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“All models are wrong, but some are useful.”

George E. P. Box
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ITpoAoyog

2 Mabnpoatixn Ztatiotiun aoxoAONxope oYed0vV OTTOXAELOTIXE UE EXTLLY-
TN Boolopéyn Tavw o JElypoTo aveEERPTNTWY XL LOOVOUWY TTOEOTNPNOEWY.
[No mopadetypo, umopel va elyape mopotnenoets Yy, Ya, ..., Y, ot omoieg umopod-
oope va Bewpnoovpe OTL NToy oveEQPTNTESG X0l LOOVOUES TTROYLOLTOTIOLY|OELS OO
TNV ROVOVLXY] XOTOWOUY| LE XOWY| Léom TLUY 1 %o xow Stoomopd o2, Béoet ow-
T00 Tov TVYaiov Jelypatog, wabaue vo LTTOAOYLLOLUE OMUELOXEG EXTLUNOELS KOL
SLOGTAUOTO, EUTILETOGVYNC YLOL TLC BYVWOTES TOPOUETOOVC [t X0 02, XaBKC *auL vor

TpoypotomoloVue dLdpopa £idn eAEYYwY LTTOBECEWY.

Mio @oitvopevind QUEDY] YEVIXEVON TOV TTOPATIAVE TOEXIELYUOTOG Bor Tty vou
Bewpnoovpe 6tL T Y1, Yo, ..., Y, elvor aveEgptnteg, dAAG O)L LOOVOUES, TTOOTNON-
OELG OTTO TNV XOVOVLXY] XOTovopY. [la topddetypa, Oo eiye evliapépoy va Bewpn-
GOLUE GTL €XOLY %OWY| SLoLoTIOPE 02, MG SLOLPOPETINES UEGEC TULEC 41, [h2; - - - » b
ovtiotolya. Puolxd, oe LT TO TOAD YeEVIXO TAXLOLO B Ty AASVYALTO Vo EXTLUN-
oovpe g n+ 1 670 TAO0C &YVWOTEC TTOEOUETOOVC i1, [h2, - - -, fin, 02 BOGLLOUEVOL
Tavw oe éva Selypo peyéboug n. Eivor amapaitymto va Bécovpe xdmorov emibo-
UNTO "TEPLOPLOUG” TTAVW OTLE AYVWOTEG UECEG TLUES UE OXOTIO VO EAXTTLOOVLE TO
TTAN00g TwY aYVHoTwy TopouéTowy. O propoboaue vo vtobécovpe OTL 1 = i
Yo i =1,2,...,n, 670V ¢; YYWOoTEG oTabepég xaL 11 AyvwoTn TOUEAUETPOS, SNAXST
OTL OAEC OL LEOEC TLUEG ELVOL YVWOTAE TTOAMATAAGLO. (LiOG HOLYNG, OAAAL AYVWOTNG,
TOaOTNTOG [, TNY OTolar xot BéAovue va extipunoovpe. Me awtdy Tov TpdTO, ETML-

2 o m StaSinacio

OTPEQPOLUE GTO TTAALOLO TWY SVO0 AYVWOTWY TTUPAUETOWY i XOL T
extiunong aAA&lel eAdyLoTa OE GUYXELON UE TNV TTEPITTWON TWY AVEERQTNTWY oL

LOOYOUWY TTOOXTNPNCEWY.

H avédivon maAwwdpdunorng daveiletor amd avt) v Wéa. 'Eotw ot evdia-
QeEPOUOOTE Vo meAeTRooLpE Tar BN Yi,Ya, ..., Y, TwY ayopLwy evdg oyoAesiov.
Ae Bo Mtoy Aoyixd vo vmobegovpe Gt Tor BApn TWV KYOPLWY EYXOLY XOLVY] HEOT
TLUY X0 XOWYY] SLAOTIOPE, oPOL YVWELLOVUE TOUVAGYLOTOV EVaY TTOEAYOVTO TTOL
eTLOPA ONUOVTIXE TTAVW 0TO B&EOG VOGS aTéUOL - To DPog Tov. Duaxd Oo po-

POVGUUE VO GREPTOVILE X0l TTOANOVG AAAOLG TTOLPAYOVTEG TTOL ETNEEGLOLY TO P0G



EVOG ATOUOV, AN TTPOG TO TTOPOY TTEPLOPLLOUATGTE GTO YO XATOYPAPOLUE Tor VPN
X1, Xo,..., X, Twv Owy ayoplwy. ‘Exovtag awtd tor dedopévor otor XEPLOL LOG,
vTobétovpe 6Tl oL péoeg Tpég w; = E(Y;) axohovbody ™ oxéon u; = Po + S1Xi
v i =1,2,...,n. Ta Xi,Xo,..., X, elvort yvwotd xal pmopodue vo to Oewpi-
oovpe otobepd, omdTe Tollovy axPLPWS Tov (8L POAO OTTwS oL YVWOTES aTabepég
€1,€2, ..., Cp TOU TTPONYOVUEVOL TOPAIELYUATOG.

Yrobétovtag, emtmAéoy, 6t Tar Bapn Y1, Ye, ..., Y, axorovbody tnv xovovixn

KOTOVOUY LLE TLC TTOPOTIAV® WEGEC TLLEC 0L XOLVY dLOOTOPE o2

, Taipyovpe 4Tl
Yi~N (ﬁo + 51X, 02) vioe i = 1,2, ..., n. ZUVETWG, EYOVUE TPELG AYVWOTES TR0~
uétpoug mpog extiunon: Bo, B xow 0. T var Egyeploovpe xaAOTEQR TO XOUUETL
TTOL OLYOUPEPETOL TN LEDY] TLUY TWV Y; OTTO TO XOUUATL TTOV AVOUPEPETOL GTNY XU T~
voun Twv Y;, Bo propoboape toodbvopo va ypopoope ot Y; = Bo+ 1 X, +¢€i, 60U
gi ~ N(0,02) yio i = 1,2,...,n. llpogavoe, to Béon Y1, Ya, ..., Y, eivon aveE&p-
™NTO LETAED TOVG, OTTOTE XL OL TUYOUEG UETUPANTESG €1, €9, . . ., £ ELVOLL OTOYXOTLXA
oveEGpTNTES. AUTO TO LOVTEAO TTOL TEEQLYPOUPEL TNV XATOVOWRY] TV Y; GUVOOTY|OEL
TV X; ovoualeTal oAl YOOUULXO LOVTEAD UE XOVOVLXE OQOALOTO N AALLG KO-

VOVLXO OTTAG YOOUULXO [LOVTEAO.

Ov mapoVoeg oNUELHTELS XOADTTTOVY TY] ILSACHOA O TWY YOOUULXGDY LOVTEAWY
o070 TuNuo Mabnpatixdy tov tavemiotyuiov AOnvay xot Biyovy opxetd emimAéoy
oLVaEY INTALATO. TTOL TTOPOVGLALOVY EVOLAYEPOY YLO. TTEPALTEPW eBabuvor otig
uebddovg Tov peietvvtal. Xe xabe xe@aiato Topatibeton N amoattoduevy] bewpio
%ol TOEEULEAANOYTOL XPXETEG TTOPATNPNOELG TTOV GTOYXEVOLY OTNY XOUAVTEQN XOTO-
VOO TWY EVYOLKY TTOL TTAPOLOLALOVTOL. 2TO TEAOG TWV CNUELDOEWY, Ttapatifevtol

Avpéva Bepato eEetdocwy amd Tor oaxadnuoixd €t 2008 - 2017.

Znuetwdvetar otL €xel yivel plo Tpoomabeia vou TapouoLlaoTody VoAV TIXE OL
OTTOJELEELG TWY TTEPLOGATEPWY ATTOTEAEGULATWY TTOL PN OLLOTTOLOVVTOL GTO TTAXLTLOL
TWY YOOUULXDY LOVTEAWY. [IoAAG amd autd tor amoteAéopoato cuvnbwg Bewpov-
vtal dedopéva xot dey amodeixvoovtor oty Stabéoiun BifAoypapio. ITpoteivetal
XATTOLOG VO ATTOXTNOEL Uior OLXELOTNTO UE TLS LebBdovg TNg pabnuotinnig otatloTt-

NG TTELY 0ooANDel TEPALTEQW UE TN LEAETN TWY YORUULXWDY LOYTEAWY.

Koatotavog Baoiing



KepdAato 1
AN IN'ooppixn MoAwvdpounon

1.1 Ewooyoyn

"Eotw pio petofAnt) evdiopépovtog Y 7 omola eEoptatal amd pio GAAn ue-
TofAn X. [popoavoe, n petaBint) X Siver mAnpoopia yia Ty Y xow 6tdy0g
elvor vou yponotpomowniel yioo ™y mpoBAedy twv Tnoy g Y. INa avtdy tov AdYo,
N LETOPANTY Y xodeltal eEoptnuévn N amoxprtixn xot N UETOPANT X xoAel-
oL aveEQpTNTY, emeEnynratixy 1 TeoBAsmTixy. Me Bdon éva Seiypo peyéboug
n arméd Levyopwtés mapotmenoets (Y1, X1), (Yo, Xa), ..., (Yn, Xp), xotaoxevdloovpe
TO AEYOUEVO ATTAG YOOUILLKO LOVTENOD 7] LOVTEAO XTTANG YOOULULLRYG TAALYOOOUT-
onNs

Yi=0o+ /X +¢e, i=1,2,...,n,

0oL [y, 1 oL CLVTEAEGTEG TTHALYSPOUYNOYG XOL €; TOL TUYOLO CQAALATO [LE:
e E(g) =0,
e Var(e;) = 02, 6moL 0?2 &yvwotn ToAUETEOC,
e Cov(ej,e5) =0 v @ # j.

Me &Ao Aoy, Tor Toyaion opéApaTa €xovy péon T 0, cival opooxedaotixd,

SdMAady| éxovy %oy dtaoTopd o2

, X0 ELVOL BVOYETLOTA, OANG OYL OTTOPALTNTO
oaveEdptnto. EmLmAéoy, Tor Tuyaior GQEAALOTO EIVOL TTROQOVKG UN-TTOEOTNENOLLO
xow un-vmoloyiotpo. o vou elvot xoAd 0pLoUEVO TO aTTAG YPOoUULXO LOVTEAO, Do

TEETIEL, TTPOPOVLG, Vo UMy elva 6Ac Tow X; (oo petakd Toug.

A@od 7 X Jdev elvar 1 petofAntn evdiapépovtos, Ttg Ttnég X1, Xo, ..., X, TOU
delypatog tig Hewpodue Yvwotég xar otabepés, eved Tig Tipég Y1, Y, ..., Y, Tig
Bewpodue Tuyaleg peToPAntéc, xotd T Yvwotd. Zuvolilovrac, To By, Bi, 02 eb-

vor otoepEg xal AYVWOTEG TUEAUETEOL TTPOG EXTIUNOT, T X; €lval YVWOoTA o
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otabepa, eve Ta Y; xan g; eivor tuoyaieg peToPAnTéc.

Mpétacy 1.1. (IStétnTeg Twv Y; %o Y)

i. B(Y;) = Bo+ b X;.

ii. Var(V;) = o2

iii. Cov(Y;,Y;) =0y i # j.

iv. K (?) = Bo + A1 X.

v. Var (Y) = Z.

2

AmtodelEyn. Xpnotpomoldvtag TLg LOLOTNTES TNG HEAMG TLUNG, TNG SLOOTIOPAS XOL TNG

ovydLoxVpLovang, voloyilovue Ta ENg:

L. E(}/z) = E(BO + ﬁlXi + 52’) = BO + BlXi + E(El) = 5() + ﬂlXi.

ii. Var(Y;) = Var(Bo + $1X; +¢;) = Var(e;) = 0.

iii. Cov(Y;,Y;) = Cov (8o + 1 Xi + €4, 8o+ 51X +¢;) = Cov(ei, g5) =0 yroe @ # j.

n

iv. E(Y) =1 iE(Yé) =15 (Bo+ Bi1Xi) :5O+%§Xi = fo+ S X.

=1

ooLoY.

v Var (V) = daVar ($£7) 2 b 32 Var(r) = & $0% = % a
=1 1=1 =1

Eppnveto: H oyéon E(Y) = By + 51X Sivel ™ Aeydpevn ekicwon Talvdpounorg.

2NV TEPLTTWAY TOL ATTAOD YOOLULXOV LOVTEAOU, M eElowor avt 0pllet nia evbeio

otov R?, pe v aveE4TnTn LETOBANTY GTOV GEOVOL TWV T X0 TNV OVOULEVOLEYY] TLUT|

™G eEaxpTUEYNG LETUPBANTYG 0Tov GEova Twy y. Ou cLVTEAEOTEG TTOALYOPOUNOTS
Bo xow 51 €xovy Tig €ENG gpunveies:

e o X = 0, égovpe E(Y) = Bo+ p1 -0 = By, IAadN o ovvtereotic o

eEXPEALEL TNV OVOUEVOUEVY] TLUN TNG EEXQTNUEYNG LETUPANTAG YLow TLUY TNG
oveEdpTNTNG peTaBAnTyg ton pe to 0. I'ewpetpixd, elvar To onueio oto omolo
7 evbeio TOAYIPOUNOTG TEUVEL TOV GEOVR TwY Y %ol xaAeitol oTolepdg 6p0g
TOL YPOULXOV povTélov. TTpopoaveg, N TopapeTpog By LETELETOL OTYY (Ol

povado pe ™y eExpTUév LeTofAnT Y.

Mo X = Xo + 1, égovpe E(Y) = Bo+ S1X = Bo + 1 Xo + 1 = E(Yo) + B1 =
f1 = E(Y) — E(Yp), Onhadn 0 ovvteAeotg S ex@pdlel ™ UETABOAN oTny
OWVOLEVOLEYT TLUN TNG EECPTNUEVNG LETOPRANTAG YLow adENOM TG aveERPT™NTNG
UETOPANTNG ®xatd pio povada. IN'ewpetpind, eivor o cuvtedeotig xAiong TG
evbeiog TOAYSPOUNGTG, ONAXSY] N EQATTOUEVY] TNG YwVLag Tov oyMULoTiCEL
KE Tov dEova Twv z. H mopduetpog [ LETPLETOL OE LOVADO TNG EERQTNILEVNS

peToPBANTG Y avd povado tng aveEqptnng petaBAntig X.
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To povtéro xaAeltor ammAd, ETELO XAVEL XONON LOVO UIOG ETEENYNUOTIXNG UE-
TofAng X. Xe avtibetn mepintwon, xoAeltal TOAATAS xot Ho uehetnbel oto
eEMOUEVO xe@OAaLo. ETLmAoy, xodeltor Yoouutxd, enteldn v eEicwon moAvdpoun-
oG ELVOL YOOUULXT] CUVEPTNOY TWY CLYTEAEGTWY TTaALYSPoUNoTNG. Il Topadetypo,

70 LovTéAO Y; = By + (1 log X1; + 62X221» + &; amoTeEAEL EVor TTOAATTAG YOOUWLLXO [LO-

VTEAO pe V0 emeEnymuaTixéc UETABANTES, eV TO LOVTEAD Y; = ﬁffg& + ¢&; Oev

elvoL YOOULLXO.

1.2 Mé00odog EAayiotwy Tetpaywvwy

H pébodog ehayiotwy tetpoywvwy eivor pla pébodog onuetaxng extipnong,
0mwg 1 pébodog péytotng mbavopdvetog xor n LEHodog TwyY POTTWY, TOL YENOLUO-
moteito TNV avdhvom TaAvdpounons. 'Exel wg otdyo va mpoadiopioet exeivn Ty
evbeia v Ty omolo T0 ABPOLOUO TWY TETPUYWYLXWY ATTOGTATEWY TWY TOEXTNOEN-
ocwy Y; amd avt) Talpvel Ty eAdylotn duvath T, Me dAa AdyLa, otdyog TNg
elvol vou TTPOadLopioeL TLG TLUEG TWY TOPOUETOWY [y Xow 1 TOL EAXYLOTOTTOLOVY
™0 CLYEPTNOMN:

n n n

QBo.B1) =D [Yi— (Bo+ LX) =D [Vi—EW)P? = el

i=1 =1 i=1

H pébodog erayiotwy TeTpoywvwy 3ev amonTel Xopiot YVOOoN YLt TNV XOTAVOWUN
TWY TOPUTNENoEWY Y, o avtifeon pe ™ nébodo péyrtotng mbavopaverag. Apxel

vo €xovue xavel vrébeon Yo TV Y€ TLUY TWY TREXTNENCEWY Y71, Y, ..., Y.

Aqupa 1.1. Toyder 6m > (X; — X) = 0. Opotwe, S_(V; —Y) = 0.
=1 i=1

Amodety. Tlpogoavwg, éxovue 6Tt
X -X) =) Xi-nX =) X;-) X;=0 0O
i=1 i=1 i=1 i=1
Optopog 1.1. (Acvypotixd Meprypapixd Xtorysion)
e Aerypotixy Staomopd g X:
1 n n

i=1 =1

o Aetypotixn Staomopd g Y:
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o Actypotixy ocvvdraxdpovorn LetoEd X xot Y:

SXY—%l (Xi—-X)(Yi-Y) = ! <ZXiYi—TlX'Y>

= 1 i(XZ - Y)Y; = ! Z(Y; - ?)XZ

n—1
i=1 i=1

* Astypotindg oLVTEAEOTYIG CLOYETLONG ToL Pearson petaEd X xon Y:
" > (X = X% - V)
XY i=1

XY = ee Sy [x — —
\/Z(Xi—X)Q-E(Yi—YV

Afppa 1.2. (@etixd Optopévor Iivoxec)

i. "Evocg ovppetpinde mivaxog A = € R2*2 givon Betxd (opvntixd) opt-

Cc

opévog av oL Lovo ov a > 0 (a < 0) xow det A > 0.

ii. 'Eoto f:R? = R plo ouvdptnon oAby petaBAntdv. Opilovpe

— 62f dxd
H(x) = [axialej eR

tov Eootavé mivaxa e f yioo X = (11,72, . .., 24) € RL H cuvdpton f eivor

YYNGLLS XVPTA AV %o LéVo o o Tivaxag H elvon Betixd optouévoc Vx € RY,

Mpbtaoyn 1.2. Ou exTipuNTELeg EAXYIOTOY TETPAYOVHOY TWY TOQXUETOWY [y KO

B1 TOL ATTAOD YPOUULXOD [LOVTEAOL BLVOVTOL Ol TLG OXECELG:

AmodeEy. Toppwvo Ue g [J.S@O8O ehoyloTwy ‘cs‘tpocycovmv EAXYLOTOTTOLOVUE T
ovvapmon Q(Bo, B1) = Z e2 = Z [Y; — E(Y;))? Z (Y — Bo — B1.X5)% T tov

z*l =1

AGYO w70, un8sw§oouz—: 'tLg UEPLKEG TTOOOYWYOLS TNG SLYAPTNOYS Q-
aQ n n N N n
95~ 2L (Vi h—AX)=0= 3 Yi=nbo+ By X
i=1 =1 =1

oQ
37[31:_22)( (Y; — Bo — B1Xs) _0:>;XY BO;X—F&;)@
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O 3V0 ekLowoelg 0TLg 0TTOlEG XATAAEXLE AEYOVTOL XAVOVIXEG EELOWOELS. ADvovue
™V TEWTN xovovixn eElowaom g TPog [y xo avtixobiotodue oty 3edtepn YLow Vo

UTTOAOYLOOVLUE TNV EXTLUNTOLO Bl. Emopévwg, maipvovpe B\o =Y - §1Y 2oL

zn:Xz‘Yz‘ :?zn:Xi - §1Y§:X¢ +§1ixi2 =
=1 =1 =1 i—1

n
(Z X12 . nX2> Z XY, — Optoi(;g 1.1
i=1

-~ 1
B =

= — Sxy rxy-Sx- SY Sy
N X -X)y, =Y =
(n—1)9% ;( ) 52 52 Y S

Télog, vroroyilovpe tov Eoolavd mivaxa tng ovvapmong Q(So, f1) yiow va emor-

Anbedoovpe dtt to onueio (Bo, S1) eivor to povadixd olxd erdytotd g

0%Q
— L —9p, <=2 2 =2) X, =
B2 851 Zz: 350351 Zz:
2n 23 X; 1 X
H(BO?/Sl) — n iﬁl =2n |— n =
23X, 23 X2 X a XX
i=1 i=1 =

1 n - n -
det H = 4n? ( > X7 - X2> = 4n <Z X2 - nX2> = 4n(n —1)5% >0
n
i=1

i=1

c R2 Anwa

xow Hip =2n >0, Y(Bo, 51) € ? H 0etné OPLOUEVOG.

Agod o Eoaravée mtivaxoag g Q(Po, 51) elvar Betixd opLopévos, v Q(Bo, f1) elvor
YYNolwg xLETN xoL EXEL LOVAILXO OALXO EAGYLOTO TO (Bo, Bl) O
Tyuetwon 1.1. opotnpodue tor ENG OYETIXA UE TLG EXTLUNTOLES B\o 2O BI:

e Ou extipnTpLeg Bo xow By elvau Yoouptxol cuYSLAOKOL TWY Y;. ZUYREXQLUEVDL,

Zk:Yxouﬁo_ ZY XZsz Z(nXk)Yi, 4mou:

Xi—X

ki = —— =
(n—1)5%

* O Setypotinds CLVTEAEGTNG CLOYETLONG XYy Elval EAeOOEPOG Lovadwy, N dety-
LOTLXY TUTLXY] OTtOXALOY] Sx METELETOL oty (Otar povada pe To X xaL 7
JELYOTLXY] TUTILXY OTtOXALoN Sy UETOLETOL OTNY (Ot povada pe to Y, omdte

emBeforwvoope 4Tl TO 31 peTpLétor o povada g Y avd povéada tng X.
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100

80

70

Outéc Yy = By + Bi1Xs = Y + Bi(X; — X) %0AOUYTOL TROGKOUOCUEVES
TéG Ty Y;. [oapixd, elval ov xatoxdpu@ec TPOBoAEG Twy Y; Tavw oTny

eXTUNLEYN evbeion TOALYIPOUNOTG.
H ekiowon Y = Bo + 31X Siver ™V eXTLUNLEVY] evOelor TAALYIPOUNOYG.

OLtpéc e =Y, —Y, =Y, —Bo—BiX; =Y, - Y — Bl(Xi — X) xoAobvro
XOUTAAOLTTA 1] EXTIUNUEVA CQAALOTO TVG TaALYOPOUNons. [Noapixd, eivor
x0T ATTOAVTY TLUY] OL XU TAXOPLVPES ATTOCTATELS TWY Y OTTO TNV EXTLUNUEYY

evbelo TaALVSpoéUNOTG.

To TopoxdTw YEAENULO XOAELTOL CNUELOYQOUUO 1| YOAPNULO OLAGTOPAS
TV Ttapatnenoeny (X, Y;). Tlavw oto ypdonuo éxovpe oyedLioeL TNy eXTL-
unuévy evbeior ToAtvdpdumong mov vroAoyileton péaw Tng KLebddov ehoyi-
OTWY TETPAYWYWY UE Baon awtd Ttor dedopéva. Or XATOXOPVPES YOOUMUES
OVTLTTPOOWTIEVOLY TOL XOTAAOLTTIOL TNG TOAYIPOUNONG, ONAASN TLS OTTOGTA-

oclg Twy Y; amd ta Y;, to omola Bploxovtal mave otny evbeio.

X

YxuMA 1.1: Enpetdypappo M Atdypappo Atoomopdc

e Epdboov Sx > 0 xar Sy > 0, ouuTEPAlVOLUE GTL TO TTPOOUO TNG EXTLUNTOLOG

~

51 xabopiletar amd To TEAGTMLO TOL BELYROTLXOD CLUVTEAEGTY] CLUGYETLOYG TOV
Pearson petakd X xou Y. o mopadetypo, ay vmdpyet Oetixn ovoyétion
petoEd X xon Y, autd onpoaiver 6t 600 awEdvetor To X TO00 owEdveToL
%ol T0 Y, OTOTE OVOUEVOVUE, TTROPOVKG, OTL XOL M XALON TNG EXTLUNUEVNG

evbelog ToAYdpdunong o eivor HeTixy.

To onpeio (Y, 7) xOAElTOL TO ®EVTPO BAOOVG TOL “GOVVEPOL” TWY TUEATY-
procwy (X;,Y;) otov R2. Top@wvo pe Ty mEoNyoLueyy TeGTooY, TopoTY-
pobpe 61t Y = By + 31X, dnhadh to xévtpo Bépoug (X,Y) avixel mavto
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otV exTlunuévn evbeior ToALvdpoUNoNC.
Afppo 1.3. (IStétreg Twy ki)
i. > ki=0.
i=1
i S kX =1
i=1
2 _
Z k (n— 1)52 :
ArodeEy. Me amiég TpdEeLg voloyilovpe ta eENG:
0
Do 1 Ny Adppor 1.1
i. Z; ki = CESVESS iz( X) = 0.
» n . 1 n ‘ _ ‘ 9 . n '
t Z; hiXi = (n—1)S% Z;(Xz - X)Xi= (n— 1)52 (Z X; XZ; Xz) =
3 _ 1 2 2) _ (=S
e 2 1 ™ V2 (n—l)Sg( o 1
R T s BT T s T e -

Mpéraocn 1.3. (Extipvroteg EAayiotwy Tetparyvwy)

i B <§1) = (1, OnAad N Bl elval apePdAnTTY exTLpTOLX TOL (1.

ii. £ (BO) = Po, OnAadN N BO elvol apePOANTTY exTLNTOLO TOL [).

iii. Cov (ﬁl, Y) = kio® = o (ﬁf))s(i

iv. Cov <A17?> =0

v. Cov (AOJQ) =0’ (% - ]%X) =0’ [% (fi;)gz Y}

. o~ 2

Vi. COV< 0,Y> k-

vii. Var <A1) = (n_af)si

. 51 YQ o2 n 2
Viii. Val'< 0) =0 [ﬁ + (n—1)3§:| ~ n(n-1)S% z; =

ix. Cov (BO’BI> = —%.

AmtodetEy. XonoLpomoldyvTtog TG LOLOTNTES TNG HEAMG TLUNG, TNG OLOGTOPAS XOL TNG

oLYSLOXVLOVOTG, LTTOAOYLCoLUE Tor EENG:

i. B <B1) =F (anl szz) = 'ikiE(Yi) = ilkz (Bo + £1X;) =

0 1
—ﬁo% +m% = 6
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il.

1ii.

iv.

Vi.

vii.

Viii.

ix.

E(B)=E(Y-BX)=E(Y)-XE (B Bo+BIX = XB1 = fo.

) Hporaon 1.1

Z,Y) (zk >°“’°"X Cov (k;Y;, Vi) = kiCov (Y;, Y;) =

Af n A
= Cov Y_ﬁleYi) =5 - Cov (Z YJY> — XCov (ﬁl,Yi) AL
j=1

A0>Yi) - % : COV(Y;,Yi) —Yk‘z'02 = % . Var(Y;) —Yk‘iUZ = %2 —Yk‘iUz =

) Hporoccm 1.1

o 2 3. X Y73 "
=2+ XVar (B1) - 2X Cov(Fh1) =% + X (e =

— 2 [% 4 (nzjbﬂ } — n(nji)SQ [(n —1)8% +nX } =

)
)
Var (B ) = Var (Y = BiX) = Var (V) + Var (5, X ) — 2Cov (V, B X
(%)
)
)

_ 2 2 Sy
_”(”—1)S§<<2X —nX —i—nX) (n51)5§( l;Xi.

Cov (507 31) = Cov (Y - BiX, 31) = WO — XCov (Bl; Bl) =

Cov (EO,@) = —XVar (Bl) = —%. O

NMopationon 1.1. Hopoatnpodue 4t T0 TEOGNULO TNG CLYSLOXVUOYONG LETAED TWV

EXTLUNTOLLY Bo %o By xabopileton TARPLS amd To TEHoMUO Tov X.

Bzodpnua 1.1. (Gauss - Markov) Ot exTLpAToLeg EAOYIOTWY TETPOYDVWY 30 2O Bl

€YOLY TNV EA&YLOTN SLACTIOPA AVAUECH OE OAEG TLG AUEPOANTITEG EXTLUNTOLES TWV

Bo xaw 51 oL omoleg elval YOOUULKES GUVOPTNOELS TWY Y;.



1.2. MEOGOAOX EAAXIXTQN TETPAT'QNQN 17

ArmodeEy. BAETe TOMATAY YOO ULXY TTOALYDPOUNGY.

Mpétaocn 1.4. (Mpoooppoopéveg Tpég xor Kortdhormo)

1i.

1ii.

iv.

vi.

5) = E(Y;) = Bo + f1Xi, dOnhad" to Y; etvow pio OUEPOANTITY EXTLUNTOLO
™ E(Y;). Zvpmepaivovpe 6t E (&;) = 0.

Cov (ﬁ,f/j) = Cov (ﬁ,)@) = g2 [ + W} Ewduxdrepa,

Cov (171, é}) =0.

o i # j, Cov (Y3, &) = Cov (85,&;) = —0? H + %} AtopopeTind,

Cov (¥;,5) = Var (5) = £ (&) = 02 [1 - 1 — ZegX].

Y = Z ;. ZuuTepaivovue 6TL Z g =0.
i=1 i=1 i=1

n n o
> X;&; = 0. Zopmepaivovpe 6t Y Yie; = 0.
i=1

=1

AmtodeEy. XonoLpomoldyTtog TG LOLOTNTES TNG HEAMG TLUNG, TNG OLOGTOPAS XOL TNG

oLYSLoxXVLoVaNG, LTTOAOYLLoLE Tor EENG:

i

ii.

ii.

iv.

E (A) (50 + 51X) (Bo) + X E (31) =po+ /X, =EY;) =

E@E) =E(Yi-%)=E)-E(%)=0.

Cov (2, Aj) Cov (BO + BuX,, Bo + lej) N

Cov (¥:,%;) = Var (Bo) + XX, Var (B ) + (Xi + X;)Cov (By, B ) """
Cov (Vo¥;) =o* [+ XSSQ etz o) =

Cov (¥:.7;) = o [L + %} Emimiéoy,

Cov (7,.%;) = Cov (B + BiX..¥;) = Cov (B 1)) + XiCov (Br.y;) "7
Cov (A"’YJ) =0 [% = s X + Xy 1);(2 ] =0’ [% + %}

Cov (¥1.55) = Cov (V0,5 = ¥;) = Cov (¥5,%5) = Cov (¥,,7;) =0.

Cov (¥,5) = Cov (¥;,Y; = ;) = Cov (¥;,Y;) — Cov (¥, 7} ).

:ﬁ) \_/ ’~<j>

Mo i # 7, Cov (Y3, Y;) =0, ométe Cov (Y, &) = —Cov (Y

):

Cov (Y;, &) = —0o? [n + K= X)X =X) (HX)l()),(SQ X)

—~ ~ 0
Cov (8,5)) = Cov (¥; = Vi, ;) = Cov (Vi, &) — Cov{¥55;] =

} EmimtAéoy,
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= = XZ—Y X —X
Cov (&;,;) = —o” [% + W}

Avopopetind, yio i = j, Cov (Y;,Y;) = Var (Y;) = 02, ondre

1 (X;—X)?
n (n—1)S%

~ —~ 0
Var (&) = Cov (5, 5) = Cov (Y - Yg) — Cov (Y;,5) —C}@Vé/y =

~ X;—X)? ;
Var (&;) = o2 [1 — % - En—l)s)g(]' Téhog,

B (22) = Var (@) + e =02 [1 - L - K],

X

Cov (Y;,&;) = 02 — Cov (Y,,f”;) =02 [1 — } EmimtAéoy,

_ ~ o~ n A -n n R R noo_.
Y =B+ BX = Y Yi=nho+ B Y Xi= 3 (Bo+ AiXi) = L Vi Ao
=1 i=1 i=1 i=1

1=1
Vi SXE=S XYV - B -X)] = XX -V) - A Y XX - X) =

n ~ 0 JR -~ TIpé . ,
Z XZ'E' ptcpg); = (n — 1)SXY — (n — 1)51%(61 poroc:m] 12 0. AQO(.,
=1

0

n ~ n ~ R R R n . n /

2. YiEi =, (/30 + /BlXi) Ei=0o 26 +p/iy Xiei =0. O
=1 i=1 Z1 =

1.3 Extipnon g Ataomopdg

Ay Y1,Ys,...,Y, tuyaio Selypo omd xotavouy] UE YVWOTY UEDN TLUN [ XOL
YVt SLoTopd 02, TOTE pio pUePOANTITN EXTLUATOLO TOL o2 Efvow :

n n

52 = LS i B = - (% - )

= i=1
AvTibétwg, av Y1, Y, ..., Y, Ttuyoio Jeiypo amd xatovopn He AYVmOeTY] LEOT
TWA f XL GYVWoTn SLooToPE 02, TOTE M OWVTLOTOLYN OUEPOANTITY EXTLUATOLO TOL
0?2 TPOXVTITEL, OV AVTIXOTOLOTHGOVIE TO &YVWGTO, TTAEOV, 1 OTth TNV OPEPOANTITY
exTLUATOLL I = Y %o oupartpécovpe évay Pobpd edeubepiog amd Tov TopovopaoTy
YLt TN PRI TTHPAUETPO TIOL EXTLUNOOWE, ONAdN TO 1. H apepdinmty extiuiroio

T0V 02 oL TEOXVTTTEL Elvol M AeYOuEVY SeryuoTixy StooTopd:

S =Y (i-TP

n—14%
i=1

Emiotpépovtog 010 amAd YoouuLxd LOVTEAO, OV OL GUVTEAEOTES [y xol 1 TNG

ekloworg ToALvdPOUNoNG NTaY YVWaTol, TOTE, HE TOV (BLo TPATO, WG OPLEPOANTITY
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exTiuTEL TOL 02 ol TTPOéxLTITE N

n n

D I

i=1 =1

XN PEOALOTIXY TEPLTTTWOY OTTOL OL OLVTEAECTEG [y Xol 1 Elval AYVwoToL,
THTE, e TOV (D10 TPOTTO, N VTG TOLYN CLUEPOANTITY EXTLUNTOLOL TOL 02 TTPOXVTITEL, OV
QVTLXOTOOTHOOVUE TOVG SV0 CUVTEAEOTEG OTO TLG AULEPOANTITEG EXTLUNTOLES Bo xou
B\l xo opotpgaovpe 300 Babuolg erevbepiog amd Tov TopovopaoTy Yo TG SVo
TOEAUETEOVE TIOL EXTLUNOOPE. H oepdANTTN EXTLLATOLO TOL 02 TTOL TEOXVTTTEL

elval 10 Aeyépevo péoo teTpaywvind o@dApa (mean squared error):

n— 24 n— 24 n—2
i=1 i=1

MSE:SQZL Y (YZ'—EO—BQQ)z:L Y (Yi_?i)QZ : Zn:gg
i=1

Mpétaon 1.5. To péoo tetpaywvtxd o@oipo MSE eivor pio opepdATNTN EXTLUN-

TOLL TS SLOLOTIOPEC 02 GTO ATTAG YOOUUIXS LOVTENO.

ArodeEn. Xpnolpomolwvtog TG WLOTNTEG TNG KEONG TLUNG %Ol TNG OLAOTOPAC,

vToAoyilovpe OTL:

B(s%) =

. n 2
~oy Hpdraon 1.4 2 1 X@ )
(&) n—2 Z 7 [ n  (n—1)S%

=1
B P o (n=t=T) = °
“n_2|" ﬁ/lj’S'T e -7

Apa, To S? givor Gvtwg pior opeEdATTN eEXTILTOLO TOL 072 O]

1.4 XvvteAeoti)g [lposdLopiopod

"Evog amd toug 0té)x0Ug TNG YOXUULXNG TToALtvSpounong lval vor eEnynoet éva
XOUUATL OTTO TV CUVOALXY] LETABANTOTNTA TV SESOUEVWY, 1| OTTOLOL TTOGOTLXOTIOLE -
T pé€ow Tov oflPolopaTog TETPOYWYWY f:(}/z —Y)2, 10 omoto eppaviletan ot
JELYOTLXY] SLOTTOPA TV TCO(QO(‘CY]QY’]OEQ)V@}IL Yo,..., Y.

Mmopodue va detEovpe 6Tl LT 1 CLVOALXY] LETOPANTOTNTO OTTAEL OE EVOL XOW-
ATl TTOL EENYELTOL ATTO TO YOOUULXO LOVTEAO UETWL TNG UTTOXALOYG TWY TTPOCHOULO-
OUEVWY TLLWV Y; a6 tov derypotind péoo Y %o o évor XOUPETL TTOL TTOROUEVEL

OWVEENYNTO X0l TTOGOTLXOTIOLE(TOL LECWL TWV XUTOUAOLTWY E;.

H ovvoAuxn petafBAntémnTa Twv eXAoToTeE OESOUEVWY TTOL EYOVUE OTO YEQLOL

pog eivor TavTor oTodEPN RO GUYXEXPLLEYY, OTIOTE ETULOLUIO LG, OTAY XOLTOLOXEV -
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Covpe éva YOOUULXO LOVTEAO, ELVOL VO UEYLOTOTIOLY]OOVILE TO XOUUATL TNG LETOPAN-
TéOTNTOG TTOL EENYELTOL ATTO TO LOVTEAO 1], LOOSOVOULY, VOL EAOYLOTOTTOLIOOVE TO

XOUUATL TNG UETABANTOTNTOG TTOL TTOPOUEVEL OVEENYMTO.
Optopog 1.2. (ABpoiopoto Tetparyvwy)

e Opifoupe SST = > (V; — Y)? 10 cuvohxd ébpotopo tetporyvwy (total sum
i=1
of squares) Twv dedopévwy.

o Opitovpe SSR = S (Vi — V)2 10 40p0LORO TETPOYWV®Y TTOL OPELAETOL GTNY
i=1
Tohvdpounon (sum of squares due to regression).

n - n
* Opilovpe SSE = Y (V; - Y;)? = 3" 22 10 4bpoLop.a TEToydvmY TV XorTahot-
i=1 i=1
mwy (sum of squared errors).

Mopoatnonon 1.2. [apatnpodue ot

S? = MSE = SSE
n—2

Hp6taocyn 1.6. (Avéivoy Atoomopdc)

DW=V =D (Y;-Y)*+ > (Y; - Y;)?, nhodrj SST = SSR + SSE.

i=1 i=1 i=1
AnodeEn. "Exovtog 6To PLUOAG oG Hioe TEYVLXN TTOU EREOVI(ETOL XAl GTOV LTO-
AOYLOUO TOL UETOV TETPOYWYLXOD CGOAAULATOS UIOG EXTLUNTOLOG, OXEQPTOULOOTE VO

Tpoabaporpéoovpe T0 Y; oty TocHTTeL Y; — Y Tov gppoaviletal oto SST:

)

SSTzznj(n—Y)sznj(n—?ﬁ —v)

=1 =1
n n
DTS
=1 i

n

ZSSE+SSR+2Z(ﬁ-?)@:SSE+SSR+2
=1 3

=SSE 4+ SSR. [

Optopog 1.3. (Xvvtereotig [poadioptopon)

SSR SSE

2 _ ook . ook
R_SST ! SST'

Eppnveto: Mopatnpobue apyxd 6t 0 < R? < 1. O cuvteheoTiic TEOGILOPLOUOD

ex@EAleL TO TOCOGTO TNG CLVOALUNG UETUBANTOTNTOS TWY E30UEVLY TToL eENYeiToL
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omd To Yoo utxd povtéro. Ilpopaveg, 600 Lo xovtd Bploxeton oty povada, TGoo
XOADTEQPO ELVOLL TO YOOLULXO LOVTEAO TTOU EXOVLUE XOTUOXEVAOEL. AvTiOéTwg, dTary
Bploxetor xovtd oto Undév, avTd oNuUaivel OTL TO YOAUULXO LOVTEAO eEnyel éva
ULXP6 T000GTO TNG LETOPRANTOTNTOG TWV GESOUEVWY, OTTOTE EYOVUE EXTLUNOEL XWPELS
AGYO TOV ouvteAeoTY] ®Alomg Tng evbelog ToALVSPOUNOTG, eV Bor pTopodooue vo

eiyope otabel oty vmdébeon 6t tax Y7, Yo, ..., Y, elvar tadvopo.
Anppo 1.4. Toydel 6t
n

SSR = 57 Y (X; (n—1)SXA:.

=1

Arnddeitn. Xpnouomoldvtoc ™y éxppoon Y; =Y + B1(X; — X), BAémovype dueoo

70 {nrovpevo:
SSRzZ(Yi—Y) :Z<Y+51(X¢—X) —Y) - BY (X, -X)? O
i=1 i=1 i—1
Mpétaocn 1.7. (Zyéon petakd R? xow rxy)

R2 = Tg(y.

ArodeEn. Kévovtog ypNnom Tov Tponyolevon AMUILOTOC, TTA{PYOLUE OTL:

3 X; — X)?
R2 SSR Am;poc 1.4 22 1;( Hpéraon 1.2 , SY ) (Tl — 1)5’?( B T 0
SST L — - XY ey (n—1)82 XV
> (Yi-Y)?

Eppnveio: Z0ppwvo pe ™y TeonyoLUev] TPOTOoY, OG0 TTLO LOYVEA CUOYETLOUEVES
neTaED toug elvor M eExptnuévn xow n aveERETNTY LETOPANTA O €var YOOULULXO
ULOVTEAO, TOCO UEYAADTEPOG Elval 0 OLYTEAECTYG TTPOGSLOPLoP.0V. ETouévwg, t6o0
XOADTEPO ELVOLL XL TO YOOULULXO LOVTEAO TO OTTOLO TTPOXVTITEL, 0poV EENYEL Evar

UEYAAO TTOGOOTO amtd TN UETABANTOTNTA TNG EEQPTNUEYNG LETOPANTNG.

1.5 TpdBAredn Kavovpyrag Ilapatnonorng

"Exovtog plo véor mopatnonom X,+1, EVOLAQEQOUOOTE VO xEvovue WUioe TEO-
BAed yra v T Yop1 = Bo + L1 Xnt1 + ent1 TNY omolar SV €XOVUE TOPOTNEN-
oet, 6mov E(eny1) = 0, Var(epy1) = 02 %0 £,11 0LOGLOYETIOTO YE TA €1,E2, - - -, En.
Me Baorn tig mponyodueveg n mopotnenoels Yi, Ya, ..., Y,, €ovue vmoloyioet

TLG EXTIUNTPELEG EAAYLOTWY TETPAYWVLY ﬁg ol ﬁl, omtdTE 0pILOLUE PLOLOAOYLUA
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}7n+1 = BO + BanH. Mopatnpodue 6t E(}N/nﬂ) = E(Yn+1) = Bo + f1Xn+1, otoTE
UTTOPOVIE VO Y OVNOLULOTIOLACOVE TNY TLUN ?nﬂ Ytoe voo TpofBAédovpe Y Y.

EmmAéoy, opilovpe 10 o@dipa mwpodBAedg €11 = Vit — Yoi1.
Mpértaoy 1.8. (Zedipo TTpéBAednc)

it. Var (Var1) = o? |1+ G0,

_ _Y\2
i, Var (Z,41) = 0% |14+ + Geegrd”].

AnodeEn. XpnoLpomolwvtog Tig LOLOTNTES TNG LEOMG TLUNG, TNG OLAGTIOPAS XL TNG

oLYILAXVULOVOTG, LTTOAOYLLOLUE Tor EENG:

~

i B (gn—kl) =F (Yn-‘rl - Yn—H) =F (Yn—H) —FE (f/n+1) = 0.

ii. Var (Yn+1) — Var (Bo + BanH) N

Var (?”H> = Var (BO> + X7, Var <B1) +2X,41Cov (Bo, 31) Hpdragn 1.3

o _ 21 X2 X 2Xp X | _ 2[1 | (Xnp1-X)?
Var (Y"“) =7 [ﬁﬂn—l)%*(n—lﬁ%{ _<n—1+>3§(} = [ﬁ+ ek

iii. Var(Y,,41) = Var (8o + 1 Xnt1 + ent1) = Var(epy1) = 02 xou

Cov (Yn+17Yn+1) = Cov (Yn+1,50 +51Xn+1) = 0, apod ta By xow B1 elvou
OLVOPTNOELS LOVO Twy Y1, Yo, ..., Y,, Ta omola elvorl OAQ OlOLOYETLOTAL [LE TO

Yn+1. Emopévwg,
0

Var (€,+1) = Var (Y,,41) + Var ()7”+1> — 2W =

~ —~X)?2 _X)2
Var Gy =+ [} i) = [ s -

1.6 Koavovixé AAd Tooppitxéd Movtéro

Optopég 1.4. 'Eotw X = (X1, Xa, ..., X4) € R? toyaio Stévoopa. Téte, opilovye:
o E(X) = (E(X1),E(X3),...,E(Xy))" € R 10 Siévvopa péowy tusy tou X,

e Var(X) = E|(X - B(X)) (X - E(X))T] = B (XXT) — BEX) [EX)]T € RIX4,
dnradn Var(X) = [Cov(X;, X)), ;. Tov Tivaxa ouvdlaxbpavong tov X.

Mpétaoyn 1.9. 'Eotw X, Y € R? toyaia Stavdopata, A, B € R™*? gradepol mivaxeg

xaL b € R” otabepa dravdopota. Tote, yvwpilovpe ot
i. E(AX+b)=AE(X)+b,
ii. E(AX+ BY)=AFE(X)+ BE(Y),

iii. Var(AX +b) = AVar(X)A",
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iv. Var(X) ooppetpinde xon Oetind nutoptopévoc, Snrady toyvel u'l Var(X)u > 0,
Yu € R%,

Optop.ég 1.5. ‘Eotw Stévuopo péowy ttuoy u € RY xou ooppetpinde, Betind opt-
opévog Tivaxag cuvStoxduavong X € R4 dnaadq u'Su > 0, Yu # 04. Eva
Toyado Stévuopa X € RY mov axohovbei Ty TOALSLAGTHTY XOVOVLXT XATAVOUY
€xeL ovvaETNOoN TLXVITNTOG TLhavdTnTaC:

(det 2)_% exp {— (x= “)Ti_l(x —#) } , VxeRY

d
2

fx(x;p, X)) = (2m)”

Yopfoixd, ypodeovpe 6tL X ~ Ny (p, ).
MMpotaon 1.10. 'Eotw X ~ Ny (i, X). Téte,
i. E(X)=p xow Var(X) = 3.
ii. T A € R™ 4 xou b € R”, éyovpe 61t AX +b ~ N, (Au +b, AZ]AT>.

iii. Xy, Xo,..., Xg aveEdptnteg av xot povo av Xi, Xo, ..., Xy aovoyétioteg, on-

Aadn 3 Starydveog.
Mpéraoy 1.11. 'Eotw X ~ Ny (1, 2) xow T = AAT yia xdmorov A € R4, Tére,
i. Z=A"1(X - p)~ Ny(0g4,1y).
it 2] = Z'Z = (X — @) TS (X — ) ~ 12
Optopdg 1.6. To povtéro Y; = By + 51 Xi + e v @ = 1,2,...,n, 6mov Loydet

€ =(€1,62,...,6n) ~ Ny (On,UQIn), XOAELTOL XOVOVIXO ATAG YOOUILLKO LOVTEAO

N UTTAS YOOUUULXO LOVTEAO E XOVOVLXE GOAALOTO.
Hapationon 1.3. (Kavovixé Amaé Tpopptxd Movtéro)

e To tuyoion COEAALOTO GTO XOYOVLXO ATTAG YOOUULXO LOVTENO ELVOLL XOAVOVLXA
xotovepunUréve pe néon Ty 0, opooxedaotind xal aveEdpTnTa, 1 Lo0dV-

vopo aovoyétioto. Anhadh, g; ~ N(0,02) aveEdotnro yioe i = 1,2,...,n.

* 370 x0vovixé amAd Ypouwx6 ovtého, toxdet 6t Y; ~ N (8o + f1Xi, 0?)

oveEdptnteg Yot i = 1,2,... n.

¢ "Exovtog, TAE0Y, XAveL LTTOHEDT YLOL TNV XKATOVOUY] TWY TUYALWY GPOUALATLY &;,
UTTOPOVILE YO XAVOVULE X ENON GAAWY YVWOTWY LeBOSwY extiunong extds amnd
™ Lébodo erayioTwy TETPOYOVWY, 0TTwg N LEHOSOG nEYLatng Thavopdvelog

0L YVWPELLOLPE Ao TN LabNUATIXY OTATLOTLXY.

IMpdtaon 1.12. OL exTipnToLeg HEYLOTNG TLOAVOPAVELOG TWYV CLUVTEAECTWY TTOALY-

J3p6uNoNG TOWTILOVTOL LE TLG EXTLUNTOLEG EAXYLOTWY TETPAYOVWY Bg now 31, EVO 1
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exTipToLe Léytotne mhovépavetog g dlaomopds o divetor amd Tov THTOo:

SSE —2)52

n n

Armode&y. Ao oL Topatnonoels Y; eivor aveEQQTNTES, LTTOPOVUE EOXOAR YO LTTO-

Aoyioovpe ™ ocuvvapTnon Thavopdvelag Twy dedouévwy wg eEYg:

L(505B1702’y13y25'”7yn Hf y’Lv/BO)Bla

=1

L | 50 — 51361)
IR e"p{ |

(27m -3 exp {

.

q

— Bo — Bix;) }

(2 %
mo?)” 2 exp 202 }

= (2m0?)” 2exp{ gg’ﬁl)}.

Aoyoprbuilovpe ™ cuvdptnon TLhavoPaveELOS YLor VO DTTOAOYIGOVLE TN GLYAPTNON

AoyopLBuomibavopdverag:

14 (50;61:02’917y2, s 7yn) = logL (607/81702‘y17y27 s 7yn)

nlog (27) nloga 2
= - 92 - 20_2 Z BO - lxi) .

Meytotomotobpe TPWTH WG TEOG To dtdvvapa (Bo, f1):

1< o 1<
8730 22; — Bixi) =0, 651—02;%(3/1‘—50—51%)—0

Ot 300 TapaTAvw EELOWOELS TOVTILOVTAL LE TLG XOVOVLXEG EELOWOELS OTLS OTTOLEG
xatoAnEaue oty Tpdtaon 1.2, omdte pog 0dNYolY OTLG EXTLUNTOELEG EAXYIOTWY
TETPOYWYWY ), f1. XTN CLVEYELN, LEYLOTOTTOLOVUE TN AoyopLipomibovopdvela wg

PO 0%

86’62(30,31702> :—7 QZ( 51$z)2=0:>

R R _ 2
32=l2(yi—6o—51x,~)2= SiE _(n=2)8*

n

YroAoyilovpe T 3e0TEPY TOPAYWYO TNG CLVAPTNONG ¢ (Bo, Bl, 02> w¢ TTPOC o2 yLot
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vo emoknBeboovpe 6Tl To G2 elvon onueto peyiotou:

8@25)2(50,51,02):2 . 32( A—Fie) o

(o (o)

8(6:4) <'80’51’ )_ o4 [n—fzﬂ;( B\D_B\lxi>2] :% (g—n> =

0%¢
0 (U

n

2 (Bo,ﬁlaAQ) = —9z1 < 0.

YmoAoyilovtag ta dpta TG ovvépTong L <§0, Bl, 02) w¢ Tpog o2 ota 0T xow oo,

2

emtaAnfedovpe 6Tt To 77 elvor anpeio oAxod peyiotou:

0200

O_%lglooL (ﬁﬂvﬁlp ) = lim (27702)7% exp {—Q(gg’fl)} nz0

o250+t T—00 T

lim L(ﬂo,ﬁl, ) ™= Jim <27_>gexp{ Q(ﬁo,ﬁl) } 6o,ﬁ1)>00 -

Topa, Tov €yovpue vobhéaetl Tl Ta TLYALO CEAANLUTO €; ELVOLL XKAVOVLXAL XOTOVE-
UNUEVDL, LTTOPOVILE VO TTEPOVILE KTTOTEAETUOTOL YLOL TLG XOTOVOUES TWY EXTLUNTOLLY
30» ﬁl xow S2. Ou xotovopéc avTég ivol TOAD OMUOVTLXEC, ETTELSN LOIC ETILTPETOLY,
TEQA AT TLG ONUELOXES EXTLUNOELG TTOV €YOVUE LTTOAOYLOEL, VO XOTOUOXEVATOVUE

SLOOTNUATOL EUTILOTOCOVYNG XOL VOL TTOOYLOTOTIOLYCOVILE EAEYYOLG LTTOOETEWY.

Mpétaon 1.13. Ioydel 6t Y ~ N (60 + 51X, %2)

Antédeitn. Tvwpiovpe 6t N toyaio petoPAnm Y = L Z Y; elvor, Tpopoaveg, Yoouu.-
UGG GLYSLOGUOS TWY TUYALWY UETABANTWY Y], oL orcou:g elvarl aveEdpTtnTeg %o
XOYOVLXG XOTAVEUNUEVES, aVUQWVL UE TNV TTopaTionon 1.3. Lourepaivovpe 6T
%o N ToYadoL LETOBANTH Y etvor xovovxd xortovepnuévn. Tty mpdtaoy 1.1, vro-
Aovioope T Léon TLT ko TN SLoTopd TNE TUYLOG LETABANTAS Y. SUYREXQLUEVDL,
amodeiEape 6t E (V) = o+ 41X xou Var (V) = 2. Enopévug, Taipvovpe dpeoo
OTLYNN(B0+B1X,7). 0

Mpéraoyn 1.14. (Kotavopée ExtipntpLdv)
/o ANT
i B= (50,ﬁ1) ~ N (ﬂ 25), émov B = (Bo, /1) xou

R > [y x2 X
EBZVar<B)2072 nz; ’
(n—1)S% -X 1

ZOPTEQOLLVOVPLE OTL ﬁl ~ N (51,( 52 ) KO Bg ~ N (50; { + %D
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~ T
EmmAéoy, odppuva pue ty mpdtaon 1.11, W = (B — B) >t (ﬂ - ﬂ) ~ X3.
n—9)52
i Q=% ~ .
~ s~ T
iii. H toyoaio petafanm S? eivon aveEdotm o to 8 = (ﬁo, 61) .
AnodeEn. BAETE TOAMATAY YOOUULXN TTOALYSPOUNGY,.

Inpetwon 1.2. Try xotavous] Tov axoAovbody oL EXTLUNTOLES Bo xou By UTTOPOVULE
vou TNV TTP0odLopioovpe SOLAEVOVTOS OTTwg oty TEoTaoy 1.13. Loppwva pe ™
onuelwon 1.1, ot tuyaieg petofAntég Bo oL Bl elvot yooapputxol cuvSLOCUOL TWY
Y, emopévmg eivor xovovixd xatovepunuéves. EmimAéoy, atny mpdtoon 1.3, €xovpe
VTTOAOYLOEL TLG LEDEG TLULEG KO TLG DLOLGTIORES TWV Bo %ol Bl, OTTOTE EYOVUE AWET

70 {nroduevo.

Hpéraoy 1.15. (Katavopée twv By xou By pe xpfon tov S2)

. Bi—Bi . . 2 _ 82 2 _ w21 x>
i. 55, ~tp—2 Ttoe i = 0,1, 4oL SA1 = DS xou S,Bo =5 [ﬁ + 7(%1)5?{}.
- 1(A3 T 1(72 p
ii. § (,8 - ,3) S;; (B - ﬂ) ~ Fy o, 6TOUL
n JR—
S S2 Iy X2 -X
B~ (1, — 1192 =1
(n—1)S% e 1

Armodety. o ™y amddelln avtic g mpdTtaong, Ha ypetaotel va Buudupaote
%xAToLo BoOLXA GTOLYELOL OYETLXG LE TNV XOTAVOWUY t TOL Student xotL TNV XOTOVOUN

F Tov Snedecor.

i. Z0pQova LE TV TEONYOLUEYY TEOTOOY, TTALPVOLE OTL:

5 _252
2-PB semmienon, =028 e,

(o2
%o Q oveEdpTtnin amd ™y Z, a@od S? aveEdotntn amd T Bl. Emopévwg,
OLUTIEQALYOLUE OTL:

~

T = Z :51_51-Sx\/n—l'g:ﬁl_ﬁl'SX\/TLfZﬂl_ﬂlNtnf%
Q o s 5 5%,

n—2

6mov S2 = —52__ Me OL0Lo TPOTO, LTTOAOYLLOVUE TNV HATAVOUN TNG BO.

B~ (n—1)S%

ii. TTaAL odpewvo pe Ty TEONYOVEVY] TTEOTAOY, TTOLPVOLUE OTL:

= (5-)" 55 (5-8) s
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xow Q aveEdptnTn amd Ty W, apod S? aveEdptnTn ortd To B Emopévwg,

- L) 5y (-8)
et (R ) ) 2
ea et fEE  y
SEAS e

bmo0 85— S X .

1.7 Awootqpoto xou Ieproyés Epmiotocdvrg

Xpnowpomoldvtog ™y mpotoaon 1.15, UTopoduE QUECH VO XX TAGHEVATOVUE

SLOOTAUOTO XAL TIEPLOYES EUTILOTOOVYYG YLOL TLG TTOPAUETOPOVS TOL LOVTEAOU.
Mpéraon 1.16. (Aroothuorta xou HepLoyég Epmiotoobvng)
i. ‘Eva 100(1 — a)% Siéotnua eumiotoodvng (owy ovpoy ytoe to G; yra i = 0,1
dlvetor amd ™) oyéon:

Do) = B~ tang S5, B+ tuzg S5

ii. "Evat 100(1 — )% Stéotnuo. ERmLoToodvS (6wy 0LEWY Yo To o2 divetow omd

™ oyéon:

(n—2)S? (n— 2)52]

Li_o (0%) = [ 5 :

2
Xn—?;% Xn—2;1—%

iii. Mt 100(1 — @)% meproyh epmotocidvyg Yo t0 B = (B1, B2)T Stveton amé

oygon:

Ri-a(B) = {ﬂ eR: L (5-8) 55 (5-) < FQ,n_z;a} -

AmodetEn. ZOPQwyo Le TNV TEONYOVUEVY] TTROTUGY], TTOLPVOVILE TO TLOPOXATW OLTTO-
TeAéopaToL

i. Pvwpilovpe 6t T = % ~ tp_2. Zmrope otobepéc c1,co € R tétoleg, wote

Plepy T <e)=1- a.ZEuyxsxpLuévoc, YLt TO SLAOTNUA EUTILOTOGVVYG (GWY
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i.

1ii.

OLPWY YPOLULOTIOLOVUE TLS OYETELG:

(67 (0%
P(T < 61) = 5 :>P(T> Cl) =1- 5 = C1 :tn—Q;l—% = —{p_9.a

g7
o
P(T > CQ) = 5 = Cy = tn_Q;%.
Emopévwg, To Stdotnuor eUmLotoobvng (0my ovEwy SiveTol amd ) oyéon:

Bi — Bi
S,

c1 < Sa& -5 <pi-pfi<-a 5

Bi —tn-29 - S5 < Bi < fi+tnog -5

2
TeAwxéd, aipvovpe 6t I1_o(6;) = BZ —tn—29 - SE_,Bi +ln-2g - SE- .

- 2 é /7 Z 7’
I'vwpilovpe 6t Q = % ~ X2 _,. Znrhpe otobepéc c1, ca € R tét0Leg, Wote

P(cp € Q € ¢2) =1 — a. ZuyxexpLuéva, yia To SLAoTNUO. ELTILETOCVVYS (GWY

0LPWY YENOLUOTIOLOVUE TLG OYETELG:

(6 (6%
P(Q<01)Z§Z>P(Q>Cl):1—§:>01:X721_2;1_%,

«
P(Q > c2) = 5= e= X?z—2;%'

Emopévwg, To Stdotnuor eumLotoobvng (omy ovpwy ivetol amd ) oyéon:

(n —2)S? (n —2)S? 5 _ (n—2)5?
S —% — S0® 5 S0 5.
o Xn—2;2 Xn—2;1-¢

—2)5? (n—2)5?
Tehxd, matpvovpe 6t I1_q (02) = [(n 5 ) , (n2 ) ] .
Xn—2,2  Xp—2,1-9
A T A
IN'vwpiCovpe 6tL F = % (,8 — ,6> Sél (6 — ﬁ) ~ Fy p_o. Zmrape otalbepd ¢ € R
wétoe, wote P(F < ¢) = 1 — a. looddvopa, {ntape P(F > ¢) = a, dnAadn

c = Fyy_9.q. Emopévwe, n {nroduevn meptoyn sumiotoodyng divetar amd

oxéon Ri—a(B) = {ﬁ er?: 3 (B-8) 55 (B-p) < Fz,n_z;a}. m

Inpetwon 1.3. Xto oyuo 1.2 BAEmovpe oxedlaouévy phe UTAE Ypwpo ™y 95%

TEPLOYN EUTILATOOVVYNS YLoL TNV Tapdetpo B = (fo, f1). BAEmovpe ot n meptoym

EUTILOTOOVYYG TTOLPVEL TN LOPPN Ulog EAAELPNG OTNY TEPITTWOY TOV ATTAOD YOO~

utxot povtérov. Iapatnpodue 6Tl 0 peYarog dEovag g EAeLDTG EXEL QYN TLXN

xAlom xaL €xel LEYOAVTEPO UNXOG OTTO TOV ULXPO AEOVR, OTTOTE OL EXTLUNTELES [

xaL B elval LoyuEA 0EVNTLXA CUOYETLOUEVES GTNY TEPITTTWAY AVUTY.

Me »#6xxtvo ypwpo BAETovUE oYedLaouéva Ta T LEPOVLG SLACTNUATO ELTILOTO-
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olvNg YLa TG SV0 TP ETPovs By xow B, Tar omoio oxnuatifovy éva opboywvLo.
Ye avtifeon pe Ty TEPLOYN ERTLOTOGVYYG, To 0pboywvio awTd de AapPaver xobo-

Aov LTOYN Y TLhavY cvoyETion pweTaED Bo 2O Bl.

To %évtpo g EMeLdrg Towtiletor pLe To %€vTPo ToL opboywviov xou elvor
TO onuelo ,@ = (Bo, B\l) To epPaddy tov opboywviov eivar peyoddtepo amd owTd
™G EMELYTG, OTTOTE ATOTEAEL Ulat GAAY TTEPLOYY EUTILOTOGVYTNG YL TO (VYOS TwV
oo €Tewy B = (Bo, £1), OANG o eTtintedo eumloTOOVVYG LEYUAITEPO otd 95%.
A6 Ty GAAY pePLd, oL TTPOBOoAES TN ENAELYPNG TTAVL GTOLS GEOVES Byailvouy exTtdg
TV 0plwy ToL 0pilel To 0pBOYWYLO, 0TTHTE FiVOLY SLUGTAUOTO EUTILETOCVYYG YLO

TLG TLOPAUETPOVGS [y xaL B1, AL o€ eTtimedo epLTLaTOOOVYG LEYOADTEPO Otd 95%.

40

30
|

By

25
|

20
|

15

10

YxHMA 1.2: Zovyxptor eproyng xow Atootnudtwy Epmiotoodvrg

1.8 Xtoatiotixol "EAeyyor YmoOéocwy

Optopdg 1.7. Ze évay oTatloTixd EAEYY0 LTOOECEWY XOAODUE TTOOATNOOVUEVO
eTITESO OTATIOTIXNG oNUovTXdTYTOg 1 p-value ™y mhavétnta v Toportnen-
OOLUE TLUN TNG EAEYYXOOLYAPTNOYS (oM 1 AXOUO TTLO OXPOL: OTTH VTNV TTOL TTOL-
QUTNENOUUE OTO OLYXEXPLUEVO Belypa, LTTO TNV LoYV TN undevixng vtdbeong Hy.

Anogoacilovue vo amoppiovue v Hy o€ €.0.0. o av %o pévo av p-value < a.

IMpotaon 1.17. Y6 ™ undevixn vmdbeon Hy : B; = Bip Yo i = 0, 1, yvwpilovpe
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ﬁz ﬁzO

53,
OV su(pochCovrocL oV EAEYY0OLYAPTNOY T OO TLG TAPATNENOELS Y1, Y2, - - - Yns

61 610
B,

ot T = ~ th—2. Avtixabiotdvtog Tig Tuyaieg petaBAntég Y, Y, ..., Y,

VTTOAOYLLOLUE TNV TTOPATNEOVUEYY TLUN T = NG EAEYYXOOLYAPTNOTG.

i. 'Eotw 6t BEAovpe var TEOYLOTOTTOLY|OOVILE TOV EAEYYO WE TNV OUQLTTAELEY
evoloxtixn vobeon Hy : B; # Bio tov @ = 0, 1. Tote, amoppintovue v Hy

O £.0.0. & av %o P6vo o [t| > £, 2.2 N p- —value”) = P (|T| > |t]) < o

ii. "Eotw o1t BEAOLE VOU TEOYUATOTTOLOOVUE TOY EAEYYO WLE TN LOVOTTAELPY] EVOA-
Aoty vébeon Hy = B > Bio yroe @ = 0, 1. Tote, amoppimrovpe v Hy oe

€.0.0. av OV X0l UOVO oy t > 2.4 N p—value(>) =P(T>t)<a.

iii. "Eotw 6Tt BEAOLUE VO TPOYUATOTTOLNOOVUE TOY EAEYYO WLE TN LOVOTTAEVOY] EVOA-
Aoxtien vmébeon Hy @ B < Bio yoe @ = 0,1. Téte, amoppintovpe v Hy oe

£.0.0. (v OV X0 U6VO Qv t < —t, 9. H p-value™) = P (T < t) < a.

ArmodeEn.* Ohot oL Topamtdvw EAeyyoL LTTODETEWY elval TNG LOPPNS oVVDHETN EvayvTt
obvbeTng, omdte Ha xdvovue xENoM TOL XELTNELOL YEVLXELLEVOL AdYOUL TLHavopo-

VELWY. B0 TTPOYLOTOTIOLYJOOVILE TOUG EAEYYOLS LOVO YLOL TNV TTOPAWETOO [31.
i. Tt T0 amAd Yoo utxd LOVTEAO, EXOVUE VTTOAOYLOEL OTL:

n

L (Bo, B1,0%) = (27702)_;@(19{—2;2 (yi—ﬂo—ﬂlxi)Q} =

=1

n n J—
€ (Bo, 1, 0%) = =5 log (2) —  log o — — z; (vi = Bo — Brzi)”.
"Exovpe vmoAoyiosl Tig exTiuNTOLES UEYLOTNG TLOOVOQAVELOG Bo. B1 wan 52
TV Topapétpny Bo, B, 02. Me 6p.oto TpéTo LTOAOYILOLUE TLC EXTLUATELES
péytotng mbavopavetag Twy By, o2 v ™Y Hy : f1 = Bio:
n

EO =7y — 617()?, 52 = % Z (yz - BO - Bl,Oxi>2 .

i=1
YmoAoyilovpe Tov AoYdptbpo Tov yevixevpévov Adyou TLHUVOPAVELLV:
108 A=/ (g()» 51,07 52) -/ (B\Ua B\la 82)

~2

:—Zlogiz—%;zn:(yi—go—ﬁl,oxo /\QZ( 50_B1$Z)2
i=1

g
Moglo M n_ ny o
9 9852 T 9 Ty T T3 %5

2

[Tpoomabobue vor exPEAGOLIE TNY EXTLUNTOLX 07 CLUVOPTVOEL TNG EXTLUYTOLOG
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72 YLt vou AOTIOLAGOVUE TNV TTOPEGTAON:

5= :L; yz - (Bo + Blwz) + (Bo + lez) - (50 + 51,0%)}2
= % Y a + (g — BT+ 5130@) — (= ProT + 51,0%)} i
i=1
= % 1:1 52 + (B - 51,0) (i — T)r
= % Zn:e?f + (31 - 6170)2 ” (v, —T)° +2 (31 - 51,0) Zn: (zi — ) a]
=1 i=1 i=1
_524 ] <§1 — 5170)2 (n—1)s% +2 (31 - 51,0) (ixz@ —xznjgz)] ;
i=1 i=1

n n 2 [~ 2

, ~ ~ , ~9  ~92 (n—l)s ,

6mov § lxiei = § 151- =0, on6te 0° = 0° + — X | B1 — P10| - Emopévac,
1= 1=

) IR )
log/\*:—glog 1+w<51—51,0) }

no?
_n [ (n—1)s% /=~ 2
= ~Glog 1+ gk (3= 5u0) |

n 1 ~ 2
:—glog 1+(n—2)8%<l61_l6170> ]

[at Tov LTTOAOYLOUO TNG KPLOLUNG TTEPLOYTG TOL EAEYYOUL THPETEL YO AOGOLUE

™MV oVLadTNTO A* < ¢ WG TTPOG XATOLAL OTATLOTLXY] CUVEPTNON:

1 ~ 2
N <celogh <c=logece 1+ ——rs (51—510) St = o
(n—2)s% ’
B1
[Bl Bl()] >C***:(7’L—2) (C**—1)<:>|t|: M >0y = |C***|
55, 5B
Y76 ) pundeviny vmdbeon Hy : f1 = S0, YVwpilovpe 6t T = BIS'BI L~ by,

B
INa Tov vmoAoytoud g oTabepds cq, amartodpe N mLhovdTTo OlchO\p.O(‘COg

ToToL I Tov eAéyyov, dNAadY N TbovdtrnTar AavBoouévng amdpprdng tg Ho,

vo glval {om pe a:
Py, (IT| > ¢a) = Puy(T > ¢o) + P, (T < —co) =1 = Fr(ca) + Fr(—ca)
=1-Fr(ca) + 1= Fr(ca) =2[1 = Fr(ca)] = a =

« _ [0
FT(CQ) =1- 5 = Co — FTl (]. — 5) = tn_Q;%.

Emopévmc, amoppimtovpe v Hy ov xow pévo av |t| > p—o;9.
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ii.

iii.

Apxel voo vToAoYloOLUE TLG EXTLUNTELEG HEYLOTNG TLHavopaveLag Bo, B1 xau 62

twv By, B1, 02 v ™Y HyUHy : B > B1,0. ZeNVHOYTOG aTtd TNV EXTLUATOLX [,

vmoloyilovpe 6L

5 Bi, B =bBio Ny Bo, B1 = Bio 5 5%, b1 = Pio

1=

Q>
|

0 =

o~ ~ —~ Y o~
B0, B1 <P Bo, B1<PBip a2, B < Bo

YmoAoytlovpe Tov YEVIXELUEVO AdYO TiLhavopaveldy A** cuvaptiost Tov Adyou

A* TTOL LTTOAOYLOOPLE YLl TOV OLPLITTAEVPO EAEYYO:

o L <§0,51,0’52> _ B> B10 |

~

L (5’0,31,32) 1,  Bi1<Bipo

Mo Tov vToAoyLopd TG %PLOLUNG TTEPLOYNG TOL EAEYYXOL TPETEL VO AVGOLLE
™y ovtadTTo A < c. Aod toydel mavta 41t 0 < A < 1, autd Looduvopet
UE TO YO AVOGOLUE TNV aVLadTNTO. A* < ¢ LTTO TOV TEPLOPLOUO Bl = B1,0. Opwg,
gxovpe Selkel 0Tl \* < ¢ & [t| > ¢o. EmimAéoy, vt Tov TepLopLtopd B > B1,0,
mafpvovpe 6Tt t > 0, omdte [t| = t. [N Tov vToAoyLoud TN otabepds ¢,
anottodue Py (T > co) = a, SNAadN ¢ = ty_2.q. ETOUEVS, amoppintTovpe
™v Hy av xow povo av t > t,_2.4.

Apxel vao vrohoyloovpe Tig EXTLUNTELEG HEYLOTNG TLHavoQaveLag Bo. B1 xau 62

twv Bo, B1, 02 vid T HoU Hy : B < Bro:

,é’ B, B < Bio :>/§ Bo, B < B1,0

= —

5 a%, b1 < Pio
0 — .

~ ~ o~ Y o~
B0, B1> P Bo, B1>Bip a2, B> Bio

Q>
I

Y'roAoyilovpe Tov YEVIXELUEVO AGYO TLOOYOPOAVELWY \** GLYAPTNOEL TOL AGYOL

A* TTOL LTTOAOYLOOPLE YLl TOV OLPLITTAEVPO EAEYYO:

L <B0,51,0752> X, B < Bro
L (/3073173.2) 17 Bl > 51,0

A**

Mo Tov vToAoYLOUG TG XPLOLUNG TTEPLOYNG TOL EAEYYXOL TPETEL VO AVGOLLE
™My avtodtTnToe A*F < c. A@ob toydel mévta ot 0 < A < 1, awtd Loodvvael
KLE TO vor AVGOVPE TNY oVLoOTTH A* < ¢ LTTO TOV TTEPLOPLOUO 31 < B10. Opwg,
éyovpe Selketl 6T \* < ¢ & |t| > co. EmimAéoy, utd tov mepLopLopd B\l < B0,
mafpvovpe 6T t < 0, omdte |t| = —t. [l Tov vTOAOYLOUS TNG oTabePdc ¢y
arottovue P, (T < —co) = o, SNAaSN ¢ = —tp—21—-a = tn—2.a. ETOpéVWG,

amoppintovue TNy Hy av xow névo av t < —tp_9.q. O
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Ynueiwon 1.4. (TVvdeon Apgpintisvpov xor MovomAevpwy EAEyywy Yrobéocwy)
i. p-value®™) + p-value(<) = 1.
ii. p-value” = 2min {p—value(>), p-value(<) }

iii. Av t > 0, toéte p—Value(>) = % . p—Value(#. Avopopetixd, av t < 0, téte

p-value(~) = 1 . p-value”).

20ROV HE TO TTOHPATIAVW, v LTTOAOY{ooLUE TO p-Value omolovdNToTE CUTTO OWL-
TOUG TOUG TPELG EAEYYOVG, TOTE LTTOPOVILE TTAVTO VOL VTTOAOYLOOVUE HECK OVTOV XOIL
o p-value twv GAAwY V0. OTOTE, TEAYUATOTOLWYTOS OTTOLOVINTTOTE ATO TOLG
TPELG EAEYYOVG UE XPNoM p-value, uTopodue Guesa vor BYGAOVUE GUUTIEQPUOUO KOL

Ytot ToLG LTTOAOLTTOLG JVO.

Inuetwon 1.5. Ocwpobue tov éAeyyo vrobéoewy Hy : 3; = Bio vs. Hy : B # Bio
Yoo i = 0,1. AmodeiEape 6t amoppimTovpe ™y Hy oc €.0.0. o av xal LOvo o

|t] > tn—o;2. loodVvopa, dev amoppimTovpe ™y Hy ov xow pévo av:

~

Bi — Bio
|t| < tn—2;% ~ _tn—Q;% < % < tn—Q;% g
B

A

—ln—29 - 55 < Pio — Bi Stpgsg 55 ©

12
Bio € |Bi —tn—gi2 - 55, 0i +tn2;2 - S@} = 5—a(Bs)

Me éAa Adyra, amoppimtovpe Vv Hy : i = Bio av xor pévo av Bio ¢ Ii—o(5i).
Avti 7 SUIROTNTO PETAED OSLOOTNUATWY EUTILOTOOOVYNG XOL EAEYYWY LTTOOETEWY

UE OUQITAELEY EVAANOXTIXN oG OLVEL EVAY EVOAAXXTIXG TPOTTO ATTOPAOTG YLO TNV
amopELPN N UN TNG UNndeviung vrdbeong.
Optopdg 1.8. ‘Evag éheyyog g popopng Ho : B =0 vs. Hy : 3 #0 yte @ = 0,1

XOAELTOL EAEYYOG OTATIOTIXNG ONUAVTIXOTNTOS TNG TOPAUULETOOL [;.

Iqpeiwon 1.6. Zoppwva pe tny mpdtaon 1.17, n eAeyx0oLVEETNOYN TOL EAEYYOL

OTOTLOTLXNG ONUAYTIXOTNTOG TNG TTHPAUETOOL [3; TTpoxVTtTeL B€Tovtag [ o = 0. Y6
Bi
B

™ undevixn vbeon Hy : B; = 0, yvwpilovpe 6Tt T' = &*

i

~ tp_g UE TOOOTNEOV-

pevn T t = f% Aépe 6t ToPAUETPOG [ ELVAL GTATIOTIXO ONULAVTLXY] 1) OTATL-

k2
OTLXA OLAUPOPN TOL UNOEVHS OE €.0.0. (v OV XOL [LOVO OV LTTOPOVE Vo aTtopLovLE

™y Ho, OnAadn av o Povo ay LoyVeL XATToLo omtd Ta eENG:
® ‘t‘ > t’rL*Q;%a
e p-value =P (|T] > |t]) < o,

* 0¢ Lio(Bi) = |Bi —ta—22 55, Bi +lp_29 - 53 |.
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Av plo ToPAUETPOG eV ELVAL OTUTLOTIXY ONUOVILXY], TOTE aLTO onuoivel OTL OE
OLVELOQPEPEL ONUAVTLXA OTNY EQUNVELX TNG TTOXPLTIXYG LETUPANTNG, otoTE Ot Lo-

povoe va mapoielpbel xwpic va yobel onuavtixn TAnpopopio artd To LoVTEAO.

1.9 Avédivorn AracTopds - ANOVA

2T0 OTTAG YOOUWULXO LOVTENO LOG EVOLOPEPEL TTEPLGGOTEPOD VO LEAETNOOVUE TOV
ovvteAeot) xAlong g evbelog ToAydpdunong, dnAadn v Toapductpo [i. OF-
AOLUE VO TTPOCEYYLOOVUE LE EVOY EVOAAAXTIXO TPOTIO TOV EAEYYO OTOTLOTIXYG OY)-

povtixotnrag Hy @ 1 =0 vs. Hy : B1 # 0. Apywxad, eidope ot

Q = = ~Y X’r27,72

Y76 tn undevixs vrdbeon Hy : f1 = 0, yvwpilovpe 6t Y; ~ N (B, 0?) aveEgptnteg
%ol Loovopes Yo i@ = 1,2, ... n. ZOUQWYX UE TO ATOTEAECULATO TTOL €XOVUE OEL

o™ pabnuaTinn oToTLo TNy, TTAlPYOLPE OTL:

SST (n—1)5%
g -

o o2

1 — —
ﬁz (Yl - Y)2 ~ X%—r
=1

EmmtAéoy, umtd ™) undevixy vdbeo, toydel 4t By ~N (0, ﬁ) oTtoTE:
BiSxv/n—1 —1)5% 57 Avdppoc 1.4 SSR
7 =BVl g1y o g2 = MZUSKOL )2X51 Mg L4 228 L2,
g g g

H xortavopr] tov SSR éyet évav Babud erevbepiog (d.f. - degree of freedom). Opi-

Covpe péoo Gbpolopo TETPAYDOY®Y TOL OQeidetol 6Ty TOALYSPOoUNon (mean

sum of squares due to regression) to MSR = SSTR = SSR. TeAwxéd, Toipvovpe Ot

Z®? n—2 SSR (n—2)c? MSR ,
F_T. 0 = o T SSE - ~ MSE ~ F1p—2, oo v Hy.

[Tpoomabodpe va cuvdEgovpe TOV EAEYYO OTATLOTIXNG ONUAVTIXOTNTOS YLOL TNV

TOEAUETPO (1 HE TNV eAeyyoouvdpTtnoy F. Qupdpocte 6t T = Sﬁ—j ~ tp—2 LTO
b1

v Hy, ondte vmoroyilovue ot

B (n-1)S%57 MSR
- S% - 52 =Msg [~ Fieez
1

T2

AciEope 6Tl amoppimttovpe ™V Hy O €.0.0. a av xal Lovo o [t| > ¢, = tp—o;9.

Mo Tov vToAOYLOWUS TNG XPLoLUNG TTEPLOYNG TOL EAEYYOL F, amtaLToVE:

Py, (IT) > ca) = Py (IT)? > ¢2) = P, (F > c2) =a=c2 = Fly_2a.
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Av f elvor  ToEaTEOVLUEVY] TLUN NG EAEYYOOLVAPTNONS F OTO CUYXEXQLUEVO

delypo, t6te amoppimTovue Ty Hy oy %o pévo av f > Fi 0.0 N
p-value = P (|T| > |t|) = P (|T]> > |t|*) = P(F > f) < a.

BAémovpe, Aotmdy, 6Tl 0 EAEYYOG OTATLOTIXNG ONUAYTIXOTNTOS TNG TUOAUETOPOV
B1 KLE XOENON T™NG XOTOVOUTYS t Elvor LoodVvapog pe tov EAeyyo F. Ilapoatnpodue
ot oL Babpol erevbepiog Twv xatovopwy Tov SSR xow Tov SSE abpoilovy atoug
Babuodg eAcvbepiog g xatavoung tov SST. OAa ta Tapamdvew to suvodifovue
oTov Aeybpevo mivoxa avaivorg dtaomopds (ANOVA - analysis of variance). Ko-
Aeiton €tol emeldn Poaoiletar oty avdAvom TS oLVOALXNG UeTaBAnTédTTag SST

oTLg ovvtotwoes SSR o SSE.

Sum of Squares d.f. | Mean Square | Fjn9 p-value

Regression || SSR = (Y; - V)2 1 MSR = %

O =R P(E 2 )

Error SSE = zl(YZ ~Y)? | n—2| MSE= %

Total SST=S(Y;i—-Y)? | n—1
i=1

n

IIivakaz 1.1: Ilivaxog ANOVA yio to Kavovind ATAd Tooppind Movtéro

Tqpetwon 1.7. Mio t1ood0vouy Yoa@n tng eAeyxoovvéptnong F diveton wg eEng:

MSR SSR SSR R2
Feyse =2 =2 s57—ssr =~ " 1- g2

Tyuetwon 1.8. EAéyyovpe av to MSR Oa propodae va yonolpomoindel wg extipn-

ToLo TOL 02, OTwe To MSE. Ymohoyilovpe ) péon Ty Tov MSR yiow vo eAéyEovpe

o Vol oUEPOANTITY EXTLUHATOLOL TOV 02

E(MSR) = E(SSR) "™ (0 —1)5%B2] = (n—1)5% [Var (B)+ (B (31))2]

o2

Emopévuce, toydet 6Tt E(MSR) = 02, SnAad¥ 1o MSR eivow apepdAnNmTy exTLiToLo:

2

TOL 07 ay xoL HOVO oy LoYOEL M undevixn vwtdbeon Hy : f1 = 0. Xt yevxdtepn

mepimtwon To MSR vrepexTud 0 0.

Tyuetwon 1.9. Zyetxd pe to SST, voroyilovpe ot

Mpétoon 1.5 o
= o

E (SST) = E(SSR) + E(SSE) +(n—1)S%BE+ (n —2)o* =
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B(E0) - p(s) -0+ 361> o7

n —_—
Emopévng, 1 oTatlotix? ouvaptnon Si elvol aphepOATTn EXTLUATOLO TOL 02 av
xaL Lovo o toyVel n undevixy vmobeon Hy : S = 0, dnAady oL Tapatnenocls Y;
elvo aveEGOTNTEG XOu LOOVOUEG. TN YEVXOTEPN TEPITTWON TO S VTEPEXTLUE TO

o2.

110 Awootpoto Méoyng xot Atoputxng IpoBAsdng

[N dedopévo Ledyog mapatnonoewy (X;,Y;), 0éhovpe opyixd vor xotooxevd-
oovpe SLaotnua eumtoToobvng Yo T E(Y;) = By + S1.X;. Avtd to Sidotnuo epmt-
0TOoVVYG XOoAElTOL XoL Lot péoyng TEOPRAedng yia To Y. I'vwpilovpe 4t
E(A) = po + 1 Xi = E(Y;), dnhad1i o Y; elvon plor oepOAnmTT eXTUATOL TG
E(Y;). EmmAéoy, yvwpilovpe 6T t0 Y; eivau YoOoUULXOG GLYBLAOUOG TWY ﬁo xo 51,
T OTOLOL [LE TV OELPA TOUG Elvort Yoo ULXol cuvdvaopol Twy Yy, Ya, ..., Y,. Epdoov
T Y1, Yo, ..., Y, elvor aveEdpTTOr %O XOYOVLXE XOTOVEUNUEVD, GUUTEQALVOLLE
6t xow 10 Y; Bo elvon xovovixd XOTOVEUNUEVO UE PEOT TLUN oL SLOLGTTOPEG TTOL

gxovpe voAoyioel oty TpdHTOoY 1.4, dINAadN:

s o1 (X - X)?
e s T v

-

Vi—EY) [1, (i-X)?]"?
E— [n + 7(71_ 1)53(} N(O, 1).

Emmiéoy, yvwpilovpe 6t Q = =25 2)5 ~ xX2_,. E@boov 1 tuyoio petofBAnty S?
elvot aveEqptnTn amtd To B = (ﬁo, ﬁl), Oo eivor aveEdptnTn oL omd To Y;. Soume-

paivovpe 6Tl M ToYaior LETAPBANTN Z elvar aveEqpTnTn amd Ty (), omtoTe:

T = = = ———2> ~ty_9, 6TOUL:

z Vi EY) [1 ) (Xi—XV]‘% Y, - B(Y)
Q o

S%_SQ[l (X)}

Zape otobepég 1, co € R tétoteg, ote P(c; < T < ¢2) = 1 — . ZoyxexpLpéva,

YL TO LACTNUO EUTILOTOCVVYS LOWY OLEWY YEPNOLUOTIOLOVUE TLG OYECELG:
(6] (6%
P(T<c)= ) =PT>c)=1- 5 =1 =lp21-2 = —ly_239,

«
P(T> 62) = 5 = C2 :tn,Q;%.
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Emopévwg, To Stéotnuor eUmLotoobvng (0wy ovpwy SIveEToL amd T OYEoN:

Y, — E(Y _
€1 < SA( Z)<02<:>—CQ'S)’;¢<E(Y) Y, < —¢p - SA
Y;
i}i *tn—2,°‘ 371 < E(Y;) < }/;z +tn_2;% . Si;z

TeAwxd, Taipvovpe 6t I1_, (E(Y;)) = [fi —tp-2,9 S};,ffi +tp-2,2 - S |-

Topo, éxovtag pio véo mapatienon X1, EVOLOPEQOUATTE YO KATHOXEVE-
OOLUE OLEOTNUO EUTILOTOCVYNG YLt TNV TLUN Y1 = Bo + S1Xp+1 + €nt1 TNV OTOl
dev éyovue ToEATNPROEL, OOV pp1 ~ N (0,07) aveE4oTTo oIt TaL €1, €, . . - , En.
AvT6 10 dLACTNUO EUTILETOOOVNG XOAELTOL KOl SLAGTNUO ATOWULXYG TEOPRAEPTS YLot
70 Y;. Me 3don tig mponyobueveg n mopotnenoels Yy, Yo, . . ., Yy, €éxovpe voAroyiost
TLG EXTLUNTOLEG EACYIOTWY TETOXYWVWY Bo xou By. Me Béon avTég TLG EXTLUNTOLEG,
éxovpue opioet TEOPAedN Yy = Bo + BanH %ol oAApa oA TEOBAedNG

Eni1 = Y1 — Yoyt = Yoyt — Bo— BiXni1.

To o@alpo TEOBAEPNG €1 ElvOL YOOUULXOG GUYIVLACUOS TWY Y41, Bo xow
Bl. To B\o HOUL 31 UE TN OELPA TOLG Elval YOoUULXOL cuvdvaopol Twy Yy, Ys, ..., Y.
E@dboov ta Y7,Ys, ..., Y, Y11 €lvo aveEQQTNTOr X0l XAYOVIXG XATOVEUNUEVA, GU-
UTTEQOLIVOVIE OTL XOL TO Ept1 Dot €lVOL XOAVOVIXE XOTAVEUNUEVO UE LEOT TLUN XOL

JLaoToPA& TOL €x0oLPE LTIOAOYIoEL oTNY TTPdTaoY 1.8, dnAad:

(Xng1 — X)ZD N

1
g — 51 Xnp1 ~N (0,02 |1+ =
Ent1 = Yoi1 — Bo — BiXun < o [ +n+ (n—1)52

1

Yy — /1 X 1 (Xpp1—X)?] 2

g Yot~ Bo — P1Xni1 1+7+( +1 2) ~ N0, 1).
o n (n—1)S%

E@boov to (B, 52> elvor ovvaptnon Ty Y, Y, ..., Y,, O elvor aveEdptnto amd
70 Y41 Opwe, 10 B eivon aveEdpmro améd to S2 ométe ta B, S? xow Yy ei-
vou apotPaio aveEdptnTon uetaEd toug. Emouévne, n tuoyoio petoPanty S? eivo
oveEdpTNTn amd To (,@, Yn+1>. Yvpmepaivovpe 0tL M Toyaio LETOPBANT Z elvon
(n—2)8?

o2

oveEQPTNTN amtd TNy Tuyaia LETABANT) @ = ~ X2 _,y, OTtOTE:

- 1 ~
T Z Yo —Yan [1+1+(X1—X)2] 2g_Yn+1—Yn+1Nt )
= = T o = n—2,
% o n (n— 1)53( S Sz, 1
2
6mov §2 = §° [1 + =+ (Z)] :
(n 1) X

Zmrape otobepés 1, ca € R tétoleg, wote P(c; < T < ¢2) = 1 — a. Omtwg xat oLy,

TOPYOVPE OTL €1 = —t,_9,0 XOU 3 = t,_9,2. ETOUEVLG, TO BLGOTNUA ERTILGTOGOVNG
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lowv oLPWY dlvetal amd TN oxéomn:

Yit1— Yo
C1 < 57
En+1

< Co <~ Yn+1 +cy- Sz < Yn+1 < Yn+1 +c2- Sng_l'

En41

TeAwxd, moaipvovpe 6t I1_o (Yot1) = |Yog1 — tn—2;g - Szpi1s Yoyl + tn—2; - Szt

Mopoatnonon 1.4. Oélovue vor GLYXQIVOLUE TOL SLUCTAUATO UETNG XOL OTOULKNG
TEOPAePNS YLt TO Yy p1. [lopatnpodpe 6t xow tor V0 Stootiuato TEORAEPNS
elvol eoTloopéva YOPwW amd TO i}n+1 = ?n+1 = Bo + BanH. Opwe, PAéTovpe oL

52

gn+l

=52+ S}% R To Stéotnpo péong TEOPAEPNS YL TO Y, 11 €XEL UMHOG:

A (Ilfa (E(YnJrl))) = 2tn72;%s’\

Yog1®

To avtiotolyo Stdotuo atoutxng TEORAEdNS Lo To Y41 €XEL pNxog:

A (Il—a (Yn+1)) = 2tn—2;%S§n+1

= 2tn_2;% \ /82 + 5}27”4_1 > 2t”—2%%s?n+1 =A (Il—a (E(Yn+1))) .

Emopévwg, T0 unixog tou SLtacTtiuatog atoptxng TeoBAsdng Yo To Y41 elvot mé-
VTOL LEYOADTEPO OO OWTH TOU OVTLOTOLYOV SLOCTNLATOS UEDTS TTEOPAEYNS. AvTy
N OLOPOPE GTO UNXN TWY OLUCTNUATWY OQEIAETAL OTLG OLAPOPETIXES TINYES O fe-
Bodtnrag mov Aapfdvovy vméd. To Sdotmuo péong TEORAeYNS Yoo T0 Yiqg
AopPaver vtddn Tov pévo ™Y afefordTnTo Yiow ™ pwéon TR E(Y,41). AT v
GAAY pePLd, TO SLEAoTNUO OTOULXNG TTEOBAEYNS YL TO Y, 11 cuVLTOAOYLLEL XO TNV

ofeBordmnTa yiow T (Stoe TV ToPaTNENom Y41, N oola elvol AYvwoTy.

Ov extiprTpLeg SXZA‘,L+1 xow S2 | Ty SloTopsy Var(Y,41) %ot Var (E,41) dev
elvor otobepéc, oAAG eEapTdvToL omtd TNV T NG ToPatNENong Xn4+1. Oco pe-
YOAITEPY Elval M OO TOOY TNG TOEATAENONG Xpt1 OTTO TN OELYUATLXN LEDY] TLUN
xX=1 i X;, 1600 peyohdtepn eivor N Tt g Tapdotoons (Xni1 — Y)2, omdte
1600 u;{loch’)'cspoc etvor xow Tor uixn Ty Stotrétwy TeoBiedng. To X, = X,
TOL UNXN TOY SLHOTNUATOY TTEOBAEPNG TTalpyovy TNy EAGYLOTY TLUY Toug. MdAloTa,
POV TOL AXPOL TWY SLACTNUATWY TEOPAePNG eEaptdivton amd 10 Xyy1 HEOW TNG

nopdotaong (X1 — Y)Q, OLUTEPOLVOLUE GTL €XOLY TOLPABOALXS TYHLOL.

Yto oynuo 1.3, elvor oxedtoopéyn Ue UTTAE YOWUO N eXTLUNUEYN evbeio TTo-
AVdpouNoNg Twy Topotnenocwy (X;,Y;), oL omoleg Qaivovton pe Lodpo xewUA.
Kovtd oty extiunuévn evbelon maAvdpounors, PAETovpe oyedLaopéva e pwf
KOO TOL AXPO TWY OLUCTNUATWY LEONS TTEOBAsPNS YL SLépopeg TLUES TOL Xy 1.
EmiBefatdvovpe 6Tt Tor 3o owTd axpor oxnuartilovy 3V0 XU TOAEG TTOL PALVOVTOL

vou €XOLY TTOPOBOALXO OO
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YxuMA 1.3: Avootpota Méong xat Atopixig IpdPAedng

30

To dxpo Twv SLaoTNUATWY aTouLxng TEORAEPNS, T oTTola efvat oYeSLAoUEVOL

KLE ®OAUALVO YpWUA, PoloxovTon TTOAD TTLO LOXELA OTtd TNV EXTLUNULEVY] eLOEloL TTOALY-

3pouNoNG, OTws oxpLPwg mteptuévape. Téog, TopdTL dev ametxovileTol xaAd Aoyw

™G XALUOXOG TOV YOOPNLOTOG, TO OXQO TWY SLOOTNUATWY OTOULXNG TTEOBAEdNG

ATTOTEAOVY XL OUTO TUAROTO. SV0 TTOPOUBOAAWY XAUTUAWY.
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Kepdhoto 2

I[MoAAowAn oot
IMoAtvépopmoy

21 Ewoyoyn

Otav dev éxovpe povo plon emeEnynuotixn LeTofAnT X, oA & p amovTnTL-
xég petofBAntéc X1, Xo, ..., X, xow BEAOvUE Vo TLG XONOLULOTIOLNOOVUE OAEG YLOL VOL
TEOPBAEPOLUE TLG TLUEG TNG ATTOXPLTLXNG UETUPRANTYG Y, TOTE *ATOOXEVALOVUE €V
TOAOTTAG YOO LULXO LOVTENO 1] LOVTEAO TTOAAATTAYG YO ULULXNG TAAYIOOUNOTG.

Me Bdon éva delypa peyéboug n amd SLOVOOUATIXEG TP TNPNOELS
(Y1, X011, X01,..., Xp1)

(Yo, X12,X22,...,Xp2)

(Yn; Xl,na X2,n7 st 7Xp,n)

optlovpe TO TOANXTIAG YOOULULXO LOVTENO
Yi=00+ 51 X1+ BeXoi+ -+ BpXpi+ei, i1=12,...,n,

6mov By, Bi,..., B oL p+ 1 ovvteAeoTéG TAAYSPOUNONG XL £; T TUYOL CQO&A-
Lo, YLt ToL OTTOLOL LOYOEL OTL:

L4 E(EZ) = 0,

e Var(e;) = 02, 6moL 02 &yvwotn ToAUETEOC,

e Cov(ej,ej) =0 v i # j.

41
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Me Ao AdyLa, Tor Toyaior oEaApLaTo €xovy péon Tiun 0, elval opooxedoaoTird,
SNAadh éxovy xow Stomopd o2, xow elval AGVGYETLOTA, AN Gyl XTOEITYTO!
oveEgpTnTo, axpLBug 0Tws 0To aTtAd YOOULLXO LoVvTEND. MAAoTA, TO OTTAG YROLUL-
ULx6 LovTEAO efvol €LdLX] TEPITTWON TOL TOAAXTAOD YOAUULXOD UOVTEAOL YLOX
TANbog emeENMUOTIXGY PETOPANTOY p = 1. Tl Tov AGY0 awTd, OA TOL ATTOTEAE-
opota Tov o SeiEovpe ot TAGLOLL ALTOD TOL XEPUAXLOL LOYVOLY AVTOUATKG

XOL YLOL TO OTTAG YOOUWULXO LOVTEAO.

Yvvoilovtog, o €var TOAATIAG YOAUULXO LOVTEAO EYOVUE P ETEENYNUOTIXES
ULETOPANTEG oL p + 2 TOEOUETPOVS TTPOG EXTIUNOY. Bor TEETEL, TEOPAVWS, TO
uéyebog tou Selypotog vo elvol ETOEXES, WOTE VO UTTOPOVUE VO EXTLUTNIGOVILE OAEG

TG TOPUULETPOVGS TOV LOVTEAOL, ONAGSN v LoyVeL n = p + 2.

A6yw TOL pEYEAOL TTANOOLE THPAUETPWY GTO TOAATAG YOOUULXO LOVTENO,
elval TePLoaOTEPO BOALXO YO TO YORPOULUE XOL VO TO ETEEEQYATTOVUE TTEQULTEQW

oc Tvoxtxy Lop@m, dnAadn Y = X3 + €, 6Tou:
Y= (H7Y27"'7YH)T € Rn?

/6 = (BOaﬁlv cee 7ﬁp)T € ]Rerl)

€= (e1,¢e9,... ,5n)T € R" xou
1 Xi1 Xo1 -+ Xpa
X — I Xip Xop oo Xpo e R (p+1).
_1 Xl,n X2,n te Xp,n_

O mivaxag X xoAeiton mivoxog oxedtaorod Tov Yoouutxod povtédov. H mpwt
OTNAN UE TG povadeg avtiotolxel otov otabepd 6po [y, eved xabepio amd Tig

vTtOAOLTTEG OTNAEG amoTeAel €var delypo peyéboug n yLo xdmola amd TG p emeln-
YNULOTLXES LETAPBANTES.

Ouv 3 vmobéoelg OV €YOVPE KAVEL YLOL TOL TUXOLOL COOALATO TOV YOOLULXOD
povtédou cuvolilovton oe otk Lo we E(e) = 0, xow Var(e) = o21,,. Extéc
OO VTEG, TIPETEL YO XAVYOLPE GAAY Uior LTTEOEOY oyeTIXd e ToV Ttivaxo X, oTE
TO YOOUULXO LOVTENO Vo elvo XoA& opLtopévo. Oa Tpémel 0 Tivoxag oYeSLOGUOD
X va eivor wAfpovg téEng (full rank), dnAady rank(X) = p + 1. H onpoaoio avtig

N6 vTtHbeong Ba Poavel oY ePoEROYN TG LEDBASOL EAOYIOTWY TETPOYWVLY.
Mpoétaon 2.1. Ioyder 6t E(Y) = X8 xou Var(Y) = o21,. Supmepaivovpe ot
i BE(Y;) =00+ B X1i+ - +6pXpi = EY) =00+ X1+ + BpXyp.

2

ii. Var(Y;) =02 xow Cov(Y;,Y;) =0y i # j = Var (V) = Z.
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AmodeEy. Zoppowva pe ™y mtpdtaon 1.9, éxovpe ot
EYY)=EXB+e)=XB+ E(e) =Xg,
Var(Y) = Var(XgB + ¢) = Var(e) = o°I,. O

Eppnveta: H oxéon E(Y) = fo + 51 X1 + f1Xe + -+ + B, X, Slver ™ Aeybpevy
eElowon TaALYIPOUNGYS. TNV TEQPITITWAY] TOL TOAAXTTAOD YOOUULXOD LOVTEAOUL,
7 ekiowon awty opilet éva vmepeninedo otov RPHL. T mopdSerypo, Bétovtoc
p =2, noyéon B(Y) = By + B1X1 + B2 X2 0pilet éva emimedo otov R3. Emopévwc,
LOVO GTNY TEPITTTWON TOL ATTAOD YOAUULXOD LOVTEAOL LTTOPOVUE VO XAYOLILE AGYO
Yo evbeion ToALYSpéuNoNG. OL suvteAeoTég TaALYSEOUNONS Bo, B1, - - -, Bp EXOLY TLG
ekng epunveieg:
e o X1 = Xo =+ = X, =0, éqovpe E(Y) = [y, dnAadn 0 ovvteAeotng
Bo omoTEAEL TNV OVOUEVOUEYT TLUY TVG EEAQTNUEVNG UETAPBANTAG Yior TLUT
OAWY TV OVEEAPTNTWY UETAPANTWY (o pe to 0. [Ipopavde, N TapAUeTEOG

Bo HETPELETAL OTNY (Ot Lovado Pe TNV EEXQTNUEVY] LETOPANT Y.

* 'Hotw j € {1,2,...,p}. Ia X; = X, + 1, éyovpe 6m E(Y) = E(Yy) + 35 =
Bj = E(Y) — E(Yp), dnAadn o ovvtedeotig B ex@palel ) UeTaorr] otny
OVOULEVOUEYT TLUN TNG EEXPTNUEVNS UETABANTNG Yo adENOT TN aveERPTY-
™G HETOPANTIG X xotd pioe povddo, xpothvTog OAEG TG LTTOAOLTES Owve-
Edoptnreg petafAntéc otabepéc. H mapduetpog B; petptétan os povédo tng
eEaptnuévng neTafAnTig Y avd povddo tng aveEdptntng petaBAntng X;.

2.2 Méfodog EAayiotwy Tetpoywvemwy

X TLVOXLXY] LOPQT, ] GLUYAPTNOY TOL AHPOLTUATOS TWY TETPAYWYLXKY OTTOCTA-

OEWY TWY TOPATNENOEWY Y; amtd TLG UETES TLUEG TOUG YORPETAL WG:
Q) = lel*=1IY = E(Y)|* = [Y - XB]* = (Y - XB)" (Y - X7).

Ty ovvdpton awty BEAOLPE Vo TNV EAAYLOTOTTOLY|OOVUE YLOL VO TTPOGOLOPIGOVLE
TNV EXTLUNTOLO EAXY(OTWY TETPAYWYWY B ™G StavuouaTXNG Topopétpov B. I'a
vo. T0 eTLTOYOLUE avTo, Do TPémeL var TtoporywYioovue ™) cuvdptnon Q(B) wg
TPOG T SLOVOOUATLXY TTHPAUETEO B, OTTOTE YPELALETAL YO EXOVUE XATTOLEG YVWOELG

TOEAYWYLONG WG TTPOG SLAYLOULOL.
Appo 2.4, (Atovoopotindg Atopopikds Aoyop.og)

i. Eotw f: R? = R” pio Stavoopoatixy cuvdptnon xo g(x) = [|[f(x)|% vx € RY.
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Tore, 5 of
Yixy=2. Zix).
o (x) =2 o (x) - f(x).

ii. 'Eotw f(x) = Ax+b, 6mov A € R™d x ¢ RY xou b € R™. Tére,

of

&(x) =AT.

Afppo 2.2, (TéEn Hivaxo)

i. T %60 mivaxo A € R**4, LoyVeL OTL:

rank(ATA) = rank(AAT) = rank(A) = rank(AT).

ii. 'Eotw A € R™" évag tetpaywvixdg mivoxog. O mivaxog A eivar avtlotpédt-
KOG av Xot LOVO o efvo TANPoLS TAENS, dNAad rank(A) = n.
Méptopa 2.1. Eotw X € R™*PHD o wivaxoc oyeSLoopot Tou Yoo uLxoh LovtéAov.

Téte, o mivaxoag XX elvor avtiotpédruoc.

Amodety. T'vwpilovue 6t o mivaxog oyediaouod X eival TANpovg TaENg, dNAadn
rank(X) = p + 1. O wivaxag X' X € REHDXPHD giyon, tetporywyixdc xon toyiet
6t rank(XTX) = rank(X) = p + 1, SnAad7 eivar TAHPOLE TEENC. TOUQGVR UE TO

TEONYOLUEVO Afjupe., 0 Ttivaxoag X' X eivor avTioteédruoc. O

Adupe 2.3. 'Eoto A € R™*?, Térte, o mivaxac ATA eivor Oetind quioptopévoc. Av,

emumAéoy, o mivaxag ATA eivar mMpoue TéEng, téte eivar Betixd optopévoc.

IMpbtaon 2.2. H extipqroio eAoyloTwy TETPOYHYWY ,@ ™G OLAVVOUOTLXNG TTOOO-

uétpov B Stveton amd T oxéom B = (XTX)_1 XTy.

AmodeEn. 'Eotw £(8) = Y — X3. Z0ppwva pe to Mupo 2.1, éxovpe ot

O 5y x1.9Q 5 o N o oy oxTiy _x3) —
%(ﬁ)— X éaﬁ(ﬁ)—2 aﬁ(ﬁ) f(8) = 2X'(Y-XB) =0=
XTX3 = XTy "ea > 5 _ <XTX> Xy,

Mo va eAéyEovpe av to B eivor onueio peylotov, vmoloyilovpe tov Eooiavd

Tivoxo TG ovvéptong Q(3):

__Q
~ 08708

9Q

_ T T
958 = —2X"Y +2X'XB = H(B)

(B) = 2XTX.

Epéoov o XX eivar mAipovg T&Ene, obupuwva pe t0 AMjuue 2.3 civon Oetixd

optopévoc. Apod o Eaotavdg mivaxog g Q(3) elvon Oetixd opiopévoe, n Q(B)
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elvat yvnolwg xveT xol el Lovodixd oAxd eA&yLoTo TO ,@ = (XTX)_1 Xy, O

Optopég 2.1. ‘Eotw X = (X1, Xo,...,Xg) € R xow Y = (Y1,Y5,...,Y,) € R”
Toyalia Stavoopota. Tote, opilovpe Tov Tivaxo StoaLYSLoxVpoVeY G LEToED X %ot
Y wg Cov(X,Y) = FE |(X - E(X)) (Y — E(Y))T} = E(XY") - E(X) [B(Y)]" € R™*",
dnrad Cov(X,Y) = [Cov(X;, Yj)], ;

Mpétacn 2.3. 'Eotw X € RY Y € RF toyaia dravbopota, A € R4 B ¢ RI*F

otabepol Tivaxec xor b € R”, ¢ € RY otabepd Stavdopata. Téte, yvwpilovpe 6T
i. Cov(X,b) = 04xn,
ii. Cov(X,X) = Var(X),
iii. Cov(Y,X) = [Cov(X,Y)]",
iv. Cov(AX +b,BY +¢) = ACov(X,Y)B™,
v. Var(AX + BY) = AVar(X)A" + BVar(Y)BT + ACov(X, Y)BT 4+ BCov(Y,X)A™,
vi. X, Y aveEdpmnta = Cov(X,Y) = 04xr = E (XYT) = EX)[EY)".
Mpéraoyn 2.4. (Extipitoieg EAayiotwy Tetpoydvmy)
i. B (B) = 3, dnhadN N B eivan OPEPOANTTTY] EXTIUTOLX TOL .
ii. Var <B\) = g2 (XTX)_l.

1

iii. Cov (B, Y) = o2 (XTX) ' X

ArodeEn. Xpnolhomolwvtog Tig LOLOTNTES TNG LEONG TLUNG, TNG OLLGTIOPAS KO TNG

oLYILOXVLOYVOTG TUYALWY dLAVYLOUETWY, LTTOAOYLCOLUE Tar EENG:
i. B (B\) — B |:(XTX)—1 XTY:| Hpé'rogn 1.9 (XTX)—I XTE(Y) N
~\ Ipdtoon 2.1
E () T (XX XK = 6.

B) = var |(X"X) ' X"Y| =

5

(
t
t
(

r

Hporocc*q 2.1 1

XTX) ' X" 0L, - X (XTX) T =

=

5) -

) Hedmzon 19 (xTX) ™ X Var(Y) [(XTX)*1 XT} T
3) (

b) =0

5

2(XTX) T XK (XIXTT =02 (XTX)

iti. Cov (B,Y) = Cov [(X™X) ' XTY, Y] """ (XTX) ' X Cov (Y, Y) =
Cov (B,Y) = (X™X) ' X Var (¥) = (X"X) " !

X" o, =02 (X'X) X" O

Appo 2.4. 'Eotw mtivaxoag A € R™4, Ay Ax = 0, Vx € R?, 161 A = 0,,,4.



46 KE®AAAIO 2. TIOAAAIIAH TPAMMIKH ITAAINAPOMHXEH

Bzodpnua 2.1. (Gauss - Markov) H extipftoiar eAoyiotomy TETPOYOV®DY 3 ExeL
™V TeEAAYLoT” JLOOTTOPA OVAUETOH OE OAEG TLG OLEQOANTITEG EXTLUNTOLES B Tov

SLovbopaTog ToPoUETOWY B oL omoleg elval ypouutxol cuvdvaacpol Tov Y.

Inpetwon 2.1. O wivaxog ocuvSLaxORLOVoNG Var(ﬁ) elvor “eAdiprotog”’ avépeoo
OTOVG TILVOXES CLYILAXVULOVOTNG OAWY TWY AUEPOANTTTWY EXTLUNTOLWY B tov 3 Tov
eivar ypouuixol ouvdvaopol tov Y oy xon uévo av o mivexag Var(3) — Var(@)

eival Betind MuLopLopévog yiaw xdbe tétota extipnToLa (3.

An6deiEy. '‘BEotw mivoaxag A € RPTUX™ yqy 5 = AY plo extipntolio Tov B TOUL
eival yoauptxdg ovvdvaopds tov Y. Xwplc BAABN g yevixdtnTag, vmobéTovpe
6t A = (XTX)f1 X"+ C, 6mov C € RPTI*n Apyixd, amontodyue 1 extipfton B
vo glvot opueOANTTY Yiow To 3, dNAodN:

E (B) —E(AY)=E [(XTX) o XTY} +E(CY)=E (B) +CE(Y)
—B+CXB=P=CXB =0y, VBRI ML ex — 0, 1) ).
21N ouvEyEL, LTTOAOYLLOVLUE TOY TTLVOXO. GUYBLOXVAYONG TOL B:
Var (B) = Var (AY) = AVar(Y)AT

_ [(XTX) XT 4 c} [(XTX) XT C}

Apa, Var (B) — Var (B) = 02CCT. Opwe, obpewva e 0 Mupo 2.3, 0 Tivaxog
CCT eivar Oetixd nuLopLouévoc. AQob o2 > 0, GUUTEPAIYOLUE GTL XL O THVOXAC

Var <E) —Var (3) eivar Betixd nuioptopévos. Emopévwg, éxovpe to {ntodpevo. [
Optopdg 2.2. (Ipooappoopéveg Tiuéc xor Kotdroimo)

e OuTLpég Y, = 50 + Ble i+ Bng i+t Bp p,i XOAOOYTOL TTOOCUOUOGUEVES
TIEG TV Y;. ZE TULVOXLXY] LOPPY], YOAPOLUE Y = Xﬂ € R".

e H oyéonm Y = Bo + Ble + BQXQ +e Bpo optleL v exTipuUévn eEiowon
TOALYOPOUNOYG.

e OLtpégce; =Y, — lA/Z =Y, — Bo — ,/6’\1X17Z- — §1X27i — = Bpo,i HOAOVYTAL KO-
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TAAOLTTOL 1] EXTLUNUEVO OQAAUXTO TNG TOALYSPOUNONG. ZE TLVOXLXY] LOPOT,
Yobpovpe =Y - Y =Y — X3 € R,
Mpéraoy 2.5. (I8tdtnteg Mpooappoopévey Tipody xor Katoroirtwy)
i. E(\A() = E(Y) = XB. Xvpmepaivovpe 6t E(Y,) = E(Y, i), OnAadn To Y; elvau
pior opepoAnTTy extipytota g E(Y;). Emtiong, ovumnepaivovpe 6t E (€) = 0y,.

“IxT

—
—

i. Var (Y) = Cov (Y,Y) = Cov (Y, ¥) = X (X"X)
iii. Cov (?, §) — Cov (a ?) — 0.
iv. Cov (&,Y) = Cov (Y,&) = Var (8) = E (6&7) = o [In ~ X (X™X)7! XT].

v. XT&=0,1. Soprepaivovpe 6t Ye- 112 =0, dnrad Z Yig; = > & =0.
=1 %

ArodetEn. Xpnolhomotwvtog Tig LOLOTNTES TNG LEONG TLUNG, TNG OLOLGTIOPAS KO TNG

oLYILOXVLOYVOTG TUYALWY dLaVLOUETWY, LTTOAOYLLOLUE Ta EENG:
i E (\?) (Xﬁ XE (B

) Hporoco*q 1.9

) Hpotao‘q 1.9 ) Mpétaon 2.4

X3 = E(Y).
E(8) = (Y Y E(Y)-E (?) — 0,

it. Var (V) = var (X8) 72" Xvar (8) XT "7 g2x (XTX) T XT =

O

ov ?,Y = Cov <X§, Y) Hoozaon 25

XCov (ﬁ, Y) N

)
) T X (XTX) T XT = Var (V) =
)

o
=0
<

<

O

(
(
(
o
(
(
(¢

Cov (\?,Y)]T = 2X (X™X) ' XT = Cov (Y, Y).

@)
<
<)

Mpdtaom 2.3 [

=)
o)

— Cov (Y ' Y) Hporoco*q 2.3

iii. Cov (Y, Cov (?,Y) — Cov (?,\A() =

ov (Y, e Tloéroom 2.3 Cov (?,Y) — Var (SA() = 0pxn =

?)
7) 2 oy (%,6)]" = 0,00 = Cov (¥,6).

) Mpdtaon 2.3

O

Cov

iv. Cov (g,Y) = Cov (Y -Y,Y Cov (Y,Y) — Cov (?, Y) =

ITpbtaon 2.3

Cov (£,Y) Var (Y) —Cov (\?,Y) florgan 24 ;2 [I ~X (XTX)”XT} =

_ pbtaon 2.3
e) = |

Cov (Y Cov (8,Y)]" = 02 [In ~ X (XTX) ! XT} — Cov(8)Y) =

Var (€) = Var (Y Y

Var (€) = Var (Y) + W M — Cov (Y Y)

Optopég 1.4
=

) Hpotoccn 2.3

Var (&) = o2 [I, - X (X™X) ' XT|
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E (€)= Var () + EEHEE)]" = o* [1, - X (X"X) ' X"].
v XTE=XT(Y-¥) =X" (Y - XB) = X"Y - X"X (X"X) ' X"Y = 0, =

~T T R
% s:<X,8> =BT -X"Te=pT.0,. =0.

To dtévvopa 1, eivor  TEWT™ 0TNAN TOoL Ttivaxa oxedtaopod X xal delEoue

o XTe = 0p41, om6TE Oar LoydeL 6T 1253: 0. O

2.3 Extipnon g Ataomopdc

‘Opota pe v TEPITTWON TOL ATAOD YOOULULXOD LOVTEAOV, 1 OUEPOANTITY EXTL-
pAToto g SLooTOPES 02 TEOXVTTEL, OV OVTIXOTOLGTACOVPE TOUG p + 1 dyvew-
0TOUG GLUVTEAEOTEG TTOALYIPOUNONGS Bo, B1, - - -, Bp OTO TUG AUEPOANTITEG EXTLUNTOLES
30, Bl, e 731) xow opotpéaovpe p + 1 Boabupodg elevbepiog amd Tov TOPOVOUOOTA
yioe L p+ 1 mopopétpoug Tov extiuioope. H apepbAnmTn exTiuiToLo. Tou o2 Tou

TPOXVTTTEL ELVaLL TO AEYOUEVO EGO TETPOYWVLXO o@dApo (mean squared error):

MSE:S2:| =

Y-XBIP Y-V _ e _ e 1 shy
n—p-—1 n—p-—1 n—p-—1 n—p-—1 n_p_]'zfl :

Adppo 2.5. (Tyvog Mivaxo)
i. ' Eotw A, B € R™*?, Tére, tr(A + B) = tr(A) + tr(B).
ii. 'Eoto A € R™4 xou B € R¥*", Téte, tr(AB) = tr(BA).
iii. ‘Eotw A € R™1, Téte, tr(A) = A = AT,
iv. 'Eotw X € R™? toyaioc mivaxac. Téte, E [tr(X)] = tr [E(X)].

IMpotaon 2.6. To péoo tetpaywvixd opdipo MSE eivor pio apepdAnmn extiun-

ToLoL TNE SLOLOTIOPEC 02 GTO TOAATIAG YOOULULXO LLOVTENO.

Arddedy. Tlopoatnpodpe 6t e'e € RM*! ondte e'e = tr (€7€) = tr (€e"), obupwva

pe 70 TEONYOBUEVO Mupc. Eropdve,
£ (£2) - o (2] 2 ()]

E(87¢) = o*ur [In -X(x"X) XT] — o2tr(L,)—otr [X~ (x"x)” XT] kg 25

E <§T§> — no? — otr [ X7 M] —n—tr(Ip)]o?=[n—(p+1)] o> =

/\T/\
E(S?) =E (le_‘eps_l) =02 O
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2.4 Xvvrteleotig [lpocdiopiop.od

Optopdg 2.3. (ABpoioporta Tetporyvwy)
e Opilovpe SST = ||[Y-Y1,]|? = Y (Y;—Y)? 10 cuvohixd 4000Lop.0r TETPOY VWY
=1
(total sum of squares) Twv dedopévwy.

o~ PR n A~ p—
e Optlovpe SSR = [|[Y — Y1,[|> = Y (V; — Y)? 10 &Bpotopo TeTporytvewy Tou
=1
opeiletor oty TaAvdpounon (sum of squares due to regression).
e Opifovpe SSE = [|[Y — Y|2 = ||€]2 = 3. &2 10 dbpotopa TeTpaydvmy Ty
i=1
xortahoitwy (sum of squared errors).

Mopathonon 2.1. [lapatnpodue ot

SSE

S? =MSE = ————.
n—p-—1

Mpéraoyn 2.7. (Avédlvon AtoomTopdc)
1Y = V1, = |Y = V1,2 + |Y — Y||?, 8nrad# SST = SSR + SSE.

ArodeEn. "Exovtog oto PLaAS pog Blor TEYYLXN TTOL ERQOVI(ETOL X0 GTOV LTO-
AOYLOUO TOU UETOL TETPUYWYLXOD GPAALATOS ULOG EXTLUNTOLOG, OXEQPTOUROTE VO
mpoabagoatpéoovpe To Y oty mocsétter Y — Y1, wou epoviletor oto SST:
SST =Y = V1, = [Y - Y+Y - V1,
N~ AT ~ o~
~(Y-Y+Y-V1,) (Y-Y+Y-71,)
~ ~ NT /o ~ T ~
= Y=Y+ IV -T2+ (Y=¥) (Y-T1,)+ (Y-71,) (Y-)
0 0
~ T ~ ~ _
=SSE+SSR+2 (Y-71,) (Y-V)= SSE + SSR + 2972 — 27 13€

= SSE +SSR. [

Optopdg 2.4. (Zvvrtereotic [IpoodLoptop.on)
, _SSR_ | SsE
- SST SST'
Optopog 2.5. (Tlpooopp.oopévog Tuvtedeotyic [IpoodLopLop.on)

n—1 %E_l_ n—1
n—p—1 SST n—p-—1

Rly=R'=1- (1-R?).
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Mpértaoy 2.8. (Idtdtnteg pooappoopévov Xvvtereoty [IpoadlopLop.od)
i Riy < R
ii. —n%;_l < Ridj < 1. Zopmepaivovue OTL 0 TPOGUPUOOUEVOG CLUVTEAEGTYIG TTPOO-
SLOPLOPOD UTTOPEL VOL TTRPEL XL CLOVYTTIXES TLILEG.
Arode&y. Ymoloyilovpe tow €ENG:

Lp>0=-p<O0=n-p-1<n-1=_ 1>1:>np11 &t > 8=

n—1 _ SSE SSE 2 2
L =357 51 <1— g7 = Bagy < B

. 0K R2<1=20<1-R2<1=0< 10 L $BE ¢ nl

SST == = n—p—1 SST = n—p—1
_ n—1 _ _n—1  SSE __p 2
1 n—p—1 <1 n—p—1 SST sl= n—p—1 < Rad]' <1

Eppnveio: H yonotpdmnta Tou Tpooaproouévov GUYTEAETTY] TTPOGOLOPLOUOD EYXEL-
T 0TO YEYOVOS 6TL GLYLTIOAOYLILEL xot TO TTANDOS p TV ETEENYNUATIXWY UETOPAN-

TWY OV YENOLUOTIOLEL TO YOOUULXO LOVTEAO.

‘Eotw 0t €xovue éva aOVOAO amd k vTOPNQPLEG EMEENYNUATIXEG UETABANTES
i pioe petofAnT) evdiagépovtog Y xow O€hovpe v emtAéEovpe Lévo p amd aw-
TEG YLOL VO XOLTOLOXEVGALOOVE EVOL YOOUULXO LOVTEAO TTOL Vo EENYEL 600 TO dLVATOV
UEYOADTEPO TTOCOOTO TNG KETABANTOTNTAG TWY OESOUEVWY. EEXLVOVTOG OO Vo
OTTAG YOOULULXO LOVTEAO TTOL XAVEL XONOY LOVO Hiog ex TV k LTTOPNPLWY ETTEENYN-
LOTLXOY LETABANTWY Xl TTPOGHETOVTAG GTUSLOXA TLG VTTOAOLTIEG ETEENYMUOTLXKES
petafantéc, Oo mopatnpobooe 6Tt 0 cuvteheotric R? Ho awEavbtoy cuveyte. To-
Ve, Oo Ematpve ™) LEYLOTY SuvaTy TLY] Tov dta Do elyope Tpoohéoel dAeg Tig

k vromepreg emeENyMUOTIXES UETABANTESG OTO YOOUULXO LOVTEAO.

AvTibéTtwg, PAETTOLPE OTL O TTPOCOPLOCUEVOS OUVTEAEGTYG TTEOGBLOPLOWOD Efi-
vou @bivovoa cuvaptnon tov p. Emopévwg, axorovbvtog ty (St Stadixaaio,
Do xotoAyope o éva YoauuLxd Tov eENyel éval PEYAAO TTO00GTH OTtd TN LETO-
BANTOTNTH TWY SESOUEVWY UE OG0 TO SLYATOV ULXPOTEPO TTANHOG ETEENYNUOTLXWDY

UETOPANTOY.

2.5 IpoPAredn Kawvodpyrag Hapotnonorng

‘Exovtog pio véa mapotipnon Xnp1 = (1, Xini1, Xomit, -, Xpnp1)' € RPFL

EVOLOUPEPOULOTTE VO XAVOLUE Pior TPOBAEDY Yo TNV TLUN:

Vo1 = Bo + B1X1nt1 + BoXomt1 + - + BpXpns1 + nt1 = Xp 1B+ enti,

v omoto Sev éxovpe mopaTNEYoeL, 6mov F(e,i1) = 0, Var(eny1) = o2 xou

En+t1 OLOLOYETLOTO UE TOL €1,€2,...,En. Me Bdon Tig mponyolueveg n mopatnEn-
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oelg Y1,Ys, ..., Y, éxouvpe vmoloyioel TNy EXTLUNTOLO EAOYLOTWY TETPAYWVLY B
oméTe 0pilovpe Yoy = XZHB. Hopatnpodpe 6t E(Yni1) = E(Ypi1) = X};Hﬁ,
OTTOTE UTTOPOVUE YO XOVNOLUOTIOLIOOVUE TNV TLUN ?n_i'_l Yoo vao TpofBAédovpe Tty

Yn+1. EmimAéov, opilovpe 10 o@dApo TpoBAedng:

Ent1 = Yni1 — 37n+1 = XZH (,3 - B) + Ent1.

Mpbtaocn 2.9. (Zpdipo ITpbBredng)

it. Var (Vi1 ) = X0 (XTX) 7 X,
iii. Var (Z,41) = o [1 +XT, (XTX) XHH}.

AmodeEy. XpnoLpomoldyvtog TLg LOLOTNTES TNG HEONS TLUNG, TNG OLAGTTOPAS XL TNG
oLYILOXVLOVOTG TUYALWY dLAVYLOUATWY, LTTOAOYL oLWE Tar EENG:

~

i, BEGui)=E (Ynﬂ - Yn+1> — E(Yps)— E (?n+1) —0.

ii. Var (57”+1> = Var (XE—H A) Hodroom 1.9 X};HVar (B) Xnt+1 =

Var (Yn+1) feomaon 24 X1 (XTX) o Xnt1-

iii. Var(Y41) = Var (X}, 18+ ent1) = Var(e,41) = 02 xou

Cov (Yn+1, Yn+1) = Cov (YHH,XEHB) = 0, owpod T0 B elvol YOaUULXOG GLUY-
ovoopos Twy Yy, Yo, ..., Y, Ta omola elvor dAat aioLOYETLOTA e TO Yy41. Apa,
0

Var (¢,4+1) = Var (Y,,+1) + Var (57n+1) — QW =

Var (F,41) = 0% + 02X0, (X™X) 7 Xy = 02 [1 +XP, (X™X) 7

Xn+1]. 0

2.6 Koavovixd lMoAhamAd INooppitxo Movtéro

Optopog 2.6. To povtéro Y = XB+e, 6mou toyvet € ~ N, (0, 02L,), xoheiton xor-
YOVIXO TTOAXTTAO YOOULLLKO LOVTEAO 1] TTOAAXTIAG YOOULULXO LOVTEAOD [LE XOWVOVLXA

OQAApLOTO.
Mapoationon 2.2. (Kovovixd TloAarAd Toopptxdé Movtélo)

e To tuyaion CQAALRTO GTO XOVOVLXO ATTAG YOOUULXO LOVTENO ELVOLL XOAVOVLXA
xotovepunurévo pe néon Tt 0, oprooxedaotind xal aveEdpTTa, 1 LoodH-

vopo aovoyétioto. Anhadh, g; ~ N(0,0?) aveEdotnro yioe i = 1,2,...,n.

o Toppwve pe Ty Ttpétaon 1.10, toxbet 6t Y ~ N, (X3, 0°1,,).
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* "Exovtog, TAE0y, xdvel LTTOOEOY YLOL TNY XAUTOVOUY TWY TUYOLWY GEOALATWY €;,
TTOPOVILE VOL XAVOUULE XONON OAA®Y YVWOOTWY LEHOSWwY exTiunong extég amd
™ L€B0dOo eAayioTwy TETPOYWYWY, 0TS N LEbodog péytotng mhavopdvetog

oL YVwpeLlovue amd ™ LoHNUATIX OTATLOTLXN.
Afppoa 2.6. 'Eotw ¢ € R xow A € R"™". Téte, det(cA) = ¢" det A.

MMpoétaoyn 2.10. H extipnrtota péytotng mhavopavetag tov B tawtiletor pe ™y
EXTUUNTOLA EAAYLOTWY TETPOYWYWY ,@, EVK 7 exTipnTole éytotng mhavépavetog
g Stoomopdg o Sivetor amd Tov TOTO:

52 SSE (n—p—l)SQ‘

n n

AmtodeEn. ZOppwva e TOV 0PLOUO TG TTOALSLAGTOTNG XOVOVLXNG XOTOVOUNG KOl

TO TTPOMYOOUEVO AU, EXOVUE OTL:

(y —XB8)" (o21,) ' (y - Xﬁ)}
2

L(B,0%y) = (2m) "2 [det (0°1,,)] ~3 exp {

% X3\ (v — .
= (e Do { - OXOTEXO oy e {901}

202 202

Aoyapibutlovpe ™ ovvapTNom TLHVOPAVELOS YL VO UTTOAOYLOOVLE TY) CLVEPTNOY

AovoptOpomibovopavetog:

_nlog(2m) nlogo®  Q(B)

2 2 202 "

((B.0%ly) =log L (B,0°ly) =
Meytotomotodue TPWTH WG TPOG TO Stavvouo (3:

_1 9@
202 083

o
9B

oQ

2\ _ —_v
('870)_ aﬁ

(8)=0= -3 (8) =0.

H mopamévew ckiowon poag odNynoe oty exXTLUNTOLO EAOYLOTWY TETPXYWV®Y B

oty mEdTaeN 2.2. 11N GUVEXELDL, LEYLOTOTIOLOVUE WC TTPOS T2

=0=

a1~ N n QB
(B,U2> = 502 * 3027
2 _QB) _ (y=XPB)"(y—XB) _|EI> _SSE _ (n—p—1)5>

o = =
n n n n n

YroAoyilovpe T 3eVTEPN TOEAYWYO TNG CLVARTNONG ¢ (B, 02> w¢ TPOS 02 yLow vo

emoknBedoovpe 6Tt To G2 elvan onu.elo peyioTou:
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1 /n n

o ()= [5- %2

YmoAoyilovtag ta 6pLax TG ovvaPTNoNg L <B, 02> wg mpog o2 otor 07 xow oo,

2

emaAnbedovpe OTL TO T° elval oNUED OALXOV PeYLoTOV:

02—00

im L (,8, ) = lim (2702) 2 exp {—%g)} 20,

o2—0t 2

lim L(,B, ) T lim (;)gexp{—Q(B)T} Q(@>O 0. O

Topa, Tov €xovpe LTTOBETEL ATL TAL TUYLOL CRAANLOTO €; ELVOLL KAVOVLKAL XOLTOLVE-
UNUEVEL, LTTOPOVULE YO TTEPOVUE XTTOTEAETUOTO YL TLG XOTOVOUES TWY EXTLUNTOLLY
,(/3\ xow S2. O xotovopée awTéc eivor TOAD onuovTinéc, emeldy] Lo ETLTEETOLY,
TEQA OO TLG ONUELOXES EXTLUNOELS TTOV EYOVUE LTTOAOYLOEL, VO XOTLOXEVATOVIUE

SLOOTNUATO. EUTILOTOCVVYNG XOL VO TTOOYULOTOTIOLNCOVIE EAEYYOLG LTTOOETEWY.

Ocdpnpa 2.2. (Cochran) ‘Eotw Y ~ Ny, (1, 0%1,) xar Ay, Ay, ..., A € R™™ ocup-
uetowxol mivaxeg ue Ay +A2+' +Ap =1, xowrank(A;) =r; yrai =1,2,... k. Av
ri+re+--4rp =n, 1OTE =5 (Y ) TA(Y—p) ~ X2 aveEdptrreg yioni = 1,2, k.

Optopdg 2.7. 'Evog mtivoxog A € R™" xodeitor mwivaxog opfoywviag wpoBoAvg

av xot wévo oy A2 = A = AT, Snrady eivon ouppeTpLde xoL TRV TOSHYALOC.
Aqppo 2.7. 'Eotw A € R™" évag mtivaxag opboydviag mpofoins. Tote,
i. Toyver 6t ATA = AAT = A,
ii. O mivaxag I, — A eivor xo avtdg mivaxog opboywviog TEoBoAng.
iii. Toyver 61t rank(A) = tr(A).
Afupo 2.8. Opilovpe P =X (XTX)_1 XT € R, Tére,
i. O mivaxog P eivor mivaxog opboywviag mpoBoirs.

ii. Ioxber 6t PX = X, dnpaad? (I, — P) X = 0, (p41)- E@boov 10 Stdvoopa 1,

omoTeEAEL TNV TEWTN OTNAY Tov Tivoxa X, ocvumepaivovpe 6t P1, = 1,,.
iii. Toydet 6t PY =Y xou (I, —P)Y =
Amodeéy. Bdoel Tou mponyoduevov opLtapol, vtohoyilovpe OTL:
i P2 =X (XTX) ' XX (XIX) T XT = X (XTX) T XT = P oxa
Pl = [x (XTX)*XT} X (XTX) 7' XT = P,
i, PX = X (XIX) 7 XX = X = (I, = P) X = X — PX = 0,,, (p41)-
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MMpo6toon 2.2 ~ Optop.bc 2.2 &
eorE X3 PO TTY won

(L, —P)Y=Y - PY =Y Y Ps>? ¢

ii. PY =X (X"™X) "' XTY

Mpértaoy 2.11. (Koatovopée ExtiuntpLdy)

i. B~ Ny (ﬁ,az (XTX)_I). Soupwva pe ™y mpdtaon 1.11, éreton 6t

(B-B'X'X(B-p) _IXB-PI° _IY-X8I* >

W = .
o2 o2 o2 p+1

ii. To S? elvow aveEdptnTo omd 0 B xou Q = (n=p-1)S* 2
’ o™ - o2 Xn—p—1-

AnodeEn. Zopowva pe Ty tpdtooy 1.10 xow to Bedpnua Cochran, €yovpe Gt

i. Tvwpilovpe 61 Y ~ N, (X8, 0%1,,) xau 8= (XTX)_1 XTY."Exovue votoyioet
6t E(B) = B %o Var(B) = o2 (XTX)_l, onéte B ~ Npyi (,8,02 (XTX)_1>.

Zoppwvo pe Ty Tpotaon 1.11, émetar 4Tt

W= @-p)" [PXX)] T (B-8) = 5B~ ATXX(E - )
XB-PI'-X(B-) _IXB-BI*

o2 o2 p+1-

ii. Optlovpe A1 = P xow Ag = I, — P. Zoppwva pe Tig TponyodUEVES TTOTA-
oelg oL mivoxeg A xar Ag elvarl mivoaxeg opboywviag TEoBoAng, omdte xou
ovppetowxol. llpopavdg, Loydel 6t A + Ay = 1,,. Ymoroyilovpe 6t

Ao 2.7

rank(A;) tr(Ay) =tr(P) =tr [X- (XTX)_1 XT] =

rank(A;) Hooraon 25 4 [ xT M] =tr(I1)=p+1=

Appor 2.7 Hpétaon 2.5

rank(As) tr(Ag) =tr (I, — P) tr(I,) —tr(P)=n—-—p—1.

Emopévwg, rank(A) + rank(Az) = n, dnAadn toxdovy 6Aeg oL TpodTobéaerg

Tov fewpnuoatog Cochran. TéAog, vroAoyilovpe OTL:

Appo 2.8 5

A1(Y —XB) =P(Y - XB3) =PY - PX -3 Y-X3=

IV -XBI2_ AY - XB)[2 _ [Au(Y ~XB)T A(Y - XB)

w 2 2 2
g g g
(Y- XB)TATA (Y — XB) nipa27 (Y —XB)TAL(Y -XB)
= o2 = o2 ~ Xp+1 0L

Ay(Y-XB) = (I, —P) (Y-XB) = Y-PY— (I, —PJX .3 "2y _y_z-
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(n—p—1)5* SSE _ [é]® _ | Ax(Y —XB)|”

@= o2 o2 o2 o2
C[A(Y-XB) T A(Y-XB)  (Y-XB)TATAL(Y - XB)
N o2 N o2
_(Y=XB)TAy(Y - XB) 2
- o2 ~ Xn—p—l'

Yoppwvo pe to Bedpnua Cochran, ot tuyoieg petafBAntés Q@ xow W eivor
aveEdptnreg. Egdoov n toxaio petofAnt) Q eEoptdron pévo amd to S? xou
N Toyaio petafAn W eEaptator névo amd Tto B ovumepaivovue 6t T0 S?
elvor aveEdptnTo amtd To ,@ O

Inpetiwon 2.2, Zoppwva pe Ty mpotaon 2.11, émeton 4TL Bj ~ N (ﬁj,ag) Lo
J

j=0,1,...,p, 670V 0% = Var (Bj) = 02 (X"X)

J

-1
J+1lg+1

oTotyelo Tov mivoxo Var (B\) =o? (XTX)_1 c RP+1x(p+1)

70 (j + 1)-00T6 drarydvio

Iyueiwon 2.3. Xy TEPIMTWOYN TOU ATAOD YOOUULXOD LOVTEAOL, EYOVUE OTL:

1 X .
1 X n > X 1 X

X=| R =XX=|, ol =n | | & o] xou
1 X, i=1 i=1 =

15~ y2 1 2
XTX o ZPOEE ] . n XX
nin—1582 | "= n—1)58% | "=
X -X 1 X -X 1
. -1 2 1y x2 X
sy var (B) = o? (x7x) T T [n 5"
(n — 1)SX —Y 1

Mopéraoy 2.12. (Katavous tov B ue ypfion tov S2)

i. Toyvel otu:

B-B)"™X"X(B-8) _ |XB-B)I* _ Y -XB|?
(p+1)52 (p+1)S22 (p+1)52

~ Ferl,nfpfl .

-1
J+1,54+1"°

S 3;

i, 2% oty =0,1,...,p. 6m00L 3 =52 (X"X)
J

Arnodely. To v amddetEn avtig g TEoTaons, o ypetootel va Bopduoaote

xamoto Bootxnd oToLxelar OYETIXE UE TNY XaTavOouT ¢ Tou Student XL TNV XAXTOVOUN

F Tov Snedecor.
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i. Zoppwva Le ™y TEONYOLUEVY] TEOTHOT, OL TuYaieg LETOPBANTEG W ~ X?, 41 %o
Q~ x%_p_l eivor aveEdptnteg, omdTte Tolpvovpue GTL:

W o on-p-1 1 [[Y-XB|*? o> [Y-Xg|?

= . = 7—7NF —p—1-
pt1 Q p+1 o2 2 (p+1)e2 T oprbreed

ii. Zopewva pe Ty Tponyodueyn onueiwon, Tolpvovue Ot

ZZMNN(O,U%O(LQ:M

2
~J .
o o2 anpfl
Bj
To S? eivow aveEgptnro amd to B, omdte n Q eivow aveEdptnTn arnd to §;.
Emopévwg, n @ elvar aveEdptnt amd ™ Z. Zoumepaivovpe OtL:
Z _ _Bi=Bi o _Bi—b

T = = = — ~ tn—p—l' D
% UB' S SE]'

1 J

2.7 Tleproyég Epmiotocdvyg xot "EAcyyot YroOéoswy

XONoLLOTOLWYTOS TNV TEOTOoY 2.12, UTOPOVUE GUECH VO XOUTAOXEVECOVUE

OLOOTNLOTO. XOL TTEPLOYES EUTILATOOVVYS YLOL TLG TIOPOLETOPOVS TOV [LOVTEAOV.
Hpo6taoyn 2.13. (Arootipato xou eptoyés Epmiotoobvng)
i. 'Eva 100(1 — )% drgotnuo eumtotoodvyg (owy ovpwy Yo To 5 dlveton amd

™ oxéon:

[1—a(/8j) = |:B\] - tn—p—l;% : SBJ;EJ + tn—p—l;% : SB]:| ) j = 07 17 <oy P

ii. "Eva 100(1 — )% Stéotuor ERmLeTOsHYS (6wY 0LEWY YLa To o2 Siveton amd

™ oyéon:

2 ) 2
Xn—p—l;% Xn—p—l;l—%

I (02) _ [(n—P—l)SQ (n—p—1)52] |

iii. "Eva 100(1 — )% eAheudoetdég epmiotoodvyg Yo To 3 Sivetan amd ) oxéon:

X 2 _ 2
Rl—a(ﬁ) = {IB € RPH m < Fp+1,n—p—1;a} .

AmodeEn. AxpLBddg émtwg oty mpdtaon 1.16.

IMpétaoy 2.14. Y6 ™ undevixn vrdbeon Hy : B = Bjo yroe j = 0,1,...,p, éxovue
omodeikel 6t T = % ~ tp—p—1. Avuxabiotwvtog Tig Tuxaieg peTafANTEG

J
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Y1,Ys,...,Y, mov eppaviCovtar oty eAeyyoovvéptnon 1T amd TG ToPATNENOELS
Y1, Y2, - - - » Yn, VTTOAOYLLOVUE TNV TTOEATNEOVEYY TLUN T = %
Bj

i. 'Eotw 6t O€Aovpe vo TEOYUOTOTIOLIGOVIE TOV EAEYYO UE TNV OUQITAELEN

evoAdoxtixn vtébeon Hy : B # Bj0. Tote, amoppintovue v Hy o€ €.0.0. «

oy xoL U6vo o [t > ty—p-1;0 7 p-value®) = P (|T| > |t|) < a % B0 ¢ Li_a(B;).

ii. 'Eotw 6Tt O€Aovpe vor TROYLOTOTTOLNOOLE TOY EAEYYO HE TY] LOVOTTAELEY EVOLA-

Aoxtixy) vébeon Hy : 35 > Bjo. Tote, amoppintovue v Hy o€ €.6.0. o oy
xow Povo av t > ty_p_1.0 M p-value®™) = P(T > t) < a.

iii. "Eotw 61t B€Aovpe vor TPOYLOTOTTOLNOOLUE TOY EASYYO UE TY] LOVOTTAELEY EVOLA-

Aoty vébeon Hy : B < Bjo. Tote, amoppintovue ty Hy o€ €.0.0. o oy
%o LOVo av t < —ty_p_1.0 N p—value(<) =P(T<t)<a.
AmtodelEy. Axpiog 6mwg oty TpdTaon 1.17.
Inpetwon 2.4. H eAeyyoouvaptnom Tou EAEYYOV GTATLOTIXNG ONUAYTIXOTNTOS TNG
Topop€Tou B, Tpoxvmtet B€tovtog B0 = 0. Y6 ) undevixn vébeon Hy : B; = 0,
Yvwpilovpe ot T = Sﬂ—j ~ tp—p—1 UE TOOATNEOVUEYN TIUN t = f% Aépe 6TL
B 3.

J J
TOEAUETPOG 3 ELVOLL GTATLOTIRG CNUAVTLXY 1] OTATLOTLXE SLAPOEY, TOL UNSEVOS

OE £.0.0. & QY XOL LOVO OV UTTOPOVUE var artopplovpe Ty Hy, INAadn oy xaL povo

oy LoYOEL XATTOL0 ATl Tow €EVG:
o |t[>thp-1;2,
e p-value =P (|T] > |t]) < o,
© 06 Loa(B) = [B—tap1s 55,0 Ftap s 55 |-

levixevovtog, BEAOLUE VO TTPOYLOTOTTOLGOVILE TOV EAEYYO TWY LTTOOETEWY:

Ho : Bpy+1 = Bpp+2 == Bp =0 vs.

Hi : Bj # 0 yto xamoto j € {po + 1,p0 +2,...,p}.

Y16 v Ho, mpoxdmter 6t Y = XoBo + € = XG; + €, 6mov Xg € R™*(P0+1) o rive-
%0G OYESLOOUOY TTOL aVTLOTOLXEL OTLG EEENYNUOTIXES HETOPBANTES X1, Xo, ..., Xp(.

Bo = (Bo,B1, - Bp) ' € RN o B5 = (B0, B, -+ B, 0,0,...,0)" € RPFL. Opi-
Covpe Py = Xy (XgXO)AXOT Tov Tivoxo opboywviag TEOBOAIE TOL aVTLOTOLYEL

~ ~ - ~ \T _
otov Ttivaxa oxedtoopod Xo, By = (ﬁo, Bi,..., 5p0> = (XEXO) ! XJY € R 1y

~ ~ ~ T
EXTLUNTOLO EACY{OTWY TETPAYWYWY TOL By xo B = (ﬂo, ey Bpys 0, ,0) € RPHL,

TéAog, opilovpe \A(o = XB(’; = X,@o. [Mpopoavae, toxdel 6Tt PoY = \A(o.

Aqupoa 2.9. Ioyder 6t PPy = PoP = Py.
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IMpotaon 2.15. Yré ™ undevixy vmébeon Hy : Bpo41 = Bpot2 = - = Bp = 0,
LoyVeL OTL:
_n—p—1 |[Y=Yo|?
op—po Y =Y)?

~ Fppyn—p—1-

‘BEotw [ 71 mapotnpoduevy TLuy g eAeyyoouvéptnong F. Amoppintovpe v Hy

0€ €.0.0. a oy XoL Pévo av f > F,_p n_p1.0 M p-value = P(F > f) < a.

Arodeén.* Opilovpe Ay =1, — P, Ay = P — Py xor A3 = Py. Apxel va deiEovpe

0Tt 0 Ttivaxog Ay elvar mtivaxag opboywviog TpoBoAng:

Mppo 2.9

A2 = (P-Py)? =P?+P:—PP,—P,P P+Py—Py—Py=P—Py=A,,

AT=P-P)'=PT— Pl =P - Py = A,.

Ou mivaxeg A1, Ag xo Az eivor ivaxeg opboywviog TpoBoAg, omdTte kot GUUUETOL-
xol. [Tpoavag, toydet 6Tt Aj+As+As = 1,,."Exovue voroyioet 41t rank(P) = p+1
xow rank(A;) = rank (I, — P) = n — p — 1. Opoiwg, rank(As) = rank(Py) = po + 1,

OTmOTE:

Afppo 2.7 [Mpétaon 2.5

rank(Az) tr (Ag) = tr (P — Py) tr (P) —tr (Pg) = p — po.

Emopévwg, rank(A;) 4+ rank(Asz) 4 rank(As) = n, dnAad] toxdovy OAEg oL TPOHTO-
0€oeilg Tou Bewpruatog Cochran. Y6 Ty Hy, yvwpilovpe 6t E(Y) = XoBo = X35,

omdte vTToAoYilovye OTL:

As(Y — XoB0) = Po(Y — XoB0) = PoY — PoXo - Bo = Yo — X080 =

1Yo — XoBoll* _ [[As(Y — XoBo)|* _ [As(Y —XoBo)]" As(Y — Xo0)

V= 2 2 2
o o o
(Y = X0Bo)"ATA3(Y — XoB0) avupa 2.7 (Y — XoB0)TAs(Y — XoBo) 9
= o2 = o2 ~ Xpo+1>

A2(Y — XoBo) = (P —Po) (Y — XoB0) = PY — P- X080 — PoY + PoXo - Bo
Y-P X3 - Yo+XoBo=Y - X8 — Yo+ Xefig =Y - Yo =

Y = Yol A2(Y —XoBo)|? _ [Aa(Y — XoB0)]" Ax(Y — XoBo)
o o o o2 o o2
(Y — X0B0)TATAL (Y — X0B0) (Y —X0B0)TA2(Y — X080) 9

ey ey ~ X _ KoL
o2 o2 P—po

W

Ay (Y=XoB) = (I, - P) (Y=XB}) = Y—PY— (I, —P/X .3; "My _y_z=

Q= (n—p—1)8* > _ ALY —XoB0)> _ [A1(Y — XoB0)]" A1(Y — Xo0)
N o2 o2 o2 - o2
(Y — XoB0)TATAL (Y — X0B0) (Y — XoB0)TA1(Y — Xof)

2
2 - 0_2 ~ Xn—p—l‘

g
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Yoppwva pe to Bewpnuo Cochran, o tuyaieg petaBintéc Q xow W eivor aveEdp-

teg. Emopévwg, vmd ™y Hy, toyvet 6T

W on-p-1 n-p—1 |[¥=Yy?

F= = =
p—Po Q P—po  [[Y-Y|>2

p—po,n—p—1-

[a To TOAXTTAS YoaULxd LOVTENOD, €YOLUE LTTOAOYLOEL GTL:

_n - X 2
L (/@’Uzb’) = (27T02) 2 exp {Hy202,3||} N

sy _nlog(2m) mloga® [ly — XB|?
B0y = 2 2 202
"Eyovpe vmohoyioer Tic exTipftolee péytotne mbavopdveloc B xon 52 = L)el?

Ty Topouétowy B xow o2, Yré v Hy, éXOVUE LTOAOYIOEL TNV EXTLUHATELOL ENOL-
XLOTWY TETPOYWOVW®Y 50 Tov By, N ool TOWTILETAL PE TNV EXTLUNTOLO LEYLOTYS
mhavopdvelog Tov Byg. Me 6poLo TpoTo, TEORVTITEL N EXTIUNTELA UEYLOTNG TiLho-
vopaverog 52 = Ly — 5,12 = Ly — X8| wov o2. Ymoroyilovpe Tov hoydplbpo

TOU YEVIXELUEVOL AGYOL TLHavoPaveELWY:

log A —5<50, 2\Y>—€< > —*logﬁ—ﬁHy—XﬁoH%rﬁHY—XﬁHg
+

1\3\3
N\

2

Q0L EXPEAGOLYE TNV EXTLUNATOLO T2 GUVXPTHOEL TNE EXTUUNATOLOG T2

o _ Iy =Y+Y=5ol* _ Iy =Y+ 1y - Yol* +25 - %) (v )

n n
~ o~ ~ ST BE ~ o~
524 Iy = ¥oll* +2y°¢ — 28; x*e Hootoon 2.5 ~2 1y = ¥oll? N
n n
i n 1y - ¥oll? n 1y = ¥oll?

o Tov LTOAOYLORO TNG XPLOLUNG TEEPLOYNG TOL EAEYYOL TPETEL VO ADGOVUE TNV

ovLoOTNTA A* < ¢ WG TTPOG XATTOLOL OTATLOTLXY] CUVAQTNON:

E 2 o
)\*<c¢>log)\*<c*:10gc¢>1+w>c**:e_2n &
ly =l
—p—1 [y =y, —-p—1
ponmp L =l mepl.

p—po  lly-yI? % p—-mo

n—p-1 [[Y-Yo|? _
P—pPo Y=Y
otabepds c,, amartodue N mbovéTNTO GPAAULaTOS TOTOL 1 ToL EAEYYOL, SNACXSY

Y16 v Hy, OciEape 6Tt F' = Fy_pon—p—1. ['tat TOov TOAOYLOWS NG
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7 mhoavétnra Aavbaouévng amdéppldhng e Ho, va eivor Lo pe a:
Pr, (F > cq) =a = co = Fy_pyn—p-1t:a-

Emopévwg, amoppintovpe tqy Hy ov xoi woévo av f > F,_ o np—1.a- O

Squeiwon 2.5. Y6 ty Ho, opiovpe SSRy = [ Yo — V1,12 xow SSEq = [|[Y — Yo%
Y6 v Hop, TO YOOULXO LOVTEAO YEYOLLOTIOLEL LOVO EVOL LTTOGVYOAO TOU GLUYOAOL
TWY EMEENYNUATIXOY LETAPBANTWY, OTTOTE EENYEL AVAYXAOTIXE ULXPOTEPO TTOGOCTO
oTté TN GLVOALXN LETOPBANTOTNTO TwY dedouévmy. Emopévwe, o toydel SSRy < SSR
xow SSEg > SSE. EmumAéov, yvwpilovpe 6t SST = |Y — Y1,||*> = SSR + SSE.

Optlovue 0V GLYTEAEGTY TTPOGBLOPLOUOY TOU YOOUULXOD ULOVTEAOL LTO TNV Hy:

07 ssT ~ ~  SST °

2, dnhad
H\A( — \A(OH2 = SSEg — SSE > 0. Me autév tov Tp0T0, Talpyovpe Uiot EVOAAXTIXN

YOOP1 NG EAEYYOOLVAPTNOYG F:

Sy Tponyobpew arddetEn, Seifaue 6t Y —Yo2 = [Y=Y|12+||Y =Y,

n—p—1 |[Y=Yo|> n—-p—1 SSEy—SSE n—p—1 SSR—SSR,

p—p  [Y-Y|Z  P—Po SSE p—po  SST —SSR
n—-p—1 R?—R3

T p—p  1-R? ~ Fp-pon—p-1-

2.8 Avaivoy Ataomopdsg - ANOVA

Evdiapepbpoote var TOyLOTOTIOLIO0VIE TOV EAEYYO TWY LTTODETEWY:

Hy:p81=0pr=-=p8,=0vs.
Hi : B; # 0 yix xamoo j € {1,2,...,p}.

O €Aeyyog aLTOG POG ETILTPETEL YO OTTOQPAGLOOVUE OV VTTAPYEL TOLAAYLOTOV [io
omo TG p dtabéatueg eMEENYNUATIXEG UETABANTES, 1 OTTOLOL YO CUVELOPEPEL ONU.O-
VI oty TEOBAedN TNg amoxpltixng LeTaBAntg Y. Meydin mpoooyn mpEmet vou
dobel oto yeyovdg 6Tl 0 otabepdg 6pog [y de pundeviletor otn undevinn vrdbeon

TOL EAEYYOVL, X0 deV EUTTAEXETAL UE XOpiot OTTO TLG ETEENYNUOTLXES LETOPBANTES.

[Mapotnpodue Ot avTig 0 EAEYYOG civorl eLdLxY] TEPITTWON TOL EAEYYOVL TTOV
TEAYULOTOTOLNOOUE Oty TtpdTaon 2.15, av Oéoovpe pg = 0. LTN OLYXEXPLUEWT
TePIMTWOoN, TpoxVTTeL ot Xo = 1, € R™, omdte Y = By, + €. Ymoroyilovue 61t

1, =n= (1;51”)_1 = % = Py =X, (ngo)_lxg —1, (1%)_1 g7 = Tt
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Bo = (XEXO)_lx[)fY - <1gln>_l 17y = % ATy = :LZH:Y -7,
=1

. - 1,17 1Ty - o
YOZXOIBOZY1TL nol PoY: nY:1n L :1nY:Y0
n n

Y6 v Hy, obppwva pe 1o Bedpnuo Cochran, ovpmepaivovpe 61

- — — 2 — 2
Yo = XoBol? IV = Botal®> (Y = 5o)" [1all® 1 (Y = Bo) 2
V= 2 = 2 = 2 = 2 ~ X1»

g g (o2 (o2

IY - Yol? Y -Y1,)> SSR
_lY-Y|? SSE

o2 o2

w

~ X,2, dod)

Q

2
~ Xn—p—1-

270 (JL0 aTOTEAEOUO Lot TNV TUY OO LETABANT V Do xotaAfyae, ov Toiportneon-

oope 6Tt Y ~ N (Bo, %2>, vTo TNV Hy, odppwva pe Ty Tpdtoor 2.1. ETopévag,

_ — 2
Y- Y-
Z = GﬁoﬁNN(0,1):sv222:wa%.

H xotavopn tov SSR €yel p Babuovg erevbepiog, omdte opilovue pnéoo abpotopa
TETPAYOVWY TOU OQeiletot 6Ty ToAvdpouoyn (mean sum of squares due to
regression) to MSR = %. [TaAr odpewva pe 1o Bedpnuor Cochran, ot Tuyaieg

pnetaBAntég SSR xoa SSE eivor aveEdptnteg. TeAwd, malpvovpue 6tL:

n—p—1 H?—?oHQ_n—p—l SSR  MSR 7
P Y-y p SSEMSE U

‘Eotw f 7 mopatnpodpeyn tlun tng eAeyyoouvvaptnong F. Amoppinttovpe v Hy
O€ €.0.0. 0. &V XOL UOvo av f > F,_po 1.0 M p-value = P(F > f) < a.

Snueiwon 2.6. E@ooov Yy = Y1, modpvovpe 61t SSRy = ||Yo — Y1,|2 = 0 %o
SSEg = ||[Y = Yo|2 = ||Y = Y1, |2 = SST, obp@wva pe ™ onueiwon 2.5. Exopévec,

notpvoupe 6Tt R2 = 0 xou 1 eheyyoouvéptnon F ypodpetor 1oodbvouo wg:

~_ MSR n-p-1 SSR _n—p—1 R? I

F . g . —p—1-
MSE D SST — SSR D 1— g2~ pnoptl

[Mapatnpodue 6t ot Babuol eAcvbepiog Twy xatavouwy tov SSR xat Tov SSE
abpoilovy otovg Babuodg eAcvbepiog g xatavoung Tov SST. OAa Ta TOEATTAVE
T ouvodilovpe oTov Aeydpevo Tivaxo ovalvong dtaomopds (ANOVA - analysis
of variance) ytor T0 TOAOTAG YPOULXO povTtéro. Kodeiton étot emeldn Paoileton

oTNY aVAALOY TNG CLVOALXNG LETOPBANTOTHTOG SST 7Tl ouVLoTwoeg SSR ko SSE.
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Sum of Squares d.f. Mean Square | Fpnp-1 p-value

R || SSR = ||Y — V1,2 p MSR = SR

f=itm | PE =)

E| SSE=|Y-Y[> |n-p-1]|MSE= 5L,

T|SST=|Y-V1,)2| n-1

IMivakaz 2.1: [livaxoag ANOVA yia 1o Kavovixd IloAramAd Noopuiné Movtého

2.9 Awnxotiroto Méong rot Atoptxng MHpoPAsdrg

Toe Sedopévo drévvopa mopatnpvicewy X; = (1, X1, Xo4, ..., Xpi)T € RPFL
DEAOLIUE CLEYIAG VO XATOLOXEVATOVUE SLAGTNUC EUTLETOGUVYS Yiar T E(Y;) = X1 8.
Avté 10 SLdoTNUe EUTLOTOOVYYG XoAsiTon xo dtdoTnrao Léong TEOPRAedNg YL
10 Y;. Tvwpilovpe 6t E(Y;) = X138 = E(Y;), dnradh t0 Y; etvon pior apepdhnm
extiuntola g E(Y;). Emuriéoy, yvwpilovpe 6Tt 0 Y; etvow YOOUULXOS cLYOLOCUOG
TOL ﬁ TO OToOLo PE TN OELPd TOL elvol YPaUULXOG cvvdvaouds tov Y, omtdte Ho

elvol Xovovixd xotoveunuévo. Yrohoyilovpe O6TL:
>\ Hpdroon 1.9 ~ Mpéroon 2.4 -1
Var <Y) 0or2n 19 X TVar ([3) X, eoreon A paxT (XTX) X; = 0?P;,

omov P;; = X7 (XTX)_1 X; T0 i-00T6 SLaywvlo aToLelo ToL Tivaxa opboywviog
mpoPoric P = X (XTX)f1 X", Enopévac,

~ Y. —
Y, ~ N (x}ﬁ, UZPM) = 7=

Uw/Pi,i

_ (n—p-1)S% X2, 1- E@éoov n tuyodo petofinty

o2

EmimAéov, yvwpilovpe 6Tt Q
S? etvou aveEdptnTn amd to B, Bt elvor aveEdptnTn %0 0td T0 Y. TOUTEEAIVOLUE

O0TL M UYL PETOPBANTN Z elvan aveEQpTNT amd Ty @, oTtoTE:

A Y, — E(Y; .
T = — = ‘ SA( ) tn—p—1, OOV 532,1_ = 5%P;,;.
n—p—1 Yi

Zmrope otobepég 1, ca € R tétoteg, ote P(c; < T < ¢2) = 1 — . ZoyxexpLpéva,

YLt TO JLATTNULOL ELTILGTOCVVYG LOWY 0LEWY YEPNOLULOTTOLOOUE TLG OYECELS:

« (0%
P(T < Cl) = 5 = P(T > Cl) =1- 5 = C1 = tn—p—l;l—% = —tn_p_l;%,
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Emopévwg, To Stéotnuor eUmLotoobvng (0wy ovpwy SIveEToL amd T OYEoN:

Y, — E(Y; .
€1 < SA( Z)<02<:>—02-S§,igE()@)_ng_Cl.Sﬁ@
7
}//\; t"—p—l;% ’ S?l < E(}/z) < }/;z + tn—p—l;% . S)';Z

TeAwxd, Taipvovpe 6t I1_, (E(Y;)) = [ffl —tn—p-1;2 - Sﬁ, 371 +tn-p-1;2 - Sﬁ]'
"Exovtac pio véa mopationon X1 = (1, X1mi1, Xomit, - Xpmr1)| € RPHL
DEAOVUE VOL XOTAOREVAGOVUE SLEGTNUX EUTLGTOGOVYS YL T0 Yy 1 = X 11B8+ent1
v omolo dev éyovpe ToPaTEToEL, 6oL eny1 ~ N (0,0?) aveEdptnto amé ta
€1,E2, -+, En. AUTO TO SLACTNUO EUTILOTOOVVYG XOAAELTOL XL OLACTNULO OTOULXYG
TEOPAePYg Lo To Y. Me Bdon Tig mponyodpeveg n mopatnenoels Yy, Yo, ..., Y,
€YOLUE LTOAOYLOEL TNV EXTLUNTOL EAOXLOTWY TETPXYWVWY B. Me Béon avtég
TIC EXTUHATOLES, €xoVUE 0ploel TTEOPAedN Yy = X7 +1:§ XL OQAALO. TTPOBAEPTG

~ i T ~
En+l = Yn+1 - Yn+1 = Yn+1 - Xn+1/8'

To o@aApo TEOPAEPNG Ept1 ELVOL YOORILXOS GUYSVOGUOG TWY Yy 41 XOL B. To
oTolo pe ™ oelpd Tov elval ypouutxdg cuvdvoaopds tov Y. E@doov ol mopatnoem-
oetc Y1, Ys, ..., Yy, Y1 elvo aveEGOTNTES XL XAVOVLUA XATAVEUNULEVES, CUULTIEQXL-
VOUULE OTL XOUL TO E,41 Ot ELVOL XOVOVLXA XOLTOVEUNLEVO UE LEDY] TLLY] XOL FLOLGTIORA

TIOL €X0VUE LTTOAOYLOEL GTNY TPOTOOY 2.9, SNAXd:

~1
R (- [1 + X1 (XTX) Xnﬂ} =
7 — Y"‘*‘l_—X;SJrl’B ~ N(0,1).
O-é\n+l ’
Epdoov to (B, S2> eival ovvaptnon Ty Yy, Ys, ..., Y,, Ba elvor aveEdptnTo amd

10 Yy i1. Ouwe, to B eivor aveEdptnto amd to S?, ondte to B, S? xow Yy i1 -
vou opotBoion aveEdptnrar uetaEd Toug. Emopévwe, n tuyador petofAnt S? elvo
oveEGp™T™N amtd TO (,B,Yn+1). Yvumepaivovue 6t M oyl LETOBANT Z elvon

(n—p—1)S?

oveEAPTNTN amtd TNy TuYio UETABANT) Q = = ~ X?lfpfl’ OTOTE:

o4
Z Y1 — X018 .
T = == ntUE ot 1, OTEOL

_Q O-EnJrl
\/ n—p—1

§2 =g [1 + X1 (XTX) 1Xn+1} .

En+1

Zmrope otobepég c1,co € R tétoleg, wote Plepr < T < ¢2) = 1 — a. Ontwg xon

TOLY, TTOlPVOLUE OTL ¢ = —lp—p-1,9 ROL Cg = tp_p y;2. Emopévwg, to dtdotnuo
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EUTTLOTOOVYYG [OWwY 0VEWY dlveTal amd TN oxéon:

Yit1— Yo
C1 < 57
En+1

< Co <~ Yn+1 +cy- Sz < Yn+1 < Yn+1 +c2- Sng_l'

En41

Tehxd, moaipvovpe 11— (Yoi1) = |Yos1 — tn-p-1,8 - Szi1> Ynt1 + bn—p-1;2 * Szin |-

Mopatnonon 2.3. Orovpe va oLYXPLVOLUE Tal SLACTAUOTA HECTG XOL OTOULXNG
TEOPRAEPG YL TO Y, 1 1. [Haportnpodpe 4t xow Tar 300 droatipota TEOPRAEPNS lvor
EOTLOOUEVO YOPW OTTO TOV XOLVO UECO i;n+1 = ?n+]_ =< +1§. Opwe, BAETovpe 4L

52

gn+l

=52+ S}%nﬂ. To Stéotnpo péong TEOPAEPNS YL TO Y, 1 €XEL UTHOG:

A (11,0[ (E(YnJrl))) = 2757171771'0‘5

2 1’>n+1'
To avtiotolyo Stdotnuo atoutxng TEORAEPNS Lo To Y41 €XEL pN%oGg:

A (Il—a (Yn+1)) = 2tn—p—1;%S§n+1

= 2tn—p—1;% \ /82 + 5}27”4_1 > 2tn—p—1;%sfxn+1 =\ (Il—a (E(Yn+1))) .

Emopévwg, To unxog tou SLtacTtiuartog atoptxng TeoBAsdng Yo To Y41 elvon mé-
VTOL LEYOADTEPO aTtd OWTO TOU OVTLOTOLYOV SLOCTNLATOS UEDTS TTEOPAEYNS. Avty
N OLOPOPE GTO UNXYN TWY OLUCTNUATWY OQEIAETAL OTLG OLAPOPETIXES TINYES O fe-
Bowdtnrag mov Aapfdvovy vmédn. To Sdotmuo péong TEORAePNS Yoo T0 Y qg
AopPaver vtddn Tov pévo ™Y afeordTnTo Yiow ™ péon TR E(Ya41). AT v
GAAY peELd, TO SLEoTNUO OTOULXNG TTEOBAEYNS YL TO Y, 11 cuvLTOAOYLLEL KO TNV

oBeBordtnTa yiow T (Stoe TV ToPaTNENom Y41, N oTolal Elvol AYvwoTy.

2.10 TloAvovyypoppixdTnTo

[ToAvovYYPOPULXOTNTO ELVOL TO POLYOUEVO TTOL EUQOVILETAL OTY YOXUULXY TTO-
AWSPOUNOY GTOY LTTAEYEL LOYLEY YOOUULXY €EAOTNON avauesa oE €var GUVOAO

EMEENYNUATLXWY LETOPBANTOV.

"Eotw 41t €xovpe 10 TOAATAS Yoouutxd Lovtéro Y; = Bo+ S1.X1;+ B2 Xo i + €
UE XOVOVLXA KATOVEUNUEVA TUXOLA CPAALOTO. AV OL ETMEENYMUOTIXES LETOPANTES
X1 xo Xy elvor TéAELr YOOULXE EEQQTNUEVES, TOTE O SELYUATIXOS CUVTEAEGTYS
ovoyétiong Tov Pearson petaEd toug elvor xotd amOALTY TLUY [0OG HE TN LO-
véda o toylel 6t Xo; = Ao + M Xq,; vt xdmoteg otabepés Ao, A1 € R. Xe
oUTAY TNV TEPIMTWOY, 0L GTHAEC TOL Ttivoxo oyediaopod X € R™3 eivor yoou.-
ULxa eExptnUévog, omdTE 0 Tivaxag dev elvor TANpovg taEns. Katd ovvémeia, o
mivoxoe X X elvor pn-ovTioTeéPLLoc Xon 1 EXTLUATOLL EAXYIOTWY TETPOYOYWY

B = (XTX)_1 XTY € R? Sev vmdpyet. AvtixabLoTdvTos 6T0 YOOUULXG LOVTENO,
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BAémovpe Ot

Yi = Bo+ L1 X1+ B2 (Ao + X))+ = Bo+ X2+ (b1 + MibB2) Xii+e.

Y0 7

Emopévwg, B€tovtag v9 = By + Aof2, 71 = B1 + A182 xo TopohelmovTag TNy emely-
Yot HETaBANTY X2, TolPVOLUE EVar XALYOVPYLO YOOUWULXO LOVTEAD YWELS TO

POLYOULEVO TNG TTOAVGLYYPAUULYOTNTOG.

2Ny O PEQALOTIXN TIEPITTTWOY, OTTOL LTTAPYEL LOYLEY]), OAA& O)L TEAELD, YOO~
uxn eEqpmon avapeoo oe 300 M| TEPLOOOTEPES ETEENYNUATIXEG UETUPANTES, O
Tvoxog oYeSLooUOD Elval TANPOLS TEENG, dAAG AOYw aplOunTing vTOAOYLOTY, O
LTOAOYLOUAS TOL aVTLETEOPOL Tov Tivaxo X' X eivor aptuntixéd aotabdic. Me
GAAOL AOYLOL, ULXOESG OAAOYEG OTa OEQOWUEVH, UTTOPEL Vo 03MYNOOLY OE TEPAOTLEG

OAAALYEG GTLG EXTLUNOELS ﬁ

EmimAéoy, avt) n apbpuntixn aotdbeior 6Tov LTOAOYLOUG TOL OYTLGTEOPOL,
UTopel vor 03MYNOEL OE UEYOAX TUTUXG OPAAULOTO SB} YL TLG EXTUUNTOLES BZ %o
Aovbaouévo oLUTEPAOUATO GTOVG EAEYYOVS OTAUTLOTLXTG ONUAVTILXOTNTAS, EQOTOVY
yvwpilovpe 6L S%i =52 (XTX);;. Ortwe eldope mopamdve, pio GAA cuvéreLo
NG TOAVOLYYQPAUULXOTNTOG ELVOL M ELOOYWYY] TTEQLTTWY ETEENYNUATIXWY UETOBAN-
TWY 0TO YPOUULXO LOVTEAO, oL oTtoleg B LTopodooy *EAALGTO Vo TTaPoAELPHoy,

XWELg vou petwbel onuovtid N TEOBASTTLIXNN LXOVOTNTO TOL YOOUULXOD LOVTEAOL.

TéAog, emnpedlovtol oNUOVTIXA OL EQUNVELEG TWV GLVTEAECGTWY f;, oL oTolot,
OTTWG ELAUE, AVTLTTPOTMWTEVOLY TN LETUBOAY OTNY OVOUEVOUEYY TLUN TNG TTOXOLTL-
NG LETOPBANTNAG YLor adENON TNG AVTIOTOLYNG ETMEENYNUATIYNG RETAPANTNG X; *OTE
plor povado, xpotwyTog OAEC TLG UTTOAOLTIEG ETEENYNLOTIXES LETAPBANTES oTabepéc.
‘Otay, 6uwe, LTTEPEYEL TETOLR LOYLEN YOOUULXY EEGOTNON UETOED ETEENYNUOTIXGDY
LETABANTWY, Elvor adVVOTOY VoL ETTYPEATELS TY] IO, XQUTWYTOS TLG VTTOAOLTIEG OTOL-

Oepéc, apob Ho petafdrrovton Tavto OAeg pnolf.

[MpoxeLpevov vor ovtyvedOOLUE TO POLVOUEVO TNG TTOAVOUYYQOLULKOTNTOG HE-
ToED TV EMEENYMUATIXGY PETABANTOY LG, EVO TTPWTO BNUo TTOL TEETEL TAVTO
voo axoAovBodue lval 0 LTTOAOYLOUOG TOU SELYRATIXOD THVOXO CLGYETLONG TWY OE-
SOUEVWY OGS XAL N YOOPLXY] OVATIOPACTOOY] TwY OEQOUEVWY UECL DLOYQOUUUATWDY

SLOOTTOPAG OAWY TWV UETUPANTWY ova dV0.

"Eotw 6t €xovpe 4 emeEnynuotixég petofAantés X1, Xo, X3, Xy. Zyedialovpe
PG ToV Trivoxor SLoryPOoULUATWY SLOTTOPAS 0 0Ttolog alvetal oto oynuo 2.1.
Ye xé&be xeAl Tov Tivaxo elvor oYESLOCUEVO TO SLAYPOULUA SLLOTIOPAS LE TN LETO-
BANTH TTOL AVAYPAPETOL BTN GTHAY TOL XEALOV Vo BpioxeTol 6TOV AEOVO TWY T XOL

™ LETOPANTY TTOL AVAYPAPETOL OTY YOOULUY TOL XEALOV Vo BpioxeTol oTov GEova
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TwY y. To dtoypaupoto Tov eivorl oXeSLATUEVO OTA XEALGK XATW OO TN SLOYWYLO
ToTLOVTOL, TTPOPOVKG, LE TO. OVTLOTOLYO SLOYQGLLOTO. TTOL ELVOLL OYESLOOULEVOL

OTO XEALL LAV OTTO TY] SLOLYWYLO, OTTOTE OPXOVUAGTE Vo EAEYEOLUE TO TEASLTOL L.

T
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Yxuma 2.1: Mivoxag Aroypoppdrtoy Ataoropds (Scatter Plot Matrix)

2NV TEWTN YOAUUY TOL TUVOXX, PBAETOVUE TO SLOYPAUUOTA SLAOTTOPAS TNG
OTOXELTLXNG UETUPANTNG Y pe xobepio amd tig emeEnynuatixéc petofAntég Ee-
XwpeLotd. BAEmovpe 6Tl 1 amoxpLtiny] petofSAnTy €xeL Ltoxvpen Betinn ovoyétion pe
™ Xa, mopdupola LoxvEN oEYNTLXY ovoyétion UE T X4, ALYOTEQO LoyvpEY Detixy

ovoyétion Le ™ X xou, TéAog, acbev] opynTLxy] cvoyETion LE TN X3.

Zto vtoAoLTta 6 xeAL& oL PBploxovTol TAVW amd TN SLOYWYLO TOL TLVOXX,
BAETovpEe oYedLaoUEVR TOL SLAYPAUUATO SLOOTIOPAS OAWY TWY ETEENYNUOTIXWDY
ULETOPANTOY ava 3V0. Avapeoa os avtd T 6, Lo ovnouyel LOLLTEPWS TO OLé-
Yooupo dtaomopds g Xo ue ™ X4, amté 10 omolo Qatlvetor Tl LTTEEYEL TYESOY
TEAELOL OLEVNTLXY] OLOYETLOY LETOED Toug. ETopévwg, av dev elpoote TpooexTixol,
0o 0dnynbovdue aiyovpo 6TO POLYOUEVO TNG TTOALGLYYPOUULXOTTOG. Mog avnov-
¥el og uxpdTtePo Pobud %o To diaypappo Staomopds g X1 pe ™) X3, To oTolo

delyvel plor aPXETA LOYLEN OEVYNTLXY] CUCYETLON.

2t ovvéyela, VTTOAOYLLOVUE TOV JELYROTIXO TILVOXOL GUGYETLONG TWY OEOOUE-
YWV, TTPOXELULEVOL VO ETOANDEVGOVIE KAl TTOCOTIXE TLG CUOYETIOELS TTOL EldOUE

voo ametxovifovtol otor Storypaupotor Stoomopds. BAEémovpe 4Tt xo o detypott-
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%x0G TVOXaG CLOYETLONG ELVOL, TTPOPAVOGS, CUUUETOLXOC XUl OL CLOYETLOELS TTOL

epovilovtor TN SLaywyLo Elvol oaQws (oeg e TN LoVASa.

Y Xi Xy X3 Xy
Y [100 073 082 —053 —0.82]
X; | 073 1.00 023 -0.82 —0.25

R= x, | 082 023 100 -014 —097|
X; |—053 —0.82 —0.14 1.00 0.03
X, 1-0.82 —025 —097 0.03 1.0

Enainbebovpe 6t tar peyébn 1wy ovoyetioswy g amoxpltixig LETOPBANTAG
Y pe xobepio amd tig emeEnynuotinég petoBAnTtéc, Tor omolor epavilovTol oty
TOWTN YOOULWUY TOL JELYUATIXOU TLVOXO. CUOYETLONG, CUUPWYOVY ATTOAVTO UE OO
TOPATNENOUUE UECK TWY OLAYPOUUATWY Staomopdcs. Eroainbedovpue, emiong, ot
N OELYUOTLXY] CLOYETION Tx,x, = —0.97 elvar avnovynTixd xovtd oto —1, eved 7

JELYROTLXY] CLUOYETLON T'x, x; = —0.82 elva xaL vt} TOAD LoYLEN.

I'evixdtepa, SelYpoTi®ég GLOYETIOELS XOTA ATTOALTY] TLULY] LEYOAUTEPES Tou 0.4
UETOED eTeEENYMUOTIXWY LETOPANTWY UTOPoLY va gpunvevbody wg evdeitelg mo-
AvovYYeopuLXOTNTOG. ‘OTTwg oLINTNCOPE, OUKG, TO POLYOUEVO TNG TTOALGUYYQOL-
ULXOTNTOG EPPOVICETOL XoL GTOY DTTAPYEL LOYLEY YOAUULXT EEQPTNON LETAED Wwiog
OpAdaGg TEPLOTOTEPWY aTtd SVO EMEENYNUATIXWDY UETABANTOY. LTy TEPITTWON
TN, N €EGPTNON UTopel va un @aivetal xaboAov PETw TwY SLoYPOUUATWY dLo-
OTOPAS XAL TOVL JELYROTLXOV T{VOXO CLOYETLOEWY, OPOV EAEYYOLY TV CLGYETLON

TOY PETABANTOY LOvo xotd Levym.

Mo tov Adyo avtd, éxovy mpotabel yevixdtepol TpdTTOL aviyvevong TG TOAL-
oLYYEORULXOTTOG. ‘'Evog amd avtodg eival o vmoAoyiopdg tou tolerance xdbe
eneEnynuoTing LeTofAntig. ‘Eotw 6Tl €xovpe 10 TOANATAG YOOUULXO LOVTEAO
Y: = Bo + P1X1,i + PaXo; + B3X3,; + i xow BEAovue vo utoAoyioovue To tolerance
™ X3. Tote, xatooxevAlovE Evar ®XOLYOVPYLO YOOULLXO LOVTEAO TO OTOLO EXEL
WG ATTOXELTLXN LETUPANTN ™ X3 xo wg emeEnynuUoTinéc LETOPANTEG OAEG TLG LTTO-

AoLTteg eMEENYNUOTLXESG UETABANTEG TOL OEYLXOV LOVTEAOL, ONAXDY:
X3 =7 +nX1,i + X +v;.

‘Eotw R2 0 ouvteAeotic mpoodLoplopod owTod Tou Ypouutxod povtéhov. Téte, To

tolerance Ttng emeEnynuatinic HeTaBAntic X3 vmoloyiletow wg Toly = 1 — R3.

. / ; ; ’ 2 ’ ,
Ipogaves, 600 7o x0VTd oTN Hovada elvar To R ylow xamolo eTeEnynuotixn

petaBAnt) X;, 1600 o xovtd 6to undév eivan to avtiotoryo Tol; xow téo0 TTLO
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toyxvpd eEaptnuévn slvor 1 X; amd Tig LTOAOLTIEG ETEENYNUATIXES UETOPBANTEG.
Emouévwe, av Tol; < 0.2 yia x&moio emeEnynuoatixy uetofAnt) X;, téte awtd

Oewpodpe Twg elval EvSelEN TOAGUYYOOUULXOTNTAS.

‘Oo0v 0POPA. TNY AVTLUETWTILGY TOV PALVOUEVOD, BTNV TEPLTTTWOY] OTTOL VTTAPYEL
utxpo6 mAnbog eEoptnuévwy emEENMUOTIXWOY peTaBAnTwy, Oo propodooue amAd
VO OUPOLPETOVUE XATIOLEG UTTO OV TEG OTTO TO YPOUULXO LOVTEAO. AV, OUwG, TO TTAN-
fog Ty eEaPTNUEVLY EMEENYNUOTIXRWY PETOPANTWOY elvar peydro, téte Bor pmo-
povoope vo epoppooovpe xémota pébodo peiwong diaotoong, OTWS N ovaAvoY
%xVPELWY CLYLGTWOWY, TTPOXELULEVOL YO GLVOPIGOVILE TNV TTANPOPOPLO TTOL TTEPLEYOLY

oL emeENYNUOTIXEG LETABANTES ot €var Ul TAND0G VEWY LETOPBANTEY.

211 Koutipta ExtAoyng Movtédov

"Eotw 41t €xovpe éva aOVOAO amtd k vToPnpLeg emeEnynuotinés LETABANTES Yo
ulor petofAntn evdtopépovtog Y xot BEAovpe vor emAéEovpe Lévo p amd avTég
YL VO XOTAOXEVATOVUE EVOL YOOUULXO LovTéNo. To TtANbog OAwy Twy mhoavedy
YOOUULXWY HOVTEAWY TTOL UTTOPOVUE VO XX TAOXEVACOLUE UE Pbdon avtég Tic k
vrodrpeg emeEnymuotinéc uetafintéc sivon 28 — 1, ondte xarodafaoivovpe 6t

ot N obYXELoY B NTay addvato vo Yivel 0To Yot oaxdpor xo yior pixpo k.

"Exovpe 1107 d€L TOY TPOOHPUOGUEVO CLVTEAEGTY TTPOGSLOPLOUOV, O OTTOLOG XON-
OLULOTIOLELTOL VLol VO ETULAEEOVLUE TO LOVTEAO TTOUL EMYel éval LeYdAo TOO0OTH oTtd
TN OLVOALXY] LETOPRANTOTNTO TWY JEDOUEVWY UE OGO TO SLYATOY WULXPOTEQO TIAY-
Boc emeENyMuoTinedy peTafBAnTey. Extipdvroc A ta mhavé 28 — 1 yoouuixd
ULOVTEAD %L LTTOAOYLLOVTOG TOV TTPOCAPUOCUEVO GUYTEAEGTY|] TTPOGSLOPLOUOV YLO

xabévo amd avTd, Bo emAEYoUE EXEIVO TTOL ETLTUYYAVEL TN HEYLOTY SLYVATY TLUN.

Kdémoto yevixdtepa xpttiptar emAoyg LOvTEAOL, Tar 0Ttolo Bpioxovy e@oproym
X0l EXTOG TOLG TTAALOLOL TWY YOOUULXWY LOVTEAWY, EIVOL TOL AEYOUEVOL XOLTTOLO
TANpoQopiag, Ta otola Boailovtal otn péyiotn mhavopavera evég povtédov. Me
ToV 6p0 UEYLoTN TLOOVOQPAVELX EVWVOOVUE TNY TLLY TTOL ETULTUYYAVEL 1] CLUVEPTNOTN

2

mhovopdveiac L(B,o?ly) yio B = B %o 02 = 52, dNAady n TLhovopdvetor LTTOAO-

Yiouévy oto onueio g extipnong péytotng mhavopaverag.

‘Eotw X, € R™PHD) o nivoog oxediaopod mov avtiotoyel oTig emeEnymuott-
x€g petofAntéc X1, Xo, ..., X,,. '‘Exovue voloyioel ™ ovvaptnon mbovopdverog

EVOG XOVOVLXOD YOOUULXOD LOVTEAOL UE P EMEENYNUXTIXEG UETUPANTES WG:

_ ly — X8| } -

2
20'p

L (By, az|y) = (2%012))_% exp {
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_ ly — XPBPHQ.

L (Bpa 012;|Y) = IOgL (prof)‘Y) = _g log (27T0127) 202
p

EmmAéoy, €xovpe vmoloyioel Tig exTiunoelg péytotng mLhavopavetag:

- -1 L,y - X,B,l? _ SSE
_ T T 2 _ PP _ '4
Bo=(X0X,) Xy, 5= P ==

"Eotw Zp =/ (/@p, 812,|y) N péytotn Aoyaplbpomibovo@avelo ToL YOUULXOD LOVTE-
Aov pe p emeEnynuatixég petofAntéc. Tote,

0, = —glog (2n52) — H}’—;(&gﬁsz = —glog@ - %

[Mpopavve, 600 peyordtepn TLhavopavela xel évar Lovtéro, T6o0 Lo TLhavd
elVoL VO EXOVUE TTOPATNENOEL T JEDOUEVOL TTOL TTOPATNENOOUE OO OWTO TO [LO-
VTENO, OTdTE O TH Elval %ot To LOVTEAD oL O€Aovpue va emAéEovpe. ‘Opwg, OTTwg
0 OLYTEAEOTYG TTPOGILOPLOUOD, €TOL XAl 1 LEYLOTN TLhavo@AaveLo TOL YEOUULXOD
LOVTEAOL aWEAVETOL CLVEYWS o0 TpoaTifevtor xoLvoVPYLEG ETEENYNUOTIXES UE-
TofANTEG LEaa 0TO LOVTEAO. Tlor Tov AGYO aLTO, Tor XPLTNPL. TTANPOQPOPLNG CLVL-
ToAOYL{oLY XL TO TANDOG TV ETEENYNUATIXWY TOL YOOULULXOD HOVTEAOV, (YOTE
vo. poag Boninoovy vo emtAéEovpe €va LOVTEAO TTOL €xel PEYEAN TLtbavopaverla pe

000 TO SLYOTOY AYOTEQO TANDOG ETEENYNUATIXWY UETABANTOY.

To xpttipLto wAnpoopiog tov Akaike (AIC - Akaike Information Criterion)
optleton wg ekng:

2mSSE,,

AICp:—2Zp+2(p—|—2) =nlog +n+2(p+2).

O 6pog p + 2 avTLTPOoWTEVEL TO0 TANDOG TWVY AYVWOOTWY TOEXUETOWY TTOV EXTL-
UNOOLE GTO LOVTEAO LE p ETEENYMLOTIXES LETAPBANTES, dNAdN p + 1 ovvTEAEOTEG
TOAVSPOUNONG %o TN SLOOTOPE 2. TROTOC OGS EIVOL VO LEYLOTOTIOLAGOVUE TNV
T Zp, oo fWVToG TOEEAAAC VOU EACYLOTOTIOLIGOVILE TOY 6PO p + 2, OTTHTE

x0AVTEPO LOVTEAO Elvo OVTO TTOL ETLTUYYAVEL TN ULxPOTEEY Suvaty TLun AIC,,.

To Mzedliavo xprripto tAnpopopiog (BIC - Bayesian Information Criterion),

TO OTOLO Vol YVWOTO XOL WG XPLTNPLO TTANPOYOoPLag Tov Schwarz, opiletal wg:

SE,

n 27S

BAémovpe 6t M wévyn Stopopdt HeTaEd oty Twy dV0 xELTNEiwY TTANpopoplag -
YOL 0 GUYTEAEGTNG TOL P+ 2. Me dAAa AdyLar, Tor VO xpLTNELtor BETOLY JLOPOPETLXT
oY 0to TANHOg TV ToPUUETOWY TTPOG extiunoy. MaAota, Tapatneodue OTL

logn > 2 & n > e? = 7.39, SnAadn n 7oy ov Bétet To BIC yiveton o awotnpt
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omd ovt) mov Oétel to AIC, xabwg avEdvetar to péyebog touv deiypoatos. o
Tov A6yo owTd, T0 BIC Telvel vo emtAéyel LovTéAa pe PxpOTEPO TTAND0G ToipouLé-
Towv oc ovyxpLon pe to AIC. Ilpo@avdg, xaAbDTEPO HLOVTEAO lval TEAL VTO TTOL

ETILTUYYAVEL TN UtxoTEEN Suvorty Ty BIC,.

Ewdwxdtepa, dtav to péyebog tov deiypatog eivor puixpd, to AIC teivetl va emt-
Aéyel povtéAa pe LTEPPROALXG peYGAo TANDog ayvwoTtwy Topopétpwy. o Tov
A6Y0 awT6 éxeL tpotabel to StopHuwpévo xpLThHpLo TANpopopiag Tov Akaike (AICc -
Corrected Akaike Information Criterion), To 0o{o 0TNY TEPITTWOY TOL TTOAAXTTAOD

YOOUULXOD LOVTEAOD TTOLPVEL T LOPPN:

AICc, = AIC, + W.

"Evor dAAO %QLTNPLO TTOL YENOLLOTIOLELTOL GTNY TEPLTTWOY TNG YOOLULXTS TTo-

Avdpdunong eivar to C, Tov Mallows, to omoio opiletor wg:

_ SSE,

SSE;
Cr="2

n—k—1’

—n+2(p+1), émov S* =

SNhady) S? eivor N AUEPOANTTTY EXTLUHATOLOL TNG ILOGTIOPES TTOL TTPOXVTITEL AT TO
TOMOATIAG YOOUULXO LOVTEND UE OAEG TG k dLVUTES eTEENYMUOTIXEG UETABANTEG.
Otav éva Yoo utxd (LovTENO TEPLEYEL OAEG EXEIVES TG UETUPANTEG TTOL Elvol oTtar-
paitnTeg yLor TV TEOPRAEDT NG aTtoxELTIXNG LETABANTYG Y, TdTe umopel va detybel
6t E(Cp) = p+1. ' To novtéAo Touv mepLéxet OAeg Tig k duvatég emeEnynuotixég
UETAPBANTES LoyvEL TTaVTH OTL:

_ SSEj

Cr="g —n+2k+1)=n—k—1-n+2k+1)=k+1.

Emopévwg, eEetdlovpe yoapupixd LOVTEAX PE (XPOTEPO TTAND0G ETEENYNUOTIXWDY
UETOPANTOY %Ol ETUAEYOVUE WG XOAVTEQO YOAUULXO LOVTEAO EXEIVO TTOL €XEL TN

uLxEOTEEN TLUN TOoL P Yo TV oot Cp, ~ p + 1.

‘OAoe owTé Tor xPLTNEL TTOL TEPLYPAPaUE KELOAOYOVY UE SLOPOPETIXOVS TEO-
TTOLG TNV TTOLOTNTOL EVOG OTTOLOVSINTTOTE YOOULLXOD LOVTEAOV, OTTOTE 0JMYOVY YEVLXA
OTNY ETLAOYY] SLOPOPETLXWY LOVTEAWY. H amdpoaor yior To oto povtéro eivol Te-
Axé BEATLOTO OVAUEDH OTO OLOPOPETIXE LOVTEAX TTOL ETEASEQY Tl TOOATTAVE

XELTNPLO EEXPTATOL OO TTOAAOVG TTOlBYOVTEG.

A6yw ToL LTTEPBOALXA LEYAAOL XPLOLOY YOOLULYGDY LOVTEAWY TTOL TPETEL VOU
oLYxELHoVY, HoTE Vo XOTHANEOLIE GTO XAADTEQPO LOVTENO [LE BAOY] XATTOLO ETULAEY-
UEVO %PLTNPLO ETLAOYNG, OLTY] 1] dtadixaaia elvar TOAAES (POPEGS Y POVOPBOPO oxdu.o

%ol yioo évay DToAoYLoTh. [t Tov Adyo auTd, *AVOLUE GLYVA XEYON XATTOLWY
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amAoVoTEPWY HeBOSWY Brratinng ToALVOEOUNoNG. EEXLVOVTOS OO XATOL0 CO-
Xx6 Yoo utxd Lovtéro, awtég ol pébodol Tpoahétovy M apalpody ae xdbe PBripo
XATTOLO ETMEENYNUATLXN LETOPANTY UE PBAoM RATTOLO TTPOETULAEYUEVO XOLTNOLO, UEXOL
VoL XOTAANEOVY GE XKATTOLO YPOULULXO LOVTEAO TO 0TTOlo OE BEATLHOVETOL OTTd XaUlo

TP0oHMHN M SLoypoP” ETEENYNLOTIXNG LETOPANTYS.

H p€00odog backward ypnotpomolel wg onueio exxivnong To YOORULXO LOVTENO
TO OTOLO TEPLEYEL OAEG TLG k SuvaTeg emeEnyMuoTinég LeTaBAnTés. Ag vTtobéoovpe
OTL YENOLLOTIOLOVPE WG xpLTNELo emtioyng to AIC. Xe xdbe Prpa tng pebddov,
doxtpalovpe vo opatpéoovpe xobeplon amd Tig emeEnynuoTinés LETHfANTEG TOL
YOOUULXOD poVTEAOL EgywpLotd xot broAoyilovpe t0 AIC TwWY YOOUULX®OY LOVTE-
Awv 1oL dMuLovpyYoLvTaL. ETAEYoLUE VO aPaLpECOVUE EXEIYN TNV ETEENYNUOTLXY
peTaBAnm mouv Bor 0dMyNoeL ot peYoAUTEEPY SuvaTy UElwon Tng TLung tov AIC.
Av, og xamolo Prpa g pebddov, N dLaypapy) OTOLRGOINTOTE EMEENYNUXTIXNG LE-
TofANTIG 0dnyel o adEnom tov AIC oe olyxpLon pe TO TEEYOV LOVTEAO, TOTE 7

nébodog teppotileton xon ETLAEYOVE TO TPEXOY LOVTEAO w¢ BEATLOTO.

Q¢ evoANoXTIXO %xPLTNELO ETTLAOYMG Do LTTOPOVCOUE YO YONOLLOTTOLCOVUE TOL
p-value TwV EAEYYWY OTATLOTIXNG ONUOVTLXOTNTOS TWY CLUVTEAECTWY TOALYOPOUT-
oG exTéG ToL oTAbePOD HPOL xaL XATTOLO TTPOETUAEYEVO €.0.0. . I'vwpilovue 4T
600 peyoAdtepo p-value €xel plan TOEEUETPOG GTOY EAEYYO OTUTLOTIXNG ONUOYTL-
xOTNTOG TO00 ALYOTEPO GTATLOTIXE onuovTixy elvat. Xe xdbe Brpno tng pebddov,
TOOYUOTOTIOLOVUE TOVG ETLUEPOVG EAEYYOVG OTUTLOTLXNG ONUAYTIXOTNTOG OAWY
TWY GUYTEAEGTWY NG TTOALYIPOUNONG €XTOS Tov otablepod Gpov. EmAéyovpe va
OUPALPETOVUE TNV ETEENYNULOTLXY] LETABANTY TNG OTTOLOG O GUYTEAEGTNG EYEL TO [E-
YoAOTEQO p-value. Av, oe xdmoto Brua g nebddov, ta p-value 6AWY Twy EAEYY WY
OTOTLOTLXNG ONUOYTLXOTNTOG ELVOL ULXPOTEPD OTO v, TOTE BEY aQPaLPOVUE xoio
emeENyMUOTIX LETOPBANTY, N LEbodog Tepuatiletal xal eTAEYOVUE TO TPEXOY [LO-

VTENO wg PEATLOTO.

H pébodog forward ypnotpomoLel wg onpeio exxivnong to LovTéNO To 0Tolo dev
TEPLEYEL XoLior ETTEENYNUOTINY LETOPANTY. Ag vTTOOETOLLE HTL YPNOLLOTIOLODIE WG
xpttnpLo emaoyng To AIC. Ze xdabe Brpa g nebodov, Soxipalovpe vo Tpoabhé-
oovpe xobepio amd T LTOYPNPLES ETMEENMUOTIXES UETaABANTESG EEXwELOTA %o
vroAoytlovpe To AIC TV YOOUULX®Y LOVTEAWY TToL dnuLtovpyovvtaL. EmAéyovue
vo. Tpoobéoovpe exeivn Ty emeEnynuotin LetoAnT) mov Ha 0dnynosl oty ue-
YoAOTEPY, Suvaty peiwon g TG Tov AIC. Av, oe xdmoto Ppa g rebddov, N
TpochMxn omolaadNmote emeENYNUATIXNG LETOPANTAG 0dMYEl o adENom Tov AIC
oc oVUYXQLOY UE TO TEEYOV LOVTENO, TOTE v KLEbOSOg TeppaTileTal xon ETLAEYOVUE

TO TEEYOV LOVTEAO WG PEATLOTO.

Qg evaAaxTxO xPLTNPELO ETTLAOYMG Hor uTopoboLE TTAAL YO ONOLLOTTOLCOVILE
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To p-value Twy EAEYYWY OTATLOTIXNG ONUOVTLXOTNTAS TWY CLUVTEAECTWY TOALYSPO-
unone. I'vwpilovpe 6t 600 pLxpdTEpO p-value €xel plar TOPAUETPOG GTOV EAEYYO
OTOTLOTIXNG ONUOVTIXOTNTOS TOCO TEPLGGOTEPO CTATLOTIXO ONUOVILXY] EVOL. e
xabe Brpa g nebodov, doxtpalovpe vo mpoobéoovue xabepio amd T vITOYN-
QPLEC ETEEMYMLOTIXEG UETUPANTEG EEXWELOTA Ol TEOYUATOTIOLOVUE TOV EAEYYO
OTOTLOTIXNG ONUOVTLXOTNTOS TOU CUVTEAECTN TOALVSPOUNONS TTOL TTPOoTEDXE OE
xabéva amd Tor Yootk LovtéAa Tou dnplovpyovvtal. EmiAéyovpe va tpooahé-
OOLUE TNV ETMEENYNUATINY LETUBANTY TNG OTTOLOG O GLUVTEAEGTYG EXEL TO ULXOPOTEQO
p-value. Ay, oe xdmoto Brpa g nebddov, Ta p-value OAwY TwWV EAEYYWY OTOTL-
OTLXNG ONUOYTIXOTNTOS Elvol PLeYoAbTEpR amtd «, ToTe Oev Tpochétovpe xauio
emeEnynuoTiy LeToAnT, N wébodog teppatileton xaL ETLAEYOVIE TO TPEYXOV LLO-

VTENO ¢ BEATLOTO.

H pé0odog stepwise eivar Beitiwon g pebddov forward. e xébe Brpoa, extdg
omd ™Y TEooHNKY x&moLag LTOPNPLOG ETEENYMUOTIXNG UETABANTNG, EAEYYOLUE
%o TNy Thoyn Stoypoupy) x&ToLag At TLG ETEENYNUATIXEG LETABANTES TTOL EYOVULE
1nOn mpoacbéoel oto Yoauutxkd povtérho. H emhoymn avéuecoo oty mpoohnxn 1 tmv
oPOLLPEDT ETEENYNUATINNG UETABANTYG YivETaL TTEAL pe atdyo TN BeAtioTomolinon

EVOG TTPOETULAEYLEVOL XOLTNPELOL ETILAOYG LOVTEAOU.

212 Awayvootixot "Edeyyor 'ooppuitxng MoAtvdpdunorng

"Exovtog eTAEEEL xoL EXTIUNOEL EVOL XUTAAANAO XOVOVLXO TTOAAXTIAG YOOUULKO
LOVTENO Yo TNV Y pe xamolo amd Tig Lebddovg mou mepLtypadape oty mTponyov-
UEVY] TOPAYPOPO, 1 SOLAELA oG OeY ExeL TEAELWaEL axdpo. O Baotxdg Adyog elvor
ot 4 vtobEoelg Lo T TUYOLOL TPAALATO €; TTAVEW OTLG OTTOLEG EYOVILE TTNELYTEL YLot
VO XOTOOXEVGAOOVUE TO EV AOYW® YOOWUWULXO LOVTEAO, ONAdN OTL Elvoll XAVOVLXA

xortovepunuéva, e péon tun 0, xowy dtaomopd o2

xaL aveEdptnra. Ay, €xovtog
EXTLUNOEL TO YOOUWULXO LOVTEAO LG, DLOTILOTWOOVILE OTL XATTOLO OTTO AVTEG TLG LTTO-
Oéoeig Oev evatabel, TdTE OWTH ONUAlVEL, TTEOPOVKG, OTL OAO TO YOOLUULXO LOVTEAO
TO OTOLO €YOVUE KATAUOKEVATEL OEY E(VOL EYXVPO XOL TPETEL VoL EMEEEPYUOTEL UE

JLapopeTind TPOTO.

E@doov ta tuyaio o@arpuoto €; eivol Un-TtaQoTNENOLLO XOL UN-VTTOAOYIGLUA,
T 4 avTég vmobéoelg Tig ETOANDEVOVUE UECK TWV EXTLUNUEVWY CGQPOAUATOY E;.
Emedn ta xotdhoimtor &; Sdev €xouy xoLvy] dLooTopd, mwg éxovpe Seitel, dNAadn
dev elval LoOVOUD, YONOLULOTIOLODIE XATTOLES TUTTOTTOLNILEVES EXBOYES TOVG YLOL TNV
ETXVPWOY TWV LTODECEWY TNG YOUUULUNG TTAALYIQOUNOTG. ZUYXEXQLUEVD, YVWEL-
Covpe ot

Var (f@) = Cov (YZ-, f@) = JQPM =
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Var (¢;) = Var (Y;) + Var (f/@) —2Cov (Yi, ﬁ) = Var (Y;) — Var (ﬁ) = g2 (1-P;,),

onéte & = Y, — Vi ~ N (0,02 (1 —P;;)), 6mov P;; = X7 (XTX)_lxi 70 i-007T6
Storyeyvio otoryeio tov mivaxa P = X (XTX) " XT xou X; = (1, X1,4, X .- -, X,

Emopévucg,

€
U\/l*Piﬂ'

Avtixablotdvtog ™y ayvwaty SLaoTopa o

~ N(0,1).

2 amd ™y apepdAnTT exTipToLe S,

ToLPVOLUE Tt E6WTEPLRE TUTOTTOLEVa XorTdAotTta (internally studentised resid-

uals): R
& Y, -Y;

E; N
- Sy1-P,; Sy/1-P;;

AvoTuYWG, TO ETWTEPLXA TUTTOTTOLNULEVR XA TAAOLTTO. BEY axoAovLHOVY xdToLa Yvew-

t;

ot xoTovopy), xobwe to S? dev eivor aveEdptnto amd v mopationon Y;. Ta
xotéhottor detEope Gl €xovy mavta péoan T 0, omtdte avt eivor 1 KoY LTO-

Beon mov Se ypetdletan va eAéyEovpe.

Trv vt6Oeon OTL Tor TLY AL CPAAUATO ELVAL XOVOVIXA HATAVEUNULEVO LTTOPOVUE
vou TV EAEYEOLUE KEvOVTOG XENOM SLAPOP®Y EAEYYWY XOVOVLXOTNTOG, OTIWS O EAEY-
xog Shapiro - Wilk, o omolog €xet devybel 6T €xel ™ peyaAdtepn oyl avdpeoo
OTOUG YVWOTOUG EAEYYOVG xavovxotntag. Me Baon éva Seiypoa Vi, Vo, ..., V,, ot

EAEYYOL XaVOVLXOTNTAS Aopfdvouy amdpooy yia Tig brobeaeLs:

Hy: Vi, Vo, ..., V, Toyoio Selypa ol Ty Xovovixy] XorTovouN Vs.

Hy -V, Vo, ..., V, 6yt tuxoio Seiypor amd TNy XoVOovLX XOTAYOWU.

‘OAa Tor oTOTLoTIRG AOYLOoULXA, OTIwG N R, €xouy evowpatwuéyn m SuvatétnTa
Tpoypotonoinong tov éAeyyo Shapiro - Wilk yio dedopévo delypo mapatnpnioswy
xal 3lvovy w¢ amotéAcouo to p-value tov eAéyyov. Egopudlovpe tov €Aeyyov
Shapiro - Wilk oto Selypa t1, ta, . . ., ty TWV EOWOTEPLXE TUTTOTOLNUEVLY XA TAAOLTIWY

xoL Aopfévoovue to p-value. o 3edopévo €.0.0. o, €xovue Tor €ENG Vi OUEVQL:

* Av p-value < a, 91t amoppinttovue TNy Hp, OTOTE T EOWTEPLXA TUTTOTTIOLY-
LEVO XOTAAOLTIOL OEY ELVOIL XOYOVLYE XOTOVEUNUEVDL. ZE OVTNY TNY TTEPITTWON,
7 LTOOETT OTL T TLY AL TPAALATO TTPOEPYOVTAL ATTH TTY KAUYOVLXY] XOLTOVOUY
oev evotabel, omdte Hor LTOPOVOOPE VO XATOUPVYOVIE OTNY XOTATKEVY] EVOG

YEVIXEVUEVOD YOAUULXOD LOVTEAOV.

* Ay p-value > o, t6te Sev pumopodue vo amoppipovue ™y Hy, SnAadn v
LTTO0EON OTL T EOWTEPLKE TUTTOTTOLNUEVH XATAAOLTIO E(VOL XAVOYLXAL XOTO-
vepunuéva. Emouévmg, Lmopolue vor SEXTOVUE OTL TO YOOULULXO LOVTEAO TTOL

EYOVUE XAUTOOXEVAOEL EXEL TUYOLO CQOALXTO TTOL TTPOEPYOVTAL OTTO TNV X0
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YOVLXY] XOTOVOUY).

Ou €Aeyyor xovovxOTNTOG XOAS ELVOL TTAVTO VO GLUVOJEVOVTOL XOL OTO OL-
(POPOLG YPOUPLXODS EAEYYOLG, OTtwg totoypaupate (histograms), Onxoypdupoto
(boxplots) ot Q-Q plots (quantile - quantile plots).

[Tévew omd 10 LoTOYPOPUo OXESLALOVUE TNY XOUTTOAY TNG CLVEOTNOYG TTUXVO-
™Tog TLHAVOTNTAG TNG XAVOVLXNG XATOVOUNG. AV TO LOTOYPOUUO OUUPWVEL LE TNV
XOUTIOAN TNG TUTOTTOLNUEVNG XowvovtxNg xotavopns N(0,1), 6mwg @aivetor oTo
oynuoe 2.2, téte ot elvar €vdelEn 0Tl Tal XOTEAOLTTOL ELVOIL XAVOVLXE XOTOVEUY-
péva. Avtibétwg, oto oyua 2.3, PAEToLPE OTL TOL XOTAAOLTIOL OEV ELVOIL CULUETOLXA
YOPw o) To UNdEY, OTTWG Bor ETPETE, EVE) LTIAPYOVY KLOANG KATTOLO. XOULTAAOLTTOL TOX
omolo elvor LTTEPPBOALXAL ATTOUAXPLOUEVO. OTtH TO UNOEV TPOG Tow BETLXE, TTPAYLOL

TO OTOLO OE CLULPWVEL UE TNY XOVOVLXY] XOTOVOUY).

Histogram

04

.’-

03
I

0.2
I

Density

0.1

0.0

T T T T T T 1
-3 2 -1 0 1 2 3

Internally Studentised Residuals

2xHMA 2.2: lotéypoppo Kavovird Koatavepnuévoy Katorolmwy

e éva Onxoypappa, OTwg avTA TOL alvovToL OTo oYNLOTe 2.4 xot 2.5, To 0p-
Boywvio TALGLO avTLTTPOoWTEVEL TO eVdOTETOPTNLOPLOXS VP0G (IR - interquartile
range), dMAadY| TO xeVTELXS DLAGTNLO GTO OTTOL0 avxeL T 50% TWV TAEATNEHOEWY.
Me aAho AdyLa, av SLaTdEOLUE TLE TTOEATNENOELS Lag o adEovaa oglpd, TOTE TO
25% twv Topoatnenoewy o Bploxetor opLoTeEEPd TOL SLUGTAROTOS TTOL 0PLLEL TO
opboywvio mAaioto xot to vTOAoLTo 25% TwWY TapaTEnoewy Oo Pploxetor de-

Ela owTtod Tov StaoTUaToc. To aplotepd AxPo aLTOY TOL JLACTHUATOS XOASiTOL
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Histogram

Density
0.3 04 05 0.6 07
I 1 I 1

02
|
~
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Intemally Studentised Residuals

Yxuma 2.3: lotéypoppo Mn-Koavovixd Katoveunuévov Koataroinwy

TP TO TETOPTNUOPLo (1Q - first quartile) xow to Se&f dxpo xoAeitor TiTO TETOPTN-

uépto (3Q - third quartile) tov StavdouATOg TWV TAEATNEHOEWVY.

Méoa oto opboywvio TAaioLlo elval oxedLaopévn Pe LodEY YOOLUT N OLAETOG
(median) Tov SLOVHORATOG TWY TOPATNEACEWY, INAOSH N Ueooior SLOTETOYLEVT
Topathpnon. H diaueoog amotedel to dedtepo tetaptnuopto (2Q - second quartile)

TOU JLAYVOULOTOS TWY TTOPATNONOEWY.

Ov amoAnEelg mov Bploxovtar oyedtaouéveg extdg ToLv opboywviov TAaLciov
€YOLY uMxN min {1@ — (1), 1.5- IR} %ot min {x(n) -3Q,1.5- IR} owvtioToya, 6TToL
T(1) ElvoL N EAGYLOTN TLOPATAPNON KOL T () N KEYLOTN TOLPATAONON TOL SELYUOTOG
X = (21,%2,...,Tyn). ETOUEVWG, LTOSELUVOOLY TNY EAGXLOTN XOL TN UEYLOTN TTOQO-
TNENOT oV OAEG OL TAPATNENOELS EXTOS ToL 0pboywviov €xovy amdoToomn To TOAD
1.5- IR a6 to TpwTo 1 TO TPiTO TETAUPTNUOPLO avTioTOLY. ALOUPOPETLIXA, OV LTTAQ-
YOLY TOPATNENOELG HE OTTOoTOON UEYOADTEPY amd 1.5 - IR, téte oyedialovtor v

xobepio EgxwpLotd extdg Twv 0plwy TwY amoANEewy.

Av 7 Sidpeoog Bploxetal mepimov oty puéon Tov ophoywylov TAKLoloL, OL ATTO-
AEeLg €xovy mepimov (oo UM xoL OEY LTTEPYOLY TTUPATNPENOELS EXTOS TWY 0PLWY
TOWY ATOAEEWY, OTWS QALVETOL OTO OYNUO 2.4, TOTE TOL XOTAAOLTTOL POLVETAL VO
TIPOEPYOVTOL OTTO TNV XOVOYLXN XOTOVOWUY. AvTiéTwe, oto oxnua 2.5, n diduecog

elvot O xoVTA OTNY XATw TAELEA ToL 0pHOYWYIOL, OL ATTOANEELS €XOLY AVLOOL
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UN®N X0l VTTEPYOLY 3 TTOAD ATTOULOXPUVOUEVES TTHPATNPNOELS OTO AV HEPOG TOL

OLOYQOUUOTOG, OTIOTE T XA TAAOLTIOL GLYOLEO OEV aAXOAOLOHOVY KOVOVLXY] XOTOVOU).

Boxplot

Internally Studentised Residuals
0
|

YxaMA 2.4: Onxdypoppoa Kavovixd Koatoveunuévoy Katoroimwy

Ye éva Normal Q-Q plot, éxovue otov GEova Twv y T SELYUATIXAR TOGO-
ottoio onueio, SNAODN TG OLOTETOYUEVEG TLOPATNENOELS T (1), T(2)s - - - T(n)> EVE
otov dEova Twy z Tor Bewpntind mocooTiato onuetor @1 (5=22) e tumomoun-

wéwng xovovixng xotovopns N(0,1) vt k =1,2,...,n.

Av n Serypatixn xotovoun xon v Oewpntixny xotovouy), dnAadN M xovovixn
XOTOVOWY], CUULPWYOVY UETRED TOLG, TOTE OA T oMuela Tov YpapNuotog Bo Bpi-
OXOVTOL CUYXEVTOWUEVA TOAD %ovtd oc pla evbela, Omtwg Qalvetal oto oMU
2.6. AuTo eilvar €vdelEn OTL T EGWTEPLXA TUTTOTTOLNUEVO. XU TAAOLTTIOL ELVOL, OVTWG,

XOYOVIXQ XOUTOVEUNUEVAL.

e avtibetn TePlmTWwOoY, Lol Vo LTTREYOLY ONUELX TTOL ATEXOLVY TTOAD aTo
™y evbela Tov amewxoviletar oto Ypdpnua. Ewdixdtepa, av tor onuelor améyovy
TOAD atd TNy evbeior oTLG OLPEG TLG XUTAVOUNG, SNACSY OTO AV OEEL XoL TO XATW
oPLOTEPS UEPOG TOV YPOPNUATOS, OTIWG Qaivetal oTo oxnua 2.7, Téte autd cival
EVOELEN OTL TOL XUTAAOLTIOL TTPOEPYOVTOL ATTO XATIOLOL XOTOVOUY] E TTLO ~Tror(LéS”

OVLPEG ATTO TNV XOVOYLXY] XOTAYOWUY, OTIWS N xoTavoun ¢ Tou Student.

"Eotw 61 €xovpe dedopéva YpovooeLpdc, ONAady] LeYEDY] TTOL €YOVLE GUAAEEEL

oo TNV (Lo Lovada o SLadOYLXES Y POVIXES TTEPLOBOLG. TotE, elvat eDAOYO vou Tte-
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Internally Studentised Residuals

Internally Studentised Residuals

Boxplot
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XxaMa 2.5: Onxdypoppa Mn-Kovovixd Katoveunuévwv Katoroimwy
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YXHMA 2.6:

Theoretical Quantiles

Normal Q-Q Plot Kavovixé Kataveunuévwy Koataroimtwy
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Normal Q-Q Plot
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Internally Studentised Residuals
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Theoretical Quantiles

YxaMA 2.7: Normal Q-Q Plot My-Kavovixd Kotoavepnuévemy Katorolmwy

otpévoupue ot xdbe Tuyaio oEdAua €; Bo eExpTdtal amd To AUEows TTEONYOVUEVO
TUYOLLO OPAApD €;—1. Evdeyopévwe, palaota, vo eEoptatal xot omd GANo TTapeA-
Oovtixa tuyolor COEAALOTA €;_2, €;—3 KoL OOTW XAUOEENG. L AVTNY TNV TEPITTWOT,

7 vtdbeon Gt T TVYELO TPAALOTO Elvar AVEERPTNTO. TTPOPaYLG dev evaTabel.

Avtibétwg, 6tay €xovpe dtaoTpwpoTind dedouéva, dnAady| LeYED Tov €xovpe
OLAAEEEL aTtd JLaPOPETIXEG LOVADEG TNV (OLor YPOVLXY OTLYUY, TOTE 3V LTTAPYEL
xoplor eOAOYY] oelpd SLAToENG TV TOEATNENOEWY, TNV TAELOPNPLO. TWY TEQL-
MTHOEWY. LE VTNV TNV TEPIMTWOY, eV UTOPOVUE ToPWS vo Bewpnoovue uio
TETOLL LOPPN EEQPTNONG KETOED TwY TUXOLWY GQEOALATWY oL givorl eDAOYO Vo
Oewpnoovpe ot eivor Ao aveEdptnTor petaEd touvg. Ilopdia awtd, axdpo o
OTNV TEPITTWON TWY SLAOTEWUATIXWY OESOUEVWY, Oor LTOPOVoE EVIEYOUEVHS VO
UTTAPYEL XATOLOL COPNG XWELXY OLATAEY UETAED TWY TOEATNENOEWY, N OTTOloL Vo

ETULQPEPEL AVTN TN LOPYN EEAOTNOMC.

Mo vo eAéyEovpe oy Ta XOTAAOLTTO E(VOLL OVEEAQTNTO, UTTOPOVUE VO EQOLOULO-
OOLUE OLAPOPOVS EAEYYOVS OUTOCLOYETLONG, OTIWS O €Aeyyog Durbin - Watson
xol 0 €EAeYyog Breusch - Godfrey. Ou éheyyor awtol €xovy wg pundevixy vdbeon
OTL OL TTOPATNPENOELS ELVOL OVOYETLOTEGS, EVK WG EVOAAOXTLXT LTTOOEON OTL LTTEPYEL

OELPLOXTY] CLOYETLON UETOED TOUG.

‘OAo T oTOTLoTIXG AOYLOWULXE, OTtwG M R, €xovy evowpatwuévn ™ duvatdtnTo
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TEAYULOTOTOLNONG TWY EAEYYWY VTOCVLOYETLONG YL OEDOUEVO LOVTEAO TTOALYIPO-
unong xor 8ivovy wg amoTéAsopa ta p-value twv eAéyywv. E@oapudlovue touvg
eAéyyouvg Durbin - Watson ot Breusch - Godfrey oto ypouuixd povtédo xot Aopr-

Bévovue T p-value. Il 3edopévo €.0.0. o, €xovue Tor €ENG evdeydueva:

* Ay p-value < a, téte amoppintovpe ™y Hy, dnAady tnv vmdbeon 6T T
XOUTAAOLTO ELVOLL OLOYETLOTO. LE QUTNY TNV TEPITTWON, 1 LTObeoY OTL T
TUYOlo. oEaApoTa eivol aveEdpTnTto dev evotabel, omdte eipooTte avoryxo-
OUEVOL VOU XOTAPVYOVLUE GTNY XATUOKELY] EVOS OVTOTIOALYIPOLOV LOVTEAOL

N EVOS LOVTEAOL XLYNTOL UETOL.

* Ay p-value > a, téte Sev pmopodue vo amoppiPpovue tny Hy, omdte to
EOWTEPLXA TUTTOTTOLNULEVO XOTAAOLTIOL LTTOPOVUE Vo Bewpnoovpe 6Tl eivor
aovoyétiota. Emopévwe, n vmdbeon 61t o tuyaiar GEAALOTO TOL YOOLULXOV

novtéhov eivar aveEdptnta evotabel.

[Tpoxetpévou vo eAéyEovue xot YOOQLXA TNV AVEEXPTNOLO TWY ECWTEPLUA TUTTO-
TOLNUEVWY XATOAOLTIWY, LTTOPOVUE VO OYESLAOOVUE YOOPNUOTO TWY t; UE TO ;1
O LE TOV YPOVO © TNG TORATNENONG. AV TOl XUTAAOLTIOL ELVOIL EVTEAWG TUY OO OLe-
omapuéva YOPw amd Tty optlovtia evbeio y = 0, 6Twe Qalvetal oto oypuoto 2.8
xor 2.10, TOTE CLUTEPALYOLUE GTL T XATAAOLTIOL ELVOLL OVEEAQTNTOL. ALOPOPETIXA,
ov eupoaviovy xdmora @bivovoa 1 adEovoa TAGY, OTWS PALVETAL OTO TYNULOTO
2.9 xow 2.11, 1éte oLUTEPALVOLUE TOPHS GTL LTTEPYEL OELPLOXY] EEGOTNON avbueoT

OTO. XOTAAOLTTOL.

H dtaomopd Ty tuxolwy cQoALATOY LTTOPEL EVOEYOUEVWS YO ELVOL YOOULULXN N
TETPOYWVLXY] GLYAPTNOT ULOG N TTEPLOGHTEPWY ATt TLg Stabéatpeg emMeENYNLOTIXES
uetoPAntéc. INa va eAéyEovpe avt 1 LOPPY ETEPOOKESACTIXOTNTOS, LTTOPOVUE
VO TTPOYUOTOTIOLOOVUE Tov €Aeyyxo Breusch - Pagan xou tov éleyyo White. Ot
EAEYYOL auTOol €XOVY WG UNdevixn LTTObeo 6TL T TV AL GPAApOTH ELvol OLOGKE-

3aOTUA, EVE WG EVOAAAXTLXY LTIOOEoT OTL epPavilovy £TEPOOKESATTLIXOTNTO.

OAa To oTOTLaTIXG AOYLOULXd, OTTWE N R, €xouy evowpoatwpévy ) duvatdtnTo
TEXYUOTOTOLNONG TWY EAEYYWY ETEPOOAEIATTLXOTNTOGS YLt OESOUEVO LOVTEAO TTOX-
Av3pounomng xot 3ivovy wg amotéAsoua Tor p-value twv eAéyywv. E@opudlovue
Toug eAéyyouvg Breusch - Pagan xot White oto ypoopuixd noviéAo mov €ovue xo-
Tooxevaoel xou AapBavoovue to p-value. ' dedopévo e.0.0. a, €xovue Tor €ENg

evdeyouevaL:

* Ay p-value < a, 1éte amoppintovpe ™y Hy, dnAady Tty vmdbeon 6T T

TUYOLOL GEAALOTO. ELVOLL OLOOKES AT TLXA.

* Ay p-value > a, Tdte dev pmopodue vo amoppipovpe ™y Hy, omdTe Tar TUY LR
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Internally Studentised Residuals

Internally Studentised Residuals
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Lagged Internally Studentised Residuals
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Internally Studentised Residuals
0

Internally Studentised Residuals

-2

Time

2xama 2.10: I'pdpnua twv Katoroinwy pe tov Xpévo

Time

2xama 2.11: T'pdpnua twv Katoroimwy pe tov Xpévo
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CQAANLOTA LTTOPOVUE Vo Bewproovpe OTL elval OLOOKESUTTIXA.

[Mpoxetpévov vor eAEYEOLUE YOOUPLXA OTTO TTOLEG ETEENYMULATIXEG UETOPANTES
O pmopodoe vo eEqpTdTaL v SLOAOTOPA TWY TUYXLWY TGPUALATWY, OXEILALOLUE
YOOPNULOTA TV t; UE TG TopatnENoels X; amd xdbe diabéoiun emeEnynuotixn
uetofAnT) X. Av Ta xotdhoito €xovy otaepn dtaomopd YOpw amd Ty optldvTio
evbeia y = 0 og 6Aa Tt YPOPNULOTO, OTIWS PalveToL aTto oynue 2.12, téte ovume-
POLYOLPE OTL TOL HOTAAOLTIO. ELVOLL OULOOKESUOTIXA. ALOUPOPETIXA, OV 7 SLAOTTOPA
Toug epPovilel xdmota phivovoa N adEovoa TAom, OTtws Palvetal oto oxnua 2.13,

TOTE OLUTIEPUIVOVUE TUPWG OTL DTTAPYEL ETEPOOKESATTIXOTNTA.

©0

Internally Studentised Residuals
Q

2xama 2.12: I'pgonua twv Katorointwy pe v ExcEnynuotien Metofint X

2NV TEPITTWOY OTTOL EYOVILE FESOUEVA Y POVOTELPAGS, GUULTIEQLAXWLBAVOLILE %O
TOV YPOVO0 TNg TTopatiENnong otilg Stabéotpeg emeEnynuaTtiég petofAntéc, omoTe
UTTOPOVUE VO TOY CLUUTIEPLAGBOVE GTOLG TTPOAYaPEPHEYTES EAEYYOVLG ETEPOOKES O
oTxoTTeg. Xto oynua 2.10, paivetor 4Tl Tor xotdAoLTtor €xovy aTtobepy] SLaaTopd
OTOV YPOVO, EVE 0TO oxNua 2.14 @alvetal 6Tl v SLAOTOPA TOLG €XEL DEOLTO TAG,

OTtOTE EXEL CLUTEPALVOLUE TUPKG OTL LTTAPYEL ETEPOOKESATTLUOTNTA.

"Evoe evoAAaxtind oevapLo eTEPOOKESATTIXOTNTOG, OTNY TEPLTTWOY SESOUEVWY
XOOVOOELPAG, ELVAL VO DTTAPYEL XATTOLL YVWOTY] YPOVLXN OTLYUN n* TEToLa, WOTE TOL
TOYOUOL CQENLOTOL €1, €2, . . ., Enx VOL EYOLY SLOGTOPE 07, EVE) TOL TUYOLOL GOEALOTOL

En*41,En 42, - -+ En YO EYOLY SloupopeTiny| dowomopd o2. Tia vou eAéyEovpe T un-
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Internally Studentised Residuals

Internally Studentised Residuals
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YxaMma 2.14: Tpgonuoa twv Katorointwy pe tov Xpdvo
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Sevix| urdbeon Hy : 0F = 035 évovtt g evoloxtixvg vndbeong Hy : 0? < 03 4

g Hy : 02 > 02, epapp.blovue tov éleyyo Goldfeld - Quandt.

‘OAo T oTOTLOTLXG AOYLOWULXA, OTIwG N R, €xovy evowpatwuévn ™ duvatdtnto
Tpaypotomoinong Tov eAéyyov Goldfeld - Quandt yioe dedopévo LOVTEAO TTOALY-
dpounong xor divovy wg amotéAsoua To p-value Tov gAéyyov. E@apuolovue tov
EAEYYO OTO YOOUULXO LOVTEAO TOU EYOLUE XAUTAOXEVLAOEL %Ol AaUPBAvovue To p-

value. 't 3ed0pEVo €.0.0. «, EYOVUE Tow EENG eVdEYOEVOL:

* Ay p-value < «, téte amoppintovue v Hy, dnAady tny vmdébeon 4t T

TUYaLO CEAALOTA E(VOLL OLOOHESUTTIXAL.

* Ay p-value > a, 191 dev umopodue vo amoppipovue Ty Hy, omtdTe Tor TUYLan

OQAApoTA LTTOPOVPE Vo Bewprioovpe GTL Elval OLOOKEIATTLX.

[TpoxeLpévov va evtomicovue ™ xeovixn oTiyun n*, oxedtélovpe YOoPNUOTO
TWY t; K TOV XPOVO i TNG TOPATNENOYG. ZTO oy 2.15, paivetal va vmdpyel Spo-
oL aBENCN 0TN SLUOTTOPA TWY XATAAOITWY YOPW TN XEovLx otiyun n* = 20,
omtdte mpoypatorolovpe Tov éAeyyo Goldfeld - Quandt pe n* = 20 xow evolho-
xtx vndbeon Hy : 03 < 03. Te aTHY TNV TEPITTWOY, TEPLUEVOLUE TAPKS GTL O

éheyyog Oa dyoet p-value < a, dnAadn o aoppiovpe v Hy.

Internally Studentised Residuals
0

Time

Yxama 2.15: Tpdpnua twv Katorointwy pe tov Xpdvo

Tow YoopRuato: Twv xaToAOLTwy Ye xATolo emeENyuoTixy netafAnt) X Tou
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YOOUULXOD LOVTEAOL UTTOPOVY Yo oG DTTOSELEOLY xot TNV VTOEEN UN-YOOULULXNG
OYEOMNG LETAED OUTNG XOL TNG ATTOXPLTLXNG LETOPANTAG Y. e auT) TNy TEPITTWOY,
emBAAAETOL VO TEOPBOVUE OE UETAOYNUOXTIOUS TNG ETMEENYNUATIXNG UETABANTYG
X. Mo mapddetypa, oy Tolpyope T0 YOAQNUO TTOL Qoivetal oto oynuo 2.16, Oo
oxe@TOUaoTOY Vo Bécovpe X* = X? xaw vor YENOLLOTOLIGOVIE 0T WC ETEENYT-
potixy] LETOPBANTR avtl g X, eved av TaipYoUE oUTO TTOL QALVETOL GTO OYNULO

2.17, O oxeTopaotay avtiotoryo vo Héoovpe X* = log X.

Internally Studentised Residuals
o
of

00 05 1.0 15 20

YxHMA 2.16: Tpdopnpo twv Koatorolmtwy pe ty Ernegnynuotiky Metofantg X

"Exovpe amodeitel oty mpdTaon 2.5, 4Tl TOL XUTAAOLTTOL TOL YEAUULXOD HO-
VTEAOL Elvol aoLOYETLOTO PE TLG Tpoooppoopéveg Tipég (fitted values) Yi tov Y.
Emopévwg, av dAeg ot uobéoelg TTOL EYOLUE KAVEL YLOL TO YOOULULXO LOVTEAO EV-
otoBody xa oyedLdioovpe Evar YOAPNUO TTOL €XEL GTOY QEOVO TWV T TLS TTPOOAPU.O-
OUEVEG TUULEG XOL OTOV GEOVA TWY Y TO XATAAOLTOL, TOTE T XoTOAOLTTor Hor TTpéTtet
vo efvor eVTEANS TuYaior SLEGTTaPUEVD YOPW oTtd TNy optldvtia evbeio y = 0 pe
%0y SLOTTOPA XAl XWELG Vo ERPovi{ovy XATOLo TAOT, OTTWS axELBWS Qaivetol

oto oynuo 2.18.

To ypdonua awtd eivor yvwotd xat wg yoapnuo Residual vs Fitted. Xty
ovtibetn mepimTwoy, 0oL xATOL ATO TG LTTOHETELS TOL YPOUULXOD LOVTEAOL
TopafBLéletol, TOTE TO YOAPTMULOL UTTOPEL YO TTOLPOLOLALEL XATOL ATTO TLG TAOELG

Tov deiEape ota oxnuata 2.13, 2.15, 2.16 1 2.17. Tote, ovpmepaivovpe avtioToLyo
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Internally Studentised Residuals
0
o

X

YxaMA 2.17: Tpdonua twv Katoroltwy pe v EncEnynpotixn MetafBint X

O7TL LTTEPYEL TEOBANUX ETEPOOKESATTIXOTNTOG 1| UN-YQAUULXNG OXEONG UETOED axTto-
XPELTLXNG KO ETEENYMUOTLXNG UETABANTYG.

[ToANég popéc, GTOY ETLXELPOVE YOI XUTAOXEVAGOVUE EVOL LOVTEAO YOOULULKNG
TOALVOPOUNONG, DTTAPYOVY OTO SELYUO LG OPLOWEVES TTAPATNPVOELS TTOV ATIEYOVY
duoavaroyo amd To xEVTPO BAPOVE TOL JELYUATOG KAL UTOPOVY EVOEYOUEVWS VO
OOXNOOLY WEYAAY] ETLPOEOY OTNY EXTIUNUEYY eEiowon ToAvdpoéunons. Avtég ot
oA TNENOELS YwpellovTton o éxtpomeg Topotnpnocelg (outliers), onueion poyhodg

(high leverage points) xot onpeio emtpporig (influential observations).

Ot €éxTpOoTTEG TUPATNPNOELG ELVOLL TTOPATNPNOELS TTOL €XOVY TOAD UEYEAN OTTo-
OTOON ATO TNV EXTLUNUEYN €ELOWON TOALYOPOUNONG OE GUYXPELOY UE TLG DTTOAOLTIEG
TOEUTNENOELS. Me dAAa AdYLaL, EXTPOTIEG ELVaLL OL T TNENTELS TTOL B{VOLY TTOAD
UEYOAR x0Té amOA LT TLUn xotdhoimoa. o o afLdmioto evtomiopnd Twy €xTpo-
WY TREATNENOEWY, XAVOLUE XENOT LLog SLUPOPETLXNG TEYVLXNG TUTTOTTOINONG TWY

XOTAAOLTTWY OTtO LT TTOL ELSAUE YL TOL ECWTEPLKA TUTTOTTOLNULEVOL XOLTOAOLTTOL.

‘Eotw S(in) = isig:g 7 UEPOANTTTY EXTLUATOLAL TNG DLOOTTOPAS TTOL TTPOXVTTTEL

OTtO TO YOOULULXO LOVTEAO TTOU TTPOGOPLOLOVUE OTO BELYLOL LOG, EXOVTAG CUPOLLOETEL
v mapothionon (Y5, XzT) H extipnrota S(_ ) elvo TEOPaVWS aveEAOTNTN OO TNV

%
2
(n*p*Q)S(,i) 2

nopotionon Y;. EmimAéoy, umopodue va deiEovpe 6t Q = — ~ Xn—p—2
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Internally Studentised Residuals
0

T T T T T
20 40 60 80 100

Fitted Values

ZxamA 2.18: T'pdpnua twv Katoroinwy pe tig [lpooappoopéveg Truég Y

%o OTL TO S(Q_ 0 elvor aveEdPTNTO oo TN exTiuToLo B ToL B TTOL TPOXVTTTEL ATTH
TO YOOUULXO LOVTEAO TTOL TTPOCOPUOLOVUE GE OAOXANPO TO delypa. Emopévwe, opi-
Covpe ta eEwTepnd TuToTotuéva xatdhotrta (externally studentised residuals)

wG:

E;
B = ety
= S—iyy/1—Pig e

Ye avtifeon UE Ta EOWTEPLXA TUTTOTTOLNULEVO. XOULTAAOLTIAL, T EEWTEPLXA TUTTO-
TOLNUEVD XaTEAOLTIO. oexoAovBoVY Ty xotavoun t Tov Student. Mio topotionon
(Yi7 XlT) xoAeitan éntpory (outlier) av To avtioToL 0 EEWTEPLXE TUTTOTTOLNUEVO X0~
TAAOLTTO BPIOXETOL GTNY OLEA TNG HOUTAVOUNG ty—p—2, ONACOT ‘t(_i)} > tn_p-2;9 YL
a=1075.

A 7 A 2 A
[N vou amo@iyovpe ToV DTTOAOYLOUO TWY EXTLUNOEWY S(ﬂ.), UTTOPOVUE VO X OT-
OLUOTTOLNOOVUE TOY axdAovbo TiTo YLow Tov amevbeiag LTOAOYLOUS TWY EEWTEPLXE

TUTTOTTOLYULEVWY XATAAOITIWY HECK TWVY OVTLOTOLYWY ECWTEPLXA TUTTOTIOLNUEVWY:

n—p—2
feo =t o1
K3

BAgmovpe 6t 10 t(_;) elvon avEovoo cuvGETNON TOL t;. EmimAgoy, t; = 1 &ty =

1. Xty mepintwon 6mov t; > 1, Téte BAETOLPE OTL L) > t;, OTOTE TO t(_;) PEYE-
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00veL TLG ATTOXAIOELG TWY ECWTEPLXA TUTTOTIOLNUEVWY XATOAOLTTWY OO TN LOVASK

%ol XotOLoTé Lo EOXOAO TOV EVTOTILOUS TWY EXTPOTIWY TTOPATNPNCEWY.

Yto oynuoe 2.19, BAémovpe xobopd Ty OToEN Liog EXTPOTNG TAEATNENONG
OTO TAVW HEPOG TOL YOPOUPNULOTOG. AT YEVIXOTEQY TEPLTTWON OTTOL OEV €YOVLUE
UOvo plor ETEENYNUATINY LETOPANTY, OL EXTPOTIES TTOPATNENOELS YIVOVTOL EUPOAVELS
xvplwg péow tou ypapnuoatog Residual vs Fitted. Ou éxtpomeg mopatnpnostg de
OLUPWVOVY PLE TNV LTODEDN TNG KAVOVLXOTNTOS TWY TUYALWY GEOUAULATWY, OTTOTE
eUPOVILOVTOL OTO YOOPNLOTO XOVOVIXOTNTOS TWY XATOXAOLTTWY TTOL TEPLYPAPOUE
oV aPYN TNG TAPOYPAPOL XalL 0dNYoVy cuVwg o amdpELP”n TNG UNOEVLXNG

LTTOOEONG OTOLG EAEYYOVG XAVOVLXOTNTAG.

20

15
.

10

-
.

\

YxaMA 2.19: 'Extpornn Hopoationoy

H poéxAevor (leverage) plog moporthpnong TOCOTIXOTOLEL TN OXETLXY, OTTOUG-
XPLYOY] TWY TLUWDY TWY ETEENYNUATIXOY UETOPBANTOVY TNG CLUYXEXPLUEYNG TTOEOTY-
oNoNG Ao To %EVTPO PBAEOLE TOL SELYUATOS TWY EMEENYNUXTIXWY UETABANTWV.
Yroloyiletor amd ta Starywvior otoLeion Tov Tivaxo opboywviag TpoPoirg (hat
matrix) P = X (XTX)_1 X', Snradh Py = X7 (XTX)_1 X; eivow M péyAevon g
Topotionong i, 6mov X; = (1, X1, Xoj, ... ,Xp,i)T. Av 1 puéyAevon g TOEOTNEN-
ong ¢ elvot SuoavaAoYa UEYEAN O GUYXPELOY UE TLG LOYAEVOELS TWY LTTOAOLTTWY

TOPOTNPNOEWY, TOTE ¥] TTORATNONON (Y;,XiT) xoAeitar onuelo LoyAde.

Mpértaoy 2.16. (Mdoyrevon)
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Pi:IH—l

) n °

NE

i S Py=p+1, Snhodn L

=1 i=1

s.

1

ii. -+ < P < 1. Hwomra Py = - emtoyydvetol oy xal POvo o LoyveEL 0Tt

X; =X = (1 X1, X, X,) "

iii. 'BEotw X(_; € RO=DX@+1) o mivaxoag oxediaopod Tov TEOXVTTEL oy Sto-
Yooupovpe amd Tov X TNy i-00TY] YOOUWY], ONAadY TNy i-00TY TTapotipnon. H
todtra P = 1 emituyydvetor av xot pévo oy rank [X(_i)] < p+ 1, dnhodn
0 X(_;) Oev elvar TAMpovg TAENg. Me dddo Abytar, oY apaLpECOLILE piol TToPO-
™MoNnon pe woyAsvon 1 amd To YOOUWULXO LOVTEAO, TOTE TO YOOWULULXO LOVTENO

TT0L TTPOXVTITEL JEV ELVOLL XAAG OQLOUEVO.

ZOUOWYO UE TNV TORATIOVE® TEOTAGY, N LOYASLON UIOG TTAEATNPNONG LOOVTOL
HOTO LETO OPO LLE p%:l. Emopévwg, n mopotipnon (Yi, X;F) ovynbileTol vo xoheiTo
onueio poxAog (high leverage point) av éyel wOYAELON OPXETE TAVL omd TOV
uéoo 6po, dnhadn av toydel 6t Py > 2 1%1 NP >3- p:—l. ‘Otwg oL éxtpoTmeg
oo TNENoeLs xofoptlovtal ATOXAELGTIXG 0TI TLG TLLES TWY XATOAOLTIWY, ETGL XOL
o onpeior poyAol xoopilovtol amoxAELOTIXA OTTH TLG TLUES TWV ETEENYNUATIXWY

LETABANTWY TOL YOOULLXOD LOVTEAOL.

[MopdTL aoyoAoVpaoTE e TN LOYAELON TWY TTOPATNENOEWY EVOS YOOUULXOD [LO-
VTEAOL, EVa ONUELD LOYAOG BEY OTTOTEAEL TTAVTOL TTPOPANLOL, EXTOG Oy EYEL LOYAELOT
TOAD XOVTE OG0T LOVADX. XE OUTYY TNY TEPITMTWOY, 1 OTTHEEY TOL LOYAOD aoxel
TOAD UEYGAN ETTILPPON OTO YOOUULXO HLOVTEAO, xabK)g, OTTwg eldape oty TEONYOV-
LEVY] TTPOTOOY], M| AUPALPEDTY] LOVO OUTNG TNG KIS TTOROTNPNONG LTTOPEL VL 00N YNOEL
OTNY XOTAPEELGY] OAOXANPOL TOL LOVTEAOL.

Mo mopddetypa, oto oynpo 2.20, n TopoTNENoy TOL amelxoviletol 0To Okl
UEPOG TOL YPOPNULOTOS LTOAOYLLOLUE OTL €xel wOYAsvom Lom pe 0 povadoa. To
omoTéAEaUa aTO elval xal Aoyixd, xobwg GAEC oL LTTOAOLTIEG TTOPATNENOELS ElVOL
OUYXEVTPWHEVES TTAVW 0Ty (Ot optlévtiar evbeia. Emopévme, n oyetiun amopd-
xpvvon g amd 10 X Bo weémet va eivon ) wéytotn duvarty, dnhad? povédo. Av
QPOLPOVOAUE OVTYY TNY THEATNENOY ATTO TO JELYUO LOG, TOTE OL UTTOAOLTIES TTO-
patnpnoelg de Ha umopodoay vor LTTOGTNELEOLY TNV AATACKELY] EVOG YOOXLULXOV
LovTéAoL, a@od 6Ao Ta evamopeivavta X; 0o Mtov (oo petoEd Tovg. Me aAAa
AOYLe, M TopoTENon owth xobopilel € oAoxApov Ty exTiuNUEYY evbelor TOALY-

3pOUNOMG TIOL ELVOL OYEDLOTUEVT] LE XOUALYO YOWLOL.

Mio Toportienom UE dPXETE LEYAAN LOYAELOY], AAG O)L xOVTE 0T Lovéda, Hou
NTOY AYNOLYNTLXN LOVO OTNY TEPLTTWOY OTTOL XoL M avtioTolyn TLU Y; elva TOAD
OTIORLOXPUOWEYY, ATd aLTO TTOL TPOPBAETEL M exTLUNUEYY evbelor ToALVOPOUNOTG.

Mo mopddetypo, oto oynuoe 2.21, n TopatEenon Tovw OeELd €xel LTEPPROALXA
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Yxuma 2.20: [Mapatipnoyn pe Méyrevon Movdada

HEYEAN armropdxpuvon amd to X xow avtiotolya Ley&An woyAevon. Mopdia avtd,
OUWGC, M TOPOTNENOY AVTY] CUUPEVEL UE TN YPOULULXN OYEDY] TToL OpileTon oo
TLG LTTOAOLTIEG TTOPATNPNOELG, OTIOTE 1 ATOUAXPLYOY, TN amd To delypa O o

emmpEéale onuavTixd Ty extiunon g evbeiog TaAvdpdunone.

Avtibétwg, oto oyua 2.22, BAEmovpue Evar onuelo LoYAd TTov Eg@edyel TTOAD
OO TN YOOULULXY TAOY TTOL ETULIELXVOOLY OL DTTOAOLTIEG TP TNENOELS, OTTOTE NOXEL
UEYOAN eTLPPON oty extiunomn g svbelog maAtwdpdunong. Me xdxxvo ypwuo
BAémovpue oyediaocuévn Ty exTiunuévn evbeio TaAtvSPoUNoNG TAVEW GE OAGXANPO
TO Jelypo, EVK PE UTAE XpWua BAETOLUE TNV eXTLUNUEVY] evbelar TTOALYSPOUNOMG
TTOL TTPOXVTITEL ALY AUPOLPECOVUE TO ONUELD LOYAD OTtd TO Jelypo. ALATLOTHOYOLE

OaPWG OTL LTTEPYEL TTOAD UEYAAN SLOPOPBE AVAUETH OE AVTES TLG GV0 EXTLUNOELG.

Mio Topatnenom xaAELTaL ONUELD ETTLPPONG OV 1 APOULPECT TNG OTtO TO JELYUO
UETOBAAAEL ONUAYTLXA TNV EXTLUNOY TWY OLYTEASCTWY TNG TaALVSpoUNos. To on-
UELO LOYAGG TToL eppavileton 0To oYU 2.22, aTOTEAEL TEOPOVKG ONUELD ETTLE-
PONG YLt TO YPOUULXO LOVTEAO Ttov ametxoviletar. H petaBoin avty petpléton

péow e améotacng tov Cook (Cook’s distance):

o 1Y - Y(_y)l1?
! (p+1)52 7’
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dTov \A((,,-) glvol To SLAYLOUO TWY TPOCUPUOCUEYWY TLUWY TTOV TPOXVTTEL 0T
TO YOOLULXO LOVTEAO TTOL TIPOCGOPUOLOVUE GTO OELYUOL LG, EXOVTOS OPALOEDEL
™y mopoationon (Vi,X;). Mio mopotionon (Vi,X]) Aéyetonw onpeio emippovg

(influential observation) av toydet 61t C; > Fpi1pn—p—1.05-

['oe vou arro@iyovpe 10V LTTOAOYLOUG TWV TIPOCOPUOCUEVKY TLUOV Y (_;), KO-
POVUE YO XENOLULOTIOLNOOVUE ToY oxdAovbo TiTo YL Tov amevbeiog vToAoyLoUo
Mg amdéotoors Tov Cook PETW TWV aVTLOTOLYWY LOYAEDOEWY %Ol EOWTEPLXA TU-
TOTTOLNUEVWY XOTOUAOLTTWV:

2
P;; t;

C;=—>= :
‘T 1-Pi; p+1

)

BAgmovpe, Aotmdy, 6Tt 1 amdotoon tov Cook ouvumoAoyilel T pOyAevom xal TO
EOWTEPLUA TUTTOTIOLNUEVO XOATAAOLTIO UIOG TTOOATYONONG TTEOXELLEVOD VO LOG O~
ocl éva PETPO TNG ETLOPOOMNG TOL €XEL M TTOPATHONCY TAVW OTNY EXTIUNON TNG

ekiowong TaAvdpdunorg.

2.13 Xpinon HHowotinedv MetafAnTody

"Eotw 4t €xovpe deiypo amd pio moootix] LETaBANT) evdla@Eépovtog Y, pio
T000TLXN LETOPANT) X %ot plo dittpyn mortotixn petofanty W. lNa mapadetypa n
pLeTofANT™ Y Bo popodoe vo eival To Bapog evog atopov, N LeTofAnT X to Bog
EVOG aTOpoL xol M PeTaBAnT] W to VAo tov. Ay H€lovue vo xatooxevdoovpe
Eval YOOULULXO LOVTEAOD YLt TNV TEOBAEY TS Y U€ow Twy GAAWY V0 peTaANTwY,
T6te B TpETEL vou axoArovbnoovpe pio o mepimAoxy Stadixaoio atd T TOL

gxovpe pabdetl €wg Tpo, Aoyw TNng DTToPENG TNg ToLoTLXNG LETOPANTIG W

H 3itipwn morotixn petofAnt) W ywpiler ovolootixd to deiypa pog o Vo
Eéveg petaEd toug ouddec. OL TOPATNENOELS TTOL AVNXKOLY GTNY TEWTN OUASK
0o popobooy xEAALGTO Vo oxohovBoly SLopopeTinn evbelor ToAYdPOUNONG OTTo
QLTEG TTOL AYNXOLY 017 OeVTEET opdda. [t Adyoug amtAdtnToac, O Bewproovue ot
OAEG Ol TOPATNPNOELG, AVEEXPTNTWG OUASAG, EXOVY XOLYY] JLACTTOPA. ALPOPETLXA,
O pmopodoape va BewpNoovpe AT OL TTOPATNENOELS OTNY TTEWTN OULASO EXOLY
SLOPOPETLXY] SLULOTTOPEA ATO AVTEG GTNY OEVTEPY OUASK KL VO XATOUOKEVACOVUE

EVo. VAAOYO YPOULULXG LOVTENO.

"Eotw I; T0 6OVOAO TWVY SELXTWY TWV TAPATNPNOEWY TTOL OVXOLY GTNY TEWTN

opado xo Iy To GOVOAO TWY JELXTWY TWV TTOPXTNPNOEWY TTOV AYNXOLY O TY] SEVTEPY
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opédo. Tote, opilovpe:

ag+ o X;+¢e, 1€
i )
Yo +nXitei, i€l
OToL ToL TVYOLOL CPAALOTO £; axoAoLOOVY TLg YVWOTEC LTTOBETELS TOL KOAVOVLXOD
YoouuLxod povtéhov. Oéhovpe va yoadovue ovt TN dixAadn oLVAETNON TN
Yot popen Y; = fo + 51 Xi + & e i = 1,2,...,n, HOTE VO LTTOPOVUE VO
SOLAEPOLUE TIEVL GTO YOOUWULXO LOVTEAD axpLBWg OTwe Exovpe wabel Ewg TwEa.

[Mpooavg, B Tpémet va toybovy ta eEng:

ag, © €I a, 1€
Bo = . , Bi= . :
Y%, €l v, i€l

[Mpoxetpévou va Bpodue pio eviaior ExQEOOT YL TOUS GUYTEAEGTEG TNG TTOALYIPO-

unong, opiCovpe ™y Pevdopetafinty (dummy variable) Z wg e€fig:

0, 1€l
Z; =

1, 1€l

Téte, mopoatnpodue 6T Fy = ap + (70 — o) Z; xou 1 = a1 + (71 — a1)Z;. Avtixoalb-

OTOVUE OTN YVWOTY LOPPY TOL ATTAOD YOOULULXOD LOVTEAOL:

Yi=ao+ (0 —a0)Zi + a1 + (71 — 1) Zi] X; + &
= o0 +(yo—a)Zi+ a1 Xi+(m— o) ZiX; +ei
v T4 R Ty o7
0 1 2 3 i

=00+ 01Zi + 02X, + 63V + €.

Emopévwe, xataAnEoue oc Evar TOAXTIAG YOOUULXO LOVTENO UE ETEENYNUOTIXES
LeTaBAnTEg ™Y PeLdOUETOPANTY Z, TNV TOCOTLXY LETOPANTY] XKoL TO YLVOUEVO TV
TponyoLuevwy dvo. Kabévag amd toug 4 cuvteAeotég TaALYVSPOUNONG ALTOD TOL
YOOUULXOD LOVTEAOL EYEL T OLXT] TOL EQPUNVELX, N OTTOLOL TTPOXVTTTEL ALTTO TOY TPOTTO

LE TOV OTTO{O XOTAOAEVAGTNKE:

e loydeL 6TL 6y = g, ONAXDY N TOPAPETPOG Iy EXPEALEL TNY OVOAUEVOUEVY] TLUT
Mg Y e X = 0 oty TPWT™N opada TTOROTNEYOEWY.

e loyder 6Tt 61 = Y — g, ONAADY N TOPAUETPOS I1 EXPEALEL TN SLOPOPA
KETOED NG ovopevopevng TN ™¢ Y yio X = 0 o1y deltepn opdda Tapo-
TNENOEWY XL TNG AVOUEVOUEVNS TLUNS TS Y Yt X = 0 0Ttnv TP TN Opdda

TOLPOTY|ONOEWVY.
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e Joydel 6t 62 = aj, ONAASN N TOEAUETOPOG b2 EXPEALEL TN UETOPOAN oTNY

oVoLEYOEY T TS Y Yo adknon g X xotd pior povado oty T

OULAS Ol TTAPOTNENTEWY.

loyver 6T 95 = 71 — a1, OMAAdN N TAPAUETPOG O3 exXPEGlEL TN OLoPOPE
LETOED Tng petofoing oty avapevouevyn Tun g Y yioe oadEnon g X
xoTd Pl povéado oty deHTEPY OUASH TOPATNENOEWY KoL TNG UETUBOANG
OTYY OVOULEVOUEVY T TG Y Yiow adEnoym g X xota plo povado oty

TEWTN OUADO TTOPATNPNOEWY.

Av %o oL 4 GLVTEAEGTES TOV YOOULULXOD LOVTEAOD TTOU 0PLOAUE YTOLY OTATLOTLXA

oNUavTLXol xol OYEOLALOUE TO YOOPNUO TNG XTTOXPLTLXNG UETOPANTAS Y ue v

emeEnymuotixy petoAntn X, téte O PAETOUE TOw FESOUEVOL VOL GUYXEVTOWYOVTOL

Eexdbopo yOpw amd Vo diopopetixég evbeieg, dmwe paivetol oto oyfpo 2.23.

Avtéc oL 300 evbeieg €xovy apxeta drapopeTixég Hetinég xAloelg kot TEUVOLY TNV

xoTaxdpven evbeia x = 0 oe StapopeTixd onueioL.
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Yxama 2.23: Ainpun EneEnynuotixn Metafint)

Av 1 TopAuEeTEOG d3 OEV NTOY OTATLOTIXE oNUoVTLXY, ToTe Hor BAETTae Tig dVo

evbeieg va elvar oxeddy TAPAAANAEG OTO YOAPNULY, OTTWG QALvETHL GTO OYNUa 2.24.

Av 7 TOEAPETPOG J2 BEY NTAY GTUTLOTLXA ONUaYTLXN, TOTE Oor BAETOope pla otd TLg

dvo evbeieg va elvar oxedov optloviia 0To YPAPNUA, OTTWG POIVETOL GTO OYNUO

2.25. Av 1 mapdapetpog 61 dev NTOY OTATLOTIXY onuoavTixy, Ho BAémape tig Vo
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evbeieg v Tépvovtot oxeddy oto (dLo onueio otov dEova Twy x, OTWwS PalveTaL GTO
oynuo 2.26. Emetdy o pmopoboope vor GLYOVTAGOLUE OTIOLOVINTTOTE GLYVSLOGUO
TWY TOHPOATIAVR YOPAXTNOLOTIXWY OTO YOOPNUOATO OTTOU EUTTAEXOVTOL TTOLOTLXEG
ueTafBAnTég, TEETEL Vo Yvwpeilovpe TOAD xoAG v gpunveia xabevdg amd Toug

OUVTEAEGTEG TTOALYGPOUNOTG TTOL OPLOAUE.

80
.

60

20
.
\

Exama 2.24: HopdAnieg Evbeieg Ilaitvdpdunong

KoatoAafaivovpe 6TL av elyope ToQATAVE® TOGOTIXES ETEENYNULOTIXES LETO-
BAntég, tote M Sradixaoion B Topépeve m (St xoL oTNY TEAKY] €Elowon TOALY-
dpounong o eppavitovtoy Tor yivopeva g PevdopeTafAntig Z pe xobepio omd
TG EMEENYNUOTIXES LETUPANTES. AV M TotoTxn wetofAnTn W elye mopamave omd
dvo emimeda, dNAadN ETOLPVE TOPATIOVL Ootd dVo TLUES, Har axohovbovooue TNV
(Sto dradixaoio pe pio Stopopd atov optoud tng PevdopetofAntig Z. o Adyouvg
amAoTTaG, og Hewpnoovue ot éxel Tl emtimeda, Tor omola 0pilovy T GUVOAX

ety I, Ir xar I3. Tote, Oétovpe:

ag+ o X;+¢e, 1€
Yi=<{vw+mX;+e, i€l
o+ GXite, i€l

0Tov tor TuYaio CEAALOTA €; axoAoLOOVY TG YVWOTEéG LTTOHETELS TOL KOYOVLXOV
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Yoo pLxod povtéiov. Ilpopavwe, Ha mpérel va toydovy ta eEng:

oo, 1€ a1, i€
Bo=19Sv, i€lh, Pr=m, i€l

Co, €13 ¢, i€l

"Exovtog plo morotie] emeEnynuotixy UeToANT) Tov €xel m emimeda, dNAodT
Taipvel m SLouoPeTIxég TLUEG, optlovpe m — 1 Ypevdopetafintés Z1, Za, . .., Zm—1,
TTPOXELLEVOL VO BPOVIE pio eVioior EXPEOOT YLOL TOUG OLVTIEAEGTES TNG TTOAYSOO-

UNONG. XTN CUYXEXQLUEVY] TTEPITTTWO, 0pllovE:

0, 1¢1 0, i¢l
) ZQ,i:

Z1i = .
1, 2el} 1, 1€l

Téte, moupotnpodue 6t Loydovy oL oxéaets By = o+ (o — o) Z1,i + (0 — Co) Z2,i xouw
B1==C+ (a1 —C1)Z1i + (1 — 1) Z2,:. BAémovpe 61t 1 tpitn opddo Topatnenoswy
Aettovpyel wg onuelo avapopds, dnAadn plo Topoationon (Yi, X;) ovixel oty
TolTNn ouddo oy xow wévo av Zy; = Zz; = 0. Avtixabiotodpe otn Yvwot Lopen

TOU OTTAOD YOOULULXOD LOVTEAOU:

Y = Co+ (a0 —C0)Z1;i + (70 — Co) Z2,i + [C1 + (a1 — C1) Z1i + (71 — 1) Z2,i] Xi + &
= ¢ + (0 —C0)Z1,i+ (70 —C0) Z2i+ G X;
<~ — —_——— ~~
(50 51 52 53
+ (1 — C1) Z1:Xi + (1 — C1) Z2,i X +ei
——— ) e
04 Vi o5 Vai

=00 + 0121, + 0222, + 03X; + 04V1; + 05Va; + €.

Emopévwg, xatoaAmEoue oe Evor TOAXTIAG YOORULXO LOVTEND UE ETTEENYNUOTIXES
uetoBAnTég TLg PevdopeTofANTES Z1, Za, TNV TTOCOTIXN LETOABANTY XAL T YLVOUEVO
TV PevdopeTafAntedy pe Ty X. Kabévag amd toug 6 cuvteAeotég TaAydpdunong
OTOD TOL YPOUULLXOD LOVTEAOD €XEL TY] dLx1 TOL EQUNVELX, 1 OTTOLOL TTPOXVTITEL OLTTO

TOV TPOTIO [LE TOV OTTOL0 XATUOXEVAOTNKE:

e loyvel 6t §p = (o, ONAXDON N TOPEARETPOG Jy EXPOALEL TYY OVAUEVOUEYT TLUN
™ms Y v X =0 oty 1plitN opédar ToporTnenosmy.

e loyvel 6t 61 = ap—(p, ONAXSN M TOPAETPOG d1 EXPEALEL TN SLOPOPA LETAED
™G VAPEVOUEVNS TLUNG TNG Y Yioe X = 0 0Ny TPW TN OUAS THEATNETCEWY
XOL TNG AVOUEVOREYTS TLUNGS TS Y yioe X = 0 aTtny Tpltn opdda Topotnon-

OEWV.

e loydel 6t d2 = Yo — (o, ONAXD N TOPAWUETPOG J1 EXPEALEL TN SLOPOPB. LETAED
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NG AVOUEVOUEVNS TLUNS TNG Y Yior X = 0 a1y 3eUTERY] OUAd A TTORATNPNOEWY
XOL TG OVOUEVOUEYNGS TLUNG TG Y Yioe X = 0 otny Tpltn opddo Topatnen-

OEWV.

e loyder 6t §3 = (1, ONAASN N TOPAUETPOG Jy exPEAleL TN HETOLOAN oTNY
ovopevopeyn Tl e Y yra adEnon tng X xotd pla povado oty tpitg

OUAS O TTAPATNPNOEWY.

e [oyvel 6Tt dy = a1 — (1, ONAAOY 1 TOPAUETPOG 3 EXPEALEL TN OLaPOPA
UETAED NG HETABOANG OTNY avapevopevy Ttu g Y yio adEnon g X
HOTA Pio LOVADOL OTYY TTOWTY OUASOL TTORATNEYOEWY XOL TNG LETUBOANG TNV
ovoevopeyn T e Y yia adEnon g X xotd pla povado oty it

OULASOL TTPOTNPYOEWVY.

e Joydel 6t 05 = v1 — (1, ONAXDN N TOPAUETOOG d3 EXPEALEL TN SLOPOPE LETAED
™G LETUPBOANG OTNY ovoevouevy Tpun g Y yia adEnon g X xoata pla
pnovado oty SeVTEPY] OULASK TTAPATNOENOEWY XL TNG UETABOANG OTNY OVAUE-

vopevy TLp g Y yia adEnom g X xoatd plon povado oty toitn opdda

/
TOLATNPNOEWVY.
-
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YxHMA 2.27: Tlototixny EmeEnynpotixny MetafAnt pe 3 Entineda

Y10 oynuo 2.27, BAETOLUE OTL OL TTOPATNPENOELS CUYXEVTOWVOVTAL YOPW OO
TEELG TTOAD eLALAxPLTES eLbElEG, OL OTTolEg EYOLY OAEC SLaopeTinég BeTinég xAloeLg

xaL TERvovy Ny optlovtia evbeior z = 0 oe StapopeTind onueio.



Kepdioro 3

Avdaivor Araxomopdg - ANOVA

3.1 Ewoynyn

Tow povtéda avéAvorg dtaomopdc (ANOVA) arwotehody etdix] TepimTwon Yoouu-
ULXWOY LOVTEAWY OTTOL OAEC oL Stabéatpeg emeEnyMuUaTixég LETABANTES YL TNV ATTO-
%xOLTLxY LETOPANT Y elvor TotoTixég, dnAadn Talpvovy Evar TeTePaaUEVO TTAT00g
SLOPOPETLXWY TLUWY. XE QUTAY TNV TEPITTWOY, *x&be duvaTdg GLYSLAGOS TLUWY
TV TOLOTLXWY ETEENYNUATIXWDY LETABANTOY 0pilel pior vToouada Tov TANHLGU.OY
oo TOY 0TTolo TTPOEPYETOL To Jelyua pag. H petoffAnt) evdiagpépovtog Y pmopel
EV YEVEL Vo EXEL OLOPOPETIXY EON TLUY XL OLXQOPETIXY Staomopd o xoabeuio

oTté TG LTTOOUASES TTOL 0PLLOLY OL ETTEENYNULOTIXES UETAPBANTEG.

2ta TAaiolo Tov oLYYEARLATOG Do Bewpnoovpe ATL N aTTOoXELTLXY] LETOPANT
Y éyel xowvy] dLaomopd o€ OAEG TLG VTTOOUASESG, OANG SLOPOPETLXN UEDT] TLUN OTNY
xobepio. Xtdyog pog eivor vo eAEYEOLUE av OL OLOPOPES OTLG HEDES TLUEG TWV
SLOPOPETLXGY VTTOOUASWY E(VOL OTATLOTIXA ONUAYTIXEG. Me xaTdAAn O peTooym-
LOTLORO TWY TTOLOTIXWY KETAPBANTWY 0 (PEVOOUETOPANTESG KAl HOTOOXELY] EVOG
YOOUWULXOD LOVTEAOL UE ETEENYNUOTIXES UETABANTEG oL TEG TLG PevdoueTaBAnTEC,
OTTWG TTEPLYPAPNXE GTNY T P&YPoPo 2.13, owTd Hox Sodue Tl pmopel aTAd var Yivel
UECW TWVY EAEYYWY OTUTLOTIYNG ONUAVTIXOTNTOS TWY CLUVTEAEGTWY TOALYVSPOUNONG

TOL YPOUULXOD LOYTEAOV, OTTOTE SEV OTTOLTEL XATTOLO XOLyoLPYLa Bewplo.

Qot600, T LOVTEAX OYAAVOYG OLOOTIOPAG TTROTLULATOL Vo ETeEgpydlovTol UE
gvay TLo LOLKLTEPO TPOTIO, WOTE VoL UTTOPEL VO EQUNVEVLTEL XOAADTEQX 1| GUVOALXY] GU-
VELGQPOPA XADE TTOLOTLXNG ETEENYNUATIXNG LETUPANTAG OTO YOOUWULXO LOVTEAO oL
ot TtLhavég AANAETTLOPAOELS TTOL UTTOPEL VO €XOLY UETAED TOUG. AUTO ETTLTUYYAVE-
TOL UE TNV OVAALOY TNG CLVOMNXYG UETOPBANTOTNTOS TNG ATTOXPLTIXNG UETUBANTNAG
Y 0 oLVLETWOEG XAL TNV XOTAGKEVY] TULVAXWY OVAAVGYG SLOLGTIOPAS, OTTWS AVTOVG

IOV GLYOVTNOOUE OTY] YEVLXOTEPY] TEQITTTWO TWY YOUUULKWDY LOVTEAWY.

99
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3.2 ANOVA xota ‘Evov Hopayovra

"Eotw 4Tt éxovpe pnévo pio mototixy emeEnynuotixng petofant) X otn dtébeon
pog, n omolor alpvel m StoupopeTixég TLuéc. H morotinn petofAnTty X xodeiton
TAUPAYOVTOG XL OL SLOPOPETIXEG TLUES TTOL TALPYEL XAAOVVTOL ETTITES A TOV TTOL-
payovto. Mo Adyouvg amAdtnTog Ba Bewpnoovpe 4t v petofAnt) X moipvel TLuég

oto abvoro {1,2,...,m}. Opilovpe m — 1 pevdopetafAntéc Z1, Za, ..., Zm—1:

BAémovpe 61t 10 m-001t6 enimedo g X Asttovpyel wg onuelo avopopdic, SNAcST
ulor mopotipnoyn Y; avrixel 610 m-00t6 eminedo g X av xon poévo av Zi; = 0

v k=1,2,...,m — 1. Optlovue T0 YOOUULXS LOVTEAO:
Yi=pPo+ 121+ PoZoi+ -+ Bn-1Zm-1i+ei, i=12,...,n.

Ov ovvteAeatég TaALYIEOUNONS Bo, Bi, - - -, Bm—1 EXOLY TLG EENG EPUNVELES:

e oo Zy = Zy = -+ = Zypy = 0, éxovpe E(Y) = [y, ONAadN 0 ovvTEAETTNS
Bo eExPEALEL TNV AVOUEVOUEVY] TLUT TNG EEXQTNLEYNG LETABANTYS 0TO M-00TO

entimedo Tov TopayovTo X.

e I Z, =1, éxovpe E(Y) = Bo+ Bk = Pr = E(Y) — Bo, SnAad 0 GLUVTEAEOTAG
Bk ytoo k= 1,2,...,m — 1 exppdaleL ™ SLapopd UETOED TNG AVOLEVOUEVNS
TS ™S Y 010 k-00T6 eTiMEdO %Al TNG AVOUEVOUEVNS TLUNG NG Y OTo

m-007T0 emimtedo.

Ooa pmopovooue pe Baon doo Exovpe LADEL YLt TO YOOULULXA LOVTEAD VOL TTOOLY -
LOLTOTTOLYIOOVUE TOVG EAEYYOVG OTATLOTLXYG ONUOVTLXOTNTOGS TWY CLUVIEAEGTWY TIO-
AwdpounoNg B o k =1,2,...,m — 1. Av Tpogxumtte Tl 0 GLYTEAEGTNG [k Elvo
OTOTLOTLXA ONULOYTLXOG, TOTE Dot oupTEPaiVOLE OTL LTTAPYEL OTATLOTLIXA ONULOVTLYN
OLOLPOPAL AVALETO OTLS LEOES TLUEG TYG UETOPANTIG Y ota emimeda k ot m. Av
OEAapE VU TTOAYLOTOTTOLOOVILE UTEG TLS CUYXPLOELS UE DLAPOPETLXO ETLTTESO VoL~
popag, ToTe Ho 0pllope TAAL LE XATAAANAO TPOTO TLG PELIOUETAPBANTES LaG, WOTE

voo uny avtiotolyel xopio PevdopetafAnt) oto emtbountd eninedo avopopas.

[Siaitepo evdiopepoy Oa elye Vou *OTOOKEVATOVE TOV TLVOXA AVEALGOYG OLO-

OTOPAS YLO OVTO TO YOOULULXO LOVTEAD XOL VO TTOOYLOTOTIOLY|COVILE TOY EAEYYO:

Hy:p1=p2="=Pm-1=0vs.
Hy: Bj #0 yio xémoto j € {1,2,...,m — 1}.
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Me owTtdY TOV TPOTO EAEYYOLUE ALY LVTTAPYEL TOLAGYLOTOV U0t OTOTLOTIXO OO~
VTN SLOPOPA AVAUETO OTLG UEOEG TLEG TG Y ota emimeda 1,2,...,m — 1 xou
ot péon TN g Y o710 emimedo m. Av dev pmopodue vo amoppihovue v Hy,
TéTE ovuTEPaiVOLUE OTL OL PéTEg TLUES TNG Y o€ OAx Tar eTtiTTeES O S SLaPEPOLY OT-
LovTLxd amd TN Léon TLun ™ Y oto eminedo m. Mmopolpe €tat va vmobéaovpe
0Tl oL péoeg TUEG TG Y elvan [oeg Yo OAa T emimeda, omdTe 0 Topayovtog X

de ovvelo@épel xabdAov GTO LOVTENO.

Sum of Squares d.f. Mean Square | Fy.in-m | p-value

R | SSR=|Y-Y1,)% | m—1| MSR= SR

f=1s | PE=)

w |3

E| SSE=|Y-Y|? |n—m | MSE=SE

n—

T|SST=|Y-V1,)2| n—1

IMinakas 3.1: Mivoxog ANOVA yior To YOURLXO LOVTEAO UE EVOLY TTOOAYOVTOL

Mo voo %xoTooxeELACOVIE TO LOVTEAOD OVAALOYG OLOOTTOPAS TOL OVTLOTOLYEL

0TO TOPOTIOV® YOOLULXO LOVTEAD, YWPELLOVPE TIG TTOATNENOELS YT, Yo, ..., Y, otx
enimedo 1,2,...,m xou maipvovpe v avadidtaln Yi; v ¢ = 1,2,...,m xou
j=1,2...,n; 6mov n; 10 TAN00G TV TOPATNENCEWY TOLV AVNKOLY GTO ETLTESO

m
i. Hpoaveg toyver 6Tt > n; = n. EmmAéoy, opilovye:
i=1

e To &bpotopo Twv TapaTnENoewy oto emtintedo i

n;
Y, =) Yy, i=12...,m,
j=1

* Tov detypotid H€Co TWY TOEATNENCEWY GTO ETLTESO it

* To ouvoAxd dbpotopo TwY THEATNENCEWY:

Y.=> > Y.

i=1 j=1

e Tov cUVOALXS JeELYLATIXO LETO TWV THPOTYPNOEWY:

To mopamdvew ocvvoilovtal atov mivoxo 3.2. Téte, T0 L60dVVOPO LOVTEAO
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Enimeda [Mapotnpnoetg Abpoiopato | Aerypatixol Méoot

1 Yi1,Y12, ..., Y1, Y. Y.
2 Yo1,Y09,..., Yo, Ys, Yo,
m Y1, Yo, .., Ymn1 Y. ?m

Y. Y.

IIinakaz 3.2: [opatnenoets xatd évay TapdyovTo
OVAAVOYG OLAGTOPAG KOTA EVOY TXOAYOVTO YORPETUL WG:
Yij:/ii‘kgij:M‘FTi‘i‘Eij; 1=12,....m, j=1,2,...,n; OTOUL:

* 1; n TAnBvopLoxy péon TN ™G Y 070 i-00T6 emtinedo. XpNoLLOTOLOOUE TOV
ovtioToLo SELYULoTXO €SO NS Y OTO i-00TO ETITEDO YL VO EXTLUNCOLUE
™MV AYVWOTY TEOYUOTLXY UEON TLUN fij, OTTOTE }//\;j = 1i; = Y;. EmmAéoy,
toyveL 0t p; = Po+06; ot = 1,2,...,m—1 xow p, = Bo, 0oL By, B1, - -+ Pin—1
Ol OLVTEAEGTES TOV OYTLOTOLYOL YOOUULXOD LOVTEAOL UE ETUTESO OVAPOPAS
TO M. ZOUTEPALVOLUE OTL OL TTPOCOPUOCUEVES TLUEG Y; twv Y; Towtilovtot

UE TLG TTPOCUPULOCUEVES TLUEG fﬁj TV Y UETE TNV avadLital.

e 1 M wAnBvopLaxn péon T g Y. XpNoLLoToL00UE TOY GUVOALXS JELYLOTIXO
UEGO TNG Y YLO VO EXTLUNOOVUE TNV AYVWOTN TTOOYUATIXY LECT TLUN [L, OTLOTE

i =Y . llpogoveg, toyxdeL 6TL:
1 & 1 &
H= mz;,ui = nz;m#z
1= 1=

® 7, = L; — i N EMSPOON TOL i-00TOV ETLTMESOL TOL TOPAYOVTIO OTYV TAY-

Ououtoxn péon TN g Y. Avuxabiotdvtog oty mopamdvw oyxéon mou
m m

OLVSEEL TO 1 UE T i, TTOLpYOLUE OTL Y. 7; = > n;7; = 0. EmuwAéoy, ovpme-
i=1 i=1

paivovpe 6L T, =Y, — Y .

o g ~ N(0,0%) aveEdptnro yioe i = 1,2,...,m xow j = 1,2,...,n;. Sopmepoi-
voupe 6t Vi ~ N(p;,02) aveEdptnra yroe i = 1,2,...,m xow j = 1,2,...,n;.
Tow un-mopotnenoLpo Tuxaion COEALOTO €55 EXTLLOVYTOL OTTO TO. XOTEAOLTTO
gij =Yy — Y=Y —Y,.

. YZ-,NN(M,%?> yioi=1,2,...,m xoct?__NN@’%Q)'

Ortwg xévape xot 6T0 ATAG YOoUULXO LOVTEAO, Ha avaAOGOLUE TV GUYOALXY
LETOPANTOTNTO Ty dedouévmwy ae dVo xoppdtio. To éva xoppatt eEnyeitor amd

TOV TTAPAYOVTO UECW TNG OTTOXALOYG TWVY OELYUATIXWY LECWY TWY ETUTESWY OO
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TOV GUVOALXS Serypartind Uéoo Y | oL TO GANO XOUUETL TTOEOUEVEL OVEETYTTO %O

TIOCOTLXOTIOLELTOL UECHL TWY XATAAOITTWY Ej.
Optopdg 3.1. (ABpoiopoto Tetporyvwy)

m _
* Opilovpe SST =3 > (Vi — Y._)2 T0 GLVOALXG dbpotopa TeTpoywVwY (total
i=1j=1
sum of squares) Twv dedopévmv.

e OpiZovpe SSF= 3 3 Vi -Y.)="n(Y.-Y, )2 70 GBPOLoUOL TETPOY -
1=175=1 =1
YoV 7oL oQeiAeTo oToV TTodYyovTo (sum of squares due to the factor).

« Opifovue SSE = 3° 3 (Y~ V)2 = 3= > (Y~ ¥,) = 3 z €2, to dfpot-

i=1j=1 i=1j=1 i=1j=
OPOL TETPOYWVWY TwVY xortahoitwy (sum of squared errors).

Mpétaon 3.1. (Avéhvon Avaomopdc)

m n;

SN (vy-Y an Yi-Y.) +Z Z 2, dnhod# SST = SSF+SSE.
i=1 j=1 i=1 j=1

AnodeEn. ‘"Exovtog oto PLOAS oG Ulor TEYYLXN TTOL ERQOVI(ETOL X0 GTOV LTTO-
AOYLOUO TOL UETOVL TETPUYWYLXOD GPAAULATOS ULOG EXTLUNTOLOG, OXEQPTOUROTE VO

npocoaparpéoovpe t0 Y, oty moobdtta Yi; — Y mov eppavileton oto SST:

m  n;

ssufjfj(mj =SS (v - Vi+ YL V)

i=1 j=1 i=1 j=1

) BN 7S AN S A

i=1 j=1 i=1

=SSE+SSF+2Y_ (Vi -Y.)
i=1

= SSE +SSF. [

Mopoationon 3.1. Zoppwva Le Ty avadlaToEn ToL €XOVUE XAVEL 0To SESOUEVLL

YLOL VO XOTOOXEVECOVUE TO LOVTEAO OVEALGYG SLOGTTOPAG, TP TNPOVUE To EENG:

¢ SST=3 S (V;—V.)? =
i=1j=1

.« SSF=3 (Vi —V.)?

=1 j:l 7

« SSE=3° 2( L ; ~ V)2 =|Y - Y|~

i=1j=

(Y =Y)? = [[Y = Y1, |,

M:

@
Il
_

(Y; - Y)2=|Y - Y1, = SSR.

Il
M:

Il
—

Me &Alor AdyLo, M ovaAvom Staomopds tov povtédov ANOVA tautileton pe ™y

ovEALGY SLACTIOPAS TOV AYTLOTOLYOV YOOUULXOD LovTEAOL. ETtouévwg, o mivoaxag
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ANOVA mov Ho xatoioxeLAGOVUE YLOL TNV TTEOYULOXTOTIOLNOY TOU EAEYYOL:

Ho:pi=p2=- = pm=pvs.
Hiy :pi # poyroe xamoto i € {1,2,...,m}

7 LOOBVYOULO TOU EAEYYOL:

Hy:1p=m = =7, =0vs.
Hy: 71 #0 yio xémoro i € {1,2,...,m}
0o Towtiletan pe tov mivaxo ANOVA touv avtiotoryov ypoputxod povtédov. Ilpo-

EOVKG, 0 EAeYY0g oToS Bar elvor o LaodVvopog e Tov EAeyyo tng ANOVA oo

ovTloTOLYO YOOUULXO LOVTENO.

Sum of Squares d.f. Mean Square | Fry1n-m p-value

F SSF:'Zm(?i.*Y_)Q m—1| MSF= 3

pgT — =g | POF=0)
E|[SSE=3 > (Vi;—Yi)" | n—m | MSE=2>3L

i=1;=1
T SST:ZZ(E‘j Y)2 n—1

i=1j=1

IIinakas 3.3: Ilivaxoag ANOVA xatd évav mapayovto

Afppa 3.4, 'Eoto Q = Q1 + Q2, 6mov Q ~ X2, Q1 ~ X2, xaw Q2 aveEdptnTn ord
My Q1. Tote, woyvel 6t Q2 ~ X72~2, Omov o =1 — 1.
Mpd6taoy 3.2. (Abpoiopota Tetporyvwy)

sST _ (n—1)S% 2

i. Ioyver 6T SST = (n—1)S5. Tvpnepaivovue 6L 25 —5— ~ Xj_1 OO TNV

HO:Nl::UQ:"':Nm:M'
m Uz J—
ii. Toydet 6t SSE = 3" (n; —1)S2, 6mov S? = L= 3™ (V;; — Y,.)2. Svpmepaivovpe
i=1 =1

m 2
. SSE (n;i—1)S; 2
D D S

oTL > Xo—m-
i=1
, . / (., SSR __ SSE _ SST 2
iii. To SSR xow SSE etvow aveEdptnro. Topmepalvovpe 6Tl 25 = 25 — 25 ~ x5,
_ n—m  SSF _ MSF . e -
o F'= 2= 2n = y8g ~ Fm—1n-m OO v Ho : i1 = pig = -+ = iy = Q.

Amodelty.
n —
i. Topeova pe Ty mponyoduevn mopotionon, SST = S (V; — Y)2. Yré v
i=1
Hy:pp = po = = [y = [, LOYOEL OTL Y5 ~ N(p,0%) yioe i = 1,2,...,m
xar j = 1,2,...,n; OnAad T Y7,Ye, ... Y, elvor aveEdptnteg oL LoOvopeg

o , ; , ; / SST _ (n—l)S}% 2
TOPATNPTOELG ATTO TNV XOVOVLRN XATOVOUY, OTOTE 25 = == ~ 2.
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ii.

iii.

g —
To S? = ﬁ Z (Yi; —Y.)? etvou n derypotins) Stomopd tng Y 070 i-00T6 emti-
Jj=

niedo. ['vwpilovpe otL (s 1)52

T~ X2 i = 1,2, .., m. E@booy oL mapoty-

pNoeLg LETOED 8La(pops‘ttxwv eTLTED WY Elval oVEEQPTNTES, CUUTIEPAIVOVILE OTL

ot Serypotixég droomopés 52,53, ..., 52, etvon aveEdpTnTeg pts‘coch Toug. Emo-
©wévwg, To SUS—QE =3 ("’Ul)sl oxoAoLbel TV xoTovouy| X2 pe Z(nZ —1)=n—-m

i=1 i=1
Babpovg erevbepiog.

H aveEaptnoto petad SSE xow SSE mpoxdmtel pe xatdAANAY €Qapuoyy Tov

Bewpnuatog Cochran, 6TTwe xo 3TNV TOAXTTAN YOOUULXT TTOALYSPOUNGY. ZOW-

QYO [LE TO TTPONYOVUEVO ANUUO, GUUTEQOLVOLUE OTL S%F = SUS—QE — SS—T ~ X34

Ve ™V Hp @ 1 = po2 = -+ = iy, = p. H xatovoun tng sKsYxoouvocprncng

F = %gg TPOXVTITEL AUECO OTTO TOL TLOLPATIAVE XOL TOY OPLOUO TNG XOTOVOUTG

F tou Snedecor. O

Mpotaoy 3.3. (Extipnon g Atomopdc)

L.

1i.

1ii.

Toyver 6Tt E(MSE) = 02, dn\ad¥ to MSE eivor pio ophepdAnmTy extipuiToLo

g SLoOTOPES 02 GTO POVTEAD OVEALGYC SLOLOTIOPES XOTE Vay TTaEAYOVTOL.

Ioxver 6t E(MSF) = o2 + Lo an > o2, dnhadh to MSF eivow pio

2

OUEPOANTITY EXTLUNTOL TOU 07 aY XOL PLOVO av LoYVEL 1 undevixy] vmobeon

Hy:m =m = =71, =0. 2t yevxdtepn mepimtwon to MSF vmepextipa

70 o2.

m
Ioyver 6t E (SST) = E(S?) = 02 + L5 Y nit? > 02, dnhodh to S§ etvou
i=1

2

OUEPOANTITY EXTLUNTOL TOU 0° OV XOL PLOVO av LoYVEL 1 undevixy] vmobeon

Hy:m =7 =" = Tp = 0. 2 yevrdtepn MEPIMTWON T0 S3 LTEPEXTLYE TO
o2
Amodelty.
i. Toyver 6w 3 ("’Zw ~x2_,,- Emopévwe, E {Mfﬂ} = n—m, Snhady

ii.

madpvovpe 6t E(MSE) = o2

YroAoyilovpe otu:

m m m m
' i=1 i=1 i=1

i=1 i=1
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iii. Xyetixa pe to SST, vmoAroyilovpe 6tL:

E (SST) = E(SSF) + E(SSE) = (m — 1)o* + i ni? 4+ (n —m)o? =
=1

m
E (nSS_T1> =K (5’32/) =0’ + ni 1 ;nﬂf. [l

OTtwg %o oTN YOORULXY] TOALYSPOUNOY, TTPETEL TTAVTOL YO TTOOLYLOTOTTOLOOUE
OPLOMEYOLG SLOYYWOTIXOVG EAEYYOUS UETA TNV EXTIUNOY EVOG LOVTEAOL OLYAALOYG
dtaomopds. IStaitepo evdiaépoy Exel va eAéyEovpe yia mhavy etepooxedaoTi-
XOTNTO TWY TUYALWY TEOALATLY LETOED SLOPOPETIXWY ETULTESWY TOL TTAPAYOVTA.
Avté pmopet vo yivel uéow tov eAéyyov Bartlett 1 Tov eAéyyxov Levene yLo Tig
vmobéoetc:

2 2

Hy:0l=03=---=02% =0%vs.
2

Hy: 0} # 0 yi xémoto j € {1,2,...,m}.

Ola T otatiotixd Aoytoutxé, 0mws n R, €xovy evowuatwuéyn ™ duvatdtnta
TOOYUOTOTTOINONG EAEY YWY LOOTNTOS SLAGTTOPMY YLOL XOLTYOPLOTTOLYLEVA GECOUEVOL
xoL Olvovy wg amotéAsoua ta p-value Twv eAéyywy. E@apudlovue toug eAéyyoug
Bartlett xot Levene ota dedopéva pog xon AapBavoovue ta p-value. I'o dedopévo

€.0.0. a, €YoupEe To eENg evdeyduevo:

* Ay p-value < «, téte amoppimtovpe Ty Hjy, dnAadn tny vmdbeon 6t oL

OLooTTOPES TNG Y UETAED OLOQPOPETIXWY ETUTESWY TOL TAPAYOVTIX ELVaL (OEG.

e Ay p-value > a, 61 dev pmopodue va aoppiovpe v Hy, omdte pmopodue
vo Oewpnoovpe T dev topafaivovpe Ty LTEOEGY OLOGHESATTIXOTNTAG TOV

ULOVTEAOL OvEALOTG BLOOTTOPAG.
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3.3 ZXvyxplosig Méowy Tipov

Optopdg 3.2. Opilovpe contrast Tv oOYXELON UECWY TLLWY TTOL EUTAEXEL VO 1
m m

TepLocdTepaL eTTiTES QL TOL TTOPAYOVTA, dINAOSH L = > ¢, 600 Y ¢; = 0.
i=1 =1
—~ m _
Mpotaon 3.4. H otatiotixn ouvéptnon L = Y ¢Y ;. elvor plo xovovixd xortove-
i=1

UNuévn aepGAnTTy extiurtote tov L pe Var(L) = Z n—?

Arodeén. H L sivow xavovixd KOTOVEUNULEVN OC YOOUUIXOC GLYILAGP.OS TwY Y ;.

YroAoyilovpe Ot

Var (A) el ZVar Y z ZczVar i f % 2022%. ]

Mpoétaon 3.5. 'Eva 100(1 — a)% Stéotquo eumtotoodvyg 6wy ovpwy Yiow 0 L

dlvetor amd ™ oyéon:
ILi_o(L)=|L—t, L bn—mia - Sp|, O = MSE - =+
1-a(L) - S7, L+ S L} 6mov  S7 E -

Amodety. T'vwpilovpe 4t

L—L , 9 0 e CF
Z = ~ N(0,1), 6mov ot =0 Z—’,

SSE  (n—m)s? (n-m)S% |

= = = ~Y A 2 =
Q= o p = 2 Xo_m, Omov S* = MSE.
L

H Z eEoptdron wévo amd toug Setypotikods péoovg Yi,Ya, ..., Yy, evdd 1 Q
eEoptdTon pévo amd Tig Serypotinée Staomopéc S7, 52, ..., 52, ondte N Z eivow
aveEGpTNT) omtd v Q. Emopévwmg,

Z L-L o; L-L

Q JZ SZ Sf
n—m

Zmépe otolepés cq, co € R tétoteg, Bote P(c; < T < c2) = 1 — a. ZouyxexpLpéva,

Lot TO SLACTNUO EULTILETOOVVYG LOWY 0LEWY XPNOLULOTIOLOVUE TLS OYETELG:

[0 (6]
P(T<c1):5:>P(T>c1):1—§:>c1:tn,m;1,%——tn m:

’ 2
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«
P(T > 02) = 5 = Co = tn—m;%-

Emopévwg, to Staotmua eumiotoodvng (owy ovpwy divetal amd 0 oyéon:

L—L ~ .
€1 < K& L—t e SZ<L<L+tnfm,% Si
L
TeAwxd, moipvovpe 6t 11 (L) = L- tn—m;g - S, L+ tn—m;2 - SZ] O
IMpbétaon 3.6. Ymd ™ pundevixn vmdbeon Hy : L = 0 i @ = 0,1, yvwpilovpe
ot T' = % ~ tp—m. Aviixabiotovroag Ttig Toyaieg petaBAntég Y1,Ys, ..., Y, mov
L
eppavilovtorl oty eAeyyoouvdptnon T amd TG ToUEATNENOELS Y1, Y2, - - - » Yn, VTTO-

Aoyilovpe TNV TOEATNEOVEYT TLUN t = SLA NG EAEYYXOOLYAPTNOYG.
L

i. 'Eotw 6t BéAovpe va TEOYLOTOTTOLY]OOVILE TOV EAEYYO WE TNV OUQLTAELEY
evoAoxtixn vébeon Hy : L # 0. Tote, amoppintovpe tv Hy oc €.0.0. o av

o P6vo o [t| > ty e p-value® = P(|T| > |t|) < a % 0 ¢ I1_o(L).

ii. "Eotw 41t B€AovuE Vo TPOYUATOTTOLIGOVUE TOV EAEYYO UE TN LOVOTTAELOY EVOA-
Aoxtixy) vmobeon Hy @ L > 0. Téte, amoppintovpe tnv Hy O €.0.0. a oy XouL

WOVo av t >ty .o M p-value™>) = P(T > t) < a.

iii. "Eotw 6Tt BEAOLUE VO TTPOYLATOTTOLGOVUE TOY EAEYYO WLE TN LOVOTTAEVOY] EVOA-
Aoxtiny) vmébeon Hy @ L < 0. Tote, amoppintovpe tnv Hy o€ €.0.0. a oy xouL

UOVo o t < —tp_m:a M p-value(®) = P (T < t) < o

Hopationon 3.2. Oétovtoag ¢; = 1 yio x&mowo i € {1,2,...,m} xow ¢; = 0 YL
xabe j # i, O propodoope TOAD EOXOAR VOU TTEPOVUE SLOUCTAUOTO EULTILGTOCVVYG
XOL VO TTPOY L TOTIOLYIGOVLE EAEYYOVS LTTODEGEWY TTOL EUTTAEXOLY TN LEGT TLUN TNG

Y oc éva povo emimedo tov mopdyovta. Zuyxexpipéva, o malpvape ot

Y. —
T = ZTM\/TTZ ~ tnfma
omtote 0 1o (1) = [71-. —tn—mg - \/%,71; + tp—m;g - \/% Oo YTy 1o 100(1— )%

OLAOTNLOL EUTILGTOOVYYG LOWY 0LEWY YO TN UEOT TN TS Y 070 i-00T0 eTtimedo.
Av O€hape vor TEOYUATOTTOLOOLUE EAEYYOVS LTTODEGEWY pe undevixn vmdbeon Ty

Ho : p; = pi0, Tote Bt YoNOLLOTTOLOVOOUE TNV EASYYOOLYVAPTNOY:
Y. —
7o LT Hio V1~ tam
S
xat Oo epapudlope ™y TOEATAVEG TEOTAGY.

Hopotionon 3.3. (MéBodog EAdyrotar Enpavtixrg Atopopdc - Least Significant

Difference) @étovtog ¢; = 1, ¢; = —1 yio xamota 4,5 € {1,2,...,m} xaw ¢, = 0 YL
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xabe k # 1, j, O propodoope TOAD EOXOAX VO TTAPOVUE SLAGTAULOTA EULTILOTOCVYG
XOlL VO TTPOYLOLTOTTOLOOVUE EAEYYOVS VTTODECEWY TTOL EUTTAEXOLY TN JLOPOPA TWVY

UEOW TV TNG Y og V0 emimeda TOL TAPAYOVTA. ZLYXEXPLUEVE, Do Ttaipvopue

oTL: . _
YY) —(mi—m)
= T 1 ~ ln—m,
S E"WZ

OTOTE TO Il_a(,ul- - ,uj) = |:?1 - tn—m;% - Sy /n%- + nflj,?l + tn—m;% -S4/ n% + 771]] O

Aroy 10 100(1 — @)% Srdotnua EPTLETOOVVNS (WY 0VLEWY YLaL TN SLAPOPE TWV
UECWY TLUWY TNG Y 070 i-00Td %ol 070 j-00T0 enimedo. Av Oéape vo Tpoypoto-
ToLoovUE EAEYYOVG LTOBEcEWY pe undevixy vmobeon ™y Hy @ p; = iy, 6t B

YXONOLULOTIOLOOGUUE TNV EAEYYOOLVAPTNON:

Y — 3.
S\t

xow Oa epoppdlope ™y TOEATAVE TEOTAOY.

T —

~thom

To mEoPANua pe avty T pEbodo eivor 6Tl av BEAapE vor xAvoLpUE TTOANXTTAES
TOVTOYPOVES OLYXPLOELS UETAED OAwvY Twvy TLhoavdy Levywy péowy TLpoy g Y
oe x0Wwob €.0.0 a, TOTE N THOVOTNTAL OPEApaTog TOTTOL I Oor owEavdTtay TOAD.
BAémovpe edxoAa 6TtL T0 oLVOALXG TTAMOOg TbovWwY Cevywy péowy TV elvor
k= (7). Eotw X 1o TMfog Twy 6QoApdtwy Tomov I Tov SLATPATTOVUE OE
oToG Toug k eAéyyovs. Kabe opdipo timov I diampdrtteton pe mhavdtnro a.
Av emumAéov vrobéTape 6t xabe o@aipa ToTov I StampdtTeTan aveEdptTo amd

o G, O ovumepaivope 6Tt X ~ Bin(k, o). Emopévewg,
PX=0=(1-a)f<l-a=PX>21)=1-PX=0=1-(1-a)f>a.

Anhodn, n mhovdTnTor Vo TEOYULATOTTOLOOVUE TOVAGYLOTOY VO GQAAL TOTTOL [
OVEUESH OE VTOVG TOVG Kk TALTOYPOVOLS EAEYYOLG Bar YivdTay TOAD peyoAdTeEN
omd To emBLUNTO €.0.0. . TNV TEUYRLOTXOTNTA ToL 0QGApoTa TOTToL | de dior-
TEATTOVTOL AVEERPTNTA LETAED TOVG, AAAG 1] TLHAVOTNTO YO TTOOYLOTOTTOLY|GOVILE
TOLAGYLOTOV €var a@dApa ToTov 1 Bo elvor mavto peyoddtepn amd «. To (do

oxpLBWe TEOPBANUO LTTAEYEL XOL GTA LGOSVVOULOL OLACTAULATO EUTILOTOGVVTG.

Mé£00d0g Scheffé: Eivor pia pébodog yLor v TovTdypovn *xoTao%eLY] SLUGTNULATWY
EUTLOTOGUYYG 1] TNV TAVTOYPOVY] TTPAYUATOTOINOY EAEY YWY LTTOBETEWY YLor OACL To
duvaTd contrasts TOL EUTAEXOLY GV0 1 TEPLOOHTEPN ETUTESK TOL TOPAYOVT.
Ye avtifeon pe ™ nébodo g eAdyLoTa anpavTig dtopopdcs, N reébodog Scheffé
TPOCOPUOLEL TO %OV ETUTESO ONUAVTIXOTNTAG TWV EAEYYWY, WOTE TO GQEAALO

TOTOL [ YLt TNV THVTOYPOYY TTEOYULOTOTOLNOY OAWY TwY EAEYYWY LTODETEWY Vo
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eivar oxplpug (oo pe a. I'vwpilovpe 6TL t = S%
L

elval M ToEATNEOVEVY] TLUT
NG EAEYYXOOLYAPTNOYG TOL EAEYYOL TwV vTobéoewy Hy : L = 0 vs. Hy : L # 0.
Yopewvo pe ™ Lébodo Scheffé, amoppimtovpe ™y Hy av xow poévo ov |t| > ¢ 1

0¢ 19 (L)=|L-c S;,L+c- SE], 6mov ¢ = /(m — 1) Fop—1.0—mea-

Tow StaoTHUOTO ERTILETOGVVYG IEL(L) TTOU TTPOXVTITOVY UECW TNG eBHSov
Scheffé eivor mévtor peyaritepo (Lo cLYTRENTLXA) AT TOL OWVTIOTOLYOL LELOVK-
péva draothporto epmotoobvng 11— o (L), omtdte aprivovy peyoldtepn afepatdtnro
YL TNY EXTLLWUEYN TOCOTNTA L. Zuvniwe pog eVvOLAQEPEL YO TTRAY UL O TOTIOL)GOVLE
T TOYPOYOLG EAEYYOVG LTTOBETEWY UOVO Yo évar uixpd TANBog amd contrasts. Xe
o TN TNV TTEPITTTWOT, N H€Bodog Scheffé Sivel TOAD cuvTnENTIXG SLooTHOT EULTTL-
OTOOVVYNG XOL TO CQAALO TUTTOL [ YLt TNV TALTOYEOVY] TEAYLUTOTTOINOY OAWY TWY

eEAEYY WY LTOBETEWY elval TTOAD utxpdTEPO Ot To {NTOVUEVO .

3.4 ANOVA xoatda Avo IMapdyovrteg ywplic AAAAeTidpooM

"Eotw twpa 6Tl €xovpe Evay mapayovto A pe m emtimeda xoL Evay TopRYovTo
B pe { emtimedo. Oswpolpe 6Tl dev LTTAPYEL OAANAETIdpaoY LETAED Twy 300 Tto-
PaYOVTWY, ONAdN M BP0 TOL TOE&YOVTO. A OTY LEDY TN TNG OTTOXPLTLXNG
petTofAnTg Y dev eEaptaton amd to enimedo Tov Topdyovto B xou v emtidpoon
Tov TTapayovia B ey eEoptdtal amd To enimedo tov mopdyovto A. o Adyoug
amAdTTag Hewpodue 6TL Exovue UOvo pior TapaTiEnon Yo xabe cuvdvooud -
TESWY TwY 300 ToPaYovTwy, onAadn n = ml. I'evixdtepa, o propodooue vo
Bewpnoovpe OTL €XOLUE N TTOUEXTNENOELS ATO TOV GLYSVOGUO TOV i-0GTOV ETTLTE-
dov Tov TaPA&YoVTH A xaL TOL j-00TOV eMTESOL TOL TapPdyovTor B. 'Eotw Yi; n
ulo TopotnENoY ortd ToV CLYILAGUS TOV i-0GTOV ETULTESOL TOL TTAPAYOVTA A xoL

T0L j-00T0V emLmEdOL TOL Ttapayovta B. Opilovye:

* To &bpotopa Ty TopatnENoewy 010 £niTedo i TOL TTOP&YoVTO A:

Yi=) Yy i=12,...,m
j=1

e Tov delypoatind LESO TWY TAPATNPENOEWY GTO ETUTEDO i TOV TOPAYOVTO A:
Y, =", i=12,...,m.

e To &bpotopo Twv TopaTnENoEwy oto eiTedO j TOL TOPA&YOVTH B:

m

=1
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e Tov detypoatind €SO TWVY TAPATNENOEWY GTO ETUTESO j TOL TAPAYOVIA B:

e Tov oLYOALXO BeLYPOTIXO LETO TWY TTAPOTNPYOEWY:

me’

Mopdyovtag B
Enineda 1 2 - l Abpoiopoato | Méoot

1 Yu Y2 - Yy Y. Y.

2 Y: Y: e Yo Y: Y
Moéryoveae A 21 22 20 2. 2.
m Yimi Y2 - Yo Yon. ?m

Abpoiopoata | Y1 Yo - Y,

MéooL Y. Yo - Yy, Y.

Ihinakas 3.4: [Mopoatnpnoelg xotd 300 ToEdyovTeS YwEls dAANAETTISpoom

To mopamave cvvodilovtoar otov mivoxo 3.4. Tote, To povtédo avdivorg

OLOGTTOPAG XOTA BV0 TOUPAYOVTES YOAPETOL WG:
Yij = pij +€ij = p+ i+ B +eij = pa. + pj — B+ €ij

Taoi=1,2,....mxot j=1,2,... ¢, 6mov:

® ;. M TAnOvouloxn LEon T ™ Y 0TO i-00TO ETTITTEDO TOL TOPAYOVTO A.
XpNoomoLtovue tov avtioTolyo detYprotixd Héco g Y oTo i-00Td emimedo
T0U A YL VO EXTLUNOOVLUE TNY AYVWOTN TEOYUXTIXY UEON TLUN i, OTLOTE

* ;N TAnbuvoutax péon T g Y 010 j-00té eminedo Tov mopdyovia B.
XpNoLLOTTOLOVUE TOV avTloTolyo SELYROTLXO UECO TNG Y OTO j-00T6 eTtimedo
TOV B yLot VOU EXTUUNCOVUE TNV EYVWOTN TEOYUOTLXY UEON TLUY fi.j, OTLOTE

=Y,
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* 1M wAnBvopLaxn péon T g Y. XpnoLUoToLtodpe TOY GUVOALXS SELYULOTLXO
KLEGO TNG Y YLOL VO EXTLUNGOVILE TNV AYVWOTN TTOOYUOTLXN LECT TLUN [4, OTTOTE

=Y . Mpopavwe, toyde. ot

m

1 m £
= WZZMJ:*ZMZ
i=1 j=1

=1

C\M—l

S

* a; = [ — M ETLIPOLON TOL i-00TOV ETULTESOL TOL TOPA&YOVTO. A GTNY TANOL-
opLaxn Lé€on TN S Y. AvtixabLotivtog oty Topamave o€y, Talpvou e
m

6t > a; = 0. EmumAéoy, ovpmepaivovpe 6t a; =Y, — Y .
i=1

* Bj = pj—p N eniSP0ON TOL j-0GTOV ETLTEDOL TOL TTOPA&YOVTa B oty Anbu-

opuocmq pwéom TN g Y. Avtixabiotoviag oty Tapamdve oxéon, TolpvouuE

ot Z 8; = 0. Emumiéoy, ouunepaivovpe 6t 3 =Y ; — Y.
7j=1

* g ~ N(0,0%) aveEdoto ytoe i = 1,2,...,m xow j = 1,2,..., (. Sopmepoi-
voupe 6t Yij ~ N(pij,02) aveEdotnro yoe i = 1,2,...,m xow j = 1,2,... /.
Ot tpooapp.oopéveg TLé divovtal K¢ }A/;j =Ui+0,;,—a=Y;+Y ;=Y , evo
TOL UN-TEOPOTNENOLUO TUXOLO. CQROALOTO €55 EXTLLODVTOL OTTO TOL XOLTOAOLTTOL
Eij = Yij —?z'j =Y, Y, -Y ;j+Y.

e Y, NN(,uZ-.,UTf> yooi=1,2,...,m, Y ; NN(,u], ) T j =1,2,...,¢ xou
_ 2
Y ~N (M, W)

AovAgbovtag Opolwg UE TO LOVTEAO OVAALGYG OLAGTIOPES XUTA EVOLY TTOQEAYO-
vta, Oo avoAbGoLUE TN GUVOALXY LETUBANTOTN T TwY SESOUEVWY OE TPLX XOUUATLOL.
To mpyTo xoppatt eEnyeiton omd Tov Topdyovtor A pEow Tng amdxALoNg TwY SeLY-
ROTLXWY péowy Y amd Tov GLUVOAXS derypuartixd néoo Y, T0 SeOTEPO XOUUETL
eEnyeiton amd Tov TopdyovTta B péow g amdrALoNG TWY SELYUOTLXGY UECWY Y
o7t TOV GUVOALXOS SELYUaTIXd PUEGO Y | %Ol TO TPITO XOUUETL TToPOUEVEL OVEETYTO

XOLL TTOCOTIXOTIOLELTOUL UECWL TWV XXTHAOITTWY Ej.
Optopdg 3.3. (AbBpoiopoto Tetpoywvwy)
e Opilovpe SST = Z Z (Vi ?_‘)2 70 GLVOALXS &Bpotau.a TeTparyvwy (total
i=17=1
sum of squares) Twv SeSopévwy.
* Opilovpe SSA = £ (Y, — 7,,)2 T0 GOPOLOWLOL TETPOYHVWY TTOL OQELAETOL
i=1
otov mtapdyovta A (sum of squares due to factor A).
e Opilovpe SSB = m Z ( -Y. ) TOo ABPOLOPOL TETPOYWYWY TTOL OPELAETOL

oTov Topdyovia B (sum of squares due to factor B).
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~

m / m {
» Opilovpe SSE = Y > (Vi; — Vi) = Z (Vij =Y. =Y, +Y, ) 0 &Bpot-
i=1;5=1 i=1;5=1

m of

OPOL TETPOYWVY TV xortahoitwy (sum of squared errors).

Mpéraoyn 3.7. (Avédlvon Aroomopdc)

3N (¥ - Vi -V + VL), Spodi

SST = SSA + SSB + SSE.

ArmodeEy. Apxel va delEovpe ta eEng:

CPAB =3 fj (Vi—Y.)( =3 |

i=1 j=1 i=1

m £
CPAE=> "> (Y. -Y.) Y, -Y,;+Y)

=1 j=1

Evdiapepbpoote var TOyoTOTOLOOVIE TOVG dVO TAPOXATW EAEYYOVG:

Hy:a01=a9s=--=a,; =0 vs.
Hy :a; # 0yt xémowo i € {1,2,...,m},

Hy:B81=0=--=8=0vs.
Hi : B; # 0 yio xamoto j € {1,2,...,¢}.

0 mpwTog €AeYy0g Log Ponldel vo amo@acioovUe oy VTTAPYEL OTATLOTLIXA ONULO-
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VTLXY] OLVELOPOPA TOL Topdyovto A otnv TEOPAedn Tng Uéong TLUNG TNG OTto-

XELTIXNG UETOPANTAG Y, eVed 0 OeDTEPOG EAEYYOG VO OTTOQPOGLOOVUE oY LTTAPYEL

OTOTLOTIXG ONUAVTLXY] CUVELCQOPE TOL Ttapayovia B. o tov Adyo awtd, xoto-

oxevalovpe TAAL Tov Tivoxo g ANOVA.

Sum of Squares d.f. Mean Square | F
A (3 (V.Y m—1 ssh | MsA
B mé (¥, - 7. (-1 s | e
B Zf:l]il(Yij—Yz—Yj+Y)2 m-1)(—1)| =SB
T Sy (V- V) ml— 1

IIiNnakaz 3.5: [livaxoag ANOVA xatd 300 Topdyovtes wpels oAAAeTidpooy

Mpdrtaoy 3.8. (AbBpoiouota Tetporywvwy)

i

ii.

1ii.

Ioyvet 6t Sf—? ~x: joméd Tty Hy:ag =ag = =, = 0 xow SUS—QB ~x:

oré ™y Hy: B1 = Po=---= P =0.

SSE

loyder 6t 257 ~ X%m—l)(é—l)' EmmAéoy, o SSA, SSB o SSE eivor aveEgptnto.

{ 4 _ (m=1)({-1) SSA _ MSA .
ZopTePaivovpe 0T Fy = “——20— - Bp = 33p ~ Fmo1,(m-1)(—1) OO TV

. _ _ _ _ _ (m=1)(¢{=1) SSB __ MSB
Ho:op=ap=---=amn=0xu Fp = %ﬁ = MsE ~ Fr-1,(m-1)(e-1)

oo Ty Hy: B1=02=---=F,=0.

Arodey.

i.

il.

1ii.

Ayvooyvtog v OTopEn tov mapayovia B xoal €pyYolOUeVoL OTwS 0Ty TTPO-
Toiom 3.2, TpoxdTTEL 6T S‘f—? ~x: jomb Ty Hy:ap =ag =+ = a,, = 0.
Opotwe, oryvowyvtog tnv DTTapEy Tov Topdyovto. A xow epyaldpevol axpLBug
0TS OTNY TTPOTAOY 3.2, TPOXVTTEL OTL SUS—? ~ X7_, LTS TN PUNdevixh LTHBeoM
Hy:B1=p2=---=p=0.

H xatavopy tov SJS—E xa ) oveEoptnoio petaEd SSA, SSB kot SSE mpoxdmttouvy

KE XATEAANAN e@oppoy Tov Bewpnuatog Cochran, 6Ttwe xow 0Ty TOAAXTAY
YOOUULXT TTOALYSPOUNOT,.

Ov xotovopég Twv TuYaiwY UETUBANTOY F4 xou Fp mpoxVmTovy dueoo omd

T TTOLPATIAVE XAL TOV 0PLOUO NG xotavouns ' tov Snedecor. O

Mpértaoy 3.9. (Extiunon tg Ateomopdc)

i.

Ioybel 6t E(MSE) = 02, dn\ad1 to MSE efvow pion ohepdAnmTn exTLUATOLO

N¢ SLoloTOPES 02 GTO LOVTEAD AVEALGTC SLAGTIOPAC XOTE EVOLY TLOLPAYOVTOL.
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m 14
ii. E(MSA) = 0%+ X zlag > 0% xou E(MSB) = 02 + /2 Zlﬁf > o2, Snhadi
1= J]=

2

10 MSA elvar opepdAnmTn exTLUTELO TOL 07 oY KoL LOVO oy LoYVEL M Unde-

vixn vmobeon Hy @ o = g = -+ = u, = 0 %ot T0 MSB glvon oprepdAnm

2 oy %o wévo av toyder n Hy : 1 = Po = --- = B = 0. T

yevxdtepy TePiTTwon To. MSA xow MSB umepextipoby to 2.

EXTLUNATOLO. TOL T

m l

iii. £ (ngsfl) =EB(S}) =0+ -}~ 21 of + 215]2 > 02, dnAadh to SZ elvou
i= j=

2 o xow uévo o Loydovy ot undevixéc vrobéoelg

OUEQOANTITY EXTLUTTOLO TOV O
Hy:ap=ay=---=a,m =0xat Hy: p; = P2 ="---= Fp =0 tavtdypovo. Xt

Yevxdtepn TTEPITTWON TO SZ LTEPEXTLUE TO 0.

Arode&y.
SSE __ (m—1)((~1)MSE 9

i Ioyoer 61t 25 = —F 57— ~ X(m—1)(t—1)" Emopévwg, ovpmepaivoope ot

B [=DUEINSE] (g 1)(¢ — 1), Srhaidh B(MSE) = o?.
ii. EvteAwg dpota pe v mpdtoon 3.3.
iii. Xyetwxa pe to SST, vroroyilovpe dtu:
E (SST) = E(SSA) + E(SSB) + E(SSE)

m 4
=(m-1)0"+£> aof + (=10 +m> B+ (m—1)({ - 1)o”
i=1 Jj=1

m 12
= (m€—1)02+62a?+m2512-:>
i=1 j=1

m y4

E(n_1> =E(S}) =0 +m£_1zai+m€_12/3j. O

=1 7j=1

Iyuetwon 3.1. Av oyedidlope Evo YOAONUOL UE TLG EXTIUNUEVES LETES TLUEG TNG
oToXELTLXNG RETABANTYG Y Yior GAoLS TOLG dLYUTOVG GLYSVAGULOVG ETILTTESWY TWY
V0 TTopayOvTwy, ToTe Oor BAETTOE Evar oy OTtwg To 3.1. e awTO TO OYNUA, KO-
Oepio amd TLg TPELS XAUTTOAEG TTOL oYMULATI{OVY Tal TPloL ETTLTTESOL TOL TTOPAYOVTOL
B eivor plor ToGAANAN LETATOTLOYN TWY GAAWY V0 XOpUTLUAWY. Avtd cupPaivel
OLOTL TO POVTEAD OVAALGOYG SLOTIOPAS XWELS oAANAeTtidpoion 0 AoPdvel xabo-
Aov LTOYPN ToL TLg TLHAVEG dLaPOoPES TTOL UTTOPEL vor €xEL M ETLSPAGY TOL E€VOG
THPAYOVTO. OLVAUETO OTO OLOPOPETLXE ETLTESK TOU GAAOL TAEAYOVTR. AV Xo-
TooxeLALaPE EVol LOVTEAD OVAALOYG OLOOTIOPAS LE aAAMAeTiSpoom Yo Tor (Lo
dedopéva, Tote Ha ToPATNEOVOOUE ETTW AL TTOAD ULXOES ATTOXALOELG UETAED TWY

TOLOY XOUTIVAWY, OTIWS POLVETAL GTO oot 3.2.
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SN Level of Factor B

L N, 8= levelt

10

s . -—a - Level2

Ke “w --a= |eveld

Estimated Mean Value of Y
N
’
L]

Level of Factor A

2xHMA 3.1: Extipnuéveg Méoeg Tipég ywpic AAMMAeRtiSpoon

3.5 ANOVA xota Avo lMMopdyovteg pe AAANAeTiOpOGT

Oewpobue TP OTL LTTAPYEL XAANAETISPOOY LETAED TWVY dVO ToayOVT™Y, O7-
Aol M eTISpaoN TOL TAPAYOVTA A OTN UEDTN TLUN TNG XTTOXPLTLXNG UETOPBANTNG
Y eEaptator amd 1o emimedo Tov TopdyovTo B xol n emiSpaon TOL TOEAYOVTO
B ot péon T NG amoxpLTLxng RETOPANTS Y eEaptdtor amd To emiTed0 TOL
mopdyovto A. Ilpoxetpévou va eAéyEovpe yia mhavn OTopEn aAAnientidpoong pe-
ToED TV ToporyovTLY, Hor TTRETEL VoY XOaTIXE YO EYOVILE TTEPLOGATEPES OO Uio
TOEUTNENOELS Yot x&Be cLYSLOGUSG ETILTESWY TwY dVO ToPoYdVTWY. ['ar Adyoug
amAdTTag Hewpodue Gt €xovue ¢ TaPATNENOELS YLa X&be cLYSLOOUS ETLTTES WY
TwY 300 ToPaYOVTLY, dNAad n = cml. T'evindtepa, Ba pmwopodoope va Bewpn-
OOLUE OTL €YOVUE Njj TOEOXTNENOELS ATTO TOV GLYOVLOGUG TOL -0GTOV ETLTTESOL

ToL TaPAYovTo: A xoL Tov j-00T0D ETULTESOL TOL TTaPAYovTa B.

"Eotw Y n r-o0t) mopationon amd Tov ouvdLOGUO TOL i-00TOV ETLTTESOL

TOL TTOPAYOVTOL A %Ol TOU j-00TOV ETLTESOL ToL TTopdyovto B. Opilovye:

e To abpoLopo Twv TAEATNENCEWY ATTO TOY GLYSVAGULO TOL i-0GTOV ETULTESOL

TOL TTaAPAYoVTa A %ol TOL j-00TOD ETULTESOL TOL TTOPdYovTa B:

C
Vi =Y Yigr, i=1,2,...,m, j=12,...,L
r=1
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e Tov delypotind pE€CO TV TREATNENOEWY ATTO TOV CLYSLOOUG TOVL i-0GTOV
ETLTESOL TOV TTUPAYOVTOL A X0l TOU j-00TOV ETLTESOL TOL TOPAYOVTX B:
Yij

i = 6-7 i=12,....m, j=12,...,¢

<l

e To &bpotopo Twv TaPaATNENOEWY GTO ETITEDO i TOL TOPAYOVTH A:
C

:Z Yijr, i=1,2,...,m

j=1r=1

* Tov detypoatind PEGO TWY TAPATNOENOEWY GTO ETUTESO ¢ TOL TOP&YOVTO A:

— Y;
Yi,_:i, i=1,2,...,m.

e To abpolopo TwY TOEATNENOEWY GTO ETITESO j TOL TTOPdyovIa B:

m c
YJZZZEJM ]:17277£

i=1 r=1

e Tov detypoatind €SO TWVY TTAPATNENOEWY OTO ETUTESO j TOL TAPAYOVIA B:

e To ocuvoAxd dbpotopo TwY THEATNENCEWY:
C

:mzzl

=1 j=1r

e Tov oLYOALXO SeLYPoTIXG LETO TWY TTAPOTNPYOEWY:

— Y
v

eml’

Téte, T0 LOVTEAO AVAAVLGYG SLAOTOPAG XOTA OVO TAPAYOVTEG UE OAANAETI-

dpoom YpdpeToL WG:
Yijr = pij + €ijr = p+ i + By + 735 + Eijr

yoi=12,....m,5=12....dxowr=12,... ¢, 67TOUL:

* u;; M mAnbovoutoxn péon TN ™G Y otov oLVSLOOUO TOL i-00TOV ETLTE-

douv Tov TEePAYoVTA A X0 TOL j-00TOL ETULTESOL TOL TePA&YovTa B. Xonot-



118

KED®AAAIO 3. ANAAYXZH AIAXIIOPAY - ANOVA

LOTTOLOVUE TOV aYTLOTOLYO SELYULOTIXO UETO TNG Y YLOL VOU EXTLUYCOVUE TNV

EYvwoTn TEOYROTX €GN TUWH Wij, OTOTE ij = Y.

i, N TAnBvoutoxn péon T g Y oto i-00té emtimedo Tov Topdyovta A.
XENoLoToLloduE ToV avTioTol o SelyUaTind UECO NG Y YL VO EXTLUNCOVUE

™V EYVWOTN TEOYLOTLXY WEoN T ., OTEOTE [i;, = Y.

pj n TAnbovouloxy péon T g Y 010 j-00t6 emtimedo tov mopdyovio B.
XOENOLLOTTOLOVIE TOY OYTLOTOLYO SELYULOTIXO LETO TNG Y YLO VOL EXTLUYOOVUE

™Y dYvwoTn TEoYRoTix Léon TWh w4, OTOTE fij =Y .

w1 N TAnbvoptox) néon TN g Y. XpnothomoLloVUE ToV GLUVOALXO SELYUATLXO
U€oo NG Y YL VO EXTLUNCOVUE TNV AYYWOTN TOXYULOTLXY LEON TLUN [, OTTOTE

i =Y. [lpogavwe, Loydetl 6T

Qi = i, — j4 M ETLSPOOY TOL i-0GTOV ETLTESOL TOL TAEAYOVTO A TNV TANHL-
opLoxy] LEoM TLUN TS Y. AvTixabLoTvTog 0Ty TapATave aYETY, TOLPVOVLE
m

6t > a; = 0. Emuiéoy, ovpmepaivovpe 6t a; =Y, — Y .
i=1

Bj = p.j— p n ENLOPaoN TOL j-00TOL ETLTESOL TOL TTOPdYOVTaL B 0Ttny TAnbL-
opLaxn Lé€on TN S Y. AvtixabLotivtog oty Topamave o€y, TalpVouLE
¢

6t > B = 0. EmmAéoy, ovumepaivovpe 6t B; =Y ;. — Y .
j=1

Vij = Mhij — i, — [+ N GAANAETdpoiom LETAED TOL i-0GTOD ETLTTESOV TOL TTOL-
payovta A xot Tov j-00T0V €TLTEDOL TOL TTAPAYOVIO B otny TAnbuvoutoxn
péon TN g Y. Avtixabiotoviag oty mopamévew oyEay, TolpVoLUE OTL

m V4 _ _ _ _
Yo vij = vij = 0. EmumAéoy, ovumepaivovpe 6t 7, = Y5 —Y,; —Y ; +Y .
i=1 j=1

gijr ~ N(0,0%) aveEdotnra o@éhpoto Yoo i = 1,2,...,m, j = 1,2,...,¢
xow r = 1,2,...,c. Topmepaivoope 6t Yijr ~ N(pij,0%) aveEdotnro yio
i=1,2,....m, 75 =12,....0 xowr =12 ... ¢c. O TPOCOPLOCUEVEG TLUES
divovton wg }Afm = fij = Yij., €V To PN-TOQOTNEACLUS TUXOL0L GRAALOTO
Eijr EXTLLOOYTOL OTO TO XUTEAOLTO Ejjr = Yijp — }Aﬁjr = Yijir — 7@;.

Yij ~N (uij,”—;> yiooi=1,2,....mxowj=12....0Y;, NN(/M.,%;) Lo

1=1,2,...,m, Y,j~N<p_j_,%) T g =1,2,...,¢ xoct?,,_wN(u,%).

AovAedovtag opolwg UE TO POYTEAO aVAALOYG JLAOTTOPAS XATA dVO TOEAYO-

vteg, o avoAbooLE TN CUVOALXY] LETOPANTOTNTO TwV FESOUEVWY OE TEGOEQPO KOW-

uétie. To mpwyto xoppdatt eEnyeitor amd tov Topdyovto A LEGW TNG ATTOXALONG
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TV SELYROTLXOY LEowY Y, omd Tov cLVOALXS Serypotind wéoo Y, to dedTepo

XOURATL eENYEiTOL oTtd TOY TTOPAYovTo. B UEGW TNG ATIOXALGNG TWY JELYULOTLXWDY

péowv Y . amd tov ouvoAxd derypoatixd péoo Y ., to Tpito xoppdtt eEnyeiton

omd ™V dAAMAETISp0oY LETOED Twy dV0 ToEOYOVTWY XOL TO TETHPTO XOUUATL

TOEOUEVEL AVEENYNTO XOL TTOGOTLXOTIOLELTOL LETW TWY XATOAOITTWY E;jp.

Optopdg 3.4. (Abpoioparta Tetporyvwy)

Optlovpe SST = Z Z Z (Yijr — )2 TO GUYOALXS &BPOLOL.O TETPOYWYWY
1=1j=1r=
(total sum of squares) Twy dedopévwy.
Optovpe SSA = ¢l ) (YZ — 7.“)2 70 abpolopa TETPAYWV®WY TTOL OPEIAETOL
i=1

otov mapdyovta A (sum of squares due to factor A).

Optlovpe SSB = cm Z (Y, -Y. ) 70 GBPOLOPLAL TETPOYHOVWY TTOL OPELAETOL

otov mopdyovta B (sum of squares due to factor B).

Optlovpe SSAB = ¢ Z Z (Vi =Y, =Y —1—7_,,)2 10 &bpoLoua TETEOYW-
i=1j=
YWY TTOU OQEiAeTaL GTNY ocMn?\sTciSpozon tov A pe tov B (sum of squares

due to the interaction between A and B).

Opiovue SSE = 3° 3° z< e Tt = 3% z (Yijr = Yi3.)" 70 ébpor-

i=1j=1r= i=1j=1r=
(0J0304 TE‘CpO("{(;)V(DV TWY XO(TO(?\OLTC(,L)V (sum of squared errors).

Mpéraoy 3.10. (Avérvoy Atoomopdc)

l c m

iZ S Vi =V.) = ety (Vi =V.) +em Y (V- V.

ji=1r=1 1=1 J=1

SST = SSA + SSB + SSAB + SSE.

Amodelty. Apxel vo detEovpe ta eEng:

m /L

CPAB = Z Z (?z - ?) (?.j. - ?)

i=1 j=1

m l
3 |7 -7) g//%@ o,
=1 71 cm m
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Evdioupepduoote vaw ToryOTOTIOLYIGOVILE TOVG TPELG TTRPOXATW EAEYYOVG:

Hy:a1=a9g=---=ay, =0 vs.

Hip:a; #0 yio xémoro i € {1,2,...,m},

Hy:B1=0p2=---=0B=0vs.
Hi : B; #0 yix xamowo j € {1,2,..., 0},

Hy:vi=72=""="me=0vs.

Hi :7;; # 0 yro xamowa i € {1,2,...,m} xow j € {1,2,...,¢}.
0 mpwTog éAeYy0g Log Ponbdel vo amo@aoioovue ay LTTAPYEL OTATLOTIXA ONULO-
VTLXY GUYELGQPOPA TOL TP YoVTo. A TNy TEOPAEYT T™NG HEONG TLUNG TNG CLTTOXQL-
TLUNG LETABANTNG Y, 0 deDTEPOS VO ATTOPAGLTOVIE OV VTIAPYEL OTATLOTLXA ONUOL-

YTLXY] GLYELCQPOPA TOV TTOEAYOVTO B %ol 0 TpiTog EASYY0G oV UTTAPYEL OTUTLOTLXE
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ONUOVTLXN OAANAETTLSpOoT LETOED TwY dV0 TTopayoviwy. ['ta Tov Adyo awtd, xo-

Tooxevdlovpe TAAL Tov Tivoxo ™ ANOVA.

Sum of Squares d.f. Mean Square | F
A (S (Vi —7.) 1 SSA. MSA
¢ ; (Yi. ) m m—1 MSE
£ _
B em -21 Y, -7.) -1 ssB usB
]:
m £
= > = = 12
AB czl _zl (Vi — Y. Y, +Y.)" | m=-1-1) | 7500 | See
1=17j=
mo b )2 SSE
E Z Z Z (}/1]7“ Yl]) mé(c B 1) ml(c—1)
i=1j=17r=1
m £ c — .9
T Yo > (Yir—Y.) eml — 1
i=1j=1r=1
Ilinakas 3.6: Iivaxog ANOVA xatéd 860 mopdyovteg pe aAAnAemtiSpoon
Mpétaocn 3.11. (Abpoiopato Tetporyhvwy)
i. Ioydet 6t Sj—? ~x: oy Hy:ap =as = = an, =0 %o SS—B ~ X2,
oné Y Hy: By =P =---= [, =0.
m /L c o
ii. Ioyber 6t SSE = Y. 3 (¢ —1)S3, 6mov S3 = L5 Z( i — Yi5.)2. Sopmepod-
i=14=1 r=1
voupe 6t ZF ~ anf(cfl).
iii. B~ X 1)1y EmimAov, tor SSA, SSB, SSAB xau SSE eivou
oveEgpTnTaL.
. fer 4 _ MSA . . _ _ _ —
iv. Toyber 6t Fa = 335 ~ Fu—ime(e—1) U0 ™y Hp a1 = ag = -+ = ,
Fp = % ~ Fg_ng(C_l) LTTO ™ Undevixn vtobeon Hy : B = f2 = =pr=0
xow Fap = M08 ~ Fin-1)(t-1),me(c—1) OO ™y Ho: y11 =2 = -+ = Ve =

Amode&y.

i. Ayvowvtog Ty OmapEn tov Topdyovto B xon €pyalduevol OTwe oty TEO-

SSA

Toom 3.2, TpoxdTTEL 6Tl 28 ~ y2 L vmb Ty Hp o = ag = -+ = a;y, = 0.
o m—1

Opoilwg, ayvowvtog Tty OopEn tov Topdyovto A xot epyaldpevol axplBug
OTwg TNy TPOTOoY 3.2, TEOXVTTEL OTL 55—2]3 ~ X?_, UT6 TN UNdeVLxy LIGBETT

Hy:p1=p2=--=p=0.

ii. To S} = Z( i —

oUO TOL - oorou eTTEDOL TOL TOPAYOVTHL A %Ol TOL j-00TOD ETLTESOL TOL

(—)3J

Yij.)? etvow m Serypotinn Stoaomopd tg Y otov cuvduo-

Topdyovto. B. Eyovpe 4t ~ xg_l Tai=1,2,... o mxowj=1,2... ¢

Epdoov ov Topotnponoetlg pts‘t:och OLOUPOPETLXWY GUYSVOCUWY ETULTESWY ELVOL

aveEGPTNTEG, CUUTEPOLVOLUE OTL oL DetyporTinég dLaomopés Sy, Siy, ..., 52,
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m £ 52
elvat aveEdptnteg netakd Toug. Emopévwe, to SSE Z Z D% axonovdet

m L
v xotovopr] X2 pe Y Y (e — 1) = ml(c — 1) BabBpode eevbepioc.
i=1j=1
iii. H xotavouy tov SSU# ot M aveEoptnoto petakd SSA, SSB, SSAB xow SSE
TEOXVTTTOVY LE XUTAAANAY EQap.OYT TOoL Bewpnuatog Cochran, émwg xat oty

TCOAAXTIAY] YOOULULXY] TCAALYSQOUNOY).

iv. O xotovopég Ty TuYoiwy LETOPBANTWY F4, Fp xol Fap TEOXOTTOLY AUECH

OO TOL TTAPOTTAVL XL TOV 0PLOUO TNG xortovoung F' tov Snedecor. O
Hpo6taocyn 3.12. (Extipunon g Atomopdc)

i. Ioyder 6t E(MSE) = o2, dnAadq to MSE eivow pio apepdAnmty extiysitoto

Mg SLoloToP4S 02 6T0 LOVTEAD OVEALGTG SLOLGTIOPES KOTE EVOLY TTOPAYOVTOL.

ii. E(MSA) =o%+ - Zaf o? xar E(MSB) = o2 4 £ 252 o2, Snadi To

MSA eivor auspo?xm'mq EXTUUATOLOL TOL 02 oY XOuL uovo ov toyer n Hy: oy =

ag = -+ = ay = 0 %o To MSB gfvot, aue@OANITTy EXTLUATOLO TOL 02 oY XOuL

wévo av toyver m Hy : f1 = Bo = -+ - = By = 0. 2N YeEVXOTEPY TTEPITTTWAOY TO

MSA xow MSB vmepextipody 1o o2

iii. F(MSAB) =0 +( ST 21 Z %J o2, 3nAad¥) To MSAB eivow opepdAnmy
i=1j=
EXTLUNTOLA TOV o2 oy xou wovo av toyvet n Hy : vi1 = v1i2 = -+ - = Yme = 0. X7

yevxdtepn mepinTwon T MSAB xow MSB umepextinoty to o2

iv. E(nf?Tl) = B(S}) = o® + cm@ 1 ZO‘ + i1 262 ey 112 E%J > o?
dnAadh o SE elvon apePOANTTN EXTLLHTOLO TOL 02 o XoL (LOVo oc\j) LoVoLY oL
undevixéc vobéoerg Hy: a1 =ag = = =0, Hy: B1=Po=-- =Py =0
xot Hy @ y11 =712 = - -+ = Yo = 0 T0TOY OV TN YEVIXOTEPT TTEPITTTWON TO

S% vrepextipd o0 0.

Amodelty. Opoiwg pe v mpdtaon 3.3.

Inpetwon 3.2. Otav €xovpe 300 Stabéotpovg ToEEYOVTES YLl YO XATOOKEVE-
ooLUE EVa LOVTEAD avEALOTG dLaoTtopds, Ui xoNoLuy €vdetEn yra Ty UTTopEn 7
oTtoLOLO. CAANAETLS QOGNS OLVAUETO OTOVG TLOLPAYOVTES ELVOLL VO EXTLLNGOVUE TO HLO-
VTEAO aVAALGOTG LAOTIOPAS LE AAANAETTLOPOO XAl VO OYESLATOVUE EVOL YORPNUOL
UE TLG EXTLUNUEVEG EOES TLHES TNG Y Yia xabe Suvatd cvVSLOGOUS ETLTESWY TWY
V0 TaPOYOVTWY. AV Ol XAUTTOAEG TTOL OYXEDLATOLUE ElVaL GYESOV TOPEAANAEG (e
ToED ToLG, OTTWS 0TO oYNUe 3.2, TOTE CLUTEPALVOLUE OTL EV LTTEPYEL ONUAVTLXY
OAANAETTLOp0oY. AvTiBETwg, oTo oyua 3.3, BAETOLUE TOAD UEYAAEG OLTTOXALOELG

ULETOED TWY XOUTUAGY, TO OTTOL0 CLVETTAYETOL LOYVPEY] OAANAETISPOOT).
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Kepdhoto 4

AVoeig Ospatwv EEetaoswy

41 XemtépPorog 2017

Oépa 1. Alveton 0 Ypouptxd wovtého Y; = By + B1(X; — X) + &5, 0 = 1,2,...,n,
OTTOL TOL CPAALATA €; ELVOLL AVEERQTNTOL XOL XAYOVLXE XOTOUVEUNULEVO UE LETT TLUN

0 %o &yvwotn Stoomopd o?.

o.. Now Bpeboty oL extiprtpleg wéyrtotng mbavopdveiac Bo, f1, 02 TwV TOQOWE-
Towv By, 1, 02, %0BBS xow oL xaTovopéc Ty By xon B

B. No devybel 6Tt

(V- VP2 = (T - V)2 + > (% - P2
i=1 =1

i=1
Y. No deikete mdg umopel vo yivel 0 éAeyyog Twy vmobéoewy Hy : 1 = 0 vs.
H; : 1 # 0 pe xpnon tou xpttnpiov t. Bpeite tn otatiotiny ovvéptnon Tov

EAEYYOL O TNV XATOVOUY TNG.

0. Na dciEete 4Tl M OTOTLOTLXY] CLYAPTNON:

w2 n o 1 n 2
F:Sfl2 (X; — X)?, 6mov SQZH_QZO/Z-_YZ-),

i=1 =1

oxohovbel ™y xotovoun Fip,—o. [lddg umopel vau yivel o éAeyyog vmobéoewy

TOL TIPOYYOVIEVOU EQWTNULATOG LE XPNOM TOL xpPLTnElov F;

e. Elvaw ot éAeyyol twv 300 Tponyolduevwy epwtnudtwy toodbvapot; [lotog amd
Toug 0V0 PTOoPEL Vo Ttpayatorolniel xaL Totog Oyl oy 1 EVOAAOXTLXY VTTO-

Oeom eivar Hy @ f1 < 0 xow yroti;

125
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Aban. o. Apob oL tapatnenoelg Y; elvor aveEGQTNTES, LTTOPOVUE EVXOAN YO VTTO-
Aoyioovue 0 ovvdpTNoN TLhavoPaveLag TwY SESOUEVWY WS EENG:

n

L (Bo, B1,0%) = [ [ fvi (i3 Bo, B, 07)

=1

a p — — xi—EQ
-2 exp{ b= o = B )]}

pa V2ro?

= (271'02)_% exp {—2}‘2

.

n

lyi — Bo — B (i —«’15)]2} :

i=1
Aoyapibutlovpe ™ ovvaptnon TLhovoPAveLoS YL VO UTTOAOYLGOVULE TN CLVEPTNOY

Aovoptipomibovopavetog:

((Bo, 1,0%) =1og L (o, 1, 0%)

1 I 2
_n og;(%) n o2ga —%;Z[yi—ﬁo—ﬂl(l“z’—l‘)]?

MeytotomoLtodpe TEWTO WG TPOG To dtévvoue (Ho, B1):

n

QZ —Bo— B (zi —7) —Oézyz—nﬁ(ﬂrﬁl =7) = fo =7,

=1 =1

350

= > @D i~ o (i~ T = 0=
i=1

B

n n 0

Z(mi—f)yi:go =) +B1Z 2 =B = Say.

2
i=1 =1 5z
YroAoyilovpe tov Eootowéd mivoxa g cuvéptnone £(Bo, B1) e o2 otabepd yio vor

ertaAnfedoovpe 6t To onpeio (5o, 1) eivor To povadixd oAtxd péytotd tg:

n 0
~z) =0=
=1

N N R Y
gy o2 9By o0& ©9BodB o2

1 {n 0
H(BoB) = —=5 | o
o2 |0 Z; (x; — @)

Ao o Eagotavie mtivaxog g £(So, f1) elvat apvntixd optapévocs, 1 £(Bo, f1) lvon

= H opvntxd opLouévog.

YYnolwg xolAn xat €xel Lovodixd OALxd LEYLGTO TO (BO, ,/6’\1) 21N OLVEYELD, UEYLOTO-

ToLoVUE TN Aoyoptuomibovopdvela we Tpog o

ol [~ - 1 “ - 2
82(50,51,02>2—222+2(02)22[y7;—y—/51($i—$) =0=
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YroAoyilovpe 0 3eVTEPN TOPAYWYO TNG CLYAPTNOTG ¢ (BO, B\l, a2> w¢ IO 02 yLoL
vo. emoknfeboovye 6Tl To G2 elvon onueto peyiotou:

a?jf) (30,517 )ZQn 1 Z{yi_y_gl(xi—$)}2:>

8(8026) (Bo’ﬁl’ >:A4 [_ﬂZ( ~7- Bl ))212;(2—@:

8(656) (//B\Oaﬁlv ):—%<0,

YmoAoyilovtag ta dpto TG ovvépTNong L <§0, Bl, 02) w¢ Tpog o2 oo 0T xow oo,

emoAnfedovpe 6Tt 0 G2 elvor onueto oAxod peyioTtou:

02—00 02—00 202 —

lim L(Bo,ﬁl, ): lim (27r02)gexp{—1 Y [yi—@—,/é’\l (xi—:c)r}zo,

U;g%JrL <507/61’ ) T=0"? Th—>nolo (%) exp{ (1}_2 "1 [yz 75 (x4 —x)r} = 0.

—
YHETIUA UE TLG XOTOVOUES TV [y xow [, bToAoyilovpe GTL:

n

E(B)=E ZE = 3" [0+ 61 (X~ X))

=1

Var (Bo) Var —Var (Zn: E) ot ! Zn:Var % ZH:UQ -
i=1

(n_ll)sg( 3 (X - X) E(Y)

i=1

E(Bl):E[(n_ll)SZZ (Xi—-X)Vi| =

X =1
1

:(n—l)Sg(Z;(Xi_X) [Bo+ B1 (Xi — X)]

_ (1 [50§M+ B zn: (Xi — X)2]
%% xou
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Var

S (X -T)Y,

=1

Var(Bl) Var (n_ll)SQZX X)v| = (_1)2531(

le

1

1 _ n B
- m_wi(;var[(Xi—X) Y] = (71—1)25’31(;(Xi_X)2var(Yi)

02

0'2 - -\ 2
BT P PR T = §

Ou Tuyoleg petofSAnTECS B\o HOUL 51 elvor yooputxol cuvdvoaopol twy Y;. Erouévwe,

R 2 R 2
Bo~ N (50,2) xor Sy~ (51’(_1%92)

B. Tvwpilovye 6t Y; = By + B1 (X; — X). Apxei va Seifovpe 6t

=3 (BT (Vi B) =S [F B (- ) 7] [V V- (- )

i=1 i=1

=B Z [(XZ- ~X)(Yi-Y) - B (X —Xﬂ =B (Sxy - Blsg() —0.

Y. Y6 v Hy : 51 = 0, yvwpllovpe ot

—2)5?
Z = ﬁ~N(O 1) xou Q:%NX%_Q, OTToV:

%5 o
2 ~2 n
9 >\ o 9 mo® 1 ‘_,\.2
Ugl_var(ﬁl)_(n—1)5’§( xow S _n—2_n—2z (YZ YZ)

E@dbcoy 1 toyoio petoPanty S? elvon aveEdptnt amd ™ B, OLUTIEPALVOLULE OTL

N Q elvar aveEdptntn and ™y Z. Emopévwg,

~

b1

zZ o
Qo= S
Va2 A

Av t = S’B% elval N TeEATNEOVUEYY TLUN TNG EAEYY0oLVEETNoNS T, Tédte amoppi-

, S? 52
~ tn_9, OTTOL S% =02 - =
1

Bi
Si P02  (n—1)S%"

T:

TCTOVWLE ‘mv Hy o€ €.0.0. av ov xou P6vo v [t| > 9,2 N p-value = P (|T'| = [t]) < .

3. II&AL vmtd ™y Hy : 1 = 0, voAoyilovpue Gt

51 2 _ %_A% = 5\ 2 2
Z="~NOY=Z= 5 =7 (Xi—X)" ~xi=

9B B1 i=1
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Av f elvor n ToEOTNEOVUEYN TN TNG EAEYYXOOLYAPTNOYS F, ToTE amoppitTtovue

™y Hy og €.0.0. o oy xaL pévo av f > Fy 9.4 ) p-value = P (F > f) < a.

e. 'mé v Hy : f1 = 0, voroyilovpe 61Tt

22 72 n
_51_71

<5\ 2
W_§?_52 (Xi—X) " =F~Fi 9.
B1

i=1
AciEope 6t amoppimTovpe ™y Hy o€ €.0.0. o TEP NG evahhoxTixng Hy : f1 # 0
oy %ot povo o [t[ > cq = ty—2,e 1 p-value = P (|T] > |t]) < a. 'l Tov voAoylopd

™G xploLung TEPLOY MG ToL EAEYYOL F, amottolye:
P(T|>ca)=P(T*>c2)=P(F>c)=asc:=Fu 2.

EminAéov, vroroyilovpe 6t p-value = P (|T| > |t|) = P (T? > t?) = P(F = f).

Emopévwe, ot dVo €Aeyyol ivat toodvvopol.

O éheyyog t Aopfdvel vTTOYN TOL %OL TO TEOONUO TNG EXTLUNTOLOG 31. Znv
TePLTTWON NG evoaloxtixng Hy @ f1 < 0, oaxpoleg opyntixég TLUES TNG TOEO-
TNEOVUEYNG TLUNG t oL omoleg BploxovTol oTNy XELOTEPY] OLEA TNG EAEYYOOLYAQ-
™ong T, odnyody oe amdppudyn g Hy. Me dAha AdyLo, amoppimtovpe v Hy
0c £.0.0. a LTEP NG evolhoxTixng Hy : B1 < 0 av %ot uovo av t < —tp_9.q4 M
p-value = P(T < t) < a. Avtbétwe, atnv eheyyoovvaptnoyn F epgpoaviletor to Te-
TOAYWYO TNG EXTLUNTOLOG 31. Axpaicg Betinég Tipég TNg TaparTnEoduEYNS TLUNS f
oL 0Ttoleg aVTLOTOLYOVY O axpaleg OeTixég N opyNTLXEG amoxAioELS TNG By a6 70 0
xo Bploxovton otn (SeELd) ovP& TS eAeyyooLVEETNONS F, 03yody ot ambppLdy
e Hy umép g evoloxtixng Hy : f1 # 0. Zny TePITTWOoT TNG EVUAANRXTIUNG
Hy : 81 <0, 0 éheyyog F' ey pumopel vo QopUOOTEL. O

Oépa 2. O xpdvog aviidpoong oc YLALOGTE TOL JELTEPOAETTOL WeTENOMXE YLo
TOlot SLOPOPETIXA CLATNUOTO. CLUVOYEQUWY oTOXYNTWY. OL petpnoelg divovton

OTOV TTOPOXATE TTLVOXOL:

Yvotipota Xovoyeppol | Xpévor Avtidpaong H Abpolop.ota ‘ Méool ‘

1 7 9 8 15 6 45 9
P 2% 18 20 16 25 105 21
3 21 20 22 30 17 110 29
| | 260  [17.3333 ]

o. OcwENoTe €var XUTAAANAO LOVTEAD OVAALOYG SLAOTIOPAS YL 0VTO TO TTPO-
BAnua. F'pddte T0 povtéro xal Tig vobéaoelg Tov ot pe Baon awTd eAEYETE

oc €.0.0. a = 0.05 av 0 xpdvog avtidpoomng Sta@Epet YLor TaL TPLO CLOTNUATO
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ovvayeppov. (Aivovtar SST = 743, SSE = 220.)

B. Ymohoyiote éva 95% OLEAOTNUO EUTILOTOGUYYS YLOL TN OLXPOPE GTOV YPOVO
ovtidpoong Tov JEVTEPOL XAL TOL TEITOL CLOTNUATOS CLYVOYEPUOV. Elvour

LT OTATLOTLXY] ONUAYTLXN;

Y. Miot ayTimpoowTelor aTOXIVATWY EYEL ETULAEEEL VO OUVEQPYOXOTEL OTTOXAEL-
OTIXA UE TNV ETAULPELX XATOUOKEVLYG TOL TPWTOL CLOTHUATOS GUVAYEQPUOV,
vrootnEllovtag OTL €xel ULXPOTEPO XPOVO avtidpaomng amd Tor GAA SO0 ov-
otiuata. Noa eheyybel oe €.0.0. a = 0.05 av LoyUeL 0 LOYLELOUOS TNG AVTL-

TPOOWTELOG.

Abon. o. 'Eotw Yj; 0 j-00T6¢ ¥0p6vog avtidpaomng Tov i-00T00 GUOTHUOTOG CUYVOL-
Yeopot yiow i = 1,2,3 xot j = 1,2,...,5. Téte, T0 povTEAO avdALGYG SLOTTOPAS

AT EVOLY TTOAYOVTO YOOPETOL WG
Y'Zj:uz+€lj:/’t+Tz+€Z]7 i:172737 j:1727"'757

6mov g;; ~ N(0,0?) aveEdptnra yioe i = 1,2,3 xou j = 1,2,...,5. @éhovpe vo

TOAYULOTOTIOLIOOVILE TOV EAEYYO TwY LTTOOETEWY:

Ho:p1 = po = pg vs.

Hy @i # pj oo xédrotan @ # j,

OTTOL L; 0 LETOG YPOVOS aVTISPOGYG TOL i-00TOD GLATNUATOS cLYAYEPUOV. ['vwpl-
Covpe 6t SST = SSF + SSE = SSF = SST — SSE = 523. EmumAéoy, N xatovouy] Tov
SE—ZE éxet n —m = 12 Babupodg eAevbepiog xar  xotavoun Tov %‘S—QF gxetm—1=2
Babp.ovg erevbepiog. Kataoxevdlovpe tov mivoxo avdAvorng SLaomTopds Tou Ho-

vTéAov:

Sum of Squares | d.f. | Mean Square Fa12 p-value

Factor SSF = 523 2 MSF = 261.5

f =14.2636 | 6.7391 - 10~*
Error SSE = 220 12 | MSE = 18.3333

Total SST = 743 14

Y6 v Hy @ p1 = po = ps, Yvwpillovpe 6t F = 1\1\%2 ~ F 12. Ymoloyilovue 6t
f = 14.2636 > 3.8853 = Fy120.05 %o p-value = P(F > f) = 6.7391 - 10~% < 0.05,
OTOTE aToPELTTOLUE TN UNndevixy] vtébeay GTL oL pEaol YPdvoL avTldPaaomg TwV

TOLOY CLOTNUATWY CLYAYEPUWY Ot dLopépovy ot e.0.0. @ = 0.05.

. BEAovpE VO XATOOXEVAGOVUE EVOL OLACTNULO ERLTILATOOVVYG (WY 0VEWY YLOL
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T SLoupopd s — 2. ‘Eotw Y 0 derypotinds péoog Twy ye0vwy avtidpoong Tov
i-00T00 GLGTHLATOS GLYOYEPOD. Ivwptlovue 6Tt Y; ~ N (m, %) oVeEAPTNTES
yioei = 1,2, 3. H Stowpopd Y3, — Yo, eivor pio xovovind xartovepnuévn oahepdAnmy
EXTLUNTOLA TNG OLOPOPAIG [13 — fio UE!

2
Var (Y3 —Y5) = Var (Y3,) 4 Var (Y,,) = 2% =

(73. - ?2.) — (u3 — p2)

2
0y\/5

Z:

~ N(0,1).

To S% = MSE eivow apepdAnmtn exTpitoto Tne Staomopds o2 pe Q = 1§§2 ~ X35

EmmAéov, 10 S? elvon aveEdptnto amd toug Serypotikodc péoouvg Yo, xor Y3,

omtHTE M TVYOLA LETUPANT @ elval aveEGPTNTN amtd Ty Z. ZUUTEQALVOLUE OTL:

T_ A _ (73. - ?2.) — (p3 — p2) (?3. - 72.) — (p3 — p2)

g ¢
D= = ~ t12.
Q 2 S 2
Vi3 o\/5 S\/3

Znrape otabepég 1, ca € R tétoteg, dote P(c; < T < ¢2) = 0.95. XZouyxexpipéva,

Lot TO SLACTNUO EULTILETOCVVYG LOWY 0LEWY YPNOLULOTIOLOVUE TLS OYECELG:
P(T < 01) =0.025 = P(T > Cl) =0.975 => c1 = t12;0.975 = —t12;0.025,
P(T > ¢3) = 0.025 = c2 = t12,0.025-
Emopévwe, To dtdotnuo epmlotoodvrg Lowy ovpwy divetot amd Tt oyéon:

(Vs —Ya) — (u3 — p2)

S\/3

—112,0.025 < < 112,0.025 <&

_ _ 2 — — 2
(Y3, —Yo) — t12,0.02 - 5\/; <z —p2 < (Vs —Ya) + tig0.025 - 5\/;

Tehxd, voroyiCovpe 6T logs (us — p2) = [—4.9003,6.9003]. E3¢d mapoatnpodue
6tL 0 € Ipogs (u3 — p2), OmOTE N JLAWOPE 3 — p2 OEY ELVOL GTOTLOTIXY ONUOVILYN

oe e.0.0. o = 0.05.
Y. Optlovpue To contrast:

to + 3 1 1
— T 5 T H1— k2 — S H3.

L:
H 2 2 2

OENovpE VO TTPOYUATOTIOLNGOVIE TOV EAeYY0 LTobéoewy Hy : L =0vs. Hy : L < 0.

H ototiotind ovvédptnon L =Y — %?g, — %?3‘ elvot Ylor XAYOVLXE XOTOVEUNUEVY



132 KE®AAAIO 4. AYZEIY OEMATQN EEETAXEQN

OUEPOANTITY EXTLUNTOLA TOL L pE:

J2

Var(L) = + +

2 2 3,2
7 =2 5z= ~ N(0,1) dmo v Hy : L = 0.
5 5 10 i
10

Ll
4

=

H Tuyaio petofint) Q sivor aveEdptnt ard Ty Z, omoTe:

po % _ L o L .
VE afh T sy
Baoetl tng mapatnpodpevng tiprg t, éxovpe 6t t = —5.3300 < —1.7823 = —t12,0.05
xou p-value = P(T < t) = 8.9673 - 107° < 0.05, omdTe AOPE{TTOLYE TN PNOEVLXT
vTébeom 6TL 0 UEoOg XPOVOG aVTLSPAGYG TOV TPWTOL CLOTAUATOS CLVAYEPULOD OE
OLOPEPEL OTTO OV TOY TWY GAAWY SVO0 LTEQ TNG EVAANOXTIXNG OTL E(VaL ULxPOTEPOG.
O

4.2 lodvwog 2016

Bépa 1. 'Eotw amoxprtind] petafAnt) Y mou dnAdvet tov putobé (oe yLAtddeg evpd)
oL AopfBavel évag epyaldpevog ae pio ovyxexpLpévn Béorn epyooiog 3LwTLXoL
TOUED, ETEENYNULOTLXY LETABANTA X oL eX@EAlEL ToL POV TTPODTIPEGLOS TOL
epyollopévou xot Z plo ditiun PeTafAnTy TToL dNAWYEL TNV TTOAN oTnv oTtola Bpi-
oxetor 1 é8po g emyeionong (0: moAn A, 1: wéAn B). Pcwphiote T0 YOUULXO
LOVTENO:

Y, =7v+8Z;X;+e;, i=12,...,n, (1)

OTTOL TO GPAAULATO €; ELVOLL AVEEAQTNTOL XAL XOVOVLYE XOTOUVEUNUEVO UE LECT TLUN

0 o &yvwoty Staomopd 2.

o. Tu exppalovy oL ouvteAeaTég v xot B o€ aLTO TO LOVTEAD; XYEOLAOTE EVa
onueldypoppo delypotog Levywdy (X;,Y;) mov o umopodoe vor ammoteAel év-
detEn 6t To povtédo (1) elval xoTEAANAO. TTO YOAPNLE VO QOLivOvTOL TO. 7,

B now n evbeio TaALVSPOUNOTG.

B. No Bpebovy ou extiuntoleg péyrotng mbavopdavetag 7, B\, 7% Ty Topoué-

TPWY 7, B, 02, %0BWC KoL Ol KUTOVOUES TOV EXTLUNTOLOY 7§ XKoL B Aiveton
Cov(B,Y) = 0.

Y. Noa Bpebeil diaotnua mpdéPAedng ocvvtedeo™ 1 — a YL Tov péoo uLabo epya-

Copévou otny TOAN B pe X ypdévior TpobTnpEsiag.
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J. Oswpolpe To TLO TAOVGLO YOOWULULXO LOVTEAO:
Yi=00+b1Zi+ e Xi+ B3ZiXi+ei, i=12,...,n (2)

Tu exppdalovy oL ouvteAeatég By, L1, P2, B3 0 OWTH TO LOVTEAO TTOAAATIAYG
YOOUULXNG TTOALYSPOUNoNG; ZE TL pLovadeg exppdllovtot; ‘Eva deiypo n = 30
TOPATNENCEWY EBWOE TLG TTOPOXATW EXTLUACELS Yot TO WLovTéro (2) (oTig
napeviéoetg divovtal T p-values Yo TOLG EAEYYOVG OTATLOTLXNG ONUAYTLXO-
TTag Twy Tepauétpwy): By = 1.32 (0.0001), B; = 0.12 (0.0013), By = 0.01
(0.0148) xou By = 0.01 (0.0532). Not gepunvedoeTe TG EXTLUNAOELS TWY TTOOOL-
uwétpwy. Elvor avtéc otatiotixd onuoviixég oc €.0.0. a = 0.05; [lod HBo
amodidate TN Stapopd ota p-values YL TOUG EAEYYOVG OTUTLOTIXNG ONUO-
VILXOTNTOG TWY TTOPOUETOWY [2 xol (3; [loto povtéro Oo Storéyate yiow avté

Tor OedopEva;

. Me Bdiomn t0 extiunuévo pLovtéro (2), va dobei éva 95% dréotnuo ERmLoTOo)-
NG Yioe Tov PLEao ULafd evog TPmTodLopLaToL YWwElg TPODTNPETLa oE VTNV
™ 0éom oty TOAN A xow oty oA B. (Aivovton S; = 0.0004, SE = 0.0001,

0 1

Sa)ﬁl = 0.0002.)

Avoy. o. Entatpépovtog oty mopdypaeo 2.13, dov culnthoape yiow ™ XMon

TIOLOTLXWY UETABANTWY OE LOVTEAX YOXUULXNG TTOALYSpouNnone, Bupduoaote ot

e oo Z =01 X =0, éxovpe E(Y) = ~, dNAad"| N TOPAUETPOS ¥ EXPEALEL TOV
ovoevopevo PLobo évic epyalopévov oty mOAn A aveEoptitwg TEOHTNEE-

olog N evig epyalopévou Ywpelc TpolTeesior aveEoPTTWS TOATS.

e oo Z=1xow X = Xo+1, éxovpe E(Y) =v+8Xo+8=8=EY)—-E(Y),
INAodN N ToEPAUETPOG B EXPEALEL TN SLAPOPE GTOY OVOUUEVOUEVO Labd evig

epyollopévou atny TOAN B yiow adEnom TpodTpeaiog xotd Evoy Ypovo.

2TO YP&PNUO TTOL QAiVETOL GTNY ETOUEVY OEALda, oL epyaldupevol tng ToAng A
elval oYedLOOPEVOL LE UTTAE YOWWOL, EVE oL epyolduevol TG TOANG B elvar oye-
JStoopévol pe P ypoouo. BAémoovpe 6t o putobiog evég epyoalopévov oty TOAn A
dev emnpealetol amd Ta YPOvLa. TPODTNPETLag Tov. Avtliétwg, o uLabog evig ep-
YoLouévouv oty TOAN B avEAVETOL YOOULULXA CUYRQETNOEL TNG TEODTTNPECLOS TOV.
EmumtAéoy, Sev vmapyet Stopopd atov pobd evdg epyalopévou ywpic TpodTnpeaio

ovapeoo oTlg dV0 TOAELGS.

H evbeio maAtvdpoéunong eivar oxedtaopévn pe xdxxivo yowpa. To onueio oto
0oTtoLo TEWVEL TNV xoToxOpLEY evbeio y = 0 elval N TOPAPETPOG ¥ XKoL N N EQOLTTTO-
WEYM NG Ywviog Tov oyxnuatiletl v evbeio pe tov optldvtio aEova eivot N ToAuE-

Tp0g [. Ilopdho Tov aTo TPWTO YP&PMUA, N evbeior ToALYSPoUNoNG de QalveTol
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Vo TTPOCOPUOLETOL XOAG 0T OESOUEVR, OYESLALOVTAG TO ONUELOYQOULUO TWY TTO-
patnonoewy (Z; - X;,Y;), To omoio @aivetal ato 3e¥tepo Ypdpnua, BAEmovpe Ot

OTNY TPEAYUATLXOTNTO EYEL TTOAD XOAY] TTOGHPULOYY| OTO SESOUEVAL.

L] L
s *y
5 A 2 -
z e
-
[ 2 o *
- /; - /;
- ',‘ - "
., *
o | : i a | : P
o s ™ s
L /. L] /.
e P
/. /.
." ,"
- ‘: M ° : -
’ s
2 .4 L .4
s e s e
;/'0 . ;". .
e e
o I'd
. /8 . /3
L= - /‘ [= /’
s 7
Ao A
- "' - ”‘
?/ * ?/ *
* * s
» 7, - . . . L] * . - . 7,
. . .
) A S * .o [T} .
= —,, . * s . . . * L * S _’
. . 0
L L
. : . i
T T T T T T T T T T
0 5 10 15 20 0 5 10 15 20
X Z-X

B. Gétovpe W; = Z;X; yra i = 1,2,...,n. Apod oL mopatnenoels Y; elvor
OVEEAPTNTEG, UTTOPOVUE EVXOAO YO DTTOAOYLOOLUE TN oLVEAPTNOY TLhavoaveLag

TwY GESOUEVLY G EEVS:

L (77/8702) - nyz (yi;775702)
=1
T ! (i — 7 — Bwi)’
— E — oXp {— 52 }

n

_n 1
= (2m0?) ? exp {—202 (yi —v— ﬁwi)Q} :

i=1
Aoyapibutlovpe ™ ovvaptnon TLhovopaveLag Yo Vo UTTOAOYLOOVLE TV CLVEPTNOY

AoyapLOpomibavopdaverog:

t(v,8,0%) =1log L (v,B,0?)
_nlog(2m) nlogo®
2
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Meytotomolodpe TpwTo We TPOG To dtavvape (v, 5):

_%Z( -7 /sz —Oizyz—n'}/‘i‘ﬂzwzé'y—y ,3’11)

= =1
%:?Zwi(yi_V_ﬂwi):OZ>ZwiyiZVZwi+6Zwi =
=1 =1 =1 =1
n n n n
Zwiyi :gzwi_ngwi‘i‘/gzwi? =
i=1 i=1 i=1 i=1

) Sa:w

> wiy; —ny- w—B(Zw —nw) B =
=1 =1

Yroroyilovpe tov Eootavéd mivaxo tng ouvdptnong U(v, 5) pe o° atabepd yio va

emoAnbedoovpe 6t To onuelo (7, B) elvor To LOVoSIXS OALXO UEYLOTO TNG

R n 0% I~ o, 0% 1 N
0?2 a2’ 932 o2 P 0y o? P ’
)
n w 1 w
1 2, Wi n
H(V?B) ) n Zﬁl T 32 |- 1 n 2
d Z; w; i:Z:l ’LUZ2 0" |w Ez; w;
n o 1 2
detH-( Zw —w > ::4<sz‘2_”102) :W>O
i=1
n 2 A*qptptoc 2
xow Hjp = —— <0, ¥(v,5) €R H oyt opLopévog.

Ag@od o Eootavég mivaxag g £(v, 5) lvor apyntixd optopévog, m £(7, 5) elvor

YVNoiwg %0lAn xow €xel povadixd oAxod LéyLoto o (7, 3). TN CLVEYELD, WEYLOTO-
Totobue ™ AoyopLipomiboavopdveio wg TEog o

=0=

\V)
~—
(V)

7

/N

<
N—
V)

gz (0707 =5+

=1

YmoAoyilovpe TN SeVTEPY TAEAYWYO TNG CLYAPTNOYG ¢ (fy, B, 02> w¢ TEog o2 Yo

vo emoAnfedoovpe 6t T0 G2 efvor onpelo peyiotov

P (35 = s

d(c2)?

N2
—511)1) =
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s i m s i) =5 G ) -

2
5 (57) =g <0

YroAoyilovtag Tor dpLa Tng ovvapnong L (ﬁ, E, 02> w¢ mpoc o2 ota 01 %o oo,

2

emaAnfedovpe 6Tl To 7° eivor onuelo oAxol peyioTou:

1im (3,5, )—(,;igloo(27r02)‘gexp{—zi2 'n (yz-—ﬁ—Bwi)Z}—o,

Jm 1(5002) 7= (2) e { =3 (=3 m) | -0

Tpo, LTTOAOYILOVUE TLE XATOVOUES TWY EXTLUNTOLOY 7 XOL Bz

E(B):(n—i)sgvz(wi_ww( :(n—152 Z ) (r+6Wi)

n

> (W~ W)y,

=1

Var

R 1 " — 1
Var (B) = Var WZ(VW—W)YZ ~ o1t

1

1 n _
ZWZVM (W = W) V] = (_WSéV;(Wi—WfVar(m

=1

0.2

o? —\2
~ (- 125}, Z W)= g,

E(F) =E(Y)-WE(B) =+ g7 - Wh =1,

Var (7) = 0% = Var (? - WE) = Var (V) + Var (WE) — 2Cov (?, WE)
2

— % + W Var <B\> — QWWO

o2 o2 9 (1 W2
_F+W(n—1)sgv_" E+(n—1)sgv '

O tuyaieg petafAntéc 7 xou B elvot yooputxol ocvvdvoaouol twy Y;. Emopévwe,

_ ,[1 W’ - 2
R e R =]
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Y. OEAOVUE VO XATOOKEVACOVUE SLATTNUO EUTILOTOOVYYG OCLUVTEAEDTY 1 — ¢ YLt
™ E(Yy) = v+ Xo. 'Eotw Yo = ~+ BXO. Tore,

E(Yo) = B (3 +8X0) = EG) + B (B) Xo =7 + BXo = E(Yo).

Cov (5.5) = Cov (¥ - 317, 3) = Cou(¥3)" ~ Weov (3.5)
(4 Wo?
= —WVar (B) = —m =
Var (%) = a%o = Var (ﬁ + BXO) = Var (7) + Var <§X0) + 2Cov (ﬁ, BXO)

= Var () + X§Var (B) + 2XoCov (3, 3)

9|1 W X2o? 2XoWo?
n  (n—1)8% (n—1)S%, (n—1)S3
1 (Xo—W)?
— 42|
-7 [n * (n—1)S% |

EmmAéoy, yvwpilovpe 6t t0 Yy elval ypopptxdg cuvSLooROS Twy 4 xot 5, To

omoia elvar ypaputxol cuvdvaopol Twy Y;. ETopévwe,

%NN(’y—i-ﬁXo,aQ [:ﬁ (XO_W)QD Z:wwN(O,l).

(n— 1)55‘/ oy,

Téhog, yvwptlovpe ot

(n—2)8° 2 , 5  no* 1 a2
Q= — ~ Xo_9, Omov S =7n_2:n_2Z<Yi—’Y—ﬁWi> .

E@doov 1 toyaio petoBAnt] S? eivow aveEdptnm o to (7, B) Oo elvor aveEdp-
T %o o6 To Y. Soumepaivovpe 6Tl 1 toyoio ueTaAnTH Z eivor aveEdpTT

oo ™y Q, OTOTE:

=——— 2 ~ty_9, OmOUL:

1 (Xo—W)?
§2 =62 |- =
= 1>S%V}
Zmrope otobepég cp, co € R tétoteg, hote P(cp < T < ¢2) = 1 — . BoyxexpLpéva,
Lo TO SLEAOTNUA EUTILETOGVVYS (OWY 0VEWY XPNOLULOTIOLODUE TLG OYETELS:

« (07
P(T< Cl) = 5 :>P(T > Cl) =1- E = C1 :tn—Q;l—% = —1,_ 9.2

757

P(T > ¢9) = % = =1p_9.a.
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Emopévwg, to Stdotnuo epmiotoodvng (owy ovpwy divetol amd Tt oyéon:

Yo — E(Y, ~
o < L S~( 0) See - Sy <EY)-Yo<—a-Sp <

Y

% - tn—2;% : Sffo < E(YE)) < % + tn—2;% ’ S?o'

TeAwxd, Taipvovpe 6t 11—, (E(Y))) = [170 — lp—g2 - 5370,370 +tn_29 - S%}.

d. Emiotpépovtog oAl oty mtopdypapo 2.13, Bupduaate 6t

e oo Z = X =0, égovpe E(Y) = [y, OnAadn N Tapdetpos [y ex@edlet

Tov avopevopevo pwLabd eviég epyolopévou ywplic mEoDTMEesio oty TOAY
A. Metpiéton oe yLAadeg evpwd. H extiunon 30 = 1.32 ex@opalel ot évog
epYolbpevog ywplc TpodTneaio atny TOAN A Aapfavel xatd péao 6po uLabho
1320<.

No Zp = Xo =X =0 xow Z =1, éqovpe f1 = E(Y) — E(Yp), dnhadn 1
TOEAUETPOG 1 EXPEALEL TN SLOPOPA GTOY OVOUEVOUEVO LGB ywplg TPoD-
Tnpeoio petaEd evig pyalouévon otny TOAN B xow evig epyalouévon oty
oA A. MetpLéton oe yLAddeg evpwd. H extipnon Bl = 0.12 exppaleL 6T
évog epyaldpevog xwplc mpodTpesio oty TOAN B Aapfavel xatd pwéco
6p0 120€ mopamdvw uLobé amd évay epyaldpevo ywpls TpodTpesiar oTny
TOAN A, dnAad" cuvoAxd 1440€.

Mo Zg=27Z =0xow X = Xo+ 1, éxovpe B2 = E(Y) — E(Y)), dn\adh N Topd-
UETPOG [Bo exEdletl ™ LETOBOAN 0TOV avopevopevo pLobd evdg epyolouévou
oty TOAN A yio adEnom tng TpodTnEesiog xotéd €vay ypovo. MetpLétal oc
LALASES VP ava YPdvo TpoLTtpeoiag. H extiunon 32 = 0.01 exppaleL 6T
0 wobog evog epyalopévou oty TOAN A avEdvetal xotd LEdo 6po xatd 10€

Yioe x&be eTLTAEOY XPOVO TTPODTNPESLOG.

Mo Zp=21=0,Zy=7Z3=1, X1 = Xg+ 1 xow X3 = X5+ 1, éxovye:
52 = E(Yl) — E(Yb) KOL ,32 + ﬁ3 = E(Yg) — E(Yg) =

fz = [E(Y3) — E(Y2)] — [E(Y1) — E(Yo)],

ONAadN N TOPEAUETPOG P3 eXPEALEL TN SLa@opd oTn UETABOAN TOL aVOUE-
vopevou probod yoo adEnon mpobTnpesiog xatd €vay XEPOVo UETOED €vOg
epyoalouévov oty mOAN B xow evdg gpyolopévov otny moAn A. Metptéton
og YLALASEG ELPW ava XEPOVo TpobTNpeoiag. H extiunon 33 = 0.01 exppalet
0Tt 0 pLafog evog epyalopévov atny TOAN B avEAVETOL XOTA LEGO GPO XOTA

10€ mopamavew amd Tov pobd evog epyalopévov otny TOAN A yia xébe emt-
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TIAE0VY YPOVO TPODTINEESLOG. ANAadn, CLVOALXE aVEAVETOL xoTé 20€ Yo xAbe

ETUTTAEOY Y POVO TTPOLTNPESLOG.

To p-value Tov EAEYYOL OTATLOTIXNG ONUOVTIXOTNTAG TNG TOEOUETOOL (3 elval
UEYOADTEPO atd TOo €.0.0. o = 0.05, 0TOTE N TOPAPETPOG B3 BEY EVOL OTATLOTIXA
ONUOVTLXY, EVE OAOL OL DTTOAOLTIOL CUVTEAEGTEG TTALYVSPOUNOYG TOV TTLO TTAOVGLOL

YOOUULXOD LOVTEAOL ELVOL OTUTLOTIXE ONULOVTILXOL.

[Mopatnpodue dtL, eved Loydel 32 = 53 = 0.01, dNAadY] OL EXTLPNOELS TWY TTO-
PAUETOWY B2 xoL B3 LOATEXOLY aTtd TO 0, OL EAEYYOL OTATLOTLXYG ONUAVTLXOTNTOG
TV TOPOUETOWY [F2 %ol 3 ESWOOY PXETA OLoPOoPeTIXE p-values. Quuduoote 4L
" skeyxoouvéipmon TOL EAEYYOU GTOTLOTLXNG ONUOVTLXOTNTOG TNG TOPOUETOOL [3;

1 ~ ~ ~ ~ ~
G141 Y = Bo + p14; + B2 X; + B3Z; X;,

eivow T = &, 670V S% =52 (XTX)
Bj J

1 Z1 X1 Zle ]

30
. 2 | Zo X ZoX |
=3 (V) we x=| T T T e

1 Zso Xso Z30X30)

Emopévwe, 600 peyohdtepo eivol To TUTLXO GQAALO ng NG EXTLUNTOLOG Bj 1600
O XOVTA ELVOL N TOEUTNEOVWUEYN TLUY TNG EAEYYooLYAPTNoNS 1T oto 0, dnAadY
TG0 TLo SVGKOAX ATTOPELTTTOVIE TN UNdEVLX bTObeam 6TL N TTaPdeTPOG 3 dev &t~
VOL OTATLOTLXG ONULOVTLXY. LT CUYXEXQLUEYT TIEPLTTTWOY OTTOV By = Bs, OLUTIEQOL-
youue OTL 1 SLopopd atar p-values Twy SV0 EAEY YWY OTATLOTIXNG ONUOVTIXOTNTOG

OQelAETOL OTO YEYOVHG OTL SEQ < SBS.

E@oapudlovtog m backward péfodo emihoyg emeEnynuortindy petofAntey, Ho
OUPALPOVOAUE ATTO TO YOOUWULXO LOVTEAO TOV OLVTEAEOTY] TOALVOPOUNONG KE TO
ueyoAdtepo p-value > 0.05 6T0UG EAEYYOVG OTATLOTIXNG ONUAYTLXOTNTOGS, ONACSY]

TOV OUVTEAEOTY] [3. XTN OLVEYELX, Dot EXTLLODOAUE TO VEO LOVTEAO:
Yi=00+ p1Zi+ PeXi+e, 1=12,...,30.

Ay to p-values Twv eEAEYYWY OTATLOTIXNG ONUAVTIXOTNTOG TWY TOEAUETOWY 1, [2
OTO VEO HOVTEAO TPOEXLTITAY OAo ULxpdTtepa amd a = 0.05, téte Oa emAéyoue

oVTO TO LOVTEAD WG XATAAANAGTEQO YLo Vo TTEQLYPAUPEL Tor OESOUEVQL.
€. ZOUQWYA UE TO TTPONYOVIUEVO EQWTNUA, O LECOG ULabidg evdg TPwTOSLOPLGTOL
XWPLg TPOLTMPETLO oE VTNV TN B€om oTNY TTOAN A eExEAleTOL OTTO TNV TTOPALETPO

Bo. Emopévwe, B€hovpe var xataeoxeLEooLUE €Var DLATTNULO ELTILOTOCVVYS YLOL TNV
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. , (D 2 . 2 2 (vTy) L
TopdeTEo Po. I'vwpilovpe ot 3 ~ N (5]‘,0'@), 6o 05 =0 (X X)j+1,j+1 =
Bo — Bo 2652
Z=———~N(0,1), xau Q= 2 ~ X36-

%Bo

To S? eivow aveEdptnto omd To (Bo, B, B, Bg) omdte M @ elvor aveEdpTnTn OTTo

T0 B(]. Emopévwg, n Q eivar aveEdptntn amd ™ Z. Zuumepaivovue oTL:

7 2 :go—ﬁo'gzgo—ﬂo

~ to6.
JE o % 5 %

Zytépe otabepés 1, co € R tétoteg, bote Py < T < ¢2) = 0.95. ZouyxexpLpéva,

YL TO SLAOTNUO EUTILOTOOVYNG [OWY OVEWY XENOLULOTIOLOVUE TLG OYETELS:
P(T < ¢1) =0.025 = P(T > c¢1) = 0.975 = ¢1 = t26,0.975 = —126:0.025,

P(T > ¢3) = 0.025 = c2 = 126,0.025-

Emopévwg, to Staotnuo epmiotoodvng (owy ovpwy divetal amd 0 oyéon:

Bo — Bo <

c1 < < 2 & Bo — t26:0.025 - S5, < Po < Po + ta60.025 - S,

58,
TeAwxd, Toaipvovpe dtt Iyos (5y) = [1.2789,1.3611].

Avtibétwg, o péoog Lobiog evog TPwTodLOPLaTOL YWELG TPOLTNPETLO O QL TNV
™ 0€om oty TOAN B expdletor amd To abpotoua Sy + B1. Emopévwe, OEAovpe va

XOTAOUEVATOVUE EVOL FLAGTNLOL EPLTILOTOCVVYS YLow TO g + [1. YToAoyilovpe Ot

0%O+Bl = Var (Bo + Bl> = Var (Bo) + Var <§1> + 2Cov (Bo, Bl> =

(Bo + B1) — (Bo — B1) N

0-304-51

Z= (0,1).

To S? eivon aveEdptnro amd To (30, Bl, 32, 33), omote M Q elvar aveEdptnTn amd

T0 (30,51). Emopévwg, n Q eivar aveEaptnt amd ™y Z. Zouurepaivovue 4t

r- 2 _ (Bo + B1) — (Bo — Br) o _ (Bo + B1) — (Bo — Br) ;
= = 5 = ~ tag,
\/g O-BOJFBI S S30+31

4 2 Q2 2 A o 2 4y . S8? 2
610V Sﬁo+§1 = Sﬁo + 551 + 255 5 %o Sp 5 = Cov(fo, B1) - 2z. Emopévwg, o
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SLAOTNUA EUTILOTOCVVYG [0wY 0VPWY dlveTal amd TN oxéon:

(Bo + B1) — (Bo — B1)

—126;0.025 < o < 26,0.025 <
Bo+PB1

(Bo + B1) — ta6;0.025 - 55,45, < Po+ A1 < (Bo + B1) + t26:0.025 - 55, 4 3,
Tehxa, maipvoope 6t Iy gs (Bo + 51) = [1.3783,1.5017]. O

Oépa 2. XToV TOEOXATL TTLvaxo SivovToL oL UETPNOELS TNG TTOCOTNTOG Wi PAae-
PG 0LGLOG OTNY ATLOCPOLEO ULOG TTEPLOYNG TOL XEVTPOUL ATO JELYULOTH OEPAL TTOV
MeOnxay oc 3 dtopopetixd emtiteda vépwong (tapdyovtag A) ot 4 SLopopeTLnd
entimedo Oppoxpoaoiog (tapdyovtag B). Ta eninedo twv 300 mapoydvtwy €xouy

™) JLATOEN YoNnAd TTPOg LPNAS.

Oeppoxpaacio
Eminedo 1 2 3 4 Abporopo | Méaog
1 8 9 10 12 39 9.75
Népwon 2 12 13 11 13 49 12.25
3 16 15 14 16 61 15.25
Abpotop.o || 36 37 35 41 149
Méaoog 12 12.3333 11.6667 13.6667 12.4167

o. No eheyybel oe €.0.0. @ = 0.05 av 1 péon moodtnTa NG oLOLOG JLAPEPEL
YL toe 3 emimeda vEpwong, xabwg xow yio Tor 4 eminedo Oepuoxpooiog.
[oto povtého ANOVA Oewpeite xotdAAnAo yLow awtd tor dedopéva; (Alvovron
SST = 129, SSA = 100.5, SSB = 27.)

B. Na xataoxevaotel éva 95% OLdoTnuor ELTLOTOCOVYG YLa TN OLOWYOPE OTN
péomn moodTTa ovoiog 0to TETePTO (TTOAD LYMAR) %o 6T0 TPWTO (TTOAD Yor-
unAf) eninedo Oeppoxpooiog. Eivar otatiotind onpovtind 1 dtopopd; Top-
(PWVEL TO CLUTEQOOWULEG OUG LE TO ATTOTEAEGLOL TOL EAEYYOL GTO TTPONYOVLEVO
epwTNo; Tlota 1 Stoupopd Tov EAEYYOL ALTOV ATTO TOV EAEYYO OTO TTEOVYOV-

ULEVO EQWTNUY;

Y. O mepLBarroviordyol toyvpilovtol 4Tl 1 PREaN TooHTTA ovolag aTo LYTN-
AOTEPO eTITEDO VEQPWONG LTEPPALVEL VTN TWY GAAWY 300 eTLTESWY. XEN-
OLUOTIOLWVTOG TOV XUTAANAO €AeYy0 LTTOOEoewY vor eAEYEETE av LoyVeL O

LoYLELOUOG TWY TEPLBOANOVTOAGYWY ot €.0.0. o = 0.05.

Abon. o. 'Eotw Y; n mocdtnta tng ovotog 6T0 i-00Td £TUTESO VEQPWOYNG XL GTO

j-007t6 emimedo Ogppoxpaociosg yio ¢ = 1,2,3 xot j = 1,2,3,4. Téte, T0 pLovtéro
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OVEALOYG SLOOTTOPAG XATA V0 TTOPAYOVTES YORPETUL WG:

6mov g;; ~ N(0,0?) aveEdptnra yroo i = 1,2,3 xaw j = 1,2,3,4. Oérovpe vo

TOAYULOTOTIOLIOOVILE TOVG EAEYYOVG TWVY LTOOETEWY:

Ho:a1:a2:a3:OVs.

Hi :a; # 0 yio xémowo @ € {1,2,3},

Hy:py=P2=03=04=0vs.
Hi : B; # 0 yia xamowo j € {1,2,3,4}.

I'vwpilovpe 6L SST = SSA+SSB+SSE = SSE = SST—-SSA—-SSB = 1.5. H xatavoun

oL Sj—ﬁ éxet m — 1 = 2 Babpodg eAevbepiog, n xatavoun Tov SUS—QB éxer £ —1=3

Babpolg ehevbepiog xar N xotavouy] Tov SE—QE éxet (m —1)(¢ — 1) = 6 Babuodg

ehevbeplag. Kataoxevdlovpe tov mivoxa avéALong SLAGTOPAS TOV [LOVTEAOL:

Sum of Squares | d.f. | Mean Square F p-value
Népwon SSA = 100.5 2 | MSA =50.25 | f4 =201 | 3.1803 - 106
Oeppoxpaocio SSB = 27 3 MSB =9 fB =236 |3.1256-1074
Error SSE =1.5 6 MSE = 0.25
Total SST = 129 11

Y6 ™y Hyp : a1 = ag = az = 0, yvwptlovpe 0tL Fiy = 1\1\/4[721]3 ~ Fy 6. Ytohoyilovpue
6Tt fa =201 > 5.1433 = Fy 6,005 xow p-value = P(Fq > fa) = 3.1803 - 107¢ < 0.05,
omdte amoppimTovpe TN Undevixn vrdbeon 6Tl M Yéon TOoHTNTA oLGLOG oT 3

enimteda vEQwang Oe dtapépel oe €.0.0. a = 0.05.

Y16 v Hy : 3; = 0 yrax xdbe j, yvwpilovpe 6t Fp = % ~ F3 6. Ytohoyilovpe
ot fp =36 > 4.7571 = F376;0_05 nol p—value = P(FB > fB) =3.1256-107% < 0.05,
omtdTe amopplTTovpEe TN Undevixn vTtdbeon 6Tl N péomn TooHTNTA ovalog oTo 4

enimeda Ogppoxpaciog de dtapépel oc €.0.0. a = 0.05.

YUUTEPALYOVE OTL 1] GUVELGPOPE XOL TWY V0 TOPOYOVTWY GTNY TEOPAEPT NG
UEDMNE TOCOTNTOG 0LOLOG ELVaL GTATLOTIXE onuovTixy. EmimAéoy, dev pmopodue vo
eAéyEovpe Yo mbhovn OmapEn aAANAeTtiSpaong LETRED TwY TopaydyTwy, 0pov
EYOVLUE LOVO piot TaPaTNENOoN Yio ®x&be ouVSLOOUS ETULTES WY TOLG. ETopévemg, To

LOVTEANO aVEALOTG SLOOTTIOPAS XOTA SV0 TTAPAYOVTES YWELG dAAMAETiSpoon ivor
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TO XUTAAANAGTEQO YLo Vo TTEQLYPAUPEL Tar dEDOUEVAL.

B. OEAovUE YO XOTAOKEVAGOVUE EVOL OLACTNUO EUTILGTOOVYYS {GWY OLEWY YLOL
™ dLapopdt pia — 1. 'Eotw Y o Serypotindg péoog tng moolTog ouoiag 6To
j-0076 enimedo Beppoxpaciog. M'vwpifovpe 6 Y ; ~ N (;L_j, %2) OVEEAPTNTES YLOL
j=1,234. H dtopopd Y 4 — Y 1 elvor piow xovovixd xotavepunuévn opepdAnmy
EXTLUATOL TNG SLOPOPGG g — [L.1 PLE:

2
Var (Y 4 —Y 1) = Var (Y 4) + Var (Y1) = 2% =

g (Ya—Y) _2(M.4 —h1) N(0,1).
943

To S2 = MSE eivot apepbAnmey extiuitole e dtaomopée o pe Q = 555 ~ 2.

o2

EmmAéov, 10 S? elvon aveEdptnto amd toug Serypotivode péoovg Y 4 xow Y g,

omtdTe M TVYaLa LETUPANT @ elval aveEGPTNT™N amtd Ty Z. Zuumepaivovue Ot

r_ % _ (Ya-Ya)—(pa—p1) o  (Ya—Ya)— (pa—pa)

g
Q 2 S 2
® o\/ 3 Sy/3

~ tg.

Zmépe otabepéc c1,co € R tétoteg, wote Plc; < T < c2) = 0.95. ZouyxexpLuéva,

Lot TO SLACTNUO EULTILETOCVVYG LOWY 0LEWY XPNOLULOTIOLOVUE TLS OYETELG:
P(T < ¢1) =0.025 = P(T > ¢1) = 0.975 = ¢1 = t6,0.975 = —t6:0.025,
P(T > ¢3) = 0.025 = c2 = t6.0.025-
Emopévwe, to dtdotnuo epmLotoodvrg Lowy ovpwy divetot amd Tt oyéon:

(Ya—Ya)— (pa—p1)

S\/3

—16;0.025 < < 16,0.025 <

(Ya—Y1)—teo.025 S\/g Spa—p1 < (Ya—Y1)+te002 5\/2-
TeAxd, voroyilovpe 6t Lygs (pa — 1) = [0.6677,2.6656]. ESw Topotnpodue ot
0 ¢ Inos (ft.a — pr.1), OTTOTE N SLOPOPAL [1.4 — f1.1 ELVOL OTATLOTLXY] ONUAYTLXY] OE €.0.0.
a = 0.05. To amotéAcopuo avTd CUUPWYEL UE TO ATTOTEASOUO TOV TTPWTOL EQWTN-
UOTOG, TO OTTOL0 LTTOGTNELLE OTL LTTAPYEL TOVAGYLOTOY Uldt OTATLOTIXE ONULOVTLXY
SLOPOPA OTLG LETEG TTOGHTNTES OLOLWY AVAUECH OTO OLAPOPETLXE emtimeda Oepp.o-
%XPAGLOG. XTO TTPONYOOUEVO EQWTNULOL ELYOLE TTOOYLOTOTIOLNOEL TAVTOYPOVO EAEYYO
OTOTLOTLXNG ONUAVTIXOTNTOG YLO OAES TLG OLUPOPES TWY UECWY TTOCOTNTWY OLGLOG

oto StopopeTixd entimeda Heppoxpaociog, evw €3¢ eAéyEape povo pior ovyxexpt-
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UEVY SLoPopd ol oV TEG.
Y. Optlovpue o contrast:

. . 1 1

= M3, — FH1. — FH2.-

L =
Ha 2 2 2

OENovUE VO TTPOYUOTOTIOLNGOVUE TOV EAEYYO0 LTobEoewy Hy : L =0vs. Hy : L > 0.

‘Eotw Y, 0 delypotixdc néooc Tng TooOTNTOC OLGLOC GTO i-00TO ETITEDO VEQW-

ong. Nvwpilovpe 6Tt YV, ~ N (ui,, %) aveEdptnreg Yo ¢ = 1,2,3. H otatiotixn
~ -

ovvdptnon L =Y3 — 5V — %?g, elvot pioe XaVovLrRa XOTOVEUNULEYT OUEQOANTTTY

EXTLUATOL TOL L pe:

0.2

4

o2 302 L

* 1T T

ISEE

Var(L) = ~ N(0,1) b0 v Hp : L = 0.

e
]

3
04/ 8

To S? etvow aveEdptnTo amd Toug deryprotinols péooug Y., OmoTE N TuYaLoL UETO-
BAN™ Q elvan aveEdptnt amd ™y Z. Emopévwg,

-~

L
~t

S\/3

6-

w9

Z L
T = = .
3
Ve ot
Bdoer tng mapatnpoduevng Ttiung ¢, €xovue ot t = 13.8804 > 2.4469 = t6.0.05
xou p-value = P(T > t) = 4.3539 - 10-% < 0.05, omdte amoppintovpe T pndevixt
vTtdbeom 6TL M L€ TOGHTNTA OLALAG GTO LYNAGTEPO ETUTIESO VEQPWONG O SLaPEPEL

T AVTN TWY GAAWY dV0 ETUTESWY LTEP TNG EVOUAAXXTLXYG OTL TNy LTePPaivetl. [

4.3 XemtepPorog 2014

Oépa 1. 'Eotw @Q; to eAinvixd AEII xow K; T0 xe@BGA0LO XaTA TN XE0VLX TtEPLoS0
t. Oswpnote T0 WOVTEAO @ = Ktﬁleﬂﬁst vt = 1,2,...,T, 6mov ta g elvan
OVEEAQTNTOL KOL XOVOVLXE XOTOVEUNUEVO HE KLEON TN 0 %o AYvwoTn SLaoTopd

o2.

o. Na Bpeite Tig exTipunTpLeg peéyLotg TLhovopdvelog Bo. Br. 52 Twv TTOOOULE -

1wV Bo, 1, 02 %o Vo eEETAOETE oy L TEC Efvo auePOANTTTEC.
B. No Bpeite v xatavouy] Twv Py, 51 xow TN GLYILOXVLOYGT] TOVG.

Y. Na amodeiEete 61t to xpLtipLto F yrow Tov éAeyyo g Hp : 1 = 0 évavtt g
Hy : By # 0 oxorovBel xatavoun Fir—o. ot 1 oxéon tov xpttmplov F pe

TOV EAEYYO OTUTLOTIXNG ONUOAVTLXOTNTOS YLO TNV TOUEAUETOO [1;

0. 'Eotw 6Tt éva delypo T = 25 TopaTnENoEw®Y XENOLLOTOMMONXKE YLoL Vo EXTL-
unbel to povtédo xar €dwoe Bo = 1.80, B = 0.95, S; = 0.06, S; = 0.05
0 1
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%o Sﬁ B —0.04. Iota elva M epunvela Twy TaEAUETPWY [y xor [1; Eivo
OUTEG OTOTLOTIXE ONUAVTLXEG O €.0.0. o = 0.05; MTopel o p-value yia Tov

éheyyo F oc awtd o delypo vo lvae 0.13 o yroett;

e. Na yiver o éheyyog g Hp : So = 1.6 évavtt tng evolhoxtixng Hy : By > 1.6

oc e.0.0. a = 0.05.

oT. Na yivel o éheyyog g Ho : fo + B1 = 3 évavte g Hy : fo + f1 < 3 o €.0.0.
a = 0.05.

Avon. a. AoyaplBuilovpe T0 TOAMATAAGLOGTIXG LOVTENO YLOL VO TO (PEPOVUE GTT

LOP®PY] EVOG KOYOVLXOU ATTAOD YOOUULXOD LOVTEAOL:

logQ: = Brlog Ky +8g +e¢ = Yy = Bo+ 1 Xy +&¢, t=1,2,...,T.
Y; X
t t

["at Tov LTTOAOYLOUS TWY EXTLUNTELWY UEYLOTNS TLhavopdveLag xot Ty apepoAnPio
Ty exTunTELdy Bo xan By PAéme Béuo 1, Todvioc 2016 (oeridor 132). Syetixd pe
NV exTpATEL 02, Yvwpilovpe 6t

(T —2)S*  To?

Q _ (T B 2)02 2
- 52 2

T <07,

5~ Xi2 = BQ) =T-2=E(3°) =

IMad1 o 52 dev eivor aPePOINTTN EXTLUATOL TN SLUGTIOPAS o2,

B. o ™y xatovop] Ty exTiunTELdyY Bo, 1 ®oL T cLYILEXVLOYOT TOUG PAETE

Bépa 1, Tovviog 2016 (oeAida 132). TlpémeL emimA0v Vo xEvoLUE ToV EENS LTTOAO-
YLouo:

T
SZ X) Y, ZYt

t=

1
= - Cov [

Cov (31,7) = Cov

T

T(T > (X —Y)Yt,ZYt
t=1 t=1

= T(—1)S§(;COV (X — X) V3, Y]

v. BAéme 0épa 1, TemtépBorog 2017 (oeAido 125).
d. Ou ovvteAeotég TaALVSPOUNOG By xoL B1 €xovy Tig eENg epunvelec:

o T K; = 1, éyovpe Qp = e? = ¢80 ~ 6.0496, Snhadh n wEOBAeTSpE L]
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Tou eAAvxoV AEIT yio xe@dhoto (oo pe ™ povada elvar mepimouv lon pe
6.0496.

e oo K; = Ko+ 1—(1)0K0 = 1.01K), €yovye:

. o 2 5 2 ~ <095 ~
Q¢ = (1.01K;)71 e = 1.01%9 K/ e ~1.0095 - Qo = Qo + To0 o

ONAadN yLow abENGM TOL XEPOAXLOL XaT& 1% To eAAvixd AEIL O ovEnbel

miepimov xatd 0.95%.

Y6 ™y Hy : 5; = 0, yvwpilovpe ot

B; 2352
Zi = bi N(0,1) xou Q= =%~ X33, Omouv:
9B, g
2562 1 & SN2
% = == > (vi-B-Bixi)
23 B

E@boov 1 toyoio petofBAnts S? eivor aveE&ptnn amd BZ-, OLUTEQALIVOLUE OTL 7

Q elvor aveEgptnn omd Ty Z. ETopévec,

~

Z B\z g Bi 2 2 52
T, = = — = = —— ~ a3, OOV S% = 0% - —;.
’ Q og S SE' 2, OT 5~ %B o?

23

YmoAoyilovpe Tig TOEATNEOVUEVES TLUES [to| = 7.3485 > 2.0687 = t23.0.025 O
|t1] = 4.2485 > 2.0687 = t23.0.025 TwY €Aeyyoovvoptoewy Ty xot 17 avtiotolya,
OTTOTE Ol TOPAUETEOL By xo 1 Elval oTOTLOTIXA ONUOVTIXEG oE €.0.0. o = (.05.
I'vwpilovue 6t to p-value Tov eAéyyov F tavtiletor pe to p-value Tov eAéyyov
OTOTLOTIXYG ONUOVIIXOTYTOS TNG TOPOUUETPOL (1. E@doov n mopdpetpog [ el-
VoL OTOTLOTLXG onpavTixy o €.0.0. « = 0.05, ovumepaivovue 4Tt T0 p-value Tov
EAEYYOV OTATLOTIXNG ONULOVTLXOTNTAS NG elvot pixpdtepo amd a = 0.05, omdte T0O

p-value tov eAéyyov F 3¢ Ba pmopodoe va eivor 0.13.

e. I'mé v Hp : By = 1.6, yvwpilovpe 6L

Bo
Béoer g mapatnpoduevng ttung t g eAeyyoouvvaptnong 1, vmoioyilovue Ot
t = 0.8165 < 1.7139 = t23.0.05 %0u p—value(>) = P(T > t) = 0.2113 > 0.05, omdte
dev amoppimTovpe Ty Hy oc €.0.0. o = 0.05 LTTEP TNG LOVOTTASLENG EVOANXKTLXNG
H : By > 1.6.
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oT. Y6 v Hy : By + B1 = 3, voAroyilovpe ot

U%oJrBl = Var (B() + Bl> = Var (Bo) + Var (Bl> + 2Cov (Bo, 31) =

:MN

UBO +B1

A N(0,1).

To S? etvow aveEdptnro amd to (B, f1), ométe N Q eivow aveEdptnn omd y Z.

ZUUTEQPALVOLUE OTL:

Z :30+31—3'g_30+31—3

T = = ~ ta3,
% 030-&-31 5 SB()+,§1
Z o i~ 2 Z
6oL S%o+§1 = S%O + S%l + 255 5, now S5 5 = Cov(Bo, £1) - % Béoer g ma-

0,81
= —1.4434 > —1.7139 = —t23;0.05 xol
p-valuel®) = P(T < t) = 0.0812 > 0.05, ométe Sev amoppintovue ™y Hy ot £.0.0.

POTNEOVEVYS TG t, LTTOAOYIlovUE OTL t

a = 0.05 vTép ™G LOVOTTAELEYG evolhaxTixng Hy : By + f1 < 3. O

Oépa 2. Etov TopoxdTw Tivoxo dlVovTol LETPNOELS TNG TEPLEXTIXOTNTOS BoxTy-
pdiwy oc 3 mopaiicg g Attindc (mopdyovtag A) yioo Tig 4 emoyég Tov €Toug

(opdryovtag B).

Emoyn
Erinedo 1 2 3 4 || ABpolopata | Méool
1 8§ 4 10 18 40 10
Mopoio 2 10 6 12 22 50 12.5
3 12 8 14 26 60 15
Abpolopata || 30 18 36 66 150
Méaoor 10 6 12 22 12.5

o. No eheyybel oe e.0.0. a = 0.05 xotd THo0 N pé€on TMEPLEXTIXOTNTA PBaxTy-

pLdiwy dtopépet yLow Tig 3 Topakieg xat Tig 4 emoyég Touv ypovou. (Aivovton
SST = 473, SSB = 417.)

B. Na xataoxevaotel éva 95% OLdotnuor ELTLOTOCVVNG YLat TN OLOQPOPE TN

néom meplexTxdTTe Boxtnetdiny g deltepng emoyfg (YELpdvog) %o g

TétopTNg emoyfic (xahoxaipt). T ovprepdopato Bydlets;

Y. XENOUWLOTOLWOYTOG TOY XATEAAANAO €Aey)0 LTTOBETEWY var eEAEYEETE ay 1 péom

TEPLEXTIXOTNTA BoxTNELdlwy elval UixpdTeEEN YLOL TY TEWTY TOPOALOL OE GV~

Y®pLoM LE TG GAAeg dV0 ot e.0.0. a = (0.05.
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Abon. a.’Eotw Yj; n meptextixdmro Boxtnotdiwy oty i-00T] TopaAla Ty j-00TH
emoyn ytoe i = 1,2,3 xot j = 1,2, 3,4. Tote, T0 LOVTEAO avAAVOTG SLAGTIOPAS KOTE

O0V0 TAPAYOVTES YOAPETOL WG:

6mov g;; ~ N(0,0%) aveEdoptnro yroe i = 1,2,3 xow j = 1,2,3,4. Oéhovpe va

TOAY UL TOTIOLIOOVILE TOVG EAEYYOVG TWV LTOHECEWY:

Hy:a1 =a9=a3 =0 vs.

Hi : i # 0 yo xémoro @ € {1,2,3},

Hoy:p1=p2=p03=p1=0vs.
Hi : B; # 0 yix xamowo j € {1,2,3,4}.

3 _
YrohoyiCovpe 6t SSA =43 (V. — Y")2 = 50 %o SSE = SST — SSA —SSB = 6. H
i=1

XOTOYOWLY] TOV Sj—ﬁ éxet m—1 = 2 Babuovg eAevbepiog xat N xatavoun Tov SS—QB €xeL
¢ —1 =3 Babpodg ehevbepiog, 0TdHTE CUUTEPALVOVILE OTL 1] XATAVOWY] TOV SUS—QE gxeL

(m—1)(¢ — 1) = 6 Babpolg eAevbepiog. Kataoxevdlovpe tov Ttivoxo ovaAvarg

JLAOTIOPAG TOV LOYTEAOL:

Sum of Squares | d.f. | Mean Square F p-value
[MapoAio SSA = 50 2 MSA = 25 fa=25 0.0012
Emoyn SSB = 417 3 MSB =139 | fp =139 | 6.2095 - 1076
Error SSE = 6 6 MSE =1
Total SST =473 11

Y6 ™y Hyp : a1 = ag = az = 0, yvwptlovpe 6tL Fy = % ~ F; 6. Ytohoytlovpe
6Tt fa = 25> 5.1433 = Fy6,0.05 xo p-value = P(F4 > fa) = 0.0012 < 0.05, ométe
omoppimTovpe TN wndevixy] vrdbeon ot N wéon mepLexTXOTNTA PBaxTnELdiwy oTLg

3 mopaicg Oe draépet oc €.0.0. a = 0.05.

Y16 v Hy : B; = 0 yra xdbe j, yvwpilovue 6t Fp = ﬁ—gg ~ F3 6. Ytohoyilovpe
fB =139 > 4.7571 = F3 4,005 xouw p-value = P(Fg > fp) = 6.21-107% < 0.05, ondte
omoppiTTovpE TN Undevixn vTTOheom OTL M PLEor TtepLexTXITTA BoxTNnELdlwy oTLg

4 emoyég Oc diapépel oe €.0.0. a = 0.05.

B. O€AovpE VO XOTOUOXEVAGOVUE EVaL SLAOTNUA EUTILOTOGVUYYG (GWY 0LEWY YLO

™ dopopd pg — po. Eotw Y, o Serypotixdg péoog g meptextixdtnrog Po-
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xTEWIwY ™y j-00TH emoyh. Ivwpilovpe 6t Y ; ~ N (u,j, %2) oveEdpTNTES YL
§=1,2,34. H dtopopd Y 4 — Y 5 elvor pior xovovixd, xotavepunuévn opepdAnmy
EXTLUATOLO TNG SLOPOPES 4 — fL2 PLE:

2
Var (V. — V) = Var (V.4) + Var (V) = 22 =

g (Ya—Y,) —2(M.4 —H2) N0, 1),
9V3

To S? = MSE efvot apepOAmTy EXTLUATOLR NS SLoTopdS 02 pe Q = 6;%2 ~ X2.

EmmAéoy, t0 S? eivor aveE&ptnro amd Ttoug derypotikods uéoovg Y 4 xow Y o,

omdte N toyaio LeTAfANTN Q elvor aveEgpTnTn amd v Z. Toumepaivovpe 4t

r_ % _ (Ya—Ya)—(pa—p2) o0 (Ya—Ya)— (a—p2)

g
Q 2 S 2
T o\ 3 Sy/3

~ t6.

Zépe otabepéc 1, co € R tétoteg, wote Plc; < T < cg) = 0.95. ZouyxexpLpéva,

Lot TO SLACTNUO ELTILTOCVVYG LOWY 0LEWY XPNOLULOTIOLOVUE TLS OYETELG:
P(T < ¢1) =0.025 = P(T > ¢1) = 0.975 = ¢1 = t6,0.975 = —t6:0.025,
P(T > ¢3) = 0.025 = c2 = t6,0.025-
Emopévwe, 1o didotnuo epmiotoodvrg Lowy ovpwy divetol amd 1t oxéon:

(Ya—Ya)— (pa—p2)

S\/3

—16,0.025 < < 16,0.025 <

_ — 2 — — 2
(Y4 —Y2) —te0.025 - S\/; Spa—p2 < (Ya—Y2)+teo00 - 5\/;-

TeAxd, vrohoyilovpe 6t Iygs (14 — p2) = [14.0021,17.9979]. Ed¢d mapoatnpodpe
0tL 0 & Ioos (g — p.2), OTTOTE N SLOPOPE f14 — 12 ELVOL OTOTLOTLXY] ONUAVTLXY] O

e.0.0. o = 0.05.

Y. OptCovpue to contrast:

po, + 3. 1 1
L= — =T = — e — Zpa.
M1, 5 M. 2#2. 2#3.

Evdioupepbpaate vo TEOYUATOTIOLMOOVUE TOY EAEYYO TwY LTOBEoEwY Hy : L = 0
vs. Hy : L < 0."Eotw Y, 0 Serypotixdc néoog g meplexTixdtnrog Poxtnmoldiwy
oy i-00TH Tapokion. Tvwpilovpe 6Tt Y, ~ N (,uz-., %) oveEdptnreg v i = 1,2, 3.

H ototiotiny cuvdptnon L =Y, — %72, - %73_ elvo ULow XOAYOVLXAL XOTOVEUNUEVY
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OUEPOANTITY EXTLUNTOLA TOL L pE:

a2 30? L
4 8

0_2

Var(L) = -+

G
4

~ N(0,1) dmo v Hp : L = 0.

=
NG

3
04/ 8

To S? elvor aveE&ptnTo amd Toug derypotixode péooug Y, omdTe | Tuyoior UeTor-
AT Q slvan aveEgptnn antd Ty Z. Emopévwg,

~

p_ Z _ L o L

Bdoetl tng mopotnpoduevng tiung t, €xovpe 6t t = —24.4949 < —2.4469 = —t6.0.05

~ .

xou p-value = P(T < t) = 1.5222 - 1077 < 0.05, ométe amoppimtovpe T pndevixn
vTébeom 6TL N p€om TePLeEXTUOTNTA BoxTnELdlwY oTNY TEWTN TapaAio O Stapépet

oTté aLTN OTLG AAAEG OVO LTEP TNG EVAANOXTIXNG OTL ELvaL ULXPOTEQY. O

4.4 ToVbAiog 2012

Oépa 1. 'Eotw 10 amtAd yoouuxd povtého Y; = fo+ 51 X1 + 6 vt i = 1,2, ...n,

6mov ¢; ~ N(0,0?) aveEdptnro.

o. Na Bpeite Tig exTipunTpLeg péytotg mhoavopdvelog Bo. Br. 52 Twv TIOOOULE -

TpwV Bo, 1, 02 %o Vo EEETAOETE oy VTEC Efvol aUePOANTTTEC.

B. No vmoloyioete Tig SLOXLUAVOELS TWY EXTLUNTELWY [y, [B1, xobwdg xow T

CLYILAXVLOYOY] TOVG.

Y. 'Eotw 6T n = 24 mopatnenoelg yonotpomoinxoy yioe vor extipunbdel to mo-
POTIAVL ATTAG YOOULULXO LOVTEAO Ot EGTW OTL T SESOUEVHL EGWOAY 31 =6.3
nowL S/% = 0.4. N yiver o0 éheyyog tng Ho : 1 = 7 évowvtt g Hy : 1 < 7 o€

1

e.0.0. a = 0.05.
0. 'Eotw 6t To o TAOVOLO HOVTEAO TTOU UTTOPOVUE VO TTPOOHPULOCOVUE GTO
dedopéva pog TepLholBavel 3 emeEnynuoTinég LeToFANTES, dNAOT
Yi=po+ b1 Xui+ B2Xoi + B3 X3+, 1=1,2,...,n.
Noa yiver og €.0.0. a = 0.05 g Hp : f1 = P2 = B3 = 0 évavt xabe Suvartnig
evoanoxtixnc. (Afvovtow SSR = 760, SST = 950.)

e. Ou emip€poug €AsyyoL OTATLOTLXNG ONUAVTIXOTNTAS TWY THPOUETOWY (1, P2,
B3 Tov TANPOLS LOVTEAOL Edwaoay avtiotolyo p-values 0.001, 0.065, 0.832. Tt

ovumepaopota Bydlete;
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ot. H mpooapp.oyn Tov TApoug povtéhov o n = 140 TaPRTNENOELS CLUVTEAEDTY
TPoaStopLopod R? = 0.862 %o TPOGOEUOGUEVO GUYTEAEGTY| TIPOGILOPLGL.OV
Rgdj = 0.832. To ypouptxd povtélo ywpeic g X3 édwoe R? = 0.856 xou
Rgdj = 0.845, eVt T0 TTAS YOOULLXS PLOVTENO 6vo pe T X édwoe R? = 0.783
o dej = 0.765. Tloto povtéro Bor TpoTLLOVOOTE OTTO TOL 3 TTOPOTIAVL KOl
yiott; Tu ex@pdlel 0 GLYTEAEGTNG TPOGSLOPLGUOVY TNG TAALYOPOUNOTG; XE TL

OLOUPEPEL O TTPOCUPWLOCILEVOS GUYTEAEGTNG TTPOGBLOPLGLOV);
Aboy. o. BAéme 0épa 1, TemtépPorog 2014 (oerida 144).
B. BAéme Oépa 1, TemtépPorog 2014 (oehido 144).

Y. Y6 v Hy : f1 = 7, yvwpilovpe 6Tt

o~

— 2252
b7 ~ N(0,1) »xou Q= f
0‘23\1 g

Z = ~ X3, O6mou:

2.5 1 & S S \2
= - (Y%—ﬁo—ﬁlei) .

s? =
22 22 4
=1

E@dboov 1 tuyoio petafinty S? eivor aveEdptnt omd ™ B, ovuTEPALVOLUE OTL
N Q elvon oveEdptnTn amd ™y Z. ETopévag,

Z  Bi-T B —7 52
T:—:B1 -E:BI ~ t99, énouS%lzaz-—.

_ ~ 2

Je 5 S hlo
Béoer g mapotnpoduevng Tipng t g eAeyyoouvvéptnong 1, vrohoyilovpe OTL
t = —1.1068 > —1.7171 = —t29.0.05 o p-value = P(T < t) = 0.1402 > 0.05, omote

dev amoppimtovpe Ty Hy ot €.0.0. a = 0.05 €vavTt 0 LOVOTTASVEYG EVOAARXTLXNG
Hy : 51 <T.

3. Ymohoyilovue 6Tt SSE = SST — SSR = 190. H xatavoun tov %%z éxetp=3

Babuovg erevbepiog, omdTe N KATOVOWRY] TOL SE—QE gxet n —p — 1 = 20 Babpovg

ehevbeplag. Kataoxevdlovpe tov mtivoxa avéALomg SLAGTOPAS TOV LOVTEAOL:

Sum of Squares | d.f. | Mean Square F3.20 p-value

Reg. SSR = 760 3 | MSR = 253.3333
f =26.6667 | 3.4271-1077

Error SSE = 190 20 MSE =9.5

Total SST = 950 23

Y6 v Hy : 51 = B2 = B3 = 0, yvwpilovpe 6t F = % ~ F3 99. YmoAoytlovue
6T f = 26.6667 > 3.0984 = F3 20.0.05 xoit p-value = P(F > f) = 3.4271- 1077 < 0.05,
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omdte amoppimTovpe TN wndevixn vdbeon o €.0.0. a = 0.05.

€. ZOUTEPULYOLUE OTL LOVO N TOPAUETPOS (1 ELVOL OTOTLOTIXA OMUAYTLXY OF

e.0.0. a = 0.05.

07T. Qo TPOTLLOVTOUUE TO YOORLULXO LOVTEAO UE TN HEYOAVTEQY TLUY] TTOOCOQ-
LOOUEVOL CULVTEAEGTN TPOGOLOPLOWOD, ETELdN Hog Ponbdel vo xatoaAnEovue oe
Eval YoauULXO ToL eENYel éval UEYEAO TTOGOGTO amtd TN RETOPANTOTNTO TwY S0
UEVWY HE 6GO TO SLYATOV ULxPOTEPO TANDOG EMEENYNUATIXWY PETABANTWY. X
OLYXEXPLUEYY TEPITTWON, Bt TEOTLLOVCOUE TO YOPOUULXO LOVTEAO UE eTEENYY-
potixég petafPAntés X1 xow Xo %ol TEOCOUPUOCUEVO GUVTEAEGTY] TTEOGOLOPLOULOD
R2g; = 0.845.

0 cvvteieotic Tpoodioplop.ob R? = % EXPEALEL TO TTOCOOTO TG CUVOAXUNG

LETOPANTOTNTOG TWY OESOUEVWY TTOL eEMyeiton amd To ypouutxd Lovtéro. H Sto-

(POPA TOL TTPOCAPLOCULEVOD CLVTEAEGTY] TTPOGOLOPLGULOV Rgdj =1- ni‘;il (1 - R?)
elvot 6Tt ouvuToAoYilel xo To TANHOS p TWY EMEENYNUATIXWY UETABANTHOY TOL

XONOLULOTOLEL TO YOOUULXO LOVTEAO.

Ofpa 2. a. 'Eotw 10 povtéAo avdALoTS SLUOTTOPAS XATE EVOLY TTOOAYOVTO:
Vij = pi +eij, €ij~N(0,0%), i=1,2,...,m, j=12,...,n;

OTOL T OPAALOTO €55 elvar aveEdptnta, m eival 0 oELBudg Twy emmédwy TovL
VTTO UEAETY] TOEAYOVTX, N; €lvaL 0 apLlOuds Twy TopaTnENoEWY amtd To eTITESO §

xXoL ny +ng + -+ ny, = n.

m Ny
. , P , ; 1 T \2 4 > s
i. No det€ete 6Tl 1 OTATLOTLN] GUYEPTNON —— 21 ‘21 (Yi; —Y;)", 6mov Y glvou
1=17=
0 HECOG TWVY TTAPATNENOEWY OO TO ETLTESO i, E(VOL AUEPOANTTTY] EXTLUNTOLO

e Staomopdc o2.

g I —
ii. Nodeifete 6T otomiotind ouvbpon —= > ni(Y;—Y)? yevixd vrepextipnd
i=1

70 0. TI67te Yivetor opePOANTTN EXTLLATOLO TOL 02;

B. e évav metpopatind oxedtaoud cEetaleton 1 emidpaon dVO TOEXYOVTWY
TNV OVTOYN EVOC XOOULATOC UETAANWY. TUYXEXPLULEVE, O TTopdyovtag A (Teplextt-
x6TNTor og oidnpo) eEetdletar oe 3 emimeda koL 0 Topdyovtog B (eptextixdtnTo
oc atodAL) eEetdleton o 3 emineda, eve 4 deiypoarto AopPdvovtor armd xébe cov-
dvaoud eTTESWY TWY OV0 TAUPAYOVIWY XUl UETPWVTAL WS TTPOG TNV OVTOYY] TOUG

OE XATOLOL XOTAAANAN LOVASO LETONONG.

i. Na eheyybei oc oe e.0.0. o = 0.05 av LTAPYOVY OTOATLOTIUA OYUAVTLXES ETTL-
Jpdoetc TwY dVO TTaPAYOVTWY, X0 HWG Xl AAANAETISPOOT HVTWY, GTNY KVTOYN
Tov xpap.otoc. (Aivovtor SST = 885, SSA = 117, SSB = 402, SSAB = 98.)
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ii. Av 7 péom avToy TOL XPAUOTOG YLo Ta 3 ETTLTES L TOL TTaPAYOVTOL B elva 8.7,
9.3 xou 11.1 avtioTorya, v amopacioete o€ €.0.0. a = 0.05 av To TP(TO ETITTESO
ToL TToPAYovTo. B Ttpémel vo tpoTiunbel pe T StxooAoylior 6TL TopAYEL XOALOL
UE peEYOAVTEPT avToyxN omd T dAAae dVo emimeda ov eEetdoTnray. Mmopel

0 €AeYyog va yivel pe TN Bonbela evig SLUGTHLOTOG ERTILOTOTVVYG;

iii. Noo xataoxevdoete éva 90% OStéoTnuor EUTLOTOOOVYNS YLt TN JLAPOPE 0T

KEDY ovTOY7 TwV V0 TPWTWY ETLTESWY ToL TTapdyovta B. T cuumépaopa
Pralere;
Adon. o. BAéne mpdtaon 3.3 (oeAido 105).
B. i.’Eotw Yjjr n r-00T] mopatienoyn ond 10 i-00Té eMITESO TOL TOPAYOVTO
A xow To j-00T6 eminedo Tov Tapdyovta B ylo i =1,2,3 xo j = 1,2, 3. Tdote, t0

LOVTEAO OVEALGOTG SLACTIOPAS KATE VO TTHPAYOVTEG UE XAANAETISPOOY YOAPETOL

wda:
1/1]7”:H1]+8Z]T:M+al+/8]+72]+52]7“5 i:172737 j:172337 T:172)3)47

6mov g;jr ~ N(0,0?) aveEdptnraytoei = 1,2,3, 5 =1,2,3 xouw r = 1, 2,3, 4. Oérovpe

VO TTPOYULOLTOTTOLYICOVUE TOVG EAEYYOVG TwY LTOOECEWY:

HoiOél:OéQ:ag:OVS.

Hi : «; # 0 yua xéreoro @ € {1,2,3},

Hy:B1=p2=p3=0vs.
H, : B; # 0 yia xamoro j € {1,2,3},

H0:711:712:"':’733:0VS~
Hi :7vi; # 0 yix xémow 4, j € {1,2,3}.

Yrohoyilovpe 6Tt SSE = SST —SSA —SSB — SSAB = 268. H xatavopy tov 32 éyer

o2
m—1 = 2 Babpodg eAevbepiog, n xotavouy Tov 55—23 gyet £ —1 = 2 Babpovg erevlbe-

SSAB
o2

plag xot n xaTOVOUY TOL éxet (m —1)(¢ — 1) = 4 Babuodg erevbepiog, omdte

OLUTIEQPALVOVUE OTL M XOLTOVOWUT] TOL S(%E éxer ml(c — 1) = 27 Babp.odg erevbepiog.
Koataoxevalovpe tov TTivaxo avaAvorg SLaoTopds ToL LOVTEAOU.

Yrd v Hp @ a1 = ag = ag = 0, yvwpilovpe 6Tt F4 = % ~ F 97. YmoAoyt-

Covpe fa = 5.8937 > 3.3541 = F5 27.0.05 xoL p-value = P(F4 > fa) = 0.0075 < 0.05,
oTtHTE amoppiTToLpE TN UNdevixn vtdbeon dTL o Tapdyovtog A dev emdpd oY

oVTOYN TOL XPAUOTOG o€ €.0.0. o = 0.05.

Y6ty Hy : 1 = B2 = PB3 = 0, yvwpllovpe 6t Fip = % ~ F» 97. YoAoY{l0ULUE
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Sum of Squares | d.f. | Mean Square F p-value
A SSA =117 2 MSA =585 | fa =5.8937 0.0075
B SSB = 402 2 MSB = 201 fB=2025 | 424431076
AB SSAB = 98 4 | MSAB =245 | fap = 2.4683 0.0687

Error SSE = 268 27 | MSE = 9.9259

Total SST = 885 35

fB = 20.25 > 3.3541 = F2727;0,05 nolL p—Value = P(FB = fB) = 4.2443 - 10_6 < 0.05,
0TtoTE amopPEiTTOLUE TN UNdevixy] LTTHbeoY 6TL 0 TapAyovTag B dev emidpd oty

OVTOYN TOL XPAUOTOg oc €.0.0. o = 0.05.

Y6 v Hp : v11 = Y12 = -+ = 733 = 0, yvwpilovpe 6t Fap = % ~ Fyor.

YmoAoyilovpe 0T fap = 2.4683 < 2.7278 = F} 27.0.05 xot BAETOLUE LOOBVVOUOL OTL
p-value = P(Fap > fap) = 0.0687 > 0.05, odte Sev amoppimTovpe ™) Undevixmn
vTtobear 6Tl dev LTTAPYEL OAANAETTIOPOOY] LETOED Twy dV0 TopayOVIwy OE €.0.0.
a = 0.05.

ii. Optlovpue TO contrast:

1+ e 1 1

=3 = K1 — FH.2-

L= —
m.3 B B B

OENoVUE VO TTPOYUOATOTIOLNGOVUE TOV EAEYYO0 LTobEoewy Hy : L =0vs. Hy : L > 0.
‘Eotw Y ;. 0 Setypoatixdg Lécog Tng ovToxHG TOL XPGUOTOS G0 j-00T6 eTtiTedo Tov
mapdyovta. B. Dvwpilovpe 61t Y ; ~ N (M.j? %;) oveEdptnreg o j = 1,2,3. H
oToTloTiN ouvbptnon L =Y 5 — 3Y 1. — 3Y 5 elvou pio xavovind xatoveunuévn

OUEPOANTITY EXTIUNTELA TOL L PE:

~ o> 1 o2 1 o> o2 L8
N="—4+_-._+-._=__=z7="Y"_N(0.1)0 Hy:L=0.
Varll)=ptintin s~ o (0,1) dmo Ty Ho
To S? = MSE eivo apepbInmtn exTipitoto tne dtoomopds o2 pe Q = 2?;2 ~ X3;.

Emméov, 1o S? eivon aveEdotnto amd toug detypotixols péoovg Y ., omdTe N
Toyodor peTafBAnT) Q ivor aveEgptntn amd Ty Z. Emopéveme,
Z  IV8 L8

o
T=_2_ _ZV° O _ VO 4
0 c S S 2z

27

Bdoel g mopatnpoduevng tiung t, éxovpe 6t t = 1.8539 > 1.7033 = to7,0.05 xouL
p-value = P(T > t) = 0.0374 < 0.05, otdte amoppintovpe T undevixn vmtdbeon 6T

N LEOYN aVTOYY] TOU XPAUATOS GTO TELTO eTITESO TOL ToPAYOVTH B Ot Stapépet
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omd aALTN TV GAAWY OVO ETLTESWY LTEQ TNG EVOAAAXTLXYG OTL TNV LTEPPaLVEL.
Avtég 0 €éleyyog vTTobéoewy dev elvar ap@imAcvpog, omtdte de Ha pTopovoe vo

mpaypotorotniel pe ™ Bonbeta xdmolov SLACGTNUATOS EUTLGTOGOYYG.

iii. @EAOLUE VO XATOOXEVAGOLUE EVOL DLACTNUA ELTILETOCOVYS (OWY 0LEPWY YLO
™ SLoupopd po — pa. H Stopopd Yo — Y 1. eivow plor xovovixd xortovepnuévn
OUEQOANTITN EXTLUNTOLO TNG SLOPOPAG fL2 — [41 UE!

o2

Var (7_2. — 7_1.) = Var (?_2_) + Var (7.1_) =5 =
_ (Yo —Y1)— (n2— H'l)\/é < N(0.1).

g
To S? eivar aveEdptnTo amd Tove derypoTixodc péoove Y o xon Y 1., OmOTE
N S

Toyolon LETaBANT) @ elvor aveEQp™TN amtd Ty Z. ZOUTEPOLVOLUE GTL:

- 7 _ (Vo —Yi)— (pa— M.l)\/é_ o _ (Yo —-Ya1)—(p2— /~L.1)\/(*S ~ tor.
Q o S 5

27

Zmrape otobepég ¢, co € R tétoteg, wote P(c; < T < ¢2) = 0.9. ZouyxexpLuéva,

YLot TO SLACTNULO EULTILGTOCVVYS LOWY OLEWY YPNOLULOTIOLOVUE TLE OYETELG:
P(T < ¢1) =0.05= P(T > c1) =0.95 = c1 = t27,0.95 = —t27.0.05,

P(T > ¢3) = 0.05 = c2 = t27,0.05-

Emopévwe, To dtdotnuo epmLotoodvg Lowy ovpwy divetol amd T oyéon:

(Yo —Y1)— (p2—p1) VB

—127.0.05 < 5 6 < t27,0.05 <
(Yo —Y.1) —tar005 o Spo—p1 < (Yo —Y1) +ter00s i
V6 Ve
Tehxd, voroyiCovpe 6t log (2 — p1) = [—1.5908,2.7908]. Ed¢d mapoatnpodue

6tL 0 € Ipg (a2 — 1), OTOTE N SLAPOPA f12 — f1.1 OEY EVAL GTOTLOTLXY ONULOVTILYN

oc g.0.0. o« = 0.1. OJ

4.5 NogpPorog 2011
Oépa 1. 'Eotw 10 amAd yoauuxd poviého Y; = By + f1Xi +e vt i = 1,2, ... n,
6mov g; ~ N(0,02) aveEdptnroL.

o. YTTOAOYIOTE TLG EXTLUNTOLEG UEYLOTYG TtLhavopaveLog Bo xow By twv By %o .

B. AciEte 6T oL ﬁo O 31 elvol aUEPOANTITEG EXTLUNTELEG TwV [P xot .
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Y. ot 1 xotavoun Twy extiunToLwy By xon [i;

d. YmoAoyioTe SLAOTNUATO EUTILGTOGVYYG CUVTEAECTY 1 — v YLOL TLG TTAPOUETPOVG

Bo »ow fi.
Abon. o. BAéme 0épa 1, Todviog 2016 (oehido 132)

B. BAéme Bépa 1, Tobviog 2016 (oeAida 132)
v. BAéme 0épa 1, TentéuPorog 2014 (ochida 144).

d. N'vwpllovpe otu:

—2)52
~ N(0,1) xow Q= % ~x%_, 6mou:

:Bi—ﬁz

g% g
Bi

Z;

n

ot —Var(3) ww $ -1 LS (vi-f-hx)’
Ei_ % —n_2—n_2i71 % 0 124 .

E@dcoy 1 toyoaio petofinty S? eivon aveEdptntn amd ™ Bi, OLUTIEPALVOLPLE OTL 7

Q slvor aveEgptnTn omd v Z. ETopévec,

7. 3. A 3. _ A S2
T, = i Bi — Bi g _ Bi — Bi ~ 1y o, OOV 92 — 52 .2
Q 93, S SE‘ g Bi o2

n—2

Zmrope otobepég 1, ca € R tétoteg, ote Pc; < T < ¢2) = 1 — . ZuyxexpLpéva,

YLt TO JLATTNUOL ELTILGTOOVVYG LOWY OLEWY YEPNOLULOTTOLOOUE TLG OYETELS:
o o
P(T < Cl) = 5 = P(T > Cl) =1- 5 = C] = tn—?;l—% = _tn—Q;%v

(0%
P(T> CQ) = 5 = C9 :tn—Q;%-

Emopévwg, To dtdotnpo eLmLoToodvYg (0wY 0LPWY JiveTol amd TN oxEon:

Bi — Bi
S,

c1 < S & —lypge - 55 < fi— fi Stpgs - S5

TeAwxd, Talpvovpe 6t 11— (5i) = [@ —lp_g9 - SBV,BZ- +tn_99 - SB}. O

Oépa 2. 'Evag pnyovindg evOLOQEPETUL VO XOUTAOXEVAOEL Uiow pmtorToplor Lo xé-
IOl OLOXELY] TTOL extibetan oe peydieg petaforéc Beppoxpaaiog. O xpdvog Lwng
g pmatoplog emneedletol amd Tov TOTO TOL LALXOD amd To omoio Oo xoto-
oxevaotel xal and T Oeppoxpoocia. O punyovindg eméAeEe va eAéyEetl Tovg 3 T0-
Toug VAoV oe 3 emimeda Oepuoxpaoiog (15°F, 70°F, 125°F), yonoipomotdvtog 4
pmatopieg yioo xabe ouvdvoaopd emTESwWY LALXOV xon Oeppoxpooiog. To Pooixd

EQWTNUOTA TTOV EVOLAPEPETOL VO ATTOVTNOEL O UNYOVLXOG Elval Tor €ENG:
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i. Tv emdpaoeLg €xovy o TOTTOG LALXOD %ot 1 Beppoxpacio 6Tov XEPOVO {wNG ™G
UTTOTOPLOG;
ii. [Tpoogépet N emAoyn Tov LAV TOTOL III peyardTepo YPbdvo {wng amd Toug
GANOLG 3VO TOTIOLG LALXWY;
o. Aratumtdote pobnuoatixd To epdTnua i. Oswpnote Eva XATEAANAO OTATLOTLXO

HLOVTEAO YLoL 0VTO TO TTEOPRANULOL, OVOPEPETE TLG LTTODETELS TOL LOVTEAOL XOL

Bewpnote xatdAANAoLG EAEYYOVG LTTOBETEWY TTOL Vo SLATUTTVOLY TO EPW-
RO

B. XvumAnpwote tov mivaxo ANOVA wg mpog 600 mopdyovteg pue aAANAETL-
PO YL TO TOEOTAVE TEORANUO XOL UETE YONOLUOTOLOTE TOY YL VO

OTTOVTNOETE 0TO EQWTNUA i 0€ ETTEDO OTAUTLOTLXTG oNpLovTLxdTNTaS o = 0.05.
(Aivovrtar SST = 77647, SSA = 10684, SSB = 39119, SSAB = 9614.)

Y. Atatuomtote pobnuatixd pe ™ Bovbeia evég xatdAAnAov eA€yyov vTohE-
OEWY XOL OTOYTNOTE TO epWTNUa ii o €.0.0. a = 0.05. Alvetar 6TL M Léom

dtapxelor Lwng yLa Tovg 3 TOTOLS LALXOV elvar 83, 108 ot 125 avtioTolya.

d. Ymoloyiote éva 95% dLATTNUO EUTILOTOOOYNGS YLo TN L€ dLdpxeta {wNg Ulog
purotopiog omd vAx6 ToTov I1II. Mropeite va BydAete cuopmépaoua YLo TO
ov out) brepPalvel Tig 150 Muépeg pe Bdon To SLATTNUO EUTLETOGVYYG TTOL

vToAoyioaTs;

Abon. a.’Eotw Yjj, 0 r-00t6¢ %p6vog {wng umatapiog amd tov i-00Td THTT0 LALXOD
070 j-0016 emimedo Oeppoxpaoiog Yo i = 1,2,3 xow j = 1,2, 3. Tdte, 10 povtéro

OVAAVGYG SLOOTTOPAS XOTA V0 TTHPAYOVTES LE XAANAETIS OO YOOUPETAL WG:
Yz’jr:/Lij+5ijr:M+ai+ﬁj+’)/ij+€ijr, 1=1,2,3, 7=1,2,3, r=1,23,4,

6mov g;jr ~ N(0,02) aveEdptnraytoei = 1,2,3, 5 = 1,2, 3 xow r = 1, 2,3, 4. Oéhovpe

VoL TTRALYLOLTOTIOLIOOVULE TOVG EAEYYOVS TWY LTTOHETEWY:

Ho:a1:a2:a3:0Vs.

Hi : o # 0 yroe xamoro @ € {1,2,3},

Hy: fp1=p2=P3=0vs.
Hy : pj # 0 vy xémoro j € {1,2, 3},

Hy:vi=v2=-"+=733=0vs.
Hi :7vi; # 0 vy xémow 4, j € {1,2,3}.
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B. YmoAroyilovpe 6t SSE = SST — SSA — SSB — SSAB = 18230. H xatavoun
SSA

Tov 25 gyer m — 1 = 2 PabBpodg ehevbepiog, n xotovourn tov SUS—? éxet { —1 =2
Babuodg ehevbepiag xaL n xatavouy] Tov S%B éxet (m—1)({—1) = 4 Babpovg erev-

Oepioc, omdte ovuTEPaivovpEe GTL N XATOVOUY] TOL SUS—QE éxet ml(c—1) = 27 Babpovg

ehevbepiag. Kataoxevalovpe Tov Tvoxa ovaAvong SLGTIOPAS TOL LOVTEAOU:

Sum of Squares | d.f. | Mean Square F p-value
A SSA = 10684 2 MSA = 5342 fa="7.9119 0.002
B SSB = 39119 2 | MSB =19559.5 | fp=28.9691 | 1.9077-10~7

AB SSAB = 9614 4 | MSAB = 2403.5 | fap = 3.5598 0.0186

Error SSE = 18230 27 | MSE = 675.1852

Total SST = 77647 35

Y6 v Hp : a1 = ag = a3 = 0, yvwpilovpe ot Fy = “ﬁ—%ﬁ ~ Fy97. YmoAoOY(-
Covpe fa = 7.9119 > 3.3541 = F3 27.0.05 xo p-value = P(F4 > fa) = 0.002 < 0.05,
OTOTE OTOPELTTOLE TN UNndevixy] vtdbeon 4T 0 TVTTOG LALXOV dev eTLdPd OTOV

Xoovo (w1 ¢ pratapiog o €.0.0. a = 0.05.

Yré v Hp : 51 = B2 = B3 = 0, yvwpilovpe 6t Fp = % ~ F3 27. YoAoytlovpe
f5 = 28.9691 > 3.3541 = Fy 97,005 ¥t p-value = P(Fp > f) = 1.9077-10~7 < 0.05,
oTtoTE amopEiTtToLUE TN UNdevixn vmdbeon 6Tl N Ocppoxpoocio dev emdpd oTOV
XoOvo {wg g pratapiog o €.0.0. a = 0.05.

Y6 v Hp : v11 = Y12 = -+ = 733 = 0, yvwpilovpe 6t Fap = Dﬁé}f ~ Fyor.

YmoAoyilovpe 61t fap = 3.5598 > 2.7278 = Fja7.0.05 xou BAETOLUE LGOSVVOUOL

6t p-value = P(Fap > fap) = 0.0186 < 0.05, ométe amoppintovpe ™) Undevixn
vTtobear] 6Tl dev LTTAPYEL OAANAETTLOPOOY] LETOED Twy V0 ToPAYOVIWY OE €.0.0.
a = 0.05.

Y. Optlovpue To contrast:

1.+ e, 1 1

9 = {3, — S M1 — FH2.-

L =ps3 — 5 5

OEAovUE YO TTPXYUXTOTTOLNOOVUE TOV EAEYYO0 LTTObEoewy Hy : L =0vs. H; : L > 0.
‘Eotw Y. 0 detypotindc péooc Tou xpdvou (whic e Uratoploc amd Tov i-00To
OO LALXOL. Tvwpilovpe 6t YV, ~ N (ui,,‘i—;> oveEdptnreg v ¢ = 1,2,3. H

otatioTixd ouvbpton L =Ys — 3V — 1Y, elvon pio xavovixd xartovepunuévn
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OULEPOANTITY EXTLUNTOL TOL L E:

2

R 2 2 2 7
Var(L) = % + z -2 LVB

1 o 1
Lo o oL, V8 Noa Ho:L=0.
1 Ti e R’ o (0,1) ¥mo Ty Ho : L =0

To S? = MSE eivow oepdAnmTn exTLitoto Tg dLaomopds o e Q = 273

X27
EmmAéoy, 10 S? elvon awveEdptnro amd toug detypotinole péooug Y, oméTe 1

Toyala peTaBAnt Q eivor aveEdptnTn amd v Z. Emopévec,

- 2 _ I
Q c S S
\V 27
Béoel g mopotnpodueyng tLung t, éxovpe 06Tt t = 3.2111 > 1.7033 = tar,0.05 xo
p-value = P(T > t) = 0.0017 < 0.05, omdte amopplmTovue TN Undevixy vébeon
ot M péom OLapxelo LwNg ™G protopiag amd Tov TPiTo TV LAXOD O SLaEPEL

o LT TWY GAAWY dV0 TUTTWY LTTEP TNG EVOAAOXTIXNG OTL TNy LTTEPPaiveL.

0. OEAOVUE VO XOTATHEVAGOVIE EVOL SLACTNLOL EUTLOTOCVVYS LOWY 0LEWY YLO

T péon g us. O Serypotixdg péoog Yi. eivon pio xovovixd xartovepnuévn

OUEQOANTITN EXTLUNTOLO TNG LEONG TLUNG fi3. UE:
7= Yo 5 N0, ).
o

To S? eivo aveE&ptTo ortd Tov derypotind Uéoo Y3, oméTe N TuYoio LETOPANTY

Q elvar oveEdptntn omd ™y Z. LUUTEQaiVOLUE GTL:

A Y —
T — . 3. — M3. .2 HS ﬁ2~t27

27

Znrape otabepég 1,2 € R tétoteg, dote P(c; < T < ¢2) = 0.95. Zouyxexpipéva,

YLO TO SLAOTNUO ELTILOTOOVVYS LOWY OLEWY YPTOLLOTIOLOVILE TLG OYEOELS:
P(T < Cl) = 0.025 = P(T > Cl) =097 = ¢ = t27.0.975 = —127.0.025,

P(T > ¢3) = 0.025 = c2 = t27.0.025-

Emopévwg, To dtdotnuo elmlotoodvrg (omwy ovpwY SiveTal omtd 1 oxEon:
Y. — a,
—127:0.025 < Tv 12 < t97,0.025 &

3. < Y3+ tar.0.025 -

a\w
w-

Y3, — tor:0.025 - \/?

TeAuxd, viroloyilovpe 6t Iy g5 (ps.) = [109.6092, 140.3908]. T'ax vor Bydhovpe copmé-
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QOOULOL OYETLXE LE TO OV 1M HEON OLAPXKELR LWNG TN UTTATHPLOG 0Ttd TOV TPLTO TOTTO
LALxOL vTepPalvel Tig 150 NUEpPeg YPELALETOL VO TTPAYLOTOTTOLIOOVILE EVOLY EAEYYO
vobéoewy pe PoVOTASLEY evaAloxTixy vtdbeor. Emopévwg, dev pmopodue vo

Bydrovpe ovumépaouo e BAON TO TOPATAVE® SLAGTNUO EUTILOTOOVYYG. O

4.6 XemtépPorog 2009

Ofpa 1. Aiveton To Ypouutxd LOVTENO:
Yi = B0+ b1 X1i + BoXoi + B3 Xz + &, 1=1,2,....n, (1)

OTTOL TAL OPAALOATO €; ELVOL OVEERQTNTOL KOL KOWVOYLYE HOTOVEUNILEVO LE LETY] TLUN

0 %o &yvwot Stoomopd 2.

o. No Bpebel n exTiuToLor EAY(OTWY TETPOYWOV®Y B Tou SLOVVOOLALTOG TTOLOOL-
uétowv B = (Bo, B, B2, B3) T, o xow N ovouevOueyn TLy xow 0 TIVoKoC

dtoxvpaveng tov B.

B. 'Eotw 61t n = 24 mopatnpnoelg yonorpomotninxay yia vo extiunbel to po-
vtéro (1). Na yiver o €.0.0. a = 0.05 0 éheyyog ™ Hp : B1 = B2 = B3 =0
évovtt xabe Suvatig evolaxtixic. (Aivovtar SSR = 690, SST = 1050.)

Y. Ou emip€poug €Aeyyol ¢ YL TOLG EAEYYOVS OTATLOTIXNG ONUAYTIXOTNTOGS TWY
TOPAUETOWY 31, (2, [Pz €dwoay p-values 0.01, 0.15 xow 0.33 avtioToryo. Tu
ovumepaopata PBydlete; [lwg O emAéyoate éva BEATLIOTO HLOVTEAD YL TO
dedopévay

3. H mpooopp.oy tou Topamdve povtéhou (1) ota dedopéva édwae cLYTEAETTH

TP0GdL0PLoUoD R? = 0.657 %o TPOGOPUOGUEVO GUVTEAEGTY TTPOGSLOPLGULOD

dej = 0.649. T exppalel 0 ovyTEAET TG TEOOILOPLGU.OV; AV TO LOVTEAO:
Yi=~v+p8Xu+e, i=12,....n (2)
extiunfet amd o (o dedopéva ko doer B2 = 0.613 xou dej = 0.685, ToLo

0o TpoTipNoeTe xow Yot

e. '"Eotw 4t 10 delypo Twv n = 24 Topotneocwy Edwaoe 3 = 26 %o S% =4 yo
70 povtédo (2). Na yiver o éheyyog tng Hy : § = 30 évavtt tng Hy : 8 < 30 og

e.0.0. a = 0.05.
Avon. o. BAéme pdtaoy 2.2 xow wpodTaon 2.4.

. Yrohoyilovpe 6t SSE = SST — SSR = 360. H xortavops| tov SR éye p = 3
Y © un -2 X

aUULOVG EAELOEQLAG, OTTOTE M KOLTOVOUN TOL =5 eYel n —p — 1 = aOLOVG
Brovg ehevbepi ; ' = 1 = 20 Babpov
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ehevbeplag. Kataoxevdlovpe tov mtivoxa avéALomg SLAOTOPAS TOV [LOVTEAOL:

Sum of Squares | d.f. | Mean Square F3.20 p-value
Regression SSR = 690 3 MSR = 230
f=12.7778 | 6.8889 - 107"
Error SSE = 360 20 MSE = 18
Total SST = 1050 23

Y6 v Hy : 51 = B2 = B3 = 0, yvwpilovpe 6t F = M—SE ~ F399. YoAoytlovu.e
6t f = 12.7778 > 3.0984 = F3 90.0.05 xo p-value = P(F > f) = 6.8889-107° < 0.05,

oTtHTE amoppiTTovpe TN wndevixy vdbeon o €.0.0. a = 0.05.

Y. Zoumepoivovpe 4Tl UOVO N TOEBAUETPOG [F1 EIVOL OTATIOTIXG ONUOAVTLXY OF
e.0.0. a = 0.05. E@opp.élovtag ) backward pébodo emhoyng emeEnynuotindy pe-
ToBANTOY, B apatpodoape ortd TO YOOULULKO LOVTENO TOV GUYTEAEGTY] TTOALYOQOWUT-
oG UE TO HEYOAVTEPO p-value > 0.05 0TOVG EAEYYOVG OTATLOTLXYG ONUAVTLXOTNTOG,

ONAod1 TOV CLVTEAEDTN (3. LT CLVEYELA, Do EXTLLOVCOE TO VEO [LOVTEAO:
Yi= 0o+ 51 X1+ BoXoi+ei, 1=1,2,...,24.

Ay Tt p-values Twv EAEYYWY OTATLOTIXNG OCNUAVTLXOTNTOG TWY TREAUETOWY (1, [2
0TO VEO LOVTEAO TPOEXLTTOY OAo ULxpdTePa omtd o = 0.05, Tote Bor emAéyoe
oVTO TO LOVTEAD WG XATAAANAGTEQO YLo Vo TTEQLYPAUDEL Tor dedOUEVQL.

, 7 2 _ SSR ’ 7
3. O ovvteAeotig TTPOGBLOPLOUOY R = 33T EXQPEALEL TO TOGOGTO TG GUVOAL-

%xNG LETABANTOTNTAG TWY OES0UEVWY TTOL eENYELTAL OO TO YOOUULXO LOVTEAD. O
TEOTLLOVOOULE TO YOOUULXO LOVTEAO UE TN HEYUAVTEQN TLUY] TTOOOAQULOCILEYOD GU-
VTEAEOTY] TTPOGSLOPLOLOV, €TeLdY] pag Bonbdel vo xataAnEovpue o évar YooLULXO
Tov eknyel évar UEYRAO TTOCOCTO OTO TN UETUPANTOTNTO TwV deSOUEVWY UE GTO
T0 JVVATOV ULXPOTEPD TIANDOG ETEENYNUOTIXWY UETOPANTWY. LT OGUYXEXPLUEVT
TePiTTWoY, Bor TPOTLLOVoaUE TO aTtAd Yoouuixd povtého (2) pe emeEnymuotixy

LETOPANT™] X %O TPOOUPULOCUEVO GUYTEAEGTY] TTPOGILOPLOULOD dej = 0.685.
e. Y'mé v Hy : B = 30, yvwpilovpe ot

2 2
:B 3ONN(O,l) xou Q:QQS

2
o o
B

Z

~ X3, O6mou:

24

2= > (-7 - Bx)

1=

E@dbcov 1 tuyodo petofint S? elvon aveEdptnn ord B OLUTEPALVOLUE OTL 1
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Q elvor aveEgptnTn amd Ty Z. ETopévec,

o B—30 , , o, 2
—_— = ~ to9, S%i=o0% —.
O'B\ S SB\ 292, OTTOL 3 05 0_2

Béoel g mapatnpoduevng tung t tng eAsyyoouvvéptnong 1, vmoAoyilovpe 4tL
t = -2 < —1.7171 = —t0.05 %ot p-value = P(T < t) = 0.029 < 0.05, omwdte
oamoppirTTovpe Ty Hy o €.0.0. a = 0.05 EvovTl T™0¢ LOVOTTAEVPENG EVOANOXTLXNG
H, : g < 30. O

Oépa 2. LTov TAPOXATK TTivoxo SLVovToL Ol LETPVOELS TNG OLYXEVTPWATNS XadLLOL
oe Jelypota TOoLLOL YEPOV UETA amtd apaiwor. Metpnoetg AMebnxoay yio 3 emi-
neda apaiwong (rapdyovtog A) xou 4 eninedo amoPEOPNTLXATNTOS TOL 0PYEVOL

wétonone (rapdyovtac B).

AToppopNTLXOTY T
Erinedo 1 2 3 4 Abpotopo | Méaog
1 8 9 10 12 39 9.75
Apaiwon 2 12 13 11 13 49 12.25
3 16 15 14 16 61 15.25
Abporop.o || 36 37 35 41 149
Méaog 12 12.3333 11.6667 13.6667 12.4167

o. No eheyybel og €.0.0. a = 0.05 xotd OGO 1 LEON OLYHEVTOWOY SLAPEPEL YL
ta 3 emimeda apoiwong koL to 4 emineda amoppo@nTixdtTag. (Aivovtow
SST = 77, SSE = 6.83, SSA = 60.5.)

B. No xatooxevootel éva 95% OLdoTuar EUTLOTOOOYYNS YLO TN SLOPOPE TWVY
ULECWY CLYXEVTPWOEWY TOL TETAPTOV XL TOU TPWTOL ETLTEIOV ATTOPPOP-

TxoTToG. Eivow otatiotind onpavtiiy n Stapopd,;

Y. XENOLLOTIOLWOVYTOG TOV XATAAANAO EAeYY0 LTOOETEWY Vo eAEYEETE av M Uéom
OLUYXEVTOWOY TOL TELTOL ETUTEDOL QPULWOTNG VoL UEYRAVTEPN OO QLT

TWY GAwY Vo emimédwy ot €.0.0. a = 0.05.
Abon. o. ‘Eotw Y n ovyxévtpwon xaduiov 610 i-00td emimedo apaiwong xol
070 j-00T6 emimedo amoppopnTxdTNTHS Yror ¢ = 1,2,3 xow j = 1,2,3,4. Téte, to

LOVTEAD OVAAVGYG SLAOTTOPAS XOTA V0 TTHPAYOVTES YOAPETOL OG:

Yij=pij teij =p+oi+Gj+eij =pi+pj—p+ey =123 j=1234,

6mov g;; ~ N(0,0?) aveEdptnra yroo i = 1,2,3 xaw j = 1,2,3,4. Oéhovpe vo
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TOOYLOTOTIOLYIOOVILE TOVG EAEYYOVLG TwY LTTOOECEWY:

Hoza1:a2:a3:0VS.

Hi :a; # 0 yoe xémoro i € {1,2,3},

Hy:B1=02=03=p4=0vs.
H; : B; # 0 yio xamoto j € {1,2,3,4}.

IN'vwpiCovpe 6TtL SSB = SST —SSA —SSE = 9.67. H xortavopy] Tou 55—? gxerm—1=2

Babuodg erevbepioc, n xotavour) Tov SUS—QB éxet £ — 1 = 3 Babuolg eAcvbeplog xot 1

XOTOVOWLT] TOV SS—QE éxet (m —1)(¢ — 1) = 6 Babpodg ercvbepiog. Kataoxevdlovpe

ToV Ttivoxa oavEALGYG SLOOTTOPAS TOV [LOVTEAOL:

Sum of Squares | d.f. | Mean Square F p-value
A SSA =60.5 2 | MSA=30.25 | fa=26.5739 | 0.001
B SSB = 9.67 3 | MSB =3.2233 | fp=2.8316 | 0.1286

Error SSE = 6.83 6 MSE = 1.1383

Total SST =77 11

Yré ™y Hp : a1 = ag = a3 = 0, yvwpilovpe ot Fy = M—%ﬁ ~ Fy 6. Yohoyilovpe

otL fa = 26.5739 > 5.1433 = F276;()_05 HOL p—Value = P(FA > fA) = 0.001 < 0.05,
OTOTE oTOPELTTOVUE TY] UNdevixn] LTGOeoT ATl M U€EON CLYXEVTPWOT XOOUIOL OTO

3 emimeda apaiworng de Stapépel o €.0.0. o = 0.05.

Y16ty Hp : 3; = 0 i xéBe j, yvwpilovue 6t Fp = % ~ F3 . YoAoyilovpe
ot fB = 2.8316 < 4.7571 = F376;().05 xol p—Value = P(FB = fB) = 0.1286 > 0.05,
omdte Sev amoppimTovpe TN Undevixn vtdbeon GTL N H€oY OLYXEVTPWON XadUiov

ota 4 emtineda amoppoPnTIXdTTOS O StapepeL o€ €.0.0. « = 0.05.
B. BAéne Oépa 2, Tovviog 2016 (oeAida 141).

v. BAéme 0épa 2, Todviog 2016 (oeAido 141). O

4.7 TobAtog 2009

Oépa 1. Aivetan o yoopptxd povtého Y, — Y = B(X; — X) +& yroe i = 1,2,...n,
OTTOL TOL CPAALOTO £; ELVOLL VEERQTNTOL XOL XOYOVLX G XOTOUVEUNULEVO. LE LETT TLUN

0 %o dyvwotn diaomopd o2.

o. No Bpebody oL extiuntoleg pnéytotng mboavopavetog B, 5% 1wy TOPOUETOWY
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B, 02, xabdc %o N xotavops g B.

B. No Bpebel pior ape@dANTTY EXTLUNTOLO S% ™G LOTTOPAS TOL B\, o now

B8
5

N XOTOVOUN TNG OTATLOTLXYG CLYAPTNONG

Yr6oeEn: Now detkete ot

1 & - = 2
ST =B -D)] ~
=1

Y. ‘Eotw 6t éva deiypo n = 20 mopatnpnocwy édwoe B =14 xou S% =9. Na
Yiver o éleyyog g Hop : B = 20 évavtt g Hy : B < 20 oe €.0.0. o = 0.05.

d. Afvetow m exTipfToLa B* = % Eivor avt) apepdAnmtn; Qo v ToTL-

pwovoate Evavtt tng S

AVan. o. Apod oL Ttapatnenoelg Y; elvor aveEGQTNTES, LTTOPOVUE EVXOAOL YO UTTO-

Aoytloovue 0 ovvépTNom TLhavopaveLag TwY OeSOUEVWY WS EENG:

<
|
@
B
|
&
=
o
—

n 1 . ‘
L(ﬂaUQ):Hin (yi;ﬁaUQ)—H\/WeXP{—[y 202

n
i=1 i=1
1

= (2770'2)_% eXp {_M

n

[yi—y—ﬁ(afi—x)]g}-

=1

Aoyapibuilovpe ™ ovvaptnon TLhavoPAveLoS YL VO UTTOAOYLOOVLE TY) CLVEPTNOY

AoyapLbpomibavopdverog:

(8.0%) =log L (8.0%) = ~"1BLT) _MOBO_ L sm 5 (e,

— == <0, Vo?>0.
2 2 ?
op 0% =
2

Anrodi, M £(B,0?) elvon yvnotwe xothn ouvdptnon yiow 02 otabepd xow éxel po-

vodLxd OALXG PEYLOTO, TO OTOLO %O BEMUOUE. LT CUVEXELX, UEYLOTOTTOLOVUE TV
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AoyopLBpombavopdvelo we TEog o2:

;f(ﬂ)()z[mﬁ —0=

YmoAoyilovpe 0 0TEPN TAPAYWYO TNG CLYAPTNOTG ¢ (B, a2> ©C TPOG 02 YLOL VoL

emoAnfedoovpe 6Tt T0 2 elvan onpelo pueytoTtou:

Yoloyilovtoag Tor pLa Tng ovvdpTNomg L (B ) 02) w¢ Tpoc o2 ot 07 xow oo, emor-

AnBevovpe 6L T0 52 eivan onueio ohxol peyioTou:

02—00 02—00

lim L <§,02) = %im (2%02)7% exp{%;zn: [yl —y—ﬁ(xi :c)r} =0,

lim L(E,cﬂ) ™2 lim (
20t

2;)%"?{—2},22 [yi—y—ﬁ(xi—x)r} =0.

EYETIXE HE TNV XOTOVOUN TOU [3, bTtoAoYL{oLUE GTL:

1

E(B)=F (n—l)Sg(ZZZ;(Xi_X) (V; - 7)

- o _11)53( > (Xi=X) B (%~ ¥)

:Li -—X)2:B xou

Var <§) = Var

e S (T (- 7)

X =1
n

> (% X) (v V)

=1

1
= ———Var
(n—1)*5%
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- m > Var [(X; = X) (¥ = V)]

_ MZ (X; — X)? Var (v; - V)
=1

0.2

o - -\ 2
- T SN (x%-X)P =T
n 1PSE 2 5%
H tuyaio petofant B eivow Yoouutxds cuvdvaopodg Twy Y;. Emouévwe,
~ N —_— .
P (2. ez
B. E@pboov ta opdApata g; eivor aveEdptnta, Yvwpillovue O6TL:
I, 1 - 12 o
Qz(ﬂ;q =02;[Yi—Y—ﬁ(Xi—X)] ~ X

EmmAéoy, vohoyilovpe 61L:

Q=G [n TR T) 430 (% - D)
L -0 S X
i=1 =1
CP:(EU_Qﬁ)zn:(X,—X) Vi -V - B(x, - %)
=1
— (30_25) ; (X; = X) (Vi -Y) _an:(Xz_X)Ql =0,
i=1 =1

=@

Z = . Sxvn—1~N(0,1) =

_ B3)2 2_p/2."
Q=" s = NS (X e

o2 o2 ,
=1

Sopewva pe to Mppo 3.1 (oeAida 104), ovprepaivovpe dti:

Q1 ZZ[Y%YB(XiX)rNX%—r

Emopévme, Tokpvouue TNy opepOAnmTy eXTATOLO TG SLloTOPES 0°2:

S? =

n - 12
> Y-V -3 -X)]

1
n—1 4

)
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(n —1)52

o2

E(Ql):n—le[ }zn—1;»E(52):a2.

TéNog, Taipyovpue TNY AUEPOANTTTY EXTLUNTOLX TNG SLACTTOPAS TOV B:

i :>E(S§>—02:Var(,§).

S2 = —
(n—1)5%

T -0

Yoppwve pe to Bedpnua Cochran, n tuyoio petaBAnt) Q1 sivor aveEdptntn amd

™My Z, OMOTE:

Béoel g mapatnpoduevng Tipng t g eAsyyoouvvdptnong 1, vroioyilovpe OtL
t=—6.2 < —1.7291 = —t19.0.05 xou p-value = P(T < t) = 2.9439-107% < 0.05, ondte

amoppirtTovpe Ty Hy oc e.0.0. a = 0.05 évavtt tng evarroxtixig Hy : 5 < 20.

d. Ymohoyilovpe OTL:
Y,— 1 :/B(Xn_y)+5n_6(Xl_Y)_5l :B(Xn_Xl)+5n_5l =

E(Y, - Y1) = B(Xn — X1) = E (E) — 8.

Emopévwe, n B* etvou OUEPOANTTTY exTLUNTELA ToL . [apatnpodue 4T N B* etvow
EVOG YOOUULXOG GLYSLAOUOG TwY Y. Zoupwva ue to Bedpnuor Gauss - Markov,
YVwEilovue GTL N EXTLUNTOLO EAXYLOTWY TETOAYWHYWY B €xeL TNV EA&YLOTN SLACTIOPA
OVOUETO OE OAEG TLG OULEQOANTITEG EXTLUNTOLES TOV [ TTOL ELVOL YOOLULXOL GUYSVO-

opol twv Y;. Zouvemwe, de Oo mpotipodoaue ™ B* EVOVTL NG B O
Oépa 2. o. 'Eotw T0 POoVTEAO 0vEALGYG SLOOTTOPAS XATO EVOLY TTOOAYOVTO:
)/;,_]Zlu’t—i_glj? 5ijNN(070-2)? i:1727"'7ma j:172>"-ani7
omov g;; aveEdptnro. Mot ™ cLVOAXY] PLETOPBANTOTNTA TWY TOUEATNENCEWY YYWEL-
Covpe ot
m n; m Ny

Z Z(YU ~Y.)?= an(?z -Y.)*+ Z Z(ng -Y.)?%,
i—1

=1 j=1 i=1 j=1
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610UV Y. 0 P€00g TWY TopaTNEToE®Y amtd To i enimedo xa Y. 0 6LYOALXAC éaoc.
[Mdg pmopel vo yiver o éheyyog ™g Ho : 1 = po = -+ = L EVOVTL &b SLYOTNG

EVOANOKTLUNG;

. ZTov oo AT TTivoxo SvovTol Ol LETPNOELS TNG CUYXEVTPWOYG Ulag ovaiog
oty ortpoootpo. o 3 eninedo Oeppoxpaoiog (mopdyovtag A) xar 4 emimedo

atpoo@otpixig mtieong (mapdyovtog B).

[ieon
Emninedo 1 2 3 4 | Abpolopata | Méoor
1 12 11 18 19 60 15
Ocpu.oxpoaaio 2 14 16 20 22 72 18
3 16 18 22 25 81 20.25
Abpoiopota || 42 45 60 66 213
MéooL 14 15 20 22 17.75

i. Na eAeyybel oe e.0.0. a = 0.05 xotd THGO M P€OT GLYXEVTPWAY] ovaiag OLa-
eépeL yia tor 3 emimeda Oeppoxpaoiog. (Aivovtar SST = 194.25, SSE = 4.5,
SSB = 134.25.)

ii. No xataoxevootel éva 95% OSLAOTNUO EUTILOTOGVUYYG YLO TN SLOPOPA TWV UE-
OWY CUYXEVIPWOEWY TOV TETOPTOV XOL TOU TPWTOL ETLTEDIOV OTLOTPOLOLUNG

mieong. Eivol otatiotind onpovtiun 1 dtopopd;

iii. Ado epevvnTég LTTOAGYLGOY €var 95% OLEAOTNUO EUTILOTOGVUYNG YLO TNV TTOQO-
Tave dtopopd e ™ pébodo Scheffé. O mpwtog €dwoe To StdoTNua EUTLOTO-
obvrg [5.33,10.67] xow o debtepog To drdotnua epmiatoovrg [6.8,9.2]. Tlotog

omtd Toug OO0 TILOTEVETE GTL TO VTTOAGYLOE GWOTA KoL YLOTL;

Abon. o Ymé wy Hy g = po = -+ = = p, Yvwpilovpe 6t Yy ~ N(u,o?)

oveEdptnreg e i = 1,2,... ,m xow j = 1,2, ..., n;, ondTE:

SST 1 &K & _ n—1)52
e D I) LA A e L NI

o 02 < o2

ng —
To S? = n.l_l S (Vi — Y4)? elvon n Serypotixy| Staomopd g Y 670 i-0016 eTti-
i j:1
; , (n;—1)52 2 . ,
nedo. I'vwpilovpe 6Tt ———+ ~ x;. 1 toe i = 1,2,...,m. E@doov o. moportn-

ENOELG LETUED SLOPOPETIXWY ETULTESWY ElVaL aVEEAPTNTES, CLUTEPALVOLUE OTL OL
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derypotinég Stoomopée 52,593, ..., 52, elvon aveEdpTnreg petokd toug. Emopévoc,

SSE 1 & - ™ (ng —1)857
=) ) V=Y =) St e
i=1 j=1 i=1

2oppwvo pe to Mupo 3.1, oopmepaivovpe ot Sf’—QF = SUS—QE — %T

~ x2,_, omd ™V
Hy. H aveEaptnola petakd SSF xor SSE mpoxdmtel pue xotdAAnAn €@opu.oyn Tov

Oewpnpotog Cochran. Xvvemwg,

SSF (n —m)o?  MSF

F = . m—1,n—m-
(m—1)o2  SSE MSE b

Ay f elvor n TopaTnEoduevn TN TG EAEYX0oLVEPTNONG F, ToTE amopplmTovuE

™y Hy av xow pévo av f > Fpy 1 —m:a M p-value = P(F' > f) < a.

B. i. 'Eotw Y;; N ouyxévtpwon ovolog 670 i-00td entinedo beppoxpaociog xow
070 j-00T0 eTiTeSO ATLOGQOLELXNG Ttieang yior ¢ = 1,2,3 xow j = 1,2, 3, 4. Téte, t0

LOVTEAO OVAALOYG SLOOTTOPAS XOTE OVO TOHPAYOVTIES YORPETAL WG:

6mov g;; ~ N(0,0?) aveEdptnro yioo i@ = 1,2,3 xou j = 1,2,3,4. @éhovpe vo

TOOYLOTOTIOLYIOOVILE TOV EAEYYO TwY LTTOOETEWY:

H():Ozl:OéQ:ag:OVS.

Hi :a; # 0 yio xémoro @ € {1,2,3}.

I'vwpilovpe 6t SSA = SST —SSB — SSE = 55.5. H xoatavopn tov SS—ZA gxetm—1=2

Bobpovg erevbepiog, n xaTovouy] Tov 55—2]3 gyet £ —1 = 3 Babpodg ehevbepiog xow N
XOLTOVOWUT] TOV Sas—f éxet (m—1)(£ — 1) = 6 Babuodg erevbepiog. Kataoxevalovue

TOV TUVOXO OVAAVOTG SLOLGTIOPAS TOL LOVTEAOU:

Sum of Squares | d.f. | Mean Square F p-value
A SSA = 55.5 2 | MSA =27.75 fa =37 4.2188-10~*
B SSB = 134.25 3 | MSB =44.75 | fg = 59.6667 | 7.3712-107°
Error SSE = 4.5 6 MSE = 0.75
Total SST = 194.25 11

Y16 v Hp : a1 = g = ag = 0, yvwptlovpe 6Tt Fy = % ~ F» 6. YtoloyiCovpue
6Tt fa = 37 > 5.1433 = Fy60.05 xouw p-value = P(F4 > f4) = 4.2188 - 10~* < 0.05,
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0ToTE aTmOPEITTTOLUE TN UNdeVLxY] LITOOETY GTL M H€ON CLYXEVTPWOY OLOLOG OTA 3

entimteda Oeppoxpaciog de dtapépeL oe €.0.0. a = 0.05.

ii. @EAOLUE VO XUTOOXEVAOOVE EVOL SLATTNUO EUTILOTOCOVYS LOWY 0LEWY YL
™ BLopopd f1a — p1. 'Eotw Y ; o detypotindg péoog tng moodTnTog 0uotog 6To
j-0076 eminedo atpooonpixig Tieong. I'vwpilovpe 6t Y ;j ~ N <M.ja %2> oveEdp-
reg e j = 1,2,3,4. H Stopopd YV 4 — Y 1 elvow pion xovovixd xorrovepnuévn
OLLEQOANTITY EXTLUNTOLO TNG OLOPOPBS fh4 — [ HE:

2
Var (V. — ¥a) = Var (V.4) + Var (V) = 22~ =

7 (Ya—Y) —2(,&.4 — ) ~ N(0,1).
943

To S? = MSE eivot opepbAmTy eXTUUATOLO TNS JLOOTOPES 02 Ue Q = %2 ~ X2.

EmimAéov, 10 S? eivor aveE&ptro améd tovg derypotinodc puéooug Y 4 xon Y g,
omtdTE M TVYOLA LETOPANT @ elvort aveEdPTNTN amtd TV Z. ZUUTEQPOLVOLUE OTL:

r_ 2 _ (Ya-Ya)—(pa—p1) o _ (Ya=Y1)— (pa—pa)
2 S 2

¢ o\/3 S\/3

~ tg.

Zytépe otabepés 1, co € R tétoteg, bote Plcp < T < ¢2) = 0.95. ZouyxexpLpéva,

YL TO SLAOTNUO EUTILOTOOVYNG [OWY 0LEWY XENOLULOTIOLOVUE TLG OYETELS:
P(T < ¢1) =0.025 = P(T > c1) = 0.975 = ¢1 = t6,0.975 = —16:0.025,
P(T > c3) = 0.025 = c2 = 16,0.025-

Emopévwg, to Staotnuo eumiotoodvng (owy ovpwy divetal amd 0 oyéon:

(Ya—Ya)— (pra—pa)

S\/5

—16,0.025 < < 16:0.025 <&

_ — 2 — — 2
(Y4—Y1) —teo.005 - 5\/; Spa—p1 < (Ya—Y1)+te0.0 - S\/;-

TeAxd, vohoyilovpe 6t Iygs (pa — 1) = [6.2698,9.7302]. Edw Ttopatnpodue bt
0 ¢ Inos (e — pr.1), OTTOTE M SLOPOPE f14 — f1.1 ELVOLL OTOTLOTLXY] ONUAYVTLXY] OE €.0.0.
a = 0.05.

iii. To StxoTUOTO EUTTLOTOGVYNG TTOL TTEOXVTTTOLY €T TNG peBSov Scheffé
glvor mavtor peyolbtepo (TTLo oLVTNENTLXA) OTtd ToL AV TIOTOLYO LEROVWDUEVOL dLot-
OTNUOTO EUTILOTOCVYYG, OTTOTE QLPNYOLY UEYOADTEQN aBERALOTNTH YLOX TNY EXTLUW-

uevn moodTnTa. ETOpéveg, 0 TPWTOS EPELYNTAG VTTOAGYLOE OWOTA TO JLACTNUO
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EUTILOTOOVYYG. U

4.8 ZXemtepPorog 2008

Oépa 1. Aivetan t0o Ypouptxé povtého Y; = By + f1(X; — X) + e i = 1,2,...,m,
OTTOL TOL GPAALOTO £; ELVOLL VEERQTNTOL XOL XAYOVLXA XOTOUVEUNUEVO. LE LETT TLUN

0 %o dyvwotn Staomopd o2.

o. No Bpebodv oL exTiunToleg Ao lOTWY TETPAYWVLY 30, Bl TWY TOPAUETOWY

Bo, B1, xoBwdg xow N xoTVOUY} TOUG.

B. 'Eotw S% N OUEPOANTITY] EXTLUNTOLO TG OLAOTTOPAS TOL B1. Na Bpebel 7
1
XOTOVOUY] TNG OTATLOTLXYG CLVEPTNONG %
B1
n
Yr6derEn: Aiveton 6t 45 ST E2 ~ x2_,, 6moL & Tor xartdAoLor T ToALySp6-

)
i=1
unong.
Y. No Bpebel diaotnua epmiotoodvng ovvteAeot) 1 — a yLoe To .

Adon. o. Zopewvo pe ™ péHodo elayioTwy TETPOYWOVW®Y, EAXYLOTOTIOLOVUE TN
ovvéptnon Q(Bo,B1) = S ef = 3 [YVi— Bo— Bi(Xi —Y)]Q. Ioe Tov Aéyo oo,
i=1

=1

uUNdeVICOLUE TLG PEPLKEG TTAPOYWYOVS TNG CLYAPTNOTNS Q-

Q

95, :—QE[K_ﬁo_ﬁl(Xi_X)] =0=

0
ZYQZNB\o-FB\lZ( “X) ==Y,

i=1 =1

ggl :—QZ(Xi—Y) [Yi— By — Bi(Xi — X)) = 0=
i=1

0

(X =X)Y; = Boy/x) +B Y (Xi—-X)? =B = S:;(QY
i=1 =1 i=1 X

Télog, vroloyilovpe tov Eootavd mivaxa tng cvvaptong Q(5o, f1) yiae va emo-

Anbedoovpe 6t To onueio (Bo, F1) eivor To povadixd olxd eAdylotd g

0
92Q 0%2Q " — 092Q n —
9% _on, CE 9N (X, - X2, —2 “X) =0=
o3 o5 ~ 22K X g —2LER)
2n 0
H(Bo, B1) = —. | = H betxd opLopévoc.
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Apob o Eoolavde mivoxog g Q(Bo, f1) elvar Betixd oprtopévoe, n Q(Po, f1) €i-
VOL YVNOLWE XVPTN XKoL EYEL LOVASILXO OALXO EAAYLOTO TO (30, Bl) ZYETIXE LE TNV

XOTOVOUY] TWV Bo. B, BAéme Oépa 1, ZemtéuPorog 2017 (oeAida 125).
B. I'vwpilovpe o6t

Bi—
75,

7 = ~ N(0,1), 6mov 0%1 = Var (31) .

EmmAéoy, pog diveton ot

n—2)S 2 . 2 1 . ~2
O-ZZ ~ Xp—2, Omov 5% = n—Q,Z;gi'
1=

Yoppwvo pe to Bedpnuo Cochran, n toyoia petafAnt) Q civor aveEdptntn amd

™My Z, OOTE:

p 5 5 g
T = = brL=r A b= ~ty_9, OTOL S2 =o2 . —-
_Q 0751 S SB‘l B1 B o

n—2

Y. Zntdpe otabepég 1, co € R tétoteg, dote P(c; < T < ¢2) = 1 — . Xoyxe-

XOLUEVA, YL TO OLAOTNUO. EUTILOTOOVVYG LOWY 0VPWY Y PN OLLOTIOLOVILE TLG OYETELS:
a o
P(T < Cl) = 5 = P(T > Cl) =1- 5 =1 = tn—2;1—% = —tp_9.2,

(0%
P(T > c9) = by = C3 :tn—2;%~

Emopévwg, 1o dtdotnuo epmtotoodvng (owy ovpwy divetol amd ™ oyéon:

B — b ~
c1 < SA S & —tyga- SA\/BI_/Blgtan;%'Sfjl-
TeAwxd, Toipvovpe 6t 11 (51) = Bl — lp_g;2 -551,31 +lp_o2 '531 . O
Oépoa 2. o. ZTNY avdALOT SLOGTIOPAS XATA EVOY TTAPAYOVT, E0TW N; To. LEYEDN
TV SELYUATwY Tov €xovy Anebel amd m vronAnbvopods yia i = 1,2,...,m, Yj;
oL avtioTol g TapaTtnEoels Yt i = 1,2,...,m xow j = 1,2,...,n; Y; o péoog

TWV TOPATNEHOEWY otd TOo ETTITEDO i X0 Y 0 cuVOAXOC péooc. Now SetEete 6t

DD TR (8 i ST RS LN s S AL

i=1 j=1 =1 i=1 j=1

Tu exppdlel xabévo amd Ta Topamdvew abpoiopota;

B. O apbudg TovdLwy oL xATOOXEVALOVY Ot Ui WP UETENONXE YLow 3
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LTTaAANAOLG Liag Broteyviag xeLpoToinTwy TotyvLoLwy. Ot petpnoelg divovtol 6Tov

TIOPOXATW TTEVOXOL:

YréAAnA oL ‘ [TAn60g Towyvedrwdy H Abpoiopoato | Aetypatixol Méoot

1 9 12 10 8 15 54 10.8
P 20 21 23 17 30 111 9.2
3 6 5 8 16 7 42 8.4

| | 207 13.8

i. Na eheyybel o €.0.0. a = 0.05  vTébeom dTL 0 pé€oog aPLhdg TaLXVLILWY TOL

XATOOXEVALOVY OL 3 LTIAAANAOL O SLaPEPEL.

ii. No eheyybel o€ €.0.0. a = 0.05 n vEéOeom dTL 0 pé€oog aPLhdS TaLXVLILWY TTOL

XOTOOXKEVALEL O JEVTEPOG LTTAAANAOG SLAPEPEL OTTH TOLG AAAOVLG V0.

Abon. a. BAére mpétaon 3.1 (oerida 103).

e To SST = ) f: (Yij — Y.)? expdler ouvohxn petofAntétnra twy Sedopé-
i=1j=1
VOV.

m — —
e To SSF = 3" ni(YV; — Y .)? exppdler t0 x0ppdtt e LETOPBANTOTNTOC TwV
i=1
JedoUEVmY TTOL EENYELTOL AT TOV TTOPAYOVTO LECW TNG ATTOXALOYG TWY JELY-

LOTIXGY LECWY TwY EMLTESWY omd TOV GUVOMKS SELypoTind péco Y
mo _
e To SSE = Y > (Vij — Y;.)? ex@oblet To xoppdt g LetofBAnTtdTnTog Tmwy

i=1j=1
OeJ0OUEVMY TTOL TTAPOUEVEL OLVEENYYTO KO TTOCOTLXOTIOLELTOL LEGL TWV KOLTO-

Aofmwy ;.

B. i. 'Eotw Yj; 10 j-0070 mAY00g oy vtSLedy ToL i-06TO0 LTTOAANAOL YLO § =
1,2,3 o j =1,2,...,5. Téte, T0 LOVTEAO OVAALGYG OLACTIOPAS XATA EVOY TP~

YOVTOL YOAPETUL WG:
}/Z]:HZ+EZ]:N+TZ+E’L]7 i:172737 j:1727"‘757

6mov g;; ~ N(0,02%) aveEdptnra yioe i = 1,2,3 xou j = 1,2,...,5. ©@érovpe va

TOXYULOTOTIOLYCOVUE TOV EAEYYO TwY LTOOETEWY:

Ho : py = pa = p3 vs.

Hy @y # pj yroo xémon @ # j,

OToL p; To P€oo TANHOG TTaLxvLdLWY TOL i-00TOV LTTAAAYAOL. Y'TToAoYIlovuE T

3
SSF =5 (Vi —Y.)” =5436,
=1
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3 5
SST =) > (Vi —Y.)> =T746.4,

i=1 j=1
SSE = SST — SSF = 202.8.

EmimtAéoy, N xatovou] Tov Sf—QE éxet n—m = 12 Babpovg eAevbepiog xor  xortovoun

SSF . _ A 4 Z 3 7
Tov 23 gyet m—1 = 2 Babu.ovg erevbepiog. Kataoxevalovpe tov mivoxo avdAvong

JLAOTOPAG TOV LOYTEAOL:

Sum of Squares | d.f. | Mean Square Fo.19 p-value

Factor SSF = 543.6 2 MSF = 271.8

f =16.0828 | 4.0233-10~4
Error SSE = 202.8 12 MSE = 16.9

Total SST = 746.4 14

Y16 v Hp @ p1 = pa = ps, yvwptlovpe 6t F = M—gg ~ F3 12. YoAloytlovpe 6t
f = 16.0828 > 3.8853 = Fy 12005 %o p-value = P(F > f) = 4.0233 - 10~% < 0.05,
omdte amopplmTovpe TN Undevixy] vmobeon 6Tl Tar Yoo TANON TaLXVLOLWY TWY

TOLWY LTTOAANAWY de SLapépovy oe €.0.0. o = 0.05.
ii. Optlovpue TO contrast:

_ p1+p3 1 1
L=py——F—=p2—gm—ghs

BEAovUE YO TTPXYUXTOTTOLNOOVILE TOV EAEYYO0 LTTObEoewy Hy : L =0vs. Hy : L # 0.
H otatiotixy ovvaptnon L=Y,— %?1_ — %?3_ elvot plor XoVovLXA XOTOVEUNUEYT

OUEPOANTITY EXTLUNTOLA TOL L pEe:

J2

Var(L) = -+

o? 102—302:>Z—
5 4 5 10 a3

10

+

~ N(0,1) 6o v Hp: L = 0.

=

To S? = MSE eivo apepbAnmtn exTLpitoto Tne Staomopdc o2 pe Q = 15‘52 ~ X35

H tuoyaio petofAnt) Q sivor aveEdptntn amd ™y Z, onote:

Z L L
3 3
Vi %o S\ 1o
Bdoesr g mopotnpoduevng tipng ¢, éxovpe 6t [t| = 5.5959 > 2.1788 = t12.0.025
xot p-value = P (|T| > |t|) = 2P(T > t) = 0.0014 < 0.05, om6Te AmMOPEITTOVYE
™ pndevixy] vmdébeon 6Tl 10 péoo mANHog ToLYVLOLLY TOL JEVTEPOL LTTOAANAOL

Oe JLoPEPEL Ol AVTOY TWY GAAWY dV0 LTEQ TNG OUPITAELEYNG EVOAAAXTIXNG OTL

OLoLEPEL. O
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4.9 Tlovviog 2008

Oépa 1. Aiveton to Ypouptxd povtého Y; = By + f1(X; — X) + e i = 1,2,...,n

OTTOL T GPAALATO €; ELVOLL OVEERQTNTOL XOL XOYOVLXE XOTOUVEUNULEVO UE LETT TLUN

0 o Eyvwot, Stouomopd .

—

o. No Bpebovy ot extiuntpLeg péyrtotng mboavopdvelog 30, 31, 02 TWV TOPOUE-

ToWY Bo, B1, o2, xadg xaL N xoTAYOU NG B\l.

B. Av E; xou Y; elvon to xartéhormor %otk Ot npooapuoouevsg TLUES TNG TTOALYSPO-

unong avtiotorya, vo detEete 4T Z & = Z Y& = 0.
i=1 i=1

(Y, - Y)2 +
1 7

M:

y. Now Setybet 6t S (V; —Y)?2 =

=1 7

(Vi — V).
1

3. No deikete T umopel vo yYivel 0 €AeYyog Twy vmobéoewy Hy : 1 = 0 vs.
H : B1 # 0 pe xpnon tov xpttnpiov F.
Y6detEn: Now deiEete OTL M| GTOTLOTLXY GLYAPTNOY:
F = 2 n(X X)%,  6mov 52:1271:(3/2‘—?2‘)27
52 — n—2 <&
oxoAovbel ™ xotavoun Fip_o.
Abon. o. BAéme 0épa 1, TentéuBorog 2017 (oeAido 125).
B. BAéne mpobtaon 1.4 (oerida 17).
v. BAéme 0épa 1, TemtéuBorog 2017 (oeAido 125).
3. BAéme Bépa 1, Temtépfprog 2017 (oeAido 125). O

Oépa 2. o. 'Eotw 10 HoVvTEAO avdALGYG SLOOTTOPAG XATA EVOLY TTOOBYOVTOL:
Yij = pi +eij, €5~ N(0,0%), i=1,2,....,m, j=12,...,n,

OOV ToL CPAAUOTO €55 elval aveEdpTNTa, m glvar 0 apLbudg Twy ETLTESWY TOL
VIO UEAETN TTOPAYOVTA, N; €lvot 0 apLtBuds Twy TopaTnENoewy amd To eNLTESO i

XL ny+ng+ -+ npy = n.

i. No deikete 6Tl N OTOTLOTLXY CLYAPTNOY

—\2 , o ,

n—m Z 2 (Yi; = Y;)", 6mov Y elvon
=1 j—l

0 PEGOC TWY TREATNEACEWY OTt6 TO EMEITEDO 4, EIVOLL AUEPOANTITY EXTLUATOLO

e Stoomopdic o2.
Uz — —
ii. No delfete 6 n otomiotins ouvbptnon — > ni(Y;—Y)? yewxd vepextiud

i=1
10 02, TI6te Yyivetow opuePOANTTN EXTLUATELO TOL 02;
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B. O xpbévog avtidpoomg o€ YLALOGTA TOL SEVTEPOAETTTOL HETPNONXE YLow 3 SLowpo-
PETLXOVG TOTTOVG NAEXTELXWY XUXAWULATWY TTOL Oor PTToPOoLoAY Vo YPMaLLoTToLdovy
oToV UNYowLtopo piog B0pag aopaieiag. Or petpnoetg divovtot GTOY TOEOXATEW TTi-

VOO

HAextpina Koxddpota | Xpdvor Avtidpoong H Abpoiopata ‘ Méoor ‘

1 9 13 10 8 15 55 11
P 20 21 22 17 30 110 99
3 6 9 8 15 7 45 9

| 210 | 14 |

i. Na eheyybel oe €.0.0. a = 0.05 av 0 xpdvog avtidpaong SLoPEPeL Yo Toug 3

TOTTOLG XUXAWOPOTOS. (Aivovrtan SST = 668.)

ii. O xaTaoxeLOGTNG LTOGTNPLLEL OTL 0 FEVTEPOG TUTIOG XUXAWLATOG OEV TETEL
voo TpoTtunbel yior Tov unyoviopd emeldy] Sivel Tov peyaAdTEPO Xp6vo avtidpo-

ong. No eheyybel oc €.0.0. @ = 0.05 av LoyVEL O LOYVPELOUOG TOL XKATAUOXEVATTY].
Abon. o. BAéne mpotaon 3.3 (oerido 105).

B. i."Eotw Yj; 0 j-0070g %p6v0g avtidp0oong TOL i-0GTOD NAEXTOLXOD XUXAWULO-
togytoe i =1,2,3 xaw j = 1,2,...,5. Tote, 10 LOVTENO avAALOTG SLAOTTOPAS KT

EVOY TLOPAYOVTO YPRPETOL WG:
YL]:/'LZ+51j:M+Tl+5l]7 i:152737 j:1)25‘°'357

6mov g;; ~ N(0,0?) aveEdptnro yioe i = 1,2,3 xow j = 1,2,...,5. @éhovpe vo

TOOYULOTOTIOLYICOVUE TOV EAEYYO TwY LTOOEoEWY:
Ho : p1 = p2 = pg vs.
Hy @y # pj Yoo xemole @ # j,

OTTOL 1; O LETOG YPOVOG avTiBPAaYNS TOV i-00TOD NAEXTOLXOD XUXAWUOKTOG. Y'TTOAO-

3 __ _
yiCovpe 6t SSF =5 (Y, — Y .)? = 490, onéte SSE = SST — SSF = 178. EmunAéoy,
i=1

N XOTAVOWUY] TOU Sj—? éxet n —m = 12 Babpodg eievbepiog xor N xotovoun tov
%‘S—QF éxet m — 1 = 2 Babpolg erevbepioc. Kataoxevdlovpe tov mivaxa avédAvorng

OLOLOTIOPAG TOL LOVTEAOV.

Y16 ™y Hp : 1 = po = ps, Yvwptlovpe 6tL F = % ~ F3 12. Yoloytlovpe 4t

f = 16.5169 > 3.8853 = Fy120.05 %o p-value = P(F > f) = 3.5798 - 10~* < 0.05,
omoTE amOoPEITTOLUE TN UNndevixy] vmobeoyn dtL oL uéool yPOvoL avTidPUoNg TWV

TOLWY TOTTWY XOXAWPATLWY Ot Staépovy ot €.0.0. o = 0.05.
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Sum of Squares | d.f. | Mean Square Fo19 p-value
Factor SSF = 490 2 MSF = 245
f=16.5169 | 3.5798 - 104
Error SSE =178 12 | MSE = 14.8333
Total SST = 668 14

ii. Opilovpue To contrast:

it ps 11
9 H2 2#1 2M3~

L:‘LLQ—

Bélovpue Vo TPOYUATOTTOLNOOVIE TOV EAeY Y0 vTobéoewy Hy : L =0vs. Hy : L > 0.
H ototiotnd ouvbpmon L = Yo — 1V — 1V eivow pion xovovixd xotovepnuévn

OPLEQOANTTTY EXTLUNTOL TOL L UE:

5 4 5 10 N 3
9\ 10

cn‘qw

Var(L) = + ~ N(0,1) dmo v Hp : L = 0.

|

+

To S? = MSE efvow oepdAnmTn exTLitoLo TNg SLaomopds o e Q = 1§§2 ~ X35

H toyaio petofint) Q eivon aveEdptnmn and Ty Z, omdTte:

N
=~

o L
o = =~ tia.

Bdoel tng mopotnpodueyng tung t, €xovpe 0t t = 5.6885 > 1.7823 = t12,0.05 %O
p-value = P(T > t) = 5.0469 - 107° < 0.05, om6te amOPEITTOVPE TN UNSeEVLrN
vmtdbeon 6TL 0 PEdog YPOVOG avTidPaOoNS TOL JEVTEPOL TOTTOL XVXAWUATOS OE
SLoPEPEL ATTO AVTOY TWY GAAWY dVO LTEP TNG EVOAAOXTIXNG OTL Elval LeYoADTEQOG.

O
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