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Eiocoaywyn

Av xou n Madnuatinr Biohoyio dewpeiton apxetd abyypovn, %dn and tov 120 acdva o Fibonacci elye
Eloaydyel TNV opwvuun axorouldio yio Ty enfluon evég mpoPifuatogc oty Oworoyia. I'viploe de
Wiodtepn dvinon and tov 170 audvor xan YETA, XATOTY Twv Yeuellndny epyaotedy twv Newton xou
Leibniz otov Aneicootind Aoyioud. Xuyxexpiéva, ftav tov 180 auwvo énou o Bernoulli eworiyoye
T0 ETUONUOAOYIXO TOU HOVTENO YloL TNV evhoyLd, o Malthus tnv xevtpixy 13éa Tou exdetixol yoviéhou
a&none oty Oworoyio xou o Verhulst, tov 190 awchva, to hoyiotxd touv yovtého. Extéc and
Toug xhaowxolg touels tng Owohoylag xau e Embdnuoroylag, n obyyeovn Modnuatir Blokoyia
nepthouBavel, ueta€d SAAwY, TNV PeAéTN TeoBAnudTtwy and Ty Bloymuud) Kivntud, tny T'evety, tny
Kuttapuery Biohoyia, tnv Mopgoyéveon, tnv Oyxohoyia xou Tic Nevpoemothipeg. T tnv Wbialtepn
Bapltnta mou ohoéva anoxtd 1) SlocLvdeor, Mardnuatixdy xan Biohoylag yopoxtneiotinde eivon o tithog
«Ta Moadnuotixd etvon to endpevo pixpooxdémo tne Bloloylag, addd xohOtepo. H Bioloyio elvan 7
embpevn Puoi twv Madnpotxdy, odhd xohdtepny evée exhaixevpévou dedpou [11]. Suvomtind,
o otdyog tou emothwova e Madnuatxric Biokoyiog elvon n xotavénor, n poviehomoinon xou n
HEAETT] TV UNYOVIOUOY TV BLOAOYIXGY QOVOUEVLY Xal 1) a€loTonom TNG YOO AUTHE YL YeNOWES
npoPrédeic.

MAO®HMATIKH BIOAOTI'TA

ATNAMIKA MONTEAA STATISTIKH ANAAYSH/STYMIIEPAXMATOAOTTA™

N

NTETEPMINIXTIKA YTOXAXTIKA™

N

YYNEXH ATAKPITA™

SAE MAE* % % 0 Aev o SudoryDefl.

sk 1 Qo yivel i vogn.
1 Oo O1daryOel av undpyel ypdvoc.

Ytéyxog Touv padfuatog: H nopousioon Baoixdv xan mo mpowdnuévey uedddwy twv Awgo-
ey E€lotoewy, Auvopxdy Yvotnudtoy xo Egapuocuéveyv Madnuatixdy uéow e@apuoy®y ot
Buohoyia.

ITepieybpevo padfuatoq:

o Xpovuxd povtéla Ouohoylog



Ewoaywyr

o Xpowixd povtéha Emdnuoroyiog m

o Buoynuux xavnuixy m



Aldheén 1

IMTepivypappa AdAegng ‘

1. Yrowyeia Malnuatikiic BioAoyiag:

(o) To yevxd oy eZehxTind TEdBANUaL
(B") Pdoeic perétne Tou TpoPAuaToc

2. Ma¥Onuatiké YrnéBadpo:

(o) Kofj tonodétnon tou ITAT
(B") Enextoodtnta tne Aong xau peyiotx) Abor tou ITAT
(v") Ouardtnra Mone tou ITAT

Yroweia MaOnuatikng Biodoyiag: I toug padnuotixoie, o Yepéhog AMdog yior tnv ot
Y duvoxh/eEeNxTixn HENETN VO Qouvopévou (Quotxol, ynuxoy, Blokoyxol, xTh) anotekel To
avtioTowo mpdPAnua apxikdy tipdy (ITAT, 4 adhode, npdBinua Cauchy). Eva ITAT repihopPdvel
b0 oTolyela

1. pla xortdddnin cuvidne Swpopxd eicwon (EAE), 1 onola avapépeton xon ¢ T0 HovTédo, o
2. pla apyixn ovvOnkn

xon ovalnToluE ouVEETNoN Y = (Vi) WS TEOS TOV YEAVO TOU ToTOY POV Yot IXUVOTIOLE! To TOPOTEVE).
‘Exet 8¢, QOpUAMCTIXG, TNV TOQUXATL Hop®n

d
() = F(Ly®). VeI {ty)  (poviéro) (IAT)
y(to) = yo, (py ) ouvdTpen)
6mouv I S Rpetg e ISR, f=(fi)im, xu yo = (Yo;)iey, xATEAANAO BEOTNHUAL, OLVERTNON Xou
onuelo, avtiotowya. Kdde Siapopetinn emhoyy tou Lebyoug f xou yo YEVVE xou évar Blaxexpltévo
ITAT. Enpewdvoupe, 6TL 1 apxikn) cuviiun yapoxtnelleton wg Tétold, xadde TNV yeovixh otiyur to
Yewpolue 6Tl apxilovpe TNV XxAToypdPY) TOU QOUVOUEVOU.
H avotney| padnpotind evée (ITAT) aroutel tnv Yedpnoy| tov o katdAdnAo ovraptnowakd xdpo.
Mordnuotind ETTEENTOE CUVAPTNGLUXOE YWEOS YL TNV Y anoTelel o

{y € C(I;R™) | un tetpyupévo didotnua pe to € I xou y dapopiown oto I {to}},
dpa yial TO Yo EMTEETTOC Yweog eivar o R™ xou yio v f o
{f: S1 x Sy —>R"|J><y(f]) c S xS ¢ R””}.

Qot600, 670 TAAiGIO TNG LOVTEAOTIOINGNC EVOC POUVOUEVOL, EVOEYOUEVIC VAL TIEETEL VoL ETLBAAOUUE
TEPLOPLOUOUS GTOUG THPATAVEG ETUTEENTONS Ydpoug. Lo mapddelypa, lowg va Véhape vo xortd€oupe
tov [0,00)" avtl Tou R™ (un aprnriki hor), lowe

g2 (a,00) pe Raa<ty, f [a,00) pe Roa<ty, (Jetikd ohixrj Noom)
IR (oixrj Woor),
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# oxopa y € CF(J;R™) pe k € N (wa ouvdptnon y € C™ xodeltor opadny). Tuvideg, yia Tic MNoeL
TWV ALYOS SUVOULXGY TEOBANUAT®Y TOU GUOLIXOU XOGUOL UTAUTOVUE

ye C(IR™) nCH (I~ {to};R™), émou I un tetpiupévo didotnua pe to € J

xou Gpol
fe C(Sl X SQ;R”), o6mou J x y(j) €Sy x5 ¢ R

T tpaxtinolc Aoyoue, yivetaw Adyoc yio Aoom evoc poviehou/eliowone o byt evoe ITAT, pe v
ebxoha evvooluevn évvola. (261600, 6w eivan dueca enaindelolo, Toté plo Abor evde yovtélou
Bev umopel va elvon povodixy.

KouPwéd pbého otny yerétn tov IIAT éyouv ta anholotepa duvatd npoBAfuata, dniady to ypau-
pikd. Tpoppind ebvon évor mpdBinua () poviého) otav to avtio oo UoviENo xavorolel Ty apxr
™S emaAAnAiag, cVupwvo Ue Ty omola xdde Yeauuuxde cUVBUIOUOS OTOLWVONTOTE, TENERAUCUEVOU
mTAfloue, Aoewy tou poviédou (Snhady to ddpolopa Twv yopévey xdlde Aong pe évav otadepd
Tparypotid aptdud) etvon xon autés Ao tou yovtérov. QoTtdéoo, autd anoteholy Ty peognpio, xo-
Ve LOVTENX YiaL TNV TERLYPAPY) EVOLAPEROVTLV Pavouévwy elvon cuvibwg obvieta xou un ypapuixd.

O gdoeic perétne evoc ITAT elvar o €€vc:

ddom Mehétn

I Kol tonodétnon npofiiuatoc xotd Hadamard (Omopén, povadxdtnto, cuve-
i e€dptnon amd ta apyxd dedopéva e Aong) xou eTEXTACLOTATY TS AVoNG
(ohuehy OmtapZn Moome)

IT Edpeon Mong oe xhelot Yope
I11 Avduor evotdielog xow ONXY] ACLUTTWTIXT avdALUoT
v E&dotnon ANong amd Lol TopdUeTeo Xol doURTTWTIXY avEAUGT) Yol <axpalecy THéS

e TopoETEOU

MatOnuatiké YrnoBalpo: EbdO nagousidaloupe ta Pooixd padnuatind epyareta yio tnv Pdor I
e wehétne evée ITAT.

Icod0vour Lopyr Ty TEoBANUATOY aeytx®dV TLrodV. Evdeyopévoc npoppr tou (ITAT)
Vo avTaleL eV Tp®TOlE XAMwe TepoptoTixy. 201600, 6Tw Yo BolUE aHECWE TAPUXAT, TEOXELTAL
YL TNV Hop®r) oty omola Unopolue Loodlvouo va yeddouue dhot Tol TEOBAAUTO TOU EUTAEXOLY
dapopioelg wog HETUBANTAC.
IMedta bume ac dovpe xdmoteg Booixéc évvoles. ‘Eotw n,m € N.
1. Tt dedopéva St < RUF(+Dm o B S - R™, wa y € C™(T;R™) tétowa ote
i. 10 ISR va elvon éva pn tetpyupévo dldotnua,

i {(6y(0), ), FED)) € IxRODTL 8o

. F(t,y(t) dygy, ﬂ(t)) =0, yio xdde t €,

» dt ’ dtn

ovoudletan Aoon e YAE n-ootrg tdne yevinc wopprc tou onuelou iii.. EmmAiéov, yia
dedouéva tg € I xan {yo,; };1:0 ¢ R™, 10 avtiotoyo mpdBAnua apyncv TV anotekeiton and TNy

nopandve LAE (v xdde t € I\ {to}) o cuvduaoud pe v apyixt cuvidinm %(to) = %05,
v xé&de 5 €{0,...,n}.

2. T dedopéva So € RM™M™ you f: Sy — R™ wia y € C™(J;R™) tétoia HGote
i. 10 JC R va elvon éva pn teTpypévo BldoTnud,
i, {(t,y(t),%(t),...,%(t)) E erR"m} c Sy, weu
i, Sy - f(t,y(t), d @, j:%(t)) i xéde t € 7,

ovopdletar Aon e LAE n-ootic tééne Auvuévne popphic tou onpelou iii.. Emmkéov, yia
dedouéva tg € I xou {yo };L;Ol ¢ R™, 10 avtioTolyo TpoBANUe apyixtdV TGV anoTehelton and Ty
ropandve DAE (v xdde t € I\ {to}) o cuvduaopd pe v apyxh cuvdhixm i%’(to) =905,
v xdde j€{0,...,n-1}.
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To 6t 1 npddtn popeT evdg TEOBAAUATOS dpYIX®Y TV TepthauBdvel Ty dedtepr elval TROQO-
vée. Toybel duwe xou 1o avtiotpogo dtay ixavomololvtal ol utodéoelc Tou Yewpruatog TETAEYUEVNS
CLVAETNOTNG, XATL IOV GAAWO TE LoYVEL TIC TEPLOCOTERES POPES OTIC EQPUPUOYES.

Topa, x&de npdPAnua apyxdv Ty Tou TepthopPdver pin TAE n-oothc tééne yevidc (4 Au-
pévne) poppric otov R™ efvon 160d0Ovoun pe éva avtiotoryo mou mepthofdver pio AE Inc tdéneg
vevixfic (f Augévne, avtiotorya) popphic otov R™. Tpdypott, neploplOuevol Yo cuvtopio oTny
neplntwon twv XAE hupévng uop@ric - ol omolec SAWGTE Pag EVBLUPEPOLY GTO POV GUYYEOUUUA -
€youpe OTL, av 1 > 2, tdte To TpofAruaTa

d"y dy dnly

— () =flt,yt), —=(),..., ——(¢ Vi t
0o o THO). veer ()

d’y .

dtj (tO):yO,j’ VJE{O,...,TL—l},

ue y € C(IRY) nCHIN {to};R"™) xou

}Zti(t)ZZHl(t), VtEj\{tQ}, ViE{L...,n—l}
Zn,
E(t) = ft,z1(t), .. 201 (), VEeIN{to}
z(to) = (yo,i);l:_ol,
ue z € C(I;RY™) n CH(IN {to} ; R™™), eivon 10080voa, xadde

i \n-1
; p , , Iy p ,
e av y elvat AVoT TOL TEWTOL, TOTE N 2 = (ﬁ) , chou AOoom Tou BedTEPOL, Mo
i=
o av z elvon Aoom tou deltepou, TOTE 1 Y = 21 €lvon MDY TOL TEAOTOU.
Q¢ ouvémela e aveTépw Looduvapiog, N yevixr dewpla dlatundvetar oyeddV AmOXAELOTIXA Vil
(Bravuopatinf) EAE Ing tééng.

AvtioTtpopn xeovou. Ilohhd and ta Poacixd anoteréoyata apopoldy Ypbvoug otny dedld nuLeu-
Vel (uélhov). Tapodétovpe To ToPOXdTL TOU PG ETUTEENEL TNV YPNOT TOUC 0L YL YPOVOUC GTNVY
oprotept] nuevdeio (Topehdov).

Oevpnpa 1 (avuotpopn xpdvou). Hyi: I - R™ ikavonoel tny

Dty = 1(tu(0)),

émou f: S1 xSy > R™ pe Ixy(J) ¢ S; xSy € RxR"™, av kat udvo av n
yo: =J - R"
s y2(s) =y1(-s)

1kavomolel tny

L e) = 9(t.4(0),
émou

g: {(s,x) eR x R”‘ (-s,x) € Dom(f)} - R"
(s,2) = g(s,2) = =f(=s,2).

Kol¥ tonodétnon npofAfjuatoc xatd Hadamard. ‘Eva AT eivor xoAd tonodetnuévo
oTaY IXAYOTIoLOUVTAL Ot axdhovdec cuvinxeg:

1. "YroapEn Aoong.
2. Movadudtnta Abong.

3. Yuveync e€dptnom tne Aoong and ta apyLxd dedopéva.

5
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Tomx? Onapdn. H avalhmmon tomxd yiog Abong elvan 1o axpoywviaiog AMdog g ueAétng evog
ITAT.

Oehpnpa 2 (Peano). Av n f eivar ovvexris oto avorytd Uy xUs € RxR™, wéte Y (to,y0) € Uy xUs
3 romikd TovAdyiotov pua Abon y touv (ITAT). Xvykexpipéva, Dom(y) 2 J, érov I avorytd Sidotnua
He to € J, ka1 To omoio mpoodiopiletar ws €&nis: Eotw a, f € (0, 00), térow, dote va iwoxle

{(t,ac)e U, ><U2| [t —to| < a kar |x—yo|§6} = B(a,8) ¢ Uy xUs.

Oérovtag

M(a ) = sup {|f(t.0)| | (t.x) € B(av, )} ka7 = min{a, M(gm} :

tehikd opilovpe
J={teR|[t-to| <7}.
Enextacipdtnta xon oAxdtnta Abong. Eotw y: I - R™ o ANon tou (ITIAT).
1. M ouvdptnon §: Dom(y) — R™ Myeton eméitaon tne y ovy
i. Dom(g) ddotnue, tétolo wote Dom(y) 27,

. gly =y, xou
iii. 1§ wovonowel v aviiotolym diagopux e&iowon oto J.
2. H y Myeton peyonixn) (§ un enextdoyun) avv to J elvon 10 péyioto ddotnua Onaplhc tne.

3. H y Myeton Oetikd (apvnuikd) ohikrj avv Dom(y) 2 [tg, 00) (Dom(y) 2 (—o0,t0]). H y Myetou
odix1j avv efva 1600 VeTIXd 600 XL AEVNTIXA O,

Oewpnua 3. Eotw f ouvvexris oto avoryté Uy x Uz € R x R™.
i. Avy efvar pua Adon tov (IIAT), tdte ndvta vndpyer n peyionikij Tng enéktaon.
it. Eotw J to idotnua Yrapéng piag peyiotikris Abong tov (ITAT). Tdre
dist((t,y(t)),0(Uy x Uz)) — 0, xaddg dist(t,07) — 0.

Ané to Ochpnua 3 éneton Tt o Noom y elte undpyel Y xdde ¢ € [tg, 00), efte L undpyet T < oo
1oL, BoTE 1) Ao urdpyel uévo o t € [to, ). Te auth Ty tedevtoia neplnTtno, woyvel T

elte thr%l dist((t,y(t)),0(U1 xUs)) =0,
elte 1 Aoon expfyvutar oto t =T, dnhadH tlir%{ ly(t)] = oo.

Méhota, av n = 1 xou 9éhoupe vo deifouye T pwa Moom y opiletan o éva didotnua [to, 00), UTopolue
- und 1o mplopa Tou Bewprpatoc 3 - va gpyooTtolue we eéfc: Eotw 6t n f elvan ocuveydc oto
(1,00) x (=b,b), pe 7 < ty. To Lnrodyevo éneton ov xatopépouye v anodeifouvye 6Tt Loy leL

ly(t)| < C <b, Yt >ty yia 10 onolo opileton 1 y.

Ioybouv xou Tor avtloToL o TWV TOEATAVE YLoL YEOVOUS UIXPOTERPOUS TOU tg. 2TY) CUVEYELN THPOUGL-
dloupe évor TOMOTIO EpYUAElo Yiot THY eE0ywYY) BlapOpmY EXTNCEWY OTWE 1 TAEATAVE, 1) ontola Ya
pog dwoel TRy odxdTnTa Tng avtiotoyng Aoong. Ilailel Se, uetagl dAAwY, o0LCLIGTIXG POXO XoL GTNY
anddelln tne povaddtntac tne Aong tou (ITAT) (Bh. Oedpnua 7 napoxdtw).

Oevpnpa 4 (avisdétnta tou Gronwall). Eotw h, g ka1 u ovvaptrioes I - R, érov I Sidotnua tng
Hopgns [a, ), A [a,b), 1j [a,b] tou R. Trodérouue éti np g ka1 n u efvar cuveyels kar dti To apvnTikd
uépogt g h etvar odoxAnpdoiun auvdptnon oe kdde ouunayés vrootvolo tou J.

I revdupiletan 6T To dpvnTied wépoc wiac ouvdptnomne g, g, opileton we

g (1) = { -g(t), avt<O

0, dropopeTind.
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i. Av n g efvar un apvnukn kai n u 1Kavomolel TNY 0AOKANPWTIKY aviodTnta

u(t)gh(t)+fg(s)u(s)ds, Vied,

ToTE
t t
[ g(r)dr

u(t)gh(t)+fh(s)g(s)es ds, Vted.

a

it. Av, emimAéor, n h elvar avéovoa, tdte

[ (s)ds
u(t) <h()el “OF vie,

'Etot, G€ W10l AVTLTPOCWTEVTIXT EQuppoY T Tou Oewphuatoc 4, Yewpolye to (ITAT) xou unodétouye
ot €xet povadix Aoon. ‘Eotw ét n f wavonowel tnv ourdnkn ypappikns avdrtvéng

[f(t, )| <sa+Blz|, VieR,

émou a, B eunée otadepéc. Téte v Aoon tou (IIAT) Sev expriyvuta oe (nenepacuévo ypévo). T
v axpifela, uropolyue vo SeloLUE TO ToPOXATE.

Oevpnpa 5 (cuvdixn yeouwxic avdntuing). Eotw f ouwvexris owdptnon oo avoyyté Uy x Us,
un terpiupévo didotnua I € Uy kar a, : T — [0, 00) TéToieg dhote
If (¢, )| < a(t)+B()|z|, V(t,z) eI xUs.
Tére yia kdOe peyrotikr) Adon tov (IIAT), y, pe (to,yo) € I x Us, 1w0xla dn
Dom(y) 2 7.

‘Ocov agopd v anddeln tou Oewphpatog 4, otneilopacte 610 oxdhovdo, ToAD Bacixd xou
elypENo 10, AMOTEAEOUA, Yo TO OTOl0 OULC TEMTA Ypeetalouaote o Yeuelmddn évvola, ouTth TN ouv-
Onkng Lipschitz (¥, odée, Lipschitz owvéxeas). 'Etol, éotw ¢: S — R™ wa cuvdptnon, 6nou
S ¢ R™. Ouulloupe mwe Aue 6Tl n ¢ 1kavorowel ouvOnin Lipschitz, avv umdpyel Yetiny) otadepd
L=L(9), tétoa wote

|p(@2) = ¢(@1)] < Llxg — 1], Vi, €5,
eved MNue 6TL M @ wkavornolel tomikd ovvOnkn Lipschitz, avv yio xdde ocuunoyéc ¥ € .S undpyel Yetxnr
otadepd L = L(X), tétowa dote

|p(x2) = ¢(21)] < Llws — 1], Yoy, 20 €.

levixebovtag, éotw ¢: S1 x Sy = R wa ouvdptnon, 6mou S x Sy € R™ x R™2. Aéue 6t 1 ¢
ikavoroiel ouvdrkn Lipschitz wg mpog o € Sa, avv vndpyet detn| otadepd L = L(S] x S3), tétow
woTe
(21, 72,1) = d(@1,222)| < L|ra1 — 20|, ¥V (21,221),(71,22,2) €51 x Sa,
eVl Mpe 6Tl M ¢ 1kavormoel tomikd ovvOnkn Lipschitz wg mpog xo € Sa, avv yio x&le cuumayég
¥ €51 x Sy umdpyer Yenunh) otadepd L = L(X), tétowa dote
[(z1,29,1) = P(w1,222)[ < Llway = w20|, ¥ (21,22,1), (21, 22,2) € 3.

T mapdidetyyor, oV pLor GUVEETNOT €EL CUVEYEIC TEWTES PEPIXES TUPAYDYOUS WG TROS XATOLL TOAUBL-

dototn peToBAnTy, toTE avonolel Tomxd cuvixr Lipschitz w¢ npog auth Ty uetoBAnTH.
Oevpnpa 6 (uédodoc e odyxpone). Eotw [ ouvexris ouvdptnon, oto avoté Uy x Us, mou
ikavornotel tomixd ovvinkn Lipschitz oto Uy x Uy ws mpog x € Ug, un tetpippévo didotnua I € Uy pe
to€J xar y1: I > R™ Mon wou (ITAT). Av yo: T - R"™ ikavonoiel Tig aviodrnreg

dy

4 D < f )

y2(to) < vo,
ToTe

y2(t) <y1(t), Ve In[tg,00).

7



Awddeén 1

Movadixétnto. To Poaowxd anotéheopo we npog v povaddtnta Avong touv (ITAT) epmiéxel
Vv €vvola Tng Tomxrc ouviung Lipschitz, 6nwe qoiveton mopaxdte.

Oewpnpa 7 (Picard-Lindelof 4 Cauchy-Lipschitz). Av n f eivai ovvexiis oto avoryté Uy x Us kai,
emnAéoy, ikavororel tomikd ouvinkn Lipschitz oto Uy x Uy wg mpog x € Us, tote Y (to,yo) € Uy x Us,

3! zomikd AVon tov (IIAT).

Trdpyouv Sdpopes yevixeloels, 600y agopd tny unddeon 6Tl 1 f xavonolel Tomxd cuvifx
Lipschitz, ov onofec e&aoparilovy v povadwdtnta twv Aoewv tou (IIAT). Ou mo onuavtixée
dlvovton ot oxdAouvdar:

Oewpnua 8. Av n f elvar ovvexris oto avoiyté Uy xUs ka1, emmAéor, yia kdOe ovunayés ¥ ¢ Uy xUy
undpxer odokAnpaoiun ovvdptnon Ly, ws mpos t € Uy térowa, wote va wxvel

(1) = F (b a2)] € In(®) o - 23] ¥ (ba1), (ba) €5,
téte, Y (to,yo) € X, 3! Abon wov (ITAT).
Oehpnpa 9 (Osgood). Eotw a,f € (0,00) kar f ovvexris oto opoydvio
B(a, B, to,y0) ={(t,x) e U x Ua | [t —to| < o xar |z —yo| < B} R x R™.
Eotw, emnAéor, 6t n f ikavonoiel tny ovvdikn
|f(t,21) = f (£, 22) < @(|w1 = m2]) V (£,21) , (¢, 32) € B(a, B,%0,50),

émou ¢ efvar pna ovvexns ka1 adéovoa auvvdptnon oto (0,6], pe 6 > 0, térowa dote

b
sli)r(l)l+ ¢(s) =0 ka1 Of ﬁds = o0,

Tére, Y (to,y0) € B(a, B,to,y0), 3! Won wouv (IIAT).

Ipogoavae, av ¢(s) = Ls oto Oedpnua 9, t61e nadpvoupe tnv ouvdixn Lipschitz. M dAAn
yeRown enthoyn ebvar ) ¢(s) = Ls|In s|.

Oewpnpa 10 (Nagumo). Fotw o, € (0,00) kai f ovvexris oto oploydrio
B(a, B, to,y0) = {(t,x) € Ur x Ua | [t —to| < @ xar |z —yo| < B} R x R™.
Eotw, emnAéor, ot n f ikavonoiel tny ovvOnkn

|21 — 22
|S —t0| ’

|f(t,£b'1) - f(t71.2)| < v (tvxl) ) (t7x2) € B(avﬁvt(hyo)‘

Tére, Y (to,y0) € B, B,t0,y0), 3! AVon tov (ITAT).
Yuvexhc eEdptnon and ta dedowéva. Ocwpolue to (ITAT) xou vrodétouye 6Tt
i. n f: B(a,B,to,y0) = R eivon cuveyfic xou gpaypévn oto opdoydvio
B(a, B,to,y0) = {(t,x) € Uy x Us| [t —to| < xon |& —yo| < B} ¢ R x R"

xou Loy Vel
|f(t,.13)| < M7 v (th) € B(O‘7ﬁat05y0)7

ii. n f wovonotel tomixd cuvdfxn Lipschitz oto B(a, 5,10, Y0) ©¢ mpoc x € Uz, dnhady
|f(t7x1) - f(t,$2)| < L|I‘1 - I’Q‘ .
Tré Tic avwtépw utodécele, yvwpilovue ot o (ITAT) éyel povadnr Moon y(t, to, yo).

8
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Oewpnpa 11 (cuveyhc e&dptnon and 1o yo). Eotw yo1,%0,2 € R™, téroia, dote

153
— <=
0,1 = Yo,2| < 5

Av woyve
[t — to| < min {a, i} ,
2M

TOTE éyoUuE
ly(t,to,y0.1) = y(t,to, Yo.2)| < [yo.1 = yo .2l 770

Oewpnpa 12 (cuveyhc e&dptnon and 1o ty). Eotw to1,t01 € (to — a,to — &), Téroia dote

p
0< toyg - t071 < M
Eotw, emmAéov, (to—a,to+a) 2 J; to medlo opopol tng Avong y (t,toj,v0), ya j = 1,2, ka
J:=J1nJg. Tére 10xVer 6 [to1,t0,2] €T kar emmAéoy

ly(t,to.1,90) = y(t,to,2,90)| < M (too —to1)e” min {|t=to.1],[t=to.2l}

Oewpnpa 13 (cuveyhc e&dpton ond v f). Eotw fi, fa ouvexels ovvaptioeas B(a, 8, to, yo) —
R™. YTroOérouue éti oto B(a, B,to,yo) 10xour ta akérovda

lfi(t,2)| < M, |fi(t,z) - fa(t,z)| <€ xar |fa(t,21) = fo(t,22)| < L |21 — 29,

yia M,e, L >0. Eotw yg, ma Abon tov (IIAT) pe fi oty 9éon tns f karys, n povadikn Abon tov
(IIAT) pe fo otnr 0éon tns f ke J € (to — o, to + @) To KOs Tedlo op1o 00 TV Yry, Ys,, ME o €T.
Téte .

9O -] < S (H-1), veeo,

OuarotnTa Aone. To enduevo anotéhecpa elvor GUEST) CUVETELD TOU XOVOVOL TN oAUGTBaC.

Oedpnpa 14 (dugopiowdtnta 1wV Acewv). Eotw (ITAT) o onolo éxa Abon y:J - R™ ka
feC*(3,y(7)), ne k eN. Tére y e C**1(7).

‘Apeoa €neton and To mopandve 6Tl av f elvon opadr), dnhady| f € C%, 161e xou 1 y elvor opo),
onA. unopodue va Yewprioouvue k € N.

Oporf e&dptnor and tnv egicwon. Tnd 1o nplopa Tou Oewpruatog 14, uropolyue vo YEVI-
xeVooupe 1o Oedpnua 13 we axoholing (tapoleinovye Tic hentopépeies e dratdnwonc Tou).

Oewpnpa 15 (dwgoplown edptnon and v f). Tré ts vrodéoes tov Ocwpripatos 14 ge our-
duaoud e povadikétna g y, éretar 6t n y ekapritar pe C*~1 tpéno and wy f.

Me to Oewpnuo 15 purnopolue va mpooeyyloouue Ty povadixy Aior tou TeolAiuaTog Yiew ond
™Y oey W TN, HECK TNS LoVadhAc Ao pofiiuatog To omolo €xel yia cuvdptnon f tou dedlod
uéloug Tou wovtéhou tou o TENE k mohuwvupo Taylor tne f tou apyixod npofifuatoc.

Téhoc, n mopandve évvola eEeldixeveTon xotd ToV TEOPavh TEOTO X Gty oualy| e€dptnon e
Aoong and v f.






ALGAEEN 2

ITepivypappa ALdAegng ‘

1. Yrowyeia Malnuatikiic BioAoyiag:

Avvoyixd povtéha evog thnduouo:

(o) Exdetuxé poviélo, 1 povtého Malthus
(B) Aoywotxd yovieho, Xy povtého Verhulst

2. Ma¥Onuatiké YréBadpo:

(o) Aoxprronoinon yéow tne pedddou Euler
(B") Autévopo ITAT

(v) Avévon euotdieioc autévopou ITAT: Baocwéc évvoleg

Yroweia MatOnuatikng BoAoyiag: I'o v yerhétn e Suvopnric tou mhidoug cuvorwy
dTunTwy otolyelwy, Ty.: EUBLOY 0pYOVIOU®DY, YNXOY Lopiwy, aToOUwY ¥ Nuixwy oTolyeiwy, x.a., Yo
fitay 0p¥6 Vo Y pNoLonolo0UE GUVAPTACELS TNG HORPNC

N:J - Ny o B R
For N(1)' yio pn tetppévo ddotnua J € R,
TOU AVTITEOCWTEVOLY To TARYOC EVOC LTS PEAETH TETOLOU CUVOAOL UEoa oTo Ypovo. Oa Véhaue
woT600 Vo elpacTe og Y€on va YenoLtonololue ta mavioyupa epyoheio Tou Anelpootixod Aoyiopol o
N HEAETN TV CUVAPTAGEWY AUTMY, TEdY o Tou xad{ototon amayopeuTtind Aoyw tou 61t Ran(V) ¢ No.
Av tdpa unodéoouue 6Tl o mAnduopol elvan e€apyfic, 1) evdeyopévee va yivovtal otny mopelo, Toh)
HEYUAOTEPOL OE OYECT| UE TAL YEOVIXE BLUCTAUNTA Ylo Tol ontold TOUG UEAETAUE, TOTE UmopolUE Vol
Yewpriooupe e€apyric 6t Ran(N) ¢ [0, 00), ywplc va xdvoupe peydho o@dhpo dtav npooceyyilovue
xdde otouyelo Tou pe Tov ey Y0TEPO PuoLxd apitud. Mia tétola unddeon Bo yiveton oe dha Tl HOVTENX
dlopopixdv ELIOMOEWY YioL TNV SV LEAETH Tou TAHTOUC TETOWWY GUVOALY, axdua Xl Ywels va
avapépETOL PNTA.

Yuveyég exdetixd povtéro (Malthus, 1798). 'Eotww N(t) o manduopdc evée eidouc xatd
™ yeovi) otiyuy| t. Lougwva e tov vépo tou Malthus, o pudude petoforrc tou N elvon avdhoyog
tou N, dnhadn

W N, &)
dt

onou 7 € R elvon 1 otadepd avohoyiag, mou diveton and tn oyéon r = - ye 5, 1 > 0 vo naplotdvouy
) otadepd yovwdntog xou Yvnowdtntag, avtiotouya. H avelaptnola twv mapandve otadepnv
amd Tov Ypévo, umopel vo epunveutel we &g O mAnduoude eivon amopovwpévos xat To TepBdAhoy
ouTtol auetdBAnto. Mdhiota, and auth Ty aveloptnolo, 6e GUVBUAOUS YE TOV OPIOUS TWV TOEUTEVG
oToEP®Y, UTOPOVUE Vo Yewplioouue OTL:

® VTOC MG UXPNC YPOVIXAC TEpLOBOL, urfxoug h, xdle opyaviouds yevvd, xatd yéco 6po, Bh
vEoug opYaviouoUe.
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e cv1d¢ ¢ (Blag ypovind| epiodo h, xdie opyavioude nedaiver ue mdavotnTa ph.
To aviictotyo AT eivor to e€hc:

Me 6edopévo Ny > 0, avalnrotue sdotnua J S R pe 0 € J ka1 ovvdptnon
N:J - [0,00), tétowa ddote n N va ikavoroiel téoo tny e€lowon (1) oto I\ {0}, (exp)
doo kar Ty apxikn ovvdnkn N(0) = Np.

H povoduxn, okt xaw ogols) AMoor tou ypouuxol (exp) eivon 1
N(t) = Noe" %) vieg=R. (2)

Otav 7> 0 avagepdpoote ot «exdetinf) adinony (t.y. xpovopata tou COVID-19), btav r < 0 Aépe
6t M Moo «@divel exdetindy (m.y. podlevepyy| didomnaon), evd dtav r = 0 1 Ao elvan otodepr] (lon
ue No) (Bh. Syt 1).

Trodétouye, ywplc BAEBN e yevidntag, 6Tt 0 mhAnduoude auidveton, dpo 4Tt (ot euxOAC
evvoolyeva avtiotorya cupnepdopata Yo .oy douy xat yio Ty nepintwon 1 < 0).

0 t

(o) Tpaphuata yio otadepd Ny xou ddpopes Tipég tou r € R. (B") Tpagphuata yio otadepd N xou dudgpopes Tipég 7> 0.

SyxAue 1: Tpopund) mapdotacn tne (2) we t.

Iapdho mou elvan Wioktepa amAouoteutind, xodwg Yewpelton 6Tt 1 TAnduouony| adénorn yiveton
Ywplc xavévay Teptoptodd (Tpopavde pla pn peokiotixn utddeon), 1o povTého autd divel xavoronTind
ATOTENEGUATO YOl TEPLOPIOUEVES YPOVIXES TIEPLOBOUG.

Ac Sobue éva ouyxexpluévo mapddelypo: We Bdom dnuoypoapixd dedopéva, to €toc 1961 o mo-
yxoouog avipmmvoc thnduoude rav 3.060.000.000 dropa, eved o péoog etholog pudude avénorc
Tou xatd T dexoetio Tou 1960 (dnhadh 1961-1970) Ytav 2%. 'Etot, obugpwva pe v (2), éyoupe

N(t) =306 - 107 . e0.02 (t-1961) . (3)

To exdetind poviéro divel ixavomoinuixd amotehéopota yia To didotnua 1750 - 1961, dnwe npoxdntel
av ta ouyxpivoude pe ta (Tpaypotixd) dnuoypopixd dedopéva tou napeldévtoc. To B0 cupPoiver
av ouyxplvouue to anotéreoua g (3), Ty, Yo To €toc 1983, pe To ThTE TPAYHOTIXG dNUOYpopLXd
dedopéva. ‘Etol unopolue va Yewpricouue 6Tl yovdpd to povtého exdetixrc adEnong éyet aélomotia
+ 200 ypdwia mepl To to = 1961.

Ac Solpe Tt yivetan extdc tou dlaotiatog adlomiotiog. To eyfaddv e empdvetag e I'ng elvon
1728 10! tetparywvind pétpa, evé 10 T0600TH xdAUPNC and vepd (wxeavol, Yéhacoee, Muvee, Toto-
pol) etvan 80%. Av xdvoupe npdPredn pe 1o povtého exdetinfic adinong yio 1o €1og 2222 TEoXUTTEL
6t Yo avtiotolyoby 61 TeTpaywvixd YETpa OTEPLdC avd dTouo, eved to €tog 2630 da avticTouyel 1
TETPAY WV PETPO OTEPIdS Kar vddTwy avd dropo!!!l Ouolwe, clupwva ye 1o wovtého exdetinnc o-
0Enone, o avdpndnvoc TAnduoude otn I'n to étoc 1300 énpene va ity 5550 dope, eved to 903 (u.X.)
énpeme va fray 2 dtopa - ondte pddoue xan ndHTe eypavictnxay o Addu xou 1 Eba ©.

Hihik6 6idaypa: oxdua xon tor amhoixd povtéha unopel va elvon ypriotua, opxel vor hayfBdvouue unddn
poc o dlothuato adlomotiog Toug!

ITpw xhelooupe auth TV mopdypapo, o dolue UTd €va o QPOPUAACTIXG TploUa To TORUTAVE
nopadelyporo.  Kotopyde, napatnpodye 6t yia apyixh cuvdrixn No = 0 n Aborn tou (exp) elvou
otadepr undevixy ouvdptnon N = 0. Tdpa, outh n edr] Abor éxel v e€Ac WdtnTor yior pLot
onoladNnote apyxr) cuviixn Ny # 0, n avtiotoyn Ao

2Me A° cupPoriletar 0 ecmTEES TOL GUVGAOU A.
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o «mhnotdlely Ty undevixr cuvdetnot, xodng t — —oo.
® «omOUoXEUVETOLY On6 TNV UNdevxn cuvdptno, xadwe t — oo.

Me autédv Tov anhé TedTo, €YouUE Wi ader), AN TERLEXTXY, TANEOPOENOT| VLol TNV CUUTERLPORE TLVY
Nooewv tou (exp). ITopaxdtew (BA. hoyiotind povtého) Va Bolue TG Bploxoude xou TOS YoEax TN
piloupe tétotec Mioels, dTwe 1 undeviny| Yot To (exp), oL onolec PEpouv onuavTixg Thnpogopla Yo To
exdotote IIAT, yoplc wotéc0 vo unatvoupe oty diadxasia vor 1o AOGOUUE.

"Aoxrnon 16. EnaAnlelote to ouumépaoua tov HeTaoynUatiojol avtiotpoiis xpdvou yia to (exp).
IIds avapefrar n avtiotpoer) avty péow aAdaynig oo mpdonuo tng otadepds r;

Araxpelto exdetind poviéro. To Soxpitd duvauixd tpoBAfpota etvor edxolo va xatavondolv
xan v ene€epyactolv. EvBeixvuvton yio mpocotoldoeic 6e UTOAOYLOTH xou efvol GUY VA XATIAANACL YidL
TN LOVTEAOTONGT] TELPAUUATIXDY DEBOUEVWY ToU elval oyedoY mdvTa dloxpltd. EmimAéov, anid tétola
npofBAuata ue Ay otepe UetaBAnTég and Tic avtioTolyec cuVEY0UE XPOVOU, UTOPOUY VAl AVATIELGTOOY
OTOTOPES UARALYES GTIC XOTOOTAOELS TOU CUOTAUATOS X0l EVOEYOUEVIC YOOTIXTH CUUTERLYPOEE (TG0
outh 1 oty dev Yo pog amaoyohfioel oTic Topoloe BlahéZeLe).

To avéroyo dlaxpltd povtého tou ouveyois exdetixod eiva to (Bh. Aoxnon 17)

Niv1=(1+7h) Ni, Vk e Ny, vy otadepd h pe 0 < |h] «< 1. (4)
T vo suoyeticoupe v (4) pe v (1), Yétoupe
m:=1+rh,

%9 eniong oplloupe we b Tov p€oo 6po TMAPAYWYHS VEWY OPYOVIOUWY TOL EXEGTOTE OpYAVIOHOD OF
%40 emduevo ypovixd PrRua’ xou we s Ty mdavdnTa emPBinone Tou exdoTote opyaviopol oe x&de
enoUevo ypovixd PAuc. Tote, agol - onwe RO €xoupe BeL Yiol TO GUVEYEC LOVTEND - 0 apldudg Twv
YEVVACEWY eVTOC Uixpol Ypovixol dlaothuatos h elvan nepinou BN}, cuunepaivouye ot

Suumineouotixd, o aptdpoc 1wy Yavatwy phNy neénel va loolTol Ue Tov optdud TekV 0pYaVIoUMY ToU
dev emPrdvouy, dnhadt (1 - s) Ny, to onolo yac diver btu
1-s

P

/’L:

Apo
m=1+(8-pu)h=0b+s.

‘Etot, n neplntwon r > 0, dnhady B > u, avtiotoiyel otnv b+ s > 1, dnhadn m > 1, n omola elvor 7
ouvdfen v exdetixd) av&non (avtiotoya yia Ty tepintwon 6mou r < 0). Ipdyportt, dedouévne wuag
apyic T No, UTopolue enaywyxd vor cuunepdvoupe and tny (4) 6

Ny, =mFNy, Vk e Ny,
%o €TOL €YOUNE
m<1=>klim Ny =0,

m>1= lim Ni = oo, (5)

— 00

m=1= N = Ny,

CUVETIOC XATOATYOUUE OTA (Bl GUUTERIOUOTA UE QUTA TOU GUVEYOUE HOVTENOU.

Y10 Xyfuo 2 delyvouye wia TOAD YVWoTY yeapixy) dadixaoto, Yvwoth wg pébodos tou 10Tol Tng
apdxvng, Yo TNV XATAOXEVH TwV enavaliPewy evdc Soxpitol poviéhou. Tdoo yia m > 1 660 xou yia
m < 1, n Swodixacia epunvedel Tov unyoviowd e exdetinic adénong 1 uelwong, avtictolya.

‘Aoxrnon 17. ErnaAnlebote tny (4) pe fdon to avtiotoyo anotédeoua oo MaOnuatiké TrdBabtpo.

SMdhota b = B-w, énou B eivar 0 uéooc aprdudc Tov anoybvmy Tou exdotote opYoviopol o xdle enduevo xpovixd
BAua xou @ N (otadeph yia dhoug) mdavodTnTa emPBlwone Twv anoyYdvemy oTo ENOUEVO Ypovixd BhAuc/avamapoy »yix)
p
neplodo.
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Nit1 Niy1 = mN Nest Nit1 = Ny
4 Nip1 = Ny
yAEE——
Niy1 = mNy,
A <
A 4
! <
A4 ! 1
1 Y 1
1 I A
> ! 1
1 ! 1 1
1 ! | 1
1 ! | 1
1 1
4 : 1 : 1
I ! l !
1
0 Ny M Ny —_— Ny, 0 - N Ny Ny N
(o) Hepintwon m > 1. (B") Iepintwon 0 <m < 1.

SyAua 2: o xataoxeuh - pe v uédodo tov 1w0tol tng apdxvng (cobwebbing method) - tng axohoudiog yio
10 doxpitd povtédo tou Malthus (4) ye m = 1+ rh, nou deiyvel to anoteréoparta (5). H dwdixacio elvon n e€hc:
Eexwvdvtog and to Ny otov oplldvtio dEova, pépoupe xddetn oto onuelo (No,mNg), n tetaypévn tou omolou elvon
to Ni. Bploxouye to N1 otov opldvtio dova oyedidlovtag éva opldvtio tpuipa and to (Ng,mNg) otn dixotduo
yoviog Tov afbévewyv. IThpaue étol to Ny and 1o No péow tou xataxdpugou tphuatoc oto Yo Niy1 = mNg xou to
opwlévTio TuAUa otny eudela Niiq1 = Ni. Mropolue otn cuvéyela va ndpouye 10 No and to N1 ye tnyv Bio dodixacio
xou cuveyilovtac T undroineg Twéc N, Ny, ...

Yuveyxés Aoviotixd povtého (Verhulst, 1838). 'Eyovtoc naupotneficel 6Tt 0 VOUOS TOU
Malthus (1) mopouvoidler To TEOBAAUNTA TOU OVUPEQUUE, TPOYWEGHUE UE TO VO AVTIXATACTACOUUE
) otadepd r pe wa ouvdptnon tou N. 'Etol mpoxdntel évag TOAD yevixdg vopog manduoulonic
ueToBohng

dN

— =r(N)N. 6

= r(V) ()

EZeibixetouye tov véuo autod pe 1o vo unodécoupe 6t m (V) ouunepipépeton we e&Rg:

elvan mepimou {om ye wa Yetiny) otadepd , yior «xpedy N,
pivel, 6tav 0 N elvon «oyeTHd UeYdhoy,

elvon apvnTiny, yior «opxetd peydhoy N.
H anloloteprn ouvdptnon pe autég Tig WtotnTes elvan 1
r(N)=r—-oN, érou p Yetxf otadepd.

"Etot mpoxintel ) heyopevn doyiotikrj e€lowon (1 e€lowon tou Verhulst)

dN
— =(r-oN)N
3 - (reN)N,
7 onola cLVRYKC YEdPETOL GT HoPPT
dN 1
—=rN|[1-=-N]|, 7
a ( k ) ")

omou N Yetueh) otadepd k= 7 Aéyetan pépovoa kavdtnTa (f eninedo xopeouol, R ywenTXodTNTA)
Tou meptBdAlovTog xou efvan To péyloto uéyedog Bidotpou mAnduouod tou und yekétn eldoug mou to
nepBdihov unogel va utootneiel. O 6poc rN unopel va yapoxtnelotel w¢ «puluog avdmtuéncy, eve
0 6p0¢ —%NZ ¢ «puiude YavdTwvy.

H (7) eivan o suviiing Suapopinn eiowon ywployévwy petafintédy (etvon eniong xou Sagpopind
eZiowon Bernoulli). To avtiotowyo ITAT eivon to e€ic:

Me bedopévo Ny > 0, avalnroue srdotnua J € R pe 0 € J ka1 ovvdpTnon
N:J - [0,00), térowa cdote n N va wcavoroiel téoo tny (7) oto I\ {0}, doo kai ()
v N(0) = No.
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Mrnopotue de va Bpolue Moo tou () ot xheloth popyh we e&Xg

k No

N(t) =
() No + (k- Np) ert’

VteJ=R. 8)
Mdéhoto, 1 Aoon (8) elvon wovadixd yiot to (£). Ipdyuartt, Yewpolue 10 yevixbdtepo tou (£) Bondntind
ITAT:

Me bedopévo Ny € R, avalnrodue sidotnua I € R pe 0 €J ka1 ouvdptnon
N:J - R, térowe dote n N va ikavonoel téoo tnv (7) oto I\ {0}, doo kar Tny (£°)
N(0) = No.

H Sopopd petofl towv 800 autdv TpofAnudteny €yxettal gévo we mpog TNy Yedpenon Tou emttpentol
ocuvéiou TWOV Yl TV Abor.  Kdvovtoac yeron twv Pacwcdv anoteleoudtoyv, eEdyouue Umapln,
HOVOBIXOTNTA XU OUUAOTNTOL LEYIOTIXAG XUl CLVEYME EEUPTMOUEVNG omd T )y xd dedopéva Along

N°: (-e1,e2) > R, 6mou 0< £1,£5 < oo,

yioe o (£°) (BA. "Aounon 18), n onola, npogavde, dev unopel va eivan dhn and v (8). Apa, dviwe
7 (8) elvon povaduer| xou v to (£).
Tapa, etvar mpogavée bt

e av Ny =0, t6te N =0.
e av Ny =k, tote N =k.
e av Ny € (0,00) N {k}, t61¢

, —00 otav Ny < k
0, étav Ny < k , ’ 0

lim N(t) = , omou T = Y- "
t—>T oo, btav Ny > k ln(l—m) ,  6tav Nog >k
xoiL
tlim N(t) = k.
Anhodh ov Ny = 0 xou Np = k elvon otadepéc Moewe tou (¢). Eniong, vy xédde Ny € (0,00) N {k} 1
T N(t) tne Mone N tou (€) éyer ouyxexpéva Ty eEAC CUUTEPLPOPE:
e xadoct—>T,

— av Ny < k, t61e teivel acupntouxd (xon pdhota exdetind) tpoc tny tywh 0 tne avtiotoiyme
otadepric Moong Ny = 0.

— av Ny > k, t61e 1 Moon expryvutan.

o xaddec t — oo, telvel acupTTWTXG (xou pdhoTa exdetind) mpoc Ty TWh k tne avticTtowyng
otadepnc Moone Ny = k.

Avuté onualvel o,
® oTo TopEATOY,

— TpLv amd apxeTd ¥povo, o TAnduouos Htay xovTvog ato 0, av Ny < k,

— mewv and Alyo ypévo, o mAntuoude HTov TOAD PEYAAOC, XL TEOQAVOS UAXELS Omd ThV
pépovoa xavotnta k, av Ng > k,

® 0TO UENNOV, UETE amd apxetd Ypbvo, o mAnduoude B eivar xovTivée otny @épouca txaveTnTa
k, xan mpogavke woxptd ond to 0,

ave&dptnra and to péyedog Tou opyixol Thnduouod Ny, apxel Ny € (0, 00) \ {k}. Aéue bt n otadepr
Ao

e Ni =0 slvan apvntikd acvurntwtikd evotainig xo Jetikd aotadnic.
1

e Ny =k clvou apvntikd aotadinig xau Jetikd acvurtwticd evotadng.
2
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4

€xpnin hooewy

olypoetdelc xaumiieg

Syhua 3: Tpagpunh napdotaon tne N o mpog t yio didpopes twée tou No.

T Sudpopec Tpée tou Ny, 1 Ypapuxr| Topdotaot e Aone N tou (£) divetan oto Tyfue 3.
Hoapatnpotue 6Tl dodeloag apyxic Tiune No evtdg xdmotou and To GUVORL

{0}, (0,k), {k} xou (k,00),

T6te 1) avtiotolym Abon veloTata €€ ohoxArpou evtdg Tou cuvdiou autol. Aéue 6TL Tl TORATEVE
oOvola eivar avaddoiwta (oTov xpdvo). TNUEUVOUUE GTL, Xoepid omd TIC XUUTOAES TIOU OVATUELG TO-
Ov Tic hooeic e Np € (0,k) Méyeton «otypoediicr,! xou nopouctdlel ueydho Bloroyind evdiogpépoy.
Avudétwe, woac xou ou Aoewe vy No € (k, 00) exphyvuvton (tpoc ta iow o6to Béloc Tou ypdvou)
Y10l X4ToLo (TENEPACUEVOD) apYNTIXG YEOVO, EVBEYOUEVKC Vo appioBnTeitan 1 Blokoyixy o&iot autol Tou
avahholwTou cuvéiou.

To mAnduouond povtéha exdetinfc xow hoyiotixhc petaBolfic nov pehethooue (xon oo Yo Je-
WPROOLUE TopardTw) TepLypdpovTon omd o avtdroun Paduwtrh cuvhdy diagoput| e&iowon Tpdtng
TéENG, dnhadr wior dtapopxt| e&lowon g HopPhc

dN

S 9

SYIEoY 9
6nouv Dom(f),Ran(f) ¢ R. H elpeon Mone e (9) oe xhewot) popet dev eivon yevixde duvati,
extoc xou av propel vo hudel we npoc N 7 e€lowon

fﬁdzv:fdt,

TEdY o OTdVIo, Tou Elvor evToUTOS EQXTE oty Tep(nTwon e hoyiotxhc ediowone (7) Adyw Tou
un UNdEVIOUOU %ot TNS AmAHC pHop@nic Tou €xel eV TpoxeWévw 1 f. Oa emixevipwiolue ot cuvEyELd
TNV ToEouciaoT) YeYOBrY OV EMITEENOLY TNV TOLOTIXY XUTAVONGCY) TNG CUUTERLPORAS HOVTEAWY [N
YOUUUXOY cLUVATWY BLopopxddy eElo®oewy ywelc v avdyxn vo Beolue tn AVoY TOouc G ALUEVN
pop@y). Ievixd, 1 avdhuon NG doLUUTTWTIXAC EVCTAVELNG U1 YROUUUIXWDY LOVIEAWY TIOU TERLYPAQOVTAL
e dpopinn eElowon Tedtne TdEne yiveton pe ) yprion tou daypdupatos pdong (Y, oA, Ypour
@pdomne otny uio ddotaon o eninedo pdone otic dVo dlaoTdoelc) oL oTNY NEPiTTWoT eEdpTNnone Tou
npoPhruatog and napdueteo amanteiton xou 1 Yeron Tou daypduuatos SiakAdOwons.
Oewpolue hoiméy Ty Aoylotixy| e€lowan

% - F(N)=r N (1—%N)

xaw Ja tny pedetrjoovue xwpis va tny Aloouue.

4 Aedviic bpoc, mou ogelhetan 0To Tl To oYU Woc TéTole XoUTOANG Lowdlel UE To EAANVIXG TEMXS Slyuol.
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Beloxoupe opyxd ta onueta undeviouol e f o e&ng:
F(N*)=0 < Ny =04 Nj =k.

H gopd «<=» elvon mpogavic, Ve 1 «=» TEOXUTTEL and TNV «<=» %o 10 YeEYovoc ot n f elvan
noAvvuuo 20u Baduol. To onuela Ni =0 xou Ni = k ovopdlovton onueta wopporiag xoaddc, Aoyw
g oYéong dd—ﬁ[ = f(N), avuotorolv otic Noelg woopporioc (otadepéc we Tpog Tov ypdvo t) Ny =0
xaw No = k e hoyiotixrc elowone.

Meproptlopevol yia cuvtopia otoug Yetole ypdvous (to avtioToya woybouy Yo apvnTxolc),
ehéyyouue To €ldog euoTtdieiog Twv onuelwy WooppoTiag:

o To Ny ebvaw Oetikd aotatiés (omoladhmote pxpn Sortopayy) and awtd to onuelo woppomiog Vo
UTOYpEDTEL TN Ao va Byet and o teptoy) Tou Ny =0 yio peydhoue ypdvoue).

e To N3 elvou Jetikd aovuntwtikd evotadés, dnhady)

— clvon Oetikd evoradés (omolodrinote wxpr| dotopayh an’ auté to onueio wopporiog Vo
uToypENOGEL TN Mot va Ttapapeivel oty meploy | Tou Ny yio UeYShoug ypévouc),

— elvan Jetikd eAxvotikd (omoadrimote wixpn Slatopayh an’ autd to onuelo woppomiag Yo
uToype®oeL T hor va emotpédel oto Ny yia peydhous ypdvouc).

H acupntwtnd ouuneplpopd te Aong (Snhadn yior «peydhous Ypdvoucy) meplypdpetal HEGL TKV
eAkvotdy (to aouvuntwTind evotod onuela wopporiog, pali evdeyouévwe pe o —oo /%o To o).
Yy meplntwon e hoylouxhc e€iowong, o pévoc exuotic yia Yetixole ypdvous elvan to Vetixd
QCLUTTWTIXG evotadéc onueio opponiuc Ny .

Tonodetodyue thHpa dha Tar onueio Looppomiac oe wa evdeio Ypouur, Beloxoupe t diedBuvor tng
potic (dnhadh to mpbonuo g %) peTo€l TV ONUElWY LoOPEOTIUC XU TNV CNUELDYVOUUE UE TN Popd
e auyuic evée Béhoue (mpoc tar dedid 1 Vetinr) xotevduvon) eni tne yeouuhc outhc. Auth Aéyetou
ypapuun edong xon xadopllel to eldog e evotddelag Twv onueinv wopponiag. Xyedidlouye, Téhog,
™ Yoo @done eni tou oplldvTiou dEova o Yeapix TopdoTIoN TG % (Bnhodh e f(INV)) oc
npoc N, 6nwe oto Lyfua 4.

dN 4
dt
onuelo xounic yia Ty N (¢)
rk /
e @ o e e e e e e e = = =
1 I
I
I
1
I
1
P> 4 - < >
0 k k N
2
Syhua 4: oo napdotaon tng % g mpog N.
Etvor gavepd 6t yioo 0 < N < k éyouue % > 0, ondte i N ebvon ywnolwg avouvca cuvdptnon

tou t, eved v N > k €youpe ‘% < 0, onéte n N ebvar yvnolwe @divouca. Enedr to N exppdlel
mhinduoud, dev €xel vonua 1 nepintwon N < 0.
2

Treviupiloupe 6Tu 1 -800 gopéc dlagopiown- ouvdpetnon N(t) eivon (yvnolee) xupth av & (2) 0,
>

eved (yvnolng) xoihn av ‘ftév (g) 0. Hapatnpodue 6Tt

<

N _df AN _df
dt2  dN dt dN 7’
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d:N

ondte N TGz ebvon Vet (apvnTin) 6tav ol % xou f(N) elvon opdonuec (etepdonuec). Hopaye-
yilovtag ) AoyloTiny e€lowon we mpog N, Talpvouue

47 =r (1 - 2N )

dN k

And 1o Byfpa 4 xon TIC TUpamdVe TORATNEHOES TOPVOUPE GUECO TOV ETOUEVO TvaXaL:

N f(V) (?T{, N ¢ mpog t
(0, % >0 >0  yvnolwg adgovoa xar yvnolng xupth
%, k) >0 <0  yvnolog ad&ouca xar yynolwg xoikn

(k,o0) <0 <0 yvnolwe gdivouoa xon yynolwe xupth

‘Etot odnyoluacte moloTixd (dnhadh ywelc v Aooouue v hoyiotix e&lowan) ot ypopix mo-
péotoon touv Lyfuatoc 3 (tne N we npoc t), étav N € [0,k +¢), v wxpd € > 0. Mo,
ouunepaivoupe 6Tt 1 Ao tou (£) etvou

olikrj (wg mpog Tov xpdro), brtav Ny € [0, k]
Uetikd olikrj, 6ty Ng € (k,00).

INot Ty CUPTATIEKOT TNE TTOLOTIXNAE AVATARACTIONS TNG CLVAETNONG, Vo TEENEL Vol Yvwpllovye Ty
ouunepLpopd TN N mévew xon paxpld and 1o k (eldope mponyoupéves - tou yvopllope tnv Aor o
xheloTh wopet| - 6Tt Yo expriyvuton (Tpog ta Tow) yior xAmoLov apvNTiG YEe6Vo, WETOCO 3 XAVOUUE
Twe dev o Eépouye). Ta xdtt tétoto, Yo ypetaotel va Pactotolpe oty xhaoix Yewpla twv TAE.

Ipwtov, delyvouue 6Tt 10 (k,00) givon avodlhoiwto otov ypdvo (to yvwpilouye and mptv, ahhd,
omwe elmope, ac xdvouue o oTpoPd udtia). Ipdyuatt, autd Yo tpoxddel ye dromo and v povodi-
x6TNToL NS Ao PEow EVOC PETACYNUATIONOD UeTapopds yedvou: Koitdue to Bondnuxd yevindtepo
(£°), mou Eépouye OTL elvon xahd TOTOVETNUEVO Xt UE OO UEYIOTIXH ADom

N°: (—€1,e2) > R, 6mou 0< g1,69 < o0.
Ané v wia, av Ny = k, td1e edxola cuunepaivouue 6TL N
N°(t)=No(t) =k, VteR

elvon 1 povaldix Aom. And v dhn, éotw Ny > k xow 6T Itg € (—£1,€2) tét010 Wote elte N°(tp) =
k, elte N°(t9) < k. Adyw e ouvéyelag g Aong, UTOPOUUE VO TEPLOPLGTOUYE GTNY TEP(TTLON
omouv N°(tg) = k, 6nwe oto Lyfua 5. Tote, opilovtac tic ¢: (—e1 —to,e2 —to) — (—€1,62) xou
n®: (—e1 —to,e2 —tg) > R w¢

n’®:=N°op, émou p(t) =t+1ty, yia xéVe t € (—e1 — tg, &2 — o),
Belyvoupe exoha 6L 1 n° elvon 1 povadixy peyioter) Moo yio To TeBAnUL:

Me dedouérvo Ny € R, avalnrotue sidotnua ISR ue 0 € J kar ovvdptnon
N:J - R, térowe dote n N va ikavonoel téoo tnv (7) ovo I~ {0}, doo kar Tnv
N(0) = N°(to).

Qot600, TéhL eUxONA GUUTERPAVOUUE OTL
’I’Lo(t) = k, Vit e (—61 —1p,€2 — to),

dnhady
No(t) = ]{3, Vte (—61,52),

xou apxel vor 9écoupe ¢ =0 yio vo xatodRouye oe dromo.
Aeltepoy, av Ny > k tote
N(t) > k, Vte (—61,52)

xou Gpot
1
PN (E) (1 - EN(t)) <0, Ve (-e1,69).
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i

tO 0 N1EO t

SyAua b Adyw tne povadixdtntog tne Aong, elvor adlvatov wa ANoon ue No > k (unhe) vo Mfel tnv 1A k yio xdmoto
xe6vo to, xaddc N Na = k (npdowo) eivon enlone Ao, Tlpdyuatt, oe dwupopetind nepintwon, Yewpdvtag éva véo ITAT
ue apxed Th Ty N(to) = k, uropolue mAéov va Beolue (touldytotov) dbo draxexpévee NooelC tou, dtoto.

Onéte and v (7) Yo éxouvpe 6t n N ebvan yvnolwe @divouoa, Snhodn

N(t) > J\fo7 Vte (—61,0) .

Apa
0 N(t) 1
[ds: f | ds, Vte(-€1,0),
J 2 rs (1 - ES)
Onhad
N(t) )
= f -—————ds, Yte(-£1,0),
N, TS (1 - ES)
7 oA
N(t
—t= f )#ds Vt e (-£1,0)
TSQ (1 ~ %) ) 1, )
s p
xou Gpot

wog xou 1 Ao ebvon peyioter. ‘Etot,

€1 < FNo foolds k <
_ — = — < 0.
! r(No=k)J s27 " r(No—k)

Apo 1 Moon expiyvuton (mpog tar mtiow) Yo xdmoov apvnTid Yedvo, xal outh 1 TAnpogopia
ouumAne®vel To TalA TG aBPHE XATUOXEVTE TOU Ly AUATog 3 6TV ONOTNTA Tou.
"Aoxnon 18. Xwpis yvdon tng Abong tov (£°) o€ kAewotr) poperi, va arodeiéete:

1. Yrapén, povadikétnta kai opaAdTnta HEVIOTIKNS KAl OUVEXDS €EapTduerns andé ta apxikd
Oedopéva Avong.
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2. Ta ovvoda
(-00,0), {0}, (0,k), {k} ka1 (k,o0)

efvar avaAdoiwta otov xpovo.
3. Expnén (npos ta eumpds) tns AVong ya kdroiov 9etikd xpdvo, dtay Ny < 0.

"Aocxrnon 19. Meketijote dueoa to () kai dtav r < 0, péow ToU PeTATYNUATIONOD AVTIOTPOPIIS TOU
xpovou. Ilowa n Pirokoyikr) epunveia tov avtiotoryouv povtélov;

1
&1 :_hl(l_Ni) s
0

Ka1 e xpron avtig tng mAnpogopias anodeifte tny aviodtnta

‘Aoxnor 20. 1. Eényrjote yatl

1+xz<e®, Va>0.
2. Bpefte tny avtiotoiyn aviodtnta ya tnv mepintwon tns ékpnéng (tpos ta eunpds) tns Along
zov (0°) ya kdrowov Oetikd xpdvo, dnkadn dray Ny < 0.
"Aocxnor 21. Ewdyete kai peetrjote to diakpitd avdloyo tov ouvexols Aoyiotiko ITAT. Kata-

okevdote Ty ypagikn) tapdotaon tns axodovdias a&onoidrtag tny uédodo tov 10tol TS apdyvns.

MatOnuatiké YrnoBalpo: EdG napovcidlovue Tic Paoxéc €vvoleg xou epyahela Tou yenoudo-
moo0vTaL Yior TNV Slaxpttomoinor evog AT, xodag enlong xan yio ty ®don 1T tng yerkétng tou.

Alaxprtonoinorn péow tng wedodov Euler. Ocewpolye évo xahd tonodetnuévo (ITAT) o
omolo elte dev unopolye, elte dev Yéhoupe va Abooupe ot xAeloTh popey|. o Ty ebpeon aprduntixndc
Aong TPocPelYOUUE 0TO EROUEVO Gy

1. Awakprroroinon tng avtiotoyng dagopxrc e&lowaong, xatd tnv onola hauBdveton wa avadpo-
iK1 oxéon.

2. Avadpoux?| eVpeoT) TV TGV TNe dlaxptthc {ntoduevne Aoong, ue v allonolnor tne nopandve
avadpoXc OYEoNC OE CUVBLUOUS PYE TNV DEBOUEVT apytxY| TiuY.

I Ty Buopitontoinon tne Sapopixrc e&lowang, cuuBoiiloupe
Yk =y (tr), v k € N,

6mou
ty =kh, vy k e Ny, pe h otodepd pe 0 < |h| «< 1.

Moapotnpeiote bt 1 T yo etvon dedouévn oto (ITAT). Torte

%(t )~ y(te+h) -y (r) _yre) -y Er) _ Yrsr — U
at " h h h

xou o v daopinn e&lowon tou (ITAT) éyouue

P = [ty () = (Do)

mou diver Ty axdhouvdn avadpopwnt| oyéon (e&lowan diapopv)
Yrs1 = Y + hf (kh,yr), vk e No.

Ané v napandve oyéon), oe cuVBLACUS YE TNV deSOUEVN TIY Yo, hauBdvoupe Tic TWéS Yy Yia k € Ny,
ot ontolec Yot pog Bdoouy Wi xoh| Tpocéyyion tne Aong y tou (ITAT). Mdhota, 1o daxplté avihoyo
tou (ITAT) elver 7o

Y(tier) = y(ti) + hf (kh,y(tr)), v ke Ny (povtédo)
y(to) = %o (opy i) Twun).
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Avutovopo ITAT. To (ITAT) Aéyetan avtéropo avy
Jg: S = R", tétow0 wote f(t,y(t)) =g(y(t)), Vted,

OnAad” to dedld péhog tou povtélou e€aptdtan and ToV YEoOvo t amoxheloTixd péow e Along y. To
Sy evéc autévopou (ITAT) Méyetan ydpos pdong.

"Evo Bioftepo yapoxtnplotind evéc avtdvopou (ITAT) pe vrapkeri povadixr) Adon eivon bt 1) <oyt
Tou Ypdvouy ty elvar avlaipetn, Snhadn 6,Tu Loy Vel Yo it TWH to Yot Loy DeL xou Yiot OAEC TIC GANES, OTILC
TPOXUTTEL HEGL EVOC UMAOD UETUOYNUUTIONOU PETAUPORdS Ypbvou. Tuvidne (xdt mou Yo xdvouue
xou epelc €86), mpog amhomoinon tou cupPohiopol, emhéyetar N T to = 0 xatd TNV pelétn evéc
autévopou cuothpatog. Tlpaxtind autd onuaivel otL undevileton to xovtép TNV otiyur| mou apyilel n
AATAYPOPT) TOU OVTIGTOLYOU (PAVOUEVOU.

Ye 6,11 akoAovlel, avti ya tny Jecdpnon puag véag ovvdptnong g, Oa ypdgovue amhovotevtikd
(ka1 kataypnotikd)

F(ty(8) = f(y(#)), vEed.

Avdivor avtovopou ITAT: Baocixég €vvoleg.

1. 'Botww autévopo (ITAT), 1o onolo, yio x&de yo € Sa, 6mou Sz 0 xhpog @dong, el povadny
peytotxh Aon (.. 7 f wavonowel tomxd wo ouvdixn Lipschitz), y(-,y0), tétola dote
Dom(y(-,90)) = (—€1,€2) pe €12 € [0,00). Tére:

i. To cOvoho
Ran(y(+,90)|( e, oy ) € 5

Myeton pooyrd (tng hoong awtihg, N onola diépyetan amd 10 Yo). Adyw povadixdtntag, d0o
Sroxexpulévee tpoytéc evée tétotou (IIAT) Sev éyouv onueio toprc.

ii. To cOvolo
Ran(y(-,y0)|(o,52)) c Sy (Ran(y(-,yo)k_sho)) c Sz)

Meyetaw Jetikr) (apvnrikn) nurpoxid.

2. i. To ¥ ¢ Sy Myetou Jetikd (apvntikd) avaddoimto odvolo avv

Ran(y( '7y0)‘(0,52)) =Y (Ran(y( -,y0)|(_€1’0)) c E), Yyo € 2.

Ieprypapixd, xdde Tpoyid mou diépyeton Yot = 0 and xdmoto onueio Tou X nopauével evtog
awtol Yo xdde ¢ > 0 (¢ < 0) oo onolo opileton 1 Aoon. To X Aéyeton avaddoiwto odvoro
avv elvon 1600 etind b6 xon opvNnTIXd availolwTo.

ii. "Evog avalutinde tponoc enahidevong tou 6Tt éva cOvolo X € Sy pe katd Tuipata opalsd
5
oUvopo,” 9%, eivon 6vtwe Yetind (apynuixd) avalhointo, anotekel 1 avicdnTo

v(z)- f(z)>0 (v(x)- f(z)<0), v xdde «opordy onuelo = € 0%,

onhady| yio xdde onuelo x € 0¥ tétolo hote va oplletar ecwtepikd kdleto didvvopa tou
0% oto x, v(x)."

3. To y* € Sy Myetou onueio 1wopporniag ¥ kpiopo onueio avv g(y*) = 0.

4. H Noon y = y* Myetow Adon wopporiag ) Adon puéviung katdotaons.

5Bva xatd tuiuata opohd olvopo wac n-8idotatng tolarhétntac etvon wa (n — 1)-8idototn tohhamhdtnro xoele
c0vopo, 1 ontola Sioepileton péow EEvmv avd 300 oxETE AVOIXTMY UTOCLVOAWY NG (THALTE), Ol OYETXES XAELGTOTN-
tec TV onolwv epdntovron pwetald Toug. To yopaxtneloTind edd elvan, TEMTOV, 6Tl To CUVONO OAWV TV TAUPUTAVE
onuelowv emaphc arotehel éva oxeTind xhewstd undevooivoro entl tne (n — 1)-8idotatne rohharhdtnTog %o, devTepoy,
6T 0 xd¥e (oyeTind avoTtd) TUAM UTopEl Vo exppacTel we To Yedpnua wac opahic cuvdptnone (ue nedlo opiopod
éva avoixtd ohvoro evioe Tou R™1)) 1 omola unopel va enextadel ol hote t0 Ydonud e vo expedlel Telxd v
oxetxh xhetotdtnTa Tou TPARaToC. Kotd autdv tov 1poTo, amoxhelovTol LOp@OXNACUATIXES YEWUETPIES Xal auyUES,
OANG ETUTEETOVTAL OL YWVIEC XOU Ol UXUEG.

6%e éva xatd TuhpoTa ouahd Ghvopo, evtde TBV OYETIXE AvolXTOY TUNUdTwY Tou oplleton (xahd, SnhadY wovo-
dd) povadiaio ecwtepind xou e€mtepd xddeto ddvuoua enl e (n — 1)-toAharhéTNTaG, EVE O0TO OYETIXS *AETTO
undevochivolo twv onuelwv enagphc twv xhelsTotAtwv Toug xdtt Tétolo dev elvar anapaitnto. Apa, o ecwTtepKd Ko
eEwtepnd xdeto didvuoua entl evdc xotd TuAUATa opolol cuvdpou oplleton TavToU EXTOC amd éva oyeTIXd XAEWGTH
undevocihvoho.

21



Awdreén 2

eee

) Evctadéc onuelo ooppomioc. ) Oetxd evotadéc onueio wopponiag. T‘:Y)C Apvnrud euotadée onuelo woppo-

Evotddeio onpelou ioopponiac.

(6) OeTixh oco'uwvw)nxn evotddela on- () ©

ety actddela onueiou toopponiog.
uelou wooppoTioc.

SyAua 6: Adgopol tOToL gu/a-otddelac onuelov woppoTiag.

5. 'Eoww y* pepovouérvo onyelo woopporiog (dnhadh undpyet neployy) tou y* mou dev €xel dAho
onuelo woppotiac). Tote:

i. To y* Myetou Jetikd (apvntikd) evotadés oavy
(o) umdpyer p > 0 tétolo Bote, Yo xdde Yo € S2 PE |yo — ¥*| < p vou oyder 6T y(-,yo)
ebvan Yetind (apvnuind) olxr, dnhadn
Dom(y(-40)) 2 [0, ) (Dom(y(-, 1)) 2 (~20.,0]).
Xl
(B) vy x&de € >0 undpyel § = §(€) > 0, Tétolo WoTe Yo xdde Yo € S2 vor oy el 6T
|y0 - y*| <0 = |y(t7y0) - y*| <€, Vte [Oa OO) (Vt € (—O0,0]) .
To y* Myetou evotalés avv elvon 1650 VeTind 600 xou apvNTIXd evoTodé.

ii. To y* Méyetow Jetikd (apvnrikd) aovuntwtind evotalés avy etvar Yetnd (cpvnTixd) eu-
otodég xou emmAéov

(v") vundpyer 0 >0 tétoo dote, Yo x8Ve yo € Sa pe |yo — ¥*| < 0 Vo loydeL bTu
lim [y(¢,90) =y = 0 (tgr_nm ly(t,90) — 7| = 0) :

To y* Nyetan aouuntwticd evotalés avy elvon 1660 YeTind 660 xaL apVNTIXE ACUPTTWTIXG
cevotodéc.

iii. To y* Myet Jetikd (apynrid) aotalés avv dev eivar Yetnd (apvntind) evotadéc. To
y* Aéyeton aotalés avv eivan 1600 VeTind 660 xou apvNTIXd oo ToEC.
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IMTepivypappa AdAegng ‘

1. Yrowyeia Malnuatikiic BioAoyiag:

(o) Auvvopxd poviéha evéc thinduopold (cuvéyeta):
i. Aoywouxd poviélo A povtélo Verhulst (cuvéyeia)
ii. Enidpoorn Allee
(B") Avvopixd povtéha Tohhdy mhnduoudy: AAAnhenidpoon petald TAnYuoundyY

2. Ma¥Onuatiké YréBadpo:

Avéhuon evotdlelag autdvopou ITAT (cuvéyeia): Tpoppxonoinon

\. J

Yroreia Madnuatikng BioAoyiag:

T'eapuixonoior Tou cuveyolg AoyioTixol neolBAAnatog. 'Evoag axdpo mo tumonoln-
pévoc Teémog Yo va amogavdolue yio TNy eu/a-otdiela Ty onpelwy wopporioc Ny =0 xou Ny =k
tou (£), elvan Yéow e ypapuikonoinoris tou. Mo ta, 0 TpéToC AUTOC Hog TapEYEL TOTXA TEOCEY-
vioewe v ANoewy, oL onoleg PE TNV OElpd TOUS elvol AUGELS YROUULXGY TEOBANUATOY.

IMpdrypatt, To Yeauupxd HOVTENO TOU avTioTOLYOL YeauUXoTOoNUEéVOU TeofAfuatog o xdle Eva
onuelo Loopponiog elvon to

AN _d -
gzdij{](Ni*)N, v i€ {1,2}, (10)
6mou f(N) =rN (1-£N), Snrodr
dN 2 -
o :r(l—%Ni”)N, yioode{1,2}
%ol - .
AN _ er oto N (11)
dt -rN, oto Nj.
Muog »on
df ., T, yog=1
— (V) = -
dN -r,  Yi=2,

€youue 6Tl ta N xou N3 etvon umepBohixd e

df *){>O, otav >0

dN ! <0, otavr<0
ol

ool
Apa, ovtog,
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e 10 Ny elvau
APVNTIXA ooLUTTOTIXS evoTtadés,  dTov r >0

PeTind aovUTTOTIXG euoTadéc, 6tav r <0,

pdels

e 10 Nj elvou
PeTind aoLUTTOTIXG euoTadéc, otav >0

APVNTIXE ooUPTTWTXS evatodég,  dtav r < 0,

OTWC €YOLPE 1DT DLUTCTWOEL.
Emunhéov, and v (11) o€ cuvduaoud UE TOV TOTUXE TPOCEYYLOTIXG UETACY NUATIONO

. (re (00,0
N(t,No) » Nj' + N(t,No - N}'), ¥No~ N yiwi € {1,2}, xou Ve e] " ° (=00, 0]
elte [0,00),

nalpvouye ToTXES TPOGEYYIoES TV AoEWY we e€NC

—00,0 otav >0
Noe™, VINog ~ Ny xou Vit € (=00,0], .
[0,00),  dTav 7 <0
N(t) »

[0,00), dtov 7T >0

E+(Ng—k)e™, VNy=~NJ xou Vte
(No = k) 0 2 (=00,0], otavr<0,

OTwC palveTon xol 6TO Ly 7.

N2 =k ]\]2 =k

Ni=0 ¢
(o) > 0. B) r<o.

Ni=0 t

k No , , ,
Nor(h-Ng) o=+t (umhe ouvexelc xopundiec) v didpope
Tpéc Ny «xovtdy ota onuela toopporiog, xadmg xou Twv avtioToywy NOoE®Y Yo T YRoUULXOTOMNUEVE TEOBARLTA oTa
onueio toopporiac (Saxexoppéves xaundhec). Me wof Saxexoppévec ol Aioeic tou yeoppxonomuévou v No ~ Ny .

Me netpdh Saxexouuéves ol hNioeg Tou yeauuxonomuévou v No » N3

SyAua 70 Tpapued mapdotaon twv Acewy Ttou (£), N(t) =

"Aoxron 22. Eraknfedote tny (10) pe Bdon to avtioroio arotédeéoua oo Madnuatikd TrdBadpo.

Aovyiotixd povtéro pe enidpacrn Allee (Allee xouw Bowen, 1932). Iepopatlduevol
pe évav manduoud ypevoddopwy (carassius auratus), o Allee xou Bowen Siotdnwoay xou avéluooy
™y W€a 6Tl 0 peyahitepoc TAnduoude €xet peyahitepo pudud adinone and ot €xel o UixpdTeEpoC.
Kdrt tétoo avtiBaivel oty xhaouxn ewdpnomn 6Tt 0 evBOYEVAS AVTOYWVICUOS Ylo TOpoug wiel Evay
uxpdtepo TAnducud oe peyolbTepo puiud avénong. otdoo, N tapandve TapaThENCT dixatohoyelto
and 1o YeEYovo OTL yia xdmota {0 1 evboyevic ouvepyaotia elvon amapaitntn topduetpog emPBinong,
OTWE Yl ToEddeLy ol Yia Uneeutéc mou Ynpedouy opadixd ¥ yio dneduota Tou aubvovTtol ouadixd and
Toug Onpeutéc. H 1déa auty meptypdget éva @avouevo to onolo elvor TAéov Yvwoto oty BiSAloypapio
w¢ enidpaon (Tou) Allee (Allee effect).

H enidpaomn Allee éyel dafadpioeic, xadde evieyouévene va eivon aoeriic (weak) 1wy vpn (strong)
(BN, ZyApa 8). Katd v napousio aodevoic enlBpoaong, o pixpde nhnduoude cuveyilet va avEdveton
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ARG pe pxed puipd. Me v mapousia oyverc enidpaong ouws, o wxpds TANIUCUOS, UxpOTEROg
evoc eldylotou mAfdouc 0U8013,7 Vo petdveton xou Yo 08evel mpog e€apdvion. Ilpogavide évac tétolog
0LBOC EYEL YEYEAT oNUOscid VLol TOV YOEUXTNELOUO XOL TNV HEAETY TV TANYUOUOY TwV ATELNOVUEVELY
e e&apdvion edov.

dN dN aN
dt dt dt
0 k\ N 0 E\ N 0 EN\ N
(o) Ioxueh enidpoaon Allee. (B") AocYevhc enidpaon Allee. (v") Aroldoa enidpacr Allee.

Yyhua 8: Aoyiotxd povtélo pe enidpacn Allee.

Iopdderypo evoc povtélou Ue toyvpn enldpaon nopouctdleTtol mopoxdtw, eved otnv ‘Acxnor 26
HeEAETATOL TToRddELYo ovTERou aclevic enidpacnc. To povtého autd tng oyuperc entdpaong Allee
nou Vo TUPOUCLICOUUE OTOTEAEL Uidl ATTAY) TEOTOTONUEYY) EXBOYT] TOU AOYLOTXOU WOVTEAOU, YO TO
onolo emhéyetan 1 cuvdptnon r(N) oty (6) tétolx Hote vo elvor:

neplnou {on ye wo apvntixy otadepd , yia «puxpoy N,

apvnTix xou @itvouoo xotd andhuty Ty, Yio «<OYETIXE xpdy N,
Yetnr) xou pdivovoa, YioL «OYETIXA PeYdho» N,
aEVNTLXN, Yot <apxeTE Yeydhoy N.

H anholotepn tponomoinom tne avtloTolyng cuVEETNONG TOL AoYIGTIX0) YOVTENOU, 1) ontold CUUTEPL-
(PEPETAL OTWE TAPATAVE, efval 1

1 1
r(N)=-r (1 - —N) (1 - —N) , 6ToU Kk < ko Yetiée otadepéc.

k1 ko
'Etol npoxtntel ) Aoywotikr) eklowon ue enidpaon Allee
N 1 1
S (1- ) (1- o), (12)
dt k1 ko

omou 1 kp elvan 0 0vd6g mou mpoavapépaue xau 1 ko elvol 1 gépouca LxavoTrTa Tou TERBAAAOVTOG.

H (12) eivon pia ouvdne diagpopixd e€iowon ywpwlouévewy petoafAntdy. Qotdoo, dev elvar ndvta
€0koAn/egikthi N arotUnwon tns yevikhs AVong tng o€ klewotr) popen, dpa Ya Baoiotolue otny
rowotikn peAérn . Ipdta opwe Ya ypewotodye xdmolo Bacixd omoteAécUOTAL.

To avtictowyo ITAT. To IIAT tnc hoyouxric Suvaxic ye oudd eivon to e€nc:

Me 6edopévo Ny > 0, avalnrotue sdotnua J € R pe 0 € J ka1 ouvdptnon
N:J - [0,00), térowa bote n N va ikavoroiel téoo tny (12) oto I\ {0} doo kar (Linr)

wnr N(0) = No.

"Y' toeEn, LOVAILXOTNTA XAl OUAAOTYTA UEYLIO TIXNAG Xl CUVEY WS ESARTOUEVNS O
O To ApYIxd dedopEva AUoNG Tou YeEVIXoU TpoBAfuatoc. Aveldptnta and o Tpdonuo
Tou Ny, xdvoupe yphion xhaoixdy Yewpnudtov (BA. Aoxnon 23) vy va e€dyouue Onapsy), povodi-
HOTNTA XOU OPOAOTNTOL UEYLOTIXNG XL CUVEY DS EEAPTWHUEVNG o ToL apytxd dedouéva Abomg

N°: (—€1,62) > R, 6mou 0< g1,65 < 00,
Yo o e€hc Pondntind yevixd mpdBinuas

Me bedopévo Ny € R, avalnrodue sidotnua I € R pe 0 € J ka1 ouvdptnon
N:J - R, térowe dote n N va ikavoroiel téoo tny (12) oo I\ {0}, doo ka1 Ty (lenr?)

apxxr) owvdrikn N(0) = Ny.

7 , , ~ 7 . . , , . ,
XenowonoloVpe Tov 6po «oudodcy, o onolog eivar cuvAine otnv Puclohoyia, Yo va anoddooupe tov dpo «thre-
sholdy, avti Tou enlong xenowonoldueEVOL GpOL «KATOGALY.
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Avarroiwta cOVoAa, xaA) TOTOVETNOT TOL AP YIX00 TEOBANUATOS %ol OUANGTNTA
Tne Aoong tou.  Axpfde 6w xon yio To (£°), unopolue vo dei&oupe dtL T ohvola

{0}, (0,k1), {k1}, (ki,k2), {k2} xou (k2,00)
etvon avorholwta it to (U ) (Bh. "Aoxnom 23). Tuvenae, n N dtav Ny > 0 hove enlong w0 (),

dnhadY) undpyet Lovadixy|, oy, cuVEYC KC TEOC Tao dEYLxd dedopéva xon PeYoTXr Aoon Tov (Lipy ),
xaddde enione ta Topandve clvola eivon avahholwto xat Yot T (Cipy).

ITowotixy werétn. Edxola napatnpodue T to onpeia ooppotiog tou (f4p,) efvon ta
Ny =0, NJ =k xou N3 = ka.

MehetdvTog, émwe xou yioe v (7), Ty avtiotoyn cuvdptnon tou 8e€lob yéhous e (12), 1 ypoupuxt
Tapdotoon e onolag diveton oto LyAua 9, tpoxnTel 0 Topoxdtw nivaxac (BA. Aoxnon 23).

N N ¢ mpocg ¢

(0,K1)  ywnoine gdivouoa xon yvnolee xupth
( 3 ) yvnoiee gdivouoa xar yvnolwe xofhn
(kl, f{g) yvnolwg avouoa xou Yvnoiwe xupetn
( ) ywnolwg adouvoa xou Yvnolwe xolin
( ) ywnoiwe gdivovoa xou yvnolng xupth

’ o,
:

A |

dN _
Sxhua 9: Dpopuxy mopdotacn e a ¢ mpoc N. Ta onpelo xapunic v tnv N (t) ebvar ta (KLQ,'I’(KLQ)) =

1 r 3 / 1.2, 1.2
(5 (k1 + ko ;x/K),—m [kt + ka) (3k1ks - 2K) ;21{2]), 6mov K = k2 + k2 — kyko.

Eto, éyouvue 6t
e 10 Ny elvau

— apvNTxd aoTadéc xou

— Yetxd aoupnTeTxd gvotolée,
e 10 NJ elvou

— OPYNTIXE ACUUTTOTIXE euoTadég xa
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— Yeuxd aotadée,
e 10 N3 elvou

— opvNTXd acTodéc xon
— YeTind aoLUTTOTXE evoTadée.
MéhoTar, ToL TopATdvVE) CUUTEPAGIATO TTOU dpopoLY TNV eu/o-oTddela Twv onueinv loopporiog unopolv

e€ayolv xou TUTOTOINUEVY UECOL Ol TNV UEAETY TOU avTOTOLYOU YEOUULXOTIONUEVOL TEoBAAUATOC
(BX. "Aounon 24). Tuunepaivoupe hoimdy 6Tt 1 Aoom tou (Li,y) elvan

oA, btav Ny € [0, ko]
Yetind oy, btav Ny € (ko, 00).

Avtideta, xotd avoroyio e to (£), unopolue va deilovue 6t 1 Ao tou (L) ExphyvuTtol TPOC
o Tow Yo xdmotov apynuxd yeoévo dtav Ny > ko (BN. Aoxnon 23). Tuvoilovtag, odnyoluaocte
TOWTIXE OTNY YeapLxy| TapdoTact Tou Lyfuatoc 10.

A

N

éxenén ANoocewv

Syhua 10: Tpaguxd nopdotacn tne N we teoc un apvnuixd ¢ yio Sidpopes tiée tou No. EdG K1 2 =

émou K = k2 + k3 - kiko.

(k1+k2¥\/E),

"Aoxrnon 23. Yuuminpdote g Aentopépeies tng peAétng Pdong I tov (Lip,).

"Aoxrnon 24. Meketrjote to ypaupuxoromuévo IIAT tov (Uip,) ota onueia wopporias tou TeAeu-
Taiov ka1 avadeilre Tis TAnpopopies Tov pépel oxetikd e Ty eu/a-otdleaa Twy onueiwy 1Wwopporniag
Kai TS TPooeYYioels twy AVoewy kovtd o€ autd.

"Aoxrnon 25. MeAetote dueoa to (bipy) kar dtay 1 < 0, uéow ToU HETATYNUATIONOU AV TIOTPOPIIS
Tou xpovov. Ilowa n Prodoyikn epunveia tov avtiotoyov povtélov;

"Aoxnorn 26. MeAetrjoete to IIAT pe povtédo aolevols enidpaons Allee

dN 1
E:TNP(I—%N), yiar >0 kaip>1
N (to) = No,

WS TPos TNy Unap&n, povadikoTnTa Kal OHAASTNTA HEVITTIKTIS KAl TUVEXWDS €EapTailievng ano ta apyikd
dedopéva Aong, kadds kar ws mpog TNY TUUTEPIPopd auTiS 0€ akpaious xpJovous.
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Movtéla nepiocdTER®Y ToL EVOG TANOLoU®Y. llepvdpe otny puehétn tng duvaxic ToA-
OV xou OAANAETLOEOVTWY TANTUOUGY UE TNV XENOT XATIAANAWY Blapopxtv e€lomoewy avtloTolyou
TAoUC (e€apTNUEVELY) LETUBANTOY.

O1 eupénc yenoonololueves eEloMoELC YLol THY duvaixh ehétn tou exdotote TAnduouol mepl-
gyouv 800 bpouc we eEhc:

1. évav 6po mepLypaprc TNE duvauixAc Tou TANYUCHOL ot amousia TwV LTOAOTWY TANTUCUMY.
2. évav 6po meptypapic NG aAAnAenidpaons Tou TAYucuol Pe Toug uTdholtoug TAHUGHOUC.

Suyxexpyéva, n YEVT pop@t T dtapopixiic eElowong yia TV duvouixr ueréty tou mhnduouol N;,
pe i€ {1,...,n}, poc opddac mAfdouc n TAnduoudv, {N;}_ ., éxel o axorotdng

j=1
dé\tfi: f1(Vy) + fo(Ny,...,N,) . (13)

oe anovcia Blotixhc alknhenldpaone  Brotixh adinhenidpaon

O mpidtog bpog €xer KON culntniei. O deltepog dpoc yehetdton Tapaxdte.

ITepl aAAnienidpaocne wetald mAnBuouwyv. X Plon xavévag opyoviouds dev el oe
A1 anoudvwon, ahhd oAANhemded o0 Ue Toug afloTeols 600 xau Pe Toug BloTixolg TapdyovTeS
Tou meptdhhovtoc tov. H addnAenidpaon (interaction) evoc opyaviopod ye to nepBdihov Tou ei-
vou xotopto g onuaciag yio Ty emPBlwon Tou, ahhd xou yia TNV AElToupYlo TOU 01KOTUOTHATOS
(ecosystem) we ohdtnra. Ta guowd owocuothuata dardétouy Tencpaopévo aptdud Topwy. Xtny
npoonddeld TOUG VoL AmOXTHoOLY TPGCPRACT) GTOUC TOPOUE AUTOVE, OL OpYAVIoUO! AvaTTOCGGOLY TTEOo-
COPUOYES, XAVES VO TOUG TUPEYOLY TAEOVEXTAUATO EVOVTL TV dA Y atduwy. ‘Olol ot yeltovixol
opyoviopol cUPPETEYOLY o Biotikés aAAnAemibpdoers, oyéoeic dnhadh mou avantiocovian PeTalld
OLOPOPETIXWV ELDWY.

‘Onwe 10N avagépape, Popuahlotind ol frotixés odniemdpdoeis xodopllovton atny (13) and tny
ouvdptnom fa Tou Be€lol pépouc. Katnyoplonolobue tny cuvdptnon auvtr e Blotixic adinienidpoaonc
ue Bdom

® 10 TPOONUS TNG.

e Tov T0No TNQ.

IMpbonpo. Oeuxd mpbonuo yio Ty ouvdetnon fa oty (13) unodnhdvel Vet GUVELCYOPE TNG
aMnhenidpaone otov puiud uetafornc Tou TAnduouol, xau avtioTolya Yia oEVNTIXS. LNV TpKTN
nepintwon Mue 6t ) ahknhenidpaon €xel dpedog (benefit) yia tov Thnduoud, eved otny deltepn uia
(harm). Emmiéov, 6tav 1) napamdve cuvdptnon alnlenidpaong eivon arnoboa, dnhadr undevixt|, tote
ot unéhotrol Thnduopol dev éxovr eribpaon (no effect) otov und perétn Thnduopd.

Suyxexpipéva, ot évo oxoclo T oupBinons® (symbiosis) 300 TAduouGY, avehdyes ToL TEECT
pou TNg alknhenidpaong yio Tov xdlde éva, Bloxplvoupe o e€Rg:

o Apoipaidtnra (Mutualism). Eygavileton dtov 6ho ta €ldn mou cuppetéyouv oe uio ahhnie-
n{dpaon €youv dgeloc. Xe mohhéc mepnTwoels, To eldn e€opTdvTol and auTh TN oyéon xal Sev
umopolV va LTdeEouy To éva ywpeic To dAlo. Avti Tou dpou apolBuldTnTa GUY VA YeNoLLoToLE(To
0 6po¢ ouupiwon, o onolog, OUwS, dnhwvel TN cuVOTHEEN BlaPopeTXWY EBWY Ywelc vo elvor
copéc av undpyel 6pehog X {nuia.

o Expetdlevon (Exploitation). AMnienidpaom xotd tny onola to éva eldog anoxopilel dpelog
oe Bdpog tou dAhou mou amoxopilet {nula. Ataxplvoude Tic Topaxdtew uToxaTnyoples:

— Orjpevon (Predation). Teprypdeper Ty adinienidpoon xotd tny onoia o Unpevtrg (predator)
tpépeton omd 1o Opaud (prey) Tou.
— Qurogayia (Herbivory). Katavéhworn vhixod gutdy and oo

— IHapaowwiouds (Parasitism). ‘Otav 1o éva eldoc, Yvwotod we mapdoico (parasite), eme-
pelelton oe Bdpoc Tou dAlou, YvwoTtol we Eevotrs (host). To napdotta YeWdvouy TNy
TPOCUPUOC TIXOTNTOL TV EEVIOTMV, ElTE YTl XAUTUVAAGYOLY Pépog TwY Tépwv (Blotpogi-
Kd), eite eneldh Toug odnyolv oe nadoloywéc xatactdoec (nabdoydra) xou to Ydvato
(vexpotpogikd napdoita, ¥ napaoitoerdn).

8 , . , , ’ . . , ’
Oworoyxh oyéon petall atduwy TOLAAYIGTOY dLo eV Ttou Louv ot dueot enapy UeTaE) TOUG.
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o Avtaywviouds (Competition/Antagonism). H npocopuootuxdtnro evog atdpou Yeidvetal ond
v mapovsia Tou dAhou, €tol wote xon ta 800 va €youv {nuio. Ta eidn Siexducolv Evay
TOLAYLoTOV XoWd Tépo. O avtaywwiopds unopel vo exppaoctel eite dueoa pe emagy| (contact
competition), eite éupeca pe N dpdomn ouctédv (chemical competition). Mepixd eldn epopuélouv
oTpaTNYIXES ToyElag 1/ xon HEYEANG avdnTuing (OTE VoL UTEPXERECOUY TOUC OVTOY WVIGTES TOUC
(avtaywvionds vrepaténong). Elixd, 660 apopd Tov avtaymviops yio To XOpo (XwpoKpatikeg
avtaywviouds (territorial competition)), Wiaitepo evBlAPEEOY EXOUV OL OTRUTNYIXES HIAUPNC
ToL XEVOU YWpou (preemptive competition). O aviaywviopde propel va Sioxprdel neplypapixd
oe 800 xatnyoplec:

— Ot mépot polpdlovton oo GTOoUo xot Xavéva ond auTd dev TalpVEL XV TOCHTNTA Yol TNV
OVATTUEN XaL THY avamapay oy Tou (scramble competition).

— Ixoavéc moodtnteg moOpWY Yol TNV AVETTUEY Xou TNV avoamapaywyy) Slexduobvton xan Yo
%xepdNioly amd Ta TEAXWS EMXEATOVVTA dToud, EVE To To adlvopa Yo Tic oTEPOlVTIL
(contest competition). 'Eva Briuo mopamépo, xou €YOUUE TNV €Vvold TOU avtaywriotl-
ko0 amokAeiouov (competitive exclusion) (f yvootol xo ¢ vépou tou Gause) 6mou
duo &idn avtaywvilovtor yia tavopolbtuny oukotéon? (niche), dev pmopolv va cuVLTdE-
Eouv oe otalepéc TWéS TwV TANTUOUEOY Toug, xou Tehxd To éva eldog Yo odnynoel To
dAho oe eZoagdvion. No onuewwdel 6t xatd tov Suywpioud oikodéons (niche partitio-
ning/differentiation/segregation/separation), avtaywwlopeva eidn yenotponolody dopo-
peTxd To mepBdihoy, étal dote va Bonindodv va cuvundeEouy.

Mrnopotue enlong va dloxplvoupe Tov avTaywviopd oe BU0 GAAeC xatnyoplec:

— Avtayoviouds katavidwons (consumptive competition), étav 1 odnenidpaor petadd
TV avTay OVLOUEVOY oTOUWY Elval EUUETT) X apopd amAd ot pelwon g SladeoiudtnTog
eVOC TOPOoL AOYW TNG YENONS TOL and To UTOAOLTIOL dTOoU TOU TANYUGHOU.

— Avtayoviouds tapepforns (interference competition), 6mnou undpyeL uesT) ahAAnheniBpo-
o1 TV atoUwy, dnhadrh éva dtouo mpolofaivel €vol GAAO OTNV XATIXTNOY, XOUL TNV EX-
METEAAEUOT) TV TOPWY, YE AMOTENEOUA VA AmayOpeleEl 6TO dAAO TNV TedoPact GToug
avalnToUUEVOUE TTOROUS, 1) VoL TTaREUBalvEl BUCUEVME OTNY avEmTUEY Tou.

Toviletan 6Tl 0 €vdoe€1dikds xou 0 H1a€dIkos ovTay wVLoUOE Ta{oUY OLCLUGTIXG EPONO GTNY PU-
oty emAoyn (natural selection) mou mpoxahel v e&éhién (evolution) twv elddv. To eldn
Tou elvol Ay6TERO Wtovd var avtarywviCovton glte npocopuélovTal - avamTUCooVTAS avoy T - elte
eCagaviovto.

o Yuoomouds (Commensalism). H xotdotacn mou wgelel évav pévo opyaviowd, evéd o dhhog
dev vgploTavton xaula enintwon.

o AMnlornddeaa (Amensalism). H peiwon tne emtuylog tou evée eidoue, ywpelc ta ddha eldn va
gyouv bpehog, 1 va vplotavton {nulo.

e Oubetepdtnta (Neutralism). H oyéorn dUo elddv nou, eved ahinhemdpoly petald toue, dev
emnpedlouv o éva to dAho. IIfenc oudetepdntar Sev upioTtatar oty Phorn xou ouclIoTIXG O
OPOC YENOLLOTOLEITOL VLol XUTACTICELS UE AUEATTEN AMOTENECUATA AAANAETLOPACEWV.

Yuvoilovtog, éyouue TOV ToEaxdTe TVAXA Yo TOV YoeaxTNelopd e oAnienidpaone dvo mhndu-
ooy, N1 xau Na, ue Bdon to mpdonuo tne enldpaong mou €yet otov xadévas:

Ny
N, + 0 -
+ ApoBadmro | Xuoowtiopds | Expetdiievon
0 Yvoottiopde | Oudetepdtnta | AAAnionddeia
- Expetddievorn | Adnronddewa | Avtaywviouog

YH adhdde otkodoyikds Odiog, ¥ Prodéon, ovoudleton t0 chvoho TV aBoTikdy xat BloTixdy TapouéTemy Tou
; , ; o ; , . , . .
nepBdihovtoc ou adlontotel éva eldog, dnhadh To cUVoro TwV cLVINXKOY, TOPWY %ol IANANAETUdPAoEWY Tou YpetdleTol
(# mou uropel v xeNoWOTORGEL).
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TOrog. 'Eyouv mpotadel xou puehetndel apxetéc poppéc tne ouvdptnone fo oty (13), xdde pla
and g onolec €yel Eeywplotéc WiotnTeg. Ed Yo dolue Tic eUpEwe YpNOoYLOTOLOVUEVES U UNdEVIXES
Tétoleg wopéc. Tnv Bdon yio tov Sywpeiopud toug anotekel 1 ovvaptnowaxt) andkpion (functional
response), r;, Tou TAduopod N; otny petaBol] twv TAnducuody e ouddoc {N; }?:1 ~{N;}, mov dev
ebvan dAhog amd Tov pulud aAANheniBpaone Tou TEMTOU TANYUCHOU WG TEOS TOUS AOLTOUS UTO UEAETY
mAnduouoie, dnhady
8n—1 f2

ONy - ON, - ON,,’

(14)

T, =

6T0U 0 oVIBON0 ON; LTOBNAGVEL nopdheldn diapopions we mpog IV;. Ko autd yiatl, xdvovtoc v
ouvridn vnddeon 6t n r; e (14) eZoptdtan wbévo and to N, dnhadh

ry = ’I"l‘(Ni),

67 dueca npoxdnTeL 6Tl auty ev téhel xadopilel xar Tov TR0 e f2 6tav (wg cuvAdnc) n =2 A o
yewxd 6tay ond v opddo {N; }?:1 TV TANYUOUGY Uovo 800 elval Slaxexpluévol.

‘Etot, oe 6,11 agopd v popen e Potixic adnieniBpaone, fa, éxouue toug e€hc TUTOUG GU-
vopTnotog amoxplong, N xehon twv onolwy atny Owoloyia ogeiletar otov, ¥ oyetiletar pe tov,
Holling.

Toroc I. H anhobotepn ouvoptnotomy andxplon yopaxtneileton and tny ypouuxr oyéon
|ri(N;)| = aN;, émov o> 0, (15)

xa ovopdleton ovvaptnoiakt) andkpion tomov I tov Holling. Auth elvan 1 cuvaptnotaxy| andxpel-
o nou Yewprinxe and toug Lotka xar Volterra otny xhaoixr| Yewentiny) Toug SovAeld enl Twv
ahAnAemidpdioewyy TANUCUGY VNeeuTdY Xot Inpopdtwy, Ty onola Yo HEAETACOUUE EVIENEY MO
TEOXATE.

A¢ Bolye T XATUAAYOUUE GTOV TPV TUTO, OTAY VLo TORADELY U 1) BLOTIXH aAANAETBpoO
agopd Ty Ipeucn evog mhnduouol Inpoaudtwy Ny and éva manduopd Inpeutay No:

H xevtpwr dedpenon éyel wc e€ic: ta Inpduota elval OUOYEVOC XATAVEUNUEVA GTOV YWEO, N
Toy OtnTor avaldTnong eivon avdhoym (pe otardepd k > 0) tou TAflous Twv Inpaudtny, xou eniong
1 Ypeuon ohoxhnedvetal Ye TNy cOANdT Tou Inpduatos. ‘Etot, dtav évac Inpeutric Beloxeto
oty neptoy) xou o avalATnomn yia ypovixd ddotnua T (ocodfirote wxpd), téte Ya épdel o
enan ue KT Ny oto mAfdog Inpduata. And to Inpduata auvtd, wévo éva xidoua d Yo cUAAGSEL
xo Yo o€romofoet. Tehxd, oe ypdvo T' Ha Unpeboel dkTN; oto mhfidog Onpduara, ondte
mpoxinteL N (15) pe o = dk, xon ouyxexpyéva r1(N1) = —dkNy.

Tapoduota etvar o 1 tapaxdte Yedpnor. Kdde otowyeio tou und pehétn owoovothpatoc (elte
Inpeuthc elte Mpopa) Epyeton xortd uéoo bpo avtétnno m(t) Qopéc avd Lovdda ypbvou ue éva
dhho otoyelo autol, xdde ypovixh otiypn t. Kdvovtag tnv medtn unddeorn éti o minduouol
TV INpodTev xou TV 9Neeutdy Vol OPOYEVMS OVOUEUELYHEVOL OTO OWOCUCTNUI, TOTE OE

. , t ’ ’ 2 / L /
AUTEC TIC KCUVAVTY|CELCH ) 0) glval 1 TELﬂO(VOTY]'CO( EVUC Wf)“f]pEUTY]Q Vo EpﬁEL AVTIUETWTOC UE

N (Itv)1+(N2

éva Opopa, xdde ypovinn oty t. Enlong, oe autéc tic ouvavtioelg, n miavdtnta anoxduiong
Unuioc v v avamoporywyh xdde Ynpduartoc xdde ypovixh otiyun t Vot Wenuio/ouvivenon(t)-
Apa 1 pelwon tou puduol uetoBolrc tou TAdouc Twv Ynpoudtey Adyw UTapne Inpeutdy
xde ypovinh) otyun ¢ etvou

m(t)wlnuicx/cuvo'wrncn(t)
Ny () + Na(t)

Ny (t)No(2).

Kévovtag étol xau tn debtepn unddeon 6t

M Wenuia/cuvévtnon

N1 +N2

=a>0,

odnyolyaote oto 6Tl 0 puiude petaoric Tov Ny e€optdton Pe TOV TAEOV amAb TEOTO amd To
ywopevo NiNa, Snhadr| ypouixd, e ypowxd ouviereot —a. ‘Encton étol i (15).

ToviCouue 61t 0 t0mog I tou Holling petagpépeton ye avtiotorya enyeiphpoata téco otny Eudn-
woroyia 660 xou oty X Kivntuad. Mdota, 1 culhoyio T topeio xou 0 mapandve TOTog
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TOroc II.

TOroc II1.

070 0Tl 0BNYOUUNC TE UECW AUTHE TEpLypdpovTal otny BiMoypapia we ¥éuog Spdong Ttng
udact® (law of mass action).

Qotéoo, 660 x av elvon amhf xo 600 u av yenowonoteiton evpltata, 1 (15) déyeton xpLunn
Noyw e amepdplotne adinone (tne amdhutng thc) tou r pe tny adinomn touv N;. T mo-
pddelypa, xovévo (o dev umopel va xotavah@ver 6ho xou ToyUTepa, 6o0 avidveton N mopoy)
Teopric. Tmdpyel bplo GTO OGO UTOPEL VAL XUTOUVOAMGCEL, WLaC Xal xdnota otiyur Yo enéhdel
kopeauds (saturation). O endpevoc tonoc hapBdver unddn auth TNV napdueTpo.

IMrdavoTata, 1 eLELTERO YENOULOTOLOVUEVT XATAGTUTIXY OYEoT 0TV oohoyia TAnduoumy elval
1 ®VPTOEWHS xaUOAN, dnhadY| 1 adZovoa xou xopeouévn (Snhady| pe temepoouévo Vetnd Gplo
xadde N — 00) cuvaptnotony andxplon

OéNi

Iri(N:)| = M7

6mou a, B >0, (16)
7 omnolo ovopdletow ovvaptnowakt) anékpion tirov I tov Holling. Iotopuxd, o Michaelis xou
Menten npétewvay to 1913 pio topdpota oyéor petadd tou puduold wag evivpxric avtidpaong
X0l TNG CLYXEVTPWONE TOU UTOOTRPOUATOE Tou Tpoxahel weltwon tou puduol autol, wotdco ol
Briggs xou Haldane ot péoo tng dexoetiog tou 1920 e€nyayoyv To TponyolHeEvo amOTENECU
otn Bdomn e ynuxnc xvntxc. Xto téhn tne dexaetiog tou 1950, o Monod npocdpuoce tny
(16) v TV poviehonoinon e Poxtnptoxic ad&none. O Holling, to 1959, ftav o npdTtoc Tou
yenotponoinoe v (16) otnv Owoloyio xaw v duvopxr dnpeuth-Inpduatoc.

Ac Bolyue o xATAAAYOUUE GTOV TapATdve TUTO, AL LTS To Tplopa Tou TopadelyuaTog evog
minduopol Inpopdterv Ny xo evéc Inpeutodv Na:

H ovotactixt] Swapopd ye tnv nponyoluevn nepintwon etvon 1 unddeor 6t n Mpeuor dev olo-
xAnpddveTon Ue TNV cUAANYY Tou Ynpduatog, ahhd 6Tt 0 Ynpeutic ypetdleton xou EMTAEOV YEOVO
YLoL vor peTayetplo Tel 1o cUuAANgéy fpapa (xotavdhwon xou tédn). ‘Etol, o ypbdvoe T' xotd tov
omnoio évag Inpeuthc Inpelel ypdgetar we T =T, +T),, 6mou Ty, 0 ypdvog avalrtnong xou 1), o
Xpovog wetayelpiong twv Inpopdtwy. YTrolétovtag ot o ypdvog petayeipione xdde Inpduatog
elvon otodepde xau (oo e h, tdte €xouue 6T 1), = hR, 6mou R o cuvolundg aptduodg dnpopdtwy
1o oLAAaUPdvel o Inpeutig, xou étol T, = T'-hR. Avtixahotdvtag Ty Teleutala oYEoT oToV
t0no R = dkT, Ny, 6nwe autde npoéxude xotd v eaywyh e (15), da éyoupe bt

R(Ny) dk Ny

Tl(Nl) =

T  1+dkhN;’

Onhadh v (16).

‘Evag evahhaxtinog teémog yior Ty e€aywyn tou tonou II tou Holling eivon, avti tne Yedpn-
ONG TOU YPOVOU PETUYEPIONS OE AVTIBIMGTOAY) YE TOV YpOVo avalTnong, vo ETUEVOUIE GTNY
unddeon 6T 1 Vfpeucn ohoxhnpvetan Ye TNy cOAANYY Tou Unpduotoc, dhha emnhéov vo Yew-
polue TNV OToEén xu dhAng TNyNS TeoPrc Yo Toug UneeuTéc exTdC Tou UTd YeAéTr TANYUGHOD
Ynpopdtewy. Tuyxexpiuéva, av xdde ypovixh otiypf t évac Inpeuthc Inpedel n(t) Inpduorta,

t61e 0 ubvduvoc yia Tor Inpdparta utohoyileton we %J\(E)(t), xade ypovir otiyuh. Av emniéov

unotéoouue v Urtapdn xi dhhou mAnducuol Inpopdtev, N3(t), yio toug Inpeutés, téte o na-

n(t)Na(t) N1 (t)
Ng(t)+N1 (t) : NQ(t)
nadpvouye v (16) av Yewphiooupe to n xou N3 otodtepd we npoc 1o t.

pamdve xivduvog yiveton ITohhamiaoidlovtag ue v mdavotnTa auth, toTE

H (16) €yl yevixeudel oe norhéc xoatevdivoelc.

H ooy yevixeuon elvor 1 orypoednic xaumOin mou diveton and tnv oyéon

N2
|7 (N;)| = ﬁ, 6mou a,y >0, (17)

OTTeprypapixd, otnv Xnuela, oduewva ue tov véuo dpdone e udlac, o pududc onolodhnote avtidpaone eivan
avdhoyog pE TO Ywopevo TN empépous WElaC TwV oucLDdY Tou avTdpolv, pe xdde emuépous Twhpa Lhwuévo oe
wot dVvoyr lon ye to cuvteheoth) Tou epaviletan otn YN eflowon. O vopoc autde «petapépetony TGCO TNV
Emdnuohoyia 6co xow otnv Owoloyio. Xtnv npwtonoploxy doukeld touv Lotka, to 1925, yivetor cuyvd xerion tou
avdhoyou auTol ToL VOUoL oTn duvapxh TAnducudy: ol opoyevelc TAnduopol opyavioudy vrotideton dtt amoteNovVTOL
amd éva eldog xou TepLypdpovTon amd o ETUBANTYH, TNy TuxvétnTa. O dlapopéc otny nhxia, To pdlo, Tov Yovdturo, Tov
PAUVOTUTIO X AT ayVooUvtol. e Tétold HovTéla, urotideton Tl o adAAnhemdpdioeic petald TAnducudy cupBaivouy pe
eLIoUE eLIEMC AVAAOYOUC UE TO YIVOUEVO TMWV TUXVOTATLY Twv TANYUcU®Y. H petaBAnTth tuxvdtntoc yie tAnduopoic
elvon TouTéoNUN UE TN HETABANTY CLUYXEVTPWONG Yio XNUxES ouolieq.
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xon ouvAdwe anoxokeitar ovvaptnolakt) andkpion tomov III tov Holling. Xnuewdvouue 6Tl oL
TEPLTTMOELS PE oLVopTNolaxés amoxpioels Tic (15) xou (16) oy dnxay and tov Holling to 1959,
eved M (17) - av xou tpéTov wvd yehethinxe and tov Holling to 1965 - oustaotnd etofydn and
tov Real 10 1977. H e€aywyh e (17) unopel va yiver ye avtiotoyo tpéno pe oautdv e (16).
O nopamdve tOmog woylet, mapadelypatoc yden, yio 9npeutéc mou ypedletar vo €xouv WOeaTd
oYNUTioEL TNV €OV TOU INEAUATOC TPV AMOXTACOUY EVOLUPEPOV TPog auTo. 'Etot, yio uixpd
mAfdog Unpaudtwy uTdpyEl Pxped evBlapEpo xaL dpo wxet| Uhpeuo, eved xodog to mArdog
av€dvetan o Inpeutic Eextvd xon avthapPdveton tny agdovio Toug.

Mo dhAn yevixeuon diveton amd Tr CUVIETNOLIXT ATOXELON

aN?

i(N)| = —,
-

omou a,y >0 xou p> 1. (18)
Avuti) 1 yopt| yenowonolelton and YewpenTtixols oixoAdYoUC, TOU EMTEETOUY GTO P VoL UETOPBAA-
AeTon xon UEAETOOV TO amoTéAeoua aUTAC TNS UETUB0AAC 0T duvaxr) TAnduoumy.

Mo emimhéov yevixeuor dlveton and tn AeyOuevn yevikeupuéyn ouvaptnoiakn andkpion tomov
111 wov Holling

aN?

) 1
YNZ 4 BN +1° 6mov a,y >0 xow 5> -2772. (19)

|ri(Ny)| =

Tonog IV. H axdroudn, un yovotovr), cuvogtnoloxy omdxelor

aNN,

(V)| = —=55.
)= 2

o6mou a,y >0, (20)

ovolaoTixd mpotdinxe and tov Andrews to 1968 xou €yel éxtote Ppel ONUAVTIXES EQUPUOYES
ot duvaer) TAnduoudy. Ovoudletan ouvaptnoiakr) andékpion Holling timov IV.

M yevixevon tne (20) Siveton and tn cuvaptnolaxy| andxpion

OéNi

1
— 6 >0 > 272, 21
TNFA BN, <1 6ToL @,y xou 3 y (21)

ri(Ny)| =

H (21) ovopdleton yevixeuuévn cuvaptnotax andxplon tonou IV touv Holling.

(NI (N r(V)]
2 27 <B<0
i Heee—e——ooo=e=e=eeee
B>0
A%
g >0
0 N0 N 0 N
(o) TOnol Holling. (B") Tevixevuévog tonoc Holling III. (v") Tevixevpévog tOnoc Holling IV.

YxAua 11: TOrol Holling cuvaptnolox®y amoxploewy xol oL YEVIXELUEVOL avdhoyol Twv TOrwy IIT xou IV.

MoaOnuatixké YroBabpo:

Avdhvom suoctdeiog avtévopou TTAT (cuvéyeia): Tpappixoroinoy. Oswpolue
autovopo (ITAT) xou unodétoupe 6Tt y* elvon pepovouévo onuelo wooppomiag Tou Yovtéhov, dnhadh
f(y*) =0, xou enlone f € CH(U;R™) émou U € Sz avouxth meployh 10U y* evide Tou yoeou @done
Sa. To ypappukorompévo npdBinua tou autdvopou (IIAT) oto onuelo y* anotelel to

dx .
S0 = I")a(t)
SL'(to) =Xy,
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onov J(y*) = Df(y*) o nivaxac Jacobi tne f oto y*, dnhady

8f1 * % *

aT/l(y ) - 0, (y")
Df(y*) = y : y : .

573/1(31*) 67%(3/*)

Ynuewdvouue 6Tl yia n = 1, mpogavag, o nivaxoc Jacobi exquAileton otny cuviin tapdywyo, dnAadY
d
J(y*) = —f(y*), otav n = 1.
dy

To yeaupxd TEdBANUA 0UTO TEOXVTTEL UETW EVOC UETACY NUATIOUOU UETAPORAS GE GUVBUACHUO UE
70 avdntuypa Taylor (¥, anhd, tov opioud tou Slagpopixol uiog diagopiowne ouvdetnong). Ipdyuatt,
Jétovtoc
x(t) =y(t) —y", VteTd, xou zo:=yo - y",

t6te T0 avtdvopo (ITAT) yivetou

dz

—(t) = t)+y*

(1) = fa(t) +v)

l‘(to) =X,

xou avantdooovtog xatd Taylor yOpw and to 0 € R™ éyoupe

%u) = J(y*)a(t) + o[z (t)])

.T(to) =X,

xadde z(t) - 0,

1} OAALOC
D) = 70 (1) )+ olly() -5
y(to) = yo,

xadoe y(t) - y*.

‘Onwe Yo Solye opéowe PeTd, uné mpotitoéoeig To mopandve Yeuuuxd tedBinua divel TAnpogopieg
Yoo Ty evotdiela TV NIGEWY Y TOU EV YEVEL U Yeopuxol autdvodou (ITAT) yio apyixée Tpée
«XOVTE» 010 Y*, 4Tl mou dleuxohlvel Wialtepa Tn pehétn poc. Ilpdta duwe, éva onuelo oopponiog y*
evoc avtévopou (ITAT) Méyeton vnepBodikd avy x&de Wiotiun tou J(y*) €xel un undevind nporyatixd
uépog, %ot €0XOAA BLATIGTOVOUNE PECW Tou ewpuatog avTioTpogne amexoviong 4Tl éva UTEEBOoAIXS
onuelo Loopponiag etvon TAVTO UELOVOUEVO.

Oewpnua 27 (Lyapunov-Poincaré, ¥ odwe, yeauuxonoinon). Eotw y* pepovouévo onueio
wopporiag evés avtévopov (IIAT) ue f e O (U;R™) drov U € Sy avoikth nepioyri tov y* evtés tou
xXopov gdong Ss.

1. Eotw, emnAéor, 6t to y* €lvar vnepBohikd. Av dAes o 1botiués tov J(y*) éxovr aprnuixd
(Oetikd) mpaypatikd pépn, tote To y* elvar Detikd (apvntikd) eovuntwtikd evotaliés. Mdlioa,
10 Vel 1) Tomkn npocéyyion

y(tay()) N y* + I’(t,yo - y*)v Vyo N y*a VteIn [th oo) (Vt eJn (_ooat()])a
émov x 1 AVo1 ToU arTIoTOYOU YPaLUIKOTOUHEVOU TPOPANHATOS.

2. Av pia 6ot tov J(y*) éxa Jetikd (apvnrixd) mpaypatiké pépos, téte to y* (aoxetds pe
av elvar vrepBolikd 1y dx1) efvar Betikd (apvntikd) aotadés.

3. Av d\eg o1 1botipués Tov J(y*) éxovr un Getikd (apvnuikd) mpayupatikd pépn kai, emmAéov,
undpxer touddyiotoy uia 1010Tiun e Undevikd mpayuatiké uépn, tote avtn) 1 TAnpogopia dev

apkel ya va aropavBolue oxetikd e tny Jetikrj (apynuixn) ev/a-otdBeaa tov y*.

Enuewdvouue 6Tl yia = 1, 1 povaduer wiotyy, A, tou mivaxa Jacobi eivon o (Sloc o mivaxag,
Onhad)

d
A=J(y") = é(y*), otav n = 1.
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Ko owtd yuatl, €€ opiopot, ou Botwée A tou J(y*) elvon ot Moewg tne yapaxtnplotixhc eZlowong
(yopax TNELETIXOV TOAUGDVUOL, EBC)

1 0 --- 0
det(](y*) - )\Hn) = 07 6Tov ]In = 0 1 O € Rnxn7
o o0 - 1

7 omola expuAiletar oY
df
—(y")-A=0
dy(y ) ;
xadde, i n = 1, n opllovoa evde mivaxa exuAileTton 0TV TAUTOTIXH CUVAETNOY, dNhadY
det =id, étav n =1,

xan emlong mpogavag I = 1.
Méhota, otny tepintwon g utepBolxdTntag Tou ¥* oy Vel Eva Loy ued TOTOAOYLXO AMOTEAECUA.

Oehpnpa 28 (Hartman-Grobman, ¥ odde, ypoppxonoinon). Eotw y* vrepfolikd onueio 1-
gopporiag evés avtévopov (IIAT) e f e C1 (U;R™) érov U € Sy avouxtrj mepioyr) tov y* evtés tou
xopov pdong Se. Tére vndpyovr Uy € U ka1 Uy € R™ avoiktés nepioyés tov y* xai 0, avtiotoya,
katds ka1 opoopoppropés H: Uy — Us, térowr dote ya kdle yo € Uy va vrdpyer I = I(yo) € R
avoikTr) meploxn tov ty, Tétola dote va 1 yvel 0Tl

H(y(t,y0)) = z(t, H(y0)), Yyo € Ur ka1 Vt €T,
émov & 1 AVa1 ToU arTIoTOIYOU YPaLLUIKOTOUEVOU TPOPANMATOS.

AonodnTind, 10 Topamdve anoTENecUa o MEL 6TL 1) Exova Ty ANicewy evog avtévouou (ITAT)
«xovidy oe unepBolnd onueio woppomiac y*, Uoldlel U KTOPUUOPYWUEVNY - XATE GUVEYT| TEOTO -
Eova TwV AOOEWY TOL aVTOTOLOL YRUUWMXOTIONUEVOU TEoPBAfuaTog «xovTdy oto 0.
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IMTepivypappa AdAegng ‘

1. Yrowyeia Malnuatikiic BioAoyiag:

Avvoind povtéha TodGY TAnduoudy (cuvéyen): Baowd povtého Lotka-Volterra

2. Ma¥Onuatiké YréBadpo:

(o) Avdhuon evotdieiog avtdvopou ITAT (cuvéyela):
i. Tpopuxé mpdPhnuo otov R?
ii. Yuvdptnon Lyapunov

(B") Heprodixée Nooeig avtdvopou ITAT xou xAeloTéC TROYES GTOV YWPO PAoNS

\. J

Yroweia Madnuatikng BioAoyiag:

Baowx6 povtého Lotka-Volterra (Lotka, 1920 xow Volterra, 1926). E8» do pehe-
THooLUE Eva VeUeNDODES LOVTEND OAANAETIBPAONE TANDUGHUMY, Xl GUYXEXPLUEVO EVOL LOVTEND VNpeuTH-
Inpduatog, To obotnua e€ilowoewy Lotka-Volterra.

Eny oty odg pondnuarted xhoaouxn Bihoypapio o aoixd wovieho Unpeuthi-Onpduatog anodiddtoy
uepwéc popéc amoxeloTixd atov Volterra, o onolog to yenoiononoe yiol var avaAUCEL TG TOEATY-
eroelg evég Ploddyou BYardootog mavidoc xar peAAOVTIXOL youmpeol Tou. (2671600, xdmolo ond T
AMOTEAECUOTA TNG CLUYXEXPLWEVNS Boulelds tou Volterra oty Madnuatixn Biohoyio nou dnuoociedidn-
xe to 1926 elyov npofrepdel and tov Lotka, o onolog avéntule xou elétaoe tic (Biec eiomoeic (ot
omolec unopolv vo Yewpndolv we pio ToAudldo Tty yevixeuon e Aoyio g e€lowone Verhulst) to
1920 ot epyaoia ToL Yiot TNV HEAETY EVOG YNULXOU LOVTEAOU QUTOXATUAVOUEVRY Y NUXDV oAVTIOPAOEWY
OYETIXS PE TIC YNxée avTdpdoelc xou TV xotdhuoy Touc), xadoe enione to 1925 oe BiPAio tou we
éva TAnduouaxd poviého dnpeuth-inpduatoc. Autd to ynuxd poviého tou 1920 (rou ouclacTind
amotehel 10 T0 Poowd poviéro Inpeuth-Unpduoatoc mou Yo egetdooupe xou £8() avopépeTal GTNV
e, BBhoypapia xon we dedtepog ynuxde unyovioude Lotka (Bh., apydtepa, ‘Aoxnon 82), ot
ovTIOLO TOM) HE TOV TpMTO YMud pnyevioud Lotka (BA., apydtepa, (L1)) nou anotehel pla apyxd
pop@Y| Tou mopandve wovtéhou xou etye WO alomomdel to 1910, and tov (Bio, enione yio TN peAéTn
QUTOXATUAVOUEVLV YNUIXDY AVTIORACEWY.

‘Eotw howndy bt éyovue évo anhéd oxoolotnuo 6mov x 1o tAdoc twv Inpaudtov (tpdPorta,
Aayol x.o.) xon y to mARdoc Twv Inpeutdv (Aixot, ohemoldes, xuvnyol x.a.), cUVIETAGEL TOU YEGVOU
t (o1 ouvopthcel autég unodétouue bt elvon Touhdyiotov Blapopiowes). Katd v xataoxeur; Tou
povtélou, xdvoupe Tic axdroudes unoVéoels:

1. Katd v anoucia Onpeutdv to mAfloc twv Inpopdteny avdvetor pe pudud avéloyo tou
mhdoug Toug, dnhadh
d—x—ozx 6mov a >0, étav y =0
dt - ) ) y=u.
2. Avtiotouya, xatd Ty anousio 9npaudtwy (tpoghc) To TAfYoc Ty Inpeutdy ewveto ue pudud
avéhoyo tou TAfoug, dnhadh
dy

i -y, 6nouv v >0, étav = = 0.
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3. Trdpyel alnienidpaoy tomou I tou Holling puetafd twy 6Vo thnduoucdv, ye avtiotolymn enidpaon
ooV xadéva, xou €Tol ol puduol UeTaBoAAC EEdETWVTAL UE TOV TAEOV 06 TEOTO And TO YIVOUEVO
xY, OSnhady| yeouuuxd, ue yeouuxd cuvteeat| 6 > 0 yio o pudud uetaorrc tTou ¥y xou —3 <0
Yiot TOV avTIOTOLYO TOU .

Yuvodilovtag, odnyoluacte oTic eELOMOELS

(:Tf = ax - Bry (22)
dy

— =- oxy. 220’
3 - Yoy (220)

axr

By . 0Ty
VY

SyAue 12: Adypapupa pomy Tou povtédou (22). Mog elvan adidpopen n oxéon uetall Tou B xou Tou § Tne ahinienidpoong.

To avtiotoiyo ITAT. Xuvenwg, to ITAT tng Suvauixic twv TAnduoudy twv Uneeutdy xou
Inpopdtewv elvan to e€hg:
Me bedopéva xo,yo > 0, avalnrodue tidotnua J < R pe 0 € J ka1 ouvdptnon
2 , . p
(z,9): T - [0,00)", térowa dote n (x,y) va ikavoroiel Téoo o cVoTNA (PP)
esiodoewr (22) oto I\ {0}, doo kar Tnr ((0),y(0)) = (20,%0)-

"Yoeln, ROVOUDLXOTNTA XAl OUAANOTNTA KEYLIOTIXNG XOL CUVEYOUS WG NEOG T
opytxd dedopéva AUorg Tou yeVixoD mpolBAjuatog. Aveldotnta and To TPOCNUO TWV
Zo AU Yo, XAVOUPE YoM *AooIxdY VewpnUdTwy Yia va eEdyouue Oapdn), LovadIXdTN T Xou OpaAdTN T
HEYLOTIXAC X0 CUVEYOC EEUPTOMEVTS amd ToL apyind dedouévalt Mong

(2°,9°): (~e1,62) = R?, 6m0u 0< 1,65 < 00,
yiat To €€¥c PondnTind yevixd mpdPinuos

Me dedopéra zo,yo € R, avalnrodue didotnua J € R ue 0 € J ka1 ovvdptnon
(z,y): I > R?, térow dote n (z,y) va ukavoroiel wéoo to (22) awo I~ {0}, doo (PP°)
rar Ty (2(0),5(0)) = (2o, yo)-

Avarroiwta cOVola, xaAh) ToToVETNOT TOL AP YIx0D TEOBAAUATOS %ol OUANGTTTA
tnc Aborng Tou.

i. Av n apywa) T Beloxeton mhve o’ évay and toug duo dgoveg, dnhadn av xo =0 1 yo = 0, o1
ot ANoom touv (PP°) elvau 1

(.lﬁ(t), y(t)) = (Oa yoe—'yt) , Vte (_51752) ;
R .
(x(t)7y(t)) = (‘Toea 30) ) Vi e (_81752)a
avtiototya. Ao v govadidtnta eyoupe 6tL auth Ya givon 1 (Lovadur) Aoo,.

HTw tyv oxpeiPera, 1 e€dptnom auty etvon oo,
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ii. Av zg,y0 > 0, t6t€ 2°(2),y°(t) > 0 v x&de ¢ € (—e1,e2). Ipdypat,, €otw 6T oylel
0 avtideto, dnradh undpyel to € (—£1,£2) téTowo dote elte x°(to) = 0 A y°(to) = 0, eite
x°(to) < 0 % y°(to) < 0, Adyw tne cuvéyewc e Aoomg, UnopoluE Vo TEPLOPIOTOVUE TNV
nepintwon 6nov z°(tg) = 0 4 y°(to) = 0. Téte, opilovtoac Tic ¢ (—e1 —to,e2 —to) = (—€1,€2)
xon (X°,Y°): (~e1 —tg,e0 —tg) = R? ¢

o(t) =t +tg, v xdde t € (—e1 —tg,e2 —tg) xou
(X2, Y*) = (2% 00,9 0 ¢p),
deiyvoupe ebxola 6TL 1 (X °,Y ) eivon 1 povadinn peyiotins; Noon yia To tpdBAnua

Me debopéva xo,y0 € R, avalnrodue didotnua J SR pe 0 € I ka1 ovvdptnon
(z,y):J > R?, térow dote n (z,y) va ikavonoiel wéoo to (22) oo (I~ {0})°,
600 ka1 Ty (x(0),y(0)) = (z°(t0), y°(t0)).

201600, EMYELENUATONOYWOVTOC OIS GTNY TERITTWOT 1., €youUe OTL

0

SyAue 13: T va anoxheloovue to oevdplo 1 (2°,y°) va cuvavtd Toug dZoves, Yewpodue véo tpoBAAuata e apxh
Tor utottdépeva onuela aUTAC TS cuVEvVTNoNS xou xotahyouue ot dtomo AOyw povadixdtntac. Me to (Blo ypdua
amewoviCovton 3o Ttepvéueves tpoylés, xdde wia and tic onolec avtiotol el o wio Aom.

(X°(1),Y°(1) = (0,4°(to)e "), Vte(-e1—to,e2—to),

N

(X°(1),Y°(t)) = (z°(t0)e™,0), Vte (—e1—to,e2—to),

avtlotouya, dnhadn

(@°(£),y° (1)) = (0,5° (to)e 771, Vi e (—e1,e2),

S

(2°(),y°(t)) = (2°(to)e*(79),0), Vte (~e1,e2),
avtioTotya, xou apxel va Véocoupe t = 0 yio va xatohhEoupe o€ dromo.
Anhad¥| T oOvoa
(0,0), {0} x(0,00), (0,00)x {0} xau (0, 00)2

ebvon avolholwta otov ypovo yia to (PP®). Xuvende, n (2°,y°), détav zo,yo > 0, Aovel enione to
(PP), dnhadt| undpyet povadixy, opaht|, cUVEY G WS TEog ToL opyixd dedopéva xat YeyLoTixr Abon tou
(PP), xadde enione ta mopandve olvola eivon avahholwto xat yia o (PP).
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OMxédtntar.  To mopandve cuunepdoparta Yo atomomdoly yia va eZdyouue étL n Abon touv (PP)
elvon xou ohxry (global), dSnhadn €1,e2 = oo. Tlpdypatt, av

i 2o =0xmyo 20" x>0 x0uyy =0, 1ot and to dedoyévo bt 1 Aon tou (PP) elvon peyiotixs
o€ GLVBUAOUOS UE To YeYOovog OTL oplleTan yia xdde ¢ € R, nalpvouye dueco 6t elvon xon oAy,

i z0,y0 > 0, téte opiouye Ty f: (0,00)° - R o
f(w,2) = alnz-Bz+vyInw-dw, ¥ (w,z) e (0,00)>,

xadag enlone xou Ty F: R - R we F = fo(z,y), 6nou (z,y) Noon tou (PP), apod x(t),y(t) >
0 vy x&¢e t € (—e1,e2). Xpnowonowhdviac 1o (22), ducoa nalpvouue To véo oot

ds_ 0f
ar Yo\
dy_

Yoy (o)
dt y@w Y-

Me v Bordeia Tou xovdva Tng AAUGIBAC Xol TOU TOPATAVE CUCGTAUATOS, XUTUAYOUUE OTO OTL

dr
— =0,
dt
Onhady
alny - By +ylnx -z = ¢, v xdnowo otodepd c € R, (23)

(mpogavix, ¢ = alnyg — Byo + vInxzg — dxg). Thpa, mapatneolue 1 f(w,z) - —oo, xadde
[(w, z)| = o0, Gpa n Aoon tou (PP) eivan gporyuévn evide tou (—€1,€2), xou €tot, and tn Yewpio
ouunepafvoupe 6Tl £1,€2 = oo (BA. Aoxnom 29).

Tevixh AOoY o xAewoTh Roperh; Mg xou dev undpyet Yvooty napopétenon tne (23), tou
Vo Jog Blvel T Abor o mETMAEYUEVT WoppT), OTaY To, Yo > 0, N yevur) Aoor dev unopel va ypapel o
AELGTYH pop@Y| UE Bor YVOOTEC GUVIPTAOELS.

Avdivomn suctddeiag. Enyeipdviag v tunomomuévn avdhuoT eusTtdlelag WEC YRUUIXAC
avdhuong evotdielog, dniady| péow yeopuxononong, Yo odnyndolue ev pépet oc abdié€odo. Ilpdy-
patt, o mivaxag Jacobi tou cucThuatog pag etvan o

a- [z —pw
J(w,z) = ( 0z -+ (5w) ’

Ou Wotpée tou mivaxo ota onueila wopporiac (z*,y*) = (0,0) xou (z*,y*) = (%,%), Onhadn ol

1
Wotée tou J(0,0) xou Tou J(%,%), glvar ot Ay = @ > 0, Ag = =y < 0 xon ot A\p o = i(ay)?2,
avtiotoya. Ko étol, olugwva ye v dewpla,

o 70 (0,0) eivon odrypo yia To Ypopuxonownuévo tpdfBinua, dnhadh actadéc, doa actodéc xou yio
0 (PP), ev&d

® T0 (%, %) elvol x€vTpo Yo To Ypoputxomonuévo xat dev undpyel Dewpntiké anotédeopa mov va
Has ekaopailer ev/a-otddad Tov yia to un ypajukd.

‘Evac tpénog yio vo Eenepdooupe owtd to eunodlo elvan péow tng dueone uetddou Lyapunov. Ilgdy-
patt, opxel vo emAéEouue TNy

V: (0,00)" — [0, 00)
(w,2) > V(w,2) = f(3,5) - f(w, ),
yioo TV omolo Loyvel 4T V(%, %) = 0, xodae enlone 6t V(w, z) > 0 vy x&de (w, z) € (0,00)% «
{(%, %)}, ool To (%, %) peytotonotel v f (BA. Aoxnor 29). Emniéoy,
V=0,

38



Awdreén 4

wordde
~ d(Ve(z,y) _dF
Vv =—=-—2=:0
o (,y) pr 7 =0
dpa 0 (%, %) elvon guotadtéc yio 1o (PP). TTopaxdte: YenoULoTOLOURE YEWUETEIXE ETLYELRHOTA YLOL

VoL yopaxtnelooupe Ty evotddeio quTH.
"Aoxnon 29. Yyeuxd ue tny ovvdptnon f.

1. Aeitze 6n f(w, z) - —o0, kadds |(w, z)| = oo, ka1 cuurepdrete i n) peyiotikh Adon tov (PP)
etvar gpaypévn.

2. Aeitre 61 to (%, %) etvar ohiké uéyoto tng f.

H yeowuetpla twv tpoxidv oto eninedo @dong. Apywxd Yo dellouye dTL oL xaundAeg
oTddung

{(w,z) € (O,oo)2 | flw,z) = c}, VeeR,

av Oev elvon xevd ahvola, TOTE elvon xUPTEC XU XAELCTES XAUTOAES TTOU EcWXAElOLY TO (%, %) ITpdry-
uortt, optlovtac
2
D, = {(w,z) € (0, 00) ’f(w,z) > c}, VeeR

Yo éyouue 6Tl xdde ovvopo 0D, eivon xou plot xaumOAn otddung. Iapatnedviag 6Tl ol cuvoptroelg Tng
poppic g(s) = alns—bs ye a,b > 0 eivon xoihec, Tadpvoupe e0xoha e amhy| YpHon TwV oplopey OTL xdde
D, elvou xuptd (BA. ‘Aounom 30). ‘Eyovue 701 det, xotd TNy HeAETN NS OMXOTNTAC TRONYOLUEVLC,
ot f(w, z) > —oo xodaxe |(w, 2)| = oo, dpa xéde D, eivan xou gporypévo (BA. ‘Aoxnor 30). Emniéoy,
e dromo delyvouue dueca ot xdde D, Bploxeton poxpld amd toug dEoveg, dnhady) otL xavéva onueio
TV 0€OVwV Bev avixel 6To lvopd tou. ‘Apa TEAXA XEVE XaUTOAN oTddUNG elvon xUETYH X0 XAELGTY.
To 6t xade D, mepléyel To %,%) TPOXVTTEL dUESH Amd TOV OPIOHO TWV GUVOAMY AUTOV XL TO
yeyovog 6Tl To ornueio autd elvon olxd péyioto g F, To onolo pe TN oelpd Tou TEOXUTTEL amd TO OTL

0 (%, %) elvan ohixd péyoto e f (BA. Aoxnon 29). 'Eto, eipoote oe Yéon vo xataoxevdloupe
adpd Yev, opUd xou ywelg var ydvouue TAnpogopla Be, uiot TPOGEYYIOTIXY HOPPT| TOU YRUPHUATOS TLV

XOUUTUAGY oTddune, N TeoyUotixy pop@y| Tou onolou divetar oto Lyfuo 140"

(o) Dpdupnuar proc tétotag f.

(B") Tpdpnuo Twv xoUTLAGY oTddune.

YyAua 14: Teopetplo TV f xou TV XU TUAGY otéddung.

Emuniéov, unopolpe dxola napatnedvtog 1o (22) vo Bpolue Tov TpocovatoMoRd Ty TROYLOY
(xateduvon tou medlou Bieudivoewy, Bh. ‘Aoxnon 31). Buvidétoviag Tic mopandve TANoYoples,
UTOPOUUE VO XATUOXEVACOLPE Wit 0€lOToTn EXBOYY TOU BlarypduuaTos @done Tou TpoBAAUaToC Hag,
1) TEAYUATIXY] Lop®T Tou omolou gaiveton 6To Lyfua 15.

Tovileton 6TL and OV YopaXTHPA TWV XOPTUAGY oTddung mou pehetridnxay mopandve, Eneton 1)
XAELOTOTNTO TV TROYLMY TOL AUTEC EXTPOCWTOVY, OL OTOlEE BEV BlameEVOLY Xxdnoto onuelo loopporiag.
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SyAua 15: Adypoppa @done tou (PP).

Abyw Tou YeEYOVOTOC QUTOU GE GUVBLAOUS UE TNV OAMXOTNTA TwV ADoEWY, Enetol amd TNy Yewpla oTL
Ol TPOYLEC AUTEC AVTIOTOLYOVUY GE TEPLOOLXEC ADTELS.

Ao 10 Bidrypappo AN TR XA UE TN XP1iOT TWV OPIoROY TNG EVCTAVELNC XL TNE ACUUTTOTIXNAG
evotdelac éyoupe ta eEnc:

e To (0,0) eivor acTodéc (%At TOU THEAUE Ao XAUTA TNHY AVENUOY) EVG TAYELUS LECE YPAUUUXOTOLN
one), xadae pla tpoytd elopyeton oe avtd, wio e&épyetat, EVEH oL uTtdhoLteg aévao To TANCLELouY
OAAG %o amopaxeUVOVTOL ond auUTO.

v o« ’ ’ ’ / ’ ’ ’ ’ ’
e To (E’ 5) elvan euotodée (xdTL Tou THPAUE o XaTd TNV avdhuoT euotddelog uEow e dueong

ued6dov Lyapunov) oddd éyt acupntotxd (xdtt mou dev Unopéoape Vo THPOUUE Xotd TNV
avéhuor euotddelog), xadde to mepBdhhouv XAelWoTEC Tpoylée, dnhadY| pmopolue v Bpolue
TEELOBWES ADoELC TToU ToPVOUY UEV DLUPOPETIXES TWES amd T, 0GODYTOTE ®OVTA TOu OE.

"Aocxnorn 30. Xuumnpdote tig Aentopépeies oxetikd e TNy yewpetpia tov kdde De.

"Aoxnor 31. ErnaAnledote tov npooavatohoud twv tpoxidy mov aneikoviletar oto Xynua 15.

Ou vopor tou Volterra. H ouunepipopd twv Moewv touv (PP) cuvodileton 6Toug mopoxdte
Teelc Baowole vépoue, Tou eivat yvwotol we vduor tov Volterra (Volterra’s laws):

1. H nepodixdétnta twv Aboewv anotehel Tov mpdto vopo.

2. H péon i tne Aong avéd meplodo T,

T
@0 =7 [ @).u)dr
0

elvon ave€dpTnTn TeV dpyix®y cUVITXGY, Xou PANoTa Loy Uel OTL

(1)
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IMpdrypatt, und to mploya Tou (22), and v pla Yo Exoupe

T T T
0 =1In (z(T)) - In (z(0)) = [ dnz - [ 9%y [ (a— By(1))dt = oT - BT,
J e J a(t) dt y
%L and TNV GAAT,
0= =T +0T%.

H ove€aptnoio auth tne uéong turc anotekel tov delitepo vouo.

3. Edv yiveton cuyxowdr xou twv d0o mAnduoumy, avdhoyn tou aptiuod tou exdotote tAnducpol,
T6TE 0 Y€cog apLidc TV UNEELTOV PELWVETAUL EVK 0 Pécog apttuog Twy Gnpoudtev audvetal.
Ipdrypatt, av unodécouue évav tpito mAnduoud, N3, o omoloc elvon ave&dpTtntog Tou YpbvVou
xou 0 omofog elvar unedYuvog Yo TV cuyxoWldY (T.y., o avipndnvoc TAnduoude), xa o onolog
aMnhemdpd xou ye toug dVo mhnduoupole e alknienidpoon I tov Holling, téte 1o (22) Vo yiver

dx

& (- m)e -y

dy omou fi1,2 > 0 xou a > puq.
5 =~ (Y ee)y+day,

H cuviiun a > py onpaivel 6t 1 ouyxouidn Twv Inpoudtey elvol TEToL OTE Vo Unv odNYNoEL
oe e€apdvior) Touc. To avtictouyo didypopue podv gaivetar oto Lyfua 16. Ilapatnpodue ot

axr

Bry . oxy

1T (v + p2)y

SxAuo 16: Awdrypopor poddv Tou povtéhou (22) ye cuyxowudn.

oL véeg mapdueteot dev Yo aAAGEouv TNy Soun tng duvauixic Tou avtiotolyou mpofiiuatoc. H
Blapopd WoTOC0 £yXeLTaL GTO GTL T 1) péom TN avd teplodo e avtiotoyng Abong Va elvou

(i’ @):(74—”2 a_ul)
) 5 ) B k)
nou emPBeBoudVEL TOV aEYLXO LOoYURIoUS, OTwe pafvetar xou oto Lyfuo 17. H ocuyxexpyévn

petaBoht) tne péone Thc (Smhadyh n avdhoyn petatémion Tou xEVTpou) xatd TNV Topousia
CLUYXOWBHE AMOTEAEL TOV TPiTo VYoo, 1 ahhde, TNV apxri tou Volterra (Volterra’s principle).

O vépoL autol €youv mpdypatt enaindeutel yio oplopéva oxocuoTAaTa IneeuTdV-Uneaudtwy, e
YOEAXTNELOTIXG TO TORADELY A TOU Tp{Tou Vouou. Luyxexpiéva, utd To Telopa Tou o Volterra e€rynoe
v adENoT ToL TOCOCTON XUPYUELDY Xt cohaylwy ota ahteduata tne Mecoyeiou xatd tnv Sidpxeta
tou A" Hoyxdowou Ildkeyou, we¢ anotéheoua tng peinong e Bloc tng alelog.

ApwOunTtixy enihvon. Ilpoywpdue oty apriuntxy enllvon tou mpoBifuatog, Onwe Qaiveto
oto Lyfua 18, npog enoAfleucy TV ATOTEAECUETOVY HoC.

Moo, and to XyAua 18« cuunepaivouue 6Tl oL & xan y elvon eXTOC QAoNg, UE TNV & VoL tponyeltaL.
Mio aindogovic e€nynomn autol elvar Tl EeXVOVTIC Ao TNV XATAOTUOT, 6ToU ol oL 800 Thnduouol
elvon oyeTnd pxpol, ta Inpduarta apyxd avZdvovtar Aoyw e petwpévne Dpac. 3TN CUVEXEL, OL
Inpeutée, pe agpdovia TAéov tpogrc, avidvovton enlone. Autd e tn oelpd Tou odnyel ot peyolliTepn
Orpa xou ta Onpduora pewdvovtar. Téhog, oe ENhewdmn TAéov TpoPNg, oL UNEELTES PELVOVTOL XoU UTO
%o TO0 0OOTNUO ETMAVERYETAL OTNY 0PYIXT| TOU XATAOTICT).
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— o
0 T

SyAua 17: Tpdonua piog xapmdAne otddunc touv hovtélouv (22), pe (xdxxvo) xou xwele (UWTAE) cuyxowdy.

121 — Onpéuoro 25 o Apyikes ouvinikes
10 — Onpevtéc * Bvorabeg ot
= (;)c-; 201 X Aotabég ot
S 8 X
X g 15
81 6 B §
= £ 10}
< 4+ W
= £
L < L
2 2 5
0 L
0 5 10 15 20 T —
0 5 10 15 20 25 30
t T1AY60s BnpaudTwv( x10%)
(o) H Moon i zg = 4-10° dropa, yo = 2- 10% dropa. (B") Audrypoppa @done yio didgopes apyixéc cuvifxec.

Syua 18: Aprduntod exiuon tou (PP) via detixoic xpbvoug, pe a = 3 [xedvoc]™*, =1 (103 o'c'coua)fl [xedvoc] ™,

v =6 [ypévoc] ! xou §=1 (103 o’c‘couoc)_l [xedvoc] L.

MaOnuatixké YréBadpo:

Teoppixd nedfAnpa otov RE. Ocwpolpe 10 BIBIE0TUTO QUTOVOUO YRoUUXG TEOBANLL

dy
—(t) = Ay(¢
Y (1) = Ay(t)

y(to) = yo,
6mou A = (a‘ij)?jzl
(detA # 0), ondte or Wotpée tou eivar pn pndevixéc. e auth Ty nepintwon to wovodind orueio
topporioc Tou TpofAiuatoc elvar To 0 € R2.

Ou iotiéc A tou A ebvan oL Aoelg tne yapoxteto s e€lowong (YapoxTneloTinod ToAUGVUOU,
£d0)

e R?*2. Aédue 611 to mopamdve mpdfBhnua stvor amdd av o mivaxac A ebvon un 18élwy

det(A - M) = A\? = (trA) A + detA = 0.
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Yuveng, ot WoTiég Tou A Bivovton and tov tino
1 1
)\1’2 = 5 (tI‘.A + (AA)2 ) y

, 2 . . , . .
6mouv Ay = (trA)” — 4detA xou eprintouy oe o and g axdlhoudec TECOEPIC TEPLTTOCELS:

‘)\1, Ao € R tétola dote A\ # Ao ‘

'Eotw u1,us € R? To povadiata 1BLodlaviopato Tou avtlotolyoly oTic A1, A2, Toéte 1 Abon tou
TopAmAvVe TeofAfuatog divetal and T oyéon

y(t) = creMiug + coe™tusg,

OToL 1, ¢y avdolpeTEC TPAYUOTIXEG oToEPEC.
"Eyouye, téte, TNV oxdhoudn todivounor/ovopatohoyio yio to onueio wooppomius Tou TeoBhAuc-
T0¢:
i. 0< A2 <Aq: Oetikd aotaliis kar apynrikd evotadig kéufos (Bh. Lyfuo 19a).
il. A2 <A1 <0: Oemikd evoradiis kar apynrikd aotadis kdpBos (BA. Tyfua 195").
ili. Ag <0< A1z odypa (Bh. Tyfpo 19v7).

Y2 Y2

d -
el Ladl
n Y1
y §
(o) OeTind acTodhe xou apvnTixd evotodie xépuBoc. (B") ©etixd evotadfc o apvnTixd actodic xépuBoc.

KépBoc.

2k
==

(v) Zdyuor

Syhua 19: Xopoxtneiowde tou onueiou wopporioc 0 € R? yia A1, A2 € R tétoio dote A1 # Ag.

II. ‘ A1 =X = A e R xaw A Sarydviog mivorog ‘

Av urdpyouv dlo ypapuxd aveZdptnto Wiodtaviopata u,v € R? yio v A, t6t€ 1 Mon Tou
TopAmAvVe TeofAfuatog dlvetal and T oyéon

y(t) = (cru+ cav) e,
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6mou c1, co avdalpete mporyoTixé otalepés.
‘Exouue, téte, Ty oxdhoudn tadvounon/ovopatoroyia yio o onueio wooppotiog tou npofhiua-
Toc:

. A>0: Oetikd aotatiig ka1 apvnrikd evotadnis aotepoerdris kéuPos (BA. Lyhuo 20a).
. A< 0: Oetikd evoradris kar apynuikd aotadig aotepoerdris kéuPos (BA. Lyhua 2003").

ek

(o) Oetind acTardhc xou apvnTixd eucTadfc acTepoeldhc xou- (B') Oetixd eucTadhc xou apvnTixd ac Tadic acTEPOEdAC XS~

Boc. Boc.

SyAua 20: Actepoedhc xéuBog.

I11. ‘ A=A = A eR xou A un Soryddviog nivocxocg‘

Av undpyet pévo éva ypopuxd aveZdptnto Wiodidvuopa u € R? yio v A, té1e 1 Aion Tou
TopATAvVe TEoPBAnuatog divetal and Tt oyéon

y(t) = (e1 + cat) eMu + cgev,

6mou v € R? audaipeto, yoouuxd aveZdpTnTo 0To U BLEVUGUA, X0l C1, Co aUIapETEC TEUYUATIXES
otadepéc.

‘Exyoupe, téte, TV axdbhoudn tavéunor/ovopatohoyio yio o onpeio woopponicg tou TpoPifua-
To¢:

i. A>0: Oeticd aoradijs kar apvnrixd evotadis védos (1 expuhiouévos) kduPog (Bh. Eyfua
21a).
ii. A< 0: Jetid evotadris kar apynrixd aotadris vé0os (1j expuhiopévog) kéuPos (PA. Tyfua

218).
n iy

A

A\ 4

A\ 4
A

Y1 Y1

(o) OeTixd actadfc xau apvnTixd evotodic védog xéufoc. (B") Oetixd evotadfc xon cpvnTind actodfc védog xdufoc.

SyAua 21: Néddoc xbdufoc.
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A1, A2 € C tétow wote o= Red; = Relg = %trfl o B :=ImA; = —ImAy

H Moom tou nopandve npoiiuatog divetar and tn oyéon
y(t) = c1e® (ucos (Bt + co) —vsin (Bt + ¢3)),

6mou A\ = a+1if xou Ay = a —if ot WoTég Tou mpoBAuaTtog e avtioTtolya WBlodlaviopaTa
U = u+iv o ug = u—iv e u,v € R

"Eyoupe, 1dte, TNV oxdhoudn todvounor/ovopatohoyia yio to onueio wooppomioc Tou TeoBhAuc-
To¢:

i. a>0: Jetikd aotadhic kar apvnrikd evotadris eotia (Bh. LyAuorta 220 xon 228").
ii. a<0: Jetikd evoradiig kar apynrikd aotadijs eotia (Bh. Tyfporo 227" xon 228”).
ili. a=0: kévrpo (BA.Zyfua 22¢").

‘Otay 0 onuelo looppotiag elvon x€vTpo, To TOTXS BldypauUa dong Tou TeofAfuoatog aroteheiton and
€voL GUVEYEC OUOXEVTEWY XUXAWY. AuTY elvon 1) uévn un Tetpluuévn nepintwon otny onola eugpaviletos
mepiodikt) GLUTEELPOES (TEpLEBOU %’r) OTIC AUCELS YROUULXWY CUCTNUATWY.

Mrnopolpe va cuvolicoupe Tov TedTo Pe Tov 0molo To SLdyEaUUo PAcTC TOU BIBLACTUTOL YEAUUULXOD
npofAfpatoc e€optdtar and T YetoBolr) tne opilovoug we mpog 1o (yvog Tou mivaxa A 6mwe galtveta
oT0 Lyua 23.

Juvdetnon Lyapunov. Eivaw Siouctntixd gavepd 6TL av 1 ohur] EVERYELL £VOC QUOIXO) TEO-
BAAuatog €yel tomxd eNdyloTto oe xdmowo onuelo tooppotioc, tétE TOo onueio autd elvon cucTadéc.
Avth 1 1Béa yevixehinxe and tov Lyapunov xou amotélece yio amhy), oAAd loyven, uédodo enihuong
TpoPAnudTev eustddelac, Tou ovopdleton (dueon, i addids, devtepn) uédodos Lyapunov. Mo ta,
HLot oLVdETNOT OTWC 1) OAXY evEpyeLa EVOE PuOLoL TpoPBAfuaTog Aéyetan ouvvdptnon Lyapunov, 6mwg
Yo avapépouue xon mopaxdtew. H uehétn wog evbeyduevne cuvdetnong Lyapunov yio xdnolo autévo-
po ITAT éyel tplo oNpovTIXG TAEOVEXTAUOTA EVOVTL TNG Ypauixonoinone (n omola AyeTton xou TpdTn
pédodoc Lyapunov):

o Mrogel vo yenotpornomnel yio va amoderydel evotdOeaa evds onueiov wopporias oo omolo o
UTOAOYI01U0S Tawy 1810TIUGY Tou avTioToryou mivaxa Jacobi efvar dvoyeprs.

e Mrnogel va ypnowonowniel yio va anodetydel evordOea evés un vrepfodikod onueiov woppomiag
07O 0TOI0 1) YPAUMUIKOTOINOT) KaTAppPEel.

o Mrnopel va pac Swoel odikd anoteAéopata oxetikd (e evdexOuevn aouunTwTiKT) evotdlea evig
onueiov 1w0opporiag, dnAudY| ATOTEAECUATH TOU EUTAEXOLY OAOXATPO TOV Y(DEO PACNC, XL oYL
uévo Tomxd.

To yeovéxtnua €vavtt Tne Ypoppixoroinong, n onola eivar Tutononuévn, eivar 6Tt dev undpy et xado-
Axog TpoTOC EbpEoNG Woc ouvdptnone Lyapunov yio éva avdalpeto avtdvopo ITAT.

Ocwpolye avtdvopo (ITAT) xou unodétoupe 6T y* elvon pepovwpévo onpeio wooppomiog Tou Yo-
viéhou, drhadt f(y*) = 0, xou enione f € CH(U;R™), énou U € Sy avouxth meploy Tou y* eviég Tou
XWeoL pdone Ss.

1. Mw ouvdptnon g € C(U;R) Méyeton Jetixd oprouévn (nuopiopérn) oo y* avy
i. g(y*) =0, xou
ii. g(x) (>) 0, Ve e U~ {y*}.
>
H g Myetouw apynuixd opiouérvn (nuopiopérn) av 1 —g eivon detind oplopévn (nuioptopévn).

2. M ouvdptnon V e CH(U;R) Myeton aolevis peldovtixn (rapedfovtixn) ouvvdptnon Lyapu-
nov YL To y* Tou Topandvew autévouou (ITAT) avv

i. 1V elvou detnd opouévn oto y*, xou

12H <etpiupévn Tepiodixf cuUTEEpopd AIGEMY TGOV YEoUXGY cucsTudtny aviiotoiel otic otadepée Aoelc,
dnhady oo onuela looppomiag, xou 1 neplodog etvon 0.
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Y2

5,

(o) Aprotepbotpopn Yetixd actadic xau apvntixd euotodhc
eotia (a>0,8>0).

(¢

N

(B") Ae&ibotpopn Yetixd actodic xau apvntixd evotadfc eotia

; , / , .
Oetxd aotodNe xou apvnTxd evotadfc eotia.

Y2

N
NS

Y1

(v") Apiotepdotporn Yetixd euctadic xou apvnTixd aotoudhc
eotia (a<0,8>0).

(a>0,8<0).
\/yl

(8") Ae&iboTporn Yetind euctadfc xon apvnTixd actadfc eotia
(a<0,8<0).

&

. , . , .
Oetxd evoTadhc xou apynTiXd actadfc ectia.

Y2

N

@

o

(') Kévtpo (a=0).

SxAuo 22: Xopaxtnelopds Tou oNueE

{ou woppomiac 0 € R? yia A1, A2 € C.
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Syhua 23: E&dptnon tou diaypdupatoc @dong and tn wetoorR tne detA we mpog to trA.

i Ve=vV.f= > g%fl ebvan apynTind (Yetind) nuoptouévn ato y*.
i=1 OTi

H V Aéyetoun 10xvpr) peAdovtixn) (napedfovtikny) ovvdptnon Lyapunov Yo 1o y* TOL Topandve
autévouou (ITAT) avv avti tou ii. woylel to

i, m V eivor apvnmind (Yetind) oplopévn oto y*.

Sruewbdvoude 6t 1 ouvdetnon V Méyetow mapdywyos Lie, (1§ aAhids, tpoxaaxti, i vhikn, tapdyo-
yog) s V, xou ouclasTind - péow Tou xavéva ahucidoc - ol ii. xou ii’. pac Méve 6Tt xotd pixog twy
TEOYLOY TV Aoewy tou (ITAT) n V' elvon @divouoa xou yvnolwe gdivouvoa, avtiotorya, xadodg

d(Voy) -
D 2I yoy.
at oY

Oewpnpa 32 (Lyapunov). Av oty avoiktrj nepioxri U € Sy tov y* evtég tov xdpouv gdong So
Tov mapandrw avtévopou (ITAT) urdpyer

1. e aoBevnis peAdovukn (napeddovtikri) ovvdptnon Lyapunov oo y*, téte to y* elvar Jetikd
(apvnTikd) evotadés,
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zZ Z Z 7z * Z * /.
2. i wxupn peAdovtikry (tapedBovtikny) ouvdptnon Lyapunov oto y*, téte to y* elvar aouu-
trwtikd Jetikd (apvnrikd) evotadés. Mdliota, 1w0xle éni

im o y(ty0) =y7s Vyo € U
(-o0)

YJe %AMOLEC TEPLMTWOELC UTOPOUUE VO TEPOUPE ACUUTTOTLXY evotddeta oxduo xou and pio acdevy
uévo ocuvdptnon Lyapunov, énwe gaiveton mapaxdtew.
Ocewpnpa 33 (LaSalle/Barbashin-Krasovskii-LaSalle, ¥ odAidde, opyr| avahholwtov). Av
1. owny avowxtr) tepoxyn U € Sy tov y* evTds tov ydpov pdong Sa vrdpyer pia aoleviis peAlovtixn
(naperBovtikn) ouvdptnon Lyapunov V oto y*, kai
2. 0V dev undevitetm tavrotikd ndve o€ kauia tpoyid, e efaipean Ty tetpyupévn tpoxad tng
otaOepnis AVong y = y*,
Téte T0 y* efvar acuurtwTikd Yetikd (apvntikd) evotadés. Mdliota, 10y ver 6t
Lmy(t o) =y7, Vyo € U
(—e2)
Aoy Twv nopandve 800 anoTEAECUETMY, UTOPOVUE VoL ELGAYOUUE TIC THPAUXATL EVVOLES:
1. Xy mepintwon e detndc (apynuixic) acuuntotxic evotdielas twv 800 mponyolduevwy

Yewpnudtwy, 1o U Ayetan 9etind (apynund) medio édéng tou y*. Av U eivon 600 detxd oo
xou opynTed medio EAENG Tou y*, ToTe AéyeTon medio EAEng Tou Y.

2. Av 7o Yetxd (apvnTind) medlo ENEng tou y* elvon Ghog 0 ywpoc vdone extdc lowe evic unde-
voouvbhou, t6TeE T0 ¥* Méyeton ohikd Jetikd (apvnuixd) aovuntotikd evotadés. Av to y* eivou

ohxd 1600 Yetnd 660 xaL ApVNTIXA ACUUTTWTIXG eV TOES, TOTE AEYyETol OMXA ACUUTTWTIXG
evotadéc.

H pédodoc Lyapunov unopel va tpononomndel €tol date va ehéyyel Ty actddelo Tou onueiov loop-
poniac.
Ocdpnua 34 (Cetaev). Av yia tr avouktd nepioyr U € Sy tov y* evtds tov xpov gpdons Ss
vrdpyouvr V € CH(U;R) ka1 avouxté Uy € U térora dyoe

1. y* € an,

2. V(x) >0 ka1 V(x) (>) 0, Yz € Uy, a1
<

3. V(I) =0, Vz e Uﬂan,

Téte To y* efvar etikd (apvnrikd) aotadés.

KAsiwototnta tTpoyt®dv ot neplodixdtnta Aboewyv auvitovopou ITAT. Tewxd, plo
un otadepry xou olikrj Ao, y: R — R™, evéc autévopou (ITAT) Aéyeton mepiodikri avv umdpyet
npoypatixoe T # 0, tétoog dote y(t+T) = y(t) vy x&de t € R. Kdde tétoloc T Aéyetou mepiodog
e Y. XE XATMOLEC TEPLNTWOELS, dmov kat Ja avagpépetal pntd, emextelvoupe Tov oplold Tng TEPLOBIXAC
Noong €tol dote va nepthouBdvel xou Ty otadepr] Ao,

Ocvpnua 35. Fotw avtévopo (ITAT) e f e CH (U;R™) érov U € Sy avoiktd evtés tou xdpou
pdong Ss.
1. Av n tpoxid puag oxrg AVong, y, tou (ITAT) mepiéyetar o€ pa kdaoti C' kauriAn, n omoia
KaumoAn Sev mepiéyel kdmoio onpeio 1wopporiag tou (ITAT), tdte ny elvar meprodikn.

2. Ay pa Aon, y, touv (IIAT) efvar meprodixn, tdte

i. Oev undpyovv anueia 1wopporiag eni tng Tpoyids s y, kal
it. vndpyel n ekdyotn Jetiki) mepiodog Tng y.

H eAdyrotn Oetik] mepiodog piag neptodnnc Aone Aéyetal xou anhd neplodoc. Av T elvan n ehdylotn
Vet mepiodog piac (CF) Norne, y, evéc autévopou (ITAT), téte 1 ouvdptnon v: [0,T) — R™ oplel
ot ouveyt (CF) xhetoth xapmiAn 1 omolo Sev Téuvel Tov eautd Tng. LTy wyodud avdluon (n = 2)
ot Tétolo xaumodn Méyeta (CF) omhf xhewoth xounOhn 4 (C*) xauntln Jordan, oty Siopopixd
Yewpetplo Méyeton xheloth Tonohoyd (1 adhide, CF) 1-toMamhdTnTeL, %o GTHY YEWUETEWXH ovAUoT)
Myeton ouunoyfic Tonohoyxh (H adide, CF) T-todhamhdtnra yweic ohvopo.
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ALAEEN S

ITeplypapupor AldAeing ‘

1. Yzoweta Madnuarikng BioAoyiag:

Auvvopxd poviéha oAby Thnduouody (ouvéyewa): Aoyiotid topodiayr tou Bacixol
uovtéhou Lotka-Volterra

2. Ma¥Onuatiké YréBadpo:

(o) E&dptnom tne Mong tou ITAT oand mopduetpo

(B) Awhddwon and onueio wwoppotiac: Atoxhddwon otadephic xatdoTtoong

Yroweia Madnuarikns BioAoyiag:

ITpdtn moparioyh tou Bacixol povtéhou Lotka-Volterra. Av avti tou cuothuatog
(22), xou ouyxexpwéva e (22a), Yewprooupe 6t oe amovaia Ynpeutddv 1 duvauixt| Tou TAduouod
TV Inpaudteny teptypdpetal and Ty hoylotixr e&icwon, ToTe nalpvouue To

i—f =ax (1 - %z) - By (24a)
dy

— == J5 24
3 - YTy, (248)

OTouU OAEC Ol TUPAUETEOL Elvor VETIXEC.

To avziotoiyo ITAT. To IIAT yia to napandve poviéro eivan to e€nc:

Me bedopéva xo,yo > 0, avalnrodue odotnua J S R pe 0 € J ka1 ouvdptnon
(z,y): T~ [0,0)%, térowa dote n (z,y) va ikavororel éoo o (24) oro I~ {0} (PPy2.1)
600 kar Tnv (2(0),y(0)) = (zo,yo0)-

Oupory peyioTixyy AOom, %ol TonoVETNon Tou TEOoBANUATOS %ol AvaAloiwTo
cUvola. AxpBic pe v B texvint| (LeNETn opynd evdc xaTAANAOU YEVIXOTERPOU TROPBAAUATOS)
xou T (Sl emuyepAuata 6nwe xou yio o (PP), madpvouue tnv Onapdn povadixhc, opoiic, cUVEXHOS
eZopTopevNne and ta apyd dedopéva xau peyotixAc ANong tou (PPya 1),

(2,9): (~€1,82) = [0,00)°, 6m0L 0 < £1,65 < 00,
xardde enione 6t Tovhdytotov (BA. ‘Aoxnor 36) ta chvola

(0,0), {0} x(0,00), (0,00) x {0} xau (0,00)

elvon avohholwta C TEOC TOV Yp6Vo Yol To TEOBANUAL.
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OMxdTnTa;  Abdyw g aduvaplag ebpeone tne Aong tou (P Py 1) €0 xou o€ TETAEYUEVT LOop®T),
YL TNV OMXOTNTE TG UTOPOUUE VOL EQYAUTTOVUUE UE BLAPOPETIXG TEOTIO, XAl GUYXEXQOLUEVDL UE TNV uéVodo
e obyxpLoMC.

‘Eotw 6t n yeyiotx Aoon nou Berxaue mapandve dev efvon etind ohxr, dnhadn €2 < oo, xou
Yo xatodEoupe oe drono. Apxel va delfoupe 6Tl dev expryvutan, xadde xdde Aoon pe apyh TWh
OTO E0WTEPIXO TOU YOPEOL PAoNs, dNAadr ato (0,00)2, elvan adOvato va Ttelvel mpog To ohvopd Tou
o€ TMEMEPAOHUEVO YpdVo AoYw wovadixétntoc. ‘Eotw, howmdy, T € (0,e2). Iopatnpdviag v (24a),
gyoupe 6T

dpo and olYxELoY) EYOUUE OTL

max {z(t)|t € [0,T]} <max {&(t) |t e [0,T]} = A,
6mou I ebvon 1 (Touhdytotov) Vetnd ol ANoom tou (£) pe 1 = a xou apyh) cuvdixm Z(0) = xo.
Emunhéov, and v (240") éyouvye 6T

dy
=<4
at = oY

dpa Eavd amd oUYXpELOY EXOUUE OTL
max {y(t)|t € [0,7]} < yoe® 7.
Anhadh 1 Moo etvon pporypévn oto [0,T] and wa otadepd tou e€aptdtor cuvexde (xou xotd adEovto
Tp6m0) ané 10 T. Agol to T eivon audaipeto, malpvouue to bplo yia T — 27 yia va xatahiZoupe o€
dromo. ‘Apa n Adon efvar Oetixd oAikr), Snhady| €2 = oo.
‘Ocov agopd 10 €1 %ot TNV 0EYNTXXY OAXOTNTA TNG UEYIOTIXNAG Abomg, TdAL Yol YENOLOTOCOUUE
v wédodo e obyxplong, apod duwe TedTa avTioTeéPoupe Tov yedévo. Hpdyuatt ov

(z,): (~£1,00) = [0, 00)*

ebvon 1 etind ol peyiotxh Aon tou (PPyo 1) mou Beixoye mapondvw, TOTE yia TNV

(X’w): (—00,51) - [0’ 00)2
s (x(8),¥(s)) = (x(=5),y(=5)) ,

loyveL ot
dy 1
A 1-=
P ax( kx) +Bxy
d
dlj =Y = oxy,
s
xadae enione 6t (x(0),1(0)) = (20, v0). Mapatnpolue étu
dy
- <
35 S

CUVETWG UTopoVUE va Thpouue omd olyxpton 6Tt 1 ¢ oplleton yia 6Ghoug Toug detixolc ypbdvouc,

WOTOC0 €YOLUE OTL

dx 1

—>-ax|1-+-x]),

at X( kx)
dpa, ouyxplvovtag Ue TNV opvnTd expuyvnéuevn Abon tou (£), modpvoude OTL 1 X EXPHYVULTOL YLo
xdmolo Tenepacpévo YeTind ypovo. ‘Aga n Abon ekpriyvutar yia kdmow menepacéro apynTiké xpovo,
CUVETOC €1 < 00.

Ynueio toopponiog. EOxola, and 1o chotnua (24), éyxouue 6Tt undpyouv tela onueio tcopponiag,
Onhadr To

(0,0,

@) =1(350-5%)), ovk>?

(k,0).
Ynuewdvoupe 6t amopploye Ty tepintwon tou Sedtepou onuelou wopponiag pe k < F xodde evdla-
(pepoUacTE Yio U apvnuixég Aooewc. Iapatnpolue 6tL 1o deltepo onuelo wopponiog cupnintel ye to
Tplto otav k= .
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"Aoxnorn 36. Teuayiote tepatépw ta avaddoiwta odvola mov Bprikaue mapandvew oe avadolwta
unooUvola.

Avdlvom evotdeiac. Tnoloyilouye tov nivaxa Jacobi yia to chotnud pog we

a 1-2w)-B8z —pw
J(w,z)—( ( gz) —'y+5w)’

Onhady
J(0,0) = (3‘ _07)

yeal, AWV - & (- Bk
J((Vﬁ(l—(ﬂg))—(?(ff&) 05), J(/c,o)—(O —7+5k)'

‘Apeoa, and ypayuixonoinom, éyouvpe ta e&hg:

pide

e To (0,0) elvor Yetxd aotadéc, plac xou ol Wotéc tou avtiotolyou nivaxa Jacobi elvon ol
Ar=a>0xum Ao =—y<0.

o YyeTd pe to (%, 3 (1- %)), oL Wotés divovton amd Tov TOno

Ay = % (tr + (tr” —4det)%) ,

6mou

tr = —% <0, xodd¢ enlong det = cw(l - %) >0 otav k> %

Agol oe aut) v meplntwon 1 opilouca elvan Ve, cupmepalvoupe 6Tl T0 TEOCTUO TOUL
Tpaypatxol pépouc Twv IBLOTIHGY Tou Tivaxa Jacobi xodopileton and to aviictoiyo npdonuo

Tou {yvouc. "Apa, To mapandvw ornueio woopporioc elvon YeTixd acuuTTOTIXG guoToEC OTaY
k> 7.

o Yyetwd ue to (k,0), éxoupe 6Tt oL WoTég eivan Ay = — + dk xaw Ay = —a < 0, dnhadA

<0, otavk<

A3 =0, otavk= xou entiong A < 0.

2[R >R >R

>0 otav k >

"Apa To Topoamdve onueio wwopporiog eivou

B

VeTixd aoLUTTOTIXG euoTadés,  otav k < X
Vetind actadéc, otoy k> %.

Qot600, dev pnopolye va anogoviolue oyeTxd Ue Ty eu/a-otddeld Tou (%, O) otav =k péow
Yeoppxoronone, Aoyw un utepBolxdtntde tou. Iaupatnpdvtoas dpwe 1o Lyfua 24 (BA. Aoxnon 37),
oe ouvduaoud Ye Ty (Touldylotov) cuveyt e€dptnon tne Along and TNV apdueTteo k, douotnTind
aVopEVOUUE TNV VETIXY ACUUTTOTIXY EUCTAVELY ToU.

H avotner amddeiln autod tou cuunepdopatoc Bacileton otnv Yewpia dlaxAddwone otadeprc
XAUTACTACTG.

"Aoxnor 37. Acdote Tig Aentopépeies kataokeuris tov Xy jpatos 24.

Avdlvom StaxAddwong. Katapyde, to Xyfua 24 emPBefoudvel tny Onapln dlaxAddwong ota-
Veprc xatdotaone and 1o (k,0) otav k = F, xdt dhwote Tou mpoxintel xou ond T Yewpla, apov,
XOLTAOVTAC TNV A1 = =7 + 0k we ouvdptnor Tou k, éyoupe 6T

dA
)\1(%) =0, d—kl(%) #0 %o Ap < 0.
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y

(B) k> F. Koddc to k avidveton, tomxd xo ylpw ond T0

YeTind acuunTwTixd evotadéc onuelo tooppoTiag, N ExxOVa TWV
TEoXLOV Eexvdel vo wotdlel Ye auTh eVOC xOUPBOoU Xot XATAIARYEL
vo potdlel e auth pog eotiog.

SyAua 24: Tlowotxh avamapdotacn Tou xoOeou @done tou (PPya1) v k %, O TEOXVTTEL And TNV YEUUUIXA

+

avdhuon euctddeiac. Avopévouue tny YeTinh doLUTTOTIXY eucTddela Tou (%,O) otav k = %, 6w patvetar xardnde
)4 )t
k= (3) k= (3)

"Apa Yo yopoxtnploouye To TOTO TNE BLOXAADWONE AUTHE, UE AT TERO GXOTO VoL BYIAOULUE CUUTERUCUOL
Yior TNV gvotddela Tou (%,0) brav k= F. Miog xou yvopiloupe dha ta onpela woopporniag (2%, y*) =
(x*(k),y*(k)) yopw and 10 k = %, Ya 10 xdvouye xataoxeudlovtac o didypappa tne Stohddwong
(otov avtinoda, BA. Acxnon 38).

Enéyouye tov xatdhAnho cuvduaoud twv =¥ xou y*, ot Tiwéc tou omnolov Yo aneixovilovton
OTOV XAToXOPLYO dEova Tou dorypdupatoc. O ouvdudouds avTtde TEOXVTTEL ond TV amionolnom

Lyapunov-Schmidt, w¢ e€hc: Hpdta Staywvonolotue tov J (%,0)

Y\ pfA=0 0 o (-2 1)fo o)fo 1
J((s’o)‘P( 0 )\2=—04)P ‘(1 oJlo —afl1 22)

6Tou Ta (—%7 1) xou (1,0), to omolo €youy emheyel yio v mpd TN xou dedTEEN, avtioToly o, GTAAN TOU
P, eivon tar Bodlaviopato te Ap = 0 xou e Ag = —a, avtiotoiya. ‘Eneita emthéyoupe 1o cuvdbuaoud

(07 1) : ("E* - kvy*) = y*a
émou 7o (0,1) ebvon 1 mp®TN Yeoupr Tou P

"Apo o Bidrypappo Tne Slaxhddwong divetar 6To Lyfuo 25, XL THpATNEOVUE OTL TEOXELTOL YLot Lol
Sraxplon dtoaxhddwon (o aotadic xhddog y* = 3 (1 - %) <0y k < F amopplnteton) and to Yetixd

ACUUTTWTLIXG euoTodég onueio Looppomiag (%,0).

« A

Y

y =0

0 ¥ 2
5

Sy 25: Adypoupo dtoxhddwone y* (y* - % (1 - &)) = 0. Me npdowvo arewxoviletor N YeTIx ACLUUTTWTIXA EL-

, ., , , .
otddela, eved YE xOxxwo N Yetixy| actddela.

"Aoxromn 38 (O nupddeicoc anéyetl wovo pepxéc oelidec npdieic @). Amogarieite oxetikd pe tny
Urapén dakdddwons otalepns katdotaons kat tov timo tng ya to (PPya1), otny mepintwon novu
dev yvwpilete ta vmdloma onueia wopporiag, tapd udvo to (k,0).
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OAxy) acupnTwTX evctddeia. Apaye, o telvel aouuntwtind xéde Aoon tou (PPyg1), pe
owdaipetn apyi) cuvinixm, ota Yetixd evotady| onueia Woppomiag; Eivar, dnhadh, to Yetind acuu-
TTOTXS euotott| onueia lopponiog xow ohixd VeTiXd AoLUTTOTING EUC ToH;

L. Hepittwon k> . B3 Yo pdZoupe yia xatdhnhn cuvdptnon Lyapunov, V. Miag xou yio 10
(PP) Berxope o TéTola cLVEETNoT, Topo EATI{OUNE VoL TOPEUTOVUE TPOTOTOLOVTIS TNV.

Yuyxexpyéva, Yo Paouue yior XortdAAnAn
flw,2)=Alnz- Bz+Clnw - Dw, ¥ (w,z) € (0, oo)2 ,
pe otadepéc A, B, C, D nou pével vo xadopiooupe, Tétota Hote
V: (0,00)% — [0, 00)
(w,2) > F(3,5(1-3)) - F(w,2),

yioe TV omola Yo Loy el 6Tt V(%, %( - ﬁ)) =0, 61t V(w,z) >0 vy xd9e (w, 2) € (0, )’ \
{(%, 3 (1- %))}, xaddre entone 6n V(w, z) <0 yia xdde (w, z) € (0, 00)°. Agol ovolaoTtind
Yéhovue 1 f va €xel (0Axd) péyioTo Yo (%, % (1 - ﬁ)), TOTE avoryxaoTd Yo mpEnel

C=1D
vf(v,a(l—V)):o@{ o
Emuniéov, agol déhovye yio xéde (o, yo) € (0, 00)2 vou Loy leL 6T

d(Ve(z,y))

: de d
OZVO(‘x}y)z dt - y)?

=vVo(xay)'(a7E

T, olppuva ue Ty (24), avayxaotixd Yo npénet

02V0(x,y):—D(%—x)(a(l—%x)—ﬁy)—B(%(l—%)—y)(—’y+5m).

Kdét tétoo duo toyder av emhé€oupe
B=pxu D=9,

xodde ToTE Yo €youue 6T
a(-v +6z)?
——<0.
ok
Anhadh n V ebvon o aoevic pehhovinh ouvdptnon Lyapunov. Qotéoo, napatnpoldye 6T 1)
V' 8ev undevieton tawtotuxd oe xoud teoyid, ue e€alpeon TNy TETEWPEVY Teoyid TNS otadephic

Vo(zy)=-

’ _( Y ’ 7 ’ ’ L 7 ’
Noone (z,y) = (5, 3 (1 - ﬁ)) Apa, and tnv apyh avalholwtou LaSalle éncton 611 t0 ornuelo
looppoTiog etvan oAxd YeTxd aoLUTTWTIXG EVoTadEG.

2. Ilepirtwon k < L. E8&, n ebpeon wog ouvdptnone Lyapunov yio Ty eZoywy SUPTERAOUATOS
oxeUxd pe Ty ohxy| cupmeppopd tou (k,0) dev eivon edxoin unddeon (to olvndec oevdplo).
IMopodetyporta oL UnoPoVUE JUECI VO OXEPTOVUE, OTWC 1|

V:R? > [0,00)
(w,2) > (w-k)* + 22,

Bev apxoly. ot600 Vo BYShouUe CUUTECUCUO UE EVOV OTAG XOTUOXEVACTIXG TEOTO, ONOTU-
TOVOVTAC TOLoTIXS TO Tedio drevivvoewy:

i. Hpdta anewxoviCouvpe Tic undevokAivels kapumides otov yweo gdone. Mo undevoxhivic
XOUUTUAT amoTeAel xaumOAN GToV YWeo pdong enl tng onolag undevileton 1 mapdywyoq Wiog
omd Tic e€opTnuéves petaBintéc. Me Bdon to (24), xou dnwe gaiveton oto Lyfue 260" (oT0
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/ ’ ’ Y. ’ 2 ’
Uy 26 amerxovileton N mepintwon k < 1+ avtiotolya da €xoupe xou yio Ty Tep{nTwon

k=2 (B "Aoxnon 39)), 6oov agopd Ty & =

1
$:0XO(Ly:%(1—ESL‘),

0 éyouvpe Tic Y-undevoxiivelc

0 €youvye Tic x-undevoxhivelic

dy _

xoL oo TV I

~y
=0 %oz =—.
Y 5

ii. Eneita oyedidlouvye xormoxdpupo evdOYQoUpo TURUNTA XATA PAXOS TWV T-UNOEVOXAVEY
HOUUTUAGY Xl 0pLlLOVTIOL XOTE UAXOG TWY Y-UNBEVOXAVGY, dTwe @aivetal oTo Xyruo 263"

iii. Yty cuvéyela emAéyoupe XATIAANAT Qopd oTol Tapamdvey EVTVY PP TURUAToL, TNV oTtola
e&dyoupe dueca and To (24), dnwe gaiveton oo Lyfua 26y

iv. Téhog amexoviCoupe o xatdAAnha Slovbouotar 6Tov UTOAOLTO YOEO GAoTNS, OTKS QolveTal
oTo Lyfua 268, ue Bdom TNV Qopd TNS CUVICTUUEVNE TWY BLUVUCUATOY 0TI UNdevoxhivelc
XOUTOAEC.

Mafpvoupe étol Ty ok Vet aouuntotixf evotdiewa Tou (k,0) oto avollolwto clvoro
(0,00) x [0, 00),
OnhadY) TarTol 0ToV YWEOo QAoNS €KTIS and To avolholwTo GUVOAO

{0} x [0, 00),

ol

6tay k < 3

Yuunepaivouye €tol ta e€hc:

1. Av k> %7 16Te Adde Aoom pe un pndevixy) apyxr) cuv XN Yo To Unpduata Telvel UEANOVTIXG

oto onpelo woppotiac tng ocuuPinone.
2. Avk< %, 167€, Yo xdde apyter) cuVITXY, UEANOVTIXG oL UNEELTEC PELVOVTAL UEYEL EE0pAvIoNC.

‘Aoxnon 39. Arnexoviote nowtikd to tedio Sieviivoewy tou (PPyy 1), dtav k = ¥ ka drav k> +.

ApwdunTixn enihuon. Ilpoywpedue oty apriuntiny enllvon tou npoBifuatog, onwe gaiveton
670 Lyfua 27, Tpog emaAUeucT) TwWY OTOTEAECUATLY HOG.

MoaOnuatiké YroBabpo:

EZdptnom and napduetpo. ‘Eva mpdfinua yeydrou eviiagpépovtog eivon 1 e€dptnom twv Adoe-
wv evoc (ITAT) and mopdueTtpo.

Oehpnpa 40 (cuveyhc/dagopiowun eEdptnomn twv Aoewv and napduetpo). Fotw avoikté U ¢ R™,
napduetpos e U pe p* € U kar (ITAT) érov f(-,-) = f(-,-,p). Av n f etvar C¥, ue k e N, oe pa
repioxry Tou (to, Yo, u*), Téte pua evdexduevn Aon, y(-, ) =y(-, -, 1), Oa etvar C*! o€ pa meproxn
Tov (to, Yo, 1)

Ynuewdvoude 6tL m e€dpnon twv Aicewv and Ty apyxr; cuviixn B Tty f amd v pla, xou
n e&dpTnom Toug amd TUEGUETEO amd TNV AN, elvan ol BYo Gelc Tou Blou voulopatog, pe TO €val
anotéheopa va pog odnyel ato dhho xou avtioteopa.

Eniong, 1o Oetdpnuo 40 divel wa toAld anoteieopatint| pédodo mpooeyyio uxnc enliuong eglowoe-
WV TOU EVOL «XOVTIVESY OE <M1 dlartaparypéveey elomaoels Twv omolwy ol Aloelc elvan yvwotée. Apxel
vou avaoipas Tedel 1 Abom tng Stotaparyuévng e€lowang otn popet oelpde Taylor oe duvduelg tng dio-
Tapoy g, Vo avTixartas todel outy) 1) oelpd ot Sotaparyuévn e€loman xou va e€lowdolv oL GuVTENEGTES
TV Blwy duvdpewy e datapayfic. O mpwtog (avedptntoc Tne datopayfic) 6pOC TNG OELPHS TOU
avamnaplotd TN Abon Ya elvan 1) yveo ) Ao tne W Slatapayuévng e€lowone. Enavoinmuxd emidol-
pee e€lotoelg Yo ddoouv toug axdroudoug Gpoug tne oepde. H mo onuavtud arn’ autée, 1 egiowon
WV 6pwv Te®ToL Baduol we mpog TN dlatopayt, eivon wa Un opoyevic dagopxy eglowon. Auth
7 Sduxacio yenotgonoteitol oe eUPHTATO PAGHU EPUPUOYDV TGV BLOPORIXMY EELGOCEMY ol EUTITTEL
oTic Aeyopevee Melddovs Awatapaydv.
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(o) Me pnhe ot z-undevoxAvelc xaumAOAES Xa UE XOXXIVO OL Y-

undevoxiweic. Tpogavis dha ta onueis ioopporias feloxovro (B") To medlo dievdivoewy xatd phxoc xdde undevoxhivolda xo-

oTNV TOUN TwV UNSEVOXAVOV Xaumulodyv. Edd, ov xaumdieg TOMG slvan x&deto ooy avtloToio dEova

autés xwpllovv tov xhpo @done oe Teelc meptoxée, I, IT xou LA x :
» b

I11.

Y
O("
— ¢ <+—
B
«——
Y
«——
0 A
0

(v") H @opd tou tedio dleudivoewy xatd uhAxoc Twv Undevoxhi-
VOV xapTUAGY xodopileton and to (24). T topdderyuo, xotd

A Y = 1 Y A NG ’ ’ ’ ’ 7
whixog e z-undevoxhvoic y = & (1~ ) nopatneolue ot o- (8") H ¢opd twv davuoudtwy oto ecwtepixd xdde meploxhc
oV Beloxduacte yia x < k < %, t67e and v (240°) npoxdntel I, II xou III mpoxUmtel amd TNy opd NS CUVLCTOUWEVNS TWV

oTL %’ < 0, dnhad” 6t n y pdlver (xou wdhiota yvnolwe), xou BlavuopdTey 6To GUVORS TNg.

dpo N popd elvar TEOg «Ta %ETwy, dnAadY TEo< TNV xoumOAN
y=0.

Sy Aua 26: Iowotiny anewdvion tou nediou dievdivoewy tou (PPy2.1), 6tav k < %

AvaxAddwon and onueio wwopporniag (1 arAidg, Tomixh SroaxAddwon). Me tov bpo
dakAdbwon evvoolpe xdde odhoyr oTNV TOLOTIX CUUTERLPOPd TwV AVotwy evée (ITAT), nov 1 f
e€apTdTon and Uio ToEAUETEO, xadwe 1) TopdueTeog auTh ahAdlel Tiwéc. Ou duakAadwoes and onpueio
1oppomiag €Yoy Tomko Yapaktrpa, o€ avtlieon and tig d1akAadwoe€ls and kA€ot Tpoyid Tou €Y0LV
oAikd xapaxtipa (xou punopel vo uny oyetilovton xov pe v Bro Ty AN dtoahddwon).

To yevixd mhalolo e tomxfc Vewplog BlaxAaBOOE®MY €lvol oUTO LG UOVOTAPAUETPIKTIS OLKO-
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251 o Apytkég ouvinkeg 251 o ApytkéS oUuvOnKeS
O.a0. gvoT. 0oL O.a0. gvoT. 0L
& 207 X O.aotTabEgo.L. o 20} X O.aotTabEgo.L.
o o
p% p%
515 515
& &
: :
& 10t S10
%3 %3
S S
= =
=5 =5
—o ) N A
0p . e . - — 0p . - ) - —
0 5 10 15 20 25 30 0 5 10 15 20 25 30
[IANAog Bnpaudatwv( X10%) T[IANog Bnpaudtwv( X10%)
(o) Aldypoppa @done yia didpopec apyixéc cuvdixes, ne 10 (B) Aldypoppa pdonc yio didgpopes apyixéc cuvidixes, pe k =
10% dropa =k < L =15-10° droyo. 15-10% dropa = .
25; . ,
o Apyikeg ouvinkeg
®.a0.gv0T.0.L
o 20} * O.aotabEgo.L.
=
X
3 15} (\
3 ¢
QU \)
& 10t
93
S
=
=5
~_
0r S
0 5 10 15 20 25 30

SyAue 27 Aprduntixh enihuon tou (PPy2.1) yio Yetixolc ypdvoug yia ddgopec twés tou k, ue a = 30 [xpdvoc] ",

TIAR6og Bnpaudtwy( X10%)

(v) Audypoppo pdone yio didpopes apxixéc cuvdixeg, pue 26 -
10® dropo = k > I=15- 10® droua.

1

B=1(10% o'('cop.(x)_l [xebvoc] ™, v =15 [xpévoc] ! xon § =1 (103 c'trop.oc)_l -[xedvoc] L.

yévewas avtdvopwr (ITAT), dnhadh 1 f dev e€optdton ancudeioc and tov ypdvo, t, nopd pwovo Yéon
e Aong, y, xou eniong e€optdton and pa napdueteo € U™ vy avoxtd U* € R, tétolug tote yia
xdmolat GUYXEXPWEVN Twn TN mopapéteou, 1= u*, to (IIAT) éyer évo pepovwuévo un vrepBolixd
onueio 1wopporiag. To xevipixd pawvdpevo g dewploc autrc, to onolo xar v yopoxtneilet, elvo
6T untdpyouv emmpdodeteg, aurniing un eppavels, Aloeg touv (ITAT) kovtd oto un vrepBolikd avtd
onueio wopporiag. Tic Sloxhadidoelc avtés Tig dloywplilovue ot

o dukhaddoes otalepris katdotaong, 6mou ol emmpdodetes Aoelg elvon otalepés, xou oe

o dwkdaddoes Hopf, bmou ol emnpdodetes Aoelg elvan meplodikés.

H mopeio tne avdhuong wiog tomxnig dtoaxhddwong éxel we e€he:

1. Ty avayvwpllouvpe xar v yoapoxtneilovue we otadephc xatdotaonc ¥ we Hopf.
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2. e mepintwon mou xhddot emnpbodetwy Aoewy eugoviCovton v p < p* (u > p*) and éva
%h&Bo mou LTdpyeL Yl TOUAGLoTOV [ > ' (1 < ™), ToTE TNV YopaxTtnellouue we uTokpiolun
(vreprpionun). Av eivan eite unoxplon xow utepxpiowr Toautdypova, eite tinota and dbo, téte
anoPelYOLUE aUTONE TOUG YAUPAXTNELOUOUE.

3. Kataoxevdlouye, €0Tw Tomxd, TNV <UToYEAPR)» TNe, dNAady To aviioTtolyo didypapud tng, we
elhe:

i. Av mpdxerton yia SraxAddwon otadepric xatdotaons, TOTeE To Sdypapa eivon SidEoTATO.

ii. Av mpdxerton yia draxAddwon Hopf, téte 1o Sidypayuua elvar tpididotaro.

Ko otic 8o mepintwoeic otov d€ova «twv xy» Yo anewxovilovtar ot TWéS tou 1 YOpw and to

*

W
4. TadTion TomXd TOU SLAYPAUUUTOS TNG UE TO BLAYPUUUO LG TUTOTONUEVNS BlaxAddwaong.

Ynuewdvouue 6Tt To Yeuelmdeg epyarelo Yewpnuixf| eAéTng yiog Tomxig SLoxhddwone anotelel
10 Yedpnua TETAEYPEVNS CUVARTNOTC.

Alaxhddwon otadepnic xatdotacns. Eotw ploa povomapopetoiny oxoyéveld autévouwy
(TAT) we f(-) = f(-,p) e C3(U x U*;R™), énov U € Sy xon U* € R avouxtd. Ta onuela 1ooppomiog
e Yo ta oupgPohriloupe, we ouvdne, ye y*. Eotw, eniong, étt yio xdde e U* 1o npdPfinua Exet
éval PepovUEvo onpelo wopporiog (to onolo Vo e€uptdton opahd and v p). Ao 1o cupPorilovue
ue y* =yl = yT(p) vy va to Eeywpilovye amd ta dhha onpela loopponiag Tou Vo ELEAVGTONY GTNHY
OLAUAEDBLOT).

Hexwdye pe 10 enduevo Booixd anotéhecyo, 1 anddellrn tou omolou Baciletan oto Yedpnuo me-
TAEYUEVNC CUVAPTNOTG.

Oewpnpa 41. Eotw ule povorapauetpixij owkoyévea avtévouwy (IIAT) dnws naparndvo, tétow
woTe va 1kavomolettar 1) e€ng ovvdnkn:

O rivaxag Jacobi (ue dapopioers ws mpos y, xwpis dagopioes ws mpog w), yia p = pu*,

J(yf(u*),/f), éxer pia amkin) undevikn 1dwniun ka1 Tg vmédoimes n — 1 un pndevikég, (21)

SnAadrj !
A =0, kat A; #0, Vi#1.

Téte vndpyer pa povadixtj opadsy tpaypatikr wotun A = Ai(p) tov J(y' (1), pn) oe ma mepioyr
Tou p*, térowr dote A\ (p*) = 0. AnAadn, umopolpe va Solue tny undevikrj 160Tiun WS @ OUEAT)

Tpaypatiky ouvdptnon wg Tpos p YUpw and To = .

H ocuvidxn tou Oewphpatog 41 anotehel v avaykaia, addd oyt wcavr), ovriikn yo tny Ooeén
Srohddwone otadepric xatdotaone and to onueio wopporniac yi (1) 6tav p = p*. Lnuewbdvoupe 6t
vy n =1 1 nopandve cuvirixn elvon amid 7

of

afy(yf(u*),u*) =0.

H dewpntind mpocéyyion twv Soxhadmoewy otadepiic xatdotaone éxet we ehc:
1. n=1.

1. Awtywplopds Sldpopmv TEPITTOOEWY LOVOTUROETEMY oxoyeveldy (ITAT) énou 1 napo-
mave avoryxador cuvihen avorolettan, avdhoyo pe emmiéov cuvirixec mou aPopEolY Tov
Undevioud # by x&molwy pepdy mopaydywy tne f oto (yf(p*), u).

O emmiéov ouvirixec Tou aPopolV UEPIXES TOROYWYOUS ULYME WS TEOC Y AEYOVTOL oUV-
OnfKes un ekpuAiopol, eved ol cLVITXEC TOU UTOEOVY Vi BLATUTWYOUY WC TEOC TIC UERIXES
TOEAYWYOUS XA S TEOS [t AéyovTal owvinKkeS €ykapaidTnTag.

ii. H avéluon xéle plag omd tic napandve mepintooelc Yo wac dooeL wa avtiotolyla ou-
TAC HE Lol GAAT) TIERIMTOOT YL TUTOTOMNUEVNC LOVOTIUPUUETELXNG OLXOYEVELUS AUTOVOUWY
(TTAT) pe yvooth Stoxhddworn, émou thpa 1 f elvor €vo TOANGOVURO WS TPOg Y TTou EXEL
CUYXEXPWEVEC CUVAPTACELS TOU i Yol CUVTEAEC TEC Xal o Tardepd.

Ta ToAudvupa auTd Aéyovion Kavovikés uopeés Poincaré.

o7



Awdreén 5

iii.

H ovuiotoyla autr) g apyinic HOVOTApopeTEixic OXOYEVELNS TROBANUATWY YE Wit TU-
Tononuévy onuoivel YeTixn omdvinoyn oTo ep®TNuo <OTapEn 1 Oyt BloAddwongy Yo Tny
apyix), xodoe enfone Blo cupmeplpopd TNC SLXABWONS TN AEYIXAC KE QUTH TNG TUTO-
TONUEVNC OE Lol TEPLOYT| TOU [t = 1™,

2. Audaipeto n e N.

i.

ii.

TroBiPooude xdde povomopapetpinic oxoyéveng autévouwy (IIAT) tou wxavoroel v
TOEATAVE arvaryxolor GUVINXT), OE Lol LOVOTIAROUETELXT] OLXOYEVELN LOVOBLAC TOTWY AUTOVO-
pwv (ITAT).

O unopiBacude autde Aéyetan amdomoinon Lyapunov-Schmidt.

H avtiotoryio auth Tng apyixAc LOVOTOROUETELXAS OLXOYEVELNS TROBANUATWY YE TNV UToPL-
Baopévn Tne onuolvel andvTnon 6To EpWTNUA «UTUEEN 1) o)L BIAABWONCY YLo TNV opy LX),
xadod¢ enlong, oe nepintwon VUEENG, (Bla CUPTEPLPOEA TNS BLIXAEBWONE TNE VEYXAC HE
v oauth ¢ unoPBacuévng oe wo teploy) Touv p = u*. Mdhota, oe neplntwon Umop-
&ne, to dudypopuo dlaxhddwone tne unoPiBacuévne Aéyeton Bidypopua BlaxAddwaong xa
e apy e

Omoéte, 1 TOTXY CUUTERLPOEE TNG EVOEYOUEVNS DLOXAADWOTNE WLAS LOVOTUPUUETELXNS OLXOYEVELIC
audaipetne didotoone autévouwy (TTAT) (tou xavomolel Ty Topandve avayxaio cuvdfixn) eivon (Bio
UE TNV CUUTERLPORS TNE YVWOO THC BLAXASDMONG XATOLIS TUTOTONUEVNC LOVOTIORUUETEIXTC OLXOYEVELIC
povodidotatwy avtdvouwy (IIAT). Agod xou 1o didypoppo pac JAEdKoNe anotelel TNV «unto-
Yeuphy TNe, ot Tep(nTwor VoEENG SLOXAABWONE AOLTOY, 1) UEAETY TNG OAOXANOWVETOL YE TNV TOTUXN
TOUTION TOU BLOYPAUUATOS TNG KE TO AVTIOTOLYO YLog amd TIC TUTOTOLNUEVES.

Mépog T0U XUTAAOYOU TWV TUTOTOLNUEVLY LOVOTIOQOUETELXWY OLXOYEVELDY LOVOBLAC TUTWY TEO-
BANudToVY Ue YVwo tég dloahaddoels etvar to e€ng:

‘ MEPOE KATAAOTOY I'NOQSTON AIAKAAAQSEQN Y TAOEPHY KATAETAEHE‘

Me npdowvo ypwuatilovto ol Yetind aouuntnTxd euatadeic ¥AddoL 1§ TURUATO QUTWY, EVE e
%x6xxwvo ol Yetind aotodelc ¥AdBol 1) AT AUTOY, TOU avTioTOLYOU dlary pSUUaToS SLOXAASWoNG.

o (Y Moyoug oUyxplone) fy, 1) =p+y ¢ OXI AIAKAAAQSH (Bh. Zyhuo 28).

o (Y Aoyoug oUyxplone) f(y, 1) =p—y ¢ OXI AIAKAAAQSH (Bh. Zyhuo 283).

A A

* *
Yy Yy

7'y S A 4 4
v -~

0 z "

-~ Y
A 4 v A r
() p+y*=0. B) p-y*=0.

SixAua 28: Awdypoppo Stoxhddwone p+ y* = 0.

fly,p)=p+y* o mrrxH (BA. Syrpe 299).
fly)=p-y* o nrrxH (B Syruo 298).
fly,p) =py+y*> o AIAKPIRIMH (BA. Syrua 300).

fly,p) =py-y> o AIAKPIRIMH (BA. Syrua 308).
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/AL w\
() p+y*?=0. ®) p-y2=0
SyAue 29: Awdypoppo dlaxhddwone p + y"2 =0.
y* A y* A
-~ Y
Y A
0 H 0 I
() ny* +y** = 0. (®) ny* -y** =0.
Syhua 30: Adypoppa dtoxhddwone py* + y’r2 =0.
o f(y,p) =py+y> © TMOKPISIMH AIKPANIKH (BA. Yyfua 31a).
o f(y,p)=py—-y*> o TMEPKPISIMH AIKPANIKH (BA. Syrua 31B).
y* A y* A
-~ A
— ] —
w\ /
/ \

(@) py* +y*?

=0.

®) py*-y*®=0.

Syhua 31 Adypoppa dtohddwone py* + y*3 =0.
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o mapamdves mapadelypata cUUPETEYOUY awoTNEd 800 KAdGo1 (opoléc XomOAES) oTNY BLloAddw-
o, 6mou o évag and autole avtioTolyel oto onpeio wopporniag yi (1), oL omolol Téuvovtar uévo oTo
onpeto daxAddwons (1*,yt(n*)) = 0 € R%. Kdde onpelo toopponiog yipw omd to onueio dlonhddwone
Beloxeton anoxhelo Tnd ndve o Evay and Toug dGo xAdBoUC.

IMopatneotye, enlong, otL N Sloaxhddworn tTuy dev elvan oUte uoxployn olTe urepxpiown, EVE 1
Saxploun dlaxAddwon elvon xan voxplown xou unepxplown.

Mépoc tou anoteléopatoc mou pog avtiototyilel X LOVOTUPOUETELXY OLXOYEVELN LOVODLACTATWY
autovouwy (ITAT) tou mopovotdlel Sloxhddwon otadephc XoTdoTaoNS, UE Wit ATd TIC TUTOTONUEVES
LOVOTIUPOPETEIXES OXOYEVELES LovodLdoTatwy autévouwy (ITAT) ye yvooth dudddwor, elvar o
TUEOXATE.

Oehpnpa 42. Fotwn =1 kai ula povorapaetpikrj otkoyéveia avtdvouwy (IIAT) érwg napardvo,
TéTola oTe va ikavonoleltal ) avaykaia ovvinkn ya tny Vrapén diakAddwong otalepris katdotaons
and oyl () ya p = p*

0
é(yf(u*),u*) =0. (1)
7. Av
2
gj:(yf(u*),u*) £0, xai gy];(yf(u*),u*) %0, (32;)

téte vndpyer Srakdddwon otadepris katdotaons ané to onueio wopportas y' (1) drav p = p*,
o arnoteAettar ané Go kKAddous (0 évag ek Twr omoiwy avtiotorel oo y (1))

Midhiwota, vrdpyour (avtiotpénes) addayés efapTnuévng petaPAnTig kar Tapauétpov y —
Ka1 4 = K, avtiotorya, kair aAdayn ave&dptnTng petaPAntns t = T mov dwatnpel tny @opd, ot
omoles petaoynuatiCovy tomkd tny efiowon tou (ITAT) otn poper

2
j—f =k + sa” +0(x2), kadds x - 0, dnov s :sgn(gyé(yf(u*)7u*)) ==1.
1. Av
f
N, u*)+0 Yo

téte vndpyel BarAdbwong otadepric katdotaons and to onpeio wopporias y! (1) drav p = p*,
Tovu amoteAeital and 6U0 KAdOOL.

(a) Av
af Te,,* * a2f T, * *

@(y (W) 1) =0, km 872(1/ (W) 1) %0, (S300)
T0Te vndpyovy aAlayés efaptnuévng UeTaPANTAS Kal Tapapétpov y = T Kal [t = K, a-
vtiotoa, kar aAlayn aveédptnng petaPAntng t — T mov dwatnpel tny @opd, o1 omoleg
petaoxnuatilovy tomikd tny e€lowon tov (ITAT) on popen

d 2

d—i = Kz + sz’ + 0(:52) kaOds x - 0, drov s = Sgn((({;y‘é:(yf(u*),u*)) =+1.

(B) Av n f elvar mepreeri wg mpog y kai

>’f o o f -
0, T?Jg(yf(u ), 1) =0, Kka Ty?,(yf(u ),1*) %0, (Zsp)

af f * *\ _

o (y'(u*),p*) =
T0Te Undpyovy aAlayés efapTnuévng UETaPANTIS Kal TAPapéTpov Yy = T KAl [ = K, a-
vtiotorya, kar aldayr) avekdptnng petaPAntig t — T mov dwatnpel Ty @opd, or omoles
petaoynuatifovy tomkd tny e€iowon tov (ITAT) otn uoper

d—xzmr+s:c3+0(x3) ka0ds © — 0, dmov s = sgn ﬂ(yf(u*) u*) =+1
dr ’ o3 ) :
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IMpaxtind, o mopomdve anotéheoua Log Aéel 6TL, av xavomoolvton ol cuUVIxeg, TOTE Oyl UOVO
Yo uTdipyEl SlaXAdBwon Yo To TEOBANUE Woc, ohhd udAloTta otny mepintwon i. to didypopud e Yo
€)EL, OE WA TEQLOYT| TOV 1 = 17, Ta (Blar ToloTxd YopaxTneloTxd Ye autd NS BlaxAddmaong TTuyng,
oty ii.(a') pe autéd e Sraxpiowne, xou otny ii.(B’) ye autd e dixpovixfc.

Tpa, nepvape oty YEVIXT TERITTOON N BIKC TACEWY, Xou Tpouotdlouye TNy anionoinon Lyapunov-
Schmidt, n onolo elvon To e@aATARlO YioL TNV UEAETT) EVOEYOUEVNE DLOXAEBWOTNE ULIC LOVOTHPUUETELXNS
owoyévelg n-didotatwy autévopwy (ITAT), mou xavonowoly v avayxofo cuvdfixn mopdne Sua-
XAIBWOoNE o ToteERHC XATAO TAOTG.

‘ ATIAOIIOIHEH LYAPUNOV-SCHMIDT ‘

"Eoto o LoVOTapae Tt oxoyévela n-dtdotatny autdvopny (ITAT) énwe nopandve.
O alybprduoc uroPiBacuo didotaong éxel we e€Rg:

1. MetaoyNuotiopds TN LOVOTURUUETEAS OWOYEVEWLS TwV eElomoewy Twv (ITAT), péow xatdh-
ANAng ahhory g LETABANTAOY, €Tol hoTe Théov o mivaxag Jacobi va Bploxeton oe plo cuYXEXEWEVT,
o&loTotolu HORPT, Xl CUYXEXEWEVAL:

i. Awrywvionolnon tou J(yT(u*),u*). Suyxexpyéva ebpeon twv n WBLOTWOY A; (L6vo wa
ex Twv omoiwv, N A1, do elvor undevinr)), Twv ovtoTol WY BLOBLVUOUATWY U, XL TOU
(avtioTeéduaon) nivoxa opotdtntac P xou Tou avticTpopol Tou hote

A1 =0 0 0
% 0 A0 - 0 _
J(yT('u, ),,LL ):P : 2: : P 17
0 0 - Ap 20

xon o€ auTH TNV TepinTwon o P Yo €yel wg othleg ta avtioTouya Wiodlaviouota, dniady
Pi=(u1 - up).
ii. AMhayn yetoBAnTtodv
y'(p) + Pr=y = 2= P (y-y'(n)).
ili. Avayvoeion e ouvdptnong F' ue tono

F(a,p) =P f(Px+y'(n), 1),

yia Tov mivaxa Jacobi tng onola oy Vet

A =0 0 0
sop=f ¢ 00
0 0 e A #0

(a6 Tov xavévo e ahuoidoc).

2. Eniluon touv (n—1) x (n+1) (un ypouuxod) custiuatog

Fo(z,u)=0

Fo(z,p) =0,
yio TNV €0PECT AS LOVOTIOUROUETIXNG OXOYEVELIS AOCEWY TNG LOPPHC
x; = xi(x1, 1), Vie{2,...,n}
(n enthuon auth eCaoporileton and Vedpnuo TETAEYUEVNS CUVEETNONG).
3. Avayvdpion e cuvdptnone g ye tOno
g(x1, ) = Fi(wy, w2(w1, 1), -y wn (2, 1)),
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yioo Ty omofa oy Vel 6T

0
g(O,/J/*) =0 »o 79((),”*) =M =0,
31‘1

xad0¢ xan TG vnoPiPacévng HovonapapeTpikns otkoyéveias povodidotatwy avtovopwy ITAT
[O1s
dx
5 () =91 (t,m), )
1(to, ) = a1~ (yo (1) =y (w)).
6mou q; ebvan 1) TEGOTN Ypouuh Tou P

ToviCoupe 6t 0 mapandvew alydpidpos vrofifacod didotaons elvar epapudoipos o€ dAes Tig
HovomapapeTpikés oikoyéveies avtdévouwy (IIAT) mov ikavomowlv tnv avaykaic ouwvdrikn Vrapéng
dakAddwaong otaleprs katdotaong, ave&dptnta ue tov av vndpyer tedikd diakAddwon 1) oy

"Ayeca and tov ahyoprduo, cuurepaivouye 6Tl Tor onuelo loopponioc e unoPBacuévng Lovoma-
POHETPXNC OLXOYEVELNG HOVODLEo Totwy autdvouwy TTAT elvan to 27 = ¢ - (y* - yT).

Enlong, oe nepintwon Onapng dloxhdduong otadephc xatdotaong, To didypauud tne Yo €xel ta
e€NC YopoXTNELOTIXG:

o Ytov xotoaxdpuo dEova (dZova «twv y») Yo undpyouv ot Twée Tou x] (oTov opldvtio dEova
(d&ovar «twv ) Yo UTdEYOLY TOU L, OTWS NBN EYOUUE avapépeL).

o O opWévtiog dZovag, x7 = 0, Ya elvan pépoc e dronhddwone (dnhadr) 1 Slxhddwon Vo ey-
paviletan mdvew tou), xadode to 0 eivan onuelo wopporiog vt Ty uToPBacuévn oxoyévela
LOVOBIAG TtV TRoPANUdTeY, To onolo avtioTowyel oTo onueio Wwopporiag ¥* = yi e apyxc.

e O éMoc x\&Boc tne dloahddrone, Snhadh autde Tou avtioTotyel oe onueia Woppotiag y* # yF,
Vo ebvor 1 xoumOAY TOU YedETI ©C Vo TwV xamUAGY o} = g1 - (y* () — yT(n)), v x&de
€tolo Y~ .

‘Etot, n a&onoinon tou akyderduou odidler pe Bdon to av yvwpeilovpe 1 oyt Ol to oruela
loopponiog oe Wi Teployf Tou 1= pF, g e&hc:

1. Av yvopiloupe dha ta onuela wwopporiog, y* = y* (1), o€ Yo neploy Tou f = pu*, xou oyt wévo
10 y* =y (), 161¢ 0 Whybpripoc oflomoleiton Ye évay AmAG XOTAGXEVAGTING TEOTO:

i. Kotaoxeur] evoc diorypdppatoc 6Tou 6tov xotaxdpupo dEovo UTdpyouv oL TWES Tou T Xt
otov optl6VTo auTéc Tou K.

ii. Amotinwon TV Yeapnudtwy Ghwv twv cuvepthoewy g1 - (y* (1) —y' (1)) oto diéypoupo.

iil. Av xdmowo and tor ypagpAuato téuvovTon Tve oTov opllévtio dEova, ToOTE LUTdpyEL Ol
KA&Bwom oToEEC XATACTAONE X TO DAy papd Tng elvon 1) (Blat 1 xataoxeur| ywelc ta un
Tepuvoueva enl Tou oplldvTiou dEova YpapruaTaL.

2. Av dev yvwplloupe dha ta onpela wopporiac, y* = y* (i), o wa Teployh Tou u = p*, ahhd
Yvwpilouue Touldytotov o y* = yT (1), Téte amavidue oyeTind pe v OnopEn dlhddworng
otadepnic xatdoTaong, ahhd xou Tov TOTO TNS, HECW TNE EQUEUOYHC Tou Oewpruatog 42 yio Ty
UTOPIBACUEVT] LOVOTIOROUETEIXT] OXOYEVELYL LOVODLAGTATLY TEOBANUATLY.

Av xou pe v nopandve dlaniotwon €xel Tumixd ohoxhnpwiel o Yewpntixde xOxhog Tomxg Ue-
AN Wwag BloaxAddwong otadepric XATIo TUOTS, WOTOCO UTERYOLY X0l XATOLL ETUTAEOY, YENOWA, OTO-
TeEAEOUOTA TTOL APOEOVY TNV UTOBBACUEVY) LOVOTIOROHUETELXT] OLXOYEVELX LOVOBLAO TATOY TEOBANUAT®Y,
OTWC TO ETOUEVO.

Oezvpnpa 43. FEotw ula povonapapetpixry owkoyévein avtévouwy (IIAT) dnws napandve, tétoa
WOTE VA 1KAVOTOIEITAl 1A €AQPPS 10X UPOTEPT €kOoXT) TNS avaykaias ovvOnkng Utapéng diakAddwong
otalepn§ katdotaons ws €€ng:

@) J(yf(,u*),,u*) éxel pia amAn pndevikr) 1dotiun Kar T vmodoineg n — 1 ue apvnuixd
Tpaypaticd puépn, 6niadn (1)
A1 =0, ka1 Re); <0, Vi+1.
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‘Eoto, emmAéov, du vndpye duaxAdbwon otadepiis katdotaons ané to y'(u) drav p = p*, xa1 éva
onueio wopporias y* =y* (i) yia kdrow fi evTd§ meproyris Tov p=p*. Ay

(,%f’l(ql (v (B) -y (7)) . ) <0,

[ N p ; . , , ,
tote To y* (i) elvar Yetikd aovuntwtikd evotalés kar apyntikd aotadés, evd av

aai(ql (v (p) -y’ (), ;z) >0,
a

z * [~ /. ’ s ’ ’ s
Téte o y* (fi) efvar Deticd aotalés kar apvntikd aovuntwtikd evotadés.

H a&la tou moapomdve anoteréopatog Qoiveton OToy YeNoLHOTOLE(Tol G8 GUVBUAOHUO UE XATOLO O-
notéheopa UopEne dlaxhddwone oTtadepric XATdo TaoNC OTKWS TO TaPAXdTw, To onolo dev elvan Tinota
dhho mapd 1 yevixeuor tou onuelov ii. Tou Bewpruatog 42 oTic n dlacTdoELC.

Oewpnpa 44. FEoto pia povorapauetpixtj oikoyévea avtévouwy (IIAT), drnwg repardrew, tétow
woTe va 1kavoroolrtal téoo n avaykaia owvdnkn Ynapéng daxkAddwons otalepris katdotaons wg
SN

@) J(yf(u*),u*) éxel pia amAn pundevikr) 1bwtun kar tig vréAoimes n — 1 un undeviké,
SnAadn (X1)
)\1:0, K(Zl)\i#:(), Vi+ 1.
dr;,
Tl(ﬂ ) #0. (32i1)
1"
Téte
1. wyve on
ddet J(y'(+), "), ,
WO
1
Kai

2. vndpyer SarAddwon otadepris kardotaons and to y' (i) érav p = p*, mov aroteletrar and o
KAdOOUG.
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IMTepivpappa ALdAegng ‘

1. Yrowyeia Malnuatikiic BioAoyiag:

Avvopd povtéha TohGY TAnduoudy (cuvéyewa): Aoyiotixd tapodhayh Tou Bacixol
povtéhou Lotka-Volterra ye enidpaon Allee

2. MaOnuatiké YrnéBadpo:

(o) Oprox6e x0xhog

(B) Awxhddwon and onueio woppotiog (cuvéyeta): Atoxhddworn Hopf

Yroweia Madnuatikng BioAoyiag:

Acltepn napalioyr Tou Bacwxol poviélou Lotka-Volterra. Av avti tou cuothyotog
(22), xou cuyxexpwéva tne (229), Yewprooupe ot amovaio Inpeutddv N duvauixr| Tou TAtuopod
v Inpaudtewy Teplypdpeton and TNy AoyioTixy e&lowon pe enidpoaor tou Allee, téte Talpvouue To

1 1
o1 me) (1) - (252
dy
ay _ _ 5 2503
3 - YTy, (250")

6mou Oheg oL mopdueTeol elvan Vetnég xou ky < ka.

To avziotoiyo ITAT. To IIAT yia to napandve poviého eivon to e€hc:

Me dedopéva zo,yo > 0, avalnrodue tidotnua J € R ue 0 € J ka1 ouvdptnon
(z,y): T~ [0,00)%, wéroa dote n (z,y) va wavoroiel téoo o (25) oo I~ {0} (PPy2.2)
600 kar Tny (x(0),y(0)) = (x0,y0)-

Oparyy, GeTind ohxn) AOom xol xaA} TontoVETnor Tou neoBARpatos. AxpBog ue T
B emyerpfuarta dnee xou Yo to (PPys1) (BA. "Aoxnon 45), naipvouue tny Orapln povadixic, opolhc,
oLVeEYKE eEUPTOUEVNG amd ToL apyLxd Bedopéva, HEYLOTIXNG, VETNE OAMXAC Xol APVITIXE EXENYVUOUEVNS
Noone tou (PPya9),

(z,y): (—e1,00) = [0, %0)?, 6mou 0< ey < 0.
‘Aoxrnon 45. Yuumdnpdote s Aentopéperes tns Pacixiis (Pdon I) perétng tov (PPy2 ).
IIedio SievdVvoewy. Eexwvdye Ty Tolotixt) avéiuon tou (PPyg.2) Pe Ty aneixévion tou Tediou
dlevdivoewy, étwe galvetan oto MyAua 32, x4t Tou uog divel TAnpogopieg, YAupuEd xan TeplEXTXd,

Yo TNV O EXOVAL TOU YOEOU QAoNg.
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Y Y

Cky - ky 7 z ) Tk j ky ©
) )
(o) k2 < 3. B) k1> F.

Y

AN

P T T
5

(v) 3 €[k, k2]

SyAua 32: Towotxh anewdvion tou wediov devdivoewy tou (PPy2.2). Me unhe ol z-undevoxAvels xaumOAee xou Ue
1OUAWVO OL Y-Pndevoxrhvelc.

Ao o Mynua 32, apyxd napatneolue 6Tl EVOEYOUEVKLC VoL UTdEYOLY TEaoepa oMueia LlooppoTiag,
dnhadt To

1-&)(1-&)), av 1 € [k, ks].

[0

dl

To onuelo wwopponioc (%,—% (1 - %) (1 - %)), nou undpyet btav F € (ki,k2), ovunintel pe to
ko

(k1,0) xou to (k2,0), 6tav k1 = § xou kp = F, avtiotoya. Mdhota, n tetorypévn tou houfdver olxd
uéyloto dtov —klgkz =71

Eniong, napatnpodue 6t
e 0 (0,0) eivon Yetind acupntmTxd eusTadéc, ahhd byt Ohxd,
e 10 (k1,0) elvou Yetind aotadée, xou

e 10 (k2,0) elvou

VeTnd aoLUTTWTIXG euoToée, OANG Oyl ohxd,  bTav ko <

SR o2

VeTixd aoctadéc, oty ko >

EVG Bev unopolye vo Bydhoupe e0X0No CUUTEPACUA YLOL TS AAAES TTEQITTWOELS TWV ONUElWY LlooppoTiag.
Ondte xaTaPedYOLPE GTNY AVIAUCT] EVCTAVELIC UECK YEUUULXOTIOMOTS.

"Aocxnor 46. Adote tis Aentopépeies kataokeuris tov Yynpatog 32. Ilow elvar ta dueoa Proloyikd
ovunepdouata mov ekdyete;
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Teapuixn avdAvor svotddeiag. Trnohoyilouue tov nivaxa Jacobi yio 1o choTnud yag we

J(w,z) = (—a((l - %w) (1 B éw) - klzkzw(% —w)) -Bz  —Pw )’

oz -y + dw
onhad
-a 0
s0.0-(3 %)
k1 _ _ ko _
sy = (0-8) ) s, - (e(-8) ok
0 —"y+(5k1 0 _Py+§k2
wor 2ay (k1+k2 _1) By
J(j_g(l_l)(l_l)): Skaka \ 2 5 5]
5 B\ ok ks —%(1—%)(1—%) 0

‘Aueoa, and ypauuixononom, éyovue to e€N:

e To (0,0) emPeParcrvoupe ot ebvon YeTind acuPTTWTING VS TadEC, Ao oL IBIOTIHES TOU avTioToL-
you mivaxo Jacobi elvar ot Aj = —a <0 xou Ag = —y < 0.

e To (k1,0) emBefarchvoupe ot elvon Yetind aotadée, apol ol oTyéc efvan oL A\p = « (1 - %) >0
XL Ag = —y + 0ky.

o Yyetwd pe to (ko,0), oL Wotiuéc ebvar oL A = a(l - Z—f) <0 xou Ay = =y + 0ky, ondTE TO
Tapamdve onuelo Wopporiag emPBefonwvouue 6TL etvan

YeTind aouUTTOTIXG euoTadés, Oty kg < %
Yetind actodée, btav kg > T

o Yyetixd Ue o (%, -5 (1 - 6—21) (1 - %)), oL Wotés divovton and Tov TOno
1 1
Ay = 5 (tr + (tr2 - 4det)2 ) ,

OTOL

tr

2ary (k1+k‘2 fy)
2 1)

T Skiks "5
p Ao

Agol oe auth) v mepintwon N opilouca elvan Yetinr|, cuunepaivoupe 6TL TO TEAGGNMUO TOUL
TpaypaTnol HEPOUS TwV WBLOTIGY Tou Tivaxa Jacobi xodopileton and to avtiotoryo mpdonuo
Tou {yvouc. Apa, To Topamdvew onueio wwoppomiog eivor

{ﬁauxd AOLUTTOTIXG evoTodés,  dTay kl;—h <

|2 |2

YeTind actodéc, oty kl;’—kz >

IMpoxOmtel, dnhody, uéow yeopuixoroinone to Lyfua 33. Qotdéco, dev unopolye va anopovdoiue
oyetxd pe v Yetxr| eu/o-otddeta twv

{(g,O), btav ko = 3

7 _af1_ 2 -2 A kitky _ o
(57 /3(1 5k1)(1 sz))v oty T =3

pe oauth TV TEY V. Tt Ty uelétn Toug xatagedyouue otny Bewpla BlaXAABOCEWY.

"Aocxnorn 47. Adote tis Aentopépeieg kataokeurs tov Xynuatos 33.
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\ 7
N S o z
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AN
\ \
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) (B) k1 < 572 < T < k2. Kadde 1o 152 augdveton mpog
0 %, Tomxd xau YOpw amd To JeTixd acLuTTOTIXG cuoTadéc
o . . , " ,

(o) k1 <k2 <35 onuelo wopponiog (%,y*), N EXOVA TOV TPOXLOV ZEXLVEEL Vol
poldlel ye auTh evog x6uPBou xou xatadRyel vo potdlel ue auth
utoc eotiog.
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\ 4 ) ’ N ’ \
\ \ AN | o
ot R - - b N “\
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6 <L l:'=‘l:':l
](71 ]‘Jg T

2 <

ki+k 0

(v) k1 < 1 < =572 < k. Kobac to ki avddvetan mpog To

}, Tomuxd ><ou. YUpw and to Yetixd actadéc onueio wwopponiac &) L <ki<k
. 5 <k1<ka.

Z,9%), n exdva v Teoxidy Eexwvdel va poldlel we auTH o °

eotlag xou xatoaAfyel va potdlel ye auth evog xéufou.
SyAua 33: IMowotixh avanopdotacn tou xdeov @done tou (PPya2) i % ¢ {kQ, %}7 bnwe mpoxinteL and TNV
Yoo avdhuon evotddelac. y* = 7% (1 - SWTl) (1 - %)

Avdivon draxAddwong. Axo)\ouﬁd)vrocg o (B ﬁﬁpaw OTWE Yol TNV YETXH AOUUTTWTIXY EV-
otddelo Tou (%,O) tou (PPy2.1), 6ty k = 5, Belyvoupe 6Tl xou To (%,O) tou (PPy2.2), 6Tav ke = %,
elvon Vetind aoupntwtxd sustadéc (BA. Aoxnon 48).

‘Ocov agopd o (5, (1 - m) (1 - %)) oty @ = 1, v amhonoinon v GUPBOAGUOY
Bétouue
k
k= L]@
2

‘Etol, éyouye 6Tl
l 7
Ay = idet? #0, otav k = %
Enionge, éyoupe 6t
1
Re), = itr, otav k evtdc puog meploy g Tou %7
onote, xortwvtoag o Red, wg ouvaptroeic tou k, énetan 6Tt

dRe).
dk

(k) = 55112 #0, xou edixdrepa dR dz)\ (6) +0.

Apo untdpyet Sloxhddwon Hopf and to (57 (1 - W) (1 - —)) Yo k1+kz = 1.

Mével, howndy, va unohoyloouye tny nocdto I' tne ouviniune un sxq)u)\topo(), yior vou dolpe
av etval un uNdevixn xou o€ oUTH TNV TEPITTWOT, UECK TOU TEOCTUOU TNS, Vo YApaxTnelcouue TNy
Broxhddwon we uroxpiown, # vrepxpiown. O yopaxtnplopde autde Yo yac ddoel xa Ty gu/o-
otddelor ToL TopaTdvVe onuelou Loopporiac STay L;k"‘ = %. Oa anoplyouue, wWoTOGO, AUTOV TOV
en{novo unohoyioud xou Vo anavTHoOUPE OTa TAPUTEvVe Eow TN aprduntixf enthuone tou (PPy2.2)
(otov avtinoda, BA. ‘Acxnon 50).
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"Acxnon 48. Xxeuxd ue o onpeio wopporias (1,0) tov (PPu2.2) tav ky = 1:

1. Na ovunepdvete tnr bnapén daxAddwons oradepris kardotaons ané o (ka,0) ya ky = .

2. Na kataokevdote to Sidypappa avtig tns diakAddwons, va Ppeite tov Tomo tng kar va oUUTeE-

7 z z 7 Y 7 _
pdvete tny Jetikny aouuntwtiky evotdlaa tov (3, O), otav ko = £.

‘Acxnon 49. Xxeuxd e o onpeio wopporias (2,0) tov (PPu2.2) tav ky = %

1. Na ovunepdvere tnr bnapén daxAddwons otadepris kardotaons ané o (k1,0) ya ky = .
2. Avhjker n diakAddwon avt) o€ kdnowa and T TUTOTONUEVES LOPPES;

"Aoxron 50 (O napddeicoc anéyet wévo pepinéc oelidec npdleic ©). Na anopaveite oxetikd pue tov
Tono tng dakAddwong Hopf yia to (PPys. 1), kai dpa ka1 Ty €v/a-otdBeia tov (%, -5(1- ﬁ) (1 - &))

s k}1+k2 _
otav 9 =3

, Héow Tov umodoyioov tng noodtntag I' Ttne owvdnkng un exguliouot.

ApvdpnTtixy enidvom. Ilpoywedue otnv apuduntiny enilucr tou mpofifuatog, 6mwe @ofveton
o010 Lo 34 xan 6T0 Lyfua 35, Tpog ENUAAUEUCT] TWV ANOTEAEOUATWY HAS, OANS XaL TPOC ATAVTNOT
TWV EQOTNUATOY HOS.
Mdéhota Yo xotadelEouvue 6T undpyel eLaTadng OplaxdS XUXAOG OTAY
10 Xyfua 33y” 1o omolo nalpvel Théov TNV popy| Tou My fuatog 36.
Ipdrypartt, nopatneolue and to Lyfua 37 xar to Xyruo 38 6Tl yio Tiun Tou nou elvan pev
ueYohOTEEN TOU , «x0VTd» o€ aTh Be, UTdpEyEL Lovad Teplodxr Aoom tou (PPy.2), TéT0l0 (HOTE

k‘,l +k2 s
5 >

3, onote dlavidiCoupe

k}1+k}2
2

N (hewoth) TpoyLd-eEAxLOTHE g omolag va BploxeTton «xovTéy oo (%, -3 (1 - %) (1 - %)) 2Ol VoL
T0 TEPBAAAEL.
Hpdxetrton dnhady yior o urepxplown dohddwon Hopf xaw doo to (%, -5 (1 - ﬁ) (1 - ﬁ))
yiot ’“17;’“2 = 1 ebvon aouunTLTIXG euoTadés, OTwS AADOTE XoTadeviETHL X 6TO Lyfuo 34y,
Iapatnpotye, t€hog, 6Tl 0 oploaxds xixhog egapoviletal yLol Xdmolo %
Tou , 6nwe Quiveton oTo Lyrua 385"

EMOPHWG UEYOADTERO

Madnuarixé YréBadpo:

Optaxdg xUxAoc. 'Eotw n =2 xou autévouo (ITAT), 1o onolo yia xdde yg € Sa €xel povadixt
peytotoeh Ao, y( -, o).

1. Kdde (xhewotn) tpoyid, Ran(y(-,yo)) & Sz, pac tepodufic Moong, y( -, o), dapepilel Tov eva-
Topelvavta YGpo pdone ot 800 EEVEC GUVEXTIXESC CUVIGTOOES, TNV €0WTEPIKT) Xl TNV €EWTEPIKT)
OUVeKTIKT) ourioTdoa Tov Sy (Tou 1) tpoxad tns y( -, yo) kadopiler), ue touc Tpogavelc oplopoic
AUTEOV.

2. Eowtepixkds (eEwtepikdg) oprakds kUkdog héyetan xdde xhewoth tpoyd, 1 omnoio eivon amopo-
VOUEVT omd OTOLOATOTE SAAY XAELGTH TEOXLA EVTOC TNG EOWTEPXAC (EEWTEPIXAC) CLUVIOTHOONC.
Opiaxds kUkAog Aéyetan xdde XAelo T TpoyLd, 1 oTola Elvol TOCO ECWTEPXGS 600 oL EEWTERIXOC
opLandS HUXAOG.

3. Trdpyouv dlo TimoL ecwTepxo/e&wTepnol 0plaxol xOXAoU:

i. O Oetikd (apvnrikd) evoradris, Tpoc Tov 0mol0 XWOUVTOL OTEWOEWBMS oL TpoylEs YeTnd
(apvnTind) olxav Aoewy, TAnotdlovtde Tov and TNV ecwTEpXT/eEWTEPXT CUVIOTHOOY,
%96 t — oo (t - —00).

ii. O Yetikd (apvnrixd) aotadrig, ond tov onolo xwvolvion OTEWOEWBOS oL Tpoytéc Yetnd
(pVNTHd) OAXOV AOCEWYV, OTOUUXPUVOPEVES OO QUTOV OO TNV EOWTEPXT/EEWTEPIXT
oLVLOTMOA, XA t — oo (t — —o0).

4. Trndpyouv técoeplc TUTOL 0pLaX0l XOXAOU:

i. O Oetikd (apvnrixd) evoradris, Tpoc Tov omoio xwvolvTon oTEWOEBMS oL TpoylEs Yetnd
(apynuind) ohixv hoocewv, TANoLdlovtde Tov 1600 and TNy eonwTepinf 660 xou and THv
eZwTepXT] CUNGTOO, xadKE t = oo (t — —o0).
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25 o ApyLkeEg ouvOnkeg
®.a0.gv0T.0.L
& 207 * O.ao0rabfég oL
o
p%
5 15¢ —e
[
§ e
& 10}
194 —o
S
=
5 9
0 ke—e—e ; — ; ;‘
0 5 10 15 20 25 30

1A% 6og Onpaudrwy( x10°)

(o) Audypappa @dong yia didpopes apyxés cuvidrxeg, ue 3 -
10® dropa = k1 < 13-10% dropar= ka2 < T = 15-10° dropa.

251 o ApytkéS oUuvOnKeS
®.a0.evoT.0L
o 207 X O.aotTabEgo.L.
o
P
315
[
g
& 10t
w
S
=
< 5 C\
= .\.
Or ! - ok . — e - ‘
0 5 10 15 20 25 30
T[IANog Bnpaudtwv( X10%)

(B") Audypoupo @donc yio Sidpopes apyixéc cuvifxes, ue 8-
10 dropa = ky < 13-10% dropa = ¥1352 < 3 = 15.10% dropa <

ko =18-10% droua.

25 o Apytkég ouvinkeg
®.a0.gv0T. 0L
o 207 * O.a0TabEgo.L.
o
x
315
[
g
& 10;
w
3
=
=B
0> 1 1 L 1 1 1 1
0 5 10 15 20 25 30
T[IAMAog Bnpaudtwv( x10%)

(v") Adypapua @dong yia dudgpopes apyixéc cuvOfixes, UE

10 - 10® topa
20-10% droya.

k1 < 15 - 10% dropa =

~

kit+ko _
2 -6

<k2=

SyAua 34: Aprduntixh enthuon tou (PPy2.2) yia 9eTixole xpbdvous xou Yo didpopes Tiwée twv k1 xou ke, ye a = 30

1

[xeévoc] ™, B=1 (103 drouayl [xedvoc]™, v = 15 [xedvoc] ™ xaw 6 =1 (103 o’wouay [xedvoc] ™ .

ii. O Yetikd (apvnuixd) aotadiig, ond tov omolo KYVOUVTOL GTEWOEOS oL TpoyLEc VeTxd
(pvNTind) OMx@Y AGEWY, AMOUUXEUVOPEVES amtd oUTOY TOGO amd TNV ECWTEPXT 6O Xou

and NV eEWTEPIXT] CUVIOTMOON, XoOC

iii.

t - oo (t > —00).

O eowtepikd /eEwtepind Detikd (apynrind) evotadis kar e€wtepikd /eowtepikd Jetikd (ap-
vnuikd) aotadiis, mpoc Tov onolo xvolvTaL GTELPOEWBMS oL Tpoytéc Vetixd (cpvnTind) oAt

%GV MNoewv, Thnotdlovtde tov and TV ecwtep|/eEwtepnl) ouNoTHoa, xadde t — oo
(t = —o0), xaddc enione omd Tov omolo AVOLVTUL OTEWOEWBMS oL TpoyLEs VeTixd (opynTi-

%3L) OAXOY NICEGV, ATOPOXPUVOUEVES
%1 t — oo (t > —00). Ye autég TiC

omd AVTOV o TNV EEWTEPLXT/ECHTEPIXTH CUVLO TR0,
TEPLTTWOELS, O 0plandS XOxAOg AéyeTon nuievotaing.

Abo elvar oL cuotnuatixol TEdTOL UEAETNG 0PLIXGY XUXAWY,
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o Apyikés ouvikes 257 o Apyikés ouvlrikes
®.a0.gv0T.0.L ®.a0.gV0T.0L
o 20! * O.a0TabES oL o 20! * O.a0TabEg oL
X X
3 15} kY
§ _% 15‘
S0 [/ .
. QE 10
s £
= V4 \ = SV
0P . X . . ‘ 0} *
0 5 10 15 20 25 30 0 5 10 15 20 25 30
TAN6os Brjpaudrwv( x10°%) TIAY60s Bnpaudrwv( x10%)

(o) Audrypappa @done yia didpopes apyixéc cuvdixeg, pue 13- ®) A , B , o 15
3, _ 103 4 _q 1+52 _12.103 4 Wypappa pdone yio didpopes apyixéc ouvifixes, pe .

107 dropa = ky <15+ 107 dropa = 5 < 5= = 18107 dwovar< 103 o ) o T <k = 18-10° drope < ko = 28 10° droys.

ko =23-10° dtoua.

SyAua 35: (cuvéyela tou Lyhuatoc 34) Aprduntixd enihvon tou (PPy2.2) yio un 9etixole xpdvoug i ddpopes TLuéc

, - ’ -1 , - , - . -1
v k1 xou ka2, pe o = 30 [xedvoc] L g=1 (103 a‘coucx) [xedvoc]™, v = 15 [xedvoc] ™ xau & = 1 (103 oc'ropa) .
[xeévoc] .

ki + ko ko T

28
[N

yhua 36: Tuunifpwon touv LyAuatoc 33Y .

1. o évag etvon 1 ewpla Twv diakraddoewy Hopf, wou

2. o dhhog etvon 1 Jewpia Poincaré-Bendizson.

AloxAddwor Hopf. H dunddwon auvth ovoudletar, eniong, Swonchddworn Andronov-Hopf, 7
dlohddwon Poincaré-Andronov-Hopf, 1 Staxhddwon yévvnomne oploxod xOxhou.

To yevixd mhaiclo yia Ty peréty dloaxhaddoewy Hopf eivon napduoto pe autd yia tic Sloxhaddoeic
otadephic xatdotaone: Eotw pla povonapopetowxt| owoyéveln autévopwy (ITAT) pe f(-) = f(-,p) €
C3(U x U*;R™), énou U € Sy xon U* € R avowtd. Ye avtideon pe 6,t kdvape ya tg darxAadooeg
otalepns katdotaons, tdpa ovpuforilovue pe y* 1 uovo ta onueia wopponiag, aAdd kar ta onpeia
mdvw o€ oplakols kUkAovs. ‘Eotw, enlong, étt v xdde p o neployr) yOpw amd to 1, 0 medfAnua
€xeL éva pepovouévo onueio wopporiog (to onoio Yo eZoptdton ogord amd Ty ). O To YpdPouUEe
wcy* =yt =y (n).

Eexwvdpe pe to endpevo Baowd amotéleopa, 1 omodelln tou onolou Pooileton oto Yedpnua ne-
TAEYREVNC cUVEETNOTG.

Oewpnua 51. Fotw pia povonapauetpikry oikoyéveia avtévopwy (IIAT) dnws mapandvo, tétoia
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25 o Apyikég ouvOnikec 4.5
0®.a0.gvoT. 0L * @. o TAlES T L.
o 20 * O.a0TabES ot ‘S
o o
Z X a4
315 3
c c
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§ 10 S
w w
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Nl =
< 5 <
= =
0= o —
0 5 10 15 20 25 30 14 15 16
TIAYdos Inpaudrwv( x10°) TIAYdog Onpaudrwv( x10°)
(o) Audypappo @done yia didgpopes apyixéc cuvdixes, ue (B) Audypoppo @done yio dudpopec apxixéc oLVOAXES, UE
10001 &opa = ky < 15-10% dropa = ¥ < F1372 = 15001 dropa < 10001 dropa = ki < 15-10% dropa = I < F12%2 = 15001 dropa <
k2 = 20001 d&rouo. k2 = 20001 d&rouo.
25, . .
o Apyikég ouvOnikec .
* O.aotabégo.L.
Q.a0.cv0T. 0L
20 * @.a0tefés oL
O -«
§ X4
315 3
& S
® 3 3
10 g
w W
] S
S
= / =
< 5/ 7 E 2
= D
0= e T ‘ ‘ ‘ |
0 5 10 15 20 25 30 11 12 13 14 15 16 17 18 19
ITA60g Bnpaudrwy( x10%) ITAR60g Bnpaudrwy( x10%)

() Adypoappo gdong yio ddpopes apyixés cuvifxeg, pe 10.1- (') Awdypapua @donc yia Sidgopes apxixéc cuvifxeg, pue 10.1-
10 dopo = ky < 15-10% dropar = L < M2 = 15.1.10% dropa < 10% dropa = ky < 15:10% dropa= L < M12E2 = 15.1.10% gropo <
ko = 20.1-10% drouo. ko = 20.1-10% drouo.

SyAua 37: (cuvéxela Tou LyAuatog 35a) Aprduntiny eniiuon Tou (PPy2.2) Yo detixole xpdvoug yio didpopes Tuée

v k1 xow kg ohh& awoTtned yia % < kl;kz ,ue =30 [)(pévoc]_l7 B=1 (103 &Touayl . |:)(p<’)\zoc]_17 ~v=15 [xpévoc]_l

xou 6 =1 (103 dc-rouoc)_l . [Xpévog]fl. H npdowvn xhetoth tpoxid amotelel évay eustodn oplaxd xOxAo.

wote va ikavoroiettar n €€ng ovvdnkn:

O nivaxag Jacobi (ue Bagoploeis ws mpog y, xwpls dapopioes ws mpos 1), ya = p*,
J(y"(w*), 1), éxer éva Lebyos ardéy (culvydv) pn undevikdy pavtaotikdy 1010TUGY Kat
Kkauia dAAn amé T vmdAoimeg n — 2 1810TIHéS €Tl Tov @avTaoTikoU déova, dnAadn) (31)

A1y = 2iw # 0, ka1 Re\; #0, Vi#1,.

Tdre vndpyer povadikd Ledyos opaddy pavtaotikdy botiudy A, = A\, (u) ov J(y’L(u),,u) o€ Ja
Teploxny Tov 1, térowa dote A1, (p*) = 0. AnAadn, propolue va boldue Tis pavtaotikés 160TiéS g
OMAAES QavTaoTikéS ourapTHoels ws TPosS [t YUpw and o (b= [*.

H cuvirixn tou Oewpriuatog 51 anotekel v avaykaia, aAdd oyt ikavi, ouvdnkn yio ty Omoeén
SlaxAddwone Hopf anéd to napandve onuelo woopporniag dtav p= p*.
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25; . .
* Apyukes ouvehikes 5 * 0. aoTabés oL.
®.a0.gv0T. 0L

(,g 20} * O.aoTabég oL mg al
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g S

QU
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s 74 s

E 57 7 % N E 1

>
0O 5 10 15 20 25 30 9 10111213 14 15 16 17 18 19 20 21
[IANog Bnpauatwy( x10%) [IAYdos Bnpaudrwv( x103)
(o) Audypoppo @done vl dudgopes apyixéc cuvdfxes, ue (B) Audypapuo @dong yia dudpopes opxixéc GUVﬁﬁ%i% ue

Mik2 - 10144.392 dropa = k1 < 15 - 10% dmope = L < ME

10144.392 dropa = ki < 15 - 10° dropa = I <
15144.392 droya < ko = 20144.392 dtopo.

15144.392 droya < ko = 20144.392 dtopo.

25; . .
* Apyués ouvenkes 5 * 0. aoTabEg o.L.
®.a0.gvoT. 0L
g 20} * O.aotabés oL «‘)3 4l
3 15 3 al
S X
g g
£ 10} & )
g gl
& 74 3
=W ; . =
J “
0_ ¥;_é:_

0 5 10 15 20 25 30 20 10111213 14 15 16 17 18 19 20 21
TIA%fog Onpaudatwy( x10°) [IAnAog Bnpaudrwv( x10%)

(v") Adypappa @done yia dudgpopes apxixéc cuvifxes, ue (8) Audypoupo @done yio dudgpopes apxixéc cuVOfxeg, ue
10144.393 dropo = ki < 15-10% dropo = ¥ < F12%2 - 10144.303 dmopa = ki < 15 - 10% dropa = L < MtF2 o
15144.393 dtopa < ko = 20144.393 dropa. 15144.393 dtopa < kg = 20144.393 dropa.

SxAue 38: (cuveyelo Tov Lyuatoc 35a) Aprduntixd eniluon touv (PPy2.2) Yo detixolc xpbdvous yia didpopes Tiuéc

v k1 xow k2, odN& avoTtned yia % < %, pe o = 30 [xedvoc]™t, B =1 (103 o'c-couoc)& [xedévoc]™, v = 15

[xeévoc] ™ xou 6 =1 (103 o't'cop.a)_l . [Xpévoq]fl. H npdowvn xheioth tpoxtd anotehel évay euctad oploxd x0xho, eV
N %OXHVN FINADOVEL TNV XATAGTEOPH TOU. LNUELOVOUUE OTL, OTIWG EYOUUE AVAPEPEL, O POPUANCUOS IOV EXOLUE ETAEEEL
U0 ETUTEENEL VoL (MAGHE YLt Un QUOIXS TAAYOC atdumy.

H dewentin| mpocéyyion twv dloxhadwoewy Hopf éyel we e€nig:

1. n=2.

i Aoyoplopdc 300 TERITTOOEWY HOVOTAROPETEXMY oxoyevelwy (ITAT), 6nou 1 topandve
avoryxola cuviixn avonoleltan oe cuvduaoud ue uio devtepn cuvixr, avdhoya Ue To
npdonuo pog un undevixfc mpaypotfic tocdtnag, sgn(l') # 0, pe to onolo oyetileton
wor teltn cuvdpm.

H tpltn cuvixm auth, n onola apopd HEPLXES TOEOY Y OUS ALY DS KC TEOS TIC EEApTNUEVES
petoBAntée, Ayetow ovvdnkn un expuAiopiov.

ii. H avdhuon xdde wog and tic nopoamdve teplnt@doels Yo hoc dOoEL io avTioTotyio auThS e
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it AT TERIMTWOT WG TUTOTOMUEVNG LOVOTUROUETEXM S ooYEvelas autévouwy (ITAT)
HE YVOOTH Blaxhddwon, 6mou twpa xdde cuviot®oa e f elvol éval TOAUOYUUO we TPog
g e€opTnuéves UETOBANTES TOU €YEL CUYXEXPWEVEC GUVOPTAOELS TOU [ Yol OUVTEAECTEC
xou otadepd.

Ot 800 TEPITTMOELC TNG CUVIOTOUEVTS TV TOAUWVUUGY OUTHOY ATOTENOVY TS KAVOVIKES
Hoppés Poincaré.

iii. H avtiotouyio auth tng apyinic povomapouetouxic ouxoyévelag npoBAnudtwy Ue yio Tu-
TOTOMNUEYY, onuolvel Vet andvinon oto epdtnua «Omopdn 1 dyt dlaxhddwoney Yo TNy
apyixt), xotoe eniong Bio cupmepLpopd TG BLXAIBWONE TN APYIXAC UE QUTYH TNG TUTO-
TONUEVNG OE Plal TIEPLOYT TOU = 1*.

2. Audoipeto n e NN {1}.

i. TroPiBaopudc xdde povomopauetoxic ooyeévelas autévouwy (ITAT) nou wavornolel v
TOEATAVE avaryxafor cuVITXY, OE UL LOVOTHPUUETELXT) OLXOYEVELD DIBLICTATWY AUTOVOUWY
(ITAT), péow tne amhornoinong Lyapunov-Schmidt.

ii. H avtiotouyla auth tne apyixnfic HOVOTORUUETEIXHAC OLXOYEVELNS TEOBANUATOY UE TNV UTofi-
Baopévn Tne onuoivel andvtnon 6To Ep@TNUA «UTUEEN 1) Oyt BlAABWONGY YLot TNV opy X,
xadod¢ enlong, oe nepintwon VupEENg, (Bla CUPTEPLPOEA TNS BLUXAEBWGNE TNS JEYIXAC HE
v auth g umoPiBacuévng oe wa Teployh) Tou 1 = pu*. MdhoTa, oe meplnTtwon dnap-
gne, to dudypoppo dlaxhddwone tne unoPiBacuévne Aéyeton Bidypopua BlaxAddwaong xal
e apy e

Ye avtideon pe Tic Blaxhadwoelc otalteprc xUTAoTACNS, 0 XUTINOYOS TWV TUTOTOLNUEVWY HOVO-

TPUUETELXY OLXOYEVELWDY LOVOBIAO TATOY TEOBANUATWY Ue YVwoTég dlaxhadhoelg Hopf anoteheitan
and uévo dUO TEPITTWOELS XoU EYEL WS EENC:

] KAraAroros I'NOsTON ATAKAAAQSEQN HOPF
Me npdowo ypwpatilovtar ot VeTind aoLPTTOTXG eucTadeic XA EBoL i TUAUNTA QUTMY, EVE) UE
xOxxwvo oL YeTixd aotodelc XAABOL 1} TUARATO QUTWVY, TOU AVTIOTOLYOU BLotY OOUUOTOC BLUXAABWANS.

fi(y, 1) = pyr —y2 + 11 (y% +y§)

¢ THOKPIZIMH (BA. Tyfua 39).
fa(ys 1) = g1 + iy +y2 (Y1 +v3)

filyon) =y —yo -y (Vi +93)

¢ THEPKPISIMH (BA. YyAua 40).
Fa(ys 1) = g1+ py2 =2 (yi +93)

TTIC TopATAVe CUPHETEYOLY auoTNned dU0 XxAEdot oTny BloxhdBwon, 6Tov 0 évae (xoTOA) avTL-
o7otyel 670 onuelo wopporiag y' (1), xon o dMhoc (empdvein) avtioTowyel oTN xheloTH TEOYLY (1 omola:
eZopTdTon OUUAG omd TO L), OL OTOlOL TEUVOVTOL GTO ONUELD SLokhEBwoNg (M*, yi(u*)v y;(ﬂ*)) =0eR.
Kée onpeio iooppomiog yOpw amd to onuelo Sloxhddwong Peloxetar anoxhelotixd néve oTov gu-
BOypoppo xhddo xan xdle Teplodixy TPOYLA ATOXAELO TIXE VW OTOV XAABO-EMLPAVELDL.

Iopoatnpotye, eniong, 6T otnyv uoxpiown dlaxAddwor undpyet Yetxd aoTodc opLoxds xOXAOC
mou TepBdAAEL To VeTind aoupnTwTINd suotadéc onuelo wopponiac yi (1), evd oty unepxpion
uTpyet VeTd euaTAdFC 0ploXGEC XHXhOC ToU TEPBEAReL To VeTind acTtodée yl ().

YnueLdvoude, TEA0G, OTL xoi GTIC BUO Tapamdve Slaxhadwoelg, o mivaxag Jacobi tne f oto onueio
BLOXAADWONG EYEL TNV KAVOVIKT) HOPPN

Iy ) n) = (‘f ‘01)

xal dipa To av 1) Slaxhddwon elvan unoxplown 1 unepxplowr e€apTdTon AMOXAELS TS Ud TO UN YEUUWXS
pépoc e f. ‘Apa elvon Aoyixd vo ava€Voule OTL, Aol UETACYNUATICOVUE Uiol SOOUEVT] LOVOTIOQOE-
T owoyévela autévopwy (ITAT) étol hote o nivaxac Jacobi vo €yel TAEOV TNV TOEATEVE XAVOVLXA
popet, téte to I' e cuvdiune wn expuiiogol, tou xadopllel To av eivor 1 SlaxAddwor uroxpeiown
1 unepxployr), Yo eapTdtal amOXAEIc TXA Amd TOUS U1 YEUUXOUS 6pOUS TNG VEOC LOVOTIUPUUETEIXAS
owoyévelag e€lodoewy. Tlpdyuortt:
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© <0 ® u=0 © u>0

(o) Ero yiys-eninedo.

/i
=
L=

*
Yi

1

(B") Exov pyjys-xéeo.

, ’ L * *2 2 *2 *2
Syua 39: Awdrypapya SloxAddwong uyy —y5 + Y7 (yl +Ys ) =0=y +pys +y3 (yl + Y5 )

AArorieMoOr YToAOrsMoY TOY I' THY Y YNOHKHY MH EK@TAIEMOT‘

‘Eotw plo povonapouetowy| owoyévela autévopwy (ITAT) énwe napamdve, tétola hoTe va
wavoroteiton 1 avaryxodar cuvinixn yia dlaxAddwon Hopf. To Briwota yio tov unohoyloud g
nocétnrog I ebvon tar e€hc:
1. MeTaoyNuotiopoc TN LOVOTURUUETEAS OOYEVEWLS TwV eElonoewy Twy (ITAT), péow xatdh-
AAng oAy wetaBAnTdy, étol dote mhéov o mivaxag Jacobi va Bpioxeton oty mopandve

XOVOVIXT] LOPYY|, XL CUYXEXQULEVOL

i. Hpaypotxy («xatd blocksy) Sorywvionoinon tou J(yT(u*),u*). Suyxexpiuéva,
Ty =P (D )P
) w O )
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Yo
*
1
© p<0 © pu=0 ® pu>0
(«) 70 yiys-eninedo.
vs
-
4
\

(B") Stov py;ys-xoeo.

, , < ~ 2 2 2 2
Syhua 40: Audrypappor Sioxhddwone pyy — y5 — yq (yf +Y5 ) =0=y +py> -y3 (yf +Y5 )

6mov av u— elvon To (Pryadixd) Wiodidvuopa Tou avtioTolyel oty WoTWhH Aj_ = —iw, téte
P = (Reu_ Imu_) ,

dnhadn ot othheg Tou P elvar, otny oelpd, ol Reu_ xou Imu._.

ii. AMhoryn petaBAntadv
YW+ Pr=y o a=P (y-y'(n).
iii. Avayvoplon tne ocuvdptnone g pe tono
g(x, 1) = P (Pa+y' (), 1),
yia tov mivaxa Jacobi tng omolag oy del 6Tt

J(o,p*):(o _O“).

w
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2. Troloyioude tng nocotntag I' wg
T = [3391 g + %92 + 3392]+
dz3  Or10x3  0x20ry O
1| 0% (0%q1 0%qn gy (0792 9o
w [(%claxg ( O3 " ox3 )_ 02102, ( ox? " 02 )]_
1 [8291 g g 8292]
w| 022 923  Ox3 022 |

6mou Oheg ol dagoploelg unohoyilovton oto x =0 € R2.

To yioti to I' Bev neprhopfdver xdmoto napdywyo medTNe T8ENG €yive cupés Tapamdve. LyeTixd
OUWS PE To TS TEoxONTEL To I, avapépouue 6Tl UEGK TOMXWDY GUVTETAYUEVWY 1] LOVOTIOQUUETELXT
OXOYEVELXL BIBLACTATWY TEOBANUATEDV OVAYETHL OE Uiol HOVODIACTATWY TEOBANUAT®Y, oTny omola 7
ouvihpn mou Yo xardoploel av Wwa evdeyouevn dixpavixy dlaxhddwon elvar uroxplowun ¥ unepxplown
pac divel tehxd tov oplopd tou I

Tapa, elyacte oe Yéon va moapadécovye to mopaxdte anotéAeoua, Tov poc avtiotoryilel xdde
HOVOTUpOUETELXTY) OLXOYEVELX LOVORLdoToTwY owTtdvouwy (ITAT) nov napouoidlet Swuxhddwon Hopf, ye
Qi omd TIC TUTOTIOLNUEVES HOVOTIUPOHETEXES OOYEVELES BBLdoTaTwY awtévopwy (ITAT) ue yvwotr
BLUUAGDWOT. LNUELWVOUUE OTL TO AMOTEAECHA AUTO €xel VoMU uTd to mploya Tou Oewpruatog 51.

Oevpnpa 52. Fotwn = 2 kat uia povorapapetpikrj oikoyéveia avtévouwy (IIAT) dnws napandvo,
Tétola WoTe va ikavomoloUvtal téoo n avaykaia ovvinkn Vnapéng SaxAddwons Hopf éoo kar pia
Oevtepn ovrinkn, ws €€ng:

O J(y*(p*),u*) éxer éva Lebyog andddy (ouluydy) un undevikdy pavtaotikay 1810Tiudy,

onAadn (31)
AL =+iw#0.
Ia o maparndvew levyos ovluydy 1610TIUGY - TOV €lval OUAAES w§ TPOS |1 O€ TEPIOYT] TOU
w=p* - woxde on >
dRe), , , (32)
S (1) =0,
1

Tére vndpyer SraxAddbwon Hopf and to y' (1) drav p = p*, mov anoteletrar and 8o kAddovs (o évag ek
Twv omolwy avtiotowel ato yl(1)).
Av, emnAéov, wcavonoieftal kar n ovrinkn un ekpuAioHov

T+ 07 (23)

Téte vmdpxowv (avtiotpédiueg) aAlayés ebaptnuévng petafANTAS Kal Tapapuétpov y — T Kai p — K,
avtiotoiya, kar addayr avekdptnng petafAntris t — T mov diatnpel TNy @opd, o1 oToleS UETAOYNUA-
tilovy v e&lowon tov (ITAT) ot popen

d
% = KT — Tg + ST (CB% + sc%) + 0(|33|3)
T katds x — 0, érov s =sgn(T") = 1.
dza _ 2 2 3
5 - T1 + KT + STy (acl +x2) + 0(|x| ),

Ipoxtixd, 10 mapamdvey amoTéheoua Yag AEel OTL, oV LXAVOTIOOUVTOL Ol GUVUTXES, TOTE OYL UOVO
Yo uTdpyEl SLoNABWoT Yiot To TEOBANUS pag, oAAE emmhéov poc xadopilel av Yo éyel (Bla ToloTxd
YOEAXTNELOTIXG UE TO Bidypaupa Tne uroxplowng B tng unepxplowy Sloxhddwone. Luyxexpwéva, av
I'>0 (T <0), téte n duexAddwon eivar vrokpioun (vrepkpioun).

Ynuewdvouue 6TL 1) debteE cUVIXN Tou Oswphuatog 52 amlomnoieitan, Adyw Tou TUTOU

1
ReAi(p) = itrJ(y*(,u),u), yioe %80 p ot pio meploy) Tou pt, dtav n= 2.

‘Ocov agopd, T, TV YEVIXN TER(TTWwoT Twy n > 2 dlac tdoewy, LToPBYBAlouue T1 LOVOTUPUUETEL-
) owxoyévela autévouwy (TTAT) nou ixavorowoly Ty avaryxale cuviixn Orapine dtoxhddwone Hopf,
péow tne anronoinone Lyapunov-Schmidt, xatd évay yevixdtepo tpémo and autdv pe tov omolo yen-
owonoiinxe 1 Sdxacio yio Tig Slndhadwoelg otadepnc xatdotaong. Ipogavodg 1 vrofiBacuévn
owxoyévela o omotehelton and dLBLdo Tortar aUTOVOUN TEOBATATAL.
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‘ AnaonomHsH LYAPUNOV-SCHMIDT ‘

"EcTte) ol LOVOTUROUE TN OOYEVELX N-OldoTtatwy autdvopwy (ITAT) énwe mopandve. O
ahyoépriuoc utoPiBacpot didotaong €xel wg e€NX:
1. Metaoynuationds e LOVOTUpOUETEHS OOYEVEWS TwV eElowoeny twv (ITAT), yéow xatdh-
AnAng odharyrig peToBANnTadv, €Tol hote mAfov o mivaxag Jacobi va Bploxeton o Lo cUYXEXPIEYN,
OELOTIOLACLUY) HOPPT], XOL CUYXEXELUEVAL:

i. Hpoypatixd Slrywviononoy Tou J(yT(u*),u*). Suyxexpiléva, eVPECT] TWV IBLOTILWOVY A;,
(6hec toug Vo elvan pn undevixée, xou uévo duo ouluyels, A1y = +iw Ya Eyouv undevixd
TEAYHOTIXG. PépT), TwV avTioTolywy WB1odlavuoudteny u;, xou tou (avTioTeédurou) mivoxo
TEaYUaTIXAC opolotnTac P xot tou avtiotpogol tou waote

C; - 0
J(yT(u*),u*):P i w1 | P v xdmowo N3k <n,
0 - C
o O€ QUTYH TNV TEpinTwon
o x&de C; eite Va elvon plo mparyported, Wiotywh A; (Snhad) évac 1 x 1 mparypotinds
ivoxac), elte Yo ebvon évog 2 x 2 mparypoatixde mivaxac, tou Yo avtioTolyel ot éva
Cebyog ouluy®v wyodixay WTWoOY Ay = Redjy £ilmA;,, xon Go €xer v poppn

C' — Re)\ii —Im/\ii
¢ IITl/\i:E RG‘)\ii '

e 0 P Ya éyel v popen
P = (P1 Pk),
6mou yia xdde P; Yo ioylel 6T
— av 1o C; elvou plo mporypatixn WwWotwn Ay, 10t 10 F; Qo elvon wla othhn, xou
CUYXEXPWEVA TO AVTIOTOLYO TEAYUATIXG LBLOBLEAVUCHA, Ui, TNG g, XOUL
— av 1o C; ebvan évoc 2 x 2 mporypotinde mivoxag, mou Yo avtiotolyel oe éva Ledyoc
oulUYAY pryadixdy Wty A, = ReA;, £ilm);,, t6te 10 P; Yo anoteieiton
an6 BVO TEAYUATIXEC OTHAES, X0 CUYXEXPUIEVA

P; = (Reu;- Imu;_),

OTOU U;_ TO ULyadixo LWBLodLdvuoua TNS A,
xal
e uovo to Cp €yel undevixd dlorydvia oTotyeld, xol cUYXEXPLUEVA

0 _
(Jl:(w 5")

y' () + Pei=y = a= P (y-y' ().
iil. Avayvopion tng ouvdetnong F' ue tomo
F(x,p) =P f(Pz+y'(n), 1),

vt Tov mivaxa Jacobi tng omolag woylel 6Tl

ii. AMharyn petoBAnTdv

cy 0
J(0,p1*) = O
0 - C
2. Enflvon tou (n—2) x (n+1) (un ypoppxol) cucTHUATOS
F3 (SC, :LL) =0
Fo(a, 1) =0,

yior TNV €0PECT] WIAS LOVOTIOROETIXNC OWXOYEVELNS MOCEWY TNG LOPPHC

x; = xi(x1, 22, p), Vie{3,...,n}.
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3. Avayvopion e ouvdptnone ¢ = (g1, 92) e TOTo

91(1'1,1'2,[1/) = F1($17.’E27.’E3(1'1,1'2,/L)7 e 7.’En(l'1,l'2,[1,))

go(w1, 2, 1) = Fo(x1, 20, w3(x1, 22, 1), - .. s 20 (21, T2, 1)),

yio TV omola oy Vel ot

(0.0, =0 100 =€ = (),

%o xou e vnopiPacévng povonapapetpikis oikoyévelag tdidotatwy avtovouwy AT we

oy

dt
dx
() = ga (et ) w2t n). o)

1 (to, 1) = a1 - (yo(p) -y (1)
22 (to, 1) = g2 (yo(p) —y' (1)),

(tuu) = 91(331(157#),%2(75#)7/1)

60U g1 2 elvon 1 TEATN xou 1 delTepn, avtioTolya, Yeouuh Tou PL.

ToviCoupe 6t 0 mapandvw akydpiduog vrofiBacuol didotaons elvar e@apudéopog o€ OAeg Tig
HovoTapapeTpikés otkoyéveies avtdvouwy (ITAT) mou wkavorowoly tny avaykaie ovdikn Vrapéng
dakAddwong Hopf, ave&dptnta pe to av vndpyer tehikd diakAddwon 1) oy

Xpenowo elval xou To endUEVO amoTEAETUOL.

Oewpnpa 53. Eotw ula povorapauetpixij owkoyévela avtévouwy (IIAT) dnws naparndve, tétow
AOTE va 1kavonoleltal pa exappas 1 upotepn exdoxn) tns avaykaias ovvinkng vnapéng diakAddwong
Hopf wg e&rjs:

O J(y*(pu*), ") éxa éva Ledyos atAdv (ovluydy) un undevikdy pavtaotikdy 1610TIHGY
Ka1l OA€S TI§ UmdAoimeS N — 2 1510TIUES oTa aplotepd Tov gavtaotikol déova, 6nAadr) (1)

A1y = iw # 0, ka1 Re); <0, Vi#1,.

Eoww, emmAéov, 6t vrdpyer duarkdddoon Hopf aré to yl (u) étav p = p*. Av n duxAddwon evar
vrokpioiun (vrepkpioun), téte ot oprakol kKUkAol Tng hakAdbwong efvar etikd aotadris (evotadrig).

H a&ia tou mopgomdve anoteréopatog Qolveton oy YeNnoLHonoleiTol 68 GUVBUAOHUO UE XATOLO O-
notéheopa UnapEne dxhddwone Hopf, 6nwe to enduevo, to omolo dev elvon tinoto dAho mapd m
yevixeuon tou e Tou Pépous Tou Oewphuatos 52 otig N > 2 Blao TACELS.

Oewpnpa 54. Eotw pia povorapauetpixij owoyévera avtévouwy (IIAT) dnws napandve, tétoa
woTe va ikavomololvtal téoo n avaykaia owvdnkn Vnapéns diakAddwons Hopf éoo ka1 pia deltepn

owinkn, wg eEng:

O J(y*(p*), ") éxea éva Ledyos atddv (ovluydy) un undevikdy pavtaotikdy 1010TIpdY
ka1 kapia dAAN and tig vnddoimes n — 2 10tués ent Tov pavtaotikol déova, dnAadn (1)

A1y = #iw # 0, ka1 Re\; #0, Vi#1,.

Ia o maparndvew Levyos ouvluydv 1610TIUGY - TOU €lval OUaAéS w§ TPOS L O€ TEPIoYT] ToU

W= - oyvea on >
dRe), , , (32)
(u*) #0.

dp

Tére vndpyer SraxAddwon Hopf ané wo y'(u) dtav u = p*, mov arovedefrar ard 5o kAddous.
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Ileplypapupor ALdAedng ‘

1. Yrowyeia Malnuatikiic BioAoyiag:

(o) Tevixd otouyela mepl SuvoUIXOY ETBNULOAOYIXDV LOVTEAWDY XNECEWY

(B) Avvopixd emdnuohoyixd povtéha: Baoixéd poviého SIR
2. Ma¥Onuatiké YrnéBadpo:

(o) Acvuntouxh avédluon: Baoixéc évvoleg

(B") Alybpriuol obootatonoinong

Yroreia Malnuatikng BioAoyiag:

Avvoxd eTdNUIOAOYIXA LOVTEAX XAdCEWY. XpnowonolwvTag woviéda LAE ynopolye
var tpofhéoupe Ty (xpovixn) eZENEN wag emdnuias H/xon plag Tovdnuiog evos Aoyddous uetadoTi-
%00 voouatog, T.y.: movdnuioc émwe authc tne tovolxhas (otny apyoie EAAGSa to 430 — 428 n.X.,
oAAG xau oty Evpdnn to 140 awddva p.X.), tov AIDS, odhd xou tne mo olyypovne movdnuiag tou
COVID-19.

Muat eupéwe YENOUOTOLOUUEVT TIROXTLXT) TTOU ATAOTIOLEL TNV HotINUOTIXY] HOVTEAOTIOMGT TV AOLw-
BV LONIOUATIXGOY YooudTeY elvor 1) silonoinom twv ovtélwr kddoewy (compartmental models).'3
To povtéha autd, oe avtideon pe ta e Owoloyiag IIAnduouddv mou neprypdgpouy thAnduouoic dia-
PORETXAV EWBWY, aPopolY Adoel atduwy evog TAnduopoL. Ta mopddetypa, Yo unopobooue vo
Yewprioouue TN xAAOY TV VOGOUVIWY OE Wlal YOPA W TEOE TO UEAETOVUEVO AOWIWBES LONUCHATING
VOOT|UAL GE AVTIBLIUG TOAT) UE TNV AvTIGTOLY T TWV U} YOGOUVTWY.

Tao Feuehicddrn) LOVTENX XAACERY Yol TNV TEQLYEAUPY) TNV UETABOONE AOLUWBWY LOAUGUATIXWY YOOT)-
udtwv mepiéyovton ot plo oelpd TeLY druooieloswy and toug Kermack xow McKendrick to 1927, to
1932 xou to 1933, oty npdtn and Tic onolec meptypdpovton emdnuikd povtéda (epidemic models),
ONADY| LOVTERA Ywpelc BNUOYEAUPIXEC TUPUUETEOUS OTWE YEVVACELS, HETovao Tedoels, dvatot, Y dAheg
OTWE T.Y. MEPTTWOELS ATENOVC avOTlag, EVE OTIC ENOPEVES 800 dNUocIeloELlS TEpLYpdpOoVTAL avTioToL-
yo evdnpukd povtéda (endemic models), dnhody pe mapovoio tétowwy mopapétewy. No onuewwdel
OTL OTIC gpyaciec auTéG emexTdlnxay xan UeAeTHONXaY AenTouepéoTepa TahanoTepes Wéeg Tou En’ko,
xadoe xou twv Hamer, Ross, Martini, 18éeq otic onolec otnplydnxay xar dhhot peretntée, abyypovol
twv Kermack xou McKendrick, 6mwe o Soper.

Ev yével, ota povtéha Kermack-McKendrick, to onola dev etvon anapaitnta apyde LAE, evdeyo-
uévwe undpyel e€dpTnom TV Baoixmdy TUEUUETEMY omd TNV NAXIA TWV ATOU®Y, TEOXELTL dNAadT] Ylo
HovTéda Sounuéva ws mpos tny nlukia (age-structured models). Mia eldixf nepinteomn Ty HOVTERWY
QUTAY, 6TOL oL TaPdeTEOL elvan oTadepéc WS TEOC TNV NALXio TWV ATOUWY, EVOL TOL YVWOTA HOVTEND
STR xou ol mapardayég Toug, Ye ta onolo Yo aoyohndolue otn cuvéyeto.

I va avamtdEouue évor EMBNUOAOYIXG LOVTENO XNAOEWY YLol TNV HEAETH TG dLooTopds evég
hoddoug poluouatixol voouatog oe éva mAnduoud, do meénel vo AdBouue unddrn yag Sidpopa
otowyelo e Aowwéloloyiog xat cUYXEXPWEVA XATOLES ATd TIC XATIYOPLOTOLACELS TWV AOWWEEWY.
O howdZeic yevixd draxplvovton ot evepyés (active) xan o davBdvovoes (latent), avéhoyo pe to av

I3 X onowwonotolue tov 6po xhdom yia TNy UETdpeaon Tou oy Yol compartment, yio vo. avodelEoLUE TNV GUVApELX
avToV Tou bpou pE Tov avticTolo padnuatixd Tne kAdong wodvvauias (equivalence class).
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eEXONAGVOLY T0 avTioToLY0 AoWDdES Vooua 1) Oxl. ATo Tic evepyEg Aotumielg dlaxpivouye Tig KAIKES
(clinical) and Tic vrokAikés (subclinical), pe Bdomn Ty eppdvion 1 Oyt ToEATNEAGLLWY XAVIXDY GUU-
TTOUETWY TOU avTieToLYoU AoW®doue vooruatos. Ol xAwixéc honiele, topa, dlaxpivoviol oe ofeleg
(acute), vrokeles (subacute) xou xpdvies (chronic), pe Bdon tov ypovixd opillovia xhudxwong, Vpe-
ONC XOU EEAPEVIONG TWV CUUTTOUATOV TV ovToTOL 0V AoWnddy voonudtey. Ernlone, ot howdec
otV YewxdtnTd Toug Sloxpivovtan pe Bdom to xprthpta tou Koch (to onofor ocuvidwe Sev pmopoiv va
EQappooTolV oty oUYYEovn TeoxTixf Yo nhxolc Adyouc) oto av elvar poAvouatikés (infectious)
1N Oy, dnAad”| av uTdpyEeL €voc TapdyoVTaS UETEdooNS 1) byL, Xou oL HoAVoUaTXEéS dlaxplivovton pe TN
oelpd toug ot petadotikés (contagious) fy Gyt, dSnhadh av o mapdyovTas UETEd0oNC BlEUXONDVETOL HE
NV x0TIV xoWwwvixy emapy) xat TNV avToddoyh) uye®y 1 av dev emnpedleton and awtés. Mia dhin
xotnyoptonoinom, téhog, unopel va yivel pe Bdon Ty avocoloYIXT] AmOXELCT] TOU 0pYOVIOUOD XATE T1)
Oidpxetor TN Aoluwing xou YeTd and auTh.

H npbodocg evic hoiddoug xou petadotixol vooruatoc e€aptdtot YeTald GAADY omd TN CUYXEVTEWL-
o1 oL TadoyYHVOoU TUPAYOVTH GTO ECWTERIXG TOU EEVIOTH, amd Tov puiud avdntuérc Tou xou and Ty
oM nhenidpacn uetal auTod o TV CTOLEIWY TNG avocoundxplone Tou EevioTh. Xto Mynuo 41
BAémouye €va amhomonuévo tpogih Aoluwing, and Ty apyxn eupdvion evoc nadoydvou mapdyovTa
GTOV 0PYAUVIOUO.

Acfevrc X g
, 85
Encyaon a =
<2 = , Q
Avoppdoog =
/ MoAuopaTtindg > A
- > S
&
, q
Extebeuévog S d
, [ — n Q
Euvdhwrog =
Avocohoyiny
, ATOXPELOT)
IaBoydvoc
TOEAYOVTOG

Xpoévog and vy

évoplrn tne holuwing

Evopén tne Aolpuwing

Syhua 41: Xpovodidypoppo holpming nov meptypdpel v duvoixf Tou toadoyévou TapdyovTa, TNV AVOCONOYIXH O-
ndxpLomn ToL Popéa/acdevoie, xadde xon empépous @doelc TN Aolpwing. No onueiwdel éti n teplodog ac¥éveias dmov
T CLPTTOUATE EXdNAOVOVTan dev cuoyetiletan anapaltnTa e xdmota and T PAoelc Noluwing.

Doty pehétn e e€éhéng g emdnuioc and €vo Aowumdes pouopatixd voonua cuvAdwe xoto-
tdooouye évay mAduous Eufiev atduwy (avipmdrwy, Lomy, PuTdy, x.o.) TAidouc N otic tapaxdto,
HETAED dAAWY, ¥AdoELC:

1. Ov evddwzor (Susceptible) xon to mhidog touc S: H oudda atéuwy tou mAnduouol o omola
elvon ev vyt oAk xou ev Suvduet aodevelc.

2. To Bpépn pe nadnuixrj avooia (Maternally derived immunity) xou to TAfYoc touc M: H oudda
atouwy Tou TANYUoUOD To omtolol BEV YEVVIOUVTAL AVAXOVTAS GTNV OUGD0 TWV EUGAWTWY, AANS
€yovtog modnTixy aoLAion oty aoUévela Yoo Toug TE®TouS Pives TS Lwhg Toug AOY® Twv
UNTEXDY oV TIoOUETwY (and Tov ThoxolvTa 1)/xon To unteixd ydha).
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3. Ou poAvouévor/podvouatixot (Infected/Infectious) xou to mAfdoc touc It H opddo atdpwy tou
TAnduouol o onolo Pépouv tov tadoydvo mapdyovia, vooolv and oauTéV H/xon Tov eTadidouy.

4. Ov extedapévor (Exposed) xou to nhidoc touc E: H opdda atéumyv touv nhnducpold to onola
pépouv Tov Tadoyovo TopdyovTa, ahhd Gyt oaxdun pohuopotixd (Aavidvouca (pdom).

5. O avappdioartes/diaypappévor (Recovered/Removed) xou 1o Ao toug R: H opddo atduwmv
Tou TAnduopol ta omola elte €youv Vepaneutel xou €youv anoxtroel avooia, eite £xouv neddvel,
elte €youv umel oe xapavtiva, elte €youv agopedel and o chvolo Tou TANYUOUOY XATOTY TNG
Molpwéic toug yia va teploptotel 1 éxtaon tne Aoluwine otov thnduoud (cuviing taxTtixy oe
ATNVOTRPOPINES LOVADES).

6. Ou gopeis (Carrier) xoa to mAfdog toug C: H opddo atduwy tou mAnduouol ta omola pépouv
Tov nadoydvo mopdyovTa Ywelg va exdnAdvouy Ty véco. H Suvoatétnta petddoong tou yo-
AOUOTIXO) TOPAYOVTOL ALTOV TV ATOUWY ToPOVCLELEL BLOXUUAVOES TO00 GTO Yp6Vo Yia pio
holuwin 600 xou PeTol TwV SLdpopwy AoOWMEEwWY.

H emhoy? tne xNdome (looduvopioc) otny ontola Yo avixet To xdde dropo xadopileton and tny ent-
oy g oyéone (lwoduvapiog) mou Biénel tor dropa Ty xhdoewy, 1 onola e T oelpd e xodoplleTan
(otnVv mpoxeévn TEP(TTWON) ANd CUYHEXPULEVES XAMVIXOERY UG TNELOXES ECETAOELC.

Me Bdon toug optopolc mopomdve, to I xodopller tnv Umoapdn N un oAAd xou TV mopela pLog
emdnuiog. Ipdypott, Mue 6Tt T0 Pawvouevo eleicoetan oo petoBdiieton to 1. Aépe eniong ot pia
emdnuio Eeond otav 1o I auidveton o OYEoT YE TNV 0PYIXA PAC TEATHENOY, OTL EYEL PTAOEL OTNV
%x0pLPWor e T oty Tou To I Va apyioel va petdveton, xou téte TAéov 1) emdnuia Vo Palbvel mpog
Opeon.

Enuewdvetan, éhog, L 6tav dev Angdoly unddr dnuoypapixol 6pol oto wovtélo, av ol Blorypoy-
pévol TEPLEYOLUY oL TUYOV VEXEOUC amd TO AOWMDEC WoAuouaTixd voonua, tote To TAfdog N eivon
otadepo, dnhadn N = Ny > 0. And v dAAn ueptd, 6tav Angdolv tétolol dpol unddn, av 1 yeovixn
oo Tne e€EMENG W emdnuiog omd éva hoyddeg poluouatind véonua ebvor ToA wxpdtepn (..
efBdouddec) and v avtiotoiyn yio ouctaoTixés odAayég oty avahoyio yevvroewv/Yavdtov (..
dexoetiec), xdtt mov oy Vel eV Yével, TOTE Unopolue va Yewpfiooupe étL to thidoc N eivar otardepd.

Baowd poviéro SIR. Tty xataoxeur; tou poviéhou {ntdue to axdrouda:

1. O minduoudc otadepod mhdouc N = Ny ywplleton o Teel XAAOELS, QUTEC TWY EVGAWTWY, TWV
HONUGUEVGY /LONUGATIXGDY X0l TOVY BLloty poalé vy, tat TAD twv ontolwy, S, I xou R avtictowya,
elvon cuvapTAGELS WS TPOS TOV YEGVO t (Xt UdAloTa TOLAAYLGTOV andhuta cuveyelc). Anhady,

No=N=S+I+R. (26)

Do topddelypa, dev Aaufdvouue LUTOYPT HAC TO YEOVO ETHACNS TOU AOLUMBOUS YOOHUATOC, Ve-
WEOVUE OTL 6GOL avappdVOLY €xouv avantiiel 1dPia avoaoia, X.0.x..

2. Koté tnv anovoio LoONGUEVLY/LOAGHATIXGOVY T TAADOC TeV uToloinwy elvor otadepd, dnhadt
dS dR

E_EEO7 otav I =0.

3. Avtiotowa, xatd ty anoucio eudhontwy («tpoghcy Yoo Ty emdnuia) to TARYOC TWV HONU-
OUEVOV/LONUCHOTIXDY PELOVETOL UE pLuDUS avdhoyo tou Thilouc, dnhady
df
— =—vI, 6mou >0, 6tav S =0.
dt
4. Ye mifon avtiototyio pe to clotnua (22) xou o cuugwvio ye Tov vopo dedong Tng
wéZac (tono I tou Holling), ov puduol petaBorric tou mAlouc Twv EUGAMTOY Xou TV Uo-
AUCUEVWY [ LONUCUATIXMY EEQOTMVTOL YROUUUXS, aTtd TO YIVOUEVO TwV TANDMY TOUS, ot WMo TaL
éxouv avtiletoug ypopxoie cuvteleotés, —f < 0 xou B > 0, avtioTouya, pe

=— (27)

6TOU M 0 YECOC OPITUOC HOVTIVIV XOWVWVIXWOY ETUPMY EVOS OTOUOU UE GAAN GTOUO CUVOE-
TAOEL TOU YEOVOUL Xol T 1) TWIAVOTNTA CUVILTACEL TOU YPOVOU €Voc EVGAWTOS Vo HETATNONOEL
ot XAEoM TV LONUCUEVLY/UONUCUATIXGY HETH and pla XOVTIVA XOWWVIXT ETAQT UE Evay omd
auToUC.
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Yuvoilovtag, odnyolpacte otic elomoeL:

% =-pSI (28)
I ,
& =~V +BSI (288))
dR ,
T ~I. (28Y")

H (28Y") npoxintel and tov cuvbuaoud twy (28) xou (283") pe tnv

dsS dI dR
—+—+—=0,
dt dt dt

7 omnofa Yéhovye va loyber Aoyw tne (26). Ou poée petaxivione and tnv pio ouddo otny dhAn onewxo-
vilovtan oto Lyruo 42.

BSI ~vI

Sxdue 42: Adrypoppo podv Tou povtéhou (28).

Enuewdvouye 6t to S ebvan 0 (Uéoog) pudude petddoons Tou Aoyidous HoAUCUATIXO) VOO UATOS
xou 6t emimtwor (incidence) tou, dnhad) to TARYOC TV VEWV xpououdtwy avd Lovdda yedvou,
exgpdletar ye tov Gpo BSI oTo poviéro autd, ot avTIBIGTONR PE To ¥ Tou ebvan o (Uécoc) pudude
avdppwonc/dlaypaghic Twv wohuopévey/poluopatxdy. ‘Etol, 1o v ebvor n (uéom) didpxeia tou
voofuatog, 1 oA 1 (uéomn) polvopatixy didpxela, péypt THY avdppwon/diorypap.

To avtictouyo IIAT. 'Evo IIAT oto onolo yenowonolelton éva t€tolo povtého elvar to e€hc:

Me bedopéva Sy, I, Ry >0, avalnrovue didotnua J € R ue 0 € J ka1 ovvdptnon
(S,I,R):J - [0, 00)37 téroa dote n (S, 1, R) va wavoroiel téoo o (28) oo
I~ A{0} éoo kar Ty (S(0),1(0),R(0)) = (S, Io, Ro).

Adbyw e (26), To napandve TedBAnua eivat loodivopo ue o e€hg:

Me dedouéva Sy, Iy, Ry >0, Oéroupue Ny = Sy + Iy + Ry ka1 avalntodue didotnua
JcR pue0€J xar ovvdptnon (S,I,R): I -~ {(s,i,r) € [O,Ng]3|s+i+r = NO},
téroa dote n (S, I, R) va wcavoroiel téoo to (28) oo I\ {0} doo kar Tny
(5(0),1(0), B(0)) = (So, 1o, Ro)-

(SIR)

IInyaivovtac éva Brga napanépa, Aoyo e (26) edxola cuunepaivoupe 6Tt 1 cuviotdoa R tne Aong
TeptoceeL, xou €ToL, Aoyw TNe dopric Tou (Blou Tou (28), to (SIR) elvon loodivayo ye to e&hc:

Me dedouéva Sy, Iy, Ry > 0, Oérouue Ny = Sy + Iy + Ry ka1 avalntodue didotnua
JcR pe 0€J ka1 ovvdptnon (S,1):J — {(s,z) € [0, No]? | s+i< No}, wérow (S1)

dote n (S, 1) va ikavoroiel Téoo to {(28«) — (288")} oo I~ {0} doo ka1 Ty

(5(0),1(0)) = (So, Lo)-

To epikté oUvoro, SNAadh 10 OVONO TWOY TV e€apTNuévey LeToBANTdY, Tou (STR) o tou (SI),
anewxovileton oto LyAua 43a xaw oto LyAua 430', avtictouya.

"Aoxron 55. Adote tig Aentopépeies oxetikd pe to 6t ta (SIR) kar (SI) efvar 10obUvapa o€ dreg
s Pdoeg peAérng toug.
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0 N, S

(B") To epuxtéd obvoro tou (SI).

(o) To epuxtd cbvoro tou (SIR).

Sxhua 43: To e@uxtd cbvoro tou (STR) xau tou (ST).

"Tropdn, LOVABILXOTNTA XAl OUAAOTNTA EYLCTIXNG Xl CUVEYAS WG TEOS TA Ap-
X1xd 8edounéva Abong Tou yYevixoL mpoBAAuatog. Aveldpotnta and to mpdonuo tou Ny,
eZdyoupe, xatd o yvwotd (BA. ‘Aoxnon 56), Unaplr), LovodixdTnTa xat OHOAOTITY UEYIOTIXAC Xal
oLVEY OGS e€APTWUEYNG oo ToL apyLxd dedouéva Avong,

(S°,1°): (—e1,e2) = R?, 6mou 0< e1,e5 < oo,
yioe To €€ic BondnTind yevind medBAnuo:

Me dedopéva Sp, 1y € R, avalnrodue didotnua I € R ue 0 € J ka1 ouvvdptnon
(S,1): 3 - R?, wéroa dote n (S, 1) va 1ixavoroel téao o {(28) — (283"} oo (S°I°)
I~ {0} éoo ka1 Ty (S(0),1(0)) = (So, o).

Avorhoiwta cOVOAa, %XaAAT) TOTOUVETNOY EVOG EVOLAUECOU TEOBANUATOS Xl OO~
AotnTa tne Aorg tou.  Katd to yvwotd, mAéov, unopolue va dei€oupe 6T o chvola

{(5,0)} Vse[0,00), {0} x(0,00) xau (0,00)°

ebvan avodholwta yior to (S°I°) (BA. ‘Aounon 56). Suvende, n (S°,1°) btav S, Iy > 0 Nover eniong
10 e&he:

Me dedopéva So, Lo >0, avalnrodue tidotnua J € R ue 0 € J ka1 ovvdptnon
(S,1): 7> [0,00)?, térora dote n (S,I) va ikavoroiel téoo o {(28a") — (28p")} (S21?)
oo I\ {0} doo kar T (5(0),1(0)) = (So,Ip).

Anhady) undpyet povadxn, opohf, cuvEXfic wC TEOC To apytxd Sedopéva xau PEYLOTX AOoT TOu
(5°1%),
(52,12): (-¢1,62) = [0,00)2, 6mou 0 < €1,€9 < 00,

xadde enione ta mapamdve cUvoha etvor avodholwta xou vl o (S=13).

"Aoxrnon 56. Yuuminpdote tis Aentopéperes tns peAétng Pdong I touv (S°I°).

OAwxoTnTat Tng AVoNG Tou EVILAUECOL TEOBAARATOC. XyeTxd pe to €2, adpollovtag
g (28a) xou (2803) émeton 6T
ds= dI*

—~I* <0,
a a7

dpa amd olYxpELoT EYOoUlE OTL
S=(t) + I7(t) < So + Iy, Vte[0,e2),

ONAad” €2 = oo xou 1) VeTinr] OAxOTNTA EMETAL.
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YYETIX UE TO €1, AVTIOTREPOUUE TRWTA TOV YPOVO Xou €Tl VeWpPOlYE TNV

(071’): (_00751) g [0v°°)2

7 (0(7), (7)) = (87 (-7), I* (-7)),

yioo TV omola oy Vel 6T

j—:=5m
%zw—ﬂm

xau (6(0),0(0)) = (So, Ip). Adpoilovtuc Tic e€lotdoelc Tou TopUTdvew cuoThUaToS, TolpVouuE 6T

d—a+ﬂ— t<y(o+1)
dr dT_fy =7 ’

dpo and cdYxELOT CUUTERAVOUUE OTL
o(T)+u(r) < (So+1p)e’, VT e[0,e1),

ONhad €1 = 00 XoU 1) AEVNTIXY ONXOTNTA ENETOL.

IIedio dievVOVoewY VeTixr OUANOTNTA TV AVCEWY TOL ap) X0l TEolARuaTtoq.
H adph xataoxevf tou nedlou dieudivoewy tou (S*17) diveton 6o LyAuo 440

I rF 3 I
Ny
A 4 4+—
/ — .
A 4 +—
Ny
¢

> Ny 7 N, Ny S
B

(B") Mowotixy anewxdvion Tou wedlov dievdivoewy tou (ST) yia
(o) Towotxh anewxévion tou nediou dieudivoewy Tou (SZI7). ddyopes Twwéc Tou No. Ot undevoxhwels etvan ol (Bieg ue avtée
Me urhe ov S-undevoxhwelc xapumdiec xou we x6xxwo ot I- tou LyAuatog 44d’, woTOCO TEPLOPLOUEVES EVTOC TOU EXAC TOTE
undevoxhwelc. H xoumdin I = 0 elvon pof yiotl elvon xowdh epuxtod cuvdéhou. Xuvunepaivoupe tnv Fetixr ohxOTNToL TOV
UNBEVOXAVAG. TLUTEPAUVOLNE JUESH TNV OAXSGTNTO TV ADoE- AOGEWY TOL TEOBAAUATOS, WO TGO, LUTEEYEL TR TO EVIEYOUE-
®V Tou TEOoBAAUATOC. vo wa (peyiotix) Adon va opileton mhéov oe didoTnuo ToL
elvat xheoté and to aploTEEd.

S

(e

Syua 44: Adpr anewxdviorn tou nediou dleudivoewy Tou (SZIZ) ot tou (ST). Méow tne dradixacioc authc propolpe
YL T CUYXEXPLUEVA TPOPBAAATA VoL BYEAOUUE GUUTERECUATA TOL dPOpOUY TNV OMXOTNTA A UN TV AIGEDY TOUG.

Teonomowwvtog xatdhinia To LyHua 440, uTopOVUE Vo XATUGKEVACOUUE adpd xat To medio dleu-
Yovoewy tou (ST), 6nwe gaiveton oto Lyfua 448" H pdvn diopopd pe to Lyfua 44a elvon 6Tt TAéov
ogeihovye va AdPoupe LuTOYN YaC TO EPXXTO GUVOIO

{(s,1) € [0, NoT |5+ < No},
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evtdc tou omolou Vo «Couvy mAéov ol peyloTixéc Aoelg poc. Apa nabpvoupe v Uopérn povadixic,
opahic, GUVEYWS EE0PTOUEVNS amtd To apytxd dedopéva, YeTind ohxhc, xou peyloTixic Aong tou (ST),

elte R
(505 , ~[0,00)”,
glte [~€1,00), 6mou g1 € [0, 00)

Anhodn, 1 povadix peyiotixh Ao tou (ST) pmopel vo €xel yio nedio oplopol didotnuo Tou efvan
KA€1W0T6 and ta apwotepd (BA. Aoxnon 58).

Yupmepaopoatind, 1 ader) aneixévion tou Tedlov dievdivoewy evog tpofAiuatog elvon oY) xdmoleg
QopEC VoL Yo BHoEL TANEOQopleg XaL Yo TNY OMXOTHTA 1 U TwV AIGEMY Tou.
"Aoxnorn 57. YuumAnpdote tig Aentopépeies tng kataokevrs tov Xynuatos 44.
"Aoxron 58. Yuurnepdvete 6ti 01 Tpoxiés Twv peyiotikdy Aboewy tou (ST) mov didpyovtar (ovoia-
otikd Eexvoly) and Tny vroteivovoa Tou avtioToyou epiktol ouvdlov extds tou (Ny,0), eivar o1 udveg
Tov éxovr yia medio opiool SdoTnua kA€10TO and ta apiotepd, kar oxeddote adpd a Tétowa.

Tevixyy Aoom oe nenheywévn woper. Opilouvpe
f:(0,00) xR >R
(s,8) = f(5,8) = ~Bi + ylns - B

xou ty F: R A [—e1,00) > R wg F = fo(S,I) étav Sp > 0, érnou (S,I) Noor tou (SI), apod av
So >0 t6te S(t) >0y xdde t € (—£1,00) Rt € [-e1,00). Xpnowonoudvtag To (28), dueca Tolpvoupe
10 véo oloTnua

ds of
— =51—(S5,1
dt i (51)
dI of
— =-5I—= (5,1
dt 0s (8,1)
and 6mou TAPVOUNE TNV
ar
dt
ONAUDY| XUTAANYOUUE OTNV
I+5- %IDS =¢, YL xdnolo otodepd c € R. (29)

Mnopotue g0xolo ye v yerétn e (29) vo amotundoouue Ye aZlomoTia To YEAPNUO TeV Xo-
MTUAGY o TaOUNG, 1) TEOYUATIXH Hop®T] TwV oTtolwy diveton oto Mynua 450",

(o) Dpdepnue wiae tétotac f. (B") Tpdpnuo Twv xoUmTLAGY oTéddunc.

Exhua 45: Teopetpla v f xou TV xoumuiody otddunc.

Yuvenwg, elpaote oc YEor Vo xoTaoxeUdcoLUE adpd UeV, 0pUd xon Ywelc Vo ydvouue Thnpogopia
de, To ddrypopua @done tou (ST), n Teaypatin| poper Tou onofou divetan oto Lyfua 46.

‘Aoxnor 59. Adote ts Aentopépeies kataokevris tov Xynpatos 45 ka1 tov Xxrjuatog 46.
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1
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0 No Y S 5
g
(o) Hepintwon énov 0 < No < F. (") Hepinteon énov % < No.

SyAua 46: Awaypdpporta @done tou (SI). Av Rg = 0 téte dheg oL tpoyiéc Eexvoly and v I + .S = Ny. IMoapatnpodue

6Tl 1 ouuTEpLpopd TNe Adone evdeyouéveme vo adh&lel avdhoya pe to av 0 < Np < % A oav % < Np. Yvuyxexpwéva, ov

exgppdoovpe 1o I tne AMone cuvapthcel Tou S, T6TE VK oty epinTwon 6mov 0 < Ny < % n I elvan pdivouvoa yio xdde

dedouévn apyixh cuvdAxn, otny Tepintwon étov % < Np 0 I evdeyouévme va auldvel v vo apyioer Tehxd vo gdiver.

Avdivomn euoctddeioag. ‘Onwe dAwoTe unovonooue xotd TNV EVPECT TV AVAANOIWTWY Cu-
vOAwV, ta onueia wwopporioc Tou (ST) eivon ta

(S*,1*) = (5,0), Vse[0,No].

"Hom pe to Tyrua 46 éyouue exdva tng ev/a-otdieios twy topandve onuelinwy wwopporic. Ag yivouue
OUWS O OVOAUTIXOL.

Av npoonadficouue vo Bydhovue cuunépaoua UECW Yeauwxig avdAuong euatdielog Yo odnynio-
Oue ev pépet o adlé€odo. Ipdypatt, o nivaxac Jacobi tou cuothuatdc pog elvon o

. -1 -fBs
J(s,4) = ( Bi  —-v+ 53)

xou oL WIoTES Tou oTal onuela loopporiog etvan ot A =0 xou Ag = —y + Bs yio s € [0, Ng]. Onéte

x

o av }< Ny, t61€ 70 (85,0) Yo x&de s € (%,Ng] elvor YeTind aotadéc, eved

o dev unopolye va anogaviolye oyetind e to (s,0) yio xdide s € [O,min{%,No}].
Qot600, LTS TO Tploya Tou LyAUaTog 46 UTOPOUPE VO XUTAOXELACOUUE To Lyfua 47, Tou avolyel
Tov dpdpo Y Ty adlonoinon ancvdeiog Tou («e — dy) oplouol tne evotddeloc we e€hc (BA. Aoxnon
61):

e I 70 (0,0), v xddc € € (O7 %] apxel vo emhéZoupe xdmoo 6 € (0,¢].

e Tato (s,0)pese (O,min {%, No}], yioxde € € (0, s] apxel va emhéZoupe x&mowo 0 € (0, dmax |,
OTOU Omax € (0,€) ue

Fmax = dist((s,O),{S+I— %lnS:s—e—%ln(s—s)}).

Mdéhota, éyoupe 6TL N Tapamdve eVoTAVEL BEV elval AGUUTTWTIXY).
Yuvormtixd, éyovue tov e€hc mivaxa Yot TNy gu/o-otddela Twv onuelwy Woppoiac tou (ST):
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S-I—I—llnS:&:—llne

7

/
'S+T-TIimns=s—c—Lin(s—«
g T Lin(s )

)3/ 4 -~
0 E S—¢ s—0 s S

SyAuo 47: Lynuotind anexdvion Twv ETTEERTOV § 6 oxéom Ue To € yia TNV evctddela Twv onuelwy wopponiag (s,0)

ue s € [0, min %,N@ ], UECW TOU 0pLoPOL NS EvoTAVELNC.

o.L [y 5 ]
UV (s,0), Vse [O,mm{ﬂ,No}] (s,0), Vs e (B’NO
0<No< 3 Yetind evoTadé, Oyl AoLUTTWTIXS -
% < Ny Petind evotadéc, dyL ACUUTTWTING PeTnd aotontég

"Aoxrnon 60. EnaAniedore tny Jetikrj aotdfea twv (s,0) ya kdde s € (%,Ng] drav § < No, pe
tnr xpron tov Jewprijpatos Cetaev kai Tng
V:R? - [0,00)
,L'2
(s,1) —» V(s,i) = 7
‘Aoxnon 61. Yuumnpdote tig Aentopépeies oxetikd pe tny evotddeaa tov (s,0) ya kdde s €
[O,min {%, NO}], arevleiag pe tny emadnnlevon tov opiool avtrs.

Emdnuioloyixd cupnepdopata. Me Bdorn to Sudypauuo @pdone tou Yyfuatog 46, n emdnulo
Yo Eeondoel av ka1 pévov av

%<SO<N0, (30)

1 .00V

% <So+ Nol,
xo 0 0udds (threshold), 1) katdeAi, yio v Ogeoh tTne ebvan N T % Yot T0 TARY0C TWV EVGAMTOVY
S. To ouurmépaopa autd ovoudletar xou Jeddpnua ovdol tng Embnuiodoyiag (threshold theorem of
Epidemiology). "Apa pio emudnuio propel va eheyydel pe tpeic tpdmous we e&hc:

1. Me v pelwon tou Sy, dnhadh pe 0 yelwon Tou dpyxold TARYOUC TwV €V BUVAUEL LOAL-
OUEVWY/LONUGUOTINDY.

2. Me v ad&nom tou 7, Snhadn pe ad&nomn e aviyVEuomg TwV LONUGUEVELY/LORUGHOTIXOY, LECK
LTV EAEY YWY 0ANS X UECK TNG EVAREPWOTC TOU XOWOU, T ETioNg UE €YXoueY) AmOUOVwL-
on xou TN owo T nepldohdn Touc.
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3. Me v pelwon tou B, xa ouyxexpiuévo tou m otn oyéon (27), dnhodn ue v pelwon tou
©€oou aplduol TV XOVTIVGY XOWOVIXMY ETAPOY Xdde oaTtdpou.

Téhoc, n emdnuia Yo oPrioer Aoyw eEdhewdne TV LOAIGUEVODY/HOAICUATIXGY Xou GYL AOY® TOu OTL
dev Yo UTdpy oLV GAROL EUGAKTOL TTOL VoL UNV PETUTABNOAY 0T1) XAJOT| TwV TEAeLTHlWY, Xadde xoTd To
xplowo onuelo e (Snhadn otav AdBel to I Ty péyioth tne Th) mdvta Yo undpyouv EVATOUEVAVTES
ELGALTOL.

To adidotato mEoRANUe. Ttnyv npdln yenowonotelton eupéng 1 adidototn wopgn tou (SIR)
xou Tou (ST), mou odnyel oty peiwon tou apipol Twv napauétewy ot pla. Mg xou 1 ev duvdpuet
péyotn T v S, I xou R etvar amd xowvol 1 Ny, ot adldototes e€aptnuévec uetafBintéc emhéyoval
va efvan ot

S I R
S Sa:zi,_[ IOLZIi?R Raizi
xou To (28) madpver TV popen

1

- dSq = _%Sa[a

v di g

1dla 5N05a1a

v dt g

1

1dR, _ L.

v dt

70 onolo yag wiel va emAé€oupe we adidotortn aveldptnTy UeTaBANTH TNy

tisty =t
xou €tot to (28) vo yivel Tehxd
ds,
—= = -RoSala 310
dt, " (31e0)
dr
—% =Ty + RoSala 31p
. +Ro (318"
dRa
=1, 31y’
. (31Y)
6mou N
R o BN
Y

elvon 1 povadi (adidototn) otadepd Tou adidotatou povtéhou 1) onola ovoudletar faoikds aprduds
(avadoyia, pviuds) avarapaywyris (basic reproductive number (ratio, rate) ka1 tpopépetar «r noughty
1) «r zeroy). Mdhota, pe Bdon v (27),

o Ry elvan 0 péoog apidude TV BEUTEPOYEVHY XPOUGUATMY TOU TEOXAAOUVTAL antd Evay U6Vo
poluouévo/uohuopatixd, dtav auvtde Beedel oe éva mnduoud pe uévo vdhwtous Yipw Tou.

‘Etot, v mopdderyya, 1 odtactatonomuévn exdoy)| tou (ST) da éxel we elhc:

Me dedouéva Sy, Iy, Ry > 0, Oéroupe Ny = Sy + Iy + Ro ka1 avalntodue didotnua
JcR pe0€J ka1 ovvdptnon (Sa, Io): T — {(s,z) e[0,1)° |s+i< 1}, Tétola
(STa)

dote n (Sa, Ia) va ikavonoel téoo to {(31a) — (31B")} oo I\ {0} doo kar Ty

(Sa, Ia) = (%’ ]{,—%) yia to = 0.

Topa, 1 kv kar avaykaia cuvdfixn yio vo Eeondoel emdnpio, (30), yiveton

\1 < RoSao < Ro \

6mouv Sy = ]‘3—%, 1N 1ood0vaua

1
Sa0 1,540 #0 xou Ry > —|.
Sao

"Apa,
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o avaykaia ovvOnkn ya va Eeondoer emodnuia eivon 1| Ry > 1, eved
o 1xavn owOnkn yia va uny Eeondoer emdnuia eivon 1| Ro <1 |.

Yuveyllovtoc Ty avadlaTdnmoTn TV CUUTERACHUATOY LIS TNG TEoNYOVUEVNE Topaypdpou, Yo €youue
6Tl 600 ueyohltepn tou 1 evon 1 T tou Ry, 600 duoxrordtepo elvon va eheyydel 1 emdnuio,
xat mou €yel dvtwe mopatnendel. o mopdderypa, To SARS nou npoxaheitar and tov SARS-CoV
(SARS-CoV-1) éyer 2 § Rg § 4 xu to COVID-19 nou npoxaheitan ond tov SARS-CoV-2 éye: to
apyéyovo otéheyoc 2.4 § Ro $ 3.4, 10 otéheyoc Alga 4 5 Rp $ 5, 10 otéheyoc Aéhta Ry » 5.1 xou
10 otéheyog Ouxpov Ry ~ 9.5, xahotdvtoe ToUg x0pwVoilols auTolE O POAUCUOTIXOUE and TOUS
w0c e yelnne (tou petadidovian enione péow otayowdimwy otov aépa) xadode Y tov Boaoixd aptdud
avampaywYfg NG Yelnng €yl unoloyiotel 6Tl 1.2 § Rp § 1.4. And tnyv dAAr, 1 avepolroyid, dniady| 1
TpwTtoTod e holuwin and 1o 16 tou épmnta Lwothpa, HHV-3 4 VZV, xou 1 thapd, mou npoxoaheiton and
Tov mapauEotd e thapdc tou yévoug morbillivirus, MeV, avixouv otic mo yetadotxéc acdéveleg
ue 10 § Ro £ 12 xou 12 § Rp 5 18, avtiotoyo.

Avagopixd yévo onperdvoupe 6tL plo AN mocdHnTor TOL Yenotwomoleiton cuyvd elvor o dpa-
OTIKGS/€vepyds/anoteleouatikds «aprdudsy avarapaywyns (effective reproductive number) o onoloc
op{letan we 1 cuvdpTtnon

Re: R # [—ye1,00) = (0, 00)
to = Re(ta) = RoSa(ta),

xon Aopfdvel untddn ToU TO TOGOCTO TWY EVAAWTWY, BNAABY

0 Re(ta) elvan 0 péoog aprdude Twv SEVTEPOYEVHY XPOUCUATWY TOU TEoXahoUVToL and évay uévo
HONUGPEVO /LONUOHATIXG TNV YpoVixh oTYUr| Ta.

Edv, péow napepPdocwv («pétpa xotd emdnuiacy), o R, propéoet va yivelr pixpdtepoc and to 1, té1e
7 emdnula Yo Baivel mpog Gpeon.

Extipnoesic Kermack-McKendrick. Kioaowég eivoar mhéov ol moapoxdte 800 exTyhoelc mou
onuootedtnxay and toug Kermack-McKendrick.

1. H npdtn agopd ty uetaBols Tou S. Luyxexpwéva, av to apyixd mhfdoc twv sudhwtwny Sy

elval UEYOAUTERO amd ToV 0LBG L UEV, dEXETA XOVTA TOU OE, TOTE UTOPOVUE VO EXTLUNOCOVUE TO
A ) g , O¢,

mAjdoc Twv eudhwtwy Tou TeAxd Yo vooricouy, und tny npobnddeon 6Tt to apyixd Ao Twv
pohvouévev Iy elvow mohd wxpd oe oyéon ue 1o Sy. Mdhiota, 1 petafforr) Tou S elvon xatd
TEOGEYYION CUMUETEWX YUpw amd Ttov oudd. H extiunon auth «natdely otnv mapathpnon and
0 Lyfua 46 ot

av To < So %o Sy — % « % T6e S = Seo << S 670U oo = lim S(1). (%)

‘Etot éyouue 6T dedopévne tne (*),
av Sp = % +rue 0<r < % xou entlone Iy << Sp, t61E Sp — Seo ~ 2.

Ipdryportt, and v (29) Yo éxouue
0=Ip+So-Seo+—-In—wnSp-Seo + =In|{1 - ——1]),
o+ o0 +ﬂ n SO 0 +ﬁ n SO

wag xon Iy < Sp. Abdyw e (*) unopolue va extipfioovue pe Bdon to avdntuyua xotd Taylor

XOUL VO TIOQOUUE
S - Soo S - Soo 2
50_500_1(07)_1(07) ~0,
B\ So 26\ 5o
%o AOvovtog we Tpog Sy — S oulumepaivoupe OTL

So — Se m2so(550—1) :2% (1+ fu)

B

—v =~ 2.
Y

Optopévol ocuyypagelc avagépouy autéd o amotéheoyo we Uedpnua ovdod tng Eménuodoyiag
(threshold theorem of Epidemiology).
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2. H debtepn agopd to R xou %. IMpra, duo Aoyl ELCAYWYIXE YLl TNV YENOWOTNTO AUTOY TWY
nocotAtwy. Koatd tn didpxeta plog emdrnulac elvan oyedov ndvto adivoro vo xadopiotel o aptiude
TV VEWY JOAUCPEVWY avd Muépa 1 avd eBdoudda, xardde ol uévol and auTolS Tou UTopoLy
VO XATOYRAPOUY o VoL aponpedoly amd Tn Sobixactio etvar autol mou Bu emoxepTody TEAXA
Tig Bouég uyelag. Lyedov ndvta otayv yivetan Adyoc yio oTaTloTxd oTolyeld TOU GUGTARATOC
dnudotag uyelag oyeTnd Ue T «Véo xpoloyatay evOS vooruatog (Snhadt pio uétenomn mou agpopd
70 I), evvoeltal 6T mpdxeitan Yo VEO XATAYEYPAUUEVOL XEOVGHATO TOU YOGHToG auTtol (Snhad
o pétpnom nov agopd to R) to omolol v TROXEWWEVL aponpolvTal and Ty dwadxacio/ahucida
petddoong. OmoTE Yiot VoL EQUOUOCOUUE TO UOVTEAD OE MEAYUANTIXEC XATACTACEL ETUONULAC, v
ouYXpvoupE BNAAdY) €V TEMOTOLC TA TEAYHUATIXA GTOLYElD TOAUOTEPWY ETUDNULAOY HE TN ADOT) Tou
(28) xou 0T CUVEYELA, OV TIELOTOUPE, VO TO YPNOULOTOLOUKE %ol YLo. TpoPBAEPeELC xotd T Sidpxeta
TPEYOLOOV ETUONULAY, YPEWOUATTE €V YEVEL Vo YV0E(LouUe ToV optdud TwV Sy POUPEVGDY ol
ToV optd6 TWV SLaYPUUUEVKY 0VE LOVADA YEOVOLU WS CUVAETNOT Tou Yp6vou, dniad to R xo

0 9 avtiotoya. Tné auté o mplopa, omé v (29) xou tnv (26) maipvouye 6Tt

R+ %IHS = ¢, v xdnowo c € R, dnhady) S = Soe_%R

xou €tol n (28Y7) yiveto

dR _8R
E—’Y(NO—R—SQ(?'V ) (32)
I to amotéheoya, tpa, amoutelton 1 unddeon 6Tt 1 emdnuia dev elvan YeydAn, xou cuYXeXELUEVA
ot
sup  {R(t)} (: lim R(t)) « 2 (*%)
teR t—oo B

te[-e1,00)

‘Etol éyoupe 6Tt dedopévne tne (**), to1e

2 S dR 2102
R()~ 5o (75 -1+ atanh (p(1) ) % G ;“Sf,ysechw(t», e
2 :
gD(t) = la’yt—qﬁ, o= ((SOB_]_) +2SO(]VO;SO)52) %Ol
2 ol ~
e (L (505
¢ = tanh (a( " 1))

Mpdrypatt, AMoyw e (*%), ue xphon tou avantiypatog xatd Taylor 7 (32) yivetou

dR Soﬂ ) 501}2 2
— Ry No-Sg+|—-1]R- R
dt ( 0 0 ( Y 2’)’2 ,

e omolac 1 Aor yvweiloupe 6Tt elvo 1

2
SZB2 (? 1 +atanh(<p(t))),

xan étol madpvoupe to {ntobuevo. ‘Onwe galveton oto Lyfuo 48, t0 ypdenua TS mopandve
TROGEYYIONG TN % anetxovilel pla CUUUETEIXY «XoUTdvay YOpw omd Tov Ypovo t = % O EYEL
napatnenVel o and t6te 6Tl anoteAel ula XA TPOGEYYIOY TNG €MONUIOAOVIKTS KAUTUATS,
ONAadY) TOU YRAPAUATOS TOU dEtdo) TV BLOYPUUUEVKY oV LOVADA YEOVOL WS TPOS TO YEOVO,
OLAPOPWY NOWUWBWY LOAUCUUTIXWY VOOUATODY. MUYXEXPWEVA, oL D00 €QELVNTES TPOCEYYIOUY
IXOVOTIOLNTIXG Tty portind SeBopéva yior Tov apldud twv Yovdtwy avd efdoudda yia doeg eBdo-
uédec xpdnoe pio emdnuio BouPwvinic tavadine oty BouBdn (théov Mouyundn) tne Ivdiog and
70 delTePo Wb Tou 1905 éwe To TpdTo wod tou 1906, pe T cuvdptnon 890sech”(0.2¢ — 3.4),
6mou To ¢ petpdton ot eBdouddec. And totE o Votepa, epgaviletan taxtind ot BBAoypopia
TANUOEA EPUPUOYOY AUTHE TNG TROGEYYLONG VLol TPy UATIXE Bedouéva.

R(t) ~

ApwOpnTixy enilvon. llpoywpedue oty apuuntixy enilucn tou mpofifuatog, 6mwe @atveTton
oo MUyfua 49 xou oto Lyhua 50, mpog enaAfleuon TV CUUTERUOUATLY HAS.

Eniong, pe to Myrfua 51 emaindeboupe v meodtn extiunoyn twv Kermack-McKendrick xou pe to
Yyhuo 52 tnv dedtepn.
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dR A 1

dt !
1
1
1
1
1
1
1
. -

0 2 t
ary
2.3
Exhua 48: Aedopévng tng (**), To vedgnua e extiunong % ~ 2‘1501-?2 sechz(%owt - ¢), amotelel plo xohy tpocéyyion

NS TOEATNEOVUEVNC ETUONUONOYIXAC XOUUTOANC.

Madnpuatiké YréBalpo:

YopuBora tédEng pevédoug. To xegaraio duixpov (O) (big oh) (Méyetou enione xou cOPoro
Bachmann) xou 1o puxpé duixpov (o) (little oh) (Méyeton enione xaw obuBoro Landau), xodae xon
N UeYdAn avicdtnia < (Aéyeton emione xan olpforo Vinogradov), eivon podnuotind olpfola tne
QCUUTTOTIXNAC AVEAUCTG.

‘Eotw, Aowmdv, f xou g cuVIpTACELS OpLOUEVES ETOL (OTE Ol TOPUXATL CYETELS VO EYOUV VoMU,
¥ ¢ Dom(f) nDom(g), xaddc emione g € R.

1. Tpdpoupe
f(2) = 0(g(2)), Ve,

avv 3My > 0 tétolo dote
|f(z)| < Mo |g(x)], Vo eX.

Evbeyopévng va yedpouue
f(x) =0(g(2)), xadid>c @ > 2o,

otavY
|f(2)] < Mo lg(x)|, vy xdde = oe wa neptoy tou o,

Onhadn Jewpolye o X va elvon puor Teptoy | Tou To. ‘ANKeC opéc yedpoupe oxéta

f=0(9),

6tovy evvoeital To cUVoho 610 omolo Vewpolue TV avtioTolyn AVodTNTA.

2. Tpdepouye
f(x) =o(g(x)), xaddc x - wo,
avyv
@)
e~z |g()]

IMeogavag, woybouv Ta

f(x)=0(g(z)), xaddc x -z = f(x) = O(g(x)), xaddc z - x9

O
f(x)=0(g(x)), xadic x — x9 # f(x) = o(g(x)), xaddc x - xg.
3. I'pdpouye
f(z) ~g(x), xadoc x — xp,
avv
lim M - 1‘ =0.
v~z | g()
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2000 1500
1750 1250!
1500
— S
3 > 3 1000”
§~ 50 — S §~ — I
S S o
2 1000 — 1 b 750 R
£ 750 —RrR £
= = 500
500
250/‘ 250
0 0
0 0.5 1 15 2 0 0.5 1 15 2
t t
(') No =2-10® droua xan S = 1.9-10% droua. (8") No =2-10® droua xar So = 9-10? dropa.
1000 500" — Np=I0P, S,=9-10°, I=1(*
-5 — Nyp=2-10°, 8$,=9-10°, 1)=1(?
— 1 I
400  Np=210P, Sy=1.9-10°, Ip=10°
- 750+ _ R =
3 3
3 - 300
S 3
S 500 <
S
< . $200
~C ’-<
= =
=
250 100
0 ) | — |
0 0.5 1 15 2 0 0.5 1 15 2
t
t

(¥) No =10% &roua xou Sp =9 -10% droua.

(8") ZuyxevripwTtixd Budypoupo TV yeopnudtwy tou I Twv
TEONYOVUEVWYV TEPLTTOOEMV.

SyAua 49: Tpagpruota twv S, I xou R vy un apviuxolc xedvoug, yio (Bo Aowmdn petadotind vooruata, S = 1
(102 o’t'rouoc)_l . [)(pévo;T1 xau v = 9.5 [xpdvoc] ™, ahhd v BopogeTinée apyixéc cuvifixec extéc Tou oTadepol

Iy = 10? droua. Tlapouéver (Bioc dnhadh o oudde % xou petatornilovtar ol apyxée cuvdixee exatépwidev autod oTo
dudypappa pdone tou (SI) (Eyhue 46), mapopévovtac wotdéco oto Blo oc Ip, étol dote va xatadelfouue 4Tt oL

aANAYEC OTYN cuTERLPORS TNe Along dev ogellovian oty WA Io. Tuc mepimtdoec (o) xou () woydel % < No xou

otnv (Y) wxder 0 < % < No. Mévo oty (o) wavoroelton 1 (30) xou étol wévo oe avth Yo Eeondoel emdnuio. Tto

dudypappa (3) xatorypdpovion GUYXEVTEWTXS T0 I TV TEONYOVUEVOY TEPLTTOCEMY. LNUELOVOUME OTL Ta YPUPALOTA
yioe tor S xon I Vo elvon o (Biar yia tic mepintddoeic (B7) xou (Y), dnov, extdc and o Ip, %o 1o Sp efvan xowd xou Yo Tic
d%o.

Ou undhointol opilopol EUTAEXOUV Ulal TEOETUAEYUEVY TOCOTNTA TOU EMAEYETOL XdVE Popd adpd
(rowotind). Eotw, howndy, f, g, ¥ xou zp 6T TEW.

4. Tedpoupe
f(@) < g(@), Vae,

avv AM; > 0 «xovtdy oto 0, tétolo hote
[f (@) < Mylg(@)], Vo eX.
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500" — y/8=200 aroua 500! — ¥8=200 éroux
— ¥I8=500 éroua — ¥l =500 éroua
3 400 — YIB=950 aroua 3 400" — yIB=950 droue
S B ;
g — v =1900 aroux g — yIB=1900 éroua
g 300+ 5 300+
> ~
S ~<
S S
% 200+ v 200
8 S
e S
5 =
= 100 =
100+
0 ‘ ‘ ‘ 0r
0 0.5 1 1.5 2 0 0.5 1 15 2
t
t

3

(o) Stadepd B =1 (102 ocrouot)_l - [xp6voc]™t xou petoBon-
AOpEVO 7.

1

(B) Lradepd v =9.5 [xedvoc] ™ xou yetoBorhéuevo .

Tyhua 50: Teophuata tou I yia un apvntixoic xedvouc, yio Biec apyuxée ouvdixec, No = 102 droua, Sp = 9- 102
dropa xou Tg = 102 dropa, ohhé yia Slapopetind howwddn pohucuatixd vooruata. MetoBdMetar dnhodh xdde popd o
0udde % Sty nepintwon (o) petafBddieton xpatdvtoag 10 B otadepd xou petadAlovTac To v, evéd otny neplttwon ()
xpatdvac oTtadepd To v xou petaBdAhovtog to B, Yo va xatadelfoupe €Tol TNV EMEEOY) TNC EXFCTOTE TAPAUUETEOL GTO
npogil e Aong. Qotdoo, to av Yo Eeondoel emdnula (x6xxvo xou P yedpnua) A oxt (Wthe xou Tedowo Yedpnua)

efaptdton cUVOAMXE %o amoxAElGTIXE amtd ToV AbYO % o710 TaPdBeLYd pHagC.
100+

X :
3 :
g 80"
b .
S :
S 60 :
S s
S : Soll
= :
= :

20 E

1520) |
8?000 90000 95000 100000
I1An0og evdAwTwy

SyAua 51: H tpoytd tne Mone yia detixolc xpdvoue oto eninedo @done tou (SI), vy % =9.5-10% dropa xan v

apyuxée ouvihxec No = 2-10° droua, So = 9.8 -10% dropa xon Iy = 50 dropa. ‘Exouue t6Te 6Tt Soo ~ 90800 droua. O

unopolooue va movpe étL Sp — % =3.10% dropa ~ 4 - 103 dropa ~ % — Soeo, v MNPBoupe unddn TV xhipoxa peyédoug

Twv So xou % o€ oYEOoN KE AUTH TWV TAPATAVL dLopopdV.

Ipogavae, woybouy Ta
f(x) < g(x), Ve eX = f(x) =0(g(z)), VzeX

nau

flz)=0(g(x)), Yz e X # f(z) < g(x), Yz eX.

Evdeyopévwe va yedpouue
f(@) < g(x), xadic @ > o,
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1000 T LA
a4 . EKT. L
- i 1 Ap. et
Y ey N Av. exr
g o
S 600 | 8 ‘@100 [ i
< [ S I
s / QU = | \
S / S I
S { S X | !
o | X b i
q; [ 5 / [
= / 8 50/ )
= 200 | =
l” : “\
0"’ ‘ ‘ ‘ ‘ 0 e
0 10 20 30 40 0 10 20 30 40
t
t

dR 2
S (mpdowo

(o) To ypdonua tne aprduntixic extiunong tou R (npdor- | , ’ )
Vo ouvexEc), o oOYXELON UE AUTO NG AVORLTIXAC extiun- (B) To yedpnuo tne aprduntixnic extipnong tou
ouveYEC), 0 GUYXELOTN UE LTS TNG AVOALTIXAG ExTiUNONS d—{f ~

2
Y So8
onc R(t) ~ —— -1+ atanh t alpo dlaxexou- 2.3
T] ® So 32 (e( ))) (ade o 2(;0’22 sech? (3 avt — ¢) (padpo Blaexouuévo).
uévo).
% =9.5-10% droua xon yia apyixéc cuviixec

Sydua 52: Aprduntind xon avehutiny extiynon tou R xou tou %—}f Yo

No = 10% dropa, So = 9995 droua o Iy = 5 dropo.

HE TNV ELXOAWC EVVOOUUEVT epunvela, 1, dAAEC popés, oxéta

f<g.

5. T'edpouue
flx) =g(x), Veex,

avv 3 My, M3 >0 «xovtdy oto 1, tétola OoTe

[f ()] < Ma|g(2)| %o |g(x)| < M3 |f(x)], VaeX.
e auth TV neplntwon Aépe 6TL evidg Tou S ol f xau g elvan Tng dag Tdéng peyédoug, Y ahlunde,

ebvan ovyrpioueg. Ipogavede, woybouy ta

f(x) = g(x), Ve el = f(x) = O(g(x)) xu g(x) = O(f(z)), Vo eX

xou
f(@)=0(g(z)) xou g(x) = O(f(x)), Ve e X # f(z) = g(z), Yz eX.

'Onwe xon mptv, eVOEYOUEVWE VoL YEAPOLUE

fx) < g(x), xadog x — xo,

1, dhAec popéc, oxéta
=g

H adeoraronoinon, 1 alhids kavovikonoinon, (scaling) e-

Alyoprduol adiacTatonoinong.
tvou ot Baowxn) Tey VXY TOL ETLTEEREL TNV eXTiUNOT ToL oyYeTIX00 YeYEFoug Twv Gpwv Tou eugavilovton

oTl¢ eEIOWOELS EVOC UOVTENOU, 6TaY oLYXELIOUV UE XATOIESC KECWTEPIUECY TOCOTNTES OVOPOPAS TOU
TPOXVTTOUV XATd PuOLohoYxd Tpdmo and 1o avtiotoyo (ITAT). Ieprypapixd, cuvioToton oty €M
hovt) Véwy, ouvilwe adldoTatwy, UETABANTOV xou TNV avadlaTiTwsoT Tou TEOBAAUATOS PHECW oUTMY

TWV UETOBANTOV.
H évvoua tng adao tatonoinong etvan blodtepo oNUavTixy Yid TOV YOpoXTNEIOUO THRUUETEWY KOG UE-
YEAWV 1/ %o Wxpdyv, 6tay epapudlovio pédodol Swotapoy®y Yo Ty eniluon evic npofifuatoc. Av,
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Y., MEAETAUE TNV xlvnom evog mayetdva, o ypovog elvan 1 aveldptnty petaBAnty tou npoBArjuatoq.
Elvor mpogavég 6t Bev elvon BUVATOV VAl TURATNEHOOUUE ONUAVTIXES UANAYES OE YpOVIXS OLAG TN
£vHC DEUTEPONETTOU, dNhadY| 4Tl To SeLTEPOAETTO WG YpoVixT| Lovada elvon axatdhhnhn (Tohd «yphyo-
enp). Avtiotowya, av yehetdue wa upnvixh avtidpoon, 1o BeuTepdAEnTO WC YPOVIXY LovEda efvan
eniong axatdAANAY (Tohd «apyhy), xodde xdde onuavtinh petoPolry| éxel ohoxhnpwiel oe éva OO
pxed xhdouo Tou TpdTou deutepoléntou. Kdde ypovoe€aptiuevo mpdBinua €xel GUVETHOS Yo €)-
yevn) kAiuaxa xpdvou (xapaktnpioTiké Xpovo avapopds). LUYKEXPWEVD, O YUEUXTNRIo TXOS YPOVOC
OTNY TEPIMTWOY TOU TAYETOVA TEEMEL VoL efvall TNG TAENG ETAV, VK oTNY TeplnTwon TS TueNVLXAg
avtidpaone TS TIENG EXATOPUUPLOGTOV Tou deuTepoAéNnTOL. Y TdeyouV TEOBANUATA TOU €YOUY TOA-
hamhéc xhipoaxes ypovou. Do mopdderypa, wior ynuixr| avtidpoor uropel vo apyilet xou vo e€eMooetan
Yol dpXETO YPOVO dpYd Xo UETE VoL ONOXANEMVETAL | €val Ty UTATO TEAXS GTADLO, OTOTE O YoEAXTN-
PLIOTOC YPOVOC avapopdc Tou elval XATIAANAOC Yial TO TEWTO ddoTnua, efvan axotdhAniog yio T0
oevtepo. H mapoatiipnon auth eivon sine qua non xatd ty avalitnon TeoceYYIo TIXOY ACEWY YUPW
oTIC BLdpopeg eyyevelc Ypovixés xhlaxes evoc TéTolou Tpofiiuatos.

Extéc tne Yewpntixfic onuacioc tne adlaoctatonolnong v v yerétn tou (ITAT), éyel enione
o&la xou oe TpoxTxd eninedo, xadde

1. odnyel oty pelwon tou aprduod Ty TUPUUETEWY XAl ETLTEETEL TOV HUECO UTOAOYLOUS TOUC antd
otatioTiée Yeréteg xadwg enfone v avalhmnon Twv TWWeV Toug otny PiAoypagpio yia Ty
aptduntied enihuon tou (ITAT), xou

2. ETUTPETEL TNV JUECT) GUYXPLOT TWY ATOTENESUETOY Dldpopnv aptduntndy emhboewy tou (ITAT).

Av glvor YVWOTOC 0 YopoXTNELOTIXOS YpOVOC avapopdc t., TOTE umopolUe vo oplooupe i véao
oBLdoToTn YoV HETUBANTY o ¢ e&XC

vt TV orola Loy Vel
ta X 1<t xt,, v xde t evi6c xdmolou cuvdhou.

Av Bev glvan YvwoToc o t,, TOTE 0 TPoodloplonds Tou elvar éva ouolaoTixd TEdBANua. Levixd, dev
undpxour owoTés 1) Aalepéves xapaktnpioTikés moodtntes avapopds (opxel TEOPavMS Vo EY0UV TIC
{Biec povadeg uétpnong Ue T moabtNTeEG ou yopaxtnellouv), téoo yia Ty aveldptnTn UETOBANTY
(dnhadh tov xpdvo t), 660 xar yia Tic eEapTnuévee YeToPAntéc (Snhady| Tic cuviotdoes Tov y), napd
uovo xpnoues ka1 dypnotes. O yevixdeg xavovag ebvar 6TL ol tocdTNTES AUTES, TEocdlopllovton amd
oLYBLACUOUE BLAPOPKY BLICTATIXWY OTAdEP®Y TOL TEOBAAUATOC Xou OTL TEETEL, YoVdELXd, Vo elvon TNg
Blag t8Ene peyédoug pe v mocotTa mou yopaxtnellouv. Iopadétouue dvo alyodpLipous mou yog
Bonddve oty mopandve dtaduacio edpeaNE TETOLWY TOCOTATWY.

AATOPIOMOI A ATASTATOIIOIHSHY ‘

‘Eotw (IIAT), 1o onolo Béhouye va exppdooupe pe odidotates petofAntés (eCaptnuéves xon
aveldotntn). H ddasio adiaoctatoroinone tov Yo axoloudcouue eaptdton and tov Adyo yua
Tov onolo ™V epapudlouye.

Y1y nepintwon tou vrdpxer onueio woppomniag Tov mpoPAriparogs evtés tov (0,00)"
ka1 Oédovue va pereTnioovEe TNY CVUTEPLPopd TwY AVoewy kKovTd o€ avTd,
T6Te axoroutdolye ta €V BruoTa:

1. Avoyvdpion tou onpelou wopporiog, y* € (0,00)", mou pog evdiogpépet.

2. Emdoyd tov yi, . . ., Y 0 YoUpoXTNELOTIXEC TOGHTNTES avapopdc Yo Tic e€aptnuéves petoBAntéc
Y1, .-, Yn AvVTlOTOLYAL.

3. Adwotatonoinon twv e€apTnuévey LETABANTOY 6T0 LoVTERO.

4. Emloy? tou evoamouelvovtog Blaotatinod }povixol 6pou 6TO UOVTEAD UAC WS YopuXTNELOTIX
TOGOTNTOL AVOPORYS Yial TNV AveEdeTNTn HETOBANTA.

5. ABwotatonoinom tne aveEdptntng weTaBAnTic 6To Hovtého.

Yy nepintwon mov vrdpxet to supremum kde eEaptnuévng petaBAntng evTog
tov (0,00) ka1 Félovue va ovykpivovue tig e€aprnuéves pnetaPAntés pueta&d
Tovg, ToTe axoloutolye to e€ng Prinota:
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. Avayvoplon twv supRan(yy), . .., supRan(y,) € (0, 00).

. Emhoyq twv supRan(y1),...,supRan(y,) wc yapoaxtnplotinés toodtnes avapopds yio Tig
eEapTNUEVES UETABANTES Y1, .. ., Yn OVTICTOLY A

. Adototonoinom twy eEupTNUEVLY HETUBANTOY 0TO UOVTENO.

. Emhoyt tou evanoueivavtog BlaoTotinod povixolh 6pou GTO HOVTENO UOC WS YApAXTNELOTIXY
TOCOTNTA AVaPORAS Yial TNV aveEdoTtnTy YeTaBANTY.

. Adwotatonoinon e ave&dptnne YetoBAnThAcC oTo YovTélo.
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‘ Ileplypappo AldAeEng ‘

1. Yzrowyeia Malnuaztiknig BioAoyiag:

Avvapixnd emdnuiohoyixd yovtéha (ouvéyeia): Baowéd poviého STR pe dnpoypopixois
opoug

2. Ma¥Onuatiké YréBadpo:

(o) Oewpior Poincaré-Bendixson

(B") Amoxhewopdc meplodmdyv Nioewv Ue yprion Tou apvntxol xpttneiov Bendixson-
Dulac

Yroryeta Mainuarikiis BroAoyiag:

Boaowxd poviého SIR pe dnpoypapixols opoug. H avdiuorn tou Bacwwod yovtérou STR
€delle ot wla emdnuio evée Aowiddoug petadotixod vooruatog Poivel Tpog Ugeon xou TeEMxd offveL,
MOy e pelwong tou MAloug TV ELEAWTWY XdTw and €vav oudd. 2oTdoOo, UTEEYOUV AOLUWDT
HETABOTIXG VOOHUAUTO TTOU TORAUEVOLY 6ToV TANYUGUS Yweic vo e€ahelpovTon, Tou elvon Snhady| evon-
uikd (endemic), i ah\ude, mou Topouctdlouy evdnuukdtnte (endemicity). ‘Apa cuunepaivouye OTL o€
QTES TIC TEPLTTAOOELS Vo TEETEL VoL TPOTIOTOLAGOUUE TO Booind LOVTERD ETOL MOTE VoL EMUTRETNOVUE TNV
AVAVEWOT] TNE XAGONE TwV eVdAWTLY. ‘Evoag teénoc yia xdtl tétolo ota Thalolo evdg LoVTEAOU TwV
TELOV HAECEWY EVGAWTWY - LONUGUEVLY /LONUGHOTIXOY - DY pouUévey elval Vo GUUTERLAGBOUUE Xa
TNV ELCAYWYT] EUGAWTWY VEOYVWY OTNY 0AUGIDN. LUVETMS, YO TNV XATACXEUT] PLOC TUpahAaY i Tou
oLCTHUOTOS (28) €10l WOTE Va TEPLEYEL EMUTPOGVETOUE dNUOYEAPIXOUEC 6pOUG, XAVOUUE TIC oOxOAOUDES
TPOTOTOLACELS:

1. AopBdvouye umodn pag yevvroelg xou Yovdtoug, mtou cuufaivouv duwe pe avtidetoug pudpoic
é¢toL wote N = Ng.

2. 'Ola ta veoyvd elvar eudAmTaL.
3. O pudude Twv Yavdtwy tne xdie xAdong eivan {dloc.

Odnyolpaote étol 0Tl eEICNOOELS:

% =uN - puS-pSI (33a)
dl ,
E=—(V+M)I+ﬂ51 (33p)
dR ,
o kR (33Y)

6mou i > 0 ebvan o (uéooc) puiude Yavdtwv ohhd xau yevwioewy, ut 1 (uéon) Sidpxeia Lwhe, v + p
0 (uéooc) pudude avdppwonc/diaypagfc % Vavdtou Twv Lohucuévey/mohucuotdy xan (v + ) "
N (uéom) Budpxelo Tou voohuoTog, 1 OANDS 1 (Héom) Uohuopotixd, didpxeta, Wéypl TV avdppw-
on/Barypapt| 1 to Ydvato. Ot poég anexovilovton oto Eynua 53.
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Sxdue 53: Awdrypappa podv Tou povtéhou (33).

To avtictoiyo IIAT. ’Eva IIAT oto onolo yenorponoieiton évo tétolo povtého elvar to et

Me dedouéva S, Iy, Ry > 0, Oéroupue Ny = Sy + Iy + Ry ka1 avalnrodue didotnua
JcR pe 0€J ka1 ovvdptnon (S,I,R):J - {(s,i,r) € [0,N0]3‘s+i+r= NO},

(STRu)
téroa dote n (S,I, R) va wavonoiel téoo o (33) oo I\ {0} doo kar Ty
(5(0),1(0), R(0)) = (So, Lo, Ro)-
Iood0vopa, unopolue vo Jewpricouvue to e€ng:
Me dedouéva So, Ip, Ry > 0, Oéroupe Ny = Sy + Iy + Ro ka1 avalntodue didotnua
; _ , 2 . ,
JER pe 0€J ka1 ovvdptnon (S,1): I — {(s,z) € [0, No]"|s+i < NO}, Tétoia (SIp)

doze n (S, 1) va kavoroiel wéoo to {(33a) — (330")} oo I~ {0} doo ka1 Tny

(5(0),1(0)) = (So, 1o)-

To epuetd oOvoha twv (STRu) xau (SIp), cvurnintouv pe to avtiotorya yio to (STR) %o to (SI),
xau amewxovilovton 6to Lyfua 430 xou oto Lyfua 4303

Ouar, 9etixnd oAx) Abom xou xah) TontoVETN oM Tou NpofAfjuatos. ‘Onng xa vy
t0 (ST), étol xau v o (SIp) moadpvoupe TNy UTOEEN LOVABIXAC, OUOARC, CUVEYMOSC ECAPTOUEVNS od
To oy xdt Bedopéva, YeTind oAxg, ot HEYIOTIXE ADomng

te R
(S,1):{ 5 , - [0, 00)>.
glte [-e1,00), 6mou &1 €[0,00)

"Aoxron 62. Yuumknpdote tig Aentopépeies tns peAétng @dong I touv (S1u), kar avayvwpiote ta
avaAdoiwta odvoda, téoo tov (SIp) éoo ka1 tov (SIR).

Ynpeia toopponiog. Apcoa and o (33) cuprepaivoupe 6Tt To onueia loopporiag tou (STu) etvon
€va xou €V DUVAUEL BUO0. TUYHEXQLUEVA,

(S*,I*) = (No,0)
’ (%,ﬂg-g), oy L5 < Ny,

To np®To eivar YVwo 6 we eAetlepo voorjpatos onueio wopporias/otadepd onpeio (disease-free ste-
ady state/equilibrium/fized point) xou To debtepo we evdnuikd onueio wopporniag/otallepd onueio
(endemic steady state/equilibrium/fized point).

Avdlvon evotdsiac. Troloyilouye Tov mivaxa Jacobi we

. —Bi—p -Bs
I(o) = ( pi —7+68—u)’
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Onhady
- BN,
(Mo, 0) = ( OM -+ gNg - u)

nou

B y+p B

‘Aueoa, and ypauuixonoinom, éyovue ta e€R:

Bul\%ﬂ:

N,
J(vw 1No u):(—ﬂ“" —v—u) o LA
yen M 0

o T 1o (N, 0), mapatneolue bt o mivoxag Exel otywés tic Ay = BN — (v + ) xou Ay = —p1 < 0.
"Apa éyoupe 6Tl T0 TO TapUTdVEL oruelo Looppotiag elvan

Y+

Yetnd aouuntwtixd evotadés, av 0< Ny < %
Vetind aotadéc, av 455 < Np.

e I t0 (”’J’T", ulo _ %), av 13 < Np, mapatnpolye 6T

N
tr = _Ono <0 xou enfone det = p (BNg — (v +p)) >0,

U

dpa oL 1BLOTIES TOU Ttivaxal €YOUV dEYNTIXO TREAYUATIXO PEPOC Xou TEAMXS XOTUATYOUUE OTL TO
Tapamdve onuelo woopporiag efvar YeTnd acLUTTWTIXG euoToEC.

Tuvonuxd, éyouue tov e€fc mivaxa Yo T gu/o-otddelo Twv onuelnwv wopporiog touv (STp):

a.l. + N,
) N (“/ p pNo _ g)
ouvITM (No, 0) B ytn B
0< Np< "’;ﬁ“ Yetnd aouunTETHS euotadéc -
7;# < Ny Hetind aototég YeTnd acuUTTWTIXG evoToég

Q01600 dev unopOVUE Vo amogavolpe oYETXE UE TNV EV/o-oTddelL TOU (%, O) otav Ny = 7;;“

uéow ypopuixomoinong, Aoyw W urepfolxdtTnTde Tou.
"Aoxron 63. Arexoviote mowotikd tov xdpo pdons tov (S1p) ya Ng # %TM’ Omws mpokUnTel amd

Ty ypauukn avdlvon evotddeias.

Avdivon draxhddwong. Iopatnpodue 6Tt av xortdEoupe v A1 = BNy — (7 + i) ¢ cuvdptnon
tou Ny éyoupe 6T

v d/\1(7+u
A =0, — (L=
1( B8 ) T AN\ B

dnhadt| undpyet dlaxhddwon otadephic xatdotaons and to (Np,0) étav Ny = % Apo Yo yapo-

);t()xoct)\2<0,

xtnplooupe To TOTO TG Blohddwong awTthg, Yo Vo BYGAoLUE CUUTERAUOUA Yiol TNY €L/ a-aTddEel TOU

(%,0) oty Ny = % Tvopiloupe 6ho to onpeia woopporiac (S*,I*) = (S*(Ng), I*(No)) yopw
ané 1o Np = ’Yg”, dpo Bo To *EvoLUE HATAOXEVELOVTAS TO BLEYPUUUA TNE BLaXAGBLOT.

Emnéyoupe tov xatdhinho cuvduaoud twv S* xo I*, ot Tiwée tou omolou Yo anewxoviCovto
OTOV XATax6pLPOo dEova Tou dlaypdupatoc. O ocuvduaoude autde TEOXVTTEL amd TNV amAonolnom

Lyapunov-Schmidt, w¢ e€rc: Hpdta diaywvonololyue tov J(%, O)

y+u N (A =0 0 a_ (-1-1 1\fo o0)(0 1
I B ’0)‘P( 0 /\gz—u)P ‘( 1" ollo )t 1e2)

6Tou T (—1 - %, 1) xou (1,0), to omola éyouv emheyel yior Ty Tpd TN xan devTepn, avtioTorya, oTHAN

tou P, elvor ta Wodaviopata e A; = 0 xan g A = —p, avtiotoyo. ‘Emneito emiéyouue to
cuvbuaoud

(0,1)- (8" = No, I") = I,
6mou 10 (0,1) ebvor 1 TEOT Yeopud Tou P71
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Z‘*

I'=0

0 v

Q ‘

pNo _ p
Ytu B

SyAuo 54 Adypappa daxhddwong I* (I* 7( )) = 0. Me npdowvo anewxoviletan 1 YeTxr aoLUTTWTIXA EL-

ctdel, eV Ye xOxxvo 1 YeTix actddelo.

"Apo 0 Bidrypapo NS Slahddwong divetar oto Xyruo 54, xo THpATNEOVUE OTL TEOXELTOL Lot [l
Braxplown Stoxhddwon (o aotadfic xhddog I* = :iv: —% <0y Ny < "“7“ amoppintetan) and to Vetind

AoLUTTOTIXA evoTadéc onuelo Woppomiog (%“,O).

Onéte, n ev/a-otddea twv onueinv wopporniog tou (SIp) cuvodileton e GTOV TOPAUXATE
nivaneo:

o.l + N,
) No.0 (’v p pNo _ p )
cUVIAXN (No,0) B ' yin B
0< Np< % YeTuxd aoLUTTWTIXS evoTadéc -
% <Ny Yetind actodéc VeTind acLPTTOTIXG euoTadég

OAxr) AoLPUTTWTIXY sucTAVEIX. Xyetixd pe to av elvar o YeTxd ACUUTTWTIXG euoTadT
onuela toopponiag tou (STp) o ohxd YeTind aouUTTWTING EVoTAYT, EXTOC TWY TEYVIXMY TOL EYOUUE
701 Bet (BA. Aoxnon 64), urnopolue va v e€dyoupe péow tou Yewphuatoc Poincaré-Bendixson ot
ouvduaoud e To opvnTxd xetteto Bendixson-Dulac.

Apywnd Yo amoxhelooupe T0 eVOEYOUEVO VO UTEEYEL OUOKAIVI)S TEOYIA, 1 KA€I0TE ka1 mpooavato-
AMoévo OUUTAE YA €TEPOKAIVGY TEOYIOY, 1) KAEI0TI] TPOYIA, EVIOS TOU YWpou gdong, n/to onol-a/o,
av mepBdiher ta YeTind aouunteTind evotodr onuela, téte Vo amoxdmTel TV Topela xdnowwy (ppay-
uévorv) ety nutpoyLdy mpog oawtd. Iedypott, doov agopd tic opuoxhwvelc tpoyléc xa tor Lebyn
avTio TEOPWY ETEPOXAVOV TRPOYLMY, AUTE amoxhelovtal dUeco AOYw NG YVOONS UOC OYXETXE UE TO
TAAloC xou Ty eu/o-otddel v onueiny wopporiac. ‘Ocov apopd Tic xheloTée Tpoylée, and Tny uio
éyoupe 6T (BA. ‘Aoxnon 62) to cUVOIa

21 = [0, No] x {0} xou {(s,i) € [0,No] x (0, No] |s+i < No}= 3,

ebvon avahholwta, dpa av Ga vnhpyay Tétolec Tpoyléc Vo Beloxdvtovoay avayxooTixd EVIOS TOU OE-
Otepou. And tnv dhhn, emhéyovtac Ty

©: R x (=00,0) U (0,00) = (=00,0) U (0, 00)
() = (s0) = 7.

ouprepafvoupe and to apvnTd xeitielo Bendixson-Dulac 61t 8ev tétoleg tpoyiég 00te evidg Tou Mg,
xadae, Yétovtag

Ino(8,1) = (uNo — ps — Bsi,— (y+ )i+ Bsi), YNy >0,
Yot €youpe 6Tl

v'(sofNo)(sJ):—%—wo, ¥ (s,7) € Da.

Ynuewdvouyue 6T Ue To (Blo emiyelpnua umopolue cUYYEOVKWE Vo anoxhelcoupe T6G0 OUOXAVES TPOYLES,
660 %o Lebyn avTioTEoPmY ETEPOXAVMY.
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Apa, and 1o Yedpnua Poincaré-Bendixson xatahfyouvue 6ti Ghec ot (ppayUéves) Tpoyléc eVTog
TOU CUUTTAYOUG EPIXTOD GUVOAOU

{(s,i) e [0, No]?|s+i< No}

tou (SIp), Ya éxouv xdnow onueio woppomiag Yo w-optoxd GOVONO, X0 TPOPAVAOS XETOLo ard ToL
(YeTuxd aovunteTd) euotadn, xon €Tol 1 ol Vet acupntoTx eustdiela aUTOY EneTol.

"Aoxnor 64. Yyeuxd pe tny oixdtnta tng Jenikijs aovuntwtikig evotdleas twy avtiotorywy
onuetwy 1wopporias tov (SIp), beibte tnw:

1. e v rootiki) aneikérion tou mediov Sievdivoewy tou (SIp), B, evaldaktixd,

2. yu % < Ny, pe tny dueon uédodo Lyapunov, pnéow tng
Vi (0,00)" > [0,00)

, y+p pNo p ,
(Svl)Hf( B 77+M_E)_f(s’l)7

émou
£:(0,00)* = [0, 00)

(8,7) = f(s,i) = (%—%)lni—z# ’ygﬂlns—s.

Emdnuioroyixd cvunepdopata. 1o Bacxd poviého SIR ye dnuoypopixodc 6poug, av o
otadepoc TAnduopoe Ny etvar peyahdtepog Tou oudoy %, TOTE TO HEAETOVPUEVO AOLMOBES PETOBOTIXG
voonua Yo etvan evonuixd.

Mdéhota, unopolue va meptypdouue mepattépw TNV CUUTERLPORE TOU (Qovopévou xodme PBolvel
Teoc TNV evdnuixy wopponia. Ipdypatt, av yivoupe axdua To avoluTixol YE TNV YEAETN NG €L-
otddewag tou (SIp) o uToloyicoupe axpBde TiC WLOTYWES Tov J("’;ﬁ”, ’;TNMO - % otay "’;ﬁ” < Np, da
Beolue 6T

1
1 1 4 2 4 3\ 2
/\i=7(tri(tr2—4det)2)=ﬂiu —Noi(Ng— ATV (7;“)) :
2 2(y+n) Bu B2
amd OTOU €YOUNE YL
1
) 1
NE = LR (7+u)(1i(1_ P )2)>7+u (34)
B 7 YR B
ot
] G0, avzvoe(%,zvg]u[zvg,oo)
€
* C ue Redp <0, av Npe(Ny,N§).

Anhady), uropolye va dtavdicoupe to Sidypapa daxhddmong énwe gaiveton oto Ly 55. Mdhota,
elpaote o Yéon (BA. ‘Aoxnon 65) vo vrnoroyloouvye tnyv nepiodo T tne mpooeyylotixrc @divousag
TahdvTwong xadde xaw Ty andécBeon D tou mhdtoug Tne tpocey Yot Along oe o teplodo, otav
No e (Ny,Ng), oc

4 (v + _ BuNg
T~ G +n) - xow D=~e 2G|

3\2
2 4y’ Ay +n)
B,LL(_NO + B NO - ﬁ2,u
‘Etot, av vntodécoupe 6t 1 (Léom) polvopatixy Sidpxeto elvon TohD pixpdtepn and v (uéon) Sidpxeia
Lo, to omoio ev yével oy lel, dNAadY| ov (y+p) <t i NS p << 7y + 1, TOTE omd TNy (34)
oupnepaivouue OTL

Ytp

. ’ 2 2 , ’ y+u  pNo o 7 ’
TOL OTUOLVEL OTL AVUUEVOULUE EV YEVEL TO GNUELO LOOPROTILAC (T, i E) ya “OL&CEL UE ECTIA YL TN

- +
~ Ng < Ny,

Aoom tou (STp). Buyxexpuéva, to TAOn v xhdoewy Yo 08ebouy, xatd TEoGEYYLoT, THAUVTOVUEVA
xau pe meplodo T' mpog Ty evdnuiny) loopporia, ue andofecn D tou mhdtoug toug avd tepiodo.
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I* A /
x6ufog
0. ao. suoT/O(?V
1
cotia :
/ I
1 1
xouPoc 1 I
6. ao. evoTtabéc - : : 6. actabéc
0 v Fp Ny N No
B

Syuae 55: Mropolpe va diavdicoupe to didypoppa dloxhddwone Tou LyAuatog 54, étol dote vo mepthafBdveton xou N
TANPOQopia TOL dPOEd TNV TOLOTIXY EXGVA TOU XMPOU QPACTC «XOVTAy oTo evdNUxd onuelo wwopponiag.

"Aoxnorn 65. Adote tis Aentopépeies vmodoyiopuol twy mocotrjtwy T kar D tng mpoceyyotikig
Abong «kovtdy oto evdnuké onueio wopporiag, dtavy Ny € (N7, Ni).

To adidotato meoBAnua. I'a toug Bloug Adyoug Yl Toug omoloug elodyaue Ty odido To-
™ wopeh tou (SIR) xou tou (ST), pmopolye xatd mhfen avtiotouyia Vo elodyoupe Ty adidotatn
poppy| tou (STRu) xow tou (SIp), avtiotowya. Avagépoupe pévo (Bh. Aoxnon 66) étL péow tne
XOVOVIXOTIOMONS

S I

R
S—=8S,=—,I-1l,=— RoRy=—,t1,:= t,

n adidotatn woppt| tou (33) elvon 7

dS,
—— =M -MS, -RoSol,
dt,, 0
I
jt—o‘ =1, +RoSoIs
dR,,
" =1,-MR,,
6mou N
Ry = BNo o M = .
Y+ Y+

"Aocxrnon 66. Awawodoyriote tny emAoyr) twy adidotatwy petafAntdy ya to (SIRp) ka1 vrodo-
yiote tov avtiotoryo dpaotikd «apiudy avanapaywyns, Re.

ApvdpnTixr enilvon. llpoywedue oty apuduntixy eniluoy tou npoPfifuatog, 6mwe @aiveton
070 Xy fua 56, 0To Lynua 57, oto Lyfua 58 xou 610 My fua 59, mpog enakieuon Twv CUUTERUCUATWY
HagG.

MaOnuatixé YréBadpo:

Ocewpia Poincaré-Bendixson. Ilpw nepdooupe otny Blatdnwon Tou XEVTEIX0U anoTeEAEGUATOC,
Yo ypelaotolue xdmoteg Evvolee. 'Etot, é6tw Yo € Sz, 610U S3 0 YWeoc pdone evic avtdvopou (TTAT),
10 omolo éyel povadxr| peyiotx Yetxd (apvnuxd) ohxh Aon, y(-,y0). Téte opileton o w-opiakd
(a-0praxd) ovroro tou Yo, w(yo) € Sa2 (a(yo) € S2), we

meN

o) = 1 Ron(uC )l (0600) = ) Rl o))

Edxoha ouunepaivouue 6t dha tor onuelior méve oe o tpoyld €youv To Blo w-oplaxd (a-oploxd)
oOvoro. Apeco enodndedotua Topadelypata oplaxmy cuUVOhwY aroteholy o {y*} = w(y*) = a(y*)
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0 20 40 60 80 100 820 840 860 880 900 920 940 960
t I1Anfog evdd wrTwy
(B") H 9etuxf nuitpoxid oto eninedo @donc SI. Anewxovile-

T To OAxd VeTixd acLuTTWTIXG cucTadés onuelo Lwopporiog
(No,0) (rpdowo actépl).

(o) Tae S, I xow R yioe 9eTixolg xpdvous.

Syfua 56: Tpaghpata twv S, I xou R yia detixolc xpdvoug, xadde xor tne detxAc nuitpoxdc tne Adong oto
eninedo @done tou (SIp), ue apyxxéc cuvidhxec Ny = 961 dropa, Ip = 10 &ropa xow So = No — Ip, xou Tés TV
rapopétowy = 0.015 [ypévoc] L, v = 24.985 [yebévoc]™ xa B = 0.026 dropa™ - [xedvoc]™t. Snueidvoupe 6t
0< Np < ’HT'“ =961.538461 dropa.

10
1000
\//_ . 8
800 — S g
5 — 1 5 6
~
3 ~
S 600 R S
S v 4
g 3
% 400 ’E
= 9l
200
0 : : : : — sk
o 820 840 860 880 900 920 940 960
0 20 40 60 80 100

[IAnfog evddwtwy

(B) H detixh nuitpoxid tne Aong oto eninedo @done SI.
Anewovileton to Yetnd actadéc onuelo wopporniac (No,0)

(o) Ta S, I xon R yio detixolc xpévouc. (x6xxvo acTtépl) xan To OAxd VeTixd acLUTTWTIXS EucTadéc

L N, L .
(’Y;;" s :+3 - %) (rpdowo actépt), To onola €8¢ elvan TOAD x0-

v1é petadd Toug.

Syhua 57: Tpaghuata twv S, I xou R yio detixole xpdvoug, xadme xou tne detxhc nuitpoytdc tne Adong oto eninedo
@done Tou (STp), ue apxixéc cuvdhxes Ny = 961.6 droua, Ip = 10 dropa xou So = No — I, %o THéS TV TopaéTewmy
©=0.015, v = 24.985 xou 8 =0.026. nuewdvoupe 6t 961.538461 = “T“ < No < Nj ~961.683 dropa.

yio xéde onuelo woppotiac y* tou autévopou (ITAT), dnwe enione xau 1 (Bio 1) Tpoytd xde TepLodixnric
Noone y tou (IIAT), dnradh Ran(y(-,v0)) = w(yo) = a(yo) v x&de tétowa y.

Trv 18€a yia To EMOUEVO amoTéREoUa TNV lye apynd cUAAGBeL o Poincaré, ahhd Aoy o Bendixson,
HETE amo o dexoetio mepinov, mou 1o anédeile TArpwc.

Oevpnpa 67 (Poincaré-Bendixson). Eotw n = 2, avtdvopo (ITAT) o omolo yia kdOe yg € So éxet
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(B) H detixA nuitpoxid tne Adong oto eninedo ¢@done SI.
() T S, I wan R i 9ot xpovous. e ) e e e e o e
(%, :IIS - %) (mpdiotvo actépl).

Syhua 58: Tpaghuata twv S, I xoaw R vy Yetixolc ypodvoue, xadne xow tne detnAc nuitpoxtde tne Adone oto
eninedo @done tou (SIu), ue apynéc ouviixec No = 10% dropa, To = 10 dropa xou So = No — Io, xou Tiwée TwV
rapopétewy = 0.015 [ypdvoc] ™, v = 24.985 [xedvoc]™ xu B = 0.026 droua ! - [xedvoc] . Snueidvouue ST
961.683 ~ Ny < Ng < N§ =~ 6.40929 - 10® drouo.

GX1067 4050
6x10° s 5x108 s
— S § _féagso
5 SX106 — 1 ~:;:'14)(106 E3900
~
-8. 4)( 1067 R fé 6 910 920 93'0 940' 950 960 970
g 3 3x10° TARfos svéwray
¥ 3x10° ¥
£ T 2x10°8
S 2x10° s "
= <X =
6
1x108 1x10
0f 0

00 01 02 03 04 05 06 0 3.25x10° 6.5x10°
t I1Anfog evdd wrwy

(B) H 9etixh nuitpoxid tne Aong oo eninedo ¢@done SI.
Anewxoviletan 1o Yetnd actadéc onuelo wwopporiog (No,0)

’ , .
(o) T S, I won R yia Dewicode ypbvou. (xbxuvo acTépl) %o To OAxd VETIXE ACLUTTOTLXG eucTadég
y+p pNo _ p . ,
( B yen B) (rpdowo actépl).

Sxhua 59: Teaghupata twv S, I xaw R yia detixolc ypodvoue, xadne xou tne detxnc nuitpoxdc e Adone oto
eninedo @done tou (SIu), ue apyéc ouvihixec Ny = 6.5 - 108 dropa, Ip = 10 droua xon So = No — Io, xon Tée
v mapouétewy 1= 0.015 [xeévoc] L, v = 24.985 [yedvoc] ™! xa B = 0.026 dropa ! - [xpdvoc] L. Snuewdvouyue bt
No > N§ =~ 6.40929 - 10° 4oy,

povabikny peyotiky Yetikd (apvnrikd) ok Abon, y(-,yo), xadds enions étr vrdpyour yo € S kar
ouumayés X C Sy, tétown wote

Ran(y( -,y0)|(0700)) cX (Ran(y( .’y0)|(_0070)) = Z) 7

dn\adrj n avtiororyn Betikh (apvnuixiy) nuigpoxid efvar ppaypévn. Tére to w(yo) (a(yo))
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1. eite mepiéyer kdnoo onueio wopporiag,
2. eite eivar évag oplakds KUKAOG.
Yuykekpipéva, vnd Ti§ mapandvew vroléoeis éxovue ta e€ng:

1. Eotw éut to w(yo) (a(yo)) mepiéyer éva 1j nepioodrepa tov evés adld menepaopéva oto nArdog
onueia wopporiag.

i. Av o w(yo) (a(yo)) mepréxer pudvo onueia wopporiag, téte to w(yo) (a(yo)) efvar éva
povadiké onueio wopporiag.

it. Av tow(yo) (a(yo)) dev mepiéyer udvo onueia wopponiag, téte o w(yo) ((yo)) aroteAe-
frar ané €éva ovvodo tpox1dy odikdy AVoewy, kdle pia and tig onole§ telvel, kaldg t — oo,
o€ éva and ta onueia 1wopporiag, mou wepiéyovtar kat avtd oo w(yo) (a(yo)).

2. Av o w(yo) (a(yo)) dev mepiéyer onueia 1wopporiag, téte To w(yo) (a(yo)) etvar évag opraxds
KUKAOS.

Me agopuny to onuelo 1.ii. tou Oswehpatoc 67, €lGdyoude XATOLEC EVVOLEC TOU aPOEOLY EVal
autévouo (ITAT), ye n =2, Tou €yl wovadixnn yeylotixs Aoon:

o' Kdlde tpoyid ohuxric Aong mou telver oto (Blo onuelo iooppomiag, xodde t - —oo xou t — oo,
AEyeTaL OpOKAIVTIS ol TUPABELY AL TNG YEWUETPIUG TNE AMOTUNWVETL 6TO Ly ua 603"

B’. Kdde tpoyid ohixric Aoong mou telvel oe Sapopetind onueia tooppomiog, xadde £ — —oo xau
1 — 0o, NEYETOU €TEPOKAIVIIS XAl TORABELYUO TNG YEWUETPIUS TNE AMOTUTWVETAL 0To Ly fua 60Y".
Moo évor GUVOAO ETEROXAVGDY TPOY LY, oL omoleg, wall pe To avtiotouyo onpelo tooppotiog,
oynuotiouv xotd TuAUaTa OUUAd Xol TTEOCUVITOACUEVO GUVOPO XETOLOU AAS GUVEXTLXOU GU-
vOhou, AEyeTton KAEW0TS Kal mpooavatoAiouévo oUumAeyua etepokhvdy tpoxidr (B., eniong,

Lyt 60Y").
Yy npdln, to Oedpnua 67 yenowwonoteltar cuvidwe Yo 800 oxonolc,

1. v ol\xh) aouPTTOTIX EUCTAVEL OTUEIOL LOOPPOTHOG UE ATOXAELOUO OUOXAVGY TEOYLOY, (e-
0YOUS aVTIoTEOPWY ETEPOXALVEV TEOYLMV 0L XAELCTWV TROYLMY, UEGK TOU ap¥NTIKOU KpIThpiov
Bendizson-Dulac, xou

2. v Unopén meplodixwy Aioewy Yéon tng alomolnone ywplwy mayidevong mou Bev TEQLEYOLY
onpeta loopponiog.

Yuvéneia Tov Oewpnuatoc 67 anotelel To axdroudo arotéheopa, 1 YeWUETEI TOL OTOlOU ATELXO-
viletow ot0 Lyfua 61.

Oewpnua 68 (Poincaréd). Eotw n = 2 kar avtévopov (IIAT), o onolo éyer povadiki peyotir)
Oetikd, 1j apvnuixd, ohikrj Adon, y(-,yo), yia kdOe yo € Sa, drov S2° # @, kalds eniong drr vrdpxer
¥ ¢ Sy, térow dote

€fte a opokAvris tpoyid,
Y =1 efte éva kKA€10T6 ka1 TPOTavatoAMoEvo TUUTAE YUA €TEPOKAIVEY TPOXIDY,

€lte pia kA€otr) Tpoxid.

1. Tére vndpyer eproyn Tov X €vTés Tou So, TNV onoia dev vrdpyel anpeio 1wopporiag tou (ITAT).

2. Av dla ta onueia mov «yvrjow mepiBdAdery to ¥ aviikovy oo Sa, Téte TouAdyioTov éva and avtd
efvar onpelo 1wopporiag tov (ITAT).

It Ty emdpevn cuvéneta Tou Oewphuatog 67 elodyoude wio évvola, Tou yeNolonoLelTon Yl TNV
TAEVOUNGOT CUVEXTIXWY GUVOAWY GTO ENITEDO X YEVIXEVEL TNV EVVOLA TOU OAG GUVEXTIXO) GUVOROL.
Yuyxexpéva, éva ¥ € R? ye 3° # @ Myeton m-owvektird, ye m € Ng, avv elvon cuvextixd xo éxet
axpBie m «tpiumeey. Ilpogavog ol évvoleg «0-cuveXTIXOY xal «AUTAG GUVEXTIXOY EVOL TOUTOOTUES
(o7o eninedo névta). IMapodelypata tne yewuetpiog TéTowwy cuVOALY anewxovilovton 6To Lyfua 62.

Oewpnua 69. Fotw n =2, avtdvopo (ITAT) to omoio yia kdOe yo € So éyer povadikn peyotixj
Uetikd, 1} apvnuixd, ohikr) Avon, y(-,yo) kar ovunayés 1-ouvextikd X € Sa, émov 0% = £1 U Lo e
Y #F D+ D9 kat X1 N Yo = F, Téroio dote kdle X1 ka1 o va efvai
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)

(B") Ao opoxhwelc tpoxiéc (tpoxiéc 6mou tawtilovion To a-
(o) "Eva onueio wopporiog. opLaxd %ol 10 w-opLaxd GOVORO €xaotng) HE xowd aviictolyo
onuelo woopporiac, poli ye to onueio avtd.

C

(v) "Evo xAeloTt6 Xal TPOCAUVATOMOUEVO CUUTAEYHUA ETEQOXAL-
VoV tpoxtdv wali pe to avtiotoua onuela toopponiag (dha po-
Ci ue mpdowo). Anewxovilovtar, eniong, 8o dAleg etepoxAvelc
TeoXLEC oL X avTéC oynuatilovy éva (aveidptnto Tou Tpon-
YOOUEVOU) XAELGTO %O TPOCAUVAUTOMOUEVO GUUTAEYUO, XorddS
MO L0 OLOXALVAS TEOXLEL.

(8") Mua xhewoth TpOY L4

SyAue 60: TMopadelyporta w-optaxtdyv cuvolwy (Ue Tpdowvo) evic avtévopou (ITAT) oto eninedo, 6mwe TpoxlTTOLY
and 1o Oempnua 67. IMopatneodue 4Tt i. N HAEIGTHTNTO TWV OPOXAVAOV TEOYLOY, 1. 1 XAELCTOTNTA TWV XAELCTOV XOL
TPOCAUVUTOMOUEVMY CUUTAEYUETOV ETEPOXALVMY TEOYLOY, xat iii. oL xhewoTtég Tpoytée, oxnuatilovy xatd TuApaTa olahd
%O TPOCAUVATOMOUEVD GUVOPA XETOLWY ATAS GUVEXTIXOV CUVOAWY.

Sxhua 61: Xovted, cOpgpove ue to Oempnua 68, xdde opoxhvic Tpoxtd, x&e xAelo T6 xat TPOCAVAUTONOUEVO GOUTAEY-
Yot ETEPOXALVAV TEOXLADY, ot x&¥e XAEGTH TpoXid 6ToV XWpo @done evdc avtévopou (ITAT) oto eninedo, mepBdhhel
yVvhola xdmolo onuelo oopporiog.

o cite 1) KA€loTTNTA

— €fre pag opoxAwols tpoyidg,

— €fte €v6§ KA€1oToU ka1 TPoTavatoMoUéVoy TUUTAE YHATOS ETEPOKAIVAY TPOXIDY,

o cite e KA€woTn) Tpoyid.
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S
S

(o) 0-cuvexTixd, A, EVOANAXTIXE, ATAS GUVEXTIXOS. (B") 1-ouvexTtixd.

S
e

(v') 2-cuvexTixé. (8") 3-cuvexTixd.

SyAuo 62: Topadelypota m-cLVEXTIXMV GLVOALY GTo entinedo, ue m € Ny.

Av o X° dev nepidapfdrer olte onueia 1w0opponias oUte KAEITTES TPOYIES, TOTE GAes uall o1 Tpoyiés
oliky AVoewr tou (ITAT) ertés tou X° telvour o€ kdrow and tig X1 kar g, kaddg t - —oo, ka1
otny dAAn, kalwg t — oco.

Iopadetypota e yewuetplog Tou Bewpriuatoc 69 anewxoviovton oto Lyhua 63.

Syhua 63: Xovtewd, cOugove pe to Oedpenuo 69, petald d0o dadoyixdy, elte oLOXAVOY TEOYLOY, Elte XAELTTMOY xou
TPOCAUVOUTONCUEVODY GUUTAEYUETWOVY ETEROXAVOY TROYLODY, EITE HAEIGTHOV TEOYLDY, GTOV YXhpo pdone evde autdvouov
(ITAT) oo eniredo, oL TpoyLés amopaxplvovian and Ty wia xow TAncdlouy TNy dAAn.

Apvntixd xputrero Bendixson-Dulac. ‘Onwe €youue avagépel, To Osdenua 67 umopel va
anotehéoel v Bdon v v eaywyh ohxic acuuTTwTxhc evotddetlac evoc onueiov ooppotiag,
av autd cuvBLoTEl UE EVol ATOTEAECUO ATOXAELOUOU UTTUPENG TEPLOBIXWY TEOYLOY EVIOS TOU YWEOU
pdone. 'Eva tétolo anotéheopa anoteAel T0 TopuxdTw, TO omolo, xotd Tor dAAa, elvon ave€dptnTo
T0U OewEHUoTog 67 X0l TWV CUVETELDY TOU, XoOS YLt TNV AnOdELY| TOU YENOWOTOLELTAL HOVEY o TO
Yewpnua Green.

Oewpnupo 70 (Bendixson-Dulac, ¥ odhide, apvnuixd xpithpo). Eotw n = 2, avtéropo (IIAT)
tétow dote [ = (f1,[f2) € Cl(U;RQ) pe avoikto U € Sy, ka1 m-ovvektiké X C U pe m € Ny, evtdg
TovU omoiov vndpyovy ato TA00S axpiBis

1. M1 OMOKAIVEIS TPOYIES,

1. ma Lebyn avtioTpopwy €TEPOKAIVAY TPOXIWY, KAl
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1. M3 KAEI0TES TPOYIES,

émou my,ma, m3 € Ng. Av undpyet p € CH(U;R), téroa dote n andrhion tov ywouévou ¢ f, dnladn

n
(o 2t et

=Ve-frev-f,
va datnpel otalepd, un undevikd, mpéonuo oxedoy mavtol o X, ToTe
mi +mo +msz <m.
Ynuewdvouue 6TL oty BiBAoypapia avapépovtal GuY VA U6vo oL XAEIGTES Tpoyiég aTo Oewenuoa 70,
woT600 dev anoxAelovtal 00Te ol ogoxAvelc TpoyLég oUte ta Lebyn avtioTEoP®Y ETEPOXAVEY TPOYLOY,

NOYW TOV YEWUETEWMOV YEVIXEVTEWY (xortd Tuhuata opakd olvopo, ywplic evieyouévee xdnota onueio
TOL oLVGPOL) Tou emdéyeTol To Vedpnua Green (xou yevixdtepa 1o Yedprnua Stokes otov R™).
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IMTepivypappa AdAegng ‘

1. Yrowyeia Malnuatikiic BioAoyiag:

(o) Komtueh) ynuxadv avtdpdoewy

(B") Baowd poviého evlupxnic xatdhuong

2. Ma¥Onuatiké YrnéBadpo:

() H ovuvdptnon Lambert

(B") Tomxd npooeyyloTixéc Mot TpoPhiuatos: Boowée évvolee xou teyvinéc

Yroygeta Mainuatikiig BioAoyiag:

Tevixd nepl ynuixov avidpdoewyv. M ynuikr avtidpaon (chemical reaction) eivon pio
dradixaoio peTatpomhc evéc cuvohou xnuikdy ovoidy (chemical substances) (ynmuixd otouyela, Wovta,
YNUXES evioels) ot éva dhho. H ynuikrj e€lowon (chemical equation) wog povédpouns (irreversible)

YNUXAC avTidpaomng €xel TNV Yop®n
ZaiAi - Z b;j By,
i=1 j=1

6mou ou ynuxée ovoiec A; Vi € {1,...,n} onotelolv o avtibpdvta (reagents) xon o B; Vj €
{1,...,m} 7o mpoidvza (products). Emnhéov, oL cuvieheotéc

a;,bj €N, V(4,5) e{L,...,n} x{1,...,m}

ovoudlovton otoelopetpikol (stoichiometric) xou mpoxOTTOLY and TNV apxri datripnons tns VANg
(ndlag) (conservation of matter (mass)). IIokNS éuata mou eyelpovion xatd v duvopxr| uehétn
plag Lovodpoune ynuxic avtidpaong propolv va e€nyndoldy guoxd ue pio and Tic Yvwotéc Yewpleg
ANV ovTdpdoewy, auth tne Jewplas ovykpoloewy (collision theory), tnv omola xau TEdTEWVE 0
Arrhenius to 1889. X0ugpwva pe auth, yiot Vo avTdedcouy xdmold ev SUVAHEL avTidpndvTta Yo tpénel
VO GUYXEOUGTOUY AMOTEAEGHATIXG, BNAADY Vo €)0UV Xavo UETEO TayUTNTOC ol 0WoTH xatebuvon
xivnong, €10l WoTE Vo ONAcoUV oL ECWTEPIXOl Toug decpol xau oty cuvéyelo vo dnuovpyndody
&Ahot, ot onotot dhhot oynuatilouy ta tpotévta. 'Etol, oe éva 0codAnote uxpd ypovixd didotnua,
OTIC YPNYOPES YNUXES avTIORoELS Ol AmOTENECUATIXES GUYXPOVGELS HETOEY TwV avTBpMVTWY elval
TEPLOOOTERPEG UG QUTEC OTIC APYECS.

Ané v 80, m ynue| e€lowon wag apgidpouns (reversible) ynuxhic avtidpaone €xet Ty popn

zn:al-Al- = in: bij.
i=1 j=1

Mot opidpopn avtidpoaon meaypatonoteiton xou tpoc Tic dVo (avtidetes) xatevdivoelc tavtdypova,
O XUTOAAYEL OF ULOL XOTEO TOOY) SUVALIXAC LoopEOTiaS, YVWOoThH we Xnpiky woppornia (chemical e-
quilibrium), 6mou 1 cUotaon (TG00 TOTXH GGO XUl TOCOTXY) TWY AVTIIPOVIWY XU TWY TEOLOVTWY
nopopével atadeer. Evd divetar 1 evtinwon 6t to pelypa 8ev avtided, wotdéco ol 800 avtloTpopeg
avudpdoels yivovtow axatdnavota ye Ty o tayvtnta (rate) v. Ltnyv dewplo, dhec ov ynuixée a-
vudpdoelg elvon apgidpopes. 201600 0TV TEAEN, oL YNUIXEC avTdPdOElC OTIC OTolEC 1) TAAOTLY YA

111



Awdreén 9 m

YEPVEL XoTd TOAD TEPLOGOTEPO TEOS TNV Wiot TAELEd, WOTE TOUNdYIoTOV Wla amd NG YMuixéc ouoieg
nou eppavilovtay oty apyh TeEAX var unv aviyvedeton, AoufBdvovton w¢ yovédpopec. Eminhéoyv, otic
TOAD apyég Lovobpopeg avtidpdoelc divetar 1 Peudaicdnon ynuxre wopporiag. oté6c0 1 a€lonolin-
on katadvtdy (catalysts) eivan évag ofldmoTog TpoTOC Vo dlaxpivoupe war ok ynuxn oopponio
amé ULl POUVOUEVIXT|, O TEAXA (Lol apYT| LovEdpoun ynuixy) avtidpaon amd wa opeldpourn. Kota-
ANOTNG ovopdleton i ousia, 1 omolo we TN mapousio T (ouvidwe ot uixpéc ToodTnTES), aLEdveL
™Y ToyOTNTA WG avTiBpaong, Ve oTo TENOG TG avTidpdong TopAUEVEL oYESOV aUETEBANTY TOG0
ot péla 660 xou oY YN tne obotaor. LTic foynuikés avtdpdoes (biochemical reactions),
dnhadh otic ynuxée avtdpdoelc tou petaBoliopol (metabolism) wwv opyavioudy (organisms), o
évlupa (enzymes) Tallouy ToV PONO TWV XATOAUTOY, Tol ontola xou yopaxtneilovion we Brokataditeg
(biocatalysts). Tértolee de avtidpdoeic xahodvon ev{uuikés (enzymatic), xon o oV TOPOVTA EXTOC TWV
evlipmy xoholvTon cLVOMXE urdotpwpa (substrate).

Dot v oty dde duvox YEAETN o ynuic avtidpoons, N YEVIXOTERO EVOC GUC THLATOG YMUL-
xwv e€lodoewy, yenowonololue XAE ol onoleg eumhéxouy Tic TOCOTNTES TWV YNXDOY OUCLOY TOU
eZetdlovran xadds o TV pUIKDY UETHBOMS QUTOY TWY TOGOTATOV.

TMopodte avapépouue Paoixés ocuviixeg mou emBdAoupe, oL onoleg amoTeEAOUY To €B0POC YLo
™V padnuaTix HOVTENOTIOMOY TWV YNUXOV AVTIOEACEWY Xl XUT  EMEXTAOY Yo TNV DUVAUXAC TOUC
perétn. Ov ouvivixeg autég, av xou meplopilouy and Ty piot To PAoUd TWY UTO UEAETT YNV
AVTIOPAoEWY, amd TNV GARY xavomolobvTon and Tig Bloynuixés avtidedoel, ol omoleg ev téhel efvan xan
0 {nroduevo.

1. Evduagepbpoote ubvo yua to SieAduata (solutions), Snhady| yio ogoyevh vypd pelypata 6mou
Oheg oL ynuxég ovaleg elvon mAfpwg Sdvueveg. H Bdon tou Swohdpotog, Snhadh n ymux
ovaio tou dlakbuotog 1 omola elvar oe LYET wopyy, Peloxeton oe meplooela, xon evOeyOUEVWS
dev ouppeTéYEL oty LTS PERETY YN avTiBpao), anotekel Tov dwAltn (solvent). O cuviidng
drahltne otic Proymuixée avtdpdoeic elvan to vepd (Hz0).

2. O 6yxo¢ tou dlhbpatog elvon otadepde, o cuvirxm 1 ontola elvol oyedOV TAVTAL AMOBEXTH Xou
Wadtepa ypRown oty medln. Etol, n ouyxévipwon wac ynuxhc ovolog umopel va ypnotlo-
mownOel yioo TNV HEAETH TNE TOCOTIXNC UETABOAAC TNE (Blag. LuyeXPWEVA, 1) CUYXEVTEWOT) LG
TAewC Btahuuévng ynuxhic ovalog A diveton amd Tov TONo

na
[A] - V )
6moL My elvan 1 TocdTNTA TS ovolug YETENUEVNS ot Yeappoudpla (mol) xou V' o (otodepdc)
bynoc tou dohdparoc petpnuévoc cuvibwe oe Atpa (L). H ocuyxévipwon oe auth tny me-
PIMTWOT AVAPECETAL TILO TERLYRUPIXE. (S YEAUUUOUOPLIXOTNTA XAUT’ 6YXO 1) LOPLIXOTNTA XUT GYXO
(molarity) xou yetpdton oe molars (M), dnhodr 1M = Imol - L™'. Snuewdivoupe étL xatd Ty
Buvopxr] LEAETN Ol CUYXEVTPWOELS VEWEOUVTOL WS CUVAPTAHCELS WS TPOE TOV YOV, dNnAadY

[A]: R2J - [0, 00)
t—[A](D),

yio xatdhinho didotnua J, wotdéoo 1 avaypaptr Tou opiopatog (t) otov cuuBohioud Sev cuvn-
Y{leTou.

3. H depupoxpacio xatd tny didpxela HEAETNE TWV YNXDY aVTIORAoEWY Tapauével otadepr. T'evind,
7 T OTNTL Wiog povodpoung audveton pe Ty avénomn tng Yepuoxpaciog, xodog 1 adénon tng
Yepuoxpacioc tpoxahel adnon tne péone xvnTixic EVEPYELIS TLV avTIdpMVTLV (XaTovouy Twv
Maxwell-Boltzmann) pe enoaxéhoudn adinon tou aprduod Twy anoTEAECUATIXMY CUYXPOVCEMY.
Emniéov, bev upioTtavton axtivoBollee, ol omoleg Umopoly Vo TEOXAAEGOUY YNUIXES UETABOAEC
oo OVTLOPMVTA, UE CUVETELX VoL OANGEOUY EVOEYOUEVIS O UNYOVIoUOl ot oL ToUTNTES TWV
XXV oV TLOEACEMV.

Tayitnta Lovédpouns YMUixns aviidpacng. ZOuQwvo Ue TNV CTOLEOPETEl TN TTopa-
%aTe ynuxrc eglowong

aA — bB,
av o€ €val 0000HTOTE Uixpsd Ypovixd ddotnua avtldpdoouy ax mol A, t6te 670 (B0 Ypovixd ddoTnuo
Yo oynuatiotoly br mol B. 'Eneton dueco 6t

1]d[A]| 1 ‘d[B]

al| dt bl dt

_1d[4] 1d[B]
R T AT
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plag xon N A xotovohedveton xou 1 B nopdyetan. Autd to cuunépaoya dev mpénel Vo Uag eXTANCOEL,
xadde n otouyelopeteio yiog ynuc eglowong emPBdiietan and tov vépo datrenone tng UANG, o
onolog TNV TEOXEWEVY EYEL TNV HOEQN

b[A] + a[B] = otadepd.

Tlevixebovtag, av €youpe TNy

i=1 j=1
6t
Ld[4]  1d[4] 1d[B] 1 d[Bw)
Cay dt @, At by dt by dt
X0l 1) CUVEETNOY QUTH WS TPOS TOV Yp6Vo Bev efva GANT amd TNV Tay0TNTA U TNE THEATAVE Y NixhC
avtidpaong.

Ou mapdryovteg mou enneedlouy TNy tarydTnTa Piog YNuxic avtidpaong etvol 1 cLYXEVTEWOT TV
avTBEWVTWY, 1) tieon 6tay éva TouAdyioToV avTdpwy PBeloxeton ot agpla LopPy|, 1) emi@dveLd ETAPNC
TV OTEPENY AvTOPWVTLY, N Fepuoxpacta, 1 axtivoBolia xou 1 mopouaio xatahutdy. ESG, ol ubvol
TaEdYOVTES EMEEONE ElVAL 1) CUYXEVTEWOT TWYV AVTIBEOVINY Xl 1) ToEousiol BLOXATOAUTGY, xod®S oL
unéhoinot Tapdyovee eivon elte otadepol elte andvrec.

AT ynpix avtidpaor. M andrj fi otoryeiddns (elementary) ynuoeh avtidpaon
ZaiAl- - Z bij,
i=1 j=1

opiletan v ixavorotel Tov vopo dediomne tne wdacg (tuno I tou Holling), dnhad toydet bt

U:kﬁ[A “
i=1

onAad

1d[4;] 1d[B

a; dt b d 1
6mou M k > 0 (pe, A ywple, xdrowov deixtn) eivon evdidotatn (ot dotdoelg Tic e€aptdvTon and TNy
avtiotouyn ynux avtidpoon), ovoudleton otalepd tne ynuxic avtidpaone (rate constant) xou e-
Eaptdton omd TNy Yeppoxpacia. O vouog autdg ovotaoTixd uag e€aoporilel 61t o puiuog petofolnc
e ouyxévtpwone xdle ynuxic ouciog (elte mpoidvtog, elte avtdpdiviog) elvar avdhoyog tou yivo-
HEVOU TWV CUYXEVTPMOOEWY TV AVTOEMVTWY, Xt uropel va egaydel miavodewpnuxd und 1o mhalolo
e Yewplog TWV AMOTEAESUATIXGOY CLYXEOVCEWY, OTWS oxEBKS Eyive xou yia wovtéla Ouoloylag
(ouvavthoelc petalld dnpevtdv xar Inpapdtwy) xoa Emdnuwoloylas (emapéc petalld evdhwtov xou
HOALGUATIXGY).

Ocwpeiton 6t ot amhf ynuxr avtidpoon tehelton oe éva otddio/Phua, autd axpBde tou me-

ptypdgeton and TNy ynuxh e eéiowon. Mdhiota, o van 't Hoff to 1884 ewofyaye tnv «puowy
TaCVOUNoTY TOV OTADY YMUXOV avTdpdoewy, N orcofcx TEPLEYEL AMOUAEIC TN YNUXES AVTIOPAOELS

k‘ﬁ 1%, Y (i,7) e{1,...,n} x{1,...,m},

1=

6oL Yl TIC avTioTolyES YNUXES EELOOOELS Loy DEL OTL Z a; € {1,2,3} (mpogavire t6te n € {1,2,3}).
Mo xou yio ™y duvon| MENETY) oG omAAS YMUXAS ocqupcxong amoutolvToL POvo 1 ormxaopsrpta
e xou 7 yvaon e otadepdc k, Ya Eeywpiloupe wor amhd ynwxd avtiBpoon and v ynuxd tne
eglowon, 1 omola Yo €xel TAéov we e€hc

i=1 j

MS

b;B;.
1

IToAOTAOXY XMuix? avTidpacy. Mo toAvmhokn (complex) ynux avtiBpoon anoteheiton omd
TEPLOOOTERPES NG WS AmAES YNxéc avTidpdoelc ol onoleg BlamAéxovton peta&l toug. Iupadelyyarta
TOAUTAOXWY YNUIXOY AVTIOEACEWY AmoTEAODY

1. oL povédpoueg pe amhéc CUVOTHOOES O EMUAANALYL,
2. oL aupidpouec pe amhéc ouviotioes (tpog avtidetes xateuvdivoelg) xou

3. oL cuUVIECELC TWY TUEATAVE TEPLTTOOEWY.
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Aupidpoun ynuixn avtidpacr. H duvouxr npocéyyion twv aupiBeogny ynuixoy avudedoe-
wv unopel va yivel uéow tng Yedpnong mou 1o €xouue avagépet, 6Tl Snhadr oL povodpoues amoteAolY
oxEalEC TEQIMTMOELC TWYV TEOTWY. LUYXEXPWEVA, Yewpolue TIC TayOTNTES S TPOONUACUEVL UeYEDT,
Bnhad we davbouota SldoTaong 1, xou ENEXTEVOUUE TOV OpLoUd TNE ToY UTNTIC LOVODEOUWY Y NUIXWY
avTdpdoewy xou Yo au@idpoues. Bewpnvtag Ty Vet Qopd mpog ta Se€Ld, 1

ZaiAi id Z bij,
i=1 j=1

pe Yetuer) ToyOTNTaL v, Yewpelton w¢ aupidpoun
Z aiAi = Z bij,
i=1 j=1

UE TPOCTUACUEVT ToyLTNTA U, OTOL 1|
m n
> biBj > ) aid;
j=1 i=1

Eyel et ToybTNTo V-, %o YLol TIG omoleg Loy Vel Ot

vy > U_.

YNUELDOVOUUE OTL 1) ToROmave ¥ Muux) avtidpaon ue e&lowon Ypouuévn wg
D, aidi < 3 b;B;
i=1 j=1

Vo el mAéov apvnTixy) Tay TNt fon ye —v-. Emnkéov, ta avtiotolya anotehéopota 1oy douy xou yia
v mepintwon émou
v > U,

"Etol ouymepaivouye Ot

1d[A]  1d[B;
L [dt]:j [Cltﬂ]:U:U+—U_,V(z’,j)e{l,...,n}x{l,...,m}.

‘Onwg €youye HON avapépet, xatd Ty dldpxelo TS YNUXAC toopponios Loy Vel ot
Vi R U,

7, 1odlvaya,
d[A;]  d[B]

e dt
Télog, 1 amholotepn aupidpoun ynuwr avtidpaon

0, V(i,5)€e{l,...,n} x{1,...,m}.

i=1 j=1
preets
n k_ m
> aidi < ) b;B;
i=1 j=1
e auThHY TNV TEp(nTWwoT Yedpouue
n k+ m
Z aiAi = Z bj Bj y
i=1 k- i3
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%ot Loy ouy ol e€lomoelg

(LA LAUB) P -k

b .o
B;|7, Vv 1,... 1,...
a dt bj dt 1 [ j] ) (Za.]) E{ ) an} X{ > am}a

—s

<
Il
[

wod e

S
£

I

>

f
—=

m
a; _ bj
[A;]" %owv_=k_[][B;]”.
i=1 j=1
ToviCoupe, woT660, 6Tl MopaXdTw Yo Bolpe Evay Yevxd TedTo e&aywyhHc CUCTNUATLY SLoPopt-
%OV EEICOOENMY OTUWE TO TUPAUTAVE, YUPUXTNELOTIXA Yot TNV EXACTOTE UTO HEAETY) YNuxr avtidpaon,
0C0BNTOTE TOAUTAOXY %o oV ELvoL oUTA.

Eiwcpoéc xou expoég. Ilodéc gopéc Yewpolue apnemuévous dpouc elopomy i/xaL expoty o
pot ymue avtidpoon.  Auth 1 mpaxtixnd) elvon amopadTnTy Xot oucLHoTIX GTO, Yol TOEADELYUA, T
UTO UEAETN YY) avtidpoor anotelel empépoug TURa olvieTtng ymuiic diepyaoiog dmwg elvan éva
petaPorixd povorndr (metabolic pathway) (YAuxdiuon, x0xhoc tou xitpxol o&éoc xTA). Edd, autolc
Tou 6poug Toug cuuPolilovpe o Boxexouuéva BERN

->

70U €Y0LY XATEAANAT xotebuvoT XdVE Popd. Luyxexpwéva, otay UTdeyEL elopor N witn Tou Béloug
delyvel mpog TV YN oucta mou mpootideton eEwyevede, T.y.

EA A - B (ewopof| npoc to A lon pe f),

EVG 6TaY LTGEYEL O To Tow uépog Tou Béloug Belyvel Tpog TNV ¥MuLxY| oucia Tou aoueeital, T.).

lasn (expor| and 10 A {on ye f).

H povdda pétenone twv 6pwv ELGROMY ol EXpoWY elval Teo@avm To molars avd povdda ypdvou, Tou
omolov 1 povdda pétenone eivan to deutepdrento (s) (cuvAdwe oL LTOBLLEESELS TOV X0 GTIdVLaL Tol
TOMATAGGLE TOV).

Mnyaviopog ynpixnie avtidpaong. O ankéc cUVIGTOOES WoC YNUXAC avTiBpoone o cuV-
Buaopd ye evdeybuevouc bpoug ElopodY N/ xan Expody cuVIETOUY ToV unyaviopd (mechanism) tne.
Ou unopoloaue Vo TOOUE OTL O UNYOVIOHOC A YNUXAS avTidpaone anotehel Tov oxeletd Tne. Av
10 TARU0C TV CUVIGTWOWY Pl YNUxg avtidpaong etvon (oo e 1, téte elvan Lovodpoun xou pdhio To
amhr, SopopeTind efvar TOAOTAONXN.

H elpeon evig a€ldmiotou unyaviolol anotelel 10 TpdTto ot ovalaoTnd Briuc yio Ty Yewpntixn
duvauLxy) povteromonon wag ynuxnhe aviidpaone. Tovileton, wotdoo, dtu ot Proymuixée, xou Oyt
u6vo, avtudpdoelc elvon TOANOTAOXES, XoL O UNYAVIOUOS TWV TEPLOGOTEPWY UTd AUTES elval dYVWoTog
%o evOeyopévwe unepBolixd chvideTog.

Me o melpopa evemiotolye vo Eenepdoouye Ty Suoxoiia evoc dyvwotou unyaviopov. T'a na-
EAdELY AL, AV 1) LOVOBpOoUN YMuixY) avTidpoon

A1 +2A2 — Bl +2BQ

éxyel Bpelel nepapatind 6TL Sev elvon amhy) xan pdMoTta 6Tl 1) T UTNTA TS (dde ypovixr oTiyur diveton
and Ty oyéon
vak [Al] [AQ] y

T6TE €vag mAvog UNyoviodog Tng Ynumc avtidpaong etvat o

A+ Ay LA B3 (opy6 otddo)
Ay + Bs o, B + 2B, (Yefiyopo otédio),

o omolog xou Vo xodoploel xATIAANAY ETAOYY| TOPAUETEMV XL UEYIXOV TWHOV CUYXEVIPWOEWY TWY
YNULXDY OUCLOY.
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Nowog tng TayvIntag. Xe tedun avdhuor, Yo xotapdyouue oto telpoyua Yo Ty enaiideuon
(onVv mepintworn YVwotol unyoviouol), | v elaywyh (otny nepintwon un Yvootol unyaviopo-
0), NS oyéone NS T UTNTAC WL HOVOBEOUNG YMUXAS avTIBPAoNS (¢ TPOC TNV CUYXEVTRKOT] TWV
avtdpwviny. ‘Etot, n taydtnta e

Saidi> 3B,
i=1 =1

ouyvé Yewpeitor 611 axoloudel Tov vduo tng Taxvtntag (rate law)

n

VR k‘H [Az]xz,

i=1
6mou ol extéteg ; € R mpoxdntouv melpopatind, xou o auTh TV mepinTwon 1 YNuxr avtidpaon
yopaxtneileton we NS x; we Tpog A;, eVe 1 ol T8EN e YNxnc avtidpoaone toolton Ye i Z;.
Yty nepintwon 6nou tehixd -
xivag, Vie{l,...,n},

ToTE M YMU avTidpoor efval amAr) xou o vépog tng taydTnTac dev elvon dhhog amb Tov vépo dpdong
e péloc.

Avvaulxn ROVIEAOTOINOT ULAG YNUXAG AVTIBpaoNG UE YVWOTO N AvViopno. Ac-
BOMEVOL EVOC UNYAVIOHOD Lo Y Mg avTiBpoong, Yo T eVpEaT) TwV eELIOMOEWY TNE BUVAULXG TKV
CUYXEVTPWOEWY TWV YUYWV OUCLOY TOU GUUHETEYOUY OE auTH YiveTow yenor dVo epyoleiwy,

1. Tou vépou dpdone tne udlac xou
2. e apyhc drathenone tne UAne (wéloc).

‘Etol, éotew X wa and Tic und PEAETN YNUXES OUGIES TNG YNUXAC avTiBpaone XaL & 1) CUYXEVTEWAON
we. Anopovdvoupe Tic omhéc yMuxés avtdpdoelc Tou unyaviogol oTic onolec ocuppetéxel 1 X.
I xdde tétola amhy x| avtidpaor, o vopog dedonetng udlog pog divel Tov TOmo NG ETUEPOUS

petoBoric TN i—f. To ddpoopo OA®Y QUTGOV TV ETUEEOUS UETUBOAGDY LoOVUTOL PE TNV GUVORLXY

Cnroduevn petaBohy) tng i—f, Aoyw e oy le e apynfc Srothenone tne Ving (waloc).

Aev ypedleton mapd €vor Topdderyua yYiot Vo YivEL aEoKS aVTIANTTO TO TUPAmdve oXenTtxd. Me
dedouévo tov axdlovdo unyovious

I A

Ay +ad, 5 0

cuumepalvoupe To e€XC GUOTNUA SLOPOPLXWY EELGHGEWY

d[Al] _ _ a

T = f1 k1 [Al] [A2]

- [déﬂ = —aky [A1][A2]" - k2 [C] [A2] + ko[ B]®
AT g (A [40)% - b [C] [Aa] + ko[ BT
% = bky [C] [As] - bh_a[ B - fo.

YroBiBacuds Tou TARYoLE TwV dLaPopxwy EELCWOEWY TOL CUCTARATOS. Eiva
TROTUNTEO VO TEPLORIGOUPE TNV avEAUGCY) EVOS GUGTAUATOS BLAPOPXADY EELGOGEWY TNV AvaAUCT) EVOS
1oodUvVauou pe Ayotepeg elowoelg. Auty elvon ouvilog xan 1 Bladixacia mou oxohoudolue otav
MEAETAUE CUCTHUNTA TOU TEOXUTTOUY OO TNV UOVIEAOTOMON TNG XVNTIXAC Y NUXWDY aVTLOPAoEWY.
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Mdéhoto, auth 1) amhomoinon éneton edxoha, cUVHYWS and eELGHOGELL TOL TEOXUTTOLY UEGWL XATEAAT-
AWV Y POV GUVBLICUDY TwV EELOMOEWY TOU dpyX00 CUC THUATOC.

Do mapdderyya, av b =1, 10 4 x4 chotnua TNg TEONYOVUEVNE TUEAYEAPOL UETUTRETETOL GUECA OF
éval 2 x 2 c0OTNUA PECK TWY EELOMOEWY

d[A;] d[C] d[B] _
a ot o dt

fi-f2

LAl dl] d(p)

dt dt at

afi+ fa,
ONhady), loodLVaUAL, TWV
MvCrB= [ (fi-f)at

nou

CLAl —AQ -B= / (lel +f2)dt,

omou Pefalwg oL poég f1 xan fo elvon YVWOTES, Ve, av a =1 xou b = 2, téte yetatpénetan oe éva 3 x 3
ocVotnua péow e e&lowang
d[45] , d[C] | d[B]
dt dt dt

Boowxd povtého eviuuixrg xatdhvong. Ebdd Yo yehetioouye to Yepehindeg yodnuotind
HOVTENO Yiot TNV UEAETN TNC XvnTixg TS YEVIXAS eviuxhc avtidpaong ue ynuxn e&lowon

S+E—>E+P, (35)

omou S elvor to undotpwyuad, P to mpoidv xar £ to éviupo mou Ty xatahleL.

Ipdta, My ewoaywyd Aoyia nepl e wotoplog te. Hdn and to 1894 o Fischer eiye avantidel to
Hortélo khabapuds ka1 kAebov (lock and key model) v v gpunveia e Bloxatdhuong, Eve Tew o
1901 o Brown mpétewve évo evdidpeso Bruo otnv evluuxs avtiSpaon mou teprypdgetar and tny (35)
6710V 10 VdoTpLUa oynuotilet e to évupo éva olumdoko (complex) Tew EexvhoeL 1) xaTtdhuoT), WOEa
nou dnuootedinxe to 1902. 'Hon dnhadn and t6te elye yiver avuinmtd ot ol evlupxée Ploynuixéc
avTidpdoeic Yo TEETEL Var TEAOUVTAL GE TOUAAYLoTOV 800 oTddlaL, xou pdhiota Yo Tpénel Tor oTédlar AUt
var €Y0UV BLapopeETIXéS Ypovixée KkAfuakes (scales). Baowldbuevoe otny déa auth, oe cuvduaoud ue
ou{ntrcelc Tou eiye ue tov Bodenstein, o Henri dnpocieuce to 1902 xau oty cuvéyela to 1903 uia
apy exdoyy) wae oflomiotne dlapopxic e€lowong yio T meptypapr| TS xwvntixic e evlupixic
avtidpaone pe ymuh egiowon ty (35), 1Béa nou elye cuAAdBel Hdn and to 1901. Metd ond pio
dexaetio, To 1913, ou Michaelis xor Menten e€ryayav v elowon auth yenoWWOTOWOVTAS EVA TULO
hentopepéc xou avoluTXd oyfua tou allontolel Ty urdleon tng tayeiag wopporiag (assumption of
rapid equilibrium), v eppfivevoay ot nelotxd Badud xan TRy pehétnoay SieEodxd. Tuyxexpiuéva,
YENOUWOTOUIVTAG (S TUPABELYHO THY XATAAVOUEVT and TNV WPepTtdorn udpdiuan g couxpdlng oe
YAUXELn xon ppouxtdln, yerétnoay v (35) uéow Tou unyoviopol

k1 ko
S+Ek: C—=E+P, (36)
1
émou (ki, k-1, ka2 > 0 xou) C moplotdvel T0 cOUTAOXO UTOGTPOUATOG-EVEUUOU, %ol EUUECHS CUUTEROVOLY
oTL bTay

[S]=[S]y, > [E], =[F] »xa [C]=[C],=0, yia t =0, (37)

ouvihpn amodextr otig evlupxée avtdpdoels, TOTe yior TNV ToyOTNTA U TN eviUUXAE avTiBpaong ue
o e€lowon v (35) woydel 61

Usup 5]
~ 38
Kdis + [S] I ( )
o6mou
Usup = k2[ E]p,
xadg enfong
k1
Kais = —, 39
dis = (39)
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7 otadepd mou TAéov xoheltan otalepd Sidotaong (dissociation constant) tou cuunidéxov. Amd TNy
GMA1, ot Van Slyke oAl UEAETOVTOG TNV XATHAUOUEVY OmO TNV OUREdOT) LUBEOAUGT TN ouplag ot
oppevia xon Slogeldo tou dvdpoxa, avtl e (36) yenotponoinoay tov pnyoviowd

S+E£>CE>E+P

xa xotéAngoy to 1914 otny

Usup [5]
VN 40
KVSC + [S] ( )
avti tne (38), 6mou
k
Kvsc = ]?2’ (41)
1

otadepd N ool elvon TAéov Yvwoth we 1 otadepd Van Slyke-Cullen. To 1925 o. Briggs xow Haldane
onuooievoay pio pxet onueiworn émou cuvéldetay Tig Woéeg Twv Michaelis-Menten xou twv Van Slyke-
Cullen péow wog axoatépyaotng npdtng exdoyNc wag véag - yiot Ty evlugxh xivnuxy - unddeong
(hdn xenowomololuevn Yevixd oty ynu xwnuxf and to 1913), tne yvwothc mhéov we Tumkh
unéleon tng oxeddy atalepris katdotaons (standard assumption of quasi-steady state). Edwdtepa,
Behtiwoav tic (38) xou (40), xatadewviovtog 6Tt

Usup [S]
N 42
6mou L )
K = Kais + Kvsc = _1k+ 2, (43)
1

‘Eyet miéov xahepwiel vo hAéyeton ot m (42) «yopoxtnpiler v xvntinf twv Michaelis-Menteny
xou 1 otadepd tne (43) va xohelton otadepd Michaelis-Menten. Ou Lineweaver xou Burk to 1934
xadiépwooy Ty (42) oty pwopyh

1 Ky 1
+ —_
Usup  Usup [9]

R

SR

¢ epyaheio TEPUUATINOD LTOAOYIOUOD TOV TWMY TWV Vsyp xat K. HOM and g apyéc tou dedtepou
ool Tou 200uL aucyva xa xordOAT TNV BidpXELd Tou, ToAhol EpEUVNTES doy O UNXAY PE THY EYXLEOTN T
¢ undleong NG oyeddv otadepiic XATACTACTC XL TOV TEOGOLOPLOUS TWV BUO YEOVIXMY XALUAXWY
Tou povtéhou péow eqappoyne e Metodohoylac Atatopaymy. 2otéco, Aoy mokd apydtepa, toO
1988 xau to 1989, 6tav o Segel poévog tou xou poli pe tov Slemrod, avtiotoya, €deile bt dtav

(K + [Sg) > [E]y xou [C] =0, (44)
TOTE LTdPYOUV GVTWS BVO Ypovixéc xAluaxee, Tic onoleg xat xatéypade we e&hc

B 1 KM+[S] _
TRl < kiE],

to

xou toyvet ot

. { 0, Yo Yedvous cuyxpelolous HE to (45)

omwe oty (42), Yo ypdvouc cuyxplowous pe ts.

Méhota, 1 (44) givon yevindtepn tne (37) agol emitpénet

(] _ , [E],
5, =0(1), xadexe KISl 50,

-0

N oxdpa xou
[E]o > [STo-

To 1996 o. Corless, Gonnet, Hare, Jeffrey xon Knuth (xou 6yt to 1997 ou Schnell xaw Mendoza, émec
ouyvd avagépetar oty Biloypogio) arotdnwoay v Aon e e&iowong e xivntixrc Michaelis-
Menten oe xhelo 1 pop@y| yenowlonolwvtag v ouvdptnon Lambert, W, xou yio tv oxp{Belo tov
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kUpio kAdoo autig, Wy. Emmiéov, uéow tig npoavapepduevng dovkelds twy Segel xou Slemrod eiodye-
TaL ol TeTN Hop@n) SAANG undleone, tne avtiotpogng vndleons tng oxeddy otalepns katdotaons
(reverse assumption of quasi-steady state), 6ou xotadewvieTon 6Tl GTOY

[E]y>» Kum xau [C], =0, (46)

16TE UTdPYOLY AL BVO YPOVIXEC HAIUOXES,

xou Loy Vel ot

. { k1[E],[S], vy xpdvouc ouyxplowoue pe tg (47)

0, Yl ypévouc cuyxpioouc Ue to.

Tepinou pa dexaetion apydtepa, to 2000, ov Schnell xou Maini diamictwoay 6t 1 (46) dev apxel yio
va oy el 1 (47), avtideta, n véa unddeon Ya tpénet vo Exel TRV popph

[E], >» Kwm, [E], > [S], xou [C], =0. (48)

Télog, avagépouue 6TL T0 1996, pe Vv epyaoio twv Borghans, Boer xau Segel, eiodyeton o pyetaoyr-
HOTLOMOC TNS SUYAEVTPWONS TOU ONXOU UTOG TpMpatos, [1'], Snhady| To ddpolopa TV CUYXEVTPMOENY
70V eAeUUEPOL /ABDEGUEUTOU LTIOC TPOUATOS CLUV TOU SEGUEVHEVOU UTIOCTROUATOS OE HOpPY| GUUTAOXOU
pe to évlupo, dnhadt

[T]=[S1+[C], (49)

yior v Teptypogpel wa tpltn unédeon, N odikrj vndleon tng oxeddv otadepns katdotaons (total as-
sumption of quasi-steady state), o apxetol gpguvntéc €xouv and tote aoyohnlel ye tnv unddeon
oauth. Qotéo0, dnwe Ya xatadeifouue €86 (BA. ‘Aoxnon 76 xo ‘Aoxnon 78), dev undpyet ouclooTIXT
teitn unddeon, mopd LOVO Lol BLUPOPETIXT TTROGEYYLOT TWV U0 TEWTWY.

Tpa, EMOTEEPOVTAC OTNY HENETT Yo, AELOTOLVTUS ToV pnyaviopd (36) ue tov Tpdmo ou €xoupe
70N TOEOUGLATEL, XUTAA YOUUE 0TS EELOWOELS

W s+ k4 (0] (50«)
B - s102)+ (e k) (€] (508)
% =k [S][E] - (k-1 + k2) [C] (50Y)
d[P] ,
— =kI[Cl. (508")

To avziotoiyo ITAT. To IIAT yia to napandve poviého eivan to e€nc:

Me 6edopéva [S],, [E]y, [Cly, [Pl 20, avalnrodue tdotnua ISR pe 0 € J kar
ouvdptnon ([S],[E],[C],[P]): T~ [0,)", tétoa doe n
([S1,[E],[C],[P)) va ikavoroel Téao o (50) ozo (I~ {0})° boo ka1 T (SECP)
(151 [E], [C1, [P]) = ([S]o, [Elo, [Clo: [Pg) ya t = 0.

T ot Moo tou (SECP) woylel bt

1, 10odLVouA,

[ST+[CT+[P]=[S]y +[Clo + [Ply = As, (51)
Moyw e apywic cuvixne touv (SECP), énwe enione 6Tt
a[E]  ale]
dt dt ’
7, 10od0vaya,
[E]+[C]=[E]y +[C]y = Az (52)
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Ané uc (51) xan (52) oe cuvduaoud e TNV UN AEYNTIXOTATO TV CUVIGTOOMOY TV AICEWV TOU
(SECP), oupnepaivouye 6Tt

[S]SAL [E]SAQ, [C]Smin{Al,Ag} Hol [P]§A1 (53)
Emuniéov, and v (50Y) oe cuvduaoud pe ta gpdypato yio Tic [S] xou [E] otnv (53) éyoupe ot

< A1 A

(€] 522, (1)

omou Ky 6nwe oty (43), eved ov undroneg e€iomoelc tou (50) dev neplEyouy emmAéov Thnpogopia.
‘Etot, and v (53) xou v (54) naipvoupe tehxd bt

[S]< Ay, [E]< Ay, [C]<min {A17A2a Ay
Kwv

} — Ay xen [P]< Ay (55)
Tré 1o nplopa e (55), Yétoupe

Qo ={(s,e,¢,p) €[0,A1] x [0, A2] x [0, A3] x [0, A1] |s+c+p=A1, e+c= Ao}
xou €tol unopolpe va Yewpricoupe 1oodivapo tou (SECP) npbfBinua o e€nc:

Me 6edopéva [S), [E]y: [Cly, [Pl 20, avalnrodue tdotnua ISR pe 0 € J kar
ouripenon ([S].1E),[C], [P]): 7~ O, weowa dove n ([], [E], [C], [P]) ve
wcavoroiel téoo to (50) oto I\ {0} doo kar Ty

([S].[E].[C].[P]) = ([S]o: [Ey: [Clo: [Py) yra t=0.

Topea, und v oyl twv (51) xo (52), cuunepaivouye 6T o cVotnua (50) propel Loodlvo Vo
TEQLOPLOTEL GTO

Wl k514 m 81001+ 4 [0) (562
% — ke As [S] = k1 [S][C] = (k_y + k2) [C]. (56p)

Me ypfon e (5603") oe cuvBuoaoud pe to gedyuo e [S] oty (55) éxouye bt
A Ay

Cl<——-. 57
[C]s 2 (57)
Apa, and to gedyua e [C oty (55) xou v (57) nadpvouye dTL Telxd
. A1Ay A4 } : { A4 }
Cl< Ay, Ayy ————, ——— 1 = Ay, —— = Ay 58
[ ]—mln{ 1,412, KM ’KM+A1 min 17KM+A1 4 ( )
Mdhiota, Bacuée yio Ty cuvéyela ebvan ol dueoca emahndeloleES CUVETOYWYES
A1 Ao
Ay < Kpy+ A= Ay = ——— 59
2 M+1:>4KM+A17 (59)
%ol GTOV ovtinoda,
[ Az > Ky + Ay = Ay = Ay | (60)

Tépa, und 1o mploya Tou gedyuatoc e [S] oty (55) xau e (58), Yétouye
Q1:={(s,¢) €[0,A;] x [0, A4] |s+c< Ay}
xou €10l Pnopolue va Yewprioouye t1oodivauo tou (SECP) mpdPinua og e€hc:

Me bedopéva [S)), [E]y: [Cly, [Py 20, avalnrodue idotnua I R pe 0 € J kar
ouvdptnon ([S],[C]):J - Q, térowe doze n ([S],[C]) va wavoroiel téoo to (SC)
(56) oo I\ {0} boo xar Ty ([S],[C]) = ([S]y, [C]y) yat=0.

"Acxnorn 71. Yuuminpdote tig Aentopépeies niow and dla ta gpdypata twv e€aptnuévov peta-
BAntdy Tov (SECP) kai tov (SC), uéxpt kai Tny ekaywyn twv (59) kar (60).
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Oparry, detixd oAixy) AVom xo %Al TonoVETNoyn Tou meoBARpatos. Me yvwotd
emyepfuoto (BA. Aoxnon 72), nalpvoupe v Onapln povadixic, opaiic, cLVEXADS EEUPTMUEVNS oo
o atpynd dedopéva, Jetind ohxhc, xou peylotixic Aong tou (SC),

elte R

([S1.[C]): { ~ [0, 00)%,

glte [-€1,00), Omou ey €[0,00)

xou udhioto 1y adpt| ameixbvion tou medlou Slevdivoewy tou (SC), yio TNV un TeTEpévn tepinTwom
omou A; > 0 xou Ag > 0, diveton oto oyfua Lyfua 64. O poveg peylotixég Aoelc ye avoixtd nedio
oplopol elvar oL otaepéc, To mEdio oplouod TwV onolwy elvar cuyxexpléva dho to R.

< L g > < >
Ay Ay Ay [S] Ar= Ay Ay [S]
() 0< Ay < Ay < As. (B)0<A; =A< As.

1] 1]
Al L 4 Al

A

 J

Ay

N

< & > .\ >
Ay Ay Ay [S] Ay Ar= Ay [S5]

(v)0< Ay <Az <Ay (®)0<As <Ay =As.

SyAuo 64: Towotixh anewxdvion tou tedlou dievdivoewy tou (SC) yia didopes epintmoeic Twv A1, Az xou Ay, btay
A1 >0 %o Az > 0. Me pnhe n [S]-undevoxhwic xopunOAn o ye xéxxwvo 1 [Cl-undevoxhvic. Lnueidvoupe 4t oe
%xé&de mepintwon woydel 6Tt Ag < Ay xou Ay < Ag, dedopévou bt Ay >0 xou Az > 0.

‘Aoxnon 72. Yuumknpdote tis Aentopépeies tns ueAétns @dong I tov (SC), avayvwpiote ta
avaAdolwta ovvola, téoo tov (SC) doo kar touv (SECP) kai eAéyére tny kataokevr) Tov XyHuatog
64 xalb§ kar Tov avtiotoryol Tov yia Tny mepintwon omov eite Ay = 0 efte Ay = 0.
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Ynpeia toopporniog. Edxolo unopolye vo cuunepdvouue 6T To

(IS1°,[CT") = (5,0) ye s€[0,41], o6tav A1 =0% A2=0
’ 1 (0,0), oty As >0

elvou tar onueta toopporiog tou (SC). Qotédoo, ducoo cuunepaivoue STl €xel VOMUA Vo UEAETAOOUUE
v evotddeta uévo tou (0,0) yia TV un teTpPévn tepintwon 6mouv Ag > 0 xou As > 0.

Avdivon evotdsiac. Troloyilouye Tov nivaxa Jacobi we

k (c—A ) kis+k_
J(S’C):(ki(AQ—i) _klsl_(J];_likg))’

ot Wotéc Tou omolou oto (0,0) dlvovton ard Tov tHno
1 2 3
Ap = 3 tr + (tr - 4det) ,

6mov

tr = _klAQ - (k_l + k’g) <0 xou det = k’lkgAg > 0.

Apa to (0,0) etvon Yetnd acuuntwtnd eustadéc onueio woppotiag tou (SC).

OAux?) acupmTwTixy csuotddeia. Ayeca and 1o Xyruoatog 64, ¥ evahhaxTixd Ue ypriorn Tou
ouvduaopol tou Vewphuatoc Poincaré-Bendixson pe to opvnind xpithpio Bendixson-Dulac (B
‘Aounon 73), ouunepaivoupe TV o) Vetnr| aouuntwtixf eustddeto Tou (0,0).

‘Etot, uné 1o mplopa e (52), v xdde apywxy ouvdfixn tou (SECP), 1 cuyxévipwon Tou
evllpov, [E], o nopopeiver tehxd (Yo t — 00) auetdBANT, 61w GAOCTE AVAUEVOTAY.

"Aoxron 73. Acitre tny oikdtnta tng Jetikiis acuurntwtikig evotddeaas tov (0,0) ya to (SC),
a&onoiwrtag to Oecdpnua Poincaré-Bendixson, g€ ovvdvaoud pe to apvnuiké kpwerpio Bendizson-
Dulac pe tny ouvdptnon ¢ = 1.

Tunmixy vnodeor tNng oxedov otadeprc xatdotacns. H tund unddeon e oyedov
otodepric xatdotoong elvon 1 e€ng:

| A1 >0 %00 0< Ay < Ky + 4| (sQSSA)

1, l0odlvaua,
0< AQ < ,K'M7 T,]
A1>O%O(L O<A2<<A1,‘f’]

ta dVo Tteheutala pall toybouv TauTtéyPova,

xou LTS Y Loy ¥ authc peretdue to (SC), dnhady, ye yerion omoxhelotnd tne (sQSSA) Yo Sel&oupe

’
OTL:

1. To (SC) éyer eyyevie dvo ypovixéc xhpoxec Tic onolec xau Yo unohoyicoupe. Mdhota, 7
(sQSSA) ogeiher Tnv ovopasio e 0TV UTOEEYN TWV TUPATAVE YPOVIXMV XNUAX®OY. Duyxe-
XPUWEVA, EXTOC WO UXphE dpyic Ypovixiic Bidpxetag 6mou 1 evlupx| avtidpoon e ynuixy
elowon v (35) dev eZehlooeton, dnhadh v » 0, xotd Ty udhoin Ypovixy Bidpxeld TNe M
evluuu, avtidpaon Beloxeton oe wo otadepr xatdotaon xatd Ty onola oyvet 1 (42).

2. Trdpyer wor xakf; ohxry (avahutixd) mpooéyyion e Aong tou (SC) oe xheloth wop@h TNV
omnolo xou o unoroyicouye.

T var avaderydolv ol mpoavagepieioee ypovinés xhuoxee, 0 mpwto xou Paowxd Brua ebvan 1
adraotatonoinon tou (SC'). 'Etot, xatd 1o yvewotd, Aoyw tou gedypoatoc e [S] oty (55) %o tne
(58) emréyoupe Tic odidotates eEUpTNUEVES UETUBANTES G

1 1

Sa(ta) = 5~ [8) () % Calta) = 4 (€1 (1)
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omou €youye emhégel wor audaipeTn, TEog Weag, yeovixr xhipoxa t. > 0 yio ™y adlactatonoino,
onhady)

o umoloytowds T-ne/wv omol-ac/wv Va npoxidel uod xotd v Swdwacia. Iapatnpolye, duwe,
6TL dedouévne e (sQSSA) éneton amd v (59) ot

o ) ;
Co(ty) =—[C]| —
(ta) = - [€1(1)
6Tou n
(sQSSA) 5 (sQSSA)
0 < =— < 1 61
c KM + A1 ’ ( )
ONhadY), 1oodhVaUAL,

0<ew~0. (62)

‘Eva npdto ouunépoopa eivon 6Tt 1) evdeydpevn uetaBold e [S] elvan mohd peyohdtepn e avtictor-
xne e [C]. Tépa, to (56) Yo mdpet Ty axdhouvdn poppy

Do gt (=80 + -0 SuCat —P ¢, (6300)

dt,, l1+o 1+p)(1+0)

dC o 1
S =k (Kpy+ A1)t (Sa — ——8aCo — ——C4 |, 63p
dt, 1 (B + A ( l+o l+o ) (638)
6Tov A K L
1 dis -1

0= —— XU pi= —— = —, 64
Ev 7T Kuse ke (69

onov Kais xou Kysc 6noc otic (39) xa (41), avtiotouya.
Hoapatneavtog to (63), opllouue

1 Loyt 1

_ =t — = =1 5 65
kl(KM+A1) 1 g k‘lAg 2 ( )

Y10l VO GUUTEQEVOUUE OTL

k’lAgt* =& klAQt* =1
t, =t = nou ty =19 = 1
kl(KM+A1)t*:1 kl(KM+A1)t*:ga

xau €tot to (63) va mdpel Tic eEh¢ Loppéc:

o Avit, = t | TOTE
tq
45 =¢[-S, + LSQCQ + $Ca (66a)
dte 1+o 1+p)(1+0)
dC o 1
2= Sa - Saca - Ca' 665
dt, l+o l+o (668
t ,
o Av|t,=—| tbte
ta
45 =-S5, + LSQCQ + #Ca (67)
dtq 1+o (1+p)(1+0)
dc, 1 o 1
= =S - 7——=5Ca - —C4 . 673
dt,, 5( l+o l+o ) (678)
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O¢étovtog
{(s ¢) €0, 1]2|5+5cs 1},
1 adlaoTotonomuévn exBoy | Tou (SC) Yo éyel wg e€he:

Me Sedopiéra [S]O, [E]y, [C]y, [P]y 2 0 kai € > 0, avalnrovue Sidotnua J S R pe
0 € J ka1 owvdptnon (SQ,C ):J = Qe, térowa wm:e n (Sa, Cy) va ikavororel
téoo to (66) av t, = ti 1} o (67) av t, 5 oo I\ {0} doo kar Tny (5Cas)

(SQ,CQ)=([A]1 7[5A] )ylat =0.

A

el

—_ M= 0

0 1 S

SyAua 65: To epuxtd cbvoro Qe tou (SCasy). IMupatnpodue 6t Q. — [0,1) x [0,1] U {(1,0)} xoddc & - 0F, dnhodA
U QE:[Ovl)X[O71]U{(170)}
£€(0,00)

Meletdpe Eeywerotd v xdde pio and tic dbo exdoyéc tou (SCas) yio vo Bpolpe and pio o-
viloTolym Tpocéyyion, 1600 G0 €0wTEPIKkd 6GO xou 6T e€wTepikd aTpdua, e Mong ([S], [C]) Tou
(SC), SNhodA ot TPOGEYYION YLa YEOVOUS TUYKPITIHOUS PE t1, YVWGC TH Xl G €0WTEPIKT] TPOTEyyion,
X0l UL YLOL OCUYKPIoIUOUS PE ta, YVWOTH Xt ¢ eEwtepiki) mpooéyyon, aviiotorya. Avokutxdtepa:

o Kowttvtog 1o (SC) oav éva diatapaypévo npdBhnua e datapaxri € > 0 «xovidy oto 0, €xou-

e, umd To Tplopa g ouveyolc (xan opolic) e€dpTtnone tTne Aome and TIC TUPUUETPOUS TOU
TpoPMuatog, Ty e€fic Thnpogopio yior Ty (66o)

o | 54 T 50 P o
dt, 1+0 1+p)(1+0)

=0(1) (opoLdpoppa we TEog ta ), xaddhs €07,
oV (Sa,Ca,)=0(1), xaddeg e—-0",
apoV (Sq,Ca) e, Vex0

=0(e), xaddg e>0*

xodede eniong

dS., .
at. ... s
—— =0(e), xaddg e—>0*

=0(1), xaddc e—-0", 6tav to <1,
Aol S =0(1), xadde e—0",
o€ GUVBLACUS HE TOV 0pLOUS TNG TOEAYDYOUL
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dpa

dS,

=0(e), xadog e > 0, dtav t, x1
dt,,
‘Etot, AMoyw e (62) éneton 6t

dS,

ta) =0, 6tav to X1,
dta(“) “

(68)
xou Moy g apyiic ouviixng tou (SCay) éyovue tehind 6Tt

Su(ta) (510

,
, oty to X 1.
A1

Av avTixatao TACOUPE TNV TopAndve TEOoEYYIoTIXY oéThTa oty (66037), téTe 1) TeheuTaio yive-
Ton Wi ypoux) Slapopint| tpoceyyloTixy e€lowaon, 1 Abon tng omolog elvon M)

N(l"'U)Sa [C]y
Cata) » 1+08, " Ay

+o @

(1+0)S, ) e

btay ty <1
1+08, ’ Lnw

dedouévne e apyic ouvdfixne tou (SCay). Buvenoe, N ecwteput| tpocéyyion, ([S];,, [Cli,),
e None ([S],[C]) tou (SC), dnradt 1 npocéyyion Yo t yio T omola oyer 6Tt

=0}
ebvon

[STin = [STos

[C] _ AQ[S]O +([0]0_ AQ[S]O

_ )e_kl(Kl\1+[S]0)t.
" Ku+[S] K +[S]g
T v (670) éxoupe 6T

dC 1 o 1
@S- T SuCa
dt, ¢ l+o0 l+o

=0(1), xadmg e—>0*

=0(1), xaddig =0+
xoede eniong
dC,
dt, N ’
—— =O(%), xadog e—»0+
=0(1), xoddc e—-0", 6tav to <1
dpa

Su- -7 S
l+o0 l+o0

=0(g), xoddg e—0", btav to x1
‘Etol, énetan 6Tt

d 1
Ly Iy ML e SN SO
dt, l+o l+o
dnhady

O n (1+0)S,

7
a ®

, otav t, < 1.
1+08S, “

Av ovTXaTAG TAOOVYE THY TapONdve TPoceYYIo T .dtnta oty (67a), Téte 1 teheutala yive-
To Lol U Yeopxr Stapopixh tpocey Yo Tt eiowon ywetlopévwy PeToBANTOY, dnhady
dSs Sa

N , otay ty X1,
dte ~ (tp) (105

(70)
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n Aoon e onolag ebvan ) (BA. ‘Aoxnon 74)
1
Sa(te) » fWO(oﬁe”efﬁt‘l) otay to < 1,
o
onou Wy o ndplog xhddog tne ouvdptnone Lambert, 6mwg 1dn €youpe avagpépet, xou £ > 0 wia

otadepd Tou pével va tpoodloptotel. Xuvende, N ewtept| Tpoctyyion, ([S] e [Clowt), ™C
Noone ([S],[C]) tou (SC), dnhad 1 npocéyyion yia t yio ta onolol Loy Vel dTL

=

elvan

CAT L (0A—kyAst
[STout :KMWO(?MGKM( i ))7

& (LA1-k2 Aot
AWy thremyr (tAi-hatat))

[C] :
1+ Wo(%eﬁ(ml_kﬁzt))

out —

Ioe Yo Bpolue pia odikr/opoiduopen npocéyyion tne Aone ([S],[C]) tou (SC) and Tic em-
wépoug mpooeyyioewe ([S],,, [Cli,) o ([S]yu [Clowt); Kotopyde, emhéyovtoc Ty evbidueon twv
t1 xou ta ypovixr) xAlgoxo wg

t
tint = % € (t1,t2),
£32

OnAadY) emAéyovtag TV ypovixn xAigaxa oto otpdua emkdAvyng, Beloxouue edxoha OTL TO XOWO
6plo mou mpoxlntel and v ourdikn ourapuoyns v do emuépous Moewy da Teénel va elvon to

A[ 5]y )

b= ([S]O’ Ky +[S],

YUVETOC

151y
A

ot da e oporbopyn pooéy o, ([S],,: [Clu,)s e ([S1,[C)) eboun
([STuns [Clun) = ([T [€1) + ([S T [Clone) - L.

ONAadT, AVIALTIXOTERQ, 1)

{ =

[S]un = KMWO( [S]O eklM([S]o—szgt))7

Ky
[S]g 7y ([S1g—k2Aat)
[C] :A2WO(K1\;e 0 ) ([ _I‘M)e_kI(KW[S]O)y
" 1+Wo(gi?eﬁ([s]0‘k2*‘2t)) O Kum+[S],

‘Aoxron T4. Yuumdnpdote s Aentouépeies tng enilvong tng dagopikiis e€iowons oy (70)
Héow xwp1oHoU peTaPANTOY.

"Aocxnorn 75. YuumAnpdote Tis Aentopépeles tng ouvappoyns twy €TUEPOUS TPOoE Y VITTIKGY AVoE-
wv tov (SC), und Ty 1wV s (sQSSA).

"Aocxnorn 76. Avtl tng mpooéyyions eletlepov vmootpduatog, omov peretriinke n dvvauikn) tng
oUyKkévTpwons tou elellepov/adéopevtov vrootpduaros, [S], artuuetoniore o (SC) péow ng
TPOOEYYITNG OAIKOU UTOOTPWHATOS, OToU MeAeTdTal ) OuvaiKn) THS OUYKEVTPWONS TOU 0AlkoU UTo-
orpduatos, [T], drws avth opiotnke otny (49). Xuykexpiuéva:

1. Tponorojote to (56) éror dote o ebapTnuéves petaPAntés va etvar mdéov o [T'] ka1 [C], ka
Uewpeiote to avtioroo 1IAT.

2. EmAYote npooeyyotikd to mapandve ewpolievo npdPAnua vrd tnv 1woxU tns (sQSSA).

3. Yuykpivete ta anotedéopatd oag pe ta avtiotoyga tng mpoaéyyons eAelfepov vTooTPdUaTOS.
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AvtioTtpogn undédeom tng oxeddv octadepnc xatdotaons. H avtiotpogn unddeon e
oyedov otadepric xatdotaong elvon N e€xc:

‘A1>0}{0(L A2 > KM+A1 s (TQSSA)

7, 10odlvaya,
Al > 0, A2 > KM pdein A2 > Al,

xow urtd TV oy 0 authc peretdpe to (SC). Iupatnpolpe 6Tt N peydin avicdnta e (rQSSA) eivou 7
avtioTtpogn tne avtiotoiyne e (sQSSA), €€ ou xou 1 ovopasio T tedne. Me ypron anoxhelstind
e (rQSSA) da deifouye bt

1. To (SC) éyer eyyevie dlo ypovixée xhipaxec Tic onolec xan Yo utohoyicoupe. Tuyxexpyéva,
EXTOC oG XEHS apyxhc Ypovixhc Bidpxetac 6mou 1 evluwxy| avtidpaon pe ynun e&lowon
v (35) e€eliooeton Pe ToydTNTAL U TOU ToPOUCLELEL AT TPOCEYYLON YUY CUUTEPLPOES
o¢ pog TV [S] xan ouyxexpiuéva v & k1A [S] nwe oty (47), xatd Ty undloiTn yeovixt
Budpxeld tne 1 evluuin avtidpaon dev e€elooetan, dnhadn v =~ 0.

2. Trdpyet ot X0l ohxfy Tpoceyylon tne Aong tou (SC) oe xheloth popeh tnv omoio xou Yo
unoloy{ooupe.

Kotd 1o yvwotd, emiéyoupe Tic odidotates e€optnuéves HETUBANTES G

) xon Cy(ty) = Ai4 [C] (i),

[

1 t

Salta) = - [81(

(ta) = - 151+

omou €yovue emAégel por avdaipeTy, Tpog Gpag, ypovixh xAlwaxo t. > 0 vy Ty adlcTtatonoinoy.
Iapotnpolye, duwe, 6Tt dedopévne e (rQSSA) éneton amd v (60) 6Tt

e rel(l)

pide

‘Evo tpdto cuumépacpo eivar 6TL 1 evdeyduevn petoBori tne [S] eivan ouyxpiown tne avtictoymne
e [C]. Oétoupe

(rQsSsA) A Ky+A; 1 (rQSsA)
0 < = DL AMTAL 2 TR, 71
ST 4, e (71)
émou € 6mwe oty (61), dnhady, Loodivaua
1
O<n<=»0, (72)
€
xou €tol to (56) VYo mdper Ty axdhoudr) popen
dS, ki (Km+A4:)A
S _k(BurA) Ay, (0 g 19 g0 P g (73%)
dte Ay l+o 140 (1+p)(1+0)
dC, ki (Km+ Ap) Ay ( o no n )
= tx Se — SaCo - ——C4 ), 733
dt, Aq l+o l+o l+o (738)
6moL 0 %t p OTwe oty (64).
Enione xotd 1o yvwotd, nopatnedviac to (73), opiloupe
A 1) ¢ 1
! TR = b, (74)

ky (K + A Ay n ki (Ku+ Ay
Y10l VoL CUUTERAVOUUE OTL

= —kl (KM+AI)A21€,r =1 xou ty =ty = —kl (KM+A1)A215* = l,

te=1
! Al Al n

xou étol To (73) va mdpet tic €€ poppéc:
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o Av tazi,'co"ce
tq
Do 9 5+ g0+ g, (75c)
dt, l+o 1+0 (1+p)(1+0)
dC, o no n
= So — SaCo — Chq. 7503
dt, 1+o0 l+o l+o (756)
t
o Av|t, =—1| tbte
ta
dSa
Bo_ 7 g4 % 500 g, (760¢)
dt, n(l+o) l+o (1+p)(1+0)
dC, o o 1

dt,, =n(1+0)5a—1+05a0a—1+00a. (76

OétovToc

0= {(s,c) € [0,1]2|s+cs 1},
1 odLactorronompévn exdoyn tou (SC) Va éxel we edhc:

Me bedopéva [S],, [E]y: [Cly: [Pl 20 ka1 n >0, avalnrovpe sidotnua J < R pe
0 €J ka1 ovvdpTnon (Sa, Co ) J = Q, téroia dote n (S, Co ) va 1kavomolel T6oo
0 (75) av to = ;- 1 70 (76) av to = L gt0 I\ {0} b00 ka1 Ty (5Car)
[S]

(Sa,C’) ( 0, [C] Szylat =0.

Mehetdpe Eexwptotd v xéde pio and tic d0o exdoyéc tou (SCa;):

C

0 1

SxAue 66: To eguetd chvoro 2 tou (SCay).

o And v (75¢), 1 omola AMoyw tng (72) Yo mpeL THY TEOGEYYIOTIXT YoouxT| Hopen

dS, o
v ——-8,, 6 ta <1, 7
dt l+o ore (77)

Yo ndpoupe 6Tt Aoy e apyxhic ouvixne tou (SCa; ), bt

Sa(ta) w o e

1

A ~
, otay ty < 1.
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Av avuxatactioouye Ty mopandve tpocey Yoty wwétnta oty (753), 1 omola Yo £xel TAéov

TNV TPOCEYYIOTIXY| Hop®N
dCy, . c

dt, 1+o0

Sa, 0TV to =1,
téte Yo ndpouye ot

C S -
Colta) » [Aio + [A]lo (1-e m5e "), btav ty x 1,

dedouévne tne apy i cuviixne tou (SCa,). Tuvende, N TPOCEYYLOT OT0 ECWTEPUS OTEMOU,
([S]:,, [Ci)s e ([ST,[C]) ebvoun 1

o A6 v (760) éyouue 6Tt

ag

dS, o P
-~ S, Cy-—T—Cy|=-—5,%~0, 6tav t, =1 78
(G 55 ) TS e
dnhad
Sa(ta) =0, btav to <1,
dpa
dSa
%(ta) ~ 0, otav to < 1.

Av avTiXatas TAOOVUE THY TOpAIdve TEOoEYYLoTIX WobtnTa 6To ddpotopa twy (76a) xo (763"),
T6TE and auTd TREOXVTTEL 1) TUPUXATL YRoULXY] dlapopixt] TpoceY Yoty e&lowaon
dC, 1

N — Ca,, to X1,
dte  (Aep)(1ro) @ 7

1 Aon tng omolag elvon 1)
1
T ey T
Co(ty) » le” TG " brou ty X 1,

6mou £ > 0 wa otodepd OV UEVEL Vo TROGOLOPLIOTEl. UVETADC, 1) TPOGEYYLON OTO EEWTEPXO

GTP(;)P'O(’ ([S]out’ [C]out)’ ™me ([S] ’ [C]) ebvan "

[S]out = 07
(O], = LA

out

Télog, and Ty cuvinun cuvapuoyc Peloxouye 6Tt

(1, , [Cly

¢ =220
Ay Ay

xode enlong ot 1 opotduoppn npocéyyion, ([S],,,[Cl), ™ ([S],[C]) eivon n

[S]un = [S]oe_klAQt,
[l = [l + [$]y (e - 220,

un

"Aoxnor 77. XUumAnpdote Tis AeTTOUEPEIES TNS TUVAPUOVIIS TWY €TILEPOUS TPOTE YT TIKWOY AVTE-
wv Tov (SC), vrd Ty 1wy s (rQSSA).

"Aoxnorn 78. Emldote to ITAT tng mpooéyyong olikod vrootpduatos otny Acknon 76 vrd
my 1w0xU s (rQSSA) avt v gopd, ka1 oUykpivete ta anoteAéopatd oag pe ta avtiotoya Tns
TPooE€YYI0MS EAEVTEPOU UTOTTPOHATOS.

129



Awdreén 9 m

Yvpnepdopata.  Acedouévng e (sQSSA) undpyet t1 > 0 tétolo hote

d[S
%(t) ~ 0, dtav t X tq,

10 onolo npoxVTTEL dueca and TNy (68), dnwe enione dTL UTdpYEL ta >t TéTo hote

d[C
%(t) ~ 0, otay t X to,

70 omolo mpoxVNTEL YE TNV oeLpd Tou and Tty (69). Mdhiota, Aéyw tne (70) wylbel bt

d[S] = koA [S]

~ - , 6tav t X to.
dt K + [S] ?
Yuunepalvouye, €tol, OTL
0, otav t Xty
vny koAs[S
k242 [S] ], oty t X to,
KM + [S]

6ToL U 1) To U TIHTOL TG YMNUc avTiBpaong pe ynuixd e€lowaon Ty (35), SnAadn un TeTEIUéVN XivnTIXR
eupavileton uévo oo e€mwtepind otpdpa. H mapandve mpoceyylotxr wodtnta yio t ouyxploa Ue
to dev elvon GAAN amd Ty mpocéyylon Twv Michaelis-Menten yiot v xuwvnuxy| tng npoavapepduevng
YU avtidpaone, énwe avagpépope B3N oty (42), xou anewoviletan oto Lyfua 67.

'U“
kQAQ s e e S— -}
I ko Ao[S]
: Ky + [S]
:
[ I
|
|
|
! -
0 A 5

SyxAue 67: Tlpocéyyion vy v xvntixy e xnuxhc aviideoaons (35) und v woxd e (sQSSA), v xpdvoug
ouyxplowoug YE ta.

Emniéov, dedouévne tne (rQSSA) undpyet t1 > 0 tétolo dote

d[5]
dt

R —klAQ [S], otav t X t1,

T0 onolo npoxVnTEL dueca and TNy (77), dnwe enione 6Tt UTdpEYEL ta >t TéTolo hote

%(t) w [S](t) =0, bav £ = ta,

10 omofo mpoxVNTEL YE TNV oELpd Tou and TtV (78). Tupmepaivouye, étot, 4T

klAQ [S] s oty ta X 11
VR
0, oty ty X to,

ONAdY) un TETEIUEVT xvnTixy ep@oaviletan auTh TNV Popd HOVO GTO ECWTERIXO GTRPOU, 1) OTolol ol
anewxovileton oto Lyrfuo 68.
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/
//klAQ[S]

f

0 Ay [S]

SyAuo 68: Tlpocéyyion vy v xvntixd e xnuxhc avtidpaone (35) und v woxd e (rQSSA), v xpbdvoue
cuyxplolwoug ye t1.

Enpetdvouue 6T Tapdho Tou yia TNy avdiuon e (rQSSA) yenowonomidnxe dueso n 0 <n ~ 0,
onhady| M
A1 << AQ,

evtolTOoLS XaL M
Ky < AQ,

oV XoU - TPOTOV TIVE - «xELEPRY, ool Bev epgpavileton dueca otic adlaotatonomuéves e€lodoee (75)
xou (76), moilel oustaotind poho Yo Tov doywetopd e (rQSSA) and v (sQSSA). Hpdyuat,
€otw OTL
Kum & As,
onhad
KM > A2 T’] KM X AQ.

Téte, dedopévne tne Ay < Az, xatohfiyouue 6tL

Ay « K+ A1, av Ky >» Ay » Aq, A
AQXKM+A17 av KMXAQ >>A1.

Sy npdtn nepintwon oylel 1 (sQSSA), evdd oty deltepn BSev oy el xapio and g (sQSSA) xau
(rQSSA).

ApvdpnTixy enidvom. llpoywedue otnv apuduntiny enihucr tou meofriuatog, 6mwe @alfveton
0710 LyAua 69 xou oto yfua 70, mpog enaARUeuon TV CUUTELACUATLY LOC.

T tig aprdpntiée Tée twv otadepdy Xou TV apyx®V cuvinxoy utd Ty Wyl e (sQSSA)
axohoutolue v gpyacia Tou Segel, 1988, dmwe galvetan oTov ToRUXdTE TvVoXaL.

TMopdpetooc  Twr  Movddeg uétenone

—

k_q 25 s~
Ky 4-108 M1st
kg 15 871
(5T, 107° M
[E], 1078 M
[l 0 M
[Pl 0 M
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Trohoy(louye
Ky =[S = A1 xow Ay = [E], = 107%[S], = 1073 4,,
S
e=5-10""
nau
t1=1,25-10"%s xau to = 25s.
6.x10° . 6.x107%;
; ity 1t
5.)(10_9 5X10_9l§ ..............................................................
4.x107° — [C] 4.x107°
s [Clow S ' o
""" out :
2 3.x10° 23x10° | N\ - [Clou
0 R [Clin - :
2.x107° 2.x107°
1.x107° 1.x107°
ol ‘ w w w 0 ‘ -
0 0.03 0.06 0.09 0.12 0 100 200 300
t(s) t(s)
(o) Apuduntixh npocéyyion oe clyxpon ue Ty ecwtepix) xou (B’) Apduntixd tpocéyyion oe cYXELON KUE TNV ECWTEPLXH %ol
eEWTEPIXNA TPOCEYYLON, OTO ECWTEPIXO CTEMUAL. eEWTEPLXY TPOCEYYLON, 0TO EEWTEPIXS CTEMOUA.
6.x10° . 6.x10°%;
i ity i b
5.x10° 5.x 1077
4.x1079 4.x107°
S 3.x10° 2 3.x10°°
2.x107° 2 x10°°
1.x107% 1.x107°
0! : ‘ ‘ ‘ ‘ 0 . ‘ =
0 0.03 0.06 0.09 0.12 0 100 200 300
t(s) t(s)

(v") Apwduntixh mpocéyyion oe cOYxpion Ue TNV opoldpopen () Aptduntixh npocéyyion oe clYXELON UE TNV ouolduoppn
TEOGEYYLOT, OTO ECWTEPLXO OTEMMUAL. TPOGEYYLOT, OTO EEWTEPLXS OTEMUAL.

SyAua 69: LOyxpion tou anoteléopotoc e apduntixic enthuone tou (SC) urd v woyd e (sQSSA) (6vrwe
undpyouv dbo draxexpulévee pdoels eEENENC TOL QoUVOUEVOL), UE TIG avTioToes avaluTtixée tpoceyyioels (EcwTepiny,
e€wTeEpN) o opoLdpopPn).

T tic aprduntinée Tés Twv oTtodepdy XaL TV opyIx®Y cuvInx®y utd Ty Wyl ™ (rQSSA),
aUTH TNV QOPd, TPOTOTOLOVHE AVTIOTOLY A TOV PO YOUUEVO Tvaxa, OTWS QPAUVETAL TOROXATE.
Trohoyilouue

K = [S]y = A1 xow Ag = [E], = 10°[S], = 10° Ay,

dnhady
1 , ,
=500, —=2-103 xau n=1073
3

132



Awdreén 9 m

Topdpetooc  Twr  Movddeg uétenone

k_q 25 st
k1 4-108 Mtst
k2 15 871
[S1o 107° M
(E], 1072 M
[C], 0 M
[P, 0 M

pidelh
t1=1,25-10""s xou to =1,25-1072s.

8.x107°
_ 6.x1078 — [C]

A T [Clou
4.x10°0 %\ L [Clin
2.x10°% |

ol ‘ | ot |
0 5.x107° 1.25x10™ 0 02 04 06 08 1

t(s) t(s)

(o) Apduntixnh npocéyyion oe olyxpelon ue Ty ecwtepixh) xou (B) Aptduntixh tpocéyyion oe cOYXELON KE TNV ECWTERLXA %ol

eEWTEPXA TPOCEYYLOT], OTO ECWTEPIXO CTEDUL. eEwTepnA TPOCEYYLOT, 0T0 eEwTEPIXS CTEDUAL.
1.x107° 1.x107%;
8.x107° 8.x107
~ 6.x10° _ 6.x10|
S —iwa 57 — €]
= 4. x 10—6 Ly - [Clun = 4. x 10—6 """ [Clun
2.x10° 2.x10°%}
ol ‘ ‘ ok
0 5.x107° 1.25x10™ 0 02 04 06 08 1

t(s) t(s)

(v") Apduntixh mpocéyyion oe cOyYxplon ue v opoldpopyn () Aptduntixy tpocéyyion oe cOYXELoN UE TNV ouolduop®n
TEOGEYYLOY, OTO ECWTERLXO OTPWMAL. TEOGEYYLOY), OTO EEWTERLXO OTPWMAL.

SyAue 70: Loyxpon tou anoteléopotoc e aptduntxic enthuone tou (SC) und v woxd e (rQSSA) avth Ty

©opd (6vtwe LTdPYOLY, xou TOEA, dVO dlaxexpéves Pdoelc EEEMENC TOU QPUVOUEVOU), UE TIC AVTIOTOLYES AVOAUTIXEG
npooceyyioec (ecwTtepxh, EEWTEPINA XU OUOLOULOPYTN).

Téhog, onuetdvouye 6Tt Ylot Adyoug cuumaryole Topoucidong TV UTOTEAECUATWY ETAEYINXE UOVO
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10 [C] oto nopandve oyfuate. Avihoyo cuunepdouato urnopolyv va eZoydoly ue tov Blo 1pdéno xau
yio TiC dAAeg e€aptnuéves yetoBAnTéc.

MoaOnuatixké YroBabpo:

H ocuvdptnon Lambert. Mo mohl yeriown, ohhd oyt wialtepa Yvwo T, cuvdptnon elvat 1 ou-
vdptnon Lambert, n onolo cuuBoAileton pe to xeparaio Aativixd yedupa W. Av xa 1 cuvdptnon auth
eugpavileton oe TANYOEA eQaproYOY xal arotekel onuoavtind gpyoheio tng E@apuoouévne Avdivong,
evtoLTolS 1) Tapovaia Tng cuyvd dev avoryvwpeileTa.

Av xan xoheltow cuvdptnom, tuxd n W 8ev elvon ouvdptnom, oAAd anoteleiton and emuépoug
KAdOous ol omolol anoteholv cuvapthoelc. Kol evdd oto odpa twv myodxdv aptduny n W éyel
aprdunotua dnelpoug TéToloug XAEBoug, xou cuyxexptuéva, opiletar o xA&doc Wi, yia xdde k € Z, uévo
oL 800 W_1 xon Wy apopolv TeEAXE TO GOUN TV TRUYUATIXWY AELIUNY, Xal CUVETKOS 1) ToapousiooT) 86
eoudleton uévo oe autove. O xAddoc Wy xokeiton kUptog xou udhiota, GToy dev UTEEYEL EVOEYOUEVO
olyyuomne, ouyvd cupPorileton oxéto pe W (Lo Teax Ty Tou amoQedYETUL GTO ToPOY CUYYPUUUA).

Fevixd, n ouvdptnon W opilleton uéow tng avtloTeopnc TS, LUYAEXPWEVA, OTNV TERITTWON TwY
TEAYHATIXOV aptdudY, opllouye TNV cuvdptnon

»R->R

x> ¢(x) = xe”,

1 omola eppaviler olxd ehdyioto oto x = -1 pe ¢(-1) = —e™!. Mdhiota, woylel 6Tt 1 ¢ ebvon yvnolee
pdvouoca oto (—o0, —1] xou yvnolne addousa oto [-1, ), xadde eniong

Ran( ¢|(_w7_1]) =[-e7",0) xou Ran( ¢|[_17w)) = [t 00),

Omw¢ dAAwoTe Qafveton xan oTo Lo 71.

w &~ ot S

SyAua 71: Tpapix) napdotocn tne ¢.
Téte, oo W_1 xon Wy opllovton wq

W_q: [—6_1,0) -R Wo: [—e_l, oo) -R
v W) = Ol @) 2 Wo(a) = 6y ) (),
xa Tpoavks oy bel 6TL 1 W_y elvon yvnoiwe @divouca xaw n Wy yvnoing adEouca, xadog eniong
Ran(W_;) = (=00, -1] xow Ran(Wp) = [-1,00),

OTWC dAAWoTE QafveTon xa 0To Ly o 72.
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w
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/
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4
W, )

SyxAua 72: Tpapix) napdotacn twv xA&dwv W_i (xbéxxwvo) xoaw Wi (unhe).

INo mopddelypa, to oevdplo cuyvd Go YEAeL, yia xdnow o1, T2 € R, vo Mocouue w¢ mpog 1 TNy
e&lowon

¢(5E1) =2,

xd mov Yo ebvan QUTo avy To € [—e’l, oo), xa, UAloTa, ot autrhy TNy tepintwon Yo Eyouue Ot

o W_i(22) xu Wo(zs), av aze[-e,0)
to Wo(z2), av xg € [0,00).

Tomxd npoceyyYLoTixeg AVOELG.  AeBoPEVRY U0 DIUXEXPUIEVLV YPOVIXMV XALUAXGWY
0<t] <tg

evtoc tou S1 evoe (ITAT), o onolo yio x&de yo € Sa éxel povadiny yeylotind| VeTnd ohxf Ao,
y(-,%0), 610V t1,t2 € Dom(y), xadde enione xou evéc yo € Sa, éxoupe o e€hc (BA. TyAua 73):

1. H reployf yOpw and o t1 (t2), yio xdde t evtoc tne onolag Yewpeltan 6Tt
t = tl (t X tz),
Myetan eowtepikd (eEwtepikd) atpdpa/xwpio.

2. M npocéyyion tne Aorg evide Tou ecwtepixol (e£mTep00) GTPOUATOS, Yin (Yout), MNEYETOL
eowtepikn (eEwtepikti). Mo mpocéyyion e Aomg evioc TG00 TOL ECWTEPIXOU 00 oL TOU
ewtepol otpopatoc Ayeton odikr/opoiduopen. To otpdpa 10 onolo €yel ToN) UixpdTeEpO
ebpoc o€ olyYxplon PE To dMho, AéyeTon oplakd/ouvroplakd.

3. H neploy) peto€l tov t1 xou tg, otny onolo TEUVOVIAL TO ECWTEPIXO XaL TO eEWTEPIXO GTEMUA,
Myetan oTpdpa,/xwpio/mepioyn) emikdAvyng.
4. Mo ypovinh xAlpaxa, ting, €Ol OOTE
i. va Beloxeton petagd twv t1 xou to, SnAadH
t1 < tint < t2

nol

il. vy x&de t evtdc Tou oTpdPaTOS ETXdALYPNE Vo Vewpeiton dTL
tx tin'm

Aeyetan evddpeon.
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J L ! | [
Y leowreph : : |
, \ |
TPOGEYYLON | : : : oo
| 1 I
I I
! 1
I I
i I
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I I
I ! ' |
| : : e€WTEPLXN
I I
I I ! | TPOGEYYION
eeol @ I @ ! @ l oee >
| tl ! tin‘r | t‘Z | t

Y4 \V
EOWTERIXO OTPWULI | | e€WTEPIXO GTPWUA

OTPOUA ETXGALPNG

YixAua 73: Booweg €vvoleg xatd TNy UEAETY TOTUXA TEOCEYYICTIXOV ADCEMY.

JUVopoYT TEOCEYYIOCTIX®WY AVCEWV. Acdopévwy WIaG ECOTEPIXNG XL UG EEWTERXNC
npocéyylong, Pdyvoupe e VYo Tic ourapudooupe oto oTEGU emtxdiudrc touc. Me tov bpo ou-
vapuoyn 8ev VVoolUE TNV cLVEYY SLEEAPY TwY 800 TEOCEYYICEWY OE XdMolo ONUElD TOU G TEMOUATOC
emxdhudng, ahhd Tng eVpeoC EVOC XOWOU TOUS 0p{0U EVTOE TOU GTRPOUITOS OUTOD XAl THY XOTdA-
Ankn o€omoiney) tou Yy TV elpeoT) W ouotoopgng Teocéyyionc. KouPixd poho otnv mopondve
Braduxaoto tailel pior cuviixn, YVwo T we owrdnkn ouvappoyns.

AATOPIOMOE X YNAPMOT'HE ‘

'Ectw 800 Blaxexplléves Yeovixés xAUoxeg
i,

0<t) <tg=—, 0nov 0<e k1 =0<ex0,
€

evtdc tou Sp evoc (ITAT), to onolo yia xdde yo € Sa €xel povadun peyiotnh| Yetind okl Mo,
y(+,y0), 6mou t1,t2 € Dom(y), xadcddc enione xou evée yg € Sa. 'Eotw, enione, ov avtiotoryee
npooceyYloe TS AVONG, 1 ECOTERXY, Yin, XL 1) EEWTERLXN, Yout-
O ahyopriuoc cuvapuoyic Ty BUo autdy Ttpooeyyioewy €xel we e&ng:

1. Emhoyn tng evildueons yeovixAc XAUoxas, ting, WS

t

=

tint =

0
Wl

xardg 1) T8EN peyédoug Tou i% Beloxeton avdyeoa otic avtiotolyeg tdéelg Twv 1 xou é
1>

2. Tpagy) 1600 g cowTEPXNE 600 X TNG EEWTEPIXTC TPOGEYYLONG OTO GTPWHA ETXAAUYNG,

Onhad
Vi x tinta
O]9
tq
yin(t) = yin(jta)
€32
3!
yout(t) = yout(jta)v
€32
oTou
t
— =ty x1
tint “



Awdreén 9 m

3. EmBoin} tne ouviixng cuvapuoyic, dniadn

. tq . 21
lim yin(—lta = lim yout| ta|=L.
e—~0", €2 e—0", €3

to oTad. to oTad.

4. EEaywyn TS opoLOHop@ne TEOCEYYIONS, Yun, WG
Yun (1) = Yin (£) + Your (t) = L, yioe xdde t X t1 # t X to.
EnUeLdvouuE TNV Tpoavy) Tapahhay ) Tou Topamdve alyoptduou: Av, loodivaua, Yewprooupe 6Tl
0< ety =t < ty %o &pol tiny = €21,
16T M oLV cLuVaEUOYNC TtalpVEL TNV LoPYY

. 1 . 1
lim gy, (52 to ta) = lim yout (52 to ta) = L.
e—=0", e=0",

to otad. to oTad.
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ITepivypappa AdAegng ‘

1. Yzrowyeia Malnuatikng BioAoyiag:

Movtéha autoxatdiuong:

(o) Ipwroc unyoviopwéc Lotka
(B") Movtélo Higgins-Sel’kov
(v") Movtéro Sel’kov

2. MaOnuatiké YréBadpo:

"Topén neplodincdv Acewy e yeron ywelwy toyideuong

Yroryeia Madnuarikiic BioAoyiag:

Movtéla avtoxatdhvuong. Edo) pehetdue poviélo auToXatahUOUEVODY Y MUXDY oVTLORECEWY,
ONAUDY| YNULXWY AVTLOPICEDY OOV, GE XATOLU CUVLOTWON YNUXT aVTIBEACY) TOU UNYAVIoHOU TOUS, €val
and Ta TEOLHVTAL Spat ¢ XATHADTNG Yior TNV (Bla 1) SLopOEETIXT] CUVIGTMOA.

Or autoxatohuduevee ynuxéc avtldpdoelc eppavilovtol cuyVE xotd Ty Leptx/ TUnuaTixy| LENETT
TWV UETOBOMXWY LOVOTATUOY, Elvol Xah(de YeheTtnpéveg 1dn and to dedtepo wad tou 200U advo xou
YVWOTES YIoL TNV TONUTOIXUAT, CUUTERLPOPE TwV AICEMY Toug xat 1Blwe Yia Tic tadartdoers (oscilla-
tion) Tou ot Teheutaie epavilouy, Xon CUYXEXPULEV YL TNV ELPEVLOT EC TV, XAEICTOV TEOYLOY X0l
oplaXY xOXhwV ota avtioTouya dlayedupata @dong. H béa tne diathenone avavedotwou yetaBolt-
ool YEOW TNG EUPAVIOTS TEPLOBWOD WOTIBOU GTIC CUYXEVTRPWOOELS TWV UTO UEAETY] YNULXWY EVIICEWY
elvor ou xdvel auTd Tat povtéha a€loonuelwTa. LNUELdVOUUE OTL TEpLodLxd wot{Ba éyouv topatnendel
XL OTO €QYAUCTAPLO, YLOL Y MULXEC aVTLORAOELC TTou Bev dmtovton tne Bloynuelag, 6nwe yio mopddetyuo
1 Belouzov-Zhabotinsky, n Briggs-Rauscher xat n Bray-Liebhafsky.

IMpdtog pnyaviopoc Lotka. ‘Onwe #dn avapépope xatd v ewoaywyh tou (PP), to 1910
o Lotka mpétewve (v v oxpifelor, LTOVONGCE) évay UNaVIoUd, TOV OVOPEPOUEVO XL WG TEHOTO
unyoviopd Lotka, wg éva amhé Poaoind ynuixd LOVTEAO dUTOXATINUGTS, Kol CUYHEXOLIEVO TOV

A (ewopony)

A+C o0 (autoxatdhuomn) (79)

ct B (pBopd Tou «avTOXUTONITNY ),
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yioo otadept| ewopot] ko > 0. AZiomoudvtog Tov pnyaviowd (79) ue tov 1péno mou éyouue BN mopou-
oldoel, xoTahyouue oTlc eELloMOELS

Ay -mra)
d[e] _
S =k [A[C) - e ()
d[B] _
T = k2 [C] )
7, 10od0vaPa xou amtAoLoTERN, 0TO CUCTNUA
Ay 141107 (30
W raie)- w1, (308

To avtictowyo ITAT. To IIAT yw to nopandve poviého eivan to e&hc:

Me bedopéva [A],, [C], 20, avalnrolpe dotnua I S R pe 0 € I kar owvdptnon
([A],[C]): T~ 0, 00)2, téroa dote n ([A],[C]) va wcavoroiel Téoo o (80) (L1)
oto I\ {0} éoo kar Ty ([A],[C]) = ([A],,[C],y) yat=0.

Ynuela tooppomiog. Elxola unopolue va cuumepdvoupe dtL To

(&)
ki ko
elvou To povadixd onuelo wopponiog Tou (L1).

To adidotato neoBAnue. I'a va Sieuxolbvouue v avdlvor yag, odlootatonotolue to (L1)
€tol WoTE va Uewwooude To mAdog twv otadepwyv mou eupavilovtar. To onuelo oopponiog mou
unoAoY{oaue TOEATAVE PG XATEVDUVEL OC TPOC TIC TOCOTNTES YE TIC omoleg o ablo TUTOTOCOVYE TIC
elaptnuéves petoPintéc. ‘Etot, obugwvae ye tov avtiotoyo akydprduo adlactatonoinons, emtAéyoupe
Tic odidotates eEopTNUEVES PETABANTES W

k1 t ko ( t )
Ay (ta) = —[A]ll — Co(ta) =—[C]l| — ),
(ta) = 1 A)( 1) e Cath) = 2210
omou ty > 0 1 ypovixh xiiuaxa, dnhadh
t
ta = —,
tx
1 omolo xou Vo uTOOYLOTEL Ue PuUOKS TEdTO. Luvene, o (80) Vo yivel
1 dA,  kokr
— = 1-A,C,
ko dt  ky? ( )
1 dC,
7. =AaCo — Cou
ko dt
6rote Vétovtog
1
ty = —
k2
X0 ELOAYOVTOC TNV wovadixy) TAéov adldoTtatn otadepd
kok
ko= 2 21 >0,
k2
70 (80) madpvel tTeEAxd TNy adldotoTy Lopy
dA
S =k(1-AuC, 81o
= ) (31)
dCy
=AyCo - Clq, 81p
i (318
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émee enione xon 1o (L1) v 10od0vaun adldotory wopgh touv w¢ e&hc:
Me bedopéva [A]y, [C], 20, avalnrobje idotnua I <R e 0 € J ka1 ovvdpTnon

(An,Ca): T = [0,00)°, téroa ote n (Aa,Ca) va icavonoel w600 to (81) oto (L1c)

I~ {0} boo ka1 Ty (An, Cy) = (%[A]O, %[C]o) yia to = 0.
Ipogoava, to povadixd onueio wopporiog tou (Lla) elvon to

(1,1).

Ouar, 9etind oAixry AOon xou xohy) TonodEtnon Tou npofBAduatog. Kotd to yvw-
ot (Bh. Aoxnon 79), nodpvouue Ty OTopEn Lovadixic, OUahTc, CUVEYMS EE0PTMUEVNS Omd To apyIXd
dedouéva, Vetind olxhc, xou yeyotic Aong tou (Lla),

te R
(Ag, Ca): { 5°F - [0,00)%,

elte [-€1,00), 6mov g1 €[0,00)

xou péhota 1) odpt| amewxdvion tou ediou dieudivoewy tou (Lla) Siveton oto oy Tyfua 74.

Y
v

— @
s
o)

SyAuo 74: Towotixh anewdvion tou nediov dievdivoewy tou (Lla). Me pnie o Aq-undevoxhveic xoumOAeS xou Ue
®6xxwvo ot Co-pndevoxhwveic. Tapatnpolue dueca 6tL dev undpyel evdexduevo wa VeTxh NULTEOXLE Vo TUACEL XATOTE
(oto uélhov) to clvoro {0} x [0, c0), dnhadh Tov xddeto dZova. O pevioTixés Aoels pe nedlo opopol byt to R éxouv
Tpoytéc Tou diépyovTal and Tov xddeto dEova dtay t = —€1.

Ipogavae, xauio yeyiotue Aoon Bev expyVuTaL, Xol Ol TEOYIES TWV PEYIOTIX®OY ADCEWY, oL onoleg
€y ouv Yo Ted{o 0pLoPoY X3moLo DdoTNUA XAEWDTO and Ta dploTERd, [—€1, 00), Diépyovtal ond To GUVOLO

{0} x [0, 00)

otay t = —¢1.
Iood0vaya, naipvoupe avtiotoryn Moo xou i to (L1),

elte R

(4], [C]) [0, 00)%.

glte [-e1,00), 6mou g1 €[0,00)

‘Aoxnon 79. Xvuminpdote tig Aentopépees tng puelétns Pdong I tov (Lla), avayvwpiote ta
avaAdoiwta aUrodd tou ka1 eAéyEte Tny kataokevr) tov Xynuatog 74.

Avdivorn euotdOsiac. Q¢ mpoc v Yetnd| eu/o-otddetor tou onuelou wopporiog (1,1) Tou
(L1la), vrohoyilouue tov nivaxa Jacobi we

J(a,¢) = (—kc -ka )7

c a-1
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oLVETAE oL WoTés Tou J(1,1) divovton and tov thno
1 ) 1
A=g (tri (tr —4det)2),

o6Tov
tr=—-k <0 xou det =k > 0,

ONhadr 10 TEOONUO TOU TEAYHATIXO) U£EOUE TWV IBLOTIHMY Tou Tivaxa oto onucio woppomiaug eivan
awoTtned apvnTd, dpa to (1,1) eivor Yetxd aovuntwtnd evotadéc. Edwdtepa,

e e2))

xou €tot €youpe 6L to (1,1) ovuneptpépetan Tomxd we YeTind

evotadnc eotia, av k<4
evotadnc védog xoufog, ov k=4
evotadng xouPoc, av k> 4.

"Aoxrnon 80. Xuumdnpdote tis Aentopépeies tns Tomikris €ikdvas touv xdpov gdons tov (Lla)
Ylpw arnd to onpeio wopporiag (1,1).

OAuxyy acupnTwTixy svoTddeia; o to av evon To Yetnd acupntwTxd cvotadéc onueio
wwoppotioc tou (Lla) xou ohxd Yetind acuuntotxd suotadéc, Ya ntpootadicoupe va anogouviolyue
péow tou Yewpruatog Poincaré-Bendixson oe cuvduaoud pe to apvnuxd xpitriplo Bendixson-Dulac.
H WBuwutepdtnra €8¢ elvon OTL, Aoyw TOU Un QEayrévou Ywpeou @dong, oavodévouue Ty Umopdn un
PEAYUEVOLY TEOYLWY, oL onoleg dev euninTtouy oto anotéieoua tou Yewpruatog Poincaré-Bendixson.

Apywd Yo anoxhelooupe to evBeyduevo v UTEEYEL OUOXAVAC TEOYLE, Y XAELGTO XAl TEOCAUVATO-
ANOUEVO GUUTAEY U ETEQOXAVGY TEOYLDY, 1) XA T TEOYLd, EVIOC TOL YWeou ¢pdone. Ilpdyuatt, and
v pio éyovue 6t (BA. ‘Aoxnon 79) to chvola

31 :=[0,00) x {0} xou [0,00) x (0,00) = 3o

ebvan avolholwta, dpa av Bo uTRpye TETol TEOYIA Yol PELOXOTAY VALY XAGTIXE EVTOS TOL dedTEPOL.
And v GAAY, emiéyovtag Ty

- R x (_00,0) U (07 oo) - (_0070) U (Oa oo)

1

(aa C) e <p(a,c) = Ea

ouunepaivoupe amd 1o apvnTixd xpitrplo Bendixson-Dulac 6ti 8ev undpyouv tétoleg tpoyiéc olTe
EVTOC TOL Yo, xode, Yétovtac

fr(a,c)=(k(1-ac),ac—c), Vk>0,

Vo €youpe 6TL
V- (Spfk)(avc) =-k< 0, A (a,c) € 22,

"Apa, and o Yewpnua Poincaré-Bendixson xatalfiyouue oo 61l kdOe ppayuévn Jetikn nuugpoxid
eviéc tou avolholwtou o, dev unopel mopd va tebver (v Yetixolc ypdvouc) o xdmolo onuelo
lwoppotiag, to onolo dev elvar dhho and o (1,1). Etot, énetor ) ohxdtnto Tng YeTinhc aouuntoTxhc
evotdetac Tou onuelou Looppotiac avto, aAAd udvo Via TIS PPayUEVeS NUITPOYIES.

And v pla, to avariolwto cOvolo ¥q amoteheiton amd un QeayUEVES VeTIXEC NUITPOYLES EVTOC
ToUL YWpou @dong tou (Lla). Trdpyouv dpwe, and Ty dhAY, un @poyuéves JeTixée NuTpoyLéc evioe
Tou Xo; Ano to Eyfua T4, anokAeietar éva térowo oevdpio. Ilpdyportt, éotw 6Tl UTdpyet Wwa téTolo
Yetnh nuitpoytd. Ané 1o yfua 74 éneton 6t 1) Vetinn auTh NuiTEoyLd Vol AMOYOXEUVETOL GTELROELBMS
ané 1o (1,1). Tote, n avtiotoryn hoon Vo elvor apvntixd ok, xadde 1 tpoytd e dev Yo pmopel
vo SiENUeL and 1o

{0} x [0,00).
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»
Ll

A 4

® > L

1 A,

»
»

A 4

®
1 Ag
(B") Koplo tpoxtd pe un gppayuévn detinh nuiteoxtd dev uropel
vou TAUVEL xdmoTe 0UTE 6To TEdY 00TE 0TO HEANOV Tov XddeTo
(o) Kdde un gpoyuévn detixh nuitpoxid Yo mpénel va anopo- dfova (xa Tpo@oavde xou Tov 0pllévTio), x4t mou Yo Ao
xpOVETU OTELEOELBWC amd To onuelo LooppoTiag ywelc vo TAUVEL avayxaio yior Tnv Unaedn aevntixd ohxhc Adong, xadwe téte
xdmote Tov x&deto dfova (xor mpopavde xou Tov 0plldvTio, o dev Yo unopodoe N un geaypévn YeTixh nuiteoxtd vo xwvndet
onolog dev avixel oVtwe R GAAwS oTo (BLo avarholwTo GOVONO). OTELPOELBNS amopaxpLVOUEVT atd To onuelo loopporiag. Ondte
Oheg oL Nooelg Ye un ppayuéveg Vetinée nuitpoyLés elvon ohixég
Ho, UAALOTO, UE PEOUYUEVES OPVNTIXES NULTEOXLES.

F N

C(,L

14

& > &

L »- @
1 Ay 1 A

A 4
v

b
Ll

A 4

(v') Amoxhielooye, péow Tou apvnTixol xeitnelouv Bendixson-

Dulac, tnv Omapin ogoxhivic Tpoxldc, A xhewoTtod xau tpoca- (8°) To onuelo wwopponiag, wotdco, dev unopel vo elvon to a-
VATOMGUEVOL GUUTAEYUATOC ETEQOXALVDY TEOYLMV, B 0pLoX®Y 0plaxd cOVONO xoplldc Tpoylds, xadne tote Yo elvon Yetixd
xOxhowv. OTdte T0 a-oplaxd GUVONO pLaG TPoYLAG HE Un peay- aoTtadéc, evd yvwpellovue tnv detixy euctdideld Tou.

wévn Vet nuitpoytd elvan to onuelo Loopporiog.

SyAue 75: H arexdvion tov Budtny tTe SUANOYIGTIXAC TOU ETLYELPHUATOS Yiol TOV ATOXAESUS N @poypévne Jetixhc
nuLTEoxds oTov xdpo @done tou (Lla).

Mdhota, 1 avtlotolyn apvntin nuiteoytd o etvor @paypévn, xou doal, Plac xon dev LUTEEY oLV opLoxol
xOoxhot, ané 1o Yedpnuo Poincaré-Bendixson Yo npénet auth vor telver (v apynuixolc yp6voug)
omnelpoeldde oto (1,1). Qotéoo oe auth Ty epintwon, to (1,1) Yo eivor Yetind aotodéc, dnhadn
dromo. H oul\oYloTIXH TOU TOpamdved EMLYELPHUATOS AMOTUTOVETUL YAopued oto Lyfuo 75 (BA.
‘Aoxnon 81).

"Apa, tedxd, to (1,1) efvar ohikd Oetikd aovuntwtikd evotadés evTds Tov avaAdoiwtov Yo.

"Aoxnon 81l. Xvuminpdote tig Aentouépeies tiow and to Xynua 75.

143



AwdAeén 10 m

"Aocxnon 82 (deltepog pnyaviouds Lotka). Aedopévov tov unyaviouot

A+Cc o0 (avtokatddvon)

c B (pBopd Tov «avrokataAvtns)
A+ E (un kataAvdpevo Bripa)
hal ] A (exporj nov e&ioopporel Tny aroppon),
émov dAes o1 mapduetpor eivar Detikés kai, emmAéov, ki > ks,

1. e&dyete to avtiotoryo ovotnua dagopikdy e€loboewy,

2 amh . p . La 9 x 2
. amdomotjote To mapandvw ovoTnua o€ éva 2 X 2, wg

WA - (ks + k) A1) # 4]
% ~ (1 - k) [A][C] - k2 [C],

Kkal
3. ouykpivete to mapandvw povtédo pe to (22).

ApvOpnTixy enilvom. lpoywedue oty apuduntixy enilucy tou npofifuatog, 6mwe @aiveton
0T0 Ly 76, mpog eENAAAUEUST) TWV CUUTECUCHUATWY UOC.

Movtéro Higgins-Sel’kov. BoowWldpevoe oe doukeld tou Higgins tou 1964, o Sel’kov, to 1968,
xatéinge oe uia mopohhayy Tou TewTtou unyavionol Lotka yio v peiétn evdg xopPucol tufua-
T0¢ TOU UETOBOAXOD UovoTaTioh NG YAUXOAUGTG, Xal CUYXEXPWEVY aUTO TN UETUTEOTNS TNne 6-
pwopopxhic peouxtdlne (F6.P) xo tne tpupwogovixtc adevoaive (AT P) oe 1,6-8ipwopopixt| ppou-
%xt6ln (F1,6 BP) xau ot Swpwogovixt) adevoaotvy (ADP), avtiotoiya, péow tou eviUUoU Guo@opeou-
xtoxwdon 1 (PFK-1). Tuyxexpyéva, yenoueonotiinxe o

A (ewopoty)
A+20 5 30 (owToxartdhuon) (82)

cp (pVopd ToU «aVTOXATONDTNY),

yio otadept] elopor| ko > 0. And tov unyovioud (82), xatolfyouue otic eELOMOELS

% = ko - k1 [A][C]?
a[C] _ :

S R AIC] - ke [C]
a[B] _

—ar - lel

1, Ll0odLVaU ot amholoTER, G0TO GOOTNUA

d[A]

ek ko - ky [A][CT? (83)
W 110 - morer. (839

To aviiotoiyo ITAT. To IIAT yia to napandve povtéro eivon to e€nc:

Me bedopéva [A],, [C], 20, avalnrotpe dotnua I S R pe 0 € J kar owvdptnon
([A],[C]): T > [0,00)°, térora ote n ([A],[C]) va ikavoroet wéoo To (83) (HS)
oto I\ {0} doo kar Ty ([A],[C]) = ([A],, [C],y) yat=0.
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5 o Apyikes ouvbhkes g o Apyikég ouvOnkeg
®.a0. evoT. O L. ®.a0.evoT. 0L

(«) k=2 (B) k=4.

5 o Apyikég ouvOnkeg
0.a0.cv0T.0.L

SyAuo 76: Aprduntid enihuon tou (Lla) v detixode xpbdvoue. Tuyxexpuéva, To avtiotolo ddypasua @dong yio
dudpopec apyixéc ocuviixec xou Twéc Tou k.

Ynueila woopponiog. Evxoha unopolue va cuunepdvouue 6t T0

ko® ko
kok1 ko

elvon To povadixd onuelo wopporiog Tou (HS).

To adidotato medRAnUa.  Liupwva Ue tov avtiotolyo alyoprtuo adiac tatonolinong, entAéyou-
pe tic adidoTotes eloptnuévee uetoBintéc tou (HS) wce

kok k ko k
Aalta) = =5 [A)(ta), Calta) = ICY(ta) xan to= =51,
2 0 2
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yio vor petatpédoupe o (83) otny addototn poppy| Tou

=1-A4,0,72 840/
L. (84)
o (AaCo® - Ca), (848)
dt,,
6mou s
= k% >0
ko2ky

1 Lovadixn obidotatn otadepd, xode enlone to (H.S) oty avtiotolyn adidotatn wopgr Tou we eZhc:

Me bedopéva [A], [C], 20, avalnrodue tdotnua I SR pe 0 € J ka1 ovvdpTnon
(A, Ca): T = [0,00)°, térowa cote n (Aa, Ca) va icavoroel w600 o (84) oo (HSa)
I~ {0} boo ka1 tnr (Aq, Cy) = (k]g;? [4],, %[C’]O) ya to =0.

To onueio wopporiog Touv (HSa) eivon to (1,1).

Ouary, 9etind oAixr} AOon xaw xohr) TonodETtnoy Tou npofBAfuatoc. Kotd ta yvew-
otd (BA. Aoxnon 83), naipvouue TNy Omapdn povadixic, ouahic, CUVEYME EENPTOUEVNS omd ToL dpyLXd.
dedopéva, Yetxd olxic, xon peyloTixhic Aone touv (HSa),

elte R 9
, , = [0,00)7,
elte [—€1,00), 6mou g1 € [0, 00)

(Aa,Ca): {

xou pdhota 1) oadpr) anewdvion tou nedlou Sieudivoewy touv (HSw) diveton oto oyfua Lyfue 77.

A 4
v

— ¢
N
Q

SyAue 77: oot arewdvion tou wedlov dieudivoewy tou (HSa). Me pnie 1 Aq-undevoxAvic xomOn xoL Ue
xbxxwo ot Co-undevoxvels.

"Aoxron 83. Yuumnpdote tis Aentopépeies tng pelétns Pdong I tov (HSa), avayvwpiote ta
avaAdoiwta oUvodd tou ka1 eAéyéte Tny kataokevr) tov Xxnuatog 77.

Avdhvom suctddeiac. Q¢ npoc Ty Yetunr| ev/a-otddea Tou onueiov woppotiag tou (HSa),
unohroy({loupe tov mivoxa Jacobi g

—c? —2ac
J(a,c) = (k:02 k (2ac - 1))
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xou v Tic Wotée tou J(1,1) woylel 6t

N

Ay = % (tr + (tr2 - 4det)

).

tr=k—1 xou det = k> 0.

OToL

Aol 1 optlovoa givon Yetinr|, cuUTEPAVOLUE GTL TO TPOONUO TOU TEAYHATIXOV UEPOUC TWV LOLOTILOY
Tou mivoxa Jacobi oto onpeio woppomniag xadopileton and to aviiotolyo npdonuo tou (yvouc. ‘Etat,
éyovpe otL 10 (1,1) efvon Yetind

{ ACLUTTOTIXG evoTadég, ov k<1

aotodéc, av k> 1.

Ewwotepa,
1 1
Aizi(k—li(k2—6k+l)2)7

xou €tol €youye 6Tt T0 (1,1) ouunepupépeton Tomxd we VeTind

evotadfc xouBog, oav k<3 - 2(2)%
1
evotadc eotia, av3-2(2)2 <k<1
aoTodc eotia, av 1<k<3+ 2(2)%
oot x6pPog,  av k>3 + 2(2)%.
Qotéo0, dev pnopolue va anogavdolue oyetxd pe Ty Vet eu/o-otddeio Tou (1,1) péow ypouul-

A avdhuong evctdietag 6tav k = 1. Lo tnv YeAétn Tou o€ auTh TNV TEPINTWOY XATAUPEVYOUUE TNV
Yewpla BlaxAadOoEWY.

Avdivon SraxAddwong. ‘Eyouue 6t
AL = iidet%7 otav k=1,
xadde eniong ot
Re); = %tr, oty k €vTog plog TEployng tou 1,
ondte, xortwvtos o Redy we ouvapthoec tou k, éncton 6Tt

dRe.

dReA,
1) 0.
W (1)

dk

1
(k) = 3% 0, xou eldwdtepa

Apa, v to (HSa), undpyer droxhddwon Hopf and o (1,1) v k = 1.
Mmnogolue va yapaxtnelcouye Ty dlaxAddnon auth wg utoxpiown, 1 unepxployr), aToPelYOVToQ
naxpooxehelc utohoyiouole; Mropolue mpdyuatt, 6mwe Yo dodue TapaxdTe.

OAuxr) aocLURTWTIXY evotddeia; Xty neplntwon o6mou k < 1, vy 1o av elvon 1o Jetnd
QOLUTTWTIXS eucToéc omnuelo wopporiac Tou (HSa) xow olxd YeTixd acUPTTWTING euoTadés, apyLxd
napotnpolue 6t (BA. ‘Aoxnon 83) ta olvola

1 :=[0,00) x {0} %o [0,00) x (0,00) = X

elvar avadholwTa, oo ov Yoo UTAEYE OUOXAWVTG TEOYLE, 1 XAELGTO Xl TPOCUVUTOMOUEVO GUUTAEYUO
ETEOXAVOY TEOYLOY, N XAEGTH Teoyid, Vo Beloxotay avoyxaoTixd eviog tou deltepou. And tny
&A1, emAéyovtag, v xdde k>0, tny
Pk R x (—O0,0) U (07 oo) g (Oa oo)
1
(a7 C) — @k(a’ C) = 726—2(ka+c),
c
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cuprnepafvoupe and to apvnTxd xputrelo Bendixson-Dulac étu dev undpyouv tétoleg tpoyiéc olte
evtde Tou g 6tav k < 1, xadde, oe auth Ty nepintwon, Yétovtac

fr(a,c) = (1 —c102,1<:(ac2 - c)) ,Vk>0,

Vo €youpe 6TL
1
V- (erfr)(a,c) = ——2e_2(k‘”0) (¢ —2ke+k) <0, V(a,c) e,
c

6mou 1w 0 hoPdveton v k = 1 pévo oto obvoro [0, 00) x {1}.

"Apa, and to Yewpnua Poincaré-Bendixson xataliyouue oto 6ti xdde @poryuévn Vet nultpoyid
evtoc Tou avodholwtou Xg dtav k < 1, dev pnopel mopd va xataiiyel oto (1,1). Etol, énetou 1
ohxoTnTa NG YeTixic aoLUTTOTIXNE eucTdielag Tou onueiov LWoppoTiac autol otay k < 1, ahAd pévo
YLl TIC PEAYHEVESC TPOYLECS.

Ané v yla, o avodlolwto alvolo ¥y anotekeiton and un geayuéveg Vetinés nuitpoytés evidg
TOU YWpEoL Ydong Tou (HSa). Trdpyouv duwe, and tny GANN, un @eoryuéves Detinés NuLtpoyiés evioe
Tou Xg; ‘Onwe nopatnpodue and to Lyhua 780, dev umopel va anokAeiotel éva tétoo oevdpio.

»
»

.
1 A, ¢

Y

(o) MapatneoVue 4TL TNV OHLAYEAPNUEVN TEELOX Y TOL X DEOL

@done n xatevduvon tou Tediou dieudivoewy «Brénely pog o (B) Me moptoxakl N xomOAN % -a- % = 0. H oxwaypogpn-
avolholwto cvoho X1, To onolo anoTEAElTUL ATO U PEAYUEVES HéEVT Teploy ) and xdtw tTng arnotelel Yetind avallolwto clvo-
VYetnée nuiTeoxtéc Tou xwpou gionc. Evdeyouévwe, dnhady, ho. Kdde detinh nuitpoxtd evidg autol tou detixd avarhoiw-
VoL UTLdp 0LV TEOYLES TTOU «axoAoUBo0Vy Yia xdde to > 0 autéc Tou GLUVOIOL elvon un QEoyUévn.

Tic VeTixég Nuitpoxtés (Tpoavde dev TiC TEUVOLY).

SyxAue 78: Tlepl un @porypévey Yetxdy NUITpoXLdY 6Tov Xheo @done tou (HSa).
Méhiota, prnopolue va Bpolue wor ucavr) (Oyt avaryxaio, 6mwe Yo SlamoTdoovue xou xatd Ty aptd-

unToe enihuon apydtepa) cuvixm yio Ty Omopdn un gearyUévey Yetxmv nuitpoyudy. Ipdyuat,
TopaTneGvTaS TV (84d), éyoupe bt

dA, <1,
dt,
dpa and abyxpiom €youue OTL
Ao(ta) <ta+Aag, Yta 20,

kok1
k22

6mov Aqg = [A],. Emnéov, and v (84f") éyoupe 6Tt

dC,
ditq

<k ((ta + Aag) Ca® - Cu), Vta 20
xou L amd olyxplor (pe wa Sropopint) e€lowon Riccati) ouunepaivoupe bt

1 1 1 1
> —=—-A, - |t +t,+ A —, Vt, >0
Ca(ta) (Cao a0 k)e tlg + (x0+k7 a s
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V2

6mou Cag = 12[C]y. Apa, av 1oyle 6L

1 1
Kizi—Aa —720, 85
Cog ~ a0 (85)

1 .
1> vta Z 0 = tilinw Ca(ta) = O’

ektﬂ +ta +Aa0 + T

Cu(ta) <
(ta) <
onAad” 1 Vet nuitpoyld g Aoong eyrxheBiletar eVTOg NG GXAYPAPNUEVNE TEPLOYNEC OTO My AU
8B non axohoudel yio xdde to > 0 g un peayuéves Yetnée nuTeoyéC TOU X1,

"Apa, to (1,1) dev efvar ohikd Oetikd aovuntwtikd evotadés evTds Tou avalloiwtov Xy drav k < 1,

AOYw OTApENG U PEayUEVOY VETIXWY NULTEOYLOV.

"Aoxnon 84. Xvuminpdote ti§ Aentouépeieg tiow and to Xynua 78.

Avidhuor draxhddwone (cuvéyeia). M eminhéov CUVERELL TOU ATOXAEIGHOD TEPLODXODY
Nooewv Tou (HSa) v k < 1, etvon 6L 1 Srochddwon Hopt and 1o (1,1) v k =1 elvon unepxplown.
YUVETAE, 0 YWeog PAong EXEL TOTUXA xou YU and To oruelo looppomiag TNV euxdva Yetixd euotadoi
eotlac 6tov k = 1.

OAuxy) acvpntewTixy svotddeia (cuvéyeia); Mg xou vy k = 1 1o (1,1) eivon Yenxd
QCUUTTWTIXG euoTadée, tdte unopolue va del€oupe Omwe xau mewy OTL OAeC oL QporyUéveg VeTixég
NUTEOYLES XATUANYOUV GE aUTO, oAAd Sev elvan oAixd VeTind acuuntwTxd cvotadéc ovte oTo Yo
AOYw OTapEng un PearyUEveY VETIXMY NULTEOYLOY EVTOS AUTOL.

Avdlvon Sraxhddwong (ocuvéyeia). Xty cuvéyew SlepwtéuacTe: «Zew o eustadfc opla-
%x6¢ x0xhog e Sloahddwong yia xdde k > 1; Hapouoidlouye éva apvntind anotéreopa. Kotapyde,
unohoyiloupe
Q= {(a, c) €Yo | V- fr(a,c) = O} = {(a,c) €Y, |gk(a,c) = O},
6ToL
A+k
2ke

H xopnidn Qf yweiler 1o g \ Qi oe dUo Eéva 0-ouvextind obvoha QF, 6mou

i ={(a,0) €|V fu(a,c) 20}.

gi(a,) = a -

Suyxexpiléva loyel Ot

Q, vak<l
(1,1) e Qp, ywk=1
Q, yak>1,

omwe gaiveton oto Lyhue 79. Emnhéov, unohoyiloupe to xdleto Sidvuopa tne Qy (pe xotedduvon
Tpog 10 ) e

k—-c?
Vor(a,c)=11,— 1.
gk(a,c) ( e )
Yty ouvéyewa, UTOROYILOUE TO EOWTERUS YIVOUEVO
1
C

yP (304—4kc+k’2), v (a,c) € Q,

fk(a’vc) : v.gk(a?c) ==

10 onolo Yo €xeL to (Blo mpdomuo Ye to cuvnuitovo TNg Ywviog LETAdD AUTOV TwV 00 BLUVUCUATIXGOY
ouvapThoewy eni e ;. Edxolo unopolue va enodndedcouue 6t

=0, av (a,c)= (1, %)

fs(a,c) - Vgs(a,c) { <0, av (a,c)eQ3~(1,2)

xow
fr(a,c) - Vgr(a,c) >0, ¥V (a,c)eQy, btav k>3,

149



AwdAeén 10 m

Tyhua 79: H yeouetplo tov QF, xau ouyxexpiéva, auth e Q1, n onofa o Siépyeton and to (1,1) vy k = 1.

wad ¢ Yétovrac
hi(c) =3¢ — dke + k2,
gyoupe 6T
1
E\3
min (g ()} = hu (g) k2 3ikd,

7

dpat
<0, av k€(0,3)
min {hg(-)}4 =0, av k=3
>0, av ke (3,00).
Anhadi, oty optoxt) tepintwon k = 3 éyouue 6t 1 xoreuvon e fi ent Tou 2 elvon oyedoV TavTol
mpog 1o ), onwe ancxovileton xon oo LyhAue 80, eved yio k > 3 elvan mavtod mpog To exel.

SyAuo 80: Xtny oplaxy tepintwon k = 3 undipyel povadixd onueto, To (1, %), 6oL N wxpdTEEn Ywvin Tou oxnuatilouy
ot Vgi xou n fr (enl tou Q) Sev elvan ofela, odlhd opd. T k < 3 undpyouv xou auPAeiec tétoles ywviee, evd v k > 3
bhec autéc oL ywvieg elvon ofelec.

IoyvpWlbuaote, apyxd, 6t (Toukdyiotov) v k > 3 ebvar adlvato vo umdpyer XAeloTr TpoYLd
exotépwdev e Q. Ilpdyuott, edxoha cuunepaivouue 6t oe avtidetn neplntwon Vo énpene vo
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urhpy oy 800 Soxexpluéva onpeior TOURAE WG EVBEOUEVNS XAELGTAC TEOYLEC Ue TNV xauniAn £, oTa
omola oL TYéC TOU TUPUTEVL E0WTEPXOY Yvopévoy Vo Atay W undevinée xou etepdonuec,'® dmoe
gatvetar oto Lyruo 8lo’. And to anotéheopa autd Enetal OTL, yiot k > 3, Wia EVOEYOUEVY TEPLOBLXT

C A -~ Qk23 Q+
o k>3

!

~

Q>3

o - [ L
1 A, 1 Ay

(B") Av unfipxe xheloTH TPOYL& oo 2} (oL TEELBANNEL Crvory o
otxd to onuelo wopponiag), téte Va elyope xhewoth TpoyLd ot
0-cuvextixd cUvoho 6nou N V- fi datneel oyeddv ntavtol oto-
Vepd mpdonuo.

(o) Av unfpxe xhewoth Tpoxld exatépwdev tne Q, tétE Vot
unthpxE xou onuelo tng i oto omolo N UxEdTEEN YwVid TOU
oyxnuatifouv o Vgi xau 1 fi, Yo Aoy aufBAeion.

SyAua 81: Elvou adbvatn 1 Onopln xhewothc Tpoyide otov xmeo gdone tou (HSa) btav k > 3.

TpoyLd Vo uTdpyEL oYEBOY €E OhoXATPOL OE Eva amd Ta BVO (U, XL CUYXEXPWEVD, GUUPLVIL UE TO
Yedpnuo Poincaré, oe exelvo mou nepiéyet to onuelo woopponiog (1,1), xadide Yo to nepBdhhet, dniadt
oo §1, émeg gaivetar oto Lyfua 81" Qot6o0, xdtL tétoto Yo onuaivel dTu undpyer teplodinr Ao
oe 0-ocuvexTtixd cUVolo 6mou 1 V- fi, oyedovy dotneel otadepd Tpdonuo, xou udhota Yetixd, To onolo
elvar dromo and to apvnTind xpitiplo Bendixson-Dulac.

Apa 0 evoTadc optaxde x0xhog e Sloxhddwone tou (HSa) éyel ndel va undpyet 6tav k > 3.

"Aoxrnon 85 (povtého Schnakenberg). To 1979, o Schnakenbery, npdrewve (ya tnr akpifeia vro-
vénoe), petaél dAAwy, ua napallayri tov unxaviopod (82), wg

" A (ewopony)
A+20 30 (avtokatdAvon)
cp (pYopd Tov «avtokataiitny)
¥ (e10pon} «avtokataAiTny),
yia otalepny porj ks > 0, téroia dote k3 < ko. Ia tov mapandvew punyavioud
1. e&dyete To avtiororyo ovoTnua agopikay elowoewy,

2. amdomomjote To mapandvw ovoTnua o€ éva 2 x 2, wg

d[A] _ 2

T =ko - k1 [A][C]

d[C] 2

T_kl [A][C]" = ko [C] + ks,

TO 0TOI0 UEAETIOTE, KAl

3. ouykpivete ta anoteAéouata pe ta avtiotorya ya o (HS).

MESG, yenowonoolue xwelc va to avapépouue (ahhd xan xwelc v enextadolue neplocdTepo), dTL xdde xopumdhn
(v v axpifeiae xéde povoddotatn moAanhdtnTa otov R™) elvor mpocavatohiowr, dnhadh uropolue vo Beolue
cuvey R dlavuouatixh cuvdptnomn mov Yo expedlel To epanTépEVo didvuoua ot xdde onuelo Tne xauTOANG.
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Apduntixf enilvon. Ilpoywedue oty opuntuxf enlhuon tou (HSa), énwe goiveton oto
Yyfua 82, oto Uyrjua 83 xou oto Lyfua 84, mpog enolfiieucn twv GUUTERUOUATWY.

Suyxexpwéva, oto Lyfua 82 emfBeforcdveton 1 ok Yetind aoupntwtid euotddea tou (1,1),
xS Xol M) TOTUXY EXOVAL TV TEOYLMY Y0P ond dLTo.

7 7-
o ApyLkeg ouvOnkeg o Apyikeg ouvOnkeg

6—e ®.a0.evoT. 0. 6 \ ®.a0.evoT. 0L

% 12345678 910111213
A,

() k=0.1<3-2(2)3. ) 3-2(2)% <k=05<1.

7r . .
o Apyikég ouvOnkeg
6 ®.a0.evoT. 0.

3,

0 1 2 3 4 5 6

Ao

(v) k=1

SyxAue 82: Aprduntinh xatooxeut, yio 9eTixole xpdvous, Tou dlrypdupatos gdone touv (HSa) v Sudgopes apyixéc
cuvifxec xoun Tiwéc k < 1.

To Xyfuo 83 enodndedel Ty OrapEn unepxployng Swonakddwong Hopf and to onueio loopponiog yia
k =1. Qotéoo, onwg elyope npoliédet, o euotaldnic oploxde xOxhog g Slonxhddwone e€apavileta,
xou wdhoTo vopltepa, yia xdmowo k € (1.23,1.24). Tehwxd, vy k > 1.24, dhec oL tpoyiéc Yo elvon
peaypéves xat Yo axoroudolv tov optlovTio dEova.

Yo Yyfuo 84 emokndedetan 1) Uopn, yia audaipeto k > 0, un @poryUévev AOGEWY TOL IXUVOTOLOVY
v ouvdxn (85). To anotéheopa autd, elvon ovotootind i k < 1.23, dnou undpyel eEAxuothc oTov
X0eo @dorg, o onolog Yo unopoloe va ehxve dhec Tic Tpoyléc. To oevdplo autd duwe anoppinteta,
6T dAAwoTte elyope TeoBAédel, xaL €Tol Bev UnopolUE Vo Xdvouue AOYO yia oAt euoTddeLa.

Movtéro Sel’kov. Edd Ya napoustdoouye pior mopahhoryf) Tou unyaviogot (82), xatd tnyv omola
npootideton éva emmiéov un xotaiudpevo otddlo. To poviého autd €xel xoepwiel mAéov otnv
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7 . .
o Apyikes ouvonkeg ! o ApyikeS ouvONKES

* 0. aoTtabis oL * @. aoTabés o L.

6
4,
, _ 1, , , ,
o0 Y0t ot o i o edie ot renponnct (B)1<k=123<3+2(2)3.
7 35/ . .
o Apyikég ouvenKeg o Apyikég ouvOnkeg
6 * @.a0tabég ot 30! *0@.aoTabés o.L.
0 &'&‘*\ - : ‘ ‘
6 0 1 2 3 4 5 6

1 1
(v)1<k=124<3+2(2)2. O oplaxdc xOxhog €xel #dn (8') k=6>3+2(2)2 . Ohec ou Fetixés nuitpoytéc elvon mAéov
«oTdoELy. un geayuévec xou axohoudolv tov opllévtio dEova.

SyAuo 83: Aprduntinh xataoxeuh, yio 9eTixole xpdvoug, Tou daypdupatos @done touv (HSa) v didpopes apyixée
cuviixeg xou Tég k> 1.

BBhoypapla vo amodideton otov Sel’kov, ywelc wotdéco autd va emPefoncdveton. ZLuyxexpiuéva, o
UMY aVIopog €86 Exel we e&hg

%A (ewopoty)
A+20 5 30 (awToxatdhuo) (36)
cp (pVopd ToL «AVTOXUTOADTNY)

A% (un xatahuduevo Briua),
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0.3

0.1

0 0]
01 2 3 4 5 6 7 8 9 10 01 2 3 45 6 7 8 9 10
A, Ao
(o) k=0.5. (B k=2

Syhua 84: Apuduntind xataoxevy, yia Yetxole ypdvoue, Tou doypdupatos gdone touv (HSa) yia didpopec apyixéc
ouvifxec xon Téc k > 0, ud Ty b Tne cuvidfixne (85). Me noptoxahi N xoundAN % -a- % = 0. Iopatnpolye
&L bvTe N ouvix elvon v yiol vor Tapéyel un eayuéves detinée nuitpoxiéc, xaddhe N oxlayEapnUévn TeploxY and
%8t TN anotehel dviwe Yetind avolholwto cbvoro. Iapatnpolue eniong 6t n (85) elvon uévo eavh xaw Oyt ovory oo

yioo otadept| ewopof] ko > 0. AZomowdvrac tov pnyoviowd (86) xotd ot YVWOTd, XATOAAYOUUE OTIC
eClooeC

% = ko — ks [A] - ks [A] [C?
% — ks [A] + k1 [A][C]% = k2 [C]
d[B] _

T = k2 [C] )

7, l0odLvauo xou amhoboTep, 0To GloTNUA

WAty ks 14) - (4] [P (872)
% _ kg [A] + k1 [A][C] - ks [C]. (878)

To avtictowyo IIAT. To IIAT vy to napandve povtélo éyel we eEng:

Me bedopéva [A]y,[C], 20, avalnrodue idotnua I < R pe 0 € I ka1 ouvdpTnon
([A],[C]): T > [0,00)%, wérowa dote n ([A],[C]) va kavoroet Téoo to (87) (S)
oto I~ {0} doo ka1 Ty ([A],[C]) = ([A],,[C],) yat=0.

Ynpeia toopponiog. Evxola unopolye vo cuunepdvouue 6Tt To
(it
k‘02k‘1 + ]4122/4537 k2
elvou To povaldixd onuelo wopporiog tou (S).

To adidotato neéfAnue. Ilpoc amhonoinomn tng avdAuohc Hog, Xatd o YVWoTd, ETAEYOUUE
Tic odidotateg YeToBANTES W

2
Aat) = (25 ) (100D, Calta) = F21CN0) 0= 1,
9 2
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yio vor petatpédoupe to (87) oty addoTotn poppy| Tou

dA,

T AnCy? (88«
«
dc,  k
T ITin (AaCo® + kuAn = (1+ k) Ca) (888"
6oL 5 )
k ko k
k= o> 0 xo ke = g2 >0
Ko’k Ko’k

oL povadixée adidotates otadepéc, xadoe enione to (S) oty avtiotoryn adidoTaty wopdH TOU K
e&ne:
Me bedopéva [A],[C], 20, avalnrolue trdotnua I SR pe 0 € J ka1 ovvdpTnon

(An,Ca):T — [0,00)°, térora dote n (Aq, Ca) va 1kavororel Téoo to (88) oo (Sa)
I~ {0} doo ka1 Ty (A, Ca) = ((’K’g + %) [4],, %[C]O) yia ty = 0.

To onpelo wopponiag tou (Sa) eivar npogavie to (1,1).

Ouar, 9etind oAtxr} AOon xou xahy) TonodeTn oy Tou npofBAduatoc. Kotd to yvw-
ot (Bh. Aoxnon 86), naipvouue Ty UTopEN Lovadixic, OUahc, CUVEYMS EEVPTMUEVNS Od ToL apYIXd
dedopéva, Yetind ohxic, xou peyiouxhc Aong tou (Sa),

elte R

(A(,,C(,){ _)[0700)27

elte [-€1,00), 6mou g1 €[0,00)

xou péhota 1) odpt| amewxdvion tou ediou dreutivoewy tou (Sar) Siveton oto oy Lyua 85.

| .

1 1 |
2( TET )

() ky < 1. (B) ke 2 1.

SxAuo 85: Tlowotixh anewdvion tou mediou dievdivoewv tou (Sa), yio Sdpopec Twwée Tou ky. Me unie n Aq-
UNdeEVOXAVAC XaTOAN o HE xOXXWVO 1 Clo-Pndevoxhvic.

"Aoxron 86. YuutAnpdote tig Aentopépeies tns perétng Pdong I tov (Sa), avayvwpiote ta aval-
Aolwta oUvodd tou ka1 eAéyéte TNy kataokevn tov YXynuatos 85.

Avdivor svoctddeiag. Q¢ mpoc My ev/a-otddelan tou onueiov wopporic Tou (Sa), vroho-
yiCoupe tov mivoxa Jacobi w¢

—(02+k*) —2ac
J(a,c) = k 5 k ~
Tk (c +k‘*) Tk, (2ac- (1+k.))
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xou v Tig Wotée tou J(1,1) woydel bt

1 1
)\izé(tri(tr2—4det)2),
6nou b1k
tr:%—(hrk*) o det = k (1 +k,) > 0.

Agol 1 opllovoa elvon Yetiny), cuunepaivouye &L T0 TEOONUO TOU TEAYUATIXOD PEEOUC TWV LOLOTL-
pv tou Tivaxa Jacobi oto onuelo wwopponiog xadopiletoan and to aviicTolyo mpdonuo Tou iyvouc.
Auaxpivouye €tol Tig e€Ng TEPLTTAOOELS:

1. . OétovTog

(1+k,)?
ki) = ~—,
Rhe) =
t61E €youpe 6Tt o (1,1) elvon Vetnd

aoLUTTETKS evotadée,  av k < k(ky)
aoTodéc, av k> k(ks).

Ebixétepa,

1

k(A-k.) 2/4(3+k%)+(1+k*)2)2 ;

1+k,

E2(1-k,)*

N2 _
2 (1+k,)>

(1+k*):l:(

%ot €tol, VETovTag ENLTAEOV
(3+k +2021 +k*))%) (1+k)?
(1-k.)?

g€youue 6Tt 10 (1,1) ovunepupépetar Tomxd we Yetind

)

kg (ki) =

evotodic x6uBoc,  av k < k_(k.)

evotovic eotia, av k- (k.) <k < k(ks)

actodfic eotla, av k(ky) <k < ki(ks)

actodfc wépPoc, av k> ky (k).
Qotéo0, dev unopolue vo amopaviolue oyetnd pe v detnf euv/o-otddeio tou (1,1) péow
yoopuic avdhuone evotdletac dtav k = k(k.). Tty yelétn tou oe auth v nepintwon du
XATOPUYOUPE oTNY Vewplo SLoxAadWoEwY.

2. . Téte €yovpe 6t 10 (1,1) eivon tomuxd Yetind aovuntwtnd evotadéc v xdde k.
Ewbétepa, éxovpe 6t to (1,1) ouunepipépeton Tomxd we Yetind

evotodfic xouBoc,  av k< ko (ky)
evotodc eotia, av k-(ks) <k < Kky(ks)
euotadic xopPoc,  av k2 k4 (k).

Avdlvon SraxAddwone. Tk, <1 éyoupe 6Tl
A = tidet?, otav k= w(ks),
xadg enlong ot
Rel, = %tn otav k evide pac meployfic tou k(ky),

ondte, xottwvtac To Red, w¢ ouvapthoeg tou k, énetan OTL

dRe 1-k. dR
d(;c = (k) = 21+ k) #0, xou ewdixdtepa °

d]j* (k(ks)) #0.

Apa, v to (Sa), undpyet Stochddwon Hopf and 1o (1,1) v k = k(k.).
Ou yapaxtnelooupe TNV SlaxAddwon auTH we uTtoxploylr, 1 UTepXploLn, UE TOV TPOTO TOU XAVOUE
xou v o (HSa).
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OAx?) ACLUTTWTIXY) EVCTAVEIX. X TIC TEPINTAOCELS OOV
1. ke <1 xon k < k(ks), xadoe enioneg
2. ko >1,

yia var 8ef&ouue ol Yetnt| aouuntwtiny evotddeia Tou YeTixd AoUUTTLTIXA evoTadols onuelou L-
coppomiag, (1,1), Tou (Sa), apxel va anoxhelcoupe TRy UToEEN OLOXAMVOUS TEOYLEC, XAEIGTOV XoU TPO-
COVUTOMNOUEVOU CUUTAEYUATOS ETEQOXAVAY TROYLOV X0l XAELOTAHC TEOYLIC OTOV X0 PAong, xododg
0 AMOXAEWOUOC UToEENG U QporyEVWY VETIXMY NLTpoydY Yivetow tehelwe avdhoya pe tov avtictolyo
v to (Lla).

o Yo etvor Tdpat 1 XATAANAN cuvdptnoT ¢ tou Yewphuatoc Bendixson-Dulac; Q¢ npog autd,
Yo TeooTdICOVUE VAl TEOTOTOLCOUUE XUTIAANA TNV avTioTolyn ¢ mou yenoidomoifinxe ylo To
(HSa). Hpodta Eavaypdgpouye to (88) we

1 dA, 1 2
1+ 1k, dt, _1_1+k*A“(k*+Ca )
ac, (1 "
- (1+k*Aa(k*+ca) Oa),

ométe oLYXpivovTde To pe To (84) mapatneolue GTL TO HOVTIENO TPOTOTOEITOL OTWS QUIVETOL OTOV
TOEOXATR TivoaL.

LHiggins—Sel’kov H Sel’kov

T
A, A,
c,’? ky +C>

‘Etot, odnyoluaote dlanodnuxd oto va dewpioovue tdea, yio xéde k, k. >0, tny

k‘k*: RZ d (0,00)
1

eryk* (ﬁa+c)
ko +c?

(a,¢) = ¢rr.(a,¢) =

9

6mou Qp i, € R pa otodepd mov pével vo npoodloplotel. Buyxexpuéva, vy to (HSa) énov ky =0,
mipaue Q0 = —2. Oftouue, Aoimoy,

Jk, (a,¢) = (1 + k. —a(k‘* +cz), (a (k‘* +02) -(1+ k;*)c))7 Vk ke >0,

k
1+k.

xou Yo Loy Vel 6Tl

_1
k. +c?

k. —c?

V- (ke frk ) (a,€) =

ke
Qeke (Tirare) | 2, Qi ke+k 2
k. +c

Qk,k*) +k‘* . (89)

= gk, ks (€)

1. ‘k‘* <1 ok <k(ks)
olale ohxod eAdyloTo dtav ¢ = 1 dniadn

. By eldudh neplntwon tou (HSa) elyope 6T n g1,0, Yot ¢ > 0, Topou-

dgl,o

?(1):0,

xou wéhota pe tun g1,0(1) = 0. 'Etot, otny yevny| nepintwon, dtoauodntixd o 9éhope

AGr (k) ke

1)=0, Vk, <1,
S

%4l 0 omolo dueca cuunepalvoupe 6TL Loy el av YEcouue

2(3k. - 1)

Q. = (1+k)*

(90)
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Méve, dpa, vo emakndedooupe (Bh. Aoxnon 87) 6 mpdyuatt 1 mopandve emhoyh yio Thy
Ok k, Ebvon M evdederypévn, xoadae av k, < 1 xa k < k(k,), totE

sgn o V- (0 k, frk.)(a,c) = —sgnogyy,(c) <0, V(a,c) €0, 00)?,

pe v Teh 0 var AapPdveton oty tepintwon 6mou ki < 1 xou k = k(k.), odAN& uévo 610 chvoho

[0, 00) x {1}.
2. . Av tdpa Yéoouue

*

k
Qk:,k:* =1+ ?a (91)

Yo éyoupe (BA. ‘Aoxnon 87) b

sen o V- (@n k, ik, )(a,€) = —sgn o ge, (¢) <0, ¥ (a,¢) € [0,00)%,
pe v T 0 var AapBdveton yiot xdde ke > 1 xou k ahhd uévo oto olvoro [0, 00) x {0}.

‘Eneton, oLUVETOS, 1 ol Jetinh aoupntwtixd evotdiela tou onuelou woppotioc tou (Sar) otic
npoavapepdeioe TepITTOOELS.

"Acxnon 87. Ia tnv ovwdptnon gk i, otny (89), deikte éu

1. av k. <1 avOaipero ka1 Qi , Snws oTnr (90), tdte
min {gk’k* (¢) | k<rk(ky) karc2 0} = Gr(ke) ke (1) =0,
Kal
2. av k. > 1 ka1 k avOaipetra kar Qg , Onews otny (91), tdte

min {gx &, (¢) |2 0} = gr.x. (0) = 0.

Avdluon Staxhddwong (cuveéyeia). Adyw e un Umopdne teptodixmy hicewv tou (Sa) yia
ko <1 xo k < k(ky), n Suonddwon Hopf and 1o (1,1) v ke <1 xou k = (k) elvon unepxplown,
xa €TOL 0 YOEOC PAoTS ExEL TOTUXE XaL YUpw and To onuelo oopponioc TNy exdva Yetixnd evotadoic
eotloc dtav ki <1 xou k = k(k,).

Oy acupntwTixy svotddeia (cuvéyeia). Mg xon v ke < 1 xou k = k(k.) 0 (1,1)
elvon etind aouuntwTXd evoTadés, TOTE Ye axEBOC T (Blal ETYELNUOTA OTWE TELY UTOPOUUE VoL
del€oupe TV ohuxdTnTa TNE YeTinnc aouUNTWTIXS euoTdUeldc Tov.

Avdrvon draxhddwone (cuvéyeia). Onwe xou v to (HSa), étol xou €86 Slepwtépacte
oyetxd pe v Unopln o xdde k > k(k.) (xon k. < 1) tou optoxod x0xhou e dhddwone. e
avtileor ye To mponyoluevo TpdBAnua, 6 Yo ToEOUCIACOUUE Eva YeTIXO AMOTEAEGHA, XKoL TUPAAATNAN
Bar €yovpe Peel Evay eVaANXTIXG TPOTO Yid TOV YURUXTNEIOUO TNG SLOXAGBWONS we UTEpXploNG.
Yuyxexpyéva, Yo cuunepdvoude TNy UTapdn ecnTepd euaTadols oploxol xOxAou UEow NS edpeoTC
xatdAAnhou ywpiov Jetikng mayidevong.

Ipdrypott, xortadvtog o Lyhua 85, éva vrodhigo ywplo mayideuone do uropoloe vo Atav éva
Teaméllo PE TEELS amd TIC XORUPES TOU Tol oNuela

(0,0) (1+—1 O) % (1+—1 1)
o
T k.’ k.’

*

xa Ty TETopTY €va xatdAAnho onuelo eni tou opllévtiou dEova. ‘Etot, emiéyovtog, v xdde k, ky >
0, o tpanélio X i, UE X0pUPES Ta aMueia

(0,0), (1+ki,o), (1+ki,1) ot (071+£),
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, . , , . . ) To Q eivan ywelo detixAc nayidevong étav to (1,1

(o) To X, 1, elvon ywelo YetixAc nayidevone yia x&de k, ky > (/B) kRt L X0e Ve Toyleeyone ( ; )

0 ' eivan Yetind aotadés. H ouvouddne Siagopd ye to Tk gk, sivon
’ 671 dev TepLEYEL oNuUElo LOoPEOTING O0TO ECWTEELXO TOL.

SyAuo 86: H yeouetpla twv xwelov Yetucic noyidevone v to (Sa).

omwe gaivetan xou oto Lyfuo 86o, vnohoyilovue dueca (BAh. ‘Aoxnon 88) éva ecwtepd xddeto,
Vg k,, TOU B i, (mou opileton oyeddv navtol) we

(0,1), oTo e Tou cuvdéel to (0,0) xou (1 i 171*’0)
- (-1,0), 07O T oL cuvdéel tor |1+ ?1*,0 xou (1 + i7 1)
T (<L -EE) ) ot tpfpe tov ouvbéer T (1 + 1) wo (0, 1+ k—’i)
(1,0), oTo TUApa Tou cuvdéel ta (0,1 + % xou (0,0).

Trohoyilouue edxoha (BX. Aoxnom 88) ot
fu k. (a,c)-v(a,c) >0, oxeddv vy xéde (a,c) € 08k k,, Yk, ki >0,

ONAad” T0 X g, elvan Oviwg Yetnd avolholwto, dea xan ywelo Yetixrg mayideuong wg cuumayég xou
(amhd) ouvextixd pe un xevéd ecwtepd. Emnhéov, 1o Tj i, nepiéyel to onueio wopporiog (1,1),
ondTE apoue®VTAC and To Teanéllo aUTo Evay 0COBHTOTE WXEd xUXAXG bloxo,

B.=B((1,1),¢e), ye 0 <e <« 1,

Yo €yovue O6TL TO
Qe g, =Bk ke, ~ Be

ebvon enione ywplo Vetuehc nayidevone 6tav ke < 1 xou k > k(k.), AMoyw e Yetnfic aotddelac tou
(1,1) oty nepintwon auth. H yewpetplo tou 1-cuvextixol Q. amotundveton oto Lyfiuo 8603
AxpiBoe ened) to véo ywplo detinrc mayldevone Sev mepléyel xdmolo onuelo oppornioc, éneton M
UTopE N TOUNAYLIETOY EVOC E0MTERPLXA Xol EVOC EEWTERIXE VeTId eLaTAD®Y 0pLIX®Y XUXAWY, dToU BeV
Yot mopeuBdAheTon GANN XAELGTH TOYLE UETHEY TOU TPOTOU XL TNG KECWTEPLXNCY CUVIOTMOOS TOU
O, ®oIOS X0 TOL BEVTEPOU Yol KEEWTEPXACY, OTLC Yalveton oTo Lyrua 87.

"Apa, 0 Tptdtog dev elvon dhhog amd Tov optoxd xUXho TOL «YEVVEY 1) Slaxhddwon (xou amd Ty Vewpla
Blonchodwoewy amoterel dviwe évay Vetixd euotody (dnhadr xau cowtepind xan eEwteptxd) oplaxd
x0xho, v Téc Tou k peyohltepec pev, xovtd oto k(ky) 8¢). Ti undpyel duwe petald twv dbo
TV 0pLIXWY XOXAWY EVTOS Tou () 5 Evdeyouévwe,

1. elte xou dhhec xhelotéc TPOYLECS,
2. elte xapio GAAN xAeloTh TROYIA,

3. elte oL 800 oploxol xUxhot va tavtilovton oe évay Yetixd euotody.
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Aq

Sy 87: Trdpyxouv TouldyioTov évac cowtepxd xau évac e€wtepind Yetxd evotadelc oplaxol xOxhoL otov Yo
@done Tou (Sa), otny TepinTwon 6mouv to onuelo wopponiag elvon Yetnd actadéc.

Oa emPefoumdooupe To Tpito oEVAPLO Xatd TNV aptiunuxy entluon tou (Sa) Tou axolouvel.

‘Aoxrorn 88. Adote g Aentopépeies Tov vrodoyiopot (exel mov opiletar) tov edwtepikol kdBetou
dwvdouaros, v i, , Tov tpaneliov Xy, ., mov opiotnke katd tny avaljtnon xwplov nayidevons yia to
(Sa), ka1 enaAnledote bt efvar dvtwg Betikd avaldoimto yia kdde k, k. > 0.

‘Aoxron 89 (povtéro Meyer). To 1973, o Meyer eioffyaye pa mapaddayn touv unyaviopov (86),
)

" A (ewoporj)
A% p (un kataAvduevo Bripa)
A+20 2 30 (avrokatddvon)
B (pBopd Tov «avtokataAvTny),
ya otalepn} ewopor) kg > 0. I'a tov mapandvew unyaviopd
1. e&dyete to avtiotoryo ovotnua dagopikdy e€l0boewy,

2. amlomomnote To mapandvw ovoTnua o€ éva 2 x 2, wg

% = ko — ks [A] - k1 [A] [C]
% = ki [A][CT - k2 [C].

T0 0TOl0 UEAETNOTE, Kal
3. ouykpivete ta aroteAéopata e ta avtiotoya ya to (Sa).

"Aocxrnon 90 (poviélo Brusselator). To 1968, ov Prigogine ka1 Lefever ewnjyayav kar uedétnoav
TOV UNXaAVIoUO

e (ewopony)

ralJle D (awoporj mov e&ioopporel Tny arnoppon))
D+C2 A E (un kataAvdpuevo Bripa)
A+20 2 30 (avtokatdAvon)

ct B (pBopd Tov «avtokatadiTny),
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v atalepn} ewpor) ko > 0. I'a tov mapandve unyavioud
1. e&dyete To avtiororyo ovoTnua agopikdy elowoewy,

2. amdormomjote to mapandvw ovoTnua o€ éva 2 x 2, wg

% = k3[D], [C] - k1 [A] [C?
% = ko = (ka + k3[D]) [C] + k1 [A] [CT7,

yia bedopévo [D], >0, to omoio peAeTriote, kal
3. ouykpivete ta arotedéopata e Ta avtiotoa Y to (Sa).

To povtélo avté avagépetar otn Piflwypagia ws Brusselator, veodoyiopués mov mpoépxetar ané
ovveon twv Aééewv Brussels (exel Bpioxerar to Université Libre de Bruzelles (EAe08epo Ilaveni-
oo twy BpuéeAddv), drnou ritav KaOnyntrs o Prigogine) kai oscillator (takavtwtrig).

ApwduntixA enidvor. Ipoywedue otny aprduntixd enthuon tou (Sa), 6nwe gaiveton oo Xy
88, oto Myrfua 89 xaw oto Uyrua 90, npoc enaAAlELoT) TV CUUTEQUOUATWY UoC, dAAd %ot TEOS
ATAVTNOT) TWV EQWTNUATOV YOG,

Me to Tyfua 88 emaknietoupe v ohuxh) Yetinh| acuuntotxd euotddeia tou (1,1), Ty TomxA
eXovaL Tou ETNEdoV Qdong Ylpw and To onuelo twoppomiog, xS xa 6Tl To Xy i, €lvol TEAYUATL
ywelo Yetuehc nayidevong, étay ki <1 xan k < k(k.).

Me o Ty fpo 89 emodndedovue tnv detnh actddeia tou (1,1), étL t0 Qg 1, lvon mpdypoatt ywpio
Yeturg maryidevong, xadog xan Ty Onapdn optaxol xUxAoL evide Tou ywelou autol, otav k. < 1 xa
k> k(k.). Topatnpolue 6Tt 0 0ploxdc xOxhoc autde elvon povadinde xon evotadfc, x4t Tov amavTdEL
X0l GTNY EPWTNOT oS OYETX UE Tov aptdud xon To eldog TV 0pLoxdy xOxhwy Tou (Sa).

Téhog, pe 1o Eyfpo 90 enandetovpe v ohixr) Vetn| acuuntwtxh evotddeta tou (1,1), v
TOTUXY) ELXOVOL TOU ETUTEDOU QAoNg YUpw and To onuelo looppoTiag, xodmg xal 6Tl 10 g g, clvou
npdypatt ywelo Yetnhc mayidevong, otay ks > 1.

Madnuatiké YrdéBaldpo:

Xwela mayidesvong. Onwg €youpe avagepel, o Oetpnuo 67 umopel va anotehéoel tnv Bdon
yioo TV e€aywyr Vnapng meptodinic Abong evée autévopou (ITAT) ue tpoyid evide xodoplopévou
UTIOGLUVOAOU TOU YOPEOU PACTS.

Suyxexpuéva, €otw n = 2 xou avtdvopo (ITAT) to onoio yio xdde yo € Sa €xeL Lovadixr LeYIoTIXT
Yetnd (opvnTind) ohud Ao, y( -, yo).

1. Kdde ovunayée, ouvextind xou Yetnd (apynuxd) avarhoinwto X € Sy ye X° # @, Méyeton ywplo
Oetikris (apvnuikig) mayibevons. H yewpetpla xou 1 yopoxtmelotnd| WBdTnta evde TéTolou
ouvohou omewxovilovton oto Mynua 91.

2. "Evag avahuTindg Tponog eNAARUEUCNEC TOU OTL EVal GUUTAYES XoU GUVEXTIXG X € So ue X° # & xau
XOTE TWAUOLTOL OGS GUvopo, 0%, ebvar 6vtwe ywpelo Yetxic (apyntinfc) nayidevone, arotelel to
avtioTolyo xpithplo yia Ty enakfidevon twv Yetxd (opvntind) avahholwtwy cuvoiwy, Snhady
N aviooTNTAL

v(z)- f(z)>0 (v(x)- f(z)<0), v xdde <opordy onueio x € 0%,
6TOU 1V €0wTePIKS kdUeto Sidvuoua touv 0.

Toy Ve, thpa, To axdroudo amotéheoya, TopddELYHA TNG YEWUETPIAS Tou ontolou anetxoviletar 6To
Sy uo 92.

Oevpnpa 91 (ywpio nayidevonc). Fotw n = 2, avtdvopo (ITAT) to oroio yia kdde yg € Sy éxer
povadikn peyiotikr detikd (apvnrikd) ohikij Abon, y( -, yo) ka1 ywpio fetikris (epyntikrg) tayidevong
¥ c Sy, Av to X bev mepiéyer onueia wopporiag tov (ITAT), tére

1. o ¥ dev etvar 0-ouvektikd (6nAadrj eivar m-ouvvektiké e m € N), ka
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6 o Apyikég ouvinkeg 6 o Apyikég ouvinkeg
5 * O.ao. evoT. 0L N * O.ao. evoT. 0L
4 4
J 3t R S 3
2 —e 2
1 1
&\'
0 —— * 0
0 1 2 3 4 0 1 2 3 4
A, A,
(o) k=0.1. (8) k=2
12 o Apyikég ouvbnkeg
* O.qo. eVOT. O L.
10
8
S 6
4 l
2
0
0 1 2 3 4
A,
() k= 4.5.

SyAua 88: Aprduntixd enthuon tou (Sa) yia Yetinole xpdvouc xou yio didpopes Tiwée Tov k < Kk(k+ ), otav ks = 0.5, xou
doo k(ks) = 4.5, ko(ks) ~ 0.32, k4 (k) » 62.68. H oxioypapnuévn neplox avtiotoyel 610 xwelo detinic moyideuone
Ek,k* .

2. vrdpyovy

i. Touddyiotoy évas ecwtepikd Jetikd (apvntikd) evotadris oplakds kUkAog, kai

ii. Toukdyiotor évag efwtepikd Jetikd (apvntixd) evotadnis oprakds kUKo

(etvar mbavé o1 6o maparndve oprakol kUkAot va tavtiloval o€ évay Jetikd (apyvnrikd) evotadr
0p1akd kUkAo), kai av, ouykekpipéva, to 3 efvar 1-ouvektikd, téte

1. t600 peta&l tov mpwTou Kal NS «eEwTEPIKSy owoTwoas tov 0%,

1. 600 ka1 peta&d Tov GeUTEPOU Kal TNG «EOWTEPIKIISY OCUVITTADIaS Tou 0%,

Oev undpyer kA€ot tpoxid.
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14

f\ * Apxukés Tuvinkes o Apyikeg ouvenkeg

12 * ©. aorabEs o 30 * @. aoTabés oL

10

o Apykég ouvonkeg

140 * Q. aotabig o.t.
120
100
J 80
60
40
20
0

o
-
N
w
SN

SxAuo 89: Aprduntixy enthuon tou (Sa) yia Yetixolc xpdvous xou yio ddpopes Tés Tou k > k(ky ), 6tav ks = 0.5, xou
doat Kk(k«) =4.5, ko(k«) » 0.32, k4 (ke) ~ 62.68. H oxoypapnuévn teploxh avtiotoiyel oto xwelo detixhc mayideuone
Qk,k* .
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6 o Apyikég ouvbnikeg 6 o Apyikég ouvbnikeg
5 * @.a0.evoT. 0L * @.a0. eVvoT. 0L
4 4
SE . SE
2 —e 2
1 ° ; ° 1
\. ﬁ‘
0 04
0 1 2 3 4 0 1 2 3 4
Aq Aq
() k=0.1. @) k=2
12
0 o Apyikég ouvbnkeg
100 *0O. ao. eVOT. 0L
80
S 60
40
20
0
0 4

(¥) k = 100.

SyAua 90: Aprduntind eniiuon tou (Sa) yia YeTixole xpdvoug xou yia ddpopes Twéc tou k > 0, dtav kx = 2, xou dpa
ki—(kx) # 0.9, ki (ks) ~ 89. H oxwaypagpnuévn mepioxf avtiotoiyel oto xweio Yetinic noyidevone Ty k, -
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(o) 0-cuvexTixd. (B") 1-cuvextixd.

Syhua 91: Topodelypata ywelonv Yetinfc noyidevone oo eninedo.

e

Syhua 92: Bopgova e o Oedpnua 91, evtdc xdde 1-cuvextinod xwplov Yetinhc raryideuong, mou dev nepiéyel onueio
looppoTiog, LTdpYoLY TouNdKloToV dUo oploxol xOxhol (o ormolol umopel xou v Tawtilovton), évac eEmtepind YeTind
euotodig, petadl Tou onolou xa TNG KEEWTEPIXACY CUVIOTAGHS TOL GUVGEOL dev TaPEUBIANETAL GAAN XAELGTH TPOYIL, Xou
évag ecmtepnd Yetind euotadic, petad Tou onolou XL TNG KECWTEPIXACY CLVLGTMCAC TOU GLVHPOL deV TaPEUBENAETOL
AN xhewoth Tpoxid. oTéo0, dev yvwellovye yia To Tt YiveTon peTta€l TV 300 AUTOV 0pLaXOY XOXAWY.
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