0.1 ZX=ipéc.

Optopot.

‘Eotw G plo opada xor H proe xovovixy] DTTOoORddor g, TOTE, WG YVWaTdy, oplleTton
N opédo TAixo G/H. Evo artd tor TpoBAfuato/TtpdxAnay, Tov ovTlueTwTi{ovuE, eival To
¢ Oor avTANooLE” TTANPOPOPLES Yol TG LALOTNTES TNG opadag G peAeTwvtog Tig opades H
xow G/H. I'evixdtepa, g B avtAnoovpe TAnpo@opies yia pLow omd g opddeg G, H, G/H
UAETOVTAG TLG AAAeg dVoO.

Otav dpwg éxovpe ptor opada G xol plo voopado ¢ H, v omolor dev elvat xovovixy),
ToTe, emeldn o TAixo G/ H Sev opiletal, avalntodue o LTTEEYEL ULor axolovBior LTTOOUAS WY

H=H,<lH <{Hy,<H, ;<lH, =G, 06mov pe autdy T0v TpOTO V& TOOoEYyi{ovue
™y G.

[Mpocoyn! Kabe H, ; eivor xovovixn oty emouéyn g H;, oAAG dev elval xat’ ovdyxn
xayovixn oty opdda G.

Av vmapyel pto tétotor axolovbio, téte avt) Oa ovoudletor (VTO)xAVOVIXY] GELPA pE
oPYx6 6p0 ™V voopdda H xal tehixd 6po v ouddo G, o ouddec H, |/H; tor menhixo
g oeLpdc, To de mANbog n Hor ovoudletal To wN%OG TNG GELPAC.

EEvmoaxovetar 4Tl oL dpoL pLa oelpdg eival drapopetixol petoEd tovg. Mepixég popéc,
Lo TEYVLXOVG AdYoug, Bar emitpémovpe va Exovpe SO0 SLadoytxods 6POLS (BOVG.

[Tpty 6,TLdNTOTE AANO VO SLeLXPLYIOOLE OTL OTNY TTEPITTWON 1oL *A&be GPOG TNG TELPAS
elvo xovovixy] vIToopddo oY opdda G, Thte éxovpe pia xowvovxy oetpd. (ITIoANOL avoupé-
POLY OAEG TLG GELPES OLTOV TOL E(B0VG WG XAVOVLXES OELPES. EdW Oa To drevxprvilovpe xdbe
©op&, 6to LTEEYEL %ivdLvog Vo TTPoXANOEL oYY LOT.)

Metd toug opLopodg o TG SLELXPELVIOELS, 0g GOVUE UEPLXA EQWTNUOTO TTOV EYELPOVTAL.

1. Metakd plog vmoouddag H xot g opadoag G Lmopody LTTAPEOLY CELPES XAl TTOTEG;

2. To pMxog dVo oelpwyv eivor Tavto oTobepd;

Acg dodpe pepxd TopodelypuoToL.

‘BEotw G = (a) n &melpn xoxhxn xovw H = (aP9"), 6mov p, ¢, r mpohToL aptbuol, téte
UTTopOoLpE Vo Bpodpe TTOAAES oeLpEg LETAED g H xot tng G. Ag dobue pepirég € auTwv:

[Mpopavrig 1 H < G elvar pLae xavovixy ostpd. AAAG BAEmovpe Ot N

H < (aP) < G elvow Lo AN oeLpd, 6Twe xot 1

H < (aP?) < (a?) < G.Ornwg PAémovpe xdbe plo omd owtég TPOEPETOL ATtd TNV
TEONYOVUEYY TTOPEUBAAOYTOG EVay EVOLALETO 6P0. Ay buwg TtpooTtadoovpe oty TeEAeLTOLO
oeLpd vo TtopepPaiovpe (Yvnoiwe) dhhovg 6poug, Tdte owTd dev eivar duvatdy (yrorti;).

Metd amtd avtég TG ToPATNENOELS oG OWOOLUE dVO OPLOUOVG:

‘Botw H = Hy <|Hy ] Hy - <| H,_; < H,, = G xo

H=K, <K <K, - <K,,_; <K, = G dbo ocLpéc.

H 8ettepn oepd o ovopdleton (Yvora) emtdémTuven g TEWTNG, oy “Tpoépyetal”
oo ™V TEWTY St NG TAPEUPBOANG KEATTOLWY Opwv. Ay BEAOLUE YO TO EXPEATOLUE TUTILXA.
H dedtepn elvar emAéntovon g TEWNG av LTAEXOLY Opot K; ovtwg wote H; = K
(67ov ot deixteg nvodvton awvahGyws). ‘Omou, ot dpot g dedtepyg oeLpdg eivar dtoupope-
Tixol LETOED Toug xat n < m (€€ 00 To YvHoLo). Eny TPiTN 0eLpd OWS GTO TEONYOVLEVO
ToEAdeLYpo BAETTOLUE GTL OV UTTOPOVIE VO TOPEUPEAOVILE OPOVG WOTE VO ETLTOYOVUE ULOL
Yvnoto. emAéntuvon. H meplimtwon auty vtaxodel atov eENG 0pLopO:

Mo oetpa o ovop.dletor ouvleTiny, av dev eMLIEYETOL YVNOLES ETILAETTTOVOELG.

9

0.1.1 ZvvOetixég, tood0vopeg (LodpopQPesg) osLpég

To gpd TN TTOL TPOXRVTTTEL ElvoL oy EXOLUE ULoL OELPE, xaTéd TTOoOo popolpe pe (Stado-
YxéQ) ETLAETTOVOELS Vo PBdoovyue oe pLor ouyBeTixy oelpd. Entiong, mog avoyvwpilovpe oy
uLoe ogLpd elvor ouvbeTiny).



[Tpopavdg, av €xovpe TV OELPA

H=H,<1H <{H,<H,,<lH, =G ypemy H nenepaouévov dcixtn, 16T 0L
umopel vo emtAetTuviel oe pior cuvOeTLXY OELPAL.

Ewduxdtepa, xébe oclpd plag memepaouévng opndadog umopel va emtAettoviel o pLta cuy-
OeTinn oeLpd.

Av €yovpe 6pwg ™V dmelpn xOXAXN opddo G = (a), ToTte M oeLpd 1 <] G dev pmopel va
emhenttuvbel oe ovvBeTiny ostpd (yrorti;)

Mpoétaon 0.1.1. H cewoa H = Hy <| H; <| Hy - <| H,,_; <| H, = G elvou ovvletixy av
xat uovo av xabe mmAixo H, | /H; eivar amly ouada.

ArodeEn. Ymobetovpe 6Tl xabe TTNALXO elval otAn opdda, xow OTL LTTEEYOLY VO dLadoyLxoL
6pol H, |, H,, 6mov pmopovue vo mapeuarovue yynolwg tnv vmoouddo H, | <] K <| H;,
T6TE oToe avtioTotyo TnAixo éxovpe K/H, ; <| H;/H,; | Y€ TS OWLOWOELS YVNOLES, ALTOTO.
Opota yior T0 avTlaTEOQO.
O

Ontwg eldape, av €xovpe dVO GELPEG, TOTE UTOPOVUE VAL TLG “OGUYXPIVOLUE” UE TO AV 7 UL
elvol eMAETTTUVON TNG GAANG.

Méotor 8¢ awtd To PéTPo abYRELoMS TIPOPaVKS(;;) opilel wia oxéon peptxig SLdtaEng
070 OGULVOAO TwY oelpwy (Le ™V (Stor apyf xow To (SLo TéAog).

To epdytnua, T0 0Tolo TPEOXVTTEL Thpo eivar To eEfg: Av éyovpe dVo oelpég ( pe i
oY xaL TEAog ), Ba propodoape vo 0pioovpe éva AN LETPO” alYXELOYS;

Optopodg 0.1.2. Ot celpég

H=H,<lH <{Hy,<H,,<lH, =G xou

H=K, K Ky K, , <K, =G

Ooc ovouafovtot LGOSVVONES AV DTTAPXEL (O EVAL TTOOS EVAL xoL ETTL AVTLOTOLYIA UETOED
TOWY TWY TNAXWY TNS WOS OELRAS XOL TWY TINAXWY TNG AAANS, 0oL avtioToryo TnAixa
elvar Loouoppo.

"Toroldatowxa™ ot V0 oelpés ovouadovtal LoOSOYOUES aY N = M XOL VTTHOXEL Lo
uetabeon T twy Sewxxtwy, dote H; i /H; ~ K ;_1/K.q)-

[Mpoooyn ! llop’ 6Ao Tov Aépe otov 0pLopd LTEEYEL Kloe UeTAbeDTY SeLXTOVY.... TToAloL
Oewpody 6t avayxootixd H, /H, ~ K, {/K, yio 6ho Tt i.

Mo mapdderypo: ‘Eotw G = (a) 1 Amelpn xOXALXT XL Ol OELREG

Hy = (aP?) < H; = (a?) < Hy = (a) xat Ky = (a??) < K; = (a?) < Ky = (a),
o6mov p, q TpwToL apLbuol, téte Hy/Hy ~ K,/K, now Hy/H, ~ K,/K,.

MéAtota 8¢ avtd o PéTPo albYxELamg TEOPavKS(;;) opilet pia oyéon tooduvvapiog oTo
obBYoA0 Twy oeLpwy (e Ty (dto apyh %o To (3Lo TéAog).

A6Yw TOL LOOROPELOUOY UETAED TWY TNAIXwY V0 LOOSLYAUWY GELPWY TTOAAES QOPEG
oLTEG TLG OcLpPEg Dot TLg amoxaAOVUE KoL LOOUOPPEG.

"Evor dALo TtpdBAnpor Tov mpoxdTtTeL eival To eEYg:

‘Otav €xovpe pro oeLpd, LTopovue va "ovamttoEovue pta LEHOSO” HOTE Vo ETULTUYYAVOLULE
ETUASTTTOVOELS NG, N x&be Qopd Oo emiyelpobue xatd to doxovy;

Ag dodpe PePLXA OTTOTEAECUATO, TO OTTOLOL EXOVY TO JLXO TOLG EVOLAPEQOV.

Afqupo 0.1.3. 'Eotw A, B, C vroouades ua ouddag G ue B < A. Aeikre ot AN (BC) =
B(ANC).
(ITpoooyr! Tao AN (BC) xaw B(ANC) evdéyetar vo uny eivar vmoouddes s G

ArmodeEy. Eivow n Tpwtn doxnon oty TITN OUASO OOXNOEWVY.



Avppo 0.1.4. 'Eotw B <] A < Gxow C < G, tote BNC < ANC xou (ANC)/(BNC) ~
B(ANnC)/B.
Ay eminAéoy C < G, tote BC <] AC xaw AC/BC ~ A/B(ANC).

ArnodeEn. H amddelEn elvor mpopoavig xor ypnotpomotel To dedtepo Bewpnuo Twy Loop.op-
PLOUOY.

Ac amodeiEovpe v (ANC)/(BNC) ~ B(ANC)/B.

‘Eyovpe (ANC)/(BNC) = (ANC)/(ANC)NB ~ B(ANC)/B

(otny TP LobdTNTOL BEY REAVOPE TITTOTE GANO OTT’ TO VoL TUAOOVPE UE ULOL UEYOADTEQT
opada, TNV A, oTtOTE TO ATOTEAECUO OEY AAALEL KOl YLOL TO LOOUOPPLOWUO Y ONOLLOTIOLYCOULE
70 devtepo Bepnpa toopopeopwy MN/N ~ M /(M N N)).

Ag amodetEovpe ™y AC/BC ~ A/B(ANC).

"Eyovpe A/B(ANC) = A/JAN(BC) ~ A(BC)/BC = AC/BC.

(n TPWT™ LobTNTOL ATTOPEEEL OTTG TO TTPOMYOVLEVO AUUIOL XOL O LOOLOPOLOROS aTtd TO
deUTEPO BEMPNULL TWY LOOROPPLOUMY.)

O

MMpoétaon 0.1.5. Eotw C; <| A} < G xou Cy <] Ay, < G. Tote
(A NCy)Cp < (AN Ay)CY,
(AN 00, < (AyN ATy xo
(A NA)C /(A NCY)Cy & (AN A)C, /(A N C)C,.

AmodetEy. Ou xavovxdtnreg elvot TPOQavELS.

Oa delEovpe TOV LOOROPPLOUO.

Oétovpe B = (A;NC,)(A,NC), t6te (A;NCL)C, = BC, (yratis;; ) po apod A,NC, < C.

Opoiwg (A, N C,)Cy = BC,. Emopévwg o mpog amtddetEn toopop@Lopos

(A NA)C /(A NCy)C, & (Ay N A;)Cy/(Ay N CY ), yiveTow

(A, NA,)C,/BC, ~ (A, N A,)C,/BC,.

Tdpor 10 TEWTO PENOG TG TPOG atddeLEn oyéong (Bdoet Tov TEONYOLUEVOL AALLULLOTOS
yivetot)

(A) NAy)C,/BC, ~ (AN Ay)/B(A, N A;NCY) = (A N Ay)/B.

Opoiwg to 3eHTePO WENOG TNG TTPOG aTtddELEN oyéang (Boet ToL TEONYOLUEVOL AALLATOC
yiveton)

(AyNA))Cy/BCy ~ (AyNA))/B(A;NA; NCy) = (AN A;)/B. ....xan TENOC.

O

Topa elpoote ot 0€om va amodeiEovpe Eva amd ta Baowxdtepa Hewpnuoata ot Oswpio
Opadwv.

Ocdonua 0.1.6. Eotw dVo oelpés
H=H,<]H <H,-<H,,<lH, =G xou
H=K <K <K<K, K, =G
ue Ty (Stor apxn” xouto (Bto "téAog”.
Tote vVTAPYOLY LGOSVYAUES ETLAETTOVOELS TOUS.

AmtodeEy. H wdéa eivor amAn. Ze xdbe dvo dtadoytxodg épovg H, |, H,; bo topepfarovpe
m—1 to TABog 6povg xon ot xdbe dvo dadoyinodg 6povg K; 1, K, o mapepBarovpe n—1
70 TAM0og 6poug, omHTE Hor TEOXVPoLY dVO ETUAETTOVOELS TWY XEYLXWY OELPWY UE TO (JLO
unxog nm. Iag B yivel oauTn N TAEEUPOAT] Lol VO TTETUYOVILE LOOLORPA TTNALXAL;

[N Toug Sradoytxods 6povg H, 1, H; oL 6pot mov Oo mopeuAnbody optlovtor wg ekng:

Hy; = (H;NK;)H;, ; vy j =1,2,...,m

[ Toug Bradoyxotg dpovg K; 4, K; oL 6pot mov Bo mopepBAnBody opilovtor wg ekig:

K = (K;NH)K; ; yeoi =1,2,...,n.

[ToLy TTPOYWENOOLUE G TTAPATNPYCOVILE OTL



o = (H;NKy)H,; , = H, .
m = (H,NK, )H,_; = H, xou
Kjo = (KjﬂHO)Kj—l = K1,

K,, = (K;NH,)K; ; = K;.

Apo TEMKG EYOVPE TLG OELPEG

H=Hy= Hyy < Hyy < Hyp, = Hp = Hyp - H,, = H, = G xo

H=K, =Ky <Ky <Ky, = K = Ky e Ky = K, = G.

Twpo EpxeTal N OTLYUN VO EQOEU.OCOVUE TNY TTEONYOVUEVY TTEOTAOY ETULAEYOVTOS ~“OOLOTO-
TEYVLXE” TLg LTIOO.EDES Tov Hor TatEovy Tov POA0 Twy C) <] A xow Cy <] Ay. ZOYXEXQLUEVO
Oetovpe €y = H; 4, A = H; now Cy = K; 4, Ay = K.

[Tiot Twpa epappoyy Tg Tponyodpevng Tpdtaong pag divet 6t H,; /Hy;_yy ~ K /K (;_qy;-

Avt 7 dradixaoia Yivetal yiow OAeg TG SLVATESG ETLAOYES TWY (EVYWY JEXTWY 7, j, OTTOL
it =1,2,....,n, 7 = 1,2, ..., m. Omdte teretoope!!

H
H

O

Mo onpovtixn TopoTienom.

Am6 ToY TPOTO HATAOKEVYG TWY dVO ETUAETTOVOEWY BAETTOLUE GTL LTTAEYOLY SLUSOYLXOL
6pot, oL omoloL eVIEYETUL Yo ElvaL [OOL, OTTOTE TO AYTIOTOLYO TINALXO Elvor TETOLULUEVOD, OAAGL
TOTE AL TO AvToTOLYXO TNALX0 (GTNY dAAY ogLpd) eivar TeETOLUPEVO.

[N mopdderypo. Yrobétovpe 6w H;; = (H; N K;)H, y = H;; 1) = (H; N K; 1)H, 4,
tote Gpwg xow Ky = (K;NH)K; | = Ky, = (K;NH;_)K;  (yroisss;).

Acg dodpe éva mopLopa.

Méptopoa 0.1.7. Ywrobsrovue o1t wa oucda G Exet uo ovVOeTIXn TeLOA
H=H,<]lH <Hy,-<H, < H, =G, 10te xatbe oAy oeoa
H=K,{K K, <K, <K, =G
VTTAPEL o ETAETTUYON, N OTolor elvat xot oty cLYOETLX.

Edixotepor, 000 oLVOETINES TEIOEG O OUddaS EVOL TTAVTA LOOUOQPLXES.

Arode&y. Tlpopavis.

Epappoyéc:

1. Mmopeite va amodeiEete To OepeAddeg Oewpnuor ™G opLiunTxng xENoLLoToLOVTOS
TO VW TEPW ATTOTEAECUATA;

H amdédetEn ivor mpopavig xor (Sev) Oa oog exAfEeL.

2. 'Eotw S, nopdda petabéocwy, n > 5. AetEte 0Tl deV LTTAPYOVY LTTOXAVOVLXES VOOU.G-
deg g S, extég g A,,. (EdW Oa yperaotel va emixoeobeite dtL oL evaAAGAGoLOES OUASES
A,,, n > 5 elvor amAéc.

3, Xe plo TETEPOOWUEYN p- Opada xabe LTOOUASH ELVAL LTTOXOVOVLXY].

n’

0.1.2 EmAdoipeg ostpéc-H mapbywyog octpd.

[Tty Eextvnoovpe, ag SLeuxpLvioovpe xATL.

Meéypr topa, dtav ciyope pta opada G xal H plo vwoopddo tng, eVOLOPEQOULATTAY YLO
70 TS "mpooeyyLlovpe” Ty G péow prog (VTO)xOVOVIXAC GELPEC

H=H,<|H <|Hy--<{H, , <{H, =G, pehetwdvtag to mnAixo H;/H, ;.

Otav, dpwe, éxovpe pta opado G xot DEAOLUE YO TNV UEAETNOOVUE LEGEH DTTOXAUVOVLXWY
OELPWY TYG, TOTE, ETELDN JEV EYOVLUE OUYXEXPLUEVY LTTOOUAd, Egxtvdpe amd Ty opada G
TEPVOLUE ULOL XAYOVLXY] TNG LTIOOUAS G} %Ol XATAOXELALOLUE TOvG 6povs G = Gy > G,
Kotoémy emAéyovpe pior xovoviny vmoopdda tng Gy, €0Tw G5, ®ot CLUUTANPGVOLPE G =
Gy > G > G4 xau ovveyilovpe. ......



Omote, TPWTN TOPOTNENON lvor OTL TP oL JelXTEG "avEAVOVTOL” €V OL LTTOOUADES
“utxpaivouy”. Auté eivol To PTUTTILKG”.

H 3edtepn Toportipnom elval Lo OVOLAGTIXY. EEXLYWOVTOG VO ETULAEYOUUE TLG DTTOOUASES
G, (ruyaio ) Bo pBboovpe (o Temepoopéva BALATO) GTNY TETELLUEVN OUADX,;

Mo tpitn mTopationon ivor axdun mo ovotaotixy. Kataoxsvdlovtag plo tétota ocLpa,
7 oTola €0Tw OTL, TEPUATI(EL OTNY TETOLUUEYT, OULADA, TL TTAYPOPOPLES LTTOPOVUE VO OVTAT-
OOLPE YLo TG LOLOTNTEG TNG opadoag G

Apat, ATl TOVE VO LTTOPOVILE VO EEXGPAALGOVUE TNV VTIOREY] LLOG OELOAG

G=G, DG >G> D>G, D>G, =1, 6mov ta miixa G, /G, vo €x0vY 0pLOUEVES
LOLOTNTTEG.

Optopog 0.1.8. Mo ceoa G = Gy > G, > Gy > - > G,,_1 > G,, > -, n omola dev Tep-
uotilet xat’ avayxn, odda odo o myAixa G; /G, evar afediavés ouddes Oa ovoualetat
eTLAOGLULY] OELOA.

2Ty TMEQIMTWON, OTOL Mo ETLADGLUOG OELOO TEQUOTILEL OTNY TETOUEVY Oudda, 7
ouado o ovoualetar emtivotuy).

[Tpopavvg ov afehtavég opddeg eivol emtAVGLUES.

Eriong, ot dtedpinéc opadeg D,,, eivar mpo@aveg emthbotpeg (yiotis;)

Mo emepaopévn p-opdda eivor emtiong emAborun (yrortis;).

AN vTTGEYOLY oL OUASES oL OTTolEg Bev eivan emtAlotpeg. Ivwpilovpe xdmoroleg);;;

To onuavtixd oty WLOTNTO NG ETLAVGLUITNTOS OUEdwWY eivor OTL “xAnpovopeiton” oTig
UTTOOULASES %Ol TO TTNAIXO XL “OLaTNEElTOL” OTLG EMEXTAOELG.

Ozwpnua 0.1.9. 'Eotw G ouada. Ot axdolovleg mpotaoels elvot tooOOYOUES.
(i) H ouadoa G elvar emtAbowun.
(i) Kabe vroouado g xat xabe mnAixo s eivor emtAVotues ouddes.

Arnodey. (i) = (ii)

"Eotw n emAboLurn ostpd

G=G, DG D>DGD>-D>DG, DG, =1

xar H < G. Opilovpe wg H; = H N G,. 1éte oplletar 1 oLpd.

H=H,>H >Hy, > >H, ,>H, =1

Mpogavag H,,, <] H; (yrotis;)

Emiong H;/H,;,, = (HNG;)/(HNG,,,) = (HNG;)/(HNG; ))NG; ~ (HNG;)G;11/Giq <
G;/Giiq. Apo T TnAixor elvor affediavéd, SnAadn n H elvor emAdoiun.

Mot woyder N tedevtoio todtnte; [Notl toydel =~ 33

"Eotw twpa N <] G. ATé v TEONYodUeYn oeLpd optleTon M oELpA

G/N = GyN/N > GyN/N > GoN/N > - > G, N/N > G,N/N = 1.

[Noti oty TerevTaio oelpd LoyeL N xoVoVXOTNTO SLOUSOYLXWY OPWV;;;

Oo Seikovpe 6t T Aixa (G,_{N/N)/(G,N/N) ~ (G,_1N)/(G;N) elvar ofehava.
rpdaypot, G, N/G,N = G,_;(G,N)/G,N ~ G,_,/G,_1NG;N =~
(Gi1/Gi1)/(Giy NGiN) /Gy _y),

0 TeAeLTOLOS BPOG Elval TNAIXO aBEALOVAG OUEdaG Gpo oBeEAovy] Ouado xo ... TEAOG.

(1) < (i)

‘BEotwo N ]G xaw N = Ny[> N, > -N,_; > N, = 1xow G/N = My/N [> M,;/N [> - >
M, /N> M, /N = 13800 emthdoiueg oetpéc. Toéte n oetpd G = My[> M, - > M,, | =
N = Ny> N, > N, > N, = 1 (mpocoyi ot ovyxéinon”) eivan emtAboLpn %ol ... TEA0G.

O

To mEAPAnpo oL TEOAVTTTEL, LE TOV OPLOUO TOL OWOOE, Eival OTL OTOY EYOVUE L
opédo G, g Ba Bpobpe pror (Yvhora ) xovovixy vtoopddo ™ M wote to TmAixo G/ M
vo efvort aBeAtoyy] opador xo vor LTTOPEGOVLUE YO EEXLYNCOLUE TNV ovollTnoy, o TEAxE | G
elvot emAdoLuUY;



O dobpe 6t (oYedby) ThvTo LTOPOVILE VoL BEOVUE PLot XoWOoVLXH LTTOORGdo M, oTe TO
TiqAixo G/ M va givor offeAiovd.

Acg xévoupe ™y "avdAvor Tov TEORANUATOS .

‘Eotw G pla opddo xow a, b € G, téte éyovpe ab = ba(a tb~tab). Emopévwe ta a, b
petotifevtor av xor pévo av a b tab = 1. Me dtapopetinn éxppoon to atoueio [a, b] =
a 1b~tab vTOdNAWYVEL X0Té THGO Taméyouy” Tor 3Vo oToLyElo atd Tov vou petatiBevtar. To
otoweio [a, b] = a1 tab o ovopdleton petabétng Twy a, b.

"Eotw tdpa to abvoro {[a, b] | a, b € G} 6Awvy Twv petabetdv. To Tpdto epdTro TTOL
TEOXVTITEL ELVOL Ay TO GOYOAO VTO ATTOTEAEL OUAd.

H amavtnon eivor 6yt, dtott 1o yvoépevo dvo petabetdyv dev eivar mavto petadétns. Eved
10 avtioTEOPO eVl petalbétn [a, b7t = - [b, al.

Hapationon 0.1.10. ‘Eotw A, B dvo (un xevd ) vwrootvola tns ouddag G, Tdte opilovue
w¢ [A, B] = (la, b] |a € A, b€ B) tqv vroouado tns G TNV TOQAYWOUEYN ATTO GAOVS TOUS
uetalétes, omov oty TEATN 00N Exovy oToryeio Tov cuvolov A xouw otny devtepn Oéon
oToLEl0 TOV cLYOAOL B.

Iloopavdg, ACC, BCD = [A, B]C [C, D].

‘Eotw G = ({[a,b] | a, b € G}) n vroouddo g G N TOEAYWUEYN aTtd GAOLS TOLG
petobéteg, H vmoopddo oty Bo ovopoalétor mapdywyog (vmo)opdda tg G %o, EXTOg TOL
ovpPolarod G, Bow ypnotpomoLobue xaon Tovg ouuPoAiouode: [G, G, GV, v, (G) .

H mopdrywyog voopdda Bo ’Sradpopotioel” oto eEng onpovtind poho.

Kot apydig eivor xovovxy vroopdda g G (yrartis;;). Apxel vo vtohoyioovpe To oLlLYES
gla, blg~t = - evig petobéT.

H onpovtix Topoatienom elvor 6Tl Tpo@oves 1 opéda G elvol afeAtovn av xot Lovo oy
N TAPAYWYOG LTTooU&do G’ elval TETELUEY.

Emopévwg, tpa pmopodue vo Tpoxwenoovue otny “odvbeor Tov mpofAnuatog’.

Mpéraon 0.1.11. 'Eotw G ouadoa xow H < G.
Tow axolovlo elvor toodbvouar.

(i) H H elvou xavovixy vroouado xow n G/H eivar affelavy ouador.
(ii) G’ <H.

Amodety. (i) = (i)

‘Eotw a, b € G, emed) n G/H éyeL vmotebel afehovn éxovpe 6t aH - bH = bH - aH,
dnrod¥) (aH) ' - (bH)™' - aH -bH = H, omdte éyovpe [a, b] € H, ... Apo. G’ < H.

(i) = (i)

‘Eotw g € G, téte yioo xé0e h € H éyovpe 6t [g, h] = g *h lgh € G’ < H, dnhadA
g thg € H. Apo. n H eivow xavovixy| vroopéddo e G.

[Mpoaviig ard ™y oxéon [a, b] € G' < H éneton 6Tt aH -bH = bH-aH Yo xébe a, b € G.

O

H mpétaon ot elvar onuovtixy, 516t amwodetxviet 6Tl 1 Topdywyog boopdda G’ uLog
opédacg G eivar n pxpoTeEEY, WG PO To TePLéxeabatl, pe Ty WLoTnTar To TNAixo G/G’ vau
elvar ofedovn opado. Avixd to Aixo G/G’ elvor To peyahdtepo amd tar offeAtovd TTNALxo
™G, LTO TNY évvola OTL, x&be Ao oBelavd Ao g G elvar TTAixo tov G/G’.

‘Omtwg oploope Ty Ttapdywyo opéda [G, G| ptag opédoag G €tol LToPoVIE YO 0PLGOVUE
™y Tepdywyo opddae [[G, G], |G, G]] g mapaydyov opédag [G, G]. H Stadixacion ot
WTTOPEL VoL GLUVEYLOTEL OVUSPOWULYA, OTTOTE, UE ATTAOVGTELOY] TOL GLLPOALGROV, opilovpe G =
GO, G =[G, G] = [GO, GO, .. Gi+D — [, GO, ...

Ot vToou.AdEg TTOL 0PLOAPE HE AVTO TOY TPOTO ATTOTEAODY TOLG HPOLG TNG TAPAYDYOL
oeLpdic g G. AnAadv €xovpe Ty oeLpd

G=G9 >agM =1[G,G) =[G, G >G? > .. >q0 > qgith > ..



A6 TOV TPOTO 0PLOULOD TNG TREAYDYOL GELPGS EXOVUE 6Tt x&be TAixo G /G givow
offeriavn opadar.

Ocdonua 0.1.12. Eotw G wa oudda, G = Gy > Gy D> Gy > D> G,y D> G, > - wo
emAboun oepd xow G = GO > ¢V =[G, G =[G, G > G? > ... > GV >
GUtY > ...y tapdywyoc oepd e G. Tote oyver ot G; > G v xdibe i.

AnddeiEy. Mpopoavae amd ty Mpétaon 0.1.11 éxovpe 6t G, > GV, Yrobétovpe 6t G, >
G, 1té1e éyovpe. H G;/G,q glvon ofehiovy), amd Ty vrdbeon, dpo TéAL amd v 0.1.11,
éyovpe 6t [G;, G;] < G, 4. éxovpe vrobéoet buwg 6t G; > G, &opow amé v Tlopotipnon
éyovpe 6t G = [GY, GY] < [G,, G;] < G4

O

Méptopo 0.1.13. Mix oudda G elvow emtAbowun av xot Uovo av N TOOAYWYOS OCELOC
tepuatilet oe menepaoudva Bhuata, Sniadi G = GO > ¢ =[G, G] = [GY, GO] >
G2 > ... > Gl > qlith > .. Ggn) = 1,

Maiota 8¢ o n elvar 0 uxpotepog “extetns” ue Ty doTnTOor T X0t O ovoualeTat
*A&oY eTLAVGLULOTNTOG, ) TOPGY®YO pixog Tn¢ G.

O 6potL g Topayw Yoy oelpdig Lo opédog G 3ev Vol ATTAMG O EVOG XOVOYLXT] LTTOO-
wada Tov meonyovpévou (G < GW), ahré toydeL x&TL TOAD LoYLEGTEPO.

Mpétaocy 0.1.14. Kabe dpoc G ¢ moapoaydyov Seipds uas ouddoac G eivor mAhpwe
OVAAAOLWTY) VTTOOUAD.

ArmodeEy. Ymebopilovpe Tt onuoaivel TANPWG AVOANOLWTY LTTOOUASO.
"Eotw G opdda xor M pro vroopado tng. H M Oo ovopdletor TANPwS oaovaAolw Ty, o
i x60g ¥ evdopopelopd g G éretor 6t Y(M) < M.
‘Eotw [a, b] = a b lab évog petabétng xou 9 évacg evdopoperopidc tng G, téte 9([a, b)) =
[J(a), I(b)]. AvTtd elvor opxeTd yiar TNV aTTOSELEN TOL LOYVELOULOD.
O

Emopévwg wg mopLopo €xovue 6t x&be 6p0og TNg TaEaYWYOL OELPAS ELvol YoEOXTNEL-
oty vToopdda g G.

Ontwg eimope OAo avtd yivovtor yia voo LEAETNOOLUE WLor opado LE TNy Ponbetor vToo-
LEOWY XL TNAIXWY TNG.
Avti aoxnoewe, ag SOVUE TNY ETOUEVY] TEOTAOY,.

IMpotaon 0.1.15. 'Eotw Gouado xor H, K xavovixég vmoouades tng. I'mobétovue ot tor
mnAixa G/H xow G/ K elvar emtAbolues ouades. Tote to nniixo G/(HNK) evou emtdvoun
oudada.

Amodety. 17 AmodetEn.

Eotw G = GO > gV = G, G] = [G<0), G(O)] > G2 > .. > GY > Gt > ..y
Topdywyog oelpd g G, t6te [G/H, G/H| = (|G, G]|H)/H , (yrati;;). Zuvenddig n G/ H eivon
emAboLUn av %o pévo av G < H yia xémoro n. Opoine v G/K eivor emAboLun o %ot
uévo av G < K yiow xémolo m. Tovende, Paoet tng umobéoewe, éxovpe 6t G¥) < HN K
T s = maz(n, m,).....

2" Amédelen.

Q¢ yvwotoév (5;) 7 opddoa G/(H N K) eppoutedton oto gvbb yvépevo G/H x G/ K.

‘Op.wg o eV YLYOPEVO ETAVGILWY ORédwY eivar emtAbotpo (yrotis;;). Emopévwg émeton
TO OTTOTEAEGUAL.

37 AmddelEy.



ATt6 to dedTepo Oedpnuo Twy LoopopElopey éxovpue 6ttn H/(HNK) ~ HK/K < G/K
elva emtAdoLun. AMG (G/(HNK))/(H/(HNK)) ~ G/H xat t0 owotéAeopo EmeTol ol
70 Osdpnua 0.1.9.

Emitndeg eidape tpelg amodelEels. TNy TEOYUATIXOTHTO pLol Elvat 1 artdOeLEn xo ot~
ptletor oty [pdtaon 0.1.11.

O

Evdiapépoy amoxtd n mponyoduevy Tpdtaoy oty TeEpiTTwon 6mov v tou H N K eivon
TETELUEYY, OTTOTE M opada G elvar emtAboLuY.

MMpotaon 0.1.16. Mo mwemepaocucvn ouado eivor emtAbolun ay xot Uovo ay EXEL WO GLY-
OcTixn) oelpd UE OPOVG XVUXAIXES ouddes ue Takn modTo optbuo.

ArnodeEn. To amotéheopa otnplleton oty EENG ONUOVTLXY] TORATNENOT.
Kabe emAémtuovon plog emtAdolung oetpdg eivor emtAVoLUY OELOA.
Hpdypott, av G, G, elvon dradoyixol 6pot uLog eTLAVGLUNG GELPAG, %o TTOPEUPBAAOLUE
™y opdda G; > K > G, t6te o0 mnhixa G, /K xou K/G, ., eivow afeiovd (yiotiss).
O

"Eva TpofAnua mou (owg éyete 1O evromioel eivor To eENg:

Av éyovpe Ty Topdywyo cepd G = GO > g = [G,G] = [G9, GO > g? >
> GU > GUD > Lo opdSac G, moia stvor Tor "ot %o 0pLOUEVES POPEC M OELPG
dev TteppatileL;

‘Eva aif 110 elvor og xémoto otéSto va éyovpe G = GUHY £ 1, ométe amé exel xou TP
gyovpe otabepn Ty oeLpd. AuTto onpaivel Tl EXoLUE OUBEDES, OTTOL N TTAPAYWYOS VTTOOUADN
Toug toovTal pe OAN Ty opdda. Dvwpilovpe tétoteg opddeg; Ma @uotxd T amiég (un
afelavég) opddec.

"Evor G0 oo eivon vor éxovpe yio o tori GV > GUFY oG 1 oetpd vou uny tepportiler
moté. ['vwpilovpe TéTola TapadeiypoTa;

Oa dovpe 61t oL ehedbepeg (Un afeliavéc) opddeg éxovy Ty LBLTNTOL WTH.

I vow To dodpe awtd xdvovpe éva Tpwbhiotepo .

Bewpovpe t0 €N "Adypa” @ Kabe vmoouado eAebbepnsg eivor eAebbeon.

Emopévwe av F = FO > FO > o O s FOHD S L glyon TopdywYog oelpd g
ehebbeprg opadoag F, téte xabe Opog eivor ehedbepn opdda xor yvioLo LTOOUEIO GTOV
TponyoLpevo 6po (yioti;;). Mo a@ob av éxovue wiow eAebepn opddo emi evdg GLYVOAOL
X, téte oc x4be petobétn [u(x;), v(z;)], TEoPavws (;) to Gbpolopa Ttwyv exbetdv xdbe
Yevwtopa elval (ooy pe Undév. Apa oL YEVWNTOPEG x; BEY YXOLY TNV TAOAYWYO VTTOOUAIA.

Qo uToPOVoAPE YO TTAPOXEUPOVUE TO TTPONYOVUEVO SOYUA XL VO aTtodelEovE OTL Lo
ehebbepn opdada Sev eivar emtAVOLUYN LE APUETHTEPO TPOTO.

Mp&yuort, vobétovue 6TL N ToE&YWYOS oeLpd Teppotiler F = FO > FO > ... FO >
FOD > o) s p+l) — 10 Ty onuadver awtd; Ot n F™ eivor affedtovi. Ti éxovpe Set
(Aoxnon 2 Ouéda D); Ou péveg affertovéc opddeg o eAedBepng opddog ivor ot xuxALxéc.
APoL €YOVUE UL XOVOVLXY, XUXALXY] LTOOW.GS e oG eAebbepne opddac, dnhady FM = (w).
Tt onuadver owté; Ot t0 g2 petortifeton e o w yro xébe g € F, &romo.

0.1.3 Kevtpixég oetpég- Mndevoddvapeg opddeg

Av éyovpe pra (bo)xavovixn oetpd G = Gy > G, > Gy > > G, > G, > - pog
ouadog G, eldape 4Tt YL vo peAetioovpe Ty G amontodue ta tiixe G, /G, vo TAnpody
xamoteg LOLOT™TES. ar TorpddeLypo, oty TEPITTWON TWV ETLAVGLL®Y OUAdWY, XTTALTOVUE
Toe TNAIxor auTA vou eflvort afeAtavég opdideg.

0,11 awvopépetal o ehedBepeg OUASES PTOPOVLE, OE TTPWTN OWVAYVWOY, VoL TO TEPOGTEPAGOVE.



Oa pmopovoope vo BEcovpe TTLO aToLTNTLXOVS HPOVLG.

Optopog 0.1.17. Miox xavovixyy oeoae G = Gy > Gy > Gy > > G, > G, > - O
ovoualgetar xevtpwen av G; /G, < Z(G/G;p,).

[Tpocoyn! €d) amartodpe xabe 6pog va eivor xavovixn oe 6An v opada G xow Oyl Lovo
OTOV QUETWE TTPONYOVUEVO.

[Mpopoaveig xabe xevtpiun ostpd ivar emtAdotun. Ilpocoxn! to avtiotpopo Sev LovyetL.

Mo mopddetypa, n ostpd S5 > As [> 1 elvar emAOGLUY, GAAG O)L XEVTOLXY.

Mpotaon 0.1.18. H gewoa G = Gy > G, > Gy > D> G,y D> G, > -
elvou xevtow) ay xot uovo av (G, G, 1] < G,.

AmodeEy. Ymobétovpe bt 1 oelpd eivon xevtpwn. Tote G, /G, < Z(G/G,).

Avté onuaiver 6t yia xébe g € G xow xabe h € G,_; €xovpe 4L

[9G;, hG,;] = 1G,, dn\adY [g, h] € G,.

AvtioTtpogoa, vrobétope 6t [G, G, ;] < G, yioo x&Oe i, Téte N G, elvonr xovovixR GTNY
G.'BEotw g € G xow h € G; < G;_4, t6te 10 g *hlg = g thtghh ! = [g, h]h! € G,,
dedopévou 6tL amd Ty vtdbeon éxovye g, h| € G,;. Anhadn N G; lvor xavovixy TNy opédo
G.

Exiong, ané ™y oyéon [G, G,_;] < G, éyovpe 6T yro x&be gG,; € G/G; xou xdbe
hG, € G, /G, énetan 6t [gG;, hG,] € G,;/G,. Avto onpaivel 6t hG, € Z(G/G,;) »aL TéNog.

O

H mponyoduevn mpdtaon amotedel €vor LooSVVOULO 0PLOUO TNG XEVTOLYNG OELPAC.

To epwTnpor TOL TTPOURVTTTEL ElvOL TO EEYVG:

Av éyovpe pro (toyaio) opddo G, pmopodue va Bpodpe (TOLAGYLOTOY) Lo XEVTELXY GELPA
™mss

Qo "xntvnbobue” OTWg oTNY TEPITTWOY] TWY ETLAVTLLWY CGELOWY.

Opitovue G = 71(G), %(G) = [G, G] = [G, 1 (G)] xow avadpopixd 7,1 (G) = [G, 7,(G)].

Hpopavedg yro x&be i €xovpe 6T v;(G) > 7,1 (G) o xébe v;(G) elvar TANPWG avoAlol-
wtn vrooudda g G (TlapdPode pe v Mpdétaon 0.1.14 ).

Mpéraon 0.1.19. ‘Eotw G oudde, tote toyvet 0tt v;(G) /71 (G) < Z(G/v:,1(G)).

Anodeln. Amé tov Tpémo 0ptouod twv v;(G), éxovue (G, v;(G)] = v, (G).
To amotéAcopa Enetor and v [pdtaon 0.1.18 .
O

H mpdtaon avt) amodetxviel 6Tt 1 oeLpd

G = 1(G) = %(G) > - > 7(G) - elvon Lo xevtpoxn oetpd g G. Apo amavtiooue
0TO EQWTNUOL:

X o Opador TAVTO OPLLETOL ULl XEVTOLXY OELOAL.

IMpotaon 0.1.20. ‘Eotw G ouado xot G = Gy [> G, > Gy > D> G,y > G, > -

woe (ruyoder) xevtoweh celpd xat

G = ’Yl(G) > ’YQ(G) > D %‘(G)

N XEVTEL) OElP& oL oploaue TEONYOoVUEVWS. Tote wybet ot G; > v, (G) Yo xcbe
i=0,1,...

AmodeEy. Emeldy) éxovpe xevtpuxn oetpd and v [pdtaon 0.1.18 éyovpe 6t [G, G;] <
G- OmoTe pe emaywyn €xovpe 6t v, (G) = [G, v(G)] < [G, G, ] < G,.
(Aev Eexvape 6t €€ optopod v, (G) = G = G, Lo vou ElpaoTe %ot TUTLXA EVTEEEL WG
PO TV Y TNg Mabnpotixic Eroywyhg).
O



H mponyoduevn [lpdtaon pog “emttpénel’” tny oslpd

G = n(G) > 7%(G) D> - D> %(G) -

VO TNV OVOUAGOVUE XOTWTEPY] XEVTOLXY] 6o T G.

Emniong, ag ovyxpivovue v mponyoduevn mpdtaon pe to avtiotoryo Ocwpnua 0.1.12,
OTOL CLYXPLVETOL Lo ETULAVGLUY] OELPAL LE TNV TORAYWYO OELOA.

To epOTNUX TTOL TTPOXVTITEL, OTIWG OTLG ETLAVOLUES OELPES, XATA TTOOO WL XEVTPLXY] OELOE

G=G, DG >G> D>G >G> -

oeLpd pLog ouddog TEPUATICEL OTNY TEPTLUEVY] OUEDN OE TTEMEPATUEVO BRULOTOL.

Optopog 0.1.21. M oudda G yio tqv omolo vrapyet (TOLAGYIGTOY) e xeVTEL) GELOA
G=G, DG >G> D>G_ >G> dote G, = 1 ytax xarworo n o ovoualetou
undevodvvapy oudda.

[Tpopavvg oL afehiavég opddeg eivol UndevodVVoUEC.

Emiong, emetdn xdbe xevtpuxy) octpd elvar xor emtAdoiuy ostpd, xabe pndevoddvoun
opada elvar emtAboLUY.

To avtiotpopo, Ttpopavdg (5;), dev toyvet.

Avupo 0.1.22. 'Eotw G oudado xouw G = v,(G) > 7 (G) > - > v(G) - n xardrepn
eVt oelpd tNg, TOTE Yl xale vmoouada H xot xale mnlixo G /N woyder otu:
v(H) € HNv;(G) %o v;,(G/N) = ~v,(G)N/N, yior xcebe i.

AmodeEy. To 6t v,(H) C H N,;(G) elvar Tpopavéc.
[poavg toydet v, (G/N) = v,(G)N/N. Yrobétovpe tpa 6T v,(G/N) = ~;,(G)N/N.
‘Eotw [gN, rN] € v,.1(G/N) = [G/N, ~;(G/N)] e rN € v,(G/N) = (amd v enoyw-
yixfy veéeon ) = ,(G)N/N. Anroadh o r pmopei vo. vtotebel Gt eivan otoryeio g v;(G),
ondte [gN, rN] = [g, 7]N € [G, 7(G)|N/N = v (G)N/N. Apa 7,1 (G/N) C 7,1 (G)N/N.
O avtiotpoog eyxAetopdg eivar(s;) mpopoavic xow tehxd v,(G/N) = ~,(G)N/N, yo
xabe i.
O

Ozwpnua 0.1.23. 'Eotw G undevodovaun oudado, tote xabe vroouado H xot xable nniixo
G/N elvor undevodovoun ouada.

Arodely. Emedn n opdda G €xel vrotebel pundevodivay, N xoTWTEPN XEVTPLYN GELPA ElvOLL
™G LOPPNG:
G = 1(G) D> %(G) > D> %(G) 7, (G) D> 7,41(G) = 1.
Omdte 10 amotéAcopo elval GUECO ATTO TO TTEONYOVUEVO ANUULOL.
O

HMopatnpnoeig 0.1.24. 1. Y10 Ocdonua 0.1.9 elyoue Sl 0Tt 0TIG EMAVGIUES OUADES
LOXVEL X0 TO OVTIOTOOPO. XTNY TEQIMTWON TWY UNOEVOSLVYAUWY OUAOWY OV LOXVEL.
Lo mapaderyuo oty ouada S; n vroouado As = ((12,3)) elvou undevodvvoun,
TO TTNAXO S5/ A5 elvon undevodovoun, adia n Sy Sev elvar undevodvvoun.

2. Onws Oa éxete 70y moapoatnonoet, oc o (Un TeTEuévn) undevodvvaun ouddo G
70 %€vtpo ¢ Z(G) Sev elvou teTowuévo (yiatt;;). Mo av égovue wa xevtouxy oelpd
ve G = Gy > G, > G, =1, 10te 1l +# G,,_; < Z(G).

Apa avayxaio ovvinxn oo voo eivar utor oudda undevodovoun elvat vor Exet un Te-
ToUUUEVO XEVTPO. [Tpopavds n cuvlixn oty Sev elvor txavy] (uTtopeite va SooeTe Vol
TOPADELY U0 OUAOOG UE UN) TETOUUUEVO XEVTPO, N OTTOLOL Yo UnY VAL Undevodvvoun; ;

)
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Qc yvwotov (5;) oL (un afertavéc) erebBepeg opddeg éxouy TeTELLLEVO %EvTPo (L3¢ doxnom
4 g opddoag A), ovveTg oL eEAeVBEPES opddeg Sev elvor UNdeVOSHVOLEC.
Ioyvet éva pepind avtioTtpopo Tov TEOoNYoLEEVOL BewprnuaToC.

Ozwpnuo 0.1.25. Eotw G ouada xow N vmoouado tng ue ty wotnroe N < Z(G).
YroOérovue ott n G/N elvouw undevodovoun. Tote n G elvar undevodvvaun.

AnddeiEy. Emednn G/N eivou undevodvvapn éxovpe 6T v, (G/N) = 1g/,y = N/N = 1N
Yl xamoto Hetind axépono n.

Amé to Afupoa 0.1.22 éyovpe 6t v, ,1(G)N/N C 7,,,1(G/N). Enopéveg (ard ty umd-
0eon) 7,.1(G)N/N = 1IN, dnrodi 7,,,1(G) € N < Z(G). Avto onuaivel 6t v, .4(G) =
Gy Y (@) = 1.

O

Apeoo amotéleopo Tov Hewpnuotog avtod eivol To

Moptopoa 0.1.26. Mo mermepaoudyvn p-ouddo eivar undevodvvauy.

MéypL tdpa oTig ETMAVOLUEG xOL XEVTPLXEG OELPES Egxtvovoape amd Tty oudda G xot
ovadpoutxd “xoatofolvoue’.

Ag Eexwvnoovpe avtiotpopa. Opilovue Z)(G) = 1 xou avadpouxd Z; (G)/Z;(G) =
Z(G/Z;(Q)). Hopotnpodue 6w Z,(G) = Z(G), To ®évtpo g opédoag. Omdte, av T0 x€vTpo
™G op&dag eivort TETELLULEVO, OAOL OL GpoL TToL 0PLLoVTOL LE TOV TPOTTO AVLTO ELVOL TETOLUUEVOL
%ol eV EYEL VONUO YO TTPOYWENOOLUE. AV TO XEVTPO JeV ElVOL TETOLUUEVO TTROYWOEGME KO
EYOVUE [ULOL XOVOYLXY] OELOE

1 = Zy(G) A Z,(G) = Z(G) A Z,(G) <+ < Z(G) < -~

H octpd awt, omd tov Tp01o 0pLtopod g eivor pior xevtpixy octpd (topdBode pe tov
optopd 0.1.17 ). OTéTe YEWATOL TO EQOTNUA DTIAPYEL TEPITTWOY O TETEPOOUEVAL Pruorta
vo “pbacovpe” oty opada G;

Mpoétaon 0.1.27. Eotw G o undevodvvaun ouado xar G = Gy > - G,_1 > G, = 1 wa
XEVTOIXN TNG OELOC, TOTE
Z,(G) > G,,_; ra xabe xabe i = 01, ... n.

Ewwe yiao i = n éxovue ot Z,(G) = G.

ArodeEn. Tlpwy EextyNOOLUE Vo ETTLONLAVOVUE, YLO. GAAT pLot QOPE, TNV Avodo/x&Hodo Twv
TV oTLg dVO OELPEC.

Hpogaveg Z,(G) = 1 = G,,. Eniong, and tov (toodbvapo) optopd g xevToixfic oeLpds
oty llpétaon 0.1.18, éxovpe 6t Z,(G) = Z(G) > G,,_;.

Yrobétovpe 6T Z,(G) > G,,_,;. Tote éxovpe GTL LTIAPYEL ETLULOPPLOUOG

v : G/G,_, — G/Z,(G) (yroti;; ). Emopévwg Baoet g aoxiong (x) (L3¢ oto téhog
) épovpe 6t M G, _;11)/G,; < Z(G/G, ;) anexovileton péoo oto %évipo tng G/Z;(G)
, T0 omolo, e§ opLopoy, twobton pe Z; 1 (G)/Z,(G). ANG N exdva g G, (;11)/Gy El-
vou n G, 111)2:(G)/ Z,(G) (yotiss). Avté onuaiver 6t G, ;1)Z;(G) < Z;1(G), dnhadi
Gr(is1) < Zi1(G) nou TéA0G.

O
(x) Aoxnoy. 'Eotw ¢ : M — N empop@lopog opédwy, tote ¢(Z(M)) < Z(N).

H mponyoduevn mpdtooy pog ETLTPETEL VO OVOUALOVUE TNY OELOA
1 =27,(G) < Z(G) = Z(G) < Zy(G) < - < Z; < - Hovodrepn xevtpwxn oelpd g
G.

éptopa 0.1.28. 'Eotw G ouadoa. Ot axdiovbes mpotaoels eivat toodOVOUES.
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1. H G elvow undevodvous.

2. Yrapyet xevtoweg oetod s G = Gy > G > Gy > D> G, > G, > dote G,, =1
Ylor xamoto n.

3. H xatdtepn xevtpua oepd eivon g nop@hs G = 7(G) >, (G) > > %(G) -+ 7,(G) >

/yn-&-l(G) = 1.
4. H avdtepn xevtowm) oeoa elvar s pnoppns 1 = Z,(G) | Z,(G) = Z(G) <] Z,(G) <
- <1 7Z,(G) = G.

Emniéov wyvet Z;(G) > G,_; > Vi1 (G). ytor xabe xabe i = 0, 1, ... n.

Amodety. Tlpopovig amd Tor TEONYOVUEVO.
O

To %0wd n oL epPaVIleToL OTIG AVWTEPW OELPES, OVOUALETOL XAGoY pwndevoduvoiog
s G.

Ov undevodivopeg opuadeg €xovy "TOAEG xot xaAES” LOLoTNTES. ‘OAeg TTnydlovy amd v
OO TNOY] VO UTTAPYOVY XEVTPLKEG OELPES UETAED TNG OUASOG XOL TNG TETOLUUEVTG VTTOOULASOG,
omoTE M) VTTOPEN U1 TETELULUEVOL %EVTPOL %ot 7 dour Tou xabopilovy (oe peydro Bobud) v
doun NG opadags.

MMpotaon 0.1.29. 'Eotw G undevodvvoun ouado xor H un TETOWUEYN xayovix) DITOoUddo
t¢. Torte HNZ(G) + 1.

Amtodety. Emedn n G elvor pndevodvvoun, uvdpyetl n étol wote Z,(G) = G.

Yrobétovpe 6t HN Z(G) = 1. Téte [H N Z,(G), G] < Z,(G)N H = 1 (yroti;). Ano
v teAevtaio oyéon éxovpe HNZ, < Z, N H = 1.

Yvveyilovpe avadpoutxd o éxovpe [H N Z5(G), G] < Zy(G)NH = 1. Aqhadn H N
Z3(G) < Z,(G)NH = 1. Emopévwe, av HNZ,(G) = 1 t6te [HNZ; 1(G), G| < Z,NH = 1,
onradn H capZ; 1 (G) < Z,(G)NH = 1. Apa tehxe HN Z,,(G) = 1, &romo.

O

MMpotaon 0.1.30. Kabe vroouada H wag undevodvvouns ouados G eivar vmoxovovixy).

Amodety. ‘Exovpe ™y avodtepn xevtpwn oepd 1 = Zy(G) < Z,(G) < - < Z,_1(G) <
Z,(G) = G.

Oétovpe H, = HZ,(G). ETopévwg oymuotiletal n oslpd

H=HZ)(G) L HZ,(G)Q - < HZ, 1(G) < HZ,(G) = G xow téhog (;;;). Aev éyovpe
TeAetwoet, toTL dev yvwpilovue av ot Stadoyixol 6por HZ;(G) <| HZ,; (G).

T xévovpe, mépvovue ta mAixa HZ(G)/Z;(G) wow HZ; (G)/Z;(G) BAémovpe 6T,
enedn Z,,1(G)/Z;(G) = Z(G/Z;(Q)), woxde. 6w HZ,(G)/Z;(G) <| HZ,;,1(G)/Z;(G) (xGvte
to!). Ar’émouv uotxé éneton 6t HZ,(G) <\ HZ,;.,(G).

O

optopa 0.1.31. (i) Mo undevodovoun oucdo G mAnpol v cuvbpxn NS xovovixo-
ooV OS.
(ii) Xe o undevodvvaun ouado xabe UEYLOTY VTOOUADO TNG EVOL XOVOVLXT).

AmodeEy. (i) 'Eotw H yvioto vroopddo g G. Ané tny oyxéon H <| HZ, éneton 6t
HZ, < Ng(H) xow av pey HZ,(G) # H éyel xahwg, drapopetixd éxovpe H <] HZ,(G) non
ovveyllovye.

Aedopévov 6t HZ, (G) = G, yioo x&moto n, xow n H elvor yviolo voopddo €metol To
OTTOTEAEGUOL.

(i) 'Eotw M pto péytotn vmoopdda g G. 'Exovue ™y oyxéon M < N,(M) < G.
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H M eivow péytot xor mAnpol v odvBnxn g xoavovixorotoboog (ard to (i), doo
ovoyxootxd Ng(M) = G, dnhadn M <] G.
O

Eixope dei 6tL oTig TemEQUOUEVES P-OLADES TO (OLO ATTOTEAETUO UE OLOPOPETLXY] TTOO-

oéyyLomn.
Eixope amodeitel ™y €Eng mpdTaon:

Ye wa memepaocuévn p-oudda G xale vmooudada tng H minool Ty ovvlixn tng
xowvovixorooboog s (H < Ng(H)).

AT’ 6mov uoxd émeton 6TL xdbe LTOOUAdA TNG E(VOL LTTOXAYOVLXY).

O7ntwg Statabavipoote LTTAEYEL OTEVN OYEON UETOED TWY TETEPATUEVWY P-OULAOWY O
TWY PUNGEVOSLVEUWY OUASWY.

[Tty peretnoovpe dteEodixd Ty oyxéon oty Bor Sodpe PLePLXEG LOLOTNTNTEG TOV XEVTPOL
pLog undevodvvouns opadag, oL 0Toleg EXOVY “avTiXTLUTTO” o€ OAN TNV oudda.

Mpotoon 0.1.32. 'Eotw G oudda. Y'mobétovue ott T0 XEVTPO NG elvar eAcvOEpos oTPE-
(pews, TOTE *AOE OPOS TNG AVWTEONS XEVTOXNG OELPAS elvar eAcLOEpaS OTPEPEWS.

YVVeTS or undevodvvoun ouado Ue xEVTPO eAeVOEpOS OTPEPEwS elvar xot ovTY
eAevbépag oTpéPewg.

AmodeEy. Ymobétovpe 6t 10 Z(G) = Z,(G) dev TepLéYeL OTOLYEIO TTETEPUOUEVNS TAENC
xon €0Tw 1 # = € Zy(G) menepaopévng téEng. Tote yioo xdmoro Oetind axéporo m €xovue
z™ = 1. Entlong, emewdn x € Z,(G), éxovpe 6Tt yia xébe g € G oydel [g, x] € Z,(G). AN&
arté ™y oyéon [g, x| = [g, ™] (yroti Loyxder avTh M oyéon;;;;) éxovpe 6T [g, 2] = 1, dpa
x € Z(G), dn\adf x = 1, oupod o %€vTpo eivor eAcvbépoag oTpédenc.
Avadpoptxd xébe 6p0g TNG aVWTEPNS KEVTPLXYG OELPAS lval eAevbépag oTpédPewe.
O

loyver xétL Lo toyvEo.

MMpotaon 0.1.33. Eotw e 0 exOetns tov xEvtpov o undevodvvouns ouados G. Tote o
ex0etns s G Stoupel Toy e, omov n elvon N xAdon undevodvvoulos s G.

ArodeEy. ‘Eotw © € Zy(G), tote [g, x| € Z(G), ondéte 1 = [g, ] = [g, z°], dInhad" z€ €
Z(@). Soverie (2€)¢ = 2¢° = 1 xan ge avaSpous €XOVUE TO ATOTEASGUA. O
Ozwpnua 0.1.34. 'Eotw G mencpoaousvn ouada. Ot axdolovbes mpotaoels ot toodvvor-
UES.

1. H ouada G eivorw undevodvvoun.

. Kabe vroouada tng G evar vwoxovovixy.

2
3. H ouada G wAnool tpy ovvinxn s xavovixomotodoos.
4. Kabe péyiorn vmoouado tns G elvar xavovuy).

5

. H ouada G elvar to evld ywouevo twy p-Sylow vmoouddwy tis.

AmodeEy. i) = i)
Eivow 1 [Tpdtaon 0.1.30.
i) = i)
Eivaw 7o Il6ptopa 0.1.31 (7).
i) = i)
Eivaw o Il6ptopa 0.1.31 (i9).
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) = v)

‘Eotw P pia p-Sylow vmoopddo tng G. Av dev elvar xavovixn oty G, TOTE 1 XAVOVLXO-
morovoa ™G N (P) elvor yynoto vroouado ™G G xoL TEQLEYETAL OE L0 UEYLOTY LTTOOUAD O
M g G. AnAadn éxovpe Ty ekng axorovbio P <] No(P) < M <] G. AMG& antd to Ajuuoe
** gmetol 6Tt M = N (M), dromo. Apa avayxootixd xabe p-Sylow vmoopdda g G eivor
xowvovixy). OTOTE To amoTéAETUOL ETTETOL.

v) = 1)

[Tpopavég, dedopévou 6t to evbb Yvdpevo (ue Temepaopévo to TARBog dpovg) undevo-
SLYAUWY OUASWY elval UNndevodvvoun opada.

[AvTé elval €éva TTOAD onuavTixd amotéAeopa. ...H amddeley eivar pLo ebxoAn doxnon...]

O

Mopatienon 0.1.35. Onws mapatnoodue atny anodelly, n cLVeETAywWY] TOWY ii), iii), iv),
and ™y i), dev amoutel Ty vrdbeon n G vo eivou memepaoudvy (vt Tov Adyo auvtd
dAwote To aroteléouata autd iyay rponynbel aveEdoptnta). Lo vor “xAeloet 0 xOxAog”
arouteltor n G vo elvot TETEQACUEYT.

Na avalyriicete wo (Grelon ) ouddo, n omola ixxavomoel Ty cuvlixn TNG xaVovLxo-
motovoos xat Sev ot undevodvvoun.

Afppa 0.1.36. (**) Eotw P wa p-Sylow vroouddo tng nerncpaouévns ouddog G. Yro-
Oétovue ott No(P) < H < G. Tote woyvet ot N(H) = H.

AmodeEy. Emedn n P elvar vmoopdda tng H, eivor ptoe p-Sylow vroopdado g H. Emiorng
av x € Ng(H) t6te éxovpe v 1Px < o 'Hz = H. Zvuverdg éxovpe 300 p-Sylow vmoopddeg
e H, oL omoleg eivor ouluyeic. Apo vrdpyer h € H pe h™1Ph = x 1 Px. Auté onpaiver 6t
hx=' € Ng(P) < H, dn\ad¥ x € H xow téloc. O

‘Eva Topadstypo pndevoduvapmy opddwy

"Eotw R évag doxTOAMOog pe povéddo xal N évog umodaxtiAlog ywpeic povéadoa. Opilovpe
NO = N, N® = {ZI; a0 | a;; € N} xow ovodpopind N = {ZT(H: a;; € N }.

[MeptypapLxd Bow pmopodooue va mwovpe 6t xébe Nt "mpoépyetan” amd yvoueve atoL-
yetwy tov N1, ®oppoiiotixd Bo umopodooue vo TOOUE GTL €XOVUE TNV OTELXOVLGY] TOV
TOMATAXGLAOROD - : N x N — N. Ay pe S ovpforicovue Ty etxévo quThHS NS AmeLd-
viong, tote N? = (S) elvow n mpoobetixy (LTO)opdda N Tapayduevyn amd to S, n onota
TPOPOVAG ELVAL XAELTTY] WG TTPOG TOV TTOAATAXGLOGUOS, AP0 ATIOTEAEL LTTOdOXTOALO TOL R.

TuveyiCovtag avadpoutxd opifovpe we S Ty etxévar ToL TOAMATAAGLAGL.OD

-t Nx N — N xow wg N0, n omolo mpo@ave eivo XAELOTY WS TPOC TOV TTOAAG-
TAXOLOOWUO, Ao TtoTEAEL LTTOdaxTUALO ToL R.

Too N eivou(;;) (uwo)doxtoto.

Yrobétovpe 6Tl LITGEYEL 1 éTot Hote N = 0 .

OpiCovpe U, = {1 +z | z € N} Hpogavie (3;) x&be U, eivor opddo xon Loyde
v=u0,0,-D>U,,D>U, =1
IMpétaon 0.1.37. H ocoa U = U, > Uy > - D> U,,_; > U, = 1 elvou xeytpwue). Xvvends
N ouado U eivar undevodvvauy).

ArddeiEy. Mio tpytn Torpartipnon eivo Tt T0 awvtiatpo@o evog 1+x € U eivor to (14+2)~ 1 =
I+ (—z+22+ - + (=) ") eU.

Emopévog, av 1+ € U o 1+y € U;, t6te [1+y, 1+z] = (1+y) 1 (1+2) 1 (1+y)(1+x2) =
(1+2)A+y) A +y)(1+2z) = I+ax+y+ay) (1 +y+x+yz).
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Oétovpe u = =+ y + 2y X v = Yy + = + yxr, ONOTE N TEONYOVUEYN oy€oan Yivetol
l+y 1+2]=(1+uw) " (1+v) =1+ (—utu?+ -+ (=" u"1))(1+0) =
= (4 (b (1) 2 () (14 0) =
=1+(0—ut+u?+ - (=1)"2u"2)(—u)) (v —u) + (=1)" tu" Lo,

Twpo TopatnEodue 6t v —u = yx —xy € N, apod y € N yxou v v € N* = 0,
ométe M tedevtaio oyéon yivetow [1+y, 1+2] = 1+(1—ut+u?+ - (=1)" 20" 2)(—u))(v—u) €
U; 1 now téhog!!

(2

O]

To teAevtaio TEAdELYUO QOVTALEL EEOTTOAYULATIXG, XANE OTNY TEOYUATIXOTNTO OTTO VTO
Eexivnoe 1 LeAétn Twy undevoduvdpmy ouddwy (g€ ob 1o Gvou.o).

MdéAota de wg daxtoAo R pmropolue vo mépovpe tov daxtoio M, (F) xou
N ={Aec M, F)|A avompd éve torywvxds }. Téte n opdda U = I, + N omoteleiton
omd OAOLG TOUG AV TELYWYLXOVS TLVAXES, OL OTTOLoL €XOLY GTNY XvLELX SLAYOYLO OAO Ta
otovyeio (oov pe 1.

Mmopeite va metpapatiobeite Oewpivtag Ty mepintwon 6Tov oL Tivaxes elval 3 X 3 xot
VoL VTTOAOYLOETE TNV AATWTEPY] XEVTOLXY OELPA TNG AVTLOTOLYNG OUASOC.

To mponyoduevo mapadelypo pog Sivel xoL Evoy TPOTO VO XX TUOKEVALOLUE UNGEVOSD-
VOULES OUASEG LE oToLadNTOoTE XAdom undevodvvaptiag Bérovpe. Ipdypatt, yia Tuyoio n € N
UTTOPOVUE YO XATOOXEVATCOVUE VO TNPA AV TELYWYLXOVE TIVOXEG KoL OL OVTLOTOLYES OUG-
Sec U vau éxovv xAdon undevoduvapiog (o pe n — 1, apob 1 avtiotowyn oudda U™ eivor
TETOLUUEY.

0.1.4 "Avéapeoa otig eTAVGLUES ®OL UNOEVOOVVOUES OUAOES -TIOALKRUKALKES OG-
ocg

‘Otav opioape Tig emtAVOLUES OUGdES lyope amottAoe TV VTToEY (LTTO)XOVOVLXWY OEL-
PWY UE Tor SLodoyLxd TINAixo vou elval oBEALOVEG OUASES XWPELG XOVEVAY GANO TTEQLOPLOWUO.

‘Otav opioop.e Tig undevodOVOLES OUADES ELYOUE OTTALTNOEL TNY DTTOOEN XAVOVLXWY GELPWY
Ue Tor Stadoytxd TNAIxo vou elvoit DTTOOUAGES TOL XEVTPOUL XATIOLWY OUAdWY. ITOAD avotnEdg
TLEQLOPLOMOG.

Qo pmopovoape vo xtvnbovue evOLAUETA.

Optopdg 0.1.38. Mix oudda G Oa ovoudletor moAORLXALRN oy LTTGEXEL pa (VTTO)xovoVLxT
oea

G=G, DG D>-—D>G, DG, =1, dote ta avtictoyo myiixa G;/G;., vo elvor
XUXMXES OUAOES.

[Tpo@ov®¢ oL TTOAUXLXALXES OULADES Elvarl ETLADOLILEG EVE BEY ElVOL TTAVTO UNGEVOSOVOLES
Yioe TopadeLypor n Ss.

Tpopovec(;;) pior TOALXUXALXT opddo elvor Ttemepaouévo. Yevwwpevn. H anddetEn eivor
uLor eOXOAN 0AAG EVOLOPEPOLOO AOANOT).

[Mpopavvg pLor affelovy] opédor elvo TTOADXLXALXY oY xOL LOVO OV ELVOL TIETEPUOUEV
YEVVWUEYT.

MMootaon 0.1.39. Mo ouado G eivar mwoAvxvxAua) ov xow uovo ay xabe vwoouador N6
xo xalle TNAXO TNG elvar TOALXLXALXY.

ArodeEy. H anddelEn eivor movopotétumy pe ™y amddetEn tov Ocwpruatog 0.1.9.

Otav €yovpe pLor TOAUXUXALXY OULADOL LE AVTLOTOLYY OELOA
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G=G, DG D>-D>G, DG, =1, t6te ta tniixa G;/G; ., T ool eivoi xUXALXE,
UTTOPOVUE VO TO XOTOTAEOLUE gE dVO XOTNYOPLlES. X oUTA IOV ELVAL TTETEPOOUEVOL KOl OE
QTG IOV ELVOL ATELPEG XUXALXES OUASEG.

To TEOPANUO TToL TTEOXVTTTEL Elval, OTAY EYOVIE XOL ULO. GAAY OELPA

G=K,DK D-D>DK,_; D> K, =1, pe 1o avtiotorya TnAixo xoxAxég opnades. [léoa
TINALXOL GTYY TTRWTY OELPA ELVOIL OITTELPES KUXALXES OULAGES %ot TTOOO 0TV OEVTEPY OELPA ELVOLL
QTELPEG KUUALKES OULADEG;

Mpotoon 0.1.40. Eotw G wa molvxvxAxy ouddo, 0 apliuos TwY Omelpwy xUXAXWDY
TINAXWY O OTTOLONTTOTE TOAVXVXALXY) OELOC EVAL TTAVTX O [OLOG.

AnodeEn. H amddeEn civar oAb “éEumvn” xow otnpiletor oto 6Tt x40e (un tetoLppévn)
UTTOOULAS O LG ATELONG XUXALXTG Vot GTTELON] XUXALXY).

"Eotw tdpa ptoe moAuxuxAuxn oetpd G = Gy > G > - > G,,_, > G,, = 1. Av Oshoovpe
vou Ty eTAETTTOVOLUE TtoipEfBGAOVTOG i oudda M petaEd G; xon G, TOTE, o TO TTNALXO
G;/G,., elvon mempaopévo, Ho mpoxdPovy Vo Temepaouéva xuxAxd TAixa G; /M xou
M/G; . Av 6uwg eival amelpn xuxALxn ouada, Téte axpLBwg évae améd ta G; /M xow M /G, 4
elvo ATTELPN XUXALXY] XL GUVETIWDE OTOLONTIOTE ETUAETTTUVOY XL VO TTAPOVLUE O apLOog Twy
OTTELPWY XUXALXWY TINAIXWY TTopapével aTabepdc xot Loog pe Tov apytxd apliuo.

Topa, oy €xovpe V0 TOAKLXALKES GELPES, AVTEG ETULIEYOVTOL LOOUOPPES ETULAETTOVOELS
%o TEAOG.

O

Emopévwg avtdc o aptbudg amotedel piow avordAdolwty piog ToALXUXALXNG opadag G ol
ovop.életor Hirsch number tc G (h(G)).

Mpétaocn 0.1.41. Mo ouddo G eivor molvxoxdixy av xow uovo ay xet o (Vo Ixavovixr
oepa, omov xalle mnAixo elvou eite memepacuevo yevvduevn eAevlepn afeiovy, eite
OTOLYELIONS affediavy) ouador.

AnodeEn. H amdderEn eivar edxoAn, apxel vo dovpe to Oepnuor Aopng Twy TETEQPUTUEVO
YEWOUEVWY ABEAOVEDY OUAS®Y.
O

H mpdtaon avt) amotedel évay LoodHVOUO 0pLOUS TV TTOAVXUXALXWDY OUEdWY.

‘Eotw G ptoe moAvxuxAixn opdda xow G = Gy > G, > D> G, > G, = 1 ua
TIOAUXUXALXY TNG OELPE

EiSoape 6T to mAnbog twy mAixwy G; /G, 1, Toe omolor elva dmelpeg xuxAxég opédeg elvat
otafepd (to Hirsch number). To mpoBAnua Tov TEOXVTTTEL OTNY PEAETY TWV TTOAXVXLKWY
OpLAdWY elvor OTL aLTA Tor TTNALXOL Elval "SLAOTOPTA” AVALETO GTOVE HPOLS AVTNG TNG TELPAG.
Oo dovpe OTL aVTA T TNAIXOL UTTOPOVY VA ~oLYXEVTPWHOLY”.

Optopog 0.1.42. Mo (rodvxvxiva)) ouado G ue Ty SloTnTa vou éxel uor OeLpd 0o GAo
T Stdoyixa TNAxo Vo elval ATElPEG XUXAXES Oa ovoudleTor TTOAV-ATTE QN KUKAIKI
(poly infinite cyclic  p.i.c. ).

Afppo 0.1.43. Kale ( un tepiuudvn) vmoouddo pag p.i.c. ouddog eivor p.i.c..

AmtodetEy. Av xow n omddelEn elvor M (dtoe pe ™y amddetEn tov Oswpnuatog 0.1.9, Ty
OVOTIOPEYOVE.

‘BEotw G pta opéda xow G = Gy > G, > - D> G,,_; > G, = 1 uta ogtpd 6ov 6o tox
TAixa G; /G, elvon dmelpeg xuxAixég ouddec. Av H eivon pro vmoopddo g xow H; =
HNG;, w6te Hy/H;y = H;/(H; 1 NG;) = H/(H;NGyy) ~ HiGi /Gy < Gi/Giyy. Apa
QTTELPY] KOXALXY).

O
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Mpotoon 0.1.44. 'Eotw G woa anelon molvxvxAwua) ouado. Tote vmapyer por xavovixy
p.i.c. vmooudda N memepoougvov deixtn otny G.

AnodeEy. ‘Eotw G = Gy > G, > D> G, > G,, = 1 po moAvxuxAuxt oetpda g G. Av to
TPwTo TAixo G, /G, elvan Temepaouévo xat n G elval p.i.c., €xovue TEAELWOOEL. ALopOPETLXE
TYoivovpe 6to dedTEPO TINAIXO G /G5, 0V X0 o TO Elval TETEPOTUEVO, xaL 1 G4 elval p.i.c.,
éyxovpe teretoet(;). Oyt axptfug, Lot G4 glvol LEY LTTOOUAS A TTETEPAOUEVOL BE(XTN OTNY
G, olAG Bev givan xot avéyxrn xowovix? (n xovovixdtnto dev petofBLpdletor).

[Idg Eemepvodpe avTéHY TOV "oxdTeEA0’. ETetdy) dAeg oL opuddeg xon oL LTTOOUADES Elval
TIETEQATUEVO YEVVWUEVES, WG TTOAXUXALXES, DTTEPYEL XOEPOXTNELOTLXY LTToopada g G,
apo xovovixn oty G, 1 omola v epLéyeton oty Gy. ‘Eotw N ovt vroopdda, 1 N wg
vroopada g Gy eivor p.i.c. (artd to TEONYOLUEVO Afjupa).

Av tdpa n G, Sev elvan p.i.c., Tyaivovpe at0 TPiTO TNAIXO Go/Gs. AV xou awT6 efvor
TETEPATUEVO, TOTE GLVEXLLOLUE OTTWG TTPONYOLUEVWLC.

Tehxd 0o pB&oovyue oe éva mnAixo G, /G, 1, T0 omoio eivan Grmelpn xuxAuxy opdda (av
O6Ao Tor TAixo T meTtepaopéva, n G Bo Htoy meTEpooUévy, dToTo).

Topo pepinég mopoatnenoels. Emetdy] dAa o Tponyodueva TAlxo elval TETEQPUTUEVOL
N opdda G xow M opdda G; €xovy to (dto Hirsch number, eve n G, xotd éva Aydtepo.
AvTé pog emLTEémEL Vo YpnoLtpoTotoovue emtaywyy] ntt Tov Hirsch number.

Emopévwg, pmopobue vo vmobécovpe €€ apyng 6Tl €xovpe pior xovovixn vmoouddo N
™¢ G pe 10 mAixo G/N = (sN) &melpy xOXAxY).

AT v vrdbeon g emaywYNg LTEGEYEL M xavovixn vTTooUAda TG N TETEQUTUEVOL
deixtn oty N, n omolo eivow p.i.c.. H M Bev eivan xat’ avéyxn xavovxy oty G (obte
Temepaopévou deixtn). TL xdvovpus;

A6 to Afupa (F**) vrtdpyet xovovix? voopdda K g G memepaopévon Seixtn oty
N, n omola glvon p.i.c., cxAA& dev elvar memepopévon Seixtn oty G Lo vo teAetwoovpe. Tt
XOVOLUE;

"Eyovpe tig opédeg G/ K »ar N/K pe v N/K menepoaopévy. Ivwpilovpe 6t 1 xevtpo-
nooboa O (N /K) elvon *oipretdr peydn’ (memepaopévou deixtn oty G/ K), dpo vitépyeL
ptoe ddvoun tou yewvitopo sN ue sFK vo awvixer oty xevtpomotovoo Cg /k(N/K). Avté
onuodver 6t nopdda L = (¥, K) < (s, N) = G mwhnpot Tic tStdtnreg mov Héhovye, S,
TEWTOV T0 TMAIX0 L/K elvor dmelpn xuxAwxn, dpa n L elvon p.i.c. xal elvor TETEQOUEYOL
dcixtn oty G amd XOTAGKEVNG TG
(G =(s,N); > (s, K); > (s"K)=1L).

O

I'vwpilovpe to €Eng Ao ***

Ay G elvar wa opado memepaouéva yeyvuevn xow H vmoouddo TN mTeETEQAOUEVOV
OEXTY), TOTE VTTAOYEL XOAPOXTNOLOTIXY] DTTOOUAON TTETEQAUOUEVOL OetxTtn atny G.

ZUYREXPLUEVOL DTTEPYOVY TETEPAOUEVES TO TTANog LTToOU&dES Tng G e Tov (dLo deixTy
oV €xel xo M H. H Topn oty elvor 1 utoopddo Tov {nTapLe.

H mpdtaon auth extdg Tou 6Tl €XEL ONUOVTIXY CUULBOAN TNV UEAETN TWV TTOADXUXALXWDY
ORLASWY, EYEL EVOLAPEPOY XAl YLOL TNV ATOOELEN TNG, N OTTolot Lag “ovaryXAlel’ vou XAVOLPE
pLoe wpoalor ETovEAndn.

Q¢ dpeco méPLoUOL EXOVUE OTL [LLOL ATTELOYN TTOAUXUXALXY] OULOOO TCEPLEYEL [ALOL XOLVOVLXN
ofeAtovn opéda, M omolo eival eAcvbépag oTpEdewe.

[Mpéypott, amd Ty TEONYOVUEYT TTEOTOON EYOVIE OTL DTTEPYEL XOYOVLXY] VTTOOUADX, 1
omola elva p.i.c., ot elvan eAsvBépag oTPéPews. O TeAcvTALOG OPOG TNG TTOPOYWYOL GELPAG
oVTNG TNG LTTOOUASOG €xeL TNV LOLOTTA TToL HEAOLUE.

MMpoétaon 0.1.45. ‘Eotw G wo moAvxvxAix) ouada, tote xabe H vroouddo tns toovTat ue
TNV TOUN OAWY TWY DTOOUAOWY TNS (G, OL OTTOLES EVOL TTETEQAGUEVOV OEXTN XA TTEQLEYOVY
™y H.
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Appadiav N = {M|H < M <; G}, tdte H = (,,_,, M.

ArodeEn. Avoférovpe Ty amtdIELEN TTPOG TO TTAPOY YLOL VOL TNV EVTAEOLUE GE EVOL YEVLXOTEQPO
TAaloLo.
O

Oa dovpe TWEo TLG ETLADOLILES XOolL UNOEVOSVVOUES OUADES LTTO GANO TTRloUAL.

Eiyope et 611 ov ehedbepeg opadeg Sev eivor undevodvvapes, oOTe EMLAVGLUEG.

"BEotw F plo eAedbepn opddo emti evog ovvérov X xow

F=FOop L = F > F2 ..

Fo=y(F) D yF) > -

OL TOEAYWYOS X0l N XATWTEPY XEVTOLXY oeLpd awvtiotouye. Kébe 6pog (xar otic 3o
oeLpéc) * elvol YvAoLor DTTOOUESOL TOL TTPONYOLHEVOL TOL KO XOVEVOLS BEY Elva N TETOLUUEYY
opada.

Mopatneodpe 6t T TAine F/F™ you F/v, (F) eivow emAdolpeg xon pndevoddvo.eg
opadeg avtioTolya xal oavTd Yo xabe n.

Hpédyporss, (F/F)m = FORE[FO) = 1 san 5, (F/7,(F) = 5 (F)3(F) /3 (F) = 1.

ZUVETIG UTTOPOVUE VO “XATOOXKEVACOVUE” ETLAVOLUEG %O UNOEVOSVVAUES OUEDES GTO-
dNmote PeYdANG xAdoNg ETLALOLULOTY TS XL Undevoduvopiog BEAovpe.

Ag mépovpue tHpo pLoe undevodbvaun opddoa G pe xAdon pndevodvvauiog n (v, 1 (G) =
1. Tvwpilovpe 61t n G éyer TovAdyrotov pla tapdotoon G = (X | R). looddvapa n G
efvor To A0 pLag ehedBepng opddoc F = (X)), dnhadh G = F/N, 6mov N = (R)F q
xowvovixn 0Mxn tov R oty F.

"Exovpe vtobéaet 6Tt n G eivor undevodvvoun (7,1 (G) = 1), ot onuaivet 6t , 4 (F/N) =
Tt (FYN/N = N, S0 7,41 (F) < N.

AvTté 6pwg onpoivel OTL EXOVUE TOVG ETILLOPPLOLOVG

9:F — F/y,,(F)

¢:F — F/N =G

o F/,(F) — F/N = G.

oL oTtoloL TPOPOVKG oG 3ivovy oo = p. H Topatipnon awt elvor éva

Ozwpnua 0.1.46. Kdabe undevodovaun ouado xAaons undevodvvaulos n eivor Tnixo uog
undevodvvauns opados s 1opens F /v, 1 (F).

AxpLBig Tor [dLor LTTOPOVE YO TTOVUE YLOL TLG ETULAVGLULEG OUAOEG.

Ozwpnuo 0.1.47. Kabe emidboyun oudda xAcons EmLAVGLUOTHTOS N VAL TINAIXO ULOG
emAbounc ouddag e popeic F/F™.

AvTo pog dtvel 1o "Sxalwpa’ vor 3Lo0oLE Tovg eENG opLtopols. Mo oudda Oor ovoudleton
eAeO0cpn undevoddvauy av ival Lodpopen pe pta opddo g popeng F/v, .1 (F), émov F
elvat ptor eAebepy] opddo.

Opoto pLa opddo Oor ovopaletor eAedlepy emttAboLun oy ivol LoOLOPEN LE Lo OUADX
g poppric F/F™, émou F eivow pio eAedbepy op.édo.

[Tpoavdg, av €xovpe 300 eAedbepeg opadeg F} = (X ) v Fy = (Xy)ue | Xy =] Xo |,
TéTE OL avTioTolyeg eAcVbepeg undevodivaesg F /v, 1 (F) xou Fy/v,, . (F,) elvor tobp.oppeg
oV n = m.

AvtioTtpoga, av elval Loduop@es, ToTe avayxootixa n = m xot | X; |=| X, |. [Ipoora-
Oelote v T0 Ypdete xoudad, puny Eexvate v amddelEn g xateduvarng.

TNy TopdywYo GELG EIVOL TTIPOPOVEGS, TO ElXOUE, GAWOTE, SEL Ol TTPONYOLUEVWS. TTNY XOTWTEPT KEVTOLXN
oeLpd Sev eivar 1600 TPoavég, Tpoomabote vo To amodeitete!
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Ay F} = (X)) o Fy = (X,) elvon tabdpoppeg, téte | X, |=| X, |.

To (Sto Loydovy o Yo Tig eAedbepeg emAdoLuES OUADES.

Aev Egyvape 61t 800 eAebbepeg afiehaveég opddes B, ,(a; ) xou @j€J< b; ) elvow Lobpop@eg
ov xol povo av | I |=1J .

Ag dovpe éva mopadetypo: ‘Eotw G = (b) x (a) to nutevdd ywvdupevo dbo ameipwy
XOXAXODY, pe Ty (b) va elvor n xavovixy. H G mpopavdg éxel v mapdotaon G = (a, b |
atba = b71).

Enedn G/(b) ~ (a), éxovpe 61t eivow emddoLun, péhoto 3¢ G = ~v,(G) < (b) xou
emopévog G =[GV, GV = 1.

Zoppouva pe too Tponyodueva G elvar 10 TMAIXo TN eAelbepyg opddag F = (x, y).
MéAwota 3 G ~ F/{[z, yly~2)F. Enady G? = [GW, GY] = 1, éyovue 6t F? =
[FO, P < ([z, yly2)F. Tu ovvédyoupe amé v tehevtaio oxéon;

Kabe petabétng [ [uy, us], [usg, uy]] € F umopel voo YOQEL G YLYOUEVO GTOLXELWY TNG LOPPTS
g 'z, ylyPgue o g € F.

Aoxnon: Na exppdoste to atouyeio [ [ry, 22], [y3, 2]] wg yvéuevo ouluywy Tov atoryeiov

[z, yly 2.
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