOLPLOUSS

T A—>Q (4-25)
€toL Hote
z~y = w(r) =mr(y). (4-26)

Av woydouv o (4-25) xou (4-26), xakodue 10 @ mnAixo Tov A and Ty ~
X0l TOV T TEOGILOPLOTIXS OUOUORYLOWS 1 athoUGTERH TEOGILOPLOWE TNg ~.
Sty anddelln tov 4.12 xataoxevdoape 1o tnhixo [A/~] xat tov npocdioptoud
(z +— [z/~]), ahh& o moAAég mepinTdoels uTdpyouy dhha mniixa mou Ponbolyv
TEPLOGOTECO TNV %ATAVONGT TS BOURC TNG CUYXEXPLUEVNG OYEONS Looduvaulag.

[IpoxataptHTLXny 21 €udoor, yepdtn A&On, Maptiog 2007



52 YHMEIQXEIY ¥TH X YNOAOOEQPIA

f

A A

m ™
f*

Q Q

AIATPAMMA 4.4.

x4.6. YnoOétouue 6Tt 1 ~ elvar oyéon Looduvaptog cto A xaunm: A — A
elvat ouvdptnon nou xavornotel Ty

z~y=m(z) =n(y) € [z/~].
AciZe 6TL n ™ elvaw mpoodloplouds mou ovepdvel 6TL M ewxdva g w[A] C A
elvar Tnhixo touv A and v ~.
x4.7. 'Eotww zp € A otolyelo xdmotou cuvéhou xal 6ploe 610 GUVOETNGLOXS
x®po (A — B) 1 oyéon
f ~ g —op f($0) = g('TO)'

AeiZe 61 n ~ elvar oyéon tooduvaulioc oto ydpo (A — B), xou Peeg évov
npoadoploud T @ (A — B) — B mou gavepdvel 6Tl To B elvar mniixo tov
(A — B) ané vy ~.

x4.8. 'Eotw zg # x1 800 Stoagopetind uéhn evég ouvérou A. Na oploelg npoo-
dtopLoud nou gavepdvel 6Tt to (B X B) elvaw tnhixo tou (A — B) and 1 oyéon
tooduvouiac

f ~ g <op f(.’l?o) = g($0)&f(m1) = g(ml)'
x4.9. 'Eotw oyéon wooduvapiag ~ oto obvoro A xau f : A — A cuvdptnon
mou o€PeTaL TNV ~, dnhadn

z~y=f(z) ~ fy)

'BEotw @ onotodinote nnhixo tou A and v ~. Aceile 6t undpyetr axpBode ula
ouvdptnon f* : Q — @ tétowa dote 1o Adypauua 4.4 va elval avtiuetabetixd,
dnhadh) wf = f*m,

f*(ﬂ':lt) :W(f(m))a (iE EA)a
6mou n m: A — Q elvoaw o Tpoadloploude.
x4.10. I 6houg Touc mhnbopiBuous K, A, p,

K+0=¢ck, KkK-0=.0, K-1=(Kk.

x4.11. I é6houg Toug mhnbopiBuous K, A, p,

A+ ) = (5+ ) + 1,

K+ A=c )+ kK.
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x4.12. T 6houg Touc ThnbopiBuouc K, A, p,
Ko (Ap) =c (k) p,
KE-A=¢ A K,
K-(A+p)=ch-A+£-p.
x4.13. T 6houg toug TAnfapibuoug k, |P(k)| =. 2.
x4.14. I 6houg Touc mhnbopiBuous &, A, p,
/@0:,3 1, Kt =¢ K, K2 =. K K.
x4.15. T 6houg touc manboapiBuouc K, A, u,
(CEPI AR L
ROTH) = g gH,
(fc)‘)“ =, KNH.
x4.16. I'a 6houg touc mAnfoplBuous Kk, A, p
K<epp = K+ A<+ A,
E<ceph = K- A< - A
A<ep = M <cr# (K#£0),
k<A = g <, M\
TN motég Tiée Tov A, 1 Sev Loy lel 1 tpltn ouvenaywyn 6tav K = 0;

IIgoooy?! 'Onwg Oa dodue apydtepa, ol akyeBpixéc mpdéelc de oéBovtal
TAVTOL TIC aUoTNEéc aviadTntes avdueoa oe dretpouc TANOxols aptbuodc. Ta
nopddeLyua, UTOpOUUE v EYOUUE

K <cl, 0OAN&E K+ A=, pu+ A
x4.17. T 6ha o oOvoha A, B xat éhouc toug tAnfapibuous &, A,
[LeaB=(A— B), [Lk=r

x4.18. Av a # b elvou SloagopeTind aviixelueva xat ke, Kp elvon TAnBdpibuol,
delle 6T

Kq + Kp =¢ Zie{a,b}fii,

Ka * Kb =c Hie{a,b}ﬁ’i'
x4.19. TN xdbe owxoyévela TAnbaplBumy ue Selxtec
K D ierhi = Dierhc A

x4.20. Aelie 61t k- A =0 <= Kk =0V A = 0. Enlong delée woa and tig
xatevfovoelg Tng Looduvapuliog

Hie[“i =0 < (Hl S I)[Iﬁ‘,i = 0} (4—27)

(Av é3elec xau Tig dVo xatevBivoeig g (4-27), Pé&e va Bpeg to Mdbog cov,
emeldh N plo and e dbo xateubivoelg ypetdleton 1o Alwpa Emhoyihc.)
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x4.21. O opioudc g wooduvaulac xatd tov Zermelo 3.28 cuunintel e v
toomAnBuxdnta 6nwe Ty oploaue, dnhadih:

A=.B < A~z B.

O oploude 2.6 TV anelpwv xoL TENEPAGUEVDY GLUVOAWY YenoLdonotel To G-
voho N twv @uox@v xat dev unopolue vo uekethooupe oauTés LS Evvoles agle-
potxd mpLy ddoouue évav allouatixd optoud tou N. Yrdpyelr dumg xat évag
dAhog amholGTEROS 0pLOUSE AUTHOY TOY EVVOLAY TOU UTOPOUUE Vo ToV ddoouue
Thpa, xot Tov onolo Oa anodel&ovue apydTepa LGOSUVAUO TOU 2.6.

4.31. Oplopds. To olvoro A elvan dnewpo xatd Tov Dedekind av undpyet
HovouoppLoudS

f:A—BCA
ané 10 A oe xdmolo yvfolo unocUvolo tou eautol Tou. Av to A dev elvon
Dedekind-dneipo, té1e eivor Dedekind-nenepacyévo.

x4.22. Av to A elvau dnewpo xatd tov Dedekind xaw A =, B, t6te xau 10 B
! Ié Ié .
elvan dnelpo xatd tov Dedekind.

x4.23. Av 1o A elvan nenepaocuévo xatd tov Dedekind, téte xat xdfe vrosivoro
tou A elvan nenepaopévo xatd tov Dedekind.

x4.24. Kdbe oivolo I nou ixovonotel tic cuvhrxeg
Del, (Vz)lzel={z} el
elvat drelgo xotd tov Dedekind.

O meprocdtepeg WL6TNTEC TV Dedekind-nenegacuévwy cuvélwy ypeetdlovtat
10 Aflwpa Emdoydc yioa tnv anddelln toug. H embuevn unopel va amodetybel
Thea, alhd yeetdletol apxeth oxéd.

*x4.25. Av 1o A elvar Dedekind-nenepacuévo xou t ¢ A, téte 1o AU {t} elvan
enlong Dedekind-renepacuévo. YTIOAEIEH. Yrébeoe 6w : AU{t} — AU{t}
aghvel xdroto onueto tou A U {t}, xaL Bedpnoe nepintdoelg avdhoya Ue 10 oV
auté elval to t A w(t) =t A «@hhdgy, x €86 elvan mou ypeldletar oxédn.

H »aown anddelén tou Bewpruatog Schroder-Bernstein 2.26 yenouuonotel
emay®Yh otoug guolxolg aplbuols xal dev umopolue va Tn Sixatoloyroouue
allwuatixd thpa. Xt ENOUEVES 800 aoxAOELS oxtaypapolue Ula Tehelwe Sta-
popeTixt| anddelln (tou Zermelo) yu’ autd 10 Pacixd Bedpnua, xdnwe Suavén,
aAAd entong xoudy|, olvtoun xal Ywele Uvela T®Y QUOLXOY.

*x4.26. Av A’ C BC A xow A=, A, téte enlong A =, B. YHNOAEI=H. 'Ectw
[ A— A’ avuotoyla Tou gavepdver 6Tt A =, A xou
Q =B\ f[A]
n EXkewdnp tov B and v exdva f[A]. Opllouye tnv owxoyévelo LTOGLVOAWY

Tou A

T={X|QUf[X]c X}
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A

B

o

AIATPAMMA 4.5. Oedpnua Schroder-Bernstein xatd tov Zermelo.

xot enaAnfedoupe TpdTa OTL 1 TOUN
T=07 €T,

dote QU f[T] C T. Kénwc mo dVoxohn elvon 1 anddelln 61t npdypon T =
QU f[T]" outh n odtnta Suwg ouverdyetan 6L

B =TU(fIA]\ f[T)),

mou tedeldvel Ty anddeiln, agol ta T xouw (f[A]\ f[T]) elvar &éva olvola xou
1 évwor| Toug elval (evxoha ma) LoomAnfixd ue to A.

*x4.27. Aceie 10 Oedpnua Schroder-Bernstein anéd ta aiduata, yenolLonoLo-
vtag 1o HpbPAnua x4.26. YIIOAEIEH. Av f: A— C xa g : C — A, té1e

A=.gfl[A]Cg[C]C A, ¢[C]=.C.
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KE®AAAIO 5

OI ¢YXIKOI API®GMOI

H Boowxr] Statabntixd xatavénon mou €youue ylo Toug guotxolc aptbuois elval
6t undpyet évac (ehdytotoc) aptBude 0, 6t xdbe aptbude n éyel évay (apéowe)
enduevo Sn, xou 6Tt av Eextvioouye ue to 0 xat xatacxevdoovue dtadoyLxd Tov
enbuevo tou xdbe aplbuod

0, SO=1, S1=2, §2=3, ...
en’ dmetpov, 161e Ba anaptbunicouue 6houg toug guoixols aplBuods. Xto mhal-
olo g ouvolobewplag, avth 1 Statcbnon exgpedletar and tov e€hg adlwuatind
opLoud:
5.1. Oplopés. Nbotnua Peano 1 cbotnua Quotxdy apltBudy etvar éva So-
unuévo olvolo
(N,0,5) = (N, (0, S))
nou weavorotel tig e€Ac ouvhixeg.
1. To N eivar odvolo mouv meptéyel to otoyeto 0, 0 € N.
H S elvow ouvdptnon oto N, §: N — N.
H S elvow povouopgpioude, Sn = Sm=n = m.
Mo x8be n € N, Sn # 0.
Aoy Enaywyhs (Induction Principle). T xdfe X C N,

0eX&(WVneN)neX=SneX|]]—=X=N.

GUs W

O mpogavelc autég BLoTNTES TWV aptBudy xahodvtal afidpata Tov Peano,
mpog TLwRy Tou Itahod hoywxol xat pwalbnuatixol mou medTog To TEOTELVE Gav
adlwuatixd Bdon yioe T Bewpla aptbudy. To mo onuaviixd and autd eivar 7
Agyn Eraywyrc, mou yenollomoleltol YopaxtneltoTixd 6To ENOUEVO AQUUA.

5.2. Adupa. e éva olotnua puoixdy aptfudy (N,0,S), xdbe ototyeio n # 0
elval enduevog,
av n#0, tére (Im € N)[n = Sm],
xat yia xdfe n, Sn # n.
AnoAEI=EH. T vo anodeilovue v mpdtn medtaon e v Apyh Enaywyic,
apxel va del&ovue 6Tt To Glvoro
X={neN|n=0V(ImeN)n=5m|}
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wavornotel Tic ouvlrxeg
0eX, (VneN)lneX=—SnecX]|

mou elvat xat oL 3Vo mpogavels and tov oploud tou X. Me tov (3lo tEbmO,
yio T deltepn mpdtaon apxel va enadnfedocovue 61t SO # 0 (rou toyvet eneldh
yvevixd, Sn # 0) xou 61t Sn # n=55n # Sn: avtd woylel eneldR n S elvon
éva-npoc-éva, étol tou SSn = Sn= Sn =n. =

Aev elvon BéBata npogavég 6tL 1 apbuobewplia, évag and toug o mhovotoug
X0l AVATTUYUEVOUS xAdBouc twv uabnuatixdy, uropel va owxodounbel ue Bdon
auTd To TEVTE amAd adlduata, xot Tedyuatt Sev @tdvouy, ypeeldletal xat 1 Bew-
pla 6LUVEALY Tou (oTn SrousHntixd g woppy) o Peano tn Bewpoloe dedouén,
ooy Pépog TN «hoyxigr. Oa det&ouue €3 6Tl o adLdUATA TEAYUATL GUVE-
méyoviar touldytotov Tig Tpdteg Pacixéc Wibtntee (autég mou yperalbuacte)
¢ mpbobeong, Tou tolanhactacuol xat tng dtdtalne twv aplbudy. Emtniéoy,
ot anodel&elc mou Ba ddoouue elvan yagaxtnelotixd Selyyata tng yefong Twy
adlwudtwy ota mo mpoywenuéva uéen tng Bewplag aplbudy.

Ay 1 aptBuobewplo uropel va Beuehiwbel ue Bdon ta adiduata tov Peano, t161e
vyl va TNV anewxovicouue motd ot fewpla cuvélwy apxel va anodeiovue to
enépeva dbo Bewpfuata.

5.3. Oedpnua ("Yropdn twv guowxdy aptBudyv). Yrdpye: tovddyiotoy éva
oUotnua Peano (N,0,S).

5.4. Oedpnpa (Movaduxdtnta TV Quotxdy aptbudy). Av ta (N1,01,S5;)
xat (Ng,02,S2) elvar ouotiuata Peano, téte undpyet axpifdc ula avriotoyia
7 : Ny Ny

mou txavonolel Tic elodoelc
m(01) = 02,
m(Sin) = Sam(n), (n € Nyp).

Mo avtiotolylo m mouv ixavornotel avtée tig e€lodoelg AéyeTal LOOUOPPLOUOS
tou (Ny,01,51) pe to (Ng, 02, S2), dnhadd cuvontixd to Bedpnuo Pefordver bt
bAa ta ouothuata Peano elvar (ue povadixd tpdémno) Loopoppixd avd Sdo.

To Gedpnua "Yrapéng elvat oAl ankd xat Ho o anodet&ovue auéong.

5.5. Anédely tng Unapdng TeV QUOWAY aplBudy, 5.3. And to Allwua
Anelpou (VI) Zépoupe 6L undpyel éva abvolo I tétolo hote

0el,
(Vn)[n € I={n} € I|.

Xpnotuonodvtoc avtd to I, opllovue mpdta TNV olxoYEVELd GUVOAWY
I={XCI|PeX&(Vn)neX={n}e X]}
étoL Gote npoavos I € I, xat Bétovue

N=NZ, 0=0, S={(n,m)eNxN|m={n}}.
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AIATPAMMA 5.1. To BOedpnua Avadpourc.

T va teketdoovpe v anddetln apxel va detfovue 6t avth n tpdda (N, 0, S)
elvaw obotnua Peano. Katopyhv N € 7, enedf X € T=—=0 € X xou enouévwg
f € NZ = N xou ue tov 3o cuAoYLoUS,

neN= VX eI)neX|= (VX €I)[{n} € X]|={n} eN.

Autd ouvendyetal apéowe Ta tedTa dYo afiduata Tou Peano, ta endueva dbo
alnfedouy emedy (yevrd, yia Gha tam, m) {n} = {m}=n = m xu {n} # 0,
xat 1 Apyh) Enayoyic énetar apéong and tov optoud tou N cav toun. n

H anédeiln tou Oewpriuatoc Movadixdtnrag 5.4 otneiletal oto &g Oeue-
Maxé Bedenua e allopatixic aptbuobewplac.

5.6. Oedpnua Avadpouns. Ac unobéoovue étt to (N,0,S5) elvar olotnua
Peano, to E elvar ovodo, a € E, xat n h: E — E elvar ouvdptnon: urndpyet
t6te ula xar uévo ule ovvdetnon f: N — E mov txavonotel ti¢ tautdtntes

f(0) =a,
f(Sn) =h(f(n)) (neN).

To Oedpnua Avadpourc dixatohoyel tov cuvnbiouévo tpbémo Ue tov omolo
optlovue cuvapthoelc toug puolxols aptBuoic avaﬁpow.xo’tu (A emoywyd):
dnhad” yia va oploovue ™y f : N — FE, mpoodiopilovue amapytc v Tium
£(0) = a xou dtvouyue pia cuvdptnomn h : E — FE nov npocdiopilel Ty A f(Sn)
g f oe %xdfe enduevo aplud Sn and v ©uR f(n) tng f otov mponyoluevéd
tou n: f(Sn) = h(f(n)). H dtowehntued xatavénon tov guotxdy aptfudy ou
neplypddoye mo Thve Tpogavds dixatohoyel TETOLOUG 0pLoUOUE, XAl ETOUEVLG
TEETEL VAL TOUG dxalohoYHoOLUE ot 6TNY adlwuatixt] aptbuobewpla.

Ipw amodel&ovue 10 Ocdenua Avadpouric Ha to ypnotuonoticouue atny end-
pevn anddelln mouv elval yopaxtneLoTixd napddetyua e XeHons Tou.

HOL MEeg «avadpopiy xou «enaywyiin ToAAég QOpéC YENOULOTOLOUYTOL GUVGVULL GTO (o
Onuatixd. Edd Ho axohovbicovue v mo obyypovn xefion twv Spwy mou Swywpellel avadpo-
wixolg opLopolg and ENAYWYLXES ATOSELZELS.
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5.7. Anédelln Tng LoVAILXOTNTAS TOY PUOLXAY apltBudy, 5.4. Yrobétouue
6t ta (N1,01,57) o (Ng, 0g,52) elvow ovotAuata Peano. Arnd to Oedpnua
Avadpourc oto (N1,01,51) ye E = Ng, a = 02, h = Sy, undpyel axpiBde pla
ouvdptnon T : Ny — Ny mou wavornolel Ti¢ eloboelg
71'(01) = 02,
’/T(Sln) :Sgﬂ(n) (nENl),
xa untoAetnetar wévo va arodelfoupe Tt auth n m elvan (éva-tpog-éva) aviiotol-
ylo.
(1) H 7 elvow empopypropds, 7 : N; —» Na. Ilpogavée 02 € 7[Ny| agob
02 = m(01), %o
m € n[N;] = (In € Ny)[m = 7(n)]
= (In € N1)[Sam = Sam(n) = w(S1n)]
— Som € W[Nl],
ouvende, and v Apy7 Eraywyrc oto (Na,02,S52), m[N;] = Na.
(2) H 7 elvow povopopprowds, m : Ny — Ny. Apxel vo ehéyZoupe 61t av
Béoouue
X ={neN; | (Vm e Ny)[r(m) =n(n) = m = nl},
61e
0;€X, neX=S8mnecX,

yatl wall e v Apy7 Enaywyrc oto (Ny,01,S571), ot npotdoeig autée cuve-
ndyovtow 6t X = Ny, dnhadh 61t n 7 elvow povoupoppioudec. T v mpdn

ouvOru,
m #0; = m = S;m’ ywa xdnoto m’ anéd to Adupa 5.2
— ﬂ'(m) = W(Slm/) = Sgw(m') 7é 02,

dpa av m(m) = w(01) = Oz, té61e¢ m = 01 xou 01 € X. T 0 debrepn ouvbRxm,
apxel va del&ovue 6Tt

n € X &n(m) = 7w(S1n) = m = Sin.
H unéBeon pag divet
m(m) = w(S1n) = Sem(n) # 02,

mou ouvendyeta 6t m # 01, agol m(01) = 02 xou 01 € X. And to Afupa 5.2
xou TdA, m = S1m’ v xdnowo m’ € Ny,

7(m) = w(S1m’) = Som(m’)
xau 7 unéheon m(m) = w(S1n) pog dlvel
Somr(m') = Sam(n),

mou ouvendyetaw m(m') = 7(n). Autd ndh cuverdyetow m' = n eneld n € X,
onéte m = Sym’ = Sin, avtd Tou Béhaye. =
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5.8. Anddely Tov Oewprpatog Avadponris, 5.6. Me tic unobéaeig tou Bew-
phuatoc, opilouue mpdta 10 oUvoho A bAwv Twv mpooeyyloewy TN cLVAETNOTG
nou Bélovue va xataoxeUdooLUE:
p € A <=4, Function(p) (5-1)

& Domain(p) € N& Image(p) C E

& 0 € Domain(p) & p(0) = a

& (Vn € N)[Sn € Domain(p)

= n € Domain(p) & p(Sn) = h(p(n))].

Me Aoyua, x8be p € A elvar ouvdptnon e medio oplopol éva LToclvolo Tou
N xou Tipéc oto E- and v Tpitn mpdtacy to Domain(p) nepiéyet to 0- %o 7
teleutata cuvendyetat 6Tt To Domain(p) «elvon xhetotd mpog o ®dtem, dnhadA

av Sn € Domain(p), té6te n € Domain(p), xat 7 Ty p(Sn) xabopiletar and to
p(n). Mepwd nopadelyuata npoceyyloswy elvon Ta

{(0,a)},{(0,a), (50, f(a))},{(0, a), (50, f(a)), (S50, f(f(a)))}, - -

To ontolo UTOSELXYYOLY TOV Tp6To UE ToY ontolo «ytiletaw 1 {ntoduevr cuvdptnon
BAua-tpoc-PAua and tov avadpouxd oploud. I'a va anodellovue to Hedpnua,
npénet vo Selovue (avotnpd and ta aflduota, ywels «. .. » f oAt.y) 6Tl undpyet
axplBde ula tpooéyyion ue nedlo optouol oAdéxineo to N.

Adfppo. Ta A ta p,qg € A xar n € N,
n € Domain(p) N Domain(q) = p(n) = q(n).

Anédeién. To odvoro
X ={neN| (Vp,q € A)|n € Domain(p) N Domain(q) = p(n) = q(n)}}

Tpogavde meptéyet to 0, agol yia xdbe p € A, p(0) = a. Av
neX&pe A&qe A&k Sn € Domain(p) N Domain(q),
téte
p(Sn) = h(p(n)) eneldh p € A,
(n))  enewdh p(n) = g(n),
(Sn) eneldf g € A,

|
R

dote av n € X, t6te Sn € X. And v Apyf Enoywyg éneton ét X = N xou
t0 Afupa aknBedel. 4 (Afpua)

To Afuua cuvendyeton auéows 6Tt 10 oAU uia ouvdptnon f : N — E avixel
ot0 A, onéte nopopével ubévo va deifovue 6Tt Touddytotoy ula tétola f undpyet.
Auvt elvan 1 évwon

f=UA={(n,w)| (3p € A)[n € Domain(p) & p(n) = wl},
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n onola xatopyny elvar cuvdptnon, enedy
(n,w) € f& (n,w') € f = (Ip,q € A)|(n,w) € p& (n,w’) € q]
= w=w' ané 10 Adupa ,

xou and tov optoud tou A xau évav mapduoto voloyiopd énetan 6t f € A.
Yrohelreton pévo va enaknfedoovue 1t Domain(f) = N, xou vy’ autd yenotuo-
notoVue AN wo popd v Apy# Enaywydc. Ipogavde 0 € Domain(f), agob
0 € Domain(p) ywa xdfe p € A xou A # 0. Av n € Domain(f), t6te undpyet
xdmowa ouvdptnon p € A pe n € Domain(p), o enopéveg (sdxola)

q=pU{(Sn, h(p(n)))} € A,
&dote Sn € Domain(g) C Domain(f). o

5.9. Ou guowxol aptBpol. Kabopilouue tdpa éva cuyxexpgiuévo obotnua Peano
(N, 0, S) to uékn tou onolou Oa o Méue Quoxolg aptBuote, ¥ anhd aplbpoie,
6tav dev undpyet olyyvor. Axolovbdvtac tov Cantor, ouuBoiilouue Tov -
0dpLBuo tou N ue 1o mpdto ypduua tou efpaixol agoafitou,

Ro =op |NJ. (5-2)

Apydtepa Ba ouvavticovue toug auéong enduevolc Tou, Ny, Ny x.Am. Muvope-
toeic a : N — A ue nedio opiopod to N xaholvtar axolouvbieg xa cuving 7
uetafAnty toug tonobeteiton cav delxtng,

ap =a(n) (neN,a:N— A).

M mpogaviic emhoyy yia To N elval 10 6UGTNUA TOL XATAGHEVACUUE GTNY
anddelgn tou Oewphpatos ' Yraping 5.3, émouv 0 = (),

N={0,{0}, {{0}},... }

xar Sn = {n}. M &\ emhoyy, mou yepixol Ha tnv npotuRcoLy yia @Lloco-
@pLxolc héyoug, elval va Seytodue btt undpyel TpdyUaTt TO 6UVOLO

N=1{0,1,2,...}

TRV @ANBVOY QuodY aptbudvr, oL omolol dev elval cOvoha adld «aptbuoly,
xau o endpevog S dev elvan 1 xdnwe doyetn ouvdptnon (n — {n}), ah\d 7
ouvdptnom nou cucyetilel ue xdbe aplbud n tov enduevo aptbud» Sn. H Bewplo
tou Zermelo emitpénel tétola un olvola (oav toug «ahnbvolc aptbuoicr) wg
droua, xal emuével UOVO og €va Medyuo: To 6UOTNUO TV QUOLXAY aptBudy
npénel va ixavornolel Ta aiduata Tou Peano, xdtt mou xdfe coPapde dvbpwnog
anodéyetal ywpic dotayud. ‘Ocov agopd tn pabnuatix? Bewpla twv aptBudy
xat GLYVOAWY TOL aVATTUGGOLYE, auTéS oL dlo (xat dheg ot dAkeg) emAoyég Tou
6UVOAOU TV PuOLX®Y aptBudy elval toodbvaues, agod Ba otneiouue dheg Tig
anodetelg uévo ata aliduata tou Peano.

5.10. To Ockpnua Schroder-Bernstein 2.26. Xto onuelo autd, mpénel
vo ENaveEeTAGOLUE TNV anddeldn touv onuavixol autold HewpRuatog xou vo [Be-
Barwboldue nwg urmopolue nAfov va tn otnellovue uévo ota aéiduara: outd
oyVel emeldy ot avadpoulxol optopol Twv axohoubldy cuvéhwv {A, bnen ot
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h
Yy
.

AIATPAMMA 5.2. To Oedpnua Avadgourc e Topapéteous.

{Bn}nen dxatohoyodvton and to Oedenuo Avadpouric, ot ou Pacixéc toug
WLbtnTeg edpoudvovtor UE emaywyn xot amhés npdiels ouvapTHoEWY, %L dha auTé
unopolv va Bactotody ota anoteréouata oto Kegpdhato 4.

Yrdgyouv torhég evalhaxTixés nopgég Tou Oewpruatog Avadpoutrc Tou yern-
olevovy ot egapuoyéc. Avagégouue €3¢ U6vo dVo an’ avtée, oTig anodeilelg
TV onolwv galvetal 1 yeron tou Bewpruatos. Avo axdua mopdUoles UOPPES
Beloxovtal ota mpoPifuata, x5.20 ot x5.21.

5.11. IIépopa (Avadpopr we nopapétpoug). [ia dia ta olvola Y, E xa
oUVAPTIHOELS

g:Y—-FE, h:EXY —E,

urdpyet axpifdc uia ovvdptnon f : NxY — E nou txavonoiel ti¢ tautétnreg

f0,y) =9(y) (yey),
f(Snay):h(f(n:y)vy) (yEY,TLEN).

AmoaErI=H. T xd0e y € Y opilouye ) ouvdptnen hy : E — E ye tov tino
hy(w) = h(w,y),
xow and 10 Oedpnua Avadpouric Eépovue dTL undpyel axptBdc ula cuvdptnon
fy: N=FE
TOU LXAVOTIOLEL TLG TAUTOHTNTES

fy(0) = g(v),
fy(Sn) = hy(fy(n)) = h(fy(n),y).

Ipoxidntel auéons 6t 1 ouvdetnon f : N x Y — E oplouévn pe tov tino
f(n,y) —op fy(n) (y €eY,ne N)

wavonotel To ouunépaocua Touv Ioglouatoc. -
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5.12. TIépLopa (Avadpopr pe to GpLopa cav mopdeteo). o xdbe alvolo
E, xabe a € E, xat xdbe ovvdptnon h: E x N — E, vndpyet axpifdc ula ou-
vidptnon f : N — E nou txavoroiel ti¢ eéiodoeig:
f(0) =a,
f(Sn) = h(f(n),n).
Ouota, ue mapauétpovs, yia xdbe
9g:Y —-E, h:ExXNxY —E,

undpyet axpifBic uia ouvdptnon f: N XY — E nou ixavonowel ti¢ eéiodoeis

f(0,9) = g(y) (yeY),
f(Sn,y) =h(f(n,y),n,y)  (y€Y, neN).

AnoAEI=H. T ) popey pe Tig napauétpoug, apyixd opilouye cuvdptnon
¢o:NxY -NxFE

yenousonotmvrac avadpoun ue tapouétpous 5.11, émou oL cuvapthoelc First xat
Second elvar autés tne ‘Aoxnonc 4.3:

¢(0,y) = (0,9(y))
¢(Sn,y) = (SFirst(¢(n, y)), h(Second(p(n,y)), First(d(n,y)), y).)

Me enoywyn oto h, auéonc,

First(¢(n,y)) = n,

u €ToL 1) ouvdpTNoN ¢ xavorotel Tig elodaoElg
9(0,y) = (0,9(y)), ¢(Sn,y) = (Sn, h(Second(¢(n,y)),n,y)).
Ar’ autd ocuvdyouvue 6TL | GLVdETNOY
f(n,y) = Second(¢(n, y))

wavorolel Tig elaodoelg mouv BERouyE.
H povadudtnta anodetxvietol ebxola, UE ENAYWYT GTO N. —
Xpenowonoldvtog o mopandvw, opll{ovue xal Heyehidvoupe tig Bacixég LBL6-
nteg e mpodeheanc, tou tohhaniactacuol xat tne ddtaine oto N.

5.13. Ilpbcbeom xar noAharmhaclaowéds. H cuvdptnon g npdebeone otoug

apLBuovg oplletol ue Ty avadpour
n+0=n,
n+(Sm) = S(n+m), (5-3)

%L EmeLta, yenoluonoldviag v npbcbeon, ogllouvue Tov mollaniaciacud and
™V avadpoun

S
o
I

[=)

(5-4)

3
@0 7
3
Il

n-m)+n.
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Avadutixdtepa, E€pouue and to 5.11 6t undpeyer axpBodg pia ocuvdptnon f :
N x N — N nou uxavorotel tic e€lodoeig

f(0,n) = g(n),
f(Sm,n) = h(f(m,n),n),
6mou oL auvapthoelg g xal h opllovtal cav cvvora (euydy,
g={(n,n) e NxN|n e N},
h={((z,n),w) € (NxN) xN|w= Sz},
xou opllovue v npboheon pe Tov tino
ntm= f(m,n),

dnhadh + = {((n,m),w) | ((m,n),w) € f}. Tétolec teputddeLg oYONUOTUHNSTY-
teg dev Bonfolv v xatavéney (Ldhhov PAdntouy) xou o Tig ano@lyouue.

5.14. Ocedpnpa. H mpdolbeon civar mpooetanpiotixn mpdly, onAads ixavo-
notel tnv eélowan

(n+m)+k=n+(m+k) (5-5)
Anoakgi=H. Ipdta ya k =0,
(m+m)+0=n+m=n+(m+0),

yenotuonotdvtag %o gopés N oyéon w+0 = w and tov oploud g npdcbeang.
Enoywywd, deyduevol 6t yia xdmoto k

(n+m)+k=n+(m-+k), (5-6)
unoloyilouye:
(n+m)+ Sk=S((n+m)+k)
=S(n+ (m+k)) ané v (5-6)
=n+S(m+k)
=n+ (m+ Sk)

6mou oL un duxalohoynuéves eElodoelc npoxUnTtouy and tov oploud g mpdobe-

one. =

H petabetindinta g npdobeong dev eivar Té60 amhf xat ypetdletat Vo Au-
porTaL:

5.15. Avfjupa. o xdfe apifué n, 0 +n =n.

AnoAEei=sH. Enaywywd, 0+0 = 0 cuvdyetol and tov optoud, xat av 0+n = n,

t61e 0+ Sn = S(0+n) = Sn. 4

5.16. AQupa. ['a dAoug touc apiuoic n, m, n+ Sm = Sn+ m.
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ATNOAEIEH. Me enoywy? oto m, npdta yia m = 0, auéong and tov optoud:

n+50=Sn+0)=5Sn=Sn+0.

TN to enoywywd Pua, deyduacte 4Tt yio xdnoto m,

n+Sm=5Sn+m
xou mpEneL va anodet&ouue 6T

n+SSm = Sn+ Sm.
Yroloyilouue:
n+ SSm=S(n+ Sm) and tov oploud

=S(Sn+m) and v (5-7)

=8n+Sm and tov opLoub.
5.17. Ocdpnua. H mpdolbeon eivar petabetixy| nedén, dnladi

n+m=m-+n.

ATIOAEI=EH. Me enaywy?h oto m, n Bdon éneton auéons and to Afuua 5.15.

INa 1o enoywyxd PAua, deyduoote Tl yiol XATOLO GUYXEXPLUEVO M

n+m=m-+mn

xou unoloyllouvyue:

n+Sm=S8(n+m) and Tov opLopd
=S(m+n) ané v (5-8)
=m+Sn and Tov oploud
=Sm+n ané to Aduua 5.16.

(5-8)

_|

5.18. 'Aoxnom. [a xdbe apibud n, n ovvdetnon (s — n + s) elvar éva-mpoc-

éva, dpan+s=n-—+t=-s =1, xa edixorepa,

av n+s=mn, t6te s=0.

5.19. Opiopds. Mua dwwehic oxéon < oe éva aivolo P eivar pepixr] dudtady
(partial ordering) av elvou autonabic, petafBatind xal aviiouyuetpd (antisyms-

metric), dnhadh yio 6ha o z,y, 2 € P,
z<cz (awtondbera),
r<y&y<z=z<z (uetafotixdinia),
r<y&y<z=z=y (avuiiovyueTpXSTNTA).

Yyeuxd ue yepiéc datdieig Hu ypnowuonotodue xau 1o cuufoiioud

T<y e r<y&kz#y.
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H < elvan ohuxd (total), A yeouwwxd (linear) ¥ anhd dudtagn av emnhéov dha
ta otouyela Tou P elvar ouyxplowpa (comparable) avd 8%o wg mpog v <,
dnhady
(Vz,y € P)lz <yVy<zl,
1 LoodUvoua
(Vz,y e P)lx<yVez=yVy<z|.

5.20. Optowds. H Swuelfc oyéon < oto P elvar xold dudtaln (wellorder-
ing) tou ouvbéhou P, av eivat ok Stdtaln tov P xat emnhéov xdbe un xevéd
urocvoho tou P éyel éva ehdytoTo atolyeto, cuyBolixd:

(VX CP)X #0= (Fz € X)(Vy € X)[z < y]].

5.21. Opiopés. H oyéon didtaine < otoug guowxoic aptBuoie oplletol ye vy
teoduvouia
n<m <o (Is)[n+ 5 =m).

Baow bt tne < elvan 1 e€Agc:
5.22. AQupa. ['a dAoug toug apibuolc n,m,
n<Sm <= n<mVn=_Sm.

AnoAEIEH. Av n < Sm, t61e €€ oplopol undpyet t tétolog hote n+t = Sm
xou e€etdlovue dVo mepintdoec. HEPIITORH (1), t = 0. Tdpa n+ 0 = Sm,
emopévog n = Sm. TIEPINTOSH (2), n +t = Sm ywa xdnowo t # 0. Tdpa and
o Adupa 5.2, t = Ss yia xdnoto s, ondte n + Ss = Sm, dpa S(n+ s) = Sm,
Goa n+ s = m agod n S elvor povouopyLouds xal enouévog n < m. H dAkn
xatevuvor tou Ajuuatog elval euxoldtepn. -

5.23. Ocedpnua. H oyéon < otoug puaxols apifuolc elvar xalif Sudtaly.

ATOAEIEH. H autondfeia elvar mpogavic andé to n + 0 = n xa 1 peto-
Batxdtnta oylet eneld n+s = m&m+t =k=n+ (s+1t) = k T«
TNV AVTLOUMUETPLXOTNTA, TopaTNEoVue 6Tl av n+ s = m xouw m +t = n, 16T€
n+ (s +t) = n xa v Aoxnon 5.18 cvvendyetor s +t = 0 enopéveg t = 0
(aMhidg 0 s + t elvan enduevog) xou TEMXE m = n.

Ardbeién yoauuixdrprag. Oa detouue bt (Yn)[n < mVm < n], ye enaywyy
oto m. Ilopatnpodue apyxd nwg yia xdbe n, n < Sn, diétt n+ SO0 = Sn.

BazH. INa xd0e n, 0 +n = n xo emopéveg 0 < n.

EnAroriko BEMA. Aeyduacte v enaywylxy| undbeon

(Vn)[n <mVm <n

xou Selyvouvue 6Tty ®ébe n, n < SmV Sm < n. H enayoywn undbeon
yoellel puowd Ty anddelln oe 3o nepuntdoelg: Av n < m, 16te n < Sm agol
m < Sm xouw 1 < elvaw yetoBatixr. Av m < n, téte v xdnowo t, m 4+t = n,
xou €youue ndht dbo nepintdoeic: av it =0, téte n = m < Sm, xaw av t # 0,
t6te t = Ss yio xdmoto s, dpa m+.Ss = n xo and 1o Afuua 5.16 Sm+s = n,
x dpo Sm < n.
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Anddedn wWidtntag xalhs dudtaing. Ilpoc dtomo, unobétouue 6t o X
elvan un xevéd xau ywpels ehdytoto uéhoc xou Hétovue

Y={neN|(Vm <n)m ¢ X]},
DOTE TPOPAVHS
YNnX=0. (5-9)

Apxel va Setéoupe 61t 0 €Y xoun € Y =5Sn €Y, yatl t61e Y = N and v
Apyd Eraywyhc xau dpa X = ) and v (5-9), mou elvon droro.

BaAzH. 0 € Y. To 0 elvow 0 ehdytotog aptBude xat enopévog 0 ¢ X (ahhide
10 X Oa elye ehdyloto) xateniongm <0=m=0=m ¢ X, dpa 0 € Y.

Enaroriko BHMA. H emayoywn vnébeon n € Y xal o oplouds tou Y
cuvendyovian 6t (Vm < m)m ¢ X, xou ané 1o Afuupa 5.22 yvopllouye 61
m< Sn=m < nVm = 8n. Apa yia vo enaknfedoovue v Sn € Y, apxel
va Selfoupe étL Sn ¢ X. ANN& av To Sn avixe oto X, téte Ha Atav 1o eNdytotd
Tou péhog agol

m<Sn < m<n ond 1o Afuua 5.22
= m¢X oand My enaywyxs unobeon.
Autd Betyver ét 0 < elvan xohf) Sudtaln xor ocuumAnedvel v onddelln tou
fewpnuatoc. -

Ma xokéc datdiels, yevixd, Oa movue molhd apydtepa, oto Kegpdhato 7.
Ewdixd yLa toug guotxotc aptBuoie, to yeyovéc 6Tt to N elvan xadd Siatetayuévo
and v < elvan o dAAN éxgppaon g Apync Enaywyhc.

Iepvdue tdpa oTLg EQapUOYES TwV QPUALXAY aEludy oTn cuvolobewpla ol
Wialtepa ) Oewpla TwVY MENEPAOUEVELY Xou amoplBunTdY GUVOAWLY, agold TPdTa
enavordfBoupe v mpoeldonoinon tou 3.24: moANéc and avtéc ypedlovtal to
Alloua Emioydc xat Ba npénet va neptuévouy uéypl to Kegdhaio 8. Ou neplo-
661epEC OULS UTopoUY Vo amodelyToly ue Ty Bl Baoixy anodextixy uébodo
nou ouufBoriletat and to Levydpwuo

avadpoulxdec oplouds — emaywyixr| anddelln.
EravohauBdvouue pepixotc and toug optouois tou Kegatatov 2 ue tig adim-
MOTXEC EVVOLEC TIOU €Y OVUE ATOXTHOEL 6TO UETAEY.

5.24. Opiopds. INa %xd0e guoxd aptbud m xor xdbe n < m, opllovue o
(nuiavoxtéd) didotnua and o n 6To M

n,m) =g {k € N|[n < k&Ek < m}.
5.25. 'Aoxnom. [a xdfe n, [n,n) =0 xou yia xdfe n < m,
[n, Sm) = [n,m) U {m}.

5.26. Oplowés. To clvolo A eivon nenepaowévo av undpyet puotxds aptBude
n, tétolog Hote A =, [0,n): dnetpo av dev elvan tenepaouévo xal aptBpfoLuo 4
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anopetBuntd av elvan tenepacuévo B toomhnbiuxd ue to N. Ané v Hpbtaon 2.7
(n omola cuvdyeTaw elxoda and ta aliduata),
A anoplbunté <= A <. N.
Ou nenepacpévol TANBdeLBpol eival ov thnfdpifuol twv nencpacuévwy cu-

vOAWV.

H endbuevn Beyehiaxy WSi6tnta Twv nenepaocUévey cuvOwy elvan 1 Bdon tou
»A&Souv Twv yabnuatixdy nou Aéyetal ouvSvaotix.

5.27. Apy" Tov Ilepiotepedva. Kdbe uovouoppiouss f: A — A and éva
nenepaouévo olivolo otoy eautd Ttou elvar emuoppioude, Snlady flA] = A.

ATOAEIEH. Apxel va anodet&ouye bt yio xdbe guotxd aptBud m xat xdbe g,
g :[0,m) — [0,m) = g[[0,m)] = [0,m), (5-10)
yia Tov e€fig Aéyo: av n f : A — A elvaw povopopploude xaw w2 A —» [0, m)
Befatdvel 6T to A elvon nenepacuévo, optlovue ) ouvdptnon g : [0,m) — [0, m)
WE Tov TUTO
g(i) =m(f(x=1(i))) (i <m),

dote (edxoha)

f(@) =7 g(n(@) (< A). (5-11)

H g elvar povouopyiouds, cav cGvheon LOVOUOROLOUGDY, Xl ETOUEVLS AT
Vv (5-10) elvan avtiotoryio, ahhd téte xow n f elvar aviiotolyio cav clvbeon
avTleTolyLl®y, and v (5-11).

H anédeiin tng (5-10) elvon (puod) pe enayoyh oto m. Eivaw onuaviixd va
napatneroovue 6t Ho anodelovue ) yevinr| npdtaom

(Vg) lg : [0,m) — [0,m) =>g[[0, m)] = [0,m)], (5-12)
eneldr] oty enaiffevor Tou enaywywxol Briuatog yia xdmota g Oa yeelaoTtobue
v enaywywxy unbbeon yia didpopeg dAlec cuvapTAGELS g.

BaxzH. H (5-10) elven tetpiupévn yia m = 0,1, enetdh wévo ula ocuvdptnon
g :[0,m) — [0,m) urdpeyel 6’ autég Tic MEPLRTMOELS Xot auTy elval avTioTolyla.
EnAroriko BHMA. Aeybuoacte v (5-12) yia xdmoto m > 1 xau npénet vo
anodeigovue 6Tl %&b yovouopyLoudg
g:10,8m) — [0, Sm)
elvat empopploude. And v loxnon 5.25 Eépoupe 6TL
[O’ Sm) = [07 m) U {m}a
o 1 anddelly Slaondtol PUOLXE OE TEELS TEPLTTMOOELS:

ITepPIITOSH (1). m ¢ Image(g). ¥’ avth tnv nepintwon Bewpolue tov epto-
ptoud h tng g oto didotnua [0,m) mou opileton pe tov toNO

h(i) = g(i) (i <m),
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/)< 0
0 1 2 e v e m—1 m

AIATPAMMA 5.3. Apy# tou [lepiotepediva, ITEPINITOSH (3).

dnhadf cav cdvoho Leuydv b = g\ {(m,g(m))}. Autd n ouvdptnon nalpvel
bhec e Tpée g oto ddotnua [0,m) xou elvon BéPata wovoupopploude. 'Etot,
7 enayoyw) vndbeorn aknbeldel yia Ty h xau enouévag h[[0, m)] = [0, m). Autd
onuaiver 6t g[[0,m)] = [0, m) xau odnyel oe dtono, eneldf v undbeon tng mepl-
Ttwong ouvendyetow g(m) < m xat emouéves 1 cuvdptnon g nalpvel dlo popeg
v tuh g(m), dnhadA dev elvar povouopgLopsde.

IepinTosH (2). g(m) = m. Me tov (8lo culhoylopd, o meplopioude h
elvar avtuotouylo b : [0,m) —» [0,m), xou enouévee (sdxola) ot 1 g elvon
avtiototyia.

ITEpIITOSH (3). Yrdeyouv aplBuol u,v < m tétolol dote

gu)=m, g(m)=v.
3’ authv TNV megintwon mou elval 1 o evdlagépovoa, ogllovue T cuvdptnom
B’ :[0,m) — [0,m) ue tov TR0
W (i) = g9(1), avi < m&i # u,
v, OV 1=u.

H b/ elvar wovouopypiouds eneldh) cupgpovel ue tnv g oe 6ha ta oTolyela extdg
arnd To u, 6Tou Talpvel Ty T v xou v # g(4), v xébe j < m, eneldh g(m) = v
xou 1 g elvat povouopploude. Enouévac, epapudéloviag tny enaywyux undbeon
oty b’ cuurepaivouue 6t A'[[0, m)] = [0, m), xou arn’ awth Ty Ledtnta (edxola
ma) ¢[[0, Sm)] = [0, Sm). -

Yav npdtn epapuoyn unopolue vo anodeléouue avotned To eENC «MPOPAVESY
Bedenua:
5.28. Ilégiopa. To otvolo N twy guoixdy aplbudy elvar dretpo.

AnoaEgi=H. H cuvdptnon (n — Sn) elvar povouopgioude and to N o610 yvi-
oto unocstvoro N\ {0}. !

Yuvend¢ «dmetpo, anaptBuntéd» onuatvel axpBde woominfixd ue to Ny, olu-
pova ue g dtatobnoelg pog: o obvoho A elvon dnelpo, anoaptBuntd axpBdg ov

1A =. Ro.

5.29. Ilépiopa. [ia xdfe nenepacuévo olvolo A, undpyet axplfféc évas pu-
owdc aplbudc n térowoc dote A =. [0,n). Oftouue

#(A) =o¢ 0 povadixdc n € N tétolog dote [A =, |A| =, [0,n)] (5-13)

xa Quoxd xaholue tov #(A) tov apthud twv otolyelwy Tou A.
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ATOAEIEH. Av A =, [0,n) xoaw A =, [0,m) ye n < m, téte [0,n) =, [0,m)
xau 1 avietoyla m @ [0,m) — [0,n) aviixpolel v Apyx tou Tlepiotepedva,
agob 1o [0,n) elvar yvAoio unocivolo Tou [0, m). -

Mrogotue mAéov vo anodel&ovue ToAAES LBLOTNTES TENEPACUEVMDY GUVOAWY UE
enayny otov aptiud Ty yehdv toug, nou tpoadlopiletan and tov TAnbixd toug
aptBud. Ilohhd and ta mpofifuata Advovtal ue autd Tov TeéTo.

5.30. AéEeig (words 1 strings). Yto Kegdhowo 2 yenowdonoioaue to Kapte-
olavd yLvouevo n mopayévimy A™ yla vo anelxovicouue axohoubleg urxoug n
ané to cbvoro A. Autéd Bev eivon Bohxd btav BéNouye vo pyeletficouye to 6U-
VOho OA®V TV TEMEPAOUEVKDY axoloLOLOY and to A, ou onolec anewxovilovtol
mo elxola oy GuUVOETHOELS WE TEdlo optouold xdnolo apytxd tudua tou N. Ta
%64be A, T0 6Uvoho TENEPACUEV®DY ax0AoLOLDY 1| Aé€ewy and to A opiletal
,
¢ e&c:

A™ =, {u C N x A | Function(u) & Domain(u) = [0,n)},

A* = UZO:OA(n)- (5:14)
To whxog (length) pac MEng optleton ue 0 cuvdptnon
Th(u) =o, max{i|i=0Vi—1€ Domain(u)} (u€ A%), (5-15)
¢étoL mov Th(u) = 0 wévo btav 1o u elvon 1 xevh A& (. Enlong Bétouue
ulv <=5 uCov (u,veA"), (5-16)
xat xaholue 1o u opytxdé Twhua (initial segment) tou v av u T v. Av
ag, ... ;an_1 elvon otoyeto tov A, ovuBoAilovue ye
(ao, -+ ,an-1) =op {(0,a0),...,(n—1,an-1)} (5-17)

v axolouBla Toug, eldixdtepa (ue n =0,1),
()=0, (a) =0 {(0,a)}. (5-18)
Tl bheg Tic Mécewc u, v, n AéEY
ukxv = (u(0),...,u(lh(u) — 1),v(0),...,v(lh(v) — 1)) (5-19)
elvan 1 mopdBeom (concatenation) Twv Mewv u xat v.
INo xdBe f: N — A xouw xdbe guoxd aplbuéd n,
F(n) =op £110.,m) = {(i, f(2)) | i < n} (5-20)

elvar o mepLoplowds (restriction) e f oto apyxd tufua [0,n) tou N. Zav
napddeLyua, _ B
F0)=0, f(1)={0,f0)},...,
X0 UTOPOVUE Vol avaxThoouUe Ty f amd tny f, apos
i < n= 1(5) = F(n)(0).
5.31. Opiopés. Ia xdbe ninfdplbuo Kk xou xdbe n € N, Gétouye

n

K" =op |K™)].
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5.32. Hlpéraoy. [a xdbe dreipo, anapifunté ovvoro A xat xdfe n > 0,
A= Ax A= A" =, A",
Evaldaxtixd, oayv eéiodoeic tng mAnbixic apiGuntixijc:
Ro = No - Rg = Ro" = [Ro]. (5-21)
ATOAEIEH. Ot aviedtntes and ta aplotepd ota de&Ld elvon tpogavels, dote ue
10 Oedpnua Schroder-Bernstein apxel vo anodelovue N* <. N. Xpeialbuaote
xdmoLo povouop@Loud
p:NxN—N, (5-22)
x ag unobéoouvue 6TL Tov Berxaue. Zextvdvtag ue autoy, opllovue avadpouxd
HOVOUOpPQLEUOUS Ty, N(+1) N, v %40e n, tétoloug dote
770(“) = U(O)a
T2 (w) = pla(u ][0, + 1)), uln + 1)),

Aemtouepéotepa (yia tehevtala gopd), autd énetat and To Oedpnua Avadpouhc,
av Bécouvue

7o = {(u, w) | u € NV (0, w) € u},
Tnt1 = {(w,w) |u € N(n+2)7 w = p(mp(ul[0,n+1),u(n+ 1))}
Telxd, n ouvdptnon
m(u) = (Ih(u) — 1, T (u)—1(w))

PAVEROVEL OTL UZOZON("+1) <. N x N, ané 1o onolo, 10 Bedpnua cuvdyetat
gUXOAAL YENOLULOTOLOVTAS GAAT ULa @opd To povouopplaud p. ‘Ocov agopd tnv
apy L emAoyr xdmolou p, xabévag mou éyel oxeqtel To nEdBAnua el Tov aya-
nuévo tou tpémo va Leuyoapdvel apthuolc, xal onwadinote autdc Tou Cantor
(ewcoviouévog oto Adypapuo 2.2) elvar and toug xahbtepoug. O emduevoc,
éxel epeupebel and tov Godel xat euxoviletat oto Aldypapua 5.4,

(m+1)2—=1, avm=n,
p(m,n) =< n?+m, av m < n,
mZ4+m+n, avn<m.
H anddeiln 6t dvtwg elvou wovouopprouds elvan Sraoxedaotind (IpbBanua x5.24).
_|
Megwxéc gopés elvan yprowwo va Bewpodue 1o A* cav wa yevixevon touv N,
mou moapdyeton and v xevh AéEn () (avtl v to 0) emavahauBdvovtac Toug
TEAECTES MPOGAETNOTNS
Sa(u) =ux(a) (a€A),

évayv yla xdfe a € A. 'Eyovtoc autd xatd vou, UTopolUE Vo XATAOXEVAGOUUE
oplopolg pe avadpour 6to A*, abugpwva pe to axdroubo, yefowo Bedpnuo:
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AIATPAMMA 5.4. Avuotouyia tou N x N ye o N.

5.33. Ocedpnpa Avadegopris oe AéEeig. I'ia onotadijrote dvo olvola A E,
xdbe a € E xau xdbe ouvdptnon h : ExXA — E, undpyet axpifdc uia ouvdptnon
[ A* — E rou wavoroiel ti¢c eéiodoeic:

f(()=a
flux(z)) = h(f(u),z) (ue A’ zeA).

‘Ouota, ue napauétoovs, yia xdbe

’

g:Y—E h:EXAXY —E,
undpyet axpifdc ula ovvdptnon f : A* xY — E nou wxavonowel tic eéiodoeig

F(()y) =g(y) (yey),
flux(z),y) = h(f(u,y),z,y) (ue A" ycY,zc A).

AnoOAEIEH. Tty exdoyn Ye Tig TapaéTpous, YpnoLuonotdvtas Ty ‘Aoxnon 5.12
nalpvouue ouvdptnom ¢ : N x A* X Y — E nou wavonotel tig e&lodoelg

$(0,u,y) = 9(y),
¢(n +1,u, y) = h(¢(na U, y)’ u(n)7 y).,

xou Oétovue
f(u,y) = ¢(th(u), u, y).

Ieogavae f({ ),y) = ¢(0,u,y) = g(y), dpa n f(u,y) wavonoel v npd
eliowon. T tn Sedtepn, delyvoupe edxola Ue enaywyYH 0TO N TKGS YL OTOLEC-
dfnote Aéelc u, v,

(Vi < n)[u(i) = v(i)] = ¢(n,u,y) = ¢(n, v,y). (*)

H Béomn tne enaywyc enaknbeldetal auéowns, apod n ¢(0,u,y) = g(y) dev elop-
Tdtow ambd TNV TWH TOU u, %Ol YL TO emAYWYWO Bruc, ue v undbeon bl
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(Vi <n+ 1)u(z) = v(7)], éxouue
¢(n+1,u,y) = h(¢(n, u,y), u(n),y)
= h(d(n,v,y),v(n),y) (enaywywh undbeon xal undbeon)
= ¢(n +1,v, y)

Tdpa, yenowonoldvtag Ty (*), urtohoyilovue yia %&b u pe lh(u) = n xa x&be
x € A,

flux(@),y) = ¢(n +1,ux(z),y)

(
(p(n, ux(z),y),z,y)
(
(

¢(n,uy),2,y)  (oamb v (¥))
f(u,y),z,9) (amé tov oploud g f)
Me enaywy# oto lh(u), delyvouue edxoha ) povadixdétnra e f(u,y).

h
h
h

5.34. To ouveyég (the continuum). O xhacixdc cuuBolioude yio Tov TANHE-
ptbuo tou P(N) elvar o

¢ =op [P(N)| =, 280, (5-23)
Eivow edxolo va anodeifouue ta Baoixd anoteAéopato yia TOV €, XENOLULOTOLED-
vtog tic Widtnteg tou Ry oty (5-21) xow otoyetddn tAnbul aplBuntied. Tov
TapddeLy AL,

C-¢=, 2Ro . 9Ro = oRo+Ro =, oo =, c.
To Oedenua Schroder-Bernstein elval enlong mold yerowwo, m.y.
¢ =¢ 2N0 <c NONO <c CNO =c (QNO)NO =c QNO.NO =c QNO =c ¢
&ote and to Schroder-Bernstein,
¢ —=¢ NONO = CNO.

Mepixd and ta npoPifuata yeetdlovtol vrohoytopolc autol tou tinou. And
™V dAAn pepld, 1 toomAnfBixdtnta R =. P(N) Ba npoxdder apéone and to adiod-
poto uéhig oploouue toug mpaypatixols aptbuois R oto Hagdptnua A, dote 1
YnéOeon tou Tuveyolc eivar Lloodvaun ue v npdtaocn

(CH) (Ve < 0)[r <c No V K& = .

Oa diepeuviiooupe v CH oto Kegdhao 10. Aev elvar gedxolo mpdBinua n
Aoon tng.

IpoBAjpata yia To Kegpdiaro 5

x5.1. O tolanmlaciacuds 6Toug Puotxois aplBuoic elval tpocetatploTixt Tedln.

x5.2. O nolhanhaociaouds otouc guotxols aplhuoic etval petabetx npdin.
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x5.3. H npdln tnec d¥vaunc opiletan ye v avadpour oto m
n’ =1
nS™ =n™ . p,
xa ixavorotel Tig axdlouvbeg efiodoeig (yia n # 0):
n(m+k) _ ym ok

n-,

n(m~k) _ (nm)k

x5.4. Acurnobécouvyue étu ta (N, 01,.57) xou (Ng, 02, S2) elvan cuothuata Peano,

+1, 1, +2., -2 elvan ot npdeig g npbdobeong xou tou Tohhamiactacuol 6’ autd

o suothpota, xat 7 @ N = Ny elvat o «wavovixdeor LoouoppLouds aviueoa oo

d%o oucTthuata, and to Oedenua 5.4. Aelle 6Tt o T elvan enlong Loouopploudg

v Ty mpdabeon xat Tov tolhamhactacud, dnhadh av n,m € Ny, téte
m(n+1m) =7(n)+27(m), w(n-1m)=mn(n)omr(m).

x5.5. Acunobfécouvue 6t ta (N, 01,.57) xou (Ng, 02, S2) etvan custhuata Peano,
<1, <o eivar ot avtiotoiyes xakéc datdéeig xar 7 : Ny = Ny elvar o xovovt-
%6¢ Loopopplopde. Acelle 6t n m oéfetat ) Stdtaly, dnhadh bt yio bha to
n,m € Ny,

n<;m < n(n) <y w(m).

x5.6. Kdfe unocivoro B evéc dwaotiuatog [0,n) elvar toomhnbixd ue xdmolo
[0,m) émou m < n, xou enopéveg av To A elvor nenepaouévo xouw B C A, t6te
xat to B elvow nenepacuévo xat #(B) < #(A).

Kdbe ninbdeibuoc elvar obvoho xat tov xaholue Tenepacuévo ntAnOdeLio
av elvon TeEnepaGUEVO GUVOAO.

x5.7. Acele 6t v %80e nenepaocuévo minbdplbuo K,
K =c [Oa #(K/))

x5.8. T 6houg toug aplBuolc n, m, [0,m) =, [n,n + m), xa enouévnc yLa
6l ta menepaouéva cOvola A, B, 1 évwon Toug elvat TeEnepacuévn xat

av ANB =0, t6te #(AU B) = #(A) + #(B).
Ewluxétepa, yia dhoug toug menepacuévoug mAnbapibuouc K, A,
#(k+ ) = #(k) + #(A).

x5.9. Av 1o & elvou nenepaouévo obvolo xat xdbe uélog tou elvan eniong mene-
paouévo oivolo, téte xau 1 évwon | E elvar nenepaouévo odvolo.

x5.10. To yvbuevo 3o nenepaocuévey cuvéhnv A, B eival tenepacuévo, xaut

#(A X B) = #(A) - #(B).

Yuvendc yio 6houg toug nenepaouévous tanduplbuous K, A,

#(k - A) = #(k) - #(X).
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x5.11. To duvapooivohro xdbe nemepacuévou cuvéhou A elvon nencpaouévo,
o

#(P(4)) = 2%,

Yuvende yio x80e nenepacuévo nAnbdpelbuo K,
#(2) = 2+,

x5.12. I 6houg Toug menepacuévoug mhnbapibuoug K, A,

#(1) = #(r)#.
x5.13. Acie b av to A elvar nenepaouévo olvolo, téte xdbe enpoppropde
f A — Acelvou povopopgiopde. (Auth elvan wa evahhoxtind pop@h e Apyhc
tou Ilepiotepedva.)
x5.14. T xdbe nhnbdplBuo K, 27 #£. Rg. (Ilpdoele: dev éyovue anodellel v
Ewoaota Buyxpiowwédtnrag IIAnbapibuwy 3.1, xt dpa dev unopelc va ) yenoiuo-
TooELC.

x5.15. c+c=.Ng-c=.c-c=, ¢

x5.16. ¢© =, 2.

x5.17. I xd0e mAnBdplbuo & >, 1, av k- K =, K, 6T 2" =, K".

x5.18. I xd0e tAnBdpbuo Kk xar xébe n € N,

K" =, k|0
6mou 1 aplotept thevpd oplletat and Ty 5.31 xat ot 8eéLd Eyovue Ty exbetint
Tpd&n g mAnBuic apBuntiaic.
x5.19. T xdfe n # 0, ™ =, [¢*] = c.
x5.20. Oedpnua Tavtéypovng Avadpopns. Ag eivar ta By, Ey olvola, ta
a1 € Ei, ag € Fy otouyela, xat ou hy @ By X By — Ej, ho @ By X By — FEy
OUVOPTNHOELS" TOTE UTARYOUY HOVASIXES GUVARTHOELS

fi:N—=E, fa:N—E
TOU LXAVOTIOLOUV TLS TOUTOTNTES

f1(0) = a4, f2(0) = ay,
filn+1) = hi(fi(n), fa(n)), fo(n+1) = ha(fi(n), f2(n)).

*x5.21. Oedpnua Pwliacuévng Avadpouric. I'ia onoleadAnote tpels cuvap-
oelg

g: Y —>FE h:EXNXY - FE xunm:NxY =Y,
umdpyet axpBos uta ouvdetnon f : N XY — E nou wxavonolel tig eElodoelg
£0,y) = g(y), f(Sn,y)=h(f(n,7(n,y)),ny).
YnoaEgl=H. '‘Opioe avadpouxd ouvdptnon ¢ : N — (N x (N — Y)) étoL dote q
{ntoluevy cuvdptnon va elvon 1 f(n,y) = Second(d(n))(y).
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x5.22. 'Opioe avadpouixd to napayovtixé
f(n)=1-2---(n—1)-n (ue f(0) =1, ovuPatixd).

x5.23. 'Opioe ye «ehetotdr timo ) ouvdptnon f : A* — A* nouv opileton ye
v axéhoudn avadpour| Aéewv:

N =) flux{z}) = (z)* f(u).
x5.24. Acle 6t 1 ouvdptnon p otny anddelln Tou 5.32 eival avriotolyla.

*x5.25. KdOe pepunt| Sidtoaln < oe éva nenepocuévo olvoho P emdéyetal Yook~
uwxonoinom (linearization), dnhadh undpeyet xdnowa ypapux didtaln <’ tou P
“rowanouz <y=—z <'y.

*x5.26. To npéfAnua tng npoieviitpag (the marriage problem). 'Ectw nene-
pacuévo civoho B xal cuvdptnon h: B — P(G), tétola dote yia xdfe x € B,
t0 h(z) elvar menepacuévo vnocivolo Tou G, xou

X C B—#(X) < #(U{h(@) | = € X}), (5-24)

elduxdtepa h(z) # 0 yia %ébe z € B. Acele 1 undpyel x4moL0C HOVOUOPPLOUSS
f: B — G tétolog Tov

(Vz € B)[f(z) € h(z)]. (5-25)

AciZe enlong 6w n undbeon (5-24) elvar avayxata yio Ty Grapln xdnotag cu-
véptnong f mou va ieavornotel v (5-25). YTIOAEIEH. Eeydploe meplntdoeLs,
avéhoya ue to av undpyet i 6yt xdrowo cdvoho C pe ) # C C B xou tétolo
bote #(C) = #(U{h(x) | z € C}).

To mpdPAnua €xel ndpel To dvoud Tou amd TNy nopadootaxy epunvela, drou
10 B eivat obvolo ayoptdy, to G eivar olvoho dabéolumy xopttoldv xal n h
aviiotolyilel oe xébe aydpl to (nenepacuévo) oivoro h(x) TV X0PLTOLOGY TOU
o = amodéyetal yio yduo. Ymdpyouv moAréc dAdeg, mio yplolUeS xal AlydTERO
AVTLPEULVLOTIXES EPapUOoYES auTod Tou mpofAfuatog, T.y. 6mou 1o B elvat ov-
voho uabnudtonyv, To G elvar aUvohro xabnyntdv xat n h avriotolyilelt oe xdbe
udbnua o clvolo Twv xafnyntdy tou uropolv va to dddouv («to npdBinua
TOL TPOYPAULATOCN).

To enduevo mpdBAnua Sixaldvel uta axdun Lop@n avadpoulxdy 0pLoUGOY TOU
elvat yefolun oe egaguoyéc.

x5.27. IIMjeng avadpoun. Ia xdbe h : E* — E, undgyet axpBdc uia cuvdp-
won f: N — E mou wovornotel tny elowon

f(n) = h(f(n)).

‘Ouola, yia xdbe h: E* x N — E, undpyet axpiBodg pla ouvdpetnon f : N — E
Tou xovoTotel TNV TauTdHTNTA

f(n) = h(f(n),n).
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To enduevo npdPBAnua Sivel éva yopaxtneloud tTwy dnelpwy, anaptuntdy ou-
véhwv xatevbeloy and ) oxéon Tou «avixelyy, ywplc avagpopd oTig deutepoyevelc
EVVOLEC TOV QUOLXADY APLOUADY XL TOY GUVIPTHGE®V.

x5.28. AciZe v tcoduvapla:

A=N = (F)A=UE&Dec & (Vue &)y ¢ u)[uU{y} €&]
(VAP e Z&(NVue Z) Ay ¢ u)luU{yt e ZNE&||=& C Z]].
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YTAGOEPA YXHMEIA

To Oedpnua Avadpounc 5.6 £yel xotd xOplo Aéyo Beuehioaxy onuaocta, Sixatoho-
vel allopatixd évay Tedno oglool GUVAETACE®Y 6TouS YuoLxols aptBuols Tou
elvar Stonelnuxd npogavic. And xabopd yabnuatiey drnodn duwe, unopolue
va Bewproovue 10 5.6 we Bedpnuo Unaplne xar uovaduedtytag Moneg yio xdbe
clotnua eElohoEwy NS LopPhg

f(0) = a,
f(Sz) = h(f(z)) (z €N),

(6-1)

6novtaa € Exath: E — E elvow dedouéva xat 1 ouvdpetnon f : N — E eivat o
dyvowotog. ¥’ autd to xepdrato Ba anodeiouye, oto mhalolo g Bewploc uept-
%®AOV SatdEewy, uta xoudr| yevixeuon tou Ocwpruatog Avadpourc, Tou GuveRd-
yetal Unopén Mcewy ylor cuvapTtnoloxd cusTiuate eEloGoE®Y TOA) YEVIXOTERY
tou (6-1). To YYNEXET OEQPHMA EAAXISTOY YTAGEPOY YHMEIOY 6.21
elvan Gepehiand yio ) Gewpla urodoyiouod (computation theory) xau elvar to
Baowd pabnuatind othplyua e epunvelag npoypauudtwy ue otabepd onuela
(fixpoint theory of programs). ¥to enduevo xepdhao o delovue bt elvan et-
du) mepintwaon Tou oAl Babitepou OEQPHMATOY YL TAOEPOY XHMEIOY TOU
Zermelo, mou elvot 6tevd ouvdedeuévo pe Tt Bewpla xoaAdV datdlewy xat €xet
nowiha xat onuovtxd cuvolobewpntixd moplopata, m.y. GUVETAYETOL AUECHC
v Ewxasla Luyxptowwdtnrag IIinbapibuwy 3.1. "Etol extéds and v xabapd
pobnuatixn touv onuacta, To Yuveyés Oedpnua Edytotou Ytabepod Xnuelou
pog Slvel xau éva evdlagpépov onuelo enaghc g xhaoixfc cuvohobewplag pe
oUyYeoVN TANEOYOELXY.

Yy anhobotepy toug anddoaon, to Oewpfuata Ltabepod Xnueiov elvor xd-
WS APNENUEVA XOL POLVOUEVIXE AOYETA UE TS EQApUOYES TN Adom GuvopTn-
olaxdv ocvotnudtwy yla tg onoleg ta mpoopllovue. Ta va ta xotaddPouye,
Oo ypeelaotolue uepxég Bacixég évvoleg xat amhd anotedéouata and 1 fewpla
MEPLXDY dloTdemy.

6.1. Mepwxd dratetaypévog xodpog (partially ordered set A anhodotepa poset)
elvan éva Sounuévo clvolro

P = (Field(P), <p),
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AIATPAMMA 6.1. "Evoc Staxpitdc xat évag eninedoc ydpoc.

6mov to Field(P) elvar xdnowo olvolo xou n <p elvar pepixf| didtaln oto
Field(P), dnhadf auvtonabc, uwetafatixf xou aviicupuetpixh oyxéon. H oyéon
<p xobBopilel to P enedn eivar avtonabic,

z € Field(P) < z <p «z,

GUVETIAC YLoL Vo 0ploouue Evo peptxd Slatetayuévo ydpo P oapxel vo oploouue
T pepx] dudtaln tov <p. My medén duwg, ouyvd toyvel To avtibeto: 7
<p elvar mpogavrc and ta ouugealdueva xat yio va xabopicovue to P apxel
va ddoovue to medlo Field(P). Tumxd Ba tautilouye to P pe o medlo tou
Field(P), axohouvhdvtog tn yevixd toxtixd yLo Sounuéva civoha mou eEnyfooue
oto 4.30. Me tov Statetayuévo ydpo N, m.y. f xou amhodvotepa 10 ydpot? N,
npogavde evvoolue to Lebyoe (N, <), énov 1 < elvan 1 cuvibng didtadn otoug
puotxolg aptBuols. Ta onueia tou ydpov P elvar ta uéln tou Field(P), ue
vrooUvolo I C P evvoolue unocivoho I C Field(P) x.An. Kébe I C P elvow
uEpLXd SLATETAYUEVOS Y DEOg, UE TOV Teplopltoud e <p 610 I,

z<ry <=z <py&zcl&ycl, (6-2)

n omola elvan (edxoha) ueptxh dtdtaln. o cuyvéd Bo epyalduacte pe ydpoug
mou €youv eAdyLoTo otolyelo, xou elval BoAxd va ovoudlouue Gho auTd ToL
eNdytota ue To (8o oluPoro L (mou Safdleton «mdtogy), dnwe axplBde yenot-
pomolovue 1o 0 yia To oudétepo tng mpdobeong xdbe aplBuntixol cuethuatog:

1 = 1p = 10 eNdyLoT0 610U El0 TOU P (v umdpyet). (6-3)

Onotoddnote ovvoho A unopel va Bewpnbel wc draxprtds xdeog (discrete
poset), puepuxd datetaypévog and tn oyéon LodtnTog

r<y < z=y (zr,ycA).

Kénwe mo nepinhoxol and toug Staxpttolc elvon ol eninedol ydpou (flat posets)
mou €youv eAdLoTO GTOLYElD, TO UbVOo Tou elval cuyxplowo ue xdmoto dAlo
dnhady

r<py <= xz=1LVzx=y.
O amhovotatoc yopeoc elvan to povoosvvoho { L}, mou elvon Staxpitde xon enine-
dog. Extée and autoide Toug amhois ydeoug xat Tov N, undpyouv xat ot ydeot Q

2% ta ayyAud avixabiotoly to &Boka ueydho partially ordered set pue tn @iy, wadn-
wotx) AéEM «posetr. Emewdh pou Aelnel to Gpdoog va xataoxevdln (ouveldntd) xawvolpyleg
eEAAVxég AéEELg, alNd xau xoupdleton xavelg vo emavalauBaver cUVEY DS (UERLXE dLorteToryué-
VOGS X®Pog», «TOTOAOYXGS X DEog» xat To Toladta, oLYVE Oo Aéue amhdg «ydpog», ol To T
xopog elvar Bo npénel vo xabopileton and ta oupgppaldueva.

[lporataptuTLing 21 €udoorm, yYepdtn A&6n, Mdptiog 2007



KE®AAAIO 6. X TAGEPA XHMEIA 81

AIATPAMMA 6.2. 'Evoc nenepacpuévog pnepixd SLateTayévog Yohpog.

xot R twv pntdy xat twv mpayuatixdy apthudy, toug onoloug 8ev €youue oxdun
oploel auotned and ta adiduata. Autol elvar ypouuixol (ohxd Statetayuévol)
yopot. Emmhéov undpyet xaul uta tholoto motxihia TEMEQUOUEVLY Y DP®Y, TOV
onolwv N yerétn anotelel Stapopetind xat evdlagépovia xAddo Twv padnuote-
%AV, ok dev Ho tovue Tohhd YL’ autole e86. Kupiwe Ba toug entxokestolye wg
avunapadelyportoa. Xe Staypduuota ydpewv aneixovilouue ouufatixd ) oyéon
z < y tomobetdvrac to y ota deéid 1 mdvw and To T Xou EVEvovTac Ta T xaL y
ue ula yoauut (evdeyouévwe ue Bélog mpoc amoguyH oUYYUoNC), Tov UnopEel va
TepLéyel xou dAha onueia, T.y. ¢ < e 610 Adypouua 6.2.13

6.2. Opiopds. 'Eotw P uepxd Swatetayuévog ywpog, S € P xaw M € P
otolyelo Tou P.
1. To M elvan éva dve pedyma (upper bound) tov S, av elvar peyahitepo-
oo x&be péloug touv S, (Vo € S)[z < M]
2. To M elvaw péyroto (maximum) tou S av elvar dve @pdyuo xau wélog
tou S, dnhadd M € S& (Vz € S)[xz < M].
3. To M elvaw ehdytoto dve @pdywa (supremum, least upper bound) tov
S av elvat dve gedyua xal uxpdtepo-lco xdbe dvw gedyuatog Tou S,

(Vz € S)[z < M| & (VM')[(Vz € S)[z < M'|= M < M.

Ay ta My, Mj elvar xat toe 300 ehdytota dve gedyuata tou S, t6te My < My
(emedh) to My elvon dve @pdypo xou to My elvan eENdyioto dve ppdyua) xaw cu-
uetpwxd Mo < My, dpa My = My Snhadf 1o S €xel 1o mohd éva ehdytoto dvw
pedyua. 'Otav undpyet, To EAEYLETO dvw @pdyud evég ouvdlou S ouuBoliletar
e

sup S = 10 eNdytoto dve @pdyua tou S. (6-4)

H ovopoaoia «sup» ané 1o Aativixd supremum (uéyloto) Suxatoloyeitol and to
e€fc anhé anotéheoya:

B Mepuxol anewxovilouvy ydeoug va peyahdvouy mpog ta Seéid, dAhoL mpog Ta mTdve Xl
axbun uepuxol toug amewovilouvy va peyahdvouv mpog ta xdTw: an’ 660 Eépw xavels dev
anewxovilel Staypdupata énov ot ydpol ueYaAdvouy pog T aplaTepd, xal xauio uébodog dev
elvaw yevuxd anodexty.
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AIATPAMMA 6.3. M pepixt] ouvdptnen f : A — E.

6.3. 'Aoxnon. Av to M eivar uéyioto tou S oe xdnowo ydeo P, 1616 10 M
elval enlone to eAdytoto dve gedyua tov S.

6.4. Aoxnom. Xvto napdderyua tov Awayeduuaros 6.2 Boeite vnooUvora S ue
¢ axdrovbec 1dibtyrec: (1) To S dev éyer dvw pedyua. (2) To S éyer dvw
gpdyuata, aAdd dev éyer eAdyioto dvw gedyua. (3) To S éyer eAdyioto dvw
pedyua, aAdd dev éyel uéytoto otolyeio.

6.5. "Aoxnom. I'a xdfe ydpo P xae M € P, to M elvar 10 eddyioto dvw
gedyua tou xevol ) av xar uévov av elvar to eddyioto tou P, Splady

L=sup (6-5)
av urndpyet to L 7 to sup 0.

6.6. 'Acxnor. To SuvauocUvoro P(A) xdbe ouvélou A elvar uepixd Siatetay-
uévo andé tn oyéon

XCaY =, XCY CA,
érot mou L = 0 xar yia xdbe S C P(A), n évwon |JS elvar to eddyioto dvw
gpdyua tou S.1

Arybtepo teTolupévo xaL TO YEHOLMO YL TOUC OXOTmoUS uag €36 elval To
endUeEVO TAPESELYUA UepLd dlaTteTaYUEVOU Y BDEOoU.

6.7. Oplowds. Mepuxr ouvdpetnor (partial function) and 1o clvoro A oto
ocVvolo E xodeitar xdbe ouvdptnon ue medlo oplopol xdnoto uvnocsivoro tou A
xou TLég oto E, ouuPolixd

f:A—E <= Function(f) & Domain(f) C A& Image(f) CE. (6-6)

T mopddeiyua, n (n — (n — 1)) elvar pepied; ouvdptnon otoug puotxoic
aptBuolc oplouévn wévov étav n #£ 0, n (z — /z) elvar pepud ouvdptnon
otoug mparypatixods aptBuolc ue medlo oplouod {z | = > 0} xAr. Me tov
oploud mou ddooue 6to 5.30, o tenepacuévry axolovbio u € A* elval pepxt|
ouvdptnon u : N — A. Ernlong, 1o xevé olvoro 0 elvon (tetpipuéva) pepunn

145 yohaotied, N wepuet Sudtaln tou P(A) elvaw o neplopiopbs Ca g optoTixis cuVBRxng
X CY oto P(A), xou ouyvd napalelntouue tov elxtn btav avagepduacte oe avtd, BA. 4.8.
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cuvdptnon (ue xevé nedlo oplouol!) o xdbe (ohuxn) ouvdptnon and To A oto
E elvaw xou pepunf ouvdptnon, agol 1 (6-6) dev aroxheler to Domain(f) = A,

0p:A—E, f:A-FE=f:A—E.

Oa ypnoiwonoloVue cuotuatixd tov Bohxd cuuBolioud ue to wed Beldoa
(npbogata xablepwpévo oty TANPogoplxf), we enlong xal Toug eEfc xotvoic
cuuPBoiiouoie

f(z) | <=0 € Domain(f), f(z)] <=0 = ¢ Domain(f) (6-7)

yio var uodet&oupe 4t Lo weplxr ouvdeTtnon elvat X dev elval oplouévn oe xdmoLo
onueto® SoPdlovue to f(x) | oav n f(z) ovyxdiver f oav n f ouyxdiver oto ,
xat to f(z) T oav n f(z) aroxAive f oav 5 f aroxAiver oto .

6.8. Optopbs. I xébe A xou xébe E, to
(A—F) =g {f CAXE|f: A— F} (6-5)

elvot 10 6UvoAo Ghwv TwV Pepx@V cuvapthicewy and 10 A oto E, xat’” avaloyia
ue to ouuPoloud (A — E) yia 10 oGvoro Ty (ohxdv) ouvapthoeny and to A
oto E, Bh. 4.14. O ydpoc (A — E) elvan yepixd dwtetayuévos and tn oyéon
C,

fCg = (VzeA)f(z)] —=[9(x)] &f(z) = g(z)],

ue eAdytoto otolyelo L = 0.

6.9. Aoxnon. I'a dla ta olvora A, E,
(A—E)={fI1X|f:A->E&X C A}.

OL neploptopol cuvaptioewy oplotnxay otny (4-13).

Elvow 3uoxohdtepo va eVIOTIGOLUE EAAYLOTA GV PEAYUATH GUVOAWY GE OL-
TOUC TOUG XMPOUS UEPLXMDY GUVAPTHGEMY ToEd 6Ta SUVALOGUVOAX: OV TO UTO-
ovvoho S C (N — N) nepiéyet tic 8o (ohxéc) ouvaptioelc = — 0 xat x — 1,
t61e xdfe dvo pedypa f: N — N tou S Oa mpénel va ixavonotel Tig avTLpotixég
eflodoetg f(0) = 0 xou f(0) = 1. And v A pepld, ypouuixd StoteTayuéva
UTOGUVOAa TV YWpwy (A — E) mévta éxouv eNdyloto dve @pdyuo, xaL auth
Toug 1 WibtnTa elvan yphouun xou d&o ovopasciogc.

6.10. Opiopbs. 'Evaunoctvoro S C P duatetaypévou ydpouv P elvon ahuoida
(chain) av Ta uéhn Tou S elvan ouyxplowa avd dbo, dnhadh

(Vo,y e Sz <yVy <z
O ydpoc P elvar enayoyixds (inductive ¥ chain-complete), av xdfe aluvoida
670 P €yel ehdyloTo dve @edyua.
6.11. Aoxnon. To xevé olvolro elvar (tetpuupéva) aducida, emouévos xdbe
enaywyixds ydpog éxel eddyioto onuelo L = sup 0.

6.12. 'Aoxnom. Kdbe eninedoc ydpos elval enaywyixds: évas Staxpttés ydpeoc
elval emaywyixds av xar udvov av €yel ubévo éva otoiyelo, omdte elvar xat
erminedoc.
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6.13. 'Aoxnom. H ewxéva {z, | n € N} wiac un pbivovoac axolovbiag
zog <a1 <wp <

elvar advoida- dpa xdbe un pbivovoa axolovbia éyet bpro (limit) oe enaywyixd
Xopo,

lim,, ,, =g sup {z, | n € N}. (6-9)

6.14. Ipéraom. (1) Kdbe duvauooivolo P(A) elvar eraywyixdec ydpog.

(2) I'a e ta ovvoda A, E, o ydpoc (A — E) twv ueptxdv ovvaptiocwy
ané to A oto E eivar enaywyixdc.

(3) I'ia xdfe uepixd Statetayuévo ydpo P, to clvolo

Chains(P) = {S C P | S elvan ahucida}
twy advoldwy oto P (uepuxd diatetayuévog and tnv C) elvar enaywyixdg.

AnoaEgIgH. To (1) éneton dueca and v Acxnon 6.6. (2) Avto S C (A —
E) elvar advolda, téte 1 évwon |JS elvan uepixd ouvdptnon ot npogavac,
US = supS. (3) Me tov (8o 1pdmo, 1 évwon wog alucidac ahuoidwv elvol
(edxola) ahuoida. =

6.15. ‘Aoxnon. Oute o N (ue ) ouvin dudtaldn) olte o nemepaouévoc ydpogs
tov Awaypduuatos 6.2 elvar enaywyixol.

6.16. ‘Aoxnon. I'a xdfe E, 1o olvolo P = E* U (N — E) twv nencpaoué-
VoV xat drelpwy axoloubiéy ané to E elval enaywyixos ybpog, ue tn ueptxi
Suaraén C.

6.17. 'Aoxnom. ['a dAa ta olvoda A, E o ydpoc
(A—E) =g {f € (A—E)|n f elvou éva-npoc-éva}

TWY REPLXGY LOVOROPPLOUGY and 10 A oto E (uepixd dlatetorypévog and
Q) elvar emaywyixde.

Y7 autolc TOUg YAPOUC —Xal GTOUS UTOYME0US Touc— Bploxouy Tic onuavtt-
x61epéc Toug epapuoyés ta Hewpfuata otabegold onuelou: duwe otic anodeléelg
B ypnoiwonotiooupue ubvo to 6Tl elvan emaywyixol, xaldg undpyouv xt dAAa
ToAAG evdlagpépovta mapadelypoata. Mepixd and autd meplypdgovial GTo TEO-
BAMjuata, oto Téhog Tou XEQaAalov.

"Hpbe n dpa va oploovue Tic ouvapTAoeEl 0TOUC ENayWYIXOUS YDHPOUS TOU
gyouv mdvta otabepd onuelo.
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N

AIATPAMMA 6.4. Yuveyéc Oedpnua EXdytotou Xtabepod nuetou.

6.18. Opiopég. Mua anexévion'® m @ P — Q ané éva yodpo P oe xdmotov
&Mho elvar povotovixy (monotone) av yia yia 6ha Ta z,y € P,

z<py=m(x)<qm(y)

Movotovixég aneixovioelc dev elvar anagaitnta (auotned) adgovoeg ue v év-
VOLOl TOU

z<py=m(z) <g 7(y),

n.x. x80e otabepy) aneixdvion elvan LovoTovixy.

Mopatneolue 6t av @ P — @ elvow yovotovueh) xar to S C P elval
ahuotda, téte N exdva w[S] elvan enlong ahuoida: eneldh yia dha ta z = 7(u),
y = 7w(v) pue u,v € S, elte u < v, mov ovverdyetow ¢ = w(u) < w(v) =y,
elte v < u, Tou ouverdyetal y < x. Tuvende o Gpog sup w[S] éxel vonua oTov
enéUEVO OpLOUS.

6.19. Opiowds. Mua povotovixy amewxévion m @ P — @Q and évav emaywyixd
X®po oe xdmotov dAho elvar apBpfoipa cuveyfs (countably continuous) ov
yioe x80e un xevr, anoptbunti adveida S C P,

m(sup S) = sup «[S].

6.20. 'Aoxnor. Mia uovorovixij anewxévion m: P — Q and évav enaywytxd
X6po oe xdmotoy dAdo eivar apiurioiua ouveyrc Tote xat udvov av yio xdfe
un gbivovoa axolovbia xy <p r1 <p ... t0U P,

m(limy, ,) = lim, 7(z,).

E3& 1o bplo ota aplotepd unoloyiletat otov P xou autd ota dedld otov Q.

155Uy vé xaholpe v 7 1 P — Q «omexéviony avtl Yl «ouvdptnomn (tou onuaivel axplBdg
to (8o mpdypa), enewdy| 0TI TEPIRTHOELS oL Yo evdiagépouy, Tto P elvon xdmolog cuvop-
otaxés ywpeos (A — E), xa to Q ernlong, emopéveg 6ha ta avixelyeva oty edlowon
w(z) = y elvonw ouvapticelg xau Lahiletal xavels. IMapatnpriote enlong 6t (oyohactind) m
m : Field(P) — Field(Q) elvan anewxévion and to nedlo tou P ot avtd tou Q.
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6.21. Xuveyés Ocdpnua ENdytotou Xtabepot Enueiov (Continuous Least
Fixed Point Theorem). Kdfe apifufioiua ouveyrc, uovotovixy ameixdvion
m: P — P and évay enaywyixé ydpo otov eauté tou Eyel axptfdc éva Loyupd
eNdyroto otabepbd onuelo (strongly least fixed point) z*, mou yapaxtneileta
ard tig 8Uo 18ibTnTes:

m(z*) =z, (6-10)
(Vy € P)[n(y) <y=a" <yl. (6-11)

AnoakgizH. H tpoytd (orbit) touv ehdytotou L and tnv 7 opileton pe v
avadpout

o = J_,
Tpt1 = 7(Tn).

TMpogavig zg = L < z7, xou pe TeTpppévy emayonyh (xenowonoldviac
povotovxdtnTa e ), yia xdfe n, z, < z,41. 'Etol o plo

x" =g lim, x, = sup {z, | n € N} (6-12)
undpyet and v 6.13, xat and v aplbufolun cuvéyela Tng T,
m(z*) = w(lim,, z,) = lim,, 7(x,) = lim,, ,,41 = z*.

I v amodetEouue ) Sedtepn yapoxtnelotixt didétnta tou z*, Seydbuacte 6Tt
m(y) <y xou delyvovue enaywyd 6t Yo xdbe n, x, < y. BASH. o = L <y,
tetplupéva. EMATQriko BEHMA. H Enayoywd Ynébeorn poc Siver z, <y, xat
unoloyilouye:

T, <y = 7(z,) < 7(y), (emeldh n 7 elvon uovotovixh)

= Zp1 <7(y) <y, (omd NV urdbeon yia to y).

‘Apa o y elvan dve ppdypa e aluotdac {z, | n € N}, xou cuunepalvovue 61t
z* =sup{z, |n e N} <y. =

INa va egapubéoovue 1o Xuveyés Oedpnua Xtabecod Xnuelou, npénel mpdta
va SLATUTAGOVUE TO TPGBANUS Loc we epdTNoT Yo TNy Untapdn ot (HEpLég @o-
péc) TN ovadixdtnta Micewy edlowong tng popeic m(z) =z, énrounm: P — P
elva povotovixd xau aptBuRolua cuveyfc oe xdmotov enaywyxd ymeo P. Tu-
muxd outd elvar xal o mo dVexoho Yépog Tng Adong: va @Pépoupe To TedBAnUa
oe popyt otny onola epapudletal to 6.21. Aev elvar avayxalo va enainfeu-
oouvue otL n T elvar aptburolua ouveyrc: oto enbuevo xepdhoto Ho Set&ouyue
6t to 6.21 mapauéver aAnbéc av anddc apaipéoovue tnv undbeon apLburor-
unc owvéyetas tnc m. Onwodhnote, oL TEpLoGOTERES EQUPUOYES APOEOUY ATAES
HOVOTOVIXES ATMELXOVIGELS GE Y MDPOUS MEPLXMY GUVOETHCEMY YLa TS OTolEg Uno-
POVUE GLUYVE Vo avayvepleouue apéone uio ToA) LoyLedTepn QUOLXY WLGTNTA
GUVEYELAG.

6.22. Opiowés. H uepui ouvdptnon g : A — E elvan nenepaoUévn av el
nenepaouévo Tedio oplopol, dnhadnh av elvol nenepacuévo civoro Leuydv.
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H arewévion m: (A — E) — (B — M) and éva ydhpo UEpXGY GUVAPTAGEGY
oe xdnotov dhho elvar cuveyns, av elval LovoTovixy xal CLUTAYHS, SNAadh
v xdhe f: A— FE xou dhatay € Bxowwv € M,

m(f)(y) = v=(Ffo € f)n fo elva nenepaopévn & n(fo)(y) =v].  (6-13)

O ouvuPBohioude 8ev Bonbdet, aArd 1 évvola elvan apxetd omA: yLa Vo UToAo-
yioovue v T 7(f)(y), tpdta utohoyilouvue T pepxd ouvdptnon ' = m(f)
xat petd urohoyilovue v 1ph e oto y, m(f)(y) = f'(y). H povotovixd m
elvan ovveyhc, av xdbe (ouyxhivovoa) twwh m(f)(y) e 7(f) eCaptdtan uwbvo
and nenepaocuévo tAfBog tudy e f. Mnropodue va ouvdudoouue Tig évvoleg
NG MOVOTOVIXOTNTAS XAl TNG GUUTAYELNS 6ToV axdhouvbo yapoxtneloud e ou-
VEYELAS ATELXOVIOEDY YMDpWY UEPXDY GUVOPTHGE®Y, O OTOLOC UOC ETLTPENEL VO
avayvwpllovue dueca T ouVEYELd TouC.

6.23. Igéraon. H anexdvion m: (A — E) — (B — M) elvar ouveyric av
xau udvoy ay wxavoroiel tny (6-13) xat tny avtiotpowrd tne, dnAads av yia xdbe
f:A—E, xat yia 6la tay € B xat v e M:

7(f)(y) =v <= (3o C f)n fo elvo nenepaopévn & m(fo)(y) = v]. (6-13%)

T mopdderypa, n anewdvion 7 : (N — N) — (N — N) nov opiletar ye tov
Tomo
n(f) = (n— f(n) + f(n?))

elvan ouveyhc, enedy| (tpogavadc) yio xdbe f xau n, Loyde

©(f)(n) = 7(fo)(n),
émou fo elvan o meploploude ng f oto Stovvoro {n,n?}.

ATNOAEIEH THE 6.23. Apywd deyduaocte 6t 1 elvan ouveyAie, f: A — E,
y € B, xwv € M. Av 7(f)(y) = b, t6tc and ) cuurndysia tng T, LTdEYEL
nenepaouévny fo C f ue m(fo)(y) = v x étol, and TN YovotovxdTnTa TNG T,
éneton 6 w(f)(y) = v.

T to avtiotpogo, unobétovpe 6T 1 (6-13*) woylel yio xébe f : A — E
xou 6ha Ty € B, v € M. 'Etol éneton dueoa n ouvundyewa g m. Lo va
enaknBedoouue 6L N  elvon povotovix, deyduaote 611 f C g xou w(f)(y) = v
and v xatevbuven, = T (6-13*), undpyer xdroa menepaouévn fo C f ue
m(fo)(y) = v. 'Ouwg fo C g, n dpa and v xatelbhuvon <= g (6-13*),
™(9)(y) = . B
6.24. 'Aoxnom. Acile 6 n anewxdvion m: (N — N) — (N — N) opiouévy ue
ToV TUMO

m(f) = (n— Ziof (D)
elvar ouvveyrc. Ymodoyiote tpv tiusd m(n — 2n)(2).
6.25. Opuowés. H ouvdpetnon f : X — Y and évav tonoloyxd ydpo ot xd-
notov &hho elvon (tomohoyixd) ouveyrg (continuous), av n aviiotpopn exxdva

F7YG] #dbe avoxtol cuvéhou 6tov Y elvar avouxté abvoho otov X. Tonoho-
Yol ydpol oglotnxay oto 4.30, cav tpdto mopddetyua SoUNUEVLY GUVOALY.
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6.26. '‘Aoxnov. Mix ouvdptnon f : X — Y ané évav tonodoyuxd ydpo oe
xdmolov dAdo elval ouveyfic téte xau uévov av 7y aviioteogn ewxéva f1[F)]
xdfe xAetotol ouvélov atovY elvar xAetoté olvolo otov X.

Oo unopovoe xavelg va unobéoel 6Tt ol cuveyels aneixovioelg Tou Oplouot
6.22 £youv x4t xoLvé UE TIg cuveyelc ouvapTHoelS TNg Tomoloylag, xou BéBata
dev Oa elye &8ixo: oL évvoleg elval L6oSUvouES e TOV 6waTH oploud Totoloylac
GTOUC YOPOUC MEPXADY SlaTtdEemy, alhd autéd To anotéheoua dev yag ypetdleton
xat to aprvouue yio to ITpbdBAnua x6.21.

6.27. TIepi Tomoloyiag yevixd. H Aeyduevn Fevixd) Torohoyla (Torohoyla
Ynuetocuvéimy) elval yia ) cuvohobewpla cav to paivtavéd, unaiver Myo mo-
vToU, aAAd dEV UTAEYOLUY TERLOVUUES GUVTAYES «MATLV UaivTavod» Tou o enido-
gog 'EMAnvac updyetpac npénel vo wdbel. TToAhéc tomoloyixée 1déec oyetilovtat
ue tn Oewpla cUVOALY, aAAE TOAY ondvia unopelc va anodelelc éva evdiagpépov
fedpnua v Tt odvola ue yeRon xdmotouv onuavtixol anoteréopatos and vy
tonoloyla. T'o vo un yabodue oe magadpdula, Ba axoloubcovue v mdyLo
ToxTixy) vor 8lvouue Toug o duecous, GuvolobewenTixd Puolxols opLoUovS Xal
anodellelg yia TG EVVOLES XL TO ATOTEAEGUATO TTOU HAG EVBLAPEROLY, Xat Dot o)
GOULUE TLC OYETELS Ue TNY Tomoroyia yio Ta TpofAfuata. Ye uepixéc MEPINTAOELS,
BeBalwe, n o @uowxt tpoonéhaoy elval TEdYUATL 1) TOTOAOYLXN.

6.28. Avjupa. Av 10 S C (A — E) elvar un xevij akvoiba oe ydpo ueptxdy
ouvvaptioewy xar ) fo C supS elvar nemepacuévy ouvdetnon, téte undpyet
xdrowa g € S tétoia dote fo C g.

I'lA THN ANIIOAEIEH Yypnoidonololue enaywyh otov oplfud twv otolyelnyv
Tou nedlov g fo:

BasH. H xevi| fo = 0 elvar 1 uepued ouvdptnom mou dev optleton moubevd.
Yrdpyer xémota g € S agod 10 S dev elvar xevéd, xaw ) C g.

Enaroriko BEMA. To nedlo tng fo éxet n + 1 uékn, dpa

fo=fiu{(z,w)} Csups,
6mou 1 f1 elvat nemepacuévn, uepx) cuvdpETnom ue Uo6vVo n oTolyela oTo medio
g, xou and Ty enaywywxy undleon, undpyel xdnowa g; € S tétowa dote fi C g;.
Egéoov (z,w) € sup S, npénetl vo undpyet xdnota b’ € S tétola dote (z,w) € B/,
xat ool 1o S elvar ahuoida, elte g1 C A’ elte B’ C g1- 1 g mov yperalbuacte
elvat 1 ueyohitepn and autés Tic dlo Uepixés CUVOETHOELS. -
6.29. AvYupa. Kdbe ovveyrc anewxévion m @ (A — E) — (B — M) eivau
aptburiowa ouveyrc, udhiota yia xdbe un xevy (6 anapaitnro anoplBunth)
advoida S C (A — E),
n(sup S) = sup w[S].

AnoAEgI=H. 'Ectw 61t 10 S C (A — E) elva un xevi ahuolda ue évoon
f =supS. Av g € S, 16te g < f, x agol n 7 elvar povotovixr, €youue
m(g) < 7(f), éroL mou

sup7[S] = sup{n(g) | g € S} < n(f).
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T v avtlotpogn aviodtnra, meéner va dellovue 6t av 7(f)(y) = v, téte
undpyel xdmow g € S tétowa Gote w(g)(y) = v. Arnd v woyuph cuvéyela
e m, umdpyel xdmota terepaoévy fo C f, tétow dote w(fo)(y) = v and

to mponyoluevo Afuua, umdeyel xdmowa g € S tétowa wote fo C g xou ye
N povotovxStnTa e m, autd ouvendyetan 6t w(fo) C 7w(g). Eldudtepa,
m(fo)(y) = v, dpa m(g)(y) = v xou avTh elvan 1 g Tov ypealbuaoTe. =

Ipogavie to Luveyés Bedpnua EAdylotou Xnuetou eival ankd ndploua tou
OewpAuatog Avadpounc otoug puatxoig aplhuoic 5.6. Enlong duws ouvendye-
T 10 5.6, pe évay euBd culloyioud mou alilel Siepedvnon, eneldy| enelnyel Tov
Baowd tpémo ue tov onoto epapudlovue to 6.21.

6.30. Anddeln Tov Oewprunatog Avadpours and to 6.21. INa xdbe a € E
xouw xdfe ouvdptnon h: E — E, opilouue TNy anewxdvion

7:(N—E)— (N—E)
UE TOV TUTO

. , B a, owaczoa
n(f)=f', énou f'(z) = {h(f(:v—l))a av x> 0,

E3& n f elvaw pepuxr ouvdptnon and to N oto E xat epunvedouue tov oploud
UE TOV QUOLXS TEdTO, ETGL TOU
z>0=[f'(z)| < h(fz—1)) | = flz-1)]].

Yyolaotixd, n anetxdvion T avitotolyilet éva alvolo Levydy f/ C (N x E) ot
xéfe f € (N — E) xau opileton ue v e&lowon

() =10, a)}
U{(z,h(w)) |z >0& (z—1,w) € f} (f:N—E). (6-14)

Arnd autd énetar 6Tl yia x&be f xow xdbe x,

m(f)(x) = 7(fo)(x),

6mov fo = {(0,a)} avx =0 xu fo = {(x — 1, f(z— 1))} av z > 0, x étoL 0
7 elvouw ovveyric and v Hpbtaon 6.23, x dea aplbuiowa ocuvexhc. 'Etor, and
v 6.21, €xel éva otabepd onueio: ye dhha Aoy, undpyet Yepix ouvdpTtno

f*: N — E nou wavonotel v f* = w(f*), xow apéowng
f1(0) =a, (6-15)
ffle+1)=h(f"(=) (f=)]) (6-16)
To BOedpnua 6.21 dev eyyudtow bt auth 1 f* elvar oAwxrj ouvdptnon, ue nedlo
optouoV 6o to N, adhhd autéd enadnbedeton edxolo Ue enaywyh 0T0 &, YENOWLO-
rotdvtog TLg TawtdtnTes (6-15), (6-16). =
Oewpolue TOPA ULa TILo EVBLAPEPOUGH EQAEUOYT, OTOU BeV elval TG0 TEOPAVES
T va oploouue TN ouvdptnon mou yeetalbuaote xateubelay and to Oedpnua

Avadpoure.
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6.31. Ilpéraoy. I'a xdfe ouvdptnon h : N — N xat xdfe dneipo olvolo
A C N guoxdy aptGudy, vrdpyet (ohxf) ouvdptnon f : N — N rmou txavorowel
TIC TQUTOTNTES:

0, avn € A,
Jm = {h(f(n +1)), avn¢ A (6-17)

AnoAEI=H. Opilouye tnv anewxdvion
m:(N—N)—- (N—N)

GTOV ENAYWYLXO YDOEO OAWV TWV UEPXAV GUVOETAGEWY Utog UeTafSANtric oto N,
WE ToVv TUTO

") =1 oo P = {0 S a9

Aentoyepéotepa, autd onuaivel 6t Bétouue
m(f) ={(n,0) | n € A} U{(n, h(w)) [n ¢ A& (n+1,w) € f},

TouU oLVETdYETAL amd TN LopPn NS OTL N T elval oLVEYTS, dpa apLburoLuo cuve-
xhc. Enouévac éyel éva otabepd onueio f mou uxavornotel tnv (6-17), xou apxel
va anodet&oupe Tl auth i f elvon ohux]. Ag deytolue, npog anaywyy o dtomno,
6t f(n) T vy xdnowo n. Iopatnpodue étt and v (6-17) autd cuvendyetor Gt
n ¢ A, alde f(n) |, xou wdhiota f(n) = 0. Oa delfouye ye enaywyh oto
i 61t f(n+1) 7, mou ocuvendyetonw We T oelpd Tou 6T Yo x8be i, n+1i ¢ A,
dpa To A C [0,n) elvar menepacuévo, mou elval dtono. BASH. Av i = 0, téte
f(n+0) = f(n) 1, and v unébeorn. ENArQriko BHMA. Av f(n+i) T, téte and
v (6-17), ndh, n+1 ¢ A. Autd Suwc ouvverdyetol f(n+1i) = h(f(n+i+1)),
dpa f(n—i—i—i— )] = f(n + z)l (ot(po() n h elvau o)\va‘]), nou elvat evévtio GTny
enaywywn undbeon. -

6.32. 'Aoxnon. Acile Aentoucpciaxd tn ouvéyela tne T ¢’ aUTHV TNV Ans-
deién.

I o tpltn T e@apuoy Tou Xuveyole OewpRuatog EAdyiotou Xtabe-
pol Xnuelou, Bewpodue tov adydpibuo tou EuxAeldn.

6.33. Ilpéraom. (1) Yrdoyet axpfdc uia uepixri ouvdptnon f : N x N — N
ue medio optouod {(n,m) | n,m # 0} rouv ixavoroiel tic eéjc TavtdryTee, yia
bAoug touc aptuoic 0 < n < m:

f(m,n) = f(n,m),
f(n,n) = n, (6-19)
f(nam) = f(n,m—n)
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(2) H povaduxyj f* mou wxavorotel to obotnua (6-19) urodoyilet tov uéyioto
xouvé Statpétn Svo aptBudy ueyalitepwy tou 0,

f*(n,m) =und(n,m) (6-20)
= o uéytatog k mou Siopel axplPBdg
xat toug dUo aplBuoig n, m.

ATIOAEIEH. Ye xdfe pepueh ouvdptnoyn f : N x N — N avtiotoryilovue
uepwer) ouvdptnoy f/: N x N — N nou opileton pe tov timo

flm,n), avn>m >0,
f'(n,m) =< n, avn =m >0,
f(n,m—n) av0<n<m,

xou Oétovue

m(f)=f"
H anexévion 7 : (N x N) = N) — ((N x N) — N) elvow npogovdc ocuveyic.
Suvendg vndpyel ehdytotn pepwx cuvdptnon f* 1 (N x N) — N tétowa dote

m(f*) =17
xat awté elvar (edxola) Looddvauo ue to clotnua (6-19). H anddelln 4t yia
oo tat n,m # 0

fr(n,m) | & f*(n,m) = uud(n,m)
elvan pe emaywyR oto dbpooua n+ m. (Awydploe nepintdoelg av 0 < m < n,
0<m=nn%0 < n <m, xa ypnolwonoince TNy amAf BLETNTA TOV PUOLXDY
apltBudy, 6Tt yia 0 < n < m, ot xowvol dtaipétes Twy n, m elvar axpifdc ot
(Biot ue touc xowvols Sialpétec Twv n,m — n.) -
¥’ autd 1o mapddetyua Sev ypetalduoaote to Luveyéc Oedenuo Erdytotou

Yrafepot Emuetou yia va anodei&ovue v Uapén Adorng Tou cuotiuatog (6-19),
ool unopolue vo enaknbedoovue xateubelav 1 1 ouvdptnon urd elvoe Adon.
Hoap” 6ha avutd, 1 Hpdtaon eivar onuavtixn, eneldn pog divel éva yprotuo yopo-
©TNELOUS NS GUVAETNONS UMD ToU LUTOdElY VEL Eval GUYXEXPLUEVO  Xdl EGXOAO
tpémo unoroyiopol tne. ILy. yenowwonowdvrag uévo Tic eELGMOOELS TOU GUOTH-
potog, unohoyilovue:

WS (231, 165) = wed(165,231) = puxd (165, 66) = wrd (66, 165)
= und(66,99) = wd(66,33) = und(33,66)
— w(33,33) = 33.

Autéc o urohoyloude g TiuAc und(231, 165) elvow mohd anholotepog Tou Te-
Teluuévou, 6mou Pdyvouue Yio Tov UEYLETO x0vd Slanpéty Soxtudlovtog UE TN
oelpd 6houc toug aptbuolc and Tov 165 mpoywedvTac Tpog Ta XETw, UEYELS
610L Bpodue xdmotov xowvd Blateétn Twy 165 xal 231. To gaivéuevo elvar ye-
vxb: o yapaxtnelouds ulag ouvdpetnons f og v eAdylotn Adon cuothuatog
amAQ)Y €€L6HoEWY GLUY VA wag divel Evay alybpLBo, ula «GUVTAYT YLoL TOV «UT)-
Yovixd» uToAoyLoud Twy TWOV g f, xat autdg elvar évag amd toug Adyoug
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AIATPAMMA 6.5

mou To Xuveyég Oedpnua EXdyiotou Xtabegold Ynuelou elvor Beuekioaxd yia tny
TANEOPOELXY,.

Tekewdvoupe W’ éva anhd anotéhecuo yLa ypagriuata mou oyetiletal Ue TIg
W3éeg autov tou xegaiatov, BA. IlpofhAuata x6.16 xaL x6.17.

6.34. Opiowés. Tpdgnua (graph) elvon éva Sounuévo obvodro (G, —¢), 6mou
10 olvoho twv axpdv (edges) —g C G x G elvon diuerfic oyéon oto olvolo
v x6pBov (nodes) G. H petaPoatixr xAetotdnta (transitive closure) tou

G elvan to ypdonua G = (G, =¢), 6mou
T =gy o UNAPYEL HovoTdTl and To x 610 Y ot0 G
= (Jz0,-.-,zp)[r =20 ¢ 21 & - &zp—1 =G 20 = Y]

Arnewovilouue ypagpAuata meplmou dnwg xal UepIXd SLATETAYUEVOUS YDEOUG,
ahAd N xatevBuven «rpog ta Sedid ) endiver dev Exel xauLd Wialtepy onuacio xat
yenotuonotobue cuotnuatixd BéAN avtl yio anhéc yeouués: n oyxéon & —ag Y
toyVel av vndpyet Béloc amd To x OTO Y, oL N T =G Y LOYVEL AV UTopoUuUE
vo. xtvnfolue and 1o = 010 y axohoubdvtag to BENY Tou Saypdupatog. Xto
Aidypappo 6.5, f — f, a = a xa a = ¢, ahA& f 7 d.

6.35. Ilpéraom. I'ia xdbe yodpnua G, n oyéon uetafatixic xAetotétnTas =g
weavorotel Ty tooduvaulia

=gy <= z—ogyV (A2 e @)z —g z&z=¢y. (6-21)
ATIOAEIEH. Yrnobétouue 6t
T =20 —G@ 2 —G 26 T G4 =Y

av n =1, 161e apéowg & —g Yy, xoL av n > 1, té1te & —g 21 xu 21 =g y (and
ToV 0ploud NS =), oL To de&l uéhog tng (6-21) cuvdyetow Bétoviag z = 2.
H anédei&n tng aviiotpogpng cuvenaywmyng SlaoTdtol uoLxd o 300 MECLTTHOOELS
xou elvon €€loou amh. —

IpoBMpata yia To Kegdharo 6

x6.1. I %dbe pepuad didtaln < oto obvoro A, 1 avilotpopy, oxéon
<y <= y<=z
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elvan enlong wepueh dudtaln. And toug enaywywois yhpous (A — E) xau P(A),
TOLOG €XEL EMAYWYIXG, AVTIGTPOPO Y HEO;

x6.2. [ %80e enayoywr, pepwd didtaln <g oto olvolo E xau yia x80e
cvvoho A, opllovye otov cuvaptnotaxd xdpeo (A — E) tn peptxt| didtaln

[ <9 <o (Ve A)f(2) <pg(e)] (f.g:A—E)

Tou oLYxplvel TIg cuvapThoels watd onuelor (pointwise). Acelle 6t 1 < elvon
emay oYL, puepxq Stdtaln tou (A — E).

x6.3. Av o yepixéc Slatdielc <1, <o ota avilotoiya cOvoha Pp, Py elva ena-
yoywés, 16Te enaywyw elvat xal 1 e&rfc oyéon < oto Kapteoiavd yivéuevo
P1 X Pg:

(1, 22) < (Y1,42) op 1 <1 Y1 &2 <2 4.
M’ auth ) pepwr) Sdtaln o ydpog Py X P xaleltor 1o YLVOUeEVO Twv dvo
XOpwv P xal Ps.

x6.4. Oewpolye Tpelc emaywywxolc ywpous P, Py xou Q. M anewxévion
m: P x Py — Q elvaw ywpLotd povotovixy (separately monotone) av ylo
x&fe x1 € Pp, n anewdvion (z2 — w(21,22)) otov Py elvar povotovixy, xat
ocuuueTpd, Yo %8s zo € P, Aclle 6TL m 7 elvar wovotovixy (610 yLvéuevo)
T6TE AL UOVOV av ElvaL YWELOTA LOVOTOVLXH).

x6.5. Ocwpolye Tpelg emaywywols yweoug Pi, Py xou . M anewxévion
m: P x Py — @ elvou yoplotd aptbuioipa cuveyris (separately, countably
continuous) av yia xé6e 1 € Py, n anewdvion (22 — w(z1,22)) otov Py elvan
aplburoluo cuveync, xat oLUUETEXE Yot xdBe xo € Ps. Aelle 61t n 7 elvon
apLbunolua cuveyric TéTe xal uévov av elval ywpelotd aptBurolua cuveynhs.

6.36. OpLowés. To otoyelo M elvon peyiotixd (maximal) tou cuvélou S
otov uepxd Slatetayuévo ydeo P, av to M eivow yélog tou S xal xavéva
uéloc Tou S Bev elvar yeyahVtepo,

MeS& (Ve € )M < z= M = z].

To otouyelo m elvon ehoytotixd (minimal) tov S av elvow puéloc tou S %o
xovéva uéhog Tou S dev elvar wixpdtepo,

meS& (Ve e Sz <m=x=m)].

x6.6. Na Beeic 010 ydpo touv Awaypdupatog 6.2 xdnoto urtocivolo S nou va
Exel peylotxd otoyelar alhd va uny €xel UEYLOTO, XAl XATOLO GAAO UE EAoyL-
oTxd otolyela, ywpelc eNdyLoto.

*x6.7. Kdfe nenepacuévo, un xevé unocvvoro uepixd dlatetoyuévou yweou P
EYEL TOUNAYLOTOV €V UEYLOTIXO Xat Vo EAAYLOTIXG GTOLYELO.

x6.8. 'Evag nenepaocuévog, uepxd datetayuévog yopog P elvon emoywyixdg
av %ot LOVov ov €xel eENdyLoTo GToLyElO.
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M onuavtx évvola g TANeogopxng elval auTh Tou peluaTog, T.Y. TO
pedua Twv Pngploy oe éva apyelo mou petadideton and tov CYBER tou ITavem-
otnuiou AOnvdyv oTov utoloyleTh Tou omtiol pov, oto PdAneo, yéoa and Tig
tnhepovixég yoouués. To pedua elvar Baoixd axohloubla, aAld unopel vo elvat
dretpn, 0TV LBAVLXOTOINUEYY TERITTWON TEQUATLOUEY), oy Enelta and éva Gu-
yxexpluévo otddlo to Pnelo EOF (téhoc tou apyeiov) gtdvel oto Pdinpo xat
o unoloytothic pov &pel bt éAnge n uetddoon 1) nuitedrc, av énerta and xd-
nolo 6Tddto ta Ynela mddouv va €pyovtar, ywels npoeldonoinon, lowg enedn o
CYBER méfave # eneldd 1 thegwvixs 6lvdeon dtaxdmnxe. 0

6.37. Opiowds. T xdbe olvoro A, Sahéyouue xdnowo t ¢ A (lowg o avtt-
xetpevo r(A4) g (3-4)) xou opilouue ta pedpata (streams) and to A wg e€hc:
Streams(A)
=op {0 : N = AU{t} [ (Vi <j)o(j) | = [o(i) | &a(i) #t]]}.
To gedua o elvar Tehetwpévo (terminated) ¥ ouyxAivov (convergent) av yio
xdmowo n, o(n) = t, ondte and Tov opiowd Domain(o) = [0,n + 1) dnelpo av
Domain(c) = N- xou nuetehég (stalled ¥ unterminated) av 1o Domain(o) elvon

TENEPAOUEVO, apyxd Tudua Tou N aldd 1o o dev malpvel TV TepuatixXy Tl t.
To dretpa xo tar nuLtehf peduota poall xahobvtal amoxAivovta (divergent).

x6.9. T xdBe olvoro A, 10 6Uvolo twv peupdtwy Streams(A4) elvon emayoyL-
%6 Y Gpog ue ™ puolxy, pwepxt] Stdtaln T, mou opiletat, dnwg xal otig Aéelg,

OET =g 0 CT. (6-22)
IToo elvan tar ueyLoTIXd GTOLYELL AUTOY TOU Y DPOUL;

x6.10. H napdbeon (concatenation) o * 7 800 pevpdtowv optletou étol dote
av 1o o elval anoxAlvov, téte o0 * T = 0 %ol av 10 o elval ouyxilvov ye nedio
optouol [0,n + 1), t61e
1< n— ((I*T)(i) = a(i), (O'*T)(n + z) = T(z)
AcelZe bt n * elvan cuveyhc ouvdptnor (300 uetaAntdv) oto ydeo Streams(A).
To mhigec Oedpnua Erdytotou Xtabepod Xnuelov urnopel va anodeiytel ed-

OO YLt To SuvoocVvoa:

*x6.11. 'Eotw yovotowxd anewdvion m : P(A) — P(A) oto Suvapocivoro tov
A. Acl&e 6t to clvolo

A% = (V{X | 7(X) € X}
elvat o ehdiytoto otabepd onuelo g T, xou ToO

A, =UX [ X cr(X)}

16T v modue tny alfifele, o CYBER éyel neBdvel tavtehdg and v npdtn éxdoon autdy
TV INUELOCEWY, aAAE axdun xar ofuepa, ot olyypovol unoloylotég xal ol otabepdtepeg
MAEQWVIXES YPoUUES oG EYXaTalElTouY Uepixés popéc.
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elvar to péyloto otabepd onuelo e .
Ta endueva ueptxd TpoBAAUATO dPopoUY «aAYOPLOULXESH EQUPUOYES TOU Xu-
veyoug Oewpfuatog EXdytotouv Ytabepod Xnuetov.

x6.12. T %&b dwwelf oxéon R C N x A, undpyel eAdyLotn uepixs; ouvdptnon
f:NxA— Nmovu éyel tg 1dLdtnteg

{ R(n,z) = f(n,z)=n,
-R(n,z) = f(n,z)=f(n+1,2),
oL ETMOUEVWS
f(n,z)| <= (3Im >n)[R(m,z),
f(n,2)]] = f(n,z) = o eNdytotog m > n tétooc dote R(m, ).
x6.13. I xdfe TtpLdda pepxdy ocuvapthoewy fo, g, h ue medla oplopod xat

TGOV TETOLL HGOTE OL EMOUEVES TALTOTNTEG VoL £Y0UV VONUA, UTAPYEL EAGYLOTY
uepxh ouvdptnon f : N x A — E nov wavonotel tg e€iodoelc

f(0,z) = fo(z),
f(n + 17%) = h(f(nag(n’ x))7 n, .’E)

x6.14. AciZe bt undpyet axplBag wla (odweh) ouvdptnon f : N x N — N nou
weavorolel Tic eElohoelc

f(0,n) = f(n,0) =0,
f(n+17m+1) :f(nam)+1'
Yrohéyioe v nuq f(5,23) yenowwonoldviag autée Tig TauTtdTNTES Yo «e&H-
ynoe» nowa elvan M 1 f(n, m), yla tuydvia n, m.
6.38. OpLowds. Y10 olvoro E* twv Miewv (nencpacuévey axohovbldv) and
éva abvolo E mou oploaue oto 5.30, opilovye Tic Yepixés GUVARTHOELS
head(u) = u(0), (6-23)

tail(u) = (u(l),... ,u(lh(u) — 1)). (6-24)
TMapatnefiote 6t head(u) | av Th(u) > 0, xou tail(u) elvor nédvta opiouévn, ahhd
wag Slver Ty xevh Aé&n av lh(u) < 1.

x6.15. Acile 6t undpyel axpBods ula oAy cuvdptnon r : E¥ — E* tétola

Hote
u, av lh(u) < 1,
r(u) = :
r(tail(u)) * (head(u)), av lh(u) > 1.
Yrohéyioe v wuh r((a,b, c)) xou ddoe yevixd «eptypaphy tng popghc tng
Thc r(u), i TuYdY u.
x6.16. I %dbe ypdgpnua G, n yetafatixny xhetotétnia = elval n ehdylot

(wg mpog Ty C) yetaPotixd, oyéon oto 6ivoho G nou MepLéyEL TO GUVONO OXUAY
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x6.17. T xdfe ypdgpnua G ue oyxéon axudv —¢g, 1 vetaBoatxr xAewetdTnta
= elvou 10 x0wvd eNdytoto otabepd onuelo Twv &g LovoTOVXAOY TENEGTHY
o710 XHpo P(G x G) 6oy 1y Sluehdv oyéocwy Tou G:
m(R) ={(z,y) |z —c yV (32)[z —¢ 2&(2,y) € R},
m2(R) = {(2,9) | & —a yV (32)[(2,2) € R&z —g o]},
m3(R) = {(z,y) |z =g y V (32)[x —q z —a Y]
V(3z,w)[r =g z& (2,w) € R&w —¢g yl}-

x6.18. YroOétouue 6Tt oL Py, Ps elvar enaywyixol ydpot, xat ot

7r1:P1><P2—>P1,
7T22P1><P2—>P2

elvar povotovixés, oplburiolua cuveyelc anewxovicelc oto ywvouevo Py X Ps.
AelZe 6t undpyet axpBode éva Lelyog ENdyLoTwY apolPalwy otabepdy or-
uwelwv (least, mutual ¥ simultaneous fixed points) z7, =%, nou yopaxtneileton
and tig e€hg 8tdnrec:

71-1(1‘15"32) = xTa WQ(Ifax;) = I;,
m1(y1,y2) <1 91 &ma(y1,y2) <2 yo =] <1 y1 & x5 <3 yo.

To embuevo mpdBAnua elvar adyoplButxy exdoyn tou yvwaTol anoteAéouo-
toc g aptbuobemplac, 4t yia onolouadinote Quoxolc aplbuolc n,m # 0,
urdpyouv (Betixol ¥ apvnuixol) axépatol a, B tétolol Gote

und(n, m) = an + Bm.
H anddelén ypetdleton pepixég amiéc t8L6TNTEC TOU GUVOAOU
z={..,-3,-2,-1,0,1,2,3,...}
TV axépalwy optiudy.
*x6.19. Yrdpyel axplBog éva {edyog ueplxdv cuVIpTRoE®Y
a:NxN—-Z, [B:NxN-—=Z,

ue xowéb nedlo optouol {(n,m) | n,m # 0}, xoL oL onoleg xavomoLoly yio dha
o n,m,k > 0 g axdiouvbeg e€loboeLg:

av n #m, téte a(n,m) = B(m,n),
a(n,n) =1, B(n,n) =0,
a(n,n+k) =a(n, k) — B(n, k), B(n,n+k)=0(n,k).
Ipoxdntet 61 yio 6houg toug puotxolc aptbuoie n,m # 0,

und(n, m) = a(n, m)n + B(n, m)m.
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x6.20. Bpec axepalovg o, 8 € Z dote
33 = 231la + 1650.
Enfone Bpeg axepatoug o/, 3 € Z dote
1=137a" 4+ 9975".
6.39. Opiowds. [Na xdbe nenepaouévn pepx) cuvdptnon g : A — E, n yeu-

tovid (neighborhood) mou xafopiletar and v g oto ydeo (A — E) eivan 1o
clvoho

N(g) =0 {f: A= E|gC f}
6hwv 1oy enextdotwy g g. To otvolo G C (A — E) elvar avowxtd 6Tny
tonohoyia g xatd onuelo olyxiiong (pointwise convergence) av

f € G=(3g, nenepaouévn)[f € N(g) C G].

x6.21. Acife 6t 1 ooyévela TV avoxtdy cLVEAwY 6To YWeo (A — E) xatd
tov Optoué 6.39 elvar tonoloyla xotd to 4.30, xou pia anewxdvion

7:(A—FE)— (B— M)

, L . , [ , , ,
elvar ouveyRc o’ auth v Tomoloyia xatd tov Oploud 6.25 téte xou ubvov av
elvan ouveyng xatd tov 6.22.

6.40. Opiopds. 'Eva untoctvoro G C P enaywyxol yodpou elvat Scott avor-
%76 av (1) 10 G elvar xhelotd Tpog Ta TV, SnhadA

reG&r<y=—yedq,
o (2) v xdBe un xevh ahvoida S C P,
supS € G= (Jz € S)[z € G].

*x6.22. Aclle 6TL 1 owoyévela TV Scott avotdy uTooUVOALY ETAYWYLXOU
y®eou P elval Tonoloylo.

*%x6.23. 'Eotw anewxévion m: P — @ and évav enaywywxd ydeo P og xdnolov
dhho Q. Aceile 611 n 7 elvar ouveyfc oTig oyeTixés Tonoloyleg Scott, tdte »ou
wovov av elvatl uovotovixy xau yia xdbe un xevi advoida S C P,

m(sup S) = sup «[S].

YTOAEIEH. 'Towg va cou gavel yphiowo va anodellelg xal va ¥pnollonolfoeLg
T0 Yeyovdg 6T yo x8Be ¢ € P, to obvodlo {z € P |z < ¢} elvan Scott xheiotd.

*x6.24. 'Eotw anaptBunté cdvoro A xou anewdvion m: (A — E) — (B — M).
Aelle 6T n 7 elvan ouveyhic (xatd Tov opiopd 6.22) téte xa ubvov av elvol
ouveyfic oxeTxd ue Tig Totohoyieg Scott otoug ydpouc (A — E), (B — M).

To Xuveyés Oedpnua Eldytotouv Ytabepod Ynuelov ouyvd dtatundvetal ylo
v xhdom Twv TAfewy xatd xatelfuven yodewy, Wiaitepa oe BBMa g [Iinpo-
popLxnc.
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6.41. Opiopds. ‘Eva vnooivoro S C P uepixd Satetayuévou yohpou P elvor
xatevBuvipevo (directed) av xdfe Ledyog otoyelwv Tou S éyel dvo @pdyua
670 S, dnhady
r,yeS= (Fz e Sz <z&y <z

O ydpog P etvar mMjprng xatd xatebBuveor B xatevBuvépeva thiens av xdbe
xatevfuvéuevo S C P €yel ehdytoto dvew gedyua. O ayyhxds épog directed
complete poset YU autolg toug Ydpoug cuvRbwg cuvtouedetal Ue o apyixd Tou,
dcpo.

x6.25. Kdfe alvolda oe pepixd Siatetayuévo ydpo elvat xatevbBuvéuevo c0-

voho, emouéveg xdbe xoatevbuvbueva mARpnc ydpoc elval emaywywxds xou to
OewpAuata Ltabepot Lnuelou toybouy yio xateuBuvdueva TAAEELS YHEOUC.

x6.26. T ko to olvoha A xav E, ou ydpor (A — E) xou (A—E) elvon
xatevBuvéueva TAYpeLC.

x6.27. H arewévion 7 : (A — E) — (B — M) elvaw ouveytic téte xar ubvov
av yia xdfe xatevbuvéuevo S C (A — E),

m(sup S) = sup «[S].
x6.28. To yvduevo (x6.3) Py x Py 800 ydpov mou elval mAfpelc xotd xoteld-
Buvon etvan enlone mAfpec xatd xatevBuvon.

*x6.29. KdOe anaptBuntds, emaywyinds ydpog elvor xateubuvduevo mhrieng.

Yy npaydotxSTnTa oL VVoleg Enaywyxds xou xatevfuvdueva tAriens elvau
woodlvapee v x8be anewxdvion m @1 P — @ and évav enaywywxd yoeo oe
xdmolov dhho, 1 e&lowon

m(sup S) = sup 7[S)] (6-25)
toyVeL o OAeg Tig un xevég ahuoideg S C P av xal uévov av toyvel ylo Ao
To un xevd xatevBuvéueva olvora S C P xal o yapaxtnelouds tng Scott
ouvéyelag oto x6.24 woylel xaL oty wepintwon mou to A elvon avanoapibunto.

OL anodelelc autdy twv anotekeoudtony Sev elvar amkég xat ypetdlovtol to
Allopa Emioync, Bh. ta HpofAjuata x9.22  x9.25.
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KAAA ATATETATMENOI XQPOI

7.1. Kald dratetaypévog ydeog (well ordered set) elvor évag ueptxd diote-
TAYUEVOS Y WDEOS

U = (Field(U), <v),
6mou N <y elvaw xahf| Sidtadn tov Field(U), dnhadf Sudtaln yeouuwd (olwud)
xat tétota dote xébe un xevé X C Field(U) va éyel ehdyloto péhog. Me 1o U
ouvdéetal enlong N awatney) dudtaln <y,

r<yy <:>opx§Uy&m7éy'

INa nopdderyua, to obvoko N tov guoxdy aptlBudy elvar xald Siatetayuévo ue
) ouvnblopévn Sidtaldn, dnwg entong xat xdbe nenepacuévo apyixd TOU TUHUL

[0,n) ={i e N|i<n}.

"Evoc quaxpitepocy xald diatetayuévog ydpoc, eivar o (NU {oo}, <), 6nov to
00 elvat xdnolo aviixeiyevo mouv dev avixer oto N nou Tonobetolye énetta and
6houg Toug guotxoic aptbuoic,

r<y & y=ooV[r,ye N&z <y

'Onwg mévta ue dounuéva obvoha, yevixd tautilouue évay xaAd Slatetoy-
uévo yweo U ue 1o nedlo tou, avagepbuaote ota onueia | uroolvola tov U
evvodvtag autd tou Field(U), o delxtng and ta <y xou <y mapaleireton dtov
evvoeltal, x.An. Xuyvd enlong xaholue autd Ta aviixelpevo anide Xdpoug,
6tay 10 «xaAd dtatetaypévoly elval mpogavés and ta cuugpaldueva.

Ta onuavtixdtepa anoteréouata oTa TEonyodueva V0 xe@dloia arodelyTn-
OV UE XATOLO GUVSLAGUS TwV B0 WEDY
avadpoutndc oplopds — EMaywytxy anddelén. (7-1)
Yy anhodotepn nepintwon, xdnota cuvdptnon f : N — E oplletat avadpoulxd,
xémoleg WL6TTES TN f amodelyvovtol emaywyixd, xot an’ auTég TEOXUNTEL TO
Bedenua mou pog evdiagépel. Tumxd napadelyuata elvar to Xuveyéc Oedpnua
Eldytotou Ltabepot Enuelou xal 1o Oedpnuo Schroder-Bernstein, mou 8ev avo-
pépovtar (pntd) oe avadpour, enaywyh | xav cuvapthoels oto N, ahhd Twv
onolwv oL anodeiéelc onwodhnote yenoluonolody autés Tig évvoles. Ltnpiéaue
v anddelén tov Oewphiuatog Avadgourc 5.6 xatevbelav oto Alwua Enaywyrg
TOV QUOXAY aplBudY, ahAd To Beuehaxd yeyovég  mou emdéyeTal YeVixeuon
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D o o e . e o e . o o

AIATPAMMA 7.1. H apyn evég xahd Swatetayuévou yohpou.

elvatr 6t to N elvon xakd diotetayuévo ye tn ouvnbiouévn tou didtaln. Edd
Oa yevixebooupe to 5.6 610 MOAG LoyUPdTEgO OEQPHMA YIEPIENEPAYME-
NHZ ANAAPOMHY 7.24, mou Suxarohoyel avadpoutxolc opiouolc cuvapTRoE®Y
f U — E pe nedlo opiopol évav onolovdinote xadd Statetaypévo yoeo U.
Madi ye to OEQPHMA HARTOGS 7.34 nou eyyudtat T Vnopdn yHemy «0covd-
ToTE Peydhou unxousr, to Bebdpnua Yrepnenepaouévne Avadpounc enttpénel Ty
avapopd ot Baowxd déa (7-1) oe neploTdoelc TOAY LoaxpLd ond TOug PUGLXOVS
aptbuove. Tumxn egapuoyt elvar To OEQPHMA Y TAOEPOY Y HMEIOY 7.35
%ol To mopLoUd Tov, To OEQPHMA EAAXIZTOY X TAOEPOY XHMEIOY 7.36,
nou elvon amhdg 1o 6.21 ywplc v vndbeon e aptbufolunc ocuvéyetac.

7.2. To cbvoro A elvar xahd dratddipwo (well orderable) av undpyet xohy
ddtagn < tou A, dnhadh av to A elvar 1o nedlo xdmolou xohd dtatetayuévou
y@pou (A, <). 'Eva and to xlpta cuunepdouota autold tou xegolaiov elvat 4t
o %A Satdéiua oUvoha cuuTeEpLpEpovTol xaAlTEpa and Tuyalo aUvola: Yyio
napddetyua elval ouyxploiua avd Vo wg tpog to Thibog, eite A <, BA B <. A.
H alifera eivon 611 dAa 1 oUvola elvar xaAd Statdéiua. Auté to anédeile o Zer-
melo to 1904, hovovtoag ue ula peyarogpur| xtvnon to tpdBinuo Buyxplotudtnrog
IIAnBapibuwy xat uio oelpd oLYYEVHOY TEOBANUATOY opardTNTAS Yia Ao Ta GU-
voha. Oa anodellouue to Oedpnuo Karfic Adtalne tou Zermelo oto enduevo
xe@dhato, agol eloaydyouue tepdTa to Aflwua Enloyrg oto onolo otnpiletat.
évtwe to pabnuatxd nepeyduevo tou ddonuou avtol Bewphuatog elvor to
dbpotoua v Oewpnudtny e Yrepnenepaouévng Avadpourc xat tou Hartogs:
10 Alwya Emhoyhc anhdg pog emtpénel Tny Evwon autdy twyv ddo.

7.3. "Aoxnon. Av 1o C eivar xard Statdéiuo xar A <. C, t61¢ xar 10 A eiva
xaAd Siatdéiuo.

7.4. 'Acxnor. Av 1o C elvar xadd Statdéiuo xar undpyet xdmolog emLuop@t-
oucs f: C — A, t6te A <. C xat emouévws 1o A elvar enions xard Siardéiuo.

7.5. Endpeva xal opraxd onuelo. Kdbe xard Siatetayuévog yodeog U potdlel
pe apywd tunua touv N oty opyr tou. Av dev elvar xevdg, mpémel va €yel
ehdytoto onuelo mou Tumxd to cuuPoAilouue 0 avtl yio L,

0 = Oy =op 10 ehdytoTO GTOLY ElO TOU UL (7-2)

Yo Awdypappa 7.1 euxoviletar W’ éva dompo tetpdywvo. Extédg and to uéyloto
(mov lowe undpyet, ouvABoc 6yL), xdbe z € U éyel éva apéowg enduevo onuelo,

S(x) = Sy(z) =op min{y € U | z < y}. (7-3)

Or tipée tng pepxic ouvdptnomne S : U — U elval ta endpeva onpeio (successor
points) touv U. Emniéov, o U unopet va éyel opraxd onueia (limit points) mou
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elvan peyoditepa Tou 0 ahAd byt endueva,
Limity (z) <=0 0 < 2 & (Vu < z)(Iv)[u < v < z]. (7-4)
Avtd exovilovtor e padpa tetpdywva oto Awdypauua 7.1. To mpdto oplaxd
onueto touv U ouvifBug cuuforiletat
W = Wy =ep min{z € U | Limit(z)}, (7-5)
av uTdpyet, Ta onuela TpLy and to w elvon T TENEpAcUEVA onela tov U xou
ta onpela Tou érnovton tou w (pall ye to w) elvan ta dnewpa onpeio tou U.

Av o ydpog U elvau dnelpog, t61e 1 ouvdptnon 7 : N »— U mou opileton pe v
avadpour

7m(0) = Oy = To eNdytoto wéhog tou U,
m(n+1) = Sy(n(n)),

pog Sivel pia avtiotolylo TV Quotxdy aplBudy ye ta Tenegacuéva onuela Tou
U nou oéfetan g dtatdietc.

(7-6)

7.6. ‘Aoxnon. I'ia xdfe vroovvolo I C U xald Siatetayuévou ydpov U, o
TecLoplouds

<1y <op T <y y&xaye-[
e <y oto I elvar xaldy dudtaly, éror mov to I eivar xadd Siatetayuévoc
X&pos w¢ «wmoydpos» tou U.

7.7. OpLowds. O xahd datetaypévog yopoc U elvor apytxd twhuwa (initial
segment) tou V', av 1o nedlo tou Field(U) elvon xhetotd mpog to xdtew unocivoro
tou Field(V) xau n <y eivaw o neproptopds tg <y oto Field(U):
ULV <=, Field(U) C Field(V) (7-7)
& (Vr,y € Field(U))[z <p y < = <y ¥]
& (Vy € Field(U))(Va <v y)[z € Field(U)).
pogavdc o V elvar apyixnd Tuiua Tou equtod ToU, T0 TETPUALEVO apyLxd TURUAL.

e xdfe y € V avuotoryilovue 1o YVHioLo apytxd TUiUa Twy onuelwy auotned
X4TW TOV Y,

seg(y) =segv(y) =0 {z €V [z <y y} C V. (7-8)

Eyohootixd, autd elvar to nedio Tou seg(y), addd n didtadh tou xaboptleton
an’ authy Tou V xou Bo avagepduaote oTa apylxd TUhUaTe, o cuvibng, ooy
v ftay amhd GUVOAQL.

7.8. 'Aoxnom. Av 10 0 elvar t0 eddyioto tou ydpou U, téte seg(0) = 0, xou
av 1o x € U éyet embuevo, téte

seg(S(z)) = seg(z) U {z}.

7.9. Igétaon. To ovvolo I eivar apyixd tuijua tov ydpeov U té1e xar udvov
avI="U, ij yia xdnow z € U, I = seg(x).
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ATOAEIEH. Ay I C U, éotw = = min(U \ I), étoL dote apéong
yeseg(z)—=y<z=yel,

xou opxel va Set&ouye

yel—y<z
yia vo ouurepdvoupe 6t I = seg(x). Hpog anaywyy ot dtono, av undeyery € 1
w€too mov y £ x, téte ¢ < y, dpa & € I agol to I elvar xhetotd mpog ta xdTw,
nou avtttifetor oty emthoy tou z. To avilotpogo elval tetpluuévo. a

7.10. "Aoxnov. H owxoyéveia tov apyixdy tunudtwy evés xald Siatetayuévou
XGpou elvar xadd Siatetayuévy ané tn oyéon C.

H yevoi Béa elvan va Bewprioovue évay xald Siatetayuévo ydpo U wg ye-
vixeuon g aptbuoceipde 0,1,2, ..., mbavéy uixpdtepn 1 lon oe ufxog ue to
N, tumxd mokd poaxpitepn. Ta ouyxexpiuéva otoiyela Tou U elval dvev onuoa-
olag: to ufxoc tng axoloubiog eivar autd mov yag evdagpépel. Eiodyouue edd
N YEVIXY| EVVOLA LEOUOPPLOUOY TOU GUGYETILEL HEQIXA JLUTETAYUEVOUS YMDEOUS
ue to (8lo oyrfua, émou To oyfua evoc xohd SlATETAYUEVOLU YMDpou elvol amAdg
TO «UA%0Sg» TOL.

7.11. Oprowés. Mia ouvdptnon m: P — @ and éva ueptxd SlateTayuévo yoheo
oe évav dhho oéfetat tig dratdielg (is order preserving) av yia Ghata z,y € P,
z<py <= n(z) <g 7m(y).

Opoiétnta (similarity) and to P oto Q elvon o avtiotolyio m : P —» @ mov
oéfetal g dtatdlels, oL av undpyel tétola oyoldtnTa xaholue toug P xor @

6upotoug (similar), toopoppuxots A apotfaio avtiypopa xal ypdpouue
P=,Q <o (In: P— Q)[n 7 clvar ogoténral.

IMopatneriote 6t dnwe mdvta v Sounuéva olvola, yedgouue m : P — @ yu

opolétnTeg avtl yia to oyolactixdtepo 7 : Field(P) —» Field(Q).

7.12. 'Aoxrnor. Kdbe ouvdptnon m : P — Q and éva uepuxd Statetayuévo

x&po oe xdrotov dAdo mov oéfetatl tic Statdéelc elval uovotovixijs aAdd undp-

XOUV UovoTovixés ouvaptrioeic mov Sev aéfovtar tic Satdieic.

7.13. 'Aoxnor. H ouvdptnon f: P — Q oc yoauuixd Statetayuévous yeeoug
P xar Q oéBetar ti¢ datrdéeic t6te xar udvov av elvar avoTNed (LOVOTOVLXY,
onAadi av
z<py=f(z) <q f(y)
énetat 6Tt xdbe ouvdptnon oe xadd Siatetayuévous ydpous mou céfetar Tic
Siatdéeic elvar avotned HoVOTOVIXT, Xal ETOUEVWS UOVOUOPPLOUSS.
7.14. 'Aoxnon. ['a éloug toug uepixd Statetayuévous ydpovs P, Q, R,
P =, P,
P=,Q=Q=,P,
P=,Q&Q =, R=—P=,R.
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AIATPAMMA 7.2. O enduevoc ydpoc tou P xat o Succ(N).

7.15. Afuupa. Kdfe uepuxd Siatetayuévos ydpos P mou elvar duotoc ue évay
xadd Siatetayuévo ydpo U, elval xar o (Sio¢ xadd Statetayuévog.

AnoAEIEH. Av ) # X C P xou 1o p € U elvan 10 <y-ehdytoto péhoc tng
eévac m[X], 161 (edxoha) To x = 7 1(p) elvon t0 < p-ehdyioto Tou X, enerds
n 7 oéPeton Tic Satdielc. -

Elvat e0xoho va xotaoxeVdGoUUE XOAG SLATETAYUEVOUS Y MDEOUC dpXETE UeYd-
hou ufxoug, apyilovtag ye tov N xou Ta nenepacuéva Tou apyixd TURUATA XAl
e@apubloviag Ueptxolg Puotxols TEAEGTES TV GTOUG UEpXd SLaTteTaylévoug
YOeoue, mou divouv xald Statetayuéva ATOTEAECUATA OE XAAS SLUTETHYUEVES
TWESG TV YETABANTAOY Toug. Oewpolue e3¢ ubVOo Evay ATAG XAl YoEAXTNELETIXG
TETOLO TEAEGTY), %Ol APAVOUNE TOUG JANOUS Yla T TEOBAAUATA.

7.16. O endpevog Succ(P) yepxd Satetaypévou ydpov P xatacxsudleta
npochétovtag éva xaLvolplo onuelo thve arn’ dha ta onuela Tou P. Xuyxexpl-
uéva, uropolue va tpochiécouue oto medlo tou P to aviixeiuevo

tp =o¢ r(Field(P)) (7-9)
mou dev avixet oto Field(P) olugwva ue to 3.11, xau opilovue
T Ssuce(P) Y oo T <pyV[rec Pky=tp]Vz=y=tp. (7-10)

Av 1o P elvau nenepacpévo ue n onuela, téte o Succ(P) éxer n+ 1 onuela, xou
udhtota (evxoha) Suce([0,n)) =, [0, (n+1)). And v &\ peptd, o Succ(N) el-
vau dnelgog, anaptBuntdg adrd «uaxpvtepoc» Tou N, éyel uéyloto onueio auéong
eMdve am’ 6Aoug Toug Qualxovg apLbuoic.

7.17. "Aoxmon. Av P =, Q, tdte Succ(P) =, Succ(Q).

7.18. "Aoxmom. O enduevoc Succ(U) xdbe xadd Siatetayuévouv ydpou U elva
xadd Statetayuévog.

M’ autd tov teheoty| ToL enduevov, unopolue va Bewprioovue xdbe xohd Sto-
TETAYUEVO YDpOo ¢ apytxd Tufua xdmolou dAlou,

U = segsucc(v)(tv) T Succ(U). (7-11)

7.19. Opiowés. Mo anewxdvion, m @ P — P and éva yepxd dtatetayuévo

XGpo 6ToV £aUTS TOL dMho elvar emexTaTiXy| (expansive), av v xébe z € P,
z < m(x).
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7.20. Oedpnua. Kdbe uovouoppiouss m : U — U and évay xadd Siatetay-
uévo ydpeo otov eauté tou mou oéfetar T Stdtaly elval emexTATINGC.

AmnoarizH. Ilpoc anaywyy oe dtono, éotw m : U — U povouopgiouds mou
oéBeton ) didtaldn, ahh& v xdnowo z € U, w(z) < x, xou éotw

z¥ =min{z € U | m(x) < z}.

Suvdyovpe 6t w(z*) < x*, dpa w(m(z*)) < w(z*) agpol o povouoploudbs T
oéfBetal ) Sidtaln, xal auTd avIixpovel TNV emAoYY Tou x*.

7.21. Ilépropa. Kaveic xald Siatetayuévoc ydpos Sev elval duotog ue xdnoto
ané Ta yviola apyixd ToU TUUATA, Xal ETOMEVDS SLapopeTixd apyixd TUufuaTa
Tou (Biou ydgou Sev elvar moté duota.

AnoAEgi=H. Kébe opotbtnra m: U —» seg(x) elvar yovouoppioudc and 1o U
oto U nou oéfeton 1 Sdtaly, xal enopéveg dev unopel va toydel n w(z) < =,
ané To Oedpnua. -

Enedn xahd datetaypévor ydpot unopel vo €xouv oploxd onueia extéc Tou
0 xou Twv enduevey, elval euxohdTERO Vo YEVIXEVGOLUE 6 autolc T apyég
anddeléng ue mAfon enaywyr xal oplouol ue mAren avadpeour.

7.22. Oedpnua Yrepnenepacwévng Enaywynds. o xdbe xadd dtatetayuévo
xépo U xat xdfe uovouelr; optatixij ouvhixn P,

av (Vy € U)[(Vz < y)P(z) = P(y)] téte (Vy € U)P(y).

AnoaEi=H. Ilpoc anaywy oe dtono, unobétouue v dpvnor tou Bewpruatog
xot Bétovue
Yy =op min{y € U | (Vo < y)P(z) & ~P(y)};
n undbeon ouverdyetar P(y*), mou avtitibeto oty emhoy? tou y*. -

Ye modhég egapuoyée elvou e&lcou edxoho va anodelfovue (Vy € U)P(y) ue
anaywyh oc dtomo, xatevbelay, enavohaufdvoviag oty oucla to emiyelpnua
tou 7.22. E&optdtar and 1 Sour| tng mpdtaong mov Hélouue va anodet&ouvue
%ol T660 Yag EVoyAolv ol Aoyixol umohoyiouol ue apvntixée mpotdoel. Oa
ddoovue mapadelypata xat twv dVo uebbédwv. Ilapatnerote bt o tepatddng
(adh& xabepwpévog) dpog wnepnenepacuévy yenotponoteltol eneldh o U unopet
va elvar paxpVtepog Tou N, adld 1o Oedpnua Befalws toydel enlong étav o U
elvan menegaopévoc 1 duotoc e tov N.

To enduevo Mjupa etval 1o xAewdl yio Ty anddetdn tou Bepehiaxol fewphiuatog
Tou To axoloubel.

7.23. Adppa. ‘Eotw U xald Statetayuévoc ydpog xar h: (U — E)xU — E
ouvdptnon rou avtiotory(let oe xdbe ucpixij ouvdptnon and to U oto E xat
oe xdbe ototyeio tov U éva otoryeio tov E. I xdfe t € U, undpyet axptfBiic
ula ouvdptnon

ot :seg(t) — F
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mou Lxavomolel TNV TAUTOTNTA
oi(x) = h(oy [seg(z),z) (z <t). (7-12)
ATNOAEIEH. Me Ynepnenepaouévn Enaywyt, Seyduoaote bt yia »xdbe u < ¢
undpyet axpPde ula cuvdptnomn o, : seg(u) — E tétowa dote
ou(z) = h(oy, [seg(z),z) (z<wu). (7-13)
H enaywywd undbeon dev ngoopépet tinote av t = Oy elvan to ehdytoto tou U,

oal& ¢’ auth Ty nepinTwon To cuunépacua elval Tetplupévo, BéTovtag og = 0.
Av t = Sv elvon enbuevo otowyelo otov U, Bétovue

o1 = op U{(v,h(0y,v))}.

Tdépa 1 (7-13) toylel v xébe z < v and v enaywyixh unébeon o enlong
toyVeL Yo To & = v and 1ov oploud. o v tedevtala mepintwon émov to ¢
elvan oplaxd otolyeio, ypetalduaocte Eva

YroMjupa. To olvoro ouvaptiioswy {0y, | u < t} elvar atvoiba oty oyéon
C, 8prady

z<u<v<t=o,x)=o0,(z). (7-14)

Anédeiln. Tlpog amaywyt o dtono, é6tw = ehdytoto tt0l0 OGTE Vo Unv
toylel n (7-14) yo xdmota u < v < t. Autd onualver bt

0. [seg(r) = o, fseg(m),

%o EMOUEVWS, and TN Baoxy TAUTHTATO TOU LXAVOTOLOVY OL Oy, Oy,

ou(x) = h(o, [seg(z),x)
= h(o, |seg(z), )
=0y,(),
Tou avTxpolel TNV undbeon Yo To T. 4 (Yroliupa)
Oétouue tdpa
o =UJ{ow | u<t}
n o1 elval cuvdptnom pe Tedlo oplopol to apytxd Tuiua seg(t) and 1o Yrodjuua,
xat ixavorotel Ty (7-12), agol yia xdfe x < t,
oi(z) = oyu(x) vl xdmoto u 6mov z < u < t,
= h(o,[seg(z),z) and v emayoyw] vidbeon, agpold u < t,
= h(oy[seg(z),z) ened o, [seg(z) = oy [seg(x)
and Tov 0pLoUb TOU O%.

Auté Betyver v Onapén g oy, %ot N LovadixdTNTd Tng elval Teo@avAg UE
Yrepnenepaouévy Enaywyd, and v (7-12). 4
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O o o o o' A .

AIATPAMMA 7.3. YTEpnenepaouévy TpoyLd ETEXTATIXHG ANELXOVLONG.

7.24. Oedpnua Yrepnencpaowévng Avadgouns. [ia xdbe xaAd Siatetay-
uévo ydpo U xat xdfe ouvdptnon h : U — E) xU — E, undpyet axptfdc ula
ouvvdptnon f : U — E nou ixavonotel v tautétnra

f(2) = h(fIseg(a),z) (z€U). (7-15)

AnoaEI=H. 'Eotw Succ(U) o enduevog ydpoc tou U, pe 1o onuelo t = ty
oTNY xopuyt|, axelBdg Tve an’ dha ta onueia Tou U. Opllouue tny enéxtaom
K : (Succ(U) — E) x Succ(U) — E Tov h, ue

W (o)) = { h(c|U,z), av z € U,

*

e, dtapopeTind, Snhadh av z = ¢,

6mou to e* elvar xdnolo otoiyelo tou E, dvev onuoctac. H ouvdpetnon b/ éyel
T0 xatdAinho nedlo oplopol yia va egapubéoouue 1o Anuua oto yoeo Succ(U)
xou oty (B, 6Tl segguce(wy(t) = U. Autd pag Sivel yua 1o onuelo t oty
xopueR, axpPde ula ouvdptnon f = o : U — E mou wavonotel Ty (7-12) yia
xdbe x € U. -

'Towg n anhobotepn, un tetplupévn epopuoyy Yrepnenepaouévng Avadpourc
Vol elvall 7] XOTOOXEVY] UTERTENEPAOUEVODY TROYLAV Lo ATELXOVIOELS EVOG ETAY®-
Y00 uepxd SlaTeTayUévou Ydeou aToy eautd Tou. Bewpolue TpdTa TN Bactxy
TEPINTWON ULOG EMEXTATINIS AMEXOVLONG, ®aTd Tov opLtoud 7.19. Ouenextatinég
anexovioelc oyetilovial e Tig ovoTOVIXES TOU UEAETACAUE OTO TEONYOVUEVO
xepdhato, aAd ou %o évvoleg dev ouunintouv. H otabeph anexdvion (X — 0)
oto P(N) m.y. elvan mpogovdc povotovixd ahhd byt emextatixh, evd 1

XU{l} av0e€ X,
7r(X):{Xu@} av0¢ X

elvan emextatind ahhd (edxola) dyL povotovied. Tlap’ 6ha autd, anotehéouata
YLOL EMEXTATIXES AMELXOVIOELS GUY VA UETAPEdlovTal 6 GLUYYEVY amoteAéouota
YL LOVOTOVIXEG AMELXOVIOELS.

7.25. Avjuupa Eravdindne. ‘Botw m: P — P enextatixij aneixdvion xdmolov
emaywyixoU ybpou, xat éotw U xald Siatetayuévos ydpoc. Yrndpyet axpifdc
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ula ovvdptnon o : U — P ue t¢ eéijc tbidtnreg:
o(0) = 1,
av z = S(y), t61€ o(z) = w(o(y)), (7-16)
av Limit(z), t6te o(z) = supp {o(y) |y < z}.
EminAéov, autrj n o elvar uovotovixt ané tov U otov P, dniadij
z<y=o0o(zx) <po(y). (7-17)
ATIOAEIEH. Oui6tnteg oty 7-16 oyedbv anoteholby optoud ng o Ue UTEPTE-
TEpAGUEVY avadpour), U6Vo Tou 1) oglaxy tepintwaon Sev Exel vénua av To alvolo
{o(y) | y < z} dev elvar advoida 610 P. T vo xakboupe outd to evdeyduevo,
optlovue ™y o e v eic epaproyn Tou Oewphiuatog 7.24:

J—a av r = O,
m(o(y)), av z = S(y) yia xdnowo y,
o(z) = { supp {o(y) | y < z}, if Limit(z)
& (Voy < z2 < z)[o(21) <P 0(22)],
1, aALdE,

6mou < = <y elvar 1 xahn dudtaln touv U, énwe xau o1t dtotinwon tou Bewph-
HATOC.

YroMjppa. o xdfe x € U,
1 <z <z=0(z1) <p o(z2). (7-18)

Andébeiln. Aeydbuevol Ty dpvnor mpog anaywyh ot dtomno, E6Tw T To ENAYL-
oto otov U yia to onoto 7 (7-18) 8ev toylet. Aol n (7-18) aknbelel tetpiupéva
6tav z = 0 elvon 1o edytoto tou U, undpyouy udvo 300 TeptntdoEeLg TOU TRENEL
vo €€ TAO0OUYE.

IepmTosH 1. 2 = S(y) elvow enduevo onuelo. 'Eotw z1 < 29 < 2. Av
xo <y, t61€ o(x1) <p ( 2) and v emhoyy| Tou 2. To uévo diho evdeyduevo
elvan étL g = x, alN& 161 o(x1) <p o(y) and v emhoyR Tou = mEAL, xou
o(y) < w(o(y)) = o(z) and v enextouxdinta e 7. Enouévac n (7-18)
Loy Vel Yo TO &, Tov elvon dtomo.

[MepPmTOSH 2. To z elvon oplaxd. And tny emhoyy| Tou z,

1 < 22 < x=0(z1) < o(z2), (7-19)

€10l GoTe Yo vo Tdoovue o dtomo, apxel va delovue bt

z1 <rz=o0(r1) <p o(x).

Auté oylel emeldh and tn cuvenaywyh (7-19) xou tov oploud g o, éneton
auéows 6t o(z) = supp {o(y) | y < x}. = (Yrohfuuo)
To anotéheoua cuvdyetal and To Ymohfuua, mou eldixdtepa delyvel 6Tl 1
TEPITTWON AMOC» SV AVaXVUTTEL GTOV UTOAOYLoUS NS 0 and ToV 0ploud Tne.
H vunepnenepaouévn twpoxd o : U — P wnc anewdviong m : P — P mou
eyyvdtow to Afuua Enavéindng elvat npogavde enéxtaon e tpoytds (n — x,)
nou oploaue oty anddelln tou Luveyole Oswpiuatog EAdyiotou Mtabepot
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O, o1 o1 | I L3 L3 u;

Oy 09 09 S | D (D) (D) . , (D) (D)

AIATPAMMA 7.4. Toptpéto apytxnc opoldtntoc.

Ynuetov 6.21, Touldytotov av o ybeog U elvan poxpidtepog tou N. Eivat éva
ané ta gpyadela Tou yenolwonotodue TNy anddelén tou Oswpuatog Xtabepol
Ynuetov, g e&ig:

7.26. IIpooy€dro anddelng. Ac unobécovue 6Tt yio xdmotov enaywyixd ydpo
P, ynopolue va xataoxeudoouue €vay xohd Statetayuévo ydeo U tétolov dote
v uny vndeyet povouoepiousés o : U — P. Edudtepa, N UNERTENEQAOUEYY
teoytd o : U — P tou Afuuatog 7.25 Sev unogel va elval povouopgLouds, xat
emouévac undpyouy z < y tétola Gote o(x) = o(y). H povotowxdinta g o
OGLVETAYETAL OTL
z<u<y=o(z)=oc(u),

t0 z éyel enduevo agol dev elvan To uéytoto tou U, z < S(x) < y, xot enopéveng

o(z) = o(Sz) = n(o(x)).

Me dAho Aéyio, to onuelo o(x) elvo otabepd onueto e .

‘Etot, v v anodeilovue 6t x8be enextonny anexbvion ™ 1 P — P oe
enaywyxd ydeo éxer otabepd anueio, apxel va deilovue bt yia xdbe olvolo
P, undpyet xdrotoc xadd Siatetayuévos ydpog U mou Sev uropel va euputevte!
éva-mpog-éva otov P. Autd elvar axpdg to Oedpnua Hartogs mou elvon o
enéUEVOS poc 6Toy0c. Ta va to anodelouye, TEENEL Vo UEAETHOOUE TP®OTA TO
TEORBANUA CUYXELGLUOTNTAS XAAE SLATETAYUEVODY YDPWY KOS TEOS TO UNXOC.

H euxdva Tou tumixod xakd diatetaypévou ydeou ato Awdypauuo 7.1 unodel-
YVEL 6TL TIPETEL VoL UTopoUUE var cuyxplvouue 800 ydpoug, va Toug «ZanhdeouUEey
Tov €va dlmha otov Ao, To eAdyloto Oy TOL TEMTOL AVTLXELOTA OTO EAAYLOTO
Oy Tov dAhou, to enduevo Sy (0y) aviixplotd pe to enduevo Sy (0y), To TedTo
optaxd onuelo wy Tou MEdTOL (v UTEEYEL) AVTIXELOTE UE TO Wy X.AT. UéXpLS
6tou e€avidioovue 6l ta onueto tou U 7 tou V. H avetnph anddoorn avutic
e Wéag elvar yevixeuon tov OewpAuatog Movadixdtntag Twv Quoxdv apLbh-
uov 5.4.

7.27. Opiopds. Apywx ogorétnta (initial similarity)
m:U—»nULCV

evog xohd SLaTeTayUEVOL YDpou Ue xdmolov dAho elval pio onoladinote ouoLd-
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e tov U e xdmnowo apyixd tuiua touv V. Av undpyel tétota apyLxn odolétnTa,
xohoVue tov U pixpdtepo-ioo o wiixog tov V, cuufohuxd:
U<,V =0 BICV)U =, 1. (7-20)
Enionc yedypouye,
U<,V =5, UL, VE&U #, V. (7-21)
Ané 10 7.9, %d0e apywf| ogotdtnta m 1 U »— V elvon opoldtnta elte ue o V
elte ye éva yviolo apyxd tufua touv V, dpa
U<,V < (FzeV)|U=,segy(z). (7-22)
7.28. Aoxnon. Avornm :U —V xawp:V — W elvar apyixés ouotdtnreg,
t61€ xat N obvbeor toug pm: U — W elvar apyixij ouoidtyra.
7.29. Ilpétaoy. I'ia dAouc toug xard Statetayuévous ydpous U, VW,
U<,U,
av [U<, V&V <, W], téte U <, W,
av [U<, V&V <, U], tdte U=,V.

ATIOAEI=EH. Mévo 7 tpitn ouvvenoywyh ypeetdletor anddelln, xat auth Guvd-
vetal ebxola and to 7.21, wc e€fc: H olvleon pm twv apyxdv opolotitwy
m:U—V,p:V — U nov gavepdvouv tnv undheon, elvar apyixr oyotdtnta
pr : U — U, x av dev frav empopproude, Ba gavépwve 6t o U elvor duotog

1e éval YVAoLo apyixd Tou Tufua, Tou elval addvato: dpa 1 pm elvol avitotolyla,
%o eETOUEVELE M T elvon enlong aviiotolyla. -

7.30. Ocdenua. H ouvdptnon m: U — V and évay xald Siatetayuévo ydpo
o€ xdmoloy dAdo elvar apyixij ouodTnTa, TOTE xaL Uovov av ixavormolel Tnv
eélowon

m(x) = mvin{y eV | (Vu<y x)[r(u) <v y]}. (7-23)

Anoari=H. Kdéfe apyuxd opotdtnra m @ U ~— V' elvon yovoupopgiouds mou
oéfeton Tig datders, dpa

(Vu <y z)[r(u) <y 7(z)], (7-24)
2O ETNOUEVWG

z = InVin{y eV | (Vu <y z)[r(u) <y y]} <y 7(z).

Egéoov n 7 elvon apyixh xat z <y w(z), undpyel xdnowo u € U tétol0 dote
m(u) = z. Av deytolue npog anaywyy ot dtono 61l z = w(u) <y w(x), cuune-
palvouvue auéowg 6Tl u <y x emeldR N T elvol yovouop@Louds Tou GEBETAL Tig
diatderc emopévoc m(u) <y 2z and Tov oploud Tou z, Tou elvar dtomo emeldn
z =7(u).

Avuotebgpwg, av n 1 U — V iavorotel v (7-23), t6te oéfetan tic Slotd-
Eetg, agol and v (7-23), u <y = m(u) <y 7(x). Aeyduacte npog anaywYH
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ot dtono 61 N exdva w[U] dev elvon apyind tuAue Tou V xou emhéyouue to
eNdyioto oto U tétoo dote va undpyer xdnowo y <y w(z), y ¢ w[U]. Ard v
emhoyy| tou z, w[segy (x)] T V xat autd to apyixd tuhua elval yviolo enelds
dev meptéyel 10 y. Apa vy xdnowo z € V, wisegy(z)] = segv (z), xou and vy
(7-23), w(z) = z. Buvdyetow 6Tt y <y z xou y € segy(z) = 7w[segy(z)], movu
elvon dtomo. —

7.31. Ocdpnua (BuyxprowwdtnTa xald datetaywévey xdewyv). a dlovg
toug xaAd Statetayuévous ydpous U, V, eite U <, V 1V <, U.

AnoagigH. To Bedpnua elvon tetpppévo av V = 0, cuvendg deydpaote 41t
t0 ehdytoto Oy undpyet. And 1o Oedpnua Yrepnenepaouévne Avadpouns 7.24
undpyet ocuvdptnon m : U — V nou wavorotel tny tautdtnta

miny{y € V | (Vu <y z)[r(u) <v yl},
m(x) = av (Jy € V)(Vu <y z)[r(u) <v y], (7-25)
Oy, aAhdc.

Eyohootixd, 86 epapudlovpe 1o Oedpnua 7.24 oty anewxdédvion h @ (U —
E) x U — E, opioyévn ue tov t0no

miny{y € V | (Vu <y z)[p(u) <v y]},
h(p,x) = av (Jy € V)(Vu <y z)[p(u) <v yl,
Oy, aAhdc.

Eeywetlovye tdhpa 8o neplntdoelg.

IepinTosH 1. INa xdbe x # Oy, n(z) # Oy. Auvtd onualver 6t 7 Sedepn
nepinTwon otov oploud (7-25) dev avaxintel, dpo N T xavorolel TRV TautdTNTA
(7-23) xou avoyxaotixd elvar apyixh opoldtnta and to Oedpnua 7.30.

ITepiiTosH 2. Ia xdrow a € U,a # Oy xou w(a) = Oy. 'Eoto a to
ehdyLoto tétoto otoyeio Tou U. Oewpolue Tov neploptoud

p = (m|segu(a)) : segu(a) =V,

o omolog wxavorotel Ty (7-23), dpa and 10 Oedpnua 7.30, elval apyixh opold-
wto and tov segy(a) otov V. Edixbtepa, 1 ewdva p[segy(a)] = wisegy(a)]
elvan apyed e Tov V- av Atav yviolo, téte m[segy (a)] = segy (2) yia %4~
moto z € V xaw and v (7-25), w(a) = z # Oy, evévtia oty emhoyy| Tou a. Apa
w[segy(a)] = V. Zuvdyetar 611 V =, segy(a), xou enopévag urdpeyet apyixd
opotétnta and to V oto U. -

To Oepehiaxd avtd Bedpnuo €xet mAnbodpa mtoploudtwy, uepxd ond ta onola
ailet va datundoouue auéows. To mpdto wag divel évay anid tedmo v ou-
yxplvoupe xakd Statetayuévoug ydpoug.

7.32. IIépropa. ['a dAoug touc xaAd Siatetayuévous ydpous U, V,
U<,V < (3r:U — V)[nr oéfetar Tig dratdierg].

ATIOAEIEH. Yrofétouue 611 undpyel xdmotog povouopgiouéds m: U — V mou
oéPetan g datddelg, alld (npog anaywyh oe dtono), U £, V, doa V <, U.
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"Enctou 61t V =, segy(z) yia xdroto z and v (7-22), xou enopévewg undpyet
aviietoyla o 1 V —» segy(x) tdpa 1 oOvleon p = o om : U — segy(x) elvow
uovouopplopbde mou oéfetat tig Statdlelc xat avtutifetat oto 7.20. =

7.33. Iépropa (Kahv Osperivon tou <,). Kdbe un xevi xAdon E xadd Sia-
TeTaYUEVWDY Ydpwy Exet < -eAdytoto uélog, SnAadi yia xdmow Uy € £ xar 6Aa
aU€el&, U<, U.

ATOAEIEH. H unébeon pag Sivel xdnoto W € &, xou av autég o W etvar <,-
ehdytotog oto &, tehewdoape. Av oy, 16t 1 7.31 cuvendyetal 6TL uNdpyouY

xohd SateTtayuévol ydpol 6tny xAdon £ mou elvol duolol Pe apyixd TURUTo
tou W, étoL mouv to 6lvolo

J=eo {z e W | (U € &)U =, segw ()]} (7-26)
elvar un xevd xou dpa €xer <pyr-eldytoto yéhog . Amnd tov oploud tou J,
undpyel xdmotog yweoc Uy € &€ tétolog dote Uy =, segw (), xau toyuptlbuaote
6t autdg o Ug elvan < -ehdiytotog oto €. INa va To anodetlouye, ue anaywyn
oe dtomno, éotw xdnotog U € &, Uy £, U- dpa U <, Uy =, segw(x) dpa
U =, segw (y) vl xdnoo y <w x, evdviio. oty emhoyy Tov .

Yug neplocdtepes eqapuoyYEg autol Tou Bewphuatog n xAdon £ elvat obvoho,
OLXOYEVELDL XOAG SLATETAYUEVODY YDP®Y, dANS UTdEYOUY Xal TEQLITMOOELS 6TOU
N Yevixdtnta e dotdnwone elvan ypRowun. Ily. undpyer < -ehdylotog xahd
dratetarypévog yhpoc Tou €yel oplaxd onuelo—ouyxexpiuéva, o Succ(N).

Me 6A\n auth v mpoepyaoio dev éyouue axdurn xataoxevdoel avanapiOun-
Toug xahd Satetayuévous yodpoug, xat dnuovgyeitat n utodlo 6t 6N’ autd To
Dewpfuata agogoly uévo meplepya avaxatoduata tov N. To enduevo devtepo
Oepuehiond anotéecua Tou xepalatov Eexabupilel Ty elxdva.

7.34. Oedenpa Hartogs. Yrdpyet opiotixde tedeotic x(A) mou avriotoiyi-
(et oe xdbe oUvodo A, évav xald Siatetayuévo ydpo

X(4) = (h(4), <x(w),
tétoov dote h(A) €. A, dnlady Sev vndpyer uovouopgpiouse m = h(A) — A.
EmirnAéov, o ydpoc x(A) elvar o <,-eAdyiotoc ue auth tnv diétnta, SnAadij
yia xdfe xadd Siatetayuévo ydpo W,

av W £, A, t6te x(A) <, W. (7-27)
ATIOAEIEH. ©étouue npdta
WO(A) =0 {U | U = (Field(U), <p) elvar xold diatetaryuévog xbeog
ue Field(U) C A}, (7-28)
'Eotw ~4 0 mepLoplopdc e opltotixiic cuvbixng =, oto WO(A),
UnaV = UV eWOMA)&U =, V.
Tpogavie 1 ~4 elvar oyéomn tooduvauliog oo WO(A). ©étouye
B(A) =op [WO(A)/~a] € P(WO(A)), (7-29)
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xau datdooovpe T xhdoelg Looduvapiag oto hA(A) and Toug «VTLTPOGATOUCY
T0UuC,

[U/NA] SX(A) [V/NA] —op U<, V. (7—30)
Auté éyel vonua, eneldh av
[U/~al =[U'[~al], [V/~a] =V /~4], x0 U <,V
wte U =, U <, V =, V. To yeyovég 6t n <x(4) elvat oy Sidtagn tou
h(A) énetor edxoha and tig yevixée Wétntec e <, xou and ta 7.31 xou 7.33.
Ialpvovtag v dpvnon twv 8bo mheupdy e (7-30) ouvdyoupe TV «@uoTnEh»
™me popen,
V<oU = [V/~a]l <y [U/~a] (U V € WO(A)). (7-31)
O Baoixéc WLbétnteg tou tekeoth Hartogs anoppéouv and to e&ic
Adppa. Tia xdbe a = [U/~a] € h(A),
segy(a)(a) = {[segu(z)/~a] |z €U} =, U.
Eiduxdtepa, xdbe yvijowo apyuxd tufua tov x(A) elvar duow ue xdnowo xald
Sratetayuévo U € WO(A), xat xdbe U € WO(A) elvar duoto ue xdroto yvioio
apxixd tunua tou x(A).
Proof. Acetyvouue npdta v todtnta
segy(4)(@) = {[segu(z)/~a] | z € U}.
Av B = [V/~a] <ya) a, 161 V <, U ané my (7-31), dpa V =, segy () yio
xdnowo z € U xat enouévae B = [segy(x)/~a]. Aviiotpbewe, yia xébe © € U,
segu (x) <, U, dpa [segy(z)/~a] <y(a) [U/~4] = @, ndh ané v (7-31).
INa va deigoupe Ty opoldtnto
U =, segya) (@) = {segu(a)/~al | 2 € U},
Bewpolue v anetxbvion p : U — h(A) pe
p(z) = [segu(z)/~al, (z €U),
mou elvat opotdétnta tou U ue v ewdva g p[U], enedi
T <yy < segu(r)L segy(y)
< segy(z) <, segu(y)
<= [segu(x)/~a] <y(a) [segu(y)/~al. = (Afupa)
Yrobétouue tdpa, mpog anaywyR oe dtono, 6Tt UTdpyEl XATOLOC LOVOUOEQL-
oubde
m: h(A) — A,
xat éotw B = w[h(A)] C A 1 exdva tou. O yovopop@pLouds m «viiypdpew Ty
xahf didtadn tou h(A) ot wa entong xahf ddtaln tou B,

r<BY <:>op Wﬁl(x) Sx(A) 7Tﬁl(y) (iL',y € B)a
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étoL dote to U = (B, <p) elvaw xahd Siatetaypévo urtocivolo tou A, xou and
oV 0ploud Tou,

U =, x(A). (7-32)

Ané to AMppa buwe, o U elvan duotog pe xdroto yvioto apyxd tufua tou x(A4),
xa enopévas U <, x(A), nou elvou dtono agob U =, x(A).

T va 8et&oupe v elaylotdtnta tou X (A), Tapatnpolue tpdta 4Tl yia xdfe
xohd Satetaypévo W, av W <, x(A), téte W =, seg,(a)(a) yia xdnolo
a = [U/~al, tétoo dote W =, U and 1o Afupa. Apa

av W <, x(A), t6te W <, A, (7-33)

epbo0v o (nedlo optopol tov) U eival untoovvohro tou A xot ot opotdtnieg elvon
uovouopgiopol. Ialpvovtag Ty devnon ot Twv dVo TAeve®Y,

av W L. A, téte =W <, x(A4)], »xou dpa x(A4) <, W. -

Oa mpotipovoaue Pefalng va anodelovue 6t A <. x(A) avtl Tou dethol
X(A) £. A, xou olyovpa avtd aknbedel, adhd 1 anddeldh tou ypeldletan To
Aloua Emhoyic. Ilpénet va nepiuévouvue Aiyo axdun uéypels 6tou eupoaviotel o
and unyavig Bedg 6to mpooxuvio.

Ou evoyhntixéc Aentopépeleg authc g anddeline mnydlouvv and to yeyovéc
6t 0 meploptopdc S g optotixiic cuvbhxne <, oto WO(A) dev elvar xodf
ddtagn, yio Tov TeTpLpévo Adyo 6Tl Bev elval avtioupueTel: mbavéy vo undpe-
youv dtapopetixotl, duotot, U, V € WO(A), xau Befaiwg tévta vrdpyouv av to A
€xeL ToLAEYLoTOY B0 PENN. Auté pag avdyxaoce va oploouue To h(A) wc odvoro
x\doewy tooduvaplag avil Tou Tohd arholotepou h(A) = WO(A). Teywxd, 7
oyéon Sa elvan xads mpodidtaln xar o&ilel Tov x6m0 va SlapocpOdoEL xavelc
auth TNV onddELEN HATWS SLUPOPETXE, UETE TNV ELCAYWYT AUTAS TNS £VVOLAG,
Bi. IpoPMjuata x7.17  x7.20.

O teheotic Hartogs unopel va yenoiwonowmnBel otny xatacxeur] yevxohv te-
AEGTMV TOU INfIMUM XAl TOL SUPTEMUM YLO OLXOYEVELES XOUAA SLATETAYUEVLDV
x&pwv (TpoPAuata X7.26 xau x7.27) ahhd €xer xor molkég dhheg evdiopé-
povoeg WL6TNTes. o mpddtn eapuoyy| Tou, yevixebouvue to Xuveyéc Oedpnuoa
Eldytotou Ytabepod Ynuelouv 6.21 oe un ouveyelc amewxovicelg, agol mpdTo
datundooupe To Oedhpnua Xtabepod Xnueiov, tou €youue BN anodellet.

7.35. Oedpnua Etabepot Enuetou(Fixed Point Theorem, Zermelo).!” Kdbe
emextatixy anetxévion w1 P — P oec évay enaywyixd ydpo €xel tovAdyiotov
éva otalepd onuelo, dndadij xdnow x* € P ixavonoiel tyv elowon

z* =m(z").

170 Zermelo Sev Siatinwoes 10 Oebpnua Ttabepol Tnueiou oe tétola yevxdtnua, xat yu
auté To Aéyo to Oedpnua xou Sudgpopa and ta moplopatd Tou €xouv amodobel xatd xapols
o€ petayevéotepoug Uabnuatixols. 'Ouwg 1 dldonun «pdty anddelln tou Oewpriuatos Ka-
Ajc Avdtalne mou é8woe o Zermelo to 1904 delyvel axpBis auté to Oedpnua, TeTpiruéva
TEPLOPLOUEVO GTNY e TERInT®WOY Tou Tov ev3Lépepe.
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AnoAEI=H. To emyelpnua oto 7.26 yperalbtoay uévo xdnoto xahd dwotetoy-
uévo xdeo U tétolov hote va uny undpyet povouoppioués o @ U — P, xal téhpa
éyoupe tov U = x(P) pe avthv axpBdg v dtdtnta. o
7.36. Oedpnuo ENdytotov Ytabepol Ymuelou (Least Fixed Point Theo-
rem). Kdfe uovotovixyj aneixdvion m : P — P oe enaywyixd ydpo éxet (axpr-
Boc) éva toyupd eddyioto otalfepd onuelo, Snladr urndoyet x* € P ue

m(z*) = z*,
(Vy € P)r(y) =y=2" <y,
nou emmAéov Exer tnv eijc, toyvpbtepn tdidTnTA:
(Vy € P)[n(y) <y=a" <y|. (7-34)

ATNOAEIEH. M npooextixy avdyvwon twy anodeileny tou Afuuatoc Eno-
véindng 7.25 xal touv Oewphuartoc Xtabepol Xnuelou 7.26 goavepdvel bt axpl-
Bdg 7 8o xataoxeuy] Tou oTalepol oNuelou Yio ULol ETEXTOTIXY ATELXOVLOY UG
divel enlone to eAdytoto otabepd onuelo ulag povotovixig anewxovione. Aev
UTdEYEL OUwS AOYOS Vo To xdvouue autd, agol To Bedpnua EAdyiotou Mtabe-
poVl Xnuetou elvan amhé méplopa Tou Oewpfuatos Ltabepod Xnueiov. H Baouxn
napatipnon elvol 6Tl xdbe povotovixn anewxdvion m elval enextatixy oe xdnoLo
eEnAyOYWS Utoydpo Tou P.

Oftouye

Q={zePlz<n(z)&Vy)r(y) <y==z <yl}
oL TAPATNEOVUE TEATA GTL O TEPLOPLOUOS
<e={(z,y) |2,y € Q&z <py}
e <p 070 @ elval pepx Sldtaln  autd toylel auTdUATA YioL TOV TEPLOPLOUS
e <p oe onotodfnote unoaivoro tou P. (Iapakeinovue toug Selxteg p xou g
ot ouvéyela.) Enlong 7[Q] C Q, enedy
z < 7w(z)=n(z) < w(r(z)),
o yLa xéfe y,
m(y) <y&z <y=n(z) <7(y) <y,

and TN LOVOTOVIXOTNTA TNS T. LUVETMOS O TEPLOPLOUOC

mq = {(z,7(z)) |z € Q}

e m oto @ elvon anexdvion 6to Q, eZaxolouvbel va elvat wovotovixy (Tpoga-
Vi) alhd elvor xau emextating, and tov optoud touv Q. o vo epapuboouue to
Oedpnua Xtabepod Enueiov 7.35 ota @ xou mo Hac Asinet uévo to e&fig

Adppa. O ydpos Q elval enaywyixde.

Andbeiln. Apxel va Seilouue 6Tt yio xdfe aluoida S C @, To ehdyloto dve
pedyuor M = sup S (nou urndpyet otov P enedf o P elvou emaywmyixdec) avixet
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AIATPAMMA 7.5. To dfpoiopa N+, N.

otov @, dhadh (1) M < (M), o (2) yia x8be y, 7(y) <y=—M < y. T«
70 (1) urohoyilouye:

zelS = z<M, enewdf to M elvan dvw @pdypo tov S,
= 7(z) < 7(M), eneldf n m elvonw povotovix,
= z <7(z) <w(M), emedfhz eSS CQ,

xaw enouéveg to (M) elvon dve ppdyua tou S xow M = sup S < w(M). To
(2) éneton and v mapatipnon 6T xébe y mou wavoroel v w(y) < y elvan
dve gedyus Tov Q (and tov oploud Tou @), oL ETOUEVEC AV QEdyHa TOu
vnoouvérou S C Q, dpa M =sup S < y. 4 (Afpua)

A6 to Oedpnuoa Xtabepol Xnueiov 7.35 tdpa, undpyel xdnowo z* € @ tétolo0
dote m(x*) = z* xou ) (7-34) woyder, Tohd anhd enedf * € Q.

H povaduxdtnta tou eAdylotou otabecod onuetlou elvon ngogavic: av y* elval
entong ehdytoto otabepd onuelo, téte ¥ < y* o y* < x*, w dpa ¥ =y*.

To yevixd Oedpnua EAdyiotou Ntabepod Xnuelov pog aneievbepdver and
NV ovayXT Vo EAEYYOVUE TN GUVEYELA ATELXOVIGEDY GTIC EQUPUOYES EAAYLOTOV
otafepdv onuelwv oty IIAnpogopiny|, xat Wiaitepa atnv epunveia mpoypouud-
TV pe eldytota otafepd onuela. Avtéd elvon xoudd xar suydploto, ohhd byt
Wraltepa onuavtixd, plac xo (6nwg tapatnehcoue oto Kegdhato 6) ou anet-
%ovioelg Tou cLVAVTE xavelg oTig ahyoplOulxéc epapuoYég elval xatd xavéva
Tpogavdg ouveyelg, and Tov oploud toug. To Bedpnua éyel duwe moAd Babi-
tepeg epaproyéc ot yevixy Bewpla cuvdhwy, xat eWdixdtepa 6T UEAETN TN
opLowudTyTac ot cuvohobewpla, wg enlong xoL 0NV XATAGXELY TOEASELYUSTOV
oL AVTLTORASELYUAT®Y CUVOAWY UE GUYXEXPLUEVES BLOTNTES. Oa Bpodue TOANS
Tétola TapadelyUaTa OTo EXOUEVA XEQAAALAL.

IpoBMpata yia to Kegpdiawo 7

x7.1. Kdébe ypopuixd Sidrtaln tencgaouévou cuvéhou elvor ok Sidtaln. (Sye-
xd elvor 1o HpdPAnua x6.7.)

7.37. To dbpotopa P +, @ 300 yepixd Statetayuévoy xdpwyv P xat Q xota-
oxevdletou TonobetdvTag Eéva avilypaga Ty P xou () 1o éva ueTd To dAho, £Tal
dote xdbe onuelo tov P va mponyeitoar xdfe onueiov tou Q. Tumxd, Bétovue
P+,Q =R, 6mou

Field(R) =, ({0} x Field(P)) U ({1} x Field(Q)), (7-35)
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A: o e ...

VYV VYV

AIATPAMMA 7.6. To ywéuevo 800 xald Statetayuévwy yxdewy.

Ax B

B

xau v (4, ), (j, y) € Field(R),

(Z,LU) SR (]7y) <:\?Op Z<]\/[l:] =0&2 SU y]

Vii=j=1&z <y y]. (7-36)

H 3o elvan 611 0 P elvan duotog ue 1o ydpo {0} x Field(P) pepixd Statetaryuévo
and o dedTEpa TV UENDY TOV, PeE TNy Tpogavy ouolbdtnta (z — (0, x)), xat ue

Tov {dlo 1pdmo, Q =, {1} x Field(Q).

x7.2. AVP=, P xu Q=,Q, t61c P+,Q =, P' +, @Q’.

x7.3. T xébe pepxd dratetaypévo yoeo P, Suce(P) =, P+, [0,1).

x7.4. Tl 6houg Toug pepxd datetarypévoue yopous P, Q, R,
P+4(Q+o R) =0 (P +, Q) +o R.

x7.5. Av oL ydpor U xau V elvon xahd Statetarypévol, téte xat to dfpotoud toug
U+, V elvar xohd Statetayuévo.

x7.6. Acile 6u [0,1) +o N =, N #, N+, [0,1), xou enouévoc o teheothic
&bpotong xakd dratetayuévmy yodewy dev elval avtwetadetixde.

7.38. To ywoépevo P -, ) 3V0 uepixd Slatetayévwy YOpny xataoxeudletal
ue v avixatdotaon xdbe onuelov tov @ and éva avtiypago tou P. Tumxd,
Bétoupe P -, Q = R, 6mou

Field(R) = Field(P) x Field(Q), (7-37)
xou <p elvow n avrioteopn adpafntixi didtaln Leuydyv, dnhady cuyxplvouue
mpddtor Tor devtepal WEAN: Yol (21,Y1), (T2, y2) € Field(R),

(1,1) <R (T2,¥2) =0 Y1 <@ Y2V [y1 = Y2 &1 <p 23] (7-38)

Aev undpyel xdnotog Wialtepog AOYog yio TNy emAOYR NG avtioTpopng ahga-
Brtucde ddtaing avtl e ouvnbiouévng, anhd o Cantor édwoe tov oploud W’
aUTOV TOV TPOTO Xot EUELVE.

xT7. AVP=, P xuu Q =,Q",t6c P-,Q =, P -, Q.

x7.8. Acle 61t P+, [0,2) =, P+, P, aAN& [0,2) -, N =, N #, N -, [0, 2), éot
A6TE 0 TOAATAAGLAGUOS XOAS SLATETAYUEVOY YDPwY dev Elval avTipeTabeTixde.
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(0,0) (1,0) (2,0) (0,1) (1,1) (2,1)
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AIATPAMMA 7.7. Avuuetdfeong anotuyla.

x7.9. T'la 6houg Toug pepxd datetarypévoue yoheous P, Q, R,

P ‘o (Q ‘o R) o (P ‘o Q) ‘o R.
x7.10. To yivbuevo xakd SotetayUuévmy yoemy elval xakd Stotetayuévo.
x7.11. T %80 xakd Siatetayuévo yopo U, undeyer axpBoe ulo ouvdptnon
Parity : U — N, tétola dote Parity(y) = 0 av y = 0 ¥ 10 y elvon oplaxéd ornueto,
%ol GTO EMOUEVOL

Parity(S(z)) = 1 — Parity(z).
x7.12. Kdfe onuelo y xohd dotetayuévou ydeov U exgpdletol ye povadixd
Te6T0 OTN HoPYPT

y=S"(z), (7-39)
6mou (1) to z elvan elte To eldyroto 0 elte xdnolo oplaxd onuelo, (2) to n elvon
puolxde aptbude xat (3) 1 ouvdptnon (i,z) — Si(x) optleton pe v avadpoun
SOz) ==z, S (z)=S(5(x)).

x7.13. I 6houg Toug xakd Statetayuévoug ydpoug U, V', undeyel to mold ula
apyxeh owodtnra m: U —» U] C V.

x7.14. T 6houg Toug xahd Statetayuévoug ydpoug U, V, W,
U<, V&V <, W = U <, W,

x7.15. Av K xat A elvow xahd Statdipot mAnbuxot aptbuot, téte elte K <. A elte
A <. k.

*x7.16. Av o k elvon xohd Statdéiuoc, dnetpog TAnOxde aplBude, téte K+1 =, k.

7.39. Opiopds. Kol npodidtaln (prewellordering!) oto olvolo A elvon o
oyéon 3 C A x A nov elvow autonabhc, uetaBatxs, cuvdedeuévn (ohuxn) xou
edpatwuévy. «Xuvdedepévnp (connected) onuatver 6t tor uéhn tou A elvon ou-
yxplowa avd Vo,
(Vo,y € Az Iy vy Jal,
xa «eSponwuévn (grounded) onuaiver 6t xdbe un xevé X C A éyel 3 -ehdyloto
uélog,
VX CAXADEze X)(Vy € X)[z 2 yl.
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SENEI R e
EE

AIATPAMMA 7.8. Iloptpéto xalfic npodidtagnc.

Mua xadn mgodidtaln Bo Brav xadr Sidtaln, av elye emmiéov v WidTnTa TNg
OVTLOUUMETELXOTNTAS.

x7.17. I xdfe odvoro A, Bewpolue to clvolo
B={X C A| X clvaw tenepacuévo}
TOV TENEPAOUEVRDY UTOGUVOALY Tou A %ot opllovue oto B
X 3IBY = X <Y
AciZe 6L n Sp elvar xahh Tpodidtaln.

x7.18. H oyéon X C A x A elvon xahy| npodidtaln téte xow uévov av undpyet
évog ol datetaypévog ydpog U = (Field(U), <y) xat évag empuopplopds
m: A — Field(U), étol dote

x3y <= n(x) <uw(y) (z,y€A).
x7.19. T %d6e cbvolo A, 1 oyéon
USaV <= U, VEWOMA)&U <,V
elvan ok Tpodidtagn tou WO(A).

x7.20. Katepyoaotelte pia dtagopetixy datdnwon tng anddeténg tou Oewpfiua-
tog Hartogs, ypnoiwonoidvtag ta Yo ngonyolueve IpofAfuata.

x7.21. T xdBe olvolo A, undpyet xahd Siatetayuévos yodpog V tétolog Hote
dev umdpyel empopplopde m: A — V.

x7.22. Acile 6t av A <. B, t61e x(A) <, x(B).
x7.23. Aei&e 6T x([0,n)) =, [0,n + 1).
x7.24. Av o W xad Satetaypévog ydpog xou W <. A, téte W <, x(4).
x7.25. T %86 obvoko A xau xdbe xald Statetayuévo ydeo U,
U <, x(4) < Field(U) <. A.

O teheothic x(A) elvar oplotinde, piag ol ddoaue éva cUYXEXPLEVO 0pLoUd
Tou medlou h(A) xat g xakrc didtagng <y (a) Tou x(A) and 10 A. Mropolue
VO TOV YPYNOLUOTIOLAGOUUE YLol Vo 0ploouUE XETOLOUS GYETIXOUS TEAEGTEG OE OL-
XOYEVELEC XANG SLATETAYUEVDV Y DPOV.
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*x7.26. No oploeic évav opiotixd tekestd inf(€), tétolov dote yia xdbe un
xevi) owxoyévela € xohd Satetayuévoy xdewy, To inf(€) va éxer Tig axdroubeg
WLétnTeg:

(1) To inf(€) elvow xahd diatetaypévog yopoc.
(2) T xdmowo U € &, inf(E) =, U.
(3) Tw xdbe U € &, inf(€) <, U.

YroarizH. Wéle ota apyxd tpuiuata tou x(JE).

*x7.27. No oploeig évav oplotixé teheoty| sup(€), tétoov dote yioo xdbe un
xevi) ouxoyévelo € xohd dtatetaypévey ydpmy, To sup(E) va éxet tic axdroubeg
WLétnTeg:

(1) To sup(&) elvar xahd Sotetaryuévog yYdpog.

(2) AvU € €&, t61e U <, sup(€).

(3) Av to W elvow xahd Satetayuévog ydpog xau yia xébe U € &, éyoupe
U <, W, téte sup(€) <, W.

*x7.28. T xébe ypouuxh didtaln < oe obvoro A, opllouue oto ydpo P(A)
NV anelxévion

T(X) =0 {y € A| (Vo <y)lx € X]}.

AciZe 6t m: P(A) — P(A) elvar povotovixd xat ddoe éva napddetypa dmou
dev elvou apbufolpa ouvexhc. Aceile ét av to A, elvon 1o ehdytoto otabepd
onuelo tng m, T6TE

z €A, < {(s,t) e Ax A|s<t<uz} elvanw xahf didtaln.

Yndpyouv nepintdoelc 6mou elval EUXOAGTERO VA YENOLLOTOLAGOVUE TNV ATs-
deitén tou Oewprjuatog Ltabepod Ynueiov 7.35 napd v expdvney tou.

*x7.29. Aentopepelaxd Oedpnuoa Mtabepol Ynueiov. Mo xdbe enextatxnd
1 povotovixt anewxodvion 7 @ P — P oe enayoywxd xdpo P, undpyet utocivolo
D C P touv P ye ug e€ic Wétnrec:

(1) To D elvon xohd datetayuévn ohucida oto P.
(2) Kébe onueio tou D xafoplletar and ta mponyoluevd tou Ue tov tino
z=m(sup{y € D |y < z}).
(3) Kovévo onuelo tou D Bev elvan otafepd onueio tneg .
(4) To ornueto w(sup D) elvan otabepd onuelo tng ,
m(w(sup D)) = w(sup D).
(5) Av n 7 elvow povotovixy, 61 to T(sup D) elvar 1o ehdyloto otabepd
onuelo e 7.

Acei&e eniong 6Tt autég ot WBL6TNTES Yapaxtneilouy to D: ubévo éva unocsivolo
Tou P tic wavoTrotel.
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*x7.30. Ynofétouvue 6t n m @ P X @ — P elvow povotovixy anewxdvion 6to
YVbUEVO 3V0 ETAYOYIXAV Ybpwy, xou opilovue Ty p : Q — P ypnowonotdvtag
1o HpbéPrnua x6.4 xat 1o Ocdpnuoa EXdytotouv Xtabepod Xnuetov 7.36,

p(y) = (pz € P)lr(z,y) = z] (7-40)
= 10 eldytoto otabepd onuelo e T(z,y) = x.
Acelle 6t n p elvan povotovied, xat 6t av n m elvon aplBunolua cuveyhc, téte
xou 1 p elvan aptBuiotua cuveyic.

*x7.31. O xavévag twv Bekié-Scott. Ynobétouue 6t ov Py, Py elval enaryw-

Yol ydpot xat ot
7T1:P1><P2—>P1, 7T22P1><P2—>P2,

elvat wovotovixég anewxovioels. Xpnoluonoldvtag tov u-ouuBolioud yio o eNd-
ytota otabepd onuela tneg (7-40), opllouue mpdta TV

p(x2) = (pzy € Py)[mi(z1,x2) = m1],
uetd to onueto

Ty = (ux2 € Po)[ma(p(z2), 72) = 72
0¢ 10 eNdyloto otabepd onuelo g anewxdviong xg — ma(p(T2), T2) (Mou elvon
povotovx and to x7.30) xou tehixd To onuelo

(21, 23) = (u(@1, 2) € P1 X Py)[(m1 (21, 22), T2 (71, 32)) = (1, 72)]
¢ To eldyLoto otabepd onuelo oto yivbuevo. Aceile bl
Q}‘; = Ioy.

To npdBinua BeBaidver Tt ynopolue va unohloyloouue to auolPBalo eAdytota
otabepd onuelo enavahaufdvovtag do gopéc Tov teleoti| ehdylotouv otabepol
onuelov (uz € P).
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EIIIAOTEX

8.1. To A&imwpa Enthoyrds (Axiom of Choice), AC. T'ia xdfe diuelf oyéon
P C (A x B) oz obvora A, B,

(Vz € A)(Jy € B)P(z,y) = (3f : A — B)(Vz € A)P(z, f(x)). (8-1)

Auté elval to tedevutalo xat théov enfpayo aliwua Tou Zermelo. T'ia var xota-
MPovue mod yeetdletat, avaxaholue To xhaoixd napddetyua tou Russell, 6mou
10 A elvan odvodo and Levydpla tanoltota, B = (J A xou

P(z,y) <= yecx.
H ouvdptnon
f(x) =op T0 apLoTERS MAmOUTOL TOU T, (2 € A)

Tpogavds emhéyel éva tanoltot and xdbe Leuydpt, cuuBohxd (Vo € A)P(z, f(z)).
Av buwc 1o A elvat obvolo and Leuydpla xdAtoeg, Téte dev unopolue va opl-
oouue ouvdptnon f 1 A — |J A mou Stadéyet axpBdc uio xdhtoa f(z) € z and
x&fe Ceuydpt, enedh (dnwe deyduaocte yia 1o mopdderyua) éva Leuydpt xdhtoeg
anoteleitat and dbo tedelwg duota aviixelpeva. Mnopolue vo anodel&ovue ot
undipyet ouvdptnon emhoyhc f av to A elvar menepacuévo, e enaywyyh otov
aptBud pekdv tou A (TlpéPrnua x8.1). A& oL pabnuatixol éyouv Ty xavé-
wTa va gavtdlovtor xal vo wehetolv dmetpa (euydplo Xaktody, ot YU outd
yeetalouaote xdtl oav to Alwua Emhoyhs yia va eyyunfodue tny Omapdn uiag
TéTolog cLVdpTNoTC.

Arybiepo Staoxedaotxd ahhd onpoaviixdtepo tapddetypa elvan 1 anddetn Tou
Baowxol BewpAuatog 2.10, dnou Bewpolue ytav axohoubio anaplbuntdv cuvéd-

hov Ao, Aq, ... xat apyllouue ue ) @pdon:

Apxel va anodel&ovue 1o Bedpnua otny eldxy| nepintwon nov xavéva A,

dev elvaw xevé, ondte unopolue va Beolue anopibunon m, : N — A,

yia xdbe A,.
Towg v x8be n va «umopodue va Beoduer (dnhady| var «wndpyew) xdnowa ama-
plBunon m tou A,, aAld n cuvvéyela tnc anddellng ypetdletol ula ocuvdetnon
(n — m,) mou avtiotoryilel xdnolo cuyxexpluévn anaplbunon m, oe xdbe n:
noto and o alidpata (I)  (VI) eyyvdtor v dnopln pag tétolag ouvdpetnong;
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AIATPAMMA 8.1. Emhoyéag tou P C A x B.

30 A=N, B=(N—J_,A4,) xu
P(n,m) < m:N— A,,

¢toL dote (Vn € N)(3m € B)P(n, m) and v undbeon 6w xébe A, elvon un xevéd
xou amoptBuntd: xal to Allwuo Emhoync BePoidver axelBde bt undpyel ouvdp-
mon f : N — B tétowa dote yio xde n € N, n wuf f(n) = m, wavornotel v
P(n,m,), dnhadh anapfuel 1o A4,,. Tétoleg wonnpéor enxdfioelc tou Adidua-
tog Emloyvc elvar moAd xowvéc ota poabnuatixd xat eldixdtepa 6TNny avaAuoT,
6mou (m.y.) N xhaowy Bewpla oplev xar cuveydv cuvapthcewy dev urmopel va
avantuybel txavoromtind ywelic emioyéc.

Av eixovicovue ) oyéon P C A x B w¢ unocUvoho tou yLvouévou, t6Te 1
unébeon (Vo € A)(Jy € B)P(x,y) onuaivel 6T n tour

P, —op {y €B | P(’E,y)} (8'2)
néve and xdbe € A dev eivar xev). To Alwua Enthoyvc eyyvdtol tny Onapén
evég emdoyéa (selector) yia o P, piag ouvdptnong f : A — B nou avtiotouyile
oe xd0e x € A axplfdc éva onuelo oty Tour| and ndve tou. Ymdpyouv axdun
d0%o amhég exdoyéc Tou alLduaTog Tou expedlouy ue Slapopetixols TEOTOUS TNV
npdén tng «ouvdbgolong oe oAbéTNToy omotoudhnote mARHoug eletlepwy xat un
GUYXPOUGUEVWY ETLAOY V.

8.2. Opiopés. To clvoho S elvar 6bvoho emhoyrg (choice set) yia pia ouxo-
yévera ouvérwv £, av (1) S CJE, xou (2) yua xdbe X € &, n topR SN X elvan
uwovoouvolo. 'Eva odvolo emhoyiic S emtAéyer and xdbe X € £ 1o povadixd
uéhog g Tounc S N X.

8.3. Aoxnor. Av () € &, tdte 1 & Sev embéyetan olvolo emdoyis. Enlonc av
a #b, téte n owxoyévera € = {{a}, {a,b},{b}} Sev emdéyerar obvolro endoyic.

8.4. Ocedpnpa. To Aliwua Emntdoyijc elvar toodtvauo ue to eijs: xdbe oixo-
vévera € un xevdy xar Eévwy avd SUo ouviiwy entdéyetar oUvolo entdoyijc.
Avut elvon 1 wopyy) tou AC nou datdnwoe o Zermelo.

ATNIOAEIEH. Anodeydpacte npdta to Adlwua Emhoyhc xau Bétovue U = | J €,
6mou 1 € elvar owxoyévela EEvev avd 800, un xevédy ouvéwy. Autd onualivel ev
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uégel 6TL
(VX € &)(Fz e U)[z € X],
Gpa and o Allwua EmdoyAc vndpyet ouvdptnon f : £ — U tétola dote

(VX € &)[f(X) € X].

Oétovpe S = fI€] = {f(X) | X € &}, xu to yeyovdg 6Tt ta wéln e €
elvar E€va avd dVo ouvemdyetar evxoha 6Tt o S Téuvel %xébe yéhoc e € oe
HovoGivolo.

INa to avtioTpogo, deybuaote 6t

(Vz € A)(3y € B)P(z,y),
xat Bétovue
€ ={Us |z € A},
6mou yLa xdfe x € A,
U, ={(t,y) € P |t ==z}

KdOe uéhog tne € elvon un xevd and v vrndbeon xal xabopiletal and To xoLvd,
TPGTO UEPOS OAWY TWV MEADY TOU, %ol ENOUEVLS Ta WEAN Tng & elvan Eéva avd
dYo. Av to S elvou olvoho emhoyric yia Ty €, THTE 1 GLVEETNOY

f(z) = 7o povadwé y tétowo dote (z,y) € S
eixola ixavornolel To ovunépaoua touv Aiduatog Emhoyhc. -

8.5. Opiowds. Xuvdptnom emthoyns yia éva odvoro A elval pla pepixr| ou-
véptnom
e:P(A) — A,

TéTola OOoTE

0£XCA=e(X)] &e(X) € X.

8.6. Avppa. To Aéiwua Entdoyic eivat toodbvauo ue to €&ijc: xdbe ovvolo
embéyetal ouvdpTnon emLAOYTC.

AnoarisH. T xdbe A, mpogavie
(VX € P(A)\{0})(Ty € A)[y € X],

xat opécwg and To Aflwua Endoyhg, undpyel ouvdptnon e : P(A)\ {0} — A

(VX e P(A)\ {0})[e(X) € X].

To avtiotpogo elval ebxoho xat To agrvovue yia doxnon. -

8.7. "Aoxnov. Av xdbe clvolo enidéyetar ouvdptnon entdoyrjs, téte aAnbelet
to Aéiwua Eridoyi.
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8.8. 'Opwg adnbele; (1) Me tnv théov dueon epunvela Tov, To AZlwpa Enho-
yhc outtdTon 6tL av N xabeplo evéc cuvéhou un cuYxpEoLOUEVLY ETAOYGDY UTopEL
va tparypatonolnfet, téte dheg umopolv va mpaypatonotnfoldy aveEdotnTa xal to
anoteréopata va cuvabeolotody oe oAdTNTA, Vo Yivouy cUvolo. Av TO XaToAd-
Boupe étoL, To Adlwua Emhoyrc elval mpogavée, umoget va Sixatohoynlel and
puouxt] gpunvela tou AZiduatog Auvaugoouvéhou: 6tav deyduaote wg olvolo
v xMdon {X | X C A} hwv twv utocuvélmv Touv A, Tpayuatixd evvoolue
6AwY TV LTOGUVOALY Tou A, axdun xal auTdY ylo Ta omola To XELTAPLO TOL Tl
Toug avixet dev xabopiletal and xdnolo pntd xavéva ahdd e ehetBepn emhoyy,
«E TNV TOY.

To A&lopo Emdoync elvar dogopetind and o Tponyoluevd «XoATAOKEVA-
ouxd» olidpata (IT) — (VI), eneldf anartel xateubeloay tnv Onapln cuvolwy
yta To omola dev mapéyel optopolc. Kabéva and ta (II)  (VI) anovéuet tnyv
3LETNTA TOLU GUVOAOU GE ULAL GUYXEXPLUEVT, PNTE OpLOUEVY XAAGT AVILXELUEV®Y,
voptuonotel pta eldudh tepintwon e 1é6oo aknfogavois (av xor Aavlaouévng)
levoaic Apyhc Yvunepidndne 3.3. To Allwua Emdoyijc elvar to udvo aéloua
tou Zermelo exté¢ an’ auté tn¢ ‘Extacnc mov dev elvar etbuxlf nepintwon e
Tevorje Apyric YvunepiAngns. Autd nagednyeitar yepixéc @opéc xau npoteive-
o to emtyelpnua 61t 1o Alwuo Enthoyiic elvan to uévo nou arnattel tnv Urnapén
AVTXELPEVELY Yla To omola Sev mapéyel oplopols, aAld ta Aliduata "Extaong
xot Auvapoouvélou xdvouy to (8lo mdyua, ue Euueco ahhd Bepehiaxd mo Bo-
owd tebdno.

O Zermelo siofyaye to Aliwua Emloyhc to 1904, oe pia ey epyacio énou
10 emxadéotnxe yia va anodeilel b1l x8Be obvolo elval xohd Statdéipo. "Hrav
yvoot ewxacio, xat o Cantor elye §dn npotelvel neplypapua anddetéhc e o
éva (téte axdun) adnuooieuto ypduua otov Dedekind. H anédelin tou Cantor
buog (xow 1 oxetudl anddeldn tne Ewaoloc Yuyxpiowwdtnrag IInbopibuny tou
npétewve wall Tne) otnpldtav ot dinshiioeic yia ta olvola Tou dev Htav tekelwg
Eexdbapec. O Zermelo Eexabdploe anapyfc 6t 1 Sixh tou, auvotney anddelin
omnetlétav oto Alloua Emhoyhg, xau u’ autd npoxdiece auéons Loyuet| eni-
Oeon evavtiov Tou and molhole Slaxexpluévoug pwabnuatixols g exoyrg, Tou
Tov xatnybenoay 6Tl elofyaye uia véo, au@lBoin uébodo yia va Sixatoloynaoel
éva antBoavo anotéheopa. Aedouévou bt apyéc emhoyhic dev fTav Ue xavéva
1p6T0 avixovoteg oTa YEVixd pobnuatixd xat 6t Sandtilav Ty Tpornyoluevn
douvAeld tou Cantor, Sixatoloyeitat xavelg va et étt 0 attlo e avtidpaong Hray
Ayobtepo To vonua touv Aliduatoc Emhoyrc xau nepiocdtego 1 xatavénon tng
ddvaunc tou.

Yo enbuevo OBedpnuo anoplbuodue Tic TAEOV MECLOVLUES TEOTYCELS Yla T
cUvola mou elval teodlvauec ue to Alopa Enthoyhc. 'Eyouvue Siatnehcel ta
pec U M Yne. Lyouu en
napadootaxd ovéuata yU' autés Ti¢ meotdoelg  Aduua, Yrndbeon, Oedenua
TOU TOUg TPooxoAMBnxay and tnv LoTopix cuyxUpla TOU THOC xal TdTE UTAXAY

ot wobnuatied Bipiioypadpla.

8.9. Ocdpnpa. Ot enduevec mpotdoeic elvat LoodUvauec.
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(1) To A&iwwa Emhoy¥s: Kdbe odvolo enidéyetar ouvdptnon emtdoyrc.

(2) H Ewxaola Zuyxpiowpétntag IIAnBapibuwy: Ta olvola eivar ouyxpi-
owa avd 8Uo w¢ mpo¢ to mAnboc, dnAady yia dAa ta A, B, eite A <. B ¢ite
B <. A.

(3) To Oedpnua Koardis Aidtaing: Kdbe olvoro elvar xald Siatdéiuo
(emdéyeton %oy didtaln).

AnoAEIEH. Enoinfedoupe xuxhuxd, 6t xabeuid an’ autée tic npotdoels ou-
vemdyeTal TNV ENOMEVY, xoL tehxd (3) = (1).

(1) = (2). Ané v Aoxmon 6.17, o ydpoc (A— B) 1wV Pepxdy Lovo-
uopploudyv andé 1o A oto B elvar emaywywxds. H 13éa elvar 6t unopolue va
oploouvue (yenowonodvtag 10 AC) ulo enextatixy anewxdvion oto (A— B), n
onola va emexteivel xatdAnha xdbe uepixd povouopploud p : A— B ye nedio
optouoV mou va unv eEavtrel to A xou nedio TdY mou va unv eavtiel to B.
Omnotodrinote otafegd onuelo authc e anetxdviong eite Ba oplletar oe ohb-
xAnpo to A, pavapdvoviag 61t A <. B, eite n exxdva tou Ba elvar ohdxhngo 1o
B, gavaipdvovtag 6t B <. A.

Avadutxdtepa, €otw

ea:P(A)— A, ep:P(B)— B

ouvaptioels emhoyfg ota A xaw B, and to Afiwuo Emdoyhs. o xdbe yepixd
uovouop@oud p : A— B, Bétouue

pU{(ea(A\ Domain(p)), ep(B \ Image(p)))},
m(p) = if Domain(p) C A & Image(p) C B,

P, otherwise.

H 7 elvon mpogavdds emextatind, xat €10l and 1o Oedpnua Ltabepot Ynuelov 7.35
€xeL otabepd onueio p* : A — B, yia To onolo woyleL:

elte Domain(p*) = A elte Image(p*) = B.

ITepiTOsH 1. Domain(p*) = A. Téte v p* : A — B elvaw povouopgLopde
and 10 A ot0 B, étoL nou A <, B.

IIepiITOSH 2, Image(p*) = B. Xe avtAv v nepintwon, n p* elvor avt-
otolylo Tou Domain(p*) pe to B, xou étor B =, Domain(p*) C A xo dpa
B <. A.

(2) = (3). Ané v Ewoola Zuyxpiowwdtnrog Inbaplfuwy, elte A <. h(A)
elte h(A) <. A, émou h(A) elvar To oldvolo Hartogs yia 1o A- duwg h(A) £. A
and to Oedpnuo Hartogs 7.34, xou étor A <. h(A)' enl nhéov, To h(A) elvon
o0& Statdéipo, xau dpa and v ‘Acxnon 7.3 xohd datdiiuo eivor xat to A.

(3) = (1). Av n < elvan xa¥| dudtain tou A, téTe 1) weptxh; GLUVEETNOT)

e(X) =10 <-eNdytoto uéhoc tou X

elvow ouvdptnomn emhoyvc yia o A. —
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8.10. 'Opeg aknbeleL; (2) To vénua autol tou Bewphuatog elvar bt av de-
ytovue ta Baoixd, xataoxevaotixd npdta €€L aliduata touv Zermelo, tdte TO
Allopa Emnhoyiic, n Ewxaola Zuyxplowwdtnroc IIinbaplfumy xat to Oedpnuo
Kaljc Aldtaéng exqpdlouv e tpelg Slagopetixols Tpémoug tny (St cuvolo-
Bewpntudh apyh. Xwelc augpiBoria, To Aflwua Emdoync elvor  mhéov dueon xou
ddpavn exdoyn authc Tng apyNS, AUTH TOU XAVEL «TPOPAVESTATY TNV ohrifela
wne. H Ewaola Luyxpioipdtnrag IIAnboapibuwy elvar edxolo xotoavonty| xat aAn-
Bogaviic, ahhd Alyol Bo tn d€yovtay wg aloua, Eyel TNV LR Tex VxS elxaolag
nou ypehlel anddeing. Télog, 1o Oedpnua Karfc Adtaéng elval onwodhrote
neviaxdfopo oto vonud tou, Bivel éva unyavioud emAoydy ToOU xaTd xdmoLo
teémo cneényeb 10 Alloua Emdoyrg, alhd onwodnrote dev elval mpogavég,
touvavtiov yevd Suomotio. IMoapadelyuatoc ydplv, mota elvan n xakf ddtadn
Tou eyyudton to Bedpnua 6To duvapocivolo Twv Quotxdy aptBudy P(N); Xwo-
plc xdmnota oxédm dev elvan xoav mpogavée 6tt to P(N) emdéyetor ypouuixnéc
dratdets, Bh. IlpéBhnua x8.9. Eival xdnweg dVoxolo va gavtactodue ) doun
e amottoduevne xohic ddtaine tou P(N), xou autd, guoxd, poac dnuiouvpyel
xémnoieg augBoliec yia to adiwya mou cuvendyetar Ty Unapdh te. Aev eival
neplepyo 6t M avuhoyia yia to Adiwupa Emdoyic deyioe ye ty anddelén and
tov Zermelo tnc ouvenaywyhc (1) = (3), tnc onolag to cuurépacua axdun
xo ofiuepa ToAlol Hewpoly aviifeto ue Tic Slatabioelg pog.

ITépa and tnv Ewacla Yuyxpiowdtnrag ITAnBopifumy xal to Oedpnua Kakhg
Audtagne mou elvan Bepehiddn yia Ty avdntuin e cuvolobewploc, to AZiwua
Enloyhc elvar toodVvouo ue éva owpd mpotdoeic mou ypnoluedouy mOA) oe
dAhoug xA&Boug twy pabnuatixdy. Edd avagégouvue povdya dYo and auvtég, mou
Beloxovtal mo xovtd oto aviixeluevd pag xat tig onoleg ebxola anodetxviouyue
UE YVOOTéC uag peBédoug bume undpyouv axdua ToAhég dhhec.t®
8.11. Ocdpnpa. To Allwua Entdoyic eivar toodUvauo ue tic axdlovlec Svo
TpoTdoElS:

(1) Apyi Meyiotixis Alvoldag: Kdbe pepixd diatetayuévoc ydpoc P
Exet uia ueytotoaf advolda S C P, ue tnv évvora 6t yia xdfe dAdn advoida
S, 8CS=85=9".

(2) Adppa tov Zorn: Ay oe éva uepixd diatetayuévo ydpo P xdfe alvoiba
éxel dvw ppdyua, 6t 0 P €yet tovddytotoy éva ueyLotixdé ototyelo.

AnoagiEH. AC = (1). Aeydbuevol 1o AC, éotw (Chains(P), C) o pepixd
dateTaryévog ydpog GAwv tov ahucidwy tou P, o omolog elvan emaymyixdc
and v Hpbtaon 6.14, xat vnobétouue npog dtono 4t dev UNAPYEL UEYLOTIXN
alvuoida, étol tou and to AC,

(VS € Chains(P))(3S’ € Chains(P))[S ¢ S'].

185 uio Sudher tou, o Kenneth Hoffman eine 6t 1o Oedpnua Tychonoff g yevixig
tonoloyloag elval «rpogavder Loodbvauo pe to Alopa Enhoydc, «uiag xow éieg o Unonteg
vevixés apyég elvar toodUvaues ue to ACH.
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tdpa To0 AC poac diver wo anewxévion 7w @ Chains(P) — Chains(P) mou elvau
enextaTixy, yoplc va éxel otabepd onueio, tou avutifetal to Oedpnuo Xtabepoi
Ynuetouv 7.35.

(1) = (2). Ané v undbeomn unopolue va Bewpfioouue S elval plo ueyLoTxA
ahuoida tou P xow M éva dve @pdyua tou S. Téte to M elvon ueylotixd oto
P—eneldh av M <p M’', t61te 10 SU{M’'} 6a #tov ahuoido nov emextelvel
avotned Ty S.

(2) = AC. T 860 clvora A, B, fewpolue 10 ydpo (A — B) tov peptxdy
povouop@lou®y. Autde elval enaywyixds, and tny ‘Aoxnon 6.17, xou étol xdbe
ohuoida elvat dve gpayuévn oe autdv: and 1o Afuua touv Zorn, o (A»— B) éyel
ueylotxd otoyelo f, to onolo (6nwe xou oty anddelin tou (1) = (2) oto
Ozhpnuo 8.9) pavapnver 6t elite A <, B elte B <, A, 70 ornolo pe tn oetpd
tov ovvendyetat 10 AC.

Oewpovue Topa dVo elxoha noplouata tov Adiduatog Enthoyrg mou exqpd-
Couv anhoVotepeg apyéc emhoynhc.

8.12. Apy7 AnaptBuntiic Emuhoyys (Countable Principle of Choice), ACy.
INa xd0e obvoko B xar xdbe dweld) oxéon P C N x B avdueoa oe @uoixolg
apLBuovs xat uéin touv B,
(Vn € N)(3y € B)P(n,y) = (3f : N — B)(Vn € N)P(n, f(n)).

8.13. (VII) A&lwpa E€aptnuévev Enthoydy (Axiom of Dependent Choices),
DC. ' xdé6e ovvoro A xat xdbe oyéon P C A x A,

ac€ A& (Vz € A)(y € A)P(z,y)

= (3 : N—= A)[f(0) = a& (Vn € N)P(f(n), f(n+ 1))].

e aviinapdbeon ue 1o mAfpeg Allwua Emhoyg mou anautel v Omagén ou-

voapthoewy emhoync f : A — By éha ta A, B, n Apyh AnaptBuntic Enthoyhg

ACy duxatoloyet uévo axoroubla ehedfepwy (aveddptniov) enthoydy and to B,
Tou xavomotoly Sladoyixd Tig cuvirxeg

P(0, £(0)), P(1, (1)), P(2,f(2)),--

To Alwya E€aptnuévov Emhoydv entong duxatoloyel uévo axorouvbia emtho-
Y&V, 6mou buwg N xabeutd an’ autés Tig emthoyég unopel va eCoptdton and TNy
TpoNYoVUEYY), apod GAEC THPA MEETEL VAL LXAVOTOLOVY TLg cuVOHxEg

Elvouw edxola 16080vapo ue tny e€hig, patvouevixd Loyvedtepn apyn Tou EMTEENEL
oe xdfe emhoy va eloptdtol an’ GAeC TIC TEONYOVUEVES TNC.

8.14. Ilpéraom. To Aliwua Elaptnuéveyv Emdoydyv elvar toodivauo ue tny
eéric mpdraon: yia xdfe olvolo A xar xdfe oyéon P C A* x A uetald Aééewv
xat ototyelwy tou A,

(Vu € A*)(3z € A)P(u,z) = (3f : N — A)(Vn)P(f(n), f(n)).
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AmoaEI=H. H andédelln an’ avth v exdoyr tou DC g «enlonuner elvar
eUXOAN ot TNy agrvovue v doxnorn. T 1o aviiotpogo, deyduacte 1o DC
xoL Ny vndbeon e patvouevixd Loyupdtepns exdoyrc tou, xal opllouue oto
A* ) oyéon

Q(u,v) <=0 (Fr € A)[v = ux* (x) & P(u,z)];

npogavde éyovue (Yu € A*)(Fv € A*)Q(u,v), To DC poc dlvel pia cuvdptnon
g: N — A* tétowa dote g(0) = 0 xou (Vn)Q(g(n),g(n + 1)), xou n cuvdpetnon
nou ypetalépacte ebvan n f = (Jg, v tnv onola woylel f(n) = g(n+1)(n) xou
f(n) = g(n). B
8.15. 'Aoxnom. Aciée tnv dAAn xaredfuven tne Illeétaonc 8.14.

8.16. Ocdpnuoat. (1) To Aéiwua Enidoyic ouvendyetar to Allwua Efaptnué-
vowv Enidoydy.

(2) To Aélwua Féaptnuévwv Entdoydv ouvendyetar tnyv Apyxr Anapiuntiic
Emidoyijs.

AnoAEI=H. (1) 'Eoto € : P(A) \ {0} — A ouvdpnon emhoyhc yio to A. Av
oy et n undbeon tou DC, téte 1 ouvdetnon f : N — A nou ypeialbuacte yia
T0 cuunépacud Tou oplleTal UE TNV avadpoun:

f(0) =a,
i+ 1) =e({y € A| P(f(n),9)})-

(2) Aeydbpaocte v undbeon e Apyfic Amapfuntic EmhoyAc xau Hétovue
A =N x B xo a=(0,b), émou b € B elvaw onuelo tétolo dote P(0,b). Y10 A
optlovue ™) oyéon

Q((n,z),(m,y)) <0 m=n+1&P(m,y).
H ouvdetnon f : N — N x B nou eyyudtat o DC yU” autd ta a xat ) anodidet
Cedyn we twwée, ondte f(n) = (g(n),h(n)) ue g(0) = 0 xow h(0) = b yio xatdh-
Anhec ouvapthoels g, h, xau yia x8be n, g(n+1) = g(n)+1, P(g(n+1), h(n+1)).
Suvdyetow étL Yo %8be n, g(n) = n xaw P(n, h(n)), 6noc npénel yia To cuURé-
paoua e Apyhc AnaplBuntic Emhoyic. -

Xpewalbpaote évay axdun optoud yia T Slatinwon g mo ypRotunc exdoxric
tov Alwduatoc E€aptnuévey Emhoydy.

8.17. Opiowés. 'Eva ypdgnua (G, —¢) elvan edparwpévo (grounded) A xokd
Bepeliwpévo (well founded) av xébe un xevé vnosvvoro tou G éxel eAayiotixnd
onueio, dnhadi

av 0 #X CG, t6te (Ime X)(Vz € X)[m A z]. (8-3)
"Evog yepuxd datetaypévog ydpog (P, <) elvoan edpotwpévog av 1o oyetnd

«avtlotpogo auetned yedgnuor (P, >) elval edpatwuévo, av dnhadh yia xdbe X,
av 0 #AX CP, t6te (me X)(Vz € X)[z <m=z=m]. (8-4)
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8.18. "Aoxnom. Aciée du wa ypauuwxy didtaln (P, <) elvar edparwuévny av
xar uévov av elvat xaly Sidraly.

8.19. Hpéraoy. To Aéiwua Elaptnuévwy Emntdoydy eivar toodivauo ue tnv
eéric mpdraon: éva yedenua G eivar edpatwuévo av xar uévov av 8ev emdéyeta
dnewpeg, @livovoeg aluoideg, dnrady av dev undpyer ouvdptnon f: N — G
tétoia dote yia xdbe n, f(n) —g f(n+1),

F(0) =g f(1) = f(2) =G -

AnoaEi=H. Ipdta deyduaote to DC. Avy f : N — G eivou dnelpn, pbivovoa
ahuoida, té1e T0 olvoro {f(n) | n € N} 8ev éyel ehaytotnd onuelo, dea to G
dev elvar edpatwuévo. Avtiotpdpne, av To G éyel un xevéd vrooivoro X ywelg
ehaytotind onuelo, téte (Vo € X)(Jy € X)[z —¢ y] xou 1o DC pag dlver pa
dnelpy, pbivovoa ahvolda Eextvdvtag pe xdmoto a € X.

Aeybuaote tdpa 6TL %80 ypdgnuo ywels dnetpes, @bivouvoeg aluaideg elval
edpatwuévo xat tig unobécec a € A xau

(Vz € A)(3y € A)P(z,y)
tou adidpatogc DC, xat fewpolue to ypdonua (A, —4) émou
r—AY <:>op P(il),y) (x,y € A)

To ocuurnépacua tou DC eyyuvdrar axpBdg étt 1o (A, —4) éxel wav dneten,
¢pBivouoa alucldo mou Eextvd Ue To a, €T6L BoTe av dev LoyVeL, undpyel xdnoto
ehaytotxd otoyelo m € A autéd onuaiver axpBoc 6t (Vy € A)-P(m,y), tou
elvaw evdvtio oty undbeon tov DC. -
Ta edpalwuéva yeapRuata youv morhég and Tig BLOTNTES TV XaAd Stote-
TAYMEVWY YOPwY, ot W8laitepa unogolue va anodelouue TpoTdoeLg UE EmAY WY
%o vo oplooupue cuvapTAoelg ue avadpoun o’ autd, BA. ta IlgofAfuata x8.10,
x8.11 xou to Ocdpnua 11.5. H edxoln xatebhuvon autod tou Bewpuatog xdvel
w0 DC WBuaitepa ypfiowwo oty uelétn toug, eneldy) elvar cuvifwe ok euxohd-
1epo va enaknfedoovue 6T dev undpyouv dnelpes, @hlvovoeg akuaideg oe xdmolo
yedonua G mapd va anodet&ouue xatevbelay 6t to G elval edpouwuévo.

8.20. 'Ouwg aknbele; (3) 'Eyouvue #dn mapatnedoet étt mpLy Statunwbel aw-
otned and tov Zermelo, 1o Aélwua Emihoyng elye moAkég gopég ypnoiuonoinbel
«OLOTNEE» ota xhaowd pabnuatixd, xau Waitepa 6Ny avdhvon. 'Oung autéc
ot xAaoixéc epapuoyéc unopoly éAec va otnptytoly oto Aélwua Elaptnuévey
Eridoydyv, xal ydhiota ol neplocdtepeg analtoly uévo tny acbevéotepn Apyt
Araptbuntic Emhoync. Autéd Oa yivel mpogavés oto Kegpdharo 10 xau oo Ilo-
pdptnua A. O Zermelo 3éytnxe to nifpec Alwua Emloyrdc ened elvar guotxn
unébeor oto mhalolo g cuvolobewplag tou Cantor: eneldy| ypetdletal yia TV
anédelln touv Oewpfuatoc Kahfc Awdtalne xa tng Ewaoctog Tuyxpiowdntag
IInBapeibuwv: xau enetdn elvan anapaltnTo yio Ty avdntuén e tAnbuic aptlb-
untedc. Avth i Stagopd avdueoa oTic apyég emAoyhic mou yeetdlovTal ylo To
uhoowxd pabnuatind xat autég mou elvan anapaitnteg yior TNy xauvolpyta Bewpla
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ouvoAwY tou Cantor eEnyel xotd peydro pépog Ty dypla aviidpoaon ota aild-
pata tou Zermelo and toug Staxexpiuévoug avahlioTeg TNg emoyhg Tou (e olg
xat 0 tohlg Borel), mou elyav otnpliet moA\d and 1o Hewphuatd toug ot apyéc
emhoyric  xou eaxolovlnoay va ypnoLuonolody TEToleg apyés EVE GUYYEOVKS
anodoxtualayv 0 yevixy cuvolobewplo we wia Peudaiolnon: yia tn Beperiwon
e xAootxig avdiuone tou 19ou awdva, apxel 1o Allwua Elaptnuévev Emt-
roYdvy, evd To yevxdtepo Aliwua Emhoyhc de ypeldleton, xou emniéov €xel
uepxd avtdiatelntind noplouata, énwg 1o Ocdenuo Kafe Atdtagne.

E3& buwe meémet va mapatnefioovue 6Tl xal o1 yevixy cuvoloBempla, érou
vevixd deyduacte To mifpec Allwua Emhoync wg npogavég, mohhd and ta Bo-
owd Bewpruata dev to ypetdlovtar xat eldixdtepa dAa ta anoteAéouata Tou
Kegalalov 2 unopoly va otnptytoly aliwuatixd oto Aélwua Eaptnuévey Emt-
Aoydy. Ilpénel enlong va mapatnefioovue 4t anodelloue dha ta Paoixd anote-
AoUaTo OYETIXE UE TOUS XAAE SLoteTaYUEVOUC XDPOUS GTO TEONYOVUUEVO Xe-
pdhouo, ywele va yenoluonotioouue xauia agy? emhoyhs. I't’ autd to Adyo
B amoxAlvouye teyvixd and tov Zermelo xar O deytodue we Paoikd allwua
10 Aflopa ECaptnuéveoy Emhoydv avtl tou toyupdtegou, nhfpous Aliduatoc
Emndoyfic. Aéue «teyvixdn, eneldy) dev éyouue augiBolies yio tmv akibeta tou
A&iduatoc Emhoytic, xat noté Sev Oa Siotdoouue va to emxokectolue STay
xeetdletal, wbvo nov ot tétoleg meptntdoels Ha o cuurtepthapBdvouue (Stapt-
wxd) avdueoa otic utobéoels.

8.21. H afwwpatxr Bewplon ZDC. To aliwpatxd obotnua ZDC arote-
Aeltaw and ta xataoxsvactind alidpata (I) — (VI) tou Kegalalouv 8 o to
AZlopa (VII) ECaptnuévev Enhoydy 8.13. Juufohixd:

ZDC = (I) - (VI) + DC = (I) - (VII).

And tdpa xar uéypl to Kegpdharo 11, O yenoiuonotodue otig anodelelg ywels
ent enbxdnon ta adiduata e ZDC. ‘Otav ypeialéduacte o TARpes Allwua
EmdoyAc, Ba onuetdvovpe tig oyetixés mpotdoelg pe to onuddt (AC). Yo
Kegpdharo 11 o ouvuninpdoovue v aélwuatonoinoy uoc npochétovtag otny
ZDC 1o Aéiwua Avtixatdotaonc.

8.22. ArnoteMopata ocuvénelag xot avedaptnolog (consistency, indepen-
dence). MAnwe elvor eguxtd va xataotelhovue v avuyvoula yia 1o AZloua
Emloync anhde anodewxviovrac 1 dtageidovtds to e ta xotaoxevaotxd adLd-
pata (I) — (VI); Kavéva and ta 800 evdeydueva dev wordler mbavd. Agevic
10 AC xatd ndoo nbavétnta aknfedel, dnwg aknfedouy xa ta (I)  (VI), o
BePaiwg dev unopolue va Stadedocovye akndn ngdtacn ue yenon aAnddy alwud-
Tov. Agetépou, To AC €yel ) popyt| Yvhola véag apyfc Tne cuvolobewplag xat
dev potalet mbavéd 6t Ba unopéoovue va To anodeloupe and Tig dhAec udvo ue
™ Aoy, Xy npaypatixdtnta, undpeyouv auotneés anodeilelc 6t 1o Aliwua
Emloyhc olte anodelyvetan obte o Sadeddetan and to altduoata (I)  (VI).

O mo duecog tpémog va Betlouue 6Tl ula mpdTaoT ¢ dev umopel va amodet-
xTel o xdnolo adlwuatind cvotnua T, elval va xataoxeudoouvye éva npdTUTO
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(uwovtého, model) tou T, énou 1 ¢ dev woydel. Oewpolye yia Tapddetypa To
hooxd TedBAnua Yo Ty eninedn Euxdeldeia yewuetpia, av 1o A&lwua Hapal-
Aﬁ}wvlglinopsiva anodetytel and ta diha aliduata. o va Set€ouue 4Tt authd
elvan addvato, dnhdvoupe étL oto pélhov ue weninedor Ha evvoolue tov (avot-
%16, nenepacuévo) dloxo axtivag 1, to ydpo dAwv Ty onuelony (tou «whnbvodr
emnédou) oe andotaon Pixpdtepn uLag Lovddac and to apywxd onuelo O xou
ue «eubelan Bo evvoolue v touR ulac «ahnbuviicr gubelag W’ autd tov dioxo.
Aev elvor doxoho va oploovue 6’ auth ) doun tig undlotneg Booixéc Evvoleg
Tou Ewdkeldn xou va emaAnfedoouvye étL dha Tar a&lduoatd Tou TAnY autod TeV
napahAiAwy ainfedouy ue avtols toug oplopovs. 'Etol éyouue éva mpdtumo
¢ Eninedne Newuetplag otny onotla 1o Allwua Hapahhilwy dev toydet, ago
Tpoavids yia xdbe doouévn «euvbelon L xou onueio P é€w and v L undpyouv
noAkég «evbelegy mou meptéyouy to P xat dev téuvouv v L. 'Eneton 4t 1o
Alloua HoapahAfhwy dev urmopel va amodetytel and ta dAla «ubévo ue N Ao-
v yrott av autd frav eguxtd, téte Ba alfeue o xdbe Soun mou aknbedouy
T G, xat epels Berroue o Tétola doun émou dev aknbevet.

INa va oploovue npdtuno aiwupatixic Oewploc, yevixd, npénet va xafoploovue
éva medlo aviixelévey xaL Vo epuNnVeVGOVUE 67 autd Tig PBaoixés €VVoleg TN
Bewplac, étol dote ta adlduatd g vo aknbedouv. Ia wo cuvorobewpla, autd
onuaivel 6Tt TEEMEL Vo 0ploouUE TLG EVVOLEG TOU «va elvat aUvodor xal «vo avij-
xel» 6 xdmnoto nedlo aviixeluévwy, xat extong va xaboploovue motec cuvBRxeg
o’ auté 1o medio Ba xaréoovue oproTixés. Ilpdtuna tng ZDC dev xotaoxevd-
Covton ebxola, ptag xat 1 fewplo auth elvar Tohd toyveh- oto Iupdptnua B Ha
uekethoouue peptxd ol eldixd mpdtuma (Toug eborou»), aAAd oL TLo evdla-
pépovoeg xataoxevéc ypetdlovtal ueBddouc tne uabnuatixic Aoyuxijc mou dev
yenowuonotobye 6’ autés TG Lnueldoels: Bo TeEpLoplGTOUUE OTNY TREOCEXTIX
dotdnwon pepxdy and ta ToAAE, Stdonua anoteAéouata GUVETELAC Xot ave&op-
mnoloag touv ®¥N&Bou bnwe xahdTTovuE T oyeT{OUEVa UEPN TOU.

Eubic e€apyric Seythinaue oto 3.6 6tL 1 Bewpla poc €xel éva ntpdTuno, Tov x6-
ouo avixelévey W, érou (touldylotov) ta aliduata (I)  (VI) adknbedouv.
H vnébeon auti elvon puowxr| xat udhiota anopaltntn av 1 anacy ANy wog ue
N ouvorobewpla Exel xdmoto vonua, ahAd Sev ouunepthaufBdvetat ota allduota
e ZDC 1| tov dAwv Bewptdv Tou Ha ps)\stﬁooups.% Aev 1t ypeeralbuaote
oYed6v noté, napd ubvo btav BEhouue va anodeiouue Ty Uapdn npoTinwy Yo

9To néunto «Altquar touv Euxdeldn yia tig tapdAinhes elvan Loodlvapo pe v apyh 6t
yio xé0e eubelo L xow %8s onueto P é€w tng L, undpyel axpPidc wla evbelo L' nou nepléyel
o P xou dev téuvel v L.

20K var to Béhaue, Sev elvar e@uetd va Seytolue éva tétolo ofiwua: 1 mpdcbeon Tng
UnapEng mpotimou g ZDC ota adiduata tne ZDC dnuiovpyel pa xouvolpla, thovolétepT
Bewpla ZDC xou 10 véo TpdBAnua, av avth n ZDC’ éyel npétuno. Xto xopugalo anotélecua
s Mabnuatucic Aoyuefic, o Godel é8eile (avotnpd) 6t elvar adbvato va mapaxdudouue
auté to hoywxd alviypo: Sev undpyet aliwuatixs fewpla (cuvemhc xa d&lo uekétng) mou
ouvuneptdaufdver ota aliduata 1§ Gewpruatd tnc to altpue 6T emdéyeTar npdtumo.
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enextdoec g ZDC: yia vo XaTaoXeVAO0UUE TETOL TEHTUTAL TIRETEL Vo EEXLV-
oovuE and xdmou, xat avté eivar Tévta to otabepd, anapynic dextd npdTuTO TNG
Oewploc pag.

8.23. IlpolindOeom yia LoyvpLopmols Unapsng teoTin®y. And dw xou Unpog
%ol ywpls mepoltépw eldomoinom, kol oL Loyvplopol 67 AUTES TIG LNUELDOELS
Umapéng mpotinwy, cuvénelag Dewpldv xat avelaptnolag mpotdoewy Bacilovto
oty Vnapdn mpotinou tev adteudtev (I)  (VI) xa (VIII), tou Aéiduarog
Avtuxardotaons mou Ba eloaydyovue 6to Kegdhowo 11.

8.24. H ouvéneia tou Aidpatog Enthoyhg (Godel, 1939). H fzwplia Tou
Zermelo ZDC+ AC ue 1o nAfpec Aélwua Enidoyijc éyet mpdtumo xou emouévee
ta o&tduota (I) — (VI) dev diadeddouy 1o AC, dnhadh 1o AC elvan ouverée
ue ta (I) = (VI). To ddonuo npbdtuno L tov xataoxevdoiuwy ouvélwy (con-
structible sets) Tou Godel éyel TOMES LALOTATES XAVOVIXATNTAUS XL 1) XOTUGKEUN
Tou anodetxviel T cuvéneta tou AC ue Bewpleg Told oyupdtepes g (I)  (VI).
Oa avagepbolue 6’ autd TOANES Popég O0TN GUVEYELA.

8.25. H aveaptnoio tou A&idpatog Enthoyhs (Fraenkel-Mostowski, 1939,
Cohen, 1963). Kafeuid and tic fewplec

(I) (VI) +-ACy, (I) (VI) 4+ ACy+ —-DC, ZDC+ -AC

éxel medtumo. Xuvendg dev unogolue va anodetlouue 10 ACy and 1o xota-
oxevaotd alidpata (I) — (VI), dev uropodue va amodeifovue 1o DC and
o xataoxeuaotixd atduata xot 1o ACy, xau dev unopolue va anodelouue to
AC oty ZDC, 1 xafeutd an’ autég tig apyés emhoyng elva Loyvpdteen and tig
nponyodueves. Ot mpdLues xotaoxevés tpotinwy twv Fraenkel xal Mostowski
elte meplelyay droua A elyov xdmoia dAAY, teyvixr aduvaula mou meptdplle
duvatdtnta yevixeuong toug. O Cohen xataoxebooe to TEdTUTS TOU Ue TN BLd-
onun pébodo tou avayxaouol f emifolrc (forcing) mou egnipe, ue v omnola
o Bog (xaw dAhot) anédellav xatdmy ToANd dika anoteléouata avelaptnotag.
Oa avagepholue oty uébodo avoyxoouol TOANES Popés 0T GUVEYELA.

IpoBAMpata yia To Kegdharo 8

Kalobue 300 mpotdoelc ¢ xal ¢ XATAGHEVACTLXNA LOOSUVAUES oV 7] LOOBL-
vaula toug ¢ <= Y umopet vo amodeiytel ue Bdon wdvo Ta XATAGHEVACTIXE

afiduata (I)  (VI), dnhadh ywplc yehon onotacdhnote apyfic emhoyic.
x8.1. AciZe to Allwya Emhoyhg (8-1) yio nenepaocuéva A.

x8.2. To Allwua Emdoync elval xataoxevactixd tooddvauo e to e€hg: yla
x40e A # 0 xou %80 f: A — B, undpyel cuvdptnom g : B — A tétowa dote v

x8be z € A, f(g(f(x))) = f(=).
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x8.3. To Allwua Emdoyrc eivar xataoxevactixd toodlvapo ye to e€hc: yio
%8Be I xow %86 oxoyévela cuvdhwy (i — A;) ue deixteg oto I,

(Vi € D)[A; # 0 = T, As # 0.

H Apyn Anaplbuntic Emdoyg elvan xataoxevaotixd toodbvoun ue to e€Ag: ylo
%8be axohovbia cuvérowv (n— A,), n € N,

(vn € N)[An # 0] = [T cndn # 0.

Moadt pe to HpbPAnua x5.28, to enduevo nedfinua Sivel uta Statdnwon tng
Apyhc Anoplbuntic Emhoyrc ACy xateubetay and tn Bacixr Evvola Tou «avi-
xeLW, Ywelc avagopd oto N 1 v évvola tng «ouvdptnone.

x8.4. H Apyh Anoplbuntic Enhoyfic ACy elvar xataoxevaotxd toodlvaun
ue to e&hg: %8be dmelpn, anaptBunth owoyévela £ un xevdv xol EEveyv avd dvo
ouvOALY emdéyeTal abvolo emAoync.

Yo endueva téooepa mpoPhiuata Bewpolue apyés emhoyhc mou yotdlouyv
aobevéotepeg tou DC alld elvan xataoxevaotixd LoodUvoués Tou.

*x8.5. To Allwua E€optnuévey Emhoydy elvat xataoxevaotixd .ooddvauo ue
10 e€fc: Yo xdfe un xevé olvoho A xa xdbe oyéon P C A x A,

w (Vo€ A)(Fy € A)P(r,y),
t6te (3B C A)[B#0& (3f : B— B)(Vz € B)P(z, f(z))]-

*x8.6. To Aliwua EEaptnuévev Emhoydy eivar xataoxevaotixd toodivapo ue
0 €€nc: yia x8be oyéon P C A x A xou xdbe a € A,

av (Vz € A)(3y € A)P(z,y),
t61e (3B C A)la € B& (3f : B — B)(Vx € B)P(z, f(x))].

*x8.7. To Alwua E€optnuéveyv Emhoydy eival xataoxevaotixd .ooddvauo ue
0 e€fc: évag uepxd Swatetaypévog yohpos P elvan edpatwuévog av xat ubvov
av Sev €yel dnelpes, POivouceg aluaideg, dnhad”h yia xdbe f: N — P,

(Vn e N)[f(n+1) < f(n)]= En)[f(n+1) = f(n)].

Mrnogotue eniong va exgpdoouvye 10 Alloua EEoptnuévev Enhoydy xoteu-
Oelay and ™y oyéon Tou «avixelvr, aAld xdnwe nepmAeyuéva

*x8.8. To Allwua EEoptnuévev Enthoydy eivat xataoxevaotixd Loodvvauo ue
10 e&fc: yio xdfe obvoho A xou xdbe dweld optotixf cuvbrixn P,

av |0 e A& (Vu,v € A)[P(u,v) = (3lz)[v = uU {z}]]

& (Vu € A)(Fv € A)P(u,v)|,
t6te (3B C A)[) € B& (Vu € B)(3v € B)P(u,v)].
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*x8.9. Acile 61t n e€hc hedwoypagpuxiy Sdtaln tou (N — N) elvar dvrog
yeouuxh Stdtaly, aAld oyt xakn:
f <9 0 f=9VEneN)(Vi<n)[f(i) =g(D)] & f(n) < g(n)].
Suurnépave 611 to P(N) emdéyeton ypouuixd didtald.
x8.10. Edpatwpévn Enaywyr. Ta xdbe edpawuévo yedgnua G xon »dbe
povouely optotix ouvifixn P,
av (Vz € G)[(Vy)(z —¢ y= P(y)) = P(x)], t61c (Vz € G)P(x).
*x8.11. T %d0e edpawuévo ypdenua G xou x8be cuvdptnon
h:(G—E)xG—E,
undpyet povadixy (ohud) ouvdetnon f : G — E mou wavorotel tny ellowon
f@)=h(f{yeGlz—cytz) (z€C).
Y1oAEIEH. Tpononoinoe v anddelln tou Bewphuatog 7.24, ypnoidonotdvtag
GUVOPTHOELS
or:{re€G|t=ga} - F
ue medlo oplool «apyXd TUARUATAY TNS XANROVOULXNAS XAELGTOHTNTAS =G TNG

der
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EIIIAOTHY EIIOMENA

Oa apyloovue autd T0 xePdAaLo UE UEPIXE amoTeAéouaTa Yio anaplfuntd obvola
TV onolwy ot anodelelg enelnyolv TN Stapopd Twv apydy emhoyric ACy, DC
xat AC. O xlploc otd)0¢ Hoc, Ouwe, elval va anodel&ovue ueptxd onuUAvVTIXd
enaxéhovba touv mApoug A&iduatoc Emhoyng, avduecsd toug xat toug Pacixoig
xavévee e TAnOixrc aptbuntixic. To evdextxd onuddt (AC) Ha diaxocufoe
oyed6v bheg Tic aptBunuéves npotdoelc.

9.1. Ocedpnpa. Kdbe dreipo olvolro éyel dnewpo, anaptfunté unocUvolo, xat
enouéveg, yia xdbe ntAnbdetbuo K, eite k <. Vo elte Ry <, K.

ATIOAEIEH. Av to A elvau dnelpo, npogavde
(Vu € A*)(y € A)(Vi < h(u))[u(i) # y].
nou ue 1o DC ouvendyeton 61t vndpyet axohovbia f : N — A téton dote

(Vn) (Vi < n)[f(@) # F(n)],

xat M ewdva e f[N] elvan dnepo, anaptbuntéd urocivoro touv A. To dedtepo
ouunépaouo cUVAYETOL ElXOA, Staywplloviag TEPINTMOOELS AV 0 K Elval TETEPQL-
ouévog 1 dmelpoc. -

To vénua tou 3eltepou Loyuplouol 6To Bebpnua elval 6Tl Toapdho oL 1
vevixd, Ewcaota Luyxpiowwdtnrag IIinbapibuwy ypeedletar to nhipeg Aliwua
EmdoyAc yio Ty anddetlh tne, N edueh (xau onuaviin) nepintwon ocuyxplotdd-
Tog He Tov Vg etvan Bedenuo tme ZDC. To 9.1 unopel udhioto vo anodetytel
ue enixinon uévo e acBevéotepne Apyhc AnopBuntic Emhoyrc ACy avtl
tov DC, adld n anddedn elvar xdnwg mo teyvixy, BA. HpbéBAnua x9.1. To
povouevo elval evdextind tng oyéong avdueoa 6to DC o 1o ACy: moAAd
anoteléopata TV onolwv ol puoxés anodeilelg otnpilovioan oto DC énovton
e aobevéotepne apyhs, alhd ue neplocbtepn npoondfela.

To Oedpnua 9.1 enlong Eexabopilel ) oyéon avdueco 6T dnelpo oL To
Dedekind-dnetpo 6vola.

9.2. Ilépiopa. ‘Eva olvoro A eivar memepaouévo av xar uévov av eivar me-
nepaouévo xatrd tov Dedekind (4.31), 8nAads av dev undpyel povouoppiouds
m:A— B C A and 10 A o éva yvijolo unooUvoAs tou.
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AIATPAMMA 9.1. Mn xevé dévtpo.

AnoaEgisH. Ta nenepoouéva olvola elvar Dedekind-nencpaouévo and tnyv
Apy¥ tou Ilepiotepedva, 5.27. Av to A elvou drego, éotw f: N — A ano-
plBunon ywelc emavalielc xdmotou dnelpou, anaptBuntod urnocuvérou tou. O

LOVOUOpPPLoUES
f(n+1) avyw xdnowo n, z = f(n),
m(x) =
T av z ¢ fIN]

Befoudiver 6T to A elvan Dedekind-dneipo, epdoov w[A] = A\ {f(0)}. o
Oewpolue THea €va ankd aArd mohd ypnowo anotéAeouo ylo dEvipa, TOU

onolov N anddelln mpoopépel axdur éva moapdderypa yerong tou DC xou g

oyéonc tou pe to ACy.

9.3. OpLowés. Aévtpo (tree)?! ce olvolo E elvar éva omolodhmote cOvolo

T C E* Newv and 1o E nou elval xAetotd mpog T xdtw, dnhady

uCveTlT—ueTl.
Ané v (5-16), yia Mé&eic (nenepaouéveg axohovbies), u Cv <= u C v.

ITohhol bpot ypnoluonolobvtal oty UEAETH dEVTpwY, oL TeploadTepol tnydlouv
and TN ouvrbela va anewxovilovue ta dévtpa cav ... Bévtpa. Ta uéin tou T
elvat ou x6pBot (nodes) f nenepaocuwéva xhadid tou (finite branches), xat x&fe
un %evo dévtpo éxel to B we ehdyioto x6uPo, ) pila (root). Av u* (z) € T,
t61e 10 U elvan Yovéag (parent) tou ux (x) xow o u* (x) elvor Toudi (child) Tou
u oto T. Kdfe xéufoc extdg and tn eila éxel axpifdc éva yovéa, oAl urogel
va éyet ToMG moudid: av dev éyel maudid elvan teppatinds xéufBog (terminal
node A leaf). Ye xdbe x6ufo u avuotoryilovue 10 unédevipo

Tyu=cp {weT |wEuVul w} (9-1)
TV xO0UPwy mou elval cuyxplowol ue Tov u. Edxola:

Ty ={w | wCu}UY{T, | To v elvar moudl Tou u}. (9-2)

21 Aévtpa yenoutonotobvtal oe tohhods wabnuatiolds xA&doug, pe SlapopeTinols optopmols
avdhoyo pe Tig avdyxes Tou xdbe xAddou. Autdg o oplouds elval o o yeVixdg Tou Ba ypeLo-
oToVUE 6 aUTég TIg LNUELDOELS.
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9.4. 'Aoxnor. Aciée tpv (9-2).
To dnewpo xhadid (infinite branches) evég dévtpou T elvan ou dmnetpeg oxo-
houbieg Tou, xau Tic sUAAéyouue oto adpa (body) Touv T,
[T] =ce {f : N — E | (Vn)[f(n) € T]}. (9-3)

Kdbe dneipo xhadl dévtpou mapdyel éva dnelpo mARBog SLapopeTidy xOufwy,
dpa memepaouéva dévtpa €youv xevd obduata. Elvow enlong edvxolo va xata-
OXEVEGOLUE ATELPOL DEVTPA UE XEVE GOUATA:

9.5. "Aoxnom. Aceie 6u to Sévrpo
T={ueN"|(Vi<lh(u), i >0)u(@—1)>u()]}

otouc guotxolc aptfuolc elvar dreipo aldd Sev éyer dmeipo xAadl.

9.6. Opiowds. To dévtpo T elvar nenepaopévng dlaxhddwong (finitely branch-
ing) av xdbe x6uPoc tou T éyel to TOA) nenepacuévo TARHog Taudédv.

To 8évtpo otnv Aoxnon 9.5 dev elvar nenepacuévne daxhddwone (ot pila),
xou dev o unopovoe va eivar eattiog Tou enduevov, facixol ATOTEAECUATOS.

9.7. Avppa tov Konig. Kdbe dreipo, nenepacuévns StaxAdéwons dévtpo éxet
Touddytotoy éva drelpo xAadl.

AnoAEl=H. 'Eotww T C E* dnepo dévipo memepaouévng SlaxAddwong xat
€otw
S =op {u € T | T, eivar dmerpo}
10 unédeVTpo SAwY TwV x6UPwy Tou T mou elvan cuyxplowa ue drelpo mhviBog
%x6uBov. Egbcov to Ty = T elvow dnewpo and v vndbeor, n plla § € S, xou 7
(9-2) ouvendyeton 611 To S dev éyel tepuatixoe xbuPouc,

(Vu € S)(Fzx € T)[u*x{z} € 5],

eneld xdbe u €yeL To TOAY nenepacUévo TANH0C TAdLOY Xal To drelpo avvoro S,
dev unopel va elval 1 Eveon TENEPACUEVNG OLXOYEVELAS TIEMEQUOUEV®DY GUVOAMY.
Ané 1o woyupd DC Tlpbtaot 8.14, éneton 611 undpyet xdnota f : N — E tétowa
dote yo x8be n, f(n) € S xou to f(n+ 1) va elvaw toudl tou f(n), étol Tou 7
f elvou éva dnelpo xhadl tou S—ouvende xat tou T a

To Afupo tov Konig eivow mold ypriowwo, Waitepa oty enduevy), «watooxeva-
oL exdoyn Tou.

9.8. Optowds. 'Eva clvolo x6uPuv B C T elvar gpdytng (bar) tou dévtpou
T, av xdfe dneipo xAadl Tou T meptéyel Touldytotoy évay xéufo tov B,

(Vf € [T))3n)[f(n) € B.

9.9. Oedpnua Bevtdhiag (Fan Theorem). ‘Eotw dévipo T remepaouévne
Sraxrddwonc. Kdbe gpdytne B tov T éyet nencpacuévo vrooivoldo

BOZ{ulv"' :un}ng

mou elvat enions edytns tov T.
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AnoAEIEH. 'Eotw By 10 60volo TV ehaylotixdy x6uBny tou @edytn B,
By =op {u € B| (Vv Cu)l ¢ B},

To By elvow enlone @pdytne, enedh av f € [T] xau n elvar o eNdyiotog aplbude
tétolog Gote f(n) € B, t6te f(n) € By. 'Eotw S 10 3évtpo Shwv twv apyixdy
TuNUdteY x6uBwy Tou By,

S = {veT| (3ue By)lv L ul}.

Tapatneolue 61t to S elvan dévtpo nenepaouévne Slaxhddwong (unddevipo Tou
T), ot ot tepuatixol tou x6uPol elvon axpPdc ta wén tou By, epboov xoveic
x6uPoc oto By 8ev elvar yvAolo apyixd tufua xdnotov dhhou. Apa to S Sev
€xel dmetpo xhadi, agod to By elval gedytne tou T. 'Emetan 61t to S elvon
nenepacuévo, and to Afuua tou Konig xal emouévwe to unocVvold tou By
elvaw enlong nenepacuévo. =

H exmAnxtixd edxoln anddetén tou Afuuatog tou Konig elval tumxn entyet-
enudtwy nou otneilovtat oto DC, agevée enetdy) n Paoix dour tng anddeténg
pavepd emxoieltal o DC, aAld enlong xan yio Toug e€fig %o Adyoug.

(1) To Afupa tov Konig unopel va arodeiytel yia x8be dévipo T oe xadd
datdlipo obvoho E yopic enlxinon oudeuiag apync emhoyic, IlpbBAnua x9.3.
Ye nohhéc egapuoyéc E = N i to E elvar mencpacuévo, xat yu' autéc dev
yeelalouaote xauto emthoyy.

(2) 'Onwc xat to 9.1, to Afpua tou Konig unopel vo anodelytel pe enixinon
tou ACy avti Tou DC, Tgéfnua x9.4.

IMokAéc and Tic egapuoyéc Tou Thpoug AZiduatog Emhoyrc éyouv tny edrg
Soph: draturdvoupe xar delyvouue ot Bewpla ZDC () o ywple xafdrou
emhoyég) xdmota evdlagépouca TpdTaoy yia To xohd StatdEiuo cUvola, xat and
auth Bydlouvue 1o cuumépacua mou Béhouue Yl Ao Tol GUVOAOL UE ULl ATAN
enixhnon touv BOeswpuatog Kakfic Adtadng. Tumxd mogddetyua elvan n e€hg
vevixevorn tng Ewaocloc Tuyxpiowwdtnrac IIinbapibuwy, 6mou (Yo mpdtn xou
teleutata @opd) Ba Sratundoouue EexwploTd To ThpLoua Yo Gha T GUvola.

9.10. Ocedpnua. Kohf Beperiworn tov <.. (1) [a xdbe un xevi xAdon
E xadd Stardéiuwy ouvddwy, undeyet Ag € € tétowo dote yia xdfe A € &,
AO <c A.

(2) (AC) Kdbe un xevij xAdon E ouvélwy éyel <. -eAdyioto uélog.

AnoaEIEH. Me enlxdnon tou 7.33, éotw Uy = (Ag, <o) évac <,-ehdyLotog
o0& Sratetaypévog ydpog ue tedlo oty £. Av A € &, téte undpyet xdnoa
xalf didtadn < tou A xou and v emhoyh tou Up, (Ao, <o) <o (4, <), xau
edudtepa Ag <. A agol xdébe apyuxer opoldtnta eivon povouoppLopds. =

9.11. Afupa. O enduevog ninldplBuog. I'a xdbe xadd Siatrdéiuo mAnld-
ptOuo Kk, o mAnbdpibuog

K=o X(5)] (0-4)
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elvar enlone xadd Siatdiuoc, xar elvar eAdyiotoc otoug xaAd Statdéiuoug mAn-
BapiBuovc ueyaditepous tou K, SnAads)

K<ckT, K< A=kKT <.\, (9-5)
via xdfe xadd Satdéiuo ntAnbdpibuo A.

AnoAEIEH. O k™ elvan xohd Statd&uypo cOvolo, emouéves cuYxplollo Ye To

K, xat to Oedpnua tou Hartogs 7.34 amoxhelel v avieétnta £ <. K, dpa
k <. k1. H ehaytotétnra tou x (k) cuvendyetor elxoha To uTdHAOLTOL. -

Oétovue
Ny =40 RoT, Ny = NT ... . (9-6)

9.12. 'Aoxnom. (AC) Egdoov (ue to AC) ot nAnfdpibuol eivar ouyxplouot
avd 8vo, n Ynébeon tou Xuveyoic CH xar n I'evixevuévy Ynébeon tou Xuve-
youc GCH unopoUy va exgpaoctoly ue aniéc eéiodocis tng nAnbuxic aptun-
TxXng:

CH « 2N = %;, GCH <= (Vi > Ro)[2" = T].  (9-7)
Avotuyde autéd ev Steuxorivel ) Ador touc.

Ye emyepriuota yio xoaAd dtatdito oOvola, to &g anhd Afuua elvar tohhég
pogéc yefoluo.
9.13. Oplowds. ‘Apioty dudtaly (best wellordering) evég cuvdrou A elvon pia
ok Sdtaln < tou A, tne onotog xdfe apyixd TuRua €yel tAnBdpbuo uixpdtepo
Tou |A|,
(Vz € A)[seg(z) <. A].

9.14. Avjppa. (1) Kdbe xadd Siatdéiuo olvodo emidéyetar dptotn didtaly.
(2) Av o1 <4, <p elvar dpioteg Sratdéeic twv A xat B, tdte

av A=, B, tdte (A,<a)=, (B,<pB).
Eibixérepa, So dpioteg dtatdéeic tou (Siov ouvdAou elvar duotec.

AnoagizH. (1) 'Eote U = (4, <) xdrotog <,-ehdyLlotog Ydpog 6To 6lvolo
GhwV TV xahd Swotetayuévoy ydpwv pe nedlo A, xou éotw (mpog amaywyh
ot dtono) & € A tétowo mou A <, segy(z). Autéd pac dlver povouoppLoud
m: A — segy(z) xoL n oyéon

u< v = w(u) <m(v)  (u,v € A)
elva 3ok Sidtadn Tou A nou elvan <, segy (z) and to 7.32, doa <, U, evdvtia
oty emhoyq tou U. (2) Yrobétovpe 61t U = (A,<4), V = (B,<p) xou
(rnpoc anaywyy oe drono) 6t U =, segy(z) yia xdnoto z € B. H oyoibdtnta

m A — segy(x) pavepdver 6L A =, segy () <. B, mou avutifetor otny

unébeon A =, B. -
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(a,b) (b, )

. . o (aa)

seg(b) x seg(b) seg(a) x seg(a)

AIATPAMMA 9.2. Apywd tuduata e xadfic ddtadne tou Godel.

Kdébe deiotn didtadn anoaplbuntod cuvéhou elvar duota ue Ty guoixt Sudtaln
tou N, xat unopodue va yenoluonolioouue detoteg Statdéets yio vo anodet&ovyue
6Tl ToAAEG LBLOTNTES amaptBuNnTdY cLVOAWY Lo VoUY Yiar GAa Tot xoAd dtaTtdELua
olvola. Tumxd mapdderyuo elvar To eNOUEVO ANMOTEAEGU, TOL YEVIXEUEL TNV
ToutéTNTA N2 =, No xou delyvel 6Tt n unepnenepacuévn TANOL aplBunT Twv
duerdv medewy tng npdcbheong xal Tou TOANATAAGLAGUOY ELVOL TETPLUMEVT).

9.15. Adupa. Ia xdfe drewpo xau xadd dratdéiuo obvoro C, C x C =, C.

ATIOAEIEH. Aeybuevol to avtifeto npog anaywy? oe dtono, éotw C éva <,-
ehdytoto aviinapddetyua and to 9.10, xat otw < dptotn didtaln tou C. And
v emhoyy tou C, yia x8be dnego onuelo x € C,

Iseg(z)| + [seg(z)| = 2 - [seg(z)|
<. [seg(z)| - [seg(z)| = seg(z) <. C. (9-8)
To xplowo PBrua oty anddelln elvar o e€fc oploude ulog véog xalfc Sidta-
&nc Tou ywopévou C x C, tou Godel, tou v éyouue Adn cuvavioet (xdnog
peTauplecpuévn) otny anddelln Tov 5.32. Oétouye:
(@1, 91) <g (72,42) =op [max(z1,y1) < max(z2, y2)] (9-9)
Vmax(z1,y1) = max(z9,y2) & 1 < 2]
V[max(z1,y1) = max(za,y2) & z1 = @9
&y < yal.
To péylota (max) edéd mpogoavde vrnoloyilovtal otn didtadn <.
YroMjupa. H oyéon <, eivar xadsj didraén touv C x C.

Arédeln. H ypopuixdtnra mne <4 elvan edxoln undbeon. Lo va Sei&ouue bt
elvat xaAy Sudtagy, vnobétoupe 6L 10 X C C' x C elvon un xevéd: éotw w* 1o <-
eNdyroto onuelo tétoo dote va undpyel xdnow (z,y) € X pe max(z,y) = w*-
ueTd ot x* To <-ehdyloto, Tétolo Wote yla xdmowo y, (z¥,y) € X xou
max(z*,y) = w* xou telxd ot y* To <-eldyioto téTolo Gote (zF,y*) € X,
max(z*, y*) = w*. 'Enetow 61t 1o (2%, y*) elvan o eldytoto tou X .4 (Yrohjuua)
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O xadd Satetarypévol ydpot (C, <) xa (C x C, <) elvan < -ouyxplowot xou
and v emhoyA tou (C, <), dev elvan duvatd va éyovue (C x C, < ) <, (C, <),
dpa mpémel va aknfedel  C <, C x C enopévoc undpyet Ledyog (a,b) uekdv
tou C mou xavonolovy TNy

(07 S) o sechC((a, b)) = Segg((a7 b)),

xot Oa @tdooupe oto drono nou ypetalduaocte av del&ovue 6TL T0 apyIxd TUHUA
segy((a, b)) <. C. Oewpolue nepntdoels oTic oyetxée Béoelg Tov a xou b
oty <, xou ypnoLLonololue 1o YeEyovic 6Tl to onuelo max(a,b) npénet va elval
drelpo ot ddtaln < .

IMEPIITOSH 1, @ = b. Ané tov opoud g didtaine touv Godel,

(u,v) <4 (a,a) <= [u<a&v<alViu<a&v=a]Vu=akv<al,
dpa
segy((a,a)) = (seg(a) x seg(a)) U (seg(a) x {a}) U ({a} x seg(a)),
xau egopuélovrac ty (9-8) emavethnuuéva,
[segy((a,a))| <. |seg(a)|” + |seg(a)| -2 <. |seg(a)| - 3 <. C.
ITEPIITOSH 2, a < b. Tdea max(a,b) = b,
(u,v) <4 (a,b) <= [u<b&v<bVu<a&v="0l|,

étoL Tou seg((a,b)) = (seg(b) x seg(b)) U (seg(a) x {b}) xo évag napduotog
vnoloyiopde delyver Eavd 6t |segy((a,b))| <. C.

[MepiiTORH 3, @ > b. Autq 0 @opd

(u,v) <4 (a,b) <= [u<a&v<alViu<a&v=alVu=a&kv <,
and to onolo PTdvouue e dTono Ye Tov (Blo Tpdmo. n
9.16. Ocdpnua (Kavéveg anoppdynons, The Absorption Laws). Av tould-
xtotov évag and toug 8Uo nAnbapifuoug k, A elvar drelpog xar xavévag dev elvat
70 0, t61e
K+ XA=c k- A=, max(k, ).

ATOAEIEH. Aeydbuevol 611 0 <, K <, A XL YENOLLOTOLDYTOS TO ATOTEAECUA
A+ A =¢ A tou AMuparog, vtohoyilouye:

A<+ A< k- A< A A=\ -
9.17. Hépopa. (AC) I'a xdbe owxoyéveia ouvélwy oe deixtes (i v K;)ier
xar xdbe dnepo k, av |I| <. k xar yia xdbe i €1, k; <, K, 16t ), 1Ki <c K.

ATIOAEIEH. And to AC xau v undleor, emiéyouue yia xdbe i € I xdnolo
HOVOROPQLOUS T; @ ki — K, oL Gote 1 anewdvion ((i,z) — (i,m;(z))) va elvon
uovopopgloude tou {(i,z) |i € [ &z € k;} oto I X k. 'Etot

Ziel“i = {l,z)|iel&z €k} <. |I x&|=|I| |k =.k. —
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TN va Bpodue evdiagépovta tpofAfuoto xa anotedéopota otny TAnduer opib-
unTue meénel va ewprioouue tedectéc anelpwv yetaffAntdy, and toug onoloug
oL anmhovotepot elval ol e€hc.

9.18. Avjppa IIAMBuxol ENdyiotou. Yrdpyer opiotixde teAeotiic inf.(E)
tétolo¢ dote yia xdfe un xevij owxoyéveia £ ané xadd Sratdéiua olvolda, 1
) k = inf (&) wxavonowel ta eéic.

(1) To k elvar xadd Statdéiuoc mAnbdpLfuoc.

(2) Ta xdrowo A€ &, k=, A.

(3) I'a xdbe B € &, k <. B.
ErminAéov, autés ot 1dibtytes xabopilouv tnv tiul inf.(E) uéyet tn ouvlixn =,
dnAady av to k elvar omoodrinote olvoro mov wavomowel tic (1) — (3), tdte

Kk =c inf ().

ATIOAEIZH. Av o tedeothic mAnfudtntoc | X | elvon toyvupde xatd tov optoud
4.21, téte and 1o 9.10 undpyet axplBds évag TANBAeBuog mou xavornolel

ouvOfxn
Least(€,k) <= (A€ E)[(VB € &)[A <. Bl&k = |A]]

%ol UTOPOVUE Vo 0pleovue
inf,(£) = min(€) = 1o yovadixé k tétowo dote Least(E, k).

Auté dev apxel, emeldy| deydpacte uévov b1t o | X| elvor acbevihc tehecthc Thn-
OucdtnTag xau umopel vo umdpyouY TOAMES TUWWEC TOU K TOU LXAVOTOLOVUV TNV
Least(€, k).

Ané 1o Afupa oty anddeln tov Oewphuatog Hartogs 7.34, av A C Y&
xau 1 < elvon xohh didtadn tou A, té1e 0 ydpoc U = (A, <) elvan duolog ye
xdmoLo yvhoto apyixd tuhua tou W = x(JE), xou enouévac xdbe A € € elvan
toomAnBixd ye xdmnoto yvhoto apytxd tuhua touv W. Aga unogodue va Bécouue:

W =40 T0 EMGyloTO 2 € W tét010 Gote (JA € £)[A =. segw ()],
inf,(€) =50 [segW (W)|.
H enadffevon tov yapaxtnetotixdy Wlothtwy tou inf, (€) elvor apxetd edxohn.

9.19. 'Aoxnov. Aciéte 10 uépog touv Oewpnuaroc nov axodovlbel to «emimAéov».

9.20. Avupa IIAnOuxos EAdyiotou ‘Ave Pedypatog. Ymdpyer optotixds
tedeotric sup.(€), téroloc dote yia xdfe un xevij owxoyévera £ and xadd Sia-
tdéiua obvoda, n tul k = sup.(E) wavornoiel ta eéijc.

(1) To k elvar xadd Statdéiuoc tAnbdpLGuoc.

(2) I xdbe Ac &, A<. k.

(3) Av to B eivar xadd diatdéiuo xar yia xdbe A€ £ A<. B, téte k <. B.
EmnAéov, avtéc ot 18iétnrec xabopilovv tnv tiur sup.(E) uéyet ™ ouvbixy
=c, 8nAadii av 1o K elvar omotodinote olvolo mov ixavorowel tic (1) - (3), tdte
Kk = sup.(£).
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AnoaEgigH. 'Eotw C = h(|JE) to olvolo Hartogs yia v évwon tng ot-
xoyévelag £, mov and 1o Bedpnua Hartogs 7.34 elvar xadd diatdiuo o €xet
ueyahdtepn TAnBudtnta and xébe xald dtatdéiuo vrosvvoro Tou | JE, avdueoa
ota omola elval xou x8be A € €. Oétouyue

sup.(€) =0 inf.({B C C' | (VA € &)[A <. Bl}),
xot enaAnfedoupe evxoha Ta cuunepdouata Tov Aduuatog. -
‘Aneipa abgolopata xal yivéueva mhnbaptBuwy éyovue 131 oploel oto 4.21.
Aev urnopolue va moVue TOANG Yo autd, eneldd to dnetpa abpolopata elvon
téo0 TETplUpéva boo xat ta menepoopéva (TIpdBhnua x9.15), xa to dmnetpa

yiwbueva elval touvAdyletov t6oo nollinhoxa 660 xat N I'evixevuévn Yrnédbeon
Tou Yuveyols agou

K o_
2 —c Hi€n2‘
Yrdpyet ung uita evdiagépouoa aviadTnta Tou cuVdEeL Ta dlo.

9.21. Oedpnua tou Koénig. (AC) I'a 8Uo owxoyéveies ouvdiwy (i — A;)
xou (i — B;) ue 8elxtec oto (B abvolo I # (),

av (Vi€ I)[A; <. By, t6te J,;c;Ai <c[lic;Bi- (9-10)
Eiixdrepa, yia owxoyéveiee nAnbapiuwy (i — k;) xat (i — A;),
av (Vi€ I)[ki <. Ai], 1618 D iciki <e[licsNi- (9-11)
ATIOAEIEH. Ané tnyv undbeor xat to AC, yio x80e i undpyet povouopPLoudie
m; @ Ay — By, xou epboov o m; Sev unopel va elvar avtiotouyla, undeyel cuvdp-
mon ¢ : I — |J,;¢;Bi tétowa dote yua xébe i, c(i) € B; \ mi[A;]. ©érovue
. mi(x), avz € A;,
o) = { )
e(i), avzé¢ A,
9(@) = (i = f(=,7)).

Av z # y xou ta 2, y avixouy oto Bo A; v xdnoto i, T6TE

9(z)(i) = mi(x) # mi(y) = g(y)(9),
eneldh N m; elvan povopopploude, xat enouévas g(x) # g(y). Av dev undpyet A;
TOU VoL TEPLEYEL XOL TO T Xl T0 ¥y, é6Tw € A;, y ¢ A; ovvendg g(z)(i) =
mi(x) € mi[A;] xou g(y)(3) = c(i) € B; \ mi[A;] étoL dote xau mdhe g(z) # g(y).
Yuunepaivovye 6t n anexévion g @ |J,;c A — [ Bi elvou povouopgioude,
oL ETMOUEVWS

icl

U ieIAi <c HiezBi'

Ipoc anaywyt oe dtono, éotw 6Tl UTAEYEL avTloToLyio

h: UieIAi — HieIBi’
ToU PaveERp@VEL OTL auTd Tat BV cUvola elval toomhnBuxd. Tia x&be i, v cuvdpeTtnon

hi(z) =o¢ h(z)(i) (2 € A))
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elvan (e0xola) ouvdptnom and to A; oto B; o and v urdheon dev uropel va
elvan emipop@Lopds: enouéveg and to AC undpyel cuVdETNoY € oL ETAEYEL ATt
%80e B; xdmnolo otolyelo mou dev avixel oty etxdva, Snhadn

E(l) EBZ\hZ[Al], (ZEI)

Ané tov opioud g, € € [[;c; Bi, dpa npéner va undpyel otoyelo = € Aj, i
xdmowo j, étol hote h(z) = e autd pag dlvel

e(j) = h(x)(4) = h;(z) € h;[A;],
EVAVTLAL OTY] YoEAXTNELOTIX LBLOTNTA TS €.

H nnbuch exdoyn (9-11) npoxidntel pe epapuoyh e (9-10) ota A; = {i} X k;
xal B = \;. 4

9.22. 'Aoxnom. (AC) To Oedpnua tou Konig epapudletar ota dedouéva I = k,
A; = {i} xat B; =2 xat anodibet

K= UiEH{i} <ec Hi€n2 —c 2K’
dnAady to Oedpnua tou Cantor.

Mopd v anAdtntd tov, to Oedpnua Tou Konig cuvendyetal dueoca yia un
TETPLUUEYT) avLeSTNTaL Yol Tov TANOS ¢ Tou cuveyolg, épav e Ny <. ¢. T'a
) Statdnwon e o yenotuonotioouue ouoteAixdTnes.

9.23. Oplowds. H opoteduxdtnta (cofinality) evég xald diatdiovn, dretpou
ninfoplBuou K eivatl o ehdytotog xahd datdéipog mhnldplbuoc A tétolog dote
10 K va elval 1 évwon A GUVOALY UIxEdTEPKY ot TANBLGTNTA and To K:

cf(k) =op infe({I C & | yia xdmowa owcoyévewa (i — K;)ier,
(Vi€ N[K; <c kl& k=, Ki}).

Hagatnefiote 61t 1 owxoyévela xald Slatdéluwy cuvdhwy dewxTdv g omolog
unoloyilovue 1o inf. ev elvar xevy, udhiota Tepéyel Tov K agoy

& =U;eeli}- (9-12)
Ou yevixég Wibtnteg tou inf, ouvendyovtar g e€nig, Baocixés didtnteg Tou te-
AeoTy| opoTteENXSTNTOC:
(1) cf(r) <¢ &.
(2) £ = Ujcet(n)Ki Y1t xémota oxoyévelo ouvéhov (i — K;) tétow tote
(Vi € cf(r))[K; <. K]
(3) Av o X elvar xahd Siatdiipog nhnbdpibuoc, av (Vi € N)[L; <. K] xau av
k= U eaLi, t6te cf(k) <. A
Avutéc ou WBLotntee, emmhéoy, yapaxtneilouv tov thnBdelbuo cf(k) uéypet T ouv-
O =.

‘Evac xadd Siatdéipoc, dreipoc mAnfdptfuoc k elvar xavovixdg (regular)
av cf(k) = k, addidc elvar B8V (singular). Elvar yehowwo va oploovue
tov tedecsTh opotelxdtntac cf(k) o T cuvBRxn g xavovixdtntoc yia x8be
%xohd dtatdEipno mAnldplbuo Kk yowpelc vo anodeytolue yevixd to mhfipeg Allwua
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Emnhoytc, ahhd ta teploobtepo anoteléopata YU autéc T évvoleg otneilovtal
oto AC.

9.24. 'Aoxnom. O Ny eivar xavovixde, eneldy xdbe nenepaouévo dbpotoua ne-
nepaouévwy tAnbaplGuwy elval nenepaouévo.

9.25. Mépropa. (AC) Ia xdbe drepo tAnbdpibuo K,
cf(2%) >, &,

xau eldixdrepa cf(c) >. No, Snlady dev exgedletar to ouveyés ¢ we anaptfunti
évowon ouvélwy ue mAnbudtyta <. c.

ATIOAEIEH. Ané 10 Oedpnua tou Konig, av K; <. 2% yu 8 i € A ye
A <. K, t61E

Uie)\Ki <. HieA2n =, (2N))\ =, 2n~)\ =, 2n’
mou avtitifetan oto cf(27) <, k. -

9.26. To npétuno L tov xataoxevdowny cuvéhonv tou Godel wcavornolel
Tevixeupévry Yndbeon Tuveyols, xat enopévec yia xdbe K, 28 =, kT elvaw xa-
vovixée and to IpdBinua x9.19. Me ) uéhodo tou avayxaouod tou Cohen,
UTOPOUY VO XATACXEVAGTOVY TpdTuna NG Bewplag Tou Zermelo ZDC + AC ota
omola o ¢ elvat Widlwy, pe ovotelxdtnta cf(c) onolovdhnote xavovixd minbé-
ptiuo uetall twv Ny xat ¢, yua napddetyua tov Ny.

Ta Baowd anotehéopata yio ogoteAxdTnTES Elval TOAD amAd o T €YOVUE
agproet yio teoBAfuata. Ipénel duwe va mapatneicovue dt Sev elvan Suvartd
vo. uehetioovue to Béua cofopd tdpa, eneld ywplc to Alwua Avtixatdotaong
dev unopovue xav va anodeifouue bt undpyouvy WLdloviec tAnBdplbuot!

IpoBMpata yia To Kepdiaro 9

*x9.1. Acl&e to Oedpnua 9.1 emixadodUevog UOVO To XATAGHEVACTXG A LOUATO

(I) = (VI) xou tv Apx#h Anapifuntic Emdoyrc ACy.

x9.2. Oewpolue cUGTNUA AEPOTOPIXMDY GUYXOLVOVLOV TOU EVOVEL TS TOAELS
(fowe drewpeg To mAAfog) evéc xbouou xou deyduaote ta e&hc. (1) And xdbe
oA, undpyel ubvo menepacuévos aptbuds xateubelay tthoewy o dhheg ToAELS.
(2) Mropel xavelc vo tafidédel acpomopind and xdfe néhn oe xdbe dhhn. (3)
Aev elvon duvatd va talidedel xavelg ylo mdvta, ywels vo emoxepbel to (Slo
acpodpbuto dbo qopéc. Aclle 6Tl T0 oUvoho TOAewv G’ autd Tov xboUO Elvol
TEMEQAGUEVO.

x9.3. AciZe to Afuua tou Konig 9.7 otny nepintwon mou 1o T elval dévtpo oe
xohd Satdéiuo abvoro E yowplc enlxinon apydv emioyic.

*x9.4. Acelle to Afupoa Tou Konig 9.7 yenoiuomoldvtog uévo Ta XoATAOXEVA-
otxd afiduata (I) — (VI) xou tnv Apy# Anapibuntic Emloydc ACK.
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x9.5. 'Eotw T dévtpo nenepaouéne dtaxAddwong o B gpdytne tou T'. Aeile
6TL Undplst xdmotog puowxde aplbuds k, tétolog dote Yo xdfe dnelpo xhadl
felT], f(@) € B, yw xdrowo i < k.

*x9.6. 'Eotw xahd dtatdéuyuo obvoro C xat ouvdptnon f : Cx C — C, A C C,
%o €0TW

Ap =0, M{X CC|AC X & f[X x X] C X}

n xAetoténta (closure) tou A yia v f. ‘Optoe ta olvolo {Ap tnen ue TV
avadpoun

AO = A7 AnJrl = An U f[An X An]a
xou deile ot
Af = UnENAn'
AceiZe enlong 6t av 10 A elvat drewpo, téte Af =, A.

x9.7. AceiZe 6t av 1o C elvor xahd Statdliuo, téte xahd Statdliuo elvat xot To
civoho C* dhev Tev Mewv (nenepacuévev axohoubidv) and to C.

x9.8. Av yenotuonoincec 1o ACy B to DC ota Ipofhjuata x9.6 xot x9.7,
va Beetg dAkeg Aboelg mou dev emxahodvTol xauld apy | emAoyRS.

x9.9. Kdbe olvoho Hartogs h(A) eivar dpiota Swatetaypévo and v <, (4)-

x9.10. Av ot (n — Kp)nen ¥t (1 — Ap)nen elvan axoloubieg mAnBoplBuwy xat
v xd4fe n, Ky <; Ap, TOTE

ZneN’in <c ZnEN/\n’ HneN’in <c HneN)‘"‘

x9.11. (AC) Av ot (i — K;)ier xot (i — A;)ier elvar oxoyéveleg mhnbopibuny
670 (810 6Uvoho dewtdy I xow v xdbe i € I, k; <. A;, TéTE

Zie[’ii <c Zie])\iv Hieﬂii <c Hiej)\i'
x9.12. (AC) T %d6e owxoyévela cuvélwy ot deixteg (i — Aj)icr,
|HieIAi| —c Hie[|‘4i|
xou to (8Lo yia abpoiopata, ue «&évn évwony ota aplotepd.
x9.13. E&fynoe 1o ouufBolioud xou deile v Tavtédtnta
[LiciIlierwris =e g jicra jesanmis-
x9.14. (AC) Acie to yapaxtnpiopd tou sup.£ oto 9.20.

x9.15. (AC) T x8be owxoyévela anclpwv TAnbaplbuwy (i — k;) oto un xevéd
oUVONO dewxtdy I,

Y iciki =c max(|I],sup.{x; | i € I}).
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x9.16. Acie 6T v %80e dnerpo, xahd dwatdiiuo nanbdpbuo k,

cf(k) = infc({f C K | ywo xdnowa owxoyévewa (i — K)ier,
(Vi,jeI)i#j=K/NK; =0]& (Vi € I)[K] <. K]
&rn=U,erKi}):
*x9.17. (AC) Aci&e 61 yio x4be dnetpo nAnbdplbuo K,

cf(k) = infc({I C K | vy xdnoto owoyévelo tAnboplBuwy (i — Ki)icr,

(VieI)ki <crl&EK =, Ziel””i})'
YTIOAEIEH. Xpnowuonoinoe to [IpbdBinua x9.16.

*x9.18. Acelle 611 v xdbe drepo k, cf(cf(k)) =, cf(k), xal emopévewc o cf(k)
elvon mdvta xavovixdg tAnbdpeibuog.

x9.19. (AC) I xébe dnepo tAnfdpfuo K, o enbuevoc TAnBdplfuog KT elvon
xovovixdg. YHOAEIEH. To IlpbBAnua x9.17 anionotel tnv anddeln.

x9.20. (AC) AciZe 6t yia x80e dnepo mAnbdpiBuo k, k <, k).

*x9.21. (AC) Kdébe pepixt 8idtaln < oe tuybv odvoho P emdéyeton yporut-
xonoinoy (linearization), dnhad# undpyet xdnota ypapuxh ddtain <’ touv P
o Gote x < y=1z <.

To enduevo mpdBinua poc Sivel to Baowd yeyovédg mou cucyetilel enaywyt-
%0Ug xat xatevhuvdueva mAfpelc uepxd Slatetaypévoug ydpous. llpboele bl
«aAvoida» otov uepxd datetayuévo ydeo P elval to Tuydv vnocsdvoro C C P
mou elval ypouutxd dtatetaypévo and tn uepxt| Stdtaln <p- to C elvat xadd
Statetayuévy advoida av emmAéov o meplopiopds g <p oto C elvar xohy| Sud-
tafn. 'Otav unobétovue bt «to S elvar xohd Satdéipo» yio xdnowo S C P,
evvoolue 6Tt T0 S emtdéyetal xdnota xaAy Sidraln <, n omola duwg umopel va
uny éyel xopla oyxéon (xat cuvhifnc dev éyel) ue ™ doouévn uepux Sdtaln <p
tou P.

*x9.22. Av xdfe xald dotetayuévn aluoido 6Tov yepixd StateTayuévo Yoheo
(P, <p) éxeL ehdyioto dve @edypa, téte yia xdfe xakd diatdiiuo, xateuhuvéd-
uevo unoovvoro S tou P undpyet xard Siatetaypévn aluolda C' pe tg g dvo
WLétnTeg:

(1) To ovvoro S eival «ppayuévor and to C, dnhady yia xdbe z € S vndpyet
xdnowo y € C tétowo Gote © <p y.

(2) T x80e y € C, undpyet xatevhuvéuevo vroovvoro Cy C S, tétolo dote
|Cy| <c |S] xou y =sup Cy.

Iopatneolue 61t 1o C unopel va €xel autég Tig 8LOTNTES Ywelc amapaltnTa Vo
elvat utosvvoro tov S. YIOAEIEH (W. Allen). Ilpog anaywyy ot dtono, €6Tw
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S xahd datdéuuo, xateuhuvduevo xar < ~eNEdYLOTO AVTLTOPASELYUO TOU GUUTE-
pdopatog, xou dele mpdta 611 T0 S eivan avanapifunto. ‘Eotw < dpiotn didtaln
wouv S xa éotw f: S xS — S ouvdpnon ol Gote z,y € S=z,y <p
f(z,y). T xdbe z € S, Bétoupe

Cy =op seg(x)y,

ue to ouuPolioud tou HpoPfAfuatog x9.6. Acile b1t autd elvon xatevhuvduevo,
6t 1o sup C, undpyet yia xébe z € S, xou 6t 10

C =g {supC, |z € S}

elvan xohd dratetaypévn ahuoida otov P mou éxel tig Wibtnteg (1) xou (2) yio

0 S.

*x9.23. (AC) T xdbe pepixd dratetaypévo ydpo P, ol embueves cuvbixeg
elva LoodVvapeg:
(1) Kébe xateuhuvbuevo oivoho tou P éyel ehdyloTo dvm @pdyua.
(2) Kébe ahuoida oto P éyel ehdyLoto, dvo @pdyud.
(3) Kébe xohd Sratetayuévn aluoida oto P éyel ehdytoto dvo ppdyua.
EWldwétepa: (AC) ‘Evac ucpixd Statetayuévog ydpoc elval enaywyixds av xat
uévov av eivar tAjpenc xatd xatevfuvon (depo).

*x9.24. (AC) 'Eoctow 7 : P — @Q povotovixh anewxdvion and évav enaynyxd
Y0po o€ xdmoov dhho. Aelle bt n m weavorotel v e&lowaon

m(sup S) = sup 7[S] (9-13)

yio %é0e un xevh oduotda S C P, av xoL wévov av ixavorotel v (9-13) yia
%80e un xevéd, xatevbuvéuevo S C P.

x9.25. Acelle 6Tl 0 YopaxTNELooc TNS LBLOTNTAC TNS GUVEYELAC VLA ATELXOVIOELS
g popyhc T : (A — E) — (B — M) tou x6.24 woyVel yia Gha to olvoha A,
E, B, M.

x9.26. (AC) Avppa Ilenepacpévng Bdons. 'Ectw un xevf owxoyéveior T
UTOGLVOAWY xdToLou cuvblou V| Tétola HoTe

X eI < (VY C X)[Y nenepacpuévo =Y € I|.
AclZe 6L n T éyel yeyrouxd péhog (xotd ty C).
*x9.27. 'Eotw owoyévela I e menepacuévn Bdon 6mwg oto x9.26 xal déEou

emmhéov 6T To V elvow xohd Swatddiuor delle (ywplc to AC) étv n I éyel
MEYLoTIXS WENOG.

x9.28. (AC) Av &peic Tt Ba mer Stavuouatinde ydeoc xat te Baoixée L8L6-
wtes ypauutxic avelaptnolac, Seile 6t xdbe Siavuouatindg yodpog éxel Bdon.
Acle eniong, yopelc 1o AC, ét xdbe xohd Statdéiuog Stavuouatixdg ydpog £xet
Bdomn. YIOAEIEH. Egdpuooce 1o x9.26 1 10 x9.27 otnv owxoyévela SV ToVv
YeoUULXE avedpTNTwy GUVOAWY TOL SLOVLGUATIXOY YOEOL.
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*x9.29. (AC) Av &peic pepind mpdypata yio odpata xou alyePpixé enextd-
oelg, detle 6t xdbe odua éyer ahyeBexh xhetotédtnra. YIOAEIEH. H cuvnii-
ouévn anddelln yU autd elval xdnwe étol. Oewpolue TNV olxoyEvela

A = {F | F elvaw alyePput| enéxtaon tou K} (9-14)
uepxd SlateTorypévny and tny
Fy EFy <= F1 elvan unocdua tou Fy,

nopaTNEOVUE OTL elval ETAYWOYIXOC Y DPOS Yol ETOUEVWS ExEL MeYLoTXS oTolyelo
K, xou enaknfedouue 61t autéd to K eivon alyeBpud xhetotd. To emyelpnua
dev elvar owotd, eneldh n whdon A oty (9-14) dev elvow olvoro. T va To
endtopbdoouue, oty evdlagépouca neplntwon 6mov to K elvol dnelpo, mopatn-
polue 6t xdbe adyefouxy enéxtacn tou K elvar ioopopgixij ue xdnowo odua
F =, K. Aut ouvendyetol 6Tt UTOROVUE VA AVTLXATAGTAGOUUE TNV OLXOYEVELDL
A tou (9-14) pe my

A" = {F C E | 70 F elvaw ahyePpixt| enéxtaon tou K}, (9-15)
6mou to E elvat xdnolo unepovoro tou K, mtohunknbéotepo touv K.

*x9.30. Aclle 6Tt %dbe xahd dtatdipo oduo (xa emouévog xdbe aplBuioiuo
ooua) éyel ahyePoixy| xhetotédtnta. YIOAEIEH. H 18éa elvar vo anogpdyouue to
AC opilovtag v ahyePeu xhetotdtnta xateubelay ue Yrepnenepaouévn Ava-
dpoun. To téyvaoua ato nponyoduevo pbdBAnua dev unopet va anogeuybetl. Na
xotepyaotelc mpdta Ty aplBufolun teplntwor, mou gavepdvel molo alyeBpLxd
anoteAéopata Ha ypelaotelc.
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KE®PAAAIO 10

O XQPOY BAIRE

Metéd Toug guoixoic apthuoic, owe 1o o Heuehiaxd aviixelyevo perétne g
ocuvoloBewplag va elvor o ydpog Baire,

N =5 (N—=N), (10-1)
10 oUvoho twv aptbuooceledy. Me T0 cuuBolioud
C =0 (N—{0,1}) (10-2)

Yo 10 6Gvoho tou Cantor?? twv dnelpwy, Suadixdy axohouvbLdy, téte
CCNCPNxN),

%ol UE oxeloug Ta UToAOYLGUOUG,
¢ = 280 = [P(N)| = [C| <. V] <. [P(N x N)| = [P(N)| =c.

Meté v adiopatind anddelln g wwoninbxdtntog N =, R oto Mapdptnua A
(mov elvar axpPBdc dnme xar 1 Srowchnteh anddelln, oto Kegdhato 2), n Yné-
Beon Tou Xuveyolc 3.2 exqgpdletar and tny npdTaoy

(CH) (VX C V)X <. NV X =, N].

H oyéon pdhiota avdpecsa otoug ydpous N, C xau R elvan téo0 otevd, mou
oYed6v %dbe evdlagpépouvoa WBLoTNTA vdg am’ autovg pog Sivel auéong uia oye-
Tlbuevn Widtnta twv dAhwy. Mta tpofijuata Ba ddoovue auotney dtatinmon
autoY tou gouvopévou yia toug N xaw C, ot yia Tov R fa to anodelfoupe oto

HMoapdptnua A, érou xat Go avTAooUUE T TOPLOUOT VLA TOUS TEAYUATIXOUS

, , ’ , , 23
aptBuols and ta anoteréouato auTol Tou xe@aalou.

To nepleyduevo autold Tou xePaAaiou dev Elvol ATAEALTNTO Yo TNV XATAVON O TWV ENdUE-
vy 300, napouotdletol 80 cuunuxvwUéva ol olyovpa anattel nepiocdtepn npoondbeia and
TOV AVAYVOOTY 68 oXEom UE Ta UTONowa xe@dAata. e Wia medtn avdyvwon, lowg va elvol
xaAOTEPO Va TO TPOoTEPAoELS Xou var enavéNDeLS o8 autd ool npdta euneddoelg xahd v UAY
ota Kegdhowa 11 xan 12.

22 Ané nald napddoon yenouronoteiton To (dto abuBolo yu’ autéd To unocivoro Tou N xow
YLt TO GUVOAO TV TEAYUATIXGDY aplBudy Tou oploaue otny anddelln tov 2.14. To Aldypauuo
2.4 enelnyel edyhotta To Aéyo, xou xavels uéypl ofuepa Sev éxel unepdeutel.

23Mnopet xavelg va exhdBel to N wg «SLaxpltiy, «neaxiy 1 «cuvSuastixhy anédocn tou
«ouveyoUeon 1 «avahoyixoln R. Kdbe npayuotixde aplbudc @ xabopiletar and tn Sexaduxy| tou
avéntuin z(0).z(1)z(2)..., énou (n — z(n)) € N, aAld Siagopetinég dexadixés avantidZelg

151



152 YHMEIQXEIY ¥TH X YNOAOOEQPIA

S EL
@) 2,0) =
1,2,3
(1,2) é (1,2,1
éz (1.1) —=
A
b e
9 () (0.0) == (0.0,0)

AIATPAMMA 10.1. Muwxpé pépoc tou yédpou Baire.

O otdyoc pag ed6 elvan va anodelfovpe To Baoixd aroteréouata yio to N nou
gxouv oyéon ue 1o IlpbBAnua tou Xuveyols. Oua oploouye TV ouxoyévela Twy
ANAAYTIKON YIIOXYNOAQN TOY N xou fa Sel&ouue b1t %dbe avahutind cdvoro
wavornotel Ty Ynbheon touv Xuveyoile, dnhadn elvon 1 amaplBuntd # toonknbixd
ue 1o N. Auté 1o OEQPHMA TEAEIOY YYNOAOY 10.20 elvar onuoviixd,
eneldf] oyedév xdfe olvoho ue 1o omolo acyoleital 1 xhaowxn avdiuven elvor
avadutxd. Elduxdtepa, dha too TYNOAA BOREL mou matlouv 1600 onuaviixnd
ebho ot Bewpla uétpou xot ohoxAipwone elvan avohutixd: and to OEQPHMA
TOY SUSLIN 10.31, éva oivoro A C N elvor Borel axpBie btav to A xat to
N\ A etvar o ta 390 avolutixa. Anéd v dAAn uepd, Ha delfoupe oto Oed-
enuo 10.32 4t n guotxf uébodog anddeling tne Yndbeong tou Tuveyoic yla to
avaAutixd obvola Sev unopel va 8daoel Adon oto yevixd IlpdBinua tou Xuve-
¥0Ug mou Bev €yel axdun Aubel. Extdc and Tig epapuoyéc Toug any avdiuon,
to OewpRuata 10.20 xal 10.32 nopouvoidlovy ouctaotixd, Oeuehiaxd evdiope-
pov eneldt| oL anodellelg toug enednyolv duoppa to pbho mou mailouv ot apyég
enthoyfic oto xhaolxd paldnuotixd.

10.1. H dop? tov N. Ou diucbhceic pog yia to xdeo N mnydlouv and v
anelXSVLGT TOU WE TO adua Tou peyohitepou dévipou oto N, ue v opoloyla

unopel va naptotdvouy tov (8lo mpaypotixd aplBud. Autéd elvar évo peydho «oahAdy, eival to
kel e anddegng 6t o R elvan tomodoyixd ocuvextixdg, mou elvar evdiagpépoy anotéeopua
Yo TNV avdluon adld dveu onuacioc yia ) cuvohoBewpla. Oewpolue to ydpo Baire wg
«ngLax| anédoony Tou R eneldy| dev emitpénel tétoieg Tavtioels, xébe z € N xafopilel ywplc
apgBorla to «dngion Touv z(0), z(1),... .
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twv 9.3 xa (9-3),

N = [N,
To unocivola tou ydpou Baire xololue omueroctvola, (pointsets), neplo-
pllovtag mpocwevd to vénua tng MEng «onuetor ota wéln tov N, Ta drepa
xhadid tou N*. To oupnAfpmpa onuetocuvélou elval 10 oUUTARRLUS TOL S
npog 1o N,

CA =y N\ A, (10-3)

Enione elvar ypriowo va enextelvovue 10 guuBolioud yia apyixd TuAUoTo Aé-
Eewy,

uCz <=, ucCz (ueN,zeN), (10-4)

€toL mov vo untodeiyvel 6Tl wa menepaoévn axohoubio u elval apyr xdnolou
onuelov z, ulo tpocéyyLom tou z tou mpoodlopilet Tic tpdteg 1h(u) TLwéc Tou.
INa xd0e v € N*, o advodo

Ny =0 {r €N |uC 2} = [Nj] (10-5)

onuelov tou N nov enextelvouv to u elvar 1 yertovid (neighborhood) ¥ neproyh
mou xafopileton and to u oto N.

10.2. "Aoxnov. I'ia 6Aa 1o u,v € N¥,
uCv <= N, CN,.
10.3. 'Aoxnor. H owxoyéveia twv yettovidy elvar anaptGunty.

10.4. Opiopds. To onuetocivoro A elvar avouxtd (open) av elvat évoon yel-
TOVLOY, £T0L OOTE

reG < (Ju)[reN, &N, CG] (10-6)

xheroté (closed) av to ocuumAfipwud Tou elval avolxTd: %ol avoLxTO-%AELGTE
(clopen) av elval xou ta %0, avowxtd xat xheloTo.

Yuyvd opllouue to avolxtd olvola pe TNy axdiouvln, edxolo Loodbvoun cuv-
O
10.5. 'Aoxmor. 'Eva oivolo G C N elvar avouxtd, av xau uévoy av yia xdfe
z € G, vndpyel xdnowa yettovid N, évol mov z € N, C G.

10.6. Ipétaoy. (1) To O, to N xou xdbe yeitovid elvar avoixtd-xAelotd.

(2) Kdbe povooivolo {x} elvar xAeiotd, addd Syt avoixtd.

(3) Kdbe un xevé avoixtd onueiooivolo eivar évwon utag axolovbiag yeito-
VL

(4) Kdbe owxoyéveia G avoxtdv onueoouvélwy éxer avouxty évwon |JG,
xau Suixd, xdbe owxoyéveia xAetotdy onueoouvdlwy F éyet xdetotif tourf (| F.
(Oétovpe (0 = N, étoL dote 1 mpdln g Touhc va elvon oplouévny yia xdbe
OLXOYEVELDL GNUELOGUVONGY.)

(5) H touri Gy NGy 8do avoixtdv onueocuvélwy G, Go elvar avouxts, xat
duixd, n évwon Fy U Fy 6o xdeiotdy onuetoouvélwy Fi, Fy elvar xAetori.

<
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AmnoaEizH. (1) Kdébe yertond etvou avouxtd, agod N, = J{N,}, xa, ou-
YxeEXPLUEVA, TO N = ./\/< ) elvaw avouxtd. O yertoviég elval enlong xheotée,
ané v ‘Aoxnon 10.5: av z ¢ Ny, 16t u L T, xou dpo undpyet ¢ < lh(u) pe
x(i) # u(i) xou érov € Nigo),... a(i)) VO Nig(0),... 2y N Nu = 0. To xevé

oVvoho elvan M évwon e xevic (1) owoyévelag yettovidy, cuuBolixd
QZU{NH |Nu Q@}

(2) "Eva povoctvolo {x} dev elvan avoxtd, diét dev meptéyet xaula yettovd,
xou dpa dev umopel va elval évwon yertovidy. 'Ouwe 1o ouunifpnud tou elval
avouxto, ool

N\A{z} =U{Nu [uZ 2}

(3) Av 1o G elvou avouxtd xow un xevéd, t61e 10 ovvoro {u | N, C G} elvow
un xevé xat anoplBuntd, xat dea unopel va amoptBunOet.

(4) 'Apeco and Tov yopaxTnElousd TeY avoxtdy cuvélwy 6tny ‘Acxnor 10.5.

(5) Av 1o G1, G2 elvor avouxtd xou € Gy N G, 16t vndpyouy u,v C x
1o Hdote Ny, € G1 xaw Ny C Go. O Mé&eig u, v elvan ouyxploweg enedy
xat ot d%o elvaw apywxd tpApata tou T Av my. u C v, té6te Ny 2 N, xo
emopéveg N, € G N Ga, axpég autd mou ypetalduacte. [a v delfoupe
dUDx WBLOTNTA TV XAeLGTOY Hewpolue cuunAnpduota. -

O ydpoc Baire eivatr tomodoyixde ydpog ue tov xhacixd oploud mou exbé-
ooue 670 4.30, aAAd mohd edixdg, e€ontiog Tng embuevng Paoixnc avtandxpelong
avdueoo oty tonoloyla Tou xat T cuvduaoTixy Sour| Tou dévipou N*. Miny
anddeln—xal ot ouvéyela, ywpelc oxéio—~0Oa emxaleatodue Ty e€fc teTpLU-
uévn tooduvauia mou cuvoyetilel xdbe dévtpo T ue t0 oduo Tou:

ze[T] < VuLCz)ueT). (10-7)
Elvat dueco enaxdéhovfo tou opiopod tou [T, (9-3).

10.7. Igétaoy. To onucioolvoro F eivar xAetoté av xar uévov av eivar to
odua 8évteov T oto N, F = [T7].

ATOAEIEH. Av z ¢ [T, t61e ywa xdmowo u C z, u ¢ T, xou enopéveg N, N

[T] = 0, dpo Ny C ¢[T] enmopévec to c[T] elvan avouxtd xan to [T] xhewotd.
Avtiotpdgwg, av aviiotolyloouue oe xdbe onuetocivoro F' 1o 8évtpo
TF =op {u € N* | (3z € F)[u C z]}, (10-8)
16TE TREOYPAVAS
F C[T").

Av 10 F elvon xhewo16, éyoupe entong [TF] C F: enedf av x ¢ F, 161e yio
xémoto u C z, Ny N F = 0 agod 10 cuunhipwua cF eivar avouxté, dpo u ¢ TF
xou z ¢ [TF] ané  (10-7). o

O Baowxde autde yopaxTNeLoUdS UAC ETLTEENEL VO TAELVOUNCOUUE Ta XAELOTA
ONUELOCVUVOAA aVAAOYO UE TLG GUVSUAOTIXES BLOTNTES TwV SEVTpwY ToU Ta opl-
Couv. Aev elvar Mdbog va Bewprioovue To cOUTAEYUA GUVSUAGTIXOV OPLOUDY
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mou axohovfolv wg TN cuVdLaGTLX YeEwpeTtpla Tou N, éotw x av dev elvau
«yewuetplon pe xaplo avotner, xhaowx avtiAndn tou bgovu.

10.8. Oprowds. Oftouue

u|v =6 oL u xat v elvon acupBifacteg (10-9)

= (3 < Ih(w), h())uli) # v(),

%Ol UE TN QuUOLXY| ENéxTOoN Tou ouuPohiouol ota onuela,

u|x o DuC z] <= (v C z)[u|v].
H A& u draondton (splits) oto dévrpo T av éxel acuuPifacteg enextdoelc 610
T, xou 1o 8évipo T elval draondpevo (splitting) av xébe u € T Sowondtat oto
T

’ ueT= (Fui,uz € T)[uC u &uC us & uy | us.

Hapatneodye twe to dtaondueva dévipa dev €youv tepuatixoic xéufouc.

To onuewotvoro P elvar téhevo (perfect) av elvar odua Siaonduevou &¢-
vtpou. Ta téhela onuelocvvora elvat € oplopol xhelatd.

10.9. Aoxmon. Kdbe yeitovid N, elvar téleta.
10.10. Ilpétaom. Kdbe un xevd, tédeio onuetootvolo P Eyet nAnbixdrya c.

AnoaEIEH. 'Ectw P = [T] 6novu to T elvow un xevé, Saonduevo, xow didhele

GUVOPTHOELS

1:T—-T, r:T—=T
Tou gaveg@dvouy 6Tt To T elvat Staomduevo, dnhady tétoleg dote yia xdbe u € T,

uwCl(uw), uwCr(u), I(u)|r(u).
Ané to Oedpnua Avadpounic yia Aééec 5.33, undpyel ouvdptnon
o:{0,1}* =T
and 1o 3évtpo TV Suadxdy AéEewv oto T mou txavornotel Tig TauTdTNTES
o) =0, o(ux(0)) =1lo(w), o(ux(l))=r(o(u)).

"Etol to o(ux(i)) elvan yviola enéxtoon touv o(u) vyl i = 0, 1, xou dpa n o elvau
AUETNEE LOVOTOVLXY,

ulv=0(u) & o(v),

xa uropolue va oploovue tny T : C — [T ye Tov tino

u C z}. (10-10)

(%) =op sup {o(u)
H xplown Bétnta g o etvou 6t oéBeton enlong v acuuPiBactédta,
ulv=0(u)|o(v). (10-11)

T va 1o emaknfedoouye autd, otw o0 i eEdytotoc pe v Widtnta u(i) # v(i),
€TOoL IOV YloL XAToLo W,
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(4 tavdmady): cvvende (and toug optopols toug) ta o(w*(0)) xar o(w*(1))
elvan acupBifacta xou and ™) wovotovixdnta g o, ta o(u), o(v) elvon eme-
x1doeLg Toug xot enopéveg enlong acuvuPifacta. Tehxd n (10-11) cuvendyeton
6t elvon povopopgLopde, xar autd gavepdvel étL C <. [T, autd nou ypela-
CbuaoTe.

H oamh autd] yevixeuon e anddeling tou Cantor 6t to R eivar avanapiBunto
(2.14), urodelyvel wa guoxh tpdofacy oto IpdPAnua tou Tuveyolc: yia va
anodelEouue 6Tt éva avanapiBunto onuelocVvoro éyel TAnOxdTNTA ¢, apxel va
del&ovue 6Tl meplEyel un xevd, téheto unoclvoro. Autd elvarl Tpogavég ylo Ta
avowxtd (enedh) xébe N, elvan téheto olvoho) xau enlong aknbedet yia o xAeloTd,
v Ta omola Suws yperdleton anddedn.

10.11. Oedpnpa Cantor-Bendixson. Kdbe xAeiotd urnootvolo F tov N
Staondrat ue povadixé tpdéno oe SUo Eéva unooUvola
F=PUS, PnS=40, (10-12)
érot mov o mupRvag (kernel) P va elvar tédeto oUvolo xai 1o dLacmopuévo
wépog (scattered part) S va elvaw anaptGuntd.
"Emetor 6t %80e avanapibunto, xAetotd onuetogivoho €xel un xevd, téAELO
nuphva, xat ENoUEvLe Exel TAnBudtnTa c.
Anoari=d. ‘Eoto T = T 6nwg otny (10-8), étol tov F = [T] xou 10 T Sev
gxel tepuotixoic xéuPouc. Oétouue
S =op U{[Tu] | u € T & [[Tu]] <c No},
P =, F\S.
EZ optouod 1o S elvan évwon anaptBuntic owxoyévelag anaplbuntdy cuvéiny
xat enouéves anoptBuntd (npboele v enixinon touv ACy e8a), xal anouével
va detouvue 6t to P elvan téheto.
To cUvolo Aé€ewv
ET ={u e T ||[T.])] >cRo}
elvan (dxola) 8évtpo, xau xatevbelav and Tov oploud tou S,
€S < z€F & (Ful z)[ud¢kT].
AMN& P=F\S, épa
r€P << ze€F&z¢ FV (YuLl z)ue€ kT
— (VMuCz)ueT|&Vul z)uc kT
— (VuC z)[u € kT
<~ z € [kT],
étoL mou apxel vo Set&ovue 61t to KT elvan Swonduevo. Ilpog amaywyy| oe
dromo, Seyduacte 6t xdnowo u € KT dev Swaomdtor. Autd onuaiver ét dheg
ot enextdoels touv u oto KT elvouw ouyxplolwes, enouévog npoodiopllouvy éva

uovadixd onueio
z=sup{v € kT |ul v}
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Aol xdbe enéxtaon Tou u oto KT elvou npocéyyion tou ,
[Tu] = {z} UU{[T] | w E v e T&E|T]| <c No},

xat ouvendg to [Ty, elvon anaplbunth évwon anoplBuntdy cuvélwy, Tou elvat
dtono.

AgpAvouye ) wovadixdtnta g didonaong (10-12) yia npdfinue, x10.2.

10.12. Oprowds. Mia owoyévela I' onuetocuvérmy éxet v Wétnta P av
%606e avanoplBunto clvoro oty I' mepiéyel un xevd, téhelo unocivoro. M’ auth
™y xhaoixr oporoyia,?t 1 owxoyévela F tov xhelotdy 6nustocuVOhey EyeL TNy
Wotnta P, A (amhovotepa), xdbe xAetotd onuetooivolo éyel tny tdidtyta P.

10.13. ‘Aoxnor. Av uia owxoyéveia onuetoouvélwy I' éyer v biétnra P,
161 xow 1 owxoyéveia I'y twv anapiBuntdy evdoewv and v I' enione €yet
v 8istnTa P.

Yuvdayetol 6Tt x80e F, onuelochvoro tng nop®ng
A=UnenFn (10-13)

ue xdfe F, xhetotéd éyer v Widtnta P. H npdtaon ainbeder xau yia 1o Gs-
6UvVoAa NG HopPPTC

A=,cnGn (10-14)

ue xdfe G, avouxtd, ohAd 1 anddelén dev elvor té660 amhi elval ydiiota ev-
xohétepo va anodel&ovue xat’ eubelav v WL6TTa P yia v moAd peyakdtepn
OLXOYEVELDL TV AVAAUTIXGDY ONUELOGUVORWY.

10.14. Oprowés. Xdugpwva ue tov ogloud 6.25, cuvdpetnon f : X — Y and
évay TomoAoYX6 YMeo o€ xdmotov dAlo elvar GUVEYYS, av 1 avtioTpoyn exdva
F7G] %8Be avouxtod ouvérou 610 Y elvar avoixtd ovvoro oto X. To onueto-
olvorho?® A C N elvaw avahutixé (analytic) # Suslin, av eite A =0 % 10 A
elvat exdva tou ydpou Baire and pio cuveyr) ouvdptnor, cuuBolixd:

A= {ACN|A=0V (3 ouvveyfic f: N — N)[A = fIN]]}.

H cuvéyeia o610 N emdéyeton évay anhd, cuvduacTixd yopaxtnelopusd Tou elva
T0 XAEWl TV EPAPUOYGY TNG.

24H xhaowh; opohoyia yio T onuelocbvole elval xdmeg doyet, ahAd 1660 xahd edpone-
uévn mou Sev unopel xaveic va Ty ano@lyel. Xe xdbe tonoloyxd ydbpeo, ta xAewotd cOvola
xahovvtar F-cOvoha, and to yoahhxd fermeét to avouxtd xalolvtor G-clvola, and to yep-
uwovixé Gebiete (onualvel mepioy): xon anaplBuntés evéoeig I'-ouvéhwy elvan I'o-clvola evéd
anoptBuntés toués I'-ouvéhwy elvan I's-clvola, and ta yepuavixd Summe xow Durchschnit yia
évwon xal tour. Aev Ba yenolwonoicouue auth tny opohoyia, extés and UepLxEc AvUQOpPES
oe Fo xaw G5 oNUELOGUVOADL.

25TepLopllbuacte 670 XGpo Baire, eneldh undpyouv Torlol oplouol «avaALTXGY GUVAWY»
nou dev elvan 1oodlvauol ot yevixolg totohoyxols y®poug, av xou cuurintouy oto N.
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10.15. Oedpnua. H ouvdptnon f : N — N elvar ouveyrfic av xau udvov av
undpyet uovotovixi ouvdptnon T : N* — N* ori¢ Aééeis, téroia dote

f(z) = sup{r(u) |[uC z} (zeN)

= lim, 7(Z(n)). (10-15)

Oo Mue 6tL n 7 : N* — N* vnohoyilel ) ouvdptnon f av elvat povotovixy
xat ixavorotel Ty (10-15).

ATIOAEIZH. Av 71 f wavonotel v (10-15), té1e
f(z) eN, <= (FuC z)[vC 7(u)],
xou ouvendg xdlbe avtiotpogn ewdva yeLTovidg
FTHNG] = U{Nu [ v E 7(u)}

elvar évwon yertowdy, tou onualvel 6t 1 f elvar cuveyrc.
It to duoexolbtepo aviiotpogo, utobétouue 6tL 1 f elval cuveyrc xat Bétovue

S(u) =op {v € N" | fIM,J C N} (ueEN).
Kdfe S(u) # 0, apod 7 pila B € S(u), v Cv' € S(u) = v € S(u), xu
0,0 € S(u) = fINL CN, NNy =[vC v Vo' C o,

enedf v | v = N, NN, = 0. Enopévog, undeyouv do tepintdoeis:

ITEPIITOSH 1. Yrdpyet xdnowo v € S(u) tétolo dote lh(v) = lh(u). Oétouue

T(u) =op v = 1 povadixh AEn oto S(u) tétoa dote lh(v) = Th(u).

ITepmTOSH 2. Aev undpyet v € S(u) tétowo dote lh(v) = lh(u). ¥’ avtiv

v nepintwon Bétovue
7(u) =00 sup{v | v € S(u)}.
H povotovixétnra tng 7 €metat eUxola and TIS GUVETAYWYES
uy © up = f[Nu,] 2 fNu,] = S(u1) € S(uz),
Bewpdvtac T didgopeg teptntdoels otov optopd twv T(u1) xau T(ug). T va
detouue v (10-15), napatnpolue mpdto 6Tt enetdh 7(u) € S(u),
uCxeN= f(z) € Ny =7(u) C f(z).

Ané n ouvéyewa tng f, av v C f(z), téte Yot xdmowo u C z, fIN,] C N, dpa
v € S(u) xau elte apéowg v C 7(u), av 7 1w 7(u) opiletan e tnv IIEPIITOEH 2,
# undpyel xdmota enéxtaon u’ tou u, pe lh(u') = 1h(v) xou tétoa Gote v = 7(u),
oTNV AN neplntwon. -

H (10-15) divet évay uTOhOYLOTIXG YopaxTNelopud TN GUVEYELAGS: T oUVEPTNOY
7(u) otig MéEeig poag diver ohoéva xahitepeg npoceyyloag T(u) C f(x) tng Tk
e f, xalde v tpogodotolue ue Stadoyixd axpléotepec npooeyyloelg u T x

g uetofAntic e, Me tig évvoleg Tou Kegahalou 6, unopodue va ddoouvue
auvotnen xol xoudr| Statdnwon avthis g tdéac.
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10.16. IIépwopa. H ouvdptnon f : N — N elvar ouveyrc av xar uévov av
elvat o meploptouds oTo N xdnotac UOVOTOVLXIG, OUVEYOUS ameELXbYLONS

7:(N—=N)—- (N—=N)

otov enaywywxd ydpo (N — N). Zdugova pe tov Optouéd 6.22, 1 povotovixy
anewxévion 7 1 (N — N) — (N — N) elvan ouveyric av ixavonotel tny tooduvaulo

m(x)(i) =w <= (Ju e N)uC z&r(u)(i) = w).

Xenotuonotolue €86 to yeyovég 6t o N elvan unooivoro tou (N — N), nou
anoteheltal axpBods and 6ha to ueylotixd Tou onuelor N Bacix mapothenomn
elvaw 7 Sidonaon

(N—=N)=N"UN, N'NN=0. (10-16)

ATIOAEIEH. Av 7 f : N — N elvou ouveydc, vrobétouue 6L 1 7 1y unoho-
yilel 6nwe oto Ochpnua, xou Bétovue (eml Méer)

T=71UFf,

dmhadh m(u) = 7(u) Yo u € N* xau 7(z) = f(z) yia € N. H ouvéyea g m
elvat Tpogavnc xat To aviiotpogo mol) edxolo. -

10.17. Aoxnom. Aciée to «cUxoro avtiotpopor, Sniadf éte av n f N — N

elvat o meploplouds atov N xdrotac ouveyoUc ametxévione
7:(N—=N)— (N—N),
tote ) f elvar ouveyijc.

To Ilépiopa pog emTEENEL Vo avoy vwpllouUE auéows T CUVEYELX CUYXEXEL-
uévev ouvapticewy oto ydpo Baire, ue to pdtt, napatnpedvtag 6t xdbe Pngplo
f(z)(i) ™e mywhc f(x) uropel va urnohoyiotel pe ypfion tercpacuévou mAfoug
oY tou . 'Onwe xat oto Kegdhato 6, n avogpopd oe xdnola «tpo@avés cu-
veyp ouvdptnom yowels anddelln tng cuvéyelag vrowvicoetol enixinon autod Tou
ATOTEAEGUATOC.

10.18. Ogwopds. 'Eva onueiocivoho K C N elvan ovpnayég (compact) av
K = [T] émou T dévipo menepaouévng Sloxhddwong oto N. "‘Enetor dtt xdfe
ovunayég onuetoctvolo eivon xhetotd, xat to C elvat cuunayés.

Megwxol Ba mapaeveutoldy W’ autdy tov oplopd tng cuunaylog yio onuelocy-
voha, ool umdpyel YVooTog, xhaoixds oplouds ouumaylag oe yevixole Tomo-
hoyxolg Yopog, abugnva ue Tov onolo To 10.18 eivon Bedpnua. Xwplc oydiio
xévape To (8L0 XaL UE TNV «TEAELOTNTA, TOU %L UTH Elvol YEVLXA, TOTOAOYLXY
évvola. E3d evdiagepbuocte otic GUVBUNGTIXES OLOTNTES AUTHOV TWV GNIELOGU-
véhwv mou elval eldixég yo to ¥ dpo Baire, xal Ha agpricovue toug Tonoloyixovg
yopaxtnelopols Toug yia mpoPriiuata, x10.17 xou x10.21.

10.19. Tpéraom. (1) H ewxdva f[K| ovurayolc onueioouvélou K and ouveyr
owdptnon f: N — N elvar ovunayic.

(2) H ewxdva fIK] ouunayols xat tédetou onuetoouvélov K and ouveys po-
vouopptoué f: N — N elvar ouunayfc xar téiea.

[IporataptuTLixny 21 €udoor, yYepdtn A&6n, Méptiog 2007



160 YHMEIQXEIY ¥TH X YNOAOOEQPIA

AnoaEgigH. (1) 'Eoto K = [T] énou 1o T eivar nenepacuévng dtaxhddwong
xau N 7 urohoyilel v f olugpwva pe v (10-15), xou éotw

S :Tf[K] = {’U | (31‘ S K)['U C f(x”}

10 34V1po GhwV TV apYx@V Tunudtey tng ewxévoc fIK]. Apxel va delouue
6t to S elvar dévipo nenepacuévng Slaxhddwone xau f[K] = [S].
'Eotw v € S. ©étouue

B=ce {u€T|vC7(u)Vo|r(u)},

xat unoBétouue étLx € [T]. Av o] f(z), t61e undpyeL puoxde aptbude n, tétolog
dote v |T(ZT(n)), dpa T(n) € B- xaw av v C f(z), 161 yia xdmoo n, v C 7(T(n)),
on6te ndAt E(n) € B. Apa to B elvaw @pdytng tov T, xou and 10 Oedpnuo
Bevtdhog 9.9 mpénel va €yel nenepaouévo untocivolo

BO:{U()a"' aun}gB

nou enlong elvar @pdytng. Hpoxdntel 6t yio xdfe z € K tétolo dote v C f(z),
undpyel xdmoto u; mou wxavonolel Ty v C 7T(u;) T f(z), xou enouévoc xdbe
noudl tou v oto S elvar apyxd TuRua evéc and ta T(u;), xou o aplBude Toug
elvaw menepacuévoc.

Mpogavée, fK]

anay»YH oc dtono)

[S]. Tw va del€oupe 6t [S] C fIK], deyduacte (mpog
L undpyet xdnoto y € [S]\ K] xou Bétovpe
B=o {ueT|7(u)|y}

Tdpa o B elvan gpdytng tou T, eneldf o wdvog tpdrog yia va elvar to 7(Z(n))
ouuPatd pe to y yia x8be n elvor va woylel v f(z) = y. And 1o Oedpnua
Bevtdhioc, undpyel nenepacouévo uTocHVOAO

By = {ug,... ,un} C B

-
,
61

mou enlong elvan @pdytng tov T'. Oétouue
k = max{lh(7(u;)) | i <n}+1,

xat emhéyouue xdnoto z € [T tétoto dote Y(k) C f(x), mou mpénel vo undpyet
enedq y € [S], étol mou To y emdéyeton ocodinote axpBelc npooeyyloeg and
el g ewdvocg e f. And v dAAn peptd, u; C x yio xdmoto i, eneldy| to
By elvaw gpdytne dea 7(u;) C f(z) enedh n 7 unohoyilel v f+ dpa o 7(u;)
xat G(k) elvor apyied tuduota touv f(z), xa emouévoc cuufatd: ol eneldf o
x6uPog 7(u;) éxel wxpdtepo urxog tou Y(k), npénel vo toydel n 7(u;) C y, mou
tehxd avtitifetar otov oplouéd tou B.

(2) Me tov 8o supfoiiopd tou (1) xou Ty emnpdobetn undbeon, éotw v € S,
étoL mou Yo xdmoto u € T, v E 7(u). Agol to T elvar diaomduevo, undpyouv
dLopopeTIXd onueia

1,72 € K NNy,

xot ool n T vnohoyilet v f,

7(u) C f(z1), 7(u)C f(z2). (10-17)
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AN f(z1) # f(x2), enedh n f elvaw wovouopgLopde, dea udeyouy acuufifo-
ota v1 C f(z1) xou vo C f(z2) mov enextelvouv 1o 7(u) and v (10-17), xou
autd dtaomody v T(u), dpa xat To pixpdtego v T T(u) oto S. o

10.20. Oedenua Télerov Xuvérou (Perfect Set Theorem, Suslin, 1916).
Kdbe avarnapifunto avalutixd onuetootvoro €yel un xevé, téieto vnoalvolo.

AnoakizH. 'Eotw A = f[N*] avarapibunto cbvolo, déZou 6TL 1 7 unoloyilel
v f, xou Géoe
T =op {u € N* | [f[Nu]] >c Ro}. (10-18)
Ipogavde to T elval un xevd dévtpo.
Adppa. To 6évrpo T elvar T-Staonduevo, dnAady yia xdbe u € T, vrdpyouy
ui, uy € T tét0i00 doTe
ulCuy, wCu, 7(ur)|7(ug).

Arédeiln. T xdbe u € T xou xdfe otabepd © € N,

NG = {f(2)} U U{fINw] [ () | f(2)} (10-19)
enedd f(y) # f(z) = 7(v') C f(y) yia xdnoto u' tétoto dote n 7(u') va elvon
acOuBatn ye to f(z). Av o Afuua dev alnfedet yia to u, Téte

wCu e T=7(u)LC f(z)
étor mou 8B ewdva fINy] we 7(u') | f(z) oty (10-19) avagépetar ot xdnoto
u' ¢ T xou elvan anaplBunt, xau undpyouv yovdya anaptbuntéc To tAhfog emi-
Novég v To u'. Apa n edva fIN,] elvar évworn evéc povosuvbhou xal piog
anaplBuntic oxoyévelag anaplBuntdy cuvdrwy, xal etouévng elvat anaptBunty,
evévtio oty undheon. 4 (Afpua)
'Onwe oto 10.10, enthéyouue Thpo GUVAPTHGELS
I:T—-T, r:T—T
mou gavep®dvouy 6Tt To T elvan T-8taonduevo, dnhady yio xdbe v € T,
wCl(u), uwCr(u), 7w)|rr)),
xou optlovue ue enixinon tou Oeswpuatog Avadpourc yia Aéec 5.33 uia ou-

véptnom
o:{0,1}* =T

ané to 3évipo TV duadxdv Aéewv oto T’ mou wxavornotel tig eElodoeLg

o) =0, o(ux0))=1Uo(u)), o(ux(l))=r(o(u)),
xat avth N o elvon (amopaltnta) povotovixd. H xplown WSiétntd g elvon bt
avuotoryilet aovufifacteg Suadxég Aéelg oe T-acuuPifacteg Aéelg,

ulv=>1(o(u)) | 7(o(v)), (10-20)

x4t mov enaknfedetan axpBdc 6nwe enahnbebtnxe 1 (10-11) otnv anddeln tou
10.10. Exnlong, n o vnohroyilet wia cuveyd g : C — N,

g9(z) = sup{o(u) [ uC z},
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O TROPAVADS
glc] € [T7]. (10-21)
Oewpolue tHpa ™ ovvbeon h = fg g doouévng f xou avtic g g, mou umo-
hoyiletan and tn odvbeon TwV T %o o
h(z) =sup {r(o(u)) | u C x}.

H h elvow ouveytic povopopgloude and to (10-20), dea 1 exxdva e h[C] = fg[C]
elvan ouyrmayfc xau téheta and to 10.19, xau elvou urnocivoro tou f[T] C A and
n (10-21). .

To anotéheoya dev onpalvel tinota BéRata, uéypels dtou del&ouvue btL undeyouv
TGUTOAAO ovaALUTLXE GUVOA.

10.21. Avppo. Kdbe xAeioté onuetooivolo elvar avaAvtixd.

Anoagigd. ‘Eoto T = TF énwg oto (10-8) yia 1o Soouévo xhelotéd oivolo
F # 10, étov dote mépa and 1o F = [T] yvowpilovue entong étu xdfe Mé&n oto0 T
€xet enéxtaot, Sev undpyouv tepuatixol xéufBol. Mropolue Aowndv vo opleouye
uot ovvdptnon § : T — T tétola Hote

ueT=uLCIl(u) & lh(l(u)) = Ih(u) + 1.
'Eotw
rtail(u) =qp u[[0,1h(u) — 1) (Ih(u) > 0) (10-22)
1 UepLxn cuvdpTNnoY Tou agaipel and xdbe un xevi Aén to tedevtaio g Pngplo.
Ané 1o Oedpnua Avadpourc yia Aégec 5.33, undpyel ouvdptnon 7 : N* — T
€Tola Hote
(u) = u, avu€eT,
= I(r(rtail(u))), av u ¢ T,
Tou elvat (evxoha) mpoBolrtou N* ent tou T', dnhadA elvar ohuch, oéBeton tar uixm

o ouupwvel ye Ty Tavtotxy oto T A’ autd ngoxUntel 6Tl 1 T unoroyilel
xdnota cuvdptnon f : N —» [T]. -

10.22. Avppa. Kdfe ouveyrjc etxdva avaduvtixoU onueioouvélou elvar avaiu-
X,

ATOAEIEH. Av A = f[B] xow B = g|N], t61e A = fg|N], xou n obvBeon fg

elvat ouveync. -

10.23. Adppa. Ay f,g: N — N elvar ouveyeic ouvaptioeic, téte T0 0Uvolo
BE={z|f(x)=g(2)}

TRV onuelwy oTa onola ouupwvoly elval xAeloTo.

ATNOAEIEH. Ened? diagopetixd onuela éyouv acvuPifactec npooeyyioels,

v ¢ E < [(z) # g(x)
= (Fu,v)[f(x) € Nu & g(z) € Ny & uv],
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Tou onualvel 4T
~1 ~1
ck=U{f" Wulng IN] [ ulo},
étol Hote 10 cE elval évwon avoxtdyv cuvdlwy %ot EToUEVLS avoLxTo. o

10.24. Ocedpnua. Anaplbuntés evéoeis xau anaptGuntés Toués avavtixdy on-
UetooLYGAwY elval emlons avaAutixés.

AnoagieH. 'Eotww A, = f,[N] pe xébe f, ouveyh, xou dpioe mpdta v
[N — N ue tov tino
f(Z) = fz(O) (tall(z))v
6mou
tail(z) =g (i = 2(i + 1)) = (2(1), 2(2),...)
elvaw 1 ouvdptnom novu anoxegaAilel onueto. Ilpogavde n f elvar cuveyRg: enedn
%&fe f(2)(2) unopet va urtohoyiotel and nenepacuévo TARfog TLdY Tou z, Béto-
vtog npdta n = 2z(0) %ot YETE YPNOLLOTOLAVTAC TO TETEPUGHEVO GUVONO TLUGY
Tou tail(z) mou ypetdlovtal yia tov utohoytoud tng fr(tail(z)). Ernlonc:
yeU,faN] <= (@neN,zeN)y= fu(z)]
= (Fz € N[y = f(0)(tail(2))]
ue 2(0) = n, tail(z) =
= (FeN)y = f(2));

doo |J,, An = fFIN] xar 1 évwon tov A, elvar avahutixé cbvolo.
To ouolaotixd atotyeio autod Tou utoloylouod HATay OTL 1 arelxévion

z — (2(0), tail(2))

elvaw empopgiouds tou N o1o N x N—npdypatt aviiotoiylo— pe cuveyelg
ouvtetayuéves. T va det€oupe bt n touh (), An elvon avadutid, yeetalduacte
Evay avahoYo EmUop@LoUs

7: N — (N> N)
Tou N ent Tou GuVHIoL TV dnelpwy axolovBLdy and onuela. T Ty xataoxeuh

utog tétotag m, tpoodiopilouue xdmola cuyxexpluévn avitotolyla p : NxN»— N
xou Oétovue

pn(2) = (i = z(p(n,1))). (10-23)

Kdébe p, : N — N elvan mpogavdc cuveyhc, xou yia xébe dneipn axoloubia
{Zn tnen onueiwy urnogodue va Bpolue xdnoto z tétolo Hhote

2p(n,i)) = 2ali) (nyi € N)-
arn’ autd cuvdyetor 6TL
pn(z) =zn (n€N)

ue dAha Adyia, 1 avTioTolylo

m(z) = (n = pnu(2))
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elvar empopploude. And 1o ACy tdea,

yEN,An = (n)(3z)ly = fu(z)]
= (Hzntnen)(Vn)y = fo(zn)]
= (3z e N)(Vn)[y = fu(pn(2))] (10-24)
= (

3z € N)[(Vn)[fn(pn(2)) = folpo(2))]
&y = folpo(2))].

T xébe n, To olvoro
By = {2 € N'| falpu(2)) = folpo(2))}
elvan xhetotd and to 10.23, dpo 1 Toun
B=0,Bn
elvan enlong xhewoth. ANNG and tny (10-24),
N, An = fopolBJ,

nou onualvel 6t N Tour| twv A, elvar avohuTixd. =

10.25. Opiopbs. H owoyévern B(X) twv cuvéiwv Borel totohoyixol ydeou
X elvar 1 eldytotn owxoyévela LTOGLVOALY ToU X ToOU TEPLEYEL To avoLxTd GU-
voha ot elval o-nedlo, dnhadd elvat xhetoth yia anaptBuntéc evidoelg xat vy
Tpd&N TOU GUUTANEOUATOC!

(Vn)[4, € B(X)] = U, An € B(X),
A€ B(X) = cA e B(X).
Kuplwe evBiagepduacte yia to yodpo Baire BéBoia,
B =5, B(N) = n owxoyévera twv Borel onuetocuvéiwy.
10.26. ‘Aoxnov. Aciée 6t 0 opiouds Exet vénua, Sniady n tour
BX)=n{€lgc¢
&(H{An}n CEUn4n € €]
& (VA€ &)[cAe ]}

elvar o-nedlo mov mepiéyel ta avoixtd, xal EMOUEVWS TO EAdYLOTO TETOO O-
redlo.

10.27. Aoxnon. Av {A,} axorovbia ané oivora Borel, téte 5 tourf (), An
elvat enlone Borel.

10.28. IIépiopa. Kdbe Borel onuciootvolro eivar avadvtixé (Suslin) xat emo-
uévoe éxer v 1diétypra P (Alexandroff, Hausdorff).

AnoaEgl=H. 'Eotw
CA={ACN |cAec A} (10-25)

7 OXOYEVELL TV AVAAUTIXAV ouunAnpopdtev. H owxoyévein A N CA twv
ONUELOGUVOA®Y TOU ELval AVAAUTIXE X0l TTOU €YOLY AVAAUTIXG GUUTARcwU Elval
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D

C

AIATPAMMA 10.2. To C Suayweilet to A ané to B.

o-nedlo, apod €& opltouol elvor XxAeLGTH Ylol TOV TEAEGTH TOU GUUTANEGOUATOC,
o av xdfe A, € ANCA, t61€ T0 UnAn %ot ENloNG TO GUUTARPWUL TOU

c(UnAn) =N cAn

elvar avalutxd and to Bedpnua. Enlone, xébe avoixtd alvoro
G=U,{Nu| N, CG}

elvar amaptBunty évwon yertovidy, enouévee avalutixd, alhd oL e avohutixd
ocuunmAfpoua anéd to 10.21. Xuvendyetat 6t n ANCA eivor o-nedio nou neptéyet
6oL ToL VoL Td GMUELOGUVOAA, ol ETOUEVLE TepLéyel 6Aa Ta oUvola Borel.

Yt endueva 3%o Bewpuata Stacagnvilovue T oyéorn avaUesa GTo AVAAUTIXE
xou ota Borel onueioctvola.

To onuetocivoro C C N Siaywpilel to onuetocivoro A and 10 onuelocivoro
B, av
ACC, CnB=0.
Tpboee 6t av o C daywellet 1o A and to B, t6te AN B = ().

10.29. Adppa. (1) Eotww {A;} xat {B;} 600 axolovbiec onuetoouvélwy xau
yia 6Aa ta i xat j, to C;; Stayweiler to A; ané to Bj. Tére to olvolo

C = Uiﬂjoij Siaywpilet o |J,;Ai and to U].Bj, Snrady

U4 € Uimjcij: (Uimjcij) N U]-Bj =0. (10-26)

(2) Ay ta {A;} xau {Bj} elvar 8vo axolovbiec onuetoouvélwy xat Sev undpyet
oUvolo Borel nou va Staywpilet 1o A = J,;A; ané to B = J ;B;, téte undpyouy
dUo aptbuol iy xat jo dote xavéva ovodo Borel va un Stayweilet to A;, and
0 Bj,.

Jo

AnoOAEI=ZH. (1) Yrafeponotolue xdnoto i+ tdpa Yoo Ghat o j, and v und-
Beom, A; C Cj, xau étou
Ai - m Cz]

- J
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Iatpvovtag evdoeic xatr otic dVo ueplés, €youvye

A= UiAi - Uiﬂjcij’

nou elvan xaL M Tpd TN oyéon nov yeewalduaote. [a tn déutepn, mapatnpolue
6tL n undbeon B; N Cij = 0, ovolaotixd onualvel 1t

Bj C cCij (cCij = N\ Cyj)-
%ot €T0l, 6TAUHEPOTOLOVTAS TO % X0l TAlPYOVTAS THAL EVOGELS, EYOUUE
B =,B; € U,Cy,

1o omolo ue T oglpd Tou, Aol To ¢ HTav Tuyalo, cuvendyetal 6T

B C minCCij'
Tépa and to pbBinua x1.3 (De Morgan’s laws) éyouue

MU0y = e(UiN,C5).

xat TeEAxd B N (Uiﬂjcij) = (), auté mou Béhape.

(2) Me anoywy? oe dtono, éuxoha: dibtL av umieye xdroto cvvoho Borel C;
mou va Staydplle to A; and 1o Bj, té1e 10 UiﬂjCij Bo Sraydpele to A and to
B buwg elvat obvolo Borel. =

10.30. To Ocedpnua Avaywpiopol (The Seperation Theorem, Lusin) Av ta
A,B C N elvar avadvtixd onueiootvora xar ANB = (), téte vndpyet éva Borel
onuetootvodo C mou Staywplilet to A ané to B.

ATOAEIEH. Oétouvye A = fIN] xou B = g|N], énouv o f xou g etvan cuveyelc
ouvapthoel ol omoleg and to Oedpnuoa 10.15 uroloyllovtor and doouéveg,
pnovotovixée ouvapthoels Aééewy o, 7 : N* — N*

F(@) = limg o(7(0),  9(y) = lima 7(5(n).
Il 6heg Tic Mé€eic u xan v, HBétovue
Ay = fNu] ={f(z) |[uE z}, By, =gNo]={g(y)|vTy}
%ol T, To 6Tl N 0 vnohoyilel Ty f xal T TNV g, onualvel 4Tl
A, C Na(u)v B, C N‘r(v)- (10_27)
Eniong éyovue Ay = A, By = B, xa, edxoha, yia 6Aa 1o u, v,
Au=U,;Ausiiy, Bo= U]'Bv*(j>- (10-28)

YroBétouvue npog anaywyn oe dtomo 4t dev undpyet obvolo Borel mou va
draywpiler to A and to B, xou egapudélovue enavelknuuévoa to Afuua 10.29,
yenowonotdvrac T (10-28): agod dev undpyet olvoro Borel mou vo Staywel-
et 0 A = Ay andé 1o B = By, urndpyouv oaplfuol ig, jo tétolol mou xavévo
civoho Borel Sev Staywpilel to Ay and 10 By dpa howndy, undpyouvv iy,
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Jj1 tétotot mov xavéva cUvoho Borel dev Staywpilet to A( ) and To B<

. ; | O P ’ Joy,Jl>
%x.0.%x. Avotnpd, yopelc w.o.x.», opllovue avadpouxd dbo axolouvbieg aplbudy

x:(i()yila"')a y:(]07.717)€~/\/

TéT0l0Ug TOU YL Gha T 1, xavEva oUvodo Borel de daywpilet To Agz(n) ané to
By(n)- Auté onpaiver o1,

v xdbe n,Ng(E(n)) ﬂ./\/.r(y(n)) # 0, (10-29)

Aot dLapopeTixd T0 Ny (z(n)) 0o Staydeile 10 Ag(n) and 10 By(y,), and m (10-27)-
xat, TeAxd, N (10-29) poc dlvel dueca btu

flx)=9g@) N, (Na@(n)) n Nr@(n)))a
evévtia oty undbeor, 61t AN B = . =

10.31. To Oedenua tou Suslin. To onuetoctivolo A C N eivat Borel av xat
uévov av xat to A xar 1o ocuunAfpwud tou cA elvar avalutidd.

ATIOAEIZH Yy 0 un tetpiuuévn xatevbuvon éyovue dueoca, apxel va eqop-
uboouue o Oedpnua Alaywpiopol ota A xat cA. -

O Suslin etofyaye Ta avalutixd onuetocivora to 1917 xau anédelle mAnbdpa
Bewpnudtwy YU’ autd, avduecd Toug to Oedpnua Téketov Xuvéiouv 10.20, to
didonuo yapaxtnelouds tou 10.31, xat to bt undeyouy avaAutixd onueiooUvola
mou 8ev elvar Borel, x4t tou 8¢ Ha anodeifovpe €34.2% Ta obvoha Borel eiyav
etoaybel neploodtepo and déxa ypdvia mety and tov Borel xal tov Lebesgue xou
ftav 1 xplowun évvola 6Ny avdntuin g Bewplog Tou odoxAnpduatoc Lebesgue,
(o amd TG YopaxTneloTixéc emituyies tne Avdiuonc tou 190u adva. Xtn few-
plo ohoxAjpwone xdbe «evdlagpépovy anuetocivoro elvatl oyeddy (oo ue xdnolo
clvolo Borel, u’ évav avetnpd oploud tou «oyeddv l6ou» Tou Yag ETLTEENEL Vo
ueketioovue 1 Bewpla (%ot T mo onuaviixéc epapuoyéc tne, énwe T Ocw-
pla IIifavotitwy) cov dho ta onuetocivoha vo fitav Borel. TV autd to Adyo
elvar onuavtixd 7 edur tepintwon tou HpofAjuatog Tou Xuveyolc yia o 6U-
voho Borel, mou anodetytnxe tautdypova xat aveldptnto and toug Alexandroff
xou Haussdorff to 1916, Alyo npiv anodeiet o Suslin to yevixdtepo Oedpnuoa
Téherov Luvbrou 10.20.

H owxoyévela Twv avalutixdy onueloouvéiwy arnotehel ToAS uixed Uépog Tou
Suvapoouvérou Tou N, TIpéBAnua x10.9. Oa uropoloe duws va eAnloel xavelg
611 n uébodog mou Advel o IlpdBinua tou Xuveyolg yu’ autd unopel vo yevixeutel
xou vo 0dnyfoel oe anddelln e Yndbeong touv Luveyolg, adld autd dev eival
eQPUTO.

26H pehétn tov avelutixdy xau tov Borel onueiocuvéhey eivar n xapdid g Heptypapuxis
Ocwplag Xuvdlwy, evés and Toug wpatdtepous xhddoug tov Béuatds pag mou (Sustuyds) dev
umopoVUE va xaAUPoUUE TLo EXTETOUEVA 67 aUTEC TG LNUELDGELS.
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10.32. Oedpnpa. (AC) Yrdpyer onueootvoro A C N rou elvau avanap(f-
unto aAdd Sev meptéyet un xevé, téicto vmoolvolo.

AnoaEei=H. To xhedi eivow 6t undpyouv axpBde téoa un xevd, téleta on-
uetooUvola boa xat onueta Tou N:

Adppa 1. AvP={P CN | P #0,P télewo}, tdt¢ |P| = ¢.

Arédeiln. T xdbe y € N, to onuetosivoho

Ay = {z | (vn)ly(n) < z(n)}
elvow eixolo téheto, xat e€loou elxoha, y # z = A, # A, dpa ¢ =, |N| <. |P|.
Ané v &M\ pepld, xdbe téheo obvoho P = [TF] eivar odua Sévipou oto N
nou to mpoodilopllet, étal Gote

[Pl <c [P(NF)] = [P(N)] =c . = (A 1)
Kafopilovue éva avoro
I=,c=,P, (10-30)
.. I = ¢, xou avriotolylec
a—z, €N, a—P,eP (a€l)
Tou Qavepdvouy Tic teomAnfBixdtnrec (10-30). Kabopilovue enlone pio dpiotn
didtaln < tou I. Oa oploouue ye vnepnenepacuévn avadpouq oto (I, <) povo-
Hop@Louovg
fa : seg(a) — Aq CN, 9o : s€g() = Bq cN (e 1),
gtol Gote va toybouv ta e€hc:
(1) Ava < g, t6te fo C f3,94 C gg, étoL ov A, C Ag xou B, C Bg.
(2) T xdbe o € I, A, N B, = 0.
(3) Tt x8Be a € I, Bsy NP, # 0, 6mou S elvar 1 ouvdptnoy tou enduevou
oTov %ol Siatetayuévo yoeo (I, <).
Adupa 2. Av ot fo, go (o € I) xavorowty tic (1) — (3), téte 5 évwon
A= UaeIACV =c ¢
uwc to A dev mepiéyel un xevé, téleto uroaivolo.
Arébeién. Ovwoominbudtntes A =, I =, ¢ axohovbolv apéows and ty (1),
ool
Ugfa:iI—»Axou I=;c.
I 1o dedtepo Loyuploud, 1 Baocix napatienon elvol bt
AN Bg =0 (Bel)
autd woyler eneldh av € A, N Bg, téte yall ye m v = max{a, 8}, and my
(1), z € B,N B,, evévtia otn (2). Tdpa av to P # ) elvon téhero, téte P = P,

vl xdmolo o € I, xau dpa undpyel xdnowo © € P, N Bg, xaw & ¢ A, ondte

P, ¢ A. A (Afupa 2)
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O ouvbhxeg (1) — (3) oyeddv anoterolv oploud TV fu, go. ELnyolue me-
pamnxd Ty anddeln twv (1) — (3) ue vnepnencpacuévny enaywyR, wall ue
TNV TEPLYPAPN TNG UTEPTENEPAOUEVNG avadpourc Tou TLg opllel: oyolaotixd Ho
EMPETE Vo dDOOLUE ZEYWPLOTA, TEMTA TOV Oploud ot LETd TNV anddeld.

(a) T To ehdyioto 0 Tou I, Bétouue fo = go = 0.

(b) Av to X elvan opraxé onuelo tou I, Bétouue

f)\:Ua<)\fa: g)\:Ua<)\ga-
O (1) xau (2) woydouv tetpyupéva and tny enaywywxf undbeon, xat 1 (3) dev
avaxVUTTEL 67 oUTH TNV TepinTwon.

(c) 'Eotw 8 = Sa endyevo onuelo oto I. And tny enaywywxy undbeon, ta A,
xat By, elvon loomhnfBued e to seg(a) xou seg(a) <. I, enedh n < elvan dproty
dtdtaln. 'Etot ou minfdpbuot |Ay|, |Ba| elvon xou ot 8%o pixpdtepol tou ¢, dpa
|An U By <c ¢, xou unopoVue vo Bpodue 670 un xevd, téheo olvoro Py =, N
dLaopeTIXd onueia

z,y € Py \ (Aqa U By)-
Bétouue
fB:faU{(a:x)}a gB:gaU{(aay)}a
xaw ot (1) = (3) érovran edxola. n

H xotaoxeuy|, tpogavde delyvel teptaadtepa and Ty expdvnom tou Hewpnuo-
tog, |A] = ¢ xou byt ubévo 10 A alhd xon To cLUTAfpwUd Tou cA Téuvouv xdbe
un xevéd, thelo onuetocbvoro. AgRvouue yio to tpofAiuata SLdpopeg mopaA-
hayég mou xdvouy tgogavég 6Tt dev umdpyet ehnida vo anodet&ouue Ty Yndbeon
Tou Yuveyolg U’ autd Tov tedmo, dnhadh oe tedeutaia avdiuor otnellduevol
oto Oedpnua Cantor-Bendixson.

Yy mpayaTiX4TNTA, N oTeaTNYX auth Yo v entAuon tou IlgofAquatog
Tou Xuveyoic dev elvat 1 povadixy tou anotuyyaivet: xdbe npoondbeia anddeiing
1 dddevone e CH pe ta alidpata e ZDC + AC eivar xatadixacuévn,
egattiog Twv e€rc 800 Beuehlaxdv anoteleoudtwy avelaptnolag.

10.33. Yuvéneia tng Fevixeupévng Yndbeorg tou Yuveyols GCH (Godel,
1939). To npdtuno L Twv xataoxeudouny cuvéhwy ixavorotel T Fevixeupévn
Ynébeorn tou Tuveyodc GCH, (9-7), xau edixdtepa, 1 Yrdbeon tou Tuveyoig
dev Bladeddetal oty ZDC+AC.

10.34. AveEaptnoio tng Yrdbeorng tou Xuveyolg CH (Cohen, 1963). Yrdp-
¥eL npétuno e ZDC+AC 610 onolo 1 Yrébeon tou Tuveyolc Sev toylet, dpan
CH 3ev elvat fedpnua e ZDCH+AC. To npdruro avayxaouod (forcing model)
tou Cohen emdéyetor nowxileg napaAlayég, ETOL TOU UTOPOVUE VO TpoGdLopl-
ocouue yowelc avtigaon ue tohhodg tpémoug T TANBXSTNTES oNUELOCUVOAWY N
%ol UTOGLVOA®Y amd YeyahUTEpa SUVaLOGUVOA.

10.35. Tuonpaiver  aveaptnoia tng CH; OL uéhodol twv Godel xat Cohen
elvat molb ebpwoteg xan €youvv mpocapuootel va delouv 6t To IlpéBinua tou
Suveyoig Bev emdéyetatl Abor oe mohhéc YVvwoTég, ainfogavelc enextdoels Tng
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ZDC+AC pe sunpbofeta aliduata. To do toylel yio to A&ioua Emdoyic
o axoun v 1o Alwuo Anelpou autd bung exppdlovy Oeuekioxéc apyéc yia
o oVvoha Tou aAnfedouy ey, adAd elval Tpo@avhS SlapopeTinés and TS ApYES
nou exgpdlouy Ta dAla, amhovotepa adlduata, ot xataraBaivovue yiatl Sev
UToEoVY Vo anodelytoly an’ autd wévo e tn hoyuxr. H Yrdbeon touv Xuveyoic
€xel TV LR TeEY VoL, wabnuatixod meoBAfuatog mou Bu énpene va Aubel ue
xdmowa anddeln, ahd galvetar 6t pac Aelner (uéypr otypdc) 1 anapaitntn
gunvevon yLa v avaxahddouye ta xatdAnia aglduota.

ITohA& éyouv Aeybel yia v avelaptnola g CH and ta yvwotd aliduata
g ouvoloBewplag, xal peptxol Ty €youy emxadeotel yia va unootneiouv bt
dev umdpyEl AVTIXELUEVIXY TpaYUATIXOTNTO Tlow and Ta «TuTxd», allwuatixd
anoteléopata tou xhddou. Me ) uébodo aptbuntixonoinons tou Godel, bunc,
npoPMuata Unaeéne anodellewy uetappedlovtol O AUGTNEES, TEYVIXES ELXAGLES
yio aptBuode. Yndpyouv tétoleg ewxaotec?” nou (6mwe n CH) elvon aveZdptneg
an’ 6ha Ta YeEVIXE Tapadextd alduata TV uadnuatixdy: eénet yuU' autd vo ap-
VNOOVUE TNV «AVTIXEWEVIXY TRAYUATIXOTNTOD TRV QUOLXAY aptBudv; Avcetuydg
dev umopolue va Siepeuviicovue Tétota TEolAjuaTo e TN coBapdINnTa TOU TOUG
alilel ywplc avagopéc oe Wéeg xou anoteléopata e Mabnuatixic Aoyuwdc,
xou Oo avtiotabolue oTov nelpaoud.

IMopevbetind avapépouue bt dev undpyet EMhewn and onuavtixd tpofiiuato
nou dev emdéyovtar Aon oty ZDC 4 oty ZDC+AC: n CH eivow ankédc
10 o Bacxd xot evdlagépov an’ autd. Oa Siatundcouvue €3G povVo Tpla Gu-
vy anotehéopata avelaptnolog, eneld) oyetilovral Wiaitepa pe to Oedpnuoa
Télelou Xuvbhou 10.20.

10.36. (Godel, 1939) Xto mpbdtuno L 1V ®aTaoxeLdoLu®yY GUVOAGY, LTdEYEL
avarnaplBunto, avahuTixd GLUTAEOU TOU eV EYEL UN XEVH, TEAELO UTOGUVOAO.
Auté onuatver 6t dev unopolue va Behtidoovue to Bedenua Tékewov Yrnoou-
véhou 10.20 oty ZDC+AC xau va det&ovue 6Tt xdfe avohutind cuunifpwuo
gxet v Wbt P

10.37. (Solovay, 1970) Yndpyel npdtuno tng ZDC+AC oto onolo xdbe «opl-
owo» onuetocivoro Exel tny WotnTar P. Aev Ba npoornafncouvue vo oploouye
€86 Tt a meL «oplotuor, adlkd to avaluTixd cuuTAneoduata elvol oplotua.

10.38. (Solovay, 1970) Yrndpyet npbtuno tne ZDC o710 onolo dha 1ol onueLocy-
voha €youv v Wiétnta P.

2701 npotdoeig otig onoleg avapepbuacte elva tng wopytc «av ) ZDCHAC eivar ovvenije,
t6te ovvenic eivar xat n T», énov n T elvouw xdnowa toyvey| enéxtaon g ZDC+AC nov
ouvendyeton tn ouvénewa tng ZDCHAC. Ané to Aeltepo Oedpnua My ITAnedtytag tov Godel
cuvdyetow 6tL tétoleg npotdoelg elvon avedptnteg g ZDCHAC (extéc xu av  ZDCH+AC
dev elvan ouvemic!), xou urdpyouv guoxd moapadelyuata Tétolwy TEOTACEWY TV onolwy T
ahfiBelo elvor ap@ueybuev.
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Ta npbdTuna tou Solovay xataoxevdlovton ue T pébodo avayxaouol tou Co-
hen aAhd énwe to L tou Godel, €xouv nohhég 8Ldtnteg xavovixdintag xow anodi-
douv moAudpLbua, eminpbobeta anoteréopata aveloptnotoc. To npdto npdTuno
tou Solovay govepdvet (ue 1o 10.36) 6t n WiétnTa Pyl tor avahutind ou-
unAneduata dev unopel va anodeiytel 1 va Stadevotel oty bewpla ZDC+AC.
To debtepo mpdTuno Tou Solovay Selyver 6t 11 ZDC 3ev umopel vo anodellel
v Onapéy avarapifuntou onuelocuvblou ywpels un xevé, téhelo utocbvolo: To
DC Bev apxel yia v xataoxeun.

IpoBAjpata yia To Kegdiaro 10

x10.1. AciZe 6w av 1o F C N elvan xhetotd, téte undpyet povadixd dévigo T
oto N ywplic tepuatixoic xéufoue, étol dote F = [T, ouyxexpuéva to 3évipo
TF mov oplotnxe otn (10-8).

x10.2. Acie 611 n ddonaon (10-12) xhetotob onuetocuvérou F oe éva télelo
clvolo P xou éva anoptBuntd advoho S npoadiopilel povadixd to P xal S.

x10.3. Adoe nopdderyua evég xhetotol onuetocuvéhou FF C N xou cuveyoic
[N = N, étol dote n exdva fF] va unv elvar xhewotéd clvolro.

x10.4. Acie 6t xdfe avowxtd onueocivoro elvon F, xau xdbe xhewotd orn-
petoovvoro eivar Gs. Ou oplouol avaoxormodvtatl otny unoonueiwon 24.

*x10.5. AciZe 611 n avtiotpopn exxdva g~ [A] avahutinol onuetocuvéhou A and
ouvey ouvdptnon g : N — N elvonw avadluted. YHOAEIEH. Ipoonébnoe va
del€ei tooduvapia g poppric

y€ g '[A] = (F)ly = f(p1(2)) = g(p2(2))],

6mou 1 f elvan cuveyhc xou ou p, optlovtar and ) (10-23), xou peTd ypenoLLo-
noinoe To 10.23.

*x10.6. Acilc 6TL
N = UieNAi - (Hi)[Ai =c M:
Inhadh o xdpoc N Sev elvan amaptBunth) éveon onuelocuVOALY Ue UixpdTepn TAN-
BuétnTa. YHOOAEIEH. Autd axolovbel auéowg and to Oedpnua tou Konig 9.21,
AN awth 1 e neplntwon dev ypetdletor to nAfpec Allwuo Emhoyrc.

x10.7. (AC) Aciie 6T yia x8be k <, ¢, vndpyeL onuelocivoro A ue |A| =. &
Tou dev TEPLEYEL UN xeVE, TéAELO UTOGUVONO.

x10.8. (AC) Acie 6t undpyet avanapibunto onuetocivoro A tétolo dote ovte
10 A 00te 10 ouuThMipwud Tou va Teptéyouy avanapiBunto ebvolo Borel.

x10.9. Acie 6t undpyouy -tohhd avohutixd xor Borel onuetocivoha,

|Al =¢ |B] =c .
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10.39. Oprowds. H ouvdptnon f : X — Y and évav tonoloyxd yodpo oe
x4motov dhho eivar Borel petphowumn ov n aviiotpopn eixéva f 1G] xdbe
avowxtod cuvdrou tov Y elvan Borel utocdvoro tou X.

x10.10. H odvbeon gf : X — Z 300 Borel yetpfioiuwy cuvapticeny f : X — Y
xou g Y — Z etvou Borel yetpiowun.

x10.11. H avtiotpopn ewéva f1[A] evéc ouvérou Borel A C Y ané Borel
petpriown ouvdptnon f : X — Y elvaw Borel unoctvolo touv X.

10.40. Oprowés. Avo tonohoywxol ydeol X, Y eival Borel woopoppuixol av
umdpyet avttototyla f : X = Y tétowa dote n f xou 1 aviiotpopn cuvdptnon
mg f71:Y — X va elvar xou ot d%o Borel uetprioues. Xdpol mou elval Borel
toopopyixol €youv TNy Bla Soun boov agopd TN Bewpla uétpou, xoL mpaxTixd
Umopolv va «tauttotolvry 6’ avthv T Bewpla.

*x10.12. 'Eotww f: X — Y xou g : Y — X Borel uyetpfiowol povoyopgiopot
oe tomohoyIxoUg YMpoug ue TNy &g emtnpbobetn LBLéTY]‘EO(:QS undpyouv Borel
uetprioweg ouvaptioels fi1 1Y — X xat g1 1 X — Y novu elvon avtiotpogeg Twy
f xou g ue v évvola 6T

fif(x)=z (z€X),
q9ly) =y (yey).

Aceile 6t ov X xou Y eivan Borel toopopgixol. YIOAEIEH. Xpnowponoince tny
anédelln tou Oswpruatog Schroder-Bernstein 2.26.

x10.13. Ocwpovue to obvolo Tou Cantor C wg Tonoloyxd vroydeo tou N ue
Tov mpogavy Tpdémo, dnAadh Ta avolxtd clvola elval oL EVOGELS YELTOVIOY TNg
op@ihic

Ny={zeC|lulz} (ue{0,1}").

AceiZe 61 o ydpot C xaw N elvar Borel toopopgixot.

Yt unéroina tpofAfuata SlepeUVOUUE TN OYXECY) AVAUETH OTLG GUYXEXPLUEVEG,
ouvSLaoTIXES EVVolee Tou €YOLUE PEAETHoEL 6TO YOpo Baire xou tig yevixéc,
TOTMONOYIXES EXBOYES TOUG.

10.41. Opiopés. To onuelo z elvar opraxd enpeio (limit point) cuvélov A
oe TomoloyYxo yHeo X, av xdbe avouxté cUvolo mou mepLEYEL TO T TEPLEXEL
eniong xdmnoto onueio touv A dagopetxd and 1o z,

(VG)[G avouxtéd xau z € G=(Fy € ANG)[z # y]].

Ané tov oploud, éva oplaxd onueio tou A unopel va avixel oto A, umopel xat
byt. Xnuelo tou A mou Sev elvar opraxd onuelo tov A xaleltar ATOUOVOUREVO
7 uepovopévo (isolated) oto A.

8%ty mpayuatieétnta, xédbe Borel povopoppiopbs éxel autny Ty WLETNTA, SUeS YL VoL
1o anodellovue avtd, ypeldletar SovAeld.
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x10.14. Bpec ta oplaxd ot Tot ATOUOVWUEVR GNUELN TOU GNUELOGUVOAOU
B={z e N |z(0) =1V (Vn)[z(n) = 2]V (In)[z(n) = 3]}

x10.15. Aci&e 61t t0  elvar oplaxd onueio Tou A av xat uévov av xdbe avoixtd
olvoho mou mepLéyel to & mepléyel entong anclpwe moAAd onueia Tou A.

x10.16. Acile 6t éva 6Ovolo GE TOTOAOYIXS X MDpO Elval xheloTd TOTE XaL LGVOV
av meptéyel 6Aa Ta oploxd Tou onuela.

x10.17. Aci&e 61 éva onuetocivoro P elval téhelo tdte xat wbvov av elvat xAet-
o616 xat Sev éyel anopoveuéva onueia, dnhady xdbe onuelo touv P elvar oplaxd
tou onueto. Auty 1 tooduvaula tautilel Tov ouyxexpluévo oploud teletdtnTag
Tou SMAOAUE YLt GNUELOGUVOAA UE TOV XA0OLXS, TOTOAOYIXS OpLoUd.

10.42. Opiopbs. H axoloubia (n +— x,) onuelov oe évav totohoyixd xdhpeo
X ouyxhivel oto onuelo z 1 éyel to ¢ wg GpLo, av xdbe avowxtd clvoho mou
TEPLEYEL TO T TEPLEYEL GO TOL T4, EXTOGS LOWG amd EVol TENEPAGUEVO oEyLXG TUNUL:

limy, z, = 2 <=0, (VG avouxtd, z € G)(In € N)(Vi > n)[z; € GI.

x10.18. Acie 61l 10 onuelo x elval oplaxd onuelo onuetocuvdérou A av xal
uwévov av z = lim, =, yia xdrolo axohovbio (n — x, € A) onuelwv touv A.
Iowa apyn emhoyrc yenowwonoinceg otny anddelln, av yenoluonoinceg xdmoLa;

x10.19. Aceile 61 n ouvdptnon f: N — N elvow ouveyfic av xat uévov ov

yio ®80e axohoublo 6mouv to bpto lim, z, undeyet. Ilowa apyh emthoyfc xenot-
pomolnoeg otnv anddelln, av ypnoluonoinces xdmnola;

x10.20. O tonodoyixés ydpoc X eivar Hausdorff av yia xdbe {eUyoc onuelwy
x #y, vrdpyouvy Eéva avoixtd oUvorla GNH = () tétoia dote x € G xar y € H.
Acelle dtiavol f,g: X — Y elvat ouveyelc ouvaptioeis xat o Y etvan Hausdorff,
t61e T0 oivoro {z € X | f(x) = g(x)} elvar xhetotd otov X.

10.43. Opropds. Avouxtéd xdiuppa cuvorouv K oe tonohoyxd ydeo X elvat
n tuyaia oxoyévelad G avoxT@dv cLUVOAWY TwV omolwy 1 évwon neptéyel o K,
K C UG xu 10 K elvan ouprayés oto X av xdfe avouxtd xdhuppd tou
TEPLEYEL TEMEEAOUEVO LTOXAALUA, dNAady yla xdbe owxoyévelor G avouxtdy
GUVOAWLY,

K CUg= (3Gq,...,G, € G)[K C UignGi]'

*x10.21. Acie 6Tt éva onuelosdvoro elvar ouvunayég ue tov Optoud 10.18 av
xot wovov av elvatl ouunayéc ye tov Opioud 10.43. YIIOAEIZH. Ou ypeeiaotelc
1o Afjupo Tou Konig 9.7.

x10.22. Ac{&e 6T yia xdBe ouvey? ouvdetnon f : X — Y and évav tonoroyixd
¥%po X oe xdmotov dAho Y, xau yia xdbe ocvunayéc obvolo K C X, n exxdva
f[K] elvar ovunayéc odvolo cto Y.
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KE®AAAIO 11

ANTIKATAYTAYH KAI AAAA AETIOMATA

"Eyouue oyedév @tdoet évav and toug otdyoug nou Bécaue oto Kepdhato 4, va
anodeloupe 6ha Ta Stalchntind anoteréouata tou Kegpadalov 2 and ta ald-
uota tou Zermelo. Mévouv udvo duo-tpla Aemtd onuela, mou Tehxd duwe elval
onuovtxd: Bo pog urodet&ouy 6Tl Ta aliduata Tou Zermelo dev gTdvouy, mpé-
TEL VAL TOL GUUTANPMOGOLUE UE LoYUPHTEPES apyES Xataoxeuiic cuvolwy. Edd Oa
dtatundoovue ot Ba mpoobécouue oty altopoatxy fewpio ZDC to AEIOMA
ANTIKATASTASHY nou avaxohighnxe otig apyéc tne dexaetiag tou '20, wa
apy M HATAOXEVHE GUVOAWY TG0 aAnfogavy 660 XAl T XATACHEVAGTIXE AELAD-
pata (I) — (VI), alhd mholoia oc enaxdrovba. Ernloneg Oa eoaydyouue o Ha
dLepeuvAGOLUE UEPIXES axdUn ap)EC XATAGHEUNS GUVOAWY TOU GUYVE Tepthoy-
Bavovtow avdueoo ota aliduata e ocuvolobewplag. Me Bdon uévo éva and
1o acfevéotepa moplopata tou Aliduatoc Avuixatdotaons Ba xatacxeudoovye
tov EAAXIZSTO KOXMO TOY ZERMELO Z, éva anAoV6TaTto GUVOMO TOU TEPLEYEL
Toug guaoxolg aplbuole, to ydpo Baire, Toug mpaypatixols apltbuols xoar 6Aa
o onpovTxd aviixelyeva UeAéTng Twv xhaowxdy wobnuatixdv. 'O, éyouue
anodellel péypt otryurc emdéyetal epunveila we edv to Z va anoteholoe ohb-
*ANPO TOV XOOUO TV LOONUATIXAV AVTIXEWWEVHDY, oV X0l GTNY TEAYUATLXSTNTO
0 Z elvan amhdg Eva 6UVoho oL UAALGTO GUVORO GYETLXA Wixpd Xl EUXONO
ot aOhAndn! O xdplog otdyog pag 6’ autd to xepdiaio elvar vo xatardBouue
0 vonua touv A&iduatoc Aviixatdotaonc, SEpELVHOVTAC T TLO ATAG Xt duETa
noplopatd tou. H yeydin dYvaun tou mifpoug aliduatog Bo yiver xatagavig
67O ENOUEVO XEPEAALO.
Ané 1o (2) tou 2.16, av to A eivar anaplBuntd clvolo xou yia xdfe n > 2,

A" =Ax.---x A,
[ —
n Qopég

, ’ [eS) n , ;s , ,
6t 1) évwon |, _,A™ elvau enlong anaptbuntéd civoro. O npogavig tpdmog va
anodet&ouue autd and ta adtduata eivar vo opicovue tpdta ta olvola A" ue
™V avadpoun

= AXxA,
Fn+1) = f(n) x 4,

~

—~
(=)

N~—
|

(11-1)
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étoL Gote f(n) = A" T2 xou

UnzoA™ = U fINI. (11-2)

Ané 1o Paowxd Oedpnuo tov Cantor 2.10 cuvdyeton (emaywywxd) 6t xdbe
f(n) = A™*? elvaw anapiBuntd, xat enopéves M évwot toug oo (A2 elvo
entong anaplBuntd odvoro. Yrdpyet Adboc; Xiyoupa oyt ue TNy enaywyixy ond-
del&n, mou elvan mapduola TOAGY dAAwY 6’ authv TNy mepoyn. Yndpyet duwg
xdmolo TpdPAnua ue tov avadpouxd optopd (11-1), nou Sev duxowohoyeitar ue
N nop@n Tou Tou ddaoaue and To Oedpnua Avadpourc 5.6. T va egapudoovue
10 5.6 yperalbuoaote éva obvoro E, wo cuvdptnon h : E — E oto E xou %4-
nolo a € E, ta onola xabopilouv téte ula povadixy ouvdpetnon f : N — E novu
weavorotel Tic eElohoelc

f(0) = a,
f(n+1) = h(f(n)).

Yty mpoxewévn neplntwon dev undpyel npogavés F nou mepéyet to A xou 6Aa
Tou Ta yvoueva A™, xat avtl tne ouvdptnong h, éxovue Tov teEheoTH

(11-3)

h(X) = X x 4, (11-4)

nou avtototyilet o xdbe olvoho X to yivéuevo X X A tou X ye to doouévo A.
T v Sueaohoyfioovpe Tov optopd (11-1), yeetalbuaote éva Bedpnua avadpo-
uhc mou xupdvel avadpouxolc oplouols e wopehc (11-3), yio xdfe avrixel-
uevo a xat %8B oplotixd teheoty (wag petafintic) h. Moidlel abdo, guolxh
vevixevon touv Oewpfuatog Avadgourc—xol elvor axpBdg autd— aAld otny
TpayHaTiXOTNTA, TETOLo anotéAecua dev unopel vo anodetytel auotned and Ta
alduata Tou Zermelo.

11.1. (VIII) A&iopa Avtixatdotaons (Replacement Axiom). INa xdfe oU-
vodo A xai xdfe opiotixné tedeotyj uiac uerafAntic H, n etxdva

H[A] =o, {H(z) | z € A}
tou A and tov H elvat olvolo.

Q¢ apynf xotaoxeviic cuvélwy, 1o Alwua Aviixatdotaonc eival oyeddy mpo-
pavég, dtaehnuxd téoo aknfogpavéc 6oo xat to Aéiwua Alaywplopol. Av dn
éxouue deytel 10 A we tehetwuévn ohdtnta xou o H avtiatouyilet ue optotixd xou
avauploBitnTo Tpdémo éva aviixelyevo oe xdfe x € A, téte «xataoxevdlouvye»
Vv exévo H[A] cavtixabiotdvtacr xdbe x € A ye to aviiotoiyo H(z).

11.2. Awwpatixd. To aliopatixéd cbomua ZEDC e Oewplog Zermelo-
Fraenkel pye Eaptnuéves Enthoyvég anotekelton and 1o adiduata tng ZDC
xat o Adlopa Avtixatdotaong (VIII), cuufolixd

ZFDC = ZDC + Avtxatdotaon = (I)  (VIII).

[IporataptuTLny 2n €udoor, yepdtn A&On, Maptiog 2007



KE®AAAIO 11. ANTIKATAXTAYH KAI AAAA AEIQMATA 177

Anb dw xau oto efic Ba ypnowwonowolue 6l ta alidpata e ZFDC ywplc
WBraltepn pvela. Oo eaxolovbhcoupe va onuetdvovue pe to onuddt (AC) ta
anotehéopata Tou ol anodelielc toug ypetdlovtal to nAfpec Allwua Em)\oYr']g.Qg

MéypL tdpa €xouvue ypnotonolfoet anhols oplaTtixols TeAeaTés, auTolg ToU
uag dlvouv apéonc o aftduata dnwc ot P(A) xau |J E, xat pnrodc cuvduacuoic
Toug, m.y. o Lebyos (z,y) =0 {{z}, {z,y}} tou Kuratowski. Agol buwg
deytolue 1o Allwua Aviixatdotaong, ol ogtotixol tehecstég apyilouy va natlouy
mo onuoavtxd pého otig anodelelg xow Ba avagepbolue ot pepixoic an’ autolg
nou dev emdéyovtal 1660 aniolc optouolc. Ltnyv enduevy, tetpupévn Ipbdtaon
neplypdpovue ) Boaowxr uéhodo oplouol tehectdv mou ypetalbuaote, xuplwg
yio var toviooupe T onuaota tne.

11.3. Hpétaocn. Av oo C' xat P elvat optotixés ouvlijxec n xat n + 1 ueta-
BAntédv avtiotolywe xat

(VZ)[C/(Z) = (3lw) P(Z, w))], (11-5)

16T€ 0 n-adixo¢ TeEAEOTIC

F(@) =, {;),o povadixd w tétolo dote P(F,w), Z;\)\iéf)’ (11-6)
elval enlone optoTixde.
Yug egapuoyég emxoholuaote auTh TNV TapaThHenon aniohg Bétovtog
F(Z) =g 10 povadixé w térowo dote P(Z,w) (C(&)), (11-7)

agol mpdta enanfedoovue v (11-5), ywelc va mpoodioploouue v doyetn
T tov F é€w ané 1o nedio nou pag evdiagépet. Ot egapuoyéc tou Aiduatoc
Avuixatdotaong ouyvd yeetdlovtan oty anddeln Tou (11-5) yio cuyxexpluéva

C xat P.

11.4. 'Aoxrnov. ['a xdbfe uovoueldsj optotixé tedeotyj F, o tedeotijc
G(X) =op FIX] = {F(z) |z € X} (Set(X))

elvar enlong optoTixdg.

To enbuevo Bepyehond anotéreoua tou AZiduatog Aviixatdotaong yevixedetl
10 Oedpnua Yreprenepaouévng Avadpounc ue 8Vo tpdmoug: emiTpénoviag opl-
o6 teleaty 6mou to acbevéotepo Bedpnua deydTay udVo GUVAETNON XaL ESpLL-
uévo ypdenua émou to acbevéotepo Bedpnua Seybtav ubvo xahd Sratetayuévo
yopeo. H deltepn yevixevon dev ypetdletarl to AZiwpa Aviixatdotaong and pbvn
g, [péBinua x8.11.

29To AZiwua Avtixatdotaong Satunddnxe aveZdptnta and toug Thoralf Skolem xon Abra-
ham Fraenkel otn dexaetioc 1920 30.
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11.5. Oedpnua Edpatwpévng Avadeours. Ia xdbe edpatwuévo yedpnua
G ue oyéon axudv — xat xdfe opiotiné tedeotyy H, vndpyer axpifdc ule
ouvdptnon f : G — f[G] mov wxavoroiel tyv eélowon

fle)=H(f{y € G|z — y},x).

ATNOAEIEH. 'Onog xou oty anddeléy tou 7.24, Ha dellovue npdta éva Muua
nou fa pag ddoel To xatdAAnho cUvoho npoceyyloewy g cuvdptnong nou Hé-
Nouye. Avtl yia ta apyixd tuRuata Tou G (tou Sev éyouv vénua oto Tuydy Yed-
pnua), aLTéG oL TpooeyYloels éyouv Medio 0pLOUOY T XAELGTA TPOC Tol XETw»
unoctUvoha Tou G. BOa avagepboldue oty xAngovouxy xhetotétnta = tou G,
opLtouévn o670 6.34, tapaieinovtoag oto cuuPohioud toug Belxteg, epdoov epya-
Cbpaote ubvo ue éva ypdonua. Oo yenolponoloouue enlong to aviieTpoga
penn,

U1 o t = u <= uelvon axpiBde xdtw and to t, (11-8)
Tt =g, t=> 12 = z elvaw xdtw ané to t. (11-9)

Adupa. Tia xdfe xéufo t € G, vndpyel axefdc uia ouvdptnon o ue nedlo

optopoU to atvoro {x € G | <t} xa térola dote

o@)=H(o[{yeGly —z},z) (x<t). (11-10)

Anédeiln. Tlpog anaywyy oe dtono, éotw t ehaytotixdg xé6uPog tou G bmou
w0 Afuua Sev aknbfedel. Emouévo, yia %x80e u « ¢, undpyel axplBoc ulo
ouvdptnon o, mou xavornolel TNV TauTETNTA

ou() =H(oy[{y € G|y — z},z) (v <u). (11-11)
Hoagatneodue npdta bt
[z <cu —t&a <v—t|= oyu(x) = 0p(); (11-12)
eneldh av 1o z Atov ehaytotind aviinapddetypa e (11-12) oto G, téte
ou(v) =H(oy[{y € G|y «— z},x) and v (11-11),
=H(o,[{ye G|y —a},z) and v emhoyH Tou z,
= o,(x) and v (11-11) yia 10 0.
O tekeotiic u — oy, mou avttototyllet autiy Vv o, ot xdfe xéufo u «— t elvon
0pLOTIXOG XAl ETOUEVKS 1) €6V Tou elval oUvoho and 1o AZlwua Aviixatdota-
ong. Oétouue
01 =op U{ow | u —t},
xat Topatnpolue 6Tl To o1 elval ouvdptnon and v (11-12), xau emmiéov, and
Tov 0ploud NG,
o1(z) | <= (Fu)[z = u .
Me wia axdun egaguoyn tov A&iduatog Avuxatdotaong, o

02 =op {(v, H(oy [ {z |z —v}),z) | v — t&—~(Fu)[v < u — ]}
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elvan ovolo, xat and Tov oploud Tou elvat xaL autd GUVEETNOT UEe TEdlo opLEUOY
&évo an’ autd e o1. ‘Apa to
0 =op 01 Uos
elvar ouvdptnom, xat
o(z)] <= ()|t mu&ku=z]Vt—u
<~ t=2z (anb 10 6.35).

Emnhéov, 1 o wavorowel v tavtdtnta (11-10) enedh v icavonololy Eeye-
eoTtd oL o1 xat 0. Tekxd, ye to 8to emyelpnua oL yeNoLUOTONCAUE GTNV
anddeln e (11-12), uropoldue va delfoupe 6T o TONG ula cuvdptnomn o ue
nedlo oplopol to {x € G | © < t} pnopel vo ixavornotel v (11-10), xau avtd
TeheldVeL TNV anddelln Tou Afuuatoc. 4 (Afpua)

INa va anodel&ovye 10 Oedenua, dnwg anodeiaue xaw Ty 7.24, epapudlouvue
10 Ao 670 «embUEVO VRPN

Succ(G) =, GU{t"},
T —Suce(@) Y o T — YV [z =t"&y €G],
mou €yel axplBdg évay xé6ufo meplaadtego and to G, 6TV xopUPH. -
11.6. Iépropa. (1) I xdbe xard Siatetayuévo ydeo U xar xdbe Siuedr opt-

ot tedeoti H, undpyetl axpifdc ula ouvdptnon f : U — flU] rou ixavorotel
)V TAUTOTNTY

f(z) = H(fIseg(z),z) (z€U). (11-13)
(2) I xdbe avrixeiuevo a xar xdbe uovoueds optotixé tedeoth F, undpyet
axplfdc ula axorovbia (n— ay,) mov wavoroiel ti¢ elodoeis

ag=a, apy1=F(a,) (neN). (11-14)
H (n+— ay) elvor n tpoytd (orbit) tou a and tov F.
AnoaEgisH. T to (1) epapudélovue to 11.5 oto yedonua (Field(U), >v),
xau Y To (2) oo ypdenua (N, —), érou
n—m <o n=m+ 1. =
11.7. "Aoxnmom. llowyv opiotixé tedeoti H ypnowonowiue yia va deiovue
t0 uépoc (2) tou Ioplouarog;

H tpoy1d evéc suvéhou A and 1ov TENEOTH TG EVOOTS PAVERHDVEL TNV XPUUUEVT,
€-3our| Touv A, gépvovtag otny empdveta Tor UEAN Tou A, Tar uEAN Twv UEADY ToU
A, Ta uén aUTOY XA

11.8. Opiopds. Mia xhdon (§ obvoho) M elvar petoafoatixr (transitive) av
UM C M, ¥ wodbvapa

(Vo e M)(Vt € x)[t € M],
1 axdun anhovotepa t € M =z C M.
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11.9. Aoxmon. Ta ovvora B, {0,{0}}, {0,{0},{0,{0}}}, o ovvoro
No = {0, {0}, {{0}}, ... } (11-15)

mou anatteltar and 1o Aélwua Anelpou xar xdbe xAdon nov neptéyet udvo droua
elvar uetafatixd.

11.10. Oedenpa MetaBatixis Khetotétyrag. Kdbe ovvolo A eivar uédog
uetafatixol ouvélov M, xai udAiota undpyet eAdytoto (Yo tnv C) uetafatixd
otvorlo M = TC(A) térow dote A € TC(A). To TC(A) elvon 1 petafatixt
xAetoTéHTTA TOU A.

AnOAEIEH. Até o (2) Tou 11.6, undpyet wovadxh axohovbio n — TC,(A)
OV IXAVOTIOLEL TIC EELOMGELC

TCpy1(A) = UTCu(A), (11-16)

xou Oétovue
TC(A) = U, TCr(A). (11-17)

Ipogavig A € TC(A) xar to TC(A) eivon petafotind, enedh

u € TC,(A) = uCUTC,(A) = TC,41(A).
Av to M elvon yetafotind xor A € M, téte TCo(A) = {A} C M, xou enaywyixd

TC,(A) € M = TCp1(A) = JTCn(A4) C UM C M,

étol dote tehxd TC(A) = J,, TCL(A) C M. o
11.11. "Aoxnor. Ay to A eivar uetafatixd, tére TC(A) = AU {A}.

INa va xataAdBouue xohdTepa T QEACT «PAVECKOVEL TNV XEUUUEYY E-out)
g A mou ypnowonotioaue mo téve, Bewpolue Tig eEng puoég Evvoteg.

11.12. Opwopés. To clvolo A elvan xAnpovouixd eetbepo and droua i ayvo
(pure) av avixel oe xdnoto uetaPotixd cOVoho Tou dev mepLéyel dToud, LGOSU-
vapa av 1 uetafotixd tou xhetotdtnia TC(A) dev nepiéyet dtoua. To olvoro
A elvow xhnpovouxd nenepacwévo (hereditarily finite) av avixer oe xdmowo
uetafatind, nenepaouévo olvoho: teodivapa av to TC(A) elvar nenepaouévo.
To obvoho A eivar xAnpovopixd anaptBuntd av avixel e xdnolo yetofatixd,
anaplBunté clvolo: Loodbvaua av to TC(A) eival anaplbuntd.

H oucla autdv tov oplopdyv elvar étt 1o {{a}} elvar yev cdvoho adhd éyt
ayvbé cvvoho av 1o a elvar dtouo, emedn ypetalduaote TO a Yl VO TO Xd-
taoxevdoovue 10 {N} elvar nenepacuévo adhd byt xAnpovouixd menepaouévo
eneldy] ypetalduoaote 6houg Toug Puolxols aplbuolc Yio Vo TO XATAOXEVEGOUUE®
t0 {N} elvar amoptBuntd ahhd byt xhnpovouxd anaptbuntd, eneldd npénet vo
«ouunepiMdfouue oe oAdtnTom TV avanaptunty culhoyh twv onuelwy tou N
TPLY XOTAGXEVAGOVUE TO Hovooivoho {N'} ue pio teheutala, Tetpiupévn npdin
culhovic. Na to nodue Stagpopetind, To {N} Sev elvar xhnpovouixd anaplBuntd
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eneldt] «n €vvold Tou mepléyew avanagifunto tARboc avuxelwévewy, Ta uEAN Tou
povadixol tou péloug, N.

11.13. ‘Aoxnov. H Apy1r Ayvérnrac 3.25 eivar too8Uvaun ue tov toyuvplous
61t 6Aa T aUvola elvar ayvd.

11.14. "Aoxnor. ‘Eva uetafatixé olvolo eivar xAnpovoutxd nencpaouévo axpt-
Béc av elvar nencpaouévo, xar xAnpovourxd anaptfunté axpifdc av elvar ana-
ptGunto.

Oewpolue THEA TN 6UYYEOVN XAELGTOHTNTA GUVOAOU YLd TOUG TEAEGTES TNg
EVOTNE %ot TOLU SUVILOGUVOAOL.

11.15. Oedpnpa (Baowxd Afupa Khetotdtnras). [a xdbe ovvoro I xa

xdbe guoixd aptfué n, éotw M, = M,(I) to olvoro mou opiletar ue tnv
avadpourt)
My=1, M, =M, U|JM,UPM,). (11-18)
H Baow xhewotdtnta tou I elvar n évwor
M = M(I) = U Ma(D), (11-19)

xat Eyet g e&ic 1didTnreg:

(1) To M eivar petafatixé olvoro nouv mepiéyer 10 xevd B xar to I, elvau
xAetoté yia tous tedeatés tou feUyous {z,y}, e évwone |JE xau tou Suva-
uoouvérou P(A) xar neptéyer xdfe unooUvolo xabevdc and ta uédn tou.

(2) To M eivar to eAdytoto (v tnv C) uetafatixd olvodo mou meptéyet To
I xou elvar xAetotd yia toug tedeotéc {z,y}, UE xau P(X).

(3) Av to I eivar ayvé xar uetafatixd, téte xdbe M, eivar enlonc ayvd xau
uetafatixd, xar wavonotel Ty elowon

Mooy = P(My). (11-20)
‘Eretat 6t to M elvar ayvd, uetafatixé alvolo.
AnoAEgi=H. (1) Ané tov opiopud, 0,1 € My C M. Av z,y € M, t61€ and

10 mpogavég My, C Mpi1, undpyet xdnoto m tétowo dote {z,y} C My, dpa
{z,y} € My11. To xhedl yia ta undhowna elvow 1 ouunepiindn

reM,=—=zxC UMn gMnJrl Cc M:
ané TNy onola cuvdyetat auéong 6Tl 1o M elvon yetaPatixd. Me v (8o uébodo,
HARS Mn:>UT - UMn+1 - Mn+27

bpax € My = Uz € M 13 C M xou 1o M elvon xhetoté yio tov teheoty| |Jz.
To (8o emyelpnua delyvel étt to M elvan xhelotd yia tov P(X), xou 1 tehevtala
TEOTAGT, TEPOXUTTEL AT’ AUTH TNV XAELGTOTNTA Xal TN YeTABaTixdTnTa.

30 , , , " , , . ,

H anewxébvion xbéouwy cuvOAwy pe xdvoug elval mapadooioxt] oA mopamhavntuxr: Ta
Sadoyxd Suvapocsivola peyardvouy «wrepexbetind» 6To TAR00g, €Tl Tou O HTay To xovTd
otny oahffeio va to amewxovilaye cav x@dvoug He xaunVAe, unepexbetixéc TAeupéc.
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Vi M(I)

Vs M;(T)
\%1 My (I)

Vo

ATATPAMMA 11.1. AoyapiBuuéc®® anodéoeic tov M (I) xau V.

(2) Ké&be M’ xhetotd v touc {z,y} »xou |JE elvan enlone xheotd yia tov
AUB = |J{A,B} xou av 1o M’ elvau enlone xhewotd ya tov P(X), tdte
emaywywd (edxola) xdbe M, € M', xou dpo M C M’ and tn petafatindinTa
Touv M.

(3) Av to I elvan petafatind ywple droupa, téte xdbe M, elvor enlone ue-
Tofatixd ywele dTopo, UE UL TETPLUUEVN emaywyh 6To n. AT autd mpoxd-
ntel 61 to M elvan petafatixd yowpelc dtoua, dpa ayvd, adld emlong xou 6t
M, UUM, CP(M,), étoL dote Mp11 = P(M,). .

11.16. "Aoxnov. Xwotd i Adboc; I'a xdbe petafatixé ovvoro X, X C P(X).
11.17. 'Aoxnorn. Av I C J, téte yia xdbe n, M, (I) C M, (J), xou enouévwe
I1CJ= M(I)C M(J).

11.18. Ta edpatwpéva, ayvd, xAnpovouxd nencpacuéve cbvoha (Pure,
grounded, hereditarily finite sets). H eldytotn Baowxd xhetotdinta elvon auty
Tou xevol cuvérou, M(B) C M(I), yia xdfe I. Me tov xhacwxd cuuBolioud
(mou Bo e&nyfioouue 670 enduevo xepdhawo), M, (D) = V,,, étol dote 1o V;, xou
7 évwon| toug npocdiopilovtat and g elotoelg

Vo=0, Var1=PVa), Vi =0 UpeoVe=M(0). (11-21)
T nopdderypa, B € Vi, {0} € Vo xou {{0}, {{0}}} € V4! Ta cOvoha awtd aner-

xovilovtat ota aptotepd 6to Atdypoupa 11.1. To cdvoho V,, elvat edpaiwuévo,
ayvé xo petaPatixd, xébe V,, elvon nenepacuévo ue edxoln emaywyn, €Tol mou
%&b obvohro oto V,, elval edpaiwuévo, ayvé xol xAnpovouxd Tenepaouévo, xal
BéBaa o V,, elvan anaptbuntéd. Autd elvon ta odvoha mou xataoxevdlovtan «and
t0 tinotoy (xuplolextind, ond To xeV6 cUVORO) Ue TETEpacUEVY eTavEANYN TNg
ovunepiAndne oe ohdtnta (nepLtdMEng pe ayxdheg!) ueptxdy and ta aviixelyeva
ToU €Y0UVY HdN XATACHEVAOTEL.
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Ou Wdibtnteg xhewotdtnrog tov M(I) mou anaplbufcaue oto (1) Touv 11.15
elvan axpPddc autég mou anatolv Ta aliduata (II) — (V) and tov xbéouo W,
olugova ue Ty avdiuon oto 3.26, xat av to cvvoro Ny tne (11-15) nou ey-
yudtal to Alwua Areipou (VI) elvon untosivodro tou I, téte eniong Ng € M ().
Kou enetdq to M (I) eivan petaBatind, yio dho o0 A, B € M(I),

A+ B=(3te MI)[te(A\B)U(B\ A, (11-22)

dInhadf woyver oto M(I) axpdc autd nov to Aflwua ‘Extaong aratel and
tov xéouo W clugova e v (3-12). Autd npotelvouv étt av alhdEovue To
vénua Tou «@vtxeldévour étol Gote va onualvel quéhoc tou M (I)» yio xdmoto
I D Ny, téte %8be anddeln and ta adiduata (I)  (VI) unopel vo epunveutel
og emyetpnua yia o uédn tou M (1) avtl yio 6ha To avTixelpeva, Tou 610 téhog
anodeiyvel xdmnoto Bedpnua yioe to M (I) avtl tou W. Eivow onuavtied 1déa, mou
alilet yevixeuon xou bvoyua.

11.19. Oprowés. H petafoatixy| xhdon M elvow x6opog Tov Zermelo av elval
%AeloTH yla Toug Teheotég Lebyoug {z, ¥}, évwone |J € xat Suvapocuvérou P(X)
xan TepLéyel to olvolo Ny opiouévo and tny (11-15). O ehdyiotog xbopog Tou
Zermelo etvar 0 Z = M (Ny), nou xafopiletal and tig e€lodoelg

Z0=Ny, Zop1=P(Z,), Z=U._Zn. (11-23)

11.20. "Aoxnom. O xéouoc W 6Awy tov avtixeiuévwy elval xdouos tou Zer-
melo. Kdfe xéouoc tov Zermelo neptéyet to xevé olvoro xat xdfe vrootivolo
xabfevéc and ta uéAn tou.

Kébe xbouoc M tou Zermelo elvar mpdrumo twv aliwpdtov (I) — (VI), xou
udhiota ToAs eldixd npdtumo epdooy anodldel Tig puolxég epunveleg ot faotxég
EVVOLEC TOU «TL elval 6UVOAO» Xt Tou «avixelyr  Teplopilel ubvo to nedio avti-
xelévwy o1o onolo egunvedouye aliduoata xal BewpRuata. O oyuplouds bt
hoywd enaxdhovba tov aliopdtoy (I) — (VI) aknbedouy dtav ta epunvedoupe
ot onotovdfinote xdouo tou Zermelo xadeitar uetabedenua, Bedenua tov agopd
fewpfuata. Ta va Statundoovue pe axpifeta xal va anodeifovue e avotnpd-
Ta yevixd anoteAéopata outol Ttou eldoug, ypetalduaote puebbSouc xal amo-
teléoyata and ) Mafpuatixisj Aoy Ye ocuyxexpuuévo nopadelyuoto duwg,
Muuo teog Mupa xot tpdtaon He tpdTtac, elval cuvhBng anhéd va doldue axpt-
Bdg yia Mot WdtétnTa Tou xéouov W oulntdue xau va arodet&ouue xateubeloy
v epunvela g oe xdbe x6ouo Tov Zermelo: eneldr, TpdyUATL, YENOLLOTOLOVUE
oTlg anodeilelg pog tor altduata we Widtnteg xhetotédtnrag tou xbouou W, yia
Tov onolo dev éyouue anodeytel tinoto nEploGdTEPO Amd TO HTL EYEL AUTES TIC
WLéTnTES.

11.21. Ilpétaocy. Kdbe xéouoc touv Zermelo M eivar xAetotéc yia tov Te-
Aeotii Levyous tou Kuratowski (x,y) mov oplotnxe otnv (4-1), xar yia toug
tedeatéc Kapreotavol yivouévou A X B, ouvaptnoiaxol ydpov (A — B), xat
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Xpou uepxdy ovvaptiocwy (A — B), av autol optotody and to (eUyoc Ku-
ratowski. EmnAéov, av A € M xar n ~ elvar oyéon tooduvauiac oto A, téte
n ~ xat o npAixo [A/~] (B\. 4.12) erionc avijxovy oto M.

AnoaEgigH. To Cebyog Kuratowski (z,y) = {{z}, {z,y}} 8%o croyelwv tou
M eivar mpogavide oto M, yenotdonoidviog teelg gopés tnv undbeon bt to
M elvar xhetotéd yio tov {z,y}. Av A,B € M, t61c¢ AU B = |J{A4, B}, xa
axolovbdvtog v anddelln tou 4.2

AxBCP(PAUB)) e M,
étoL hote A x B € M. Toa uvnbéhowna anodelyvovtar ue napbuolo tpémo. -

11.22. 'Aoxnov. Kdbe xéouoc tov Zermelo M nepiéyer ovotnua Peano, olu-
pwva ue Tov opLoud oto 5.1.

11.23. Ilpétaom. (1) To Aélwua Elaptnuévey Emtdoydy alnbeler oe xdbe
xéouo tou Zermelo M, ue tnv eéijc epunveia: ava € A e M, P C A x A,
Pec M, xat Ne M elvar xdnowo ovotnua Peano oto M, téte

a€ A& (Vx e A)(Jy € A)P(z,y)
= (3f :N—> A)[f e M& f(0) =a& (VYn € N)P(f(n), f(n+1))].

(2) (AC) To Aélwua Emdoyic alnbeder o xdbe xdouo tou Zermelo M,
ue v e&ric epunvela, xatd v 8.4: yia xdbe owxoyéveia £ € M un xevdy
xar Eévwy ava 8Uo ouvéAwy, undpyel xdmoto oUvolo S € M mou elvar olvolo
emtdoyijc yia tpv €, dnAadi

SCUE, (VX € &)(3u)[SNX = {u}].

AnoOAEIZH. (1) Av woylel n undheon tng cuvenaywyhg mou Hélouue va ano-
dei&ouue, té1e and to DC undpyel xdnolo cuvdptnon f : N — A tétowa dote
f(0) = a xou yia xédbe n € N, P(f(n), f(n+1)). Enedfy (N — A) € M, éyouue
eniong f € M ond tn yetofatixdnra.

To (2) anodetxvieton ye avdroyo tpdmo. o

Emé€oue ouyxexpluéveg exdoyés twv apydv emA0YNS Yo TNV guxolla Tng
anddeting, adld Shec oL Loodlvauec exdoyéc Touc enlone ahnbedouv oe xdbe
x60uo tou Zermelo M. Avuté umopolue va to anodetouue xat’ eubelav, 7
napatnedvTag 6Tl oL anodelielg tooduvaulag mou ddoaue «emdéyovtal epunvela
uéoa 6to M.

11.24. 'Aoxnor. (AC) I'a xdbe xdouo tov Zermelo M, av A,B € M xat P
elvar omotadrinote Siuedijc opiotixlj ouvlixy, téte
(Ve € A)(Jy € B)P(z,y)
= 3f eM)|f: A— B& (Ve € A)P(z, f(x))]. (11-24)
11.25. O ehdyiotog x6owog tov Zermelo Z. T va Slacagrnvicoupe to

{htnua, Bewpodue tov ouyxexpluévo, eNdyLloto xéouo tou Zermelo, Z. Ilpb-
xerton yla éval ayvé, uetafatind cOVOAO, TOU XATAGXEVACOUE EEXLVOVTAS UE TO
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anhovotato Ny xou enavohapfdvovtac Anelpes Qopés TV TEdEN TOu SUVOUOGU-
véhou, x8nwe 6nwg xataoxeudloupe xal Toug YuaLxovg aptbuolc Eextvadvtog ue
1o 0 xou emavohauPdvovtag dnelpes Qopéc v mEdEn tou enduevou. Mnropoldue
VO XOTOVOHGOLUE Tat UEAT Tou Z g axplBde Ta avTixelueva Tou eyyudvTal To
awduota (I) — (VI), 1o onola exppdlouy didtntes xhetotdintoc nov txavoroLel
10 Z. O guowég epunveleg Twv DC xaw AC eniong aknbedouy oto Z, 1 deb-
tepn, BéPoua, av deyxtodue 6t adnbeder otov xbéouo W. Me Bdon tic WSibtnteg
AetotéTNTOC TV *boUwy Tou Zermelo mou €youue Hd1n anodellel, av Eavaxol-
td&ouue Tic anodelelg ota Kegpdhoua 5, 6 xar 10 xou oto Ilogdptnua A 0o
dodue 61l T0 Z meptéyel Gyl UOVO TO GUYXEXPLUEVO GUGTNUA QUOLXADY aptBudy
N nou xataoxevdooue oto Kegdhato 5, adld xat to yidpo Baire mou opiletat
pe autd o N xot T GUYXEXPLUEVO GUGTAHUOTO PNTMY Yot TPAYUATIXAV aptiudy
nou optlovtal oto Ilapdpgtnua A. Anéd ta Oewpruata wovadixdtntag mov cu-
voBeVOoLY aUTES TLG XATAOKEUES, xabféva an’ auTd to cuoTAUT anelxovilel Ty
avdroyn Satclntixd évvola 1600 TLeTd 660 Xat xdbe dAho, €tol Hhote unopolue
va todue 6Tl To Z TERLEYEL TOUG Yuolxolg, To Yoeo Baire, Toug pntodg o Toug
TEAYHATIXOUC.

Av cuvdudoouue tdpa aUTEC TIC TAPATNENAOELS UE YVWOTE GUUTEPAGUATI XL
TPOTAGELS TWV XAAGIXGY Uabnuatixdy, dev elvol 8Uox0A0 VO XATAGHEVAGOVUE
éva TeLoTind enmtyelpnua 6Tl dAa Tar avTixeiueva UeAETNS TG xAaouxiic dAyefpag,
)¢ avdAvone, t)c ouvaptnolaxyc avdivons, tne tomoloylag, tn¢ mbavolbew-
plac, twv Sapopixdv eéiodoewy x.An. umopolyv va Bpebolv (uéypic toouoppt-
ouo’) oto Z. TIoh& and to Bepehiond aviixelpeva g yevixhg ouvohobewplag
entong undpyouv oto Z, 6ha boa EYOLUE HATAOXEVEOEL TTpLY o’ oUTS TO XEQPd-
Ao, T.y. otV avdntuin tng Bewplag uepxd xon xaAd SlateTayUévwyY YDOPOV.
Yav oOvinuo: To xAaoud pobnuatixd xou v anoealtnTn Yo TN EAETY
Toug Bewpla cLUVEALY, EMLBEYOVTAL EpUNVELL AV GAA T LoBNUATLXE AVTL-
xelpeva va ftav wéin tov Z.

To 8o woylel BéPoua yioo xdbe x6ouo tou Zermelo, ahAd o cuyxeXpLUévog,
anAdg oploude Tou Z Hog ETLTEEREL VoL AVAAOGOLUE T SOouY| TOL Xal Vo ENETH-
oouuE Tig exég WBLOTNTES TwV WehdY Tou. [a mopddetyua, xavéva puélog tou
Z 8ev avixel 6Tov eautd Tou: emetdh xavéva X € Ny 8ev ixavonowel v X € X
(edxola), xaL av (Tpoc anaywyy o d1ono) To N elvan ENAYLOTO BoTE Vo UTEEYEL
xdmowo X € X € Z,,41, t61e X € X C Z,, and tov oploud, étol Hhote X € Z,,
evdvtia oty emthoyr) tou n. Auté udhhov euydploto elval, elyaue tpoflifuota
1E oUVOAA TOU aVAXOUY GTOV EAUTH TOUG™ OUMS 1) ETOVAANTTLXY XATAGXELY] TOU
Z ovuvendyetol yta ToA) toyvpdTepn WLOTNTA Yo TaL WEAT Tou Tou avaxdAiude o
von Neumann.

11.26. Opropds. 'Evo avixelpevo z elvor xoxd Ospelwpévo (ill founded)
av xdmota @hivovoca €-aluoida apyiler ye autd, dnhadh av undeyel cuvdptnomn
f:N—= FE trowa dote

z=f0)>f1)>f(2)> - .
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[ ]

AIATPAMMA 11.2. To {0, {0}} cav anoyontevtxd ddpo.

Avtixetueva mou Sev elvon xaxd OeueMouévo xalovvtal xahd Oepeliwpéva
(well founded) # edparwpéva (grounded). Av X € X, t61e X 5 X 5 X >

-, ot emouéveg 1o X elvat xaxd Bepeliwuévo. To IlpdBinua x11.14 Sivel
Yopoxtneloud Twv xoxd Deyehiwuévoy ocuvoley xatevbelay and ) oyéon €, ue
TpéT0 Tou poldlet yevixevon tng WibtnToc X € X.

11.27. "Aoxnor. Ta dropa, 10 xevé ) xau o Ny elvar eSparwuéva. 'Eva oU-
vodo X elvat eSpatwuévo av xat uévov av xdbe uéioc tov X elvat edpatwuévo,
av xar uévov av to Suvauoaivolé tou eivar edpaiwuévo. H xAdon 6wy tov
eSpatwuévwy ocuvélwy elvar uetafatixy.

11.28. Hpétaoy. H Paocixi xAeiotérnra M(I) xdbe eSpaiwuévov ouvélou I
elvar eSpatwuévy. Eibixdtepa, o eAdytotoc xbéouos tov Zermelo Z xat 6Aa tou
o0 uEAY elvar edpatwuéva.

ATNIOAEIEH. Aeyduaote 61l to I elvar edpatwuévo xou 61t (Tpog anaywyy oe
4tomo) To n elvow ehdytoto Gote to M, va elval xoxd Beyehiwpévo ol €6Tw
M, > x1 > --- ¢@bivovoa €-ohvoida. Amd tnv undbeorn, n > 0. Enedr ol
unoBéoeic £1 € M1 xw 21 € y € M,_; avutibeviar oty emhoyh tou n,
npénel va toyVer to £1 C M, _q, dpo 2 € Mp_1 xou n Unapén g ¢bivovoag
€-ahvoidagc My,_1 2 29 D -+ avittifeton ndhl oty enthoyy touv n. Ilgoxintel
6t 10 M elvou edponwyuévo, emedh xdbe @blvouvoa aivoida M > x1 3 -+ 0o
€detyve emlong 6Tt xdmolo M, eivar xaxd Oeuehiwuévo, cuyxexpluéva to M,
nou meptéyet To 1. To népioua yia 10 Z toyet enedr) o Ny elvon edpatwuévo.

Y yvwoti, cayh edpoa, eviouotaouévoc o avvdxng otn ylopty| Tou avol-
YEL TO TEPAOTLO XOUTL UE TO dDPO Tou, Ubvo Yo va Beel uéoa €va dAho xouti,
xou 67 autd péoa axdun éva xoutl x.AT. uéyplc 6Tou @Tdoel oto teheutalo,
UXPOOXOTUXO XOUTAXL oL elval ddeLo: to 3dpo Tou elvan ta xoutid. Mnopolue
va. GUAAEBovue ta ayvd, edpalwuéva 6OvVola cav agnenuéves aneixovioelg té-
TOLWV ATOYONTEVTIXGY ddpwY, émou dung to xdle xoutl unopel va tepthauBdvel
TeploabTeEpa and Eva ECWTERLXE xoUTLd: émoto xoutl xat v’ avoi&el o [avvdxng
%&0e opd, Tehxd Ba Bpel To &deto xoutl, to xevd (. O mepiocdiepeg aliwua-
Tonoufoelg Tng ouvolobewplag déyovtal tnv e€ng apyn tou von Neumann, mou
anayopevel Ta xaxd feueliouéva olvola anapyhc.
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11.29. Apy¥ Osperiwong (Principle of Foundation). Kdfe otvolo elvar edpat-
wuévo. Autd xakelton entong apyn (f A&lwua) tne Kavovixdryrac (Regularity).

Yrdgyel xot 1 €€ evadloxtiny), xdnwg Suovontn adld yerowun éxgeoaon tTng
Apync Oeueliwonge.

11.30. Ipétaoy. H Apyrj Ocueivonc toyler av xar uévov av yia xdbe un
xevé olvolo X, undpyet xdmoto m € X téroio dote

mNX =0. (11-25)

ATIOAEIEH. Agyduaote tpdta Ty Apy# Ocuellwong, xau (tpoc araywyh o
dtono) unmoBétoupe 6 X # 0, odhd 611 xavéva m € X dev wxavormolel v
(11-25). Auté onuaiver 4Tt yia xémoto a,

a€ X&(¥Yme X)(3t e X)[t €m),

Gpa, ané 1o DC, undpyet dneler, @bivouca €-ahuoida mou apyilet ue 10 X 3 a,
xou auT6 BéBata avtitibetan oty undbeon. Avtiotedpwe, av 1 Apyn Oeueliwong
dev anbedel xou xdmola dnetpn pbivovoa €-aluoida apyilel ue 1o obvoro

X=f0)>f1)>f2)> -,

t6te n ewdva fIN] = {f(0), f(1),...} elvon BePaloc un xevih, xau téuver xabéva
and To uéAN TG, étoL mou xavéva an’ avutd dev ixavoroel v (11-25). a

11.31. H ocuvoloBewpio Zermelo-Fraenkel (ue emthoyy)), ZFC. To nhéov
dtadedopévo—ro «nionuor— oVotnua allwudtey yia obvola eival 1 Oswela
Zermelo-Fraenkel (ue emoyy), mou npochétel tic Apyéc Ayvétnrag 3.25 xau
OzueMwong ota aliduata e ZEDC uali ue to Allwpo Enhoyvc, ovuBolixd:

ZFC = ZFDC + AC + Ayvétnta 4 Ocpueriwon.

Eival toAhd xot netotind ta entyetpiuato tov euvoolv autd To clotnua, Ueptxd
an’ autd Oa exBécovue auéowe otn cuvéyela, xou ndhl apydtepa, ota Kegd-
Ao 12 xau oto Iapdptnua B, 6nou enlong Ba e&nyfoouue xat Toug Baocixoic
A6youg mou woag odfynoav va uelvouvue xotd Bdon oty acbevéotepr Oewpla
ZFDC o’ autéc tig Ynuewdoelc. And v xaboapd mpaxtixd drodm, ol apyég
Ayvétnrac xar Oeperimwone dev elvar onuaviixéc yia to Yépog e cuvohobew-
ploc mou uag agopd €30, ot to mhipec AC ypeldletat wbévo omogadixd, étol
TOU UNopOVUE EUXOAA VAL ONUELDOVOUUE TIS XENOELS TOU.

11.32. Yrndpyouv un edpampéva obvora; H mhéov xatdpoern nagafloon tng
Apyhc Oeuellwong Ba Atay éva aviixeluevo mou elval To povoavolo tou eautol
Tou,

Q= {Q}. (11-26)

Mnogotue va guAAdBouye to 2 cav To TAéov anoyonteuTixd ddpo: xdbe xoutl
TeplEyeL Eva dAho, TavouoléTumo, xat o Lavvdxmg eZaxoloubel v’ avolyet xoutid
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AIArPAMMA 11.3. To © oav tpayxd anoyonteutuxd ddpo.

yoplc anotéheopa A tépua, yia mdvta! MiAnwe undpyouv olvoha Q1 xar Q2
€0l OOTE

Q' ={0,9%}, Q*={Q'y (11-27)
Tétoleg ellodoelg potdlovv anibaveg, doyeteg, aAld Bev elvar mpogavés 6T
o afldpata mou €youue Beytel Tig amoxAelouv. T v axpeifela, dev tig
anoxietouv: oto Ilopdptnua B Oa xataoxevdoouvue mbavogavy mpdtuna tng
ZFDC+AC nov mepiéyouy xdmoto autogovocivoro 2 = {Q}, xaw dAha oV-
Voo e TapanAioLes 3LOTNTES.

Ag Buunbodue tdhpa g xdnws acagelc tepLypaés TS UEYAANS XL TNS ULXPTS
dnodne Tou xbopou aviixelwévoy W oto 3.26. H ueyddn dnodn Bewpel 1o W
©¢ TN LEYLOTN EPXTY GUAAOYY AVTLXELUEVWY TOU Lxavomolel Tor alduata, eved
n wxpn drodm déyeton 6TL To W amotelelton amd exelva T aviixelpyeva mou
anottodvtol and To aELdUAT.

Me ) yeydhn drodn, dev éyovue tdhpa meptocdtepes 1 hiybtepeg evdellelg
yioo v adfBeta e ApyRc Oeuelivong an’ 6,1t elyaue oto Kepdhato 3, extdc
Tou 6Tl €youue dnuiouvpyfioel dAn auth TN Bewpla ywplc moTé va ypelactodue
auTh TV apyn: and v dAAN uepld, dev ypetaoTAxaue 0UTe xaxd Oeuehimuéva
oOvoha.

"Eyoupe anoxtioet dume okl xakitepn avtidndn e uxperc drodne, tourd-
ytotov yia ) Bewpla ZDCH+AC, xat an’ avtiv dheg ol evdellelc euvoolv Ty
Apy Beuellwong: ta ovvora mou «eyyuvdvtaw ta aétduata te ZDC+AC &l-
VoL TEOQAVOS ToL WEAY Tou Z, xou elvo ha ayvé xal edgatouéva. O unopoloe
xavelg vo avtthoynoet 61l dev xataoxeudoaue To Z and To Tinota, epyaoth-
xouE PEGA 67 Eval «SOGUEVON xOGU0 avixeldévoy W, xat udiioTa yeeldotnxe
va deytolue 6t extée and ta alidpata e ZDC+AC, to W wavonotel eni-
onc 1o Allwua Avuxatdotaonc. Autéd elval owotd, alhd enlong owoty elvor
%ot N mpogavig andvinon: éw and xdbe évvola avotneic allwuatonolnong, o
opLtoudg Tou Z xat ol anodellelg Twv Baoxdy WBLoTHTeY Tou umopoly Vo xa-
tavonfoidv dueoa, agerds, 6nwg cuvhBng xatahafaivovue Ta pabnuoTixd—sat
nelBouv. Mo anh| mepiypagt) Tou Z Ba Arav et xatavont oto Kegdhoio
3, w¢ Staobntixde oplouds «reploplouévou GuVOAOLY, oL SixaLoAoYel Ta aZLd-
poata g ZDCHAC, xou g apyéc Ayvétntag xou Oeuehiwone. Aev €youue
Bpet uéypt otiyuhs magduoto, ainfopavée Stalclntixd npdtuno tng ZDC nou va
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TEpLEYEL UN edpouwiéva olvola, and onolesdfinote unobéceic mou dev odnyoly
ot gadlo xixho.3!

Elvow Suvatéd va xataoxevdoovye anhd mpbdTtuna 6twg to Z yio Ty ZFDC
xat v ZFC; Ac to ovopdoouvue mpdta.

11.33. Opropds. ZFDC-xbéopog elval évag xéouog tou Zermelo M mou emt-
héov xavornotel 1o AZlopa Avtixatdotaong, dnhady yia xdfe odvoho A € M
ot LOVOUENY oploTtixd teheot) H,

(Vz € M)[H(z) € M] = H[A] = {H(z) | z € A} € M.

ZFC-x6op.og eivon évag ZFDC-x6ouoc M mou dev meptéyet dtopa xat 6Tov
onolo x40e olvoho A € M emdéyetan xalf didtaln oto M.

Ta aliduata g ZFDC exgpedlouvv axplBoe v undbeon 6t n xhdon W
Ohwv TV avixelwévey elvalt ZFDC-xbéouog xat, aviioTtolya, Ta alltduato g
ZFC woyveilovtal 61t 1o W elvaw ZFC-xbouoc.

11.34. Oedpnpa. H xAdom tou von Neumann
V =op {X | X elvaw ayvé, edpaimuévo alvoho} (11-28)
elvat ZFDC-xdouos” xar ay toyvet to AC, téte 5V eivar ZFC-xdouog.

Anoakei=H. H »xhdon V eivow xéopog tou Zermelo, ebxolo and v ‘Acxron
11.27. T va 3et&ouye 6t ixavomotel eniong to Adlwua Avuxatdotaong, no-
patneolye 61t yia xébe oGvoho A (axbun xw av A ¢ V), av o H elvou povouehic
optotixde teEheotic TéTolog dote yia xdbe x € A, n wuh H(x) va elvar ayvod,
edpatwuévo ovvoho, téte 1) etxxdvo H[A] éyel uévo ayvd xat edpotouévo LN,
xat emopéveg (evxoha) elvan xat oauth ayvA o edpatwuév.

O deltepog Loyuplouds énetan dueca, emeldh av woyler 1o AC, té1e %dbe
A €V emdéyeton xohf Sdtaln <4€ P(A x A) xouw <4€ V. .

Yrdpyel axdun évoe, xouds xal yeRoluog Yoeaxtnelondc Tov ayvéy, edpat-
wUEVLY GUVOALY Tou elval edxolo TdpLoua Tou Benpfuatos Edpatwuévng Ava-
dpouric 11.5.

11.35. Ogiopwés. Mostowski Enpoppronds 1 draxdounor (decoration) ypo-
phuatoc G ue oyéon oaxudv — elvat évac empopploudc d @ G — d[G] mou
avtotoryilet obvoro ot xdbe xéufo tou G, étolL Bhate

d@) = {d(y) |y — 2} (z€C). (11-29)

11.36. Oedpnpa (Afupo Xvunicong tov Mostowski, Collapsing Lemma).
(1) Kdbe edparwuévo yodpnua G emdéyetar axpifdc évay Mostowski eniuop-
ptoud dg, xat 7 ewxdva tov dg|G| elvar uetafatind, ayvd, edpatwuévo obvolo.

3Tpétuna émwg to M(No U Q) odnyoly o gablo xGxho, emeldh ypeialbuacte ancpyhc
xémoto 2 pe v aupLefBntoluevn WLéTnTa ToL AUTOULOVOGUVEAOU.

[IpoxataptHTLXny 21 €udoor, yYepdtn A&On, Méptiog 2007



190 YHMEIQXEIY ¥TH X YNOAOOEQPIA

a {0} {{0}}}
b {03}
{0}

dg|G] = {0, {0}, {0} 3{{0}, {{0}}}

AIATPAMMA 11.4. Yuunieon Mostowski.

(2) ‘Eva otvolo A elvar ayvé xat eSpatwuévo av xar uévov av undpyet xdnolo
edparwuévo ypdonua G xai xdrowog xéufoc x € G, érot dote A = dg(z), drov
n dg elvar n uovaduey Siaxéounon touv G.

AnoAEI=H. (1) H Oropln ot povadixdtnta Staxdounons evéc edpatwuévou
G elval dueco népLoua Tou Bewpfuatog Edpatwuévne Avadpounc 11.5 egapuo-
ouévou oto G, Ue Tov oploTind TEAEOTA

H(f) = Image(f) = {f (=) | f(z) |}

H exéva dg[G] elvon yetaPotind obvolo, eneldh av s € t € dg[G], 161 s €t =
da(y) v xdmowo y € G, ondte s = dg(z) yio xdrowo ¢ «— y, xu s € dg|G].
Agot 1o xdbe dg(x) elvar odvoro and v (11-29), 1o dg[G] elvan petofotind
civoho ywelg dropa xau enouéves ayvé. Erlong to dg|[G] elvar edparwyévo,
eneld” av unhpye gpblvovoo €-axohovbia xg 5 x1 5 -+ o710 dg[G] xau emhéyaye
Toug ®6UPouS Sp, S1, - .. €toL Gote dg(s;) = x4, Té6TE N So — 81 — -+ Oa Hrav
pia dreten @Blvouca axoloubio oto edpatwuévo yedpnua G.

(2) Av A = dg(x) ue 1o z x6uPo xdnolou edpatwuévon ypapiuatog, TOTe 10
A avixel oto yetafanxd, ayvé, edpawuévo olvolo and 1o (1), xou emouévwg
elva ayvé xau edpatwpévo. Ta 1o aviiotpogo, éotw G = TC(A) n vetaPotixd
uhetoténta Tou A xou bploe 6’ auTAY

T — Y o Y €T

To ypdgnua G elvor edpatwpévo, enedf 1o G = TC(A) elvan edpatwpévo olvolo,
MeéBinua x11.16. Enlong toyvel 7

deg(z) =z (x€Q) (11-30)
emedh av 1o = Arav G-ehaytotixd aviinapdderypa yio v (11-30), téte
da(z) ={da(y) |y ¢— =},
={y|y <z} and v emhoyy Tou z,
={ylyea} anbdTovopoud g —,
=z eneld’| To & elvol gbvohro.

EWldixétepa, A = dg(A), nov Befatdver to (2). o
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H »\don V dev elvar ovvoro (TTpdPAnua x11.20) xou dev elvan edxolo va
Beodue civora mou va elvar ZEDC-xéouot, BA. Hpofriuoata x12.43, x12.44
ot xB.12.

11.37. Anoteléopata ouvERelag xat avedaptnolag. 'Ola Ta anoteréouata
ouvénelog xal aveloptnolog mou Slatundooue ot 8.24, 8.25, 10.33, 10.34,
10.36 xou 10.37 toydouy av tpochécouue to Alwua AvtixatdoTtoong oTic oye-
wxég fewplec. "Hpbe n otyunh vo ouARNEEOUUE TS YEVIXETERES XOL ONUAVTIXOTEPES
exdoyéc auTdV twv anotedeoudtwy yio T Bewpla ZFC.

(1) (Godel, 1939) O xdéouoc L twy xataoxevdoiuwy ouvéiwy elval medtumo
¢ ZFC, rov enions txavornoiel tn I'evixevuévy Yrnéleon tou Xvveyoic GCH.
Yuvende to Aélwua Emhoyhic AC Sev unopel va Stadeuotel and to dhho agLd-
uoata g ZFC, odte xoau n GCH Saeddetar oty ZFC.

(2) (Cohen, 1963) Kauia ané tic apyéc emidoyrc ACy, DC xat AC Sev uno-
pel va anodeiylel and acbhevéotepes apyéc uall ue ta xataoxevaotixd alid-
uazae tou Zermelo (I) — (VI) xat to Aélwua Avtixatdotaone (VIII).

(3) (Cohen, 1963) Yrdpye: npdruno tnc ZFC oto onolo n Yrdébeon tou Xu-
veyoic CH dev aAnfevet, xat emouévoc n CH Sev eivar fedonua tne ZFC.

(4) (Solovay, 1970) Yrdpyet npdruno tnc ZFC oto omolo xdbe «oploon,
avanaplunto onuetootvoro éyel téAeto unoolvolo, xal enouévewe éyet nAnOLxd
aptfué c. Ewduxdtepa, autd onuaiver 6t dev unopolue va oploouue éva ouyxe-
xpwévo onuetocivoro A xou uetd vo anodeifovue otnv ZFC 61t 0 tAnBdpifudg
Tou elvat weyaAdtegog Tou Ny xal uixpedtepog Tou .

(5) (Solovay, 1970) Yrdpyet npétuno tnc ZFDC oto onolo xdbe avanapif-
unto onueloolivolo meptéyet un xevo, télelo unooUvolo, xau enouévws ) Unapén
avanap(Guntwy onuelooUYEALY yYwplc un xevé, téleto unooUvoldo Sev elval Ged-
pnua tnc ZFDC. To npbtuno tou Solovay ixavornolel enlong tic Apyéc Ayvé-
TnTog ot Ogueilnmong.

HpoBMpata yia to Kepdhowo 11
x11.1. Acige to AZlwpa Awywpetopol (III) anéd ta uvndlowma aliduata oty
oudda (I) (V) xow 10 AZlwya Avtixatdotaocne (VIII).

x11.2. T xdbe odvoro A, xdfe povouers optotxd tekeoth F xou xdbe Siuely,
optotxé tekeat] G, undpyel eAdytoto v Ty C odvoho A mou mepéyel to A
¢ urtocVUvoho xat elval xhetotd yia toug F' xat G, Snhodn

ACA zcA=F(z)c A, =z,yc A= G(z,y)c A
(To {80 Loylel yia onotodAnote aptbud tehectdy, 0cwVSHTOTE UeTAPANTOY.)

x11.3. To Allwya Aviixatdotaong elval XATAOXEVAOTIXE L6OSOVAUO UE TO
eZnc: yio xdfe olvoho A xou %868e povouehy oplotiné tekeoth F, undpyet obvolo
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B nou meptéyel 1o A xan givan xhetoté v tov F, Snhadn
ACB&F[B]C B.

x11.4. To Allwya Aviixatdotaong elval XATAOXEVACTIXE L6OSOVAUO UE TO
e€fc: v xdfe odvoho A xau xdbe povoueld optotixd teheoti F, o meplopt-
oudS

FIA =g {(z, F(z)) | 2 € A}
tou F ot0 A eivaw ouvdptnom, dnhadh otvoro Leuydy.
x11.5. Av o (z,y) elvar opiotixde tedecthic 800 uetafAntdv mou ixoavorolel
v TpdTn Widtnta dratetayuévey (euydy (OP1) oto 4.1, téte weavornotel entl-

ong xau tn devtepy, (OP2). (Autéd dev umopel va arodeiytel otnv ZDC+AC,
BX. TpbPAnua xB.4.)

x11.6. Av o |A| elvan opiotindg telesthc Tou éxel TRV Ted Ty WbTNTA acbevoig
teheoth mAnfuxdnrag (C1), téte avtduata éxet xat tnv tplty, (C3). (Autd dev
unogel va anodetytel oty ZDC+AC, Bh. IpéPinua xB.8.)
x11.7. H opiotind) cuvbhxn e ouvdptnong optouévn otnv (4-14) ueavorotel
v Leoduvoula

Function(f) <= Set(f) & (Vw € f)(Fz,y)[w = (z,y)]

& (Va,y. 9 )[(z,y) € f&(2,9) € fl=y =],
dnhad?) To f elvaw ouvdptnomn axelBde 6tayv elval yovoosiuavto advolo SlateTay-
uévwv Ceuydv. (BA. entong to TTpdBAnua xB.9.)
x11.8. Yrdpyet axplfdg pla axolovbio (n — Nn) TOL XaVOTOLEL TLg TAUTOTNTES

Ng = |N|, R, =
To ovépata Tewv TpdTtwy dnelpwy TAnfapibumy ta oplooue oty (9-6), adld

8Mho elvon va detéetg btL undpyel n axodovbia (n — R,). (BX. enlone to Ipb-
BAnua xB.10.)

x11.9. Tevixevpévn avadpowr e tapapréteous. Lo xdbe povoueln oplotixnd
teheoth G xou xdfe tpwel) optotuxd teheot H, undpyetl povoueric, optotixde
teheotic F' mov ixavonotel tig tavtdtnteg
F(0,y) = G(y),
F(n+1,y) = H(F(n,y),n,y).
x11.10. Av n & elval un xevi owxoyévela PeTafatixdy ouvOlwy, T6TE N évwon
UJE xa n toph € elvon entong petaBatind cdvola.

x11.11. T x40 x\don A undpyet ehdytotn, uetafatixy xhdon A tou nepLéyet
v A, dnhadih ot dote A C A xou yia x8fe petafotind xhdon B, av A C B,
t6te A C B.

x11.12. Ot %AdOELS TOV AYVAY GUVOA®Y, TWV XANPOVOULXE TEMEQUGUEVDY GU-
VooV xal Ty xAnpovouixd apliufolumy cuvéhey elvor dheg petaBatixée.
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x11.13. Avzy €22 € -+ € 2y, = X1, TéTE TO X1 Elvan xaxd OBepeliwuévo.

x11.14. To aviixelyevo x elvar xoxd Oepehiwuévo av xar ubévov av undpyel
ocbvolo A tétolo dote

ze A& (Vse A)(Ft € A)[s > t].

x11.15. Av urdpyouv Q1 Q2 nou wxavonooty v (11-27), té1e elvor SLagope-
T8, xAnpovoulxd nenepacuéva, ayvé civola.

x11.16. 'Eva cYvolo A elvon edpatwuévo av xat ubvov av 1 uetofatixf tou
xhetotétnto TC(A) elvon edpatwuévn.

*x11.17. 'Eva oOvoho avixel oto V,, av xat uévov av elval ayvéd, edpatwuévo
%ol xAnpovouxd enegaouévo. YIOAEIEH. Acile npdta 61t xdfe nenepaouévo,
petofBatixd, ayvé ot edpatwuévo aivoro elvar yélog tou V.

x11.18. TN xd0e yetafatind odvoro I, éotw
J={z e€I|xelvaw ayvé xa edparwyuévo}-

delle 4L
M(J)={x € M(I) |z elvar ayvd xat edparwuévo}.

x11.19. Av undpyet oivoro Q = {Q} bnwg oy (11-26), té1e
{x € M(Q) | z edpowpévo} = V.

x11.20. Aci&e 6TL 1 xhdon V twv ayvdy, edpatwuévey cuveiny Sev elvar 60-
volo.

11.38. Opiopds. H xhdon atéuwy K etnpilel (supports) to cvvolo A av
x € TC(A) & Atom(z) =z € K-
Hétoupe

WIK] = {z | to x otnplleton and v K}, (11-31)
VIK] = {z | to z elvon edpounpévo xar otnptletal and v K}. (11-32)

x11.21. H »x\don W[K] tov cuvéhwy Tou otnpilovtat and wa xAéon atéueny
K eivoar ZFDC-x606u0c.

x11.22. H »)don V[K] tov edpatouévoy cuvélny tou otnpiloviat and uia
uhdon atéuny K elvar ZFDC-xéouoc.

x11.23. 'Eoto G = (N,—=) uem — n < n < m. Aclle 6t 10 G &l-
va edpatwuévo xat unohdyloe Ty exdva dg(m) yia xdbe m yia ) povadixt
daxbounon touv G.

x11.24. Adoe nopddeiyuo drnelpov, edpotwpévou yeagpuatos G ue dglG| =

{0}.
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*x11.25. 'Eotw G = (N\ {0}, —), ue
m—n <= m#n&ton dwugel to m.

AciZe 6t to G elvon edpatwpévo ot vtoldytoe tny elxova dg(m) yio xdbe m
uné TN povadixt| Staxbdouncn tou G.

x11.26. Erextauévy Staxdounon yeaphuatog G elvon évag emuoppiouds d :
G — d|G] mou wavoroel yia xébe x € G v e&lowon

d(z) = {{ny)

Aclle 611 xdle edpatwuévo ypdpnua emdéyetol axplBdc ula emextauévn Staxd-
ounom, ot 6Tt éva (byL unoypewtixd ayvd) cvvoho A elvar edpatwuévo av xon
ubévov av umdpyel edpatwuévo yedgnua G xau z € G, tétoa Hote A = d(z).

av to x elvat dTouo,

y —x}, av oz elvor chvolo.

*x11.27. Edpowpévy €-avadpowr]. T'a xdbe Siuelr| oplotind teleot H,
undpyeL optotixds Tekeothc F(t) tétolog dote ya xébe edpatwuévo clvolo z,
F(z) = H(Fz,2)
6mou 1 ouvdptnon Flz = {(t, F(t)) | t € z} elvaw o neploptopde Tou tehecth F

670 6UVoAO .
Auté elvon eldinr nepinTwon g enduevng, xEnmwe YEVIXGTERNC ENEXTAGNS TOU
OewpAuatog Edpatwuévne Avadpourc 11.5.

*x11.28. 'Eotw diuelfic optotixnd ouvbixn ¢ < y ue e Wdidtntee (1) yio xdbe
x, 1 xhdon {t | t < z} elvar olvoho, xar (2) dev urdpyel axohoubia (n — z,)
tétola HOTe Yo xdle n, Tpy1 < Ty Acele 6TL yio x80e diueln oploTind TeEkESTY
H undpyeL xdnotog dhhoc F', tétoloc dote yia xébe z,

Fle) = H(F 1t | ¢ < o}, ),
6mou n ouvdptnon F I {t |t <z} = {(¢t,F(t)) | t < z} elvar o meploplouds tou
F o7o obvoho {t |t < x}.
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KE®PAAAIO 12

AIATAKTIKOI API®OMOI

To Allwya Avuxatdotaonc Beloxel T oNUAVTIXOTERES EQAPUOYES TOU OTNY
buopen Bewpio AIATAKTIKON APIOMON Tou von Neumann xot 6Tny XoTaGXeUT
e LYEIQPEYTIKHY [EPAPXIAY TtV ayvey, edpatwuévwy cuvolmy. Mrogel
xovelg va emPidoel ywpele va yvwpllel toug dtataxtixods aptBuoie, Befalwe,
aAAd byt té60 euydploTa: TPOo@EPOUY TOAAG, €v oig xat aindivolc TAnbixolg
apLBovg o Sivouy mpayuaTixdTnTa xaL oveta oTNy «elxovixrpy Bewpla LoomAnOi-
xétntog oty onola (avayxastixd) éyovue neptopiotel. H Tuoowpeutind Iepop-
ylo emextelvel Ty emavdndm touv teheoty| Suvapocuvélou ue Ty omola @Tidaue
10 V, «b660 mdew, xat TEAxE ToploTdvel To ayvd, edpotwuéva GUVOAL GTNY TLO
emttaxtxy, dtowobnuxd xatavénen évvolag ouvérov. Aev elvar 1660 alyoupo
611 unopel xavelc va {foet ywelc var xotahdfet auth Ty exxdva, onwoedinote oyt
avdueoa oe cuvohobewpnuixoic.

O Cantor meptypdget Ty évvola ToV SlataxTixdyv TOnwv» UOAG uepixés oe-
AMdeg petd Tov oploud mAnbapibuwy mou anoxdaue oto 4.19, %o pe ToapdUoLo
6O,

Kébe Siatetaypévo ovvoro U €yet xaboplouévo ‘Slotoxtixd tino’,
[...] tov omoto cuyPoiilovue U. Me autd evvoolye tn yevixr év-
vola mou anoppeéet and to U btav anoclpovue and to ototyela u uévo
v Wialtepn Toug @iomn, xat xpathcovye T didtaln ¥ To npoPddioua
petadd tous. 'Etol o Stataxtixde tinog U elvat xot autée drateTory-
wévo oUvolo, ue otolyelo povddes mov €youv avauetald Toug To BLo
npoPddioua 6mwe xat to avtiotolya wéln tou U, and to onola €youv
dnuiovpynbel pe agaipeon. ... 'Eva anhé emyeipnua neifer ét 3o
Satetarypéva 6Uvola €xouy Tov (8to Stataxtixd TIHTO TOTE Xat UOVOV
av elvat duota, €tol bate ot dbo elloboeg U =, V xou U =V clva
LooBVVOUES.
O Cantor avagépetal 6 YpauUIXd SLATETAYUEVOUS XDPOUS, YEVIXA, alhd e8¢
Bo Bewprioovue To edxdTEPO MESBANUA 0PLOUOY WBLATAXTIXGY TUTWY» UOVO YLo
%xohd Satetayuévous ydpouc. Toyupiletal pntd Ty npdtn yapaxtnetotxy did-
e

U=,U (12-1)

195
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{0y {0,403} {0,{0},{0,{0}}} o w wU{w)

AIATPAMMA 12.1. O empopgioudg von Neumann tou

O

le) o ‘e . °

=

U N OU:1U12U7--- ,u}U,SU(LL)U).

Touv TeAeoT] avdbeonc dtataxTtixdy aplBudy xo enyelenuatoloyel yia T ouve-
noy ey
U=V=U=V. (12-2)

O «nhbg Loyvptoudor Tou unouvicoetar o Cantor yia tnv (12-2) Ba npéner va
duxoudver enlong TNV LoYVEOTEEY CUVENAYWYMN

U<, V=UCLCV: (12-3)

TOLAGYLOTOV YLa XaAd Statetayuévoug ywhpous, énou 1 Béon onueiov & oto ydpo
elaptdTal uévo and ta onuela Touv mgonyolvtal Tou x, £Tol AGTE 1) «UOVEda» T
mou dnuovpyeital ye agaipeon and To x xal xwdixornotel auth ) Béon oto U,
Noyuxd mpémel eniong vo e€optdton ubvo and to apyxd tuiua segy(z). ‘Etot
T0 TEOPBANUA TNG TUOTHS ATEXOVLOTG OTNY adlwUaTixy cuvohobewpla Tng évvolag
drataxtixdv apthudy tou Cantor xatakfiyel oto e€hg: umopolue va avtiotol-
xloovue évay xadd Siatetayuévo ydpo U oc xdbe xald Siatetayuévo ydpo U,
érot mou va toyUouvy ot (12-1) xau (12-3). H mpwtdtunn 1déa tou von Neumann
elvar va oploouue tov U aviiafiotdviag avadpoutxd x40 péhog tou U e 1o
60UVONO TV TRONYOVUEVAY TOL.

12.1. Awatoaxtixoi AptBpol (Ordinal Numbers). O von Neumann enipop-
QLopbs evoc xald Siatetayuévou ydeov U elval o yovaduny Staxdounon tou
avtioToyou edpaiwpévou ypaghuatog (Field(U), >p), étol dote and ty (11-29),

vu(z) ={vu(y) |y <v z}, (z € Field(U)). (12-4)
O dataxtixdg aptBuds tou U eivar n exdva
ord(U) =op vy[Field(U)] (12-5)

tou U ané tov von Neumann empopgioud tou, xat
ON = {a | (3 xahd datetaypévoc ydpoc U)la = ord(U)]} (12-6)
elvat 1 xhdon twv Stataxtixdy aptbudy. ¢ cuvibng, yedgpouue toodbvaua,
ON(a) < a € ON.
INa nagddetypa, éotw

U : 0y,1y,2u,... ,wu, Su(wy)

[lporataptuTLing 2n €udoor, yepdtn A&On, Méptiog 2007



KE®AAAIO 12. AIATAKTIKOI APIOMOI 197

xoh& Sratetayuévog ydpoc ue eldytoto onuelo Oy, enduevo 1y, ..., mpdTo
oplaxd onuelo wy, xou auécwe uetd to tehevtalo (Uéyioto) onuelo Sy(wy).
Yroloyllovue tic Tlwée tou von Neumann emuop@Lopol Ue ETAVELANUUEVES
epopuoyvéc e (12-5) (napakeirovtag toug deixteg):

v(0y) = {v(z) | z < Oy} =0 =0,
v(ly) = {v(z) |z < lv} = {0} =1,
v(20) = {v(z) |z < 2u} = {0,{03} =2,
v(@3u) = {v(@) |z <3v} ={0,{0},{0,{0}}} 3,

viwr) = {v(@) |z <wr} = {0, {05 {0,{0}},. .} =w
{v(z) |z < Sy(wy)} =wU{w}
vlU]={0,1,2,... ,w,wU{w}}.

OL vnohoytopol autol elval eWdxég TERITTAOCELS TV TAPAXAT® YEVIXODY TPOTY-
CEWV:

12.2. "Aoxmom. Av Oy eivat to eddyioto onueio evéc xaAd Statetayuévou yo-
pov U, t6te vy (Oy) = 0" xar av S(z) elvar o enduevos tov x otov U, tdte

vo(S(z)) = vu(z) U{ve(z)}.

12.3. ‘Aoxmom. Av to x eivar opiaxé onueio evés xald Statetayuévou ydpou
U, t6te O € vy (z) xou

a € vy(z)= aU{a} € vy(z).

12.4. 'Aoxrnor. Av wy eivar 10 mpdto oplaxs onueld oe évav xald Siatetay-
uévo ydpo U, tote

w=vylwy)=N{X |0 € X&(Va € X)[aU{a} € X]|}, (12-7)

xa, edixdrepn, o w = vy (wy) elvar aveédptnto and to oUyxexpluévo xald
Siatetayuévo ydpeo U mou ypnoiuomotoUue yia va to unoloyloovue.

H doxmon auty, Swocapnviler vy 10 wy, x4t mou elvon mpoavég yio To
Ou, 1y, ... oto Adypouua 12.1- n twh vy (x) elvan aveldptntn and to onuelo
x € U xau e€optdton wévo and 1t Béon tou & oto U, av elval 10 npdto onuelo,
To MEUTTO, To TEdTo optaxd onuelo x.At. H yevied ahfbeia autric tng Wdidtntag
Tov Vv exgpdletal wg e&hg.

12.5. Adpupa (Ilpdtn IStoTtnTor Avatoxtixdy Aetbudv). Ia xdbe apyuxi
opoétyra w2 U »—» w[U) C V and évav xadd diatetayuévo ydpo U oe xdnoiov
dAdo V, to Audypauua 12 elvar avriuetaletind, Sniadij

vy (r(z)) =vy(z) (zeU). (12-8)
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™

U |4

vVu Vv

d(z) =2
ord(U) @ ord(V)

AIATPAMMA 12.2. O empop@iopéde von Neumann xal apylxég oloLOTNTES.

AnoaEgrsH. Tlpog dtomo, é6tw x ehdyioto oto U tétoto tou vy (m(x)) # vy (z).
Yroloyilouye:

vy (m(@)) = {vw(y) |y <v 7(2)} <Z optoyos,

o~ o~

={vy(m(t)) |t <y z} enedf n 7w elvan apyxA,
={vy(t) |t <v x} ané v emhoyy Tou T,
=Vyu (ZE),

nou avutifetar oty emhoyh tou . To »hedl g anddeline elvar to dedtego
Bua, 6mou yenotomolodue to YeyYovdg OTL 1 etxdva LLog apytxnc WdTnTog «Sev
el TpUmecy, étol mou xdfe y <y 7(z) elvon éva m(t) v xdmoto t <y . o

12.6. "Aoxnor. Av ot U xau V elvar xadd Siatetayuévol ydpot, téte
U <, V= o0rd(U) C ord(V).
‘Eretar 61t av U =, V, 161 ord(U) = ord(V).

12.7. A¥ppo (Aetrepn Idubtnta Avotaxtixdv AplBudv). INa xdfe xald
Sratetayuévo ydpo U xar xdbe y € U,
vy (z) = ord(segy(z)). (12-9)

Enetar étt xdfe von Neumann tu) vy (z) elvar Stataxtixdc apiudc, xau
avriotedpwc, xdbe Sataxtixdc apibudc o elvar n von Neumann turf vy(z)
xdnotov onuelouv, oe xdnoto xadd Statetayuévo ydpo.

Amholotepa: xdbe péhog Statoxtixol aptBuol elvan dtataxtinds aptBude xon
%80 Srotaxtinds aptbude etvor péhog Srataxtixol aptbuov.

AnoaEgisH. Egopudéloviog to Afjuuo 12.5 pe segy(z) vy U, U yia V xou
v tawtotxy apyxh oyobtnta T : segy (z) — U, ouvdyouue 6T

Vsegy (z) (y) = vsegy(z)(ﬂ-(y)) = vU(y) (y <u I),
€ToL IOV, TEAXE

vu(z) ={vu(y) |y <v =} = {vsegu(z)(y) | y <u =} = ord(segy ().

T tov devtepo oyuptoud, ag elvan V' = Succ(U) o enduevog xald dia-
tetayuévog ydpog Tou U, ue éva véo t oty xopugt, 6nwg oto 7.16: tdpa
U = segy (t), étoL mov ord(U) = vy (t). o
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"Etot ou dwaxtaxtixol apBuol anewxovilouv e€icou urfxn xahd dwatetayuévmny
YOewY alhd xou Béoeic onueiwy oe xdnolo xald Siatetayuévo yheo. H deldtepn
gpunvela ouppovel xohdtepa ue ) yeron Stataxtixdy apthudy oty xadnueptvi
YAOOOo, 6OV MEHOTOGY, deltepogy, ... Tumxd xabogilouv tn Béom xdmolou
QVTLXELUEVOU OE (Lol GELPA.

12.8. "Aoxnom (Ot nenepacuévor von Neumann drataxtixol apifuotl).
Ay <y elvar 5 ovvnbOiouévy Sidtaln twv puotxdy N, téte

ord(N, <y) = w,
érwe to w oplotnxe oto (12-7). EmmAéov, av féoouue
Su(n) =nU{n} (new),
téte 10 (w,0,S,) elvar ovotnua Peano, xai o vy : N — w elvar o uovadixde
(ané To Oedpnua 5.4) toouopPLouds TWY PUOLXGY apliuUdy ue To w.

Yuvnbileton oty Tpoywenuévy cuvolobewpla va Bewpolue to (w, D, S) we To
oclotnua Peano nou otafeponoificaue oto 5.9, dnhadf va tavtilovue to N ue
10 w. Autd Sdieuxoldvel oplopéva medyuato, aAld Sev elvar oUTe anapaltnTo,
oute WLattepa puatoroyxé—3dVoxoha Peloxoupue neloTixd entyetpiuata 4Tt O
{0,{0}} elvar xahdtepn avarapdotacy tov aplbuol 2, and avthv tov Zermelo,
{{0}} mou eldape otV anddelln tou Oewphuatoc 5.3, A adlide To tplto uélog
onotoudnnote cuothiuatog Peano.

AxolouBel to Baowxd anotéheoua yia Toug dtartaxtixole aptbuoie.

12.9. A¥ppa (Teitn Iduétnta Avataxtixdyv AplBudv). Kdbe Siataxtixdc
aptludc o elvar xaldd Statetayuévos and tn oyéon

U<,V =g u=vVuev (u,v€a) (12-10)

xar av o = ord(U) yia xdrnowo ydpo U, té1e 0 von Neumann emiuoppiouds
vy : U — a elvat ouoiétyra.

"Eretar 6t xdfe xadd Siatetayuévoc ydpoc elvar duotog ue xdmowyv Siata-
xux6 aptud, xar xdfe xadd Siatdéiuo olvolo elvar toomAnbixé ue xdmotov
Stataxtixd.

ATNIOAEIEH. Apywxd, and 1o Afuua 11.36, xébe o = vy [U] elvan yetafotixd,
ayvé xau edpatwpuévo abvolo, xau (yedgovtag v avtl yia vy ),

z <y y=v(z) € v(y). (12-11)
Emnhéoy,

v #y—v(®) £ v(), (r,yel)

eneld av x # y, téte elte ¢ <y y elte y <y, érot mou and T (12-11), eite
v(z) € v(y) elte v(y) € v(z) xo o xdbe nepintwon, dev unopel va Loylet 7
v(z) = v(y) epboov 10 a elvar edpatwuévo olvoro. 'Etol n v : U — a elvau
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povouopplouds, dea avttotolyia, xal n oxéon <, elval N ewxdva g <y and
v, Snhady,
t<py <= v(z) <, v(y) (z,ycl)

gnetol 6L N <, elval xohh Sidtadn tou a xou M v elvat opoldtnTa.

O teheutalog toyvplouds Loy det eneldn oL ouoldtnTeg elval aviloTolylec. =

To alioonuelwto auvtd anotéhecua BeBoidver 6Tl uTdpyoLY aPXETE HoXpLES
€-aluoideg dote va pag divouv aviiypaga xdbe xaing didtadng, ot elvon yo-
paxtnplotixd enaxdrlovlo tou Aliduatog Avuxatdotaonc. ‘Onwe mdvia ue
dounuéva olvola, «o dataxtixdg aptbude o Ba elvon dupopodueva to obvoro
a % o datetaypévog xdpog (a, <4 ), étol Tou, ylo tapddetyua, 1o Aduua 12.9
exppdletal amhd and Ty

U =, ord(U).
12.10. 'Aoxnmon. o xdbe dtataxtixd apifud a, ord(a) = a.

12.11. IIépiopa (Xapaxtnelopds tov dwataxtixdy). To olvolo a elval Sia-
T TIXOS aptBudc av xat uévov av eivar uetafatixd, ayvo, edpaiwuévo xat -
ouveXTLXG, dnAadi,

r=yVreEyVy€Ezx (z,y € ).

ATNOAEIEH. Kdébe diataxtixdg éxet autéc tig didtneg, and to Afupoto 11.36
xou 12.9. T to avtiotpogo, Seyduoaote 6t 1o A elvar petofatind, ayvo,
edpatwuévo xar E-cuvextixd xat Bétouvue (oav va elvan To A Stataxtinde)

z2<ay < z=yVzecy, (z,yeA).

H oyéon auth elvar (edxola) xahy didtadn tou A é6tw vy : A — ord(4,<4) 7
avtioTolyn anexévion von Neumann. Ioyvelduaote 6TL 1 v 4 elvat n TautoTixny
amewxdvion: av éyt xor = elvon 1o < 4-ehdyLoto tétolo nov va(z) # x, téTE

va(@) ={v(y) |y <az}

={y|y<auz} (amé v emhoyA Tou x)
={ylyex} (amé tov oploud g <4)
=z (emeldf 1o = dev mepéyel dTopa),

mou aviitibetan oty emhoyy tov z. ‘Enetor 6t ord(A4, <4) = va[4] = A, xou
10 A elvan Stataxtindc. =

O yapaxtnelouds autds TV datoxTixdy aplbudy elval Waitepa anhdg av
deytolue 6T Oha Tor GUVOAA Elval edpatmuéva xat oyvd, to emtnpdobeto alld-
‘ . , P . p ,
uoata tng ZFC: éva olvoldo eivar Stataxtixds axpfdc av xar uévov av elvat
uetafatixé xar €-ouvEXTIXG.
O Tpetg Baoixéc BLdtnteg Twv dtataxtxdy agtbudy Sivouv enlone ixavonoln-
T AGon 610 TEORANUA TNG TOTNHG ANELXOVLONG T®V SLATAXTIXGOY TOTWY XAAd
dratetayuévoy yodpwv tou Cantor, énwg to neptypddape otig (12-1)  (12-3).
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12.12. Oedpnpa. O optotixds tedeotric U — ord(U) otouc xadd Siatetay-
uévoug yépeouvg ixavoroiel tic eéric ouvlixeg:

U =, ord(U), (12-12)
U<, V= ord(U) Cord(V), (12-13)
ON(a)=a={06 € ON| [ <, a}. (12-14)

AnoaEgisH. H npdtn ibtnra (12-12) elvan enovdhndn tou Aduuatog 12.9.
T va det&ouvpe t (12-13), éotw 7 : U —» w[U] C V apyix) ovobdtnta. Ard
w0 Aupo 12.7, natpvovtag Tig ewxdveg,

vy [r[U]] = vy [U] = ord(U)-
ol& n vy elvan opolbdtnta tou Ve tov ord(V) xou petapépel apytxd tuiuota
oe apytxd TuiuaTa, dpo
ord(U) = vy [U] = vy [r[U]] E ord(V).
Tehxd, vy ™ (12-14), av a = ord(U), téte:

a={vy(y) |y U}
= {ord(segu(y)) |y € U} (an6 10 Afppa 12.7)

={B€ON |8 <, al,

6mou 1 televtata eElowomn toyvetl emeldy oL xaAd dtatetayuévol ydpol Tou elvol
<o U elval axpifdg autol mou elval duolol ye un Tetpluuéva, apytxd Tufuata
Tou U. -

12.13. "Aoxnon. Av ot U xau V xadd Siatetayuévor ydpot, téte
U=,V <= ord(U) =ord(V),

xat étot yia xdbe xadd Siatetayuévo ydpo U, undpyet uovadixdc Siataxtixnde
aptfudc a térotog mov U =, a.

Ot ouvBfxec (12-12) o (12-13) elvon axpPdc ot (12-1) xou (12-3) tou Can-
tor. H mo onuavtied, tehevtaio ouvBixn (12-14) elvar yopoxtnelotxd tou dla-
ToxTixoU TeAeaT] Tou von Neumann xal €yel wg emaxdiouvbo tn povadiudtntd
tov, IMpbBinua x12.4. Eilvow evdiogpégov autd 1o anotélecuo” mapoAelnouue
v anddelln uévo emeldy elval wpalo mpdBAnua xat 8ev Ba to ypelacTtolue Ylo
nepouTépw oanoteréouata. Eival duwg edvxolo va yabel xovelc oty anddelén
TAnBdpag WLOTATWY TwVY SlataxTixdy aptiudy, uepixés an’ autés YeHoLES dA-
heg anAdg neplnhoxeg, xau ol anodeilelg xateuvbelay and Tov oploud Telvouy npog
T0 MLOTNELOBES: dev elval tehelng Quoxd va Bewpolue TN oyéon € we didtaln.
Mua xadf toaxtixy, Touldyiotov oty apyy, elvon va otnpilovue Tic anodeilelg
WBLOTATOY TV SLaToxTiXdV aptiudy 6TIC TEELS YapaxTneloTxég Toug LLOTNTEG.

12.14. Adppa (Zoyxpron dataxtixdv). Ia dlovc touc Stataxtixolc aptb-
uols a, B3,
a<l,f <<= a=0Vaef < alf << aCp.
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ATIOAEIEH. Aclyvouue e ) oelpd, xuxhixd, g aviiotolyes, auotneéc ou-
VETOLY WOYEC.

(1) a <, B=a € B mpoxintel auéowc and tic (12-12) xar (12-14), agol 7
unébeor onuaiver 61t o = ord(U) xou B = ord(V) ue U <, V.

To (2) a € B=a L B xu 0 (3) a L B=a C B énovia e&icov elxoha
ond Tig (12-12) xan (12-14) xou Ho napakeidpovue T Aemtopépetes.

(4) o € = a <, B. H undbeon pac dlver xdnoto povouoppiousd and 10 a
ot0 B (tov tautotxd!), étol mov a <, B and to Mbpiopa 7.832° buwc and to
a =, 3, obupova ue v Aoxnorn 12.6 naipvovue o = B nou avutifetar otny
avotney ocuunepiindn a C B mou unobécaue, xat étoL a <, . —

Suvnbiletat va yenoluomnotodue yia TN SLdTaln Twv StataxTixdy aptbudy Tov
amiovotato cuufolioud

a<f = a<,0 (a,0€ON), (12-15)

ywplc BéBata var Eeyvdue Toug Loodvvauolc Tou yapaxtnelopolc 6to Afuua (12.14).
OL Paouxéc WLétntec avthc Tne ouvBrixne elvor (tdpa) evxolec.

12.15. Oedpnua (H dudtain tou ON). (1) H xAdon ON twy Siataxtixdy
aptBudy eivar xadd Statetayuévy ané ty owvixn a < B, ue v e&ijc avotnel]
évvola:

a<a, a<f&f<y=a<y, a<f&f<a=a=0,
a<pBVa=pVE<a,
xat yio xdfe oprotixtj ouvlixn P,
(3a € ON)P(a) = (Jae € ON)[P(e) & (VB < )= P(B)].
Eibuxdrepa, dev undpyet dreien, plivovoa aduoida Stataxtixdy aptbudy,
ag > > > = (In)[an = anqal- (12-16)
'Orav oylel 1 P(a) yla xémoto o, Bétouye
(ua € ON)P(a) = min{a € ON | P(a)}. (12-17)
(2) T xdfe Siataxtixd aptbud, undpyel o enduevoc
S(a) =op (18 € ON)[a < 6] = a U {a}. (12-18)
(3) Kdbe otvolro Siataxtixdy apibudv A éyet eAdyioto dvw gedyua,
sup A =40 (1B € ON)(Va € A)[a < 5] = J A4, (12-19)
mou elvar o uéyioto tou A (av 1o A éyer uéyioto) xar 10 0 av A = 0.

H ATIOAEIZEH agivetar yio Ta tpoPriuata, x12.1 — x12.3. n

12.16. ‘Aoxrnov. I'ia xdfe un xevé olvolo Siataxtixdy aptbudy &,

(ua € ON)[a € E] =N €.
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Ou endpevor drataxtixol apLbuol (successor ordinals) elvar autol Tng pop-
¢phc S(a), xou oL opraxoi drataxtixol aptfpol (limit ordinals) elvaw autol nou
dev elvat olte enduevol olte o 0, étol mou @ < A= S(a) < A oL oplaxol
drataxtixol mpogavde yapaxtnelloviat and tny WLéTNTA

Limit(\) <= A #0& A =sup{a|a < A} (12-20)

Enione uropolyue vo anodellovue 8L16TNTeg Twv dtataxtxdy aplhudy ue urepre-
TEPAOUEVT) ETAY®YT] xaL Vo oploovue TeEAEOTEC 67 AUTOUS UE UMEPREMEPAOUEVT)
avadpour), wg e€hg.

12.17. Oedpnua (Arotaxtixn enaywyn). Ia xdle uovouedsj optotixi ouv-
Orxn P,
(Va)[(V€ < a)P(§) = P(a)] = (Va)P(a).

AnoaEgisH. Tlpog dtoro, é6tw a o eNdyiotog Siataxtixdg tétolog Tou —P ()
éneton 6t P(€) toydet yia xdbe € < a, xau enopévog xa n P(a) woydel and
v unébeon), mou elval drtomo. —
12.18. Oedpnua (Avotaxtixh avadeows). [a xdbe Suuedr opiotind tele-
otij H, uvndpyet uovouelijc optotixds tedeotijc F, nov wxavornoiel tnv eélowon

F(a)=H(Fla,a) (ae€ON). (12-21)

E3& 1 F [a etvow 1 ouvdptnon {(&, F(£)) | € € a}, o nepropiopdg tng F(€) oo
a={{|€&<a}.

‘Ouota, ue napauétpoue, yia Soouévo H(w,a, x), vndeyet F(a, ) érol dote
yla xdbe Stataxtixd o xar xdbe x,

Fla,z) = H{(& F (& 7)) | € <a},a,z) (o€ ON).

ATIOAEIEH tng anhic exdoync, ywplc mapauétgous.

T xdbe B, and to Ilbpiopa 11.6 otov xohd dwatetoypévo ydeo (B, <g),
umdpyet axplBog ula cuvdpetnon fg : B — Eg mou wavornoel Ty e€lowon

fola)=H(fgH{z € Bz <pa}a) (a<p),
=H(fgla,a), (12-22)
eneldf n <g elval o neploplopds g € oto B xou ta uédn tou B elvan Stotaxtixol
aptBuol. Yrootnpllovue 6Tt
av a < 3 xou a < 7y, 61t fzla) = fi(a)

av 6y, téte undpeyel EAYLOTO @ Yla To omolo autd dev Loylel Yo xdmota 5 %ot
v xau téte 1) (12-22) 0dnyel auéowg oe dtomo. Av howndv Bécouue

F(a) = fs@(),

t6te F(a) = fg(a) v %8s B > a xoa n (12-22) ovuverdyetow v ToutdTnTa
nou Bélovue yia tov F.

H anédeln yia v éxdoon ue mapapétpous Topouotdlel uovéd teyvixés Suoxo-
AMeg otoug ouyfolouoic. =

[lporataptuTLing 2n €udoor, yepdtn A&On, Méptiog 2007



204 YHMEIQXEIY ¥TH X YNOAOOEQPIA

Me auté o Bedpnua unopodue va oploouue aptBunuxéc npdieic oto ON xau
vo. LEAETHOOVUE TN Sour| Toug. Oa aPproovUE Ta TEPLOGOTECH A’ AUTA VLo TRO-
BhAuata, adrd a&ilet va dtatundoovue e8d 8o Baocixolc oplouolc autod tou
eldoug, wg mapadelypata epoapuoyic Tou Oewenuatog 12.18 xat yia vo €youue
ot 31dbeot| poc ovopaTa TwV AThoVeTEPHY SLATOXTIXOY apliudy.

12.19. Oedpnpa (Atataxtixd ntpdcbeon xar toAhanhaciacwds). Yrdoyouy
Suelels, optotixol tedeotés o+ B xat o - B otouvs Stataxtixolc aptbuolc ue
¢ e&rjc dibTyTec:

a+0=a,

a+S5(8) = S(a+p), (12-23)
a+ A =sup{a+ 8|6 <A}, av Limit(}\).
a-0=0,

a-S(B) = (a-B8)+a, (12-24)

a-A =sup{a-B|B < A}, av Limit(X).

AnoAEI=H. Oétoupe a + 0 = F(B,a), 6mov o F (B, ) optleton pe v axd-
houfn avadpour| oto B € ON, ue mapduetpo To a:

a, av B =0,
F(B,0) =< S(F(v,a)), av 8= S(v), v xdnoLo 7,
sup{F(§,a) | £ < B}, av Limit(B).
Agrvouue tov toAamiaotacud yia to HpdBnua x12.6. -

"Eyouue %37 avagepbel 6tov w ot (12-7), xou anodeilope otnv ‘Aoxnon 12.8
6t w = ord(N, <y). Ot dataxtixol apbuol mouv tov axohovboly auécwe elvor
TPOPAVES Ol

w+l=Sw), w+2=Sw+1), w+3=5w+2),...
ol AUECWS METE an’ autolc EpyeTal O
wtw=swp{w+n|ncwl=w-2. (12-25)
Autée elvon o devtepoc oplaxde dataxtixds, o npdtog uetd tov w. Kébe w - n
xoataoxevdletatl abpollovtag tov w ue tov eautd tou N popés, xateubelay and
Tov oplopd. Auéowe petd €pyetal o

w?=sup{w -n|n<wl,

petd and Myo o w3 = w? - w, x.An.

IMohAéc and Tic WL6TNTeg Tng SlataxTixnc npdoheong xat Tou ToAAaTAAGLA-
ouob énovian and Tug WLOTNTES TV TENECTHOY AUTOV 6t (Xahd SATETAYUEVOUS)
Y eoug, 6nwg oplatnxay ota 7.37 xat 7.38, yenouuonoldvTag Tig EROUEVES TRELG
AoXNGELC.

12.20. ‘Aoxnon. [ia xdfe Siataxtixné a,
a+ 1 = ord(Succ(a)),

ané Tov opLoud Tou emduevou uepixd Siatetayuévou ydpouv Succ(P) oto 7.16.
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12.21. "Aoxnon. I'ia dlouc toug dtataxtixols o, B,
o+ 8= ord(a+, 8),
and tov oploud Tt mpdobeonc ueptxd Siatetayuévwy ydewy oto 7.37. ‘Enctal
ot 1 mpéolbeon Siataxtixdy elvar npooetatptotixl] aAAd Syt uetabetixi).
B<y=a+B<a+r. (12-26)
12.22. "Aoxnon. ['ia dlouc toug Stataxtixolc o, (3,

a-f=ord(a-, 8),

. . . . ,
ue tov noAdandaciacud uepixd Siatetayuévwy ydewy mou oplotnxe oto 7.38.
‘Ernctat 61t o noAdanAaotacuds twy Stataxtixdy elval mpooetalplotixds aAdd
Oyt uerabetixde, xar ot

0<a&f<y=a -f<a-n. (12-27)

Ané v &AM uepld, pepxéc and tic WdTNTES TN dtartaxTixAc aptBuntixic
anodewxvioviatl euxoldtepa Pe dtataxtxy enaywyy, xateubeiav and toug ava-
dpoulxolc toug oplopolc:

12.23. 'Aoxnor (Empepiotixd Wduétnta npog to de&id). o dAouc Toug Sia-
Taxtixolc a, B, 7,

a-(B+y)=a-Bra-y.

Agrivouue yia tpoPAiuata pepixéc emnpbobetes WBibdtnteg Tng npdobeong dlo-
TOXTXAY, Tou anodelxviovial Ue Tagduolouc tpénove. Ilpbdoele 6t népa and
) petabetxdnta, ntodhég axdun Widtnteg g ouvnbiouévng aplBuntiedc dev
oY YOUV Yo TOUG SLaTaxXTIXoUE, OMWS Yol TAEESELYUa 1 EMUEPLOTLXY BLdTNTA
ané eéid, IpbBAnua x12.13.

12.24. 'Opia axolouBLdy dtataxtixdy. ' xdbe povotovixy| axohoubio Sio-
TOXTXAV aplBudy ap < g < - -+, Bétouue

lim,, a, = sup{a, | n=0,1,...}.

O ouuPolioude elvat yefoluog, duwe meénel va elpacte Wialtepa mpooextixol
pog xat autd T Gplar dev ixavomotoly ta cuvnbouéva Bewpfuata Tou anelpo-
oTxoV hoytouol, BA. IpbdBAnua x12.9.

Mua and Tig MO GNUAVTIXES EPAPUOYES TV SLATAXTIXGDY apliudy elval 1 end-
uevr, xoudh Aion mov édwoe o von Neumann oto npbBinua avdbeonc nAnba-
plfuwy 4.20, yio xald Siatdéiuo odvoro. H Adorn Baoiletor oto bt xdbe xadd
datd&io ovvoho elval LoomAnBixd pe xdmorov dtotoxtixd aptbud, Aduua 12.9.

12.25. Opiopég (ITAnO&eBpor von Neumann). Oétouue

(12-28)

A = (1€ € ON)[A = &], av o A elvow xahd dtatdiipo,
A, aAhLddg,
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xou and 3¢ xau tépa Bewpolue 6Tt o teheotig avdbeong nAnHoplBuou mov otalbe-
ponoioope oto 4.21 tou Kegadalov 3 elvar autdc. Ou tuwée Tou |A| yio xahd
dratdEipa A eivar ot TAnBdeLbor Tov von Neumann,

Card, (k) <= v xdnowo xahd dwatdlio A, k = |A], (12-29)
xou gdxola yapoxtneilovtal we apytxol diataxtixol aptbuol:

12.26. Aoxnor. Card,(k) <= ON(k) & (Va < k)[k #. a|, xat yia xdbe
k € Card,, |k| = k.

Ané to Ajupa 9.11,
Card, (k) => Card, (k"),

o and ta Afupota 9.18 xaw 9.20, av to £ eivonw un xevé oivolo minbapibuwmy,
t6te

(Vk € &)Card, (k) = Card, (inf.(£)) xouw Card, (sup.(£))-

v Ty axpifela, auéonc and ) (12-19) xal 1o 12.16, av to € elvor un xevéd
olvoho mAnBaplbuwy von Neumann, téte

inf.(£) = min(€) =N E, sup.(€)=sup& =J¢E.

H xoataoxeur] tou von Neumann pag divel évav toyupd tekeoth mAnbixdintog
(BX. 4.21) oty xhdon TV xahd SaTddlumy GUVONGV:

12.27. 'Aoxnon. Av ta A xat B elvar xadd Siardéiua, téte
A=,|A|, xae A=. B < |A| =|B|. (12-30)
ErminAéov, yia xdfe obvoro € ané alvolra, n xAdon {|X|| X € E} elvau atvolo.
H mé yenown Widtnta twv tinbopibuwy von Neumann eivar n athodotatn:
av K, A € Card,,, 6t K =, A <= K= A\"

autd énetal apéons and tig teheutales dVo aoxnfoels xal UETATEENEL GAEC TLG
toominBixdtnteg mAnBoupibuwy von Neumann oe elodoelg tng mAnHuxis aptburn-
wwhe. Emtéloug, yia xadd Statdiuoug mAnbdeibuoug, unogolue vo Ypdgpouue

A A
E-A4+p)=k-A+k-p, (n) =K,
AT, Ywplc Tov evoyAnuxd deixtn ..

12.28. ITAnBdpbuol, Enthoy? xar Avtuxatdotooy. Mnropel xaveic va uno-
otneilel ye xdmola cofapopdveta bt ol uovddec tou Cantor otn Staclntixn
neptypapy Twv mAnfouplbuny mou arocndoaue 6to 4.19 anewxoviovion motd
and Toug dtataxTixols aptBuovs Tou von Neumann, ot 1 TEQIXOTA

= 7 7 z 7 z z 7.
o A avanticoetal (og 1o Todue étot) and to A, ue étolo Tpdno HoTE
x&Be otoyelo Tou A va dnutovpyel pia eldxd wovéda
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TepLypdgel axplBds Ty xataoxeun tou |A| = ord(A) = v[A] and xdnota dploy
ddtaln touv A, MpdBinua x12.28. 'Onota aio xt av éyel 1 dev ExeL 1 avadoyla,
olyoupa 1 xotaoxevy] Tou von Neumann elvor moAd yerowun: UeTald GAA®Y,
UETATEENEL TO hoYLoud LoomAnBuxdTnTagy mou éyouue avantiZet ot uio avbevtixd
aptBuntied TAnBoplbuwy — touldytotov av Seytolue to Aflwua Enthoync, étol
&ote 6ha T 6Uvola va Eyouv von Neumann minfoapibuouc.

"Huaotav mold npocextixol o1 Statinwor anoteheopdtonv yia tinfapifuoug
va anogpvyouue 1o Allwuo Enthoyc énou autd Arav e@uxtd, ahAd BéRota to x0-
plo amotéAecua HTayv vo gavel neviaxdbopa 1660 Ty elval 1 Thnbue aptbun-
e yopels emAoyés. To xdplo eunddio elvar 1 tooduvoula TN ouyxpELoLWSTNHTAS
nAnfoapiBuny ue 1o AC: Sev €youvue ouvolaotixn agtBunuxy ywelc ouyxploluéd-
NTa, xan SeV UTopolue va éYouuE cuYXpLoATNTY Ywelc va deyTolue (avaryxa-
otxd) To mhfpec Allwua Ernhoyvc.

Av deytolbue 1o AC, néco onuaviixn elval n Vrnopdn «dnbivédyv minbuxdy
aptBudvr mou txavorololy v (12-30), xat mou arowtody extéc and to AC xou
10 Allwpa Avtixatdotaonc yia Ty xatacxeut] Touc; 'Oyt xat Tohd yeydhn, nopd
uovo yi’ awtols mou Eyouv alkepyio otouc deixtec. Oa umopovoe lowe xovelg
va fewpnoet ) Ao tou von Neumann oto IpéBinua Avdfeonc IInbapifuwy
xuplog oav doxmon pabnuatixic xouddnrag, ol undpeyet xdnola déor arfbetag
oe ylo tétola dmodm. Aev mpénel Suwg va Bydiovue to cuumépacuo 6TL TO
Allwpa Avtixatdotaonc elvar acuavto yioo Ty Thnbu aptBunuxy enedy| o
Baowée tne tavtdtnte elvan Bewpruata e ZDC+AC. To xiplo mpdBAinua
elvar 6t 1 ZDCHAC dev unopel va anodetlel v Unapln ninbopifumny téve
and v npd TN, dnelen axohoubio

N01N17N27"' )

xat udhoto 8ev unopel va anodellel xav 4Tt avth 1 axoloubia (n — V,,) undp-
xe, HpbBAnua xB.10. Ewwétepa, n tnaeén WSialdviwy minbapibuwy dev elvon
Oedenua tng ZDCH+AC, xou emouévwg oAdxinen n Bewpla opoteAixdtnTag ma-
popével mbavdy xevi| tepleyouévou ywpelc Avtixatdotaon.

To cuunépacua eivar 4Tt yio T dnutoupyla d€ag TAnbBucic aptbuntixic mpé-
nel va deytolue xou ta dbo adiduata Enhoyhc xal Aviixatdotaong, dniady va
gpyaotovue oty ZEDCH+AC, 1 xdnota axdun toyvedtepn allwyatixy cuvo-
hoBewpla. Mepixol toyvptlovtal enlong, étt xat n Apy Oeuehiwong elvon ano-
paitntn mpotndbeon yia Ty TANOL aptbBuntieng, ahAd autd Sev eival cwoté—av
oL MEPXEC amd TLS TLO ONUAVILXES EQapUoYES TV TAnbaptfumy elval otn Souy
Tou x66uou V tou von Neumann, Twv eSpat®UEVOY, AYVHY GUVOA®V.

12.29. Ipétaoy (Ta «dhepn). Me avadpour oto Siataxtixd aptfué oo € ON,
férovue
NO = |N| = w,
Rg1 = N3, (12-31)
Ny = sup{Ng | 8 < A}, av Limit(}\).
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Kdfe X, elvar nAnfdeibuoc tov von Neumann,
a< =N, <.Ng (a,B € ON),
xar xdfe von Neumann nAnfdpiGuoc eivar X, yia xdmoto a.

AnoAEgi=H. T va 8eifouue 6T 1 a — R, elvat yvnoiwg adZouoa oe Thnluxd-
nta, otabeponololue To a xou (tpoc dtomo) emAéyoupEe o EAdyLoTo [ éToL dote
a < B xRy =. Ng: tdpa § # a+1, pog xa Ry <, NT =Npi1" B=7+1 v
xdmoto ¥ > a dpa Ry <. R, <. Ng (ané v emhoyq tou 3), mou elvon drono:
xou av to B elvan oplaxd, téte a4+ 1 < B, xou €tol Ry <. Noqq <. Ng, nou elvan
o TdAL dtomo.

'Eneton 611 %dbe R, elvar mAnBdpibuoc von Neumann: auté elvon dueco yio
t0 0 %ot Toug enduevoug dtataxTixols 660V agopd To pLo A, av To Ny dev elval
nnBdpLbuog, téte Ny <, Ng yio xdnoo § < A, mou avritibetoar oto Rg <, Njy.

Télog, yia va del&ovue 6Tt xdbe TAnBapbuoc von Neumann eivar xdnoio Ry,
éoTw (mpoc dtomo) k To eMdyloTo aviimopdderyps. Apéowg and Tov oploud,
K # w %ot k #. AT ylo onoodhnote Stataxtind A < K, pLog xow and autd EmeTon
6tk = |A|T, 0 |A| etvan xdmoro dhep and Ty emhoyh Tou K, xau €ToL T0 K Elvon
eniong drep. 'Eotw

B={a<k|R, <.k}
Auté elvan drataxtixdeg, agov elval xhelotd yia o < elval oglaxde dataxtixde,
enedf Ny < K= Ryy1 < K @ and Tov oploud Tov,
a< fB=Ng <.

And v Gy pepd, av o A elvar mAnBdpbuoc xar A < K, téte A = N, vl
xénolo a < B, and TNV EMAOYH TOU K, £T6L TOU TEAXA

Kk =sup{R, | a < 8} = Rg. =
O teheotic a — N, mpoogépet éva ypRowdo cuufolioud yia tnv TANOY
apLBuntxy, axdun neptocbdtepo av deytodue to Aflwuo Enloyhc.
12.30. ‘Aoxnor. To Aliwua Entdoyric AC eivar toodUvauo ue tov toyupLous
ot «edbe dneipog nAnbdpiuoc elvar diep»,
AC < (Vdnewo A)(Ja € ON)[A =, |A| = X,].
12.31. Aoxnor. (AC) H Ilevixevuévy Yrdbeon tou XZuveyoic elvar icodu-
vaun ue v e&lowon nAnbixic aptbuntucic
GCH = 2% =R¥,,; (a€ON).
12.32. H Yvoowpevpévn Iepapyia tTov Ayvéy, Edpatopéveoy Tuvéhwy

(Cumulative Hierarchy). T xdfe Statontind aplfud a opllovue 0 cdvoro V,
pe v axdioubn avadpoun oto ON:

VO = @7
Va+1 = P(Va)a
Va=UqcaVa, av Limit(X).
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AIATPAMMA 12.3. AoyopiBuixt| anddoon tov ayvody, edgatm-
HEVODY GUVOAWV.

O x6oupog tou von Neumann eivat 1 évwon AoV Tov V,,
V =0e UgconVa = {2 | yta xdnoto a € ON,z € V, }, (12-32)
xou ot xdfe péhog tou V avtiotoryilovue tny téd&n tou (rank) pe tov tehecTh
Rank(z) = (ua € ON)[z € Voy1] (z € V). (12-33)

'Eyouvue #dn yenowonoioel to cuyfolioud V yia tny xAdon Tov ayvoyv
edpatwUéveny cUVOALY, eneldy| Loylel To elhc:

12.33. Ocedpnua. (1) Kdbe V., elvar ayvd, uetafatixd, edpaiwuévo olvolo
xat
a<B=V, CVs.
(2) Kdbe Vy ue optaxé A > w - 2 elvar xéouog tou Zermelo.
(3) I'ia xdfe ayvé A, ACV=A€V.
4) O xdouocV tou von Neumann anotedeitar axpifdc and ta ayvd, edpaiw-
uéva olvola.

AnoAEIZH. Ta (1) xou (2) anodetxviovtot pe ta (dia emtyeLpuato TOoL Yenot-
pomolfoaue yio v del€ouue Tig avdioyeg 8LOTNTES TV PACIXOY XAELGTOTHTWY
M(I) yio petofatixd I oto Afupa x9.6, xou Sev o to emovohdBovpe.

(3) 'Eotw A CV xou Rank[A] = {Rank(z) | € A} n exbva tou A and tov
teheoth tééns. Auté eivar odvolo dataxtixdy aplBudy, dpo undpyel StataxTi-
%6¢ apliude Kk yviola peyahdtepog an’ dha tol YA Tou,

x € A= Rank(z) < k= 1z € V,,
xat (ypnowwonoldviag Ty ayvétnta tou A),

A:{$€VR|$€A}EVK+1.
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(4) Oa emxalectolue To Aeybuevo «vtifetoavtioTpogor e cuvenaywYhc
(3), Ty mpbdTaon dnhadh 6T yia xdfe ayvéd A,

A¢gV= Tz c Az ¢V (12-34)

YroOétouvue npdta 6t To M elvor ayvd, petofatind xal edpalwUEVO GUVONO
ol& M ¢ V. H yetofotxdtnta tov M xan 1 (12-34) poc divouy v

(Ve e M\ V)3y € M\ V)[y € z],

xat 1o DC tdpa ovvendyetal v Vroein @bivovoac €-ahuoidag, evdvtia otny
unéleon 6Tt to M elvon edparwuévo. Apa xdbe ayvéd, uetafoatixd, edpatwuévo
oUvolo avixet 6Tov V, enouéveg, yia xdbe ayvd, edpawuévo A, 1 uetofBatixt
xhewotétnta TC(A) € V- xaw tedixd A € V, agol A € TC(A) xaw n V elvan
peToBaTixny. -

Ouptoov 6t and 1o Oedenua 11.34, to V eivar ZFDC-xbéouog, xou ydhiota
ZFC-x6opoc av Seytodue to AC.

12.34. H dwaicbytiny] €vvola tou ayvou, edpatwwévou cuvéhou. Xyo-
Mdalovtag v Apy1 Oguelivong oto 11.32,; oyvplotixaue 6TL 0 0ploudg Tou
ehdylotou xbéouov Z tou Zermelo xou ot anodelelg twv Bacixdy Tou WLoTh-
TOY XATAVooUVTAL QUESA, ATAL, 6Twg cuvhBng xatakaPaivovue Ta pabnuatixd,
oL TPOOPEPOLY ULa TELoTIXY), StoaaOntixy| teploptouévn évvota «GLUVGAOLY TOU
ducandvel ta altduata e ZDCH+AC xau v Apyn Oeuelivons. Me tov (dlo
TPOTO UTOPOVUE VA LOYUPLETOVUE OTL 7 «XATAGXELT Tou xécuov V tou von
Neumann oto 12.32 xat 610 Oedpnua 12.33 xoatavoeltal dueca ot anAd, &é-
Y0EA and TIG AENTOUERELES OTOLAGONTOTE CUYXEXPLUEVNS adlwUaToTolnong, ol
611 mpotelvel pia puotn, StanabnTixd évvora «aryvol, edpalwuévou GuVGAoL» TOU
ducandvel ta altduata g ZFC. Ta emyeipfuata autd aillouy yia mo mpooe-
T e€étaon.
H xataoxeun tou Z Eextvd ue To dnelgo alvoro

xa emavahaufBavel Tov teheoty| Suvapocuvérou P(A) dretpa todlég popéc. Eqéd-
GOV TO «dmELPO» TV enavalfPeny Sev elval olte neplocdtepo olte Aiydtepo and
TO «dMELPO» TOU TEPLEYETAL 0TO apyixd cbvohro Ny, unopolue va toyvplotodue
ot yia va ovAAdfovue t0 Z mpémet va ouAAdBouue dUo dmeipa mpdyuoata: TO
oUvolo Ny (Baowxd toug puoxolc aptBuoic) xat tov tedeoty tou Suvauoouvd-
Aou.

H xatooxevd tou V apyllet ye to tinota, to xevd, oadhd enavaloyfdvel tov
telesTh Tou duvapoouvérhou P(A) oe dhouc Toug dtataxtixols aptbBuolds. Me
v Bt avddvor, uropodue va modue 6Tl yia va ouvAAdBovue to V meémer va
ouAAdBouue tnv xAdon twv Siataxtixdv apifudy ON xar tov teleotsj Suva-
uoouydlou. Mnopolue BéBaia va ey ELeNOOVUE TEQUULTERL «EVYAWTTN» AVEAUGT)
e évvolag Ttou «Slataxtixol aplBuov» xat vo mpoonaficouue vo TN «Sixold-
o0oLUE», OGS UmopoVuEe enlong va tpoomabicovue vo SIxaldGoVUE TLg €VVOLeg
TOV PUOLXGY X0l TOU Suvaocuvolou. Oa TEémel va elvol xoTagavég duws 6T
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ot dtataxtixol aplBuol anoteholy pia StaogeTixt], véa npdTn UAN ToL elvan oma-
paltnTn v T SronoHnuxd xatavénorn tou V, xat mou dev umopet vo avayfel oto
Npy »ou tar duvapoctvora. Am’ auth ) oxomid, n Sixalwon tov alloudtny g
ZFC nou npoogpépel auth 1 Statalntiny xataoxevy| elval onuoaviixd acbevéotepn
e Suxatwone tng ZDC+AC and to Z.

Yto Hapdptnuo B Ba etoaydyovue evalhaxtixolc x66U0UC GUVOALY, Xal GE
mo npoywenuéva Bhia uropel xavelc va Bpet uio minbdeo and yonreutind npd-
Tuna Tne cuvolobewplag, xataoxevaouéva (xuplng) we topahhayéc xou EnEXTd-
oelg Ty Yebddwv xataoxevaciudtntog tou Godel xar avayxaocuod Tou Cohen.
'Evag and toug Adyoug mou epyaoTAxaue €3¢ Ue Tol oYeTXd achevr alwuo-
wxd ovotiuata ZDC xar ZFDC, eivan yio va Befondoovue dTL to aToLYELDSY
aroteMéopata tou xAddov ou xahbdaue éyouv dueon epapuoyh o dha (oyE-
36v) autd Ta npdtuna. 'Opwe dha autd to TpdTuna xotaoxevdlovian ue Bdon
xdnolo «doouévor mpbdtuno g ZFC, xou dev gaivetan e@uxth n Snuiovpyia Ee-
Y0ELoTAHY, StalcinTixdy evvoldy Tou TL elval GVoAo Tou va dixaldhvouy dueca
o aélduoTa ToL Oolol LXAVOTOLOUY.

Daivetar 6Tt (Tovhdytotov uéypr tHpa), 1 StoawchHnTixnd évvola Tou ayvol,
EdpALOUEVOL GLVOAOUL Tou yevviétal and T pabnuatixd avdluon twv 12.32
xot 12.33, elval onwodnnote n mhéov PuoLXY| EVAAAAXTLXY £VVOLAL TIOU €YOULUE
vl TV aneptbplotn (xat aviigatix) «ouuneplindn oe ohdTnTa 0ploTIXGY Xat
droxexpluévewy aviixeluévoys tou Cantor.

12.35. Yyetixd pe dtopa xot epopuroyés.  Xto 3.25 vnootnpidaue (wall
ue to Zermelo) 61t elvat yphowwo va emitpédouue dTopd 6Ty alUaTix? GLVo-
hoBewpla, €tol mou Ta BewpAuatd pog va epapudlovtal xateubelav o chvola
and mhaviteg B PBatpdyta, xabdc enlong xat ota ayvd, edpatwuéva obvola mou
@Tidyvouue and to timota. Mmnopel 1 yevixd anodexty|, xobiepwuévry Bewplo
ZFC novu anayopelel Ty Unapén atdumy va Sixatoloyloel Tig e@apuoYES g
ouvohoBewplag; Yndpyouv 800 afldloyeg anaviioelg 6e auTéd To gpATNHUAL.

IpdTov, unopodue va uovtedomotjoouue To QUOLXE avTiXelUeva xal TLg oyé-
oeLc avlueoa Toug UE Soués and ayvd aVvola, 6w LOVIEAOTOLOVUE (péxpl. LGO-
HoppLopolg) ta Statetaypéva Lebyr, TIC GLVAPTAHGELS, TOLG PuGLXOVS aptBuolg,
w.An. Do nopddetypa, yio vou UEAETHAGOLUE TN GUUTEELPOEE EVOS GUGTAUATOC
ovpaviny coudtey Pi,. .. , P, tou adkniemdpoly yetall toug ue ) Bopdtnta,
UTOPOVUE VoL avamapaaTicoupe xabéva and autd ye ua cuvdptnon P; : R — R,
nou avabétel oe xdfe mpoypotxd aplbud t € Ry pdla, ™ OBéon xow v Toyd-
T Tov F;, ue xdmoto otabepd cvotnua avapopds, a&dvwy ot yovadwy. Ot
vépol g xivnong Ba xaboploouy Tig cuvapTioelg aUTES” xaL TOV PuoLXS dev Tov
evdlapépel av ta cuvohobewpnuixd avuxeiyeva Tou HoVIEAOTOLOUY T GUVIETY-
oewc Pq,..., Py elvon ayvé N Oyt—autd mou tov voudlet elvar ol peTalld Toug
OYECELC, TOU UToEoUY TOTE VA EQUNVEUTOVY GOV GYECELS OVAUESA GE TAUVATES
g onolec elval oe Béom va ehéyEel ue mopaTnEROELS XOL TELPGUATA.

Aeltepov, av yog evdlagépel vo UTogoVuE vo uhdue yio Thaviiteg xateubelay
uéoa otn ouvohobewpla, umopodue va emtpédovue ptar xAdon atéuwy K xou
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Vo K]
% —/ Vi[K]
K

AIATPAMMA 12.4. Anédoon tov edpatnuéveny cuvélny oto K.

va aviuxatasTicouue To V pe v xhdorn VK] tov edpalouévev 6uvélny tou
otneilovtat and 1o K énwg to oplotnxe ato 11.38. Auty| 1 xhdon eivar ZFDC-
x6ouog and to IpéBinua x11.22° ixavonotel to Aliwya Emnthoydc xat, oty
evdlagégovoa mepintwon énou to K elval obvolo, poldlel ndpa mold ye to V
oL €YEL oLoLAGTIXA OAeg Tig WLOTNTES Tou, Xal YdAloTa UE Tig (dleg amodetielg,
Bh. x12.32. Mnogel va xataoxevaotel oty ZFDC ue 1 Statoxtied avadpou

VolK] =K,

Vat1K] = P(ValK]),
WAK] = U acrValK], av Limit()),
VIK] = ValK].

To Béua eivar 61l 0 Quolxde dev evdlagépeTal ylo TN Slapopd AVAUESH GTLS
d%o autég mpooeyyioels, xal mbavdtata odte xav v avtihoufdvetor: ylatl to
uévo mou €yel onuaocio 6T oLYXEXELUEVY EQopUoYY) ToV Yadnuatixdy, lval ol
GUVOPTHOELS P; 0L X0SXOTOLOVY TIC BLéTNTES TV TAAVNTOY, dTwe axplBdg To
u6vo mou €yel onuacia yla Toug uatxolg aptBuoi elvan 6t arotedody clotnua
Peano—ro 1t axpdg eivar dev emnpedlet timota. Kot étot, ev téhet, elvar yen-
OUULOTERO VO «OTAYOPEVGOLUEN TaL dTopa xat v dexBolue tnv anhovatepn ZFC
ooy 1 ‘standard’ aliwpatixd cuvolobewpla, Tou yivetar oyeddv ywpelc edalpeon
oe TpoyweNUEVo eninedo otn Bewpla cuVSALY.

IpoBApata yia To Kegdharo 12

x12.1. AciZe 1o (1) tou Oewphpatoc 12.15.
x12.2. Acife 1o (2) tou Oewphpatoc 12.15.
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x12.3. Acife 10 (3) tou Oewphpatoc 12.15.

*x12.4. XopaxTnelopds TV dLataxTtix®dy aptbudy tou von Neumann.
"Eotw oplotixde tehecthic ¢(V) otoug xahd Slatetayuévoug YOpoug Tou Lxovo-
notel tig e€¥c ouvhixec:

\%4 —o ¢(V)a
U<, V=¢U)LC V),
Field(¢(V)) = {Field(¢(U)) | U <, V}.

ActZe 6L ord(V) = a=¢(V) = (o, <qo)-
x12.5. H x\don ON 3ev elvar abvohro.

x12.6. Awouworéynoe t0v oploud Tou TOANAATAAGLAGHOY GTOUS dlataxTixolc,
Tov Oewpfuatoc 12.19.

x12.7. T 6houg toug dataxtixols «, 3, 7, 6,

Ot+toa=a, xuw<la=—=1+a=aqa,
0<B=a<a+p,
alB&y<bé=a+y <[+,
a<lp&y<d=a+y< [+

Aclle enlong 611, yevixd,
na < B dev ouvendyetoar Ty av + 7 < B+ 7.

x12.8. 'Eotw ap < a1 < -+ wa avotmed adouca axoloubia Stataxtixdy.
Téte 10 bpLo lim, oy, elvor oplaxdg Stataxtixde.

x12.9. Adoe nopadelypata axohoubidv Siataxtixdy Tov va elvat avetned ald-
Eouoeg xat TETOLEC Tou

x12.10. T éhoug toug dataxtixolc a, G, v, 0,

0-aa=0
I<a&kl<f=a<a-f
alB&y<bé=a-y<fB-0
0<a<pB&y<bd=a -v<p-6.

Aelle 6Tt axdua xt av v > 0, yevixd,

N a < B dev ouvendyetow My a -y < B - .
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x12.11 (Néuor anhoroinong). Ta éhoug toug dataxtixolc a, B, v,
atfB<at+y= B<7,
atf=a+y = B=r,
a-f<a-vy= <7,
O<a&a-f=a-v7v= 0=1.
Aclle enioneg 61, yevixd,
N0<a&f -a=7v-adevouvverdyeta Ty [ = 7.
x12.12. T bha ta @ > w o n < w,
n+oa=ao,
(a+1) n=a-n+1 (n>1),
(a+1) w=a-w.
x12.13. Bpeeg teetg drataxtixois aptbuois a, B, v, ue v didétnta
(@+B) v#a v+B-7.
YTIOAEIZEH. Xpnowuonoince 1o ngonyoluevo npdBinuo.
x12.14. Av n < m, tétc W" 4+ W™ = w™.
x12.15 (Agaipeon dataxtixdv). Av a < 7, té1e undpyel povadixde SlatoxTi-
x6¢c B tétolog mou v = a + B.
x12.16. Kdbe diotaxtinde apifuéc a < w? umopel va ypagtel pe povadixd
1e6T0 oTN HoPYPT
a=w-T+y (z,y < w).
*x12.17. T %80 Sataxtiné a < w?, vndpyouy povadixd n < N, = < w,
B < w" étol dote o = w" - x + B. YHNOAEI=H. Ildpe to yeyalitepo n ye
w™ < o, xou To YeyohUtepo T e W - < a.
x12.18. Av N > 0, xdfe a < w? ypdoetor povadind otn popyh
a=w" 1 +w" zo+ -+ W T+ T, (12-35)
ue N >mnj >ng > - > ng Xl 1,... ,Ts41 < w. YIOAEIEH. Xpnowuonoinoe
enaywyR 6to N %ot 1o mponyoluevo npdBAnua.

12.36. Opiopds (Puctoroyixol tedectéc). O povouelfc, oplotindc teecThg
F otoug Suataxtixolc elvat guotohoyixds (normal), av elvar avotned adiov,
a< = F(a) < F(B),

%Ol GUVEYNS OTOUS oplaxoVs Stataxtixols, dniady

F(X) =sup{F(B) | B < A}, av Limit(}).
x12.19. Av o F : ON — ON elvar guolohoywxdg tedeatric, t6te yia xdbe «
a < F(a), xau yo xdBe opraxd Siataxtixd A, 1o F(A) elvan opraxdg Stataxtixde.
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x12.20. T xdbe a, o teheotéc

Sa(ﬂ):a"_ﬂv Pa(ﬂ):a‘ﬁ

53 /4 ” 153 z 4 Z kb !
Tou “npochétovtoc 610" xau “molhamiactdlovtag and aploTepd UE To” a elval
puoLoloyxol.

x12.21. H oVvbeon F(a) = G(H(a)) puoLlohoyxdy TERAEGTHY Elval GUOLONOYL-
%#6¢ TEAECTHG.

x12.22. Adoe avotnpd oploud tng Stataxtixic dYvaune (ordinal exponenta-
tion) & (yi a > 1), étoL Gote

a = 1,
o5® — o,
o =sup{a® | B < A}, av Limit(\).
Aciée ta axdélovha:

(1) Av B < v, 6t o < 7.
(2) T xébe a > 1, o weheotiic Eo(B) = o eivar puotoroyixée.
(3) a7 =P . a7,
(4) (aﬁy = o

YnoaEIEH. Ot AoxAoelg x12.20 ot x12.21 xou 1o (2) anhonolodyv apxeTd TLg
anodetlelc Tov (3) o (4).

*x12.23. Av a > 0, t61e undpyel péyoto B e w? < a, xo yia autd 1o B,
a = wP +7 ue xdmowo v < a. YHoAEI=H. Xpnowonoinoe to IlpdBrnua x12.15
v var Beelg to 7y, xou etée 6ty < WBTL nou avutifetan oto v > a.

*x12.24. (1) Av B < 7, té1e WP + WY = W,

(2) Kébe Sataxtixde o > 0 unopel vo ypagrel pe povadixd tpémo otn wopgh
azwﬁ—l—'y ue v < a.

*x12.25 (H xovovixd popgy Cantor). Kdéfe Swataxtixds a > 0 unogel va ypa-
@ptel povadixd oav nenepacuévo dfpoloua and @bhivovoeg Suvduels Tov w, Guu-
Boiuxd

a=w w0l (B2 B> 2 B), (12-36)
1, LoodVvoyua,
a=uwh n +wP o ng 40Py
(B> B2>->PB,n; <w,m; #0). (12-37)
YTOAEI=EH. Tt povaduxdtnra, deile npdto bt
av B> P> P> > By xony = w0 0
01e v < WP+ v,

UE EMAYWYN 6TO S.
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Yy neplntwon mov to € elval to eENdyLoto otafepd onueio Tou puotoroyixoy
tekeoth (a — w?®), N xavovixh popgy Cantor tou elvan 1 dypnotn
€0
eozwsozww — ...

"Ouwme oL dlotaxtixol mou elval ulxpdtepol and Tov €9 €YOUV UN TETPLUUEVES
xavovixég uoppéc Cantor mou divouv amhéc xou (uepxée popéc) YeROLUES ava-
TPAOTAGELS TOUG.

x12.26. Beec ) xavovixy| popey Cantor tov w - (w* + 1) + (w* + 1) - w.

*x12.27. Ou pévou Suataxtixol aptbuol mou avixouv 6Tov ehdyloto x66U0 TOU
Zermelo Z elvol oL TENECAGUEVOL.
x12.28. Av n < elvou dpiotn didtadn touv A, téte |A] = vy [A], dnhadh o TAn-
Bdpbuog |A| elvon o Srataxtixde aptBude mouv avtiotoryiletor 6Tov xahd date-
Taypévo xdpo (A, <) and ) von Neumann anetxévioy Tov.
x12.29. H x\dorn Card, twv von Neumann niAnfacifuwv ev elval odvolo.
x12.30. (AC) O opiotixdg terectiic I, (1o I SrePdleton «uneby) oplleton pe
v e&rg avadpoun oto ON:
:0 = N0=|N|:w,
Jgi1 = 278, (12-38)
Jx = sup{3g | B < A}, av Limit(X).
Acele 6Tt yio %80 Srotaxtind aplbud a;
Votal = Ta-
x12.31. T xdfe drataxtind aptbud a, Rank(a) = a.
x12.32. T xdfe clvolro anéd droua K, 1 epapyla (o — Vo [K]) éxet tig axéd-
houfeg WBLénrec:
(1) Kéfe Vo[K] elvonr petafBatind xou edpatwuévo abvoro, otnpileta and to
K, xou
a < B=V,[K] C Vg[K].
(2) Av o X elvon opraxdc drataxtindg, A > w - 2, t61e 10 V)\[K| elvon xbopog
tou Zermelo.

(3) T %46 ovvoro A mou otnpiletar and K, A C V[K]|= A € V[K].
(4) O xéopoc V[K| anoteheitan axplBdg and ta edpotmuévo olvola Tou 6Tn-
pilet to K.

x12.33. I %&b ovvoho atéumv K xat xdbe drataxtixd aplbud o,
Vo = VoK N{z | 10 = elvar ayvé}.

*x12.34. 'Eotww 7 : K —» K o yetdbeorn xdnotov guvérou atéuwy K. Aciée
6tL undpyer povadnt| enéxtaon 7 : VK] — V[K]| tnc m, nov va elvow awto-
woppLowids oto VK], dnhadi,

zey < 7 (z) e (y) (z,y € VIK]).
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12.37. Ogiopds (Khewotéc un gppaypévec xhdoeig). Mua xhdon diatoxtxdyy M C
ON elvar wn peaywévn (unbounded) av

(V€ € ON)(Ja € ON)[¢ < a& a € M]-
xat xAewoth (closed) av yio x8Be oOvoho Srataxtixdy A # 0,
ACM=—supA e M.
12.38. 'Aoxnor. 'Eotw M uia xAeiotij xAdon Siataxtixdy xat
ap < oap < - (o, € M)
uta avotned atéovoa axorovbia Stataxtixdy oty M. Aciée 6t limy, ap € M.

*x12.35. H touq My N Mz 800 xheloTtdv %ot un geoyuévwy xhdoewyv My ol
My eivar enlong xAeloTH ol Un gpeayUévn.

*x12.36. Kdfe guolohoyixdg teheotic oToug Stataxtixols éyel otalepd onuelo,
dnhad¥ yioe xdmoto dtataxtind o, F(a) = ar yio tyv axpifeia, n xhdon

fp(M) = {a € ON | F(a) = a}

TV otafepdv onuelov tou F elval xhetoth xat un @eayuévn. YIIOAEIEH.
T v Bpete éva otafepd onuelo, Béoe ag = 0, apt1 = F(ay,), o delle bt
F(lim, ay,) = lim, a;,.

x12.37. (1) Yrdpyet minfdpibuog von Neumann &, e
k= N,.

(2) (AC) Yrndpyet ninbépfuoc von Neumann A, ue
A=13,.

12.39. Opiopds. Ynobétouye 6t ou A < K elvan dmelpot, opraxol diataxtixol
aptBuol. Mo ouvdptnon f : a — B elvan opotelwxd (cofinal) av

sup{f(£) [ <o} =P

T mapddetypa, n tovtotxd (€ — &) elval opotehxd cuvdptnon yio xdbe
optaxd dtataxtixd aptbud, ahhd xat 1 (n — V) elvar ouotelxh, and tov w
otov N,.

To enduevo npdBinua uag Sivel éva YeHolUuo YapaxTneloud Tou TeEAEaTH ouo-
tedxdtntac (Bh. 9.23), nouv oe ntohhd BiPMa elodyetal pe autd Tov TEdTO.

x12.38. I xdfe mAnbdpLbuo von Neumann k,
cf(k) = min{«a | undpyeL opotehx| f : a0 — K}.

x12.39. Acie 6T yia 6houg Touc von Neumann minfapifuouc A < K, undpyet
ouoteEMXA cuvdptnot f: A — Kk av xau pévov av cf(N) = cf(k).

x12.40. T xébe xavovixd A, cf(Ry) = A, xau emouévos undpyouvv ninbépelfuol
%60e xavovixic opoteAxdTnTaC.
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*x12.41. Aceie ét vndpyovv Wdlovteg, von Neumann ninddpibuol xébe xovo-
VXS OLOTEAXOTNTAC.

x12.42. T %x4Be von Neumann ninfdeibuo A ue cf(A) > Ry, 1o cdvoro V)
elvar xéopoc tou Zermelo, mou emnAéov wxavonolel v efg eldiny| nepintwon
touv Alidpatog Avuxatdotaons: yio xdfe povoueltr, oplotixd tekeoth F, av
x € Vy=F(x) € V), 161 0 exbva F[A] xdBe anapbuntod A € V) eniong
avixel 6To Vy.

12.40. Opiopés. (AC) O avarapiBuntog mAnfBdeibuog K elvar Loyved ompd-
owtog (strongly inaccessible) av elvow xavovixde xon

A< k=2 <k.
*x12.43. (AC) Av o & elvau Loyupd anpdottog, téte to V, elvar ZFC-xéopoc.

*x12.44. (AC) Av 10 ayvé xa edparwuévo oivoho M elvaw ZFDC-xbopoc,
t6te M =V, vl xdnotov toyved anpbdoito nAnbdpelbuo k.

12.41. ITAnBdpbpol xatd tov Frege. Xougpova ye tov Cantor, tov onolo
gyouue axoloubioet, 1 Baoix BLétnTa Twv TANBaplbuny elvat étt elvor odvola,
o OTL Yo xdbe A,

A=, |A (12-39)

Yrdpyet xau wioe Ay mpdoPaon oty évvola tou tAnbupibuou, avth tou Frege,
ue tnv onola o TANBdpLBuog |A| Sev elvor oUvoho «uovddwv» toomhnBxé ue to A,
aAAG 1 apnenuévn évvola tou «elval leomAnbxd ue to A». O Frege, m.y. Osweel
Tov aptBud 1 wg ™y xowvh WLoTNTa SAwV TV Hyovoouvéiny. Lo va aneixovi-
oouUE 6T cuvohobewpla auth TNV évvola, dev elval anagaltnto va ogloouue tov
|A] étol mou va elvan toomhnbuxde pe to A, xal pdhiota Sev elvan xov amapaitnto
v tov |A| va elvar odvoho! H uévn onuaviixd Wdiétnta nthnbaplBuwy elvar 7
teleutala,

A=.B < |A|=|B|, (12-40)

mou (mpaxtixd) anattel vo elvaw o tedecthc |A| «rpoodloplotinde entuoppLounder
e «ouVORUNG Looduvaulagr =., xat 1 xAdon Twv TAnbapiBuwy va elval to «n-
Mxo» g =¢, ue ) Quowt] eméxtaot tng opoloylag Tou x4.5 oe cuvbnixes. O
Frege npoondfnoe va oploet avotned auth v évvola Hétovtag

Al = {X | X = A}, (12-41)

ald M xhdon {X | X =, A} dev elvar obvoro (av A # 0, edxoha) xow 1 (ana-
paltnTn YLoo T Bewpla) undbeom tou Frege 6t elvat Tov 0d¥ynoe oe avivoulo.
O tAnféeiBuot tou von Neumann €youv xat tig 800 Baouxég diétnteg (12-39)
xat (12-40), xou w’ autd tov tpémo anewxovilouv ouyypdvewg Tig dlatcbRoelg Tou
Cantor xai tou Frege, aAl& o optoude toug otneiletar xou ota 8o aliduata En-
hoyrc xat Avtixatdotaons. To HgdBinua x12.46 unodetxvietl ula evalhoxtixy
npboPaon oo Béua, tou Scott, Tou divel txavononTind opltoud twv TAnfapfuwy
xatd tov Frege yoplic enlxinon tou AZiduatog EmhoyAc, av xau (ovolaotixd)
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wovo yio Tar ayvd, edpotwuéva cUvola. H xataoxeuy] tou Scott elval onuavtix,
byt t600 eneldh canahhdooew Ty Wéa tou Frege and 1o AC (1) tAnduxy apbur-
wwh yoplc To Aflopa Emhoyhc elval meviyph), ahhd yior Ty omhéTnTa oL Ty
xoudétnTa tng nebddou, mou €yel TohAéC epapuoYés doyeteg Ue Toug TANDoplO-
uwoug. E&nyoldue mpdta tn yevixn uébodo, xau UET TNV EQUPUOYH TNC GTOUG
nAnBapifuoug Frege.

12.42. Opiopds. ZuvBixm teoduvapiag (equivalence condition) oe ula Ao
A eivar o Sluedfic oplotixy| ouvBrixn ~ mou €yetl g WLdTNTES oYéoNne Looduva-
utag, Snhad? yia 6ho ta avtixeiyeva z,y, z € A

r~x, c~vy=y~zx, c~y&y~z=1x~ 2
O uovoyuehfc optotixdg tekeotic F eival mpoadLoploTtixds yLo TNV ~, av
z~y = F(z)=F(y) (z,yeA)

n xAdon Twdv tov F oy tipég g wetaAntic tou oty A eivor 1 xAdo
nnAixou (to nniixo) tng A and ) ouvbhxn ~, tou npoodiopiletal and tov F

FlA]l = {F(z) |z € A}

II.y. n ouvbn opoldnTag =, elvat ouVBRXN Looduvaulag TNV xAdon TV XaAd
dtatetaypévey Ydpmy, xot o telestic tou von Neumann ord(U) elvat mpoo-
dloploTindg YU auThy, pe mnAixo v xhdon ON tov Slataxtixdv aptbudv. H
toomAnBuxdtnta =, elvat ouvbxn tooduvaulag 6TNY xAdon TV xard Slatdiiuwy
cuvOAwv, xou o teleothc Tou von Neumann |A| elvon Tpocdiopiotixde yu” avtiy,
ue mniixo v xAdon tov von Neumann mAnfoplBuwy.

H mpbbeot| pag elvon va peketioouye uta ouvBixn tooduvaulag ~ otny xhdon
A, cav va fitav 1 A obvolo xat 1 ~ C A x A oyéon ooduvauiag 6’ autd. Aev
umdpyel duwg edxohog TedTog Vo oploouue TPoodLoploTind TEAEGTH YLo TNV ~v,
eneldN N ¥AoGLX XATAGHELT TV XAdoewy tooduvaulag Tou 4.12 tpdyuatt odnyel
o€ \doelg» 67 auTH TN Yevixevon, xAdoelg mou dev elval odvola: autd axplBog
elvat to mpdBAnua pe tov oploud tou Frege yia tov aptBud 1 nou mapabéoaue
Lo TV,

x12.45. (Scott) 'Eotw ~ cuvbfixn tooduvapuiog ot uta xAdon A ayvdyv, edpotw-
UEVLY oLVOAWY, xou Y xdle z € A, éotw

p(z) ~op (pa € ON)(Jy € Va)ly ~ z],
F(m) op {y € Vp(z) | Yy~ a:}
Acelée 6t o F elvon mpoodloplotixdg tekeotis Yo Ty ~ oto A.

x12.46. (Scott) Adoe oploud tou thnbapibuou Scott |A|s yio xdbe olvolo
A mou elval toomAnBixd e xdnoto ayvé, edpaiwuévo abvolo, €tol Tou Yo GAa
o oUvoha A kai B pe authv tny Wiétnta,

A=.B < |A|s =|B]|s.
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OI IIPATMATIKOI API®OMOI

3’ autd o napdptnua Ha Set&oupe 6t oL pnrol xat ot mpaypatixol agtbuol uro-
POUVY Vol ATEXOVLOTOVUY TLoTd 61N cuvolobewpla 6Twg oL ol guatxol aplbuot:
dnhadn B Statundoouue yopaxTneloTiXéc, cLVOAOBEwWENTIXES BLOTNTES AUTHY
Twv ouoTtnudtey xot Ho arnodetovue and ta aliduata e ZDC ty drapn xal
™ povaddtnra (Uéxpt LoOPopPLoHOY) Sounuévmy cUVORWY UE auTég TLg LLG-
wteg. Ot anodeiels elvor oyetind anhéc 6oov agopd tn cuvolobewpla, aANS
yenotuonotoly Wéeg and v dAyeBpa xatl TNy avdiuon mouv Ba Tig e€nyroouue
®4nwg neplANmTLXG.

Boowé epyakelo yio tic anodellelc mou o Sdoouue elval 1 xaTooxeLR TOU
nnAixou evig cuvérou A and ula oyéon teoduvauioc oto A mou neprypddoye oTo
IpbBAnua x4.5. Me tnv oporoyio autol tou npofAiuatos, TpocdLopltowds g
~ oto A eilvat évag empopplopde

m:A— B,
tét0l0¢ BoTe Yo 6ha ta z, Y € A,
z ~ y = 7n(z)=mn(y).

'Otayv autd oyvel, xaholue 1o B mmAixo tou A and v ~. O xavovixdg
emiuop@ioude (canonical surjection) tng ~ elvat 1 anewdvion

[0/, (z€A)

ue TnAixo to ovvoho 1wy xAdoewy teoduvauloc [A/~], ahhd cuyvd undpyouv
dAAo mnAixa, o yprolwa Yo TNV xotovénorn tou Béuatog mou ueketdue, my.
autd ota [poBAfuata x4.6, x4.7, x4.8. Ot npocdiopiopol elvat etdixd yeroiuol
o1 UEAETH OYECEWY OUOLOTNTAC.

A.1. Opiopés. 'Eotw oyéon teoduvaulog ~ oto lvoho A xau Siuelvic ouvdp-
non

FiAxA—A

Auté to Hapdptnua urnopel vo dwaBaoctel auéong uetd to Kegdhowo 10, ahhd to unéloirno
aUTAY TV Lnueudoeny dev avagpépetal 6’ autd. H xatavénon tou anaitel xdnoia Oewpntini
yvéor tou Aoyiopod.
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oto A. Kaholue v ~ oyéon opordtntag (congruence) yio tnv f, av yio 6Aa
oz, ,y,y €A,

e~z &y~y = flz,y) ~ f@'y).
Me tov 8o tpémo, N ~ elvar oxéom opordtnTag yio pia Siuedr, oyéon P C
Ax A, av yia 6\ T z, 2y, Yy,

v~z &y~y = [xPy < z'Pyl.

Elvat mgogavéc o yevixeletal 1 €vvolo 6 GYEGELS OPOLOTNTOC YLoL GUVOETY-
OELC %Ol GYEGELS 060VINTOTE UETABANTAOV.

H xataoxevy| ato enduevo Bedpnua elvar and tig mAéov Baoixéc Tng dhyePpac.
A.2. Oedpnpa. ‘Fotw mpoodopiouds m: A — B tn¢ oyéone tooduvaulag ~,
étol mou yia 6la ta x,y ot0 A, x ~y <= 7(z)="7(y).

(1) Av n ~ elvar oyéon ouoidtyrac yia pia ouvdptnon f: Ax A — A, tdte
urdpyet axpific ula ouvdptnon f* : B x B — B oto mpAixo B nou txavornoiel
)V TAUTOTNTY

fr(n(z),7(y)) = n(f(z,y)), (z,y€A).
(2) Av n ~ eivar oyéon ouodtnrac yia uia oyéon P C A x A, tdte undpyet
axpifdc ula oyéon P™ C B x B oto npAixo B nou ixavonoiel tny tooduvauia
m(z)P"n(y) < zPy, (x,y€ A).

ATOAEIEH. . To moAd ula ouvdptnon txavorotel v A.2; tpogavde and
Hop®N NG, £Tol doTe apxel va xataoxevdoouue ulo Abon. Oftouue

IT =0 {((m(2),7(y),7(2)) | 2, 9,2 € A& f(,y) = 2}

Il va deilovue bt To olvoro Leuydy ™ elval ouvdptnon, neénel va enahnbed-
GOULUE TNV

((u,v),w), ((u,v),w") € fFr=w=1w'.
Ané v undbeorn g A.2 xou tov oploud e fT, undpyouv z,y, z € A tétol
&ote

u= 7T($), v = W(y)a w = ﬂ-(z)a f(xa y) =z
xau enlong ', Y, 2" € A, tétowa dote

u= ﬂ-(x/)a v = W(y/)aw/ = 71-(2’)’ f(x,ay/) =2

Ipoxidmntel 6TL
m(z) = n(z'),7(y) = 7 (y'), 7 (f(z,y)) = n(f(z',y"))

agol N ~ mpoadiopiletat and TNV T xal elval oyEon opoldTNTAg Yo Ty f, xou
teleutata an’ avtéc tic edilodoelg pag dlvel ™y w = w’ mou Béhouvye.

H yapoxtnptotind diétnta A.2 e f7 axolouBel auéong and tov oploud tng
xat 7 anddel€n tou pépouc (2) elvon napduola. o

A.3. 'Aoxnom. Aciéte to uépoc (2) tou A.2.

[IpoxataptuTLing 21 €udoorm, yYepdtn A&6n, Mdptiog 2007



ITaAPAPTHMA A. OI IIPATMATIKOI APIOMOI 223

Ou aLwpotixol yopaxtneLlopol Twy pNThY XAl TOY TEAYUATXGOY aptudy otn-
pllovton ot évvola tou Statetayuévou oduatog, mou xwdxonolel tg Baotxég
Wiétnteg g mpdobeong, Tou moAlamiaotacuol xat e Sldtaing o’ autd to
aplBuntixd cuotiuaTa.

A.4. Oplopés. Topa (field) elvar éva Sounuévo abvoro
(F7 01 ]-a +1 )

ue Tic e€fg dtdTnTee.
(F1) 0,1 € F, 0 # 1, xou ot +, - elva diuekelc ouvaptioeic (npdieic) oto F.
(F2) H npbobeon + ixavonotel tic tautdnreg
L(z+y)+z=a+(y+2),
2.z+y=y+ux,
3. z+0=rz,

xat emmhéov, yia xdbe = vndpyel xdroto &’ tétolo dote z + ' = 0.
(F3) O molamhaotaouds - txavonotel Tig TautdTnTeg
L(z-y)-z2=x-(y-2),
2. xz-y=y-x,
3. xz-1=ue,

xat emmhéov, yia x&be = # 0 vndpyet xdnoto z'’ tétolo dote x - " = 1.
(F4) H npbobeon xou o tolanhaotacuds pall ixavonolody ty toutdtnta

z-(y+z)=z-y+ax-z

A.5. Appa. Kdbe odua F ixavoroiel ta €.

(1) I'ia xdbe x vrdpye: axpfdc éva x' tétoio dote x+x' = 0, xar to xalolue
—xz. Erione, yia xdfe x # 0 vndpyer axpifdc éva z' tévowo dote -z =1
xar 1o xadodue 1.

(2) z-0=0.

B)z-y=0=z=0Vy=0.

4) (—z) y=—(z-y).

AnoaEIsH. . (1) Avz + 2’ =0 o 2+ y = 0, té1¢ and ta alidpata,
y=y+0=0+y = (z+2)+y=a+ (2 +y

z+(y+a)=(z+y) +a

=042 ' =2'"+0=2""

H anédelln yo to 271 elvon napduota.

(2)z-0=2-(04+0)=z-0+z-0, xo enopévnc
0=z-0+—(z-0)=(z-04+2-0)+—(z-0)
=2z2-0+((z-0)+—(z-0))=2-0+0=2z-0.

1 1

(3) Av y # 0, téte undpyet y ' tétolo dote y -y = 1, xau enopéveg
r=xz-1l=z-(y-y H=@-y) -y =0y '=yt-0=0.

Dz y+(—2)y=y-z+y-(—z)=y - (z+(—z)) =y-0=0, o and 10
(1) ouvdyeton 6t (—z) -y = —(z - y). o
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Auth Ty anddeln ) ddoaue yio Tapddetypa, tehelng avalutixd, otneilovtog
t0 %40e PBrua oe éva and to auduata Tov oouatos. Xto Yéhhov Ha Sivouue
anodellelc amhdy Tavtothtey 6’ éva odpa Tohd cuvontxd # (mo cuyvd) Ho
YENOWOTOLO0UE TAUTOHTNTEG OV TEOPAVHDS LOYVOLY G Ohat Ta GOUATA Ywelg
anddetln 1 Wialtepn wvela.

A.6. Aoxnov. Kdfe odua F ixavoroiel tyy tavtérnta

(z+y)* =a®+2zy +y°,
érouv 2 =1+ 1. (Adote hentopepy| anddelln.)
A.7. "Aoxnor. To Siobvolo {0,1} twv 8Uo mpdrwv guoxdv apifudy elva
odua, ue tic mpopavelc mpdéeic, xar o’ autd to odua 1+ 1 = 0. (Apa ta
allduata tov oouatog Sev ouvendyovtal 61t 1 4+ 1 # 0 xou cuvendg npénel vo
elpaote npooeytixol!)

A.8. Optopés. Avatetaypévo odpa (ordered field) elvar éva Sounuévo co-
volo
(Fa Oa ]-7 =+, S)
6mou to (F,0,1,+, ) elvon odua, 1 duwelfic oyéon < elvar ypapuixd didtaln tou
F xau ot e€hc ouvbixeg toybouy yia 6ha ta z,y, 2z € F:
c<y=—=zx+2<y+z
z2>0& <y = z-x <z y,

6mou BéBata z > 0 elvon ouvtéueuon tou 0 < z & z # 0.

A.9. Aoxnov. Xe xdbfe Siatetayuévo odua,
z2>0& r<y=z-x<z-y.

A.10. Adppa. Kdfe otoryelo x Siatetayuévou oduatoc F ixavonoel tnv avi-
cétpra -z =12%>0, doa 0 < 1 xau yra xdfe x, x> 0=z +1> 0.

ATIOAEIEH. . Av2 =0, tbte 22 =0> 0, xavave >0, tbte -2 > -0 =0,
gtol dote N uovn evdlagépouca nepintwon etval étav x < 0. Ipoobétovrag to
—x xot oTa 3o YEAN auThg TNg aviedTntag éyovue 0 < —z, €161 ToU UnopoVuE
va tolhamhactdoovpe Ty z < 0 e 1o —z xou éyovpe (—z) -z < (—z) - 0,
Snhadh —(z2) < 0 anéd to mponyoluevo Afupa, xau tpochétoviac z2 o’ auth
v avieétnta éxouvue 0 < z2. To ouurépacua 0 < 1 axohoubet eneldr 0 # 1
xou 1 = 12, xau n tehevtata npdtaon Loylel ened) 0 < =1 < = + 1 %o
enopévee 0 < z + 1 and ) petafatixdnra e <. -

To Afuua Sievxpivilel 6Tl ota Slatetayuéva ooduata dev Bu Beodue Ty ave-
poiio 1 +1 =0 g Aoxnong A.7. Ipdyuatt akndedel xdt toyvpdrepo.

A.11. Adupa. Av 1o F elvar Siatetayuévo odua xat
Nep={XCF|0eX & (Vz)[zre X=uz+1€ X]},

t67e TO Sounuévo otvodo (Np,0, (z — x+1)) elvar olotnua puoxdy aptfudy.
Ta péin tou Np elvat ol puolxol aptBuol tou F.
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ATOAEIEH. . Me (z — z + 1) evvoolue BéBoa 1 cuvdptnon S mouv avti-
otowyilel oe xdfe © € Np to otoyelo 2 + 1 mou x autd avihxel oto Np and
tov optoud. Ta mpdta tpla aliduata tou Peano elvar mpogavy| xat to tétapto
(x 4+ 1 #0) woydet emedd) and tov oploud,

Nrp C{z e F|0<z}

ot and 1o AMupa z > 0=z +1>1> 0. To Alwua Enaywydc mpoxintel
auéong and tov oploud Tou N wg Toun. -

A.12. 'Aoxnov. Eotw F Siatetayuévo odua, N = Np 10 0Uvodo 0V QUG-
xdv aptfudv tov F xar +n, ‘N, <Ny 10 mpbobeon, o molrandaciacudc xar 1
xaly Sudtaln oto N drnwe tic oploaue oto mponyoluevo xepdlaio. Aciéte ot
aUTES oL ouvapTrioets xat 1) oxéon <N oUNPLYOUY UE Ta avTioTolya avTixelueva
TOU OOUATOS, T.Y.

(Vz,y e N)[z+nyy =2+ 1y
H Baouen 18éa yio tov alouatixd yopaxtneltoud tov entédy aptbudy elval 6tu
anoteAoVy Slatetayuévo odua xat 6Tl xdfe xAdoua elvatl TnAixo axepalny,

u_v:m_l'(u_v)a

m
6mov ou m, u, v elvan puowol aglBuol xaw m # 0. H ankf avth napatienon Ha
pog ddoeL byt ubvo ta allduota Yo Toug pntovg aptbuoic, alld enlong xat tig
anodellelg Tng povadixdtnrag xat Tng Unapéhs Toug.

A.13. Oplopbs. Xiotnua pntody aptbudy elval éva Statetaypévo oodpa F
TOU LXAVOTOLEL TN GuVEY XN

(Vz)(3m,u,v € Np)[m A0 & z =m™ " - (u —v)].

A.14. Ocdpnua. Movaduxdtnta Tev pntdy aptbudy. ['a Vo cvotijuata
ontdy aplfudy FY, F? undpyer axpifdc ula aviiotoryla

7 Fl s F2
mou elval LoouoppLouss, Sniadi:

1. m(0Y) =02, n(1') =12,

2. w(z +'y) =7(z) +2 7(y), w(z ' y) = 7n(z) 7 (y).

3. 2 <ty = n(z) <®7(y).

Y Swatdnwon touv BewpRuatog diaxoouroape ta SLdpopd AVILXEUEVE TOV
ooudtoy ye Toug exBétec 0 N 1 vy va Eexabaploovue 6 Moo GdUA avixouy,
my. +! elvow n mpbobeon oto F1oxou 02 eivon to undév tou F2. Auté eivow
&Bolo xat 6yt amopaitnro, emeldy elvan mdvta mpogavég molog exBitng ypeeld-
Cetow: m.y. m ellowon 7(0) = 0 dev umopel va onuaiver tinote dAho and to
7(01) = 0%, agol n 7 elvow cuvdptnon ue edlo optouod 1o FL xou tedlo tiudv
t0 F?2. v anbdeln xau oty cuvéyela, Ha axohoubhcouue tnv xabiepouévn
ToxTix) TN dhyeBpag, 6mou To undevixd SAwY Twv cwudtwy cuuBoiilovtal ue
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0, éheg oL mpoabetinéc mpdlels ouuPorilovtar ye + x.An. Enlone Oa apyicouue
Vo TAPAAEITOVUE GUGTNUATIXE TO * TOU TOAAATAAGLAGHOY,
TY =op T - Y.
AIIOAEIEH. . Amé ) yovaldxbtnta twv puotxdy aptBudy xat to A.11 Eé-
POVUE OTL UTAPYEL EVAS «XAVOVIXOC» LOOUORPLOUOS
p:N'— N2,
6mou N1 xar N? elvar to 6hvoha PUOLXAOY TV 300 GOUITKV F!, F?. ©étouue

m = {(m ™! (u— ), p(m) " (p(u) — p(v))) | m,u,v € N*,m # 0},

étoL Gote m C (F1 x F?), xou apxel va anodeifouye mpdhta 611 N 7 elvol ouvdp-
on, petd 6t elvon (évar-mpog-éva) avtietouyla, ol tehxd GTL elvar LoopoppL-
oube, 6nwg autds oplletal oty datdnwon Tou Bewpruotoc.
INa va anodetouvye mpdta étL N T elvol cuvdptnor, deyduacte bt
—1 -1
my(uy — 1) = my(uz — v2),

xot eénet va del&oupe 6Tt

p(ma) " (p(ur) = p(v1)) = p(ma2) ™" (p(uz) — p(v2)).
To adiduata Tou oduaToc cuvendyovtal ebxola 6Tl ot A.14, A.14 elval Lco-
ddvaueg avtloTolyo UE TLg
MUy + M1v2 = MUz + Mavi,
p(m2)p(u1) + p(m1)p(v2) = p(ma)p(uz) + p(ma)p(v1),
N TeGhTN and auTéC pag dlvel auéowc
p(mouy + myvy) = p(myus + mavy),

0L QUTY UE TN OELed TNG GUVETAYETaL T delTepy EMEdN 1 p elval LeoyopPLaudg
tou N1 pe 10 N? xou oéfetar v npdabean xat tov tolhaniaciacud, IpdBinua
x5.4.

H xatdgavn 8éa autis tng anddeiéng Siver eloou edxola ta emmpbobeta
ouuTeEpdopaTa, OTL N T elval UOVOUOPYLOUOS, UETE EMUOPPLOUOS Xl ETOUEVKS
LOOUOPYPLOUOE. -

A.15. 'Aoxnom. Katepyaorteite ti¢ Aentouépeiec 1wy anodellewy 6t
m(z+y) = 7(@)+7(y),
<y <<= 7(z) <n(y).
A.16. Ocdpnua. "Yroplyn tov pntdy aplbudy. Yrdeyet éva clotnua pnrdy
aplOudyv.

ATIOAEIEH. . Av €youvue toug pnrolc aplfuoic, unopolue va oploovue to
6Uvoho TpLEBwV PuoIXGdY opLlBudY

A= {(m,u,v) | myu,v € N & m # 0}

[lporataptuTLing 2n €udoor, yepdtn A&On, Méptiog 2007



ITaAPAPTHMA A. OI IIPATMATIKOI APIOMOI 227

ot 67 autd N oyéon
! !/ I ! ! I !
(m,u,v) ~ (m',u',v") = m'u+mv" =mu’ +m'v,
and o omola ouvdyetat (sdxola) 6Tl

(myu,v) ~ (m',u',v') <= Lmv_v-v
m m

Yuvende n ~ elvow oyéon wooduvauiag oto A nou mpoodiopiletar and tov emt-
HoppLouG

u—v

7:A—Q, 7w(m,u,v)=
m

Toug enroic aptbBuoic 8ev Toug éxouue oxdun, alld éxouue To A xou tnv ~: 1
3o tng anddetdng elvon va Toug ogloouue wg mnhixo tou A and v ~, €toL Tou
va toyVel i A.16. Ilpdta mpénel va Setovue 6TL
(1) p ~ elvar oyéon toobuvauiac. Tia napdderypa, enahnfedovpe 6t n ~ elvon
petofBatixd. And tov oploud, av
(my,u1,v1) ~ (ma,uz,v2) & (ma, uz,v2) ~ (ms,us,v3),

161e LoyVouv aToug puolxols aplBuolc ol LodtnTeg

Mau1 + M1v2 = M1Uz + M2v1

mgug + MaU3 = MaU3z + M3v2,
%Ol oV TOMNAATAAGLEGOUUE TNV TEMOTY A’ AUTES UE To Mg xou T deltepn Ue To
my ot UeTd Tig Tpochécouue, EYouue TNV

M3Mmau1 + M3Mm1vz + M1M3uUz + M1M2V3
= Mm3miuUs + M3mov1 + MiMmaus + M1M3Vs.

Tdpa apaLpoVue Tot M3m Ve XAt Mm1msus oand Tig 300 TAeLpES xat UETH Statpolue
UE TO Mg, TOL Uag dlvel

msu] + Miv3 = mius + msavy,

dnhady (my,ur,v1) ~ (ms,us,vz). Ot enahnbeloelg TV GALY 8LOTHTOV oy é-
ong Looduvaplog elval TopdUoLES.
(2) Optoude twv pntdv. Agod n ~ elvon oyéor Looduvayulag, undpyet enlpop-
pLoude
T A—>Q

oe xdmoto abvoro ) mov mpoodiopilel TNV ~, dnhad:
(mh Uz, Ul) ~ (m27 U2, U2) <~ ﬂ-(mla U1, vl) = ﬂ-(mQa U2, DZ)-

Autd 1o Q elval to 6Uvolo Twy pNTdV aplBudy oto GVoTNUA TIOU XUTAOXEV-
Couye, xat anopével uévo va oploouye ta 0 xat 1, uta tgbdobeon, évay molhamha-
olooud xat po Sidtaln 6to @, xau vo anodellovue 6TL 10 dho xoTooUEVACUA
wavornotel to adlduata cuotiuatog entody aptBudy. T va Bonbhcouvue v
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xotavonon e xataoxeuic Oa apyloovue auéowe va ypnoiwonotodue to cuufBo-
Aoud

u—v

op ﬂ'(ma U, ’U)

oupfatind, yopeic dnhady va oploouye Eeywplotd Ty «agalpearny R T Bialpeon.
To undév xat to éva opllovtal ue Toug mpogavelc Tinoug
0—-0 1-0

0= T =op 7['(1,0,0), 1= T —op 77(17 1’0)

(3) Hpéobeon pnrdy aptfudy. Me v amexxéwion TV pntdv aplBudy »g
TnAlxa Slapopds puolxdy ue puotxd aplBud Tou YpnoLdonoloVuE, o xhaolxdg
tomog yia v npdobeon malpvel T popt

up — U1 " ug — vy (mouy + myug) — (mavy + myvs)

my ma mims

Octlouvue howndy mpdhta 6t0 6bvoro A tn Siwelf cuvdptnon fi mou avtuotolyel
6’ avuté Tov TuTO,

fr((ma, ur,v1), (ma, ug, ) = (mams, (mauy + mauz), (mavy +mavz)).
Me Ayn aplBuntixd uropolue vo arodelloupe 6T yia dha Tz, y, ',y € A,

z~a &y~y = fi(zy) ~ (),
dnhadh n ~ elvar oyéon ouodtntas yia tnv fi. Buvende, and 1o A.2, undpyet
(axpBidc) plo ouvdptnon
+:Q0xQ—-Q
TOU LXAVOTIOLEL TNV TAUTOHTNTA
w(2) + 7(y) = 7(f4 (@), (r(2)7(y) € Q).

To alidpata (F2) yia tnv npdofeon ypetdlovtar axdun My aptbuntixd, m.y. n
ouvBxn i to 0 enoknBedetar ye Tov vnohoyloud

m(m,u,v) +7(1,0,0) =nw(m-1,1-u+m-0,1-v+m-0)=r(m,u,v).

(4) HoAarmraciacudc pntév apifudyv. Me tov Blo tpémo opilovue mpdta
) owdptnon f. : A x A — A nou avtiotoryel otov nolanhactaoud Gtay
anexovilovue toug pntolc aptbuolc ue TpLddec Quoxdy aptBudy,

f((m1,u1,v1), (M2, uz,v2)) =op (myima, ujug + v1V2, uv2 + Ugvy ),
enainbedovue uetd 6TL N ~ elvou ayéom ouoldtntag yio Ty f. xow opllovue tov
ToMaTAxGLaoUS - uE To A.2 €T6L HGTE VoL LXAVOTIOLEL TNV TALTHTNTA
m(z) - 7(y) = 7(f.(2,y)), (7(z),7(y) € Q).
Ta alidpata (F3) xau (F4) axolovBoly edxoha.
(5) Avdraén pntdy apifudy. H onuaviixnd .eoduvapla yi auth v replntwon

elvat m
uyp —v1 U2 — V2

<> mive + moui < MoV + Mius.
my ma
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Optloupe howndy mpdhta ) oyxéon P C A x A pe tov tino
(my,u1,v1) P(ma,uz,v2) <=0, m1v2 + mour < mavy + myug,

BeBaidvouue btu n ~ eilvon oyéon opotdtntog yio tny P, xou and 1o A.2 opilouue
v < 670 MnAixo @ étol hote

m(x) <7w(y) <= zPy, (w(z),n(y) € Q).
To nwg n < elvan ypauux Sidtadn xol To
(Qa 07 17 +a y S)

elvat dtotetayuévo odua axolovboldv ebxoha.

To wévo mou uével elvar va enaknfedoouue 611 T0 @ elval cvotnua eNTdv
aptBudy.

Adppa. T %8s uowxd apbuéd k, (1, k,0) € Ng, dnhadh o pntdc apBudc
(1, k,0) avixet otoug guoxolc aptBuodc tou Satetayuévou oduatoc Q.

An6delr. Me enaywyh oto k, m(1,0,0) = 0 (e€ oplopoV) xat and Tov oploud
e pntic mpdobeone (edxola),

m(1,Sk,0) = w(1,k,0) + 1,

étol dote 7(1,k,0) € Ng = 7(1, Sk,0) € Ng.
Adppa. T xdBe (m,u,v) € A,

m(m,u,v) = w(1,m,0)" (x(1,u,0) — n(1,v,0)),

, . ‘ -1 , . ’
6mou BéBata oL mpdlelg ot — elval autée Tou oduatos Q.

Anbdeln. ‘Eyovtoc 1dn anodellel 6t to Q elvon odua, Eépovue 6t n A-0
elvat tooddvaun e v

m(1,m,0)7r(m,u,v) + 7(1,v,0) = w(1,u,0),

o auth 1) tehevtala eélowon BeBoidvetor pe Evay axdun anid utoloyLoud.
Ta 800 Afppata pall delyvouv 6Tt to dounuévo civoro (Q,0,1,+, -, <) wxa-
vomolel TN YopaxTnELo T WBLOTNTO GUOTAHUATOS EPNTMY AELBUAdY Xl TENELDHVOUY
v anddetln. -
'Onwg xdvoye xot ue Toug puolxols aptBuoie, xabopilouue Tdhpa xdnolo cu-
YXEXPLUEVO GUGTNHUA PNTOY aptBudy

(Qa 07 17 +a y S)

o éhn tou omotou Ha xaholdue anhd pntols aptBurols. Autéd Pohedet, yio va
unv eluacte avayxoouévol vo AUE GUVEYMS «TuXSY GUGTNUA ENTAV aptBudy»
xow dhAa tétota. Ilpooédte duwe 6Tt To onuavtixd yabnuatixd yeyovéde elvan 7
Omapdr xou 1) LovadxdTNTa UEY LS LEOUOPPLOUOY EVOS TETOLOL GUGTAUATOC: oXpL-
B autd to padnuoatxd yeyovéta yia touc @uoxols aptBuolc ypeltaothxoue
otlg anodeilelg autold tou xepalaiou, byt TN CLYXEXPUIEVY EMLAOYY «PUOLXDY
aptBudvr.

A.17. 'Aoxnor. To obvolo Q twv pntdy aptBudy eivar aptburotuo.
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A.18. "Aoxmom. Xtpv anddeién tou uéoouvc (1) tou Gewpruatoc cagpaipéoauer
tov (810 puoLXG and uLay todtnta, xat uetd «Slalpfoauer ULay LOCTHTA UE TOV
(0o puowxd. Awxatodoyijote autd ta Bruata anodelyvovias tic €€ Vo 18i6-
TNTES TWV PUOLXDY apLOUdY:

rt+y=crz+z — y=z,

ccx=cy&c#0 = xz=y.
A.19. 'Aoxnon. ['a xdfe dtatetayuévo odua F undeyer axpffdc ula epgi-
TEVO TWY ENTAY aplbudy oto F, SnAadi évac uovouoppLouds
T:Q— F

mou txavormolel Ti¢ TAUTOTNTES

m(0) =0, n(1) =1,

m(z +y) = m(x) + 7(y), m(zy) = n(z)7(y),
z<y < n(z) <7(y).

An’ autd mpoxintet dtt p ewxdva w[Q] C F tne w elval olotnua pntdy aptGudy
(ue 0 0 xat o 1 tou F xar touc meptopiopolc twv mpdéewy xat tn¢ drdtadne
tou F).

O Cantor anédeile évav wpaldtato yopaxtneloud g Stdtaing Ty pntdy
apLBudy ave&dptnta and v aryeBeixy Toug doun. Xeeltalbuaote ueptxols opt-
ouoUg vl TN Statinwao| Tov.

A.20. Opiopds. ‘Eotw ypouuixd Sidtaln < oto obvoro A xaw B C A. To B
elvar Tuxvé oto A (dense) av

(Vz,ye Az <y=(Fbe B)lz<b& b<y]

H ypapuix? didtadn < tou A elvar muxvy 6tov eauté TN av to A eivon muxvd
oto A.

A.21. 'Aoxnov. H Sidraly xdfe Siatetayuévov oduatog eivar muxvij otov
equTo tn¢ xat Sev Eyet eddytoto 1j uéytoto otoLyeio.

A.22, Oedenpa. (Cantor) Kdbe yoauuixi, nuxvi otov eautd ¢ didtaln <4
xwelc eddytoto 1 uéyioto onueio oe éva apiuijoiuo obvolo A, eivar bpowa ue
) Sudtaln <g twv pnTdv aplbudy, dnAadr undpyel uovotovixy (éva-mpoc-éva)
avriotoryla f: Q — A.

ATIOAEIEH. . Ané tnv undbeon xau to yeyovée 6t to @ elvon aplBuriowo,
undpyouv anaptBuioels ywplc emavaiidetg

Q:{’I"(),’I"l,...,}, A:{ao,al,...}

Tou @ xat tou A. Oa opicouue avadpouxd Loy axolovbio

anfly--- ’

ue Tic e€fg Widtnteg, v xdfe n € N.
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1. H f, elvav memepaocuévy, ucpixsi ouvdptnon and 1o Q oto A, dnhadn
Function(f,) & fn C Q x A xou n f, clvouw menepaocuévy cav olvolo
Ceuyddv.

2. H f, elvou povotovixn xau éva-npoc-éva 1o medio oplopol g, Snhadn:

z,y € Domain(f,) & z <q y= fu(z) <a fu(y).

3. fn g fnJrl-
4. {rg,r1,... ,7n} C Domain(f,).
5. {a07a17 BRI 7an} C Image(fn)

Av emitdyovue 6” autd, T6TE N Voo f =q o fn elvar (s0x0la) cuvdpeTtno
XOLY , n NJ Zop Un=o In pTnon
and to (3), elvan éva-mpog-éva xoL uovotovixd and to (2) xa

Domain(f) = Q, Image(f)=A

and ta (4), (5).
Yt Bdon Tou avadpoutxol oplouol Eextvdue ue TNy

po = {(ro,a0)},

6mou Oheg oL cuvBYxec Loy louy TETPLUUEVA.

YroOétovue thpa 6TL €xoupe Rdn oploel v f, xou anoplBuodue to menepa-
ouévo medlo oplopol Tng %ot To enlong nenepaoUévo tedlo TLUMY Tng o avouoeg
axoloubiec:

D, = {.’130 <gT1 <@ <@ .’Em},
Iy ={yo <ay1 <a- <aYm}

Enedd n f,, elvaw yovotovixy, éyouue

fn(.’lli):yi, (Z:O, ,m).
Kataoxevdlovue ™y enduevn fr1 o dVo BRuata, dniadh npdta o oploovue
wla fh1 2 fn mou xavornotel tig ouvBixeg (1)-(4) xaw petd v fni1 2 fr
mou Ixavorotel dheg Tig ouvbiixeg (1) - (5).

BHMA 1. Av 1,41 € Domain(fy), 0étovue f) .1 = fn. ANude mpoxintouy
TPELS MEPLITAOELG.

IIEPINTOSH 1. rppq <@ To. X’ auth v tepintoon Beloxouue xdnoto y' € A
100 Gote Y <4 Yo (mou umdpyet eneldh to A dev éxel eNdyioto onuelo) xo
Bétovue

/ !/
fri1 = fa U{(rnt1,9) )

IIEPINTOSH 2. Ty y1 >Q Tm. X auth TV Tepintwon Bploxouue xdnow y' € A
1010 BGoTE Y >4 Ym (TOU UTdpyEL enedh) To A dev éyel uéyioto onuelo) xaw
Hétovue

/ !/
fri1 = fa U{(rny1, )}

IIEpmTOsH 3. Lo xémoto @, x; <Q Thy1 <Q Tit1. X OUTH TNV TEplnTO
Beloxovue xdmowo y' € A tétowo dote y; <a Yy <a Yi+1 (Tou undpyeL enedi To
A elvar Tuxvéd otov eautd Tou) xou Bétoupe

fr/L+1 = fn U {(Tn+17y/)}‘
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¥’ 6heg g mepuntdoeg,  anddeldn 6w n fy | wxavonotel Tig ouvlrixeg (1) -
(4) elvow amhA.

Yo Sevtepo BAua tng xataoxeunc Bewpolue 1o otoyelo anyi tou A xau
Eeywellovpe mdhL mepintdoels: TedTa av anq1 € Image(f) ;) (onbte Hétouue
Jnt1 = fr 1) xow av byt TREIS TERLTTAOELS, CUUUETPIXE UE TNV XATACXEVH OTO
npddto Briua. Ioapadeinovye Tic Aentouépetec. -

H Bepehiondy Stalobnon yia toug mpaypatixole aptbuoie etval 6t and ) uia
HepLd amoTeAoUyY SlateTayuévo odua, €Tal Tou 1 aptBuntixf Toug va uTaxoUEL
Toug (Btoug vououg pe Y aplBuntixd Ty entdy aplBudy, xal and Ty AN
Beloxovtaw og éva-npoc-éva avtiotolyla e to onueia TNg «TAREOLE» YEWUETEUXTG
eubeloc, 1oL mOU VoL UMV UTdEYOUY «XEVE» avauEsd Toug. Xtn cuvolobewpentixy
datdmwon g tAnedTTag axoloubolue Tov Dedekind.

A.23. Opiowés. H ypauuixy 8udtaln < oto obvohro A eivar mAfpng av xdbe
un xevé, dve ppayuévo vroocivoro tou A €yel eNdyioTo dve Qpdyua.

Yoo TpayRaTLX@Y aplBudy clvar éva TAYEES dLatETAYUEVo oAU,
dnhad?) Statetayuévo oodua tou onolou 1 didtaln elval mhene.
A.24. Aoxnon. H Sudtaln twv pntdy aptbudv dev elvar mAfpns, emetdy to
oUvolo

X={r|r*<2}

elvar dve ppayuévo aAdd Sev €yel eddytoto dvw pedyua.

A.25. Afppa. Kdbe nAijpes dtatetayuévo odua F' éyer tnv WdLétnta Tou Ap-

XLridn
(Vx € F)(3In € N)[z < n,

OnAadrj to aivodo N = Np twv guowxdy aptfudy oto F Sev éyet dvew ppdyua.

ATIOAEIZH. . YnoBétouue 6t to obvoro N eivon dve @payuévo, ondte Eyel
ehdyLoto dve gedyua & =sup N. To otoiyelo z — 1 Sev elvar dve gpdyua tou
N agot z — 1 < x, enouévwg undpyel xdnoo n € N tétowo bote £ — 1 < n:
aAAd autd ouvendyetat < n+ 1, mou avttibetar oty undbeon bt to x elvon
v pedyuo Tou N. —

A.26. Aoxnom. Ye xdfe mAfjpec Siatetayuévo odua F,
1

A.27. Aoxnom. Ye xdfe mAfpec Statetayuévo odua F,
z<y=(IreQ)z<r&r<yl,

érov @ = QF elvar to olvoro twv pntdyv apifudy oto F. (Iluxvétyra twv
Nty aptbudy.)

O xdglog enduevog 6tdyog wag elvar va anodellovue bt vndpyet va —xal
Uéxpt toouoppLouol ucvo éva  mArpec Siatetayuévo odua. Enedn n 8iétnta
e TAnpdTNTog elvan yewuete () «tomohoyixip), ot anodellelc tng Unaping
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0oL TNG HOVASXOTNTOC CUOTAUATOC Tparypotixdy aptBudy otnpilovtal o yew-
uetpiég Wéeg. Muyxexpluéva, yeealduaote yepixols Paoixolds optools xou
anotehéopata and ) Gewpla oplwy, YVootd oe ToAkolg and to hoyloud. Autd
O ta avaoxomiooupe €3 xdnwe cuvomTixd, aANd ywelc va TeglogloToVuE G’
Evay eEAEYLETO XATANOYO TV ATOTEAEGUATWY OV Elval amoAdTeg amapaltnTa yio
Tic anodeléelc tng Vnopéng xat tne povadixdtnroc: ToAAE and to Aduupota ol
e Aoxfioeig éxouv cuunepinglel €3¢ ened) yaptupolyv bt 1 €vvola Tou TAH-
POUG, SLATETAYUEVOU GOUATOC amelxoVilel ToTd Tl YewueTpLxéc pag Statobnoetg
Yol TOUG TpayaTixovs apLbuoic.

I toug ToAAOVG UTOAOYLOUOUC IO TIRENEL VAL XA VOUUE UE dmelpeg axohoubleg,
Ba yenouwonolioovue ToV ATAOTONUEVO GUUBOALOUS TNG AVEALOTE, TTOU ATOQPEY-
YEL TNV ELtoaywyT| SlapopeTixol ovéuatog yio x80e axoloubio xou tonobetel
ueTaBAnth g delxtn, étol dote 1 axohovbia (n — a,) va cuuforiletat pe (a,)
# {ag,a1,...),. IL.y. n axoloubla

1 111
elvat 1 ouvdptnon f : N — @ nou oplletal ye Tov tino
1
f) = —

H ouvdptnon e anéhutng Tuwvs oplleton oe xdébe datetayuévo odua ue
tov ouvvniiouévo tpdro,

|z| =0 maz{z, —x} = {

z, avz >0,
—z avz<O0.

A.28. Opiopds. 'Eotw dwatetayuévo odpa (F,0,1,+, -, <).
(1) H axohouvbio (z,) otoyelwv Tou F ouyxAivel oto = € F 1 éxel to bpLo

T, Ay

)

(Vee F,e>0)(3K e N)(Yn € N)[n > K = |z — z,,| < €.
XpnotuonotoVue 1o cuUBoiioud:

Tp — & <o N (Tn) ouyxhivel oto .

(2) H axxohouvbio (z,) éyet v 8étnta Cauchy ¥ (amholotepa) elvar Cauchy
oV

(Ve € F,e > 0)(3K € N)(Vn,m € N)[n,m > K = |z, — x| < €.

A.29. Opiopds. INa dha ta onuela a < b Satetayuévou aouatog F, 1o ob-
voho

(a,b) =gp {x € F |a <2z <b}

elvat to avouxtéd dudotnpa ye dxpa a,b. To obvolo G C F elvor avouxtéd av
elvan (Tboavd xevi) évwon avouxtdy Slaotnudteoy, Snhadh av

z € G=(Ja < b)[z € (a,b) C G].
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Ou ypnowwonoolue eniong toug ouvnbiouévous cuufohiouole yia T XAeLoTd
ot Nuixhelota StaothuaTa, LY.

(a,b) ={x € F|la<z<b}.

A.30. 'Aoxnov. Aciéte 6t n owxoyéveia avoixtéy ouvblwy oe éva diatetay-
uévo odua eivar tomodoyia, xar 6Tt 0 optouds oplwy yia axolovbicc oto A.28
elvar too8Uvauog ue tov tomoloyixé opioud opiwv tou 10.42.

Ou opiopol avtol elvan Staéntol yio T Suoxolio Toug oY xaTavdNon xal
ot xefon. ToviCouue ndhl ét €3¢ Toug Yeretdue oto mAalolo xdnolov Siate-
ToYEVOU oduatog Tou Thavdy va uny elvan mhfpee, 6nwg oL pntol aptbuol. O
10 Bpolue YproLuo Vo SBLATUTDCOUUE EVVOLES LOOBUVIUES UE TN GUYXALOT) XOL TNV
Wiétnta Cauchy, ue Bdon v e&rc oploud.

A.31. Opiowéds. H axolouvBia (z,) xotahfyet (settles) oto avouxtd Sidotnua
(a,b), av ueTd amd xdnoto 6Téddlo Gha Tng Ta oToLyEla AvhXoLY 6E XdToLo XhELoTH
didotnua [a’,b'] C (a, b):

(Tn) ~ (a,b) <=0p (FK,d",0')(Vn > K)la<d <z, < <.
TMapatneobue étt av {(x,) ~ (a,b), té6te Sha Tt oTOLYELL TNG (Xf) UETE OO
xdmolo otddlo avixouvy oo (a,b),

(Xn) ~ (a,b) = (3K )(Vn > K)[a < z,, < b]"
o€ TOANES EQUPUOYES YXpNOLLOTOLOVUE ubvoy autd To acbevég tdploua Tou opt-
ouoVl tng cuvbhixne (x,) ~ (a,b).
A.32. Aoxnom. (z,) ~ (a,b) té1e Xt udvov av vrdpyet xdrowo § > 0 téroto

dote a+6 < b—8 xat o oUvoro {n € N | x,, ¢ [a+6,b—08]} elvar nencpacuévo.

A.33. Aoxnom. I'a bAa ta avoixtd Siaotiuata I, J, (x,) ~ I & I C J=> (x,) ~
J.
A.34. Aoxnon. I'ia dAa ta avoixtd Siaotiuata I,J,
(@) ~ T & (@) ~ J=(xp) = INT=T1NJ #0.
A.35. "Aoxmomn. Av 9 (z,) xatadfyer o’ éva avouxtd Sidotnua (a,b) téte 7
(@) elvar ppoywévy, SnAady
(Fw)(Vn)[z, < w].
To enéuyevo Aduua Bo pag emtpédel 68 TOMAEG TEQLITAGCELS VoL ATOP)YOLUE

™ Aeydbuevn «edrhovixtp uébodo, tng omolag Tumxd mopddetyua elvan axplBoe 1
anédelgn autol touv Aduuatog.

A.36. Afupa. [a xdfe axorovbia oe tuydy Siatetayuévo odua F':
(1) H (z,) ouyxAiver oto x tdte xar udvov av g {(r,) xatadfye oe xdbe
avoxté StdoTnua mou mEpLEYEL TO X!

Ty — ¢ <= (Va,b€ F)la <z < b= (z,) ~ (a,b)].
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(2) H (zn,) elvar Cauchy téte xou udvov av yia xdbe € > 0, vrdpyet avoixtd
Sidotnua (a,b) ue (b—a) <€, térowo dote 1 (x,) va xatarfyet oo (a,b):

() is Cauchy <= (Ve > 0)(Ja,b)la <b<a+e€ & (z,) ~ (a,b)]

AnOAEIEH. . (1) Av 2, — = xat a < z < b, 161€ 0 oploudg g olyxhiong
ue

min(z —a,b— )

2

€ =
uog dlvel éva K tétolo dote

min(z —a,b— )
2 )

n>K=|z—2z,| <

and o omolo mpoxintel (e Myn epyaoia) 6Tt

a+x z+b
<

n>K=a<ad = mn<T:b’<b,

Gpat () ~ (a,b). T tnv AN xatetBuvon, yia xdbe € > 0, (z,) ~ (z—€, z+€),
ol EMOUEVELS UTdpyeL xdnoto K| tétolo dote

n>K=|z—1z,] <e

(2) Av n (z,) elvar Cauchy, téte yia xébe € > 0 undpyet K tétolo dote
n,m > K = |z, —z,| < §, ané 10 onolo npoxintel edxoha 6T (Ty) ~ (Tx —
S 2K + 5), xou 0wt To didotnua éyel uhxog €. T v avtibetn xatedBuvon,
yia xébe € > 0 undpyel xdmowo (a,b) ue (b —a) < e, étol nov (zy,) ~> (a,b), dpa
yia xdnoto K,

nm>K=a<z,<b&a<z, <b=|z, —zn| <b—a<g¢,
%t enopéveg N (x,) etvan Cauchy. =

A.37. IIépwopa. Av n (z,) ouyxdiver oe xdnoio x, téte elvaw Cauchy.
ATOAEIEH. . T xdbe € > 0, (z,) ~ (x — 5,2+ 5) ané 1o (1) tou A.36,
dpa M (z,,) elvar Cauchy and to (2) tou A.36. -

A.38. Aoxnon. v, »z & x, > y=z =y. Autd uac emitpénel va cloayd-
youue tov xAaoixé ouufBoriouc
z=limz, < , — T.
A.39. Auppa. Av 7 (zn) elvar Cauchy oe éva nhfjpec Siatetayuévo odua F,
1618 0 (TYy) Eyel Gpro, SnAady xy, — T yia xdmotwo x.
AnoAEl=H. . Ogilouue 10 6bvoho
X =g {ueF|(Fu<v& (r,) ~ (u,)]}

Egéboov 1 {x,) elvaw Cauchy, undpyer xdnowo (¢,d) tétowo dote (z,) ~ (¢, d),
2O ETOUEVWG
ue X=u<d,
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enedh d < u== (x) ~ (¢,d)N(u,v) = 0 mov elvar drono. Apa 10 X elvar dvew
QeayUEVO xat EYel EAAYLETO v Qpdyuo

r = sup X.

Oa anodelouye 6t
a<z<b=(x,)~ (a,b)
Tou GuVERdyeTol X, — & and To A.36. And tnv undbeon a < x < b xau b1 7
(@) elvow Cauchy, Beloxouue npdto xdnoto (u,v) tétolo Gote
v—u<min(z—ab—1z), (T, ~ (u,v).

Ané tov oplopd u € X, xou enopéves (a) u < z eneldh to z elvat dve gpdyua
tou X. And v dAAn pepld, to v elvou eniong dve @pdypa touv X (emedh n
unéBeon (z,) ~ (v, v") ye v < v’ ouvendyetan 6T N (zy,) xatahfyel oe Slo Eéva
draotAuata), xou enopévec (b) < v, agod to z elvon edyLoTo dve Pedyua Tou
X. O (a) xau (b) pali dtvouv (¢) u < z < v, mou pall ye v A.39 cuvendyeton
a<u<z<wv<b étol dote (x,) ~ (a,b). .

Ta endueva 8o Baoixd BewpAuata cuvdéouvy Ty TANESTNTA dTwe TNV oploaue
(xotd Dedekind) pe tnv évvola mAnedtntag totopixd cuvdedeuévr ue to Gvoua
tou Cantor.

A.40. Ocedpnpa. Apyt tov KiBwtiowol. Yrobérouue étt xdbe Cauchy axo-
Aovbia oto Siatetayuévo odua F ouyxAivel, xat o1t 1

[z0:yo] 2 [z1,31] 2 -+~
/ / / . ’ . .
elvar glivovoa axodovfia xAeiotdy Siaotnudtwy, tétola Gote

lim(y, — z,,) = 0-

TeoXURTEL OTL 1) TOUN T elvat uovooUvoio
nltnyYn

ﬂn[wn: yn] = {w}v

xar To povadixd tne uéoc elvar xowvé dpio Twv axoAovbLdy (Ty), (Yn),

w = limz, = limy,.
n n

AnoaEgisH. . H Baowy napatienon elvar étL (x,) ~ [zx — 6, yx + 6] Yo
%&b guoxd aplbud K xouw xdbe 6 > 0, and v A.40. Apa and tnv A.40,
n (z,) elvar Cauchy, xou emopévog z, — x yla xdnowo z, and v vrdbeon.
EmunMéov ¢ < xx = (z,) ~ (x — 1,2K) and o A.36, nou avritibetan oTig
Baouég Widtnteg g oyéone ~, enedf (z — 1, zx) N[zk, yx]| = 0, dpa zx < z,
vy xd0e K. Me avdhoyo cuhhoyioud, z < yk, ylo xdfe K, étoL mou tehxd
z € (), [Tn,Yn]. Louuetpixd, n (yn) ovyxhivel, y = lim, yn € (), [@n, Yn], %o
v %80e n, |z — y| < (yn — @) 1oL cuvemdyeton 6TL £ = y and v A.40 xou
TeEAELDVEL TNV onddeld. -

A.41. Ocdpnpa. ‘Eva datetayuévo odua F eivar nAfjeec tte xar uévov ay
éxet v 186ty Tou Apyiuridn (A.25) xa xdfe Cauchy axolovbia oto F éyet
dpto.
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AnoAEgl=H. . H wo xatedBuvon eivar #dn yvwoth and ta Aduuata A.25 xat
A.39, xou apxel va deilovue b1l av to F €xel Ty Widtnta Tou Apyuhdn xou
%60e Cauchy axoloubia oto F' €yel bplo, téte t0 F' elvon mhnpec.

'Eotw X un xevd, dvew gpayuévo abvolo oto F', dnhady vndpyouvv g € X
xal X4molo dve @edyua Yo tou X. Eextvdvtac Ue 1o [T, Yo|, opllouue avadpo-
M pay axolovbion xAeloTtdy SlaoTNUdTonY [Ty, Yn] TOU xavorololy Tt e€hg
ouvlfixec:

1. In < Tn+1 < Yn+1 < Yn;

2. (Yn —2n) =27"(yo — 20),

3. [Tyl N X #0,

4. (Vz € X)[z < yn).
Suyxexpluéva, yia va 0plooVUE 10 [Znt1, Ynt1] Eexwpllovue dlo mepintdoelg:
av 10 W = £(Ty + Yn) lvon dve gedyua Tou X BEToLUE [Tpt1, Ynt1] = [0, W),
OMAS [Zrt1s Ynt1] = (W, Ynt1]. H anddeln 6T 10 [Tni1, Ynt1] xavonoel tig
(1) - (4) etvon teTpyuuévn,.

Adppa. limy, (y, — z,) = 0.

Anddedn. H WBiétnta tou Apytundn ouverdyetal 6T yio x86e € > 0, undpyel
puoxdg aptbude K > 0 tétolog dhote

Yo~ %o < K < 2K,
€

6mou n aveétnta K < 2K enadnfedetar edxola (ue enayoyd!). Hpoxdntel bt
vy x&be n > K,
(Yn —2n) = 27" (30 — m0) <27 " (yo — m0) < ¢,

nou Tehetdvel Ty anddetén Tou Afuuatoc.
To A.40 cuvendyetal T@pa OTL

ﬂ [Ina yn] = {w}

6mov w = lim, x,, = lim, y,, xoa apxel va emaAnfedooupe 6t autd 0 XOLVS
6pLo w elvan To ehdyLoTo dve gedyua tou X. Yrnohoyilouvye:
w<t = (yn) ~ (w—1,t) ened lim, y, = w
— Y <t Ylot XTOLO 1

= t¢ X ened To Y, VL
v gpyua Tou X,

ot ETOUEVLS To w elvar dvew gedyua tou X. Enlone:

t<w = (z,) ~ (t,w+1) ered lim,z, =w
== t<z, Ylot XTOLo 1
= (FzeX)[t<z] onTOvVOopLOU TOV Ty,
dpa Sev umdpyet dve @pdyua Tou X uixpdTEpo TOL W. —

Elvow aéloonueiwto étiL undpyouy dlatetayuéva oduoto Tou elvon TAzen xatd
tov Cauvhy ah\d Sev éyouv tny WBLdétnta Tov Apytundn, IlpbBinua xA.2.
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Axohovbdvtac (uéypeis evég omuelou) tov Cantor, Ho xatooxeudcovpe Eva
TAAPES SLATETAYUEVD oOUa w¢ TNAIXo Tou ouvélou twv axohoubidy Cauchy
oTouc pnrolg aplBuoide pe v e€fc Quolxy oyéon Leoduvapiog.

A.42. Opiopwds. Avo axohovbiec (z,) xou (y,) elval acuprtwTind toodbva-
Keg av 1 SLapopd toug ouyxhivel 6to 0, cupfoiixd
<xn> ~ <yn> <:>op (mn - yn) — 0.

A.43. Ocdpnpa. (1) Ado Cauchy axolovbiec (x,) xar (yn) elvar aovuntwrixd
too8Uvauec t6te xat uévov av xatadnyovy ota (Sta avolxtd Staotiuata:

(xn) = (yn) = (Va <b)[(@n,) ~ (a,0) <= (yn,) ~ (a,b)].
(2) Av ot (zy), (yn) eivar Cauchy, tdte
(Tn) % (yn) = (umpyouv avoixt dactpata I, .J)
INJT=0& (z,) ~ I & (yn) ~ J].
(3) H oyéon = elvar oyéon tooduvauiac oo alvolo
C(F) =0 {{zn) | M (zn) evor Cauchy oto F}.
AOAEIEH. . (1) YroBétouue mpdta 6Tt (z,) & (yn) %o (zy) ~> (a,b), xou
enouévwe undpyeL xdnotog Ky xau xdmoto § > 0, tétowa hote
n>Koy=—=a+6<uxz, <b—05.
Enewd| (z,,) & (yn), undpyet eniong K tétoloc dote
6

n>K = |xn_yn|<5

6
- xn+_<yn<$n+—’
2 2
xot o’ autés Tig 300 GuVENAYWYES TEOXUTTEL EUXOAN OTL
6 6
n = maz(Ko, K1) = a + 3 <yn<b-— >

étoL mou (yYn) ~ (a,b). T v AN xatedbuvon, yia xébe € > 0 undpyel
didotnua (a,b) ue b—a < e xau tétoo dote (x,) ~ (a,b) and To (2) Tou A.36
emouévoe, and tny vndbeon, enlone (y,) ~ (a,b)- dpa, yLo xdnoto K,
n>K=la<z,<b&a<y, <b =y, — x| <e.
(2) Kateubelov and tov oploud tng ovyxhiong,
(2 —yn) = 0= (Fe > 0)(VK)(In,m > K)[|zn — Ym| > €.

Ané to A.36 undpyouv avouxtd Swothuata I, J wixoug < § (yi' autd To €)

tétola Gdote (Ty,) ~ I xou (y,) ~ J. Av unhpye xdnowo z € I N J, téte yiao K
QAEXETA UEYHAO €TOL TOU VAl LXAVOTIOLELTAL T)

nm>K=—uzx,¢cl &y, €J,
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Oo elyope
€

2

€
n,mZKzlxn—ymISIwn—Z\+|z—ym|<§+ =,

nou avtitifeton oty A-0.

(3) H avtondbeia xor n ovppetpxdtnra e =~ elvow tetpiupévec. T
uetafBatixdtnta, and v undbeon xoat to (3) Tou AQuuatoc A.36, yiou xdfe
(a1 b)7

(a) = (a,8) <= {ga) = (a,5) <= {22} = (aD),
étoL Gote and 1o (1), (zn) = (2n). =
A.44. Aoxnom. Av ot (z,), (yn) elvar Cauchy xat x,, — x, 161
(Tn) = (Yn) <= yn — =

O unopovoaue Tdpa Vo EMXAAEGTOVUE TNV Vnapdy xdmotou nnAixou B tou
ouvolou

C =C(Q) =0 {(rn) | M (rs) elvaw Cauchy oto odua TV entdy aptBudy}

ME TNV & xou va oploouue Tl amapaltntes mpdels xal xdnowo didtaln oto B
€tolL mou va ylvel mifpee, dlatetayuévo odua. Auth elval ula and tig xhaotxég
anodellelc e Unapdng twv TpayUaTixdy apludy cuvdedeuévr e to dvoua Tou
Cantor. Avt’ autol Oa xataoxevdcovue évo ouyxexpluévo mnAixo tou C ue
MY & oy amhomnotel xdnwe Ty anddelln xat (o xupldTEPo) GUVSEEL aUTH TNV
XOTAOXEVT, UE TNV GAAN XAaouxt| anddeldn Umaping twv mpayUatixdy opludy,
xatd Tov Dedekind. H Paouxn 18éa tou Dedekind Arav 6t évag mpayupotindg
aptBude = xaboplletal and to alvoro

(=00, 2)NQ =op {r € Q| r <z}

TOV UXpdTEP®OY Tou pNTtdy apltbBudy, xal emouévemg umopel vo «tautiotely Ue
autd 10 olvolor emmhéov, ta olvoha g Lopphc (—oo, z) NQ yapaxtnellovtol
elxoNa Ue Tpelg amAéc ouvhrxec.

A.45. Opiopés. Topv Dedekind eivou éva advoro pntdv X mou ixavornotel
g €€nc ouvhxec.
L X #0. (Q\X)#0.
2.r<q&qe X=—reX.
3. geX=(Tr)jg<r&reX]
Oétouye
D =4, {X C Q| X evou tou Dedekind}.

A.46. 'Aoxnom. 'Eva olvolo X C @ elvat tourj Dedekind téte xar uévov av
elvar un xevé, dvw ppayuévo, ywplc uéytoto UEAog xal «xXAELOTS MPO¢ Ta XA TwW»,
onradrir<q& ge X=reX.

To enduevo Bedenua elval Bacixd yio Ty anddelln tng vnoping Twv TeoyUo-
@Y opliudy.
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A.47. Oedpnpa. Te xdbe axolovbia Cauchy (x,) pnrdv aplfudy avtiotoLyi-
fouue to olvolo

T((#n)) =op {a € @ | (F)[a <b & (zn) ~ (a,b)]}-

meoxUntel 6t xdbe Tul w((xy)) elvar tour Dedekind, xau éti n ouvdptnoy
m:C—>»D

elvar emuoppLouds mou mpoodiopilet tn oyéon tcoduvaulas ~, Snrads to D
elvat mAixo tou C.

ATOAEIEH. . To nwg x4be 7((z,)) elvor tour Dedekind elvan oyetind eb-
%0A0, And TOUG OPLOUOUS %Ol TLS YEVIXES LOLOTNTES NS OYéong ~», %ol 1 Loodu-
voula

elvat dueco néplopa tou A.43. To ubvo nou dev elvan telelwe mpogavée elvar
6t vl %éfe tour Dedekind X umdpyet xdmota axoloubla Cauchy (x,) € C
otouc pnrole aplfuolc tétola dote m({zy,)) = X. TV autd xotaoxevdlovue uLo
gpbivouoa axoloubio xhelotdv Saotnudtey otous pnrolc aptfuolc

[0, yo] 2 [#1,y1] 2 -+

axplfdc 6mwe oty anddeldn tou A.41; Cexivdvtag pe xdmowo o € X xou
xdmowo yo ¢ X, étoL mov To Yo elvor o dve @pdyuos tou X. Me tn pébodo
e anddeldne tou A.41, delyvouue 6tL 1 un gbivovoa axohovbio (r,) éyel v
Wiétnta Cauchy, xa emniéov, yio x88e n,

zn€X &y, ¢ X,

eneldr] 1o X elvat xAelotd mpog Ta ®dTw xat Sev €yel uéyloto otolyelo. Yrmoho-
yiCouye:
a € nm({zy)) = (Fb)la <b& (x,) ~ (a,b)]
= (In)[a < ]
— a € X ened ¢, € X.

T va detfoupe 6t X C w({zy)), nopatnpolue 6t av a € X, té1e npénel va
undpyel xdnolog puoxds aptbudc K tétolog dote a < zi, eneldn n aviifetn
unébeon (Vn)[z, < a] odnyel (edxoha) oto dtono cuurépacua 6Tl To a elvor o
uéytoto otoiyelo Tou X. Ilpoxdntel 6t yia x8be n > K, zx < =, < yg, dpa
(Tn) ~ (Tr,yg + 1) xow tehxd a € w({xy,)). !

A.48. Ocdpnua. "Yropln toVv npayratixdy aplBudy. Yrdpyet Siatetay-
uévo odua mou eivar tARpeg.

AnoAEIEH. . Q¢ obdvolo otoyeiwy maipvovue 10 6Gvolo D Twv TOudY
Dedekind xat yio To 0 xo to 1 3ivouue Toug mpogavelg oplopoig:

0 =0 {r€Q|r <0} =r((0)),
1 =g {re@|r<1} =r(1)).
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INa va oploovue Ty tpdobeon xau tov tolanhaotaoud oto D yperalduacte to
e€hc 0o AQuuata, 6mou bheg oL axolouvbieg elvor Cauchy otoug pnrolg aplh-
uovc.

(zn) = (23,) & (yn) = (Yn) (A-1)
= <xn + yn> ~ <m/n + y;>
(n) = (23,) & (yn) = (Yn) (A-2)

Autég elval ol xatdhhnles epunveleg Tov xAaoxdy Bewpnudtwy and v fewpla
oplwv
lim(z, + yn) = limz,, + limy,,
n n n
lim(z, - y,) = limx, - limy,,
n n n
OTNY TROXEWWEVT TERITTWOT 6oL Tal bpta Umopel Vo unv undpEyouy ool oL axo-
houbieg elvar 0To un TAApeg odua TwY ENTAV aplbudy. Aev elval dboxoho va
anodetytody énctta an’ 6N v mpogpyaoia mou éyouue xdver xou Ha mapoel-
ovue tic hentopépetec. And tic A-1, A-2 cuvdyetan 6Tt 1 tooduvaula ~ elvol
oyéon ouoldtntag 6o C yla TG GUVAETHOELS
((zn), (yn)) = (Tn + Yn),

étoL Hote and 1o A.2 undpyouv avtloTolyeg GUVOETAGELS + ot - 6To TnAixo D
TOU LXAVOTIOLOUY TLS TOUTOTNTES:

m((zn)) + 7((yn)) = 7((2n + yn)),
m((2n)) - 7((yn)) = 7((Zn - Yn))-
Aeybpaote avtég T +, - yio tpdlels mpbobeong xal tolhanhacioouod oto D.
To emduevo BAua elvon va dellovpe 6t to (D,0,1,+,-) elvar odua, alkd
6’ autd 10 onuelo N anddelln elval TETPLUMEVY, AV X0l XETWS XOLEAGTIXY OTLS
Aemtopépeléc tic (mou Bo Tig mapakeldovue). H Vdnapdn avitictpogou yia tny
npbdobeon m.y. axoloubel and to mpogavég

T((zn)) + 7((=20)) = 7((Tn + (—20))) = 7((0)) =0,

6mou 1o ubvo hentdr onuelo elvan n topatienon 6t av 1 (z,) elvar Cauchy,
enlone Cauchy elvar xau 1 (—zp). T va anodeiouue v avtiotolyn Widtnta
yta Tov tolarhaciacud, Bétovue yia xébe (z,) 7 (0)

{ 1/@pn, av zn, #0,
Yn =op

1, av z, =0,
emahnbedovue Tpdta 6TL N (Y, ) elvaw Cauchy xow tehetdvoupe ye Tov unoloyioud

T((zn)) - 7((yn)) = 7((2n - yn)) = 7((1)) = 1.
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H Baow napatipnon elvon 6t (and to (2) tou A.43)
(zn) % (0) = (36 > 0)[{xn) /> (=6,6)]
= (36> 0,K)(Vn > K)|z,| > 6
ue v omola apytlovue Ty anddelgn 6t N (yn) elvow Cauchy, ahhd TouhdyloTov

Mya edrhovixd elvon €36 amagaltnta. To aviiotoiyo Bedenuoa and ™ fewpla
oplwv elvat To

1 1
limz, # 0= lim(—) = - ,
n n Ty, lim,, z,,
napadootaxd yvwotd wg éva and ta mpdta dhoxoha Hewphuata tou Aoyiouo
6tav autde diddoxetal Bewpntixd.

Optloupe thHpa oto D ) oyéon
X <Y &, X CY,
nou elvan xatapyRyv pepxy Sidtaln enedh n C elvon pepixh Sudtaln oe %dbe

owoyévela ouvérwv. H ypauuixdtnra te < ouvdyetan and v napathenon 6Tt
v x&fe dVo touéc Dedekind X, Y, xateubetlov and tov opioud,

re(Y\X) = (Vge X)lg<r]& (Vg<r)lgeY]
= X CY,
xau BéPata, X #Y = (Tr)[r € (X \Y)]V[r € (Y \ X)]. Enlonc unopolue va
enaknbedoovue ebxoha and tov oploud Twv toudy Dedekind 611
ICD=UI=QVvUIEeD.

(ILy. av to r Atav uéytoto onuelo e évwone JI, téte r € X yio xdnoto
X € I »ou Béfana to r Ha Arav péyioto oto X C I, nov dev éyel péyioto.) And
v A-2 cuurepalvouue auéong 6Tl xdbe dvw gpayuévo I C D €yel ehdyloto
dve pedyua, eneldy

VXelhX<Zl=UICZcQ=JIeD,
xau M I elvan npogavde to eldyloto dve gpdyua tov I oty oyéon < = C.
IMopauéver uévo va enainfedoouue 6tL yia 6ha ta X, Y, Z € D
X<Y = X+Z<Y+7Z, (A-3)
[Z>0& X <Y = Z-X<Z'Y, (A-4)

and TLc omoleg mpoxvnTouy auéows ol avtiotolyes Wdtnteg e <. I v o
dvoxohn A-4, n.y., emAéyouue npdta axoloubiec Cauchy tétolec dote

m((zn)) = Z, 7({zn)) = X, 7((yn)) =Y,
xou BePondhvoupe elxola and toug opiopolc (xow To A.43) bt undpyouy pnrol
apLBuol
2 <zl < yo < yl
T€ToloL OOTE
(@n) ~ (2% 2h),  (yn) ~ (49",
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L t¢tolouc

xou 6T Y %80 € > 0 unopovue va Bpolue pnrotc aptBuoic 20, 2
Qote

0<20<zt, (2P =20 <e (z,)~ (2% 2Y).
Erouévoc

(zn - @n) ~» (20 2% 20 - 2t),  (zn-yn) ~ (2% 902" 9,

xau Ba éyoupe (edxola) 1o cuunépacua Z - X < Z-Y av unopécouue va Staké-
Zoupe ta 20, 2! étoL dote
el < zoyo,
1 Loodvoyua,
(2t = 2%) < 20y — 2t).

H A-4 etvar npogavic av x! < 0, enetdd té1e 2t (21 —2Y) < 0eved 20 (y—z!) > 0.
Av zb > 0, Beloxouyue npdta xdnowo § > 0 tétolo Gote (2,) ~ (8,00) %o petd

‘ 0 .1 _z .
XOATOlO 27, 2~ TETOLO WOTE

6(y° — ')
1

0<8<20<zt, (z,)~ (2%2Y), ('=20)<
T

’ 7
TA OTIOLA GUVETIAYOVTAL TNV A-4:

1

b 0_ .1
ozt = 2% < mlM < 20(y° —2t).

T <
T

H enadfifevorn e A-3 eivar onuavtixd euxoldtepy xat tehetdvel Ty anddelén
Tou Bewpruaroc. -
A.49. 'Aoxnom. Aciéte 611 yia bAeg tic toués Dedekind X, Y, Z:

X Y+2)=X-Y+X Z
(Xpnowworotjote tov Tumixd oploud twv + xai - mou Sdoaue otny anddeiln
tou A.48.)
A.50. 'Aoxnom. Aciéte tic A-1 xar A-2.

A.51. "Aoxrnom. Aciéte 6t av n (z,) elvar Cauchy oe éva Siatetayuévo odua
xar (xy,) 7 (0), téte n axodovbia (yn,) opiouévny and tny A-2 elvar Cauchy xou

A.52. Oedpnpa. Movadubdinta twv npaypatixdy aptbpdy. Av F1 xau
F? givar mAfjpn Statetayuéva oduata, téte undpyel axplfdc ula avtiotoiyla
7 F! s F?
mou elvat LoouoppLouds, Sniadi:

1. #*(0) =0, =*(1)=1.

2. m(z+y)=m"(z) +77(y), 7 (wy)=7"(z)7"(y).
3. <y <= 71*(x) <71 (y)-
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ATIOAEIEH. . Ané ) wovadixdtnta twv pntdy aptbudy A.14, urdpyet (axpt-

Bdc évag) Loouop@roude

m: Q' — Q7
émou Q, Q% ta olvola twv eNTdy aplBudy ota dbo cduata FL, F2) o 1o
TpbPANua elval va emextelvoupe TV T 67 0AéxAnpo 1o FL.

Adppa 1. T xée z € F1, undpyet axoroubio (z,,) entdy oto F1, tétoia
wote lim, z,, = =.

Anbdelln. And tnv nuxvdTnTa TV pNTdy aptbudy (‘Aoxnon A.27) npoxintel
6t v xdfe n € N, vndpyet xdnotog pnréc aplbude x, € Q' tétowoc dote
|z — 2, < 1/(n + 1), xou an’ autd (sdxoha, ypnoiponoldviac tnv ‘Acxnon
A.26), lim, z,, = z.

Adupa 2. T xé6e axoroubia (z,) pnidy aptbudy oto F1,

(Fz € Fl)[liin =z|=(Jz* € Fz)[lirrlnﬂ'(xn) =z"].
Anddedn. Ipogavieg
u<v <= w(u) <), (u,veQ")
eneldf N m elvon toopopgLoude xat enouéveg, yio xdbe a,b € Q) a < b:
(xn) ~ (a,b) <= (7(2n)) ~ (m(a), 7(b)).

Av 1 (x,) ovyxhivel, téte eivor Cauchy, ondte xau n (m(zy,)) elvar Cauchy ond
v A.52 xau 10 A.86 (ypnowonoidvtag médht v A.26), dea xou N (m(z,))
cuyxhivel agol to F? elvon mhfpec.

Me tov (dto anhé tpbdno unopolue vo anodelouue xal 1o tpito Bacixd yeyovde
nou ypetalduacTe:

Adppa 3. T d%o Cauchy axoloubiec 6toug prtode aptfuoic tou F1,

[limz,, =limy,]| = lim7(z,) = lim 7 (y,).
n n n n

Ané to AMfupata cuvdyeton 6Tl unopolue va oplooupe yia xdbe x € F1, ywplc

olyyven,
7 (2) =op im7(xy,), mov limz, =z, ye z, € Q.
n n
T xdbe pntéd apbud = € Q, lim, z = z, dpo
*(z) = limn(z) = 7(x),
n

Goa n m* elval enéxtaon g w. Amnouével puévo va del&ovue 6tL M T elvon

LoOUOPYPLOUSS TOU F! UE TO F2.
YrnoOétouue mpdta 6TL

v =lima,, y=limy, o,y €Q, z<y,

Tou ouverdyeTat auéows and to A.36 6t undpyouv pntol aplbuot a,b, ¢, d 1ol
.
»ote

(Tn) ~ (a,b),  (yn) ~ (c,;d), b<ec,
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ot ENOUEVWS and v A.52
(r()) ~ (x(a), 7(B)),  (m(yn)) ~ (r(c), 7(d)).
Ipoxdmtel 61L
" (z) = lim7(z,) < im7(y,) = 7" (y)
agol m(b) < m(c), xau éyovue dellel 6L N T oéPetan N oyéon <:
r<y=7"(z) <7 (y).
Auté ouvendyetar apéowg 6Tl N T elval povouopplouds xat oéfetat ) Sidtaly,
<y <= 7w (x) <7 (y).

Ta urbéhowna elvor Tetprupéva (av xou xdmwg xoupactixd) xouu otnellovro
xuplwg ota Jewprjuata opiwy tou Aoyiouold nou eybouv oe xdbe mAfpeg dia-
TETOYUEVO odU — xat enaAnfedovtol eOxola HE TO UNYAVLOUS TOU €YOUUE
dnuovpynoet. a magddetyya:

T (x 4+ ) =op lirrln T(Tn + Yn)y TOU Tp — T, Ypn — Y, Tn, Yn € Q'
i [r(z) + ()]

= liinw(mn) + 1i£n7r(yn)

= n"(z) + 7" (y).

’ /7 3 ’ s
To XpELOLULO BT‘HOC G OLTO TOV UTIO)\O‘YLO'{J.O gLvalL tTo

liTan [(zn) + 7(yn)] = li1£n7r(a:n) + li1£n7r(yn).
Oa mapakeldpouye Tig AenTouépeLes. -
A.53. Aoxnom. Katepyaorteite tic Aentouépeies tne anddeiéne tou
Tz +y) =" (z) + 7 (y).
A.54. Oumpayuatixol apBuol. "Onwg xdvope e Toug QUOLXoUg xal TOug gNToug
apLBuovs, xabopllovue tdpa xdmoto mATpes, SLATETAYUEVO GOU
(R,0,1,4+,-, <),

ol uéAN Tou omnotou Ha xaholue mpaypatixols aptBrols. Tovilouue xat TéAL
61l n ouyxexpluévn emhoyn tou R elvor dvev onuaociag: to Oeueliaxd, padn-
pmotxd yeyovog yio Ty xhaoixq avdhvor elvor 6Tl umdpyel éva xat Uéypl
LOOUOPPLOUOU— UOVO €val TAAPES SLATETAYUEVO GOUA.

A.55. 'Aoxnor. Aciéte 1o Ilpioua 2.14 tou Kepadaiov 2 and ta aéiduara.

To avouxtd clvola mpayuatixdy apltbudyv mou oploaue 6to A.29 elvat tomo-
hoyla and tny edxohn 'Aoxnon A.30, 1oL GOTE EYOUVUE PUOIXES EVVOLEC GUVOALY
Borel npaypatixdy aplBudy xat Borel-uetpiotuwy cuvaptioemy and toug npay-
patixole aptbuoic oe dAhoug TotoAoYIxoUc Y deoug xal Tavimoily and ta 10.25,
10.39. Xto 10.40 oploaue ) Paowxr évvola tou Borel toopopgiouod avdueoo
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oe d0o tomoloywxolg ydpouc. To emdbuevo Bedpnua wag emtpénetl va uetopé-
povue anoteréopata and To yHheo tou Baire otoug mpayuatixols aptBuoic, xou
elvat to Baowxd epyakelo yio Ty avdluon twv cuvohobewpnuxdy W8LOTATWY Tou
R. Oa nopadeldovue v anddelln mou emxareltar ta Ilpofriuata x10.12,
x10.13, xou elval oyeTixd omA.

A.56. Ocedpnpa. f2¢ tomoloyixdc ybpos, o R eivar Borel ioouoppixés ue to
x@po tou Baire N.

IpoBMpata yia to Kegdhowo A

*xA.1. 'Eotw F 10 60UVOAO TV pNTOYV GUVALTAGE®Y UE OXEPAULOUS CUVTEAEGTEG
oto R (dnhadh twv ouvapticewy otoug Tpayuatixolc aptbuolc Tou elvan nnhixa
TOAWVOUWY UE axépatoug cuvteleoTéc) xau detle dtt elvan odpa ue Tic Tpogavelg
npdéeic. Aeie 6T n oyéon

f<g <o (32)(Vy = 2)[f(y) < 9(y)]

elvon dudtaln tou F, tétola dote o F va elvan Slatetayuévo oduo yoplc ™y
Wit Tou ApyLuRdn.

*xA.2. Acile 6T undpyer Satetayuévo odua mov dev elval TAfpeg, adlld o6To
onolo xdBe Cauchy axolouBia éyel éplo. YIOAEIEH. Aclle 611 xdbe Satetay-
uévo odua emdéyetar Cauchy mAzpwaon.

xA.3. Kdbe avoxtd olvolo npaypatixdy aplBudy eival aplbuiowun évoon -
vov avd 300 avoxTdy Slaotnudtmy.

xA.4. Kdfe xhetotd Sidotnua npayuatixdy aptbudy [a, b] elvar ouurayée, ue
Tov tonohoyxé opltoud 10.43.

xA.5. KdOe xhetot6é olvoro mpaypatixdy aplbudy elvat aplbunowun évewaon ou-
MY OV GUVOALY.

xA.6. Kdfe xheiotéd olvoro mpayupatixdv aptBudy Swaomdtar pe évav wbvo
1e6m0 we EEvn évmwon evig Télelou xal evée anoplbuntod cuvdiou.

*xA.7. Acie 1o Oedpnua A.56.
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[TAPAPTHMA B

AEIOMATA KAI ITIPOTYIIA

Il ) ovotnuatixy Yehétn yevixdy meotinwy e allwuatixfc ouvolobemplag
yeetalovtat yéBodol tng uabnuatixijc Aoyuxijc, mou eivon é€w and to mAaiclo
TGV Ty Ynuetboswy.3? E8G O neplopiotolue otoug KOXMOYS L YNOAQN,
vevixeloelg Twv Zermelo xau Z-F xéouwv tou Kegodalov 11, toug omoloug
UTOPOUIE Vo UEAETHOOVUE UE XAaouxéc, padnuatixéc uebddoug, bnwg puehetdue
ohuata 1 Totohoylxols ydpous. Ou dellovue mpdta 611 KAOGE ZERMELO KO-
YMOY EINAI IPOTYIIO THY ZDC, xat KAGE Z-F KOXMOX EINAI IIPOTYIIO
THE ZFDC. Auté 1o anotéheoua Oa pag Sdoet pia xahOTepn xoTavOncn auTodY
TOV ®60ULY, xol UEpXE, anAd OEQPHMATA Y YNEIEIAY KAl ANEEAPTHEIAY
v g adlwpatixés fewplec ZDC xaw ZFDC. Xto xbpro pépoc tou Hopapth-
potog o xataoxeudoouvue UEPIXOUE VEOUS XOGUOUS UE TOAD BLaPOpETIXES LBLS-
teg, xou Wlaitepa tov ANTIOEMEAICMENO KOZMO tou Aczel, mou meptéyet
gt Thovota GUANOYY U eSpaLwUEVWY GUVOAWY. BOa cuuTEpdvoLuEe TEAL UepLxd
anoteAéouata cuvEnelag xatl aveloptnotoc, aAAd o xbpLlog oTdyoC Lag Elval va
dtepeuvioouue Stdpopeg, evahhoxtixés évvoleg TYNOAOY o Vo Tig ouyxplvouue
he TNV xAaowx évvola TV ATNOQN, EAPAIOQMENQN SYNOAQN Tou 12.34.
Apyilouue W éva anotéeoua ylo Tov EAEYLETO x6ouo Tou Zermelo Z mou
elval xdnwe anpoosddxnro, Wialtepa UeTd and Ty enLyelpnuatoroylo oto 11.25
61l 3nfev 0 Z meptéyel Oha Tal avTIXElEVA EAETNG TWVY XAAOXGDY padnuoatixdy.

B.1. Oedpnua. To olvoro V,, twv ayvdy, edpatwuévey ouvélwy dev avijxet
oto Z, xat udAiota ey undpyet olvolo A € Z tétoio dote

e A& (VX)X e A= P(X) € A].

32TV autolc mou Eépouv Aoy, TaeatneolUE 6TL 1) TLo PUGLXY TUROTOLNGT TWY AELLLATLXGY
CUGTNUATWY ALTAV TV INUELDCEWY elvow ot clotnua mowtofdluiag Aoyixijc ue moAAd eidy
xat TavTSTTA, ToL Vo Exel Eeywplotés petafAntés yia aviixelpeva, opltoTtixés cuvBRxeEg xow
opltoTixolg teAecTég 0covdNToTE UETABANTGY, xau Tig Tpwtdyoves oyéoelg Set and €. Iagatn-
povue enlong 6t dev ouunepldBaue oto 3.18 aliduata €xtaons yia cLVOxeg xou TelecTéc,
xou Toté dev ypnowponoioaue tétowa afidpata. Autd onuaivel 6TL Y Vo QTEGOULUE OTNV
xhaouxt) Oewpla Gddel-Bernays ané tnv ZFC tou 11.31, npénel va npocbBéoovue aliduata
éxtaonc yia ouvliixes. Ané v dANN wepld, axpBdg enedn dev anatioaue aliduata Exta-
ong YL ouvBrxeg, unopolue va Bewpricoupe v ZFC tou 11.31 wg axpfd¢ (extés and to
cuuBoloud) v xhaocuxy| Bewpla Zermelo-Fraenkel Theory, epunvedovtag tig «ouvBfixegy wg
«tOTOVGY, UE TALUUETEOVG.
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AmoAEI=H. . T xd0e z € Z, Oétouue
level(z) = to eNdyioto n tétolo dote © € Z,,
étoL mou ta WwéAN tou Ny éxouv enlredo (level) 0, alhd
level(z) > 0= level({z}) = level(z) + 1

enedf @ € Z, = {z} € Z,41, v av {z} € Z,, vy xdnowo n > 0, téte {z} C
Zp—1 ané v 11-20, o emouéveg z € Z,_1. Me avadgout oto n opllovue ta
cUvola

Ao = {Qa {@}}a Ant1 = {An}
Ieogavie A, € V,,, level(Ag) = 1, agod Ay C Ny ahhd Ay ¢ Ny, o emoyo-
Y, level(A,) =n+ 1.

Ipog anaywy? oe dtorno, éotw A € Z tétolo Hote va toyvel n B.1. Iopaty-
povue 61t Ag € P(P(D)) € A, xou an’ auté, emaywynd, yia xébe n, A, € A. Av
A€ Z,,, 161 xébe A, € Zp, ened’| 10 2y, elvan yetafotind, dpa level (A,) < m
v xdfe 1, xt autd aviitibetar oTo cuuTépacua TNG AWECKS TEOTNYOVUEVNS Ta-
payedpou. -

Me tov (3o tpdno unopolue va deilovue bt av ta Kapteoiavd yivéueva opt-
ool ue Bdon to Ledyog Kuratowski, téte |, o ,{No}"™ ¢ Z, HpéPhnuo xB.2.
Ipdyuatt, ToANE anhd cOvoha dev avixouv otov xbouo Z, ahhd o yeyovég 6t
Vo ¢ Z elvaw 1 mo Spopotixnd évdelln tng avendpxelds Tou wc xb6opou wabnua-
oy avixelwévoy. H xataoxeuy tou V,, elvar 1600 metotinn, Sixatoloyeital
ue Téon guowdTnTa and Tig mo Bacwég pag dachioelg Yo to oVvola, mou
elvar dvoxolo va miotédoupe bt dnutovpyfioaue Ghn auth ™ cuvolobewpla ota
Kegpdharo 3 - 10 xou to IHapdpmnua A upe Bdon aliduoto mov dev eyyudvral
v Umaedy) Tou. Mnogel BéBata xavelc vo magafhédel to gavéuevo cov mapa-
dpoun Tou Zermelo xat va npocBécel ota aflduata x4t eEAdyLoTo TOL Vo apxel
yioe Ty anddelln tne Vropéng tou Vi, alkd autd dev elvar 1 cwoth emhoy.
Agevég Eépouue N owoTh emhoy, elvou 1 npdabeon Tou Aliduatog Avuxatd-
oTaoNS ToL dixalohoyeltol Ue emLyelpuoTo PLAocoPXd adlaydplota o’ autd
ue to onola otnpllaue to Allwua Alayweionot. Kat agetépou, 1 iattepn allo
g ZAC elvar axpfdc 6Tl €xel autd Ta 300 AVTIXEOUOUEVA YOoRAXTNELOTIXE,
vo. amodelyvel 1660 ueydho uépog amd to xhaoxd pobnuoatind xal ouyYyYpdveS
vo emdéyetal epunvela oe 1600 anhd, edxola otn clAANgN npdtuna Snwe To
Z. Omnoweodrinote anwbnuévee augBolies yio v ophdtnta tng cuvorobewplog
lowg mapéuetvay and to napddola, Oa meénel Touldylotoy va uetplacToly and
10 o0évog g ZAC xat Ty euxohia epunvetog tng.

Méyet tdhpa dev €yovue oaxdun 3GoeL auaTnEd oploud g Evvolag Ue Ty onola
10 Z elvar «pétunon g ZDC. 'Iowg n arthobotepn npdofacy oto mpdBAnua
va elvon 1 e&ig epunvela Tou B.1, wg fewpfuatoc avelaptnotac.

B.2. Oedpnua; Aev elvat duvatd va anodetouvue and ta altduata e ZDC
611 undpyel olvoro A, téTolo Tou v TEPLEYEL TO XEVS %ol VoL Elval xAeLGTS Yo
TOV TEAEGTH TOU SUVAUOGUVOAOL.
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ATIOAEI=ZH. . YuuPohwd, n npdtaoy nou Bélouye vo anodetouue aveldptn
e ZDC elvou 1 e&c:

¢ =0, (FA)[D € A & (VX)X € A= P(X) € A]].

Ac¢ deytolue, mpog anaywyt oe dtomo, 6Tt N ¢ elvan Bedenua tng ZDC. Enedy,
10 eNdyLoTo mpbdTUTo Tou Zermelo Z éyel 6heg TIC WLOTNTES XAELGTHTNTOS TOU
anottodyv Ta altduata e ZDC, xdbe anddeln g ¢ on’ avtd to aiduota
uetappdletor oe anddelln e epunvelog g ¢ oto Z, nou elvan

P2 —= FAe2)Dec A& (VX € 2)[X € A—P(X) € A]].
‘Apa 1 ) aknfeder, Snhadh undpyer olvoro A € Z tétowo Gote
PeA& (VX eZ)X e A= P(X) e 4],
nou e€outlog g yetafatixdtnrag tou Z elvol LoodHVoUOo UE TNV
e A& (VX)X e A= P(X) € A]

oahhd to B.1 eyyudton axpiBide ét xavéva A € Z 3ev weavornotel v B.2, xou
YTICAUE OE 4TOTO. -

To emyelpnua éyel xdnwg napddevn v, extdg av Epelg Aoyxy, ot onwo-
dnnote dev elvon mhfpeg, ubévo oxtarypapio. Autd mou pag Aelnel elvar avotnedc
oploude TNg epunvelag ulag tpdTacne 0to Z MOU EMXAAECTAXOUE 6TV xlvnom
ané v ¢ oty ¢F), xar xaké elvar v Eexiviicouue pe éva mopddetyua. Ag
vnobéoovue 6L éyouue PBpel xdmolov napadootaxd, xhaowxd yabnuatixd, lowg
Evay avohUoTa NG TAAES oYOAS oL eV EVOLOQEPETOL YLOL TN YEVLXY] GUVONO-
Dewplo- €yel SiaPdoel ta Kegpdhata 3 - 10 xau to Iopdptnua A xat €xet netotel
61l 6l Tar avTixelpeva mou ypeetdletal yio T dovAeld tou Louv oto Z. Xe yla
npoondbeta va amhonolfioel Tov xéouo tov, Bydlel dnuboia avaxolvwon 6Tt and
3o xou unpog, dtav Aéet «avtuxeipyevor Bo evvoel «wélog tou Z», 1o Z elvat o
x60u0g tou. Ac unobécouvue eniong 6Tt AT TO TPHOWTO THpA anAYYEANEL TO
Aiwua Avvapocuvérou xat Snhdvel dtL to motedel. Tt axpifdc evvoel; 'Onwg
10 exgpdoaue oto Kegpdhato 3, 1o alloua Aéel to e&ric:

(IV) : TI'a xdbe avrxeiuevo A, undpyet oUvoro B, tétow dote yia xdbe X,

X €B < Set(X) & (M)t e X =t € Al

Av aVTLXATAGTACOVUE «QVTIXEUEVOY UE «UEAOS TOU Z» 6’ auth Ty mpdTaoT),
€XOUME XATL JLAPOPETIXG:

(IV)(Z) : T xdfe A € Z, undpyel oUvolo B € Z, tétowo dote yia xdbe
X e Z,

XeB < Set(X)& (VteZ)te X=1te Al

Auté elvar mou o gilog pag evvoel 6tav Loyvelletar 6Tt %80 advolro €yet Suvauo-
olvoho, xat Slagégel apxetd and o Alwua Auvagoouvbéhou Gote va uny elvol
apéows mpogavés. Lo va to anodellouye, yia xdbe A € Z, puowxd emhéyouue
B =P(A), rou eivar exlong yéhog tou Z. Tapatnpolue bt Yo xdbe X € Z,

MeZ)te X=tc A] < M)[tec X=1t¢c A4,
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evxola, and ) petoPBatixdtnia Tou Z. Apa n B elvar teoddvaun ye v
X €B < Set(X) & (M)t € X =t € 4],
Tou LoyVel yla xdfe X, xou enopévog (etdixdrepa) yio xdbe X € Z.

Mpdypatt, 6ha ta alidpata g ZAC anogépouv ainbelc npotdoels av avtt-
XATAGTHOOVUE 6° aVTd «avTixeluevor e quélog tou Zr» u’ autd Tov Tpémo. Lu-
vendg 6Aa To BewpRuata Tou cuvdyovtal and to altduata g ZAC udvo ue 1
Aoyix1j anogépouy ahnbeic tpotdoeig 6tav ta epunvedoouue 6to Z UE OV (dlo
Te6TO %ol 0 xAAGIXOS AVAADGTAS TNG Qaviaciog uag urnopel va epyaotel otny
ZAC ue acpdhela, xal Ue TN olyovpld 6Tt anodelyvel npotdoelg ntou ainbedouv
670V X660 Tou. Auté To byl 1660 TETELUUEVD anoTéNeoua exppdlel To YEYOVOS
6t 10 Z elvon «mpdtunon g ZAC, nou opiletar avotned wg e€ic.

B.3. Kéopog cuvéhwv (set universe) M elvon tpidda M, S, E, wag xhdorng
(fowe ouvéhou) M, utac «wroxhdoner S C M xou yag dpehods, oplotixic
ouvbfxne E tétowag dote E(z,y) = z,y € M xau yio xébe z € M,
ba(x) =o¢ {t | tEx} elvar olvolo,
Tou onualvel 6Tt yla xdmoto advoro X xat x&be t,
te X < E(t,x).
Xenolponotodue cuvdvuua Toug oLUBollouovg
tEx < E(t,z)
v T ouvBxn E mou epunvedel ) ouvbrixn € oto M, xat xahodue to gdvoro
bum(z), odpa tou z, yio xdfe © € M. Ta M-avtixelpeva eival tor uéln tou
M xou ta M-advola eivor ta wéhn tou S. Mua n-adixf; optotixs; cuvBixm elvon
M-cuvBixn av Loylel uévo yia aviixetueva tou M, dnhady
P(zy,...,zpn) = x1,... ,&n € M+
xou évag tehecthc F' n yetaBAntdy etvor M-teleotrig, av aviietolyiler M-
avuxelpeva oe M-avixelueva, dnhady
ZTiyeee Ty € M= F(z1,... ,2,) € M.

O xéopoc M elvan Quoawxds (natural) av 1 xhdon M elvar petaBatixd xau ot

S, E elvar ot ouviBelc cuvBixeg Tou «eivar oivolo» xat «vixelvy, dnhady
XeM = XCM,
zeS < z €M & Set(z),
rFEy < xz,ye M & x € y.

"Evac guoixde xbéopog M xabopiletal and tn petafatixt xAdon M tov aviixet-
uévwy Tou xat Ho Tov Tautioouue W auth Ty xAdon, Snhadh dtav avagepduoote
otov xbouo M yua o yetaBotixd xAdon M, Ba evvoolue Tov guoxd x6ouo ue
avuxelpeva to wékn g M. To odua aviixeiwévou o’ éva guoxd xéouo elvol
0 6UVOAO TV UEADY TOU,

bu(z) = {t|t €z}, (ze€ M)
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étoL by (z) = z, av 1o z elvow olvoho, adhd by (z) = 0 av To z elvan drouo.

H oyetixonoiney (relativization) 6 évav xdouo M ulag npdtacng 0 elvon 7
npbtoon 6 ToU TEOXUTTEL AV AVTIXATACTAGOVUE 6Ty & «aviixeluevor ye «M-
owuxsipsvo»7 «6UvVOho» uE «M—GOVO)\O», «r € Y» UE «mEy», «ouv@ﬁxn» uE «M-
oLVORe o «tehecTtAor e «M-tekeothor, UE CUVERELR, 68 OAeg T euavioelg
aUTGY TV exgpdoewy oty 0. Av 7 mpétacn OM) alnbeder, Mue 6t M 6
aAnBelel oTov xbéopo M 1 61t 0 xbéowog M uxavornoiel Ty 6.

O x6opog M elvar tpdtuno A povtého (model) evédg aliwpatixod cuoThua-
toc T, av xdfe allwua tou T ainbedel otov M, dnhadnh av n oyetixonoinon
M) %abe afiduatoc B tou T eivan aknBuvh mpbtaon. ¥’ auth Ty mepintwon
xoholue entong tov M xéopo tov T A anhovotepa T-xbopo.

B.4. Ilpotdoeig xat oyeuxonoioels. Ipdtaon (proposition) elvat pia optotis,
pobnuatixn SHAwon, évag Aextxde toyvplouds énwe to aliduata, Bewphuoto
xou ewxaoleg o onolo pweketdue. Auvtdg dev elvat BéBata auotnpde oplopde, xat
dev umopel va elvat, epbdoov 1 xalnuepivi YAdooa twv yabnuatixdy dev elvol
auotned mpoodloplouévy. Xtnv oucla Seyduoaote 6Tt yla Shat Tar avTiXelpeva
x, y, oL exppdoelc ¢ = y, x € y xou Set(x) elvar mpotdoeic bt vl xbe
optoTixf ouVBAXN P xon 6hat o aviixelpeva &y, . . ., Ty, N éxppocn P(z1,... ,zy)
elvaw mpdtaom xat 6Tt oL tpotdocels cuvevdvovtal Ye Tig Bepehiaxéc npdelg g
hoyueRc .V, 3 xin. H oxauxonoincn33 o mpdtaong o’ évay x6oUo GLVOAWY
M unoloyiletat ye to puoxd tpdmo, T.Y.

)=y,
) rx eSS,
)7 iz Ey,
P(zy,... ,mn)(M) :P(zy,...,zp),
)M o6,
)(M) M) & M)
)M (Vo € M)gM,
)M (IP) (V) [Pl y) = 2,y € M] = ¢,

3300 yvdoteg wwmxic Aoyweis lowg exxdoouvy étu o tekelmwg axpBhc (cuvtaxtixdg) ueta-
OYNUATIOUOE oYETIXOTOINONG TUTWY Elval EUXOAGTEROS GTNY XaTtavénon ar’ autdy ToL YeNot-
uornotolyue, nou oplletar xatevbelav oe npotdoeis Tng «Wabnuatixis, xowhs YAdooagn. ANAE
TPLY EQAPUOCOVUE TOV TUTLXS UETACYMUATIOUS GYETLXOTONOTG, TEEMEL VO «TUTOTOL GOUUED
g Tpotdoels g xalnuepviis YAGooag tou oe teheutala avdiuon uag eviapépouy, xat Alyn
oxédm nelbel 6t 0 uetaoypuatiouds tunonoinones elval axpBoe téoo «oaphicy 660 xaL o
Sloobntindg uetaoynuatiouds oyetixonoinong nou deyduacte e8¢. Mnopel xavels va uro-
otnelgel v Wéa, bt xatakaBoaivovue g vo TUTOTO COLUE Wl TEGTOGY TOHTE XaL UOVOV av
yvopilouue Tdg va TNy epunveloovue ot xdbe doun, Snhadr axpBds av xatahafaivovue Tig
duaohntinés tng oyetixonolioeLs.
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6mou N P eivan Suuehvic, optotixd] ouvBixn x.Ar. Xtic anodeilelc mou axolouvholy
fo Sratunddoouue oyohaoTtixd N oyetixonoinon x&be pdtaong ue Ty onola Ho
aoyoinfolue: autd Oa upag ddoet molhd mapadelypata mou elval yeholua yio
v xotavénon e €vvolag, alkd eniong Ba pag eCaogaliosl 6TL To GLUYXEXEL-
MEVAL AMOTEAECUATO IOV WO EVOLAPEEOLY Elval aUaTNEd SLaTUTWUEVA XaL ATO-
detyuéva. H onuoaoia duwc twv anotehecudtonv otnpiletar oty e€hg, yevixn
apy”, oL AéeL amhdg 6Tt Aoywd emaxdlovbo ooy (oto M) mpotdoewy enl-
ong ahnbedouy (oto M), xor toybel BéBata yio dho T mpdTuUTAL ONOLAGdATOTE
allwuatixfc Bewplag, oyt uévo x6GUOUE GUVOALY.

B.5. Apyh Opdétnrac Aoyueic Xuvéneiag. Av wo mpdtaor 6 elvan Bedpnuo
atouatixol cucsthuatog T (dnhadf anodelyvetow and ta aiduata tou T uwbvo
ue ™ Aoyued), téte xébe xbouoc e T wxavorotel v 6.

B.6. Kéouol xat yevixd npbtuma. Xougove ue v avdivorn oto 8.22; yio vo
oploouue mpdTUNO AlwuATXG cuvolobewplag Tpénel va xaboploovue éva nedio
AVTXELUEVWY, Vo oploouue 6° autd Tic Paoixéc ouvbiixeg Tou «a elval abvolor
o «vor aviixew, xou entong va xafoploovue moleg ouvbixeg xal ool tehecTéc
o710 nedlo Ha deytodue we oplatixolc. O xbouol cuvbhwy elvor edixd npdTuna
v Vo onuoavtxoic Adyouc.

(1) 'Otav Bewpolpe évay xbouo cuvéinv M wg TpdTLTO XéTOoLaC ALWUATL-
xfic suvolobewplog, Seybuaote we optoTixés ouvlixes touv M bhec g oploTixég
ouvlrxec Tou Baoxol upag xbéouov W, xat Seyduoaote we optoTixols teAeaTég
tov M bhoug toug M-tekeatée, dnhadh toug optotxolc tekeatéc tou W mou
avtuetolyilouv M-avtixelueva oe ./\/l—otvnxaiusvoc.3‘1 Elvar mohd edxolo va dei-
Eovue 6TL 6o Tar aLdUATA YLoL 0pLOTIXEG GLUVORXES XAl TeAecTég Tou amaptOurn-
ocoue oto 3.18 woybouv u' auth Ty epunveta, [pbBinua xB.1: emouévmg, yia
va detouue bt évac xbouoc ouvbhwy M elvar npbdtuno (ac todue) e ZFDC,
apxel va anodelovpe Tig oyeTxonofoels 6tov M Ty afiwudtwy (I) - (VIII).

(2) Eneldd) deyduacte €& oplopol 4Tt yio xdbe © € M, t0 odua by (z) elvon
olvoho, to. M-clvoha Sev elvan «ueyarbtegon and ta aAndivd ebvora oto W,
). Sev umopel va undpyer M-cbvoro z tétolo dote yio xdbe ¢, t Ex.

Ou guowol xéopol elvar axdun edixdtepol, agold meplopilovy ubdvo To medlo
AVTLXELULEVLY GE Xdmota UETAfBaTiny xhdorn — xot auTtd Steuxollvel onuavILxd
v xatavénern g oyeuxonoinong yu' avtods. Arnéd i palnuotxd oxomd, ot
puoxol xéopol elval uroxdouot Tou W xat «<xAnpovouolvy ) doun toug and tov
W, 6o ol utoouddeg, ueptxd Statetayuévol utoydpeol, TotoloyLxol vToydeot,
.\t xabopilovtal and xdnolo unocivolo doouévou ydeou xaL xANEOovouovy
an’ autéy Ty avdioyn Sour. H emmpdabetn Aentédtnia otny mpoxewuévn mepl-
ntwon elvoe 6TL npénel va gpunvedoovue (va oyeTixonoioouue) o’ avtols Toug
unoxéopous(!) mpotdoelg movu elvar hoyixd nepimhoxeg, tohd no nepimhoxeg and

31Me oyohaotuednia, ol oploTixés cuvBxeg Tou M elval ol meploplopol oV xhdon M
TOV 0pLoTIXGY cLVANXGY Tou W, xau avdloya yla ToUg TEAECTEG.
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g anhég elodoelg B ouunepAfdelg mov tumxd Yehetdue oty ‘AlyeBpa § TV
Tonohoylo.
Apyilouue ye v enadibevon allwydtwy mou €yovue HdN ueketioel, o x6-
ououS Tou €yovue 1d1 eloaydyet, 6rou ol évvoleg elvol ouxelec.
B.7. Afppa. Kdbe uetafatixij xAdon wxavonotel to Aélwua ‘Extaorg.
Anoaki=H. . H oyetxonoinon oto M tou A&uduatog "Extoaong elvan 1 e€nic:
(I)(M) : It 6Aa ta oUvola A, B € M,

A=B < (VzeM)zrc A < z <€ BJ.
Av A = B, t61e ta A xau B €youv ta (St wéhr, dote olyovpa £youv to (3ol wéln
oto M. T va anodellovue to avtiotpogo, mpénet va deliovue 6t av A # B,
té1e uTdpyel xdnoo z € M, tétolo Gote eite x € A\ BHx € B\ A adhd av
A # B, 161 olyoupa undpyet xdnolo
ze€(A\B)U(B\A) C AUB,

ot A, B C M eneld) to M etvon yetafatixd xhdon, deo avtd to x elvon enlong
wéloc tou M. -

B.8. Avuua. Kdfe xéouoc tou Zermelo elvatr puoixds xbouos tov aéloudtwy
(1) - (VD).

ATIOAEIEH. . Oewpolue ot oepd xabéva and ta aliduata (I) - (VI), extéc
and o (I) (mou puéhic delape) xau o (IV) yia to onolo ddoaue tnv anddelén oto
napddetyua o tévw. O cofapds wabntic neénel va cuyxplvel T oyeTixonoinon
%80 aliduatoc 6to M mou meénet va anodelEoupe ue Ty apyixy| dlatdnwon tou
3o a&lduatog oo Kepdrato 3.

(II)(M) : Kevé olvoho xou Ledyoc. (a) Yrdpyer xdnowo etdixd avrixeiuevo
y € M nou eivar olvodo adAd Sev éyer uéAn oto M. (b) I'ta Ao T avtixeiueva
T,y € M, vndpyet olvolo z € M tétolo dote

VMteM)tez < t=azVt=y]
(a) 0 € M and v undbeor, dev éxel xavéva pélog, xou emopéves dev éxel
xavéva uéhoc oto M. (b) Av z,y € M, 16t z = {z,y} € M and v vndbeon,
o TEoPaveHS autd To 2 xavonotel tnv B.8, epdcov ixavonolel v toyupdtepn
(Vit €z < [t=axVi=y|.
(III)(M) o Alloyo Awayopiopot. Ta xdfe A € M xaw xdfe uovouely,
optotixy) ouvlixn P, urndpyet obvolo B € M rou wxavorotel tnv tooSuvaula

(Vz e M)lxe B < z€ A& P(z))].

'Eotw A € M. Ané 1o AZlopa Alaywplopol utdpyet xdnoto B mou ixavornotel
my

(Vz)lr € B <= z€ A& P(x)].

Tpogavig B C A, dpa B € P(A) € M, dpa B € M, agol 1o M elvar yetafa-
wx6, xou 1 B.8 cuvendyetou v acbevéoteprn B.8.
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(V)(M) : Allwya 'Evwong. I'ia xdbe € € M, undpyet olvolo B € M rou
weavoroiel Ty tooduvaula

(VteM)teB < (IX eM)[X e &teX].

©étovue B = |JE&, mou elvar wéhoc tou M and tnv undbeon xat ixavornotel tnv
tooduvapuia

(VH)te B «<— (IX)[ X €€ &te X].
Ané n vetafatixdétnta Tou M oy pia axdun poed, yia xdbe t,
EX)NX ef&teX] <= FXeM)Xcf&teX],
dea 1 B.8 elvan toodGvoun ye tny
VteM)teB < (IX)[X €& &teX]

nou énetat and TNy toyvedtepn B.8.
(VI)(Z) : AZlwua Aneipov. Yrdpyer olvolo I € Z tétowo dote

Del& (Vze Z)zel={z} €Il
Auté elvor anhd, natpvovtoac I = Ny € M. =

B.9. Ocdpnpa. (1) Kdbe xbouoc tov Zermelo elvar puoixds xéouoc tnc ZDC,
xat xdfe Z-F xéouoc elvar puoixde xéouoc tne ZFDC.

(2) (AC) Kdbe Zermelo xéouoc eivar puoixde xéouoc tnc ZAC, xar xdfe
Z-F xéouog elvar puoixds xéouos tne ZFAC.

Ei8ixdrepa, to Z xau xdfe M(I) térowo dote Ny C I elvar guotxol xdouot
¢ ZDC 97 tng ZAC, av Seyrodue to AC.

(3) (von Neumann) (AC) O xdouoc touv von Neumann V elvar guoixdg
xéouog tnc ZFC.

ANOAEIEH. . Ot oyeuxonotfioelc twv DC xou AC anodelytnxayv oto 11.23,
xou 1 oyetxonolnon tou Afiduatog Aviixatdotaong elvat axpBde autd mou
anatthoaue and toug Z-F xdououc 6tov optopd toug 11.33. T to (3) éyouue
ndn del&et 6TL 1 xhdon V elvon Z-F xbopog oto 11.34, €toL nou anouével udvo
va enaAnfedoovue g oyetixonoioels oty V twv Apxdv Ayvétntoac 3.25 o
OgueMwong, 11.29. H npdtn an’ autég elval

Ayvrr)ra(v) : Tio xdbe ¢ €V, Set(z),

o ohnfevel anhdg eneldr| xdbe avtixelpevo oty V elvon obvolo, xou 1 epunvelo
Tou «va elval oivolo» otov V elvar auth tou W. Ta tnv Apy? Osuehiwong elval
EUXOAOTEPO VAL OYETLXOTOLAGOVUE TNV anth) Tng exdoyy tou 11.30.

OcucrwonM) 1 Kdbe avvolo X €V éyer xdnowo uéhoc m € X térowo dote

n tour mN X va elvat xevij oto V, dnladi)

(VteV)t¢mVie X).

To avtifeto authg g mpdtaong uag diver xdnoww X € V xou a € X, tétoln
OoTE

(VYm € X)(3t € X)[t € m],
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mou and 10 DC (6nwe xau oty anddeln tov 11.80) cuvendyetor 61t 10 X dev
elvan edpatmwuévo, yeyovéc mou avutifetar otny undbeon 6Tt X € V. -

And v Opbdétnta Aoywic Xuvéneiag B.5 xat to B.9 npoxintouy edxola
TOAG anAd ohhd evdiagépovta anoteréopata avelaptnotac yia tic fewplec ZDC
ot ZAC: ya va dellovue m.y. 6t yla npbdtaoy @ dev etvou Bedpnua e ZDC,
apxel v Bpolue xdmoto I D Ny, ttoo dote n 8MI) vo uny aknbeder. Axpi-
Bédg w avth ™ uébodo anodellaue to B.2, xdnwe adédia ywplc Toug avotnpolc
optopovs. Ta mpoBAfuata Siepeuvody pepxd Tapadelyuota TETOLWY ATOTEAE-
oudtov.

Me tov (8o tpéno sulloytouol, and to (3) Tov Oewpuatos B.9 cuunepal-
vouue 6t ot Apyéc Ayvétnrac xaw OcucAivons Sev Siaeldovrar and 11 fewpla
ZFAC, enedy o xéouog V elvan npétuno tng ZFAC nou ixavomotel emniéov
autég Tic apyéc. Oa énpene va elvar e&loov mpogavég GTL XL autég oL apyég dev
elvar Bewpuata e ZFAC, adld yia va to anmodeiéoupe autd avotned mpé-
TeL va xataoxeudoouvye xéououg g ZFAC nou dev elval guowxol. To Baoixd
gpyahelo ylo TéToleg xaTaoxevES elval 1 e€hg amh évvola.

B.10. Optouds. 'Evac xbopoc cuvéhov M = M, S, E, eivan xbéopog Tou
Rieger av yia xdfe odvoro Y C M, undpyet axpdc éva M-cbvoro X tétolo
dote Y = by (X). T xé6e Y C M Bétoupe

pm(Y) =op t0 povadixé X € S tétoro dote by (X) =Y,
€161 ToU 0 paq Vo Elval oploTixdg TeheoTh, xat €€ oplouoy, yia xdbe Y C M,

X=pm¥) <= XeS&buy(X)=Y, (B-1)
tEpm(Y) < teY. (B-2)

B.11. Oedpnua tou Rieger. Kdbe xbéouog tou Rieger elvar xéouog g ZFDC.

ANOAEIEH. . 'Eoww M = M, S, E x6cuoc cuvélwv ue v W8Lé6Tnta tou
Rieger, xat éotw b(z) = ba(x), tapakeinoviag tov delxtn epboov o avapep-
Bodue puévo otov M. Enainbedouue otn oelpd Tig OYETLXOTOLACELS OADY TwY
adlwudtwy e ZFDC.

(I)(M) Aliwua 'Extaong : Ia da ta A,B € M, av S(A) xou S(B), 161

A=B < (Vee M)[zEA < zEB].
Av A = B, t6te BéPoua, yia xdbe z, tEA <= zEB. Avuotpbgoug, av yua
x4fe z € M, 2EA <= =z EB, t6tc b(A) = b(B)" and v Sbétta Tou
Rieger, urdpyet axplBog éva C € S tétolo dote b(A) = b(C), dpa C = A xou
entong C' = B, dpo A = B.
(II)(M) AZlopa tou Kevold xau touv Zebyous: (a) Yrdpyer éva eidixd avri-

xeluevo y € S térowo dote (Vt € M)—tEy. (b) Ia 6Aa ta x,y € M, undpyel
xdnowo z € S tétolo dorte

MeM)tEz < t=azVt=y
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Arné v WBidnra tou Rieger, yia 1o (a), éotw y tétoo dote y € S xau b(y) = 0,
xau yia 1o (b), éotw 2z € S tétowo dote b(z) = {z,y}. T v neplntwon (b)
T.Y., unohoyilovye:

tEz <= teb(z) < [t=zVt=yl].

(IV)(M) AZlopa Auvapoouvéhou : Ta xdbe A € M, urndpyet B € S, tétolo
Gote yia xdfe X € M,

XEB <= XeS& (Ve M)tEX=tEA|].
'Eotw A € M. Ané v WBiétnta Rieger, undpyet xdnoto B € S tétolo dote
b(B) ={p(Y) Y Cb(A)},

6mou p(Y) = paq(Y) elpan o teheotic Tou Rieger yia tov xéopo M nov undpyet
ané to B.10. Yroloyilouue:

XEB < X €b(B).
< (3Y)[Y Cb(A) & X = p(Y)),
— AY)[YCb(A) & [XeS&b(X)=Y],ané v B—1,
<— XeS&b(X)Cb(A)
— XecS& (VMeMtEX=tEA|.

O anodeiéelg Twv undrotnwy allwudtey otov M elval napduotes, axolovhdvtag
g 13éeg tng anddeing tou Oewpuatog B.9. Tig agrvouue yia aoxfoelg.

B.12. "Aoxnom. Aciéte 61 évac xbouoc ouvéiwy M = M, S, E elvar xéouog
tou Rieger tdte xat uévov av (1) o M xavorotel to Aélwua ‘Extacnc, xo (2)
via xdfe Y C M, vndpyer X € S tétowo dote by (X) =Y.

B.13. 'Aoxnov. Kdbe xéouoc tov Rieger elvar npgétuno twv Aéiwudtoyv Aa-
xwptouot (ITI) xouw Avtixardotaone (VIII).

B.14. 'Aoxnor. (AC) Kdbe xéouoc tou Rieger eivar npdtuno tnc ZFAC.

B.15. Yyetxonoinon «uotd aneixoviouéveovr evvoldyv. Ou auotneé Statund-
oelg Twv Apydv Emhoyhic DC xar AC yenotuonololy Tig €VVOLES TNG «GUVAE-
wonc», mou oploape oto Kepdhato 4 pe avagopd oe xdmotov «cafopiouévor
teheot| datetayuévou Ledyoug 4.1, xat Tou «GLOTAUATOS PUOLXGDY opELBUDYY,
nou entong elvor «cafoplouévor dounuévo clvolo e cuyxexpluévee WBLOTNTES,
5.9. H oyetxonoinon tétolwyv «oTd AmEXOVIOUEVOYY EVVOLOY Bev elval Te-
Aelwe mpogavic, epboov (n.y.) o Soouévoc xdouoc M umopel vo uny elvat xav
»hetotdg v tov xaboplouévo teheoty| Ledyoug. Xta 11.23 xaw B.9 anogidyoayue
10 TeéBAnua anatdvtag and tov xabopiouévo teheoth {ebyoug va elvar autdg
tou Kuratowski, yia tov onolo xdfe xéouog mou ixavornotel o (I)- (VI) elvon
xhelotdg, alAd lowg xdmota aPefordtnta vo éyel napapelvel yia o Tde (ko av)
UTOPOUUE Vo AVTIMETOTGOUUE LT To TEdBANUa oe 6N Tou TN yevixdtnta. Lo
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Toug xéououg tou Rieger, undpyet Wi anhy Aor, mou oxiaypagolue ota Igo-
BMjuata xB.13, xB.14. 'Otav avagepbuaote oe xbéououg tou Rieger, Oa uno-
O¢touue ndvta, ywelc Waltepn uvela, 6Tt €youue emAéiel xdnolo cuYXEXELUEVO
teheoty| Ledyoug, éva 6UoTNUA PUOLXGY aptBudy, x.AT., xol 6Tt unohoyilovyue
OYETIXOTOLNOELS TPOTAGEWY TOU AVAPEROVTAL G’ QUTEC TLS ATELXOVLOUEVES EV-
voleg e avapopd o’ autd ta xabopiouéva avixelueva. Ta IMpofiiuata xB.13,
xB.14 Eexabapilouv 611 oL ouyxeXpLUéVvES ETLAOYES TTOU EYOUUE XEVEL DEV ETN-
pedlouv Ta anoteAéopaTa.

B.16. IIpétaoy. Yrndpyst xdouoc tou Rieger M, otov omolo xdfe olvolo
elvat toomAnbixé ue xdmolo oUvodo atduwy: eidixdrepa, Sev unopolue va ano-
detéovue otny ZFDC 6t xdfe olvoldo eivar ayve.

AnoAaEei=H. . H déa elvan va anewxovicovue xdbe obvoro A ue to Ledyog
(0, A) otov xbopo M, xat va dnhdoouue 61l xdfe aviixeluevo tou dev aneixo-
vilel obvolo u’ autd tov tpdmo elvat dtopo. Oftouyue:

€M, <o, =1, étoL tou M, =W,
x € Sq =0 (FA)[Set(A) & z = (0, A)],
rE,(0,A) <4, z €A,

xou anouével va delfovue 4TL M TpLdda M, = My, S,, E4 elvan xbopoc cuvéroy,
6t €xel Ty W6t Tou Rieger xau 4t Lxavornolel v npdtacn «xdfe olvolo
elvat toonAnbixé ue xdnoto olvolo atéum».

IMopadeinovtag tov eixtn M, tpogavidg

0, av yia xdBe clvoro A, = # (0, A),

b(z) = . , (0 .

A, av yia xdmoto (xa enouévac ubvo éva) olivoro A, x = (0, A),
dpa 10 b(z) elvar olvoho. T v Wbt tou Rieger, mopoatnpeodue medta
6t Yo xdfe ovoro A C M,, (0,A4) € S, xau b((0,4)) = A av z € S %o
b(z) = A, t6te z = (0,B) xou b(z) = B yia xdnoto cdvoho B, €& optouoy,
étoL Hote A = B xaw x = (0, A), énwg to anotel o oplopds. O telecthic tou
Rieger elval mohd amhég 6’ auth Ty mepintwon,

oY) = (0,Y),

H oyetxonoinon otov M, tng npétaong «xdbe obvoro elval togominbixd ue
xdmoLo 6Uvolo atdumws elvar v analtnon étt yia xdfe M,-abvoro (0, A), urdp-
xet avriotoryla otov M, avdueoa oto (0, A) xat xdroo Mg-oUvoro atduwy
(0, B). ©étouue

B = {(1,t) |t € A}
npogoavde (0, B) € S, xat €€ oplopoy,
rE, (O:B) —reB= (VU)[T # (Ovy)] = ¢ Sa;
dnhadh xdbe M,-péhog tou (0, B) elvaw dtopo otov M,. Av (z,y), elva o
teheotig Slatetarypévou (edyous otov M, xat

f —og p{(ta (lat))a | te A}a
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t671€ 0 *bopog M, avayvwpellet To f og avtiotolyla Twv 8%o My-cuvdrev (0, A)
xau (0, B). 4

Me v avlgwropopguxt, éxgpacn «o M, avayvwpilet to f ... » evvoolue
6ttav A" = (0, A) xau B' = (0, B) elvar ta avuxelyeva mou exnpocwnolyv 6to
M, ta oOvoha A, B, xt av Bécouyue

f <=0 [CAXB& (Vze A')(TyeB)(z,y)ef
& (Vy € B)(Alz € A)|(z,y) € f],
t61e 1 oyeTIXoToinoN §(Ma) e 0 otov M, ainfedel. Ynoloylouol oyetixo-
TOLoEWY 6oy ouTH elval meplmhoxol, xat elvol YeHoLUo Vol dNULOVPYRCOUUE TNV
HAUTEAANAY «teyvohoyion Tou Ba pag emtteédet var anodelyvouue LW8LOTNTES TOUg UE
Toug eldytotoug pntolg unoloyioupovs. 'V autd 1o oxond, To uoxd epyaielo

elvon 0 e€rg mopadooiaxds ouuBolouds and ) yevixn Bewpla Tpotinwy: av o
M eival xbéopog cuvbwy xat 1 § npdtaom, Bétouye

M E 0 <= 1 0 adnfeiel 6oy M <= HM)
H éxgpaon M = 6 dwpdletan «o M elvar mpétumo tn¢ 6», ol enione «o M

avayvopiler 6t 0», «o M mioteler 61t §», w. ., 6nwg axolyetol xahdTepa.
IT.y. ywo x&fe Ledyog xhdoewy M, S xau xdbe Siwerr) ouvbixn E, éotw
Setuniv(M, S, E) <=, (Yu,v)[uEv=>u,v € M]
& (Vi)t e S=t e M]
& (Vo)[z e M =
(3X)[Set(X) & (VD)[t € X <= tE ]
N xdnwe neplmhoxyn nmpdtaon mou exgedlel 6Tt oo M, S, E anoteholv xbouo
ouvorwy. 'Eotw enlong
Rieger(M, S, E) <= (VY
= (X € 9[Y = bum(X)]]
— (VY)[(Set(Y) &Y C M)
= 3X e S)(Vte M)teY < tEX]],

)[(Set(Y) & Y C M)
(

n npbdtaon mov expedlel 6tL o M elvar xbéopog tou Rieger. Eivon npotdoels yio
we M, S xau E, ol onoleg umogel va aAnfedouv 1 va unv ainBedouy, eaptdtat
elte anbedouy elte 6y, oL epunvelec (oyeTxonotioeig) Toug 6’ évav xbopo M’
éyouv vonua, xou pall expedlovy 61t 0 M’ moteder dti oo M, S, E anoteloly
x60ouo tou Rieger! ITpoxdntel an’ autd uta mpogavic epdtnor, Tou €xel amhy
xot yerowun andviner, we e€hc.

B.17. Oedpnua. Eotw xdouoc tou Rieger My = M, 51, E, xAdoetc So C
My C My, xar uia Siuerijc ouvlixn Eq, tétota dote x Esy=—=z,y € M av

M = Setuniv(Ma, So, E3) & Rieger(Mas, Sy, E2),

1616 0 Mg = My, Ey, Ey elvar mpdyuatt xéouog tou Rieger.
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AnoAEl=H. . INa va Setoupe mpdhta ét 0o My elvar xbéouog cuvOlwy, Tpénet
va enadnfedoovue 4TL yia xdbe x € My,

(Y € Set)(Vt)[t €Y <= t € My & tEsz].
'Eotw € My. H npbtaon B.17 ainfedel otov My, epboov
M | Setuniv(Ms, So, Es),
mou onualvel 6TL undpyel xdmoto Yy € Sp tétolo Gote yio dha Ta t € My,
tE )Y, <= te M; & tEyz-

o ool o My elvan xbopog cuvohwy, undpyel xdnolo 6Ovolo Y tétolo hote
v OAa To t,

teY < te M, &tE Yy"

tehxd, ou B.17 xou B.17 poll ouvendyoviow avtd nou arnowtel n B.17 vy 1o
doouévo = € My xal xdnoto Y.

INa va Setéoupe 6TL 0 My eivar xbéouog Tou Rieger, mpénel npdta va BePord-
ocovpe 6t av Y C My, téte undpyet xdnoto Xo € Sy tétol0 HGOTE Yo Ghol T
t € Mo,

teY < tFky Xy,

xou xatémy va enoknfedoovue 6t ubvov éva tétoto Xo vndpyet. Enedq Y C
My C M; xar o M etvau xbopoc tou Rieger, undpyet xdmoto X € Sy tétolo
&ote v Oha ta t € My,

teY < tk X"

gpyalduevol atov My, epapudlovue v WLbétnta Tou Rieger yio tov Mo oto
Mi-cdvoro X1, xt autd pog Sivel xdnoo Xg € Sy, tétolo Gote

MiEMW)[te Mo=[t € X1 < tE;X5]]
and TOV UTOAOYLOUS AUTHC TNS OYETIXOTOINGNS TEOXUTTEL OTL
(Vt e M)t € My=—= [t E1 X1 < tE;X5].
Yroloytlovue tdpa yia 1o tuydv t € My C M;y:
teY < tE; X;,ané v B.17,
= tEy Xy ané v B.17,
nou teheldvel v anddelln tov B.17. To yeyovig b1t to mold éva Xo € Sy

weavornotel Ty B.17 yia xdfe t € My Selyvetar ye tov (8o tpdmo. -

I[TAPATHPHSH: X1tn oyetuxonoinon tng B.17 8ev alrd&ope xabdhov v mpd-
taon t € Ms. Ievixd, n oyetixonoinon uiag «tpntdyovng» tedtaong Tng Loppng
P(z1,...,2,) (mou exgpdlel 6t M opiotixh ouvbhxn P uavonoeliton and ta
OVTLXELUEVDL 21, ... , Ty) elvol M Bl Pz, ..., 2y,).

M’ auté to ankéd Bedpnua UTOPOlUE VO XATAGHEVACOVUE XOGUOUS UECA OF
xnb6ouoLg, UEoa G XOOUOUS, YENOLUOTOLOVTAS o xdfe 6Tddlo Tng xaTaoxeurg
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Wibtnteg Tou mpdTUTou Tou UOMG xataoxeudoope. o mopddeiyua, Bewpolue
10 e&vc Ibpioua touv B.16.
B.18. Ilpétaom. Yndpyet Z-F xéouoc M mou éyet axpifdc éva drouo.
AnoAEglsH. . 'Eotww ¢ dtopo, xat éotw
M. =00 {z | (Vt € TC(x))[~Set(t) =t = |}

n xAdon avuxeiwévoy tou otneiloviar and to {c}, énwe opicoue avth TV év-
vola oto IlpéBinua 11.38. Eivar edxoho va del&ouue 6t n xhdon M. elvon
petafoti, xar 6t yia xébe olvoro X,

XCM.— X € M,,

dnhad”) 61l 0 guoxdg xbouog M, €xel v WL6TNTa Tou Rieger xat and 1o B.11
elvaw mpdtuno g ZFDC: xou mpogavde, o M, €yel axplBdg €éva dtouo, 1o c.

Edxohn anddelln, epboov undpyel TouhdyloTov éva dtouo, tou lowe v undp-
YEL oAA& xat {owe v unv undpyet oto Bepeitaxd pog nedio W. Idvtwe undpyouy
ToAN& dTopa 6Tov x6ouo tou Rieger M, tou B.16, »t autéd mou mpénel vo xd-
vouue elvan va gpunveloovue tyv anédelln tne mponyoluevns napaypdpou cToy
x6ouo M,. H nhhpng anddeln eivar we e&hc.

'Eotw

&(M,S,E,c) <o, Setuniv(M, S, E) & Rieger(M, S, E) (B-3)
&—Set(c) & (Vte M)[t ¢ S=t = (]
n mpdtaom mov anowtel and o M, S, B, ¢ va €xouv Tig WBLOTNTES IOV Uag EVBLA-
(pEPOLY, XalL £€0TW
§ <=op (AM)(3S)(IE)(3c)p(M, S, E, c)

n nedtaon mou exgpedlel 6t undpyouy xdrowa M, S, E,c u’ autég Tig 8LéTnTEC.
Anodeilape v 0 and Ty undbeon 6tL uTdpyel TouAdyLoTOY Eva dTopo xat (Bé-
Bowa) ta adpata tng ZEDC. Aga auth 1 6 akndedel ot xébe x6ouo tne ZFDC
Tou €yl TOUNdYLoTOV €val dTtouo, xot eldxdtepa 6Tov M, Snhadt

M, 6.

Auté onpalvel 6t vdpyouv My-xhdoeig M, S, wa dperfic My-ouvBixn E xou
xénolto Mg-avuxeluevo ¢, tétola Hote

Ma = ¢(M, S, E,c),
xot edixdtepa,
M, = Setuniv(M, S, E) & Rieger(M, S, E)-
dpa, ané To B.17, n teidda M = M, S, E elvar xbéouog tou Rieger. Emmiéoy,
M,y E —Set(c) & (Vte M)t ¢ S=t =],
mou onualvel axpBog ot

M E =Set(c) & (Vt)[-Set(t) =t = (],
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0 Q-

A1AarpAMMA B.1. Avo Siaxoounuéva, un edpotwuévo ypogiuata.

2

10 ovunépooua mov Bélaue, 6t dnhadh o xbéopog M «uoteder bt umdpyet
axplBdc éva dtopo. =

Me 3udgopoug, amhole cuvduacuols tng texvxis tng anddeéng tou B.16
%t autig tou B.17, unopolue vo xataoxeudcovue xécuouvc tou Rieger mou
€xouv un edpalwuéva ovvola Slapdpwy Tonwy. Mepixd and ta npofhiuata di-
vouv mapadelyuata étolwy xéouwy. ESG Ha teploptotodue 6Ny xataoxeun Tou
Avtifeueriwuévou Kéouou A tou Aczel, mou meptéyel uia mhodoio mouahio un
eSpAULOUEVODY GUVOALY UE PUOLXT| oL EUXOAOVONTY SouY.

H agetnpia yioa tv xataoxevy tou A elvoar to Afuua Yuvunieong 11.36 tou
Mostowski, mou 3ivel éva «Soulxd» yapaxTneloud Twv ayvody, ESpalmUEVHY GUVE-
Awv. Liugowva pe to 11.35, Siaxdounon yeagpruatog G elvol évag entpuopplonde
d: G — d|G] térol0g Hote

d@) = {d(y) |y — =}, (z€G),
6mou — elvan 1 oxéon axpody tou G xou «— 1 aviiotpoyn oyéon,
Y — & <= 710 y elvou maudl tov T <= T — y.

KdOe edpouwyuévo ypdgnuo G emdéyetal axplBde ulo dtaxdounon dg, xal to
oyvé, edpatmuéva olvola eivat axplBdc Ghec ot Twée dg(z) autdy Ty dlaxo-
ounoewyv. MAnwg elvar duvatd va «Slaxoouroouue» Toug xouBoug un edpate-
MEVWY YRAPNUATWY, XAl VO XATAOXEVACOUUE U auTd TOV TEOTO Un edpatmUéva
olvoha mov oyetlilovtal Ue Ta Un ESpaLmUEVA YpaphAUaTa axplBds dTws Ta oYV,
edpatwuéva ovvoha oyetilovtol Ue To eSpAlMUEVO YRAPHUATA;

B.19. Apy? Avtibeuehiwong, AFA. Kdbe ypdonua emdéyeton dtoaxdounon.

Yto Awdypaupo B.1 éyouue mpooxolifioel toug x6ufoug dUo un edpotwug-
VOV YROPNUATOVY TS TULES TV UOVASX®DY Toug Slaxooufioewy, deyduevol 6Tt
undpyouv Tétoleg Yovadixég dtaxoounoetls. And Tov oploud «Slaxdounongr,

0O={Q}, Q'={0,0%, 0>={Q'}

Smhad o 2, O, Q2 elvar T «tpayxd anoyonteLTXd Sbpar Tou 11.32. Ava-
PEPOUAGTE EOG «GTOY AMOYONTEVTLXA dDPA XAl OYL «GE XATOLO» ATOYONTEVTLXA
ddpa, eneldy) oL e€lomoelg B-3 —A ta ypaphuoata tou B.1— yapaxtnpilouv autd
o oUvoha and to AFA, wg e&xc.

B.20. IIgétaom. (AFA) (1) Yrdpyet axpifdc éva otvoro Q mou elvar to uo-
vooUvolo tou eautod tov. (2) Yrdpyet axpifdc éva (elyoc ouviiwy Q, 02
térowwy dote Q1 = {0, 0%}, Q2 = {Q}.
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AnoaEIEH. . (1) Av X = {X} xow Y = {Y'}, té1e uropolye va Staxocur-
GOLME TOV PovVo xéufo Ttou ypaphuatog 6to Audypauuo B.1 elte ye 1o X 7
ue to Y- epboov autd to yedonua emtdéyetal axplfdc ula Staxbounon and to
AFA, cuunepaivouvue 61t X =Y. H anddelln tou (2) eivon mapduolo. -

H @ovaduétnior g Apyfc Avtibeuelimwone AFA nou yenoilponoticaue o’
auth v anddeldn pag enttpénel va xaboploovue xol vo ueAetioovue T doun un
eSpatwuéveny cLVOAwY UE dldgopeg BLOTNTES, XL an’ authv mpoxdntel To xpLo
mheovéxtnua tou avilfeuyehiwuévou xbouou A évavit ToAGV AV TpoTinmY
ToU TEPLEYOLV U1 edpatmuéva aivora. Ilpoywgolue tdpa 6Ty xaTaoxELY| TOU.

B.21. Opiopés. Toviouévo ypdgnua (pointed graph) eivon éva Ledyoc (G, pg)
yeaghiuatog xar x6uBou tou, Aentouepéotepa éva Sounuévo ocivoro (G, —¢
,PG), 6Tov pg € G xow ) —¢ elvan Suuedic oyéon oto nedlo G. O Saxexpiuévog
%#6uPoc pg elvat 0 TGvog 1 10 oNUELD TOU TOVIGUEVOL YEAPHUATOC.

B.22. Ewéves. 'Eva toviouévo ypdgnua (G,p) etval euxdva cuvélou A, av
undpyet xémnota Staxdounon d : G — d[G] touv G tétowa dote dg(p) = A. H
xaAVoVLXY euxdval oyvol cuvélou A eival 1o Toviopévo yedgnua (TC(A), 3, A),
6mou to TC(A) elvan 1 petafotind xAetotdtnto Tou A xou 1 3 elval o nepLoplopde
Tou avilotpogou g ocuviixng € oto TC(A). Elvaw emxdva touv A autd to
dounuévo oivoro, ereld’ N ouvdptnon tavtétntag d(z) = z mpoavdg elvol

dtaxbouncy tou, A € TC(A) xau d(A) = A.

B.23. Ioopopyiouds uetall Vo ypagnudtov G, H eival g aviiotoylo 7 :
G — H tétola tote

z—gy < w(x) = 7(y), (2,y€0),

xal Loopopploubs Toviouévey yeagnudtev (G,p), (H,q) elvow évac Loopopel-
oube m: G — H Tov ypagnudtwy, tétolog dote (p) = q¢. To G elvon woopop-
@uxd pe To H av undpyel toouopplopés m @ G —» H Ttou xatdAinhou eldouc.

Yrdgyouv moAAG TopadelyoTa Un LOOUOPPIXAY, ESQALOUEVWY, TOVIOUEVWY
Yeagnudtey mou ewxoviCouv To (8to clvolo, m.y. autd oto Aldypauuo B.2,
6mou éyouue mpooxoljoet oe xdfe x6uBo Ty T g Yovadixrg dtaxdoun-
ong. And v &M uepid, av éva toviopévo yedenua (G, p) emdéyetar puévo ula
dtaxbounon dg, téte To clvoro A = dg[G] o mpémet va «avtixatontpllew xd-
mota onuaviixf otafepd tou (G, p). O enduevog Baocixde oploude culhauBavel
vty ™) otabepd.

B.24. Opiopés. Mpooopoiver (bisimulation) (uetagd) dvo toviouévey ypeo-
pnudtev (G, —ag,pa) xou (H,—g,pm) elvo wa oxéon R C G x H mou cucye-
tilel toug Tévouc, dnhadh pa Rpm, xou eniong ixavonotel ) ouvenayny!
2Ry = (Yu g— z)(Fv g— y)uRv (B-4)
& (Vv g—y)(Fu g— z)uRv.
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¢ o o 1{0})

b {0} B {0} 7 {0}
/N

Cc

AIATPAMMA B.2. Mn toouop@ixd, npocduola, edpolwUéva ypophuata.

A1ATPAMMA B.3. TTohég exxdveg tou Q : 1o (L, a) o xébe (N, n).

Ta toviouéva ypagfuata G, H elvoar tpocdpota (bisimilar) av undpyet ntpoco-
uolwon uetald toug,

G =ps H <4, (AR C G x H)[n R elvaw mpocouoiwon).

'Onwe ndvta ye Sounuéva obvoha, Ho avagepduaote 6To «ToVIGUEVO Ypdgnua
G», ywplc enth wvela e oyéone axudv —¢g K Tou Tdvov, Otav autd elvor
npo@avy 1 dveu Wialtepng onuaciog — b6nwe NN xdvoue otnv B-4.

B.25. "Aoxnom. Ioouoppixd, toviouéva yoapruata eivat npoocduolad, 6nws enl-
on¢ mpooduota elval xar ta Uy LOOUOPPLXd, ESPALWUEVA XAl TOVIOUEVA Ypupl-
uata tov Araypduuaroc B.2.

B.26. 'Aoxnom. Av o a eivat edayiotinde xoufoc tov yeagruatoc G xat o b
elaytotixde tou H, té1e 10 {(a,b)} elvar npocouolwon uetall twv toviouévwv
veagnudtwy (G, a) xar (H,b).

B.27. 'Aoxnov. Eotw L to yedgnua «uiag Oniide» oto uovooivoro {a} ue
) wovaduy axuif (a,a), xa éotw oTo olvolo twy puoxdy aptfudy N 1 oyéon
AXUDY TOU ETOUEVOU,
N —s M o n+1=m.

Aeiére 6t 1 oyéon {(a,i) | i € N} elvar mpooouoiwon uetall twv (L,a) xot
(N,n), yia xdbe n.
B.28. Avupa. H ouvdixn =ps eivar ouvdixn tooduvauias oty xAdon dlwy
TWY TOVIOUEVWDY YouPNUATWY.

ATIOAEIEH. . And tic Tpels yapaxtnolotxég 8tétntes ouvlnixne Leoduvapulog
(6nwe v oploape oto 12.42), ubvo 1 petofotxdTnTa TN =ps deV elval Tpo-
pavig. T tpla toviouéva ypaghuata Gy, Gz, G3, xaL 30GUEVES TEOGOUOLHOELS

[IpoxataptHTLXny 21 €udoor, yepdtn A&On, Méptiog 2007



264 YHMEIQXEIY ¥TH X YNOAOOEQPIA

R, petall tov Gy xouw Gg ot Ry petalld twv Ga xou G, é0tw
TRz o (Fy)zR1y & yR22]

TO «yLVOUEVOY TV oyéoewy Ry xoau Ry. Ipogavde n R ovoyetilel toug tévoug
p1 xat p3 Twv G xou Gg, enedn py Rips o pa Raps. Av x Rz, 161e undpyet
xdmowo y € G tétoo dote x R1y xon y Ro 2 yia xdbe u 1 x, undpyet (and v
B-4 vy tqv Ry) xdnolo v 2 y tétolo Hote u Ry v xal and v B-4 yia v Ry,
undpyel xdmoto w 3+ z tétolo hote v Ryw, mou pall ye v uR;v Befoudvel
6t uRw. To emyeipnua delyvel to uied e B-4, xat to diho utoéb eivat e&loou
edxolo. -

Omnhiopévol u autodc toug oplouovs, umnopolue Topa vo Setfouue 6T yia
x&fe edponwuévo yedgnuo G xau xdfe x6uPo p € G, o Wibtniee tov (G, p)
nou aviixatontpiloviar oty Ty dg(p) g vovadixfg tou Staxdouncrng elval
axplBdc ot WLétnteg Tig onoleg oéfetal N ouvhixn Tpooouoiwong Toviouévmy
YROUPNUATOV.

B.29. Oecodpnuo. 'a dda ta edpaiwuéva yeapijuata G, H ue Siaxoouijocis
da, du, xat yia élovg toug xdufous p € G xat q € H,

da(p) = du(q) <= (G,p) =ns (H,q).
AnoaEglsH. . Ipdta Selyvouue ét n oyéon
R={(z,y) € Gx H |dg(x) =du(y)}
LXO(VOTEOLE{. TT‘V B-4:

2Ry = {dg(u) |u g— 2z} = {dg(v) | v g} and Tov op. Staxdounong,
= (Vu g— z)(Fv g—y)lda(u) = du (v)]
& (Vo p—y)(Fu g z)lda(u) = du (v)]
= (Vu g— z)(Fv g— y)uRv
& (Vo g— y)(Fu g— z)uRv.
Suvéyetaw 6t ov p € G, ¢ € H xouw dg(p) = du(q), téte n oxéon R tnc B.29
pavepdver 6L (G, p) =ps (H, q).
INa to avtiotpogo, unobétovue mpog anaywyR oe dtono bt To p elvon ela-
ytotixd oto G tétolo mouv va undpyel xdmowo ¢ € H xat xdmota npocouolwon

R petadld twv toviouévey yeapnudtev (G,p) xou (H,q), ad& dg(p) # du(q).
Ané tov oploud npocopoiwone, (Yu g— p)(Fv p— q)uRwv, dpa

(Vu = p)(Fv g— q)lda(uv) = du(v)]

and Ty emthoyh Tou P, xau We Tov (8o tpéno, (Vv g— q)(Fu g p)[dg(u) =
dp (v)]. HpoxVntel 61 dg(p) = du(q), mov aviitibetaw oty emthoy? tou p.

Xopaxtnpiotixd g apyfic AFA elvan 61t Slvel to (8lo anotéreoua, alhd ue
tehelog SlapopeTinny anddelln,
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B.30. Osdpnua. (Aczel) (AFA) INa dAa ta yoaghuata G, H ue avtiotoiyec
(uovadixéc) diaxoouroeic dg, dm, xar yia dlovg touc xéufouc p € G xa
q€H,

da(p) = du(q) < (G,p) =us (H,q).

AnoAEI=H. . H xatedBuvon and ta apiotepd ota delid tng ouvenaywytg
B.30 3ctyvetan axplfdg énwg oto B.29, epbdoov autd 1o uépog tng anddeténg
dev yenowwonoinoe ) Beuehinon Twv Soouévwy yeapnudtomy.

Il ™y Ay xatevBuvor, unobétouue 6Tt ol oyéoelg axuody tov G xow H
elvat ot —¢q, — g %o 6Tt n R C G x H elvou mpooouolwon yetald twv G xou
H. Oewpoipe to 6Uvolo R wg toviouévo ypdenua, ue tévo tov xéufo (pg, pr)
%ol OYEOT AXUDY TO YLVOUEVO TWV —q XAl —H!

(paq) - (U,’U) <:>op D —gu & q—HW.
H opyty AFA eyyudtat 61t undeyet axptfdc ula Staxdounon dg tou yeoagpruatog
G, W autv optlouye oto R 11 ouvdptnon
& (p,a) =op da(p),
xou unoloyilouvue:

z € di(p,q) < z € dg(p)
= (Bu gz = do(w)]
<~ (Ju g—p)(Fv g— q)[uRv & = = dg(u)] (B-5)
= (A(u,v) — (p,9))[z = dé(u,v)],
6mou 7 Looduvapio-xAeldt B-5 toylel enedn n R elvan mpoocouolwon, pRq, o

EMOUEVWLS YLa x&0e u g« p, uTdpPYEL XATOLO V Fr— ¢ T€TOL0 Gote uRv. Tuvd-
yetow 6L 1 ouvdptnon dE elvon Staxdounon tou R, xou n avticTolyn enéxtoon

dllg (pa q) —op dH (q)

e Staxdbounonc dg tov H elvon entong Slaxdounon touv R, ue avdroyrn and-
delén. ‘Apa, and to AFA, yia xd0e (p,q) € R,

da(p) = d&(p,q) = dis(p,q) = du(q),

ToU TEAELOVEL TNV anddEd. =

Autédg o yapaxtnplopdc Ty Wlothtey tou (G, p) Ttov avixatontplloviol otny
Tt dg(p) urodelyvel Tov Quowd Tedmo xutaoxevic Tou xéouou A.

B.31. O Avubeuehwpévog (antifounded) Kéopog. ‘Eote
Ao =op {(G,—a,pa) €V |—=c¢ CG xG & pg € G}

N XA4oN TV TOVIOUEVLY Yeagnudtwy ot ayvd, edpatwuéva obvola. Lty Ay
optlovue ™ cuvb

(G,pa)eo (H,pr) <=0p (3¢ € H)[q u—pu & (G,pa) =bs (H,q)],

TapahelnovTag TG OYECELS axu®Y and To GUUBOALOUS.
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Mopatnpoldue npdhta 6t n €9 o€fetol TNV Tpocopolnen:
GieoHy & Gy =ps G2 & Hy =ps Ho = Goeg Hs.

Il v anddelln, vnobétouue 6TL oL —1, pi elvaw N oyéon oxudv xoL o Tévog
tou Hi, ot magopolwe Ye to —2, p2 Yia t0 Ha. H unébeon tne B.31 pog Sivel
*ATOLO 1 14— P1 TETOLO DOTE

G2 =bs G1 =bs (H1,¢q1),

xat xdnota tpocouoiwon R uetald tov (Hy,p1) xat (Hz,p2). Anéd tn Boocuxd
WBLETNTA TPOCOUOLDOENY, UTAPYEL g2 2+ Ha tétolo dote ¢ Rgo- dpa n R el-
val tpocopotwon petald twv (Hi,q1) xou (Ha,ga), xou and tnv B.31 xou 1
petofoatixdtnta Te ouvBhixne =ps, G2 =ps (Ha, g2), dpa Gogg Ho.

Kébe G € Ay elvan ayvé, edpatwuévo atvolro (uta tpdda oto V), axdun i
av elval un edpatwuévo we yedpnua, xat 1 cuvirxn meocouolwong =pg elvol
ouvBRixn ooduvaplag otny xhdorn Ay and 1o B.28. "Apa, and to Ilpdfinua
x12.45 npoxintel 61l Undpyel 0ploTiXdc TeAeaTS o o elval TpoadloploTinde
Yo THY =ps, ONAad?| yia 6ha 1o G, H € Ay,

G =ps H < a(G) = a(H).
To nedio tou avtfeuehwuévou xbouou eivat 1 xAdon-mniixo e Ay and v
=bs;
A =5, {a(G) | G € Ap}.
Oftovue
TeYy o (3G, H)[z = a(G) & y = a(H) & Geo HJ,
ue enixinon tou B.31, xau tehixd opilovue tov Ayvé Avulbeuchiwuévo Kéouo

p , ) , , .
g ™y tetdda A, A, £. Oa avagepduacte 67 autdy Ue To dvoua Tou Tediov Tou
A, nou elvar eniong xou n xhdor cuvbhwv tou — dev vndpyouv dtoua otov A.

B.32. Oedpnpa. (Aczel) (AC) O A eivar xdouoc tou Rieger, nou txavonotel
emnAéov v Apyh Avtibeuedivwone AFA, to Aélwua Emidoyric AC xar tpv
Apx1 Ayvéryrac.
Anoari=H. . H Biétnro-xhedi tov A elvar 6t yia %86e ypdgnua H € V ye
oyéomn axudy — g xou xdbe xéufo p € H,
bu(a(H,p)) ={a(H,q) | ¢ n—p},
mou Selyvetan W’ évay amhd untoloyloud:
z € bya(a(H,p)) <= (3G € Ay)(3q g p)[z = a(G) & G =ps (H, q)]
— (3¢ u—p)lz = a(H,q)].
A’ autd npoxintel apéowg 6t x8be b 4(x) elvor odvoho, xal enopévac 1 TpLéda
A elvar xbéopog ouvéhwy.
T va del€oupe v Wétnta Tou Rieger, unobétouue 61t Y C A o (arnd to

AC), emMéyovue yia xdfe y € Y xdnoio toviouévo yedonua G, € Ay tétolo
oote (1) a(Gy) = y. Avuxobiotdvrog xébe G pe xdnoto teopop@ixd avtiypapo
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(av ypetdletan), unopolue va Befordoovue emmhéov 6T (2) y # 2= G,NG, =
0, xou yia xdbe y €Y, (3) 0 ¢ Gy. 'Ecto
H = U{GylyeY} u {0},
U—g U 0 (WEY)u—yvV(u=0~&v=p,)),
OTOU TAL —, oL Py elvor M oyéomn axuic xal o tévog tou G, To tovicuévo
vedonua H ue oyéon axuic — g xou 16vo B avixel tpogavde otnv xhdon Ay,
xou vy xéfe y € Y,
(Ha py) —bs Gy
and TV (TeTpLuUév), TavToTxR) Tpocouolnon
{(u,v) e Hx Gy | u= v}
dpa, and Tmv B.32 xau Tov oploud,
ba(a(H,0)) ={a(H,q) | ¢ n— 0}
={a(H.py) [y €Y}
={a(Gy) |y €Y} by B-5,
=Y.
T vo del€oupe 0 wovadixdtnta tou aH), unobétouue 61t 1o H' elvan tovi-
ouévo ypdonua otny Ag pe oxéorn oxudy —’ xat 16vo ¢', tétowo dote
GegH < a(G)eY.
Ané v B.32 nd,
ba(a(H',q')) ={a(H' q) | ¢'—q'}
={a(H,py) | y € Y},and v undbeon,.
‘Apa, yia xdfe y € Y,
y=a(Gy) = a(H,p,)ea(H),
xau (e enixhnon tou AC) unopodue va emhéZovue xdnoto gy “— ¢’ xou xdmola
npocopolwon Sy petald twv (H,p,) xa (H',q,) xa aviiotpdgng, pe to dlo
emyelpnua, yo xdfe ¢ — ¢’ unopolue va emhégouue xdnoto Y, € Y xou xdmota

npocopolwon T, uetalld twv (H,q,) xa (H',q). M’ avtéc tig emdoyée eivan
evxolo va emainfedcovue 6TL 1) évwaon

R=U{Sy |py =0} U{T, |q¢"—d}Iu{(®,q)}

elvat mpocopolwon wetald Tov H xou H', dnhadh a(H) = a(H').

Telxd, yia va Selgovue 6Tt 0 xbopog A wxavorotel v apyry AFA, éoto G
yedgnua otov A ye oyéon axudy —q € A. I'a va xataoxeudoovue diaxdounon
tou G otov A, apxel va oploovue évav A-tekeots| §, tétolov dote

A= (Vp € G)é(p) = {6(0) | ¢ c—p}],
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epboov o A eivau Z-F xbopog xar «yvogeilew and my B-5 61t 0 neploploude tou
6 oto G elvan ouvdptnor, xou enouéveg dtaxdounor touv G. Oétouue
H =, bs(G) eV,
xou opllovue oto H 0 oyéon axudv
T —HY o AET =gy, (2,y€H),
mou enlong avixel oty V. o xdbe p € H, Bétouvue
6(p) =op a(H,p) € A, (p € H)
xat utohoyllovpe:

ba(8(p)) ={a(H,q) | ¢ e p},  omd v B.32,

{a
{a(H,q) | A= q g— ptby B-5,
={6(q) | AEqg—p} onbd v B-5.
Me dAha Aéyia, yia x&0e pe G,
zed(p) <= A (g ¢—p)lz =6(q)],

, .
mou elval toodvvauo ue Ty B-5.
Anopéver va 8etouue b1t to G emdéyetar o TOAG ulo Staxdounoy otov A,

5 , ' (2 ’ , , ! 1 7
xa YU autd apxel (dnwg mo Tévw) vo BeBatdoouue bt av o § elvan A-teheotic
T€TOL0C OOTE

AE (VpeG)¢(p) ={8(a) | ¢ a—p}

t6te §'(p) = 6(p), v xébe p € H. Ymobétovue 61t o § wavornotel tyv B-5,
emthéyouye (and to AC) toviouévo ypdenua H, ue tévo 1, yia xdfe p € H,
T€TOL0 DOTE

6/(]7) = a(H;xl;)7 (p € H)’
xou emimiéov pubullovue Tig emAoyés Omwe oty amddelln tng WLéTNTAS TOUL
Rieger étoL mou autd to ypaghuoata vo elvar Eéva avd dbo. Av H' = (J{H,, |
p € H} elvan n évwot toug, 161e

5/(p) = a(H/an)v (p € H),
epboov 1 tautotixh oyéon {(q,q) | ¢ € H} elvan npocoyolwon petald twv
(Hp,rp) xou (H,rp). Apxel téhpa va del€ouye 6L 7 ayéon
R=c, {(p,s) € Hx H'|a(H' s)=6(p)}
elvar mpooouolwon uetald twv (H,p) xar (H',rp), yio xdbe p € H: autd Ha

tedetdoel ™y anddeldn, enedd yia x8e p € H, a(H',r,) = 8'(p), dpa pR7p,
2O ETOUEVWG

6(p) = a(H,p) = a(H',1,) = §'(p).
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T va det&oupe To Aydtepo edxolo pépog TN TpdTacTc ota TAdYL, £0Tw —'
N oyéon axuic Tou H' xai é6t0 pRs. Yroloyilouyue:
t'—s = a(H t)ea(H,s)
= a(H',t)ed' (p), eneldf pRs,
=yl xdnoto ¢ g p,a(H',t) = §'(q),an6 tnv B-5,
= Yy xdnowo q¢ g« p,qRt.

To Allwua Enhoync ouvdyetar and to B.14 xow  ApyxR Ayvotnroc eivan te-
TEULUEV. -

IpoBAjpata yia to Kegpdiaro B

xB.1. Acetée 6Tt yia xdfe xbéouo ocuvébhov M = M, S E, to aliduota ylo
opLoTixég ouvBrxeg xat tehectéc Tou 3.18 adnfedouy, oV AVTIXATAGTHACOVUE G’
aUTd «UVOTUTY YE < M-cUVBTUN, TteheoTthgr e «M-Tedeothor, € ue B, Set ue
S o (Vy) we (Vy € M).

*xB.2. Yrnobétouue 6t Ledyn xar Kopteotavd yivéueva éyouv oplotel ue to
Levyog Kuratowski tou 4.2, Aeife én [, ,{No}" ¢ Z »ou ovunépave 6 7
axbdhovbn mpdtaon dev eivon Bedpnua tne ZDC: yia xdfe odvolro A, urndpye:
ouvdptnon f : N — f[A] téroia dote

FO0)=Ax A, f(n+1)=f(n) x A.

*xB.3. Adoe opiopd tekeotd (z,y)  ue tic e€hc Widtnrec: (1) (z,y) elvon teke-
othc Ledyoug, dnhadh ixavorotel Tig OP1 xar OP2. (2) Av X, Y € Z, t6te xou
t0 ywouevo X XY avixet oto Z. (3) T xdfe A € Z, av oploovue v évwon
U2, A™ u’ auté tov tekeoth Ledyoug, téte (o, A™ € Z.

*xB.4. Aci&e 6t n ouvenoywyh OP1 = OP2 8ev eivar Oedpnua g ZDC yia
x&fe oploTind teEXeoTh (,y).

*xB.5. Act&e 6t av 1o [ elvon petafatind obvolo, t6Te
Ae M(I)=TC(A) € M(I).
xB.6. T %xdfe I, opilouvue ta clvola K, (I) pe tqv avadpout
Ko(I) =1, Knp1(I) = Kn(I) UP(ER(I)).

Acelle 6T
My (1) € Ko(TCypn (1)) € M(1),
6mou 10 TC,(I) o to M, (I) opilovtar and v 11-16 xou v 11-18 avti-

OTOLYA.

*xB.7. Bpec xdénoto I DO Ny tétowo dote TC(I) ¢ M(I). Xuunépave bt n ZDC
dev anodelyvel 1t «xdbe olvolo éyel petaPatixnf xhetoTdTnTan.
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*xB.8. H ouvenaywyr C1 = C3 dev anodeiyvetar yia xdbe opiotixd teheoty|
TAnbudntac |A| oy ZDC.

*xB.9. H ooduvauia oto IpdBinua x11.7 dev elvar Bedpnua tng ZDC.

*xB.10. Aeybuaote 10 nifpes Alloua Enthoyhc xat ) Tevixevpévn Yndbeon
Tou Yuveyoig, étol Tou Yo bhoug toug TAnbapibuoug Kk, 2% =, kT. Aelée 6T

m—N,)CZ (n—R,)¢Z.

Svunépave 6t ZAC Sev anodetyvel Ty Vnopln drepne, adZovoag axolovbiog
dnelpewv ThnloptBumy, dnkady Ty npdtacn

0:(3f: N — f[N]))(¥n € N)[N <. f(n) <. f(n+1)].

*xB.11. Acetée 6t 1 ZDC Sev amodelyvel Ty medtaon «0 xohd dloteToryué-
VoG Y®pog TV puoxdy aptiudv N elval 6uotog ue xdnoto dtataxtixd aptbudy.
YTIOAEIZEH: Xpnotyonoinoe to x12.27. To Aiydtepo edxoho uépog tng amnd-
dei&ne elvar o umoloyioude Tng oyetixonoinong auThS TG XAMwe Tegimhoxng
npbdTaong N ndg vo anogevybel autd.

*xB.12. (AC) Actée 611 n ZFC dev anodelyvel v Unopln Loyupd anpdoltwy
winfoplBuwy. YHOAEIEH: Ilgog anaywy?h oe dtomno, epufivevoe to IIpbBAnua
6ToV x60U0 V., 610U K elval 0 eNdyLloTtog, Loyved anpboitog TAnbdelbuog.

xB.13. Teleothg dratetaypévou Lebyoug otov xbouo tou Rieger M, eivau
évag Siuehic M-tedeothc C tétolog dote yia 6ha o z,y, 2,y € M,

Clr,y)=C(z',y) &= z=2"&y=1y.

Kagteoiavd yivéueva xow ouvaptnolaxol ydeotr opilovtal ye tov guowxd tpbmo,
oyetxd ye tov C:

Axg B =o p{C(z,y) | tEA,yEB},
(A—¢c B)=gp{f eM | (VtEf)[tEA x¢ B]
& (Y2 F A)@Bly EB)[Cle,y) E A},
6mou p(Y) elvar o tedeotiic Tou Rieger v tov M, mou opiooue oty B.10.

AcelZe 6t autol ou optopol éyouvy vénua (dnhadh o p yenowwonoteltan cwotd),
xot enouéveg ot A Xo B xaw A —¢ B elvon M-tekeotéc.

*xB.14. 'Ogioe tpLd8eg, Sounuéva 6UvoAa Xal CUGTAUATA PUOLXGOY aELBUdY o
doouévo xdouo tou Rieger M, oyetxd pe doouévo tekeoty Lebyoug C(z,y) Tou
M. Awtinwoe tg Apyéc Emioyrig DC, ACy xat AC u’ autég Tig évvoleg, xal
deie 6T 0o xbopog tou Rieger M wxavonowel ty DC, x av to AC ahnbevder,
t6te o M entong weavonotet to AC.

xB.15. Aciée 61 0 xéouog Tou Rieger M, tou B.16 éyel évay tekeoti Ledyoug
C tétowov Gote v bl Ta , Y, to «Lebyogr C(z,y) va elvan dtoyo.
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*xB.16. (AC) Kataoxebaoe évav xéouo Rieger M mouv va ixavomotet tg e€hg
d%o anatthioets.
(a) Yrdpyet Siuerfc, oplotind cuvbhxn <, mou dlatdooel xahd v ¥Ador TV
atépmy, dnhadh tétowa dote (1) yia Sha Ta dtopa a, b, ¢,
a<a, [a<b&b<c]=a<c¢ [a<b&b<al=a=c,

(2) v 6ha T dToya a, b, elte a < b A b < a, xou (3) x&Be un xevé cdvolo
atéumy yel <-eAdyloTto uéloc.

(b) Kdfe odvoho X elvon tcominfixéd ue xdmoro <-apyixd tufua atéuony,
dnhady yia xdmnoto dtouo b, X =, {a | Atom(a) & a < b}. YHOAEIEH: Kdve
Toug Sataxtixolc aplbuolc dtoua oe xdnolo xbécuo Tou Rieger.

*xB.17. 'Ogioe évav xéouo tou Rieger mou va €xel Toukdytotoy dGo Sagopetind
«auTopovoclvohar, dnhadh olvola a, b tétoa dote a # b, a = {a}, b = {b}.
YTIOAEIEH: Apyloe pe xdmolo x66uo mov va €xel ToLAdyLoTov SVo dTopo Xl
MUACOL TNV XTaoXELY] avTlxotonTplopol tou B.16.

*xB.18. 'Ogloe éva xb6ouo tou Rieger mou va meptéyet ulav dnetern axoroudia
SLAPOPETIXAY GUVONWY T, T1, ... TéTOLWY Gote yia x&be 4, z; = {x;y1}.
xB.19. 'Eoto ypdgpnua G xau p € G évag x6ufog tou, xot £€6Tw

Glp={reG|z=pVp= =z}
T0 6OVOAO TOU TEPLEYEL TO P XaL OAOUS TOUg XxOUPBOUS GE XETOLO UOVOTATL TOU

yeaphuatog mov apyilel ue to p. Oswpolue to G [p weg wroypdgnuor touv G,
ue Tov meploptoud g oyéong axudyv —¢g oto G [p. Aele 6t

(G,p) =bs (GIp,p).

B.33. Opiowds. Mepuxh (partial) mpocopoiwon uetall dbo ypapnudtony G,
H eivan pia oyéon R C G x H mov elvat tpocoupolnor HeTald TmwV TOVIOUEVKDY
yveapnudtov (G,p), (H,q), v xdfe (p,q) € R elvar ohuxn (total) mpoco-
polwor, av emniéoy

(Vo€ G)(Fge H)pRq & (Vg€ H)(Ip € G)pRqg.
Avbo ypapAuata elvar tposdpota (bisimilar) av undpyel ohxy mpocopolwon
petadd touc.

xB.20. T xdfe Lebyog ypapnudtwy G, H undpyet puéytotn (olugponve pe ty
Q) npooopoiwon R uetalld twv G xouw H, xaw G =ps H té1e %ot pévov av outh
N L€YLoTn Tpocouolwon elval o).

xB.21. Abo ypaghuata G, H elval tpocduota téte xan wbévov av yla xdbe p € G
undpyet xdmoto ¢ € H tétolo dote ta Toviopéva ypaghuata (G, p) xou (H,q) va
elvan tpooduota, xou aviiotpopa, xébe (H, q) elvan tpocduoto pe xdnowo (G, p).

xB.22. (AFA) Aci{&e 6t undpyovy dapopetixd ayvd olvola z, ¥, 2 Tétowa HoTe
royY>z3w,

xat oyedlace etxdVeES TOUG.
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*xB.23. (AFA) Acie 6T undpyouv pévo do petafatind, ayvéd govocsivola.
oo petafatixd, ayvd diebvora undpyouv; Yyediooe exxdveS TOUC.

xB.24. (AFA) Me to Lebvyoc Kuratowski, 8elle éti undpyet ayvé cldvoro x,
T€TOL0 DOTE

T = (0’ x)v
%ol oyedlooe exxdva Tov.

xB.25. (AFA) Me to Lelyoc Kuratowski, deile 4ti undpyel ayvé olvoro z

téT0L0
z={(n,z)|n€ N},

%ol oyedlooe exxdva Tov.
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2.5. H tavtotixf, cuvdptnon (x — z) gavepdvet 611 A <. A. Av f: A— B
xat g : B — C, t61te 1 oOvbeon h(z) = g(f(x)) elvaw povopopgpiouds and to A
oto C, dpa A <. C.

2.8. Ané v unbbeon éyovpe A <. N xou B <. A, étoL tov B <, N.

2.9. Av to A elvar xevé, t61e B = f[l] = 0. Av 10 A Bev elvar xevé,
t61e undpyel empoppopds i N — A 1 oOvleon h(i) = f(n(7)) elvan enlong
emop@lopds and to N eni touv B, xou enoyévwe to B elvou aplburoiuo.

2.20. 'Ectw f: A — B avtotoyla, xat 7 : P(A) — P(B) 1 cuvdptnon

m(X) = fIX] (X € A).

I va detZovue 61l ) 7 elval Loouopploude, apxel vo TapaTneRcovue 4Tl av
€ X\Y, t6te f(z) € fIX] buwg e yivetow va éyovue xau f(z) € f[Y] dibt
av f(z) = f(y) yia xdmoo y € Y, té1te y = = agol n f elvon .oouoppLopds ot
€woLx =y €Y, mou dev oyvel. Apa

z € X\Y = f(z) c fFIX]\ F[Y],
Ol GUUUETELXA,

yeY\X= f(y) € fFIY]\ F[X].

Aré Tic 800 ouvenaywyég éneTon bTL

X #Y = fIX] # f[Y],

dnhadh n T elvon Loopop@Loude.

I va del&ouue bt elvan xou entuopyplopde, yio doouévo Y C B, éotw X =
F7Y] onére apéowe malpvoupe fIX] C Y- buwg, eneldh 1 f elvon empoppioude,
%x40e y € Y elvow n ) f(z) xdmowov z € A, xou 1oL z = f1(y) € X, ondte
f[X]=Y.

2.23. 'Eotw avtotowyles f @ Ay —» Ay xau g : By —» By, Ta %86e
p: Ay — By, Bétouvue
7(p) = q 6mou yio x80e = € Ay, q(z) = g(p(f(x))).
273
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Ay

p

g9
By

By
AIATPAMMA 1. Addygaupa yio tnv ‘Acxnon 2.23.

Me Alyo Adyta, 1 g elvor 1 povaldixy| cuvVAETNoN TOL XdveL TO SLdypouud TNy
Ewoéva 1 uetalbetind, dnhadt

g(p(z)) =a(f(z)) (2 € A).

Tapabétovue Tig Aentopépeles Tou Layvplopol (tou gaivovtal and to Séypouuo)
yiow va elvol mAieng n anddetén,

T va eMéyZoupe 6tL av p @ Ay — By, téte 7(p) = ¢ : As — Bs, unoloyl-
Coupe:

reAy— fx)e A
= p(f (z)) € Bi=>q(z) = g(p(f'(x))) € Bo.

H anédetén 611 m elval avtiotoryio elvon topduota pe authv otny ‘Acxneon 2.20
yio Tat SuvapooUvola, buwe Ayo mo omAy.

Apywxd, av p1,p2 : A1 — By xou p1 # p2, 161 undpyeL xdnoto y € A; tétolo
mou p1(y) # pa(y). Av x = f(y), 161 ypnowonoldvTac To yeyovég 6t L
elvaw Looyopyploude,

p1(f 7 (2) = p1(y) # p2(y) = p2(f ' (2)),

%ot €Tol, epopublovTag TNV g xal oTLS 3V0 UEPLES XAl YPNOLUOTOLAVTIS TO YE-
yovég 6L elval Loouopploude, cuvdyouue 4T

m(p1)(z) # m(p2) (),

xat enouéveg m(p1) # m(p2). 'Etoy, n 7 elvan toopopproude. T va ehéyEouue
6t elva xau empopplopbde, opilovue yia xébe g : A — Ba ) ouvdptnon

py) =97 (a(f(y)) (y € A),
étoL mou p : A1 — By, xou vy xéfe x € Ao,
m(p)(x) = g(p(f~(2))) = g(9™ (a(f(f " (2))))) = a(2).
Tehxd m(p) = g xou 7 elvan enpopLopde.

3.9. Ilpénel va del&ovue 6TL auTd T 3Vo cUvoha Sev Eyouv Ta (dla uéRn, Tou

woyVet eneld O € {0} ever O ¢ 0.

3.13. To xevé ovvoho elvar utosvvoho xdfe cuvbhou, x étol B € P() »
av X C 0, t6te to X mpénel va elvan %xevd, agol xdfe péhog tou X Ba énpene
va elva xow wéhog Tou ) mpdypa addvato. T tov deltepo Loyuploud, elvor
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TéAL dueco 6T v xdfe ovvoro A, B, A C A, x étor {0, {0}} € P{0}) v
v A xatetBuvor, av X C {0}, 1é1e 1o X pnopel va éyel wévo éva péhoc,
0 0, % dpo X =0 4 X = {0}.

3.14. Xpnowonothvrac ta altduata Tov Auvapocuvoiou xat Tou Aoy wpt-
ouol, Bétouye

B={XeP(A)|(@teA)X ={t}]}

3.16. To xev6 cbvoho dev éyel uéhn, xt dpa [ JO = 0 xou To povadind uélog
Tou povoouvéhou {P} elvar 1o B, to omolo, Eavd, dev éxer wéhn, dpa xow méAL

U{o} = 0.
3.20. H povouelnic ocuvbixn P mou oplletal ue
Plz) <= z€ A
elvan Looperfic ye to A, xt dpa and ty (3-10), {z | z € A} = A. Opolwg, av
Q(X) < Set(X)& X C A,
t61e Q = P(A), xt étoL and v (3-10), {X | Set(X) & X C A} = P(A).

3.21. To 6t n Set dev elvou ovvoro anodelybnxe oto Oedenua 3.11. T'o
W yenowuonotolyue elg 4Tomo anaywyn: av HTav cvvolo, 16T cbvoro Ha Arav
xat M Set and to Adiwua Ataywpiouod, agol Set = {z € W | Set(z)}.

3.22. Avt0 A = {w | T0o w elvaL uwovocsivoro} Atav clvoro, THTE N évwer, Tou
; ]
(J A Ba Arav enlong odvolo: duwe xdfe avuxelyevo z elvon péhog Tou povoouvé-
hou tou {z}, xt étol | JA = W, 10 onolo dev elvar 6lvoho and tnv tponyoluey
3 ’ |
loxnon.

3.23. Auth 1 doxmon elvar anhy eqapuoyy e ogoroylag pag, xou Ho anodel-
Eouvyue T ouvenaywYég xuxAxd. 'Eotw A xAdon.

Av 7 A eivor olvolo, t61e A € {A} %o 10 povooivoho {A} elvan eniong
o0Uvolo, Xt dpa xor xhdom, xt étot 1o A avixel oe xdmota xAdo.

Av n A avixel oe xdnolo xhdon B, t61e mpénel va elvar avtixelpevo (dtouo
# olvolo, agol pévo avuxelpeva tonofetolvion oe xhdoeig and v (3-8)  x
agol n A elval xAdon and v vndbeor, Sev elval dtouo xi dea meénetl va elvol
cOvoho. 'Emeton 61t A C A, nu étol To A elvan unocvolo xdnolov Guvdrou.

Téhog, éotw A xhdorn xou A C X, yia xdnoto obvoho X. Av n A elvon advolo,
teletdoape” dlapopetind, and v (3-10), A = P yia xdnota optotxh cuvhixy
P, bung A C X, étol mou pbévo uéln tou X unopoly va ixavorotoly tny P xou
A={x e X | P(z)}. Ané o Aflwpa Awywptopol, 1o A elvat odvolo, dtono
ané v undheon.

4.3. Av Pair(z), t61e 2z = (z,y) v xdrola x,y, xa and 10Ug 0pLoUoUC,
z = First(z), y = Second(z),

xt av z = (First(z), Second(2)), 161 2z = (z,y) yia awtd o T, Yy, xt éTol oylel
n Pair(z, y).
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4.4. Ay (z,y,2) = (z,(y,2)) = (2, (v, 7)) = (2,9, 2), t61e and tn PacwxA
WiétnTa Tou Lebyoug éxovue = ' xau (y, 2) = (¥, 2'), xou epapuéloviag Téh
Vv Bl Widtnta, ouvdyouue 6t y = 3 xou z = 2'. H Ay xatedbuvor elvon
TETPLUMEVT.

4.6. AW = {(xvavd,z) | z € A}, xou (xvavd, xz) € AW B v xdfe z € A
xou xd0e B. T tov deltepo toyvptoud, apxel va napotneroet xaveic 6tL yio
onoladinote clvoha A, B, ta uéln tou AW B eivar Statetaypéva Ledyn dumg
yio A = B = {0}, (ue to Lebyoc Kuratowski) to @) dev elvan diatetaypévo
Cedyoc xu dpa dev woyve 6t {0} C {0} w {0}.

4.9. O0te xou v 10 (2) ypewdleton doukeld, agol to Py p elvon odvoho and
0 A&lwpa Ataywpetopol (III) xat elvan untocivohro Tov A X B €€ oplopol  dpa
elvon oyéon ota A, B.

4.11. T ta 800 mpdta nopadelypata, o toyvptoudc etvar tetplupévoc. T
0 Tpit0, TO 6TL N ~ 4/ B Elvan autonabic xou cupueTEL elvan enlong TeTpLUUEVO.
Il ™) petoPatixdtnra, noapatneodue apytxd 6t

[z ~a/By&y=zl=z~4p 2

Auté oydel agol and Ty undbeon Eyouue Twg elte z =y, ondte and MV Y = 2
énetal 6L T = 2z x dpa T ~y/p 27 Elte T,y € B, ondte ndAL and v y = 2
éxouue x,2 € B, Snhadh z ~4/p z. Ynobétouue tdpa mog T ~4/p Y XL
Y ~A/B 2, ME T,Y, 2 SlagopeTind avd dUo, agol allbg, onoladiinote and Tig
T=y,y=2z1nHy=2ypog odnyel auéowg 610 T ~y/p 2 ANb TNY TEONYOUUEVN
napathpnon. ‘Ouwe av x # y xal y # z, T61e and Ty npd™) undbeon y ~ 4/ 2
ouvdyouue 6TL z € B&y € B, xau and tn devtepn undbeon y ~ 4/ 2 cuvdyouue
6ty € B& 2z € B, Snhadh éyoupe 6tix € B& 2z € B xau 1ehxd & ~4 /B 2.

4.13. 'Eotw =4 o meploplopdc g oyéone Lodnrog oto ovvoro A. Téte
xdfe z € A elvan 16080vapo ubvo ue tov eautd tou xt dpa [1/=4] = {z}. T
xafohueh oyéon ~4 ue T ~4 y yia Gha Ta z, Y € A, mpogovde [x/~a] = A vl
onowdinote € A. Téhog, ya Ty mo mepinhoxn ~4/p, éxovue [z/~4/p] =
{z} avx € A\ B xaw [x/~4/p] = B avz € B.

4.15. Av 7 f elvar ouvdptnom, téte (e€’ opiopol) undpyouvy cvvora A, B
w€towa dote f C A X B, x dpa

Domain(f) = {z € A | 3y)[(z,y) € f]}

xat To Domain(f) etvon odvoro and to Adloua Awywetouotd (IIT). Me to (8o
oxentixd delyvouue nwe xauw n Image(f) elvow dvoro (urocivoro tou B). O
tehevtalog toyvploude elvat tetpluuévoc.

4.17. H anédeiln elvar axpdc n (3t pe avth oty ‘Aoxnon 2.20, xu dpa t0
onuovtxd elval vo Slaffdoovue Tov LoYLELoUS TEOoEXTIXA ol VoL avay voploouue
axplBde mold allduata Yenoudonolobue otny anddelln tou. Ouuicou mwg N
woonmhnfuxdTnta avdpeoa ota P(A) xaw P(B) gaiveton and ) cuvdptnon eixdvag

m(X) = f[X] (X € 4),
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n Gpa mpémet va ehéyEouue mold aliduato YeetdlovTal Yl TNV XATAOKEVH TNS
ooy oUvoro datetayuévey Ceuydy. Apyxd, ol Tyéc tng elval obvora and to

Allopa Aaywplopot (III) agod
fIX]={yeB| 3@z € X)[(z,y) € fl}

ouwg 86 yenowwonotolue xdnolov tehecty| Slatetaypévou {ebyoug xt €Tol €u-
ueoa onelbuacte oe Sha Ta alLdpaTa ToU YEELELoVTaL OTNY XATAOXEVT eVOg
T€t0L0U TEAEOTH, dNhadY| oe autd Tou emxaleoTixaue oty anddelén tou Afuua-
tog 4.2. EZetdlovide tnv npooextixd, ypewalduacte to Aflwua Zebyoug (II)
vl va oploouue tov tekeot Kuratowski- to A&lwpa ‘Extacne (I) yia va
delloupe mwe o teheothc autdc wxavoroel v (OP1): xou yia v amodel-
Eoupe v (OP2), yperalbuaote apyixd ta Afiduata Zebyoug xou 'Evwong (I1)
and (V) ywa va xataoxevdooupe 10 AU B, xt énetta 10 Alloua Auvauocuvé-
Mou (IV). Me Alya Aéya, yio vo del&oupe avotned 6t av f : A — B, té1e 7
eéva f[X] onoloudfnote X C A elvan odvoho, ypetaldpacte dho tar allduoto
extec and 1o Allopa tou Ancelpov (VI).

INa va ohoxhnpdoouye ™y anddelly), opllovue v m cav obvolo dlatetoryé-
vov Leuydv:

m={(X,Y) e P(A) xP(B) | (Vy)ly €Y = (Fz € X)[(z,9) € f]]}-

Auté elvar olvoho ané to Afiwupa Aaywpeiopod (III) Zavd, agod éyovue Tig
Baowég dLétnTeg Tou TEAEGTY StateTaypévou (ebyous, OTwg xaL TELY.

4.18. OuAentouepelc anodeilels Tng doxnong autrc elvat oyeddv (leg pe auté
g ‘Aoxnone 4.17 xou dev undpyel Adyog va emavaingboldyv. Oa apxectolyue
0TO VO 0plGOVUE GUVAPTAHOEL TOU PAVERKOYOLV TLS LOOTANOSTNTEG QUTESG, UE
v unébeon 6t f 1 A—» A xau g: B —» B'.

T va det&ovpe étt AW B =, A" W B’, Hétouue

(xvavd, f(z)), av i = xvavd,

m((¢,x)) =
() {()\suxé,g(ﬂi)), oML, dnhad av i = Aeuxd.
T va det&oupe 6t A x B =. A’ x B’ Bétoupe

m((z,y)) = (f(z), 9(y))-
Téhog, yia va del&oupe 61t (A — B) =, (A’ — B’), Bétouue yia p: A — B,

m(p) = {(z,y) € A x B[y = g(p(f "' (=)},
axolovbdvtog v anddelln oty Aoxnon 2.23.

4.22. Xpnotuonoibvtag dtadoyixd v (C1), v vrndbeon xaw tyv (C1) Eavd,

A=, |A| = |B| = B.

[IpoxataptuTLing 21 €udoor, yepdtn A&On, Méptiog 2007



278 YHMEIQXEIY ¥TH YYNOAOGEQPIA

4.23. Xpnowonowdvtag tg avuotoyles f 1 A —» |A| xu g : B —» |B],
opilouue h: AUB — AW B ye

h(z) (xvavd, f(z)), avz € A,
xTr) =
(hewxd, g()), ol (dnhadh av z € B\ A).

Av AN B =), t6te oL d%o nepintdoelg otov oploud tng h dev emaknfedovran
Tautdypova, xi €tol i h elvat avtioTtolyia Tou Qoavepdvel TNy

AUB =, AW B =, |A|l+|B|.

4.24. Ou tavtdétnreg avutéc elval dueoeg and toug oplopdue, t Baowxy (C1)

xot Ty ‘Aoxnomn 4.18: Snhad,
K1+ K2 =c K1 W K2 = A1 W A2 (and v Aoxnon 4.18) =, A1 + As.

4.26. Av o &k elvow mAnBdpLBuog, té1e K = |A| yia xdnoo cdvoro A, xat and
vy (C1), k =¢ A- t61¢ Spwg and v (C2) (mov Loyler yia Loyupolc teheotég
TAnBudtnToc) énetan 6T |k| = |Al, dnhadd |k| = K. T ™ un tetplupén
xatevhuver tou Sedtepou Loyvplopol: av k =, A, téte |k| = |A| and v (C2),
%L dpat K = A amd TOV TPMTO LoYUPLGUO.

4.27. EZ opiopot, xdfe péhoc tov K W (LW M) éyer axpBag pla and tic
axbhovbec woppéc, 6mou ta k,l,m elvar ouvyxexpuéva otolyelo twv K, L, M
avtiotolya:

z = (xuavd, k), A = (heuxd, (xuavd, 1)), 4 = = (Aeuxd, (Aeuxd, m)).

"Opola, x80e uéhog tou (KWL)WM éyel axplBog ula and tig axdrouvbeg poppée,
6mou ta k, I, m elvar ouyxexpluéva atolyela twv K, L, M avtiotoiya:

y = (xuavd, (xvavd, k), fy = (xuavd, (hevxd, 1)), |y = (heuxd, m).

H {nrobuevn avtotowyta f: KW (LW M) — (KWL)W M npoxintel aviiotol-
ytlovtag pe Tov mpogavh teémo tal oTolyela Twv Vo cuVOLWY:

feuavd, k) = (xuavd, (xvavd, k)),

f(euxd, (xuavd, 1)) = (xuavd, (hevxd, 1)),

f(heurd, (Aeuxd, m)) = (heuxd, m).

4.28. Av LN M = (, t6te propolue va daondoovue To (LU M) x K ota
d%0 Zéva olvolo L x K xouw M x K, xt étoL xdfe ouvdptnon f C (LUM) x K
draywpiletal oe dVo cuvaptioeig

fr=fN(LxK): LK, fu=fn(MxK):M— K.

'EtoL n arexévion m: (LUM) — K) = (L — K) x (M — K) optleton ue
Tov tino

ﬂ-(f) = (fLan)a

xot elvor oA ebxoho va eAéyEouue 6Tl elval 6viwe aviioTtolyla.
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\

AIArPAMMA 2. Aoxnom 4.28.

T var amodet€ovue v tautdtnta tov TAnbaplbumy (4-17) and autd, yenot-
ponololue T AW = LUM pe L = {xvavd} x A xouw M = {heuxd} X p, étol
oote LNM =0 xou A=, L, p =. M. Yrnohoyilouue:

KATH = (LUM) — K (optopde, (C1) xou 4.18)
Z,-(L—>K)><(M—>K)
= K> - KM (opropde, (C1) xou 4.18).

5.18. Anodewxviouvue pe enaywyn 6to 1 6T xdbe GuUVdpETNON

fa(s)=n+s
elvat povouopglopds. Xt Bdon elvon tetpluuévo agol fo(s) = s, xal 6To ena-
yoyxd Bua,
for1(s)=(n+ 1) +s=Mn+s)+1=fu(s)+1
€10l mou 1 fr41 elvon oOvleon tng fr, xoL g ocuvdptnong emouévou. Kat ot 3o
autég ouvapThoels elval éva-tpoc-éva, dpo To (8to oL N fry1.

5.25. o Tov mpdTo LoyupLoud, utobétovue Twg undpyel k € [n,n), 1ol dote
VoL Udpyouy ¢ xou S UE

n+t=%k k+s=n, k#n.
'Eneton 61t n+t+s = n, Tou Ye Tpelg eQapuoYEs Tng ‘Aoxnong 5.18 cuvendyetal
6ttt =0 xaw s = 0" 1oL ouvdyovue 6Tl k = n %ot xatahjyouue o€ dTomo.
O dedtepog toyuplouds elvatl ovolaoTind dANn wopr tou Auuatog 5.22.
Apyud vnoloyilouye:

E<Sm <= k< Sm&k# Sm (opLoude.),
— (k<mVEk=Sm)&k#Sm (Afupa 5.22),
<~ k<m

— (k<m&k#m)Vk=m
= k<mVk=m
6mou Yot TNy Teltn Leoduvauio YeNoLLoTololUE T0 YEYOVOS OTL

k<m=k+#Sm,
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mou Loy el a@ol av deyTolue TNy devnor tou xatahiyouue oto dtono Sm < m:
av Sm+1t =m, té6te m+ St = m, x dpa St =0 and v loxnon 5.18, nou dev
unogel va Loyvel. ‘Enmetot 6t yio 6o ta k xow n < m,

k€en,Sm) < n<k&k<Sm < n<k&(k<mVk=m)
—= n<k&k<m)V(n<k&k=m) < k¢ ([n,m)U{m}),
6mou oto teheutalo BAua yenolponolodue v vndbeon n < m.

6.3. T xdbe z € P, éyovue z < M agpod 1o M elvar péyioto: xau av 1o M’
elvar xdmolo dve pedyua tou P, téte enedh M € P, éyovue M < M.

6.4. (1) To {e, f} dev éyeL dvo gpdypa. (2) To {a,c} éyel dvo gpdyuota
(b, d, e xou f) ahhd byt eNdyrtoto dve gedyua. (3) To {b,d} éyxel eNdyioto dvo
pedyuo (e) ahhd byt péyloto otolyelo.

6.5. Kdbe uéhoc tou P elvar dve gpdyua tou 0, agod (tetpiupéva) ixavornotel
v anopaltnty cuvhixn

(Va)z € D=2 < M]-

éneton 6L to M elvan 10 eddyioto dve gedypa tou ) av xat pbvov av elvar To
ehdytoto otolyelo tou P.

6.6. 'Olec ou ouvOrxeg
XCX, [XCY&YCZ|=XCZ [XCY&Y CX|=X=Y

elvan tetpiupévec. Av 1o £ C P(A) eivan éva onolodfnote 6lvolo LTOGUVOA®Y
tou A, téte 1 évwon tov JE elvar éva dvew gpdyua v To &, eneldf X €
E=X C JE& xm elvar T0 eNdytoto dved @pdypa, emedh yia xdfe M, av
XCM yuwdbhata X €&, 16t JEC M.

6.9. Av 10 E elvan xevd, t61€ (A — E) = (A — E) = {0} »xou tedeidioope,
onéte vnobétovue g eg € E. Tw wyale f: A — E xau X = Domain(f),
Bétovue

€0, aAALAC,

la) = {f(x), av f(z) |,

égtornov ff i A— Exau f/|X =f xoav f:A— FExuX CA, tite
f1X:A— E ye Domain(f[X) = X, dueoa and touc optouolc.

6.11. To xevé olvolo nhneel (avotned) tn cuvhixn
Vo, y)[(z el &yeh) =z <yVy <z,
dnhad?) elvar advcido.

6.12. Ou yovadixéc aluoldeg oe évav eninedo ydpo elvar P elvol ta povooi-
voha (oxdpa xor to {L}) o ta Siovvora tng wopphc {L,a}, xow xabéva and
auTd Tot cUvoha €yel UEYLoTo, ToL elval TALTOYPOVA Xl EAGYLGTO dve QedyUd.
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"Evag daxprtdc ydeog ue touldytotov SVo otowyela a, b, Sev unopel va elvat
EMAYWYLXOS" €TOL Ta HOVOGUVoAa Elval ol povadixol Staxpltol xdpot mou elvat
EMAYWYLXOL.

6.13. 'Eotw u,v € {x, | n € N}. Téte undpyouvv n,m tétowo HGote u = Ty
XUV = Tpy” AV N < M, TOTE U = Ty < Ty, = U, X0 OPOldS av M < m, 10TE
v < u.

6.15. Me ) ouviin dudtaln, o N elvow aducida xi oyt dve @payuévog: xt o
YXOpog Tou Awaypduuatog 6.2 dev €yel ehdytoto oTolyelo.

6.16. Ioyuplbuacte 6ttav X C P = E*(J(N — E) xou 10 X elvaw advoida,
té1e 1 évwon |J X elvan cuvdptnon pe nedlo oplouold xdéroto vrosivoro tou N:
enedq av (z,y), (z,y') € UX, t61e undpyouv p,q € X tétowa dote (z,y) € p
xau (z,y') € ¢ xow av p C g, éxovue (z,y), (z,y') € q étoL dote y =y, evd av
q C p éyovue (z,y), (z,y") € p, étot dote o tédh y = y'. Emniéov, to nedlo
optouol g [JX elvon elte ohdxdnpo to N elte xdnowo nenepacuévo, apyixd
tunua tou N, 86t elvan xhetotéd yio ) <:

r < 2’ € Domain(|JX) = yw xdnowo p € X, z’ € Domain(p)
—> z € Domain(p)
= z € Domain(|J X).
'Etot, X € P, xou elvar goavepd éttL elvar 1o eNdytoto dve gpdyuo tou X.
6.17. T tuyaio aluoldo pepuxdyv uovouoppioudy S C (A— B), bétouue
p* =S =7 évwon tou S. Tpogavide to p* elval 1o eNdyLoTo dvw Pedyuo Tov
S pe ) C, dpa apxel va dellovue 6Tt elvar pepixr| Sudtaly, dnhadh bt
(z,y), (z,9) €p" =y =v, (a)
(z,y), (2, y) €p" =z =2". (b)
(a): And tnv undbeon, undpyouv p,p’ € S tétowa ov (z,y) € pxou (z,y') € p'-
av p < p, 6t (2,y) € P/, x agol to p’ elvan pepueh cuvdpTnom xou Tepéyet To
(z,y"), Ba mpémel va Loylel y = y'- xt av p < p, ouypeTtpd odnyoluacte 6To
1dto cuunépaoua.
'Opota delyvouue xat v (b).

6.20. Av zg <p z; <p ---, 161 0 oVvoro nudv X = {z, | n € N}
e axohovbioc {x, tneny xou N edva tou w[X]| = {w(z,) | n € N} and
povotovix m elvat un xevég, anaptbuntés ahuoideg, x4t mou yenoluonolcaue
e&’ apyhc v va oploouue To bplol LOVOTOVIXGY axohoubLdy,

lim, z, =sup X, lim, 7(z,) = sup7[X].
"'Eneton 6t av n 7 elvou aptBufowua ouveyhc, téte
7 (lim, z,) = w(sup[X]) = sup 7[X| = lim,, 7(z,,),

x €tol €youue TN ula xatevBuvorn g ‘Aoxnong. I'a v dAkn, unobétovue bl
10 S = {50, 81, ... , } elvow pra un xevi| anoptBuntd ahvuoida tou P, xou optlouue
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) ouvdptnon (axolouvbia) z : N — S ye avadpou,
To = 80y Tp+1 = MaXp(Ty, Spny1)-

O oploude autde yel vomua, agol xdbe x, elvar uélog tng aduoidag S xu dpa
GLUYXELGLUO UE TO Spy1. Me g anhf enaywyyn oto n,

Tp €8, Sn <p Tny Ty <p Tpti,
and émou énetan OTL
sup S = sup{z, | n € N} =limax,"
70 1310 LoyleL xaL YLo TS EXOVES OTOLAGINTOTE LOVOTOVIXNAS T,
sup 7[S] = sup{n(z,) | n € N} = lim,, 7(z).

Etot, av n 7 oéfeton (dratnpel) ta dpua povotovixdv axoloubidy, éxouue to
{nrtoduevo

sup 7[S] = lim,, 7(x,,) = m(lim, x,) = w[sup S].

6.24. Kotevbelov and tov oploud,

m(f)(n) = 7(fo)(n),
émou fo elvar o neploptopde g f oto menepacuévo ovvoro {0, ... ,n}. T to
deltepo oxéhog, av f(n) = 2n, téte

7(f)(2)=fO)+ f(1)+f(2)=0+2+4=6.
6.26. Avn f: X — Y elvau ouveyrc xow 1o FF C Y elvan xAetotd, t61e 10
G =Y \ F elvar avouxtd, xau FF =Y \ G, dpa
PRI =T YN\NG = YN G = X\ fHG,

% étoL to fLF] elvon xhetotd. Bupyetpind anodeeviouye 6t av to f1[F]

elvat xheoté Yo xdbe xheoté F C Y, 161 10 fLHG] Ba elvon avouxtd yia
%80 avouxté G C Y, » étoL n f elvan ouveyrc.

6.32. Katevbelov and tov opioud,
©(f)(n) = 7(fo)(n),
ue fo={(n,0)} avn € A, xuavn ¢ A, t61¢
fo={(n,h(w)) | (n+1,w) € f}.

Auti 1 fo elvan memepacuévn, yia v axpifela oplletar o axpiBdg évay aptbud
avn € Afoavn ¢ A& f(n+1) |, evd oe avtifetn neplntwon, elvow 1 xevh
uepxr ouvdptnon: €tol, and v 6.23, n 7 elvar ocuveyhc anewxdvion.

7.3. 'Eotw <¢ ol 8tdtain tou C xou f : A — C povouopgiouds. Oétouue
z<ay < f(2)<c fly) (z,yed),

xou Seiyvouue 6t 1 <4 elvan xadf Sidtagn tou A.
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To 61t <4 elvan ypouuxn, arnodetxvietor TETPLUUEVA, OLCLAGTIXG UE ATAO
éheyyo. T napddetyua,
v<ay&y<az= f(z)<c fy)&fy) <c f(z)
= f(z) <c f(2) (emedh n <¢ elvon petotafotind)
= 2 <4z (and tov oploud),
n €tol ) <4 elvon peTafatin.

IMa va dei&ouue 6t n <4 elvon xalh dudtaln tou A, vnobétovue 61 X C A
xau X # 0. 'Eotw f[X] n ewxdva tou X+ étot 1o f[X] elvow un xevé urocivoro
tou C, dpa éxel ehdyLoto otoiyelo f(m)- énetor 611 To m elvan 10 < 4-eldyloto
otolyeto Tou X, agol yia xdbe x € X, f(m) <¢ f(x) xou emoyévoc m <4 z,
e opLopo.

7.4. Av (C,<¢) elvow xadd datetayuyévo obvoro xau f : C — A, opllouue
utot «avtiotpogny cuvdetnon g: A — C e

9(z) = minc{y | f(y) = =}.
AutA elvar povopopploude: Siét av = # z’, té1e
{ylfy)==}n{y| fly) ="} =0,

’ , , ’ ’ ’ s 12 ’
xat To g(z) elvan to Tpdto and avtd o Yo civola, evd To g(z') to dedrepo.
Todea epapudlouue Ty ‘Aoxnon 7.3 XpnoLLOTOLAOVTAS AULTOY TOV UOVOUOEPL-
oub.
7.6. Auté elvon tetpluuévo: o neploplouds <; g <y oto I xknpovouel v
autondbeta, N peToBaTiXdTNTA XAl TNV AVILOUUUETpLXSTNTA, XoL x8be un xevd
X C I éyeL eNdyioto atotyetio ato U mou elvat ot To eAdylotéd tou oto I.

7.8. Anéb tov opiopd, seg(0) = {z € U | z <y 0}, . dpo seg(0) = ) ago?
7o 0 elval 1o ehdytoto otolyeio.
Kot ndAL and tov oploud,

S(z) =min{y € Ulz <y y},
%t étol Sev umdpyel z € U ue z <y z <y S(z)' autd onualvel 61t
y<v S(z) &= y<vzVy=rz,
dnhady) seg(S(z)) = seg(z) U {z}.
7.10. Av V elvar 10 60voro GAwV TV apytx®dV Tunudtony touv U, téte
V=v,U{U},

6mou ta «yviiolo apyxd Tuidata oto V, elvon exelva nov ypdgovtal cav segy ()
ue ¢ € U. Emunhéov, n aneixdvion

f(I) = to povadixd = € U tétoo nov I = segy (z)

dratneel mpowavde ™ ddtaln and 1o V, 6to U—ocuyxexpluéva clval ouoLd-
P
T, x €tol o V, elval xakd Swatetayuévog. Tdpa, mpochétovtag éva onuelo
U) otnv »opuor, tov V,,, nalpvouue tov V', %t doa e€axoloubel va slvor xahd
P )
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dratetayuévoc—mn hentouepc anddelln yia avtd Peloxetor otnv ‘Aoxnon 7.18
ToEAXATW.

7.12. Ané tov Opioué 6.18, o anewxdvion m: P — @ elvat yovotovixh av
2 < y— () < n(y),
n étol, oéfetat Tic Slatdielg, av emmAdoy Loy lel xou To aviioTtpogo,
n(2) < mly) =2 < y.

Etol oL anewxovicelg mou oéBovtan Tig dtatdiets elvar povotovixés. Avtmopd-
detypa vl 1o aviiotpogo anotelel omoladfnote otabepd anewxdvion w(t) = ¢,
enthéyoviac 10 P dote va éyel (Toukdytotov) 8o péhn z # y- oL otabepéc
anewxovicelg elval Tetpluuéva povotovixés, buws auty dev umopel va oéBetat
g datdels, agol w(z) = w(y) = ¢, and To onolo énetan (av N T céfetan Tic
dtatdlelg) 6Tt < y xau y < z, dnhadh z = y.

7.13. YrnoBétoupe (npog dtono) 6t o P xau Q elvan ypouuixol, 6T n ou-
véptnon f : P — Q oéfetan tc dwatdlec xouw 1t & <p y al\& f(z) £o f(y)-
"Ereton and ) ypapuxdtnta tou Q 6t f(y) <g f(x) Suwc and autd cuvd-
youue 6ty <p x, agoV 1 f oéfetat tig Statdelg, mou avtitibetal otny undbeon.

INa o avtiotpogo, deyduacte bt ot P xat @ elvon ypapuixol xat 6t i f elvan
auoTned Yovotovixy|, aAld de oéBetan Tig Statdels. And Tn yovotovxdTNHTA TN
fiz<py= f(z) <g f(y), daxplvoviac nepintdioeic =y f z <p y, xt €101,
agol 1 f de oéfetan g datdlelg, undpyouv x,y € P pe f(z) <¢ f(y) ahrd
x £p y. 'Ouwc téte éyouue y <p z and T ypauuixétnta tou P étol, agob
n f elvar avotned povotovixt], ouvdyouue f(y) <g f(x), evévtia otnv unébeon

f(@) <q f(y).

7.14. H zavtotxf anewéwion m(z) = z oto P elvar opoidinta, xu étol
P=,P.

I ) oupuetednta, deyduacte 6t 7 @ Pr— @ elval opotdtnra. Tdea,
av 71 Q —» P elvan m avtiotpopn avtiotolyia xou z,y € Q, éyouue

7l (a) <p 1 l(y) = @) <g a(ry) > 3 <py

epboov m(r71(2)) = 2 v xébe 2 € Q.

TNt petaPoatxdnra, nopatnpodue 6t ) olvleon aneixovicewy nov oéfo-
vrat ti¢ Siatdéets, oéfetar tic Statdéelg:

z<py = w(z) <qn(y) < p(r(z)) <r p(r(y))-
'Ouwg 1 odvleon avuotoiydy elval avtiotolyla, dea 5 olvleon ouototitwy
elval ouotdtnTa, L €T0L 1 =, elvor PeTOBaTixy.
7.17. Avn 7 P> @Q elvou opotdtnta Tou P ue tov @, 161 1 enéxTaot| tng
pU{(tp,tg)} elvou edxola opodtnra Tou Suce(P) ue tov Succ(Q).

7.18. To 61 N <guce(u) elvon yeapuweh didtadn tou Field(U) U {ty} elvar
mpogavéc. Elvar xaw xahf Sidtaln, agol av utobétovtac 6t ) # X C Field(U)U
{tv}, av X = {ty}, té1e 10 ty elvon to ehdyloto tou X otov Succ(U), . dv
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X NField(U) # 0, t61e t0 <p-ehdyioto péhog Tou cuvéblou autod elval to
<Succ()-EAdYLGTO UENOG TOL X.

7.28. 'Eotw 0 = pm n obvbeon twv T xou p, €ToL HoTe
o(z) =p(n(z)) (z€U).
TN va anodet&oupe 6tL o : U — W oéfeton tic Statdels, unoloyilouye:
T<yy 7T( ) <v 7(y)
p(m(z)) <w p(r(z))
o(z) <w o(y).
]

Tehxd, yio va del&oupe 6Tt to o[U] elvan apyixd tuhue Tou W, Unoestoups
o w € U[U} = p[n[U]], étoL mou w = p(v) yia xénowo v € w[U], xau w’ <w w.
"Ouwc M p elvan apyxh opodtnta, xu dpa tpénet vo udpyeL xdnowo v/ € V ue
w' = p(v') w agol p(v') <w p(v) o M p céPetan tic dratdlels, Ha mpénet va
toylel v’ <y v. v € w[U], xt dpa éyovue xdnoo u € U tétolo dote

v=m(u) xu v’ <y v.

Ouwg 1 7 elvan enlong apyxf| opodtnta, it dea (6nwg o mewv) Bo undpyeL
xdmowo u' <y u pe v’ = w(u'), and To onolo cuvdyouue bTu

o(w) = p(r(u)) = p(v) = ',
oL TEAELOOAE.

8.3. T wia owxoyéven € mou mepéyel To B, dev umdpyet dYvoho emhoyic,
agol o S NP dev elvar wovoosvvoro. I'a To deltepo mapddetypa, av to S elvar
cYvoho emhoyhc v to €, té6te SN {a} = {a} o enlong S N {d} = {b}, étoL
mou {a,b} C S, xow 10 SN {a,b} dev elvar povosivolo.

8.7. 'Eotw (Vz)(Jy)P(z,y) xou € ouvdptnon emdoyfc yia to B, étol dote
(X CB&X #0|=¢(X) e X.
Optlouvye f: A — B ue
f(@) =e({y | P(z,y)}).

Auté éyer vémua, agol yia xdbe z € A, {y | P(z,y)} # 0 and tnv vndbeon.
Emun)éov, f(z) € {y | P(z,y)} v onoodfnote z € A, wiag xau 1 € elvon
ocuvdptnon emhoyhc yia to B, xal étol ptévouue oto {ntoduevo P(z, f(x)).

8.15. 'Ectwaec A, PC AX A, xou (Vz € A)(Jy € A)P(z,y). Ocwpodue
P*(u,z) <= uc A&z c A
& [[u — Q& = a] V[Ih(u) > 0& P(u(lh(u) — 1), x)]]
Av u =0, t6te P*(u,a), xoar av u = (ug,... ,up) he n > 0 xou P(un, ), 161€

P*(u,z) étoL n undbeon yia to P ouvendyetal (Vu)(Iz)P*(u, ), xou n doouévn
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exdoy T tou DC pag Siver pia ouvdptnon f : N — A étow mou (Vn)P*(f(n), f(n))
xat f(0) = a. Emnkéov, av n > 0,

P*(f(n), f(n)) <= P(f(n—1), f(n)),

étoL dote (Yn > 0)P(f(n — 1), f(n)), ue dhha Moyt (Vn)P(f(n), f(n + 1)).

8.18. 'Eotw (P, <) ypauuixh xat edpotwuévn, xar X C P éva un xevé olvolo
onuelwv: énetar ét undpyer m € X tétowo dote v xdfe x € X, x £ m, 1o
onolo and Tt yeapuxéTnta tou < onualvel ét m < z, xat étol o m elval to
eNdytoto péhog tou X. Avtiotpoga, av 1 (P, <) elvar xohf didtadn xat 1o X
éva un xevé unocivoro tou P, t6te 10 X €yel eNdyLloto m, mou elval Tpogavdg
ghaytotixd 6to X.

9.4. Av 1o u elvar tepuatixde xé6ufog, 16tc u T w=w = wu, €10l TOU
T, ={w €T |wC u} and v dAAn pepld, to debtepo olvoro otny (9-2) elvan
xevé (emeldh To u dev éxel toudid), xou étol 1 (9-2) ainbeldel. Av to u dev elvon
TepUATIXG, TOTE TPOPAVES, Yo xdbe w,

uCw < (Fv)[ro v elvor maudl Tov u & v C w),
and To omolo xouw mdA émowtan 1 (9-2).
9.5. Av to f: N — N elvaw dnetpo »hadt, t6te
FO)> f(1) >+,
ol 8ev undpyouv dnepeg, (YvAola) @bhivousec axohoubiec puoxdy aplbudy.

9.12. Me é)ec g hemtopépetec, Yvowpilovue 6T K <. 2%, xa étol kT <. 27
and v (9-5). Ané to GCH, 8ev undpyet nhnbdpifuoc auvotned avdueoa oe
évay dmelpo K xat otov 27, oL mou kT =, 2%+ xou, avilotpoga, av kT =, 2%
t61e dev undpyet TAnBdpLbuog avotned avdueca otov K ol otov 2%, ndAL and
my (9-5).

9.19. Av ta K1 ot Ko xavorolody tig (1) — (3), téte K1 =, A yia xdmolo
A € &€ anb  (2) vy Ky €0l éxouue ke <. A <. K1 and Vv (3) Yo Ko.
Suupetpnd énetan 6t K1 <. Ka.

9.22. Auté elvar dueco, and to Bedpnua xaw To yeyovds 6T yia xdbe i,
{1} <¢ 2, 2ol to 2 elvor obvolo pe d%o wéln.

9.24. Aut6 elvau dueco.
10.2. Aeydbuacte 61t u T v xat unoloyilovue:
2N, =vCirz=ulz=2zxcN,.
To avtioteopo eivar eioou npogavée.
10.3. H owxoyévela tTwv yettovidy elvon toomhnbueq ue to N*, xar N* =, N.

10.5. Av 7o G elvar avouxtd xou x € G, téte and ™ (10-6), undpyel u ue
z €N, C G xau av xdfe z € G avixer oe xdroo N, C G, t67e 1 (10-6) woyler
TETPLUUEVDL.
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10.9. EZ opiopol, N, = [Ty], 6mou 1o urddevipo Ty, ogiletor otnv (9-1) xon
elvan draondpevo, agol v xébe v € Ty, xou xdbe n, v*(n) € Ty,.
10.13. Av to A elvau avanapifunto xaw A =, Anen, t61€ ToUNG)LOTOY éVal

A, meéner va elvar avaropiBuntor xow av A, € T', t6te 10 A, éyel un xevé,
wéheto unoovvoro P ané tnyv undbeon, xat étor P C A.

10.17. Avn 7w : (N —N) — (N — N) elvar ouveydc xou z € N, td1e
m(z) = sup{r(v) | v € N*,v C z},

xau étoL av m(x) € N, (mou onuaivel 6t u C w(x)), o npénel va undpyet xdnoto
v E 7z ye u C 7(v) ano autd duog érnetou 6Tt u T 7(y) v xébe y € N ue
v C y, étoL mou tehuxd,

y eN,=7(y) €N,

v awtd 10 v, YEYOVSS Tou pavepdvel T ouvéyela e f = w [N oo z.

10.26. Bogtilouue (tpoowpivd) xaly uia ouxoyéveld cuvOAwY on’ oUTEC OV

1 oy Toug xabopllet o B(X), dnhadh

N € elvar xalf <= G C €&
& (VA }n)[(Vn)A, € E=J,An € &]
& (VA € &)cA e &}

T v 8eiZoupe 611 10 B(X) = N{E | n € elvan xadf}, elvan o-nedlo mov ne-
ptéyeL Oha ta avoxtd clvoha (dnhad”h, xahd), meéner va enalnfedoouvue Toug
axbéhovbouc tpeLc LoyLpLopolc:

(1) Kdbe avoixté otvoro G C X avixer oto B(X) autd woydet dibtt G € €
yia xéfe xakf €, xou étol G € B(X).

(2) Av A € B(X), téte cA € B(X): av A € € yio x40t x| €, té1e cA € €
yia xdfe xakf €, and tov oploud g wahoolvngr, xat étot cA € B(X).

(3) Av A, € B(X) yia xdbe n, téte |J,An € B(X). 'Eotw & wa xoh
owoyévela. Ané tnv undbeon éyouue 6Tt xdbe A, € £, xat étoL ndhl and tov
optoud TS «xahoovvngY, UnAn € & buwg n & emhéytnxe Tuyala, xat €Tl 7
U, An avixel oe xdbe xolf; ouxoyévewa, tou onuaivel 6t |, A, € B(X).

10.27. Ané to Tp6Binua x1.8, (), An = c(U,,cAn)-

11.4. Ané to AZlwpa Aviixatdotaong, n exéva F[X] cuvéhou X elvor enlong
o0volo, xat dpo uTdpyel xdmolo w Tou xavoTolel TN cuVHXN

(VY)ly e w — (Bz € X)[y = F(a)]]
xou ané 1o Adiwua "Extaong, 1o w elvan povadixd, dpo unopolue va oploovue

G(X) = 10 povadixé w tétolo dote (Vy)ly € w < (3z € X)[y = F(z)]].
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11.7.
a, avn =0,

H(w,n) =< F(y), avn>0&(n—1,y) € w& (Vt # y)[(n — 1,t) ¢ w],
0, aANLAC.

11.9. T autée tic mepntdoetle, elvan guxoldtepo va detouvue |JM C M,
ool Te®TA UTONOYIGOUUE TIC OYETIXES EVITELS:

Uo =0,
U{0,{0}} = {0},
U{0,{0},{0,{0}}} = {0, {0}},
UNo = Np.
Téhog, av 1o M elvaw xhdon atdéuey, téte | JM =0, xou étor M C M.

11.11. Ané tov optouéd, A € TC(A) xa to TC(A) elvan petofoatixd, étot
nou A C TC(A) xau dpa AU {A} C TC(A), yia xébe A. T v avtiotpoyn
xatebhuvor), vrobétovue 6t To A elvan yetafatixd xou x € AU{A}. Avz € A,
e CAC AU{A}, xawavz = A, téte xaw néh z C A C AU{A} to onolo
delyvel 611 to AU {A} elvon petofotixh, xou dpa AU {A} C TC(A).

11.13. Av 8ev undpyouv dtoya, téte n yetoPotixh xhetotétnta TC(A) xdbe
ouvolou dev €yel dtoua, xal €tol xdbe obvoho elvar ayvéd. Avtiotpogou av
undpyer xdnoto drtopo a, té6te TC({a}) = {{a},a}, xau étoL o {a} dev elvou
ayvo.

11.14. Av 7o A elvou petafatixd, téte TC(A) = AU {A} and v ‘Aoxnon
11.11, xow to AU {A} elvon nenepacuévo # anaplBuntéd axpde 6tav to A elvau
nenepaoUéVO 1 anaptBunto.

11.16. Adfog: to wovooivoro {a} evég atduou eivar petafatind xat éyel
vetafBatind xhewotétntoe TC({a}) = {{a},a}, ywpic va eival vrocdvoro tou
Suvapoouvérou tou P({a}) = {0,{a}}, tov onolov dha T pérn (e€ opiouod)
elvar ohvola.

11.17. H ocvunepidndn M, (I) C M,(J) anodeixvietor edxoha e enaywyt
oto n, ue Bdon ™ ovurepiindn Mo(I) = I C J = My(J) mov yog diver n
unéleon.

11.20. H »Adon W bhwv twv avuxeluévey elvol uetofatixn, enetd av to y
elvae éva avtixelpevo xal ¢ € y, t61e 10 T elval enlong avixeluevo omAd xou
uévo eneldy) €yovue deybel anapync 6Tl N oyéon Tou «avixelvr oplletal avdueoa
oe Lebyn avielévoy: xot elval xéouog tou Zermelo, oot SeyOxaue yio authy
bhec T ouvBfixec Tou anatodvton and éva x6ouo Tou Zermelo—O4TL TEPLEYEL TO
dtolvoro {z,y} omolwvdinote avitxeluévoy tou z, y, v évworn (JX xat to
duvaposivolo P(X) xdfe puéhoug tou mou elvar cuvdlo, xabdg enlone xal éva
olvoho I mou wavonotel To Aélwua tou Amelpou, étol mou 1o Ny umnopel va
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XATAGHEVOOTEL YpNolHonoldVTaS TS WLOTNTES XAELoTOHTNTAS ToL W, dnwg 6TV
anédelln tou Oswpruatog 5.4.

I to Sevtepo Loyuptoud, napatience étt Ng C M, agod to M elvor yetafo-
w6 xau meptéyel to No, xau tédpa @ € M, agol f € Ng. Emnhéov, av A € M,
téte P(A) € M xau étor P(A) C M, nou onuaivel 61t xdfe urocdvoho tov A
elvan oto M.

11.22. To cVotnua Peano nou xatacxeudotnxe otnyv anddelln tou Oewpfiua-
106 5.4 elvou péhog xdbe xéouou M tou Zermelo, agol and v Ilpbdtaon 11.21,
0 M elvot xAetaté yia GAOUC TOUC TEAEGTEC IOV YENOLUOTOLoaUE 6TV anddelln
QUTY YLOL TNV XOTAGXEVT| TOU.

11.24. Ané 1o AZlwya Emdoyfc, n undbeon tou (11-24) cuverdyetar 6Tt
undpyet xdnowa f 1 A — B tétowo mou vy %8 z € A, P(z, f(z)). 'Ouonc
o ouvaptnotaxde ydpoc (A — B) € M, xou étor f € M agob o M eivon
uetoBatixdg.

11.27. Aev unopel va Eextvdel uta pbivouoa €-aluolda ye to  av to = dev
éyel wéAn, xau axpBdg Y autd Tor dtopa xaw to () elvan edpowyuéva. ‘Ocov
agopd 1o Np, yenotuonolodue to yeyovdg 6Tt anotedel clotnua Peano pue 0 = ()
xat Sm = {m}, xou Selyvovue ye emayoyh noc yio xédbe m € Ny, dev undpyet
dmepn, @bivovca €-ahuoida mou va Eexuvdel we to m: autd elvar Tpogouvéc o
m = 0, ened) 0 = 0, xou av aknfeder v To m, td1e ahnbedel xau yio TO
Sm = {m}, yia 1o onolo wa tétota ahucida Ha npénel va Eextvdel pe o

{m}sm> -

%ol ouTUaTa EYOoUUE Ula ahvuoida mou apyilel ue to m.

Av 10 A elvar edpatwpévo, téte edpoumuévo elval xat x8be = € A: enedr| av
nx >z D - frav wa dnepn, phivovoa €-ahuoido ye apyh xdmolo € A,
wten A3 T3z D Oo frav dreen, @bivousa €-alucida ue apyf to A- xou
avtiotpoga, av xdfe yéhog tou A eivar edpaiwuévo, thte dev unopel va undpyel
oahvoldo A 5 x1 3 -+, yiotl 1 «oupdy g @1 3 - -+ Ba gavalpwve 61l T T1 deV
elvar edpatwuévo.

Opolwe, av to A elvan edpowuévo, téte xaL to P(A) elval edpatwuévo: enetds
onotadhnote aduoida P(A) 3 X 3 1 5 -+ Ha yevvoloe uo ohuoida 21 3 - - -
ue apyh x1 € A xou avtiotpoga, av to P(A) elvar edpouwpévo, téte edpatwuévo
elvat xot to A, enedy omotadfnote akvolda A 3 z; D -+ ue opyr o A Ha
yevvovoe pia ohuotdo P(A) 2 A S 1 3 -+ ue apyhf 1o P(A).

Télog, n xAdom Shwv TV eSpaloUEVeY GUVOALY elval ueTafaTixy, emeldy xol
T, 6o Tor oTolyela evog edpalwpévou GuVOLoL elval edpatwUéva.

12.2. Tw onowddnote ouvdptnon f : A — B, n exdva f[] Tou xevol
elvar xevi 1o 8o xau v ™ vy : U — ord(U), utag o 1o Oy Sev éyel
TPONYOVUEVOUG,

vu(Ou) =vul[{y €U |y <0y} =vy[0] =0.
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Ané tov opioud tou enoupévou U,
y<u S(z) < y<pzVy=uz,
%o ue autd unoloyllouvue:

vu(S(z)) ={vu(y) |y <v S(x)}
={vv() |y <v z} U{vy(z)}
=vy(z) U{vy(a)}.

12.3. Av Oy ehdyioto oto U, t61e Oy <y =, xau étor ) = vy (Oy) € vy (x).
Av a € vy (), té61e @0 = vy (y), Yo xdmoto y <y z° dpwg téTE To Y éxEL eNdUEVO
S(y) <u x, agob o  elvan oplaxd onuelo, vy (S(y)) € vu(z), and tov oploud,
%O YENOLUOTOLGVTOS TNV Tponyovuevy Aoxnon 12.2,

vu(S() =vu(y) U{vu(y)} = auU{a} € vy(z).
12.4. 'Ectw
G={X|0eX&VaeX)aU{a}e X]}.

To wy elva oplaxd, dpa vy (wy) € G and v Aoxnon 12.3, xou eldixdtepa, 10
G elvar un xevi xhdon. T to aviietpogo, utobétouue Tpog dtono 6TL udpyet
X € G ue vy(wy) € X éotw y 10 eldytoto Touv U tétoo nov vy (y) ¢ X.
Topa, t0 y dev elvaw To ehdytoto tou U, wag xaw vp(0y) = 0 € X, and vy
unéleon vy to X. Enlong 1o y Sev elvon oplaxd onueto touv U, agol y < wy-
Spar y = S(x) vy xdnowo z € U, vy(z) € X, and v emhoyq tou y, xou
vu(y) = vy (z) U{vy(z)} € X and ty urdbeon yia to X, nou avuitifetar otny
emAoYY| Tov y.

12.6. Avn 7w : U — V elvou apyxfy opoldtnra, t61e, auécws ond To
Aupo 12.5,

ord(U) ={vy(z) |z € U} = {vy(n(z)) |z € U} Cord(V).

12.8. Av o U = Succ((N, <y)) elvar o enduevoc xahd Satetaypévog Yoeog
tou (N, <y) ue 10 véo t otV x0pueA, té1e t = wy, N = segy () xou ord(N, <y
) =vp(t) = w. Ta undhoina énovtat dueca and v Aoxnon 12.2.

12.10. O woyvpioude elvar 61t ord(a, <o) = a, xou 1 anddeln elvor wg e€hc:
av a = ord(U), t6te (a,<4) = U and 10 Aduua 12.9, xou étol and v
‘Aoxnon 12.6

ord(a) = ord(U) = a.
12.13. Av U =, V, t6tc ord(U) C ord(V) xa ord(V) C ord(U) and
v (12-13), dpa ord(U) = ord(V).

INa to 3ebtego woyupioud, av U =, a xou U =, B, 161 a =, [, o ye v

‘Aoxmon 12.10, a = ord(a) = ord(B) = .
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12.16. Av 7o [ elvou T0 eNdytoto péhog tou &, téte B < a, yia xébe a € €,
étoL mou and to Afuua 12.9, 8 C o dpa  C (€. And v d\\n yepd, av
v E B, téte ¥ < B, dpa v < a ylo xdfe o € £, Inhadn, v € a yia xdbe a € &,
dnhadh v € N E: énetan 61t y € B=7v € (&, dnhadh}, B C €.

12.20. T tov enduevo uepxd datetayuévo ydpo Succ(a) mpochHétouue
éva véo otoyelo 7 ¢ a oto medlo a Thve and dha Ta uéhn tou a. 'Eotw
m:a+1=aU{a} — Succ(a) ue

x, oV IE«aQ,
m(z) = ) ,
{r, oalLdS (dnhadh av z = a).
"Encton dueoa étt 1 7 elvow opoldnra, étol tou a + 1 =¢ Succ(a), xou dpa
a+1=ord(a+ 1) = ord(Succ(a)).

12.21. Avuty elvon pia maparhayy) tng meonyoluevne ‘Aoxnone 12.20. Ané
Tov oploud Tou abgolouatoc Yepxd SlateTayuévmy Ydewy oto 7.37, éyouue

a+o 8= ({0} x aU{1} x 8, <),

6mou 1 Sdtaln < opileton ypnowonoldvtag g WdTNTES TN didtalne otoug
drataxtixole, we e&hc:

(i,2) < (Jy) = i<jV]i=j&lz=yVzey].
Ytabeponotodue éva a, xat yio xdbe 3, opllovue ) cuvdptnon
w3 a4+, 3 — ON
ue
m3(0,z) =z, mwg(l,y)=a+y:

ue dtataxtixy enaywyy oto B delyvouue bt 5 mg elvar ouotdtnTa TOU o+, B ue
10 a + 3, étoL nou

ord(a+, 3) = ord(a+ 8) = a+ 3.

Y Béon B =0, a+,0 = ({0} x a, <), étoL mov 7y(0, z) = 2 %o auth elvon
TEOPAVAS OUOLOTNTA TOU &t 4, 0 ye 10 a + 0 = a.

lNa to enayoywd Bhua, av = v+ 1, téte éyouye 10 {nroduevo and v
nponyoduevy ‘Aoxnon 12.20.

Tekxd, yio To emaywyxd BAua 6tav o B elvar optaxds dlataxtixds, N enayw-
yue unébeon pag BeBatdvel 6t yio xdbe v < B,  cuvdptnon my elvon oyoldTNTA
oL o+, Ue Tov a+7y. Elval npogavég and tov oploud TV GUVARTAGE®Y AUTOY
oL

v7<6< B=my C7s"
xot and autd nalpvovue elxoha 6TL N Evwon

T8 = U 'y<ﬁ7r7

elvat opotbétnTa Tou a +, B e to a + B, mou elvar to {ntoduevo.
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Ta arotehéopata ylo TV TpooetouplotxdtnTa xot T (Un) petabetixdnta
ouvdyovtat and to TeofBAfuata tou Kegahatouv 7, xou diaitepa and to Ipb-
Binuo x7.4.

Téhog, n (12-26) énetan eniong and to Pocixd uépoc TG AOXNOTNG, LIS XAl ALY
nm: B — v elvou apyixr) opoldtnta Tou [ el xATOLOV 0pYLXOU TUAUATOS TOU 7,
T4TE M GUVAETNOY
(i, z), av i =0,

(i,m(z)), avi=1

p((i,z)) = {

elva edxoha apyix opoltdtnTa ToL @ +, B enl xdnoOLOL YVHGLOU, aEYIX0) TUN-
MOTOC TOL & +, 7.

12.22. Ané tov oploud,
a'oﬂ: (O[ Xﬂag):
6mou < 7 “avilotpogn Aeduoypapuxh” Sidtaln Leuydy,
(z1,91) < (22,42) == y1 <y V [y1 =y &1 < 2.
Oa del&ouue uta Stapopetixnr uébodo and auThHY ToU YENOLUOTOLACAUUE GTNY TEOT)-
yoluevn doxnon: yia x88e otabepd «, delyvouue ye Slataxtixn enaywyr oto 3,
ot
(€] ﬁ =0 @ - /67

%4t mou pacg Sivel autd mou BEhouye av mdpouue Sataxtixolc xot otig dbo
uepLéc.

Y1 Bdom B = 0, éxouue 4t To a -, 0 elvan 0 xevédg ydpog, a -0 = 0 = (),
OTOTE EYOVUE XUPLOAEXTIXG LGS TAL.

T o enaywyxd PAua Tou exopévou, B =+ 1=~y U {vy}, étoL mou

axf=(axy)U(ax{y}).
HMapatneodue 6t
(axvy)n(ax{y}) =0,

peag o to Levyn (z,y) oto deltepo pépog éyouv dedtepo pélog v, evdd xdbe
Cedyog (z,y) oto mpdto pépoc éyxel deltepo péhog xdmowo y < v. Emniéoy,

(@7 |z e€a},<) = a
and v tetpiuévn opotdtnta p(z,y) = , xal étol, and Tov oploud TNg mEd-
ofeong ueptxd SLaTeETaYUEVDY YOP®Y,

a'oﬁ:oa'o’y+oa'

buwe and Ty enaywyxf undheon, v tponyoluevy Acxnorn 12.21 xou and tov
0pLoUs TOU TOAAATAAGLOOUOY SLATAXTIXGDY GUVEYOoUUE HTL

aof=0a-y+a=a-p,

autd mou Béhape.
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Ity oproxy| tepintwon oto enaywyxd Priua, yio xdbe v < B 1 enaywyixt

unéfeon pac dlvel pa opoldTNTa
Ty iQ oY > Q-7,
n onola elvow apytxf opoldtnta Tov -y 010 @ - B eneld a -y < a - B, étol
mou 1o @ -y elva apytxd Tuhua tou o - B. Xenotuonololue tdpa T0 YeYovos bt
av ot U, V elvar xahd Satetayuévol ydeol ue U <, V, t61e undpyet axplBdg
uo apywxh) opotdtnta T U — V oand to Ipdfinua x7.13. X1n cuyxexpluévn
neplnTwon, autd onuaiver 6T
0 <y < B=mgly=m,,
dnhadn oL apyixéc auTéS OUOLOTNTES «GLUTITTOUYY, ETGL TTOU 1 €VaT| Toug elval
apyLxh opoLdTNTA TOU & -, B UE T0 & - B,
U{my |y <Bt=m:a-cB— a- .

Ouwe n 7 elvon enl tou a - § agol

Q- B = U 7<ﬁa =Y
and Tov oploud Tou SLATAXTIXOV TOANATAAGLACUOY, Xal dea 1) T Elvol ouoLdTNTA
xou €161 QTévouue oto {nroduevo a -, B =, a - .
To arotehéopata ylo Ty tpooeTatplotixdtnTa xot T (Un) petabetixdnta
énovtal mAéov and ta IlpoBAfuata x7.9 o x7.8.
Téhog, av n 7 : B — 7 elvan yvAola apyxd ouoldtnta, téte (edxola) To (8o
elva xal n ouvdptnon p:a - B — a7y ue TUTO
plz,y) = (z,7(y)),
mou pag divel o {ntoduevo a b B <, a6 7.
Ynuelwon. 'Evag dhhog tebnog va anodel&ouue to Baoixd uépog tne "Aoxnong
elvar va del&ouvue xateuvfelay 6t yia 6o ta o, B, N amelxdvion
m(zy)=z-y ((z,9) €axf)

elvan opoldétnta tou @, B e 10 a - B. H anddetln (ue drataxtixd enaywyd oto
B) elvar mapduoto pe auth mou ubhg ddooue, av xou ypeldleTal évo xdnwe nLo
AEMTOUEPES «XUVHYL» OUOLOTHTOV.

12.23. Aciyvouue to {nTtoluevo pe Slataxtixy Enaywys 6To 7y, Tautdypova
yior 6ha tat a xoL B: dnhadn, anodelyvouue e enoywyr oto y 6Tt

(Vo, B)la-(B+7)=a-B+a-9].
H Bdon v = 0 elvar tetpiupévn.
Ia v =6+ 1, urohoyilouye:
a-B+B+1))=a-(B+6)+1)
=a-(B+8)+a (opoude tou +)
=a-f+a-d+a (emaywywh undbeon)
=a-f4+a-(6+1).
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Téhog, yia oplaxd v, TapatnEolUEe apyixd 6Tt
0 U, <, {8 + n} elvaw opraxde Stataxtixde,
agol yio xdbe n < g undpyet ¢ €tol dote N < ¢ < v, xau 6t B+ <
B+ ¢ and n (12-26). Me avtd daywpllouue mepntdoelc oTov oploud Tou
nolamAactaoudu, xal vtoloyilovue:

=Uperla-(B+n)}
=U,<,{a - B+a-n} (erayoyud unébeon)
=a-B+a-v (opropde tou +),
6mou ylo to teleutalo ypnowwonolfoaue T (12-27) yio vo cuutepdvouue 4TL oy
Nn<(<y,Wrea-n<a-(<a-y, ol oV 0 -7y elval oplaxde Stataxtixde
o a-y=U, o n
12.26. Aeyduaocte 6Tt kK = (u€ € ON)[€ =, A], xou unobétoupe npog dtomo,
6T K =, a Y xdnoto o < K Suwe téte A =, a < Kk, Tou avttifetal otov
optoud tou k. o to avilotpogo (xau Tov deltepo Loyuploud), av To K dev elvar
LoomAnfxd pe xavéva a < K, Té1e, K = |K|, 0ol K =, Kk, xau dpa k € Card,,.
12.27. Av A =, B, té1¢, yia 6ha 1o § € ON,
A= ¢ <= B=,§,
xat étot (u€ € ON)[A =, £] = (p€ € ON)[B =, &]. H tpltn Wdidtnta tov
LoYLE®dY TEAECTOV TANOudTnTag elval tetpluuévn av Seytolue To AZloua Avt-
xatdotoong: téte N {|X]| | X € &} elvar n exbva tou € and tov oploTtixnd
tedeoth X — | X|, xou dpa eival oOvolo.

12.30. Av oyvet to AC, té1e xdbe clvoho elval LoomhnBixd ue xdmolov
dtatantind A, xou téHte o |A| elvan €€ oplopod thnBdptbuoc von Neumann. Avti-
otpoga, av |A| = N,, 16te A =, N, %ot étoL 10 A elvor xohd diatdiiuo.

12.31. Av deytoVue to AC, n I'evixevuévn Ynéleon tou Buveyoilc elvan o
toyvetouds 6t yio xdfe dnelpo mAnbdelbuo kK,

[P(r)] =27 = kT,

mou elvat axpBde 1 e&lowomn mou BEhovye va Sel&ouue agov ol Thnbdplbuot elvat
axplBic ta dAeg o NP = Nyiq.
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