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¢óêçóç 1 (Ross, Exer. 2.Theor6): ¸óôù E, F êáé G ôñßá åíäå÷üìåíá óå ðåßñáìá ôý÷çò ìå
äåéãìáôéêü ÷þñï S. Íá åêöñÜóåôå ôá ðáñáêÜôù åíäå÷üìåíá ìå âÜóç ôá E, F , G êáé S, ÷ñçóéìïðïéþíôáò
óõíïëïèåùñçôéêÝò ðñÜîåéò (Ýíùóç, ôïìÞ, óõìðëÞñùìá):

1. íá óõìâåß ìüíï ôï E,

2. íá óõìâïýí ôá E êáé G áëëÜ ü÷é ôï F ,

3. íá óõìâåß ôïõëÜ÷éóôïí Ýíá áðü ôá E, F êáé G,

4. íá óõìâïýí ôïõëÜ÷éóôïí äõï áðü ôá E, F êáé G,

5. íá óõìâïýí êáé ôá ôñßá áðü ôá E, F êáé G,

6. íá ìçí óõìâåß ïýôå ôï E, ïýôå ôï F ïýôå ôï G,

7. íá óõìâåß ôï ðïëý Ýíá áðü ôá E, F êáé G,

8. íá óõìâïýí ôï ðïëý äõï áðü ôá E, F êáé G,

9. íá óõìâïýí áêñéâþò äõï áðü ôá E, F êáé G,

10. íá óõìâïýí ôï ðïëý ôñßá áðü ôá E, F êáé G.

¢óêçóç 2 (Ross, Exer. 2.Theor7): Íá áíÜãåôå ôá áêüëïõèá åíäå÷üìåíá óå ðéï áðëÞ ìïñöÞ:

1. (E ∪ F )(E ∪ F c),

2. (E ∪ F )(Ec ∪ F )(E ∪ F c),

3. (E ∪ F )(F ∪G).

¢óêçóç 3 (Ross, Exer. 2.Theor11,Theor16): Áí P (E) = 0:9 êáé P (F ) = 0:8, áðïäåßîôå üôé
P (EF ) ≥ 0:7. ÃåíéêÜ ãéá äõï åíäå÷üìåíá Å êáé F áðïäåßîôå üôé P (EF ) ≥ P (E)+P (F )−1. Ãåíéêåýóôå
êáé áðïäåßîôå ôçí áíéóüôçôá Bonferroni ðïõ éó÷õñßæåôáé üôé ãéá ïðïéáäÞðïôå n åíäå÷üìåíá E1; E2; : : : ; En

éó÷ýåé
P (E1E2 · · ·En) ≥ P (E1) + P (E2) + · · ·+ P (En)− (n− 1):
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¢óêçóç 4 (Ross, Exer. 2.11): To 28% ôùí áìåñéêÜíùí êáðíßæåé ôóéãÜñï, ôï 7% êáðíßæåé ðïýñï êáé
ôï 5% êáðíßæåé êáé ôóéãÜñï êáé ðïýñï.

1. Ðïéï ðïóïóôü ôùí áìåñéêÜíùí äåí êáðíßæåé ôóéãÜñï ïýôå ðïýñï;

2. Ðïéï ðïóïóôü ôùí áìåñéêÜíùí êáðíßæåé ðïýñï áëëÜ ü÷é ôóéãÜñï;

¢óêçóç 5 (Ross, Exer. 2.19): Äõï óõììåôñéêÜ æÜñéá (äçëáäÞ êáíïíéêÜ åîÜåäñá ðïõ åìöáíßæïõí
éóïðßèáíá êÜèå Ýäñá ôïõò óå êÜèå ñßøç) Ý÷ïõí äõï êüêêéíåò Ýäñåò, äõï ìáýñåò Ýäñåò, ìéá êßôñéíç Ýäñá
êáé ìéá ëåõêÞ Ýäñá. Ôá äõï æÜñéá ñßðôïíôáé ôáõôü÷ñïíá. Ðïéá åßíáé ç ðéèáíüôçôá íá öÝñïõí êáé ôá äõï
ôï ßäéï ÷ñþìá;

¢óêçóç 6 (Ross, Exer. 2.21): Ìéá ãåéôïíéÜ Ý÷åé 20 ïéêïãÝíåéåò, áðü ôéò ïðïßåò ïé 4 Ý÷ïõí áðü Ýíá
ðáéäß, ïé 8 Ý÷ïõí áðü äõï ðáéäéÜ, ïé 5 Ý÷ïõí áðü ôñßá ðáéäéÜ, 2 Ý÷ïõí áðü ôÝóóåñá ðáéäéÜ êáé 1 Ý÷åé ðÝíôå
ðáéäéÜ.

1. ÅðéëÝãïõìå óôçí ôý÷ç ìéá ïéêïãÝíåéá. ÐïéÜ åßíáé ç ðéèáíüôçôá íá Ý÷åé i ðáéäéÜ, i = 1; 2; 3; 4; 5;

2. ÅðéëÝãïõìå óôçí ôý÷ç Ýíá ðáéäß. ÐïéÜ åßíáé ç ðéèáíüôçôá ç ïéêïãÝíåéÜ ôïõ íá Ý÷åé i ðáéäéÜ,
i = 1; 2; 3; 4; 5;

Åßíáé óõìâáôÜ ôá äõï áðïôåëÝóìáôá; Óõìöùíïýí ìå ôç äéáßóèçóÞ óáò;

¢óêçóç 7 (Ross, Exer. 2.24): Äõï óõíçèéóìÝíá æÜñéá ñßðôïíôáé ôáõôü÷ñïíá ìéá öïñÜ.

1. Ðïéá åßíáé ç ðéèáíüôçôá ôï Üèñïéóìá ôùí æáñéþí íá åßíáé i, i = 2; 3; : : : ; 12;

2. Ðïéá åßíáé ç ðéèáíüôçôá ç áðüëõôç äéáöïñÜ ôùí æáñéþí íá åßíáé i, i = 0; 1; 2; : : : ; 5;

3. Ðïéá åßíáé ç ðéèáíüôçôá ç ìéêñüôåñç æáñéÜ íá åßíáé i, i = 1; 2; : : : ; 6;

¢óêçóç 8 (Tijms, Prob. 7.8): ¸íá âÝëïò ñß÷íåôáé åíôåëþò ôõ÷áßá óôï åóùôåñéêïý ïñèïãþíéïõ
óôü÷ïõ (ôõ÷áßá åðéëïãÞ óçìåßïõ óôï åóùôåñéêü ïñèïãþíéïõ ðáñáëëçëïãñÜììïõ). Ôï ïñèïãþíéï Ý÷åé
äéáóôÜóåéò 20cm × 50cm. Ðïéá åßíáé ç ðéèáíüôçôá ôï âÝëïò íá ðÝóåé óå áðüóôáóç ôï ðïëý 5cm áðü
êÜðïéá êïñõöÞ ôïõ ïñèïãùíßïõ;

¢óêçóç 9 (Tijms, Prob. 7.12): Óå Ýíá ôïõñíïõÜ ôÝíéò ìåôáîý ôùí ðáéêôþí A, B êáé C, êÜèå
ðáßêôçò ðáßæåé ìéá öïñÜ ìå êáèÝíáí áðü ôïõò Üëëïõò äõï ðáßêôåò (óõíïëéêÜ ãßíïíôáé 3 áãþíåò). Ïé
äõíÜìåéò ôùí ðáéêôþí äßíïíôáé ùò åîÞò: P (ï Á íá íéêÞóåé ôïí Â) = 0:5, P (ï Á íá íéêÞóåé ôïí C) = 0:7
êáé P (ï B íá íéêÞóåé ôïí C) = 0:4. ÕðïèÝôïíôáò áíåîáñôçóßá óôá áðïôåëÝóìáôá ôùí áãþíùí, íá
õðïëïãßóåôå ôçí ðéèáíüôçôá ï Á íá ôåñìáôßóåé ðñþôïò Þ ìåôáîý ôùí ðñþôùí (äçëáäÞ íá óçìåéþóåé
ôïõëÜ÷éóôïí ôüóåò íßêåò üóåò ïðïéïóäÞðïôå Üëëïò ðáßêôçò).

¢óêçóç 10 (Tijms, Prob. 7.19): ¸íáò áêÝñáéïò åðéëÝãåôáé ôõ÷áßá áðü ôïõò 1; 2; : : : ; 1000. ÐïéÜ ç
ðéèáíüôçôá íá äéáéñåßôáé ìå ôï 3 Þ ôï 5; ÐïéÜ ç ðéèáíüôçôá íá äéáéñåßôáé ìå ôïõëÜ÷éóôïí Ýíáí áðü ôïõò
3, 5, 7;
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ÁðáíôÞóåéò

¢óêçóç 1 (Ross, Exer. 2.Theor6): Åßíáé:

1. EF cGc,

2. EF cG,

3. E ∪ F ∪G,

4. EF ∪ EG ∪ FG,

5. EFG,

6. EcF cGc,

7. EcF cGc ∪ EF cGc ∪ EcFGc ∪ EcF cG,

8. (EFG)c,

9. EFGc ∪ EF cG ∪ EcFG,

10. S.

¢óêçóç 2 (Ross, Exer. 2.Theor7): Åßíáé:

1. E,

2. EF ,

3. EG ∪ F .

¢óêçóç 3 (Ross, Exer. 2.Theor11,Theor16): Åöáñìüæïõìå ôçí áñ÷Þ åãêëåéóìïý áðïêëåéóìïý
ãéá äõï åíäå÷üìåíá P (E ∪F ) = P (E) +P (F )−P (EF ) êáé ÷ñçóéìïðïéïýìå üôé P (E ∪F ) ≤ 1. Ãéá ôç
ãåíßêåõóç ÷ñçóéìïðïéïýìå åðáãùãÞ.

¢óêçóç 4 (Ross, Exer. 2.11): ¸óôù Á ôï åíäå÷üìåíï üôé Ýíá ôõ÷áßá åðéëå÷èÝí Üôïìï åßíáé
êáðíéóôÞò ôóéãÜñïõ êáé Â ôï åíäå÷üìåíï üôé åßíáé êáðíéóôÞò ðïýñïõ. Ôüôå Ý÷ïõìå:

1. 1−P (A∪B) = 1− (0:07+0:28− 0:05) = 0:7. ÅðïìÝíùò, ôï 70% äåí êáðíßæåé ïýôå ôóéãÜñï ïýôå
ðïýñï.

2. P (AcB) = P (B) − P (AB) = 0:07 − 0:05 = 0:02. ÅðïìÝíùò, ôï 2% êáðíßæåé ðïýñï áëëÜ ü÷é
ôóéãÜñï.

¢óêçóç 5 (Ross, Exer. 2.19): Ç ðéèáíüôçôá åßíáé 4
36 + 4

36 + 1
36 + 1

36 = 5
18 .

¢óêçóç 6 (Ross, Exer. 2.21): Åßíáé:

1. p1 = 4
20 , p2 = 8

20 , p3 = 5
20 , p4 = 2

20 , p5 = 1
20 .

2. q1 = 4
48 , q2 = 16

48 , q3 = 15
48 , q4 = 8

48 , q5 = 5
48 .
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¢óêçóç 7 (Ross, Exer. 2.24): 1. Ç ðéèáíüôçôá ôï Üèñïéóìá ôùí æáñéþí íá åßíáé i åßíáé:

i 2 3 4 5 6 7 8 9 10 11 12
ðéèáíüôçôá Üèñïéóìá i 1

36
2
36

3
36

4
36

5
36

6
36

5
36

4
36

3
36

2
36

1
36

2. Ç ðéèáíüôçôá ç áðüëõôç äéáöïñÜ ôùí æáñéþí íá åßíáé i åßíáé:

i 0 1 2 3 4 5
ðéèáíüôçôá áðüëõôç äéáöïñÜ i 6

36
10
36

8
36

6
36

4
36

2
36

3. Ç ðéèáíüôçôá ç ìéêñüôåñç æáñéÜ íá åßíáé i åßíáé:

i 1 2 3 4 5 6
ðéèáíüôçôá ìéêñüôåñç æáñéÜ i 11

36
9
36

7
36

5
36

3
36

1
36

¢óêçóç 8 (Tijms, Prob. 7.8): Ç ðéèáíüôçôá åßíáé 25�
20×50 .

¢óêçóç 9 (Tijms, Prob. 7.12): Ðáßñíïõìå ãéá äåéãìáôéêü ÷þñï S = {(i; j; k) : i; j; k = 0; 1},
üðïõ i = 1 (áíôßóôïé÷á i = 0) áí ï ðáßêôçò Á êåñäßæåé ôïí (áíôßóôïé÷á ÷Üíåé áðü ôïí) Â, j = 1
(áíôßóôïé÷á j = 0) áí ï ðáßêôçò Á êåñäßæåé ôïí (áíôßóôïé÷á ÷Üíåé áðü ôïí) C êáé k = 1 (áíôßóôïé÷á
k = 0) áí ï ðáßêôçò B êåñäßæåé ôïí (áíôßóôïé÷á ÷Üíåé áðü ôïí) C. Ïé ðéèáíüôçôåò pi;j;k ôùí äåéãìáôéêþí
óçìåßùí ìðïñïýí åýêïëá íá âñåèïýí ãéá ôá 8 äåéãìáôéêÜ óçìåßá. Åßíáé p0;0;0 = 0:5× 0:3× 0:6 = 0:09,
p1;0;0 = 0:5 × 0:3 × 0:6 = 0:09, p0;1;0 = 0:5 × 0:7 × 0:6 = 0:21, p0;0;1 = 0:5 × 0:3 × 0:4 = 0:06,
p1;1;0 = 0:5 × 0:7 × 0:6 = 0:21, p1;0;1 = 0:5 × 0:3 × 0:4 = 0:06, p0;1;1 = 0:5 × 0:7 × 0:4 = 0:14
êáé p1;1;1 = 0:5 × 0:7 × 0:4 = 0:14. ¸óôù Å ôï åíäå÷üìåíï ï ðáßêôçò Á íá åßíáé ðñþôïò Þ ìåôáîý
ôùí ðñþôùí, äçëáäÞ íá êåñäßóåé ôïõëÜ÷éóôïí ôüóá ðáé÷íßäéá üóï ïðïéïóäÞðïôå Üëëïò ðáßêôçò. Ôüôå
Ý÷ïõìå üôé Å = {(0; 1; 0); (1; 1; 0); (1; 0; 1); (1; 1; 1)}. Óõíåðþò ç æçôïýìåíç ðéèáíüôçôá åßíáé P (E) =
0:21 + 0:21 + 0:06 + 0:14 = 0:62.

¢óêçóç 10 (Tijms, Prob. 7.19): ¸óôù Á = {3; 6; 9; 12; : : : ; 999}, Â = {5; 10; 15; 20; : : : ; 1000}
êáé C = {7; 14; 21; 28; : : : ; 994}, ôá õðïóýíïëá ôùí ðïëëáðëáóßùí ôïõ 3, ôïõ 5 êáé ôïõ 7 áíôßóôïé÷á
ôïõ óõíüëïõ {1; 2; 3; : : : ; 1000}. H ðñþôç ðéèáíüôçôá åßíáé P (A ∪ B) = 333

1000 + 200
1000 −

66
1000 = 0:467. Ç

äåýôåñç ðéèáíüôçôá åßíáé P (A ∪B ∪ C) = 333
1000 + 200

1000 + 142
1000 −

66
1000 −

47
1000 −

28
1000 + 9

1000 = 0:543.
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¢óêçóç 1 (Ross, Exer. 2.16): Ôï ðüêåñ ìå æÜñéá ðáßæåôáé ñß÷íïíôáò ôáõôü÷ñïíá 5 æÜñéá. Âñåßôå
ôéò ðéèáíüôçôåò:

1. P (üëåò ïé ñßøåéò äéáöïñåôéêÝò),

2. P (õðÜñ÷åé Ýíá æåõãÜñé ßäéùí ñßøåùí êáé ôñåéò äéáöïñåôéêÝò ñßøåéò),

3. P (õðÜñ÷ïõí äõï æåõãÜñéá ßäéùí ñßøåùí êáé ìéá äéáöïñåôéêÞ),

4. P (õðÜñ÷åé ìéá ôñéÜäá ßäéùí ñßøåùí êáé äõï äéáöïñåôéêÝò),

5. P (õðÜñ÷åé ìéá ôñéÜäá ßäéùí ñßøåùí êáé Ýíá æåõãÜñé ßäéùí ñßøåùí (öïõë)),

6. P (õðÜñ÷åé ìéá ôåôñÜäá ßäéùí ñßøåùí êáé ìéá äéáöïñåôéêÞ (êáñÝ)),

7. P (üëåò ïé ñßøåéò üìïéåò).

¢óêçóç 2 (Ross, Exer. 2.28): Ìéá êÜëðç ðåñéÝ÷åé 5 êüêêéíá, 6 ìðëå êáé 8 ðñÜóéíá óöáéñßäéá. Áí
åðéëåãïýí ôõ÷áßá 3 óöáéñßäéá, õðïëïãßóôå ôéò ðáñáêÜôù ðéèáíüôçôåò:

1. P (üëá ôá óöáéñßäéá åßíáé ôïõ ßäéïõ ÷ñþìáôïò), áí êÜèå óöáéñßäéï ðïõ åîÜãåôáé äåí ìðáßíåé îáíÜ
óôçí êÜëðç (äåéãìáôïëçøßá ÷ùñßò åðáíÜèåóç),

2. P (üëá ôá óöáéñßäéá åßíáé äéáöïñåôéêþí ÷ñùìÜôùí), áí êÜèå óöáéñßäéï ðïõ åîÜãåôáé äåí ìðáßíåé
îáíÜ óôçí êÜëðç (äåéãìáôïëçøßá ÷ùñßò åðáíÜèåóç),

3. P (üëá ôá óöáéñßäéá åßíáé ôïõ ßäéïõ ÷ñþìáôïò), áí êÜèå óöáéñßäéï ðïõ åîÜãåôáé îáíáìðáßíåé óôçí
êÜëðç ðñéí åðéëåãåß ôï åðüìåíï (äåéãìáôïëçøßá ìå åðáíÜèåóç),

4. P (üëá ôá óöáéñßäéá åßíáé äéáöïñåôéêþí ÷ñùìÜôùí), áí êÜèå óöáéñßäéï ðïõ åîÜãåôáé îáíáìðáßíåé
óôçí êÜëðç ðñéí åðéëåãåß ôï åðüìåíï (äåéãìáôïëçøßá ìå åðáíÜèåóç).

¢óêçóç 3 (Ross, Exer. 2.32): Ôá Üôïìá ìéáò ïìÜäáò ðïõ áðïôåëåßôáé áðü b áãüñéá êáé g êïñßôóéá
ðáñáôÜóïíôáé óôçí ôý÷ç óå ìéá ãñáììÞ (äçëáäÞ ïðïéáäÞðïôå ìåôÜèåóç ôïõò åßíáé åîßóïõ ðéèáíÞ). Íá
õðïëïãéóôïýí ïé ðéèáíüôçôåò:

1. P (ôï Üôïìï óôçí i-ïóôç èÝóç íá åßíáé êïñßôóé), 1 ≤ i ≤ b+ g,

2. P (äåí õðÜñ÷ïõí óôç ãñáììÞ äéáäï÷éêÜ êïñßôóéá).
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¢óêçóç 4 (Ross, Exer. 2.35): 30 øõ÷ßáôñïé êáé 24 øõ÷ïëüãïé ëáìâÜíïõí ìÝñïò óå Ýíá óõíÝäñéï.
Áðü áõôÜ ôá 54 Üôïìá åðéëÝãïíôáé 3 óôçí ôý÷ç ãéá íá ðÜñïõí ìÝñïò óå ìéá óõæÞôçóç óôñïããõëÞò
ôñáðÝæçò ó÷åôéêÜ ìå ôï èÝìá ôïõ óõíåäñßïõ. Ðïéá åßíáé ç ðéèáíüôçôá üôé åðéëÝ÷èçêå ôïõëÜ÷éóôïí Ýíáò
øõ÷ïëüãïò;

¢óêçóç 5 (Ross, Exer. 2.38): Óå Ýíá óõñôÜñé õðÜñ÷ïõí n êÜëôóåò, åê ôùí ïðïßùí áêñéâþò 3 åßíáé
êüêêéíåò. ÐïéÜ åßíáé ç ôéìÞ ôïõ n, áí ãíùñßæïõìå üôé üôáí åðéëåãïýí 2, ç ðéèáíüôçôá íá åßíáé êáé ïé 2
êüêêéíåò åßíáé 1

2 ;

¢óêçóç 6 (Ross, Exer. 2.43a): Ìåôáîý Í áíèñþðùí ðåñéëáìâÜíïíôáé êáé ôá Üôïìá Á êáé Â. Áí
ìðïõí ôá Í Üôïìá êáôÜ ôý÷ç óå óåéñÜ (äçëáäÞ üëåò ïé Í ! ìåôáèÝóåéò ôïõò åßíáé éóïðßèáíåò), ðïéá åßíáé
ç ðéèáíüôçôá ïé Á, Â íá âñåèïýí äßðëá ï Ýíáò óôïí Üëëï;

¢óêçóç 7 (Ross, Exer. 2.44): Ôá Üôïìá A, B, C, D êáé Å ìðáßíïõí óôçí ôý÷ç óå ìéá ãñáììÞ
(äçëáäÞ ïðïéáäÞðïôå áðü ôéò 5! ìåôáèÝóåéò ôïõò åßíáé åîßóïõ ðéèáíÞ). Íá âñåèïýí ïé ðéèáíüôçôåò:

1. P (íá õðÜñ÷åé áêñéâþò Ýíá Üôïìï ìåôáîý ôùí Á êáé Â),

2. P (íá õðÜñ÷ïõí áêñéâþò äõï Üôïìá ìåôáîý ôùí Á êáé Â),

3. P (íá õðÜñ÷ïõí áêñéâþò ôñßá Üôïìá ìåôáîý ôùí Á êáé Â).

¢óêçóç 8 (Ross, Exer. 2.53): Èåùñïýìå 4 ðáíôñåìÝíá æåõãÜñéá. Áí ôá 8 áõôÜ Üôïìá ðáñáôá÷èïýí
ôõ÷áßá óå óåéñÜ (äçëáäÞ ïðïéáäÞðïôå áðü ôéò 8! ìåôáèÝóåéò ôïõò åßíáé åîßóïõ ðéèáíÞ) íá âñåèåß ç
ðéèáíüôçôá üðùò êáíÝíáò Üíôñáò íá ìç âñßóêåôáé äßðëá óôç ãõíáßêá ôïõ.

¢óêçóç 9 (Tijms, Example 7.13): Èåùñïýìå 15 ïéêïãÝíåéåò ðïõ óõììåôÝ÷ïõí óå ìéá åêäñïìÞ
êáé ðñüêåéôáé íá äéáëÝîïõí Ýíá áðü ôÝóóåñá ðñïôåéíüìåíá îåíïäï÷åßá ãéá íá äéáíõêôåñåýóïõí. ÊÜèå
îåíïäï÷åßï Ý÷åé áñêåôü ÷þñï þóôå íá öéëïîåíÞóåé êáé ôéò 15 áí ÷ñåéáóôåß. ÊÜèå ïéêïãÝíåéá äéáëÝãåé
îåíïäï÷åßï åíôåëþò ôõ÷áßá (ìå ðéèáíüôçôá 1/4 ôï êáèÝíá) êáé áíåîÜñôçôá áðü ôéò Üëëåò ïéêïãÝíåéåò.
Ðïéá åßíáé ç ðéèáíüôçôá íá ìç ÷ñçóéìïðïéçèïýí êáé ôá 4 îåíïäï÷åßá (äçëáäÞ íá õðÜñ÷åé ôïõëÜ÷éóôïí
Ýíá îåíïäï÷åßï ðïõ äåí ôï åðÝëåîå êáìéÜ ïéêïãÝíåéá);

¢óêçóç 10 (Tijms, Prob. 7.21): Áðü ìéá óõíçèéóìÝíç ôñÜðïõëá ìå 52 öýëëá ðïõ ÷ùñßæïíôáé óå
4 `÷ñþìáôá' (♣, ♦, ♥ êáé ♠) áðü 13 öýëëá ôï êáèÝíá (Á; 2; 3; : : : ; 10; J;Q;K) åðéëÝãïíôáé ôõ÷áßá 13
öýëëá (÷Ýñé ìðñéôæ). Íá âñåèåß ç ðéèáíüôçôá íá õðÜñ÷åé ôïõëÜ÷éóôïí Ýíá `÷ñþìá' ðïõ äåí åìöáíßæåôáé
êáèüëïõ.
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ÁðáíôÞóåéò

¢óêçóç 1 (Ross, Exer. 2.16): Åßíáé:

1. P (üëåò ïé ñßøåéò äéáöïñåôéêÝò) = 6·5·4·3·2
65 = (6

5) 5!
1!1!1!1!1!

65 = 0:0926,

2. P (õðÜñ÷åé Ýíá æåõãÜñé ßäéùí ñßøåùí êáé ôñåéò äéáöïñåôéêÝò) = (6
1)(

5
3) 5!

2!1!1!1!

65 = 0:4630,

3. P (õðÜñ÷ïõí äõï æåõãÜñéá ßäéùí ñßøåùí êáé ìéá äéáöïñåôéêÞ) = (6
2)(

4
1) 5!

2!2!1!

65 = 0:2315,

4. P (õðÜñ÷åé ìéá ôñéÜäá ßäéùí ñßøåùí êáé äõï äéáöïñåôéêÝò) = (6
1)(

5
2) 5!

3!1!1!

65 = 0:1543,

5. P (õðÜñ÷åé ìéá ôñéÜäá ßäéùí ñßøåùí êáé Ýíá æåõãÜñé ßäéùí ñßøåùí (öïõë)) =
6·5·(5

3)
65 = (6

1)(
5
1) 5!

3!2!

65 =
0:0386,

6. P (õðÜñ÷åé ìéá ôåôñÜäá ßäéùí ñßøåùí êáé ìéá äéáöïñåôéêÞ (êáñÝ)) =
6·5·(5

4)
65 = (6

1)(
5
1) 5!

4!1!

65 = 0:0193,

7. P (üëåò ïé ñßøåéò üìïéåò) = 6
65 = (6

1) 5!
5!

65 = 0:0008.

¢óêçóç 2 (Ross, Exer. 2.28): Åßíáé:

1. P (üëá ôá óöáéñßäéá åßíáé ôïõ ßäéïõ ÷ñþìáôïò) = (5
3)+(6

3)+(8
3)

(19
3 ) , áí êÜèå óöáéñßäéï ðïõ åîÜãåôáé äåí

ìðáßíåé îáíÜ óôçí êÜëðç (äåéãìáôïëçøßá ÷ùñßò åðáíÜèåóç),

2. P (üëá ôá óöáéñßäéá åßíáé äéáöïñåôéêþí ÷ñùìÜôùí) = (5
1)(

6
1)(

8
1)

(19
3 ) , áí êÜèå óöáéñßäéï ðïõ åîÜãåôáé

äåí ìðáßíåé îáíÜ óôçí êÜëðç (äåéãìáôïëçøßá ÷ùñßò åðáíÜèåóç),

3. P (üëá ôá óöáéñßäéá åßíáé ôïõ ßäéïõ ÷ñþìáôïò) = 53+63+83

193 , áí êÜèå óöáéñßäéï ðïõ åîÜãåôáé îáíáìðáßíåé
óôçí êÜëðç ðñéí åðéëåãåß ôï åðüìåíï (äåéãìáôïëçøßá ìå åðáíÜèåóç),

4. P (üëá ôá óöáéñßäéá åßíáé äéáöïñåôéêþí ÷ñùìÜôùí) = 3!·5·6·8
193 , áí êÜèå óöáéñßäéï ðïõ åîÜãåôáé îáíáìðáßíåé

óôçí êÜëðç ðñéí åðéëåãåß ôï åðüìåíï (äåéãìáôïëçøßá ìå åðáíÜèåóç).

¢óêçóç 3 (Ross, Exer. 2.32): Åßíáé:

1. P (ôï Üôïìï óôçí i-ïóôç èÝóç íá åßíáé êïñßôóé) = g(b+g−1)!
(b+g)! = g

b+g
, 1 ≤ i ≤ b+ g,

2. P (äåí õðÜñ÷ïõí óôç ãñáììÞ äéáäï÷éêÜ êïñßôóéá) =
b!(b+1

g )g!
(b+g)! , 1 ≤ g ≤ b + 1. Áí g > b + 1 ç

ðéèáíüôçôá åßíáé ðñïöáíþò 0, áöïý åßíáé áäýíáôïí íá ìçí õðÜñ÷ïõí äéáäï÷éêÜ êïñßôóéá.

¢óêçóç 4 (Ross, Exer. 2.35): Ç ðéèáíüôçôá üôé åðéëÝ÷èçêå ôïõëÜ÷éóôïí Ýíáò øõ÷ïëüãïò åßíáé

3∑
k=1

(
24
k

)(
30

3−k
)(

54
3

) = 1−
(
30
3

)(
54
3

) ' 0:8363:

¢óêçóç 5 (Ross, Exer. 2.38): ¸÷ïõìå ôçí åîßóùóç(
3
2

)(
n−3

0

)(
n
2

) =
1
2
⇔ n(n− 1) = 12⇔ n = 4:
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¢óêçóç 6 (Ross, Exer. 2.43a): Ç ðéèáíüôçôá íá âñåèïýí ïé Á êáé Â äßðëá ï Ýíáò óôïí Üëëï åßíáé

2(Í − 1)!
Í !

=
2
N
:

¢óêçóç 7 (Ross, Exer. 2.44): ¸÷ïõìå

1. P (íá õðÜñ÷åé áêñéâþò Ýíá Üôïìï ìåôáîý ôùí Á êáé Â) = 2·3·3!
5! = 3

10 ,

2. P (íá õðÜñ÷ïõí áêñéâþò äõï Üôïìá ìåôáîý ôùí Á êáé Â) = 2·2·3!
5! = 1

5 ,

3. P (íá õðÜñ÷ïõí áêñéâþò ôñßá Üôïìá ìåôáîý ôùí Á êáé Â) = 2·3!
5! = 1

10 .

¢óêçóç 8 (Ross, Exer. 2.53): Ïñßæïõìå ôï åíäå÷üìåíï Ái üðùò ôá Üôïìá ôïõ i æåõãáñéïý íá
êÜèïíôáé äßðëá-äßðëá, i = 1; 2; 3; 4. Åöáñìüæïõìå áñ÷Þ åãêëåéóìïý - áðïêëåéóìïý êáé ç æçôïýìåíç
ðéèáíüôçôá åßíáé

P (Ac
1A

c
2A

c
3A

c
4) = 1− 4

2 · 7!
8!

+ 6
22 · 6!

8!
− 4

23 · 5!
8!

+
24 · 4!

8!
:

¢óêçóç 9 (Tijms, Example 7.13): Ïñßæïõìå ôï åíäå÷üìåíï Ái üðùò ôï îåíïäï÷åßï i íá ìçí åðéëåãåß
áðü êáìéÜ ïéêïãÝíåéá, i = 1; 2; 3; 4. Åöáñìüæïõìå áñ÷Þ åãêëåéóìïý - áðïêëåéóìïý êáé ç æçôïýìåíç
ðéèáíüôçôá åßíáé

P (A1 ∪A2 ∪A3 ∪A4) =
4∑

k=1

(−1)k+1

(
4
k

)
(4− k)15

415
= 0:0533:

¢óêçóç 10 (Tijms, Prob. 7.21): Ïñßæïõìå ôá åíäå÷üìåíá Á♣, Á♦, Á♥, Á♠ íá ìçí åìöáíßæïíôáé
ôá `÷ñþìáôá' ♣, ♦, ♥ êáé ♠ áíôßóôïé÷á. Åöáñìüæïõìå ôçí áñ÷Þ åãêëåéóìïý - áðïêëåéóìïý êáé ç
æçôïýìåíç ðéèáíüôçôá åßíáé

P (Á♣ ∪Á♦ ∪Á♥ ∪Á♠) = 4

(
39
13

)(
52
13

) − 6

(
26
13

)(
52
13

) + 4

(
13
13

)(
52
13

) = 0:051:
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¢óêçóç 1 (Ross, Exer. 3.9): Èåùñïýìå 3 êÜëðåò. Ç êÜëðç Á ðåñéÝ÷åé 2 ëåõêÜ êáé 4 êüêêéíá
óöáéñßäéá, ç êÜëðç Â ðåñéÝ÷åé 8 ëåõêÜ êáé 4 êüêêéíá óöáéñßäéá êáé ç êÜëðç C ðåñéÝ÷åé 1 ëåõêü êáé 3
êüêêéíá óöáéñßäéá. ÅðéëÝãïõìå Ýíá óöáéñßäéï áðü êÜèå êÜëðç. Ðïéá åßíáé ç ðéèáíüôçôá ôï óöáéñßäéï
ðïõ åðéëÝ÷èçêå áðü ôçí êÜëðç Á íá åßíáé ëåõêü, äåäïìÝíïõ üôé ãíùñßæïõìå üôé áêñéâþò äõï áðü ôá ôñßá
åðéëå÷èÝíôá óöáéñßäéá Þôáí ëåõêÜ.

¢óêçóç 2 (Ross, Exer. 3.13): Óå ìéá ãåéôïíéÜ, ôï 36% ôùí ïéêïãåíåéþí Ý÷ïõí óêýëï êáé ôï
22% ôùí ïéêïãåíåéþí ðïõ Ý÷ïõí óêýëï Ý÷åé åðéðëÝïí êáé ãÜôá. ÅðéðëÝïí ãíùñßæïõìå üôé ôï 30% ôùí
ïéêïãåíåéþí ôçò ãåéôïíéÜò Ý÷åé ãÜôá.

1. ÐïéÜ åßíáé ç ðéèáíüôçôá ìéá ïéêïãÝíåéá ôçò ãåéôïíéÜò íá Ý÷åé êáé óêýëï êáé ãÜôá;

2. ÐïéÜ åßíáé ç äåóìåõìÝíç ðéèáíüôçôá ìéá ïéêïãÝíåéá ôçò ãåéôïíéÜò íá Ý÷åé óêýëï äåäïìÝíïõ üôé
Ý÷åé ãÜôá;

¢óêçóç 3 (Ross, Exer. 3.21): Èåùñïýìå äõï êÜëðåò É êáé ÉÉ. Ç êÜëðç É ðåñéÝ÷åé 2 ëåõêÜ êáé 4
êüêêéíá óöáéñßäéá, åíþ ç êÜëðç ÉÉ ðåñéÝ÷åé 1 ëåõêü êáé 1 êüêêéíï óöáéñßäéï. ÅðéëÝãïõìå óôçí ôý÷ç Ýíá
áðü ôá óöáéñßäéá ôçò êÜëðçò É êáé ôï ôïðïèåôïýìå óôçí êÜëðç ÉÉ. Êáôüðéí åðéëÝãïõìå óôçí ôý÷ç Ýíá
áðü ôá óöáéñßäéá ôçò êÜëðçò ÉÉ.

1. Ðïéá åßíáé ç ðéèáíüôçôá ôï óöáéñßäéï ðïõ åðéëÝ÷èçêå áðü ôçí êÜëðç ÉÉ íá åßíáé ëåõêü;

2. Ðïéá åßíáé ç äåóìåõìÝíç ðéèáíüôçôá ôï óöáéñßäéï ðïõ ìåôáöÝñèçêå áðü ôçí êÜëðç É óôçí êÜëðç ÉÉ
íá Þôáí ëåõêü, äåäïìÝíïõ üôé áðü ôçí êÜëðç ÉÉ åðéëÝ÷èçêå ëåõêü óöáéñßäéï;

¢óêçóç 4 (Ross, Exer. 3.29): Ç áããëéêÞ êáé ç áìåñéêÜíéêç ïñèïãñáößá ôçò ëÝîçò `ñßãêïñ' (áõóôç-
ñüôçôá) åßíáé `rigour' êáé `rigor' áíôßóôïé÷á. Óå Ýíá îåíïäï÷åßï ìÝíïõí 40 Üããëïé êáé 60 áìåñéêÜíïé.
Áðü áõôïýò åðéëÝãåôáé ôõ÷áßá Ýíáò êáé ôïõ æçôåßôáé íá ãñÜøåé ôç ëÝîç `ñßãêïñ'. Êáôüðéí áðü ôá ãñÜì-
ìáôá ôçò ëÝîçò ðïõ ãñÜöåé åðéëÝãåôáé Ýíá óôçí ôý÷ç. ÐïéÜ åßíáé ç äåóìåõìÝíç ðéèáíüôçôá ï Üíèñùðïò
ðïõ åðéëÝ÷èçêå íá åßíáé Üããëïò, äåäïìÝíïõ üôé ôï ãñÜììá ðïõ åðéëÝ÷èçêå óôçí ôý÷ç Þôáí öùíÞåí;

¢óêçóç 5 (Ross, Exer. 3.34): Èåùñïýìå 2 êÜëðåò Á êáé Â. Ç êÜëðç Á Ý÷åé 5 ëåõêÜ êáé 7 ìáýñá
óöáéñßäéá, åíþ ç êÜëðç Â Ý÷åé 3 ëåõêÜ êáé 12 ìáýñá óöáéñßäéá. Ñß÷íïõìå Ýíá äßêáéï íüìéóìá. Áí
ôï áðïôÝëåóìá åßíáé êïñþíá ôüôå åðéëÝãåôáé Ýíá óöáéñßäéï áðü ôçí êÜëðç Á åíþ áí åßíáé ãñÜììáôá
ôüôå åðéëÝãåôáé Ýíá óöáéñßäéï áðü ôçí êÜëðç Â. ÐïéÜ ç äåóìåõìÝíç ðéèáíüôçôá ôï íüìéóìá íá Ýöåñå
ãñÜììáôá, äåäïìÝíïõ üôé ôï óöáéñßäéï ðïõ åðéëÝ÷èçêå åßíáé ëåõêü;
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¢óêçóç 6 (Ross, Exer. 3.73): Ïé ðáßêôåò Á êáé Â ðáßæïõí ìéá óåéñÜ ðáé÷íéäéþí. Óå êÜèå ðáé÷íßäé,
ç ðéèáíüôçôá íá êåñäßóåé ï Á åßíáé p êáé ç ðéèáíüôçôá íá êåñäßóåé ï Â åßíáé 1− p. Ôï ðáé÷íßäé óôáìáôÜ
ôçí ðñþôç öïñÜ ðïõ êÜðïéïò áðü ôïõò äõï ðáßêôåò Ý÷åé ðÜñåé ðñïâÜäéóìá 2 íéêþí êáé ï ðáßêôçò áõôüò
áíáêçñýóóåôáé íéêçôÞò ôïõ áãþíá.

1. Âñåßôå ôçí ðéèáíüôçôá ï áãþíáò íá äéáñêÝóåé 4 ðáé÷íßäéá.

2. Âñåßôå ôçí ðéèáíüôçôá ï Á íá åßíáé ï íéêçôÞò ôïõ áãþíá.

¢óêçóç 7 (Ross, Exer. 3.81): ¸óôù ôï óýíïëï S = {1; 2; : : : ; n}. ÅðéëÝãïõìå åíôåëþò ôõ÷áßá êáé
áíåîÜñôçôá äõï õðïóýíïëá Á êáé Â ôïõ S (äçëáäÞ üëá ôá 2n õðïóýíïëá ôïõ S, óõìðåñéëáìâáíïìÝíïõ
ôïõ ∅ êáé ôïõ S åßíáé åîßóïõ ðéèáíÜ).

1. Âñåßôå ôçí ðéèáíüôçôá P (A ⊆ B).

2. Âñåßôå ôçí ðéèáíüôçôá P (AB = ∅).

¢óêçóç 8 (Ross, Exer. 3.Theor15): Èåùñïýìå Ýíá åðáíáëáìâáíüìåíï ðåßñáìá ôý÷çò ôï ïðïßï óå
êÜèå åðáíÜëçøÞ ôïõ Ý÷åé ðéèáíüôçôá åðéôõ÷ßáò p êáé ðéèáíüôçôá áðïôõ÷ßáò 1− p (áíåîÜñôçôåò äïêéìÝò
Bernoulli). ¸óôù Pn ç ðéèáíüôçôá óå n åðáíáëÞøåéò ôïõ ðåéñÜìáôïò íá Ý÷åé óçìåéùèåß Üñôéïò áñéèìüò
åðéôõ÷éþí (äçëáäÞ 0; 2; 4; : : : ; 2bn2 c åðéôõ÷ßåò). Áðïäåßîôå üôé

1. Pn = p(1− Pn−1) + (1− p)Pn−1; n ≥ 1,

2. Pn = 1+(1−2p)n

2 .

¢óêçóç 9 (Tijms, Prob. 8.2): ¸íá äßêáéï íüìéóìá ñßðôåôáé 3 öïñÝò. Ãíùñßæïõìå üôé ìéá ôïõëÜ÷é-
óôïí áðü ôéò ñßøåéò Þôáí êïñþíá. Ðïéá åßíáé ôüôå ç ðéèáíüôçôá ôïõëÜ÷éóôïí ìéá áðï ôéò Üëëåò ñßøåéò íá
Þôáí åðßóçò êïñþíá;

¢óêçóç 10 (Tijms, Prob. 8.14): Ïé åìðåéñïãíþìïíåò ðéóôåýïõí üôé Ýíá íáõÜãéï âñßóêåôáé óå ìéá
óõãêåêñéìÝíç èáëÜóóéá ðåñéï÷Þ ìå ðéèáíüôçôá p = 0:4. Áí ôï íáõÜãéï âñßóêåôáé óôç óõãêåêñéìÝíç
ðåñéï÷Þ, ôüôå ç áíáæÞôçóç óôçí ðåñéï÷Þ èá ôï åíôïðßóåé ìå ðéèáíüôçôá d = 0:9. Ðïéá åßíáé ç ðéèáíüôçôá
ôï íáõÜãéï íá âñßóêåôáé óôç óõãêåêñéìÝíç ðåñéï÷Þ áí ìåôÜ ôçí áíáæÞôçóç ôï íáõÜãéï äåí åíôïðßóôçêå
óôçí ðåñéï÷Þ áõôÞ;

2



ÁðáíôÞóåéò

¢óêçóç 1 (Ross, Exer. 3.9): ¸óôù ôá åíäå÷üìåíá

WA = ôï óöáéñßäéï ðïõ åðéëÝãåôáé áðü ôçí êÜëðç Á íá åßíáé ëåõêü;

WB = ôï óöáéñßäéï ðïõ åðéëÝãåôáé áðü ôçí êÜëðç B íá åßíáé ëåõêü;

WC = ôï óöáéñßäéï ðïõ åðéëÝãåôáé áðü ôçí êÜëðç C íá åßíáé ëåõêü;

W2 = 2 áðü ôá åðéëå÷èÝíôá óöáéñßäéá íá åßíáé ëåõêÜ.

ÆçôÜìå ôç äåóìåõìÝíç ðéèáíüôçôá P (WA|W2). Ðáñáôçñïýìå üôé W2 = WAWBW
c
C ∪ WAW

c
BWC ∪

W c
AWBWC êáé Ýôóé Ý÷ïõìå

P (WA|W2) =
P (WAW2)

P (W2)

=
P (WAWBW

c
C) + P (WAW

c
BWC)

P (WAWBW c
C) + P (WAW c

BWC) + P (W c
AWBWC)

=
1
3
2
3
3
4 + 1

3
1
3
1
4

1
3
2
3
3
4 + 1

3
1
3
1
4 + 2

3
2
3
1
4

=
7

11
:

¢óêçóç 2 (Ross, Exer. 3.13): ÅðéëÝãïõìå ìéá ïéêïãÝíåéá ôçò ãåéôïíéÜò. Èåùñïýìå ôá åíäå÷üìåíá

D = ç ïéêïãÝíåéá Ý÷åé óêýëï;

C = ç ïéêïãÝíåéá Ý÷åé ãÜôá:

Áðü ôá äåäïìÝíá ôïõ ðñïâÞìáôïò Ý÷ïõìå P (D) = 0:36, P (C|D) = 0:22 êáé P (C) = 0:30. Ç ðéèáíüôçôá
ç åðéëå÷èåßóá ïéêïãÝíåéá íá Ý÷åé óêýëï êáé ãÜôá åßíáé

P (DC) = P (D)P (C|D) = 0:36 · 0:22 = 0:0792:

Ç äåóìåõìÝíç ðéèáíüôçôá íá Ý÷åé óêýëï äåäïìÝíïõ üôé Ý÷åé ãÜôá åßíáé

P (D|C) =
P (DC)

P (C)
=
P (D)P (C|D)

P (C)
=

0:36 · 0:22
0:30

=
0:0792

0:30
= 0:264:

¢óêçóç 3 (Ross, Exer. 3.21): ¸óôù ôá åíäå÷üìåíá

ÉW = åðéëÝãåôáé ëåõêü óöáéñßäéï áðü ôçí êÜëðç É êáé ìåôáöÝñåôáé óôçí êÜëðç ÉÉ;

ÉÉW = åðéëÝãåôáé ëåõêü óöáéñßäéï áðü ôçí êÜëðç ÉÉ:

Ç ðéèáíüôçôá ôï óöáéñßäéï ðïõ åðéëÝ÷èçêå áðü ôçí êÜëðç ÉÉ íá åßíáé ëåõêü åßíáé

P (ÉÉW ) = P (ÉW )P (ÉÉW |IW ) + P (ÉcW )P (ÉÉW |IcW ) =
2

6
· 2
3
+

4

6
· 1
3
=

4

9
:

Ç äåóìåõìÝíç ðéèáíüôçôá ôï óöáéñßäéï ðïõ ìåôáöÝñèçêå áðü ôçí êÜëðç É óôçí êÜëðç ÉÉ íá Þôáí ëåõêü,
äåäïìÝíïõ üôé áðü ôçí êÜëðç ÉÉ åðéëÝ÷èçêå ëåõêü óöáéñßäéï åßíáé

P (IW |ÉÉW ) =
P (ÉW IIW )

P (ÉIW )
=
P (ÉW )P (ÉÉW |IW )

P (IIW )
=

2
6 ·

2
3

4
9

=
1

2
:

3



¢óêçóç 4 (Ross, Exer. 3.29): ¸óôù ôá åíäå÷üìåíá

Å = ï Üíèñùðïò ðïõ åðéëÝ÷èçêå íá åßíáé Üããëïò;

Á = ï Üíèñùðïò ðïõ åðéëÝ÷èçêå íá åßíáé áìåñéêÜíïò;

V = ôï ãñÜììá ðïõ åðéëÝ÷èçêå íá åßíáé öùíÞåí:

Áðü ôá äåäïìÝíá ôïõ ðñïâëÞìáôïò Ý÷ïõìå P (E) = 0:4, P (A) = 0:6, P (V |E) = 3=6 = 0:5 êáé P (V |A) =
2=5 = 0:4. Ç äåóìåõìÝíç ðéèáíüôçôá ï Üíèñùðïò ðïõ åðéëÝ÷èçêå íá åßíáé Üããëïò, äåäïìÝíïõ üôé ôï
ãñÜììá ðïõ åðéëÝ÷èçêå Þôáí öùíÞåí åßíáé

P (E|V ) =
P (EV )

P (V )
=

P (E)P (V |E)

P (E)P (V |E) + P (A)P (V |A)
=

0:4 · 0:5
0:4 · 0:5 + 0:6 · 0:4

=
5

11
:

¢óêçóç 5 (Ross, Exer. 3.34): ¸óôù ôá åíäå÷üìåíá

T = ôï íüìéóìá Ýöåñå ãñÜììáôá;

H = ôï íüìéóìá Ýöåñå êïñþíá;

W = ôï óöáéñßäéï ðïõ åðéëÝ÷èçêå åßíáé ëåõêü:

Ôüôå ç äåóìåõìÝíç ðéèáíüôçôá ôï íüìéóìá íá Ýöåñå ãñÜììáôá, äåäïìÝíïõ üôé ôï óöáéñßäéï ðïõ åðéëÝ-
÷èçêå åßíáé ëåõêü åßíáé

P (T |W ) =
P (TW )

P (W )
=

P (T )P (W |T )
P (T )P (W |T ) + P (H)P (W |H)

=
1
2 ·

3
15

1
2 ·

3
15 + 1

2 ·
5
12

=
12

37
:

¢óêçóç 6 (Ross, Exer. 3.73): Ï äåéãìáôéêüò ÷þñïò ôïõ ðåéñÜìáôïò ôý÷çò åßíáé

{ÁÁ;ÂÂ;ÁÂÁÁ;ÁÂÂÂ;ÂÁÁÁ;ÂÁÂÂ; : : :};

üðïõ êÜèå óçìåßï ôïõ äåéãìáôéêïý ÷þñïõ ðáñéóôÜíåôáé ìå ìéá ëåîç áðïôåëïýìåíç áðü A êáé Â, ðïõ
äåß÷íåé ôç äéáäï÷Þ íéêçôþí óôá ðáé÷íßäéá ìÝ÷ñé íá ôåëåéþóåé ï áãþíáò. Ôï åíäå÷üìåíï ï áãþíáò íá
äéáñêÝóåé 4 ðáé÷ßäéá åßíáé ôï {ÁÂÁÁ;ÁÂÂÂ;ÂÁÁÁ;ÂÁÂÂ}. Ç áíôßóôïé÷ç ðéèáíüôçôá åßíáé ôüôå
2p3(1− p)+ 2p(1− p)3 = 2p(1− p)(p2+(1− p)2): Ãéá íá âñïýìå ôçí ðéèáíüôçôá íá åßíáé ï Á ï íéêçôÞò
ôïõ áãþíá, äåóìåýïõìå óôï áðïôÝëåóìá ôùí ðñþôùí äõï ðáé÷íéäéþí. ¸óôù ôá åíäå÷üìåíá

A−A = o A åßíáé ï íéêçôÞò ôùí äõï ðñþôùí ðáé÷íéäéþí;

A− Â = o A åßíáé ï íéêçôÞò ôïõ ðñþôïõ ðáé÷íéäéïý êáé ï Â ôïõ äåýôåñïõ ðáé÷íéäéïý;

Â −A = o Â åßíáé ï íéêçôÞò ôïõ ðñþôïõ ðáé÷íéäéïý êáé ï Á ôïõ äåýôåñïõ ðáé÷íéäéïý;

Â − Â = o Â åßíáé ï íéêçôÞò ôùí äõï ðñþôùí ðáé÷íéäéþí;

Á = o A åßíáé ï íéêçôÞò ôïõ áãþíá:

Åöáñìüæïõìå ôï èåþñçìá ïëéêÞò ðéèáíüôçôáò êáé Ý÷ïõìå

P (A) = P (A−A)P (A|A−A) + P (A−B)P (A|A−B) + P (B −A)P (A|B −A) + P (B −B)P (A|B −B)

= p2 · 1 + 2p(1− p)P (A) + (1− p)2 · 0:

Ëýíïíôáò ãéá ôï P (A) ðáßñíïõìå

P (A) =
p2

1− 2p(1− p)
:

4



¢óêçóç 7 (Ross, Exer. 3.81) Ãéá íá âñïýìå ôçí ðéèáíüôçôá P (A ⊆ B), ÷ñçóéìïðïéïýìå ôï èåþñçìá
ïëéêÞò ðéèáíüôçôáò, äåóìåýïíôáò óôïí áñéèìü ôùí óôïé÷åßùí |Á| ôïõ óõíüëïõ Á. ¸÷ïõìå

P (A ⊆ B) =
n∑
k=0

P (|A| = k)P (A ⊆ B| |A| = k) =
n∑
k=0

(
n
k

)
2n
· 2

n−k

2n

=
1

2n

n∑
k=0

(
n

k

)(
1

2

)k
=

(1 + 1
2)
n

2n
=

(
3

4

)n
:

Åðßóçò Ý÷ïõìå P (AB = ∅) = P (A ⊆ Bc) =
(
3
4

)n
, áöïý ôï Âc åßíáé åîßóïõ ðéèáíü íá åßíáé ïðïéïäÞðïôå

áðü ôá õðïóýíïëá.

¢óêçóç 8 (Ross, Exer. 3.Theor15): Ç ó÷Ýóç Pn = p(1 − Pn−1) + (1 − p)Pn−1 áðïäåéêíýåôáé
äåóìåýïíôáò óôï áðïôÝëåóìá ôçò ðñþôçò äïêéìÞò ôïõ ðåéñÜìáôïò. Áí åßíáé åðéôõ÷ßá, ìå ðéèáíüôçôá p,
ôüôå ãéá íá Ý÷ïõìå Üñôéï áñéèìü åðéôõ÷éþí óôéò n äïêéìÝò èá ðñÝðåé íá Ý÷ïõìå ðåñéôôü áñéèìü åðéôõ÷éþí
óôéò n− 1 äïêéìÝò 2; 3; 4; : : : ; n, åíäå÷üìåíï ðïõ óõìâáßíåé ìå ðéèáíüôçôá 1− Pn−1. Áí åßíáé áðïôõ÷ßá,
ìå ðéèáíüôçôá 1 − p, ôüôå ãéá íá Ý÷ïõìå Üñôéï áñéèìü åðéôõ÷éþí óôéò n äïêéìÝò èá ðñÝðåé íá Ý÷ïõìå
Üñôéï áñéèìü åðéôõ÷éþí óôéò n− 1 äïêéìÝò 2; 3; 4; : : : ; n, åíäå÷üìåíï ðïõ óõìâáßíåé ìå ðéèáíüôçôá Pn−1.
Áðü ôï èåþñçìá ïëéêÞò ðéèáíüôçôáò Ý÷ïõìå áìÝóùò ôï æçôïýìåíï.

Ç ó÷Ýóç Pn = p(1−Pn−1)+(1−p)Pn−1 ãñÜöåôáé éóïäýíáìá óôç ìïñöÞ Pn = p+(1−2p)Pn−1, ðïõ
öáíåñþíåé üôé ç Pn åßíáé ìåéêôÞ ðñüïäïò. Ëýíïíôáò ôçí åîßóùóç x = p+(1−2p)x âñßóêïõìå ôï óôáèåñü
óçìåßï ôçò, x = 1

2 . Áöáéñþíôáò êáôÜ ìÝëç ôçí åîßóùóç x = p+(1−2p)x áðü ôçí Pn = p+(1−2p)Pn−1;
Ý÷ïõìå Pn − x = (1 − 2p)(Pn−1 − x), äçëáäÞ ç Pn − x = Pn − 1

2 åßíáé ãåùìåôñéêÞ ðñüïäïò ìå ëüãï
1− 2p. ÅðïìÝíùò Ý÷ïõìå

Pn −
1

2
= (1− 2p)n(P0 −

1

2
) = (1− 2p)n(1− 1

2
) =

1

2
(1− 2p)n;

êáé ðáßñíïõìå ôåëéêÜ üôé

Pn =
1 + (1− 2p)n

2
:

¢óêçóç 9 (Tijms, Prob. 8.2): Ï äåéãìáôéêüò ÷þñïò áðïôåëåßôáé áðü 8 éóïðßèáíá äåéãìáôéêÜ óçìåßá,
ôá HHH;HHT;HTH;HTT; THH; THT; TTH; TTT . ¸óôù Á ôï åíäå÷üìåíï äõü ç ðåñéóóïôÝñùí
êïñþíùí (Ç) óå ôñåéò ñßøåéò êáé Â ôï åíäå÷üìåíï ìéá ôïõëÜ÷éóôïí êïñþíáò óôéò ôñåéò ñßøåéò. Ôüôå
Ý÷ïõìå

P (A|B) =
P (AB)

P (B)
=

4=8

7=8
=

4

7
:

¢óêçóç 10 (Tijms, Prob. 8.14): ¸óôù Á ôï åíäå÷üìåíï ôï íáõÜãéï íá âñßóêåôáé ðñÜãìáôé óôç
óõãêåêñéìÝíç èáëÜóóéá ðåñéï÷Þ êáé Â ôï åíäå÷üìåíï ôï íáõÜãéï íá ìçí åíôïðéóôåß ìåôÜ ôçí áíáæÞôçóç
óôçí ðåñéï÷Þ. Ôüôå ôá äåäïìÝíá ôïõ ðñïâëÞìáôïò äåß÷íïõí üôé P (A) = p êáé P (B|A) = 1 − d êáé
åðïìÝíùò ç æçôïýìåíç ðéèáíüôçôá åßíáé

P (A|B) =
P (AB)

P (B)
=

P (A)P (B|A)
P (A)P (B|A) + P (Ac)P (B|Ac)

=
p(1− d)

p(1− d) + (1− p)1
=

1

16
= 0:0625:
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¢óêçóç 1 (Ross, Exer. 4.38): Áí E[X] = 1 êáé V ar[X] = 5 íá âñåßôå

1. E[(2 +X)2],

2. V ar[4 + 3X].

¢óêçóç 2 (Ross, Exer. 4.64): Óå ìéá ðüëç 400000 êáôïßêùí, ï áñéèìüò ôùí áõôïêôïíéþí óå Ýíá
ìÞíá áêïëïõèåß ôçí êáôáíïìÞ Poisson ìå ðáñÜìåôñï 4. Ïé áñéèìïß ôùí áõôïêôïíéþí óôïõò äéÜöïñïõò
ìÞíåò èåùñïýíôáé áíåîÜñôçôåò ôõ÷áßåò ìåôáâëçôÝò.

1. Íá âñåèåß ç ðéèáíüôçôá óå Ýíá ìÞíá íá óõìâïýí 8 Þ ðåñéóóüôåñåò áõôïêôïíßåò.

2. Íá âñåèåß ç ðéèáíüôçôá óå Ýíá ÷ñüíï íá õðÜñ÷ïõí ôïõëÜ÷éóôïí 2 ìÞíåò ìå 8 Þ ðåñéóóüôåñåò
áõôïêôïíßåò óôïí êáèÝíá.

3. Áò õðïèÝóïõìå üôé ìüëéò áñ÷ßæåé ï ÌÜéïò ôïõ 2010. ÐïéÜ åßíáé ç ðéèáíüôçôá ï ðñþôïò ìÞíáò óôïí
ïðïßï èá óõìâïýí 8 Þ ðåñéóóüôåñåò áõôïêôïíßåò íá åßíáé ï ÄåêÝìâñéïò ôïõ 2010;

¢óêçóç 3 (Ross, Exer. 4.Theor10): ¸óôù × ìéá äéùíõìéêÞ ôõ÷áßá ìåôáâëçôÞ ðïõ ðáñéóôÜíåé ôïí
áñéèìü ôùí åðéôõ÷éþí óå n áíåîÜñôçôåò äïêéìÝò Bernoulli ìå ðéèáíüôçôá åðéôõ÷ßáò p áíÜ äïêéìÞ. Íá
âñåßôå ôç ìÝóç ôéìÞ

Å

[
1

X + 1

]
:

¢óêçóç 4 (Ross, Exer. 4.Theor19): Áí ç × åßíáé ôõ÷áßá ìåôáâëçôÞ Poisson ìå ðáñÜìåôñï �, íá
áðïäåßîåôå üôé

E[Xn] = �E[(X + 1)n−1]:

×ñçóéìïðïéþíôáò áõôü ôï áðïôÝëåóìá õðïëïãßóôå ôéò E[X], E[X2] êáé Å[×3].

¢óêçóç 5 (Ross, Exer. 5.1): ¸óôù X óõíå÷Þò ôõ÷áßá ìåôáâëçôÞ ìå óõíÜñôçóç ðõêíüôçôáò
ðéèáíüôçôáò

f(x) =
{

c(1− x2) áí − 1 < x < 1
0 äéáöïñåôéêÜ.

1. ÐïéÜ åßíáé ç ôéìÞ ôïõ c;

2. Ðñïóäéïñßóôå ôç óõíÜñôçóç êáôáíïìÞò ôçò × .

1



¢óêçóç 6 (Ross, Exer. 5.4): Ç óõíÜñôçóç ðõêíüôçôáò ðéèáíüôçôáò ìéáò óõíå÷ïýò ôõ÷áßáò ìåôáâëçôÞò
× , ðïõ ðáñéóôÜíåé ôï ÷ñüíï æùÞò ìéáò çëåêôñïíéêÞò óõóêåõÞò (ìåôñçìÝíï óå þñåò), äßíåôáé áðü ôïí
ôýðï

f(x) =
{

10
x2 áí x > 10
0 äéáöïñåôéêÜ.

1. Ðñïóäéïñßóôå ôçí P (X > 20).

2. Ðñïóäéïñßóôå ôç óõíÜñôçóç êáôáíïìÞò ôçò × .

3. Âñåßôå ôçí ðéèáíüôçôá üôé áðü 6 ôÝôïéåò óõóêåõÝò ðïõ ðåñéÝ÷ïíôáé óôçí ßäéá ðáñôßäá, ôïõëÜ÷éóôïí
3 íá õðåñâïýí ôéò 15 þñåò ëåéôïõñãßáò. ÈåùñÞóôå üôé ïé ÷ñüíïé æùÞò äéáöïñåôéêþí óõóêåõþí
åßíáé áíåîÜñôçôåò ôõ÷áßåò ìåôáâëçôÝò.

¢óêçóç 7 (Ross, Exer. 5.7): Ç óõíÜñôçóç ðõêíüôçôáò ðéèáíüôçôáò ìéáò óõíå÷ïýò ôõ÷áßáò ìåôáâëçôÞò
× äßíåôáé áðü ôïí ôýðï

f(x) =
{

a+ bx2 áí 0 ≤ x ≤ 1
0 äéáöïñåôéêÜ.

Áí Å[× ] = 3
5 , âñåßôå ôá a êáé b.

¢óêçóç 8 (Ross, Exer. 5.25): ÊÜèå êïììÜôé ðïõ ðáñÜãåôáé óå ìéá áëõóßäá ðáñáãùãÞò åßíáé
áðïäåêôÞò ðïéüôçôáò ìå ðéèáíüôçôá 95%, áíåîÜñôçôá áðü ôá Üëëá êïììÜôéá. Èåùñïýìå ìéá ðáñôßäá áðü
150 êïììÜôéá. Íá âñåèåß ðñïóåããéóôéêÜ ç ðéèáíüôçôá ôï ðïëý 10 áðü ôá êïììÜôéá íá åßíáé áðáñÜäåêôçò
ðïéüôçôáò.

¢óêçóç 9 (Ross, Exer. 5.40): Áí ç × Ý÷åé ôçí ïìïéüìïñöç êáôáíïìÞ óôï (0; 1), íá âñåßôå ôç
óõíÜñôçóç êáôáíïìÞò, ôç óõíÜñôçóç ðõêíüôçôáò ðéèáíüôçôáò, ôç ìÝóç ôéìÞ êáé ôç äéáóðïñÜ ôçò Õ = eX .

¢óêçóç 10 (Ross, Exer. 5.Theor12): Ç äéÜìåóïò ìéáò óõíå÷ïýò ôõ÷áßáò ìåôáâëçôÞò ìå óõíÜñôçóç
êáôáíïìÞò F åßíáé Ýíáò áñéèìüò m ôÝôïéïò þóôå F (m) = 1

2 . ÄçëáäÞ, ç ôõ÷áßá ìåôáâëçôÞ åßíáé åîßóïõ
ðéèáíü íá Ý÷åé ôéìÝò ìåãáëýôåñåò ôçò äéáìÝóïõ ôçò üóï êáé íá Ý÷åé ôéìÝò ìéêñüôåñåò. Íá âñåßôå ôç
äéÜìåóï ôçò × , üôáí ç × áêïëïõèåß ôéò ðáñáêÜôù êáôáíïìÝò:

1. ôçí ïìïéüìïñöç óôï (a; b),

2. ôçí êáíïíéêÞ ìå ìÝóç ôéìÞ � êáé äéáóðïñÜ �2,

3. ôçí åêèåôéêÞ ìå ðáñÜìåôñï �.
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ÁðáíôÞóåéò

¢óêçóç 1 (Ross, Exer. 4.38): ¸÷ïõìå:

E[(2 +X)2] = V ar[2 +X] + (E[2 +X])2 = V ar[X] + 9 = 14;
V ar[4 + 3X] = 9V ar[X] = 45:

¢óêçóç 2 (Ross, Exer. 4.64): Áöïý ï áñéèìüò ôùí áõôïêôïíéþí óå Ýíá ìÞíá áêïëïõèåß ôçí
êáôáíïìÞ Poisson ìå ðáñÜìåôñï 4 èá Ý÷ïõìå

p = P (óå 1 ìÞíá íá óõìâïýí 8 Þ ðåñéóóüôåñåò áõôïêôïíßåò) = 1−
7∑

i=0

e−4 4i

i!
:

Ï áñéèìüò ôùí ìçíþí óå Ýíá ÷ñüíï ðïõ óõìâáßíïõí 8 Þ ðåñéóóüôåñåò áõôïêôïíßåò óôïí êáèÝíá áêïëïõèåß
ôç äéùíõìéêÞ êáôáíïìÞ ìå 12 äïêéìÝò (üóïé ïé ìÞíåò) êáé ðéèáíüôçôá åðéôõ÷ßáò p, ôçí ðéèáíüôçôá óå 1
ìÞíá íá óõìâïýí 8 Þ ðåñéóóüôåñåò áõôïêôïíßåò. Óõíåðþò Ý÷ïõìå

P (óå 1 ÷ñüíï ôïõëÜ÷éóôïí 2 ìÞíåò ìå 8 Þ ðåñéóóüôåñåò áõôïêôïíßåò) = 1− (1− p)12 − 12p(1− p)11:

O áñéèìüò ôùí ìçíþí ìÝ÷ñé íá åìöáíéóôåß ï ðñþôïò ìÞíáò óôïí ïðïßï èá óõìâïýí 8 Þ ðåñéóóüôåñåò
áõôïêôïíßåò áêïëïõèåß ôç ãåùìåôñéêÞ êáôáíïìÞ ìå ðéèáíüôçôá åðéôõ÷ßáò p, ôçí ðéèáíüôçôá óå 1 ìÞíá íá
óõìâïýí 8 Þ ðåñéóóüôåñåò áõôïêôïíßåò. ÄåäïìÝíïõ üôé ìüëéò áñ÷ßæåé ï ÌÜéïò, ç ðéèáíüôçôá ï ðñþôïò
ìÞíáò óôïí ïðïßï èá óõìâïýí 8 Þ ðåñéóóüôåñåò áõôïêôïíßåò íá åßíáé ï ÄåêÝìâñéïò åßíáé

P (ï ðñþôïò ìÞíáò óôïí ïðïßï èá óõìâïýí 8 Þ ðåñéóóüôåñåò áõôïêôïíßåò åßíáé ï 8ïò áðü ôþñá) = (1−p)7p:

¢óêçóç 3 (Ross, Exer. 4.Theor10): ¸÷ïõìå

E

[
1

X + 1

]
=

n∑
i=0

1
i+ 1

(
n

i

)
pi(1− p)n−i

=
1

(n+ 1)p

n∑
i=0

(
n+ 1
i+ 1

)
pi+1(1− p)n−i

=
1

(n+ 1)p

n+1∑
j=1

(
n+ 1
j

)
pj(1− p)n+1−j

=
1

(n+ 1)p
[(p+ (1− p))n+1 − (1− p)n+1]

=
1− (1− p)n+1

(n+ 1)p
:

¢óêçóç 4 (Ross, Exer. 4.Theor19): ¸÷ïõìå

E[Xn] =
∞∑
i=0

ine−�
�i

i!

=
∞∑
i=1

in−1e−�
�i

(i− 1)!

=
∞∑
j=0

(j + 1)n−1e−�
�j+1

j!

= �E[(X + 1)n−1]:
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×ñçóéìïðïéþíôáò ôç ó÷Ýóç áõôÞ Ý÷ïõìå:

E[X] = �E[(X + 1)0] = �E[1] = �

E[X2] = �E[(X + 1)1] = �(E[X] + 1) = �2 + �

E[X3] = �E[(X + 1)2] = �(E[X2] + 2E[X] + 1) = �3 + 3�2 + �:

¢óêçóç 5 (Ross, Exer. 5.1): Ãéá ôïí ðñïóäéïñéóìü ôçò óôáèåñÜò c Ý÷ïõìå

c

∫ 1

−1
(1− x2)dx = 1⇒ c =

3
4
:

Ãéá ôç óõíÜñôçóç êáôáíïìÞò Ý÷ïõìå üôé F (x) = 0 ãéá x ≤ 0 êáé F (x) = 1 ãéá x ≥ 1. ÅðéðëÝïí

F (x) =
3
4

∫ x

−1
(1− u2)du =

3
4

(
x− x3

3
+

2
3

)
; x ∈ (−1; 1):

¢óêçóç 6 (Ross, Exer. 5.4): ¸÷ïõìå

P (X > 20) =
∫ ∞

20

10
x2
dx =

[
−10
x

]∞
x=20

=
1
2
:

Ãéá ôç óõíÜñôçóç êáôáíïìÞò Ý÷ïõìå üôé F (x) = 0 ãéá x ≤ 10 êáé

F (x) =
∫ x

10

10
u2
du = 1− 10

x
; x > 10:

H ðéèáíüôçôá ìéá óõóêåõÞ íá õðåñâåß ôéò 15 þñåò ëåéôïõñãßáò åßíáé 1 − F (15) = 2
3 . Áí Ý÷ïõìå ìéá

ðáñôßäá 6 ôÝôïéùí óõóêåõþí, ï áñéèìüò áõôþí ðïõ èá õðåñâïýí ôéò 15 þñåò ëåéôïõñãßáò áêïëïõèåß ôç
äéùíõìéêÞ êáôáíïìÞ ìå ðáñáìÝôñïõò n = 6 êáé p = 2

3 . Óõíåðþò ç ðéèáíüôçôá üôé áðü 6 ôÝôïéåò óõóêåõÝò
ðïõ ðåñéÝ÷ïíôáé óôçí ßäéá ðáñôßäá, ôïõëÜ÷éóôïí 3 íá õðåñâïýí ôéò 15 þñåò ëåéôïõñãßáò åßíáé

6∑
i=3

(
6
i

)(
2
3

)i(1
3

)6−i
:

¢óêçóç 7 (Ross, Exer. 5.7): ¸÷ïõìå∫ 1

0
(a+ bx2)dx = 1 ⇒ a+

1
3
b = 1∫ 1

0
x(a+ bx2)dx =

3
5
⇒ 1

2
a+

1
4
b =

3
5
:

Ëýíïõìå ôï óýóôçìá êáé âñßóêïõìå a = 3
5 êáé b = 6

5 .

¢óêçóç 8 (Ross, Exer. 5.25): ¸óôù × ï áñéèìüò ôùí áðáñÜäåêôùí êïììáôéþí ìåôáîý ôùí 150. Ç
× áêïëïõèåß ôç äéùíõìéêÞ êáôáíïìÞ ìå ìÝóç ôéìÞ 150 ·0:05 = 7:5 êáé äéáóðïñÜ 150 ·0:05 ·0:95 = 7:125.
×ñçóéìïðïéþíôáò ôçí êáíïíéêÞ ðñïóÝããéóç ôçò äéùíõìéêÞò êáôáíïìÞò (êåíôñéêü ïñéáêü èåþñçìá ôùí
DeMoivre-Laplace) Ý÷ïõìå

P (X ≤ 10) = P (X ≤ 10:5)

= P

(
X − 7:5√

7:125
≤ 10:5− 7:5√

7:125

)
' P (Z ≤ 1:1239); Z ∼ N(0; 1)
= 0:8695:
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¢óêçóç 9 (Ross, Exer. 5.40): ¸÷ïõìå ãéá ôç óõíÜñôçóç êáôáíïìÞò FY (y) ôçò Õ :

FY (y) = P (Y ≤ y) = P (eX ≤ y) = P (X ≤ log y) =


0 áí y ≤ 1
log y áí 1 < y < e

1 áí e ≤ y:

Ãéá ôç óõíÜñôçóç ðõêíüôçôáò ðéèáíüôçôáò fY (y) ôçò Õ Ý÷ïõìå:

fY (y) =
d

dy
FY (y) =

{ 1
y

áí 1 < y < e

0 äéáöïñåôéêÜ:

H ìÝóç ôéìÞ åßíáé

Å[Õ ] =
∫ ∞
−∞

yfY (y)dy =
∫ e

1
dy = e− 1:

ÅíáëëáêôéêÜ, ìðïñåß íá âñåèåß áðü ôïí ôýðï

Å[eX ] =
∫ ∞
−∞

exfX(x)dy =
∫ 1

0
exdx = e− 1:

Ç äéáóðïñÜ âñßóêåôáé áðü ôïí ôýðï V ar[Y ] = E[Y 2]− E[Y ]2, üðïõ

E[Y 2] =
∫ ∞
−∞

y2fY (y)dy =
∫ e

1
ydy =

e2 − 1
2

:

ÔåëéêÜ

V ar[Y ] =
4e− e2 − 3

2
:

¢óêçóç 10 (Ross, Exer. 5.Theor12): ¸÷ïõìå

1. m = a+b
2 .

2. m = �.

3. 1− e−�m = 1
2 ïðüôå m = 1

�
log 2.

ÐçãÞ

1. Ross, S. (2002) A First Course in Probability, 6th Edition. Prentice-Hall.
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¢óêçóç 1 (Ross, Exer. 6.1): Äõï ôßìéá æÜñéá ñßðôïíôáé. Íá âñåèåß ç áðü êïéíïý óõíÜñôçóç
ðéèáíüôçôáò ôùí × êáé Õ , üôáí

1. X åßíáé ç ìåãáëýôåñç áðü ôéò ñßøåéò êáé Õ ôï Üèñïéóìá ôùí ñßøåùí,

2. × åßíáé ç ñßøç ôïõ ðñþôç æáñéïý êáé Õ ç ìåãáëýôåñç áðü ôéò ñßøåéò,

3. × åßíáé ç ìéêñüôåñç êáé Õ ç ìåãáëýôåñç áðü ôéò ñßøåéò.

¢óêçóç 2 (Ross, Exer. 6.8): Ç (×;Õ ) åßíáé óõíå÷Þò äéäéÜóôáôç ôõ÷áßá ìåôáâëçôÞ ìå áðü êïéíïý
óõíÜñôçóç ðõêíüôçôáò ðéèáíüôçôáò ðïõ äßíåôáé áðü ôïí ôýðï

f(x; y) =
{

c(y2 − x2)e−y áí y > 0 êáé −y < x < y

0 äéáöïñåôéêÜ.

1. Âñåßôå ôç óôáèåñÜ c.

2. Âñåßôå ôéò ðåñéèþñéåò óõíáñôÞóåéò ðõêíüôçôáò ðéèáíüôçôáò fX(x) êáé fY (y) ôùí× êáéÕ áíôßóôïé÷á.

3. Õðïëïãßóôå ôçí Å[× ].

4. Âñåßôå ôéò äåóìåõìÝíåò óõíáñôÞóåéò ðõêíüôçôáò ðéèáíüôçôáò fX|Õ (x|y) êáé fY |X(y|x).

¢óêçóç 3 (Ross, Exer. 6.9): Ç (×;Õ ) åßíáé óõíå÷Þò äéäéÜóôáôç ôõ÷áßá ìåôáâëçôÞ ìå áðü êïéíïý
óõíÜñôçóç ðõêíüôçôáò ðéèáíüôçôáò ðïõ äßíåôáé áðü ôïí ôýðï

f(x; y) =
{

6
7

(
x2 + xy

2

)
áí 0 < x < 1 êáé 0 < y < 2

0 äéáöïñåôéêÜ.

1. Åðéâåâáéþóôå üôé ç f(x; y) åßíáé ðñÜãìáôé óõíÜñôçóç ðõêíüôçôáò ðéèáíüôçôáò.

2. Õðïëïãßóôå ôçí ðåñéèþñéá óõíÜñôçóç ðõêíüôçôáò fX(x) ôçò × .

3. Õðïëïãßóôå ôçí ðéèáíüôçôá P (X > Y ).

4. Õðïëïãßóôå ôç äåóìåõìÝíç ðéèáíüôçôá P (Y > 1
2 |X < 1

2).

5. Õðïëïãßóôå ôçí Å[× ].

6. Õðïëïãßóôå ôçí Å[Õ ].

7. Âñåßôå ôç äåóìåõìÝíç óõíÜñôçóç ðõêíüôçôáò ðéèáíüôçôáò fY |X(y|x) ôçò Y äïèÝíôïò üôé X = x.
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¢óêçóç 4 (Ross, Exer. 6.10): Ç (×;Õ ) åßíáé óõíå÷Þò äéäéÜóôáôç ôõ÷áßá ìåôáâëçôÞ ìå áðü êïéíïý
óõíÜñôçóç ðõêíüôçôáò ðéèáíüôçôáò ðïõ äßíåôáé áðü ôïí ôýðï

f(x; y) =
{

e−(x+y) áí x ≥ 0 êáé y ≥ 0
0 äéáöïñåôéêÜ.

1. Õðïëïãßóôå ôçí ðéèáíüôçôá P (X < Y ).

2. Õðïëïãßóôå ôçí ðéèáíüôçôá P (X < a).

¢óêçóç 5 (Ross, Exer. 6.22): Ç (×;Õ ) åßíáé óõíå÷Þò äéäéÜóôáôç ôõ÷áßá ìåôáâëçôÞ ìå áðü êïéíïý
óõíÜñôçóç ðõêíüôçôáò ðéèáíüôçôáò ðïõ äßíåôáé áðü ôïí ôýðï

f(x; y) =
{

x+ y áí 0 < x < 1 êáé 0 < y < 1
0 äéáöïñåôéêÜ.

1. Åßíáé ïé ×;Õ áíåîÜñôçôåò;

2. Õðïëïãßóôå ôçí ðåñéèþñéá óõíÜñôçóç ðõêíüôçôáò ðéèáíüôçôáò fX(x) ôçò × .

3. Õðïëïãßóôå ôçí ðéèáíüôçôá P (X + Y < 1).

4. Âñåßôå ôç äåóìåõìÝíç óõíÜñôçóç ðõêíüôçôáò ðéèáíüôçôáò fY |X(y|x) ôçò Y äïèÝíôïò üôé X = x.

¢óêçóç 6 (Ross, Exer. 6.23): Ç (×;Õ ) åßíáé óõíå÷Þò äéäéÜóôáôç ôõ÷áßá ìåôáâëçôÞ ìå áðü êïéíïý
óõíÜñôçóç ðõêíüôçôáò ðéèáíüôçôáò ðïõ äßíåôáé áðü ôïí ôýðï

f(x; y) =
{

12xy(1− x) áí 0 < x < 1 êáé 0 < y < 1
0 äéáöïñåôéêÜ.

1. Åßíáé ïé ×;Õ áíåîÜñôçôåò;

2. Õðïëïãßóôå ôçí Å[× ].

3. Õðïëïãßóôå ôçí Å[Õ ].

4. Õðïëïãßóôå ôçí V ar[X].

5. Õðïëïãßóôå ôçí V ar[Y ].

¢óêçóç 7 (Ross, Exer. 6.40): Äõï ôßìéá æÜñéá ñßðôïíôáé. ¸óôù × êáé Õ , áíôßóôïé÷á, ç ìåãáëýôåñç
êáé ç ìéêñüôåñç áðü ôéò æáñéÝò. Íá õðïëïãéóôåß ç äåóìåõìÝíç óõíÜñôçóç ðéèáíüôçôáò pY |X(y|x) ôçò Õ
äïèÝíôïò üôé × = x, ãéá x = 1; 2; : : : ; 6. Åßíáé ïé × êáé Õ áíåîÜñôçôåò; ÄéêáéïëïãÞóôå ôçí áðÜíôçóÞ
óáò.

¢óêçóç 8 (Ross, Exer. 6.42): Ç (×;Õ ) åßíáé óõíå÷Þò äéäéÜóôáôç ôõ÷áßá ìåôáâëçôÞ ìå áðü êïéíïý
óõíÜñôçóç ðõêíüôçôáò ðéèáíüôçôáò ðïõ äßíåôáé áðü ôïí ôýðï

f(x; y) =
{

xe−x(y+1) áí x > 0 êáé y > 0
0 äéáöïñåôéêÜ.

1. Âñåßôå ôç äåóìåõìÝíç óõíÜñôçóç ðõêíüôçôáò ðéèáíüôçôáò fX|Y (x|y) ôçò × , äïèÝíôïò üôé Y = y,
êáèþò êáé ôç äåóìåõìÝíç óõíÜñôçóç ðõêíüôçôáò ðéèáíüôçôáò fY |X(y|x) ôçò Õ , äïèÝíôïò üôé
× = x.

2. Âñåßôå ôç óõíÜñôçóç ðõêíüôçôáò ðéèáíüôçôáò ôçò Æ = ×Õ .
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¢óêçóç 9 (Ross, Exer. 6.Theor14): ¸óôù × êáé Õ áíåîÜñôçôåò ãåùìåôñéêÝò ôõ÷áßåò ìåôáâëçôÝò
ìå ôçí ßäéá ðáñÜìåôñï p, äçëáäÞ P (X = i) = P (Y = i) = p(1− p)i−1; i = 1; 2; : : :.

1. Õðïëïãßóôå ôç äåóìåõìÝíç óõíÜñôçóç ðéèáíüôçôáò ôçò × äïèÝíôïò üôé × + Õ = n, äçëáäÞ ôéò
äåóìåõìÝíåò ðéèáíüôçôåò P (X = i|X + Y = n).

2. Ôß åßäïõò êáôáíïìÞ áêïëïõèåß ç × äåäïìÝíïõ üôé ×+Õ = n; ÅîçãÞóôå ôï áðïôÝëåóìá äéáéóèçôéêÜ.

¢óêçóç 10 (Ross, Exer. 6.Theor15): ¸óôù × êáé Õ áíåîÜñôçôåò äéùíõìéêÝò ôõ÷áßåò ìåôáâëçôÝò
ìå ôéò ßäéåò ðáñáìÝôñïõò n êáé p, äçëáäÞ P (X = i) = P (Y = i) =

(
n
i

)
pi(1− p)n−i; i = 0; 1; 2; : : : ; n.

1. Õðïëïãßóôå ôç äåóìåõìÝíç óõíÜñôçóç ðéèáíüôçôáò ôçò × äïèÝíôïò üôé × + Õ = m, äçëáäÞ ôéò
äåóìåõìÝíåò ðéèáíüôçôåò P (X = i|X + Y = m).

2. Ôß åßäïõò êáôáíïìÞ áêïëïõèåß ç× äåäïìÝíïõ üôé×+Õ = m; ÅîçãÞóôå ôï áðïôÝëåóìá äéáéóèçôéêÜ.
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ÁðáíôÞóåéò

¢óêçóç 1 (Ross, Exer. 6.1):

¢óêçóç 2 (Ross, Exer. 6.8):

¢óêçóç 3 (Ross, Exer. 6.9):

¢óêçóç 4 (Ross, Exer. 6.10):

¢óêçóç 5 (Ross, Exer. 6.22):

¢óêçóç 6 (Ross, Exer. 6.23):

¢óêçóç 7 (Ross, Exer. 6.40):

¢óêçóç 8 (Ross, Exer. 6.42):

¢óêçóç 9 (Ross, Exer. 6.Theor14):

¢óêçóç 10 (Ross, Exer. 6.Theor15):
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