On the notion of Index of a curve

Introduction ' If ~ : [0,1] — C is any (piecewise) continuously differentiable function
with v(0) = v(1), it defines a closed curve [v] := {y(¢) : t € [0,1]} C C. If a point A € C is
not on the curve, i.e. A ¢ [y] then we define its index or winding number with respect

to v by

|

=— | ———()dt.
2= A 27 '7(t)—)\7()d

1 1 1
wind(y; A) = n(y; ) = / dz
2me
We wish to extend this notion to more general continuous curves v € C([0, 1]).
Clearly if X ¢ [y] and we put v,(¢) = v(t) — A then 0 ¢ [v,] and

n(7x;0) = n(y;A).

So it suffices to consider n(v;0) for nowhere-vanishing v € C(|0, 1]).
Every f € C(T) which vanishes nowhere (so that 0 ¢ f(T)) defines a continuous
function
Yy :[0,1] = C:t = f(e2™)

with v,(0) = 7(1) and 0 ¢ [v,] = f(T).

In order to define the index of such a more general closed curve v;, there are

two methods. One method [Rud87] approximates f by a sequence p, of trigonometric
polynomials, and shows that the sequence (n(y, ,0)); is eventually well defined and
eventually constant, so that one may define n(ys;0) := lim, n(vy, ,0). The other method
[Arv02] directly shows that a never vanishing v € C([0,1]) is an exponential and uses
periodicity of the exponential function to construct the index.
Hapatienon 1. Kade un undevixog wyadixos apiduog » umoper va ypapter z = |z|e*™ yia
xamoro 0 € R. To Deuor ewvar 0TL av T0 z e§0QTOTOL XOTO GUVEXY TPOTO QIO U0 TOPOUETOO
t € 10,1], Tote (omws Vo delbovue) TO 0 UTOQEL VO ETLAEYEL VO EEQQTOTOL XOTO GUVEYN TPOTO
om0 10 t (Mapodo wov 1 ametxovion [0,1] — T : 0 1 e2™0 Sev eger ovveyn avTeTEOPO).

HMapathenon 2. Oplovue

[ee]

1
logz::—zg(l—z)”, I1—z] <1.

n=1

H cepo cvyxiwer amoivte 6tov ovouxto 6ioxo D(1,1) = {z € C : |1 — z| < 1} xouw opuler
oAouoppn cvvagTnon log mov txavomorer T oyeon logl =0 xau €'°8* = z oTov D(1,1). *

'Ind24, modified 24 AexeuBoiov 2024

*Verify that % (eluzgz) = 0 on the open and connected set D(1,1), so the quotient el[’% is the constant
function <21 = 1.
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IMpdtaon 3 (awo to BuBAto Tov Arveson [Arv02]). Av n v € C(]0,1]) dev undevileTow wovdeva
(codvvaua, o ewor avTIGTEEPLUO GToLYED TG alyeBpas C([0,1])), Tote vmopyer (Un Lovadtxn)
g € C([0,1]) woTe v = €.

Amddeén. Observe that since ~([0,1]) is a compact set and 0 ¢ ~([0,1]), the quantity
e :=min{|y(t)| : t € [0,1]} is strictly positive.

Special Case Suppose that

|v(t) —~(s)| <e forall t,se]0,1].

Then
(s)
Y1 ——= = |7(t) —v(s)| < e < |y(t
|(>|‘ ry [y(&) —(s)] v (®)]
So ’1—7<8) <1 forall t,s€][0,1].
(1)
Thus ¢(s) :=log (;’Egg) is defined (awo tnv Hapatnenon 2) and continuous on [0,1] and we
see that (s)
e = L2 e 0,1].
7(0) 0.1

General Case Since v is uniformly continuous, we may find a partition
0=t,<t, <-<t,=1o0f[0,1] such that

|v(t) —~(s)| <e forall t,se[t,_q,t;] and all k.

By the Special case applied to the interval [¢t,_,,t,] for each k = 1,...,n, there exists
g € C([0,1]) so that
V(te)e ) = 7(s), S € [tp_1,t]-
Note that ¢, (t,_;) = log1l=0.
Now define g, : [0,1] — C as follows:
(S)’ s € [07t1]
(t1) +g2(5), s € [ty,t,]

90(s) =91

90(s) =g
90(8) :gl<tl)+g2<t2>++gn(8>7 s € [tn7171]'

Then g, is continuous and for each k,

e90(8) = 91(t1)g92(t2) egk(s)7 s c [tkfl?tk]

_ At at)  as)  a(s)
Y(0) y(ty) © A(ty)  (0)

and so, choosing z, s.t. 7(0) = e*0 (since v(0) # 0) and putting g(s) := go(s) + z, we obtain

69(5) = 690(5>ﬂy(0) = 7(3)7 S E [07 1] .



Definition of the index Given f € C(T) which vanishes nowhere (so that 0 ¢ f(T)), define
the continuous function
v:[0,1] = C:t i f(e2™)

Note that v(0) = v(1) and 0 ¢ [v]. By the Proposition, there is a continuous g: [0,1] — C
such that
f(eQTrit) — ’}/(t) — eQm’g(t)’ te [07 1]

Notice that
e27r7lg(0) — f(627ri0) — f<627ri1> — e27rig(1)

and therefore (since exp is periodic with period 2%)
9(1) —g(0) € Z.
This difference depends only on f and not on g. For if h € C([0,1]) is such that
f(e?™t) = 2mh() ¢ € [0,1]

then
p2mih(t) — f(e2mit) = e2miglt) ¢ ¢ [0, 1]

and therefore ¢t — h(t)—g(t) is (continuous and integer-valued on [0, 1], hence) ? constant.
In particular, h(1) — h(0) = g(1) — g(0).
Thus we may unambiguously define

Oopwopwdg 1. Av fe C(T) xou 0 ¢ f(T), optlovue
wind(f;0) = n(f;0) := g¢(1) — g(0)

omov gy : [0,1] — C ewanw omoladnmote 6vVEYNG GVVAQTNGN TOV LXOAVOTTOLEL
f<627rit) — e27rigf(t)7 t e [07 1]
Av fe C(T) xow A € C\f(T), optlovue

wind(f; A) = n(f; A) == n(fy;0)

omwov fy = f— AL

Ilpotaon 4. The index or winding number salisfies, for f,h € C(T) invertible:
L. n(fh;0) = n(f;0) + n(h; 0);
2. n(f;0)=ne?Z < FueCd) st f=f,e* (where f, () =e™" et ecT).
Amdbekn. For (1), let g4, g, € C([0,1]) be s.t.
f(e2mty = e2migs() - p(e27mit) = e2mian) ¢ < [0, 1].

Then
(fh)(e2mit) = 2milgs(t)+an (1)

*for each n € Z the inverse image {t € [0,1] : h(t) — g(t) = n} is a clopen nonempty subset of [0,1],
hence equal to [0, 1]



SO

n(fh;0) = (g¢(1) + gn(1)) — (9£(0) + g4(0))
= (g7(1) — g4(0)) + (gx(1)) — 9,(0))
=n(f;0) +n(h;0)

We prove (2):
e Suppose first that f = e* for some v € C(T). Then f never vanishes and so by the
Proposition we already have f(e?™*) = ¢?™9:(!) where g,(t) := 5L-u(e*™*), t € [0,1] and so

214
n(f;0) = g;(1) = g4(0) = 0
(since 2™l = ¢2mi0),

If conversely n(f;0) =0 then by the definition of n(f;0) = 0 there exists g, € C([0,1])
with f(e*™) = e*™9+(") for all ¢ € [0,1] and g;(1)—g;(0) = 0. Thus g, is periodic with period
1 so the function u: T — C given by u(e*™) = 2mig,(t) is well defined and continuous
on T and f = e“.

We have shown that (2) holds for n = 0.

o It follows (using (1)) that if f € C(T) is invertible then n(1/f;0)+n(f;0) =n(1;0) =0
since 1 = ¢°. Hence n(1/f;0) = —n(f;0).

e Note that n(f;;0) = 1.

Indeed, f,(e*) = 2™ g0 gy, (1) =t gives n(f1;0) = g7 (1) — g7, (0) = 1.

e It now follows inductively that for all n € N we have n(f,;0) =n, and then, since
f_, =1/f,, the same holds for all n € Z.

e Thus if f = f,,e* then n(f;0) =n(f,;0) +n(e*;0) =n+0=n.

Conversely if n(f;0) = n then letting g = f_,,f we see that n(g;0) = —n + n(f;0) = 0.
It follows that g is an exponential, g = €%, and so f = f,g = f,e". O

Mpotacy 5. If f e C(T) is invertible and continuously differentiable, then
n(fi0) =5 [ Las
.

T omi )z
f
where ~;(t) = f(e*™), t € [0,1].

AmddeEn. Observe that since v, is continuously diferentiable and never vanishes, the

integral
b
——5(t)dt
/0 ’Yf(t) d

exists. Since 0 ¢ [v,] there is a z, € C such that v,(0) = e*.
Consider the differentiable function

1

g(s) = o (/OS ryfl(t)fy}(t)dt + z0> , s€10,1].



We claim that

Indeed note that

But this gives

%( —2mig( )7 (t)) 72mg(t),7f( ) 27I'Zg/(t> 27rzg(t)f7 (t)
—27ig(t) / _ M
()= 225550

hence the function t i e~2mi9ly (1) is constant on [0,1], equal to e 290y (0) = e Zoe%
and so ™9 = (1) as claimed.
Thus f(e*™) = ¢*™9(*) and hence, by our defnition

n(£:0) =91~ 90 = 5 [ V:Wﬂmt.

O deixTng 6TEOPNG TOLY@VOUETELXOV TOAVO@YVUOV E6Twe

n

pe) = 37 ik
k=—n

TELY@VOUETELX0 TToAV@YVWHo ue 0 ¢ p(T). Tote To

2n

q(c") = (fup)(e) = Y B(m —n)e™

m=0

EWOL (AVOAVTL®0) TTOAV®@VVUO, ETOUEVOS (0QLLeToL Yior xade z € C %xo) TOEYOVTOTTOLELTOL:
k l
q(z) = c2™ Hz—z Hz—w, 0 <[z <1< |wyl
]: /=1

omov 0, z; are the roots of ¢ in the open unit disc and w;, the roots of ¢ outside the closed
unit disc (notice that ¢ has no roots on the circle because p never vanishes on T).
Thus we have

l
p(ezt) zntq< zt _ Cez m—n)t H ) H (6” _ wj/)

ie. —cmanJHh/

J=1
j=1 i'=1

where g;(e") =€ —z; and hy(e")=e" —w;, tel0,27].



Thus from Proposition 4 (1) we have

k
n(p;0) = n(cfpni0) + 3 _nlg;;0)+ 3 nih

7/=1

.

Now n(cf,,_n;0) =m —n of course. Also

n?

1 2T 1 1 27 . it 1 27 1
n(g;;0) = / g)(t)dt = / A o R N —;
0 0

2mi g,(t) 2mi et — z; 2r Jy  1—etz

27 oo 27
—ztn _ n —int
/ Z dt 22/ e-intdt (note |z, < 1)

=1

for each j=1,...,k and (since |w;,1\ <1

1o 1 et 1 et
h;;0 R, (t)dt = — . dt = 4 dt
n( )= 27m/ hi(t) 7 (t) 27ri/0 et —w,, 2w /0 ettwt —1

J J J 7
1 o) 2m '
— et 1 eit ndt —-n —i(n+1)t 4
27rw y / Z 2mw, ;wj /0 c
=0.
Hence finally
k !
n(p;0) = n(f_n; +Zn 9;;0) Zn(hj/;O):(m—n)JrkJrO.
J=1 i'=
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