On the notion of Index of a curve

Introduction ' If ~ : [0,1] — C is any (piecewise) continuously differentiable function
with v(0) = v(1), it defines a closed curve [v] := {y(¢) : t € [0,1]} C C. If a point A € C is
not on the curve, i.e. A ¢ [y] then we define its index or winding number with respect

to v by

|
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We wish to extend this notion to general continuous curves v € C([0, 1]).
Clearly if X ¢ [y] and we put v,(¢) = v(t) — A then 0 ¢ [v,] and

n(7x;0) = n(y;A).

So it suffices to consider n(v;0) for nowhere-vanishing v € C(|0, 1]).
Every f € C(T) which vanishes nowhere (so that 0 ¢ f(T)) defines a continuous
function
Yy :[0,1] = C:t = f(e2™)

with 7(0) = (1) and 0 & [y,] = £(T).

In order to define the index of such a more general closed curve v;, there are

two methods. One method [Rud87] approximates f by a sequence p, of trigonometric
polynomials, and shows that the sequence (n(y, ,0)); is eventually well defined and
eventually constant, so that one may define n(ys;0) := lim, n(vy, ,0). The other method
[Arv02] directly shows that a never vanishing v € C([0,1]) is an exponential and uses
periodicity of the exponential function to construct the index.
Hapatienon 1. Kade un undevixog wyadixos apiduog » umoper va ypapter z = |z|e*™ yia
xamoro 0 € R. To Deuor ewvar 0TL av T0 z e§0QTOTOL XOTO GUVEXY TPOTO QIO U0 TOPOUETOO
t € [0,1], ToTe (omws Va betovue ue v Ilpotacn 3) To O wwopel vo emAeyeL vor eEapTaTon
XOTO, GUVEYT TEOTO a0 TO t (Moo mov 1 amexovon [0,1] — T : 0 1 2™ Sev gyer ovveyy
aVTLeTOOPO).

HMapatienon 2. Oplovue

o

1
logz::—zf(l—z)”, I1—z <1.
n

n=1

H cepa cvyxhver amoivta 6tov ovowxto Owxo D(1,1) = {z € C : |1 — z| < 1} xou ople
0AouopPN 6VVaETNoT log mov txavomoier T oyeon logl =0 xaw €'°8* = 2 6Tov D(1,1). *

'Ind26, modified 16 Mafov 2026
*Verify that % (eluzgz) = 0 on the open and connected set D(1,1), so the quotient el[’% is the constant

. log 1
function euf =1.




IMpdtaon 3 (awo to BuBAto Tov Arveson [Arv02]). Av n v € C(]0,1]) dev undevileTow wovdeva
(codvvaua, o ewor avTIGTEEPLUO GToLYED TG alyeBpas C([0,1])), Tote vmopyer (Un Lovadtxn)
g € C([0,1]) woTe v = €.

AmddeEn. Observe that since ~([0,1]) is a compact set and 0 ¢ ~([0,1]), the quantity
e:=min{|y(t)| : t € [0,1]} is strictly positive.

Special Case Suppose that

|v(t) —v(s)| < e forall t,se]0,1].

Then
(0) ]1 - 28— ) =260 < < )
SO ‘1—3(5))‘<1 for all t,s€[0,1].

Thus g(s) := log (3583) is defined (awo tnv Hapatnenon 2) and continuous on [0, 1] and we
see that

ols) 8
2(0)’ €1[0,1].

General Case Since v is uniformly continuous, we may find a partition
0=ty <t; <-<t,=1o0f[0,1] such that
|v(t) —~(s)| < e forall t,se€[t,_,,t,] and all k.

By the Special case applied to the interval [t,_;,t.] for each k = 1,...,n, there exists
g € C([0,1]) so that
V(t_)e ) = 5(s), s € [tp1, ]

Note that ¢, (t,_,) =log1 =0.
Now define g, : [0,1] — C as follows:

91(8>7 s € [Ovtl]

go(s) = 91 (ty) + g2(s), s € (ty, 1]

91(t1) + ga(ta) + -+ gn(s), s € (t,_1,1].
Then g, is continuous and for each k, if s € (¢;,_q, 4],
ego(s) = 691(t1)692(t2) egk(s)’

_ ) at)  as) ()
Y(0) v(t) " y(tg-1)  7(0)

and so, choosing z, s.t. 7(0) = e*0 (since y(0) # 0) and putting g(s) := gy(s) + z, we obtain

69(5> — 690(S>'y(0> e ")/(S)’ S 6 [0, 1] .
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