Mua Aoknon amo to Bipito Twv Rosenthal & Martinez- Avendaio

Exercise 2.4 (i) Let ¢ € H*. [ [f My, is isometric on H?2, show that ¢ is inner.

oIf ¢ ¢ H® and M, is isometric then it sends the O.N. family {f,, : n > 0} to an
O.N. family. Thus {¢ fy,, ¢fmy = 0for n,m € Z,, n # m.

In particular (¢ f,,, pfo) = 0 forall n > 1, dnhadn { ¢f,ddm = 0 forall n > 1,
dmradn §|¢f? fndm = 0 forall n > 1.

Now, taking complex conjugates, you get § |¢|2 fudm = 0 for all n. > 1, dSnhadn
19|12 f—ndm = 0 forall n > 1 dnhadn §|¢|? f,dm = 0 forall n € Z, n # 0.

Thus the function |¢|? has all Fourier coeff. = 0 except the zeroth, so |¢|? is (a.e.) a
constant multiple of fj, Sn\adn a constant. (o avaivtika, if g := |¢|? then g(n) = 0
for all n € Z,n # 0, hence the function g — §(0) fo has all Fourier coeff. = 0 hence
g—3g(0)fo=0ae) Anladnn ¢ evon E0WTEPLK).

o To 0vTLOTPOPO ELVOL EVKOLO, LALCL KOL TO EXOUUE KAVEL.

Exercise 2.4 (ii) Let ¢ € H®. Aeiéte ot 1 {1,0,¢%, ...} etvaw OK Baon tov H?
av-v¢(z) = Az, AeT.

e The family {f,, : n > 0} where f,,(z) = 2", z € T is an ON basis of H?; this
means that they are O.N and their CLOSED linear span is H?, equivalently no nonzero
element of H? is orthogonal to the whole family. The same properties hold if you replace
2" by A"2" (since |A| = 1). Soif #(2) = Az then {1, ¢, ¢?, ...} is an ON basis of H?2.
AvTn eLval 1 TETPLUREVT KatevBuvon).

e Avtiotpoga, voBetovue ot M {1, 4, 2, ...} is an ON basis of H?. Since o€
H*, My is a bounded operator.
Now M, ({1,¢,¢?,...}) = {¢,#?, ...} which is an ON family by hypothesis. It follows
that M, is isometric, ' so span{¢, 2, ...} = My(span{l, ¢, ¢2,...}) = M¢PNI2.
Butsince {1, ¢, ¢, ... } isan ON basis of H2, the closed subspace spanned by {¢, ¢2, . .. }
is the orthogonal complement of 1. Similarly, the closed subspace spanned by { f1, f2,...} =
{f1, f2,...} is also the orthogonal complement of 1. So these spaces are equal. Thus
gbﬁ 2=f H2. By uniquness in Beurling’s theorem, there is a constant A € T's.t. ¢ = A\ f;
ie ¢(z) = Az, z € T, onwg Oehape.

XyoAlro: H axolovn yevikotepn a.oknom nrav 1 41 aoknon oto 30 UALAOLO 0ok~
OEWV:

Aoxnon 1. Eotw ¢ € L. () AeiEte ot o teheomg Ty, := P My 7. ewval oope-
TPLOL OV-V 1] P ELVOL ECWTEPLKY] CUVOPTNON.

(B) AeiEte oL 0 T eLvau unitary (= LOOUETPLOL KO €TTL) AV-V 1 ¢ ewvau (0.71.) 0Tobepn).
(V) Av ¢ € H®, deite omu m {1, ¢, 42, ... } ewvan opBokavovikn Baon tov H? av-v
¢(z) = Az omov A € T orabepa.

Ipreserves norm and sc. product on an ON basis hence (linearity and continuity) on the whole space



