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Prìlogoc

H Arijmhtik  Grammik  Algebra kalÔptei ènan apì touc shmantikìterouc kai megalÔterouc
kl�douc thc Arijmhtik c An�lushc tìso apì thn �poyh thc jewrÐac ìso kai apì thn �poyh
twn efarmog¸n thc. AsqoleÐtai kurÐwc me thn arijmhtik  epÐlush grammik¸n susthm�twn
algebrik¸n exis¸sewn kaj¸c kai me thn arijmhtik  eÔresh twn idiotim¸n pin�kwn.

H shmasÐa kai h spoudaiìthta thc Arijmhtik c Grammik c Algebrac sthn pr�xh den
eÐnai tuqaÐa. Autì de giatÐ èqei ektimhjeÐ ìti to 70% twn problhm�twn thc Epist mhc kai
thc TeqnologÐac pou katal goun gia epÐlush ston Hlektronikì Upologist  eÐnai grammik�
sust mata. To teleutaÐo dikaiologeÐtai apì to gegonìc ìti, ektìc apì ta probl mata pou
eÐnai apì th fÔsh touc grammik�, ta aploÔstera montèla gia thn perigraf  twn diafìrwn
fainomènwn eÐnai ta grammik�. Opwc eÐnai gnwstì, èna fainìmeno, sto opoÐo up�rqoun me-
tabolèc fusik¸n posot twn pou exartioÔntai apì �llec, perigr�fetai sun jwc sta majh-
matik� apì mia diaforik  exÐswsh. Gia th melèth thc kai thn en suneqeÐa epÐlus  thc ston
Upologist  apaiteÐtai prohgoumènwc h diakritopoÐhs  thc. An h diaforik  exÐswsh eÐnai
grammik  eÐnai epìmeno to diakritì an�logì thc na eÐnai grammikì (sÔsthma). An den eÐnai
grammik  mia kal  pr¸th prosèggis  thc apoteleÐ mia grammikopoÐhs  thc pou odhgeÐ telik�,
me diakritopoÐhsh, se grammikì sÔsthma.

H Arijmhtik  Grammik  Algebra, ìpwc ex�llou kai h Arijmhtik  An�lush, asqoleÐtai
genik� me thn an�ptuxh kai melèth (arijmhtik¸n) algìrijmwn, dhlad  algìrijmwn pou pe-
rièqoun tic tèsseric basikèc pr�xeic thc Arijmhtik c kai mìno, gia thn eÔresh arijmhtik¸n
apotelesm�twn apì arijmhtik� dedomèna sta grammik� probl mata pou anafèrjhkan pro-
hgoumènwc. Oi arijmhtikoÐ algìrijmoi gia na eÐnai apotelesmatikoÐ sthn pr�xh ja prèpei na
katal goun sto epidiwkìmeno apotèlesma me tic ligìterec dunatèc pr�xeic  , me ìrouc Upol-
ogist , sto mikrìtero dunatì qrìno. Akìmh, to ìpoio arijmhtikì apotèlesma, pou paÐrnetai
apì ton Upologist , ja prèpei na eÐnai ìso to dunatìn pio akribèc gia na eÐnai apodektì
kai �ra qr simo. H qr sh ìmwc tou Upologist , pèra apì opoiad pote �lla sf�lmata,
pou eÐnai dunatìn na enup�rqoun sta arijmhtik� dedomèna enìc probl matoc, ìpwc p.q. ta
gnwst� sf�lmata apokop c, eis�gei p�nta kai ta anapìfeukta sf�lmata stroggÔleushc
kat� thn apoj keush twn dedomènwn tou probl matoc kaj¸c kai aut� pou dhmiourgoÔntai
kat� thn ektèlesh twn endi�meswn pr�xewn kai thn apoj keush twn apotelesm�twn touc. H
parousÐa ìlwn aut¸n twn sfalm�twn, pou susswreÔontai kai metadÐdontai kat� th di�rkeia
twn upologism¸n, èqei wc �mesh sunèpeia ta telik� apotelèsmata pou paÐrnontai apì ton
Upologist  na mhn eÐnai akrib . ApoteloÔn dhlad  mia prosèggish thc lÔshc tou prob-
l matoc. Epìmeno, loipìn, eÐnai èna meg�lo mèroc thc jewrÐac thc Arijmhtik c Grammik c
Algebrac, ìpwc kai thc Arijmhtik c An�lushc, na afier¸netai sthn an�ptuxh kai kataskeu 
mejìdwn, algìrijmwn, pou ja periorÐzoun kat� to dunatìn ta sf�lmata sta telik� apotelè-
smata, ètsi ¸ste ta apotelèsmata aut� na gÐnontai apodekt�. H eÔresh thc apìklishc twn
teleutaÐwn apì ta antÐstoiqa �gnwsta, pou apoteloÔn th jewrhtik  lÔsh tou probl matoc,
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dhlad  h eÔresh twn telik¸n sfalm�twn, kaj¸c epÐshc kai h melèth kai o periorismìc touc,
apoteleÐ epÐshc mÐa apì tic pio shmantikèc sunist¸sec twn parous¸n Shmei¸sewn.

Apì th fÔsh twn problhm�twn pou meletioÔntai sthn Arijmhtik  Grammik  Algebra,
eÐnai epìmeno pèra apì arijmoÔc (bajmwt� megèjh) na emplèkontai dianÔsmata kai pÐnakec.
Wc ek toÔtou oi ìpoiec idiìthtec twn pin�kwn ja prèpei na meletioÔntai se b�joc afoÔ h
dunatìthta ekmet�lleus c touc se mia sugkekrimènh perÐptwsh eÐnai dunatìn na apoteleÐ
apofasistikì par�gonta afenìc men sthn an�ptuxh apotelesmatik¸n algìrijmwn afetèrou
de sthn epilog  tou katallhlìterou metaxÔ perissìterwn tou enìc diajèsimwn algìrijmwn.
Eqontac ex�llou upìyh ìsa  dh anafèrjhkan, sqetik� me thn an�ptuxh apotelesmatik¸n
algìrijmwn kaj¸c epÐshc kai me th melèth kai mètrhsh twn ìpoiwn sfalm�twn sta telik�
apotelèsmata, eÐnai epìmeno oi antÐstoiqec metr seic na apaitoÔn th qrhsimopoÐhsh, ìqi
mìno apìlutwn sfalm�twn arijm¸n all� kai, apìlutwn sfalm�twn dianusm�twn kai pin�kwn.
Etsi, h eisagwg  kai h en suneqeÐa qr sh thc ènnoiac thc norm kajÐstatai ek twn wn ouk
�neu.

Wc ek toÔtou sta epìmena Kef�laia ja epidiwqteÐ pr¸ta mia sÔntomh eisagwg  se s-
toiqeÐa pou èqoun sqèsh me dianÔsmata kai pÐnakec prin gÐnei opoiad pote anafor� sthn
an�ptuxh kai melèth algìrijmwn, gia thn epÐlush grammik¸n susthm�twn, h opoÐa kurÐwc ja
kalufteÐ. H arijmhtik  eÔresh twn idiotim¸n tetragwnikoÔ pÐnaka, an kai h eisagwg  twn
teleutaÐwn me ì,ti aut  sunep�getai jewrhtik� ja mac apasqoleÐ suneq¸c apì to Kef�laio
1, ja kalufteÐ sunoptik� sto Kef�laio 8. Osec nèec   gnwstèc kai qr simec ènnoiec kaj¸c
kai prot�seic apì th Grammik  Algebra apaitoÔntai ja eis�gontai   ja anafèrontai ìtan kai
ìpou autèc ja qrei�zontai gia pr¸th for�.

Oi an� qeÐrac Shmei¸seic apoteloÔn mia ènwsh twn ul¸n twn majhm�twn thc Arijmhtik -
c Grammik c Algebrac, pou did�qthkan kat� ta tèssera teleutaÐa akadhmaðk� èth sto
Panepist mio Kr thc se proptuqiakì kai metaptuqiakì epÐpedo kai sto Panepist mio Iwan-
nÐnwn. BasÐsthkan kurÐwc stic Shmei¸seic tou pr¸tou suggrafèa, pou apotèlesan kÔrio
bo jhma se antÐstoiqa maj mata ta teleutaÐa 16 qrìnia sto Panepist mio Kr thc, sto E-
jnikì Metsìbio PoluteqneÐo kai sto Panepist mio Ajhn¸n, se Shmei¸seic tou deÔterou
suggrafèa, pou qrhsimopoi jhkan ta teleutaÐa qrìnia stì Panepist mio IwannÐnwn kaj¸c
kai se Shmei¸seic tou trÐtou suggrafèa, pou qrhsimopoi jhkan ta teleutaÐa tèssera qrìnia
sto Panepist mio Kr thc, ta prohgoÔmena 10 sto Panepist mio Purdue twn H.P.A. kai ta
prin apì aut� 15 qrìnia sto Panepist mio IwannÐnwn.

Tèloc, ja jèlame na euqarist soume eilikrin� touc kat� kairoÔc majhtèc mac, pou me tic
eÔstoqec erwt seic, aporÐec kai parathr seic touc, mac bo jhsan na katal xoume katarq�c
stic Shmei¸seic autèc, pou upob�llontai sthn krÐsh twn qrhst¸n kai anagnwst¸n mac. Ja
 tan meg�lh par�leiyh apì mèrouc mac an den euqaristoÔsame olìjerma kai ton agaphtì
fÐlo kai sun�delfo Gi¸rgo AkrÐbh, Kajhght  tou PanepisthmÐou IwannÐnwn, pou eÐqe thn
kalosÔnh na qrhsimopoi sei kai na diexèrjei meg�lo mèroc twn Shmei¸sewn kai na k�nei
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eÔstoqec parathr seic, ìqi mìno se sf�lmata kai paraleÐyeic touc, all� kai se sf�lmata
ousÐac. Opoiesd pote parathr seic apì mèrouc twn anagnwst¸n mac, pou ja bohj soun
sth beltÐwsh twn parous¸n Shmei¸sewn, ja eÐnai me qar� mac euprìsdektec.

Hr�kleio, IoÔnioc 2000
BasÐleioc Dougal c, Dhm trioc NoÔtsoc, Apìstoloc Qatzhd moc

Prìlogoc 2hc Ekdoshc

H paroÔsa èkdosh diafèrei apì thn prohgoÔmenh sto ìti poll� apì ta l�jh, sf�lma-
ta kai paraleÐyeic thc entopÐsthkan kai diorj¸jhkan. Autì ègine kurÐwc kat� th di�rkeia
thc didaskalÐac twn majhm�twn “Arijmhtik  Grammik  Algebra” kai “Jèmata Arijmhtik c
An�lushc” kat� ta dÔo ex�mhna tou l gontoc akadhmaðkoÔ ètouc sta Panepist mia Ajhn¸n,
IwannÐnwn, Kr thc kai KÔprou. Apì th jèsh aut  jewroÔme upoqrèws  mac na euqarist -
soume jermìtata touc foithtèc pou parakoloÔjhsan ta antÐstoiqa maj mata kai oi opoÐoi
me tic erwt seic kai tic upodeÐxeic touc sunèbalan apofasistik� sthn ìlh parousÐash tou
nèou keimènou.

Epeid  exakoloujoÔme na pisteÔoume ìti kai h nèa èkdosh den mporeÐ na eÐnai apallagmènh
laj¸n, sfalm�twn kai paraleÐyewn, parakaloÔme touc anagn¸stec thc na mac bohj soun
me thn opoiod pote trìpo sumbol  touc gia mia akìmh kalÔterh mellontik  parousÐash twn
an� qeÐrac Shmei¸sewn.

Hr�kleio, IoÔnioc 2001
BasÐleioc Dougal c, Dhm trioc NoÔtsoc, Apìstoloc Qatzhd moc

Prìlogoc 3hc Ekdoshc

Sthn paroÔsa èkdosh, pèra apì di�forec diorj¸seic pou apoteloÔn sun jh praktik 
miac opoiasd pote ne¸terhc èkdoshc, èqei gÐnei mia mikr  anadi�taxh thc Ôlhc me di�forec
sumplhr¸seic gia thn kalÔterh katanìhsh tou keimènou. H nèa èkdosh èqei epÐshc em-
ploutisteÐ me mia poikilÐa epilegmènwn ask sewn, pou dÐnontai sto tèloc k�je kefalaÐou,
gia thn akìmh kalÔterh empèdwsh thc neoeisaqjeÐsac Ôlhc kai twn perilambanìmenwn s'
aut n ennoi¸n kaj¸c kai thc sÔndes c touc me tic antÐstoiqec prohgoÔmenec.

Ja  tan meg�lh par�leiy  mac an den euqaristoÔsame jermìtata ìlouc pou mac sumpara-
st�jhkan me ton opoiod pote trìpo kai sunèbalan èmmesa sth diamìrfwsh thc nèac èkdoshc.
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Hr�kleio, Okt¸brhc 2003
BasÐleioc Dougal c, Dhm trioc NoÔtsoc, Apìstoloc Qatzhd moc

Prìlogoc 4hc Ekdoshc

H paroÔsa èkdosh apoteleÐ mia akìmh beltiwmènh ekdoq  thc prohgoÔmenhc, ìpou, gia
mia akìmh for�, nèa eisqwr santa sf�lmata kai paraleÐyeic diorj¸jhkan, idiaÐtera se ì,ti
afor� tic Ask seic pou prostèjhkan sthn prohgoÔmenh èkdosh.

Jermìtatec euqaristÐec apeujÔnoume se sun�delfouc kai foithtèc pou sunèbalan sthn
nèa mac prosp�jeia.

Hr�kleio, M�hc 2004
BasÐleioc Dougal c, Dhm trioc NoÔtsoc, Apìstoloc Qatzhd moc

Prìlogoc 5hc Ekdoshc

H nèa èkdosh eÐnai mia akìmh beltiwmènh ekdoq  thc prohgoÔmenhc. Di�fora sf�lmata
entopÐsthkan kai mèrh tou keimènou diorj¸jhkan gia thn kalÔterh katanìhs  tou.

Gia mia akìmh for� euqaristoÔme jermìtata sun�delfouc kai foithtèc pou sunèbalan me
opoiod pote trìpo sth nèa, kai Ðswc ìqi teleutaÐa, prosp�jeia.

Hr�kleio, IoÔnioc 2006
BasÐleioc Dougal c, Dhm trioc NoÔtsoc, Apìstoloc Qatzhd moc

Prìlogoc 6hc Ekdoshc

H nèa èkdosh diafèrei apì thn prohgoÔmenh sto ìti k�poiec upodeÐxeic apì ton agaphtì
fÐlo kai sun�delfo Gi¸rgo AkrÐbh, Kajhght  tou PanepisthmÐou IwannÐnwn, ton opoÐo kai
euqaristoÔme jerm� gia akìmh mia for�, l fthkan upìyh stic el�qistec nèec diorj¸seic.

Bìloc, AÔgoustoc 2007
BasÐleioc Dougal c, Dhm trioc NoÔtsoc, Apìstoloc Qatzhd moc
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Prìlogoc 7hc Ekdoshc

H nèa èkdosh diafèrei apì thn prohgoÔmenh sto ìti epifèrjhkan el�qistec nèec diorj¸-
seic sthn  dh up�rqousa.

Bìloc, Septèmbrhc 2008
BasÐleioc Dougal c, Dhm trioc NoÔtsoc, Apìstoloc Qatzhd moc

Prìlogoc 8hc Ekdoshc

IsqÔei ì,ti kai parap�nw.

Bìloc, Septèmbrhc 2009
BasÐleioc Dougal c, Dhm trioc NoÔtsoc, Apìstoloc Qatzhd moc

Prìlogoc 9hc Ekdoshc

IsqÔei ì,ti kai parap�nw.

Bìloc, Septèmbrhc 2010
BasÐleioc Dougal c, Dhm trioc NoÔtsoc, Apìstoloc Qatzhd moc

Prìlogoc 10hc Ekdoshc

IsqÔei ì,ti kai parap�nw.

Bìloc, AÔgoustoc 2011
BasÐleioc Dougal c, Dhm trioc NoÔtsoc, Apìstoloc Qatzhd moc
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Kef�laio 1

Basik  JewrÐa

1.1 DianÔsmata

Apì th Grammik  Algebra jewroÔme gnwstèc merikèc apì tic basikìterec ènnoièc thc. I-
diaÐtera jewroÔntai gnwst� ta perÐ: “Dianusmatik¸n Q¸rwn”, “Grammik¸n Dianusmatik¸n
Q¸rwn”, “Grammik c AnexarthsÐac (Ex�rthshc) Dianusm�twn”, “GrammikoÔ SunduasmoÔ
(Dianusm�twn)”, “Dianusm�twn pou par�goun èna Grammikì Dianusmatikì Q¸ro”, “B�shc
GrammikoÔ DianusmatikoÔ Q¸rou”, kai “Di�stashc GrammikoÔ DianusmatikoÔ Q¸rou”. Ei-
dikìtera ja mac apasqol soun oi GrammikoÐ DianusmatikoÐ Q¸roi ICn kai IRn gia ta dianÔs-
mata twn opoÐwn ja qrhsimopoioÔntai oi parak�tw sumbolismoÐ:

x :=


x1

x2
...
xn

 ≡


x1

x2
...
xn

 , xi ∈ IC (IR), i = 1(1)n.

xT = [x1 x2 · · · xn], an�strofo tou x. Diab�zetai kai x−an�strofo.
xH = [x1 x2 · · · xn], suzugèc migadikì an�strofo tou x, ìpou xi eÐnai o suzug c migadikìc
tou xi, i = 1(1)n. Diab�zetai kai x−Ermitianì.

13
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1.1.1 EukleÐdeio Eswterikì Ginìmeno

Orismìc 1.1 To EukleÐdeio eswterikì ginìmeno dÔo dianusm�twn x, y ∈ ICn me th seir�
aut  sumbolÐzetai me (x, y)2 kai orÐzetai wc

(x, y)2 =
n∑

i=1

xiyi.

ShmeÐwsh: EÐnai fanerì apì ton orismì ìti (y, x)2 = (x, y)2.

1.1.2 Norms (Nìrmec, St�jmec) Dianusm�twn

EÐnai gnwstì ìti to mègejoc enìc pragmatikoÔ arijmoÔ dÐnetai apì thn apìluth tim  tou en¸
enìc migadikoÔ epÐshc apì thn apìluth tim  (  mètro) tou. To mègejoc enìc dianÔsmatoc
dÐnetai apì th norm (nìrma   st�jmh) tou.

H apeikìnish || · || : ICn → IR+,0 orÐzei mia norm an kai mìno an (≡ ann) ikanopoieÐ tic
parak�tw treic idiìthtec:
i) ||x|| ≥ 0 me ||x|| = 0 ann x = 0, ∀ x ∈ ICn

ii) ||cx|| = |c| ||x||, ∀ c ∈ IC kai ∀ x ∈ ICn

iii) ||x+ y|| ≤ ||x||+ ||y||, ∀ x, y ∈ ICn

Amesh sunèpeia twn idiot twn (iii) kai (ii) eÐnai kai h
∣∣ ||x|| − ||y||

∣∣ ≤ ||x± y||.
Sthn Arijmhtik  An�lush qrhsimopoioÔntai kurÐwc oi parak�tw treic orismoÐ gia norms:

||x||1 =
∑n

i=1 |xi| (ℓ1−norm)

||x||2 = (
∑n

i=1 |xi|2)
1
2 ( = (x, x)

1
2
2 ) (ℓ2−norm   EukleÐdeia norm)

||x||∞ = maxi=1(1)n |xi| (ℓ∞−norm   maximum norm)

Oi treic autoÐ orismoÐ apoteloÔn merikèc peript¸seic tou genikìterou

||x||p =

(
n∑

i=1

|xi|p
) 1

p

, p ≥ 1,

ìpou gia p = ∞ jewreÐtai wc orismìc o ||x||∞ = limp→∞ (
∑n

i=1 |xi|p)
1
p .

ShmeÐwsh: Gia x ∈ IR2, ta graf mata twn exis¸sewn i) ||x||1 = 1, ii) ||x||2 = 1 kai iii)
||x||∞ = 1, pou eÐnai isodÔnamec me i) |x1|+ |x2| = 1, ii) x2

1+x2
2 = 1 kai iii) max{|x1|, |x2|} =
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1, parist�nontai, sto epÐpedo twn axìnwnOx1x2, i) apì rìmbo (tetr�gwno) me korufèc (1, 0),
(0, 1), (−1, 0), (0,−1), ii) apì kÔklo kèntrou (0, 0) kai aktÐnac 1, kai iii) apì tetr�gwno me
korufèc (1, 1), (−1, 1), (−1,−1), (1,−1).

To gegonìc ìti oi treic orismoÐ pou dìjhkan parap�nw apoteloÔn orismoÔc norms eÐnai
eÔkolo na apodeiqteÐ stoiqeiwd¸c kai sugkekrimèna ìti ikanopoioÔn tic idiìthtec (i)-(iii)
tou orismoÔ thc norm. H mình duskolÐa Ðswc brÐsketai sthn perÐptwsh thc (iii), gia thn
EukleÐdeia norm, h apìdeixh thc opoÐac basÐzetai sthn anisìthta twn Cauchy-Schwarz. H
teleutaÐa apodeÐqnetai sth sunèqeia.

Je¸rhma 1.1 Gia k�je x, y ∈ ICn isqÔei:

|(x, y)2| ≤ ||x||2||y||2.

Apìdeixh: Gia x = 0   y = 0 h dojeÐsa anisìthta isqÔei wc isìthta (0 = 0). Gia k�je
x, y ∈ ICn \ {0} kai gia k�je θ ∈ IR èqoume

0 ≤
n∑

i=1

(θ|xi|+ |yi|)2 = θ2
n∑

i=1

|xi|2 + 2θ
n∑

i=1

|xi||yi|+
n∑

i=1

|yi|2.

To dexiì mèloc twn parap�nw sqèsewn eÐnai èna tri¸numo deÔterou bajmoÔ wc proc θ, me
suntelest  deuterob�jmiou ìrou jetikì (

∑n
i=1 |xi|2 > 0) kai eÐnai m  arnhtikì gia ìlec tic

pragmatikèc timèc tou θ. Ara h diakrÐnousa tou triwnÔmou, D, ja eÐnai m  jetik . Epomènwc

0 ≥ D
4
= (
∑n

i=1 |xi||yi|)2 − (
∑n

i=1 |xi|2) (
∑n

i=1 |yi|2) ⇐⇒
(
∑n

i=1 |xiyi|)2 ≤ ||x||22||y||22 =⇒ |
∑n

i=1 xiyi|2 ≤ ||x||22||y||22 ⇐⇒
|(x, y)2| ≤ ||x||2||y||2.

�
Me b�sh thn anisìthta twn Cauchy-Schwarz eÐnai eÔkolo na deiqteÐ ìti h EukleÐdeia

norm ikanopoieÐ thn idiìthta (iii) tou orismoÔ thc norm wc ex c: Gia thn apìdeixh thc
||x+ y||2 ≤ ||x||2 + ||y||2 arkeÐ na deiqteÐ h isodÔnam  thc ||x+ y||22 ≤ (||x||2 + ||y||2)2   h

(x+ y, x+ y)2 ≤ ||x||22 + 2||x||2||y||2 + ||y||22.

Met� thn an�ptuxh tou eswterikoÔ ginomènou tou pr¸tou mèlouc kai aplopoi¸ntac, èqontac
upìyh ìti (x, x)2 = ||x||22 k.lp., brÐskoume 2Re(x, y)2 ≤ 2||x||2||y||2 kai �ra arkeÐ na deiqteÐ
ìti |(x, y)2| ≤ ||x||2||y||2, h opoÐa den eÐnai �llh par� h anisìthta twn Cauchy-Schwarz, pou
isqÔei.

Orismìc 1.2 Duo dianÔsmata x, y ∈ ICn eÐnai orjog¸nia ann (x, y)2 = 0.
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Eidik� gia x, y ∈ IRn \ {0} mporeÐ na oristeÐ gwnÐa dÔo dianusm�twn apì thn èkfrash

cos θ = (x,y)2
||x||2||y||2 ∈ [−1, 1], ìpou h dexi� sqèsh isqÔei lìgw thc anisìthtac twn Cauchy-

Schwarz. (ShmeÐwsh: EÐnai gnwstì apì thn Analutik  GewmetrÐa ìti o parap�nw tÔpoc gia
to cos θ, me θ ∈ [0, π], dÐnei th gwnÐa dÔo dianusm�twn.)

Mia dianusmatik  norm eÐnai dunatìn na jewrhjeÐ ìti orÐzei mÐa apìstash d(x, y) =
||x− y|| sto ICn afoÔ profan¸c ikanopoieÐ tic:

i) d(x, x) = 0, ∀ x ∈ ICn kai d(x, y) = 0 ann x = y, ∀ x, y ∈ ICn

ii) d(x, y) = d(y, x), ∀ x, y ∈ ICn

iii) d(x, y) ≤ d(x, z) + d(z, y), ∀ x, y, z ∈ ICn

Ara o (ICn, d(x, y) = ||x− y||) eÐnai metrikìc q¸roc.

Orismìc 1.3 MÐa akoloujÐa dianusm�twn x0, x1, x2, · · · ∈ ICn (  {xk}∞k=0) sugklÐnei sto
di�nusma x ∈ ICn (  èqei ìrio to di�nusma x) kai gr�foume xk

k→∞ → x   (xk − x)k→∞ → 0
(  antÐstoiqa limk→∞ xk = x   limk→∞(xk − x) = 0) ann xk

i k→∞ → xi, ∀ i = 1(1)n.

Orismìc 1.4 DÔo norms ||·||α kai ||·||β lègontai isodÔnamec (  sugkrÐsimec) ann up�rqoun
stajerèc c1, c2 > 0 tètoiec ¸ste (≡ t.w.)

c1||x||α ≤ ||x||β ≤ c2||x||α.

ShmeÐwsh: H parap�nw akoloujÐa anisot twn eÐnai isodÔnamh kai me thn c−1
2 ||x||β ≤ ||x||α ≤

c−1
1 ||x||β kai �ra den èqei shmasÐa gia poia apì tic dÔo norms ja jewreÐtai ìti pollapl�si�
thc perièqoun thn �llh.

Je¸rhma 1.2 Opoiesd pote dÔo norms sto ICn eÐnai sugkrÐsimec.

Apìdeixh: QwrÐc periorismì thc genikìthtac arkeÐ na deiqteÐ gia thn ℓ2−norm. Autì giatÐ
an d1||x||α ≤ ||x||2 ≤ d2||x||α kai d′1||x||β ≤ ||x||2 ≤ d′2||x||β tìte mporeÐ amèswc na brejeÐ
ìti kai d−1

2 d′1||x||β ≤ ||x||α ≤ d−1
1 d′2||x||β, pou ikanopoieÐ ton orismì thc isodunamÐac.

Estw ìti ei, i = 1(1)n, eÐnai ta dianÔsmata thc orjokanonik c b�shc tou ICn. Dhlad ,
eij = δij, ∀ i = 1(1)n kai j = 1(1)n, ìpou δij eÐnai to dèlta tou Kronecker. Tìte an
xi, i = 1(1)n, eÐnai oi sunist¸sec tou x, ∀ x ∈ ICn, wc proc thn orjokanonik  b�sh, ja
èqoume

f(x) := ||x||α ≤
n∑

i=1

|xi|||ei||α ≤

(
n∑

i=1

|xi|2
) 1

2
(

n∑
i=1

||ei||2α

) 1
2

= c2||x||2, (1.1)
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ìpou h pr¸th apì ta arister� anisìthta isqÔei lìgw twn idiìthtwn (ii) kai (iii) thc dianu-
smatik c norm, h deÔterh lìgw thc anisìthtac twn Cauchy-Schwarz kai profan¸c c2 :=

(
∑n

i=1 ||ei||2α)
1
2 (> 0) eÐnai stajer� anex�rthth tou x. Gia th sun�rthsh f : ICn → IR+,0,

qrhsimopoi¸ntac tic idiìthtec twn norms kaj¸c kai to sumpèrasma pou mìlic proèkuye,
èqoume

|f(x)− f(y)| =
∣∣ ||x||α − ||y||α

∣∣ ≤ ||x− y||α ≤ c2||x− y||2.
Ara h f eÐnai suneq c sto ICn. JewroÔme t¸ra th monadiaÐa sfaÐra S sto ICn, ìpou oi
apost�seic metrioÔntai me thn ℓ2−norm, dhlad  S := {x ∈ ICn : ||x||2 = 1}. EÐnai fanerì
ìti to sÔnolo S eÐnai fragmèno. Me b�sh ton orismì thc akoloujÐac dianusm�twn kai autìn
thc l2 − norm, mporeÐ na apodeiqteÐ ìti eÐnai kai kleistì. Epomènwc eÐnai sumpagèc kai �ra
h f(x) wc suneq c s' autì paÐrnei thn el�qisth tim  thc gia k�poio y ∈ S. Dhlad , up�rqei
y ∈ S : ||x||α ≥ ||y||α = c1 > 0, ∀ x ∈ S. (c1 > 0, giatÐ an c1 = 0 tìte y = 0 kai
||y||2 = 0 ̸= 1.) Ara ∀ x ∈ ICn \ {0}, x

||x||2 ∈ S, ja èqoume

f(x) := ||x||α = ||x||2||
x

||x||2
||α ≥ c1||x||2. (1.2)

Oi (1.1) kai (1.2) apodeÐqnoun to je¸rhma. �

Me b�sh touc orismoÔc thc akoloujÐac kai thc isodunamÐac dianusm�twn kaj¸c kai tou
jewr matoc pou apodeÐqthke èqoume thn parak�tw prìtash.

Je¸rhma 1.3 An jewr soume mÐa akoloujÐa dianusm�twn {xk}∞k=0 me x
0, x1, x2, · · · ∈

ICn, tìte gia k�je dianusmatik  norm || · ||α isqÔei

xk
k→∞ → x ⇐⇒ lim

k→∞
||xk − x||α = 0.

Apìdeixh: H apìdeixh eÐnai profan c. �

ASKHSEIS

1.: Na apodeiqteÐ ìti oi apeikonÐseic stouc orismoÔc twn || · ||1, || · ||2 kai || · ||∞ ikanopoioÔn
tic idiìthtec (i), (ii) kai (iii) twn dianusmatik¸n norms.

2.: Na brejoÔn oi ||x||1, ||x||2 kai ||x||∞, ìtan

x = [1, −i, 1 + i, 1− i]T .
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3.: An x, y ∈ IRn eÐnai grammik� anex�rthta me ||x||2 = ||y||2, na apodeiqteÐ ìti ta x + y
kai x− y eÐnai orjog¸nia metaxÔ touc.

4.: Estw x, y ∈ IRn\{0}. Na deiqteÐ ìti

||x+ y||2 = ||x||2 + ||y||2

ann y = λx me λ ∈ (0,+∞).

5.: Gia k�je dianusmatik  norm isqÔei

|||x|| − ||y||| ≤ ||x− y||, ∀ x, y ∈ ICn.

6.: Na deiqteÐ ìti h apeikìnish, pou orÐzetai apì thn

f(x) :=
n∑

i=1

i|xi|, ∀ x ∈ ICn,

apoteleÐ ton orismì miac dianusmatik c norm en¸ h apeikìnish

g(x) :=
n∑

i=1

(i− 1)|xi|, ∀ x ∈ ICn

den orÐzei norm.

7.: a) Na apodeiqtoÔn oi parak�tw sqèseic isodunamÐac twn norms, gia k�je x ∈ ICn.

1√
n
||x||1 ≤ ||x||2 ≤ ||x||1,

1√
n
||x||2 ≤ ||x||∞ ≤ ||x||2, ||x||∞ ≤ ||x||1 ≤ n||x||∞.

kai
b) Na brejoÔn èxi dianÔsmata x ∈ ICn\{0} ta opoÐa ikanopoioÔn k�je mÐa apì tic
parap�nw èxi isìthtec.

1.2 PÐnakec

JewroÔme touc pÐnakec A ∈ ICm,n (IRm,n), ìpou èqoun oristeÐ oi pr�xeic thc prìsjeshc kai
tou pollaplasiasmoÔ epÐ migadikì (pragmatikì) arijmì. Opwc eÐnai gnwstì o ICm,n apoteleÐ
èna grammikì dianusmatikì q¸ro di�stashc mn.
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Oi sumbolismoÐ gia touc parap�nw pÐnakec A ∈ ICm,n eÐnai oi gnwstoÐ

A :=


a11 a12 · · · a1n
a21 a22 · · · a2n
...

...
...

...
am1 am2 · · · amn

 ≡


a11 a12 · · · a1n
a21 a22 · · · a2n
...

...
...

...
am1 am2 · · · amn

 ≡ [aij], i = 1(1)m, j = 1(1)n.

Akìmh, qrhsimopoioÔntai sumbolismoÐ antÐstoiqoi twn dianusm�twn gia ton an�strofo pÐ-
naka AT kaj¸c kai gia to suzug  migadikì an�strofo AH , pou diab�zetai kai A−Ermitianìc.

To ginìmeno dÔo pin�kwn A ∈ ICm,n kai B ∈ ICn,p sth seir� aut  orÐzetai wc C := AB ∈
ICm,p, ìpou cij =

∑n
k=1 aikbkj, i = 1(1)m, j = 1(1)p. EÐnai gnwstì ìti h prosetairistik  kai

h epimeristik  idiìthta tou pollaplasiasmoÔ isqÔoun gia pÐnakec me thn proôpìjesh ìti oi
pr�xeic twn pin�kwn pou shmei¸nontai orÐzontai. To Ðdio den isqÔei gia thn antimetajetik 
idiìthta, akìmh ki an ta ginìmena AB kai BA pou shmei¸nontai orÐzontai. EÐnai dhlad 
genik� AB ̸= BA.
UpenjumÐzetai ìti isqÔoun oi sqèseic (AT )T = A, (AH)H = A kai ìti an to ginìmeno AB
orÐzetai isqÔoun kai oi (AB)T = BTAT kai (AB)H = BHAH . Akìmh, (x, y)2 = xHy kai
(x, x)2 = xHx = ||x||22.

Efex c ja anaferìmaste mìno se pÐnakec tetragwnikoÔc A ∈ ICn,n, ektìc kai an saf¸c
orÐzetai alli¸c.

O tautotikìc pÐnakac (  monadiaÐoc) ja sumbolÐzetai me I ektìc ki an up�rqei perÐptwsh
sÔgqushc opìte ja sumbolÐzetai me In.

PÐnakac A ∈ ICn,n me thn idiìthta AH = A kaleÐtai Ermitianìc, en¸ an ikanopoieÐ th
sqèsh AT = A summetrikìc. Shmei¸netai ìti ènac pragmatikìc Ermitianìc pÐnakac eÐnai
profan¸c summetrikìc.

Opwc eÐnai gnwstì, o antÐstrofoc dojèntoc pÐnaka A den orÐzetai p�ntote. Genik�, gia
dojènta A ∈ ICn,n an up�rqoun pÐnakec X, Y ∈ ICn,n t.w. XA = I = AY, tìte X = Y ,
o antÐstrofoc X (= Y ) eÐnai monadikìc kai sumbolÐzetai me A−1. Den èqoun, loipìn, ìloi
oi pÐnakec antÐstrofo. An ìmwc oi A,B ∈ ICn,n eÐnai antistrèyimoi tìte mporeÐ eÔkola na
apodeiqteÐ ìti isqÔoun ta parak�tw:

(A−1)−1 = A, (AT )−1 = (A−1)T , (AH)−1 = (A−1)H kai (AB)−1 = B−1A−1.

Sth sunèqeia dÐnetai mia prìtash, qwrÐc apìdeixh, eureÐa qr sh thc opoÐac ja gÐnei sta
epìmena.
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Je¸rhma 1.4 An A ∈ ICn,n, tìte oi parak�tw prot�seic eÐnai isodÔnamec:
i) Up�rqei o A−1

ii) Ta dianÔsmata-st lec tou A eÐnai grammik� anex�rthta
iii) To Ðdio isqÔei kai gia ta dianÔsmata-grammèc tou A
iv) det(A) ̸= 0
v) To grammikì sÔsthma Ax = 0 èqei th monadik  lÔsh x = 0
vi) To grammikì sÔsthma Ax = b èqei th monadik  lÔsh x = A−1b

1.2.1 Idiotimèc kai IdiodianÔsmata

EÐnai gnwstì ìti gia k�je A ∈ ICn,n up�rqoun λi ∈ IC kai xi ∈ ICn\{0}, i = 1(1)n, t.w. Axi =
λix

i, i = 1(1)n. Oi arijmoÐ λi kaloÔntai idiotimèc kai ta xi (antÐstoiqa) idiodianÔsmata tou
pÐnaka A. Oi n idiotimèc brÐskontai apì thn epÐlush thc exÐswshc det(A−λI) = 0 en¸ ta an-
tÐstoiqa n idiodianÔsmata apì thn epÐlush twn n grammik¸n susthm�twn (A−λiI)x

i = 0, i =
1(1)n. (ShmeÐwsh: UpenjumÐzetai ìti ta n grammik� sust mata èqoun pÐnakec suntelest¸n
agn¸stwn m  antistrèyimouc kai ìti oi lÔseic pou anazhtioÔntai eÐnai m  mhdenikèc. Akìmh,
an x eÐnai èna idiodi�nusma tou A tìte kai to cx, ìpou c ∈ IC \ {0}, eÐnai epÐshc idiodi�nusma
pou de jewreÐtai ìmwc diaforetikì apì to x. EpÐshc, eÐnai dunatìn ta n idiodianÔsmata na
eÐnai grammik� anex�rthta, opìte apoteloÔn kai mia b�sh tou ICn,   o A na mhn èqei n grammik�
anex�rthta idiodianÔsmata.)
Ja sumbolÐzoume me

σ(A) := {λ1, λ2, · · · , λn} to f�sma twn idiotim¸n tou A

kai me

ρ(A) := maxi=1(1)n |λi| th fasmatik  aktÐna tou A.

1.2.2 Norms Pin�kwn

Oi norms pin�kwn orÐzontai me parapl sio trìpo me autìn twn dianusm�twn. QarakthrÐ-
zontai apì treic idiìthtec pou eÐnai antÐstoiqec twn dianusmatik¸n norms kaj¸c ki apì mia
tètarth pou anafèretai sthn pollaplasiastik  idiìthta. Sugkekrimèna èqoume:

Orismìc 1.5 H apeikìnish || · || : ICn,n → IR+,0 orÐzei mia norm ann
i) ||A|| ≥ 0, ||A|| = 0 ann A = 0, ∀ A ∈ ICn,n
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ii) ||cA|| = |c| ||A||, ∀ c ∈ IC kai ∀ A ∈ ICn,n

iii) ||A+B|| ≤ ||A||+ ||B||, ∀ A,B ∈ ICn,n

iv) ||AB|| ≤ ||A||||B||, ∀ A,B ∈ ICn,n

Oi perissìtero qrhsimopoioÔmenec norms pin�kwn eÐnai autèc pou par�gontai apì tic
dianusmatikèc norms me ton akìloujo trìpo:

Gia èna dojènta A ∈ ICn,n kai ∀ x ∈ ICn \ {0} jewroÔme to sÔnolo twn phlÐkwn ||Ax||
||x|| . Ta

en lìgw phlÐka mporeÐ na deiqteÐ ìti eÐnai fragmèna. Proc toÔto arkeÐ na fr�xoume apì
p�nw kai k�tw touc duo ìrouc tou kl�smatoc, antÐstoiqa, qrhsimopoi¸ntac thn isodunamÐa
thc opoiasd pote dianusmatik c norm me mia gnwst , p.q. thn ℓ∞− norm. Sth sunèqeia
mporeÐ na deiqteÐ ìti h parak�tw apeikìnish orÐzei mia norm pÐnaka h opoÐa efex c ja kaleÐtai
fusik  norm.

Je¸rhma 1.5 H apeikìnish ||A|| := supx∈ICn\{0}
||Ax||
||x|| , ∀ A ∈ ICn,n, orÐzei mia norm pÐnaka.

Apìdeixh: Gia na deiqteÐ ìti h apeikìnish thc prìtashc orÐzei mia norm ja prèpei na deiqteÐ
ìti aut  ikanopoieÐ tic idiìthtec (i)-(iv) tou orismoÔ thc norm. Oi apodeÐxeic gia tic idiìthtec
(i)-(iii) eÐnai aplèc kai paraleÐpontai. H apìdeixh thc (iv) èqei wc ex c: Apì ton orismì è-

qoume ìti ∀ x ∈ ICn \ {0}, ||Ax||
||x|| ≤ ||A|| ⇐⇒ ||Ax|| ≤ ||A||||x||. (ShmeÐwsh: ParathroÔme

ìti h teleutaÐa anisìthta isqÔei kai gia x = 0.) Efarmìzontac thn teleutaÐa anisìthta dia-

doqik� duo forèc, ∀ x ∈ ICn \ {0}, paÐrnoume ìti ||ABx||
||x|| ≤ ||A||||Bx||

||x|| ≤ ||A||||B||||x||
||x|| = ||A||||B||,

pr�gma pou apodeÐqnei thn (iv). �
Enac isodÔnamoc orismìc gia th norm pÐnaka A ∈ ICn,n dÐnetai sthn epìmenh prìtash.

Je¸rhma 1.6 O orismìc tou Jewr matoc 1.5 eÐnai isodÔnamoc me ton akìloujo
||A|| := supx∈ICn, ||x||=1 ||Ax||.

Apìdeixh: Me b�sh thn idiìthta (ii) twn norms dianusm�twn to phlÐko ston orismì tou
Jewr matoc 1.5 mporeÐ na grafteÐ isodÔnama wc

||Ax||
||x|| = ||Ay||, ìpou y = x

||x|| .

EÐnai fanerì ìti qrhsimopoi¸ntac thn idiìthta twn norms dianusm�twn pou proanafèrjhke
èqoume ||y|| = || x

||x|| || =
1

||x|| ||x|| = 1. AntÐstrofa, k�je y ∈ ICn me ||y|| = 1 mporeÐ na grafteÐ

wc y = cy
||cy|| , ∀ c > 0, opìte gia x = cy, o orismìc tou parìntoc jewr matoc dÐnei ton orismì

tou Jewr matoc 1.5. �



22

ShmeÐwsh: Sthrizìmenoi ston isodÔnamo orismì thc fusik c norm tou Jewr matoc 1.6
eÐnai dunatìn na apodeiqteÐ ìti h sun�rthsh f(x) := ||Ax||, me ||x|| = 1, eÐnai suneq c. Gi'
autì to skopì kai gia ||x|| = ||y|| = 1 èqoume:

|f(x)− f(y)| =
∣∣ ||Ax|| − ||Ay||

∣∣ ≤ ||Ax− Ay|| = ||A(x− y)|| ≤ ||A||||x− y||.

Epeid  eÐnai gnwstì ìti h ||A|| eÐnai fragmènh, h anisìthta tou arister� kai dexi� mèlouc
sthn parap�nw akoloujÐa sqèsewn apodeÐqnei th sunèqeia thc f(x) sto pedÐo orismoÔ thc,
S := {x ∈ ICn : ||x|| = 1}. Epeid  de to S eÐnai sumpagèc (kleistì kai fragmèno) kai h f(x)
eÐnai suneq c s' autì ja up�rqei x ∈ S sto opoÐo h f(x) ja paÐrnei th mègisth dunat  tim 
thc. Autì shmaÐnei ìti to supremum sta Jewr mata 1.5 kai 1.6 ja mporeÐ na antikatastajeÐ
apì to maximum.

Basizìmenoi sthn isodunamÐa (sugkrisimìthta) duo opoiwnd pote dianusmatik¸n norms
sto ICn kaj¸c kai ston orismì thc fusik c norm pÐnaka mporeÐ na apodeiqteÐ h parak�tw
prìtash.

Je¸rhma 1.7 Duo opoiesd pote fusikèc norms pin�kwn sto ICn,n eÐnai isodÔnamec
(sugkrÐsimec).

1.2.3 AkoloujÐec Pin�kwn kai SÔgklish

Estw mÐa akoloujÐa pin�kwn A(0), A(1), A(2), · · · ∈ ICn,n, pou gr�fetai sumbolik� kai wc
{A(k)}∞k=0. H upìyh akoloujÐa sugklÐnei ston pÐnaka A ∈ ICn,n (A(k)

k→∞ → A ⇐⇒
limk→∞A(k) = A) ann limk→∞ a

(k)
ij = aij, i, j = 1(1)n. Sunèpeia tou orismoÔ autoÔ kai

twn amèswc prohgoÔmenwn jewrhm�twn eÐnai ìti gia mia opoiad pote fusik  norm pÐnaka
|| · || isqÔei ìti limk→∞A(k) = A ann limk→∞ ||A(k) − A|| = 0.

1.2.4 Prot�seic gia tic Fusikèc Norms Pin�kwn

Sth sunèqeia dÐnoume tèsseric prot�seic p�nw stic norms pin�kwn h trÐth apì tic opoÐec
dÐnetai qwrÐc apìdeixh.

Je¸rhma 1.8 Gia k�je fusik  norm isqÔei: ||I|| = 1.

Apìdeixh: H apìdeixh me b�sh ton orismì thc norm, gia A = I, eÐnai �mesh. �

Je¸rhma 1.9 Gia k�je fusik  norm kai ∀ A ∈ ICn,n isqÔei: ρ(A) ≤ ||A||.
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Apìdeixh: Estw λ ∈ IC mia idiotim  tou A kai x ∈ ICn \ {0} to antÐstoiqo idiodi�nusma.
Ja èqoume: Ax = λx, opìte paÐrnontac norms kai efarmìzontac thn idiìthta (ii) kaj¸c
kai thn apodeiqjeÐsa anisìthta ||Ax|| ≤ ||A||||x|| prokÔptei amèswc ìti ||A||||x|| ≥ |λ|||x||.
Diair¸ntac kai ta dÔo mèlh thc teleutaÐac sqèshc dia ||x||(> 0) èqoume |λ| ≤ ||A|| kai to
je¸rhma apodeÐqthke afoÔ h teleutaÐa anisìthta alhjeÔei ∀ λ ∈ σ(A). �

Je¸rhma 1.10 ∀ A ∈ ICn,n kai ∀ ϵ > 0 up�rqei fusik  norm || · || t.w. ||A|| ≤ ρ(A) + ϵ.

(ShmeÐwsh: H apìdeixh ja dojeÐ sto Kef�laio 3 met� thn eisagwg  thc kanonik c morf c
tou Jordan.)

ShmeÐwsh: Ja prèpei na tonisteÐ ìti en¸ h fasmatik  aktÐna pÐnaka A ∈ ICn,n den apoteleÐ
norm, me bash ta Jewr mata 1.9 kai 1.10 diapist¸netai, ìti aut  mporeÐ na proseggisteÐ
apì k�poia fusik  norm ìso kal� autì eÐnai epijumhtì.

Je¸rhma 1.11 (Neumann). An A ∈ ICn,n kai gia mia fusik  norm sto ICn,n isqÔei
||A|| < 1, tìte
i) O I − A eÐnai antistrèyimoc, kai
ii) 1

1+||A|| ≤ ||(I − A)−1|| ≤ 1
1−||A|| .

Apìdeixh: i) Estw ìti o I − A eÐnai m  antistrèyimoc. Tìte ja up�rqei x ∈ ICn \ {0} t.w.
(I − A)x = 0. Apì thn teleutaÐa sqèsh paÐrnoume diadoqik� x = Ax =⇒ ||x|| ≤ ||A||||x||
kai epeid  ||x|| > 0 èqoume isodÔnama ìti 1 ≤ ||A||, pou eÐnai �topo.
ii) Me b�sh thn antistreyimìthta tou I−A èqoume ìti I = (I−A)−1(I−A) = (I−A)−1−
(I−A)−1A. PaÐrnontac norms twn akraÐwn mel¸n kai efarmìzontac aplèc idiìthtèc èqoume
diadoqik�:
1 = ||I|| ≤ ||(I − A)−1|| + ||(I − A)−1||||A|| = ||(I − A)−1||(1 + ||A||) ⇐⇒ 1

1+||A|| ≤
||(I − A)−1||.
Me antÐstoiqo trìpo mporoÔme na p�roume ìti:
1 = ||I|| ≥ ||(I − A)−1|| − ||(I − A)−1||||A|| = ||(I − A)−1||(1 − ||A||) ⇐⇒ 1

1−||A|| ≥
||(I − A)−1||. �
ShmeÐwsh: To Je¸rhma tou Neumann eÐnai dunatìn na diatupwjeÐ me ton Ðdio akrib¸c trìpo
kai gia ton pÐnaka I+A arkeÐ tìso sthn upìjesh tou jewr matoc ìso kai sta sumper�smat�
tou na tejeÐ ìpou A to −A.

Opwc kai stic norms dianusm�twn ètsi kai stic norms pin�kwn oi sunhjèstera qrhsimo-
poioÔmenec eÐnai autèc pou prokÔptoun, me b�sh ton orismì, apì tic ℓ1−norm, ℓ2−norm kai
ℓ∞−norm twn dianusm�twn. Sugkekrimèna mporeÐ na apodeiqteÐ ìti ∀ A ∈ ICn,n isqÔoun:



24

||A||1 = maxj=1(1)n

∑n
i=1 |aij|

||A||2 = ρ
1
2 (AHA), (fasmatik  norm)

||A||∞ = maxi=1(1)n

∑n
j=1 |aij|

Sth sunèqeia ja dojoÔn oi apodeÐxeic twn tÔpwn gia th ||A||∞, h apìdeixh gia th ||A||1 eÐnai
se genikèc grammèc thc Ðdiac morf c all� aploÔsterh, kai thc ||A||2.

Gia dosmèno A ∈ ICn,n kai ∀ x ∈ ICn me ||x||∞ = 1 paÐrnoume diadoqik�

||Ax||∞ = maxi=1(1)n |
∑n

j=1 aijxj| ≤ maxi=1(1)n

∑n
j=1(|aij||xj|)

≤ maxi=1(1)n

∑n
j=1(|aij|||x||∞) = maxi=1(1)n

∑n
j=1 |aij|,

afoÔ ||x||∞ = 1. Apì to arister� kai dexi� mèloc twn parap�nw sqèsewn prokÔptei amèswc
ìti

||Ax||∞ ≤ max
i=1(1)n

n∑
j=1

|aij|

kai �ra

||A||∞ ≤ max
i=1(1)n

n∑
j=1

|aij|. (1.3)

Estw k ∈ {1, 2, · · · , n} o deÐkthc thc gramm c gia thn opoÐa to �jroisma
∑n

j=1 |akj| eÐnai
mègisto. OrÐzoume to di�nusma y ∈ ICn me sunist¸sec

yj =

{
akj
|akj |

, αν akj ̸= 0

1, αν akj = 0
, j = 1(1)n.

Apì ton orismì twn yj, gia to sugkekrimèno y, sumperaÐnetai ìti ||y||∞ = 1 kai akìmh ìti
||Ay||∞ = maxi=1(1)n |

∑n
j=1 aijyj| ≥ |

∑n
j=1 akjyj| =

∑n
j=1 |akj| = maxi=1(1)n

∑n
j=1 |aij|,

apì ton orismì tou deÐkth k. Ara

||A||∞ ≥ ||Ay||∞ ≥ max
i=1(1)n

n∑
j=1

|aij|, (1.4)

gia to opoiod pote x, me ||x||∞ = 1. Oi (1.3) kai (1.4) apodeÐqnoun thn isqÔ tou zhtoÔmenou
tÔpou gia th ||A||∞, dhlad  ìti ||A||∞ = maxi=1(1)n

∑n
j=1 |aij|.

Gia th ||A||2, efìson èqoume thn apodeiktèa èkfrash, jewroÔme ton pÐnaka AHA. O
pÐnakac AHA eÐnai Ermitianìc diìti (AHA)H = AH(AH)H = AHA, èqei de m  arnhtikèc
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idiotimèc. O isqurismìc autìc apodeÐqnetai wc ex c. Estw λ mÐa idiotim  tou AHA me
antÐstoiqo idiodi�nusma x ∈ ICn \ {0}. Ja eÐnai AHAx = λx, opìte kai xHAHAx = λxHx
  ||Ax||22 = λ||x||22. Epeid  ||Ax||22 ≥ 0 kai ||x||22 > 0, èpetai ìti λ ≥ 0. Apì th Grammik 
Algebra gnwrÐzoume ìti k�je Ermitianìc pÐnakac èqei n grammik� anex�rthta idiodianÔsmata
pou mporoÔn na parjoÔn orjokanonik�. An xi, i = 1(1)n, eÐnai ta idiodianÔsmata tou AHA,
gia ta opoÐa isqÔei ìti (xi, xj)2 = δij, i, j = 1(1)n, me antÐstoiqec idiotimèc λi, i = 1(1)n,
ìpou 0 ≤ λ1 ≤ λ2 ≤ · · · ≤ λn, tìte gia k�je x ∈ ICn me ||x||2 = 1 to en lìgw di�nusma
gr�fetai kai wc x =

∑n
i=1 cix

i, me ci ∈ IC kai
∑n

i=1 |ci|2 = 1. Ja èqoume diadoqik� tic sqèseic
pou prokÔptoun apì aploÔc metasqhmatismoÔc

||A||22 = max ||Ax||22 = max(Ax,Ax)2 = max(x,AHAx)2

= max
(∑n

i=1 cix
i, AHA

∑n
j=1 cjx

j
)
2
= max

(∑n
i=1 cix

i,
∑n

j=1 cjλjx
j
)
2

= max
∑n

i=1 λi|ci|2 ≤ λnmax
∑n

i=1 |ci|2 = λn = ρ(AHA).

(1.5)

An t¸ra epilèxoume x = xn, dhlad  to idiodi�nusma pou antistoiqeÐ sth megalÔterh idiotim ,
h monadik  anisìthta stic sqèseic (1.5) gÐnetai isìthta pr�gma pou apodeÐqnei ton tÔpo gia
th ||A||2.

1.2.5 Arijmìc (  DeÐkthc) Kat�stashc PÐnaka

Orismìc 1.6 Arijmìc (  deÐkthc) kat�stashc antistrèyimou pÐnaka A ∈ ICn,n wc proc
fusik  norm || · || kaleÐtai o arijmìc

κ(A) = ||A||||A−1||.

Gi' autìn isqÔei profan¸c p�ntote ìti κ(A) ≥ 1.

Shmei¸seic: a) Otan anaferìmaste se mia sugkekrimènh norm, || · ||α, tìte o deÐkthc kat�s-
tashc sumbolÐzetai me κα(A). b) Gia m  antistrèyimo pÐnaka A o deÐkthc kat�stashc wc
proc mia opoiad pote fusik  norm jewreÐtai Ðsoc me ∞.
Sth sunèqeia dÐnoume mia prìtash pou afor� sto deÐkth kat�stashc.

Je¸rhma 1.12 Estw A ∈ ICn,n antistrèyimoc. Gia to deÐkth kat�stashc tou A isqÔei

1

κ(A)
≤ inf

B∈ICn,n, det(B)=0

{
||A−B||

||A||

}

Apìdeixh: Gia thn apìdeixh thc prìtashc arkeÐ na apodeiqteÐ ìti 1
κ(A)

≤ ||A−B||
||A|| . AfoÔ o

tuqìn B eÐnai m  antistrèyimoc up�rqei x ∈ ICn\{0} : Bx = 0   isodÔnama (A−B)x = Ax
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  A−1(A − B)x = x. PaÐrnontac norms kai efarmìzontac aplèc idiìthtec èqoume amèswc
ìti ||A−1||||A − B|| ≥ 1, afoÔ ||x|| > 0. Diair¸ntac t¸ra kai ta duo mèlh dia tou deÐkth
kat�stashc èqoume thn proc apìdeixh sqèsh. O teleutaÐoc isqurismìc eÐnai alhj c afoÔ h
apodeiqjeÐsa anisìthta (≤) isqÔei gia ton tuqìnta m  antistrèyimo pÐnaka B h Ðdia anisìthta
ja isqÔei kai gia to infimum tou deÔterou mèlouc. �
Parathr seic: a) An jewr soume to kl�sma tou deÔterou mèlouc thc prìtashc tou jewr -
matoc san to sqetikì apìluto sf�lma tou pÐnaka A wc proc to sÔnolo twn m  antistrèyimwn
pin�kwn B, tìte o deÐkthc kat�stashc ekfr�zei to pìso sqetik� kont� (  makru�) eÐnai o
A apì tou na eÐnai m  antistrèyimoc. b) Up�rqoun fusikèc norms gia tic opoÐec h dojeÐsa
anisìthta isqÔei wc isìthta.

ASKHSEIS

1.: Na deiqteÐ ìti k�je pÐnakac A ∈ ICn,n mporeÐ na grafteÐ kat� èna kai mìno trìpo wc
�jroisma A = B+C, ìpou B Ermitianìc (BH = B) kai C anti�Ermitianìc (CH = −C).

2.: Estw ìti o pÐnakac A ∈ ICn,n eÐnai m  antistrèyimoc. DÐnetai h di�spash A = B − C,
ìpou o B eÐnai antistrèyimoc. Na deiqteÐ ìti ρ(B−1C) ≥ 1 kai, gia opoiad pote fusik 
norm, ||B−1|| ≥ 1

||C|| .

3.: An A ∈ ICn,n na deiqteÐ h isqÔc twn sqèsewn

α)
n∑

i=1

λi =
n∑

i=1

aii και β)
n∏

i=1

λi = det(A),

ìpou λi ∈ σ(A), i = 1(1)n.

4.: Na deiqteÐ ìti

||A||1 = max
j=1(1)n

n∑
i=1

|aij| ∀ A ∈ ICn,n.

5.: Na brejoÔn oi norms || · ||1, || · ||2 kai || · ||∞ gia touc pÐnakec

 2 −1 0
−1 2 −1
0 −1 2

 ,


2 −1 0 0

−1 2 −1 0
0 −1 2 −1
0 0 −1 2

 .
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6.: Na deiqteÐ ìti h apeikìnish || · ||F : ICn,n → [0,+∞), pou orÐzetai apì th

||A||F :=

(
n∑

i,j=1

|aij|2
) 1

2

∀ A ∈ ICn,n,

apoteleÐ ton orismì miac norm (norm tou Frobenius). EÐnai h en lìgw norm fusik ;

7.: Na apodeiqteÐ ìti h fasmatik  aktÐna pÐnaka wc apeikìnish

ρ(A) := max
i=1(1)n

|λi|, λi ∈ σ(A), i = 1(1)n, ∀ A ∈ ICn,n

den mporeÐ na apoteleÐ ton orismì norm pÐnaka.

8.: An jewr soume touc pÐnakec A ∈ ICn,n wc dianÔsmata tou q¸rou ICn2
, tìte to an�logo

thc dianusmatik c norm || · ||∞ eÐnai h “norm” pin�kwn

||A||MAX = max
i,j=1(1)n

|aij|.

Na apodeiqteÐ ìti h orisjeÐsa norm ikanopoieÐ tic idiìthtec (i), (ii) kai (iii) tou orismoÔ
thc norm pÐnaka en¸ den ikanopoieÐ thn (iv). (ShmeÐwsh: Ena antipar�deigma gia thn
idiìthta (iv) arkeÐ.)

9.: An κ1(A), κ2(A) kai κ∞(A) eÐnai oi deÐktec kat�stashc tou pÐnaka A ∈ ICn,n, pou
antistoiqoÔn stic norms ||A||1, ||A||2, kai ∥|A||∞, na apodeiqteÐ ìti

κ2
2(A) ≤ κ1(A)κ∞(A).

10.: Na apodeiqteÐ ìti gia k�je orjog¸nio pÐnaka A (A ∈ IRn,n, A−1 = AT ) isqÔoun oi
sqèseic:

||A||2 = 1, ||A||1 ≥ 1, ||A||∞ ≥ 1.

11.: Estw A ∈ IRn,n kai Q ∈ IRn,n ènac orjog¸nioc pÐnakac. Na apodeiqteÐ ìti:
a) ||QA||2 = ||A||2 = ||AQ||2. kai
b) An ||A||2 < 1, tìte o pÐnakac Q− A eÐnai antistrèyimoc kai isqÔei h sqèsh

||(Q− A)−1||2 ≤ 1

1− ||A||2
.
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12.: An A ∈ ICn,n eÐnai antistrèyimoc kai gia k�poia dianusmatik  norm isqÔei ||Ax|| =
||x||, ∀ x ∈ ICn, na apodeiqteÐ ìti gia to deÐkth kat�stashc, pou sundèetai me thn
antÐstoiqh fusikh norm, isqÔei κ(A) = 1.

13.: Na apodeiqtoÔn oi parak�tw sqèseic, pou sundèoun tic fasmatikèc aktÐnec:
a) DÔo pragmatik¸n summetrik¸n pin�kwn A,B ∈ IRn,n,

ρ(A+B) ≤ ρ(A) + ρ(B), ρ(AB) ≤ ρ(A)ρ(B).

kai,
b) DÔo pragmatik¸n orjog¸niwn pin�kwn P,Q ∈ IRn,n,

ρ(P +Q) ≤ 2, ρ(PQ) ≤ 1.

14.: An A,B ∈ ICn,n, up�rqei o A−1 kai o B ikanopoieÐ th ||A − B|| < 1
||A−1|| gia k�poia

fusik  norm, tìte kai o B eÐnai antistrèyimoc.

15.: EÐnai gnwstì ìti: “ An A ∈ ICn,n kai gia mia fusik  norm ikanopoieÐ th ||A|| < 1 tìte
oi pÐnakec I ± A eÐnai antistrèyimoi”. Na qrhsimopoihjeÐ h sugkekrimènh idiìthta gia

na exetasteÐ an o pÐnakac B =

 1 − i
2

0
−1

2
1 − i

2

0 −1
2

1

 eÐnai antistrèyimoc.

16.: Na apodeiqteÐ ìti:
a) An o pÐnakac A ∈ ICn,n eÐnai Ermitianìc (AH = A) oi idiotimèc tou eÐnai pragmatikèc.
Epiplèon isqÔei ìti xHAx ∈ IR ∀x ∈ ICn.
b) An o pÐnakac A ∈ ICn,n eÐnai anti�Ermitianìc (AH = −A) oi idiotimèc tou eÐnai kajar�
fantastikèc. Epiplèon isqÔei ìti xHAx ∈ ıIR ∀x ∈ ICn, ìpou ı h fantastik  mon�da,
kai akìmh ìti gia A ∈ IRn,n kai ∀x ∈ IRn, xTAx = 0.
g) An o pÐnakac A ∈ ICn,n eÐnai orjomonadiaÐoc (unitary) (AHA = I) oi idiotimèc tou
èqoun mètro mon�da.

17.: QwrÐc na brejeÐ o A−1 na apodeiqteÐ ìti gia ton pÐnaka

A =

[
1.01 .99
.99 1.01

]

isqÔei κ∞(A) ≥ 100. (Upìdeixh: O pÐnakac

[
1 1
1 1

]
den eÐnai antistrèyimoc.)
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18.: An oi pÐnakec A,B ∈ ICn,n eÐnai antistrèyimoi na deiqteÐ ìti

||B−1 − A−1||
||B−1||

≤ κ(A)
||A−B||

||A||
.

19.: An o Ermitianìc pÐnakac A ∈ ICn,n eÐnai antistrèyimoc na deiqteÐ ìti o deÐkthc kat�s-
tas c tou κ2(A) dÐnetai apì ton tÔpo

κ2(A) =
maxi |λi|
mini |λi|

,

ìpou λi, i = 1(1)n, oi idiotimèc tou A.

20.: Na deiqteÐ ìti gia opoiad pote fusik  norm pÐnaka sto ICn,n isqÔoun ìti:

α) κ(λA) = κ(A), ∀ λ ∈ IC\{0}.

kai

β) κ1(D) = κ2(D) = κ∞(D) =
maxi=1(1)n |dii|
mini=1(1)n |dii|

,

ìpou D ∈ ICn,n antistrèyimoc diag¸nioc pÐnakac.

21.: DÐnetai o antistrèyimoc pÐnakac A ∈ ICn,n kai B ∈ ICn,n mia prosèggis  tou t.w.
||B−1C|| ≤ 1

9
gia k�poia fusik  norm, me C = B − A. Na apodeiqteÐ ìti gia ton

antÐstoiqo deÐkth kat�stashc isqÔei:

1 ≤ κ(B−1A) = κ(A−1B) ≤ 1.25.

22.: Se merikèc efarmogèc parousi�zontai pÐnakec thc morf c A =

[
O B
C O

]
, me

O,B,C ∈ ICn,n, O to mhdenikì pÐnaka kai det(BC) ̸= 0. Na deiqteÐ ìti: An λ ∈ σ(A)
tìte λ ̸= 0, kai an λ ∈ σ(A) tìte kai −λ ∈ σ(A).

23.: To phlÐko (x,Ax)2
(x,x)2

∀ x ∈ ICn\{0}, gia dojènta pÐnaka A eÐnai gnwstì wc phlÐko

tou Rayleigh. Na apodeiqteÐ ìti an A ∈ ICn,n, me AH = A, to antÐstoiqo phlÐko tou
Rayleigh brÐsketai metaxÔ twn dÔo akraÐwn (pragmatik¸n) idiotim¸n tou pÐnaka A.

24.: DÐnetai o pragmatikìc summetrikìc pÐnakac A =

 2 −1 0
−1 2 −1
0 −1 2

. Na deiqteÐ ìti

2−
√
2 ≤ xTAx

xTx
≤ 2 +

√
2 ∀ x ∈ IR3\{0}.
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25.: a) An A ∈ ICn,n na apodeiqteÐ ìti λi ∈ σ(A + AH) ⊂ IR, i = 1(1)n, kai µj ∈
σ(A− AH) ⊂ ıIR, j = 1(1)n, ìpou ı =

√
−1. kai

b) UpotÐjetai ìti oi �gnwstec idiotimèc enìc pÐnaka A ∈ ICn,n eÐnai thc morf c µi +
ıξi me µi, ξi ∈ R, i = 1(1)n, kai ìti eÐnai dunatìn na brejoÔn oi akraÐec idiotimèc
enìc opoioud pote ErmitianoÔ pÐnaka. Tìte na brejeÐ me b�sh to (a) to mikrìtero
dunatì kleistì orjog¸nio R sto migadikì epÐpedo me pleurèc par�llhlec proc ton
pragmatikì kai fantastikì �xona, antÐstoiqa, tètoio ¸ste σ(A) ⊂ R. (Upìdeixh: Na
qrhsimopoihjeÐ to phlÐko tou Rayleigh.)

26.: a) An o pÐnakac A ∈ ICn,n eÐnai orjog¸nioc tìte det(A) = +1   = −1.
b) An oi pinakec A,B ∈ IRn,n eÐnai orjog¸nioi kai det(A) + det(B) = 0, tìte kai
det(A+B) = 0.

27.: An oi A,B ∈ ICn,n, me A antistrèyimo pÐnaka, sundèontai me th sqèsh B = A− uvH ,
ìpou u, v ∈ ICn kai vHA−1u ̸= 1, na deiqteÐ ìti o pÐnakac C, pou dÐnetai apì thn
èkfrash

C = A−1 + α(A−1u)(vHA−1), α =
1

1− vHA−1u
,

apoteleÐ ton antÐstrofo tou B. (ShmeÐwsh: H parap�nw èkfrash gia ton antÐstrofo
tou B eÐnai gnwst  wc tÔpoc twn Sherman-Morrison.)

28.: An A ∈ ICn,n\{O} na brejoÔn:
a) Oi stajerèc sÔgkrishc twn tri¸n zeug¸n twn norms ||A||1, ||A||2 kai ||A||∞.
(Upìdeixh: Gia th sÔgkrish thc l2−norm me tic �llec dÔo na qrhsimopoihjeÐ to Ðqnoc
(trace) tou pÐnaka AHA kai sugkekrimèna, metaxÔ �llwn, ìti ρ(AHA) ≤ trace(AHA) ≡∑n

i=1(A
HA)ii.) kai

b) Exi pÐnakec A ∈ ICn,n\{O} k�je ènac apì touc opoÐouc na ikanopoieÐ kai mÐa apì tic
antÐstoiqec èxi isìthtec.



Kef�laio 2

Amesec Mèjodoi gia thn Arijmhtik 
EpÐlush Grammik¸n Susthm�twn

2.1 Eisagwg 

JewroÔme èna pragmatikì omalì grammikì sÔsthma n exis¸sewn me n agn¸stouc. Sugke-
krimèna, to

Ax = b, A ∈ IRn,n, det(A) ̸= 0, b ∈ IRn. (2.1)

Apì th Grammik  Algebra gnwrÐzoume ìti oi tÔpoi tou Cramer dÐnoun th lÔsh tou apì tic
ekfr�seic:

xi =
det(Ai)

det(A)
, i = 1(1)n, (2.2)

ìpou Ai eÐnai o Ðdioc pÐnakac me ton A me th mình diafor� ìti h i-ost  st lh tou èqei
antikatastajeÐ apì th st lh twn sunistws¸n tou b. Omwc an jel soume na broÔme touc
agn¸stouc xi ja prèpei na broÔme tic timèc twn n + 1 orizous¸n twn tÔpwn (2.2). To
an�ptugma ìmwc k�je miac apì tic orÐzousec autèc apoteleÐtai apì n! ìrouc k�je ènac apì
toÔc opoÐouc eÐnai ginìmeno n paragìntwn. Etsi, oi apaitoÔmenoi pollaplasiasmoÐ eÐnai
pl jouc (n+ 1)× (n− 1)× n! = (n− 1)× (n+ 1)!, gia thn ektèlesh mìno twn opoÐwn an
qrhsimopoi soume ènan Upologist  ikanì na ekteleÐ 106 pollaplasiasmoÔc/deuterìlepto
ja apaitoÔntan p.q. gia n = 20 perÐpou 3 × 105 ai¸nec! Autì deÐqnei kai to praktik� anè-
fikto thc qrhsimopoÐhshc tou kanìna tou Cramer gia thn eÔresh thc lÔshc tou (2.1).
Akìmh eÐnai gnwstì ìti lÔsh tou (2.1) dÐnetai apì thn kleist  morf  x = A−1b. Epomènwc
ja mporoÔse na isquristeÐ kaneÐc ìti eÐnai Ðswc dunatìn na brejeÐ h lÔsh brÐskontac pr¸ta
kat� k�poion trìpo ton antÐstrofo tou A. Gia thn eÔresh tou A−1 o pio profan c trìpoc
ja  tan na ergasteÐ kaneÐc wc ex c:

31
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Estw X = A−1   isodÔnama AX = I. An xi einai ta dianÔsmata-st lec tou �gnwstou pÐnaka
X kai ei, i = 1(1)n, ta antÐstoiqa dianÔsmata-st lec tou I, tìte ja Ðsque Axi = ei, i =
1(1)n, kai epomènwc ja katal game sthn antÐfash ìti en¸ to arqikì mac prìblhma  tan h
epÐlush enìc grammikoÔ sust matoc (tou Ax = b) gia thn eÔresh thc lÔshc tou (2.1) t¸ra
èqoume na epilÔsoume n grammik� sust mata (ta Axi = ei, i = 1(1)n) gia thn eÔresh tou
A−1 kai sth sunèqeia na broÔme th lÔsh tou (2.1) apì thn èkfrash x = A−1b

Wc ek toÔtou skopìc mac ja eÐnai h an�ptuxh apotelesmatik� realistik¸n mejìdwn gia
thn epÐlush tou (2.1). Oi mèjodoi pou ja anaptÔxoume diakrÐnontai qontrik� se treic meg�lec
kathgorÐec. Stic �mesec, ìpou h lÔsh (me akrib  arijmhtik ) brÐsketai met� apì èna pepe-
rasmèno pl joc pr�xewn, stic èmmesec   epanalhptikèc, ìpou kataskeu�zetai mÐa akoloujÐa
dianusm�twn pou k�tw apì orismènec proôpojèseic, kai me akrib  arijmhtik , sugklÐnei
oriak� sthn akrib  lÔsh, kai tèloc stic miktèc ìpou kataskeu�zetai p�li mÐa akoloujÐa
dianusm�twn h opoÐa ìmwc (me akrib  arijmhtik ) sugklÐnei sthn akrib  lÔsh met� apì n
epanal yeic. Oi teleutaÐec mèjodoi pou èqoun gnwrÐsei meg�lh an�ptuxh tic duo teleutaÐec
dekaetÐec jewroÔntai ( /kai efarmìzontai) apì ereunhtèc kai qr stec wc epanalhptikèc.
To poia akrib¸c mèjodoc ja efarmosteÐ se mia sugkekrimènh perÐptwsh exartiètai apì tic
idiìthtec pou mporeÐ na èqei o pÐnakac twn suntelest¸n twn agn¸stwn A, apì to up�rqon
logismikì, kaj¸c kai apì thn proôp�rqousa empeirÐa.

Sto megalÔtero mèroc twn parous¸n Shmei¸sewn ja prospaj soume na perigr�youme tic
basikèc arqèc apì tic pio antiproswpeutikèc mejìdouc epÐlushc grammik¸n susthm�twn. Gia
perissìterec kai pio exeidikeumènec mejìdouc o anagn¸sthc parapèmpetai sthn paratijèmenh
bibliografÐa.

2.2 Mèjodoi Apaloif c Gauss kai LU Paragonto-
poÐhshc

Ac upojèsoume ìti dÐnetai gia epÐlush to parak�tw pragmatikì grammikì sÔsthma n alge-
brik¸n exis¸sewn me n agn¸stouc

Ax = b, A ∈ IRn,n, b ∈ IRn. (2.3)

Apì th Grammik  Algebra eÐnai gnwstì ìti an:

1. Pollaplasi�soume mia exÐswsh tou (2.3) epÐ ènan arijmì λ ∈ IR \ {0}

2. Enall�xoume th seir� dÔo exis¸sewn tou (2.3)
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3. Antikatast soume mia exÐswsh tou (2.3) me to �jroisma aut c kai miac �llhc pollapla-
siasmènhc epÐ ènan arijmì λ ∈ IR \ {0}

prokÔptei sÔsthma
A′x = b′ (2.4)

isodÔnamo me to arqikì (2.3).

H klasik  mèjodoc apaloif c tou Gauss sunÐstatai se mÐa susthmatik  efarmog  twn
parap�nw perigrafeis¸n idiot twn twn grammik¸n susthm�twn ètsi ¸ste to (2.3) na meta-
trèpetai sto (2.4), ìpou o A′ eÐnai �nw (  k�tw) trigwnikìc pÐnakac. Dhlad , t.w. a′ij =
0, ∀ i > j (a′ij = 0, ∀ i < j). Sthn perÐptwsh pou o A′ eÐnai �nw trigwnikìc to (2.4) ja èqei
th morf  

a′11 a′12 · · · · · · a′1n
. . .

a′kk · · · a′kn
. . .

a′nn




x1
...
xk
...
xn

 =


b′1
...
b′k
...
b′n

 , (2.5)

opìte oi timèc twn agn¸stwn ja dÐnontai apì tic ekfr�seic

xk = (b′k −
n∑

j=k+1

a′kjxj)/a
′
kk, k = n(−1)1. (2.6)

H diadikasÐa gia thn eÔresh twn (2.4)-(2.5) apì to (2.3) kaleÐtai apaloif  en¸ aut  thc
eÔreshc twn xk apì tic (2.6) proc ta pÐsw antikat�stash.
ShmeÐwsh: Profan¸c oi tÔpoi (2.6) isqÔoun ∀ k ann a′kk ̸= 0. An gia k�poio k, a′kk = 0 tìte
an h antÐstoiqh exÐswsh eÐnai thc morf c 0 = 0 o antÐstoiqoc xk orÐzetai aujaÐreta kai to
sÔsthma eÐnai sumbibastì (èqei �peirec lÔseic). An èstw kai mÐa apì tic exis¸seic autèc den
ikanopoieÐ th 0 = 0 tìte to sÔsthma den eÐnai sumbibastì (den èqei lÔsh).

Sth sunèqeia diatup¸netai mÐa prìtash, h apìdeixh thc opoÐac ja dojeÐ afoÔ pr¸ta
xekajaristoÔn dÔo diaforetikèc proseggÐseic gia thn epÐlush enìc grammikoÔ sust matoc.
H mÐa den eÐnai �llh apì thn klasik  mèjodo apaloif c tou Gauss, parousiasmènh ìmwc me
morf  pin�kwn, en¸ h deÔterh, pou apoteleÐ mia parallag  thc mejìdou tou Gauss, basÐzetai
sthn paragontopoÐhsh tou pÐnaka A kat� èna sugkekrimèno trìpo.

Je¸rhma 2.1 Estw A ∈ IRn,n kai ìti ìloi oi kÔrioi p× p, p = 1(1)n, upopÐnakec Ap×p

(thc �nw arister c gwnÐac) tou A eÐnai antistrèyimoi. Tìte up�rqei monadikìc k�tw
trigwnikìc pÐnakac M me monadiaÐa diag¸nia stoiqeÐa (mii = 1, i = 1(1)n), kai monadikìc
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antistrèyimoc
�nw trigwnikìc pÐnakac U, t. w.

U = MA. (2.7)

An de tejeÐ L = M−1 tìte
LU = A, (2.8)

ìpou o L eÐnai k�tw trigwnikìc me lii = 1, i = 1(1)n, h de sugkekrimènh paragontopoÐhsh
(2.8) tou A eÐnai monadik .

K�tw apì tic proôpojèseic tou Jewr matoc 2.1 h apaloif  tou Gauss sunÐstatai katar-
q�c ston pollaplasiasmì apì ta arister� thc exÐswshc (2.3) epÐ M, opìte me b�sh to pr¸to
mèroc tou jewr matoc èqoume na lÔsoume to isodÔnamo sÔsthmaMAx = Mb   to Ux = Mb.
To teleutaÐo ìmwc eÐnai thc morf c (2.5) kai �ra lÔnetai me proc ta pÐsw antikat�stash
qrhsimopoi¸ntac touc tÔpouc (2.6).
H epÐlush tou dojèntoc sust matoc me th mèjodo thc paragontopoÐhshc eÐnai parìmoia me
aut n thc apaloif c tou Gauss. H basik  diafor� ègkeitai sto ìti pr¸ta paragontopoioÔme
ton pÐnaka A sto ginìmeno LU, opìte to arqikì sÔsthma metasqhmatÐzetai sto isodÔnamo
LUx = b, kai sth sunèqeia epilÔnoume pr¸ta to sÔsthma Ly = b me proc ta mprìc an-
tikat�stash (lìgw thc k�tw trigwnik c morf c tou L) kai met� to Ux = y me proc ta pÐsw
antikat�stash.
ShmeÐwsh: Oi basikèc diaforèc metaxÔ thc (klasik c) mejìdou apaloif c tou Gauss kai
aut c thc paragontopoÐhshc (  trigwnopoÐhshc) eÐnai oi ex c: α) Sth mèjodo apaloif c tou
Gauss o pÐnakac M de brÐsketai analutik�. Apl�, h diadikasÐa thc apaloif c (metasqh-
matismoÐ) efarmìzetai sugqrìnwc sto pr¸to kai sto deÔtero mèloc gia na katal xoume se
sÔsthma thc morf c (2.5) isodÔnamo me to arqikì (2.3). β) Sth mèjodo thc paragontopoÐhsh-
c oi pÐnakec L kai U brÐskontai analutik� akolouj¸ntac mia diadikasÐa apaloif c Gauss
mìno ston pÐnaka A kai akoloujeÐ h eÔresh tou bohjhtikoÔ dianÔsmatoc y pou den eÐnai �l-
lo par� to di�nusmaMb thc apaloif c tou Gauss. γ) Tèloc mporoÔme na parathr soume ìti
kai stic duo mejìdouc oi proc ta pÐsw antikatast�seic gia thn eÔresh tou x eÐnai tautìshmec.

Apìdeixh tou Jewr matoc 2.1: H apìdeixh ja gÐnei me epagwg . Jètoume A(1) = A

kai parathroÔme ìti a(1)11 ̸= 0. Autì diìti apì thn upìjesh tou jewr matoc o 1 × 1 kÔrioc

upopÐnakac tou A eÐnai antistrèyimoc. To stoiqeÐo a
(1)
11 , pou ja emfanÐzetai, ìpwc ja doÔme,

se paronomastèc, ja kaleÐtai odhgìc kai h antÐstoiqh gramm  odhgìc gramm . BrÐskoume

sth sunèqeia touc arijmoÔc mj1 = a
(1)
j1 /a

(1)
11 , j = 2(1)n, pou kaloÔntai pollaplasiastèc,

pollaplasi�zoume ta stoiqeÐa thc pr¸thc gramm c epÐ ton pollaplasiast mj1 kai afairoÔme
ta ginìmena pou brÐskoume apì ta antÐstoiqa stoiqeÐa thc j-ost c gramm c. Etsi ta nèa

stoiqeÐa thc j-ost c gramm c ja eÐnai a(2)jl = a
(1)
jl − mj1a

(1)
1l , l = 1(1)n. (ShmeÐwsh: EÐnai

fanerì apì ton orismì twn pollaplasiast¸n ìti a(2)j1 = 0, j = 2(1)n.) H diadikasÐa pou mìlic
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ektelèsame eÐnai eÔkolo na diapistwjeÐ ìti isodunameÐ me ton pollaplasiasmì tou pÐnaka A(1)

apì ta arister� epÐ ton pÐnaka M1, ìpou

M1 =


1

−m21 1
−m31 1

...
. . .

−mn1 1

 .

Eqoume, loipìn, ìti:
A(2) = M1A

(1).

Upojètoume ìti h prohgoumènwc perigrafeÐsa kai efarmosjeÐsa diadikasÐa apaloif c èqei
ektelesteÐ me an�logo trìpo k − 1 (1 < k < n) forèc kai briskìmaste sthn arq  thc
efarmog c thc gia k-ost  for�, opìte h kat�stash parousi�zetai wc ex c:

A(k) = Mk−1 · · ·M2M1A
(1),

ìpou

A(k) =



a
(1)
11 a

(1)
12 · · · a

(1)
1k · · · a

(1)
1n

a
(2)
22 · · · a

(2)
2k · · · a

(2)
2n

. . .

a
(k)
kk · · · a

(k)
kn

a
(k)
k+1,k · · · a

(k)
k+1,n

a
(k)
nk · · · a

(k)
nn


.

Katarq�c apodeÐqnoume ìti to stoiqeÐo a
(k)
kk pou ja qrhsimeÔsei wc odhgìc sto k b ma thc

apaloif c den eÐnai mhdèn. Epikentr¸noume thn prosoq  mac ston k×k kÔrio upopÐnaka A(k)
k×k

tou A(k). Autìc èqei prokÔyei apì ton k×k kÔrio upopÐnaka Ak×k tou A met� apì prosjèseic
pollapl�siwn gramm¸n tou se �llec grammèc tou. (Diìti o pÐnakac A(k) èqei prokÔyei apì
ton A me ton Ðdio trìpo.) Lìgw thc antistreyimìthtac tou Ak×k, apì thn upìjesh tou

jewr matoc, ja èqoume diadoqik� 0 ̸= det(Ak×k) = det(A
(k)
k×k) = a

(1)
11 a

(2)
22 · · · a

(k−1)
k−1,k−1a

(k)
kk ,

apì tic opoÐec sumperaÐnetai ìti a(k)kk ̸= 0. Sth sunèqeia orÐzoume pollaplasiastèc mjk =

a
(k)
jk /a

(k)
kk , j = k + 1(1)n, pollaplasi�zoume ta stoiqeÐa thc k-ost c gramm c epÐ mjk kai ta

ginìmena afairoÔme apì ta antÐstoiqa stoiqeÐa thc j-ost c gramm c. Ta prokÔptonta nèa

stoiqeÐa dÐnontai apì tic sqèseic a(k+1)
jl = a

(k)
jl −mjka

(k)
kl , j = k + 1(1)n, l = k + 1(1)n, en¸

a
(k+1)
jk = 0, j = k+1(1)n, apì ton orismì twn antÐstoiqwn pollaplasiast¸n. EÐnai dunatìn
na diapistwjeÐ eÔkola ìti h diadikasÐa tou k b matoc thc apaloif c mporeÐ na diatupwjeÐ me
morf  pin�kwn wc ex c

A(k+1) = MkA
(k),



36

ìpou

Mk =



1
1

. . .
1

−mk+1,k 1
−mk+2,k 1

...
. . .

−mnk 1


kai �ra

A(k+1) = MkMk−1 · · ·M2M1A
(1).

Me b�sh thn arq  thc tèleiac epagwg c ì,ti apodeÐqthke ja isqÔei kai gia k�je tim  tou
k < n. Ja èqoume loipìn ìti

A(n) = Mn−1Mn−2 · · ·M2M1A (2.9)

  an jèsoume

U = A(n) και M = Mn−1Mn−2 · · ·M2M1 (2.10)

tìte apì tic (2.9) kai (2.10) prokÔptei h (2.7). Profan¸c o pÐnakac U = A(n) pou proèkuye
met� apì ta n − 1 b mata thc apaloif c ja eÐnai �nw trigwnikìc kai antistrèyimoc, afoÔ
det(U) = det(A(n)) = det(A) ̸= 0, o de M, apì thn (2.10), wc ginìmeno n − 1 k�tw
trigwnik¸n pin�kwn me diag¸nia stoiqeÐa mon�dec, ja èqei ki autìc thn Ðdia morf . Tèloc
an tejeÐ L = M−1, o L ja eÐnai k�tw trigwnikìc me diag¸nia stoiqeÐa mon�dec kai ja isqÔei
h (2.8). H monadikìthta twn L (kai �ra kai tou M) kai U apodeÐqnetai me �toph apagwg .
Estw ìti up�rqei kai �llo zeÔgoc k�tw trigwnikoÔ pÐnaka L1, me diag¸nia stoiqeÐa mon�dec,
kai antistrèyimou �nw trigwnikoÔ pÐnaka U1 t.w. L1U1 = A. Ara ja isqÔei L1U1 = LU.
Pollaplasi�zontac thn teleutaÐa isìthta apì arister� epÐ L−1 kai apì dexi� epÐ U−1

1 èqoume
L−1L1 = UU−1

1 . Profan¸c to arister� mèloc eÐnai k�tw trigwnikìc pÐnakac kai to dexi� �nw
trigwnikìc. Epeid  oi pÐnakec eÐnai Ðsoi prèpei na eÐnai diag¸nioi. Omwc o diag¸nioc L−1L1

eÐnai ginìmeno k�tw trigwnik¸n me diag¸nia stoiqeÐa mon�dec �ra ja èqei ki autìc diag¸nia
stoiqeÐa mon�dec kai sunep¸c ja eÐnai o monadiaÐoc I. Apì thn L−1L1 = I kai sth sunèqeia
apì th UU−1

1 = I èpetai ìti L1 = L kai U1 = U.
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Parat rhsh: Apì th (2.2) mporeÐ eÔkola na deiqteÐ ìti

M−1
k =



1
1

. . .
1

mk+1,k 1
mk+2,k 1

...
. . .

mnk 1


kai apì th (2.10) ìti

L = M−1
1 M−1

2 · · ·M−1
n−1 =



1
m21 1
m31 m32 1
m41 m42 m43 1
...

...
...

...
. . .

mn−1,1 mn−1,2 mn−1,3 mn−1,4 · · · 1
mn1 mn2 mn3 mn4 · · · mn,n−1 1


Pìrisma 2.1 (ParagontopoÐhsh (An�lush) Crout) K�tw apì tic proôpojèseic tou
Jewr matoc 2.1 o pÐnakac A mporeÐ na grafteÐ kai wc

A = LDU, (2.11)

ìpou L eÐnai k�tw trigwnikìc me lii = 1, i = 1(1)n, D diag¸nioc kai U �nw trigwnikìc
me uii = 1, i = 1(1)n. H an�lush (2.11) eÐnai monadik .

ShmeÐwsh: Profan¸c o pÐnakac L sth (2.11) eÐnai o pÐnakac L tou Jewr matoc 2.1, o pÐnakac
D èqei stoiqeÐa ta antÐstoiqa diag¸nia stoiqeÐa tou U tou Jewr matoc 2.1 kai o U sth (2.11)
èqei stoiqeÐa ta antÐstoiqa stoiqeÐa twn gramm¸n tou U tou Jewr matoc 2.1 diairemèna dia
tou antÐstoiqou odhgoÔ.

2.2.1 Algìrijmoc Apaloif c tou Gauss

Gia thn epÐlush tou grammikoÔ sust matoc (2.1) k�tw apì tic upojèseic tou Jewr matoc 2.1
eÐnai dunatìn na dojeÐ se morf  yeudok¸dika o (klasikìc) algìrijmoc apaloif c tou Gauss.
Opwc  dh tonÐsthke h mình diafor� tou apì thn paragontopoÐhsh tou pÐnaka A ègkeitai sto
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gegonìc ìti oi metasqhmatismoÐ twn deÔterwn mel¸n (sunistws¸n tou dianÔsmatoc b) gÐnon-
tai tautìqrona me to metasqhmatismì tou pÐnaka A k�nontac qr sh twn pollaplasiast¸n
mjk. Etsi èqoume:

Algìrijmoc Apaloif c Gauss:

Dedomèna: A ∈ IRn,n, det(A) ̸= 0, b ∈ IRn kai ìloi oi kÔrioi upopÐnakec thc �nw arister c
gwnÐac tou A eÐnai antistrèyimoi.
Gia k = 1(1)n− 1 (b mata apaloif c)

Gia j = k + 1(1)n

mjk = a
(k)
jk /a

(k)
kk

Gia l = k + 1(1)n

a
(k+1)
jl = a

(k)
jl −mjka

(k)
kl

Tèloc �Gia�

b
(k+1)
j = b

(k)
j −mjkb

(k)
k

Tèloc �Gia�
Tèloc �Gia�

Met� thn apaloif  tou Gauss ìpwc dìjhke ston parap�nw algìrijmo h eÔresh twn
agn¸stwn gÐnetai me proc ta pÐsw antikat�stash qrhsimopoi¸ntac touc tÔpouc (2.6). O
antÐstoiqoc algìrijmoc se yeudok¸dika dÐnetai sth sunèqeia:

Algìrijmoc Proc ta PÐsw Antikat�stashc:

Gia k = n(−1)1

sk = b
(k)
k

Gia j = k + 1(1)n

sk = sk − a
(k)
kj xj

Tèloc �Gia�

xk = sk/a
(k)
kk

Tèloc �Gia�

Parathr seic: α) Oi p�nw deÐktec stouc duo algìrijmouc pou dìjhkan eÐnai mìno

endeiktikoÐ kai mporoÔn na paraleiftoÔn. Etsi ta a
(k)
jl mporoÔn na apojhkeutoÔn stic antÐs-

toiqec jèseic twn arqik¸n ajl. An o pÐnakac A qrei�zetai gia parapèra qr sh tìte mporeÐ
na apojhkeuteÐ apì thn arq  kai se k�poiec �llec jèseic mn mhc. β) Oi pollaplasiastèc
mjk qrhsimopoioÔntai �pax. An de qrei�zontai gia parapèra qr sh oi k�tw deÐktec mporoÔn
na paraleiftoÔn. Tèloc, an oi pollaplasiastèc qrei�zontai sth sunèqeia en¸ o pÐnakac A
de qrei�zetai tìte oi mjk mporoÔn na apojhkeutoÔn stic antÐstoiqec jèseic twn stoiqeÐwn
ajk. γ) AntÐstoiqec parathr seic isqÔoun kai gia to di�nusma b. Dhlad , an de qrei�ze-
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tai gia parapèra qr sh ta b
(k)
j mporoÔn na apojhkeutoÔn stic antÐstoiqec jèseic twn bj

kai tèloc, o deÐkthc k sto sk de qrei�zetai en¸ oi euriskìmenec timèc twn agn¸stwn xj m-
poroÔn na apojhkeutoÔn stic jèseic twn bj. δ) TonÐzetai ìti efex c, stouc Algìrijmouc pou
ja parousi�zontai, ja paraleÐpontai oi �nw deÐktec. An kai up�rqoun pÐnakec A gia touc
opoÐouc isqÔoun oi upojèseic tou Jewr matoc 2.1 eÐnai pio fusikì na gnwrÐzoume mìno ìti o
A antistrèfetai. Sthn perÐptwsh aut  isqÔei h parak�tw parallag  tou proanaferjèntoc
jewr matoc.

Je¸rhma 2.2 Estw to grammikì sÔsthma (2.3) gia to opoÐo isqÔei ìti det(A) ̸= 0.
Tìte up�rqei metajetikìc pÐnakac P ∈ IRn,n, antistrèyimoc �nw trigwnikìc pÐnakac
U ∈ IRn,n kai k�tw trigwnikoc pÐnakac L ∈ IRn,n me lii = 1, i = 1(1)n, t.w.

LU = PA. (2.12)

Ektìc apì thn pijan  dunatìthta epilog c diaforetik¸n metajetik¸n pin�kwn h
an�lush (paragontopoÐhsh) (2.12) eÐnai monadik .

Apìdeixh: H apìdeixh akoloujeÐ ta b mata thc apìdeixhc tou Jewr matoc 2.1. Sugkekrimè-
na, akoloujiètai h diadikasÐa thc apaloif c ston pÐnaka A, ìpwc aut  èqei  dh perigrafteÐ.

An gia ìlouc touc odhgoÔc isqÔei a(k)kk ̸= 0, k = 1(1)n− 1, tìte a(n)nn ̸= 0, afoÔ det(A) ̸= 0,

kai to je¸rhma isqÔei me P = I. An gia k�poio k ∈ {1, 2, · · · , n − 1} isqÔei a(k)kk = 0, tìte

ja up�rqei toul�qiston ènac deÐkthc j ∈ {k + 1, k + 2, · · · , n} gia ton opoÐo a
(k)
jk ̸= 0. Autì,

giatÐ se en�ntia perÐptwsh ja eÐqame

det(A) = det(A(k)) = a
(1)
11 a

(2)
22 · · · a(k−1)

k−1,k−1 det


 a

(k)
kk · · · a

(k)
kn

...
...

a
(k)
nk · · · a

(k)
nn


 = 0,

afoÔ a
(k)
jk = 0, j = k(1)n, pou odhgeÐ se �topo. Sthn perÐptwsh aut  enall�ssoume thn

k-ost  gramm  me mÐa apì tic grammèc gia thn opoÐa a
(k)
jk ̸= 0, èstw me aut n pou antistoiqeÐ

sth mikrìterh tim  tou j. Omwc h enallag  twn gramm¸n k kai j ∈ {k + 1, k + 2, · · · , n}
petuqaÐnetai me ènan apì arister� pollaplasiasmì tou pÐnaka A epÐ èna metajetikì pÐnaka,
sugkekrimèna tou monadiaÐou ston opoÐo èqoun antimetatejeÐ oi grammèc k kai j. Sth sunèqeia
h apaloif  suneqÐzetai me ton Ðdio trìpo kai me to nèo odhgì, pou den eÐnai t¸ra mhdèn,
k.lp. An, ìmwc, sunèbaine na gnwrÐzoume prÐn apì thn ènarxh thc diadikasÐac thc apaloif c
se poiec grammèc ja sunantoÔsame mhdenikoÔc odhgoÔc kai me poiec grammèc ja èprepe
na enall�xoume autèc ¸ste na exasfalisteÐ h m  mhdenikìthta twn nèwn odhg¸n tìte ja
mporoÔsame exarq c na pollaplasi�soume apì ta arister� ton arqikì pÐnakaA me kat�llhlo
metajetikì pÐnaka, èstw P, ¸ste na exasfalÐzetai h m  mhdenikìthta twn odhg¸n tou pÐnaka
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PA. Tìte o pÐnakac PA, sÔmfwna me to Je¸rhma 2.1, ja epideqìtan monos manth an�lush
se ginìmeno LU. Autì apodeÐqnei to je¸rhma. �

Shmei¸seic: a) UpenjumÐzetai ìti ènac metajetikìc pÐnakac P apoteleÐ mia met�jesh twn
sthl¸n (  twn gramm¸n) tou monadiaÐou pÐnaka I. P.q., an ei, i = 1(1)n, me eij = δij, j =
1(1)n, to dèlta tou Kronecker, kai I eÐnai o monadiaÐoc pÐnakac, tìte o I ja gr�fetai

I = [e1 e2 · · · en] =


e1

T

e2
T

...
enT

 .

Epomènwc an (i1 i2 · · · in) apoteleÐ mia met�jesh twn (1 2 · · · n) tìte h antÐstoiqh met�jesh

twn gramm¸n tou I dÐnei P1 =


ei1

T

ei2
T

...

ein
T

 en¸ h antÐstoiqh met�jesh twn sthl¸n tou I dÐnei

P2 = [ei1 ei2 · · · ein ] . Na shmeiwjeÐ ìti genik� P1 ̸= P2. b) UpenjumÐzetai ìti o pollaplasi-
asmìc apì ta arister� enìc pÐnaka A epÐ ton parap�nw metajetikì pÐnaka P1 metajètei tic
grammèc tou A ètsi ¸ste oi grammèc tou up' arijmìn 1, 2, . . . , n, antikajistoÔntai sth seir�
apì tic grammèc up' arijmìn i1, i2, . . . , in, en¸ o apì ta dexi� pollaplasiasmìc tou A epÐ P2

antikajist� tic st lec tou A, 1, 2, . . . , n, apì tic st lec tou i1, i2, . . . , in. g) Akìmh, ìti
P−1 = P T kai ìti to ginìmeno metajetik¸n pin�kwn eÐnai metajetikìc pÐnakac.

O algìrijmoc thc apaloif c tou Gauss gia thn epÐlush tou grammikoÔ sust matoc (2.3)
me thn epiplèon upìjesh ìti det(A) ̸= 0 ètsi ¸ste na antimetwpÐzetai kai h perÐptwsh pi-
jan¸n enallag¸n gramm¸n (exis¸sewn) ja dojeÐ met� thn eisagwg  thc Merik c Od ghshc
sthn Par�grafo 2.3. Ed¸ apl� tonÐzetai ìti de qrei�zetai sthn pragmatikìthta na enall�s-
soume tic antÐstoiqec grammèc. ArkeÐ na gÐnetai katagraf  twn antÐstoiqwn enallag¸n touc.
Gia to skopì autì ja qrhsimopoihjeÐ bohjhtikì di�nusma pou ja katagr�fei tic enallagèc,
ìpwc ja doÔme argìtera.

2.2.2 LÔsh Grammik¸n Susthm�twn me ton Idio PÐnaka Sun-
telest¸n Agn¸stwn

Estw ìti èqoume na epilÔsoume m (> 1) grammik� sust mata me ton Ðdio pÐnaka suntelest¸n
agn¸stwn A. Sugkekrimèna ta

Axl = bl, A ∈ IRn,n, bl ∈ IRn, l = 1(1)m,
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 , isodÔnama, thn exÐswsh pin�kwn

AX = B, X = [x1 x2 · · · xm], B = [b1 b2 · · · bm]. (2.13)

EÐnai profanèc ìti mporoÔme p�li na ergastoÔme me duo diaforetikoÔc trìpouc. EÐte paragon-
topoi¸ntac ton A kai lÔnontac sth sunèqeia m grammik� sust mata me diadoqikèc proc ta
mprìc kai proc ta pÐsw antikatast�seic eÐte efarmìzontac thn apaloif  tou Gauss ìqi mìno
ston A all� sugqrìnwc kai se ìla ta deÔtera mèlh. Ena klasikì prìblhma thc parap�nw
morf c eÐnai ekeÐno ìpou zhtiètai analutik� o A−1. Sthn perÐptwsh aut  ja èqoume sth
(2.13) B = I kai X = A−1.

2.2.3 Pl joc kai EÐdoc ApaitoÔmenwn Pr�xewn gia thn EpÐ-
lush tou Ax = b

Gia thn aploÔsteush tou probl matoc upojètoume ìti a(k)kk ̸= 0, k = 1(1)n, ètsi ¸ste to
sÔsthma na èqei monadik  lÔsh kai na mhn apaitoÔntai enallagèc gramm¸n kat� th diadikasÐa
thc apaloif c. DiakrÐnoume tèsseric diaforetikèc f�seic sth mèjodo thc epÐlushc eÐte
aut  gÐnetai me thn klasik  mèjodo apaloif c tou Gauss eÐte pragmatopoieÐtai pr¸ta h
paragontopoÐhsh tou A. Sthn pr¸th f�sh upologÐzoume tic pr�xeic pou apaitoÔntai gia

thn eÔresh ìlwn twn pollaplasiast¸n mjk = a
(k)
jk /a

(k)
kk , j = k + 1(1)n, k = 1(1)n −

1. Sth deÔterh, brÐskoume tic pr�xeic pou apaitoÔntai sth diadikasÐa thc apaloif c ìtan

ergazìmaste mìno ston pÐnaka A, ìpou a
(k+1)
jl = a

(k)
jl − mjka

(k)
kl , j, l = k + 1(1)n, k =

1(1)n − 1. Sthn trÐth, ekteloÔme tic pr�xeic thc apaloif c sto deÔtero mèloc b, ìpou

b
(k+1)
j = b

(k)
j − mjkb

(k)
k , j = k + 1(1)n, k = 1(1)n − 1 (  tic isodÔnamec pr�xeic kat� thn

proc ta mprìc antikat�stash ìtan paragontopoieÐtai pr¸ta o A, yk = bk−
∑k−1

j=1 mkjyj, k =

1(1)n) kai tèloc tic pr�xeic pou apaiteÐ h proc ta pÐsw antikat�stash, ìpou xk = (b
(k)
k −∑n

j=k+1 a
(k)
kj xj)/a

(k)
kk , k = n(−1)1,   xk = (yk −

∑n
j=k+1 a

(k)
kj xj)/a

(k)
kk , k = n(−1)1, ìtan èqei

prohghjeÐ proc ta mprìc antikat�stash.

a) EÔresh pollaplasiast¸n: Gia thn eÔresh enìc pollaplasiast  apaiteÐtai mìno mÐ-
a diaÐresh. Ara gia thn eÔresh ìlwn twn pollaplasiast¸n apaitoÔntai

∑n−1
k=1(n − k) =∑n−1

k=1 k = n(n − 1)/2 diairèseic. Epeid  o paronomast c a
(k)
kk , k = 1(1)n − 1, eÐnai koinìc

se n − k pollaplasiastèc eÐnai protimìtero na brÐsketai pr¸ta o 1/a
(k)
kk mia for� kai met�

na akoloujiètai apì n − k pollaplasiasmoÔc gia thn eÔresh twn mjk

(
= 1

a
(k)
kk

.a
(k)
jk

)
, j =

k+1(1)n. Etsi, gia thn eÔresh ìlwn twn pollaplasiast¸n apaitoÔntai n− 1 diairèseic kai
n(n− 1)/2 pollaplasiasmoÐ.

b) EÔresh nèwn stoiqeÐwn twn pin�kwn A(k+1), k = 1(1)n − 1, kata thn apaloif : Gia

thn eÔresh enìc nèou stoiqeÐou a
(k+1)
jl apaiteÐtai ènac pollaplasiasmìc kai mÐa afaÐresh
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Apaloif  Gauss ParagontopoÐhsh LU Poll/smoÐ Prosjèseic Diairèseic

Pollaplasiastèc n(n−1)
2

n− 1

Apaloif  se A n(n−1)(2n−1)
6

n(n−1)(2n−1)
6

Apaloif  se b Proc ta Mprìc n(n−1)
2

n(n−1)
2

Antikatast�seic

Proc ta PÐsw Antikatast�seic n(n−1)
2

n(n−1)
2

n

SÔnolo n(n−1)(n+4)
3

n(n−1)(2n+5)
6

2n− 1

PÐnakac 2.1: EÐdoc kai Pl joc Pr�xewn gia th LÔsh tou Ax = b

(prìsjesh). Gia thn eÔresh ìlwn twn stoiqeÐwn ìlwn twn pin�kwn apaitoÔntai
∑n−1

k=1(n −
k)2 =

∑n−1
k=1 k

2 = n(n− 1)(2n− 1)/6 pollaplasiasmoÐ kai �llec tìsec prosjèseic.

g) EÔresh nèwn stoiqeÐwn deÔterwn mel¸n b(k+1) : Gia thn eÔresh enìc nèou stoiqeÐou

b
(k+1)
j apaiteÐtai ènac pollaplasiasmìc kai mÐa afaÐresh (prìsjesh). Gia thn eÔresh ìlwn

twn nèwn stoiqeÐwn ìlwn twn deÔterwn mel¸n apaitoÔntai
∑n−1

k=1(n− k) =
∑n−1

k=1 k = n(n−
1)/2 pollaplasiasmoÐ kai �llec tìsec prosjèseic. An akoloujiètai h diadikasÐa thc proc ta
mprìc antikat�stashc, tìte gia thn eÔresh enìc apì touc bohjhtikoÔc agn¸stouc yk, k =
1(1)n, apaitoÔntai k− 1 pollaplasiasmoÐ kai �llec tìsec prosjèseic. Gia thn eÔresh ìlwn
twn yk apaitoÔntai

∑n
k=1(k− 1) = n(n− 1)/2 pollaplasiasmoÐ kai �llec tìsec prosjèseic.

Opwc diapist¸nei kaneÐc oi pr�xeic gia thn eÔresh tou b(n)   tou y eÐnai akrib¸c oi Ðdiec. (Me
mia prosektikìterh mati� diapist¸netai eÔkola ìti ìqi mìno y = b(n), pr�gma pou anamènetai,
all� kai ìti oi pr�xeic gia thn eÔres  touc eÐnai akrib¸c oi Ðdiec me th mình diafor� ìti
ekteloÔntai me diaforetik  seir�.)

d) EÔresh tim¸n agn¸stwn: H proc ta pÐsw antikat�stash apaiteÐ n b mata kai se k�je
èna apì aut� h tim  enìc agn¸stou xk prosdiorÐzetai apì tic timèc twn agn¸stwn pou èqoun
 dh brejeÐ. Gia thn eÔresh enìc agn¸stou apaitoÔntai n − k pollaplasiasmoÐ kai �llec
tìsec prosjèseic kaj¸c kai mÐa diaÐresh. Gia tic timèc ìlwn twn agn¸stwn apaitoÔntai∑n

k=1(n − k) =
∑n−1

k=1 k = n(n − 1)/2 pollaplasiasmoÐ kai �llec tìsec prosjèseic kaj¸c
kai n diairèseic. Oi epÐ mèrouc pr�xeic faÐnontai analutik� ston PÐnaka 1.

Apì ton PÐnaka 1 kajÐstatai fanerì ìti oi perissìtero qronobìrec pr�xeic kat� thn
epÐlush enìc grammikoÔ sust matoc eÐnai oi pollaplasiasmoÐ pou apaitoÔntai gia thn a-
paloif  tou Gauss   antÐstoiqa gia thn paragontopoÐhsh tou pÐnaka A. An upojèsoume ìti
n → ∞,   sthn pr�xh ìti to n eÐnai polÔ meg�lo, tìte mporoÔme na poÔme ìti to pl joc
twn apaitoÔmenwn pr�xewn (pollaplasiasm¸n) eÐnai perÐpou 1

3
n3   ìti eÐnai thc t�xhc O(n3)

me asumptwtikì suntelest  1
3
. Se antiparabol  me thn paragontopoÐhsh tou A, gia th di-
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adikasÐa thc apaloif c sto deÔtero mèloc (  gia tic proc ta mprìc antikatast�seic) kaj¸c
kai gia tic proc ta pÐsw antikatast�seic apaitoÔntai gia thn kajemÐa diadikasÐa antÐstoiqec
pr�xeic pl jouc perÐpou 1

2
n2   t�xhc O(n2) me asumptwtikì suntelest  1

2
. Me b�sh ta

parap�nw mporeÐ na breÐ kaneÐc amèswc ìti to pl joc twn pr�xewn (pollaplasiasm¸n) gia
thn eÔresh tou antÐstrofou pÐnaka me th mèjodo thc paragontopoÐhshc tou pÐnaka A eÐnai
perÐpou 1

3
n3 + 2n1

2
n2 = 4

3
n3   ìti eÐnai t�xhc O(n3) me asumptwtikì suntelest  4

3
.

2.2.4 Anag¸gimoi kai M -Anag¸gimoi PÐnakec

Orismìc 2.1 Enac pÐnakac A ∈ ICn,n kaleÐtai anag ģimoc ann up�rqei metajetikìc pÐnakac
P ∈ IRn,n t.w. o PAP T na èqei th morf 

PAP T =

[
B C
O D

]
, (2.14)

ìpou B ∈ ICr,r, 1 ≤ r ≤ n− 1 kai O ∈ ICn−r,r o mhdenikìc pÐnakac.

Orismìc 2.2 Enac pÐnakac A ∈ ICn,n kaleÐtai m -anag ģimoc ann den eÐnai anag ģimoc.

Opwc mporeÐ amèswc na diapistwjeÐ, èna grammikì sÔsthma Ax = b, A ∈ IRn,n, b ∈ IRn, me
pÐnaka suntelest¸n agn¸stwn A anag¸gimo thc morf c (2.14) eÐnai dunatìn na grafteÐ wc

PAP T (Px) =

[
B C
O D

] [
(Px)1
(Px)2

]
=

[
(Pb)1
(Pb)2

]
,

ìpou (Px)1, (Pb)1 ∈ IRr kai (Px)2, (Pb)2 ∈ IRn−r. To teleutaÐo sÔsthma eÐnai isodÔnamo me
ta duo mikrìterwn diast�sewn sust mata

B(Px)1 + C(Px)2 = (Pb)1, D(Px)2 = (Pb)2.

Apì ta dÔo teleutaÐa aut� sust mata, brÐsketai pr¸ta o �gnwstoc (Px)2 apì to deÔtero
sÔsthma kai me antikat�stash sto pr¸to o (Px)1. Apì touc (Px)1 kai (Px)2 brÐsketai
telik� o x. MporeÐ na apodeiqteÐ ìti gia thn epÐlush twn dÔo susthm�twn, ìpwc peri-
gr�fthke, apaiteÐtai mikrìtero pl joc pr�xewn apì autì thc epÐlushc tou dojèntoc arqikoÔ
sust matoc.
ShmeÐwsh: Sto ex c ja upojètoume ìti o pÐnakac twn suntelest¸n twn agn¸stwn eÐnai
m -anag¸gimoc ektìc kai an orÐzetai diaforetik�.
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2.2.5 PuknoÐ kai AraioÐ PÐnakec

Pèra apì thn akrÐbeia kai thn oikonomÐa twn pr�xewn pou epizhtoÔme stouc algìrijmouc
thc Arijmhtik c An�lushc èna trÐto stoiqeÐo eÐnai kai autì thc oikonomÐac sthn apoj keush
ston Upologist  twn dedomènwn kaj¸c kai twn endi�meswn kai telik¸n apotelesm�twn tou
proc epÐlush probl matoc. Sthn perÐptwsh enìc pÐnaka A ∈ IRn,n oi apaitoÔmenec jèseic
mn mhc eÐnai profan¸c n2. Otan ìmwc o A èqei k�poia eidik  morf , p.q. eÐnai summetrikìc,
èqei ta perissìtera stoiqeÐa tou 0, k.lp., ja prèpei oi sugkekrimènec idiìthtec tou A na
labaÐnontai sobar� upìyh sthn kataskeu  tou algìrijmou ¸ste na qrhsimopoioÔntai pijanìn
polÔ ligìterec jèseic mn mhc gia thn apoj keush tou pÐnaka. Enac pÐnakac A me pl joc m 
mhdenik¸n stoiqeÐwn thc t�xhc O(n2) kaleÐtai puknìc kai genik� apaiteÐ n2 jèseic mn mhc
gia thn apoj keus  tou. Enac pÐnakac me pl joc m  mhdenik¸n stoiqeÐwn thc t�xhc O(n)
kaleÐtai araiìc. AraioÐ pÐnakec prokÔptoun sthn pr�xh, metaxÔ �llwn, apì probl mata
diakritopoÐhshc (Merik¸n) Diaforik¸n Exis¸sewn. Se pollèc tètoiec peript¸seic oi araioÐ
pÐnakec èqoun mia sugkekrimènh dom . Mia apì tic peript¸seic domhmènhc araiìthtac apote-
loÔn kai oi kaloÔmenoi pÐnakec z¸nhc (  tainiwtoÐ). Enac pÐnakac A ∈ IRn,n (  kai A ∈ ICn,n)
kaleÐtai pÐnakac z¸nhc ann aij = 0, ∀ i, j = 1(1)n, gia ta opoÐa i− j > na   j− i > nb, ìpou
na, nb < n stajeroÐ fusikoÐ akèraioi (me na + nb + 1 < n). P.q. gia na = 2 kai nb = 1
ènac tètoioc pÐnakac ja èqei thn parak�tw morf 

a11 a12
a21 a22 a23
a31 a32 a33 a34

a42 a43 a44 a45
. . . . . . . . . . . .

an−2,n−4 an−2,n−3 an−2,n−2 an−2,n−1

an−1,n−3 an−1,n−2 an−1,n−1 an−1,n

an,n−2 an,n−1 ann


. (2.15)

O arijmìc na + nb + 1 kaleÐtai eÔroc thc z¸nhc. Pio sugkekrimèna, gia na = nb = 1 o
pÐnakac kaleÐtai tridiag¸nioc, gia na = nb = 2 pentadiag¸nioc k.lp. EÐnai fanerì ìti gia
thn apoj keush enìc pÐnaka z¸nhc arkoÔn to polÔ n(na + nb +1) jèseic mn mhc. P.q. ènac
trìpoc apoj keushc tou pÐnaka pou dìjhke sth (2.15) eÐnai o akìloujoc:

a12 a23 · · · an−3,n−2 an−2,n−1 an−1,n

a11 a22 a33 · · · an−2,n−2 an−1,n−1 ann
a21 a32 a43 · · · an−1,n−2 an,n−1

a31 a42 a53 · · · an,n−2

 .
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ASKHSEIS

1.: Na lujeÐ to parak�tw sÔsthma me apl  apaloif , ìpwc dhlad  perigr�fetai stic
(2.3)�(2.5) kai (2.6)

x1 + x2 + x3 + x4 = 4
2x1 + 2x2 +2 x3 + 2x4 = 8
x1 + x2 + 2x3 + 3x4 = 7
2x1 + 2x2 + x3 + 2x4 = 7

2.: Na dojoÔn oi pÐnakec, oi opoÐoi, pollaplasi�zontac ta mèlh tou grammikoÔ sust matoc
Ax = b, A ∈ ICn,n, b ∈ ICn, apì arister�, par�goun isodÔnamo sÔsthma A′x = b′, kai
ekfr�zoun èkastoc kajemi� apì tic pr�xeic (1), (2) kai (3), pou dÐnantai amèswc met�
to arqikì sÔsthma (2.3).

3.: An

A1 =


1
a21 1
a31 1
...

. . .
an1 1

 και A2 =


1

1
a32 1
...

. . .
an2 1

 , A1, A2 ∈ ICn,n,

me n > 2, na brejoÔn ta ginìmena A1A2 kai A2A1.

4.: Na deiqteÐ ìti o antÐstrofoc enìc antistrèyimou k�tw trigwnikoÔ pÐnaka sto ICn,n

eÐnai (antistrèyimoc) k�tw trigwnikìc pÐnakac me diag¸nia stoiqeÐa ta antÐstrofa twn
antÐstoiqwn diag¸niwn stoiqeÐwn tou arqikoÔ.

5.: Na brejeÐ o antÐstrofoc tou

A =



1
1

. . .
1

ai+1,i 1
...

. . .
ani 1


∈ ICn,n, n > 2.
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6.: DÐnetai o pÐnakac A, ìpou

A =


10 −3 2 2
4 0 −1 0
3 1 5 0
0 1 −1 3

 .

Na deiqteÐ ìti o pÐnakac A eÐnai antistrèyimoc, ìti de qrei�zetai enallag  gramm¸n gia
thn eÔresh twn paragìntwn L kai U thc LU paragontopoÐhshc kai na brejoÔn oi duo
autoÐ par�gontec.

7.: Na brejoÔn oi L kai U par�gontec twn pin�kwn

α) A1 =

 2 −1 0
−1 2 −1
0 −1 2

 , β) A2 =


4 −1 −1 0

−1 4 0 −1
−1 0 4 −1
0 −1 −1 4

 , γ) A3 =


1 0 2 1
0 4 8 10
2 8 29 22
1 10 22 42

 ,

qrhsimopoi¸ntac akrib  arijmhtik  kai sth sunèqeia na lujoÔn ta sust mata

A1x = b1, A2x = b2, A3x = b3,

a) Me LU paragontopoÐhsh kai b) Me klasik  apaloif  Gauss, ìpou

bT1 = [2 1 0], bT2 = [6 1 1 1], bT3 = [4 22 61 75].

8.: Enac pÐnakacA ∈ ICn,n kaleÐtai austhr� diag¸nia upèrteroc kat� grammèc (kat� st lec)
ann

|aii| >
n∑

j=1, j ̸=i

|aij|, i = 1(1)n

(
|ajj| >

n∑
i=1, i ̸=j

|aij|, j = 1(1)n

)
.

Na deiqteÐ ìti kat� thn apaloif  Gauss den apaiteÐtai enallag  gramm¸n kai pio sug-
kekrimèna ìti o ek�stote el�ssonac upopÐnakac thc k�tw dexi� gwnÐac eÐnai austhr�
diag¸nia upèrteroc kat� grammèc (kat� st lec). (Prosoq : Na apodeiqteÐ to zh-
toÔmeno mìno gia to pr¸to b ma apaloif c tou Gauss.)

9.: DÐnetai o pÐnakac A =

 0 1 2
2 −2 1
5 3 1

 .

a) Na qrhsimopoihjeÐ metajetikìc pÐnakac P ∈ IR3,3 tètoioc ¸ste na k�nei efikt  thn
LU paragontopoÐhsh gia ton pÐnaka A′ = PA.
b) Na paragontopoihjeÐ o A′ se ginìmeno LU .



47

g) Na qrhsimopoihjeÐ h parap�nw paragontopoÐhsh gia na brejeÐ o antÐstrofoc tou
A′. kai
d) Tèloc, na brejeÐ o A−1 apì ton antÐstrofo tou A′.
(Periorismìc: Olec oi pr�xeic na gÐnoun me akrib  arijmhtik .)

10.: DÐnetai proc lÔsh to grammikì sÔsthma Ax = b me A =


1 1 1 −1
1 1 1 1
2 1 1 1
1 1 2 1

 kai

b = [2 4 5 5]T . Na brejeÐ metajetikìc pÐnakac P t.w. na pragmatopoieÐtai h LU
paragontopoÐhsh tou pÐnaka PA. Sth sunèqeia na lujeÐ to sÔsthma qrhsimopoi¸ntac
thn LU paragontopoÐhsh kai ton pÐnaka P .

11.: Na upodeiqteÐ “oikonomikìc” trìpoc upologismoÔ, apì thn �poyh twn pr�xewn kai thc
mn mhc tou Upologist  pou apaiteÐtai, twn dianusm�twn A−4b kai A−1BA−1b, ìpou
A,B ∈ IRn,n dosmènoi pÐnakec, me A antistrèyimo, kai b ∈ IRn dosmèno di�nusma.

12.: Na brejeÐ analutik� to eÐdoc kai to pl joc twn pr�xewn pou apaitoÔntai gia thn
epÐlush tridiag¸niou pragmatikoÔ sust matoc sto opoÐo o pÐnakac twn suntelest¸n
twn agn¸stwn A ∈ IRn,n ikanopoieÐ tic upojèseic tou Jewr matoc 2.1.

13.: DÐnetai to sÔsthma Ax = b, ìpou A ∈ ICn,n, b ∈ ICn. Estw ìti A = B + iC kai
b = c + id me B,C ∈ IRn,n kai c, d ∈ IRn. Na brejeÐ pragmatikì sÔsthma, dipl�siwn
diast�sewn, isodÔnamo tou dojèntoc migadikoÔ.

14.: AfoÔ brejeÐ to eÐdoc kai to pl joc twn pr�xewn gia thn epÐlush tou sust matoc
Ax = b, A ∈ IRn,n, b ∈ IRn, o pÐnakac A tou opoÐou ikanopoieÐ tic upojèseic tou
Jewr matoc 2.1, me th mèjodo apaloif c twn Gauss-Jordan, na gÐnei sÔgkrish me to
pl joc twn antÐstoiqwn pr�xewn pou apaitoÔntai me thn klasik  mèjodo apaloif c
tou Gauss.

15.: Na deiqteÐ ìti me kat�llhlh ekmet�lleush thc parousÐac twn mhdenik¸n sta dianÔsmata-
st lec tou monadiaÐou pÐnaka In eÐnai dunatìn o asumptwtikìc suntelest c 4

3
, pou

emfanÐzetai sto apaitoÔmeno pl joc pr�xewn gia thn eÔresh tou antÐstrofou anti-
strèyimou pÐnaka A ∈ IRn,n, na katasteÐ 1. (ShmeÐwsh: Ja upotejeÐ ìti o pÐnakac A
ikanopoieÐ tic upojèseic tou Jewr matoc 2.1.)

16.: Na brejeÐ to eÐdoc kai to pl joc twn pr�xewn gia thn epÐlush enìc grammikoÔ sust -
matoc Ax = b, tou opoÐou o antistrèyimoc pÐnakac twn suntelest¸n twn agn¸stwn
A ∈ IRn,n eÐnai anag¸gimoc thc morf c (2.14) sa sun�rthsh tou r. Gia poia tim  tou
r to pl joc twn apaitoÔmenwn pollaplasiasm¸n gÐnetai el�qisto;
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17.: DÐnetai pÐnakac A ∈ IRn,n, pou ikanopoieÐ tic upojèseic thc Jewr matoc 2.1. Na
brejeÐ analutik� to eÐdoc kai to pl joc twn pr�xewn pou apaitoÔntai gia thn eÔresh
tou A−1 ekmetalleuìmenoi tic jèseic twn mhdenik¸n tou monadiaÐou pÐnaka I me thn
apaloif  twn Gauss-Jordan.

18.: EÐnai gnwstì ìti sth Grammik  Algebra gia thn eÔresh tou antÐstrofou antistrèyimou
pÐnaka A ∈ ICn,n qrhsimopoieÐtai o epauxhmmènoc pÐnakac [A|I], ìpou I ∈ ICn,n o mona-
diaÐoc, kai efarmìzontac epaneilhmmèna tic pr�xeic (1), (2) kai (3), pou perigr�fontai
amèswc met� to arqikì sÔsthma (2.1), dhlad  pollaplasi�zontac apì ta arister� epÐ
kat�llhlo pÐnaka Q ∈ ICn,n, prospajoÔme na katal xoume ston Q[A|I] = [QA|Q] me
QA = I, opìte Q = A−1. (ShmeÐwsh: O anwtèrw trìpoc eÔreshc tou A−1 kaleÐtai
mèjodoc twn Gauss-Jordan.) Profan¸c, antÐstoiqec pr�xeic ja mporoÔsan na gÐnoun
epÐ twn sthl¸n tou A qrhsimopoi¸ntac pÐnaka R ∈ ICn,n ètsi ¸ste [A|I]R = [AR|R],
me AR = I, opìte R = A−1. An qrhsimopoihjoÔn kat�lllhloi pÐnakec Q kai R ètsi
¸ste Q[A|I]R = [QAR|QR], me QAR = I, eÐnai o QR = A−1; An ìqi, pìte mporeÐ na
eÐnai kai giatÐ;

19.: DÐnetai to pragmatikì omalì grammikì sÔsthma Ax = b di�stashc 3n diaqwrismèno
se blocks ìpwc parak�tw: B1 0 D1

0 B2 D2

C1 C2 B3

 x1

x2

x3

 =

 b1
b2
b3

 .

Sto parap�nw sÔsthma oi block upopÐnakec eÐnai di�stashc n, me det(B1B2) ̸= 0, kai
ìla ta upodianÔsmata èqoun n sunist¸sec to kajèna. Gia na lujeÐ to en lìgw sÔsthma
upodeÐqnetai h akìloujh block paragontopoÐhsh tou A

A =

 B1 0 D1

0 B2 D2

C1 C2 B3

 =

 L11

L21 L22

L31 L32 L33

 I U12 U13

I U23

I

 , (2.16)

ìpou I eÐnai o monadiaÐoc pÐnakac di�stashc n.
a) Na prosdioristoÔn analutik� ìloi oi upopÐnakec Lij kai Uij stouc duo par�gontec
thc (2.16).
b) Na qrhsimopoihjeÐ h parap�nw paragontopoÐhsh kai na upodeiqteÐ ènac apotele-
smatikìc trìpoc gia thn epÐlush tou arqikoÔ sust matoc, ìpou de ja upologÐzontai
antÐstrofoi pin�kwn.

20.: DÐnetai to pragmatikì omalì grammikì sÔsthma Ax = b di�stashc 2n tou opoÐou o
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pÐnakac A èqei thn parak�tw morf 

A =



× × × × · · · · · · × × × ×
0 × × × · · · · · · × × × 0
0 0 × × · · · · · · × × 0 0

· · · · · · · · · · · · ...
... · · · · · · · · · · · ·

0 0 · · · 0 × × 0 · · · 0 0
0 0 · · · 0 × × 0 · · · 0 0

· · · · · · · · · · · · ...
... · · · · · · · · · · · ·

0 0 × × · · · · · · × × 0 0
0 × × × · · · · · · × × × 0
× × × × · · · · · · × × × ×


,

ìpou × sumbolÐzei èna mh mhdenikì (genik�) stoiqeÐo.
a) Na protajeÐ kai na perigrafteÐ ènac apotelesmatikìc algìrijmoc n bhm�twn, gia
thn epÐlush tou dojèntoc sust matoc, se k�je b ma tou opoÐou ja epilÔetai èna 2× 2
grammikì sÔsthma pou ja brÐskei dÔo apì tic sunist¸sec tou �gnwstou dianÔsmatoc
x. (Upìdeixh: Ja upotejeÐ ìti se k�je b ma mporeÐ na efarmosteÐ qwrÐc probl mata
h mèjodoc apaloif c tou Gauss.)
b) Na brejeÐ kai na dojeÐ analutik� (kai qwrist�) to pl joc twn apaitoÔmenwn pr�x-
ewn, dhlad  prosjafairèsewn (Πρ), pollaplasiasm¸n (Πoλ) kai diairèsewn (∆), gia
thn pl rh epÐlush tou parap�nw sust matoc.

21.: DÐnetai pÐnakac z¸nhc A ∈ IRn,n me hmieÔroc z¸nhc na (1 ≤ na < n
2
− 1). Me

thn proôpìjesh ìti kat� thn LU paragontopoÐhsh den apaitoÔntai enallagèc gram-
m¸n, na brejeÐ to akribèc pl joc twn pollaplasiasm¸n (Πoλ), prosjafairèsewn
(Πρ) kai diairèsewn (∆), pou apaitoÔntai gia thn eÔresh twn paragìntwn L kai U ,
ekmetalleuìmenoi pl rwc thn parousÐa twn ektìc thc z¸nhc mhdenik¸n.

2.3 Strathgikèc Od ghshc kai Kat�stash Sust -
matoc

H efarmog  enìc algìrijmou gia thn eÔresh arijmhtik¸n apotelesm�twn apì arijmhtik� de-
domèna ja prèpei na tuqaÐnei k�poiac diereÔnhshc protoÔ o algìrijmoc efarmosteÐ. Genik�,
ènac algìrijmoc lègetai eustaj c an “mikr�” sf�lmata sta dedomèna tou probl matoc  /kai
stouc upologismoÔc epifèroun “mikr�” sf�lmata sta apotelèsmata. Alli¸c lègetai astaj -
c. Se peript¸seic ast�jeiac eÐnai dunatìn to ìlo prìblhma na xeperniètai me antikat�stash
tou algìrijmou me k�poion �llon eustaj . Tìte lème ìti to arqikì prìblhma pou dìjhke
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eÐnai kal c kat�stashc. Up�rqoun ìmwc pajologikèc peript¸seic ast�jeiac ìpou h opoiad -
pote antikat�stash tou algìrijmou me �llon de belti¸nei thn kat�stash. Sthn perÐptwsh
aut  mil�me gia kak  kat�stash tou probl matoc. EÐnai fusikì, loipìn, h eust�jeia   ìqi
tou algìrijmou  /kai h kat�stash tou probl matoc na mac apasqoleÐ kai sth lÔsh twn
grammik¸n susthm�twn gia touc algìrijmouc pou anaptÔqthkan mèqri t¸ra. Katarq�c h
jewrÐa pou anaptÔqthke s' ì,ti afor� thn epÐlush enìc grammikoÔ sust matoc ègine k�tw
apì th (jewrhtik ) paradoq  thc apousÐac sfalm�twn opoiasd pote fÔshc. Sthn pr�xh
ìmwc ki efìson eÐmaste anagkasmènoi na ergazìmaste me peperasmèno pl joc shmantik¸n
yhfÐwn èqoume thn anapìfeukth parousÐa twn sfalm�twn stroggÔleushc. Etsi kai kat�
thn epÐlush enìc grammikoÔ sust matoc me tic mèqri t¸ra perigrafeÐsec mejìdouc dhmiour-
goÔntai probl mata ìqi mìno apì thn parousÐa mhdenik¸n odhg¸n, pou kat� k�poion trìpo
mporoÔn na xeperastoÔn me enallagèc gramm¸n, all� kai ìtan akìmh oi odhgoÐ eÐnai sqetik�
“mikroÐ”. Sth sunèqeia dÐnoume èna apì ta klasik� paradeÐgmata twn sunepei¸n thc ergasÐac
mac me peperasmèno pl joc shmantik¸n yhfÐwn. Gia to skopì autì ac upojèsoume ìti è-
qoume proc epÐlush to parak�tw sÔsthma ta dedomèna tou opoÐou dÐnontai me trÐa shmantik�
yhfÐa [

0.000100 1
1 1

] [
x1

x2

]
=

[
1
2

]
.

H akrib c lÔsh tou dojèntoc sust matoc eÐnai h [x1 x2] = [1.00010001 · · · 0.99989998 · · ·],
h opoÐa me prosèggish tri¸n shmantik¸n yhfÐwn eÐnai [x1 x2] ≈ [1.00 1.00]. An efar-
mìsoume th mèjodo apaloif c tou Gauss me odhgì stoiqeÐo a11 = 0.000100 ̸= 0 brÐskoume
wc pollaplasiast  m21 =

a21
a11

= 10000 kai �ra to isodÔnamo sÔsthma[
0.000100 1

−10000

] [
x1

x2

]
=

[
1

−10000

]
,

tou opoÐou h lÔsh me trÐa shmantik� yhfÐa (  ìqi) eÐnai [x1 x2] = [0 1]. Dhlad , teleÐwc
anakrib c wc proc thn tim  tou agn¸stou x1. An t¸ra k�noume mÐa enallag  twn gramm¸n,
tìte èqoume gia epÐlush to isodÔnamo sÔsthma[

1 1
0.000100 1

] [
x1

x2

]
=

[
2
1

]
.

Ergazìmenoi, ìpwc prohgoumènwc, brÐskoume ìti m21 = a21
a11

= 0.000100, sto nèo sÔsthma,
kai �ra [

1 1
1

] [
x1

x2

]
=

[
2
1

]
,

tou opoÐou h lÔsh eÐnai [x1 x2] = [1 1], pou eÐnai kai h akrib c sta trÐa shmantik� yhfÐa.
Opwc eÐdame, loipìn, o arqikìc algìrijmoc  tan astaj c en¸ autìc pou proèkuye me mia
apl  enallag  gramm¸n eustaj c. Autì shmaÐnei ìti to arqikì prìblhma pou dìjhke  tan
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kal c kat�stashc. An ìmwc to arqikì prìblhma den eÐnai kal c kat�stashc tìte mia apl 
enallag  gramm¸n, ìpwc aut  pou upodeÐqthke, den eÐnai dunatìn na epifèrei beltÐwsh
sth lÔsh pou paÐrnoume me apotèlesma aut  na mhn mporeÐ na jewrhjeÐ axiìpisth. Ena
deÔtero par�deigma deÐqnei polÔ perissìterec katast�seic apì ì,ti èdeixe to prohgoÔmeno.
Ac jewr soume to parak�tw prìblhma[

0.780 0.563
0.913 0.659

] [
x1

x2

]
=

[
0.218
0.253

]
,

h akrib c lÔsh tou opoÐou eÐnai [x1 x2] = [1223 − 1694]. An ergastoÔme me trÐa shmantik�
yhfÐa brÐskoume m21 = 1.17, opìte èqoume to isodÔnamo sÔsthma[

0.780 0.563
0

] [
x1

x2

]
=

[
0.218

−0.002

]
.

Profan¸c to teleutaÐo sÔsthma den èqei lÔsh. Enall�ssoume tic exis¸seic tou sust matoc
kai ergazìmaste p�li me trÐa shmantik� yhfÐa. Tìte ja èqoume diadoqik�[

0.913 0.659
0.780 0.563

] [
x1

x2

]
=

[
0.253
0.218

]
,

m21 = 0.854 kai [
0.913 0.659

0

] [
x1

x2

]
=

[
0.253
0.002

]
dhlad  katal goume p�li se èna sÔsthma pou den èqei lÔsh kai �ra h enallag  gramm¸n
de belti¸nei thn kat�stash. Upojètoume t¸ra ìti ergazìmaste apì thn arq  me arijmhtik 
dipl c akrÐbeiac. Qrhsimopoi¸ntac èxi shmantik� yhfÐa stouc upologismoÔc mac èqoume gia
to arqikì sÔsthma m21 = 1.17051 kai �ra[

0.780 0.563
0.000003

] [
x1

x2

]
=

[
0.218

−0.002171

]
tou opoÐou h lÔsh eÐnai [x1 x2] = [522.619 − 723.667]. ParathroÔme ìti par� to gegonìc
ìti briskìmaste arket� makru� apì thn akrib  lÔsh den eÐmaste pia sthn perÐptwsh tou
sust matoc pou èqei m  sumbibastèc exis¸seic. Tèloc, an enall�xoume tic exis¸seic sto
teleutaÐo sÔsthma kai ergastoÔme p�li me èxi shmantik� yhfÐa paÐrnoume diadoqik� m21 =
0.854326 kai �ra [

0.913 0.659
−0.000001

] [
x1

x2

]
=

[
0.253

0.001856

]
.

H lÔsh tou teleutaÐou me èxi shmantik� yhfÐa eÐnai [x1 x2] = [1339.92 − 1856], pou apèqei
akìmh arket� apì thn akrib  all� eÐnai opwsd pote polÔ kalÔterh apì aut n pou br kame
prohgoumènwc.
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ShmeÐwsh: Genikìtera h beltÐwsh sthn arijmhtik  lÔsh enìc probl matoc, pou pa-
rousi�zetai sun jwc, ìtan metabaÐnoume apì arijmhtik  k�poiac akrÐbeiac se arijmhtik 
megalÔterhc akrÐbeiac Ðswc na eÐnai anamenìmenh. Autì, giatÐ an telik� katorj¸soume kai
metaboÔme se arijmhtik  “�peirhc” akrÐbeiac, tìte fusik� ja broÔme kai thn akrib  lÔsh
tou probl matoc.

Me to par�deigma pou exantlhtik� perigr�yame eÐdame ìti up�rqoun “pajologikèc” kata-
st�seic ìpou h allag  tou algìrijmou eÐnai dunatìn na mh belti¸nei diìlou thn ìlh kat�s-
tash   apl� na th belti¸nei all� ìqi tìso shmantik�. Ja mporoÔse na peÐ kaneÐc pwc an
de briskìmaste se peript¸seic pajologik¸n katast�sewn tìte kalì ja  tan kat� th lÔsh
susthm�twn na qrhsimopoioÔme kat� to dunatìn apìluta mikroÔc pollaplasiastèc  , me �l-
la lìgia, apìluta megalÔterouc odhgoÔc. Etsi gia thn apofug  sqetik� “mikr¸n” odhg¸n
dun�menwn na odhg soun se m  axiìpista apotelèsmata akoloujoÔme mÐa strathgik , ìp-
wc eÐnai kai aut  pou perigr�fthke parap�nw. Up�rqoun, bèbaia, arketèc strathgikèc pou
apoteloÔn parallagèc thc perigrafeÐsac. Dhmofilèsterec eÐnai oi parak�tw dÔo.

Merik  Od ghsh: Sthn arq  tou k-ostoÔ b matoc thc apaloif c jewroÔme wc odhgì

a
(k)
pk , (kai �ra antÐstoiqh odhgì gramm  kai exÐswsh) to stoiqeÐo pou antistoiqeÐ sto deÐkth

p (sun jwc to mikrìtero) kai eÐnai t.w. |a(k)pk | = maxj=k(1)n |a(k)jk |.
Olik  Od ghsh: Sthn arq  tou k-ostoÔ b matoc thc apaloif c jewroÔme wc odhgì s-

toiqeÐo a(k)pq , autì pou antistoiqeÐ stouc deÐktec p, q kai pou eÐnai t.w. |a(k)pq | = maxj,l=k(1)n |a(k)jl |.
ParathroÔme dhlad  ìti sthn olik  od ghsh den all�zoume ousiastik� mìno grammèc all�
kai st lec!

H merik  od ghsh apaiteÐ gia thn eÔresh tou apìluta megalÔterou stoiqeÐou pr�xeic thc
t�xhc O(n2) en¸ aut  thc olik c pr�xeic thc t�xhc O(n3). Apì thn �poyh twn pr�xewn
h merik  od ghsh pleonekteÐ ènanti thc olik c afoÔ gÐnetai me ligìtero kìstoc. Apì thn
�llh pleur� h olik  faÐnetai na eÐnai akribèsterh ki �ra asfalèsterh thc merik c. Se
pajologikèc ìmwc katast�seic kai oi duo, ìpwc ja doÔme sth sunèqeia, den eÐnai axiìpistec.
Epeid  autèc oi pajologikèc katast�seic den eÐnai sun jeic, stic perissìterec efarmogèc h
merik  od ghsh, wc oikonomikìterh, apoteleÐ thn pio dhmofil  apì tic duo.

Pollèc forèc sthn pr�xh akoloujiètai mia parallag  thc merik c od ghshc, pou kaleÐtai
merik  od ghsh me st�jmish. S' aut n, kai se èna arqikì st�dio, brÐskontai oi megalÔterec
apìlutec timèc twn stoiqeÐwn k�je gramm c, èstw si = maxj=1(1)n |aij|, i = 1(1)n, kat� de
to k-ostì st�dio thc apaloif c me merik  od ghsh, antÐ na epilègetai wc odhgì stoiqeÐo

to a
(k)
pk me |a(k)pk | = maxj=k(1)n |a(k)jk |, epilègetai to a

(k)
pk t.w.

|a(k)pk |
sp

= maxj=k(1)n

(
|a(k)jk |
sj

)
. To

kìstoc thc apaloif c me apl  merik  od ghsh den aux�netai kat� polÔ afoÔ oi epiplèon
pr�xeic eÐnai thc t�xhc tou O(n2). K�tw apì orismènec paradoqèc mporeÐ na dikaiologhjeÐ
giatÐ h merik  od ghsh me st�jmish dÐnei pio apodekt� arijmhtik� apotelèsmata.
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Shmei¸seic: a) Otan h merik  od ghsh (qwrÐc   me st�jmish) efarmìzetai ston pÐnaka
twn suntelest¸n A enìc sust matoc Ax = b, ousiastik� pallaplasi�zontai ta mèlh tou
sust matoc Ax = b epÐ èna metajetikì pÐnaka P ki ètsi epilÔetai to isodÔnamo sÔsthma
(PA)x = Pb, ìpwc dhlad  autì gÐnetai sthn perÐptwsh apaloif c tou Gauss ìtan k�poio
apì ta odhg� stoiqeÐa eÐnai mhdèn. b) Sthn olik  od ghsh ìmwc, metajetikoÐ pÐnakec P kai
Q pollaplasi�zoun tìso tic grammèc ìso kai tic st lec tou pÐnaka, antÐstoiqa, kai �ra
telik� epilÔetai èna isodÔnamo sÔsthma thc morf c (PAQ)(QTx) = Pb . Sunep¸c to �gn-
wsto di�nusma pou ja brÐsketai ja eÐnai to QTx kai epomènwc ja prèpei na qrhsimopoihjeÐ
o Q gia na lhftoÔn oi �gnwstec sunist¸sec tou x. Opwc kai sthn perÐptwsh thc merik c
od ghshc ed¸ ja prèpei na qrhsimopoioÔntai dÔo dianÔsmata pou ja katagr�foun antÐstoiqa
tic metajèseic twn gramm¸n (seir� twn exis¸sewn) kai tic metajèseic twn sthl¸n (seir� twn
agn¸stwn).

Sto shmeÐo autì jewroÔme skìpimo na d¸soume ton algìrijmo thc Merik c Od ghshc
mazÐ me thn antÐstoiqh proc ta pÐsw antikat�stash gia thn epÐlush grammikoÔ sust matoc
me th mình upìjesh ìti det(A) ̸= 0. Ja akolouj sei èna polÔ aplì arijmhtikì par�deigma
gia thn kalÔterh katanìhsh thc mejìdou kai kurÐwc tou trìpou thc katagraf c twn ìpoiwn
pijan¸n enallag¸n gramm¸n.

Algìrijmoc Apaloif c tou Gauss me Merik  Od ghsh:

Dedomèna: H di�stash n, o pÐnakac A, det(A) ̸= 0, kai to di�nusma b.
Gia k = 1(1)n

ik = k
Tèloc �Gia�
Gia k = 1(1)n− 1 (b mata apaloif c)

max = |aikk|; l = k
Gia j = k + 1(1)n

An |aijk| > max
max = |aijk|; l = j (shmeÐwsh thc jèshc tou apìluta megalÔterou

stoiqeÐou)
Tèloc �An�

Tèloc �Gia�
c = il; il = ik; ik = c (enallag  twn deikt¸n il kai ik)
Gia j = k + 1(1)n

mijk = aijk/aikk
Gia l = k + 1(1)n

aij l = aij l −mijkaikl
Tèloc �Gia�
bij = bij −mijkbik
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Tèloc �Gia�
Tèloc �Gia�
Gia k = n(−1)1 (Proc ta pÐsw antikat�stash)

sk = bik
Gia j = k + 1(1)n

sk = sk − aikjxj

Tèloc �Gia�
xk = sk/aikk

Tèloc �Gia�
Apotèlesma: H lÔsh tou sust matoc eÐnai to di�nusma x.

Parathr seic: a) O algìrijmoc Apaloif c tou Gauss me merik  od ghsh apoteleÐ mia
apl  skiagr�fhsh thc jewrÐac pou anaptÔqthke kai akoloujeÐ b ma proc b ma touc prohgoÔ-
menouc dÔo algìrijmouc thc Apaloif c tou Gauss kai thc Proc ta PÐsw Antikat�stashc tou
Jewr matoc 2.1. Oi mìnec diaforèc eÐnai ìti sthn arq  tou pr¸tou algìrijmou eis�getai to
di�nusma i me ik = k, k = 1(1)n, pou ja katagr�fei th seir� twn exis¸sewn tou sust matoc
met� apì k�je pijan  enallag  gramm¸n. Akìmh, tìso sta b mata thc apaloif c ìso kai
sta b mata thc proc ta pÐsw antikat�stashc o (pr¸toc) deÐkthc thc ek�stote odhgoÔ gram-
m c j twn algìrijmwn tou Jewr matoc 2.1 antikajÐstatai apì to deÐkth ij ston parap�nw
algìrijmo. b) Merikèc apì tic parathr seic pou èginan amèswc met� touc dÔo algìrijmouc
tou Jewr matoc 2.1 isqÔoun kai sthn prokeÐmenh perÐptwsh.

PARADEIGMA: DÐnetai proc lÔsh to parak�tw sÔsthma

Ax = b

kai sugkekrimèna to  2 1 3
4 2 1
1 1 1

  x1

x2

x3

 =

 13
11
6

 .

Katarq�c mia parat rhsh s' ì,ti afor� touc kÔriouc upopÐnakec tou A. ParathroÔme ìti

det(A1×1) = det([2]) = 2 ̸= 0, det(A2×2) = det

([
2 1
4 2

])
= 0

kai

det(A3×3) = det

 2 1 3
4 2 1
1 1 1

 = 5 ̸= 0.

Epomènwc, lìgw thc m  antistreyimìthtac tou 2 × 2 kÔriou upopÐnaka tou A, o opoÐoc A
èqei antÐstrofo, den eÐnai dunatìn na èqei efarmog  to Je¸rhma 2.1 kai �ra den mporeÐ na
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efarmosteÐ o Algìrijmoc apaloif c tou Gauss pou basÐzetai s' autì. Opwc ja doÔme h
efarmog  tou algìrijmou pou mìlic parousi�sthke den parousi�zei kanèna prìblhma.
Me thn ènarxh thc efarmog c tou algìrijmou apaloif c tou Gauss me merik  od ghsh
dhmiourgeÐtai to di�nusma i, me n = 3 sunist¸sec (jèseic), ìpou i1 = 1, i2 = 2 kai i3 = 3,
ta perieqìmena twn jèsewn tou opoÐou deÐqnoun thn paroÔsa fusik  seir� twn gramm¸n tou
pÐnaka A (kai twn exis¸sewn tou dojèntoc sust matoc), ìpwc faÐnetai parak�tw.

A b i

2 1 3 13 1
4 2 1 11 2
1 1 1 6 3

Prin apì thn ènarxh tou pr¸tou b matoc thc apaloif c brÐsketai to apìluta mègisto
stoiqeÐo thc pr¸thc st lhc tou A pou ja qrhsimeÔsei wc odhgìc. Autì sumbaÐnei na eÐnai to
stoiqeÐo thc deÔterhc gramm c, opìte l = 2. Met� th diapÐstwsh aut  akoloujeÐ h enallag 
twn perieqomènwn twn jèsewn ik kai il, ìpou l = 2 kai k = 1. Sth sunèqeia brÐskontai oi
pollaplasiastèc pou antistoiqoÔn stic grammèc ij, j = k + 1(1)n, me j = 2 kai 3. Ara ja
brejoÔn oi pollaplasiastèc pou antistoiqoÔn stic grammèc i2 = 1 kai i3 = 3, ìpwc faÐnetai
sthn parak�tw di�taxh.

mijk A(1) b(1) i(1)
2
4
= 0.5 2 1 3 13 2

4 2 1 11 1
1
4
= 0.25 1 1 1 6 3

H kat�stash amèswc met� to pr¸to b ma thc apaloif c dÐnetai sth sunèqeia.

A(2) b(2) i(2)

0 0 2.5 7.5 2
4 2 1 11 1
0 0.5 0.75 3.25 3

Xekin¸ntac th deÔterh anakÔklwsh brÐsketai to apìluta megalÔtero stoiqeÐo pou antistoiqeÐ

sth deÔterh st lh kai stic grammèc i
(2)
k = i

(2)
2 = 1 kai i(2)3 = 3. Diapist¸netai ìti to

zhtoÔmeno stoiqeÐo eÐnai to a
(2)

i
(2)
3 2

= 0.5 ̸= 0, to opoÐo kai ja qrhsimopoihjeÐ wc odhgìc.

AkoloujeÐ h antimet�jesh twn perieqomènwn twn jèsewn twn i
(2)
2 kai i(2)3 , opìte èqoume

i
(3)
2 = 3 kai i(3)3 = 1. Tèloc brÐsketai o pollaplasiast c pou antistoiqeÐ sthn pr¸th gramm ,
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opìte èqoume
mijk A(2) b(2) i(3)
0
0.5

= 0 0 0 2.5 7.5 2
4 2 1 11 3
0 0.5 0.75 3.25 1

Profan¸c to deÔtero kai teleutaÐo b ma thc apaloif c ja af sei ìla ta stoiqeÐa thc

gramm c pou qarakthrÐzetai apì ton i
(3)
2 = 1 amet�blhta, afoÔ m

i
(3)
3 2

= 0, to de stoiqeÐo

a
(3)

i
(3)
3 3

= 2.5 ja eÐnai di�foro apì to mhdèn ki autì giatÐ det(A(3)) = det(A) ̸= 0. Etsi ja

èqoume telik� ìti
A(3) b(3) i(3)

0 0 2.5 7.5 2
4 2 1 11 3
0 0.5 0.75 3.25 1

Gia thn epÐlush tou arqikoÔ sust matoc brÐskoume touc agn¸stouc sth seir� x3, x2 kai x1

qrhsimopoi¸ntac to teleutaÐo tm ma tou algìrijmou, dhlad  thn proc ta pÐsw antikat�s-
tash. Sugkekrimèna ja èqoume:

x3 = b
(3)

i
(3)
3

/a
(3)

i
(3)
3 3

= 7.5/2.5 = 3,

x2 = (b
(3)

i
(3)
2

− a
(3)

i
(3)
2 3

x3)/a
(3)

i
(3)
2 2

= (3.25− 0.75× 3)/0.5 = 2,

x1 = (b
(3)

i
(3)
1

− a
(3)

i
(3)
1 2

x2 − a
(3)

i
(3)
1 3

x3)/a
(3)

i
(3)
1 1

= (11− 2× 2− 1× 3)/4 = 1.

Tèloc dÐnoume thn LU paragontopoÐhsh tou pÐnaka PA tou Jewr matoc 2.2 gia to parìn
Par�deigma. Gia to skopì autì diapist¸noume apì ta perieqìmena twn jèsewn tou dianÔs-
matoc i(3) ìti an ston arqikì pÐnaka A  tan enallagmènec h pr¸th kai h deÔterh gramm 
tìte ja sunèbainan ta ex c: Oi pollaplasiastèc sto pr¸to b ma thc apaloif c ja  tan
0.5 gia thn pr¸th gramm , pou ja eÐqe gÐnei deÔterh, kai 0.25 gia thn trÐth. Sto deÔtero
b ma thc apaloif c de ja eÐqame odhgì stoiqeÐo 0 all� to (apìluta megalÔtero) stoiqeÐo
0.5, to opoÐo sto par�deigm� mac emfanÐsthke sthn trÐth gramm . Etsi, to deÔtero b ma
thc apaloif c ja proqwroÔse qwrÐc idiaÐtero prìskomma, o pollaplasiast c 0 ja antis-
toiqoÔse tìte sth nèa deÔterh gramm , pou pro rje apì thn arqik  pr¸th, kai ja èprepe na
enallaqteÐ me thn trÐth. Akìmh, ja prèpei na enallaqtoÔn oi pollaplasiastèc 0.5 kai 0.25
thc pr¸thc st lhc afoÔ oi grammèc stic opoÐec brÐskontan ja èqoun enallaqteÐ . O nèoc
pÐnakac A(3) pou ja proèkupte tote ja  tan bèbaia �nw trigwnikìc. Oi enallagèc, ìmwc,
thc pr¸thc me th deÔterh kai thc nèac deÔterhc me thn trÐth gramm  tou arqikoÔ pÐnaka A

petuqaÐnontai me pollaplasiasmì apì ta arister� epÐ to metajetikì pÐnaka P =

 e2
T

e3
T

e1
T

,
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ìpou ei, i = 1(1)3, eÐnai ta dianÔsmata st lec tou monadiaÐou pÐnaka. Ara sthn perÐptwsh
tou sugkekrimènou ParadeÐgmatoc ja eÐnai 1

0.25 1
0.5 0 1

  4 2 1
0.5 0.75

2.5

 =

 0 1 0
0 0 1
1 0 0

  2 1 3
4 2 1
1 1 1

  =

 4 2 1
1 1 1
2 1 3

  .

IdiaÐtera tonÐzetai to gegonìc ìti kaj¸c o algìrijmoc thc paroÔsac apoloif c exelÐssetai
met� apì k�je “upotijèmenh” enallag  gramm¸n tou pÐnaka A(k) ja prèpei na enall�s-
sontai, antÐstoiqa, kai OLOI oi euriskìmenoi pollaplasiastèc twn gramm¸n ik kai il, pou
antistoiqoÔn sth st lh k, o de telikìc pÐnakac P ja eÐnai sth genik  perÐptwsh o

P =



ei
(n)
1

T

ei
(n)
2

T

ei
(n)
3

T

...

ei
(n)
n−1

T

ei
(n)
n

T


.

H apaloif  kai h epÐlush tou grammikoÔ sust matoc (2.3), ìtan det(A) = 0, akoloujeÐ
se genikèc grammèc th mèjodo apaloif c tou Gauss, ìpwc aut  perigr�fthke sthn perÐptwsh
tou Jewr matoc 2.2 kai ston Algìrijmo thc Merik c Od ghshc pou dìjhke prohgoumènwc.

An aijk = 0 gia ìla ta j ∈ {k, · · · , n} tìte, an k < n deqìmaste wc odhgì ton a
(k)
ikk

= 0, kai
proqwr�me sto epìmeno b ma thc apaloif c. Gia thn proc ta pÐsw antikat�stash proqwr�me
ìpwc upodeÐqthke sthn perÐptwsh thc parat rhshc pou dìjhke amèswc met� tic ekfr�seic
(2.6).

Ja prèpei na tonisteÐ ìti se akraÐec peript¸seic eÐnai dunatìn sthn apaloif  tou Gauss

me opoiad pote apì tic duo proanaferjeÐsec odhg seic na katal goume se tim  tou a
(n)
nn ,

pou na perièqei apìluto sf�lma mèqri kai 2n−1 forèc to apìluto sf�lma pou Ðswc up�rqei
sta stoiqeÐa tou arqikoÔ pÐnaka A(1) pou apojhkeÔetai. MÐa aplousteumènh an�lush pou
akoloujeÐ mporeÐ na katadeÐxei tou lìgou to alhjèc.

Ac upojèsoume ìti ta stoiqeÐa ajl, j, l = 1(1)n, tou pÐnaka A, apojhkeÔontai wc ajl,

stoiqeÐa tou pÐnaka A(1) kai èqoun sf�lmata e(1)jl , ta opoÐa mporeÐ na ofeÐlontai apokleistik�
kai mìno sta sf�lmata stroggÔleushc. Estw ìti ta sf�lmata aut� èqoun apìluto �nw

fr�gma e, dhlad  |e(1)jl | ≤ e. Ac upojèsoume akìmh ìti kat� th di�rkeia twn upologism¸n den
eisqwroÔn nèa sf�lmata kai ìti oi pollaplasiastèc brÐskontai akrib¸c sa na mhn up rqan
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diìlou sf�lmata oÔte kan ta arqik�. Tìte, met� to pr¸to b ma thc apaloif c ta nèa
stoiqeÐa tou pÐnaka A(2), pou paÐrnoume, ja dÐnontai apì tic sqèseic

a
(2)
jl = a

(1)
jl −mj1a

(1)
1l , j, l = 2(1)n.

Eqontac upìyh ìti oi antÐstoiqec akribeÐc sqèseic thc apaloif c eÐnai oi

a
(2)
jl = a

(1)
jl −mj1a

(1)
1l , j, l = 2(1)n,

èqoume amèswc me afaÐresh kat� mèlh twn dÔo parap�nw sqèsewn ìti ta sf�lmata sta nèa
upologizìmena stoiqeÐa tou pÐnaka A(2) ja dÐnontai apì tic

e
(2)
jl = a

(2)
jl − a

(2)
jl = e

(1)
jl −mj1e

(1)
1l , j, l = 2(1)n.

PaÐrnontac apìlutec timèc stic parap�nw isìthtec kai labaÐnontac upìyh ìti akoloujoÔme
mia strathgik  od ghshc, kai epomènwc |mj1| ≤ 1, j = 2(1)n, brÐskoume ìti

|e(2)jl | ≤ |e(1)jl |+ |e(1)1l | ≤ 2e, j = 2(1)n.

Mia apl  epagwg  apodeÐqnei ìti met� apì n − 1 b mata apaloif c ja èqoume ìti |e(n)nn | ≤
2n−1e.
P.q., èna aplì arijmhtikì par�deigma sto teleutaÐo deÐqnei ti mporeÐ na sumbeÐ se akraÐec
peript¸seic. An eÐnai n = 100, |alj| ∈ (0.1, 1), l, j = 1(1)100, kai ergazìmaste se Up-
ologist  me arijmhtik  kinht c upodiastol c me dèka shmantik� yhfÐa, pou shmaÐnei ìti

|e(1)jl | ≤ 0.5×10−10, to mègisto apìluto sf�lma pou mporeÐ na up�rxei sto stoiqeÐo a
(n)
nn eÐnai

Ðso me 299 × 0.5× 10−10 ≈ 3× 1019!

Opwc eÐdame sta duo arijmhtik� paradeÐgmata twn grammik¸n susthm�twn, merikèc forèc
h apl  enallag  gramm¸n, ìpwc sto pr¸to par�deigma, pou ousiastik�  tan h efarmog 
thc merik c (kai sugqrìnwc olik c) od ghshc (qwrÐc  /kai me st�jmish), èdwse apotelès-
mata apodekt�. Autì shmaÐnei katarq�c ìti to prìblhma den  tan kak c kat�stashc kai to
m  akribèc apotèlesma ofeilìtan sthn ast�jeia tou algìrijmou apaloif c qwrÐc od ghsh.
Sto deÔtero par�deigma eÐdame ìti par� to gegonìc thc qrhsimopoÐhshc thc merik c (kai
sugqrìnwc olik c) od ghshc den èdwse apodekt� apotelèsmata. H kat�stash �rqise na
belti¸netai ìtan qrhsimopoi same arijmhtik  dipl c akrÐbeiac qwrÐc od ghsh katarq�c kai
sth sunèqeia na belti¸netai akìmh perissìtero me th qrhsimopoÐhsh thc merik c (kai sug-
qrìnwc olik c) od ghshc. To deÔtero par�deigma eÐnai qarakthristikì miac perÐptwshc h
opoÐa ofeÐletai sthn kak  kat�stash tou probl matoc. Sth sugkekrimènh perÐptwsh h kak 
kat�stash ofeÐletai sto gegonìc ìti o pÐnakac twn suntelest¸n twn agn¸stwn brÐsketai
polÔ “kont�” se èna m  antistrèyimo pÐnaka  , ìpwc ja doÔme, sto gegonìc ìti o deÐkthc



59

kat�stashc tou pÐnaka eÐnai meg�loc. H an�lush pou afor� sto mègejoc tou deÐkth kat�s-
tashc kai stic sunèpeiec pou autì mporeÐ na èqei sth lÔsh twn grammik¸n susthm�twn ja
dojeÐ sth sunèqeia.

Upojètoume pwc èqoume gia epÐlush to pragmatikì omalì grammikì sÔsthma

Ax = b, (2.17)

ìti o pÐnakac A apojhkeÔetai akrib¸c en¸ oi sunist¸sec tou dianÔsmatoc b apojhkeÔontai
me sf�lmata pou ofeÐlontai apokleistik� kai mìno sta sf�lmata stroggÔleushc. Etsi to
di�nusma b apojhkeÔetai wc b∗ = b + δb, ìpou δb eÐnai to di�nusma-sf�lma. Estw akìmh
ìti ìloi oi upologismoÐ ekteloÔntai akrib¸c kai epomènwc h lÔsh x∗, pou brÐsketai, perièqei
sf�lmata pou ofeÐlontai apokleistik� kai mìno sth met�dosh twn arqik¸n sfalm�twn.
Estw ìti x∗ = x+ δx, me δx to di�nusma-sf�lma thc lÔshc. Ja prospaj soume na broÔme
èna �nw fr�gma gia to sqetikì apìluto sf�lma thc lÔshc. EÐnai fanerì ìti to sÔsthma
pou epilÔetai antÐ tou arqikoÔ eÐnai to

Ax∗ = b∗, (2.18)

opìte me afaÐresh kat� mèlh thc (2.17) apì th (2.18) paÐrnoume

Aδx = δb.

LÔnontac wc proc δx kai efarmìzontac aplèc idiìthtec twn norms èqoume

||δx|| ≤ ||A−1|| ||δb||. (2.19)

Ex�llou apì th (2.17) paÐrnontac pr¸ta norms kai Ôstera lÔnontac wc proc ||x|| brÐskoume

||x|| ≥ ||b||
||A||

, (2.20)

kai tèloc sqhmatÐzontac to lìgo ||δx||
||x|| apì tic (2.19) kai (2.20) èqoume telik� ìti

||δx||
||x||

≤ ||A|| ||A−1|| ||δb||
||b||

 , isodÔnama,
||δx||
||x||

≤ κ(A)
||δb||
||b||

. (2.21)

Me �lla lìgia, k�tw apì tic proôpojèseic thc an�lushc pou ègine, to mègisto sqetikì apì-
luto sf�lma sth lÔsh tou sust matoc eÐnai Ðso me to deÐkth kat�stashc tou pÐnaka A epÐ to
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sqetikì apìluto sf�lma tou dianÔsmatoc tou deÔterou mèlouc. Sunep¸c, pÐnakec me meg�lo
deÐkth kat�stashc eÐnai dunatìn na odhgoÔn se prìblhma kak c kat�stashc kai epomènwc
se apotelèsmata ta opoÐa na mhn eÐnai axiìpista.

GenikeÔontac t¸ra thn prohgoÔmenh an�lush upojètoume ìti èqoume ektìc apì ta sf�l-
mata stroggÔleushc kat� thn apoj keush tou deÔterou mèlouc kai sf�lmata stroggÔleushc
kat� thn apoj keush twn suntelest¸n tou pÐnaka A ètsi ¸ste autìc na apojhkeÔetai wc
A∗ = A+δA, ìpou δA eÐnai o pÐnakac twn sfalm�twn stroggÔleushc tou A. Gia thn aploÔs-
teush thc an�lushc upojètoume akìmh ìti isqÔei ||A−1|| ||δA|| < 1 gia k�poia fusik  norm.
H antÐstoiqh exÐswsh thc (2.18) eÐnai t¸ra h

A∗x∗ = b∗. (2.22)

Afair¸ntac th (2.17) apì th (2.22) kai anadiat�ssontac paÐrnoume

(A+ δA)δx = −δAx+ δb,

  pollaplasi�zontac apo ta arister� epÐ A−1 èqoume

(I + A−1δA)δx = A−1(−δAx+ δb).

ParathroÔme ìti ||A−1δA|| ≤ ||A−1|| ||δA|| < 1, opìte apì to je¸rhma tou Neumann èqoume
ìti o (I + A−1δA) eÐnai antistrèyimoc ki �ra apì thn teleutaÐa isìthta paÐrnoume

δx = (I + A−1δA)−1A−1(−δAx+ δb). (2.23)

PaÐrnontac norms twn dÔo mel¸n thc (2.23), efarmìzontac aplèc idiìthtèc touc kai qrhsimopoi-
¸ntac to deÔtero skèloc tou jewr matoc tou Neumann (||(I + A−1δA)−1|| ≤ 1

1−||A−1δA||)
brÐskoume ìti

||δx|| ≤ 1

1− ||A−1δA||
||A−1||(||δA|| ||x||+ ||δb||). (2.24)

Tèloc, diair¸ntac kai ta dÔo mèlh thc (2.24) dia ||x||, labaÐnontac upìyh ìti ||x|| ≥ ||b||
||A||

kai ||A−1δA|| ≤ ||A−1|| ||δA|| < 1, qrhsimopoi¸ntac aut� sto deÔtero mèloc kai jètontac
||A|| ||A−1|| = κ(A), brÐskoume ìti

||δx||
||x||

≤ κ(A)

1− κ(A) ||δA||
||A||

(
||δA||
||A||

+
||δb||
||b||

)
. (2.25)

Apì th (2.25) eÐnai aplì na diapistwjeÐ ìti gia ||δA||
||A|| kai

||δb||
||b|| stajer� kai upì thn proôpìjesh

ìti ||A−1|| ||δA|| < 1 to mègisto sqetikì apìluto sf�lma sth lÔsh tou sust matoc eÐnai
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aÔxousa sun�rthsh tou deÐkth kat�stashc κ(A). Katal goume ètsi sto sumpèrasma ìti gia
meg�lo deÐkth kat�stashc h lÔsh pou paÐrnoume apì ton Upologist  mporeÐ na mhn eÐnai
axiìpisth.
Shmei¸seic: a) Gia δA = 0, ìpwc upojèsame sthn perÐptwsh thc an�lushc pou pro-
hg jhke thc teleutaÐac, brÐsketai h sqèsh (2.21). b) An upojèsoume ìti ϵ eÐnai h mon�-
da stroggÔleushc tou Upologist , tìte èqoume afenìc ||δA||∞ ≤ ϵ||A||∞ kai afetèrou
||δb||∞ ≤ ϵ||b||∞. K�tw de apì thn proôpìjesh ìti isqÔei r := ϵκ∞(A) < 1 prokÔptei
amèswc apì th (2.25) ìti

||δx||∞
||x||∞

≤ 2r

1− r
.

Apì th mèqri t¸ra an�lush sto parìn kef�laio èqei diapistwjeÐ pwc eÐnai sqedìn adÔna-
ton na brejeÐ h akrib c lÔsh enìc grammikoÔ sust matoc me th qr sh Upologist . Up�rqoun
peript¸seic, ìmwc, ìpou h ìpoia lÔsh paÐrnetai apì ton Upologist  mporeÐ na tÔqei para-
pèra beltÐwshc. Sth sunèqeia dÐnoume ènan algìrijmo, pou eÐnai gnwstìc wc “Algìrijmoc
Epanalhptik c BeltÐwshc”. Di�forec epexhg seic anaforik� m' autìn ja dojoÔn eÐte mèsa
ston algìrijmo, me morf  sqolÐwn, eÐte amèswc met� thn parousÐas  tou.

Algìrijmoc Epanalhptik c BeltÐwshc LÔshc GrammikoÔ Sust matoc:

Dedomèna: A ∈ IRn,n, det(A) ̸= 0, b ∈ IRn, t to pl joc shmantik¸n yhfÐwn.
LU paragontopoÐhsh tou A. (Estw LU ≈ A)

(Sqìlio: Oi L kai U den eÐnai oi akribeÐc par�gontec tou A lìgw qrhsimopoÐhshc
Upologist .)

EpÐlush twn Lu = b kai Ux = u
y = x; k = 0
Efìson ||y||∞

||x||∞ > 0.5× 10−t kai k < kmax (kmax << n)
k = k + 1
Upologismìc r = b− Ax (me dipl  akrÐbeia)

(Sqìlio: StoiqeÐa twn r, b, A, x me apl  akrÐbeia kai upologismìc stoi-
qeÐwn tou b− Ax me dipl .)

EpÐlush twn Lu = r kai Uy = u
x = x+ y

Tèloc �Efìson�
An k ≤ kmax tìte

Apotèlesma: x h prosèggish thc lÔshc me t shmantik� yhfÐa.
alli¸c Apotèlesma: x h prosèggish thc lÔshc, qwrÐc na epiteuqjeÐ h epizhtoÔmenh

akrÐbeia.
Tèloc �An�
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Shmei¸seic: a) O algìrijmoc pou parousi�sthke dÐnei ikanopoihtik� apotelèsmata se
arketèc peript¸seic ìtan oi par�gontec L kai U tou A eÐnai sqetik� akribeÐc. b) To kmax

epilègetai apì to qr sth kai eÐnai sun jwc arket� mikrìtero apì th di�stash n tou A. g)
H diafor� r = b − Ax den anamènetai na eÐnai to mhdenikì di�nusma. Autì giatÐ to x pou
brèjhke apì ton Upologist  den eÐnai sun jwc h akrib c lÔsh tou sust matoc. H ènnoia,
loipìn, thc dipl c akrÐbeiac eÐnai h akìloujh. Ta stoiqeÐa twn A kai x dÐnontai me apl 
akrÐbeia all� to ginìmeno Ax, ta stoiqeia tou opoÐou eÐnai ajroÐsmata ginomènwn stoiqeÐwn
apì ton A kai to x, upologÐzetai me dipl  akrÐbeia. Me dipl  akrÐbeia upologÐzetai kai h
diafor� b−Ax, h opoÐa sth sunèqeia apojhkeÔetai sto r me apl  akrÐbeia. Sth leptomèreia
aut  basÐzetai kai h akìloujh praktik  ex ghsh s' ì,ti afor� thn apotelesmatikìthta thc
mejìdou. (Mia jewrhtik  apìdeixh, k�tw apì orismènec proôpojèseic, ja dojeÐ sto ke-
f�laio twn Epanalhptik¸n Mejìdwn, ìpou eÐnai dunatìn na apodeiqteÐ ìti h mèjodoc mporeÐ
na eÐnai apotelesmatik  akìmh ki an de qrhsimopoieÐtai dipl  akrÐbeia.) An upotejeÐ ìti èna
stoiqeÐo tou b èqei th morf  0.x1x2x3x4, me apl  akrÐbeia tess�rwn shmantik¸n yhfÐwn,
tìte to antÐstoiqo stoiqeÐo tou Ax ja èqei th morf  0.y1y2y3y4y5y6y7y8, me dipl  akrÐbeia
okt¸ shmantik¸n yhfÐwn. An oi par�gontec L kai U eÐnai sqetik� akribeÐc ìpwc kai h lÔsh
x, tìte ta antÐstoiqa stoiqeÐa twn b kai Ax ja èqoun merik� apì ta pr¸ta shmantik� yhfÐa
touc ta Ðdia, èstw ta dÔo pr¸ta x1 = y1 kai x2 = y2. Sunep¸c, h diafor� twn antÐs-
toiqwn stoiqeÐwn ja eÐnai thc morf c 0.00z1z2z3z4z5z6, kai apojhkeuìmenh me apl  akrÐbeia
sto antÐstoiqo stoiqeÐo tou r, ja eÐnai èstw 0.00z1z2z3z4. An t¸ra den eÐqe qrhsimopoi-
hjeÐ dipl  akrÐbeia, tìte h teleutaÐa diafor� ja apojhkeuìtan wc 0.00z1z2. Ja up rqe
dhlad  ap¸leia dÔo shmantik¸n yhfÐwn pr�gma pou, ìpwc gnwrÐzoume apì thn Arijmhtik 
An�lush, mporeÐ na apobeÐ katastrofikì s' ì,ti afor� thn akrÐbeia twn apotelesm�twn. d)

To krit rio stamat matoc twn epanal yewn sth genik  morf  eÐnai ||y||
||x|| ≤ ϵ, ìpou || · || eÐnai

mia opoiad pote dianusmatik  norm kai ϵ ènac “mikrìc” jetikìc arijmìc. Kai ta dÔo epilè-
gontai apì to qr sth. H epilog  thc ℓ∞−norm kai aut  tou ϵ = 0.5×10−t exasfalÐzei, sthn
perÐptwsh sÔgklishc, thn akrÐbeia thc apìluta megalÔterhc sunist¸sac thc lÔshc, pou m-
poreÐ na brejeÐ apì ton Upologist , se t shmantik� yhfÐa. Gia thn exasf�lish akrÐbeiac
apì ton Upologist  t shmantik¸n se ìlec tic sunist¸sec thc lÔshc ja prèpei profan¸c na

qrhsimopoieÐtai san krit rio stamat matoc twn epanal yewn to maxi=1(1)n

∣∣∣ yixi

∣∣∣ ≤ 0.5×10−t.

ASKHSEIS

1.: AntÐ tou grammikoÔ sust matoc

Ax = b, A =

 2 −1 0
−1 3 −1
0 −1 2

 , b =

 1
1
1

 ,
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epilÔetai to diataragmèno grammikì sÔsthma (A+ δA)(x+ δx) = b+ δb, me

A+ δA =

 2 −1 0
−1 3 −1.1
0 −1.1 2

 και b+ δb =

 1.1
1.1
0.79

 .

Na brejeÐ èna �nw fr�gma gia to sqetikì apìluto sf�lma kai na gÐnei h epal jeush
lÔnontac to diataragmèno sÔsthma. DÐnetai ìti h lÔsh tou arqikoÔ eÐnai x = [1 1 1]T

kai ìti h apìluta megalÔterh kai h apìluta mikrìterh idiotim  tou A eÐnai 4 kai 1,
antÐstoiqa.

2.: AntÐ tou grammikoÔ sust matoc Ax = b, epilÔetai to grammikì sÔsthma A′x = b me

A =

 2 0.5 0.5
0.5 2 0.5
0.5 0.5 2

 , b =

 1
1
1

 και A′ =

 2 0.5 0
0.5 2 0.5
0 0.5 2

 .

Na brejeÐ èna �nw fr�gma gia to sqetikì apìluto sf�lma ||δx||2
||x||2 qwrÐc na lujeÐ kanèna

apì ta dÔo sust mata. (Upìdeixh: An qreiasteÐ, na brejoÔn oi idiotimèc tou pÐnaka
A.)

3.: DÐnetai to grammikì sÔsthma Ax = b, ìpou A ∈ IRn,n, b ∈ IRn kai A = AT me idiotimèc

−10, −5, 1 kai 2. Na brejeÐ èna �nw fr�gma gia to sqetikì apìluto sf�lma ||δx||2
||x||2

thc lÔshc x se sqèsh me to sqetikì apìluto sf�lma ||δb||2
||b||2 tou dianÔsmatoc b, kat� th

lÔsh tou diataragmènou grammikoÔ sust matoc A(x+ δx) = b+ δb.

4.: UpotÐjetai ìti gia thn epÐlush tou sust matoc Ax = b, ìpou A ∈ IRn,n, det(A) ̸= 0,
b ∈ IRn\{0}, me mia apì tic mejìdouc apaloif c Gauss (  LU paragontopoÐhshc) o
pÐnakac A apojhkeÔetai akrib¸c, to di�nusma b wc b∗ = b+ δb, kai ìlec oi pr�xeic gia
thn eÔresh thc lÔshc x∗ = x + δx ston Upologist  ekteloÔntai akrib¸c. Na deiqteÐ
ìti

||δx||
||x||

≥ 1

κ(A)

||δb||
||b||

.

5.: QwrÐc thn efarmog  tou tÔpou (2.25), na brejeÐ èna �nw fr�gma gia to sqetikì apìluto

sf�lma ||δx||
||x|| thc lÔshc tou sust matoc thc prohgoÔmenhc Askhshc, ìtan o pÐnakac

A apojhkeÔetai wc A∗ = A + δA, to di�nusma b akrib¸c kai ìlec oi pr�xeic gia thn
eÔresh thc lÔshc x∗ = x + δx ston Upologist  ekteloÔntai akrib¸c. (ShmeÐwsh:
UpotÐjetai ìti ||A−1||||δA|| < 1.)
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6.: Kat� th lÔsh tou grammikoÔ sust matoc Ax = b upeisèrqontai sf�lmata kai telik�
epilÔetai to diataragmèno grammikì sÔsthma (A + δA)(x + δx) = b. An gia k�poia
fusik  norm eÐnai gnwstì ìti ||A−1δA|| ≤ 0.2, na apodeiqteÐ ìti ||δx|| ≤ 0.25||x||.

7.: Estw a ∈ IRn\{0} kai a∗ = a + δa mia prosèggis  tou. Pollèc forèc to pl joc twn
“swst¸n” shmantik¸n yhfÐwn tou a∗ jewreÐtai ìti dÐnetai apì to megalÔtero akèraio
k pou ikanopoieÐ th sqèsh

||δa||∞
||a||∞

(
≈ ||δa||∞

||a∗||∞

)
≤ 0.5× 10−k.

Gia th lÔsh tou sust matoc Ax = b me A =

[
2 1
1 2

]
, to di�nusma b eÐnai dunatìn na

dojeÐ me akrÐbeia èxi shmantik¸n yhfÐwn. Pìsa to polÔ shmantik� yhfÐa eÐnai dunatìn
na anamènontai sth lÔsh x tou dojèntoc sust matoc an den eisqwroÔn nèa sf�lmata
stouc upologismoÔc;

2.4 ParagontopoÐhsh Cholesky

Ac upojèsoume ìti èqoume proc epÐlush èna pragmatikì grammikì sÔsthma n exis¸sewn me
n agn¸stouc tou opoÐou o pÐnakac twn suntelest¸n twn agn¸stwn A eÐnai summetrikìc,
dhlad  AT = A. EÐnai profanèc ìti lìgw thc summetrÐac de qrei�zetai na apojhkeÔsoume
ìla ta stoiqeÐa tou A. ArkoÔn ta stoiqeÐa tou k�tw (  �nw) trigwnikoÔ mèrouc tou, pl jouc
n(n+1)/2 antÐ n2 pou eÐnai ìla, dhlad  perÐpou ta mis�. To er¸thma pou genniètai tìte eÐ-
nai m pwc mporoÔme na ekmetalleutoÔme th summetrÐa tou A kai na ton paragontopoi soume
kat� tètoio trìpo ¸ste antÐ thc sun jouc LU paragontopoÐhshc na èqoume èna ginìmeno
enìc k�tw ki enìc �nw trigwnikoÔ pÐnaka ìpou o ènac ja apoteleÐ ton an�strofo tou �llou.
Sthn perÐptwsh aut  ja arkeÐ mìno h apoj keush tou enìc apì touc dÔo par�gontec. Autì
fusik� upì thn proôpìjesh ìti oi par�gontec ja èqoun stoiqeÐa pragmatik�. H ap�nthsh
eÐnai katafatik  an o A èqei mÐa epiplèon idiìthta. Aut  tou “jetik� orismènou” pÐnaka.

Orismìc 2.3 Estw A ∈ ICn,n me AH = A. O A eÐnai jetik� orismènoc ann ∀ x ∈ ICn \ {0}
isqÔei (x,Ax)2 (= (Ax, x)2) > 0.

ShmeÐwsh: Gia A ∈ ICn,n, me AH = A, antÐstoiqoi profaneÐc orismoÐ qrhsimopoioÔntai gia
na orÐsoun ènan pÐnaka wc “m  arnhtik� orismèno”, “arnhtik� orismèno” kai “m  jetik�
orismèno”.
An o A ∈ ICn,n eÐnai Ermitianìc (AH = A) tìte isqÔoun gi autìn merikèc aplèc idiìthtec oi
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dÔo pr¸tec twn opoÐwn apodeÐqnontai eÔkola: a) Ta diag¸nia stoiqeÐa tou eÐnai pragmatik�.
b) Oi idiotimèc tou eÐnai pragmatikèc. kai g) Eqei n grammik� anex�rthta idiodianÔsmata xj

ta opoÐa mporoÔn na parjoÔn ètsi ¸ste na eÐnai orjokanonik�, dhlad 

(xj, xk)2 = δjk =

{
1, ανν j = k
0, ανν j ̸= k

, j, k = 1(1)n.

To antÐstoiqo tou ErmitianoÔ pÐnaka sthn perÐptwsh A ∈ IRn,n me AH (= AT ) = A eÐnai
o summetrikìc pÐnakac. Gi' aut  thn perÐptwsh o orismìc tou jetik� orismènou paramènei o
Ðdioc all� mporeÐ na deiqteÐ ìti eÐnai isodÔnamoc me ton parak�tw aploÔstero:

Orismìc 2.4 Estw A ∈ IRn,n me AT = A. O A eÐnai jetik� orismènoc ann ∀ x ∈ IRn \{0}
isqÔei (x,Ax)2 (= (Ax, x)2) > 0.

Sth sunèqeia apodeÐqnoume mia prìtash h opoÐa eÐnai polÔ qr simh sthn paragontopoÐhsh
sthn opoÐa ja anaferjoÔme amèswc met�.

Je¸rhma 2.3 Estw ìti o A ∈ ICn,n eÐnai Ermitianìc kai jetik� orismènoc. Tìte an
diagr�youme mia opoiad pote gramm  tou kai thn antÐstoiqh st lh tou o (n−1)×(n−1)
pÐnakac A′, pou apomènei, eÐnai epÐshc Ermitianìc kai jetik� orismènoc.

Apìdeixh: Estw ìti diagr�foume thn i-ost  gramm  kai thn antÐstoiqh st lh tou pÐnaka A,
pou dìjhke kai pou eÐqe grafteÐ se block morf  wc akoloÔjwc

A =

 A11 A12 A13

A21 aii A23

A31 A32 A33

 ,

ìpou oi di�foroi upopÐnakec eÐnai t.w. A11 ∈ ICi−1,i−1, A12 ∈ ICi−1,1, A13 ∈ ICi−1,n−i, A21 ∈
IC1,i−1, aii ∈ IC1,1, A23 ∈ IC1,n−i, A31 ∈ ICn−i,i−1, A32 ∈ ICn−i,1 kai A33 ∈ ICn−i,n−i. O pÐnakac
A′ pou prokuptei met� th diagraf  thc i-osthc gramm c kai st lhc tou A ja èqei thn block
morf 

A′ =

[
A′

11 A′
12

A′
21 A′

22

]
=

[
A11 A13

A31 A33

]
,

ìpou ta antÐstoiqa blocks twn duo pin�kwn eÐnai tautotik� Ðsa. H apìdeixh ìti o A′ eÐnai
epÐshc Ermitianìc eÐnai apl . ApoteleÐtai apì tèssera mèrh kai sth sunèqeia ja apodeÐxoume
mìno to èna apì aut�. Estw a′kl, k = 1(1)i− 1, l = i(1)n− 1, stoiqeÐo tou A′

12. Ja èqoume
diadoqik� a′kl = ak,l+1 = al+1,k = a′l,k. To teleutaÐo stoiqeÐo an kei profan¸c ston upopÐnaka
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A′
21. K.lp. Ara o A′ eÐnai Ermitianìc. Gia na apodeÐxoume ìti eÐnai kai jetik� orismènoc

jewroÔme to tuqìn di�nusma x ∈ ICn \ {0} t.w. h i-ost  sunist¸sa tou na eÐnai mhdèn kai to
diaqwrÐzoume se blocks sÔmfwna me to diaqwrismì tou A. Dhlad , x = [xT

1 | 0 | xT
3 ]

T , ìpou
x1 ∈ ICi−1 kai x3 ∈ ICn−i. AfoÔ o A eÐnai jetik� orismènoc ∀ x = [xT

1 | 0 | xT
3 ]

T ∈ ICn \ {0}
ja èqoume, an qrhsimopoi soume tic block morfèc twn A kai x kai paraleÐyoume k�poia
endi�mesa apotelèsmata, ìti

0 < (x,Ax)2 = xHAx = xH
1 (A11x1 + A13x3) + xH

3 (A31x1 + A33x3).

To dexi� mèloc twn parap�nw sqèsewn mporeÐ na grafteÐ diadoqik� wc ex c

[xH
1 | xH

3 ]

[
A11 A13

A31 A33

] [
x1

x3

]
= x′HA′x′,

ìpou x′ = [xT
1 | xT

3 ]
T ∈ ICn−1 \ {0}. Me �lla lìgia o pÐnakac A′ eÐnai jetik� orismènoc. �

DÔo �mesa sumper�smata tou prohgoÔmenou jewr matoc eÐnai kai ta ex c.

Pìrisma 2.2 An A ∈ ICn,n eÐnai Ermitianìc kai jetik� orismènoc tìte an diagr�youme
osesd pote grammèc tou kai tic antÐstoiqec st lec tou o pÐnakac pou apomènei eÐnai
Ermitianìc kai jetik� orismènoc.

Pìrisma 2.3 An A ∈ ICn,n eÐnai Ermitianìc kai jetik� orismènoc ta diag¸nia stoiqeÐa
tou eÐnai jetik�.

Me b�sh ta prohgoÔmena eÐmaste se jèsh na diatup¸soume kai na apodeÐxoume merikèc
basikèc prot�seic, ìpwc to Je¸rhma tou Cholesky, pou dÐnetai amèswc met�. Shmei¸netai ìti
ìlec oi prot�seic aforoÔn pÐnakec A pou eÐnai pragmatikoÐ kai summetrikoÐ. TonÐzetai, ìmwc,
ìti oi Ðdiec akrib¸c prot�seic isqÔoun kai sthn perÐptwsh ìpou o A eÐnai genik� Ermitianìc
pÐnakac me k�poiec aplèc profaneÐc tropopoi seic tìso stic diatup¸seic twn prot�sewn ìso
kai stic antÐstoiqec apodeÐxeic.

Je¸rhma 2.4 (Cholesky) Estw A ∈ IRn,n, summetrikìc kai jetik� orismènoc. Up�rqei
monadikìc k�tw trigwnikoc pÐnakac L ∈ IRn,n me lii > 0, i = 1(1)n, t.w. LLT = A.

Apìdeixh: H apìdeixh ja gÐnei me epagwg . Gia 1× 1 pÐnakec èqoume A = [a11] = [a
1
2
11][a

1
2
11].

Epeid  de a11 > 0 kai a
1
2
11 > 0, to je¸rhma isqÔei. Estw ìti to je¸rhma isqÔei gia k�je

pragmatikì, summetrikì kai jetik� orismèno (n − 1) × (n − 1), n ≥ 2, pÐnaka. Ja deiqteÐ
ìti isqÔei kai gia pÐnakec n× n. Estw A ènac tètoioc, pragmatikìc summetrikìc kai jetik�
orismènoc, pÐnakac gia ton opoÐo jèloume na apodeÐxoume ìti A = LLT , me L na ikanopoieÐ tic
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apait seic tou jewr matoc. JewroÔme to diaqwrismì twn A kai L se block morfèc, opìte
arkeÐ na èqoume [

a11 yT

y Ã

]
=

[
l11 0Tn−1

z L̃

] [
l11 zT

0n−1 L̃T

]
, (2.26)

ìpou y ∈ IRn−1, Ã ∈ IRn−1,n−1, l11 > 0, 0n−1 ∈ IRn−1, z ∈ IRn−1 kai L̃ eÐnai k�tw trigwnikìc

me l̃ii > 0, i = 1(1)n− 1. Gia na isqÔei h isìthta (2.26) eÐnai fanerì ìti arkeÐ na isqÔoun oi
parak�tw isìthtec

a11 = l211,
y = l11z,

yT = l11z
T ,

zzT + L̃L̃T = Ã.

(2.27)

Apì thn pr¸th twn (2.27) prokÔptei ìti mporeÐ na oristeÐ monos manta to l11 = a
1
2
11 > 0.

Apì th deÔterh mporeÐ epÐshc na oristeÐ monos manta to di�nusma z = 1

a
1
2
11

y ∈ IRn−1. H

trÐth twn (2.27) eÐnai apl� isodÔnamh me th deÔterh. Tèloc gia thn isqÔ thc tètarthc twn

(2.27) arkeÐ na mporeÐ na oristeÐ monos manta o pÐnakac L̃ ∈ IRn−1,n−1 ¸ste na eÐnai k�tw

trigwnikìc kai ta diag¸nia stoiqeÐa tou na ikanopoioÔn tic l̃ii > 0, i = 1(1)n − 1. Gia to

skopì autì arkeÐ na deÐxoume ìti o pÐnakac Ã− zzT eÐnai summetrikìc kai jetik� orismènoc,
opìte sÔmfwna me thn upìjesh thc tèleiac epagwg c ja isqÔei gi' autìn to je¸rhma apì to

opoÐo èpontai amèswc oi apait seic mac gia ton L̃. ParathroÔme ìti o Ã eÐnai summetrikìc
giatÐ prokÔptei apì ton A an diagr�youme thn pr¸th gramm  kai st lh tou. Epomènwc

(Ã − zzT )T = Ã − zzT kai �ra o Ã − zzT eÐnai epÐshc summetrikìc. Gia na apodeÐxoume
ìti eÐnai jetik� orismènoc jewroÔme ton arqikì pÐnaka A, pou eÐnai jetik� orismènoc, kai to
di�nusma w = [− 1

a11
xTy | xT ]T ∈ IRn me x ∈ IRn−1 \ {0}. Ja èqoume

0 < wTAw = [− 1

a11
xTy|xT ]

[
a11 yT

y Ã

] [
− 1

a11
yTx

x

]
.

Met� thn ektèlesh ìlwn twn shmeiwmènwn pr�xewn sto dexi� mèloc twn parap�nw sqèsewn

brÐsketai ìti autì eÐnai Ðso me xT (Ã− 1
a11

yyT )x = xT (Ã−zzT )x, pou eÐnai jetikì ∀ x ∈ IRn−1\
{0}, kai �ra o isqurismìc tou jewr matoc alhjeÔei kai gia pÐnakec n× n pou oloklhr¸nei
thn apìdeixh. �

Me b�sh kurÐwc to prohgoÔmeno je¸rhma eÐnai dunatìn na apodeiqtoÔn tèsseric prot�-
seic, pou dÐnontai sth sunèqeia. H trÐth apì autèc apoteleÐ to antÐstrofo tou jewr matoc
tou Cholesky en¸ h tètarth dÐnei ènan isodÔnamo orismì gia na eÐnai jetik� orismènoc ènac
pragmatikìc summetrikìc pÐnakac.

Pìrisma 2.4 An A ∈ IRn,n, AT = A kai jetik� orismènoc tìte det(A) > 0.
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Apìdeixh: O A plhroÐ tic upojèseic tou jewr matoc tou Cholesky kai �ra epidèqetai an�lush
kat� Cholesky. Estw A = LLT , ìpou o L ikanopoieÐ ta sumper�smata tou jewr matoc tou
Cholesky. Ja èqoume diadoqik� det(A) = det(LLT ) = det(L) det(LT ) = l211l

2
22 · · · l2nn > 0. �

Pìrisma 2.5 An A ∈ IRn,n, AT = A kai jetik� orismènoc pÐnakac, tìte to apìluta
mègisto stoiqeÐo tou brÐsketai epÐ thc diagwnÐou tou.

Apìdeixh: Diagr�fontac ìlec tic grammèc ektìc thc i-ost c kai j-ost c (1 ≤ i < j ≤ n)
kaj¸c kai tic antÐstoiqec st lec tou pÐnaka pou dìjhke apomènei o 2 × 2 pÐnakac Aij =[
aii aij
aji ajj

]
, o opoÐoc me b�sh to Pìrisma 2.2 ja eÐnai summetrikìc kai jetik� orismènoc. Apì

to Pìrisma 2.4 prokÔptei ìti 0 < det(Aij) = aiiajj − aijaji ≤ (max{aii, ajj})2 − a2ij kai �ra
max{aii, ajj} > |aij|. H je¸rhsh ìlwn twn dunat¸n zeug¸n (i, j), i, j ∈ {1, 2, · · · , n}, i ̸= j,
sumplhr¸nei thn apìdeixh thc paroÔsac prìtashc. �

Je¸rhma 2.5 An A ∈ IRn,n epidèqetai an�lush kat� Cholesky, tìte o A eÐnai sum-
metrikìc
kai jetik� orismènoc.

Apìdeixh: SÔmfwna me thn upìjes  mac èqoume ìti A = LLT , me L ∈ IRn,n k�tw trigwnikì
kai lii > 0, i = 1(1)n. Katarq�c eÐnai AT = (LLT )T = LLT = A kai �ra o A eÐnai
summetrikìc. Ex�llou ∀ x ∈ IRn \ {0} eÐnai (x,Ax)2 = (x, LLTx)2 = (LTx, LTx)2 =
||LTx||22 ≥ 0. An ||LTx||2 = 0 tìte LTx = 0 kai epeid  det(LT ) = l11l22 · · · lnn > 0 èpetai ìti
x = 0, pou eÐnai �topo. Ara o A eÐnai jetik� orismènoc. �

Je¸rhma 2.6 Estw A ∈ IRn,n me AT = A. O A eÐnai jetik� orismènoc ann ìloi oi
kÔrioi p× p upopÐnakèc tou Ap×p, p = 1(1)n, (thc �nw arister c gwnÐac) èqoun orÐzousec
jetikèc.

Apìdeixh: Estw ìti o A eÐnai jetik� orismènoc. Tìte, me b�sh to Je¸rhma 2.3, ìloi oi
kÔrioi upopÐnakec sth diatÔpwsh thc paroÔsac prìtashc ja eÐnai pragmatikoÐ, summetrikoÐ
kai jetik� orismènoi. Ara k�je ènac apì autoÔc, sÔmfwna me to Pìrisma 2.4, ja èqei
orÐzousa jetik . AntÐstrofa, an oi orÐzousec twn kÔriwn upopin�kwn tou A eÐnai jetikèc,
tìte apì thn apìdeixh tou Jewr matoc 2.1 èqoume ìti h orÐzousa tou p × p upopÐnak� tou

ja eÐnai Ðsh me to ginìmeno twn odhg¸n a
(1)
11 a

(2)
22 · · · a(p)pp (> 0). Apì thn teleutaÐa sqèsh, gia

p = 1(1)n, èpetai ìti a(p)pp > 0, ∀ p = 1(1)n. Apì to sumpèrasma autì kai to monos manto
thc paragontopoÐhshc tou Crout, sthn prokeÐmenh perÐptwsh, lìgw thc summetrikìthtac

tou A, èpetai ìti D = diag(a
(1)
11 , a

(2)
22 , · · · , a

(n)
nn ) kai U = LT . Opìte, an jèsoume D

1
2 =
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diag
(
(a

(1)
11 )

1
2 , · · · , (a(n)nn )

1
2

)
ja èqoume A = LDLT = LD

1
2D

1
2LT = (LD

1
2 )(LD

1
2 )T . Ara o A

epidèqetai an�lush kat� Cholesky kai epomènwc eÐnai jetik� orismènoc. �
Gia thn eÔresh algìrijmou pou ja upologÐzei ta stoiqeÐa tou pÐnaka L sthn paragon-

topoÐhsh (  an�lush) Cholesky qrhsimopoioÔme thn isìthta LLT = A, me A pragmatikì,
summetrikì kai jetik� orismèno, ekteloÔme ton pollaplasiasmì sto arister� mèloc kai ex-
is¸noume èna proc èna ta stoiqeÐa tou k�tw trigwnikoÔ, èstw, pÐnaka tou ginomènou pou
prokÔptei me ta antÐstoiqa stoiqeÐa tou A. EÐnai dunatìn na brÐskoume ta stoiqeÐa tou L
eÐte proqwr¸ntac apì thn pr¸th gramm  proc thn n-ost  eÐte apì thn pr¸th st lh proc
thn n-ost . P.q. proqwr¸ntac kat� grammèc ja èqoume diadoqik�:
l211 = a11,
l21l11 = a21, l221 + l222 = a22,
l31l11 = a31, l31l21 + l32l22 = a32, l231 + l232 + l233 = a33, k.lp.
EÐnai fanerì apì tic parap�nw isìthtec ìti ta stoiqeÐa tou L mporoÔn na brejoÔn me th
seir� l11, l21, l22, l31, l32, l33, k.lp. Epomènwc ènac algìrijmoc Cholesky kat� grammèc (se
sunoptik  morf ) mporeÐ na eÐnai o akìloujoc.

Algìrijmoc Cholesky kat� grammèc:

Dedomèna: A ∈ IRn,n, AT = A, A jetik� orismènoc.
Gia i = 1(1)n

Gia j = 1(1)i− 1
lij = (aij −

∑j−1
k=1 likljk)/ljj

Tèloc �Gia�

lii = (aii −
∑i−1

j=1 l
2
ij)

1
2

Tèloc �Gia�

Pollèc forèc h paragontopoÐhsh enìc pragmatikoÔ, summetrikoÔ kai jetik� orismènou pÐ-
naka A gr�fetai me èna lÐgo diaforetikì trìpo o opoÐoc eÐnai  dh gnwstìc kai wc paragonto-
poÐhsh (  an�lush) Crout. Sugkekrimèna, èqontac upìyh thn paragontopoÐhsh Cholesky,
mporoÔme na gr�youme analutik�

A = LLT =


l11
l21 l22
l31 l32 l33
...

...
...

. . .
ln1 ln2 ln3 · · · lnn




l11 l21 l31 · · · ln1

l22 l32 · · · ln2
l33 · · · ln3

. . .
...
lnn


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To dexi� mèloc twn parap�nw isot twn gr�fetai kai wc ex c

A =


1
l21
l11

1
l31
l11

l32
l22

1
...

...
...

. . .
ln1

l11

ln2

l22

ln3

l33
· · · 1




l211

l222
l233

. . .
l2nn




1 l21

l11

l31
l11

· · · ln1

l11

1 l32
l22

· · · ln2

l22

1 · · · ln3

l33
. . .

...
1


  tèloc kai wc

A = MDMT ,

ìpou M k�tw trigwnikìc me

mij =


lij
ljj

αν 1 ≤ j < i ≤ n

1 αν i = j = 1(1)n
0 αλλιως

kai D diag¸nioc me diag¸nia stoiqeÐa dii = l2ii, i = 1(1)n.

ASKHSEIS

1.: Estw A ∈ ICn,n me AH = A kai (Ax, x)2 > 0 ∀ x ∈ ICn\{0} . Na apodeiqteÐ, qrhsi-
mopoi¸ntac ton antÐstoiqo orismì kai mìno, ìti:
a) aii > 0, i = 1(1)n. kai
b) An λ ∈ σ(A) tìte λ > 0.

2.: Na apodeiqteÐ ìti an A ∈ IRn,n, me AT = A, o A eÐnai jetik� orismènoc ann (Ax, x)2 >
0, ∀ x ∈ IRn\{0}.

3.: Na deiqteÐ ìti o tridiag¸nioc pÐnakac

A = trid(−1, 2,−1) =


2 −1

−1 2 −1
. . . . . . . . .

−1 2 −1
−1 2

 ∈ IRn,n

eÐnai jetik� orismènoc.
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4.: Na deiqteÐ ìti pÐnakac A = trid(1, a, 1) ∈ IRn,n, me a ≥ 2, eÐnai jetik� orismènoc.

5.: DÐnetai o pÐnakac A =

 1 a a
a 1 a
a a 1

 ∈ IR3,3. Na brejoÔn ìlec oi timèc tou a gia tic

opoÐec o A eÐnai jetik� orismènoc.

6.: DÐnetai o pragmatikìc summetrikìc pÐnakac A =

 9 6 3
6 8 4
3 4 3

 .

a) Na deiqteÐ ìti o A eÐnai jetik� orismènoc.
b) Na brejoÔn akrib¸c oi par�gontec L kai LT thc paragontopoÐhshc Cholesky tou
A. kai
g) Na brejoÔn akrib¸c oi L kai U par�gontec thc LU paragontopoÐhshc tou A. kai
d) Na brejeÐ o antÐstrofoc tou A qrhsimopoi¸ntac thn an�lush Cholesky.
(ShmeÐwsh: Ta erwt mata (a), (b) kai (g) mporoÔn na apanthjoÔn me opoiad pote
seir�.)

7.: DÐnetai o pragmatikìc summetrikìc pÐnakacA =


1 0 2 1
0 4 8 10
2 8 29 22
1 10 22 42

. Na paragontopoi-
hjeÐ o A se ginìmeno LDU , ìpou L k�tw trigwnikìc me mon�dec sth diag¸nio, D
diag¸nioc kai U �nw trigwnikìc me mon�dec sth diag¸nio. Qrhsimopoi¸ntac thn en
lìgw paragontopoÐhsh na apodeiqteÐ ìti o A eÐnai jetik� orismènoc kai sth sunèqeia
na dojeÐ h an�lush Cholesky tou A.

8.: DÐnetai o pÐnakac A =

 3 c 1
c 2 c
1 c 3

. Na brejeÐ h perioq  gia thn pragmatik 

par�metro c gia thn opoÐa o A eÐnai jetik� orismènoc. Sth sunèqeia na gÐnei h an�lush
Cholesky gia c = 0.

9.: DÐnetai o pÐnakac A =

 1 −1 0
−1 a −1
0 −1 a

. Na brejeÐ h perioq  gia thn pragmatik 

par�metro a gia thn opoÐa o A eÐnai jetik� orismènoc. Sth sunèqeia na brejeÐ o
antÐstrofoc tou A gia a = 2 qrhsimopoi¸ntac an�lush Cholesky.
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10.: DÐnetai to migadikì grammikì sÔsthma

25x + (20− 9i)y = 36− 4i
(20 + 9i)x + 25y = 36 + 4i

AfoÔ metatrapeÐ se isodÔnamo pragmatikì kai diapistwjeÐ ìti o pÐnakac twn sunte-
lest¸n tou pragmatikoÔ sust matoc eÐnai summetrikìc kai jetik� orismènoc, na lujeÐ,
to antÐstoiqo pragmatikì, me th mèjodo Cholesky kai na dojoÔn oi timèc twn x kai y.

11.: Na apodeiqteÐ ìti o pÐnakac

A =


1 1 1 · · · 1
1 2 2 · · · 2
1 2 3 · · · 3
...

...
...

. . .
...

1 2 3 · · · n


eÐnai jetik� orismènoc kai na gÐnei h an�lush Cholesky autoÔ.

12.: DÐnetai ìti o pÐnakac A ∈ IRn,n eÐnai summetrikìc kai jetik� orismènoc. Na apodeiqteÐ
ìti tìte kai o pÐnakac αA + βyyT eÐnai summetrikìc kai jetik� orismènoc gia k�je
α > 0, β ≥ 0 kai y ∈ IRn. Me b�sh ì,ti apodeiqteÐ, na apodeiqteÐ sth sunèqeia ìti o
pÐnakac 

α+ β β · · · β
β α+ β · · · β
...

...
. . .

...
β β · · · α+ β


eÐnai summetrikìc kai jetik� orismènoc. Qrhsimopoi¸ntac ìla ta parap�nw na apodeiqteÐ

ìti kai o

 3 1 1
1 3 1
1 1 3

 eÐnai jetik� orismènoc kai na brejoÔn oi par�gontec Cholesky,

diathr¸ntac kl�smata kai rizik� stouc upologismoÔc.

13.: DÐnetai o pÐnakac

A =


1 0 · · · 0 α
0 1 · · · 0 α
...

...
. . .

...
...

0 0 · · · 1 α
α α · · · α 1

 ∈ IRn,n.
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a) Na brejoÔn ìlec oi timèc tou α ¸ste o pragmatikìc, summetrikìc pÐnakac A na eÐnai
jetik� orismènoc. kai
b) Me thn proôpìjesh ìti o A eÐnai jetik� orismènoc na gÐnei h paragontopoÐhsh
Cholesky tou pÐnaka autoÔ kai na lujeÐ to grammikì sÔsthma Ax = b, me b =
[1 1 1 · · · 1 (n− 1)α]T , qrhsimopoi¸ntac thn upìyh paragontopoÐhsh.

14.: Na apodeiqteÐ ìti kat� ta diadoqik� b mata, k = 1(1)n− 1, thc apaloif c tou Gauss
qwrÐc od ghsh, enìc pragmatikoÔ, summetrikoÔ, jetik� orismènou pÐnaka A ∈ IRn,n,

o ek�stote kÔrioc upopÐnakac thc k�tw dexi� gwnÐac tou A(k+1), A(k+1)
n−k,n−k, exakolou-

jeÐ na èqei thn idiìthta tou (pragmatikoÔ) summetrikoÔ kai jetik� orismènou pÐnaka.

(ShmeÐwsh: Na apodeiqteÐ to zhtoÔmeno gia ton pÐnaka A
(2)
n−1,n−1 kai mìno.)

15.: Na apodeiqteÐ ìti ènac pÐnakac A ∈ IRn,n, me AT = A kai aii > 0, i = 1(1)n, pou eÐnai
austhr� diag¸nia upèrteroc kat� grammèc (kat� st lec) eÐnai kai jetik� orismènoc.

16: Na grafteÐ sunoptik� me morf  yeudok¸dika, o algìrijmoc eÔreshc twn stoiqeÐwn
tou k�tw trigwnikoÔ pÐnaka L sthn paragontopoÐhsh Cholesky, kat� st lec, enìc
pragmatikoÔ summetrikoÔ kai jetik� orismènou pÐnaka A ∈ IRn,n.

17: O pÐnakac A ∈ IRn,n me stoiqeÐa

aij = a
(1)
ij =

1

i+ j − 1
, i, j = 1(1)n,

eÐnai gnwstìc wc pÐnakac tou Hilbert.
a) Na gÐnoun dÔo diadoqik� b mata apaloif c tou Gauss, qwrÐc od ghsh, kai na brejeÐ

h èkfrash tou stoiqeÐou a
(3)
ij , i, j = 3(1)n, sa sun�rthsh twn i kai j.

b) Me b�sh tic genikèc ekfr�seic twn stoiqeÐwn a(2)ij , i, j = 2(1)n, kai a(3)ij , i, j = 3(1)n,

sto (a), na sunaqteÐ h èkfrash tou genikoÔ stoiqeÐou a
(k)
ij , i, j = k(1)n, sa sun�rthsh

twn i kai j, met� apì k− 1 diadoqik� b mata apaloif c, kai na apodeiqteÐ me epagwg ,

ìti h antÐstoiqh èkfrash ja isqÔei kai gia to stoiqeÐo a
(k+1)
ij , i, j = k + 1(1)n, met�

apì k b mata apaloif c. (ShmeÐwsh: UpotÐjetai ìti k < n.)
g) Me b�sh tic genikèc ekfr�seic twn qrhsimopoihjèntwn odhg¸n stoiqeÐwn kat� ta
diadoqik� b mata thc apaloif c na apodeiqteÐ ìti o pÐnakac A tou Hilbert, ektìc apì
summetrikìc, eÐnai kai jetik� orismènoc.
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Kef�laio 3

Epanalhptikèc Mèjodoi

3.1 Eisagwg 

Oi mèjodoi gia thn epÐlush grammik¸n susthm�twn, pou melet same wc t¸ra, kaloÔntai
�mesec. Ta kÔria qarakthristik� touc eÐnai ìti gia thn eÔresh thc lÔshc apaiteÐtai ènac
peperasmènoc arijmìc pr�xewn ki akìmh ìti h lÔsh brÐsketai akrib¸c an ergastoÔme me
akrib  arijmhtik . To teleutaÐo, ìmwc, den eÐnai dunatìn na ulopoihjeÐ sthn pr�xh, efìson
qrhsimopoieÐtai Upologist c gia thn eÔresh thc lÔshc. Epomènwc, ta arqik� sf�lmata
stroggÔleushc kaj¸c kai aut� kat� th di�rkeia twn upologism¸n me ìlec tic sunèpeièc
touc dÐnoun apotelèsmata pou eÐnai kat' an�gkhn proseggistik�. Aut  h parat rhsh mac
odhgeÐ sth skèyh ìti afoÔ den eÐnai dunatìn na brejeÐ h akrib c lÔsh Ðswc ja  tan dunatìn
na qrhsimopoihjeÐ mèjodoc h opoÐa ja anazht�, antÐ thc akriboÔc lÔshc, mia polÔ kal 
prosèggis  thc. P�nw sth logik  aut  èqoun protajeÐ kat� kairoÔc, arq c genomènhc apì
ta tèlh tou 19ou ai¸na, di�forec mèjodoi oi opoÐec an koun sthn kathgorÐa twn legìmenwn
èmmeswn   epanalhptik¸n. Sthn pr�xh apodeÐqnontai p�ra polÔ apotelesmatikèc idiaÐtera
ìtan o pÐnakac twn suntelest¸n twn agn¸stwn tou proc epÐlush grammikoÔ sust matoc
eÐnai meg�loc kai araiìc. TeleutaÐa, oi epanalhptikèc mèjodoi èqoun gÐnei polÔ dhmofileÐc
diìti eÐnai katallhlìterec gia thn epÐlush problhm�twn ìtan qrhsimopoieÐtai Upologist c
Par�llhlhc Arqitektonik c.

H basik  idèa thc klasik c epanalhptik c mejìdou, pou ja anaptuqteÐ sth sunèqeia,
eÐnai h ex c. Xekin�me katarq�c apì mÐa aujaÐreth prosèggish thc lÔshc, èstw x(0), kai me
b�sh k�poion epanalhptikì algìrijmo kataskeu�zontai diadoqik� oi ìroi miac akoloujÐac
{x(k)}∞k=0, h opoÐa, k�tw apì orismènec proôpojèseic, sugklÐnei sth lÔsh tou proc epÐlush
sust matoc. Pio sugkekrimèna, èstw

Ax = b, A ∈ ICn,n, det(A) ̸= 0, b ∈ ICn, (3.1)
75
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to proc epÐlush sÔsthma, migadikì genik�. JewroÔme mia di�spash tou pÐnaka A

A = M −N (3.2)

me mìnouc, proc to parìn, periorismoÔc:
a) O pÐnakac M na eÐnai antistrèyimoc, kai
b) Ena grammikì sÔsthma me pÐnaka suntelest¸n agn¸stwn M na lÔnetai me polÔ ligìterec
pr�xeic apì èna �llo me pÐnaka suntelest¸n agn¸stwn A.
(ShmeÐwsh: O pÐnakac M sth di�spash (3.2) eÐnai gnwstìc wc (pror)rujmist c pÐnakac.)
QrhsimopoioÔme thn (3.2) sthn (3.1) kai anadiat�ssontac èqoume

Mx = Nx+ b. (3.3)

H (3.3) eÐnai isodÔnamh me th

x = Tx+ c, T := M−1N, c := M−1b. (3.4)

H nèa exÐswsh (3.4), pou eÐnai mia exÐswsh stajeroÔ shmeÐou kai eÐnai isodÔnamh me thn
arqik  (3.1), upodeÐqnei thn kataskeu  tou algìrijmou

x(k+1) = Tx(k) + c, k = 0, 1, 2, · · · , (3.5)

me x(0) ∈ ICn opoiod pote. (ShmeÐwsh: O pÐnakac T ston algìrijmo (3.5) eÐnai gnwstìc wc
epanalhptikìc pÐnakac tou algìrijmou   thc epanalhptik c mejìdou.)
Parat rhsh: Sthn pr�xh, kai gia eunìhtouc lìgouc, gia thn eÔresh tou x(k+1) apì to x(k),
den efarmìzetai o algìrijmoc (3.5), ìpou prèpei na brejeÐ prohgoumènwc o pÐnakac T :=
M−1N , all� o isodÔnamìc tou

Mx(k+1) = Nx(k) + b, k = 0, 1, 2, · · · . (3.6)

Autì exhgeÐ kai thn apaÐthsh (β) gia to rujmist  pÐnaka M .

O algìrijmoc (3.5) par�gei akoloujÐa dianusm�twn {x(k)}∞k=0, h opoÐa, k�tw apì oris-
mènec proôpojèseic, sugklÐnei sth lÔsh x = A−1b tou (3.1). MporeÐ na diapistwjeÐ ìti an
o algìrijmoc (3.5) par�gei akoloujÐa sugklÐnousa aut  ja sugklÐnei sth lÔsh x = A−1b.
Pr�gmati, èstw ìti limk→∞ x(k) = y. Tìte, paÐrnontac ta ìria twn mel¸n thc (3.5) gia
k → ∞, antikajist¸ntac tic ekfr�seic gia ta T kai c apì thn (3.4) kai akolouj¸ntac an-
tÐstrofh poreÐa ap' aut n h opoÐa mac od ghse sthn (3.4) katal goume sthn Ay = b, opìte
y = A−1b. H anagkaÐa kai ikan  sunj kh gia th sÔgklish thc akoloujÐac {x(k)}∞k=0 dÐnetai
sto epìmeno je¸rhma amèswc met� thn apìdeixh tou parak�tw l mmatoc.

L mma 3.1 Gia tic diadoqikèc dun�meic tou pÐnaka T ∈ ICn,n isqÔei limk→∞ T k = 0 ann
ρ(T ) < 1.
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Apìdeixh: Wc gnwstìn h limk→∞ T k = 0 sunep�getai th limk→∞ ||T k|| = 0 gia k�je fusik 
norm. EÐnai epÐshc gnwstì ìti ρk(T ) = ρ(T k) ≤ ||T k|| gia k�je fusik  norm. AfoÔ
limk→∞ ||T k|| = 0 ja up�rqei fusikìc arijmìc k0 t.w. gia k�je k ≥ k0 na isqÔei ||T k|| < 1.
Apì to teleutaÐo sumpèrasma kai tic amèswc prohgoÔmenec sqèseic èpetai ìti ρk(T ) < 1
gia k�je k ≥ k0, �ra kai gia k�je k, pr�gma pou sunep�getai ρ(T ) < 1. AntÐstrofa, an
ρ(T ) < 1 tìte, sÔmfwna me to Je¸rhma 1.10, gia k�je ϵ > 0 ja up�rqei fusik  norm t.w.
||T || ≤ ρ(T ) + ϵ. An epileqteÐ to ϵ ètsi ¸ste 0 < ϵ < 1− ρ(T ) tìte ja èqoume ρ(T ) + ϵ < 1
�ra kai ||T || < 1 gia th sugkekrimènh fusik  norm. Tìte ìmwc ja eÐnai ||T k|| ≤ ||T ||k < 1
gia k�je k �ra limk→∞ ||T k|| = 0 gia thn upìyh fusik  norm. Apì thn teleutaÐa sqèsh
èpetai amèswc ìti limk→∞ T k = 0, pou apodeÐqnei to parìn l mma. �

Je¸rhma 3.1 AnagkaÐa kai ikan  sunj kh gia th sÔgklish thc akoloujÐac twn
paragìmenwn apì ton algìrijmo (3.5) dianusm�twn sth lÔsh x = A−1b tou sust matoc
(3.1) eÐnai h

ρ(T ) < 1.

Apìdeixh: Katarq�c eis�goume to di�nusma-sf�lma sthn k epan�lhyh orÐzontac

e(k) = x(k) − x. (3.7)

Afair¸ntac kat� mèlh th sqèsh (3.4) apì thn (3.5) kai qrhsimopoi¸ntac thn (3.7) paÐrnoume

e(k+1) = Te(k), k = 0, 1, 2, · · · ,

me e(0) ∈ ICn opoiod pote, kai me apl  epagwg  brÐskoume ìti

e(k) = T ke(0), k = 0, 1, 2, · · · , (3.8)

me e(0) ∈ ICn opoiod pote. Efìson epizhtoÔme na èqoume sÔgklish, limk→∞ x(k) = A−1b,
gia opoiod pote x(0),  , isodÔnama, limk→∞ e(k) = 0 gia opoiod pote e(0), parathroÔme ìti
an sth jèsh tou e(0) sthn (3.8) jèsoume diadoqik� ta dianÔsmata st lec ej, j = 1(1)n,
tou monadiaÐou pÐnaka I, paÐrnoume wc e(k) tic antÐstoiqec st lec tou pÐnaka T k. Epeid 
de jèloume na èqoume limk→∞ e(k) = 0 èpetai ìti oriak� oi st lec tou T k ja teÐnoun sto
mhdenikì di�nusma   ìti limk→∞ T k = 0. Apì to prohgoÔmeno, ìmwc, L mma 3.1 gnwrÐzoume
ìti h teleutaÐa isìthta isqÔei ann ρ(T ) < 1, pou apoteleÐ thn anagkaÐa kai ikan  sunj kh
gia na sugklÐnei o algìrijmoc (3.5) sth lÔsh tou sust matoc (3.1). �

Pìrisma 3.1 Mia ikan  sunj kh gia th sÔgklish tou algìrijmou (3.5) sth lÔsh
tou sust matoc (3.1) eÐnai h

||T || < 1,

ìpou || · || mia opoiad pote fusik  norm.
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Apìdeixh: H apìdeixh eÐnai profan c afoÔ lìgw thc gnwst c sqèshc ρ(T ) ≤ ||T || isqÔei to
prohgoÔmeno je¸rhma. �

Pìrisma 3.2 An gia k�poia fusik  norm kai gia k�poio jetikì akèraio k gia ton
epanalhptikì pÐnaka T tou algìrijmou (3.5) isqÔei ìti ||T k|| < 1, tìte o algìrijmoc
sugklÐnei.

Apìdeixh: Epeid  ρk(T ) = ρ(T k) ≤ ||T k|| < 1 èpetai ìti ρ(T ) < 1. Ara o algìrijmoc (3.5)
sugklÐnei. �

Ja prèpei na tonisteÐ ìti sthn pr�xh ki efìson oi diadoqik� paragìmenoi ìroi thc akolou-
jÐac twn dianusm�twn apì ton algìrijmo (3.5), sthn perÐptwsh sÔgklishc, teÐnoun sth lÔsh
sto ìrio jespÐzontai krit ria stamat matoc twn epanal yewn. Sunhjèstera krit ria eÐnai
ta ex c dÔo

||x(k+1) − x(k)|| ≤ ϵ kai ||x(k+1)−x(k)||
||x(k+1)|| ≤ η,

me epikratèstero to deÔtero, ìpou ϵ kai η eÐnai mikroÐ jetikoÐ arijmoÐ prokajorismènoi apì
to qr sth. To pr¸to krit rio paÐzei to rìlo tou apìlutou sf�lmatoc, an kaneÐc jewr sei
ìti to x(k+1) eÐnai h akrib c lÔsh kai to x(k) h proseggistik , en¸ to deÔtero paÐzei to rìlo
tou sqetikoÔ apìlutou sf�lmatoc. Sugkekrimèna, an zht�me prosèggish thc lÔshc me m
shmantik� yhfÐa Ðswc eÐnai logikì na jewroÔme to deÔtero krit rio me norm thn ℓ∞−norm
kai η = 0.5 × 10−m  , èqontac upìyh th ShmeÐwsh (d) tou Algìrijmou Epanalhptik c
BeltÐwshc sto tèloc tou KefalaÐou 2, to krit rio

|x(k+1)
i − x

(k)
i |

|x(k+1)
i |

≤ 0.5× 10−m, x
(k+1)
i ̸= 0, |x(k)

i | ≤ 0.5× 10−m, x
(k+1)
i = 0, i = 1(1)n.

San èna par�deigma basik c epanalhptik c mejìdou dÐnoume autì thc epanalhptik c bel-
tÐwshc thc lÔshc pragmatikoÔ omaloÔ grammikoÔ sust matoc Ax = b, pou èqei brejeÐ, me
thn �mesh mèjodo thc paragontopoÐhshc tou A se ginìmeno LU , kai dojeÐ se prohgoÔmeno
kef�laio. Upojètoume ìti oi par�gontec L kai U eÐnai arket� akribeÐc kai ìti kat� thn
eÔres  touc den apaitoÔntai enallagèc gramm¸n tou A. Estw x(0) h lÔsh pou paÐrnoume apì
thn epÐlush twn duo arqik¸n exis¸sewn (me proc ta mprìc kai proc ta pÐsw antikatast�seic)
sth mèjodo epanalhptik c beltÐwshc kai èstw x(k) h ek�stote qrhsimopoioÔmenh proseg-
gistik  tim  tou x sthn k anakÔklwsh. Estw r(k), y(k) kai x(k+1), oi euriskìmenec timèc twn
dianusm�twn r, y kai thc nèac tim c tou x, antÐstoiqa. Eqoume diadoqik� ìti

x(k+1) = x(k) + y(k) = x(k) + (LU)−1r(k)

= x(k) + (LU)−1(b− Ax(k)) = (I − (LU)−1A)x(k) + (LU)−1b.
(3.9)
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Apì to parap�nw epanalhptikì sq ma, kai paÐrnontac ìria gia k → ∞, upì thn proôpìjesh
ìti limk→∞ x(k) = z, mporoÔme na broÔme amèswc ìti Az = b kai �ra h akoloujÐa twn x(k)

ja sugklÐnei sthn akrib  lÔsh tou sust matoc pou dìjhke. Gia na exet�soume an h akolou-
jÐa sugklÐnei jewroÔme ton epanalhptikì pÐnaka T = I − (LU)−1A tou algìrijmou (3.9).
Efìson oi pÐnakec L kai U eÐnai arket� akribeÐc ja prèpei A ≈ LU , opìte (LU)−1A ≈ I kai
T = I − (LU)−1A ≈ 0. AfoÔ ta stoiqeÐa tou T eÐnai sthn perioq  tou mhdenìc eÐnai logikì
na perimènoume ìti gia k�poia fusik  norm ja isqÔei ||T || ≈ 0 < 1. H teleutaÐa sqèsh ex-
asfalÐzei (jewrhtik�) thn ikan  sunj kh gia th sÔgklish thc mejìdou epanalhptik c beltÐ-
wshc sth lÔsh tou sust matoc, akìmh ki an de gÐnoun k�poioi endi�mesoi upologismoÐ me
dipl  akrÐbeia, ìpwc eÐqe jewrhjeÐ aparaÐthto, ìtan parousi�sthke h sugkekrimènh mèjodoc.

Apì ton orismì thc fusik c norm kai thn (3.8) sun�getai ìti up�rqei èna e(0) ∈ ICn \{0},
gia k�je sugkekrimèno k, t.w. na isqÔei ìti ||e(k)|| = ||T ke(0)|| = ||T k||||e(0)||. Apì tic
teleutaÐec isìthtec mporoÔme na p�roume ìti

sup
e(0)∈ICn\{0}

(
||e(k)||
||e(0)||

)
= ||T k||. (3.10)

Eqontac upìyh to Pìrisma 3.2 kai th sqèsh (3.10) dÐnoume ton akìloujo orismì.

Orismìc 3.1 Estw A,B ∈ ICn,n. An gia k�poio jetikì akèraio k kai gia mia fusik  norm
eÐnai ||Ak|| < 1, tìte h posìthta

R(Ak) = − ln(||Ak||
1
k ) =

− ln ||Ak||
k

(3.11)

kaleÐtai mèsh taqÔthta sÔgklishc gia k epanal yeic. An ||Bk|| < 1 kai R(Ak) < R(Bk),
tìte o B eÐnai epanalhptik� taqÔteroc tou A gia k epanal yeic.

O parap�nw orismìc èqei idiaÐterh shmasÐa sto ìrio, ìtan dhlad  k → ∞. Tìte, kai k�tw
apì tic proôpojèseic tou orismoÔ, mporeÐ na apodeiqteÐ, qrhsimopoi¸ntac thn kanonik  morf 
tou Jordan, ìti

R∞(A) = lim
k→∞

R(Ak) = − ln ρ(A).

To teleutaÐo sumpèrasma, pou eÐnai anex�rthto thc qrhsimopoioÔmenhc fusik c norm lìg-
w thc isqÔousac isodunamÐac touc, sthn perÐptwsh sugklinous¸n epanalhptik¸n mejìdwn
(3.5), ermhneÔetai wc ex c. “Oso mikrìterh eÐnai h fasmatik  aktÐna tou epanalhptikoÔ pÐ-
naka T tìso taqÔtera (asumptwtik�) h akoloujÐa {x(k)}∞k=0 sugklÐnei sth lÔsh tou (3.1)”.
Sthn pr�xh to “asumptwtik�” shmaÐnei gia “meg�lec” timèc tou k.
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Met� thn an�lush pou prohg jhke to sumpèrasma sto opoÐo katal gei kaneÐc s' ì,ti
afor� thn epilog  tou rujmist  pÐnaka M sthn (3.2) eÐnai ìti pèra apì touc dÔo pe-
riorismoÔc pou prèpei na plhroÔntai prèpei akìmh o M na epilègetai ètsi ¸ste afenìc
ρ(T ) ≡ ρ(M−1N) < 1 kai afetèrou h ρ(T ) na eÐnai ìso to dunatìn mikrìterh. Oi parathr -
seic, pou mìlic èginan sqetik� me thn epilog  tou M kajistoÔn Ðswc fanerì ìti aut  den
eÐnai p�nta tìso eÔkolh. Sth sunèqeia ja asqolhjoÔme me klasikèc peript¸seic epilog c
tou M kai parapèra an�ptuxhc twn antÐstoiqwn epanalhptik¸n mejìdwn.

3.2 Klasikèc Epanalhptikèc Mèjodoi

Oi klasikèc epanalhptikèc mèjodoi basÐzontai sthn akìloujh di�spash tou pÐnaka twn
suntelest¸n twn agn¸stwn A

A = D − L− U, (3.12)

ìpou D =diag(A), dhlad , diag¸nioc pÐnakac me diag¸nia stoiqeÐa ta antÐstoiqa tou A, L
austhr� k�tw trigwnikìc kai U austhr� �nw trigwnikìc. Opwc eÐnai fanerì h di�spash
(3.12) orÐzetai monos manta.

3.2.1 Mèjodoc Jacobi

Sth mèjodo tou Jacobi o rujmist c pÐnakac eÐnai o M = D. S' ì,ti afor� thn ikanopoÐ-
hsh twn duo basik¸n periorism¸n pou aforoÔn sto rujmist  pÐnaka M diapist¸noume ta
akìlouja. Katarq�c o M eÐnai antistrèyimoc ann det(M) = det(D) = a11a22 · · · ann ̸= 0.
Epomènwc h mèjodoc tou Jacobi mporeÐ na oristeÐ ann aii ̸= 0, i = 1(1)n. Akìmh eÐnai
profanèc ìti èna grammikì sÔsthma me pÐnaka suntelest¸n agn¸stwn M = D thc morf c
(3.6) kai deÔtero mèloc (L + U)x(k) + b eÐnai polÔ oikonomikìtero se pr�xeic gia na lujeÐ
(apaiteÐ pr�xeic thc t�xhc tou O(n2)) apì ì,ti eÐnai èna sÔsthma me pÐnaka suntelest¸n
agn¸stwn A (apaiteÐ O(n3) pr�xeic me th mèjodo apaloif c Gauss). Ara ikanopoieÐtai kai o
deÔteroc periorismìc efìson ikanopoieÐtai o pr¸toc. S' ì,ti afor� th sÔgklish thc mejìdou
ta p�nta exartioÔntai apì to an ρ(T ) = ρ(M−1N) = ρ(D−1(L + U)) < 1, opìte h mèjodoc
sugklÐnei alli¸c de sugklÐnei. Se morf  pin�kwn h mèjodoc tou Jacobi eÐnai h akìloujh

x(k+1) = D−1(L+ U)x(k) +D−1b, k = 0, 1, 2, · · · , (3.13)

me x(0) ∈ ICn opoiod pote. An jel soume na broÔme thn opoiad pote sunist¸sa tou nèou
dianÔsmatoc x(k+1) sthn k epan�lhyh sa sun�rthsh gnwst¸n sunistws¸n tou palioÔ x(k)

 /kai tou nèou dianÔsmatoc pollaplasi�zoume ta mèlh thc (3.13) apì ta arister� epÐ D,
opìte prokÔptei

Dx(k+1) = (L+ U)x(k) + b.
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An t¸ra ektelèsoume tic pr�xeic kai sta dÔo mèlh kai exis¸soume tic i-ostèc sunist¸sec

twn dianusm�twn twn dÔo mel¸n kai lÔsoume wc proc thn i-ost  sunist¸sa x
(k+1)
i tou x(k+1)

paÐrnoume amèswc ìti

x
(k+1)
i = (bi −

n∑
j=1, j ̸=i

aijx
(k)
j )/aii, i = 1(1)n. (3.14)

3.2.2 Mèjodoc Gauss-Seidel

Sthn perÐptwsh thc mejìdou twn Gauss-Seidel kai me b�sh p�nta th di�spash (3.12) epilège-
tai M = D − L. Gia na up�rqei h mèjodoc ja prèpei na up�rqei o antÐstrofoc tou D − L,
pou eÐnai k�tw trigwnikìc pÐnakac. Ara autìc eÐnai antistrèyimoc ann det(D − L) ̸= 0, pou
isodunameÐ me aii ̸= 0, i = 1(1)n, ìpwc akrib¸c kai sth mèjodo tou Jacobi. Akìmh, èna
sÔsthma me pÐnaka suntelest¸n agn¸stwn D − L, lÔnetai me proc ta mprìc antikatast�-
seic (ki apaiteÐ sunolik� pr�xeic pl jouc O(n2)) kai epomènwc eÐnai oikonomikìtero sthn
epÐlus  tou apì èna sÔsthma me pÐnaka suntelest¸n A. IkanopoieÐtai ki o deÔteroc perior-
ismìc s' ì,ti afor� ton M me thn proôpìjesh ìti ikanopoieÐtai o pr¸toc. H mèjodoc twn
Gauss-Seidel eÐnai epomènwc h akìloujh

x(k+1) = (D − L)−1Ux(k) + (D − L)−1b, k = 0, 1, 2, · · · , (3.15)

me x(0) ∈ ICn opoiod pote. Gia th sÔgklish thc mejìdou ja prèpei ρ((D − L)−1U) < 1. Gia
thn eÔresh analutik¸n ekfr�sewn gia tic sunist¸sec tou nèou dianÔsmatoc ergazìmaste
ìpwc kai prin. Dhlad , pollaplasi�zoume apì ta arister� ta mèlh thc (3.15) epÐ D − L,
ekteloÔme tic pr�xeic kai sta dÔo mèlh, exis¸noume tic i-ostèc sunist¸sec twn dÔo mel¸n

kai tèloc lÔnoume wc proc x
(k+1)
i , opìte èqoume

x
(k+1)
i = (bi −

i−1∑
j=1

aijx
(k+1)
j −

n∑
j=i+1

aijx
(k)
j )/aii, i = 1(1)n. (3.16)

3.2.3 Jacobi kai Gauss-Seidel Mèjodoi

An parathr sei kaneÐc prosektik� tic mejìdouc twn Jacobi kai Gauss-Seidel ja deÐ ìti èqoun
p�ra pollèc omoiìthtec kai sugqrìnwc k�poiec shmantikèc diaforèc. IdiaÐtera, autì mporeÐ
na faneÐ, an h (3.14) grafteÐ ètsi ¸ste to �jroisma mèsa sthn parènjesh na diaspasteÐ se
dÔo ajroÐsmata

x
(k+1)
i = (bi −

i−1∑
j=1

aijx
(k)
j −

n∑
j=i+1

aijx
(k)
j )/aii, i = 1(1)n.
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Tìte mporeÐ na diapistwjeÐ to ex c. Gia thn eÔresh miac sunist¸sac x(k+1)
i thc nèac epan�-

lhyhc sth mèjodo tou Jacobi qrhsimopoioÔntai ìlec oi �llec sunist¸sec thc prohgoÔmenhc
epan�lhyhc en¸ sth mèjodo twn Gauss-Seidel qrhsimopoioÔntai ìlec oi epìmenec sunist¸sec
thc prohgoÔmenhc epan�lhyhc kai ìlec oi prohgoÔmenec sunist¸sec thc trèqousac epan�l-
hyhc. Praktik�, sthn Gauss-Seidel qrhsimopoioÔntai ìlec oi pio prìsfatec diajèsimec
sunist¸sec. To teleutaÐo stoiqeÐo Ðswc k�nei th mèjodo twn Gauss-Seidel elkustikìterh
apì aut n tou Jacobi giatÐ “faÐnetai” na pleonekteÐ sthn perÐptwsh sÔgklishc. Autì den
eÐnai p�ntote alhjèc. Up�rqoun peript¸seic ìpou h mèjodoc tou Jacobi sugklÐnei en¸ h
mèjodoc twn Gauss-Seidel apoklÐnei! Akìmh, an p�yei kaneÐc na skèftetai seiriak� (akolou-
jiak�), tìte, an èqoume sth di�jes  mac ènan Upologist  me par�llhlh arqitektonik , sth
men mèjodo tou Jacobi eÐnai dunatìn ìlec oi sunist¸sec thc nèac epan�lhyhc na brejoÔn se
èna qronikì b ma apì ìlec thc prohgoÔmenhc epan�lhyhc en¸ sth mèjodo twn Gauss-Seidel
autì den eÐnai dunatìn. Ap' ì,ti mporeÐ na diapist¸sei kaneÐc apì touc tÔpouc (3.16) gia na

brejeÐ h sunist¸sa x
(k+1)
2 ja prèpei na èqei brejeÐ prohgoumènwc h sunist¸sa x

(k+1)
1 , gia

na brejeÐ h sunist¸sa x
(k+1)
3 ja prèpei na èqoun brejeÐ prohgoumènwc oi sunist¸sec x(k+1)

2

kai x(k+1)
1 k.o.k. Ara, den eÐnai dunatìn na brejoÔn ìlec oi sunist¸sec thc nèac epan�lhyhc

se èna qronikì b ma, ìpwc sthn perÐptwsh thc mejìdou tou Jacobi.

Sth sunèqeia parousi�zoume mia klasik  perÐptwsh ìpou kai oi dÔo mèjodoi sugklÐnoun
kai aforoÔn pÐnakec thc eidik c kathgorÐac twn austhr� diag¸nia upèrterwn kat� grammèc  
kat� st lec. AkoloujeÐ h diatÔpwsh kai apìdeixh miac seir�c prot�sewn mÐa apì tic opoÐec,
pou eÐnai polÔ spoudaiìterhc kai genikìterhc shmasÐac, parousi�zetai wc je¸rhma kai dÐne-
tai qwrÐc apìdeixh.

L mma 3.2 Estw ìti o pÐnakac A ∈ ICn,n eÐnai austhr� diag¸nia upèrteroc kat�
grammèc (|aii| >

∑n
j=1, j ̸=i |aij|, i = 1(1)n) (  kat� st lec (|ajj| >

∑n
i=1, i ̸=j |aij|, j =

1(1)n)). Tìte eÐnai antistrèyimoc.

Apìdeixh: Estw ìti o A, pou eÐnai austhr� diag¸nia upèrteroc kat� grammèc, den eÐnai anti-
strèyimoc. Tìte up�rqei x ∈ ICn \ {0} t.w. Ax = 0. Estw i ∈ {1, 2, · · · , n} o deÐkthc gia
ton opoÐo |xi| = ||x||∞. Apì thn Ax = 0 ja èqoume gia thn i-ost  sunist¸sa tou Ax ìti

n∑
j=1

aijxj = 0 ⇐⇒ aiixi = −
n∑

j=1, j ̸=i

aijxj.

Diair¸ntac ta dÔo mèlh dia |xi|, paÐrnontac apìlutec timèc kai efarmìzontac aplèc idiìthtec
èqoume ìti

|aii| ≤
n∑

j=1, j ̸=i

|aij|
|xj|
|xi|

≤
n∑

j=1, j ̸=i

|aij|,
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afoÔ |xi| = ||x||∞ ≥ |xj|, ∀ j = 1(1)n. Ara o A den mporeÐ na eÐnai austhr� diag¸nia
upèrteroc kat� grammèc, pr�gma pou eÐnai �topo.
An t¸ra o A eÐnai austhr� diag¸nia upèrteroc kat� st lec jewroÔme ton AT , pou eÐnai
austhr� diag¸nia upèrteroc kat� grammèc, opìte isqÔei h prohgoÔmenh apìdeixh. �

ShmeÐwsh: TonÐzetai ìti to antistrèyimo enìc pÐnaka thc kathgorÐac pou exet�sthke
apodeÐqnetai kai me thn apaloif  Gauss, ìpwc autì gÐnetai se Askhsh tou prohgoÔmenou
KefalaÐou.

Je¸rhma 3.2 (Kanonik  morf  Jordan) Gia k�je pÐnaka A ∈ ICn,n up�rqei antistrèy-
imoc pÐnakac S ∈ ICn,n t.w. o S−1AS èqei th morf 

S−1AS = J = diag(J1, J2, · · · , Jp), (3.17)

ìpou

Ji =


λi 1 0 · · · 0 0
0 λi 1 · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · λi 1
0 0 0 · · · 0 λi

 ∈ ICni,ni , i = 1(1)p,

p∑
i=1

ni = n. (3.18)

(ShmeÐwsh: Ektìc apì tuqìn metajèseic twn diag¸niwn blocks tou J, h kanonik  morf 
Jordan (3.17)-(3.18) eÐnai monadik .)

Parathr seic: a) Profan¸c ta λi stic diagwnÐouc twn Ji blocks dÐnoun tic idiotimèc tou
A. b) EÐnai dunatìn oi Ðdiec idiotimèc λi na parousi�zontai se perissìtera apì èna blocks.
g) To pl joc twn grammik� anex�rthtwn idiodianusm�twn tou pÐnaka A eÐnai Ðso me p kai
m�lista k�je èna apì aut� sundèetai me thn pr¸th st lh enìc kai mìnon block tou J . d)
Enac pÐnakac A ∈ ICn,n èqei n grammik� anex�rthta idiodianÔsmata, pou eÐnai oi st lec tou
pÐnaka S, ann o J eÐnai diag¸nioc (dhlad  an ìla ta blocks eÐnai 1× 1 pÐnakec  , isodÔnama,
an p = n). e) Algebrik  pollaplìthta thc idiotim c λ ∈ σ(A) kaleÐtai to sunolikì pl joc
twn idiotim¸n tou A (  tou J) pou eÐnai Ðso me λ, en¸ gewmetrik  pollaplìthta kaleÐtai
h di�stash tou grammikoÔ dianusmatikoÔ q¸rou pou par�getai apì ta grammik� anex�rthta
idiodianÔsmata tou A (eÐnai to Ðdio me to pl joc twn blocks tou J), pou sundèontai me aut n.

Me b�sh thn kanonik  morf  tou Jordan eÐnai t¸ra dunatìn na dojeÐ h apìdeixh tou
Jewr matoc 1.10, to opoÐo diatup¸noume ed¸ gia mia akìmh for�.

Je¸rhma 3.3 ∀ A ∈ ICn,n kai ∀ ϵ > 0 up�rqei fusik  norm || · || t.w. ||A|| ≤ ρ(A) + ϵ.

Apìdeixh: Gia thn apìdeixh, orÐzoume ton pÐnaka

J̃ = D−1JD, D = diag(1, ϵ, ϵ2, · · · , ϵn−1), (3.19)
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ìpou J o pÐnakac pou dÐnetai stic (3.17)�(3.18). EÐnai fanerì ìti o pÐnakac (3.19) ja èqei
mia an�logh morf  aut c thc (3.17) me ta blocks tou antÐstoiqa aut¸n sthn (3.18) me th

mình diafor� ìti oi mon�dec twn Ji ja èqoun antikatastajeÐ apì ϵ stouc J̃i. Sugkekrimèna,

J̃i =


λi ϵ 0 · · · 0 0
0 λi ϵ · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · λi ϵ
0 0 0 · · · 0 λi

 ∈ ICni,ni , i = 1(1)p.

Epomènwc ||J̃i||∞ ≤ |λi|+ ϵ, me austhr  anisìthta na isqÔei ìtan o J̃i, eÐnai 1× 1 block, pou

sunep�getai ||J̃ ||∞ ≤ ρ(J̃) + ϵ. Apì touc orismoÔc twn J̃ kai J èqoume diadoqik� ìti

J̃ = D−1JD = D−1S−1ASD = (SD)−1A(SD) = T−1AT, (3.20)

ìpou tèjhke T = SD. Profan¸c o T ja èqei st lec tic st lec tou S pollaplasiasmènec,
antÐstoiqa, epÐ 1, ϵ, ϵ2, · · ·, ϵn−1.
H apeikìnish, ìmwc, || · || := ||T−1 .||∞ : ICn → IR+,0 eÐnai eÔkolo na apodeiqteÐ ìti orÐzei
mia dianusmatik  norm sto ICn. Estw ||A|| h fusik  norm sto ICn,n pou par�getai apì th
dianusmatik  norm pou mìlic orÐsthke. Gia th fusik  aut  norm ja èqoume diadoqik�

||A|| = maxx∈ICn, ||x||=1 ||Ax|| = maxx∈ICn, ||T−1x||∞=1 ||T−1Ax||∞
= maxT−1x∈ICn, ||T−1x||∞=1 ||T−1AT (T−1x)||∞ = maxT−1x∈ICn, ||T−1x||∞=1 ||J̃(T−1x)||∞
= ||J̃ ||∞ ≤ ρ(A) + ϵ,

pou apodeÐqnei to je¸rhma. �

Orismìc 3.2 Duo pÐnakec A,B ∈ ICn,n lègontai ìmoioi ann up�rqei antistrèyimoc pÐnakac
C ∈ ICn,n tètoioc ¸ste

A = CBC−1.

L mma 3.3 An A,B ∈ ICn,n eÐnai ìmoioi pÐnakec tìte σ(A) = σ(B).

Apìdeixh: Me b�sh ton orismì thc omoiìthtac mporeÐ na prokÔyei amèswc wc pìrisma tou
Jewr matoc 3.2. �

L mma 3.4 Estw A, B ∈ ICn,n kai èstw ìti o ènac apì touc duo, p.q. o A, eÐnai
antistrèyimoc. Tìte isqÔei ìti σ(AB) = σ(BA).
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Apìdeixh: MporeÐ na gÐnei qr sh thc omoiìthtac dÔo pin�kwn. Pragmatik�, tìte o BA kai o
A(BA)A−1 = AB eÐnai ìmoioi kai �ra, me b�sh to prohgoÔmeno l mma, σ(AB) = σ(BA).
�

ShmeÐwsh: H isqÔc tou prohgoÔmenou l mmatoc mporeÐ na deiqteÐ kai sthn perÐptwsh
ìpou amfìteroi oi A kai B eÐnai m  antistrèyimoi pÐnakec. Autì gÐnetai me efarmog  jewrÐac
diatar�xewn kai me b�sh to gegonìc ìti oi idiotimèc, pou eÐnai rÐzec enìc poluwnÔmou, eÐnai
suneqeÐc sunart seic twn stoiqeÐwn tou pÐnaka, dhlad  twn suntelest¸n tou antÐstoiqou
qarakthristikoÔ poluwnÔmou.

Epanerqìmenoi stic epanalhptikèc mejìdouc Jacobi kai Gauss-Seidel mporoÔme na apo-
deÐxoume thn parak�tw prìtash.

Je¸rhma 3.4 An A ∈ ICn,n eÐnai austhr� diag¸nia upèrteroc kat� grammèc (  st lec)
tìte
oi antÐstoiqec mèjodoi twn Jacobi kai Gauss-Seidel sugklÐnoun.

Apìdeixh: ApodeÐqnoume pr¸ta thn isqÔ thc prìtashc gia th mèjodo tou Jacobi kai sthn
perÐptwsh pou o A eÐnai austhr� diag¸nia upèrteroc kat� grammèc. Tìte ja isqÔei

|aii| >
n∑

j=1, j ̸=i

|aij|, i = 1(1)n. (3.21)

Apì thn (3.21) èpetai ìti |aii| > 0 kai �ra aii ̸= 0, i = 1(1)n, pr�gma pou sunep�getai
ìti tìso h mèjodoc tou Jacobi ìso kai aut  twn Gauss-Seidel orÐzontai. O epanalhptikìc
pÐnakac tou Jacobi TJ = D−1(L+ U) ja dÐnetai analutik� apì th

TJ =


0 −a12

a11
· · · −a1n

a11

−a21
a22

0 · · · −a2n
a22

...
...

. . .
...

− an1

ann
− an2

ann
· · · 0

 .

Epomènwc ja èqoume

||TJ ||∞ = max
i=1(1)n

n∑
j=1, j ̸=i

∣∣ −aij
aii

∣∣ = max
i=1(1)n

∑n
j=1, j ̸=i |aij|

|aii|
< 1,

ìpou h teleutaÐa anisìthta isqÔei lìgw thc (3.21). Ara h mèjodoc tou Jacobi sugklÐnei.
Otan o A eÐnai austhr� diag¸nioc upèrteroc kat� st lec, tìte antÐ thc (3.21) èqoume thn

|aii| >
n∑

j=1,j ̸=i

|aji|, i = 1(1)n. (3.22)
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Katarq�c parathroÔme ìti lìgw thc (3.22), ìpwc kai sthn prohgoÔmenh perÐptwsh, ja eÐnai
aii ̸= 0, i = 1(1)n, kai �ra amfìterec oi mèjodoi Jacobi kai Gauss-Seidel orÐzontai. Gia th
mèjodo tou Jacobi èqoume ìti TJ = D−1(L + U), kai epeid  lìgw tou L mmatoc 3.4 eÐnai
σ(D−1(L+ U)) = σ((L+ U)D−1), gia ton pÐnaka T ′

J = (L+ U)D−1 ja isqÔei

||T ′
J ||1 = max

i=1(1)n

n∑
j=1, j ̸=i

∣∣ −aji
aii

∣∣ = max
i=1(1)n

∑n
j=1, j ̸=i |aji|

|aii|
< 1,

ìpou h teleutaÐa anisìthta isqÔei lìgw thc (3.22). Epomènwc ja eÐnai ρ(TJ) = ρ(T ′
J) ≤

||T ′
J ||1 < 1 kai �ra h mèjodoc tou Jacobi sugklÐnei.

Gia th mèjodo twnGauss-Seidel sthn perÐptwsh pou o A eÐnai austhr� diag¸nia upèrteroc
kat� grammèc h mèjodoc thc apìdeixhc eÐnai diaforetik . Estw ìti TGS = (D− L)−1U eÐnai
o epanalhptikìc pÐnakac thc mejìdou gia thn opoÐa upojètoume ìti de sugklÐnei. Tìte ja
up�rqei λ ∈ σ(TGS) t.w. |λ| ≥ 1. Gia thn upìyh idiotim  ja èqoume diadoqik�

0 = det(TGS − λI) = det((D − L)−1U − λI)
⇐⇒ det(U − λ(D − L)) = 0 ⇐⇒ det(D − L− 1

λ
U) = 0.

(3.23)

ApodeÐxame ètsi ìti o pÐnakac A(λ) ≡ D − L − 1
λ
U eÐnai m  antistrèyimoc. Gia ton A(λ)

ìmwc èqoume

n∑
j=1, j ̸=i

|aij(λ)| =
i−1∑
j=1

|aij|+
1

|λ|

n∑
j=i+1

|aij| ≤
n∑

j=1, j ̸=i

|aij| < |aii| = |aii(λ)|,

ìpou h teleutaÐa dexi� anisìthta isqÔei lìgw thc (3.21). Sunep¸c o A(λ) eÐnai austhr�
diag¸nia upèrteroc kat� grammèc kai �ra me b�sh to L mma 3.2 eÐnai antistrèyimoc. Autì
ìmwc antÐkeitai sthn det(D−L− 1

λ
U) = 0, pou brèjhke prohgoumènwc. Epomènwc h mèjodoc

twn Gauss-Seidel sugklÐnei.
Sthn perÐptwsh pou o A eÐnai austhr� diag¸nia upèrteroc kat� st lec h antÐstoiqh apìdeixh
eÐnai parìmoia kai paraleÐpetai. �

3.3 Teqnik  thc Parekbol c (Extrapolation)

Sthn eisagwgik  par�grafo tou parìntoc kefalaÐou perigr�fthke h genik  epanalhptik 
mèjodoc gia th lÔsh tou grammikoÔ sust matoc (3.1). Opwc eÐdame, an ρ(T ) < 1, ìpou T o
epanalhptikìc pÐnakac thc mejìdou, tìte h mèjodoc sugklÐnei alli¸c (ρ(T ) ≥ 1) h mèjodoc
apoklÐnei. Up�rqoun teqnikèc oi opoÐec k�tw apì orismènec proôpojèseic eÐnai dunatìn
na efarmostoÔn se mia sugklÐnousa mèjodo kai na thn k�noun na sugklÐnei (asumptwtik�)
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taqÔtera   se mia apoklÐnousa mèjodo kai na th metatrèyoun, merikèc forèc, se sugklÐnousa.
MÐa apì tic teqnikèc autèc eÐnai kai h teqnik  thc parekbol c (extrapolation).

Upojètoume ìti dÐnetai h epanalhptik  mèjodoc (3.5) gia thn epÐlush tou (3.1). Me b�sh
th di�spash (3.2), apì thn opoÐa pro rje h mèjodoc (3.5), jewroÔme mia nèa di�spash tou
A. Sugkekrimèna thn

A = Mω −Nω, Mω :=
1

ω
M (3.24)

kai ω ∈ IC\{0} mÐa par�metroc pou ja kaleÐtai efex c par�metroc thc parekbol c (extrapola-
tion). Efìson sthn arqik  mèjodo o rujmist c pÐnakac M ikanopoieÐ touc duo basikoÔc
periorismoÔc, dhlad  eÐnai antistrèyimoc kai èna sÔsthma me pÐnaka suntelest¸n agn¸stwn
M eÐnai oikonomikìtero sth lÔsh tou apì èna �llo me pÐnaka suntelest¸n agn¸stwn A,
eÐnai fanerì apì ton orismì touMω ìti kai o pÐnakac autìc plhroÐ autoÔc touc periorismoÔc.
Me b�sh th di�spash (3.24) to nèo epanalhptikì sq ma ja eÐnai to parak�tw

x(k+1) = Tωx
(k) + cω, k = 0, 1, 2, · · · , (3.25)

me x(0) ∈ ICn opoiod pote, ìpou

Tω := M−1
ω Nω ≡ (1− ω)I + ωT, cω := ωc. (3.26)

EÐnai fanerì ìti gia ω = 1, Mω ≡ M , Tω ≡ T kai cω ≡ c. Me �lla lìgia to nèo genikeumèno
epanalhptikì sq ma, pou proteÐnetai, periorÐzetai sto arqikì. Epeid  ìmwc den tèjhke kaneÐc
periorismìc sto ω ektìc apì to na mhn eÐnai mhdèn sumperaÐnetai ìti o epanalhptikìc al-
gìrijmoc (3.25) perigr�fei mÐa oikogèneia epanalhptik¸n algìrijmwn ènac apì touc opoÐouc
eÐnai kai o arqikìc.

EÐnai eÔkolo na diapistwjeÐ ìti oi pÐnakec Tω kai T èqoun ta Ðdia idiodianÔsmata oi de
idiotimèc touc sundèontai me th sqèsh

µ = 1− ω + ωλ, λ ∈ σ(T ), µ ∈ σ(Tω).

P.q., an λ ∈ σ(T ) kai x eÐnai to antÐstoiqo idiodi�nusma èqoume

Tωx = ((1− ω)I + ωT )x = (1− ω)x+ ωλx = (1− ω + ωλ)x,

opìte µ = 1 − ω + ωλ ∈ σ(Tω) me antÐstoiqo idiodi�nusma x. AntÐstrofa, an µ ∈ σ(Tω)
me antÐstoiqo idiodi�nusma x, tìte apì thn (3.26) prokÔptei ìti T = (1− 1

ω
)I + 1

ω
Tω, opìte

Tx = ((1− 1
ω
)I+ 1

ω
Tω)x = (1− 1

ω
+ 1

ω
µ)x apì thn opoÐa sumperaÐnoume ìti λ = 1− 1

ω
+ 1

ω
µ ∈

σ(T ) me antÐstoiqo idiodi�nusma x. H teleutaÐa sqèsh twn idiotim¸n mporeÐ na grafteÐ kai wc
µ = 1−ω+ωλ. Ara gia thn eÔresh tou kalÔterou dunatoÔ parekballìmenou (extrapolated)
epanalhptikoÔ sq matoc eÐnai fanerì ìti ja prèpei na brejeÐ h tim  tou ω pou elaqistopoieÐ
th ρ(Tω) kai epomènwc na lujeÐ to akìloujo prìblhma beltistopoÐhshc

min
ω∈IC\{0}

ρ(Tω) ≡ min
ω∈IC\{0}

max
λ∈σ(T )

|1− ω + ωλ|. (3.27)
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To prìblhma beltistopoÐhshc pou parousi�zetai sthn (3.27) den eÐnai p�nta tìso eÔkolo na
lujeÐ, pèra apì to gegonìc fusik� ìti apaiteÐtai h gn¸sh tou σ(T ). Genik� eÐnai duskolìtero
kai poluplokìtero prìblhma apì autì thc epÐlushc tou arqikoÔ sust matoc (3.1). MporeÐ
na apodeiqteÐ ìti an eÐnai gnwstì èna kurtì polÔgwno sto kleistì eswterikì tou opoÐou
brÐsketai to σ(T ), kai den perièqei to shmeÐo (1, 0) tou migadikoÔ epipèdou, tìte to prìblhma
(3.27) lÔnetai kai m�lista monos manta. Mia tètoia apl  perÐptwsh parousi�zoume sth
sunèqeia.

Par�deigma: Estw ìti dÐnetai to sÔsthma (3.1) kai gia thn arijmhtik  epÐlus  tou jew-
reÐtai o epanalhptikìc algìrijmoc (3.5). Estw akìmh ìti o epanalhptikìc pÐnakac T èqei
pragmatikèc idiotimèc λi i = 1(1)n, diatetagmènec wc ex c

λ1 ≤ λ2 ≤ · · · ≤ λn.

Gia thn epÐlush tou dojèntoc sust matoc, mazÐ me ton epanalhptikì algìrijmo (3.5), jew-
roÔme kai ton antÐstoiqo parekballìmeno

x(k+1) = [(1− ω)I + ωT ]x(k) + ωb, k = 0, 1, 2, . . . , (3.28)

me x(0) ∈ ICn opoiod pote, ìpou ω ∈ IR\{0} h par�metroc thc parekbol c. ZhteÐtai na
brejoÔn: a) Oi sunj kec tic opoÐec prèpei na ikanopoioÔn oi idiotimèc tou epanalhptikoÔ pÐ-
naka T ¸ste o arqikìc algìrijmoc (3.5) na sugklÐnei. b) Olec oi timèc thc paramètrou parek-
bol c ω ¸ste o parekballìmenoc algìrijmoc (3.28) na sugklÐnei. kai g) H bèltisth tim  thc
paramètrou parekbol c kaj¸c kai aut  thc bèltisthc fasmatik c aktÐnac tou epanalhptikoÔ
pÐnaka tou parekballìmenou algìrijmou.
a) Gia na sugklÐnei o arqikìc algìrijmoc ja prèpei h fasmatik  aktÐna tou epanalhtikoÔ
pÐnaka na ikanopoieÐ th sunj kh ρ(T ) < 1. Epeid  h di�taxh twn idiotim¸n tou T dÐnetai
ja èqoume profan¸c ρ(T ) = max{|λ1|, |λn|} < 1, ki autì giatÐ ta prìshma twn akraÐwn
idiotim¸n den eÐnai gnwst�. Sthn opoiad pote perÐptwsh, kai lìgw thc di�taxhc twn (prag-
matik¸n) idiotim¸n, h anagkaÐa kai ikan  sunj kh gia thn epizhtoÔmenh sÔgklish ja eÐnai
−1 < λ1 ≤ λn < 1.
b) Opwc eÐnai gnwstì, oi idiotimèc tou epanalhptikoÔ pÐnaka Tω = (1−ω)I+ωT , tou parek-
ballìmenou epanalhptikoÔ algìrijmou (3.28), dÐnontai apì tic ekfr�seic 1 − ω + ωλi, i =
1(1)n. Ara gia th sÔgklish tou parekballìmenou algìrijmou ja prèpei na isqÔei

|1− ω + ωλi| = |1− ω(1− λi)| < 1, i = 1(1)n. (3.29)

ParathroÔme ìti h di�taxh twn idiotim¸n 1 − ω + ωλi, i = 1(1)n, exartiètai apì to an to
prìshmo tou ω. Sth sunèqeia ja exet�soume mìno thn perÐptwsh tou ω > 0, ta de antÐstoiqa
apotelèsmata thc perÐptwshc ω < 0 ja dojoÔn kateujeÐan qwrÐc th sqetik  an�lush pou
akoloujeÐ ta Ðdia b mata me aut n thc ω > 0. Gia ω > 0 kai lìgw thc di�taxhc twn
λi, i = 1(1)n, ja èqoume

1− ω(1− λ1) ≤ 1− ω(1− λ2) ≤ · · · ≤ 1− ω(1− λn).
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Sunep¸c gia th sÔgklish tou algìrijmou (3.28) ja prèpei na isqÔei

−1 < 1− ω(1− λ1) ≤ 1− ω(1− λn) < 1, (3.30)

oi opoÐec dÐnoun, isodÔnama,

λn < 1, ω <
2

1− λ1

, (3.31)

h dexi� kai h arister  sqèsh, antÐstoiqa. Ara gia λn < 1 èqoume thn epizhtoÔmenh sÔgk-

lish gia k�je ω ∈
(
0, 2

1−λ1

)
. (Shmei¸seic: 1) Gia ω < 0 mporeÐ na brejeÐ ìti h sÔgklish

petuqaÐnetai, efìson λ1 > 1 gia k�je ω ∈
(

2
1−λn

, 0
)
. 2) Opwc kajÐstatai fanerì an

isqÔei λ1 ≤ 1 ≤ λn den eÐnai dunatìn na up�rxei sugklÐnwn parekballìmenoc epanalhp-
tikìc algìrijmoc.) H fasmatik  aktÐna tou epanalhptikoÔ pÐnaka Tω tou parekballìmenou
algìrijmou ja dÐnetai apì th

ρ(Tω) = max{|1− ω(1− λ1)|, |1− ω(1− λn)|} (3.32)

Gia thn eÔresh thc megalÔterhc apì tic duo posìthtec sthn parap�nw èkfrash tou maxi-
mum sqhmatÐzoume th diafor�

|1− ω(1− λ1)|2 − |1− ω(1− λn)|2 = (2− ω(2− (λn + λ1)))ω(λ1 − λn).

An exairèsoume thn tetrimmènh perÐptwsh ìpou λn = λ1, opìte oi duo akraÐec timèc sto
maximum eÐnai Ðsec kai exet�zetai eÔkola, tìte èqoume

sign (|1− ω(1− λ1)| − |1− ω(1− λn)|) = sign (ω(2− (λn + λ1))− 2) . (3.33)

Apì tic sqèseic (3.30) prokÔptei ìti λn+λ1 < 2 kai �ra gia na apofanjoÔme gia to prìshmo
thc dexi� èkfrashc thc (3.33) ja prèpei na exetasteÐ h jèsh tou ω se sqèsh me to kl�sma

2
2−(λn+λ1)

. Etsi èqoume gia ω ≤ 2
2−(λn+λ1)

to prìshmo thc proanaferjeÐsac èkfrashc eÐnai

to ≥ 0 en¸ gia ω ≥ 2
2−(λn+λ1)

to prìshmo eÐnai ≤ 0. Sthn pr¸th perÐptwsh èqoume apì thn

(3.32), kai lìgw twn (3.31), ìti

ρ(Tω) = |1− ω(1− λ1)| = 1− ω(1− λ1).

H teleutaÐa èkfrash eÐnai fjÐnousa sun�rthsh tou ω kai �ra to el�qisto thc fasmatik c

aktÐnac ρ(Tω) sto di�sthma ω ∈
(
0, 2

2−(λn+λ1)

)
petuqaÐnetai gia ω = 2

2−(λn+λ1)
. H an-

tÐstoiqh an�lush gia ω ≥ 2
2−(λn+λ1)

odhgeÐ sto ìti h ρ(Tω) eÐnai aÔxousa sto di�sthma

ω ∈
(

2
2−(λn+λ1)

, 1
1−λ1

)
. Ara gia tic zhtoÔmenec bèltistec timèc èqoume telik� ìti

ω∗ =
2

2− (λn + λ1)
, ρ(Tω∗) =

λn − λ1

2− (λn + λ1)
. (3.34)
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(Shmei¸seic: 1) Gia ω < 0 me an�logh an�lush katal goume sta akìlouja telik� apotelès-
mata

ω∗ =
2

(λn + λ1)− 2
, ρ(Tω∗) =

λn − λ1

(λn + λ1)− 2
. (3.35)

2) Ara kai gia tic duo peript¸seic, ìpou λn < 1 kai ω > 0   λ1 > 1 kai ω < 0, èqoume
bèltista apotelèsmata ta parak�tw

ω∗ =
2

2− (λn + λ1)
, ρ(Tω∗) =

λn − λ1

|2− (λn + λ1)|
. (3.36)

3) Tèloc, shmei¸noume ìti kai h tetrimmènh perÐptwsh λ1 = λn ̸= 1 mporeÐ na sumperilhfteÐ
stic duo parap�nw kai �ra oi genikoÐ tÔpoi gia ta bèltista stoiqeÐa tou parekballìmenou
algìrijmou (3.28) dÐnontai apì aut� twn (3.36).

H teqnik  thc extrapolation mporeÐ na efarmosteÐ se k�je epanalhptik  mèjodo thc
genik c morf c (3.5), pou perigr�yame. Etsi mporeÐ na efarmosteÐ tìso sth mèjodo Jacobi
ìso kai sth mèjodo Gauss-Seidel. Gia thn extrapolated Jacobi ja èqoume se morf  pin�kwn

x(k+1) = [(1− ω)I + ωD−1(L+ U)]x(k) + ωD−1b = D−1(D − ωA)x(k) + ωD−1b,
k = 0, 1, 2, · · · ,

me x(0) ∈ ICn opoiod pote. Ap' aut n, an ergastoÔme ìpwc sthn perÐptwsh thc apl c mejìdou
Jacobi, mporoÔme na p�roume gia thn i-ost  sunist¸sa thc nèac epan�lhyhc x(k+1) thn
èkfrash

x
(k+1)
i = (1− ω)x

(k)
i + ω

(
bi −

n∑
j=1, j ̸=i

aijx
(k)
j

)
/aii, i = 1(1)n. (3.37)

Gia thn extrapolated Gauss-Seidel ta antÐstoiqa sumper�smata paratÐjentai qwrÐc apìdeixh

x(k+1) = [(1− ω)I + ω(D − L)−1U ] x(k) + ω(D − L)−1b
= (D − L)−1[(D − L)− ωA]x(k) + ω(D − L)−1b,
k = 0, 1, 2, · · · ,

me x(0) ∈ ICn opoiod pote kai

x
(k+1)
i = (1− ω)x

(k)
i + ω

(
bi −

n∑
j=1, j ̸=i

aijx
(k)
j

)
/aii +

i−1∑
j=1

aij(x
(k)
j − x

(k+1)
j )/aii, i = 1(1)n.

(3.38)

ASKHSEIS
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1.: DÐnetai to grammikì sÔsthma Ax = b, A ∈ IRn,n, det(A) ̸= 0, b ∈ IRn. Gia th lÔsh
tou sust matoc jewreÐtai h di�spash A = M −N , kai proteÐnetai o algìrijmoc

Mx(k+1) = Nx(k) + b, k = 0, 1, 2, . . . ,

x(0) ∈ IRn opoiod pote. Na deiqteÐ ìti an ||A−1N || < 1
2
, gia k�poia fusik  norm, o

algìrijmoc pou proteÐnetai sugklÐnei sth lÔsh tou dojèntoc sust matoc.

2.: DÐnetai ìti A ∈ ICn,n. Na deiqteÐ ìti:
a) ρ(A) < 1 ann o I − A eÐnai antistrèyimoc kai h seir�

∑k
i=0 A

i sugklÐnei kaj¸c
k → ∞. (Upìdeixh: Na qrhsimopoihjeÐ h tautìthta

(I − A)
(
I + A+ A2 + · · ·+ Ak−1

)
≡ I − Ak.)

b) Epiplèon, an ρ(A) < 1 tìte

(I − A)−1 =
∞∑
i=0

Ai.

3.: DÐnetai to grammikì sÔsthma Ax = b, ìpou o pÐnakac A eÐnai o A =

 1 2 −2
1 1 1

−1 −1 2

 .

Ti mporeÐ na leqteÐ gia th sÔgklish twn antÐstoiqwn mejìdwn Jacobi kai Gauss-Seidel
gia thn epÐlush tou sust matoc pou dìjhke;

4.: Na exetasteÐ an sugklÐnoun oi mèjodoi Jacobi kai Gauss-Seidel, pou sundèontai me to
grammikì sÔsthma  2 −1 0

−1 2 −1
0 −1 2

 x1

x2

x3

 =

 3
−5
5

 ,

kai na ektelestoÔn dÔo epanal yeic k�je miac me arqikì di�nusma x(0) = [1 1 1]T kai
diathr¸ntac kl�smata stouc upologismoÔc.

5.: DÐnetai o pÐnakac A =

 1 α α
α 1 0
α 0 1

 . Na brejoÔn ìlec oi dunatèc timèc tou α ∈ IR

¸ste:
a) H antÐstoiqh mèjodoc Jacobi na sugklÐnei. kai
b) H mèjodoc Gauss-Seidel na sugklÐnei.
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6.: Na brejoÔn ìlec oi dunatèc timèc tou α ∈ IR ¸ste h epanalhptik  mèjodoc Jacobi,

pou sundèetai me ton pÐnaka A =

 1 α α
α 1 α
α α 1

, na sugklÐnei.

7.: a) Na apodeiqteÐ ìti o epanalhptikìc pÐnakac twn Gauss-Seidel èqei toul�qiston mia
idiotim  Ðsh me mhdèn. kai
b) Na apodeiqteÐ ìti an o epanalhptikìc pÐnakac twn Gauss-Seidel èqei mia idiotim  Ðsh
me th mon�da, tìte o arqikìc pÐnakac A tou sust matoc eÐnai mh antistrèyimoc.

8.: An sto epanalhptikì sq ma x(m+1) = Tx(m) + c, ìpou T ∈ ICn,n, c ∈ ICn kai x(0) ∈
ICn opoiod pote, isqÔei ρ(T ) = 0, na apodeiqteÐ ìti h lÔsh tou sust matoc (I −
T )x = c mporeÐ na brejeÐ akrib¸c! Poioc eÐnai o mikrìteroc arijmìc epanal yewn
pou apaiteÐtai ¸ste na eÐnai bèbaio ìti èqei brejeÐ h akrib c lÔsh tou sust matoc;
(Upìdeixh: Na qrhsimopoihjeÐ h kanonik  morf  Jordan tou T .)

9.: Gia thn epÐlush tou grammikoÔ sust matoc Ax = b, me A ∈ ICn,n, det(A) ̸= 0, b ∈ ICn,
proteÐnetai h epanalhptik  mèjodoc

x(k+1) = (I − A)x(k) + b, k = 0, 1, 2, . . . , (3.39)

x(0) ∈ ICn opoiod pote, kaj¸c kai h akìloujh

x(k+1) = (I − ωA)x(k) + ωb, k = 0, 1, 2, . . . , (3.40)

x(0) ∈ ICn opoiod pote. DÐnetai, epiplèon, ìti o pÐnakac A èqei mìno dÔo diakritèc
idiotimèc tic: i) −10, −5, ii) −5, 5, kai iii) 5, 10.
a) Na apodeiqteÐ ìti h mèjodoc (3.39) apoklÐnei kai stic treic peript¸seic. kai
b) Na brejoÔn ìlec oi pragmatikèc timèc tou ω se k�je mÐa perÐptwsh, an up�rqoun,
¸ste h antÐstoiqh mèjodoc (3.40) na sugklÐnei.

10.: Na apodeiqtoÔn oi tÔpoi twn mejìdwn thc Extrapolated Jacobi (3.37) kai thc Ex-
trapolated Gauss-Seidel (3.38), antÐstoiqa.

11.: DÐnetai to grammikì sÔsthma Ax = b, ìpou A =

[
1 4

−4 1

]
.

a) Na apodeiqteÐ ìti h mèjodoc Jacobi apoklÐnei.
b) Na brejoÔn ìlec oi dunatèc timèc ω ∈ IR ¸ste h parekballìmenh mèjodoc Jacobi
na sugklÐnei. kai
g) Na brejeÐ h bèltisth par�metroc parekbol c ω.
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12.: Gia th lÔsh tou sust matoc Ax = b me A =

[
1 2

−1 2

]
proteÐnontai oi mèjodoi

Jacobi, Gauss-Seidel kai h parekballìmenh mèjodoc Gauss-Seidel.
a) Na brejeÐ an oi mèjodoi Jacobi kai Gauss-Seidel sugklÐnoun. kai
b) Na brejoÔn ìlec oi timèc thc paramètrou parekbol c ω ∈ IR gia tic opoÐec h
parekballìmenh mèjodoc Gauss-Seidel sugklÐnei.

13.: DÐnetai to grammikì sÔsthma Ax = b me A =


2 1 0 0
1 2 0 0
0 0 4 1
0 0 1 4

.
a) Na exetastoÔn wc proc th sÔgklish oi mèjodoi Jacobi kai Gauss-Seidel .
b) Na brejoÔn ìlec oi timèc thc paramètrou ω ∈ IR gia tic opoÐec h parekballìmenh
Gauss-Seidel sugklÐnei. kai
g) Na brejeÐ h bèltisth tim  thc paramètrou ω.

14.: DÐnetai to grammikì sÔsthma Ax = b me A =

 1 −1 0
−1 2 −2
0 −2 −2

.
a) Na exetastoÔn wc proc th sÔgklish oi mèjodoi Jacobi kai Gauss-Seidel.
b) Na brejoÔn ìlec oi timèc thc paramètrou ω ∈ IR gia tic opoÐec h Parekballìmenh
Gauss-Seidel sugklÐnei. kai
g) Na brejeÐ h bèltisth tim  thc paramètrou ω.

15.: DÐnetai to grammikì sÔsthma Ax = b me A =

 1 −2 2
−1 1 −1
−2 −2 1

 kai b =

 1
−1
−3

.
a) Na exetastoÔn wc proc th sÔgklish oi mèjodoi Jacobi kai Gauss-Seidel.
b) Na gÐnoun tèsseric epanal yeic me th mèjodo pou sugklÐnei. kai
g) Ti mporeÐ na parathrhjeÐ se ì,ti afor� thn akrÐbeia tou apotelèsmatoc;

16.: Gia thn epÐlush tou grammikoÔ sust matoc (I −T )x = c, T ∈ ICn,n, c ∈ ICn, jewreÐtai
o algìrijmoc x(k+1) = Tx(k) + c, k = 0, 1, 2, . . . , x(0) ∈ ICn opoiod pote, kaj¸c kai
o antÐstoiqoc parekballìmenoc (extrapolated) algìrijmoc me par�metro parekbol c
(extrapolation) ω ∈ IR\{0}. An oi idiotimèc tou T eÐnai µj = iαj, me αj ∈ [−ρ, ρ], j =
1(1)n, na brejoÔn, me b�sh ta dedomèna tou probl matoc, oi “kalÔterec” dunatèc timèc
tou ω kai thc ρ(Tω) (fasmatik  aktÐna tou epanalhptikoÔ pÐnaka tou extrapolated
algìrijmou).
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17.: Gia thn epÐlush tou grammikoÔ sust matoc (I−T )x = c, T ∈ ICn,n, c ∈ ICn, proteÐnetai
to epanalhptikì sq ma

x(k+1) = Tx(k) + c, k = 0, 1, 2, . . . , (3.41)

x(0) ∈ ICn opoiod pote. Estw

x(k+1) = [(1− ω1)I + ω1T ]x
(k) + ω1c, k = 0, 1, 2, . . . , (3.42)

x(0) ∈ ICn opoiod pote, to parekballìmeno sq ma tou (3.41) me par�metro parekbol c
ω1. Na dojeÐ to parekballìmeno sq ma tou (3.42) me par�metro parekbol c ω2 kai na
apodeiqteÐ ìti to nèo sq ma eÐnai èna parekballìmeno sq ma tou (3.41) me par�metro
parekbol c ω = ω1ω2.

18.: DÐnetai h epanalhptik  mèjodoc x(k+1) = Tx(k) + c, k = 0, 1, 2, . . . , T ∈ ICn,n, c ∈ ICn,
x(0) ∈ ICn dosmèno, gia thn epÐlush tou sust matoc (I − T )x = c. Estw ìti oi mìnec
diakritèc idiotimèc tou T eÐnai oi arijmoÐ 0 kai −2.
a) Ti mporeÐ na leqteÐ gia th sÔgklish tou dojèntoc epanalhptikoÔ sq matoc;
b) Na kataskeuasteÐ to parekballìmeno sq ma tou dojèntoc.
g) Na brejoÔn oi timèc thc paramètrou parekbol c ω ∈ IR ¸ste to parekballìmeno
sq ma na sugklÐnei. kai
d) Na brejeÐ h bèltisth tim  thc paramètrou ω kai h antÐstoiqh thc fasmatik c aktÐnac
tou epanalhptikoÔ pÐnaka tou parekballìmenou sq matoc.

3.4 Mèjodoc thc Diadoqik c Uperqal�rwshc (SOR)

H mèjodoc thc Diadoqik c Uperqal�rwshc, gnwst  diejn¸c wc SOR, apì ta arqik� thc
agglik c orologÐac Successive Over-Relaxation, apoteleÐ mia monoparametrik  genÐkeush
thc mejìdou Gauss-Seidel. Sugkekrimèna, jewr¸ntac th di�spash (3.12) me det(D) ̸= 0
orÐzoume to rujmist  pÐnaka wc

Mω =
1

ω
(D − ωL), ω ∈ IC \ {0}, (3.43)

ìpou h par�metroc ω kaleÐtai par�metroc thc uperqal�rwshc (  overrelaxation par�metroc
  SOR par�metroc), opìte eÐnai eÔkolo na brejeÐ ìti h SOR mèjodoc eÐnai h akìloujh

x(k+1) = Lωx
(k) + cω, k = 0, 1, 2, · · · ,

me x(0) ∈ ICn opoiod pote, ìpou

Lω = (D − ωL)−1[(1− ω)D + ωU ], cω = ω(D − ωL)−1b. (3.44)
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Opwc eÐnai fanerì apì thn (3.43), gia ω = 1 h SOR mèjodoc dÐnei aut n twn Gauss-Seidel.
Ja prèpei ìmwc na tonisteÐ ìti h SOR eÐnai diaforetik  apì thn extrapolated Gauss-Seidel
mèjodo kai de ja prèpei na sugqèetai me thn teleutaÐa. Autì mporeÐ na diapistwjeÐ amèswc
an jewr soume tic antÐstoiqec ekfr�seic twn dÔo rujmist¸n, èstw me diaforetikoÔc sum-
bolismoÔc twn antÐstoiqwn paramètrwn, kai touc exis¸soume. P.q., an 1

ω1
(D − ω1L) kai

1
ω2
(D − L) eÐnai oi rujmistèc twn SOR kai extrapolated Gauss-Seidel mejìdwn, antÐstoiqa,

h exÐsws  touc dÐnei amèswc ìti ω1 = ω2 kai (ω2 − 1)L = 0. Opìte prokÔptei ω1 = ω2 = 1,
dhlad  h perÐptwsh thc Gauss-Seidel mejìdou,   ω1 = ω2 kai L = 0, dhlad  Ðdia par�metroc
kai stic dÔo mejìdouc sthn tetrimmènh perÐptwsh pÐnaka A pou eÐnai �nw trigwnikìc.

H analutik  eÔresh thc opoiasd pote sunist¸sac tou dianÔsmatoc x(k+1), mporeÐ na
epiteuqteÐ, me ergasÐa an�logh aut¸n stic prohgoÔmenec klasikèc mejìdouc, ìti dÐnetai apì
thn èkfrash

x
(k+1)
i = (1− ω)x

(k)
i + ω

(
bi −

i−1∑
j=1

aijx
(k+1)
j −

n∑
j=i+1

aijx
(k)
j

)
/aii, i = 1(1)n. (3.45)

MporoÔme na parathr soume ìti h opoiad pote sunist¸sa thc nèac epan�lhyhc dÐnetai sa
barukentrikìc mèsoc ìroc thc Ðdiac sunist¸sac thc prohgoÔmenhc epan�lhyhc kai thc sun-
ist¸sac pou ja brÐskame an efarmìzame gia thn eÔresh thc antÐstoiqhc sunist¸sac th
mèjodo twn Gauss-Seidel.

Gia th sÔgklish thc SOR mejìdou eÐnai dunatìn na brejeÐ mÐa anagkaÐa sunj kh h opoÐa
eÐnai anex�rthth twn idiot twn tou pÐnaka A. Aut  dÐnetai sto parak�tw je¸rhma.

Je¸rhma 3.5 (Kahan) AnagkaÐa sunj kh gia th sÔgklish thc SOR mejìdou eÐnai
h

|ω − 1| < 1, ω ∈ IC ή ω ∈ (0, 2), ω ∈ IR.

Apìdeixh: An λi ∈ σ(Lω), i = 1(1)n, eÐnai oi n idiotimèc tou epanalhptikoÔ pÐnaka thc
SOR ja isqÔei me b�sh gnwst  sqèsh apì th Grammik  Algebra ìti

∏n
i=1 λi = det(Lω).

Antikajist¸ntac thn èkfrash thc Lω apì thn (3.44) mporoÔme na broÔme amèswc ìti∏n
i=1 λi = det ((D − ωL)−1[(1− ω)D + ωU ]) = det((D − ωL)−1) det ((1− ω)D + ωU)

= 1
det(D)

(1− ω)n det(D) = (1− ω)n.

(3.46)
Epeid  eÐnai |

∏n
i=1 λi| =

∏n
i=1 |λi| kai gia th sÔgklish thc SOR mejìdou prèpei na isqÔei

|λi| < 1, i = 1(1)n, prokÔptei amèswc ìti h
∏n

i=1 |λi| < 1 apoteleÐ mia anagkaÐa sunj kh
gia th sÔgklish. Qrhsimopoi¸ntac thn (3.46) sthn anagkaÐa sunj kh, pou mìlic brèjhke,
paÐrnoume to pr¸to sumpèrasma tou jewr matoc. To deÔtero sumpèrasma èpetai amèswc
apì to pr¸to an ω ∈ IR. �
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Up�rqoun pÐnakec A gia touc opoÐouc h anagkaÐa sunj kh, idiaÐtera h ω ∈ (0, 2), gia
ω ∈ IR, eÐnai sugqrìnwc kai ikan . Mia tètoia kathgorÐa pin�kwn eÐnai aut  twn Ermitian¸n
kai jetik� orismènwn. Sugkekrimèna èqoume to parak�tw je¸rhma.

Je¸rhma 3.6 (Reich-Ostrowski-Varga) Estw ìti o A ∈ ICn,n eÐnai Ermitianìc kai jetik�
orismènoc pÐnakac. Tìte gia ω ∈ IR, h sunj kh ω ∈ (0, 2) eÐnai anagkaÐa kai ikan  gia
th sÔgklish thc SOR mejìdou.

Apìdeixh: To gegonìc ìti h sunj kh eÐnai anagkaÐa prokÔptei apì to prohgoÔmeno Je¸rhma
tou Kahan. Gia thn apìdeixh ìti eÐnai kai ikan  proqwroÔme wc ex c. JewroÔme th di�spash
(3.12) kai èstw ìti λ ∈ σ(Lω) me x ∈ ICn \ {0} to antÐstoiqo idiodi�nusma. Apì thn (3.44)
ja èqoume ìti (D − ωL)−1[(1− ω)D + ωU ]x = λx   isodÔnama

[(1− ω)D + ωU ]x = λ(D − ωL)x. (3.47)

Apì thn upìjesh AH = A prokÔptei ìti DH = D ∈ IRn,n kai m�lista aii > 0, i = 1(1)n,
afoÔ o A eÐnai jetik� orismènoc. Akìmh eÐnai LH = U kai fusik� UH = L. Me b�sh thn
(3.47) sqhmatÐzoume ta EukleÐdeia eswterik� ginìmena(

x, [(1− ω)D + ωLH ]x
)
2
= (x, λ(D − ωL)x)2 . (3.48)

Ektel¸ntac pr�xeic sthn (3.48), jètontac a = (x,Ax)2 (> 0), d = (x,Dx)2 (=
∑n

i=1 aii|xi|2 >
0), l = (x, Lx)2 kai l = (x, Lx)2 = (x, LHx)2, èqoume ìti

(1− ω)d+ ωl = λ(d− ωl). (3.49)

Jewr¸ntac ta tetr�gwna twn mètrwn twn mel¸n thc (3.49) mporoÔme na p�roume

(1− ω)2d2 + (1− ω)ωd(l + l) + ω2|l|2 = |λ|2
(
d2 − ωd(l + l) + ω2|l|2

)
. (3.50)

Parathr¸ntac ìti l + l =
(
x, (L+ LH)x

)
2
= (x, (D − A)x)2 = d− a h (3.50) gr�fetai

(1− ω)2d2 + (1− ω)ωd(d− a) + ω2|l|2 = |λ|2
(
d2 − ωd(d− a) + ω2|l|2

)
  isodÔnama

(1− ω)d2 − (1− ω)ωda+ ω2|l|2 = |λ|2
(
(1− ω)d2 + ωda+ ω2|l|2

)
. (3.51)

O deÔteroc par�gontac tou deÔterou mèlouc thc (3.51) eÐnai h èkfrash |(x, (D − ωL)x)2|
2

= |d − ωl|2 dosmènh analutik�. Aut  eÐnai p�nta jetik . GiatÐ an d − ωl = 0, tìte kai
(1 − ω)d + ωl = 0 apì thn (3.49), opìte afair¸ntac th deÔterh isìthta apì thn pr¸th
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mporeÐ na prokÔyei ìti ωa = 0, pr�gma pou eÐnai �topo afoÔ ω ̸= 0 kai a > 0. LÔnontac
telik� wc proc |λ|2, mporoÔme na p�roume

|λ|2 = 1− ω(2− ω)da

(1− ω)d2 + ωda+ ω2|l|2
< 1. (3.52)

H dexi� anisìthta isqÔei apì thn upìjesh ìti ω ∈ (0, 2), pr�gma pou apodeÐqnei thn prìtas 
mac. �
ShmeÐwsh: EÐnai axioshmeÐwto ìti h (3.52) pèra apì to ikanì thc dojeÐsac sunj khc apodeÐqnei
sugqrìnwc kai to anagkaÐo.

Pìrisma 3.3 (Reich) K�tw apì tic proôpojèseic tou jewr matoc h mèjodoc twn
Gauss-Seidel sugklÐnei.

PÐnakec gia touc opoÐouc prokÔptoun parapèra idiìthtec gia thn SOR mèjodo an koun
se pollèc kathgorÐec. MÐa apì autèc, h opoÐa mac epitrèpei k�tw apì orismènec proôpo-
jèseic na brÐskoume thn taqÔtera sugklÐnousa SOR mèjodo, eÐnai kai aut  pou dÐnoume kai
exet�zoume sth sunèqeia.

Orismìc 3.3 Enac m  diag¸nioc pÐnakac A ∈ ICn,n, me aii ̸= 0, i = 1(1)n, kaleÐtai dikuk-
likìc ann up�rqei metajetikìc pÐnakac P t.w.

PAP T =

[
D1 B
C D2

]
, (3.53)

ìpou D1 kai D2 diag¸nioi pÐnakec, ìqi aparaÐthta Ðdiwn diast�sewn.

ShmeÐwsh: H idiìthta thc orisjeÐsac dikuklikìthtac eÐnai gnwst  kai wc “idiìthta A tou
Young”.

PÐnakec dikuklikoÐ pou apantioÔntai sthn pr�xh eÐnai, metaxÔ �llwn, autoÐ pou eÐnai  dh
sth morf  (3.53) kaj¸c kai oi tridiag¸nioi me m  mhdenik� diag¸nia stoiqeÐa. To gegonìc
ìti oi teleutaÐoi pÐnakec mporoÔn na tejoÔn sth morf  (3.53) apodeÐqnetai eÔkola arkeÐ na
jewr soume wc P ton pÐnaka me P T = [e1 e3 e5 · · · e2 e4 · · ·].

Orismìc 3.4 Estw A ∈ ICn,n dikuklikìc. Jewr¸ntac th di�spash (3.12), o A ja kaleÐtai
sunep¸c diatetagmènoc ann

σ

(
D−1(αL+

1

α
U)

)
≡ σ

(
D−1(L+ U)

)
, ∀ α ∈ IC \ {0}. (3.54)
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ShmeÐwsh: H sqèsh (3.54), pou anafèretai sto dojènta orismì, mporeÐ na diatupwjeÐ kai
me �llouc trìpouc. P.q. “To f�sma twn idiotim¸n tou pÐnaka D−1(αL+ 1

α
U) tautÐzetai me

to f�sma twn idiotim¸n tou epanalhptikoÔ pÐnaka tou Jacobi, pou antistoiqeÐ ston A”  ,
akìmh, “Oi idiotimèc tou pÐnaka D−1(αL+ 1

α
U) eÐnai anex�rthtec tou α”.

MetaxÔ twn pin�kwn pou ikanopoioÔn ton orismì kai apantioÔntai suqn� sthn pr�xh eÐnai
oi tridiag¸nioi me m  mhdenik� diag¸nia stoiqeÐa kaj¸c kai oi pÐnakec pou èqoun th morf 
tou deÔterou mèlouc thc (3.53). H apìdeixh, ìti oi pÐnakec pou anafèrjhkan, kai pou eÐnai
 dh dikuklikoÐ, eÐnai kai sunep¸c diatetagmènoi, sthrÐzetai ston orismì kai èqei wc ex c sthn
perÐptwsh twn tridiag¸niwn pin�kwn. Estw ìti

A =


a11 a12
a21 a22 a23

. . . . . . . . .
an−1,n−2 an−1,n−1 an−1,n

an,n−1 ann


eÐnai o tridiag¸nioc pÐnakac. JewroÔme to diag¸nio pÐnaka

E = diag

(
1,

1

α
,
1

α2
, · · · , 1

αn−1

)
kai sqhmatÐzoume ton ìmoio proc ton A pÐnaka EAE−1. Gia ton pÐnaka A, pou prèpei na
jewr soume ston orismì (3.54), èqoume

σ

(
D−1(αL+

1

α
U)

)
≡ σ

(
ED−1(αL+

1

α
U)E−1

)
. (3.55)

O pÐnakac tou dexi� f�smatoc sthn parap�nw isodunamÐa, èstw B, eÐnai tridiag¸nioc me
stoiqeÐa thc i-ost c gramm c ta ex c:

bi,i−1 = 1
αi−1

(
α(−ai,i−1

aii
)
)
αi−2 = −ai,i−1

aii
,

bii = 0,

bi,i+1 = 1
αi−1

(
1
α
(−ai,i+1

aii
)
)
αi = −ai,i+1

aii
.

Ta stoiqeÐa ìmwc pou mìlic brèjhkan den eÐnai par� ta stoiqeÐa tou epanalhptikoÔ pÐna-
ka tou Jacobi pou antistoiqeÐ ston pÐnaka A, ìpwc mporeÐ amèswc na epalhjeuteÐ. Ara
σ
(
D−1(αL+ 1

α
U)
)
≡ σ (D−1(L+ U)) kai o A eÐnai dikuklikìc kai sunep¸c diatetagmènoc.

H antÐstoiqh apìdeixh gia ton pÐnaka (3.53) eÐnai aploÔsterh kai paraleÐpetai.

Me b�sh ton orismì tou dikuklikoÔ kai sunep¸c diatetagmènou pÐnaka eÐmaste se jèsh
na apodeÐxoume thn ex c apl  prìtash.
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L mma 3.5 Estw ìti o pÐnakac A ∈ ICn,n eÐnai dikuklikìc kai sunep¸c diatetagmènoc.
Tìte oi di�forec apì to mhdèn idiotimèc tou epanalhptikoÔ pÐnaka tou Jacobi, pou
antistoiqeÐ ston A, emfanÐzontai se antÐjeta zeÔgh.

Apìdeixh: Estw µ ∈ σ (D−1(L+ U)) \ {0}. Apì thn idiìthta tou A èqoume amèswc tic
parak�tw isodunamÐec

µ ∈ σ (D−1(L+ U)) \ {0} ⇐⇒ µ ∈ σ
(
D−1(αL+ 1

α
U)
)
\ {0}, ∀ α ∈ IC \ {0},

⇐⇒ µ ∈ σ
(
D−1(−L+ 1

−1
U)
)
\ {0} ⇐⇒ −µ ∈ σ (D−1(L+ U)) \ {0}. (3.56)

H teleutaÐa sqèsh stic (3.56) apodeÐqnei thn prìtash. �
ShmeÐwsh: MporeÐ na apodeiqteÐ ìti oi m  mhdenikèc idiotimèc tou epanalhptikoÔ pÐnaka tou
Jacobi, pou antistoiqeÐ se èna dikuklikì kai sunep¸c diatetagmèno pÐnaka, emfanÐzontai
se antÐjeta zeÔgh thc Ðdiac pollaplìthtac. (ShmeÐwsh: Gia to teleutaÐo o anagn¸sthc
parapèmpetai sto biblÐo tou Varga [43].)

Sth sunèqeia diatup¸netai kai apodeÐqnetai mia prìtash pou eÐnai Ðswc h spoudaiìterh
apì autèc pou aforoÔn touc dikuklikoÔc kai sunep¸c diatetagmènouc pÐnakec.

Je¸rhma 3.7 Estw ìti o A ∈ ICn,n eÐnai dikuklikìc kai sunep¸c diatetagmènoc. An
µ ∈ σ (D−1(L+ U)) kai λ ̸= 0 ikanopoieÐ th sqèsh

(λ+ ω − 1)2 = ω2µ2λ (3.57)

tìte λ ∈ σ(Lω). AntÐstrofa, an λ ∈ σ(Lω) \ {0} kai µ ikanopoieÐ thn (3.57) tìte µ ∈
σ (D−1(L+ U)) .

Apìdeixh: JewroÔme thn èkfrash det(Lω − λI) kai antikajistoÔme s' aut n thn èkfrash
gia ton epanalhptikì pÐnaka thc SOR apì thn (3.44), opìte mporoÔme na l�boume diadoqik�
efarmìzontac aplèc idiìthtec orizous¸n

det(Lω − λI) = det ((D − ωL)−1[(1− ω)D + ωU ]− λI)
= 1

det(D)
(−1)n det ((λ+ ω − 1)D − ωλL− ωU)

= (−ωλ
1
2 )n det

(
λ+ω−1

ωλ
1
2

I −
(
D−1(λ

1
2L+ 1

λ
1
2
U)
))

.

An tic parap�nw Ðsec orizousiakèc ekfr�seic exis¸soume me to mhdèn tìte apì thn pr¸th
kai thn teleutaÐa èkfrash èqoume amèswc thn isodunamÐa

λ ∈ σ (Lω) \ {0} ⇐⇒ µ ≡ λ+ ω − 1

ωλ
1
2

∈ σ

(
D−1(λ

1
2L+

1

λ
1
2

U)

) (
≡ σ

(
D−1(L+ U)

))
,

(3.58)
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ìpou h teleutaÐa isodunamÐa isqÔei lìgw thc dikuklik c kai sunep¸c diatetagmènhc idiìth-
tac tou pÐnaka A. Apì thn isìthta µ ≡ λ+ω−1

ωλ
1
2
, an uy¸soume sto tetr�gwno, tìte me b�sh

kai to L mma 3.5, prokÔptei h sqèsh (3.57), opìte oi isodunamÐec sthn (3.58) apodeÐqnoun
sugqrìnwc kai ta dÔo skèlh tou jewr matoc. Shmei¸netai pwc an λ = 0 ∈ σ(Lω) kai h
(3.57) ikanopoieÐtai, tìte ja ikanopoieÐtai gia k�je µ, �ra kai gia k�je µ ∈ σ (D−1(L+ U)) ,
kai epiplèon ja eÐnai ω = 1. �

Pìrisma 3.4 Estw ìti o A ∈ ICn,n eÐnai dikuklikìc kai sunep¸c diatetagmènoc kai
èstw ìti TJ kai TGS eÐnai oi epanalhptikoÐ pÐnakec twn mejìdwn Jacobi kai Gauss-Seidel,
antÐstoiqa. An µ ∈ σ(TJ) tìte λ = µ2 ∈ σ(TGS) kai an λ ∈ σ(TGS) \ {0} me λ = µ2 tìte
µ ∈ σ(TJ). Tèloc, isqÔei ìti ρ(TGS) = ρ2(TJ), dhlad  an mÐa apì tic dÔo mejìdouc Jacobi
kai Gauss-Seidel sugklÐnei, tìte ja sugklÐnei kai h �llh kai m�lista h Gauss-Seidel
ja sugklÐnei duo forèc (asumptwtik�) taqÔtera apì thn Jacobi.

Gia dikuklikoÔc kai sunep¸c diatetagmènouc pÐnakec A ∈ ICn,n eÐnai dunatìn, se orismènec
peript¸seic, na brejeÐ h bèltisth SOR mèjodoc. Dhlad , na brejeÐ h tim  thc paramètrou ω
gia thn opoÐa h antÐstoiqh SOR mèjodoc sugklÐnei (asumptwtik�) taqÔtera. Gia to skopì
autì apaiteÐtai gn¸sh eÐte tou f�smatoc twn idiotim¸n tou epanalhptikoÔ pÐnaka tou Ja-
cobi eÐte mìno mèroc tou f�smatoc kai k�poiwn idiot twn tou. H aploÔsterh perÐptwsh
paratÐjetai sth sunèqeia me th morf  jewr matoc.

Je¸rhma 3.8 Estw ìti o pÐnakac A ∈ ICn,n eÐnai dikuklikìc kai sunep¸c diatetagmènoc.
Estw akìmh ìti σ (D−1(L+ U)) ⊂ (−1, 1) kai ìti β := ρ (D−1(L+ U)) (< 1). H bèltisth
tim  ωβ (∈ IR) thc SOR paramètrou dÐnetai apì ton tÔpo

ωβ =
2

1 +
√

1− β2
. (3.59)

Gia thn antÐstoiqh fasmatik  aktÐna isqÔei ìti

ρ(Lω) > ρ(Lωβ
) = ωβ − 1, ∀ ω ̸= ωβ, (3.60)

kai h mèjodoc sugklÐnei ∀ ω ∈ (0, 2).

Apìdeixh: JewroÔme gia tuqaÐo all� sugkekrimèno µ ∈ σ (D−1(L+ U)) \ {0}, (tìte kai
−µ ∈ σ (D−1(L+ U)) \ {0} kai �ra |µ| ∈ σ (D−1(L+ U)) \ {0}) thn exÐswsh (3.57) thn
opoÐa gr�foume analutik� wc proc λ. Dhlad ,

λ2 − (µ2ω2 − 2ω + 2)λ+ (ω − 1)2 = 0. (3.61)



101

H diakrÐnousa thc deuterob�jmiac exÐswshc (3.61) eÐnai h

∆ = µ2ω2(µ2ω2 − 4ω + 4),

me rÐzec wc proc ω tic 0, 2

1+
√

1−µ2
, 2

1−
√

1−µ2
. Epeid  mac endiafèroun timèc tou ω ∈ (0, 2),

pou apoteleÐ thn anagkaÐa sunj kh gia th sÔgklish thc SOR, kai h mình apì tic treic rÐzec
sto di�sthma autì eÐnai h 2

1+
√

1−µ2
èqoume amèswc ìti ∆ > 0, = 0, < 0, antÐstoiqa me

to an ω ∈ (0, 2

1+
√

1−µ2
), ω = 2

1+
√

1−µ2
, ω ∈ ( 2

1+
√

1−µ2
, 2). Stic duo teleutaÐec peript¸seic

èqoume ∆ ≤ 0 gia ω ∈ [ 2

1+
√

1−µ2
, 2) kai epeid  tìte oi duo rÐzec thc (3.61) èqoun to Ðdio

mètro ja eÐnai |λ| = ω − 1. AfoÔ mac endiafèrei na èqoume to mikrìtero dunatìn mètro
gia to λ autì ja sumbaÐnei gia th mikrìterh tim  tou ω, dhlad  gia ω = 2

1+
√

1−µ2
. Gia tic

timèc ω ∈ (0, 2

1+
√

1−µ2
) eÐnai ∆ > 0, h (3.61) èqei rÐzec pragmatikèc m  arnhtikèc (giatÐ to

ginìmenì touc (ω − 1)2 eÐnai m  arnhtikìc arijmìc kai to �jroism� touc µ2ω2 − 2ω + 2 =
1
2
µ2ω2 + 1

2
(µ2ω2 − 4ω + 4) = 1

2
µ2ω2 + 1

2
∆ eÐnai jetikìc) kai �nisec me megalÔterh th

λ =
1

2

(
µ2ω2 − 2ω + 2 + |µ|ω

√
µ2ω2 − 4ω + 4

)
=

1

4

(
|µ|ω +

√
µ2ω2 − 4ω + 4

)2
.

H par�gwgoc aut c wc proc ω eÐnai Ðsh me

dλ

dω
=

1

2
√
µ2ω2 − 4ω + 4

(
|µ|ω +

√
µ2ω2 − 4ω + 4

)(
|µ|
√
µ2ω2 − 4ω + 4− (2− µ2ω)

)
.

(3.62)
ParathroÔme ìti ìloi oi par�gontec tou ginomènou sthn (3.62), ektìc Ðswc tou teleutaÐou,
eÐnai jetikoÐ. Gia ton teleutaÐo dexi� par�gonta èqoume ìti o pr¸toc ìroc eÐnai jetikìc,
ìpwc eÐnai kai o deÔteroc. To teleutaÐo isqÔei diìti 2 − µ2ω > 2(1 − µ2) > 0. Ex�llou
èqoume ìti

sign
(
|µ|
√
µ2ω2 − 4ω + 4− (2− µ2ω)

)
= sign (µ2(µ2ω2 − 4ω + 4)− (2− µ2ω)2)

= sign(µ2 − 1) = −1

kai �ra o teleutaÐoc dexi� par�gontac thc (3.62) eÐnai arnhtikìc. Autì sunep�getai ìti
h sun�rthsh |λ| = λ, pou mac endiafèrei, eÐnai austhr� fjÐnousa sun�rthsh tou ω ∈
(0, 2

1+
√

1−µ2
]. Ara paÐrnei thn el�qisth dunat  tim  thc gia ω = ω|µ| = 2

1+
√

1−µ2
. Aut 

eÐnai h Ðdia tim  gia thn opoÐa h |λ|  tan el�qisth sto di�sthma [ 2

1+
√

1−µ2
, 2). To mèqri stig-

m c sumpèrasma eÐnai ìti gia èna stajerì |µ| ̸= 0 h el�qisth tim  thc fasmatik c aktÐnac
(dhlad  thc m  mikrìterhc apì ta dÔo |λ|) thc SOR mejìdou sto di�sthma (0, 2) eÐnai h
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ρ(Lω|µ|) = ω|µ|−1. Epiplèon parathroÔme ta ex c: a) H deÔterh par�gwgoc thc fasmatik c
aktÐnac |λ| = λ sto di�sthma (0, ω|µ|] mporeÐ na brejeÐ ìti dÐnetai apì thn èkfrash

d2λ
dω2 =(

|µ|(µ2ω2−4ω+4)
1
2−(2−µ2ω)

)[
|µ|((µ2ω2−4ω+4)+2(2−ω))+µ2ω(µ2ω2−4ω+4)

1
2

]
2(µ2ω2−4ω+4)

3
2

,

pou, ìpwc eÐnai fanerì apì th mèqri t¸ra an�lush, eÐnai arnhtik . Ara to gr�fhm� thc
strèfei ta koÐla proc ta k�tw ki akìmh

lim
ω→ω−

|µ|

dρ(Lω)

dω
= −∞.

b) Gia ω ∈ [ω|µ|, 2) h fasmatik  aktÐna (dhlad  h |λ|) ρ(Lω) = ω− 1 aux�netai grammik� sto
di�sthma autì, h de klÐsh tou graf matìc thc eÐnai Ðsh me 1.
Akìmh, gia µ = 0 èqoume λ = 1− ω kai to gr�fhma thc |λ| sto [0, 2] eÐnai èna eujÔgrammo
tm ma |λ| = 1−ω sto [0, 1] kai èna �llo |λ| = ω−1 sto [1, 2] me klÐseic −1 kai 1, antÐstoiqa.
Apì th mèqri t¸ra an�lush kai apì thn parat rhsh ìti gia opoiad pote dÔo µ1 kai µ2, me
|µ1| < |µ2|, èqoume

ρ(Lω(µ1))

{
< ρ(Lω(µ2)) για ω ∈ (0, ω|µ2|),
= ρ(Lω(µ2)) για ω ∈ [ω|µ2|, 2).

Apì thn ìlh mèqri t¸ra melèth prokÔptei ìti gia k�je ω ∈ (0, 2) h fasmatik  aktÐna thc an-
tÐstoiqhc SOR mejìdou ja dÐnetai apì to megalÔtero dunatì |λ| pou antistoiqeÐ, profan¸c,
sto megalÔtero dunatì |µ| = β ∈ σ (D−1(L+ U)) . Epomènwc odhgoÔmaste sto sumpèrasma
ìti gia na broÔme thn “kalÔterh” (bèltisth) fasmatik  aktÐna thc SOR mejìdou ja prèpei
na epilèxoume ekeÐnh apì tic parap�nw gia thn opoÐa to antÐstoiqo ω thn kajist� el�qisth.
Autì ìmwc mporeÐ na epiteuqteÐ, ìpwc apodeÐqthke, gia ω = ωβ = 2

1+
√

1−β2
, pr�gma pou dÐnei

tic ekfr�seic kai tic sqèseic stic (3.59) kai (3.60).

H leptomer c an�lush pou ègine sthn ìlh apìdeixh apodeÐqnei �mesa kai to gegonìc ìti
upì tic proôpojèseic tou jewr matoc h SOR mèjodoc sugklÐnei gia k�je ω ∈ (0, 2). �

ASKHSEIS

1.: An 1 ∈ σ(Lω), ìpou Lω o epanalhptikìc pÐnakac thc SOR mejìdou, tìte o pÐnakac A
me ton opoÐo sundèetai o Lω den eÐnai antistrèyimoc.
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2.: Na apodeiqteÐ o tÔpoc (3.45) thc SOR mejìdou.

3.: Gia thn epÐlush tou grammikoÔ sust matoc Ax = b, me A ∈ ICn,n, det(A) ̸= 0, aii ̸=
0, i = 1(1)n, A = D − L − U , ìpou D,L, U oi gnwstoÐ pÐnakec, b ∈ ICn, proteÐnetai
to epanalhptikì sq ma, me ω ∈ IC\{0},

x(k+1) = Lr,ωx
(k) + cr,ω,

Lr,ω := (D − rL)−1[(1− ω)D + (ω − r)L+ ωU ], cr,ω := ω(D − rL)−1b

a) Na deiqteÐ ìti to proteinìmeno epanalhptikì sq ma epilÔei to dojèn sÔsthma, efì-
son sugklÐnei.
b) Gia poia zeÔgh tim¸n (r, ω) eÐnai dunatìn na lhftoÔn oi mèjodoi: i) Jacobi, ii)
Gauss-Seidel, iii) SOR, iv) Extrapolated Jacobi, v) Extrapolated Gauss-Seidel kai vi)
Extrapolated SOR; kai
g) Poiec eÐnai se k�je perÐptwsh, efìson up�rqoun, oi timèc twn paramètrwn parek-
bol c kai poiec autèc twn paramètrwn uperqal�rwshc;

4.: Na apodeiqteÐ, me opoiod pote trìpo, ìti h mèjodoc SOR, pou antistoiqeÐ ston pÐnaka

A =


4 −1 −1 0

−1 4 0 −1
−1 0 4 −1
0 −1 −1 4

 sugklÐnei ∀ ω ∈ (0, 2).

5.: Na gÐnei (b ma proc b ma) h antÐstoiqh apìdeixh tou Jewr matoc twn Reich-Ostrowski-
Varga gia th mèjodo Gauss-Seidel. Dhlad , an A ∈ ICn,n eÐnai Ermitianìc kai jetik�
orismènoc h antÐstoiqh mèjodoc twn Gauss-Seidel sugklÐnei.

6.: Sto grammikì sÔsthma Ax = b o pÐnakac twn suntelest¸n twn agn¸stwn eÐnai A =
trid(1, 2, 1) ∈ IR4,4. a) Na brejoÔn oi idiotimèc tou epanalhptikoÔ pÐnaka Jacobi pou
sundèetai me ton A.
b) Na dikaiologhjeÐ, me opoiod pote trìpo, ìti h epanalhptik  mèjodoc SOR tou
sust matoc pou dìjhke sugklÐnei gia k�je ω ∈ (0, 2). kai
g) Na dikaiologhjeÐ giatÐ mporeÐ na brejeÐ h bèltisth SOR mèjodoc kai sth sunèqeia
na brejoÔn tìso h bèltisth SOR par�metroc ìso kai bèltisth fasmatik  aktÐna tou
epanalhptikoÔ pÐnaka thc SOR.

7.: DÐnetai to grammikì sÔsthma 2 −1 0
−1 2 −1
0 −1 2

 x1

x2

x3

 =

 2
1
0

 .
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a) Qrhsimopoi¸ntac touc antÐstoiqouc orismoÔc na deiqteÐ ìti o suntelest c pÐnakac
A tou sust matoc eÐnai dikuklikìc kai sunep¸c diatetagmènoc.
b) QwrÐc na brejoÔn oi idiotimèc tou epanalhptikoÔ pÐnaka tou Jacobi, pou antistoiqeÐ
ston A, na deiqteÐ ìti h mèjodoc Jacobi sugklÐnei. kai
g) Na ektelesteÐ mia epan�lhyh thc SOR mejìdou gia thn epÐlush tou sust matoc,
pou dìjhke, qrhsimopoi¸ntac akrib  arijmhtik , me ω = 1.25 kai x(0) = [1 1 1]T .

8.: DÐnetai o pÐnakac

A =

[
In1 B
C In2

]
, B ∈ ICn1,n2 , C ∈ ICn2,n1 .

Na apodeiqteÐ ìti ìlec oi idiotimèc λ ∈ σ(A)\{1} mporoÔn na qwristoÔn se zeÔgh me
�jroisma kajenìc Ðso me 2.

9.: DÐnetai to grammikì sÔsthma Ax = b me A =


2 1 0 0
1 4 1 0
0 1 4 1
0 0 1 2

.
a) Na exetastoÔn wc proc th sÔgklish oi mèjodoi Jacobi kai Gauss-Seidel .
b) Na brejeÐ h bèltisth tim  thc paramètrou ω ∈ IR gia thn SOR mèjodo. kai
g) Na gÐnei sÔgkrish twn tri¸n mejìdwn wc proc thn taqÔthta sÔgklishc.
(Periorismìc: Na gÐnoun akribeÐc pr�xeic diathr¸ntac rizik� kai kl�smata stouc
upologismoÔc.)

10.: DÐnetai to grammikì sÔsthma

x1 −x2 = 2
−x1 +2x2 −x3 = −4

−x2 +4x3 = 5

a) Na exetastoÔn wc proc th sÔgklish oi mèjodoi Jacobi kai Gauss-Seidel kai na brejeÐ
o lìgoc twn mèswn asumptwtik¸n taqut twn sÔgklis c touc. kai
b) Na gÐnoun duo epanal yeic me th mèjodo pou sugklÐnei taqÔtera kai duo epanal yeic
me thn SOR mèjodo me ω = 1.25.

11.: DÐnetai to grammikì sÔsthma Ax = b me A =


2 0 −1 0
0 2 0 −1

−1 0 2 0
0 −1 0 2

 kai b =

[1 1 1 1]T .
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a) Na exetastoÔn wc proc th sÔgklish kai na sugkrijoÔn metaxÔ touc oi mèjodoi
Jacobi, Gauss-Seidel kai bèltisthc SOR me ω ∈ IR. kai
b) Na gÐnoun duo epanal yeic thc SOR me ω = 1.1 kai arqikì di�nusma x(0) = 0,
diathr¸ntac trÐa dekadik� yhfÐa stouc upologismoÔc.

12: An o pÐnakac A ∈ ICn,n eÐnai austhr� diag¸nia upèrteroc kat� grammèc (kat� st lec)
na apodeiqteÐ ìti h SOR mèjodoc, pou eÐnai sundedemènh m' autìn, sugklÐnei gia k�je
ω ∈ (0, 1].

3.5 Summetrik  SOR (SSOR) Epanalhptik  Mèjodoc

H Summetrik  (Symmetric) Mèjodoc thc Diadoqik c Uperqal�rwshc (SSOR) eÐnai mÐa epa-
nalhptik  mèjodoc sthn opoÐa k�je epan�lhyh apoteleÐtai apì dÔo hmi-epanal yeic. Sug-
kekrimèna h pr¸th hmi-epan�lhyh eÐnai mÐa sun jhc SOR mèjodoc en¸ h deÔterh eÐnai mÐa
SOR, ìpou oi rìloi twn pin�kwn L kai U èqoun enallaqteÐ. Sugkekrimèna,

x(k+ 1
2
) = (D − ωL)−1[(1− ω)D + ωU ]x(k) + ω(D − ωL)−1b,

x(k+1) = (D − ωU)−1[(1− ω)D + ωL]x(k+ 1
2
) + ω(D − ωU)−1b.

(3.63)

Gia na grafteÐ h (3.63) sa mÐa klasik  epanalhptik  mèjodoc ja prèpei h èkfrash gia to

x(k+ 1
2
) apì thn pr¸th hmi-epan�lhyh na antikatastajeÐ sth deÔterh, na ektelestoÔn ìlec oi

pr�xeic kai tèloc na grafteÐ aut  sth morf 

x(k+1) = Sωx
(k) + cω, k = 0, 1, 2, · · · , (3.64)

me x(0) ∈ ICn opoiod pote. Met� th diadikasÐa pou mìlic upodeÐqthke mporoÔme na katal x-
oume apì tic (3.63) sthn (3.64), ìpou

Sω = (D − ωU)−1[(1− ω)D + ωL](D − ωL)−1[(1− ω)D + ωU ],
cω = ω(2− ω)(D − ωU)−1D(D − ωL)−1b.

(3.65)

ShmeÐwsh: Gia ω = 1, h SSOR mèjodoc eÐnai gnwst  wc mèjodoc tou Aitken. ApoteleÐtai
tìte apì duì hmi-epanal yeic h pr¸th apì tic opoÐec eÐnai h Gauss-Seidel mèjodoc kai h
deÔterh mÐa Gauss-Seidel me enallagmènouc touc rìlouc twn L kai U.

Gia thn SSOR mèjodo isqÔoun arketèc prot�seic pou eÐnai an�logec antÐstoiqwn thc
SOR medìdou. Merikèc apì autèc dÐnontai kai apodeÐqnontai sth sunèqeia.

Je¸rhma 3.9 Estw A ∈ ICn,n. Gia ω ∈ IC anagkaÐa sunj kh gia th sÔgklish thc SSOR
mejìdou eÐnai h |ω − 1| < 1. Gia ω ∈ IR h anagkaÐa sunj kh gÐnetai ω ∈ (0, 2).



106

Apìdeixh: ArqÐzoume thn apìdeixh, ìpwc kai sthn perÐptwsh tou Jewr matoc tou Kahan
gia thn SOR mèjodo, jewr¸ntac to ginìmeno twn idiotim¸n λi, i = 1(1)n, tou epanalhptikoÔ
pÐnaka SSOR apì tic (3.65). Apì thn pr¸th twn (3.65) ja eÐnai∏n

i=1 λi = det(Sω) = det ((D − ωU)−1[(1− ω)D + ωL](D − ωL)−1[(1− ω)D + ωU ])
= det ((D − ωU)−1) det ([(1− ω)D + ωL]) det ((D − ωL)−1) det ([(1− ω)D + ωU ])
= 1

det(D)
(1− ω)n det(D) 1

det(D)
(1− ω)n det(D) = (1− ω)2n.

(3.66)
Apì thn pr¸th kai thn teleutaÐa èkfrash twn parap�nw isot twn èqoume ìti |

∏n
i=1 λi| =∏n

i=1 |λi| = |1 − ω|2n. Opwc gÐnetai amèswc fanerì gia na èqoume sÔgklish thc SSOR
mejìdou ja prèpei |λi| < 1, i = 1(1)n, kai �ra apì tic prohgoÔmenec isìthtec paÐrnoume
amèswc tic anagkaÐec sunj kec, pou dÐnontai sth diatÔpwsh thc paroÔsac prìtashc. �

Lìgw thc summetrik c morf c pou èqei o epanalhptikìc pÐnakac Sω thc SSOR mejìdou
pollèc forèc mporoÔn na exaqtoÔn sumper�smata gia th mèjodo aut  pio genik� apì ta
antÐstoiqa thc SOR mejìdou. Opwc ja doÔme kai sth sunèqeia eÐnai skopimìtero antÐ
tou epanalhptikoÔ pÐnaka Sω na qrhsimopoioÔntai k�poioi �lloi pÐnakec pou èqoun tic Ðdiec
idiotimèc m' autìn. Enac apì autoÔc eÐnai o ìmoioc proc ton Sω,

S ′
ω = (D−ωU)Sω(D−ωU)−1 = [(1−ω)D+ωL](D−ωL)−1[(1−ω)D+ωU ](D−ωU)−1.

(3.67)
O nèoc pÐnakac S ′

ω mporeÐ na grafteÐ me di�forouc trìpouc qrhsimopoi¸ntac diadoqikoÔc
metasqhmatismoÔc, ìpwc faÐnetai parak�tw. Merikèc apì tic isodÔnamec ekfr�seic tou ja
qrhsimopoihjoÔn sth sunèqeia.

S ′
ω = [(1− ω)D + ωL](D − ωL)−1[(1− ω)D + ωU ](D − ωU)−1

= [(2− ω)D − (D − ωL)](D − ωL)−1[(2− ω)D − (D − ωU)](D − ωU)−1

= [(2− ω)D(D − ωL)−1 − I][(2− ω)D(D − ωU)−1 − I]
= I − (2− ω)D[(D − ωL)−1 + (D − ωU)−1] + (2− ω)2D(D − ωL)−1D(D − ωU)−1

= I − (2− ω)D(D − ωL)−1[(D − ωU) + (D − ωL)− (2− ω)D](D − ωU)−1

= I − ω(2− ω)D(D − ωL)−1A(D − ωU)−1.
(3.68)

Mia prìtash, pou eÐnai antÐstoiqh all� k�pwc genikìterh aut c twn Reich-Ostrowski-
Varga thc SOR, diatup¸netai kai apodeÐqnetai sth sunèqeia afoÔ pr¸ta diatupwjeÐ kai
apodeiqteÐ tupik� èna l mma pou anafèretai sto gnwstì phlÐko tou Rayleigh. Shmei¸netai
ìti mèroc thc apìdeixhc tou l mmatoc èqei  dh dojeÐ sth Basik  JewrÐa kai to Ðdio l mma
èqei dojeÐ wc Askhsh se prohgoÔmeno Kef�laio.

L mma 3.6 Estw ìti o Ermitianìc pÐnakac A ∈ ICn,n èqei tic pragmatikèc idiotimèc tou
λi, i
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= 1(1)n, diatetagmènec ètsi ¸ste λ1 ≤ λ2 ≤ · · · ≤ λn. Tìte gia k�je x ∈ ICn \ {0}
isqÔei

λ1 ≤ (x,Ax)2
(x, x)2

≤ λn. (3.69)

Apìdeixh: Estw xi, i = 1(1)n, ta antÐstoiqa idiodianÔsmata tou A, ta opoÐa mporoÔn na
lhftoÔn ètsi ¸ste na apoteloÔn mia orjokanonik  b�sh. Tìte ja eÐnai x =

∑n
i=1 αix

i, ìpou
αi ∈ IC, i = 1(1)n. Antikajist¸ntac sthn èkfrash tou phlÐkou pou dìjhke ja èqoume

(x,Ax)2
(x,x)2

=
(
∑n

i=1 αix
iH)A(

∑n
i=1 αix

i)

||x||22
=

(
∑n

i=1 αix
iH)(

∑n
i=1 αiλix

i)

||x||22
=

∑n
i=1 λi|αi|2
||x||22

≤ λn

∑n
i=1 |αi|2
||x||22

= λn
||x||22
||x||22

= λn.
(3.70)

Me parìmoio trìpo apodeÐqnetai kai h arister  anisìthta sthn (3.69). �
ShmeÐwsh: H dexi� isìthta stic (3.69) petuqaÐnetai gia x = xn en¸ h arister  gia x = x1.

Je¸rhma 3.10 Estw A ∈ ICn,n Ermitianìc me jetik� diag¸nia stoiqeÐa. Tìte gia
opoiod pote ω ∈ (0, 2) o pÐnakac Sω èqei pragmatikèc m  arnhtikèc idiotimèc. Epiplèon,
an o A eÐnai jetik� orismènoc tìte h SSOR mèjodoc sugklÐnei. AntÐstrofa, an h SSOR
mèjodoc sugklÐnei kai ω ∈ IR, tìte ω ∈ (0, 2), pou eÐnai profanèc, kai o A eÐnai jetik�
orismènoc.

Apìdeixh: Apì thn upìjesh ìti o A eÐnai Ermitianìc ja isqÔei U = LH (L = UH). An

D
1
2 =diag

(
a

1
2
11, a

1
2
22, · · · , a

1
2
nn

)
, ìpou diag(., ., · · · , .) sumbolÐzei diag¸nio pÐnaka me antÐstoiqa

diag¸nia stoiqeÐa ta entìc twn parenjèsewn, tìte, apì tic ekfr�seic (3.68), parathroÔme
ìti o pÐnakac

S ′
ω = [(2− ω)D(D − ωL)−1 − I][(2− ω)D(D − ωU)−1 − I]

èqei tic Ðdiec idiotimèc me ton pÐnaka

S ′
ω
′ = D− 1

2S ′
ωD

1
2 = D

1
2 [(2−ω)(D−ωL)−1−D−1]D

1
2D

1
2 [(2−ω)(D−ωLH)−1−D−1]D

1
2 .

H èkfrash ìmwc pou brèjhke, ∀ x ∈ ICn \ {0} dÐnei ìti gia ton Ermitianì pÐnaka S ′
ω
′ to

eswterikì ginìmeno (x,S ′
ω
′x)2 eÐnai diadoqik� Ðso me tic ekfr�seic(

D
1
2 [(2− ω)(D − ωLH)−1 −D−1]D

1
2x,D

1
2 [(2− ω)(D − ωLH)−1 −D−1]D

1
2x
)
2

=
∣∣∣∣ [(2− ω)D

1
2 (D − ωLH)−1D

1
2 − I]x

∣∣∣∣2
2

≥ 0.
(3.71)
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Apì thn parap�nw teleutaÐa sqèsh èpetai ìti o S ′
ω
′ eÐnai m  arnhtik� orismènoc kai epomènwc

ja èqei, ìpwc kai o ìmoiìc tou Sω, pragmatikèc m  arnhtikèc idiotimèc.

Estw ìti o A eÐnai jetik� orismènoc. Eqontac upìyh tic (3.68), h èkfrash S ′
ω
′ = D− 1

2S ′
ωD

1
2

gr�fetai kai wc ex c

S ′
ω
′ = I − ω(2− ω)D

1
2 (D − ωL)−1A(D − ωLH)−1D

1
2 .

Omwc, ω(2− ω) > 0 kai

∀ x ∈ ICn \ {0} ⇐⇒ ∀ y = (D − ωLH)−1D
1
2x ∈ ICn \ {0}

isqÔei ìti yHAy > 0, afoÔ o A eÐnai jetik� orismènoc, �ra o pÐnakac ω(2 − ω)D
1
2 (D −

ωL)−1A(D − ωLH)−1D
1
2 ja eÐnai ki autìc jetik� orismènoc kai epomènwc ja èqei jetikèc

idiotimèc. To teleutaÐo sumpèrasma sunep�getai ìti o S ′
ω
′, �ra kai o Sω, ja èqei pragmatikèc

idiotimèc austhr� mikrìterec apì th mon�da. Epeid , ìpwc apodeÐqthke, èqei kai pragmatikèc
m  arnhtikèc idiotimèc ta dÔo aut� sumper�smata odhgoÔn sto telikì sumpèrasma ìti h SSOR
sugklÐnei.
AntÐstrofa, an h SSOR sugklÐnei tìte asfal¸c ω ∈ (0, 2) apì thn anagkaÐa sunj kh.
An o Ermitianìc pÐnakac A den eÐnai jetik� orismènoc tìte ja èqei mÐa toul�qiston idiotim 
λ ≤ 0. Estw x to antÐstoiqo idiodi�nusma, opìte Ax = λx, x ∈ ICn \ {0}. Omwc, apì thn

teleutaÐa dexi� èkfrash stic (3.68), gia ton Ermitianì pÐnaka S ′
ω
′ = D− 1

2S ′
ωD

1
2 , èqoume an

y = D− 1
2 (D − ωLH)x (∈ ICn \ {0})

(y,S ′
ω
′y)2

(y, y)2
= 1− λω(2− ω)(x, x)2

(y, y)2
≥ 1.

All� h teleutaÐa anisìthta odhgeÐ se �topo diìti apì to phlÐko tou Rayleigh (L mma 3.6)

gnwrÐzoume ìti gia ton Ermitianì pÐnaka S ′
ω
′ o lìgoc (y,S′

ω
′y)2

(y,y)2
brÐsketai metaxÔ thc mikrìterhc

kai megalÔterhc idiotim c tou. Ara h megalÔterh idiotim  tou ja  tan tìte megalÔterh  
Ðsh apì th mon�da kai epomènwc h SSOR de ja sunèkline. Sunep¸c o pÐnakac A eÐnai jetik�
orismènoc. �

KleÐnoume to parìn kef�laio me thn perÐptwsh ìpou o A ∈ ICn,n sumbaÐnei na eÐnai
dikuklikìc kai sunep¸c diatetagmènoc thc eidik c morf c

A =

[
D1 B
C D2

]
, (3.72)

ìpou oi D1 ∈ ICn1,n1 , D2 ∈ ICn2,n2 , me n1 + n2 = n, det(D1) det(D2) ̸= 0, eÐnai diag¸nioi.
Profan¸c sth sugkekrimènh perÐptwsh èqoume

D =

[
D1 0
0 D2

]
, L =

[
0 0

−C 0

]
, U =

[
0 −B
0 0

]
. (3.73)
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O epanalhptikìc pÐnakac Sω thc SSOR mejìdou ja dÐnetai kai p�li apì thn èkfrash sthn
(3.65). Qrhsimopoi¸ntac ton ìmoiì tou S ′

ω thc (3.67) kai met� ton ìmoio proc ton S ′
ω,

S̃ ′
ω = D−1S ′

ωD mporoÔme na metasqhmatÐsoume ton teleutaÐo kai wc ex c:

S̃ ′
ω = [(1− ω)I + ωL̃](I − ωL̃)−1[(1− ω)I + ωŨ ](I − ωŨ)−1,

ìpou

L̃ =

[
0 0

−D−1
2 C 0

]
, Ũ =

[
0 −D−1

1 B
0 0

]
.

Jètontac L = −D−1
2 C kai U = −D−1

1 B, stic parap�nw ekfr�seic gia ton S̃ ′
ω, kai ekte-

l¸ntac ìlec tic dunatèc pr�xeic katal goume se mia nèa èkfrash gia ton S̃ ′
ω, pou eÐnai h

akìloujh

S̃ ′
ω =

[
(1− ω)2In1 (1− ω)ω(2− ω)U

(1− ω)ω(2− ω)L (1− ω)2In2 + ω2(2− ω)2LU

]
, (3.74)

ìpou ja prèpei na shmeiwjeÐ pwc endi�mesa qrhsimopoi jhke to gegonìc ìti (I − ωL̃)−1 =

I + ωL̃ kai (I − ωŨ)−1 = I + ωŨ, afoÔ L̃2 = 0 kai Ũ2 = 0.

H sqèsh (3.74) mporeÐ na grafteÐ isodÔnama kai wc ex c:

1

ω(2− ω)
(S̃ ′

ω − (ω − 1)2I) =

[
0 (1− ω)U

(1− ω)L ω(2− ω)LU

]
. (3.75)

Me b�sh thn (3.75) prospajoÔme t¸ra na broÔme sqèsh pou na sundèei tic idiotimèc λ tou

pÐnaka Sω,   tou omoÐou tou S̃ ′
ω, me tic idiotimèc µ tou epanalhptikoÔ pÐnaka tou Jacobi tou

pÐnaka A.

Estw ìti µ eÐnai mÐa m  mhdenik  idiotim  tou epanalhptikoÔ pÐnaka tou Jacobi kai x =
[xT

1 xT
2 ]

T ∈ ICn \ {0}, x1 ∈ ICn1 , x2 ∈ ICn2 , to antÐstoiqo idiodi�nusma. Ja isqÔei[
0 U
L 0

] [
x1

x2

]
= µ

[
x1

x2

]
  isodÔnama

Ux2 = µx1 και Lx1 = µx2, (3.76)

apì tic opoÐec prokÔptei
LUx2 = µ2x2. (3.77)

EÐnai ìmwc, x2 ̸= 0. GiatÐ an x2 = 0, tìte epeid  µ ̸= 0 apì t n pr¸th twn (3.76) ja
proèkupte x1 = 0. Autì ìmwc antÐkeitai sthn upìjes  mac ìti to x eÐnai idiodi�nusma tou
epanalhptikoÔ pÐnaka tou Jacobi. Ara, apì thn (3.77) prokÔptei ìti to x2 eÐnai idiodi�nusma
tou pÐnaka LU me antÐstoiqh idiotim  µ2. Epanerqìmenoi sth sqèsh (3.75) parathroÔme
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amèswc pwc an λ eÐnai mia idiotim  tou pÐnaka Sω   isodÔnama tou S̃ ′
ω tìte mia idiotim  tou

pÐnaka tou pr¸tou mèlouc thc (3.75) ja eÐnai h ν = λ−(ω−1)2

ω(2−ω)
. H ν ja eÐnai kai idiotim  tou

pÐnaka tou deÔterou mèlouc thc (3.75). Estw y = [yT1 yT2 ]
T ∈ ICn \ {0}, y1 ∈ ICn1 , y2 ∈ ICn2 ,

to antÐstoiqo idiodi�nusma. Antikajist¸ntac sth sqèsh[
0 (1− ω)U

(1− ω)L ω(2− ω)LU

] [
y1
y2

]
= ν

[
y1
y2

]
èqoume isodÔnama ìti

(1− ω)Uy2 = νy1 και (1− ω)Ly1 + ω(2− ω)LUy2 = νy2, (3.78)

apì tic opoÐec gia ν ̸= 0 (⇐⇒ λ ̸= (1− ω)2) paÐrnoume y1 = (1−ω)
ν

Uy2. Antikajist¸ntac
sth deÔterh twn (3.78) èqoume telik� ìti[

(1− ω)2 + ω(2− ω)ν
]
LUy2 = ν2y2. (3.79)

H teleutaÐa exÐswsh, epeid  y2 ̸= 0, me to Ðdio ìpwc kai prin skeptikì gia ta x2 kai x1, dÐnei
ìti h èkfrash ν2

(1−ω)2+ω(2−ω)ν
eÐnai mia m  mhdenik  idiotim  tou LU kai �ra Ðsh me µ2. Apì

thn teleutaÐa parat rhsh prokÔptei h isìthta(
λ− (ω − 1)2

)2
= ω2(2− ω)2λµ2, (3.80)

pou eÐnai telik� h sqèsh pou sundèei tic idiotimèc twn epanalhptik¸n pin�kwn Jacobi kai
SSOR sthn perÐptwsh pou exet�same. Sugkekrimèna èqoume:

Je¸rhma 3.11 Estw ìti o A ∈ ICn,n eÐnai thc morf c (3.72). An λ ∈ σ(Sω)\{(ω−1)2}
kai µ (̸= 0) ikanopoieÐ thn (3.80) tìte h µ eÐnai idiotim  tou antÐstoiqou epanalhptikoÔ
pÐnaka tou Jacobi. AntÐstrofa, an µ ( ̸= 0) eÐnai idiotim  tou epanalhptikoÔ pÐnaka tou
Jacobi, pou antistoiqeÐ ston A, kai λ(̸= (ω − 1)2) ikanopoieÐ thn (3.80) tìte λ ∈ σ(Sω).

An oi idiotimèc tou epanalhptikoÔ pÐnaka tou Jacobi, pou antistoiqeÐ ston pÐnaka A thc
prohgoÔmenhc perÐptwshc pou exet�sthke, eÐnai pragmatikèc kai h epanalhptik  mèjodoc
tou Jacobi sugklÐnei, ìpwc p.q. sthn perÐptwsh ìpou o A eÐnai Ermitianìc kai jetik�
orismènoc, tìte eÐnai dunatìn na brejeÐ mia bèltisth tim  tou ω ∈ IR, gia thn opoÐa h SSOR
mèjodoc sugklÐnei asumptwtik� me th megalÔterh dunat  taqÔthta. Sqetik� diatup¸noume
kai apodeÐqnoume to parak�tw je¸rhma.

Je¸rhma 3.12 K�tw apì tic proôpojèseic tou prohgoÔmenou jewr matoc kai me tic
epiplèon upojèseic ìti σ (D−1(L+ U)) ⊂ IR kai ρ (D−1(L+ U)) < 1 h bèltisth SSOR
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mèjodoc gia ω ∈ IR, s' ì,ti afor� thn asumptwtik  taqÔthta sÔgklis c thc, eÐnai
aut  poÔ antistoiqeÐ se ω = ωβ, ìpou

ωβ = 1, ρ(Sω) > ρ(Sωβ
) = ρ(L1) = ρ2

(
D−1(L+ U)

)
, ∀ ω ̸= ωβ,

kai h SSOR ja sugklÐnei gia k�je ω ∈ (0, 2).

Apìdeixh: An jèsoume ω̃ = ω(2− ω) sthn (3.80), aut  gr�fetai wc ex c

(λ+ ω̃ − 1)2 = λω̃2µ2. (3.81)

H parap�nw exÐswsh ìmwc den eÐnai par� h exÐswsh pou sundèei tic idiotimèc λ miac SOR
mejìdou, me SOR par�metro ω̃, me tic idiotimèc µ tou antÐstoiqou epanalhptikoÔ pÐnaka tou
Jacobi sthn perÐptwsh enìc dikuklikoÔ kai sunep¸c diatetagmènou pÐnaka A. Epeid  de oi
idiotimèc tou antÐstoiqou epanalhptikoÔ pÐnaka tou Jacobi eÐnai pragmatikèc kai h mèjodoc
Jacobi sugklÐnei tìte ja isqÔei tìso to antÐstoiqo je¸rhma pou dÐnei th bèltisth SOR
ìso kai h an�lush pou ègine gia na brejeÐ h bèltisth tim  tou ω thc SOR. Sthn paroÔsa
perÐptwsh h anagkaÐa sunj kh ω ∈ (0, 2) gia th sÔgklish thc SSOR dÐnei ω̃ = ω(2 − ω) ∈
(0, 1]. Epeid  apì thn an�lush thc antÐstoiqhc SOR perÐptwshc, brèjhke ìti h sun�rthsh
ρ(Lω̃) eÐnai gn sia fjÐnousa sto di�sthma (0, 1], èpetai ìti ω̃β = 1 ⇐⇒ ωβ = 1. Gia
ωβ = 1 h SSOR mèjodoc eÐnai h mèjodoc tou Aitken pou, ìpwc mìlic apodeÐqthke, èqei
bèltisth fasmatik  aktÐna aut n tou antÐstoiqou epanalhptikoÔ pÐnaka twn Gauss-Seidel  
to tetr�gwno thc fasmatik c aktÐnac tou epanalhptikoÔ pÐnaka tou Jacobi. To gegonìc ìti
h SSOR mèjodoc sugklÐnei gia k�je ω ∈ (0, 2) prokÔptei �mesa apì ta parap�nw. �

3.6 Block Epanalhptikèc Mèjodoi

Sto parìn kef�laio pragmatopoieÐtai h epèktash twn klasik¸n epanalhptik¸n mejìdwn
pou anaptÔqthkan sta trÐa prohgoÔmena kef�laia. Gia to skopì autì jewroÔme p�li gia
epÐlush to grammikì sÔsthma (3.1), ìpou t¸ra diaqwrÐzoume ton pÐnaka A se mi� p × p
block morf . Basik  proôpìjesh eÐnai ìti ta diag¸nia blocks (upopÐnakec) prèpei na eÐnai
tetragwnikoÐ pÐnakec. EÐnai fanerì ìti an Aii, i = 1(1)p, eÐnai oi diag¸nioi upopÐnakec
diast�sewn ni × ni, i = 1(1)p, ja prèpei na isqÔei ìti

∑p
i=1 ni = n. Fusik�, h epilog 

p = n mac odhgeÐ telik� stic klasikèc epanalhptikèc mejìdouc, ìpwc autèc anaptÔqthkan,
gi' autì kai se antidiastol  me tic block mejìdouc, pou ja anaptuqtoÔn sth sunèqeia, oi
prohgoÔmenec kaloÔntai point (shmeiakèc) epanalhptikèc mèjodoi.
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3.6.1 Block Jacobi Epanalhptik  Mèjodoc

Katarq�c jewroÔme to grammikì sÔsthma (3.1), ìpou o pÐnakac twn suntelest¸n twn ag-
n¸stwn A eÐnai diaqwrismènoc sÔmfwna me ta ektejènta sthn prohgoÔmenh par�grafo. Sth
sunèqeia jewroÔme mia di�spash thc Ðdiac morf c me aut n thc (3.12) me th basik  di-
afor� ìti o pÐnakac D den eÐnai o gnwstìc D =diag(A) all� o block diag¸nioc pÐnakac
D =diag(A11, A22, · · · , App). Oi pÐnakec L kai U orÐzontai p�li wc austhr� k�tw trigwnikìc
kai austhr� �nw trigwnikìc, antÐstoiqa, ètsi ¸ste h di�spash (3.12) na eÐnai monos manta
orismènh kai na exartiètai mìno apì to diaqwrismì se blocks tou pÐnaka A. Gia na mporeÐ
na oristeÐ katarq�c h antÐstoiqh block mèjodoc tou Jacobi ja prèpei o D na eÐnai anti-
strèyimoc. EÐnai fanerì pwc to teleutaÐo sumbaÐnei ann oi block upopÐnakec Aii, i = 1(1)p,
eÐnai antistrèyimoi, opìte ja isqÔei ìti D−1 =diag(A−1

11 , A
−1
22 , · · · , A−1

pp ). To gegonìc ìti o
pÐnakac D plhroÐ kai th deÔterh proôpìjesh tou (3.2) eÐnai epÐshc fanerì afoÔ èna grammikì
sÔsthma me pÐnaka suntelest¸n agn¸stwn D, sthn pragmatikìthta p sust mata me pÐnakec
suntelest¸n agn¸stwn Aii, i = 1(1)p, antÐstoiqa, lÔnontai oikonomikìtera apì èna sÔsth-
ma me pÐnaka suntelest¸n agn¸stwn A. Gia thn efarmog  thc block Jacobi epanalhptik c
mejìdou gÐnetai kai ènac antÐstoiqoc block diaqwrismìc tìso sto �gnwsto di�nusma x ìso
kai sto gnwstì di�nusma b. Sugkekrimèna, k�je èna apì ta dÔo dianÔsmata diaqwrÐzetai se
p blocks sunistws¸n ètsi ¸ste

x = [xT
1 xT

2 · · · xT
p ]

T , b = [bT1 bT2 · · · bTp ]
T µϵ xi, bi ∈ ICni , i = 1(1)p.

H block Jacobi mèjodoc ja èqei thn Ðdia akrib¸c genik  morf , ìpwc h (3.13), me th mình
basik  diafor� ìti oi pÐnakec D, L kai U ja orÐzontai ìpwc anafèrjhke prohgoumènwc. H
block Jacobi mèjodoc ja sugklÐnei ann ρ (D−1(L+ U)) < 1. H eÔresh twn block sunistws¸n

x
(k+1)
i , i = 1(1)p, thc nèac epan�lhyhc x(k+1) ja brÐskontai apì tic block sunist¸sec thc

prohgoÔmenhc epan�lhyhc. Gia na broÔme thn antÐstoiqh sqèsh ja prèpei na pollaplasi�-
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soume kai ta dÔo mèlh thc (3.13) epÐ D, opìte ja èqoume

A11

A22

. . .

Aii

. . .

App





x1

x2

...
xi

...
xp



(k+1)

=



b1
b2
...
bi
...
bp


−



0n1 A12 · · · A1i · · · A1p

A21 0n2 · · · A2i · · · A2p

...
...

. . .
...

...
...

Ai1 Ai2 · · · 0ni
· · · Aip

...
...

...
...

. . .
...

Ap1 Ap2 · · · Api · · · 0np





x1

x2

...
xi

...
xp



(k)

, k = 0, 1, 2, · · · ,

(3.82)

me x(0) ∈ ICn opoiod pote. An t¸ra exis¸soume to i-ostì block di�nusma tou pr¸tou mèlouc
me to antÐstoiqo tou deÔterou ja èqoume

Aiix
(k+1)
i = bi −

p∑
j=1, j ̸=i

Aijx
(k)
j , i = 1(1)p, k = 0, 1, 2, · · · ,

 

x
(k+1)
i = A−1

ii

(
bi −

p∑
j=1, j ̸=i

Aijx
(k)
j

)
, i = 1(1)p, k = 0, 1, 2, · · · .

Gia thn kalÔterh katanìhsh thc block Jacobi mejìdou kai gia th sÔgkris  thc, omoiìtht-
ec kai diaforèc, me thn antÐstoiqh point Jacobi ja parajèsoume èna aplì par�deigma pou
ja exet�soume exantlhtik�. Etsi ja gÐnoun katanohtèc kai oi �llec block epanalhptikèc
mèjodoi stic opoÐec ja anaferjoÔme amèswc met� qwrÐc ìmwc na epektajoÔme.

PARADEIGMA: To grammikì sÔsthma Ax = b pou dÐnetai sth sunèqeia

Ax ≡ A1x ≡

 2 −1 0
−1 2 −1
0 −1 1

 x1

x2

x3

 =

 3
−1
0

 =: b

èqei lÔsh to di�nusma x = [2 1 1]T .Ja jewr soume thn point Jacobi mèjodo, pou antistoiqeÐ
sto sÔsthma pou dìjhke, kaj¸c kai tic dÔo block Jacobi mejìdouc, pou antistoiqoÔn stouc
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parak�tw duo diaqwrismoÔc tou pÐnaka twn suntelest¸n twn agn¸stwn A

A2 =

 2 −1 0
−1 2 −1
0 −1 1

 , A3 =

 2 −1 0
−1 2 −1
0 −1 1

 .

a) Ja broÔme tic fasmatikèc aktÐnec twn tri¸n epanalhptik¸n pin�kwn (point kai block)
Jacobi pou antistoiqoÔn ston A = A1 kaj¸c kai stouc diaqwrismoÔc twn A2 kai A3. b)
Ja efarmìsoume apì mÐa epan�lhyh twn tri¸n epanalhptik¸n mejìdwn Jacobi me arqikì
di�nusma x(0) = [1 1 1]T .
LUSH: a) EÔresh fasmatik¸n aktÐnwn twn epanalhptik¸n mejìdwn tou Jacobi:
1)

TJ1 = D−1
1 (L1 + U1) =

 2 0 0
0 2 0
0 0 1

−1  0 1 0
1 0 1
0 1 0


=

 1
2

0 0
0 1

2
0

0 0 1

 0 1 0
1 0 1
0 1 0

 =

 0 1
2

0
1
2

0 1
2

0 1 0

 .

Oi idiotimèc ja brÐskontai wc oi rÐzec thc exÐswshc det(TJ1 − λI) = 0. Epomènwc

det

 −λ 1
2

0
1
2

−λ 1
2

0 1 −λ

 = −λ3 +
3

4
λ = 0,

apì thn opoÐa prokÔptei ìti λ1 =
√
3
2
, λ2 = −

√
3
2
, kai λ3 = 0, opìte ρ(TJ1) =

√
3
2
.

2) Gia to diaqwrismì tou A2 èqoume

TJ2 = D−1
2 (L2 + U2) =

 2 −1 0
−1 2 0
0 0 1

−1  0 0 0
0 0 1
0 1 0


=

 2
3

1
3

0
1
3

2
3

0
0 0 1

 0 0 0
0 0 1
0 1 0

 =

 0 0 1
3

0 0 2
3

0 1 0

 .

(3.83)

Oi idiotimèc tou TJ2 brÐskontai apì thn det(TJ2 − λI) = 0 kai �ra

det

 −λ 0 1
3

0 −λ 2
3

0 1 −λ

 = −λ3 +
2

3
λ = 0. (3.84)
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Apì thn (3.84) èqoume ìti λ1 =
√
6
3
, λ2 = −

√
6
3
, kai λ3 = 0, opìte ρ(TJ2) =

√
6
3
.

3) Tèloc gia to deÔtero block diaqwrismì A2 èqoume

TJ3 = D−1
3 (L3 + U3) =

 2 0 0
0 2 −1
0 −1 1

−1  0 1 0
1 0 0
0 0 0


=

 1
2

0 0
0 1 1
0 1 2

 0 1 0
1 0 0
0 0 0

 =

 0 1
2

0
1 0 0
1 0 0

 .

Opìte oi idiotimèc tou TJ3 ja eÐnai oi rÐzec thc exÐswshc det(TJ3 − λI) = 0 apì thn opoÐa
paÐrnoume ìti

det

 −λ 1
2

0
1 −λ 0
1 0 −λ

 = −λ3 +
1

2
λ = 0.

Apì thn teleutaÐa exÐswsh prokÔptei telik� ìti λ1 =
√
2
2
, λ2 = −

√
2
2

kai λ3 = 0, opìte

ρ(TJ3) =
√
2
2
.

Apì th sÔgkrish twn tri¸n fasmatik¸n aktÐnwn èqoume amèswc ìti

ρ(TJ3) < ρ(TJ2) < ρ(TJ1)

kai epomènwc o block diaqwrismìc ston A = A3 dÐnei epanalhptik  mèjodo Jacobi (asum-
ptwtik�) taqÔterh ki apì tic treic en¸ h klasik  point Jacobi antistoiqeÐ se (asumptwtik�)
bradÔterh epanalhptik  mèjodo.
b) EÔresh thc pr¸thc epan�lhyhc x(1) twn tri¸n epanalhptik¸n mejìdwn Jacobi:
Gia thn eÔresh thc x(1) ja efarmostoÔn oi sqèseic pou dÐnontai sthn (3.82) gia k = 0. Etsi
ja p�roume gia k�je mÐa apì tic treic mejìdouc ta parak�tw.
1)  2

2
1

 x1

x2

x3

(1)

=

 3
−1
0

 −

 0 −1 0
−1 0 −1
0 −1 0

 1
1
1


Apì thn opoÐa paÐrnoume

2x
(1)
1 = 4, 2x

(1)
2 = 1, x

(1)
3 = 1

kai epomènwc
x(1) = [2 0.5 1]T .

2)  2 −1 0
−1 2 0
0 0 1

 x1

x2

x3

(1)

=

 3
−1
0

 −

 0 0 0
0 0 −1
0 −1 0

 1
1
1


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apì thn opoÐa paÐrnoume[
2 −1

−1 2

] [
x1

x2

](1)
=

[
3
0

]
, x

(1)
3 = 1

kai epomènwc
x(1) = [2 1 1]T .

3)  2 0 0
0 2 −1
0 −1 1

 x1

x2

x3

(1)

=

 3
−1
0

 −

 0 −1 0
−1 0 0
0 0 0

 1
1
1


apì thn opoÐa paÐrnoume

2x
(1)
1 = 4,

[
2 −1

−1 1

] [
x2

x3

](1)
=

[
0
0

]
kai epomènwc

x(1) = [2 0 0]T .

ShmeÐwsh: To gegonìc ìti sth deÔterh perÐptwsh brèjhke h akrib c lÔsh met� mÐa epan�l-
hyh eÐnai teleÐwc sumptwmatikì kai ofeÐletai sthn epilog  thc arqik c prosèggishc x(0) kai
mìno.

3.6.2 Oi Allec Block Epanalhptikèc Mèjodoi

Oi block epanalhptikèc mèjodoi twn Gauss-Seidel kai thc SOR kataskeu�zontai me an�logo
trìpo. Oi periorismoÐ gia thn Ôparx  touc eÐnai akrib¸c oi Ðdioi me autoÔc thc block Jacobi.
Dhlad , oi Aii, i = 1(1)p, prèpei na eÐnai tetragwnikoÐ antistrèyimoi pÐnakec. Sth sunèqeia
dÐnoume th morf  twn mejìdwn aut¸n ìtan epilÔsoume wc proc thn i-ost  block gramm .
Sugkekrimèna h block Gauss-Seidel mèjodoc ja eÐnai

Aiix
(k+1)
i = bi −

i−1∑
j=1

Aijx
(k+1)
j −

p∑
j=i+1

Aijx
(k)
j , i = 1(1)p, k = 0, 1, 2, · · · ,

 

x
(k+1)
i = A−1

ii

(
bi −

i−1∑
j=1

Aijx
(k+1)
j −

p∑
j=i+1

Aijx
(k)
j

)
, i = 1(1)p, k = 0, 1, 2, · · · .
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Gia thn block SOR mèjodo isqÔei k�ti an�logo. Sugkekrimèna

Aiix
(k+1)
i = (1−ω)Aiix

(k)
i +ω

(
bi −

i−1∑
j=1

Aijx
(k+1)
j −

p∑
j=i+1

Aijx
(k)
j

)
, i = 1(1)p, k = 0, 1, 2, · · · ,

 

x
(k+1)
i = (1−ω)x

(k)
i +ωA−1

ii

(
bi −

i−1∑
j=1

Aijx
(k+1)
j −

p∑
j=i+1

Aijx
(k)
j

)
, i = 1(1)p, k = 0, 1, 2, · · · .

H jewrÐa pou anaptÔqthke tìso gia tic point Jacobi kai Gauss-Seidel ìso kai gia tic
point SOR kai SSOR epanalhptikèc mejìdouc isqÔei me el�qistec Ðswc tropopoi seic kai
sthn perÐptwsh twn antÐstoiqwn block epanalhptik¸n mejìdwn.
P.q. gia na anafèroume merik� apì ta basik� sumper�smata pou aforoÔn sthn block SOR
mèjodo:
1) Gia ω ∈ IC h sunj kh |ω − 1| < 1 apoteleÐ thn anagkaÐa sunj kh gia th sÔgklish thc
SOR mejìdou, h opoÐa gia ω ∈ IR gÐnetai ω ∈ (0, 2). H apìdeixh paramènei h Ðdia me aut 
pou dìjhke sthn apìdeixh tou Jewr matoc 3.5 tou Kahan. H mình diafor� eÐnai ìti ìpou
parousi�zetai to ginìmeno a11a22 · · · ann = det(D) autì antikajÐstatai t¸ra apì to ginìmeno
det(A11) det(A22) · · · det(App) = det(D).
2) Gia pÐnakec ErmitianoÔc kai jetik� orismènouc me ω ∈ IR, h ω ∈ (0, 2) apoteleÐ anagkaÐa
kai ikan  sunj kh gia th sÔgklish thc SOR. EpÐshc, h apìdeixh paramènei h Ðdia me aut n
tou Jewr matoc 3.6 twn Reich-Ostrowski-Varga. H mình parat rhsh pou mporeÐ na gÐnei
eÐnai ìti ìpou parousi�zontai ta stoiqeÐa aii > 0, i = 1(1)n, t¸ra èqoume touc diag¸niouc
upopÐnakec Aii, i = 1(1)p, pou eÐnai ErmitianoÐ kai jetik� orismènoi sÔmfwna me to Je¸rhma
2.3 kai �ra d = (x,Dx)2 > 0, ∀ x ∈ ICn \ {0}.
3) Oi orismoÐ oi sqetikoÐ me to “dikuklikì” kai me to “sunep¸c diatetagmèno” pÐnaka A ∈
ICn,n me det(D) = det(A11) det(A22) · · · det(App) ̸= 0, paramènoun oi Ðdioi sth genik  touc
morf . H mình diafor� ègkeitai sto gegonìc ìti t¸ra anaferìmaste se blocks kai �ra
mil�me gia “block dikuklikì” kai “block sunep¸c diatetagmèno” pÐnaka. MetaxÔ twn pin�kwn
pou ikanopoioÔn touc orismoÔc eÐnai kai oi block tridiag¸nioi pÐnakec me diag¸nia blocks
antistrèyimouc pÐnakec. P.q.

A11 A12

A21 A22 A23

. . . . . . . . .
Ap−1,p Ap−1,p−1 Ap−1,p

Ap,p−1 App

 .

Oi apodeÐxeic twn idiot twn, sthn perÐptwsh aut , paramènoun oi Ðdiec me tic antÐstoiqec thc
perÐptwshc tou point tridiag¸niou pÐnaka. Oi diaforèc ègkeintai sto ìti o pÐnakac P ja
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eÐnai t¸ra o pÐnakac me

P T = [e1 e2 · · · en1 en1+n2+1 · · · en1+n2+n3 · · · en1+1 en1+2 · · · en1+n2 · · ·],

dhlad  o P T ja eÐnai ènac block pÐnakac me m -mhdenik� tetragwnik� blocks ta (1, 1), (3, 2),
(5, 3), . . . , (2,

[
p+1
2

]
+ 1), (4,

[
p+1
2

]
+ 2), . . . , pou ja eÐnai antÐstoiqa In1 , In3 , In5 , . . . , In2 ,

In4 , . . ., kai o E ja eÐnai o E = diag(In1 ,
1
α
In2 ,

1
a2
In3 , · · · , 1

ap−1 Inp), ìpou Ini
, i = 1(1)p, o

ni × ni, monadiaÐoc pÐnakac Ðdiwn diast�sewn me autèc tou Aii.
4) Tèloc, ìlec oi upìloipec prot�seic pou aforoÔn se dikuklikoÔc kai sunep¸c diatetagmè-
nouc pÐnakec sthn perÐptwsh thc SOR mejìdou metafèrontai autoÔsia kai sthn perÐptwsh
twn block dikuklik¸n kai sunep¸c diatetagmènwn pin�kwn sthn block SOR mèjodo, me tic
profaneÐc tropopoi seic ìtan kai ìpou autèc qrei�zontai.

Sthn perÐptwsh thc block SSOR mejìdou isqÔoun kai p�li orismoÐ kai prot�seic an�logec
me autèc thc point SSOR kai epomènwc m�llon peritteÔei h epan�lhy  touc. DÔo shmeÐa
ìmwc ja prèpei na tonistoÔn idiaÐtera.
1) Se k�poiec apì tic apodeÐxeic sthn point SSOR mèjodo qrhsimopoi jhke o diag¸nioc

pÐnakac D
1
2 = diag(a

1
2
11, a

1
2
22, · · · , a

1
2
nn), me thn proôpìjesh bèbaia ìti aii > 0, i = 1(1)n.

Sthn perÐptwsh ìmwc thc block SSOR o D eÐnai block kai ìqi point diag¸nioc pÐnakac.
Genniètai, loipìn, to eÔlogo er¸thma an kai sthn pr¸th perÐptwsh eÐnai dunatìn na oristeÐ
k�ti parìmoio wc “tetragwnik  rÐza” pÐnaka. Gia to skopì autì diatup¸noume to parak�tw
je¸rhma pou afor� se Ôparxh kai monos manto, kai ìpou apodeÐqnoume mìno thn Ôparxh.

Je¸rhma 3.13 Estw ìti o A ∈ ICn,n, me AH = A, eÐnai jetik� orismènoc. Tìte up�r-
qei monadikìc pÐnakac B ∈ ICn,n, me BH = B, kai jetik� orismènoc, pou ikanopoieÐ thn
B2 = A.

Apìdeixh: Estw ìti oi idiotimèc tou A, λi, i = 1(1)n, pou eÐnai pragmatikèc kai jetikèc, èqoun
antÐstoiqa idiodianÔsmata xi, i = 1(1)n, ta opoÐa èqoun lhfteÐ ètsi ¸ste na apoteloÔn mÐa
orjokanonik  b�sh. An X = [x1 x2 · · · xn] eÐnai o pÐnakac pou èqei st lec ta idiodianÔsmata
xi, kai Λ = diag(λ1, λ2, · · · , λn), tìte lìgw thc orjokanonikìthtac twn xi (X−1 = XH) ja

isqÔei ìti A = XΛXH . H sqèsh aut  mporeÐ na grafteÐ kai wc A = XΛ
1
2XHXΛ

1
2XH ,

ìpou Λ
1
2 = diag(λ

1
2
1 , λ

1
2
2 , · · · , λ

1
2
n ). An jèsoume B = XΛ

1
2XH , tìte èqoume ìti A = B2,

ìpou eÐnai polÔ eÔkolo na deiqteÐ ìti o B ikanopoieÐ tic apait seic thc ekf¸nhshc, dhlad ,
o B eÐnai Ermitianìc kai jetik� orismènoc. (ShmeÐwsh: O pÐnakac B kaleÐtai kai (jetik )

tetragwnik  rÐza tou A kai sumbolÐzetai wc B = A
1
2 .) Gia to monos manto h apìdeixh den

eÐnai tetrimmènh kai o anagn¸sthc parapèmpetai sto biblÐo tou Young [48]. �

Me b�sh to prohgoÔmeno je¸rhma eÐnai dunatìn gia ènan Ermitianì kai jetik� orismèno
pÐnaka A, o opoÐoc èqei diaqwristeÐ se mia block morf , na oristeÐ o block diag¸nioc pÐnakac
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D = diag(A11, A22, · · · , App), pou ja eÐnai ki autìc, sÔmfwna me gnwst  prìtash, Ermitianìc
kai jetik� orismènoc, opìte ja mporeÐ na oristeÐ h (jetik ) tetragwnik  rÐza tou, dhlad 

o D
1
2 = diag(A

1
2
11, A

1
2
22, · · · , A

1
2
pp). O D

1
2 ja eÐnai ki autìc Ermitianìc kai jetik� orismènoc.

Etsi to Je¸rhma 3.10 ja isqÔei wc proc to pr¸to mèroc tou kai wc proc to eujÔ tou
deÔterou mèrouc tou. S' ì,ti afor� to antÐstrofo tou deÔterou mèrouc ja prèpei h upìjesh
na tropopoihjeÐ ètsi ¸ste na isqÔei ìti o block diag¸nioc pÐnakac D eÐnai jetik� orismènoc.
Efìson autì to teleutaÐo isqÔei tìte kai ta sumper�smata tou antÐstoiqou Jewr matoc
3.10 isqÔoun.
2) S' ì,ti afor� touc orismoÔc kai tic prot�seic pou anafèrontai stouc block dikuklikoÔc
kai sunep¸c diatetagmènouc pÐnakec A kai pou aforoÔn sthn eidik  morf  (3.72) paramè-
noun oi Ðdiec me th mình diafor� ìti oi pÐnakec D1 kai D2, sthn perÐptwsh thc block SSOR
mejìdou, eÐnai apl� tetragwnikoÐ kai antistrèyimoi. TonÐzetai apl� ìti o pÐnakac A, ìpwc
dìjhke sthn (3.72) eÐnai sugqrìnwc point kai block dikuklikìc kai sunep¸c diatetagmènoc,
en¸ ìtan oi pÐnakec D1 kai D2 eÐnai genik� tetragwnikoÐ kai antistrèyimoi tìte o A eÐnai
mìno block dikuklikìc kai sunep¸c diatetagmènoc.

ASKHSEIS

1.: Na jewrhjoÔn oi duo block diaqwrismoÐ tou pragmatikoÔ pÐnaka A,

A := A1 :=

 a 0 b
c d 0
0 e f

 =

 a 0 b
c d 0
0 e f

 =: A2,

me adf ̸= 0. Na prosdioristoÔn ìlec oi idiotimèc twn dÔo block epanalhptik¸n pin�k-
wn Jacobi, J1 kai J2, pou antistoiqoÔn stouc parap�nw block diaqwrismoÔc, kai na
sugkrijoÔn oi fasmatikèc aktÐnec touc.

2.: DÐnetai o pÐnakac A sthn parak�tw block morf  A =


4 −1 −1 0

−1 4 0 −1
−1 0 4 −1
0 −1 −1 4

 .

a) Na exetastoÔn wc proc th sÔgklish kai na sugkrijoÔn wc proc thn taqÔthta
sÔgklishc oi mèjodoi block Jacobi kai Gauss-Seidel, pou antistoiqoÔn ston parap�nw
block diaqwrismì tou pÐnaka A. kai
b) Na brejeÐ epÐshc h bèltisth SOR par�metroc ω ∈ IR thc block SOR, pou antistoiqeÐ
ston Ðdio block diaqwrismì.
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3.: DÐnetai o (shmeiakìc) pÐnakac A kai ènac block diaqwrismìc tou. Sugkekrimèna:

A =

 1 −1 0
−1 2 −1
0 −1 2

 =

 1 −1 0
−1 2 −1
0 −1 2

 .

a) Me b�sh touc antÐstoiqouc orismoÔc na deiqteÐ ìti o block diaqwrismènoc A eÐnai
block dikuklikìc kai sunep¸c diatetagmènoc. kai
b) Dedomènou ìti o A sth shmeiak  morf  tou eÐnai point dikuklikìc kai sunep¸c
diatetagmènoc, na brejoÔn kai stic duo peript¸seic, an eÐnai dunatìn, oi bèltistec
SOR par�metroi kaj¸c kai oi bèltistec fasmatikèc aktÐnec twn antÐstoiqwn point kai
block SOR epanalhptik¸n pin�kwn.

4.: DÐnetai to sÔsthma Ax = b, A =

 2 0 −2
−1 2 0
0 −1 2

 , b ∈ IR3.

a) Na exetastoÔn wc proc th sÔgklish oi mèjodoi Jacobi kai Gauss-Seidel.
b) EpÐshc na exetastoun wc proc th sÔgklish oi mèjodoi block Jacobi, block Gauss-

Seidel kai h bèltisth SOR, pou basÐzontai ston block diaqwrismìA =

 2 0 −2
−1 2 0
0 −1 2

 .

kai
g) Na exetastoÔn ìlec oi prohgoÔmenec mèjodoi metaxÔ touc wc proc thn taqÔthta
sÔgklishc.

5.: DÐnetai to grammikì sÔsthma Ax = b, me A =


2 −1

−1 2 −1
−1 2 −1

−1 2

 kai b =

[1 0 0 1]T . Na exetastoÔn wc proc th sÔgklish metaxÔ touc oi mèjodoi block Jacobi,
block Gauss-Seidel kai h bèltisth block SOR, pou basÐzontai ston block diaqwrismì

A =


2 −1

−1 2 −1
−1 2 −1

−1 2


kai na gÐnoun dÔo epanal yeic k�je miac me x(0) = 0 ∈ IR4.

6.: DÐnetai to diaqwrismèno se blocks grammikì sÔsthma

Ax :=

 2 −1 0
−1 2 −1
0 −1 1

 x1

x2

x3

 =

 3
−1
0

 =: b.
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Qrhsimopoi¸ntac wc arqikì di�nusma to x(0) = [1 1 1]T , na ektelestoÔn:
a) MÐa epan�lhyh thc block epanalhptik c mejìdou tou Jacobi. kai
b) MÐa epan�lhyh thc block epanalhptik c mejìdou twn Gauss-Seidel.

7.: DÐnetai o block tridiag¸nioc pÐnakac
In1 A12

A21 In2 A23

. . . . . . . . .
Anp−1,np−2 Inp−1 Anp−1,np

Anp,np−1 Inp

 ∈ ICn,n και

p∑
i=1

ni = n,

ìpou Ini
∈ ICnini , i = 1(1)p, o monadiaÐoc pÐnakac.

a) Na apodeiqteÐ ìti eÐnai sugqrìnwc kai point all� kai block dikuklikìc kai sunep¸c
diatetagmènoc. kai
b) Up�rqei k�poia diafor� sta f�smata twn idiotim¸n twn antÐstoiqwn point kai block
Jacobi epanalhptik¸n pin�kwn kai giatÐ;
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Kef�laio 4

Hmi-epanalhptikèc Mèjodoi

Upojètoume ìti gia thn epÐlush tou grammikoÔ sust matoc Ax = b me A ∈ ICn,n, det(A) ̸= 0
kai b ∈ ICn, qrhsimopoi¸ntac k�poion prorrujmist , èqei prokÔyei h (sugklÐnousa) epanalh-
ptik  mèjodoc

x(k+1) = Tx(k) + c, k = 0, 1, 2, · · · , (4.1)

me T Ermitianì kai x(0) ∈ ICn opoiod pote.

To di�nusma-sf�lma e(k) sthn k epan�lhyh eÐnai profan¸c Ðso me

e(k) = x(k) − x,

ìpou x h akrib c lÔsh tou sust matoc. H basik  idèa twn hmi-epanalhptik¸n mejìdwn
eÐnai na kataskeusteÐ mÐa nèa akoloujÐa epanal yewn k�je ìroc thc opoÐac ja eÐnai ènac
barukentrikìc mèsoc ìroc ìlwn twn mèqri tìte epanal yewn thc arqik c mejìdou (mèjodoc
b�shc), ètsi ¸ste met� apì k epanal yeic, kai gia k�je k, h mèsh taqÔthta sÔgklishc thc
nèac akoloujÐac na eÐnai h mègisth dunat . An apì thn arqik  akoloujÐa twn epanal yewn
{x(k)}∞k=0 dhmiourg soume th nèa akoloujÐa epanal yewn {y(k)}∞k=0, me ton trìpo pou peri-
gr�fthke, tìte ja èqoume

y(k) =
k∑

j=0

akjx
(j), k = 0, 1, 2, · · · , (4.2)

ìpou
k∑

j=0

akj = 1, µϵ akj ∈ IR, k = 0, 1, 2, · · · . (4.3)

(ShmeÐwsh: Profan¸c gia akk = 1 kai akj = 0, j = 0(1)k − 1, h akoloujÐa (4.2) tautÐzetai
me thn arqik  (4.1).)
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An orÐsoume ta polu¸numa

pk(z) =
k∑

j=0

akjz
j, k = 0, 1, 2, · · · ,

bajmoÔ to polÔ k, tìte to di�nusma-sf�lma ẽ(k) thc nèac akoloujÐac {y(k)}∞k=0 ja dÐnetai
apì thn èkfrash

ẽ(k) = y(k) − x =
k∑

j=0

akjx
(j) −

k∑
j=0

akjx =
k∑

j=0

akje
(j) =

k∑
j=0

akj(T
je(0)) = pk(T )e

(0). (4.4)

Apì thn (4.4), qrhsimopoi¸ntac th fusik  ℓ2−norm, kai ekmetalleuìmenoi to gegonìc
ìti o T eÐnai Ermitianìc kai oi suntelestèc tou pk(z) pragmatikoÐ, èqoume ìti gia k�je k kai
k�je pk(z) up�rqei e(0) ∈ ICn\{0} t.w. na mporoÔme na èqoume amèswc tic sqèseic

sup
e(0)∈ICn\{0}

(
||ẽ(k)||2
||e(0)||2

)
= ||pk(T )||2 = ρ(pk(T )) = max

λi∈σ(T )
|pk(λi)|, k = 0, 1, 2, · · · ,

kai akìmh ìti

sup
e(0)∈ICn\{0}

(
||ẽ(k)||2
||e(0)||2

)
= max

λi∈σ(T )
|pk(λi)| ≤ max

−1<α≤z≤β<1
|pk(z)|, (4.5)

ìpou jewr jhke ìti −1 < α ≤ λi ≤ β < 1, pr�gma pou isqÔei afoÔ o T eÐnai Ermitianìc me
ρ(T ) < 1.

Apì ton orismì thc mèshc taqÔthtac sÔgklishc met� k epanal yeic thc (3.11), sthn
paroÔsa perÐptwsh, ìpou qrhsimopoioÔme ℓ2−norms, ja èqoume kat' analogÐan ìti

R(pk(T )) ≡ − ln ||pk(T )||2
k

. (4.6)

Gia na petÔqoume, loipìn, th mègisth taqÔthta sÔgklishc thc akoloujÐac {y(k)}∞k=0, me b�sh
thn an�lush pou prohg jhke, ja prèpei na elaqistopoi soume to deÔtero mèloc thc (4.5)
gia k�je k. Dhlad , an Pk eÐnai to sÔnolo twn pragmatik¸n poluwnÔmwn bajmoÔ to polÔ
k, èqoume na epilÔsoume to akìloujo min-max prìblhma

min
pk∈Pk, pk(1)=1

{
max

−1<α≤z≤β<1
|pk(z)|

}
. (4.7)
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H lÔsh tou min-max probl matoc (4.7) eÐnai klasik  kai dÐnetai apì ta polu¸numa tou
Chebyshev pr¸tou eÐdouc ta opoÐa orÐzontai wc ex c

T0(z) = 1,
T1(z) = z,
Tm(z) = 2zTm−1(z)− Tm−2(z), m = 2, 3, 4, · · · .

(4.8)

Me b�sh ton parap�nw orismì mporeÐ na apodeiqtoÔn epagwgik� oi akìloujec idiìthtec twn
poluwnÔmwn tou Chebyshev.
a) bajmìc(Tm(z)) = m, Tm(1) = 1, Tm(z) �rtia (antÐstoiqa, peritt ) sun�rthsh tou z an
m �rtioc (antÐstoiqa, perittìc).

b) Tm(z) =

{
cos(m cos−1 z), αν − 1 ≤ z ≤ 1,
cosh(m cosh−1 z), αν z ≥ 1,

dhlad 
b1) Tm(z) = cos(mθ), z = cos θ, θ ∈ [0, π], ανν − 1 ≤ z ≤ 1,
b2) Tm(z) = cosh(mu), z = coshu, u ≥ 0, ανν z ≥ 1.

g) Tm(z) = 1
2
[(z + (z2 − 1)

1
2 )m + (z − (z2 − 1)

1
2 )m].

Epiplèon, gia z ∈ [−1, 1] mporeÐ na apodeiqtoÔn amèswc kai oi parak�tw idiìthtec
d) max−1≤z≤1 |Tm(z)| = 1.
e) Tm(zj) = (−1)j, για zj = cos

(
jπ
m

)
, j = 0(1)m.

st) Tm(zl) = 0, για zl = cos
(

(2l+1)π
2m

)
, l = 0(1)m− 1.

Ta polu¸numa tou Chebyshev qrhsimeÔoun gia th lÔsh tou min-max probl matoc (4.7)
lìgw thc akìloujhc idiìtht�c touc pou dÐnetai sth sunèqeia me morf  prìtashc.

Je¸rhma 4.1 Estw ìti −1 < α < β < 1. Tìte to min-max prìblhma

min
pm∈Pm, pm(1)=1

(
max

−1<α≤z≤β<1
|pm(z)|

)
, (4.9)

ìpou Pm to sÔnolo twn poluwnÔmwn bajmoÔ mikrìterou   Ðsou tou m me pragmatikoÔc
suntelestèc, lÔnetai monadik� apì to polu¸numo

p̃m(z) =
Tm

(
2z−(β+α)

β−α

)
Tm

(
2−(β+α)

β−α

) (4.10)

gia to opoÐo isqÔei ìti

max
α≤z≤β

|p̃m(z)| =
1

Tm

(
2−(β+α)

β−α

) . (4.11)
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Apìdeixh: Katarq�c ja prèpei na diapistwjeÐ an to polu¸numo p̃m(z), pou dÐnetai analutik�,
orÐzetai, an kei sto sÔnolo Pm, ikanopoieÐ th sunj kh pm(1) = 1 kai tèloc an h mègisth
apìluta tim  tou sto di�sthma [α, β] dÐnetai pr�gmati apì thn èkfrash thc (4.11). MporeÐ
eÔkola na diapistwjeÐ ìti to ìrisma tou arijmht  tou deÔterou mèlouc thc (4.10) gia α ≤
z ≤ β paÐrnei timèc sto di�sthma [−1, 1] kai sugkekrimèna o grammikìc metasqhmatismìc

z 7→ y, y =
2z − (β + α)

β − α
(4.12)

eÐnai èna proc èna epÐ tou diast matoc [α, β] sto [−1, 1]. Ara o arijmht c sto kl�sma
thc (4.11) orÐzetai kai m�lista apì thn idiìthta (b1), me thn profan  antikat�stash tou z
sth (b1) apì to y thc (4.12). To ìrisma tou paronomast  tou Ðdiou kl�smatoc mporeÐ na
diapistwjeÐ amèswc ìti eÐnai p�nta megalÔtero tou 1. Ara ki o paronomast c orÐzetai me b�sh

ìmwc thn idiìthta (b2) me thn antikat�stash tou z thc (b2) apì th stajer� 2−(β+α)
β−α

. Sunep¸c
to p̃m(z) orÐzetai kai eÐnai profan¸c polu¸numo bajmoÔ m wc proc z afoÔ o arijmht c sthn
(4.10) eÐnai polu¸numo tou Chebyshev bajmoÔ m me ìrisma grammik  sun�rthsh tou z kai
o paronomast c eÐnai stajer�. Ara p̃m(z) ∈ Pm. Epiplèon, amèswc diapist¸netai ìti
p̃m(1) = 1. To mìno pou apomènei na diapistwjeÐ eÐnai h ikanopoÐhsh thc (4.11). Pr�gmati,
o paronomast c eÐnai mia jetik  stajer�, afoÔ to ìrisma tou antÐstoiqou poluwnÔmou tou
Chebyshev eÐnai megalÔtero apì 1 kai o orismìc tou gÐnetai apì th (b2). Akìmh, lìgw
thc èna proc èna epÐ apeikìnishc tou diast matoc [α, β] gia to z sto di�sthma [−1, 1]

gia to y dÐnei apì thn idiìthta (d) ìti maxα≤z≤β |p̃m(z)| = max−1≤y≤1 |Tm(y)|
|Tm(

2−(β+α)
β−α

)|
= 1

Tm( 2−(β+α)
β−α )

.

EÐnai fanerì ìti aut  h mègisth tim  tou |p̃m(z)| lamb�netai diamèsou thc mègisthc tim c tou
|Tm(y)|. H mègisth tim  tou |Tm(y)|, me b�sh tic idiìthtec (d) kai (e), lamb�netai sta shmeÐa
yj = cos

(
jπ
m

)
, j = 0(1)m, ìpou oi timèc tou Tm(y) eÐnai Tm(yj) = (−1)j, dhlad  timèc me

apìluth tim  mon�da kai enallassìmena prìshma. H antÐstoiqh mègisth tim  tou |p̃m(z)| ja
lamb�netai enìyei thc (4.12) stam+1 diakrit� shmeÐa zj =

1
2
[(β−α)yj+(β+α)], j = 0(1)m,

tou diast matoc [α, β], kai epomènwc to p̃m(z) ja paÐrnei sta shmeÐa aut� thn apìluta mègisth
tim  1

Tm( 2−(β+α)
β−α )

me enallassìmena prìshma.

Apomènei t¸ra na deiqteÐ ìti to polu¸numo p̃m(z) eÐnai to mìno pou lÔnei to prìblhma
tou jewr matoc. Gia to skopì autì ja prèpei na deiqteÐ ìti den up�rqei �llo polu¸numo
me pragmatikoÔc suntelestèc bajmoÔ to polÔ m kai �jroisma suntelest¸n mon�da pou
na èqei mègisth apìluth tim  sto di�sthma [α, β] mikrìterh   Ðsh apì thn 1

Tm( 2−(β+α)
β−α )

.

Sth sunèqeia ja apodeiqteÐ h perÐptwsh tou “mikrìterh” mìnon. H perÐptwsh tou “Ðsh”
apodeÐqnetai me parìmoia epiqeirhmatologÐa kai paraleÐpetai. (O endiaferìmenoc anag¸sthc
parapèmpetai sto biblÐo tou Young [48].) Estw, loipìn, ìti up�rqei kai �llo polu¸numo
qm(z) me pragmatikoÔc suntelestèc, bajmoÔ mikrìterou   Ðsou tou m, me qm(1) = 1, kai
tètoio ¸ste

max
α≤z≤β

|qm(z)| < max
α≤z≤β

|p̃m(z)|. (4.13)
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JewroÔme th diafor� rm(z) = p̃m(z) − qm(z), pou eÐnai polu¸numo bajmoÔ mikrìterou  
Ðsou tou m. EÐnai fanerì ìti, arqÐzontac apì to z0 = β kai katal gontac sto zm = α, to
rm(z), lìgw thc (4.13), paÐrnei sta shmeÐa zj, j = 0(1)m, timèc me prìshma enall�x jetik�
kai arnhtik�. Epomènwc, sÔmfwna me to Je¸rhma tou Rolle, se k�je èna apì ta diast mata
(zj+1, zj), j = 0(1)m − 1, up�rqei mÐa toul�qiston rÐza sj tou rm(z). Ara ja up�rqoun
toul�qiston m diakrit� shmeÐa sj, j = 0(1)m− 1, t.w. −1 < α ≤ zj+1 < sj < zj ≤ β < 1,
ìpou rm(sj) = 0. Eqoume ìmwc kai rm(1) = p̃m(1) − qm(1) = 0, ìpou to 1 eÐnai ektìc tou
diast matoc [α, β]. Dhlad , to polu¸numo rm(z) èqei toul�qiston m+ 1 rÐzec pr�gma pou
eÐnai �topo. �

Epanerqìmaste sthn hmi-epanalhptik  mèjodo pou èqoume jewr sei: Me th qrhsimopoÐhsh
twn poluwnÔmwn tou Chebyshev kai me thn upìjesh ìti gnwrÐzoume mìno th fasmatik  aktÐ-
na, ρ(T ), tou epanalhptikoÔ pÐnaka T tou arqikoÔ sq matoc, to prìblhma pou jèsame sthn
arq  tou parìntoc kefalaÐou èqei  dh lujeÐ. Omwc èna meionèkthma thc nèac mejìdou faÐne-
tai na eÐnai to akìloujo. Se k�je b ma k h nèa mèjodoc qrhsimopoieÐ ìlec tic prohgoÔmenec
epanal yeic x(j), j = 0(1)k, tou arqikoÔ epanalhptikoÔ sq matoc. Autì shmaÐnei ìti gia
na brejeÐ h sugkekrimènh epan�lhyh y(k) thc hmi-epanalhptik c mejìdou ja prèpei pr¸ta na
brÐsketai h antÐstoiqh epan�lhyh x(k) tou arqikoÔ sq matoc kai èpeita, me to barukentrikì
mèso ìro apì tic (4.2)-(4.3) kai me ì,ti upodeÐqnei h jewrÐa twn poluwnÔmwn tou Chebyshev,
na brÐsketai h y(k). H diadikasÐa ìmwc aut  aux�nei shmantik� (idiaÐtera ìtan to k aux�nei)
to kìstoc an� epan�lhyh se pl joc pr�xewn thc nèac mejìdou, pr�gma pou eÐnai apotrep-
tikì gia th qrhsimopoÐhs  thc. An ìmwc exet�soume lÐgo prosektikìtera thn anadromik 
sqèsh tou orismoÔ twn poluwnÔmwn tou Chebyshev, eÐnai dunatìn na diapist¸soume ìti to
meionèkthma autì xeperniètai.

Sugkekrimèna, apì to Je¸rhma 4.1 me −1 < −ρ = α ≤ z ≤ β = ρ < 1, ìpou ρ = ρ(T ),
èqoume ìti

p̃m(z) =
1

Tm

(
1
ρ

)Tm

(
z

ρ

)
. (4.14)

Qrhsimopoi¸ntac thn èkfrash thc (4.14) èqoume Tm

(
z
ρ

)
= Tm

(
1
ρ

)
p̃m(z), opìte me b�sh

thn teleutaÐa gr�fontac to Tk+1

(
z
ρ

)
sa sun�rthsh twn Tk

(
z
ρ

)
kai Tk−1

(
z
ρ

)
, apì thn (4.8),

katal goume sthn

Tk+1

(
1

ρ

)
p̃k+1(z) =

2z

ρ
Tk

(
1

ρ

)
p̃k(z)− Tk−1

(
1

ρ

)
p̃k−1(z), k ≥ 1, (4.15)

ìpou, apì thn (4.10), èqoume p̃0(z) = 1 kai p̃1(z) = z. An sthn (4.15) jèsoume antÐ z ton
pÐnaka T ja èqoume mia antÐstoiqh isìthta poluwnumik¸n ekfr�sewn tou pÐnaka T . An ta
mèlh thc isìthtac aut c pollaplasi�soume apì ta dexi� epÐ e(0), tìte lìgw thc (4.4), me
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p̃m(T ) sth jèsh tou pm(T ), pou dÐnei p̃m(T )e(0) = ẽ(m), èqoume

Tk+1

(
1

ρ

)
ẽ(k+1) =

2

ρ
Tk

(
1

ρ

)
T ẽ(k) − Tk−1

(
1

ρ

)
ẽ(k−1), k ≥ 1.

Qrhsimopoi¸ntac ton orismì twn ẽ(k) = y(k) − x, apì thn (4.4), kai èqontac upìyh ìti
x = Tx+ c, apì th (4.1), eÐnai dunatìn na katal xoume sthn

y(k+1) =
2Tk

(
1
ρ

)
ρTk+1

(
1
ρ

)Ty(k) − Tk−1

(
1
ρ

)
Tk+1

(
1
ρ

)y(k−1) +
2Tk

(
1
ρ

)
ρTk+1

(
1
ρ

)c
  sthn

y(k+1) = ωk+1Ty
(k) + (1− ωk+1)y

(k−1) + ωk+1c, (4.16)

an jèsoume

ωk+1 =
2Tk

(
1
ρ

)
ρTk+1

(
1
ρ

)
= 1 +

Tk−1

(
1
ρ

)
Tk+1

(
1
ρ

)
 , k ≥ 1. (4.17)

Shmei¸netai ìti apì thn ω2 = 2
2−ρ2

, pou prokÔptei apì thn (4.17) gia k = 1, mporoÔn na
brejoÔn ìla ta �lla ωk+1 apì th sqèsh

ωk+1 =
1

1−
(

ρ2ωk

4

) , k ≥ 2. (4.18)

H (4.18) prokÔptei an apaleifteÐ to Tk

(
1
ρ

)
apì tic ωk+1 =

2Tk( 1
ρ)

ρTk+1( 1
ρ)

kai ωk =
2Tk−1( 1

ρ)
ρTk( 1

ρ)
kai

sth sunèqeia antikatastajeÐ o lìgoc
Tk−1( 1

ρ)
Tk+1( 1

ρ)
me b�sh thn entìc twn parenjèsewn èkfrash

thc sqèshc (4.17) apì to ωk+1 − 1. M' autìn ton trìpo eÐnai perittì na brÐskontai kai

na qrhsimopoioÔntai oi analutikèc ekfr�seic twn poluwnÔmwn tou Chebyshev Tk

(
1
ρ

)
kai

Tk+1

(
1
ρ

)
, pr�gma pou elatt¸nei shmantik� touc an� epan�lhyh upologismoÔc.

Parathr seic: Sth sunèqeia parajètoume merikèc basikèc parathr seic pou aforoÔn sth
sumperifor� twn paramètrwn ωk+1, k ≥ 1.
a) EÐnai gnwstì ìti h sun�rthsh cosh z eÐnai gn sia aÔxousa sun�rthsh tou z sto di�sthma

[1,∞). Ara o lìgoc
Tk−1( 1

ρ)
Tk+1( 1

ρ)
brÐsketai sto anoiktì di�sthma (0, 1), afoÔ, an jèsoume 1

ρ
=

coshu, gia k > 1 eÐnai Tk−1

(
1
ρ

)
= cosh ((k − 1)u) , Tk+1

(
1
ρ

)
= cosh ((k + 1)u) kai 0 <

(k − 1)u < (k + 1)u, en¸ gia k = 1 o antÐstoiqoc lìgoc eÐnai
T0( 1

ρ)
T2( 1

ρ)
= ρ2

2−ρ2
< 1. To
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sumpèrasma eÐnai ìti ìloi oi ìroi thc akoloujÐac {ωk}∞k=2 brÐskontai sto anoiktì di�sthma
(1, 2).

b) Oi lìgoi
Tk−1( 1

ρ)
Tk+1( 1

ρ)
apoteloÔn mia gn sia fjÐnousa akoloujÐa wc proc k. Gia to skopì autì

arkeÐ na apodeÐxoume ìti gia duo diadoqikoÔc lìgouc isqÔei

Tk−1

(
1
ρ

)
Tk+1

(
1
ρ

) >
Tk

(
1
ρ

)
Tk+2

(
1
ρ

)
  isodÔnama ìti

Tk−1

(
1

ρ

)
Tk+2

(
1

ρ

)
> Tk

(
1

ρ

)
Tk+1

(
1

ρ

)
 

cosh ((k − 1)u) cosh ((k + 2)u) > cosh (ku) cosh ((k + 1)u)

 
cosh ((2k + 1)u) + cosh (3u) > cosh ((2k + 1)u) + coshu,

pou profan¸c isqÔei.
g) Me b�sh ta sumper�smata twn parathr sewn (a) kai (b) èqoume ìti h akoloujÐa {ωk}∞k=2

eÐnai gn sia fjÐnousa kai fragmènh ek twn k�tw apì to 1. Ara ja sugklÐnei. Epomènwc,
an limk→∞ ωk = ω̃ ja eqoume apì thn (4.18), an p�roume ìria me k na teÐnei sto ∞, ìti o ω̃
ikanopoieÐ thn exÐswsh

ρ2ω̃2 − 4ω̃ + 4 = 0

thc opoÐac h mình rÐza sto di�sthma (1, 2) dÐnetai apì thn èkfrash

ω̃ =
2

1 +
√
1− ρ2

. (4.19)

H èkfrash gia to ω̃ thc (4.19) eÐnai h Ðdia èkfrash pou brÐsketai gia th bèltisth par�metro
thc SOR mejìdou sthn perÐptwsh ìpou to arqikì proc epÐlush sÔsthma eÐnai to (I−T )x = c,
kai oi emplekìmenoi pÐnakec èqoun epiplèon tic idiìthtec, o pÐnakac I −T na eÐnai dikuklikìc
kai sunep¸c diatetagmènoc kai o pÐnakac T na eÐnai o epanalhptikìc pÐnakac thc antÐstoiqhc
mejìdou Jacobi.

To epanalhptikì sq ma (4.16), sto opoÐo èqoume katal xei, eÐnai apallagmèno apì ìla
ta meionekt mata pou emf�nize h arqik  morf  tou. Akìmh, eÐnai gnwstì apì ton orismì
thc akoloujÐac y(k) ìti y(0) = x(0), kai epomènwc an tejeÐ ω1 = 1, tìte eÐnai dunatìn na
diapistwjeÐ ìti y(1) = Ty(0) + c. Ex�llou apì thn (4.16) eÐnai fanerì ìti ìlec oi epìmenec
epanal yeic y(k+1), k ≥ 1, eÐnai aplèc sunart seic twn dÔo prohgoÔmenwn epanal yewn. H
teleutaÐa parat rhsh kajist� thn proteinìmenh nèa mèjodo k�ti to teleÐwc diaforetikì apì
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tic mèqri t¸ra epanalhptikèc mejìdouc, pou melet same sta prohgoÔmena kef�laia. Epi-
plèon eÐnai dunatìn na parathr soume pwc an “deqtoÔme” proc stigm n ìti y(k−1) = y(k), tìte
to sq ma pou prokÔptei jumÐzei èntona to extrapolated sq ma tou arqikoÔ x(k+1) = Tx(k)+c,
me th mình diafor� ìti h extrapolation par�metroc ωk+1 metab�lletai apì epan�lhyh se
epan�lhyh. Lìgw twn dÔo aut¸n qarakthristik¸n, dhlad  thc ex�rthshc thc k+1 epan�l-
hyhc apì tic duo prohgoÔmenec kai thc metabol c thc paramètrou ωk+1, to parìn sq ma
(4.16) an kei se mia genikìterh kathgorÐa sqhm�twn pou kaloÔntai “m  statik�” “deÔterhc
t�xhc” se antÐjesh me ta mèqri t¸ra gnwst� pou kaloÔntai gia profaneÐc lìgouc “statik�”
“pr¸thc t�xhc”.

Tèloc, gia thn eÔresh thc taqÔthtac sÔgklishc met� apì (k�je) k epanal yeic k�tw apì
tic mèqri t¸ra arqikèc proôpojèseic, ìti o pÐnakac T eÐnai Ermitianìc kai ìti eÐnai gnwst 
mìno h fasmatik  aktÐna ρ = ρ(T ) (< 1) tou arqikoÔ epanalhptikoÔ sq matoc, èqoume apì
th jewrÐa pou anaptÔqthke ìti

||p̃k(T )||2 =
1

Tk

(
1
ρ

) , k ≥ 0.

Epeid  1
ρ
> 1, apì thn idiìthta (g) twn poluwnÔmwn tou Chebyshev, antikajist¸ntac sthn

parap�nw sqèsh, èqoume

||p̃k(T )||2 = 2

( ρ

1 +
√
1− ρ2

)k

+

(
1 +

√
1− ρ2

ρ

)k
−1

, (4.20)

pou, ìpwc anafèrjhke, dÐnei diamèsou thc (4.6) th megalÔterh dunat  taqÔthta sÔgklishc
met� apì (k�je) k epanal yeic.

KleÐnontac to parìn kef�laio ja exet�soume thn perÐptwsh kat� thn opoÐa o T, pèra
apì Ermitianìc, eÐnai o epanalhptikìc pÐnakac tou Jacobi, pou antistoiqeÐ ston I − T , me
ρ(T ) < 1, kai epiplèon o I − T eÐnai dikuklikìc kai sunep¸c diatetagmènoc, ìpwc dhlad 
mporeÐ na sumbaÐnei sthn perÐptwsh pou anafèrjhke lÐgo prin sthn Parat rhsh (g) kai pou
aforoÔse to ìrio sto opoÐo èteine h par�metroc thc hmi-epanalhptik c mejìdou. Tìte, h
èkfrash (4.20) mporeÐ na dojeÐ suntomografik� an qrhsimopoihjeÐ h antÐstoiqh èkfrash gia
thn overrelaxation par�metro thc bèltisthc SOR, pou eÐnai h ωβ = 2

1+
√

1−ρ2(T )
. Jewr¸ntac

thn èkfrash ρ

1+
√

1−ρ2
, pou emplèketai sthn (4.20), paÐrnoume diadoqik�

ρ

1 +
√
1− ρ2

=

(
ρ2

(1 +
√

1− ρ2)2

) 1
2

=

(
1−

√
1− ρ2

1 +
√

1− ρ2

) 1
2

= (ωβ − 1)
1
2 .
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Me b�sh to parap�nw apotèlesma h sqèsh (4.20) mporeÐ na grafteÐ wc

||p̃k(T )||2 = (ωβ − 1)
k
2

[
2

1 + (ωβ − 1)k

]
. (4.21)

Eqontac upìyh thn (4.21), h mèsh asumptwtik  taqÔthta sÔgklishc thc mejìdou sthn
prokeÐmenh perÐptwsh ja brÐsketai me b�sh kai thn (4.6) wc ex c:

R∞(p̃k(T )) = limk→∞R(p̃k(T )) = − limk→∞ ln(||p̃k(T )||2)
1
k

= − limk→∞

[
1
2
ln(ωβ − 1) + 1

k
ln
(

2
1+(ωβ−1)k

)]
= − ln(ωβ − 1)

1
2 .

ShmeÐwsh: Opwc kajÐstatai fanerì, sthn perÐptwsh pou mìlic exet�sthke, h mèsh a-
sumptwtik  taqÔthta thc hmi-epanalhptik c mejìdou Chebyshev eÐnai to misì thc antÐstoiqhc
thc bèltisthc SOR!

ASKHSEIS:

1.: Na apodeiqtoÔn oi idiìthtec (a)�(st) twn poluwnÔmwn tou Chebyshev, pou basÐzontai
ston Orismì (4.8).

2.: Na gÐnoun treic epanal yeic thc Chebyshev mejìdou gia th lÔsh tou sust matoc
Ax = b, me A = trid(−1, 2,−1) ∈ IR3,3, kai b = [1 0 1]T , qrhsimopoi¸ntac wc arqik 
mèjodo (mèjodo b�shc) th mèjodo Jacobi kai arqikì di�nusma x(0) = 0.
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Kef�laio 5

Jewrhtikèc Efarmogèc twn
Epanalhptik¸n Mejìdwn

5.1 Eisagwg 

Sto parìn Kef�laio eis�gontai merikèc aplèc ènnoiec kai dÐnontai merikèc prot�seic apì
th jewrÐa twn exis¸sewn diafor¸n kaj¸c kai apì aut  twn tanustik¸n ginomènwn. Op-
wc ja katasteÐ fanerì, qrhsimopoi¸ntac tic ènnoiec kai tic prot�seic autèc, se orismènec
aplèc peript¸seic arijmhtik c epÐlushc me epanalhptikèc mejìdouc problhm�twn-montèlwn
(elleiptik¸n merik¸n) diaforik¸n exis¸sewn, pou parousi�zontai suqn� sthn pr�xh, eÐnai
dunatìn na brÐskontai analutikèc ekfr�seic gia tic idiotimèc, kai merikèc forèc kai gia ta
idiodianÔsmata, pin�kwn, pou emplèkontai s' autèc, kaj¸c epÐshc kai na gÐnontai sugkrÐseic
s' ì,ti afor� th mèsh asumptwtik  taqÔthta sÔgklishc twn epanalhptik¸n aut¸n mejìdwn.

5.2 Exis¸seic Diafor¸n

Orismìc 5.1 ExÐswsh diafor¸n t�xhc n kaleÐtai k�je exÐswsh thc morf c

f(y(k + n), y(k + n− 1), · · · , y(k + 1), y(k)) = 0,

me �gnwsth mÐa sun�rthsh y := yk ≡ y(k) thc akèraiac metablht c k, kai h opoÐa alhjeÔei
genik� gia k�je tim  thc k ∈ ZZ.

Orismìc 5.2 Mia exÐswsh diafor¸n t�xhc n kaleÐtai grammik , omogen c, me stajeroÔc
suntelestèc, ìtan eÐnai thc morf c

anyk+n + an−1yk+n−1 + · · ·+ a1yk+1 + a0yk = 0, (5.1)
133
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ìpou ai ∈ IC stajerèc me ana0 ̸= 0 kai alhjeÔei ∀ k = 0,±1,±2, · · · .

Gia thn eÔresh twn lÔsewn thc (5.1), ektìc thc tetrimmènhc y ≡ 0, jewroÔme thn poluwnu-
mik  exÐswsh

p(r) := anr
n + an−1r

n−1 + · · ·+ a1r + a0 = 0,

h opoÐa kaleÐtai kai “qarakthristik ” thc (5.1), brÐskoume tic rÐzec thc, èstw r1, r2, · · · , rm,
antÐstoiqwn pollaplot twn n1, n2, · · · , nm me n1 + n2 + · · · + nm = n, opìte h kaloÔmenh
“genik ” lÔsh thc (5.1) dÐnetai apì thn èkfrash

y(k) =
m∑
i=1

(
ni−1∑
j=0

cijk
j

)
rki , (5.2)

ìpou cij ∈ IC, j = 0(1)ni − 1, i = 1(1)m, aujaÐretec stajerèc. Oi stajeroÐ suntelestèc
sthn (5.2) prosdiorÐzontai monos manta kai m�lista eÔkola se eidikèc peript¸seic, p.q. an
oi rÐzec thc qarakthristik c exÐswshc eÐnai diakekrimènec kai dÐnontai oi timèc thc y(k) gia
n diadoqikèc timèc tou k, opìte odhgoÔmaste se “eidikèc” lÔseic.

Sa mÐa efarmog  twn mèqri t¸ra anaferjèntwn jewroÔme thn arijmhtik  epÐlush thc
parak�tw apl c diaforik c exÐswshc me sunoriakèc sunj kec. Estw Ω = (0, 1) to anoiktì
monadiaÐo di�sthma thc pragmatik c eujeÐac kai h diaforik  exÐswsh

−d2u(x)

dx2
= f(x), oρισµϵ́νη στo Ω, µϵ u(0) = α, u(1) = β, (5.3)

ìpou f(x) gnwst  sun�rthsh. Gia thn arijmhtik  epÐlush thc (5.3) jewroÔme mia omoiìmorfh
diamèrish tou diast matoc [0, 1] se n + 1, n ≥ 3, Ðsa upodiast mata m kouc h = 1

n+1
.

Estw xi = ih, i = 0(1)n + 1, ta shmeÐa thc diamèrishc mazÐ me ta �kra. Sth sunèqeia
diakritopoioÔme to suneqèc prìblhma (5.3) proseggÐzontac th deÔterh par�gwgo sta shmeÐa
thc diamèrishc me kentrikèc diaforèc deÔterhc t�xhc. Sugkekrimèna

d2u(xi)

dx2
≈ u(xi−1)− 2u(xi) + u(xi+1)

h2
, i = 1(1)n, (5.4)

ìpou to topikì sf�lma apokop c se k�je mÐa apì tic exis¸seic thc (5.4) eÐnai O(h2). An ui

eÐnai oi proseggistikèc timèc twn u(xi) kai fi = f(xi), i = 1(1)n, tìte qrhsimopoi¸ntac thn
(5.3) katal goume sto grammikì sÔsthma

Au = c,
A = trid(−1, 2,−1) ∈ IRn,n, u = [u1 u2 · · · un]

T και c = [h2f1 + α, h2f2, · · · , h2fn + β]T ,
(5.5)
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pou apoteleÐ diakritì an�logo tou suneqoÔc probl matoc (5.3), o de sumbolismìc trid(a, b, c)
qrhsimopoieÐtai gia na dhl¸sei ènan tridiag¸nio pÐnaka me diag¸nia stoiqeÐa Ðsa me b, k�tw
apì th diag¸nio stoiqeÐa Ðsa me a kai p�nw apì th diag¸nio stoiqeÐa Ðsa me c.

EÐnai eÔkolo na diapistwjeÐ ìti o pÐnakac twn suntelest¸n A tou sust matoc (5.5) eÐ-
nai pragmatikìc, summetrikìc, jetik� orismènoc kai dikuklikìc kai sunep¸c diatetagmènoc.
Epomènwc ìlec oi �mesec kai oi epanalhptikèc mèjodoi epÐlushc grammik¸n susthm�twn m-
poroÔn na efarmostoÔn. Dhlad , oi mèjodoi apaloif c Gauss (  LU paragontopoÐhshc),
kai m�lista qwrÐc od ghsh, Cholesky, kaj¸c kai oi epanalhptikèc mèjodoi Jacobi , Gauss-
Seidel, SOR, SSOR kai h hmi-epanalhptik  mèjodoc Chebyshev.
Ena-duo shmeÐa pou aforoÔn sth sÔgklish twn epanalhptik¸n mejìdwn ja prèpei na tonis-
toÔn idiaÐtera. Katarq�c, epeid  o A eÐnai pragmatikìc, summetrikìc kai jetik� orismènoc,
h SOR kai h SSOR mèjodoi sugklÐnoun, gia ω ∈ IR, ìpou kai ja periorioristoÔme sto
parìn Kef�laio, gia k�je ω ∈ (0, 2). AfoÔ h SOR sugklÐnei gia ω ∈ (0, 2) ja sugklÐnei
kai h Gauss-Seidel (ω = 1). Lìgw thc dikuklik c kai sunep¸c diategmènhc idiìthtac tou
A ki efìson h Gauss-Seidel sugklÐnei ja sugklÐnei kai h Jacobi afoÔ h fasmatik  aktÐna
tou epanalhptikoÔ pÐnaka thc Gauss-Seidel eÐnai to tetr�gwno thc fasmatik c aktÐnac tou
antÐstoiqou pÐnaka thc Jacobi. Tèloc, h hmi-epanalhptik  mèjodoc Chebyshev an basis-
teÐ sthn epanalhptik  mèjodo tou Jacobi ja sugklÐnei afoÔ, ìpwc mporeÐ na diapistwjeÐ,
ikanopoioÔntai ìlec oi proôpojèseic pou anafèrjhkan sto prohgoÔmeno kef�laio.

Gia thn eÔresh fasmatik¸n aktÐnwn kai sÔgkrish mèswn (asumptwtik¸n) taqut twn sÔg-
klishc twn epanalhptik¸n mejìdwn apaiteÐtai h gn¸sh twn idiotim¸n tou epanalhptikoÔ
pÐnaka tou Jacobi pou antistoiqeÐ ston A. Lìgw twn idiot twn tou pÐnaka A h eÔresh twn
idiotim¸n tou ja odhg sei sth sunèqeia sthn eÔresh kai ìlwn twn �llwn stoiqeÐwn pou
tuqìn mac endiafèroun.

Gia ton pÐnaka A thc (5.5), an λ eÐnai mia idiotim  tou kai x = [x1x2 · · ·xn]
T to antÐstoiqo

idiodi�nusma ja isqÔei ìti
Ax = λx, (5.6)

ìpou λ ∈ IC kai x ∈ ICn \ {0}. Oi idiotimèc λ, ìmwc, eÐnai pragmatikèc kai jetikèc, afoÔ o A
eÐnai pragmatikìc, summetrikìc kai jetik� orismènoc, to de idiodi�nusma x mporeÐ na parjeÐ
pragmatikì. Epiplèon isqÔei ìti λ ≤ ||A||∞ = 4. An de sqhmatisteÐ o pÐnakac 4I − A eÐnai
dunatìn na diapistwjeÐ ìti eÐnai ki autìc jetik� orismènoc kai �ra 0 < λ < 4. Exis¸nontac
t¸ra tic i-ostèc sunist¸sec twn dÔo mel¸n thc (5.6) paÐrnoume

xi+1 − (2− λ)xi + xi−1 = 0, i = 1(1)n, µϵ x0 = xn+1 = 0. (5.7)

H (5.7) den eÐnai par� mÐa omogen c, grammik  exÐswsh diafor¸n deÔterhc t�xhc me stajeroÔc
suntelestèc, pou mporeÐ na epektajeÐ kai na isqÔei gia k�je tim  tou i an orÐsoume aujaÐreta
to xi−1 na epalhjeÔei thn (5.7) gia k�je i = 0,−1,−2, · · · kai to xi+1 na epalhjeÔei thn Ðdia
exÐswsh gia i = n + 1, n + 2, n + 3, · · · . Gia thn epÐlush thc (5.7), èstw r1, r2 oi rÐzec thc
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qarakthristik c thc
r2 − (2− λ)r + 1 = 0, (5.8)

gia tic opoÐec isqÔoun
r1 + r2 = 2− λ και r1r2 = 1. (5.9)

Oi r1, r2 eÐnai migadikèc suzugeÐc (�ra r1 ̸= r2), afoÔ h diakrÐnousa thc (5.8) eÐnai Ðsh me
(2− λ)2 − 4 = λ(λ− 4) < 0. Epomènwc h genik  lÔsh thc (5.8) dÐnetai apì th

xi = c1r
i
1 + c2r

i
2. (5.10)

Qrhsimopoi¸ntac tic sunoriakèc sunj kec x0 = xn+1 = 0, paÐrnoume, lìgw thc (5.10), ìti

c1 + c2 = 0, c1r
n+1
1 + c2r

n+1
2 = 0. (5.11)

ApaleÐfontac tic stajerèc c1, c2 apì tic (5.11) kai èqontac upìyh thn r1r2 = 1, apì tic
(5.9), prokÔptei ìti

r
2(n+1)
1 = 1 = cos(2kπ) + ı sin(2kπ),

ìpou k ∈ ZZ opoiosd pote kai ı =
√
−1, opìte me efarmog  tou tÔpou tou De Moivre èqoume

r1 = cos(
kπ

n+ 1
) + ı sin(

kπ

n+ 1
),

ìpou k ∈ ZZ opoiosd pote. Apì thn r1r2 = 1 prokÔptei h antÐstoiqh èkfrash gia thn r2,
dhlad 

r2 = cos(
kπ

n+ 1
)− ı sin(

kπ

n+ 1
),

ìpou k ∈ ZZ opoiosd pote. Tèloc, apì thn pr¸th twn (5.9) kai tic dÔo prohgoÔmec ekfr�seic
brÐskoume ìti

λ = 2

(
1− cos(

kπ

n+ 1
)

)
= 4 sin2

(
kπ

2(n+ 1)

)
,

ìpou k ∈ ZZ opoiosd pote. An parathr soume ìti gia k = 0(1)n + 1 brÐskontai n + 2
diaforetikèc timèc tou λ, en¸ gia k�je �llh tim  tou k brÐsketai mia apì tic proanaferjeÐsec
kai gia k = 0, n + 1 brÐsketai λ = 0, 4, antÐstoiqa, pou èqoun apokleisteÐ wc idiotimèc tou
A, sumperaÐnoume ìti ìlec oi idiotimèc tou pÐnaka A dÐnontai apì tic n diaforetikèc ekfr�seic

λk = 4 sin2

(
kπ

2(n+ 1)

)
, k = 1(1)n. (5.12)

EÐnai axioshmeÐwto ìti mporoÔn na brejoÔn kai ta antÐstoiqa idiodianÔsmata tou A an qrhsi-
mopoihjoÔn oi ekfr�seic tou genikoÔ ìrou thc exÐswshc diafor¸n (5.10). Sugkekrimèna,

xi = c1

(
cos

(
kπ

n+ 1

)
+ ı sin

(
kπ

n+ 1

))i

+ c2

(
cos

(
kπ

n+ 1

)
− ı sin

(
kπ

n+ 1

))i
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kai epeid  c2 = −c1, paÐrnoume ìti

xi = 2ıc1 sin

(
ikπ

n+ 1

)
, i = 1(1)n, k = 1(1)n.

O 2ıc1 (̸= 0) wc koinìc par�gontac ìlwn twn sunistws¸n tou k-ostoÔ idiodianÔsmatoc mporeÐ
na paraleifteÐ, opìte telik�, to idiodi�nusma pou antistoiqeÐ sthn idiotim  λk, k = 1(1)n,
eÐnai to

x(k) =

[
sin

(
kπ

n+ 1

)
sin

(
2kπ

n+ 1

)
· · · sin

(
nkπ

n+ 1

)]T
, k = 1(1)n. (5.13)

Gia thn eÔresh twn fasmatik¸n aktÐnwn twn epanalhptik¸n pin�kwn twn (point) epana-
lhptik¸n mejìdwn pou èqoume melet sei wc t¸ra èqoume:

Jacobi: Apì to dojènta pÐnaka A brÐskoume amèswc ìti o epanalhptikìc pÐnakac thc
mejìdou eÐnai o TJ = 1

2
trid(1, 0, 1). Oi idiotimèc tou TJ brÐskontai eÔkola giatÐ sthn prokeÐ-

menh perÐptwsh èqoume TJ = 1
2
(2I − trid(−1, 2,−1)) = I − 1

2
A. Ara oi idiotimèc tou TJ

ja eÐnai Ðsec me µk = 1 − 1
2
λk = 1 − 1

2
4 sin2( kπ

2(n+1)
) = cos( kπ

n+1
) kai h fasmatik  aktÐna thc

mejìdou Jacobi ja dÐnetai apì th

ρ(TJ) = cos(
π

n+ 1
).

Gauss-Seidel: Opwc anafèrjhke, o A wc tridiag¸nioc eÐnai dikuklikìc kai sunep¸c diate-
tagmènoc. Epomènwc h fasmatik  aktÐna tou epanalhptikoÔ pÐnaka, TGS, thc mejìdou ja
dÐnetai apì thn èkfrash

ρ(TGS) = cos2(
π

n+ 1
).

Bèltisth SOR: Epeid  o A eÐnai dikuklikìc kai sunep¸c diatetagmènoc kai o pÐnakac
Jacobi pou antistoiqeÐ s' autìn èqei pragmatikèc idiotimèc me ρ(TJ) < 1 eÐnai dunatìn na
brejeÐ mia bèltisth tim  gia thn overrelaxation par�metro ω. Opwc eÐnai gnwstì aut  dÐnetai
apì ton tÔpo ωβ = 2

1+
√

1−ρ2(TJ )
. Gia thn antÐstoiqh fasmatik  aktÐna thc SOR ja èqoume

ρ(Lωβ
) = ωβ−1 =

2

1 +
√

1− ρ2(TJ)
−1 =

2

1 +
√
1− cos2( π

n+1
)
−1 =

1− sin( π
n+1

)

1 + sin( π
n+1

)
. (5.14)

Bèltisth SSOR: SÔmfwna me th jewrÐa pou anaptuqt ke sto antÐstoiqo kef�laio efìson
o A eÐnai dikuklikìc kai sunep¸c diatetagmènoc me idiotimèc tou epanalhptikoÔ pÐnaka tou
Jacobi pragmatikèc me mètro mikrìtero apì th mon�da up�rqei bèltisth SSOR mèjodoc,
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antistoiqeÐ sthn tim  ωβ = 1, kai h fasmatik  aktÐna tou epanalhptikoÔ thc pÐnaka, ρ(Sωβ
),

eÐnai Ðsh me aut n tou epanalhptikoÔ pÐnaka thc Gauss-Seidel. Dhlad 

ρ(Sωβ
) = ρ(TGS) = cos2(

π

n+ 1
).

Chebyshev: Gia thn hmi-epanalhptik  mèjodo tou Chebyshev, pou basÐzetai sthn epana-
lhptik  mèjodo tou Jacobi èqoume ìti o TJ eÐnai summetrikìc me idiotimèc sto kleistì di�sth-
ma [−ρ(TJ), ρ(TJ)], ìpou ρ(TJ) < 1, kai epiplèon o I−T eÐnai dikuklikìc kai sunep¸c diate-
tagmènoc. Epomènwc, sÔmfwna me th jewrÐa pou anaptÔqthke sto prohgoÔmeno kef�laio, h
mèsh taqÔthta sÔgklishc met� apì k�je m epanal yeic ja eÐnai

− ln

(
(ωβ − 1)

1
2

[
2

1 + (ωβ − 1)m

] 1
m

)
,

ìpou ωβ − 1 h èkfrash pou dÐnetai sthn (5.14), h de mèsh asumptwtik  taqÔthta sÔgklishc
ja dÐnetai apì thn

− ln(ωβ − 1)
1
2 ,

kai ja eÐnai Ðsh me to misì thc bèltisthc SOR mejìdou.

H sÔgkrish twn mèswn asumptwtik¸n taqut twn sÔgklishc gia merikèc apì tic parap�nw
mejìdouc, sth sugkekrimènh perÐptwsh pou exet�zetai, eÐnai gnwst . P.q., aut  thc Gauss-
Seidel eÐnai dipl�sia thc antÐstoiqhc thc Jacobi, thc bèltisthc SOR eÐnai megalÔterh aut c
thc Gauss-Seidel, thc bèltisthc SSOR eÐnai Ðdia me thn antÐstoiqh thc Gauss-Seidel kai thc
hmi-epanalhptik c mejìdou tou Chebyshev eÐnai to misì aut c thc bèltisthc SOR. H mình
sÔgkrish pou mporeÐ na gÐnei parapèra eÐnai h sugkekrimenopoÐhsh thc sqèshc metaxÔ mèswn
asumptwtik¸n taqut twn sÔgklishc twn mejìdwn Gauss-Seidel kai bèltisthc SOR kai ì,ti
aut  amèswc sunep�getai. H sÔgkrish aut  ja gÐnei gia probl mata pou endiafèroun sthn
pr�xh kai �ra gia “meg�la” n   jewrhtik� gia n → ∞, pou eÐnai isodÔnamo me to h → 0+.

Katarq�c brÐskoume tic isodÔnamec proc tic R∞(Lωβ
) kai R∞(TGS) ekfr�seic. Gia thn

pr¸th, èqoume apì thn (5.14) ìti

R∞(Lωβ
) = − ln ρ(Lωβ

) = − ln(ωβ − 1) = − ln

(
1− sin(πh)

1 + sin(πh)

)
,

an de qrhsimopoi soume diadoqik� tic sugklÐnousec seirèc sin x = x− x3

3!
+O(x5) kaj¸c kai

thn ln(1 + x) = x− x2

2
+ x3

3
+O(x4), gia x → 0, mporeÐ na prokÔyei ìti

R∞(Lωβ
) = 2πh+O(h3). (5.15)
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Gia th deÔterh èkfrash, ergazìmenoi me ton Ðdio trìpo kai qrhsimopoi¸ntac kai th seir�
cos x = 1− x2

2!
+O(x4), prokÔptei ìti

R∞(TGS) = − ln(ρ(TGS)) = − ln(cos2(πh)),

opìte brÐskoume
R∞(TGS) = π2h2 +O(h4). (5.16)

Apì tic (5.15) kai (5.16) parathroÔme amèswc ìti h mèsh asumptwtik  taqÔthta sÔgklishc
thc bèltisthc SOR eÐnai kat� mÐa t�xh megèjouc, wc proc h, megalÔterh apì aut n thc
Gauss-Seidel, o de lìgoc thc pr¸thc proc th deÔterh dÐnei epiplèon kai ton asumptwtikì
par�gonta 2

π
1
h
. Basizìmenoi sto teleutaÐo apotèlesma eÐnai dunatìn na gÐnoun amèswc oi

sugkrÐseic twn mejìdwn, oi opoÐec, sthn an�lush pou prohg jhke, den èqoun sugkrijeÐ
metaxÔ touc.

5.3 Tanustik� Ginìmena

ArqÐzoume thn paroÔsa par�grafo me ton orismì tou tanustikoÔ ginomènou dÔo pin�kwn.

Orismìc 5.3 Estw oi pÐnakec A ∈ ICm,n kai B ∈ ICp,q. Tanustikì ginìmeno (  ginìmeno
Kronecker) twn pin�kwn A epÐ B, me th seir� aut , kaleÐtai o pÐnakac C ∈ ICmp,nq, pou,
sumbolÐzetai wc A⊗B kai, eÐnai t.w.

C = A⊗B =


a11B a12B · · · a1nB
a21B a22B · · · a2nB
...

...
...

...
am1B am2B · · · amnB

 . (5.17)

Me b�sh ton orismì, pou mìlic dìjhke, eÐnai eÔkolo na apodeiqteÐ ìti isqÔoun oi parak�tw
idiìthtec:

a) An A ∈ ICm,n kai B ∈ ICp,q, tìte (A⊗B)H = AH ⊗BH .

b) An A ∈ ICm,n, B ∈ ICp,q, C ∈ ICk,l kai D ∈ ICr,s isqÔei ìti

(A⊗B)(C ⊗D) = (AC)⊗ (BD),

me thn proôpìjesh ìti ta ginìmena AC kai BD orÐzontai, dhlad  isqÔei ìti n = k kai q = r.

g) An A ∈ ICm,m kai B ∈ ICn,n eÐnai antistrèyimoi, tìte kai o A ⊗ B eÐnai antistrèyimoc
kai isqÔei ìti

(A⊗B)−1 = A−1 ⊗B−1.
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Gia tic idiotimèc kai ta idiodianÔsmata tou tanustikoÔ ginomènou dÔo tetragwnik¸n pin�k-
wn isqÔoun akìmh kai oi akìloujec dÔo idiìthtec, pou mporoÔn na apodeiqtoÔn me b�sh ton
orismì tou tanustikoÔ ginomènou kai autèc pou  dh anafèrjhkan. Sugkekrimèna:

d) An A ∈ ICm,m kai λ ∈ σ(A) me x ∈ ICm \ {0} to antÐstoiqo idiodi�nusma kai B ∈ ICn,n

kai µ ∈ σ(B) me y ∈ ICn \ {0} to antÐstoiqo idiodi�nusma, tìte λµ ∈ σ(A⊗B) me antÐstoiqo
idiodi�nusma to x⊗ y ∈ ICmn \ {0}.

e) An λi eÐnai oi idiotimèc tou A ∈ ICm,m me x(i) ∈ ICm \ {0}, i = 1(1)m, ta antÐstoiqa
idiodianÔsmata, kai sumbaÐnei na eÐnai grammik� anex�rthta, kai µj eÐnai oi idiotimèc tou B ∈
ICn,n me y(j) ∈ ICn \ {0}, j = 1(1)n, kai sumbaÐnei na eÐnai epÐshc grammik� anex�rthta, tìte
λiµj eÐnai oi idiotimèc tou A⊗B me antÐstoiqa idiodianÔsmata ta x(i) ⊗ y(j) ∈ ICmn \ {0}, i =
1(1)m, j = 1(1)n, pou mporeÐ na apodeiqteÐ ìti eÐnai epÐshc grammik� anex�rthta.

San efarmog  twn parap�nw ektejèntwn kai sugqrìnwc twn epanalhptik¸n mejìdwn
twn prohgoÔmenwn kefalaÐwn dÐnoume thn epèktash thc efarmog c thc prohgoÔmenhc para-
gr�fou stic dÔo diast�seic pou apoteleÐ to gnwstì prìblhma-montèlo thc exÐswshc tou
Poisson upì sunoriakèc sunj kec Dirichlet.

Estw h exÐswsh

−∂2u

∂x2
− ∂2u

∂y2
= f(x, y), oρισµϵ́νη στo Ω = (0, 1)× (0, 1), (5.18)

me
u(x, y) = g(x, y), στo ∂Ω, (5.19)

ìpou f(x, y) kai g(x, y) gnwstèc sunart seic.

Gia thn arijmhtik  epÐlush thc elleiptik c merik c diaforik c exÐswshc (5.18)�(5.19)
epijètoume sto Ω ∪ ∂Ω èna omoiìmorfo diktuwtì me n eswterik� shmeÐa diamèrishc stic x−
kai y−dieujÔnseic, opìte to b ma thc diamèrishc eÐnai h = 1

n+1
. K�je kìmboc tou diktuwtoÔ

me suntetagmènec (xi, yj) = (ih, jh), i, j = 0(1)n + 1, qarakthrÐzetai apì to zeÔgoc (i, j).
ProseggÐzoume thn (5.18)�(5.19) sta eswterik� shmeÐa tou diktuwtoÔ (i, j), i, j = 1(1)n,
me kentrikèc diaforèc deÔterhc t�xhc, opìte prokÔptoun n2 exis¸seic, k�je mÐa apì tic
opoÐec parousÐazei èna topikì sf�lma apokop c thc t�xhc O(h2). Tic exis¸seic autèc tic
katat�ssoume sth legìmenh fusik  touc di�taxh, jewr¸ntac ta shmeÐa tou diktuwtoÔ, sta
opoÐa antistoiqoÔn, pr¸ta apì arister� proc ta dexi� kai Ôstera apì k�tw proc ta p�nw.
K�je mÐa apì tic proanaferjeÐsec exis¸seic èqei th morf 

−ui−1,j + 2uij − ui+1,j − ui,j−1 + 2uij − ui,j+1 = h2fij, i = 1(1)n, j = 1(1)n, (5.20)

ìpou uij eÐnai h proseggistik  tim  thc u(xi, yj) kai fij = f(xi, yj), h de sullog  ìlwn
twn exis¸sewn (5.20), me th seir� pou proanafèrjhke, odhgeÐ se èna grammikì sÔsthma thc
genik c morf c

Au = c. (5.21)
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Ta stoiqeÐa tou sust matoc (5.21), ìtan aut� graftoÔn se block morf , dÐnontai analutik�
amèswc parak�tw.

A =



4 −1 −1
−1 4 −1 −1

. . .
. . .

. . .
. . .

−1 4 −1 −1
−1 4 −1

−1 4 −1 −1
−1 −1 4 −1 −1

. . .
. . .

. . .
. . .

. . .
−1 −1 4 −1 −1

−1 −1 4 −1
. . .

−1 4 −1
−1 −1 4 −1

. . .
. . .

. . .
. . .

−1 −1 4 −1
−1 −1 4


(5.22)

kai

u = [u11 u21 · · · un1|u12 u22 · · · un2| · · · |u1n u2n · · · unn]
T ,

c = [c11 c21 · · · cn1|c12 c22 · · · cn2| · · · |c1n c2n · · · cnn]
T ,

ìpou

cij =



h2fij, ∀ i, j = 2(1)n− 1,
h2fij + g(0, jh), ∀ i = 1, j = 2(1)n− 1,
h2fij + g(1, jh), ∀ i = n, j = 2(1)n− 1,
h2fij + g(ih, 0), ∀ i = 2(1)n− 1, j = 1,
h2fij + g(ih, 1), ∀ i = 2(1)n− 1, j = n,
h2fij + g(0, h) + g(h, 0), (i, j) = (1, 1),
h2fij + g(nh, 0) + g(1, h), (i, j) = (n, 1),
h2fij + g(1, nh) + g(nh, 1), (i, j) = (n, n),
h2fij + g(0, nh) + g(h, 1), (i, j) = (1, n).

Gia thn eÔresh twn idiotim¸n, kai idiodianusm�twn, tou pÐnaka A thc (5.22), parathroÔme
ìti autìc èqei �mesh sqèsh me ton pÐnaka A = trid(−1, 2,−1) thc monodi�stathc efarmog c
sthn (5.5). Sugkekrimèna, an T = trid(−1, 2,−1) ∈ IRn,n, tìte o pÐnakac A sthn paroÔsa
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perÐptwsh mporeÐ na grafteÐ, se block morf , sunoptik� wc ex c

A =


2I + T −I
−I 2I + T −I

. . . . . . . . .
−I 2I + T −I

−I 2I + T

 . (5.23)

Me b�sh ton orismì tou tanustikoÔ ginomènou (5.17), mporoÔme amèswc na diapist¸soume,
apì thn parap�nw morf  tou A, ìti

A = I ⊗ T + T ⊗ I. (5.24)

GnwrÐzontac tic idiotimèc kai ta idiodianÔsmata tou pÐnaka T = trid(−1, 2,−1), apì tic
(5.12) kai (5.13), kai ekmetalleuìmenoi tic idiìthtec tou tanustikoÔ ginomènou, mporoÔme na
broÔme tic basikèc idiìthtec tou pÐnaka A kaj¸c kai ta idiozeÔgh tou, pou ja mac epitrèyoun
sth sunèqeia na melet soume sugklÐseic kai sugkrÐseic twn basik¸n point kai block epana-
lhptik¸n mejìdwn, gia thn arijmhtik  epÐlush tou sust matoc (5.21).

EÐnai profanèc, apì thn (5.22), ìti o A ∈ IRn2,n2
eÐnai pragmatikìc kai summetrikìc.

To ìti eÐnai kai jetik� orismènoc mporeÐ na deiqteÐ amèswc met� thn eÔresh twn idiotim¸n
tou. Lìgw thc block tridiag¸niac morf c tou A, autìc eÐnai block dikuklikìc kai sunep¸c
diatetagmènoc. EÐnai ìmwc kai point dikuklikìc kai sunep¸c diatetagmènoc, pr�gma pou
apodeÐqnetai wc ex c. Gia to ìti eÐnai point dikuklikìc qrhsimopoioÔme to metajetikì pÐnaka
P me

P T = [e1 e3 . . . e2[
n+1
2

]−1 en+2 en+4 . . . en+2[n
2
] e2n+1 e2n+3 . . . e2n+2[n+1

2
]−1 . . .

e2 e4 . . . e2[
n
2
] en+1 en+3 . . . en+2[n+1

2
]−1 e2n+2 e2n+4 . . . e2n+2[n

2
] . . .] ∈ IRn2,n2

,
(5.25)

ìpou [x] sumbolÐzei to akèraio mèroc tou arijmoÔ x. Tìte mporeÐ na deiqteÐ ìti o PAP T

eÐnai thc morf c (3.53). Oti o point dikuklikìc pÐnakac A eÐnai kai sunep¸c diatetagmènoc
apodeÐqnetai sth sunèqeia. O point Jacobi pÐnakac, pou antistoiqeÐ ston A, èqei th morf 

T
(p)
J =

1

4
(I ⊗G+G⊗ I), óπoυ G = trid(1, 0, 1). (5.26)

Eqontac ton T
(p)
J , sqhmatÐzoume ton pÐnaka T

(p)
J (α) = D−1(αL + 1

α
U), ìpou D = diag(A),

kai L kai U , austhr� k�tw trigwnikìc kai austhr� �nw trigwnikìc pÐnakec, kai α ∈ IC \ {0}.
Apì th morf  tou A sthn (5.22), kaj¸c kai apì tic isodÔnamec morfèc tou (5.23) kai (5.24),

parathroÔme ìti o pÐnakac T
(p)
J (α) mporeÐ na grafteÐ kai wc

T
(p)
J (α) =

1

4
(I ⊗ F + F ⊗ I), óπoυ F = trid(α, 0,

1

α
). (5.27)
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JewroÔme ton pÐnaka E = diag(1, 1
α
, · · · , 1

αn−1 ), sqhmatÐzoume ton ìmoio proc ton T
(p)
J (α)

pÐnaka (E ⊗ E)T
(p)
J (α)(E ⊗ E)−1, qrhsimopoioÔme thn èkfrash (5.27), kai efarmìzontac

aplèc idiìthtec tou tanustikoÔ ginomènou paÐrnoume diadoqik�

(E ⊗ E)T
(p)
J (α)(E ⊗ E)−1 = (E ⊗ E)

(
1
4
(I ⊗ F + F ⊗ I)

)
(E−1 ⊗ E−1)

= 1
4
((EI)⊗ (EF ) + (EF )⊗ (EI)) (E−1 ⊗ E−1)

= 1
4
((EIE−1)⊗ (EFE−1) + (EFE−1)⊗ (EIE−1))
= 1

4
(I ⊗ (EFE−1) + (EFE−1)⊗ I) .

O pÐnakac, ìmwc, EFE−1 = G, ìpwc mporeÐ na diapistwjeÐ amèswc apì th morf  tou F

sthn (5.27) kai G sthn (5.26), eÐnai anex�rthtoc tou α. Ara kai o T
(p)
J (α) eÐnai anex�rthtoc

tou α, pr�gma pou shmaÐnei ìti o A eÐnai point dikuklikìc kai sunep¸c diatetagmènoc.

Gia thn eÔresh twn idiotim¸n kai idiodianusm�twn tou A qrhsimopoioÔme th morf  (5.24),
ìpou gia ton T = trid(−1, 2,−1) èqoume  dh breÐ idiotimèc kai idiodianÔsmata stic (5.12) kai
(5.13), antÐstoiqa. Shmei¸noume akìmh ìti o monadiaÐoc pÐnakac I èqei men ìlec tic idiotimèc
tou Ðsec me th mon�da all� wc idiodianÔsmat� tou mporoÔn na jewrhjoÔn opoiad pote n
grammik� anex�rthta dianÔsmata. JewroÔme, loipìn, aut� tou T . An, sunep¸c, jewr soume
ta dianÔsmata x(k)⊗x(l), k, l = 1(1)n, ìpou x(k), x(l), ta idiodianÔsmata tou T , tìte gia k�je
k, l = 1(1)n, èqoume diadoqik�

A(x(k) ⊗ x(l)) = (I ⊗ T + T ⊗ I)(x(k) ⊗ x(l))
= (Ix(k))⊗ (Tx(l)) + (Tx(k))⊗ (Ix(l))

= x(k) ⊗ (λlx
(l)) + (λkx

(k))⊗ x(l) = (λk + λl)(x
(k) ⊗ x(l)).

(5.28)

H isìthta tou pr¸tou kai teleutaÐou mèlouc twn isot twn (5.28) apodeÐqnei ìti o pÐnakac A
èqei idiotimèc tic λk + λl me antÐstoiqa idiodianÔsmata ta x(k) ⊗ x(l), k, l = 1(1)n, pou eÐnai
grammik� anex�rthta, ìpwc sumperaÐnetai apì th grammik  anexarthsÐa twn x(k), k = 1(1)n.
Analutik�, oi ekfr�seic twn idiotim¸n eÐnai

λk,l = 4 sin2

(
πk

2(n+ 1)

)
+ 4 sin2

(
πl

2(n+ 1)

)
, k, l = 1(1)n, (5.29)

twn de antÐstoiqwn idiodianusm�twn eÐnai oi

x(k,l) = x(k) ⊗ x(l), k, l = 1(1)n, (5.30)

ìpou oi sunist¸sec twn x(k), x(l), me b�sh thn (5.13), eÐnai autèc pou dÐnontai sth sunèqeia

x(k) =
[
sin( kπ

n+1
) sin( 2kπ

n+1
) ... sin( nkπ

n+1
)
]T

, k = 1(1)n,

x(l) =
[
sin( lπ

n+1
) sin( 2lπ

n+1
) ... sin( nlπ

n+1
)
]T

, l = 1(1)n.
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ShmeÐwsh: Apì tic ekfr�seic (5.29) twn idiotim¸n blèpoume amèswc ìti λk,l = λl,k, k ̸=
l = 1(1)n. To gegonìc ìti autèc oi Ðsec idiotimèc apoteloÔn pr�gmati diplèc idiotimèc tou
pÐnaka A, kai �ra oi ekfr�seic (5.29) dÐnoun ìlec tic idiotimèc tou, apodeÐqnetai apì th gram-
mik  anexarthsÐa twn idiodianusm�twn (5.30). Gia thn apìdeixh tou teleutaÐou isqurismoÔ
sqhmatÐzoume ton pÐnaka

Y = [x(1) ⊗ x(1) x(1) ⊗ x(2) · · · x(1) ⊗ x(n) x(2) ⊗ x(1) · · · x(n) ⊗ x(n)]
= [x(1) x(2) · · · x(n)]⊗ [x(1) x(2) · · · x(n)] =: X ⊗X.

Omwc o pÐnakac X eÐnai antistrèyimoc afoÔ st lec tou eÐnai ta idiodianÔsmata x(k), k =
1(1)n, tou pÐnakaA thc efarmog c thc monodi�stathc perÐptwshc pou eÐnai grammik� anex�rth-
ta. Ara kai o pÐnakac Y eÐnai antistrèyimoc, me b�sh thn idiìthta (e) twn tanustik¸n
ginomènwn, pr�gma pou sunep�getai th grammik  anexarthsÐa twn sthl¸n tou.

Apì thn èkfrash twn idiotim¸n diapist¸netai amèswc ìti ìlec oi n2 idiotimèc tou A eÐnai
jetikèc, pr�gma pou sunep�getai ìti o A, wc pragmatikìc kai summetrikìc, ja eÐnai kai
jetik� orismènoc.

Gia thn eÔresh twn fasmatik¸n aktÐnwn twn point kai block epanalhptik¸n mejìdwn Ja-
cobi, Gauss-Seidel kai SOR stic opoÐec kai ja perioristoÔme, afoÔ gia tic �llec mejìdouc,
pou melet jhkan sthn efarmog  thc mÐac di�stashc, mporoÔme na katal xoume se sumper�s-
mata diamèsou twn tri¸n pr¸twn mejìdwn, ìpwc eÐdame, ergazìmaste wc ex c.

point Jacobi: O antÐstoiqoc epanalhptikìc pÐnakac T (p)
J eÐnai o T

(p)
J = I − 1

4
A kai �ra oi

idiotimèc tou, µk,l, ja dÐnontai apì tic ekfr�seic µk,l = 1− 1
4
λk,l =

1
2

(
cos
(

kπ
n+1

)
+ cos

(
lπ

n+1

))
.

Epomènwc h fasmatik  aktÐna tou epanalhptikoÔ pÐnaka thc point Jacobi ja eÐnai

ρ(T
(p)
J ) = cos

(
π

n+ 1

)
.

ParathroÔme ìti h fasmatik  aktÐna tou point Jacobi epanalhptikoÔ pÐnaka, pou brèjhke,
eÐnai tautìshmh me aut n tou epanalhptikoÔ pÐnaka tou Jacobi sthn perÐptwsh thc efarmog c
sth mÐa di�stash. Lìgw de kai thc point dikuklik c kai sunep¸c diatetagmènhc idiìthtac tou
A kai oi fasmatikèc aktÐnec thc point Gauss-Seidel kai thc bèltisthc SOR, sthn paroÔsa
efarmog  stic dÔo diast�seic, ja eÐnai tautìshmec me autèc twn antÐstoiqwn mejìdwn sthn
efarmog  sth mÐa di�stash. OmoÐwc, kai ta sumper�smata ta afor¸nta se sugklÐseic kai
sugkrÐseic mèswn asumptwtik¸n taqut twn sÔgklishc twn mejìdwn sthn perÐptwsh pou
exet�zoume ja eÐnai akrib¸c ta Ðdia me aut� thc perÐptwshc sth mÐa di�stash kai epomènwc
h ek nèou par�jes  touc paraleÐpetai.

Gia tic antÐstoiqec block epanalhptikèc mejìdouc arqÐzoume me thn eÔresh tou block Ja-

cobi epanalhptikoÔ pÐnaka, T (b)
J , ton opoÐo ja prospaj soume na ekfr�soume qrhsimopoi¸n-

tac tanustik� ginìmena ¸ste na mporèsoume na ekmetalleutoÔme tic analutikèc ekfr�seic
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twn idiotim¸n, kai twn idiodianusm�twn, tou pÐnaka A. Me th qrhsimopoÐhsh twn morf¸n
(5.23) kai (5.24) tou A mporoÔme na p�roume diadoqik� ìti

T
(b)
J = (I ⊗ (2I + T ))−1 (I ⊗ (2I + T )− A)

= (I ⊗ (2I + T )−1) (I ⊗ (2I + T )− I ⊗ T − T ⊗ I)
= (I ⊗ (2I + T )−1) (I ⊗ 2I − T ⊗ I)

= (I I)⊗ ((2I + T )−1 2I)− (I T )⊗ ((2I + T )−1 I)
= I ⊗ 2(2I + T )−1 − T ⊗ (2I + T )−1 = (2I − T )⊗ (2I + T )−1.

(5.31)

EÐnai gnwstì ìti oi idiotimèc tou T , kai ta antÐstoiqa idiodianÔsmata, eÐnai aut� tou pÐnaka
T thc efarmog c sth monodi�stath perÐptwsh. Akìmh gnwrÐzoume ìti oi idiotimèc kai ta
idiodianÔsmata tou antÐstrofou enìc pÐnaka, efìson up�rqei, eÐnai oi antÐstrofec idiotimèc,
pou antistoiqoÔn sta Ðdia idiodianÔsmata tou arqikoÔ pÐnaka, pou eÐnai kai idiodianÔsmata
tou antÐstrofou pÐnaka. Me b�sh ta parap�nw, oi idiotimèc kai ta idiodianÔsmata tou 2I−T
sto dexi� mèloc twn isot twn (5.31) ja eÐnai 2 − λk kai x(k), k = 1(1)n, antÐstoiqa, en¸
tou (2I + T )−1 ja eÐnai (2 + λk)

−1, kai x(k), k = 1(1)n. Lìgw tou tanustikoÔ ginomènou o

pÐnakac T
(b)
J ja èqei idiotimèc

λk,l =
2− λk

2 + λl

=
cos
(

kπ
n+1

)
2− cos

(
lπ

n+1

) , k, l = 1(1)n,

kai idiodianÔsmata
x(k) ⊗ x(l), k, l = 1(1)n. (5.32)

Shmei¸netai ìti ta idiodianÔsmata sthn (5.32) eÐnai ta Ðdia akrib¸c me aut� tou pÐnaka A
sthn (5.30) kai �ra ja eÐnai grammik� anex�rthta. H fasmatik  aktÐna tou block Jacobi
epanalhptikoÔ pÐnaka thc perÐptwshc pou exet�zoume eÐnai

ρ(T
(b)
J ) =

cos
(

π
n+1

)
2− cos

(
π

n+1

) .
Apì thn èkfrash gia th fasmatik  aktÐna tou block Jacobi pÐnaka kai thn block dikuklik 
kai sunep¸c diatetagmènh idiìthta tou A brÐskontai amèswc oi fasmatikèc aktÐnec twn block
Gauss-Seidel kai block SOR epanalhptik¸n pin�kwn, pou ja eÐnai

ρ(T
(b)
GS) =

cos2
(

π
n+1

)(
2− cos

(
π

n+1

))2
kai

ρ(L(b)
ωβ
) =

1−
√
2 sin

(
π

2(n+1)

)
1 +

√
2 sin

(
π

2(n+1)

)
2

,
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antÐstoiqa.

Gia thn eÔresh twn mèswn asumptwtik¸n taqut twn sÔgklishc twn point kai block epana-
lhptik¸n mejìdwn Jacobi, Gauss-Seidel kai SOR, kaj¸c kai gia tic antÐstoiqec sugkrÐseic,
ja jewr soume ìti h = 1

n+1
→ 0+, kai ja qrhsimopoi soume anaptÔgmata, wc proc h,

sugklinous¸n seir¸n. Gia tic antÐstoiqec point mejìdouc apl� antigr�foume apì aut�
pou  dh brèjhkan gia tic Ðdiec mejìdouc sthn efarmog  thc monodi�stathc perÐptwshc.
Sugkekrimèna,

R∞(T
(p)
J ) = π2

2
h2 +O(h4),

R∞(T
(p)
GS) = π2h2 +O(h4),

R∞(L(p)
ωβ ) = 2πh+O(h3).

Gia tic block epanalhptikèc mejìdouc mporoÔme eÔkola na broÔme ìti

R∞(T
(b)
J ) = π2h2 +O(h4),

R∞(T
(b)
GS) = 2π2h2 +O(h4),

R∞(L(b)
ωβ) = 2

√
2πh+O(h3).

Opwc mporeÐ na diapistwjeÐ, oi block Jacobi kai block Gauss-Seidel eÐnai duo forèc taqÔterec
apì tic antÐstoiqec point mejìdouc, en¸ h block SOR eÐnai kat�

√
2 forèc taqÔterh apì

thn point SOR mèjodo. Kai sthn perÐptwsh twn block mejìdwn parathroÔme akìmh ìti h
block SOR eÐnai taqÔterh apì thn block Gauss-Seidel kat� mÐa t�xh megèjouc, wc proc h,

me antÐstoiqo asumptwtikì par�gonta
√
2

π
1
h
.

ASKHSEIS

1.: Na brejoÔn oi genikèc lÔseic twn exis¸sewn diafor¸n.

α) yk+2 − 5yk+1 + 6yk = 0, k = 0, 1, 2, . . . ,

β) yk+2 − 4yk+1 + 4yk = 0, k = 0, 1, 2, . . . .

2.: Sth gnwst  akoloujÐa Fibonacci dÐnontai oi duo pr¸toi ìroi thc a0 = 0, a1 = 1, en¸
k�je epìmenoc ìroc thc orÐzetai apì thn anadromik  sqèsh

ak+2 = ak+1 + ak, k = 0, 1, 2, . . . .

Na brejeÐ o genikìc ìroc thc.
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3.: Me th bo jeia twn exis¸sewn diafor¸n na brejeÐ h tim  thc det (trid(−1, 2,−1)), ìpou
trid(−1, 2,−1) ∈ IRn,n.

4.: Qrhsimopoi¸ntac exis¸seic diafor¸n na brejeÐ h genik  èkfrash twn poluwnÔmwn
Tk(z) tou Chebyshev pr¸tou eÐdouc bajmoÔ k, pou orÐzontai, eÐte gia z ∈ [−1, 1] eÐte
gia z ≥ 1, apì th sqèsh Tk(z) = 2zTk−1(z) − Tk−2(z), k = 2, 3, . . . , kai touc duo
pr¸touc ìrouc T0(z) = 1 kai T1(z) = z.

5.: Na brejoÔn oi idiotimèc kai ta idiodianÔsmata tou pÐnaka trid(b, a, c) ∈ IRn,n, ìpou
bc > 0. (Upìdeixh: An qreiasteÐ mporeÐ na qrhsimopoihjeÐ kat�llhla diag¸nioc pÐnakac
¸ste o dojeÐc na katasteÐ ìmoioc proc summetrikì.)

6.: Na brejoÔn oi idiotimèc kai ta idiodianÔsmata twn n× n pin�kwn
1 −1

−1 2 −1
. . . . . . . . .

−1 2 −1
−1 2

 ,


2 −1

−1 2 −1
. . . . . . . . .

−1 2 −1
−1 1

 .

7.: Na brejoÔn oi idiotimèc kai ta idiodianÔsmata tou n× n pÐnaka
2 −2

−1 2 −1
. . . . . . . . .

−1 2 −1
−2 2

 .

(Prosoq : O pÐnakac eÐnai m  antistrèyimoc kai den eÐnai summetrikìc. An qreiasteÐ
mporeÐ na qrhsimopoihjeÐ kat�llhla diag¸nioc pÐnakac ¸ste o dojeÐc na katasteÐ ì-
moioc proc summetrikì.)

8.: DÐnetai o n× n (n ≥ 3) pÐnakac

A =



1 1
1 2 1

1 2 1
. . . . . . . . .

1 2 1
1 1


.
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a) Na deiqteÐ, me opoiod pote trìpo, ìti o A èqei mÐa apì tic idiotimèc tou Ðsh me mhdèn,
ìlec de tic �llec pragmatikèc kai jetikèc.
b) Qrhsimopoi¸ntac exis¸seic diafor¸n na brejoÔn oi analutikèc ekfr�seic ìlwn twn
idiotim¸n tou A. kai
g) Na brejoÔn epÐshc analutikèc ekfr�seic twn idiodianusm�twn tou pÐnaka A.

9.: Na brejoÔn oi idiotimèc tou pÐnaka

A =


a 1
1 −a 1

1 a 1
1 −a 1

. . . . . . . . .

 ∈ IRn,n, a ̸= 0.

(Upìdeixh: Na qrhsimopoihjeÐ metajetikìc pÐnakac P kai na jewrhjeÐ o ìmoioc proc

ton A pÐnakac PAP T , ¸ste o teleutaÐoc na eÐnai thc morf c

[
aIn1 B
BT −aIn2

]
. Sth

sunèqeia na jewrhjoÔn duo peript¸seic n �rtioc kai n perittìc.)

10.: Na brejoÔn oi idiotimèc tou pÐnaka

A =


a c
b d c

b a c
b d c

. . . . . . . . .

 ∈ IRn,n, a, b, c, d ∈ IR, ad ̸= 0, bc > 0.

(Upìdeixh: MporeÐ na qrhsimopoihjeÐ to apotèlesma thc prohgoÔmenhc Askhshc.)

11.: Na apodeiqtoÔn oi idiìthtec (a)-(e) pou basÐzontai ston orismì tou tanustikoÔ gi-
nomènou.



Kef�laio 6

Mèjodoi ElaqistopoÐhshc

6.1 Eisagwg 

Oi mèjodoi pou ja melethjoÔn sto parìn kef�laio anaptÔqthkan kurÐwc gia thn epÐlush
pragmatik¸n grammik¸n susthm�twn Ax = b, me A ∈ IRn,n, AT = A, jetik� orismèno
kai b ∈ IRn. Efex c o A ja ikanopoieÐ tic proanaferjeÐsec idiìthtec ektìc kai an saf¸c
orÐzetai alli¸c. Olec oi mèjodoi pou ja anaptuqtoÔn basÐzontai sthn elaqistopoÐhsh enìc
sunarthsiakoÔ, dhlad  pragmatik c sun�rthshc

f := f(x1, x2, · · · , xn) ≡ f(x), óπoυ x ∈ (Ω ⊆) IRn.

Ja upotÐjetai ìti h f eÐnai arket� omal  ètsi ¸ste ta shmeÐa sta opoÐa èqei topik� el�qista
na brÐskontai metaxÔ twn krÐsimwn shmeÐwn thc, dhlad  twn shmeÐwn x sta opoÐa h klÐsh
thc eÐnai mhdèn

∇f(x) =

[
∂f

∂x1

∂f

∂x2

· · · ∂f

∂xn

]T
= 0. (6.1)

Efex c ja gr�foume
(·, ·) ≡ (·, ·)2 και || · || ≡ || · ||2,

ektìc ki an orÐzetai diaforetik�.

H basik  idèa miac mejìdou elaqistopoÐhshc perigr�fetai sth sunèqeia. Katarq�c h
sun�rthsh f orÐzetai kat� tètoio trìpo ¸ste èna shmeÐo sto opoÐo èqei topikì el�qisto na
eÐnai h lÔsh tou sust matoc pou jewroÔme, dhlad  h x∗ = A−1b. Tìte, gia èna x ∈ IRn

stajerì kai gia k�je u ∈ IRn \ {0} me ||u|| = c > 0 stajerì jewroÔme th sun�rthsh

g(α) = f(x+ αu) = f(x) + α(∇f(x), u) +O(α2),
149
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ìpou to dexi� mèloc prokÔptei an anaptÔxoume kat� Taylor thn f(x+αu) sto x. Profan¸c
èqoume g(0) = f(x) kai g′(0) = (∇f(x), u), opìte gia α → 0+ kai ∇f(x) ̸= 0 h diafor�
f(x+αu)−f(x) ja èqei to prìshmo tou (∇f(x), u). Ara h g(a) ja eÐnai gn sia aÔxousa sthn
perioq  tou mhdenìc ann (∇f(x), u) > 0 kai, antÐstoiqa, gn sia fjÐnousa ann (∇f(x), u) <
0. Sthn perÐptwsh thc gn siac fjÐnousac g(α) h “taqÔthta” el�ttws c thc ja eÐnai h

mègisth dunat  ann (∇f(x), u) = ||∇f(x)|| ||u|| cos θ, me θ = ∇̂f(x), u = π. Dhlad 
sthn kateÔjunsh u = −∇f(x). Epomènwc xekin¸ntac apì k�poio aujaÐreto x kai kinoÔmenoi
proc thn kateÔjunsh −∇f(x) kinoÔmaste apì thn trèqousa tim  tou sunarthsiakoÔ proc
timèc tou, pou eÐnai oi mikrìterec dunatèc sthn perioq  tou x. Ara proc timèc pou brÐskontai
plhsièstera proc to el�qisto pou mac endiafèrei, ki autì gÐnetai, me th megalÔterh dunat 
taqÔthta.

6.2 Mèjodoc thc Apìtomhc Kajìdou (Steepest De-

scent)

H mèjodoc thc Apìtomhc Kajìdou eÐnai mÐa epanalhptik  mèjodoc, ofeÐletai ston Cauchy
kai akoloujeÐ th basik  idèa pou  dh anaptÔqthke. Pio sugkekrimèna, sthn arq  thc
k + 1 epan�lhyhc eÐnai gnwst  h prosèggish x(k), me tim  tou sunarthsiakoÔ f(x(k)).
Gia na orÐsoume to x(k+1) kinoÔmaste sthn kateÔjunsh u = −∇f(x(k)), opìte x(k+1) =
x(k) − α∇f(x(k)), to de α orÐzetai wc h mikrìterh jetik  tim  tou α = αk+1, pou kajist�
to f(x(k+1)) = f(x(k) − α∇f(x(k))) el�qisto. To sugkekrimèno sunarthsiakì pou qrhsi-
mopoieÐtai eÐnai to

f(x) :=
1

2
(Ax, x)− (b, x), x ∈ IRn. (6.2)

H epilog  tou sunarthsiakoÔ (6.2) me b�sh thn an�lush pou prohg jhke dikaiologeÐtai apì
thn parak�tw isqÔousa prìtash.

Je¸rhma 6.1 Estw to grammikì sÔsthma

Ax = b, A ∈ IRn,n, AT = A, A θϵτικά oρισµϵ́νoς και b ∈ IRn, (6.3)

kai to sunarthsiakì (6.2). Tìte h lÔsh tou (6.3) (x∗ = A−1b) eÐnai to shmeÐo sto
opoÐo h tim  tou f(x) gÐnetai el�qisth.

Apìdeixh: Estw x = x∗ + y, y ∈ IRn, tìte, labaÐnontac upìyh tic idiìthtec tou A, h tim 
tou f(x) ja gÐnetai diadoqik�

f(x) = f(x∗ + y) = 1
2
(A(x∗ + y), x∗ + y)− (b, x∗ + y)

= 1
2
(Ax∗, x∗) + 1

2
(Ax∗, y) + 1

2
(Ay, x∗) + 1

2
(Ay, y)− (b, x∗)− (b, y)

= f(x∗) + (Ax∗ − b, y) + 1
2
(Ay, y) = f(x∗) + 1

2
(Ay, y) ≥ f(x∗)

, (6.4)
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me to “=” na isqÔei ann y = 0, dhlad , ann x = x∗. (ShmeÐwsh: H el�qisth tim  tou f(x)
eÐnai tìte minx∈IRn f(x) = f(x∗) = 1

2
(Ax∗, x∗)− (b, x∗) = −1

2
(b, A−1b).) �

An prospaj soume na deÐxoume, me th mèjodo pou perigr�fthke sthn eisagwg , ìti to
x∗ eÐnai to shmeÐo sto opoÐo h f(x) elaqistopoieÐtai, ja prèpei pr¸ta na broÔme ta krÐsima
shmeÐa thc kai apì aut� na broÔme ekeÐno, an up�rqei, pou elaqistopoieÐ thn tim  thc. Apì
thn èkfrash thc f(x) sthn (6.2) brÐskoume thn klÐsh thc apì thn (6.1), gia thn k-ost 
sunist¸sa thc opoÐac èqoume

(∇f(x))k = ∂
∂xk

f(x) = ∂
∂xk

[
1
2
(Ax, x)− (b, x)

]
= 1

2
∂

∂xk

[∑n
i=1

(
xi

∑n
j=1 aijxj

)]
− ∂

∂xk
(
∑n

i=1 bixi) =
1
2

(∑n
j=1 akjxj +

∑n
i=1 xiaik

)
− bk =

∑n
i=1 akixi − bk = (Ax− b)k,

opìte∇f(x) = Ax−b. Me to mhdenismì thc klÐshc paÐrnoume x = A−1b, wc to mìno krÐsimo
shmeÐo thc f(x). Gia to an to shmeÐo pou brèjhke eÐnai shmeÐo el�qistou thc f(x) jewroÔme
ton Esianì pÐnak� thc, H, gia ton opoÐo isqÔei ìti hij =

∂2

∂xixj
(f(x)) = ∂

∂xj
[(Ax− b)i] =

aij, kai �ra H = A. Epeid  o A, ektìc apì pragmatikìc summetrikìc, eÐnai kai jetik�
orismènoc to monadikì krÐsimo shmeÐo pou  dh brèjhke eÐnai shmeÐo el�qistou thc f(x).

Epanerqìmenoi sth mèjodo apìtomhc kajìdou pou perigr�foume, orÐzoume katarq�c to
di�nusma-upìloipo (  apl� upìloipo) sto tèloc thc k epan�lhyhc wc

r(k) = b− Ax(k) = −∇f(x(k)).

An r(k) ̸= 0 (x(k) ̸= A−1b), alli¸c r(k) = 0 kai h lÔsh ja èqei brejeÐ, tìte h mèjodoc thc apì-
tomhc kajìdou upologÐzei thn epan�lhyh x(k+1) = x(k)+αr(k), gia α > 0, elaqistopoi¸ntac
th sun�rthsh f(x(k) + αr(k)) wc proc α. EÐnai eÔkolo na p�roume diadoqik� ìti

f(x(k) + αr(k)) = 1
2

(
A(x(k) + αr(k)), x(k) + αr(k)

)
− (b, x(k) + αr(k))

= 1
2
(Ax(k), x(k)) + 1

2
α(Ax(k), r(k)) + 1

2
α(Ar(k), x(k)) + 1

2
α2(Ar(k), r(k))− (b, x(k))− α(b, r(k))

= f(x(k)) + 1
2
α2(Ar(k), r(k)) + α(Ax(k), r(k))− α(b, r(k))

= f(x(k)) + 1
2
α2(Ar(k), r(k))− α(r(k), r(k)).

H èkfrash sto dexi� mèloc twn parap�nw isot twn eÐnai tri¸numo deÔterou bajmoÔ wc proc
α. Epeid  1

2
(Ar(k), r(k)) > 0, afoÔ o A eÐnai pragmatikìc, summetrikìc kai jetik� orismènoc

kai r(k) ̸= 0, to tri¸numo ja elaqistopoieÐtai gia

α = αk+1 =
(r(k), r(k))

(Ar(k), r(k))
.

Epiplèon èqoume, met� apì aplèc pr�xeic, ìti

f(x(k) + αk+1r
(k)) = f(x(k))− (r(k), r(k))2

2(Ar(k), r(k))
< f(x(k)).
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O algìrijmoc thc mejìdou apìtomhc kajìdou eÐnai eÔkolo na diatupwjeÐ kai ja do-
jeÐ sth sunèqeia. Apl� tonÐzoume dÔo shmeÐa. To pr¸to eÐnai ìti prèpei na oristeÐ to
krit rio sÔgklishc thc mejìdou. Opwc kai stic klasikèc epanalhptikèc mejìdouc mporoÔme
na orÐsoume wc krit rio sÔgklishc to apìluto krit rio: ∥x(k) − x(k−1)∥ ≤ ϵ   to sqetikì

apìluto krit rio: ∥x(k)−x(k−1)∥
∥x(k)∥ ≤ η, ìpou ϵ kai η epijumht� fr�gmata tou sf�lmatoc. Epei-

d  r(k) = b − Ax(k) = A(x − x(k)) = −Ae(k), eÐnai fanerì ìti an limk→∞ r(k) = 0 tìte kai
limk→∞ x(k) = x. Gia to lìgo autì mporeÐ na lhfteÐ kai wc krit rio sÔgklishc to: ∥r(k)∥ ≤ ϵ.
To deÔtero shmeÐo eÐnai ìti sun jwc paÐrnoume x(0) = 0. (ShmeÐwsh: Ston parak�tw, ìpwc
kai stouc �llouc algìrijmouc tou parìntoc kefalaÐou, paÐrnetai wc krit rio sÔgklishc to
∥r(k)∥ ≤ ϵ kai wc arqik  prosèggish to x(0) = 0. An parjeÐ �llo krit rio sÔgklishc   �llh
arqik  prosèggish tìte o antÐstoiqoc algìrijmoc ja prèpei na uposteÐ mikr  tropopoÐhsh.)

Algìrijmoc Mejìdou Apìtomhc Kajìdou:

Dedomèna: A ∈ IRn,n, AT = A, A jetik� orismènoc, b ∈ IRn, ϵ ∈ IR+ to epijumhtì sf�lma.
x(0) = 0
r(0) = b
k = 0
Efìson ∥r(k)∥ > ϵ

k = k + 1
αk =

(r(k−1),r(k−1))

(Ar(k−1),r(k−1))

x(k) = x(k−1) + αkr
(k−1)

r(k) = b− Ax(k)

Tèloc �Efìson�
Apotèlesma: x = x(k) h prosèggish thc lÔshc.

An melet soume prosektik� ta b mata tou algìrijmou pou mìlic dìjhke ja doÔme ìti se
k�je epan�lhyh to megalÔtero kìstoc twn upologism¸n se pl joc pr�xewn proèrqetai apì
ta dÔo ginìmena pÐnaka epÐ di�nusma, Ax(k) kai Ar(k−1), pou eÐnai thc t�xhc O(n2). Oi duo
autoÐ pollaplasiasmoÐ eÐnai dunatìn na anaqtoÔn se ènan an qrhsimopoi soume thn parak�tw
idiìthta pou proèrqetai apì tic mèqri t¸ra qrhsimopoihjeÐsec sqèseic. Sugkekrimèna

r(k) = b− Ax(k) = b− A(x(k−1) + αkr
(k−1)) = r(k−1) − αkAr

(k−1)(
= r(k−1) − (r(k−1),r(k−1))

(Ar(k−1),r(k−1))
Ar(k−1)

)
.

(6.5)

Autì shmaÐnei ìti h èkfrash r(k) = b−Ax(k), pou up�rqei sto teleutaÐo b ma thc anakÔkl-
wshc tou algìrijmou, mporeÐ na antikatastajeÐ apì thn r(k) = r(k−1) − αkAr

(k−1), k =
1, 2, 3, · · · , ìpou to ginìmeno Ar(k−1) ja èqei brejeÐ prohgoumènwc kat� ton upologismì tou
αk kai ja èqei apojhkeuteÐ.
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Idiìthtec san aut  pou mìlic anafèrjhke up�rqoun kai �llec, merikèc apì tic opoÐec
dÐnoume sth sunèqeia upì morf  prot�sewn.

Je¸rhma 6.2 (r(k), r(k−1)) = 0.

Apìdeixh: Pr�gmati, an qrhsimopoihjeÐ h teleutaÐa èkfrash apì tic (6.5), pou eÐnai mèsa
stic parenjèseic, èqoume

(r(k), r(k−1)) = (r(k−1) − (r(k−1),r(k−1))

(Ar(k−1),r(k−1))
Ar(k−1), r(k−1))

= (r(k−1), r(k−1))− (r(k−1),r(k−1))

(Ar(k−1),r(k−1))
(Ar(k−1), r(k−1)) = 0.

�
Mia �mesh sunèpeia tou prohgoÔmenou jewr matoc eÐnai kai to parak�tw pìrisma.

Pìrisma 6.1 (x(k+1) − x(k), x(k) − x(k−1)) = 0.

Apìdeixh: Eqoume ìti (x(k+1) − x(k), x(k) − x(k−1)) = (αk+1r
(k), αkr

(k−1)) = 0. �
An e(k) = x(k)−x eÐnai to di�nusma-sf�lma sto tèloc thc k epan�lhyhc eÐnai dunatìn na

brejoÔn aplèc sqèseic pou na to sundèoun me to di�nusma-upìloipo kai oi opoÐec mporoÔn
na fanoÔn qr simec sth sunèqeia. P.q.,

i) Ae(k) = A(x(k) − x) = Ax(k) − b = −r(k).
ii) (Ae(k), r(k−1)) = 0.
iii) e(k) = x(k) − x = x(k−1) + αkr

(k−1) − x = e(k−1) + αkr
(k−1).

(6.6)

Gia na dojeÐ sqèsh pou na sundèei duì diadoqik� sf�lmata e(k), e(k+1) pou na eÐnai anex�rthth
apì opoiad pote upìloipa prèpei na eisaqteÐ mÐa nèa dianusmatik  norm. Gia to skopì autì
qrhsimopoioÔme th (jetik ) tetragwnik  rÐza enìc ErmitianoÔ kai jetik� orismènou pÐnaka
A, pou orÐsthke se prohgoÔmeno kef�laio. Sugkekrimèna èqoume:

Gia èna dosmèno pÐnaka A ∈ ICn,n, pou eÐnai Ermitianìc kai jetik� orismènoc, kai gia k�je
x ∈ ICn orÐzoume th sun�rthsh (apeikìnish tou ICn sto IR+,0)

||x||
A

1
2

:= (Ax, x)
1
2 . (6.7)

H sun�rthsh (Ax, x)
1
2 thc (6.7) orÐzei mia dianusmatik  norm, h opoÐa eÐnai gnwst  kai

wc norm enèrgeiac (energy norm). Gia na deiqteÐ ìti h (6.7) orÐzei mÐa norm arkeÐ na

metasqhmatÐsoume thn (Ax, x)
1
2 wc ex c

(Ax, x)
1
2 = (A

1
2x,A

1
2x)

1
2 = ||A

1
2x||,
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opìte eÐnai polÔ eÔkolo na diapist¸soume ìti epalhjeÔontai oi treic basikèc idiìthtec tic
opoÐec mÐa sun�rthsh prèpei na ikanopoieÐ gia na orÐzei mia dianusmatik  norm sto ICn. Oi
apodeÐxeic wc polÔ aplèc paraleÐpontai.

Je¸rhma 6.3 Estw x(k), k ≥ 0, h akoloujÐa pou par�getai apì ton algìrijmo thc
mejìdou apìtomhc kajìdou gia opoiod pote x(0) ∈ IRn kai èstw x h lÔsh tou sust matoc
Ax = b, ìpou o A ∈ IRn,n eÐnai summetrikìc kai jetik� orismènoc. Estw κ = κ2(A) =

λmax

λmin
,

ìpou λmax kai λmin h mègisth kai h el�qisth idiotim  tou A, antÐstoiqa. An e(k) = x(k)−x
eÐnai to di�nusma-sf�lma sthn k epan�lhyh tìte

||e(k)||
A

1
2

≤
(
κ− 1

κ+ 1

)k

||e(0)||
A

1
2
, k = 1, 2, 3, · · · . (6.8)

Apìdeixh: Katarq�c qrhsimopoi¸ntac tic (6.6) èqoume ìti gia opoiod pote α ∈ IR prokÔptei
amèswc ìti

||e(k+1)||2
A

1
2

= (Ae(k+1), e(k+1))

= (Ae(k+1), e(k) + αk+1r
(k)) = (Ae(k+1), e(k)) + αk+1(Ae

(k+1), r(k))
= (Ae(k+1), e(k)) + α(Ae(k+1), r(k)) = (Ae(k+1), e(k) + αr(k)),

(6.9)

ìpou mporèsame kai antikatast same to sugkekrimèno αk+1 me to opoiod pote α ∈ IR afoÔ
o par�gontac (Ae(k+1), r(k)) eÐnai mhdèn.

Qrhsimopoi¸ntac thn anisìthta twn Cauchy-Schwarz sto eswterikì ginìmeno (Ax1, x2),

ìpou x1, x2 ∈ IRn, èqoume |(Ax1, x2)| = |(A 1
2x1, A

1
2x2)| ≤ ||A 1

2x1||||A
1
2x2|| = ||x1||A 1

2
||x2||A 1

2
,

opìte, qrhsimopoi¸ntac to apotèlesma pou mìlic proèkuye sthn (6.9), paÐrnoume

||e(k+1)||2
A

1
2

≤ ||e(k+1)||
A

1
2
||e(k) + αr(k)||

A
1
2
, ∀ α ∈ IR,

 , isodÔnama,

||e(k+1)||2
A

1
2
≤ ||e(k) + αr(k)||2

A
1
2
= (A(e(k) + αr(k)), e(k) + αr(k)), ∀ α ∈ IR.

Epeid  e(k) +αr(k) = (I −αA)e(k) kai A(e(k) +αr(k)) = (I −αA)Ae(k) sumperaÐnoume
telik� ìti

||e(k+1)||2
A

1
2

≤ inf
α∈IR

(
(I − αA)Ae(k), (I − αA)e(k)

)
, k ≥ 0. (6.10)

Estw ìti λi, i = 1(1)n, eÐnai oi pragmatikèc jetikèc idiotimèc tou pragmatikoÔ, sum-
metrikoÔ kai jetik� orismènou pÐnaka A sth di�taxh

0 < λmin := λ1 ≤ λ2 ≤ · · · ≤ λn =: λmax (6.11)
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kai zi, i = 1(1)n, ta antÐstoiqa orjokanonik� idiodianÔsmat� tou, pou mporoÔn na parjoÔn
pragmatik�. Gia k�je u ∈ IRn profan¸c ja isqÔei u =

∑n
i=1(u, z

i)zi, kai genikìtera gia
k�je pragmatikì polu¸numo P (x) ja isqÔei P (A)u =

∑n
i=1 P (λi)(u, z

i)zi. Sunep¸c, an
e(k) =

∑n
i=1 βiz

i, ìpou βi = (e(k), zi), i = 1(1)n, tìte gia to eswterikì ginìmeno pou
brÐsketai sto infimum thc (6.10) kai gia k�je α ∈ IR mporoÔme na p�roume diadoqik�(

(I − αA)Ae(k), (I − αA)e(k)
)

= ((I − αA)A(
∑n

i=1 βiz
i), (I − αA)(

∑n
i=1 βiz

i))
= (

∑n
i=1(1− αλi)λiβiz

i,
∑n

i=1(1− αλi)βiz
i)

=
∑n

i=1(1− αλi)
2λiβ

2
i

≤ (maxi=1(1)n |1− αλi|)2
∑n

i=1 λiβ
2
i

= (maxi=1(1)n |1− αλi|)2(
∑n

i=1 λiβiz
i,
∑n

i=1 βiz
i)

= (maxi=1(1)n |1− αλi|)2(
∑n

i=1 βiAz
i,
∑n

i=1 βiz
i)

= (maxi=1(1)n |1− αλi|)2(Ae(k), e(k))
= (maxi=1(1)n |1− αλi|)2||e(k)||2

A
1
2
.

Me b�sh tic parap�nw sqèseic, apì thn (6.10) prokÔptei ìti

||e(k+1)||
A

1
2

≤ inf
α∈IR

(
max

λ∈[λmin,λmax]
|1− αλ|

)
||e(k)||

A
1
2
, k ≥ 0. (6.12)

To min-max prìblhma pou èqoume t¸ra gia epÐlush den eÐnai par� to min-max prìblhma
thc teqnik c thc extrapolation, ìpwc autì tèjhke kai lÔjhke sth sugkekrimènh perÐptwsh
tou antÐstoiqou kefalaÐou, pr�gma pou mporoÔme na diapist¸soume amèswc apì th di�taxh
(6.11) kai tic ekfr�seic (??)-(??) an jèsoume α = ω. To bèltisto α (αβ) brÐsketai tìte, gia
λ = λmin   λmax, apì thn èkfrash (??). Sugkekrimèna

αβ =
2

λmax + λmin

(6.13)

kai me b�sh thn (6.13), h (6.12) gÐnetai

||e(k+1)||
A

1
2

≤ λmax − λmin

λmax + λmin

||e(k)||
A

1
2

apì thn opoÐa paÐrnoume me apl  epagwg  ìti

||e(k)||
A

1
2

≤
(
λmax − λmin

λmax + λmin

)k

||e(0)||
A

1
2
.

Apì thn teleutaÐa anisìthta, epeid  sthn prokeÐmenh perÐptwsh isqÔei ìti κ = κ2(A) =
λmax

λmin
,

èqoume telik�

||e(k)||
A

1
2

≤
(
κ− 1

κ+ 1

)k

||e(0)||
A

1
2
, (6.14)
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pou apodeÐqnei to je¸rhma. �
Shmei¸seic: a) H sqèsh (6.14) apodeÐqnei ìti limk→∞ e(k) = 0 kai �ra limk→∞ x(k) =

A−1b. Dhlad  h mèjodoc thc apìtomhc kajìdou sugklÐnei asumptwtik� sth lÔsh tou jew-
rhjèntoc sust matoc. b) Apì thn Ðdia sqèsh sumperaÐnetai ìti ìso megalÔteroc eÐnai o
deÐkthc kat�stashc κ2(A) tìso bradÔterh (asumptwtik�) eÐnai dunatìn na eÐnai h sÔgklish.

6.3 Mèjodoc Genik¸n DieujÔnsewn

Sth mèjodo apìtomhc kajìdou h epilog  twn dieujÔnsewn sthn k + 1 epan�lhyh, kat�
m koc twn opoÐwn elaqistopoioÔme thn tim  f(x(k+1)) tou dojèntoc sunarthsiakoÔ, eÐnai
p�ntote h r(k) = −∇f(x(k)), k = 0, 1, · · · . An proc stigm n jewr soume ìti antÐ thc r(k)

epilègoume mÐa “tuqaÐa” dieÔjunsh p(k+1) ̸= 0 kai prospaj soume na akolouj soume th
logik  thc elaqistopoÐhshc thc tim c tou sunarthsiakoÔ f(x(k+1)), x(k+1) = x(k) +αp(k+1),
tìte mporoÔme na katal xoume se k�poia mèjodo antÐstoiqh me aut n thc apìtomhc kajìdou.

Pragmatik�, jewr¸ntac to sunarthsiakì f(x) = 1
2
(Ax, x) − (b, x) kai anaptÔssontac

thn tim  f(x(k+1)), ìpwc prohgoÔmena, ja èqoume

f(x(k+1)) = f(x(k) + αp(k+1)) = 1
2
(A(x(k) + αp(k+1)), x(k) + αp(k+1))− (b, x(k) + αp(k+1))

= 1
2
(Ax(k), x(k)) + α(Ax(k), p(k+1)) + 1

2
α2(Ap(k+1), p(k+1))− (b, x(k))− α(b, p(k+1))

= f(x(k)) + 1
2
α2(Ap(k+1), p(k+1))− α(p(k+1), r(k)).

(6.15)

H elaqistopoÐhsh tou f(x(k+1)) wc proc α petuqaÐnetai gia αk+1 = (p(k+1),r(k))

(Ap(k+1),p(k+1))
, kai �ra

f(x(k+1)) = f(x(k)) − (p(k+1),r(k))2

2(Ap(k+1),p(k+1))
< f(x(k)) ann (p(k+1), r(k)) ̸= 0. Epomènwc an den

up�rxei k t.w. r(k) = 0, opìte h lÔsh x = x(k) ja èqei brejeÐ, tìte, me thn proôpìjesh
ìti oi genikèc dieujÔnseic epilègontai ètsi ¸ste (p(k+1), r(k)) ̸= 0, h akoloujÐa twn f(x(k))
ja eÐnai austhr� fjÐnousa kai fragmènh ek twn k�tw apì thn tim  f(A−1b) kai �ra ja
sugklÐnei ètsi ¸ste limk→∞ f(x(k)) ≥ f(A−1b). Sunep¸c, an limk→∞ f(x(k)) = f(A−1b)
tìte kai limk→∞ x(k) = A−1b, afoÔ to shmeÐo A−1b eÐnai to monadikì shmeÐo sto opoÐo h
f(x) paÐrnei thn el�qisth tim  thc, kai �ra h akoloujÐa twn x(k) ja sugklÐnei sth lÔsh
tou sust matoc. An ìmwc limk→∞ f(x(k)) > f(A−1b), tìte eÐte h akoloujÐa twn x(k) ja
sugklÐnei se k�poio shmeÐo x′ ̸= A−1b eÐte de ja sugklÐnei diìlou. Par� to gegonìc autì,
dÐnoume sth sunèqeia ton antÐstoiqo algìrijmo, kaj¸c kai orismènec idiìthtec thc mejìdou,
giatÐ h basik  idèa thc paroÔsac mejìdou apoteleÐ thn afethrÐa shmantikìterwn mejìdwn
elaqistopoÐhshc.

O algìrijmoc thc mejìdou twn genik¸n dieujÔnsewn pou anaptÔqthke dÐnetai sth sunè-
qeia.
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Algìrijmoc Mejìdou Genik¸n DieujÔnsewn:

Dedomèna: A ∈ IRn,n, AT = A, A jetik� orismènoc, b ∈ IRn, ϵ ∈ IR+ to epijumhtì sf�lma.
x(0) = 0
r(0) = b
k = 0
Efìson ∥r(k)∥ > ϵ

k = k + 1
Epilog  dieÔjunshc p(k) : (p(k), r(k−1)) ̸= 0

αk =
(p(k),r(k−1))

(Ap(k),p(k))

x(k) = x(k−1) + αkp
(k)

r(k) = b− Ax(k)

Tèloc �Efìson�
Apotèlesma: x = x(k) h prosèggish thc lÔshc.

Opwc kai ston algìrijmo thc mejìdou apìtomhc kajìdou up�rqoun dÔo pollaplasiasmoÐ
pÐnaka epÐ di�nusma an� anakÔklwsh, oi Ax(k) kai Ap(k), pou apoteloÔn kai to kÔrio kìstoc
tou algìrijmou. Telik� kai epeid  isqÔei ìti r(k) = b − Ax(k) = b − A(x(k−1) + αkp

(k)) =
r(k−1)−αkAp

(k), oi duo pollaplasiasmoÐ mporoÔn ousiastik� na anaqtoÔn se ènan. Shmei¸ne-
tai akìmh ìti arketèc an�logec idiìthtec me autèc pou brèjhkan amèswc met� ton algìrijmo
thc mejìdou apìtomhc kajìdou isqÔoun. P.q.,

(r(k), p(k)) = 0,

me apìdeixh antÐstoiqh aut c gia thn (r(k), r(k−1)) = 0, gia de to di�nusma-sf�lma isqÔoun
ìti Ae(k) = −r(k), (Ae(k), p(k)) = 0 kai e(k) = e(k−1) + αkp

(k).

6.4 Mèjodoc Suzug¸n DieujÔnsewn (Conjugate Di-

rections)

Kai oi dÔo mèjodoi elaqistopoÐhshc pou anaptÔqthkan wc t¸ra èqoun èna koinì qarakthris-
tikì. H opoiad pote epan�lhyh x(k) mporeÐ na grafteÐ wc ènac grammikìc sunduasmìc thc
arqik c prosèggishc x(0) kai twn dieujÔnsewn pou qrhsimopoioÔntai. Sugkekrimèna, isqÔei

x(k) = x(k−1) + αkr
(k−1) = x(k−2) + αk−1r

(k−2) + αkr
(k−1) = x(0) +

k∑
i=1

αir
(i−1)

gia th mèjodo thc apìtomhc kajìdou kai antÐstoiqa

x(k) = x(0) +
k∑

i=1

αip
(i)
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gia th mèjodo twn genik¸n dieujÔnsewn. Epomènwc kai h diafor� x(k) − x(0) apoteleÐ è-
na grammikì sunduasmì twn jewrhjeis¸n prohgoÔmenwn dieujÔnsewn, wc proc tic opoÐec
gÐnetai k�je for� h elaqistopoÐhsh thc tim c tou sunarthsiakoÔ. Fusik�, oi dieujÔnseic
autèc, gia k > n, eÐnai opwsd pote grammik� exarthmènec. Genniètai, loipìn, to eÔlogo
er¸thma m pwc ja  tan dunatìn na epilegoÔn n dieujÔnseic grammik� anex�rthtec kai t.w. h
elaqistopoÐhsh thc tim c tou sunarthsiakoÔ wc proc k�je mÐa qwrist� na apoteleÐ sugqrìn-
wc kai elaqistopoÐhsh thc tim c autoÔ wc proc ìlo ton upìqwro twn mèqri tìte jewrhjeis¸n
dieujÔnsewn. MÐa pr¸th diereÔnhsh pijan¸n dunatot twn, ìpwc gÐnetai sth sunèqeia, Ðswc
èdine ap�nthsh sto er¸thm� mac.

Estw ìti èqoun brejeÐ n grammik� anex�rthtec dieujÔnseic p(i), i = 1(1)n, t.w.

x(n) − x(0) =
n∑

i=1

αip
(i),

me x(n) = A−1b th lÔsh tou grammikoÔ sust matoc Ax = b. To prìblhm� mac tìte ja
 tan h eÔresh twn suntelest¸n αi, i = 1(1)n. Mia pr¸th pijan  epilog  ja  tan na
parjoÔn ta dianÔsmata p(i) ètsi ¸ste na eÐnai an� dÔo orjog¸nia. Tìte ìmwc ja eÐqame

αi =
(p(i),x(n)−x(0))

(p(i),p(i))
. Dustuq¸c ìmwc sthn perÐptwsh aut  to x(n) = A−1b eÐnai �gnwsto ki

autì lìgw thc parousÐac tou A−1. H parat rhsh aut  Ðswc dÐnei kai th lÔsh sto prìblhm�
mac diìti an ta p(i), i = 1(1)n,  tan t.w.

(Ap(i), p(j))

{
> 0, ανν i = j,
= 0, ανν i ̸= j,

(6.16)

tìte ja eÐqame

αi =
(p(i), A(x(n) − x(0)))

(Ap(i), p(i))
=

(p(i), r(0))

(Ap(i), p(i))
, i = 1(1)n, (6.17)

sa sunart seic gnwst¸n stoiqeÐwn kai mìno. H ap�nthsh sto prìblhma thc eÔreshc tètoiwn
p(i) dÐnetai sth Grammik  Algebra, ìpou up�rqei prìtash pou upodeÐqnei ton trìpo thc
kataskeu c touc kai pou eÐnai gnwst  wc Je¸rhma (  algìrijmoc) twn Gram-Schmidt.

Prin th diatÔpwsh kai apìdeixh tou Je¸rhmatoc twn Gram-Schmidt ja d¸soume èna
genikìtero orismì kai me b�sh autìn èna l mma pou ja qrhsimopoi soume sto en lìgw
je¸rhma.

Orismìc 6.1 Estw A ∈ ICn,n \ {0} Ermitianìc pÐnakac. DÔo dianÔsmata u, v ∈ ICn ja
kaloÔntai “A-suzug ”   “A-orjog¸nia” ann (Au, v) = 0.
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ShmeÐwsh: Apì ton orismì eÐnai fanerì ìti h gnwst  orjogwniìthta dÔo dianusm�twn den
eÐnai par� merik  perÐptwsh thc A-orjogwniìthtac gia A = I.

L mma 6.1 Estw A ∈ ICn,n Ermitianìc kai jetik� (  arnhtik�) orismènoc pÐnakac.
An p(i) ∈ ICn \ {0}, i = 1(1)k ≤ n, eÐnai an� dÔo A-orjog¸nia, tìte eÐnai grammik�
anex�rthta.

Apìdeixh: Estw
∑k

i=1 cip
(i) = 0, ìpou ci ∈ IC, i = 1(1)k. SqhmatÐzontac to eswterikì

ginìmeno twn mel¸n thc isìthtac epÐ Ap(j), j = 1(1)k, èqoume (Ap(j),
∑k

i=1 cip
(i)) = 0  ∑k

i=1 ci(Ap
(j), p(i)) = 0  , akìmh, cj(Ap(j), p(j)) = 0, afoÔ ìloi oi �lloi ìroi tou ajroÐsmatoc

ja eÐnai mhdèn logw thc A-orjogwniìthtac twn p(i) kai p(j) gia i ̸= j. Apì thn teleutaÐa
isìthta kai epeid  (Ap(j), p(j)) > 0 (  < 0) prokÔptei ìti cj = 0, j = 1(1)k, pou sunep�getai
th grammik  anexarthsÐa twn p(i), i = 1(1)k. �

Je¸rhma 6.4 (Gram-Schmidt) Estw A ∈ IRn,n, AT = A kai A jetik� orismènoc.
Estw akìmh pÐnakac U ∈ IRn,k, k ≤ n, ta dianÔsmata-st lec uj, j = 1(1)k, tou opoÐou
eÐnai grammik� anex�rthta. Up�rqoun monadikoÐ pÐnakec P ∈ IRn,k me P TAP = D =
diag(d1, d2, · · · , dk), me dj > 0, j = 1(1)k, kai �nw trigwnikìc R ∈ IRk,k, me rjj = 1, j =
1(1)k, t.w.

U = PR. (6.18)

(ShmeÐwsh: An p(j), j = 1(1)k, eÐnai ta dianÔsmata-st lec tou P, tìte h sqèsh
P TAP = D = diag(d1, d2, · · · , dk), me dj > 0, j = 1(1)k, den apoteleÐ par� thn
apaÐths  mac na ikanopoioÔntai oi (6.16). Na eÐnai dhlad  ta p(j) m  mhdenik� kai an�
dÔo A-orjog¸nia (  A-suzug ), opìte me b�sh to prohgoÔmeno l mma ja eÐnai kai
grammik� anex�rthta.)

Apìdeixh: H apodeiktèa sqèsh (6.18) gr�fetai analutik� wc ex c

[
u1 u2 u3 · · · uk

]
=
[
p(1) p(2) p(3) · · · p(k)

]


1 r12 r13 · · · r1k
1 r23 · · · r2k

1 · · · r3k
. . .

...
1

 , (6.19)

kai eÐnai isodÔnamh me tic k isìthtec

p(1) = u1

r12p
(1) + p(2) = u2

r13p
(1) + r23p

(2) + p(3) = u3

...
r1kp

(1) + r2kp
(2) + r3kp

(3) + · · ·+ rk−1,kp
(k−1) + p(k) = uk,

(6.20)
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ìpwc mporeÐ polÔ eÔkola na diapistwjeÐ. H pr¸th isìthta apì tic (6.20) orÐzei to di�nusma
p(1)( ̸= 0), giatÐ an p(1) = 0, tìte kai u1 = 0 kai �ra to sÔnolo twn dianusm�twn uj, j = 1(1)k,
ja  tan grammik� exarthmèna, pr�gma pou den isqÔei. Apì th deÔterh isìthta, gia na èqoume

ta p(1) kai p(2) A-orjog¸nia, prèpei kai arkeÐ na orÐsoume to r12 wc r12 =
(Ap(1),u2)

(Ap(1),p(1))
. Tìte to

p(2) orÐzetai wc p(2) = u2 − r12p
(1) = u2 − r12u

1 ̸= 0, giatÐ to p(2) eÐnai Ðso me èna grammikì
sunduasmì twn dianusm�twn u2 kai u1, ta opoÐa eÐnai grammik� anex�rthta wc uposÔnolo
twn grammik� anex�rthtwn dianusm�twn uj, j = 1(1)k. H apìdeixh mporeÐ na oloklhrwjeÐ
me epagwg  kai eÐnai profan c. H genik  èkfrash gia to tuqìn p(j), j = 1(1)k, ja dÐnetai
anadromik� apì tic parak�tw sqèseic

p(j) = uj −
j−1∑
i=1

rijp
(i), rij =

(Ap(i), uj)

(Ap(i), p(i))
, i = 1(1)j − 1, j = 1(1)k. (6.21)

H apìdeixh gia th monadikìthta twn P kai R mporeÐ na prokÔyei me je¸rhsh an�lushc tou
U se èna �llo ginìmeno P ′R′, ìpou oi P ′ kai R′ ja eÐnai antÐstoiqwn morf¸n me autèc
twn P kai R sthn (6.19) kai me antÐstoiqec idiìthtec. H isìthta PR = P ′R′, h exÐswsh
twn antÐstoiqwn sthl¸n twn ginomènwn touc kai efarmog  apl c epagwg c apodeÐqnei th
monadikìthta. �

Apì tic sqèseic (6.20) mporeÐ na prokÔyei mia profan c prìtash, pou  dh qrhsimopoi jhke
sthn apìdeixh twn (6.21) kai ja qrhsimopoihjeÐ kai sth sunèqeia sthn kataskeu  tou an-
tÐstoiqou algìrijmou thc Mejìdou twn Suzug¸n DieujÔnsewn.

Je¸rhma 6.5

(Ap(l), p(l)) = (Ap(l), ul −
l−1∑
j=1

rjlp
(j)) = (Ap(l), ul), l = 1(1)k, k = 1(1)n. (6.22)

Ja prèpei na tonisteÐ ìti k�poiec apì tic idiìthtec thc mejìdou twn genik¸n dieujÔn-
sewn isqÔoun ki ed¸ me th mình diafor� ìti mporoÔn na epektajoÔn parapèra lìgw thc
A-orjogwniìthtac twn dieujÔnsewn p(j), j = 1(1)n. P.q., isqÔei h parak�tw prìtash.

Je¸rhma 6.6 (p(k), r(k−1)) = (p(k), r(j)), j = 0(1)k − 1, k = 1(1)n.

Apìdeixh: Epeid  r(k−1) = r(k−2) − αk−1Ap
(k−1) èqoume ìti

(p(k), r(k−1)) = (p(k), r(k−2))− αk−1(p
(k), Ap(k−1)) = (p(k), r(k−2)),

afoÔ (p(k), Ap(k−1)) = 0 lìgw thc A-orjogwniìthtac twn p(k) kai p(k−1). Apl  epagwg 
oloklhr¸nei thn apìdeixh. �
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ShmeÐwsh: Me b�sh thn prìtash pou mìlic apodeÐqthke, kai pou apodeÐqnei sugqrìnwc
ìti h Mèjodoc twn Suzug¸n DieujÔnsewn perat¸netai se n to polÔ b mata, ja mporè-
soume na antikatast soume sthn èkfrash tou suntelest  αi, thc (6.17), to (p(i), r(0)) me
(p(i), r(i−1)).

Eqontac upìyh th mèqri t¸ra an�lush kai ta Jewr mata 6.5 kai 6.6, o algìrijmoc thc
mejìdou twn suzug¸n dieujÔnsewn, me enswmatwmèno ton algìrijmo twn Gram-Schmidt,
mporeÐ na dojeÐ amèswc kai èqei wc ex c:

Algìrijmoc Mejìdou Suzug¸n DieujÔnsewn:

Dedomèna: A ∈ IRn,n, AT = A,A jetik� orismènoc, b ∈ IRn, U ∈ IRn,n, me dianÔsmata-
st lec

uj, j = 1(1)n, grammik� anex�rthta, ϵ ∈ IR+ to epijumhtì sf�lma
x(0) = 0
r(0) = b
k = 0
Efìson ∥r(k)∥ > ϵ kai k < n

k = k + 1
p(k) = uk

Gia j = 1(1)k − 1

rjk =
(Ap(j),p(k))

(Ap(j),p(j))

p(k) = p(k) − rjkp
(j)

Tèloc �Gia�

αk =
(p(k),r(k−1))

(Ap(k),p(k))

x(k) = x(k−1) + αkp
(k)

r(k) = b− Ax(k) (= r(k−1) − αkAp
(k))

Tèloc �Efìson�
Apotèlesma: x = x(k) h prosèggish thc lÔshc

ShmeÐwsh: Ston Algìrijmo pou mìlic dìjhke, to di�nusma p(k) sthn èkfrash tou rjk kai
autì sta mèlh thc sqèshc p(k) = p(k) − rjkp

(j) den eÐnai to telik� eurejhsìmeno di�nusma
p(k) all� apl� èna di�nusma pou eÐnai ek�stote Ðso me uk −

∑j
i=1 rikp

(i), j = 1(1)k − 1.

H ShmeÐwsh, pou akoloujeÐ to Je¸rhma 6.6 se sunduasmì me thn (6.17), apodeÐqnei ìti me
akrib  arijmhtik  o Algìrijmoc twn Suzug¸n DieujÔnsewn perat¸netai se n epanal yeic.
O isqurismìc autìc mporeÐ na katasteÐ pio fanerìc kai me to parak�tw je¸rhma.

Je¸rhma 6.7 O Algìrijmoc thc Mejìdou twn Suzug¸n DieujÔnsewn perat¸netai
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se n to polÔ epanal yeic. Dhlad 

r(n) = 0.

Apìdeixh: Apì thn kataskeu  tou algìrijmou kai to Je¸rhma 6.6 èqoume ìti

x(n) = x(0) +
n∑

k=1

αkp
(k) ⇐⇒ x(n) − x(0) =

n∑
k=1

(p(k), r(0))

(Ap(k), p(k))
p(k).

Ara

(Ap(i), x(n) − x(0)) = (Ap(i),
n∑

k=1

(p(k), r(0))

(Ap(k), p(k))
p(k)) = (p(i), r(0)), i = 1(1)n, (6.23)

  epeid 

(p(i), A(x(n) − x(0))) = (p(i), r(0) − r(n)) = (p(i), r(0))− (p(i), r(n)), i = 1(1)n, (6.24)

èqoume apì thn isìthta twn arister¸n mel¸n twn (6.23) kai (6.24) ìti

(p(i), r(n)) = 0, i = 1(1)n.

Lìgw thc grammik c anexarthsÐac twn p(i), i = 1(1)n, h teleutaÐa isìthta sunep�getai ìti
r(n) = 0. �

Opwc kai stic duo prohgoÔmenec mejìdouc oi dÔo pollaplasiasmoÐ pÐnaka epÐ di�nusma
an� anakÔklwsh mporoÔn na sumptuqtoÔn se ènan, ìpwc upodeÐqnetai ston algìrijmo, afoÔ
mporeÐ na deiqteÐ amèswc ìti r(k) = r(k−1) − αkAp

(k). Shmei¸seic: a) Opwc apodeÐqthke sto
Je¸rhma 6.6 to eswterikì ginìmeno (p(k), r(0)) ston algìrijmo thc mejìdou twn suzug¸n
dieujÔnsewn mporeÐ na antikatastajeÐ me (p(k), r(k−1)), ìpwc dhlad  autì emfanÐzetai ston
algìrijmo thc mejìdou twn genik¸n dieujÔnsewn. b) Ektìc apì ton orismì twn p(k), ton
periorismì tou sta n b mata kai thn eÔresh thc lÔshc x(n) = A−1b, o algìrijmoc thc mejìdou
twn suzug¸n dieujÔnsewn eÐnai sqedìn tautìshmoc me autìn twn genik¸n dieujÔnsewn. g)
Sthn prokeÐmenh perÐptwsh, se antÐjesh me aut n twn genik¸n dieujÔnsewn, eÐnai dunatìn
na eÐnai (p(k), r(k−1)) = 0, opìte me b�sh to je¸rhma ja eÐnai kai (p(k), r(j)) = 0, j =
0(1)k−2. Autì apl� shmaÐnei ìti to di�nusma-upìloipo r(k−1), kaj¸c kai ìla ta prohgoÔmena
dianÔsmata-upìloipa, èqoun sunist¸sec 0 sthn kateÔjunsh p(k) (  eÐnai orjog¸nia sto p(k)).

Tèloc dÐnetai akìmh mia Prìtash, pou eÐnai polÔ qr simh, kurÐwc de, sth Mèjodo twn
Suzug¸n KlÐsewn pou ja akolouj sei.

Je¸rhma 6.8 OrÐzontac p(0) = 0 èqoume ìti gia j = 0(1)k − 1, k = 1(1)n, isqÔei

(r(k−1), p(j)) = 0.
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Apìdeixh: H apìdeixh gÐnetai me epagwg . Gia k = 1 èqoume j = 0 kai �ra (r(0), p(0)) = 0,
afoÔ p(0) = 0, kai epomènwc h prìtash isqÔei. Upojètoume ìti h prìtash isqÔei gia k�poia
tim  tou k kai apodeÐqnoume ìti isqÔei kai gia thn epìmenh tim  k + 1. DiakrÐnoume dÔo
peript¸seic. Gia j ≤ k − 1 èqoume diadoqik�

(r(k), p(j)) = (r(k−1) − αkAp
(k), p(j)) = (r(k−1), p(j))− αk(Ap

(k), p(j)) = 0,

ki autì giatÐ to pr¸to eswterikì ginìmeno eÐnai mhdèn apì thn upìjesh thc tèleiac epagwg c
kai to deÔtero eÐnai mhdèn apì thn A-orjogwniìthta twn suzug¸n diejÔnsewn. Gia j = k
èqoume

(r(k), p(k)) = (r(k−1) − αkAp
(k), p(k)) = (r(k−1), p(k))− (p(k), r(k−1))

(Ap(k), p(k))
(Ap(k), p(k)) = 0.

�

Pìrisma 6.2 An e(k), k = 1(1)n, eÐnai to di�nusma-sf�lma sthn k epan�lhyh isqÔei
ìti (Ae(k−1), p(j)) = 0, j = 1(1)k − 1.

EÐnai fanerì ìti h mèjodoc twn suzug¸n dieujÔnsewn pleonekteÐ saf¸c ènanti twn pro-
hgoÔmenwn mejìdwn diìti brÐskei thn akrib  lÔsh se n epanal yeic. H poluplokìthta thc
mejìdou, an perioristoÔme stouc pollaplasiasmoÔc kai mìno, eÐnaiO(n3) kai o asumptwtikìc
suntelest c thc eÐnai 3

2
ènanti 1

3
pou eÐnai sth mèjodo apaloif c tou Gauss. (ShmeÐwsh: O

asumptwtikìc suntelest c 3
2
prokÔptei apì to �jroisma twn asumptwtik¸n suntelest¸n 1

gia thn eÔresh twn Ap(k), k = 1(1)n, kai 1
2
gia thn eÔresh twn (Ap(j), uk+1), j = 1(1)k, k =

1(1)n−1.) Sunep¸c an k�ti ja prèpei na mac problhmatÐsei wc proc th dunatìthta beltÐwshc
thc paroÔsac mejìdou eÐnai h kataskeu  miac nèac mejìdou p�nw sthn idèa twn suzug¸n
dieujÔnsewn h opoÐa ìmwc ja “ekmetalleÔetai” thn “aujairesÐa” thc je¸rhshc tou pÐnaka
U gia thn kataskeu  twn p(j).

An kai eÐnai diaisjhtik� fanerì den èqei apodeiqteÐ tupik� me th mèqri t¸ra an�lush ìti h
paroÔsa mèjodoc eÐnai katarq�c mia mèjodoc elaqistopoÐhshc ìqi mìno wc proc th dieÔjunsh
p(k), ìpwc sumbaÐnei, all� kai wc proc to mèqric ekeÐnh th stigm  jewrhjènta upìqwro
span{p(1), p(2), · · · , p(k)}. Gi' autì, ex�llou, brÐskei thn akrib  lÔsh se n epanal yeic.
Gia to skopì autì ja prèpei, loipìn, h k�je nèa prosèggish x(k) na brÐsketai ìqi mìno
apì th x(k−1) me elaqistopoÐhsh thc tim c tou dojèntoc sunarthsiakoÔ f(x) kat� m koc
thc p(k), ìpwc sumbaÐnei, all� kai me th sÔgqronh elaqistopoÐhsh thc tim c f(x(k)) ston
upìqwro span{p(1), p(2), · · · , p(k)}. Pr�gmati, tìte to x(n) ja elaqistopoieÐ to f(x) gia
x ∈ span{p(1), p(2), · · · , p(n)} ≡ IRn kai �ra ja dÐnei kai th lÔsh A−1b tou sust matoc. H
apìdeixh mporeÐ na gÐnei me epagwg  kai dÐnetai sth sunèqeia.
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Gia k = 1 h tim  tou x ∈ span{p(1)}, pou elaqistopoieÐ to sunarthsiakì f(x) sth

dieÔjunsh p(1), eÐnai h x(1) = x(0) + αp(1) me α = α1 = (p(1),r(0))

(Ap(1),p(1))
kai profan¸c eÐnai h

Ðdia me aut n pou elaqistopoieÐ to sunarthsiakì ston upìqwro span{p(1)}. Ga to genikì
b ma thc met�bashc apì to k − 1 sto k (1 < k ≤ n) ergazìmaste wc ex c. Estw ìti to
x(k−1) elaqistopoieÐ to f(x) kat� m koc thc dieÔjunshc p(k−1) kai sugqrìnwc ston upìqwro
span{p(1), p(2), · · · , p(k−1)} kai èstw x ∈ span{p(1), p(2), · · · , p(k)}. Estw akìmh ìti
x = y + αp(k), ìpou y ∈ span{p(1), p(2), · · · , p(k−1)}. Ja isqÔei y =

∑k−1
i=1 βip

(i), ìpou
βi, i = 1(1)k − 1, pragmatikoÐ arijmoÐ, kai epomènwc ja èqoume diadoqik�

f(x) = f(y + αp(k)) = 1
2
(A(y + αp(k)), y + αp(k))− (b, y + αp(k))

= f(y) + 1
2
(Ap(k), p(k))α2 − (b, p(k))α+ α(Ay, p(k))

= f(y) + 1
2
(Ap(k), p(k))α2 − (b, p(k))α,

afoÔ (Ay, p(k)) =
∑k−1

i=1 βi(Ap
(i), p(k)) = 0, lìgw thc A-orjogwniìthtac twn p(i) me to

p(k).

ParathroÔme t¸ra ìti h f(x) apoteleÐtai apì to �jroisma dÔo anex�rthtwn sunart sewn.
Thc f(y), pou eÐnai sun�rthsh tou y ∈ span{p(1), p(2), · · · , p(k−1)}, kai thc 1

2
(Ap(k), p(k))α2−

(b, p(k))α, pou eÐnai sun�rthsh tou α mìno. Ara gia thn elaqistopoÐhs  thc prèpei kai arkeÐ
na elaqistopoihjeÐ k�je mÐa xeqwrist�. H men pr¸th èqei  dh elaqistopoihjeÐ ston upìqwro
span{p(1), p(2), · · · , p(k−1)}, apì thn upìjesh thc tèleiac epagwg c, gia y = x(k−1). H de

deÔterh elaqistopoieÐtai gia α = αk = (b,p(k))

(Ap(k),p(k))
, dhlad  gia thn tim  α = αk = (p(k),r(0))

(Ap(k),p(k))
.

H teleutaÐa eÐnai Ðsh me (p(k),r(k−1))

(Ap(k),p(k))
, apì to Je¸rhma 6.6, kai dÐnetai antÐ thc prohgoÔmenhc

ston algìrijmo thc mejìdou twn suzug¸n dieujÔnsewn.

H prìtash pou mìlic apodeÐqthke dÐnetai sth sunèqeia upì morf  jewr matoc.

Je¸rhma 6.9 Sthn k epan�lhyh thc mejìdou twn suzug¸n dieujÔnsewn h x(k), k =
1(1)n, epilÔei to prìblhma thc monodi�stathc elaqistopoÐhshc sth dieÔjunsh p(k)

min
x=x(k−1)+αp(k)

f(x)

kai sugqrìnwc to prìblhma thc elaqistopoÐhshc ston upìqwro span{p(1), p(2), · · · , p(k)}

min
x∈span{p(1), p(2), ···, p(k)}

f(x). (6.25)

ShmeÐwsh: To parap�nw je¸rhma isqÔei gia x(0) = 0. An eÐnai x(0) ̸= 0, tìte to el�qisto
sthn (6.25) brÐsketai gia x− x(0) ∈ span{p(1), p(2), · · · , p(k)}. Autì giatÐ sthn perÐptwsh

x(0) ̸= 0 mporeÐ na jewrhjeÐ to sÔsthma Ax̂
(
= A(x− x(0)) = b− Ax(0)

)
= b̂, opìte h

elaqistopoÐhsh tou antÐstoiqou sunarthsiakoÔ me x̂(0) = 0 odhgeÐ sto basikì sumpèrasma
tou jewr matoc.
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6.5 Mèjodoc Suzug¸n KlÐsewn (Conjugate Gradients)

H mèjodoc twn suzug¸n klÐsewn, pou prot�jhke apì touc Hestenes kai Stiefel (o anagn¸-
sthc parepèmpetai sto biblÐo thc Greenbaum [22]), eÐnai mÐa mèjodoc suzug¸n dieujÔnsewn
apallagmènh apì ta meionekt mata thc mejìdou, ìpwc aut� tonÐsthkan sthn prohgoÔmenh
par�grafo. Katarq�c, wc st lec tou pÐnaka U ston algìrijmo (je¸rhma) twn Gram-
Schmidt paÐrnontai ta diadoqik� dianÔsmata-upìloipa uj = r(j−1), j = 1(1)k, k = 1(1)n.
Ja diapistwjeÐ amèswc met�, sthn Prìtash 7 tou Jewr matoc 6.10, ìti gia thn eÔresh thc
nèac dieÔjunshc p(k) qrei�zetai mìno h prohgoÔmenh p(k−1) kai ìqi ìlec oi prohgoÔmenec
dieujÔnseic, ìpwc sth mèjodo twn suzug¸n dieujÔnsewn. MporeÐ na apodeiqteÐ, akìmh,
ìti eÐnai h bèltisth mèjodoc metaxÔ ìlwn twn mejìdwn suzug¸n dieujÔnsewn. Autì, gi-
atÐ h ek�stote nèa dieÔjunsh p(k) den an kei apl� ston upìqwro pou eÐnai orjog¸nioc sto
span{Ap(1), Ap(2), · · · , Ap(k−1)}, k = 1(1)n, all� apoteleÐ thn orj  probol  tou r(k−1)

ston en lìgw upìqwro. MerikoÐ apì touc parap�nw isqurismoÔc pou diatup¸jhkan ja
apodeiqtoÔn sth sunèqeia. Gia to skopì autì kai gia na eÐnai sugkentrwmènec ìlec oi
sqetikèc prot�seic, merikèc apì tic opoÐec eÐnai  dh gnwstèc afoÔ isqÔoun gia opoiad pote
mèjodo suzug¸n dieujÔnsewn, pr¸ta ja diatupwjoÔn kai met�, ìsec apì autèc parousi�-
zontai gia pr¸th for�, ja apodeiqtoÔn.

Je¸rhma 6.10 Sth mèjodo suzug¸n klÐsewn isqÔoun oi parak�tw prot�seic gia
k = 1(1)n, p(0) = 0.
Prìtash 1: uj = r(j−1), j = 1(1)k.
Prìtash 2: (r(k−1), p(j)) = 0, j = 0(1)k − 1, p(0) = 0.
Prìtash 3: (r(k−1), r(j−1)) = (r(k−1), uj) = 0, j = 1(1)k − 1.
Prìtash 4: (r(k−1), r(k−1)) = (r(k−1), uk) = (r(k−1), p(k)).

Prìtash 5: αk =
(p(k),r(k−1))

(Ap(k),p(k))
= (r(k−1),r(k−1))

(Ap(k),p(k))
.

Prìtash 6: r(k) = r(k−1) − αkAp
(k).

Prìtash 7: An rjk, j = 1(1)k, eÐnai ta stoiqeÐa thc k st lhc tou �nw trigwnikoÔ
pÐnaka R thc (6.18), tìte isqÔei

rjk =


0, j = 1(1)k − 2,

− (r(k−1),r(k−1))

(r(k−2),r(k−2))
, j = k − 1,

1, j = k.

Apìdeixh: Prìtash 1: IsqÔei ex orismoÔ.
Prìtash 2: EÐnai to Je¸rhma 6.8.
Prìtash 3: Eqoume (r(k−1), r(j−1)) = (r(k−1), uj) = (r(k−1), r1jp

(1) + · · · + rj−1,jp
(j−1) +

p(j)) = 0. H pr¸th isìthta apì ta arister� isqÔei lìgw thc Prìtashc 1, h deÔterh apì ton
algìrijmo (je¸rhma) twn Gram-Schmidt kai h trÐth lìgw thc Prìtashc 2. (ShmeÐwsh: H
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paroÔsa prìtash exasfalÐzei th grammik  anexarthsÐa twn dianusm�twn r(j−1), j = 1(1)k,
upì thn proôpìjesh ìti eÐnai di�fora apì to mhdèn kai �ra èqei efarmog  to Je¸rhma (kai
o Algìrijmoc) twn Gram-Schmidt.)
Prìtash 4: ApodeÐqnetai akrib¸c me ton Ðdio trìpo ìpwc h prohgoÔmenh. H mình diafor�
eÐnai ìti to teleutaÐo eswterikì ginìmeno (r(k−1), p(k)) den eÐnai mhdèn.

Prìtash 5: EÐnai αk = (p(k),r(k−1))

(Ap(k),p(k))
apì ton algìrijmo twn suzug¸n dieujÔnsewn kai to

Je¸rhma 6.6. An antikatastajeÐ o arijmht c me b�sh to sumpèrasma thc Prìtashc 4
apodeÐqnetai to zhtoÔmeno.
Prìtash 6: EÐnai h èkfrash tou upoloÐpou r(k) apì ton algìrijmo twn suzug¸n dieujÔn-
sewn.
Prìtash 7: Apì ton algìrijmo twn Gram-Schmidt kai th sugkekrimènh epilog  twn uj

èqoume rjk = (Ap(j),uk)

(Ap(j),p(j))
= (Ap(j),r(k−1))

(Ap(j),p(j))
. Antikajist¸ntac to Ap(j) ston arijmht  apì thn

Prìtash 6 kai diasp¸ntac se duo kl�smata èqoume ìti

rjk =
1

αj

(r(j−1) − r(j), r(k−1))

(Ap(j), p(j))
=

1

αj(Ap(j), p(j))

[
(r(j−1), r(k−1))− (r(j), r(k−1))

]
.

DiakrÐnoume treic peript¸seic. An j < k − 1, tìte kai ta duo eswterik� ginìmena mèsa stic
agkÔlec eÐnai mhdèn apì thn Prìtash 3. An j = k − 1, tìte to pr¸to eswterikì ginìmeno

mèsa stic agkÔlec eÐnai p�li mhdèn kai �ra rk−1,k = − 1
αk−1

(r(k−1),r(k−1))

(Ap(k−1),p(k−1))
, opìte me th

qrhsimopoÐhsh thc deÔterhc èkfrashc tou αk−1 apì thn Prìtash 5 brÐsketai to zhtoÔmeno.
Tèloc, gia j = k èqoume rkk = 1 apì ton algìrijmo twn Gram-Schmidt, pr�gma pou mporeÐ
na prokÔyei amèswc kai apì to sunduasmì twn Prot�sewn 6, 3, 4 kai 5. �

Sth sunèqeia dÐnetai o algìrijmoc thc mejìdou twn suzug¸n klÐsewn. Opwc eÐnai
dunatìn na parathr sei kaneÐc eÐnai sqedìn tautìshmoc me autìn twn suzug¸n dieujÔnsewn
ektìc apì to tm ma tou pou afor� sthn eÔresh thc nèac dieÔjunshc p(k), pou brÐsketai,
ìpwc eÐdame apì thn Prìtash 7, mìno apì thn prohgoÔmenh dieÔjunsh kai ìqi sa sun�rthsh
ìlwn twn prohgoÔmenwn dieujÔnsewn.

Algìrijmoc Mejìdou Suzug¸n KlÐsewn:

Dedomèna: A ∈ IRn,n, AT = A, A jetik� orismènoc, b ∈ IRn, ϵ ∈ IR+ to epijumhtì sf�lma
x(0) = 0
r(0) = b
p(1) = r(0)

α1 =
(r(0),r(0))

(Ap(1),p(1))

x(1) = x(0) + α1p
(1)

r(1) = b− Ax(1) (= r(0) − α1Ap
(1))

k = 1
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Efìson ∥r(k)∥ > ϵ kai k < n
k = k + 1
βk =

(r(k−1),r(k−1))

(r(k−2),r(k−2))

p(k) = r(k−1) + βkp
(k−1)

αk =
(r(k−1),r(k−1))

(Ap(k),p(k))

x(k) = x(k−1) + αkp
(k)

r(k) = b− Ax(k) (= r(k−1) − αkAp
(k))

Tèloc �Efìson�
Apotèlesma: x = x(k) h prosèggish thc lÔshc.

Sth sunèqeia dÐnoume duo l mmata pou qrhsimeÔoun sthn eÔresh enìc �nw fr�gmatoc gia
to apìluto sf�lma thc k epan�lhyhc thc mejìdou twn suzug¸n klÐsewn sa sun�rthsh tou
apìlutou arqikoÔ sf�lmatoc.

L mma 6.2 An x(0) = 0, tìte gia j = 1(1)k kai k = 1(1)n isqÔei ìti

span{p(1), p(2), · · · , p(j)} = span{r(0), r(1), · · · , r(j−1)} = span{b, Ab, · · · , Aj−1b}.
(6.26)

Apìdeixh: Apì ton algìrijmo (je¸rhma) twn Gram-Schmidt kai ìtan ta uj, j = 1(1)k, eÐnai
grammik� anex�rthta èqoume ìti

span{p(1), p(2), · · · , p(j)} = span{u1, u2, · · · , uj}, j = 1(1)k.

Epeid  sth mèjodo twn suzug¸n klÐsewn eÐnai uj = r(j−1), j = 1(1)k, me thn proôpìjesh ìti
kanèna apì ta r(j−1), j = 1(1)k, den eÐnai mhdèn, apì thn Prìtash 3 èpetai ìti aut� ja eÐnai
grammik� anex�rthta. Ara apodeÐqnetai amèswc h isqÔc thc pr¸thc isìthtac apì tic (6.26).
Gia thn apìdeixh thc deÔterhc isìthtac parathroÔme ìti gia x(0) = 0 eÐnai p(1) = r(0) = b kai
h prìtash isqÔei gia j = 1. Estw ìti h prìtash isqÔei gia k�poio j = 1(1)k− 1, dhlad  ìti

(span{p(1), p(2), · · · , p(j)} =) span{r(0), r(1), · · · , r(j−1)} = span{b, Ab, · · · , Aj−1b}.

Apì ton algìrijmo twn suzug¸n klÐsewn èqoume ìti r(j) = r(j−1) − αjAp
(j). All� r(j−1) ∈

span{b, Ab, · · · , Aj−1b} kai Ap(j) ∈ span{Ab, A2b, · · · , Ajb}, j = 1(1)k − 1, apì thn
prohgoÔmenh upìjesh. Epomènwc r(j) ∈ span{b, Ab, · · · , Ajb}. Profan¸c, ìmwc, r(j) ∈
span{r(0), r(1), · · · ,
r(j)}, pou eÐnai di�stashc j +1. Ara kai o upìqwroc pou par�getai apì ta j +1 dianÔsmata
b, Ab, · · · , Ajb, o span{b, Ab, · · · , Ajb}, ja eÐnai thc Ðdiac di�stashc. Sunep¸c ja isqÔoun
oi (6.26) kai gia j + 1, pr�gma pou oloklhr¸nei thn epagwgik  apìdeixh. �
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Shmei¸seic: a) Sto prohgoÔmeno l mma upotèjhke ìti x(0) = 0. An x(0) ̸= 0, tìte gia
j = 1(1)k to x(j) lÔnei to prìblhma elaqistopoÐhshc

min
y−x(0)∈span{p(1), p(2), ···, p(j)}

f(y) (6.27)

ki akìmh isqÔei ìti

span{p(1), p(2), · · · , p(j)} = span{r(0), r(1), · · · , r(j−1)} = span{r(0), Ar(0), · · · , Aj−1r(0)}.
(6.28)

b) Oi q¸roi twn dexi¸n mel¸n stic sqèseic (6.26) kai (6.28) eÐnai gnwstoÐ kai wc upìqwroi
Krylov tou pÐnaka A.

L mma 6.3 Estw ìti 0 < α < β. Tìte to min-max prìblhma

min
pm∈Pm, pm(0)=1

(
max
α≤z≤β

|pm(z)|
)
, (6.29)

ìpou Pm to sÔnolo twn poluwnÔmwn bajmoÔ mikrìterou   Ðsou tou m me pragmatikoÔc
suntelestèc, lÔnetai monadik� apì to polu¸numo

p̃m(z) =
Tm

(
β+α−2z
β−α

)
Tm

(
β+α
β−α

) (6.30)

gia to opoÐo

max
α≤z≤β

|p̃m(z)| =
1

Tm

(
β+α
β−α

) . (6.31)

Apìdeixh: H apìdeixh den eÐnai par� aut  tou Jewr matoc 4.1 arkeÐ na parathr soume ta
ex c. Katarq�c oi anisìthtec 0 < α ≤ z ≤ β dÐnoun isodÔnama 1− β ≤ 1− z ≤ 1−α < 1.
Oi teleutaÐec den eÐnai par� oi antÐstoiqec twn −1 < α ≤ z ≤ β < 1 tou Jewr matoc 4.1.
(ShmeÐwsh: To gegonìc ìti sthn paroÔsa perÐptwsh den parousi�zetai to k�tw fr�gma −1
sto 1− β den ephre�zei thn kat�stash. Sto Je¸rhma 4.1 to fr�gma −1 eÐqe proèrjei apì
k�poia prohgoÔmenh apaÐths  mac gia ton epanalhptikì pÐnaka T , pou parousiazìtan ekeÐ, na
eÐnai Ermitianìc me ρ(T ) < 1.) Epomènwc an sta apotelèsmata twn antÐstoiqwn ekfr�sewn
thc diatÔpwshc tou Jewr matoc 4.1 antikatast soume tic stajerèc kai metablht  α, z kai
β me 1−β, 1−z kai 1−α, antÐstoiqa, prokÔptoun ta sumper�smata tou parìntoc l mmatoc.
�
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Me mèjodo antÐstoiqh aut c tou Jewr matoc 6.3, gia th mèjodo thc apìtomhc kajìdou,
kai èqontac upìyh ta mèqri stigm c sumper�smata gia th mèjodo twn suzug¸n klÐsewn eÐnai
dunatìn na diatupwjeÐ kai na apodeiqteÐ me th bo jeia twn dÔo prohgoÔmenwn lhmm�twn èna
an�logo je¸rhma pou dÐnetai sth sunèqeia.

Je¸rhma 6.11 Estw x(k), k ≥ 0, h akoloujÐa pou par�getai apì ton algìrijmo thc
mejìdou suzug¸n klÐsewn gia opoiod pote x(0) ∈ IRn kai èstw x h lÔsh tou sust matoc
Ax = b ìpou o A ∈ IRn,n eÐnai summetrikìc kai jetik� orismènoc. Estw κ = κ2(A) =

λmax

λmin
,

ìpou λmax kai λmin h mègisth kai h el�qisth idiotim  tou A, antÐstoiqa. An e(k) = x(k)−x
eÐnai to di�nusma-sf�lma sthn k epan�lhyh tìte

||e(k)||
A

1
2

≤ 2

[(√
κ− 1√
κ+ 1

)k

+

(√
κ+ 1√
κ− 1

)k
]−1

||e(0)||
A

1
2
, k = 1(1)n− 1. (6.32)

Apìdeixh: Katarq�c parathroÔme ìti gia y ∈ IRn eÐnai (A(y − x), y − x) = 2f(y) + (Ax, x).
Epomènwc to prìblhma elaqistopoÐhshc miny∈S f(y), me S ⊂ IRn, eÐnai isodÔnamo me to
prìblhma elaqistopoÐhshc miny∈S(A(y−x), y−x), opìte, sÔmfwna me th ShmeÐwsh amèswc
met� to L mma 6.2 kai sugkekrimèna th sqèsh (6.27), ja èqoume

(Ae(k), e(k)) = (A(x(k) − x), x(k) − x)
= miny−x(0)∈span{p(1), ···, p(k)}(A(y − x), y − x) = minz∈span{p(1), ···, p(k)}(A(z + e(0)), z + e(0)).

(6.33)
Apì thn (6.28) èqoume ìti

z ∈ span{p(1), · · · , p(k)} ⇐⇒ z ∈ span{r(0), Ar(0), · · · , Ak−1r(0)} ⇐⇒ z = pk−1(A)r
(0),

(6.34)
gia k�poio polu¸numo pk−1 ∈ Pk−1, ìpou Pk−1 to sÔnolo twn poluwnÔmwn me pragmatikoÔc
suntelestèc bajmoÔ to polÔ k − 1. Epeid  r(0) = −Ae(0), h (6.33) lìgw thc (6.34) gÐnetai

(Ae(k), e(k)) = min
pk−1∈Pk−1

(A(I − Apk−1(A))e
(0), (I − Apk−1(A))e

(0)). (6.35)

(ShmeÐwsh: H parap�nw sqèsh isqÔei kai gia k = 0 an oristeÐ ìti P−1 = {0}.) Qrhsimopoi-
¸ntac th fasmatik  an�lush tou A prokÔptei me pr�xeic an�logec aut¸n tou Jewr matoc
(6.3) ìti

(Ae(k), e(k)) ≤ min
pk−1∈Pk−1

(
( max
λ∈[λmin,λmax]

|1− λpk−1(λ)|)2
)
(Ae(0), e(0)), (6.36)

h opoÐa eÐnai isodÔnamh me thn

||e(k)||
A

1
2

≤ min
pk∈Pk, pk(0)=1

(
max

λ∈[λmin,λmax]
|pk(λ)|

)
||e(0)||

A
1
2
. (6.37)
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Qrhsimopoi¸ntac to L mma 6.3 gia thn eÔresh tou suntelest  tou deÔterou mèlouc sthn
(6.37) prokÔptei amèswc ìti

||e(k)||
A

1
2

≤ 1

Tk

(
λmax+λmin

λmax−λmin

) ||e(0)||
A

1
2

(6.38)

  isodÔnama

||e(k)||
A

1
2

≤ 1

Tk

(
κ+1
κ−1

) ||e(0)||
A

1
2

(6.39)

kai tèloc, epeid  κ+1
κ−1

> 1, me b�sh thn idiìthta (g) twn poluwnÔmwn Chebyshev katal goume
sthn (6.32). �

Shmei¸seic: a) EÐnai dunatìn na apodeiqteÐ ìti gia stajerì k o suntelest c tou ||e(0)||
A

1
2

eÐnai aÔxousa sun�rthsh tou deÐkth kat�stashc κ. b) EÐnai epÐshc dunatìn na apodeiqteÐ
me epagwg , an gÐnei h sÔgkrish twn ekfr�sewn (6.8) kai (6.32), ìti o suntelest c sto
deÔtero mèloc thc deÔterhc eÐnai mikrìteroc apì ton antÐstoiqo suntelest  thc pr¸thc
(ektìc apì thn perÐptwsh κ = 1  /kai k = 1, opìte èqoume isìthta), pr�gma pou  tan
�llwste anamenìmeno. g) Sthn pr�xh kai gia pollèc kathgorÐec pin�kwn, h mèjodoc twn su-
zug¸n klÐsewn, kai idiaÐtera parallagèc aut c, apodeÐqnontai taqÔtatec wc proc th sÔgklish
sugkrinìmenec me �llec epanalhptikèc mejìdouc. Sthn teleutaÐa parat rhsh ofeÐletai kai
to gegonìc ìti h mèjodoc twn suzug¸n klÐsewn eÐnai idiaÐtera dhmofil c.

Jewr¸ntac tic treic mejìdouc, apìtomhc kajìdou, suzug¸n dieujÔnsewn kai suzug¸n
klÐsewn, eÐnai fanerì ìti par� ta tuqìn up�rqonta meionekt mata h teleutaÐa upertereÐ
saf¸c twn dÔo pr¸twn. Katarq�c oi duo teleutaÐec uperteroÔn thc mejìdou thc apì-
tomhc kajìdou, afoÔ oloklhr¸nontai se n b mata, en¸ h pr¸th sugklÐnei sth lÔsh mìno
asumptwtik�. MetaxÔ twn mejìdwn suzug¸n dieujÔnsewn kai suzug¸n klÐsewn h deÔterh,
ìpwc  dh anafèrjhke, eÐnai h bèltisth mèjodoc suzug¸n dieujÔnsewn.

6.6 Prorrujmismènh Mèjodoc Suzug¸n KlÐsewn

Ena pijanì meionèkthma thc mejìdou suzug¸n klÐsewn eÐnai ìti gia meg�lo n, pollèc forèc
sthn pr�xh, faÐnetai na sugklÐnei arg�. Gia th beltÐwsh thc taqÔthtac sÔgklis c thc qrhsi-
mopoieÐtai h mèjodoc thc prorrÔjmishc. H idèa thc prorrÔjmishc eÐnai h akìloujh. Epeid  h
taqÔthta sÔgklishc eÐnai aÔxousa sun�rthsh tou deÐkth kat�stashc κ2(A), prospajoÔme na
tropopoi soume to arqikì sÔsthma kai ant' autoÔ na epilÔsoume èna isodÔnamì tou me arket�
mikrìtero deÐkth kat�stashc. Gia to skopì autì qrhsimopoieÐtai ènac pÐnakac M ∈ IRn,n,
summetrikìc kai jetik� orismènoc, wc prorrujmist c, t.w. afenìc men na eÐnai oikonomik�

antistrèyimoc se sqèsh me ton A afetèrou de na isqÔei λmax(M−1A)
λmin(M−1A)

<< κ2(A), ìpou λmax(·)
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kai λmin(·) sumbolÐzoun, antÐstoiqa, th megalÔterh kai th mikrìterh idiotim  tou M−1A, pou
mporeÐ na deiqteÐ ìti eÐnai jetikèc. Etsi to sÔsthma pou jewroÔme gia epÐlush, antÐ tou
arqikoÔ, eÐnai to

M−1Ax = M−1b. (6.40)

O suntelest c pÐnakac tou sust matoc (6.40) ìmwc den eÐnai summetrikìc kai �ra den eÐnai
dunatìn na efarmosteÐ h mèjodoc twn suzug¸n klÐsewn gia th lÔsh tou. Gia th metatrop 
tou sust matoc (6.40) se èna �llo isodÔnamo me pÐnaka suntelest¸n agn¸stwn summetrikì
kai jetik� orismèno me tic Ðdiec akraÐec idiotimèc me autèc tou M−1A ergazìmaste wc ex c.
AfoÔ o M eÐnai pragmatikìc, summetrikìc kai jetik� orismènoc ja up�rqei (monadikìc)
pÐnakac pragmatikìc summetrikìc kai jetik� orismènoc tou opoÐou to tetr�gwno ja eÐnai o
M . Estw C o pÐnakac autìc gia ton opoÐo isqÔei C2 = M . Qrhsimopoi¸ntac ton C, h (6.40)
mporeÐ na grafteÐ isodÔnama wc

C−1AC−1Cx = C−1b

  jewr¸ntac tic antikatast�seic

Ã = C−1AC−1, x̃ = Cx, b̃ = C−1b (6.41)

gr�fetai isodÔnama kai wc

Ãx̃ = b̃. (6.42)

EÐnai profanèc ìti to nèo sÔsthma (6.42) èqei pÐnaka suntelest¸n agn¸stwn Ã pou eÐnai pra-
gmatikìc, summetrikìc kai jetik� orismènoc, ìpwc eÐnai eÔkolo na elegqteÐ. Akìmh, epeid 

isqÔei ìti σ(Ã) ≡ σ(C−1AC−1) = σ(C−2A) = σ(M−1A), ja isqÔei ìti κ2(Ã) =
λmax(M−1A)
λmin(M−1A)

kai �ra κ2(Ã) << κ2(A).

Iswc apì mia pr¸th mati� h prorrÔjmish, me ton trìpo pou eis�gei ton pÐnaka C, na
jewreÐtai ìti den eÐnai dunatìn na suneisfèrei ousiastik� sto prìblhma pou jèsame afoÔ
gia thn eÔresh tou C apaitoÔntai ìlec oi idiotimèc kai ìla ta idiodianÔsmata tou pÐnaka
autoÔ  , me b�sh to Je¸rhma 3.13, tou M . Opwc ja doÔme ìmwc sth sunèqeia o pÐnakac C
emfanÐzetai ston telikì algìrijmo wc C2 = M kai �ra de qrei�zetai na brejeÐ analutik�.

An o algìrijmoc thc mejìdou suzug¸n klÐsewn efarmosteÐ gia th lÔsh tou sust matoc
(6.42) ja eÐnai o parak�tw:

x̃(0) = 0
r̃(0) = b̃
p̃(1) = r̃(0)

α̃1 =
(r̃(0),r̃(0))

(Ãp̃(1),p̃(1))

x̃(1) = x̃(0) + α̃1p̃
(1)
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r̃(1) = b̃− Ãx̃(1) (= r̃(0) − α̃1Ãp̃
(1))

k = 1
Efìson ∥r̃(k)∥ > ϵ kai k < n

k = k + 1
β̃k =

(r̃(k−1),r̃(k−1))

(r̃(k−2),r̃(k−2))

p̃(k) = r̃(k−1) + β̃kp̃
(k−1)

α̃k =
(r̃(k−1),r̃(k−1))

(Ãp̃(k),p̃(k))

x̃(k) = x̃(k−1) + α̃kp̃
(k)

r̃(k) = b̃− Ãx̃(k) (= r̃(k−1) − α̃kÃp̃
(k))

Tèloc �Efìson�
Apotèlesma: x̃ = x̃(k) h prosèggish thc lÔshc.

Lìgw twn antikatast�sewn (6.41) eÐnai logikì na jèsoume katarq�c x̃(k) = Cx(k) kai

akìmh r̃(k) = b̃−Ãx̃(k) = C−1b−C−1AC−1Cx(k) = C−1(b−Ax(k)) = C−1r(k). An de epiplèon
epijumoÔme parapèra aplopoÐhsh tou algìrijmou kai idiaÐtera an jèloume na èqoume th
sqèsh x̃(k) = x̃(k−1)+ α̃kp̃

(k) se pl rh antistoiqÐa me th x(k) = x(k−1)+αkp
(k) tou kanonikoÔ

algìrijmou thc mejìdou twn suzug¸n klÐsewn, tìte ja prèpei na jèsoume p̃(k) = Cp(k).
EÐnai eÔkolo na diapist¸sei kaneÐc tìte ìti oi (6.41) mazÐ me tic antikatast�seic, pou mìlic
jewr jhkan, mporoÔn na metasqhmatÐsoun ton parìnta algìrijmo se ènan isodÔnamo ìpou,
ìmwc, mìno oi gnwstèc, wc proc to sumbolismì, posìthtec apì ton klasikì algìrijmo ja
emfanÐzontai. Tèloc, me merikoÔc aploÔc metasqhmatismoÔc, ìpou paraleÐpoume to sÔmbolo

“˜” apì ta α̃k kai β̃k+1 kai kurÐwc antikajistoÔme to emfanizìmeno C2 me to Ðso tou M
kai to M−1r(k) = z(k), me to z(k) na brÐsketai apì th lÔsh tou sust matoc Mz(k) = r(k),
paÐrnoume ton algìrijmo thc prorrujmismènhc mejìdou twn suzug¸n klÐsewn sthn telik 
tou morf . Sugkekrimèna:

Algìrijmoc Prorrujmismènhc Mejìdou Suzug¸n KlÐsewn:

Dedomèna: A ∈ IRn,n, AT = A, A jetik� orismènoc, b ∈ IRn, M ∈ IRn,n, MT = M, M
jetik�

orismènoc me λmax(M−1A)
λmin(M−1A)

<< κ2(A), ϵ ∈ IR+ to epijumhtì sf�lma.

x(0) = 0
r(0) = b
Mz(0) = r(0)

p(1) = z(0)

α1 =
(z(0),r(0))

(Ap(1),p(1))

x(1) = x(0) + α1p
(1)

r(1) = b− Ax(1) (= r(0) − α1Ap
(1))

k = 1
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Efìson ∥r(k)∥ > ϵ kai k < n
k = k + 1
Mz(k−1) = r(k−1)

βk =
(z(k−1),r(k−1))

(z(k−2),r(k−2))

p(k) = z(k−1) + βkp
(k−1)

αk =
(z(k−1),r(k−1))

(Ap(k),p(k))

x(k) = x(k−1) + αkp
(k)

r(k) = b− Ax(k) (= r(k−1) − αkAp
(k))

Tèloc �Efìson�
Apotèlesma: x = x(k) h prosèggish thc lÔshc.

H epilog  kat�llhlou prorrujmist  pÐnaka M èqei tic Ðdiec duskolÐec pou èqei kaneÐc
sthn epilog  prorrujmist  stic genikèc epanalhptikèc mejìdouc. Lìgw thc fÔshc tou A
(pragmatikìc, summetrikìc kai jetik� orismènoc) up�rqoun k�poioi prorrujmistèc pou den
eÐnai �lloi par� autoÐ pou qrhsimopoioÔntai stic klasikèc epanalhptikèc mejìdouc me thn
proôpìjesh ìti eÐnai (pragmatikoÐ) summetrikoÐ kai jetik� orismènoi pÐnakec. Etsi mporeÐ
kaneÐc na epilèxei

M = diag(a11, a22, · · · , ann),

opìte prokÔptei wc mèjodoc h gnwst  kai wc Jacobi-Suzug¸n KlÐsewn (Jacobi-CG),  

M = diag(A11, A22, · · · , App), Aii ∈ IRni,ni ,

p∑
i=1

ni = n,

me antÐstoiqh mèjodo th gnwst  kai wc Block Jacobi-Suzug¸n KlÐsewn (Block Jacobi-CG),
 , tèloc,

M =
1

ω(2− ω)
(D − ωL)D−1(D − ωLT ),

me antÐstoiqh mèjodo th gnwst  kai wc (Block) SSOR-Suzug¸n KlÐsewn ((Block) SSOR-
CG). Shmei¸netai ìti h teleutaÐa mèjodoc qrhsimopoieÐtai sun jwc me ω = 1.

ASKHSEIS

1.: Na jewrhjeÐ to 2× 2 grammikì sÔsthma Ax = b, ìpou A =diag(1, λ), λ > 0, b = 0 kai
x(0) ∈ IR2\{0} opoiod pote.

a) An x(k) = [x
(k)
1 x

(k)
2 ]T , na deiqteÐ ìti h mèjodoc thc Apìtomhc Kajìdou dÐnei:

x(k+1) =
x
(k)
1 x

(k)
2 (λ− 1)

(x
(k)
1 )2 + λ3(x

(k)
2 )2

[λ2x
(k)
2 − x

(k)
1 ]T .
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b) Na deiqteÐ ìti an x(k) = c[λ ± 1]T , c ∈ IR \ {0}, tìte h sqèsh

||e(k+1)||
A

1
2

≤
(
κ− 1

κ+ 1

)
||e(k)||

A
1
2
,

ìpou e(k) to di�nusma-sf�lma sthn k epan�lhyh kai κ o deÐkthc kat�stashc, pou
antistoiqeÐ sth fasmatik  norm tou pÐnaka A, isqÔei wc isìthta.

2.: a) An eÐnai A ∈ ICn,n Ermitianìc kai jetik� orismènoc pÐnakac na brejoÔn oi stajerèc
sÔgkrishc twn dianusmatik¸n norms ||x||2 kai ||x||A 1

2
∀ x ∈ ICn.

b) Na brejoÔn duo dianÔsmata x ∈ ICn\{0}, pou na ikanopoioÔn thn k�je mÐa apì tic
duo isìthtec pou emfanÐzontai sthn parap�nw sÔgkrish.

3.: DÐnontai ta dianÔsmata x(1) =

 1
0
1

 , x(2) =

 0
1
1

 kai x(3) =

 1
1
0

. Na brejeÐ mia
b�sh orjog¸niwn dianusm�twn q(1), q(2), q(3) kai na dojoÔn ta x(1), x(2), x(3) wc gram-
mikoÐ sunduasmoÐ twn q(1), q(2), q(3) qrhsimopoi¸ntac th mèjodo thc orjogwniopoÐhshc
twn Gram-Schmidt. (Periorismìc: Na gÐnoun akribeÐc pr�xeic qrhsimopoi¸ntac (rizik�
kai) kl�smata stouc upologismoÔc.)

4.: Na lujeÐ to grammikì sÔsthma Ax = b, me A =

 2 1 1
1 2 1
1 1 2

 kai b =

 2
0
2

, me th
mèjodo Suzug¸n KlÐsewn kai arqikì di�nusma x(0) = 0.

5.: UpotÐjetai ìti ston arqikì algìrijmo twn Gram-Schmidt paÐrnetai U = I.
a) Na brejoÔn analutik� oi treic pr¸tec st lec p(1), p(2), p(3) tou pÐnaka P sth-
n paragontopoÐhsh U = PR, ìpou P ∈ IRn,n me st lec an� dÔo A−orjog¸niec
(A ∈ IRn,n, summetrikìc kai jetik� orismènoc) kai R ∈ IRn,n �nw trigwnikìc me diag¸-
nia stoiqeÐa mon�dec. kai
b) Me b�sh to parap�nw sumpèrasma na dojoÔn, qwrÐc apìdeixh, oi analutikèc ekfr�-
seic twn stoiqeÐwn thc k st lhc tou pÐnaka P kaj¸c kai thc k gramm c tou pÐnaka
R.

6.: DÐnetai o pÐnakac

U =


1 1 1
1 −1 1
1 1 −1
1 −1 −1

 .
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a) Na deiqteÐ ìti ta dianÔsmata-st lec tou pÐnaka U eÐnai grammik� anex�rthta. kai
b) Basizìmenoi sto gegonìc ìti o pÐnakac I eÐnai pragmatikìc, summetrikìc kai jetik�
orismènoc na analujeÐ kat�Gram-Schmidt o parap�nw pÐnakac U se ginìmeno paragìn-
twn PR, ètsi ¸ste ta dianÔsmata-st lec tou pÐnaka P na eÐnai orjog¸nia metaxÔ touc
kai o pÐnakac R na eÐnai �nw trigwnikìc me diag¸nia stoiqeÐa mon�dec.

7.: DÐnontai pÐnakac A ∈ IRn,n, me AT = A, kai dianÔsmata xi ∈ IRn, i = 1(1)n, pou eÐnai
A−orjog¸nia an� dÔo kai tètoia ¸ste (Axi, xi) > 0, i = 1(1)n.
a) Na deiqteÐ ìti ta xi ∈ IRn, i = 1(1)n, eÐnai grammik� anex�rthta. kai
b) Na deiqteÐ ìti o A eÐnai jetik� orismènoc.

8.: EÐnai gnwstì apo th Grammik  Algebra ìti an r ∈ IRn kai M upìqwroc tou IRn, tìte
p ∈ M eÐnai h orj  probol  tou r ston M ann isqÔei ìti

(r, x) = (p, x) ∀ x ∈ M

a) Me b�sh ton parap�nw orismì na apodeiqteÐ ìti h orj  probol  p tou r ston M
up�rqei, eÐnai monadik  kai ikanopoieÐ th sqèsh

||p||2 = ||r||2 − ||r − p||2.

(Upìdeixh: Na jewrhjoÔn n orjokanonik� dianÔsmata x(i) ∈ IRn, i = 1(1)n, ta m (<
n) pr¸ta apì ta opoÐa an koun ston upìqwro M .)
b) Na apodeiqteÐ ìti to di�nusma r− p eÐnai h orj  probol  tou r ston upìqwro M⊥,
ìpou M⊥ sumbolÐzei ton upìqwro pou eÐnai k�jetoc ston upìqwro M . kai
g) Na apodeiqteÐ ìti to di�nusma p(k) thc mejìdou twn Suzug¸n KlÐsewn den eÐnai
par� h orj  probol  tou dianÔsmatoc r(k−1) ston upìqwro pou eÐnai k�jetoc ston
span

{
Ap(1), Ap(2), · · · , Ap(k−1)

}
, k = 1(1)n, r(j) ̸= 0, j = 0(1)k − 1.

9.: Gia thn epÐlush tou grammikoÔ sust matoc (5.21) protijèmeja na efarmìsoume th
Mèjodo Suzug¸n KlÐsewn kaj¸c kai tic duo Prorrujmismènec Mejìdouc Suzug¸n
KlÐsewn me prorrujmistèc pÐnakec a) 4 I⊗I kai b) I⊗(2I+T ). Na brejoÔn analutik�
oi deÐktec kat�stashc twn antÐstoiqwn suntelest¸n pin�kwn twn susthm�twn pou
epilÔontai kai na sqoliasteÐ (sugkritik�) h sÔgklish twn tri¸n mejìdwn.
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Kef�laio 7

Grammik  Mèjodoc El�qistwn
Tetrag¸nwn

7.1 Eisagwg 

Poll� probl mata thc Epist mhc kai thc TeqnologÐac apaitoÔn taktikèc prosomoÐwshc gia
thn anaparagwg  fusik¸n fainomènwn (katast�sewn) se sunj kec ErgasthrÐou. Sta pe-
rissìtera apì aut� proteÐnetai èna majhmatikì prìtupo (montèlo) pou sun jwc eÐnai gram-
mikì eÐte gia thn perigraf  tou fainomènou eÐte gia mia pr¸th prosèggish sthn katanìhs 
tou. Gia thn kalÔterh dunat  katanìhsh tou fainomènou pou meletiètai to pl joc twn
diexagìmenwn peiram�twn kai antÐstoiqwn metr sewn (exis¸sewn) eÐnai sun jwc kat� polÔ
megalÔtero apì ton arijmì twn zhtoÔmenwn paramètrwn (agn¸stwn). Se tètoiec peript¸-
seic, kai ìqi mìnon, h majhmatik  diatÔpwsh tou probl matoc eÐnai h akìloujh:
Na brejeÐ di�nusma x ∈ IRm pou ikanopoieÐ kat� ton kalÔtero dunatì trìpo to grammikì
sÔsthma

Ax = b, µϵ A ∈ IRn,m, b ∈ IRn και m ≤ n. (7.1)

An upotejeÐ ìti oi pr¸tec m exis¸seic tou (7.1) èqoun monos manta orismènh lÔsh tìte
eÐnai m�llon apÐjano sth genik  perÐptwsh (m < n) h lÔsh aut  na epalhjeÔei kai tic
upìloipec n−m exis¸seic tou (7.1). Etsi odhgoÔmaste sto na anazhtoÔme ekeÐno to x gia
to opoÐo to di�nusma-sf�lma r = b− Ax eÐnai ìso to dunatìn “mikrìtero”. Me �lla lìgia
epizhtiètai h elaqistopoÐhsh miac norm tou r. An h proôp�rqousa empeirÐa upodeÐqnei ìti h
“kalÔterh” norm eÐnai h EukleÐdeia, tìte to antÐstoiqo prìblhma thc elaqistopoÐhshc thc
||r||2,   isodÔnama thc ||r||22, diatup¸netai majhmatik� wc

min
x∈IRm

||r||22 ≡ min
x∈IRm

||b− Ax||22 = min
x∈IRm

n∑
i=1

(
bi −

m∑
j=1

aijxj

)2

. (7.2)
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To prìblhma (7.2), gia eunìhtouc lìgouc, eÐnai gnwstì wc Prìblhma twn El�qistwn Tetrag¸n-
wn.

7.2 LÔsh twn Kanonik¸n Exis¸sewn

Gia thn elaqistopoÐhsh thc èkfrashc

f(x) := ||r||22 =
n∑

i=1

(
bi −

m∑
j=1

aijxj

)2

ja prèpei pr¸ta na brejoÔn ta krÐsima shmeÐa thc f(x) mhdenÐzontac thn antÐstoiqh klÐsh.
Dhlad 

∇f(x) =

[
∂f(x)

∂x1

∂f(x)

∂x2

· · · ∂f(x)

∂xm

]T
= 0. (7.3)

H anagkaÐa sunj kh (7.3) eÐnai isodÔnamh me to sÔnolo twn exis¸sewn

∂f(x)

∂xk

=
n∑

i=1

2

(
bi −

m∑
j=1

aijxj

)
(−aik) = 0, k = 1(1)m.

Oi parap�nw exis¸seic gr�fontai isodÔnama wc

n∑
i=1

(
aik

(
m∑
j=1

aijxj

))
=

n∑
i=1

aikbi, k = 1(1)m,

  wc
n∑

i=1

(aik(Ax)i) =
n∑

i=1

aikbi, k = 1(1)m. (7.4)

An jewrhjeÐ ìti A = [a1 a2 · · · am], ìpou ak = [a1k a2k · · · ank]
T , k = 1(1)m, tìte oi

exis¸seic (7.4) gr�fontai wc

aTk (Ax) = aTk b, k = 1(1)m, (7.5)

kai to sÔnolo twn (7.5) gr�fetai upì morf n pin�kwn wc
aT1 (Ax)
aT2 (Ax)

...
aTm(Ax)

 =


aT1 b
aT2 b
...

aTmb


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  isodÔnama wc
ATAx = AT b. (7.6)

To grammikì sÔsthma (7.6) twn m exis¸sewn me touc m agn¸stouc eÐnai gnwstì kai wc
sÔsthma twn “Kanonik¸n Exis¸sewn”.

Sth sunèqeia ja apodeÐxoume ìti to sÔsthma (7.6), pou èqei p�ntote mÐa   �peirec lÔseic,
den apoteleÐ mìno anagkaÐa all� kai ikan  sunj kh gia na èqei to prìblhma (7.2) lÔsh.

ApodeÐqnoume pr¸ta to deÔtero isqurismì.

Je¸rhma 7.1 An x ∈ IRm eÐnai lÔsh tou sust matoc (7.6), tìte ∀ y ∈ IRm isqÔei

||ry||22 ≥ ||rx||22, óπoυ ry = b− Ay και rx = b− Ax. (7.7)

Apìdeixh: Apì thn (7.6) paÐrnoume amèswc ìti

AT rx = 0m και rTxA = 0Tm. (7.8)

Epomènwc

||ry||22 = rTy ry = (b− Ay)T (b− Ay) = (rx + A(x− y))T (rx + A(x− y))
= (rTx + (x− y)TAT )(rx + A(x− y))
= ||rx||22 + rTxA(x− y) + (x− y)TAT rx + ||A(x− y)||22
= ||rx||22 + ||A(x− y)||22

(7.9)

afoÔ oi duo mesaÐoi ìroi sto proteleutaÐo mèloc eÐnai mhdèn lìgw thc (7.8). Epomènwc
||ry||22 ≥ ||rx||22, pr�gma pou apodeÐqnei thn (7.7). �

Gia ton pÐnaka twn suntelest¸n twn agn¸stwn ATA sto sÔsthma twn kanonik¸n ex-
is¸sewn (7.6) parathroÔme ìti eÐnai pragmatikìc me ATA ∈ IRm,m, summetrikìc, diìti
(ATA)T = ATA, kai m  arnhtik� orismènoc, diìti ∀ y ∈ IRm \ {0} eÐnai yTATAy =
(Ay)T (Ay) = ||Ay||22 ≥ 0. Lìgw thc teleutaÐac anisìthtac ja diakrÐnoume profan¸c dÔo
peript¸seic. Thn ||Ay||2 > 0, ∀ y ∈ IRm \ {0} kai thn ||Ay||2 = 0 gia èna toul�qiston
y ∈ IRm \ {0}. Sthn pr¸th perÐptwsh o pÐnakac ATA ja eÐnai jetik� orismènoc, ja èqei
orÐzousa jetik  (di�forh apì to mhdèn) kai �ra to sÔsthma (7.6) ja èqei mÐa kai mìno lÔsh
kai ja lème ìti o pÐnakac A eÐnai pl rouc bajmoÔ, en¸ sth deÔterh perÐptwsh o ATA ja
eÐnai m  arnhtik� orismènoc kai �ra ja prèpei na exetasteÐ parapèra gia to an kai pìte to
sÔsthma (7.6) èqei �peirec lÔseic   kamÐa lÔsh, kai ja lème ìti o pÐnakac A eÐnai ellipoÔc
bajmoÔ.

Gia thn pr¸th perÐptwsh isqÔei h parak�tw prìtash:

Je¸rhma 7.2 O pÐnakac ATA tou sust matoc (7.6) eÐnai jetik� orismènoc ann ta
dianÔsmata-st lec tou pÐnaka A eÐnai grammik� anex�rthta.



180

Apìdeixh: O pÐnakac ATA eÐnai jetik� orismènoc ann ∀ y ∈ IRm \ {0} isqÔei yTATAy > 0  ,
isodÔnama, ||Ay||22 > 0   akìmh Ay ̸= 0. An ai, i = 1(1)m, eÐnai ta dianÔsmata-st lec tou
A kai yi, i = 1(1)m, oi sunist¸sec tou y, tìte h teleutaÐa sqèsh eÐnai isodÔnamh me thn
y1a1 + y2a2 + · · ·+ ymam ̸= 0, ∀ y ∈ IRm \ {0}. H sqèsh sthn opoÐa katal xame, ìmwc, eÐnai
isodÔnamh me to ìti ta dianÔsmata ai, i = 1(1)m, eÐnai grammik� anex�rthta, pou apodeÐqnei
thn paroÔsa prìtash. �

Pìrisma 7.1 An ta dianÔsmata-st lec tou pÐnaka A tou sust matoc (7.6) eÐnai
grammik� anex�rthta, tìte to sÔsthma twn kanonik¸n exis¸sewn èqei mÐa kai mìno
lÔsh.

Amesh sunèpeia tou jewr matoc pou apodeÐqthke eÐnai ìti an ta dianÔsmata-st lec tou
pÐnaka A eÐnai grammik� exarthmèna, tìte o pÐnakac ATA tou sust matoc twn kanonik¸n
exis¸sewn (7.6) den eÐnai antistrèyimoc kai �ra to sÔsthma (7.6) èqei �peirec lÔseic   kamÐa
lÔsh. Sthn parak�tw prìtash ja apodeiqteÐ ìti mìno h pr¸th perÐptwsh eÐnai dunat .

Je¸rhma 7.3 Estw ìti r (0 < r < m) eÐnai to mègisto pl joc twn grammik�
anex�rthtwn dianusm�twn-sthl¸n tou pÐnaka A ∈ IRn,m, m ≤ n, tou sust matoc (7.1).
Tìte to sÔsthma twn kanonik¸n exis¸sewn (7.6) èqei �peirec lÔseic. (ShmeÐwsh: Sthn
paroÔsa perÐptwsh o A eÐnai ellipoÔc bajmoÔ r (< m), pr�gma pou gr�fetai kai wc
rank(A) = r.)

Apìdeixh: SÔmfwna me gnwst  prìtash thc Grammik c Algebrac, an r (0 < r < m) eÐnai
to mègisto pl joc twn grammik� anex�rthtwn dianusm�twn-sthl¸n tou A, tìte to mègisto
pl joc twn grammik� anexart twn dianusm�twn-gramm¸n tou A ja eÐnai ki autì r. Opwc
epÐshc gnwrÐzoume apì th Grammik  Algebra, eÐnai dunatìn, me pollaplasiasmì tou A apì ta
arister� epÐ kat�llhlo metajetikì pÐnaka P1 ∈ IRn,n kai me pollaplasiasmì tou apì ta dexi�
epÐ kat�llhlo metajetikì pÐnaka P2 ∈ IRm,m, na èqoume ìqi mìno ta dianÔsmata twn r pr¸twn
gramm¸n tou P1AP2 grammik� anex�rthta kai ta dianÔsmata twn r pr¸twn sthl¸n tou omoÐwc
grammik� anex�rthta, all� sugqrìnwc kai ìlouc touc p× p, p = 1(1)r, kÔriouc upopÐnakec
thc �nw arister c gwnÐac tou antistrèyimouc. Efarmìzontac tìte th mèjodo apaloif c tou

Gauss ston pÐnaka Ã = P1AP2, gia thn apaloif  twn stoiqeÐwn tou pou brÐskontai k�tw apì
ta diag¸nia stoiqeÐa tou ãii, i = 1(1)r, ìpwc akrib¸c sto Je¸rhma 2.1, katal goume se ènan

n×m “�nw trigwnikì” pÐnaka Ũ tou opoÐou ìla ta stoiqeÐa k�tw apì ta r pr¸ta diag¸nia
èqoun apaleifteÐ. Epiplèon, o (n− r)× (m− r) upopÐnak�c tou thc k�tw dexi� gwnÐac tou
eÐnai o mhdenikìc. Autì giatÐ an k�poio apì ta stoiqeÐa tou upopÐnaka autoÔ  tan m  mhdenikì
tìte profan¸c ektìc apì ta r grammik� anex�rthta dianÔsmata-st lec twn r pr¸twn sthl¸n

tou Ũ mazÐ me th st lh pou ja perieÐqe to proanaferìmeno m  mhdenikì stoiqeÐo, kai �ra ta

antÐstoiqa dianÔsmata-st lec twn pin�kwn Ã kai A, ja  tan grammik� anex�rthta pl jouc
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r + 1, pou eÐnai �topo. Gia thn apaloif  pou perigr�fthke qrhsimopoi jhkan profan¸c

pollaplasiastèc, pou antistoiqoÔn stic pr¸tec r st lec tou Ã, kai oi opoÐoi ja mporoÔn

na graftoÔn se ènan n × r “k�tw trigwnikì” pÐnaka L̃ me diag¸nia stoiqeÐa mon�dec. Gia

na mporeÐ na grafteÐ o Ã sa ginìmeno enìc “k�tw trigwnikoÔ” kai enìc “�nw trigwnikoÔ”
pÐnaka, ìpwc sto Je¸rhma 2.1, epekteÐnoume ton pÐnaka twn pollaplasiast¸n ètsi ¸ste
na katasteÐ n × n. Ta stoiqeÐa twn teleutaÐwn n − r sthl¸n tou nèou “k�tw trigwnikoÔ”
pÐnaka L mporeÐ na eÐnai opoiad pote ki autì lìgw thc parousÐac twn n − r mhdenik¸n

gramm¸n tou pÐnaka Ũ . Gia na diathreÐtai h k�tw trigwnik  morf  tou nèou pÐnaka twn
pollaplasiast¸n L epilègoume ton �nw dexi� (n− r)× r upopÐnak� tou na eÐnai o mhdenikìc
kai ton (n− r)× (n− r) k�tw dexi� na eÐnai o monadiaÐoc. Etsi mporoÔme na gr�foume ton

pÐnaka Ã san to ginìmeno Ã = LŨ . EpishmaÐnetai ìti o m × m “�nw trigwnikìc” pÐnakac

Ũ èqei stoiqeÐa ã
(k)
kj , k = 1(1)r, j = k(1)m, ta opoÐa èqoun prokÔyei kat� ta r b mata thc

apaloif c, me ã
(1)
1j = ã1j, j = 1(1)m. Tèloc, gia na d¸soume sthn paragontopoÐhsh tou Ã

mia morf  an�logh aut c thc paragontopoÐshc Crout gr�foume ton Ũ san èna ginìmeno enìc
“diag¸niou” n×m pÐnaka D ta diag¸nia stoiqeÐa tou opoÐou eÐnai ta diag¸nia stoiqeÐa tou

Ũ , me ìla ta �lla stoiqeÐa tou mhdenik�, epÐ ènan “�nw trigwnikì” pÐnaka U , tou opoÐou

stoiqeÐa stic r pr¸tec grammèc eÐnai aut� tou Ũ diairemèna an� gramm  me ta antÐstoiqa
odhg� stoiqeÐa tou. Akìmh parathroÔme ìti, lìgw thc parousÐac twn mhdenik¸n tou D, oi
teleutaÐec m−r grammèc tou U mporeÐ na eÐnai opoiesd pote. Epilègoume ton k�tw arister�
(m− r)× r upopÐnak� tou na eÐnai o mhdenikìc kai ton k�tw dexi� (m− r)× (m− r) na eÐnai
o monadiaÐoc. Etsi telik� èqoume ìti

LDU = Ã = P1AP2, , (7.10)

ìpou, upenjumÐzetai ìti, L ∈ IRn,n eÐnai k�tw trigwnikìc me lii = 1, i = 1(1)n, kai (n −
r) × (n − r) upopÐnaka thc k�tw dexi� gwnÐac tou ton In−r, D ∈ IRn,m, “diag¸nioc” me
dii ̸= 0, i = 1(1)r, kai dii = 0, i = r + 1(1)m, kai U ∈ IRm,m �nw trigwnikìc me diag¸nia
stoiqeÐa uii = 1, i = 1(1)m, kai (m − r) × (m − r) upopÐnaka thc k�tw dexi�c gwnÐac tou
ton Im−r.
LÔnontac thn (7.10) wc proc A kai antikajist¸ntac sthn (7.6) èqoume

P2U
TDTLTP1P

T
1 LDUP T

2 x = P2U
TDTLTP1b,

opìte aplopoi¸ntac paÐrnoume

DTLTLDUP T
2 x = DTLTP1b.

Estw y = UP T
2 x ∈ IRm kai c = LTP1b ∈ IRn. Qrhsimopoi¸ntac block morfèc gia touc

pÐnakec D kai L, ìpou oi block upopÐnakèc touc, ektìc apì touc monadiaÐouc, sumbolÐzontai
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endeiktik� me tic diast�seic touc, kaj¸c kai touc block diaqwrismoÔc twn dianusm�twn y =

[yrT ym−rT ]T , kai c = [crT cn−rT ]T , ìpou yr, cr ∈ IRr, ym−r ∈ IRm−r, cn−r ∈ IRn−r, èqoume[
Dr,r 0r,n−r

0m−r,r 0m−r,n−r

] [
Mr,r Mr,n−r

Mn−r,r Mn−r,n−r

] [
Dr,r 0r,m−r

0n−r,r 0n−r,m−r

] [
yr

ym−r

]
=

[
Dr,r 0r,n−r

0m−r,r 0m−r,n−r

] [
cr

cn−r

]
,

(7.11)

ìpou

M :=

[
Mr,r Mr,n−r

Mn−r,r Mn−r,n−r

]
=

[
LT
r,r LT

n−r,r

0n−r,r In−r

] [
Lr,r 0r,n−r

Ln−r,r In−r

]
=

[
LT

r,rLr,r + LT
n−r,rLn−r,r LT

n−r,r

Ln−r,r In−r

]
=: LTL.

(7.12)

H (7.11) eÐnai isodÔnamh me {
Mr,rDr,ry

r = cr,
0 ym−r = 0m−r.

(7.13)

H deÔterh twn exis¸sewn (7.13) dÐnei amèswc

ym−r ∈ IRm−r, µϵ ym−r
i = yr+i ∈ IR, i = 1(1)m− r, αυθαίρϵτα. (7.14)

Gia thn pr¸th twn exis¸sewn (7.13), me b�sh thn (7.12), èqoume katarq�c ìti ∀ z ∈ IRr \{0}
isqÔei

zTMr,rz = zT (LT
r,rLr,r + LT

n−r,rLn−r,r)z = ||Lr,rz||22 + ||Ln−r,rz||22 > 0,

afoÔ o Lr,r eÐnai k�tw trigwnikìc me diag¸nia stoiqeÐa mon�dec, �ra antistrèyimoc, kai epomè-
nwc h pr¸th apì tic dÔo norms ja eÐnai jetik  en¸ h deÔterh, genik�, m  arnhtik . Sunep¸c
h pr¸th twn exis¸sewn (7.13) lÔnetai wc proc yr kai dÐnei

yr = D−1
r,rM

−1
r,r c

r. (7.15)

Apì tic (7.14) kai (7.15) èqoume ìti to di�nusma y ∈ IRm èqei ticm−r teleutaÐec sunist¸sec

tou aujaÐretouc pragmatikoÔc arijmoÔc. Etsi, èqontac breÐ to y = [yrT ym−rT ]T kai èqontac
upìyh thn block morf  tou pÐnaka U brÐskoume apì thn U(P T

2 x) = y ìti[
Ur,r Ur,m−r

0m−r,r Im−r

] [
(P T

2 x)
r

(P T
2 x)

m−r

]
=

[
yr

ym−r

]
, (7.16)

ìpou (P T
2 x)

r ∈ IRr kai (P T
2 x)

m−r ∈ IRm−r dianÔsmata me sunist¸sec tic r pr¸tec kai tic
m − r teleutaÐec tou dianÔsmatoc P T

2 x ∈ IRm. To sÔsthma (7.16) dÐnei isodÔnama ta dÔo
sust mata {

Ur,r(P
T
2 x)

r + Ur,m−r(P
T
2 x)

m−r = yr

(P T
2 x)

m−r = ym−r
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Apì to deÔtero sÔsthma èqoume amèswc tic m− r (aujaÐretec) teleutaÐec sunist¸sec tou
dianÔsmatoc P T

2 x, opìte antikajist¸ntac sto pr¸to sÔsthma kai lÔnontac wc proc (P T
2 x)

r,
me proc ta pÐsw antikat�stash, brÐskoume tic r pr¸tec sunist¸sec tou P T

2 x, wc sunart seic
twn m − r aujaÐretwn teleutaÐwn sunistws¸n tou. Tèloc, èqontac to di�nusma P T

2 x, me
pollaplasiasmì apì ta arister� epÐ P2, brÐskoume th lÔsh x. Lìgw twn m− r aujaÐretwn
sunistws¸n tou P T

2 x h lÔsh x ∈ IRm èqei epÐshc m− r aujaÐretec sunist¸sec kai tic �llec
r sunist¸sec thc sunart seic aut¸n twn m−r aujaÐretwn. Ara to sÔsthma twn kanonik¸n
exis¸sewn (7.6) ja èqei �peirec lÔseic oi opoÐec ja brÐskontai me ton trìpo pou èmmesa,
all� exantlhtik�, perigr�fthke. �

Sthn perÐptwsh pou to sÔsthma twn kanonik¸n exis¸sewn èqei mÐa mìno lÔsh, opìte o
ATA eÐnai pragmatikìc, summetrikìc kai jetik� orismènoc, tìte h �mesh mèjodoc Cholesky
Ðswc sunist�tai gia thn epÐlus  tou.

Sth genikìterh perÐptwsh, ìpou norms gia m  tetragwnikoÔc pÐnakec kaj¸c kai geni-
keumènoi antÐstrofoi m  antistrèyimwn   kai m  tetragwnik¸n pin�kwn èqoun eisaqteÐ, eÐnai
dunatìn na apodeiqteÐ ìti o deÐkthc kat�stashc, pou antistoiqeÐ sth fasmatik  norm tou
pÐnaka ATA, eÐnai Ðsoc me to tetr�gwno tou deÐkth kat�stashc tou pÐnaka A tou arqikoÔ
probl matoc. Eunìhto eÐnai tìte ìti to antÐstoiqo sÔsthma (7.6) ja eÐnai polÔ qeirìterhc
kat�stashc se sqèsh me to arqikì. Ja deÐxoume tou lìgou to alhjèc sthn tetrimmènh
perÐptwsh ìpou A ∈ IRn,n me det(A) ̸= 0. Pr�gmati, tìte

κ2(A) = ||A||2||A−1||2 = ρ
1
2 (ATA)ρ

1
2 (A−TA−1).

en¸ gia ton pÐnaka ATA ja eÐnai

κ2(A
TA) = ||ATA||2||(ATA)−1||2 = ρ

1
2 ((ATA)TATA)ρ

1
2 ((ATA)−T (ATA)−1)

= ρ(ATA)ρ
(
(ATA)−1

)
= ρ(ATA)ρ

(
A−1A−T

)
= ρ(ATA)ρ

(
A−TA−1

)
= (κ2(A))

2 .

(7.17)

Shmei¸netai ìti h trÐth apì ta dexi� èkfrash eÐnai Ðsh me th deÔterh apì ta dexi� giatÐ
oi pÐnakec A−1A−T kai A−TA−1 eÐnai ìmoioi kai �ra èqoun to Ðdio f�sma idiotim¸n.

7.3 QR An�lush (ParagontopoÐhsh)

H “qeirìterh” kat�stash thn opoÐa èqei to sÔsthma twn kanonik¸n exis¸sewn se sqèsh
me to arqikì mporeÐ na xeperasteÐ me thn paragontopoÐhsh tou arqikoÔ pÐnaka A ∈ IRn,m

se ginìmeno dÔo paragìntwn, enìc pÐnaka Q ∈ IRn,m, ta dianÔsmata-st lec tou opoÐou eÐnai
an� dÔo orjog¸nia me EukleÐdeia norm mon�da, dhlad  QTQ = Im, kai enìc �nw trigwnikoÔ
pÐnaka R ∈ IRm,m, me jetik� diag¸nia stoiqeÐa. To pleonèkthma miac tètoiac an�lushc, me
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thn proôpìjesh ìti èqoun oristeÐ fusikèc norms kai antÐstrofoi m  tetragwnik¸n pin�kwn,
eÐnai ìti o nèoc pÐnakac suntelest c QR èqei ton Ðdio deÐkth kat�stashc me ton pÐnaka A
wc proc thn ℓ2−norm. Gia thn eÔresh twn pin�kwn Q kai R, oi opoÐoi eÐnai monadikoÐ ann
ta dianÔsmata-st lec tou A eÐnai grammik� anex�rthta, mporeÐ na qrhsimopoihjeÐ mÐa apì tic
mejìdouc pou ja pragmateutoÔme parak�tw. Prin ìmwc proqwr soume ja parajèsoume mia
genikìterh prìtash eureÐa qr sh thc opoÐac, �mesa   èmmesa kai qwrÐc parapèra epexhg seic,
ja gÐnetai sth sunèqeia tou parìntoc kefalaÐou.

Sto shmeÐo autì dÐnetai to parak�tw l mma eureÐa qr sh tou opoÐou ja gÐnei se ì,ti
akoloujeÐ.

L mma 7.1 An o Q ∈ ICn,m, m ≤ n, eÐnai ènac orjomonadiaÐoc pÐnakac, dhlad  QHQ = Im,
(orjog¸nioc sthn perÐptwsh pou o Q eÐnai pragmatikìc), tìte gia k�je x ∈ ICm isqÔei ìti
∥Qx∥2 = ∥x∥2.

Apìdeixh: Pragmatik�, èqoume diadoqik� ∥Qx∥22 = (Qx)H(Qx) = xHQHQx = xHImx =
∥x∥22. �

An èqei pragmatopoihjeÐ h paragontopoÐhsh QR tìte apofeÔgetai h lÔsh tou probl -
matoc me th lÔsh twn Kanonik¸n Exis¸sewn, pou eÐnai astaj c lìgw thc dunamik c aÔxhsh-
c tou deÐkth kat�stashc. Gia to skopì autì, jewroÔme pr¸ta ton orjokanonikì pÐnaka

Q̃ ∈ IRn,n−m(Q̃T Q̃ = In−m), t.w. ta dianÔsmata-st lec tou na eÐnai orjog¸nia me ìla ta

dianÔsmata-st lec tou Q, (Q̃TQ = 0n−m,m). Me �lla lìgia o Q̃ sumplhr¸nei ton Q gia th

dhmiourgÐa enìc tetragwnikoÔ orjog¸niou pÐnaka [Q | Q̃] ∈ IRn,n. To pwc upologÐzetai o

pÐnakac Q̃ exet�zetai parak�tw.

Xekin¸ntac apì thn topojèthsh tou probl matoc (7.2) èqoume diadoqik�

min
x∈IRm

∥r∥22 ≡ min
x∈IRm

∥b− Ax∥22 = min
x∈IRm

∥b−QRx∥22

= min
x∈IRm

∥[Q | Q̃]T (b−QRx)∥22 = min
x∈IRm

∥∥∥∥[ QT

Q̃T

]
(b−QRx)

∥∥∥∥2
2

= min
x∈IRm

∥∥∥∥[ QT

Q̃T

]
b−

[
QT

Q̃T

]
QRx

∥∥∥∥2
2

= min
x∈IRm

∥∥∥∥[ QT b−Rx

Q̃T b

]∥∥∥∥2
2

= min
x∈IRm

||QT b−Rx||22 + ||Q̃T b||22. (7.18)

O deÔteroc ìroc tou dexioÔ mèlouc twn (7.18) eÐnai stajerìc kai anex�rthtoc tou dianÔs-
matoc x, epomènwc h lÔsh x tou probl matìc mac prokÔptei apì th lÔsh tou probl matoc
minx∈IRm ||QT b − Rx||2. ParathroÔme ìmwc ìti o R eÐnai tetragwnikìc pÐnakac kai �ra h
lÔsh tou teleutaÐou probl matoc prokÔptei apì to mhdenismì tou dianÔsmatoc QT b − Rx,
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dhlad  gia ta dianÔsmata x pou apoteloÔn lÔsh tou grammikoÔ sust matoc

Rx = QT b. (7.19)

An o pÐnakacR eÐnai antistrèyimoc, pou shmaÐnei ìti oi st lec touA eÐnai grammik� anex�rtht-
ec   rank(A) = m, tìte up�rqei mia monadik  lÔsh h

x = R−1QT b.

Sthn perÐptwsh pou o A eÐnai ellipoÔc bajmoÔ, rank(A) = r < m, qrhsimopoioÔme thn
teqnik  thc anadi�taxhc tou pÐnaka A, ìpwc akrib¸c kai sto Je¸rhma 7.3. Tìte h an�lush
QR dÐnei

P1AP2 = QR = [Q1 | Q2]

[
Rr,r Rr,m−r

0m−r,r 0m−r,m−r

]
,

ìpou o Q diaqwrÐsthke se Q1 ∈ IRn,r kai Q2 ∈ IRn,m−r kai o R sthn parap�nw block morf 
me Rr,r ∈ IRr,r antistrèyimo. Ulopoi¸ntac autèc tic allagèc sthn (7.18) ja èqoume

min
x∈IRm

||b− Ax||22 = min
x∈IRm

||P1(b− Ax)||22 = min
x∈IRm

||P1b− P1AP2P
T
2 x||22

= min
y∈IRm

||̂b− P1AP2y||22 = min
y∈IRm

||QT b̂−Ry||22 + ||Q̃T b̂||22, (7.20)

ìpou b̂ = P1b, y = P T
2 x kai Q̃ ∈ IRn,n−m o pÐnakac pou jewr jhke prohgoumènwc. An

jewr soume kai ton antÐstoiqo block diaqwrismì tou y (y = [yT1 | yT2 ]T , y1 ∈ IRr, y2 ∈
IRm−r), o pr¸toc ìroc tou dexi� mèlouc thc (7.20) dÐnei

min
y∈IRm

||QT b̂−Ry||22 = min
y∈IRm

∥∥∥∥∥
[
QT

1 b̂−Rr,ry1 −Rr,m−ry2
QT

2 b̂

]∥∥∥∥∥
2

2

= min
y∈IRm

||QT
1 b̂−Rr,ry1 −Rr,m−ry2||22 + ||QT

2 b̂||22. (7.21)

Apì thn teleutaÐa èkfrash stic (7.21) prokÔptei ìti èqoume �peirec lÔseic sto prìblhma,
pou tautÐzontai me tic lÔseic twn grammik¸n susthm�twn

Rr,ry1 = QT
1 b̂−Rr,m−ry2

ìpou to y2 paÐrnetai aujaÐreta ston IRm−r. Oi lÔseic autèc dÐnontai apì tic

y1 = R−1
r,r (Q

T
1 b̂−Rr,m−ry2), µϵ y2 ∈ IRm−r αυθαίρϵτo.

EÐmaste t¸ra se jèsh na d¸soume th lÔsh tou probl matoc el�qistwn tetrag¸nwn
me an�lush QR xekin¸ntac apì mia diaforetik  je¸rhsh tou probl matoc. To di�nusma
upìloipo b− Ax mporeÐ na grafteÐ kai wc

b− Ax = (I −QQT +QQT )b−QRx = (I −QQT )b+Q(QT b−Rx). (7.22)
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EÔkola apodeÐqnetai ìti ta dianÔsmata (I−QQT )b kai Q(QT b−Rx) eÐnai orjog¸nia. Pr�g-
mati

bT (I−QQT )TQ(QT b−Rx) = bT (I−QQT )Q(QT b−Rx) = bT (Q−Q)(QT b−Rx) = 0. (7.23)

Efarmìzontac to “Pujagìreio” je¸rhma sthn (7.22) èqoume

||b− Ax||22 = ||(I −QQT )b||22 + ||Q(QT b−Rx)||22 = ||(I −QQT )b||22 + ||QT b−Rx||22.

Proèkuye ètsi h Ðdia lÔsh (7.19) me th diafor� ìti h el�qisth posìthta eÐnai h ||(I−QQT )b||2
antÐ thc ||Q̃T b||2 sthn (7.18). Anamfisb thta oi dÔo autèc posìthtec ja prèpei na eÐnai Ðsec
metaxÔ touc. To ìfeloc sthn prokeÐmenh perÐptwsh eÐnai ìti de qrei�zetai na prosdioristeÐ

o bohjhtikìc orjog¸nioc pÐnakac Q̃.

Apomènei na deiqteÐ ìti h QR an�lush dÐnei thn Ðdia akrib¸c lÔsh me ekeÐnh thc lÔshc
twn kanonik¸n exis¸sewn. Pr�gmati, sthn perÐptwsh ìpou rank(A) = m, xekin¸ntac apì
th lÔsh twn kanonik¸n exis¸sewn èqoume

x = (ATA)−1AT b = [(QR)T (QR)]−1(QR)T b = (RTQTQR)−1RTQT b

= (RTR)−1RTQT b = R−1(RT )−1RTQT b = R−1QT b. (7.24)

Sthn perÐptwsh ìpou rank(A) = r < m ja prèpei na akoloujhjeÐ pr¸ta mÐa an�lush tou
pÐnaka A, ìpwc aut  tou Jewr matoc 7.3, h opoÐa paraleÐpetai.

Sth sunèqeia dÐnoume tic mejìdouc me tic opoÐec pragmatopoieÐtai h QR an�lush.

7.3.1 Gram-Schmidt OrjogwniopoÐhsh

Sthn paroÔsa par�grafo ja ekjèsoume th mèjodo kai ton algìrijmo thc Gram-Schmidt
OrjogwniopoÐhshc xekin¸ntac apì to basikì thc je¸rhma. Profan¸c o upìyh algìrijmoc
mporeÐ na dojeÐ wc efarmog  autoÔ twn Suzug¸n DieujÔnsewn. EntoÔtoic dÐnetai exarq c
gia thn oloklhrwmènh parousÐash thc an�lushc QR tou parìntoc kefalaÐou.

Je¸rhma 7.4 Estw A ∈ IRn,m, m ≤ n, ta dianÔsmata-st lec ai, i = 1(1)m, tou opoÐou
eÐnai grammik� anex�rthta. Up�rqoun monadikoÐ pÐnakec Q ∈ IRn,m, me QTQ = Im, kai
�nw trigwnikìc pÐnakac R ∈ IRm,m, me rii > 0, i = 1(1)m, t.w.

A = QR. (7.25)

(ShmeÐwsh: Diapist¸netai amèswc ìti h apaÐthsh QTQ = Im eÐnai isodÔnamh me thn
apaÐthsh ta dianÔsmata-st lec q(i), i = 1(1)m, tou pÐnaka Q, na eÐnai an� dÔo orjog¸nia
me EukleÐdeia norm mon�da.)
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Apìdeixh: H apodeiktèa sqèsh (7.25) gr�fetai analutik� wc ex c

[a1 a2 a3 · · · am] =
[
q(1) q(2) q(3) · · · q(m)

]


r11 r12 r13 · · · r1m
r22 r23 · · · r2m

r33 · · · r3m
. . .

...
rmm

 , (7.26)

kai eÐnai isodÔnamh me tic m isìthtec

r11q
(1) = a1

r12q
(1) + r22q

(2) = a2
r13q

(1) + r23q
(2) + r33q

(3) = a3
...
r1mq

(1) + r2mq
(2) + r3mq

(3) + · · ·+ rm−1,mq
(m−1) + rmmq

(m) = am,

(7.27)

ìpwc mporeÐ polÔ eÔkola na diapistwjeÐ. Apì thn pr¸th isìthta, to gegonìc ìti to di�nusma
q(1) eÐnai kanonikopoihmèno (∥q(1)∥2 = 1) kai apì thn apaÐthsh r11 > 0, prokÔptei ìti r11 =
∥a1∥2. LÔnontac sth sunèqeia wc proc q(1) èqoume q(1) = a1

r11
. Apì th deÔterh isìthta,

gia na prosdiorÐsoume to r12, jewroÔme to eswterikì ginìmeno aut c me to q(1). 'Etsi,
r12(q

(1), q(1))2 + r22(q
(2), q(1))2 = (a2, q

(1))2 kai lìgw thc apaÐthshc ta q(1) kai q(2) na eÐnai
orjog¸nia, èqoume ìti r12 = (a2, q

(1))2. Sth sunèqeia h deÔterh isìthta gÐnetai r22q(2) =
a2 − r12q

(1) kai ta r22 kai q(2) upologÐzontai me to Ðdio skeptikì pou upologÐsthkan ta r11

kai q(1) antÐstoiqa, apì thn pr¸th. 'Etsi, r22 = ∥a2 − r12q
(1)∥2 kai q(2) = a2−r12q(1)

r22
. EÐnai

profanèc ìti q(2) ̸= 0 diìti se antÐjeth perÐptwsh, ta a1 kai a2 ja  tan grammik� exarthmèna.
H apìdeixh mporeÐ na oloklhrwjeÐ me epagwg  kai eÐnai profan c. H genik  èkfrash gia to
tuqìn q(i), i = 1(1)m, ja dÐnetai anadromik� apì tic parak�tw sqèseic

q(i) = ai −
i−1∑
j=1

rjiq
(j), rji = (ai, q

(j))2, j = 1(1)i− 1, i = 1(1)m. (7.28)

H apìdeixh gia th monadikìthta twn Q kai R mporeÐ na prokÔyei me je¸rhsh an�lushc
tou A se èna �llo ginìmeno Q′R′, ìpou oi Q′ kai R′ ja eÐnai antÐstoiqwn morf¸n me autèc
twn Q kai R sthn (7.26) kai me antÐstoiqec idiìthtec. H isìthta PR = P ′R′, h exÐswsh
twn antÐstoiqwn sthl¸n twn ginomènwn touc kai efarmog  apl c epagwg c apodeÐqnei th
monadikìthta. �

'Eqoume na parathr soume ed¸ ìti to parap�nw je¸rhma apoteleÐ eidik  perÐptwsh kai
parallag  tou Jewr matoc 6.4 Gram-Schmidt tou prohgoÔmenou KefalaÐou.

Sth sunèqeia dÐnoume ton algìrijmo thcQR an�lushc meGram-Schmidt orjogwniopoÐhsh,
jewr¸ntac ìti rank(A) = m, ìpwc diatup¸jhke sto antÐstoiqo je¸rhma. (ShmeÐwsh: An
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rank(A) = r < m, tìte ja prèpei na probleftoÔn metajèseic sthl¸n tou A ¸ste oi gram-
mik� anex�rthtec st lec tou na topojethjoÔn stic pr¸tec sth seir� st lec, opìte kai h
diatÔpwsh tou antÐstoiqou jewr matoc ja prèpei na dojeÐ an�loga.)

Algìrijmoc QR An�lushc me Gram-Schmidt OrjogwniopoÐhsh:

Dedomèna: A ∈ IRn,m me dianÔsmata-st lec ai, i = 1(1)m, grammik� anex�rthta.
Gia i = 1(1)m

q(i) = ai
Gia j = 1(1)i− 1

rji = (ai, q
(j))2 ή rji = (q(i), q(j))2

q(i) = q(i) − rjiq
(j)

Tèloc �Gia�
rii = ||q(i)||2
q(i) = q(i)/rii

Tèloc �Gia�

ParathroÔme ìti sthn eswterik  anakÔklwsh tou algìrijmou èqoume dÔo isodÔnamec
diadikasÐec. H pr¸th dÐnei ton klasikì algìrijmo en¸ h deÔterh ton parallagmèno algìrijmo
Gram-Schmidt orjogwniopoÐhshc. H pr¸th diadikasÐa prokÔptei �mesa apì th je¸rhsh tou
probl matoc A = QR. H isodunamÐa thc deÔterhc me thn pr¸th apodeÐqnetai wc ex c:
EÐnai fanerì ìti kat� thn i-ost  sth seir� exwterik  epan�lhyh kai kat� thn eÐsodì thc
sthn j-ost  eswterik  epan�lhyh, to di�nusma q(i) ja eÐnai

q(i) = ai −
j−1∑
k=1

rkiq
(k). (7.29)

To eswterikì ginìmeno autoÔ me to q(j) dÐnei

(q(i), q(j))2 = (ai, q
(j))2 −

j−1∑
k=1

rki(q
(k), q(j))2 = (ai, q

(j))2, (7.30)

lìgw thc orjogwniìthtac twn dianusm�twn q(k), k = 1(1)j − 1, me to q(j).

Prèpei na tonisteÐ ed¸ ìti sthn pr�xh protimiètai o parallagmènoc algìrijmoc diìti eÐnai
perissìtero eustaj c apì ton antÐstoiqo klasikì, kurÐwc se probl mata ìpou oi st lec
tou A eÐnai “sqedìn” grammik� exarthmènec. Autì ofeÐletai sto gegonìc ìti me ton par-
allagmèno algìrijmo suneqÐzoume touc upologismoÔc afair¸ntac apì ta ai tic orjog¸niec
dieujÔnseic q(k), k = 1(1)j − 1, kai “ergazìmaste” me tic upìloipec, en¸ ston klasikì up-
ologÐzontai k�je for� kai ta eswterik� ginìmena (q(j), q(k))2, k = 1(1)j − 1, ta opoÐa sthn
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pr�xh den eÐnai akrib¸c mhdèn kai �ra dÐnoun sf�lmata h met�dosh twn opoÐwn apì b ma se
b ma èqei wc sunèpeia th suss¸reus  touc kai thn alloÐwsh tou apotelèsmatoc.

ShmeÐwsh: Eqoume na parathr soume ìti o algìrijmoc Gram-Schmidt ìpwc akrib¸c
dÐnetai, mporeÐ na qrhsimeÔsei gia thn eÔresh ìrjog¸niwn b�sewn se q¸rouc Hilbert. Gia
par�deigma, an jewr soume to q¸ro twn suneq¸n kai fragmènwn pragmatik¸n sunart sewn

sto di�sthma [α, β] kai to eswterikì ginìmeno: (u, v) =
∫ β

α
uvdx, orÐzetai ènac apeirodi�s-

tatoc q¸roc Hilbert. Epilègontac wc ai mia akoloujÐa grammik� anex�rthtwn sunart sewn,
o algìrijmoc Gram-Schmidt par�gei thn qi, mia akoloujÐa orjog¸niwn sunart sewn, pou
apoteleÐ orjog¸nia b�sh. Efarmog  tou algìrijmou Gram-Schmidt èqoume sth JewrÐa
Prosèggishc, gia thn paragwg  b�sewn orjog¸niwn poluwnÔmwn.

7.3.2 MetasqhmatismoÐ   Anakl�seic (Reflections) Householder

H QR an�lush me metasqhmatismoÔc Householder pragmatopoieÐtai diamèsou miac akolou-
jÐac orjog¸niwn metasqhmatism¸n ìpou k�je for� apaleÐfetai to k�tw apì th diag¸nio
tm ma miac st lhc tou pÐnaka A.

Orismìc 7.1 Enac orjog¸nioc pÐnakac P ∈ IRn,n kaleÐtai metasqhmatismìc   an�klash
Householder an orÐzetai diamèsou dianÔsmatoc u ∈ IRn, me ||u||2 = 1, ètsi ¸ste

P = I − 2uuT . (7.31)

O pÐnakac P sthn (7.31) eÐnai pr�gmati orjog¸nioc afoÔ P TP = (I − 2uuT )T (I − 2uuT ) =
(I − 2uuT )2 = I − 4uuT + 4u(uTu)uT = I − 4uuT + 4uuT = I. O metasqhmatismìc
onom�sthke kai an�klash apì to ex c gegonìc: Estw θ1 h gwnÐa pou sqhmatÐzei to tuqaÐo
di�nusma x ∈ IRn\{0} me to u kai θ2 h antÐstoiqh gwnÐa tou Px me to u. EÔkola apodeÐqnetai

ìti oi gwnÐec autèc eÐnai paraplhrwmatikèc. Pr�gmati, cosθ1 =
uT x

||u||2||x||2 = uT x
||x||2 en¸ cosθ2 =

uTPx
||u||2||Px||2 = uT (I−2uuT )x

||x||2 = uT x−2(uTu)uT x
||x||2 = uT x−2uT x

||x||2 = − uT x
||x||2 = −cosθ1. Autì shmaÐnei ìti

an jewr soume th θ1 wc gwnÐa prìsptwshc, h θ2 jewreÐtai wc gwnÐa an�klashc.

ShmeÐwsh: Gia thn aplopoÐhsh thc an�lushc, tìso sthn paroÔsa par�grafo ìpwc kai
sthn epìmenh, ektìc ki an saf¸c tonÐzetai alli¸c, ja jewroÔme ìti o pÐnakacA ∈ IRn,m, m ≤
n, eÐnai pl rouc bajmoÔ m, epiplèon de oi m pr¸tec grammèc tou eÐnai grammik� anex�rthtec
kai ìloi oi m− 1 kÔrioi upopÐnakec thc �nw arister c gwnÐac tou eÐnai antistrèyimoi.

Sth sunèqeia jewroÔme thn efarmog  twn metasqhmatism¸n Householder sthn QR an�-
lush, stìqoc thc opoÐac eÐnai h apaloif  twn k�tw apì th diag¸nio stoiqeÐwn tou pÐnaka A,
ìpou gia thn aploÔsteush thc an�lushc upojètoume ìti ta antÐstoiqa “odhg�” stoiqeÐa eÐnai
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diaforetik� apì to mhdèn. Thn pr¸th for� ja prèpei na apaleiftoÔn ìla ta stoiqeÐa thc
pr¸thc st lhc ektìc apì to pr¸to. Estw ìti y = [a11 a21 . . . an1]

T ∈ IRn eÐnai to di�nusma
thc pr¸thc st lhc tou A. Ja prèpei na prosdiorÐsoume to u ètsi ¸ste

P1y = (I − 2uuT )y = ce1, (7.32)

ìpou e1 eÐnai to di�nusma thc pr¸thc st lhc tou n×n monadiaÐou pÐnaka I. H (7.32) gÐnetai

(I − 2uuT )y = ce1 ⇔ y − 2(uTy)u = ce1 ⇔ 2(uTy)u = y − ce1.

H teleutaÐa èkfrash upodeÐqnei ìti to di�nusma u eÐnai grammikìc sunduasmìc twn dianus-
m�twn y kai e1. H stajer� c prosdiorÐzetai apì thn (7.32) an p�roume norms. Sugkekrimèna

||P1y||2 = ||ce1||2 ⇔ |c| = ||y||2 ⇔ c = ±||y||2.

SumbolÐzoume me ũ to di�nusma y±||y||2e1. Autì ja eÐnai par�llhlo proc to u, epomènwc u =
ũ

||ũ||2 . ParathroÔme ìti èqoume dÔo lÔseic sto prìblhm� mac, pou shmaÐnei ìti h QR an�lush
de ja eÐnai monos manta orismènh, pr�gma pou èrqetai se antÐfash me thn Gram-Schmidt
orjogwniopoÐhsh ìpou apodeÐqthke to monos manto thc QR an�lushc. Autì exhgeÐtai apl�
apì to gegonìc ìti ston algìrijmo twn Gram-Schmidt apait same ta diag¸nia stoiqeÐa
tou R na eÐnai jetik�. Etsi, h QR an�lush eÐnai monos manta orismènh anex�rthta apì to
jewroÔmeno prìshmo. Pr�gmati, an all�xoume to prìshmo ìlwn twn stoiqeÐwn miac st lhc
tou Q kai thc antÐstoiqhc gramm c tou R, èqoume diaforetik  an�lush pou den ephre�zei
ìmwc to apotèlesma tou grammikoÔ probl matoc twn el�qistwn tetrag¸nwn. Sthn pr�xh
protimoÔme na paÐrnoume to prìshmo tou stoiqeÐou y1 ¸ste |ũ1| > |y1|. Autì gÐnetai gia thn
apofug  thc perÐptwshc ìpou to u1 ja gÐnei mhdèn lìgw twn sfalm�twn pou ja upeisèljoun
kat� touc upologismoÔc.

PaÐrnontac epomènwc wc y to di�nusma thc pr¸thc st lhc tou A, kataskeu�zontac to
metasqhmatismì Householder P1 ∈ IRn,n, ìpwc perigr�fthke kai jewr¸ntac to ginìmeno
P1A, ja èqoume

A1 = P1A =


a
(1)
11 a

(1)
12 a

(1)
13 · · · a

(1)
1m

0 a
(1)
22 a

(1)
23 · · · a

(1)
2m

0 a
(1)
32 a

(1)
33 · · · a

(1)
3m

...
...

...
. . .

...

0 a
(1)
n2 a

(1)
n3 · · · a

(1)
nm

 ,

ìpou jèsame �nw deÐkth 1 sta m  mhdenik� stoiqeÐa tou A1 gia na diakrÐnontai apì ekeÐna
tou A. AkoloujeÐ h apaloif  twn k�tw apì th diag¸nio stoiqeÐwn thc deÔterhc st lhc

tou pÐnaka A1 paÐrnontac wc y = [a
(1)
22 a

(1)
32 · · · a(1)n2 ]

T ∈ IRn−1. Kataskeu�zoume ètsi to
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metasqhmatismì Householder Q2 ∈ IRn−1,n−1. O antÐstoiqoc metasqhmatismìc Householder
di�stashc n ja eÐnai

P2 =

[
1 0Tn−1

0n−1 Q2

]
,

kai o A2 ja dÐnetai wc

A2 = P2A =


a
(1)
11 a

(1)
12 a

(1)
13 · · · a

(1)
1m

0 a
(2)
22 a

(2)
23 · · · a

(2)
2m

0 0 a
(2)
33 · · · a

(2)
3m

...
...

...
. . .

...

0 0 a
(2)
n3 · · · a

(2)
nm

 .

Epagwgik�, kat� thn k epan�lhyh ja èqoume na apaleÐyoume to k�tw thc diagwnÐou tm ma
thc k sth seir� st lhc. Ja kataskeu�soume, loipìn, ton Qk paÐrnontac wc y ∈ IRn−k+1 to

[a
(k−1)
kk a

(k−1)
k+1,k · · · a

(k−1)
nk ]T , kai o Pk ja eÐnai

Pk =

[
Ik−1 0k−1,n−k+1

0n−k+1,k−1 Qk

]
.

Tèloc, met� thn m epan�lhyh ja èqoume

Am = PmAm−1 = PmPm−1Am−2 = · · · = PmPm−1Pm−2 · · ·P2P1A

=



a
(1)
11 a

(1)
12 a

(1)
13 · · · a

(1)
1,m−1 a

(1)
1m

0 a
(2)
22 a

(2)
23 · · · a

(2)
2,m−1 a

(2)
2m

0 0 a
(3)
33 · · · a

(3)
3,m−1 a

(3)
3m

...
...

...
. . .

...
...

0 0 0 · · · a
(m−1)
m−1,m−1 a

(m−1)
m−1,m

0 0 0 · · · 0 a
(m)
mm

...
...

...
...

...
0 0 0 · · · 0 0


.

(7.33)

Apì autèc prokÔptei ìti

A = (PmPm−1Pm−2 · · ·P2P1)
−1Am = P T

1 P
T
2 · · ·P T

m−1P
T
mAm

= P1P2 · · ·Pm−1PmAm = PAm, (7.34)

ìpou P onom�same to ginìmeno P1P2 · · ·Pm−1Pm, pou eÐnai ki autì orjog¸nioc pÐnakac. Apì
thn (7.34) eÐnai profanèc ìti h QR an�lush oloklhr¸jhke. Wc �nw trigwnikì pÐnaka R
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èqoume ton pÐnaka pou apoteleÐtai apì tic pr¸tec m grammèc tou Am en¸ wc Q ton pÐnaka
pou apoteleÐtai apì tic pr¸tec m st lec tou P . Ousiastik� o pÐnakac P eÐnai o pÐnakac

[Q | Q̃] pou eÐqame jewr sei sthn (7.18).

Gia thn eÔresh tou kìstouc tou algìrijmou thc QR mejìdou me anakl�seic Householder
ergazìmaste wc ex c. Katarq�c eÐnai profanèc ìti ìqi mìno de ja pragmatopoihjoÔn oi
pollaplasiasmoÐ metaxÔ pin�kwn, ìpwc faÐnetai sthn (7.33), all� oÔte kan ja upologistoÔn
oi pÐnakec Pk, k = 1(1)m−1. Ja akoloujhjeÐ h epanalhptik  diadikasÐa pou orÐzei h (7.33)
gia ton upologismì twn Ak k�nontac pr�xeic ap' eujeÐac metaxÔ twn dianusm�twn ũk kai twn
pin�kwn Ak. Ousiastik� upologÐzetai to di�nusma ũk kai sth sunèqeia to

(I − 2

||ũk||22
ũkũ

T
k )Ak = Ak −

2

||ũk||22
ũk(ũ

T
kAk).

Akìmh, epeid  kat� thn k epan�lhyh all�zoun mìno ta stoiqeÐa aij tou A gia ta opoÐa
k ≤ i ≤ m kai k ≤ j ≤ n, oi pr�xeic ja gÐnontai mìno sto antÐstoiqo block tou pÐnaka
A. Met� apì tic parathr seic autèc eÐmaste se jèsh na d¸soume to nèo algìrijmo thc QR
an�lushc.

Algìrijmoc QR An�lushc me Anakl�seic Householder:

Dedomèna: A ∈ IRn,m.
Gia k = 1(1)min{n− 1,m}

c =
√∑n

j=k a
2
jk Upologismìc thc ||y||2

uk = akk + sign(akk)c
Gia i = k + 1(1)n

ui = aik Upologismìc tou ũk

Tèloc �Gia�
d = 2c(c+ |akk|) Upologismìc thc ||ũk||22
γ = 2/d
Gia j = k(1)m

vj =
∑n

l=k ulalj Upologismìc tou ũT
kAk

vj = γvj
Tèloc �Gia�
akk = akk − ukvk
Gia i = k(1)n

Gia j = k + 1(1)m
aij = aij − uivj Upologismìc tou Ak − ũk(

2
||ũk||22

ũT
kAk)

Tèloc �Gia�
Tèloc �Gia�

Tèloc �Gia�
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Gia ton upologismì tou kìstouc tou algìrijmou, parathroÔme ìti se k�je epan�lhyh
èqoume thn eÔresh miac norm (||y||2), thn eÔresh m − k + 1 eswterik¸n ginomènwn t�xhc
n−k+1 (ũT

kAk), thn ektèlesh enìc pollaplasiasmoÔ stajer�c epÐ di�nusma t�xhcm− k + 1
( 2
||ũk||2

ũT
kAk) kai thn eÔresh tou k�tw dexi� (n − k + 1) × (m − k) block, pou apaiteÐ ènan

pollaplasiasmì kai mÐa afaÐresh gia k�je stoiqeÐo. To kìstoc epomènwc, se pl joc pr�x-
ewn, ofeÐletai kurÐwc ston teleutaÐo upologismì twn stoiqeÐwn tou block kai sta m−k+1
eswterik� ginìmena. K�nontac touc upologismoÔc brÐsketai ìti to pl joc pr�xewn, agno¸n-
tac ìrouc mikrìterou bajmoÔ, eÐnaim2n−m3

3
pollaplasiasmoÐ kai m2n

2
−m3

6
prosjafairèseic.

Epiplèon, h lÔsh tou trigwnikoÔ sust matoc me proc ta pÐsw antikat�stash apaiteÐ kìstoc
mikrìterhc t�xhc O(m2). Gia to kìstoc tou algìrijmou se jèseic mn mhc, eÔkola faÐne-
tai ìti o pÐnakac R mporeÐ na apojhkeuteÐ sto �nw trigwnikì mèroc tou pÐnaka A. Opwc
proanafèrjhke ja  tan dapanhrì kai wc proc to pl joc twn pr�xewn kai wc proc tic jèseic
mn mhc, na upologÐzontai kai na apojhkeÔontai oi orjog¸nioi pÐnakec Pk, k = 1(1)m. EkeÐno
pou gÐnetai sthn pr�xh eÐnai na apojhkeÔontai mìno ta dianÔsmata ũk ta opoÐa pollaplasi�-
zontai ap' eujeÐac me touc pÐnakec Ak. Ta dianÔsmata aut� èqoun m  mhdenik� stoiqeÐa apì
thn k jèsh kai k�tw, epomènwc apojhkeÔontai wc st lec sto k�tw trigwnikì mèroc tou pÐ-
naka A, ektìc apì ta pr¸ta stoiqeÐa touc pou mporoÔn na apojhkeutoÔn se èna m-di�stato
di�nusma. Akìmh, èna m-di�stato di�nusma qrei�zetai gia thn apoj keush twn posot twn
γ = 2

||ũk||22
pou parousi�zontai ston algìrijmo. Epiplèon, gia th lÔsh tou probl matoc

el�qistwn tetrag¸nwn ja qreiasteÐ kai h apoj keush tou n-di�statou dianÔsmatoc b, stic
pr¸tec m jèseic tou opoÐou ja apojhkeuteÐ telik� h lÔsh x.

Sth sunèqeia parajètoume èna arijmhtikì par�deigma grammikoÔ probl matoc el�qistwn
tetrag¸nwn. An

A =


2 −1 0

−1 2 −1
0 −1 2
1 1 1

 , b =


1
1
1
1

 (7.35)

eÐnai ta dedomèna tou probl matoc el�qistwn tetrag¸nwn, tìte efarmìzontac ton algìrijmo
QR an�lushc me anakl�seic Householder èqoume

Q =


−0.8165 0 0.3106
0.4082 −0.6386 0.0565

0 0.4264 −0.7625
−0.4082 −0.6396 −0.5648

 , R =

 −2.4495 1.2247 −0.8165
0 −2.3452 0.8528
0 0 −2.1462

 (7.36)

kai h lÔsh tou probl matoc eÐnai h x = [0.4474 0.5263 0.4474]T . Ac shmeiwjeÐ ìti to
sugkekrimèno par�deigma epilÔjhke qrhsimopoi¸ntac to pakèto programm�twn MATLAB
kai ta apotelèsmata dìjhkan me tèssera dekadik� yhfÐa.
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7.3.3 Strofèc Givens

Enac trÐtoc trìpoc gia thn epÐteuxh thc QR an�lushc eÐnai h qrhsimopoÐhsh twn orjog¸niwn
metasqhmatism¸n, twn kaloÔmenwn strof¸n Givens. EÐnai gnwstì ìti o 2 × 2 pÐnakac thc

morf c R(θ) =

[
cos θ − sin θ
sin θ cos θ

]
, eÐnai orjog¸nioc kai an pollaplasi�sei apì ta arister�

èna di�nusma x ∈ IR2 to strèfei kat� gwnÐa θ kat� th jetik  for�. Kat' epèktash o pÐnakac
Rkj(θ) ∈ IRn,n thc morf c

Rkj(θ) =

k j

k

j



1
1

. . .
cos θ − sin θ

1
. . .

1
sin θ cos θ

. . .
1


eÐnai orjog¸nioc kai an efarmosteÐ me ton Ðdio trìpo se èna n-di�stato di�nusma to strèfei
wc proc tic sunist¸sec k kai j en¸ to af nei analloÐwto wc proc tic �llec sunist¸sec.
O pÐnakac autìc onom�zetai strof  Givens kai o antÐstoiqoc metasqhmatismìc, metasqh-
matismìc Givens. Oi strofèc Givens qrhsimeÔoun wc orjog¸nioi metasqhmatismoÐ gia thn
epÐteuxh thc QR an�lushc mhdenÐzontac k�je for� kai èna stoiqeÐo k�tw apì th diag¸nio
xekin¸ntac apì thn pr¸th st lh kai proqwr¸ntac proc ta dexi�.

Gia na prosdiorÐsoume th strof  Rkj(θ), j > k, ¸ste na mhdenisteÐ to (j, k) stoiqeÐo
tou pÐnaka A ∈ IRn,n, rank(A) = m < n, sumbolÐzoume me c to cos θ kai me s to sin θ kai
mhdenÐzoume to (j, k) stoiqeÐo tou ginomènou Rkj(θ)A. Tìte,

sakk + cajk = 0

kai h lÔsh thc mac dÐnei tic timèc

s = − ajk√
a2kk + a2jk

, c =
akk√

a2kk + a2jk

.

Me thn proôpìjesh ìti èqoun mhdenisteÐ ta stoiqeÐa apq, q = 1(1)k−1, p = q+1(1)n, k�tw
apì th diag¸nio, ekeÐno pou ja all�xei ston pÐnaka A met� thn efarmog  tou Rkj(θ) ja eÐnai
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mìno oi grammèc k kai j, h pr¸th apì to k stoiqeÐo kai dexi� en¸ h deÔterh, me to mhdenismì
tou (j, k) stoiqeÐou thc, apì to k + 1 stoiqeÐo kai dexi�. To (k, k) stoiqeÐo ja gÐnei

a′kk = cakk − sajk =
√

a2kk + a2jk.

Ta upìloipa stoiqeÐa thc k gramm c ja gÐnoun

a′ki = caki − saji =
akkaki + ajkaji√

a2kk + a2jk

, i = k + 1(1)m,

en¸ ta antÐstoiqa stoiqeÐa thc j gramm c

a′ji = saki + caji =
−ajkaki + akkaji√

a2kk + a2jk

, i = k + 1(1)m.

Me thn aploÔsteush thc upìjeshc ìti ta “odhg�” stoiqeÐa de mhdenÐzontai, eÐnai fanerì ìti
stic pr¸tec k−1 st lec den epèrqetai kamÐa metabol  afoÔ ta k�tw apì th diag¸nio stoiqeÐa
èqoun mhdenisteÐ kai h efarmog  tou metasqhmatismoÔ dÐnei p�li mhdèn. Akìmh, prèpei na
tonisteÐ ìti den paÐzei rìlo h seir� pou ja apaleiftoÔn ta stoiqeÐa thc Ðdiac st lhc. An
epilèxoume thn orj  seir�, apì p�nw proc ta k�tw, ja p�roume thn ex c akoloujÐa pin�kwn

R12A, R13R12A, R14R13R12A, · · · , R1nR1,n−1 · · ·R13R12A,

R23(R1n · · ·R12)A, · · · , (R2n · · ·R23)(R1n · · ·R12)A, (7.37)

· · · , (Rmn · · ·Rm,m+1) · · · (R2n · · ·R23)(R1n · · ·R12)A.

Oi metasqhmatismoÐGivens eÐnai tìsoi, ìsa kai ta stoiqeÐa pou prèpei na apaleiftoÔn, dhlad 

nm− m(m+1)
2

. Me thn olokl rwsh thc QR an�lushc, to telikì apotèlesma ja eÐnai o �nw
trigwnikìc pÐnakac R pou ja apoteleÐtai apì ticm pr¸tec grammèc tou A met� thn apaloif ,
en¸ o pÐnakac Q ja apoteleÐtai apì tic m pr¸tec st lec tou orjog¸niou pÐnaka

P = (R12 · · ·R1n)(R23 · · ·R2n) · · · (Rm,m+1 · · ·Rmn).

O algìrijmoc thc QR an�lushc me strofèc Givens dÐnetai sth sunèqeia.

Algìrijmoc QR An�lushc me Strofèc Givens:

Dedomèna: A ∈ IRn,m.
Gia k = 1(1)min{n− 1,m}

Gia j = k + 1(1)n

r =
√
a2kk + a2jk
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c = akk
r

s = −ajk
r

akk = r
Gia i = k + 1(1)m

x = caki − saji
y = saki + caji
aki = x
aji = y

Tèloc �Gia�
Tèloc �Gia�

Tèloc �Gia�

An upologÐsoume to pl joc twn pr�xewn pou apaitoÔntai gia thn pragmatopoÐhsh tou al-
gìrijmou ja parathr soume ìti to kìstoc eÐnai polÔ megalÔtero apì ekeÐno twn anakl�sewn
Householder. Apì thn �poyh aut , eÐnai asÔmforh h qrhsimopoÐhsh tou algìrijmou. Ja
doÔme ìmwc parak�tw, ìti h idèa twn strof¸n Givens eÐnai polÔ qr simh kai efarmìzetai
suqn� sthn QR mèjodo gia thn eÔresh twn idiotim¸n enìc pÐnaka. Apì pleur�c jèsewn
mn mhc, oi dÔo teleutaÐoi algìrijmoi eÐnai isodÔnamoi. O pÐnakac R mporeÐ na apojhkeuteÐ
sto �nw trigwnikì mèroc tou A. Gia thn apoj keush twn pin�kwn strof¸n Givens Rkj,
arkeÐ h apoj keush twn posot twn c kai s k�je for�. DhmiourgeÐtai ètsi h entÔpwsh ìti
den eparkeÐ to k�tw trigwnikì mèroc tou A all� qrei�zetai dipl�sioc q¸roc. Epeid  ìmwc oi
arijmoÐ c kai s apoteloÔn to sunhmÐtono kai to hmÐtono antÐstoiqa thc Ðdiac gwnÐac, akolou-
jeÐtai to ex c tèqnasma: An |s| ≤ |c| tìte apojhkeÔetai h posìthta p = s · sign(c) alli¸c
h posìthta p = sign(s)

c
. Kat� thn antÐstrofh diadikasÐa thc apokruptogr�fhshc, an |p| ≤ 1

tìte paÐrnetai wc s = p kai wc c =
√
1− s2 alli¸c paÐrnetai wc c = 1/p kai wc s =

√
1− c2.

EÐnai epÐshc fanerì ìti an (c, s) apoteleÐ èna zeÔgoc strof c Givens, tìte kai to (−c,−s)
apoteleÐ epÐshc zeÔgoc strof c Givens.

7.4 An�lush Idiazous¸n Tim¸n (Singular Value Decom-

position-SVD)

H an�lush idiazous¸n tim¸n enìc pÐnaka A ∈ IRn,m eÐnai èna apì ta shmantik� kef�laia thc
Grammik c Algebrac kai èqei pollèc efarmogèc. Mia apì tic efarmogèc eÐnai kai to grammikì
prìblhma el�qistwn tetrag¸nwn. Gia to skopì autì dÐnoume katarq�c to akìloujo basikì
je¸rhma.

Je¸rhma 7.5 Estw o pÐnakac A ∈ IRn,m\{0n,m} me m ≤ n. Tìte autìc mporeÐ na
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grafteÐ upì th morf 
A = UΣV T ,

ìpou U ∈ IRn,m orjog¸nioc pÐnakac (UTU = Im), V ∈ IRm,m orjog¸nioc pÐnakac (V V T =
Im) kai Σ ∈ IRm,m diag¸nioc t.w. Σ = diag(σ1, σ2, . . . , σm) me σ1 ≥ σ2 ≥ . . . ≥ σm ≥ 0.
(ShmeÐwsh: Oi st lec u1, u2, . . . , um tou pÐnaka U onom�zontai arister� idi�zonta dianÔsma-
ta, oi st lec υ1, υ2, . . . , υm tou pÐnaka V dexi� idi�zonta dianÔsmata, en¸ ta σi idi�zousec
timèc.)

Apìdeixh: To je¸rhma ja apodeiqteÐ me th mèjodo thc tèleiac epagwg c wc proc m kai n.
Gia m = 1 kai gia n opoiod pote arijmì o A ja eÐnai èna n-di�stato di�nusma. Tìte h
an�lush idiazous¸n tim¸n pragmatopoieÐtai an l�boume U ∈ IRn me U = 1

||A||2A, Σ ∈ IR1,1

me Σ = [||A||2] kai V ∈ IR1,1 me V = [1].
Upojètontac ìti h an�lush idiazous¸n tim¸n mporeÐ na pragmatopoihjeÐ gia ìlouc touc pÐ-
nakec A ∈ IRn−1,m−1 ja apodeÐxoume ìti pragmatopoieÐtai kai gia toucA ∈ IRn,m. (ShmeÐwsh:
Sth sunèqeia deqìmaste ìti toul�qiston oi fusikèc norms pin�kwn mporoÔn na epektajoÔn
kai gia m  tetragwnikoÔc pÐnakec, pr�gma pou eÐnai alhjèc.) Estw, loipìn, A ∈ IRn,m.
Epilègoume wc υ1 to di�nusma ekeÐno gia to opoÐo isqÔei ||A||2 = ||Aυ1||2. Tètoio di�nusma
up�rqei, apì ton orismì thc ||A||2 (||A||2 = max||υ||2=1 ||Aυ||2). Wc u1 epilègoume to di�nus-

ma u1 = Aυ1
||Aυ1||2 to opoÐo eÐnai t.w. ||u1||2 = 1. Sth sunèqeia sumplhr¸noume pÐnakec Ũ kai

Ṽ me touc upopÐnakec U ′ ∈ IRn,n−1 kai V ′ ∈ IRm,m−1 ¸ste oi Ũ = [u1 | U ′] kai Ṽ = [υ1 | V ′]
na eÐnai orjog¸nioi. Efarmìzoume touc pÐnakec autoÔc ston A wc ex c:

ŨTAṼ =

[
uT
1

U ′T

]
A[υ1 | V ′] =

[
uT
1Aυ1 uT

1AV
′

U ′TAυ1 U ′TAV ′

]
. (7.38)

Apo th je¸rhsh twn u1 kai υ1 èqoume

uT
1Aυ1 =

(Aυ1)
T

||Aυ1||2
(Aυ1) =

||Aυ1||22
||Aυ1||2

= ||Aυ1||2 = ||A||2 = σ1

kai
U ′TAυ1 = U ′Tu1||Aυ1||2 = 0

lìgw thc orjogwniìthtac tou Ũ . Isqurizìmaste ìti kai uT
1AV

′ = 0 giatÐ alli¸c ja eÐqame

σ1 = ||A||2 = ||AṼ ||2 = ||uT
1 ||2||AṼ ||2 ≥ ||uT

1AṼ ||2
= ||[uT

1Aυ1|uT
1AV

′]||2 = ||[σ1|uT
1AV

′]||2 > σ1 (7.39)

pou eÐnai �topo. H sqèsh (7.38) met� thn parat rhsh aut  gÐnetai

ŨTAṼ =

[
σ1 0Tm−1

0n−1 U ′TAV ′

]
. (7.40)
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O pÐnakac A′ = U ′TAV ′ eÐnai t�xhc (n − 1) × (m − 1) kai sÔmfwna me thn upìjesh thc
tèleiac epagwg c, pragmatopoieÐtai gi' autìn h an�lush idiazous¸n tim¸n. Estw

U ′TAV ′ = U1Σ1V
T
1 (7.41)

ìpou U1 ∈ IRn−1,m−1, V1 ∈ IRm−1,m−1 orjog¸nioi pÐnakec kai Σ1 = diag(σ2, σ3, . . . , σm).
Tìte h (7.40) gÐnetai

ŨTAṼ =

[
σ1 0Tm−1

0n−1 U1Σ1V
T
1

]
=

[
1 0Tm−1

0n−1 U1

] [
σ1 0Tm−1

0m−1 Σ1

] [
1 0Tm−1

0m−1 V T
1

]
(7.42)

 

A = Ũ

[
1 0Tm−1

0n−1 U1

]
Σ

[
1 0Tm−1

0m−1 V T
1

]
Ṽ T = UΣV T ,

ìpou U ∈ IRn,m, V ∈ IRm,m orjog¸nioi pÐnakec, afoÔ eÐnai ginìmena orjog¸niwn pin�kwn.
To gegonìc ìti oi idi�zousec timèc emfanÐzontai kat� fjÐnousa t�xh megèjouc apodeÐqnetai
an deÐxoume ìti σ1 ≥ σ2. Tìte h apìdeixh gia tic upìloipec ja eÐnai profan c apì thn arq 
thc tèleiac epagwg c. Apì thn (7.41) prokÔptei ìti h σ2 ja eÐnai h pr¸th idi�zousa tim 
tou pÐnaka U ′TAV ′. Gia ton Ðdio akrib¸c lìgo gia ton opoÐo σ1 = ||A||2, an epilèxoume me
ton Ðdio trìpo ta dianÔsmata u2 ∈ IRn−1 kai υ2 ∈ IRm−1, ja èqoume kai

σ2 = ||A′||2 = ||U ′TAV ′||2 ≤ ||U ′T ||2||A||2||V ′||2 = ||A||2 = σ1.

Etsi oloklhr¸jhke h apìdeixh tou basikoÔ jewr matoc thc an�lushc twn idiazous¸n tim¸n.
�

ShmeÐwsh: H an�lush idiazous¸n tim¸n pou dìjhke sto je¸rhma isqÔei kai sthn perÐ-
ptwsh ìpou A ∈ ICn,m. H mình diafor� tìte eÐnai ìti oi pÐnakec U kai V eÐnai orjomonadiaÐoi
(UHU = Im, V V H = Im), opìte ki oi diaforèc sthn apìdeixh eÐnai profaneÐc.

EÐnai fanerì ìti mporeÐ na allaqteÐ h di�taxh twn idiazous¸n tim¸n σi ston pÐnaka Σ,
arkeÐ na gÐnoun oi antÐstoiqec allagèc stic st lec twn U kai V . Sthn ousÐa o pÐnakac A
analÔetai sto �jroisma twn pin�kwn

A =
m∑
i=1

σiuiυ
T
i

me rank([uiυ
T
i ]) = 1, i = 1(1)m.

H an�lush idiazous¸n tim¸n èqei idiìthtec pou thn kajistoÔn qrhsimìtath se pollèc
efarmogèc. Sugkekrimèna, apì ton orismì thc èqoume ìti

AV = UΣ.
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Apì aut n prokÔptei eÔkola h ex c gewmetrik  ermhneÐa: An jewr soume èna orjog¸nio
sÔsthma suntetagmènwn tou IRm me �xonec ta dianÔsmata υi tou V , tìte o pÐnakac A efar-
mozìmenoc sth monadiaÐa sfaÐra tou IRm th metasqhmatÐzei se èna elleiyoeidèc tou IRn me
�xonec ta dianÔsmata σiui.
Parajètoume mia seir� apì qr simec idiìthtec qwrÐc apìdeixh.

i) H an�lush idiazous¸n tim¸n enìc pÐnaka A ∈ IRn,m, ektìc apì tuqìn metajèseic, eÐnai
monadik .
ii) An o pÐnakac A eÐnai tetragwnikìc (A ∈ IRn,n) kai antistrèyimoc, tìte σn = ||A−1||−1

2 ,
en¸ o deÐkthc kat�stashc tou A wc proc th || · ||2, ja eÐnai κ2(A) =

σ1

σn
.

iii) An o pÐnakac A eÐnai summetrikìc (AT = A), tìte h an�lush idiazous¸n tim¸n eÐnai
A = UΣV T , en¸ h kanonik  morf  Jordan ja eÐnai A = UΛUT , ìpou U, V ∈ IRn,n or-
jog¸nioi pÐnakec, Σ = diag(σ1, σ2, . . . , σn) kai Λ = diag(λ1, λ2, . . . , λn), λi oi idiotimèc tou
A. Epiplèon isqÔoun oi sqèseic

σi = |λi|, υi = sign(λi)ui, i = 1(1)n, me sign(0) = 1.

iv) An o pÐnakac A eÐnai summetrikìc kai jetik� orismènoc, tìte h an�lush idiazous¸n tim¸n
tautÐzetai me thn kanonik  morf  Jordan tou A. H prìtash aut  eÐnai �mesh sunèpeia thc
prohgoÔmenhc.
v) An A ∈ IRn,m, m < n, tìte oi idiotimèc tou summetrikoÔ pÐnaka ATA ∈ IRm,m ja eÐnai σ2

i

me antÐstoiqa orjokanonik� idiodianÔsmata ta dexi� idi�zonta dianÔsmata υi tou A.
vi) An A ∈ IRn,m, m < n, tìte oi idiotimèc tou summetrikoÔ pÐnaka AAT ∈ IRn,n ja eÐnai oi
σ2
i kai n −m to pl joc mhdenikèc, me antÐstoiqa orjokanonik� idiodianÔsmata ta arister�

idi�zonta dianÔsmata ui tou A gia tic σ2
i , en¸ wc idiodianÔsmata twn mhdenik¸n idiotim¸n

mporoÔn na lhftoÔn opoiad pote dianÔsmata tou IRn orjog¸nia proc ìla ta ui, i = 1(1)m.

vii) Estw H =

[
0n,n AT

A 0n,n

]
∈ IR2n,2n, me A ∈ IRn,n tetragwnikì pÐnaka kai A = UΣV T

h an�lush idiazous¸n tim¸n tou A. Tìte, oi 2n idiotimèc tou pÐnaka H eÐnai oi ±σi me

antÐstoiqa orjokanonik� idiodianÔsmata ta 1√
2

[
υi
±ui

]
.

viii) Estw A ∈ IRn,m, m < n, kai A = UΣV T , h an�lush idiazous¸n tim¸n tou A   wc
�jroisma pin�kwn me bajmì 1, A =

∑m
i=1 σiuiυ

T
i . Tìte, o plhsièsteroc proc ton A pÐnakac

me bajmì k < m, metroÔmenoc me th || · ||2, ja eÐnai o Ak =
∑k

i=1 σiuiυ
T
i   Ak = UΣkV

T , me
Σk = diag(σ1, σ2, . . . , σk, 0, . . . , 0), h de apìstas  tou apì ton A ja eÐnai σk+1. Dhlad 

min
B∈IRn,m

k

||A−B||2 = ||A− Ak||2 = σk+1,

ìpou IRn,m
k eÐnai o q¸roc ìlwn twn n×m pin�kwn bajmoÔ k.

H teleutaÐa idiìthta èqei meg�lh efarmog  sthn epexergasÐa eikìnac (sumpÐesh eikìnac)
[11]. Gia to skopì autì diakritopoioÔme thn eikìna qrhsimopoi¸ntac orjog¸nio plègma me
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poll� kai polÔ mikr� stoiqeÐa (pics). Se k�je stoiqeÐo, an�loga me th skierìthta   to
qrwmatismì tou, antistoiqÐzetai ènac pragmatikìc arijmìc. H di�taxh twn arijm¸n sÔmfwna
me th di�taxh twn stoiqeÐwn sthn eikìna, dhmiourgeÐ ènan polÔ meg�lo pÐnaka A, me sunèpeia
thn polÔ dapanhr  apeikìnis  tou ston Upologist . H an�lush twn idiazous¸n tim¸n tou
pÐnaka A, dÐnei th dunatìthta anaparagwg c thc eikìnac qrhsimopoi¸ntac ton pÐnaka Ak

gia arket� mikrì k (se sqèsh me touc n kai m) qwrÐc na up�rqei meg�lo sf�lma sthn
eikìna. Gia thn apoj keush apaitoÔntai jèseic mn mhc mìno gia ta idi�zonta dianÔsmata
u1, u2, . . . , uk, υ1, υ2, . . . , υk kai gia tic idi�zousec timèc σ1, σ2, . . . , σk.
Mia �llh shmantik  efarmog  brÐsketai sto q¸ro thc Statistik c kai sugkekrimèna sthn
an�lush antistoiqi¸n (Correspondence Analysis-CA) twn pin�kwn sun�feiac. O pÐnakac
sun�feiac A ∈ IRn,m, n > m, eÐnai o pÐnakac suqnot twn enìc didi�statou deÐgmatoc. H
CA, diamèsou thc an�lushc idiazous¸n tim¸n, analÔei ton pÐnaka A sto �jroisma A =
σ1u1υ

T
1 +

∑m
i=2 σiuiυ

T
i . O pr¸toc ìroc antistoiqeÐ sthn anexarthsÐa twn metablht¸n,

en¸ o deÔteroc tupopoieÐ (montelopoieÐ) thn apìklish apì aut . Stìqoc thc CA eÐnai o
prosdiorismìc thc mikrìterhc dunat c di�stashc pou ermhneÔei kat� ton kalÔtero trìpo th
susqètish twn metablht¸n. Dhlad  thn prosèggish tou

∑m
i=2 σiuiυ

T
i apì to

∑k
i=2 σiuiυ

T
i ,

ìpou o k eÐnai praktik� polÔ mikrìteroc apì ton m.

Opwc f�nhke apì tic idiìthtec pou proanafèrjhkan, oi idi�zousec timèc kai ta idi�zonta
dianÔsmata sundèontai �mesa me tic idiotimèc kai ta idiodianÔsmata, antÐstoiqa, pin�kwn pou
sqetÐzontai me ton A. Gia to lìgo autì kai oi algìrijmoi gia thn an�lush idiazous¸n tim¸n
eÐnai �mesa sundedemènoi me algìrijmouc gia thn eÔresh idiotim¸n kai idiodianusm�twn. De
ja asqolhjoÔme epomènwc sthn par�grafo aut  me algìrijmouc thc antÐstoiqhc an�lushc,
all� sto epìmeno kef�laio ìpou ja asqolhjoÔme kurÐwc me mejìdouc gia thn arijmhtik 
eÔresh idiotim¸n kai idiodianusm�twn.

Apomènei na dojeÐ h lÔsh sto grammikì prìblhma el�qistwn tetrag¸nwn qrhsimopoi¸n-
tac thn an�lush idiazous¸n tim¸n. H teqnik  pou akoloujeÐtai gia th lÔsh tou probl matoc
autoÔ eÐnai akrib¸c h Ðdia me ekeÐnh thc QR mejìdou. To rìlo tou pÐnaka Q ∈ IRn,m paÐzei
o pÐnakac U ∈ IRn,m, en¸ to rìlo tou R o pÐnakac ΣV T . Sthn perÐptwsh pou o A eÐnai

pl rouc bajmoÔ, dhlad  rank(A) = m, jewroÔme Ũ ∈ IRn,n−m ton pÐnaka pou sumplhr¸nei
ton pÐnaka U se tetragwnikì orjog¸nio pÐnaka. Akolouj¸ntac thn Ðdia poreÐa ìpwc stic
isìthtec (7.18) èqoume

min
x∈IRm

||r||22 ≡ min
x∈IRm

||b− Ax||22 = min
x∈IRm

||b− UΣV Tx||22

= min
x∈IRm

||[U | Ũ ]T (b− UΣV Tx)||22 = min
x∈IRm

∥∥∥∥[ UT

ŨT

]
b−

[
UT

ŨT

]
UΣV Tx)

∥∥∥∥2
2

= min
x∈IRm

∥∥∥∥[ UT b− ΣV Tx

ŨT b

]∥∥∥∥2
2

= min
x∈IRm

∥∥UT b− ΣV Tx
∥∥2
2
+ ||ŨT b||22 (7.43)
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kai h lÔsh x dÐnetai apì th
x = V Σ−1UT b.

Sthn perÐptwsh pou o A eÐnai ellipoÔc bajmoÔ, èstw ìti rank(A) = r < m, tìte sÔmfwna
me thn (7.43), h lÔsh ja dojeÐ xan� apì to mhdenismì thc UT b−ΣV Tx. H mình diafor� ja
ègkeitai sto gegonìc ìti o Σ ja eÐnai m  antistrèyimoc pÐnakac thc morf c

Σ =

[
Σ1 0r,m−r

0m−r,r 0m−r,m−r

]
me Σ1 = diag(σ1, σ2, . . . , σr). Tìte, diaqwrÐzoume touc pÐnakec U kai V se blocks ¸ste
oi diast�seic twn blocks na sumfwnoÔn me th nèa morf  tou Σ, dhlad  U = [U1 | U2],
U1 ∈ IRn,r, U2 ∈ IRn,m−r kai V = [V1 | V2], V1 ∈ IRm,r, V2 ∈ IRm,m−r. H lÔsh tìte dÐnetai
apì th

min
x∈IRm

||UT b− ΣV Tx||22 = min
x∈IRm

∥∥∥∥[ UT
1

UT
2

]
b−

[
Σ1 0r,m−r

0m−r,r 0m−r,m−r

] [
V T
1

V T
2

]
x

∥∥∥∥2
2

= min
x∈IRm

∥∥∥∥[ UT
1 b− Σ1V

T
1 x

UT
2 b

]∥∥∥∥2
2

= min
x∈IRm

||UT
1 b− Σ1V

T
1 x||22 + ||UT

2 b||22 = ||UT
2 b||22. (7.44)

H elaqistopoÐhsh petuqaÐnetai gia

x = V1Σ
−1
1 UT

1 b + V2y (7.45)

gia ìla ta y ∈ IRm−r, afoÔ V T
1 V1 = I kai V T

1 V2y = 0 gia ìla ta y. Profan¸c h susqètish
twn (7.43) kai (7.44) dÐnei

min
x∈IRm

||b− Ax||22 = ||UT
2 b||22 + ||ŨT b||22.

7.5 Eust�jeia kai Kìstoc twn Mejìdwn gia to
Grammikì Prìblhma El�qistwn Tetrag¸nwn

Sthn par�grafo aut  ja gÐnei mia perigraf  kai sÔgkrish twn mejìdwn pou anaptÔqthkan
se sqèsh me to kìstoc kai thn eust�jei� touc. Gia to kìstoc ègine  dh anafor� kat� thn
parousÐash tou algìrijmou thc k�je mejìdou. Ed¸ ja gÐnei prosp�jeia na dojeÐ èna eÐdoc
sÔgkrishc tou kìstouc se sqèsh me thn eust�jeia.
Prin proqwr soume ja d¸soume touc orismoÔc tou yeudoantÐstrofou pÐnaka kat� Moore-
Penrose kai tou deÐkth kat�stashc gia n×m pÐnakec.



202

Orismìc 7.2 Estw ìti o pÐnakac A ∈ IRn,m, m ≤ n, eÐnai pl rouc bajmoÔ, me A = QR =
UΣV T thn QR an�lush kai thn an�lush idiazous¸n tim¸n tou A, antÐstoiqa. Tìte o pÐnakac

A† = (ATA)−1AT = R−1QT = V Σ−1UT

kaleÐtai yeudoantÐstrofoc kat� Moore-Penrose tou pÐnaka A.

EÐnai fanerì ìti o A† eÐnai aristerìc antÐstrofoc tou A afoÔ A†A = (ATA)−1ATA = I.
Akìmh, h lÔsh tou grammikoÔ probl matoc el�qistwn tetrag¸nwn ja dÐnetai upì th morf 

x = A†b. (7.46)

Ja prèpei na parathr soume ìti an m = n tìte o A† sumpÐptei me ton A−1. Sthn perÐptwsh
pou n < m, o yeudoantÐstrofoc orÐzetai wc A† = AT (AAT )−1 kai eÐnai dexiìc antÐstrofoc.
Me ton orismì autìn h (7.46) dÐnei th lÔsh mìno sthn perÐptwsh pou o A eÐnai pl rouc
bajmoÔ. Ja prèpei na epekteÐnoume ton orismì kai gia touc pÐnakec bajmoÔ r < m (≤ n),
¸ste h (7.46) na dÐnei mÐa apì tic lÔseic tou probl matoc. Oi lÔseic tou probl matoc me
an�lush idiazous¸n tim¸n dÐnontai apì thn (7.45). An s' aut  jèsoume y = 0 tìte paÐrnoume
th lÔsh

x = V1Σ
−1
1 UT

1 b. (7.47)

H lÔsh aut  eÐnai h lÔsh me th mikrìterh EukleÐdeia norm. Pr�gmati, k�je �llh lÔsh ja
èqei ∥x∥22 = ∥V1Σ

−1
1 UT

1 b∥22 + ∥V2y∥22 lìgw tou PujagoreÐou jewr matoc afoÔ ta dianÔs-
mata V1Σ

−1
1 UT

1 b kai V2y eÐnai orjog¸nia. DÐnoume, loipìn, ton orismì tou yeudoantÐstrofou
¸ste h lÔsh (7.47) na sumpÐptei me thn (7.46).

Orismìc 7.3 Estw ìti o pÐnakac A ∈ IRn,m, m ≤ n, eÐnai ellipoÔc bajmoÔ, me rank(A) =
r < m kai A = UΣV T = U1Σ1V

T
1 h an�lush idiazous¸n tim¸n tou A, ìpwc orÐsthke sthn

prohgoÔmenh par�grafo. Tìte o pÐnakac

A† = V1Σ
−1
1 UT

1 (7.48)

kaleÐtai yeudoantÐstrofoc kat� Moore-Penrose tou pÐnaka A.

H sqèsh (7.48) gr�fetai kai wc

A† = V Σ†UT , Σ† =

[
Σ1 0r,m−r

0m−r,r 0m−r,m−r

]†
=

[
Σ−1

1 0r,m−r

0m−r,r 0m−r,m−r

]
.

EÔkola mporeÐ na parathr sei kaneÐc ìti o orismìc autìc kalÔptei pl rwc kai ton prohgoÔ-
meno orismì.

Sth sunèqeia dÐnoume thn epèktash tou orismoÔ tou deÐkth kat�stashc gia n×m pÐnakec.
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Orismìc 7.4 O deÐkthc kat�stashc enìc pÐnaka A ∈ IRn,m, m ≤ n, orÐzetai wc

κ2(A) =
σmax

σmin

,

ìpou σmax kai σmin, h megalÔterh kai h mikrìterh (jetik ) idi�zousa tim  tou A antÐstoiqa.

Apì th idiìthta (ii) twn idiazous¸n tim¸n thc prohgoÔmenhc paragr�fou faÐnetai kajar�
ìti o orismìc autìc kalÔptei pl rwc kai ton orismì tou deÐkth kat�stashc gia tetragwnikoÔc
pÐnakec. EpÐshc, qrhsimopoi¸ntac thn idiìthta (v) twn idiazous¸n tim¸n, apodeÐqnetai h
isqÔc thc sqèshc (7.17) gia to deÐkth kat�stashc tou sust matoc twn kanonik¸n exis¸sewn.
Pr�gmati

κ2(A
TA) = ||ATA||2||(ATA)−1||2 = ρ(ATA)ρ

(
(ATA)−1

)
= σ2

max

σ2
min

= (κ2(A))
2 .

(7.49)

Prèpei na parathr soume ed¸ ìti an o A eÐnai ellipoÔc bajmoÔ tìte o ATA eÐnai m  anti-
strèyimoc pÐnakac kai σmin = 0, opìte jewreÐtai ìti o deÐkthc kat�stashc eÐnai Ðsoc me ∞.

Met� apì touc treic autoÔc aparaÐthtouc orismoÔc mporoÔme na melet soume thn kat�s-
tash tou grammikoÔ probl matoc el�qistwn tetrag¸nwn. MporeÐ na anaptuqteÐ mia jewrÐa
diat�raxhc antÐstoiqh ekeÐnhc twn grammik¸n susthm�twn tou KefalaÐou 2. De ja anaptÔx-
oume ed¸ th jewrÐa aut  diìti afenìc de diafèrei sth filosofÐa thc apì ekeÐnh tou KefalaÐou
2 kai afetèrou gÐnetai teqnik� pio dÔskolh. Ja parajèsoume apl¸c to apotèlesm� thc sto
parak�tw je¸rhma.

Je¸rhma 7.6 Upojètoume ìti A ∈ IRn,m, m ≤ n, eÐnai ellipoÔc bajmoÔ kai ìti to
di�nusma x elaqistopoieÐ th ||Ax − b||2. An δA eÐnai h diat�raxh tou A, δb h diat�raxh

tou b kai ϵ ≡ max( ||δA||2
||A||2 ,

||δb||2
||b||2 ) <

1
κ2(A)

= σmin

σmax
, tìte h sqetik  apìluth diat�raxh thc

lÔshc dÐnetai apì th sqèsh

||δx||2
||x||2

= ϵ

(
2κ2(A)

cos θ
+ tan θκ2

2(A)

)
+O(ϵ2), (7.50)

ìpou sin θ = ||Ax−b||2
||b||2 .

Apì thn (7.50) faÐnetai ìti h kat�stash tou probl matoc exartiètai apì thn posìth-

ta 2κ2(A)
cos θ

+ tan θκ2
2(A), pou onom�zetai deÐkthc kat�stashc tou probl matoc el�qistwn

tetrag¸nwn kai sumbolÐzetai me κLS. ParathroÔme ìti o κLS exartiètai ìqi mìno apì ton
κ2(A) all� kai apì th gwnÐa pou sqhmatÐzoun ta dianÔsmata Ax kai b. An ta dianÔsmata
aut� eÐnai suneujeiak�, tìte exartiètai mìno apì ton κ2(A), o opoÐoc an eÐnai sqetik� mikrìc
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prosdÐdei kal  kat�stash sto prìblhma (well-conditioned). An den eÐnai suneujeiak�, tìte
exartiètai apì ton κ2

2(A) kai to prìblhma q�nei thn kal  kat�stas  tou (ill-conditioned)
ìso megal¸nei h gwnÐa, me akraÐa thn perÐptwsh ìpou κLS = ∞ ìtan θ = π

2
. Sthn teleutaÐa

perÐptwsh èqoume th lÔsh x = 0.

ProqwroÔme sth melèth thc eust�jeiac kai th sÔgkris  thc se sqèsh kai me to kìstoc
twn mejìdwn pou anaptÔqjhkan. Arqik� melet�me to prìblhma ìtan o pÐnakac eÐnai pl rouc
bajmoÔ.

Wc proc to kìstoc, oikonomikìterh mèjodoc eÐnai h epÐlush tou sust matoc twn kanon-
ik¸n exis¸sewn, akoloujeÐ h QR an�lush, en¸ h an�lush idiazous¸n tim¸n eÐnai h pio
dapanhr . Ta pr�gmata ìmwc all�zoun ìson afor� thn eust�jeia twn mejìdwn. H epÐlush
twn kanonik¸n exis¸sewn eÐnai h pio astaj c mèjodoc afoÔ, ìpwc faÐnetai apì tic (7.17)
kai (7.49), èqoume tetragwnik  aÔxhsh tou deÐkth kat�stashc. Autì shmaÐnei ìti q�netai
se akrÐbeia dipl�sioc arijmìc shmantik¸n yhfÐwn, apì ekeÐna pou q�nontai apì tic �llec
dÔo mejìdouc. Sunist�tai na efarmìzetai mìno se probl mata me kal  kat�stash epeid  to
ìfeloc se pl joc pr�xewn gia thn epÐlush eÐnai meg�lo. Ta perissìtera ìmwc probl mata
pou proèrqontai apì di�forec efarmogèc den èqoun kal  kat�stash. Gia th lÔsh aut¸n
sunist�tai h QR an�lush. Prèpei ìmwc na gÐnei sÔgkrish twn epÐ mèrouc algìrijmwn thc
QR an�lushc.
Eqei anaferjeÐ ìti kai èqei exhghjeÐ giatÐ o klasikìc algìrijmoc thc Gram-Schmidt orjog-
wniopoÐhshc eÐnai astaj c. O parallagmènoc algìrijmoc eÐnai arket� pio eustaj c, all� ki
autìc de dÐnei kal� apotelèsmata eidik� ìtan o pÐnakac A eÐnai “sqedìn” ellipoÔc bajmoÔ.
Autì ofeÐletai sto gegonìc ìti o algìrijmoc brÐskei akoloujiak� mÐa proc mÐa tic st lec
tou orjog¸niou pÐnaka Q, me sunèpeia ta sf�lmata pou eisq¸rhsan se prohgoÔmenec st -
lec, na metabib�zontai kai na susswreÔontai stic epìmenec me apotèlesma o pÐnakac Q na
apèqei arket� apì orjog¸nio pÐnaka. De sunist�tai epomènwc oÔte h parallagmènh mèjodoc
Gram-Schmidt, h opoÐa eÐnai polÔ qr simh se �lla eidik� probl mata orjogwniopoÐhshc,
ìpwc h eÔresh twn idiodianusm�twn tridiag¸niwn kai summetrik¸n pin�kwn. Se antÐjesh
proc aut n, oi algìrijmoi Householder kai Givens eÐnai pio endedeigmènoi giatÐ s' autoÔc ek-
teloÔntai mìno diadoqikoÐ pollaplasiasmoÐ apì arister� me orjog¸niouc pÐnakec twn opoÐwn
to ginìmeno eÐnai ènac orjog¸nioc pÐnakac pou èqei thn Ðdia t�xh sf�lmatoc me ekeÐnh twn
epÐ mèrouc paragìntwn. Autì faÐnetai kajar� apì thn akìloujh an�lush sfalm�twn.
Estw ìti epijumoÔme na broÔme to ginìmeno XA kai ìti èqoume sth di�jes  mac thn pros-
eggistik  tim  fl(X) tou X me thn akrÐbeia tou Upologist  ϵ. Sthn pr�xh de ja brejeÐ to
ginìmeno fl(X)A all� h stroggÔleus  tou sto fl(fl(X)A). UpenjumÐzetai ìti h sun�rthsh
fl(·) pou proseggÐzei ènan arijmì x ston plhsièstero arijmì tou Upologist , dÐnetai wc
fl(x) = x(1 + δ) me |δ| ≤ ϵ   δ = O(ϵ). Gia thn par�stash enìc pÐnaka ston Upologist 
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isqÔei k�ti antÐstoiqo, sugkekrimèna

fl(X) = X(I +∆), ||∆||2 = O(ϵ).

Efarmìzontac th sqèsh aut  sto parap�nw ginìmeno paÐrnoume

fl (fl(X)A) = fl (X(I +∆1)A) = X(I +∆1)A(I +∆2)

= X(A+∆1A+ A∆2 +∆1A∆2) = X(A+ δA). (7.51)

Apì thn (7.51) diapist¸netai ìti o pollaplasiasmìc autìc ja d¸sei to Ðdio apotèlesma me
ekeÐnon tou pollaplasiasmoÔ tou akriboÔc pÐnaka X me to diataragmèno pÐnaka A + δA.
UpologÐzontac th ||δA||2, èqoume

||δA||2 = ||∆1A+ A∆2 +∆1A∆2||2
≤ ||∆1||2||A||2 + ||∆2||2||A||2 + ||∆1||2||∆2||2||A||2 = O(ϵ)||A||2. (7.52)

H sunolik  diat�raxh ja eÐnai XδA kai epomènwc to sunolikì sf�lma eÐnai

||E||2 = ||XδA||2 ≤ ||X||2||δA||2 = O(ϵ)||X||2||A||2.

An pollaplasi�soume diadoqik� apì arister� me touc pÐnakecX1, X2, . . . , Xk, tìte ja p�roume
fr�gma gia to olikì sf�lma

||Eol||2 = O(ϵ)||X1||2||X2||2 · · · ||Xk||2||A||2.

Stic mejìdouc Householder kai Givens oi pÐnakec Xi, i = 1(1)k, eÐnai orjog¸nioi kai kat�
sunèpeia oi fasmatikèc norms touc mon�da. Epomènwc ta sf�lmata stic dÔo autèc mejìdouc
ja eÐnai

||EH ||2 = O(ϵ)||A||2, ||EG||2 = O(ϵ)||A||2,
antÐstoiqa. H Ðdia jewrÐa mac dÐnei kai to olikì sf�lma tou orjog¸niou pÐnaka Q, arkeÐ sth
jèsh tou A na jèsoume to monadiaÐo pÐnaka I, ètsi

||EQ||2 = O(ϵ).

Epiplèon me thn QR mèjodo exasfalÐzetai to amet�blhto tou deÐkth kat�stashc tou pÐnaka
A, afoÔ autìc pollaplasi�zetai me mia polÔ kal  prosèggish tou orjog¸niou pÐnaka QT .
IsqÔei de kai gia thn epèktash tou orismoÔ tou deÐkth kat�stashc ìti

κ2(R) = κ2(Q
TA) = κ2(A)

epeid  oi QTA kai A èqoun tic Ðdiec akrib¸c idi�zousec timèc.
Akrib¸c gia tic idiìthtèc touc autèc, ìpwc faÐnetai ki apì thn parap�nw an�lush thc jew-
rÐac sfalm�twn, epino jhkan kai qrhsimopoi jhkan oi orjog¸nioi metasqhmatismoÐ gia th
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lÔsh tou grammikoÔ probl matoc el�qistwn tetrag¸nwn kai ìqi k�poioi �lloi, ìpwc p.q. oi
trigwnikoÐ.
Wc proc thn eust�jeia oi algìrijmoi Householder kai Givens apodeÐqthkan isodÔnamoi.
Epeid  de to kìstoc tou algìrijmou Householder eÐnai mikrìtero, autìc eÐnai ekeÐnoc pou
sunist�tai gia thn epÐlush tou probl matoc me QR an�lush.

ASKHSEIS

1.: Na lujeÐ to grammikì prìblhma twn el�qistwn tetrag¸nwn minx∈IR3 ||b− Ax||2, ìpou

A =


1 0 1
1 0 −1
0 1 1
0 1 −1

 kai b = [1 1 1 1]T .

a) Me th lÔsh tou sust matoc twn kanonik¸n exis¸sewn.
b) Me thn QR an�lush qrhsimopoi¸ntac ton algìrijmo orjogwniopoÐhshc twn Gram-
Schmidt. kai
g) Tèloc, na brejeÐ h tim  minx∈IR3 ||b− Ax||2.
(Periorismìc: Na gÐnoun akribeÐc pr�xeic diathr¸ntac rizik� kai kl�smata stouc
upologismoÔc.)

2.: Na lujeÐ to grammikì sÔsthma Ax = b, me A =


2 −1 0 −1
1 2 −1 0
0 1 2 −1
1 0 1 2

 kai b =

[4 − 2 2 0]T , me th mèjodo thc QR an�lushc qrhsimopoi¸ntac ton algìrijmo orjog-
wniopoÐhshc twn Gram-Schmidt (Periorismìc: Na gÐnoun akribeÐc pr�xeic diathr¸n-
tac rizik� kai kl�smata stouc upologismoÔc.)

3.: Na lujeÐ to grammikì sÔsthma Ax = b, me A =

 3 2 1
2 2 1
1 1 1

 kai b = [2 1 1]T , me thn

QR an�lush qrhsimopoi¸ntac ton algìrijmo orjogwniopoÐhshc twn Gram-Schmidt.
(Periorismìc: Na gÐnoun akribeÐc pr�xeic diathr¸ntac rizik� kai kl�smata stouc
upologismoÔc.)

4.:
a) Na apodeiqteÐ ìti h lÔsh twn kanonik¸n exis¸sewn gia to prìblhma el�qistwn
tetrag¸nwn sumpÐptei me th lÔsh pou dÐnei h mèjodoc QR paragontopoÐhshc, gia thn
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perÐptwsh pou o suntelest c pÐnakac A eÐnai pl rouc bajmoÔ. kai

b) Na lujeÐ to grammikì sÔsthma el�qistwn tetrag¸nwn, me A =


1 1 1
1 1 1
0 1 1
0 0 1

 kai

b = [1 1 1 1]T , me thn QR an�lush qrhsimopoi¸ntac ton algìrijmo orjogwniopoÐhshc
twn Gram-Schmidt. (Periorismìc: Na gÐnoun akribeÐc pr�xeic diathr¸ntac rizik�
kai kl�smata stouc upologismoÔc.)

5.: Na lujeÐ to grammikì prìblhma el�qistwn tetrag¸nwn minx∈IR3 ||b−Ax||2, ìpou A =
3 0 4
4 0 3
0 4 3
0 3 4

 kai b = [1 1 1 1]T , qrhsimopoi¸ntac ton algìrijmo thc QR me Gram-

Schmidt orjogwniopoÐhsh kai na brejeÐ h tim  minx∈IR3 ||b− Ax||2. (Periorismìc:
Na gÐnoun akribeÐc pr�xeic diathr¸ntac rizik� kai kl�smata stouc upologismoÔc.)

6.: Na lujeÐ to grammikì prìblhma el�qistwn tetrag¸nwn minx∈IR3 ||b−Ax||2, ìpou A =
1 3 4
1 3 2
1 1 0

−1 −1 2

 kai b = [1 1 1 1]T , qrhsimopoi¸ntac ton algìrijmo thc QR me Gram-

Schmidt orjogwniopoÐhsh kai na brejeÐ h tim  minx∈IR3 ||b− Ax||2. (Periorismìc:
Na gÐnoun akribeÐc pr�xeic diathr¸ntac rizik� kai kl�smata stouc upologismoÔc.)

7.: DÐnetai to grammikì sÔsthma Ax = b, ìpou

A =

 1 1
1 0
0 1

 και b =

 1
0
0

 .

a) Na sqhmatisteÐ to sÔsthma twn kanonik¸n exis¸sewn kai na lujeÐ me th mèjodo
tou Cholesky. kai
b) Na epalhjeuteÐ ìti to di�nusma r = Ax∗−b, ìpou x∗ h lÔsh pou paÐrnetai parap�nw,
eÐnai orjog¸nio proc k�je èna apì ta dianÔsmata-st lec tou A.

8.: DÐnetai to grammikì sÔsthma Ax = b, ìpou

A =


1 1 1
1 −1 1
3 −1 3
2 0 2

 και b =


3
1
5
6

 .
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a) Na brejeÐ x ∈ IR3 tètoio ¸ste h posìthta ||b− Ax||2 na gÐnetai el�qisth. kai
b) Na brejeÐ h el�qisth tim  thc parap�nw posìthtac.



Kef�laio 8

Arijmhtikèc Mèjodoi gia ton
Upologismì Idiotim¸n kai
Idiodianusm�twn

8.1 Eisagwg 

Sto parìn kef�laio ja asqolhjoÔme me arijmhtikèc mejìdouc gia ton upologismì twn
idiotim¸n λi, i = 1(1)n, kai twn idiodianusm�twn xi ∈ ICn \ {0}, i = 1(1)n, tou pÐnaka
A ∈ ICn,n(A ∈ IRn,n). Opwc eÐdame se prohgoÔmena kef�laia, h gn¸sh tou f�smatoc twn
idiotim¸n tou pÐnaka twn suntelest¸n twn agn¸stwn enìc grammikoÔ sust matoc èqei meg�l-
h shmasÐa sthn epilog  kat�llhlhc mejìdou epÐlus c tou. Ektìc ìmwc apì thn parap�nw
qrhsimìtht� touc, oi idiotimèc apoteloÔn shmantikèc ontìthtec se mia plhj¸ra problhm�twn
stic Jetikèc Epist mec kai thn TeqnologÐa. Anafèroume ed¸ endeiktik� merik� paradeÐg-
mata: Sth JewrÐa Plhrofori¸n oi idiotimèc apoteloÔn mètra plhroforÐac. Sth Statistik 
emfanÐzontai sthn poludi�stath an�lush kai stic Markobianèc stoqastikèc diadikasÐec. Sth
Mhqanik , kat� th melèth twn eleÔjerwn talant¸sewn paramorf¸simwn swm�twn (pl�kec,
kelÔfh), prokÔptoun pÐnakec pou oi idiotimèc touc eÐnai tetr�gwna twn idiosuqnot twn twn
talant¸sewn. Sth JewrÐa Stere¸n Swm�twn, oi idiotimèc eÐnai idiosuqnìthtec twn talan-
t¸sewn. Sthn Purhnik  Fusik  eÐnai idioenèrgeiec twn swmatidÐwn tou pur na (noukleìnia).
Sthn Atomik  Fusik  eÐnai idioenèrgeiec twn hlektronÐwn. Akìmh, oi idiotimèc emfanÐzontai
sthn Kbantik  QhmeÐa kai se pollèc �llec epist mec. Prin proqwr soume se sugkekrimènec
mejìdouc gia thn eÔresh twn idiotim¸n kai twn idiodianusm�twn ja d¸soume merikoÔc oris-
moÔc, k�poioi apì touc opoÐouc eÐnai  dh gnwstoÐ, aparaÐthtouc gia thn an�ptuxh thc basik c
jewrÐac.

209
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8.2 Basik  JewrÐa

Orismìc 8.1 An A ∈ ICn,n, x ∈ ICn \ {0} kai λ ∈ IC plhroÔn th sqèsh Ax = λx tìte h λ
eÐnai idiotim  tou pÐnaka A kai to x antÐstoiqo (dexiì) idiodi�nusma. To di�nusma y ∈ ICn\{0}
gia to opoÐo isqÔei h sqèsh yHA = λyH , ja lègetai aristerì idiodi�nusma.

EÐnai fanerì ìti gia na up�rxei m  mhdenik  lÔsh x sto sÔsthma Ax = λx, ja prèpei o
pÐnakac (A−λI) na eÐnai m  antistrèyimoc. Oi idiotimèc λ ja dÐnontai wc rÐzec tou poluwnÔmou
P (λ) = det(A−λI). To polu¸numo autì lègetai qarakthristikì polu¸numo kai eÐnai bajmoÔ
akrib¸c n. Akrib¸c n to pl joc ja eÐnai kai oi idiotimèc tou A, k�poiec apì tic opoÐec mporeÐ
na eÐnai kai pollaplèc. EÐnai profanèc ìti an A ∈ ICn,n tìte, genik�, λ ∈ IC en¸ an A ∈ IRn,n

tìte oi idiotimèc ja eÐnai pragmatikèc   zeÔgh suzug¸n migadik¸n arijm¸n. En¸ oi idiotimèc
eÐnai akrib¸c n to pl joc, toÔto den isqÔei kai gia ta idiodianÔsmata. Up�rqoun pÐnakec pou
den èqoun b�sh n grammik� anex�rthtwn idiodianusm�twn. Autì faÐnetai apì thn kanonik 
morf  Jordan tou pÐnaka A pou èqei dojeÐ sto Je¸rhma 3.2. Se k�je block Ji thc morf c
Jordan antistoiqeÐ mìno èna idiodi�nusma, epomènwc an p eÐnai ta blocks, p ja eÐnai kai ta
grammik� anex�rthta idiodianÔsmata tou A. Prèpei na parathr soume ed¸ ìti p ja eÐnai kai ta
grammik� anex�rthta arister� idiodianÔsmata. (ShmeÐwsh: Ta idiodianÔsmata antistoiqoÔn
sthn pr¸th jèsh tou k�je block en¸ ta arister� idiodianÔsmata sthn teleutaÐa.) H eÔresh
thc kanonik c morf c Jordan ja èlune sugqrìnwc kai to prìblhma thc eÔreshc twn idiotim¸n
kai twn idiodianusm�twn. ToÔto ìmwc eÐnai dapanhrì apì pleur�c tìso tou kìstouc ìso
kai thc eust�jeiac. Mia �llh kanonik  morf  pou ofeÐletai se orjog¸nio metasqhmatismì
omoiìthtac (ja ton lème orjomonadiaÐo, apì th lexh unitary, sthn perÐptwsh migadik¸n
pin�kwn), eÐnai h kanonik  morf  Schur. Lìgw thc qr shc orjog¸niwn metasqhmatism¸n,
exasfalÐzetai h eust�jeia se ikanopoihtikì bajmì, en¸ ìpwc ja doÔme parak�tw ìti èqoun
epinohjeÐ apotelesmatikoÐ algìrijmoi gia thn ulopoÐhs  thc. DÐnoume thn kanonik  morf 
Schur me to je¸rhma pou akoloujeÐ.

Je¸rhma 8.1 (Kanonik  morf  Schur) Dojèntoc enìc pÐnaka A ∈ ICn,n, up�rqei ènac
orjomonadiaÐoc pÐnakac Q ∈ ICn,n kai ènac �nw trigwnikìc pÐnakac T ∈ ICn,n t.w.

QHAQ = T. (8.1)

Profan¸c oi idiotimèc tou A ja eÐnai ta diag¸nia stoiqeÐa tou T.

Apìdeixh: H apìdeixh ja gÐnei epagwgik�. EÐnai profanèc ìti h (8.1) isqÔei gia 1× 1 pÐ-
nakec. Upojètoume ìti o isqurismìc tou jewr matoc alhjeÔei gia ìlouc touc (n−1)×(n−1)
pÐnakec kai ja apodeÐxoume thn isqÔ tou gia touc n× n pÐnakec. Estw A ∈ ICn,n, λ ∈ IC mia
idiotim  tou A kai u ∈ ICn \ {0} to antÐstoiqo idiodi�nusma, kanonikopoihmèno (∥u∥2 = 1).
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Sumplhr¸noume to q¸ro jewr¸ntac ton pÐnaka Ũ ∈ ICn,n−1 me st lec orjomonadiaÐa dianÔs-

mata me to di�nusma u kai metaxÔ touc. Etsi o pÐnakac U = [u|Ũ ], eÐnai ènac tetragwnikìc
orjomonadiaÐoc pÐnakac. Kataskeu�zoume to ginìmeno

UHAU =

[
uH

ŨH

]
A[u|Ũ ] =

[
uHAu uHAŨ

ŨHAu ŨHAŨ

]
=

[
λ uHAŨ

λŨHu ŨHAŨ

]
(8.2)

all� ŨHu = 0 epeid  o pÐnakac U kataskeu�sthke ètsi ¸ste na eÐnai orjomonadiaÐoc. H
(8.2) epomènwc gÐnetai

UHAU =

[
λ uHAŨ

0 ŨHAŨ

]
. (8.3)

SumbolÐzoume me Ã ton (n − 1) × (n − 1) pÐnaka ŨHAŨ . Apì thn upìjesh thc tèleiac
epagwg c, up�rqei orjomonadiaÐoc pÐnakac P ∈ ICn−1,n−1 pou dÐnei thn kanonik  morf  Schur.
Sugkekrimèna,

PHÃP = T̃ ⇔ Ã = PT̃PH .

Antikajist¸ntac sthn (8.3) èqoume

UHAU =

[
λ uHAŨ

0 Ã

]
=

[
λ uHAŨ

0 PT̃PH

]

=

[
1 0
0 P

][
λ uHAŨP

0 T̃

] [
1 0
0 PH

]
. (8.4)

EÐnai profanèc ìti o

[
1 0
0 P

]
eÐnai orjomonadiaÐoc n × n pÐnakac, kaj¸c kai to ginìmeno

Q = U

[
1 0
0 P

]
wc ginìmeno orjomonadiaÐwn pin�kwn. Etsi h (8.4) gÐnetai

QHAQ =

[
1 0
0 PH

]
UHAU

[
1 0
0 P

]
=

[
λ uHAŨP

0 T̃

]
= T (8.5)

kai h apìdeixh oloklhr¸jhke. �
Shmei¸seic: a) Prèpei na parathr soume ìti an o A eÐnai Ermitianìc pÐnakac, tìte

uHAŨP = (Au)HŨP = λ̄uHŨP = 0,

afoÔ o U eÐnai orjomonadiaÐoc. b) Sthn perÐptwsh (a), an akolouj soume thn poreÐa thc
apìdeixhc tou jewr matoc prokÔptei ìti o pÐnakac T ja eÐnai diag¸nioc, opìte h kanonik 
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morf  Schur sumpÐptei me thn kanonik  morf  Jordan. Etsi apodeÐqnetai kai h gnwst  prì-
tash: K�je Ermitianìc pÐnakac èqei n grammik� anex�rthta idiodianÔsmata pou apoteloÔn
orjomonadiaÐa b�sh. Sthn perÐptwsh twn pragmatik¸n summetrik¸n pin�kwn, k�je prag-
matikìc summetrikìc pÐnakac èqei n grammik� anex�rthta idiodianÔsmata pou apoteloÔn or-
jog¸nia b�sh. g) Apì thn apìdeixh tou jewr matoc faÐnetai akìmh ìti h kanonik  morf 
Schur den eÐnai monos manta orismènh, all� exartiètai apì th seir� pou lamb�nontai oi idi-
otimèc sto diag¸nio mèroc tou �nw trigwnikoÔ pÐnaka.

To je¸rhma thc kanonik c morf c Schur isqÔei gia k�je migadikì. pÐnaka. H ulopoÐhs 
tou epomènwc apì k�poion algìrijmo, proôpojètei arijmhtik  migadik¸n arijm¸n. Akìmh
kai sthn perÐptwsh pragmatikoÔ pÐnaka, ek pr¸thc ìyewc, faÐnetai ìti den mporoÔme na
apofÔgoume thn arijmhtik  migadik¸n arijm¸n, epeid  k�poiec idiotimèc mporeÐ na eÐnai zeÔgh
suzug¸n migadik¸n arijm¸n kai ta antÐstoiqa idiodianÔsmata suzug  migadik�. MporoÔme
ìmwc na exeidikeÔsoume thn kanonik  morf  Schur gia pragmatikoÔc pÐnakec, parall�ssont�c
thn ¸ste na apaiteÐtai arijmhtik  pragmatik¸n arijm¸n mìno. Thn pragmatik  aut  kanonik 
morf  Schur dÐnoume me to akìloujo je¸rhma.

Je¸rhma 8.2 (Pragmatik  kanonik  morf  Schur) Dojèntoc enìc pÐnaka A ∈ IRn,n, up-
�rqei pragmatikìc orjog¸nioc pÐnakac Q ∈ IRn,n kai pragmatikìc “sqedìn” �nw trigwnikìc
pÐnakac T ∈ IRn,n t.w. QTAQ = T. To “sqedìn” �nw trigwnikìc shmaÐnei ìti o T ja
eÐnai block �nw trigwnikìc me diag¸nia blocks 1 × 1, pou ja antistoiqoÔn stic pragmatikèc
idiotimèc   2× 2, pou ja antistoiqoÔn se zeÔgh migadik¸n idiotim¸n.

Apìdeixh: An jewr soume ìti h idiotim  λ eÐnai pragmatik , tìte akoloujoÔme thn Ðdia
akrib¸c poreÐa apìdeixhc ìpwc sto prohgoÔmeno je¸rhma me tèleia epagwg . Estw ìmwc
ìti h λ eÐnai mia migadik  idiotim  tou A me antÐstoiqo (migadikì) idiodi�nusma u. Tìte
kai h λ̄ ja eÐnai idiotim  tou A me antÐstoiqo (migadikì) idiodi�nusma ū. Ta suzug  aut�
migadik� idiodianÔsmata par�goun èna didi�stato upìqwro apoteloÔmeno apì ìla ta dianÔs-
mata, grammikoÔc sunduasmoÔc twn u kai ū, to span{u, ū}. JewroÔme t¸ra ta dianÔsmata
uR, to pragmatikì mèroc tou u, kai uI , to fantastikì mèroc tou u. EÐnai profanèc ìti
ta dianÔsmata aut� par�goun ton Ðdio upìqwro (span{uR, uI} = span{u, ū}). Estw ìti
P = [uR | uI ] kai P = QR, h QR paragontopoÐhsh tou P (P,Q ∈ IRn,2, R ∈ IR2,2). Ta
dianÔsmata st lec tou P ja eÐnai grammikoÐ sunduasmoÐ twn sthl¸n tou Q. O 2× 2 pÐnakac
R apoteleÐtai apì touc suntelestèc twn grammik¸n sunduasm¸n twn sthl¸n tou P wc proc
tic st lec tou Q. Epomènwc

span{Q} = span{P} = span{u, ū}. (8.6)

Apì thn (8.6) prokÔptei ìti oi st lec tou Q apoteloÔn grammikoÔc sunduasmoÔc twn u kai
ū. Oi st lec tìte tou AQ ja eÐnai grammikoÐ sunduasmoÐ twn Au kai Aū kai �ra twn u kai
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ū, afoÔ aut� eÐnai idiodianÔsmata tou A. Autì shmaÐnei ìti

span{AQ} = span{u, ū} = span{Q},

pou odhgeÐ sto sumpèrasma ìti ja up�rqei ènac pÐnakac B ∈ IR2,2 t.w.

AQ = QB.

Ac shmeiwjeÐ ìti o pÐnakac B apoteleÐtai apì touc suntelestèc twn grammik¸n sunduasm¸n
pou dÐnoun tic st lec tou AQ sa sunart seic twn sthl¸n tou Q. JewroÔme ton pÐnaka

Q̃ ∈ IRn,n−2, pou sumplhr¸nei ton orjog¸nio pÐnaka Q, ston tetragwnikì orjog¸nio pÐnaka
U . AkoloujoÔme t¸ra antÐstoiqh poreÐa me thn apìdeixh tou prohgoumènou jewr matoc me
th mèjodo thc tèleiac epagwg c. Estw ìti o isqurismìc tou jewr matoc alhjeÔei gia 2× 2
pÐnakec. Upojètoume ìti alhjeÔei gia (n− 2)× (n− 2) kai ja apodeÐxoume thn isqÔ tou gia
n× n pragmatikoÔc pÐnakec. JewroÔme to ginìmeno

UTAU =

[
QT

Q̃H

]
A[Q|Q̃] =

[
QTAQ QTAQ̃

Q̃TAQ Q̃TAQ̃

]
=

[
B QTAQ̃

0 Q̃TAQ̃

]
, (8.7)

afoÔ QTAQ = QTQB = B kai Q̃TAQ = Q̃TQB = 0. AkoloujeÐ sth sunèqeia h Ðdia
akrib¸c epagwgik  diadikasÐa tou prohgoÔmenou jewr matoc, kai h apìdeixh oloklhr¸netai.
�

Sthn perÐptwsh pou èqei epiteuqteÐ h eÔresh thc kanonik c morf c Schur, apomènei
h eÔresh twn idiodianusm�twn pou antistoiqoÔn sthn k�je mia idiotim . An y(i) eÐnai to
idiodi�nusma tou pÐnaka T pou antistoiqeÐ sthn idiotim  λi, tìte to idiodi�nusma tou A ja
eÐnai

x(i) = Qy(i).

To y(i) brÐsketai apì th lÔsh tou sust matoc (λiIn − T )y(i) = 0 wc ex c. An h idiotim  λi

brÐsketai sthn i-ost  sth seir� jèsh thc diagwnÐou tou T , tìte to proc lÔsh sÔsthma, se
block morf , ja eÐnai λiIi−1 − T11 t2 T13

0 tT3
λiIn−i − T33


 y

(i)
1

y
(i)
2

y
(i)
3

 = 0, (8.8)

ìpou ègine ènac block diaqwrismìc tou T thc i-ost c gramm c kai i-ost c st lhc. EÐnai
fanerì, an upojèsoume ìti h λi eÐnai apl  idiotim  (eÔkola genikeÔetai ìtan eÐnai pollapl ),
ìti oi pÐnakec λiIi−1 − T11 kai λiIn−i − T33 eÐnai antistrèyimoi. Akolouj¸ntac th diadikasÐa

thc epÐlushc tou sust matoc me proc ta pÐsw antikat�stash èqoume y
(i)
3 = 0, to sÔsthma
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alhjeÔei gia opoiad pote tim  tou y
(i)
2 opìte jètontac, p.q. y

(i)
2 = 1, to y

(i)
1 brÐsketai me

proc ta pÐsw antikat�stash apì to sÔsthma (λiIi−1 − T11)y
(i)
1 = −t2.

Arqik� oi ereunhtèc, gia ton upologismì twn idiotim¸n kai twn antÐstoiqwn idiodianus-
m�twn, èjesan wc stìqo thn eÔresh tou qarakthristikoÔ poluwnÔmou Pn tou pÐnaka A, h
eÔresh twn riz¸n tou opoÐou dÐnei sugqrìnwc kai tic idiotimèc tou A. H mèjodoc Krylov
eÐnai mia tètoia mèjodoc. BasÐzetai sthn akoloujÐa dianusm�twn x(0), x(1) = Ax(0), x(2) =
Ax(1) = A2x(0), · · · , x(n−1) = Ax(n−2) = · · · = An−1x(0), pou orÐzei ènan upìqwro Krylov me
x(0) ∈ IRn \ {0} aujaÐreto arqikì di�nusma. JewroÔme ton pÐnaka K ∈ IRn,n wc ton pÐnaka
apoteloÔmeno apì ta pr¸ta n dianÔsmata pou orÐzoun ton upìqwro Krylov

K =
[
x(0) x(1) x(2) · · · x(n−1)

]
.

JewroÔme sth sunèqeia to ginìmeno

AK =
[
Ax(0) Ax(1) Ax(2) · · · Ax(n−1)

]
=
[
x(1) x(2) · · · x(n−1) Anx(0)

]
.

ParathroÔme ìti o pÐnakac AK proèkuye apì ton K me metatìpish ìlwn twn sthl¸n tou
kat� mÐa jèsh arister�, me exaf�nish tou x(0) apì thn pr¸th jèsh kai emf�nish tou Anx(0)

sthn teleutaÐa, pou eÐnai o epìmenoc ìroc thc akoloujÐac Krylov. Autì, se morf  pin�kwn,
shmaÐnei ìti

AK = K
[
e2 e3 · · · en −a

]
= KF,

ìpou ei, i = 2(1)n, eÐnai h i-ost  st lh tou monadiaÐou pÐnaka kai a = [a0 a1 a2 · · · an−1]
T =

−K−1Anx(0). Etsi kataskeu�sthke o pÐnakac

F = K−1AK =


0 0 · · · 0 −a0
1 0 · · · 0 −a1

0 1
. . .

...
...

...
...

. . . 0 −an−2

0 0 · · · 1 −an−1

 .

O pÐnakac autìc eÐnai gnwstìc wc o “sunodeÔwn” pÐnakac Frobenius kai eÐnai ìmoioc proc
ton A. Epomènwc èqei to Ðdio qarakthristikì polu¸numo kai eÔkola apodeÐqnetai ìti autì
eÐnai to

Pn(x) = xn + an−1x
n−1 + an−2x

n−2 + · · ·+ a1x+ a0.

O algìrijmoc epomènwc gia thn eÔresh tou Pn sunÐstatai sthn eÔresh tou pÐnaka K, sthn
eÔresh tou epìmenou ìrou x(n) = Ax(n−1) = Anx(0) kai sth sunèqeia sth lÔsh tou sust -
matoc

Ka = −x(n). (8.9)
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O algìrijmoc autìc den eÐnai apotelesmatikìc oÔte apì thn �poyh tou kìstouc oÔte apì
aut n thc eust�jeiac. To kìstoc afor� se n pollaplasiasmoÔc pÐnaka epÐ di�nusma kai sth
lÔsh enìc sust matoc. Epiplèon epibarÔnetai kai me to kìstoc thc eÔreshc twn riz¸n tou Pn,
pou apoteleÐ èna entel¸c diaforetikì prìblhma. An to Pn den eÐnai k�poiac sugkekrimènhc
morf c, tìte to prìblhma autì eÐnai arket� pelÔploko me meg�lo kìstoc.
Oson afor� sthn eust�jeia, to prìblhma thc epÐlushc tou sust matoc (8.9) den èqei kal 
kat�stash (ill-conditioned). Autì ofeÐletai sto gegonìc ìti h akoloujÐa twn dianusm�twn
pou orÐzoun ton upìqwro Krylov, ìpwc ja doÔme parak�tw sth mèjodo dun�mewn, teÐnei se
èna idiodi�nusma. Etsi, ìso proqwroÔme proc ta dexi�, oi st lec tou pÐnaka K teÐnoun na
gÐnoun par�llhlec.

De sunist�tai epomènwc h mèjodoc aut , ektìc apì probl mata me polÔ mikr  di�stash.
Sthn perÐptwsh twn meg�lwn arai¸n pin�kwn, de sunist�tai gia ènan akìmh lìgo. Diìti o
pÐnakac K gÐnetai puknìc.

Gia touc parap�nw lìgouc h èreuna str�fhke proc thn kateÔjunsh tou upologismoÔ twn
idiotim¸n kai idiodianusm�twn, apeujeÐac me teqnikèc thc Grammik c Algebrac, pou od ghse
se mia seir� apì epanalhptikèc kurÐwc mejìdouc. H mèjodoc Krylov jewreÐtai wc �mesh
mèjodoc, afoÔ upotÐjetai ìti upologÐzei tic akribeÐc timèc twn idiotim¸n an efarmosteÐ me
akrib  arijmhtik .

Se k�poiec mejìdouc apaiteÐtai o entopismìc twn idiotim¸n oi opoÐec brÐskontai se k�poio
qwrÐo tou migadikoÔ epipèdou. Enac tètoioc entopismìc dÐnetai apì th gnwst  sqèsh ρ(A) ≤
∥A∥ gia k�je fusik  norm. An epomènwc gnwrÐzoume mÐa norm tou A èqoume wc sumpèrasma
ìti ìlec oi idiotimèc an koun sto dÐsko tou migadikoÔ epipèdou pou orÐzetai wc {z ∈ IC :
|z| ≤ ∥A∥}. O entopismìc autìc eÐnai arket� qontrikìc ènac pio ekleptismènoc dÐnetai apì
to akìloujo Je¸rhma tou Gerschgorin.

Je¸rhma 8.3 (Gerschgorin) An A ∈ ICn,n, tìte oi idiotimèc tou λi, i = 1(1)n, an koun
sthn ènwsh twn dÐskwn tou migadikoÔ epipèdou

n∪
i=1

{z ∈ IC : |z − aii| ≤
n∑

j=1,j ̸=i

|aij|}. (8.10)

Apìdeixh: Estw λ ∈ IC idiotim  tou A kai x to antÐstoiqo idiodi�nusma, kanonikopoihmèno wc
proc th ∥ · ∥∞ (∥x∥∞ = 1). Estw epÐshc ìti |xi| = ∥x∥∞ = 1, tìte h sqèsh Ax = λx dÐnei

n∑
j=1

aijxj = λxi ⇔ (λ− aii)xi =
n∑

j=1,j ̸=i

aijxj
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⇒ |λ− aii||xi| = |
n∑

j=1,j ̸=i

aijxj| ≤
n∑

j=1,j ̸=i

|aij||xj| (8.11)

⇒ |λ− aii| ≤
n∑

j=1,j ̸=i

|aij|.

H teleutaÐa sqèsh ja isqÔei gia ìlec tic idiotimèc tou A, epomènwc autèc ja an koun sthn
ènwsh twn dÐskwn (8.10). �

Shmei¸netai ìti, epeid  oi idiotimèc tou A eÐnai kai idiotimèc tou AT , to Je¸rhma tou
Gerschgorin isqÔei kai gia ton AT . Epomènwc oi idiotimèc tou ja an koun kai sthn ènwsh
twn dÐskwn

n∪
i=1

{z ∈ IC : |z − aii| ≤
n∑

j=1,j ̸=i

|aji|}.

Met� th basik  jewrÐa kai tic eisagwgikèc parathr seic, pou prohg jhkan, eÐmaste
se jèsh na proqwr soume sth melèth epanalhptik¸n mejìdwn gia thn arijmhtik  eÔresh
idiotim¸n kai idiodianusm�twn, xekin¸ntac apì thn pio apl  kai basik , th mèjodo dun�mewn.

8.3 Mèjodoc Dun�mewn

H mèjodoc dun�mewn eÐnai mÐa apì tic pio aplèc epanalhptikèc mejìdouc kai qrhsimeÔei gia
ton upologismì miac mìno idiotim c, thc apìluta megalÔterhc.
Upojètoume ìti A ∈ IRn,n, kai ìti oi idiotimèc tou λi, i = 1(1)n, ikanopoioÔn tic sqèseic

|λ1| > |λ2| ≥ |λ3| ≥ · · · ≥ |λn|,

dhlad  ìti h apìluta megalÔterh idiotim  eÐnai apl , pragmatik  kai ìti up�rqei b�sh n
grammik� anex�rthtwn antÐstoiqwn idiodianusm�twn xi, i = 1(1)n. JewroÔme epÐshc mia norm
kai epilègoume èna arqikì di�nusma x(0) ∈ IRn \ {0} kanonikopoihmèno ¸ste ∥x(0)∥ = 1. Sth
sunèqeia kataskeu�zoume thn kanonikopoihmènh akoloujÐa x(k) ∈ IRn \ {0}, k = 1, 2, 3, · · · ,
twn dun�mewn tou A epÐ to di�nusma x(0)

x(k) =
Akx(0)

∥Akx(0)∥
. (8.12)

ApodeÐqnetai ìti h akoloujÐa aut  eÐte èqei ìrio to idiodi�nusma x1, pou antistoiqeÐ sthn
apìluta megalÔterh idiotim  λ1, eÐte up�rqoun duo upoakoloujÐec thc pou sugklÐnoun s-
to upìyh idiodi�nusma. Gia to skopì autì jewroÔme to monos manta orismèno grammikì
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sunduasmì tou x(0) sa sun�rthsh twn idiodianusm�twn tou pÐnaka A. Ja èqoume

x(0) =
n∑

i=1

cixi, ci ∈ IC, i = 1(1)n, µϵ c1 ̸= 0. (8.13)

Shmei¸seic: a) Profan¸c se pragmatikèc idiotimèc tou A antistoiqoÔn pragmatik� idionÔsma-
ta. b) An up�rqei zeÔgoc suzug¸n migadik¸n idiotim¸n tìte kai ta antÐstoiqa idiodianÔsmata
eÐnai suzug  migadik�. g) Sthn teleutaÐa perÐptwsh kai oi antÐstoiqoi suntelestèc sto
grammikì sundusmì (8.13) eÐnai suzugeÐc migadikoÐ arijmoÐ. kai d) H opoiad pote perÐptwsh
den ephre�zei tic apodeÐxeic pou dÐnontai sth sunèqeia.

Me b�sh ta parap�nw h (8.12) gÐnetai

x(k) = Akx(0)

∥Akx(0)∥ =
∑n

i=1 ciA
kxi

∥
∑n

i=1 ciA
kxi∥

=
∑n

i=1 ciλ
k
i xi

∥
∑n

i=1 ciλ
k
i xi∥

=
λk
1

|λ1|k ·
∑n

i=1 ci

(
λi
λ1

)k
xi

∥
∑n

i=1 ci

(
λi
λ1

)k
xi∥

=
λk
1

|λ1|k ·
c1x1+

∑n
i=2 ci

(
λi
λ1

)k
xi

∥c1x1+
∑n

i=2 ci

(
λi
λ1

)k
xi∥

.

(8.14)

An λ1 > 0 tìte ja eÐnai λk
1

|λ1|k = 1 kai �ra

limk→∞ x(k) = limk→∞
c1x1+

∑n
i=2 ci

(
λi
λ1

)k
xi

∥c1x1+
∑n

i=2 ci

(
λi
λ1

)k
xi∥

=
c1x1+

∑n
i=2 ci limk→∞

(
λi
λ1

)k
xi

∥c1x1+
∑n

i=2 ci limk→∞

(
λi
λ1

)k
xi∥

= c1x1

∥c1x1∥ = sign(c1) · x1

∥x1∥ .

(8.15)

Epeid  to idiodi�nusma x1 eÐnai anex�rthto diaforetikoÔ apì to mhdèn stajeroÔ par�gonta,
èqoume ìti h akoloujÐa x(k) sugklÐnei sto idiodi�nusma x1. AfoÔ h x(k) sugklÐnei sto x1, h
idiotim  λ1 ja eÐnai to ìrio tou phlÐkou Rayleigh

λ1 = lim
k→∞

x(k)TAx(k)

x(k)Tx(k)
.

Pr�gmati,

lim
k→∞

x(k)TAx(k)

x(k)Tx(k)
=

limk→∞ x(k)TA limk→∞ x(k)

limk→∞ x(k)T limk→∞ x(k)
=

xT
1Ax1

xT
1 x1

= λ1.

An λ < 0, tìte jewroÔme tic duo upoakoloujÐec tou x(k) sthn (8.14) gia k perittì kai k
�rtio, opìte ja èqoume ta ex c:



218

Gia k = 2l − 1, l = 1, 2, 3, · · · , sthn teleutaÐa twn (8.14) ja eÐnai λ2l−1
1

|λ1|2l−1 = −1, kai �ra h

(8.15) ja dÐnei telik�

lim
l→∞

x(2l−1) = −sign(c1) ·
x1

∥x1∥
. (8.16)

Gia k = 2l, l = 1, 2, 3, · · · , èqoume antÐstoiqa λ2l−1
1

|λ1|2l−1 = 1, opìte h (8.15) ja dÐnei

lim
l→∞

x(2l) = sign(c1) ·
x1

∥x1∥
. (8.17)

Sthn opoiad pote exetasjeÐsa perÐptwsh h akoloujÐa x(k), me thn ènnoia pou epex-
hg jhke analutik�, ja sugklÐnei sto idiodi�numa x1.

TonÐzetai ìti efex c h sÔgklish sto idiodi�nusma x1, kai sthn antÐstoiqh apìluta mega-
lÔterh monadik  idiotim  λ1, tou pragmatikoÔ pÐnaka A ja jewreÐtai me thn parap�nw ènnoia
kai de ja exet�zontai ek nèou epimèrouc peript¸seic.

O algìrijmoc, epomènwc, thc mejìdou dun�mewn par�gei epanalhptik� thn akoloujÐa
x(k), k = 1, 2, · · · , kai jewreÐ, sthn k epan�lhyh, to di�nusma x(k) wc thn prosèggish tou

x1 kai to phlÐko Rayleigh λ
(k)
1 = x(k)T Ax(k)

x(k)T x(k)
wc thn prosèggish thc idiotim c λ1.

Sthn pr�xh, den upologÐzetai to ginìmeno Akx(0) gia meg�lo k kai met� na gÐnei h kanon-
ikopoÐhsh. An ginìtan autì ja  tan epikÐnduno, an λ1 > 1, na auxhjoÔn ta mètra twn
sunistws¸n twn dianusm�twn, ¸ste na brejoÔn èxw apì th qwrhtikìthta thc mn mhc tou
Upologist  (overflow)   an λ1 < 1, na mhdenisteÐ h akoloujÐa dianusm�twn (underflow).
EkeÐno pou gÐnetai eÐnai na kanonikopoieÐtai se k�je b ma to di�nusma

y(k) = Ax(k−1),

pou ja par�gei thn Ðdia akoloujÐa x(k). Pragmatik�, h apìdeixh gÐnetai eÔkola me th mèjodo
thc tèleiac epagwg c. O isqurismìc alhjeÔei gia k = 1 afoÔ

y(1)

∥y(1)∥
=

Ax(0)

∥Ax(0)∥
= x(1).

Upojètoume ìti alhjeÔei gia k = m, dhlad 

y(m)

∥y(m)∥
= x(m) =

Amx(0)

∥Amx(0)∥

kai apodeÐqnoume sth sunèqeia thn al jeia tou gia k = m+ 1

y(m+1)

∥y(m+1)∥
=

Ax(m)

∥Ax(m)∥
=

A Amx(0)

∥Amx(0)∥

∥A Amx(0)

∥Amx(0)∥∥
=

Am+1x(0)

∥Am+1x(0)∥
= x(m+1).
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Sth sunèqeia dÐnoume ton algìrijmo thc mejìdou dun�mewn. Wc norm epilègoume thn Euk-
leÐdeia norm, ìpou to phlÐko Rayleigh gÐnetai x(k)TAx(k), afoÔ x(k)Tx(k) = 1.

Algìrijmoc Mejìdou Dun�mewn:

Dedomèna: A ∈ IRn,n.
Epilog  x(0) ∈ IRn , ¸ste ∥x(0)∥2 = 1
Gia k = 1 èwc ìtou up�rxei sÔgklish

y(k) = Ax(k−1)

λ(k−1) = x(k−1)T y(k)

x(k) = y(k)

∥y(k)∥2
Tèloc �Gia�
Apotèlesma: λ(k−1) eÐnai h prosèggish thc λ1 kai x(k) h prosèggish tou x1.

ParathroÔme ìti to kìstoc tou algorÐjmou, an� epan�lhyh, eÐnai ènac pollaplasiasmìc
pÐnaka epÐ di�nusma, o upologismìc enìc eswterikoÔ ginomènou, o upologismìc thc norm di-
anÔsmatoc kai h diaÐresh dianÔsmatoc dia arijmoÔ. O pollaplasiasmìc pÐnaka epÐ di�nusma
qarakthrÐzei to kìstoc pou eÐnai O(n2). An m eÐnai to pl joc twn epanal yewn, tìte to
sunolikì kìstoc anèrqetai se O(mn2). Wc krit rio termatismoÔ twn epanal yewn lamb�ne-

tai h prosèggish tou sqetikoÔ apìlutou sf�lmatoc thc idiotim c: |λ(k−1)−λ(k)|
|λ(k)| ≤ ϵ,   h

prosèggish tou apìlutou sf�lmatoc tou idiodianÔsmatoc ∥x(k) − x(k+1)∥ ≤ ϵ, ìpou ϵ eÐnai
“mikrìc” arijmìc epilegìmenoc apì to qr sth. To pr¸to krit rio protim�tai wc to ligìtero
dapanhrì. To deÔtero krit rio eÐnai sugqrìnwc apìluto kai sqetikì apìluto sf�lma afoÔ
ta idiodianÔsmata lamb�nontai kanonikopoihmèna.
S' ì,ti afor� thn taqÔthta sÔgklishc thc mejìdou èqoume, apì tic diadoqikèc isìthtec

stic sqèseic (8.15), ìti to sf�lma apokop c ofeÐletai sto �jroisma
∑n

j=2 ci

(
λi

λ1

)k
xi. O

megalÔteroc apìluta ìroc tou ajroÐsmatoc, apì k�poio k kai pèra, ja eÐnai o c2

(
λ2

λ1

)k
x2.

Autìc eÐnai kai o ìroc pou qarakthrÐzei thn t�xh sÔgklishc. MporoÔme epomènwc na poÔme

ìti to sf�lma eÐnai thc t�xhc O
(
|λ2

λ1
|k
)
. H sÔgklish ja eÐnai taqÔterh ìtan to kl�sma |λ2

λ1
|

eÐnai ìso to dunatìn mikrìtero.

Sth sunèqeia dÐnoume mia seir� apì parathr seic gia th sumperifor� thc mejìdou dun�mewn
se orismènec eidikèc peript¸seic.

i) Sto grammikì sunduasmì (8.13) upojètoume ìti c1 ̸= 0. To di�nusma ìmwc x(0) to epilè-
goume aujaÐreta qwrÐc na gnwrÐzoume to idiodi�nusma x1, epomènwc de gnwrÐzoume an to
x1 upeisèrqetai sto grammikì sunduasmì. Sthn perÐptwsh opou to x(0) dÐnetai wc gram-
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mikìc sunduasmìc �llwn idiodianusm�twn ektìc tou x1, dhlad  c1 = 0, tìte h jewrÐa pou
anaptÔqjhke gia th mèjodo dun�mewn, isqÔei gia to uposÔnolo twn idiotim¸n twn opoÐwn ta
antÐstoiqa idiodianÔsmata upeisèrqontai sto grammikì sunduasmì. Dhlad  h mèjodoc pros-
eggÐzei thn apìluta megalÔterh idiotim  tou uposunìlou, efìson aut  eÐnai apl  kai den
up�rqei �llh me to Ðdio mètro. Sthn pr�xh ìmwc sumbaÐnei k�ti �llo. En¸ sto an�ptugma
tou x(0) den up�rqei to x1, kat� th diadikasÐa efarmog c thc mejìdou dhmiourgoÔntai s-
f�lmata stroggÔleushc apì ton Upologist , me sunèpeia na jewreÐtai mia prosèggish x(0)∗

wc arqikì di�nusma, sto an�ptugma tou opoÐou upeisèrqetai to x1 me polÔ mikrì apìluta
suntelest  c∗1 ̸= 0. Me thn ènarxh twn epanal yewn h mèjodoc kateujÔnei th sÔgklish
proc thn apìluta megalÔterh idiotim  tou uposunìlou. Apì k�poia epan�lhyh ìmwc kai

met� o ìroc c∗1x1 ja uperisqÔsei tou c2

(
λ2

λ1

)k
x2, afoÔ |λ1| > |λ2|. Tìte dhmiourgeÐtai mÐa

“anataraq ” sth mèjodo h opoÐa all�zei thn kateÔjunsh thc sÔgklishc kai sugklÐnei sth
λ1 kai sto idiodi�nusma x1.
ii) Sthn perÐptwsh ìpou h λ1 eÐnai pollaplìthtac n1 > 1 kai up�rqoun n1 grammik� anex�rth-
ta idiodianÔsmata pou antistoiqoÔn s' aut n, tìte o grammikìc sunduasmìc (8.13) gr�fetai
wc

x(0) =

n1∑
i=1

cixi +
n∑

i=n1+1

cixi, αi, ci ∈ IR,

n1∑
i=1

c2i > 0,

ìpou xi, i = 1(1)n1, eÐnai ta idiodianÔsmata thc λ1. To di�nusma ìmwc x =
∑n1

i=1 αixi

jewreÐtai wc idiodi�nusma tou A antÐstoiqo thc λ1. Tìte, h ìlh anaptuqjeÐsa jewrÐa isqÔei
kai h mèjodoc twn dun�mewn ja sugklÐnei sthn pollapl  idiotim  λ1 kai sto idiodi�nusma x.
iii) Sthn perÐptwsh ìpou h λ1 eÐnai pollaplìthtac n1 > 1 all� den up�rqoun n1 grammik�
anex�rthta idiodianÔsmata pou na antistoiqoÔn s' aut n, tìte h parap�nw jewrÐa den isqÔei.
Mia parapl sia jewrÐa anaptÔssetai k�nontac eureÐa qr sh thc kanonik c morf c Jordan
kai twn dun�mewn aut c. H jewrÐa aut  apodeÐqnei ìti kai tìte h mèjodoc sugklÐnei sthn
idiotim  λ1 kai sto idiodi�nusma pou antistoiqeÐ sto megalÔterhc t�xhc block thc λ1 sthn
kanonik  morf  Jordan. H sÔgklish ìmwc eÐnai bradeÐa kai to sf�lma apokop c eÐnai O

(
1
k

)
antÐ O

(
|λ2

λ1
|k
)
, pou eÐnai sthn omal  perÐptwsh.

iv) Otan h λ1 antistoiqeÐ se zeÔgoc suzug¸n migadik¸n idiotim¸n   se zeÔgoc antÐjetwn
idiotim¸n, h mèjodoc dun�mewn de sugklÐnei.
v) Apì ton algìrijmo thc mejìdou parathroÔme ìti afoÔ to di�nusma x(k−1) teÐnei proc to
x1, tìte kai tì y(k) = Ax(k−1) ja teÐnei proc to λ1x

(k−1). Epomènwc h idiotim  λ1 mporeÐ

na proseggisteÐ kai apì to phlÐko twn sunistws¸n
y
(k)
i

x
(k−1)
i

, arkeÐ x(k−1)
i ̸= 0. Autì efar-

mìzetai kurÐwc ìtan qrhsimopoioÔme wc norm th ∥ · ∥∞. H prosèggish thc λ1 tìte ja eÐnai

h λ(k−1) =
y
(k)
i

x
(k−1)
i

, ìpou i ja eÐnai h sunist¸sa pou antistoiqeÐ sth mègisth apìluta tim ,

dhlad  to x
(k−1)
i ja eÐnai 1   −1. MporoÔme epomènwc na diatup¸soume parallagmèna ton
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algìrijmo qrhsimopoi¸ntac th ∥ · ∥∞ wc ex c:

Algìrijmoc Mejìdou Dun�mewn me ∥ · ∥∞ :

Dedomèna: A ∈ IRn,n.
Epilog  x(0) ∈ IRn , ¸ste ∥x(0)∥∞ = 1

Apoj keush thc sunist¸sac i gia thn opoÐa |x(0)
i | = 1

Gia k = 1 èwc ìtou up�rxei sÔgklish
y(k) = Ax(k−1)

λ(k−1) =
y
(k)
i

x
(k−1)
i

Upologismìc thc ∥y(k)∥∞
Apoj keush thc sunist¸sac i gia thn opoÐa |y(k)i | = ∥y(k)∥∞
x(k) = y(k)

∥y(k)∥∞
Tèloc �Gia�
Apotèlesma: λ(k−1) eÐnai h prosèggish thc λ1 kai x(k) h prosèggish tou x1.

vi) Otan jèloume na upologÐsoume th mikrìterh   th megalÔterh idiotim  tou pÐnaka A efar-
mìzoume th mèjodo dun�mewn ston pÐnaka A+∥A∥I   ston pÐnaka A−∥A∥I, antÐstoiqa, gia
opoiad pote norm. Oi idiotimèc twn pin�kwn aut¸n ja eÐnai λi + ∥A∥   λi −∥A∥ antÐstoiqa.
Epeid  |λi| ≤ ∥A∥, i = 1(1)n, ja èqoume λi + ∥A∥ ≥ 0 en¸ λi − ∥A∥ ≤ 0. Sthn pr¸th
perÐptwsh h mèjodoc dun�mewn upologÐzei th megalÔterh twn λi + ∥A∥ en¸ sth deÔterh,
thn mikrìterh twn λi − ∥A∥. Telik� an afairèsoume   prosjèsoume antÐstoiqa th ∥A∥ ja
èqoume upologÐsei th megalÔterh   th mikrìterh idiotim .

Par�deigma: DÐnoume ed¸ èna par�deigma efarmog c tou algìrijmou gia thn prosèg-
gish thc apìluta megalÔterhc idiotim c kai tou antÐstoiqou idiodianÔsmatoc, tou pÐnaka 1 1 0

1 0 1
0 1 1

, xekin¸ntac me x(0) = [0 1 0]T , k�nontac treÐc epanal yeic kai diathr¸ntac trÐa

dekadik� yhfÐa stouc upologismoÔc.

x(0) =

 0
1
0

 , y(1) = Ax(0) =

 1
0
1

 , λ(0) = x(0)T y(1) = 0, ∥y(1)∥2 =
√
2 = 1.414

x(1) =

 0.707
0

0.707

 , y(2) = Ax(1) =

 0.707
1.414
0.707

 , λ(1) = x(1)T y(2) = 1, ∥y(2)∥2 =
√
3 = 1.732
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x(2) =

 0.408
0.816
0.408

 , y(3) = Ax(2) =

 1.224
0.816
1.224

 , λ(2) = x(2)T y(3) = 1.665, ∥y(3)∥2 = 1.914

x(3) = [0.639 0.426 0.639]T .

Ac shmeiwjeÐ ìti h apìluta megalÔterh idiotim  eÐnai h λ1 = 2 me antÐstoiqo idiodi�nusma to

[1 1 1]T , ìpou kai ja sugklÐnei o algìrijmoc an suneqisteÐ h efarmog  tou.

Sth sunèqeia parousi�zoume mia parallag  thc mejìdou dun�mewn, me thn opoÐa èqoume
th dunatìthta na upologÐzoume kai �llec idiotimèc ektìc apì thn apìluta megalÔterh, th
mèjodo twn antÐstrofwn dun�mewn.

8.3.1 Mèjodoc AntÐstrofwn Dun�mewn   AntÐstrofhc E-
pan�lhyhc

Me thn proôpìjesh ìti o pÐnakacA eÐnai antistrèyimoc, h mèjodoc twn antÐstrofwn dun�mewn
basÐzetai sto gegonìc ìti oi idiotimèc tou A−1 eÐnai oi antÐstrofec twn idiotim¸n tou A. Et-
si, h efarmog  thc mejìdou dun�mewn ston pÐnaka A−1 odhgeÐ ston upologismì thc apìluta
megalÔterhc idiotim c tou A−1, to antÐstrofo thc opoÐac eÐnai h apìluta mikrìterh idiotim 
tou A. H mèjodoc aut  upologÐzei ousiastik� thn plhsièsterh proc to mhdèn idiotim  kai to
antÐstoiqo idiodi�nusma. Ekmetalleuìmenoi kai to gegonìc ìti mÐa metatìpish enìc pÐnaka
kat� σI dÐnei metatìpish σ se ìlec tic idiotimèc, dhlad  an λi, i = 1(1)n, eÐnai idiotimèc tou
A tìte λi − σ ja eÐnai idiotimèc tou A− σI, mporoÔme na efarmìsoume th mèjodo dun�mewn
ston pÐnaka (A− σI)−1 gia na upologÐsoume thn plhsièsterh idiotim  proc ton pragmatikì
arijmì σ. H mèjodoc aut  mporeÐ na odhg sei kai ston upologismì ìlwn twn idiotim¸n tou
pÐnaka A, arkeÐ na epilegoÔn mejodik� diaforetik� σi mèsa sto f�sma twn idiotim¸n tou A
kai na efarmìzetai k�je for� o algìrijmoc twn antÐstrofwn dun�mewn. Ja èlege kaneÐc
ìti de qrei�zetai na dojeÐ xeqwristìc algìrijmoc all� na qrhsimopoihjeÐ o algìrijmoc thc
mejìdou dun�mewn, ìpou sth jèsh tou A ja tejeÐ o (A− σI)−1. Omwc, epeid  sthn pr�xh
apofeÔgetai o upologismìc tou antÐstrofou pÐnaka wc asÔmforoc kai lÔnetai èna grammikì
sÔsthma me pÐnaka ton A− σI, o antÐstoiqoc algìrijmoc ja eÐnai:

Algìrijmoc Mejìdou AntÐstrofwn Dun�mewn:

Dedomèna: A ∈ IRn,n, antistrèyimoc, σ ∈ IR.
Epilog  x(0) ∈ IRn , ¸ste ∥x(0)∥2 = 1
Gia k = 1 èwc ìtou up�rxei sÔgklish
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LÔsh tou sust matoc (A− σI)y(k) = x(k−1)

λ(k−1) = x(k−1)T y(k)

µ(k−1) = 1
λ(k−1) + σ

x(k) = y(k)

∥y(k)∥2
Tèloc �Gia�
Apotèlesma: µ(k−1) eÐnai h prosèggish thc plhsièsterhc proc to σ idiotim c kai
x(k) h prosèggish tou antÐstoiqou idiodianÔsmatoc.

To kìstoc tou algìrijmou qarakthrÐzetai apì to kìstoc lÔshc sust matoc. Prèpei
na parathr soume ed¸ ìti opoiad pote apì tic mejìdouc pou anaptÔqjhkan se prohgoÔ-
mena kef�laia, gia thn epÐlÔsh susthm�twn, mporeÐ na efarmosteÐ efìson to epitrèpei h
kat�stash tou probl matoc kai to sunistoÔn tuqìn idiìthtec tou pÐnaka A. To kìstoc
epomènwc tou algìrijmou poikÐlei. An o pÐnakac eÐnai kal c kat�stashc, tìte protim�tai h
LU paragontopoÐhsh h opoÐa gÐnetai mia for� sthn arq  me kìstoc O(n3). Sth sunèqeia,
kai se k�je epan�lhyh lÔnontai èna k�tw trigwnikì kai èna �nw trigwnikì sÔsthma, me proc
ta mproc kai proc ta pÐsw antikatast�seic, antÐstoiqa, pou kostÐzoun O(n2). Etsi, to kìs-
toc tou algìrijmou eÐnai O(n3), kat� mÐa t�xh megèjouc megalÔtero apì autì thc mejìdou
dun�mewn.

H taqÔthta sÔgklishc thc mejìdou ja eÐnai h Ðdia me ekeÐnh thc mejìdou dun�mewn gia
ton pÐnaka (A − σI)−1. An µi eÐnai h plhsièsterh proc to σ idiotim  tou A pou anazh-
toÔme kai µj h amèswc pio apomakrusmènh, ¸ste h λj =

1
µj−σ

na eÐnai h deÔterh se apìluth

tim  idiotim , tìte h taqÔthta sÔgklishc ja eÐnai t�xhc O(|λj

λi
|k) sÔmfwna me th jewrÐa thc

mejìdou dun�mewn. Antikajist¸ntac ja èqoume t�xh sÔgklishc O(| µi−σ
µj−σ

|k). MporoÔme na

parathr soume ìti an σ eÐnai mia kal  prosèggish thc λi tìte h taqÔthta sÔgklishc ja eÐnai
polÔ meg�lh. Epomènwc h mèjodoc eÐnai apotelesmatik  ìtan up�rqoun kalèc proseggÐseic
twn idiotim¸n, Ðswc apì �llh mèjodo, kai epijumoÔme na tic proseggÐsoume kalÔtera kai na
upologÐsoume kai ta antÐstoiqa idiodianÔsmata.

Par�deigma: DÐnoume sth sunèqeia èna par�deigma ìpou faÐnetai h meg�lh taqÔthta

sÔgklishc. O pÐnakac A =

 2 −1 0
−1 2 −1
0 −1 2

 èqei idiotimèc tic 2, 2 +
√
2 kai 2 −

√
2.

H idiotim  2 −
√
2 (= 0.58578644) brÐsketai kont� sto 0.5, en¸ to antÐstoiqo idiodi�nusma

kanonikopoihmèno, eÐnai [1
2

√
2
2

1
2
]T . Ja efarmìsoume th mèjodo twn antÐstrofwn dun�mewn

me σ = 0.5 qrhsimopoi¸ntac thn LU paragontopoÐhsh.
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A− σI =

 1.5 −1 0
−1 1.5 −1
0 −1 1.5

 =

 1
−2

3
1

0 −1.2 1

 1.5 −1 0
5
6

−1
0.3

 = LU.

Epilègoume x(0) = [0 1 0]T kai arqÐzoume me thn pr¸th epan�lhyh.

Lz(1) = x(0) ⇒ z(1) = [0 1 2]T , Uy(1) = z(1) ⇒ y(1) = [4 6 4]T ,

λ(0) = x(0)T y(1) = 6, µ(0) = 1
λ(0) + σ = 0.66666667, ∥y(1)∥2 = 8.24621125,

x(1) = y(1)

∥y(1)∥2
= [0.48507125 0.72760688 0.48507125]T .

Akolouj¸ntac thn Ðdia akrib¸c diadikasÐa, h deÔterh kai trÐth epan�lhyh dÐnoun.

∆ϵύτϵρη Tρίτη Aκριβϵίς τ ιµϵ́ς

µ(1) = 0.58585859 µ(2) = 0.58578650 µ = 0.58578644

x(2) =

 0.49956654
0.70771926
0.49956654

 x(3) =

 0.49998725
0.70712482
0.49998725

 x =

 0.5
0.70710678

0.5

 .

ParathroÔme ìti sth deÔterh epan�lhyh èqoume sÔgklish me akrÐbeia tri¸n dekadik¸n yh-
fÐwn en¸ sthn trÐth me akrÐbeia èxi gia thn idiotim  kai tess�rwn dekadik¸n yhfÐwn gia to
idiodi�nusma. Oi pr�xeic èginan me dipl  akrÐbeia me to prìgramma MATLAB.

8.3.2 Teqnik  thc UpotÐmhshc (Deflation)

H teqnik  thc upotÐmhshc odhgeÐ akoloujiak� ston upologismì kai twn �llwn idiotim¸n
kai idiodianusm�twn, me b�sh th mèjodo dun�mewn. BasÐzetai sthn idèa thc ex�leiyhc, me
k�poion trìpo, thc apìluta megalÔterhc idiotim c pou mìlic brèjhke, metasqhmatÐzontac ton
pÐnaka A, ¸ste h efarmog  thc mejìdou dun�mewn sto nèo pÐnaka, na upologÐzei th deÔterh
apìluta megalÔterh idiotim . Eqoun epinohjeÐ dÔo tètoiec teqnikèc, mÐa gia summetrikoÔc
pÐnakec kai mia deÔterh, genik�, gia k�je pÐnaka A ∈ IRn,n.

Gia thn pr¸th teqnik , èstw ìti o pÐnakac A ∈ IRn,n eÐnai summetrikìc me idiotimèc tic
λi, i = 1(1)n, ¸ste |λ1| > |λ2| > |λ3| ≥ · · · ≥ |λn| kai antÐstoiqa idiodianÔsmata
xi, i = 1(1)n, kanonikopoihmèna. Me efarmog  thc mejìdou dun�mewn brÐsketai arqik� mia
prosèggish thc λ1 kai tou x1. Eqontac aut� wc gnwst� kataskeu�zoume ton pÐnaka

A1 = A− λ1x1x
T
1 .
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O A1 èqei idiotimèc tic λi, i = 2(1)n, me antÐstoiqa idiodianÔsmata xi, i = 2(1)n, kai th 0
me antÐstoiqo idiodi�nusma to x1. Pragmatik�

A1xi = (A− λ1x1x
T
1 )xi = Axi − λ1x1x

T
1 xi = λixi, i = 2(1)n. (8.18)

Sthn (8.18) xT
1 xi = 0, i = 2(1)n, lìgw thc orjogwniìthtac twn idiodianusm�twn enìc

summetrikoÔ pÐnaka. EpÐshc

A1x1 = (A− λ1x1x
T
1 )x1 = Ax1 − λ1x1x

T
1 x1 = λ1x1 − λ1x1 = 0.

Efarmìzontac th mèjodo dun�mewn ston A1, proseggÐzoume th λ2 kai to x2. MporoÔme na
suneqÐsoume th diadikasÐa paÐrnontac A2 = A1 − λ2x2x

T
2 k.o.k.

Prèpei na shmei¸soume ed¸ ìti an l�boume upìyh thn parat rhsh (ii) thc paragr�fou
14.1, sumperaÐnoume ìti h teqnik  aut  mporeÐ na efarmosteÐ kai ìtan h λ1 eÐnai pollapl 
idiotim . Tìte, me thn teqnik  upotÐmhshc, h mÐa apì tic pollèc λ1 gÐnetai mhdèn kai oi �llec
paramènoun wc èqoun. Me thn efarmog  thc mejìdou dun�mewn ja brejeÐ xan� h λ1 me
antÐstoiqo idiodi�nusma k�poio �llo, orjog¸nio proc to pr¸to. Me �lla lìgia, h teqnik 
upotÐmhshc upobib�zei thn pollaplìthta thc λ1 kat� èna k�je for�. MporoÔme loipìn na
poÔme ìti h teqnik  upotÐmhshc odhgeÐ p�nta ston upologismì ìlwn twn idiotim¸n kai idio-
dianusm�twn tou A. EkeÐno pou prèpei na tonisteÐ eÐnai ìti qrei�zetai meg�lh akrÐbeia stic
proseggÐseic me th mèjodo dun�mewn, diìti me thn teqnik  upotÐmhshc metafèrontai ta sf�l-
mata apì b ma se b ma kai susswreÔontai, me sunèpeia na alloi¸nontai ta apotelèsmata
apì èna shmeÐo kai pèra.

Sth sunèqeia parousi�zoume th deÔterh teqnik . Estw pÐnakac A ∈ IRn,n, λi, i = 1(1)n,
oi idiotimèc tou, t.w. |λ1| > |λ2| > |λ3| ≥ · · · ≥ |λn|, me antÐstoiqa, kanonikopoihmèna wc
proc th ∥ · ∥∞, idiodianÔsmata xi. Tìte, oi λ1 kai λ2 ja eÐnai aplèc pragmatikèc idiotimèc kai
epomènwc ta idiodianÔsmata x1 kai x2 up�rqoun kai eÐnai grammik� anex�rthta. Efarmìzontac
th mèjodo dun�mewn proseggÐzoume thn idiotim  λ1 kai to idiodi�nusma x1. Eqontac aut� wc
gnwst� mporoÔme na proqwr soume gia thn prosèggish twn stoiqeÐwn λ2 kai x2 wc ex c:

Estw ìti h k-ost  sunist¸sa tou x1 eÐnai mon�da ((x1)k = ∥x1∥∞ = 1). SumbolÐzoume
me aTk thn k-ost  gramm  tou A kai kataskeu�zoume ton pÐnaka

A1 = A− x1a
T
k .

O pÐnakac A1 èqei idiotimèc tic λi, i = 2(1)n, me antÐstoiqa idiodianÔsmata xi − x1, kai
thn idiotim  0 me antÐstoiqo idiodi�nusma to x1. Pragmatik�, jewr¸ntac ìti kai to xi èqei
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mon�da sthn k-ost  sunist¸sa tou ((xi)k = 1), afoÔ eÐnai idiodi�nusma kai �ra anex�rthto
apì stajerì par�gonta, èqoume

A1(xi − x1) = (A− x1a
T
k )(xi − x1) = Axi − Ax1 − x1a

T
k xi + x1a

T
k x1

= λixi − λ1x1 − λix1 + λ1x1 = λi(xi − x1), i = 2(1)n, (8.19)

afoÔ aTk x1 = λ1 epeid  aTk eÐnai h k-ost  gramm  tou A kai x1 idiodi�nusma me (x1)k = 1 kai
aTk xi = λi gia ton Ðdio lìgo. EpÐshc

A1x1 = (A− x1a
T
k )x1 = Ax1 − x1a

T
k x1 = λ1x1 − λ1x1 = 0.

Akìmh, o pÐnakac A1 èqei mhdenik  olìklhrh thn k-ost  gramm , afoÔ o pÐnakac x1a
T
k èqei

thn aTk wc k-ost  gramm  tou. An jewr soume thn orÐzousa det(A1−λIn) kai anaptÔxoume
wc proc thn k-ost  gramm  thc, ja èqoume

det(A1 − λIn) = −λ det(B1 − λIn−1), (8.20)

ìpou o B1 ∈ IRn−1,n−1 prokÔptei apì ton A1 an diagr�youme thn k-ost  gramm  kai st lh.
H (8.20) dÐnei ìti o pÐnakac B1 èqei ìlec tic idiotimèc tou A1 ektìc apì th mhdenik . Efarmì-
zontac loipìn th mèjodo dun�mewn ston pÐnaka B1, proseggÐzoume thn apìluta megalÔterh
idiotim  tou pou eÐnai h λ2 kai to antÐstoiqo idiodi�nusma y2 ∈ IRn−1. Apomènei na akolouj -
soume thn antÐstrofh poreÐa gia thn prosèggish tou x2 ∈ IRn èqontac gnwstì to y2 ∈ IRn−1.
Gia to skopì autì epekteÐnoume to di�nusma y2 sto z2 ∈ IRn jètontac th sunist¸sa 0 metaxÔ
twn k − 1 kai k sth seir� sunistws¸n tou y2, dhlad 

z2 = [(y2)1 (y2)2 · · · (y2)k−1 0 (y2)k · · · (y2)n−1]
T .

EÔkola prokÔptei, apì to gegonìc ìti up�rqei 0 sthn k-ost  sunist¸sa tou z2 kai mhdenik 
gramm  sthn k-ost  gramm  tou A1, ìti to di�nusma z2 eÐnai idiodi�nusma tou A1 me idiotim 
th λ2. Apì thn (8.19) èqoume ìti x2 − x1 eÐnai to idiodi�nusma tou A1 me idiotim  th λ2.
Epomènwc to x2 − x1 ja eÐnai pollapl�sio tou z2, dhlad 

x2 − x1 = cz2 ⇔ x2 = x1 + cz2, c ∈ IR \ {0}. (8.21)

Gia ton prosdiorismì thc stajer�c c pollaplasi�zoume me aTk apì arister� ta dÔo mèlh thc
(8.21), opìte

aTk x2 = aTk x1 + caTk z2 ⇔ λ2 = λ1 + caTk z2 ⇔ c =
λ2 − λ1

aTk z2
.

Ed¸ oloklhr¸jhke h diadikasÐa upologismoÔ kai thc deÔterhc idiotim c me to antÐstoiqo
idiodi�nusma. Apomènei na dieukrinÐsoume mia leptomèreia, thn perÐptwsh ìpou aTk z2 = 0.
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Sthn perÐptwsh aut  to c jewreÐtai �peiro en¸ to 1
c
mhdèn. Tìte, epeid  to x2 eÐnai id-

iodi�nusma, mporoÔme na diairèsoume me th stajer� c to deÔtero mèloc thc (8.21), opìte ja
èqoume x2 =

1
c
x1 + z2   x2 = z2. Sthn perÐptwsh aut  to z2 ja eÐnai to idiodi�nusma. Ed¸

aÐroume k�poia as�feia sth je¸rhsh (xi)k = 1 sth sqèsh (8.19). EkeÐ den anafèrjhke k�ti
gia thn perÐptwsh (xi)k = 0. DieukrinÐzoume ed¸ ìti an (x2)k = 0, tìte x2 = z2. DÐnoume
sth sunèqeia thn parap�nw perigraf  se morf  algìrijmou:

Algìrijmoc Teqnik c UpotÐmhshc :

Dedomèna: A ∈ IRn,n.
UlopoÐhsh algìrijmou mejìdou dun�mewn - Upologismìc twn λ1 kai x1

KanonikopoÐhsh tou x1 ¸ste ∥x1∥∞ = 1 - EÔresh tou k ¸ste (x1)k = 1
A1 = A− x1a

T
k (aTk h k gramm  tou A)

UpotÐmhsh tou pÐnaka A1 ston pÐnaka B1 ∈ IRn−1,n−1

UlopoÐhsh algìrijmou mejìdou dun�mewn ston B1 - Upologismìc twn λ2 kai y2 ∈ IRn−1

Epèktash tou y2 sto z2 ∈ IRn

s = aTk z2
An s = 0 tìte

x2 = z2
alli¸c

c = λ2−λ1

s

x2 = x1 + cz2
Tèloc �An�
Apotèlesma: λ1 kai λ2, idiotimèc tou A me antÐstoiqa idiodianÔsmata x1 kai x2.

Ja prèpei na parathr soume ed¸ ìti h diadikasÐa thc upotÐmhshc mporeÐ na efarmosteÐ
kai gia ton upologismì twn stoiqeÐwn λ3 kai x3, arkeÐ sth jèsh tou A na jewr soume ton
pÐnaka B1 ∈ IRn−1,n−1 kai na efarmìsoume ton parap�nw algìrijmo. Autìc ìmwc upologÐzei
to idiodi�nusma y3 tou B1. Ja prèpei epomènwc na to epekteÐnoume xan� me th diadikasÐa
pou anafèrame gia na metaboÔme sto idiodi�nusma x3 tou A. M' aut  th diadikasÐa mporoÔme
na p�me se perissìtero b�joc kai na upologÐsoume ìlec tic idiotimèc, an eÐnai dunatìn, kai
sth sunèqeia na epistrèyoume me suneqeÐc epekt�seic, mèqri thn koruf , gia ton upologismì
twn antÐstoiqwn idiodianusm�twn. Akìmh, h teqnik  thc upotÐmhshc mporeÐ na efarmosteÐ
kai qwrÐc th mèjodo dun�mewn sthn arq , arkeÐ na gnwrÐzoume ta stoiqeÐa λ1 kai x1, apì
opoiad pote �llh phg , kai ac mhn eÐnai anagkastik� h λ1 h apìluta megalÔterh idiotim .

Par�deigma: DÐnoume sth sunèqeia èna par�deigma teqnik c upotÐmhshc qwrÐc na a-

paiteÐtai kajìlou efarmog  mejìdou dun�mewn. O pÐnakac A =

 1 2 3
−1 3 4
−1 2 5

 èqei idiotim 
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th λ1 = 6 me antÐstoiqo idiodi�nusma to x1 = [1 1 1]T . Ja prospaj soume na upologÐsoume
tic �llec dÔo idiotimèc kai ta antÐstoiqa idiodianÔsmata, me thn teqnik  upotÐmhshc.
ParathroÔme ìti to x1 eÐnai kanonikopoihmèno, wc proc th ∥ · ∥∞, me mon�dec se ìla ta
stoiqeÐa, epomènwc mporoÔme na jewr soume opoiad pote apì tic treic grammèc tou A wc
aTk . Epilègoume thn pr¸th aT1 = [1 2 3]. Tìte

A1 = A− x1a
T
1 =

 1 2 3
−1 3 4
−1 2 5

 −

 1
1
1

 [ 1 2 3
]

=

 0 0 0
−2 1 1
−2 0 2

,

opìte B1 ja eÐnai o pÐnakac

[
1 1
0 2

]
. Autìc eÐnai �nw trigwnikìc epomènwc oi idiotimèc tou

ja eÐnai λ2 = 2 kai λ3 = 1. Ta antÐstoiqa idiodianÔsmata prokÔptoun eÔkola apì th lÔsh
twn susthm�twn (B1 − λiI)y = 0, i = 1, 2, kai eÐnai y2 = [1 1]T kai y3 = [1 0]T .
EpekteÐnoume to y2 sto z2 = [0 1 1]T . Sth sunèqeia brÐskoume to c2 = λ2−λ1

aT1 z2
= 2−6

5
=

−0.8 kai to x2 = x1 + c2z2 = [1 1 1]T − 0.8[0 1 1]T = [1 0.2 0.2]T .
H Ðdia akrib¸c diadikasÐa gia to trÐto idiodi�nusma dÐnei
y3 = [1 0]T , z3 = [0 1 0]T , c3 = λ3−λ1

aT1 z3
= 1−6

2
= −2.5 kai x3 = x1 + c3z3 =

[1 1 1]T − 2.5[0 1 0]T = [1 − 1.5 1]T .

IsqÔoun ki ed¸ oi parathr seic pou k�name gia th suss¸reush sfalm�twn sthn teqnik 
upotÐmhshc gia summetrikoÔc pÐnakec. Ki ed¸ ìso proqwroÔme se b�joc, tìso aux�noun ta
sf�lmata, me sunèpeia na mhn eÐnai apotelesmatik  h mèjodoc apì èna shmeÐo kai met�. To
kìstoc thc qarakthrÐzetai kurÐwc apì to kìstoc thc mejìdou dun�mewn pou eÐnai O(mn2).
An jel soume ìmwc na upologÐsoume ìlec tic idiotimèc, ja efarmìsoume th mèjodo dun�mewn
n−1 forèc, k�je for� ìmwc kai me pÐnaka di�stashc elattwmènhc kat� èna. An jewr soume
ìtim eÐnai o mèsoc ìroc twn epanal yewn se k�je efarmog  kai ajroÐsoume, paÐrnoume suno-
likì kìstoc O(mn3).

Lìgw tou ìti afenìc oi teqnikèc upotÐmhshc èqoun probl mata suss¸reushc sfalm�twn
kai afetèrou h mèjodoc dun�mewn de lÔnei to prìblhma s' ìlec tic peript¸seic, oi mèjodoi
autèc gÐnontai anapotelesmatikèc. Etsi, h èreuna str�fhke se epinìhsh epanalhptik¸n
mejìdwn pou ja proseggÐzoun sugqrìnwc ìlec tic idiotimèc kai kurÐwc ìqi me diadikasÐa
allhlouqÐac. Tètoiec mèjodoi ja melethjoÔn sth sunèqeia.
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8.4 Mèjodoc QR

H mèjodoc QR pro rje wc epèktash thc mejìdou dun�mewn gia thn tautìqronh eÔresh ìlwn
twn idiotim¸n. BasÐzetai sthn QR paragontopoÐhsh pou anaptÔqthke sto prohgoÔmeno
kef�laio. Xekin¸ntac me thn idèa thc epèktashc thc mejìdou dun�mewn jewroÔme arqik�
ìti o pÐnakac A ∈ IRn,n èqei diakekrimènec idiotimèc λi, i = 1(1)n, me |λ1| > |λ2| >
· · · > |λn|. Sth jèsh tou arqikoÔ dianÔsmatoc x(0) ∈ IRn, jewroÔme ton orjog¸nio pÐnaka
X0 ∈ IRn,p, p ≤ n. Sth sunèqeia par�goume tic legìmenec orjog¸niec epanal yeic wc ex c

Yi+1 = AXi, (8.22)

en¸ wcXi+1 paÐrnoume ton orjog¸nio par�gonta tou pÐnaka Yi+1 kat� thnQR paragontopoÐhsh

Yi+1 = Xi+1Ri+1, (8.23)

ìpou Ri+1 ∈ IRp,p eÐnai �nw trigwnikìc pÐnakac. EÐnai fanerì ìti gia p = 1 èqoume akrib¸c th
mèjodo dun�mewn. Gia p > 1, apì thn (8.23) paÐrnoume ìti o Yi+1 par�getai apì grammikoÔc
sunduasmoÔc twn sthl¸n tou Xi+1, epomènwc oi dÔo autoÐ pÐnakec par�goun ton Ðdio q¸ro

span{Xi+1} = span{Yi+1} = span{AXi}. (8.24)

JewroÔme th morf  Jordan tou pÐnaka A

A = SΛS−1 = Sdiag(λ1, λ2, · · · , λn)S
−1.

H sqèsh (8.24) dÐnei epagwgik� ìti

span{Xi} = span{AiX0} = span{SΛiS−1X0}.

Kataskeu�zoume sth sunèqeia ton pÐnaka SΛiS−1X0

SΛiS−1X0 = λi
pS



(
λ1

λp

)i (
λ2

λp

)i
. . .

1
. . . (

λn

λp

)i


S−1X0 = λi

pS

[
U

(i)
1

U
(i)
2

]
,

ìpou jewr same ta blocks U
(i)
1 ∈ IRp,p kai U (i)

2 ∈ IRn−p,p. Epeid  |λj

λp
| < 1, j = p + 1(1)n, h

akoloujÐa pin�kwn U
(i)
2 sugklÐnei sto mhdenikì pÐnaka me taqÔthta O(|λp+1

λp
|i), afoÔ to λp+1

λp
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eÐnai to apìluta megalÔtero stoiqeÐo sto antÐstoiqo block tou diag¸niou pÐnaka. JewroÔme
ton antÐstoiqo diaqwrismì tou pÐnaka S

S = [S1|S2], S1 ∈ IRn,p, S2 ∈ IRn,n−p.

Tìte,

SΛiS−1X0 = λi
p(S1U

(i)
1 + S2U

(i)
2 )

kai epeid  limi→∞ U
(i)
2 = 0, èqoume

span{Xi} = span{SΛiS−1X0} = span{S1U
(i)
1 + S2U

(i)
2 } → span{S1U

(i)
1 }. (8.25)

JewroÔme ìti o pÐnakac U
(i)
1 eÐnai pl rouc bajmoÔ (rank(U (i)

1 ) = p). H proôpìjesh aut 

petuqaÐnetai an xekin soume me pÐnaka U
(0)
1 pl rouc bajmoÔ. To teleutaÐo eÐnai h genÐkeush

thc upìjeshc c1 ̸= 0 sto grammikì sunduasmì (8.13) thc mejìdou dun�mewn. Me thn proôpì-
jesh aut  èqoume ìti

span{S1U
(i)
1 } = span{S1}

kai sÔmfwna me thn (8.25), o q¸roc pou par�getai apì ton pÐnaka Xi teÐnei proc ton q¸ro
pou par�getai apì ton pÐnaka S1, pou apoteleÐtai apì ta pr¸ta p idiodianÔsmata tou A.
Ed¸ prèpei na shmei¸soume ìti an jewr soume ènan akèraio r < p kai l�boume tic r pr¸tec
st lec thc akoloujÐacXi, apì thn parap�nw didikasÐa, ja èqoume thn Ðdia akrib¸c akoloujÐa
X ′

i ∈ IRn,r me ekeÐnh pou ja proerqìtan an exarq c jewroÔsame p = r. Jewr¸ntac t¸ra

ìla ta r apì 1 èwc p, ja isqÔoun ìla ta parap�nw sumper�smata, epomènwc o U
(i)
1 ja teÐnei

se �nw trigwnikì pÐnaka. Sth sunèqeia jewroÔme p = n kai X0 = I. H parap�nw jewrÐa
twn orjog¸niwn epanal yewn dÐnei thn epanalhptik  mèjodo QR, b�sh thc opoÐac eÐnai to
epìmeno je¸rhma.

Je¸rhma 8.4 Estw A ∈ IRn,n, me diakekrimènec apìlutec timèc idiotim¸n. JewroÔme
tic orjog¸niec epanal yeic Xi ∈ IRn,n, (p = n) i = 1, 2, · · · me X0 = I kai ton pÐnaka S
apoteloÔmeno apì ta idiodianÔsmata tou A, pou antistoiqoÔn sth fjÐnousa t�xh twn mètrwn
twn antÐstoiqwn idiotim¸n. An ìloi oi kÔrioi upopÐnakec Sjj, j = 1(1)n, pou apoteloÔntai
apì tic pr¸tec j grammèc kai st lec tou S, eÐnai pl rouc bajmoÔ (rank(Sjj) = j), tìte
h akoloujÐa pin�kwn Ai = XT

i AXi sugklÐnei sthn kanonik  morf  Schur, dhlad  se �nw
trigwnikì pÐnaka ìpou sth diag¸nio emfanÐzontai oi idiotimèc tou A kat� fjÐnousa t�xh
apìlutou megèjouc.

Apìdeixh: H apaÐthsh Sjj, j = 1(1)n, na eÐnai pl rouc bajmoÔ, proèrqetai apì thn a-

paÐthsh o U
(0)
1 na eÐnai pl rouc bajmoÔ, ìpwc anafèrjhke prohgoumènwc. DiaqwrÐzoume ton



231

pÐnaka Xi sthn block morf  Xi = [X1i|X2i], X1i ∈ IRn,p, X2i ∈ IRn,n−p. Tìte h akoloujÐa
Ai dÐnetai wc

Ai = XT
i AXi =

[
XT

1iAX1i XT
1iAX2i

XT
2iAX1i XT

2iAX2i

]
.

SÔmfwna me thn parap�nw jewrÐa twn orjog¸niwn epanal yewn, o upìqwroc span{X1i}
sugklÐnei ston span{S1} ston opoÐo sugklÐnei kai o span{AX1i}, epomènwc

span{X1i} → span{AX1i}.

Tìte to ginìmeno XT
2iAX1i sugklÐnei sto XT

2iX1i = 0. Ara o pÐnakac Ai sugklÐnei se block
�nw trigwnikì, kai epeid  autì isqÔei gia ìla ta p apì 1 èwc n−1, prokÔptei ìti h akoloujÐa
Ai sugklÐnei se �nw trigwnikì pÐnaka. �

Ja prèpei na shmeiwjeÐ ìti h t�xh sÔgklishc gia ta stoiqeÐa tou XT
2iAX1i, ja eÐnai

O(|λp+1

λp
|i) en¸ sthn p diag¸nia jèsh ja èqoume sÔgklish sthn idiotim  λp me t�xh sÔgklishc

O(max{|λp+1

λp
|i,

| λp

λp−1
|i}).

Akìmh èqoume na parathr soume ìti an den isqÔei h apaÐthsh na eÐnai pl rouc bajmoÔ oi
pÐnakec Sjj, tìte oi orjog¸niec epanal yeic sugklÐnoun an jewr soume wc S mia mikr 
anadi�taxh twn sthl¸n tou ètsi ¸ste na isqÔei h apaÐthsh. Etsi ìmwc ja parousiastoÔn
to Ðdio anadiatetagmènec kai oi idiotimèc sth diag¸nio. Sthn pr�xh, lìgw sfalm�twn strog-
gÔleushc, ja parousiasteÐ to fainìmeno pou perigr�fthke sthn parat rhsh (i) thc mejìdou
dun�mewn.

Sth sunèqeia dÐnetai o algìrijmoc thc mejìdou QR.

Algìrijmoc Mejìdou QR:

Dedomèna: A ∈ IRn,n.
A0 = A
Gia i = 0 èwc ìtou up�rxei sÔgklish

Ai = QiRi (QR ParagontopoÐhsh tou Ai)
Ai+1 = RiQi

Tèloc �Gia�
Apotèlesma: Ai+1 eÐnai h prosèggish thc kanonik c morf c Schur tou pÐnaka A.

Apomènei na apodeÐxoume ìti o algìrijmoc, pou dìjhke, par�gei thn Ðdia akoloujÐa Ai,
me ekeÐnh twn orjog¸niwn epanal yewn. Autì ja gÐnei me th mèjodo thc tèleiac epagwg c.
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Gia i = 1, apì tic orjog¸niec epanal yeic èqoume A1 = XT
1 AX1 all� A = X1R1 eÐnai h QR

paragontopoÐhsh, epomènwc A1 = XT
1 X1R1X1 = R1X1, pou dÐnei ton A1 tou algìrijmou

QR. Estw ìti o Ai = XT
i AXi proèrqetai kai apì ton algìrijmo QR. Ja apodeÐxoume ìti o

isqurismìc alhjeÔei kai gia thn i+ 1 epan�lhyh. Eqoume

Ai+1 = XT
i+1AXi+1 = (XT

i+1AXi)X
T
i Xi+1, (8.26)

all� apì tic orjog¸niec epanal yeic (8.22) kai (8.23) paÐrnoume ìti

AXi = Xi+1Ri+1. (8.27)

Antikajist¸ntac sthn (8.26) èqoume

Ai+1 = (XT
i+1Xi+1Ri+1)X

T
i Xi+1 = Ri+1(X

T
i Xi+1). (8.28)

Apì thn upìjesh thc tèleiac epagwg c kai thn (8.27) paÐrnoume

Ai = XT
i AXi = XT

i Xi+1Ri+1. (8.29)

ParathroÔme ìti h (8.29) dÐnei thn QR paragontopoÐhsh tou Ai, me Q = XT
i Xi+1 kai

R = Ri+1, en¸ h (8.28) dÐnei ton Ai+1 wc to ginìmeno RQ. Autì ìmwc eÐnai mia epan�l-
hyh thc mejìdou QR, pou dÐnei ton Ai+1 apì ton Ai kai h apìdeixh oloklhr¸jhke.

Gia thn ulopoÐhsh tou algìrijmou QR qrei�zetai na gÐnei h QR paragontopoÐhsh, al-
gìrijmoi thc opoÐac dìjhkan sto prohgoÔmeno kef�laio. Oi pio apotelesmatikoÐ eÐnai oi
algìrijmoi Householder kai Givens. ApodeÐqnetai ìti ènac sunduasmìc twn dÔo aut¸n
algìrijmwn kajist� thn mèjodo QR wc thn pio apotelesmatik  mèjodo. To kìstoc thc
anèrqetai sunolik� se O(n3), en¸ eÐnai eustaj c lìgw thc qr shc orjog¸niwn metasqhma-
tism¸n.

ASKHSEIS

1.: Qrhsimopoi¸ntac kat�llhlh epanalhptik  mèjodo kai arqikì di�nusma x(0) = [1 1 1]T ,
na brejoÔn kat� prosèggish, met� apì duo epanal yeic, h apìluta mikrìterh idiotim 

kai to antÐstoiqo idiodi�nusma tou pÐnaka A =

 0 1 1
1 0 −1
1 −1 0

.
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2.: DÐnetai o pÐnakac A =

 1 −1 0
−1 2 −1
0 −1 1

 . Qrhsimopoi¸ntac th mèjodo twn dun�mewn,

me arqikì di�nusma x(0) = [1 0 1]T , kai thn epèktas  thc (teqnik  upotÐmhshc), na
brejoÔn ìlec oi idiotimèc tou me prosèggish tess�rwn shmatik¸n yhfÐwn.

3.: DÐnetai o pÐnakac A =

 6 1 1
1 3 2
1 2 3

. AfoÔ apodeiqteÐ ìti o A eÐnai jetik� orismènoc

na proseggisteÐ me k�poia parallag  thc mejìdou twn dun�mewn h fasmatik  aktÐna
tou antistrìfou tou ektel¸ntac treic epanal yeic.

4.: DÐnetai o pÐnakac A =

 3 2 1
2 3 2
1 2 3

. Na proseggisteÐ h idiotim  tou A, pou brÐsketai

kont� ston arijmì 3, me k�poia parallag  thc mejìdou twn dun�mewn kai me arqikì
di�nusma x(0) = [1 0 0]T , ektel¸ntac treic epanal yeic.

5.: DÐnetai ìti o pÐnakac A =

 6 −2 2
−2 5 0
2 0 7

 èqei wc apìluta megalÔterh idiotim  th

λ1 = 9 me antÐstoiqo idiodi�nusma to x(1) = [1 − 0.5 1]T . Qrhsimopoi¸ntac thn arq 
thc upotÐmhshc na proseggisteÐ h amèswc mikrìterh se apìluth tim  idiotim  λ2 kai
to antÐstoiqo idiodi�nusma x(2), ektel¸ntac treic epanal yeic me arqikì di�nusma to
[1 1]T .

6.: DÐnetai o pÐnakac A =

 1 1 0
1 0 1
0 1 1

. Na proseggisteÐ h idiotim  tou A, pou brÐsketai

kont� ston arijmì 0.5, me k�poia parallag  thc mejìdou twn dun�mewn kai me arqikì
di�nusma [1 1 − 1]T , ektel¸ntac treic epanal yeic.

7.: DÐnetai o pÐnakac A =

 2 1 0
1 2 1
1 1 2

. Na proseggisteÐ h megalÔterh idiotim  tou A ka-

j¸c kai to antÐstoiqo idiodi�nusma, me th mèjodo twn dun�mewn kai me arqikì di�nusma
to x(0) = [0 1 0]T , qrhsimopoi¸ntac th || · ||∞ kai ektel¸ntac treic epanal yeic.

8.: AfoÔ apodeiqteÐ ìti o pÐnakac A =

 1 −1 1
−1 2 −2
1 −2 3

 eÐnai jetik� orismènoc , na

proseggisteÐ h mikrìterh idiotim  tou kai to antÐstoiqo idiodi�nusma, ektel¸ntac treic
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epanal yeic me th mèjodo twn antÐstrofwn dun�mewn kai me arqikì di�nusma [0 1 0]T .
Gia th lÔsh grammik¸n susthm�twn na qrhsimopoihjeÐ h an�lush Cholesky diathr¸ntac
akrÐbeia enìc dekadikoÔ yhfÐou stouc endi�mesouc upologismoÔc.

9.: DÐnetai o pÐnakac A =

 3 2 1
2 2 1
1 1 1

. Qrhsimopoi¸ntac th mèjodo twn dun�mewn me

arqikì di�nusma x(0) = [0 1 0]T na proseggisteÐ h apìluta megalÔterh idiotim  tou
A kai to antÐstoiqo idiodi�nusma, ektel¸ntac dÔo epanal yeic.

10.: DÐnetai o pÐnakac A =

 −3 4 1
−2 2 2
−1 1 1

. Qrhsimopoi¸ntac th mèjodo twn dun�mewn

me arqikì di�nusma x(0) = [0 1 0]T , na gÐnoun treic epanal yeic gia thn eÔresh
thc apìluta megalÔterhc idiotim c kai to antÐstoiqou idiodianÔsmatoc. Sth sunèqeia
na brejoÔn olec oi idiotimèc me th mèjodo tou Krylov, me to Ðdio arqikì di�nusma.
(Periorismìc: Na gÐnoun akribeÐc pr�xeic diathr¸ntac rizik� kai kl�smata stouc
upologismoÔc.)

11.: DÐnetai o pÐnakac A =

 3 −1 0
−1 4 −1
0 −1 3

. Na proseggisteÐ h plhsièsterh proc

th mon�da idiotim  tou kai to antÐstoiqo idiodi�nusma, ektel¸ntac treic epanal yeic
me th mèjodo twn dun�mewn kai me arqikì di�nusma to [0 1 0]T . Gia th lÔsh gram-
mik¸n susthm�twn na qrhsimopoihjeÐ h LU paragontopoÐhsh diathr¸ntac akrÐbeia dÔo
dekadik¸n yhfÐwn stouc endi�mesouc upologismoÔc.

12.: DÐnetai o pÐnakac A =

 3 −1 0
−2 3 −2
0 −1 3

. Qrhsimopoi¸ntac touc algìrijmouc thc

mejìdou twn dun�mewn me || · ||2 kai || · ||∞ kai arqikì di�nusma x(0) = [0 1 0]T ,
na proseggisteÐ h apìluta megalÔterh idiotim  tou A kai to antÐstoiqo idiodi�nusma,
ektel¸ntac treic epanal yeic me ton kajèna. (Periorismìc: Na gÐnoun akribeÐc
pr�xeic diathr¸ntac rizik� kai kl�smata stouc upologismoÔc.)

13.: AfoÔ apodeiqteÐ ìti o pÐnakac A =

 1 1 1
1 2 1
1 1 2

 eÐnai jetik� orismènoc, na pros-

eggisteÐ h mikrìterh idiotim  tou kai to antÐstoiqo idiodi�nusma, ektel¸ntac treic
epanal yeic me th mèjodo twn antÐstrofwn dun�mewn kai me arqikì di�nusma to [0 1 0]T .
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Gia th lÔsh grammik¸n susthm�twn na qrhsimopoihjeÐ h an�lushCholesky. (Periori-
smìc: Na gÐnoun akribeÐc pr�xeic diathr¸ntac rizik� kai kl�smata stouc upologis-
moÔc.)

14.: Na gÐnoun treic epanal yeic thc QR mejìdou gia thn prosèggish twn idiotim¸n tou
pÐnaka

A =

[
2 −1

−1 2

]
.
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